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·- ".THE DEVELOPME:::NT AI'i'D .APPRAIS_tU. .OF A .LINEAR 
PROGRl\..}lf.TI!.: FOR THE TEACHDTG OF COMPLEX NUHBERS 11 

After a brief reviel-T of the development of Programmed Learning 

the work reviews some techniques for producing linear programmes. 

The development of the linear programme for teaching the manipulation 

of complex numbers, and its preliminary trial L~ 1965 are described. 

The examination of the errors and subsequent modifications to the 

programmes are also shmm. 

In 1966 the programme \·Tas administered to 33 mature students 

(Mean age 38) in a College of Education, ,.,ho were compared \vi th 

another group of 12 in the same college. This latter group had been 

taught the same material in a conventional l-Tay. No significant 

differences were found in post test scores or times needed to complete 

the l-rork by either method. Some other correlations are investigated. 

The programme teaches successfully (Me~~ Gain+ 72%), and methods 

of improving its performance for poorer students are discussed. A 

loop branching method is also suggested as an alternative l-Ta:y of 

helping less able students. 
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CHAPTER ONE 

THE DEVELQP}'IENT OF PROGRAJ'.1IvJED LEARNING - A BRIEF REVIE\v 

Programmed Instruction has grmm rapidly in little more thafl a 

decade under the main initial impulses of Professo:rs B. F. Skinner 

and S. L. Pressey in the U.S.A. They have approached the problem 

from completely opposing poles, Skinner formulating a specific approach 

built on learning theories, and Pressey present~ng an essentially 

pragmatic approach. It was only in-1960 thatfE. B. Fry referred to 

a dichotomy in the field of Programmed Learning, and called for much 

clarifying research. These are the approaches vrh±ch led to the 

dichotomy. 

Skinner has appreciated the great advances made in the techniques 

of making animals learn by a process of stimulus and reinforcement. 

He himself has made notable demonstrations of the power and rapidity of 

the technique~: by making pigeons learn a routine. Other -experimenters 

have had outstanding success with many types of vertebrates. Provided 

that the stimulus and reinforcement are appropriate to the animals 

pattern of behaviour then it seems possible to shape the behaviour in 

a wide variety of patterns. The technique is' essentially a process of 

leading the animal through a series of slightly advancing steps until 

the behaviour is that \Y"hich is required. What is required is 

reinforced, usually by food in hungry animals: what is not required 

must be extinguished at the outset by lack of reinforcement. This 

success \-Ti th 'lmver' animals prompted the idea tha. t a similar 1 shaping' 

process in a classroom could be more efficient than the traditional 

methbds. A gradual build up of a behaviour pattern as a result of 

following a series of graded steps (i.e. Programmed Learning), is 
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according to Skinner, a linear process. (Skinner 1954). 

What is knovm as the 1branching1 method, has evolved from the 

works of Pressey (1926-34). During his experiments in automatic 

scoring of multichoice tests, he discovered that if, during a test, a 

student \V'as informed of the correct ans\V"er to the question, he tended 

to retain this, and his performance on a subsequent test was markedly 

better. A result of the use of mul tichoice answers lV"as that students 

\·Tere given the reason why their ans\V"er \-Tas wrong and told to try again. 

That is, they vTere given remedial \-TOrk if it \·Tas needed. The remedial 

work, which might be of some length, came to be knO\m as a 1branch 1 

from the main sequence of vmrk, hence the 'branching system•. T:P.e idea 

is expressed in Pressey's ovm \·fords (Pressey, 1950) "\llhen the most 

important function served by a test is instruction, each \oii'Ong ansl-Ter 

should be made a real contribution to instruction. Each l-Trong ansvTer 

should be one against which a vTarning is needed, or l·Thich elucidates 

the question in some way". 

A great deal of recent work on branching methods of programming 

has also been carried out by N. Crowder whose approach is given thus:­

"The essential problem is that of controlling a communication process by 

the use of feedback •••••• the material is not constrained by any 

learning model" (Crowder 1959). 

Tnus we have tv1o fundamental differences between the systems. 

Skinner avoids errors as far as possible, as they interfere l·Ti th his 

conception of the learning process, whereas Pressey and Crowder allow 

for, and welcome them, as starting points for remedial 'trork. In both 
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systems of programming_ the programmes are vTritten in such a way that 

a student should have more correct ~~swers than errors to maintain 

his motivation. The second difference is that Skinner bases his 

programmes on the principle learned from the results of the 'animal 

learning' experiments, a gradual shaping of behaviour. Crmv-der and 

Pressey are content to follow a course of continual multichoice 

questioning, seizing their opportunities to confirm or correct a 

students progress whenever possible. 

Whichever method of programming is foll?vred, there are several 

features which are common to them both, and must be recognised. 

In the learnh~g process, a student is presented with some form 

of stimulus (S) which may take a number of forms. It is part of the 

desired behaviour pattern that he should indicate that he recognises 

the presenc·e of the stimulus by emitting some response (R). If it is 

the correct response, there is some form of reli1forcement given, 

usually an acknowledgement that it is the correct response. If the 

incorrect response is g~ven, this is negatively reinforced (extinguished) 

either by shmving the correct R, or shm·ring why it \Vas the vTrong one. 

This leads to the next S in the series, and so on. If the student is 

not sufficiently motivated to emit a response, then probably no 

learning will take place. 

A Skinnerian teaching programme calls for a constructed response 

to the stimulus material in the frame, the insertion of \Vords, a 

sentence to \·Trite, a step in a mathematical process, or \·rhatever it 

may be. This involves the recall function of memory. l'fany branching 

programmes, presenting multichoice answers, must sho\V all the alternatives, 
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and-the correct one could be recognised by the student, though 

perhaps he could not recall it without the visual prompt. MOst tests 

and examinations are set in the recall mode, and it vTOuld appear 

questionable l·Thether branching programmes vrould be an adequate 

preparation for this type of test. Available evidence shows that there 

is not a great deal of difference beti·reen the results of using the tvro 

methods of response, though constructed response programmes function 

slightly better for 1recall 1 type tests (Coulson and Silberman 1961). 

There is, hoi·Tever, a saving of time in using a multiple choice 

programme, because there is less viTiting to do. With the present 

educational testing systems, i-TOrk generally needs to be recalled, and 

the constructed response of a Skinnerian programme may be a better 

preparation for a student's future ioTOrk. 

A logical conclusion from the underlying ideas of linear 

programming is that intelligence is of secondary importance. A poor 

student can be led to appreciate almost any concepts provided that, in 

planning the programme, the order and size of step is fitted to his 

needs. He idll take longer than a brighter student to achieve the 

goal but he will attain it (Skinner 1958). This has not been found to 

be so in the results of an experiment by Shay (1961). He found that 

intelligence was positively related to post test scores at .001 level 

of significance. A brighter student still does better than a we~~er 

student in learning from a programme. 

It was also thought that branching programmes could attempt to 

widen their scope by a process of multiple branching (Crowder 1960). 
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This would involve so called 11l·rash back11 , i.e. returning to an earlier 

part of the progTamme, as well as remedial loops l-rhich l-rould be 

parallel to short sections of the programme, but covering the same 

ground more thoroughly. The complexities of the pat terns l-rhich become 

possible with these ideas led to experiments i-Ii th a computer based 

programme (Coulson and Silberman 1~61). 

Some experiments, designed ·specifically to test one method against 

the other, as i·rell as th~ computor l;>ased experiment m~ntioned above, 

tend to show that while both techniques will teach effectively, time can 

often be saved by using the branchi..TJ.g method (~arkini 1964, Herringshaiv 

and Hunter ~964). 

As results, perhaps, of these and other tests, consideration is 

now being given to the processes required to make specific programmes 

produce optimum performances. Several factors are involved. 

1. Student interest. A student will only pay attention to a stimulus 

if the result is (a) self satisfying and (b) meaningful. It 

ivas thought that knmlledge of results i-Tas sufficient stimulation 

/ here to provide self satisfaction, (Skinner 1958), but some 

recent studies shoi-T that meaning is as important to the student. 

(Stones 1966, Conoley 1966). The student likes to know hO\·T the 

frames he is doing fit into an overall pattern. 

2. Size of step. One of Skinne~s original bases for Programmed 

Learning l-Tas that the size of step from one frame to the next must 

be small, and he l-Torked using the criterion of an error rate of 

less than 5 per cent. Evidence is available, hO\vever, that 

0 
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larger steps do not necessarily reduce the learning efficiency 

(measured by post testing), although it m~ increase the error 

rate. (Goldbeck 196o, Smith & Moore 1962). A succession of,t6o 

large steps will affect motivation, leading to lack of attention. 

It would see.IJl then that a programme must be l-Tri tten \-Ti th a target 

population in vie\v (Aust\·Tick 1962). 

3· Repetition. It has been suggested that frequent repetition is 

needed in a programme to provide continual reinforcement for newly 

learned concepts (Klaus 1961). Too much repetition \-Till not only 

cause a student to become bored and lose interest, but will take 

time to perform the unnecessary frames. Pressey's early 

experiments with his 'drum tutor' dropped an item out of his 

programme after it had been performed successfully twice, but he 

later modified this to three or four times, and found that this 

caused a drop in the error scores. It has also been suggested 

that the repetition should be frequent after the introduction of 

neH material, and that, thereafter, it·should be faded according 

to a negative exponential curve. (Gilbert 1958).. The amount of 

practice must depend upon the individual student. 

4• :t-iethod of .response. Pressey and Skinner hold that an overt 

response is necessary; pressing a button, \vriting a word, or 

whatever it m~ be. But the covert response has the advantage 

of t~king less time to emit than· an overt response, and a programme 

needing only these could \·Tell be more efficient in time needed 

for train:LYJ.g. Experiments by Stoluro\-T and \·Talker (1962) and 



- 7 -

Lambert, Hiller and \ofiley (1962) allowed one group of subjects 

under training to think their responses, and no significant 

difference in the amount learned was found; Similar results have 

also been produced in England by Widlake (1962). 

The inter-action of these factors seems complex, and it would seem 

that a linear programme cannot· be sui table for a large number of 

students, because, once ~~itten, it can only provide a single path for 

all students. A branching programme is slightly less limited, because 

multiple branching is possible, but even so, it has only a fe\·T 

pre-selected paths. These intrinsic limitations were discussed by 

Pask (19q0) and he suggested the more sophisticated method of extrinsic 

programming. The description of •extrinsic• is supplied to indicate 

that the variations in path through a programme should be due to 

external factors rather than an inbuilt pattern. 

The essential feature of extrinsic programming is that it is 

capable of adapting the programme continuously to the need~ of the 

students. This requires a complex machine vrhich is able to do three 

things (a) monitor the students• responses (b) vary the content of the 
-

programme and (c) vary the pace of the programme. Pask sees the 

machine and student in 'conversation•, the machine leading the student 

o~ through the amount of material appropriate to his capabilities, by 

continuous monitoring of concept error counters, and keeping his 

intere·st by increasing the pace on easy sections \·There there are lmv 

error scores. This adaptive machine vTOuld have to contain a large 

number of carefully graded frames which are accessible at random. The 
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number and order of the frames seen by students \'lill depend upon the 

outputs of the various error counters \·Tithin the machine. Thus the 

machine will be presenting the student with a programme within his 

capabilities, but at the same time making him perform near the upper 

limits of his ability. Variations in level and pace will maintain 

his motivation. 

An adaptive machine, not quite of this type as it l-ras to teach a 

motor skill rather than increase intellectual content, has been built 

to Pask 1s specification. This is called SAKI (Solartron Automatic 
-

Keyboard Instructor) and is capable· of prompting, fading and pacing in 

the process of teaching a student to use a punched-card machine. 

Further advances in the direction of extrinsic programming have 

been made in the designing and building of an even more complex 

machine with the appropriate name of SOCRATES (System for Organising 

Content to Review And Teach Educational Subjects) (Stolurow and Davis 

1965). This machine was built for the purpose of testing the technique 

of 'idiomorphic' programming (literally 1own-for.m 1 ) devised by 

Stolurcw · (1965). A student:!s1 attainment level, aptitude level and 

personality profile are fed into the machine, together with the 

requirement for training i.e. topic to be studied, level of attainment 

required at post test, and the time available. A suitable programme 

for the student is chosen by the machine from the available repertoire 

in a large capacity computer. If no suitable programme is available, 

it can suggest remedial or preparatory l-rork for the student. Once a 

programme has ·been chosen, it is· administered in much the same way as 
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Pask suggested, pacing the student carefully to maintain his motivation, 

and by monitoring his responses, finding an optimum path through the 

programme. This, Stolurm-r called the Teacher Function of the machine. 

A second function (the Professor Function) has the task of 

comparing the student.• s responses \•Ti th those of others '1-rho have taken 

the same programme, or some other previously calculated criterion. 

If the student did not seem to be performing sufficiently \-Tell, or 

performing too \-Tell, this could lead to a complete change of programme. 

The machine \fOUld ahrays be trying to find a programme, or even a 

section of a programme, most appropriate to the students O\in requirements. 

This function can also vary the schedules of kno\vledge of results, 

decide lrThether correctional material or non correctional material is 

more appropriate and give positive or negative evaluative feedback 

(e.g. you are doing Hell! ) • These variables, in conjunction \vi th the 

knmvledge of the student's personality, can arrange that the output 

to the student is such that he is l'rorking \vi th maximum motivation. 

Thus the machine can adapt the programme and the feedback to suit the 

needs of any particular student; it is his personal programme. 

Such complex progTamming can only be carried out usi.11g costly 

machines, '1-Thich at present are very limited in number. Cheaper 

electronic circuiting, micro-modules etc. may.eventually make their 

use more.common. This should make it possible -for large numbers of 

students to follo'I-T an optimum path through many programmes and reduce the 

time needed to learn the many requirements of modern education. 
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CHAPTER TV/0 

PROGRAMrUNG TECHNIQUES 

A. The Skirmer-Holland technique 

When Skinner first \'Irote about programme construction in 1958, 

he pointed out that whereas a text book explanation can al\iays be 

clarified by a teacher, a linear programme has to be adequate aYJ.d stand 

·by itself. A thorough examination of the field- to be taught is 

required, the material must be systematically distributed throughout 

the programme, and the final arbiter of the \ihole programme is the 

student himself. He \·Tas not prepared to say if progrsmming was to be 

an art or a scientific teclmology. His.-collaborator Holland (1960) 

suggested eight basic ru.les. These \vere:-

1. Immediate reinforcement of a response. In this type of programme, 

knovTledge of the result is assumed to be a sufficient 1re\'Tard 1 

to provide adequate reinforcement for continued·lear.ning. Thus 

in a machine, or other form of presentation, immediately the 

response is made, there must be some means of shO\o~ing the correct 

answer. 

2. Only overt responses, \'Thich !w,ve been suitably reinforced, are 

learned. Sk:LYJ.ner \vished to eliminate all non observable factors 

from the learning situation though he does·not deny the existence 

of the other factors. Only by insisting on an overt response, can 

he be sure that the right response is being reinforced. 

3. Errors have an adverse effect on learning. A subject who is 
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repeatedly 'punished', i.e. learns that his ans,vers are 'vrong, 

will lose motivation. Thus the error rate in a programme must be 

kept lo1r1 by careful grading of steps a.11d 'prompting' ,.,here it is 

helpful. 

4• Progress must be in small, successive steps. This follmrs from 

the effects of errors on learning. The effects of the small steps 

is that behaviour can be 'shaped' tm.,ards a final pattern. 

Unfortunately this is difficult to apply to rote learning, such 

as spelling, 'vhere 1rrords cannot be s}-l...a.ped. 

5. Assistance to the subject must be 1r1ithdra'm gradually. Early in 

a programme, a student will be told precisely 1rrhat to do, and by 

gradual .withdrawal (fa4ing) of pro!_llpts or cues, he ,.rill be able in 

the end, to produce the correct response without help. Skinner 

particularly recommends this for vocabulary building, spelling and 

foreign lang~ages. 

6. The students• observing behaviour should be controlled. The point 

of this assertion is that efficient learning can only truce place 

if the student 'pays attention' to the correct stimulus. It is 

not worth putting a frame into a programme if the answer can be 

'vri tten in \·Ti thout reading the information carefully. The degree 

of prompting or cueing at any stage in the programme must be very 

carefully considered in this connection. Other distracting 

stimuli, such as pictures on a wall, movement of other people, 

talking, or even other frames in a booklet programme will allm-1 

the behaviour to get out of control, and at best, learning will 
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be inefficient. This accounts for Skinner's use of machines in 

preference to texts, as they can only present one item at a time. 

7• Extensive discrimination training is required to esta~lish a 

concept. The learning of a rule does not mean that a student 

can apply it. Many frames working from abstraction to eXample, 

and from example to abstraction must be included to ensure 

discrimination betvreen one concept and another. It follows, 

therefore that a linear programme cannot be short. 

8. A programme must be continually tested and revised. The writing 

of responsa:~ means that these can be examined in detail, and the 

programme modified in the light of these findings. The criterion 

of a successful programme is that it can teach under the conditions 

set out. by the programmer. 

A difficulty encom1tered by Skinner and Holland in their experimental 

vrork \<Tas that of presenting all the information required in the 

small space of a programme frame. This \Y"as overcome by using 

'panels' (Skinner & Holland 1958). These were printed material 

useful for reference. The programmer forced the student to read 

the panel by sui table questioning in the programme. The use of 

the panel is gradually faded as the programme is follo\-Ted. 

B. The Ruleg System (Evans, Homme & Glaser 1962) 

This system of programming divides all verbal matter into 

(1) Rules to be learned (abbreviated RU) and (2) examples or illustrations 

(EG), hence 'RULEG' system. The RUs may be any form of generalisation, 
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such as a definition, a mathematical formula, a prL~ciple or axiom. 

An EG is also a l-ride classification in that it can be anything which 

illustrates the RU. Thus the definition 1a noun is a naming \oTOrd' and 

the equation of a circle x
2 

+ y2 
= r 2 are RUs, and the statements 

- 2 2 2 
I the \vord dog is a noun' and 'x + y = 3 is a circle of radius 3 units I 

are EGs. 

The authors of this system specified 12 steps in the preparation 

of a progTamme. Some of these are similar to Skinner and Holland's 

methods. These are the steps:-

1. The specification of the criterion behaviour. This must be done 

very precisely, stating exactly hol'T the student is going to 

behave, e.g. learn a formula which gives the amount of heat 

;f_'lol-ring through a block of material \-Then its temperature is steady, 

and be able to use it in calculations. 

2. The specification of the Subject Matter rules. Every rule that 

the programmer can think of in connection with the subject matter 

should be \vritten dol-m. As the order does not matter at present, 

it is probably wiser to \·Trite each rule on a separate card to 

allow for easy rearrangement. 

3. The collection of stimulus support material, in the form of texts, 

notes, advice etc. This will probably yield a mixture of 

further rules and examples \•Thich are indexed as in step 2. 

4. The preliminary ordering of RUs. This should be done in 

accordance with the principle of gradual progression rather than 

follm'ling any text book order. If the RUs are on separate cards, 
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this allo>-rs for a number of trial arrangements to obtain the best. 

This gives a rough outline of the proposed programme. 

5. Preparing RU mat~ices • The RUs are listed, in order, horizontally 

and vertically to allovr a systematic search to be made for 

relationships between various RUs, e.g. how they are similar, 

how they are different etc. 

An example' of an RU matrix 

Similarity RUl . RU2 RU3 

RUl 1 2 3 

.. . . 

RU2 4 5 6 

RU3 7 8 9 

The word in the top left hand corner of the matrix is referred 

to as an operator and may be changed,.to obtain the different relationships 

bet\.,reen the RUs. The cells in the matrix may be numbered in the order 

in \ofhich the RUs appear in the programme. Then cell number 7 \·Tould 

ask the question "In \·That >-ray is RUl similar to RU3?" There may not 

be any ans,.,rer to this question, but at least the possibility has been 

examined. The major diagonal starting in the top left hand corner 

contain all the cells \.,rhich relate the RU to itself, and this is 

suggested as a good place for definitions. 

6. The example operator is placed into the RU matrix and the 
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construction of examples for the programme is begun. The 

programmer must note that sufficient examples are generated for 

every RU, i.e. enough for practice and review. All types of 

examples for any given RU must be generated, e.g. trivial cases, 

special cases, examples containing redundant information and so on. 

The EGs should be sufficiently diverse to ensure good 

generalisation of a RU. 

1· The numbering of.the RU cells in the matrices which are actually 

going to be used. T"ne decision must be made at this stage 

whether, say comparison between a particular pair of RUs is 

needed or not. 

8. The assembly of the RUs and EGs i.""J.to frames. The frames are 

constructed from the material already prepared by judicious 

combination of RU and EG. To allmv the student to make a response, 

key words may be omitted from a stateme~t or rule and these are 

..., -( designated by EG (EG Tilde) and RU RU Tilde). Very incomplete 

RUs or EGs (e.g. -' 1l-That is a complex number? 11 and 11add the complex 

numbers (7 + i3) and (2 + i9) 11 
) form good test frames and are 

'Z 
denoted by a double tilde sign Nine frame types are listed 

by the authors which have been found to be useful in practice. 

-I. RU + EG + EG. This combination is found to be a good starting 

frame as the rule is quoted, followed by an example of this, and 

then the student can complete the incomplete example. The strong 

prompt of RU + EG makes it very unlikely that the student will 

make an error. 
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-II. RU + RU. This type of frame is good for pointing out ne\·1 terms 

in a frame. If the student is asked to place the ne\V" term in 
-v 

the RU, his attention is dra\m to its use in the adjacent RU. -III. RU + EG. This frame represents a l-Teaker prompt than that given in 

type I, as there is no direct comparison of examples. This can 

be the start of a fading process. 
I'V 

IV. EG + RU. The incomplete RU here is asking the student to induce 

something from the given EG. This can only be used safely if the 

RU is already lmown. 

- -V. RU
1 

+ RU2• After RU1 and RU2 have been presented in the programme 

separately, a discrimination betlveen them can be made by using this 

type of frame • 

..., -VI. EG
1 

+ EG2 • Again this can be used to compare and contrast 

examples of RU
1 

and RU2• -VII. EG. As previously mentioned,· this very incomplete example l-1ould 

have no cues or prompts and \Wuld represent practically the terminal 

behaviour of the student. 

""' VIII.RU. This frame type \-IOuld be asking the student for a definition 

or rule, again \d thout prompts. 

-IX. EG. A special type used by the authors to fonrarn students of 

traps, or misunderstandings which could arise, by giving a 

negative example. 

9. Using the cell numbers in the RU matrix as a guide to the assembly 

of the frames into a programme. Decisions must be made at this 

point about the actual numbers of frames illustrating the RUs and 

hol-1 they are to fit into the programme. This can only be an 
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estimate based upon experience. 

10. The trial of the progTamme on students. This is follm·red by a 

systematic analysis of their responses. If the desired behaviour 

~ 
is being achieved and students ca.'Yl. deal ,.fi th EG:s. · successfully 

then the frames are acceptable. 

11. Revision of the programme on the basis of the results from 

step 10. 

12. Repetition of steps 10 and 11. This revision process is continued 

until the programme is reliable and efficient. 

C. Task Analysis 

A similar approach to this has been made by the R.A.F. Education 

Branch. Basing the ideas on those of Systems Analysis, a definite 

procedure is laid do~rn to ensure that the process is as efficient as 

possible (Davies 1965) 

1. It begins ~ri th a task analysis. In this must be specified 

.-accll.rately and completely the topic or job to be studied, the 

duties or processes to be performed in this, the tasks, or steps 

in a process, and the task elements, which are the smallest possible 

steps. These are arranged in a definite heira,rchy and must be 

broken dO\m. Thus, i..'Yl the job of solving quadratic equations we 

could identify the tasks as follows:-

i. Using the discriminant to decide if a solution is possible. 

ii. Solving it by fact ori:ilg_· ·• 

iii. Solving it by completing the square. 

iv. Solving it by using the formula. 
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v. Solving it by plotting a graph. 

The second task could be split into the t~sk elements of 

i. Ensuring that the coefficients \oTere integers. 

ii. Factorizing the trinomial expression. 

iii. Equating the two factors to zero. 

iv. Solving the t\vo equations. 

When this inventory is complete it should be possible to identify 

all the cues, steps performed, and hov1 they are performed. The 

task elements, or basic rules in the whole sequence of events can then 

be \-Tri tten. 

2. Synthesis. The analysis is now examined from the point of view 

of deciding \vhat learning structures are implicit in its content. 

Four types of sequences are generally discovered from the material. 

(a) The simple chain sequence. This is a string of task elements 

vThich al\·Tays occur in the same order L'l'l the tasks, for example, 

the steps in a long division problem. The chain may be reported 

many times to reinforce it, though using different material each 

time. In the long division, a different set of numbers vTould be 

used each time. 

(b) Complex chain and branching sequences. In more complicated 

problems involving discriminative behaviour there can be alternative 

routes or branches - thus in the solvL'I'lg of quadratic equAtions, 

there is a choice of four ways of solving it. 

(c) Discriminatiqn sequences. These are needed wherever it is 

necessary to discriminate bet\veen cues and must be anticipated. 
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again referring to quadratic equations, the use of the discriminant 

('62 
, 4ac, b2 = 4ac, b

2 
"" 4ac) decides vrhich of the subsequent 

branches must be used. 

(d) Generalisation sequences. At the ·end of these sequences a 

student should have acquired some concept, and be able not only to 

generalise within a class of stimuli, but also to discriminate 

between items inside or outside of the class. Thus, if the concept 

\·Tas 'electronic apparatus 1 , the student should recognise that 

amplifiers, radios, decade timers, valve voltmeters etc. are 

within the class, but that electric motors, jet engines, old 

fashioned gramophones, and ammeters are not. He is able to 

recognise the implication of the word 'electronic'. 

3. Having assembled these sequences, the remaining problem is to 

decide upon the teaching strategy of the programmes. The students' 

backgrounds, motivation, numbers, a~d proposals to use the 

information are all relevant to this •. 

. 4. The programmer is novr in a position to be able to write the 

objectives of the programme,. i.e. a behavioural analysis. This is 

ivritten in terms of what the student must do, not that \·thich a 

student has learned. This collection of inte~ts may be given to 

the student, and under certain circumstances this could be a guide 

to his own study, but generally the other steps of progrwa~e 

writing are required. 

D. Other methods (~J, 1963) 

These, in general are all attempting to do similar things to the 



processes mentioned in~ and C, but are not_so detailed. 

D. E. P. Smith suggested that there were four kinds of frames, 

and t:b..at systematic use of .these \vould help programming. These \·Tere:-

1. Definition of a concept. . This vTOuld define a concept and follmv 

it up \oJ"i th responses. 

2. A contrast frame to show vrhat the coiJ,cept is not. This could be 

compared \vith discrimination ·frames or sequences mentioned earlier. 

3. Ex:a.TIJ.ple frames. These would shO\oT actual uses of a concept 

first followed by a student response. 

4• An anticipation frame \orould introduce a COJ?.Cept before it \·ras 

needed, e.g. a tec.hnical word could be used,in a self expla.11atory 

context to carry out practice of some previous conQept. 

A 10 category classification has been suggested by Gilbert (1958). 

A different technique suggested by Barlm·T (1960) is, that of so 

called •conversational ChaL~~g 1 • The student reads the frame in the 

usual vray and makes the necessary response. Hm-1ever, the correct ans,Y"er 

is .not given before the main content of the next frame, as is usual, 

but is implicit in this next fr~e material. It is. identifiable by 

being printed in upper case letterL11g. Thus. the reinforcement is given 

a.11d the student is beginning to read the next frame almost before he 

realises what is.-happening. 

Here is a short sequence sho\oring the technique. 

1. When light changes direction after striking a mirror, \Y"e say that 

it has been •••••••••• 

2. This REFLECTED or DEVIATED light is still travelling in the 

same •••••••••• as before. 
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3. The statement that "a ray of light remains in the same PLAliE 

before and after reflection" is one of the lalvs of ••••••••••. 

4• Another part of this law of REFLECTION, is that the normal to 

the mirror at the point of reflection also lies in the same •••••••••• 

5· This PLANE, containing the ray of light and the normal to the 

mirror, is called the Plane of •••••••••• etc. · 

A common feature of all of these techniques is the call for 

great care in deciding exactly ivhat is to be taught. The various 

methods described each have a different empl1asis on the way in which 

a programme is built up after this. 

It has been pointed out that one cannot dogmatise on programming 

methods and provided that one uses the three principles of small steps, 

active responding and feedback to the student, any of the methods will 

teach. (I~kle 1964). 
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CHAPTER THREE 

THE COivlPILING .AND PRELIMINARY TESTING OF THE PROGR.AM:viE 

12§2. 

The original a:im. · of this programme was to present the topic of 

complex numbers to first year Higher National Certificate Electrical 

Engineers. ·These students were, in general, highly motivated to learn 

the topic, as they used it in their Electrical Technology subjects a 

fevT vreeks after it had been taught in mathematics. It 'I'Tas thought by 

using _the topic of complex numbers, it would be easier to compare the 

results of programmed and conventional teaching, as the previous 

knovrledge of the subject vras nil for most students. All learning by 

the programmed learning group would be due to the programme, and thus 

a valid comparison could be made. 

The programme was to teach the concept and manipulation of complex 

numbers, covered normally by three 2 hour lecture/study periods. An 

analysis of the essentials required showed that the programme \·rould h~ve 

to teach the students nine stages. These were:-

1 •. To define the symbol 1 j 1 • 

2. To define and identify real, imaginary and complex numbers. 

3. To evaluate exponents of 'j 1 • 

4. To solve quadratic equations \oJ"hich have complex roots. 

5. To add and subtract complex numbers. 

6. To multiply complex numbers. 

7. To define complex conjugates. 

8. To use complex conjugates to rationalise a complex quotient. 
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9. To recognise real and imaginary parts of complex expressions. 

The students were to be told that 'j' was simply a shorthand symbol 

for • 

No machines \-Tere available so that progr-ammed texts \·rould have 

to be used, but this vras not implying a:ny disadvantage, as these have 

been found to perform as well as machine progr-ammes (Eigen 1964). 

Brancl+ing vrould be difficult in this case without resorting to 'scrambling' 

(Tutor Text), so it \-Tould have to be a linear programme. 

The sequence of the programme would have to be in the same order 

as the stages listed above, as there is a definite hierarchy involved. 

Using an article _by Klaus as a guide, in which he lists 12 1rules 1 

of progr-amming (IG.aus 1961), a programme of 50 frames vras l-Tritten 

with a view to trying it out on several courses of students. No 

special technique was used to produce the frames. A sequence of frames 

vras built onto the bare bones of the nine stages so that there seemed 

to be a natural flm·r. It \V"as thought that very short frames vrould seem 

trivial to these students, who had already covered some sophisticated 

mathematics in their previous courses. The frames \V"ere a good deal 

less verbal than most of Klaus• examples and often merited numerical 

ansvrers. A mere number is of little value to a student 'I'Torking through 

a·problem if he arrives at the \V"rong answer. To guide these students, 

it l-Tas decided that, as far as possible, the vrorking of the problem 

should be given as the ~~swer (Keurst 1964). This could be faded as 

further examples were given. 

As the intended method of presentation \-Tas to be loose leaf pages 



- 24 -

in a ring binder, this led to the question of 'cheating', easi~ done 

by lifting the page. 

o .Answer 
27 

o Question 
28. 

Ho\orever it can be argued that "if a student turns over and reads 

~he worked answer, he is going to learn something if he makes some 

effort to follo\oT it. It. is rather like a case of classical conditioning 

(Zeaman 1962), he learns to associate the. a.7ls\orer (response) \'lith the 

appropriate question (stimulus) and l'lOuld, after several trials, respond 

accordingly. It was decided not to attempt any direct prevention of 

cheating. 

These students would have to be able to incorporate this work in 

their electrical technology subject"s and 1rrri te it dmm. An overt response 

of 'vri ting out the 'mrking of the problems in a booklet 1-ras to be 

required of them. These could be checked \·rhen required, and a study 

of the errors made. 

A post test '"as made out, consisting of questions directly 

testing the nine stages of the programme. As the topic of complex 

numbers was also tested directly in a sessional examination the 

criterion was set accordingly. A short pre. programme check was also 

made to find out those students \'lho had previous kno\iledge of complex 

numbers (a few electronic eng'ineers and course repeats) \·lith a vie\·1 to 
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ignoring their work in ~y attempt lvhich was to be made ·:i,.n evaluating 

the programme. 

At this stage, a change of teaching post occurred, and the 

engineers were replaced by mature students in a College of Education. 

These vTere of a much lvider range of mathematical ability, the majority 

being of a much lower standard. The Curriculum (Professional) Course 

in Mathematics for the second year students at the college had no 

specified syllabus, the aim being to introduce the students to new 

branches of mathematics, and shmv them how they could lead _on to some 

interesting ideas. 

None of the frames in the prepared programme had been shmm to 

students, so it l·ras decided to try the programme with 81 of these 

students during the Summer Term. They \orere told that it was an 

experimental programme, still in -its early stages, and that if things 

became too difficult, it \·Tas not their fault, but that of the programme. 

This was a novel approach to all of the students and they agreed to-

cooperate. 

As there \oTer~ also some llfai..11 Course r1athematics students in the 
---

groups, it was deci~ed to change the 1 j 1 operator (as commonly used 
-

by Electrical Engineers) to the 'i' of Pure ~1athematics texts. 

The motivation of these students l·ras very much less than that of 

the engineers. It \Y'Ould be even less if they had been allm-red to try 

the programme in its current form as it had been designed for students 

who were competent in the use of slide rules and could evaluate square 

roots and clumsy quotients \·Ti thout trouble. Only tvto (ex engineers·!·) 
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of the present students could use a slide rule and some of the frames 

in the prepared programme contained some formidable arithmetic if 

slide rules or the use of loga.ri thmic tables vTere to be avoided. In 

vie\·T of these difficulties it \-las thought pruden·li to revTri te the 

progranune, ensuring that \-lherever possible, arithmetic should be exact. 

With these students of such varying mathematical ability, it was 

thought that they should be given the necessary help to enable them to 

carry out the algebraic techniques needed for the completion of the 

progranune. These techniques \-rere found to be 

1. The manipulation of indices (including square roots). 

2. Multiplying binomial expression. 

+J 2 ----3o Solving a quadratic equation by using the formula - b- b -4ac 
2a 

A questionaire was prepared (Pre programme check) Appendix I to test 

the students' knm·Tledge of these, and it included three questions to see 

\·Thether they had encountered complex numbers previously. These \-lere 

put in so that the results of students \-lho had met them before could 

be omitted from experimental conclusions. 

The results of the questionaire, administed at the beginning of 

the term, showed that it \-las necessary to revise or instruct in all 

three of the above topics vTith most of the students. This seriously 

affected the amount of time that the students Here on the programme. 

The programme vTas then re-edited, inserting extra frames in several 

places, and amplifying the answers to give encouragement and support to 

\-reaker students. It \-ras then 68 frames long. The form of the programme 
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can be seen from Table I (page 2& ) • 

Insufficient ring binders were available for presentation of the 

frames as planned so after considering some alternative methods 

(Feldhuson and Birt 1962) it was decided to present the programme 

as three duplicated booklets, 8 inches wide by 2 inches deep. 

G 

AnsvTer 30 Question 31 
~ 

The pages in each \-tere fastened together by split brass 

fasteners so that. they could be taken apart easily for revision 

and rearrangement of the programme. On each page of the booklet, the 

right hand half contained the given facts and questions, whilst the 

left hand half gave the ans\·rers and \oJ"Orking of the previous page. 

There vias no device incorporated· to prevent cheating i.e. looking 

ahead in the booklets, but it vTas felt that the deliberate tlli'"ning of 

a page - or not, was sufficient discouragement. In any case, a good 

ans\ver should be self evident to the student, and he should be able 

to learn even if he did look ahead to the occasd.onal ans\ver. 

An ans\ver booklet for the students was made by duplicating 

horizontal lines on both sides of blank foolscap pages at t\vO inch 

intervals, folding these dmm the centre, and then stapling three 

pages together. This gave 72 ans\·Ter spaces approximately 4 inches 

vTide and 2 inches d·eep, i.e. there vrere sufficient spaces for the 

vrorking. of the vi"hole programme. 



Frame No. of 
NO". Parts 

1 1 

2 3 

3 1 

4 3 

5 1 
' 6 6 

;7 6 

. 8 1 

9 1 

io 1 

11 1 

12 3 

13 3 

14 1 

15 1 

16 2 

17 2 

18 1 

19 1 

20 3 
21 1 

22 2 

23 2 
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Table 1. Content of 1965 Proeramme 

Content 

Definition of a real number. 

R~vision of square roots. 

Introduction to square root of -ve no. 

Introduction of N as common factor. 

Definition of i. Practice in its use. 

D~scrimination betl-1een real and other numbers needing 
'i' notation. Practice in i. 

Definition of imaginary number. Identification of 
imaginary numbers. 

Evaluation of i 2 • 

Discrimination between real and imaginary. 

Use of i 2 = -1. Simplification of i3. 

Discrimination between real and imaginary. 

Simplification of exponents of i. 

Further practice in above. 

Generalisation from previous ti·TO frames. in = ±1 (: n even 

II II II II II II in·.- * +i (:.n odd) 

Simplification and identification of reaJ. numbers. ,. 
Simplification and identification of mmaginary numbers. 

Impossibility of combination of real and imaginary numbers. 

Definition of a complex number. Practice in formation 
of C.N. 

Identification of complex number. 

Revision of solution of quadratic equation using 
the formula. 

Solution of a quadratic with complex roots establishing 
the need to use 1! 1 • 

Use of i in previous answer, ·practice identification 
of complex number. 

Continued •••••• 
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Table 1. Content of 1965 Programme (continued) 

! 

Frame No. of 
No. Parts 

24 1 

25 2 

26 1 

27 1 

28 1 

29 1 

30 2 

31 1 

32 1 

33 1 

34 1 

35 2 

36 1 

37 1 

38 2 

39 2 

40 1 

41 2 

: 
42 1 

43 1 

44 2 

45 3 

46 1 

Content 

Introduction of 'Complex roots•. Further practice 
in solution of quadrati.~'·rith c roots. 

Practice in complex roots. Imaginary part of complex 
number. 

Method of addition of complex numbers. 

Practice in addition of C.N. 

Method of subtraction of C.N •. 

Practicemin subtraction of C.N. 

Further combined practice of addition and subtraction. 
Identification of real no. 

R . . f · 2 1 ev~s~on o ~ = - • 

Introduction of product L~volving i 2• 

Practice in simplifying product involving i 2, 

Multiple of i. 

Method of multiplying complex nos. Identification 
of complex no. 

Practice in multiplying C .N. Use of 'ford 'product 1 • 

II II II II 

II II II ~squarL~g). Identification of 
complex no. .. 

Practice in multiplying C.N. Identification of 
non C.N. 

FOrmation of complex conjugate by direct instruction. 

Formation of complex conjugate by direct instruction 
followed by multiplication of the conjugate. 

Practice i.."l mul tiplyi..."lg C .N. Introduction of \fOrds 
'Complex Conjugates'. 

Practice in formation of c conjugate. 

Practice in formation of c conjugate follovred by 
multiplication. 
II II II II II II II II II 

Identification of real number, Rule from Product of 
C~mplex Conjugates. 

Continued ........ 
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Table 1. Content of 1965 Programme (cont~~ued) 

i 

Frame No. of 
--No. Parts 

47 

.48 

49 

52 

;53 
'54 

-55 
56 

57 

59 
60 

61 

62 

_64 
_65 
66 

67 

68 

' 

.. 

2 

6 

1 

1 

1 

2 

1 

1 

2 

1 

3 

2 

2 

2 

3 

2 

3 

1 

1 

2 

1 

1 

!120. 

Content 

Addition of complex conjugates. Identification of 
r,eal number. 

' . 

. Further Eloddition of complex conjugates. Identification 
of real number. 

Identification of real number. Rule from addition 
o'f complex conjugates. 

Instruction for rationalisation process. 

.Instruction for rationalisation process. Use of \-Tord. 
'Rationalise'. 

Practice of rationalisation and simplification. 

Reason for rationalising denominator. 

Reason for rationalising both numerator. and denominator. 

Fbrmation of quotient. Practice in rationalisation. 
II II II II II II II II II 

Use of l-Tord 'divide' • 

Revision of product. Use of division. Practice in 
rationalisation. 

EValuation of a squared quotient. Practice in rationalis 
ation. 

Revision of product (twice). II II II 

Practice L~ rationalisation. Identification of real 
part of C.N. 

Revision of squaring C.N. Practice in rationalisation. 
Identification of real part of C.N. 

Revision of product. Identification of imaginary part 
of C.N. 

Combination of two quotients into 1 fraction. Practice 
in rationalisation. Identification of imgginary part 
of C.N. 

Revision of product, more difficult e.g. 

Identification of real and imaginary parts of C.N. 

Revision of product. Identification of real and 
imaginary parts of C .N. 

Revision of rationalisation. 

I~entification of real and imaginary parts of C.N. 

II 

/ 
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A PO?~t-programme test \ofas assembled to test the nine specific 

poi~ts in the aims of the programme (Appendix II). 

At the beginning of the Summer Term 6 weeks of lecture time 

(1 per week) were devoted to instruction and revision of the necessary 

fundamental topics, during which it was realised that the spread of 

ability was even \>rider (to a lo"t-rer level) than previously suppof?ed. 

Ho\orever, the programme was begun \·Ti th a half hour session, during 

\>Thich nearly every student came to grief on frame 8. This did not 

help the motivation, arid about ten students gave up ~t frame 21 a 

fortnight later. 

Whilst working through the progr~e, the students were told to 

check their ans\-Ters by turning over .the page in the booklet a.l'ld putting 

a tick ( ,/ ) beside correct answers, .. and a cross ( X ) beside 1.orrong 

ones. io/rong ans\orers \ofere to be checked for 

1. Misreading of the question. 

2. Arithmetic mistakes. 

3· Algebraic mistakes. 

If after these checks a correct answer \oTas obtained, a ring \'las to be 

put round the cross ( • ) before proceeding. If the answer was still 

incorrect, it ¥Tas to be left crossed, and the student \·Tas advised to 

look back into the booklet for relevant help. If a particular fr~e 

helped them, they were asked to place the number in a ring beside the 

cross. This \oTas for the purpose of revision of the programme, so that 

it could be seen where extra practise frames or review frames were 

necessary. If this still left the student in difficulties the 
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Table 2. Number of errors occuring at each frame 

N is the number of s-tudents vTho tried -the franie during this experiment. 

P is the percentage of the \ofhole gToup \-Tho reached as far as the particular 
frame. 

' 
Frame N 

No. of· 
:P 

Frame N No. of p 
. No •. .. Errors . No. Errors 

1 81 0 35 54 0 
2 81 0 36 54 0 
3 81 3 37 51 0 
'4 81 0 38 51 0 
5 81 0 39 50 0 
6 81 0 40 49 0 
7 81 1 41 49 1 
8 81 20 75% 42 .49 2 
9 81 23 43 48 6 

10 81 12 44 .47 2 
11 81 7 45 47 1 
12 81 7 46 :46 0 
13 81 8 47 45 2 
14 79 0 48 45 0 
15 79 7 .. 49 44 1 
16 79 0 50 43 2 
17 79 2 51 40 1 5o% 
18 79 3 52 j8 0 
19 78 -0 53 '36 1 
20 77 5 54· 35 2 
21 77 6 55 -33 0 
22 71 4 56 .32 1 
23 68 4 57 29 0 
24 68 0 58 27 1 
25 64 4 59 22 0 
26 58 0 60 21 0 I 27 58 0 61 21 2 
28 57 0 62 20 0 25% 
29 57 0 63 18 0 
30 57 1 64 17 1 
31 55 b 65 16 2 
32 55 9 66 16 1 
33 55 1 67 15 ·o 
34 55 2 68 15 0 18~ 
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Table 3. Results of Post Programme Test 

' I 

I 
.. I Time 

I ., Question Number· ·-· -- ·- --

Student Score on, 
i - l. ! 

,._ ... -- Pro g. 
1" 2 3 4 5 6 1" 8 (min.) 

' • i. 

D.B. X l X j j j j X 5 183 
: 

.A.C. / j j X X j t X .4 153 

E.D. (1) j j j j j j j j 8 150 
-

j I j E.D. (2) j X j j j 1 134 
! 

M.F. * 91 

F.!}. ./ j I j j X j X 
; 

6 87 

F.T.J. * 145 

N.J.* 91 

F.lvJ:. j J J j j j / j ., 8 124 

D.P. * 148 

E.R. j j X j X / j X 5 65 

N.R. X / / j j J j J 7 126 

E.S. I / X I I J j j 7 148 

J.S. I I I / X j j X 6 105 

·- _v .w •. * 166 

' 
.. 

iNo• of 2 0 3 1 4 1 1 5 
[errors 

* These students had completed the programme but had not time 
to complete the POST PROGRAMME TEST. 

}iean Score (N = 10) 6.3 

Mean Time (N = 15) 127.7 ~in. 

Ha'in 
Course 
l·1aths. 

j 

j 

J 

J 
j 

j 

j 

J 
J 
j 

J 

J 
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supervisor would assist them. 

The programme was given in periods of 40 mins to 45 mins at a 

time, as it was considered to require considerable concentration from 

most of the students. The few students who finished the programme rTere 

given the post test immediately. The majority of the students did 

not have sufficient time to complete the programme before the end of 

the term. 

Results of this trial 

The checking of the frames by the students 'worked rTell and 

enabled misreading/arithmetic/algebra mistakes (by far·the majority) 

to be sorted from genuine errors in principle. A table is dra\m up 

of the number of students rrho attempted each frame and the number of 

errors occuring at each. Table 2, page32~ 

15 students managed to complete the programme, but only 10 of 

them were able to take the post test, and again, only 1 of these was 

able to take a retest a week later. Only 3 students \-rho \vere not taking 

}1athematics as a 'Main' subject,finished. Table 3, page 33 , summarises. 

these results. This rTas purely a trial and no conclusions are dra\ffi 

from these. 

A progress diagTam (page 35 ) \oTas dra\m for the fastest student 

and the slO\·Test stulient to firiish. This showed that highest rate of 

\Y"Orking through the programme rTas about 2. 75 frames per minute and the 

lorrest 0.2 frames per minute for students who finished the programme. 

The most rearr~ard student had completed 20 frames in 2 hours of his 

available time, but most students \-rere bet\oTeen frame40 and the end of 
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the programme after 2 to 3 hours work. All students showed a slovring 

dmm near frame 50, and this is a reflection of the large increase in 

step size \·Thich occurs at this frame. 

It. seems clear that the students needed more thorough preparation 

for the progra.lDIJle, and that the programme in that form \<Tas slightly 

too difficult for the majority of students. 

The Post Programme Test (Appendix II) was not satisfactory as it 

did not test all the points required to be taught by the programme. 

Real and imaginary numbers did not appear in it at all. The first 

question should have tested the lmo\iledge of ./4 , not given the 

students the information, and the important i 2 = -1 \'las not called 

for clearly. It did occur in questions 5 to 8, but only incidentally 

in another process. In question 6, the complex conjugate. of a number 

was required, but the issue \oTas clouded by requiring a product as well. 

Similarly question 8 required a rationalisation of the quotient, but 

it was intended to test the ability to identify the imaginary part of 

a complex number and equate it to zero. 

Revision of the Programme 

The programme had obviously broken do"m at frame 8 as the students 

were not prepared for this step. The topic v1as that of evaluation 

of exponents of i as far as frame 15, and due to the doubt about i 2 = -1, 

the errors in the intermediate frames were high. This part of the 

programme needed complete revr.riting. In the end 8 new frames preceeded 

the one \vhich caused so much trouble. 

Frame 20 shmied (Table 2, page 32 ) that 5/77 students failed to 

distinguish between complex numbers and other algebraic expressions. 
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Extra practice frames and a better de.(ini tion in frame 19 \·rere inserted. 

Question 19 did not say anything about differences betvreen real and 

imaginary numbers, and yet one answer_ given \·ras 7 - i4. This was 

deleted, and another example frame used to show a difference. 

Answer 21 was unfamiliar to some students, as it used the dot 

multiplication sign. This was changed to the more common x sign. 

Question 22 1rras broken dovm into 3 separate steps and Question 23 halved. 

A formal definition of complex roots was introduced and questions 24 

and 25 slightly re,..rorded. 

The answers to question 32 shm-red a lack of appreciation that 

i 2 = -1, but on the general reshaping of the programme this should be 

remedied. A slightly altered wording was thought to be sufficient. 

Frame 43 showed that the definition of a complex conjugate 1rras not 

clear from 42 alone. ~vo example frames and a generalisation frame 

were \·rri tten into this section. 

On rereading the section on rationalisation (frames 50 to 55) it 

\•Tas seen that no specific information on this process was given. It 

1rras decided to introduce a defining frame. Nowhere was it pointed out 

to the student that rationalisation al\vays produces a real number in 

the denominator and hence that normal division of the numerator may be 

carried out, although examples of this \·rere given. T\·ro new frames 

covered this omission. 

An extra practice frame on real and imagL~ parts was put into 

the last section as it vras not scored as vrell as other sections in the 

post test. 
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Table 4• Content of 1966 Programme 

M Indicates a modified or reworded frame. 

NF Indicates a new frame. 

Frame: 
No. 

1 

2 

-3 
4 

5 

6. 

8 

9 

10 

11 

12 

13 
14 
15 
16 

17 
M 18 

19 

20 

H 2.1. 

I 
O).d 

I No. of 
Frame Parts 
No. · ·.-· -··- · 

N.F. 

N .• F. 

N.F. 

N.F. 

N.F. 

N.F. 

l~.F. 

8 I 
N.F. 

N.F. 

10 

11 

12 

13 
14 

1 

3 
1 

3 
1 

1 

6 

1 

1 

6 

1 

1 

1 

1 

1 

1 

1 

3 

3 
1 

. .1 

Content 

Definition of a real number. 

Revision of square roots. 

Introduction to square root of negative no. 

Introduction of H as ·common factor. 

Definition of i. Identification as -1 
by student. 

Demonstration of i notation. Practice in 
use of i. 

Discrimination between real and other numbers 
neediil.g. ~i notation. Practice in i. 

Definition of imaginary numbers. Identification 
of imaginary number. 

Position of i defined in imaginary number. 
Identification of imagi~J number. 

Practice identification of imaginary numbers. 

Revision of general square root notation. 

Use of square of square root, \-Then number 
is negative. 

Evaluation of i 2• 

Identification of -1 as real number. 

Cued frame to identify i 2 as real. 

Use of i 2 = -1. Simplification-of i~. 
Discrimination bet,-1een real and imaginary. 

Simplification of ~xponents of i. 

Further practice in above. 

Generalisation from previous tl-ro frames 
in = +1 (;n even) - \- ... 

Ditto . i:IJ-- :;: +i ( :·.n. odd). - . ' 
·------L-----~----~-------------------------------------

Continued •••••••• 
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Table 4• Content of 1966 Programme (continued) 

~------·~----~-------~--------------------------------------------' ! 
Frame 
No. 

M 22 

1'1 23 

M 24 

25 

26 

27 

28 

Ivi 29 

30 

111 31 

32 

33 
M 34 

M 35 

36 

37 

38 

39 

40 

r~r 41-

M 42 
.. 

. -

·- .. 

Old No. of 
Frame Parts 
No. 

16 2 

17 2 

18 1 

19 1 

N.F •. 1 

20 3 

21 1 

22 1 

N .F.: 1 

23 2 

. . 
N.F. 1 

N.F.· 1 

24 1 

25 2 

26 1 

27 1 

28 1 

29 1 

30 2 

31 1 

32 1 
. . 

Content 

Simplification and identification of real nos. 

Simplification and identification of imaginary 
numbers. 

Impossibility of combination of real and 
imaginai:j numbers • 

' DefL~ition of c complex number. Practice in 

·I formation of C.N. 

Cued frame to identify complex number. 

Identification of complex numbers. 

Revision of solution of quadratic equation 
using the formula. 

Solution of quadratic \·Ti th complex roots -
establishn1g the need to use i. 

Identification of imagn1ary number. 

Use of i: .in previous answer. Complete 
- arithmetic • 

Identification of complex number. 

Cue~ frame introducing complex roots. 

Use of complex roots. Practice in solution 
of an equation with complex roots. 

Practice in·complex roots. Imaginary part of 
complex number~ 

Method of addition of complex numbers. 

Practice in addition of complex numbers. 

Method of subtraction of C.N. 

Practice in subtraction of C.N. 

Further combined practice of addition and 
subtraction of C.N. Identification of real no. 

R . . f ·2 
eVJ.SJ.On 0 J. = -1. 

Introduction of product . 1 . .2 mvo vmg J. • 
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Table 4• Content of 1966 Programme (continued) 

I I 
Nd. I Frame Old of 

No. ~ame Parts : Content 
.. . ·- No • 

... 

l--------~----4---------+-------------------------·------------------------l 

43 

44 
!II 45 

47 

33 

34 

35 
i 

3£? 

37 
48 38 

49 "' 39 
50 40 

51 4J,. 

52 

53 

54 

55 

1'1 56 

57 
58 

59 
60 

61 

62 

63 

42 

N.F. 

N.F. 

N.F. 

43 
44 
N.F. 

45 

46 

47 

48 

49 

1 

1 

2· 

1 

1 

2 

2 

1 

2 

1 

1 

1 

1 

1 

2 

2 

3 
1 

2 

6 

1 

Practice in simplifying product involving i
2

• 

Multiple of i. 

Method for multiplying complex numbers. 
Identification of complex number. 

Practice in multiplying complex numbers. 
Use of 'llrord 'product'. 
II II II II II II II 

Practic"e in multiplying complex numbers 
(squaring). Identification of complex no. 

Ditto. Identification of non complex no. 

~rmation of complex conjugate by direct 
instruction. 

Ditto. follovred by mul tiplcation of the 
conjugates. 

Practice in multiplying complex nos. Introduction 

of 'llmrds Complex Conjugates. 

Cued formation of complex conjugates (positive 
sign). 

Ditto. (negative sign). 

Generalisation of rule from previous three 
frames. 

Practice in ioJ'I'i ting complex conjugates. 

Ditto. follm-red by multiplication. 

Ditto. Ditto. Use of product. 

Ditto. follovred by multiplication. 

Identification of real number. Rule from 
product of complex conjugates. 

Addition of complex conjugates. Identification 
of real number. 

Further addition of complex conjugates. 

Identification of real number. Formation of 
rule for addition of complex numbers. 
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Table 4• Content of 1966 Programme (continued) 

' Frame: 

:64 

65 

M:66 

67 
. 68 

72 

73 

74 

75 
·76 

77 

78 

79 

:80 

·81'. 

M ·82 

83 

·84 

85 
11 86 

I 

Old I No. of 
:F:z'ame ·parts 
.No. 

50 
N.F. 

51 
52 
N .• F. 

N.F. 

53 

54 

55 
56 
57 

58 

59 
~b 

61 

62 

N.F. 

66 
67 
68 

1 

.2 

:1 

2 

2 

2 

·2 

2 

3 

1 

1 

2 

2 

1 

1 
139 

Content 

Instruction for rationalisation process. 

Recognition of multiplying by complex 
conjugate of denomi.11ator. Use of \·lord 
rationalisation. 

Instruction for rationalisation process. 

Practice of rationalisation and simplification • 

Identification of real number in denominator 
after rationalisation. 

Use of real denominator. 

Reason for rationalising the denominator. 

Reason for rationalising both ~he numerator 
~~d denominator. 

Fbrmation of quotient. Practice li1 rationalisation 

Ditto. Ditto. Use of \·lOrd •divide•. 

Revision of product. Use of division. 
Practice in rationalisation. 

Evalua~ion of a squared quotient. Ditto. 

Revision of product ( t\orice) • Ditto. 

Practice in rationalisation. Identification 
of real part of C.N. 

Revision of squaring C .u. Practice in 
rationalisation. Identification of real part 
of C.N. 

Revision of product. Identification of 
imaginary part of C .N. 

Combination of t\V"O quotients into one fraction. 
Ditto. Practice i.~ rationalisation. 

Revision of product (more difficult). 

Identification of imagina_~ number. 

Revision of product. Putting real part = 0. 

II II II imaginary part = 0. 
I Revision of rationalisation. 

Putting real part = 0. 
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The contents of the progr-amme frames axe shmm in Table 4 

(pages 38, 39, 40, 41) and the actual programme is reproduced in 

Appendix III. The length of the programme is now 86 frames, r·epresenting 

an increase of approximately 25% of the original length. 
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CHAPTER F01JR 

THE FIRST TRL.U. OF THE PBOGRAMI1E - 1966 

This experiment was carried out on another second year group of 

50 students in the College of Education. 

The aims of these ,.,ere:-

1. T9 carry out another trial of the programme preparatory to a 

further revision. 

2. To compare its use with formal teachL~g. 

The students were divided into three groups for college purposes, viz. 

Group 2. .An all female group of 12, training to be primary teachers. 

Group 3. A mainly male group of 16, training to be primary teachers. 

Group 4• A mixed group of 22, training to be secondary stage teachers. 

Some of these \·Tere specialising in art subjects, and had 

very little mathematical ability. 

Only 3 students were taking a 1Main 1 course in Mathematics. 

Group 1, who were training to be Infant teachers were not used in the 

experiment. In the previous years trial 9 out of 10 who abandoned the 

programme were in this category, and it \oTas thought that they \1'0uld 

require much more preparation time than any of the other groups. 

To allow as many students as possible to try the programme, it 

\v-as decided to teach the smallest group (2) by conventional methods. 

The most convenient time for the experiment \vas during the summer 

term. The three groups were given Precheck I (Appendix I) to complete 

in January, and this \·ias marked and analysed. Performance \<las generally 
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poor, (8 passes) and it·vras decided that the revision course should 

last half a term to improve 

(a) Manipulation of surds and indices. 

(b) Binomial multiplication. 

(c) Solution of quadratic equations. 

(d) r1anipulation of algebraic fractions • 

. The course was prepared and started at the beginning of the suminer term. 

It was necessarily hurried as some of the students really required 

complete reteaching. In view of the previous years experience, it \·Tas 

decided to check the progTess of the students by administering the 

January test again as Pre Check II at half term. 14 students v1ho could 

not achieve a satisfactory performance on this should not really have 

started on the programme, but as participating students v1ere so few, all 

were allowed to begin. A Pre Test (Appendix IV) had been prepared, and 

this was identical in form to the revise~ Post Te~t (Appendix V) apart 

from numerical values. This \Ya.S administered at the same time as 

Pre Check II. The three groups then began to study complex numbers in 

the tvro different ways. 

The same instructions were given to the programmed learning groups 

as in 1965, to tick correct answers and put a cross beside wrong ones. 

The same checking system \·Tas used to sort errors of principles from the 

common misreading, arithmetic and algebraic errors. 

The time of starting and finishing each session of the \·TOrk was to 

be noted so tha~ the total could be obtained. At the start of each 

session the students could have a fe\i minutes (counted in the total time) 



- 4-5i-

to look back into the programme and ansl·rer booklets for revision l..rhere 

it was required. 

These groups l..rere asked to l-TOrk only by themselves and not to use 

_reference books or discuss the process after class. This lvas \-Tell 

adherred to. The otner group l..ras allowed to use any aids they felt 

they needed and, though no one actually referred to text books, they did 

discuss, and teach each other, all through the six weeks available. 

After the first 3 vreeks it was clear that not all of the tl..ro groups 

on the programme would be able to finish it, if they followed the 

schedule of 1 session per lveek. The students volunteered to put in 

2 per \veek instead, and toi·Tards the end some put in 3. Even so, 5 were 

not able to finish the programme; tlvo of them had given up after 2 sessions. 

The Post Test had been revised as a result of the 1965 trial and 

consisted of 12 questions instead of 8. This was given to each student 

as soon as he had completed the three programme booklets, and \vhere 

possible, a week later as a retention test. (Post Test II). (Appendix V)~ 

Group 2 had the Post Test during the last half hour of their lecture 

time, and there was no.time for a retention test. 

The marking of the Pre Test and Post Test had to be refined to 

provide proper discrimination beti·Teen students answers, and it was 

necessary to use half marks. The balance of marks l-ias decided empirically, 

allOidng 3, (6 x i) for question 6, 2 marks (4 x t) for each of 9 and 

11 and 1 each for the remainder, though 5, 7 and 8 could be halved. 
' I 

This effectively gave 26 units for allocation, rather than the 16 marks 

one by one. 
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The results for the 3 graphs are given in tables 5., 6 and 7, 

pages 47, 48 and 49 • A table giving the number of errors for each 

frame was also dra\'m up (Table 8), and using this, a further table \·Tas 

made out for frames having 4 or more errors (12% or more), sho\'Ting \•That 

errors occurred (Table 9). 

Progress diagrams \vere again drawn for the fastest and slm..rest 

students, and the highest rate on the programme \vas 1 • .3 frames per 

minute, the lm·Test being ·~12 frames per minute. Again it is clear that 

a slowing ,.dmm took place for all students from frame 64 om;ards due to 

an increase in the step size. (page 54). 

Table 10, page 53 , shm-Ts the number and percentages of students 

who answered each question correctly in Post Test I. .4s each question 

is testing a particular concept, this is an i....'"l.dication of hm·T \·Tell the 

programme (or teacher) has performed in·.the teaching of each concept. 



Table 5. Data for Group· 2 (Conventional Teaching) 

'0' Pre Check Pre Post 
Students Sex Age Level Test Test 

Maths. I II . (16) (16) 
: 

G.B. F 41 No F p 0 12! 

l1.D. F 44 Yes F p 2 11 

E.H. F 38 Yes F p 1 11 

J.J. F 40 No F F 0 12 

B.:r-1. F 39 No F p 0 lli 

J .I"'. F 42 Yes F p 1 10 

R.P. F. 42 No F p ' 0 11 I 

Ilf.S. ·F 26 No F p 0 11! 

J.T. F 29 No F p 1 11! 

V.\.J.(l) F 32 Yes F p 1 14 
I 

v.\v.(2) F 31 Yes F p 1 lei 

D. \af. F ·42 Yes F p 1 12-} 

Mean Age 37.2 N = 12 

Total Time 5 x 45 + 1 x 15 = 240 min. 

Mean Gain S.core (Post - Pre Test) ·= 10.9 = 68~. 
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~able 6. Data for Group 3 (Programmed Learning) 

I 

'0' Pre Check Pre Post Test Time 
Students Sex Age Level Test on 

Y.taths. fl6) 
' Prog-I II I. II 

1 '1-Teek 
ra.mme 
(min.) 

G.B. F 43 Yes F p 1 10-} 180 
' 

G.D. M 44 Yes F p 1 14 270 

J.G. l·f 30 No F p 1 10 9 247 

B·.H.G. M 40 No F F 0 13 375 

D.F.G. IIi 46 Yes F p 0 15t 15t 275 

S.G. M 29 No F p 0 16 16 220 

J.c.q. M 45 Yes F p 4 16 200 

A.H. M 33 Yes F p 4 15t 15 219 

D.H. M 38 Yes F p 4 12t 12! 235 

J .n.I. M 34 No F F ·0 12 375 

J;,R.L. ~'[ 43 No F F 0 -~ 300 9-':a- ·-
i 
I 

A;.L. M 45 Y~s p p 3~- 16 15! 200 

H~N. M 40 Yes p p 2 16 ~5 155 
.. 

13-~ N~P. F 31 Yes F p 0 245 
.. 

D.M. :r-1 21 Y~s F p 0 14 185 

I1~T. F 46 Yes F F 0 13! 215 

Mean Age . 38 N = 16. 

Mean Time on Programme 241 min. 

Mean Gain Score = 12.3 = 77%• 
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Table 7. Data for GrouE_ 4 (Progr:am..!Jled Learning) 

' ,. 

IQI 

Students· Sex Age Level 
Maths. 

. . .. 

T~B. M 43 Yes 

J.B. M 44 Yes 

/D.C. F 42 No 

G.C. M 42 Yes 

A.E.H. F 46 Yes 

' 
B.H. F 40 Yes 

\f ~H. M 30 Yes 

H.H. F 33 No 

A.F.H. l'ti 34 Yes 

H.S .J. F 39 l\T' .o 

J.M. M 29 Yes 

!1.1'1. F 39 Yes 

R.C.I'1. M 37 Yes 

D.o. JYI 44 Yes 

A.S. Ivi 39 Yes 

R.T. F 36 No 

s ... G.\'l •. M 35 No 

Mean Age 37! N = 17. 
Mean Time on Programme 228 min. 

Mean Gain Score = 10.7 = 67%. 

I 
.. 

Pre Check Pre Post Test: 
Test 
(16) 

I II I II 
r ... .eek 

p p 10 15t 

p p 2 10 9t 

F F 1 13t 

F F 0 13t 

F p 0 lQ-~ 

F p 2 13 

p p 3 15t 15! 

F p 2 nt 

F p 2! 13t 

F p )._ 15 15 2 

p p 1 q. 14t 

F F 0 lQ-~ 

F p 0 13t 

p p 8-~ 13t 

F F 2i 2 13 

F p 1-~ 14 

F p 0 9-~ 

Time 
on 
Prog-
ramme 
(min.) 

245 

156 

330 

280 

260 

315 

135 

217 

235 

295 

115 

315 

245 

127 

205 

220 

275 
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Table 8. Number of errors occuring at a frame 

' Frame No. of Frame No. of Frame No. of Frame No .• of 
No. Errors No. Errors No. Errors No. Errors 

.% fo_ % % 
1 0 0 23 1 3 45 1 

~·I 
67 0 0 

2 1 3 24 0 0 46 3 68 0 0 

3 3 10 25 0 0 47 1 3 69 0 0 

4 2 6 26 7 21. 48 0 0 70 3 9 

5 0 a· 27 0 o. 49 1 3 71 1 3 

6 0 0 28 0 0 50 1 3 72 3 9 

7 0 0 29 1 3 51 1 3 73 0 0 

8 0 0 30 4 12 52 ·a 0 74 2 6 

9 1 3 31 5 15 53 0 0 75 0 0 

10 0 0 32 3 9" 54 0 0 76 0 0 

11 1 3 33 3 9 55 I 0 0 77 0 0 

12 11 33 34 0 0 56 0 0 78 0 0 

13· 2 6 35 1 3 57 0 0 79 0 0 

14 6 18 36 0 0 58 0 0 80 12 36 

15 1 2 37 2 6 59 0 0 81 0 0 

16 7 21 38 0 0 60 0 0 82 4 12 

17 10 30 39 0 0 61 0 0 83 0 0 

18 0 0 40 0 0 62 0 0 84 3 9 

19 2 6 41 1 3 63 0 0 85 1 3 

20 0 0 42 7 21 64 1 3 86 6 18 

21. 5 15 43 5 15 65 7 -21 

22 0 0 44 6 18 66 1 3 

Total no. of programmes = 33· 



i 

Frame 
Number 

12 

14 

16 

17 

21 

26 

30 

31 

42 

43 

44 
65 

80 

i 

Number 
of 
Errors 

11 

6 

1 

10 

1 

4 

5 

1 

5 

6 

1 

12 
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Table 9. Analysis of errors 

Errors 

Fa X .Fa = a 

-1 identified as 
imaginary. 

Failure to carry 
out the instruction. 

-i identified as real. 

+1 instead of +i 

'imaginary'_ instead 
of 'complex' number. 

Failure to recognise 
imaginary number. 

Failure to use i 
notation properly. 
2 + i2 = 1 + i2 

2 

1
2 = i 

-i X i = -i 

~ . 2 
Comparison of i with i 

Common ans-v1er "Complex 
number". 

Failure to combine 
fractions properly. 
Forgot about complex 
nonjugates. 

Possible Reason for Error 

Definition of square root 
not sufficiently well kno~m. 
Insufficient practice 
,.,i th surds. 

Lack of practice in 
identifying real numbers. 

Lack of prompting - sho~T 
how i2 can be used. 

Lack of practice at 
discriminating between 
real and imaginary 
numbers. 

Insufficient ~p_les_ .. of. n 
~There n is odd before 
asking for a generalisation. 

Lack of practice in 
identifying imaginary 
numbers. 

II II II II 

RevievT of frame 6 needed 
just before this. Lack 

II 

of practice \·ri th fractions. · 

More revie\·T of exponents of 
i needed. 

More revie\-t of exponents 
of i needed. 
II II II II II 

Insufficient prompting of the 
connection \d th complex 
conjugates of the denominator. 
Generalisation too soon. 

Too much material in 1 frame. 

Continued ••• 
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Table 9. Analysis of errors (continued) 

Frame Number 
number of Errors Possible Reason for Error 

Errors 

82 4 Failure to identify Iden tifica "t?m of :iJnaginary 
ans\·rer as imaginary. numbers needs revie\·T. 

86 6 Failure to recognise Students do not realise-
the real part of the that an expression can be 
numerator. real. 
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Table 10. Percentage Success on each question in POST TEST I 

' I I 

Question Group 2. Group 3 .Group 4 
No. -(Control} (On ProgTamine) (On ProgTa.mme) 

12. % 16 % 17 % 

1 10 83 13 81 17 100 

2 12 100 16 100 17 100 

3 12 100 16 100. 16 94 

4 12 100 16 100 15 88 

5 12 100 16 ;wo 16 94 

6 8 67 9 .. :56 13 77 

7 8 67 11 69 14 82 

·a 10 83 11 69 .15 . 88 

9 5 .42 14 88 12 71 

10 12 100 16 100 17 100 

11 11 92 16 100 14 82 

12 7 58 10 62 9 53 
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CHAPTER FIVE 

STATISTICAL TESTS 

1. It was required to test \oThether groups 3 and 4 could be considered 

-=/ as a homogeneous group. The \vilgoxon _test (a :rank sum test) is a 

sensitive test for comparing locations of groups of results (Lindgren 

and I•lcElrath) and this was applied--to the gain scores of the tt-10 groups 

N Means Rank· 
Sums 

j· 
--

Group 3 16 12.3 316-~-

Group 4 17 10.7- 244! 

Using the formula in Garrett 
' -

-z = ;2~ - N1 (N + 1). 

j N1N2 ;N + 1j 

this gavetre·Z-scores as± 1.6 

As N
1 
~ 8 and N

2 
> 8, the g statistic is normally distributed. 

The null hypothesis \vas that the means \vere equal. 

The test hypothesis was that the means were not equal. 

The critical value of the :?; statistic at the .01 level for a two 

tailed test was ± 2.58. 

As - 2.58 < :?; = ± 1.6 < 2.5 the null hypothesis \·tas accepted- and 

we could assume that the means \·Tere equal i.e. the tl-to groups came 

from the same population. 

2. As a result of the previous test, the scores of the groups 3 and 4 
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'ioiere combined in alphabetical order. The mean of the combined group 

was to be compared '1-Tith tJ:l,e mean of group 2. To eliminate the effects 

of the Pre Test, the group 2 students were matched with students in 

the combined group having the same pre test score. These selections 

were carried out alphabetically, which may be considered as random 

in this case. The Post Test scores of these students were then compared, 

again using a rank sum test. 

N Means .Rank 
Sums 

I 

Group 2 12 11.58 126 

Combined 
Group 12 12.95 174 

Calcula t:ing g in the same way as before, this \vas found to be ± 1. 38. 

Again, the null hypothesis was that the means were equal, 

the test hypothesis was that the means \·rere unequal~ 

This required a tw·o tailed test, the critical value of the statistic 

at the .• 01 level being·± 2.58. 

As -2.58 < g = ± 1.38 < 2.58 the null hypothesis was accepted. There 

\vas no significant difference bet\veen the means of the t\vO groups. This 

test assumed no underlying distribution of scores within the groups, but 

the scores may \-Tell have been normally distributed, as are the results 

of many tests. 

3. A confirmatory test was made on this assUmption, using the t 

statistic, which has Student's distribution for small values of N. 
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I I 

N Means S.D. 

Group 2 12 11.58 1.017 

Combined 
Group 12 12.95 2.09 

The combined S.D. was evaluated as 1.72 apd the resulting value of t 

as 1.95. The number of degrees of freedom = 12 + 12 - 2 = 22. The 

null hypothesis \·las that the means \-Tere equal, and the test hypothesis 

\·las that the means \Y"ere not equal. The critical value of the t 

statistic at the .01 level for a two tailed test \dth 22 d.f. \Y"as + 2.82. 

As -2.82 < t = 1.95 <. 2.82, the null hypothesis \vas retained, 

confirming the result of test 2. 

4. 10 students completed a second Post Test one \oJ"eek after the first. 

It \V"as required to find \vhether there \V"as any significa.YJ.t fall in the 

score from one week to the next. A small sample modified t test (Freund) 

was used. 

: I· 
N Mean 

' 

Post Test 10 14.2 I 

Post Test 10 13.85 II 

·t =· X - M j N - 1 

O's 

! 
S.D. 

2.49 
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This tests the significance of the difference behreen the sample 

mean (M) and some given value (X). Taking X to be the Post Test I Mean, 

this gave t = .424 Hith 9 d.f. 

The null hypothesis \vas that there \vas no difference betv1een the 

t\fO means, and the test hypothesis Has that the Post Test II mean was 

less than the Post Test I Mean. This require.d a one tailed test. 

The critical value of the t statistic at the .01 level for a one tailed 

test 'fi th 9 d.f. vias + 2.82. 

As -2.82 < t = .424 <· 2.82 the null hypothesis 'vas retained. Thus 

the means are not significantly different at the •. 01 level. 

5. The combined group had a mean time on the programme of 233 minutes, 

and the lecture time given to group 2 v1as 240 minutes. It '·Tas required 

to test the difference again to see if this vTas -significant. 

N Time S.D. 
(min.) 

Group 2 12 240 0 

Combined 
Group 3.3 233 ' . 65.2 

No. of degrees of freedom = 33 - 1 = 32 

UsL~g the same t test as previously t = -0.61. The null 

hypothesis was that the times taken were equal and the test hypothesis 

was that the combined group took less than Group. 2. 

The critical value of the t statistic a.t t..'l1e .01 level for a one 

tailed test with 32 degrees of freedom \fas ± 2.46. . -· ,.. .. -
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-As· .:.:. 2.46· · /t ·;;· ..;.o~'6t.: · <2.:46~.-we·. ietai.ri th.'e: null hypothesis. 

Thus vre may. say that the time taken by j;he··g:r'Oup·~:on the programme 

vras not less than ·that taken by Group 2 at a .01 level of significance. 

6. A coefficient of correlation for time on the programme with gain 

. scores for the v1hole combined group \vas evaluated at r = .115. A t 

test on this value gave t = .6446 (Spiegel). 

The null hypothesis was that r \-.ras not greater than zero. the test 

hypothesis was that t \·las greater than zero. 

The critical value of the t statistic at ·the .05 level for a one 

tailed test vli th 31 degrees of freedom \·las ± 1. 7. 

As -1.7 <. t < 1. 7 \·le accept the null hypothesis, i.e. r is not 

significantly different from zero and there is no evidence of linear 

correlation bet\·teen time on the programme and the gain scores. 

7. It \·Tas decided to test if the passing of a G.C.E. 10 1 level 
-

¥Lathematics examination (up to 20 years ~reviously!) produced any 

noticeable effect on the results of the programme. A correlation of 

Hhether or not a student possessed an 10 1 level with the Gains Score 

should show.this. A point biserial correlation was thought to be the most 

appropriate as it could not be said that possession/non possession of 

certificate could be normally distributed, if some of the students 

had not sat the examination. 

.. lliean S.D. of all 
N Gain Scores 

Score ... 

I .. -
Passed '0' 
level maths 231 11.8 2.51 

·No certifi(l' 10 11.8 2.51 . 
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This gave a value of r = 0. This 'vas accepted as negligible pr. bis. 

'vi thout further tests. 

8. A group of 8 students failed the Pre Check II test before starting 

on the programme, and this indicated that they had not the algebraic 

facility to be able to complete it satisfactorily. This failure of 

Pre Check II lias correlated ,.fi th Gain Score to test their perfom.ance. 

I ' I SD of all . 
N l1G Score 

G Scores 

Passed PC 2 25 11-75 2.51 

Failed PC 2 8 11.85 2.51 

This gave a value of r b" = .017. pr. l.So 

This was accepted as negligible \vithout further tests. 

9. The 8 students referred to in test 8 would be expected to take a 

longer time in \·Torking through the programme. A point biserial 

coefficient of correlation 'IoTas calculated for Pre Check II ''lith time 

spent on the programme. 

' 

I 
I ' 

N 
Mean SD of all 
Time Times 

Passed PC 2 25 215 65.2 

_Failed PC 2 8. 307. 65 .• 2 . 

. The value of r \vas + .61 and this ,.,.as significant at the .01 
pr. bis. 

level (Garrett). The 99% upper and lovrer limits of r were calculated 

as .·~82 ·and .22 respectively (Spiegel). 
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10. The perform~~ce of the linear programme as a teacher could be 

compared with the teacher by correlation of the test scores for each 

question beb..reen the various groups. 

Using a linear formula r = (xy (Garrett). 

~~x2 + (y2 

This vras done between groups 2 and 3 and 2 and 4. These are the 

results:-

Group Mean No. of Correlation §tudents 
Passing each 

.. .. . question 

2 9.9 

3 13.7 2/3 .. ~ .69 
'" 

-·"' . 4 .. 14.6 2/4 = ·19 
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CHAPTER SIX 

CQl\111EJ.iiTS ON THE RESULTS , AND POSSIBLE FUTURE 
DEVELOPMENT OF THE PROGRAMI11E 

It would appear that the programme is successful, in that it 

will enable students to \·Tork through it and pass a criterion 

(Mean= 12.9/16). 

The result of the first statistical test is not surprising as the 

students in group 3 and the 17 remaining in group 4 \·Tere a good cross 

section of all students. The 5 vTho dropped out of the experiment all 

belonged to group 4, and had they completed the p~ogramme and tests, it 

is highly probable that they ,.,ould have had a pronounced effect on the 

results as their mathematical ability seemed lm-1. 

When the Post Test mean of the group 2 students and 12 students 

from the combined group 3 and 4 "'i th matching pre test scores \·Tere 

compared (Test 2) there vTas found to be no significant difference. 

Thus the programmed learning has performed as vrell as conventional 

teaching. This result agrees vTi th most studies in this respect .• 

The results of the 10 students \-Tho were able to take a post test 

one \-Teek after their first are shmm by test 4 to have no significa.TJ.t 

difference. Thus nearly all the material learned by these students 

has been retained over the period of one week. This is not surprising 

\'ihen it is considered that these ten students vrere the first finished 

out of the \ofhole group of 50. They probably have the hig.'l-J.est 

mathematical abilities in the group. 

Test 5 showed that the mean time for the \ofhole programmed learning 

group was not significa.TJ.tly different from that given to the conventional 
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teaching group. This agrees l-Tith an experiment carried out by Umtin 

at Loughboroug:h College of Technology (Um-rL11, 1966) using similar 

material (determinants) 1vith 1st year undergraduates.. His progra.IIl!lle 

of 100 frames took 10 hours (or 1/6 frame per minute) which suggests 

that his steps were similar in size to those of frame 64 om'l"ards in 

this programme. The lecture group l-Iere given 10 x 1 hour periods and 

there 1vas no significa.11t difference betvieen post test results for. the 

groups. 

·A U..S. Navy experiment using a science programme found a 1-Wo 

saving in time using programmed material (~~o and Longo 1966) but 

there was no significant difference in performa~ce. The subjects were 

navy recruits, but although age l-Ias not reported it can be assumed 

that they Here young adults. There does not seem to be any evidence 

that older students (circa 40 years) perform any worse in a programmed 

learning situation than you_1'lger adults (Belbin and Dol-ms 1966). 

The range of time ta.ken by the students on this programme is large 

(115 min to 375 mins.). \vas this due to more thorough \mrking during 

the programme or not? 1-iore thorough working 1muld be supported by 

better gains on the progrmame, and test 6 (correlation time on 

programme v. gain score) vias to verify this. As there 1'i"as no significant 

correlation this idea must be rejected. The longer time taken is 

probably due to lack of practice in algebraic manipulation by those 

students who have not recently studied mathematics. 

One might also hypothesise from this, that a student possessing a.1'l 

'0' level pass in Mathematics vrould perform better on the programme than 
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one without it. The correlation of Mean Gain Scores v •o• level maths 

is found to be zero (test 7) lvhich rules out the hypothesis. 

If a student has not a great deal of algebraic facility this 

should be shown in the Pre Check II test by a failure, and this 

handicap 1vould reasonably lead to a poorer gain score on the'··program.me. 

Test 8 found negli{s"'ible correlation behreen I>lean Gain scores and Pre 

Check II results. Thus vre cannot distinguish between the students 

>-rho passed or failed on Pre Check II by looking at the Gain Scores. 

This would suggest that (a) the Pre Check II is unnecessary, and 

(b) the worked ans1·1ers on the programme are helping just those students 

for lvhom they l·rere written. 

The careful reading and working through of these ansvrers must 

slmv dmm these students' and we lvould expect them to take longer to 

work right through the progral!liD.e. This is borne out by test 9 which 

gives a significant correlation of + 0.61 bet1veen Pre Check II 

results and Mean Time. 

As these \'Teale students seem to fare no l·Torse on the programme, 

it could be used for individual tuition without a supervisor. Provided 

he is given sufficient time, the student should achieve similar scores . 
•. 

to those working through more quickly. 

Looking at table 10, page 53, enables a comparison to be made 

between the post test scores for each question in each group. A 

correlation of these scores, between groups, should enable a comparison 

of the efficiency of each method of teaching to be made. Test 10 in the 

Statistical Tests (page 61) shmvs that there is high correlation 
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between the numbers of students who passed in each question between 

the control and experimental gToups. This \<Tould indicate that the 

programme can perform as \vell as the teacher, but not better. It is 

worth noting at this point that the teacher in this case is the same 

as the programmer. 

As there seems to be little to choose between this programme 

and conventional teaching vTe must ask whether it can be improved in any 

way and made more efficient. 

Experimenters in the field of Programmed Learning have tried to 

find some index of efficiency for a programme. One quoted (Poppleton 

and Aust\·Tick 1964) is 

Mean Post Test Score 100 Mean Time Taken (min.) x • 
As the possible Post Test Score 

varies between programmes, this 

could really only be used to compare the results of the use of the 

same programme at different times. 

A gain ratio is suggested by McGuigan (1963) in the form 

m2 ·- in 1 
\>There m2 = Mean Post Test score 

p - ml ml = Mean Pre Test score 

p = ~1aximum Test score. 

This has a maximum value of 1 \>Then m1 = 0 and m2 = p. However, it 

is pointed out (Blake 1966) that this will have a value of 1 \v'henever 

m2 = p, l-lhatever value m
1 

has. Thus this does not really take pre 

learning into account and Blake suggests the addition of a term giving 

G.R. = m2 - m + m2 - m1 
This has a maximum value of 2. 

p - ml p 
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Bla~e has found that his programmes seem to be satisfactor1 

vrith a G.R. 7 1.2. 

For this programme, using m1 1.79, m2 = 13.25 and p = 16 the G.R. 

= :}..52, vrhich Hould seem to comply \-lith Blakes' requirements. 

A decrease in step size could be made in some places, as there 

are. still a number of frames vii th a high ( ') 10~) error rate (see 

table a, p.50). Smith and Moore (1962) found that the efficiency of 

a spelling programme did not alter \-ri th larger step size, but vrhether 

those steps can be compared vri th steps on this programme is 

questionable. One is disturbed by an error rate of 12/33 for frame 80 

hm-rever. This is a long frame, and it seems that the remedy \-rould 

be to cut it L~to parts. A sugg~sted expansion into 4 frames for this 

is given in Table 11, p.67. 

As this last section of the programme (frame 76 onwards) has 

only been tested previously \·Tith 15 capable students (1965) it \·rould 

be as '-1ell to reduce the step s·ize for a number of these frames 

(82, 84, 86) and introduce another 3 practice frames. 

The high error rate for frame 12, indicates a lack of appreciation 

of the definition of a square root, and this should be clarified by 

the insertion of a fe"vT frames before 12, e.g. ll, 12, 13, 14 of the 

suggested loop sequence in Table 12, pages 72, 73, 74• Frame 14 

requires that some previous encounter with real numbers in the programme 

is required, other than in the first frame. A frame belm·r ll could 

be inserted in the form:-
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Table 11. Frame 80 Revision 

A.80. 
-~ .. - ~ .. -· .. -- - - - --. 

Q.so. 
Combine the complex fractions over 
a co~on denomi~ator of (1 - i) 
(-1 + i7) and simplify the three 
products l-Thich .you make 
~ (3- i~. 
u-:-ry + (-1 + i7) 

(2 + i) (-1 + in + (3 - i)(1 -:..ll Rationalise A~80 and simplify the 
. (1 -.i -1 + i7) result. 
--· . -- . . -..... 

= {-0 + i13) + -~2 ~ 
(6 + i8 

= -7 + i9 
6 + i8 

A.81. 

-7 + i9 
6 + i8 
-~ -(6-jB) 

= 30 + illO = 0.3 + il.l. 
36 + 64 

Q.82. 

If (a + ib) is identical \dth 

(0.3 + il.l), \'That is the value of b? 

A.82. Q.83. 

If the two complex numbers are 
identical their real and 
imaginary parts must match. 

(a + ib) 

(0.3 + il.l) so b = 1.1. 

A.83. 

~2 + i5~ • iL±_i2.l.._ -13 + ill 
.1 - i3 Tf+i3l" ·- 10 

= -1.3 + il.l 

x must be-the real part of the 
aJlS\'Ter ~~- • X = -1. 3 

Rationalise and sLmplify 

If the anS\-Ter is identical to the 
complex number x + iy, what value 
must x have? 
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Q.lO..!. A.lO. 

What kind of numbers are all 

of these? 

1' 3 -6 -1 7 M -12. 
' ' • ' 25, 11 

Real numbers. 

2.731, 4,000. 

Frame 16 and 17 seem to have been badly 'mrded ,.,i th insufficient 

prompting. These could be written. 

Q.16. A.16. 

Write out i3 in full and 

then simplify it using the 

fact that i 2 
= -1. 

Q.l7. 

7. 

i3 = 

= 

= 

= 

A.l7. 

i X 

.2 
J. X 

-1 X 

-i. 

If iJ is the same as -i is Imaginary. 

i X i 

i 

i 

i 3 real or imaginary? It is a multiple (- lx) of i. 

Question 26 was insufficiently prompted, as the words 'complex number' 

did not carry over from the previous frame. The letters c ••••• and 

n ••••• could be used as additional prompts, though this might not be 

improving efficiency, as there are no errors on the follm-ring frame 

involving identification of complex numbers. Frame 42 had a high 

error in 1965, and ,.,as left unchanged in the hope that students ,.rould 

have. a better appreciation of i 2 = -1 this time. It appears to be 
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insufficiently prompted. It could be replaced by 

If i X i = i 2 = -1 i X i4 = i 2 
X 4 

. what is i x i4 ? = -1 x 4 = -4. 

and this could be follol'red by the present frame 42 as it sta.rJ.ds. 

Question 43 also needs some preliminary \ofork l'Ti thout the complication 

of numbers. T.his could be inserted before it 

Q.43. A-43· 

. . .2 
-l. X l. = -l. What is the value of -i x i? 

= -(-1) = 1. 

The students ,.,ho. obtained the wrong ansl..rer for frame 44 did not 

appreciate that multiplication is comm~~ati"v,e and that the numbers must 

be taken together and ·the -i".left····alone... A simpler frame might be 

What is 2 x i3? 2 X i3 = 2 X i X 3 = i X 2 X 3 

= i6. 

follm.,ed by 

12 x -i5 = -no . vJha t is 2 X :-i5? 

followed by 44 as it is. 

It would seem from frame 65, that the generalisation is called 

for too soon. .An interchange of 65 and 66 with a slight re\'rarding 

might accomplish the extra practice needed. 

Frame 64 is straightfonrard instruction, 65 could be 



A.65. 

Simplify this quotient by (4 + i) (2 + i6) = 2 + i26 

multiplying by the quantity ::.: _____ -_.-.(2":.~ 16) (2 + i) 4 + 36 

inside the large brackets 

~ JE[2 + i6_7 
~) 2 + i(j 

= 2 + i26 = (o.o5- + i0.65) 
40 

Frame 65 would then become the ne,., frame 66, vrith the last line 

altered to 'What must this quantity be? 1 • These measures would 

almost certainly reduce the error rates in the frames mentioned, but 

it is questionable vThether the overall efficiency \ofOUld be increased 

{Aust\dck, 1965). 

An alternative approach \vould be to introduce 'vra.sh back' loops. 

The wrong ansl-Ters to these frames nearly all indicate some lack of 

specific knmvledge at that point. A loop sequence could be inserted 

where diffic~lties occur {Bjerstedt 1965). 

1 2 - 3 ~ 4 

' 
1 

· This diagram illustrates the technique. A failure at a 

particular frame \ITOuld lead to the loop (still linear) sequence \·Thich 

finishes at the same frame. Such loops could be printed on yellm., 
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paper follm·ling the particular ·frame, and students 'orho obtained a 

correct ans'\-rer could be told to omit the yello'\-T pages. This coloured 

paper approach has been carried out at tHo levels on a 'skip' 

branching programme with degree level electronics for army· officers at 

R.N.C. of Science (Duncan 1965). It 'oras found in that experiment 

that Programmed Learning performed no better than Conventional 

lecturing. A 'bypassing' experiment (Campbell 1963) allmied pupils in 

one group to 'skip' after certain frames if they were correct, and 

had to go through a loop sequence if they \-Tere not. These '\-Tere 

compared "'i th another group who '\-TOrked through all the frames, including 

the loops. Learning was no more effici~nt either '·ray. 

A skip branching progr~me on logarithms(Hartley 1965) where the 

main programme was supported by remedial linear sequ~nces ,.,as thought 

to be more effective than a linear programme for 13 year old Sec~ndary 

Modern School girls who were "not homogenous in sophistication, ability 

or pre-knmvledge". 

The proposal here hm-Tever is almost in the same category. The 

linear programme, as a 'orhole, teaches, but it could become more 

effective for less able students with several remedial loops. 

For example, the most common error occuring on frame 12 \·ras to 

confuse ;-:;. X .r.::;. '\-Ti th - h X - ra , leading to ans,-Ters 

of a or a2 • The student needs to be shown that the product of t'oro 

identical ~quare roots a~'\-Tays gives the number under the r sign. 

A specimen loop is given in Table 12, pages 72 - 74, e.nd this, of 

course would follow question 12. This has not yet been tried ,.,i th students. 
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.Table 12. Specimen Loop Sequences 

A.l2. L.Q.l. 

-a 
If you obtained the \ITOng \.Jh.at are the square roots of 16? 
ans\·rer for this, or are not 
satisfied as to \'Thy this is 
the ansl-Ter, l-Tork through the 
yellolv pages follovdng. 
If you vrere correct, omit the 
yellow pages and go directly 
to Q.13. 

L.A.l. L.Q.2. 

+4 or -4 

i.e. +4 x f4 = 16.· 

and -4 x -4 = 16. 

L.A.2. 

J:25 = +5 or -5· 

By multiplying 17 by itself 

i.e. 17 x 17 = 28~. · 

Using the. special r sign, He 
may say that 

+4 = .[16 
and 
-4 = fl6 

Ho\-T can He check that 

17 = J 289 ? 

\ofhat number has a square root of 15 ? 

L.A.4. L.Q.~ 

15 X 15 = 225. If 12 = JX, \llha t value has x ? 
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L.A.5. 

The equation states that 12 
is a square root of x, so 
x must be 12 x 12 

= 144. 

L.A.6. 

p = 3 X 3 = 9. 

L.A.7. 

./P X !"; = 3 X 3 = 9• 

This could be written as 

L.A.8. 

Yes, they are both equal to 9· 

p = 9 
C IP )2 

= 9 

· Yes, if it is true for p, then 
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L.Q.6. 

If 3 = IP 
What is p ? 

L.Q.7. 

If 3 = h 
What is {P x /'P ? 

L.Q.a • 

Look at L.A.6. and L.A.7. 

Does p = ( JP )2 
? 

L.Q.9. 

Is ( ~ )2 = t ? 

i.e. Jt x It = t ? 

L.Q.lO. 

= X 
it is true for any symbol, letter, 
or number instead of p. does ( 17' )2 

= 7 ? 



L.A.lO. 

Yes, \fe have merely replaced 

X by 7• 

L.A.ll. 

10. 

L.A.l2. 

rs x 
"2 18 = ( 18) = 8. 

This says that the square root 
of 8, multiplied by the 
square root of 8, is 8. 

L.A.-13. 

-4 
\ofe are replaci..'1g the positive 
number by a negative number 
under the r sign. 

The product of tvTO square roots 
is st.ill the number UII.der 
the r sign. 

L.A.l4. 

-a 

- 74 -

L.Q.ll. 

\f.hat is ( v'iQ) 2 
? 

L.Q.l2. 

What is /8 x .{8 ? 

i.e. ( ra )2 
? 

L.Q.l2o 

What is ( r-4 )2 

or .r=4 x r-:4 ? 

vlhat is ( ..r=a ) 2 ? 

or -.r=a x .r::; ? 

? 

'!'URN OVER and continue l-Ti th the 

vrhi te paper in the booklet. 



- 75 -

There are a number of frames in the progTamme l·rhich call for 

multiple responses (10, 18, 19, 22 etc.). In scoring these for errors, 

they 1·rere conn ted correct if the majority of the ans\·rers in the frame 

\Y"ere acceptable. Thus a student vrho found difficulty in the first part, 

m~ have turned the page to find the confirmation, or othe~Y"ise, of 

his answer. Seeing the correct method, he would then tend to score 

correctly on the remaining parts of the frame. This appears to have 

happened in a number of cases ~~d the first error is thus concealed. 

Multiple responses \·Tere used in the programme to provide practice in 

a particular process and save space. It would seem that these should 

only be used after adequate instruction in the process has been 

given and are truly for practice. This delay in the knmvledge of the 

results should act as a good reinforcer to a successful student. 

General Comment 

Most of the students expressed great interest in the experiment, 

not having come into contact \·Tith Programmed Instruction before. 

Several 'non-mathematical' students regarded it in the same light as a 

cross1vord puzzle and shmo~ed lack of tension, even though they had to 

think consciously about signs and rules of algebra. The fact that 

"no one else sees your daft mistakes" was mentioned specifically by 

eight students as a reason for-their enthusiasm. The 1Hawthorne 1 

effect was certainly present in both groups, as the control group 

knew they \·Tere being compared vri th the programmed groups (Austwick 1966). 

Most shmred a determination to finish the programme, even though it \-ras 

of no relevance to their studies, and regarded it as a demonstration of 
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teaching method, rather than mathematics. The introduction of 

Programmed Learning into the curriculum of a College of Education is 

advocated (Curr 1963) for three reasons. First, a student constructing 

programmes is acquiring a skill which can be brought into everyday 

use later. Second, the painstaking analysis required, -followed by the 

building of programmes leads to a better understanding of theories of 

learning. Thirdly, students Hould -acquire standards· \-Thich \·rould 

enable them to evaluate critically the commercial programmeswith which 

they may come into contact. 

After having written the programme, it was difficult to present 

the material to the conventional teaching group without incorporating 

the programmed approach. It \·rould hav:e been more useful, though not 

possible in this situation,- to have had an independent teacher \•Tho had 

not seen the programme at all. 1f.his would have given a more reliable 

comparison of the two methods of teaching. 

During the administration of the programme, students complained 

that the amount of space allocated for an ans\orer in their booklet \·ras 

not adequate in many cases. They \·Tere told to ignore the horizontal 

duplicated lines if necessary but it does seem that a larger answer 

booklet is needed. 

In the typing of the progTamme it \-Tas found difficult to 

accommodate some of the frame material and answers in the small Ji in. 

'l..l.· x .::::2 ~n. format of the booklet (e.g. Q.9., A.75, A.80). An increase 

in depth of t inch would probably be sufficient to accommodate even 

such large frames as these. A clear layout of material helps the 
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student;:, whereas a crOi-Tded frame l-Thich has no distinctive layout 

tends to make him uncertain where to begin, even though common se~~e 
l:l;im 

tell~/to follovr the sequence from the begin.'Yling •. ,. 
T.he students also found that the programme booklets would not 

lie flat and rema~'Yl open at a required page. It l-Tas rather 

frustrating to be const~tly losing ones place. T.his criticism could 

be met by reverting to the original pl~'Yl of using loose leaf pages in 

a ring binder. 

A further criticism in the administration of the programme, is that 

it l-Jas·net divided into groups of frames·, sufficient for a lesson. A 

student made a note of \·There he stopped and \-Tent on from there next 
. . 

time. T.his often entailed a fe\·T minutes wasted time looking back into 

the programme for a particular frame for revision purposes. It \-Tould 

have been better to have had the programme in about six sections, the 

last five beginning with a number of review frames, so that time was 

spent in directed revision, rather than haphazard searching for help. 
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78 APPENDIX I 

LINEAR PROGIWW'.E ON COMPLEX NUf.fBERS. 

PRE PROGRAMME CHECK. 

NM'IE ••••••••••• • • • • • • • • • • • • • • • • • • • • • • YEAR••••••••••••••••••• 

GROUP •••• · ••• · •••••••• 

Please attempt all the·questions. 
put a dash beside it. 

DATE••••••••••••••••••• 

If you cannot answer any question 

Have you any previous knowledge of complex numbers? •••••••••••••••••••• 

Do you attach any signifioance to i ? ................................... 
If so, what is i 2 ? •••••••••••••••••••••••••••••••••••••••••••••••••• 

~lhat is .r2 X rT2 X r2 X t2? •••••••••••••••••••••••••••••••••• 

5~ What is ([3)5? •••••••••••••••••••••••••••••••••••••••••••••••••••••• 

1iha.t is iaxraxra? ••••••••••••••••••••••••••••••••••••••••••••• 

What is (/:P)7? · •••••••••••••••••••••••••••••••••••••••••••••••••••••• 

8. If d
2 

= -1, what is d6 ? • ••••••••••••••••••••••••••••••••••••••••••• 

What is the product of (3a + 2b) and (Sa + 3b) ? ••••••••••••••••••••• 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

10. What is the product of (4a + b) and (4a ~ b) ? • •••••••••••••••••••••••• 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

11. Solve the quadratic equation (3a 1) (2a + 5) = 0 •••••••••• ~~ •••••• 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

12. Do you know a formula for solving a quadratic equation ? • 0 •••••••••• 0 

13. I~.so, quote it •••o•••••••o••••o••••oo••••••••••••••••••••••••••••••• 

14. Use the formula to solve the quadratic equation·x?- 3x + 6 = o •••••••• 

{{15 = 3o87) 
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APPENmX II 

LINEAR TEACHING PROGRAID!E ON COiifPLEX NUMBERS. 

(POST PROGRAMME TE5T) 

NAME••••••••••••••••••••••••••••••••••• YEAR•••••••••••••••••••••• 
GROUP •••••••••••••••••••• Training for 

Q 1. If i1 = -1 what are 
a) i 3 ? 

b) i 6 ? 

c) i 9 ? 
Q 2. 

Which of these is a_complex 
number? -
a) 3a + 4b b) 27g · 

.. _c).4n + ib- d) P ~ 3g 

Q 3- Use the fo~la to find_the 
complex roo:t of_ the equation 
2 . 

x - 4x + 13 = 0 

Q 4. SimplifY (3R -· iw) 
. + (SR + i3w) 

- (i6w + 2R) 

-Q 5. Find the product 

Q" 

(4R - iWL)(7R + i 2WL) 

• Write dotm the complex 
conjugate of_(jp- i4q) 
·and_ find the product of 
the two numbers. . . 

Q 7. Rationalise and simplifY 
(10 _- ip 
(4 + i3 

Q ·•· Simplify (3a + i 4b) 
· {b + ia) 
- If the result 'is to be 

wholly real, what must 
be"the connection between 
~ an!!. b ? 

INFA1lT 
PRIMARY 
SECONDARY 

ANSWER 

(Please cross out 
tlie two which do 
not apply) 

-LEAVE BLANK 
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d LINEAR TEACHING PROGRAJ.'ir>lE 

COMPLEX NUMBERS 

PART 1 

APPENDIX III 



A.l. 

Your ans\ver is bound to 
be correct ! 

A.2. 

(a) ± 6 (b) ±5 (c) ±5 

:No • Squaring any real 
number never gives a negative 
result. 
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A real number is any one (positive 
or negative) \·Thich you have used 
before in calculations. 

Write ~~ three real numbers. 

rnhat are the values of these 
real numbers ? 

(a) .[36 (b) {25 (c) -/25 

C~TJ. we evaluate [::16 ? 

r-16 can be writ ten as 

/i6 x j:f. \·lri te these numbers 
in the same lfray. 

(b) J-49 (c) J-100 



!d.!. 

(a) /24 X r.:i 
(b) ..{49x t=i 
(c) ..)100 X r-i 

A.6. 

+ 10 

. !d.!. 

(a) ±7i (b) ±5 
. -

(d) ±4 (e) .±5i 

(c) ±12i 
-

(f) ±1.2i 
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As \·Triting H continually 
becomes tedious after a rThile, \·Te 

denote it by a special· symbol .rrhich 
is quicker to rrri te. This is 1 i 1 • 

\fuat does IiI equal ? 

Using the 1 i 1 notation, 

F-64 = fb4 X ..f-i = +8 X i 

= ± 8i. 

Re\-r.ri te J -100 in the same way. 

In the follovring, evaluate the real 
numbers and r.e\vri te the others 
using the 'il notation. 

(a) j=49 (b) [25 (c) .;=:m 
(d) - jl6 (e) {-25 (f) ../ -1.44 

As ~ has no real number value 
i is called an imaginary quantity, 
and any multiple of it is taken to 
be imaginary too. 

Is 7i imaginary ? 



A.B. 

Yes, it is a multiple of 

i and therefore imaginai'J. 

Imaginary 

A.lO. 

(a) 

(c) 

(e) 

(f) 

A.ll. 

a 
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To distinguish imaginary quantities 
from .real ones it is usual to \·Trite 
the 'i' first to avoid confusion. 
Thus, 7x \·TOuld be ta..'i(en to represent 
a real number, but i7x is •••••••••• 

vlri te the missing v10rd on your 
8JlS\1er sheet. 

Q.lO. 

\Vhich of these numbers is a multiple 
of i, and thus imaginary ? 

(a) f:.n 

(d) 15 y 

(b) -m (c) i24 

(e) i~ (f) i3.67. 

Q.ll. 

What is ra- x ra ? 

or ( ..ra )2 

Q.l2. 

\>/hat is r-a X r-;. ? 

( 
. "2 

or r-a) 
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A.l2. 

-a 

-1 

Real 

Real 

i 2 is not a multiple of i. 

It is a power or e~onent of i. 

Wnat is the value of i 2 ? 

What kind of number is -1 ? 

As J.•
2 1 th = -, .en 

i 2 is also a •••••• quantity. 

Supply the missing word. 

Q.l6. 

What is the value of i3 ? 
(in terms of i) 



A.l6 • 

. 3 i X i i ~ = X 

.2 i = ~ X 

= -1 X i 

= -i. 

A.17o· 

Imaginary 

A.la;.· 

( .). . 4 . 2 . 2 1 1 a ~ = ~ X ~ = - X -

= 1. 

In a similar ~ray, 

(b) ..;5 -- ..; ... .... 

A.l9.' 

.3 .6 . 1 . 
~ x ~ = -~ x·- = ~ (a) 

(b) 1 
... 

(c) -i 
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Is i 3 real or imaginary ? 

Q.·l8.· 

Evaluate these exponents of i 
in terms of 1 or i, 

(a) i 4 (treat this as i 2 x i 2 ) 

(b) i5 

(c) i 6 

Evaluate, in terms of 1 or i, 

(a) i 3 x i
6 

(b) i 5 X i 7 

(c) i 3 x i4 x i 8 • 

Q.·20.· 

What are the t'·ro possible values 

of in if n is· an even number ? 



A~20;. 

+1 or -1 

A.21. 

+i 

13 

Real numbers. 

A.2}. 

il4 

Imaginary numbers. 
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--
q.21. 

What are the tvro possible 
values of in if n is odd ? 

Simplify 6 + 7. 

vlhat kind of numbers are these ? 

Simplify i5 + i9. 

\•!hat kind -of numbers are these ? 

Q.24. 

\fuy can \'ie not simplify 

3 + i6 ? 



A.24.• 

One number (3) is real, and 
the other (i6) is imaginary. 
These vTill not combine to 
form one kind of number. 

A.25. 

7 + i4 

Complex number. 
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A number (3 + i6) representing 
the sum of a real and an 
imaginary number is called a 
COl-filLEX l'TUNBE..'R.. 

Form a complex number from 7 
and i4. 

Q.26. 

(8 - i3) is the sum of 8 and 
-i3. 

Thus (8- i3) is also a ••••••• 

. . . . . . . 

vlhich of these are complex numbers ? 

(a) 20 - 3y. 

(b) 2 + i7. 

(c) a- ib. 
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A.27. 

(b) and (c) 

A.28. 

X = ·;;;( -2~); . /c--2)2 - 4 X lx( -15-) 

2 X 1 

from ,.,hich x = 5 or -3 

A.2Q. 

X= -2 ± ~·22 -4· X 1 X.2 

2 X 1 

= -=2·+·R 
2 

Solve the quadratic equation 

x2 - 2x - 15 = 0 using the 

formula x = ~b ±Jb
2 

- 4ac 

2a 

Use the formula to solve the 

equation x2 + 2x + 2 = 0 . 

as far as you ca.ll.. 

Q.30. 

The a.ns,·rer to ~.29. involved the 

term H• \.Jhat kind of number 

is this ? 

Use the 'i' notation for the 

imaginary part of A.29 a.11d then 

complete the Arithmetic. 



LII'l""E.AR TEACHING PROGRAivJNE 

CONPLEX NUMBERS 

PART 2 
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X = _.2 + R = .;.2 ± i 
2 2 

= .:2 ± i2 = -1 + i 

2 

A.32. 

Complex Numbers. 

Complex. 

X = ·,;.;4 .£ 14 2 
- 4 X 1 X 5 

2 X 1 

from ,.,hich x = -2 + i 

or -2 - i 
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14 What kind of numbers are 

repres·ented by (-1 ± i) ? 

~1e values of x obtained from 
an equation are called the roots of 
the equation. If the values 
obtained are complex numbers, the 
equation may be said to have 
••.......• roots. 

Use the formula to find the 

complex roots of the equation 

x2 
+ 4x + 5 = O. 

Find the complex roots of the 

equation x2 + x + 1 - 0 and then 

underline the imaginary parts of these. 

( J3 = 1. 732) 



The eornplex roots are 
--

-:-0.5-£ "i0-.866 

Ao36o 

Real Parts 3 + 7 = 10. 

Imaginary Parts i4 + 12 e i6 

The complex number formed 
is (10 + i6) 

(4 + i4) 

(6 + i) 
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Add (3 + i4) to (7 + i2) by 

adding the real and imagina_~ 

parts separately. 

Hhat is the sum of (2 + i3.5) 

(3 - i0.5) and (-1 + i) ? 

In the same wa:y, subtract 

(2 + i9) from (8 + ilO) 

Subtract (3 + i8) from l + i2) 



(-2 - i6) 

A.40. 

2 

No, the answer does not 
contain an 'i' term, the the 
number is real. 

-1 

A.42. 

i2 X i6 = i 2 12 

= -1 X 12 

- -12 
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Q..40. 

Evaluate 

(2 + i3) + (4 ~ i6) - (4 - i3) 

Is the answer a complex number ? 

rlhat is the real number value 

f .2 ? 
0 ~ . 

Evaluate i2 x i6 

What is -i2 x i4 ? 
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Acih-

-i2 X i4 .2 8 -J. X 

= -(-1) X 8 

= +1 X 8 = 8 

-i6.3 

(3 + i2) (4.· + i3) 
~· ~ . 

= 3 (4 + i3) + i2 (4 + i3) 

= 12 + i9 +. i8 + i 26 . 

= 12 + il7 - 6 

= (6 + il7) This is a complex 
number. 

(18 + il4)· 

VJhat is -i3 X 2.1 ? 

Expand (3 + i2)(4 + i3) by the 
ordinary method for binomials 
and simplify the ansHer. 

Hha t kind of number is the ans,.,er? 

Find the product of (2 + i6) 

and 3 - i2) 

Q.47· 

\olhat complex number is given 

by (4- i)(2 - i4) ? 



(4 - il8) 

(8 - i6) 

yes, this is complex. 

20 

This is not a complex number. 

A.so. 

(3 - i4) 
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Q.48.· 

11/ha t is the square of ( 3 - i) 

i.e. (3 - i)(3 - i) 

Is the ansl·rer complex? 

Evaluate (4 - i2)(4 + i2) 

Is the result a complex number? 

Change the sign of the imaginary part 

.of the complex number (3 + i4) to 

the opposite one;· 

Multiply (2 - i3) by the complex 
number vrhich has the same real part, 
but the_. ima~ry part has the 
opposite sign. 



(2 - i3)(2 + i3) 

= 2(2 + i3) - i3(2 + i3) 

=.4 + i6- i6- i
29 

= 4 - (-1 X 9) 

= 4 + 9 
= 13. 

A:o·52o 

2 b2 a + 

(9 - i4) 

~(x + iy) 
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\olhat is the product of the 

COMPLEX CONJUGATES 

(a - ib) and (a + ib) ? 

.s·~53o 

.. 
The complex conjugates of 

(3 + i2) is (3 - i2). 

Write the complex conjugates of 

(9 + i4). 

The complex conjugates of 

(2- i5) is (2 + i5). 

Write the complex conjugates of 

(x- iy). 

Q.55· 

Hm-1 do \ve obtain the complex 

conjugates of a complex number ? 



(x + iy) 

By changing the sign of the 

:imaginary part of the 

complex number. 

(-7 + i6) 

(6 - i3)(6 + i3) = 62 
+ 3

2 

= 45· 
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Q.ss. 

How do we obtain the complex 

conjugates of a complex number ? 

Q.56. 

Write the complex conjugates 

of (-7 - i6). 

Q.57· 

}Iultiply (6 - i3) by its 

complex conjugates,. 

What is the product of (-2 + i3) 

~~d its complex conjugate ? 



(-2 + i3)(-2 - i3) 
- 2 2 

= (-2) + 3 

= 13. 

-· 

(a) (3 - i4)(3 + i4) 
2 2 = 3 + 4 = 25. 

(b) (-2 + i5)(-2 - i5) .-·. :_--

= 22 
+ 52 = 29~ . 

. . -

(c) (0.4 + i0~7)(0.4 - i0.7) 
2 2 = 0.4 + 0.7 

= 0.16 + 0.49 = 0.65. 
--· 
A.6o. 

A real one. 

A.61. 

. -

(3 + i4) + (3 - i4) = 6 

This is real. 
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Multiply each number by its 

complex conjugate. 

(a) (3 - i4) 
(b) (-2 + i5) 
(c) (0.4 + i0.7). 

\>!hat kind of number does the 

product of complex conjugates 

always produce ? 

Q.61. 
. -

Add (3 + i4) to its complex 
conjugate. 

Is the a.ns\oTer real, complex or 
imaginary? 

Q.62. 

Add each of the following to its 
complex conjugate. 

(a) (1.2 - i0.6) 
(c) (a + ib) 

(e) (R + iwL) 

(b) (-2.5 - i 1.6) 
(d) (0 + i4) 

(f) - i7 
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.. 
A~62. Qo63o 

(a) 2o4 (b) -5 \olhat kind of number is produced 
.. . . whenever complex conjugates are 

(c) 2a (d) 0 added together ? 

(e) 2R (f) 0 



~-

A.63. 

A real one. 

A.64. 

~-- ~.. . . - ' ' -

f-7 + i8~(1 - i5l 
.l + i3) 1 - i3 

= 17 + i?,2 
. 10 

= (1.7 + i2.9) 

The complex conjugates of 

the denominator. 

A.66. 

K+ i) .~ 
12- i6)~ 
= 2 + i26 = (0.05 + i0.65) 

4 + 36 

- 98 -· 

Multiply the numerator and 
denom~~tor of this quotient by 
the complex conjugates of the 
denominator 
-

~-7 + i8) 
1 + i3) 

This process of multiplying the 
numerator and denominator by the 
same quantity is called 

RATIONALISATION. 

\ofhat must the quantity be? 

Q.66. 

Rationalise this quotient by 
multiplying by the quantity inside 
the large brackets 

Q;.67. 

Rationalise this quotient and then 
evaluate the result • 
.. . 

~g : ~~·~ 



.. 

A.6]. 

(4 - i3HS - iS) 
(5 + i5)(5 - i5) 

= 5- i35 = (0.1- i0.7) 
25 + 25 
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Q.68. 
:" ~ 

What always happens to the 
denominator of a complex quotient 
after it has been rationalised ? 

A.68. Q.69. 

It ··becomes a real number. 

.. · .· 

A.69. 

We can divide it by the real 
number and the expression is 
simplified • 

A.70. 

To make the denominator a real 
number. We cannot divide by 
a complex number, but we can 
divide by a ~eal number •. 

·What can we do with the 
numerator because the 
denominator is real ? 

Q.70. 

Can you see why we have to 
rationalise a complex 
quotient ? 

Q.71. 

Why are ~ tiumerator and 
denominator of a complex 
quotient multiplied by the 
complex conjugate of its 
denominator? 



- 100 -

Ao7lo 

The ratio of the multiplying 
factor is 1, and this does not 
affect the total value of the 
quotient. 

A.72. 

(3 - i2) 0 

(7 + i) 
(7 - i) 

(7 - i) 

= 19 - il7 = (Oo38 - i0o34) 
49 + 1 

A.73. 

~1 - ij) 0 (2 - i) 
2 + i (2 - i) 

= (2 - i3) 

A.74. 

(6 + i5)(3 - i2) ·f2 - i2~ 
(2 + i2) 2 - i2 

= 62 - i50 
.8 

= (7.75 - i6.25) 

Q.72. 

(3 - i2) divided by (7 + i) may 
be written in the form of a 
quotient. 

Rationalise and evaluate this 
quotient. 

Qo73o 

Divide (7 - i4) by (2 + i) in 
the same liay. 

Q•74. 

Find the product of ( 6 + i5·) 
and (3 - i2) and divide the 
result by (2 + i2) 

Q.75. 

Evaluate 
2 

r~ + · 1 
li + ~2J 



A.7s. 

~2 
= ~3 + i4) 

~)2 -3 + i4) 

= (3 + i4~ • 1=H!l 
{-3 + i4 ' T=3=i4J 

= 1 - i24 = 7 - i24 
32+: 42 25 

= (0.28 - i 0.96) 

A~76~ 

(-3 + i~l(-2 + i2) = - i 12 
3 + i 2 + i) {5 + i5) 

- 101 .... 

= -il2 (5 - i5) = -60 - i60 
(5 + i5)(5 - i5) 50 

= (-1.2 - i 1.2) 

A.77. 

The evaluati~n is (3 + i7) 

The real part of this complex 
number is 3. 

A.78. 

(7 + i)2 = (48 + i 14) 
(4 + i2) (4 + i2) 

~ <t8 + il5) {4 _ i2) 
4 + i2 (4 - i2) 

= 220 - i ~0 
42 + 2 

... 11 - i2 

The real part is n·. 

-Q.76. 

Evaluate 

(-3 + ij~(-2 + i2) 
(3 + i 2 + i) 

Q.77o 

Evaluate the quotient (10 + i4~ 
(1 - i 

and write down the real part of 
the answer. 

Q.78. 

What is the real part of 

(7 + i)2 

(4 + i2) 

Q.79. 
' 

? 

Find the product of (2 - i4} 
and (1.5 + i2.5), and t~ite 
down the imaginary part of the 
answer. 
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A.79. 

The product is (13 - i) 

The imaginary part of this is - i. 

A.8o. 

(2 + iH-1 + i7) + (3- i) ~1-i) 
( 1 - i )( -1 + i 7 . 

= (-7 + i9) 
(6 + i8) (Rationalise) 

= 0.3 + il.l This is identical 

with (a + ib) if a= 0.3 

and b= 1.1 

A.81. 

(3a
2 

+ 4b
2

) - iab 

Ae82. 

The answer becomes ( 0 - iab) 

which is_ entirely imaginary. 

.Q.80. 

If (a + ib) is identical to 

(2 + i) + 
(1 - i) 

~3 - i) 
-1 + i7) 

what is the value of b ? 

PUt the fraction on a common 
denominator of (1 - i)(- 1 + i7) 

Q.81. 

Evaluate the product 

(a + ib)(3a - i4b) 

Q.82. 

If in A 81, a and b have values 
such that 3a2 + 4b2 = 0 , what 
kind of number is left ? 

Q.83. 

Find the product of (2x + iy) 

and (Sx - i6y), and then write 

the connection between x and y 

so that the anB\i'er· is imaginary. 
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A.83. 

The product is 10x2 +6y2 - i7xy. 

If 10x2 + 6y2 ... 0, only - i7x;J' 

is left, and this is 

Imaginary. 

A.84. 

The product is -mn + i ( 10n2 + 3m 2 ) 

This is real if the imaginary 

part is 0. 

i.e. 10n2 + 3m2 = 0. 

A.85. 

3t2 - ~s2 + i~st 
9t + 16s 

A.86. 

The real part must be 0 if the 

whole exp~ession is imaginary. 

i • e. 3t2 - 4s2 = 0 

-from which t = !2~ or s ~ 1l! 
73 2 

Q.84. 

If (m + i2n)(5n + i3m) is 

entirely real, what part of it 

must equal 0 ? 

·g.ss. 

Rationalise:-

( t + is} 
(3t - i4s) 

Q.86. 

If this answer (A 85) is to be 

wholly imaginary, what 

relationship must exist 

between s and t ? 
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LINEAR TEACHING PROGIWfiliE ON COT(PLEX NUr·tBERS 

PRE TEST This test must be taken before the programme •.. 

~ ••••••••••••••••••••••••••• YEAR IN COLLEGE •••••••••••••••• 
GROUP •••••••••• Training for INFANT 

PRIMARY 

SCORE SECONDARY 

QUESTION 
1. ·When '· i 1 is used in imaginary numbers 

what does it represent ? 

2~·What i_~;J_ia? .. _ 

3• What kind of_ number is i 7 ? 
4• What· kind of ·number is- 24· ? · 

5· Which of these is a ·complex number ? 
a) 7g +''2s ·: b) 2 + 3p 
c)· 4P - i3q : d) ~ + y2 

6. Use the formula x =-b±.Jb2-4a~ 
2a 

to find-the complex roots of the 
._equation ~ - 6x + 10 = 0 

1. Simplify (x- i4y) + (9x- i2y) _ 

8. Subtrac-t (2p + iq) from (7P - iq) 

9· Find the product (5p - i3ab)(2p + i4ab) 

10. Write the ~omplex conju~at~ ?f(2a+i3b) 

11. Rationalise the quotient (8 + i3) 
. (3 + i) 

and simplify your answer as far as 
' . 

possible. 

12. If 27a2 + i3b + 8b2 - i9a has to be a 
- completely real quantity, wha.t is the 

connection "between a a.nd b ? 

(Please cross out 

the two which do 

not apply) 

ANSWER LEAVE BLANK 
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LINEAR TEACHING PROGRAMME ON COMPLEX NID·iBERS 

POST TEsT This test m11st be taken after the programme. 

~ ••••••• ~ .••••••••••••••• o o ••• o YEAR IN COLLEGE •• o. o •••••••• 

GROUP ••••••••• Training for INFANT 

Score 

PRIMARY 

SECONDARY 

QUESTION 

1. What does 'i' represent when it is used 
in connection with imagina;r numbers ? 

3.'What'kind of number is i6? 

4. What kind of number is 13 ? 

6. Use the formula x = -b!.,Jb2 -c 
2a 

to find the complex roots of the 
equation .f. - 4x + 13 = 0 • 

1. Simplif.y (3R- iw) + (5R + i3w) 
8. Subtract {2x - i5y) from 5x - i2y) 
9. What is the product (4R-iWL)(7R-i2wL)? 

10. 

11. 
Write the· complex conjugate of (3p-i4q) 
Rationalise the quotient ((0 - i7) and 

4 + i3) 
simplify the answer as far as possible. 

l2o.If 7ab + i(4b2- 3a2) has to be a 
a2 + b2 

completely real quantity, what is 
the connection between a and b ? 

(Please cross out the 

two which do not apply) 

ANSWER tEAVE 
BLANK 
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