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Abstract

Aspects of Laminar Boundary Layers

by

D. Catherall

This thesis consists of three parts =

Part I

Part Il

Part 11X

attempts to justify analytically some of Hartree's
numerical findings for the PFalkner-Skan equation
and extends some of the results previously obtained
by Stewartson to cover the cases of suction and

injection.

treats the problem of the flat plate in a uniform
incompressible stream when there is homogeneous
normal injection through the plate. A solution of
the boundary layer equations valid in the neighbour-

hood of the separation point is found.

is concerned with the numerical solution of the
boundary layer equations for the problem in Part II.

Results in the form of tables and graphs are given.
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Part 1

The Falkner-Skan Equation

I. Introduction

Falkner and Sl«:am1 found that the incompressible two-dimensional
boundary-layer equations have a particularly simple solution when the free
stream velocity is of a certain form. This result has been extended by
Mangler2 to cover the cases of normal suction or injection of fluid through

the surface and a brief account is given here as the basis of this intro-
duction.

After boundary layer approximations have been made the momentum and

continuity equations for incompressible two-dimensional flow are :-~

W du vdw = - L o)_‘_gt .
b-)t.* 3 fw,c_* 2T e ) (1.1)

0 =-1 2P :
£ ? (1.2)
Yo Se o s
:—0—}(.;e %- =0 ? (1.3)

where > and 9 denote distances, and w and v velocities measured respeciively
along and perpendicular to the boundary, p is the static pressure, p the
density and ¥ the kinematic viscosity. For a stationary flat plate in a

stream moving with velocity U@&o) the boundary conditions are i~
wix,0) =0

Y Lexvo)
v ilx,0) = Vo(ae)

) (1.4)
u.(O,a)=U(>rv) > (g0
) ulx),a)_,u@c) an 3/\7"" Do .
Since, from (1.2), p is a function of x only we may write
~ 12P = -2 'LE = U‘“/ .
/951. f ‘l,‘. I;(_ (105)

‘_‘\).‘“‘ I‘;‘.".\F_-‘-r ‘:;lzvf'\l!."";}}
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By introducing a stream function YV where

IA=§_Y ) U"-"‘by )
\'a R} 4

equation (1.3) is satisfied.

We look for a solution of the form
where n= 'é/h 5B
and h is a function of »x only.

From (1.6) we have

Wi o= [ndV . he'
W s U'(’("): vy = (k‘%l_,‘ U‘{_{I‘){- +U7§:L'¢)

N
the primes denoting differentiation with respect to 7 .

From (1.4) and (1.9) we have
-C'(p)so 3 -P'(ao)‘-‘-l' .

(1.6)

(1.7)
(1.8)

(1.9)

(1.10)

In order to have boundary conditions which are independent of x we must have

(from (1.9))

v = — o [hdV LUdb
Ax /)

?v \Ix 4

where & is a constant, so that

-(-(9} s a.

(1.11)

(1.12)

Substitution from (1.9) into (1.1) gives a differential equation for +

£ hih£+ Udp T8 W (-47) <o

Since 1£- is a function of 4 only we must have
hdl cVdh ] o comdmt
; W] !
-" I’lt‘lu = wk*’k
T

-2-
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(1.14)
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The three equations (1.11) and (1.14) have two independent solutions :

Ve Goemx )™ } Vo o Lac- )25 (1.15)
and
V C . J\’_Cr"-
A e ) Vo ol 2 (1.16)

where %, and C are constants. There is no loss in generality if we take
% ,=0 8ince X, only implies a translation of the origin. h is now
obtained from (1.11) or (1.14). We consider only the first of these
solutions and from (1.7) and (1.8) we may write

v 2] ey, (-
and 4
12 4 L] (1.10)

the extra factor (1/ (u-b\i being inserted to clear the equation ensuing
from (1.13), viz.

t

A8 g -4) 20

(1.19)
of superfiuous constents. This 1s the Palkner-Skan squation, where
= 3nfli+m) | with boundary conditions
L(o):a,-('(d)=0,-("(~7)-»l a0 k>0 (1.20)

where 4o for suction anda<0 for injection. Equation (1.19) is often
termed the equation of similar profiles since the profiles at different
stations along the plate are identical except for a multiplying factor.

The Falkner-Skan equation has been extensively investigated,

3 4

particularly by Hartree” and Stewartson. Hartree attempted to find

numerical solutions for various values of /S with & zero, his method being

to begin the integration from ) =owith initial conditions
| (1]
Lko)-:o:-\:to)-, '(' (0) = ¢ Yo (1.21)

i
and to vary C until the solution for“ is asymptotic to unity for large ? .

-3



With 2.7,6),0 he found that his procedure gave & unique solution. The
solutions with A 2 2 do not correspond to real flow but Hartree tabulated
them up top=2- le to facilitate interpolation. Iff5=-0 19%¥< 5 < 0 however,

he found that 'f approaches unity as Y. for all ¢ within a certain range.
From considerations of continuity he chose the solution in which-(: approaches
unity faster than in all the others. He then found that if A=4,5-0'/9%%
there is only one solution satisfying I§'l< 1 for all 7, and in that'h")’o
while if A=-0-2 there are no solutions with £'to) small hevinglf'l<I for
all o‘ N

It may be noted at this stage that normally we must have"ﬂ< | for all
finite 1 since otherwise we would have velocities inside the boundary layer
greater than those outside (since u= U'F(‘l)) which solutions we would reject
on physical grounds. Cohen and Reshoi‘.l:o5 show that it is possible to have
velocities inside the boundary layer which are greater than the velocity in
the main stream for the compressible case with heat transfer but we are not
concerned here with compressible boundary layers. From now on, then, even
if we find a solution of (1.19) which satisfies the boundary conditions
(1.20) we will reject it if +' exceeds unity for any value of7 .

4

Stewartson’, by replacing the outer bvoundary condition by‘f ! when 7-
and then letting el oo, found that Hartree's solutions in the range ,AL.<_/5<0
arose naturally without recourse to continuity arguments. In these solutions,
in fact, 'F' approaches unity exponentially from below whereas in the others
the approach is algebraic. He then used Hartree's numerical results to show
that if a=0 and A < A,there are no solutions with )< for allb( y and went
on to show that in/‘.</$<° there is another family of solutions satisfying
the condition that -Fl approaches unity exponentially from below and in this
family <o corresponding to a region of reversed flow. The value -@‘{O) =0

is particularly significant since it corresponds to separation(hq’ia-—ﬁ ak a‘“o).



In Part I we firstly examiné some of Hartree's findings for ﬂ< oand
advance further arguments for their justification, and then present some
new results dealing with suction. In§ IT we give analytical support for
his numerical finding that for A,<A<othere is no unique solution of (1.19)
with boundary conditions (1.20) and in  III show that his o lies somewhere
in the range-|<p<owhenazo . In&IV we repeat Stewartson's discussion on
the behaviour of the solution in the neighbourhood of ,S, , extending the
theory to cover the case of suction, with a0, and show that to a given
value of a there corresponds aﬂ.(q)c O below which no solution exists and
that when f3=4,la) the solution has £"(0)=o0.

In §V we examine the solutions for A70and a large and negative and
show that the boundary layer is divided into a thin shear layer where
vigscosity is important in the outer region of the boundary layer and a com-
paratively thick layer adjacent to the surface where the effect of viscosity

is small.



$II The non-uniqueness of the solution when f#.,< 8<0

We take as boundary conditions for (1.19)
-ho) a, {'Lo) 0, 'F(o)vc)o
Firstly we see that {' is initially positive and cannot have a maximum
in 141<). For, from (1.19), when =
'S emu-47) vo o H<,
whereas for a maximum we would need -F'"<D when -Fuco . Thus 'F'either
increases to a value greater than unity and thereafter tends to unity
from above (or again decreases to a value less than unity), or it has
& horizontal asymptct® -"!=o(' where 0<« <|. In this latter case ‘€'">O
for all finite 4 and, since -F's ®< | always, then
‘F € aty

and , from (1. 19)m

*(a*v)* z

= em0-4") % U-a)= b

J 88Y.
We now show that b=o so that o= 1.
Integrating the inequality
rx1l} ~ll )
R d -Q-\u'-? +t »b
we get
" f'l .
£ ¢ exp-an-ig) ¢ bexpl-ay-ip) )l exp axe 4o ) dx.
if we considsr the graph of "
= explax+ix®) 7
|
(see diagram) firstly with a0, we see that if the
tangent at the point x meets the x axis at x,, then _ v
Q.‘.L_M = 'Lﬂ = (avx)explax+ix?). //
3 - 2, J,(, ) P * ) /,‘//
Therefore the 'j’/ ! (antd
x-%, © ‘/“‘*’L) ! /// -
Now 3,90 if 3¢ > —a+ Javek | e |
~ o X T x [ld



Thus if # ¥4, = =zat Ja'« &  then
2

I:'exptax. edxr)dx ¥ 1 explans i9t)
a+h
by considering the integral as the area beneath the graph. If a<o

then this inequality holds for 4 » 4, where #, is less than 4,

Thus we have that if 4 > ¥4,
4—" Ye expt-ab)-{i") +itb v ib

since ¢ o. atl a+h
Therefore
! TR aty \.
L - ney % 1o Ly(ata )

Since the right hand side of this inequality tends to infinity as 4 -»oo
if b#0 end we have alreedy stipulated that < | for all » , thenb
must be zero and o« =!-

Thus we see that with C Vo -F' either assumes values greater than
unity or tends to unity as 47 tends to infinity.

It will be seen in $IV that if a solution exists with + (o)=c>o
with [4'[<i for alln, then the solutions with osfim€c all setisfy
I-WCI for all 1 and from the above must also satisfy \"-» [ a8 h>oo .
Thus we have that if A<c, then if a solution exists it will either
have 4 (0)= 0 (corresponding to Hartree's /,) or there will be an
infinity of solutions with ~F"L'0) taking values in the range o < 'H-D)Sc_
so that Hartree's numerical observation that there is no unique solution
for/3.</$<ois borne out.



§ II1. The existence of A,

We define /!. as the lower bound of the values of A such that the
Falkner-Skan equation has a solution in which H'l <1 for all h and show
that if A=0 equation (1.19) has a solution satisfying I4'l <1 for all 9
whereas if A= —! there are no such solutions. We conclude from this that
our A as defined lies somewhere in the range -!'< A<o, Stewartson4 shows
that if there are no solutions for A=/, <owith '€t gor ally, then
there are no solutions for/$</5, with l4'(€ | for all 7 Hence there are

no solutions for A< -I.

A =0

When /3 =0 equation (1.19) becomes

[}
" 4420, (3.1)
the Blasius equation,and we take as boundary conditions
!
for=f'o=o0,+@=cvo. (3.2)

Integrating (3.1) we find
.L”‘_

f = L SRP

{ - !"-‘-J»\ :
ar : ~ g (W4
so that + >0 elways and so+ » o and 3o always.
'
Thus + either increases indefinitely or has a horizontal asymptote.
From (3.1) f'co always,  therefore
f'sc )
-‘: < "i"f"lL )
and from (3.1) egain -
£ 2 1M,
e 1.7f
by integration. Therefore f AT
(Y)Y 4e3-F 3 >3cH,
7 7 o _ ¢ -
Yy > [Ty 7 [[ A3y =4 9cd 1T Hdor 953,

since ¥ is ah increasing §unction of 1 and { % o. Therefore

7 ‘{971'— _?"_IC

and so

‘F"< c.e."*exp[--',?é] for n> c."l*)
and by integration
4 k3
'F'(?)—'F‘CC"{) < 'bcg[l - exp[."'s(*[c"‘)]j < 3™,

-8-



Also, since “F— C7 » then -c (< ‘) € C—"‘ . Therefore

.ﬁ(-,) ked e 7):.&)

and so ifc < & then {' (7)<l
Thus when f=osolutions exist in which £ <t for all -

B A==l

When A=-i equation (1.19) becomes
ln it 'CI
'L( -1+ (30 3)
We are intent on showing that (3. 3) has no solutions consistent with
H' l<' for all i and will take as boundary conditions
te)= +'o= +'0y=o. (3.4)
Integrating twice we get
;l: 7‘-' 2—{'.

L] [
{' is initially positive and since, as in the last paragraph, -F cannot

t
have a maximum in |4 [ <1 y 4’ must be an increasing function of 1 in -f'< l.

! d L3 -
When £ =1 , ¥ =497~/ and therefore at this point 121

_ l
Therefore in osy<€!, <4, and so

rd
t€ings nogysl

and
tu)=3.
In 9%1, if £'%i then
% 92,
and also

-{-{7)—{3(:) < 9-
by integration of -F' I. Therefore
‘F< -% in 4 b
so that if 77,1 and -F <| we have

7 /'#?’d. —1').

but if 4 >%
- Jz. < /71._ 2

and therefore this inequality does not hold in 7> %

-9



!
Therefore ‘F must assume values greater than unity for some 7in o<y < %-
4 that if in the solution for 4lo)zo , 4

assumes values greater than unity, then there are in fact no solutions
[l
with 4 (©) %0 having [4'/€( for a11 7.

It was shown by Stewartson

Thus there are no solutions when /s=-l and we conclude that /h

lies somewhere in the range -1 <A< o0.

- 10 =



IV. Behaviour near A= é,

In this section we obtain Stewartson's results again, but this
time with -F(o) not necessarily zero.

Following Stewartson4

(n)=F@). T , " " ’
Hg)-Fe)_men Fly Fl= Fig-fu)Fly

i
we make the transformation ‘(’(7) =2 and

d " 4 '
so that (1.19)lan§d (1{.573) Jecome Lo
¥ FLsfFF-2aF-pF (1-2*) =0 s (4.1)
F—eo)=°\ R
Fi(n=0
F'toy= 1/c : (4.2)
F'w)= 2(pead) /c5 ,

where ¢ = '(:“(o) and the primes now denote differentiation with respect
toz. The third boundary condition becomes
F = o0 as 2>/,
Considering the graph of F as a function of = we see first that if
¢ 0, ¥ cannot have a maximum in 1] <t (From §1I), and so F will have a
horizontal tangent at =0 and then increase steadily, and either have a
vertical asymptote at2=/ , or will cross the line#®=i, in which case it

will correspond to an unacceptable solution (see sketches below).

If c<Othe graph will again have a horizontal tangent at 2=0 but then
both & and F decrease and F will either continue to decrease, in which
case it is unacceptable, or will have a vertical tangent in » >-l, after

which it will have another horizontal tangent at 2=0and thereafter

Fulh
' |
—— i - —acceplable __ !

l\ — I|

] T — ,Il

) N — I \
‘ "/ . ), . _unacceptable .
: PN, - << R
i ) t T — A ,I
i ~ Tl Tn™FS
| / Il A B - — >
L e .

e ’ /
' ' / \ /
4

ey \. y

I ",

2 ! ~
cyo - 11 - ’ 1
iy c Lo



1
behave in a similar way to the solutions withc¢)o. Since £ cannot have
a minimum in H:', ! then if F decreases below z=-1 it cannot agein cross

the line »= -l, ¢ € 0 corresponds to reversed flow near the plate.

With the aid of a few preliminary lemmas we will repeat Stewartson's
proof that, subject to Hartree's numerical results being accepted, there
are no solutions of the Falkner-Skan equation with fLo) = -(:’(0) -0 and
14 £1 for a1l 4 1f <A =-0-149F and then show that for any fio)=a>o
there corresponds a similar ﬁ,(a) such that there are no solutions with
forza, +'(o) = 0 and 1£'l €1for a11 n if A <p.(a). The various sketches
given refer to the Lemma or Corollary opposite which they appear.

" " — Fla\p Iy
Lema 1 If o€ F,@<F () andFio)=hle), | /i
then the graphs of F and F, do not cross in o<2<i. ! ya
For, when =0, we have F,=F, , £z F"', o< f'<c F.,", ' f./,./g// '
so that there is a range of values of ¢, 0<¥<2,<{, say, © = '
for which F.'( F.'. So long as #<| F'cannot become 0.5.._ - ‘ .7.2_

] 1
singular, as 4 '(7))0. If at 2= 2, ,C"._. F, , then also at ==>%, we will
nave F, <F and §"¥ A" , because & must be increasing more rapidly than
P ) H
F.'. But from (4.1); when K =F,
n ‘1 l
E:—(ﬁcu-Fv)'i°F (r."‘l—‘_)::o)
n
so that if F, <F then F < giving a contradiction.

Thus the graphs cannot cross in o<e<|.

Corollery 1~ If £,(n)= Fi(2) ana { {7) = Fitz), then in the ,7 plane
"'(‘]) a.nd'flv’) do not cross in o<-H|<l A
{lp

For 1 : (* F@)a’i ! : L

v
|
| -

o | - -
o |

and F'@.) < F'Le) in o<¥<|. Hence the ] 4,“ T // - T
value of 7 for which -(— =¥ is always less than | /
the value for which {' 2. 354___ S oy

] ] " L]
Corollary 2 * 1If { o)= -(—,(o).-,q, -(:,(9) =‘E,(O) =0 and o € ‘c,(_o)ﬁ{'.(o)
)
then if {', exceeds unity, so does 'F.' , otherwise the graphs would cross.

- 12 -



FLIA
|
|

If now c<oso that initially F<a,®<o '

but -¢ is sufficiently small for 2 to have a

minimum value greater than -1!, then the greph

will eventually recross the line =0, when AT -

FLo, and at this point let Fra(<a),F =T%o / ;
and 4s»4,. We will characterise this solution i f o b
in the range o<*<!by F, and move the origin : \ £

of 7 so that =3 at 9=p. Let us designate -
any solution with F:a,F'>T at 0,70 by .

]
Then Lemma 2. F, < F,' in e<w<i.

] 1] u
For, at *=o0, R<Fu , Fy =F, ) F, < F, end hence in the range ¢ <t <2,
say, F"< f . As in Lemma 1. we get a contradiction if = <i and so F,'< o
ino< <. O

Also if ~F (7) F(t) and ¥ )= F..(%) - -

then £ v(n) and { (~|) do not cross in o<-(:u,)<:. - T
N
Corollary 3 1t f.lor=a Alor=0,4, 10 e<o, 7 £,

- R T ?5

-‘:;17.): o, 1":(‘155 =Z %Yo
u —
and -r-‘,(.o)'-'va, -C.:(_o)=0,-c*(o)<,a
! [
then if F., exceeds unity, so does '(‘3.

Lemma If F; is the solution of (4.1) with Fiei, ""

Fslo)=a, K'p)=0, F5(o) = 1fcrwand A=A, and F, is |

the solution with F,(o)z@, F,0)z 0, Fe® = 1/c>0

and V3. 7% and/sg<,5‘<othen |
F < B iy o<cz<i. o

For when 2=0, Fs= F, F-’= F—' ’ F;"=- F‘" , and '- ,_,_,-/*/ Fs
‘m' Fo = A< o,

so that t-fc F in the range 0¢t<tu say.

At eew Fs<f, Elzf RUDE . S

But from (4.1)

' " - —13
so that F <R if oca, <.

Therefore the graphs do not c¢ross in o< <.

- 13 <
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Corollary 4 If £, is the solution of (1.19) with '~
o)z a ,'F;(o) =0 ,'G;"tO)= c?0 and A=p}f3g _ JQ;' -
and *f" the solution with ' - {'.
-f-.lo)ea ,-F:(o):—o 4? ©)=cy0 and A= /54, al’— : : - >

a.nd/5, <ApLO then if ﬂ l-,) assumes values greater than unity, so does ‘F ‘7)-

Lemma If Flo) <o) , 0= F(@=0 andF, )=Fo)=1/c >0
then F, and F; do not cross in 0<t<l
For when =0 R<k, F F.,, r k' end F 2 (F-R)<o,

so that F, < Fi in 0<2<%,, say. As in Lemma 1 we get a contradiction if
z,<) and so F, <P< in o<z <l.

' ) [ [
Corollary 5 It § (o) <fclo) ,  (0>= ﬁ(o)-—o and §, @=% @ =co

then if{ exceeds unity, so does 'F
This result is not needed for the theorem but will be used later.
We now consider the case of f©)=o0.

Hartree found, by numerical computation, that when A=j,c-0-197¥ and
L(Or'o then l-tiu- {1 for all 9, but that if +'e J= &0, where & is small, then
no matter how small ¢ is chosén,f:-;)?l for some y. He also found that if
A=-0-2 and {ia=0 then -G' assumes values greater than unity. If we accept

these results then the following theorem, given by Stewartson% follows :=

Theorem If A<pA,=~0149%s¥ , then in all the solutions of the Falkner-Skan
equation with 'F[°)=-Flo)= 0 there is a range of values of i for which -f'“,) >1,

From the above conjecture and Corollary 2 we deduce that for all
'H:D)Z € (and so for all {1)Y Dif € is vanishingly small) there exists an “
at which 'P)ll . From this result and from Corollary 4 we deduce that for
any A</, and -F'('o) ?0 there exists an 4 for which F'?l. When -F'{o) <0, since
5"70 when 'F' becomes zero for the second time, then from the above result
and Corollary 3 there are no solutions when <A, and £'10)<0 in which I ¥'I<1

for all ne There remain only the solutions when f'to)= 0, In8§III we showed

-14-



that when A=-f and ¢ "Lo)ao -P' exceeds unity for some v and so we can consider

the theorem is proven for A< -l, also, if we accept Hartreeh second
conjecture, the theorem s proven for A<-0.2.

Lemma 5 If we take (1.19) with boundary conditions
fo)za >0, ~(>'(,o)= -P'{o)=o then given any value of o it is possible to
choose a A (with -4 large enough) such that £>( for some 9 -

We note that @ub =-A(70) and

£'%0 in o<f<l , as before.

Hence in |{'l <
' oy ) -t R,

Therefore

<
F Sa-3p5q2
by integration, and s¢
F'S e 0-58"%) + (a- eﬁ73)/37 ,
£ > - ALy~ e g )+ (% eoq®- Aoys).

V

Therefore

(_“_ + L )
5 3 \/:2 A
The second term may be made as small as we please by making (—/3) large
enough. For example if -A>a( 2a«i)
2 1?7
Y&)> 2
and so we see that given any a>o , we can choose -4 large enough to make

£'>| for some vx

We see from the Theorem and Corollary 5 that in - o0./4v%¥ € 4<0
all the solutions with htﬂ ¢ and A>o satisfy |+ f<l for all 1 (from & II,
of course, in all these solutions ¥—=>! as yPoo) .

We can now deduce from Lemma 5 that for any given apo, there exists
a A in -2(2a+)<p, <0 such that in all the solutions with fwy=o and S <A,
£' exceeds unity for some 9+ whereas if A3/, [4'I1<1 for a1l 9

- 15 -



From Corollarys 2 and 3 we see from this that if A <A, then no solutions
with £(0) =a satiafy 1< for a1l 4.

Physically this means that when the suction velocity - vito = A /U;
when U« x™(m<0) then for any value of A we choose we get attached flow
only if m is greater than some valuem,. As 4 is increased the permissible

range of m for attached flows is extended (i.e.m, decreases).

We can conjecture the converse from this, that for any value of m there
exists an A.. such that we get attached flows only if A>4,, although it has
not been possible to prove this expliecitly.

We note that the same should be true if o>m>m, where w, =/s.)ﬁ.-/s, = ~0ca04¢
when the injection velocity must not exceed a certain value to retain
attached flow.
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8V The solutions for positive £ and large rates of injection

Igliach6 proves that equation (1.19) with boundary conditions (1.20)
with A>0 possesses at least one solution h,) although he does not prove

the uniqueness of this solution, We will examine the nature of this

solution when a is large and negative.

)
Near the plate (i.s. !~f not small) we obtain a trial approximate
Wt
solution by neglecting ¥ in the equation (1.19). Reference to the manner
in which (1.19) was derived reveals that viscosity asserts itself only
[[}}

through the term $ + This term being neglected we can integrate the

equation to give

{=-caa- ghy'/as ;
.‘:"— A (1= _c?)ll- v/a,s
and so (o> ’
N (e A e
¢-o

so that wéien the injection rate is large (-a>>o) and - § is not small
[1]] t
-(; = 0({:,)‘-) )

and so is in fact small compared with the other terms in equation (1.19)
which are of order (1) in a . Thus when i-$' is not small we are justified
in assuming that the viscous term is negligible. As 4\'-? I, f>oin this
solution and so the thickness of this region will be roughly of order (-a).

When 'Fso, 1= %, , say, and since -f'<a¢7in -F'(I, then 4, > (-a) . Considering
!
the region now where [- 'f'is small we replace £ by }—9 s and + by (9~ 7.)+|1
where 3 and h are so small that products of h and 9 may be neglected to the

first order, and so obtain the eguation

3"-\- ('7"7.)9 g 2/59 =0 (5.1)
with L) () = 0.

Integrating (5.1) it may be shown that a solution always exists, so
that 5 is never singular. When (%-%.) is large
- RS _
9~ Cit‘, ‘70)L.1_7.) (2840

and approaches zero very rapidly as 4 increases.
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Since there is no singularity in-f|and f'approachee unity as #-»w
it may easily be seen from (1.19) that !f'l<! for all », since if f‘exceeds
unity it must have & maximum in¥>1 and at this maximum €' =cand £”50.
But from (1.19), when £ =0
" 4= >0 ¥ £'>
giving a contradiction. Thus fu:‘for all # as shown by Iglisché

The velocity profile is thus split up into two parts., In the outer
part the viscosity term is important, and since the solution of (5.1)
approaches zero rapidly as % increases this outer region will be fairly
narrow. In the inner region, where the longitudinal veloecity changes from
Just below its free-stream value to zero at the plate viscosity plays a
very small part if (-4) is large enough. The thickness of this region will
be of order (-o).
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Concluding Remarks on Part I
An attempt has been made in this section to justify analytically

some of Hartree's numerical conjectures when fto)z0. The existence was
shown of a B,, defined as the lower bound of the values of £ such that

the Falkner-Skan equation has a solution in which £ < | for all 7, some-
where in the range-~1<pA<0o, It was also shown that for/!.<,6< 0 there is

no unique solution of the Falkner-Skan equation. The argument for the
existence of B,would be more conclusive if it had been shown that a solution
exists with 1¥'] € for a1l n for some small negative value of A rather

that for =D, since the solutions for4%o are of one type, the solution

in each case being unique (this has not been shown, but is generally
accepted as being true), whereas the solutions for A <0are of another type
and are not unique. It was not, however, found possible to prove the
existence of a solution for A small and negative and until this can be done

we can not really consider the argument to be a proof.

Stewartson's proof that there are no solutions of the Falkner-Skan
aquation with !F'!s! for all 4 if A<A, =-2-+4%has been exteondad to cover
the case of suction with -?-(O)‘/‘D and it has been shown that to a given
-f(o): o >0 there corresponds a ﬂa y defined in a similar way as 4,, as the
lower bound of the values of A such that the Falkner-Skan equation has a
solution in which I€'l€ 1 for a11 1 when f(0)=« . It was shown that /g,\ lies
somewhere in the range -2(2a+)<A «<p , but it was not found possible to

derive a much closer relationship between a and A..

Finally it was shown that for A>oand large rates of injection the
profile is divided into a thin outer shear layer where viscosity is
important and a comparatively thick layer adjacent to the surface where
the effect of viscosity is small,
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Part II

The Flat Plate in a Uniform Incompressible Stream
with Constant Injection through the Plate

§VI. Introduction

The boundary layer equations relating to this problem are integrated
numerically in Part III. $8VII to X of this section deal with the

tn collabors Fiox

solution in the neighbourhood of the geparation point obtained by itk
Stewartson . ( te~be—published—soon).

The two dimensional incompiessible laminar boundary layer equations,
in the absence of a pressure gradient, reduce to
e L . (6.1)
W vyt
:—";'L"* ?;—‘;' =9 , (6.2)
where >c, andy, , and «, and v, denote distances and velocities measured
along and perpendicular to the plate and v is the kinematic viscosity.
For a semi infinite flat plate pleced edge on at zero incidence to the
gstream, if we imagine it to be possible to inject fiuid at a constant
rate at all points normal to the plate, the boundary conditions are
w(x, ,0)z0 Y .

{x,%o) \
)2 o= consbant 3o { LT

’ $ (6.3)
w X.,O):U

“1(0: s.);'u L‘a|>0) » )

where U is the (constant) velocity of the main stream.

If we convert to non-dimensional co-ordinates, putting
u,=Uu Y iz vevr ; %,s Uv e : 2
tr,"’ ) al v, a ,

the equations become

W% e d% = Y .
A A (6.4)
}'L 50
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with boundary conditions

uw(>,0) =0 1 (x>0)
D |
vt )0) (6.6)
w Lax,)= | N
wlo,y)=\ LySd
The related problem with no suction or injection has been studied

7

by Blasius. The transformation to non-dimensional co-ordinates is

slightly different but the equations (6.4) and (6.5) are the same and

also the boundary conditions, except that the second one is replaced by
=0, H z — = -9 i h i

rix,0)=0 e putsr, 9/"Mand w $E' \-p) giving the equation

%m* -F-F"= o
where the prime denotes differentiation with respect to ne The boundary
conditions are

=40 =0, =1,
He found that the third boundary condition could be satisfied by making
'Ho) =0-46960. The non-dimensional skin friction

bk - - L
;.‘_ Cos -I;_-F(o). (Pig.I graph 1)
¢33 N

It will be seen that T, tends asymptotically to zero as s tends to infinity,
Figures I - III are only schematic. The tranverse velocity Ve at the edge
of the boundary layer is given by
!
= A4 -'e“" t 'G—-(:) .

Since, for large 9,
.

-~ ' -
¥~7-b+aek’z ) -Ffvl-aei/"/ ,

where - and b are positive constants, then

Ve = B . (Fig.II graph 1)
Vax
b is related to the displacement thickness and equals 1.22 approx.
With suction (U'lx‘o):: -1), the behaviour for large > may be obtained
from (6.4) by assuming changes in the > direction to die out so that

tends to zero and from (6.5) v ~—1.
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This gives w~1-€? and so T,~ /. Near the leading edge Blasius'
solution still holds and the two solutions may be combined to give a
picture of the complete behaviour (Figs. I and II graph 2). The
tagymptotic suction profile! u~i~ 279 was first given by Thwaites?

With injection a similar procedure cannot be followed. Near the
leading edge the Blasius solution will still apply, but if we again
asgsume that changes in the xcdirection die out for large >c we arrive at
the solution w~ e%-1, Obviously we cannot accept this, or any other
solution which gives values greater than unity to w, and so we must
agsume either that the flow for large x does not become independent of =¢
or that separation occurs ( t, becomes zero). The latter situation
would invalidate the boundary layer approximations after the separation
point, since the boundary layer equations are obtained on the assumption
that the boundary layer thickness remains small and it is well known that
the boundary layer thickens considerably after the separation point.

L&aw and Fanucci9, using a method 4f Iglischw, integrated the
equatione (6.4), (6.5) with boundary conditions (6.6) numerically by =
step-by-step method from x=otos= 0.2, and from these results it can
be seen that v, begins to increase again after about »<=o-/s” (Fig.II
graph 3).

An independent numerical integration was performed (see PartIII)
using a method due to LeighrI and the results agree with those of Lew
and Fanucci as far as they went. It was found that %, continues to
increase. Although it could not be concluded from values of t, obtained
(Fig.I graph 3) that T,becomes zero for some finite x, since it appears
to be approaching zero tangentially, it can be seen, by observing the _
graph of ! [V against » (Fig.III), that both d (L a.nd£ (—' )are negative
for xyo-rsfor as far as it was possible to A\ Vel A%, continue the
integration and so it may fairly safely be assumed that //vw becomes zero

for some finite>. Since ,
v = 1+ o l U-“"L“.‘
~ I,‘- o < 2
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by integrating the continuity equation (6.5), where c=3%a, therefore if
Ve becomes infinite for some finitex, T must become zero for some finite
«x s and since it is normally assumed that T first vanishes at the wall

then T, must become zero for some finite x. It was possible to integrate
up to x=o0'7 before the method broke down and by extrapolation separation

can be assumed to occur at about ===0-74.

In order to investigate the nature of the mathematical solution of
(6.4) - (6.6) in the neighbourhood of the separation point we note first
that at yeo, if dufyy=0, then since u=o ,’t'/‘{a'-is also zero from (6.4), and,
by continued differentiation of (6.4) \'% p= OCr=1,3,3--- ).

Thus the Taylor series for w ata:o does not exist and so the equations

must have a singularity at this point.

In 8VII we firstly describe the work of Goldsteinz2 Stewartson15 and
Terr11114 on related problems when the external flow is decelerating and
show that the method used by them does not work in our case. We then
transform the boundary layer equations into Crocco's form which uses w
and x a8 independent variables and T (=3a{33 ) as dependent variable.

We make one further transformation of the independent variables to = -x
and 4 (=w/tx,~x> ) where %; is the distance of the separation point from
the leading edge and look for a meries expansion solution in the neighbour-
hood of the separation point. We find that the leading term is 7 but that
it is impossible to find an expansion valid throughout this neighbourhood
and s0 we divide the boundary layer into three regions. We are not con-
cerned with the outer region, but in order that the solution in this
region be well behaved we eliminate all exponentially large terms from

the second region. The solution in the second region is not valid near
the wall but is 'matched! with a solution which is valid only in an inner
region near the wall.
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§VII The Solution near the Separation Point

1. Introduction

(301d.51:e:l.1::12 investigated the problem of the flat plate in a stream
with adverse pressure gradient and zero suction at the wall. In this
case it is not at firast evident that there is a singularity in the
equations at the gseparation point. However Hartree's numerical work
indicated the presence of a singularity, the skin friction behaving
like(x,-aoi near the separation point; x, is the distance of the
separation point from the leading edge. Goldstein transformed to vari-
ables § and » where $- (xs-x.)"t' and 7:3/2.5191;,—’:)*' and assumed that
the stream function ¥ could be expanded in the form ¥-= 2_% {méo'gr'ﬁr(*()
near the separation point. When this expansion is substituted in the
first boundary layer equation, which in this case is

wWilw v W o =P LV
B Baf Ix ba" > (7.1)

where \t’_.a.?tis assumed to be expandible in the form
2!

;&_: Pot Pilde-2) 4 Pulag-d * -~ -
then # and # are found to have values of 4 and 3 respectively, if we
demand that the inertia, viscous and pressure gradient terms in (7.1)
have equal "weight", that is each contributes a term to the equation for
the leading term 'F., in the expansion for ¥. A set of equations for the ‘Pr
is obtained. The boundary conditions are that -F..(o)= -Frl(o)fwo
for all r, and that 'E, must not be exponentially large for large 4. This
solution is valid only in the neighbourhood of the separation point and
the latter boundary condition is included to ensure that this solution
may be 'matched! with the solution outside this region. Goldstein
included one further boundary condition which ensures that the skin
friction behaves like (:c,,-a.)tnsar the separation point, namely

£ =0. (7.2)
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He found, however, that if +;(4) is not to be exponentially large a
certain integral must be zero., It was later shown by Terri1114 that
in fact this integral is not zero, and Stewartson13 showed that the
addition of logarithmic terms in the expansion for ¥ is necessary to
continue the expansion past the sixth term, P now being expanded in

the form

ry,=1{{3'2:°{r.f—r(,,) + 2t {rzza{ [ F,(.,)«iﬁ,;l,)]+0({'i?af)- (7.3)

By this means an expansion for the skin friction near the separation

point was found. Terri1114 extended the work to cover the case of an

arbitrary suction distribution w.tx> of the form
Volad = Vo + V lxg=x) + V(¢ -3d" ¢ - =

He uses the same variables and expansion for ’}Vbut the boundary con-

ditions at the wall now become

}_f=_ L 3 ‘ib_j'):— * t—
3 °’7.fg( % (Vorvi g ).

—~5

where §= s » BO that

'Yf,’
244

The equation for -It, is
" Nl v
fo-28 8 2 =
with
] 1]
for=fiierzo= £ o)
from (7.2) and (7.4).
The solution to (7.5) with these boundary conditions is

'LD = épo 73
2, The solution when Op[¥x=0 and v-(s,0)=l.

For the problem considered here we have p.= Oand (7.6) becomes

f. =

-25 =
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T, (01=0 and wiol=o {r & knviJ; -g-pi_g,_,):-v’ (r= dnes).

(7.§)

(7.6)



"
If the condition ‘Fo“’) =0 is waived, it can be shown numerically that
any solution of (7.5) with p.=0Cand -‘:,“(o):— A>0 (Amust be pos?tive
for the skin friction to be positive before separation) has -f, reaching
a maximum and then decreasing, 1Since

; , e adl ,
when ‘F. =0, -E cannot have a minimum and it can be shown that 'p. = -
as %9 2. This is obviously unacceptable and so this method of tackling
the solution in the neighbourhood of the separation point was abandoned.
Instead attention was switched to Crocco's transformation of the boundary
layer equations. In this ¥ ﬂ‘;gais used as dependent variable and for
independent variables we use w and = x,-x . Dropping the bar on =x the

equations become
TE 4w oo

——;, S ’ (7.7)
with boundaxry conditions
w= ) T =0 5
mws=0 dc (7-8)

A series expansion for T is assumed of which the leading term ls

T = xa'pti') wl\o.-e 7 = u_/xb
Substituting this into (7.7) we obtain '

.2b n -
2™ _F\-_L 4—77(.“*5 I(G'F'b-'-F.):O,
the primes denoting differentiation with respect to 7 . If each term
in (7.7) is to have equal 'weight', then

3@-2.5 = atb-—1I.
The second boundary condition of (7.3) gives

uwb'(:,(O) =1,
and so a=b.

Thus o =b-=) and we will use as independent variables in the neighbour-
hood of the separation point = and » (zw/>). The equation for 4 is now
=l !
'F'F +'((‘F'7'F)-—O 5 (7.9)
with ,
{(o):l. : (7.10)
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Since T = u‘Ff',)the condition that €., =0 when  =o01is satisfied,
provided fio) is finite. 1In addition to (7.10) we therefore take

fioy=a.
We now show that A must be zero. Put
f-1:=&
then " ‘
—rf =k
and
Gloy= -A.

Substituting in (7.9) and integrating,

ook er{ (54

o £
Therefore
[ A}‘ezr[rl“ an ]
% £ )
(1) 1f A>o0othen f<o from (7.12), and so
{ <
< .
Therefore o€+ <A
1,:!:5 _ Ejﬁ Lr
(A4q)

Integrating twice we have

f<a- lntloa(i*q‘m) «nli1+2a-n 13(‘*?/4)1-

(7.11)

(7.12)

The right hand side of this expression becomes zero for some finite -

Therefore 'F becomes zero for some finite .
n
(ii) If A<o then £ %0, from (7.12). Therefore
£%0;
0> £ 2 Aen
so that again 'F becomes zero for some finite 1 (< -'4).

[
From (7.12) we see that if 'F becomes zero for some finite n then 'F

becomes infinite for some finite e Therefore, in order to restrict

singularities to the separation point only we must take A= 0.
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The solution of (7.9) with fiorz0 is now
= (7.13)

Writing T now as
T=xl(q+Flu,m) (7.14)
then (7.7) becomes

(7+F\ )F--s-i,. 71_‘4_-7;-)_?\;/)

hd Tel
n-l Y ) :c.) (7.15)
with
z_F(x,O) = 0. (7.16)
k&
If we follow Goldstein and look for a solution of the form
= xz-x.-qu) + possibly logarithmic terms,
we arrive at the follomng equations for the -F 's
"
-l'F -1 ‘F +1.'F o
ll .
- '] 'F -1 'F + h--t-a.)-r' '?
where ¥ is some function of ( £ -- --f \ If this solution is to be

valid throughout the neighbourhood surrounding the separation point then
we must have (from (7.16))
flio)=0

and all exponentially large terms must be absent from -{:
The left hand side of the equation for -F,. has two complementary functions,
one of which is exponentially large and the other is

P e )! s
«.Zs”s 1 (7.17)

HIr.s+2)!
For r= 0 the exponential term must vanish, and, since -F (o)= o thenx,=0
andf£=0. If §,3 0 we find thet the equation for f has¥ =o and in a

similar way we can see that 'F.=:-_o and so on.

We note here that the expansion for F can contain only integral

powers of ¢, for if it contained a term xk-‘:k(-,) where k is not an integer
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then the equation for ¥; would be

' 1
7-&'— 7'& + Lk-n.)-FK =0
The complementary functions of this equation are both exponentially

large, the one corresponding to (7.17) now being

o & Cs-g-o! l"_
x $lleg-) -k}
]

It might be supposed that it would be possible to combine the two
complementary functions in such a way that the exponential parts would
cancel for large 4 . However the leading terms in the other complementary
function for small 4 are a c?nstant plus 7 1%;7 . Since'}é:ik%v)

is equal to a constant plus 4A°¢3% we see that this function must dis-

appear if g_{':o at 420 , and so again 'Fn =o.
l' K
It is thus not possible to find a series solution which is valid

throughout an inner region of the boundary layer surrounding the
separation point and can be matched with the outer part by eliminating
all exponentially large terms. It may, however, be possible to find a
solution which has a series expansion valid throughout all but the most
inner part of this region, while in this most inner part the sclution
has the wall condition imposed on it. From now on we shall speak of
three regions of the boundary layer. In Region I we impose the condition
that ®T /%% =1 at wz=0 and by comparing the leading terms we match this
with the solution in Region 2. The solution in this region is assumed
to have a series expansion. The leading terms for smell »# are matched
with the solution in Region I, and by eliminating exponentially large
terms we make it possible to match this solution with a solution (which

however we do not find) in Region 3, the outer part of the boundary
layer.

In §VIII we will consider the solution in Region I. We take as
leading terms

T =+ To(x) , (7.18)
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where T,()is of order 2" and find a perturbation solution. Retaining
the lowest order terms the solution in this Region is

T =2n+To T, - bos [ ... .
n = ‘:1{1 Loy + q(*)}-«— (7.19)

.8 2
when expressed in terms of = and 4. This will be matched with the
series solution in Region 2, and the presence of the term joa(tolu) in

(7.19) suggests that the expansion in Region 2 will contain terms in 1?1.
In $IX we take an expansion in Region 2 of the form

T [/ :.74-7(,"-'[(ﬂo&x)PF,'f(lﬂax)P.'F.*"' ] (7.20)

We find that n must be an integer greater than unity and we take initially
n=2L. After solving the equations for F, and f, and eliminating all
exponentially large terms we match this solution with that in Region 1

and find that p=—1. The addition of terms containing !oapgx to (7.20)
is found to be necessary to effect a match. Several more terms of (7.20)
are found in $IX and by matching with (7.19) we obtain an expansion for
T.(x) y the leading term in the non-dimensional skin~-friction. In §X we
find the first few terms in the expansion for <, ,tx), the second term in

the expansion of the noun-dimensional skin friction.

- 30 -



§VIII The Solution in Region 1
It will be remembered (7.14) that we took
Ttzu+Flx,u) (8.1)
when written in the originel independent variables. In Region 2 «w is the

dominating term, but nearu=o0 it obviously cannot dominate and so in

Region 1 the dominating term is taken to be w + ©.(x) and we write

T =u+~c.(x)+‘F(x,u) (8.2)
and assume that 'F is small compared with uex, when « and -»c are small.
Substituting (8.2) intc {7.7) and retaining only lowest order terms, the
linearised equation for -F becones

(e m"é‘f\_ +uto= 0, (8.3)
dta

where the prime denotes differentiation with respect to x. The boundary
condition at the wall (7.8) means that

o - .
{g’.—o at wn=zo. (8.4)

The solution of (8.3) subject to (8.4) is
£ox, Taw=(ur 1t.)(.-é(.l+a,'t.)] + T, (0. (8.5)
If now t,is of order =" then when w is of the same order of
magnitude we will make the assumption, since we have taken =« + <«,6e)

to be the leading term, that £ is of order » " wheremyn. From (8.5) we

see that
Mme dn -l )
and so if md»n, thenn>| . We will see when we study the solution in

Region 2 and attempt a match that n must be an integer. The lowest
value n can take, therefore, is 2. If we put W= hx and take leading

terms in x and 4, then
E: 7-&2-&'5:7[1-(?.7*(9((::)]4__- ) (8.6)
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where we have firstly neglected terms of order 2¢'in (8.6) and then

terms of order 7‘ and higher, since

(cglw 'I}é’) = ("57' [’J(T«;‘)* loJ(l-f T\,

%1
and (vg(lf'c.liw) is of order u""/7 which is of higher order in »¢ than
the first two terms if «»|.

The solution in Region 1 is thus given by (8.2) where 'F is given
by (8.5) plus higher order terms. When referred to (,%) co-ordinates
the leading terms of the solution which are to be matched with the
solution in Region 2 are given by (8.6).
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$IX. The Solution in Region 2

Since we will have to match (8.6) with the solution in this region
we can expect powers of loaw to be included in the series for t . We
thus assume a series of the form

Tlx = 7+ x.""[ (bau)":;‘.'()-l“ogx)l,-'q (7)+- - J-r 06‘") . (9-1)
We shall show first that »n must be an integer.
Substitution in (7.15) and comparison of coefficients of %(Gau)rs etc.
resulte in the following equations for ﬁ. and F, 1w

g B -y ilenfiz 0 > | (9.2)
7 F'ﬁ,.,F' +"F, = -'PF; . (903)

As mentioned in §VII when m is not an integer both complementary functions

i

of (9.2) are exponentially large and these must be combined to give a
solution which is not exponentially large, thus the leading terms in £
are

F.=a- na7(aa7+bb,¢-- (9.4)
where a and b are two constants which are related in such & way that the
exponentially large parits c¢f the two complementary functions cancel.
Thus neither a nor b must be zero, otherwise F; is zero. On comparing

the coefficients of 7" s 7(037 and # in equations (9.4) and (8.6) we

obtain
T, = ax'(lvau)Pa— i ; (9.5)
C.' = anx" (L at)P+ . ) (9.6)
T (L4 lylegn)= by ™' | (.a,.,)°+ : (9.7)
(9.5) and (9.6) are mutually compatible, dbut from (9.5) the leading term
in 'l 7.+(.va[t.[x)) is angn-1n z“"aca x )P“ . Thus from (9.7) a is

zero, and, as mentioned above, this implies that F; is zero. The same
applies for F, since equation (9.3) now has zero on the right hand side,
and & for all r will be zero in a similar fashion. Hence » must be an

integer.
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There seems to be no way of discovering the value of m other than
by comparison with the numerical solution. However, it was not found
possible to compute near enough to the separation point for the numerical
solution to overlap with the derived expansion. Since we decided in
8VIITI that n is greater than unity, the lowest value it can take is 2.
We will calculate the first five terms in the expansion if n=2», and then

mention 1ater(§Z)the form of the expansion for n= 3.
If n=2equations (9.2) and (9.3) become
7;.,”_7,.;'*1;, =0 . (9.8)
76".,-7€’-r2}:' =z -pFR ) (9.9)

The solutions of (9.8) and (9.9), eliminating exponentially large terms
are

w

Fo == &l2y-n2) ) (9.10)
/”‘ 3 o(.(l';—;)“)-'PoLL le—')‘)(vasl -|+'57] 3 (9.11)
where o and &, are arbitrary constants. Taking leading terms for small

n we have

</x=y+ p..mwa.a"i z.c,c.,{(,a,)“.lpui,ba? "‘"‘a“f”"" o (9.12)
Comparison with (8.6) gives

T, peot wtd {"r)"')?-:' L 3 (9.13)

t::lPekD((.(oax)P-L-- .. ; (9.14)

2l + <! [uaLt,[,()="l-u(x_(‘.oax\?4_..- . (9.15)

The first two are compatible, but substitution of (9.13) into (9.15) gives
P -
7-P°'~x(‘vax) = "lokw.(loau)‘* .-

and so P:-—l.

We are now almost in a position to write down the form of the
expansion for T in Region 2, We note that since T, contains a power of

(_,a a¢ y then from (8.6) we can expect T, to contain terms involving powers
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of loa Ba:(. » By trial we find that the most general expansion for ¥ in
Region 2 is

= 7v3[Rv Earfilyd « _fua‘f_FuLva%Euﬂ.%i)l_ . ]

where 0= (aa (Votx) 5  or

© (s
=7z BV Rplgd) ¢ 0&. (9.16)
4 r=0 $=0 .
The only boundary condition we impose on the F,,s is that F, does not

contain any exponentially large terms. The wall condition has already
been appiied in Region 1, and the leading terms for small 7 in {9,16) are
matched with the leading terms in the solution in Region 1 which are

'i:-_ 7*1:@ .r'C:?[l- lﬂal*(’at%)]i—-“' > (806)

x
where .
T, = %z{og + a 9 L.,aQ + --.}
or
- . (9.17)
weple it ig#)" |« 00 o1

Our object will be to determlne the apy's in terms of o .

Substituting (9.16) into (7.7) and comparing coefficients of x((.;lg)

the equation for F., is e ~
7F «AF, = R, (9.18)
where the F.,’s are given by the table below.
r= (/] 1 2L 3 ~
Fro o - Foo -2F,+ Fu =3 Fo* Fur =4 Fio~ F‘I
E"l- - o '1F" "&F‘. *1':;1 "bF,,'P F‘l
?ﬂ- N - o -3F. - kR, t+ Fay
E,.‘ - - - (o] -‘rth
Fr - - i o
80 that
E ='rrls*(5*'>rva Sxl ) (S<r-|)
FP.!--'- -r f

F.r=o0. - 35 -



The Equation 3y £ 7 F:&J.F =F (9.19)

The equation has two complementary functions :-

9= 27

and

h = (d9- 7‘)lra7-—l+§7 zi_m)
h is exponentially large for large -, and when Fco we of course omit it.
However, in general, a particular integral of (9.19) will also be
exponentially large and we must include h with a constant multiplier
which is chosen so that the exponential parts will cancel.

A particular integral in general consists of two power series viz.
o~

P= :[;oa',,’r-e (p&q i;:‘- -1r.

For simplicity we shsall put Z =0, which just means altering the constant
multiplier of LR

Since F has F(0) $0 in general the particular integral will have
a,+t0. If the solution with the exponentially large terms missing is
Fz=aq4+pthoh 5 (5.20)
where o is an arbitrary constant, then b is given by
Fted= &, -b.
To find F o) such that (9.20) should not contain any exponentially large
terms we write F=(%y-4*)6r. Then

C\’-«-("*’;," X &!= F

2-9 n{2y-9*)
and

K q*-pre = -/7 (2-9) &7 Frgydy, .
By taking the integral from % to = we assure that 6 and therefore & and
F are not exponentially large as 7y

Now since k= F/(2q-1)then

p () & 2y (2-)F'= (2-29)F . (9.21)
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Since, from (9.20) the leading terms for small n for F are
F = ‘o"b +(b 415)7“’67*-"'
then 7F-”0al »n »0. Therefore, from (9. 21)
FE =1 by, 9> (2~ Nid3
Therefore
Flo)e & ta-m)Flo)emdy, .
If F is written in the form
F = arh’ & ( b, ,'r
AR AL 1A=
where b,=0, and if we assume in all that follows that we can exchange
freely the order of integration and summation, then
© x 72
- ar be | &
F=2 c_( 2 -,,r+b'(77i, ;')'i da
where C is a contour embracing the origin. Thus

=42 | b L[5 (PR
Floy= 3. > | Now 2.-{ S }rL (3-n.) e dy,

+z ( (2~ h)(oa;, °7'('-i),[7,}¢0e.

The ﬁ"‘; w has been introduced since some terms are divergent when
faken singly. Thus

Flo) = i . b -é{f:_a_._-( o )

NIl NMNoaeo c }r |-l- Q- ;)'L

+ E. ( ~2¥ - l—b“%)*‘ u—a)_, U— ))%Je
-2 (l -t
where now lel<l on € and ¥Yis Euler s Constant

—_— - ~t e .
¥ =< fo ry Lﬁ&.(t— A o- 5772
Hence

Elo) = % lom. [q,u N+b, {"((r.—))-l-o-h—r)i_ }]

”QN ve
Although fl. 3 is divergent we find in practice that

Lo % L,{ ¥ (ro1) -t -ru—r-){;}

N vio is convergent.
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By this means all the F..'s may be obtained.

The following functions occur in the solutions :-
go= 217 17%
g, = L1 ptlegy —t e 3y
L2rv- - v r
9, © { '5)7 -«-( i V)? 2 Z; r-'_—.‘_—.lr—ﬁ("—‘)X Loa,A(

tl-y SY-15)n 42 ¥ nr X+l +1 + € .
> * ( )..17* Z--—!L.-.‘m_.--a.){ K+,.-,*,.,,_*Z“_<';} P

- _ Y cas e (XDt 2 r -2 e
(g e 5 e et P

-1 (V7 -iew + b ¥NWTE VoY asttaty]

7o e s ()] ol

*05‘. ' M {_l(\d*!‘)*{{-‘-l‘o’*l + k¥-3 +UuY¥-10
}",(f-‘)("-l-) 3 T -\ -

-2 -b -k s'ﬂ){gw)(:lsi-‘é} :
] ]

et oY LN >
= 35 o
9, B_E-ar(-r(,’r +(Ji-—1‘r)1£‘-‘(3+€(s) + 0‘7"51) 9
where £(s>=:£:n".

In terms of these functions the F,, ‘s up torsk are
Foo= -0
Fo= LY TRLT I
Fiu = & go -
Foo= “rGo+ (Retia-ut)g,+ 2y, .
Fa = w,, a. + )-at.,g. .
Fo, * O‘uao .
Fyo =&;ogo (3, -, )g, + (5, - “‘“)3 L = 6&9‘ .
Fu = ‘\lao tl 3"&0‘1%;)3. - b, 3; .
Fy, = o‘;;ae -« 39‘»;;9, .
F‘, = &,)a’ N
5»0 = w0 g0 v Lhntyy-%5,)g, + (-12000¢ 7., —?-94“)5,4— (26, 4"1‘"‘")35*'“”‘3»'
:l © ol ao * (“d.“-)_,‘“)a.*(- ‘ol ”“‘»;)9  Leot .
For=dur g, + L“.‘“";"\s)a, g, . - ngs
Fuzztuy 9o * L.L“a‘ )
Fue s duwdo -
The «,,'s are abltrary constants.
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Substituting these relationships into the expansion (9.16) we can
find the coefficient of 7 and 7 invs,up to order -ér. These are
equated to the corresponding coefficients from Region 1, which, from
(8.6) are ":: and I+ t:(lflca "/“_) respectively, where ¥, has the

expansion (9.17). To demonstrate this we will find the constants a,,
and a, in (9.17).

The coefficient of %°is T and

E:: = g}(d* -b(alofau‘-‘as)f"' ) (9‘22)

The coefficient of 7 is

! H:.,'(ut?c&)

1)

I < 19?: ,(*l(o(fa.,ara,,l.ao) ][—944.-1(?9*..}

1“’7“6"{ A +uo-a, -(.'l,(-(—q.,\l?p-f---]-

In Region 2 we have from (9.16)

-74-xrk N a*?uﬁo N H+F¥g0+gqu _ (9.16)
i “gr

The coefficient of 7“, using the relationships for the !5”i s gj.ven above,
is

(9.23)

A
Tl + 21 {(2a(1- W) —{hot, = )- ... 024
%t oty =) 2 lg0) -] (9.24)
and the coefficient of v/ is
-« X { -L(J' o< a.l 0 R O 02
i 9{ P *0 %o = Bl + 2ot ? e ] (9.25)

Comparing (9.22) and (9.24) we have
Qo = le((l- T)— (2d‘,-e(“)

A, = ~Adoly .
Also, from (9.23) and (9.25)

'z‘"z“lo = 2“-0'30(
-2“ ‘“u z d"

)
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From these four equations we find
£,k ; o=z (2-27) ,
and
Ay = b ; a,, = o (2X 1),
By this means we may find all the a,.’s up to a,, and all the «, s
up to %y, from (9.16), (9.17) and the expressions for the E,.,,s given
above. The expression we find for x, is

T, = « !'9.: [ |+ é ey - & (169)-! -515 -1+ 76«3y - {‘ﬂzltlﬂ'llv)lga + I‘IUUO)‘L}

+ 1 fv'} +10 (‘floﬁmrf?j-rlb')ﬁx"’l!r}-?ft’a)
i \q X .
+(—1o-1o'(—1blr"+uﬂ1)(ca D'r(QO#ﬁT)U? 9)—32“30) }
L (9.26)
+ O(gv)l + D(x) ,
or
T = ok

’_ﬁI
0\-

. - I (-0-F945-20-92bblgf+r2l 0)”
):Hé(l 15wl ulaap)\sé’{ 0 FIuT-20 v L? j

3
4L [-40-a541-3Lk-¢a5iloB+1077064(0g8) - 32 {xB)
o+t 7 g9

+0(94) + 0*)

| WY

(9.27)
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§8x Extension to higher powers of x.

L {;The complete expansion for T near the separation point w:ill be of
Fha orm
T = qenhin,8)exf (1,004 062). (10.1)

X
The leading terms for

Substituting (10.1) into (7.7) the equation for ~F,_ is found to be
7?::_‘.. - 7‘9_'9. + B‘F, =\_f.. - 2:(\'.‘.;:'_{. _ (10.2)
27 M ~6 >y
In Region 1, if we add another term of order (x¥) to the series
(8.2), solve,and take out the leading terms we find that
To + Ty fa-L Lo [T ) ol ‘)]
- - + ¢ = + - -+ ) -
,_ 1 [x" x7( 067 3(1) L

>

":, have been found above.

b A 3
] ? 1
UECHE RS PSR RIS
2" x %' T, x> et * at L o (
* i P =T v 5Tt e S ] « 0ig%) |
{ ( 7“\ ;T‘ x\’j i J
-+ 0(7‘5) > (10'5)

where T,= T,tx) =z O (3>)so0 that when w= 0
Tz To+T,+00x"),

In Region 2, if we assume a series for 'F, of the form

= 4 + Grio 4 O lnd 4 ..
-Fz. o™ [&“(7) -_.‘T';.a_ ] (10.4)

"
we note first that, since 'F. 3%:{« = FoFos D(;,) , then from (10.2) we
( .

must have m€ X if L + 0.

Adopting the same procedure as in 8IX we find that
m=z=.
The equation for &, is
7] . -
1 @,‘—7 &., + 34.—5 = & (10.5)
where C-'-,, is some function of the previous G,s and some of the F's.
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Again solving for the Gn3's and comparing with (10.3) we find
&oo = —/t‘(o‘)- 67‘-‘-75) ,

broo =/S..(6-,-67‘+,>)+lm‘(z,-;,l) -ﬁ[l67-6,'073)(ua7-2+ll67-57"'] )
and so on, where A and A, are constants, and

T, = "ﬁ%:[' + L‘L*_";%%L * 0(‘9‘)}' (10.6)

Conclusion

The laminar boundary layer equations have been studied for the case
of incompressible two dimensional flow over a flat plate when there is
normal injection of fluid through the plate at a constant rate, It was
found numerically (Part III) that the skin friction vanishes when % equals
about oi:z-. The solution in the neighbourhood of the separation point wes
considered and it was found that the usual technique as used by Goldstein:2
Stewartson"%nd Terrilf“for cases where there is a pressure gradient in the
main stream broke down in this example. It was found necessary to divide
the boundary layer into three regions. The solution valid in the first
region was made to satisfy the wall condition and then matched with a
the external solution (which was not found) by eliminating all exponentially
large terms from each term in the series, By this means the first few
terms in the expansion for the skin friction in the neighbourhood of the
separation point were found.
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Part 111
The Numerical Solution
§XI Introduction

The numerical integration was performed in three parts. Firstly
a method due to Iglisch10 was used ($8XII). This method permits the
integration to be started at the leading edge;, but is not very suitable
for use with an automatic computor, as it is difficult to make it fully
automatic, After & few steps instability set in near the upper boundary
(main stream) and so after xco-ecs Leigh's11 method was used ($XIII).
This involves an implicit difference scheme which is known to be stable
for any choice of step length in either the = or 9 directions, but was
found tc be very time-consuming as = increased, so that after x:0-S the
boundary layer equations were transformed by Crocco's method (see Ref.15)
and a similar method to Leigh's used to integrate this new equation
(§XIV). This was much faster and no difficulties were encountered up to
< 06Safter which the method appeared to be unstable for small step
lengthe in the 2« direction. Up to x:z¢-65 the resulte are accurate to
four decimal places, but cannot be guaranteed to more than three decimel
places (one significant figure in the case of the skin friction) past this.
The separation point wes estimated to be at about e=zo-74# but it was not
possible to get near enough to it to meke comparisons with the series for

the skin friction given in Part II.
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§XII The Numerical Integration from sc= 0 to_s = 0 voS.

The method of Ig'lisch10 transforms the boundary layer equations into
one equation, first using the stream function ¥ as independent variable
in addition to x, where

ues W eeBY (12.1)
RY Y
This satisfles the continuity equation (6.5), and the boundary conditions
become
wlx,-»)=0
) ! } (12.2)
wlaa,@)=ull,¥) =] ,
since 4
‘y z -% + S, wl "‘*‘3')‘23' )
= =3 when y=o ond
% ¢ ’
‘\V'_' a,v go V".ﬂ.,ta)xx, ,
which tends to infinity as 9 tends to infinity. We now put
V= hu' | (12.3)
and
@=yex {12.4)

in order to obtain boundaries of integration which are rectangular. The
momentum equation (6.4) now becomes

_"L\? )::-V = \dv *\Uyl

L ) (12'5)
Z }¢ D )¢ :
with boundary condi tions
\/(N)O) =0 , } (12.6)
V(x,m)"’V‘O)¢)=k

To obtain an equation suitable for numerical integration from the
leading edge we make one final substitution 1
T = 1"@? , =~ T, (12.7)
Vi
This T should not be confused with the T used in Part II; it is used here
only to be consistent with Iglisch's original notation. (12,5) and ("12.6)
now become

N YV W (roo+e’- E)—Zt"o-'?y =0, (12.8)
'S A 1 - T W6

- 44 -



Vier,0) =0 N
(12.9)
Vie,w)= k
To reduce this to an ordinary differential equation 4 is replaced by

- - R g
the difference quotient V-Y where V is the known solution at 0~-k and k is

ke
small. The resulting non-linear ordinary differential equation is,

for o= G,
vrv- g_l_:_V - ﬂ_‘_V L'LO“C-'B}"J_V)-:_ 1?.‘U';|LV-\-/). (12.10)
det dt T k

This was solved by a step-by-step method of profile continuation using
Adam's method., The integration formulae, neglecting fifth and higher
differences are
V;,,, =V, +h[1-buo-nﬁ' V;'-— 3-75‘7.777\6;'_,,4- 3-6';33\/,;:,-— I-‘lbqalrwf'.,
+0-3use Ve, | y

) + 2 » 4

Viar = Vi +h{ 2 puornsv ¢ -3.$5277% Vi 43 bRy = 176 hulVily 3(12.11)
. ) + 0 3wl Vil ] :

Yie = L s' (AN (Viu"' V,',..) * Vi‘-n (’lv:\‘;m"c-:*n“' Viar )] ’

JV- Tl

(% 4]
where ¢ refers to steps in the T direction, k is the interval in this

direction and the primes denote differentiation with respect to T.
One further boundary condition is necessary. Now

{?1/) - -—-ccr(éy) =-1:o'(?_\!) = —Tnb‘(ﬁ*\_

Lot 3¢ ) >y Sy b
where (E—;) indicates differentiation keeping »c constant. Since | ?3)
is finite when %20 and t=ovwhen y=o, therefore jad

ot
This should be added to the boundary condi tions (12.9).

In order to set the integration going we expand Y etc. in a power

series in € near v=0 \
R " | % b ! ] [
V= dyoted,cPedoc’™--- - ,
. (12.13)
N-" €, ¢ *c,'r."-c-c,t + - )

V=eobyetabye®tb c¥e--—
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)
The L.,s are assumed to be known, and by substituting in (12.10) and
comparing coefficients of like powers of v we find that
dy= -4% 4, 5 dy=-3(2054¢,)dy
3¢, T

[ \IJ,_ ’ C, = A}/?-C. )

etc., s0 that all the ¢,’s and J,’; may be found in terms of J,, and known

)
etc., also

constants. After selecting d, the first five values of v,V 'and V" may be
calculated from (12.13) and then formulae (12.11) used.

The procedure for each step is to guess a value of “\., calculate the
. "
first five values of V, ¥ and V from (12.13) and use these as initial

values in the formulae (12.11). A, is varied until V>4 as © > .

At o=0(12.10) reduces to

- T - —1
VA cdv (>~ =0
d<*  dx 'c) (12.14)

Ve dV/de =0 oF ¢ =0

’ (12.15)
Vo Hh os T .
Equation (12.14) may be solved in a similar way to that outlined

above, or, by suitable substitution, may be transformed into Blasius®

equation, the solution of which is known.

Equation (12.8) was solved by this method at 9= o0,-0-05 ,- 0}
using the Durham University Ferranti Pegasus Computer. At this point
instability set in for large values of € and it was decided to proceed
no further with this method. The solution at ovz-o-1(a:0-0c05) was converted
to the original variables w, v, >C and a 8o as to act as a starting

profile for an integration using Leigh's method. The conversion formulae

are
we W \
2z )
=z f-El-O"Q{EQ\ 1
el = 2 ook |
xs Q" , (12.16)
A

T-a tt.,l'
P TLJ_T/ T
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9

The above method was used by Lew and Fanucci® for the same problem
and they obtained profiles up to o-z-o0-7(xz0-2uS5). These results agree

with the ones we find in $XIII.
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§XIII The Numerical Integration from s: 0005 t0 %= 0.5

The simplest method of integrating equations of parabolic type is to
replace derivatives in the x direction by forward differences and
derivatives in the - direction by central differences so that if we know
the solution 4, , v, at 2= x,we may find the values of w and v at x5,
for each value of 4 directly from known values. A stability condition
connecting the step lengths in the = and; di rectionshas to be observed
and in our case this is

Sx< tulfy), (13.1)
where o= and ¥4 are the step lengths in the » and y directions. Since u=z=p
at the wall the method will be unstable near the wall for any choice of
step lengths,

Richtnwer16 considers a general implicit difference scheme for
golving the simplest parabolic equation, the heat conduction equation, in

which derivatives in the = direction,®¥[dx ,say, are replaced by

% = §,-§,
N (13.2)

and other guantities by weighted means 1

f:= t-0f tof | (13.3)
where & is a constant between zero and unity. If &:0the method
degenerates to the explicit method mentioned above, but for 1<0< | the
method can be shown to be unconditionally stable. Furthermore if 8=1 the
truncation errors are less than for any other value of 8. While the same
result has not yet been proved for a general parabolic equation it is
generally believed that the same conclusions may be drawn. The main draw-
back with an implicit scheme is that all the values at »c=a,have to be
found simultaneously, which usually involves an iteration process since
the equations are not linear; and so the method consumes much more time
and machine space than the explicit method. However, for a stable process

there is no alternative and so this method, with §=% was used.

The complete method used was
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first given by Leigh”, who in addition eliminates v from equations

(6.4), (6.5), which means in our case replacing v in (6.4) by
- LY 13.4
v L u ia (13.4)

from (6.5). Equation (6.5) now becomes

Ll mn) o (-] ~ (Yuca, )4 (vl ) = & (ulen?) | (13.5)

Ay ~K, o "-\Fil a/
where the primes denote differentiation with respect to a. Putting

WS uyW, : (1306‘)

we get

w's W {l - [alw—lu)lca} L (w-2ulw=o , (13.7)

A%, WX,
with boundary conditions
ur(o)-:fo)wteo):l. (1308)
An iteration process is now introduced which is found to converge.
If wx.is an approximation to the solution of (13.7) then let a function

W mer be determined by the linear third order differential equation

w:'.-'t! - """‘-‘l {i -~ L [ "‘"mﬂ'l“ \J }m L (Wket-luejhﬂm; o, (13.9)

R, Ay X,

Now make the following substitutions 1

¥ \

el ) = -’1. (Wmﬂ';“ —2—“’.‘.*5" +w"‘*'fa"‘)

]
{ ,...,. W’mﬂ » + W’nu,\,q- v # an.‘,-l-i- %Wm..)“) )

SLNEE Wipr,0 =0 -c"n. (%) )

'
w"‘»i = i"h"“’"-,]-u - W'vu,,’)-—|> = ofj

h

)

fl‘. doz h(T,+9,¢-- +T._+43 Y.

°2'“| a' J t A (T B 3)= )\ 3 3 (13.10)
vhere 2u,32 F), and

A= Lay-n )WY : )

- 49 -



where h is the step length in the g direction and j refers to the J"
mesh point in the a direction. Substituting the relations (13. 10) into

(13.9) and re-arranging the order of the terms we have for the 4 mesh
point

“Jwﬂ*'.v"’"i“’mﬂ,s*""+0¢jh&..,3-‘+Ajw".,3-|+Bsw',“.,; * By = i, (13.11)
where
As = -40 ...,_ N
Bi = 1oy —ap-wiy; : (13.12)
Ci = ¥ vphot; - 3j wm,)

At the lower end of the range, i.e. at 3 =) we have
, (13.13)

e' Wi, ¥ Bwhvu,)s =C,
since wg, o =0 from (13.8).

We cannot, of course, integrate out to Y=o and so we assume the second
boundary condition of (13.8) is satisfied,within the limits of the accuracy
of the integration, at y=lvenh so that

Wt w1 T & (13.14)
Hence the equation for the »9 mesh point is

of

(13.15)
*n"!ih&| * -

* “""“F“‘“J”" + A”""“"")N—I"l‘ Civh’.".-n = C -14.
Writing the set of ¥ simultaneous equations (13.11), (13.13) and

(13.15) in matrix form we have

AwW..=C (13.16)
where
R A o0 o0 O - - -
a = n.‘ ﬁ" ﬁ [0} o - - -
<y Ay By B O - N
T AGE (13.17)
CoiE T
wo Koy - ‘ - A'f—l 6wal /5
\Rw &y - " Ly An Bwy/
and .
meny) C
Yl\n—ﬂ b Mfg..:,.,\ ) C, - C:- (15.18)
Wontt, w1 Cwa
Wt , ¥ CN_'L
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The equation (13.16) may be solved more easily if we first of all
factorise A by Choleski's method (see Ref., 17). We write 4 = 4 ¢ where
L is lower triangular and Y is upper triangular, and first solve
LY =¢C (13.19)

and then

<

Wer= 1. (13.20)
It will be seen later that by this method far fewer numbers need to be
stored by the machine at any one time. In our case L and { may be

expressed in the form

L = 1 o o o - u_ ru. pA OO o -

- L, v+ o o - , "o uw & 0 - (13.21)
25- 2‘1, } 0 o 0o “y A -
P ~ -.

where

u; = By - /&l;,s_. Cire); wel, |,

Xiv'»"‘ A - AL i (iv2) Ay = %‘» )
i : ' (13.22)

£ = %imdi,sq {'<5<J“) By Lva).

vs - e o Loy S | ", }

‘_I: is the column vector
1 = ‘3'
KN (13.23)
v ]

and
- "
9i -.-.C-,-:L;Xi.sgs Gewn) 9w = C,,—'J./l»‘i‘_ I,.,,sgs. (13.24)
The equation (13.20) now has the solution
e = Y : PR 3~ ﬁ e, ) 3
W Lo %_” ’ w, 2] a3 “‘;r y et ‘.J(N). (13.25)

It can now be seen that very little storage space is needed during
the solving of (13.16), since v jand k; can be calculated from the same
set of Ijs,S at each step and only Y and 1 need be stored (i.e. 2/ numbers
as compared with the #' members of A). W, may then be calculated very
simply from (13.25).
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The above method was programmed for the Ferranti Pegasus computer,

the set of operations being, once the step lengths have been decided 3

(1) Feed in u, from the last step (initially the profile at wse-ses).
(1i) Set wi, =w, =2u, .
(iii) Calculate wa., as above.
(1v) If max|wime,j- wa, 3l ¥ 10°° say, return to (iii) with the
neey values of w,, ) if not, calculate i, and return to (ii)

for the next step.

Richardson18 showed that the truncation error arising from using
central differences may often be reduced by using a process known as h'-
extrapolation. This is the case when the approximation to a function H’)
due to using a step length can be expressed in the form of a series

¢(b’,l\)= $(q)-rh"£bl\+k"{—.,u,)+ ) (13.26)
add powers of h being absent. ¢(1, l\) is the solution of the finite
difference equation when the step length is 4 and -F, ), 'F,,('-,) etc. are

generally;:i{nown. If this is the case then we can repeat the integration

using a step length 1k obtaining

$ly,2n) = $hy) + hhEiq)e - (13.27)
go that ﬂ_l-,)' may be eliminated and a better approximation to 'Fh-') will
be

'S'h,) = Ply,h) + %[ Py, W)~ q’(qiu\\] ) (13.28)

the error now being of order h* instead of order h'.

This technique was used in the Y direction, and was found indeed to
eliminate the leading term in the trunceation error. The procedure which

was adopted at each step was as follows :

(1) Solve with ¥y~ Yin = 2h taking w5, =24, as a first approximation
and obtain the solution u,(%,zk‘)-
(i1) 1Interpolate in uyly, 1h) obtaining additional values for u, at

the points Yivh
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(ii1) Solve with 9;-y;- = h using the results of (ii) to give a
starting set of values for wa, and obtain u,(na,k).
(iv) Compute “rzuvly, h)+ -'gf_u,ua.k)—mua,xm] .

The value of h to be used must be determined by trial using the
criterion that we will use the largest value of A consistent with
max.lu‘(g.h)-u,(-a,{\\)l < w_g) say. As the integration proceeded
downstream it was found that larger values of h could be used, The
integration must be performed between a—o anda s~k with the stipulation

that - should be less than some small number, say T for -as (v-4)) ,
say. Since the boundary layer thicknems as we go downstream the value
of¥h must be increased every few steps, but the value of h may be
increased as mentioned above, so that it was found sufficient to use
between 80 and 160 steps in the 4 direction for the whole range, even
though the value of #h increased ten fold between mco-005 andse:zo-§.

In the x direction a similar criterion may be adopted for the step
interval, although no h'. extrapolation process was used in this direction.

It was again found that this step length could be increased as » increased.

The integrations were performed on the Ferranti Pegasus Computer
for o2ce 0.005-(%X0:0003125 )-0-0/1- (R0.000625)—0 02 ~ (xo0-00135)- 004 -

(X o0-0025)-(X0.005)- 0 5.
For the same accuracy (four to five decimal places) the distance ¢-ces-o-0)

had to be traversed in sixteen steps, while cnly twenty steps were

needed forweo-y tosx:0-5.

Near a¢:o-00¢ Only about four iterations were needed to obtain “'La’“‘)
to the desired accuracy and a further five to obtain u,(-a,k))each step
taking about ten minutes to perform. However near x:o-:s many more
iterations were needed and each step took thirty minutes or more, with
the prospect of this time growing even larger as > increased more. It
was therefore decided to integrate equation (7.7) instead and a similar

technique was employed, which is briefly described below.
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The advantage of integrating Crocco's form of the boundary layer
equations is that no quadrature formulae need be used and all the 4(; s s
in (13.21) with s<)-! vanish. This reduces the time of integration
considerably.
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§XIV  The Numerical Integration from x:0-§ to near separation

Crocco's form of the boundary layer equations, from (7.7), with the
original meaning attached to x is
LY ) 2
< = W 9% 14.1
Sar s. (14.1)
and the boundary conditions are
el , T=0O

' (14.2)
weo, Pefdaz= | .
Replacing derivatives in the ¢ direction by central differences and

others by averages (14.1) reduces to
PR AL /
W = w=2T,
— 1 .
$ (h_x‘) (14.3)
where wr=t,«xt, T, being the known solution at x= x,and T, the solution
at x:=3, . The boundary conditions are

wite)z 2, wlidzo (14.4)
the prime denoting differentiation with respect to w.
The iteration process
Futul = 2 bnoax) (14.5)
was found to converge.
The only finite difference substitution we have to make is
w':'-ﬂ,j = ;llwh"l nl""—kw"""' [ * Wi s ‘—l) (14'6)
and at the ) t nesn point we have
. . . 14.
9(, Wh“,s‘” + A:' \;J',‘,‘.,J -+ ‘0 y\r'h“‘-‘ o = c‘s ( 4 7)
where
0‘3 =(“’~\3)‘. y
A-:-(l¢-+Jp) ; (14.8)
- : - 14 AC.,J ',

4 Th/(x,-=,)
and h is the step length in the « direct:.on
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At the ends of the range the equations are

lda"‘rm-ﬂ,l + Ae“’u\h,p < h“‘h

since

1 (wm-n,l

2h
and

= W’m«,-a) 2 &

dﬂ—l whﬂ,ﬂ—t + A -t Vrmcc,nl-i = c-ﬂ—l
, wWhere ~Mh =1.

since Wt W ® o)

In matrix form equations (14.8) to (14.10) are

6.\‘!”-4'5 9 ]
where N

A < Ao l&. 0 o -
~ 4. A. d' o -

0 & AL o
o o 0O 0 -
[0 o o o0-
vz Y Tmar, 0 ] ,
. P .

i_ww\:ﬁ,ll—l

Ao

0 Apret

= {A l’*o
CLN-IJ

A

A is factorised by Choleski's method into
A = L

and
L=|! O
- l'.
0‘1.
0 v
where
n
l?= oip
U

{ == - 0O

L~ -

o

(p>0).

0=4e &,
= 0
o o
0 o
va A’)
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Aw-1
AN'\J
0 o -
A ©0 .
s
- 0 0

(14.9)

(14.10)

(14.11)

(14.12)

(14.13)

(14.14)

(14.15)

(14.16)



We first solve

LY =¢ (14.17)
and then
~ !\../w--u :i (14.18)
where
- 4
4 (14.19)
'.'J—N -1
It is found that
Je =CP"1P3F-' (P?O) )y Get k ha, p (14.20)
and
Wier v T g Y Pz B =L Wina per (P<N—l) . (14.21)

Uy Ue
The same techniques as regards k - extrapolation and the size of the

step lengths as before were used.

A little difficuliy arises near ws;, Near here we may find the
leading term of the solution by setting

= £l
Vo
where ~F is given by the equation
$ [ (14.22)

From this it may be seen that when wn=| a.nd.":—a -F becomeg singular, which
makes numerical integration round that point very difficult. However it
was found that slight changes in the value of T at wei made a negligible
difference to the values of T obtained four or five meah points back, and
after that no difference at all, so that, since the region near wu=ois of
prime interest, nothing was done to improve the accuracy near wz), even

though the last few values computed would be in error.

The integration was carried out on the Pegasus computer from

25 0-F-(%o-0035)-0-6S, each step taking only about five minutes.

After this point the method became unstable, It may be remembered
that earlier we used the largest step length in »¢consistent with the

solution agreeing to within 4 or 5 decimal places with the solution
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obtained when the step length was halved. This was done in the
interests of saving time. After about 6.5, however, the smaller the
step length was made, the more the solution diverged from the solution
for double this step length (near wso , that is - elsewhere good agree-
ment was noticed). This is thought to be due to the rounding errors
becoming more important than the truncation errors. Values of v atw=o
uging different step lengths are shown in Fig. Ef. Even when the
integration was performed independently from »=0'S the values of ¢ at
w=0 when a,-3,z0-00% and when s,-»,=0-9025 agree to within 4% decimal
places up to about »=0-.65. When rounding errors become important it

is advantageous to use a large step length; and so the results obtained

for st,-9t, =0-005 were accepted as being the most accurate after »:z o0-6§"
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€XV The Results

The results from$s XII and XIII are given in Table 1 where u, v
and ¥ are tabulated against >« from x= ©-0/ {oxs 05, v and ¥ being

calculated from

RN
s 5"£Ja (15.1)

o
=1
fu

V= -« L\autea. (15.2)

Table 2 gives the results obtained by the method of 8 XIV from x=o-§
to>x:x6-7, T and ; being tabulated against o . g is calculated from
i“ du .
T (15.3)
Table 3 shows values of the skin friction 3-« , the displacement

y
9=°
thickness S y momentum thickness 9 y the transverse velocity at the outer

edge of the boundary layer, w &nd the reciprocal of vy tabulated against »¢.

o* and v, are calculated from

= [led < ool | (5.0
% . (; d

8" < [ wli-u)ly = joal'—u L (15.5)

Vo T I+ ! J':"“)&A z [+ ! ((.-u\‘xq , (15.6)
doc o ¢ Aty T

As a check the continuity and momentum equations ( (6.5) and (6.4) )
may be integrated betweena-,o andy—-aoto give the following two relation-

ships : »
Vi = I ‘“ (15.7)
9 ., }_‘. _ (15.8)

J>¢
It is estimated that the resu?Lts given will be accurate to within

the number of significant figures given in Tables 1, 2 and 3 up to about
=« =065, but the accuracy of the values given after x=o-65 cannot be

guaranteed, for the reasons given at the end of & XIV.
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Figures V to IX depict graphically some of the results contained
in Tables 1, 2 and 3. Figure V shows velocity profiles plotted against
the 'scaled' distance from the wall,-a] " at the stations Hebl,0-%,0-5
and ©-7. The skin friection curve plotted in Pigure VI demonstrates the
difficulty in determining the position of the separation point from the
calculated values of \_3 since the graph shows every appearance of

¥lgee

approaching the axis in an asymptotic fashion. In fact, as we know from
the treatment in Part II, the graph is tangential to the axis at the
separation point., The rapid increase in the displacement thickness and v
as we pass through x=o0-7,as demonstrated in Figures VII and VIII, displays
the nearness of the separation point and Figure IX, showing :/vee against =,
clearly shows that if/v, and thus}""l __Pecomes zero soon after == 0-7. By
extrapolation the separation point is found to lie somewhere between »x:= ¢ .23

and sz 0-74%.

One would like to check the series for the skin friction in the
neighbourhood of the separation point obtained in Part II, and in particular
to obtain the value of « in (9.27), from the numerical integration. However

this was not found to be possible. (9.27) may be written in the form

.0
To . € ate) . R} c(e®) L
2 o e e B 0l ] (15.9)

where A, & and C are given in (9.27). Large values of § correspond to small
values of ¥ (% being measured from the separation point in the upstream
direction). If, for a certain value of §, the first terms in this series
are each less than the preceding term, then there is some hope that the
series (15.9) converges for this value of O, and that a value for?{ may be
calculated from the first four terms. However for =10 it was found that
the third and fourth terms in (15.9) are of comparable magnitude, and it

is no longer justifiable to assume that the value of the term 0(5*) is

negligible compared to the values of the first four terms. Hence we cannot
use (15.9) with the values of A, @ and C from (9.27) for <10 . When =10
we find from (15.9) that

To

-

€*

= 5 x 107, (15.10)
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There is thus no possibility of matching the solution (15.9) to
the numerical solution without performing the numerical integration to
a very much greater accuracy, since if we take the separation point to
lie at ==0-74, then at»x:=0-7 we have u&”:’: o.ou)a long way from the
value given in (15.10). =
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