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a . l 

Abstract 

A phenomenological a n a l y s i s of Pion Nucleon s c a t t e r i n g 
data, at high and intermediate energies and a t a l l angles 
has been undertaken. 

At high energies say above 5 GeV/c the d i f f e r e n t i a l 
cross sections are s t r o n g l y peaked i n the forward and backward 
d i r e c t i o n s and these peaks can be adequately explained by 
a small number of leading Regge poles i n t channel ( f o r 
the forward peak) and u channel ( f o r the backward peak). 
I n t h i s work new Regge f i t s are performed t o a l l a v a i l a b l e 
recent h i g h energy data, t o ob t a i n the Regge parameters. 

Below 5 GeV/c down up t o 2 GeV/c the forward and 
backward peaks are s t i l l very conspicuous and can s t i l l be 
explained by the Regge poles used i n the high energy f i t s . 
So i t i s thought t o be convenient t o define an amplitude 
Fp(s,t,u) which i s the d i f f e r e n c e between the t o t a l and the 
Regge amplitudes. A parametric form of t h i s amplitude 
( v i z , F s) was taken t o f i t a l l data between 2 t o 5 GeV/c 
simultaneously, while the parameters of the Regge Amplitudes 
are held f i x e d t o t h e i r values obtained from high energy f i t s . 

F i r s t a l l \1 + p s c a t t e r i n g data, were f i t t e d t o get 
I = 3/2 amplitude then ft" p and charge exchange data were 
f i t t e d t o obt a i n I = V2 amplitudes. 
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Two d i f f e r e n t ways of parameterising F s ( s , t , u ) have 
been attempted. The f i r s t was based on the d i r e c t channel 
Regge pole model w i t h Khuri m o d i f i c a t i o n , and the second 
was of a simpler and less s o p h i s t i c a t e d phenomenological 
form, the amplitudes being expressed as a power s e r i e s i n 
Cos 0 ( 8" being s c a t t e r i n g angle) w i t h energy dependent 
c o e f f i c i e n t s ' , the second method was found p a r t i c u l a r l y 
successful i n the present work. 

P a r t i a l Wave p r o j e c t i o n s of both T = 1/2 and T = 3/2 
amplitudes were made and the phase s h i f t s were obtained f o r 
both the i s o s p i n amplitudes. P o s s i b i l i t i e s of the existence 
of resonances i n the energy region 2 t o 5 GeV are discussed. 
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( i ) 

I n t r o d u c t i o n 

The elementary p a r t i c l e i n t e r a c t i o n s are usually 
d i v i d e d i n t o f o u r r a t h e r w e l l seperated classes v i z . 

( i ) G r a v i t a t i o n a l i n t e r a c t i o n 
( i i ) Electromagnetic i n t e r a c t i o n 
( i i i ) Weak i n t e r a c t i o n 
( i v ) Strong i n t e r a c t i o n 

the f i r s t one i . e . the G r a v i t a t i o n a l i n t e r a c t i o n i s the 
weakest of a l l the four l i s t e d above and i s represented by 
a p o t e n t i a l i n v e r s e l y p r o p o r t i o n a l t o the distance between 
two i n t e r a c t i n g bodies. 

However only the l a s t three are r e l e v a n t i n the 
d i s c u s s i o n of s c a t t e r i n g s and decays of elementary p a r t i c l e s 
and we s h a l l describe them b r i e f l y i n the f o l l o w i n g : 

(a.) Electromagnetic i n t e r a c t i o n : t h i s i s caused by 
the charges and the magnetic moments of the p a r t i c l e s and 
t h i s i s the only i n t e r a c t i o n apart from the g r a v i t a t i o n a l 
i n t e r a c t i o n f o r which there i s a complete theory. 

However i t i s understood t h a t p r o p e r t i e s of nuclear 
i n t e r a c t i o n s cannot be explained i n terms of the e l e c t r o ­
magnetic fo r c e s , since the nuclear forces are known t o operate 
only over a very s h o r t range and even between a charged 



( i i ) 

p a r t i c l e and a n e u t r a l one ( f o r example the charged proton 
and the neutron i n the nucleus.) 

The measure of s t r e n g t h of the electromagnetic 
i n t e r a c t i o n i s provided by the f i n e s t r u c t u r e constant 

(b) Weak i n t e r a c t i o n : (the nomenclature i s due t o 
i t s weakness compared w i t h the other two). Weak i n t e r a c t i o n 
i s the one which i s responsible f o r the decay p r o p e r t i e s of 
the unstable p a r t i c l e s . (except T\° > ^ ° i which decay 
by electromagnetic i n t e r a c t i o n ; TV0/"*- 2.Y , 'a.*^- T\*t-Y" 

I t s s t r e n g t h i s represented by a coupling constant- G ~-
10-^9 e r g c m 3 # 

(c) Strong i n t e r a c t i o n : t h i s i n t e r a c t i o n connects 
a l l the baryons through the v i r t u a l emissions and reabsorp-
t i o n s of mesons according t o the Yukawa process — N +T\ 
and i s mainly responsible f o r nuclear f o r c e s . I t s coupling 
constant i s of the order of u n i t y . 

Strong i n t e r a c t i o n also accounts f o r very ffiEst decay 
ra t e s , such as the decay N 4 — * N + Tf 

I n 1935 Yukawa^- developed a. theory of nuclear f o r c e s . 
The most important experimental f e a t u r e of these forces i s 
t h a t they have a. range i . e . they decrease very r a p i d l y 
when the i n t e r a c t i n g p a r t i c l e s are a t a distance greater 
than about 10" 13 Cm. The nuclear p o t e n t i a l proposed by 
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Yukawa, was i n the form 
V ( & ) ~ g 

where K i s the r e c i p r o c a l of the l e n g t h which can be 

assumed t o represent the range of nuclear f o r c e s . 
Yukawa also p o s t u l a t e d , as the quantum of nuclear 

forces a p a r t i c l e w i t h mass about m ~ where i s 
the range of nuclear f o r c e s . I n 1935 Anderson e t a l ^ 
discovered i n cosmic ray^ p a r t i c l e s w i t h mass about t h a t of 
Yukawa p a r t i c l e s . But i t turned out t h a t the p a r t i c l e s 
were not the same as postulated by Yakawa. Because, 
though they had the r i g h t mass, they did not i n t e r a c t 
appreciably w i t h nucleus; these p a r t i c l e s came to be 
known as muons. Later i n 1947 L a t t e s , O c c h i a l i n i and 
Powell^ found out p a r t i c l e s i n cosmic rays which were 
i d e n t i f i e d w i t h Yukawa p a r t i c l e s . These s t r o n g l y i n t e r a c t i n g 
p a r t i c l e s w i t h zero s p i n and mass about 139-59 MeV are 
known as pic*-mesons or simply pions. Since then numerous 
p a r t i c l e s have been discovered experimentally. Many of 
them were f i r s t found i n cosmic rays and l a r g e a c c e l e r a t i n g 
machines made i t possible t o generate these p a r t i c l e s f o r 
d e t a i l e d study and i n v e s t i g a t i o n . 

Attempts have been made t o c l a s s i f y these p a r t i c l e s 
i n various ways, making some p a r t i c l e s more elementary than 
others or t o d e r i v e a l l p a r t i c l e s from quarks^" which are 



( i v ) 

thought t o be the b u i l d i n g stone of a l l hadrons ( i . e . 
s t r o n g l y i n t e r a c t i n g p a r t i c l e s ) . 

Phenomenologically one may consider f o u r f a m i l i e s 
of p a r t i c l e s i n order of increasing r e s t mass. 

1. Photon: which i s a. boson of s p i n 1 
2» Leptons: c o n t a i n i n g fermions of spin V2 

l i g h t e r than proton (such as e l e c t r o n ) they are subject t o 
electromagnetic and weak i n t e r a c t i o n s but not t o strong 
i n t e r a c t i o n , 

3« Mesons: i t consists of bosons of spin 0 . These 
are heavier than the leptons, l i g h t e r than the proton and 
subject t o a l l the three ( (a) t o (c) ) types of i n t e r ­
a c t i o n s . 

!+• Baryons: t h i s class comprised the proton, the 
neutron and heavier fermions,. They are subject t o a l l three 
types of i n t e r a c t i o n s , those which are heavier than the 
neutron are c a l l e d hyperons. 

The pions which f a l l i n class 3 are very important 
i n the study of nuclear and p a r t i c l e physics, because they 
are the p a r t i c l e s which are responsible f o r the forces 
t h a t bind proton and neutron together i n a nucleus. 
I n p a r t i c u l a r pion - nucleon i n t e r a c t i o n i s of fundamental 
importance i n the understanding of strong i n t e r a c t i o n s , 
and has been studied e x t e n s i v e l y both t h e o r e t i c a l l y and 
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e x perimentally. A large number of experimental data 
e x i s t A f o r e l a s t i c pion - nucleon s c a t t e r i n g processes, 
which we also analyse phenomenologically i n t h i s work. 

I t would be convenient f o r our discussion t o d i v i d e 
the Pion - nucleon s c a t t e r i n g i n t o th r e e energy regions 
(the energy i n t h i s case i s the pion l a b o r a t o r y energy) 

1) from zero t o about 2 GeV/cc 
2) from 2 GeV/c t o about 5 GeV/c 
3) f o r energies higher than about 5 GeV/c 

the reasons f o r choosing these energy regions w i l l 
be c l e a r from the f o l l o w i n g . 

The p a r t i a l wave s t r u c t u r e of the e l a s t i c pion nucleon 
s c a t t e r i n g has been studied by phase-shift a n a l y s i s of the 
s c a t t e r i n g data i n the f i r s t energy r e g i o n ^ and discloses 
a s t r u c t u r e i n which many of the p a r t i a l waves can be 
represented as a conventional Breight-Wigner resonance of the 
type f ^ g w i t h a smoothly v a r y i n g 

s - s o + i C 

background. 
I n the t h i r d energy r e g i o n the cross sections are 

slowly decreasing f u n c t i o n s of the energy and do not show 
any appreciable s t r u c t u r e s . This i s the region where r a t h e r 
sharp peaks are present i n both the forward and backward 
angular regions. Regge exchanges i n cross channels e x p l a i n 
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these peaks r a t h e r n i c e l y • 
I n f a c t only a few number of Regge t r a j e c t o r i e s are 

req u i r e d t o describe the high energy pion - nucleon 
s c a t t e r i n g data. 

But the energy r e g i o n ( 2 ) , where conventional phase 
s h i f t analysis become i n c r e a s i n g l y d i f f i c u l t due t o paucity 
of data and also because of the presence of high angular 
momentum s t a t e s , w i l l be our main p o i n t of i n t e r e s t . 

This energy region i s the so c a l l e d intermediate 
r e g i o n where the forward and the backward peaks are s t i l l 
conspicuous and can be explained by the same Regge poles 
employed i n the high energy r e g i o n . 

I n our phenomenological a n a l y s i s of pion - nucleon 
s c a t t e r i n g i t was found t o be convenient t o define am; 
amplitude Fp(s,t,u) which i s the d i f f e r e n c e between the 
exact amplitude say F(s,t,u) and the Regge amplitude denoted 
by F R ( s , t , u ) , 

F p ( s , t , u ) = F(s,t,u) - F R ( s , t , u ) 
the Regge parameters required t o constru c t F R ( s , t , u ) were 
f i x e d by f i t t i n g the high energy pion - nucleon s c a t t e r i n g 
data and Fp(s,t,u) was parameterised t o f i t a l l the data 
i n the 2nd energy r e g i o n , keeping the Regge parameters f i x e d 
at t h e i r high energy values. 
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This procedure i s consistent w i t h the generalised 
i n t e r f e r e n c e model , but independent of any dynamical 
idea, the success of decomposition depending on whether 
a s u i t a b l e parameterisation of F ( s , t , u ) could be found. 

Two d i f f e r e n t ways of parameterising Fp(s,t,u) have 
been t r i e d . One i s based on the modified d i r e c t channel 

7 

Regge formalism as proposed by Khuri and the other i s of 
a. simple form, the amplitude F ( s , t , u ) being expressed 

P 
as a power series i n cos 0 ( 0 being the s c a t t e r i n g angle) 
w i t h energy dependent c o e f f i c i e n t s . Both these procedures 
are described i n d e t a i l i n t h i s work. The parameters f o r 
T = ^ / 2 (T denoting the i s o s p i n ) were f i r s t obtained by 
f i t t i n g a l l the X\ +P data and then the parameters f o r 
T = ^~/2 amplitude were f i x e d by f i t t i n g f p — p and charge 
exchange data. 

P a r t i a l wave amplitudes f o r both the i s o s p i n amplitudes 
were obtained by the usual method and they were s t u d i e d f o r 
possible resonance s t r u c t u r e s . 
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KINEMATICS 
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KINEMATICS 

Introduction: 
In t h i s chapter we shall study the Kinematics 

of pion - nucleon scattering, including the a n a l y t i c i t y 
of the pion - nucleon amplitude. We s h a l l also present 
the relevant formulae. 
1. Kinematics and Lorentz invariant description of the 

Let l 3 - ^ ^ 2 (q(, q 2 ) be the 
momenta of the incoming and 
outgoing nucleon (pion) 

Fig.1.1 
respectively. 

We use the convention p ; , = - m , qt, = - 2, i = 1,2 <- ' ' A : 
(where m ̂  are the masses of the nucleon and the pion 
respectively) throughout t h i s work unless otherwise stated. 

We neglect the mass differences among the three charge 
states of pion and between the two states of nucleon. 
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The following table gives the masses and other 
properties of pion and nucleon 

( $c natural units are used 4\ = c . 1) 

TABLE 1 

Symbol Mas s Spin Parity Iso- Strange-- Bar 
(MeV) spin ness yon spin 

No. 
0 0 

fl° 139.6 0 -1 (1,0) 0 0 
Mesons 

r r ( i , - i ) 0 0 

^ 938.21 V 2 ^ 
) 

0 1 
Nucleons 1 / LVi. , - Vt 

'2 ) 0 1 

By the law of conservation of t o t a l momentum we get 
(see Fig.1.1) 

Pi + q x = (1.1) 

So there w i l l be only three independent vectors which 
determine the kinematics of the process. We choose 
the combination 

p - V 2 ( P l + P2> Q, = V 2 ( q i - + q2> 
K = 1/2 ( p 2 - Pi) =-1/2 ^ 1 " q 2> 

(1.2) 
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With these vectors one can form the invariants 
2 2 2 2 (with the help of the results p • . = -m , q . , = -XL; ) 

K2 = - - ( p 2 - P l ) 2 . - i t , f = -m2 - K2, Q2 = - ^ 2 - * 2 

4 (1.3) 
Also we get P. Q. = -V = - s - u 

P. K = Q.K = 0 ^ 

where s,t,u are the usual Mandelstam variables defined 
i n the following way 

s = - ( P l + q-^ 2 

U = " ( p2 " ^ l ^ (1.4) 

t = - ( q l - q 2 ) 2 

We can see from (1.3) that there are only two independent 
invariant quantities. 
I t i s easy to check from (1.4) that 

o 2 

s + t + u = 2(rrT + XA ) (1.5) 

In the centre of mass frame where 

P l + q l = 0 = P2 + q2 ( 1 , 6 ' 

and hence |p^| = \ ^ l ^ = Q s a y 
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we can writ e 
s = w 
t = 2q (1 - cosf) ) 
u = [(w + m) 2 -y(A 2 ] [(w - m) 2 -y^j ^ w 

2 ) 

(1.7) 

where q = 

w = 
cm. momentum 
2 . 2x1/2 ( m
2 ^ n 2 J / 2 , 2 2 l/o im + q J + ( + q ) ' ̂  = t o t a l energy 

i n the centre of mass system. 

£ = scattering angle i n the centre of mass 
system 

momentum vector and scattering angle 
i n the cm. system 

Fig. 1.2 

The ^ matrix for e l a s t i c pion nucleon scattering can be 
wr i t t e n i n the form 
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f i » f i 

.2 m 
^ 1 E 2 Wj. w2 J . 

where 

W i = 
2 1/ (1.9) 

(qi + AA. ) '2 

and E-p (E 2 > W2) are the energies of the i n i t i a l 
( f i n a l ) nucleon and pi on respectively. U-̂  and U2 are 
the Dirac spinors for the i n i t i a l and f i n a l states 
respectively. 

The amplitude T is a. Lorentz scalar and we writ e 
T i n terms of the invariant amplitudes A, B as follows 

T = - A (s,u,t) + i ( V- & ) B(s,u,t) (1.10) 

where = — + q2^ a n c 3 a r e t h e 0 i r a c 

matrices 
A and B are invariant scalar functions. 
A i s independent of the nucleon spin and B i s associated 
with nucleon spin f l i p through the term ( y. Q ) 

2. Isospin analysis and crossing 

The scalar invariant amplitudes A and B are s t i l l 
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matrices i n the I space. The pion and the nucleon 
having isospin 1 and ^/Z respectively can form states 
with the t o t a l isospin I = ^/2 and I = 

So i f isospin invariance is assumed - N scattering 
w i l l be completely described by four invariant functions, 
two for each isospin. Let the pion and nucleon isospin 
vectors be t a.nd/t/2 respectively. 

The t o t a l isospin vector of a state composed of a 
pion and a nucleon i s represented by 

~ I * = -A. + t" (1.11) 
—> ^ —» 

where ^ 's are the Pouli matrices and t ' s are spin one 
r o t a t i o n matrices given by 

*1 
0 0-1 

(1.12) 
here i = J~--l" 
From +^ , \ \[°y and \ VY"̂  states we form 

\ ( o(. = 1,2,3) states which behave l i k e the 
components of a cartesian vector i n the pion isospace 

V W > = \^°> (1.13) 
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i t may be shown from (1.12) and (1.13) that 

where *̂<pY ̂ s a n a n t i s y m r n e t r i c tensor, defined as 
follows 

£<pf = 0 i f any two of (̂ Y are equal 
= 1 i f ^ V are a l l unequal and i n 

cyclic order 
= -1 i f (^Y are a l l unequal but not i n 

cyclic order 
Now has eigen values 1/2 ( V2 + 1) ( = 3 / i f ) and 
3/2 ( 3/ 2 + 1) (m 15/^) f s o f r o m (!.!!) 

O?-? = -2 f o r I = V2 
X.t = +1 for I = 3/2 

Now with the help of the isospin projection operator 
P l / p = 1 ( 1 - - C - t ) , P3/ - 1 ( 2 + X* t ) (1.16) 

3 3 

We write the t o t a l amplitude as 

\ - ^ ^ [ P l / 2
 T + P 3 / 2 I 3 / * ) V > U.17) 

where >̂ denote the i n i t i a l and f i n a l pion states 
respectively. 
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With the help of (1.14) i t may be shown that 

T« = <N'| (<V+
 + i L ^ , X . ] T - ] | N> (1.18) 

2 
where T + T 2 + 

3 
(1.19) 

T- = T^/2 - T3//2 

to derive (1.18) the r e s u l t T l ^ V J s I ^puv^Y 

has been used. 
Now i n v e r t i n g equation (1.13) we get 

\TV> ^ \ v ^ V ^ . A ^ > ( 1 . 2 i ) 

and from (1.14), (1.16) and (1.17) we obtain 

T fTS-e— V 0 = < V f \ t ^ f > ' ^ * (1-22) 

Crossing symmetry (see Fig.1.4) can be w r i t t e n i n terms 
of the matrix elements of T 

<P2 , q2 ) T + P i ' ^ = <P 2» " ^1 | T- | P» 

(1.23) 
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i . e . under the exchange q. -q^, we have 

s <- u, t . 

Also since A and B are independent amplitudes crossing 
symmetry applies separately to A and ( Y Q )B and under 
crossing ( ) — > - ( ~Y. ̂  ) (1.24) 
Defining new amplitudes 

P 

7 f TV* 
/ F i g . 1.3 ^-Tig. 1.4 

A+ = 2 (A- + A+), 
A" = 1(A- " A+), 

2 
B + = I ( B - + B+), 

2 (1.25) 
B" = 1(B- - B+) 

2 
(A ±, B± are 
related t o T- ). 

We can see that crossing gives 8 

At (s,u,t) = 1 A- (u,s,t) 

Bl (s,u,t) = 7 Bi (u,s,t) 
(1.26) 

Also from the amplitudes A+, B +, the amplitudes for the 
eigen states of the isospin can be w r i t t e n i n the form 
(see (1.19)) 

A1/2 = At + 2A' , A3/2 = fiX - A" (1.27) 
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i d e n t i c a l relations hold f o r the B amplitudes. 
Tio«-

We see that the reaction described by Fig. 1.3 infvS channel 
i s the e l a s t i c scattering 

i f +P -» T\ +P 
For the t channel i t becomes 

P+P 
and f o r the crossed or u channel the reaction described 
by Fig. (1.4) i s 

P -*"\\-+p a s implied by (1.23) 

So} the variables f o r the s,t and u channels exchange 
t h e i r roles as shown i n table below. 

TABLE 2 

s-ch t-ch u-ch 

Energy variable s t u 

Momentum variable t s t 

Cross-momentum 
variable u u s 



3. P a r t i a l Wave Analysis 

Equation ( l . g ) gives the d i f f e r e n t i a l cross section 
( i n the cm. system) 

2 , . .2 

(1 . 23) 

where denotes the sum over the f i n a l spin states and 
the average over the i n i t i a l spin states. 
We can also w r i t e : 

where | i ^ and | f ^ are I V U W spinors f o r the i n i t i a l 
and f i n a l nucleon spin states. The usual convention to 
relate M to T i s 

& 1 M I \> ~ fifi? "2 T U l (1- 3°> 
9 

i f we w r i t e M i n terms of the 'W-N h e l i c i t y amplitudes f j _ 
and f o then . v -> - ̂  

M - i4|tO + — y (1.31) 
6 i s the nucleon spin, "q^ , "q^ the i n i t i a l and f i n a l 

pion momenta respectively. 
I < f I 1 1 + I 6-"»'H *> -T" J f 0 I V / 2 

spin ^ = s f i n 1 " f I ^ + < ? * > < r ^ > f
2 ] 

V 
(1. 32) 

i n cm. system 
Using (1. 30), (1.31) and (1.10) 
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f and can be expressed i n terms of A & B 

f l = E + m r A + (W - m) B"l 

f 2 = E_-_m f _ A + (W + m)Bl 

Inverting (1.33 ) we get 
. T W + m (W - m) f~"\ 

(1-33) 

B = 
+ m 1 E - m 

(1.34) 

2 2^1 

where E = (m + q^) '2 = Energy of the nucleon i n the 
cm. system. 

The p a r t i a l wave amplitudes f£ + corresponding to 
t o t a l angular momentum ij = £ - 1/ a r e expressed i n 
terms of the phase s h i f t by 

*<-± r ^ - ( 1 - 3 5 ) 

where ^ _ may be complex. 
The h e l i c i t y amplitudes can be expressed i n terms of 

the p a r t i a l wave amplitudes by"^ 

V> = * - 4 . . O"0 
i (1. 363 
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(1.37) 

where x = cos $ , P̂  (x) i s the Legendre polynomial 
and p/ f • Using the orthogonality 
relations of Legendre polynomials equation (1.36) can 
be inverted to get f ^ ± 

' i i 
3.1 Mac Powell symmetry. 
From equation (1.33) replacing W by -W we get 

f x(-W) = -E + m I " A + (_ W-m)Bl 
- 2. W U 

= „ I_-_jm T _ A + ( W + m) B"] 

(using E(-W) = -E(W)J 

= - f 2 (W) (1.38) 

Now from (1.37) 

(Using Equation 1.38) 
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VUwte f . (w) - - f (-W) (1,39) 

which i s the so called MacDowell symmetry. 

4» Mandelstam Representation. 

The fundamental p r i n c i p l e of the theory t o work with 
i s t h a t A, B are analy t i c functions of the variables s, t , 
and u except for s i n g u l a r i t i e s associated with the three 
channels, th a t i s , the boundary values of A and B describe 
the physical processes that can be obtained by any i n t e r ­
change of the legs of Fig. 1.3* 

According to Mandelstam-'-2 the amplitudes A- and B± 
(referred as A1, i = 1,2,3,4) have a representation of the 
form 

°"0 oO 
1 la- v ' 

»3 

C5 v (v- v r) 

f vw-t / 

(1.40) 
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We can w r i t e equation (1.40) as one dimensional 
representation at fixed s 

oil 

rv J — f \ J 

(1.41) 

&3 TV J s'-S 

(1.42) 
The double spectral functions /> are re a l and do not 
extend up to boundaries except asymptotically. Fig. 1.5 
shows the s , t f u diagram f o r y| P process. The shaded 
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p o r t i o n s showing the p h y s i c a l r e g i o n f o r the p a r t i c u l a r 
process i n d i c a t e d t h e r e . These are the non zero regions 
of the double s p e c t r a l f u n c t i o n s . 

/ 

/ 

LAI 

F i g . 1.5 

Now we can deduce t h e a n a l y t i c p r o p o r t i e s of t h e p a r t i a l 
wave amplitude, 
d e f i n i n g | 

A j ( s ) = j p ^ (x) A N s . t ( s , x ) , u(s,xjd?C (1.43) 

We get, using (1»41) 



-17-
i \ 

(1.44) 

where i n the 2nd term and the 4th term of the R.H.S. of(1«44) 
we have^placed u by the expression 

u = 2m2 + 2vc 2 - s + Z<V V ( 1 - ) 
/ 

here x = cos$ and q = cm. momentum as define d i n 
se c t i o n 1. 
5. S i n g u l a r i t i e s of A £ (s) 

(1) The denominators on the R.H.S. of equation (1.44) 

can vanish and thus give r i s e t o branch cuts. 

(2) 1 ( s , t ' ) and A 2
1 ( s , u ) have s i n g u l a r i t i e s of 

t h e i r own. 
Both A2

 1 and Â  1 have a. branch cut from 
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2 s s (m +^U-) t o ©6 i . e . i n W(= J"s )plane i t i s 

- O £ VO £ - ( * 

and ( m ^ ) ^ W ^ 
t h i s branch cut corresponds t o ph y s i c a l r e g ion f o r 
"Y\ - N s c a t t e r i n g i n s channel and would be c a l l e d 

"the p h y s i c a l c u t " . 
The 2nd i n t e g r a l f o r each term appears t o give a 

g 
branch cut f o r negative $• 
That a c t u a l l y t h i s i s not so can be shown i n the f o l l o w i n g 
way. 

The second terms of Ag and c o n t r i b u t e t o A^1 as 

^ , v- / 

i f the orders of the i n t e g r a t i o n are interchanged i n the 
/ ^ f < 

s , t , u i n t e g r a t i o n s and the v a r i a b l e of the 
i n t e g r a t i o n there a f t e r changed t o 

t = m + — s ~ u ^ n t n e 2nd i n t e g r a l 
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(where by) 

we get 
the c o n t r i b u t i o n of and t o A a s 

T * 

t h i s gives a term ( s ' -s) i n the numerator and hence 
cancels the e f f e c t of s i n the denominator. 
Next we consider the branch cuts i n the plane from the 
van i s h i n g of the denominator. 

( i ) Single nucleon term. ( I 

(1.45) 
(a) the f i r s t term has poles a t 

W = ± m i f f = 0 

(b) the 2nd term has a. branch cut f o r 
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as w e l l as from 0 t o \ ^ and 0 t o - \ *<J 
( i . e . along the whole v e r t i c a l a x i s ) 

( i i ) "crossed c u t " , denoting t h i s c o n t r i b u t i o n by 
(s) we have 

( 1 . 46) 
t h i s term has a. branch cut f o r 

- (m ) f W F (m ) 
also from - i oO t o + i oO 

( i i i ) W f l cut i n t channel 
i t is associated w i t h the s c a t t e r i n g i n t channel • 
i h i s cut i s from t = lyCto t = "K? 
which corresponds t o a. cut i n W plane along the c i r c l e 

\w| = (m 2 2 ) 1/2 

and also from - i *C t o + i *0 

Fig 1.6 shows i n d e t a i l the s i n g u l a r i t i e s of the p a r t i a l 
wave amplitude i n W plane 
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V 

r 7'. <r 

'/A 

r 7 * 0 t * V ) 

6v< £2 

Fig. 1.6 

6. Coulomb S c a t t e r i n g and Notations 

To take proper account of coulomb s c a t t e r i n g the 
amplitudes f-j^ and f 2 must be modified before c o n s t r u c t i n g 
the cross sections t h a t are t o be compared w i t h experiment • 

13 
To do t h i s we f o l l o w Roper e t a l . t o const r u c t coulomb 
amplitudes. 

We define spin f l i p and non s p i n f l i p amplitudes 
as 
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f = f-^ + f 2 cosfr 
g = f 2 (1^7 ) 

St­and we form modified amplitudes ^ 

"f(f)= f c ( 0 ) + f ( ) 

g ( 9 ) = ^ ( * ) + g( 6 ) 

f - (ty = f * ( © ) + F* (6> ) also 

i - ( e ) = g c
 1 ( & ) + g *-) 

(1.49) 

where +( - ) i n d i c a t e s f y + p (^- p) e l a s t i c s c a t t e r i n g 
and the s u b s c r i p t c denotes the coulomb c o n t r i b u t i o n . 

Now 

d ^ - * t . L i . o - V c ~ * * i » ; 

^ - 1 ^ - - ^ r - v J : ( 1 . 5 0 ) 

where f - ( $ ) v g_ " ( V ) are r e l a t i v i s t i c rem "rem 
electromagnetic amplitude t o the f i r s t order i n 

- <=/ ^ y ^ T J g i v e n b y 

I * c.E C.E "\ 

L f c = 0 g c = ° J 
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—- U r i © 

' ' ^ -L-W J 

( 1 . 5 1 ) 

where 
. 2 l / ? q =( p. + 1 ) pion t o t a l energy i n cm. o 

i n pion 
Q0 + p Q = t o t a l energy i n cm. system \ mass u n i t W 

^ = cm. s c a t t e r i n g angle 
Vf\ = nucleon mass i n terms of pion mass u n i t 

= 6 . 7 2 1 2 

R -- \=> »ov\ c- YVI r w o m o i V ^ . 

/^p = proton magnetic moment i n nucleon 
magnetons = 2.7275 

+ „ f 
f c o u l k ^ J , '» 3 " coul ( ) are non-

r e l a t i v i s t i c coulomb amplitudes c o r r e c t t o a l l orders i n 

^ -<^„J>L = © *~ ( 1 . 5 2 ) 
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and f i n a l l y f „ »..(&) ^ ' t o ^ * . (©) are n o n - r e l a t i v i s t i c 
coulomb amplitudes t o f i r s t order i n cX. 

< i l ^ « a e ) - o ( 1 # 5 3 ) 

the d i f f e r e n t i a l cross s e c t i o n of an unpolarised beam of 
pions i s f i n a l l y given by 

d i _ \f (q )1 + s i n 2 Q |g ( O) | 

and the p o l a r i z a t i o n p( Q ) produced i s 

P( & ) = a-^iK© V ( f ( 0 ) g~( ©* ) 

dj, 
d Â -

(1-54 ) 

(1.55 ) 

( g ( & ) i s the complex conjugate of g ( ) 

The t o t a l cross s e c t i o n data being coulomb cor r e c t e d , 
the t o t a l cross s e c t i o n w i l l be given by (using o p t i c a l 
theorem) 

(1.56) 

The above formulas were a c t u a l l y used t o c o n s t r u c t t o t a l 
cross s e c t i o n s , d i f f e r e n t i a l cross sections and the 
p o l a r i z a t i o n s to compare w i t h the experimental r e s u l t s . 



CHAPTER I I 

REGGE POLE FORMALISM 
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REGGE POLE FORMALISM 

I n t r o d u c t i o n ; 

I n t h i s chapter we s h a l l discuss the basic p r i n c i p l e s 
of Sommerfield Watson t r a n s f o r m a t i o n , Regge poles and the 
Khuri - m o d i f i c a t i o n t o Regge amplitude. We s h a l l also 
discuss b r i e f l y the idea of f i n i t e energy sum r u l e . 
To see how the t y p i c a l Regge pole c o n t r i b u t i o n i s obtained 
we s h a l l s t a r t w i t h spinless p a r t i c l e s . 

I n Chapter I I I we s h a l l generalise t h i s t o the case 
of £ pion - nucleon s c a t t e r i n g . 

1. A n a l y t i c a l c o n t i n u a t i o n i n complex plane. 

Now i n a n o n - r e l a t i v i s t i c s p inless example the 

s c a t t e r i n g amplitude can be w r i t t e n as 

(2.1) 
where a^ (s) i s the p a r t i a l wave amplitude, s i s the 
mandelstam v a r i a b l e as defined before. 

Aare Legendre polynomials and z = cos 9 , 
Q being the cm. angle. 

Now we can a n a l y t i c a l l y continue both ( a ^ (s) and P̂'." ( z ) } 
i n complex plane. 
For a^ (s) we do t h i s w i t h the help of Carlson's theorem 1^ 
i . e . we de f i n e an a n a l y t i c f u n c t i o n a( jl ,s) which s a t i s f i e s 
f o r some L 
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x - + \>4 i n t e g e r i ) a ( £ , s ) - a ^ ( a ) f 

i i ) a(£,s) = 0(e A l t l ) , <L—2> *o '*> KeO,L w i t h > ^ TT 

i i i ) a ( j L , s ) i s holomorphic i n Re £ L 

Now an a\J^ ,s) s a t i s f y i n g the above co n d i t i o n s c e r t a i n l y 
exists^-* f o r p o t e n t i a l s c a t t e r i n g problems and f o r those 
r e l a t i v i s t i c problems i n which rnandelstam r e p r e s e n t a t i o n 
i s s a t i s f i e d . 
From Carlson's theorem we know t h a t i f an a($, ,s) e x i s t s 
i t must be unique. Now given an a(/, ,s) s a t i s f y i n g ( i ) , 
( i i ) and ( i i i ) the summation i n Equation (2.1) can be 
changed i n t o a contour i n t e g r a l ^ 0 (with the help of 
Cauchy's theorem) 

f ( s , z) = L a ( l , s ) P ( i , - z ) d j L (2.2) 

t h e contour c^ i s shown i n Fig.(2.1) 

a. \ 

o 1 

\ 

F i g . (2..1) 
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c-̂  i s so chosen as t o include the p o s i t i v e integers and 
zero but t o avoid any s i n g u l a r i t i e s of a( j£ , s ) , the 
integrand has poles at each i n t e g e r Y\ due t o the vanishing 
of % \*t\SL a t X = n. 

Picking up the c o n t r i b u t i o n s of these poles, 
(the residue of a pole a t ^ = n i s 

w i t h the help of Cauchy's theorem, we get back equation ( 2 , 1 ) • 

Now we can deform c^ continuously i n t o countour Cg w i t h a 
l i n e p a r a l l e l t o the imaginary axis a t Re = 1>2 ana- a 

s e m i c i r c l e at »0 • 
Provided L 2 ^ L ( 1 / 2 ) no s i n g u l a r i t i e s of a(fl, s) 
w i l l be encountered i n t h i s displacement and Pj[ (z) has no 
s i n g u l a r i t i e s as a f u n c t i o n of yk f o r Re ^ *!> - 1/2 

\ . \ Hence 

C l C 2 
Again the p a r t i a l wave amplitude behaves a t large j( as 

f o l l o w s 1 7 «-\o=v0 
a, (s) f ( s ) 

where 
~\(^0 = l o g (z + - 1 ) I ( 2 . 3 ) 

t h i s behaviour of a. «. (s) and the f a c t t h a t >>\ 

i O 

enable us t o throw away the c o n t r i b u t i o n of the i n t e g r a l from 
the s e m i c i r c l e . 



Now i f we move the l i n e p a r a l l e l t o the imaginary axis 
towards l e f t i . e . when the r e l a t i o n L no longer 
holds the s i n g u l a r i t i e s of a^C , s) s h a l l appear w i t h i n 
the new contour c-j. 

Since 
. f o r la r g e z 

we can minimise the c o n t r i b u t i o n coming from the v e r t i c a l 
path of i n t e g r a t i o n by t a k i n g c^ as a l i n e p a r a l l e l t o 
the imaginary axis at Re = ~ ^ 2 a n c* a s e m i c i r c l e 
at cO • 
Assuming the s i n g u l a r i t i e s of a(£ ,s) thus encountered i n 
0^ are poles at % = ( s ) , w i t h residue ^ , ( s ) , i = 1,2 

So t h a t a ()?, S ) — (2 

vie can evaluate the i n t e g r a l i n (2.2) by covering the 
poles w i t h e x t r a loops i n c as shown i n Fig.2.2 

» 9 9-
- 3 - a . - i A 3 

i 
i 
i 
/ 
/ 

/ 

Fig. 2.2 
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H v o = v/v \ ^ r i f ^ - f c i , - - o i j 
J J ^ J >̂  o (2.5) 

2. Regge Poles 

The poles of a ( j[ , s) given by (2.4) are termed as 
"Regge poles". They were discovered mathematically i n 

l ft 
n o n - r e l a t i v i s t i c p o t e n t i a l s c a t t e r i n g . The c o n t r i b u t i o n 
of a. t y p i c a l Regge pole t o the s c a t t e r i n g amplitude i s , 
as can be seen from the 2nd term on ^ • & of Bqustion(2.5)> 

(2.6) 

We s h a l l see l a t e r t h a t the l i m i t z •—? «>0 i s most important 
i n high energy Regge amplitude. 

I n t h i s l i m i t P ( / , z ) ~ "2* f o r U oi^ - X/2 
Hence Regge poles w i t h Re ^ -V2 dominates over the 
background i n t e g r a l and the lead i n g Regge pole i . e . One 
w i t h the l a r g e s t Re o<l dominates o v e r a l l . 

For L(- -"72 P( ̂  ,z) "fc and the b.g. i n t e g r a l 
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becomes very small f o r large ~H. . 
19 

Mandelstarn showed t h a t equation (2.5) can be r e - s e t 
and the background i n t e g r a l term can be pushed f u r t h e r 
t o the l e f t by using iegendre f u n c t i o n of the 2nd kind 
QLOL"^) i»e. the Regge pole terms would have fjC^~^j? 

replaced by i-_>' a n d behave l i k e as before. 
For (U_«0~ V 2 e i t h e r ? j oh can be used but 
f o r cases i n which Q.^ £ -V2 on^y "&~*-\ form makes 
sense. 

20 
3. • Signature 

We generally expect a£ (s) t o have two d i f f e r e n t 
c o n t i n u a t i o n s i n complex Ji plane f o r L even or odd* so 
a© t o take care of the exchange forces which could make 
the dynamics of even and odd states d i f f e r we s p l i t f ( s,~t ) 
i n t o even and odd p a r t s . 
We define 

f+ (s,z) = £ ( 2 £ + 1) ± (s) P L (z) (2.7) 

and the actual amplitude 
f (s,z) = 1 / 2 • . £f +(s,z) + f + (s,-z) + f - (s,z) 

- f - ( s - z f \ (2.8) 

Thus we can see t h a t even part of f ( s , z ) equals t o 
the even p a r t of | + ( s , z ) and the odd p a r t of f ( s , z ) 
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e q u a l s t o t h e odd p a r t o f f _ ( s , z ) . The two a m p l i t u d e 

f + and f _ a re c a l l e d t h e even and o d d ' s i g n a t u r e ' a m p l i t u d e s , 

r e s p e c t i v e l y and t h e y w i l l have i n g e n e r a l q u i t e d i f f e r e n t 

Regge p o l e s a t = ^ ± ( s ) . 

The t s i g n d e f i n e t h e s i g n a t u r e o f t he t r a j e c t o r y ^ - . 

Now we make s e p a r a t e S.W. t r a n s f o r m a t i o n f o r even and odd 

p a r t s and recombine them t o g e t t h e c o n t r i b u t i o n o f a 

s i n g l e Regge p o l e a t I t o f ( s , z ) 

&<»;*n of, - ' (2.9) 

o r t a k i n g t h e l a r g e ^ b e h a v i o u r o f 

~~ ; K T \ ^ + ' °- ^ (2.10) 

where we have used p ^ ^ S t * ) ^ <* > " V-L. 

and \^ e. ^ t n e c h o i c e o f the phase 
21 ~ \ ^\ • v\«< 

i n t h i s case ( i . e . i n s t e a d o f e. ) 

i s t he one sugges ted by t h e a n a l y t i c i t y i n t h e upper h a l f 

o f t he complex u p l a n e . I f t h e r e a r e no exchange f o r c e s 

we g e t degene ra t e p a i r s o f Regge t r a j e c t o r i e s w i t h o p p o s i t e 

s i g n a t u r e s and g e t back E q u a t i o n ( 2 . 6 ) . 

Now suppose f o r some v a l u e s o f s say s = s D 

i s an I n t e g e r 
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We t h e n have i n t h e n e i g h b o u r h o o d o f s Q 

i \ K w*. C - C - r * * \ * } ^ + 'C V ) * " 
(2.11) 

so t h a t such a p o l e c o n t r i b u t i o n t o f ( z ) f o r s near 

s0 is 
d4 Lr>o) (2.12) 

and t h a t i f t h e p o l e i s o f even (odd) s i g n a t u r e and LOJ> 

i s even(odd) i n t e g e r 

f ( s , z ) ^ c o v i s t . 

s s 0 

b u t i f t h e p o l e i s o f wrong s i g n a t u r e t h e r e i s no s u c h 

t e r m , t h e z e r o i n t h e d e m i n a t o r i s compensated by t h e 

z e r o i n t h e numera to r coming f r o m £ l i ( - l ) L l ^ 

Hence when a Regge t r a j e c t o r y passes t h r o u g h an i n t e g e r 

i t g i v e s a c o n t r i b u t i o n t o t h e a m p l i t u d e l i k e a. bound 

s t a t e o f t h e c o r r e s p o n d i n g a n g u l a r momentum i f and o n l y 

i f t h e t r a j e c t o r y has t h e c o r r e c t s i g n a t u r e . 

4» Resonance and Bound S t a t e s . 

I f fo r"* £ » cX(s) goes t h r o u g h i n t e g e r v a l u e and 

has t h e a p p r o p r i a t e s i g n a t u r e i t w i l l l e a d t o a bound s t a t e 

i n t h e a m p l i t u d e w i t h t h e a n g u l a r momentum e q u a l t o t h e 

i n t e g e r v a l u e and a t t h a t c o r r e s p o n d i n g e n e r g y . 

On t h e o t h e r hand i f f o r 5 > S 0 i t passes c l o s e t o an 
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i n t e g e r i . e . i f say 

Rec<(s) = L + y f y ) ^ 1 

^vrv - C C ^ ^ ^ <• * ( 2 . 1 3 ) 

where L i s an i n t e g e r , y i s a f u n c t i o n o f s 

( 2 . 1 4 ) 

L e t Re o( ( s ^ ) = L ( 2 . 1 5 ) 

t h e n ^ ~ (s - s^) Re ' (s fc ) 

where (. * O = A * ' ° ^ 

and I rrW ~ I m o/(S R ) 

Hence f r o m ( 2 . 1 1 ) 

C 3 - f t r i 

E q u a t i o n ( 2 . 1 6 ) c o r r e s p o n d s t o a. B r e i t - W i g n e r 

resonance o f mass >T 1̂ a n d w i d t h 

( 2 . 1 7 ) 

'5«•' A s y m p t o t i c Regge b e h a v i o u r 

We have s a i d b e f o r e t h a t t he l i m i t cos 9 —>»o i s 

v e r y i m p o r t a n t i n Regge a n a l y s i s . We s h a l l see now why 

( 2 . 1 6 ) 
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t h i s i s s o . 

L e t u\8 c o n s i d e r h i g h ene rgy e q u a l mass s c a t t e r i n g 

a + b « > c + d 

where m g = = m c = (m denotes t h e mass) 

= m s a y . 

I f s , t , u a re t h e u s u a l Mandels tam v a r i a b l e s t h e n t 

r e p r e s e n t s t h e square o f t h e c e n t r e o f mass ene rgy i n 

t c h a n n e l a + c — * b + d 

u r e p r e s e n t s t h e square o f t he c m . energy i n u c h a n n e l 

a + d — b + c 

Now i t i s a lways p o s s i b l e t o f i n d a. s i n g l e i n v a r i a n t 

a m p l i t u d e w h i c h r e p r e s e n t s s , t and u c h a n n e l p r o c e s s e s , 

t h e i r p h y s i c a l r e g i o n s however c o r r e s p o n d t o d i f f e r e n t 

ranges o f s , t , and u . T h i s b e i n g d e m o n s t r a t e d c l e a r l y 

i n^Mande l s t am r e p r e s e n t a t i o n ( E q u a t i o n 1 . 4 0 ) 

Now f o r e q u a l mass s c a t t e r i n g i f and 0 v \ y 

i n c h a n n e l n (n = s , t , u ) OLA* o n . ^ ^ ^ **<k^~M 

t h e n 

s = 4 ( m 2 + q 2

s ) = - 2 a

 2 (1 + cos 0 T ) 
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t = 4 ( m 2 + q t

2 ) = - 2 q

 2 ( 1 - cos ) 

2 o ( 2 . 1 8 ) 
u = 4 ( n r + a ) = - 2 0 * ( 1 + cos & , ) 

where 
2 

cos g t = s - 2m + t / 2 

2m 2 - t / 2 
(2 .19) 

c o s f l u = 1 + £ ( 4 m - s • ^ 
2 

2 
i 
u - 4 m 

Hence t h e h i g h energy s m a l l a n g l e r e g i o n i n t he s c h a n n e l 

c o r r e s p o n d s i n t h e t c h a n n e l t o an u n p h y s i c a l r e g i o n w i t h 

l a r g e cos 0^ . and cos r e s p e c t i v e l y . 

So we can no d o u b t app ly t h e a s y m p t o t i c Regge b e h a v i o u r 

\ ^ C t ) ^ - ^ ( 2 . 2 0 ) i n b o t h t c h a n n e l and 

u c h a n n e l . 

B u t t h i s i s n o t so f o r unequa l mass s c a t t e r i n g , t h o u g h 

cos Q .̂ i s s t i l l l a r g e f o r h i g h energy f o r w a r d s c a t t e r i n g . 

The k i n e m a t i c l i m i t a t i o n s on Regge a s y m p t o t i c s have been 
22 

d i s c u s s e d by A t k i n s o n and Ba rge r . We s h a l l c o n f i n e 

our d i s c u s s i o n s t o t h e p i o n - n u c l e o n s c a t t e r i n g where 
m a = roc» % = m d D u t m a ^ w r i t i n g m g = = m, 

and mb = = ^U. we have i n t h i s case 

cos 9 t = (s + p t

2 + q t

2 ) / 2 p t q 
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w i t h 
2 2 ' 

p t - ( t - 4 m ) / 4 

o 2 , ( 2 . 2 1 ) 
= ( t - 4yK ) / 4 

more e x p l i c i t e l y 

cos $ t = 2 ( 4 S + 2 t - 4 ( m 2 + / U 2 ) ( 2 , 2 2 ) 

(t - 4 m

2 ) V 2 (t - 4 ^ 2 ) X / 2 

Hence t h e h i g h energy s m a l l ang le r e g i o n i n t h e s c h a n n e l 

s t i l l c o r r e s p o n d s i n t he t c h a n n e l t o an u n p h y s i c a l r e g i o n 

w i t h l a r g e cos $ t . 

B u t , as we s h a l l s ee , l i f e i s n o t so easy i n u c h a n n e l . 

The u c h a n n e l Regge a s y m p t o t i c b e h a v i o u r does n o t appear 

t o be an o b v i o u s f a c t . 

I n u c h a n n e l 

( 2 . 2 3 ) 

w h i c h g i v e s cos QH = - 1 when cos 0 = - 1 
s 

i . e . t h e e x a c t backward d i r e c t i o n i n s c h a n n e l g i v e s a. 

f i n i t e v a l u e o f cos Qu w h i c h i s n o t u n p h y s i c a l . A l s o 

c o s St*, i s bounded by u n i t y f o r a l l s i n t h e backward cone 

d e f i n e d b y 2 ^ 

0 _ M £ C - ^ ^ F ) 
-* • (2.24 ) 
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Hence t h e c o n v e n t i o n a l a s y m p t o t i c r e p r e s e n t a t i o n 

does n o t h o l d good i n t h i s r e g i o n . 

B u t i t has been shown by s e v e r a l a u t h o r s t h a t i f the Regge 

a s y m p t o t i c f o r m h o l d s nearby i t may be e s t a b l i s h e d a l s o 

i n t h e q u e s t i o n a b l e r e g i o n . 
2 4 

I n t h e case o f T \ 'N s c a t t e r i n g Freedman and Wang 

have shown t h a t h i g h energy a s y m p t o t i c Regge b e h a v i o u r 

h o l d s t h r o u g h o u t t h e backward r e g i o n . We s h a l l n o t go 

i n t o d e t a i l o f t h e i r a n a l y s i s ( e . g . d a u g h t e r t r a j e c t o r i e s 

e t c . ) b u t assume t h e i r r e s u l t s t o h o l d good i n t h e 

q u e s t i o n a b l e r e g i o n . 

6.!.' K h u r i m o d i f i c a t i o n . 

The o r i g i n a l Regge r e p r e s e n t a t i o n ( E q u a t i o n 2 . 5 ) was 

f ( s , z ) = V* ( a .U , s ) p ( ^ - z ) dji 

- H < StlillL fr. ( a ) p ( ^ . - z ) ( 2 . 2 

I n t h e l a s t s e c t i o n we d i s c u s s e d t h e h i g h energy b e h a v i o u r 

w i t h l a r g e v a l u e s o f z ( = c o s © ) i n t he channe l s i n w h i c h 

t h e background i n t e g r a l ( t he f i r s t t e r m on the r . h . s o f 

E q u a t i o n ( 2 . 2 5 ) ) was s m a l l compared t o t h e dominan t second 
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t e r m and hence c o u l d be n e g l e c t e d . A l so i n d e a l i n g 

w i t h l a r g e z b e h a v i o u r i t d i d n o t m a t t e r t h a t t he sum 

o v e r Regge p o l e s had a wrong c u t i n t he z p l ane ( t h e c u t 

i n p f c ^ - z ) s t a r t s a t z = 1 i n s t e a d o f t h e s t a r t i n g a t 

z 0 = 1 + **°/is ).ftW>$ftfeftof t h e Regge p o l e terms i n 

t h e second t e r m on the r . h . s . o f (2.25) does n o t have 

t h e c o r r e c t t h r e s h o l d b e h a v i o u r . 

These d e f i c i e n c i e s o f t h e o r i g i n a l Regge r e p r e s e n t a t i o n 
7 

were removed by K h u r i • 

I n t h e d i s c u s s i o n be low we f o l l o w K h u r i ' s method t o g e t 

t h e ' f u l l ' c o n t r i b u t i o n o f t he Regge p o l e w h i c h has g o t 

t he c o r r e c t b r a n c h p o i n t s i n complex z p l a n e . 

Now p u t t i n g > - = . £ - * - v / v , = - • < V i _ (2.25) can be 

w r i t t e n as 

-Coil 

Now °5 
l c , ^* .n>; / u ( 2 . 2 6 ) 

( 2 . 2 7 ) 
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Th e l a s t t e r m i s o b t a i n e d by u s i n g 

^ ~ c t f A v M s ; a > H ^ ( 2 > 2 7 ) h o l d s o n l y f o r _ ^ ^ ^ A V i ) 

Hence (2.2 6 ) can be w r i t t e n as 

^-t^\ . — - — . • v -

where 
v.* ° ° 

(2.28) 

^ ex 
(2.2 9) 

i t e x i s t s f o r a l l x . 

Now each t e r m i n t h e r . h . s . o f (2.2 5), when c o n t i n u e d 

t o u n p h y s i c a l o r complex v a l u e s o f z w i l l have a c u t 

s t a r t i n g a t z = . E v i d e n t l y some c a n c e l l a t i o n must 

o c c u r between t h e two t e rms i n t h e r e g i o n \ *r *~ c*rsV\"\ 

t o ensure t h a t t h e a m p l i t u d e has t h e c o r r e c t c u t w h i c h 

s t a r t s a t z = cos W"\ (cos = 1 + ^ ' y l s ). To see 

how i t happens we decompose B ( x , s , ) i n t o two p a r t s ^ 

(2.3 

n r \ , ^ I T C \ X 

( 2 . 3 1 ) 
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where _ „ o , 

Now f o r "X ^ ~\ we can w r i t e a. s i m p l e e x p r e s s i o n f o r B L>/ ^ 

I n f a c t u s i n g t h e r e s u l t t h a t 

a ( / , s ) ^ c ( s ) when.' ^ j —> «»0 

we can c l o s e t h e c o n t o u r i n ( 2 . 2 ) on the r i g h t and 

g e t B( k,<, ) = - £ ft ( s ) K = B 2 ( * s ) f o r k * " \ 
' (2 .32) 

To g e t (2 .32) we have used e q u a t i o n ( 2 . 2 7 ) , and changed 

t h e o r d e r o f i n t e g r a t i o n i n (2 .25) (we a l s o t o o k a ( > - v / L y s ) 

t o be meromorphic i n t h e r i g h t h a l f ^ p l a n e ) 

Now ( 2 . 2 8 ) can be w r i t t e n as 

• i t s ^ ) , £ £ v i —t ; Z 

(2.33) 
where 

H- J — \ e. e*v J 
s/V J — 

where - > f ~ V u (2.35) 

For Re *> ° i . e . f o r Re o^. ">- v 4_ R i ( s , z , <J ; ) i s 

t h e f u l l c o n t r i b u t i o n t o f ( s , z ) o f each Regge p o l e i n t he 
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r i g h t h a l f !X p l a n e . 

I f we denote t he f u l l Regge p o l e c o n t r i b u t i o n t o the 

a m p l i t u d e ( i n b o t h Re ^ j "> o and Re { < C cas.es) 

by R ( s , z , e(; )> t h e n f o r "P,-€ "<\ ,• > o , 

^ R e « ( ^ - V i ) , R ( s , z , ^ . ) = R i ( s , Z / ° < ; ) ( 2 . 3 6 ) 

Now i t can be shown t h a t t h e c u t s o f t h e two t e rms i n t h e 

r i g h t hand s i d e of (2. 34 ) c a n c e l each o t h e r (see Appendix 1) 

Case I I Re o 

The p r o p e r t i e s of a( £ , s ) f o r Re $ / - V 2 a r e more 

c o m p l i c a t e d t h a n t hose f o r Re Jt^ -^"/2. Bu t a c c o r d i n g 

t o Mandels tam f o r a sub c l a s s o f p o t e n t i a l s a{£ , s ) i s 

meromorphic f o r Re £ C" V2 and so f o r T ^ ^ ^ assuming 

t h a t b e h a v i o u r o f a( j£ , s ) we o b t a i n f r o m (2. 29 ) 

(2. 37) 

The sum r e p r e s e n t s t h e c o n t r i b u t i o n s o f a l l t h e p o l e s i n 

t h e s t r i p - L 4 Re 4 o . Assuming t h a t e x c l u d i n g t h e 

n e i g h b o u r h o o d o f t h e p o l e s , a ( X > s ) <r.(\Ctv\ / C !)) •<• 

we c l o s e t h e c o n t o u r f o r (2. 29) on t h e l e f t and g e t 

V - ->o"5 , ^ 7 ; ^ e> (2. 38) 

http://cas.es
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s u b s t i t u t i n g t h i s i n (2.23) we can i d e n t i f y t h e 

c o n t r i b u t i o n o f a l e f t hand Regge p o l e t o f ( s , z ) as 

i 

(2. 39) 

T h i s has a l s o t h e c o r r e c t c u t i n t h e z p l a n e . By 

v i r t u e o f (2.27) i t i s easy t o see t h a t the r e p r e s e n t a t i o n s 

(2.34) and (2.37) a r e i d e n t i c a l i n t he r e g i o n where 

- i 4 Re - > ; 4 V 2 

2 
A l s o t h e p a r t i a l wave a m p l i t u d e s o f R(s,z^e<, ' ) t u r n ; - ou t 

t o be same i n b o t h (2. 36 ) and (2. 23 ) r e p r e s e n t a t i o n s . 

We s h a l l show be low t h a t t he p a r t i a l wave a m p l i t u d e 

d e f i n e d by \ 

f £ ( s , « i ) = i ( z ) R ( s , z , o(x ) d t ( 2 . 4 0 ) 

i s g i v e n by 

A / - (2. 4 1 ) 

We s h a l l show i t f o r t h e case where Re > - V21 t h © 

p a r t i a l wave p r o j e c t i o n o f t he t e rm on t h e r . h . s . o f (2. 39 ) 

t h e n be c a l c u l a t e d e a s i l y f o l l o w i n g t h e same method . 

Now i n v e r t i n g (2. 27) we have ^ . ^ (<. '* v /O x 

(2. 42) 
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We f i r s t t a k e t h e p a r t i a l wave p r o j e c t i o n o f t h e 2nd 

t e r m o f t h e r . h . s . o f (2 .34 ) and c a l l i t ^ 

H e n c e . i \ ^ 
x ~ 4 ;«°' v 'u °" y ( 2 . 4 3 ) 

where we have used (2 .42 ) 

B u t " • * 

•>> (2 .44 ) 

We can w r i t e •? 0 

( 2 . 4 6 ) 

For t h e f i r s t i n t e g r a l on t h e r . h . s . o f (2.46 ) where 

t h r o u g h o u t t h e range o f i n t e g r a t i o n , we i n t e g r a t e over 

i n (2 .45 ) by c h o o s i n g t h e c o n t o u r on t h e l e f t h a l f ofJ(, 

p l a n e i n c l u d i n g t h e p o l e a t ^ = -j[ - 1 as shown i n 

F i g . (2 .5 (a) ) . For t h e second i n t e g r a l ^ we i n t e g r a t e 
» 

over by c h o o s i n g t h e c o n t o u r on t h e r i g h t h a l f o f % 

p l a n e i n c l u d i n g t h e p o l e a t JLf- £. ( F i g . 2 . 5 ( b ) ) 



F i g . 2 . 5 ( a ) 

t h u s 
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\ 

A 
/ 

F i g . 2 . 5 ( b ) 

(2.47) 

f (2. 43) 

Now l e t us t a k e t h e p . w . p r o j e c t i o n o f t h e f i r s t t e r m o f 

r . h . s . o f e q ( 2 . 34 ) and c a l l i t f g 2 

2- U t 0 P," 
t ^ r - ^ ^ f i W . - i - ' J (2- 49) 

u s i n g (2. 44 ) 
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( 2 . 50 ) 

f ( s » oC{ ) has t h e same a n a l y t i c p r o p e r t i e s as t he f u l l P.W. 

a m p l i t u d e f o r p h y s i c a l jt . A l s o f o r Re o d ' ) f l i t has 

t he c o r r e c t t h r e s h o l d b e h a v i o u r as s —> o. 

7'." F i n i t e energy sum r u l e * 

F i n i t e energy sum r u l e s f o l l o w f r o m t h e c o n s i s t e n c y 

imposed by a n a l y t i c i t y on f u n c t i o n s t h a t can be expanded 

a t h i g h e n e r g i e s say as a. sum o f Regge p o l e s . 

The d e r i v a t i o n o f sum r u l e s i s as f o l l o w s . I f t h e r e i s 

an a n a l y t i c f u n c t i o n f ( s ) s a t i s f y i n g a d i s p e r s i o n r e l a t i o n 

* ( 2 . 5 1 ) 

and s u b j e c t t o t h e a s y m p t o t i c bound , f o r s —^ 

t h e n i t must s a t i s f y t h e c o n d i t i o n 

^> =- o (2. 52 ) 

( I f we m u l t i p l y b o t h s i d e s o f (2. 51 ) by 6̂ and t a k e 

t h e l i m i t s - i o O , we g e t (2. 52 ) 

Now i f f ( s ) r e p r e s e n t s t h e s c a t t e r i n g a m p l i t u d e f o r some 

process and f ( s ) can be r e p r e s e n t e d by t h e Regge e x p a n s i o n 

a t a f i x e d momentum t r a n s f e r "t" 
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V ( / 0 ^ f c L L ^ 7 * / » ^ (2 .53) 

t h e n t h e f o l l o w i n g f i n i t e energy sum r u l e f o l l o w s f r o m 

( 2 . 51 ) ( u s i n g Canchy ' s t heo rem) <fct!L 

a (2.54) 

Thus F . E . S . R . p r o v i d e s a. l i n k between t h e low energy and 

t h e a s y m p t o t i c h i g h energy r e g i o n s o f a s c a t t e r i n g p r o c e s s . 

28 
Some a u t h o r s used t h i s l i n k t o d e t e r m i n e pa ramete r s o f 
t h e s c h a n n e l resonances f r o m t h e i n f o r m a t i o n abou t t h e 

29 

Regge t e rms i n f e r r e d f r o m h i g h energy d a t a . Othe r s 

used t h e l o w energy d a t a a l o n e as an i n p u t t o p r e d i c t t he 

exchanged Regge p o l e p a r a m e t e r s . Bu t i t i s o b v i o u s t h a t 

a f i n i t e s e t o f resonances w h i c h we may w r i t e as a B.W. f o r m 

4 -
v ^ - t \ ^ ; t ( 2 . 5 5 ) 

w i l l n o t g i v e a Regge a s y m p t o t i c b e h a v i o u r , b u t r a t h e r a 

f i x e d p o l e b e h a v i o u r a t h i g h energy and on the o t h e r hand 

a Regge a m p l i t u d e , such as ( 2 . 5 3 ) w i l l n o t g i v e s channe l 

p o l e s as u s u a l l y a s s o c i a t e d w i t h r e s o n a n c e s . Only an 

i n f i n i t e number o f s c h a n n e l resonances y i e l d an a s y m p t o t i c 

Regge b e h a v i o u r a t l a r g e s and o n l y an i n f i n i t e s e t o f 

Regge t r a j e c t o r i e s may l e a d t o a second shee t p o l e . 

N e v e r t h e l e s s some a u t h o r s ^ 0 have p roposed t h a t t h e 

two d e s c r i p t i o n s have a l a r g e o v e r l a p so t h a t many f e a t u r e s 

r e a d i l y i n t e r p r e t e d i n te rms o f Regge p o l e s exchange can a l s o 
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be analysed as cumulative e f f e c t of d i r e c t channel 
resonances and conversely the properties usually associated 
with resonance dominance can be interpreted as due to 
relations among Regge t r a j e c t o r i e s (such as exchange 
degeneracy)• 

B . D u a l i t y and Veneziano model 

Following the same arguements just mentioned, one 
may introduce the idea of duality between the resonance and 
Regge pole description of hadron c o l l i s i o n s . The so called 
average or l o c a l d u a l i t y implies that the Regge amplitude 
when extrapolated down to low energy region gives the average 
behaviour of the experimentally observed cross sections as d 
functions of energy. 

Duality i n a s t r i c t e r sense ( l o c a l or strong d u a l i t y ) 
means that Regge poles inferred from high energy data already 
contain a l l d i r e c t channel resonances and hence when projected 
out give r i s e to p a r t i a l wave amplitudes, which generate 
loops i n argond diagram, which correspond to the physical 

31 
resonances^ • Hence supporters of strong du a l i t y seriously 
object to the idea of interference model , which writes the 
amplitude as the sum of Regge plus resonance amplitudej 

f = fRegge + f res. (2.56 ) 
as double counting. 

32 
Several authors have discussed about the possible connection 
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between the loops (Schmid loops) generated by Regge 
amplitude and legitimate resonances i n s channel. 
In the l a s t chapter we sh a l l remark ahout the relevance 
of l o c a l d u a l i t y w i t h respect to the results we obtained. 

However one can say that there i s not yet agreement 
i n how f a r du a l i t y can be used, since no precise d e f i n i t a t i o n 
f o r i t i s yet available. 

33 
Recently Venezia.no has proposed a model f o r 

invariant amplitudes which offers solutions e x h i b i t i n g 
d u a l i t y properties. I t incorporates crossing symmetry, 
resonance behaviour i n the narrow width approximation and 
asymptotic Regge behaviour f o r r i s i n g l i n e a r t r a j e c t o r i e s 
and automatically s a t i s f i e s the usual f i n i t e energy sum 
r u l e . Veneziano amplitude f o r say iF-fl scattering i s 
of the form 

(2 . 57 ) 

where x and y label the t r a j e c t o r i e s exchanged i n the s 
and t channel respectively. 
The amplitude ( 2 . 57 ) has no double poles since each pole 
should correspond to a p a r t i c l e . 
When w r i t t e n i n terms of Legendre polynomial i t w i l l 
correspond to a sum of parent and daughter contributions. 

http://Venezia.no
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The main drawback of Veneziano model i s i t s inconsistency 
with u n i t a r i t y . I f one introduces an analytic structure 
compatible with u n i t a r i t y , f o r ex, introducing non l i n e a r 
t r a j e c t o r y , ,^ 

which preserves crossing symmetry, one also introduces 
ancestors since the residue at one pole w i l l no longer be 
a polynomial i n the crossed variable. 

Much work has been done using a leading Venezia.no 
term, to explore i t s application i n hadron scattering. 
I t i s clear that any f i n i t e set of resonance widths can 
be f i t t e d with a. f i n i t e number of Veneziano terms and that 
an i n f i n i t e set can also be f i t t e d so long as the required 
i n f i n i t e sum of Veneziano terms preserve the Regge behaviour 
of the in d i v i d u a l term. Almost a l l applications of Venezia.no 
model however have been i n pion - pion scattering (or i n t e r ­
actions which can be treated on the same footing as the 
pion - pion sc a t t e r i n g ) . Extension of Veneziano model i n 
scattering introduces some problems because of spin. 
However simple Veneziano type form (taking more than one 
term) has been explored by a few au t h o r s ^ i n the case of 
scattering .The r e s u l t i s far from conclusive. 

The model i t s e l f , nevertheless, provides scopes for 

http://Venezia.no
http://Venezia.no
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f u r t h e r i n t e r e s t i n g investigations i n many cases 
including that of pion - nucleon scattering. 



CHAPTER I I I 

REGGE POLES IN PION-NUCLEON SCATTERING 
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REGGE POLE IN PION-NUCLEON SCATTERING 

Introduction: 
In t h i s chapter we s h a l l present the form of the 

exact Regge amplitude f o r pion-nucleon scattering i n 
d i r e c t channel, there by deriving u channel Regge amplitudes. 
We s h a l l also obtain the t channel Regge amplitudes. 

1 . We wri t e the t o t a l amplitude F(s,t,u) as 
F (s,t,u) F D(s,t,u) F(s,t.u) R (3.1) 

where F^ represents the Regge amplitude. 
We can s p l i t up F R i n to two parts 

F R(s,t,u) = F t ( s , t ) + F u(s,u) 

F t and F u being the Regge pole contributions from t 
channel and u channel respectively. We s t a r t with 
the p a r t i a l wave expansions of the amplitudes f ] _ and f 

3 Y l 1 4 

(3 .2 ) 
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One can check that these equations are i d e n t i c a l with 
those i n ( I . 3 6 ) 

where 

a 

J 
a 

+ 

(3 .3 ) 

2 2 2 
•2. = cosfl = 1 + (2m + 2̂ . k - s - u ) / 2g (3 .4 ) 

The quantities i n the 2nd term on the r.h.s. of (3*4) are 
the same as defined i n Chapter I . 

Now i f we make an S.W. transformation of (3*2) i n 
terms of even (J = 1/2t 5 /2 , 9 / 2 . . . ) and odd (J = 3 /2 , 

7 / 2 . . . . ) J par i t y and use the superscripts e and 
for odd and even respectively to a ̂  , we get, following 
V. Singh 3 5 

1 / 

As 

A 5 
/ 

A) 

(3 .5 ) 
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e,4> 
where a- (J, (~$ ) are the an a l y t i c a l continuation of 
Je. «b 
a +

 T i n the complex J plane, obtained i n the same manner 
as discussed i n Chapter I I . Now we straighten out the 
contour C to go along the imaginary axis and we get f o r a 
t y p i c a l fermion Regge pole at J = o( ( f$ ) with signature 
V = (-DJ~ and p a r i t y P = Ul) A + 1 

- i 

(3.6) 

where P ' ± ( ~£ ) ̂  P ̂  + l/2» ^ J ^ i s a scale factor, 

E = ( s + m2 - K 2 ) M l 

a + or - according t o whether JL = J + V2 o? 
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J - Vz 
Upper sign i n the argument of Ô and £ i s f o r X*p = - 1 

while the lower sign i s to be taken f o r "̂ P = + 1 } 

also we have made use of Macdowells symmetry (1.39>) viz 
(J, Jl ) — (J, - f s ) 

so that f o r every pole i n a.̂ (J,J*S ) there i s a pole i n 
a -y (J> )> also w e have 

f 2 ( 41 ,u) = - f ^ - J7, f u) (3 .7 ) 

and hence knowing f-^ one can obtain f 2 . 

^ ( -Ts ) i s the residue of the pole and defined by 

(3 .8 ) 

Here |^( H ) i s so defined as to avoid any kinematic 
s i n g u l a r i t y . 

2. U channel Regge Amplitude 

Since u channel i n ]\ N scattering i s the crossed s 
channel, the Regge pole formalism i n u channel i s similar 
to that of s channel. 

w*+ p <rr-± a*+ p ^ * n v — * n~ + p 
p'«v s u 

IW P ; — > ^ P * * TT+P —"TV* +P 
s * u 
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and the C.E. process 

s fc—* u 
u We define amplitudes f-^ (^u,s) f ^ (*u,s) as follows 

(3 .9 ) 

Now i n (3 .6 ) replacing I~£ by and neglecting the 
background i n t e g r a l , we get the contribution to the 

u 
amplitude f-, ( Jv,, S ) for a fermion pole i n u channel 
w i t h signature •£ = (-1) U , Parity P = ( - 1 ) < + 1 as 

\ ^ v l * f * ) - L ? ' . + f f c tr^Xjl 

N
 L V i ^ ) ^ 1 *>v<'^>^ > J 

(3.10) 

where z i n ( 3 .6 ) i s replaced by 2 u> the cosine of the 
scattering angle i n u channel. 

, u - - (a -m2 . f? • 2 . ' / 2 q
2 (J.U) 

2 2 u u 
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2 q = cm. momentum i n u channel u 

= (u - 2 m2 - 2 yK2 + (m2 - 2 / u ) / ^ | (3.12) 

and U ^ ) , tSf^L I 
where E u = (u + m2 - / U

 2 ) / ( 2 ) (3.H) 
* / 

The upper sign i n the arguments of o£ and ^ i n the 
r.h.s. of (3.10) i s to be taken for Q? = - 1 and the 
lower sign for £P = + 1 . 

From the crossing of s and u channels (see Appendix I I ) 
we get 

_t ^ t < T s _ ^ i.jL 1 

(3.15) 

where f-^ ( vTs , u) denotes the contribution to the 
amplitude f ^ ( u) as defined i n (1 .31) from u channel 
only. 
Using the Macdowell symmetry^ f-^[ .-J^ s) = - f 2 ( - s) 
we obtain from (3 .10) and (3-15) 
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art a I -fv» 9 
I -

0>S>j 

we took / - ^ C-.,^ 

(3.16) 

Also we have used 
(3.17) 

Up-) 

— -c f *-"u (3.18) 
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/ 

neglecting the term with ] y 2 (-z), which i s small 
compared with P ̂  + l / ^ (-z) we get 3° 

f ^ j ^ J ^ v ^ C ( t \ . - t . i f - ' y ) . ^ ; 

(3 .19) 

Now i f we assume that the asymptotic behaviour of Legendre 
functions f o r large values of the argument holdfcin t h i s 
case, we have 

Now the factor ^(y.+ v/u) produces zeroes at ^= -V 2, - 3 / 2 .e 
and ( o( +1) has unphysical poles at = - 1 , - 2 . 

which must be cancelled by £ . We define, following 
Berger and Cline^ 1 a reduced residue function ^ Lv^^ a s 
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follows 

(3.21) 
replacing P (>/V) i n (3.19) with the help of the equation (3.21) 
and using (3*20)we get 

(3.22) 
We kept only one sign i n the argument of Y and f 
because the formula (3«^2) i s v a l i d both f o r poles at 
U[fi) = J and = J 

Now i n pion - nucleon scattering three t r a j e c t o r i e s can 
be exchanged ( v i z . N ̂  , N^ and 4̂ " ) i n the backward 
region. We took only N^ and which proved 

39 _ 
s u f f i c i e n t t o explain high energy backward \\ N 

scattering. 

Parameterization of °^ and V 

A linea r parameterization f o r c^^$ produces a 
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dip i n "̂*" P backward scattering at high energy at about 
u = - 1.8. No such dip was observed i n the experimental 
data^^. So l i k e Barger and C l i n e ^ we took nonlinear 
t r a jectories both for ̂\ j-and N̂  f or negative values of u. 
We actually chose to take 

v+ 4 ; u w ' (3.23) 
In addition (J»^ was constrained t o pass through 
values of V 2 and ?/2 at v/^ = 1.236 and 1.946 respectively I 

i n order to guarantee the well established ^ ^ ( 1 2 3 6 ) 

and 4 ^"(1946) resonances. 0/^ (>f\*) was s i m i l a r l y 
constrained to pass through 1/2 and 5/2 at <fw=- - O.939 

and -I . 6 9 2 respectively because of the nucleon and the 
(1692), resonances 
The residue functions Y , ,C^w) were taken to be 

r J u \ n ol * -Vu ( 3' 2 4 ) 

a ^ - */ ^ 

we writ e further 

/ 

of the form 

and [ 
Y ̂  ^ 
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where U e i s defined by ^ ( T̂vltf )= 2. Both residues of 
an exponjj:ial type and those represented by polynomial 
expressions were investigated and solutions obtained. 
In continuation to lower energies the polynomial expressions 
appeared to be superior and we f i n a l l y employed the forms 

(3 .25) 

In the f i t s we constrained the -\\ residue parameters by 
requiring that 

YN<~ 0.939) = iB g 2 

K =-0.939 
(3 . 26 ) 

where g i s the renormalised coupling constant. 
We f i t t e d the l a t e s t d a t a ^ available (at the time the 
work was being done) with P 5.9 GeV/c and £~h o 

GeV . The parameters were obtained f i r s t by f i t t i n g 
the near backward H+ P data alone, a f t e r which they were 
held f i x e d and the parameters obtained by f i t t i n g the 
near backward "U+ -+P data. 
The f i n a l f i t s t o the data are shown i n f i g s 2(a-c) and 
the \j and t r a j e c t o r i e s predicted are shown i n f i g s 
3a and 3b. 
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The values obtained f o r the independent parameters are 
shown i n t a b l e 3» 

TABLE 3 
i 

= 0.187 e ^ o ; = 0.366 
dl = 0.539 GeV"4 = 0 .044 GeV"^ 

6. 

« A . 0.087 GeV"6 ^ = 0.005 GeV"6 

= 2.278 jnJo 1/2 fr'ii = 293.2 /U1/2 

2.642 GeV-1 G e V - 1 

-1.662 GeV"2 ^ ='0.159 GeV - 1 

3. ' t ' channel amplitudes 

The Regge poles i n t channel are dominant i n the 
high energy forward e l a s t i c pion-nucleon s c a t t e r i n g . 

We s h a l l derive the c o n t r i b u t i o n s of t channel 
Regge poles to the f u l l amplitude f ( s , z ) by making 
use of the f a c t t h a t A(s,t,u) and B ( s , t , u ) | the amplitudes 
defined i n (1.10) are i n v a r i a n t . 
Hence we make p a r t i a l wave decomposition of A B i 
( as defined i n ( 1 . 2 5 ) ) i n t channel as f o l l o w s 
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(3.27) 

where P t, q t and c o s ^ t are the same as defined i n (2.21) 

and the amplitudes f + -J are r e l a t e d t o t h e p a r t i a l 

wave amplitudes i n the f o l l o w i n g wajA^ 

{3 
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The sums over J run through J = 0,2,4.... f o r A+ and B + 

( i . e . \ = 0 i n t channel) and J = 1,3*• f o r A", B" 

( n = i ) 
+ J 

One can avoid the f i x e d branch p o i n t s of f ~ {kj at 
+ J 

J = 0 and J = - 1 by using a new amplitude f n " defined 
by 

± ( J ) r l y \ 1 { J ) 

' L f e l f i 1 / 2 f . ( 3 ' 3 0 ) 

: J 

Then we consider the a n a l y t i c a l c o n t i n u a t i o n of f and 
+ (J) - ' (J) 

f instead of f i n the complex J plane, 
n - + 

Using equation (3*28) 

U ) (±) 
f = B J - l B J + 1 
n-

16 -H ( p ^ J - l 

Using Mandelstam representations f o r , B~ we can 

w r i t e the f i x e d energy d i s p e r s i o n r e l a t i o n s of t h e 

( 3 . 3 D 

(3.32) 



+ 
Now A~ = 

J 
- i 
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I 
j dx A-(s,/|i,i) Pj( ) 

Using (3.32) 

Interchanging the order of i n t e g r a t i o n and w r i t i n g 

5 ' - I M t v t e ^ 

since 

3 ^ °V*V- I * ^ 3 ^ -Mtn 
S i m i l a r l y 

(3.33) 

To d e r i v e (3.33) we have used the crossing r e l a t i o n s v i z 
Ai (S,fc/i ) = t A - ( u , s , t ) and B*( ) = ? B(u,s,t) 
and the f a c t t h a t when s —> u cos g> - cos which 
explains the term ( - 1 ) J i n (3.33) ( PJ(-cos ) = ( - 1 ) J P(cos$. ) 
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Hence the crossing r e l a t i o n s imply t h a t 

f o r J even A j ~ = B j + = 0 

f o r J odd A T
+ = B " = 0 

d J 
Now from equation (3*33) we can see t h a t apart from the 

I + ( T ) + ( J ) f a c t o r (1 - (-1) ) f ' w ' , f w " ' define a n a l y t i c 
+ 

c o n t i n u a t i o n s which are s u i t a b l e f o r Sommerfield - Watson 
t r a n s forma t i on. 
Thus as i n Chapter I I we def i n e the even and odd J p a r i t y 
c o n t i n u a t i o n s by r e p l a c i n g (-1)^ by + 1 \for J = even) and 
-1 (^J = odd) 
This makes the odd J p a r i t y c o n t i n u a t i o n f o r 1 = 0 and 
the even J p a r i t y c o n t i n u a t i o n f o r I = \ vanish i d e n t i c a l l y , 
So only one of the J p a r i t y c o n t i n u a t i o n f o r each i s o s p i n 
amplitude i s non zero. 
Now we Reggeise the amplitudes A and B. 
Following Singh-^ and subsequent authors we def i n e an 
amplitude 

A / = A+ V4m B 
1 - V4m 2 (3.34) 

where 6D = (s - m2 - = t h e p i o n l a b o r a t o r y energy. 
2m 
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From (3»27) A can be c a l c u l a t e d 

^ 5 r ^ r (3.35) 

as i n Chapter I I we can make anS.W. tr a n s f o r m a t i o n 
and w r i t e 

i*)5 

as usual deforming the contour so as to include Regge poles 
and assuming t h a t high energy forward s c a t t e r i n g ( i . e . f o r 
large cos Q ̂  values) i s dominated by t channel Regge poles 
we get f o r a t y p i c a l t channel Regge pole 

v 

(3.37) 
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where and are Regge t r a j e c t o r i e s t h a t are most 
important f o r the i s o s p i n zero T\ + — > N + N channel 
and f o r the i s o s p i n one ft N + \J channel r e s p e c t i v e l y . 
The residues ..|? + ( t ) , ^ _ ( t ) are defined by 

(3.38) 

-For high energy, cos $ t i s larg e and we can use the 
Regge asymptotic behaviour 

P. (z) z < 

Since 

f o r s 1 cos § , s - m2 -yfc,2 2m 6Q _ 

where &d i s the pion V.<vV» -ca­
using the property of Ikegendre f u n c t i o n s 

we can w r i t e (3-37) as 
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- / U ) \ ' r . , J . ^ " V *** ^0 "\ 

+ + - — 
where c~ and D- are l i n e a r l y r e l a t e d t o b+ and b-
r e s p e c t i v e l y and Ĝb i s a. scale f a c t o r which we choose 
t o be equal to 1 GeV. 
I n case of H N s c a t t e r i n g the c o n t r i b u t i o n of each t 
channel Regge pole i t o A / and B i s taken t o be 

( I j v" 

where the + sign i n the f i r s t b r a c k e t of the r.h.s. of 
Equation (3«^1) i s t o be taken f o r 1 = 0 poles and the -
sign f o r 1 = 1 poles. 
We assume t h a t the usual P, P and ~\ Regge poles are 
adequate t o describe the high energy forward s c a t t e r i n g 
data f o r the three processes t l - P ^ H +- P and 
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VT% P — * n"+w The works of previous authors 
have established t h a t t h i s i s perhaps the minimum number 

poles are r e t a i n e d p r e d i c t s zero p o l a r i z a t i o n i n the 
charge exchange process a t high energy. Experimentally 
p o l a r i z a t i o n i s observed and t h i s has been explained i n 
various ways, f o r example the c o n t r i b u t i o n of another 
1 = 1 t r a j e c t o r y can be added t o the amplitude or the 
e f f e c t may be due t o cuts or the background c o n t r i b u t i o n s 
from the background i n t e g r a l . ^ 

We s l i g h t l y improved our f i t s t o the high energy pion 
nucleon s c a t t e r i n g data by t a k i n g the f i r s t of t h e 
p r e s c r i p t i o n s mentioned above. The over a l l f i t s d i d n ' t 
change much even a f t e r adding the extra. 1 = 1 pole 
though i t gave the c o r r e c t p o l a r i z a t i o n i n the charge 
exchange process a t high energy. 
The P, p ' a n d ^ poles c o n t r i b u t e t o the amplitude A 
as f o l l o w s (and s i m i l a r f o r B) 

needed. But a. model i n which only P, P and <f Regge 

9 

(3.42) 
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For the residue f u n c t i o n s G^(t) D^(t) we took the 
parametric f o r m s ^ 

(3.43) 

Also f o r ^? we took 

D ; s. e V (3.44) 

where Y. contains zeroes f o r unphysical ( and non̂ >evv«,e 
values^of ^ i . e . =-l , - 2 y -and f o r a ghost s t a t e at 

^ = 0 .We a c t u a l l y took 

k ' 

V , ' _ ^ - V l . (3.45) 
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We took the t r a j e c t o r i e s t o be l i n e a r i n t 

^ i ( t ) = a± + b i t 
The data we f i t t e d i n order t o obtain the t channel 
Regge poles was t h a t f o r pion lab en ^u^V 5*9 GeV/c and 
f o r \ t | *z 1 GeV and can be found i n Ref .44« 

We f i r s t f i t t e d the charge exchange data alone i n order t o 
a s c e r t a i n the ̂  (and also""*7 ' ) parameters. Then we f i t t e d 

"f" 17— 1 

a l l the f\ *• P and \[ - P high energy data t o f i x P, and P 
parameters• 
The best f i t t o the data i s shown i n f i g l ( a - f ) . 
The values of the parameters'*are l i s t e d i n Table 4o 

TABLE 4 

T r a j e c t o r y a b _2 . C n c, C_ D_ D-ĵ  
(GeV)" 2 

P 1.02 0.00 6.52 2.78 - 9«44 6.37 

P .78 1.4 13.66 .72 - 9.85 9*98 

-577 .95 1.38 .211 15*527 27 .50 .217 

16.06 

a b -2 
(GeV) (mS° 

GeV) 
C l 
(GeV-2) 

C D 2 0 
(mb) 

1.02 0.00 6.52 2.78 9.44 
.78 1.4 13.66 .72 9.85 
.577 .95 1.38 .211 15.527 27 .50 

- .404 1.435 -2.097 .106 124.97 

^We got another set of s o l u t i o n s which was r u l e d out on 
the grounds t h a t i t f a i l e d t o s a t i s f y the f i n i t e energy sum 
ru l e s of the type proposed by Barger and P h i l l i p s . ^ 



CHAPTER IV 

DIRECT CHANNEL AMPLITUDE. 
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PARAMETERISATION OF DIRECT CHANNEL AMPLITUDE 

Introduc t i o n : 

I n t h i s chapter we s h a l l discuss the parameterisation 
of Fp(s,t, u ) . As mentioned e a r l i e r , two ways of parameter­
i s a t i o n Fp(s,t u) were attempted; one based on the modified 
Regge pole i n s channel and the other being a power series 
expansion i n cos w i t h energy dependent c o e f f i c i e n t s • 
Both the methods would be described i n d e t a i l i n the 
f o l l o w i n g . 

1. Modified Regge pole method. 

I n t h i s case F ( s , t , u ) was taken to be the d i r e c t 
channel Regge pole c o n t r i b u t i o n w i t h Khuri m o d i f i c a t i o n 
as discussed i n Chapter I I . 

For the sake of convenience we r e w r i t e equation (3«6) 

which i s a. t y p i c a l Regge pole c o n t r i b u t i o n i n s channel at 
J — 1 / ? 

J = <JS ,T£ ) w i t h signature = (-1) and p a r i t y 
p . (-D'+ 1 



P 
where we have replaced dcf^ f ^ and E g f y are 
same as defined i n Chapter I I I * Also as before we get 

f 2
? ( sfs'.'k ) = - f ! P ( - J i , u) (4.2) 

by MacDowell symmetry* 
P P 

Now l e t us d e f i n e amplitudes , as f o l l o w s 

F X
P ( Js,u) = f 1

P ( J"s",u) + 2 f / ( Js,u) (4.3) 

P P _ P _ 
F 2 ( /s,u) - i f i ( /s.u) + f ( J l , u ) (4.4) 

(4.5) 
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We need c a l c u l a t e only ( s,u) i n terms o f J s and 
P P -z and we get back both f ^ ( /S,u) and ?2 ( / s» u) a s f o l l o w s 

k «On.,*) - f 0 / c i u - 0 
(4.6) 

Now using (4.1)i (4«3) and the w e l l known Legendre 
formula^ 

(4»7) 

We get i 
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We can see t h a t the l a s t two terms i n (4.8) have cuts 
+ 

i n the complex z plane s t a r t i n g a t z = - 1. But we 
know t h a t the c o r r e c t thresholds i n the z plane are 
given by 

z = c o s h ^ , = 1 + 2/K/q ->R.H. cut 
z = - cosO = - [ (s-m 2 - 2w 2)/2 a

2-3^L.H. cut 
> 2 L 7 q (4.9) 

Hence there must be c a n c e l l a t i o n of cuts between the f i r s t 
two terms and the l a s t two terms i n (4*8) i n the r e g i o n 
1 A z ^ cos V\ and - cos \\$z ^ - 1 . 
We apply Khuri's method t o get t h i s c a n c e l l a t i o n , which 
has been shown i n the s p i n l e s s case i n Chapter I I . 
Khuri's method i n essence i s t o replace P ^ ( z ) by T\ (^ »z) 
and P (-z) by C)i -z) i n the l a s t two terms of (4.8) 
and thus these transformed versions of the l a s t two terms 
w i l l represent the modified Regge re p r e s e n t a t i o n w i t h 
c o r r e c t c u t s , whence T\ ( ̂  z) and \[ ( J)t y -z) are defined 

(4.10) 
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t This can be seen from equation ( 2 .34 )» the r . h . s . 

being p r o p o r t i o n a l to \̂ (-z) J 

P 
Now we w r i t e F-̂  ( |~s,u) as t h i s f u l l "Regge pole 

c o n t r i b u t i o n " i n s channel to the exact amplitude 
p 

F ^ ( s , t , u ) as f o l l o w s . (F ( J~s,u) i * t thftaca.se r e p r e s e n t s 
p 

the amplitude F^ ( s , t , u ) mentioned e a r l i e r ) . 

(4.11) 

where ^ F oLL-^^) ^ ^ = oC C ̂  J \ ) 

and , A u\<< ~v»-

"5 

(4.12) 

We define the p a r t i a l wave amplitude L ::' T \ ^ z ) a s 

\ ,1 

(4.13) 

We can evaluate the i n t e g r a l i n (4*13) as i n Chapter I I 

(see S e c t i o n 6: of Chapter I I ) and see that 

(4-14) 

http://thftaca.se
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Now by d e f i n a t i o n 

(4.15) 

Using (4.13) 

^ i 

vr\(^A»/u) (4*16) 

The l a s t equation i s obtained as fo l l o w s 

Hence from (4.11) and (4.16) we f i n a l l y obtain 

" - v * 

(4.17) 



-79-

where 

(4.18) 

2. P a r a m e t e r i s a t i o n of Regge f u n c t i o n s . 

Now the problem i s to f i n d s u i t a b l e form for P and 

The t h r e s h o l d behaviour of^vv*^ i s 

(4.19) 
Also i n Pion nucleon s c a t t e r i n g we can exchange 4 d^ty 

t r a j e c t o r i e s both i n s and u channels. A l l the known 

resonances seem to l i e on these three (or p o s s i b l y more), 
6 

Regge t r a j e c t o r i e s . We give a l i s t of these resonances 

together with the pre d i c t e d higher resonances on those 

t r a j e c t o r i e s , as 

TABI£ 5 

Resonances S p i n - p a r i t y Width(BeV) E l a s t i c i t y 
(mass i n MeV) (from phase s h i f t s ) 

^£(1236) ( 3 / 2 ) + .12 1.0 

4£(1924) (7/2)* .17 .50 

Ag (2450) ( l l / 2 ) + .28 

A&(2840) ( 15/2) + .40 

4& (3220) ( 1 9 / 2 ) + .44 
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Resonances S p i n - p a r i t y W i d t h ( B e V ) E l a s t i c i t y 
(mass i n MeV) (from phase s h i f t s ) 

( 938) ( l / 2 ) + - -
(1688) ( 5/2) + .10 .66 

(2220) ( 9/2) + .20 -
(2610) (13/2)+ .30 mm 

(1512) ( 3 / 2 ) - .12 .50 

(2210) ( 7 / 2 ) - .24 -
(2640) (11/2)" .40 -
(3020) (15/2)- .40 -
(3350) (19/2)" .10 -

I n Table 5 the s p i n p a r i t y assignments are based on the 

Chew-FrakLtschi p l o t of Regge r e c u r r e n c e s . 

The t r a j e c t o r i e s Ree^-are f i x e d by f i t t i n g the high 

backward data, with proper c o n s t r a i n s . W"e parameterise 

Im O ^ N and ^. i n the f o l l o w i n g way. 

<!.0 *v, 

p u s ) = e ; S u r s ) 

C (4.21) 



(4.22) 

(4.23) 
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With the following c o n s t r a i n t s (see Appendix I I I ) 
( I ) (.J\> - ^ J * ^ \ 

( i i ) (£y ^ n J V T ^ _ ^ \ 

at resonance p o s i t i o n , M being the mass of the resonance 
R 

and the upper and lower s i g n being f o r A and • N ^ t r a j e c t o r y 

r e s p e c t i v e l y . 

We c o n s t r a i n the 4 f a n d N ̂  t r a j e c t o r i e s to pass 

through the resonances ( 4 ^ ( 1 2 3 6 ) # 4 ^ ( 1 9 2 4 ) ) f o r 

and ( (938), N ( l 6 8 8 ) J f o r N^ t r a j e c t o r y . 

Now d e f i n i n g 

^F^Vl^Sl, V + C V
£ (4.24) 

and 

S ^ f ^ i _ J ^ J " - - fc^. 
t vfiTu t C f

L 
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where J " £ 4 - , , vfi,- L_ are the f i r s t two resonance p o s i t i o n s 

on the t r a j e c t o r y , 

and 

tv 

t, _ 2 i - ¥ l \ 
U " w c f X-.^'u ^ 1 Jk,-,, (4.25) 

being the widths of the resonances; we get 

a f t e r some a l g e b i ^ c a l manipulations 

where 

Y\ <: » / r 

(4.26) 

(4.27) 
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so t h a t only four parameters out of s i x i n (4.20) are 

v a r i e d . The remaining being determined from the c o n s t r a i n t s 

(4.26). 

F i r s t we attempted to f i t a l l 'ft + P data from 2 to 

5 GeV/c allow i n g only 4 ^ t r a j e c t o r y to be exchanged i n 

s channel. 

The f i t was not very s u c c e s s f u l , f o r though the forward 

and backward d i r e c t i o n d a t a were f i t t e d w e l l , the predicted 

c r o s s s e c t i o n s apart from those regions were very s m a l l 

compared w i t h r a t h e r large experimental r e s u l t s . 

This c l e a r l y demonstrates the f a c t t h a t the simple model 

of one t r a j e c t o r y exchange i n s channel can't e x p l a i n 

pion-nucleon s c a t t e r i n g i n the intermediate energy region. 

There may be two or more t r a j e c t o r i e s which are involved 

implying the presence of resonance s t r u c t u r e s i n many 

higher order angular momentum s t a t e s . But unless we get 

at l e a s t a rough idea, about the p a r t i a l waves for large JL 

i n t h i s region i t w i l l be d i f f i c u l t t o decide which t r a j e c t ­

o r i e s to be exchanged i n s channel. C l e a r l y , f o r t h i s , 

Phase s h i f t a n a l y s i s i s necessary i n t h i s region. But as 

we mentioned e a r l i e r conventional phase s h i f t a n a l y s i s 

becomes i n c r e a s i n g l y d i f f i c u l t i n t h i s energy r e g i o n . 

Hence we t r i e d the a l t e r n a t i v e approach i n which we 

simply expressed F p ( s , t , u ) as a polynomial i n z with energy 
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dependent c o e f f i c i e n t s which were parameterised without 

u s i n g any d e t a i l e d dynamical model. We d i s c u s s t h i s 

approach i n the f o l l o w i n g . 

3. The Parametric form of F p ( s , t , u) 

I n t h i s work we assumed that F p ( s , t , u ) can be 

parameterieed i n the form ^ 

where z = cos and the c u t - o f f parameter |̂  i s t o be 

s e l e c t e d to give the best f i t to the data. I t proved 

more convenient i n p r a c t i c e to parameterise the amplitudes 
P 

f-^ and i n t h i s f a s h i o n . The parametric forms f i y * X > 

( I denoting the i s o s p i n ) f i n a l l y adopted were as follows 

T = 3/2 amplitudes 

ft* ^ 1 - I *v.,CS, j u V , ^ = Z ^W*><» 

(4.30) 
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^ ft 

and a l s o 

, M v ^ J > J ^ 

(4.31) 

_T = 1/2 amplitude 

(4.32) 



-86-

(Kwvt^)jAare of the same form as i n (4.31) 

The parameters used i n c o n s t r u c t i n g R n ( z ) / S were 

cons t r a i n e d so t h a t R ^ ( z ) / give s m a l l c o n t r i b u t i o n s to 

the forward and backward regions, •• • hence the number of 

parameters a c t u a l l y v a r i e d was much l e s s than what appears 

i n the equations above. 

The v a l u e s of the parameters appearing i n equations 

as found i n the b e s t f i t to the data are l i s t e d i n 

Appendix IV. 

4» F i t to the data. 

Using the formulas described i n the previous s e c t i o n 

and holding the Regge pole parameters f i x e d a t those values 

determined from high energy f i t ^ oJe f i r s t f i t t e d a l l the 

a v a i l a b l e 1\-P data, i n the laboratory momentum range 2 - 5 

GeV/c to get the T= 3/2 parameters. 
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Then T = 3/2 parameters were held a t these f i x e d 

v a l u e s and a l l the a v a i l a b l e R'-P and C. E. data were 

f i t t e d to get T = -*-/2 parameters. 

The d e t a i l s of the f i t s are described i n the f o l l o w i n g 

(the data i s l i s t e d under Reference 4-6) • 
„ 2 

1) P Here our best f i t gave a normalised '7L of 

1.2 when 48 parameters were u t i l i s e d . The b e s t f i t to 

the data i s shown i n f i g s . 4 ( a , ..m). 

The f i t s to the observed experimental data i s quite 

good o v e r a l l . S p e c i a l l y the comparatively recent data, of 

Busza. et a l . are explained very w e l l by t h i s f i t . 

A n o r m a l i s a t i o n e r r o r of s/. was allowed f o r a l l 

the data and i n some cases i t was necessary to i n c r e a s e 

the quoted experimental e r r o r s beyond t h i s . T h i s was 

p a r t i c u l a r l y true f o r the data a t 2.0 GeV/c, where two 

independent groups have obtained r e s u l t s which are i n 

r a t h e r poor agreement with each other at c e r t a i n points 

The only s e r i o u s discrepancy between the f i t t e d curve 

and the data l i e s i n the f a c t t h a t a t a. number of energies 

i n the range 2 - 3 GeV/c the p r e d i c t e d cross s e c t i o n s show 

a s u b s t a n t i a l dip near the backward d i r e c t i o n , which the 

data does e x h i b i t t o some extent. The dip i s very w e l l 

e s t a b l i s h e d i n the data of J . Banaigs et a l . from 2.85 to 

3.55 GeV/c but the 2.7 GeV/c data of C o f f i n et a l . shows 

no dip i n t h i s region. This i s by f a r the most s e r i o u s 
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ca.se and at other energies only the o c c a s i o n a l data 

d i s a g r e e i n g with the predicted c r o s s s e c t i o n near the 

region of the backward dip. 

2) fl~-P and charge exchanges. \\ -P d i f f e r e n t i a l c r o s s 

s e c t i o n has got even more s t r u c t u r e s than K+P* Our f i t 

e x p l a i n s a l l the s t r u c t u r e s v i z bumps and dips i n the large 

angular region. 

Much more data were a v a i l a b l e i n t h i s case and the 

parametric f i t was very s e n s i t i v e due to the presence of 

charge exchange and quite a good p o l a r i z a t i o n data. 

Here a l s o the p r e d i c t e d c r o s s s e c t i o n show a dip 

near the backward region i n the energy range 2 to 3 GeV/c. 

The dip i s present i n the data near 2 GeV/c region but 

here again a t near 2.8 GeV/c the dip i s present i n the 

data of Banaigs e t a l . (at 2.85 and 3.55 GeV/c), but the 

data of C o f f i n e t a l . are r a t h e r i n c o n s i s t e n t with the 

data of Banaigs et a l . near the backward region and i t 

i s not very c l e a r whether i t i s present i n the data of 

Busza e t a l . due to r a t h e r l a r g e experimental e r r o r i n 

t h e i r data near 180°. 

The o v e r a l l f i t i s quite e x c e l l e n t i n c l u d i n g t h a t 

of T T - P p o l a r i z a t i o n but that of K.E. i n t h e energy 

region 2.27 to 2.5 i s not so good, though i t shows 

the main feature of the data that were a v a i l a b l e . 

The r e p r e s e n t a t i v e s e l e c t i o n of the best f i t to 

http://ca.se
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the data i s shown i n f i g s . 7 (a, ) y ) , ̂  ( f S 0 ^ 

5. Phase s h i f t s . 

We define the phase s h i f t 6^ and the e l a s t i c i t y 

parameter 1̂  i n the u s u a l way by 

^ £ 

One way to parameterise the amplitude A* + = q f 1 
JL 

i n low energy phase s h i f t a n a l y s i s i s to w r i t e i t as a. 

sum of resonance and non resonance amplitudes. 

and then parameterise t as polynomials i n 

momentum. 

In some other works' the a n a l y t i c p r o p e r t i e s of the 

p a r t i a l wave s c a t t e r i n g amplitude were f u l l y u t i l i s e d . 

\\ - N phase s h i f t a n a l y s i s has been done by s e v e r a l 

groups i n the energy regions which extend up to 2 GeV . 

We i n v e s t i g a t e d phase s h i f t s and e l a s t i c i t i e s over the 

laboratory momentum range 1.8 to 5.0 GeV/c and ,J[ £ 16: . 

We e x h i b i t our r e s u l t s for J* £ 6 i n f i g u r e s and give 

a l l the numbers f o r X - \6 (the phase s h i f t s f o r Ji"?, i 6 

are very s m a l l and s t r u c t u r e l e s s ) i n Appendix V. 
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Since phase s h i f t s , at the lower end of the energy-

region we i n v e s t i g a t e d , already e x i s t , we compared our 

r e s u l t s with those. We f i n d t h a t although the present 

r e s u l t s agree with those i n t h e i r main f e a t u r e s * there 

are some q u a n t i t a t i v e disagreements. 

The p o s i t i o n s of p o s s i b l e resonances i n the range 

2.0 to 5.0 GeV/c are i n d i c a t e d on the f i g s . 6(a-g) and 

10(a-g) and i n Table £. 

*(0ur S ^ , S.^ phase s h i f t parameters are/\diff e r e n t ) 

TABLE & 

T = */ 2 resonances 

P o s i t i o n (W i n GeV) P a r t i a l 
Wave 

Associated Regge 
t r a j e c t o r y . 

2.1 

2.2 

2.2 

2.4 

2.4 

2.6 

s 3 1 
D33 

D35 
F35 
H3 11 

P 

Daughter of A ^ ( 7 ) 

Degenerate w i t h 

A (b (P = - X- + > 
V (P = + I = + ) 
& £ ( p = + I - - ) 

3 3 Daughter of ^ ( ? ^ 

Here A £ i s the e s t a b l i s h e d Regge t r a j e c t o r y through 

£.(1236) and A (1940) and the e x i s t e n c e of H^ t 11 

i s a l s o confirmed. » » \, 
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Also ^ C> ̂ oL a r e t n e t r a j e c t o r i e s considered by 

Crit t e n d e n e t a . l . ^ and whose lowest mass s t a t e s are 

supposed t o be 

4 (1630, 1 / 2 - ) , 4(1930, 1 / 2 +) r e s p e c t i v e l y . 4 9 

T = 1/2 resonances. 

P o s i t i o n (W i n GeV) P a r t i a l Associated Regge 
Wave t r a j e c t o r y . 

2.16 G 1 ? Y (P = - I = -) 

2.1 G 1 9 t / ( s ( P = - r = + ) 

2.59 H l j 9 Daughter of ̂ ( P = +^ ^ 

2.2 P n Daughter of W (P = + 

2.16 F 1 5 ^ ^ (p = + r = +) 
2.52 S n ? 

Among the above mentioned T = "V2 resonances G'-̂y i s w e l l 

e s t a b l i s h e d . 

I n view of the la r g e background a t these energies 

i t i s d i f f i c u l t to i d e n t i f y a resonance, and Table % 

must be considered as a. l i s t of p o s s i b i l i t i e s . For the 

same reason no attempt has been made to estimate the widths 

and e l a s t i c i t i e s of these t e n t a t i v e resonances. 
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5-PI. Resonances 

We consider resonances as poles in the scattering amplitude on the 

f i r s t unphysical sheet above the elastic threshold. I t i s worth noting 

that only poles that are allowed on the physical sheet are the bound 

state poles which occur on the positive real axis below the lowest 

tlireshold. (Poles on the real axis above threshold violate unitarity). 

Now l e t us consider a resonance of spin l associated with a second 

sheet pole at the position p which i s denoted by = - i y where 

y i s real and positive. 

To consider the physical effect of this pole l e t us expand the 

function &C4) defined by 

= Cfc-^) 0.̂ 06) (SA.l) 

(Cl^(S) i s the partial wave amplitude as defined'in 2.1) i n a power 

series about the pole position A= & 

4 U ) = 4r(S ) + (S - S ) £'(S_) + .... (BA.2) 

This series converges in the c i r c l e centred on S and passing through 
P 

the next nearest singularity of OL^S). Now i f we assume that for small 

Y # U ) c : £ ( , & ) near £ = ^S n 

then 

which i s the Breit-Wigner form of a resonance with width T = y/Vs^. 
Now i f we define the phase shift 6̂  and for ela s t i c i t y parameter 

>7 by 



then. 

* t(S) = n £ e l i 6 * - l 
* 2 iq 

f qRe a,(S) , ^ A ) 

So the narrow Breit-Wigner resonance of (SA.3) corresponds to the phase 
shift increasing rapidly through A/2 (for elasticity >.5) or through 
0 (for elasiticty <-5) as increases through Ŝ . 

In our model poles in P^Sjt) term can only appear in ̂ ^ ( S ) as 
defined in (4.31), the second sheet poles that were found in ^^(S) 
indicated possible resonance positions and then each partial wave was 
examined for possible resonance behaviour in the Argand diagram. The 
resonances found in this way are listed in Table 6. 
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6. Conclusion: 

In our work we found that i n order to get a. good f i t 
t o the pion - nucleon scattering data from 2 to 5 GeV/c, 
some higher resonance terms are needed along side with the 
large Regge background from t and u channels. 

Regge amplitude alone can explain at least q u a l i t a t i v e l y 
the forward and backward peaks i n the energy region mentioned 
above, but very prominent structures such as dips and bumps 
i n large angular region i n the d i f f e r e n t i a l cross section 

y/V as a function of cos $ imply the presence of 
some high spin resonances i n th i s region* Moreover these 
resonance terms are contained i n Fp(z) term, which i s the 
difference between the exact amplitude and the Regge 
amplitude. Hence our model is very much consistent w i t h 
generalised interference model as opposed to the duality 
model discussed i n Chapter I I (strong d u a l i t y ) . 

I t w i l l be rather i n t e r e s t i n g to see whether f i n i t e 
energy sum rule i s w e l l s a t i s f i e d using our results for 
the phase s h i f t s from 2 to 5 GeV/c together with the already 
existent phase s h i f t s up to 2 GeV/c. (Assuming of course 
that the Regge behaviour sets i n above about 5 GeV/c). 
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Appendix I 

I t w i l l be shown here that R^(s,Z| oC i ) as defined 
i n (2.34) has no r i g h t hand cut i n the region 14- z < cosl\^ 
for the case Re *C i > o 
We have from (2.34) 

J H r\ ̂  ; " ' 

(A.I . 1 ) 

We s h a l l show that 
^R( s,z, = 0 

Now A P ^ (-z) 

3 s ; - ^ A 

(A, 1.2) 
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Hence 

(M.3) 

Using the i n t e g r a l representation for Legendre function 

» a A- ^ } - v -~- <=U ? > i 

we have 

where a = cos k z 
Next we deal with the i n t e g r a l terms i n ( A l . l ) . 
Denoting the i n t e g r a l by I we have 

k'1 



( i n t e g r a t i n g by parts) M (A.I.5) 

Hence 

r A ( JL t i ^ i r O \ " c N AJ(A.I.6) 

We use 

and we get from (A.1.6) 

j • " ' C\ K. 

(from (A.I.4)) 

and f i n a l l y we have 
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Appendix I I 

Crossing, 

The invarient amplitude T (see equation 1,10) 

is of the formj 

T = -A + ^ ( Y• & ) Z ( A . I I . l ) 

Now under crossing i . e . s <-> u A, B change as 
follows 

A(s,u,t) < =» A(u,s,t) 
(A. I I , 2) 

B(s,u,t) <—* - B(u,s,t) 

(The amplitude B changes sign due to the fac t fchat 
( Ql ) changes sign under crossing ( Y £? ) ( Y-fc^ 

(A.II.3 ) 

Now from (1.30) we can write 

\ (A.II . 4 ) 
, R J — - vA^-) ^ - r - v s : ^ 
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and 

(A . I I . 5 ) 

where v » 

Hence from A.II . 3 i A.II.4 and A.II . 5 > we can w r i t e 

(A. II.6) 

solving these two equations f o r f 1 ( 4 \ ) and f 2 ( A, ̂  ) 
we get (3 .15) . 
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Appendix I I I 

We s h a l l show here how the relations between a. 
Regge t r a j e c t o r y and resonance parameters are obtained 
at a resonance point. 

From (4*8) neglecting the i n t e g r a l terms we get, 
for a t r a j e c t o r y J^i^b ) exchanged i n s channel with 
residue ^ ( >Ts ) signature T and pa r i t y P 

- C P 

( A . I I I . l ) 

For A. ̂  t r a j e c t o r y P = +1, 71 = -1 and the resonances 
occur at Re<^A = 3/2, 7/2,... 
Hence at those points neglecting the 2nd term on r.h.s. 
of A.III.1 we get 

(A.m.2) 

o/ = ^ C >J"0 
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But at resonance point R-e<̂ ( J\ ) = T = + V2 

hence 
A - ^ (A. I I I . 3) 

For t r a j e c t o r y 

P - + 1, 1 = + 1 

(A.III.4) 

here the resonances occur at 

So we get (assuming ( ) to be very small 
near resonance position compared with Re p< ( )) 

V^j — - . 
(A.m.5) 

But near resonance position we can writ e °* as 

assuming varies only slowly 5* 

also U * O CT- £ s i m i l a r l y f o r ' " 

^ O^-*t ) 0 r + fe- s i m i l a r l y f o r , '-̂  / ' " ' 
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hence 

(A.III.6) 

where , AU+^A 

But using Breight-Wigner form, a resonance on ^ & 
traj e c t o r y i s of the form 

\ 

(A.m.7) 

Where W = comparing (A.III.6) with (A. I I I . 7 ) 

we get T j ' _ ^ < _ 
- ^ - ( A . I I I . g ) 

and ^<jL _ _ 

" i yL ' V ( A . I I I . 9 ) 

Writing \*\?V) = - <* ( <V) ̂  i n ( A . I I I . 9 ) 

we obtain 

^ f U n (A . I I I . 1 0 ) 
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Similarly f o r N< t r a j e c t o r y we get 

(Here o( 

From B.W. formula. 

r - - l — f 

comparing ( A . I I I . 1 2 ) and ( A . I I I . 1 3 ) 

a J - J; * '/> 
3 v~ * - v (A. i l l , 14) 

K - r V ) , — w - — - y 



Appendix IV 

The values of the T = parameters appearing i n equation 4*32 
found from the best f i t to the data. 

A B C A' B' c 
0 .327 -.225 0.327 -.222 0.238 D = 2.585 
1 .435 .409 .0508 .435 .221 0.0001 D t = 2.585 
2 - .389 1.681 0.0 - .389 1.198 -3.333 

3 -.349 .591 -.6118 -.349 .779 0.0 
4 .0623 -1.456 0.0 .062 -.977 4.999 

5 - -1.0 .886 mm -.10 M| 

v n - l m m m m m m m \ V o( f> y 5 e A n 'n n n n n n n 

i .147 .243 .107 1.0 •5.708 -6.928 62.117 62.333 
2 0.0 .4817 .37 0.0 0.0 1.0 -9.307 23.976 
3 -1.233 -2.561 -1.233 1.0 -8.207 16.046 4.966 55.145 
4 .031 .364 .262 0.0 1.0 .12.307 51.896 • -71.928 

\n=2 

A 
i - .3862 -1.97 - - 1.0 -1,46 5.738 
2 - .5573 -3-246 - - 1,0 -13.0 44.0 
3 - .2804 .042 - mm 1.0 1.1 -0.083 
4 — 545 .427 Ml 1.0 13.0 44-0 



Appendix IV , continued. 

n =3 

m 

1 - 0 . 9 5.454 1 .0 -12.12 39.77 

2 0.0 9.0 1.0 -12.12 39.77 

3 0 .061 -3.636 1.0 -12.12 39.77 

4 0.0 -1.518 1.0 -12.12 39.77 

\ n=4 

m \ 

1 -0.0975 .458 1.0 -9.405 22.609 

2 -0.0107 0.0335 - 1.0 -9 .405 22.409 

3 -0.0072 0.0338 1,0 -9 .405 22 .409 

4 -0.037 0.059 1.0 -9.405 22.409 

x = * 
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o O to 

to rH 
• - • • • • cv 1 . 1 

to CV 

rH vO 
-3" o o O 
• • • • 1 o o 

1 1 1 1 

li 
G 

CV 



(0 

> •p 

>«! •H 
•H x: 
T3 CO 
C 
CD a> 
P tn 
o x: 

CM 

I*. 

H 

PL, 

a , 

CO 

4 , 

I N 

- 9 
CD > 

CD 
CL, ~ | 

CM 

o 
• 

CM 

vO 
rH 
• • cv 
1 • 1 

vO p~\ 
vO 
• • 

vO 
« • -4 
1 1 

CV <*\ 
vO vO 
• • 

O 
• • o o 

rH rH 
1 1 

o- to 
vO 

• • 
-4" 
O to 
• • CM 
1 1 

H ITS 

• • 

CM 
• • -4 rH rH 

1 

-4" -4-
*> m 

to o-
rH 

• • O -
rH CM 

vO -4 
rH rH 
• • 

-4 
-4 

CM 

O 

I 

CM 
vO 

t>-
* 

-4 
I 

-4 
vO 

-4 
m 

o 
i 

vO 
vO 

• 

I 

\ 0 
vO 

I 

to 
CM 

to 

CM 
to 

-4 

CM 

CM 

to 
O 
vO 
I 

CM 

O 

-4 l 
vO 
vO 

o 
I 

-4 
vO 

O 
CM 

• 
-4 
I 

to 

O-

to 

CM 

-4 
CM 

-4 to 

CM 

to 
vO 

-4 
to 
I 

-4 
o 
I 

rH 
vO 

o 

EN 
rH 
I 

CM 
to 

CM 

rH 

-4 
vO 
to 

PA 

-4 
CM 

to 
CM 

rH 

-4 
I 

to 

I 

to 
r r \ • 
-4 
I 

O 

-4 
1>-

cv 

-4 
• 

CM 
CM 

to 
• 

to 
to 
vO 
CM 

UA 

CM 

• 

1 

• 

CM 

• -4 
1 

to 

• 
PA 

• O 
rH 

| t 
-4" \ i • I 
CM 

o 

t CM 
• 

-4 A 
1 X 

O I /d 
o 

to 
• 

to (• 
rH 
1 . * 

o 
PA 

• II 

i 
-4 
• 

9-
O 
rH 
O 
rH +-

o 
CM 

-4 
-4 

ON 

O 
CM 



u 

T3 
CO 
C 
•H 
-P 
C 
O 

O 

>«! 
•H 
T3 
a 
a) 
a 
a <: 

0 

CD > 
rH Q) 

o-
ON 

CJN 

to 

O 
to 
CN. 

-CO 
to 

en 

UN 

O 

UN 
to 

irN 
ON 

CN 
O 

vO 
CO 

vO 
-4" 

vO 

i—I 
I 

rH 

CV 

CV 
CV 

o 
rH 
1 

CV 

CN 

to 

to 
CV 

-4 

-4-

o 
vO 

l^N 

cv 

ITN 

ON 

ON 

vO 
-4-

rH 
to 

\ 0 
to 

OfN. 
IN 

CN 

CN. 

ON 

CN. 
to 

• 

cv 

at 

UN 
C * \ 

ON 

CV 
ITS 

ON 

vO 

r*N. 
v O 

r*N 

O 

CV 
ON 

rH 

ON 

vO 
iH 

O 
ON 

cv 

cv 

o 

-4" 
o 
cv 
I 

cv 

CV cv 
cv 
cv 

CN 

cv cv 



to 

I 

o 
to 
I 

cv 

to 

rH 

vO 

to 
I l 

to 

CV 

I 

IfN 

L . 

fa 

vO 
O 

I 

to 
vO 

vO 
trN. 
I 

to 
\ 0 

cv 
-4 

I 

vO 

to 
rH 

« 
I 

cv o 
cv 
I 

\ 0 
NO 

cv 

o 

a 

to cv 

cv 

cv 

-4 
to 
CV 

ON 
-4 

ITS • 
CN 
rH 
I 

-4 

vO 
CV 
• 

-4 
rH 
I 

-4 

O 
o 
-4 
rH 
I 

CV 
-4 

rH 

4 ) • 

to 

I I 

o 

cv 

ITS 

ITN 

cv 
cv 

LfN 

O 
vO 

to 
-4 

P - , 

* - 0 

o 

cv 

CTN, 
• 

rH 
I 

cv 

• 
ON 
rH 
1 

NO 

cv 
• 

o 
cv 
I 

m 
cv 

cv 

CV 

o 
rH 

CV 
cv 
I 

cv 

o-

LfN 

rH 

O 

•H 
ITS 

ON 

£ N 
rH 
CV CV cv 

o 
cv 

to 

ON 
cv 
rH 
o 

-4 
CV 

CV 

ON 

I 

ITN 
• 

CV 
I 

ITS 
NO 
o 
cv 

CO -4 
rH 

CV 
rH rH 

. > 
CD Q) cv 

to 
CV 

ON 

cv 
o cv 



OA 
OA CM 

O 
rH 

I 
O 

O 
I 

OA 
O 

NO 
o 

vO UA -d 
ON 

OA 
ON 

CM 
ON 

rH 
ON 

'0 

OA 

OA 

CM 
ON 

CM 
ON 

• 
OA 

o 
ON 

OA 
O 

to 
to 

NO 
o 

to 

o 
-4-

to 

vO 
to 

« 
OA 

OA 
to 

rH 
3G 

u '0 rH 

to 
to 

NO 

to 

UA 
o 

NO 
to 

UA 
to 

ON 
CM 

UA 
to 

to 
-4 

UA 
to 

ON 
OA 

OA 

OA 

OA 

CM 

ON 

CM 

rH 

OA 

CM 

O 

OA 
ON 

ON 
NO 

-4" 

ON 
NO 

ON 

(D 

•H 
•P 
c o o 

ON 
o 
• 

CM 
I 

to 
NO 

CM 
CM 
I 

CM 

to 
NO 

- d 
OA 

CM 
I 

to o • 
OA 

I 
ON 
NO 

CM 
-4 

• 
CM 
I 

OA 
-4 
OA 
I 

ON 
NO 

-4-• 
CM 
I 

O EN • 
OA 
I 

o 
IN 

UA 

CM 
I 

UA 
ON 

* 
OA 
I 

UA 
UA 

CM 
I 

X 
•H 

c 0 
ft 
a, 

> 
rH a 
OH — 

CM 

CM 

CM 

to 
a 

CM 

CM 1N 

ON 

CM 

OA 
IN 

o 
OA 

-4 IN 

OA 

UA IN 

CM 



UN 

u \ 

CN 

Q 

OH 

CO 

-SNl 

> 
CD CO 

rH O 
OH — 

CV ON 
o O 
• • o O rH rH 
1 1 

vO vO 
UN UN 
• m 

ON 
CN CV 
• • CV 
1 

CV 
1 

o- UN 
vO 

• • 

UN 
rH 

• • -4 
rH 

rH rH 

• • 
CV o-
vO cv 

• • 1 1 

-4 
-4 

• • 
. CN 

CN -4 
• • cv rH 

cv CV 
1 1 

O o 
rH cv 
• • 

-4- to 
• • CN o rH rH 

-4 w\ 
rH rH 
• • 

o rH 
cv . HA 
• • UN 

rH rH 
1 1 

o o 
rH cv 

• • 

-+ 
• • CN 

ON 

o 
o 
rH 
I 

vO 

O 
r<~\ • 
CV 

-4 

o 
UN 

• 
r*N. 
rH 
I 

CV 
-4 

sp 

o I 

CN 

o 
cv 
I 

cv 

to 

to 

CN 
vO 

cv 

ON 
o 

UN 

f*N 

• 
CV 
I 

cv 
vO 

<TN 
ON 

• 
CV 
rH I 

CV 
-4 

CN 
-4 

IN 
CV 

• 
ON 
rH 
1 

rH 
CV 

UN 

to 

cv o 
-4 
rH 
I 

cv 

IN 
O 

• 
o 
rH I 
o 
UN 

to 
CN 

CV 

vO 

UN 

CV 
rH 
I 

r*N 
-4 

-4 
CV 

C*N. 
-4 

UN 

• 
to 
rH 
1 

rH 
CV 

UN 
o 
UN 

ON 

UN 

r<N 
rH 
I 

cv 
cv 

\ 0 o 
« 

o 
rH 
I 

vO 
UN 

CV 
-4 
• 

CV 
I 

o 

UN 
o 
CV 

CN 
-4 

CV 
CN. 

-4 

-4 
UN 

IN 
rH 
I 

CV 
cv 

to 

O 
CV 

-4" 
O 

• 
CN. 
rH 
I 

CV 
cv 

vO 
CN 

IN 
CN 

to ON 



OA 
C\! 
CM 

OA 
OA 

UA 
- 4 

vO 
UA 

to o 
to 

to 
to 
to IN 

to 
vO 
to 

UA 
to 

UA 
to 

rH 
rH 

H 

- 4 
OA 

rH 
to 

to 

OA 
I 

o 
to 

ON 

CM 

o 
to 

-4 
(N 

ON 
o-

UA 

CM 

ON 
IN 

NO 

OA 

CM 

to 
!N 

4 > 

to 
CM 
o CM - d 

UA 
to 

OA 
to 

CM 
to to 

o 
to 

ON to !N 

ON 4 > 
OA 
vO 

UA 
OA 

vO 
-d" 

to 
rH 

O 
OA 

^ N . 
o 
tN o 

IN 
o 
CN 

I 

[N 
ON 
vO 

ON 

"d 
0 

•H 
•P c o 

X 
•H 

0 
a 

> CD 0 
rH a 
a , — 

to 
-4-
- d 
I 

CM JN 
• 

CM 
I 

- d 

- d 
CN 

- d to • 
CM 

OA 
IN 

OA 

UA 

OA 

UA 
I 

ON 
vO 

ON 

CM 
I 

CM 

vO 

OA 

CM 
CM 

* 
UA 
I 

to 
vO 

ON 
o 
OA 
I 

• 
OA 

OA 
- d 

UA 
I 

IN 
NO 

O 
CM 

OA 
I 

O CN 

to 
OA 

CM 
vQ 

* 
UA 
I 

I N 
NO 

ON 
CM 

• 
OA 
I 

ON 
NO 

ON 



cv 
o 

• 

o 
r-l 
I 

UA 
UA 

O 
« 
O 
rH 
I 

-4 
LfA 

to 
-4 

-4 
UA 

UA 

I 

-4 
UA 

cv 
ON 
ON 
I 

OA 
UA 

to 
to 
ON 
t 

OA 
UA 

UA 

UA 
r - i 

cvf 
I 

to 
UA 

UA 
UA 

CV 
I 

!>-
UA 

to 

CV 
I 

f>-
UA 

cv 

CV 
1 

vO 
UA 

NO 
NO 

• 
CV 
I 

vO 
UA 

O O-• 
CV 
I 

UA 
UA 

UA 

CV 
ON 

o 
rH 
I 

o 
rH 
I 

rH 

UA 

O 
rH 
I 

OA 
OA 

OA 
-4 

OA 
-4 

OA 
-4 

OA 
-4 -4 

cv 
-4 

OA 
rH 

Q 
4 ) 

-4 
-4 

cv 
-4 

to 
-4 

CV 
-4 

O 
-4 

CV 
-4 

CV 
UA 

CV 
-4 

-4 
UA 

CV 
-4-

-4-
UA 

CV 
-4 

OA 4 

4N| 

cv 
NO 

OA 
cv 

UA 

• 
UA 
rH 
I 

OA 
CV 

CV 
• 

UA 
rH 
I 

OA 
CV 

NO 
to 

-4 
CV 

to 
-4" 
-4 

-4 
CV 

OA 
rH 

-4 

-4 
CV 

s c 
•H 
•P 
c o 

•H 
T3 
c 
0 

D-. 

CO 

4 ) 

. > 
CD CP 

P-. ^ 

o 
cv 

CV 
cv 

-4 
cv 
cv 

OA 
cv 

o 
OA 

cv 
cv 

o 
ON 

-4 cv 

cv 
-4 

cv 
NO 

cv 

vO 
UA 

-4 
cv 

OA 
m 

-4 

ON 
o 

o \ 
CV 

ON 
CV 

rH 
I 

UA 
CV 

-4 
-4 

OA 

-4 
CV 

-4 O 

rH 
I 

UA 
CV 

UA 

to 

-cr 
cv 

cv to • 
o 
rH 
I 

NO 
cv 

NO 
* 

-4 



rH 

CD 

c 
•H 
•P 
c o 
O 

X 
•H 
T) 
C 
0) 
DH 
ft < 

o 
rH 

rH 

-£N 

4 , 

cd > 
rH <D 
PU C5 

CV O 

to 

CV O 
CV 

IN CN 

-4-

vO 

CV 
ITN 

o 
NO 

NO 
O 

ITN 
NO 

-4 

I 

to 
NO 

to 

NO 
to 

-4 « 
CV 
I 

ITN 

cv 
vO 

NO 
I 

Lf\ 
NO 

o 
-4 

vO 

CV 

cv 
to 

o 

IN 

vO 

CV 
I 

-4 IN 

IN 
I 

ON 
vO 

CV 
* 

NO 

3 

I 

CN 
NO 

CV 
to 

NO 
IfN 

NO CN 

to 
Ĉ-
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Figure Legends 

Figure 1 ( a ) , (b), ( c ) , 
(d), (e), ( f ) . 

Figure 2 ( a ) , (b), ( c ) . 

Figure 3 ( a ) , (b). 

Figure 4 (a)...( j ) . . ( m ) 

Figure 5 ( a ) - ( c ) . 

Figure 6 (a) - ( g ) . 

Regge pole f i t to \\*~ , In­
e l a s t i c scattering by protons 
and charge exchange, i n the 
forward d i r e c t i o n . 

Regge pole f i t to H"* and H" 
ela s t i c scattering by protons 
i n the backward d i r e c t i o n . 

TheA^and t r a j e c t o r i e s . 

Comparison of the experimental 
f| + -p elas t i c scattering data, 

and the best f i t provided by the 
amplitudes parameterised as 
discussed i n the t e x t . 

Comparison of the data of Busza 
et a l . (1969) (H r-p) with cross 
sections predicted by the para­
meterised amplitudes. 

o 
T = /2 phase s h i f t s determined 
from the parameterised amplitudes 
that provided the best f i t to 
the data. 



Figure 7 (a )....(e ) 

Figure 8 (a)....(e) 

Figure 9 (a.).... (c ) 

Figure 10 (a)....(g) 

Comparison of the experimental 
p T\ —p el a s t i c scattering 
data and the best f i t provided 
by the amplitudes parameterised 
as discussed i n the t e x t . 

Comparison of the experimental 
^] -p and C.E. pol a r i z a t i o n 

and the best f i t . 

Comparison of the experimental 
C.E. d i f f e r e n t i a l cross section 
data, and the best f i t . 

T = 1/2 phase s h i f t s . 
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