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i.

B RA

Calculations have been made to investigate the effects on high
energy muen showers of varying some of the moere important parameters
of high energy nucleon=air nucleus eellisiens. The effects of different
assumptions soncerning the primary mass composition have also been
investigatedo The majority of the caleulations have been designed to
enable a comparison to be made with the experimental results of the
Utah group on underground muens with thresheld energies of the order
of 1000 GeV, and above; and zenith angles in the region of 60%

Assuming the primary composition to be similar to that found
at primary energies =10 GeV, it is concluded that if the multiplicity
of secondary particles varies as Epi then the value of the mean
5GeVg
and if the multiplicity varies as Eé£ a value of ~0.5 GeV/c is obtained
at energies ~4 10°GeV,

Using a value of 0.4 GeV/c for the mean transverse momentum, all
the models predict significantly more muons than observed. An increase
in the mean transverse momentum and/or the energy loss cdefficient, by
are considered the most likely parameter changes to give better agreement.

The present work favours a multiplicity law varying as Ep% rather
than one varying as EE% but this cannot be regarded as conclusiveo

As yety due to lack of experimental data, no conclusions have been
possible concerning the primary mass composition but there is no

12

evidence for an increase in the proportion of heavy nuclei above 10°“eV

as concluded by Grigorov et al. (1967).




ii.

The present work does not rule out the possibility of some muons
in B.A.S. being produced by a process other than the decay of pions

and kaons.




iii.
PREFACE

The work presented in this thesis was carried out while the
author was a research student under the supervision of Professor
A.W. Wolfendale in the Physics Department of the University of
Durham, between September 1966 and September 1969. Since October
1969 the author has been employed as a Research Assistant in the same
aepartment.

The author has been a member of a small group working on problems
assoclated with the theory of E.A.Se This group included Professor
A.W. Wolfendales Dr. H. Oda from Kobe Universitys Japan (for 12 months),
Dr. J. Wdowczyk from the Institute of Naclear Research, Lodz,
Poland (for several months each year) and, sinﬁe October, 1969, Dre
ReB. Coats. Inevitably some of the work has been done in collaboration
with the above physicists but most of that reported here has been carried
out by the author. |

Barly calculations (not reported in detail here) on fluctuations
in E/A.S. and on the sensitivity of E:A.S. characteristics to m§de1
parameters have been reported in the Jpurnal of Physics by Adcock et
alo (1968a) and at the International Conference on Cosmic Rays, Calgary,
by Adcock et al. (1968b) respectivelys Interim reports on the present
work have been given in the Journal of Physics by Adcock et al. (1969a)
and at the International Coéference on Cosmic Rays at Budapest by

Adcock et al. (1969b).
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GHAPTER

THE _SIGNIFICANCE OF COSMIC RAY STUDIES
l.1. Iptxoduction

The primary cosmic rays falling onto the earth's atmosphere are now
known to consist mainly of atomic nuclei with a small proportion of
electrons and Y -rays. Their study is important in two main fields -
astrophysics and high energy interactions. The former comes from a
study of the energy spectrum of the primary particles, their chemical
composition and their spatial anisotropy, and the latter from a study
of the secondary particles produced when the primary particles interact

with the nuclei of the atoms in the atmosphere.

The energy spectrum of primary cosmic rays extends from an arbitrary

limit less than a GeV to an hitherte undetected upper limit of greater
than about 102°ev. An integral primary spectrum deduced by Greisen
(1966a) from the results of many workers is shown in figure l.l. Although
this does not agree in detail with those of other workers, the essential
features are the same.

Thus the spe ctrum is seen to fall very rapidly with increasing energys

15

havingian exponent of about =1.6 up to an energy of ~ 10" ~eV after which

it steepens in slope to about =2.1l. This remains constant to an energy

18eV when the slope decreases to about -1.6 again.

of about 3.10
Because of the very great energy range covered and the rapid fall

in the flux with increasing energy no one 'method can be used te measure
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the spectrum over the whole energy range. At energies below about 1012ev
the flux is sufficiently large to enable it to be measured directly with
detectors carried to the top of the atmosphere in balloons or in
satellites. In the energy region 1012=1014ev the flux is so low that the
primary spectrum has to be deduced from measurements on the secondaries
of interactions of the primary nuclei with air nuclei, or rather their
progeny (¥ ~rays and muons), although recently the flux has been measured

11 ot4

in the energy range 10°" - 10" eV by a satellite experiment (Grigorov

et al., 1967),

14eV one has to rely on extensive air shower

Beyond about 10
measurements for information (see section l.4); in particular the
measurements of shower size. In all of these indirect measurements a
- model of high energy interactions must be usede As a result when
discrepancies occur about the nature of the primary spectrum deduced
from different observations three possible explanations are suggested:-
(1) unréliability of the data, arising from a lack of statistics,
systematic errors and biases in the observations; (ii) a change in
the slope of the primary spectrum with or without a change in composition;
(111) a change in the characteristics of high energy interactions at a
suitable energy and in a suitable manner. |

This has been the case for the two inflexions shown in the primary
spectrum. They arose from changes in the slope of the shower size
spectrum. The lower inflexion has now been definitely established in
the size spectrum and according to Vernov and Khristiansen (1967) it is

most unlikely to be due to a change in the characteristics of high

energy interactions. Therefore it seems that the "kink" in the primary
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spectrum is real and must be explained by astrophysical arguments, either
in models of the origin of cosmic rays or in theories of their propagation
or both.

lseV

The change in slope of the energy spectrum at energies ~ 10
has also been fairly well established (Trumper, 1969) and the :slope of
the spectrum above the "kink" does seem to be about -1l.6.

The discovery of an isotropic radiation of temperature approximately
3°K (e.g. Roll and Wilkinson, 1967) has led. to great interest in the
. extreme high energy end of the, primary spectrume The radiation has be___en :
postulated as being the remnant of the primeval fireball (Dicke et al.,
1965) and according to Greisen (1966b) the transparency of space at the
partinent ﬁavelengths and the consistency of intensity from observations
in.numefous directions gives strong assuraﬁce that the radiation is
universale. | _ - _

The existence of a universal 3% radiation woﬁld have drastic
consequences on the high energy end of the cosmic ray spectrum if the
primaries were universal (Greisen, 1966b; Kuzmin and Zatsepiﬁ. 1966),

19eV

The proton spectrum would terminate abruptly beyond a few times 10
due to the onset of the photomeson interactions between the primary
protons and the microwave photons. In the case of heavy primaries the
break in terms of energy per nucleon would occur much earlier due to
photo-disintegration processes for which the threshold enérgy is

much lower. The relevant experimental observations are those of
Linsley (1963a) and.Andrews et al. k1969) who have detected showers
with primary energies above the oredicted cut-off. From these results

it seemsthat if cosmic rays of high energy are extragalactic, then the

3%K radiation cannot be universal or, alternatively, if the 3°K radiation
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is universal then the high energy cosmic rays cannot be so and are

probably confined within the local super cluster (Sreekantan, 1968).

1le2:20 - Ihe.C

The composition of cosmic rays is an e¢sential feature in under-
standing their origine At energies below ~10GeV the primary composition
is known from direct measurements. It is dpproximdtely, with constant
energy per nucleon, 93% protons and 6.3% alpha particles, the rest being

heavier nuclei. At higher energies the composition is less well known

because the rapidly falling intensity with increasing energy makes

direct measurements very difficult and so indirect methods must be used.
These are described fully in Chaptexr 2,

13

It is sufficient to say at this stage that up to energiss ~ 10" eV

there is-evidence that.the composition is similar to that at lower

15

energies. Above 10" “eV the evidence 1s very conflicting and it is one

of the aims of this work to try to throw light on the composition at

175y Linsley and Scarsi (1962)

these energies. At energies of about 10
have put forward some evidence that the composition is relatively pure
and probably protonic in nature.

If one compares the composition of the low energy cosmic rays with
the composition of the Universe in general one is struck by the relatively
high proportion (a factor 105 times greater) in cosmic rays of the L-
group of nuclei (Li, Be and B) and also a slightly greater proportion
of heavy nuclel.

The latter excess points to the origin of cosmic rays in old

stars which have a high proportion of heavy nuclel e.g; sSupernovae.

The difference in the amounts of L-nuclei indicates that their
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presence in the cosmic radiation is due largely to the fragmentation
of heavier nuclei in penetrating ~ 3 gu:m-2 of matter on their way
to the earth.

The origin of cosmic rays and the mechanigm for accelerating them
to energies -1020eV is still not known with certainty. The energy
density of cosmic rays near the earth is the same order as that of
starlight (1eM/cm3) and so if the radiation were universal with a
constant energy density the total energy involved in the cosmic radia=-
tion would be excessively great and this has led many workers to
discount its being universal and suggest that it is a Galactic
phenomenon, the particles Seing trapped in the Galaxy by Galaetic
magnetic fields. The value of the interstellar magnetic field is still
in dispute and values from 10-5 - 10-7gauss have been proposed.
Evidence for the existence of such fields comes from a variety of
measurements including the detection of magnetic bremsstrahlung
radlation from relativistic electrons in the Galaxy.

Ginzburg and Syrovatskil (1964) favour the Galactic origin of
cosmic rays from a single source, supernovae. These workers propose
that acceleration takes place in the turbulent gas and magnetic fields
by either of two processes:-

;) The Fermi process, which is a statistical process in which the
charged particles collide with randomly moving magnetic fields.
In a collision a barticle may gain or lose energy; on the average
it will gain since a head-on collision is.more probable than an
overtaking collision. The Fermi mechanism leads naturally to a

power law energy spectrume.



6
11) The second process is the interaction of charged particles with
a slowly varying magnetic field (Betatron acceleration).

Zatsepin and Kuzmin (1968) have proposed that cosmic rays may
originate in such stellar objects as quasars. If this is so then they
state that above energles of about 1015eV/huc1eon heavy nuclei will
be broken up into protons by the high energy photon field, and that
protons will have increasing difficulty in escaping from the source
thus accounting for the increase in the slope of the primary spectrum
above this energy.

Colgate and White (1966) have considered the possibility that cosmic
rays may be formed when a highly evolved star of mass ~10 times that of
the sun collapses.

When the collapse has reached the stage that densitiles -~-10:"J'g.¢:,m-3
exist a neutron star may form. This stable coﬁfiguration will halt the
collapse and cause a shock wave to propagate outwards from the collapsed
core carrying with it a Portion of the star's masse. According to Kinsey
(1968) the intense radiation field will quickly fragment the relativistic
nuclel leading to a protons only spectrum above energies of-103GeM/
nucleon. However, some resynthesis of heavier elements may be possible
behind the shock wave.

Hillas (1967,1968) has considered the effects of an evolving
universe on cosmic rays assuming that the most energetic cosmic rays
that have been detected are of extragalactic origin and that they orig-
inated in strong radio galaxies. Radio-astronomical evidence éuggests
that the output from such sources must have been much greater in the
past than at present. If this is so, the importance of interactions

between the 3°K radiation (assumed to be universal) and intergalactic
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153V 1s greatly increased

cosmic ray protons and heavier nuclei above 10
because of "red-shifts" in the energies of the nuclei and the microwaves
and changes in density so that the energy losses of the nuclei through
pair production are greater than if a steady state model is considered.
Assuming that the output of these cosmic ray sources varies as
(1'.i.me)-3 and that the integral energy spectrum has a slope of =15
throughout, Hillas has shown that the energy loss would lead to the
present day spectrum having a slope of =2.2 between primary energies

15 17eV if production were assumed to start at l.4 108 yearso

19

~ 31077 - 10

An expected_cut-off in the primary proton flux at ~310" eV is still
present as in Grelisen's work, however, and this throws doubt on the
theory.

A further explanation of the shape of the primary spectrum has
been given by Linsley (1962) which is similar to a model by Peters

(1961). This assumes that up to energies '~--10]'.5

eV the primary
composition is similar to that found at lower primary emergies and
that the primary cosmic rays are all Galactic in origin. They are
retained in the Galaxy by the Galactic magnetic fields. At these
energies, however, the radius of the particled trajectory approaches
the extent of the fleld itself and so they ;re'éble to break away
from the restraining influence of the magnetic field and leave the
Galaxye. For a given magnetic rigidity the energy of a particle is
proportional to its charge so that initially protons will escape
followed by the heavier components in order of their charge (and
hence mass), causing the primary energy spectrum to steepen. At

18

energies ~ 10" eV the Galactic field is unable to hold even the

heaviest component of the primary cosmic radiation and the flux of
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Galactic cosmic radiation falls below that entering the Galaxy from
extra=galactic sources which are supposed to have a less steep energy

spectrum, the same as that observed at energles -2 108

eV in fact, and
are believed to be compoged almost entirely of protons due to any
heavies being fragmented in collisions with inter-galactic matter.
Obviously a good test of this theory is to see whether in fact the
propertion of heavy primaries increases with energy above the first

"kink" in the primary spectrum, and this is one of the main aims in

extensive air shower work at present.

1.2.3 $patial Apisotropies.

Anisotropies are usually quoted in terms of the parameter

I -1
& = i T 1.1
max min
where Imax and Imin are the maximum and minimum values of the observed

intensity. This parameter has besen measured in alr showers up to the
' highest primary energies so far detected and Qithin experimental errors
the primary particles seem to be isotropically distributed.

The lack of directional anisotropies is not so much evidence for
an 1sotropic distribution of sources as for the existance of inter-
stellar magnetic fields which smear the original directions of the
charged particles.

At sufficiently high energies particles may retain enough of their
original direction to provide an observable anisotropy, but this depends
on thelr source of origine.

Greisen (1966a) says that protons of energy--lo2

lev (1f 1t 1s
possible to detect them) should retain their original directions té

within about 5° no matter how far away the sources may be, unless the
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strength and organization of intergalactic fields are suprisingly
great.

There are a number of directions in which a higher flux may be
expected; these include the Galactlic plane and the Galactic centre. It
seems that the Galactic magnetic field is ordered along the spiral
arms and so the spiral on. which the solar system lies is another likely
direction.

The absence of any such anisotroplies is evidence that the particles
travel through the interstellar gas primarily by diffusion with
magnetized interstellar gas clouds as scattering centres. Hence more
precise values of & might be expected to provide information on the

distribution and order of the magnetic fields in interstellar space,

1.30 ngh Eng::g! I“Lexagtin!!ge

The primary cosmic iays are useful in the study of high energy
interactions because they provide a flux of very high energy particles
with energies far e xceeding those capable of being produced by present
or even forseeable accelerators. The nuclei of the atmospheric atoms
act as targets and studies on the secondary particles can give infqr-
mation on the characteristics of high energy interactions.

In the past these studies have led to the discovery of the g and
i - mesons and several of the strange particles, but at energies ~ 30GeV
accelerators are now better for investigating the characteristics of
high energy interactions because of their greater fluxe Thus the
study of high energy interactions in cosmic rays is mainly concerned
with energies above ~ 100 GeV and in the next few years it should be

possible for accelerators to produce energies of ~ 300 GeV and maybe
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higher so that interest in cosmic rays will have to be at energies above
~ 1000 GeV.

Already a lot of information has been obtained at and above these
energies from experiments with nuclear emulsion stacks and from
extensive air shower measurements which is summarized in Chapter 3.

Also postulated prticles which have not been detected in
accelerators presumably, if they exist, because their mass is too high
are currently being looked for. Among these are the quark, a sub~
nucleonic particleyand the intermediate vector boson which would show
up in the apparent direct production of muons.

The Sydney group (e.g. McCusker and Cairns, 1969) have recently
reported the detection of 2¢/3 quarks near to the cores of e%tensiva
air showers using a Wilson cloud chame r. However, these results
cannot be regarded as conclusive and more experimental work is needed
before any definite conclusions can be drawn.

Bergeson et al. (1967) have put forward some evidence for the
production of muons by some new proces%, either by direct production
or by the decay of some particle with a lifetime very much shorter than
that of the pion or kaon. Again, however, the evidence cannot be

regarded as conclusive st present,

1.4 Extensive Alr Showers.

Extensive alr showers are initlated by primary particles of very
high energy. The particles in E.A.S. are divided into three principal
components (a) the nuclear-active component which includes all kinds
of particles that are strongly interacting, (b) the electromagnetic,

or soft,component which consists of photons, electrons and positrons
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and (c) the mu=meson component.

The genetic relations are believed to be well understood in general.
The backbone of the shower consists of the nuclsaractive component
cascade, initiated by the- interaction of a primary nucleus with an air'
nucleus dnd maintained by high energy secondary nucleons,antinucleons,
mesons and hyperons. The decay of sécondary K mesons and éharged o
mesons gives rise to the muon component, which is thereafter non-
multiplying and is very slowly absorbed by ionization and beta-decay.

The decay of secondary'np mesons transfers energy repeatedly to
photons each of which initiates an electromagnetic cascade. The over=
lapping photon-electron cascades rapidly grow to comprise the most
numerous particles in the shower. The number of such particles can
run into many millions and they are spread out over an area that can
be as large as several square kilometres due to their being scattered
by the atmosphere.

The great spread is one of the main advantages of extensive air
showergse Thus the intensity of primary particles with an energy

18

greater than 10" eV on 1m2 is only -~ 1 per 3000 years. However, the

extensive air shower produced by s uch primary particles contains ~2-~3

108 particles at sea<level, spread out over a wide area and so they

can be detected quite frequently with an array of well spaced detectors.
The individual electromagnetic cascades have a sﬁort rang® compared

with the thickness of the atmesphere and the total soft component

gradually dies away as the nuclearactive component becomes depleted

in energy by further interactions. On average these occur every 809.':;111-2

for nucleons and 120 g»cm""2 for pions. If the path of the air shower

in the atmosphere is §ufficiently long the most numerous particles
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remaining in the shower will be the muons because of their small
interaction cross section.

However , most showers detected vertically consist mainly of
electrons. For example in a shower of size 106 particles detected at
sea-levely in the vertical direction,about 17 per cent are muons and
the rest malinly electrons and photons. The mﬁon component,; however,
carries far more enérgy in these showers than the electromagnetic one,

1

the former carrying ~ 9 1014ev,and the latter ~1.6 10 4eVn i.e0

five or six times less than the muons. In showers of less than 106
particles the imbalance can be even larger.

This situation is a consequence of the long range of muons and
the comparatively rapid absorption of the other components. In an
average shower at sea-level the electromagnetic energy and that of
the nuclear-active component are much depleted, while that of the
muons has only been reduced by about one third through decay and
ionization losses. At mountain altitudes, howsver, near the shower
maxima the electrons are an order of magnitude more numerous than at
sea~level and thelr average energy is also higher and so the energy
balance is reversed.

The aim of the work in the field of extensive alr showers is
similar to that of cosmic rays in general i.e. to study the primary
spectrum for astrophysical interest and to study the characteristics
of high energy interactions.

There has been a significant increase in the accuracy of extensive

alr shower measurements in the past few years and this has led to

greater interest being paid to the theory of shower development.
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Increasing attention is being paid to more precise calculations of the
various characteristics of E.A.S., electromagnetic,; muenic and nuclear=
active.

One of the main aims is to determine to what extent the E.A.S.
characteristics are sensitive to the individual paramstem of the
elementary act and to select the characteristics depending on only a
small number of parameters.

Initlally it 1s important to compare the predictions of conserv-
ative models, with values of parameters obtained by extrapolating from
the low energy region, with the experimental results; and by examining
the direction in which the latter deviate from the former one should
be able to tell, at least qualitatively,; the required modifications
needed to the parameters of the high energy interactions.

With the use of such medels one should alse be able to draw at
least tentative conclusions on the primary mass and energy spectrum

at very high energies.

Muons in E.A.S. are the progeny of piens and kaons produced in
high energy interactions. Their main characteristic 1s their extremely
low probability of interacting with matter and so it should be possible
to draw conclusions about nuclear interactions from all levels of the
development of E.A.S. by studying muons of different energies at
different distances from the core. The relativistic extension of the
muon lifetime means that the majority of muons above a few GeV survive
to sea-level. This means that fluctuations in the muon number are

smaller than in the electron number and are less dependent on the
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primary mass. Thus in theory a study of fluctuations in the electron
number in E-A.S. containing a constant number of muons or alternatively
a study of fluctuations in the muon number in E.A.S. of constant
electron size could lead to information on the mass composition of the
primary cosmic radiation. A number of workers have tried to obtain
information in this way (De Beer et al., 1968 a; Adcock et al., 1968a)
but the derivation of the muon number is very difficul{, because of
the need for many well shielded detectors over a large area in order to
obtaln the lateral distribution of the muons, and so far the experimen-
tal evidence is not sufficiently accurate to draw any definite con-
clusions, Such fluctuations can also give information on the model
used in the calculations and hence indirectly on the parameters chara-
cterising high energy interactions (De Beer et al., 1968a).

The lateral spread of the muons about the core of extensive air
showers results mainly from the transverse momentum imparted te the
muon parent when it is created in high energy interactiohs. Thus
studies of the shape of these lateral distributions should give infor=-
mation on the form of the transverse momentum distribution of these
particles; an their mean value of transverse momentum, and on its
variation with the interaction energy.

It may also be possible to draw conclusions on the primary mass
spectrum from studies of the momentum spectra of energetic muons far
from the core (Orford and Turver, 1969).

The sensitivity to the primary mass is due to the fact that high
energy muons come from above ~10 kilometres (in the vertical direction)

since at these heights the high energy pions produced have ‘a greater
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chance of decaying into muons before interacting than lower down in the
atmosphere. Thus the muons reflect the first few lnteractions of the
primarys; whereas low energy muons near the core have been produced
lower down in the atmosphere and the averaging effect of the many
interactions that have occurred tends to mask the effects of different
primaries. Some authors have pointed out that the fluctuations in the
lateral distributions of high energy muons at large distances from the
core are very large, however,(De Beer et al. 1968b) and this may have
important consequences on the interpretation eof the results,

Another way to study high energy muons is to look at muons at
large zenith angles., In this case the first interaction of the primary
will take place in less dense air than would be the case in the vertical
direction and so the production of high energy muons would again be
favoureds Also because of the large thickness of air traversed the low
energy muons produced will have a tendency to undergoe u-e decay, since
they will lose energy by lonization; this then will alse tend to
increase the average energy of the muons detected. Furthermore the
large thickness of air will tend to filter out most of the electrons in
the shower thus making the identification of the muons simpler. This
method has been used by several workers and one of the groups (Rogers
et al., 1969) has been able to draw conclusions on the mass composition

of the primary particles above 101

eV as well as on certain characteris-
tics of high energy interactions. The main difficulty in this work
seems to be the effect of geomagnetic deflection, but this is only true
at large zenith angles (> 60°).

Another feature of muons that can be measured is their heights
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of origin. These are of greaﬁ interest because they are dependent on
the rate of energy dissipation in the E.A.S. and since this is sensitive
to different models of extensive air shower development, the measurements
can help to distinguish between different models. There are several
methods of estimating this characteristic of E.A.S. It can be obtained
from the geomagnetic distortion of the muon lateral distributions and
the direction of motion of the muons in a shower relative to the shower
axis (Earnshaw, 1968), from measurements on the radius of curvature of
the shower front (Bemnett et al., 1962) or by an anélysis of the baremetric
attenuation of muons in air showers (Firkowski et al., 1967).

The relationship between the average number of muons in a shower
and the average number of electrons can also be used, in principle, to
obtain information about the primary mass spectrum (Adcock et al.,
1968a). This arises from the fact that the relationship between the
average electron number ﬁ; and the average muon number N is

m

— —
N“l = KNB 102

where QO is approximately constant for all nuclei and K is a function

of the mass of the primary nucleus. Equation 1.2 gives

log Nﬁ a leg'ﬂé + log K 1.3

and S%ggﬂ%f

Thue a change in composition is reflected by a change in &

o 1.4

The measurements are possible for showers of fixed electron size
or for fixed muon number. However, difficulties arise in obtaining
good statistics since in order to see any change in @ only small
cells of shower size can be used.

In order to overcome the averaging effects in extensive air showers

and study the effects from the first one or two nucleon interactions,
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thereby alse threwing light on the primary mass compesition, one can
study very high energy muons (21000 GeV) in extensive air showerse

This can be done by making the measurements deep underground where
the electron and nuclear-active components of the air showers have
been completely filtered out as have alse the low energy muons. Thus
the high energy muons can be regarded as the remnants of extensive
air showers.

Such an experiment has been carried out at the University of Utah
with a large detector situated under a mountain. The irregular coentours
of the mountain make it pessible te study the frequency of muons, both
single and multiple, with various thresheld energies and at a variety
of zenith angles. Also information has been gathered from the
detector concerning the lateral distributlons of these high energy
muonse

Thus it seems that much valuable infermation may be gained on
the primary mass composition and on the parameters of high energy
interactions from a theoretical analysis of the preliminary results
of this apparatus. Such an analysis forms the main theme of the
present worke

Chapter 2 contains a survey of measurements'dene on the primary
spectrum and its mass composition. Chapter 3 contains a survey of
the characteristics of high energy interactions in order to get an
idea of the parameters for a model of high energy interactions which
is described in Chapter 4 along with the predictions of the model,
with particular reference to the Utah detector., Chapter 5 gives

a description of the Utah detector; the analysis of the data and
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the final results. These are then compared to the theeretical
predictions. Chapter 6 is a comparisen between the results of other
workers, both theoretical and experimental, and the present work.
Chapter 7 contains the conclusions from the present work and proposed

future work.
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CHAPTER 2,
THE PRIMARY SPECTRUM AND ITS MASS GCOMPOSITION.

2.1. Introduction

As stated earlier, the underlying aim of the present work is te
increase our knowledge on the mass composition of the primary cosmic rays
responsible for creating E.A.S. and on the nature of nuclear interactions
at energies unattainable by other means at present.

Because of the lew intensitles of primary rays at these energies it
is not feasible to study them directly and so we are forced to draw con=
¢lusions about them from studiés of the secondary components 1nitiéted by
the high energy nuclear intéractions of the primaries with air nuclei. This
involves using theoretical medels containing parameters whose values are
uncertain and so our knewlédge of the primary spectrum and of high energy
1ntéractions is closely reléted.

It is therefore important to make a survey of the bresent state ‘of
knowledge as regards the primary spectrum and its composition, and the
characteristics of high energy nuclear interactions.

This chapter is concerned with the primary spectrum and the next with

high energy interactionse.

Twe main methods have been used in this energy regions- (i) studies
of the 7° component, which decays into gamma-rays and gives rise to elec-
tromagnetic cascadess and (ii) the muon component which arises from the
decay of charged pions and kaonse These indirect methods must be used
here because of the low intensity of the primary cosmic radiation in this

energy regien.
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Malholtwa et al. (1966a) used a tungsten=emulsion assembly of area 0.7

m2

and 8 radiation lengths thickness. This was flown for 28 hours at an
effective atmospheric depth of 22 g.cm-2.

They were able to separate gamma=rays produced by the interaction of
nuclear-active particles inside the apparatus from those produced externally,
and used a photometric method to measure the energy of the cascadese

Figure 2.1. shows the spectrum of Z Ey and individual gamma=rays
they observed.

The former is represented by

NG =B, ) « (zE )LMEO® 2.1,

The primary energy spectrum was obtained from equation 2.1 under the
followlng assumptionss-

i) The interaction lengths and fragmentation parameters of multiply charged
nuclei are the same as at low energiese The interaction length of nucleons,

ki, in graphite is 73 g.cm=2.

ii) The attenuation length of nucleons in air is 125 g.cmdz.
1) The interaction length of nucleons in the detector was 176 g.cm-za"
An Ag dependence was assumed when extrapolation was requireds Checks on
the depths of interaction in the detector confirmed this to within about
15%.

The charge composition of the primary particles was estimated in two
wayss=
a) by observing the charge composition of the events in the emulsion, and
b) by assuming the primary compositioen te be the same as that measured at
lower energles.

The two ostimates were found to be in good agreement,
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The primary energy, Ep, was obtained from the relation Ep=(7.0¢1.2)

ZEy o corresponding to Kr = 0.43 .and..-.KyJ= Kﬂ_/.'i_. The pion elasticity
was obtained from E:} = 0.35 + 0.05 given by Dobrotin and Slavatinsky
(1960) for an energy of 300 GeV, after allowing for the facts that the
primary spectrum is a power law and that events were detected by their
cascade energy. The rate of production of cascades of total energy greater
than 370 GeV by protons at the top of the atmosphere was calculated to be

(1.2 £ 0.3) x 10 8 cec™let™l

per gm of the detectors Multiplying this by
the interaction length of protons in the detector, 176 + 26 g. cm-z, gives
the primary proton flux te be

12 X E "10 0.05 2 1 1

Np(>Ep) = (1.6 £ 0.5) x 10 o om “sec st e 202

for 2.6 1012

< Ep < 2.6 1014 aVo
Assuming the composition to be the same as at low energies then the

flux of all nuclei at the top of the atmosphere is given by

N(>E) = (3.2 £ 1.0) x 1012£p 1044 £ 0,05 =2 o .=1.471, 243

for 2.6 1012

< Ep < 2.6 1014eV.
This integral primary spectrum is shown in figure 2.2
BaradZei et al., (1962) have used an ionization calorimeter of area
0.2 m2, flown at high altitudes; to measure the energy spectrim of single
gamma~rays and of cascades initiated in the detector by nuclear-active
partigles, The cascades were formed by interactions in a carbon block
above the apparatuse The nuclear=active particle spe ctrum was calculated
from the cascade spectrum assuming the interaction length of nucleons in
carbon to be 75 ge em™2 and the average pion elasticity R;.= 00324
Fluctuations in both parameters were considered because of the steepness
of the primary spectrum. Charge symmetry was assumed among the pieons formed

in the interactions.
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From the spectrum so obtained and assuming the absorption length of
nucleons to be as given by Babetsky et al. (1960), they give the flux of all

nucleons above a given energy per nucleon in the primary energy range

11 13

2 107" =2 1077eV as

. | q~1le7t0.15
N(>E_ ) = (600 £ 150) J"p | hr”
P 10v%

1=-2 -1

m st 2.4

Malholtra et al. (1966a) have combined all the data on ¢ ascade energy

determinations and come to the conclusion that the flux of all nuclei is

N(>E ) = (3.97°%) x 1084 x 16801 ;72 0 "1y ] 25
P 1.8 P
in the energy range 1011 -6 1014eV.

Figure 2.2 shows this epectrum compared with that of Malholtra et aL‘1966a)
obtained as above, and that of Baradzei et al. increased by a factor 1.5
to convert it to the flux of all nuclei.

It should be pointed out that the measurements combined have been

carried out at a variety of depths and show significant variations froem

each other,

Brooke et ale (1964) have used measurements of the sea-level muon énergy
spectrum and proten spectrum, together with a "trial" primary nucleon spec-

trum, to derive values for the nucleon inelasticity K, and the pion elas-

t
ticity K in nucleon=air nucleus collisions. Using two models of inter=
actions they showed that the values of Kt and Eﬁ were almost model
indépendent.

Using a value of Kt-k%. derived from other experiments they estimated
the energy spectrum ef primary nucleons in the energy range 1011-1015ev/

nucleons
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The sea level spectrum used was that of Hayman et al. (1963) from which
was obtained the pion production spectrum using the expression

P(Er ) 4E= Np(._F:E>{1 + I\ D (. ) 1 dE, 2.6
X = B r

(Barrett et al., 1952). This assumes that all muons result from pion decay.
P(E, +) is the production spectrum of charged pions, N‘,(ﬁr/b) is the sea-
level muon spectrum, B = 90 GeVy r = mﬂ./h‘1= 1,32 and D(E;) is a facter
allowing for M=-e decay and energy loss by ionizatien in the atmosphere.

They thenused two theoretical medels te obtain a theoretical prediction
of the pion production spectrums-
i) The so-called constant-energy model in which all pions are assumed to
be emitted with equal energy in the C~system, half in the backward direction
and half in the forward direction, the former being assumed to have
negligible energy in the L-systeme This modelwasmainly used te find the
sensitivity of the results to the model parameters.
i1) The .so=called CsK.P. model which predicts that the energy spectrum of
charged pions preduced in nuclear interactions is

N(E, 2) € = n exp {- 5,,_} o ' 2.7

3T T

in the forward direction in the C=system where %r is the pion energy in the
L-system, ng is the total multipllicity of all plens,; T 1s the mean pion
energy and charge symmetry . is assumea. Half the pions ' are assumed to be
emitted in the forward direction and half in the backward direction in the
C-system; the latter being assumed to have negligible energy in the L-system.

The multiplicity was assumed to be given by ﬂs = 2.7 X Eéi in both cases.

Assuming the primary nucleon spectrum to have the form Np(Ep)'d_Ep =

=y

B.Ep dE.p and neglecting the loss of pions due to decay and the formation

of plens in pilon=air nucleus cellisions, it can be shown that for the
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constant energy model

P(E_+) dE_= —2 - )'Y-l { TLa) ('&) } 2.8

where u = (2 ¥)/(1=a), V= (y-o-1)/(1-a ), W= (20 +)/(1- @) and &

‘4s given by ns 3 207 Epao

The CoK.Po model gives similarly

2 00 el - . ’
p(E'n_ +) dEﬂ_ = 2dE T % B ['Ep- V"E‘ exp{ -3a.E’r } dEp
-1k )Yl T ‘ ?
1-(1-K,) 3E_ ReEp 249

where a = 0.45.

Se by treating qu as a variable it can be adjusted until agreement
1s obtained with equation 2.6.

The "trial"™ primary spectrum used was that given by Linsley et al.
(1962) converted to intensities in terms of energy/hucleon assuming that
below 104 GeV the primary flux consistssabove.constant rigidity,of 12.7%

alpha particles,; the remainder being protohstand that. above 1015

eV the
primary particles are all protons.

Kt was derived from the sea-level proton spectrum ef Brooke and
Wolfendale (1964) converted to the sea-level nucleen spectrum assuming the
flux of neutrons and protons to be the same (which is justified if there
is a high probability of charge exchange in nucleon=air nucleus collisions).

Assuming Kt to be constant ever all energies the sea-level nucleon

spectrum is given by

N (E)E = y p(i) 1 N, ( E ) dE 2,10
=0 i i ik i
(1K) (1-k,)
where p(i) is the Poissonian probability of making i interactions. From the
existing experimental data they toeok the interaction length of nucleons to

be 80 g»cmi2 and obtained values of K, = 0.575 at 10 GeV and 0.54 at a sea-

t
level energy of 100 GeV.
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They then obtained an estimate of the primary spectrum by assuming that
Kt and K, were independent of emergy and that Kt = Ky = 0.12, the divezgen-
cles from these values found earlier being due te inaccuracies in the "trid"
spectrume. This was then relexed until consistency with the above assumptioens
and with the measured proton and plion production spectra was ebtainede. The

resultant spectrum 1s given by

. +0.52 =1.58 =2 -1 ,~-1
N{ > Ep) a 0,87 ~0.30 Ep cm “sec “st 2011

10

in the energy range 10 <Ep <3 1013eV/nuov1eon.

At higher energies the exponent increases reaching a value of about

2.1 in the region of 1015

eVe

Fluctuations were considered in the nucleon and pien inelasticities
and found to héve a negligible effect.

Kaons were mneglected in the calculations. If they form a large fraction
of the secondaries they will affect the results significantly at primary

energies above ~ 2 1012

eV/nucleon causing a lowering of the derived primary
spectrume

Also the accuracy of the muon and proton spectra used will affect the
accuracy of the result. The muon spectrum used is a little lower than the

13 ev/nucleen

currently accepted ones but up te a primary energy of ~2 10
the underestimation should net cause a large error.

The spectrum is pletted in figure 2.2, in terms of energy per nucleus
assuming that the primary composition is the same as at low energies.
202.3. Direct Measuremgnt.

Recently a direct measurement has been made of the primary spectrum up

1

to an energy of 10 dev by Grigerov et al.(1967) dsing an ionization calotimeter

in an artificial earth satellitee.



Caption te Figure 2.2.

Integral Primary Energy Spectra as derived by the following

authorse.

A. Brooke et al. (1964).

B. Baradzei et al. (1962).

C. Malholtra et al. (1966a).

De Limits to the primary intensity set by
Malholtra et al. (19663).
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These workers found that the total primary spectrum has the form

=1.74 + 0.06 11 14

eV 212
P

N(>Ep)o= E f@r_lo <Ep_<10

somewhat steeper than has been concluded from other experiments.
They have also measured the proten spectrum and find that the slope is

012

similar te that found for all particles up to 10"“eV but then the spectrum

steepens and has a slope ~ =2.6. This would mean that at energies beyond
10123V heavy primaries start to be dominant in the primary cesmic radiatien.
It is fairly obvious that these results disagree strongly with the
indirect work and if they are berne out by further experiments it means
that there is something serlously wrong with the assumptionsmade in the

lattar.

2.3,

The spectrum of cosmic rays above abeout 101

4eV can only be studied by
the enhanced collecting power of extensive air showers because of the low
primary cosmic ray intensities above this energy.

Extensive air shower arraysconsist of a series of detectors spread
over a fairly large area. These enable the density distributions of the
showers to be measured and from these the total number of particles in the
shower can be ebtalned.

This can only be related to the energy of the primary particle by means
of a.theoretical model and assumptions about the primary composition. How=
ever, for showers at their maximum of development most models seem to predict

that the relationship between the shower size, N, and the primary energy

E 1is
P 9
Ep ~ 210" N eV _ 2.13
Thus ; where pessible, it is best to measure showers when they are at their

maximum of development.
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For this reason the results of the B.A.S.J.E. group (Bradt et al., 1966)

14 _ 4 1017

are probably the most reliable in the energy range 8 10 eV; since
they have estimated the primary e nergy spectrum from the shower size spectrum
of E.A.S. at Mt. Chachltaya, 5200 metres above sea-level, sn ideal depth for
;howers in the above energy range since they should be near their maximum
of development.

By taking shower sizes with a fixed intensity over a range of zenith
angles they were able to obtain shower development curves and from these they
could estimate the number of particles in the shower at its maximum, and
thus they obtained the integral intensity as a furc tion of the shower size
at the maximum in longitudinal development. They then assumed that

E = 2.0 107 N eV 201k
where §a§s the number of particles in the shower at its maximum and thus
obtained the primary integral energy spectrume

To estimate the effect of fluctuations on this type of analysis they
‘also carried out Monte-Carlo calculations of éhowersa using an assumed
primary spectrum,; and then derived the primary spectrum using the above
method. They found that this type of analysis tended to steepen the |
spectrum slightly.: Allowing for this fact-they give the primary spectrum as

N(>E) =Qw10A)mq4§E}'&2imm mﬂwE%fH215
17 .
10

1 17 o

for 8 104%¢ Ec 41007 el
This spectrum is shown in figure 2.3.
In a later paper by this group (La Pointe et al.s; 1968) the results
have been confirmed with better statistics and further Monte-Carlo calculations.
Vernov and Khristiansen (1967) have also derived a primary spectrum in
the energy region above 1014V based on E.A.S. datae They conclude that the

absolute value of the intensity is 1.7 10-10 t.;mmzsee:-lst-l at a primary energy
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of 1015

eVy which is determined to within a factor 2, The spectrum 1s
shown in figure 2.3 and is seen to have two changes in exponent. The
astrophysical importance of these has been outlined in Chapter 1.

Zatsepin et al. (1963) have estimated the energy carried by different

components of extensive air showers with a size of 3.5 lobat mountain

altitudes and have estimated the primary energy responsible for them
+1.8 14

as (6 _101) x 10~ eV,
The different ecomponents are:-~
io Ionization loss above the ebservation level (3.4 + 1) x 10-%v.

ii. The energy carried by the nuclear=active particles at the observation

+0.3 14
=0,2

iii. The energy carried by the electron-pheton component at the observatioen
1

level (0.3 ) x 107 eV,

level (0.75 + 0.16) x 10%%V.

ive The energy carried by the muen compeonent at the observation level
+0.9

(0°9-Oo2

ve The energy carried away by the neutrine component, which was ebtained

) x 1014eV°

theoretically.

5

The intensity of showers with sizes above 3.5 10” at the same altitude

-1:. -
2h m%st™l. This point is plotted in figure 2o3e

is 1.9 10
Greisen (1966a) has given a primary energy spectrum based on the
results of several groups. This is shown in figure 2.3,

The representation in the regien of ~ 1017

eV and above conforms with
the data of the Cornell group near sea~level and Linsley (1963b).: There
is considerable uncertainty in the energies quoted in this regien because
of the limited samplings of particle density and the lack of information

on the lateral distribution close to the axis of very large showers

(this is discussed further below). Alse the data in this region are
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very sparse and so the slope cannet be coensidered accurate, but Greisen
(1966a) considers that the number of showers recorded dees indicate that
a change of slope has occurred,

Linsley (1963b) has measured the energy spectrum in the 'primary

19 17 ) ol8ey

energy range 1017 = 3 1077eV. In the range of overlap i.e. 10
he gives a spectrum which is about 3 times lewer than that obtained by
the B.A.S.J.E. group (see Figure 2.3). '

Linsley alse. finds evidence for a flattening in the primary spectrum
at an energy ef about 1018eV. The exact value of the exponent abeve this
energy has not been derived accurately but is in the region 1.6 = 2,0,
the former being censidered the more probable. Vernev and Khristiansen
(1967) alse find a similar flattening of the primary spectrum, but this

1

is more gradual and starts at about 10 7eV. Other workg;s have alse

found this flattening e.g. Andrews et ale (1969), and so the change in

17 _ 1018

slope of the primary spectrum in the energy range 10 eV seems to
be eenfirmed.

The difference in the absolute intensity of Linsley and the B.A.S.J.E.
group probably arises from either differences in the shower gize determin-
ationsy or frem the fact that the showers in the overlap range were not
near enough to their maximum of development to warrant using the relation
Ep = 2Nmax GeV in ene of the experiments, or a combination of both facterse
The B.A-.S.J.E. group were in a better position to determine the shape of
the structure function because of the more compact nature of their array.
If this is the case it means Linsley has underestimated the size of his
showers by abeut a facter 2.

Hillas (1969) has reanalysed the results of Linsley by working back

from the quoted shower sizes, via the published structure function to find
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the actual densities at radial distances of 300-500 metres. He has then
joined the structure functionssat ~ 300 metres; te ones measured by the
more gompact Agassiz array out teo ~ 300 metres after medifying these for
differences in shower size and depth.

He considers that the uncertainty in density measured by smaller
arrays at 300 metres is less serious than the uncertainty of extrapolating
the data of the larger arrays e.g. Velcano Ranch in to 40 metres, the
distance inside which most of the particles lie.

Using these composite lateral distributions he has re-estimated the
shower sizes of Linsley and finds values about twice as large as those
originally quoted.

He has then used an empirical; calerimetric, method te relate shower
sizes to primary energy and finds that the primary spectra derived by this
method using the Linsley results and those of the B.A.S.J.E. group come in-
to good agreement,” He also finds th;t the change in slepe of the primary
spectrum first found by Limsley (1963b) still exists with the revised
data although it is less sharp than that found by Linsley.

From the above results it seems also that there is alse a change of

slope at ~ 3 1015

eV in the primary spectrum. Adcock et al. (1968h) have
considered the possibility that the change in slope of the shower size
spectrumy from which the change in slope of the primary spectrum is
inferred; may be due to a change in the characteristics of high energy

interactions at ~ 3 1015

eVo If this is the gase they consider that the
most likely change is an increase in the multiplicity of high energy
interactions. Later calculations (unpublished) indicate that the
necessary change in multiplicity is too great and se the explanation seems

to be unlikely, although fluctuations in the interaction peints eof the
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leading nucleons have not been considered. This should have the effect
of reducing the required change in multiplicity.

Vernev and Khristiansen (1967) have alse considered the pessibility
of a change in the character;stics of high energy interactiens. They
conclude that it is difficult to reconcile all the experimental data
with the necessary changes in the parameters of the elementary act.

1

Thus it seems that the ehange, at about 3 10 5eV, in the slope of

the primary energy spectrum is genuine.

2040l ) cti

As pointed out in Chapter 1 a knowledge of the chemical compesition
of the primary cosmic radiation is important im understanding its erigin
and mode of prepagatien, and for studying some of the properties of
interstellar space.

204020 D ' mentso

The composition eof the primary cesmic radiatioh has been measured
by means of emulsion stacks or Cerenkov scintillater counters carried to
high altitudes by balleons and satellites,

Absolute determinations of the fluxes for protons are particularly
difficult because of the presence of singly charged "albede" particles.
These have twe compenents, the "splash albede" particles and the "re-
entrant albede". The former component is formed when the primary particles
interact in the atmesphere and produce secondary particles, seme of which
travel upwards; out of the atmesphere; tbus forming the "splash albedo”
particles.

Some of the splash albede particles are constrained by the geomagnetic
field to re-enter the earth's atmosphere after having left if elsevhere.

This is the "re-entrant albedo".
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The use of Cerenkov detectors allows the effect of the splash albedo
to be corrected for since these give the direction of motion of the
detected particley and the re-entrant albedo can be corréqted for from
a knowledge of the intensity of the splash albedo.

In determining the flux of nuclei heavier than protons from balloon
measurements account must be taken of their probability of interacting
with air nuclel above the detection apparatuse This causes them to
fragment and so increases the proportion of lighter nuclei relative to
the heavier nuclei. Allowance for this can be made from a knowledge of
the fragmentation parameters of heavy nuclei.

The relative proportion of different groups of nuclei can also be
determined as a function of the depth in the atmosphere and by extrapo=
latlon back to the top of the atmesphere the relative proportions of the
groups in the primary radiation can be estimated. .

Helium nuclei are, after the proton component; the most abundant

component of the primary eosmic radiation and their behavicur in the
radiation 1s understoed the best. The reasons for this are that alpha
particles are not commonly produced as fragmentation products in nuclear
disintegrations initiated by singly charged particles and so the necessary
correqtions to the alpha parﬁicle flux due to albede are small,

The total intensity of all nuclei heavier than helium is only ~ 2%
of the total primary radiation above a given rigidity. Thus in order te
permit the measurement of intensity values having meangingful statistical
weight, it has become conventional to separate these nuclei into groups
based on their charge. These groups are usually defined ass=
is Lithiumj, Beryllium and Boron nueleié 3¢ 2 S 5y the so called L-nuclei.
ii, Carbon, Oxygen,; Nitrogen and Fluorine nuclei; 6 £ Z £ 9, the so called

M=nuclei.
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iiis Neon and heavier nuclei; Z > 10, the se called H=groupe

As a result of the accumulatien of data it has become possible to
separate out a sub-group of the H-groupy namely the VH=group containing
nuclei with Z > 20, |

Measurements on the proton and helium primary spectra extend out té
well beyond 10 GeV, but the spectra of the L,M,H and VH groups are not
very well knewn above energies of a few GeV,

Almost all workers, hewevers(e.g. Waddingten, 1960 and Webber, 1967)
agr;e that the spectra of the different charge groups are the same above
energies of about 3 GeV/nucleen, and below this the primary compesition
is energy dependent.

Since the helium nuclei are probably the best known compenent; we
shall consider the other groups in terms of this component where pessible,
i. Protens.

The ratio P/He,in terms of energy/hucleon, rises from a value of ~3
at 200 MeM/mucleon te a value of~18 at 5 GeM/nucleen, agcording te Webber
(1967) from a survey of direct measurements, above which it is constant.
This is confirmed by the results of Gleeekler and Jokipii (1967), as quoted
in Fan et al.y 1968, who find a ratie of~ 15 at 10 Ge“/nucleong Ormes
and Webber (1966) have measured the spectra of protons and helium nuclei,
using a Cerenkov-scintillation counter; and find the F/He ratio rises
from ~5 at 200 MeV/nucleon te ~ 20 at 5 GeV/nucleon.
fi. S-Nyclei,

The S-nuclei comprise the M and H groups. Webber (1967) gives the
He/S ratie as 11.6 + 0.2 above primary energies of 3 GeV/nucleen and
concludes that above this energy the spectra have the same shape.

Anand et al. (1968) have measured the rigidity spectra of helium nuclei
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at rigidities > 12 GV using an orientated emulsien stacke They have alse
reanalysed the results of Danielson (1959) en S-nuclei and from these
results and the results ebtalned from a survey of other measurements they
conclude that the He/S ratie is not inconsistent with a coenstant value
of ~ 14 over the energy range ~0,1 = 14 GeVo This would indicate that
the helium nuclei and S-nuclel have the same spectral shape ever this
energy regién°

Considering the individual groups of the S=nuclei, Webber (1967)
gives the H/M ratio as 0,30 + 0.02 above primary energies of 3 GeV/nucleen.
This agrees well with the results of Durgaprasad et al. (1969), who
ineasured the compositien of the S-nuclei using a nuclear emulsien detectoer
carried in the Gemini X1 space-craft. This experiment is important
because there are no fragmentation corrections to make. They conelude
that there is no evidence for a significant change in the primary compes-
ition from ~ 1-15 GeV/nucleon; and give the H/M ratio above 6 GeV/nucleon
as 0.356 + 0,066o Tamal et al. (1968) have measured the H/M ratie in the
range 140 - 350 MeV/nucleon and find a value of 0.34 + 0,13,

Webber (1966) finds seme evidence for the H amd M nuclei having a
primary spectrum with an exponent 0.1 * 0.3 larger than that of the He
spectrum above =800 GeV/nucleen buf this cannet be regarded as conclusive
yet until a higher statistical precision has been obtained and measurements
made at higher energles.

Few measurements have been made on the VH-group and its spectrum is
not known very well. There is some evidence that the spectrum has a
similar shape to that of the M-nuclei (Webber, 1967), and that at energies
above ~800 MeV/mualeon the He/VH ratie is ~200 (Webber, 1966).
$1i. L-pucleds

Webber (1967) has summarised measurements on the L/S ratio from
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measurements en the integral gpectra of these components and finds ne
evidence for a significant change in this ratio frem ~ 1200 Me“/nucleen
to ~8 GeV/nucleon and glves its value as 0,25 + 0.02. This cerresponds
te a L/M ratio of 0,33

Fan et al. (1968) have measured the L/M ratie using a detecter in an
artiéiciallearth satellite. At an energy of ~ 100 MeV/ nucleon they find
L/M ~ 0.28.

Webber et al,(1966) have measured the L/M ratie frem ~ 0.4 Gew/hucleon
to ~5 GeVthcleoq and find a significant variatien ever this energy range,
the value Qarying from ~ 0.6 at 04 GeV/nucleon te~ 0.3 at 3 Gew/nucleoﬁo
They cenclude that this indicates that the exponent of the L=nuclei
spectrum is ~ 0.3 higher than that ef the M-nuclei above primary energies
of ~400 MeV/nucleon.

All thesq.measurements are for very lew primary energies, in most
casés 1es$ than 10 Geﬁ/hucleeno At higher energies svidence on the primary
cemposition ié very sparse from direct measurements,

Malhe)ra et al. (1966a) obtained 46 emulsien events of total energy
above about 2. 10110V of which 34 were due te protens; 3 te neutral parti-
icleSp presumeably neutrons,; 6 te alpha particles and 3 te heavy nuclei.

12

eV'weré

In the Sydney 20 litre stack; 112 particles eof energy >10
detected (McCusker, 1967)o These sempiised 52 prefonsg iB alpha particles

and 42 heavier than alpha particles.

1

'In the Brawﬂey and Bristel stacks a proto® of energy 2 10 4eV was

1

4eV and a calcium nucleus of

detected,an oxygen nucleus of energy 2 10
energy 4 1014eV°
20403 onclusians .

From the above survey it seems that there are no strong ebjectlons to .
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. assuming that the primary composition becomes constant above ~ 3 GeV/
nucleon, except for the evidence that the spectrum of the L-nuclel is
gteeper than those of the other components.
; The results seem to be adequately represented by the primary
| composition given by Gingburg and Syrovatskii (1964) if one retains
the assumption that above~3 Gew/nucleon the composition remains constant,
although data en the L and S components is still rather sparse at energies
abeve ~ 10 GeV/nucleon, The composition given by these werkers is shown

in table 2.1l

Iable 2.1.
Group of nuclel Z '3 Relative centent of nuclei
with given energy/hucleon.
2 1 1 93%
He 2 4 6+3%
L 3 te 5 10 00 14%
M 6 to 9 14 0.42%
H >10 31 0.14%
w" 20 51 0s 04%

*VH group is included in H group.

At energies > 1012 eV all one can say at present is that there

is evidence for the presence of heavy nuclei up to energles of 4 101

v,
Thus at even higher energles indirect measurements must be made
(except for the satellite results eof Grigerev which have been considered

in section 2.3.3),
204.4. Y -ray Measurements.
Since Y=rays: deteated high in the atmesphere geme frem neutral

piens preduced in the interactlions ef the primary particles they may
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be expected to give information on the primary energy spectrume.
Yash Pal and Tandon (1966) have taken a model similar to that of
Pal and Peters (1964) for nucleon propagation and meson production by
cosmic rayse
Using a slope of the primary integral spectrum of =1.67 and a high

l4eV they obtain quite good agreement

energy per nucleon cut-off of 2 10
with the gamma-ray spectrum measurements of Malholtra et al. (1965) and
Bowler et al, (1962), which cover depths from about 20 = 250 g.cmbz, if
they use a primary chemical composition similar to that found at low
primary energies.

In particular they can explain the observed change in slope of the
Y -ray spectra and its energy variation with the depth of measurement.

These Y ~ray spectra can be explained without invoking any contri-
bution from a second component of the primary speéErﬁm. Howéver, a
second component must exist on this model and its effect will be felt on
the ¥ =ray spectrum at a few thousand GeV at low altitudes. Guided by
E.A.S. datas; this component was assumed to have a slope of =~l.67, to
consist of protons only and to have an intensity of 0.05 that of the first
component. When compared with mountain altitude measurements of the Y -ray
spectrum (Akashi et al., 1963) the fit is found to be quite good.

Yash Pal and Tandon nqrmalised the ¥ =ray spectra from a simul-
taneous calculation of the sea<level muon spectrum which was normalised
to the 100 GeV point of Menon and Ramana Murthy (1967). However, it
should be noted that pions were considered as the only parents of muons
and'y¥rays and this may not be a valid assumption since there is
evidence that kaon and hyperen production occurs in high energy interations,
although Duthie et al, (1962) have shown that the simultaneous fitting of

the Y-ray and muon intensities supborfs the view that pion production
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remains dominant in the interactions of primaries of energy up to ~1014ev/
nucleon.

These ealculatiens then ﬁend to support the model of a rigidity cut=-
off in the primary spectrum 5s_pestu1ated by Peters (1961), although a
fuller analysis of E.A.Se chafaéferistics using this model of the primary
spectrum is needed and an explanation of the fact that some workers e.ge
Baradzei et al. (1962) do net find a steepening of the Y =ray spectrum.
204.5: |

A well known eharacteristic of E.A.S. is the wide fluctuations in
shower size from primaries of a fixed energy, due mainly te fluctuatioens
in the points of interaction of the primary particle. These fluctuations
are greater for proten primaries than for heavy primaries because of the
individual nucleens in the latter forming separate electromagnetic éascades
in the main sheowery thus reducing thé effect of fluctuations in the
interactien peintss The fluectuatlens ln muon numbers are very small, and
se the number of muens can be considered as being related te a unique
primary energy.

In order to attempt to use these facts De Beer et al. (1968a) have
calculated “Ne/ N’e as a function of ﬁe for a fixed muon size; N, , ani
':"Nu /ﬁ'p as a functien of shower size, -ﬁe’ for fixed N, using three
primary mass spectrésn
ie Protens only.

i, A constant'ceﬁposition throughouts; consistent with that found at
low energilese.

iii. A modulated compesition, assumed te be the same as (ii) at low
energies, but with an enhanced contribution from heavy primaries

15

above 10"“eV and the reappearance of protons from meta=galactic

17

sourees sbove 10” eV,
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The three spectra are chosen se as to give consistency with the
measured sea-level size spectrum for vertical air showers. The calcﬁlations
were done for twe theoretical modelss= the so=called C.E. model and the
so~called C.K.P. model (see Brooke et al., 1964)s The calculations
indicate that to study the primary compesition,measurements en the

relative standard deviation of N (1.es N/ N ) for fixed N, are the mest

Ty

usefule Variations of the fluctuations of N, for fixed Ng being relatively

iy
insensitive to the primary mass cemposition,; although they may be useful .
in deciding between models of interaction.

Adcock et al, (1968a) have compared‘TNe/ﬁ as a function of N fer-
fixed N, 5 as calculated by De Beer et al. (1968a), with the experimental
results of two groupss Tokyo (Hasegawa et al,, 1963; Ogita, 1962) and

Moscow (Khristiansen, 1967, private communigation; Vernev et ale.s 1968)

but found that the experimental errors were two large to be able to draw

any definite conclusiens abeut the ﬁrimary mass ¢ompesition. Similar
consideratiens ruled out the pessibility of drawing cenclusions about the
mass composition of the primary cosmic radiatien when these werkers
compared the calculatiens of G}L/TL as a function of ﬁe for fixed Ne with
the experimental results of various groupss

Vernov and Khristiansen (1967) have published results of fluctuatiens
in N, as a function of “e for fixed N, but again the statistical errors
are too large to draw any conclusions.

Thus this methed of analysing the primary mass composition does not

seem to offer much hope of success at presento.

2.4.6. The Variation of the

er Sjizeo

Another facter which De Beer et al . (1968a) show should be dependent

on the primary mass is the expenent ¢ in the relation 'Nuec 'Neadue to the
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fact that heavy primaries are more efficient at preducing muons but less
efficient at preducing eleectrons than are protens.

Adcock et al. (1968a) have compared the theoretical predictions of
De Beer et al., with the experimental results of several workers but the
width in shower size over which « was evaluated was so large in most
cases that if any modulation effect was present it would tend to be
averaged out. Thus ne definite conclusions could be drawn about the mass
composition,

The Ledz=Paris group (reperted by Trumper, 1969) have presented

15

evidence for a very rapid modulation effect at energies of about 10" "eV,

This has been interpreted as a change from the normal compesition te
predominantly alpha particles in the regien of energy =3 1015eV With
a transition to a pure proten compesition at higher energies.

An alternative explanation of these results is also possible (Wdeﬁezyk

1970, private communication), This is that the primary composition changes

from a mixture ef alpha particles and protens te predeminantly alpha
particles followed by a transition to a pure proten compesition at higher
energies.

204070 ML 3 oL VR

De Beer et al. (1969) have made a theeretical analysis of E.A.S. at
very large zenith angles. They have considered two primary mass spectra:-
ioc A modulated cne with a compesitioen .similar to that found at low

15eV for protens

primary energies with a rigidity cut-eff at 1.5 10
above which the exponent has been increased by 0.5 for each

components The slope below the kink is assumed to be =1.6 (integral).

15eV abeve which the spectrum

il. A spectrum identical te (1) below 10
is assumed to consist of protons only, with an integral slepe

of =2a1lo
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Both spectra are such as to give agreement with the measured sea-level

15ev the spectr® are in quite geeod agreement with

15

size spectrum. Below 10
the cemposite spectrum given by Malheltra et al.(1966a)s Abeve 10™“eV both
spectra are slightly less steep than the one givén by Bradt et al.(1966),
which is probably the best estimate at present, but the élepes lie within
the error limits of the latters As regards intensities, (i) is higher
than that quoted by Bradt et al. (1966) whilst (ii) is lower. At worst
the difference in intensity as compared with Bradt et ale. is a facter of
~ 23 but because of the steep slope ef theé spectra this only cerrespends
to a difference of ~40% in the energy of a given intensity. In view of
the uncertainties im the facter used by Bradt et al. te cenvert frem the
shower size at the maximum of develeopment to the correspending primary
energy this difference cannet be said te be significant.

Using the se=called G.K.P. medel, De Beer et al. (1969) have derived
dengity spectra for muens with energies ébeve one GeV fer a variety of
zenith angles and mean transverse momenta ef piens preduced in high energy
interactions for both of the primary spectra deseribed above.

Rogers et al. (1969) have cempared their results on the measurements
of multiple muons at large zenith angles with the calculations of De Beer
et ale (1969) and conclude that if the model is correct in every detail

17

then the primary cosmic radiatien in the energy regien 1015=10 eV consists

153‘,0

solely of protens er has a composition similar to that belew 10
These workers also compare the theoretical predictions with the
results of Sekide et al. (1966), whe have measured the angular distributien
of multiple muons, and find quite good agreement up te zenith angles of
about 60% There is some discrepancy at 75° but since geemagnetic effects

become large above 60° and are very difficuit te cerrect for this discre-

pancy cannet necessarily be ascribed te a defect in the theory.
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Parker (1967) has also measured the zenith angle distribution of
multiple muons with an energy 2 2 GeV and in this case Rogers et al. (1969)
find a discrepancy of about a factor 2 in abselute rates compared with the
theoretical predictions, incorporating an estimate of the geomagnetic
correstien; although the shapes of the angular distributions are very
similar. Rogers et al. state that there may be some uncertainty in
the efficiency of the system due to its complex nature and perhaps,; more
importantly,; there may be inaccuracies in their calculated rates using the

predicted density spectra and the geometry of the system.

Earnshaw et al. (1967) have reported muen mementum spectra measure=
ments using the Haverah Park Magnet Spectregraph, which consistedef a
solid iron magnet with a mean induction of 14,6 Kg and four trays of
neon flash tubes for track leocatien. The spectreograph was lecated at
the centre of an E-A.S. selectien and recerding complex cemprising the
large Haverah Park array which selected showers initiated by primaries
of energy greater than ~1OBGeVo

When 'the lateral distributiens ebtained frem these results are
compared with the theeretical predictions of De Beer et al. (1968b) and
Hillas (1966) it is found that the theeretical distributieons are much
steeper at large radial distances, the discrepancy increasing with muon
threshold energy, thus indicating a lack of high energy muons at these
distances compared with experiment.

De Beer et al. (i968b) interpreted this as pessibly due to a com=
binatien of experimental bias and an increase in the mean transverse
momentum of the secendary pions produced in high energy interactions

with increasing interactien energy.
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Orford and Turver (1968) have also made calculations in order to
explain the results of Earnshaw et al. (1967)o They found that by
assuming that the multiplicity ef secondary plens varies with the inter=-
actien energy,; E; as E% for E<3 103 GeV and E% at energies above this,
and that the mass of the primaries was > 10 then tolerable agreement could
be obtained with the experimental resultse Orford and Turver therefore
concluded that the primary spectrum consists of particles with an average

17eV.

mass > 10 at ~-2 10

This conclusion; however, has been contested by Wdowszyk and
Wolfendale (1969, private communication)e whe have verified the correct-
ness of the above calculations, but centend that the fesults can be
explained by primary protons if the exponent, Xy in the multiplicity law
Ex, i1s allowed te rise to a value slightly greater than 0.5, or, mere
likely, that the mean transvexrse mementum ef piens preduced in high
energy interactiens is allewed to increase with energyy reaching a value
of 0.65 GeV/e at the energy responsible for the 100 GeV muens. If
allowance is made for the selection bias, which they contend is present
in the measurements; the necessary increase in <pg is even smaller. Such
increases in X and <pg are possible, and measurements of <py made at
lewer energies and extrapolated te the energies in question do suggest
such values. Thus an alternative explanatien te heavy primaries.is
possible at primary energies of ~2 1017eV.

Orford and Turver (1969) have compared their theerctical predictions
with the experimentAI momentum spectra of muens at large -distances from
the core reported 5y Machin.et al. (1969). Andrews et al. (1969) have

1

ascribed an energy of 1.7 10 7eV to the primary particles respensible

for the showers from which these data are derived assuming them to be
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protons. Orford and Tﬁrver eonclude that it is not possible to decide
on the mass of these primaries from a consideratien of the shape of the
momentum spectras but from a comparisen ef the primary energy estimated
by Andrews et al. with that necessary to predict the ebserved absolute
uon densities they conclude that the primaries are heavy,

Other evidence en the primary compesition at these energies cemes
from the work of Linsley and Searsi (1962). These workers measured shewers
of size >107 particles at an atmospheric depth ef 820 g.cm=2. Froem
measurements of the fluctuatiens in the ratie of the number of mucns te
the number eof eiectrenss they concluded that the primary cosmic rays in

17eV and above consisted of purely protens

the primary energy regien~10
or purely iron nuclei. Thus knowing that the primary compesition was
relétively.pure they attributed any fluctuations in the ages ef showers

of the same size, measured at the same depth,te differences in their
height of erigin. They say that there should be a wider spread in the
ages of preton induced shewers than enes induced by iren nuclei because

of the leonger interactien length eof the pretens, amd their results suppert
the view that the primary particles consist of protens in the energy

17eV and aboves

range ~10

Measurements of the density spectrum eof E.A.S. show that it exhibits
a steepering in slope at a density which increases with the altitude at
which the measurements are made. The steepening at sea=level occurs at
densities above ~ 500 particles/ﬁ? (Prescotts 1956) and measurements by
McCaughan et al. (1966) indicate a cut-=off in the sea=level density
spectrum at about 5000 particles/mz.

Swinson and Prescott (1966) point eut that this cut-off and its

variation with altitude can be interpreted in terms of a limiting energy
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per nucleen of the primariess leading to an increase in the preportion of
heavy primaries above -1015eV. They argue that the maximum ebservable
density (the density in the cere of the shower) is then limited in the case
of proten induced shewers by the cut=off in the proton energy and for a
shower preduced by a heavy particle, by the divisien of the energy among
the individual, but asseclated gascades from the constituent nucleons ef
the fragmented nucleus. The cores in the subshowers are assumed to be
sufficiently well separated that the maximum observable density is limited
to the maximum in the sub-ghewers. This theery ls based en a similar
one of Bray et al. (1964) to explain their ebservations on multiceres
in E.A.S.- Other groups, hewevery whoe have'ebsgrved multiceres explain
their results in terms of increased values: of transverse mementum in high
energy interactions or in terms of fluctuatiens in the development of
the electromagnetic cascade (see section 2.4.10) and so the steepening

in the density spectrum may net necessarily reflect the primary compesition
15

becoming heavy abeve ~ 10"~eV, although McCusker (1967) censiders that
the experimental results are deeisively in faveur of a cut=eff in the
energy per nucleen of the primary perticles.

Swinsen and Prescett (1968) note that the relative numerical values
of the density scale-change for each altitude are very close to the mean
energy fractien retained by a primary at the appropriate level in the
atmosphere. They say this suggests a model in which the number of particles
in a shewer at any altitude and the density, in particles per square
scattering length, are clesely related te the energy available for the
preduction of particles, at least for the showers that give rise te the
largest observed densities. They say that the "gammanization" process
‘propesed by Nikelskii (1967) would provide an effective means of linking

the energy with the density for it allows the shewer te develep very quicklye.
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The steepening of the density spectrum may then reflect partly the effect
of the Yammanization" precess and partly the steepening both of the number
spectrum and the primary spectrume.

2:4.10,

A number of groups have made observations of the lateral distributiens
of the electromagnetic component close to the core and have observed events
in which mere than one core was apparently present in the same shower; as
well as events where only one core was present.

Bray et ale (1964,1966) and Bakich et ale (1968) using plastic
scintillators, Geiger-Muller counters and several cloud chambers found
that for air showers with sizes .in the range 1075 10° particles abeut
50% of the showers were multicored,; while most of the showers with sizes
greater than this were mﬁlticeredo This was interpreted by Bray et al.
(1964) as evidence for an increase in the proportien of heavy primaries

15

absve ~ 10" "eV,

_ MgCusker et al. (1968) have shewn that the results beleéw shower
slzes of ~5 105 can be understood in terms of a primary cesmis ray
compesition similar te that found at“‘IOIIGVp using a variety of medels
with censervative parameterss They say that the choice ef medel is
relatively unimpertant; whereasd the cheice of primary particle is very
impertant. As yet they have dong no calculations at larger shower sizes,
but Bakich et al. (1968) conclude that te explain their results in the
shower size range 106 <N< ].08 very large values ef transverse momentum
are needed even if the results are interpreted in terms of heayy primaries.

Ogita et al. (1968) have made three dimensional Monte-Carlo calcula=

tiens on E.A.S. using proton primaries and a mean transverse momentum,

<Py s of 2.5 Gev/c for nucleons and 1 GeV/e for pions. They cenclude that
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to explain the results of Bray et al. at the larger sizes a large increase
in <pyp must be assumed even for very heavy primary nuclei.

Thielheim and Beiersderf (1970) have also made calculations en
multicore structure and find that the effect of the mass ef the primary
particle is small compared with the effects of fluctuations in the
development of the electromagnetic sascade or frem fluctuatiens cennected
with the detection of the particles. They therefore conclude that under
conventional assumptiens abeut nuclear interactien parameters it is not
poesible to infer the primary cosmic ray compesition from observed
multicore structures in the electromagnetic component of vertical E.A.S.
at sea-level.

Miyake et al. (1968) have alse ebserved multiceres using 48 plastic

scintillaters cevering an area of 12 m2

above and below a water tank

2ms in depth. The frequency of these events increases only slowly

over the shewer size range 104-5 105 particles; and comprise abeut 25%
of the tetal events ebserved. They conclude that since the multicere
E.A.S. have ne special age parameter er distribution ef core density te
distinguish them, their fermatien is not dependent on the compesition of
the primary cosmic radiation but rather on the nature of high energy
interactions.

Matane et al. (1968) have used a 20.m2 spark chamber array and find
that anly'S% ef the showers with size greater than 105 particles show
multicore effectss They attribute these to events with high values of
transverse mementum,

Bohﬁ et al. (1968) have used a 32 m2 neon hedoscope comprising about
1805000 neon tubes of 1 cm diameter. Thus they are able to ebtain very

good spatial resolutien. They feund that abeut 0.7% ef their events

exhibited double core structure and all these events were clustered arcund




48,

shower sizes of 105-particleso Initlally they interpreted these as due
to primary alpha particles, but according to a later paper (Samorski et ala,
1970) they can now be understoed in terms ef Poissonian fluctuatiens.

It seems then that most of the evidence on muiticores, both theeret-
ical and experimental; indicates that ne measure of the primary mass can
be obtained from them. Rather it seems that they may be due to fluctuatiens
in the electromagnetic cascade process; frem fluctuatiens connected with
their detectiong or to events with large values of transverse momentum.

At énergies of about 10 GeV the mass compesition is knewn reasenably

2.4,11 Compeosi

well and is approximately as given in table 2.1,

Above 1012eV the evidence is very coenflicting. There is some evidence
for a rigidity cut-eff in the primary spectrum frem Y =ray spectra and
densify spectra measurements but this is far from being cenclusive, and
furthermore the actual energy at which the cut-off eccurs differs in the
two cases.

The evidence fer an increase in the prepertien ef heavy primaries
above 1015eV from multicore measuremgnts must now be treated with cautien
in view of the Kiel resultse

The studies of muens at large zenith angles indicate either a pure
proten fluxs eor a compositien similar te that found at lewer energies,

15_, 41

in the energy region 10°7-=10 7@Va

The werk of Linsley and Searsi indicatesa predominantly preton
flux at energies abeve *1017ev¢ while there is some evidence frem the
measurements ef the momenium spectra ef high erergy muons far from the

1

shower core that the primaries at ~2 10 7eV are heavy.
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Fluctuatien studies are inconclusive except for these of the Ledz-

Paris greup which indicate a rapid medulation at primary energies ~3 1015ev

above which there is a transition to proten primaries.

Thus the whole picture is very cenfused and ne definite cenclusions

15

ean be drawn about the primary compesition above 10™~eV.
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CHAPTER -3,

CHARACTERISTICS OF HIGH ENERGY INTERACTIONS.

3.1. Introductien

As stated previously the ultimate aim of this work is to infer, frem
a comparisen ef the predictions of the theeretical medel and the exper-
imental results en very high energy muens at large zenith angles, the
nature of the primary cesmic radiatien and the characteristics of ultra
high energy interactions beyend the energies attainable by medern acceler-
aters.

At the relevant energies direct experimental data en the character-=
istics of these interactions is almest negligible; thus it seems that the
mest sensible course te adept is te initially use values of the parameters
measured at lewer energies; or if the indicatiens are that they are energy
dependent te extrapelate them from lower energies te the relevant ones. If
disagreement is feund between experiment and theory an indication of hew
to change these parameters may be obtained. Any change, however, must be
such as net te disagree with knewn experimental facts.

Thus it is necessary te survey the knewn experimental facts en high
energy interactions both in order te find suitable values for model
parameters and alse te find the limits on the range of pessible alter-
native values that can be used in the medels

Seven parameters are the most impertant in this surveys- the multi-
plicity of secondary mesens, the energy spectrum eof secondary mesens, the
fractien of energy initially carried by the primary which appears as
~mesons and their energy after an interaction, the transverse momentum

distribution of the secondary mesons and the mean value eof the transverse
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momentum, and the inelastic interaction lengths for nucleen-air nucleus

and pien-air nucleus collisioens.

The interaction length and inelasticity for nucleen-air nucleus
collisions are very closely related for cosmic ray 'nucleonge Assuming
the differential primary spectrum to have an exponent Y it can be shown

that

A
< o1 -(-x

Y =1
)
A

+ 3.1.

vhere Ai is the interaction length for inelastic collisioms and ), is
the attenuation 1length of nucleens in air. Kt is the inelasticity i.e.
the fraction of its initial energy lest by the nucleen in its interaction.

Direct measurements on A\, have net been made at high energies but it

i
1s thought that it will approach its geometric value asymptetically. There
seems to be some evidence for this. Williams (1960) has werked out a
rglati@n between c}“lioea the nucleon~nucleon cross section and the
interaction length in air. He concludes that Ai'v lt)évg.,c.:'.m-2 at abeut
10 GeV. Coecooni (1961) gives O, 25 32 mb at 24 GeV, which corresponds
to Ay ~93 gocmezo Bozeki et al. (1968) give th = 27,0 + 5.5 mb at
60 GeV and Glpp = 36,3 + 8,9 mb from studies of the attenuation of
penetrating shower=preducing cesmic ray neutrens in paraffin-and graphite.
The cress sectiens correspond to interaction lengths of =98 g.c:u:-'2 and
~ 92 g.cm'=2 in air respectively.

Grigofov et al. (1967) using a carbon target and an ionization
calerimeter in the "Proton 1" and "Proton 2" artificial earth satellites

2

estimate 7\1 as 97 gocin ~ at 20 GeV and 83 g.n:m-2 at 500 GeV,
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Cocconl (1966) states tmt at energies of about 1013ev the cross
section for proten = preton interactiens remains at about 40 mb which

correspends to A , ~85 g.cm-Q.

i
Thus at these energies the interaction cross section appears to be
reaching its asymptetic limit of abeut 43 mb which correspends te =80
g.cm=2.
"This seems to be supported by the work of Matane et al. (1963) who,

2

from an analysis of extensive air showers, estimate A, = 80 + 10 g.cm-

i
for the primary cosmic ray particles. This work corresponds to energies
of 105 - 108GeV. However, these workers assume that the most important
factor causing fluctuations in extensive alr showers are fluctuations in
the point of the first interaction, which is not necessarily so, and
perhaps more importantly they do not know the nature of the primary
particles,
Thus although there is some disagreement on the exact value of *1
a value of 80 gs;‘.cm“2 seems reasonable at very high energies.
Measurements on 7\a indicate that its value lies between 110-125g.
cn 2. Taking A, = 80 gecm 2, A, = 120 geem 2 and¥ = 2.58 and

substituting in e quation 3.1 gives K = 0.509. This agrees well with

t
most experimental works. Brooke et al. (1964) using the assumption that
Kt and K"_remain constant over all energies (where K,ris the fraction of
the primary energy carried off by the secondary pions) conclude that
<Kt> = 0.47.

Eremenko et al. (1968); using an installation consisting of an
ionization calorimeter and a cloud chamber, give'<K€>as 0.55 £ 0.25 from

an analysis of 50 jets at an energy of about 350 GeV. This may be an

overestimate since it is possible that some of the events with large
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Kt correspond to jets initiated by primary plonse.

Koshiba et al. (1968) from an analysis of interactions caused by high
energy heavy nuclei and by their fragmentation products in a block of large
nuclear emulsion sheets, give <Kt>as 0,54 + 0.13 at an energy of 1000 GeV.

Thus the inelasticity Kt seéms to vary very little with energy. This
is also supported by the studies of Abraham et al. (1967) and Yamada and
Koshiba (1967).

Imaeda (1962) has reported a decrease in <Kp with increasing inter-
action energy but Murzin (1966) has shown that this can be explained by
inaccuracies in the energy determination.

Thus it is assumed that <Kt> is constant with énergy and lies in
the range 0.4 = 0.6, The average value used by most authors of 0.5 is
reasonable,

The inelasticity distribution is also uncerf;in. Brooke ef‘al.
(1964) have fitted a form

, 2

Pl(fl) dfl == (1 +a)°f inf

1 df 3.2

to the elasticity distribution of Dodd et al. (1961), where f. is the

1
elasticity. 'They find that the best value of Q7 'is 1.43. However, the
new mean elasticity is 0.53 as compared to 0,50 without fluctuations and
so the effect of these does not seem too important.

It is important to differentiate between Kt and Kﬂ_. The former is

the fraction of the primary energy given to all secondary particles, where-
as the latter is the fraction of the primary energy given to the secondary
pions. Brooke et als (1964) give a value 0.35 for Ky, under the same

assumptions made in estimating K Because of the difficulty in identify-

tO
ing plons among the secondaries of high energy interactions the only way

to measure Kﬂ_experimentally is to estimate Kn-o from cascade measurements
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and assume equipartition of charge. Perkins (1960) in a summary of
cosmic ray jet interactions gives K; Z 0.3 and concludes that 80% of
the secondaries are plons in the energy range 103 - 105GeV, on the
assumption that the mean transverse momentum is independent of energy.

Evidence on the fluctuations of the elasticity Kﬂ_is also sparse.

Brooke et al.(1964) have used the form

F(Ky ) dkp= = (1+ o) (14 l<,‘,,)OZ 1n (1-K )dK 3.3
where .= 3,6, This agrees fairly well with the distribution found
by Guseva et al. (1962) for proton-LiH collisions at an energy = 250 GeV.
They also find that the effect of fluctuations on the effective mean
value of Kn‘ is very small, the flugctuations decreasing the value of
Ku' from 0.35 to 0,33,

302620 Pji on=Air Nucleus

The uncertainties in the pion=air nucleus interaction length and
inelasticity are even greater than those in nucleon=air nucleus collisions.
The assumed interaction length varies considerably in theoretical models;
Dedenko (1964) takes a value of A_= 80 geom =, Hillas (1966) 100g.cm™2,
Cowsik (1966) 120 goem > and De Beer et al. (1966) 120 geem 2 McCusker
et al. (1968b) have measured the pion-nucleon inelastic cross=section;
%1 {m N)s as about 26 mb at an energy of about 450 GeV from proton
priﬁary jets in emulsions. This would correspond to an interaction
length in air of ~100 gocm_2o Alakoz et al. (1968) give GinJrN) as
(1990:3) mb at about 100 GeV from measurements in carbon and lead.

This corresponds to an interaction length in air of approximately 125
goom 2

Most authors usually take pion=air nucleus interactions to be totally
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inelastic. This is justified by the lack of knowledge on the inelasticity
coefficlent in these interactions. The main reason for this is the
difficulty in identifying the leading pion in the secondaries of such
interactions. However, McCusker et al. (1968b) find that one pion
usually carries off about 40¥ of the incident energy at primary energies
of about 4.5 102Gev, while Gierula et al.(see De Beer et ale., 1968b)

state that there is some evidence for a pion inelasticity of about 0.5.
3:2.3, Nugieus = A eug I o
The interaction length decreases with the increasing mass number of

the primary particle. Peters (1952) gives the relationship

N, o =22
A" (0.6443)2

g.c.»‘.m-2 3.4
for the interaction length of a primary of mass A in air.

Observations on heavy nuclei are very sparse but Bradt and
Rappaport (1967) conclude from a brief survey that the heavy nuclei
typically survive several interactions without complete disintegration
into single nucleomse In their calculations they assume that each
interaction of the residual nucleus (atomic weight A, and energy Ei)
causes approximately half the mass to be detached in the form of alpha=~
particles s each having an erergy 4ET/A° At the subsequent interaction
of each alpha particle; four nucleons are released and these in turn '
proceed to produce pions in their subsequent interactions. They state,
however; that their results on the energy spectra and lateral distributions
of nuclear-active particles and muons are relatively insensitive to the
break=up model assumed.

Thus the usual assumption made by most authors, that a shower

inltiated by a heavy nucleus of mass A with an energy Ep can be represented




Gaption for Figure 3.l.

The number of charged secondaries as a functien of the incident

particle energy as reperted by the following authors.

lo von Lindern (1961).
2, Lal et al. (1962).
3. Dobrotin et al. (1962).
4. Lohmman et al. (1961).

%¢ Abraham et al. §1963).

6o I.C.E.Fa (1963).

7. Malheltra et al. (1966b).
8. Aly et al. (1960).

9 Abraham et ala (1967).
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by a superposition of A showers initiated hy primary protons of energy
Ep/A seems peasonably valid.

Abraham et ale (1967) say that the collisions of nuclei can be
understood in terms of a @upezrposition of nucleon=nucleon collisions.

Orford (1968) has made calculations on the lateral distributions
of high energy muons at large distances from the core for different
fragmentation probabilities. He finds some sensitivity to the amount
of fragmentation but concludes that for fragmentation probabilities
greater than 0.1 the effect is smalle
3.3, Ihs

Figure 3.1, shows a survey of experimental results on the variation
of the mean multiplicity of charged secondaries with primary energy. The
lower energy events come mainly from experiments using accelerators,
while the higher energy ones come from cosmic ray emulsion measurementse

Many multiplicity laws have been quoted which give objective fits to
the experimental results but these depend strongly on the actual contents
of a survey. Some examples are:=
i) Wdowezyk I (1966)

3

¥ = 1.8 E 305
8 P
1) Hillas (1966)
= = 1.8 Ep* for Ep < 310°GeV
= ;-:f for £ > 3 10%GeV 3.6

11) Wdowezyk II_(1966)

= lo + 3.7
nf 101n(Ep2)
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iv) Malholtra (1964)

p2=1,6 1nq 5 | 3.8
8 2.7]

In the above equations Ep is the primary energy and n% is the
number of charged secondaries.

Some workers have also proposed forms for the multiplicity law on
semi-empirical grounds.

Yash Pal and Peters (1964) have done calculations using a combined

fireball=isobar model. The model requires a multiplicity law of the

form
1 .2

n.= 25n +m.
8 ) 8

E; 3.9

where 8 is the probability of baryon excitation, ﬂgl the average number
of pions ehitted in their deegay; and nbz E: represents the creation of
pions in the pionization process. They conclude that to fit the
experimental data the simplest expression is

n, = 475 + Eg (Ep is in GeV) 3,10

4

for nucleon-nucleon colligions.

In contrast to this, in the treatment due to Fermi (1950) it is
assumed that as soon as the discs overlap the whole of the energy is
distributed among the secondaries. The collision volume 1is treated as

a black body at high temperature and the multiplicity of the secondaries

is given by
ns « Epi- . 3,11

However,; there are many discrepancies between the predictions of the

Ferml model and experimental resultse.
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Frautschi (1963) has produced a model which gives

: 3.
ns « 1n Ep 12

He assumes the secondaries are grouped in "clumps". The number
of fireballs formed rises as the logarithm of the-laboratory energy and
each one decays into about six pions. Thus the multiplicity of particles
varies essentially as a logarithmic law.

All these multiplicity laws. agree within the statistics up to an

energy of ~ 5 1012

eV, but above this energy the results are somewhat
contradictory and it is impossible to choose any particular one because
of the pauecity of the experimental data.

McCusker and Peak (1963) have measured the multiplicity of nucleon=

nucleon interactions at an energy of 280 GeV and find that these results

combined with the mean multiplicity of secondaries measured by Hansen
and Fretter (1960) and Dobrotin and Slavatinsky (1960) give a best fit
to the multiplicity law of

g E
log
log 16

n§ = 401 3,13

McCusker and Peak (1963) consider this to be not only superior to
an Eplit law but find that it fits the experimental results from 16~2800
GeV.

Peak and Wooleott (1966) using an energy evaluation method which is
model dependent find very good agreement with McCusker and Peak (1963)
and find their results compatible with a logarithmic type multiplicity
law up to an interactlon erergy ofA~1013eV.

‘Dobrotin and Slavatinsky (1967) have also measured the mean mult}-

plicity variation with energy, using an ionization chamber, and find that




59
their results are compatible with either a logarithmic type multiplicity

i

law or a power law varying as Ep up to an energy of about 1012ev.

The results of McCusker and Peak and Dobrot4n anmd-Slavatinsky agree
quite well within the experimental errors.

These results refer only to energies less than about 5.10126V,
howevery where the choi@e between a power law or a logarithmic type law
ie not important for model calculations, since it is only at somewhat
higher energies that the differemce in the predictions between the two
types of law becomes serious.

Pinkau (1966) has concluded from studies of the variation of the
height of the maximum of development of E.A.S. that a logarithmic type
law is most probable up to energies of about loloGeV, but the magnitude
of the errors is very largeo

Bowler et al. (1962) and Fowler and Perkins (1964) suggest that at
Ep:: 1014eV there 1s evidence for a change in the nature of colliéions,
leading to a saturation in the mean c.mcso energy of the secondaries.
This would lead to an Eék type multiplicity laws

This is supported by the work of Orford and Turver (1968) who

postulate a law

B« E?  for E < 3 10%Gev
8% Sp. p

* o 3
n, =« Ep for Eﬁ' 3 107GeV 3.14

to explain their results on high energy muons at large radial distances
from the core.

Thus there is a wide range of alternatives for the multiplicity law

12

above about 5.107“eV and it is one of the aims of this work to establish

it in the very high energy region.
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Fluctuations in the multiplicity of high energy interactions can be

quite large. Imaeda (1968) has given the formula

P(a, )5 = C nsﬁ“l exp{'%ﬁ} in_ 3.15-
wheze C = (o N(B))7L

For nucleon-nucleon collisions Imaeda finds p= 3 and o= Hs/ g= ﬁs/b,
where ES is the mean multiplicity.

This expression agrees very well with the experimental distribution
given by Abrahamet al. (1965) for the frequency distribution of the
multiplicity of cosmic ray jets.

So far we have been considering only interactions by.nﬁcleons, The

information on interactions initiated by pions is even less, and most

authors assume that the same multiplicity law applies,

McCusker et al. (1968b) find a logarithmic increase in the multi-
plicity with interaction energy. This is similar to their results for
nucleon initiated interactions and glves some justificatlion to the above
assumption,

De Beer et al. (1966) assumed a relation

B, = 27 x A (x z-:p)‘tt 3.16

for all interactions, where K is the inelasticity coefficiente but the
effects of the difference in the multiplicity for pions and nucleons due
to their different values of K should not affect the very high energy
muan component seriously.

Imaeda (1968) states that fluctuations in the multiplicity of m =N
collisions can be described bya similar expression to equation 3.15 with

B : 3"'4-
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The mean transverse momentum as a function of the incident
particle energy as reperted by the follewing authors.

ls Goldsack et al. (1962).

2, Peters (1962).

3. Hansen and Fretter (1960).

4o Guseva et al. (1962),

5« Edwards et al, (1958)

6s Minakawa et al. (1959).

7o Akashi et al. (1962),

8. Malholtra et ale (1966b).
9. From review by Fowler and Perkins (1964).

10. From review by Fowler and Perkins (1964).

® Measurements on charged secondaries.
® Measurements on neutral secondaries which give rise te

electromagnetic cascadess
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3.4. Iransverse Momentum.

Figure 3.2 shows a survey of the mean transverse momentum,~<pt> 9
dependence on primary energys Ep, of secondary pions produced in high
energy interactions based on surveys by Fowler and Perkins (1964)¢ and
De Beer et al.(1968b). Although this does not represent all measurements,
the tendency for'<p€> to increase slowly with interaction energy seems to
be fairly well established.

A number of forms have been suggested for the transverse momentum
distribution of secondary pions. These may be expressed mathematically

as followss-

1) GaKoP.

N(pt) dp, = &2 exp {- Py } dp, 3,17
Po Po
where < p_E =2 2 Py GeV/co

1) Aly et ale (1964)

2
2p p
N(pt) dp, = _[;;I exp { =—tp- } dp, 3.18
o : o

1
where <Py = 0.8862 po-E GeV/co
#1) Nikolskii (1963)

2
p P,
N(pt) dp, = =L3 exp { -—t} d‘pt 3.19

where <pp= 3 Py GeV/c.

iv) Elbert et ale (39€¢8)
3/2

Pt B :
N(pt) dp, = ;- 33p } exp } dpt 3,20

where <py>= 265 Po GeV/co




0.5 1.0 1.5
g (GeV/c)

Comparison of transverse momentum distributions

proposed by various authors (¢pi> =0.4 GeV/c).

1, C.ILP.; 2, Zlbert ot al. (1908); 3, Nikolskii (1965);
4y, Aly et al. (19G4).
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These distributions are shown in figure 3.3 for <pg= 0.4 GeV/ce

Support for the C.K.P. type of distribution comes from the results
of Guseva et al. (1962) using a magnetic cloud chamber at interaction
energies of ~300 GeV, Hansen and Fretter (1960)_using a magnetic cloud
chamber at 150 GeV and CoEoR.QL using a hydrogen bubble chamber for 24 GeV
proton-proton interactions (as quoted in Fowler and Perkins, 1964 ).

These results pertain to py > 0.2 GeV/c. There 1s some evidence that
this digtribution may not be valid for Py £ 0.2 GeV/c. For example when
used to calculate the lateral distributions of muons it is found that the
theoretical predictions of the lateral distributions tend to be higher
than the experimental ones close to the shower axis indicating that the
distribution tends to overestimate the number of pions with low values
of transverse momentum (De’ Beer et al., 1966)

Tomaszewski et al. {1966) have also found a defieiency of low
transverse momentum secondaries using nuclear emulsions. There are also
a number of theoretical arguments supporting this viewe As has been
pointed out by von Dardel (19625 Ce.E.R.N Internal Report NP62-17) the
CoKoPo distribution predicts a cusp at the origin, a physically unreas-
onable result. This wdrker suggests using a Gaussian distribution which
would be flatter near the origin. Lindenbaum and Sternheimer (1962)
suggest that on general theoretical grounds there should be a lower limif
to the transverse momentum in the range 0.15 - 0.28 GeV/c. Also the
CoKePo distribution comes from the work of Cocconi et al. (1961) and
refers to proton=C; Be and B nucleus collislons and a degree of
confirmatory data from p=p collisions. In proton-air nucleus collisions,

which are relevant to E.A.S.; the probability of a pion being scattered
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inside the nucleus after production is greater and this would give rise
to a reduction in the probability of small transverse momenta.

Ratner et ale (1967) have measured the transverse momentum of secon=-
daries in proton-proton collisions at 24 GeV using an accelerator. Their

results pertain to pt2=’0°1 (GeV./c)2 and suggest a Gaussian distribution

N(pt) dp, = exp(-Aptz) dp, 3021
where A = 3,5 (GeV/c)™2.

This important question of the transverse momentum distribution will
be examined later.

Finally we consider the evidence for the existence of very high
values of transverse momentum.

[

As mentioned previously the lateral distributions measured by

Earnshaw et al. (1967) indicate an excess of high energy muons at large
distances from the core when compared with the theoretical predictions
of several workerses De Beer et al. (1968b) say that the results of
Earnshaw et al. are probably subject to some detection bias (due to the
preferential selection of flat showers) but even so, if they are inter-
preted in terms of an increase in value of the mean transverse momentum,
<Py s then assuming the C.K.P, transverse momentum distribution, De
Beer et al.(1968b) say that they imply <py> = 1o0 & 0.3 GeV/c at an
interaction enexgy of ~ 4 103GeV.

However, other explanatlons have been put forward e.g. by Orford
and Turver (1968) and so the explanation in terms of an increase in
<pt?1s not necessarily the correct one.

Evidence for high values of Py has also come from multicore studies.

Mgtano et alo (1968), from their results on the fine structure of air

Shower cores for sizes _>105 particlesy if interpreted in terms of transverse
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momentums find that the transverse momentum distribution above 5 Ge%/c is

"1e7 £ 02 1ney find that

well rebresented by a power law f(>pt) « Py
the fraction of the secondaries with high values of Py accountfor ™~ 3 10-4
of the total compared 'l'.o«-loﬂ'8 expected for the C.K.P. distribution with
a mean transverse momentum of O.4 GeV/c. The maximum observed transverse
momentum was ~50 Gew/eq

Bakich et al. (1968) state that to explain their results above shower

sizes of 106

particles seems to necessitate high values of transverse
momentum even if heavy primaries are assumed.
This is confirmed by the calculations of Ogita et al. (1968) who

state that to explain the separation of the multicores. found in a number

of experiments, mean transverse momenta of about 10 Ge“/e are required
for forward going particles.

Miyake et al. (1968) have also come to the conclusion that high
values of transverse momentum are needed to explain their observations
of shower cores.

3.5. Ihe En ergx_.D_;sgibgL_;_
3.5.1 Introduction

As yet there is no eomprehensive theory of high energy interactions
and although a number of models have been put forward mome of these sat-
isfactorially explains all the observed facts.

These models may be roughly divided into so-called "one=centre" and
"multi-centre" models.

Examples of the former are the models of Fermi (1950), Landau (1953)
and Helsenberg (1952). In these models the nucleon=nucleon interaction

i1s treated as a single system during the emission of mesons. As a result
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of the collisionyfield energy is liberated in a strongly localised volume,
and the way in which the energy is subsequently dissipated depends on some
statistical model. In the Fermi and Landau theories, the original
nucleons themgselves are included in the statistical distribution of energy,
whereas in the Heisenberg theory; the nucleons are generally considered
to have escaped from the interaction volume before the final state is
achieved.

Lewis ot ale (1948), Kraushaar and Marks (1954) and Bhabha (1953)
have suggested that; as in the "one=centre" modelss the result of the
collislon is to leave each nucleon in a highly excited state at the
expense of the kinetic energy of the colliding particles. But contrazy

to the "one-centre" theory; they consider that the lifetime of these

excited states is sufficiently long for each nucleon to escape from
-the region of their mutual interaction before decaying by the emission
of mesons. In Kraushaar and Marks' model, the distribution of energy
among the various particles (including the nucleons) in each "centre"
is obtained by postulating a Fermi type thermodynamical equilibrium.
Takagl (1952); Cocconi (1958) and Ciok et al. (1958) have suggested a
variant of the "two=centre” models based on a phenomenological inter-
pretation of the experimental datas They propose that after the collision
the original energy is sub-divided into four distinct regions viz. the
two recoiling nucleons, and two meson clouds, or "fireballs" , which
tfail after the nucleons and subsequently evaporate by meson emissione.
These are the- so=called "fireball" models.
3.502. The CoK.Ps Distrjbution.

Because of the unsatisfactory state of the high eﬁergy models
Cocconi et al. (1961) made calculations according to a set of empirical

rules suggested by experimental data.
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These workers took a transverse momentum distribution for pions
following approximately the Boltzmann law

N(pt) dp, = &2 exp{- ?_t}dpt 3.22.

Po Py
where 2p° = € P> = 0.4 GeM/c and is independent of energy and ©,
the angle of emission.

They assumed a multiplicity law.ns = 2.7Ep% and that the energy
eonteﬁt of the pioms was fairly constant and in the range of ~0.3 =0.5
of the energy of the incident nucleon.

" They also assumed a distribution in energy for the secondary pions

emitted im the forward direction in the C.M.Se of the form
. - Er
N(Eﬂ_)d%r = _a%f_f, exp { —'I"}dE’r 3623,

where T is the mean energy of the secondary pioms and nseff is the
effective multiplicity i.e. the number of pions emitted in the forward-
direction in the C.M.S, and is taken to be half the total multiplicity.
The backward moving plomns are considered to contribute wvery little due

to their low energy in the laboratory system. Thus

n T=K E 3.24
seff P

where Ep is the primary energy and EW is the fraction of Ep glven to
the pions.

They found that these assumptions gave good agreement with
experimental ' results above primary energies of about 25 GeV.

They say that the formula will tend to underestimate the flux at
very low energies ( < 1 GeV). Evidently the formula does not seem to
hold for energies greater than two-thirds of the primary energy at

machine energies; but they feel that these shortcomings will.be less
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at higher primary energies.
Thus the final energy distribution for pion secondaries of all

charges 1is

E
N(E_)dE = B3 oexp {- ﬂ,'}dE 3.25,.

There is some support for thi; type of distribution from cosmic ray
measurements on the production of ¥ -rays resulting from collisions in
carbon targets which produce ° mesons. However, these represent
results over many collisions,; and they only extend to plon energies

of about a tenth of the primary energy.

Despite this they do suggest that the average form of the pion
energy distribution is the same over a large primary energy range.

Aly et al. (1964), however; suggest that the C.K.P. distribution
-ﬁhderestimates the number of pions of energy <2 GeV and overestimates
the number in the energy range above this.

3.5.3. lgobar Model.

Some workers e.g. Peters (1962) have suggested that at very high
energies the leading particles in a collision may frequently be a pair
of nucleon isobars carrying. the bulk of the C.M.S. energy. Peters (1966)
says that the forward isobar carries away about 80 % of the incident
energy. The colliding baryons usually emerge in an excited state and
decay on average into three mesons, each of which receives about 10%
of the primary energy. The great bulk of the plons formed come from
fireballs and the average energy given to these fireballs is about 20%
of the primary energy. The transverse momentum distribution of the fire-
ball products and of the decay products of the excited baryor. states are

similar and the angular distributions in their respective mass systems
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are essentially isotropice.

Yash Pal and Peters (1964) and Cowsik (196651968) have used this
model as the basis of their ocalculations and a comparison between the .
predictions of Cowsik's model and those of the C.K.P. model will be made,
for high emergy muonsy; in Chapter 6.

It should be noted that at low energies the major contribution to
the muon component comes from the pionization process, while at higher
muon energies the muons eome from the isobar process.

Fowler and Perkins (1964) have criticised this model on the basis
that at very high energies the differential ¥ -ray spectrum and the
integral muon spectrum should both follow the differential primary
spectrum,; whereas they are found to be significantly steeper. However
Yash Pal and Tandon (1966) have used the model to predict theY =ray
spectra at various altitudes and find that by making certain assumptiéns'
about the primary ehemical composition it 1s possible to get agreement
with experiment (see Chapter 2).

| Grigorov et al. (1966) have conc;uded that therels no evidence
for 1isobar decay into pions at energies ~ 5 103GeV from their ionization
calorimeter measurements.

Thus the evidence on the isobar model is contradiétory at present
and no definite conclusions can be drawn as to whether they exist or note.

35040

Huggett (1966) has compared the predictions of the symmetrical two-
fireball model of ultra-high energy interactions with those of the CeK.P
modely which is essentially a one-centre model,

He constructed artificial jets, according to each model, using a

~ Monte Carlo method. These jets corresponded to 3000 GeV nucleon=-nucleon
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interactions.

Huggett finds that the integral energy spectra, in the laboratory
system, predicted by both modgls are very similar, but that at secondary
energies above ~ 600 GeV the two-fireball model spectrum has a tail
which 1s very much higher than that predicted by the C.K.Po model,

The effect of this would be to increase the number of very high
energy muons producgd iq extensive air showerse
3.6. The KZK Ratioe

_@hen considering very high energy muons it is important to know
the fraction of secondary paticles formed which are kaons, since these
are more efficient at producing high energy muons than are pions.

Fowler and Perkins (1964) give the ratio of the number of kaons
to the number of pions as~10% in interactions of primary energy 20-30

_éevg and less than 20% for interaction energies between 100-104 GgV.

Osborne and Wolfendale (1964) have derived the K/Ar ratio from
electromagnaetic. cascade measurements and fimd that the KAr ratio
varies from 20 £ 20K at 2 10% GeV, through 10712 % at 7 10% Gev to

40 + 30% at 6 105

GeV.

Orford et al. (1968) find that the charge ratio is not significantly
different from unity for muons in E.A.S., indicating that the great
majority of muon parents in E.A.S. are pionse

These workers found some. evidence for the production of secondaries,
most probably kaonsy with a large charge asymmetry in extremely high
energy interactions. This evidence eame from the charge ratio of muons

at large distances from the core. However, in a later paper, Machin et

al. (1969)sbetter statistics have been obtained and these workers conclude
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that there is no significant evidence for a positive-excess for distant
high energy muons.
3.7. Conglusions

From this analysis it seems that as the basis §f an initial model
one should assume that the interaction length of nucleons in ailr is
about 80 gocm=2 and that the inelasticity of nucleon-air nucleus collisions
is about 0.5, For pions an interaction length of 120 gocm-2 and an
inqiasticity of 1.0 seem to be good approximations.

The CoKoP. energy spectrum does not seem to strongly contradiect

any experimental data: amrd neither does the C.K.P. transverse momentum

distribution. The average value of the transverse momentum is some-
what uncertain and calculations should allow for the possible variation
of its value with the interaction energy.
The form of the multiplicity law of secondary particles is also
3

uncertain above interaction energies of ~3 107GeV and this is also

a parameter which should be allowed to vary in any calculations.
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As a result of the survey of the characteristics of high~ensrgy

interactions the following parameters are assumed as the initial basis
of the model used to make predictions on the characteristics of high
energy muonss=

i) High energy nucleons lose 50% of.their initial energy in each

collision and have .an interaction length of 80 gocmEQJ both

quantitles being energy independent.
ii) All secondary particles produced in high energy nuclear interactions
are assumed. to be pions, there being equai numbers of each chargeo
'411) The secondary pions are assumed to have an energy distribution in

the laboratory system given by the C.K.P relationship i.e.

n \
= =8 - E
N(Ep ) dByr = 57 exp { 1_%} dE,_ 4s1.

where n, is the total multiplicity of all pions produced in the

interaction and T is the average energy of the pions in the forward

cone in the laboratory system. Pions in the backward cone are

neglected because they will have a very low energx_in the laboratory

systemy and this work is concerned only with very high energy muons.
iv) Two multiplicity laws are considered. The first is taken to be

- 'y
ns = 207 Ep 4,2

where ng is the number of pions produced by the interaction of a

nucleon of energy Ep GeV. This will be termed the "Ei model®. The
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second multiplicity law used is

.* 3
W = 2,7 E E < 3 10 GeV
s P = 4.3
N . % 3
ng = 0.36 E_ E2 3 10° GeV

with the symbols having the same meaning as before. Thigs is
1
termed the “EZ model",
v) The transverse momentum distribution adopted is that suggested by
Cocconi et al. (1961) &=
Pt P
N(pt) dp, = : 5 exp b, dp, 4,4
o

Initially the mean transverse momentum is taken to ke 0.4 GeV/c

and independent of energy although other values are considered.
vi) Pion-induced interactions are considered to be totally inelastic,
the interaction length of such interactions being 120 g. ¢m°2. The
secondaries are again considered to be all pions and all other
parameters are assumed to be the same as ip nucleon induced
interactions.
vii) The energy distribution of the muon in mw-u decay is, in the

" laboratory system,

N(e) de = -=¢(—2==2) ® E ¢
B (1= .

€ being the energy of the muon produced by the decay of a pion

€ < E 4.5

of energy %r 9 and T is the ratio of the mass of the muon to that
of the pion. The value of r is taken to be 0.76s This distribution
arises because in two body ms g 4y degay the muon has a unique

B

energy in the C.M.S. and an isbtropic angular distribution.
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The method of computation is based on the following diffusion

equation
a’!ﬂ"Eax) - - 1+ 3B . ) ' ' '
oz o { E(xex) }“(E,x)«» f Ef‘»(E SE)r(E',x)dE' 1.6

which describes the pion energy spectrum at a depth x due to the
interaction of a primary nucleoh at a depth X where depths are
measured in units of pion interaction 1ength§ i.es 120 g. cmﬂQ.

The first term im brackets on the right hand side of equation 4.6
describes the loss of pions due to interaction and the second temm

dsecribes the loss of pions due to w-u decay. The integral describes

the formation of pions of energy E due to the interaction of pions

of energy E' at a depth x.

Equation 4.6 is solved by the method of succesive generations assuming
that the loss of pions by decay is negligible. This latter assumption
is valid because we are only interested in very high energy muons
(> 600 GeV)o It is also aésumed in calculating the muon numbers and
lateral distributions that the energy loss of muons in travelling through
the atmosphere is negligible compared to the muon energy since at a
zenith angle of 60° it should only be ~4 GeV, Also neglected is the loss
of muons by p~¢ decay since at the energies and zenith angles we are
interested in the survival probability of muons is almost unity.

The decay constant; By is given by

_¢h
B = EE:L_Q

T 407

in the vertical direction; where m 1s the mass of the charged pion,
V(g
¢ is the velocity of light, ho is the atmospheric scale-height and

Tﬂ_is the mean charged pion lifetime.
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For zenith angles up to~70° it is valid to take the flat=-earth

approximation (Ashiton and Wolfendale, 1963) and in this case
Be =B sec 6 4,8,

where Be is the decay gonstant at a zenith angle 6. Since we are
interested in zenith angles less than ~70° this approximation has
been made. Putting in the values of the constants in equation 4.8, one

obtains

Be ~ 140 gec 6 GeV 4.9,

In the basic calculations geomagnetic deflection is also ignored.
The displacementy 8y due to this is given by

2
5 = l.i_o_ﬂgh, . - . 4010

pe

H being the appropriate component of the earth's magnetic field,
h is the height of pion formation and pc the momentum in eV/c. Putting
in typical values of the parametefs in equation 4.10 indicates that this
effect will increase the mean radius of the lateral distribution of
muons of energy greater than 1000 GeV by less than 20¥% at a zenifh angle
of 60°.

Msltiple Coulomb scattering is also ignored, simple calculations
showing its effect to be much less than that of geomagnetic deflection.

The solution of the diffusion equation and the method of calculation
are described in appendix A.

From the basic programme used in the calculations one obtains, for
one nucleon interaction at different values of X9 the mean number of
muons and the first five moments of the lateral distribution for a fixed

transverse momentum of 0.2 GeV/c as a function of primary energy and
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muon threshold energy.

The lateral distributions are reconstructed from the moments,
calculated as described previously. For a C.K.P. type transverse
momentum distribution of mean 0.4 Gev/c, it can be shown that the
lateral distributlonsare given by

[
Pp(r) = "3'2‘; f i(_;g} exp{w f;;;} ar, 4,11

) o™
where f(ro) is the radial distribution of the muons for a fixed py Of

0.2 GeV/®q
The distribution f(ro) is obtained from the moments calculated as
above and is found to be well described by the expression

£(r ) N LA 4012
ro dro ro e o ro ol

In fact p’l(r) is relatively insensitive to the form of f(ro) and
almost indentical results are obtained if it 1is approximated by a
gamma~-function. .

The advantage of calculating the moments of the léteral distribution
is that equation 4011 can easily be adjusted to give the lateral
distributions for other transverse momentum distributions which one may
wisﬁ to investigate.

4,3,

Figure 4.1. shows the muon number as a function of the multiplicity
“of pions produced in the interaction of the leading particle for four
interaction depths. The @urves are for a primary energy of 2 105 GeV,
a muon threshold energy of 10° GeV, and a zenith angle of 60° (2 10°
GeV 1s about the median primary energy of "doubles" in the Utah

detectorsas will be seen later, for the "Ei-model"). It ig seen that
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Fig, 4.1. Mean muon number as a function of the number of pions produced
in the first interaction of the leading nucleon for one such

interaction at various atmospheric depths. E,,>1000 GeV, 0=60°,

Eﬁﬁ 2 nb C,e\/ H
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there is a slow rise in muon number until about a multiplicity of 200

is reached and then the number of muons predicted falls. The reason

for this is that as the multiplicity increases the mean energy of the
pions formed falls and so the chance of pions decaying increases. This
coupled with the increased number of pions leads to an increase in the
muon number. This process continues until the point where so many pions
are produced in the nucleon interaction that their mean energy becomes
iower than the threshold enérgy of the muons. Above this point although
the number of pions is high their mean energy is low and they are unable
to produce efficlently muons with an energy above the threshold.

Thus one would expect a maximum in the curve at about the multi-
plicity which gives a mean pion energy slightly above the muon threshold
energy. T[his is seen to be the case here where the maximum occurs at
multiplicities just below 200, the multiplicity required to make the
mean plion energy in the first piofy generation equal to 1000 GeV.

The multiplicity at which the maximum number of muons is formed
is seen to be independenf of the depth of the interaction; as would be
expected from the above considerations.

Similar curves for other primary energies show the same phenomena,
with the maximum number of muons being produced at the multipliclty
required to make the mean pion energy about equal to the threshold
energys

The multiplicities given by the “E% model" ahd the "Eé model" for

an interaction emergy of 2.105 GeV are marked in the figure 4.l
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Fig. 4.2. Mean muon number as a function of the depth of interaction
of the leading nucleon for one such interaction, E,>1000 GeV,
8=60°, "11/% model" and x's only.




Flgure 4,2 shows the variation ef the mean muon numbers for muons
of energy greater than 1000 GeéV for one interaction of the leading nucleon
at different depths in the atmosphere (measured in pion interaction
lengths) for a variety of primary energies at a zenith angle of 60° and
for the “Ei'model“. |

It is seen that at interaction depths greater than 0.3 pion inter-
action lengths in the atmosphere the number is only slightly sensitive
to the depth of interaction.

The results for the "E% model® are similar and also for other
threshold energies.

4.5. Ihe Mean Shower Radius as a Function of the Depth of Interaction
f _the Nugleone

The mean radii of showers, for one nucleon interaction, as a
function of the depth of interaction of the leading nucleon are shown
in-figgre 4,3 forithe "Ei model" and " %-mgdel“o "The curves refer to
several primary energies and are for a zenith angle of 60° and a
threshold energy of 1000 GeVe The mean radius is seen to be fairly
insensitive to the depth of interaction and it is seen that the mean
radiil of showers predicted by the "E% model" are greater than those
predicted by the "E% model®, |

This is a consequence of the more rapid degradation of energy in
the former model leading to the muons coming from the decay of pions

higher up in the atmosphere.
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Fige 4.3. Me&n radii of muon showers produced by oéne interaction of
the leading nucleon as a function of the depth of this

interaction. E;>1000 GeV, ©=60°, n's only, &pi>=0.k GeV/c.
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The results are similar for other threshold energies.

4.6, Effective Depth of Interaction.

To obtaln accurate values of ﬁ:‘ and the lateral distribution,
either semi-Monte Carlo calculations should be carried out i.e. the
position of the interaction point of the leading nucleon should have
been allewed to fluctuate according te Poissonian statistics and the
average values of N " and the lateral distrlbutions found, or the same
results could have beea obtained by ealculating the muon numbers and
lateral distributions for a set of values of the interaction depth, L
and integrating them over Xy after weighting them with the appropriate

Polssonian interaction probabilities. However, in order to save

computational time an "effective" value of Xy is found using the relation.

"’195)(
(o] —
e <t (x )> ﬂ (x ) dx
<r > = JCQ [+] i - ) -
eff fw ~ 1.5 xo 4,13
o N# ' (xo) © dxe

where <n(x9)> is ﬁhe mean radius of a shower formed by a nucleon
interacting at a depth X, s and ﬁ:'(xe) is the mean number of muons in
that shower. | -

The calculated values of <Popg> aTE looked up on the appropriate
graph of r(xé) vse X and so an effeckive value of X, is obtained
for thé first interaction of the leading nucleon. This is denoted by
xoéff. This method is approximate because the effective value of X,
varles across the shower, decreasing with increasing radial distance.
However, for the determination of the density spectra for a detector of
large area, for which these particular calculations are to be used, it

is the values of the mean radil of the showers which are important, and

as has been shown previously the muon numbers and mean radii are not
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very sensitive to X o

fhe coritribution from the second interaction of the leading
particle is obtained by assuming that the interaction occurs at a
depth xoeff + 0,667 pion interaction lengths. The neglect of
fluctuations in this interaction point is justified by the insensit~
ivity of ﬁ; and <> to X, at large values of the latter, which is the
case hereo Also the contribution from the second interaction is
smaller than that from the first due to the leading nucleon having
less energy and the depth of interaction being greater.

The contribution from further nucleon interactions is neglected.
407. Muop Number as a Fupction of Primaxy Proton Enerave

Figure 4.4. shows the dependence of the mean muon nﬁmber on the
energy of the primary nucleon for three threshold energiesjsat a zenith
angle of 60°; for the “E¥% 3nd BB models. o

It is seen that the “E% model" gives rise to more muons at
lower primary energies than the “E%'model“o- This is because of the
fact noted earlier; that the greatest contributlon to the muon number
eémes when the mean energy of the pions in the first generation is
about equal to the muon threshold energy. At low primary energies,
however; the mean energy of the pions is well below the threshold
energy in the “E% model® case and so fewer muons are formed than in
the “Et model® where the mean energy is higher, despite more secondary
pions being produced in the former. At higher primary energies the
“E% model® predicts more muons because the plonsresponsible for these

are formed higher in the atmosphere than in the case of the "E*model"

and so they have a greater chance & decaying before interacting.
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Fig. Lko4e Mean muon number as a function of primary nucleon energy for
8=60°, n's only and various threshold energies.
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Taking the curves for a threshold energy of 1000 GeV as an
example 1t can be seen that above a certain primary energy,; in this
13

case ~3 107 "eV, the curves are almost linear on a log~log plot. Below

this the mean number of muons produced falls rapidly with decreasing
primary energy. This fall is due to the mean energy of the secondary
pions formed falling with decreasing primary energy until it becomes
so low that the probability of producing muons above the threshold
energy is very small.

4.86

The ealculated lateral distributions for muon threshold energies
of 1000 GeV and 2000 GeVy for the "E%“ and "E%“ modelsy are shown in
figures 4.5; 4065 407 and 4.8 respectively for a zenith angle of 60%

It is seen that the shapesy; for a given threshold energy,; E w?
are dependent on the primar; énefgf, the distributions becoming
narrower with inc¢reasing primary energy. This is because at the higher
primary energies the later pion generations are becoming important,
and thus the pion parents of the muons are formed lower down in the
atmospheres

Also it is seen that the “E% model" gives wider curves than
the ”Ei model”; the reason being that the energy is degraded more
rapidly in the former which leads to the muons being formed highef
up in the atmosphere.

The behaviour of the curves in figure 4.4 is seen to be reflected
in the lateral distributions for the two models i.e. the intensities
due to the "E%'model" are lower at low primary and higher at high

primary energies.
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Over the range of radial distances 2 <r<15 m the lateral diste
ributions can be approximately represented by a relation of the form
P u (r) « exp = (/r )5 where r, is a slowly varying function of the
primary energy and a ;ore rapidly varying function of zenith angle and
muon threshold energy. Confining attention to showers which give two
detected particles and the wgd model” with <py> = 0o4 GeV/es we find
that the relationship is, for 1000 <E w < 2000 GeV

r e sect®d 8 for 45° < @ < 60° 4014

and for the same angular range

“00 8
r «<E
7]

o for 700« Ep < 3000 GeV 4.15

All the curves shown so far pefer to a mean transverse momentum

of 0.4 GeV/co Assuming the same form of transverse momentum distrib-
ution it can easily be shown that for a mean transverse momentum of
0.4 f GeV/g, where f is a constant, the required lateral distributions
are obtained from those given by dividing the original density by f2
and multiplying the corresponding radial distance by f.

The experimental results on the transverse momentum distribution
surveyed in Chapter 3 and also the work of De Beer et al. (J966); uéing
approximately the same model as that used here; indicated that the
CoKoPo distribution may overestimate the number of particles with low
values of transverse momentum. To investigate the effects of this on
the previous results, calculations have been made for a CoK.P. type
distribution with all particles having a transverse momentum less than
0.1 GeV/e being suppressed. Under this assumption equation 4.1l becomes

0 rp

p (r) mf ° f,.(,f.q.l EXP{"I} dr_ 4,16

B 2 T
o T )

,'o
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where <pt? = 2 Py = 0.4 Gew/c.

The results are shown in filgures 4.9 and 4.10 for threshold energies
of 1000 and 2000 GeV respectively using the “Et model" at a zenith angle
of 60°%

It is seen that at distances near to the axis the lateral distrib-
utions are changed significantly; the density in this case falling very
rapidlye. Howeve;, as will be seen later,the effect is much reduced

for a large detector.

for Proton Primaries.

The above results are ultimately intended to be used to make

predictions which can be compared with the experimental results of
Porter and Stene;son"(l969) obtained with the Utah detector.

These workers give their results in the form of empirical density
spectra. In using the density spectra to obtain rates of events one
assumes that the density acrose the detector is uniform. However,
the area of the Utah detector is effectively 2 x 10 m2 (Stenerson;,
private communication) which is not negligible compared to the area
of the showers detected. Therefore calculations have been made to
allow for the effects of this area in order to obtain "effective"
lateral distributions, which can be used to calculate density
spectra appropriate to the Utah detector area.

Using the lateral distributions already calgulated; the average
number of muons falling on the detector area from one shower is
obtained ag a function of the distance of the axis of the shower from
the centre of the array. Dividing this average muon number by the

area of the array then gives the lateral distribution of the shower
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if it is assumed that the density does not vary across the detector
area. These lateral distributions can then be used to calculate
"effective® density spectra for an area of 20 mzo

The mean number of muons falling on the detector as a function of
the distance (r) of the shower axis from the centre of the detector is
obtained by considering the shower axis to fall at different positions
on the circumference of a circle of radius ry whose centre is the centre
of the detector. For each of these points the lateral distribution is
numerically integratéed over the area of the detector and hence the
number of muons falling on the detector for each point is obtained. The
muonh numbers sc obtained are then averaged appropriately.

The resultant distributions are shown in figures 4,11 and 4,12
for the “E%-modelw and two muon threshold energies. It is seen that
the main effect of the large detector area is to lower the lateral
distribution near to tpe axis of the shower the effect being greater
for the showers of smfller.radius because the relative area of
detector to that of the shower is greater.

The same procedure has been applied to the lateral distributions
where a Py cut=off has been assumed for p; less than 0.l GeV/se The
results are shown in figures 4.13 and 4.14 for the "Ei-model” with
threshold energies of 103 and 20103 GeV respectively, It is seen that
the effect is to bring the lateral distributions into better agreement
with those obtained with no transverse momentum cut=off, although the
densities at small radial distances are a little lower. Thus the
effect of the Pg cut=off on the density spectra will be to lower them

slightly at the larger densities although the effect should be small.
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Qualitatively it can be seen that the effect of having a large
detector area is to decrease the denslty spectra at large densities
compared to what would be obtained for a small areassince these

densities gome mainly from high enexgy showers near to the detector.

In order to predict density spectra and single muon energy
spectra it is necessary to adopt a primary spectrum. Since one of the
alms of the present work 1s to determine the mass composition in the
enargy region abpve 10;?ev,“ﬁwu gpectra have been chosen, namely those
given by De Beer et al. (1969) for the "E% model”. The reason for
this is that they were calculated from E.A.S. data using a model

similar to the one used in the present worke.

15

Below 10" eV both spectra are identical and when expressed in

temms of energy per nugleon the spectra are given by

1

3 Ep"z’a n 2sec”

3 (E)) = 8.4 10 st™ Gev™? 4,17

for Ep less_than__lo15

The compoeition in this region is based on that given by Gimgburg

e.\’o_

- and Syrovatskii (1964) from a survey of direct measurements of the
primary composition at low primary energies. Above primary energies

of 10%°

eV fwe compositions have been assumeds-=

1) Protons only. This spectrum is shown in figure 4015 and is
denoted by A. This is termed "Spectrum A%,

1) A modulated spectrum with each mass component having a differential
exponent of =3,1 above a constant rigidity. For protons this

15

rigldity corresponds to a primary energy of 1.5 107 “eV. This

gpectrum is shown in figure 4,15 and is denoted by B, This is




Figure 4.15. Comparison of Spectrum A and Spectrum B with the

composite one of Malholtra et al. (1966a).
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termed "Spectrum B".

Also shown in figure 4,15 is the composite primary spectrum due
to Malholtra et al. (1966a) for comparison. Figure 4.16 shows the
primary spectra of the individual mass components of the two adopted
spectra for the "'% model”s

When using the “E% model® the intensity of the adopted primary
spectra must be raised somewhat to preserve agreement with the measured
sea~level size spectrume. This is because the more rapid degradation of
energy in this model means that a fixed size of shower, measured by an
extensive alr shower array,corresponds on average te a higher primary
energy (De Beer et al.s1966). The primary spectrum of each mass
component has been raised by a factor 2.6 at 101.5 eV to allow for this
and made to gcincide with the corresponding spectrum for the “E% model"
12

below 3 10%%eV since the models are identical heres

It is necessary to note that the adopted intensities in the energy
region of 1010eV are below those measured directly by about a factor
2. They are similarly below the energy per nucleon spectrum of Brooke
et al. (1964), which was based on the sea=level muon and proten
spectra using a model similar te that used heres This apparent
inconsistency is due to the fact that in the work of Broeke et al.
(1964) allowance was made for the differenge in the total inelasticity
Kt and the fraction of energy passed on to the pion component, K. s
in nucleon=air nucleus collisions. The difference Ktikﬂrwas taken to
be 012, In De Beer et al. (1969), however, it was assumed that Ko
E” = 0 ; thus accounting for the difference in the primary spectra

of the two groups.

In fact there is experimental evidence that secondary particles



Primary Nucleus Energy (eV)

The form of the primery flux for the adopted
primzry spectra.
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other than pions are formed.'These include K-mesons, nucleon=antinucleon
pairs and hyperons,

In the work of Brooke et al. the kaons did not contribute greatly
to the low energy muon flux (at primary energies below-1012ev) and the
nucleon-antinucleon pairs should not contribute at all. Thus the
;ssumption made by these authors that only pions were responsible for
the low energy muon flux and their neglect of the energy resulting
from the difference in Kt and Kﬂ_seems reasonable, _

The assumption made by De Beer et al. (1969) that all the energy
releaged in high energy interactions goes inte the pion component is
less well justified and it may be that the spectra estimated by them
are somewhat underestimated. However, the higher fraction of the
energy released in high energy interactions going into the pion
component will increase the number of muons formed and thus tend to
compensate for the lower intensity of the primary spectrum in theix
8as@.

4011,

The integral sea~level muon energy spectrum is obtained by

evalvating the integral

N (E) N (Y
fJ(E)oexp(=N(E)){N(E)+ S Mnm}ds

in 45186
for each threshold energy, where N (E ) is the average number of

muons above the threshold energy due te a primary of energy Epg J(E )
is the primary differential energy spectrum expressed in terms of
energy/hucleon, and Emin is the primary energy below which ne muons

with energy above the given threshold energy are produced.
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Equation 4.18 reduces to

Aw-j(Ep) N, () o 4019
min -

i.e. one simply folds in the primary spectrum with the curves of Nu
as a function of Ep given in figure 4.4, This is approximately
equal to the single muon energy spectrum.

The resultant spectra are shown in figure 4.17 for the "Eéb
and "E®" models for a zenith angle of 60% Also shown is the "E% model"
with 20% kaons over and above the full piem component. In adding these
only muons formed via the Kp mode were considered since this mode
contributes most to the high 2energy muons produced by kaon decay.
This progedure is equivalent to taking a slightly higher primary
spectrum which compeﬁsates to a certaln extent the neglect of the
difference between the values of K. and K by De Beer et al. (1969)
in deriving their primary spectra.

The “E% model® gpectrum is seen to be steeper than that for

the "E% model™ and kacns are seen to increase the predicted muon

number.

The lateral distributions have been folded in with the two
primary spectra to give the expected integral density spectra for
various threshold energies. The details of the calculations are as
follows. Using the relevant lateral distributions the radial distribu-
tion, r( A,Ep), has been found as a function of primary energy, Ep,
for a variety of values of density A,

The integral density spectrum follows immediately as

N(>4) = jm a [ (8, .Ep)]2 J(E)) cE 4420

min
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where Emin is the energy below which a primary particle cannot
produce a shower having a density A at the axis and j(Ep) is the
differential primary intensity.

Figure 4,18 shows the density sbectra predicted by the "Ei'model“
for two threshold energies; 1000 and 2000 GeVy at a zenith angle of
60° using Spectrum A and assuming a mean transverse momentum of O.4
GeV/co |

The density spectra are indicated both for the case of a point
detector and a detector having an area of 20 m2 normal to the shower
axiso

As can be seen the effect In this case of the finite detector
area is quite large at high densities, and increases with increasing
threshold energy. This is due to muons with a higher threshold
energy having narrower lateral distributions and hence a more rapiq
variation of density across the detectar.

The decreasing slope of the curves at the lower densities is a
reflection of the rapid fall in the mean muon number with decreasing
primary energy, as shown in figure 4.4, at the lower primary energies.

| Figure 4,19 shows the density spectra predicted for a detecto;
of area 20 m2 using the FE%_model“ and the modified version of
spectrum A. The fact that the curves are higher at large densities
compared to those of the _".E‘t medel* is due to the greater efficiency
of the model for produc&jng high energy muons at higher primary
energies; and the increased primary spectrum. These factors off-set
the greater width of the showers in this model which would otherwise

tend to decrease the density spectra, although the effect of the
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detector area would be expected to compensate for the greater shower
widthe

Figure 4,20 shows the predicted density spectra for the “E* model"
with the same basic parameters as used previously but with the modulated
primary spectrum folded in i.e. Spectrum B. The curves refer to a
éetector area of 20 m2. The curves are similar to the corresponding
ones for Spectrum A up to densities -~-10-'2 m=2 and to be higher after
that. The reason for this increase is that at these densities the
contribution from heavy primaries is becoming very important becausg

of their greater efficiéency of preducing muoens at the primary energiles

responsible for producing these densities althoughj,as in the case for

nuclei for a given primary energy are wider than in the case for proton
primaries. The consequences of this latter fact are the same as .
dsecribed for the ﬁE%-model", The greater width of the lateral distri-
butions for heavy primaries arises from the fact that in these calcu=
lations a shower initiated by a heavy nucleus of mass A and primary
energy Ep is considered to be a superposition of A showers of primary
energy>Ep/h9 and the mean radius of a shower increases somewhat with
decreasing primary energy. .

Figure 4,21 shows the corresponding density spectra for the ﬁE%
model". They are again seen to be higher than those for the ?E% model",
the reasons being the same as those given for Spectrum A.

40 130 al)E

Although rates can be calculated directly from the differential
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density spectra, modified for the finite area of the detector; it is
also possiblejand in some Sases more convenient,to calculate the
expected rates of events of different multiplicities without the use
of density spectra.

The galculations in this work have been specifically designed for
comparison with the results of Porter and Stenerson (1969) who give
their results in the form of empirically derived density spectra as
described in the following chapter. Thus it is useful to predict
density spectra since it enables a direct comparison with these results

to be made. It is perhaps unreasonable to expect to get exact agreement

with the shape of the Utah density spectra because of their semi-
empirical nature,; but from a direct compérison with the theo:eticaliy
predicted ones it should be possible to see where the differences lie
and which particular model is likely to give the best agreement. Iﬁ
the final analysis, however; it is the comparison of the predicted:gpd
observed rates that is important.

The variation of detector aréa en the predicted .xates of events __
¢an also be studied, This is important because although the. effective
area of the Utah detector is gquoted és 20 m2 the area is somewhat
sensitive to zenith and azimuthal angle variations and it is important
to know if these changes in area will affect the results significantly.

The method of calculating the rates is as followss= if X(r) is
the average numbeér of muons falling on the detector from a shower of
prima;y energy Ep whose axis is a distance r from the centre of the
detector the probability, Pn(r),of detecting n muons is given by the
Poissonian probability X(x)" exp = (x(2)) / n &,
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The total rate eof detecting n particles from showers of primary

energy Ep is then given by
[- <]
R (Ep) = 21rf T Pn(r) dr j(Ep) 4021
)

where j(Ep) is the differential primary energy spectrum.

The total frequency of detecting n particles is then given by

R = U/“ ® Ry (E ) aE 4,22
Emin P
Figures 4,22 and 4.23 show the functions Pz(r) and Pa(r)
respectively as a function of r and Ep for the PE* model” assuming

a detector area of 20 m2y a threshold energy of 1000 GeV, a zenith

angle of 60° and proton primaries. From these curves it can be seen
that doubles tend to come from showers falling further away from the
detector than is the case for triples and that the contributions from
showers falling further than 20 metres from the detector are very
small for these multiplicities.

For higher threshold energies the relevant distances will be even
less due to the showers being less wide. The shape of the curves for
a primary energy of 2 107éev is due to the fact that if the axis of
such a shower falls on or near the detector, thé average number
of muons falling on the detector is so great that the probability
of detecting 2 or even 3 muons is very small for this threshold energy.

Calculations have been made to investigate the effect of changing
the detector area. These calculations have been made assuming a
primary composition consisting of protons aloney the spectrum being

represented by
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3E) = 0_095;2“6 en’sec lst"Gev™ for E <2 10° Gev

3 E asol 2 1

3(E,) = 163 10° B2 en’sec ™ot T GeV ™ for E > 210%Gev

4023,

This spectrum is consistent with the sea-level size spectrum if the
"ﬁ# model® is used. It will be denoted by "Spectrum C",

The results of the calculations for'ﬂoub1e§fare shown in
figure 4.24; using the ?Et model™, where the ratio of the frequency
of doubles to the square of the detector area S, all divided by the

equivalent factor for a point detector, Klp is plotted as a function

of § for a threshold energy of 1000 GeV and a zenith angle of 60°%,
The curve can be understcod as followse For small areas the
density across the detecter will be almost constant and so

equation 4.21 becomes

2 e 2
R(E) ~ 8 2z, | [ A (ryE)]1"dr 3(E) 40240
since S 4 (r, Ep_) ~ 03 where A(r, _Ep) is the density at a distance

r from the axis due to a shower of primary energy Epo Therefore

Ry, « s

For very large areas; when the whole of the shower is contained

in the detector area, equation 4.21 can be written as

Ry(E) ~ S N . fE ¥ e (- (€)) 3 &) 425,

where ﬁu (Ep) is the mean number of muons in a shower of primary energy

Epo Therefore R, x S

It can be seen that at areas of about 20 m2 the rates of doubles

is fairly insensitive to small changes in area.

Figure 4,25 shows the rate of triples through an area S divided
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by 539 all divided by the equivalent factor for a point detector; K,
plotted as a function of S for a threshold energy of 1000 GeV and a
zenith angle of 60% It is seen that the rate of triples is more
sensitive to the detector area £han the rate of doubles. This is
reflected in figure 4,18, which shows the predicted density spectra
using the primary spectrum containing protons only above a primary

156V9 for a detector of area 20 m? and a point detector.

energy of 10
It is seen that the effect of the finite area increases with increasing

density. At higher threshold energies and greater detected multi-

plicities the effect will be larger for the reasons already mentioned.

Predictions of the expected frequencies of detection of different
muon multiplicities as a function of muon threshold energy are shown
in figure 4.26 for a detecterfof area 20 m2, a zenith angle of 60°
and the ﬁEi'modelﬂ_foided in with the primary spectrum given by
equation 4023 i.e Spectrum C. Also shown are more approximate
predictions using the "E% model" and a sultably modified version of
Spectrum Co

The ﬂE% model” is seen to predict higher frequencies of multiple
events, Ihis is partly due to the higher primary spectrum used and
partly due to the greater efficiency of the model for producing
muons at higher primary energies.

Figure 4027 shows the approximate median primary energies for
producing different detected multiplicities as a function of
threshold energy at a zenith angle of 60° and an area of detection
of 20 m2, for both the "Ei“ and "E%“ models. In both cases the

primary spectrum assumed was that given by equation 4,23, The
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convergence of the curves above about 106 GeV arises from the
increased slope of the primary spectrum above this energy and the
fact that as the detected multiplicity increases the effect of
fluctuations becomes less and the energy spectrum respensible for
the multiplicity sharpens up and the means become closer.

The results shown in figures 4245 4.25, 4.26 and 4.27 have been
obtained using a different method of calculation to that described in
section 4.2y but using the s ame model parameters.

The adopted mean transverse momentum is 0.4 GeV/c in the above

calculations.

The study of the lateral distributions of muons at large distances
1s important because it gives us information on the form of the Py
distribution at large transverse mementa and, when combined wifﬁ fhe
results at smaller distancesy on the value of <Ppe.

Recently Ceats et als. (1969) published results showing the
measured decoherence curve of high energy muons out to large
separations; and in order to compare this with theoretical predigtions.
one must calculate agcurate values of.the lateral distributions of high
energy muens out to large radial distances.

As stated previously the lateral distributions calculated earlier
are not accurate out to large distances because of the neglect of the
variation of the effective height of interaction with radial distancee.
At large distances the lateral distributions are very sensitive to
the height of interaction and calculations have therefore been made

to allew for its variation with radial distance, thus giving lateral
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distributions accurate out to large radial distancess The result
for the C.KsP. transverse momentum distribution 1s shown in figure
4,28 for a primary energy of 20105 GeV (the approximate median energy
for doubles in the Utah detecter) using the “E# model® , é threshold
energy of 1000 GeV and a zenith angle of 45°, On this lateral
distribution the median transverse momentum of the detected muon
parents, denoted by °ptmed“9 is given for various radial distances.
These have been calculated from a knowledge of the median height of
interactiony hy and the median energy of the parent pions, %ﬁ med9

obtained from the muon energy tpectra at a given radial distance r;

under the assumption that &W = 1.3 E o Thus one obtains

med med

P, =1 E - 4,26,
t med h T med

It will be noticed that measurements around r = 30 = 40 mg which
probably represents the limit beyond which precise experimental data
will not be availablesare sensitive in the region of 1.0 GeV/z (for
the C.K.P. distribution).

In order to investigate the sensitivity to the form of the Py =
distribution calculations have also been made using the relationship

suggested by Aly et al. (1964)s=
- - 2
N(P) dp, = 2 p, exp( = p ). dp, 4,27

1
where <pp = O 2 1 (1.5) GeV/es

and that of Elbert et al. (1966)s=

N(p,) dp, = QL} exp {? ﬂt} 4028
33p Po

where < pp = 2.9 p_ GeV/c;
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both for <pp= 0.4 Ge%{co The results shown in figure 4.28 indicate i
that there is some sensitivity to the form of the Py = distribution
chosen particularly between the CoK.P. and Aly distributions; the two
extreme casess especially at large radial distances.
The shape of the lateral distribution for the C.K.P. model can be
approximately understood from a consideration of the shape expected from
a simplified model, where the height of origin of the pions is considered
constants From these assumptions one obtains for the lateral distribu-

tion of muons with energy above E/1.3 (see Appendix B)

0 u(r) « ;E‘LTT {% + %52} exp (-a E) 4e29
p . -
where o = r/hp, +1/T. 4030

Here h is the height of formation of the piong,I the mean energy of the
pions in the forward conej 2po is the mean transverse momentum and r
is the radial distance.

At large distances one obtains
- Py -Z _
py (r) = . exp,{ rl | 4.31
9
where r_ = hp, /E 4.32,

Factors which might affect the curves given so far when applied
to the results from the Utah group ares-
4) Multiple Coulomb scattering in the rock.
1i) Geomagnetic deflection of the muons when traversing the atmosphere.
#41) The possibility that the C.K.P. relation overestimates the
frequency °f-pt < values below‘ab¢ut.0,1‘GeV7E,
_ Approximate calculations show that multiple Coulomb scattering

contributes a displacement of less than about 3 metres even at large
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distances and so should not be important.

Geomagnetic deflection on the other hand can have larger effects,
parficularly at large radial distances, since the inclined heights of
production at these distances are very large and the mean energy of
the muons falls with increasing r. Using equation 4.10 with the
appropriate values of the parametersit can be shown that for the
Utah experiment, for a zenith angle of 45° and radial distance
~40 metres the disblacement in the plane of the detector is ~12 metres
for muons incident in the vertical plane of the spark sounters (see
Chapter 5). At smaller radial distances the displacement is less
because the effective helghts of production are less and the mean
muon energies higher. Thus the deflection is ~3 metres at a radial
distance of 10 metres and approaches zero near the shower axis. The
overall effect is to cause T, te increase a little more rapidly than
given in figure 4.28,

The effect of cutting=off p, = values below 0.1 GeV/c has been

studied and'the result is shown in figure 4,28

Because the detectors used by Coats et al. (1969) were of rather
small areay the axes of the showers detected could not be located and
so the lateral distributions could not be studied directly. Instead

the frequency of events in which two muons cross two separate areas,
®ach of lmzp was studied as a functlon of the dlstance apart of the
detectors,; and this can be compared with theoretical predictions.

Consider two areas of 1m> each, separated by a distance x. Let

a shower of primary energy E_ fall on a small areay; day at a distance

p
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Iy from one detectoramd;wz from the other. Then the probability that

the two detectors are hit, F*(x), is given by
1 : - | . E I Y -- 1
F(x) = (1 exp( -0 (v, s..Ep))Ml exp (=g, (ryE )] 4033,

where F)” (rsEp) represents the density at a distance r. Assuming that
the probability of getting more than one particle through a detector

is small, equation 4.33 reduces to
1 .
F (X) ~oR m (rl 9 Ep) [a] u (r29 Ep) 4,34,

Integrating this over the area of the whole'plane contgining the
detectorss and all primary energies gives the total rate of detecting '
two particles separated by a distance xs F(x) as

Fz) = ji/’lp WFeB ) B )ae (B ), 4,35

" The integral over the area can be selved analytically for certain
forms of the latera; distributions e.g. Gaussian and exponential forms,
but in the case of the above lateral distributions the integration has
been performed numerically.

The lateral distribution for a primary energy of 20105 GeV is
taken as the basis of the salgulation, since this co;responds to the
approximate median energy of detected two’se Thus a decoherence curve
is obtained assuming that all lateral distributions have the same
shape as that shown in figure 4,28, The primary radiation is assumed
to conslst only of proteons and to have the same form as that given by
equation 4.23. However; the latgral distribution used so far is a
"mean” one and the effective height of shower production varies with
the radial distance from the axiso This is not the case when one is

considering the frequency of two particles passing through detectorss
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since the particles must have come from the same shower. To
estimate the effect of this "coherent" preduction on the decoherence
curve already calculated, the difference between the deceherence curve
calculated allowing for the "coherence" effect and that calculated
using the “mean" lateral distribution has been found using the
"constant height" model (see Appendix B). This is approximate because
the lateral distributions obtained using the latter are somewhat
different to the more accurately calculated ones, but since ene is
taking the ratio of the two predictions the approximation should
be reasonable. It is found that the coherence effect tends to raise
the decoherence curve calculated from the "mean" lateral distributien,
particularly at large separations.

The enchancement factor, Fy is given in table 4.1. as a functioen

of detector separation xe.

Table 4.1,
X (m) 6 12 18 24 30 36 42 48
F

1.14 1.6 2:02 228 2,6 2065 2,65 2,65

The decoherence curves obtained using a C.K.P. type transverse
momentum distribution for muons of threshold energy 103 GeV and zenith
angle of 45° are shown in figure 4.29 for several values of the mean
transverse momertum. If one has a decoherence curve for <py> = 0.4
GeV/; it can be shown that the curve for pp = 0o4 £ GeV/ﬁ is
obtained by multiplying the separation of the detectors by f and

decreasing the corresponding frequency by f20
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Figure 4,29 shows the decoherence curves obtained for the Elbert
et al. (1968) and the Aly et al. (1964) transverse momentum distribu=
tions under the same assumptlons as used in obtaining the curves for
the CoKoPo distribution. Although there are differences in the shapes
it is unlikely that a choice can be made between the curves since
small changes in <pg> can probably be made in order to make the curves
similare

These curves should not be regarded as final because of the
approximations made. Also other factors have not been included in
their calculation ; notably the effect of heavy primaries, multiple
Coulomb scattering,; geomagnetic deflection and fluctuations in the

multiplicity of the nuclear interactions.
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CHAPTER _S.
HE UTAH EXPERIMENT

501« Infroduction
The University of Utah neutrino detector has been used to study
high energy muon showers, with threshold energies ranging from 500 =
5000 GeV, which have penetrated to great depths underground. The
particular features which have been studied are the frequency of
different multiplicities of muens,over the given threshold energy
range and a zenith angle range of 30° - 75°, and the lateral distrib-
utions of these showers. Although more data were collected in this
experiment than had previously been obtained from all preceeding
experiments the statistics at particular depths and zenith angles
are still not yet good enough for a complete analysis of the results
and so g _priori assumptionsabout the general character of the shoWe:s
have been made and these are tested for consistency with the data.
The end product of the analysis, enabling the results to be
compared with the theoretical predictions of the last chapter; are
a set of density;spectra for different muon threshold energies and
zenith angfess estimates of the mean shower radii and a decoherence

curve i.e, the rate of detecting muons in two 1m?

detectors as a
function of the separation of the detecters, enabling infermation
about the lateral distributions to be obtained.
5o2oio The Apparatuse

The detector is located in a chamber 1850 feet below the surface

of a mountain, the contours of which are shown in figure 5.1. The




Figure 50l

Terrain above the Utah detector.
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geographical co-erdinates of the site are 40.623 degrees north latitude,
111,537 degrees west longitude. Slant depths are measured from the U.S.
Geological Survey and the error is estimated to be i 20 feet.

A rock survey indicated that the mean density of the rock is 2.61
gocm=g and the mean 22/h value is 5,65, This latter value is slightly
higher than that for standard reck (5.5) but since this difference is
less than the uncertainty in the demsity (3%) and other experimental
measurements ne correction is made for it in detemmining the rock
depths in hgoom 2

The irregular terrain gives the possibility of making measurements

at a variety of inclined depths and zenith angles and these measurements

indicate that the variations in density are small over the range used.

5¢2.2, The Detecter

The complete detector, which was essentially designed to detect
neutrine-induced muons,; is shown in figure 5.2 and consists basically
of four directional Cerenkov counters, an array of 600 cylindrical
spark ceunters (CsC's) and two 16-kilogauss solid iron magnets. The -
dimensions are 21 x 11 x 6 metres in height. _

The passage of a particle through the detecteor causes the
generation of a 'trigger' pulse by the Cerenkov counters, and the
c¢ylindrical spark .counters and data gathering electronics are
activated.

The localized nature of the discharges in the CSC's makes it
possible to detect several discharges in one OCSC, which makes them

very suitable for detecting multiple muons. The sparks are detected

‘\\”"mt'ﬂ?k‘y}}’ Y
14 MAY 1970
=3 BERTIOR
1BRARY
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by a sonic ranging technique to an accuracy of about 3mem.; thus
enabling the trajectories of individual muens passing through the
detector to be reconstructed.

A more detailed account of this system has been given by Hilton
et al. (1967), Keuffel and Parker (1967)s and Bergeson and Wolfson
(1967)s

During the collection of mest of the data discussed in this
chapter, only the Cerenkov tanks C and p, the magnet between them,and
the nine rightmest columns of dsc;s were operational.

The efficiency of the Cerenkev tanks was measured to be 86%
for each tank where a muon passed ne closer than one foot to the
edge of a walle Thils result was independent of the zenith and
azimuthal angles of the triggering muon, although only muons with
zen¥th angles greater than 50° could be used in these tests and so
it had to be assumed that the efficiency was the same at smaller zenith
angles. Determinations of the CSC and scanning effiéiehcies were alse
made and the results cerrected accordingly.

The efficiency of finding muon pairs; where one of the muons
passes through only one CSC group is thought to be not much greater
than 72%. (Group I consisted of columns 7,8 and 93 Group II of columns
10 and 113 Group III of columns 12 and 13; and Group IV of columns
14 and 15). However, the requirement that each of at least twe
triggering muons passes through at least two CSC groups increases
their probability of detection to 95% in the worst case. Higher
multiplicity events would have been detected with an'even higher

efficiency.




Figure 5.2 The Utah Detector.
In the front view (XZ plane) the CSC's are seen end
on as circles stacked in columns 40 high on either
side of the water-filled Cerenkov counter tanks
labelled AyB,C and Do The dark dotted areas between
A and B and between C and D are the solid iron magnetse
The light dotted areas between B and C are concrete.
In the top view (XY plame), columns of CSC's appear
as lines labelled 1 to 15, and the light collecting

walls of the Cerenkov tanks are labelled 1 to 8,
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;n the later experiment, to study the lateral distributions at
large radial distancess performed by Coats et al. (1969), the whole
of the main detector was used and in addition three separate detectors
positioned as shown in figure 5.3 where they are labelled o 5, g and Y.
These detectors each consisted of three trays of cylindrical spark
counters and had dimensions 22.5 x 4 x 2 feet in height. They were
activated when one or more particles triggered the main array. In
order to be accepted in the ensulng analysis each muon in the main
detector had to pass through twe forward Cerenkov walls and three
CSC groups, and the muons in the outer detectérs had te pass through
the three groups of CSC'ss

The range of muen separations capable of being measured with
each detector is shewn in figure 5.3 for the first run. In a second
run the outer detectors were moved so that muon separatiens up te
~60 metres could be measured.

5.3.1. Data Analysis and Results.

The multiple muen events analysed were distributed in two-18 x 20
angular cells, one for westward-going and one for eastward-geing muonse
The eighteen 2.5° zenith angle intervals extended from 30° to 75°, and
the twenty six 5° azimuthal intervals extended from -65° to + 65° with
respect to the x-axis of the detector (see figure 5.2).

An effective depth was associated with each cell and was calculated
assuming a linear variation of depth from edge to edge across the bin
and weighting the depths over the bin with a werld-wide vertical depth
intensity curve (WWDI curve) compiled by Larson (1968).

The estimates of the projected zenith angle were accurate to about

-
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lo, and better than 0.5° in azimuth.

Events were accepted if the muons in the event. were parallel to
within 5%, and in fact more than 66% of the pairs were parallel to
within 1% The most frequently observed spatial separation was about
4 metres and so if the showers were formed in the rock they would
have to be formed at distances greater than about 200 metres away
from the apparatus to achleve this degree of parallelism. Range-
energy relation calculations show that muons of this range must have
an energy of at least about 150 GeV and so the parent pions, whose
energy must be at least as great as this, have very little chance
of decaying before they interact in rock. The cross section for pair
preduction of muons at this energy by energetic muons is far too
small to account for the observed number of events and se it appears
that the éﬁiy reasonable origin of these muens is as the remnants
of muons produced in E.A.S.

503020 Ihe Deriya

Because of the cemplexity of the aperture for multiple muor

events; the wide variation in zeﬁith and azimuthal angle and depth,
Porter and Stenerson decided to derive empirical density spectra to
enable their results to be compared with the results of ether experi-
ments and with theoretical productioense

The method adopted was as follows: = a trialldifferential density
spectrum of the form

n(h,8,4) dA = G(h) F(e) H(2) aA 501c
was adopted,

H(A ) was taken to be of the form

N
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B

H( 8) = Kg 8 for A> A
= Kgd for A< Ao 5.2
where Kg Ao"B = Kq Ao"a The reason for taking this form was

that in the experinents of Barrett et al. (1952) and Chatterjee
et al. (1966) it was found that the number of underground muons was
related to the size of the original air shower by a power law. Since
the size spectrum is approximately given by a power law in Ny the
density spectrum for underground showers would be expected to be a
power law in densityy4 o They explain the change in slope as being
due to the sharp cut-eff which would occur in the density spectrum
when only one muon is present in the shower and say that a sharp
cut-off is unphysical (as it is, due to the effect of fluctuations)
ahd that a change in slope is the more likely effect at this point.
In fact one would tend to expect spectra whose slope at low
densities is increasing with increasing density, due to the rapid
increase of muens with increasing primary energy at the lowest
energies capable of producing muons above a given threshold energy,
followed by a fairly constant slope as the number of muons becomes
almost a power law function of the primary energy and then a further
increase in slope due to the “kink" in the primary spectrum,; although
if the "kink" is due to a rigidity cut-off the change in slope of
the density spe ctra will not be so marked due to the increasing
porportien of heavy nuclel which are more efficient at preducing
muons at the relevant energies. A further facter causing a steepening
of the density spectra will be the large area of the detector which

will tend teo increase the slope at high densitiese Thus a two power
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law is likely to be a reasonable approximation over a range of densities
but not over the entire range.

The choice of the function G(h) where h is the depth, was determin-
ed by the decision to try and construct density spectra which could
predict the rates of single as well as multiple muons. Because of
this it is argued that G(h) must have the same dependence en depth
as the vertical depth intensity curve. It was assumed that the
integral sea-level energy sepctrum of muens can be represented by a
power law I ( >E) « E-)’. An approximate range=energy relation
(see Barrett et al., 1952; Kebayakawa, 1967) was then.used to predict

the depth intensity relatien
al -y
I(h) « = exp( bh) =1 503

Ihe-faqtor_af/b varies slowly with energy but was assumed to be
constant in this case. Both b and ¥ increase slowly with energy
but it was found that a geod fit could be obtained by fixing b and

letting Yy 1increase with depthe Thus by this hypethesis

G(h) = C (exp(bh)-1)"7 5e4

where C is a constant, b = 3.5 10“'4 hg.‘lcmz.and Y = 204 + 0,25

1n (1/10° hg)e

The justification for this precedure is that it gives agreement
with the world-wide depth intensity curve of Larson when C is put
equal te 1,55 x 10=7 sgcflstnlcmdz. ‘Thus the procedure is justified
for singles but it is net necessarily justified for events of
higher multiplicity sincemaécg;ding to the theoretical calculatiens

the shape of the spectra of doubles and triples passing through 20112
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1s different to that of singles. This is to be expected since these
depend on factors which are not impertant in the case of singles e.g.
the mean radius of the lateral distributions and the size of the
detector. Thus the factor ¥ in equation 5.4 will be different, giving
rise to a different depth intensity relatien if the value of b is
unchanged.

Also no account has been taken of fluctuations in the muon energy
losse One would expect the effect of this to be that the effective
range of multiples will be less than that of singles and so when a
depth is cenverted back te a thresheold energy using the average range
energy curve of Kobayakawa (1967) the corresponding energy for singles
should be slightly different to that for multiples. However, this
effect should only be impertant at large depths, where the statistics
are poor,and should not affect the conclusions.

The justification for the method must be that it gives agreement
with the experimental measurements. It may be that with better stat-
istics the assumptionsmade will have to be modified.

In the calculations of the final density spectra C was included
in the normalization factor KB’

The number of events of various multiplicities in each 2,5° x
59 angular bin was known, and the trial density spectrum was used to
calculate the expected numbers in each bin up te a multiplicity of 3,
alloewing for the variations in aperture and efficiency of detection
with the fype of events Kg 5 the normalization factor, was chosen

to glve exact agreement with the ebserved and expected number of two
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muon events. In these calculations the value of the effective
depth (h)s calculated as described previouslyy, was used in the
function G(h). The calculation of h is open to the same criticsm
as G(h) for multiple eventse

A sum oever the azimuthal angles was then carried out for both
the piedicted and observed rates,thus collecting the two sefs of
numbers into 18 zenith angle bins from 30° te 75°, corresponding to
slant depths ranging from 1500 te 6000 hg.cm-zo

Using the parameters o, p and Ao as variables a X 2-test
was carried out on the fit between the observed and predicted
number of events in each bin and an attempt was made to find the
form of the function F(8).

Ne simple form could be found for F(8), but calculations_
indicated that the point of discontinuity im the slobe of the density
spectra was a function of zenith angle. Therefore a new trial
density spectrum of the form

n.(\hses A_) da = G(h) H(as 9? da 565

was taken. H(A;8) had the same dependence on A& as taken previously,
but the point of intersection of the two power laws in. density was
given by‘
Ao = (D + E cos 6) m-2 506
Qualitatively this variatien can be explained by the mean radius
of the showers being more egnsitive te changes in zenith angle than

is the total number of muons in the shower. Thus at gsmaller zenith

angles the primary energy responsible for a certain density 1is smaller
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than at larger zenith angles. Thus the "kink" in the density
spectray which is interpreted as being due to the rapid fall in
mean muon number with decreasing primary energy at lew primary energies
(see figure 4.4) will occur at higher density values for smaller zenith
angles.

Using this form for the density spectra withq, B, D and E as
variables fits could be obtained near the 30¥ confidence level for
singles and triples and even better fits for the doubles using the
X 2-testo

No unique set of parameters was obtained, but several sets gave

almost equally good fits and these are given in table 5ele.

Normalization
8 o D E Facforo
(a) 2075 1.8475  ,0006 20015 19289 107
(b)  2.86 1.8975 »002 002 130.93 1078
(c) 3.2 109210 .004 .004 35,11 1072

Figure 5.4 shews the difference in shape of the density spectra
depending on the set of parameters used for two different thresheld
energies (depths were converted to energies using Kebayakawa's range-

energy curveg). In the density range 10"3'=10'=2mm2

the curves de not
dif fer very much in shape and amplitude and so they can be cémpared
with theoretical predictions in this region but at very small and

very large densities the slepes and amplitudes show wide differences.

Porter and Stenerson decided to use the "set a" parameters

because the fits for doubles and triples improve semewhat as B




Figure 5.4, Empirical integral density spectra for two
threshold energies and three parameter setes.

(after Porter and Stenerson, 1969).
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Increases.

The final set of curves for varying muoen threshold energy and
zenith angle are shown in figure 5.5

Several checks were made on these curves. Figure 5.6 shows the
predicted and observed numbers of events in each of the 18 zenith
angle bins. This serves as a check on the zenith angle distributioen
useds

Figure 5.7. shows the predicted and observed number of events in
200hg.cm=2 intervals. This serves as a check on the depth dependent
factor in the density spectra.

In order te provide a breakdowh ef the ebserved data accerding
to beth depth and zenith angle, the data were summed in 10° zenith
angle and 500 hgoom-2 depth intervals. The-results are shown in
table 5.2

Unfortunately the statistics were not sufficiently goed te
break down the results inte smaller depth and zenith angle intervals,

and the results of further runs must be awaited before it is

profitable to do this.

Bagause of the relatively large area of the muon showers
compared to the size of the detector it was net pessible to lecate
the shower cores unambiguously and this precluded a direct study
of the lateral distributions ef the showers. These are of particular
interest because of their relevance to the mean transverse momentum
and the form of the transverse mementum distributien eof secondary

particles produced in high energy interactions.
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Figure 5.%  Empirical integral density spectra from the
o . Utah experiment (after Porter and Stenerson,

1969 ).
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The work of the Utah group can be split into two parts on this
particular topic; that done before the additon of the "wing" trays
i.e. the work of Porter and Stenersen (1969) which provides some
informatien on the radial extent of the muon showers; and the sub-=
sequent work of Coats et al.(1969) in which a study of the lateral
distributions was made out to radial distances of the order 50m
from the coreo

Considering the work of Porter and Stenersen first, then following
Barrett et al. (19® ) the number of coincidences observed between twe
small detectors of areas A, and A, separated by a distance x due te

1 2

muon showers is given by
€«

G (x) = AL A, ;lm(m A1) F(M)j o (M) (Mr) da  5u7

where F(M) is the number of showers containing M muens whose axes fall

on a small area da at distances r, and r. from the detecters A

1 2 1
A O(M,r) is the probability that a given muon, in a shower of size M,

and A2,
falls on an area A at a distance r from the axis. The integral is
carried out over the plane containing the detectors. The equation
assumes that the probability of getting twe muens in either detector
is small.

The integral was carried out for two assumed forms of the
lateral distributionss; a flat distributien eof radius g and Gaussian
distribution with a remos. radius of oo

The functien C12(x) was found fer each of the angular bins
(allgwance being made for the streng dependence of the sensitive

area on the zenith and azimuthal angles).



113,

Because of the poor statistics the e xperimental data and the
predicted numbers were put inte 10° zenith angle bins and 500 hg.
cn™2 binse % 2 - tests were then applied to the predicted and
observed numbers ;n each of these bins for values of ¢ from 5 to
20 metreso I M(M=1) F(M) was determined in each case by finding the
minimum vqlué of % 2 for each value of ¢ o This procedure neglects
the variation of the mean radii of the showers with zenith angle and
depth and thls combined with the uncertainty in the lateral distribu=
tion means that only a reasonable estimate of o can be obtained.

The results are shown in figure 5.8 for three combinations of
genith angle and depths The cearseness of the calculations is
immediately apparent. For the zenith angle range 40° - 50° it is
found that showers penetrating to a depth 1900=2400 hgocm-2 (1ce0 a
muon threshold energy of about 800 GeV) have a.smaller average radius
than showers penetrating to 2400-2900 hgqc;m"2 (1.e. a muon threshold
energy of about 1100 GeV). This is in contrad;ction with theoretical
results which show that for a given zenith angle the mean radius of a
shower decreases with increasing thresheld energy. The results alse
show that for a glven depth the mean radius of a shower increases with
decreasing zenith angle. This is also in contradiction with theory
since muons at larger zenith angles have travelled a longer distance,
hs through the atmosphere and the radial distance from the axis is
proportional to h for muons of a certain fixed energy. .

These discrepancies are perhaps due to the functions taken for the
shape of the lateral distributions being inaccurate although the mean

radii seem almost independent of the function useds For the square
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lateral distributions the mean radiusy; <r> , is given by 0.667 ¢
while that for the Gaussian type lateral distribution is given by
<r>= 0,886 0 o Also relevant is the fact that it was necessa;'y
to combine bins at several depths and zenith angles.

Porter and Stenerson consider fhat the mean radii of the detected
showers lie in the range 6 - 10 metres,

An estimate of the mean number of muons in these showers can also

be obtained from the above results. From equation 5.7. 1t can be

shown that
I <M(M=1) > _ s_Mf.? -1 508
<M>
I°<M> (
2rx C..(x) dx
= f 12 569
Ay Ny

where Nl— is the number of single muons dete.cted in the detector of
area A19 <M(M-1) > is the average value of M(M-1), <M>is the average
value of M and -Io is the total number of showers per unit areaeo .Ia
<M(M=1)> was computed for three of the large bins corresponding te the

range of o "s which gave a fit within the 33% confidence limit when

-a X2 - test was carried oute. I_°<M> was obtained from the data on

single muon evénts. Thus <M(M=1) >/ could be calculated. These
redults together with the ranges of o are shown in table 5.3.

Since 1< <M>«< <M2> % they were able to infer the in=-
equality 1.37 <<M2> < 404 covering the three sets of results. Thi-;
shows that the average underground shower contains very few muons.

Also, under the assumption that the number spectrum of muons follows
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a power lawy M O, they were able to obtain estimates of & from
the ratio < M2 5 / < M> for the three bins considered. These

results are also shown in table 5.3,

Table D5o3.
Zenith Range Depth Range Oy 0, O. sME; 8
(degrees) (hge.em=2) (m) <M >
40 = 50 1900-2400 10 2011 3.40
7 1,52 3,70
6 l.41 3,90
40 = 50 2400-2900 11 2,10 3,40
8 1.70 3.60
7 1.58 3.70
50=-60 2400-2900 8 1,56 3,70
6 1.37 3095
6 1.37 3095

The work of Coats et al. (1969) has extended the range of muon separa<
tions studied up to ~ 50 metres and also 1mp;o$ed the statistical
accuracy conslderably. 3385 pairs of parallel muons were detected
in the accepted range of depths and zenith angles i.e. 1900 =3000 hg.
=2
m

c and 40° - 60%°. This depth range corresponds te muon threshold

energies of 700 = 1500 GeV assuming that the energy leoss ceefficient
b= 4,0 10=6 gocmd2. Despite the improved statistics they are still
not yet goocd enough fer a comparison te be made separately for each

zenith angle and depth cell and so the data has been cenverted to a

mean zenith angle of 45° and a depth of 2500 hgecm 2 l.e. a muon
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threshold energy of -~ 1050 GeV. This ef course means that certain
theoretical assumptions had to be made in cembining the datae

The mean radius of showers at a zenith angle © is assumed to be

related to that at 45° by the equatien

T = T jgeg_45° 5410
a5° o ec® )
This comes from assuming that the vertieal height of fermation of
the parent pions is independent of zenith angle. The theoretical

calculations in Chapter 4, for showerscentributing mainly to doubless

indicated the relation

. .
= - = J-geg 45° | 1.3 o . 0
T 450 T | sec © 45 &8 <60
511
It is assumed in the conversion from a threshold energy EF to the

gtandard threshold that the mean radii of the showers are connected

by the relatioen

- r,E1! V-
T = ‘ r E 56126
1050 1 Tos0 (0

while the theoretical ecalculations indicate that

T . [Ee %8¢ 700<E <3000 GeV. 5013,
¥ 1050 1050 E, K

Howevery over the energy and zenith angle range covered these
differences should not be important.

The variation in depth is scaled according te the single muon
depth intensity curve, this being consistent with the experimental
resultse.

The final decoherence curve is shown in figure 5.9
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Difficulty arises in comparing the theoretical predictiens with
those obtained at Utah because two spectra have been quoted. Beth these
spectra are derived from the same set of experimental data and the
difference is due to the different manner in which the data have been
treated.

The first spectrum is due to Bergeson et al.(1968) and is derived
purely from measurements of single muons. These authers found that the
enhancement in the intensity of single muens with increasing zenith
angle was less than the sec O increase which weuld be expected if the
detected muens were, as is usually thought, the pregeny of piens or
kaons. They have suggested that in additien to the normal pien and
kaon pfoduced components there is a further process which produces
muens - the se=called “direct production" process. The intensity
of this compenent required to fit their observations on the angular
distribution of high energy muons is about 2% relative to the pion
and kaon component, and this only becemes impertant at very high
muon energies ( > 1000 GeV) where the probability of pien or kaen
decay is very smalls A consequence of this process is that the
vertical sea-level single muon spectrum is beth higher and flatter
than that derived previously from the measured vertical depth
intensity curve. 'Thus in order to maintain agreement with depth
intensity measurements it is necessary to make a further peostulate
that the rate of energy loss of muons above 1000 GeV increases with

energy at a much faster rate than previously thought. This is




118,

attributed; at present, to a rise in the phote=-nuclear cross section.

At a zenith angle of 60° the spectrum predicted is as shown in
figure 5.10 where it is seen that it is flatter and also still higher
than the conventional ene of Aurela and Wolfendale (1967), which has
been enhanced by a facter sec 60° to convert it from the vertical,
despite the weaker dependence on zenith angle of the intensity.

The density spectra of Porter and Stenerson can be used to obtain

the single muen energy spectrums Fer a zenith angle of 60° we get

£

F (>E )= N (A,E> E) A dA 5¢14
60° B f 60° B
(5}
where N(& , E,Ep,) is the differential density spectrum ef muons with

energies above Eu fer a zenith angle of 60°,

As would be expected from the results of Bergeson et al. (1968)
the pfedicted curve is lower than that of Aurela and Wolfendale since
Perter and Stenerson used a b value of 3.5 10“6 gnl.cm2 to convert
their measuféd depths to energies in accordance with the calculatioens
of Kobayakawa (1967). It alse appears that they have neglected the
effect of fluctuations in the energy lest by the muens, which tends
to become impertant at higher energies. This effect will tend te
steepen their predicted energy spe ctrum somewhat.

Since we use the spectra of Porter and Stenersen for coemparisen
with our predictions for multiple events we adopt their single muen
energy spectrum for an initial comparisen with the present work. From
figure 5.10 we see that the experimentally derived spectrum is

lower than all the theoretical ones.
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Taking the "E% model"” it is seen that the predicted spectrum is
less steep than the Utah onejy; having an exponent ~ 2.7 if it is
approximated by a power law, although it may be slightly steeper than
this as the peint at 5 10° GeV is not very accurate ( ~ 20%) and is
probably an upper limit. The addition of 20% kaens over and above
the pion component is seen te worsen the fit as regards abselute
magnitude.

The spectrum predicted by the WE% medel" 1s seen to agree better
at high energies but werse at lew energles as regards absolute mag-

1

nitude, compared te the "E® model"s; and to be in better agreement
as regards shape.

In erder te find the effect of fluctuations in the energy lesses
of muens on the comparison,the Utah single muon energy spe ctrum has
been gonverted te a depth intensity curve using the average range
energy relatienship of Kobayakawa for b = 3,5 10'=6 g.alcmzo The
theeoretical spectra have also been converted to depth intensity
curves using the same b value but taking into account the effect of
fluctuations as calculated by Kebayakawas These results are shown
in figure 5.11. Alse shown is a world wide depth intensity curve
compiled by Larson (1968) which has been enhanced by sec 60%,

As would be expectedy; the effect of fluctuations is to make
the fit between experiment and theory worse,; especially at large
depthse

Considering the “,#'model" it is seen that it agrees to within

~20% at 2600 hgocm 2 but due to it being less steep the fit deter-

iorates with increasing depth,
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The “E% model" agrees semewhat better in shape with the Utah curve
but again the fit deteriorates with increasing depth, although it is
better than for the fE% model®,

Furthermore the intensity of the single muon energy spectrum
derived from the empirical density spectra does not have the same
angular dependence as would be expected for the thecretical curves.
This can be clearly seen from a comparison of the ebserved depth
intensity curve of Porter and Stenerson and that due to Larson enhanced
by sec 60° in figure 5.1l. Although no single events were detected
below a zenith angle of 35° the assumed angular dependence built into
the empirical density spectra enables a prediction to be made of the
vertical depth intensity curve. The results obtained agree with the
world wide vertical depth intensity curve ef Larsen within the
statistical errers of the curve of Porter and Stenerson and the
estimated accuracy (10K) of the curve due te Lérsen. At a zenith
angle of 60°5 hewever, it is seen from figure 5.11 that the curve
due to Larson;, enhanced by sec 60°, is higher than that predicted
by the empirical density spectra. The enhancement facter obtalned
by Porter and Stenerson 1s ~ 1.5 compared te the facter ~ 2 expected
if the observed muons are the progeny of piens or kaens.

It must be concluded therefore that the results if correct, cannot
be explained by either o¢f the medels, and that pessibly some new
process is needed. As has been peinted eut earlier in this section
such a process has been postulated already by Bergeson et al.(1968).

Better agreement can be obtained between the depth intensity

curve of Perter and Stenerson and the theoretically predicted ones
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-
if a different b value is chosen e.g. at a zenith angle of 60

the "Ei model" gives an approximate fit if a b value of 4.0 10-'6 g-l
cm2 is assumedsy and in fact there is evidence for values higher than.
3.5 1% Lon® (see section 5.4s5d). Hewever, this will destroy the
fit with the measured vertical depth intensity curve and will still

not give agreement with the angular variation of the single muons

found by Perter and Stenersen.

50402 Comparison of the Experimental and Theoretical Decoherence

As previously mentiened two sets of results have been published
concerning the decoherence curve of high energy muons obtained from
the Utah detector, these of Porter and Stenerson and the later ones of
Coats et al.(l969) which extend the deceherence curve out to muon
separations of dbout 50 metres.

The foxmer results have already been shown te be internally
inconsistent and so only a brief cemparisen will be made. Considering
the mean radius of detected showers Porter and Stenerson find a value
ef ~ 4 = 5 metres in the zenith angle range 50° - 80° and depth range
2400 - 2900 gm,cmmzs this latter cerrespending te a muon threshold

6 gmalcmz)o This is to be

1

compared to a mean radius of ~9 metres expected from the “E

energy of ~1100 GeV (for b = 3,5 10~

model".
1

and an even bigger value from the “Ea medel”s For the same depth

bin in the angular range 40° = 50° the experimental value of the mean

radius is~ 5 = 7 metres and this is to be compared with an expected

i

value of ~ 7 metres from the "E® model" and a somewhat bigger value

1
from the "E®" one,
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Porter and Stenerson have also queted a value of 3.4<8< 4,0

for the exponent of the muon number spectrum if it 1s assumed that
it can be represented by a power law. Figure 5,12 shows the number

%,

spectra of muens, predicted by the "E*" and "E%?_medels, of energies
greater than 1000 GeV at a zenith'angle of 60° assuming the primary
spectrum given by equation 4,23, The same spectrum has been used
for each model since we are enly interested in the approximate
slopes of the spectra. The spectra only go up to shewers containing
10 muons but thls covers the range of shewers which centribute to
the singles and doubles in the Utah detector in the relevant energy
and zenith angle ranges. Thus for the “Ei medel” doubles come
typlcally from showers containing about 5 muons, singles frem showers
containing 1 to 2 muons and triples from shewers centaining abeut
10 muens. The corresponding values fer the "E% model" being a
little larger due to the relatively wider showers given by this
model.

It is seen that in the range of muon sizes cevered a power law
is a falrly good approximatien for both medels. Fer the "Et medel™
the slepe of the spactrum, é 9 is ~ 3,5swhile for the “E% medel"”

8 ~ 3.0 = 3.2. The reason for the latter curve beimy less
steep is the greater efficiency of the model for preducing high
energy muens at high primary energies. Fer the same reasen heavy
primaries would also cause a flattening of the spectra. Comparing
the above values of 8 with the experimental value of 3.4 = 4,0
it seems that the "E%'medelf gives the best fit but ebviously ne

definite conclusions can be drawn because of the approximate nature
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of the Utah results. However, the experimental and theoretical results
can be seen not tostrongly centradict each other.

Coats et al. (1969) have measured the deceherence cugfve of muons
out to about 50 metres and have given a decoherence curve corres-=
ponding to a mean zenith angle of 45° and a threshold energy of 1000
GeVo The methed of analysis is given in sectien 5.3.3. A comparisen
is now made with the expected curves based on a variety of assumptions
about the value of the mean transverse momentum and the form of the
transverse momentum distributien. These calculations havg been
described in Chapter 4.

It has been seen already that the difference in the deceherence
curves dues te the different pt-distributiens is significant. However,
the data so far obtained experimentally are not great enough to allow
a distinction to be made between them. Consequently an attempt has
been made to try and estimate the value of < pg using the CuK.Po
distributjon.

Figure 5,13 shows the decoherence curves so obtained for four
different values ef <p£>each curve being normalized te the total
number of observed pairs, cempared with the experimental peints.

AX? -test gives a best fit value of <pp = 0s72 % 0,08 GeV/c.

Since the majority of the experimental data ceme from muon
separations of less than about 25 metres,; where the deceoherence
curve is not very sensitive te the shape of the transverse
momentum distributien,; the mean transverse momentum of the other

distributions must alse be clese te 0.72 GeV/co
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It should be noted that the theeretical curves calculated refer
to the “E% model"”. Calculations for the PE% model" give a mean
transverse momentum ~ 0.2 GeV/c less than the above value.
The mean value obtained above is only valid under the assumptions
made. It has been assumed that the primary cesmic rays censist only
of protons. If heavies are present to the extent considered in the

15eV then some

two spectra given by De Beer et al. (1969) below 10
flattening should eccur in the deceherence curves and a smaller
value of¢ pf>w0u1d be obtained. Approximate calculations have been
made for this compesition and it is estimated that the mean transverse
momentum will be reduced by the order of 0,05 GeV/c (although it is
conceivable that the effect will be larger).

Fluctuations in the multiplicity have alse been censidered using
the distributien suggested by Imaeda (1962)

2

3n
f(ns) dn_ « n_“ exp ( zgi) d n 5015

- s
where hs is the mean multiplicity. These approximate calculatiens

indicate that the effects on the decoherence curve are very small,

Anether effect that may be important are correlations of ng
and p, e.g. Elbert et al. (1968) have found that in 25 GeV/c 7 p
collisiens <pt>is inversely related to the multiplicity eof the
secondaries. In view of the lack of information abeut the likely
magnitude of "the cerrelations at the very high energles inwlved,
hewever; no calculations have been carried out.

It sheuld be noted that the effects of geomagnetie deflection
and Coulemb scattering have been neglecteds The former will be

the mest impertant here and the effect of both will be to reduce
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the mean value of transverse momentum found.

Alse the Utah data is a combinatien of the results from the main
detector and from the out-riggers. If any systematlc difference exists
between these results the value of < pelebtained will be affected,
although there is ne apparent reasen why such a difference should
exist,

One further point should be made that the analysis is based on
the assuﬁption that the mean energy for all separations of mu;ns is
~2 105 GeV and the lateral distributions have been assumed to have
the shape corresponding to this irrespective of energy. In practice
this will not be the caseo One would expect that the mean energy
eontributing to each separation will vary. Since the lower energy
showers have wider lateral distributiens and because of the steepness
of the primary spectrum one would expect the mean energy contributing
to decrease with increasing muon separations. This would mean that
the average radius ef the showers detected was a functien of the
separation of the muens. The effect of this would probably lead to
a flattening of the deceherence curve. If one assumed that < Py>
was independent of energy this would lead to a reduction in its value.

Assuming that heavy primaries are present in the primary cosmic
radiation to the extent assumed in Section 4,10 leads to a value of
the mean transverse momentum of 0,67 % Ool GeV/c for the "Et model"”
and a value of ~ 005 Ge%/c fer the "E% medel” under the approximations

considered above.
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As mentiened in Chapter 4 calculatiens have been made eon the
density spectra of high energy muens at a zenith angle of 60°. under
different assumptions abeut the primary mass compesitien and the
multiplicity law ef the secondary particles preduced in high energy
interactions. Toe allow for the large area of the Utah detector the

2 which is about

calculations were made for a detecter area of 20 m
the effective area of the Utah array at 60° However, the sensitive
area is a functien of azimuthal angle and the multiplicity ef

detected muons and ne allowance has been made fer this in the calcul-
atlions.

Turning to the density spectra of Porter and Stenerson, ne fit
was obtained fer the shape ef the spectra which was significantly
better than several others. The shape in the density region 1072 -
102 1™ ceems to be fairly independent of the parameters used but
in ether density regions wide variatiens in shape seem pessible while
still fitting the experimental data.

Despite these facts a cemparisen of the predicted and empirical
density spectra is useful because it enables one teo see which models
are most likely te fit the experimental data and what modificatiens
te the moedels are necessary te bring about agreement.

Figure 5.14 shews a direct comparisen between the preferred Utah
curves for thresheld energies of 1000 and 2000 GeV and the predictiens

of the ﬂ_é'model?, < P> 0.4 GeV/E, felded in with the medulated

t
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primary spectrum 1l.e. Spectrum B (see Chapter 4).

Figure 5,15 (a) gives the ratio; Ry of the calculated density
spectra to the cerrespending preferred Utah density spectra plotted
as a function of densityy; A 5 for various medels and twe threshold
energies,; assuming the medulated primary spectrum. Alse shown are
the approximate median energies corresponding te the given densities

for the * *.medelﬂn

Considering the HE% model" first one sees that over the density
range covered,; which correspends to the range centributing mainly

to deubles and triplesy; the theoretical curves are higher than the
empirical enes everywhere; thus predicting mere multiple muon events
than were observed., In order to try and get a better fit a slow
increase in <« P with increasing interaction energy has been coensidered
as suggested by De Beer et al. (1968b). This has some justificatien
from the comparisen between the predicted and measured decoherence
curve which indicated a value of <py>= 0.67 & 0.1 GeV/c at primary

energies of ~2 105

GeV (see section 5.4.2)s This is te be cempared
with a value of <Py> = 0.5 GeV/c, at the same energys given by
De Beer et al,.

It can be seen that although there is some reductien in the
predicted density spectra it is net big enough to bring abeout agree-
ment particularly at the 2000 GeV energy threshold.

When 20% kaens are added to the seceondary cempenent the fit
becomes worse; particularly at high densities (see figure 5.15(b)).

This is because of the greater efficiency ef kaons in preducing

high energy muens. It should be noted that the mean transverse
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momentum has been assumed te be the same as that for the pions in
this calculation. There is some evidence; hewever; that this is not
the case (Bigl et al. 1962) and that the valué for kaens is higher.
Thus the contributions indicated are upper limits to the intensity.

Taking the primary spectrum te consist only of protbns above

15

~10"" eV i.e. Spectrum Ay results in the density spectra falling much

more rapidly than previously at densities above 10=2 mnzo This is
clearly seen in figure 5.15 (c) for a mean transverse momentum of

0.4 GeV/co In fact the fall is so rapid that the predicted density
spectra fall belew the preferred Utah enes at high densities. However,
if instead of taking the prefer;ed Utah curves we take these corres-
ponding to the set ¢ paramete;s (see section 5.3.2) then the fit at the
higher densities is improved although it is made worse at the lower

2. 10“‘3 n~2 it is net greatly

densities and in the density region 10
changed the predicted curves still being higher than the empirical
ones in this latter region, the discrepancy increasing with threshold
energye

Ihe fit in this region can be improved if instead of taking
heavy primaries te be present the primary spectrum is considered to
contain only protens and to have the form given by equatien 4,23 i.e.
Spectrum Co The discrepancy still increases with increasing threshoid
energy, hoewever; and the fit at low densities becemes worse, see
Figure 5,16,

Considering the "E% medel®™ and the medulated primary spectrum,
figure 5.15 ay one sees that the £it is much worse than that ebtained

fer the-“Et medel® ; the density spectra of the former being much
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higher than these of the latter at high densities for the reaeons
already given in Chapter 4.

When the model is felded in with the spectrum containing enly

lseV i.e. Spectrum A the fit is improved slightly

protons abeve 10
at the higher densities but is still very poor, see figure 5.15¢c.

From the above comparison one must cenclude that none of the
medels used gives a good fit to the shape ef the preferred Utah
spectra. This 1s not altocgether unexpected because of the semi-
empirical nature of thé latter. Hewever, the abeve cemparisen
enables us to eliminate these models which cannet be expected to
give agreement with the ebserved rates ef Peorter and Stenerson.

Thus 1t seems that the ?E% model" predicts teo many multiple
events irrespective of the primary spectra which have been
considered. The “_% meodel” also predicts too many events when
folded in with the modulated spectrum even when a slow rise in <py>
with interaction energy 1is allowed,

The cases when the "E# model” is folded in with a primary

spectrum containing only protens above 1015

eV and one consisting

only of pretons are net se clear-cut, since the predicted density

spectra cross~ever the Utah spectray, and so it is net pessible with=-

out further calculations te say whether the predicted and observed

rates of multiples agree.

50.4.4. A_Comparison of the Predicted s
Hieh Eperqy Muens.

In determing the empirical density spectra the predictions are

summed over a varlety of zenith angles and depths accerding to the

assumptions made. concerning these variations and compared with the
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experimental resultso, The parameters which give a fit using ax.2 -
test at the 30% confidenge level are then foundes This is to improve
the statistical accuracy of the results and to make them more easily
comparable with ether experimental results and with theoretical
predictions. However; this makes it very difficult to estimate
the experimental errors since the errors on the parameters of the
density spectra are not given.

The rates of doubles and triples through 20 m2 have been
calculated as a functien of threshold energy from the preferred Utah
density spectra feor a zenith angle of 60%. These are shown in figure
5017,

In order to make an estimate of the errers en the rates of
doubles the statistical errors on the number of events detected
between zenith angles 50° = 70° have been evaluated using the figures
given in table 5.Z. except for the last point which has had an errer
of + 25% imposed on it since the errors for deubles should not be
larger than fer triples. Obvieusly this dees net give the true
errors because the agsumed functien for the density spectra should
tend te make the real errors smaller than those given; and so. these
shou1d=%q'reg$rded as upper limits.

In the case of triples the rates calculated from the density
spectra based on the parameter sets a and ¢ have been compared, i.e.
the two most widely differing sets of curves; and found te differ by
~25%, being lower in the case of the set ¢ parameters. Thus since
both ;ets of curves fit the experimental data it seems reasonable to

assumeé an error of ~ X 25% en the rates of triples; and this has
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Comparison of the frequency of detecting m muons in the

Utah detector (obfained from the empirical density spectra)
with the predictions of the "E1/L model" as a function of
threshold energy at 6=60°. The vertical lines marked 1 and 2

represent the approximate limit of the experimentsl data.
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been useds The same method could not be used for deubles since the
curves are normalized to give agreement with the observed number of
doubles.

Also shown for comparisen are the rates predicted by the "E#
model"” assuming the primary spectrum censisting purely eof protens,
Spectrum Cy; and less accurately calculated rates for the primary
spectrum centaining enly protens abeve 1015ev, Spectrum A.

From this comparison it is seen that the predicted curves are
less steep than the Utah ones for both primary spectra. This is
reflected in the density spectra comparison where the ratie of
predicted teo empirical density spectra 1s seen to increase with
thresheld energy for all models censidered.

Considering the curves for Spectrum C it is seen that the rates
of doubles agree with the experimental rate at a muon threshold
energy of 1000 GeV but diverge abeve this and lie outside the errers.
In the case of triples the predicted curve is lower than the Utah
one below thresheld energies of ~ 1500 GeV but abeve this it is seen
that the curves tend to diverge.

The effect of straggling of the muons has been neglected in the
Utah curves and thils will tend te increase the discrepancies at higher

threshold energies.

5.4.5. Discussion ef the Comparison Betweep t =2 X]
Theeretical Density Scectra and Rates.

One must cenclude from the above comparisens that none of the
models considered is capable of giving good agreement with the Utah

results, All the predictions are found to be higher than the
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experimental enes and the discrepancies increase with thresheld energy.
From the cemparison of the density spectra when the medulated
primary spectrum is used it is clear that the “Et'medel",gives a better

fit than the_"E%.model" with experiment but the discrepancy is still
serious even when a slew increase in < pt>with interaction energy
is allowed for. The inclusion of kaens makes the discrepancy greater.

When the primary spectrum consisting of protons alene above 1015eV
is considered with the "Et model" the density spectra fall sharply
gbove densities ~ 10='2 m2 and fall below the preferred Utah curves
above these densities. Furthermére the predicted rates of deubles and
triples are higher than feund experimentally, the disagreement increa=-
sing with thresheld energy., The density spectra fer the ﬁEﬁ model”™ are
higher than fer the ?E% medel® and the fit with the experimental data
is worse.

Comparing the predicted rates with the experimental rates using
the primary spectrum censisting purely of protens shews that at higher
thresheld energies one still gets too many events predicted using the
"E%'medelﬂo This indicates that adjustmentsin the primary coempesitien
alone will not be sufficient te bring about agreement between the
predicted and observed resultse.

Assuming that the basic assumptions about the energy distributien
of the secondaries is correcty a number of pessible medifications te
the model can be considered to ebtain better agreement between
experiment and theery.

(a) Iransverse Momentum.

Considering the “Et model" there is seme evidence already frem the
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degeherence curve of Ceats et al. (1969) that the value of the mean
transverse momentum at an energy of ~ 2 105 GeV is soemewhat higher
than that assumed in most of these calculations (i.ee 0.4 GeV/c)e
This is higher than values obtained at lewer energies by ether
experiments and lends support te the suggestion ef De Beer et ale.
(1968b) that there is a slow increase in the mean transverse mementum
with increasing interactien energy.

As has been seen already the increase suggested by De Beer et al,
is net sufficient te bring abeut agreement when the "E* medel"” is
used with the modulated spectrum and seo to obtain agreement ene must
either postulate a mere rapid increase in < Py> which is noet ruled
out by the results from the decoherence curve analysis, er post-
ulate a slow increase in < Py> together with a phasing eut of the
heavy primaries over a greater energy regien than has been considered
so far.

Considering the_“E%‘model" ene could not get agreement, even
if there was no heavy component presente with a slew increase in
<Py> o The decoherence curve analysis also implies that if the
multiplicity law did wvary as E%'then the increase in <Py> with

interaction energy weuld be less rapid than for the:"E% model",

Intera

A pessible way of reducing the number of muens detected is to
decrease the inelasticity of the interactiens thereby decreasing the
height ef erigin of the muens. Because the muens would be formed in
a region where the atmospheric density was greater their parent pions

would have a greater chance of interacting and fewer weuld decay inte
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muons. However, there 1s no evidence from other experiments to
suppert this and difficulties would almost certainly arise in
explalning shower absorption characteristics. There is also the
fact that a decrease in fnelasticity would necessitate a rise
in the assumed primary spectrum ln erder to maintain agreement with
extensive air shower measurements, and this would tend to compensate
for the loss of muons which would otherwise arise.

(c) Logarithmic Multiplicity Law.

If one were to use a logarithmic multiplicity law the number of
pions produced in an interaction would be decreased and so, as in the
case of a reduction in the inelasticity, the muons would be formed
lower down in the atmesphere leading to a reduction in their number
for a given primary energy. It would also lead %o a reduction in the
assumed primary energy spectrum in order to maintain agreement with
extensive alr shower measurements. On the other hand the lateral
distributions obtained using this type of multiplicity law will be
narrower than obtained using the "Ei“and "Eé“ models and this will
compensate to some extent the decrease in the density spectra due to
the other causes.

There is some evidence, however, that a logarithmic increase
in the multiplicity is not likely. Machin et al. (1969) have
measured the lateral distributions of high energy muons at large
distances from the shower core, and Orford and Turver (1969) have
made calculations to explain these results. These workers conclude
that the experimental results can be explained in terms of an "Et
model" only if the primary particles are heavy (of mass ~ 56).

Thus in order to explain them in terms of a logarithmic multiplicity
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laws; if indeed this was possible, an even higher mass would be
necessary and this mems very unlikely.

There is alse evidence that with a multiplicity law varying

3

as Ep » assuming the C.K.P. medel, the heights of origin of the
muons are lower than those determined experimentally (Firkewski
et ale 19673 Baxter et al. 1968) and if this is se then the situatien
will be worse for a legarithmic type multiplicity lawe
It is therefore thought that this is prebably net an explanatien

of the discrepancy between the Utah results and theory.

The average rate of energy less by muons in "standard reck"
with Z = 115 A& = 22, (Z2/A) =5.5 and p = 2.65 g« cm > is
approximately given by

QE _ 1.88+0w77 1n [E' |+ b (E). E MeV g len’. 5.16.
ox "%
me

(e-g. Hayman; Palmer and Wolfendale, 1963), where

e =2 [E+ 24} ~1
L 2mec2

is the maximum transferrable energy for a muen of energy E, rest
mass m to an electron of rest mass m, and x is the depth in gocm-zo
There is general agreement as to the values of the first two temms
in equatioen 5.16 which arise from energy lesses due te ionization
and excitationy; while the last term contains lesses frem brems-
strahlung, pair preductien and nuclear interactions of muons and its
value is net so well knewn. In fact b should vary slightly with

energys but over the range 500 - 10,000 GeV the variatien is small.
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If b(E) is replaced by its effective value, b, over the energy range

of interest the equation can be solved, follewing Barrett et al.

(1952), as
E=3a"' (exp (bh) =1) 5017
b .
[ - 2 =1 2
where a' = 1,88 + 00771n E MeV g © cm
§ev e m(E + )

A= 11.3’\and e = 2.7
From equation 5.17 the average range-energy curve can be

obtained for muens.

Porter and Stenerson have used an effective b value of 3.5 107°

gfl cm2 which was derived by Kebayakawa (1967). However, there is a

certain amount of doubt about its true value because of a lack of

knowledge about the cress-sectiens of the three precesses invelved.

Hayman, Palmer and Welfendale (1963), give b = (3.95 % 0.25) x 1076

g 1, em?, while Menon and Ramana Murthy (1967) give a value of (3.6

+ 0.6) x 10-6g-1. cmzf The difference in these values cemes mainly

from the lower value of the pheto-nuclear cress sectien taken by
Menon and Ramana Murthy. However, Erlykin (1966) has made calcul=-
atiens on the bremsstrahlung and pair preductien cress sectiens and
these indicate that even if the pheto-nuclear creoss section taken
by Menon and Ramana Murthy is used then b is at least equal to 4.0
107® gL, cn?. Thus it is pessible that the value & b used by
Porter and Stenerson to cenvert their measured depths to energies
1s toe low.

Te investigate the effects of this the ebserved rates of doubles

and triples threugh 20 m2 have been converted from a function ef

6 2

threshold energy te a functien of depth using b = 3.5 10° g-l.cm .




137,
The theoeretical predictiens for the “E* model" and the primary
gpectrum consisting only of protens (Spectrum C) have been treated in

-lcmz has been

the same way but an effective value of b = 4.0 10-6 ge
usedo

Fluctuations in the energy lesses have been neglected in the
second casey while in the first one they need net be considered as
they were net included in the eriginal conversion from depth te
thresheold energy. Their effect would be to raise the theoretical
peints at the larger depths.

It 1s seen in figure 5,18 that there is much better agreement at
larger depths than before, although the agreement is not so goed at
smaller depths, particularly for triples.

Also shewn in figure 5.18 are predicted intensities for the

lsﬁv 1o,

primary spectrum consisting ef pretons only abeut 10
Spectrum A. It is seen that the predicted rates of doubles are
stlll hlgher than observed although the fit for triples is quite goed.
If slightly higher b values were used or an increase in the mean
transverse mementum was pestulated agreement could pessibly be
obtaineda

However before definite conclusiens can be drawn a better
knowledge of the experimental errors is required.
(e) Direct Productien

As stated previously 16 order te exblain the angular variatien
of the single muen spectra Bergeson et al. postulated their direct

preduction process of muons. In erder to maintain agreement with the

vertical depth intensity curve they also pestulated an increase in
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the value of b with increasing muon energys The actual mechanism
of the direct productien process is not yet known,in fact it is not
even certain that the process existse and se the effect on multiple
muen events is uncertain. However, it is thought that the effect
will be small because if it is due te the decay of a massive particle,
which is thought te be one possibility, this particle must have a
very large mass (> 3 GeV) since it has net been. detected at
accelerator energies and so the muon proeduced by its decay will have
a very large transverse mementum and the detectien prebability in
the case of multiple events would be expected te be_small. Thus it
is prebable that the main effect of the process on multiples should
come from the change in the energy less coefficient b. An appreximate
range-energy curve incerperating these values has been .constructed
from a comparisen of the vertical muen energy spectrum given by
Bergeson et al. (1968) and the werld wide depth intensity curve of
Larsen, Since these are said to be consistent the range energy
curve shoeuld alse include the effect of fluctuatioens in\ghe ene rgy
loss precesses.

' Figure 5019 shows a cemparisen between the apprepriate preferred
Utah spectra at 60°, and the different models at thresheld energies
of 103 and 2 103 GeV.

Considering the Ei model folded in with the medulated primary
spectrum one sees that at higher densities the theoretical curves are
above the preferred Utah ones. For the density spectrum correspon-
ding to a threshold energy of 2000 GeV the predicted one falls below

the Utah one at densities less than -~-10-3 m-2. One could pessibly
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interpret this as due to the Utah spectrum containing singles from
the "direct production" process which have not been included in the
theoretical curve. The effect of letting the mean transverse momentum
rise with increasing interaction energy 1s to bring the experimental
and theoretical curves into better agreement, but in the case of the
2000 GeV threshold curve the fit at high densities is still not good.
The addition of kaons will worsen the fit.

When folded in with the primary spectrum containing only protens

15eV i.e. Spectrum A, it 1s seen that the fit is similar to

the previous case at densities below 10-2m-2. However, at higher

above 10

densities the predicted curves fall below the Utah ones. Comparing
the predicted rates for this spectrum with the observed rates (see
figure 5.20) it is seen that the predicted rate of doubles is still
too highs although the fit for triples is quite good.

Figure 5.20 also shows the variation of rate through 20 m2 with
depth for the “E% model® and the spectrum gonsisting purely of protons
f.e. Spectrum C. It is seen that at the lower threshold energies the
predicted rates are lower than observed for both doubles and triplés
and lie outside the estimated errors. However, a better knowledge
of the errors is needed before definite conciusions can be drawn.

Considering the fit between the density spectra for the “Eé model"
and the Utah ones it is seen that the fit is still inferior to that
of the "Ei' model® and to obtain agreement a large rise in <py

with interaction energy is required, whichever primary spectrum is

used,
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However, it should be emphasised that if the se-called "direct
productien”. process dees exist, and dees centribute significantly
to the multiple muon events all the above comparisens will be invali-~
dated since any extra contributien frem this precess has not been
considered in the theeretical predictiens.

5.5, Copnclusiens.

It has been shown in this Chapter that the single muon energy
spectrum measured at Utah has a smaller zenith angle dependence than
would be expected from either the "E%"_or "E%“,models which are
based on muens coming frem the deecay of plens. If this result is
substantiated by further experimental evidence it supperts the
cenclusion ef Bergeson et a1°(1968) that there are two cempenents
contributing te the preductien of muons, ene ef which is the
normal compenent due te pien and kaen decay, and the other due to
seme new processs which becomes impertant only at very high muen
energiess The discrepancy may alse be due te seme technical cause
affecting the experimental results.

The decoherence curve studies of Perter and Stenersen have been
shewn to be somewhat incensistent with the theeretical results and
dso the later ones of Coats et ale (1969). These latter results
indicate that the mean trgnsverse mementum of piens in high energy
interactions at energies of abeut 2 105GeV is 0.67 + 0.1 GeV/c,
assuming the CoK.P. transverse momentum distributien fer the "E%
model”, and a value ~ 0.5 GeV/c if the WE%'m@delﬂ is used.
However , mere detailed studies may alter these valués somewhat.

It seems theugh that a value of 0.4 GeV/c as found at lower energies
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will not bring about agreement and se there is evidence for a slew
rise in <|1t> with interactioen energy as suggested by De Beer et al.
(1968b). The experimental results are not yet of sufficient accuracy
to distinguish between the different forms of transverse momentum
distribution that have been proposed by various authors.

The density spectra given by Porter and Stenerson are very
difficult te interpret. The basic trouble lies in the fact that the
rates of doubles and triples 1in the experiment seem te have the same
depe ndence on depth as would be predicted by the depth=intensity
curve of singles. This is not found te be the case for the theeretical
models; which predict a less strong dependence on depth fer the deubles
and triples. There is alse difficulty because of the different
zenith angle dependence of the single muon intensity fer.the theeret-
ical and experimental cases. Thus if seme new process is net pest-
ulated the number of single muons observed experimentally is less at
60° than is predicted theoretically. If one accepts that the reasen
fer this is due to some new precess and that this precess is that
pestulated by Bergeson et al.(1968) then ene must make some assump=
tiens as to its effects en the multiple muon events. In any case one
cannot expect to get agreement over all zenith angles between the
experimental curves and the theeretical curves at low densities where
the singles are impoertant.

If the "direct preductien™. process is assumed not to be the cause
of the dfiscrepancy in the angular dependence of the single muen
intensity and that seme ether facter is the cause which dees net

affect the multiple events, then a comparison between the density
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spectra and rates at a zenith angle of 60° for each primary spectrum

in turn leads one te coenclude thats-

i) The medulated primary spectrur predicts too many multiple muonss
E-i-"

the discrepancy increasing with thresheld energy, for beth the "
and "E%“ medels. Even if a slew increase in <pt?mdth interactien
energy is allowed and the energy less ecefficient b is raised te

4,0 10‘=6 goulcm2 good agreement cannot be obtained fer either medel
altheugh it is better if the "E% medel" is useds A faster rise in
the mean transverse momentum tegether with an increase in the value
of b coeuld possibly bring abeut agreement with e xperiment fer the

l'i‘

model"'vo

protons abeve 10%e¥ also

predicts more multiple muens than observed for both theoretical models.

11) Ihe primary spec

Agreement with the Utah rates may be pessible if ene takes the "E%
model” and allews a rise in < pt?with interactien energy and/or

an increase in the b value. Hewever, agreement with the shape of

the preferred Utah density spectra is net pessible at high densities.
111) The Y

amary_spectrums which can prebably be
censidered as an extreme cases still predicts too many doubles and
triples at higher threshold energies; although the agreement is within
the errors at the lewer thresheld energies fer the_"E% medel"s If a

=‘lucmz is used better agreement results at the

b value eof 4.0 lo“b g
higher thresheld energies, although it deteriorates at the lower
thresheld energies. Alternatively a rise in <pg with interaction

energy will give a better fit. The shape of the density spectra

again do not agree well at high densities with those of Porter and
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Stenerson.

If one accepts that the experimentally found angular dependence
of single muons is due to the new precess prepesed by Bergeson et al.
(1968) and that its effect on the multiple muon events is small then
its main consequence will be the increased energy less ef muens with
high energies,

Again considering the primary spectra in turn one can conclude
thats=
1) The Modulated primary spectrum still predicts too many multiple
events for both the models considered. Good agreement is obtained
using the "Ei model” at a threshold energy of 1000 GeV with the
Utah density spectra both in shape and magnitude if a slow rise in
<pp with interaction energy is allowed but the fit at the higher
densities for the 2000 GeV threshold is not good.

11) The primary spectrum gontaining onlv protons above 10 “eV gives
too many doubles although the fit for triples is quite good using
the "E# model® .

A better fit to the doubles could be obtained if the transition
to protons took place over a more extended energy region than cons-
idered here.

A slow rise in <Py > with interaction energy would give a better
fit to the doubles although the fit to the triples would not be so
good. However, the experimental errors are uncertain and so a fit
may be possible.

L .
The “E®? model" still predicts too many multiple events.
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ii1i) The 'protons only' primary spectrum gives good agreement with
the measured rates of doubles, except at the lower: threshold-energies,

1

and-slightly less good agreement with triples if the “"E® model"
1s used.

The intensities of multiples are higher than measured experimen-=
tally, if the “E%'model"is used and a large increase in ~<pt>with
interaction energy would be needed to bring about agreement.

It seems then that there are several possible ways of obtaining
agreement between expefiment and theory and until more definite values
of the mean transverse momeatum and b are available it is difficult
to draw definite conclusions about the primary composition.

It seems that the "E%'model" gives better agreement than the

1
"E2 mode]® irrespective of the primary composition above 1015

eVe
However, the latter model cannot be ruled out completely if one
takes into account the uncertainty in the intensity of the primary
spectra used with this model and the uncertainties in the value

of b and <Py > Howevery; even if the primaries are considered to
consist only of protons the primary intensity would have to be

lsev to get agreement with b =

reduced by about a factor 3 at ~ 10
4,0 10'=6 g.ml cmgg although this would be smaller if an increase in
<Py >with intezaction energy was also assumed.

The fact that the experimental results of Rogers et al. (1969)
on the rates of muons at large zenith angles agree with the
theoretical predictions of De Beer et al. (1969) in the region

1

corpesponding to primary energies below 10 5eV gives support to

the magnitude of the spectra taken, at least for the WE% model"”,
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The comparison cannot be said to contradict the “direct
production” hypothesis. It seems that one of the parameters that
can be changed to bring about better agreement is the energy loss
coefficlent bo If b 1s changed assuming no "direct production" then
the relatively good agreement between the measured vertical depth
intensity curve compiled by Larson (1968) and the theoretical curve
will be destroyed and it may be necessary to postulate an increase
in the primary intensity or the addition of kaons to the secondaries
of high energy interactions. On the other hand the "direct
prddu@@ion? process enables b to be changed and agreement may still
be possible with the measured vertical depth intensity curve.
However, if the process has an appreciable effect on multiple muon

events the conclusions may have to be changed.
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CHAPTER 6.

COMPARISON OF THE PRESENT RESULTS WITH THOSE OF OTHER WORKERS.

6.1 In ctio

The results and conclusions obtained so far are based on the
assumption that the C.K.P. energy distribution of secondary parti¢les
produced in high energy collisions is valid at energies several orders
of magnitude greater than those for which it was originally postulated.
This is also true for the majority of the other parameters used in
the present work, jhus it is necessary to examine the validity of
the model by comparing it with existing experimental datao

A number of workers have proposéd different models and their
predictions are compared to the present work at high muon energies
since the C.K.P. model cannot be considered unique and it is impor-
tant to know the effects of differing assumptions on the present
conclusions.

Finally a comparison of the present Qork on high energy muons
will ‘be made with the existing experimental data in order to test
further the validity of thé model_at high'energies and where possible
to draw further conclusions about the model parameters.

6.2. Gomparison of the Geperal Features of the CoK.P. Model with
Experiment. )

The general features of the C.Ko.P. model have been compared with
experimental results by De Beer et al. (1966) using a model with
similar parameters to those used in the present work. These compari-

sons related to shower size and the numbers and lateral distributions
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of muons having energies less than about 100 GeV.

These workers concluded that the C.K.P. energy distribution
predicted with fair accuracy the shape of the muon energy spectrum in
showers of size 106 particles, although the absolute values tended
to be a little lower than found experimentally if protons were

assumed to be the primary particles and the multiplicity varied as

gt
o)
predicted energy spectrum was found to be too highj; even if primary

L
e If a multiplicity law varying as Ep2 was used, however, the

protons were assumed. The discrepancy for the Eé% multiplicity law
could be largely removed if primary particles having a mass ~4 were
postulatede Thus it seems that the model is capable of predicting
the longitudinal development of extensive air showers with reason-
able accuracy.

De Beer et al. did not find such good agreement when comparing
their predicted muon lateral distributions with experimentally
measured oness For all energy thresholds it was found that the
predicted lateral distributions within 10=20 metres of the axis
were In excess of the experimental ones. Part of this discrepancy
wags attributed to experimental erroxrs in core location but this was
still not sufficient to bring about agreement and it was found
necessary to postulate a cut=off in the transverse momentum distri-
bution for values of P less than 0.1 GeV/c to bring about near
consistency. The effect of this excess on the density spectra of
high energy muons has been considered and found to be small due to
the large area of the Utah detector (see Chapter 4).

At large distances from the core the model was found to under=
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estimate the number of muons particularly at large muon energiles
when compared with the results of Barmaveli et al. (1964). This was
also found to be the case when De Beer et al. (1968b) compared their
predictions with the experimental results of Earnshaw et al. (1967).
In both cases a multiplicity law varying as Eét and primary protons
were assumed. In order to get agreement the value of <p> was
required to increase with interaction energy. This deficiency could
affect the results and conclusions from the analysis of the Utah
data but has been allowed for by regarding <Py> 35 @ variable
parameter.

De Beer et alo (1968a) have calculated the mean height of origin
of muons as a function of primary energy and shower size for the Eé%
multiplicity laws When these predlictions are compared with the
experimental yesults of Firkowskd et al. (1967) and Baxter et al. (1968)
it is found that the experimental results indicate greater heights of
productio; than predicted theoretically, e.g. Firkowski et al. give
the upper limit of the height of production of muons in showers of
size ~ 2 106 particles as 10 + 3 kilometres comparéd to the prediqted
height of origin for muons with energies greater than 1 GeV of~4 =5
kilometres.

De Beer et al. (1968a) have also calculated the fluctuations
expected in electron and muon numbers for different assumptions about
the primary compgsition and two different models of high energy
interactions viz. the so=-called C.E. model and the C.K.P. modelg-both
-with multiplicity laws varying as Eé%. The'results were found to be

quite sensitive to the model adopted. Adcock et al. (1968a) compared
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these results with the existing experimental data and found that the
CoK.Po model gave good agreement with these.

Thus it seems that the C.K.P. model gives fair agreement with
experimental results as far as the longitudinal development of E.A.S.
is concerned and can be regarded as a satisfactory first approximation.
The situation is not so satisfactory as regards the adopted %ransverse
momentum distribution but tolerable agreement can be obtained with
experiment with reasonable modifications.

It is possible that the discrepancy found in the heights of
origin of the muons may be linked with the discrepancies found in the
lateral distributions but more investigations are obviously needed
on this point before definite conclusions can be .drawn.

6.3, Comparison with the Theoretical Predictions of Other Workers.
603010 Lale

Lal (1967) has made one dimensional semi-Monte Carlo calculations
on the muon somponent in the vertical direction for a variety of models
based on the C.K.P. energy distribution. His results refer to muon
energies above 180 GeV., The different models are described in Table
6alo

Model A is identical to the “Ei model” uwsed in the present work
except that the spread in muon energies has been approximated by

assuming that E = 0.79 Em— and that the d ecay constant B~ 120 GeV.

1]
Figure 6.1. shows the integral- energy spectra of muons from

model A compared to the present calculations (converted to a

zenith angle of 0° by assuming that the muon number varies with

14

zenith angle; 8, as sec ©) for primary energies of 2.6 x 10~ eV
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Fig. 6.1. Comparison of the integral energy spectrum of muons

calculated by Lal, 1967 (full lines) with the
ng1/% model" of the present work (dashed lines) for

two primery energies and 6=00,
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15eVo It is seen that the agreement is good in both

and 4,1 10
cases considering the different approximations made in both models.

Figure 6.2 shows a comparison between the predictions of model
A and the present results for the “Ef model®” (again reduced by 1/
gec 60°) for the number of muons as a function of primary energy at
threshold energies of 600 and 2000 GeV., Again the agreement 1is
quite good and so it seems that the present calculations are
accurate as regards the longitudinal development of high energy
muon showers.

Lal has compared his results with the experimental ones of
Chatterjee et al. (1966), Greisen‘'s expression (1960) for the
relation between the number of muons above a given energy in a
shower of a given size at sea-level, and Greisen's expression (1960)

describing the results of Bennett (1960). These expressions are

respectively
N O, » E)= 1.6 103 [ 047 ¢ -l5 6.1
o= l10° J s
where N“ is the number of muons of energy greater than or equal
to E“ in a shower of size N particles in the range lO5 = 106 at
an atmospheric depth of 920 gosmﬂzo
10.37 r 0075
N (N, > E )= 1.7 10° f2 —'-"-3}
# - d \E. + 110 602
at sea-level and
0.75

) 5 g 10'29 ‘Ii
Nu (N,» Ep) = 1.3 10 {Eu+-'22} {106}



105 106 107 108
Primary Nucleon Energy (GeV)
Fig. 6.2. llean muon number as a function of primary nucleon energy for
6=0° and pions only as calculated by Lel, 1967 (full lines)
end the "EV% model” of the present work (dashed lines).
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He has then used the curves of Bradt et al. (1966) on the shower
size versus atmospheric depth versus intensity, and the intensity
versus primary energy, Ep, to obtain the relatioen between Ep and N at
920 gatamﬁ2 atmospheric depthe From this informatlen he has calculated
the number of muons with energy above 216 and 640 GeV at an atmospheric

depth of 920 g.cm > corresponding te a shower size of 10° particles

(according %o Lal this corresponds te a shower size of 5.25 10°

particles
at 1030 gocm=2 from the data of Bradt et al; and a primary energy of

5.6 106 GeV) and compared the results with the predictions of the three
expressions given above. The results are shown in table 6.l. From the
comparisen he concludes that the models A,D and G give the best fit.
However; these conclusions must be treated with a certain amount of
caution. The earlier results of Chatterjee et al. have since been

modified (Chatterjee et al. 1968a) and expressien 6.1. has been

superseded by 0u62 5+ Oul
o =20 old.

N ( >E N) 2 605 106 {'L' E K 6edo

This is a compesite result and taking the values from a best fit te the
results of Chatterjee et al. (1968a) for muons of energy greater than
G40 and 220 GeV for a shower size of 10° particles ene obtains 25 and
187 muons respectively. This obviously does not affect his conclusions
very muche.

Another point is that he has assumed that the primary particles
respensible for showers of size 106 particles at 920 g.cm-2 are solely
protons in his calculations. This may not in fact be the case, and if
heavy primaries are present in the primary flux te a large extent this

could affect his conclusions, since the number of high energy muens in
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a shower 1s a function of the mass of the primary particle. Also there
1s some uncertainty in the figure used by Bradt et al. to determine
the primary energy from the shower size and so a batter type of

6 particles

analysis would be to work back from a shoWer size of 10
and caleulate the approprlate primary energy for each model allowling
for fluctuations and the assumed primary composition.
603020 Cowslko |

Cowsik (1966) has made calculations on the longitudinal
development of the high energy nuclear-active and muonic components

in E.A.S. using a model whose essential features are the same as that

of Pal and Peters (1964). The main features of the model are as

followss=

i) The interaction length of nucleons is 75 gecquo

ii) There is a very high probability of the nucleon being excited
into isobaric states, whese subsequent de-excitation leaves
the nucleon with a flat energy spread between 35% and 75%
ic.eo an elasticity ~0,35 = 0.7,

i11) The de=excitation proceeds through the emission ef piensy
numbering about 2.4 per collision on average and which carry
of £ 278 of the incident energy. These are assumed to be
emitted isotropically in the isobar rest frame each having
a unique energy of 250 MeV.

iv) The remaining 20% is taken up by a fireball which moves slowly
in the CoMoSoo This fireball emits nucleen=amtinucleon pairs

and plons isetropically in the C ,M.S.. The nucleons and piens
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are assumed to share the energy equally and each nucleon and
pion is assumed to have a constant energy in the C.M;S. that of
the nucleons being 2 2 GeV and that of the pions ~ 0.6 GeV,
The multiplicity of the nucleons and the piéns at high energies

becomes Nﬁ;' o073 Eé and N — 0,23 E% respectively.

B) Pion Interactions

1) The interaction length of pions ~ 120 g.cm-z.

ii) The interactions are completely inelastic.

iii) A fireball which is almost. completely at rest in the ;.o system
is formed and this radiates pions and nucleons in a manner similarx
to that in nucleon interactions.

The degay constant B is taken as 128 GeV. The method of calcul-
ation is by the solution of appropriate diffusion equations and so
fluctuations in the interaction points are included as well as fluec=
fuations in the inelasticity of the interactions.

Figure 6.3 shows the energy spectrum of muons produced in a
shower of primary energy 106 GeV for Cowsik's model and the "E% model"
of the present work (reduced by 1/sec 6900)° The two spectra are¢ seen
to differ quite widely. The shape of the Cowsik one can be underétogay
as followss= at low muon energies the major contribution comes frog,_;-'
the fireball or pionization process. As the threshold energy is raié;af
the mean energy of the pions in the fireball becomes equal to and
finally lower than the threshold energy and the contribution from this
process drops rapidly. Then the muons arising from the decay of the
isobar pions take over. The kink in the spectrum is the point at which

this oceurs.
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Fig. 6.3. Comparison of the integral energy spectrum of muons predicted
by Cowsik,1966 (full line) with the 5175 model" of the
present work (dashed line) for EP=106 GeV and 6=0°,
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Figure 6.4 shows the average number of muons plotted as a

function of primary energy for the model of Cowsik and the "E% model
of the present work. The curves are for threshold energles of 1000
and 2000 GeV and a zenith angle of 0% As would be expected the
results predicted by the two models differ greatly. The initial
rise in the curves from the isobar model is due to the muons coming
from the isobar pion decay. As the primary energy is increased

the energy at which the isobar pion decay takes over from the fire-

15

ball pion decay increases, being ~ 10"“eV for a threshold energy

of 1000 GeV and so the muon number falls. Above ~1015

eV the muons
come mainly from the fireball process and the number increases with
increasing primary energy.

Cowsik (1968) has folded his results in with a primary spectrum
which has a rigidity cut-off at 105 GeV, the composition of the
primaries being the same as that found at low primary energies up
to the cut=off. There is a further proton component in this model
which has an intensity of about one twentieth that of the first
proton component. Using this spectrum he finds good agreement with
the experimental results of Chatterjee et al. (1968a, 1968b) on the
muon number as a function of shower size up to muon threshold energies
of 640 GeV,

He concludes that the necessary value of <p»> to expiain the
results of Chatterjee et al. (1968a) is 0.5 Gev/@f
6.3.3. Murthy et al.

Marthy et al. (1968asbsc) have made calculations of the average

characteristics of E.A.S. and Monte-Carlo calculations to Investigate
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Fig 6.k. Mean muon number as a function of primary nucleon encrgy for

0=0° and pions only as predicted by Cowsik, 1966 (full lines)

"and the "E1/h model" of thc present work (dashed lines).
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the effects of fluctuations in E.A.S.; using elght different models
of nuclear interactions for vertical showers. The elight models are
described in table 6.2, The IBN and IB models are akin to those
proposed by Pal and Peters (1964). In each interaction, 20% of the
primary energy is shared by the constituents of a fireball. The
surviving nucleon is excited with a 70% probability into an isobar
state of mass 2.4 which degays to the ground state in three
successive stepss in each of which a pion of momentum 0.4 GeV/e is
emitted isotropleally in the rest system of the parent.

Except for isobar decay pions, whose transverse momdntum is
worked out kinematleally, the C.K.P. transverse momentum distribution
is used for all created particles and the mean transverse momentum
used is 0.36 GeV/eo

The resultson high energy muons are not directly comparable to
those of the present work but since the QL model is identical to the
"Ei model” an idea of the effects of the differenf assumptions can
be gained from a comparison of the results of this model with those
of the other models.

From a comparison of the width of the predicted lateral
distributions with those of Chatterjee et al. (1968a) it is found
that the former are less wide than the experimentally detemmined
oneso They conclude that this indicates either a higher « Py >
value than used or that the predicted height of production is too
lowe

Comparing the predicted and experimental energy spectra of

high energy muons in a shower of size 5 105 particles, the model
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IB is the only one which agrees with the results of Chatterjee et al.
(1968a); all the other models predicting too few muons. All models
predict fewer muons and a different slope compared to the expression
of Gpeigen (1960), at muon enexgies above about 100 GeV, for the above
shower size.

Murthy et al. conclude that none of the models give agreement
as regards absolute numbers over the whole muon energy range but rule
out the HL and HLN models from considerations of the steady state

muon spectrum and the variation of the depth of the shower maximum

with shower size.

Bradt and Rappaport (1967) have done Monte Carlo calculations
on the nuclear=-active and muon components of E.A.S. at two different
atmospheric depths; 530 and 970 gocmnzgusing different models and
two types of primaries = protons aﬁd iron nuclei,

In the two models of interest the energy spectrum of the
segondary plonsy which were assumed to comprisesall secondaries,
was adgpted from the approximations of T;nahashi (1965) for a two
centre model; with and wifhout the addition of a few very high energy
pions (models 1 and 2 respectively). Thus model 2 is a "two=centre"

0.28 and model 1 is similar

0022

model and has a multiplicity varying as Ep
to an isobar model and has a multiplicity varying as Ep
The transverse momentum distribution is of the form given by
Aly et al. (1964) (see section 3.4 )with a mean of 0035 GeV/c and
a cut=off at values above 1.0 GeV/g. The inelasticity distribution

was taken to be uniform from 0.25 to 0.75 for nucleons and 1.0 for
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plonse The mean interaction lengths of pionss; nucleons and iron
nuclei were taken to be 80, 80 and 15 gecm ™2 respe ctivelye

The integral energy spectrum of muons in a shower initiated
by a primary nucleon of energy 1015eV predicted by the isobar
model is compared with the prediction of the “Et model® from the
present work in figure 6.5. It is seen that the two spectra do not
differ greatly as regards total number -but the slope of the isobar
spectrum is less than the CoK.P: ofey vizs = 1.5 eompared to

=1.7,

In general the 'two-centre " model predicts slightly more muons
than the isobar model for proton primaries and at high threshold
energies has a steeper energy spectrum. The differenges between
the models are small compared to the differences due to the primary
mass. The muon energy spectra for iron nuclel exhibit a sharp
gut=of f at about 10=3Ep due to the fact that in the break-up model
no nucleon receives more than 1/56 of the primary energy, Epo

From a comparison of their results with experiment they conclude
that their is a deficieney of muons with large Pye They also
conclude that the fragmentation model for heavy primaries is rel-
atively unimportant and that only the scatter of the final muon
parent has a significant effect on the muon latéral distribution.

ith the Pregent Work.

1

This group have made measurements on high energy muons (> 220
GeV and 5640 GeV) in extensive air showers in the size range 165-

107 particles using a large air shower array on the surface (atmos=-
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TFig. 6.5. Comparison of the integral energy spectrum of muons predicted

by the isobar model of Bradt and Rappaport, 1967 (full line)
with the "E1/h model" of the present work (dashed 1ine) for
Ep=106 GeV and 6=0°,
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pheric depth 920 goem=2) and muon detectors deep underground in the
Kolar Gold Minesy Indiae

The air shower azray (figure 6.6) consists of 20 plastic
secintillatorsy; each of area 1 m2; 19 are laid out in concentric
circles up to a maximum radius of 100 m and one is located 200 m
from the centre,

The muon detectors are located at two depths; 270 m ( Ul) and
600 m(t&) o The - deitectors at the U, level consist of four plastic
seintillatorss each of area 1.44 m? and at the U_2 level five water
Cerenkov detectors each of area 2 m20 The underground detectors
provide only information that at least one muon has passed through
them when they are triggered,; the number of muons is unknown.

In order to determine the shower size and core position of the
E:A.S., the lateral density distribution of charged particles was
assumeéd to have the form given by the Nishimura-Kamata-Greisen
rg{ationu In the present analysis only those showers whose cores
fell within 50 metres of the centre of the array and whose
probability of detection was nearly unity were accepted. The

lateral distributions of muons were assumed to be of the form

pJﬂ: gi} %p{—“}
2y < To 605
o
Under these assumptions the probabilities of one and two muon
detectors being triggered by muons assoclated with E.A.S. was
caleculated as a function of N;; and e From the experimentally
measured fluxes these probabilities were known and so NP and r,

were obtained in terms of shower size. Figure 6.7 shows the

dependence of the total number of muons of energy > 220 GeV and
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Fig. 6.7. Variation in the number of muons (%;>220 GeV and E» 640 GeV)
with shovier size at an atmospheric depth of 920 g.cm.‘2 as

measured by Chatterjee et al., 1968a.
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>640 GeV on the shower sige (N) in the range 105 = 107 particles.

The dependence can be expressed by

N {>220 GeV) = 47 (V/10°)0- 28 £ 0.1 .

0.77 £ 002

N (>640 GeV) = 4 (N/10°) 607

Only results for the 640 GeV threshold have been obtained in the
present calculations (to be precise 600 GeV). In order to compare
these with those of Chatterjee et al. (1968a), the latter have been
converted to sea=ievel using the shower size versus atmospheric
depth curves of Bradt et al. (1966)o This means extrapolating the
latter to sea~level but the error should be small compared to the
errors on the experimental points. This assumes that the detected
showers are almost vertical but this is probably justified since
only showers falling within 50 metres of the centre of the array
were considered so that the maximum zenith angle of showers detected
should be ~10° for muons of energy above 640 GeV.

- The predicted values of I‘L ( > 600 GeV) versus N were obtained
assuming primary protons, wsing the relationship between shower size
and primary energy given by De Beer et al. (1966)sallowing for
fluctuations,in the vertical direction. It is not quite correct to
use this since the multiplicity of pions in these calculations is
slightly higher than in the present work. However; the effect should
be small (see difference in models I and II in De Beer et al.) and
should have the effect of raising the predicted points which are
shown in figure 6.8,

It is seen that the predicted points are consistently lower

than the experimentally derived ores:, although they lie within




160,
the experimental errors. It seems though that there is probably a
real difference between the two results. The difference, however,
would be easily removed by the addition of heavy primaries to the
primary spectrum. An average primary mass £ 2 should be sufficient
to bring about agreement.

Note that this comparison is for the "Ei'model"n One would expect

the "E% model®™ to predict higher values of NH/N oo The addition

of kaons to thé secondaries would also increase N /N

p'oe’
60402, Barret et al. (1952)

This group carried out a series of experiments on underground
muons at a depth of 1600 hgoci'nm2 (corresponding to a muon threshold
energy of 560 GeV) in a salt mine near Ithaca.

One of the experiments determiﬁed the degoherence curve of
underground muons and from this it was found that a lateral

distributidn of the form

1/ no? r<o
P (r) = 6.8
would fit the resultss; with & = 13 mo This implied that the mean

“'radius of the showers detected was 8¢7mo

Using this lateral distribution, it was possible to predict
the expected ratios of doubles to singles and triples to doubles
which when compared to the measured ratios gave a muon multiplicity
spectrum

F(M) « M~ 39201 6090

under the assumption that the multiplieity spectrum could be
approximated by a power lawe Combining this with the number spectrum

of electrons over the relevant shower size range they concluded- that
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0.58 + 0,05 6,10

N, (>560) = N
Greisen (1960), however, has reanalysed the data and by
comparing the measured absolute frequency of showers as a function
of the number of muons to the frequency of extensive air showers

at sea~level with N charged particles he finds that

N, (>560Gev) = 75 /108 ° 6011
with o ~ 0.7 for large values of N and Np. 9 decreasing towards
0.5 for N, in the neighbourhood of one (i.e. showers of 500 to
1000 electons contain on the average one such muon).

With this information and that from other experiments Greisen

predicts
1.37

! 0075
N (>E o N) = 1.7 1'05{ —%} -ﬂ} : 6012
ke’ B,® 10°

This line is shown in figure 6.8 for E p>64O GeV. It is seen
to be higher than that given by Chatterjee et al. (1968a) even after
correction for the difference in atmospheric depth of the two
expsriments. The reasom for this 1s not clear. Greisen does not
give any informatien on his analysis or any error estimation. Two
possible explanations are that the mean zenith angle is different
in the two cases and also the form of the lateral distributions are
different leading to a difference in the estimate of the muon
numbere

In order to get better agreement with Greisen's result the
predicted points could be increased by postulating heafy primaries
in the primary spectrum and/or a multiplicity law varying faster
than Epi;

6.403.

1009 GeV,

At these eénergies the intensities deduced from various experimen=



162,

tal determinations suffer from large statistical and/or systematic
errors. However, a comparison of the present models with exper=
iment serves both as a check on the models themselves and also on
the magnitude of the primary spectrum used.

At the energies involved there are three main methods used to
determine the sea level muon spectrums= from measurements of ¥ =ray
spectra at various heights in the atmospherey from intensity
measurements underground and from burst spectra measurements. All
the methods are indirect and so their accuracy also depends on the
theory adoptedy which in all cases depends on some unknown parameters.

Since muons are genetically related to Y=rays in the atmosphere

via their parent particles (pion and kaons) it should be possible

in theory to establish relationships between the sea=1evé1 muon
spectrum and that of V¥ -rays at-various depths in the atmosphere.o
Several groups of workers have measured the energy spectrum of high
energy Y =rays using nuclear emulsion methods at mountain, aeroplane
and balloon altitudes, There is some disagreement among the different
workers but the later results are in closer agreement.

Duthie et al. (1962) and Mayes y'(1964) have used these '
results to deduce the sea~level energy spectrum of muons via the
.parent meson production spectrum. The parameters invelved in the
models ares (a) the absorption mean free path of the high energy ﬁ
nuclear-active component, (b) the assumption of charge independence

in the production of the parent mesonss (c) the pion to kaon ratio
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among the secondaries of high energy nuclear interactions and (d)
the interaction characteristics of the parent pions.

Only the first of these has been measured at the energies
involved (Duthie et al. (1962), Fujimoto (1964))and sc the
other parameters have to be extrapolated from lower energy
measurements.

The sea<level muoh spectrum deduced by Mayes 1964)
is shown in figﬁre 609
i)

The sea-level energy spectrum can be derived from measurements.
of the muon intensity at various depths underground. Muons of
energy. above 1000 GeV correspond to depths greéter than ~ 2500
hgocm=2o

Menon and Ramana Murthy have given a discussion of underground
experiments performed at depths greater than 2000 hgocm-2o They
have also derived a depth intensity curve down to depths of ~ 8000
hgocmmzo

The sources of the data and the technique wsed are summarized

in Table 6.3,

Iable 6030
Worker Techpigue
Bollinger (1951) GoCoy 4 fold, 30 cm lead
Barton (1961) GoCos 2 fold and soce
Miyake et al. (1962, 1964) SeCoy 2 fold, 5 cm leado
Castaglioni et al. (1965) ScCo 2 fold,l = 6 cm lead

keys G.¢. Geiger ocountersg s.c. scintillation counters.
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From this depth intensity curve and the range-energy relation
of muons they were able to work back and deduce the energy spectrum
of sea=level muens allowing for the variation in the rock over each
experiment from standard rocke.
The actual energy loss formula used by Menon and Ramana Murthy
was

6g 6013

OF
X

. )
= 1,88 + 0,0766 1.{543%‘ + 3.6 10
mu G

where the symbols are as in equation 5.16. They also took into
account the effect of fluctuations on the range #énergy relation.
As already mentioned the exact value of the energy loss coefficient
1s not accurately known due to a lack of knowledge of the photo-=
nuclear cross-section and they in fa&t assumed a value of b = (3.6
+ 0.6) 107 g l.eme2 The results are shown in figure 6.9, Osborne
et al. (1964) composed a spectrum using essentlally the same method
as Menon and Ramana Murthy. This has been slightly modified by
Aurela and Wolfendale (1967) and the results are found to agree
within the standard deviations estimated by Menon and Ramana Murthy.
Kobayakawa {1968) has also calculated the sea=level muon
spectrum from underground measuremeéntses His treatment differs
in three ways from earlier works: (a) he derives the average range-
energy relation without the assumption that the b value. in the
energy less equation is constants (b) reliable values of the
enhancement factor resulting from fluctuations in the energy loss
of muons travelling through great thicknesses of material are used,
and (c) the differences in the rocks of respective authors

are taken into account by directly cenverting the measured
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intensities to the sea=level spectrum by using the appropriate
average range-energy curves and correction factors. He finds an
exponent of = 2,341 £ 0.190 (95% confidence limit) over the
energy range 0.4 = 7 TeV having a weighted mean energy of 0,70 TeV,

The results from the Utah detector need not be discussed further

as they have already been considered in Chapter 5.

High energy muons produce bursts_essentially through electro=
magnetic processess From the measured burst spectrum one can deduce
the energy spectrum of muons at sea-level (e.go Krasilinikov (1964),
Dimitriev and Khristiansen (1963) and Higashi et al. (1964)).

The results of these workers are shown in figure 6.9, The results
of Krasilinikov (1964) and Higashi et al.(1964) agree with each other
within the errorsy which are rather large; while the results of
Dimitriev and Khristainsen seem to be on the high side over the
entire rangee.

The discrepancy that-exists between the energy spectrum deduced
from burst measurements by Dimitriev and Khristlansen and the energy
spectra obtained by various other types of observations; particularly
the underground observations,. cannot be understood at present. The
aspects involved in deducing the high energy muon spectrum from
burst spectra measurements are (a) the validity of quantum electro=
dynamics at short distancess; ~ 10 %ems, (b) a knowledge of the non=
electromagnetic interactions of muons, and (c) an understanding of the
corrections for the effects of fluctuations in burst size for a given

energy transfer.
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Integrel encergy spectrum of muons in the verticsal direction
es reported by various authors. Key: X Dimitriev and
Khristiansen (1963), © Mayes (196)), o Menon and Ramana
Murthy (1967), the continuous line shows the spectrum given
by Kobayakava (1955), the band with continuous line shows
the spectrum of Higashi et al. (196&) and the band with
broken lines the spectrum of krasilinikov (1964).
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iv) Composite Muon Energy Spectru

Neglecting the results of Dimitriev and Khristiansen; Menon and
Ramana Murthy have drawn a composite sea<level muon energy spectrum
from various measurements. This is shown in figure 6,10 where it
is compared with the predictions of the "Ei“ and "E%“ modelss both
of which have been obtained from the original calculations for a
zanith angle of 60° by multiplying by cos 60°%

It is seen that both of the theoretical speectra lie within the
limits of the composite spectrum and so it is not possible to dist=
irguish between the two models on this basis. However, the fit
between the theoretical and experimental results means that for the
assumptions made in the models the magnitude of the primary intensity
adopted is reasonable over the energy range covered by these spectra,
although the experimental errors are very large. It would be possible
to lower the primary intensity for the"E% model by about a factor 2
at a primary energy of ~ 2 104 eV, corresponding to the median primary
energy of muons with énergy above 5000 GeV; and still maintain agree-
ment. This could bring about better agreement with the Utah results
but would also mean changing the slope of the primary spectrum and
would probably lead to disagreement with the shower size spectrum.

It would also be possible to lower the intensity for the "E% model"

3 14ev

by ~ 16¥% at a primary energy of ~ 4 101 eV and by ~ 25% at 8 10
but this would not be sufficient to bring about agreement with the
Utah results. If kaons were present to a significant extent among
the secondaries of high energy interactions it might be possible to

lower the primary intensity and still maintain agreement with the
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Vertical energy spectra of muons. Key: A, composite energy
spectrum given by Menon and Remana Murthy (1967),
B, spectrum predicted by the "E1/ZF model"” of the present work,

C, spectrum predicted by the "E1/2 nmodel" of the present wdrk.
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measured muon spectrumo

It seems then that the primary intensity taken for each model
i1s reasonable considering it gives agreement with experiment for both
the electron and muon components.
6.5. Conclusions

It seems that the C.K.P. model is capable of explaining the
longitudinal development of E.A.S. reasonably well. The transverse
momentum distribution may be in need of modification at low values
of Py and an increase in the mean transvérse momentum seems to be
needed with increasing interaction energy if the multiplicity law
is assumed to vary as Eé* °

The present calculations seem to be in good agreement with those
of Lal (1967) with regard to the longitudinal development of the
showers using a similar model and this indicates that the_ﬁethod of
calculation is satisfactory although a comparison of lateral
Istributions has not been possible.

Cowsik®s results differ considerably.from those of the present
work and together with those of Murthy et al. and Bradt and Rappaport

indicate that a higher value of <p >than 0.4 GeV/c is needed to

t
explain the existing experimental results.

A comparison of the present results with the experimental ones
of Chatterjee et al. (1968a) indicates a deficiency in the number of
predicted muons with energy greater than ~ 640 GeV but the difference
is not great and agreement should be possible for a primary composition

of mean mass number g 25 or the addition of kaons to the secondary

particles produced in high energy interactions. This is for the
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ngb model®,

The expression of Greison (1960) gives higher values of mﬂbn
numbers as a function of shower size than found by Chatterjee et alo
and this possibly indicates a higher proportien of heavy primaries,
of kaons among the secondaries of high eﬁ;rgy interactions than in
the case of Chatterjee et al. » It would seem that the results of
Chatterjee et al. should be the more reliable; however; since they
have a large E.A.S. array above their muon detectors and assume a
more realistic form for the lateral distributions of the muons, but
until more results are available it is not possible to decide between
the two sets of results with certaintye.

The comparison between the measured sea-level spectrum of muoﬁs
with energy above 1000 GeV with the theoretically predicted ones
shows that within the very wide experimental error limits both the
wgtn

1
and "E*" models give agreement. Thus the primary intensities

adopted for each model would seem to be reasonable.
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CHAPTER 7.
CONCLUSIONS AND FUTURE WORK
7.1. Introduction
From an analysis of the characteristics of ultra<high energy
muons an attempt has been made to draw comclusions about the mass
_composition of the primary cosmic radiation at energies above those
. at which direct observatiéns can be made and also to gain information
on the characteristics of ultra-high energy nuclear interactions, in
particular the multiplicity of the secondary particles produced in these
interactions, the form of their transverse momentum distribution and
the mean value of their transverse momentum.
Howevery the conclusionsof such an analysis are dependent on
the theoretical model used andon various assumptions made in the
analysis and so careful consideration must be given to these factors

before definite conclusions are drawn.

From the studies of the decoherence curve of high energy muons
underground measured by Coats et al. (1969) a value of 0.72 + 0,08 GeV
/¢ has been obtained for the mean transverse momentum of pions

1

produced in interactions éf energy ~ 2 1014eV assuming the "E* model"
If the “E% model® is used a mean transverse momentum of ~ 0.5 GeV/c
1s obtained for a primary interaction energy of ~4 10+4ev,

These values must be regarded as preliminary because of various
factors®in the analysis. These factors include the neglect of

the effects of geomagnetic deflection,; Coulomb scattering, the

assumption that all the muons detected come from pions and the
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neglect of possible correlations between the transverse momentum and
the multiplicity, Also it was assumed that the primary particles
consist only of protonse.

Approximate calculations for the effect of heavy primaries present
to the extent found at low primary enmergies indicate that their effect
is to reduce the mean transverse momentum to 0.67 + 0.1 GeV/c at
primary energies ~2 losGeV if the "E% model® is assumedo

Evidence for a value of the mean transverse momentum higher than
0.4 GeV/c comes from the results of several groups of workers. From
a comparison of the width of showers of muons with energy above 220
GeV with the theoretical salcudations of Mirthy et al. (1968a),
Chatterjee et al. (1968a) conclude that a mean transverse momentum of
0.6 = 0.7 GeV/¢ would be needed to fit their experimental results.

De Beer et al. (1968b) using a model similar to the "E% model" of the
present work find that if the results ofrEarnshaw et ‘al...(1967) are
interpreted in terms of an inerease in the mean transverse momentum

of secondary pions produced in high energy interactions then, even
allowing for a possible selection bias in the experimental résults,

a mean transverse momentum rising from ~0.4 GeV/c for pion.interactions
of mean energy ~ 40 GeV through ~ 0.6 GeV/c for interactions of .
200 GeV to 1.0 + 003_Gew/a for interactions of mean energy 914_103
GeV is needed. However; it should be noted that Orford and Turver
(1968) have put forward an alternative explanation of the results
of Earnshaw et al. in terms of a multiplicity law varying as the

square root of the interaction energy above 3.1012eV and primary

particles having a mass greater than 10 at primary energies ~2 107eV,
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although even in this work a mean transverse momentum of 0.5 GeM/c
was usedo

It has not been possible to distinguish between different
forms of the transverse momentum distribution. However, it seems
that the CoKoPo distribution represents the present data-adequately.

7030

Interactions.

Two multiplicity laws of secondary charged particles produced

in high energy interactions have been considered in the present
caleulations which are denoted by the "Ei'model“ and the "E% model™.

The main information on the relative merits of the two models
comes from a comparison of the predicted and empirically derived
density spectra and rates of high energy muons.

This comparison indicates that whichever model is considered
then the predicted rates of doubles and triples is too high when
the preferred primary spectra, i.e. Spectrum A and Spectrum B
are folded in.

The various possibilities of explaining this discrepancy
have already been discussed in Chapter 5.

The comparison also indicates that whichever of the two

t

preferred primary spectra is used then the "E® model" seems to
give the better fit.
However; before definite conclusions are drawn a closer

examination of the intensity of the primary spectra used must

be made.

t

The intensity of the primary spectra used for the "E* model®

has been derived by De Beer et al. (1969) from a survey of sea-
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level shower size spectrum measurements, and working back from these
measurements to the primary spectrum using a theoretical model
similar to the one used in the present work. Obviously such a
procedure depends on the contents of such a survey. However, a
comparison with the results of other workers indicates that the
intensities assumed for each spectrum are reasonable,

The other relevant factor is the amount by which the intensity
of the primary spectra must be raised to allow for the decrease in
the shower size for a given primary energy when using the “E% model"o
The inerease used in the present work is based om calculations by
De Beer et al.(1966). This enhancement factor must be regarded as
very approximate because De Beer et al. used a slightly different
multiplicity law than adopted in the present work for the "E% model"
and did not consider the effects of fluctuations in the shower size
for their model with the multiplicity varying as the square root of
the interaction energy. It is thought that the present enhancement
factor is probably an overestimate and so will lead to the intensity
of the primary spectra used for the "E% model" being overestimated.
Some increase in the assumed primary spectra must be made for the
" %-modelw but it is not possible to know the exact amount until
more accurate calculations have been carried out to allow for this.

t

Therefore,; although the present calculations favour the "E® model”
the "E% model" eannot be ruled out.

Tolo Mass Composi

It has been seen in Chapter 5 that it is not possible at present

to draw conclusions about the mass composition of the primary cosmic
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radiation from a comparison of the predicted and empirieally derived
density spectrao

If the conservative values of the model parameters are used then
both of the preferred primary spectra predict rates which are higher
than observed experimentally for both of the multiplicity laws
congidered.

Since this discrepancy increases with muon threshold energy it
seems to be due not simply to an overestimate of the primary intensity.
From the possible causes of this overestimate which have been con-
sidered the most likely parameters to change to bring about better
agreement seem to be the value of the mean transverse momentum and/
or the value of the energy loss soéfficient b (with or without direct
production) both of which have some justification (see Chapter 5).

The only experimental results whiech seem to be in contradiction
with the present work are those of Grigorﬁv et al. (1967), from
observations with the 'Proton’ satellites; who have concluded that
the proportion of heavy nuclei in the primary cosmic radiation

129Vo Using the present

begins to increase at pfimary energies of 10
models too few high energy muons would probably be observed if this
composition was adopted,
7.5, Eubure Work.
7.5.1. Introduction.

It has been seen that the conclusions from the present work
are limited to a gsertain extent by the statistical accuracy of the

Utah resultso It also seems that the method of deriving empirical

density spectra is not very satisfactory because it is difficult
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to estimate the e xperimental errors from these and also to allow
for the fact that the sensitive area of the detector changes with
angular and detected multiplicity variations.

Recently the completed Utah detector has been rum and results
of much greater statistical accuracy should be available shortly
thus enabling a more thorough analysis to be made.

A possible method of analysing these results to obtain
information on the multiplicity law of high energy interactions, on
the transverse momentum of the secondary particles in such interactions
and the properties of the primary cosmic radiation is dasctribed belows

The following parameters are considered as variabless-

i) The mean transverse momentum <P s the C.K.P. transverse

momentum distribution being assumed.

o
P
above Ep = 3000 GeV; below a primary nucleon energy of 3000

1
GeV the relation n_ = 2.7 Ep4 appears to fit the available

ii) The exponent a in the multiplicity variation n = AE

experimental data rather well and this expression is used,
iii) The magnitude of the primary spectrum, although when it is

necessary to use the form of the spectrum for specific

predictions the relation given by equation 4.23 is used

i.e, Spectrum C.

7e5o2o
From studies of the decoherence curves of high energy muons it

should be possible to obtain fairly accurate values of the mean

transverse momentum of the secondary particles produced in high

energy interactions assuming different values of o o
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If sufficient data are available it should also be possible to
obtain estimates of the mean transverse momentum for different thres-
hold and therefore different primary energies.

It may also be possible to obtain decoherence curves for triples
and this would give information on the values of the transverse
momentum at even higher primary energies for different values of O »

Thus if the value of @ was known aecurate values of the mean
transverse momentum could be obtained.

The derivation of O is described in the next section.

705030 by ion of O,

.

Having obtained values of the mean transverse momentum in the
relevant energy range for appropriate values of @ the rates of
multiple muon events of different multiplicities can be calculated
for different values of Qo

To illustrate the method it will be assumed that the mean
transverse momentum obtained from the decoherence curve analysis
is 0.4 GeV/e¢ for all values of o, 1In practice the appropriate
values of <« Py should be used and similar curves calculateds

Figure 7.1. shows the salculated frequencies of detection of
multiplicities 1 = 4 inclusive for a detector of area 20 m2 (the
approximate area of the Utah detector) at a zenith angle of 60°
for 0‘=-§-and o=, '

Figure 7.2. shows the appropriate median energy versus muon
threshold energy for the two values of O % and %3for a detector
of area 20 m2 and a zenith angle of 60%,

The practical significance of such a figure is that the data
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of area 20 m? at 6=60° as a function of threshold energy.

assuming proton primsries and <py>=0.4 GeV/e.
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from different threshold energies and different multiplicities can
be selected in such a way that they refer to the same primary energye.
For example in this case for o= 4 the same primary energy, 2 105Gev,
results if single muons of energy above 5000 GeV and doubles with
energy above 1000 GeV are studied. Similarly primary nucleons of
median energy 5.5 105 GeV give rise to singles with energy greater
than 11000 GeV and doubles with energy greater than 30q0 GeV,

Using the data of figures 7.1 and 7.2 it is possible to con-
struct curves of the type shown in figure 7.3, This gives the
ratio of the predicted frequency of doubles (above a given threshold
energy) to that of singles with an energy above that threshold
energy which corresponds to the same median primary energy, as a
function of the single muon threshold energy. Along each of these
(full line ) curves o varies and any point on a line corresponds
to a fixed a and a fixed primary energy. For example the curve
for n = 2 at ng = 8500 GeV corresponds toa = 1, and the ratio
of P2 (ELL> 2000 GeV) /bl(E;f' 8300 GeV), is 0.95. From figure
7.2s we ;ee that the median primary energy for both these multi-
plicities is ~4 10° GeVa

The manner in which such a plot can be used is illustrated by
the straight line drawn through the hypothetical experimental points.
This refers to n = 2 i.e. doubles with energy above 2000 GeV. The
circles refer to singles at threshold energies below that respon=-
sible for doubles but extrapolation to meet the line n = 2 gives
the eondition that the median primary energies are the same. The

value of @ at this intersection point is then the experimentally
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derived value independent of the primary intensitye.
Similar curves can be plotted which relate to the ratios
P3 to P2, P4 to P3 etec. and so o values pertaining to higher primary
energies can be determined (if in fact o does vary with the primary
energy) by plotting the experimental data in a similar manner.

The values of @ obtained are in fact effective values since it
is assumed that the primary particles are all single nucleons.

In fact one may be able to draw conclusions about the primary
mass and the multiplicity law from such a comparisone Thus if the
value of @ obtained is higher than permitted by the kimematics of
high energy interactions it indicates that some heavy nuclei are
present in the primary cosmic radiation. If @ furns out to be less
than i then it indicates that the primary particles are mainly protons
in the relevant energy region.

Furthermore trends in @ could be useful. Thus an increase in
Qat primary energies~1015 could possibily be interpreted as evidence
for an increase in the primary mass at these energies, or alternatively
a decrease would give support to the theory that the primary particles
above '~1015ev were becoming lighter,

In theory it may also be possible to draw conclusions about the
existence of the "direct production”procéss . Thus if at a given
primary energy it was possible to compare the value of  obtainmed
from the ratio P2 to_P1 with that of P3 to P2 and the former turned
out to be bigger than the latter then this would support the
existence of the "direct production" process. However, it may not
be possible ‘experimentally tp detect enough events to obtain values

of the PZ/P1 ratio corresponding to the required primary energys
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since the threshold energy would need to be very highs unless o
was very larges

Having obtained values of @ in this fashion then values of
the mean transverse momentum could be obtained from the results of
section 7.4.2.

7.5.4. Dexivation of the Primary Intensitv.

Having derived @ and <py> as a function of the primary energy
the experimental results can be taken together with the theoretical
predictions to determine the primary intensity for various primary
energies. The determination is by way of finding the relationship
of the observed number of events-of a given multiplicity to that
. glven in figure 7.1 (in this example where the ¢ py> found from
the decoherence curves is assumed to be 0.4 GeV/c for all values
of @ ) and by scaling the primary inteasities given by equation
4,23 accorq;nglyo

Performed in this way the calculations give the primary
spectrum that would apply if all the primary particles were
single nucleons.

7.5.50 Effect of Detector Area.

The effects of small changes in the detector area on the
predicted rate can be allowed for using curves of the form shown
in figures 4,24 and 4.25., Also changes in the predicted rates
due to variations in the radii of the showers caused by mean
transverse momenta different from 0.4 Gev/c can be allowed for
using these curves. Figure 7.4. shows the mean radius of showers

1
of different threshold enerdies for the "E® and 'E*" models as a
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function of primary energy. These curves are for < Py> = 0.4 GeV/c
and a zenith angle of 60°. If for P> = 0.4 GeW/c the radius of a

shower is r than for <p,> = 0.4 f GeV/c the mean radius of the shower

£
is for. If we wish to find the predicted rate of doubles through an
~area A for <py> = 0.4 £ GeV/E.thenzssuming the rate 'is a fuﬁ?%ion of
the relative area of the shower to the detector
At = £2A
where A' is the area that must.beilobked:upiin.figure 4.24 to find.the
new prédicted rate of doubles through the area A at a zenifh:aﬁgle of
60° This is not exactly true because the median primary energy
responsible for the doubles will vary for different values of the mean
transverse momentum but for small changes in <py> it should be a goed
approximation. | L
This procedure could alse be carried out for differeﬁt'zenifh
.angles and threshold energies if the values of the mean radius of
the showers were known.
745:6.  Angular Varjation.
Tﬁejbulk of the angular variation in the predicted frequencies
of various multiplicities comes from geometrical factors, notably |
the increase in mean distance to the generatioﬁ layer as the zenith
angle increases. This is only true of course if the basic interaction
mechanism is as assumed here and that no other process contributes
to muon production e.g. the "direct production” process postulated
by Bergeson et al. (1963).

Despite the probakle lack of fundamental character of the .. i.:’

gnghlar-variation-there is:the.gractical point. that the data from




P,(E>1000 GeV) (sec™'st™ (20m%)~")

Pige 7+5.

10=2

- i .-

1 - my

i ; I
SRS NS AU RPN QOIS INUUCUNN RIS S ISR S

N . A T T A A
s AR SN L L S SR W S S —
; : T g ; T ':' L

— !

T L b

o

) 0 O Y S

e en i e e e -—i —— ;.___
1 ! I H i
i !
_ - (RO § : i
; : : : \
)
. U A R SV S
; ; ;

10 -

S S VU P
i TR i
H {

R VS P SR S - m=)+

sec 6

The frequgncy of detecting m muons in a detector of
area 20 m“ as a function of sec O for <py>=0.4 GeV/o
Eu>1000 GeV and the "Protons only" primary spectrum.




180,
different zenith angles must be combined in some way and extrapolation
from one angle to another is neecessary.

Examples of the variation of predicted rates with angle are given
in figute 7.5, for a muon threshold of 1000 GeV and a detector area
of 20 m® It will be noted that over a wide range of angles the
variation oflthe logarithm of the rate with angle is almost propor=
g

tional to sec ™ @ where B 1s a function of the detected multi-
plicityo
These calculations were perfommed using a different method %o

that described in Section 4.2, but the model parameterswere the same.
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APPENDIX A

Method of Calculation

The following diffusion equation is taken as the starting

point of the calculations

dw(E _ + B (E yx )+ o-os(E',:E'fr E',x)dE' Asl,
T’;‘_-Il‘.) = -{_1 EW} x) fE ) ( x)

which 'is. described in Chapter 4. This equation describes the pro-
pagation of the pion cascades in the atmosphere due to the interaction
of a primary at a depth xo, where X, is measured in units of pion

" interaction lengths. It is solved by the method of successive
generations. ﬂ

The equations for successive generations from A.l. ares-
bsr (E;X)
5 { Zx+x }

o, (E”‘) {1+ _(_g_y}n (l:,x)+ S(E',E)vr (E';x) dE'A°3°

for n = 2,354, cesese

(E Dx.) A°2°

Equation A.2. is solved simply as

+ -B/E
7 (Esx) =7 (E,0) {x x} e~X Aodeo

Under the assumption that pion decay is neglected; A3 is solved as

n=1 -
"rn(,E’x) -= ﬂ'n(E) (;é.i.): e =X AcHe
where "l'n(E) = / IVS(E',E) ﬂn_l(E') dE* Acbe
g :

Thus we have nn(E,x) in terms of two independent variables, E

and Xe The value of ﬂh(E) is calculated numerically in the steps
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From the muon energy distribution given by equation 4.5., the
fraction of muons having an energy above the thresheld energy, ET’

resulting from the decay of picns of energy E"_ is

E._ -E _
F (>E.)= ——L for E. > 12 E
ul >Ep 2 ET
E_ (1-r°)
=1 for B <t°E AeTe

Thus the number eof charged muons coming from the first pion generation,
with an energy abeve'ET is

N = 3 ff —(— "“{m} | Bx-Fu"Er--’d*dF-

. Aa8,
The decay prebabllity of a pilon of energy E, produced at an atmospheric

depth x is

o BE
DP(E 5x) = [E—(g_‘“;) {_,.cx&_} e v dt Ad9,

therefore the number of charged muons above a thresheld energy ET

coming from the n'th pion generation is (fer n> 1)

N (n) = Ff 2 e (8 ,x)s(E',E)DP(E,x)F (>E;) dx dE aB*
e l‘g‘/\s : ' ) A.10.

So the tetal number of muens with an energy above ET isy from

a single nucleen interaction

N
N (>E = N (n Aslle
o> Ep) ), N 1
n=l
In calculating the lateral distributions the first five moements
are calculated for a fixed pien transverse momentum of 0.2 Ge“/c.

The value 0.2 Gev/c is chosen because if the mean value of the

transverse momentum is 0.4 GeM/c and the C.K.P, transverse momentum
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distribution is assumed then the lateral distributions are easily
reconstructed from the moments using equation 4¢11.

The k'th moment for the first pion generation is given by

" k
ko 2 m (E)0P(E,x ) [ %2 h(X) T (bE ) aE
1 N, (1) f 1 (E)DP(Esx, { = } p'? =T

E
T

where h(xg) is the height corresponding to an atmospheric depth X,

Aol2,

and is obtained from the properties of the atmosphere.

For the n'th pion generation

o0os o

ﬁ‘mqj JE5X)S(E" SEIDP(E ), (58 ){ 0 Zh(x )} axdE4E"

Acl3.

Therefore the total k'th moment for all generations is

X = =l= }j N‘x(n) A.14,
“ n=1
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APPENDIX B

For the C.K.P. energy distribution

E
= 4 - =
N(Ew) dEn' = T exp { T} dE“ Bele

where N(E,,r) is the average number of pions produced with an energy
between E and B + dE, 5 A 1s the charged pion multiplicity in the
forward cone and T is the mean energy of the pions in the forward
cone produced by the interaction of a primary particle.

For high energy pions eriginating at a fixed height their decay
probability is approximately K/En_ » where K is a constant depending
on the height of pion formation. Therefore

' © E E"_r E
N (rs >E r= K& Lt ex {-— - ZL4E dr
A TR p) d-;- T £ h2P2 P hp, T(
0 Be2,

where -Np (ry> Ep) is the number of muons with an energy greater than

Ep falling at a distance between r and r + dr from the shower axis,

h is the height of plon formation, E = 1.3E, (i.e+ the energy spread
of muons produced in w-p decay has been neglected) and a CeK.P..type
of transverse momentum distribution has been assumed with a mean of 2_p°.

Thus the myon density at r for muons of energy above Ep is
[o} (1‘,) E ) = _L {E' + l' eXp( - E) B.3°
H ¢ 2-nh2p 2r o a2 .
o :

.. .1
where o = ﬁ;@ t T

For r/hpo >>: T71 the expression becomes

p.p(r, >EP) o J; exp ( - r/ro) B.4,

where T, = hpo/E.
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APPENDIX C.

THE ATMOSPHERE.

The atmosphere may be divided into two layers, the trophosphere
and the stratosphere, these belng separated by the tropopause. The
trophosphere extends from sea~level to the tropopause and in this region
the temperature decreases with increasing altitude. The stratoesphere
comprises the region above the tropopause and the temperature is
independent of altitude.

Osborne (1966) has shown that for the latitude of Durham (55°N)
the relationship between the vertical height h (in kilometres) and
the atmospheric depth x  (in g.em=2) is given by

0179

h,(x,) = 46,380 - 13. 398 x,

for Xy 2 253,3 g.cmd2
= - a -2
h v(--xv-) 46,040 = 6.4576. ln(xv) for x, & 253.3 gocm Colso

Assuming the "flat earth" approximation then for a zenith angle

6 equation Cel. becomes.

he(xe) = -{ 46,380 - 13,398 (xg cos 8)0°179} sec ©

for ke 2 253.3 sec © g.cm-2o
hglxy) = {-460040 = 64576 1n (xesosb)} sec 8
| )
for xg < 253, 3 secO g.cm C.2,

where heﬂxe) is the inclined height (in kilemetres) cerresponding to

an atmospheric depth xg (in gocm-z) at a zenith angle 6,
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