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ABSTRACT 

The flow i s studied of a f l u i d film originating from a source 

at the apex of a right c i r c u l a r cone, and flowing under gravity over i t s 

outer surface. A modified Orr-Sommerfeld equation i s derived for the flow. 

This and tho corresponding boundary conditions contain terms introducing 

distance along the cone generator as a parameter. The system of equations 

i s solved for small wave number to give e. s t a b i l i t y c r i t e r i o n , which shows 

the flow to be unstable for a l l p r a c t i c a l values of Reynolds number. 

Results of experiments on a 6 0 ° included angle cone are presented, 

giving the pattern of behaviour of the nu.\in film and waveform c h a r a c t e r i s t i c s . 

Mean film thickness i s expressed as a function of Reynolds number only and 

found to be l e s s than that of an undisturbed laminar f i l m . Wave amplitude 

i s shown to reach a l i m i t i n g value and thereafter decline. V/ave number 

i s shown to be l i n e a r l y r e l a t e d to a non-dimensional parameter incorporating 

v i s c o s i t y , surface tension and slope derived from one proposed by Berbente 

and Ruckenstein whose theory also matches well the l i m i t i n g amplitudes 

measured. V/ave speed and wavelength are also measured and discussed. 
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1 INTRODUCTION 

1.1 H i s t o r i c a l Survey-

The behaviour of thin films flowing under gravity i s a problem 

which has interested many investigators over the years. Their i n t e r e s t 

has been seized by a number of different aspects from the purely academic 

unravelling of the governing mathematics to the mori commercially ap p l i c ­

able i n t e r e s t i n the film's effect on heat and mass transfer r a t e s . For 

such films are to be found i n abundance i n i n d u s t r i a l process plant. 

Films of condensate drain down the walls and tubes of condensers. 

Absorbent ."Liquid films flow under gravity through gas cleaning and 

cooling tov.'c-rs. I n other related cases the primary influence of gravity 

i s replaced by, or becomes subordinate to, other accelerating forces, 

notably that induced by spinning. 

The f i r s t published work on film flow was that of Hopf ('10)' 
who investigated flows i n an open channel of shallow slope. The films 

were f a i r l y thick, so that despite the shallowness of the slope and 

consequent low velocity the Reynolds numbers recorded were upwards of 

150. 'Nusselt ('16) published the f i r s t paper on the e f f e c t of con­

densate films on heat transfer. In t h i s paper he derived the semi-

parabolic v e l o c i t y p r o f i l e for undisturbed viscous flow for the f i r s t 

time. I n t e r e s t then declined u n t i l the 1930s when f i r s t Warden ('30) 
then Kirkbride ('3*0, Cooper. Drew and Macadams ('3*0 and F a l l a h , 

Hunter and Mash 03^) a l l published v/ork on f a l l i n g f ilms. They 

c h i e f l y reported experimentally determined film thicknesses, and 

were a l l concerned with flow on v e r t i c a l plates or on the inside or 

outside of v e r t i c a l tubes. 

"The figure i n brackets r e f e r s to the year of publication i n t h i s 
century. D e t a i l s may be found i n the Bibliography. 
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Kirkbride and l a t e r /riedman and Miller C':l) and Grimley (''^) 

found that flow at very low Reynolds number appeared e n t i r e l y 

smooth. Consequently e f f o r t s were made to es t a b l i s h the value of 

. a c r i t i c a l Reynolds number, above which waves appeared. Tiese eff©trts. 

I culminating with that of Binnie ('57)* were generally inconclusive 
since different v/oi'kers with different techniques arrived a t dif f e r e n t 

values. Those obtained however were generally i n vhe range of Reynolds 

numbers between lr and 10. 

A l l the above work was primarily experimental, the th e o r e t i c a l 

treatment extending l i t t l e beyond Kusselc's semi-parabolic v e l o c i t y 

distribution derivation. Kapitza (''+8 - l ) l a i d down equations of 

motion for the flow from which he obtained an approximate periodic 

solution, ife obtained also expressions for the wave p r o f i l e , i t s 

phase velocity and amplitude. I n a second paper, Kapitza ('̂ 8 - 2) 

he examined the e f f e c t of a gas flow above the film, which had been 

the subject also of some of the experimental work l i s t e d above. 

F i n a l l y , Kapitza and Kapitza (l/+9), he reported the r e s u l t of ex­

perimental work carri e d out j o i n t l y with h i s son on flow down the 

outside of a v e r t i c a l cylinder, which s u b s t a n t i a l l y bore out Ms 

theoretical predictions within the rather wide error l i m i t s of h i s 

experiments and approximation. I n addition to f a i r l y regular periodic 

waves, he observed under s i m i l a r flow conditions, single waves a t long 

i n t e r v a l s . 

The next ins.jor t h e o r e t i cal step forv/ard was made at about the 

same time by Benjamin ('57) and Yih ('5^ and '63). By different 

methods, they examined the s t a b i l i t y c h a r a c t e r i s t i c s of f u l l 

equations of motion derived from the Navier-Stokes equations. They 



1 

-3-

supposed a periodic listurbance and found i t to bo governed by an 
equation of the type previously examined by Orr ('27) and Sommerfeld 
('08) for two dimensional Couette flow, now known as the iOrr-

Sommerfeld Equation, together with appropriate boundary conditions. 
i 

Both Benjamin and Yih related t h e i r work s p e c i f i c a l l y to flow down 

an i n c l i n e d v,lane. Benjamin sought an approximate solution using a 

se r i e s approximation method. Yih used a more elegant perturbation 

method. Both arrived at an i d e n t i c a l c r i t e r i o n for s t a b i l i t y based 

on wave number and Reynolds number. This showed that the flow i s 

unstable, that i s waves could form, at any f i n i t e value of Reynolds 

number. That the surface appears unaffected at very low Reynolds 

number i s due to the f a c t that the rate of amplification of the wavo 

/ disturbances becomes very small az small Reynolds number, and the 

disturbances remain undetected. 

Yin's a n a l y t i c a l method has remained the most popular 

approach adopted by numerous workers si.nce for the investigation of 

spe c i a l problems, many of which have been examined. Yih ('65) c a r r i e d 

out an an a l y s i s for a non-Newtonian f l u i d , and Yih ('67) looked at the 

ef f e c t of v i s c o s i t y s t r a t i f i c a t i o n i n the fi l m . Much has been pub­

l i s h e d on the e f f e c t of surface active agenta i n reducing v/aviness: 

Benjamin ('64), Whitaker ('64) and Anshus and Acrivos ('67). 
i 

The e f f e c t of v i s c o - e l a s t i c i t y h a 6 been studied by Jones and Whitaker 

(•66), Whi taker and Jones C66), Gupta C67) and Gupta and Rai ('67). 

Variation of the underlying s o l i d boundary received attention from 

Buevich and Gupalo C67) who examined the e f f e c t of curvature, and 

Gupta ('66) who allowed for f l e x i b i l i t y . Mainly experimental work 
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by Port a l s k i ('6'h, 1 and 2) concentrated on the determination of 

v e l o c i t i e s and behaviour i n eddies under the waves; while Ruckenstein 

and Berbente ('65) continued the e a r l i e r i n t e r e s t i n the e f f e c t of the 

waviness of the film on greatly increasing heat and mass transfer r a t e s . 

A verj recent investigation by T e l l e s and Dukler (*70) used s t a t i s t i c a l 

techniques i n a majiner s i m i l a r to the author to try to resolve the 

problem of a lack of a dominant periodicity at higher Reynolds numbers. 

On the th e o r e t i c a l front Massot, I r a n i and Lightfoot ('66) 

examined tho effect of surface tension, finding that the Weber number 

i s an important governing parameter. More recently s t i l l attempts ha-<re 

been directed towards a theoretical prediction of wave amplitudes. 

Berbente and Ruckenstein ('68) derived a complex non-dimensional 

parameter whose ef f e c t on amplitude they examined. This highly complex 

parameter may i n fac t be simply reduced to a much simpler combination 

of Reynolds number and Weber number, a fact also spotted by Krantz 

and Goren ('70) who present a s i m i l a r group as a basis for determining 

amplitude. Lee ('69) updated and strengthened Kapitza's a n a l y s i s . 

I n two very s i g n i f i c a n t recent papers L i n ('69 and '70) has shown 

that the unstable film develops f i n i t e amplitude wav^s that then stab­

i l i s e at a p a r t i c u l a r amplitude. This amplitude and the corresponding 

wave speed he then predicts i n terms of the primary parameters of 

film thickness, wavelength, mean film speed and f l u i d properties. 

The subject has been well served by bibliographers. Both 

Fulford ('64) and Chien and Ibele (*67) present f u l l e r comparative 

surveys than i s possible i n t h i s b r i e f h i s t o r i c a l sketch. 



1.2 The Present Work 

The author's introduction to the viroblem name as part of a 

larger research project under the supervision of Professor Russell 

Hoyle. This sought to examine the heat transfer rates associated 

with condensation on a rotating conical surface. I t followed e a r l i e r 

investigations by Hoyle and Matthews ('6̂ . 1 and 2) into condensation 

on a rotating cylinder, and Espig and Hoyle? ( ;6?) into condensation 

on a rotfiting d i s c . The conical surface, Howe and Hoyle ('70) and 

Robson (*7^) followed naturally as representing a shape intermediate 

between the extremes of cylinder and di s c . Such heat transfer rates 

w i l l c l e a r l y be affected by the presence of a film of condensate on 

the cool rotating body, and the mechanism of i t r . drainage i s of great 

importance. Thus was conceived the idea of examining t h i s drainage 

as a separate problem, whose own complexity and i n t e r e s t became 

rapidly apparent. Exact correspondence v/ith the condensate film 

problem i s only possible with a continuous supply of f l u i d to the 

film at a l l points of the surface. This might be possible using a 

porous cone, but the author chose instead to follow the simpler case 

of a single source of f l u i d supply at the apex of the cone, from which 

the f l u i d spreads out over the conical surface. This leads to a si t u a t i o n 

of i n t e r e s t i n i t s own rig h t , since the f l u i d film becomes thinner as 

i t progresses downwards over the widening surface area. Associated 

with t h i s thinning i s a reduction of the film's Reynolds number, 

the parameter which a l l investigations to date have suggested i s of 

paramount importance i n determining the waviness of the film. 

I n respect of t h i s thinning, the film d i f f e r s from those 

on which work has been published to date, namely films flowing down 
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i n c l i n e d or v e r t i c a l plates, or on the inside or outside of v e r t i c a l 

c y l i n d r i c a l ti-.bes. A few publications which have referred to a 

sit u a t i o n where thinning occurs have been those of Hinze and Milborn 

('50), Nikolaev, Vachagin and Baryshev ('67) and V'oinov and Khapilova 
, i 

('69), a l l 0 ±' which were on flow ir.^iue a spinning conical;cup. 

These were c h i e f l y concerned with flow c h a r a c t e r i s t i c s within the 

film, and :i';s atoniisation at the cup rim, rather th:m with the be­

haviour of the fi l m surface. 

The present work, therefore, was undertaken with tv/o primary 

aims. F i r s t , i t aimed at deriving the equation of motion and boundary 

conditions for the f i l m flow external to a conical surface, introducing 

i n p a r t i c u l a r the e f f e c t of a coordinate i n the direction of flow 

indicative of a reduction i n mean film thickness. The equations were 

then solved using a perturbation method to determine the e f f e c t of 

conicity, as compared with flow over a plane surface. Secondly, an 

experimental investigation aimed at establishing the main dimensional 

c h a r a c t e r i s t i c s of the f i l m . 
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2 THEORY 

2.1 The Co-ordinate System 

While i t would b© possible to describe th-2 problem i n terms 

of any 3 co-ordinate system, i t i s most convenient to adopt a system 

based on cc-ordinates 

X - along a generator of the cone, which i s the direction 
of the main undisturbed flow. 

Y - normal to the cone surface ; and consequently normal 
to the main flow direction. 

<£) - giving angular position; since i n the case of a 
stationary cone the problem i s e s s e n t i a l l y axisymmetric, 
t h i s co-ordinate i s included for the sake of completeness 
at t h i s stage, but i s lti»er found unnecessary. 

F i g . 2.1.1 thus defines the co-ordinate system adopted. 
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I t i s worth noting at t h i s ttare that a l l authors to date 

who have considered the problem of s t a b i l i t y of f a l l i n g films have 

chosen to take the origin of the coordinate normal to the main flow 

direction, Y above, at the undisturbed free surface, with the +ve 

'direction of the coordinate into the film. They have hov/ever been i i 
concerned with flow along a plane surface, so that the undisturbed 

free surface i s i t s e l f a plane i n steady flow. Adoption of such a 

system somewhat s i m p l i f i e s the boundary conditions. I n the present 

case, hov/ever, the author thought i t more sa t i s f a c t o r y to take the 

cone surface as origin with the +ve d i r e ? t i o n outwards through the 

film. This i s on account of the additional curvature, a l b e i t small, 

of the undisturbed free surface i n the meridional plane of the cone. 

Also defined by F i g . 2.1.1 i s , the half angle of the 

cone. 

2.2 The Equations of Motion 

I t i s necessary to assume from the outset that flow i s laminar, 

and also o s s e n t i a l l y steady but for the presence of small disturbances. 

The s t a b i l i t y of those disturbances i s then studied i n order to obtain 

information as to what conditions w i l l aid the growth of such d i s t u r ­

bances and r e s u l t i n the appearance of waves on the surface of the 

f l u i d . 

Following from the assumption that flow i s laminar, a set of 

Navier-Stokes equations appropriate to the coordinates chosen can be 

derived from the generalised v e c t o r i a l form of the equation. This i s 

done for the f u l l Z> dimensional case i n section 2.2.1. Section 2.2.2 
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c o n t a i n s a d e r i v a t i o n of the corresponding c o n t i n u i t y equation. These 

f u l l equations a r e exceedingly lengthy and by an order of magnitude 

assessment nan bo c o n s i d e r a b l y reduced. T h i s r e d u c t i o n , together w i t h 
j 

the assumptions of a x i a l symmetry and steady flow y i e l d s the three 

s i m p l i f i e d equations of motion a t the end of S e c t i o n 2.2.3. 
2.2.1 The r a v i e r Stokes Equations i n terms of X Y 9 

The g e n e r a l n e c t o r i a l form of the Wavier Stcl:es equation 

^ ^ P - 2.2.1. 

where or i s the v e l o c i t y v e c t o r 

io i s the v o r t i c i t y v e c t o r 

\~ i s the body f o r c e / u n i t mass v e c t o r 

F o l l o w i n g Lamb (*32 p.156) c o n s i d e r the g e n e r a l i s e d c u r v i l i n e a r co­

o r d i n a t e s nc , ^ , y , which have elemental i n c r e a s e s of l e n g t h i n 

t h e i r r e s p e c t i v e d i r e c t i o n s of , ̂ -A^ . . Equating our 

c o o r d i n a t e s X, Y, S , t o ^ , ^> w e ^ i n d 

I f the components of v e l o c i t y i n the c o o r d i n a t e d i r e c t i o n s a r e U, V, 

W and the c.mponents of v o r t i c i t y ^ , ^| , ^ , then each term i n 

the above v e c t o r i a l equation may be s p l i t i n t o the components a s 

f o l l o w s . 

2̂ ^ ^ ^ 5 & ^ 
V J ^ - ^ \ly\I\ 

file:///ly/I/
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l _ 

and s i n c e £ J "- c^<-\ Cs 

we have f o r the components of i o 

a * 

I 

ax ~ W 
I n a d d i t i o n v/e hav: 

[ l A ^ ^ ( ^VK VeCk.k.w)] 



These then are the b a s i c components from which i t i s p o s s i b l e to 

b u i l d the Navier-Stokes equation f o r each coordinate d i r e c t i o n term 

by term. 

The equation i n the X d i r e c t i o n then i s 

Taking these terms one by one f o r s i m p l i f i c a t i o n 

tea* I as> vA 
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Asseinblinc these tor 1:1s, we get a f t e r some r e d u c t i o n and r e o r g a n i s a t i o n 

! "2.2.2. 
A s i m i l a r approach y i e l d s f o r the equation i n the Y d i r e c t i o n 

and i n the © d i r e c t i o n 

3 © 
- 2.2.3. 

- 2.2.if. 
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2.2.2 The C o n t i n u i t y Equation 

T h i s i s most e a s i l y d e r i v e d by c o n s i d e r i n g the mass f l u x 

through a s m a l l element of volume as snown i n F i g u r e 2.2.1. S i n c e 

the f l u i d i s i n c o m p r e s s i b l e there can be no g a i n i n mass w i t h i n 
j 
ithe element. That :LS 

Cr . X.K -• 0 
or where the a r e a can be d i v i d e d i n t o n d i s t i n c t f a c e s 

where V„. i s the v e l o c i t y normal to the fac e of a r e a A>, 

V~\̂  1..-L.. V 
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Consider the V^ A^product fa-the f a c e s nunoered a s shown 

Now ' X. ^ ft + V CJOI (2, 

Hence V, f\ , + N/.Nv * ^ * U A V " 4 9 " 0 ^ 

S i m i l a r l y f o r f a c e s 3 and ^ 

v a * vA ̂  . [y «^ * d ̂  ) a*, w. 4© * o(*0 
F a c e s 5 e-ntl 6 both have a r e a h>Y\ * W 

Hence 

.*. Summing f o r "11 f a c e s 

* O 

the c o n t i n u i t y equation i s 

MX. 

- 2.2.5. 



2.2. j5 The E l i m i n a t i o n of i;.i,r;her Ord-.sr Small 'Jorws 

The N a v i c r - S t o k e s equations a s p r e s e n t e d i n 2.2.1. c o n t a i n 

a l a r g e number of terms which vary c o n s i d e r a b l y i n t h e i r orders of 

magnitude. The problem under c o n s i d e r a t i o n i s t h a t of the flow of a 

t h i n f i l m c f f l u i d over a comparatively l a r g e s u r f a c e a r e a . Thus i t 

f o l l o w s t h a t the maximum value of the c o o r d i n a t e Y w i t h i n the f i l m i s 

sm a l l compared w i t h the ranive of X to be c o n s i d e r e d . I n p a r t i c u l a r $ 

i n the e x p r e s s i o n 

the c o n t r i b u t i o n of the Y term i s n e g l i g i b l e compared with t h a t of 

the X term, so long a s ̂  does not approach zero; and so we may 

approximate a s f o l l o w s 

R = K ^ - p , 

S i n c e X, and consequently R , i s l a r g e compared with the f i l m 

t h i c k n e s s , which i s i n terms of the l o c a l flow our c h i e f c h a r a c t e r i s t i c 

dimension, terras of order ]/̂ >- a r e very s'w.ll and w i l l be subsequently 

ignored. 

J u s t :-is v a l u e s of Y are s m a l l compared w i t h those of X, so 

a l s o a r e the v a l u e s of the Y component of v e l o c i t y compared w i t h the 

components i n the X and © d i r e c t i o n s . F o r V only e x i s t s i n the ~lr~ 

context of a d i s t u r b a n c e to the mean flow, w h i l e the e f f e c t of a 

dist u r b a n c e on U and W i s to produce an i n i t i a l l y s m a l l v a r i a t i o n 

i n what may be a r e l a t i v e l y l a r g e v a l u e of the component corresponding 

to the mean flow. However, we a r e , i n l a t e r s e c t i o n s , to examine 

the dynamics of the d i s t u r b a n c e alone, so a l l v e l o c i t y and v e l o c i t y 

d e r i v a t i v e terms a r e f o r the pr e s e n t r e t a i n e d . 

Thus on making the approximation f o r ft. and e l i m i n a t i n g 0 ( ^ ^ 

terms, we have :-
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X d i r e c t i o n 

r v \A.-r~, + v — •»- — _ 21. 

7 + V L ^ ^ V " v * tf/^F* 

2.2.6. 
Y d i r e c t i o n 

©direction - 2.2.7. 

- 2.2.8. 

Equation of C o n t i n u i t y 
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2.2.^ Body and P r e s s u r e Force Terms 

Fo r a cone w i t h i t s a x i s v e r t i c a l and vertex, upwards, the 

only body f o r c e a c t i n g i s that due to gravity« The e x i s t e n c e of 

the g r a v i t a t i o n a l f o r c e produces i n the f i l m a p r e s s u r e v a r i a t i o n 

of the simple h y d r o s t a t i c form, superimposed upon which w i l l be 

l o c a l v a r i a t i o n s a s a r e s u l t of d i s t u r b a n c e s and a l s o due to s u r f a c e 

e f f e c t s . The author has chosen t h e r e f o r e to r e t a i n a body f o r c e term, 

which might be c o n s i d e r e d to r e p r e s e n t the h y d r o s t a t i c component of 

p r e s s u r e , l e a v i n g the p r e s s u r e term P , or p a s i t l a t e r appears i n 

non-dimensional form, to r e l a t e to the remaining components of p r e s s u r e . 

We have then:-

Note t h a t theso a r e f o r c e s / u n i t mass i n accordance w i t h the other-

terms of the Navier-Stokes E q u a t i o n s . 

2.2.5 Non-"iniensional Forms of the E q u a t i o n s of Motion 

I t i s convenient before going f u r t h e r to r e w r i t e the equations 

i n non-dimensional form. T h i s has the immediate e f f e c t of i n t r o d u c i n g 

both Reynolds and Froude numbers, and r a t h e r more i m p o r t a n t l y i t paves 

the way f o r a c o n s i d e r a t i o n of the flow ars being semi-uniform i n n a t u r e . 

T h i s l a t t e r p o i n t i s d i s c u s s e d i n g r e a t e r d e t a i l i n s e c t i o n 2.3 where 

the undisturbed mean flow i s c o n s i d e r e d . 

The equations a r e p u r e l y k i n e m a t i c i n form. The only v a r i a b l e s 

i n v o l v i n g mass are those of p r e s s u r e , and here the d i v i s i o n by d e n s i t y 

F . 

3 ^ 
o 
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reducers them to a combination w i t h dimensions ( L . T " ' 1 ' ) . Therefore 

i n order to make a l l terms dirnensionless we need only two r e f e r e n c e 

q u a n t i t i e s , one i n v o l v i n g l e n g t h , the other time. The i n t r o d u c t i o n 

of a Reynolds number i n v o l v e s a l s o the choice of a c h a r a c t e r i s t i c 

r e f e r e n c e dimension or l e n g t h and a l s o one of v e l o c i t y . S i n c e these 
! ! 

l a t t e r r e f e r e n c e q u a n t i t i e s s a t i s f y the former requirements, i t i s 
i 

c l e a r l y both d e s i r a b l e and convenient t h a t the sar:ia q u a n t i t i e s be 

used f o r both purposes. Previous authors have predominantly, though 

not e x c l u s i v e l y , based Reynolds number on the mean f i l m t h i c k n e s s , 

and the mean v e l o c i t y i n the f i l m ; and the p r e s e n t author has f o l l o w e d 

t h i s p r a c t i c e . 

C a l l i n g the mean f i l m t h i c k n e s s cS , and the mean f i l m 

v e l o c i t y we have then, u s i n g lower case symbols to i n d i c a t e 

non-dimensional q u a n t i t i e s 

a v w 
U, ^ 

T p ' r ' a.* 

v ^ 
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Makinj these a u b s t i t u L i o n s y i e l d s f o r tin.- ;ion-disiensional fcrins 

of the equations of motion 

0>t 
•v-ar 

f v ^ fit La*r ^ a*- ^ r 3 
- 2.2.10. 

+ vj" " r - + • A-5 

- 2.2,11, 

Q-c ^ 
5> 

1 ^ w ^ . ^ c ^ 
- 2.2.12. 

- 2.2.13. 
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2.3 The Undisturbed I-ioan Flow 

Mow t h a t the equations of motion a r e i n non-dimensional form, 

with no d i s t u r b a n c e to the mean motion, v a r i e s between 0 and 1 a t 

a l l s e c t i o n s . S i m i l a r l y w. v a r i e s between 0 a t the s o l i d s u r f a c e , and 

a maximum va l u e which we might expect to be constfjix a t a l l s e c t i o n s . 

That i s , the maximum r e a l v e l o c i t y might be expected to be a fi?;ed 

m u l t i p l e of the mean v e l o c i t y . T h i s i s a n o r u a l r t s u l t i n lam i n a r 

flow, and we expect the flow of the t h i n u n d i r t u r b e d f i l m to be l a m i n a r . 

Thus w h i l e we f u l l y expect r e a l v e l o c i t y and mean f i l m t h i c k n e s s , \X and 

<i to v a r y w i t h X , our non-dirnensionai v a r i a b l e u i s found t o be 

independent of x.; we have then \x= \C*-*} only. T h i s i s e x a c t l y 

e q u i v a l e n t to the assumption t h a t the v e l o c i t y p r o f i l e a t a l l s e c t i o n s 

i s s i m i l a r . I n the case of r e a l v a l u e s of the r e i s a decrease of 

s c a l e of the p r o f i l e i n the X d i r e c t i o n . I n the case of the non-

dimensional c o o r d i n a t e s , there i s no such s c a l i n g and the flow may be 

considered semi-uniform. I n what f o l l o w s i t w i l l be shown t h a t IX. and 

<5 vary r e l a t i v e l y s l o w l y w i t h X, the problem may be con s i d e r e d to f a l l 

i n t o what Betchov and C r i m i n a l e ('67) c a l l a category of q u a s i -

p a r a l l e l flow. 

F o r the undisturbed mean flow then, oc i s not so much a v a r i a b l e 

a s a parameter of the equations of motion. F o r the mean flow on a 

s t a t i o n a r y cone we have :-

i . * i- . = k - O 
0-c O-K_ 

and t h e r e f o r e ^- may be r e p l a c e d by — , a l s o 

Or = -us- - O 
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Hence the equations of motion reduce to :• 

o 
^ = o 

Of these equations, the f i r s t w i l l a l l o w us to determine the way 

i n v/liich m. varcies w i t h . The second g i v e s the form of the 

p r e s s u r e d i s t r i b u t i o n . The equation i n the B d i r e c t i o n has d i s ­

appeared e n t i r e l y a s i s to be expected f o r t h i s axisymmetric flow. 

The f i n a l equation i s somewhat strange, and would seen to imply t h a t 

U. = 0 wi-J ch we cannot a c c e p t . The only p o s s i b l e i n t e r p r e t a t i o n 

would seem t c be t h a t u. i s v e r y s m a l l compared with 3c , and t h a t 

the equation must be regarded as an order of magnitude i n d i c a t i o n . 

When i t i s remembered t h a t i n making the q u a n t i t i e s non-dimensional 

we d i v i d e d the r e l a t i v e l y l a r g e X by the R'.iall & to get ">e , 

whereas U- was d i v i d e d by a of the same order of magnitude to 

o b t a i n , t h i s seems to r e p r e s e n t a proper i n t e r p r e t a t i o n of. the 

equation. T h i s i n d i c a t i o n of the magnitude of f u r t h e r r e i n f o r c e s 

our n e g l e c t of terms of 0(jj£-^ a t an e a r l i e r s t a g e . 

The f i r s t of the above equations may be r e w r i t t e n a s 

where the operator O = ^-

Nov/ we have seen t h a t 3c i s v e r y l a r g e , hence i s s m a l l compared 

w i t h the e t h e r terms of the d i f f e r e n t i a l equation, which we may approx­

imate 



T h i s may be i n t e g r a t e d d i r e c t l y to give 

where A and B a r e c o n s t a n t s of i n t e g r a t i o n whose v a l u e s a r e g i v e n 

by c o n s i d e r i n g the boundary c o n d i t i o n s :-

the s o l i d s u r f a c e . 

( i i ) = 0 a t ^ = 1 i . e . no v e l o c i t y g r a d i e n t a t the 
f r e e s u r f a c e , which f o l l o w s i f i t i s assumed t h a t there i s 
no shear s t r e s s due to a i r drag on th$ s u r f a c e . 

These c o n d i t i o n s y i e l d :-

( i ) a = 0 a t = 0 i . e . zero r e l a t i v e v e l o c i t y a t 

= 0 
Q 

Or on r e v e r t i n g to dimensional q u a n t i t i e s 

V V \ 

The t o t a l f l o w / u n i t width of the s u r f a c e 

o 
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Hence 

and 

u. - P 
2.3.1. 

u.. -
i 

and hence v i f V = Q̂ q. cor* ^ 2.3.2. 

T h i s i s th<* p a r a b o l i c d i s t r i b u t i o n of v e l o c i t y that was f i r s t d e r i v e d 

by Nusse.lt and has been used by v i r t u a l l y a l l authors s i n c e . 

Now f o r the case of the cone i s dependent on X > ^ o r the 

t o t a l flow over the c o n i c a l s u r f a c e 

and we s h a l l assume Ô, = constant 

Q -

or i n terms of £ 

X 
and a l s o 

X' 

So t h a t i t i s seen, a s s t a t e d e a r l i e r , t h a t the v a r i a t i o n of ^ and ^ 

w i t h X i s not r a p i d . 

•Summarising, we have the f o l l o w i n g r e s u l t s f o r the mean 

undisturbed flow :-

http://Nusse.lt


( i ) The v e l o c i t y p r o f i l e i s given by 

^ = T ( LV ̂ ) - 2.3.3. 

( i i ) The v a r i a t i o n i n mean f i l m t h i c k n e s s w i t h d i s t a n c e down the 
cone i s 

~ * ' 1 - 2.3.k. 

( i i i ) The v a r i a t i o n i n mean v e l o c i t y w i t h d i s t a n c e down the cone 
i s 

- 2.3.3. 

( i v ) Consequently the v a r i a t i o n i n Reynolds number w i t h d i s t a n c e 
dow.M the cone i s g i v e n by 

R. Q 
- 2.3.6. 

And F V = 3 ^ ^ J b , i n d i c a t e s a s i m i l a r decrease i n F r o u i e 

number w i t h passage down the cone's s u r f a c e . 
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2. 'i- The D i s t u r b e d Flow 

2.'+ • 1 I n t r o d u c t i o n 

S e c t i o n 2.3 was based on a n e g l e c t of a l l motion other than 

t h a t i n the primary flow d i r e c t i o n . I t d i d not t h e r e f o r e take i n t o 

account the p o s s i b i l i t y of any s u r f a c e d i s t u r b a n c e which could l e a d 

to the formation of waves. T h i s l e d then to a one dimensional s o l u t i o n 

which i s v a l u a b l e i n t h a t i t g i v e s i n f o r m a t i o n ac to the behaviour oi 

a flow without d i s t u r b a n c e s . I n the f i r s t i n s t a n c e the magnitude of 

dis t u r b a n c e m o d i f i c a t i o n s to the v e l o c i t y components w i l l be s m a l l 

compared v i t h the undisturbed v a l u e s . Hence the one dimensional 

s o l u t i o n does y i e l d u s e f u l i n f o r m a t i o n a s to the mean flow p a t t e r n ; 

i n p a r t i c u l a r i t g i v e s a u s e f u l i n d i c a t i o n of the nature of the 

v e l o c i t y p r o f i l e w i t h i n the f i l m . 

To study the s t a b i l i t y of the flow, however, i t i s n e c e s s a r y 

to exanine the behaviour of a d i s t u r b a n c e . T h i s i s most r e a d i l y done 

by p o s t u l a t i n g a d i s t u r b a n c e and then s t u d y i n g i t s change as 11 

t r a v e l s through t i n e and space. I f i t d e c r e a s e s i n magnitude, i n 

other words i f the flow tends to r e t u r n to the undisturbed mean s t a t e , 

i t can be concluded t h a t the flow i s s t a b l e . On the other hand i f 

the d i s t u r b a n c e grows, the flow must be c o n s i d e r e d u n s t a b l e . 

I f a d i s t u r b a n c e i s to grow, i t i s to be expected t h a t i t 

w i l l propagate l a t e r a l l y over the cone's s u r f a c e a s w e l l a s i n the 

main flow d i r e c t i o n . F o r a s t a t i o n a r y cone, with a v e r t i c a l a x i s , 

f o r which the undis t u r b e d flow i s axisymmetric, i t may reasonably 

be assumed t h a t such l a t e r a l propagation w i l l be symmetrical about 

the a x i a l plane through the po i n t of i n i t i a t i o n of the d i s t u r b a n c e . 

The behaviour of the d i s t u r b a n c e , and i t s growth or otherwise, 
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w i t h i n t h i s a x i a l pl^ne can be considered to t y p i f y the behaviour 

of the whole d i s t u r b a n c e . According to S q u i r e ('33) arid Y i h ('I?!?) 

3 dimensional d i s t u r b a n c e s are i n h e r e n t l y somewhat more s t a b l e than 

2 dimensional ones. Therefore by c o n c e n t r a t i n g on a 2 dimensional 
i 

a n a l y s i s of s t a b i l i t y the e r r o r , i f any, i s on the r i g h t s i d e . That 
i ! 

i s , i n s t a b i l i t y w i l l be p r e d i c t e d i f a n y t h i n g somewhat e a r l i e r than 

i t should. 

! To summarise then, the s t a b i l i t y examination which f o l l o w s 

i s based on c o n s i d e r a t i o n of a s t a t i o n a r y cone and i f . l i m i t e d to 

behaviour i n the 0»û  plan e . 

2.'+. 2 Equ a t i o n s of Motion f o r the D i s t u r b a n c e I s o l a t e d from the 

Mean Flow 

Using s u b s c r i p t s to i n d i c a t e p a r t i a l d i f f e r e n t i a t i o n the 

equations of motion i n the O s c ^ plane may be r e w r i t t e n as 

- =Fv Cars, fl - W 

2A.1 

I t i s a p p r o p r i a t e a t t h i s stage to compare the orders of magnitude 

of the b r a c k e t e d terms i n the c o n t i n u i t y equation. S i n c e ->c ̂ > ^ 

i t f o l l o w s t h a t i n the absence of f o r c e s c a u s i n g l a r g e a c c e l e r a t i o n s 

i n the ^ d i r e c t i o n , o - w i l l i n g e n e r a l be s m a l l compared w i t h 

The c o n t i n u i t y equation may t h e r e f o r e be s i m p l i f i e d to 

2A.Z 

2.*+.3 

'•vV ̂ ->̂  * ~ • u. =0 



r 
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I t should however be borne i n mind t h a t I h i s n e g l e c t of the oc.oV^> 

term may no longer be v a l i d f o r very s s a l l /?> , and care must be 

taken i n drawing any c o n c l u s i o n s i n the l i m i t - o frcm what 

'follows. 
i 

T o t a l l y u n d i s t u r b e d flow must s a t i s f y the above equations. Using 
o 

s u p e r s c r i p t to i n d i c a t e undisturbed flow q u a n t i t i e s , and malting 

it h e a p p r o p r i a t e s u b s t i t u t i o n s 

and b e a r i n g i n mind t h a t the undisturbed f l e w i s steady, i . e . 

U-x = O g i v e s 

- 2.4.4 

1 ^ - 2.4.5 

2.4.6 

Using i m s u p e r s c r i p t e d q u a n t i t i e s to i n d i c a t e the c o n t r i b u t i o n to 

the v e l o c i t y components of the d i s t u r b a n c e alone, r e q u i r e s sub­

s t i t u t i o n i n 2.4.1 - 3 of _ o- f * 0 * ^ a n c * y i e l d s f o r 

the t o t a l flow :-

+ " L L " - ̂  ̂  *^v^fV\ 
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S u b t r a c t i n g the undisturbed flow and remembering t h a t v̂ . does not 

vary w i t h 3c Gives f o r the disturbance only, the equations of 

motion :-

As the d i s t u r b a n c e terms are s m a l l , products of these terms may be 

n e g l e c t e d , and the equations s i m p l i f i e d to :-

The number of v a r i a b l e s , and equations, may be reduced i f a stream 

f u n c t i o n \JJ CH-,^) e x i s t s which s a t i s f i e s the c o n t i n u i t y equation. 

Such a stream f u n c t i o n i s g i v e n by 

°" = " - 2.4.7 
S u b s t i t u t i r g f o r t h i s g i v e s :-



Or, on co1.lcct.in:; torms :-

i 

- - * - V \ 4- * + - -- (A , ^ ^ s ) 4-. \ 

- - ~ -iJv* + ^ H a ] 
We now make the u s u a l assumption t h a t the d i s t u r b a n c e i s 

harmonic and of the form 

= ^Loc (it--c-t- -)^ - 2.^.8 

a l s o t h a t a s i m i l a r s o l u t i o n e x i s t s f o r the non-dimensional 

p r e s s u r e - -, 

r J L J - 2.i;-.9 

The f u n c t i o n s <̂ >(̂ j i[C^allow f o r v a r i a t i o n i n the ^ d i r e c t i o n , 

t h a t i s a c r o s s the f i l m , w h i l e the complex e x p o n e n t i a l term 

c o v e r s the harmonic v a r i a t i o n a s the d i s t u r b a n c e p r o g r e s s e s both 

down the c o n i c a l s u r f a c e and through time. The non-dimensional 

parameter o£ which i s r e l a t e d to the wavelength of a d i s t u r b a n c e 

on the f r e e s u r f a c e i s known a s the wave number. The r e l a t i o n s h i p 

between oi and wavelength i s an i n v e r s e one, small: c< corresponds 

to long wavelength; i n p a r t i c u l a r the l i m i t i n g case of oc = 0 

corresponds to a s i n g l e i n f i n i t e l y long wave. The non-dimensional 

product occ i s s i m i l a r l y a measure of frequency, from which i t can 

be seen t h a t c alone must have the form of a non-dimensional v e l o c i t y , 

and i t i s known a s the wave v e l o c i t y . 

Host i m p o r t a n t l y i t can be seen t h a t i f the d i s t u r b a n c e i s 

to grew, \ j / must i n c r e a s e w i t h time. Such i n c r e a s e w i t h time i s 

http://co1.lcct.in
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our c r i t e r i o n Tor i n s t a b i l i t y . Therefore tie flow must be considered 

u n s t a b l e i f the product (— t-otc ) has a p o s i t i v e r e a l component. I n 

g e n e r a l c. can bu complex c = Lc-^ , therefore-: s i n c e <x i s 

r e a l and o , the c o n d i t i o n f o r i n s t a b i l i t y i s t h a t C L "> 0. 

P u t t i n g i n the assumed harmonic d i s t u r b a n c e s g i v e s 

- 2.4.10 

- ~ ^ocVij) - *A.°i>tv >̂ - u-° Lt* ĉ> 

- 2.4.11 
where i n d i c a t e s d i f f e r e n t i a t i o n v/ith r e s p e c t to <̂  

The f u n c t i o n ^C^) n;ay be e l i m i n a t e d by d i f f e r e n t i a t i n g the former 

equation, and s u b t r a c t i n g '^oC x. the l a t t e r . M u l t i p l i c a t i o n throughout 

by 5c then y i e l d s 

( W . O L « C - ±y (V- ̂ ) - V - ̂  ^ 

Rearranging so a s to s e p a r a t e r e a l and imaginary c o e f f i c i e n t s 
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Coinparisou with the standard Orr-Sommerfeld equation obtained f o r 

flow down an i n c l i n e d plane shows the above to be i d e n t i c a l but 

f o r the a d d i t i o n of the terras i n oc . I t has a l r e a d y been shown 

tha t x. i s l a r g e ; n e g l e c t i n g terms of ord^r ( ^Ac ) g i v e s :-

- 2.'+.12 

Which i s the s t a n d a r d Orr-Sommerfeld equation w i t h the a d d i t i o n 

of terms c a t e r i n g f o r the change of f i l m i n the d i r e c t i o n caused 

by spreading of the f i l m over the i n c r e a s i n g width of the cone. 

These terms a r e a l l of order ( ) and consequently s m a l l . As 

before i t i s s i m p l e r to r e g a r d x. a s a parameter of the equation 

r a t h e r than a true v a r i a b l e , f o r <̂> i s a f u n c t i o n of ^ only, and 

i t i s p a r t i c u l a r l y d e s i r a b l e to t h i n k of r\t, which i s i n t u r n da-

pendent on x_ , a s a parameter. 
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^•5 Boundary C o n d i t i o n s 

The modified Orr-Sommerfeld equation i s a f o u r t h order 

d i f f e r e n t i a l equation i n ̂ >£̂ )> For a complete s o l u t i o n , t h e r e f o r e , 

i t i s n e c e s s a r y to obtai n four boundary c o n d i t i o n s from v/hich to 

determine the c o n s t a n t s of i n t e g r a t i o n . Of th e s e , two can be ob­

t a i n e d from the no s l i p and no normal v e l o c i t y c o n d i t i o n a t the 

s o l i d cone s u r f a c e . A t h i r d f o l l o w s from the assumption of no 

shear a t the f r e e s u r f a c e , and the f i n a l c o n d i t i o n i s based on a 

c o n s i d e r a t i o n of the c o n t i n u i t y of normal s t r e s s a t the f r e e s u r f a c e . 

2.5»1 At the Cone S u r f a c e 

F o r no s l i p a t the s o l i d cone s u r f a c e , 

u. = 0 a t = 0 

Hence a l s o ~ • = ° 

and on s u b s t i t u t i n g the assumed form of *\> 

T h i s can only be s a t i s f i e d f o r a l l and - c i f 

<^> 'Co) - o 

v/hich i s t h e r e f o r e the f i r s t boundary c o n d i t i o n . 
2.5.1 

F o r no normal v e l o c i t y component a t the s o l i d cone s u r f a c e 

o- = 0 a t = 0 

Hence a l s o — J - <L =0 

which corresponds, on s u b s t i t u t i n g the assumed form of *\> , a s 

above, to 
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Again f o r t h i s to be s a t i s f i e d f o r a l l ')<. -c ,-uid oc 

<^(o") = 0 _ 2.5.2 

which i s the second boundary c o n d i t i o n . 

i 
2.5• 2 Shear S t r e s s £.t the F r e e S u r f a c e 

i 
' I f i t i s assumed t h a t there i s no a i r drag a t the f r e e s u r f a c e 
t 

'of the f i l n , then t h e r e can be no shear s t r e s s a t t h i s s u r f a c e , and 

1 t h e r e f o r e 

= o 
Or simply 

\ "TZT =0 

I t i s worth n o t i n g t h a t the one dimensional a n a l y s i s of s e c t i o n 

2.3 made use of t h i s i n the s i m p l i f i e d form 

and t h a t the assumed v e l o c i t y d i s t r i b u t i o n 

s a t i s f i e s t h i s . 

T h i s c o n d i t i o n a p p l i e s a t the f r e e s u r f a c e , which i n the 

presence of d i s t u r b a n c e s v a r i e s by a s m a l l amount e i t h e r s i d e of the 

mean p o s i t i o n given by »j = 1. Suppose then the f r e e s u r f a c e occurs 

a t v j * U i j 

where ^ i s s m a l l . I n dimensional terms t h i s i s e q u i v a l e n t to 

•-^Y-K ^ O 4*^ • F o l l o w i n g Y i h ('63) t h i s c o n d i t i o n g i v e s a t ^ = 1 

9«£ + ^Lb + =0 



Where terms, except the one'-.^-Vj, ore now understood to be e v a l u a t e d 

a t ^ = 1. Nov; the v e l o c i t i e s r e f e r r e d to here are the t o t a l v e l o c i t i e s . 

That i s H. must r e f e r to the two components of *-C the undisturbed flow 

and u. the d i s t u r b a n c e component. Now a t = 1, 

^ = o. ^ = -3 

He net; u s i n g s u b s c r i p t n o t a t i o n the above may be w r i t t e n on i n t r o d u c i n g 

the v a l u e s a t ^ = 1. 

or on n e g l e c t i n g second order s m a l l q u a n t i t i e s 

I n terms of ^ t h i s becomes 

A r e l a t i o n s h i p between <\ and may be d e r i v e d by c o n s i d e r i n g the de­

f i n i t i o n of or 

5 ^ "̂ v̂  

Hence, on n e g l e c t i n g second order s m a l l q u a n t i t i e s 

The form of 1^ w i l l be harmonic l i k e and p 

Suppose » ^ A-wt̂a ̂ »- »i C"*-- c x " ^ 

Then - - i - L*<b » - i . * c K 4 iv° L<x (\ 
2.5.3 

i . e . 
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S u b s t i i;ut:i.ng f o r , v+- ( ̂ ° and d e r i v a t i v e s a t ^ ~ I y i e l d s : •-

or on s u b s t i t u t i n g 

2.5.4 

T h i s c o n s t i t u t e s th3 t h i r d boundarv c o n d i t i o n . Cc:nparisori w i t h t h a t 

of Y i h ('63) f o r flow down an. i n c l i n e d p l a n e , shows t h a t the dependence 

on 3chas si'own i t s e l f i n the appearance of an a d d i t i o n a l term, the one 

i n — . 

2.5.3 C o n t i n u i t y of Normal S t r e s s a t the F r e e S u r f a c e 

The c u r v a t u r e of the f i l m s u r f a c e due both to the presence of 

a wavelike d i s t u r b a n c e , and to the c u r v a t u r e of the c:onical s u b s t r a t e 

g i v e s r i s e to a n e t normal s t r e s s a t the f r e e s u r f a c e which must be 

balanced by p r e s s u r e and V i s c o u s s t r e s s e s . 

y 1 

I n dimensional terms, the normal s t r e s s due to curvat&.ve i s 

given by ^ ( ^ ^ 0 

where T i s the c o e f f i c i e n t of s u r f a c e t e n s i o n 

ft, 
a r e the two r a d i i of c u r v a t u r e (+ve i f inwardly d i r e c t e d ) . 

The r a d i u s of c u r v a t u r e due to the cone 
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t h a t i n the O X Y plane, due to the d i s t u r b a n c e 

ft 
*TY 
6 X V 

i s 

The normal s t r e s s a r i s i n g from p r e s s u r e and v i s c o u s s h e e r 

f o r c o n t i n u i t y of normal s t r e s s a t the s u r f a c e 

-? 

where T̂, i s the atmospheric p r e s s u r e above the f i l m . T h i s e x p r e s s i o n 

may be rendered non-dimensional a s i n s e c t i o n 2.2.5 to give 

L. 4*/ •* 

where ^ = T — ~ , i s the i n v e r s e of a Weber number r e l a t e d to mean f i l m Op VA. 
v e l o c i t y and moan f i l m t h i c k n e s s . 

Now u >^ , t h e r e f o r e 

Using s u b s c r i p t n o t a t i o n 

- P * ^ , - ^ ~ \ . - v . 

As i n s e c t i o n 2.if.2 t h i s can be con s i d e r e d to i n c l u d e c o n t r i b u t i o n s 

both from the d i s t u r b a n c e and from the mean flow. Using s u p e r s c r i p t 

to i n d i c a t e a mean flow c o n t r i b u t i o n and u n s u p e r s c r i p t e d v a r i a b l e s to 

i n d i c a t e d i s t u r b a n c e c o n t r i b u t i o n s , we have f o r t o t a l flow 

and f o r mean, undisturbed flow 

o 
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which on sub brae t i o ' i , l e a v e s f o r the d i s t u r b a n c e e f f e c t , 

Again a s i n the p r e v i o u s s e c t i o n i t i s u s e f u l to put ^ = W-v̂  

to give the above i n terms of i t s v a r i a t i o n v-\ about the mean s u r f a c e 
i 

• p o s i t i o n . 

\ Then ^ 

where i n d i c a t e s the value of the d i s t u r b a n c e component of p r e s s u r e 

a t = 1 and 

i s the g r a d i e n t of p r e s s u r e i n the ^ d i r e c t i o n f o r which the 

mean stream component va l u e w i l l be the major p a r t . 

From equation 2.4.5 ~° ^ 
P i - -

Ther e f o r e 

Or on t a k i n g i n t o account ^_<^n> jS 

and r e p l a c i n g ^ = -"k^*.^ 

S u b s t i t u t i n g f o r the assumed and d e r i v e d forms f o r p ( ^ and ^ 

and d i v i d i n g by -^-^ \^°^ C"*--<-"0~^w3 o b t a i n , 

E l i m i n a t i o n of the f i r s t term i s p o s s i b l e by use of 2.4.10 which 

when a p p l i e d a t ̂  = 1 g i v e s 

/ 
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Elimination and sorting of terms gives 

i ! 
I 

Terms including are c l e a r l y small, and our further considerations 

w i l l also be limited to r e l a t i v e l y small values of oc . Therefore 

the term involving ~ w i l l a l s o be small. The term i n oc^^e. i s 

however retained since i t i s the only tevm i n -S and the j o i n t product 

might be of importance i n cases of high surface tension. 

Thus our fourth and f i n a l boundary condition i s 

Comparison of the above boundary conditions with those 

generally accepted for flow down an i n c l i n e d plane, shows that a 

basic s i m i l a r i t y e x i s t s , but that the present set do contain terms 

i n ) ^ that have no place i n the planar s et. These are i n the t h i r d 

and fourth boundary conditions only. More detailed comparison with 

the planar set as quoted by Yih ( 163) shows a i-.hange of sign for the 

l a s t bracket i n the f i n a l condition above. This i s accounted for by 

the re v e r s a l of the direction of the y coordinate as i s the change 

i n the value of u at the free surface. 



2.6 Solution 

2.6.1 The system of equations to be solved i s that given by 

2.4.12 together with the boundary conditions derived i n 2.5., namely 

; 4>"< - f - C - ̂  V' * ( 4 * V ^ 4 ' - - - i - ^ ^ 

- 2.6.1 
1 tyo} - 0 - 2.6.2 

^'^.D^ ~ o - 2.6.5 

4>"<0 < l — i ^ ^ W - o _ 2.6.4 

where \<_--^& o'= c-V 
X _ 1 - T-

2.6.5 

Observation of the film formed on a cone shows that the 

dominant waves are of much greater length than the film thickness. 

For such waves, the wave number C\ = 2--̂ . r — • i s small. 

The solution therefore proceeds on the assumption that i n t e r e s t 

l i e s c h i e f l y with small values of oC * The second major parameter QA^ 

occurs only divided by , and multiplied by tX , so that for even 

moderately large values of (h, i t makes a small contribution to the 

system. With the above i n mind a perturbation method has been adopted 

for the solution i n which oC i s treated as a small perturbation quantity. 

This allows a f i r s t approximation to be made by solving the system for 

c< = 0, i . e . including only terms of O(oc°). A second approximation 

follows i n which terms of are included. So as not to introduce, 

by implication, terms of higher order, the f i r s t approximate solution 
i 

i s substituted i n these terms involving ©< . I n t h i s way a second 



approximation i s obtained, and by an i t e r a t i v e procedure, higher 

approximations could follow. I t i s however found unnecessary to 

go beyond this second l e v e l of approximation ; since t h i s i s found 

to reveal the s t a b i l i t y c r i t e r i o n which i s sought. 

The solution has been divided into two parts. F i r s t a 
i 

^solution i s found for zero K a , . This can be regarded as the l i m i t 

i t o which any thinning film w i l l tend , as R.e i s shown i n section 
i 

/' 2.3 to decrease with ac . There follows a second solution allowing 

for non zero but small Q*. . 

2.6.2 -Solution for Zero Reynolds Number 

As indicated above a solution i s f i r s t sought for the system 

with zero « as well as zero The system 2.6.1-5 i s thus reduced 

to 

' ° - 2.6.7 
W ' ° - 3.6.8 

^ ^ - 2.6.10 
2.6.6 y i e l d s a f i r s t approximation solution 

where the constants of integration are found by substitution i n the 

boundary conditions, which gives 



From which Pb = 0, and either (\ = C = - 0 

i . e . c ' , ^ • *^L±«-^ 

,". f o r a non t r i v i a l f i r s t approximation, 

And since = - /\ c_ *.< f\ 
i 

On again expanding eJ*^ i n the series form and neglecting terms 

of o (ks) 

No further information i s available f o r the exact determination of 

A. So as i s common, the eigen function d i s determined only up 

to a m u l t i p l i c a t i v e constant. For s i m p l i c i t y take ^ "*-%•» a n ( l 

we have 
- 2.6.11 

I t i 3 v/orth noting that while t h i s i s i d e n t i c a l to the 

f i r s t approximation obtained i n the case of flow over a plane surface, 

there i s i n the assumed value f o r A a dependence on the value of K 

which i s a function both of the slope j(L and distance down the cone oc 

For the second approximation, terms of f i r s t power i n oc 

are included i n the system. 



Terms i n DC have been put on the r i g h t hand sides of the 

above equations. Now t h i s system i s expected to y i e l d a ligher 

I approximation i n <̂> than «̂ >o , one that involves oc . I f t h i s i s 

.substituted i n the r i g h t hand sides, these w i l l contain terms i n ex. 

implying a higher approximation s t i l l . Therefore ejp0 i s substituted 

i n a l l those terms involving (X . Note also that the term i n c* 

has not been rejected as could be expocted on grounds of the power 

of (X. involved. This i s the only term introducing «S the surface 

tension factor, and i f i t i s regarded as a group c< i t s retention 

causes no d i f f i c u l t y and provides a re&ult which gives an indication 

of the effect of surface tension. The system i s therefore 

$ = 1 ^ _ 2 > 6 i l 2 

+"co - \>w - - ̂  

Hot only does t h i s system y i e l d a higher approximation i n , 

but i t w i l l also givs an updated value f o r c'. 

Suppose c = c 0 •* *^c., 

Then - 3 . , _ _ 2 . - 2., ̂  w T" 1 

So by si m i l a r considerations to those adopted for ĉ> i n 

r e l a t i o n to C< , t h i r d and fourth boundary conditions become 



The solution of 2.6.12 i s <̂ > * % 0 , 

where 4 , - ^ + ^ f K e l ^ .+ v ^ C ^ - v ^ O 
: 1 iic-H. ^ ^ i ^ 
I i—OC * i 

I Where i n addition to the pa r t i c u l a r i n t e g r a l — • ^ 

the /\ terms- are included to cater for the changed boundary conditions. i i 
Substitution of t h i s solution i n the boundary conditions yields a f t e r 

subtraction of the set obtained i n the f i i c t approximation :-

-/.A f\ + Ac - o 

The same relationship holds between A c and 

as did between K i C and ̂ > i n the f i r s t approximation. So 

jus t as -v -v ̂  -=*•»• 

so w i l l ^ K<C*^ + A C * ^ ^ l { 

Nov; ̂ was chosen a r b i t r a r i l y since i t s value could not be exactly 

, determined, and any attempt to put an exact value onA(\is c l e a r l y 

pointless .'. set = 0 

Eliminating then gives 



Then for c C r + ^-c^ 

1 
-2.6.13 

The o r i g i n a l assumed disturbance was of the form 

So a negative c-tas found corresponds to an exponential function 

v/hich decreases with time. 

Therefore the assumed disturbance w i l l decrease i n magnitude 

v/ith time, and the motion i s stable for zero Reynolds number. A l l 

three elements of the expression for c : a r e seen to exert a s t a b i l i s i n g 

influence, though i t i s seen that t h i s influence diminishes with the 

growth of 3c • I t can also be seen that as the cone degenerates to 

a v e r t i c a l cylinder j i = 0, the only remaining s t a b i l i s i n g influence 

i s that of surface tension. 

2.6.3 Solution f o r Small Reynolds Number 

This i s obtained as above for small values of also. 

The f i r s t approximation <3f>o obtained f o r c* = 0 ft*. = 0 i s again taken as 

the s t a r t i n g point. Now however both f i r s t order terms i n oc and 

i n @c are included. As noted i n 2.6.1. Qe. appears as either the 

quotient ay^ v/hi^h due to the largeness of 3o , i s small f o r even 

quite large ^ . t . , or as the product o<ftc . The l a t t e r i s therefore 

not disregarded as being a second order small quantity but i s retained, 

thus again allowing f o r quite reasonably sized values of ^e, . I t 



i s further important to note that no higher power values of Q.t. occur, 

so that neither i s t higher l e v e l of approximation possible, nor are 

any large values implied by these higher values of l̂ .e. raised to higher 

powers being neglected. 

The system to be solved i s therefore now 

Substituting f o r p̂»o= ^ v 

gives _ 

<̂ C«v) -<=> 
2.6.1*f 

The solution of 2.6.14 w i l l be 

where ĉ >v consists of a p a r t i c u l a r i n t e g r a l together with terms 

modifying the basic ones of to f i t the revised boundary conditions. 

The p a r t i c u l a r i n t e g r a l i s 
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where L -L -

NA - 1 Qt 
1 

*- — NA - Zx. K.-H. 

M 

Substitution of c^>=<po+^)in the boundary conditions and subtraction 

of the f i r s t approximation set gives 

A k v - O 

2 1- \_c O'oc R*. - £ - 2>-.&Q - 2i, , 

As previously A t\ = A c = /£iO= 0 since any other choice of 

value adds nothing to the a r b i t r a r y choice of value f o r A made i n 

the f i r s t approximation. Afecan then be eliminated to give :-

This yields a f t e r s u b s t i t u t i o n for LNA (NJ and c_0' and 

rearrangement 

Then for <- = C ^ ^ C L = + ^ * 

we liave f o r non zero 
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-Hoc 

2.6.15 

This i s seen to reduce to 2.6.13 f o r = 0. I n s t a b i l i t y , 

that i s an increase i n the assumed disturbance with time occurs 

with positive C^. 2.6.15 therefore shows that the flow v / i l l be 

unstable f o r _̂  

- 2.6.16 

2.6»*f Discussion of the S t a b i l i t y C r i t e r i o n 

The expression 2.6.16 ju s t derived represents a condition on 

for disturbances i n the f i l m to develop and cause surface waves of long 

wavelength. The expression contains elements representing the slope 

of the conical surface, the distance t r a v e l l e d along a generator of 

that surface, the wave number and the surface tension. A quick order 

of magnitude assessment shows that -S i s small, and that f o r non extreme 

values of p> the dominant term i s the f i r s t term of the denominator. 

For large ?c then the c r i t e r i o n reduces to 

> 
which gives a very small c r i t i c a l Reynolds number indeed. For a l l 

p r a c t i c a l purposes then the flow i s at a l l times unstable which i s i n 

agreement wit".i Benjamin's conclusion f o r the in c l i n e d plane surface. 

A computational exercise was carried out to relate t h i s 

c r i t e r i o n to the p r a c t i c a l case of the cone on v/hich the experiments 
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were carried out. The c r i t i c a l value of ka- , that i s the value equal 

to the r i g h t hand side of 2.6.16. was calculated for j?j = 30°, so i n 

the range 1 to 10, ot i n the range 0.001 to 0.1 and the values of S 

corresponding to the maximum and minimum flowrates achieved during 

the experiments. After allowing for the v a r i a t i o n of S with >c 

due to thinning of the f i l m and consequent v a r i a t i o n of both mean 

f i l m thickness & and mean velocity as indicated i n 2.3. both 

the v a r i a t i o n of S and of o<: over the whole of the range quoted were 

found to have i n s i g n i f i c a n t e f f e c t . The c r i t i c a l value of Reynolds 

number was indeed f o r p r a c t i c a l purposes a function of only. 

The values obtained were as follows, the two extreme.values of 3 

being 6.331* x 10"5 and 0.356 x 10~ 5 . 

1 c r i t i c a l R«_ = 0.3657 
2 0.2750 
3 0.2168 
k O.1776 
5 0.1^98 
6 0.1292 

7 0.1135 
8 0.1010 
9 0.0910 

10 0.0828 

Not too great reliance can be placed upon the f i r s t few 

values above since they apply to values of 5c f o r which cannot 

be f a i r l y neglected as i t was i n the derivation of the s t a b i l i t y 

c r i t e r i o n . Yet the results show clearl y how the c r i t i c a l R-t, f a l l s 

to an extremely low value w i t h i n the t r a v e l l i n g of but a few f i l m 

thicknesses down the cone, ( i t being remembered that distance v/as 

made non-dimensional by dividing by 5 ), 
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Two special cases corresponding to the extreme values of j& 

deserve a mention. F i r s t l y , that of ̂ ~ corresponds to a horizontal 

plane with f i l m flow r a d i a l l y outwards from a central point. 2.6.16 

can be rew r i t t e n as 

— v_ •* 
s 

which f o r £ * \ reduces to 8 

This p a r t i c u l a r case then i s basically similar to the general one 

i n p r a c t i c a l e f f e c t , though now even the nominal dependence on ot^-S 

has disappeared. 

The other case of j& = 0 i s beet approached by considering yS> 

small. 2.6.16 can now be rewritten as 

Now as i s small t h i s becomes 

This approximates to ^ - > " | ^ f o r ^^-x. and suggests that 

the c r i t i c a l —*» o as ^ —*» o . This implies that only 

i n the l i m i t i n g case of dx. = 0 i s the flow down the outside of a 

v e r t i c a l cylinder stable. 



3 

EXPERIMENTAL WORK 
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3 EXPERIMENTAL WORK 

3«1 Film Flow Rig 

3.1.1 The Cone 

The r i g consisted basically of a r i g h t c i r c u l a r cone, 

included angle 60°nominal, over which a f i l m of water i s made to 

flow. The cone had a base diameter of 2 f t . and was a machined 

aluminium casting. Final machining was carried oul on a v e r t i c a l 

borer with a small depth of cut, to reduce as f a r as possible any 

non-cir c u l a r i t y due to machining. The surface f i n i s h was good i n 

terms of lo".; roughness, and a cleaning procedure which involved the 

use of very f i n e 4-00 grade *wet and dry' followed by 600 grade main­

tained and s l i g h t l y improved t h i s . Small blowholes i n the casting 

tended to be troublesome i n so far as they trapped bubbles of a i r 

underneath the water f i l m . This problem was e f f e c t i v e l y overcome by 

allowing water to flow over the cone f o r some time at the s t a r t of a 

series of tes t s . Wiping the surface then cleared most of the bubbles 

and no surface i r r e g u l a r i t y v/as v i s i b l e . The process was probably 

helped by the very s l i g h t porosity of the casting. 

The cone v/as mounted on a v e r t i c a l hollow shaft of stainless 

steel through which the supply water was fed. I n order to leave the 

space above the cone as free as possible f o r observation of the f i l m , 

the water feed was upwards through t h i s shaft. To f a c i l i t a t e the 

smooth passage of t h i s flow over onto the subsequently downward 

sloping conical face, the t r a n s i t i o n between shaft outer diameter 

and cone surface v/as radiused and surmounted by a small conical 

cap with an underside p r o f i l e of matching radius. This cap served 

not only to assist the feed of water onto the cone surface, but 
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also acted au a damper of any supply fl u c t u a t i o n s . 

As can be seen i n the drawing of the f u l l r i g , Fig. 3.1.1. 

further elaboration was necessary to allow t h i s r i g to be used fo r 

future work on'the effect of r o t a t i o n of the cone. For the purposes 

of t h i s report however i t i s s u f f i c i e n t to say further only that the 

cone v/as supported on a very r i g i d structure designed to l i m i t the 

ef f e c t of any free vibrations wi t h i n the r i g . 

3.1.2 Thb V.'ater Supply 

The uater supply was taken d i r e c t l y from the laboratory mains 

supply. This occasionally caused complications i n so far as heavy use 

of water elsewhere i n the building sometimes l i m i t e d the maximum flow-

rate available to an inconveniently low l e v e l . Sometimes other usage 

also led to regular o s c i l l a t i o n of the supply pressure and consequent 

flowrate o s c i l l a t i o n . This was very clea r l y detectable at a number of 

points i n the system, and tests could not then be run. The l i m i t a t i o n 

of testing to r e l a t i v e l y quiet times was a simple and effective solution 

of the above problems. An independent gravity feed system from a header 

tank was t r i e d , but Durham water i s unusually r i c h i n i r o n bacteria which 

multiply p r o l i f i c a l l y i n s t a t i c closed water systems causing discolor­

ation and sizeable s o l i d p a r t i c l e s . While these can be readily k i l l e d 

by the addition of detergents, such an addition would have caused a 

marked change i n the surface tension and visc o s i t y of the water, and 

was eschewed. 

hence through a rotameter for flow measurement to the cone supply l i n e . 

The range of flows measured by the rotameter 10-100 gallons/hour (12.6-
-6 "5 

126 x 10 m /s) was i d e a l l y suited to the f i l m conditions desired on 

The mains supply was taken through a micronyl f i l t e r , and 

1011 KM 
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the cone. With flows of less than 10 galls/hr. i t was found very 

d i f f i c u l t to maintain an unbroken f i l m since the f i l m thickness at 

the higher cone diameters i s very small indeed as can be seen from 

the results presented l a t e r . Whereas above 100 galls/hr. surface 

wave patterns became very i r r e g u l a r , and some d i f f i c u l t y was experienced 

i n maintaining a steady supply of t h i s amount from the mains. Control 

of flowrate by the ordinary mains tap was rather surprisingly found to 

be very good and quite adequately sensitive. The rotameter was c a l ­

ibrated by the manufacturers, who supplied a c a l i b r a t i o n chart. The 

water leaving the cone was collected i n a stainless steel drip tray 

and passed to drain. A thermometer i n the tray drain enabled a check 

to be kept on water temperature which was found to vary very l i t t l e 

during a series of tests. The day to day v a r i a t i o n was however 

greater 1 - 2°C and temperatures were recorded f o r the accurate de­

termination of Reynolds numbers. 

3.1.3 The Measuring Station 

A pair of r a i l s p a r a l l e l to a generator of the cone supported 

a s l i d i n g c a r r i e r to which was attached the f i l m thickness measurement 

probe. This system enabled the probe, once i t was mounted on i t s 

ca r r i e r , to be readily moved along a l i n e p a r a l l e l to the generator, 

i n order to face the cone at d i f f e r e n t cone diameters. The probe 

axis was held normal to the cone surface, and a fixed scale allowed 

di r e c t reading of the cone diameter at the point of i t s surface 

d i r e c t l y facing the centre of the probe. Section J>.k,2. describes 

i n i t i a l tests to determine how representative of flow over the whole 

cone, was flow along the generator facing t h i s measuring station. 



Once these tests had been carried out, the cone was 'larked and held 

i n a fixe d p o s i t i o n , so that a l l subsequent te s t i n g was carried out 

along t h i s one generator of the cone. 

The r a i l s and supporting structure were s t u r d i l y constructed 

i n order to minimise errors i n the f i l m thickness readings due to 

vi b r a t i o n . I t was not found possible to position the r a i l s with 

s u f f i c i e n t accurscy that the distance from the probe to the cone 

surface remained perfec t l y constant at a l l probe positions. This 

would be due to s l i g h t inaccuracies of form i n both the r a i l s and 

the cone i t s e l f which were readily displayed by the highly accurate 

measuring systen provided by the instrumentation being used. I n 

consequence of t h i s , new zero readings were taken each time the probe 

was moved to a new diameter. A simple locking device was used to 

f i x the probe c a r r i e r at any such required diameter. 



3 • 2 Instrumentation 

3.2.1 The Capacitance Measuj :1 ng System 

Of the several methods available f o r the measurement of 

f i l m thickness, the most suitable was judged to be that based on a 

measurement of the capacitance between a probe held above the l i q u i d 

f i l m surface, and the cone. Such a system can be easily achieved with 

adequate frequency response to permit measurement and recording of 

instantaneous f i l m thickness. This makes i t clea r l y superior to those 

methods v/hich y i e l d only mean f i l m thickness r e s u l t s . Indeed, some 

of the l a t t e i methods, such as continuous weighing, or the drainage 

technique whereby flow i s shut o f f and th« f l u i d on the surface at 

that instant i s collected and measured, are not applicable on a conical 

surface where the mean f i l m thickness varies with passage down the cone 

surface unliice the case of flow down a plane or cylinder f o r which they 

have successfully been used: Kamei and Oishi ('56), Cooper, Drew and 

McAdams ('3*0, Fallah, Hunter and flash ('3^)i Friedman and M i l l e r ("+1), 

Portalski ('6*0. Another commonly used method, that of determining 

the position of the f i l m surface with a contacting needle on a micro­

meter screw, i s both l i m i t e d and laborious despite l a t e r sophistications 

which have been developed whereby a comparison at various depths of the 

periods of contact and non contact allow an estimate of wave form to 

be made: Hopf ('10) Kirkbride C13**-) 1 Brauer ('56) and many others. 

Optical methods based on l i g h t absorption by dye i n the l i q u i d f i l m 

such as used by Charvonia ('59) could not be used since the cone 

i t s e l f was opaque. 
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Another e l e c t r i c a l method that also gives good frequency 

response i s that of measuring the resistance between two electrodes 

set i n , but insulated from, the s o l i d surface and contacting the f l u i d 

film. The method however has the disadvantage of requiring fixed 

probes at fixed predetermined positions, and therefore lacks the 

f l e x i b i l i t y of a movable capacitance probe. The use of the resistance 

method has breri reported by C o l l i e r and Hewitt ('6l) and van Rossum ( 1 5 9 ) • 

The capacitance system used was based on a commercially available 

system produced and marketed by Messrs. Wayne Kerr Ltd., for vibration 

and distance measurement. The pa r t i c u l a r instrument used being a com­

paratively early version, a distance meter DM 100. The meter system 

consists of an o s c i l l a t o r and high gain amplifier fed by an i n t e r n a l 

H.T. power supply, together with a metering c i r c u i t and recorder output. 

Fig. 3,2.1 

The o s c i l l a t o r provides a reference current through a standard capacitor 

C q which together with the current through the capacitance C formed 

between the probe and the cone i s fed to the high gain amplifier. The 

amplifier output voltage then becomes inversely proportional to the 

value of C , and i s therefore d i r e c t l y proportional to the separation 

of i t s plates, namely the probe and the cone or covering film surface 

facing i t . The metering c i r c u i t r e c t i f i e s t h i s modulated 50 kHz 
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output, to give an output of fluctuating DC voltage proportional 

to the mwan plate separation. A small i n t e r n a l amcietor gave a 

somewhat inaccurate reading of mean value. I n preference to t h i s 

the output was taken to a d i g i t a l DC voltmeter with variable damping 

for mean value determination, and v i a an operational amplifier to an 

u l t r a v i o l e t recorder for instantaneous value recording. 

The a b i l i t y of t h i s system to measure the l i q u i d f i l m 

thickness depends on the very large difference between the r e l a t i v e 

permittivity of a i r and water. 

F i g . 3.2.2 

For a simple p a r a l l e l plate condenser as shown, the capacitance 

c = k± + i . 

where A i s the plate area 

£•„ i s the permittivity of free space 

£, i s the permittivity of a i r 

" " 11 " the f l u i d i n the film 

As stated above the output voltage of the instrument 
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Now for water £ t v a r i e s between 82.22 at 15°C ar.d 80.36 at 20°C 

while for a i r , even with a high water vapour content £ A w i l l not 

exceed 1.01. Also & did not for the most part exceed 1($ of t , 

so that on two counts £ ^ was small compared with l ^ ^ - V ) . 

Hence y ^ ^ ^ ) 

and by subtraction of readings for V from a zero reading obtained 

with a dry cone ( «£ = 0) , & could be determined a f t e r some 

cal i b r a t i o n to find the constant of proportionality. 

The probe used however did not form part of a simple p a r a l l e l 

plate condenser as considered above. For although the probe i t s e l f 

had a piano surface, i t faces the surface of the cone which was curved 

i n one direction, and what i s more curved to a varying degree, "ppendix 

I contains an a n a l y s i s of t h i s problem, i n which the factor by which 

the actual capacitance of the gap varies from that formed by a plane 

surface at the same distance as the cone, i s derived. Numerical 

values of t h i s factor for various values of plate separation and cone 

diameter were obtained, and the error introduced by the non plane 

surface was found to be small, l e s s than 2% for v i r t u a l l y a l l the 

readings taken. 

3.2.2 The Probe 

The expression for capacitance above i n 3-2.1 shows that 

so that for 'similar' operation of the instrument a reduction i n A # 

probe area^iust be accompanied by a reduction i n plate separation . 

Nov/ for good resolution of small wavelengths the probe area should 

be as small as possible. However there i s a p r a c t i c a l l i m i t a t i o n on 
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the smallnese of "t . For i f t i s too small there i s l i t t l e clearance 

between the probe and the water film, and the probe becomes l i a b l e to 

flooding when the flow i s started. That i s contact between the probe 

and film i s cade and the action of surface tension causes the film to 

be drawn up over the whole probe surface, and to remain so. The standard 

probes produced by Wayne Kerr are c i r c u l a r , and spanned a rather greater 

distance along the main flow direction than was desired. A s p e c i a l probe 

was therefore designed and produced with a much shorter dimension i n 

t h i s direction. The r e q u i s i t e area was provided by making i t longer 

i n the direction normal to t h i s , across the cone. For ease of man­

ufacture the shape chosen for the active area was a rectangle with 

semi c i r c u l a r ends» F i g . 3-2.3» shows t h i s probe complete with i t s 

necessary guard ri n g to maintain p a r a l l e l l i n e s of f l u x . This probe 

of width 'r.8 mm was equivalent to a c i r c u l a r probe of diameter 11 mm. 

c 3 + 
4. W 

J 

7 

2.8-ta 

F i g . 3.2.3 
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3.2.2 The Amplifier 

Output from thf-. Wayne Kerr meter was i n the form of a current 

of the order .1 mA which was proportional to the' distance of the probe 

from the cone or i t s superimposed l i q u i d f i l m . The current was fed 

through a 1 W-TL. reference r e s i s t o r , and the voltage \I\ across 

t h i s used for further processing. \l\ consisted of two components, 

a r e l a t i v e l y high mean value V l , corresponding to the mean a i r gap 

thickness, together with a variable smaller amount &>V4 r e f l e c t i n g 

the variation i n the a i r gap thickness due to surface waves. As 

already stated a DC d i g i t a l voltmeter gave- a reading of \/4 . A 

s t a b i l i s e d DC power supply and voltage dividing potentiometer were 

set up to produce a voltage V 0 equivalent to the value of V, when 

there was no flow on the cone. \^ 0and M v were then fed to the inputs 

of a d i f f e r e n t i a l operational amplifier. Without flow on the cone then, 

the amplifier produced a zero output voltage. With flow, i t produced 

an output proportional to the instantaneous film thickness. 

The amplifier used was a Burr-Brown encapsulated amplifier 

type 3021/15. Diagrammatically the c i r c u i t i s shov.M i n f i g . 3*2.4. 

loo W-P-
— v V W 

1 M-rv 

+ o AAA/ W W * 

- IO 

i.e. 

[ N / 0 - ( V K i \ F i g . 3.2.* 
— ̂ •L °*- ^ the instantaneous film thickness 
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3.2.4 Itecoi ding 

The output V-i. from the amplifier was recorded using a Southern 

Instruments type M 1300 u l t r a v i o l e t recording oscillograph. The 

matching of the amplifier output and the recording galvanometer was 
~'r *' " 

a.s follows: . /) . , 
o» >• •A/WV/1 (5vx>-

Fi g . 3.2.5 

The galvanometer was type SHI/M, s e n s i t i v i t y .050 mA/nirn. I t had 

i n t e r n a l f l u i d damping, so no p a r a l l e l damping r e s i s t o r was necessary. 

The r e s i s t o r ^^was necessary to reduce the current i n the c i r c u i t 

to a l e v e l both acceptable to the galvanometer, and below the 

saturation current of the amplifier which was approximately 6.5 inA. 

Although t h i s saturation l e v e l was well below the maximum current 

that could be tolerated by the galvanometer, the l a t t e r was never­

theless protected by a 10 mA fuse against possible accidental overloads 

or catastrophic f a i l u r e of the amplifier. A choice of R-u = 375-fu 

(for the r e s i s t o r and fuse together) gave 

N/v - ^ . (375 + 35) 

and galvanometer deflection i n mm = *-v / , o S o 

- A S * 

For the wave a n a l y s i s reported i n 3*7 the recorder was run 

with a paper speed of kOO mm/s with timing marks every 0.1 s. 

The completed instrumentation was then as shown i n the block 

diagram F i g . 3«2.6. 
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3.3 Photography > 

3*3«1 S t i l l Photography 

A number of s t i l l photographs were taken early i n the experimer.-al 

work to confirm the v i s u a l impression that roughly horizontal wavefronts 

were passing down the cone. Also that ^hese wavefronts were more regular 

and c l e a r l y defined at the lower flowrates. 

Three da fferent camerao were used during the i n i t i a l t r i a l runs 

to determine exposures and l i g h t i n g positions. The best quality pictures 

were f i n a l l y obtained using a large format monorail camera, a Sinar 

k" x 5" with a 150 mm le n s . Use was made of the r i s i n g and t i l t i n g 

movements of both the lens panel and fi l m plane of t h i s camera to maintain 

a large area of the cone surface i u sharp focus. Of the few l i g h t i n g 

positions t r i e d the best was with the single l i g h t source d i r e c t l y above 

the cone directed downwards along the cone ax i s , with the camera a x i s i n 

the horizontal plane normal to the cone a x i s . The l i g h t source was a 2y*.*, 

single f l a s h unit of joules output. This provided both s u f f i c i e n t 

l i g h t and speed to "freeze" movement and allow the use of a reasonably 

fine grainca fi l m stock, Kodak Plus X exposed at f 5*6. 

3.3*2 Cine Photography 

A Kycam variable framing rate rotating prism 16 mm cine camera 

was used to obtain motion pictures of the flow. Although capable of 

very high framing r a t e s , i t was, for most of the t e s t s , run at 30 

frames/second. This gave s u f f i c i e n t movement of the wavefront over 

a few successive frames to make measurement of wave speeds possible. 

A mm scaTe pieced i n front of the cone surface and p a r a l l e l to i t j u s t 

c l e a r of the f l u i d film, made these measurements simple and obviated 

any necessity to record accurately enlargement factors i n subsequent 
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printing. 

1/ With a 10th shutter i n the camera, the exposure for each 
frame was "^JOOs at f 2.8. The film used was I l f o r d FP*+ developed 
for ^ minutes i n Microphen at This yielded a reasonably fine 

grained and high contrast image.. The contrast was further improved by 

printing on hard paper, from which p r i n t s the measurements were made. 

Lighting was provided by two 500W photofloods placed as before above 

the cone. At very low flowrates detection of the very small waves 

was extremely d i f f i c u l t , and i t was then found best to move the l i g h t s 

a l i t t l e to the rear of the cone median plane. A l l cine photographs 

were taken opposite the 0° measuring station. 



3.k Cone Setting 

3.^.1 L e v e l l i n g 

The cone was l e v e l l e d using a Hilger and Watts clinometer, 

of 6-J inches base length. With t h i s the i n c l i n a t i o n of the conical 

surface to the horizontal was measured at fcur generators at 90° i n ­

t e r v a l s . L e v e l l i n g was then car r i e d out by packing shims and wedges 

under the r i g support structure. Three sources of i r r e g u l a r i t y were 

possible; i r r e g u l a r i t y of the surface, lack of coincidence of surface 

a x i s and a;ris of rotation, and a non-vertical a x i s of rotation. With 

possible future rotation of the cone i n mind, readings were taken with 

the cone rotated through 90°, l80°, 270° i n addition to the 0° position 

to get the best 'compromise l e v e l ' s e t t i n g . 

With t h i s done, and the cone returned to the position at which 

a l l subsequent readings were taken, the clinometer readings were as 

follows : e o M _ u ; t v ] e A \to^ J ^ o ^ 

station-

0° 59° 57' 30" 

90° 60° 00' 15" 

180° 59° 59' 05" 

270° 59° 55' 25" 

Of the remaining differences 

F i g . 3.'*.1 

non-verticality of the a x i s of rotation, and h a l f to the combination of 

the other rv/o errors. The above give an average i n c l i n a t i o n to the 

horizontal of 59° 58' 04" with a v a r i a t i o n of + 2'11" and - 2'kS". Thi 

corresponds to a value for of 30° 01' 56", which i f approximated to 
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30° introduces errors of l e s s than 0.1',"- i n the 

functions . S ^ ^ , 00^ ̂> , .s^T-|3 « 

The 0° generator was chosen for tlit measuring station as 

having the slope closest to the average value, 

3.4.2 Film Uniformity 

Early t r i a l s showed a f a i r l y grf/ss lack of uniformity i n 

the film thickness. E r r o r s of t h i s sort, i t was thought, might be 

attributable i n part to errors of flow over the surface i t s e l f , and 

i n part to non-uniformity of f l u i d supply to the surface. As reported 

i n 3.1.1 the f l u i d supply came v i a a hollow central shaft up through 

the cone. This hollow annulus wac divided by a cruciform section into 

four channels, so as to impart whirl to the water i f the cone was rotat­

ing. But t h i s d i v i s i o n of the flow ended some 2-g- inches short of the 

top of the cone, and from that point flow ehould be f u l l y annular. 

Aga.:.n as described i n 3.1.1 flow i s turned onto the cone surface by 

an adjustable cap, see F i g . 3-4.2. 

P a 

F i g . 3.4.2. 



The o r i g i n a l large error was found to bo due to damage to 

t h i s conical cap : the lower rim had become non-circular. This was 

re-machined and the large error thus r e c t i f i e d . The discover;/ hov/evdi-

pointed to tha. very important role played by the cap. I t s complete 

removal showed c l e a r l y that there was s t i l l some residual effect of 

the cruciform section at the cone apex. Further, without the cap, 

there was a very early onset of waves near tho cone apex, due no doubt 

to the disturbances experienced i n the change of direction of flow. 

With the cap i n position, both these e f f e c t s were undetectable, and i t s 

use was thus well j u s t i f i e d . I t also proved useful as both a detector, 

and also no doubt a damper of fluctuations i n the supply flow. When 

occasionally these were experienced the cap, which was l e f t free to 

move v e r t i c a l l y , r a t t l e d up and down n o i s i l y . This free v e r t i c a l 

movement was allowed p a r t l y for t h i s reason, and partly i n the ex­

pectation that t h i s would allow for a s e l f centering effect that would 

best produce an equal gap between cone and cap at the cap rim. The cap 

was a good s l i d i n g f i t on the central shaft, and the two locking 

screws were adjusted so as to j u s t allow v e r t i c a l raomement. A check 

around t h i s gap with f e e l e r gauges showed no lack of concentricity 

detectable by t h i s method. 

Checks were now repeated, taking measurements of mean film 

thickness for flowrates of between 10 and 100 gph for the four equally 

spaced generators shown i n F i g . J.1*.!. The measurements were a l l 

made at 'tOO mm cone diameter. The r e s u l t s gave very good agreement 

at the higher flowrates, almost perfect agreement i n the f i r s t instance 

at 80 gph. At low flowrates however there was much l e s s s a t i s f a c t o r y 

uniformity, the readings between the four generators varying over a 

range of up to around 15#. This v/as however t y p i c a l of the d i f f i c u l t y 
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thrcughout the experimental work of obtaining good and consistent 
r e s u l t s at t'Ae lower flowrates; and i t should be pointed out that i t 
was on a very thin film of approximately O.l'i mm mean thickness that 
these measurements v.vrc being made. 

Later r e c a l c u l a t i o n of these r e s u l t s was; carried out i n the 

l i g h t of experie-ice in the calib r a t i o n of the instruments and the 

discovery of factors affecting the c a l i b r a t i o n . The recalculated 

r e s u l t s with f u l l c alibrations and also temperature allowances made 

showed l i t t l e o v e r a l l e f f e c t i v e change; The individual r e s u l t s were 

altered s l i g h t l y , but over-a l l the spread of readings was only s l i g h t l y 

reduced a t low flowrates, and was somewhat increased a t higher ones. 

F i g . 3-*»3 shows a plot of the r e s u l t s obtained for fi l m thickness 

against flowrate. I t shows that the readings obtained on the 0° 

generator were consistently high while those a t the ].80° generator 

were consistently lov/er than average, with the 90° and 270° broadly 

si m i l a r i n the middle. These discrepancies are not explicable i n 

terms of the s n a i l r e s i d u a l difference i n slopes. Bearing i n mind 

that even at the highest percentage v a r i a t i o n t h i s only represents 

+ .010 mm on .13* mm, i t was decided to take the precaution of 

maintaining the cap always i n the same angular position, and to 

proceed with readings on the 0° generator always. I n the range of 

flowrate 1C - 60 gph t h i s generator gave film thicknesses between 

.007 and .010 mm i n excess of the mean of the flow recordings taken. 

I n t h i s range therefore mean film thicknesses measured at the 0° 

generator position are approximately .009 mm i n excess of the true 

mean, that i s between '+% and 7i* high. 
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A f i n a l experimental cneck was »iade to see i f any i n d i c a t i o n 

could be found of mean flow not f o l l o w i n g the cone generator. T h i s 

was done by i n t r o d u c i n g a f i n e f i l a m e n t of dye i n t o the f i l m high on 

the cone. The dye spread .out i n a f a n shape as the f i l m ' s t r e t c h e d ' 

over the expanding cone s u r f a c e . Both v i s u a l o b s e r v a t i o n a t the time, 

and l a t e r measurement of photographs taken, showed equal spread of the 

dye to both s i d e s of the l i n e of i n t r o d u c t i o n , a t a l l s t a t i o n s t e s t e d . 

I t was t h e r e f o r e concluded t h a t any t a n g e n t i a l movement could be d i s ­

counted and t h a t any p a t t e r n of non-uniform f i l m t h i c k n e s s around the 

cone d i d not change a p p r e c i a b l y w i t h p r o g r e s s from top to bottom. 
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3• 5 Calibration of the Inctrmi:eutation 

3.5• 1 s t a t i c Voltiiioter Calibration 

Calibration presented a number of problems, i'or a d i r e c t l y 

comparable .static c a l i b r a t i o n , i t would be necessary to produce water 

films of si m i l a r thickness to those found on the cone. Now films of 

t h i s tliickness (0.2 - 0.5 mm) are not e a s i l y formed except i n flow 

situations where thei r thickness i s uncertain. However the expression 

for the dependence of capacitance on t h i s film thickness suggests that 

the actual film has l i t t l e e f f e ct except i n so far as i t modifies the 

si z e of the c.±r gap. I n i t i a l c a l i b r a t i o n therefore proceeded on the 

assumption that i t was the a i r gap thickness that was being measured. 

F i r s t l y a simple a i r gap was created between the probe and an 

opposing p a r a l l e l metal sheet. The. metal sheet was arranged so that 

i t could be ra i s e d or lowered under the probe by means of a micrometer 

height gauge. A s e r i e s of several such t e s t s c a r r i e d out at i n t e r v a l s 

over a period of a few -weeks yielded e x c e l l e n t l y consistent r e s u l t s . 

There was a very c l e a i l i n e a r relationship between voltage across a 

1 W.-A- r e s i s t i v e load and the a i r gap. The constant of proportionality 

varied only between 0.361 and O.363 V/mm, and 0 V output corresponded 

to 0 mm a i r gap. 

Similar t e s t s carried out over the same period with the probe 

facing a horizontal water surface proved far l e s s s a t i s f a c t o r y . Not 

only was the constant of proportionality different but i t was so by c~ 

varying amount. No apparent pattern was discernible. Although the 

thickness of the underlying water layer could not be e a s i l y reduced 

to the s i z e of that found cn the cone, widely varying values of 

0.62 mm, 0.805 ram and 6.2 mm were a l l found to have the same c a l ­

ibration factor of 0.336 V/mm when successive t e s t s were run one day. 



This supported well the suggestion stated above that i t i s r e a l l y 

the a i r gap that counts. Again the t e s t s were carr i e d out i n such a 

way that the water layer had s u f f i c i e n t time to reach room temperature; 

and t h i s i n a room situated deep i n the heart of a large building, where 

the temperature remained remarkably constant. Nevertheless, i t was 

decided that c a l i b r a t i o n by moving a fixed thickness layer of water to 

and from the probe did not perhaps s u f f i c i e n t l y simulate the s i t u a t i o n 

on the cone, wheve i t i s a variable thickness film of water which modifies 

the capacitance between opposing fixed metal plate s . I t should be pointed 

out that the layer of water used i n the t e s t s above was not of f u l l y 

constant thickness, a small amount of evaporation generally took place, 

but t h i s was allowed for i n the calculations i t being assumed to have 

been at a constant rate. 

Next, therefore, c a l i b r a t i o n t e s t s were carr i e d out with the 

probe fixed with v e r t i c a l a x i s above a horizontal dish of aluminium, 

the cone material, F i g . 3«5.1. The dish was formed by turning a 

recess i n a piece of aluminium plate. Three s i z e s of dish were used, 

the smallest with a 2 inch diameter recesr- gave r e s u l t s s i g n i f i c a n t l y 

d i f f e r e n t from those obtained from h inch and 5 inch diameter dishes 

which were c l o s e l y s i m i l a r . I t was concluded that the 3 inch recess was 

i n s u f f i c i e n t l y large compared with the probe si z e and that some fringing 

e f f e c t s of the l i n e s of flux were taking place. Later t e s t s were 

therefore carried out on the *t inch disn i n which i t was somewhat 

easi e r to create an unbroken film than i n the 5 inch one. To fac­

i l i t a t e t h i s film formation at the lowest feasible film thickness the 

dish was thoroughly cleaned with concentrated sulphuric acid and ethyl 

alcohol shortly before c a l i b r a t i o n runs. 
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Water was d r i f t e d i n t o the dish from a 10 rr.l b u r e t c e 

graduated i n .02 ml . From knowledge therefore of the quantity 

added and the cross sectional a r e a of the recess the film thickness 

could i n theory be calculated. However, uncertainty a s to the exact 

thickness a r i - ' s s tnrough the existence of the meniscus region. I t 

was necessary with the k inch dish to add i n i t i a l l y about 3 rol of 

water before a contii^aous film over the whole recess could be formed 

at a l l . £he e a r l i e s t readings then tended to be e r r a t i c u n t i l a proper 

meniscus vms formed a f t e r the addition of abor.t 3-5 nil i n a l l . This 

i s equivalent to a film thickness of approximately 0.^3 mm making no 

allowance for the f l u i d contained i n the Meniscus. Tests by evapor­

ation and weighing with the 3 inch dish suggested that that had 

a meniscus region which contained 1,1 ml water. A pro rata increase 

suggests that approximately 1.5 ml would be contained i n the h inch 

dish meniscus. Making t h i s allowance gives approximately 0.25 mm as 

the lowest r e l i a b l e film thickness that could be obtained using the 

k inch dish. This i s well within the range of film thickness measured 

on the cone, although s t i l l somewhat greater than the minimum thicknesses 

encountered. 

A s e r i e s of t e s t s with the above arrangement carried out over 

a period of 10 days yielded the following c a l i b r a t i o n factors 

O.379 0.392 0.398 

O.386 0.391 O.387 

0.39*1- 0.395 0.392 

These give an average of 0.390 with a range of - 2.8?? to + 2.1$ 

of t h i s . 
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About t h i s time i t was noticed that over a long period of 

testing, the output of the Wayne Kerr instrument, as evidenced by 

the output of a standard check c i r c u i t provided within the instrument, 

was l i a b l e to. d r i f t . I n s u f f i c i e n t notice had been taken of the con­

stancy of the check c i r c u i t output up t i l l then. A s e r i e s of c a l i b r a t 

ions was therefore c a r r i e d out at different values of check c i r c u i t 

output, and a consistent pattern observed- G.vaph .3.̂ .2 shows the 

variation of c a l i b r a t i o n factor with cherk c i r c u i t output as measured 

v/ith the d i g i t a l voltmeter across the standard 1 W-H- resistance. The 

l i n e drawn on t h i s graph was obtained by a l i n e a r regression a n a l y s i s . 

A l l subsequent testing was carried out with a check c i r c u i t 

output maintained at 0,980 V and the corresponding c a l i b r a t i o n factor 

of 0.5^4 V/mm or 2.5'-l- mm/V used. 

3.5.2 S t a t i c Recorder Calibration 

The instrumentation was next completed by the addition of the 

amplifier and recorder c i r c u i t s as shown i n the block diagram, F i g . 

3.2.6. A c a l i b r a t i o n was then undertaken of the recorder deflection 

against film thickness using the k inch dish and water supplied by 

burette as before. The voltmeter was kept i n the c i r c u i t so as to 

again check i t s own c a l i b r a t i o n , and also as a means of monitoring 

the check c i r c u i t output. Since the output from the Wayne Kerr 

instrument, i n both operating and check modes, was a current output, 

the addition of the amplifier c i r c u i t , v/ith i t s high but s t i l l f i n i t e 

input impedance, s l i g h t l y reduced the check voltage recorded across 

the 1 WJI_ reference r e s i s t o r from 0.930 V to 0.971*. Bearing i n mind 

the dependence of the c a l i b r a t i o n upon t h i s check c i r c u i t output, 
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care was taken to maintain t h i s check voltage at 0.97'l- V with the 

amplifier i n c i r c u i t , and O.98O V with the amplifier absent. 

The r e s u l t s of four successive c a l i b r a t i o n runs v/ere as 

follows :-

RUM ]. 

2 

3 

mean 

Voltmeter 

.391 V/mm 

.^02 

• 390 

.392 

.39^ 

Recorder 

179 mm deflection/mm 

185 
182 

185 

183 

This therefore gave a r e s u l t i n good agreement with the voltmeter 

c a l i b r a t i o n already established, and a value consistent within 2^% 

for the recorder deflection c a l i b r a t i o n . 

I t i s i n t e r e s t i n g to observe that the value of 183 mm/mm 

also approximates reasonably well to the value that might have been 

predicted by the c i r c u i t parameters. The amplifier gives a nominal 

amplification of 10 and i n ~5.2.k. the recorder c i r c u i t i s shown to 

have a nominal s e n s i t i v i t y of 8̂.8 mm/V output. These combine to 

give a nominal recorder s e n s i t i v i t y of 0.39^ x 10 x ̂ 8.8 = 192 mm/mm; 

within 5/4 of the actual value. 

I t should at t h i s point be noted that, v/hile throughout the 

c a l i b r a t i o n testing, good agreement was always obtained between the 

gradients of different c a l i b r a t i o n runs, far l e s s consistency of 

intercept on the axe,?:- was obtained. With reference to the use of 
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the dish Tor c a l i b r a t j on t h i s flight be explained i n terms of uncertainty 

as to the amount of f l u i d occupying tho meniscus region. I t i s however 

d i f f i c u l t to see how t h i s would vary very widely between runs, p a r t i c ­

u l a r l y i n view of the cleaning precautions taken. Another possible 

source of variation i s adsorption into tho metal surface. Unfortunately 

aluminium represents a poor choice of material i n tSiis respect, a fact 

unknown at the design ^tage when i t was chosen on grounds of weight 

and cost. 

3»5«3 3>/n".::!ic Voltmeter and Recorder Comparison 

I t was thought desirable to have some forn of check that 

s t a t i c c a l i b r a t i o n s did produce values that were va l i d for dynamic 

measurements made with actual films on the cone. While no dire c t 

absolute check of the 2 calib r a t i o n s was possible, a comparison of 

corresponding voltmeter and recorder readings was thought to be better 

than no check a t a l l . Consequently readings obtained during the mean 

film thickness testing period were plotted i n the form of voltmeter 

reading against an estimated mean UV recorder trace deflection. The 

r e s u l t , F i g . 3.5»3^ shows that these points l i e i n a band f a i r l y 

evenly distributed about the l i n e given by points obtained from the 

s t a t i c c a l i b r a t i o n s . A cer t a i n amount of scatt e r i s inevitable 

bearing i n mind that the mean recorder trace deflection i s obtained 

by a subjective v i s u a l estimate of what i s i n some cases a highly 

i r r e g u l a r trace. Nevertheless i t i s apparent from t h i s graph that 

points representing different flowrate values taken successively a t 

a given diameter conform generally well to a l i n e of thei r own p a r a l l e l 

to the c a l i b r a t i o n l i n e . The scatter therefore i s not an en t i r e l y 
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random one but stems from the uncertainty i n -zero reading referred 

to at the end of the previous section. 

I t i s also worthy of note that there- i s a rather greater 

scatter towards the right of the c a l i b r a t i o n l i n e suggesting that 

the recorder w i l l tend to give a somewhat higher mean film thickness 

reading than the voltmeter. This was found to be so i n l a t e r ex­

periments. Also the scatt e r i s greater the smaller the reading; and 

again i n l a t e r experiments i t proved more d i f f i c u l t to obtain consistent 

r e s u l t s at the lower flowrates despite the more i r r e g u l a r waveforms 

found with high flowrate values. 
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3.6 Tests 

3.6.1 Mean Filai Tliickness 

With the apparatus set up as described i n the foregoing sections, 

a s e r i e s or t e s t s was carried out to determine the pattern of mean film 

thickness v a r i a t i o n . The voltmeter only v/as used, with s u f f i c i e n t 

damping i n i t s i n t e r n a l c i r c u i t r y i t registered a s u f f i c i e n t l y steady 

mean value. The va r i a t i o n of mean thickness with both flowrate and 

diameter was studied for constant values of the other variable. 

The range of diameter available on the cone was from 135 mm 

to k6k mr.i these being the extreme values that could be reached with the 

r a i l mounted probe. Measurements were therefore made at the following 

values of diameter : ikO, 180, 220, 260, 300, 3^0, 380, k20, ^60 mm. 

As previously stated, the range of flowrate was 10-100 gallons/hour or 

12.6 x 10'^ to 126 x 10"^ nrVs. The non standard unit of gallons/hour 

i n which the rotameter was calibrated was retained for convenience during 

the experiments c h i e f l y because i t represented a complete single cycle on 

logarithmic graph paper. Since the the o r e t i c a l relationship between mean 

film tliickness and flowrate i s cubic i n form, logarithmic plotting to 

v e r i f y t h i s r e l a t i o n s h i p was convenient. With such plotting i n mind the 

values of flowrate chosen were : 10, 12, 15, 20, 2*f, 30, *t0, 50, 60, 80, 

and 100 gph. 

The t e s t procedure was as follows :-

( l ) • The cone was cleaned with f i r s t l y a small amount of detergent 

solution, and secondly with l i g h t rubbing with 600 grade 'wet and dry'. 

The use cf thn l a t t e r being mainly confined to any areas where d i f f i c u l t y 

was being experienced i n forming a continuous film. Care was also taken 
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i to clean thoroughly the l i p and underside oi" the cap ut the water entry 
point. Throughout most of t h i s process and for some 15-20 minutes a f t e r , 
a high flowrtite was maintained over the cone i n order to both wash away 
any trace of the detergent and also to bring the cone to water temperature. 

(2) The probe was brought into position at one of the values of 

diameter l i s t e d above. The water flow was stopped and the area of cone 

surface immediately under the probe dried with a broad j e t of cold a i r . 

( ? ) The Wayne Kerr check c i r c u i t voltage was read, and adjusted 

i f necessary to the chosen value of O.98OV. A zero reading was then 

taken, corresponding to the a i r gap between the probe and the dry cone. 

(k) The supply of water was resumed and the flowrate steadily 

increased to the maximum value of 100 gph. A check was made to see that 

the underside of the probe was s t i l l dry. Occasionally small drops were 

found to have splashed on to i t i n the st a r t i n g period. When t h i s happ­

ened i t was necessary to s t a r t a l l over again. A check was also made 

that a complete film had been formed a l l over the cone. L i t t l e d i f f i c u l t y 

was experienced with t h i s i f step ( l ) had been properly carried out. 

After one or'two minutes running any small a i r bubbles that tended to 

c o l l e c t i n the larger casting blowholes were removed by wiping the cone 

under the film with a piece of s t i f f paper. After a check that the 

water temperature was steady, t h i s and the voltmeter reading were r e ­

corded. 

(5) Thereafter the flowrate was reduced by successive steps 

to the values l i s t e d above. The flow showed a rapid response to 

the changes. The voltmeter reading was recorded at each 

flowrate value, and a check was kept on water temperature. 

The l a t t e r showed l i t t l e v a r i a t i o n , not more than 0.1°C 



during the run. Ab the flowrate reache'd the smaller values,care was 

taken to check that a complete film around the cone was being maintained. 

This was found, to be easier when st a r t i n g with a high flowrate and 

successively reducing i t , than when forming a film at a low flowrate 

from scratch. 

(6) After readings had been obtained at a l l flowrate values, the 

supply was turned off. The area of cone immediately under the probe was 

again dried with the a i r j e t , and the zero reading with the dry cone r e ­

peated. This reading was then compared with that taken at the s t a r t of 

the t e s t . Some d i f f i c u l t y was experienced here i n that sometimes d i s ­

crepancies existed. Some of these were the r e s u l t of electronic d r i f t 

i n tho Wayne Kerr instrument c i r c u i t r y . Theoe were revealed by also 

re-checking the check c i r c u i t output voltage. Only where the zero 

readings and check c i r c u i t voltages were i n agreement to within .001V 

were the r e s u l t s for that run accepted. 

(7) I f unacceptable agreement of zero readings was obtained, the 

run was repeated u n t i l s a t i s f a c t o r y . The probe v/as then moved to a 

different diameter and the procedure from (2) onwards repeated u n t i l 

runs had been made at a l l the diameters l i s t e d . 

The readings thus obtained were then processed as follows :-

1. Subtracted the voltages recorded a t the various flowrates 
from the zero reading to give the voltage equivalent to the mean film 
thickness. 

2. Divided by the ca l i b r a t i o n factor 0.39^ V/mm t o give the 
apparent mean f i l m thickness. 

3. For diameters up to 260 mm applied the appropriate conical 
surface correction as outlined i n 3«2.1 and Appendix X . For the 
higher diameters t h i s correction would have been very small (< 1%). 
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4. Calculated the corresponding values of Eeyncids number UGing 
the kinematic v i s c o s i t y of water at the mean temperature for the run. 

For r e s u l t s and discussion see section 4.1. 

3.6.2 Wave Measurements - Amplitude and Frequency 

The basic t e s t procedure was i d e n t i c a l to that adopted i n 

3.6.1 except that now the instantaneous film thickness was continuously 

recorded for a short period when a l l oonditions were steady. This r e ­

quired the f u l l amplifier and recorder instrumentation as shown i n 

Fig.3.2.6. As noted i n 3»5-2 the Wayne Kerr check c i r c u i t output 

voltage was maintained at 0.974V. A number of different recorder paper 

speeds v/ere t r i e d . The slowest speeds were unsuitable for giving any 

indication of wave shape but indicated well the pattern of peak bize 

variation. E a r l y records taken l i k e t h i s emphasised the d i f f i c u l t y of 

getting an exact measure of amplitude. They also showed that no simple 

measure of frequency was e n t i r e l y s a t i s f a c t o r y either due to the complexity 

of the waveform. Consequently i t was decided to subject records to a 

f u l l Fourier a n a l y s i s . For t h i s , traces at a much higher paper speed 

v/ere necessary and 400 mm/s was found most suit a b l e . At t h i s r e l a t i v e l y 

high speed, the paper acceleration and deceleration periods at the two 

ends of the record must be avoided when analysing the trace. An 

i n t e r n a l l y generated 0.1 sec. i n t e r v a l timing mark on the paper margin 

made t h i s simply done, and gave a ready check of the constancy of paper 

speed. As with the mean film thickness measurements, a trace corresponding 

to the dry cone reading was taken at the beginning and end of each run. 

These served as zero l i n e s from which the deflection could be measured. 

Small zero d r i f t s were sometimes found ( 2-3 mm) between beginning and 

end of a run. I f the voltmeter readings were otherwise s a t i s f a c t o r y , 

t h i s d r i f t was divided into equal i n t e r v a l s of d r i f t between each 



record i n between, and allowed for thus. 

Wave records at the lower diameters showed very l i t t l e disturbaii.ce 

as was expected, e s p e c i a l l y at low flowrateu. Records for a n a l y s i s were 

taken at diameters 240, 280, 320, 36O, kGO, MtG, and h60 mm, and at 

flowrates of 10, 20, kO and 100 gallons/hr. The a n a l y s i s of the records 

i s described i n sections 3«7»1 and 3.7.2. 

3.6.3 Wave heasurements - Wavespeed and Wavelength 

These measurements were obtained fro'n the cine photographs taken 

as described i n 3.3.2. Not a l l of the length of the 0° cone generator 

could be covered by one shot, so three overlapping s e r i e s of films were 

taken to cover the range of diameter from 160 mm to h60 mm. I n i t i a l l y 

films were taken at flowrates at ^0, 20, and 10 gph only. The l a s t of 

these proved very d i f f i c u l t to analyse and since i t i s only at the 

lower flowrates that f u l l y developed waves wer« found to be obtained, 

a further s e r i e s was taken at a flowrate of 15 gph. The water temperature 

was measured to allow the water properties to be determined. No d i r e c t 

measurement was made of the fi l m thickness at the time, since the probe 

and measuring st a t i o n had been removed to give the camera a c l e a r view. 

By t h i s time however enough was known about the flow to enable an 

i n d i r e c t c a l c u l a t i o n of mean film thickness to be made. 

S t r i p s of four successive frames wire enlarged and printed 

and from these measurements made. The movement of the v/aves down the 

cone could be c l e a r l y seen and at 30 frames/s the time i n t e r v a l covered 

by the *l frames was 0.1 s» Measured changes of wave position i n the range 

15 to kO mm then corresponded to wavespeeds of 0.15 to O.'t m/s. A 

considerable number of such measurements were made, the wave being 

http://disturbaii.ce
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credited with that mean speed at the mid-point of the tr a v e l measured. 

The measurement of wavelength was much l e s s simple as could be 

predicted from the traces obtained i n 3»6»2» No c l e a r regular wavelength 

was apparent, and the distance between successive wavefronts varied 

widely. A number of s p e c i f i c diameters were chosen, such as = 520 

mm. Measurements were then made of the distance between the wavefronts 

either side of t h i s diameter and a number of such measurements averaged 

to give a mean wavelength a t that diameter. Care was taken to pick 

wherever possible the distance between two roughly p a r a l l e l wavefronts. 

This procedure v/as moat d i f f i c u l t at low flowrates and high diameters 

where the recorded wavefronts were not at a l l c l e a r against the patchy 

grey cone background. While the larger waves could be f a i r l y confidently 

picked out for wavespeed measurement, l e s s confidence was possible i n 

picking two successive wavefronts. 
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3.7 Wave Analysis 

3.7«1 T r i a l s with a Wave Analyser 

A Muirhead-Pametrada wave analyser type D-*f89-GM was brought 

into the instrumentation i n an attempt to determine i f any single dominant 

frequency was present i n the wave readings. As the lower frequency l i m i t 

of the analy.-.er was 11? Hz, i t was necessary to record the output from the 

operational amplifier over a period of time using an Epsylon-Labcorder. 

The recording was made at a lower speed and played back into the analyser 

at the maximum speed available, 15 inches/*; tnus increasing a l l frequencies. 

The analyser c o n s i s t s e s s e n t i a l l y of a s e r i e s of adjustable 

f i l t e r s which permit examination of the energy content of the waveform 

at any spec i f i e d frequency. The band width of the f i l t e r s could be 

varied from 'in tune* to one-third octave. I t was found i n practice 

that energy content thus measured fluctuated considerably as the r e ­

cording was played back. This indicated as might have been expected 

that the flow disturbances presented a by no means steady picture. 

Talcing mean values, i t was possible to build up a picture of frequency 

dependence which indicated no great dominant peak. A maximum was 

apparent, and t h i s varied with flowrate. The maximum was not however 

sharply peaked and t h i s method which was time consuming and necessitated 

the undesirable intermediate recording stage was not used further. 

3s 7 s2 Fourier Analysis • 

Any complex wave pattern may be s p l i t into an approximating s e r i e s 

of waves of different amplitudes and frequencies superimposed. I f 

therefore we are able to define the wave pattern observed ( t ) over 

the period T, i t can be expanded i n the form of the Fourier s e r i e s 

f - \ 
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where to in 
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The degree of excellence by wh: ich a series can be determined 

to approximate to the pattern of wave formation w i l l depend on both 

the length, and the degree to which the period T over which fc ) 

i s known, i s t y p i c a l of the wave pattern as a whole. I f the process 

i s t r u l y haxisonic, then T w i l l merely need to exceed the period of 

the fundamental component. I f the process i s random, then a trv.e 

approximation i s not possible since no pattern exist s , and the longer 

T i s the better. I n the present, rather intermediate case, where 

successive waves are v i s i b l y present, but there i s also apparent no 

t r u l y regular pattern, then a value of T long enough to cover several 

of these waves might be expected to give useful information of the 

general pattern. 

A computer program was available as oart of the IBM J>60 S c i e n t i f i c 

Subroutine Package to carry out an analysis of the above type. To define 

3c. ( "t ) over the period T i t was necessary to divide T i n t o 2 >v 

equal i n t e r v a l s and to measure •><- ( t ) at each i n t e r v a l point. The 

input to .the program consisted therefore of 2 k +1 successive values 

traces obtained suggested that the number of waves per second varied 

from about 8 to 30» Supported by the wave analyser experiments which 

gave peak frequency values i n a similar range, a period of T = 1 sec. 

was chosen as suitable. Division of t h i s period i n t o 1 mm steps on 

of ">t ( t ) including the end values. Examination of the recorder 
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the paper trace, the smallest i n t e r v a l 'feasible, then gave 2 \\ = 'lOO since 

the recordings were made at '+00 mm/sec pap*r speed. From these input 

data, the program could give values of (\0 • cv r , VD< f o r -r = 1, 200 

i . e . values of the amplitudes associated with both the sin and cos 

component waves at frequencies from 0 Hz to 200 Hz at 1 Hz i n t e r v a l s . 

I t was found i n practice, that only frequencies of less than 

about *+0 Hz gave values of c v , \d<. that were of significance. Con­

sequently the output program was wr i t t e n so as to p r i n t values up to 

50 Hz only. Rather than p r i n t out the values of exr and f , these 

were squared, added and rooted to give 

C , = «J «vT * W 

i.e.i-.'ae amplitude associated with that p a r t i c u l a r frequency, independent 

of phase. The values of <-r or perhaps more correc t l y , thus obtained 

could be pl o t t e d against the associated frequency to give the spectral 

density of the waveform: Robson ( '6j) . Also obtainable from these 

results was a mean square value. Using Robson's notation the mean 

square value of ( I : ) 

I n t h i s instance <\a represented the mean f i l m thickness and i t was 

preferred to exclude t h i s and get a root mean square amplitude f o r the 

waves 

This i n turn could be made non-dimensional by di v i d i n g by CX 0to give 

a parameter i n d i c a t i n g the degree of waviness or the wave i n t e n s i t y of 

the flow. This wave i n t e n s i t y parameter i s somewhat similar to the 

turbulence i n t e n s i t y parameter often used and was defined as 
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For a l i s t i n g of the program written to provide input to the standard 
Fourier Analysis program and to provide the above manipulation of the 
output; See Appendix 

An analysis of t h i s form was carried out on traces obtained at 

the following conditions 

'tO 100 

x x 

X x 

X X 

XX X 

X X 

X X. 

X XX 

xx indicates 2 traces were analysed. 

5.7-3 S t a t i s t i c a l Analysis Program 

Also available i n the IBM 360 S c i e n t i f i c Subroutine Package 

was a simple s t a t i s t i c a l program. Use was made of t h i s p a r t l y as a 

means of checking the results of the Fourier Analysis program and 

pa r t l y for tha information i n i t s own r i g h t . The input to both these 

programs consisted of a series of 'fOl successive 3 or h d i g i t numbers. 

Though checked, there was a strong p o s s i b i l i t y of error remaining. The 

s t a t i s t i c a l program with i t s l i s t i n g of maximum and minimum values 
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would Jiave readily exposed any p a r t i c u l a r l y gross errors. In addition 
to there© values the output program was used to calculate t h e i r difTerence, 
the range over which the f i l m thickness varied. Also determined by the 
program were the average f i l m thickness as a direc t mean of the '+01 
values c o n s t i t u t i n g the input, and also the standard deviation of these 
values about that mean. This average was.invariably s l i g h t l y larger 
than i t s value of <xa determined above, the difference being generally 
between If;! and 2;% and never more than 23$. The standard deviation was 
found to be i d e n t i c a l to Aivns as a consideration of t h e i r o r i g i n and 
significance suggests. 

For a l i s t i n g of the f u l l program w r i t t e n to provide input and 

output r.sanipul-ition of the standard program, see AppeudixHL 

Analysis was carried out on the same traces as indicated i n 

3.7.2. 
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4 Results and Discussion 

4.1 Mean Film Thickness 

In the experiment described i n 3.6.1 the D.C. voltmeter gave 

a voltage reading corresponding to the mean f i l m thickness, as the 

instantaneous voltage was averaged by the i n t e r n a l damping c i r c u i t . 

The converted r e s u l t s of nine runs at d i f f e r e n t diameters are given 

i n Table 1. 

Table 1 

Measured Values of Mean Film Thickness (mm) 

D mm 140 180 220 260 300 ?40 380 420 460 

\ 
10 .212 .203 .185 .178 .169 .155 .147 .145 .141 

12 .220 .213 .195 .187 .178 .163 .155 .151 .149 

15 .235 .228 .210 .199 .191 .174 .168 .160 .157 

20 .260 .248 .232 .220 .211 .192 .187 .175 .178 

24 .270 .261 .246 .234 .222 .202 .196 .191 .191 

30 .288 .279 .262 .253 .241 .219 .211 .205 .203 

4o .320 .302 .284 .280 .266 .242 .231 .222 .222 

50 .355 .327 .304 .305 .288 .263 .252 .240 .238 

60 .379 .338 .320 .323 .306 .283 .269 .255 .256 

80 .436 • 373 .351 .356 .338 .310 .298 .287 .287 

100 .1*83 .4oo .374 .381 .367 .335 .322 .312 .316 

ian T °F 63.4 68.0 67.9 67.8 67.8 68.0 67.2 67.5 67.5 

Lation °F 0.1 0.0 0.3 0.0 0.0 0.1 0.1 0.0 0.3 
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Table 2 gives the value of f i l m thickness fo r undisturbed 

laminar flow given by expression 2.3.4 at t!ie upper aid lower ends 

of the flowrate ran;-e. The calculation was i n each case based on a 

value of viscos i t y corresponding to the mean temperature of the 

pa r t i c u l a r experimental run. 

Table 2 

Theoretically Predicted Values of Mean Film 
Thickness (mm) 

260 300 3*t0 380 420 460 

.176 .168 .161 .156 .150 .146 

.380 .362 ,3'+7 .335 .324 .315 

Since expression 2.3.4 gives a one-third power law relationship 

between f i l m thickness <£ and flowrate Q , & plot t e d against G$ on 

logarithmic scales w i l l give a stra i g h t l i n e of gradient ^3« Graph 

4.1.1 shows every other set of both the experimental values of Table 1. 

and the corresponding theoretical l i n e s defined by Table 2. The v e r t i c a l 

( ) scale of t h i s graph has been cut and divided i n t o sections to 

separate l i n e s and points which would otherwise have been very crowded, 

so as to allow a clearer comparison between each set of experimental 

and theoretical r e s u l t s . 

I n determining the values set out Ln Table 1. experimental 

errors are i n e v i t a b l y involved. These are assessed as follows :-

140 180 D mm 

Q gph 

220 

10 .216 .199 .186 

100 .466 .429 .402 
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Error i n mean f i l m voltmeter reading ,001V 
P-rror i n zero voltmeter reading .001V 

Hence error i n voltage change i s approx. I.5S» 

Error i n c a l i b r a t i o n factor approx. 0.5/£ 
Hence error i n experimentally determined mean f i l m thickness 

should not exceed 2?.J. 

Errors are also involved i n the calculations leading to the 

values given i n Table 2. These arise from 

Error i n 0.1$ 
Error i n viscosity from the temperature measurement 

— error approx. 1.5$ 
Error i n approx. 1% at worst. •= > 0 

I n comparing the experimental and undisturbed laminar flow 

values i t i s therefore necessary to allow the p o s s i b i l i t y of errors 

up t o stemming from the measurements made. Examination of graph 

*K1.1. suggests that t h i s assessment of errors i s a somewhat pessimistic 

one. I n most cases the experimental points conform remarkably well to 

a l i n e of similar gradient to that predicted f o r laminar flow but dis ­

placed a l i t t l e v e r t i c a l l y . After an uncertain start,and the highest 

flowrate readings at the 1^0 mm diameter indicate c l e a r l y that flow 

was not then properly established at that diameter, t h i s v e r t i c a l 

displacement corresponding to a mean f i l m thickness smaller than that 

of an undisturbed laminar f i l m , shows some signs of growth as the 

surface waves become f u l l y developed. This i s shown more clearly i n 

graph k.ll2. which shows mean f i l m thickness <5 against diameter of 

the cone f o r four flowrates = 10, 20, *f0 and 100 gph. 
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Graph 'l;j>. brings together a l l the results obtained at the 

d i f f e r e n t flowrates and diameters i n a logarithmic plot of mean f i l m 

thickness versus Reynolds number. 

Q ft A, ~ 

Again for comparison the undisturbed laminar f i l m thickness i s pl o t t e d 

2. 3 ^ ^ 

This has been calculated for a value of water viscosity corresponding 

to a temperature of 67.8°F the mean water temperature during the ex­

periments. On sub s t i t u t i o n of the numerical values 

laminar f i l m thickness ( i n mm) = 0.0710 Rt-

Once more i t i s seen that the experimental points form a band below 

t h i s xine which f i t s well 

& ( ^ ) = O-ObgS GJ"* 

That i s to say the measured f i l m had a mean thickness of J>>Jji less 

than a laminar f i l m . 

I n addition i t has to be taken account that a l l these measure­

ments were along a single generator of the cone. Tests reported i n 

3.4 ,2. showed that t h i s generator carried a f i l m thickness of 4 - 7 $ 

greater than the average taken at the four generators at quadrature. 

Hence i t i s seen that the mean f i l m thickness of the wavy f i l m i s 

some 9/̂  on average less than the undisturbed laminar f i l m thickness. 

This i s i n good agreement with the difference of 7% deduced by 

Kapitza ( p 4 8 - l ) between laminar flow and regular sinusoidally v/avy 

flow down a v e r t i c a l surface. 
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I t was found i n the l a t e r experiments i n which amplitude v/a.-o 

studied, that the mean f i l m thickness value calculated both a s the 

zero^th order c o e f f i c i e n t of the Fourier series and as a sis .pie 

arithmetic mean of a large number of stJ~ceGsive instantaneous t h i c k ­

ness measurements, was s l i g h t l y larger than that given d i r e c t l y by 

the voltmeter. I n a l l cases the average ,of the 3 readings was i n 

close agreement with t'nat value obtained by Fourier analysis. The 

arithmetic mean was on average 2% higher, and the voltmeter reading 

2% lower, i.f t h i s additional 2% correction i s made, then an exact 

agreement with Kapitza's 7)i i s found. 
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4.2 V/ave Amplitude ' 

4.2.1 Peak Amplitude 

Section 3*6.2 described tests which yielded u l t r a v i o l e t 

trace records of instantaneous f i l m thickness v a r i a t i o n , which were 

then analysed as indicated i n sections 3«7«2 and 3.7.3. The traces 

obtained were f o r the most part extremely complex. At higher Reynolds 

numbers they were jagged and showed l i t t l e obvious regular period­

i c i t y . At intermediate values of Reynolds number 10 - 50 the 

vari a t i o n was smoother and a harmonic v a r i a t i o n more clearl y apparent. 

This was s t i l l not t r u l y regular however, the period between crests 

varying quite markedly. At low Reynolds numbers —«=. 10 the 

waveform i s seen clear l y to degenerate i n t o single waves a t i n t e r v a l s 

which are again so-.iewhat i r r e g u l a r . Fig. 4.2.1 shows sample traces 

of the three kinds described. 

Amongst the information yielded by tho s t a t i s t i c a l , analysis 

program, were the maximum and minimum values of f i l m thickness for 1 

the f i l m . Comparison of these values f o r the same flowrate at d i f f ­

erent cone diameters showed that while progress down the cone led to 

a steady reduction of minimum thickness, the maximum remained l i t t l e 

changed. Fig. 4.2.2 shows for each trace taken the two highest peak 

values and the two lowest trough values. I n addition to the l i n e s 

drawn to indicate the trend of these values, the chain dotted l i n e 

indicates the corresponding undisturbed laminar f i l m thickness. I t 

has to be remembered that these are the extreme values taken from 

generally i r r e g u l a r traces which themselves are samples of a not 

very large number of waves (approximately 15-30), hence a f a i r amount 

of scatter i s to be expected i n such graphs as 'V.2.2 shows. Nevertheless 
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a few deduotions can be f a i r l y made from them. 

The two lower flowrate graphs show a c l e a r flattening of the 

trough thickness decline. 'What i s more, despite the difference i n 

flov/rate, they do so at the same'value of 0,125 mm, and the Q = *f0 gph 

trough curve shows evidence of s t a r t i n g to f l a t t e n off at a s i m i l a r 

thickness to©. This suggests a minimum stable film thickness, and i t 

was found in practice to be d i f f i c u l t to maintain films continous 

around the cone at the higher diameters for flov/rates any lower than 

10 gph. I f the film were broken at any point i t would remain so, and 

could only be re-established by increasing the flowrate to a higher 

value and drawing the film back over the dried area. 

Accompanying t h i s l e v e l l i n g out of the trough thickness curve, 

i s a reduction of the difference between the trough thickness and the 

equivalent laminar f i l m thickness. The gap between the cr e s t curve 

and the laminar one however continues to widen, excejjt for a suggestion 

from the l a s t points that t h i s trend may not continue i n d e f i n i t e l y . 

From t h i s one deduces that there must be more trough than peak i n 

the waveform, es p e c i a l l y when i t i s remembered that the mean wavy-

film thickness i s somewhat l e s s than the laminar film thickness which 

i s plotted. This deduction i s c l e a r l y reinforced by the traces them­

selves which show much f l a t t e r troughs and r e l a t i v e l y sharp peaks. 

I n the extreme case of low flowrate and high diameter that i s so 

marked that the pattern appears to be mors one of s o l i t a r y waves on 

a continuous constant thickness film, than of a continuously wavy 

film . 

There appears also to be a suggestion from the points plotted 

that as the trough thickness approaches that of the laminar film at the 



lowei- diameters, GO does the peak thickness decline to the central l i n e . 

This i s e n t i r e l y in keeping with the observation that at lower diameters 

than those recorded here the waves are very small. No waves at a l l 

could be detected at O = ZkO mm with the 10 gph flowrate. The 

interpretation i s then that the film s t a r t s undisturbed and as the 

waves develop the two curves of peak and trough film thickness diverge 

from the undisturbed laminar film thickness curve,whi.:h i s amply 

supported by simple v i s u a l observation. Th? subsequently almost 

constant peak film thickness leads to the i n t e r e s t i n g physical i n ­

terpretation that i t i s perhaps more a case of troughs developing i n 

the film than of waves doing so. 

The information plotted i n k.2.2 permits also the determination 

of an amplitude l i k e quantity. The two minimum film thickness values 

v/ere averaged and subtracted from a s i m i l a r average of the two ^ W W O M 

film thickness values. Halving t h i s range value gives what the author 

has chosen to c a l l a peak amplitude. Thin peaK amplitude i s plotted 

against diameter 0 ir. k<2.3. for the four flowrates studied. The 

information derived from the points plotted i n k.2.2. has been augmented 

by readings from a second set of traces which were taken on a separate 

occasion to serve as a general check of r e p e a t a b i l i t y . A good deal 

of s c a t t e r of experimental points i s observed as i s to be expected 

considering the v a r i a b i l i t y of the waveforms observed. This sca t t e r 

w i l l also be aggravated to a small extent by the small but neverthel??^ 

f i n i t e temperature differences between the various t e s t s for which no 

allowance i s made i n these graphs. 

Despite the s c a t t e r , the graphs do y i e l d a c l e a r indication 

that the peak amplitude reaches a l i m i t i n g value. The lower the 
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flowratc the sooner t h i s l i m i t i s reached; in the highest f.1 owrate 

case i t has not been readied i n the length of cone available for 

observation. 'i'hey also point to a subsequent decrease of peak 

amplitude as the mean film continues to grow thinner with progress 

down the cone. The evidence for t h i s l a s t conclusion i s limited to 

that provided by the readings at the two highest diameters and must 

therefore be treated v i t h some caution at t h i s stage c 

k.2,2 Root Mean Square Amplitude 

Another assessment of wave amplitude i s provided by the Fourier 

a n a l y s i s programme used. As rejiorted i n section 3>.'?»2 t h i s was 

arranged to produce a root mean square amplitude. 

and a non-dimensional wave i n t e n s i t y . 

E i g . ^.2.^. shows the v a r i a t i o n of JK*.K.t.with diameter for the 

chosen flowrates. I t shows a general pattern s i m i l a r to that obtained 

for the variation of peak amplitude, but shows more c l e a r l y the decline 

of amplitude a f t e r i t has reached i t s l i m i t i n g value. F i g . *f.2.5. which 

shov/s the pattern of change of wave i n t e n s i t y further reinforces t h i s 

conclusion i n that i t shov/s the decline i s even one of amplitude expressed 

as a fraction of mean f i l m thickness, that i s the film i s becoming l e s s 

intensely wavy. 

Ct i s i n t e r e s t i n g and perhaps surprising to note that t h i s 

maximum int e n s i t y i s not the same independent of flcwrate,for the two 

peaks c l e a r l y recorded d i f f e r and the peak not yet reached for Q = ^0 gph 

must c l e a r l y be higher s t i l l . 
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k.2.3 Comparison with Inclined Plane Flow Predictions 

A number of theoretical predictions for l i m i t i n g wave amplitudes 

e x i s t i n the l i t e r a t u r e of film flow over i n c l i n e d plane surfaces. The 

f i r s t i s that of Kapitza 0 48) who predicted a value of 0.46 for the 

non-dimensio;.ciI amplitude which he defined as \ (peak to peak variation)-

mean film thickness, which i s equivalent to Av~fr S i n the notation of 

th i s work. Bushmanov 061) gave a revised value of O.58 for the value 
A 

of t h i s r a t i o . F i g . 4.2.6 shows plotted against Reynolds number 

for the r e s u l t s obtained on the cone. The curves for the four di f f e r e n t 

flowrates show c l e a r l y the r i s e to a l i m i t i n g value as Re decreases down 

the cone, and the subsequent amplitude decline. The l i m i t i n g value of A A 
A / i s seen however to be dependent on the value of the flowrate, 

or of the Reynolds number at which i t i s reached. Clea r l y a single 

value such as that proposed by either Kapitza or Bushraanov does not 

s u f f i c i e n t l y well cover what i s happening here. 

Both Berbente and Ruckenstein ('68) and Krantz and Goren 0 ? 0 ) 

sought to improve t h i s l i m i t i n g value estimate, and incorporated i n 

both works i s the ef f e c t of surface tension. Berbente and Ruckenstein 

suggested that i t depended on the value of a complex non-dimensional 

group \ ^ • This group may be reduced to 

i n the author's notation, that i s i t i s a function of the Reynolds, 

Weber and Froude numbers. Although Berbente and Ruckenstein were 

considering a v e r t i c a l plane, the ef f e c t of slope i s to modify the 

component of gravity acting i n the main direction of motion. This 

i s reflected i n the relationship between the Reynolds and Froude 

numbers 2.3.2. 
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Substituting for t h i s gives ' , 

d, - / — A ft*. S 
Krantz and Goreii also suggested a controlling non-dimensional group 

4 \ 

This makes a more dire c t allowance for the e f f e c t of slope which they 

included i n t h e i r considerations. However, the effect of ^> i s very 

small unless either ^> i s very large or Re i s very small. I f neither 

i s the case then i t reduces to a group c l o s e l y s i m i l a r to that of 

Berbente and Ruckenstein. 

A 

F i g . 4.2.7 shows ^ plotted against for the four flowrates 

studied, as might be expected thi general pattern i s s i m i l a r to 

that of 4.2.6. Also shown i s the relationship between the quantities 

derived by Berbente and Ruckenstein, and i t i s seen that there i s 

quite good agreement. 

The relationship arrived at by Berbente and Ruckenstein based 

on the r e s u l t s of Kapitza and Kapitza ('49) f i t s much better than that 

derived by. Anshus 065) as reported i n Krantz and Goren ('7P)« The 

l a t t e r predicts a l i m i t i n g non-dimensional amplitude of approximately 

1.0 for the whole of the range of <fy& ehown i n 4.2.7. Results of 

experiments by Krantz and Goren with o i l s of low surface tension 

gave quite: good agreement with the Anshus theory. The r e s u l t s of 

Kapitza., and now these of the author, with water do not. 

Krantz and Goren sought to explain the lack of agreement with 

Kapitza 1s r e s u l t s i n terms of f l u i d impurities which might have 

affected the surface tension. The Kapitzas used d i s t i l l e d water, 
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and yet the present r e s u l t s obtained with ordinary tap water ure 

closely s i m i l a r . This would seem to suggest that some other ex­

planation i s required to s a t i s f y t h i s discrepancy. 

While the r e s u l t s obtained on the cone f i t the Berbente and 
A 

Ruckenstein p l a n a r prediction well so far as the peak value of fy^ i s 

concerned, the behaviour at points further down the cone i s l e s s r e a d i l y 

explained. I t Might be expected that once the waves had reached t h e i r 

l i m i t i n g amplitude, t h i s amplitude would then continue to be controlled 

by the Reynolds number of the flow. Thic- would appear on the graph as 

a r i s e to the l i m i t i n g curve and then a flatt e n i n g out and steady f a l l 

along thfc l i m i t i n g curve. Some lag e f f e c t might even be expected by 

which the amplitude would tend to remain higher than that predicted on 

a Reynolds number basis. What happens however i s that the amplitude 

appears to decline more rapidly than i s expected, suggesting that the 

steady decline i n Reynolds number i s having an even more powerful 

damping e f f e c t . This must not however be treated with undue emphasis 

since the number of points which suggest i t are very small and they 

are the ones for which the film was thinnest and experimental error 

consequently highest. 
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'+ • 3 w'ave Speed and Wavelength 

4.3.1 Wave- Speed. 

Benjamin ('57) quoting the work of L i g h t h i l l and Witham ('55) 

shows the veloc i t y of a long kinematic wave to be 3 times the mean 

velocit y i n the film, or twice the veloc i t y at the free surface. 

Although the waves observed did have wavelengths of up to 100 times 

the mean film thickness the long wave assumption i s not e n t i r e l y 

s a t i s f i e d ar»d some departure from the factor 3 might be expected 

e s p e c i a l l y for not f u l l y developed waves. Fi g s . '+.3.1. ( a ) - (d ) 

show the wave speeds measured plotted against the base of cone diameter, 

which i s i n turn equal to distance along the cone surface from the 

apex since i t i s a 60° cone. 

Considerable scat t e r of wavespeeds i s apparent, but a number 

of points c l e a r l y emerge. F i r s t l y , i t i s seen that during the period 

of wave development and growth the ..mean."- wa/e speed remains e s s e n t i a l l y 

constant. This continues u n t i l the speed of the f a s t e r waves reaches 

Benjamin's long wave v e l o c i t y . Thereafter i t appears that the f a s t e r 

waves decelerate to maintain a speed of 3 times the mean film v e l o c i t y 

or s l i g h t l y l e s s , while the slower waves continue t h e i r progress u n t i l 

they are of s i m i l a r speed. I t was re a d i l y apparent when making the 

measurements of wave speed that those waves most c l e a r l y v i s i b l e , i . e . 

the l a r g e s t , were also the ones with the highest v e l o c i t i e s a t a given 

diameter, so that development of amplitude and wave velocity go hand 

i n hand. The s c a t t e r of the v e l o c i t i e s plotted also implies the 

possible existence of waves t r a v e l l i n g at different v e l o c i t i e s at the 

same point on the cone. This was indeed observed: f a s t waves do 

overtake and engulf smaller slower ones. This was one of the factors 
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making interpretation of the cine photographs d i f f i c u l t , e specially 

where measurements of wavelength were concerned. 

Plotted on graphs 4.3,1. (b) - (d) i n addition to l i n e s 

corresponding to the long wave speed and the undistwibed film surface 

speed, i s a value of the wave speed C 6 ^ predicted by Berbente and 

Ruckenstein ('68). They arrived at their'prediction by a combination 

of theoretical a n a l y s i s and the use of the amplitude r e s u l t s cf Kapitaa 

and Kapitza ('49). This produced a value for the r a t i o between wave 

speed and mean f i l m velocity v/hich varied with t h e i r non-dimensional 

group • This relationship they showed to be i n good agreement 

with the exjDbrirnental r e s u l t s of the Kapitzas, and also those of Jones 

and Whitaker ('66). I t i s seen that while t h e i r prediction of amplitude-

examined i n section 4.2.3 was good, that of wave speed i s far l e s s so 

when applied to flow on the cone. I t i s only a t the lower values of 

corresponding to the thinnest films examined that C&fL approaches the 

measured values. A much better prediction i n the context of the cone 

i s that of the simple relationship proposed by Kapitza ('48) 

wave speed = 2.4 x mean film speed 

which i s shown as a dashed l i n e i n F i g . 4.3.1. (b) - ( d ) . Even t h i s 

however tends to underestimate the speed of the f u l l y developed waves 

which approach quite closely to the f u l l long wave speed of 3U. . 

I n section 4,2.3. i t was remarked that once the wave reaches 

l i m i t i n g amplitude the amplitude then decreases rather more rapidly 

than i s suggested by the Berbente and Ruckenstein theory. The wave 

speed on the other hand r e t a i n s a higher value than predicted. Thus 

the thinning of the film as i t progresses down the cone i s more e f f e c t i v e 

i n controlling wave amplitude then i t i s i n l i m i t i n g wave speed. The 
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wave as i t were r e t a i n s t r a n s l a t i o n a i kine'r-ic energy i n preference 

to energy associated with amplitude. 

'+.j5.2 Spectral Density 

The r e s u l t s of the Fourier a n a l y s i s program were of a form 

which allows the plotting of spectral d e n s i t i e s . F i g . k.3,2. shows two 

such specimen plots dn which C, = <\J *. W i n plotted against a 

base of -r The program was arranged so that the number of input 

values, t h e i r time i n t e r v a l , and the order of the Fourier a n a l y s i s , gave 

a unit i n t e r v a l of •* which corresponded to 1 Hz. Thus the t a x i s i s 

also i d e n t i c a l to a frequency a x i s graduated i n Hz. The two spectra 

shown correspond to the upper and lower tracer, of which samples are 

given i n F i g . *f,2.1. The upper spectrum i s that of a film a t a r e ­

l a t i v e l y high Reynolds number with an i r r e g u l a r waveform that has not 

yet reached i t s l i m i t i n g amplitude. The lower spectrum on the other 

hand i s that of a low Reynolds number film where the amplitude has 

reached i t s l i m i t and started to decline. Despite these d i f f e r i n g 

circumstances, the two spectra have common features t y p i c a l of a l l 

the analyses c a r r i e d out. 

Neither spectrum shows a cle a r single dominant peak frequency. 

Rather do they both possess peak regions formed by two or three pinn­

a c l e s a r i s i n g from low immediate surroundings. I f the two spectra had 

been drawn against a 2 Hz base by averaging adjacent values then a much 

smoother pattern would have been obtained. This would not have shown a 

marked peak either, more a rounded hump, as was found with the electronic 

wave analyser, '-̂he peak value i s seen to be- small compared with that of 

C 0 = °V 0 1 * n e raean filra thickness. The peak value behaved i n a 
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manner sim i l a r to that of the amplitude already discussed, r i s i n g to a 

maximum of about ls6r,j oi C\.0 and then s t a r t i n g to decline onus the l i m i t i n g 

amplitude hh& bean reached. Beyond j>0 Hz, the value of C t remained a t 

a f a i r l y uniform low l e v e l . 

From a l l the Fourier analyses i t was possible to pick out an 

approximate frequency at which the peak power was concentrated for each 

film condition. Tiie^'i are plotted i n figure '+.3*3» While the points 

plotted do exhibit a considerable sca t t e r the general trend of frequency 

to decrease both with increasing c'iiametsr and with decreasing flowrate 

i s c l e a r l y d i s c e r n i b l e . The Q - 100 gph curve appears to be exceptional, 

but these points were from analyses of highly i r r e g u l a r waves, where the 

spectra tended more to a uniform 'white noise 1 l e v e l and picking the 

peak became more than usually l i a b l e to subjective error. These frequency 

values may also be used i n conjunction with the wave speeds reported to 

give an estimate of wavelength additional to that obtained by the 

photographic method. 
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. 3.3 Wavelength 

Of a l l the quantities measured, wavelength was found to be 

most d i f f i c u l t , for reasons already mentioned i n ?.6.3> Although d i s ­

tances between wavecrests could be measured quite accurately (+ 1 mm 

on wavelengths of 10 •- 30 inm) and a mean W£.s obtained of several such 

measurements (never l e s s than 10), the d i f f i c u l t y lay more i n the non-

uniformity of the patterns recorded. Wavefronts were generally curved 

and crossed i n piaces rather than being p a r a l l e l and regularly spaced. 

Measurements must therefore have been unusually l i a b l e to subjective 

error i n the choice of what looked l i k e good p a i r s of p a r a l l e l wavefront 

sections. The measurements obtained from the photographic a n a l y s i s are 

shown plotted i n F i g . h.J.k. These show a general pattern of wavslength 

increasing with diameter, and doing so more rapidly at lower flowrates. 

Plotting these values logarithmically reveals no clear power law r e ­

lationship; the gradients revealed i n decreasing flowrate order are 

1.09, 1.26, 1.88, 1.66. 

Also shown on three of the graphs of F i g . k.3,k, are dashed 

curves which were obtained by combining estimated mean wave speeds from 

F i g . k,3.1. with frequency values from the enoothed curves of F i g . h.3*3-

using the re l a t i o n s h i p 

wavelength = wave v e l o c i t y ~r frequency 

No such estimate was available unfortunately i n the Q = 15 gph case. 

While these dashed curves generally corroborate the pattern of behaviour, 

they indicate that the accuracy of the wavelength measurements might be 

l e s s good than the accuracy of f i t to the drawn curves suggests. I t 

should be pointed out that the readings on which the frequency asses s ­

ments are based v/ere obtained at s l i g h t l y different water temperatures 
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to those fit widch wavelength and wavespeed wore measured, nevertheless 

the temperature difference was equivalent to a v i s c o s i t y change of at 

most 7/j and for the most part l e s s than 1$, which i s small when the 

scatter of the frequency points i s considered. Averaging the two 

dif f e r e n t l y rbtained values of wavelength and plotting once more on 

logarithmic s c a l e s y i e l d s gradients for Q = ^0, 20, 10 of 1.15, 1.5^ and 

1.33« The average of these values i s 1.33 and one i s tempted to conclude 
V 

that a 3 power lav; holds. The evidence nowever i s slim and i t i s 

probably more appropriate to remark that where the waves are s t i l l 

growing to th e i r l i m i t i n g amplitude the rate of increase of wavelength 

i s l i t t l e more than l i n e a r , while a f t e r a l i m i t i n g amplitude has been 

reached the wavelength grows more rapidly. 
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4.4 Wave Number 

The wave number C*. i s defined as x mean film thickness ~~~ 

wavelength; i t gives a non-dimensional measure of wavelength, for long 

waves i t i s small as assumed i n the solution of the modified Qrr -

Somraerfeld equation. Wave numbers have been calculated based on the 

mean wavelength derived i n '+.3.3 and a value ;>f $v calculated from 

^ = 0-o<o85 Oaf* 

These wave numbers are shown plotted against a base of diameter D i n 

Figure 4.4.1. This shows that at the point where waves are f i r s t 

c l e a r l y to be seen as waves they have the same wave number regardless 

of flowrate. Surface disturbances were v i s i b l e at somewhat lower 

diameter values, ranging from 180 ram to 220 mm depending on flowrate, 

but 240 mm was the smallest diameter at which measurements could be 

sensibly made. Thereafter the wave number decreases with diameter a t 

a rate which i s dependent on flowrate. I t would appear that the 

Q = 10 and Q = 15 gph have become interchanged. I t must be remembered 

however that the Q = 15 gph points are based on a single assessment of 

wavelength and are consequently l e s s r e l i a b l e than the others. 
A 

Graph 4.2.3. shows that j\ reaches i t s l i m i t i n g values at 

D = 410, 400, 390 mm approximately for Q - 40, 20, 10 gph respectively. 

At these diameters the wave numbers are 0.056, 0.048, 0.044 r e s p e c t i v e l y . 

These are i n s u f f i c i e n t l y s i m i l a r to suggest that the l i m i t i n g amplitude 

i s reached at a c r i t i c a l value of wave number, despite the f a c t that 

waves s t a r t a t such a clo s e l y s i m i l a r value. However the difference i s 

not great and the assessment of the diameter at which the l i m i t i n g 

amplitude i s reached i s based on a curve smoothed by eye, so the idea 



-127-

* 1 1 • r ; n 
i 

i 

i 

l i 1 I - i - t ! I I 
. L; LLL! p i 

rii 1 1 
t M i l ' 

I I I ' I ' 
r 1 

i i 
I ; 1 1 1 1 i 

i n 
Li! I I 

I IT I 
1 1 1 1 1 

i 1 
T i ; i i 

I i l l I ' I o. •i 

J i o ox t 
1 .... 

i I 
r i 

\ ^ o .ofc. 1 1 ! 
t . J 

o-os I 'i 
n i: Q:- i -̂ O i;«jpW J 

I !.'. 1 I — I 
i r t><*1 

1 ! -• 

I x: • 2.c •1 i i t I 

- i 
r 
;JC n 

'.n • i t i 

LT r i t !i i I 1 .15 i 

i lLli i j : 
i l l 

: i 1 1 i ii • 
11 I I U! U.! I I 

l l! L!i i l , i I I I -I liiJiui r ~ [ j " ! j ] 
•t- 1 1 1 , 
I: 'illill! i i i 1 U I 

Li.IjJ.Ji I . , T i l l I ; i 1 
! I l::i' i 11 ' i I ! L i A l i i J LUJ ( O - O I 

loo l c r o boo 7oo 8aa floo looo t o o Sera 

ftv*t 

F i g . 'f.*i-.l Wave Number >J. Diameter 



-128-

of a c r i t i c a l wave number should not be ruled out. 

Berbente and Ruckenstein's r e s u l t s were found to give good 

agreement with the amplitudes measured, though l e s s good prediction 

of wavespeeds. F i g . ^ .^.2 , shows wave number plotted against the 

parameter ^fcK- • " 1 h e l i n e s for Q = 10.# 20 gph are di'awn at '+5° 

and therefore strongly support a conclusion that a l i n e a r r e l a t i o n 

e x i s t s between ot and . The Q = ^0, 15 gph l i n e s f i t l e s s 

well having gradients of 0 .8l and 1.19. I t has already been pointed 

out that the Q = 15 gph r e s u l t s are l e s s r e l i a b l e , and i f a l i n e a r 

relationship i s accepted they appear to f a l l into two sets of three 

points each,which f i t well two separate ^5° l i n e s . As for the Q = ^0 

gph points, these correspond to l e s s f u l l y developed waves, and a ^5° 

l i n e could quite reasonably be drawn i f the two highest points were 

discounted on t h i s ground. I f such a l i n e a r relationship i s accepted, 

and revised '+5° l i n e s drawn as suggested, these y i e l d values for the 

constant of proportionality which are plotted against flowrate i n F i g . 

h.k.J, The l i n e made by these points has gradient - I . 5 6 . The a v a i l ­

able evidence therefore strongly suggests that a relationship 

e x i s t s between wave number c< and VVS<_ • 

Seeking further evidence for the existence of a c r i t i c a l wave 

number, F i g . *f.2.7. gives = 10, * f . l , 1.0 as the values at 

which l i m i t i n g amplitude i s reached f c r the three flowrates. F i g . 

^.^.2 . shows the corresponding wave numbers to be .0^3, .C&9, and 

.037. Once again no firm conclusion can be drawn, though of the 

s i x values thus obtained only tv/o d i f f e r by more than 6 ^ from t h e i r 

mean value of .0^6. 
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5 CONCLUSIONS 

The following i s c h i e f l y a summary of the conclusions reached 

at various stages of t h i s report. Further discussion, may be found i n 

the corresponding e a r l i e r sections. 

On the t h e o r e t i c a l side, an equation of motion and i t s approp­

r i a t e boundary condition, derived for the flow over the cone, did show 

a dependence on the position on the cone i n terms of non-dimensional 

distance :>c along the cone generator. The effect of curvature and 

expanding surface width thus introduced i s hov/ever small, since re­

appears only i n the form J^. . This may be related to physical 

lengths as = = \. which i s seen to be small since 

the mean film thickness 4 i s very small compared with the 

cone diameter D and becomes increasingly smaller with progress of the 

f i l m down the cone. The solution of the system of equations produces 

a c r i t e r i o n of s t a b i l i t y which shows that i n s t a b i l i t y e x i s t s for 

This places a very low l i m i t on the c r i t i c a l Reynolds number. I t shows 

that for long waves (small oc ) of the type observed, the flow would 

only be stable a t a value of Reynolds number so low that a fi l m could 

not i n practice be formed. 

Experimentally also, the behaviour of the film was found to 

bear s i m i l a r i t i e s with flow down an i n c l i n e d or v e r t i c a l plane. As 

i n these cases there was an i n i t i a l apparently undisturbed region for 

which Benjamin*s( 157) explanation must be assumed to apply, namely 

that while the flow i s unstable, the rate of amplification there i s 

too low to produce measurable waves. One s t r i k i n g advantage of the 
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i 

cone was that, due to the thinning of the film produced, a whole range 
of Reynolds number v/as available for study at a single flowrate s e t t i n g . 
The chief parameters of the basic flow, and the waves upon i t , were found 
to behave as follows 

Mean Film ThicknesB - was found to be expressible as a function 

of Reynolds number alone, 

mean film thickness i n mm = 0.0685 

Since Reynolds number i s i n turn d i r e c t l y proportional to flowrate, and 

inversely proportional to diameter and kinematic v i s c o s i t y , one-third 

power law relationships hold for these a l s o . The mean film thickness 

was found to be l e s s than that of an undisturbed laminar film by some 

7#, a figure i n exact agreement with that deduced theo r e t i c a l l y by 

Kapitza ('48). 

Amplitude - three different measures of amplitude were employed, 

peak amplitude, root mean square amplitude, and a non-dimensional amplitude, 

wave in t e n s i t y ; a l l of these showed that a l i m i t i n g value of amplitude v/as 

reached a f t e r a s u f f i c i e n t distance down the cone. This distance increases 

with increasing flowrate. The l i m i t i n g amplitude agreed well with that 

predicted from the theory of Berbente and Ruckenstein ('68) based on a 

parameter incorporating both Reynolds and Weber numbers. After the 

l i m i t i n g amplitude had been reached, the available evidence showed a 

more rapid decline of amplitude with farther passage down the cone than 

Berbente and Ruckenstein'c theory suggests. 

Wave Speed - i n the region of amplitude growth t h i s was found 

to be e s s e n t i a l l y constant, s t a r t i n g at a value equivalent to the l o c a l 

free surface v e l o c i t y and increasing to a value averaging around 

2.5 to 2.6 times the l o c a l mean f i l e v e l o c i t y . This i s a l i t t l e greater 
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than the 2.4 times mesu ve l o c i t y proposed by Kapitza ('48) hut i s s t i l l 

l e s s than the long wave speed of 3 times mean velocity deduced by 

Benjamin ('3?)- This long wave velocity appeared to act as a limiting-

value, several measured speeds came very close to i t , but the very few 

that exceeded i t were most probably the r e s u l t of combined experimental 

errors. Berbente and Ruckenstein's theory did not predict wave speed a t 

a l l well; t h i s was most probably due to an effect of the slope for which 

they made no dire c t allowance. 

Wavelength - no precise pattern of behaviour could be determined. 

The whole wave pattern was i n s u f f i c i e n t l y regular for the determination 

of other than mean values. Fourier a n a l y s i s to give spectrum dens i t i e s 

for the related frequency values confirmed v i s u a l and photographic ev­

idence i n t h i s respect. Nevertheless a c l e a r trend v/as observed of. 

wavelength increasing with passage down the cone, and doing so more 

rapidly a t lower Reynolds numbers, p a r t i c u l a r l y a f t e r the l i m i t i n g 

amplitude had been reached. 

Wave number - while no c l e a r cut conclusions emerged for wavelength 

i t s e l f , i t s . non-dimensional equivalent, th° wave number, gave r i s e to some 

most inte r e s t i n g r e s u l t s . That they are based on mean wavelength values 

suggests caution i n giving them too much weight, but they are nevertheless 

strongly supported by a l l the evidence av a i l a b l e . F i r s t l y i t was found 

that a t that point on the cone where measurements were f i r s t possible 

of the tniergent waves, the value of wave number was cl o s e l y s i m i l a r , 

(.114 - .122) over the whole range of flowrate (10 - 40 gph) studied. 

Thereafter the wave number decreased with passage down the cone, and 

did so more rapidly a t lov/er flowrates. Secondly the evidence strongly 

suggests that a l i n e a r relationship e x i s t s between the wave number and 



a non-dimensional parameter:— 

derived from t h a t proposed by Berbente a?ad RuckenGtein which a l s o gave 

good c o r r e l a t i o n w i t h the l i m i t i n g amplitude r e s u l t s . Further consid­

e r a t i o n o f the constant o f p r o p o r t i o n a l i t y i n v o l v e d showed i t t o be 

t o suggest t h a t the l i m i t i n g amplitude might be reached a t a s i n g l e 

c r i t i c a l valv.e of wave number, but f u r t h e r evidence i s needed to prove 

or disprove t h i s . 

While much basic i n f o r m a t i o n on the behaviour of the f l u i d 

f i l m has bean presented, a good deal reirsdns t h a t could u s e f u l l y be 

i n v e s t i g a t e d . Some of the above conclusions are presented somewhat 

t e n t a t i v e l y , experiments w i t h improved i n s t r u m e n t a t i o n , t a k i n g f u r t h e r 

f l o w r a t e values, and c o n c e n t r a t i n g p a r t i c u l a r l y on waves past the p o i n t 

of l i m i t i n g amplitude, would y i e l d valuable e x t r a evidence. One most 

e f f e c t i v e improvement would be the a d d i t i o n of a second i n s t r u m e n t a t i o n 

channel, feeding fron; a second i d e n t i c a l probe a s h o r t distance down 

the cone generator from the f i r s t , on t o a second channel of the r e c o r d e r . 

This would give two broadly s i m i l a r waveform t r a c e s displaced i n t i m e , 

and o f f e r e a s i l y measurable wave v e l o c i t i e s and r a t e s of amplitude growth. 

More elaborate systems g i v i n g d i r e c t waveform a n a l y s i s , or coded output 

f o r computation can be imagined, but they would be v a s t l y more expensive 

and c o s t l y i n development time a l s o . 

i n v e r s e l y p r o p o r t i o n a l t o ( f l o w r a t e ) There v/as also, some evidence 

B ( 
Hit 

2*AU6 
to 
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A°r F o u r i e r s e r i e s c o e f f i c i e n t s 
f>^ Area 

Ax. („ Area of numbered face of element 
A « 

Peak amplitude ± -J max. 'trough t o c r e s t ' 
measurement 

Root mean square amplitude 

A. ,̂i> Constants of i n t e g r a t i o n 

c •«• c + i t t L Non dimensional wave v e l o c i t y 

c _ < ^ Wave v e l o c i t y p r e d i c t e d by Berbente and Ruckenstein 

c Capacitance 

Cone diameter 

T> D i f f e r e n t i a l operator 

Pressure disturbance f u n c t i o n 

^" Froude number 

F Body f o r c e / u n i t mass vect o r 

V"*,.,̂ ,© Components of body f o r c e i n d i r e c t i o n s X N ^ O . 

^ A c c e l e r a t i o n due t o g r a v i t y 

U., , -v . 1, Rates of increase of l e n g t h i n d i r e c t i o n s od , 

L Current 

X * /<x0
 W a v e i n t e n s i t y 

I KA M I n t e g r a t i o n c o e f f i c i e n t s 

v\ *2.K + 1 = number of p o i n t s subjected t o 

F o u r i e r a n a l y s i s 

O C ) Of the order C ") 

p Non-dimensional pressure 

V-5 Pressure 
Atmospheric pressure above the f i l m 
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Q 

A. ' 

ft.. . 

t 

t 

T 
T 

\K , v/, W 
a 

V 

- c o 

A 

Flow/unit wi i t h 

T o t a l f l o w r a l e 

Distance from a x i s of cone 

Resistance 

Radii of curvature of f r e e surface 

Reynolds number 

Non-dimensional surface tension parameter, 
the r e c i p r o c a l of Weber number 

Time 

Probe - cone separation 

Surface tension 

Period of F o u r i e r a n a l y s i s 

Non-dimensional v e l o c i t i e s i n 
d i r e c t i o n s *x. , «̂  , *Q 

V e l o c i t y components i n d i r e c t i o n s 

Mean f i l m v e l o c i t y 

General v e l o c i t y v e c t o r 

Voltage 

V e l o c i t y normal t o numbered face of 
element 

Equation of wave trace subjected t o 
F o u r i e r a n a l y s i s 

Non-dimensional cone coordinates 

Cone coordinates 

Wave nuiiiber 

Mean wave number, biased on mean of 
wavelength estimates 

General c u r v i l i n e a r coordinates 

Cone h a l f angle 

Mean f i l m t hickness 

Small change i n value associated w i t h 
higher approximation 
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Subscripts 

S u p e r s c r i p t s 

\ 

X 

p 

4> 

V 

Relative P e r m i t t i v i t y 

P e r m i t t i v i t y of f r e e space 

Displacement of f r e e surface coordinate 

Non-dimensional cone coordinate 

Cone coordinate 

Wavelength 

Dynamic v i s c o s i t y 

Kinematic v i s c o s i t y 

Components of v o r t i c i t y i n d i r e c t i o n s X \ ® 

Density 

Normal s t r e s s i n d i r e c t i o n 

Non-dimensional time 

Stream f u n c t i o n disturbance f u n c t i o n 

Stream f u n c t i o n 

Non-dimensional group proposedby 3erbente 
and Ruckenstein 

Non-dimensional group proposed by Krantz 
and Goren 

C i r c u l a r frequency of F o u r i e r a n a l y s i s 

General v o r t i c i t y v e c t o r 

I n d i c a t e p a r t i a l d i f f e r e n t i a t i o n w i t h 
respect t o 

I n d i c a t e order of approximation 

I n d i c a t e s value a t ^ = 1 

i n d i c a t e s p a r t i c u l a r i n t e g r a l 

I n d i c a t e s undisturbed f l o w q u a n t i t y 

I n d i c a t e s d i f f e r e n t i a t i o n w i t h respect t o ^ 

I n d i c a t e s mean value 
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APPENDIX I 

Shape C o r r e c t i o n f o r Capacitance Probe 

Capacitance of s m a l l element ku. x ( k i ^ = "Lt, 

assuming roughly p a r a l l e l p l a t e s , and p a r a l l e l l i n e s o f f l u x which 

the guard r i n g should ensure. So f o r s t r i p element d_x. wide 

But 

and 

+ - * 

% has a maximum value which i s s m a l l , expanding b i n o m i a l l y and 

i n t e g r a t i n g g ives 
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Now Q- = c * J ^ T ^ - and » C**0 - s ^ f o r the s t r i p 

where , *C - £ 

The capacitance o f the whole probe G. i s givo*n by the i n t e g r a l of 

t h i s between the l i m i t s t = + 1 . For the same probe opposite a 

f l a t surface, as when c a l i b r a t i n g 

C a • 

Now i f , as i s the case, C < C 0 i t leads t o an apparent value f o r a 

gr e a t e r than the t r u e one. A c o r r e c t i o n f a c t o r of C - r C 0 must 

t h e r e f o r e be a p p l i e d t o the apparent a t o y i e l d the t r u e value. A f t e r 

some manipulation 

c o r r e c t i o n f a c t o r = — \ \C0 "k^* - . «J*t 

- i 

where ^ • [ ^ ( ^ ) s ^ f \ 

The f o l l o w i n g i s a l i s t i n g o f a computer program used t o c a r r y out 

the i n t e g r a t i o n , and c a l c u l a t i o n of t h i s c o r r e c t i o n f a c t o r . The 

numerical i n t e g r a t i o n i s done by means of a combined Laplace forward 

and backward d i f f e r e n c e method. The accompanying graph, A p p . I . l . shows 

the magnitude of the c o r r e c t i o n f o r a range o f values of X and a. I n 

assessing the e f f e c t of t h i s on readings taken, i t must be remembered 

t h a t c o r r e c t i o n f a c t o r s must be a p p l i e d t o both 'wet' and 'dry* reading 

so t h a t i t i s only where such c o r r e c t i o n f a c t o r s d i f f e r markedly t h a t 

much e f f e c t r e s u l t s from t h e i r use. 
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C 
C 

PROBE H CORRECTION 
MAIN PROGRAM 

1 FORMAT ( 4 F 8 . 5 ) 
2 FORMAT (.1311 SIN 2 BETA = ,F8.5 :5H 13= ,F-8.5,5H C =,F8.5, 
15H H =,F8.5////) 

3 FORMAT (2013H X=,F5.1,4H A=;F4.2,7H CORR= tF7.5/)///) 
READ ( 5 , 1 ) TRIG,D,CiH 
WRITE ( 6 , 2 ) TRIG,B,C,H 
DO 500 J = l , 2 0 
X=100.+20.»J 
DO 400 K = l , 10 
A= 1 .40 + 0.10*K. 
CALL CORRECU, A,TRIG, B,C,H,CORR) 

400 WRITE ( 6 , 3 ) X,A,CORR 
500 CONTINUE 

SUBROUTINE CORRECU, A, TR I G, B , C , H, CQZR ) 
D I MENS I ON S( 1.010),U( 1 0 1 0 ) , V ( 1010),W( 1 0 1 0 ) , Y d 01 0 ) , Z ( 1010) 
Q= X/ B 
P=A/B 
N=1.0/H+5.0 
T=-1.0 
SUMS=0 
SUMU=0 
SUMV=0 
SUMW=0 
SUMY=0 
SUMZ=0 
DO 10 1=1,N 
G= P*T RIG*(Q+T ) 
I F ( G ) 11,11,12 

11 F=0 
GO TO 13 

12 F = S QRT(G) 
13 I F ( l . - T * * 2 ) 14,14,17 
14 S ( I ) = 0 

GO TO 18 
17 S ( I ) = F» AT AN( IC/B+SQRT( 1 .-T*»2))/F) 
18 I F ( I - N + 5 ) 15,15,16 
15 SUMS = SUMS+S( 1 ) 
16 I F ( 1-2 ) 10, 20, 20 
20 U ( I - 1 ) = S ( I ) - S ( 1-1) 

I F ( I - N + 4 ) 25,25,26 
2 5 SUMU=SUMU+U( 1-1 ) 
26 I F ( 1-3) 10, 30, 30 
30 V ( 1 - 2 ) = U ( 1 - 1 ) - U ( 1 - 2 ) 

] F ( I - N + 3 ) 35,35,36 
35 SUMV=SUMV+V(1-2) 
36 I F ( I -4 ) 1.0, 40, 40 
40 W ( I - 3 ) = V ( I - 2 ) - V ( 1 - 3 ) 

I F ( I-N + 2 ) 45, 45, 46 
4 5 SUMW=SUMW+W(1-3) 
46 I F ( 1 - 5 ) 10,50,50 
50 Y( I - 4 ) = W ( I - 3 ) - W ( 1-4) 

I F ( 1-N + l ) 55, 55, 56 
55 SUMY=SUMY+YI 1-4 ) 
56 I F ( 1 - 6 ) 10,60,60 

STOP 
END 

C SUBPROGRAM 



60 2( I - 5 ) = Y ( l - 4 ) - Y ( 1-5) 
SUMZ-SUMZ+Z ( i - 5 ) 

10 T = T + H 
T I NT = HM SUMS + SUMU / 2 . - S UM V / 12 • + SUM W / 2 4. - SUM Y* 1 9. / 7 20.) 
T1NT=TINT+H*SUMZ»3./160. 
T=1.0 
•SUMS = 0 
SUMU=0 
SUMV=0 
SUMW=0 
SUMY-0 
SUMZ=0 
DO ] 10 1 = 1,,\ 
G=P*TR IG*( Q + T ) 
I F ( G ) 111,111,112 

111 F=0 
GO TCI 113 

112 F = S QRT(G) 
113 I F ( l . - T * * 2 ) 114,114,117 
114 S I I ) = 0 

GO TO 118 
117 S { I ) = F*ATAN((C/B + SURT( l.-T»*2))/F) 
118 I F ( I-N+5) 115, 115,116 
115 SUMS^S'JMS+S ( 1 ) 
116 I F ( 1 - 2 ) 110,120,120 
120 Ul I - j )---S( I ) - S I 1-1) 

I F ( l-N+4) 125, 125, 126 
125 SUMU=SUMU+U(1-1) 
126 IT ( 1 - 3 ) 110,130,130 
130 V ( I - 2 ) = U ( I - 1 ) - U ( 1-2) 

I F ( I - N + 3 ) 135,135,136 
135 SUMV=SUMV+V ( 1-2) 
136 I F ( 1 - 4 ) 110,140,140 
140 W ( 1 - 3 ) = V ( I - 2 ) - V ( 1 - 3 ) 

I F I I - N + 2 ) 145,145,146 
145 SUMW=SUMW+W{1-3 ) 
146 I F ( 1 - 5 ) 110,150,150 
150 Y ( I - 4 ) = W t I - 3 J - W I 1 - 4 ) 

I F ( I - N + l ) 155, 155, 156 
155 SUMY=SUMY+Y( I-'t') 
156 I F ( 1 - 6 ) 110,160,160 
160 Z ( I - 5 ) = Y ( I - 4 ) - Y ( 1 - 5 ) 

SUMZ=SUMZ + Z ( 1 - 5 ) 
110 T=T-H 

BTINT = H*(SUMS + SUMU/2.-SUMV/12. + SUMW/2 4.-SUMY«19./720. ) 
8TINT = BTINT+H»SUMZ*3./160. 
C0RR=2.»(TINT +BTINT)/( 3. 141592 + 4.»C/B) 
RETURN 
END 
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APPEMDIX I I 

The f o l l o w i n g i s a l i s t i n g of the program used t o c a r r y out 

the F o u r i e r a n a l y s i s of the recorder t r a c e s . I t i s based on the 

IBM 36O SSP subroutine FORIT, and i s w r i t t e n i n F o r t r a n t o give the 

desired i n p u t and output manipulation. I t produces a F o u r i e r a n a l y s i s 

of order 201 of the 401 successive trace o r d i n a t e s w h i c h . c o n s t i t u t e 

the i n p u t data. 

I FORMAT (20F ! j . 3 ) 
3 FORMAT( ' OF p n r i T . O = 1 , 1 3 , 1 1 3 / / ) 
k FOR: SAT ( 1 FP.r:0 ! . 'F.i!CY = ' , 1 3 , ' AI -PL ITUDF. = ' , F 7 . . r . )• 
5 FORMAT ( 1 I F . " = ' , I I ) 
C F O S . ' I A T C / / ' i l E A - ! SQUARE =',F7.5, ' - ' , F 7 . ! 3 , ' \!VJZ r ! T F . ' ! r , I T Y 

. .5) 

!i = M 
K=13 3 0 
5U'1 = 'l 
0 IM'ZfSS 10'! F ' ! T ( '{01), \( 20 3 . ), !'( 2 0 1 ) , r. ( 201), DC 20 3 ) , - : !FHE^( 20] ) 
RF..\D (5,1) r : ! T 
C A L L FOR I T ( F'!7,;!, '.\,A, P., i m ) 
I F ( I E ' " ! ; 3,0,." 

3 W R I T E ( G , . n ) IF.''. 
D ; I M = ? . * : ! + I 

'./RiTF.'cG,!) : 1:! ^: i: i 
DO 10 1-1,201 
SJ ( I ) = A ( I ) * * 2 + is ( I ) * * 2 
r.( I ) = (3-'.iR7 (D(1)))/:; 
I F ( I - 1) 11,11,12 

12 SUn~SUM+D(I)/C 2.*K** 2) 
I I I1FT.F0. ( I ) - I - 1 

I F ( I - fi 1) 13 , 13 , 10 
13 I T : : ( G / O •JF , ; ; : \ ( I ) , C C I ) 
10 COi - IT IMU ' : 

:;i = p . ! - . 3 / ( A ( i ) / : < ) 
I / ' - I T F ( c , G ) : ] U - I , : - - 1 
'3 TO! ' 



APPENDIX I I I 

The f o l l o w i n g i s a l i s t i n g of the program used f o r s t a t i s t i c a l 
a n a l y s i s o f the recorder t r a c e . I t i s based on the IBM j560 SSP sub­
r o u t i n e STAT, and i s w r i t t e n i n F o r t r a n t o give the necessary i n p u t 
and output manipulation. I t produces mean, standard d e v i a t i o n , maximum., 
minimum and range values from the 'tOl successive trace o r d i n a t e s v/hich 
c o n s t i t u t e the i n p u t data. 

2 F O R M A T ( 1 3 T A T Y I E L D S ' / / ' A 7 E P. A G E - ' , F 7 . f>, 1 DF.7f !~ , 
3 F O R M A T ( , : l l : l = <

/ : - 7 . 5 / ' M V - : = ' , F 7 . 5 , ' P . A - ! G ! > ' . P 7 . 5 ) 
D I M E I S I O ' ! M C ^ l ) , 3 U 0 1 ) 
i(==ir.3'J 
iJO = -'t.T 1 
: i 7 - i 
R E A D ( 5 , 1 ) A 
D O 10 l - l / i O l 
S ( I ) = A ( I ) 

10 C 0 : J T I ' ! i ; E 
C A L L T A L L Y ( A , 3 , T O T A L , A 7 E P . , S O , VM l f . ' , V M A X , M O , >!V) 
A V E - A V E ' V K 

5 I G M A = 3 ' ) / !' 
Y M I : l = 7 ; : i : ! / K 
Y ' 1 A A = V M A X / ! - ; 
D I F F = Y M A X - V - ! r i 
W R I T E . ( 0 , 2 ) A7F. , S I G M A 
W R I T E ( G , 3 ) Y M ! ! ! , Y M A X , 0 I F F 
S T O P 


