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ABSTRACT

This work describes a series of experiments per-
formed to make an accurate determination of the differ-
ential momentum spectrum of cosmic ray muons at ground
level in the momentum range 0.3<p<l0 GeV/c. The results
of measurements on 192,090 single particles passing
through the Durham Cosmic Ray Spectrograph are given.
The bias resulting from rejection of multiple events
has been investigated from 5988 such events recorded
and a corrected spectrum derived.

The spectrum is used to derive information about
nuclear processes at high energy. In particular, an
accurate determination is made of the generation spec-
trum of cosmic ray pions in the atmosphere. It is
found that the intensity of pions, I(Rr), of momentunm
p, may be represented by an equation of the form:-

I(pe)dpe = A p,” ¥ dp,
where ¥ 2.64, and A is constant for p, above 4 GeV/c,
and is given by the expression
A = 1.82.107% (p"r/4) o
for p., less than 4 GeV/ec.
The ratio of positive to negative muons is used to

examine the multiplicity of generation of charged pions.

'IJ,‘.
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The sea~level spectrum has also been used to derive
the expected underground depth-intensity relation - this
is found to be in good agreement with that directly
measured, indicating that the assumed form of energy

loss of muons is correct.




PREFACE

This thesis describes the accurate measurement and
interpretation of the momentum spectrum of cosmic ray
muons at Durham, 198 feet above sea level.

The work described was performed between October,
1958 and July, 1961 under the direction of Dr. A.V.
Volfendale. Some of the initial data for the muon
spectrum were collected by previous members of the
Magnet Group: acknoWledgment is made to their work,
vhere appropriate, in the text. The remainder of the
data, all the analysis and interpretation, and the study
of bias effects on the spectrum were the sole respons-
ivility of the author,

Part of the work has been published by the author
and his colleagues (Ashton et al, 1960) and another part
was presented by the axthor at the Glasgow Conference on

Nuclear Physics, (1960).




Chapter 1.

Introduction

l.1. General

The cosmic radiation reaching ground level consists
of two main types of particle - electrons, from interac-
tion of high energy photons (produced by decay of neutral
pions), termed the 'soft' component; and mesons, together
with a small fraction of nucleons, termed the 'hard'
component. This work deals solely with the latter, the
main interest being measurement and interpretation of the
ground level muon flux at Durham, 198 feet above sea-
level. This is to all practical purposes and intents sea-
level so far as intensity and propagation theory are con-
cerned, and the term 'sea-level' will be used.in the
following text.

Many previous experiments investigating the number
and momenta of cosmic ray muons at sea-level have yielded
a number of differential muon spectra - see, for example,
Wilson (1946); Rossi (1948);: Glaser et al (1950); Caro et
al (1951); Owen and Wilson (1955); Pine et al (1959);
Allkofer (1960). With the exception of the work of Pine
et al, the number of events measured has been limited by
the time taken for analysis of each event. In the present
work, and that of Pine et al, semi-automatic or fully-

automatic electronic reduction of data has enabled a
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greater number of events to be measured in a reasonable
time. A detailed review of previous work is given in
Chapter 2.

The life history of the muons reaching ground level
may be briefly summdrised. The origin of cosmic rays is
8till not clearly defined, but theories put forward by
Fermi (1949 and 1954), Morrison et al (1954), Fan (1955)
and Morrison(1957), would appear to explain the accelera-
tion to high energies, within the universe, of nuclear
particles, usually protons., It isg likely that these are
released from hot stars under certain circumstances and
a study of shock waves in stars and their effect has been
made by Hazelhurst and Sargent (1958). Work supporting
this theory and that of the diffusion of such particles
through space has been given by Powell (1960). A compari-
son between the composition of the primary cosmic radia-
tion and that of the general matter of the universe is
reproduced in Fig. 1.1.1. The similarity is clear.

Also supporting theSe theories is the fact that
vhen sunspots connected with solar emissions occur, a
decrease in the intensity of low energy cosmic rays is
obgerved. (Parker, 1957, 1958).

Uion reaching the top: of the earth's atmosphere,
the energetic primary cosmic rays interact with one or

other constituent nucleons of an air molecule to produce
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pions. These in turn decay (or interact and decay in
the case of those of higher energies) to muons, which
are observed at ground level. The whole pracess is

shown schematically in Fig. 1.1.2.

l.2. Present Work

In the momentum range chosen for detailed study,
competition between interaction and decay of the secon-
dary pions giving rise to the sea-level spectrum is
greatly biassed towards decay, interaction oaly becoming
important at momenta above 20 GeV/c, It is therefore
possible to evaluate accurately the pion spectrum from
considerations of muon survival probability, momeatunm
loss, and other (minor) factors. This. .has been done.
Further, it is possible, from a knowledge of the primary
spectrum, to investigate the multiplicity of the primary
interactions. This is described in the later section of
this thesis (Chapter 8).

Measurements were performed on 192,090 single
events, \i.e. events where only one counter at each of
the measuring levels was discharged) using a technigue
of semi-automatic analysis, and an accurate differential

momentum spectrum has been derived far muons at sea-level.
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Possible bias effects have been examined from
observation of a large number of multiple events,

(i.e. events where two or more particles were recorded
simultaneouély by at least one of the counter measuring
levels of the Durham instrument) and measurement of

some of these has given an estimate of the inaccuracy of
spectra from which such multiple events have been excluded.
It has not proved possible to study the bias due to

showers of high density where many particles traverse the
instrument.

The particles initiating these events will have
momenta well above 20 GeV/c and thus it seems likely that
many of the secondary particles will have momenta outside
the range of the present work.

The differential muon spectrum obtained has been
used to give an integral momentum spectrum and a range
spectrum. Conclusions are drawn about the rate of energy
loss of muons from a comparison of the range spectrum
with the underground depth-inteansity curve.

Finally, the present results and thosé obtained by
other workers using other techniques, in particular the

emulsion technique, aré compared and conclusions drawn.




Chapter 2.
Previous Measurements of the Muon Spectrum at Sea Level
2.1. Principles

From the time when it became evident that cosmic
rays have energies large compared with previously known
particles, three modes of momentum or energy measurement
have been used.

The first is that of observation of absorption after
traversal of a large mass of material, such as rock or
vater. The counting rate of a detector is measured as a
function of depth, and the energy spectrum is determined
from a knowledge of the relation between energy and range
(This will be described at greater length in Chapter 9).

The second method is that of scattering arising from
close encounters between particles and nuclei. The
quantity determined is the product of momentum and
Yelocity (qﬂ) which reduces to momentum at the high
velocities (Pﬂl) under discussion, The scattering can
be measured using either a multiplate cloud chamber or
nuclear emulsion. In practice this method is limited to
measurement of low momenta (€5 GeV/c) due to the presence
of various noise effects. See, for example, Nash and
Pointon, 1956, for details of an approximate measurement

of the underground momentum spectrum using this principle.




A much more reliable method of measuring the
momentum of single charged particles is to measure
the deflection from a straight line trajectory under-
gone on passing through a region of magnetic field.
Instruments using this principle are termed 'magnetic
spectrographs' - this work describes the application of

such an instrument.

2.2. Previous Magnetic lMeasurements at Ses Level
Previous work using magnetic spectrographs has been
performed by Caro et al (1951); Glaser et al (1950);
Owen and Wilson (1955): Pine et al (1959); and Allkofer
(1959, 1960). A review of the methods used and the
results obtained by these workers follows. A table of
the important properties of these instruments and their
use is given in Table 2-2-1.
Caro et al (1951) used the instrumert:shown in
Fig. 2.2.1, detection being by means of geiger counters
at a series of 'memsuring levels'. Recording of the
tracks was semi-automatic by means of a punched card
aystem. Analysis of the punched cards was somewhat
slow, as electronic computers - were not then available
The accepted flux was also low, hence the rate of collec-
tion of data was necessarily low. The results are repro-
duced in Fig. 2.2.2. - all multiple eveants, (i.e. events

where two or more counters in any one measuring layer wvere
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3

‘ Collecting |M.d.m.| No. of | Material |Measuring
Worker(s) Date Power GeV/c events above Detector
(sterad cm“)}{Prob- Instru-
able ment
error)
Caro et al 1950, 0.69% 90% | 6,023 |<lg.cn~?| .M.
Glaser ¥ 1950| o0.082 50" | 1,547 | wN1L  |e.M.; c.c.
Owen & 1955| 0.93 31 | 60,000 | wmIL .M
Wilson * ' e
Rogers 1957 0.93 356 4,566 NIL G.M.; C.C.
Pine et al 1959 7.9 260 1,089¥ NIL G.M.; C.C.
Allkofer 1960 - 12* 2,324 NIL S.C.
Durham group 0
(counters)1960| 8.0 26.5 192,090 /2/5.5 G.M.
cm of Pb
(flash-tubes) 1960 8.0 T00 3,489 |5.5 cm oﬂ F.T
Pb [ ] L]

Abbreviations:~

G.M.

F.T.

Geiger-HiHiller counters

Cloud Chambers

Spark Counters

Flash Tubes

Value estimated by the author

This is the number of high energy particles

only, measured with#cloud chamber technigue.

Table 2-2-1.
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FIG, 2.2,1. The Spectrograph of CARO et al, 1950,-
(the Mélbourne spectrograph).
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discharged) were rejected (Rathgeber, 1960).

Glaser et al used cloud chambers as an alternative
to geiger counters at the measuring levels. This
reduced the uncertainty in location of‘ﬁhe-particle
track from the diameter of e geiger counter to the
effective diameter of the column of condensation drops
after drift and mobility have been considered - e.g. as
discussed by Lloyd and Wolfendale,(1955)- A disadvantage
of this instrument was the long dead-time after each
observation (approximately 4 minutes) due to re-cycling
and clearing of the cloud chambers. (Recent developments
in the overcompression technique have reduced this time -
French, 1959). The spectrograph is shown in Fig. 2.2.3
and results in Pig. 2.2.4. Rodgers (1957) and the latter
section of the pape# by Pine et al (1959) describe varia-
tions on this technique.

Owen and Wilson (1955) used a magnetic spectrograph
with a much larger accepted flux (Fig. 2.2.5.). Each
counter was connected to a hodoscope circuit and a photo-
graphic record made when a particle traversed all
measuring levels. The mode of deflection measurement is
shown in Fig. 2.2.6. Only single events were fully

analysed, and the spectrum of these is shown in Fig. 2.2.7.
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FI1G. 2.2.5. “he wanchester Spectrograph, as used by
OWEN and WILSON., RODGERS et al (1957)
added three flat cloud chambers od jacent
to euch counter tray.
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One great drawback of this instrument was the tedium of
reducing hodoscope results. The maximum detectable
momentum was less than with Caro's instrument since only
one layer of geiger counters was used at each measuring
level.

The instruments of Pine et al (Figs. 2.2.8., 2.2.9.)
and the Durham group are somewhat similar to that of Owen
and Wilson, except that only one electromagnet is used.
The latter mentioned instrument will be described in the
néxt Chapter.

The most recent work is that of Allkofer (1959 and
1960) (Figs. 2.2.10 and 2.2.11.). .This is not particularly
accurate since the statistical accuracy is low, but is
unique in that spark counters were used for particle

detection and measurement.

2.3. Comparigson of the Previous Measurements

The measurementa of Caro et al and Owen and Wilson
do not agree - Ashton (1959) has shown their probability
of being consistent is less than 1%. One of the purposes
of the present work was to resolve this difference, since
an accurate measurement of the sea level flux is needed
as initial data in other cosmic-ray investigations. The
spectra of Caro and Owen and Wilson are plotted on the

same scale in Pig. 2.2.12, and a comparison, due to
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FIG, 2.2,10, Alikefer’s Spactrograph
(1959).

P,, etc. are spark ceunters used both te
duect and to recerd particles. G.M: ,
etc, are geiger counters, collectively.
hodoscoped to signify tracks not passing
through the homogeneous region of mag-
netic field, Such recerds are rejocted,
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Rodgers, who extended Owen and Wilson's work, in
Fig. 2.2.13. 1t is believed that this comparison may
be based on other than the published points of Caro et

al,
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Chapter 3.
The Durham Spectrograph

3.1. General Features

This instrument uses one of the two electromagnets
of the Manchester Spectrograph (Hyams et al, 1950)
arranged to collect a high cosmic ray flux and to have a
high resolution (Fig. 3.1.1). The resolution of the
geiger counter trays A,B,¢,C,D (termed the 'G-M system')
may be increased by a factor of approximately 40 by use
of stacks of neon flash-tubes, 0.72 om in diemeter, each
stack containing 8 layers (Ashton, 1959). These are
'triggered’' only when selected events have been recorded
by the G-M system. Levels A,B,C,D of both types of
detector form ‘measuring levels', and a measurenment of
the particle momentum is obtained from them. (Sections'
3.4 and 3.7).

Tray G forms a 'location level' and simply elimi-
nates any scattered trajectories passing through any
part of the pole pieces. The greater part of this work
deals with experiments with the G-M system to measure
the momentum spectrum, and corresponding analysis.

The flash-tube section of the instrument was used
only to resolve more fully events recorded by the G-M
system as being multiple, i.e. two or more different

counters were discharged at any one of the measuring
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levels. The instrument has the properties already

detailed in Table 2-2~1.

3.2. The Electromagnet

The electromagnet has already been described by
Hyams et al, 1950, and will not be described in :detail
here. The line integral of flux over distance, JrH.dl,
active upon a charged particle traversing the ga;, was
determined by two independent methods, one using hanging
Wwires, performed by Mr. M. Gardener, the other using a
search coil, performed by Dr, J.L. Lloyd. The two agree
closely - the resultant plot of‘fH.dl versus current due
to Lloyd (adopted here) being shown in Fig. 3.2.1.

3.3. The Detecting System

The geiger counters are commercially manufactured
typeas (20th Century Electronics) arranged as shown (Fig.
3,1.1.). They consist of glass tubing, 3.6 cm in dia-
meter, with a carbon coating inside forming the ca?hode,
and a wire anode. The gas filling is of the self-
quenching type, though to reduce the dead time of the
instrument the discharge is quenched by means of
electronic quenching units attached to each counter.

The counter spacing within the trays is 3.82 cm., A

fifth layer of Geiger countérs{ tray G, located between
the magnet pole pieces ensured that only particles were
accepted which traversed the air between the magnet pole

pieces and were not scattered by the magnet structure.
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3.4. The Recording System and Mode of Momentum Measurement

Each quenching unit is connected to one input of the
electronic equipment - described in detail elsevhere
(Jones, 1961) - only briefly described here.

When a coincidence (detected by a standard Rossi type
circuit) occurs between any one {or more) counters in each
of the measuring levels, a 'categorised' output pulse is
produced, proportional in amplitude to the inwverse of the
particle momentum, by a small eanalogue computer. This is
termed a 'category pulse', and has one of a series of
allowed values of amplitude corresponding to different
configurations of counters triggered. 1In effect, each
geiger counter is assigned a number corresponding to the

distance, in counter spacing units, from a line 1.6 cm
to the left of the extreme left-hand counters in trays

A and D. Such numbers are shown in Fig. 3.4.1. When any
counter is triggered, the electronic circuits produce a
pulse proportional to its number plus'6 (the addition of
'6' being necessary for design reasons) of appropriate
polarity-trays A and D give positive output, trays B and
C negative output., Addition of such pulses gives a

final category pulse N, which corresponds to the combina-

tion:-~

Nz2n +n, ~n_, = n

A D B c.
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By simple geometry N may be shown to be the displacement
in counter spacing units over the-arm-z, i.e. AB or CD
(equal for all practical purposes), in counter spacing
units.

Such- category pulses were recorded in the present
work using a commercial (Furzehill) oscilloscope, and
photographed. Exposure of each frame of H.P.S. film was
for two minutes, and the face of the cathode ray tube,
which carried a watch and a scale marked in category
numbers, was recorded on each frame. Timing was by
means of an electromechanical timing systew and standard
clock. The films wereanalysed by projection and visual

analysis, the number of each category in which events
had occurred being recorded. Typical records are shown
in Plg. %.4.2. A spread of events about the actual
diivisions on the scale was observed - howédver, this rarely
amounted to more than one=third of a category, and it was
possible to assign events to their correct categories.
Events of category greater than 15, if visible, were
ignored. A correction factor for possible superposition
of events of given category during the exposure time of
anf frame was applied and is detailed in Chapter 4. The
instrument ﬁas checked at 24-hour intervals during the
collection of data, E.H.T. and H.T. voltages and total

counting rates for individual counter trays were checked







and maintained within tight limits.

The recording system has one further important

characteristic - a discriminator separates 'multiple

event' pulses and they are eliminated when a single
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event spectrum is required by modulating the oscillo-

scope electron beam. The effect of excluding such
events was investigated and will be discussed in
Chapter 5.

Category numbers may be converted into corres-
ponding momenta as follows:-

It is well known that:-

PC(oy) = 390 Efrouss-cn)

vhere p is the momentum of a charged particle, H is
magnetic field, f is the radius of curvature of its

trajectory, and ¢ is the velocity of light.

the

Thus, over any incremental length 41, and corres-

ponding angular deflection d#,

5 .a
d
or pe s 3qufh1d1

#

pc = 300

If now & ,N correspond- to the displacement overhﬁrm'e

in cms, and counter spacing units, respectively, then:-

pe 3oo€1;d1
A ?

since ¢= A, and

)
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pc . 300 1 x 3.8f1m1

KI
N N

°F  P(gev/e) = & (1)

where K" is constant, equal to 300 1 x 3.8JfHd1, for
given exciting current, i.e. givean.dl.

Thus obsefved values of N may easily be transformed
into corresponding values of momentum, with consideration
of small correction factors in certain cases, which will

be considered in Chapter 4.

3.5. Aligonment

The counter trays have been aligned by a straight-
forward method using a plumbline, lateral location of the
counter trays being by means of suitable slots in metal
strips arranged to form locating jigs. The vertical
alignment was checked by Mr. M. Gardener by placing an
artificial scatterer in the centre of the Magnet gap,
below the gap counters, with no field, and observing the
number of particles with positive and negative deflection
(from corresponding sign of category nunber). These were
plotted to form a histogram, and it was found that the
mean occurring was very close to zero deflection, showing

that the alignment was correct.
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3.6, The Nature of Particles Accepted by the Instrument

It has already been pointed out that cosmic rays
consist of a soft electronic component and a hard mesonic
and nucleonic component (Section 1.1).

In the experiments to be described the instrument
has been operated with varying thicknesses of lead above
tray A. This filters out the soft component, and also

affects the hard component. PFrom a knowledge of the

relative interaction lengths of muons, pions and protons
it can be seen that some of the pion and protom fluxes
will be filtered out before reaching the instrument {even
with no lead absorber) due to the thickness of absorbing
matter above the magnet, whereas the muon flux is virtually
unaffected. Also, since the intensity of pions st mcmenta
lessthan 20 GeV/c is small (see Section 7.3) only muons
and protons will in genersl be recorded., The correction
of the intensities of each for the absorbing material, and
the subtraction of the proton component from the muon

component will be dealt with in Chapter 4.

3.7« The Flasgh-~Tube Spectrograph

It has already been mentioned in Section 3.1. that
the limited resolution of the geiger counters was extended
by addition of flash-tubes. The characteristics of these

have already been described fully. (Gardener et al, 1957,
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Kisdnasamy, 1958, Ashton et al, 1958, Ashton, 1959,
Coxell, 1961). In the present work the flash tube
instrument has been used to investigate the nature of
mul tiple events. Pulses coriesponding to such events
were fed to the flash-tube trigger circuits and an 8 KV/cm.
pulse applied across each layer of flash-tubes. Those
containing electrons fleshed, such flashes being photo-
graphed on Ilford HPS film. A dead time of 2 seconds
wvas imposed electronically after passage of a particle
to allew de=ionisation to take piace, and cyciing of the
recording equipment.

The films were analysed by projection onto a full
size diagram of the flash tube assembly and the position
of the beat line through the observed flashes recorded.

Measurement was made on a scale marked along the hori-
zontal central axis of each tray (Fig. 3.7.l1.) - the zero
of each scale corresponded to the extreme left hand edge
of the flash tube stack and was the line from which the
deflections A, ete., were measured, The displacement
measured over an arm l1 was obtained by combination of
the four known positions of the particle track, taking
into account an arbitrary constant Ao’ éllowiﬂg for the
fact that the arbitrary zeros of each tray are not

v@rtically aligned. 4 o 18 equal to 65.01 tube spacing
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units (0.80 cm) and has been found by direct measurement
from the aligning plumblines.
A is given by the equation

A : (a-b) -fl/zz(c--d) -4,

over the arm 1,. (In the case of the flash-tube spectro-
graph, the arms 11, 12 are sufficiently different to make
correction necessary). .

The momentum, p, is calculated exactly as in the
case. of the geiger counter data, except that the constant

K' has a different value. (Equation 3.4(3)).

3.8. Magnetic Bias ~ The Acceptance Function

It has already been mentioned in section 3.4. that
pargicles recorded by the instrument within a given momen-
tum range (corresponding to categories 1 to 15) are
recorded as a pulse of amplitude proportional to 1/p.
It may be seen from Fig. 3.8.1. that the accepted flux
for each category varies according to the value of the
particular category, N, falling as N increases. It is
therefore necessary to evaluate the relative acceptance
of those categories which will be used in later inves-
tigations and to formulate a series of 'acceptance
factors', by which the number of events observed in any
category may be multiplied to give an effective accep-

tance equal to that of the full aperture of the instru-
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ment,

Investigation of the required function connecting
accepted flux and category number was undertaken by two
methods - firstly using a geometric scale drawing (in
two dimensions) of the instrument, and secondly by
analytical considerations involving certain approximations.

The former involves ezperimental errors, the latter
errors of approximation. The former methed of investiga-
tion performed by the author is described here, details
of the latter methods, investigated by other workers, are
given in a paper in preparation. 1In effeet, the problem
reduces to that of finding the total solid angle subtended
to the cosmic ray flux, as a function of angular deflec-
tion. PFurther, the variation of acceptance with small
. change in .angular deflection within s given category or
configuration of counters is also required.

Firstly, the spectrograph dimensions were obtained

by direct measurement. The sensitive length of the gap
counters was determined by a radiocactive probe method of
investigating countef efficiency as a function of position
on the counter (Fig. 3.8.2.). The sensitive length of the
counter was taken to be the width of the rate/position
curve at half height. Each of the three gap counters was
investigated separately, and 2 mean effective length

obtained (25.04 % .10 cm).
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From the dimensions an accurate scale drawing was
made of the instrument in the east-west plane. Two
perspex arms, with fine datum lines ruled along their
centres, were mounted in such a way as:-

(a) to enable the angle between them to be fixed at

any given value up to approximately 16--1-o (Category 15)
(b) to enable the assembly to be pivoted above the scale
drawing, in the same plane.

The angle swept through by the top arm is measured
on a linear scale. The whole assembly is shown in Fig.
3.8.3.

The procedure adopted to determine the accepted flux
for any angular deflection ¢ vas:~-

(a) ﬁ vas set on the two perspex arms,.
(k) For a given position along a scale marked along the
gap counter axis (the arms pivoting about the magnet axis),
the integral 'sensitive length' recorded on the linear
scale was found. 'Sensitive length' is defined as that
section of the scale corresponding to a simulated
particle trajectory passing through sensitive sections
of one counter in each of the four measuring trays.
'Sensitive' and ‘'insensitive' anglege, and corresponding
scale readings were obtained by direct observation. This
was repeated for several positions along the 'G' counter

axis and a graph plotted of acceptance angle versus

position on G. This was integrated numerically to give
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the acceptance of the particular category considered.
(c). Procedure (b) was repeated for a series of different
values of f. The units were (on the full scale instru-
ment) cm. radian units. By multiplying the accepted
flux in the E-W plane by the constant acceptance (flux)
in'the N-S plane (only a function of counter length and
counter diameter) the three-~dimensional accepted flux
was obtained.

From a series of investigations in the range -.0198
<¢-<.0198 radians an 'elemeantary fuunction' curve, relatiag
f and accepted flux within any category, was obtained -
this is shown in Fig. 3.8.4.

The median acceptance angle with regard to flux was
determined from this 'elementary function' curve by
numerical integration, and was found to be 0.0073 radians.
This is a measure of the uncertainty in angular deflection
megsurements within any category - in the case of category
0 the corresponding momentum is defined as the 'maximum

detectable momentum'. See Table 2-2-1.

Determination of Total Accepted Flux.

The variation with deflection angle of flux accepted
by any given series of four counters is given by the

function described above. However, the acceptance of

different configurations of four counters detecting
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particles of differing category is not constant. Varia-
tion in the .accepted flux with ﬁ was investigated by
Lloyd using the method shown in Fig. 3.8.5. Referring
back to FPig. 3.8.1. it can be seen that when x = T L,
92 ¢ 0, i.e. the accepted flux is zero. This fact has
been used to superimpose the acceptance characteristics
for trays A, D and B, C taken together, taking into
account any relative shift for a given angular deflec-
tion, after which the common area was found by computa-
tion. The actual equations for the acceptance charac-
teristic lines are given in Fig. 3.8.5., and the result
for total acceptance as a function of angular deflec-

tion is shown in Pig. 3.8.6.

Corrections to Theoretical Vglﬁes of Accepted Flux

A correction to the analytical theory for the effect
of asymmetry about the magnet axis was made by Lloyd, who
shoved that the correction to accepted flux for this is
of the order of 0.075% and thus may be neglected.

Throughout the present work the small angle approxi-
mations were assumed to hold. For angles larger than
‘small’ (approximately greater than 10°) Lloyd has shown
that a factor cos & enters into the expression for the

accepted flux, due to the effective change of 'dead-

space' between counters. In the case of the model an
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effective 'expansion of flux' occurs due to the linear
scale - a further factor of cos©®. (See Fig. 3.8.7.).

A correction for zZenith angle variation in incident
intensity was made, following the investigations of
Moroney and Parry (1954). It is assumed that the
variation is given by:-

Ie : Io cos™ 0.
where m has a mean value of approximately 1.8. (See
Fig. 3.8.8.). These small corrections were incorporated
into the acceptance curve, and are included in the curve
shown in Pig. 3.8.6.

A small correction to the accepted flux also arises
due to curvature of the trajectories within the region
of magnetic field., The effective height of the field
region is taken to be 53 cm. Reference to Fig. 3.8.9.
shows that a particle going along trajectory JRKSL will
just be recorded if K is the actual end of the gap
counter, whereas the trajectory RMS, assuming one unique
plane of deflection, would not be recorded in G. The
effective lengthening of the gap counter is given by
KM and may be shown to be:-

KM = OM - 0K

> R(l/cos ﬁz‘/z
sin }‘/2 vd ‘o 1_A_£
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This correction was also included in the curve
given in Fig. 3.8.6. A further small correction for the
difference between RKs; an arc of a circle and RTS, a
straight line, has been shown in Appendix A 3.7.1 to be

negligible.

35.9. Other Instrumental Corrections

Other factors modifying the incident muon spectrum
before observation are:-
(1) Momentum loss in the material of the instrument
itself.
(ii) the fact that protons are observed as well as
muons.
(iif) Scattering in the material of the instrument.

The nature of these factors and associated correc-
tions are dealt with fully in Chapter 4, describing

treatment of the experimental results.
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Chapter 4.
Analysis of Single Event Data
4.1. Experimental Data and General Scheme

The way in which single events are recorded using
the counter spectrograph has been described in the
preceding chapter. A schematic diagram of the pro-
cesses involved in experiments to obtain both single
and multiple event data (Chapter 5) is given in Fig.
4.1.1., Five different sets of data were obtainéd -
referred to as Series H, Ml’ Mz, L I, L II, respectively.
The first three sets were obtained by Messrs. M. Gardener
and D.G. Jones - the last two by the author. All the
data were reduced by the author and at a later stage of
the analysis the different series were combined tc give
a complete spectrum. For each series (corresponding to
a given value of field strength), data were collected
together and the assembled deflection spectra -are shown
in Fig. 4.1.2.

Conversion of such results to a differential momentum
spectrum is straightforward, but in order to obtain the
precise spectrum required, corrections must be applied.
Part of the calculations were performed by hand, the
remainder using an electronic computer. A block diagram
of the operations and their sequence is given in Pig.

4.1.3.
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4.,2. Consistency of Basic Data

The consistency of the basic data was checked by
plotting the results film by film separately, (each
film being approximately 23 hours running time), as
an observed deflection spectrum at the gap of the
instrument. A typical curve(for Series LI) is given in
Fig. 4.2.1. It can be seen that the lines corresponding
to the deflection spectrum for each film are superimposed
(to within the statistical accuracy expected) showing the
instrument to have performed consistently during opera-
tion to obtain results forming the series concerned. The

results for each series were found to be consistent.

4.3, Correction for Superimposed Events

The method of recording events has already been
described in Chapter 3, and mention was made of the
possibility of records of more than one event of the same
category being superimposed during the recording interval
of (usually) 2 minutes. Records where events were
possibly superimposed were recorded as one event and a
statistical correction applied to thée total observed
number to give the actual number traversing the instru-
ment. The relation between the true rate R, and the

observed rate r, both per frame, is given by:

R = ln(—l—) (i)

l-r
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where R, r are both much less than 1, and the number of
events considered is large.

This equation is originally due to Gardener, and is
verified in Appendix A.4.3.1. Correction of results was
performed by manual computation using data record sheets:

designed for systematic application of this correction.

4.4. Conversion of Deflection Spectrum to a Momentum

Spectrum

It has already been shown (Equetion 3.5(i)) that

the momentum corresponding to & given category K is
p(GeV/c) = K'/N (1)

If one now considers a small cell of momentum
width Sp and cor responding width SN, then:=

No. in cell = I(p) &p < I(N).&N
where I(p), I(N) denote corresponding points on the
momentum and deflection spectra respectively.

Thus:- I(p) » I(N) §n/8p,

or I(p) = I(N) aN/dp (11)

a8 the cells become infinitesimally small.

Now, dN/dp may be obtéined by differentiation of
4.3.(1), and is given by:

dN/dp = - N2/K"

Hence I(p) = I(N) x (-N2/k') (111)
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In this way, each point on the deflection spectrum
may be converted to a corresponding point on the
momentum spectrum. Values of XK' are given by the
equation

K'* = 1.51492. fHdl. GeV/c (iv)
(see Chapter 3)

and those used here tabulated below, together with other
important parameters used in later calculations.

A weighted mean value for the magnet current was
obtained by summing the product of number of events and
current for each run, then dividing by the total number
of events.

The treatment above for conversion of the deflec-
tion spectrum to a momentum spectrum assumes that all
particles of a given category have unique deflection
corresponding to the nominal deflection of that category.
The median ordinate of the elementary acceptance function
corresponding to any category is the nominal deflection
for that category if the incident deflection spectrum is
flat. However, this is not so:- in practice the actual
deflection spectrum rises steeply, then falls off exps-
nentially. For large category numbers, 23, the deflec-
tion spectrum is sufficiently flat for the difference
between the medien and the nominal momenta to be negli-
gible. PFor categories 1 and 2, this difference is not

sufficiently small to be neglected and a correction
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factor has been computed and applied by West (1961).

4.5. Correction for Magnetic Bias

The way in wvhich corrections for magnetic bias
atise has been detailed in Section 3.7. For ease of
application the corrections were converted to a form
which, when applied to the observed momentum spectrum,
geve that flux which would have been observed if the
instrument had a constant acceptance - that for particles
of infinite momentum. Such a correction is always
greater than unity, increasing with decreasing momentum.
The corrections derived from the acceptance function
results are given in Fig. 4.5.1.

In the case of Series L.I, two of the geiger
counters in Tray C were inoPer&tive. The change in
geometrical correction factor for such circumstances was
obtained by finding the sum over G of the allowed angles
traversed, using a scale drawing and paper jig represent-
ing a trajectory, in exactly the same way as in the
determination of the acceptance function, This was done
with and without the two counters in question, and the
ratio of summed fluxes found for five given accep:tance:
angles. These ratios were applied to the magnetic bias
correction factors previoﬁsly obtained. The final curve

for Series L.I is also shown in Fig. 4.5.1l.
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4.6, Correction for Proton Component of Cosmic Rays at
Séa-Level.

An investigation of the magnitude of the proton
component as a fraction of the total hard component of
cosmic rays at sea level was published by Mylroi and
Wilson (1951).

In the present experiments, certain runs were
performed with an absorbing layer of lead above the
spectrograph, (Table 4-4-1) and Mylroi and Wilson's
results were modified to give the proton spectrum which
would be observed under the layers of lead actually
used. This modification was performed using values for
the - range-momentum relationship given by Sternheimer
(1959), Pig. 4.6.1. For a given thickaness of lead (one
of the two values required) corresponding momenta of
particles above (Pa) and below (pb) the lead were
obtained from the éange-momentum curve, From this
dﬁa/dpb was also obtained (Fig. 4.6.2.). This is the
cell width correction to the proton intensity, as cﬁn
be seen by considering a small cell. Let Ia’ Ib denote
proton intensities at corresponding momenta Pgar Py above
and below the lead. Then, no. in cell

= Ia' dpa = Ib. dpb

dp
or Ib s Ia' a (i)
dpb
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FIG. 4.6,1. Range momentum relationship for Protons
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This factor (dpa/dpb) only accounts for ionisation
loss, and further correction is due to the fact that, on
average, only a fraction of the protons are transmitted
through the lead without absorption, (0.67 through 5.5
cm), (0.87 through 2 cam).

These corrections, and the appropriate momentum loss
due to the lead were applied to Mylroi and Wilson's
}esults, and the resulting percentage proton spectra are
shown in Fig. 4.6.3.

Appropriate percentages were subtracted from the - ..
momentum spectrum for each momentum value, to give a

momentum spectrum of mesons only.

4.7. Correction for Coulomb Scattering

Measurement of particle deflection is only made in
two dimensions, in a plane mid-way between the magnet
pole-pieces, and transverse to the axis of the geiger.
counters. This is commonly termed the 'front plane'.
The plane parallel to both the axis of the magnet pole
pieces (passing through their centre) and the axis of
the geiger counters is termed the 'back plane’'.
Scattering of incident mesons occurs in random direc-
tions, these may be resolved into components - only
that in the front plane has any effect on the accuracy

of measurement. The large number of scatters in random




Parceniugze of Protons

7. 3
s b
/+/gylroi & Wilson, 49%
No Lead
*“ 2,0 om of Tend
Ze [o] flah
I = ,/
A /" 5.5 cm of Lead
) s
3 )
/
/
/
/
z P /
./ ,
/
/

2 —
1 -
P
/’l
v
£

4ﬁ~

(0] '
0.1 {

Sea Level Momentuz of Proica,ae7/c.
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(1951) used in correctirg for proton intensity.Modified

after Sterdheimer,(lQSQ).Note ¢ this point is origiraliy
due to Rochester’ and Bound,1940,but is plotted as
corrected by Ycrk,1952.
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directions are projected by multiplying by a mean
projection factor of 1/42 (sin 45°) to obtain the
r.m.8. scatter angle in the front plane. (Following
Rossi 1952a).

The effect of scattering in the front plane is to
convert.any infinitesimally small cell of the incident
deflection spectrum to a Gaussian distribution. The
width of such a distribution increases as §,, the
magnetic angular deflection increases, hence when in
any small cell the incremental scattering into such a
cell is integrated to obtain the observed number after
scattering, it is found that more particles are in

principle scattered into any given cell than are
scattered out. After correction the scatteréd curve iwn
normalised to have the same area as the unscattered
curve, 80 as to represent the same number of events.
{See Fig. 4.7.1. for a diagram of the procedure). The
scattering correction to convert observed intensity to
actual incident intensity is thus less than unity -
this was calculated and applied as follows.

Rossi (1952b) gives as the r.m.s. projected angle,
(fs> through which a particle is scattered when passing
through a material whose thickness in terms of radiation

lengths is t, as:-

¥
1 ]




No. of events, incident deflection spectrum. (i.e. Observed
? deflection spectrum corrected for magnetic bias)

Unscattered
deflection Scattered ('broadened') deflection

spectrum, spectrum, Height of
infinitesimally narrow cell
found by integrating
contributions from Gaussians
\§\$ for all contributing g's.

Gaussians
represent

iy

socattering
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Deflection

: 047
|
fS —p  Category

or---0
W

The scattered deflection spectrum is re-normalised after

soattering so as to represent ths same number of events,

FIG. 4.7.1. The effect of noise socattering on the
defleotion speotruam,
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where K' is a constant equal to 21 MeV/c.
hence <¢ s> __l&ég i; t (11)
where p is measured in GeV/c, for scattering in layers
of material of known t.

Now, PC(gey/c) - 300, [Ha1 x 1079

le (section 3.4)

Hence <’f_§>= 0.1482 < t% (111)
;{M 300 [H.d1
(.Z‘_a_

is thus a constant termed k,

In consideration of scattering, only geiger counter
trays B, G, C, and flash tube trays A, B, C, D are
important. Scattering at tray A is not important since
only relative position toc the loceted position and not
angle of incidence, £8 of importance, hence variations
in effective angle of incidence caused by scatter have
no effect. In the case of tray D, only the incident
position of the particle is measured, the emergent angle
being of no importance. The type and mass of material
in the beam of the particle is detailed in Table 4-T=1.

For the geiger trays, with 1.008 g.cm-2 of pyrex
glass of radiation length 32.3%4 g.cm-2 in the beam,

*= (0.031)% = 0.176

Using equation 4.7 (ii) above one sees that:
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(y‘) s 9.1482 x 0.1762 radians

i.e. g‘———pﬁ’oa x 10”7 radians (iv)

For the Conversi flash tube stacks, with aluminium

electrodes, two components arise which add in quadrature.

The first of these is due to the glass, 4.50 g.cm-2 of
radiation length 28.86 g.cm‘2 i.e.
t% . (0.156)’lr * 0,395
Hence <g o>, i}”—gﬁ x 10~° radians (v)
and for the aluminium -foil, 0.17 g.cm."2 of radiation
length 26.3 g.cm-2,
t% . (0.00646)% ¢ 0.0804
1e€. ¢hg> s 1;; L % 107 radians (vi)
adding 4.7 (v) and (vi) in quedrature one obtains:
. 5'.36' X 10-3
<@ s>(Conversi stacks) ° o radians
(vit)
For the air between the trays A, B and C, D, of the
2

spectrograph there is a 192 cm column, i.e. 0.24 g.cn

of radiation length 43 s.cm-z.

hence t? . (0.00557)% : 0,0236
=3
and <g > = 0:350 x 10 7 rpdians (viii)

PR

Three geiger trays, 4 Conversi stacks and the air
are involved in scattering, thus equations 4.7 (v), (vii)
and (viii), multiplied by the appropriate number of

units, are addged in quadrature, giving:-
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=3
. 10.36 x 10
(¢ s?total = rg radians (ix)

Hence, from equation 4.7 (iii),

K, ef> . L0.36x 108

£y 3008 [Ha1 (x)

when the Conversi stacks are in the beam. For Series
M, H, when the Conversi stacks were not in place in the

instrument,
€F > . 453 x 1073

PB radians

and K (# » 4.53 x 105

' 3008 fHa1 (x1)
K is hence a function of/} and thus of p. Values of the

constant (K/.l) for the various series are given in table

4-=T=2 below.

Series (#; /ﬁm= (KI?). b, in equation N;M=Ae.bf o}
L I 0.201 12.596

L II 0.147 11.658

M 0.057 9.374

H 0,240. 5.539

Table 4-7-2.

The width of the Gaussian distribution,(#;, at

any given magnetic angular deflection%m is thus given

P> (%)fm (x11)

by:
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Other errors in#M should be combined with (de)
at this stage, and an investigation of the significance
of current variations, giving corresponding variation
in jh.dl, wvas made. .The standard deviation of these,
giving a parameter & (expressed as a percentage) adding
to K in quadrature, was found to be less than 5% of K,
giving no effective charge in K when added in quadrature.
Current variations were thus shown to be insignificant.

An 'analytical integration for any deflection%M
. was performed, assuming the deflection spectrum to have
the form:-

-by .
N(}{H) ¢ e (z1ii)
This was verified by plotting the observed deflection
spectrum corrected for magnetic bias, giving the incident
deflection spectrum, on log/linear scales, and obtaining
b from the slope of the straight section of the plot.

The regions outside the exponential section of the
incident deflection spectrum, i.e. at those values of
%M either nearly 0, where (fs“' is very small, or
approaching magnetic cut-off (¢M t 0.47 radians) are not
of interest. Values of the exponential slope, b for the
various series are also given in Table 4-7-2. The value
of b used is that giving the best fit at the larger
values °f¢M used., As mentioned, the correction to
intensity, R, for such 'noise-scattering' is less than

unity, and is given by:-
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R = (unscattered po-)
scattered no. at any%m, %1 (say)

exp __(K2b2£i2)
2

This may be verified using a method similar to that

(xiv)

used by Lloyd and Wolfendale, (1955).

Correction has been made by computer to the data,
after correction for the factors previocusly detailed, the
procedure being:-

(ii) From p (at the magnet gap) findP , and hence K from
(xp).

(ii) Prom K, now known, calculate K, the correction factor
to intensity. Modify the intensity accordingly, and
record p, R, and the modified and unmodified intensities.

The relation between p and R for the various series
ié given in Fig. 4.7.2. ¢t cza be clearly seemn thet
scattering becomes more significant the higher the category
number, and the corrections are more significant at the

lower values of fh.dl used.

4.8, Correction for lMomentum Loss in the Material Above

the Magnet

Two corrections must be applied to the observed mag-
nitude of momentum and intensity at the magnet gap, in
order to obtain the incident spectrum. One is for momen-
tum loss of the incident.particles, assumed to be muons,

in the material of the upper half of the spectrograph, as
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detailed in Table 4-7-1. The other is a change in
apparent intensity due to a cell width correction.
As beforé:-

Ia = dpa . Ib
dpb

vhere suffix 'a' refers to above, and 'b' to below.
Both corrections have been applied using an
analytical range-momentum relationship first given by
Olbert, (1954), for muons in air, i.e.
m,c

L. B u (1)
p (b*R)

where mpc = rest mass of muon
p = momentum of muon
and R = range of muon in gecm-z,
B, b, u are constants - revised values of these were
evaluated for lead, and were found to be:-
B =91.44, b = 93.12, u = 0.00275.

The range-momentum relationship given by this
equation was checked against that of Sternheimer (1959),
for muons in lead, and found to be correct to better than

1%. The range momentum relationship for muons in lead,
used in these calculations, is shown in Fig. 4.8.1.
Correction for momentum loss was made by:-

(i) converting momentum to range, adding the effective

range loss in lead (in g.cm-e), then




Range in g.mn-2

o
10+

107~
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FIG.4.8.1. Range-Momentum Curve for muons in lead.

(Used in Correction for Momentum Loss).

After Sternheimer, 1959.
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(ii) Converting the corrected range back to momentunm,
using Olbert's equation ((i) above).

Olbert's equation with terms transposed was used
for operation (i), i.e.:

R_ _B

Correction for cell width changé was made by using

the differential form of equation (i), i.e.

2
dp, - _B P
a = 12 - a . dR
(o+R,) (—mi"") a
o 2
end py, = B, (pp)® | g
(b+Rb) (mac) b
/L
Wow, eince R_-R,< R, or R, dR, = dR, (very closely)
hence:~-
ap, _ (2R))° (p,) (111)
—— = ——————— L J —— . i
dp;n (ﬁ"’Ra)2 (P"b)2 +

This is the correction which has been applied to
the intensity for the cell width change due to momentum

loss.

4.9, Normalisation

After application of appropmiate momentum loss
corrections by computer to each series, each series wvas
normalised separately to Rossi's figure (1948) for the
intensity of muons at 1 GeV/c, i.e. 2.45 x 10-6

pra.rticles/cm2 sec. steradian (MeV/c), with the edception
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that Series L I was normalised to series L II at 0.45

GeV/c, gsince L I has no momentum values near or above

1 GeV/ec.

4.10. Combination of Events, and Final Differential

Momentum Spectrum

Immediately after correction for momentum loss,
events for which the momentum is less than 1 GeV/c, were
combined into four cells, equally spaced as a logarithmic
scale, between the values 0.276<p<1.000 GeV/c. This
reduced the 35 points below 1 GeV/c of relatively poor
statistical accuracy to four points of good statistical
accuracy. The results for the final spectrum after
correction for the factors detailed above, are given in
Table 4=10-1. The error in any point has been taken tgo
be the statisticel error, ¥ 100 N-%%, in the corrected

number of events, N, represented by that point.

4.11. RHRelaxation of Spectrum to "Begt-Fit" Line

The points on the differential deflection spectrum
obtained in the manner described were plotted and the
best smooth curve drawn by eye through them., Intensity
values were then compared with the corresponding ordinate
from this curve, and a plot made of the ratio of the
intensity for each result of each series to the ordinate

from the smooth curve. Statistical errors were included,
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then 2 'trend' line drawn for each series. Where all
series showed an unbalanced trend from the 'p' axis
representing the smooth curve, the smooth curve was
shifted by an appropriate percentage till the trend
either way (plus or minus) was balanced. The original
smooth curve was thus relaxes until a 'best-fit' line
based on trends differing from the initial line shown
by the individual series, was obtained. This 'best-

fit' spectrum is shown in Fig. 4.11.1.

4.12. DThe Sea-Level Energy Spectrum

The curve of Fig. 4.11.1. has been converted to a
sea-level energy spectrum. Corresponding values of
momentum, p, were converted to energy, E using the
usiual reletivistic formula, viz:i-

E - p?cz-# n2et (i)

By differentiation, the cell width correction arising

may be shown to be:

dp _ (me?)?
ek - 1+1% :g. (ii)
- 1 4 -202286 286 (iii)

E
taking the rest energy of the muon as 0.1057 GeV

(Barkas et al, (1959)). The resulting converted spec-

trum is shown in Fig. 4.12.1.




I, partioles/ en’se0.sterad. (Mev/0)

b Statistical acouracy of the points:-
radius of oirecle equals one standard
deviation.
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FIG.4 . /.1  Differential Moementum Speotrunm ef Muons at Sea-Level.

Best ourve fitted by a Relaxation Method.
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FIG. 4,12. 1. The Sea-Level Energy Speotrum of Muons.
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4.13. The Integral Momentum Spectrum

The integral momentum spectrum of muons at sea-
level was obtained by integrating numerically the
differential spectrum of Fig. 4.11.1., extended by
addition of points from Ashton et al, (1960) (See Fig.
10.1.1.). The first mentioned curve covers the region
from 0.4 to 10 GeV/c, the second from 10 to 1000 GeV/c.

A total of 226 points (pairs of p, I values) were inte-
grated using the trapezoidal rule, accurate since the
cell width is small. The initial integral intenéity at
1000 GeV/c was found as follows:-

If the differential spectrum above a certain momentum

is represented by a power law of constant slope, , i.e.
I(p).dp( gy = X.07F (1)

which is the case at high momentum - (here p' was taken

to be 1000 GeVég) p then the integral intensity at p' is:

'/}(p)-dp"g%I -p"(xgl)_ (it)
P

Substituting p' = 1000 GeV/c, Y = 3.24, K = 0.968
(observed values) one has:-
o

j.I (p).dp = 8.2589.10°2 par't:icles.cm"zsec"1

1000 sterad L

(111)
To obtain the integral intensity at any momentum p,

below 1000 GeV/c it is only necessary to add

1000

5: I(p).dp. to the known integral intensity at 1000 GeV/c.
1Y
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This was performed numerically using known values of
p, I(p), from the differential spectrum, and corres-
ponding small increments in p.

The result of such numerical integration (performed
using the computer) is shown in Figs. 4.,13.1. and 4.13.2.
The last mentioned figure shows intensity as a percentage
of that at 0.400 GeV/c as a function of p.

The intensit& at p = 0.400 GeV/c is, for most
practical purposes, that at zero momentum, the cell neg-
lected, of wiidth 0.4 GeV/c, contributing little to the
total intensity since the spectrum is falling rapidly
in the region 0.4 to 0 GeV/c. The spectra presented can
therefore be taken to be, for most purposes, the integral

wuon spectra in the range 0 to 1000 GeV/c.
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Chapter 5.
Bias Effects on_the Spectrum
5.1. Multiple Events and Associated Phenomena.

Mention has already been made in Chapter 3 of the

fact that only events triggering a single counter in
each tray were recorded by the momentum analyser.

BEvents in vhich two or more counters at any level were
triggered were rejected. To estimate the effect of the
rejection of puch events on the final spectrum, an
experiment was performed to measure the spectra of these
events - the flash-tube spectrograph being used to record
these. This involved adding an electronic unit, to feed
a suitable triggering pulse to the flash-tubes when the
multiple pulse discriminator cireuit was triggered. The
added circuit is detatled in Appendix A.5.1.1.

The nature of phenomena associated with multiple
events may be briefly considered as follows - a very
high energy primary cosmic ray (>1015eV) will, in
general, produce many particles on interaction - these
in turn will interact producing a cascade of charged and
neutral particles. The resulting particles at sea-level
are termed a shower, this consisting mainly of electrons
from the 7(°-> ZX,x* et + ¢~ sequence, together with a few
percent of mesons and nucleons. The electrons are |

mainly confined to an area about the 'core' or axis of
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the shower, in the case of a large shower covering a
radius of some few hundred metres at sea level. The
density of muons falls off much less rapidly with
distance from the core centre, and one of the two
investigations made was in this region of low density
of muons.

A second phenomenon leading to two or more parti-
cles being observed in any tray is the production of
secondary electrons. The probability of a muon producing
a knock-on electron in a given thickness of material is
a slowly varying function of the muon momentum and is,
for example, approximately 6% in a 1 cm lead plate, for
muons of momenta greater than 10 GeV/c. (Lloyd and

Wolfendale, 1959).

5.2. Observations

Operation of the spectrograph to obtain data for a
single event spectrum yielded information that 20% of all
hard particles traversing the instrument were recorded
as 'multiple events'. Using the flash tube spectrograph
in the way already outlined, 5988 multiple events were
recorded in a total running time of 233 hours. These
were analysed and classified into various types as will
be outlined below.

Firstly the possibility of chance coincidences

within the resolving time of the Rossi circuit,(gus),
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must be mentioned., It is possible for two consecutive
single events to pass through different parts of the

instrument within this time - the probability of the 5=~
fold coincidence required occurring may be shown to be

negligibly small (.05%).

5+3. Analysis of Results

It was found on inspection that the events could be
classified into 3 main types. These were:-
1) Events where one trajectory was seen passing through
all 5 trays, and a second through tray A, which did not
intersect in the layer of lead or the material of the
counter trays. Such events were classed as 'double~-
muons',
2) 'Knock-on' events, where a secondary electron was pro-
duced in the lead absorber asbove the instrument or in the
material of the counter trays and two diverging tracks
wvere seen in tray A.
3) Local showers or parts of dense extensive air showers
where a large number of particles had traversed the
instrument and no definite single particle paths could be
defined. These events were not considered further on
account of their complexity.

The film records of the flash tubes were analysed

in the way already outlined in Chapter 3. The direction

of the track was recorded by drawing directly onto a
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reduced scale diagram of the instrument. This procedure
was performed in turn for all 4 measuring trays, after
which the particle paths were completed on each scale
diagram. It was then possible to separate the accompanied
muon events from the knock-on electron events. 1In the
case of double muon events, since both particles come from
well above the instrument both incident directions are
parallel or nearly so. In contrast, the two tracks corres-
ponding to a knock-en event intersect within the matter
where the knock-on collision had ccecurred. Typical records
of the two types of event are given in Figs. 5.3.1. and
5.3.2. respectively.

From the measurements made, the momentum, p, was
found in the usual way. In each case & corresponding
momentum spectrum was obtained. A check oan accuracy was
made by finding the distance separating the intersecting
upper and lower parts of the trajectory of the fully
recorded event at the axis of the magnet- those separated:’

by more than 1.0 cm in this plane were rejected.

5.4. Double Muon Events

Only those events giving two tracks in tray A vere
analysed - since any event parallel to a fully recorded
event must, if recorded, pass through this tray. The

average density of the double events observed correspon-
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ded to a particle density of 2 particles within the areas
of tray A, or 3.7 particles.m-z.

The first aim of the work was to search for these
simul taneous muon events, and to define their rate, since
if relatively frequent they would affect a spectrum based
on single events, presented as the complete spectrum of
muons. 112 such events were found in 5988 multiple
events, giving a relative ratio to single muon events of
0.0047:1. The bias is hence very small, but to determine
any differential effects a momentum spectrum for these
events was found from the measured deflection spectrunm,
and is given, together with the single event spectrum
normalised at a momentum of 1 GeV/c, in Fig. 5.4.1.

It can be seén that the differential bias (change
in relative intensity of the two curves) with momentunm
is negligible, presence of double meson events of the
density considered only affecting the normalisation
factor of the spectrum by approximately 0.4%.

Two independent checks were made upon the nature
of the accompanying particles which support the assump-
tion that these are muons.

A first check was obtained by investigating the
distribution of the angular separation of the particles
by direct measurement from a drawing of each event. The

observed distribution of separation angle versus frequency
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is shown in Fig. 5.4.2., together with a cos> distri-
bution for comparison., If the events were independent,
a c052 distribution for angular separation would be
expected from zenith angle intensity variations. (As
mentioned in Chapter 3). The observed distribution was
found to fall off much more rapidly than a cos2 distri-
bution, verifying that the events were low density
shower particles, the small angular separation showing
that the shower apex is high in the atmosphere,.

The second check was that the overall positive to
negative ratio for the fully observed particles was
(1.21 * .12). this being in good agrecment with that

for single muons.

5.5. Knock-on Electron Events

Bvents of this type have been readily identified
since the knock-on elsctron almost always comes from
condensed matter (Fig. 5.3.2.). The two trajectories
obtained on the scale drawing intersect either in tray A
or in the lead.

Only those knock-on electrons produced in the lower
few mm. of the lead emerge, since only primary muon
momenta of less than 10 G&V/c are considered. Compari-
son with previous work using lead plates thicker than
this 'maximum range' may be made, and the bias at low

momentum (€10 GeV/c) is hence independent of the amount
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of condensed matter above the instrument, over and above
a few mm. (7 mm. from the range of 10 MeV/c electrons,
the most probable momentum from the highest primary
momentum considered).

One hundred and six such events were measured fully,
and their momentum spectrum is shown in Fig. 5.5.1. The
relative intensity of accompanied events to single events
can be seen to increase with momentum as would be expected
from the work of Lloyd and Wolfendale. The relative bias
would appear to increase from 1 at 1 GeV/c to an approx-
imately constant value of 2.8 above 4 GeV/c. Since this
bias is known to be approximately 4.5% above 4 GeV/c (from
Lloyd and Wolfendale) the bias at 1 GeV/c is thus of the

order of 1.6%.

5.6. Events Producing High Density Records.

No measurements were made on events producing a high
density of particles, i.e. more than four or five tracks
in any tray, often many tracks being observed. However,
from a knowledge of momentum of particles as a function
of distance from the shower core (Coxell, 1961), it
would appear that such particles have a momentum around
or above 10 GeV/c in or near the instrument. This leads
one to conclude that no significant bias arises from

such events within the momentum range considered here.
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5.7. Conclusions with Regard to Spectrum Bias

The possible bias due to low density double muon
events has been shown to be negligibly small and that due
to high density showers may be neglected for the reasons
stated above., The bias due to knock-on electirons is
shown to vary from approximately 1.6% at 1 GeV/c i.e. of
the order of the statistical accuracy of the present work
at that momentum, to approximately 4.5% asbove 4 GeV/c.
The greater majority of the multiple events are of this
type.

A final curve for thé sea level muon spectrum, being
the smooth curve of Fig. 4.11.1. corrected for knock-on
electron bias, is presented in Pig. 5.7.1l. This is the
most accurate sea-level muon spectrum from the present
observations.

A similar bias to that in the Durham case exists in
the other work, and the spectrum as presented before
correction for bias was used for comparison, so as to

make comparisons under similar conditions.
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Chapter 6.
Comparison with Other Workers

6.1. Procedure

A compaison has been made between the spectrum
presented in Fig. 4.11.1. and those obtained by other
workers, already detailed in Chapter 2. In Chapter 5
it has been shown that bias effects are small in the
range covered by this work (0.4 to 10 GeV/c) - a compari-
son was made with other single event spectra for reasons

already mentioned (Section 5.7).

6.2. Spectra normalised to that of Rossi

Three plots have been made of sets of comparison
curves. Fig. 6.2.1. shows those spectra which have been
normalised to the Rossi spectrum (1948) at 1 GeV/c. With
the exception of Allkofer's work, which is relatively
inaccurate statistically compared to that of Owen and
Wilson, and Rossi (based on the results of several
workers), agreement is obtained to approximately (+10 to
-5)%. Considering the fact that most spectra are presen-
ted with a logarithmic plot of intensity, from which it
is difficult to read to better than 13%, this is considered
satisfactory. Variations from the Durham spectrum are
random, hence it is believed that the Durham spectrum

resolves the small discrepancies in previous work.

The work of Pine et al (1959) is a recent signifi-

,,,,,
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cant measurement - intensities were calculated from the
known accepfance and efficiency of their instrument.
However, no corrections would appear to have been made
for scattering'or momentum loss within the apparatus, no
mention of these factors being given. Imn view of the
cloud chambers within the geiger counter measuring levels,
these factors will be applicable, and the factor of
differentinl knock-on bias may become important. In-
sufficient data on the mass of material in the beam is
available for correction to be made by the present author.
The spectrum intensities given by Pine will be reduced by
correction for scattering (i.e. 'noise' scattering, as
discussed in Chapter 4) and increased very slightly if a
amall differentisl bias dus to knock-on events applies.
These factors would bring this work into closer agreement

with the present and previous work,

6.3. Spectra not Normalised to Rossi

The second plot (Fig. 6.3.1.) shows those spectra
not normalised to Rossi's spectrum at 1 GeV/c. Here,
since there is no unique point of agreement the varia-
tions are greater and more random. :fhe work of Caro et
al (1950) and Moroney and Parry (1954), found to differ
from previous accurate work, has again been found to
differ from the present work. No reason is immediately

obvious - it has been stated by these workers that

there was little absorbing and scattering material in the
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beam of the particles, hence it would not be expected
that the discrepancy is due to a bias effect. The work
of Glaser, (1950) of relatively low statistical accuracy,

is regarded as being within the agreement expected.

6.4. Spectra Re-normalised to Rossi

In Fig. 6.4.1. the work described in Section 6.3. is
shown after re-normalisation of each curve to Rossi's
intensity at 1 GeV/c. Much closer agreement is now
obtained with the present work, agreement being generally

within the range (+10 to -5)%.

6.5. Possible Latitude Effects

The effect of variations in latitude of places of
measurement of the 'hard' cosmic ray spectrum has bsen
computed by Olbert (1954). Curves for variation versus
range are presented - using Sternheimer's (1959) range-
momentum relationship for muons in air (see Fig. 7.1.2.).
The results given were converted to a momentum-intensity
variation with latitude (Pig. 6.5.1.). It can be seen
that above 1 GeV/c, differences of less than 1.8% per
10° change in latitude are to be expected, the differ-
ence increasing with decreasing momentum. Though possibly
accounting for part .of the discrepancy between the work
of Caro et al and Moroney and Parry (¢7°S) and the present
work (54°N), this does not fully explain the observed

difference.
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Chapter 7.

Derivation of the Pion Generation Spectrum

T.1. A Simple Propagation Model - Unigque Generation Height

The muons observed at sea level are now known to come
almost certainly from the decay of piéns, generated in
turn by the interaction of primary cosmic rays with the
atmosphere, An alternative process, other than the
primary-pion-muon sequence is the sequence primary-kacn-
nuon. The second process has been shown to yield a
negligible intensity of muons at sea level with momentum
below 15 GeV/c compared with that due to the first pro-
cess. This follows from the work of Kocharyan et al,
(1960) in which polarisation of the muons was measured.
Kaon generation would yield different polarisestion to
pion generation, and the latter was shown to predominate.

Many early workers (e.g. Owen and Wilson 1955)
followed Duperier, (1951) who assumed a unique depth of
generation of pions by the primaries (100 g.cm-z) and
then showed that such an assumption would only result
in a few percent error compared with distributed pro-
duction. It has generally been assumed that the path
length of pions before decay is negligible. For the
momenta considered in the present work this assumption

is correct - the mean range of a pion of momentum py

- Py m.c
GeV/c is S = 17 m;f T cm. ( See Appendix A. T.1.1.).

e
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Thus a pion of momentum 10 GeV/c will have a mean range
of 0.55 Km which at the 100 g.cm-2 layer is a mean depth
of 7.86 gm. en™2,

The effective unique height of formation of muons
is thus known, so that by multiplying the intensity at
sea-level by the inverse probability of survival and a
correction for momentum loss causing effective cell width
change, also adding an appropriate momentum loss to the
momentum at sea level, a production spectrum of muons may
be obtained.

The cell width correction is a simple correction,
as follows:- if the I_ particles in a cell of width Sps
at sea level occupy a cell of width Sp% at depth t in
the atmosphere, then the number It in the corresponding

cell must be the same

Hence:- Is,SpS = It,Jp%
or It = SPS X Is
Spt

Allowing Sps and Spt to become infinitesimally

small, then:-
dp
I, . —8
v dp, x 1 (1)

The survival probability, P, is given by an expres-
sion due to Owen and Wilson (1955))verified in Appendix

Ao7cl.2-
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iIn P - 7#. 1 In{ ¢ [? o) ]
-2 0.+ 0, t ) s
To PP, { b P (l i (11)

vhere ho is the scale height of the atmosphere, taken to

be a mean value of 7.02 Km. for this purpose (See Rossi,
1952c),‘80is the mean lifetime of a muon, 2.22 x 10-6 sec;
/L its rest energy, 105.7 MeV. (Barkas et al, 1958); p its
sea-level momentum, P, the momentum loss it would undergo
in traversing the whole atmosphere of depth to (1033 g.
cm-z) and t is its production height. A series of values
of P for t = 50, 100 and 150 g.cm” > are given in Fig.
T.1.1.

Rearranging the equation, evaluating the first
(conatant) terms and letting 4p be the momentum loss

from the depth t to sea-level, it can be seen that:-

ln P o - 1.174 ,, [t, (1+4p (111)
P+p, e )

This is a form convenient for computation.
The generated differential muon spectrum may then

be seen to be:-

(I/u)t .dp,= I x 4P, o i
dplt P
Assuming a median angle of emission of the muons
from pion decay, it can be shown that (Appendix A.7.1.3.):-
Ppe = 3 ° qr (iv)
and correspondingly a cell width correction of r must be

applied to the mudn intensity to transform it to the

cor responding pion intensity. Thus, at height ¢, Py is
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given by (iv) above, and:-

(I")t =r. (I/A)t (v)
hence I,-1_x dp
8 E;i z %Ix r (vi)

Pine et al (1959) showed that a small modification for
the number of pions interacting may be obtained from
the diffusion equation of the pions:-

Fractional loss of pions by interaction
1

Lepp (vidi)
B'

where B' is a constant equal to 91 GeV/c and r (Pine's
value) is equal to 0.76.
The final equation for the single height differential

pion generation spectrum is thus:-

(1 = I x d )
f)t 8 il Lz ,1+pP | (viii)
dpt P §T

This was evaluated for the Durham sea level muon
spectrum by the author for a unique production depth of
115 g.cm_2 (suggested by Olbert, 1954), with momentum
loss following the momentum-range relation of Sternheimer
1959 (Fig. 7.1.2.). The schematic process is shown in

Fig. 7.1.3. and the result in Fig. T7.l.4.

T7.2. Extended Generation Model

7.2.(i) Previous Attempts
The model already described is only correct to

within a few percent due to the nature of the assumptions
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made, the accuracy decreasing with decreasing momentum.
Huons of increasing momentum at sea level may be seen to
come mainly from decreasing depths in the atmosphere as
the survival probability from such small depths increases
with increasing momentum.

Several workers have attempted analytical solution
of the propagation problem allowing for production de-
creasing exponentially with increasing depth, first sugges-
ted by Barrett et al (1952), outstanding examples being
those of Haber-Schaim and Yekutielf(1954) who used their
considerations to define the absorbtion length more
accurately, Puppi (1956) who states that his solution is
not accurate below 5 GeV/c, and Maeda (1960) who based
his work on the muon generation spectrum of Sands (1950),
shown by Owen and Wilson to be unsatisfactory in many

respects.,

7.2.(ii) The Author's Computations

Numerical solution has been performed above a sea
level muon energy of 5 GeV by Apostolakis and Allen
(1961), and a similar solution over the sea level momen-
tum range relevant here by the author. The model is a
logical extension of the single unique height generation
model. At each depth in the atmosphere the incremental

2

production in a 1 g.cm- layer is considered, assuming a

law for the pion production spectrum, and an exponential
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lav for absorption of the primaries. An absorption

length of 120 g.cm-2 was initially assumed. The

incremental production of pions in any 1 g.cm-2 layer
is thus:-
-t/120
(8I,.).dpe = (Ip).dpp x e .
f f 120 (1)

Experimental evidence for this assumption was found
by Duthie (1961) who plotted the intensity of neutral
pions with p>»550 GeV as a function of depth and found

good agreement with a law of the form:-

K, o« being constants,<(=’i%3, referring to absorption of
the primaries.

For a series of values of momenw®m gt sea level for
which the intensity is known, corresponding values of
Px»> and attenuation constant, K, modifying the differen-

tial pion intensity (Iﬂ) P to give the incremental

t?
contribution to %F at sea level and hence an incremental
intensity from a small cell,AI,, were obtained, for a
series of 't' values covering the whole atmosphere.

These were integrated numerically to obtain the total
sea~-level intensity, IF‘ Increments in t were chosen to
be conveniently large (100 g.cm—z) in the lower regions
of the atmosphere where there is less production, and
small (50, decreasing to 20 g.cm—z) in the upper regions

of the atmosphere. The process was programmed and com-
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puted in 2 stages:-

Stage 1 consisted of evaluating t, p, and the
attenuation constant K for the series of convenient
depths in the atmosphere just mentioned.

Stage 2 consisted of assuming a lew relating the
pion generation spectrum intensity and p,, then inte-
grating the incremental contributions (A;ﬂ) to %ﬁ at
sea level, from the known increments in t ( and

corresponding values of pW) over the whole atmosphere.

7.2. (iii) Stage 1 Computation

A flow-diagram is given in Fig. T7.2.1.

The figures given by Sternheimer (1959) were taken
for momentum loss of muons by ionisation below 10 GeV,
(Fig. 7.2.2.), other losses were neglected. Equations
were fitted to the curve obtained from this data, and
these give the momentum loss of a muon of momentum p,
in air, as:-
for p<l GeV/ec,

dp . - - .3 - -
ax ~.2,0.307° 4+1.79.107% 1n pr8.9.1077(1n p)2

GeV/g.cm-2

for p>1 GeV/e,

2 | 5,107+ 2.85.107%

-2 . .
i 1n p.GeV/g.cm (ii)
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ST

*(6G6T ‘aswrsyursls J933Y)

*JTY UT SUONJ JO SS0T WNIUIMWOY JO 938y sz L *91d

0/A99 ‘suonyj Jo um3juemoR

ot 8

9

S

v ¢ 4 T 8°0 9°0 0 62*0

d ¢

— T

L4

1

)

Ll

T T T T T T T 8°1

4 g°2
v
*JITY Jo Ntao.w\Ao\boE fssoT wnjusmoy jo 93sy xp/dp -




69.

Using the above laws for dp/dx for a series of
values of p at sea level, actually 0.4, 0.7, 1.0,

2.%, 5.0 and 10.0 GeV/c, Py

was computed by taking 10 g.cm—2 increments in t,

at decreasing depth, t,

finding the momentum loss in each layer and adding it

to the initial momentum At the bottom of the layer. The
nevw momentum is then used to find the loss in the next
10 g.cm™2 layer and so on. At certain depths, (Fig,
7.2.3.) the muon momentum at that depth, P, is con-
verted to p, using equation 7.1(iv) and r = 0.787. The
usually adopted value of r (the factor connecting mean
muon and pion momenta) is 0.76, but it is shown in
Appendix 7.2.1. that r = 0,787 is a more accurate value,
by considering the kinematics of W>} decay. This value
was used throughout the present computations.

Values of (i) Ap and (ii) P,» Trequired in the cal-
culation of survival probabilities, are calculated when
required by evaluating:

(i) the difference between Ps.1 and Py and

(ii) multiplying Ap by (l-t/to) to obtain the momentum
loss the muon would incur in traversing the whole atmos-
phere at the same average rate of momentum loss. The
attenuation constant at the chosen depths was evaluated

from the following:-




T0.
(£) cell width correction. Following equation 7.1(%)

inverted since it is now necessary to convert I. to Al

/-l-

and not vice-versa,
I_. dpy
dps

The factor dpt may be replaced by:-

x It for muons.

&xg.x;) :
The appropriate values of momentum loss were obtained from
the momentum loss equations (7.2.ii) and divided. It is
assumed, as in Section 7.1, that the pions decay almost
instantaneously to muons,
(ii) Weighted Production - already given in equation 7.2(i).

1 -t/120 -2
IEB . € rer 1 g.cm layer I1

iii) Survival Probability - calculated from Owen and
Wilson's equation (Equation 7.1.(1ii)). Values of 4p
and po are already known at any given t. I11
(iv) Nuclear Interaction. Following Pine et al and
equations 7.1.(iv) and 7.1.(vii):-

I/u = f I, vhere
1

f - r(1+ IV
Bl
where B' is the momentum corresponding to an energy B,
given by:-
- 2
B L. r.h
a2 79
c‘c'o
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Omﬂy‘to refer to the mass and lifetime respectively of
the pion, ¢ is the velocity of light, and r = 0,787).

In this equation ho, the scale height of the atmos-
phere (ho) was assumed to be 6.46 Km. This is a value
relevant to the upper atmosphere, which is where the

greater proportion of production takes place, and
differs from the mean value of ho used in the survival
probability computation (7.02 Km).

The attenuation constant, K, for any given sea
level momentum p, for height t, is then given by the
product:-

K =1Izx II x III x IV
Values of K were computed at intervals of 20 g.cn 2

2

. - - -2
in t down to 200 g.cm ~, 50 g.cnm 2 down to 400 g.cm -,

2 down to 1000 g.cm-z. An allowance for

and 100 g.cm
the lowest layer of 33 s‘.cm-2 was made in the integra-
tion (Stage 2). The values of t (upper limit of layer
considered) pﬂ—(mean value) and K(t,p) were used as data
for stage 2 of the computation in which & law was obtained

for the pion generation spectrum fitting the sea level muon

spectrum observed, making the assumptions stated.

7.2 (iv) Stage 2 Computation

Muons arriving at sea-=level with any given momentum
come from a steadily increasing series of values of p, with

decreasing depth in the atmosphere. By assuming a law
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connecting I and p,, and integrating I/_from the
known values over the whole depth of the atmosphere
(section 7.2.(ii)) (€F)S.L was found for any given
(RP)S.L' This was repeated for the values of (B#)S.L
available (See Section 7.2.(iii)).

The integration was performed by approximating a
histogram to the smooth curve corresponding to incre-
mental muon production. The cell widths already men-
tioned, or rather depths choen for calculation ‘of
P,s K, etc. were chosen from a knowledge of the form of
the curve from preliminary calculations. The integra-
tion was computed and a triengle approximated to the
first cell. (See Fig. 7.2.3.).

By plotting the ses level muon spectrum for a
known pion spectrum law a test of fit was made between
the predicted and actual sea level muon intensity curves.
By relaxing the pion spectrum by the ratio of the
observed to predicted sea level intensities at an
appropriate mean p,, corresponcing to a given (EV)S.L
a pion spectrum giving a closer fit was obtained. This,
a method of successive approximation, was applied.

The first power laws tried for the pion spectrum

followed approximately Puppi (1956) and were:-

I, - Ap, ¥

where ¥ has values between 2.6 and 2.7 and A = 1.88.1074,
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(units of intensity). An interpolated value of y = 2.64
was found to give a good fit for (pf‘)S.L>5°o GeV/c.

For (pf‘)S.L< 3 GeV/c no unique values of A and y were
found to fit. Correspondingly functions complex in p4
for A and y were taken, appropriate functions being
obtained from the graphically relaxed pion spectrum, for
each approximation. (A = intercept at p, - 1 GeV/e, y -
slope, for any point. A and 3/ vere plotted vs. px).

The forms of A and onund to give the best fit

ares=-
= -4 0.712
A =1,82.10 (f—.'r) for 0.6 <P-,|—<4oo GGV/C'
2
A -1.82.107% for p > 4.0 cev/e

and Yy = 2.64 (constant),
where ITr e Apir_ywith A, y as above. A table of values

for p,., A, Y and I for these parameters are given in

Table 7-2-1.

D A — Y L (o) —
1.00 [ 7.01.1077 7.01.10?%
2,00 | 1.15.107, 1.84.1072
3.00 | 1.53.10 8.43.107 "
4.00 3 40839-10_6
5.00 L 564 2.685.10_
6.00 - ‘ 1.659.10;
7.00 | 1.8R2.10 1.104.10” .
8.00 7.762.10,
9.00 | s.688.207,

10.00 4.307.10”,
12.00 | J 2.661.10
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7.2.(v) Incremental Production of Muons

Concurrently with summation of the incremental
intensities of muons at sea level produced from pions
at depth t, the actual incremental intensities of muons
at such depth t was printed and is shown in Pig. 7.2.4a.
Specimen curves given by Maeda (those for momenta of 1
‘and 10 GeV/c) and those of the author are shown plotted
on the same scale (normalised at their peaks) in Fig.
T.2.4b. Little importance, however is attached to the
deviations occurring, since Maeda's work was based on

the production spectrum of Sands.

7.2.(vi) The Pion Generation Spectrum

The 'best-fit' spectrum was plotted and relaxed
graphically by very small amounts to fit the sea level
spectrum. The final relaxed generation spectrum of
pions is shown in Fig. 7.2.5; together with the spectra
of Puppi and Olbert for comparison. A pion generation
spectrum published by Jakems#n (1956) is shown in Fig.
7T.2.6. These are in reasonable agreement with the
present vork. BExcellent agreement is also obtained
with the work of Pine et al. Table 7-2-2 shows
summarised results for +the exponent of the pion

generation spectrum.
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Workers Homentum range Exponent of
in GeV/c K -meson spectrunm

Durham 2-12, -2.64 ¥

16-1000 -2.64 #
Owen et al, 1955 3-22 -2.85
Puppi, 1956 3-22 ~-2.75
Rodgers, 1957 3-30 -2.70

30-1000 -2.80

Pine et al, 1959 4-1175 -2.64

# Present work, complex A as described in text.
£ Work of Hayman (1961)

Table 7-2-2.

7.2.(vii) Mean and Median Depths and Heights of Production

From the curves for the incremental production of
muons shown in Fig. 7.2.4., a median depth of production
of muons was obtained by numerical integration and a mean
depth of production by computation (Fig. 7.2.7.). By
means of the curve connecting height and depth given by
Rossi (1952c) these were converted to mean and median
height of production -~ Fig. 7.2.8. The inadequacy of

assuming a unique production depth is clearly slmwn by

these curves.
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7.2(viii) Effect of Change in Absorption Length.

The numerical computations were repeated for
absorption lengths of 110 and 130 g.cm-2 using the
known pion generation spectrum. From the effect of
such changes on the sea level muon spectrum altermative
implied changes to the pion generation spectrum were
evaluated. (To give the known observed sea level muon
spectrum). The effects are shown graphically in Fig.
7.2.9., the change in pion generation intensity being
shown, Since the greater part of the muon flux is pro-
duced in the upper atmosphere where the factor % in
8 less than 1, the sea level flux is not sensitive
to small changes in the absorption length of the primary
component, as would be expected. The effects decrease
with increasing (9‘)S.L since production at lower depths

becomes less significant with increasing sea level

momentum.

7.2(ix) Comparison with the Direct Measurement of the

Pion Generation Spectrum
Observations of pairs of y -ray tracks by means of
decay electrons resulting from decay of neutral pions,
have been observed in emulsions by the Bristol group.
(Duthie, et al, 1960). From such observations an energy

spectrum of the initial neutral pions was obtained. If
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it is assumed that the partition of the energy of the
primary particles between the processes giving rise to
neutral and charged pions is constant, then the slope

of the neutral pion spectrum is a meaﬁure of that of

the charged pion spectrum. The value of the negative
exponent found by the Bristol group was (3.5 f 0.3)
compared with the charged pion spectrum value of

(2.64 * ,04) described in the present work and in agree-
ment with Pine et al. This originally suggested that
the intensity of neutral pions at low momentum is a

factor of approximately 5 times that whieh would be

expected. Powell (1960) has suggested that processes
other than inelastic collision of primary cosmic rays
may give rise to neutral pions. Other possibilities
which may account for this phenomenon are direct muon
production by the primary cosmic rays (which would
relatively increase the sea-level spectrum intensity)
or non-constant equipartition of energy between produc-
tion of chargedand uncharged pions in inelastic colli-
sions. At least one contemporary theory of such colli-
sions, the isobaric model, cannot account for such a
difference.

Though the situation is not at present clear the
differences have been partly resolved:- the emulsion work

3 4

refers to primary cosmic rays with 10°<E<10" GeV.
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Balloon flight and high altitude work (e.g. Fujimoto

et al, 1960) in the range 500< E<1000 GeV tends to show
a negative exponent of (3.4 t 0.3) and the most recent
counter work in this region, above the range of the
author's work, would tend to show an exponent of approx-

imately 3.0.

T1.3. The\Sea Qevel-Bion Sgectrum
7.3.(1) General

It was assumed previously that all pions decay to
muons which are observed at sea-level. However, a very
small number of pions survive as such down to sea-level.
A computation of the pion spectrum at sea-level was made
and compared with th¢ directly observed spectrum of
Brooke et al (1961). From this a more accurate value of

the absorption length was obtained. The diréct measure-

ment just referred to was made by observing those nega-
tive strongly interacting particles, of known momentun,
which interacted in a neutron monitoring pile.' Events
due to pions were separated from those due to protons

by observing the polarity of the initial particle.

7.3.(i1) Details of Computation

This follows very closely the numerical solution of
the diffusion equation for cosmic ray muons in the atmos-
phere already described in Sections 7.2.(iii) and 7.2.

(iv), with necessary modifications to the terms accounting
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for momentum loss, survival probebility and probability
of not being lost by nuclear interaction. The process

is shown schematically in Fig. 7.3.1.

Homentum Loss: this follows the work of Sternheimer (1959),

being the rate of momentum loss of protons multiplied by
an appropriate mass-ratio factor, and is given in Pig. 7.3.2.
Within the range considered here (0.5 to 100 GeV/c) the
rate of momentum loss is given by the following equations:-
for 0.5 < p, < 1.321 GeV/ec:
dPr/ax = 2.1077 + 1.79.107%(1n p -0.2784)
+ 8.9.1072(ln p -0.2784)2 GeV/g.cn"2,

for 1.321 < p_ < 100 GeV/c:

dPc/ax = 2.08.107° + 2.85.10"%, 1n p. Gev/g.m-'z-

Survival Probability - Owen and Wilson's equation is

again used with the following constants modified:-

h° = 7.40 Km., (a value more correct at the lower levels
of the atmosphere where production of the pions reaching
sea-level occursJ

T = 2.56 x 10-8 sec.

(Barkas et al, 1958).
amd me =139.63 MeV/c

giving for the modified equation:=-

1n(P) . -134.63 1n { t, (1+4p) }

Py T Ps.L
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Probability of non-interaction:- pions interacting between

formation and sea~level are lost to the sea-level flux.
The number not interacting between t and sea-level to’ may
be shown to be:-

I =1

(55)
S.L t

by simple absorption considerations.

7.3.(11i) Final Sea-Level Pion Spectrum

The pion spectrum was computed, as described, from
the pion generation spectrum given in Section 7.2.(vi).
This is shown in Fig. 7.3.3., the measured pion spectrum
also being shown. The fact that the sea level pion
intensity was disregarded in computation of the generation
spectrum is seen to be of little consequence, since the
ratio of pion to muon intensities is in the range
5.10'¢<(I“/I ) < 2.10_3 within the momentum range

S.L,
considered.

7.3.(iv) Determination of Absorption Length
The ratio(L"/I )
’'/S.L.

absorption length A = 120 g.cm-z and for the measured pion

wvas plotted versus P51, for the

spectrum and found not to agree (Fig. 7.3.4.). The compu-
tation was repeated for A= 130 g.o::m-2 and by extrapola-
tion from the two theoretical curves it was clear that the
absorption length of the primary component in the atmos-

phere giving the best fit to the measured (IV/I ) ratio
/‘.

was:

A = (135 £ 3) g.em™?
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7.3.(v) Incremental Production of Pions

As in the computation of the pion generation spectrum,
incremental intensities of pions at various depths were
obtained and typical curves are shown in Pig. 7.3.5. 1t
can be seen that pions of low momentum observed at sea-
level are predominantly produced in the lower levels of
the atmosphere due to their high rate of decay. Since
the 'weighted production factor', e-t/&, is much more
sensitive to change in A when t/}>> 1, the pion spectrum
is very sensitive to changes in A a8 may be seen from

the results for the two different values of A used in

computation of Fig. 7.3.4.

7.3.(vi) Accuracy of Pion Generation Spectrum

The pion generation spectrum described in section
7.2.(vi) would appear to be changed by the more accurate
value of absorption length now determined. However, as
already shown, the 'average' median depth of production

within the range of momenta considered here is approx-

imately 140 g.cm-2. The mean value of e-t/i is hence

-140/120 e-140/135 -0.1
?

changed from e to a ratio of e or

approximately 10%. Accurate changes to be applied to
the pion generation spectrum (2 function of momentum)
were obtained from Fig. 7.2.8., and a final pion genera-

tion spectrum for a mean primary absorption length of

2

135 g.cm™  is shown in Fig. 7.3.6. This is the most
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accurate pion generation spectrum from the present work.



83.

Chapter 8

The Positive-Negative Ratio

8.1. Experimental Observations
8.1.(i) General

The positive-negative ratio of muons is one of the
easiest cosmic ray properties which may be measured with
a magnetic spectrograph. The number of positive particles
and the number of negative particles, of knovwn momentunm,
are observed by virtue of different signs of deflection in
such an instrument and the ratio of positive to negative
numbers in any small cell gives the positive-negative ratio.
The positive-negative ratio is always greater than one-
because the primary cosmic radiation consists predominantly
of protons (Chapter 1) and the positive charge, or a part
of it, of the initial protons, is passed on to secondary
particles produced by collisions of such primaries. After
correction for the number of protons reaching sea-level it
is found that the positive-negative ratio rises from a
value of nearly 1 at low momentum to a maximum of approx-
imately 1.25 at about 5 GeV/c, then falls with increasing
momentum. This is qualitatively explained by the fact
thatt, at low momentum, the muons come predominantly from
primaries which,with their corresponding secondaries, have
made more than one collision before reaching sea-level.

This is due to geomagnetic cut-off of low energy primaries.
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The fall at higher momenta is explained by the fact
that the multiplicity in collisions of the primaries
increases with momentum, decreasing the net excess posi-
tive charge per particle carried off after each collision.
Both these processes will be considered quantitatively in
the numerical treatment of propagation considered in

section 8.2.

8.1.(ii) Previous Measurements

Previous measurements of the positive-negative ratio,
¢, are shown in Fig. 8.1.1. The points presented have
been compiled from those given by Owen and Wilson (1951)
and Pine et al (1959). The latter present the 'positive
excess',fz,as a function of momeantum. The relation
betveen d’and‘n;is as follows - if one lets n_ be the
number of positive particles represented by a single

point and n_ the number of negative, thenia is defined

as:-
n, - n
+ -
e —t_—= (1)

12 n,+ n_

and n

g = ¥
n

hence o -1 or (ii)
VAR

g = %——*&—% (1i1)

Equation (iii) above was used to transform 'positive
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excess' co-ordinates to positive-negative ratio points.

8.1.(iii) The Positive-Negative Ratio from the Present Work

In analysis of the data described in Chapter 4,
particles with deflection of differing sign were recorded
separately. In each case the sign of the field is known,
hence the relative numbers of positive and negative parti-
cles were determined. Table 8-1-1 below gives the corre-
lation between field, deflection and charge of recorded

particles.

Deflection Field, H
Positive Negative
-+ -+ - Charge of particle
- - -+ for deflection stated

Table 8=l1=1.

From relative numbers of particles of either charge
in each category the relation between category and positive-
negative ratio was defined Category values were converted
to momentum values wing the method described in section 4.4,
and were corrected for momentum loss in the upper half of

the spectrograph as described in section 4.8.

8.1. (iv) Correction for Proton Component

It may be shown that the correction to the positive-
negative ratio for a known fraction of protomns, f, in the
sea-level flux, is given by:-

d muons = (1-f)-f (iv)

observed*
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Appropriate values of f for the various series were
obtained from Fig. 4.6.3. (Based on Mylroi and Wilson's.

results).

8.1.(v) Fina)l Experimental Results
A plot of corrected positive-negative ratio against
momentum was then drawn. The fractional error in each
point was taken to be:-
Ju, 1+ a Tw ot

where N is the total no. of particles. This is the result

-%

of combining n+7%, n_ "%, the fractional statistical error

in each of the two basic quantities used. The curve
obtained is shown in Fig. 8.1.2., with the curve of Owen

and Wilson {1951) for reference.

8.2. Interpretation of the Positive-Negative Ratio

8.2.(1i) Terminology
Let pr be the sea level momentum of muons of any given
momentum
P, be the corresponding pion momentum at depth ¢t
in the atmosphere
p be the generation momentum of first generation
pions having momentum p. at t.

'"" be the generation momentum of second genera-
tion pions, interacting once before yielding
pions of momentum p. at t.

E_* be the energy of primary cosmic rays generating

pions of momentum p¢' (lst generation)
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Ep" be the energy of primary cosmic rays gener-

ating pions of momentum p " (2nd generation)
o ' Ratio of numbers of positive and negative
S " muons reaching sea-level, coming from lst

and 2nd generation collisions of primaries
respectively.

d& Ratio of number of positive to negative
muons at any depth t.

I ' Intensities of primary cosmic rays at

1 n production levels of pions of first and
second generations respectively.

e = Average inelasticity of primary cosmic ray
collisions, i.e, fraction of energy in
each c¢ollision not carried off by the
colliding particle, usually generating
secondary particles.

K - Constant in Fermi's multiplicity law for
inelastiec collision.

(Ke) Complex constant in Fermi's multiplicity
law, used generally in computation since

K and e are not initially easily separated.

8.2.(if) General
The positive - negative ratio of cosmic ray muons

is not easy to interpret theoretically. Previous

attempts have been made by Yeivin (1955) whose work
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&

shows that, if Fermi's multiplicity law

m =K E% (Fermi 1951) ()
is true, then the slope of the primary spectrum is 2.15,
alternatively if the slope of the differential primary
spectrum is taken to be 2.44 (a reasonable mean value
in the primary range 10<Ep<100 GeV) then the multiplicity
ie given by a law:-

T =K E0.21
Neither of these two results would appear to be satisfac-
tory. Pine et al used the positive - negative ratio to
yield information about the inelasticity, e, of the pri-
mary collisions. An alternative numerical approach,
following and further to the computations described in

Chapter 7 was used here to give similar results concerning

multiplicity and inelasticity.

8.2.(iii) Computation of Theoretical Positive - Negative

Ratio
The general method was to use the known incremental
intensities,tﬁ;ﬁ, of muons at sea-level, coming from each
layer of the atmosphere, already found in the way described
in Chapter 7, to find a weighted mean positive - negative
ratio for the particular sea-level momentum pﬁ. Known
values of p,. were used to compute values of Ep' and Ep".

It is reasonable to assume that some pions at each level

come from second generation collisions since re-generation
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accounts for the difference in the absorption and inter-
action lengths of primaries - 130 and 70 g.cm'2 respec-
tively. Also, since the differential primary spectrum
has a gteep negative slope of power 2.44, it is reasonable
to neglect the intensity of gemerations higher than
second. The influence of second generation collisions
was found to be small in the present computations.

From computed values of Ep' and Ep", corresponding
values of ¢ at each t were found, o' and o" reapectively,

and a weighted mean o at each level,cft, found using:-~-

s - .

Cft two generations X Iprimary x

¥

two generations.lprimary X

(11)
where M is a factor taking into account the number of
primaries interacting at each level and multiplication
in collision,

A weighted mean value of d/at sea-level over the

values of 6} was found from the relationship:-

é: Jd. x (A]'}ﬂ)t

o] X
S.L_ gct<1033 ©

s AII,, (iii)
0<t<1033
Fig. 8.2.1. shows the general scheme - the way in which

Ep' and Ep" at appropriate levels were found, and Fig.

8.2.2. a flow-sheet for the mode of computation of dg L

The following assumptions were used in the computation:-




Primary Energy

Formation layers of
pions giving muons 1 g.t:m-2 layer-pions formed here

from generation have momentum p, at
]

stated —D 18t Ep

Weighted mean --t -~ ~

o found here From

both generation processes
cons idered

Sea Level

:

g here assumed to be
unaffected by momentum

v

loss of muons

FIG, 8.2,1. General Scheme for Numerical Computation of Sea-Level

Positive-Negative Ratio

R is mean pion range between generation and decay




Data from computations

described in Chapter 7.

Fix P, (Sea level)

Y I

Read t, p (t), Al#(t)

A4
Calculate mean pion range, l,”

!

Hence find Py (generation)

Y

Subtract 70 from t.
Find E (generation)

for 2nd generation pions

Re-cycle

Pind Bp (generating), Algp
(generating), ®, hence o,
assuming average excess at

‘pesitive charge of % per collision

Form b )] IE x 0
P

and = lEp

@ ceo denotes cycle.

© {0

i?ind @ (weighted mean)
at t giving Ay at Sea-level,
21 . "xo
Bp
Elgp
Form:;- T o ¥ .M x A&
over t ¢ AL

from

and over t

ﬁep,eat;-t > ng.a'L
t< t§

Add in last cell correction to Z's

See Fis. 7¢2.,3. for details,
Find o from All ¢
s.L AI
all t H

Print S.L, 0O VW,M at Sea Level

Py

FIG., 8,2,2, Flowsheet for Positive-Negative Ratio Computation.
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Charge Excess - it has been assumed that the primary
cosmic radiation consists predominantly of protons.

When inelastic collisions occur between such protons and
atmospheric nuclei it is assumed that a net excess posi-
tive charge of ¥+ (x proton charge) is carried off, the
original proton having equal probabilities of emerging
as a charged or neutral particle. In second generation
collisions it has been assumed that the relative numbers
of positively, negatively and uncharged particles remain
constant, i.e. the original positive excess of ¥+ remains
but is distributed amongst a larger number of particles,

decreasing the overall positive excess. This follows the

work of Yeivin and Pine. o is found as follows - if m
charged particles are produced in an inelastic collision,
of which E/Z have negative charge, E/2+% poéitive charge,

then the ratio of positive to negative particles is:=~

g - Bl2th
m/2

1, (iv)

Bl I'-'

Multiplicity - this is assumed to rise as a given power
of the.inelastic collision energy, following Fermi -
see equation 8.2.(i). (Ke) has been regarded as a
composite constant having values described later. The
particles produced in am inelastic collision are &all

assumed to have the same energy in the centre of mass
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system. This is a reasonable assumption when a large
number of collisions are considered. X is then taken

to be the constant referring to generation of charged

particles only.

Primary Energy - if Fermi's multiplicity law -

7= (Ke)EY,
holds, then the energy of a primary giving rise to m
secondaries each of energy Es is given by:-

Ep_- mEs

or E_ = (KeEs)4/3, (v)

on substituting for m.

Second Generation - The energy of primary particles giving
second generation muons was found by simply regarding the
first generation primary energy Ep' ee that of secondary
particles from a higher collision at a depth of one inter-

action length (70 g.cm-z) less in the atmosphere.

The primary cosmic ray spectrum was taken to be of the

form:-

4 "2044 .
I1dp=KE dp vi)
3P p P (

(K’ cancelling in the expression for obtaining a weighted

mean. The exponent -2.44 is a mean value over the range

3

1<E§<10 GeV, after Rossi, (1960)).

Geomagnetic Cut-off of Primaries - following Singer (1958)
and Rothwell et al (1958), it was found that cut=-off of

the primaries occurs at an energy of 1.3 GeV for the
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geographic latitude of Durham (55°N). This cut-off was
included in the computation - when a primary energy of

less than 1.3 GeV was encountered the next generation

was considered as giving rise to the muons observed.

This is not strictly true, since some low energy muons

come from high energy collisions (non-equipartition of energy
amongst the secondaries), but ig considered sufficiently
accurate for this treatment. The highest generation of
collisions considered because of this criterion was the
fourth.

The interaction length of the primary and interacting

secondary cosmic rays was taken to be 70 g.cm-z.

Correction for Pion Path -~ between generation and decay

the pions traverse a small thickness of atmosphere.

The pions are assumed to have a mean rangeyct'cm. (see
Appendix A.7.1.3) before decay. If an isothermal atmos-
phere is assumed ( Appendix A.7.1.2) then the density

of air,f y 18 given by:-

f = f ' where ho= 7.02 Km, an. average value over

° the whole atmosphere
or _ t . g.cm"3 (vii)
§ = 7.02x10°

Hence the mean depth traversed by the pion between
generation and decay will be:-

A?=sy
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=(¥Fet ) gien? (viii)
7.02x10

Values of Ke chosen - an approximate value of (Ke) was

found from the work of Barrett et al, (1952) in which
800 GeV muons at sea-level are associated with primaries
of 4x10% GeV. giving a value of (Ke) = 2.8.

The computations were then carried out using these
assumptions with the result that a curve o & versus p
was obtained below the observed curve. The computations
were then repeated for valuesd(Ke) of 1.2 and 2.0.
Actuel values of (Ke) consistent with the observed curve
were then obtained graphically by interpolation between

the known values.

8.2.(iv) Comparison Between Experiment and Theory
Figure 8.2.3. shows the theoretical curves and
experimental curves plotted on the same scale. It is
clear that (Ke) is not constant wi th variation of sea-
level muon momentum. Values of (Ke) and Pp have been
tabulated in table 8-2-1 together with values of the
median Ep corresponding to Py Median values of t and
P, were obtained from the results of the computations
described in Chapter 7 (Fig. 7.2.7), and p,. converted
to corresponding Ep, considering interaction at the
median depth. This is only approximate but gives a

guide to the variation of (Ke) and m with Ep. These

are shown graphically in Fig. 8.2.4.
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Comparison of m with the work of Ishikawa and Maeda
(1958) leads one to conclude that the inelasticity is of
the order of 0.3 at 20 GeV, falling to an approximately
constant value of 0.25 above 50 GeV. The observed fall
in inelasticity with energy is also as would be expected
from work published by Fretter, (1960). Further support
to these conclusions is given by:-

(l) the work of Edwards et al (1958) and Paradzei et al
(1958), which combined suggest a mean multiplicity of
about 10 at 100 GeV, and

(2) Pine et al, who state that e is < 0.3.

Values of K, in Fermi's equation, separated from e
assuming the form for e given by Ishikawa and Maeda, are

also shown in Fig. 8.2.4.




g6.

Chapter 9.

Correlation with Underground Measurements

9.1. Nature of Correlation

A further check on the accuracy of the results is
given by a comparison between the integral spectrum
already described (Section 4.13) (converted to a plot of
intensity versus depth in rock) and the actual experimen-
tal depth intensity curve. Such a check has been performed
by many previous workers, e.g. Pine et al.

In order to convert the integral intensity/momentum
spectrum to an intensity/range curve in rock the relation
between momentum and range in rock must be known. Ashton
(1961) has used a co@parison between the integral range
(rock) spectrum and the depth/intensity curve to check
the range/momentnum relationship predicted by theory, and
found reasonable agreement. The basic theory reviewed by
Ashton has been taken to be correct as it stands, and a

slight addition made.

9.2. The Range-Momentum Relhtionshig.for Muons in Rock

Rock

It is convenient to work in terms of a range-energy
relationship, then convert energy to momentum where
necessary. (At momenta>1 GeV/c, E¥pc to better than
0.2%). The range energy relationship is obtained by

integrating the rate of energy loss of muons in rock,
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E
Rg = ‘{.?EE%E;T + 4B

It is thus necess;;y to define dE/dx. The rate of energy
loss has been considered by many previous workers -
notably by Bethe (1930, 1932, I937) and Bloch (1933),
Bhaba (1938), Massey and Corben (1939) (Ionisation loss
formula), Halpern and Hall (1940, 1948) (density effect
correction), Sternheimer (1956 and 1959) (improved ioni-
sation loss calculations), George (1952) (review of modes
of energy loss) and Ashton. The rate of energy loss is
the sum of the components due to:-
(i) TIonisation
(ii) Bremstrahlung
(1ii) Pair Production
(iv) Nuclear Interaction
(v) Cerenkov Radiation.

With the exception of the nuclear interaction com-
ponent, the figures quoted follow Ashton (1961).
(£) Ionisation

Following Bethe and Bloch, and Halpern and Hall

(aE/ax), . 2pg- TNE. 2" ln‘{Em'-p %.(Em')z
674 -1

E*f

- ) 1 v \2

. 1.51+0.076-6.1n{Em + + (B )_1}
E*f

MeV/g.cm ° for rock. ()
E2
where E ' =
m

———-2;7;) , the maximum transferable energy.
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(ii) Bremstrahlung
(dE/dx.)bre.m. = 1.5 x 10 { )- 0. 23}
MeV g ecm (1i)
(£ii) Pair Production
(dE/dxr.)p _— 1.6.10?63. Me-v/g.cm'2 (1ii)

~(fv) Nuclear Interaction
Previous workers have assumed a constant fraction
of E, viz. 0.5 x 10_§E, for this. However, recent work

(1960)
by Murdoch et al has shown this not to be accurate, and

they give for the following, for rock:-

(dE/dx)nuclear = (-'ln = - ;6 \E. MeV/g.cn™2 (iv)

where X is the fine structure constant, i.e. 1/136.7,
N is Avagadro's number, 6.023 x 1023,

and J is the photonuclear cross~sectioen, 107282

according to Fowler and Wolfendale, (1958).
(v) Cerenkov Radiation

The nature of this, and the mode in which polarisa-
tion is effected has been described by Jelley (1958).
George included a separate term in (dE/dx) to account for
the energy loss due to this type of radiation, actually

0.1 1n E MeV/g.cm™2

with E in GeV, but several workers,
(e.g. Sternheimer) believe that this has already been
accounted for in the term for ionisation loss. If the

collisions at high energy are regarded as indirect rather

than direct, producing momentary polarisation rather than
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jonisation, this may be seen to be the case (the impact
parameters are relatively much smaller). No separate
term for Cerenkov radiation has been included in the

present work. The final equation for (dE/dx) is

total
seen to be the sum of the separate components above.

(i)-(iv).
Following Ashton, the integration was performed by

dividing it 1nto two parts.—

j}‘ﬁ7§§) dE + f}—ﬁ73;) dE (vi)

, The range of 1 GeV partzcle in rock, i.e.

.dE, is taken to be 545 g.cm -2 following
( E7dx)

Sternnelmer. Sternheimer's figure only tzkes into account

ionisation loss, but is quite accurate since the other

modes of energy loss are insignificant below and at 1 GeV.
The terms of (AE/dx) and integration over the range

1 to 104 GeV were evaluated using the electronic computer

(trapezoidal rule for integration). The result is shown

in Fig. 9.2.1.

9.3. The Integral Range Spectrum and the Depth-Intensity

Curve

The integral range spectrum was obtained by convert-
ing the integral momentum spectrum (Section 4.13); convert-
ing m&mentum to corresponding range using the relationship
described. Intensity versus momentum is shown in Fig. 9.3.1.

and intensity as a percentage of that above 199 g.cu'l2




3.10%

Rangs, g.c:zn-2 of Rock

-
10+
10° [
102 |-
— Rate of enexrgy - %
/ -2
losa,HeV/c.,.on . A
13.0
_J .
- —2.0
/ -
10 | 1 l 1 1 l | ];.8
P9 § 0.2 0.5 1l 2 5 10 20 50
Momentun, GeV/o.
FIG. 9. 2. 1. Range-Momentum Relationship fer Muons in

Rocke The lower ouwve shows the rate of energy

loss on which the upper ourve is based. Part I




e

10

105 —~ f o

Rate of Energy | g

=)
2 =4

% Loss, MeV/o.ge.om
-
]
o ﬂ 50
L) -
o
(?l -
g
w0 120
o
3
1 —10
15
q
B -1 2
3
10 1 i 1 ‘ 1 1 _D Ps GeV/o
50 100 200 500 1000 2000 5000 10,000
F1G., 9. 2. 1. Range-Momentum Relationship for Muons in
Rock. The lawer curve shoss the rate of
loss an which the upper is based. Part II



& Integral Intensity partioha/oazue. sterad.

1072

1077
sl o o | \
5010 2 L\ \ D R
102 10° 10 10° 5.10°

Renge in Book  g.om 2

F16. 9. 3. | Integral Range Speotrum of Muons at Sea=Level.




100.

in Fig. 9.3.2. The depth-intensity curve and integral
range spectrum were plotted as a series of points on the
same graph (Fig. 9.3.3.). No normalisation was found to
be necessary - the curves effectively being coincident
at zero depth. Pine et al found normalisation at

4 g.cm'2 necessary., Depth was measured throughout in

10
units of g.cm-2 of rock: the much used ambiguous term
'metres of water equivalent' was avoided, since the mean
atomic number, Z, and mean atomic weight, A, of rock or
other absorber is not the same as that of water - slight
correction to the components of (dE/dx) is necessary in
conversion. (For the differing Z/A values entering into
certain constant terms for dE/dx, e.g. see equation 9.2(1),
also Pine et al).

The data of Ehmert (1937) were actually measured
under water and were converted to equivalent depth in rock
by multiplying the depth in water in g.cm_2 by 1.19, =a
factor consistent with the work of Clay (1939). The data
due to other workers, notably Pine et al; Barrett et al
(1952); Bollinger (1951); Randall and Hazen (1951);

Wilson (1933) and Avan and Avan (1955) was used to define
the depth intensity relation, as shown.

The plot shows good agreement between the depth-
intensity curve and integral range spectrum, this leading
to a conclusion that the sea-level spectrum, momentum-

range relationship, and depth-intensity curve-are con-
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sistent. Ashton (1959 and 1961) found similar agreement
using (i) a slightly simpler treatment for energy loss
(simpler nuclear interaction term) and hence range-
momentum relationship, and (ii) the momentum spectrum

as published in 'Nature' (1960), i.e. neglecting many of
the corrections at low momentum described in the present
work.,

One further factor connected with this work is
worthy of mention. Fluctuations in momentum loss and
therefore in range occur for particles of any given
momentum at sea-level, when penetrating the earth.
Bollinger (1950, 1951) hes considered this problem and
applied Monte~Carlo methods for such fluctuations to
find the net effect on the shape of the depth-intensity
curve. Theszse were found to be of negligible magnitude,
as verified by the good agreement between the observa-
tions already described. Such fluctuations have increased
effect at high ranges when the number of underground
particles is relatively lower, and may possibly just be
becoming significant in the upper region of the rangeg
considered here. (Their importance increases with th;

statistical accuracy of the sea-level range spectrhm).
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Chapter 10

Conclusions.
10.1. Present Work

The sea-]}evel spectra of the hard component of
cosmic rays are the importent initial data required in
order to consider interactions and other properties of
the radiation. The results presented give accurate
measurements of the ground level spectra of the hard
component at Durham, 198 feet above sea-level, to an
accuracy better than 1.5%, in the momentum range 0.4 to
10 GeV/ec.

The differential momentum spectrum in the momentum
range 1 to 1000 GeV/c has been published by the group
(Ashton et al 1960) and is shown in Fig. 10.1.1. That
section above 10 GeV/c is complementary to the present
work.,

The investigation of bias due to rejected multiple
events has shown that the bias due to knock-on electron
events and low density accompanied muon events is small -
appropriate corrections for the former have been made.
It seems likely that those events giving rise to a dense
shower in the apparatus are associated with very high
primary energies, and hence secondary muons (or pione)
of momentuﬁ above 10 GeV/c - hence they will contribute

no bias within the range considered. It is therefore
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concluded that this work presents the most accurately
known differential spectrum of the hard component of
cosmic radiation at sea-level in the momentum range
0.4 to 10 GeV/c. (Fig. 5.7.1.).

Assuming that the sea-level hard component consists,
to all practical purposes,of only muons, resulting from
decay of cosmic ray pions, a generation spectrum for
cosmic ray pions has been found. This follows a propa-
gation model considering distributed pion production
through the atmosphere - accurate to the accuracy of the
parameters used in computation - to better than 10% in
all. The final pion generation spectrum is shown in
Fig. 7.3.6., and may be closely represented by a law of

the form:-

1(p, ). dp, = ,'&.p.,,-lf.dp_'T

where A, Jy are given by:-~-
A = 1.82.10_4(21)0'712 for 0.6<p.<4.0 GeV/ec
4
A -1.82.107% for Pr?4.0 GeV/e

and Yy = 2.64 (constant)
This generation spectrum has béen used to compute the
sea~level spectrum of pions, for varying absorption
lengths, a best fit to the experimentally observed
spectrum being obtained for

= (135 ¢ 3)g.cm_2.

absorption
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This value, an 'average' value over the momentum range
0.6<p <15 GeV/c, is not inconsistent with other published
values.

The muon positive~-negative ratio has been interpreted
to give the multiplicity of high energy primary component
collisions, E, as a function of primary energy, Ep, also
to give values of the constant (Ke) in Fermi's multiplicity
equation:

1

m = (Ke)EpT
(Ke) is shown as a function of momentum in Fig. 8.2.4. By
comparison of m with that given by the work of Ishikawa
and Maeda (1958), one finds that the inelasticity in such
collisions decreases from 0.30 at 20 GeV primary energy to
a value of 0.25 at 50 GeV. Corresponding values of K from
(Ke), separated from e, are also given in Fig. 8.2.4.

Fina%&y, another independent check on the correctness
of the spectrum is given by the good agreement between the
observed depth intensity curve, and the integral range
spectrum; deduced from the integral momentum spectrum
using the range-energy relationship (Fig. 9.3.3.). Alter-
natively, this implies that the assumed rate of energy

loss is correct.
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Appendix A,.3.8.1.

For terminology and a typical trajectory please refer

The trajectory is not straight for low

tO Fi’go 3-809-
It can be seen that:-

but an arc of a circle.

momentum,
RKS = (1,/sin #/2) x yﬂ

and RTS = ZlA

Hence the fractional correction,

RKS - RTS _ [_ o
~ RKS '(2¢sin ¢/2‘1)

Typical values of this are as follows:-
¢ $2/24, %
0.1 0.0%
0.2 0.16
0.3 0.37 _
The maximum correction for a curved trajectory, within
is thus 0.37%, wvhich

the range of angular deflection used,

may be neglected.
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AE‘Elendix AO-& o 2. 1 .

Statistical Formula for Correction of Photographic Records

for Superimposed Pulses.

For any given category:-

Let observed rate of particles be r per frame

n true n " " "R " "

Assume R, r both <<1, and N, the number of frames, large,
>1.

If two particles of the same category occur, they
are observed as one, Thus r is equal to the sum of the
probabilities of each possible number of superimposed

particles being observed (Each case of superimposed

: particles being read as one event). Thus r = sum of
probabilities of observing 1, 2, 3 .... particles.

From theory of a Poisson distribution (Braddick,
1955) the probability Pn of observing n particles if the

actual rate is R/unit time is:-

n
P = EE. o R
n Do

Taking a sum from n=0 to n=e0to find r, one, has:-

5 RE R
r - zi: T e
Loy me

= 1-¢R by expansion of the series

for e R

1
or R = ln(l-.-z:)_

where ln signifies log to base 'e'.
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Appendix A.7.1.1.

Mean Range of Pions before Decay as a function of Momentum

If one lets the distance travelled by a pion of given
momentum p be S cm., the mean value of S over a large

number of such pions will be:-
L]

- {(S dN
S = —fos—u (i)
de
No
It is known from elementary considerations of pion decay

that the number decaying in any time dt is given by:-

av _ - N, et gt (ii)

Y
Fow, t in the particle's frame of reference = X'te in

the laboratory system. Also, if the pion has a velocity

(P-c)it will cover S in time Kto hence S = Ktovic)’

g Substituting for S and dN in (i) and changing limits, one
obtains m ,
- Jf- t Ny o7V a4
s 3 P #
B

(..i)
jr- Eg e-t/g. at -

[+]
Integrating the numerator of (iii) by parts and evaluating

limits, one has

S = pb’c'r.’.

Replacing f# by (1 - 477 ), it follows that:-

¥
s=(1 -43) Y.c.?. (iv)
| ¥
Substituting ) = pr/m.c, and values m.c = 0.1396 GeV/ec,
c = 2.998 x 10'0 cau/sec., ¥ =2.56 x 10~° sec, from

Barkas et al, into (iv), one obtains:-




i 1AL (O ST O R S U 2.
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S = 772{1’1«' - (%ﬁc)} cm,

mC

where p . is measured in Gev/ec.

Typical values of S and AT (see equation 8.2(viii) are:-

p, GeV/c S, cm Mean range at 100 g.cm_2
layer, g.cn”™
0.14 3,86x10° 5.36x10" 2
1 5.46x10° 7.79x1071
10 5.51x10% 7.86
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Appendix A.7.1.2.

Verificetion of Owen and Wilson's Eguation for Survival

Probability

Let the rest mass of the particle considered be fk
momentum units.

Let théTT;fetime of the particle considered be T,

Let the sea-levelxg?mﬁﬂe particle considered be p

and let its instantaneous momentum at any given height t

be p',asvatlable.

Let the momentum loss in traversing the whole atmos-
phere be P, -
-

X

Letj time | casured in the laboratory system be{:
distance

Let[ time } -
measured in the particle's freme of T
(distance

reference be (| x'

Let the Lorentz transformetion factor be X,=~p'4uﬁ

Let the density of the atmosphere at any given deﬁth
be 9 and its scale height be ho

Let the depth measured from the top of the atmosphere
be t, sea-level being to.

By definition of mean lifetime one can show that the
fractional number of particles decaying in time d4dT' will
be

dN/N= - 4T /7
- —d/fy. /% (i)

=-d’l‘/p'./"/‘tf (i1)
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Now, p'= p+ p, (1 - t'/t ) See Fig. a.7.l1.2.

hence dN/N = -/1/1;[——-1——— ar (iii)

p+p (l-ﬂ
°\ %
o
If the particle travels a distance dx in corresponding
time dT, then:-
dx = ¢.dT.
But for the atmosphere -
f X = t

and dx

dt[f
dt/fc (iv)

For an isothermal atmosphere (e.g. Rossi 1952c)

or 4T

h = t/f = RT (constant)
or 1/9 = ho/t
hence from (iv) dT = ho/c . dt/t (v)

Substituting for 4T in {iii), one has

LA e —E—— Lat/t
T c {p+p°(l-3 )}
t
Integrating over the limits N_ (produced) to N (arriving
at sea-level) and corresponding values t to t, to find

the survival probability P, the ratio N/No’ one finds
N

(4

dN h
f‘ﬁ‘: -/;‘;.._0. (vi-)

dt
[ t § ptp 1-%
N, r { ° ( tJ
This may be integrated by separation into partial:

fractions. The result is:-




Momentum, Thickness

P t Momentum Loss

0 A"’ ? -~
|
t' P -E-
$ o te
! )
p t |— ———
Atmosphere - P
"o

e
o W TTTT T T T TTTT T

FIG, A.7.1.,2, Corresponding momente and levels of muons
traversing the Atmosphere (Used in
verification of Owen and Wilson's equation)
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: t_ (- }
ln P. 1n (If—o) = —'*Z_g{;hpo).ln toi 1 )
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Appendix A.7.1.3.

The Relation Between the Energy of a Pion and the Subse-

gquent Mean Energy of its Decay Muon
This follows from accurate considerations of the
kinematics ofT(-/Ldecay given by Ascoli, (1950), who

states the following:-
m m
v o= ,}(7%4- fr) 1(a)
(o]
UI“ =Ulu Uf_f_p-/‘b p, cos O 2(a)
0 B

where U , etc is the total energy in units of mocz and

p..etc is the momentum in units of m.c.

Suffix 'o' refers to centre of mass system, and (2
is the angle between the trajectory of a pion and that
of its decay ;uon.

The mean value of Uy, in (2a) is given when O in the

Centre of Hass system is7¢/2, i.e. c0s®=0. Denoting the

mean value of %F from & unique Uy by g“’ one has:-~

U, = U . U
I P
Substituting for U from (la) above,

0

m/Lc Tl;" o :rc-
o By . Br ft(i':.,_m_f‘)

2 D | Dp By

EA_ = 3| ™ 2¢ ) Exr
2

If, following Pine et al, one writes:-

E# = r B 3
and r' = m”/ﬁﬁ’ = 0.76 (assuming %ﬂcz = 105.7 GeV,

m_c? = 139.6 GeV, after Barkas et al) then
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'
/‘= rT.E‘ %| +1")
or E/L= 0.787 E,

Hence r in the equation 3 above is effectively 0.787, as
compared with the value of 0.76 taken by Pine from simpler
considerations -~ the latter value is shown to be 3.9% in

error when accurate kinematics are considered.
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Appendizx A.8,1.1.
Correction of Positive-Negative Ratio for Proton Component

Let the positive-negative ratio observed be do

n n n " " for muons only be dM

" " fraction of protons be f

no, of all positive particles be ng

" " " "™ opositive muons be n

M+

" " "* " oprotons be n

y
- " " " " negative muons be n_

D AR, *)
n—
=dy+ KE (i)
- ﬁn
e NOW,- f = (n_ + nM‘ -“_np})
= n
= Bn_Zl +-n+/n:l

- Substituting (ii) into (i) above,
d, = 0'o -t (1+9)

M

ordM =d (1-1%)-1¢




