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ABSTRACT P

The fiow is studied of a flvid film originating from a source
ét the apex of a right circular cone, and flowing under gravity over iis
outer surface. A modified Orr-Sommerfeld equation is derived for the flow.
This and the corresponding boundary conditions contain terms introducing
distance along the cone generator as a parameter. The system of equations
is solved for small wave number to give 2 stability criterion, which shows

the flow to be wistable for all practical values of Reynolds number.

Results of experiments on a 60° included angle cone are presented,
giving the pattern of behaviour of the mein film and waveform characteristics,
Mean film thickness is expressed as a fuaction of Reynolds number only and
found to be iess than that of an undisturbed laminar film. Wave amplitude
is shown to reach a limiting value and thereafter decline. VWave number
is shown to be linearly related to a non-dimensional parameter incorporating
viscosity, surface tension and slope derived from one proposed by Berbente
and Ruckenstein whose theory also matches well the limiting amplitudes

measured. Wave speed and wavelength are also measu-ed and discussed.
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INTRODUCTION



1 INTRCDGCTLON

1.1 Historical Survey-

The behavicvr of thin films flowiug under gravity is a problem
which has interested many investigetors over the years. Their interest
has been seized by a number of different aspects from the purely acadenic
unravelling oﬁ the governing mathematics to the mors commercially applic-
able interest in the film's effect on heat and mass transfer rates. For
such films are to be round in abundance in industiial process plant,
Films of ccndensate drain down the walls and tubes of condensers.
Absorbent liguid films flow under gravity through ges cleaning and
cooling towzrs. In other related cases the primary influence of gravity
is replaced by, or becomes subordinate to, other accelerating forces,

notably that induced by spinning.

The first published work on film flow was that of Hopf ('10)*
who investigat:d flows in an open channel of shallow slope. The films
were fairly thick, so that despite the shallowness of the slope and
consequent low velocity the Reynolds numbers recorded were upwaras of
150. "Musselt ('16) published the first naper on the effect of con-
densate films on heat transfer, In this paper he derived the semi-
parabolic velocity profile for undisturbed viscous flow for the first
time. Interest then declined until the 1930s when first Warden ('30)
then Kirkbride ('34), Cooper, Drew and Macadams ('34) and Fallah,
Hunter and Nash ('34) all published work on falling films. They
chiefly reported experimentally determined film thicknesses, and
were all concerned with flow on vertical plates or on the inside or

outside of vertical tubes.

®The figure in brackets refers to the year of publication in this
century. Details may be found in the Bibliography.
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Kirkbride and later <riedman and Miller ('/i1) and Grimley ('45)

found that fiow a2t very low Reynolds mumber appeared entirely

smooth. Consequently efforts were made to establish the Lalue of

a critical Reynolds number, above whirch waves appeared. Tfesc effects,

i
culminating with that of Binnie ('37), were generally inconclusive

since different workers with different technigues arrived at different

cvalues. Those obtained however were generally in he range of Reynolds

' nuabers ocetwcen 4 and 10.

Ali the above work was primarily experimental, the theoretical
treatment extending little beyond Nusselc's semi-parabolic. velocity
distribution derivation. Kapitza (*48 - 1) laid dowvm equations of
ﬁotion for the flow from which hc obtained an approximate periodic
solution. He¢ obtained also expressions for the wave profile, its
phase velocity and amplitude. In a second paper, xapitza ('48 - 2)
he examined the effect of a gas flow above the film, which had been
the suhject also of some of the experimental work listed above.
Finally, Kapitza and Kapitza ('49), Le reported the result of ex-
perimental, work carried out jointly with his son on flow down the
outside of a verfical cylinder, which substantially bore out his
theoretical predictions within the rather wide error limits of his
experiments and approximation. In addition to fairly regular periodic
waves, he observed under similar flow conditions, single waves at long

intervals.

The next mzjor theoretical step forward was made at about the
same time by Benjamin ('57) and Yih ('S4 and '63). By different
methods, they examined the stability characteristics of full

equations of motion derived from the Navier-Stokes equations. They



supposed a periodic disturbance and found it to be governed by an
equation of the type previously examined by Orr (127) and Sommerfeld
('08) for two dimensional Couette flow, now kmown as the :Orr-
Sommerfeld bquation, together with appropriate boundary conditions.
#oth Benjamin and Yih related their work gpecifically to fiow down
an inclined ..lane. BEenjamin sought an approximate solutio; using a
series approximation method. Yih used a more elegant perturbation
pethod. Both arrived at an identical criterion for stability based
on wave number and Reynolds number. This showed that the flow is
unstable, that is waves could form, at any finite value of Reynolds
number. "That the surface appears unaffected at very low Reynolds
number is due to the fact that the rate of amplification of the wave

disturbances becomes very cmall at small Reynolds number, and the

disturbances renain uadetected.

Yih's analytical method has remained the most popular
apprcach adopted by numerous workers since for the investigation of
special problems, many of which have been examined. Yih ('65) carried
out an analysis for a non-Newtonian fluid, and Yih ('67) looked at the
effect of viscosity stratification in the film. Much has been pub-
lished on the effect of surface active agentsa in reducing waviness:
Benjamin ('64), thtaker ('64) and Anshus and Acrivos ('67).
The effect of visco-elasticity has been studied by Jones and Whitaker
('66), Yhitaker and Jenes ('66), Gupta ('67) and Gupta and Rai ('67).
Variation ¢f the underlying solid boundary received attention from
Buevich and Gupalo {'67) wiho examined the effect of curvature, and

Gupta ('G6) who allowed for flexibility. Mainly experimental work
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by Portalski ('64. 1 and 2) concentrated on the determination of
velocities and behaviour in eddies under the waves; while Ruckenstein
and Berbente ('65) coutinued the earlier interest in the effect of the
waviness of the film on pgreatly increasing heat and mass transfer rates.
A very recent investigation by Telles and Dulkler ('70) used statistical
techniques in a manner similar to the author to try %o resolve the

problem of & lack of a dominant periodicity at higher Reynolds numbers.

On the theoretical front Massot, Irani and Lightfoot ('66)
examined the effect of surface tension, finding that the YWeber number
is an important governing parameter. lore recently still attempts have
been directed towards a theoretical prsdiction of wave amplitudes,
Bertente and Ruckenstein ('68) derived a complex non-dimensional
parameter whose effect on amplitude they examined. This highly compiex
parameter may in fact be simply reduced to a mniuch simpler combination
of Reynolds number and Weber number, a fact also spotted by Krantz
and Goren ('70) who presené a similar group as a basis for determining
amplitude. Lee ('69) updated and strengthened Kapitza's analysis.

In two very siznificant recent papers Lin ('69 and '70) has shown
that the unstable film develops finite amplitude waves that then stab-
ilise at a particular amplitude. This amplitude and the corresponding
wave speed he then predicts in terms of the primary parameters of

film thickness, wavelength, mean film speed and fluid properties,

The subject has been well served by bibliographers. Both
Fulford ('64) and Chien and Ibele ('67) present fuller comparative

surveys than is possible in this brief historical sketch.



1.2 The Present Work

The auvthor's introduction to the pjroblem rame as part of a
larger research project under the supervision of Professor Russell
Hoyle. This sought to examine the heat transfer rates associated
with condensation on a rotating conical surface. Tt followed earlier
investigations by Hoyle and Matthews ('G4. 1 and 2) into condensation
on a rotating cylinder, and Espig and Woylz (f67) into condensaticn
on a rotating disc. The conical surface, Howe and Hoyle ('70) and
Robson ('70L) followed naturally as representing a shape intermediate
between the extremes of cylinder and disc. Such heat transfer ratez
will clearly be affected by the presence of a film of condenszate on
the cool rotating body, and the mechanism of Ltz drainage is of great
importance. Thus was conceived the idea of examining this drainage
as a separate problem, whose own complexity and interest becane
rapidly apparent, Exact correspondence with the condensate film
problem is only possible with a continuous supply of fluid to the
film at all points oi the surface. This might be possible using a
porous cone, but the author chose instead to feollow the simpler case
of a single source of fluid supply at the apex of tne cone, {rom which
the fluid spreads out over the conical surface. This leads to a situation
of interest in its own right, since the fluid film becomes thinner as
it progresses downwards over the widening surface area. Associated
with this thinaing is a reduction of the film's Reynolds  number,
the parameter which all investigations to date have suggested is of

paramount importance in determining the waviness of the film.

In respect of this thinning, the film differs from those

on wiich worlz has been published to date, namely films flowing down
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inclined or vertical plates, or on the insicde or ocutside of vertical
cylindrical tuvbes, A few publications wlhiich have referred to a
situation where thinning occurs have been those of Hinze and lilborn

('50), Nikolaev, Vachagin and Baryshev {'67) and Voinov and Khapilova

i
('69), all of which were on flow ir<lde a spin:ing conical 'cup.
These were chiefly concerned with flow characteristics within the
1

filia, and i%s atomisation at the cup rim, rather thon with the be-

‘haviour of the film surface.

The present work, therefore, was undertaken with two primary
aims. First,; it aimed at deriving the equation of motion and boundary
conditicns for the film flow external to a conical. surface, introducing
in particular the effect of a coordinate in the direction of flow
indicative ~f a reduction in mean film thickness. The equations were
then solved using a perturbation method to determine the effect of
conicity, as ccmpared with flow over a plane surface. Secondly, an
experimental investigation aimed at establishing the main dimensional

characteristics of the film.



THEORY



2 THEORY

2.1 The Co~ordinate System

While it would be possible to describe the problem in terms
of any 3 co-ordinate system, it is most cnnvenient to adopt a system
based on cc~ordinates:-

X - along a generator of the cone, which is the direction
of the main undisturbed flow.

Y ~ normal to the cone surface, and consequently normal

to the main flow direction.

€ - giving angular position; since in the case of a
stationary cone the problem is essentially axisymmetric,
this co-ordinate is included for the sake of completeness

at this stage, but is luter found unnecessary.

¥ig. 2.1.1 thus defines the co-ordinate system adopted.




It is werth noting at this stage that all avthors to date
who have consicered the problem of stability oi falling fiims have
chosen to %take the origin cof the coordinate normal to the main flow

!
]

direction, Y above, at the undisturbed free surface, witk the +ve

‘direction of the ccordinate into the film. They have hoquer been
|

i
concerned with flow along a plane surface, so that the undisturbed

Ffree suriface is itself a plane in steady flow. Adoption of such a
. system somewhat simplifies the boundary conditions. In the present
case, however, the author thought it more satisfactory to take the
cone surface as origin with the +ve dire~tion outwards through the

film. This is on account of the additional curvature, albeit small,

of the undisturbed free surface in the meridional plane of the cone.

Also defined by Fig. 2.1.1 is Fb , the half angle of the

cone.

2.2 The Fouationz of Motion

It is neccessary to assﬁme from the outset that flow is laminar,
and also essentially steady but for the presence of small disturbarces.
The stability of those disturbances is then studied in order to obtain
information 25 to what conditions will aid ihe growth of such distur-
bances and result in the appearance of waves on the surface of the

fluid,.

Following from the assumption that flow is laminar, a set of
Navier-Stokes equations appropriate to the coordinates chosen can be

derived from the gencralised vectorial form of the equation. This is

)]

done for the full 3 dimensional case in section 2.2.1. Section 2.2.2

r



contains a derivation of the correspending continuity eguation. These
full equations oie exceedingly lengthy and by an order of magnitude
assessment can be considerably reduced. This reduction, t?gethar with
the assumptiors of axial symmetry and steady flow yields tﬁe three
éimplified equations of motion at the end of Section 2.2.3.

| |
{ H

2.2.1 The Favier Stokes Equations in terms of ¥ ¥ ®

The gen<ral vectoriel form of the Havier Stclies equation

is &G A = (n L.lyYa v koo & - cugl 3:33
30~ Ox0 = b o get(Bex )+ (s - 2.2.1.
vhere > is the velocity vector

is the vorticity vector

i gt

is the body force/unit mass vector

Following Lamb ('32 p.156) consider the generalised curvilinear co=-
ordinates & , ﬂ: v Y . vwhich have elemental jncreases of length in
their respective directicns of hqAN,xﬂckﬁi\\xAy + Equating our
coordinates X, ¥, ® , to *.f’a,\l we find

| N hy - RepYenp < R
If the components of velocity in the coordinate directions are U, V,
W and the cemponents of vorticity 3 s \. » X 4 then each term in
the above vectorial equation may be split into the components as

follovs.
Vs AL Y AW
X S X Ak

S x O VS—\'J-\.\ \'JS—\LK U‘I\_\/E
N RO RO RO


file:///ly/I/

~]0-

~ by . 2 §\'
cut) & R—;}\_gf'(kBQ- é—@(kﬂpj

! U B N 1}
h.kié&(\“‘\\ ] a\/('\\\%

. . \ .
and since L = Cwl S

e have for the components of &
I N (L X
3 h\,\'\l La\( (L\lw.) - % ( \-\,V)

. _ | AV
xR | Wemfe - 35

SN . N
LI L5 (W) - i ()|
W 1 AW
T T®& T R LWaet - Sél
I B - N V‘\X
3 00° k.»\ia (W) - 5.
I \VAR ' ¢
AX Ny
,- In addition we have
| - LR I S (LW f——(k.k»wﬁl
ke & = o &O“L"U‘\  (hah) ) 3

. W W,
'_;i ‘_\)\SW(I+Q$<+\/05\(S-‘Q%\{ NC)
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These then are the basic components from which it is possible to

build the Mavier-~Stokes equation for each coordinate direction term

by term.

The equation in the X direction then is

W (o) - R - R LR (e ol _
+V‘_H 3 X(Jw u-) \/U".’.\S\ ‘\,_'\Qil

Taking these terms one by one for 51mp111¢cab10n

B AV AM chJ AN
Veuly = VAR VAL T B

Sy »~—_¢Ep\§‘k VoW
T\-‘%L%*&\LN«-W)} = A g‘-;(* J\QX Vax X

s (A W, Vem |
;\ (dwl \T} = X L% ’a,'i/ tb\s»\;& \/ (S \
N C R \

> ¥ —_ B\/ n X \-\ —k
Ay "“[5 “f* RIe

_SWA ] W
-—a%f X;&K.éu~FS + \/Laxgs -

AB

N
L0010 g LRG - vt -

-V _ é)‘ . eofUv YW
Yax Y _P:é &“S\?

LW L W_
R Y@K RK l
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Assembling these terus, we get after some reduction and recrganisstion

6\}\ %\k Q\I\ ( - W [S)

SRR
T 1 U QU Alk
. = b - ‘1°3’< * YY_ETC % aw‘ Qx XS~ d\(“"ﬂ;s
' --Jﬁ:.i(;\:\.x\'-.é-\.\Jm (54 \&&(ﬂ % l{ ‘X
i‘& similar approach yields for the equation in the Y direction 222
Y W W \,\] Y,
MR VY 26 Wep)
= T - L3P XV L
\3 Foa T LW Qr*({\ 6‘/5 \

T M Va2 Vo L \
and in the (& direction | = 2.2.3.

AW W W w7 ww :
-Q_g 4 W%X + V QI\/ R EYe) + U\&u.‘&«-\]cn(lv

- = AR L L \W AW, LW a3 AT
r . QfS'C:-) Y RS Riax el

4 A\L 1
R\ Eaeh ‘ﬁ"‘“’fs"“" S]

- 2.20""-
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2.2.2 'The Continu.ty Equation

This is most easily derived by considering the mass flux
]
through a small element of volume as shown in Figure 2.2.1. Since
the fluid is incompressible there can be no gain in mass within
1

ithe element. That »s ' l

,I 5/9(}.«:\}\ =0

’ VALY
;or wher»e the area can be divided into n distinct faces

SVLA, =0

mei

where\J; is the velocity normal to the face of area ‘\.“
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Congider the \-f A mproduct fa'the faces nu soered as shown

M \.,M é-\w. o\kw\t&b A\"\

| -\ (Q»«"«;;‘i@ SBECIRY
2 W*%\—)‘)—(&X (Q. R <\7‘ * ;_AQ 5\)&9 &
Now D\ = ')QA:-«P: +\/Lo;(.7>

-__ ~
—— =

5& = S BQ = Cax
& f a

W\ \ A
Hence \/A + N [-\ &U\;h \Q%—-}-(-\ &X&/&@ -\-(BCC\}

Similarly for faces 3 and 4

"‘i.’al‘\s & \]4 b\A n Y_\/ Urs(S > \ 6\(‘x&\ \\/ &@ 4 O(c\*)
Faces 5 =nd 6 both have area &X. &Y

Hence

Vo Dg + Ve By = %s%' . .40

S, Summing for =11 faces

i\/ A, = X_\)\S;«F +\lw~ﬁ R(Q\A Aa\\//)%l-'(‘/aléx.&\/.&@

a1\
e O

.. the continuity equation is

ax ¥ P\L Voo - 351

- 2.2050



2.2.% The Dliminstion of iipher Order Smull Terms

The Navicr-Stokes equations as prosented in 2.2.1. contain

a large number of terms which vary consziderably in their orders of
magnitude., The prcblem under consideration is that of the flow of a
thin film cf fluid over a comparatively large surface area. Thus it
follous that'the maximun value of the coordinate Y within the film is
small compared with tne range of X to be ccnsiderszd. In particular,
in the expression

P\ = X.s'.\[s*\/m(s
the centribution of the Y term is negligible compared with that of
the X term, so long asﬁS does not approach zero; and so ve may
approximate as follows

Q = st-(s
Since X, and consequently Fi , is large compared with the film
thickness, which is in terms of the local flow our chief characteristic
dimension, terms of order L&} are very small and will be subsenuently

ignored.

Just ns values of Y are small conipared with those of X, so
also are the values of the Y component of velocity compared with the
components in the X and @ directions. For V only exists in the
context of a disturbance to the mean flow, while the effect of a
disturbance on U amd ¥ is to produce an initially small variation
in what may be a relatively large value of the compornent corresponding
to the mean flow. However, we are, in later sections, to examine

the dyramics of the disturbance alone, so all velocity and velocity

derivative terms are for the present retained.

Thus on making the approximation for R and diminating O(‘/R\y

terms, we have :-
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X dircction

Moy W S W W W
Ak XYY T Yea o X

Y direction

Nowy vy e AV
LY Xs'u..{& A@ X “k{s

AR VRS
_E _ 13 Y'Y L WA
v /° Y va* Y™ X a\{“‘f“\

- 2.2.7.

G;direction

Q
25% + W g; 4 V’§;¢ “ %% [Lk AV ukF> - —-—‘°“°F;X

= & _ o P AW X' AW W
fo s oY QX‘*'”"’J)(—i_—* “V;q

ax T
- 2.2.8
Equation of Contlinuity
M AV L
-A-)—( + d\/ X Lk 4 Vm\é . —- co;tcpl = O
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2.2.4 Body and Pressure Force Ternsg

S*zk'\o\-\t\ t

For a cone with its axis vertical and vertex upwards, the
A

only body force acting is that due to gravity. The existence of

the gravitational force produces in the film a pressure variation

of the simple hydrostatic form, superimposed upon which will be

local variations as a result of disturbances and also due to surface
effects. The aunthor has chosen therefore to retain 2 Lody feorce term,

which might be considered to represent the hycdrostatic component of

pressure, l2aviag the pressure term FD , Orp as it later appears in

non-dimensiovnal form, to relate to the remaining components of pressur
We have then:-
F; :3(53(3
F\r: -SJ“*F

-

r@ = O

Note that these are forces/unit mass in acccriance with the other

terms of the Mavier-Stokes Equations.

2.2.5 DMNon-Pimensional Forms of the Equations of liotion

It is convenient before going further to rewrite the equations
in non-dimensicnal form. This has the immediate effect of introducing
both Reynolds and Froude numbers, and rather more importantly it paves
the way for a consideration of the flow as being semi-uniform in naturc.

This latter point is discussed in greater detail in section 2.3 where

the undisturbed mean flow is considered.

The equations are purely kinematic in form. The only variabliss

involving mass are those of pressure, and here the division by density
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Y s - . . . -1
reduces them to a combination with dimensions ( LT %). Therefore
in order teo malre all terms dimensionless we need only two reference
quantitics, ore involving length, the other time. The introduction

of a Reynolds number involves also the choice of a charact?ristic

1
}efercnce dimension or length and also one of velocity. S@nce these

5 !

latter refer:nce aquantities satisfy the former requirements, it is
i

clearly both desirable and convenient that the same nuantities be

used fcer beth purposes. Previous authors heve predominantly, though

not exclusively, based Reynolds number on the mean film thiclness,
and the mean velocity in the film; and the present author has followed

this practice.

Calling the mean film thickness & y and the mean film

velocity W we have then, using lower case symbols to indicate

non-dimensional quantities :-

“w. ‘i\- \r—y—- 446"-'\"\_]'
vy 'Y W
% = X =.-y—- q: @
= E: .3 & C
_ |
<« L0 . P&
: PP

AP T g - YA gotae LI now =t e
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Haking these substituiions yields for the non-dimensional foris
of the equations of movion

_A_U\_ A\& gu_

e A\A. v |
4 U T 4
At A

nbodE
53 ‘k...x\:-.(i Q9 2

, - “\ ! 2 ok l
.' e Qo' a,‘_ Q g i au. 3\3 %.}
,' - 2.2.10.
| §_§ R A w_ Av a3\
LAY R o N Y x R b - —
= - ‘i_: — E—e + A K—A‘ §G A\r o —l
¥ *+ 63 Qc, A i éu. Q:} (L} :

P T

5:\, . ——3 L &U\ ‘\‘\‘ua\F«- ——65ch _\
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2.3 The Undisturbed FHean Flow

Now that the equations of motion are in non-dimensional form,
with no disturbance to the mean motion, :3 varies between O and 1 at
all sections. Similarly W varies between O at the solid surface, and
a maximum value which we might expect to be constent at all sectiouns.
That is, the maxinum real velocity might be expected to be a fixed
multiple of the mean velocity. This is 2 norual result in laminar
flow, and ve expect the flow of the thin undisturbed film to be laminar.
Thus while we fully expect real velocity and mean film thickness,\i. and
<§ to vary with X y our non-dimensional. variable w is found to be
indevpendent of =< ; we have then w= 'g(;aﬁ only. This is exactly
equivalent to the assumption that the velocity profile at all sections
1s similar. In the case of real values of \A,there is a decrease of
scale of the profile in the )( direction. In the case of the non-
dimensional coordinates, there is no such scaling and the flow may be
considered sewli-uniform. In what follows it will be.shown that {L and
5 vary relatively slowly with )(, the problem may be considered to fall
into what Betchov and Criminale ('67) call a category of quasi-

parallel flow.

For the undisturbed mean flow then. 3¢ is not so much a variable
as a parameter of the equations of motion. For the mean flow on a

stationary cone we have :=-

3 3 é
~ = - = O — = O
de = ° 3 30
and thereiore %% may ve replaced by 3? y also

1wy =0
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Hence the equatiions of motion reduce to :=

o Fha Ll il
!
O - -Sb o de
F Ay
o = ©
“ - o !

3%
Of these eruations, the first will allow us to determine the way

in which «w vaxies with :3 . The second gives the form of the
pressure distribution. The equation in the D direction has dis-
appeared entirely as is to be expected Ffor this axisymmetric flow.
The final equaticn is somewhat strange, and would seem vo imply that
W = 0 wkich we cannot accept. The only possible interpretation
would seem tc be that w is very small compared with > , and that
the equation must be regarded as an order of magnitude indication.
When it is remembered that in making the quantities non-dimensional
we divided the relatively large )( by the suall & to get % ,
whereas . was divided by a GL of the same order of magnitude to
obtain L , this seems to represent a proper interpretation of. the
equation., This indication of the nagnitude of 2¢ further reinforces

|
our neglect &f terms of OL{(‘) at an earlier stuge.

The first of the avove equations may be rewritten as
v Re e
(B-ﬁ-"ﬁ@\'}}\& z - _L_P
. ~
F
where the operator D = d_
*4
Now we have seen that 3¢ is very large, hence ?ﬁié is small compared
»?

with the cther terms of the differential eguation, which we moy approx-

imate

Dy - - Recnp

- %

*_
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Thic may be integrated directly to give

w = - @Q:.EJ_G n‘- A A\,\ +\?D

L=
- )

where A and B are constants of integration whose values are given

by considering the boundary conditions :-

(i)u = C at 34y=0 i.e. zero relative velocity at

the solid surface.

(ii) %Eg =Daty=1 i.e. no velociiy gradient at the
free suriace, which follows if it is assumed that there is

no shear stress due to air drag on +he surface.

These conditicns yield :=

B =0

>
A

Or on revertiig to dimensional qusntities

&(m v \/t\
\.k = 3 F( -——;l
)
The total flow/unit width of the surface
W Y
3

| wdy

AV

(1,



Hence LA

AV - 2.3.1.

y - \
U s 3R0-F)

f or ., o= 2 (,1-:\ - :§:>

‘and hence AF - Re c.s:() - 2.3.2,

This is the parabolic distribution of velocity that was first derived
by Nusselt and has been used by virtually all authors since.

Now for the case of the cone c‘ is dependent on )( y for the

total flow over the conical surface

/ Q = 1‘7\'3(.52,‘./5.%

and we shall assume (Q = constant

. Q ) 1‘_3:&36'\-“1/} . )f\
- 3v

or in terms of &

&3. . v WV
T S0 . X

§

| and also

| i

L/{'. l

E 3
ésun ~Q .
. i
AV TT%‘SK'L(S X
So that it is seen, as stated earlier, that the variation of é> and A
with >< is not rapid.
Summarising, we have the following results for the mean

undisturbed flow :-
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i

(1) ‘The velocity profile is given by
. 3 )
W - N <'Ln_ \3 / - 2-3-30

(ii) The voriation in mean film thickness with distance down the
cone is
A
v Q. 3 \
S — . —--'-/
Ty S 'L/S X3

oy

hand 2.3.’+0

(iii) The variation in mean velocity with distance down the cone

is

-~ enf Q°F A \
Uﬁ\.aﬁ s

lll_“-\—\, é_“:,(s ! Xi-/}

(iv) Consequently the variation in Rernclés number with distance

dowi the cone is given by

Q. . X L
- lwtv.AL.ﬁ x
- 2-3060

* | . . - .
And F = SQL osst”; , indicates a similar decrease in Froude

number with passzge down the cone's surface.



2.4 The Disturbed Flow

2.4,1 Introduction

Section 2.3 was based on a neglect of all motion other than
that in the primary flow direction. It did not therefore take into
account the possibilitly of any surface disturbance which could lead
to the formation of waves. This led then to a one dimensional solution
which is valuable in that it gives information a2 to the behaviour of
a flow without disturbances. In the first instance the magnitude of
" disturban:e mcdifications to the velocily components will be small
compared witih the undisturbed values. Hence the one dinmensional
solution does yield useful information as to the mean flow pattern;
in particular it gives a useful indication of the nature of the

velocity profile within the film.

To study the stability of the flow, however, it is necessary
to examine *he behaviour of a disturbance. This is most readily done
by postulatiing a disturbance and then studying its change as i
travels through tiue and space. If it decreases in magnitude, in
other words if the flow tends to return to the undisturbed mean state,
it can be concluded that the flow is stable. On the other hand if

the disturbance grows, the flow must be considered unstable.

If a disturbance is to grow, it is to be expected that it
will propagate laterally over the cone's surface as well as in the
main flow direction. TFor a stationary cone, with a vertical axis,
for which the undisturbed flow is axisymmetric, il may reascnably
be assumed that such lateral propagation will be symmetrical about
the axial plane through the point of initiation of the disturbance.

The bhehaviour of the disturbance, and its growth or otherwise
' g ]
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within this axial planz con be consicered to typify the behavicur
of the whole disturbance. According to Squire ('33) and Yin ('55)
3 dimensional disturbances are inherently somewhat more stable than
2 dimensional ones. Therefore by concentrating on a 2 dlnénolondl
analysis of stobility the error, if any, is on the right side. That
' ;

is, instability will be predicted if anything somewhat earlier than

it should.

To swamarise then, the stability cxamination which follows
is based on consideration of a stationary cone and is limited to

behaviour in the Okﬁ plane.

2.4.2 Equations of Motion for the Distuibance Isolated from the

Mean Flow

Using subscripts to indicate partial differentiation the

equations of motion in the C):LZSPlane may be rewritten as

U+ WU, + Wy e T~ Cc’s{& L,
_ﬁ— X.ka'* \L:)vs ,LCU\N.'"W Wkéyc\
Sev Wi vV, = .su.{s -

L\)‘x,‘_v \)' ;-(G A T, u.-ké)]

Uae +\3‘:\ 4--;—‘_(\&*\!‘(_..&{5’) = _

It is ¢

0

appropriate at this stage to compare the orders of magnitude
of the bracketed terms in the continuity equation. Since ac.=$>\j

it follows that in the absence of forces causing large accelerations

in the ) direction, ¥ will in general be small compared with A

The continuity ecquation may therefore be simplified to

\kwu“<73 + %Z_.LL =0

2.4

2.h.2
2-"*-3
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It should however be vorne in mind that this neglect of the ~5q$ﬁf5
term mey no longer be valid for very small A y and care must be

i i
taken in drawing any conclusions in the limit ﬁ>=c> fr%n vhat

‘follows. !
i |
1

Totally undisturbed ilow must satisfy the above eguations. Using
-]
superscript to indicate undisturbed flow quantities, and making

1 the appropriate substitutions

W= w T =0 P =%

and bearing in mind that the undisturbed flcw is steady, i.e.

o
W =O gives

. | o
wWw, = ?‘-—*“”& -N G ‘_\C,,_,; Way + 3 (02~ Wy (I‘D—X

- 2.4-4
(@) = l—ak@ p°
v 9 - 2.45
uw, - —:— w® = O
* fand had 25"*.6

Using wnsuperscripted quantities to indicate the contribution to
the velocity camponents of the disturhance a2lon2, requires sub-
stitution in 2.4 = 3 of Wiw & , P%p and yields for
the total flow :-
W 4 (\C-a w)(k‘_; U\,\) 4 (\Ca-\ 0\\3\
= éx cug@ - (:Pﬂ~4 Px)
+ '!!1 k Wt W) + (W0 “m\’ e I NN “n\/ X M]
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. . . I . y - o
Subiracting the undisturbed flow and remembering that W does not
vary with J¢ gives for the disturbance only, the equations of

motion :-
W (.\A,"-\.\.\BU\,,_ 4’“("\?3*“‘3\
e N A WY GNP )
Ue + (W% T, + Sy

N e )

W,y 4+ S =+ W = O
N

L
p L
As the disturbance terms are small, products of these terms may be

neglected, and the equations sinmplified to :-

° L
Uor lu,, + V\.Q\T = -pP.* Qn.‘—“’“"* u\.:m n %‘_ (et u\‘ac&k(‘ﬂ_)
1
U o+ b, = - ‘:)‘a N K_"wx Ty ‘7%(0,‘ * Ty A (S)—}
\ -
UL, + \yb S = o

The numcer of variables, and equations, may be reduced if a stream

function 4:(ung§)exists which satisfies the continuity equation.

Such a stream function is given by

1 : .
woe Sy IR o - 2.7
Substituting for this gives :-

(-"":.. “‘64":) + .:14,-3‘ + W (—- ;—5 \\1\3 * -l;;‘\’n,.) - L~°‘A —L—O_‘\’w—
= - Px * —&;&( ,2':1*\3 - );—C‘L " -1—‘-\\,3“‘ *. l;b ‘.\‘5‘3‘1
PRy » S o)
(£ b - 30w (B4 - k)



r, cn collceting terms -

2 [y
k, L\&' < ‘Q"‘- — Al " \\1‘3 = \A'Qn \\\)x—x

—~ — { \ .!- A R —“
= TP »n Re Y\Vn* ! +‘m‘a - k-(\\"‘a“- \33 “(33 e *’3—\

B —;—\. \_.‘!\'1-.1 - vt \l’“"’ W ¥1"]

| a
— Ry + -1 (¢ - wefy ) l-\..
- p‘ﬁ - OLQ\\,Y_ \ enn \\)k:)‘ﬁ “L(Ykn. \/xn > @‘) 7 \’.B

Ye now make the usual assumption that the disturbance ise
harmonic and of the form
'\}) = +(\3) L LLO{, ('u..- C.'t..)-) - 2.4.8
also that a similar solution exists for the non-dimensional

pressure

P §(q) eep | 2ot (5em €D

- 2.k.g
The functions A‘:‘(Q,‘ %(3 allow for variation in the w difection,
that is across the film, while the complex exponential term
covers the harmonic variation as the disturbance progresses both
down the corical surface and through time. The non-dimensional
parameter ol wvhich is related to the wavelength of a disturbance
on the frez surface is known as the wave number. The relationship
between ¢ and wavelength is an inverse one, smal: o corresponds
to long wavelength; in particular the limiting case of X = 0
corresponds to a single infinitely long wave. The non-dimensional
product exc is similarly a measuwre of frequency, from which it can
be seen that ¢ alone must have the form of a non-dimensional velocitw,

and it is known as the wave velocity.

lost importantly it can be seen that if the disturbance is

to grow, q: must increase with time. Such increase with time is
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our criterica for instability. Therefcore tse flow must be considered
unstable if the product (— (e ) has a positive real component. In
general <. can he complex C = €.+ Ccy , therefore since o is

real and > o , the condition for instability is that c.> 0.

Putting in the assumed harmonic disturbances gives
] . f % ! L eyl S o }
-,;;Y--— pb(c.c‘) + W LN(‘) - 'k’ - \v\-n\- ‘\)
! {_ g ad L (i y k)t
= L -t
* 1 Re g

- 2.’-!—.1{)
- ';L g_%"c:}? . u."nf%; - 1;1.‘*0':‘“ 4’—\
R A s e TR YChy SO O RERETA

- 2.k
where indicates differentiation with respect to 4

The function 8(\3} may be eliminated by differentiating the former
equation, and subtracting v’ > the latter. Multiplication throughout

by 2 then yiclds t=

(wo- Y in (&' xd) - ot (@ wd) -~ - Wy ixd
= .QLL ‘-( t‘.\;v— Lot 4 x‘%}:) + ':"__( C\>m— e?éf‘B ua\(&
) - b (Feed) |
Rearranging so as to separate real and imaginery coefficients

o 1E e p L F RSP 5 (3-)
+ 1__8_:[};(4)"_ Q)+ “°%¢.1

CECEy) - B



Comparigon with the standard Orr-Sommerfelé equation obtained for
flow down an inclined plane shows the above o be identical but
for the additicn of the terms in . . It has alrcady Leen shown

. . t .
that 3 is large; neglecting terms of order ( A ) gives =~

v Q_L_zc'" .n‘(;xwo_,,(\%)“ ( QQ“O:\"“ F)c\)— ““ “‘)‘%’
= i Y-Qmi( Lo O($<d)- %’] AGE R‘Q—X

- 2.kh22
Which is the standard Crr-Sommerfeld equation with the addition
of terms catering for the change of film in the . direction caused
by spreading of the film over the increasing width of the cone.
These terms are all of order ( %L ) and consequently small. As
before it is simpler to regard % as a parameter of the equation
rather than a true variable, for 4) is a function of :3 only, and
it is particularly cdesirable to think of Q &y Which is in tura de-

pendent on 7 , as a parameter.
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«5  Boundary Conditions

The modified Orr-Sommerfeld eguation is a fourtk order
differential equation in 465} For a complete solution, therefore,
it is neccssary to obtain four boundary conditions irom which to
determine the constants of integration. Of these, two can be ob-
tained from the no sliy and no normal velocity condition at the
s0lid cone surface. A third follows from the assurption of ro
shear at the free surface, and the final condition is based on a

consideration of the continuity of normal stress at the free surface.

2.5.,1 At the Cone Surface

For no slip at the solid cone surface,
w=0 at Y = 0

Hence alsc %L"¥ ()

\3 =

and on substituting the assumed form of b
-;-—cs.c\"(o) asf }Lu (x-c.-c)-\x e O

This can oniy be satisfied for all 72¢ and -« if

d>'(c) = O

- 2.5.1
which is there’ore the first boundary condition.
For no normal velocity component at the solid cone surface
v =0 at n:O
Hence also -l 4, =0
which corresponds, on substituting the assumed form of < , as

above, to

_.;1 ECHCB Y, %P\'\-“C“'f—fﬂl = ©



Again for this to be satisiied for all 7¢ v and &

P () = 0 - 2.5.2

which is the second boundary coadition.

2.5.2 Shear Stress &t the Free Surface

If it is assumed that there is no air drag at the free surface

i
|
1

'‘of the filrm, then there can be no shear stress at this surface, and

'

!therefore

3 +5_‘:_\
/“ L 9 6:3 =0
Or simply

A Jm
ey =0

i
o <ﬂ3
It is worth noting that the ocne dimensional analysis of section

2.3 made use of this in the simplified form
du
4
and that the assumed velocity distribution

w=3(y-g)

=0

satisfies this.

This condition applies at the free surface, which in the
presence of disturbances varies by a small amount either side of the
mean position given by Y= 1. Suppose then the free surface occurs
at :3: \iﬂq
where | is small. 1In dimensicnal terms this is equivalent to

Y = 3<|+~.0 . Following Yih ('63) this condition gives at 4 = 1

ds L LW

“w
™ 623 §E§'x\

I
o
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Vhere terms, except the one w \\, are now understood to be evaluated
at Y= 1. FKow the velocitics referred to here are the total velocities.
That is W must refer to the two components of W the undisturbed flow

and w the disturbance component., Now at W =1,

a — O- “0

oy =3

Hence using subscript notation the above may be written on introducing
the values at \3: 1.
\S'-,‘—\-U\\D -\\&3\,)'\\—3"-\ = O
or on neglecting second order small quantities
Sac + Ny —'3'\,\ -

In terms of u\ this becomes

. L Ly -
?}-43; - M;Jme + 1L\¥1f§ - 131\ =

A relationship between k\—' and '\\ may be derived by considering the de--
finition of &

AT et

S ¥ e
= I

o
'\“B - '1\*' Ck&. * U\)
llence, on neglecting second order small quantities

\ o
~';;\¥“- * q1t * W m\ﬂo

The form of ’L\ will be harmonic like \\J and P
Suppose ’\’\ a A ewp \_Lo'. (oe- c_'cﬂ

Then —-_-:-'\.x 2 -—Lo{c.p\-t t~°i.o<A
L &

- 2.5.%.
i.e. ,‘\___ _ .!‘;‘ _§—C_‘§2—-— a—n‘:,i:.x(x-cc—)\
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Substituting for \\_%-,uf and degivatives at w::l yiclds -

—5:‘_';0( \’?C\') & —};‘0(‘1\)(\) -..-;:‘<\>“(\) 4~ :’_ -5;—-—:: <‘\>(\) -~ O

g

or on substituting ' = <-34

SYORE Im‘—% N L—:—i_\éet\) J\D - 2.5.4

This constitutes thz third boundary condition. Ceuparison with that

of Yih ('63; for flow down an inclined plane, shows that the dependence

on ¢ has shown itself in the appearance of an additional term, the one

L
%

2.5.3 Continuity of Normal Stress at the Tree Surface

1he curvature of the film surface due both to the presence of
a wavelike disturbance, and to the curvature of the conical substrate
gives rise to a net normal stress at the free surface which must be

balanced by pressure and viscous stresses.
“2

v V/Ei_r//——

TR Sy
X
In aimensional terms, the normal stress due to curvatave is
given by ¥ (%Q-‘ . _\.Q.‘—

where | is the coefficient of surface tension
‘Q‘ Rx_are the two radii of curvature (+ve if inwardly directed).

The radius of curvature due to the cone

Q'= X{-R'\F
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that in the OXYwnlane, due to the disturbance

R X) }$1)-X§4

TRy
>
AX
The ncrmal stress €§5 arising from pressure and viscous sheer
is

_ W

for continuity of normal stress at the surface

y AW =1 ek x” .
_T\.o.l/a%\{ 4+ |\ L )f — D*%\:&»“k = PQ _ 2.5.5

where'Fi is the atmospheric pressure above the film. This expression

may be rendered nen-dimensicnal as in section 2.2.5 to give

—p ""E:B\:*-S&‘C:E—ﬁ- /57., "\3

S ~ Y|+{?b\;X’“
T
where JS = PR is the inverse of a YWeber number related to mean film
P
velocity and mean film thickness.
Now << 3 , therefore
e
B . - ah \g 3 \4
K.\.»k.é_%‘)l - | + .31.'(-5;)‘& +OL‘§.

=
Using subscript notation
-p + -?—é— “ -\SY_CE":';LS"EAK,QK = -%
As in section 2.4.2 this can be considered to include contributions
both from the disturbance and from the meaﬁ flow. Using superscript °
to indicate a mean flow contribution and unsuperscripted variables to
indicate disturbance contributions, we have for total flow

“PT B Ty SY:E:&-E\MX =%

and for mean, undisturbed flow

o+ s L)
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wvhich on subtraction, leaves for the dicturbance effect,
'L -
_p = T — D = D
P ™ N
Again as iun the previous section it is useful to putn = \—\-'\-\
|

. ; X . . !

to give the ahove in terms of its variation \\l ahout the mdéan surface

'position.

; o

Then - . '

.' A 4 N '

‘where P, indicates the value of the disturbance component of pressure
Pat 3: 1 and

P"\,\ is the gradient of pressure in the ndirection for which the

mean stream component value will be the major part.

From equation 2.4.5 P§ =
! Therefore .
' S X - = O
/ - P\ * =S \'l * RQ_\T:) S\“x\s

Or on taking into account 3% ™= Q,n._f—n{s

and replacing ) N '31 £
0 s Yf - -
® ’_“p;;é AR SC RS

Substituting for the assumed and derived forms for P, \\, and x\
and dividing by e Y}“ (k—c‘i)—Xwe obtain,
Lo o ! o 1 ~
(V) +~ }kw‘é (1) - =% O s S W= L) = ©
% ) r_"u&n_.(¥ ) K({L(\>() ' ! L ' (\> )
| Elimination of the first term is possible by use of 2.4.10 which

when applied at 3 = 1 gives

L &_;« (e-%)40)- —3;4?'0)\_,
1

-~ - ;‘A— LEEQ) 0 - (140 - §e)p) +i-<'*«'0>j
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Elimination and sortii.g of ternms pgives

I o

O O B a9 522

-+ E-,E-'S’mwr:, o SRy o I;Kjfzk - - ifl‘k‘(‘)(\) = O

' . . ' } . .
Terms including {': are clearly smell, and our further considerations

will also be limited to relatively small values of o . Therefore

8

the term involving l—’-::-_\\:'111 also be small. The term in o(SRe is

liowever relained since it is the only tewm in S and the joint product

might be of

importance in cases of high surface tension.

Thus our fourth and final boundary condition is

: ) C‘Pm(\) s u_l:lb 4)“(‘) ) -Y-?j.\u.\,*c'“ﬁa _ ‘_’(;;_ .5%%‘—&+IC‘)

+%.13*A-\.{s 4 x\-Sa.Lﬁx C%C\) = O

Comparison of the above boundary conditions with those

generaily accepted for flow down an inclined plane, shows that a

basic similarity exists, but that the present set do contain terms

. \
in 4

that

have no place in the planar s=t, These are in the third

and fourth boundary conditions only. More detailed comparison with

the planar

last bracket

the reversal

in the

ralue

set as quoted by Yih ('63) shows a change of sign for the
in the final condition above. This is accounted for by
of the direction of the v coordinate as is the change

of 3 at the free surface.
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2.6 Solution

2.6.1 The system of equations to be solved is that given by
i
2.4.12 together with the boundary conaitions derived in 2:5., namely

e (e )y (e ) (R
| |
O R RS PRRE S|

- 2.6.1
H(o) = = - 2.6.2
¢lo) ~ © - 2.6.3

P ‘_.,;_ 2. E;{\c\:(\) - o - 2.6.k
0 ) - L3 e %0 SR N0

- -~ - 0615
+ 5,8_.'\.&-«:...{5 ok &({n:\*(.\) = O 2
where w-= “&—;_é , . -% <

Observation of the film formed on a cone shows that the

dominani waves are of much greater length than the film thickness.

0P S -"\\h-. “\‘\Jusn.n
wWessel gﬁk

The solution therefore proceeds on the aszumption that interect

For such waves, the wave number 0= LW. is small.

lies chiefly with small values of o« , The second major parameter éLp
occurs only divided by %, and multiplied by X, so that for even
moderately large values of QL it makes a small contribution to the
system. UWith the above in mind a perturbation method has been adopted
for the solution in which & is treated as a small perturbation quantity.
This allows a first approximation to be made by solving the system for

K = 0, i.e. including only terms of C)ézﬁ. A second approximation
follows in which terms of CD(FU) are included. So as not to introduce,
by implication, terms of higher order, the first approximate solution

1
is substituted in these terms involving o« , In this way a second
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approxination is obuained, and by an iterative procedure, higher
approximations could follow., It is however found unnecessary to
go beyond lhis second level of approximation; since this is found

to reveal the stability criterion which is sought.

|

| i

] The soluticn has been divicded into two parts. Fiﬁst a
i |
‘'solution is found for zero Qnr. This can be regarded as the limit
ito which apy thimnisg film will tend as‘{e is shown in section

]
j2¢3 to decrease with o¢ . There follows a second solution allowing

for non mero but small Qm .

2.,6.2 Solution for Zero Reynolds Number

——

As indicated above a solution is first sought for the systen

—

with zero ¢£ as well as zero qu The system 2.6.1-5 is thus reduced

to |
P = © - 2.6.6
c\xc) = © - 2.6.7
() - © 2.6.8
') - S0 - © 2.6.9
L) +ix C\’(‘) = O - 2.6.10

2.6.6 yields a first approximation solution

-y .
’ Cbo = AQ- * &\a + C\A +B
! where the constants of integration are found by substitution in the

boundary ccnditions, which gives
A 4D 2o

'—KP\ + < - O
(- 2V*A « (-B-2C-2D - o
O

2 =



- m—

N1 -

From which &5 = 0, and either A=C = ©> =0

- “ bl
or (K_V_ .ﬁ.)e] - }_ K+ i| = O
<! c! <
. 2 e pwe -
L.Co [ = ~ —
K Q...

.. for a nou trivial first approximation,

C' = 3'\'l(

o =

! And since Do A C =< i\

by s ALy -

. . -Kw . o .
On again expanding e 3 in the series form and neglecting terms

of O C/n‘)

& - NSy

No further information is available for the exact determination of
A. So a5 is common, the eigen funciion 'f!.’o is determined only up
to a muitiplicative constant. For simplicity take /‘\-:—2“‘;\- and
we have ”

P, = A ' - 2.6.11

It iz worth noting that while thic ig identical to the

first approximation obtained in the case of flow over a plane surface,
there is in the assumed value for A a dependence on the value of Kk

which is a function both of the slope ﬁ and distance down the cone o .

For the second approximation, terms of first power in o
are included in the system, v : .
y Foed -y
§l&) - ©
&(s) - o
d;l(‘-) - 3{, df__\\) - - "-'—_;—.i %C\)
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S e = = KA - (B LS HO)
Terms in o have been put on ithe right hand sides of the
~above equations. Now this system is expected to yield a ll_;igher
( .
}appro:-:imation in f¥> ihan :‘h , onec that involves o . If this is
.substituted in the right hand sides, these will contain terms 'in o
|l implying a higher approximation still. Therefore c\Do is substituted
;’in all those terms involving X . Note also that the term in " Ifa
has not been rejected as could be expccted on grounds of the power
of K involved. This is the only term iuatroducing S the surface
tension factor, and if it is regarded as a group JSQQ, its retention

causes no difficulty and provides a result which gives an indication

/ of the effect of surface tension. The system is therefore :=

W o X '
g’ = L - 2.6.12
$e) = ©
()
J 2., L
<\>C\) - ¢-4)(\) = - 5
LA i &) =~ - % (B R4S Ra)
ot only does this system yield a Ligher approximation in é‘:» s

but it will also give an updated value for <.

i Suppose e el Ac
!' Then -3 . .3 . . -3 X_\_, é.u"_y"
<! C;&Acl' CQ’ co‘

'
b - _3_ A 3 _A_:l A DC"‘B
<o <e”
So by similar considerations to ihose adopted for 4: in

relation to o , third and fourth boundary conditions become

IO O R

[ 923 7.
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.\_{;u(‘) s L 4“(0 - __j_bi— - -z—' (_3&»’\.\@ A D¢ SQn. )
l
The solution of 2.6.12 is c:\: = c\)_°—\- «:\\>‘ I\
(..o( N 3 - ~
wlllere C\’. = T a ARe +A63 i\ AC—\Q x A0

|
: Vhere in addition to the particular integral ==

the /\ terme are included to cater for the changed boundary conditions.

Substitution of this solution in the boundary conditions yields after

subtracticn of the set obtained in the fiict approximation :-

A + AD = ©
- AN + A = O
AR 2 £ 2 hey i e L
(C-%) e an - Q-2)08 -3 AC- 3D = - TR e W
’ = & ;K‘
Luc AG = -8+l e

o

%, (B vocSEL)

The same relationship holds between AA, Ac and A
as dia between A, < and D in the first approximation. So
just as A s C‘Q AN = ‘\S
s0 will AR, AQ\Q*‘AB ——u= AN Q\’

Now Awas chaosen arbitrarily since its value could not be exactly

, determined, and any attempt to put an exact value on Alis clearly

| pointless | set AN =0

Eliminating A then gives

3 1 . . . -
R LR oK (Lae) = - X (BhacforodSRa) + Lix
Co K K Co - Ko
. - ~ - LT '~
y Al = =t (5RO T (el )

)

o i | Aep e sesk) Lo
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Then for c o~ Coe oy

i
r
o
+
>
-P\
I

l
. |
| C . = -°(\L ﬁ-@ - ii:b + iicx SJLQTN
II ' -2.6.13

'The originsl a:ssumed disturbance was of the form

I < -
f \P = é#(tp b1*°§_ N.(?L <J13-\
So a negative c;as found corresponds to an exponential function

which decreases with time.

Therefore the assumed disturbance will decrease in magnitude
with time, and the motion is sfable for zero Reynolds number., All
three.elements of the expression for c,are seen to exert a stabilising
influence, though it is seen that this influence diminishes with the
growth of 2¢ . It can also be seen that as the cone degenerates to
a vertical cylinder ﬁ;: O, the only remaining stabilising influence

is that of surface tension.

2,6.3 Solution for Small Reynolds Number

This is obtained as above for small values of & also.
The first asproximation cl>°obtained for x= 0 Qq, = O is again taken as
the startiag point. Now however both first order terms in o« and
in Qe, are included. As noted in 2.6.1. Qe appears as either the
quotient Q%" whiihh due to the largeness of ¢ , is small for even
quite large ﬂe y Or as the product wﬁe_ . The latter is therefore
not disregardecd as being a second order small quantity but is retained,

thus again allowing for quite reasonably sized values of Qe, . It
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is furthzr important to note that no higher power values of Qt occur,
50 that neither is ¢ higher level of approximation possible, noi are
any large values implied by these higher values of Rg raised to higher

povwers being neglected. \
The system to Le solved is therefore now \
I
|

Pacd' - -k leys Lo sl |
s {RqGe az- wab - 18]
§e) - ©

Jﬁ(d) :Q
F - Be) - - 22250 - )

SICRMIONE ST NSRS PO
- % Y‘sk..\.(s 2SR G

/I Sﬁbstituting for <\>°= \Q"

/

| W 3Oy
gives )

(:\>N+ \Lq)'u - - ‘g@_:- Q\' “'-\-“Rk\_B\Q-(" —'LK—\ 4 'L\._,;_"('

. 2.6.11’

§s) =
(_\)‘(\3) = QO

4;'[‘.) - S-I <¥(_\) 2 - é-w Dce! -~ i

< %4
Ld‘)'"(\) lnw JP"(\) = LY_CJK\QQ_ - 5—1 - 3L Q?‘;_\
~% (ke pa &S Rs \

! The sclution of 2.6.14 will be
¢= %O"AJ'],

where <¥¥ consists of a particular integral together with terms

modifying the basic ones of <¥; to fit the revised boundary conditions.

The particular integral is

¢1-°| = L&S '\Ms“ 1—’\)&3
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\ 2
where L = -5 K
M = —— R b R
2 K A
~xRe izl AL A
N = K~ —K'K. -3\‘\' |<4-——\_ L-KQL 4'.3'( g

S0 Ly My Ny« AR L AR L Ay ~ 2D

Substitution of 33: °\Po* c\;‘in the boundary conditions and subtracticn

of the first approximation set gives

Al ry Ac = O
—w AR + AN - O

P BYetan s (-R)ak - %;N) - - _ZEL,,AC; - i_,_i_&muam*s&l

-+ :%b' Y.L*'M"M-X
. & . ~
7.\-KA& = L\_CQ’O(RO.- ;—3\@,_'{\ - E'L:Skm(s-\u 5&._\
-3 Y_(oDL + LA M o 6'“—X - LK.{I-DL-Q LM +u\)—\
As previously AR = AC= AD= O since any other choice of

value adds nothing to the arbitrary choice of value for A made in

the first approximation. AB can then be eliminated to give =

> ! = — C,,'«\.—\ + 6 Q-_—;t * Z:;LKQL
<. v >
°

- ic"i [3anp v oS » | 33t +am’|

This yields after substitution for L. M N and <, and

rearrangenent
R a 3 9 :l
2 - pa
Acr - S E - vk
q q y I
x Rq — 4 = 4+ 1w 4+ &
* X‘s A w
=7 [ { -~
- uR — 4 —_KA.—K__X
= - 3 S
R I T LS
Then for C e cpaer = <l 4 VAN +3"/,_

we have for non zero Qz,
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|

_lq.?_

{Q 1 ,AM@H.. NENETY
- (kow\(5+;‘-°<~Q°~3_1 - O(,‘Q

2.6.15

This is seen to reduce to 2.6.13% for Qe.: 0. Instability,

ithat is &n increase in the assumed disturbance with time occurs
]
‘with positive C.. 2.6.15 therefore shows that the flow will be

unstable for

[.1

Q tmls-l- A 9

e >
qQ 9 L ek Lo
-gktn'uﬁ»z-&._;:_é_sxs

- 2.6016

2.6.4 Discussion of the Stability Critericn

The expression 2.6.16 just derived represents a condition on Eab
for disturbances in the film to develop and cause surface waves of long
wavelength, The expression contains elements representing the slope
of the conizal surface, the distance travelled along a generator of
that surfac>, the wave number and the surface tension. A quick order
of magnitude assessment shows that 55 is small, and that for non extreme
vaiues of ﬁs the dominant term is the first term of the denominator.
For large ». then the criterion reduces to

QL>’%—:"
which gives a very small critical Reynolds number indeed. For all
practical purposes then the flow is at all times unstable which is in
agreement witu Benjamin's conclusion for the inclined pliane surface.

A ccmputational exercise was carried out to relate this

criterion to the vractical case of the cone on which the experiments
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were carried ocut. The critical. value of Qa., that is the value equal
to the right hand side of 2.6.16. was calculated for ﬁ,: 300, 5 in
the range 1 to 10, o¢ in the range 0.001L to 0.1l and the values of S
corresponding to the maximum and minimum flowrates achieved during
the experiments. After allowing for the variation of S with s

due to thinning of the film and consequent variaticn of both mean
film thickness 8 and mean velocity CL as indicated in 2.3. both

the variation of S and of o¢ over the whole of the range quoted were
found to have insiénificant effect., The critical value of Reynolds
number was indeed for practical purposes a function of %Q, only.
The values obtained were as follows, the two extreme values of S

| s S
being 60334 x 107> 2 and 0.356 x 107> >4

[

i}
(=]

critical Re = 0.3657
0.2750
0.2168
0.1776
0.1498
0.1292
0.1135
0.1010
0.0910
0.0823

O 0 N O\

=
o

Not too great reliance can be placed upon the first few
falues above since they apply to values of >c for which ;ﬁf cannot
be fairly neglected as it was in the derivation of the stability
criterion. Yet the results show clearly how the critical Re falls
to an extremely low value within the travellingof but a few film
thicknesses down the cone, (it being remembered that distance was

made non-dimensional by dividing by &),
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Two special cases corresponding to the extreme values of [3
deserve a mention. Firstly, that of /51'-(—: corresponrils to a horizontal
plane with film flow radially outwards from a central point. 2.6.16

can be rewritten as

| » g e
TR W

vhich for ﬁqu reduces to Qn._ o —g—-
b q,k__

This particular case then is basically similar to the general one
in practical effect, though now even the nominal dependence on oS

has disappeared.

The other case of 16 = O is bexi approached by considering ,B
small. 2.6.16 can now be rewritten as_
&_ {*w—p FS "k’lvt-\.ﬁ R
> ~ Q _\_ i

%"-_-n— ‘lgn&o..[s - (:“ -3 S)'k""{&

Now as I& is small this becomes
-
0 =z b
> ’- = 1 -~
2 (F-3"8)B

This approximates to &L> :’é[) for /5«-& and suggests that

the criticil Re —= o as p —= o . This implies that only
in the limiting case of Qz: O is the flow down the outside of a

vertical cylinder stable.
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3  EXPERIMENTAL WORK

3.1 TFilm Flow Rig

3.1.1 ‘The Cone

-~

The rig consisted basically of a right circular cone,
included angle 60°nominal, over which a film of water is made to
flow. The cone had a base diameter of 2 ft. and was a machined
aluminium casting. Final machining was carried ou. on a vertical
borer with a small depth of cut, to reduce as far as possible any’
non~circularity due to machining. The surface finish was good in
terms of lo. roughness, and a cleaning procedure which involved the
use of very fine 400 grade 'wet and dry' followed by 60O grade main-
taired and slightly improved this. Small blowholes in the casting
tended to be troublesome in so far as they trapped bubbles of air
underneath the water film. This problem was effectively overcome by
allowing water to flow over the cone for some time at the start of a
series of tests. Wiping the surface then clieared most of the buhhles
and no surface irregnlarity was visible. The process was probably

helped by the very slight porosity of the casting.

The cone was mounted on a vertical hollow shaft of stainless
gteel through which the supply water was fed. In order to leave the
space above the cone as free as possible for observation of the film,
the water feed was upwérds through this shaft. To facilitate the
smooth passage of this flow over onto the subsequently downward
sloping conical face, the transition between shaft outer diameter
and cone swface vas radiused and surmounted by a small conical
cap with an underside profile of matching radius. This cap served

not only to assist the feed of water onto the cone surface, but
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also acted az & damper of any supply fluctuations.

As can be scen in the drawing of the full rig, TFig. 3.1.1.
further elaboracion was necessary to allow this ripg to be used for
future work on the effect of rotation of the cone. For the purposes
of this report however it is sufficient to say further only that the
cone was supnorted on a very rigid structure designed to limit the

effect of any free vibrotions within the rig.

3.)..2 The Vater Supply

The vater supply was taken directly from the laboratory mains
supply. Thiz occasionally caused complications in so far as heavy use
of viater elsewhere in the building sometimes limiteé the maximum flow-
rate available to an inconveniently low level. Sometimes other usage
also led to regular oscillation of the supply rressure and consequent
flowrate oscillation. This was very clearly detectable at & number of
points in the system, and tests could not thea be run. The limitation
of testing to relatively quiet times was a simple and effective solution
of the above problems. An independent gravity feed system from a header
tank was tried, but Durham water is unusually rich in iron bacteria which
multiply prolifically in static closed water systems causing discolor-
ation and sizeable solid particles. While these can be readily killed
by the addition of detergents, such an addition would have caused a
marked change in the surface tension and viscosity of the water, and

was eschewved.

The miins supply was taken through a micronyl filter, and
hence through a rotameter for flow measurement to the cone supply line.
The range of flows measured by the rotameter 10-100 gallons/hour (12.6-

126 x 10-6 m3/s) wvas ideally suited to the film conditions desired on

'lﬂ _"”l.' >,
S0EgE s,
2 4 AuG197;

£
GRARY
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the cone. UWith flows of less than 10 galls/hr. it was found very
difficult to maintain an unbroken film since the film thickness at

the higher cone diameters is very small indeed as can be seen from

the results Rfesented later. Whereas above 100 galls/hr. surface

wave patterns became very irregular, and some difficulty was experienced
in maintaining a steady supply of this amount from the mains. Control
of flowrate by the ordinary mains tap was rather surprisingly found to
be very good and quite adequately sensitive. The rotameter was cal-
ibrated by the manufacturers, whe supplied a calibration chart. The
wvater leaving the cone was collected in a stainless steel drip tray
and passed to drain. A thermometer in the tray drain enabled a check
to be kept »n water temperature which was found to vary very little
durirg a series of tests. The day to day variction was however
greater 1 - 2°C ana temperatures vere recorded for the accurate de-

termination of Reynolds numbers.

3.1.3 The Measuring Station

A pair of rails parallel to a generator of the cone supported
a sliding carrier to which was attached the film thickness measurement
probe. This system enabled the probe, once it was muunted on its
carrier, to he readily moved along & line parallel to the generator,
in order to face the cone at different cone diameters. The probe
axis was held normal to the cone surface, and a fixed scale allowed
direct reading of the cone diameter at the point of its surface
directly facing the centre of the probe. Section 3.4.,2. describes
initial tests to determine how representative of flow over the whole

cone, was flow along the generator facing this measuring station.
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Once these tests had been carried out, the cone was -.arked and held
in a tixed pesition, so that all subsequent testing was carried out
2long this one generator of the cone.

.«

The rails and supporting structure were sturdily constructed
in order to minimise errors in the film trickness readings due to
vibration. It was nol found possible to position the rails with
sufficient accuracy that the distance from the probe to the cone
surface remained perfectly constant at zll probe positions. This
would be due to slight inaccuracies of form in both the rails and
the cone itself which were readily displayed by the highly accurate
measuring system provided by the instrumeniation being used. In
consequence of this, new zero readings wer:c taken each time the probe
was moved to a new diameter. A simple locking device was used to

fix the probe carrier at any such required diameter,
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3.2 Instrumentation

3.2.1 The Capacitance Measwing System

Of the severazl methods available for the measurement of

e

film thickness, the most suitable was judged to be that based on a
measurenent of the capacitance bhetween a probe held above the liquid
film surface, and the cone. Such a system can be easily -achieved with
adequate freguency response to permit measurement aud recording of
instantaneous film thickness. This makes it clearly superior to those
methods which yield only mean film thickness results. Indeed, some

of the latteir methods, such as continuous weighing, or the drainage
technique whereby flow is shut off and the fluid on the surface at

that instant is collected and measured, are not applicable on a conical
surface where the mean film thickness varies with passage down the cone
surface unlixke the case of flow down a plane or cylinder for which they
have successfully been used: Kamei and Oishi ('56), Cooper, Drew and
McAdams ('34), ¥allah, Hunter and Nash ('34), ¥riedman and Miller ('k1),
Portalski ('64). Another commonly used method, that of determining

the position of the film surface with a contacting reedle on a micro-
meter screw, is both limited and laborious despite later sophistications
which have been developed whereby a comparison at various depths of the
periods of contact and non contact allow an estimate of wave form to

be made: Hopf ('10) Kirkbride ('34), Brauer ('56) and many others.
Optical methods based on light absorption by dye in the liquid film
such as used by Charvonia ('59) could not be used since the cone

itself was opaque.
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Another electrical method that also gives geod frequency
response is that of measuring the resistance between two electrodes
set in, but insulated from, the solid surface and contacting the fluid
film., The method however hzs the disadvantage of requiring fixed
probes at fixed predeternined positions, and therefore lacks the
flexibility of a movable capacitance probe. The use of the resistance

method has bren reported by Collier and Hewitt ('61) and van Rossum ('59).

The capacitance system used was based on a commercially available
system produced and marketed by Messrs. VWayne Herr Ltd., for vibration
and distance measurement. The particular lastrument used being a com-
paratively early version, a distance meter DM 100. The meter system
consists of an oscillator and high gain amplifier fed by an internal

H.T, power supply, tcgether with a metering circuit and recorder output.

Osei\akac Aol Okpe¥ \Jo‘\‘maq,
‘ \ ‘. . 3 1]
Ou‘\p\‘* ‘{ l % MP & 'fo V\&k&.(\v\ﬁ Q\Cc\.u&
- ]
Pfo\bﬂl lc.oy\g_ _’L__
Fig. 3.2.1

The oscillator provides a reference current through a standard capacitnr
C° which together with the cwrrent thrcugh the capacitance C formed
between the probé and the cone is fed to the high gain amplifier. The
amplifier output voltage then becomes inversely proportional to the

value of C , and is therefore directly proportional to the separation

of its plates, nzuiely the probe and the cone or covering film surfacé

facing it. The metering circuit rectifies this modulated 50 kHz



output, to give an output of fluctmating DC voltage proportional
to the mean plate separation. A small intevnal ammetzr gave a
somevhat inaccurate reading of mean value. In preference to this

the output was taken to a digital DC  voltmeter with variable damping

C

for mean value determination, and via an operational amplifier to an

ultra violet recorder for instantaneous value recording.

The ability of this system to measure the liquid film
thickness depends on the very large difference between the relative

permittivity of air and water.

proke
t As¢
LS
e Watier
T Cona.
Fig. 3.2.2

For a simple parallel plate condenser as shown, the capacitance

e A
C = (%

il

. X
5_1

where A is the plate area
€ is the permittivity of free srice
£, is the permittivity of air
£, w v m " {he fluid in the film

As stated above the output voltage of the instrument
Voc ‘//
<

V o £ (£-1) 258
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Now for water £ ., varies between 82.22 at 15°C and 80.36 at 20°%
vhile for air, even with a high water vapour content €  will not

exceed 1.01. Also & did not for the most part exceed 10% of €

so that on tvo counts E‘S was small compared with i.b(_t— X).

Hence V o (h-— g)

and by subtraction of readings for V from a zerc reading obtained
with a dry cone ( d =0) , & could be determined after some

calibration to find the constant of proportionality.

The prote used however did not form part of a simple parallel
plate condenser as considered above. TFor although the probe itself
had a planc surface, it faces the surface of the cone which was curved
in one direction, and vhat is more curved to a varying degree. tppendix
I contains an analysis of this problem, in which the factor by which
the actual capacitance of the gap varies from that formed by a plane
surface at the same distance as the cone, is derived. Numerical
values of this factor for various values of plate separation and cone
diameter were obtained, and the error introduced by the non plane
surface was found to be small, less than 2% for virtually all the

readings taken,

3.2.2 The Probe

The expression for capacitance atove in 3.2.1 shows that
Cw
so that for 'similar' operation of the instrumen% a reduction in A,
probe area,mst be accompanied by a reduction in plate separation t.
Now for good resolution of small wavelengths the probe area should

be as small as possible. However there is a practical limitation on



the emallness of €. Tor if £ is too small there is little clearance
between thie probe and the water film, and the probe becomes liable to
flooding when the flow is started. That is contact hetween the probe
and film is made and the action of surface fension causes the film to

be drawn up over the whole probe surface, and to remain so. The standard
probes produced by VWayne Kerr are circular, and speaned a rather greater
distance along the main flow direction than was desired; A special probe
vas therefore designed and produced with a inuch shorter dimension in
this direction. The requisite area was provided by making it longer

in the direction normal. to this, across the cone. For ease of man-
ufacture the shape chosen for the active area was a rectangle with

semi circular ends. Fig. 3.2.3. shows this probe complete with its
necessary guard ring to maintain parallel lines of flux. This probe

of width 4.8 mm was equivalent to a circular probe of diameter 11 mm.

1 4 4 %
I
; 1 -+ 0|
i Ty d
. p
v i\n
¢
B 0
b
i: 20 % mm
¥
- 28.- 0 mwm

Fig.e 3.2.3
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3.E.3 The Amplifier

Output from the VWavne Kerr meter was in the form of a current
of the order 1 mA which was proportional to the distance of the probe

from the cone or its superimposed liquid film., The current was fed

¢

through a 1 k. refeirence resistor, and the voltage \A across

this used for further processing. \/\ consisted of two components,
a relatively high mean value <j\, corresponding to the mean air gap
thickness, together with a variable smaller amount SV\ reflecting
the variation in the air gap thickness due Lo surface waves. As
aiready stated a DC digital voltmeter gave a reading of <j‘ . A
stabilised DC wower supply and voltage dividing potentiometer were

sel up to procuce a voltage V; equivalent to the value of \A when
there was no flow on the cone, \A,and \J\ were then fed to the inputs
of a differential operational amplifier. Without flow on the cone then,
the amplifier produced a zero output voltage. With flow, it produced

an output proportional to the instantaneous film thickness.
The amplifier used was a Burr-Brown encapsulated amplifier

type 3021/15. Diagrammatically the circuit is showa in fig. 3.2.4.

oo ena + Mo,

R e VAVAVAV e e VVAVAN

Vo

* O ——NWWN——NWN—T1 @
oot \ M. =
. —
V. = ‘_‘%, (N-NY) = - L\Io_ (Vw&‘lﬂ Fig. 3.2.4

i.e, "V1.°‘ & the instantaneous film thickness
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3.2.% Recording

The outyput V; from the amplifier was recorded using a Southern
Instruments type M 1300 ultra violet recording oscillograph. The
matching of the amplifier output and the recording galvanometer was

10w A “'\\l'l.

as follows: .
S o] owsS L Q’\.
s.O-———]

Y- fe&'\s\'ou,,m

Vi

Fig. 3.2.5

The galvancmeter was type SMI/HM, sensitivity .050 mA/mm. It had
internal [luid damping, so no parallel damping resistor was necessary.
The resistor ‘llyas necessary to reduce the current in the circuit

to a level both acceptable to the galvanometer, and below the
saturation current of the amplifier which was approximately 6.5 mA.
lthough this saturation level was well below the maxdimum current

that could be tolerated by the galvanometer, the latter was never-
theless protected by a 10 mA fuse against possible accidental overloads
or catastrophic failure of the amplifier. A choice of Gl,_: 375..

(for the resistor and fuse together) gave

Vi = Ly (375 + 39)
and galvanometer deflection in mm = =R / ese

48RV,

For the wave analysis reported in 3.7 the recorder was run
with & paper speed of 400 mm/s with timing marks every 0.1 s.
The completed instrumentation was then as shown in the block

diagram Fig. 35.2.6,
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3.3 Photopraphy ’

}.3.1 Still Photopgraphy

A number of still photographs were taken early in the experimental
work to confirm the visuwal impression that roughly horizontal wavefronts
vere passing down the cone. Also that these wavefronts were more regular

and clearly defined at the lower flowrates.

Thxee djfferent cameras were used during the initial trial runs
tg determine exposures and lighting positions. The best quality pictures
were finally obtained using a large format monorail camera, a Sinar
.h" x 5" with 2 150 mm lens. Use was made of the rising and tilting
movements of both the lens panel and filrm plane of this camera to maintain
a large area of the cone surface i.i sharp focus. Of the few lighting
positions tried the best was with the single light source directly -above
the cone directed downwards aiong the cone axis, with the camera axis in
the horizontsl plane normal to the cone axis. The light source was a 2/~$
single flash unit of 40 joules output. This provided both sufficient
light and speed to "freeze'" movement and allow the use of a reasonably

fine grainea film stock, Kodak Plus X expcsed at f 5.6.

3.%.2 Cine Photogravnhy

A Hycam variable framing rate rotating prism 16 mm cine camera
was used to obtain motion pictures of the flow. Although capable of
very high traming rates, it was, for most of the teets, run at 30
frames/second. This gﬁve sufficient movement of the wavefront over
a few successive frcomes to make measurement of wave speeds possible.

A nm scae plcced in front of the cone surface and parallel to it just
clear of the fluid film, made these measurements simple and obviated

any necessity to record accurately enlargement factors in subsequent
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printing.

1/

With a ~ 10th shutter in the camera, the éxposure for each
frame was 1/3005 at 7 2.8. The film used was Ilford FP4 developed

for 4} hinute; in Microphen at 73°F. This yielded a reasonably fine
grained and high contrast image.. The contrast was further improved by
printing on hard paper, from which prints the measurements were made,
iighting was provided by two 500W photofloods placed as before above
the cone. At very low flowrates detection of the very small waves

was extremely difficult, and it was then fcuna best to move the lights

a little to the rear of the cone median plane., All cine photographs

. o . .
were taken opposite the 0O measuring station.



3.4  Cone Setting

3.4.1 Levelling

The cone was levelled using a Hilger and Watts clinometer,

of 6% inches ghse leagth.  ¥With this the inclination of the conical
surface to the horizontal was measured at feour generators at 90° in-
tervals. Levelling was then carried out by packing shims and wedges
ﬁnder the rig support structure. Three sources of irregularity were
possible; irregularity of the surface, lack of coincidence of surface
axis and axis of rotation, and & non-vertical axis of rotation. ¥ith
possible futwre rotation of the cone in mind, readings were taken with

(o]

the cone rotated through 90°, 180°, 270° in addition to the 0° positior.

to get the best 'compromise level! zetting.
[3) L

Vith this done, and the cone returned tn the position at which
all subsequent readings were taken, the clinocmeter readings were as

follows ¢ cone viewedh  Srom doove

¢® 59° 57t 300
90° 60° oo' 15" IR
00 o t Hi ébtiow
160 59 59 05
270° 59° 55t 25"

Fig. 3.%.1

Of the remaining differences in slope, about half was due to
non-verticality of the axis of rotation, and half to the combination of
the othef Yo erfors. The above give an average inclination to the
horizontal of 590 58' OhM with a variation of + 2'11" and - 2'49". This

' corresponds to a value for fs of 300 01' 56", which if anproximated to
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wrO . - N e s
30" introduces errors of less than C.19% in the

functions .S\L«(ﬁ, OJB(S ) -S""L(g .

0 . .
The 0" generator was chosen for the mcasuring station as

having the slope closest to the average value.

3.4.2  Tilm Uniformity

Early trials showed a fairly gross lack of uniformity in
the film thickness. Errors of this sort, it was thought, might be
attributable in part to errors of flow over the surface itself, and
in part to non-uniformity of fluid supplj to the surface. As reported
in 3.,1.1 the fluid supply came via a hoilow central shaft up through
the cone. This hollow annlus was divided by a cruciform section into
four chuannels, so as to impart whirl to the water if the cone was rotat-
ing. But this division of the flow ended scme 2% inches short of the
top of the cone, and from that point flow should be fully annular.
Again as described in 3.1l.1 flow is turned onto the cone surface by

an adjustable cap, see Fig. 3.h4.2.

ro

- B

Fig. 3.4.2.
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The original large error was found to be due to damaye to
this conical cap : the lower rim had become non--circular. This was
re-machined and the large error thus rectified. The discovery howeve:
pointed to the. very important role played by the cap. Its complete
reroval. showed clearly that there was still some regidval effect of
the cruciform section at the cone apex. Further, without the cap,
there was a very early onset of waves near the cone apex, due no doubt
to the disturbances experienced in the change of direction of flow.
With the cap in position, both these effccts were undetectable, and its
use was thus well justified. It also proved useful as both a detector,
and also no doubt a damper of fluctuations in the supply flow. Vhen
occasionally these were experienced the can, which was left free to
move vertically, rattled up and down noisily. This free vertical
movement was allowed partly for this reason, and partly in the ex-
pectation that this would allow for a self centering effect that would

best produce an cqual gap between cone and cap at the cap rim. The cap|

vas a good sliding fit on the central shaft, and the two locking
screvs viere adjusted so as to just allow vertical momement. A check
around this gap with feeler gauges showed no lack of concentricity

detectable by this method.

Checks were now repeated, taking measurements of mean film
thickness for flowrates of between 10 and 100 gph for the four equally
spaced generators shown in Fig. 3.4.1. The measuremenis were all
made at 500 mm cone dizmeter. The results gave very good agreement
at the higher flowrates, almost perfect agreément in the first instance
at 80 gph. At low flowrates however there was much less satisfactor§

uniformity, the readings hetween the four penerators varying over a

range of up to around 15%. This was however {ypical of the difficulty
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. threughout the erperimental work of obtaiuing good and consistent
results at tue lower flowrates; and 1t =hould be pointed ocut that it
was on a very thin film of approximately 0.14 mm mean thickness that

these measurements werc being made.

Later recalculation of these results was carried out in the
light of experience in the calibration of the instruments and the
discovery of factiors affecting the calibwration. The recalculated
results with full calibrations and also temperature allowances made
showed little overall effective change: The individual results were
altered siightly, but over-all the spread of readinzs was ohly slightly
reduced at low flowrates, and was somewhat increased at higher ones.
Fig. 3.4.3 shous a plot of the results obiained for film thickness
against flowrate. It shows that the readings obtained on the o°
generator were consistently high whilc those at the 180° generator
vwere consistently lower than average, with the 900 and 2?0o broadly
similar in the middle. These discrepancies are not explicable in
terms of the small residual difference in slopes. 2earing in mind
that even at the highest percentage variation this only represecnts
+ .010 mm on .34 mm, it was decided to take the precaution of
maintainiug the cap always in the same angular position, and to
proceed with readings on the o° generator always. In the range of
flowrate 1C - 69 gph this generator gave film thicknesses between
.007 and .Ul0 ma in excess of the mean of the flow recordings taken.
In this range therefoure mean film thicknesses measured at the O°

enerator position are approximately .0C09 mm in excess of the true
P £y

mean, that is betwzen 4 and 7% high.
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A final experimental cneck was made to see if any indication
could be found of mean flow not following the cene generator. This
was done by irtroducing a fine filament of dye into the film high on
the cone. 7The dye spread.out in a fan shape as the iilm 'stretched!
over the expanding cone surface. Both visual observation at the time,

5]

and later neasurement of photopraphs taken, showed eqgual spread of the
dye to both gides of tize line of introduction, at a’l stations tested.
It was therefore concluded that any tangential moverient could be dis-

counted and that any pattern of nca-unifors film thickness around the

cone did not change appreciably with progress from top to bottom.



3.5 Colihration of the Inchrumentalion

3.5.1 static Volimeter Calibration

Calibration presented a number of prohicms. Tor a directly
comparable static calibration, it would be neccssary to produce vater
films of similar thickneSS to those found on the cone. lNow films of
this thickness (0.2 - 0.5 mm) are not easily formed cxcept in flow
situations where their thickness is wncertain. Howcver the expression
for the dependencze of capacitance_on this film thiclkness suggests that
the actual film Las little effect except in so far as it modifies the
size of the cir gap. Initial calibration therefore proceeded on the

assumption tiat it was the air gap thickness that was being measured.

Firstly a simple air gap was created butween the probe and an
opposing parallel retal sheet. The metal sheet was arranged so that
it could be raised or lowered under the probe by means of a micrometer
height gauge. A series of several such tests carried out at intervals
over a period of a few weeks yielded excellently consistent resu ts.
There was a very clear linear relationship between voltage across a
1 k< resistive load and the air gap. The constant of proportionality
varied only between 0.361 and 0.363 V/mm, and O V output corresponded

to O mm air gep.

Similar tests carried out over the same pericd with the probe
facing a horizental water surface proved far less satisfactory. Not
only was the constant of proportionality different but it was so by &

varying amount. No apparent pattern was discernible. Although the

h

thickness of the underlying water layer could not be easily reduced
to the size cf that found cn the cone, widely varying values of

0.62 mm, 0.805 mn and 6.2 mm were all found to have the same cal-

ibration factor of 0.336 V/mm when successive tests were run one day.



This supported well the suggestion stated avove that 1t is really

the air gap that counts. Again the tests were carried out in such a

way that the water layer had sufficient time te reach room temperature;
and this in anroom situated deep in the heart éf a large building, where
the temperature remained remarkably constant. HNevertheless, it vas
decided that calibration by moving a fixed thickness layer of water to
and from the probe diu not perhaps sufficiently simulate the situation

on the ccne, wheie it is a variable thickness film of water which modifies
the capacitance between opposing fixed metal plates. It should be pointed
oul that the layer of water used in the tesis above was not of fully
constant thickness, a small amount of evaporation generally took place,
but tiis was allowed for in the calculationsg it being assumed to have

heen at & constant rate.

Next, therefore, calibration tests were carried out with the
probe fixed with vertical axis above a horizontal dish of aluminium,
the cone material, Fig. 3.5.1l. The dish was formed by turning a
recess in a piece of aluminium plate. Three sizes of dish were used,
the smellest with a 3 inch diameter recess gave results sigrnificantly
different from those cLtained from 4 inch and 5 inch diameter dishes
which were closely similar. It was concluded that the 3 inch recess wvas
insufficiently large compared with the prove size and that some fringing
effects of the lines of flux were taking place. Later tests were
therefore carried out on the 4 inch disn in which it was somewhat
easier to create an unbroken film than in the 5 inch one. To fac-
ilitate this film formation at the lowest feasible film thickness the
dish was thoroughly cleaned with concentrated sulphuric acid and ethyl

alcohol shortly before calibration runs.



Calibration Arrsngement
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Water was dripped into the dish fror a 10 ml buretie
graduated in  .C2 ml . From knowledge therefore of the quantity
added and the croaos sectional area of ihe recess the film thickness
could in theory be calculated. However, uncertainty as to the exact
thickneass arisss tirough the existence of the meniscus region. It
was necessary with the 4 inch dish to add initially about 3 ml of
water hefore a continucus film over the whole recess cculd be formed

at all.

(0]

earlienst readings then tended to be erratic until a proper

meniscus wWes iormed after the addition of about 3.5 ml in all. This

is equivaleut to a film thickness of apprexiiately O.4% mm making no
allowance for the fluid contained in the meniscus. Tests by evapor-
ation and weighing with the 3 inch dish suggested that that had

a meniscus region which contained 1.1 ml water. A pro rata increase
suggests that approximately 1.5 ml would be contained in the 4 inch

dish meniscus, MHaking this allowance gives approximately 0.25 mm as

the lowest reliable film thickness that could be obiained using the

I inch dish. This is well within the range of film thickness measured

on the cone, although still somewhat greater than the minimum thicknesses

encountered.

A series of tests with the above arrangement carried out over

a period of 10 days yielded the following calibration factors :-

0.379 0.392 0.398
0.386 0.391 0.%87
0.394 0.395 0.392

These give an average of 0.390 with a range of ~ 2.8% to + 2.1%

of tuis.
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About this time it was noticed that over a long period of
testing, the output of the Wayne Herr instrument, as evidenced by
the outnut ol a standard check circuit provided within the instrumeu*,
was liable to drift. Insufficient notice had been taken of the con-
stancy of tine check circuit output up till then. A series of calibret-
ilons was therefore carried out at different values of check circuit
output, and & consistent pattern observed. Graph 2.5.2 shows the
variation of calibration factor with check circuit outnut as measured
with the digital voltmeter across the standard 1 kL resistance. The

line dyawn on this graph was obtained by a linear repgression analysis.

All subsequent testing was carrizd out with a check circuit
output maintained at 0.980 V and the corresyonding calibration factor

of 0.394% V/mm or 2.54% mn/V used.

3.5.,2 Static Recorder Calibration

The instrumentation was next completed by the addition of the
amplifier and recorder circuits as shown in the block diagram, Fig.
3.2.6. A calibration was then undertaken of the recorder deflection
against film thickness using the 4 inch dish and water supplied by
burette as before, The voltmeter was kept in the circuit so as to
again check its own calibration, and also as a means of monitoring
the check circuit output. Since the output from the Yayne Kerr
instrument, in both operating and checl modes, was a current output,
the additicn of the amplifier circuit, with its high but still finite
input impedance, slightly reduced the check voltage recorded across
the 1 ko reference resistor from 0,980 V to 0.974. Bearing in nind

the dependence of the calibration upon this check circuit output,
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care was taken to maintain this check voltage at 0,974 V with the
amplifier in circuit, and 0,980 V with the amplifier absent.

The reoults of four successive caiibration runs were as

follows :~

Voltmeter Recorder
RUM 1 « 391 V/mm 179 mm deflection/ma
2 Lo2 185
5 « 390 182
‘ b .392 185
mean 039k 183

This therefore gave a result in good agreement with the voltmeter
calibration already established, and a value consistent within 23%

for the recorder deflection calibration.

It is interesﬁing to observe that ihe value of 183 mm/mm
also arproxinmates reasonably well to the value that mizhit have been
predicted by the circuit parameters. The amplifier gives a nominal
amplification of 10 and in 3.2.4. the recordeir circuit is showvm to
‘have a nominal sensitivity of 48.8 mm/V output. These combine to
give a nominal recorder sensitivity of 0.394 x 10 x 45.8 = 192 mm/mm;

within 5% of the actual value.

It should at this point be noted that, while throughcut the
calibration testing, good agreement was always obtained between the
pradients of different calibration runs, far less consistency of

intercent on the axes was obtained. With reference to the use of
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the dich Tor calibration this might be exprlained in terms of uncertainty
as to the amount of fluid occupying the meniscus region. Ii is however

difficult tc s¢

[

how this would vary very widely between runs, partic-
ularly in view oi the cleaning precautions teken. Aunother possible
source of variation is adsorplion into the metal surface. Unfortunately
aluminium represents a poor choice of material in this respect, a fact

unknown at the design ~tage when it was chosen on grounds of weight

and cost,

3.5.3 Dyn=mic Voltmeler and Recorder Comporison

It was thought desirable to have some forir of check that
static calibrations did produce values that were velid for dynamic
measurcrents made with actual films on the cone. VWniie no direct
absolute chzck of the 2 calibrations was possible, a comparison of
corresponding veltmeter and recorder readings was thought to be better
than no check at all.  Consequently readings obtained during the mean
film thickness testinx period were plotted in the form of volimeter
reading against an estimated mean UV recorder trace deflection. The
result, Fig. 3.5.3. shows that these points lie in a band fairly
évenly distributed about the line given by points obtained from the
static calibrations. A certain amount of scatter is inevitable
bearing in mind thalt the mean recorder trace deflection is obtained
by a subjective visual estimale of what is in some cases a highly
irregular trace. Nevertheless it is apparent from this graph thet
points representing different flowrate values taken cuccessively at
a given diometer conform generally well to a line of their own parallel

to the calibration line. The scatter therefore is not an entirely
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random one but stems Trom the unédertainty in zero reading referred

to at the cnd of the previocus section.

It is also worthy of note that there is a rather pgreater
scatter towards the right of the calibration line suggesting that
the recorder will tend to give a sumewhat higher mean film thickness
reading than the voltmeter. This was found to be so in later cx-
periments, Also the scatter is greater the smaller the reading; and
again in later experiments it proved more difficult to obtain consistent
results at the lower flowrates despite tihe mere irregular waveforms

found with high flowrate values.
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3.6 Tests g

3.,6.1 Mean Filasi Thickness

VH.th Phe apparatus set up as described in the foregoing sections,
a series or tests was carried out to determine the pattern of mean film
thickness variation. The voltmeter only was used, with sufficient
damping in its internal circuitry it registered a sufficiently steady
mean value., The variation of mean thickness with both flowrate and

diameter wss studied for constant values of the other variable.

The range of diameter avail#ble on the cone was from 135 mm
to 464 mu these being the extreme values that could be reaéhed witia the
rail mounted probe. MHeasurements were therefore made at the following
values of diameter : 140, 180, 220, 260, 300, 340, 380, 420, 460 wm,
As previously stated, the range of flowrate was 10-100 gallons/hour or

6 to 126 x 1070 m’/s. The non standard unit of gallons/hour

12.6 x 107
in which the rotameter was calibrated was retained for convenience during
the experiments chiefly because it represented a complete single cycle on
logarithmic graph paper. Since the theoretical relationship between mean
film thickness and flowrate is cubic in form, logarithmic plotting to
verify this relationship was convenient. With such plotting in mind the

values of flowrate chosen were : 10, 12, 15, 20, 24, 30, 40, 50, 60, 80,

arld lm gl)h.

The test procedure was as follows :-
(1) + The cone was cleaned with firstly a small amount »f detergent
solution, and secondly with light rubbing with 600 grade 'wet and dry'.
The use c¢f tha latter being mainly confined to any areas where difficulty

was being experienced in forming a continuous film. Care was also taken
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to clean thoroughly the lip and underside oi the cap ut the water entry
point. Throughout most of this process and for some 15-20 mirutes after,
a high flowrute was m@intained over the cone in order to both wash away

any trace of the detergent and also to bring the cone to water temperature.

(2) 'The prcbe was brought into positioa at one of the values of
diameter listed above. The water flow was stopped and the area of cone

surface immediately under the probe dried with a broad jet of cold air.

(3) The Yayne Kerr check circuit voltage was read, and adjusted
if necessary to the chosen value of 0,980V, A zero reading was then

taken corresponding to the air gap betwesn the probe and the dry cone.

(4) The supply of water was resumed and the flowrate steadily
increased to the maximum value of 100 gph. A check was made to see that
the underside of the probe was still dry. Occasionally small drops were
found to have splashed on to it in the starting period. %hen this happ-
ened it was necussary to start all over again. A check was also made
that a complete film had been formed all over the cone. Little difficulty
was experienced with this if step (1) had been properly carried out.
After one or two minutes running any small air bubbles that tended to
collect in the larger casting blowholes were removed by wiping the cone
under the film with a piece of stiff paper. After a check that the
wvater temperature was steady, this and the voltmeter reading were re-

corded.

(5) ‘Tereafter the flowrate was reduced by successive steps
to the values iisted abovc. The flow showed a rapid response to
the changes. The voltmeter reading was recorded at each

flowrate value, and a check was kept on water temverature,
ue, b I

The latter showed 1little variation, not more than 0.1%
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during the run. Ae the flowrate reached the smaller values, care was
talkken to check that a complete film around the cone was being maintained.
This was found to be easier when starting with a high flowrate and
svccessively reducing it, than when forming a film at a low flowrate

from scratch,

(6) After readings had been obtained at all flowrate values, the
supply was turned off. The area of cone immediately under the prote was
again dried wiith the air jet, and the zero rea.ing with the dry cone re-
peated. This reading was then compared with that taken at the start of
the test. GSome difficulty was experienced here in that sometimes dis-
crepancies existed. Some of these were the result of electronic drift
in th2 Yayne Kerr instrument circuitry. Theue were revealed by also
re-checking the check circuit output voltage. Only where the zero
readings and check circuit voltages were in agreement to within .OCLV

were the results for that run accepted.

(7) If unacceptable agreement of zero readings was obtained, the
run vas repeated until satisfactory. The probe was then moved to a
different diameter and the procedure from (2) onwards repeated until

runs had been made at all the diameters listed.
The readings thus obtained were then processed as follows :-

1. Subtracted the voltages recorded at the variqus flowrates
from the zZero reading to give the voltage equivalent to the mean film
thickness.

2. Divided by the calibration factor 0.394% V/mm to give the

apparent mean film thickness,

3. For diameters up to 260 mm applied the appropriate conical
surface correction as outlined in 3.2.1 and Appendix I . For the

higher diameters this correction would have been very small (< 1%).
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k, Calculated the corresponding values of Reyncids number using

the kinematic viscosity of water at the mean temperature for the run.

For results and discussion see section 4.1,

3.6.2 VYave leasurements ~ Amplitude and Freauency

The basic test preocedure was ident.cal to that adopted in
3.6.1 except that now the instantaneous film thickness was continuously
recorded for a short period when all oonditions were steady. This re-
quired the full amplifier and recorder instrumentation as shown in
Fig.3.2.6. A3 noted in 3.5.2 the Wayne Kerr check circuit output
voltage was maintained at 0.974V. A number of different recorder paper
speeds vere tried. The slowest speeds were unsuitable for giving any
indication of wave shape but indicated well the pattern of peak size
variation. Early records taken like this emphasised the difficulty of
getting an exact measure of amplitude. They also showed that no simple
measure of frecuency was entirely satigfactory either due to the complexity
of the waveform. Consequently it was decided to subject records to a
full Fourier analysis. For this, traces at a much higher praper speed
were necessary and 4CO mm/s was found most suitable. At this relatively
high speed, the paper acceleration and deceleration periods at the two
ends of the record must be avoided when analysing the trace. An
internally gencrated 0.1 sec. irterval timing mark on the paper margin
made this simply done, and gave a ready check éf the constancy of paper
speed. és with the mean film thicknes»s measurements, a trace corresponding
to the dry cone reading was taken at the beginniag and end of each run.
These served as zero lines from which the deflection could be measured.
~ Small zero drifts were sometimes found ( 2-3 mm) between beginning and
" end of a run., If the voltmeter readings were otherwise satisfactory,

this drift vas divided into equal intervals of drift between each



record in between, and allowed for thus.

Wave records at the lowsr diameters showed very little disturbance
as vas expected, especiaily at low flowrates, Records for analysis were
taken at diameters 240, 280, 320, 360, 40O, 44C, and 46O mm, and at
flowrates of 10, 20, 40 and 10C gallons/hr. The anclysis of the records

is described in sections 3.7.l and 3.7.2.

3.6.3 Vave lieasurenents -~ Wavespeed and Wavelength

These measurements were obtained from the cine photographs taken
as described in 3.3.2. Not all of the length of the 0° cone generator
could be covecred by one shot, so three overlapping series of films were
taken to cover the range of diameter from 160 mn %o 460 mm. Initially
films were taken at flowrates at 40, 20, and 10 gph only. The last of
these proved veiry difficult to analyse and since it is only at the
lower flowrates that fully developed waves were found to be obtained,

a further series was taken at a flowrate of 15 gph. The water temperature
was measured to allow the water properties to be determined. No direct
measurement was made of the film thickness at the time, since the probe
apd measuring station had heen removed to give the camera a clear viev.
By this time however enough was known about the flow te enable an

indirect calculation of mean film thickness to he made,

Strips of four successive frames were enlarged and printed
and from these measurements made. The movement of the waves down the
cone could be clearly seen and at 30 frames/s the time interval covered
by the 4 frames was 0,1 s. Measured changes of wave position in the range
15 to 40 mm then corresponded to wavespeeds of 0.15 to O.k n/s. A

considerable number of sucli measurements were made, the wave being
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credited with thal mean spced at the mid-point of the travel measured.

The measurement of wavelength was much less sinple as could be

predicted from the traces obtained in 3.6.2. No clear regular wavelength

was apparenl, and the distance between successive wavefronts varied
widely. A number of specific diameters were chosen, such as T = 320
mu, Measurements were then made of the distance betweeh the wavefronts
either side of this diameter and a nunber of such measurements averaged
to give a mean wavelength at that diameter. Care was taken to pick
wherever possible the distance between two roughly parallel wavefronts.

This procedure was most difficult at low flowrates and high diameters

where the 1ecorded wavefronts were not &t all clear against the patchy

grey cone vackground., Vhile the larger waves could be fairly confidently

picked out for wavespeed measurement, less confidence was possible in

picking two successive wavefronts.
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3.7 Yave Anolysis

3.7.1 Trials with a YWave Analyser

A Muirhead-Pametrada wave analyser type D-480-Gi was brought
into the instrumentation in an attempt to determine if any single dominant
frequency wars present in the wave readings. As the lower frequency linmit
of the analy=er was 15 Hz, it was necessary to record the output from the
operational amplifier over a period of time nsing an Epsylon-Labcorder.
The recording was made at a lower speed and played back into the analyser

at the maximum speed available, 15 inches/s thus increasing all frequencies.

The analyser consists essentially of a series of adjustable
filters which permit examination of the energy content of the waveform
at any speciiied frequency. The band width of the filters could be
varied from 'in tune' to one~third octave. It was found in practice
that encrgy content thus measured fluctuated considerably as the re-
cording was played back. This indicated as might have been expected
that the flow disturhances presented a by no means steady picture,
Talking mean values, it was possible to build up a picture of frequency
dependence which indicated no great dominant peak. A maximum was
apparent, and this varied.with flowrate, The maximum was not however
sharply pealied and this method which was time consuming and necessitated

the undesirable intermediate recording stage was not used further,

Any complex wave pattern may be split into an approximating series
of waves of different amplitudes and frequencies superimposed. If
therefore we are able to define the wave pattern observed > (t ) over

the period T, it can be expanded in the form of the Fourier series

(&) = Ag-~ Ei~ (}\‘onqut ~ o, sa\¢ua\.)
€=
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The degree of excellence by which a series can be determined
to approximate to the pattern of wave formation will depend on both
the length, and the degree to which the period T over which =<( & )
is known, is typical of the wave pattern as a whole. If the process
is truly harasonic, then T will merely need to exceed the period of
the fundamental component. If the process is random, then a true
approximation is not possible since no pattern exists, and the longer
T is the vetter. In the pgesent, rather intermediate case, where
successive waves are visibly present, but there is also apparent no
truly regular pattern, then a value of T long enough to cover several
of thece waves might be expected to give useful information of the

general pattern,

A computer program was available as vart of the IBM 360 Scientific
Subroutine Paclage to carry ocut an analysis of the above type; To define
sc ( 4 ) over the period T it was necessary to divide T into 2n

equal intervals and to measure » ( & ) at each interval point. The
input to the program consisted therefore of 2n + 1 successive values

of 7 ( £ ) including the end values. Examination of the recorder
traces obtained suggested that the numbzr of waves per second varied
from gbout 8 to 30. Supported by the wave analyser experiments which
gave peal ffequency values in a similar range, a period of T = 1 sec.

was chosen as suitable. Division of this period into 1 mm steps on



-89

the paper trace, the smallest interval ‘feasible, then gave 2w = ICO since
the recordings were mode at 400 mm/sec papsr speed. From these input
data, the program could give values of a,; O, be for +=1, 200
i.e. values of thie amplitudes associated with both the sin and cos

component waves at frequencies from O Hz to 200 Hz at 1 Hz intervals.

It was found in practice, that only frequencies of less than
about 40 Hz gave values of cx,ﬂo, that were of siguificance., Con-
sequently‘the output program was yritten s0 as to print values up to
50 Hz only. Rather than print out the values of o, and VD, y these

were squared, added and rooted to give

Ce = ,J—o:"—:\_:;
i.e.tne amplitude associated with that particuiar frequency, independsnt
of phase. The values of <., or perhaps more correctly C:', thus obtained
could be plotted against the associated frequency to give the spectral
density of the waveform: Robson ('63). Also obtainable from these
results was a mean square value. Using Robson's notation the iiean

square value of x ( )

<O >= a4 2(alak)

ail

In this instance Qg represented the mean film thickness and it was

preferred to exclude this and get a root mean square amplitude for the

Ao = L1 Floren)]”

This in turn could be made non-dimensional by dividing by a,to give

a parameter indicating the degree of waviness or the wave intensity of

waves

the flow., This wave intensity parametcr is somewhat aimilar to the

turbulence intensity parameter often used and was defined as
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For a listing of the program written to provide input to the standard
Fourier /nalysis program and to provide the above manipulation of the

output; See Appendix]I

An analyeis of this form was carried out on traces oblzined at

the following conditions

\\S\ 10 20 4o 1C0
D .

240 x x X
280 x x X X
~
320 x X X x
360 x x XX X
Loo XX x X x
4ho %X X X X
L6o x x x XX

xx indicates 2 traces vere analysed.

%.7.3 S5tatistical Analysis Program

Also available in the IBM 360 Scientific Subroutine Package
was a simple statistical program. Use was wmade of this partly as a
means of ;hccking the results of the Fourier Analysis program and
partly for the information in its own right., The input to both these
programs consisted of a series of 401 successive % or 4 digit numvers.

Though checked, there was a strong possibility of error remaining. The

statistical program with its listing of maximum ané minimum values
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would have readily exprsed any particularly pgross errors. I addition

to these values the output program was used to calcuiate their difference,
the ranse over which the film thickness varied. Also determined by the
program ware the average film thickness as a direct nean of the 401
values congstiiuting the input, and aiso the standard deviation of these
values aboul that mean. This avérage was invariably slightly larger

than its vaine ol a, determined above, the differencs veing generally
between 15 and 2%, and never more than 21%. The standard deviation was
found to be identical to Arms as a consideration of thneir origin and

significance sugrests.

Forr a listing of the full program written to provide input and

output manipulation of the standard program, see Appendixlﬂ.

Analysis was carried out on the same traces as indicated in,

3.7.2.
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Results and Discussion

Mean Film Thickness

In the experiment described in 3.6.1 the D.C. voltmeter gave

a voltage reading corresponding to the mean film thickness, as the

instanteneous voliage was averaged by the internal damping circuit.

The converted results of nine runs at different diameters are given

in Table 1.

Measured Values of Mean Film Thickness (mm)

Table 1

D mm 140 180
Q gph

10
12
15
20
2k
30
Lo
50
60
80

100

Mean T op 4g 4

Variation °F 0.1

212
.220
235
+260
270
.288

.320

«355

203
2135
228
248
.261
279
«302

. 327

63.0

0.0

220

. 185
<195
.210

232

" .246

.262
.28k
« 304
320
«3501
37k

67.9
0.3

260

.178
187
«199
«220
23k
253
.280
«305
<323
356
381

67.8

0.0

300

-169
.178

«191

T .21l

.222
241
266
.288
306
<338
<367

67.8

0.0

240

-155
163
17k
«192

202

380

SLY)
<155
.168
.187
.196
211
231
.252
.269
.298

o322

67.2

0.1

kac

145
151
160
175
191
.205
222
240
255
.287

o312

67.5

0.0



D mmn

Q@ gph
" 10

- 100

Table 2 gives the value of film thickness for undisturbed
laminar flow given by expression 2.3.h ét the unper ad lower ends
of the flowrate ranie. The calculation was in each case based on &
value of viscosity corresponding to the mean temperature of the

particular experimental run.

Table- 2

Theoretically Predicted Valueg of Mean Film

Thickness (rnm)

140 180 220 260 300 340 380 k20 460

.216 .199 .186 .176 .168 .161 «156 .150 146
466 .429 102 .380 «362 57 335 324 .315

Since expression 2.3.4 gives a one-third power law relationship
between film thickness S and flowrate Q ’ S plotted against Q on

1/3. Graph

logarithmic scales will give a straight line of gradient
4,1.1 shows every other set of both the experimental values of Table l.
and the corresponding theoretical lines defined by Table 2. The vertical
( é) ) scalg of this graph has been cut and divided into sections to
separate lines and points which would othexwise have been very crowded,

Bo as to allow a clearer comparison between each set of experimental

and theoretical resulis.

In determining the values set out “n Table 1. experimental

errors are inevitably involved. These aui¢ assessed as follows -
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Mean ¥ilm Thickness v Flowrate

Fig. ll‘ol-l




’,
Error in mean film voltimeter reading .001V

Error in zero voltmeter reading 001V
Hence error in voltage change is approx. i.5%
Error in calibration factor approx. 0.5%
Hence error in experimentally determined mean film thickness
should not exceed 25.
Brrors are also involved in the calculations leading to the
values given in Table 2. These arise from
Error in JKL,S 0.1% -
Error in viscosity from the temperature measurement

— error approx. 1l.5%

Error in D approx. 1% at worst. (> -X)

In comparing the experimental and undisturbed laminar flow
values it is therefore necessary to allow the possibility_of errors
up to % stemming from the measurements made. Examination of graph
L.,1.1. suggests that this assessment of errérs is a somewhat pessimistic
one. In most cases the experimental points conform remarkébly well to
a line of similar gradient to that predicted for laminar flow but dis-
placed a little vertically. After an uncertain start,and the highest
flowrate reaﬁings at the 140 mm diameter indicate clearly that flow
was not then proverly established at that diameter, this vertical
displacement correspending to a mean film thickness smaller than that
of an undisturbed laminar film, shows some signs of growth as the
surface waves become fully developed. This is shown more clearly in
graph 4.1.2. which shows mean film thickness ) against diameter of

the cone 1Y for four flowrates (Q = 10, 20, 40 and 100 gph.
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4.1.3 .
Graph %+#33. brings together all the results obtained at the
4
different flowrates and diameters in a logarithmic plot of mean film

thickness versus Reynolds number,

R
‘ Re - 2DV s R

Again for comparison the undisturbed laminar film thickness is plotted

(3 3vQ 3w Re
1\'&\%&&'\.[5 Qm F
This has been calculated for a value of water viscosity corresponding
to a temperature of 67.8°F the mean water temperature during the ex-
periments., Un substitution of the numerical values
%
laminar film thickness (in mm) = 0.0710 Re.
Once more it is seen that the experimental points form a band below

this iine which fits well

v
é(ma): O-06bgS Qe._:
That is to say the measured film had a mean thickness of 3% less

than a laminar $ilm.

In addition it has to be taken account that all these measure-
ments were along & single genecrator of the cone. Tests repvorted in
3.4,2. showed that this generator carried a film thickness of 4-7%
gfeater than the average taken at the four generators at quadrature;
Hence it is seen that the mean film thickness of the wavy film is
some 9 on average less than the undisturbed laminar film thickness.
This is in good agreement with the difference of 7% deduced by
Kapitza ("8 - 1) between laminar flow and regular sinusoidally wavy

flow down a vertical surface,
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It was found in the later exmexinents in which amplitude was

studied, that the mean film thickness valuz calculated both nas the

L%,

zerofith order coefficient of the Fouricr series and as a sivple
arithmetic mean of a large number of suzcessive inctintaneous thick-
ness nezasurements, was slightly larger than that given directly by
the voltmeter. In all cases the‘average,of the 3 readings was in
close agreement with that value obtained by Fourier analysis. The
arithmetic mean was cn average 2% higher, and the voltmeter reading
2% lower. :f this additional 2%-correction is mada, then an exact

agreement with Kapitza's 7% is found.
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L,2  Vave Amplitude ’

4,2,1 Peak Anplitude

Section 3.6.2 described tests which yielded ultra violet
trace records of instantaneous film thickness variation, which were
then analysed cs indicated in sections 3.7.2 and 3.7.7. The traces
obtained were for the most part extremely.complex. At higher Reynolds
numbers they were jagged and showed little obvious regular period-
icity. At invermediate values of Reynolds numbler 10 - 50  the
variation was smoother and a harmonic variation more clearly apparent.
This was still not truly regular however, the period between crests
varying quiie moerkedly. At low Reynolds rumbers —< 10 the
waveiorm is scen clearly to degenerate into single waves at intervals
which are asain souevhat irregular. Fig. 4.2.1 shows sample traces

of the three kirnids described.

Emongst the information yielded by the statistical analysis
program, were the maximum and minimum values of film thickness for
the film. Comparison of these values for the same flowrate at diff-
erent cone dizmeters showed that while progress down the cone led to
a steady reduction of minimum thickness, the maximum remained little
changed. Fig. 4.2.2 stows for each trace taken the two highest peak
values and the two lowest trough values. In addition to the lines
drawn to indicate the trend of these values, the chain dotted line
indicates the corresponding undisturbed laminar film thickness. It
has to be remembered that these are the extreme values taken from
generally irregular traces which themselves are samplcs of a not
very large numter of waves (appro-imately 15-30), hence a fair amount

of scétter is to be expected in such graphs as #.2.2 showg. Neverthelecs
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a few deductious can we fairly made from them.

’

The two lower flowrate graphis show a clear flattening of the
trough thickness decline. What is more, cespite the differcnce in
flowrate, they do so at the same value of 0,125 mm, and the Q = 40 gph
troush curve shows evidence of starting to flatten off at a similar
thickness toe. This suggests a minimum stable film thickness, and it
was found in practice to be difficult to maintain films-continous
around the cone at the higher diameters for flowrates any lower than
10 zph. If the film were broken at any point it would remain so, and
could only he re-established by increasing the flowrate to a higher

value and drawing the film back over the dried area.

Accompanying this levelling out of the trough thickness curve,
is a reduction of the difference between the trough thickness and the
equivalent laminar film thickness. The gap between the crest curve
and the laminar one however continues to widen, except for a-suggestion
from the last moints that this trend may not continue indefinitely.
From this one deduces that there must be more troush than peak in
the waveform, especially vhen it is remembéred that the mean wavy
film thickness is somevhat less than the laminar film thickness which
‘is plotted. Tuls deduction is clearly reinforced by the traces them-
selves which show much flatter troughs and relatively sharp peaks.

In the extreme case of low flowrate and high diameter that is so
marked that the pattern appears to be morz one of solitary waves on
a continuous constant thickness film, than of a continuously wavy

film,

There appears also to be a suggestion frcm the points plotted

that as the trough thickness approaches that of the laminar film at the
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lover cdiameters, so does the peak thickrass decline to the central line.
This is antirely in keeping with the observation that at lower diameters
than thcse recorded here the waves are ver; small. - No waves at all
could bhe detectéd at D = 240 mm with the 10 gph flowrate. The
interpretation is then that the film starts undisturbed and as the

waves develo» the two curves of peak and trough film thickness diverge

from the undisturbed laminar film thickness curve,which is amply

constant peak {ilm thickness leads to the interesting physical in-
terpretation that it is perhaps more a case ol troushs developing in

the film than of waves doing so.

The information plotted in 4.2.2 permits alsc the determination
of an amplitude like quantity. The two minimum film thickness values
were averaged and subtracted froﬁ a similar average of the two weuxiwoam
film thickness values. Halving this range value gives what the authexr
has chosen to call a peak amplitude. This peax amplitude iﬁ plotied

against diameter C) ir 4.2.3. for the four flowrates studied. The

information derivgd-from the points plotted in 4.2.2 has been augmented

by readings from a second set of traces which were taken on a separate
oécasion to serve as a general check of repeatability. A good deal

of scatter of exverimental poihts is observed as is to be expected
considering *he variability of the waveforms observed. This scatter
will also be aggravated to a small extent by the small but neverthelzzs
finite temperature differences between the various tests for which no

allowance is made in these graphs.

Despite the scatter, the graphs do yield a clear indication

that the pezk amplitude reaches a limiting value. The lower the

o
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Ilowrate the sooner this limit is reached; in the highest flowrate
case it has not been reached in the length of cone available for
observation. They also point to a subsequent dec;ease of peak
amplitude as the mean film continues to grow thincer with progress
down the cone. The evidence for this last cenclusion is limited to
that provided by the readings at the two @ighest diameters and must

therefore be tre~ted with some caution at this stage.

4,2.2 Root Hean Square Amplitude

Another assessment of wave amplitude is provided by the Fourier
analysis programme used. As reported in section 3.7.2 this was

arranged to produce a root mean square arplitude,

— 1
L2 e \R
Af.‘\_" = '7\_ \Qf "\af

<=\

and a non-dimensional wave intensity.

T = {\nyh — e
Fig. 4.2.%. shows the variation of Aw,d_with diameter for the
chosen flowrates. It shows a general pattern similar to that obtained
for the variation of peak amplitude, but shows more clearly the decline
of amplitude after it has reached its limiting value. Fig. 4.2.5. which
shovws the pa£tern of change of wave intensityt]l further reinforces this
conclusion in that it shows the decline is even one of amplitude expressed
as a fraction of mean film thickness, that is the film is becoming less

intensely vavy.

(t is interesting and perhaps surprising to note that this
maximum intensity is not the same independent of flcwrate,for the two
" peaks clearly recorded differ and the peak not yet reached for Q = 4G gph

must clearly be higher still.
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h,2.3 Comparicon with Inclined Plane Flow Predictions

A number of theoretical predictions for limiting wave anplitudes
exist in the literature of film flow over inclined plane surfaces. The
first is that of Kapitza ('48) who predicted a valve of 0.46 for the
non-dimensional amplitude which he defined as 3 (peak to peak variation)--
mean film thickn2ss, which is equivalent to 3\—8 in the notation of
this work. Bushmanov ('61) gave a‘revised value of 0.58 for the value
of this ratio. Fig. 4.2.6 shows ey% plotted against Reynolds number
for the results obtained on the cone; The cwrves for the four different
flowrates show clearly the rise to a limiting value a2s Re decreases down
t%? cone, and the subsequent amplitude decline. The limiting value of

F§<é is seen however to be dependent on the value.of the flowrate,
or of the Reynolds number at which it is reachea. Clearly a single’

value such as that proposed by eifher Kapitze or Bushmanov does not

sufficiently weil cover what is happening here.

Botl. Berbente and Ruckenstein ('68) and Krantz and Goren ('70)
sought to improve this limiting value estimate, and incorporated in
both works is the effect of surface tensiou. Berbente and Ruckenstein
suggested tha*t it depended on the value of a :complex non-dimensional
group ‘¥Bﬂ.' This group may be reduced to

% % —-%
"‘\’ez‘ Q" STF
in the avthor's notation, that is it is a function of the Reynolds,
Weber and Froude numbers. Although Berbente and Ruckenstein were
considering a vertical plane, the effect of slope is to modify the
component of pravity acting in the main direction of motion. This
is reflected in the relationship between the Reynolds and Froude

numbers 2.3.2.

AFY = Re cc:fs
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Substituting for this gives ‘o,
EEM N
Yee * (Z:(T
Krantz and Goren also suggested a controlling non-dimensional group

b - (9 Re —kanp)?
“e SR

This makes o more direct allowance for the effect of slope which they

included in their considerations. However, the effect of fS is very
small w:le=s either ﬁS is very large or Re is very small. If neither
is the case then it reduces to a group closely similar to that of

Berbente and Ruckenstein.

‘¥k& = PR G xe‘ éﬁ=zﬁb°
A
Fig. 4.2.7 shouws A/& plotted against "\'BR for the four flowrates
studied. as might be expected the general pattern is similar to
that of 4.2.6. Also shown is the relationship between the quantities
derived by Berbente and Ruckenstein, and it is seeu that there is

quite good agreement.

The relationship arrived at by Berbente and Ruckenstein based
on the results of Kapitza and Kapitza ('49) fits much better than that
derived by Anshus ('65) as reported in Krantz and Goren ('70). The
. latter predicts a limiting non-dimensional amplitude of approximately
1.0 for the whole of the range of ‘¥hz chown in 4.2,7. Results of
experiments by Krantz and Goren with oils of low surface tension
gave quite good agreement with the Anshus theory. The results of
Kapitza, and now these of the éuthor, with water do not.

Krantz and Goren suught te explain the lack of agreement with
Kapitza's results in terms of fluid impurities which might have

affected the surface tension. The Kapitzas used distilled water,



-112-

dd*.a

cot ot OQI%L %8 6L 09 US oy o

1 boro

<CE\"°

Fig. 4.2.7 Amplitude . J(M_




=115~

and yet the prescnt results obtained witn ordinary tap water are
closely similar. This would seem to suggest that some other ex-

planation is required to satisfy this discrepancy.

" tihile the results obtained on the cone fit the Berbente and
Ruckensteir planar prediction well so far as the.peak value of Ey& is
concerned, the behaviour at points further down the cone is less readily
.explained. It wight be expected that once the wavez had reached their
limiting amplit.de, this amplitude would then continue to be controlled
by the Reynolds numbes of the flow. Thic wéuld appear on the graph as
a rise to the limiting curve and then a flavtening out and steady fall
along the limiting curve. Some lag effect might even be expected by
which the smplitude would tend to remain higher than that predicted on
a Reymolds mumber basis., What happens however is that the amplitude
appears to decline more rapidly than is expected, suggesting that fhe
steady decline in Reynolds numbe; is having an even more powverful
dampiné effect. This must not however be t:r:2ated with undue emphasis
since the number of points which suggest it are very small and they
are the ones for which the film was thinnest and experimental error

consequently highest.
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4,3 tvave Speed and Wavelenpth

k,3,1 Vave Speed.

Benjamin ('57) quoting the work of Lighthill and Witham (*'55)
shows the velocity of a long kinematic wave to be 3 times the mean
velocity'in the film, or twice the velocity at the free surface.
Although the waves observed did have wavelengths of up to 100 times
the mean film thickness the long wave assumption is not entirely
satisfied aud some departure from the factor 3 might be expected
especially for not fully developed waves. Figs. 4#.3.1. (a) - (a)
srow the wave speeds ueasured plotted against the base of cone diameter,
which is in turn equal to distance along the cone surface from the

. s )
apex since it is a 60 cone,

Considerable scatter of wavespeeds is apparént, but a number
- of points clearly emerge. Firstly, it is seen that during the period
of wave develoment and growth the ..mean’. wave épeed remains essentially
constant. This continues until the speed of the faster waves reaches
Benjamin's long wave velocity. Thereafter it appears that the faster
waves decelerate to maintain a speed of 3 times the mean film velocity
or slightly lesé, while the slower waves continue their progress until
they are of similar speed. It was readily apparent when malking the
measurements of wave speed that those waves most clearly visible, i.e.
the largest, vere also the ones with the nighest velocities at a given
diameter, so that development of amplitude and wave velocity go hand
in hand. The scatter of the velocities plotted also implies the
possible exdistence of waves travelling at different velocities at the
same point on the cone. This was indeed observed: fast waves -do

overtake and engulf smaller slower ones. This was one of the factors
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making interpretation of the cine photuzraphs difficult, especially

vhere measurements of wavelength were concerned.

Plotted en graphs 4.3,1. (b) - (d) in addition to lines
corresponding fo the long wave speed and the undistuebed film surface
speed, is a value of the wave speed Cgq predicted by Berbente and
Ruckenstein ('68). They arrived at their’prediction by a combination
of theorstical analysis and the use of the amplitude results cf Kapitza
and Kapitza (':9), This produced_a value for the ratio between wave
speed and mean film velocity which varied with their non-dimensional
group L*G& . This relationship they showed to be in good agreement
with the experimental results of the Kapitzas, and also those of Jones
and Whitaker ('66). It is seen that while their prediction of amplitude
examined in section 4.2.3 was good, that of wave speed is far less so
when applied tc flow on the cone. It is only at the lower values of \xhﬂ
corresponding to the thinnest films examined that (C,. approaches the
" measured values. A much better prediction in the contemt of the cone
is that of the simple relationship proposed by Kapitza ('48)

wvave speed = 2.4 x mean film speed
which is shown as a dashed line in Fig. 4.3.1. (b) - (d). Even this
however tends to underestimate the speed of the fully developed waves

which approach quite closely to the full long wave speed of 3w .

In section 4.2.3. it was remarked that once the wave reaches
limiting amplitude the amplitude then decreases rather more rapidly
than is suggested by the Berbente and Ruckenstein theory. The wave
speed on the cther hand retains a higher value than predicted. Thus
the thinoing of the film as it progresses down the cone is more effective

in controlling wave amplitude than it is in limiting wave speed. The
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k)
wave a3 it were retains translational kinetic energy in preference

to energy asscciated with amplitude,

h.3.2 Spectral Density

The results of the Fourier anslysis program vere of a form
which allows the plotting of spectral deqsities. Fig. 4.3.2 shows two
such specimen plots in which C, = Nr::ST:T;:: ins plotted against a
base of + . The program was arranged so that the number of input
values, their time interval, and the order of the Fourier_analysis, gave
a unit intervid of + which corresponded tc 1 Hz. Thus the « axis is
also identical to a frequency axis graduated in Hz. The two spectra
shown correspond to the upper and lower traczes of which samples are
given in Fig. 4%.2.1. The upper spectrum is that of a film at a re-
latively high Reynolds number with an irregular waveform that has not
yet reached its limiting amplitudé. Tiie lower spectrum on the other
.hand is that of a low Reynolds number film where the amplitude has
reached ils limit and started to decline. Despite these differing
circumstances, the two spectra have commci features typical of all

the analyses carried out.

Neither spectrum shows a clear singie dominant peak frequency.
Rather do they both possess peak regions formed by two or three pinn-
aéles arising from low immediate surroundings. If the two spectra had
been drawn zgainst a 2 Hz base by averaging adjacent values then a much
smoother pattern would have been obtained. <This would not have shown a
marked peak either, more a rounded hump, as was found with the electronic
wave analyser. The peak valué is seen to be small compared with that of

Co = O, 4 the mean film thicknees. The peak value behaved in a
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manner gimilar to that of the amplitude alrcady discussed, rising to a

’
maximm of abvout 180 cf A, and then starting to decline once the limiting
amplitude had beon reached. Beyond 30 Wz, the value of <, remained at

a fairly uniform low level.

-
a7

From &1l the Fourier analyses it was possible to pick out an

approximate Ireguency at which the peak power was concentrated for each
film condition. These are plotied in figure %.3.3. VWhile the points
plotted do exhibit a considerable scatter the general trend of freguency
to decrease both with increasing diametzr and with decreasing flowrate

is clearly discernible. The Q = 100-gph curve appears to be exceptional,
but these points were from analyses of highly irregnlar waves, where the
spectra tended more to a uniform 'white noise! level and picking the

peak became more than usually liabie to subjective error. These frequency
values may also be used in conjunction with thc wave speeds reported to
give an estimate of wavelengtﬁ additional to that obtained by the

photographic method.
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h.3.3 Vavelenpth

Of all the quantities measured, wuvelenglh was found to be
most difficult for reasons already mentionecd in 3.6.3, Although dis-
tances between wavecrests could be measured quite accurately (i 1 mnm
on wavelengths of 10 -- 30 mm) and a mean wes obtained of several such
measurements (never less than 10), the di}ficulty lay more in the non-
uniformity of the patterns recorded. Wavefronts were generally curved
and crossed in piaces rather than being parallel and regularly spaced.
Measurements must therefore have been unusually liable to subjective
error in the choice of what looked like gocd pairs of parallel wavefront
sections. The measurements obtained from the photographic analysis are
shown plotted in Fig. 4.3.4. These show a general pattern of wavzlength
increasing with diameter, and doing so more rapidly at lower flowrates.
Plotting these values logayithmically reveals no clear power law re-
lationship; the gradients revealed in decrcasing flowrate order are

1009, 1.26, 1088, 10660

~

Also shown on three of the graphs of Fig. 4.3.4. are dashed
curves which were obtained by combining estimated mean wave speeds f{rom
Fig. 4.3.1. with frequency values from the snoothed curves of Fig. 4.3.3.
using the relationship

wvavelength = wave velocity <~ frequency
No such estimate was available unfortunitely in the Q = 15 gph case.
While these dashed curves generally corroborate the pattern of behaviour,

they indicate that the accuracy of the wavelength measurements mighi be

less good than the accuracy of fit to the drawn curves suggests. It

'should be pointed out that the readings cn which the frequency assess-

ments are based were ohtained at slightly different water temperatures
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to those at witlch wavelensth and wavespeed were ncasuved. levertheless
the temperaiwure diffcrence was equivalent to a viscosity change of at
most 755 and foi the most part less than 1%, which is small when the
scatter of the frequency points is considered. Averaging the twvo
differently -btaired values of wavelength and plotting once more on
logarithmnic scales yields gradients for é = 40, 20, 10 of 1.15, 1.54 and
1l.55. The average of these values is 1.3% and one is tempted to conclude
that a 4/5 power law holds. The evidence nowever is slim and it is
probably more appropriate to remark that where the waves are still
growing to their limiting amplitude the rate of increase of wavelength

is little more than linear, vwhile after a limiting amplitude has been

reached the wavelength grows more rapidly.



L. i Wave Hg_mb er

The wave number X is defined as 2~ x mean film thickness —-
wavelength; it gives a non-dimensional measure of wavelength, for long
waves it is small as assumed in the soluticn of the modificd Orr -
Sommerield equation. VWave numbers have been calculated based on the

mean wavelength derived in %#.3.3 and a value of & calculated from

g = O ObES Qn:/"

These wave numbers are shown plotted against a base of diameter D in
Figure 4.4.,1., This shows that at the point where waves are first
clearly to be seen as waves they have the same wave number regardless
of flowrate. Surface disturbances were visible at somewhat lower
diameter values, ranging from 180 mm to 220 inm depending on flowrate,
but 240 mm was ihe smallest diameter at which measurements could be
sensibl& made. Thereafter the wave number decreases with diameter at
a rate which is dependent on flowrate. It would appear that the

Q = 10 and Q@ = 15 gph have become interchanged. If must be remembered
however that the Q = 15 gph points are based on a single assgssment of

wavelength and are consequently less reliable than the others.
N
Graph 4.2.3. shows that P\ reaches its limiting values at

D = 10, 40O, 390 mm approxdimately for Q = 40, 20, 10 gph respectively.
At these diameters the wave numbers are 0.056, 0.048, 0.O44t respectively.
These are insufficiently similar to suggest that the limiting amplitude
is reached at a critical value of wave number, despite the fact that
wvaves start at such a closely similar value. However the difference is
not great and the assessment of the diameter at which the limiting

:amplitude is reached is based on a curve smoothed by eye, so the idea
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of a critical wave number should not be ruled out.

Berbente and Ruckenstein's results were found to give good
agreement vith the amplitudes measured, though less good prediction
of wavespeeds, Fig. 4.4.2, shows wave number plotted against the
parameter qxeﬂ_ . The lines for @ = 10, 20 gph are drawn at 450
and therefore strongly support a conclusion that a linear relation
exists between & and Y. . The Q = 40, 15 gph lines fit less
well having gradients of 0.81 and 1.19. It has already been pointed
out that the Q = 15 gph results are less reliable, and if a linear
relationship is accepted they appear to fall into two sets of three
points eaci,which fit well two separate 450 lines. As for the @ = 40
gprh points, these correspond {o less fully developed waves, and a 450
line could quite reasonably be drawn if the two highest points were
discounted on tiis ground. If such a linear relationship is accepted,
and revised 450 lines drawn as suggested, these yield values for the
constant of proportionality whick are plotted against flowrate in Fig.
4,4,3, The line made by these points has gradient - 1.56. The avail-

able cv1dence therefore strongly suggests that a relatlonshlp
o of '*ag/’gg

exists between wave number o{ and ~*3‘_ .

Szeking further evidence for the existence of a critical wave
number, Fig. 4.2,7. gives ~¥e& = 10, 4.1, 1.0 as the values at
which limiting amplitude is reached fc¢r the three flowrates. Fig.
4,4,2, shows the corresponding wave numbers to be 043, .O49, and
.037. Once again no firm conclusion can be drawn, though of the
six values thus obtained only two differ by more than 63% from their

mean value of .0OL6.
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5 CONCLUSICNS : g

The following is chiefly a summary of the conclusions reached
at various stages of this report. Further discussion. may be found in

the corresponding earlier sections.

O the theoretical side, an equation of motion and its approp-
riate boundary condition, derived for thé flow over the éone, did show
a dependence on the position on the cone in terms of non-dimensionzl
distance ¢ along the cone generator. The effect of curvature and
expanding surfacelwidth thus introduced is however small, since 9¢

appears only in the form &éc « This may be related to physical

L .
. lengths as —"-‘_ = 8/x = S 8% which is seen to be small since
D
the mean film thickness 'é is very small compared with the

cone diameter D ard becomes increasingly smaller with progress of the
film down the cone. The solution of the system of equations produces
a criterion of stability which shows that instability exigts for
R, fof s 25
7 gl

™"
This places a very low limit on the critical Reynolds number. Itchows

that for 1ohg waves (small ot ) of the type observed, the flow would
only be stable at a value of Reynolds number so low that a film could

not in practice be formed.

Experimentally also, the behaviour of the film was found to
bear similarities with flow down an inclinsd or vertical plane. As
in these cases there was an initial apparently undisturbed region for
which Benjamin's('57) explanation must be acsumed to apply, namely
that while the flow is unstable, the rate of amplification there is

too low to rroduce measurable waves. One striking advauntage of the
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cone was that, due to the thinning of the film produced, a whole range
of Reynolds number was available for study at a single flowrate setting.
The chief parameters of the basic flow, and the waves upon it, were founa

to behave as follows

Hean Film Thickness - was found to be expressible as a function

of Reynolds number alone,
mean film thickness in mm = 0.0035 CL:?

Since Reynolds number is in turn directly proportional to flowrate, and
inversely.proportional to diameter and kinematic viscosity, one-third
power law relationsuips hold for these ulso. The mean film thickness
was found to be less than that of an undicturbed laminar film by some
7%, a figure in exact agreement with that deduced theoretically by

Kapitza ('48),

Amplitude - three differeﬁt measures of amplitude were employed,
feak amplitﬁde, root mean square zmplitude, and a non-dimensional amplitude,
wave intensity; all of these showed that a limiting value of amplitude was
reached after a sufficient distance down the cone. This distance inéreases
with increasing flowrate. The limiting amplitude agréed well with that
predicted from the theory of Berbente and Ruckenstein ('68) based on a
parameter incorporating both Reynolds and Weber numbers. After the
_limiting amplitude had been reached, the available evidence showed a
more rapid decline of amplitude with further passage dovm the cone than

Berbente and Ruckenstein's theory suggests.

Wave Speed - in the region of amplitude growth this was found
to be essentially constant, starting at a value equivalent to the local
- free surface velocity and increasing to a value averaging around

2.5 to 2,6 times the local mean {ilm velocity. This is a little greater
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than the 2.4 times mesa velocity propo'sed by Kapitza ('48) but is still
less than the long wave speed of 3 times mean velocity deduced by
Benjamin ('57). This long wave velocity appeared to act as a limiting
value, several measured. speede came very close to it, but the very few
that exceeded it were most probably the result of combined experimental
efrors. Berbente and Ruckenstein's theory did not predict wave speed at
<a11 well; this was most probably due to an effect of the slope for which

they made no direct allowance.

Wavelength - no precise pattern of behaviour could be determined.
The whole wave pattern was insufficiently regular for the determination
of other than mean values. Fourier aznalvsis to give spectrum densities
for the related frequency values ~onfirmed visual and photographic ev-
idence in this respeci. Nevertheless a clear trend was observed of
vavelength increasing with paésage down the cone, and doing so more
rapidly at lower Reynolds numbers, particulzrly after the limiting

amplitude had been reached.

Vave number - while no clear cut conclusions emerged for wavelength
itself, its.non-dimensional equivalent, the wave numbgr,gave rise to some
most interesting results: That they are based on mean wavelength values
suggests caution in giving them too much weight, but they are nevertheless
strongly supported by all the evidence available. Firstly it was found
that at thav point on the cone where measurements were first possible
of the wiiergent waves, the value'of wave number was ¢losely similar,

(.114 - .122) over the whole range of flowrate (10 - 40 gph) studied.
Thereafter the wave number decreased with passage down the cone, and
did so more rapidly at lower flowrates. Secondly the evidence strongly

suggests that a linear relationship exists between the wave number and

e
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a non-dimensional paramneters— 5
(m(&) Re S

derived from that proposed by Berbente and Ruckenstein which also gave
good correlation with the limiting amplitude results. Further consid-
eration of the constant of proportionality involved showed it to be
inversely proportional to (flowrate)ai « * There was also some evidence
to suggest that the limiting amplitude might be rea:hed at a single
critical valve of wave ﬁumber. but further evidence is needed to prove

or disprove this.

While much basic information on the behaviour of the fluid
film has teesn presented, a good deal remrains that could usefully be
investigated. Some of the above conclusions are presented somevhat
tentatively, experiments with improved instrumentation, taking further
flowrate values, and concentréting particularly on waves past the point
of iimiting armplitude, would yield valuable extra evidence. One most
effective improvement would be the addition of a second iﬁstrumentation
channel, feeding fror a second identical probe a short distance down
the'cone generator from the first, on to a second channel of fhe reéorder.
This would give two broadly similar yaveform traces displaced in time,
-and offer easily measurable wave velocities and rates of amplitude growth.
More elaborate systems giving direct waveform analysis, or coded output

for computction can be imagined, but they would be vastly more expensive

and costly in deveiopment time also.
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NOTATION
O, O Vo, Fourier series coefficients
[.\ ’ Area
Ao Area of numbered face of element
3\ Peak amplitude = 4 max. 'trough to crest'
measurement
Afhg Root mean square amplitude
ABCD Constants of integration
C -~ c.,-tL;-L Non dimensional wave velocity

Canr Wave velocity predicted by Berbente and Ruckenstein
C Capacitance

D Cone diameter

D Differential operator

-s Pressure disturbance function

= Froude number

E Body force/unit mass vector _
F‘_ " @ .~ Components of body force in directions X,\/,Q .
3 Acceleration due to gravity

[,\‘ . Rates of increase of length in directions o¢, /5'\/
L= =T

L Current
T A‘“"/aL° Wave intensity

L. M, N integration coefficients

n 2w+ 1 = number of points subjected to

Fourier analysis
oC ) Of the order ( )

P Non-dimensional pressure
D Pressure
=

Atmospheric pressure abuve the film
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a, JFlow/unit wiith
Q Total flowrate

R = XS"-\@-F\{m@ Distance from axis of cone

{,)\ i Resistance

R\.'l- Radii of cuvrvature of free surface
Q'_ - V‘-&/v Reynolds number

. T /&--. Non-dimensinnal surface tension parameter,
PAN the reciprocal of Veber number

Time
Probe - cone separation

Period of Fourier analysis

S

3

t
T Surface tension
T

W

O WY Non-dimensional velocities in
directions = 9 ©

W . Vv ,\-’\! Velocity components in directions XY@
U\‘ Mean film velocity

S General velocity vector
\/ Voltage
V

Velocity normal to numbered face of

"_' © element

2 (&) Equation of wave trace subjected to
Fourier analysis

K, \ O Non-dimensional cone coordinates

XN ‘ ® Cone coordinates

o= 1_“3'4 Wave number

o Mean wave number, bused on mean of
. wavelength estimates

L {A N General curvilinear coordinates

> Cone half angle

dQ Mean film thickness

PAN Small change in value associated with

higher approximation



Relative Permittivity

MM

Permittivity of free space

Displacement of free surface coordinate

o S

¢

Non-dimensional cone coordinate

®

Cone coordinate

A
§
N

:

b

Wavelength
Dynamic viscosity

Kinematic viscosity

v ¢ 3
-~
Y

Components of vorticity in directions X ff,GD

Density

4 "o

S

Normal stress in ﬁ direction
Non-dimensional time
Stream function disturbdnce function

Stream function

< 4 A

\\, a Non-dimensional group proposedby Berbente
R and Ruckenstein
LQK& Non-dimensional group proposed by Krantz
: and Goren
T, . . .
W= AT Circular frequency of Fourier analysis
S General vorticity vector
Subscripts
- Indicate partial differentiation with
oyt respect to
ot 1 Indicate order of approximation
Indicates value at 4= 1
\
b Indicates particular integral
L}
Superscripts
° Indicates undisturbed flow quantity
/ Indicates differentiation with respect to Yy

Indicates mean value
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APPENDIX I ’

Shape Correction for Capacitance Probe

z -

Capacitance of small element dae x &3 = %% dae "L‘A.
W

assuming roughly parallel plates, and parallel lines of flux which

the guard ring should ensure. So for strip element dx wide

L
dC &8 Lz, Ah:u_g e}é‘

But W = quﬁ s —='
{ “
and = Y-
Q"SM‘P * T{"" ! 0
M ) &L - Lttu&x S &5

o Reed ]————, _X
° I+ __q_'PE‘_ ‘_5/{{\
3/‘Q has a maximum value which is small, expanding binomially and

integrating gives
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1 =\ Q/
oLC— = Lits n,l{{o.un(:, L, —_— dne
'SE-QAMP

Now Le e+ {2  and R - (X'«“) 5:“{5 for the strip

© AC = o $2. "DJXCK*E)&'A—(& Y ’Jc/a -‘--\)I—U— e
W(Kak &LlF

where bt='X Ke X ana - k/.

| I b o
The capacitance of the whole probe C is given by the integral of
this between the limits € = + 1. For the same probe opposite a

flat surface, as when calibrating
Abne 4 n\s

(=Y

C,= %%,

Now if, as is the case, €< Co it leads to an apparent value for a
greater than the true one. A correction factor of C -~ Co must
therefore be applied to the apparent a to yield the true value. After

some manipulation
s

\ _
C/ S o~
correction factor = — S 'S(Q w_i_\__k_ .ok
T4 4L (%)

here (9 [sg (X.¢) sn P‘XA

The following is a listing of a computer program used to carry out

the integration, and calculation of this correction factor. The
numerical integration is done by means of a combined Laplace forward

and backward difference method. The accompanying graph, App.l.l. shows
the magnitude of the correction for a range of values of X and a. 1In
assessing the effect of this on readings taken, it must be remembered
that correction factors must be applied to both 'wet' and 'drj‘ readings,
g0 that it is only where such correction factors differ markedly that

much effect results from their use.,
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PROBE H CORRECTION
MAIN PROGRAM
FORMAT (4F8.5)
FORMAT (13H SIN 2 BETA =,FB8.5:54H B= ,F8.5,5H C =,F8.5,
158 H =,FB.5///7)

FORMAY (20(3H X=,F5.1y4H A=;F4.2,TH CORR=,FT7.5/)///)
READ (5,41) TRIGyByCyH

WRITE (6,2) TRIG,B,CyH

DO 500 J=1,20

X=100.+20.2J

DD 400 K=1,10

A=1.40+0.10=K .

CALL CORREC(X,A,TRIG,8,CyH,CORR)

WRITE (643) X, A,CORR

CONTINUE

STOP

END

SUBPROGRAM
SUBRCOUTINE CORREC({XsA,TRIG,B,C,H,C0ORR)
DIMENSION S(1010),U(1010),VI{1010),Wl1010),Y{1010),2(1010)
Q=x/8

P=A/8B

N=1.0/H+5.0

T=-1.0

SUMS=0

SUMU=D

SUMV=0

SUMW=0

SUMY=0

SUMZ=0

DO 10 I=1,N
G=PaTRIG#(Q+T)

IF(G) 11,411,112

F=0

GO TO 13

F=SQRT(G)

IF (le-T##2) 14,14,17
S(I)=0

GD 10 18
SII)=Fo#ATAN{(C/B+SQRT( 1.-Te#=#2))/F)
IF (I-N+5) 15,15,16
SUMS=SUMS+S(1)

IF (1-2) 10,420, 20
Utl-1)=s(1)-S{1-1)
IF (1-N+4) 25,25,26
SUMU=SUMJ+U({I-1)

IF (1-3) 10,y 30, 30
VII-2)=U(I-1)-U(]1-2)
1F (I-N+3) 35,35,36
SUMV=SUMVY+V({T[~2)

IF (I-4) 10,40, 40
WII=-3)=V(I=-2)-V(i-3)
IF (1-N+2) 45,45, 4¢C
SUMW=SUMK+W{1-3)

IF (1-5) 10, 50,50
Y{I-4)=W(I-3)-W(I-4)
IF (I-N+1) 55,55,560
SUMY=SUMY+Y [ I-4)

IF (1-6) 10,60, 60
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60 Z(I-5)=Y{1-41=-Y(I=-5) ‘
SUMZ=SUNZ+Z(:-5)
10 T=T+H

TINT=H#(SUMS+SUMU/2.-SUMV/12.+SUMW/24.~SUMY#19./720.)
TINT=T INT +H#SUMZ#3./160.
T=1.0
SUMS=0
SUMU=0
SUMV=0
SUMW=0
SUMY=0
SUMZ=0
DA 110 £=1,N
C=PeTRIG#(Q+T)

[FIG) 111,111,112

111 F=0
GO TO 113

112 F=SQRT(G) :

113 IF (1.-T#22) 114,114,117

114 S(1)=0
GO TO 118

117 S(I)=F«ATAN((C/B+SQRT(L.~T#&2))}/F)

118 IF (I-N+5) 115,115,116

115 SUMS=SUMS+S(1)

116 IF (1-2) 110,120,120

120 UlI=-1)=S{1)-S{1-1)

IF (I-N+4) 125,125,126

125 SUMU=SUMU+U(I1-1) ‘

126 IT (1-3) 110,130,130

130 V{I-2)=U(1-1)-U{1-2)

. IF (I-N+3) 135,135,136

125 SUMV=SUMV+V(1-2)

136 IF (1-4) 110,140, 140

140 W(I-3)=v(I-2)=-V{I-3)
IF (I-N+2) 145,145,146

145 SUMW=SUMW+W(I-3)

146 1F {1-5) 110,150,150

150 Y{I-4)}=W(I=-3)-W(I-4)

IF (i-N+1) 155,155,156

155 SUMY=SUMY+Y(I-4)

156 1F (I-6) 110,160,160

160 2(I1-5)=Y{I-4)-Y(1-5)
SUMZ=SUMZ+Z2(1-5)

110 7=T-H
BTINT=H# (SUMS+SUMU/2.-SUMV/12.+SUMW/24.-SUMY#19,/720.)
BYINT=BT INT+H®=SUMZ=#3./160.
CORR=2..# (T INT+BTINT)/( 3.141592+4,4C/B)
RETURN
END
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Fig., App.I.1 Correction Factor Variation
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APPENDIX 11

The following is a listing of the program used to carry out

the Fourier analysis of the recorder traces.

desired input and output manipulation.

It is based on the

" IBM 360 SSP subroutine FORIT, and is written in Fortran to give the

It produces 2 Fourier analysis

of order 201 qf the 401 successive trace ordinates which. constitute

the input data.

FORNAT(2014,0)

FORMAT(Y 5) QF porsiTs =', 15, " ain

FORGAT (Y Fpeouriey =115, " Ao

FORAAT(Y IER =',11)

FOROAT(// YHRATY AR =1, 77,5,
5)

=234

L=t

K=1332

DRSO FUHT(h

RESD (5,1) =7

CALL FARIT(RUT, o, 0,58, 0,187
Ircren: 2,9,n0

RITE (6,5) 169

=2+

UNITE (G, 3) B
DO 19 1=1,201
DCIY=ACT) #%2403(
COY=(3137T{D1)
IT (1-1) 11,21,
SUN=SUMD (1) /{2, sKa%2)
NEREN{ 1) =1-1

IF (1-51) 13,13,1)

HRITT (6,4 TR, C0n)
COMT IS

G =SIRT(SU)

=R/ (ALY KD

Vg e r SpEty o ivrees e
TITE (D, ) sut ey,

*% ]
I

)
)DFAN
12

e i YA
210

e'...'D

SrANT

PITEMSETY

N1),A(202),0(291),7(201),00291),LFREN(22])

4

Ha- .o

o
i
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APPENDIX TIT

The following is a listing of the program used for statistical
analysis of the recorder trace. It is based on the IBM 360 SSP sub-

routine STAT, and ic written in Fortran to give the necessary input

and output manipulation. It produces mean, standard deviation, maximum,

minimum and range values from the 4Ol successive trace ordinates which

constitute the input data.

1 FoaT (29F8.0)
2 FORDAT ('STAT YIELDS'//'AvERAGE=", 7,5, ST” “F””"',F7
3 FORUAT (itli=t LR 7.5, we=',57.%, A=t k7.,
DIHESSTSM \(H)l) 5(591)
K=1331
(A)=401
Ay=]
READ (5,13 A
DO 12 1=1,491
S5C1)=a(1)
19 COHT I hiE

CALL TALLY(A,S,TOTAL, AYED, SO, VITEN VAN, 1D, 1Y)
AYL=ryER I[

S1G! :'-."“‘\/”

Y=

THAL=YHALSK

DIEF=Y A=Y 41

URITE (G,2) AYE,SIGNA
LR (5,3) YU HAY, DILEEE

f-v-\”

£

n/

R

)



