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iv.

INTRODUCTION

Vector cross products on vector spaces were first defined
and studied from a topological standpoint by Eckmann [;4] .
Further, vector cross products have been studied from an

algebraic standpoint in Brown and Grey [ 1] .

Vector cross products are interesting for three reasons:
first, they are a natural generalization of the concept of
almost complex structure; secondly, a vector cross product
on a manifold M generates unusual almost complek structures
on certain submanifolds of M; thirdly, vector cross products
provide an approach to the study of riemannian manifolds with

holonomy group G, or spin(7).

In Chapter (1) we give a description of vector cross
products on vector spaces from a topological and then from

an algebraic standpoint., We state the main results arrived

at in [ 1)) and \._"0']

In Chapter (2) we give an account of a work by Gray (f_6])
dealing with vec¢tor cross products on manifolds and relating
the geometry of certain submanifolds to the properties of a
naturally induced almost complex structure. Some of the
proofs presented in this Chapter are due to the author.

In Chapter (3) we determine completely all connected and
complete nearly kahler hypersurfaces in R7. We deduce that
all nearly kahler 6-dimensional submanifolds in R8 possess:

the nice property of pointwise constant type. Also for such



submanifolds we obtain a formula relating the holomorphic

sectional curvature to the type function. This, we believe,

should make the study of the geometry of such submanifolds

relatively easier. Further we generalize a result on the

existence of almost complex structures on spheres by

considering the class of all connected and compact hyper-
n+1

surfaces in R whose Gaussian curvature Kn vanishes

nowvhere.

Finally. in Chapter (4) we make an attempt towards a
generalization of the integrability notion to vector cross
products. We discuss and evaluate possible ways of doing

this.



CHAPTER 1

Vector Cross Products

In this Chapter we give an account of the development of
the subject of vector cross product structures on vector spaces

with an inner product.

1. Continuous vector cross products.

Let V be an n-dimensional real vector space and (,) the
usual (positive definite) inner product. Eckmann [4] nas:

defined a vector cross product on V to be a continuous map
P: VV—> Vv (1 s r S'n)
with the following properties

(P(a1,...,ar), ai) = 0, 1{igr (1.1)

(P(a1,...,ar), P(a1,...,ar)) - det ((ai,aj)) (1.2)
The following theorem has been proved by Eckmann and
Whitehead ([&] ,[14] ):

Theorem (1.1) A vector cross product exists in precisely the

following cases:

n is even, r=1 (1.3)
n is arbitrary, r = n-1 (1.4)
n=3o0or?17, r=2 (1.5)
n =4 or 8, r=23 (1.6)

Eckmann and Whitehead proved theorem (l.l) using algebraic

topology. Brown and Gray]:i]. considered multilinear vector
cross products on vector spaces over arbitrary fields of

characteristic not two with arbitrary non-degenerate symmetric
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bilinear form< 9 7. Brown and Gray proved that vector cross
products exist only in the cases listed in theorem (1.1),
together with many more bilinear forms besides the positive
definite one. In contrast to Eckmann's and Whitehead®s method

their technique is completely algebraic.

'4
Two vector cross products P,P with respect to the same
bilinear form are said to be isomorphic if and only if there

exists a linear map

*9 : V= V s.t.

< Pa, $ob>= <a,b> for all a,b&V (1.7)

PP(ayse-nray) = F (Pag,eee,pag)  (1.8)

The automorphism group of a given vector cross product P

is the set of all linear maps

P:VvV—>V s.t.
{pa,pby = {a,b) for all a,beV (1.9)

spp(a1,...,a=.r) = P(<pa-1,...,$panr) (1.10)

We note that a vector cross product is a skew-symmetric:
tensor. This follows from linearization of (1.,1) and the fact
that { , 7 is nondegenerate.

In the following sections we give an account of the-
classification of multilinear vector cross products. We omit
most of the proofs since they are easily accessible in Brown

and Gray [13..

2. Almost complex structures.

In this section we consider the case » = 1.

DEFINITION: An almost complex structure on V is a linear map

J:V——-?V S.t. J2 =_lve




If moreover V 1is equipped with a bilinear symmetric form
and <Ja, Jb> = <a,b> for all a,b&€V we say J 1is an

almost hermitian structure.

PROPOSITION (2.1): A one-fold vector cross product on V is:

an almost hermitian structure. The converse is also true.

Proof: For a one-fold vector cross product P, linearization

of (1.1) givepn for all a,bgV

{Pasb) + <a,Pb> = 0 (2.1)
and <Pa, Pb> = <a,b> follows from (1.2)

Hence for all a,b & V, we have

<P2a +ab )= <P2a,b> + {ap D
= -<Pa,Pb> +<a,b> = 0 (2.2)

Since<, ) is non-degenerate, (2.2) implies that for each a¢V,

Pza +a=0, or P2 = -=-1v.

Conversely let J:V—»V be an almost hermitian structure.

Then (1.2) is satisfied and furthermore,

<Ja,a> = <J2a,Ja> = -<a,Ja> i.e. <Ja,a> = 0

for all a €V, Hence (l.1) is also satisfied.

Theorem (2.2): (i) A non-degenerate symmetric bilinear form
< ,?admits a 1-fold vector cross product P, if and only if

the quadratic form of { , Phas the form

{xxD =o, (55 +%2) + oo + A (X2 +%5)  (2.3).

2m-1 2m

where C7(1 yo oo ,o(me F, the ground field.

’
(ii) Any two one-fold vector cross products P,P are isomorphic,

when F is algebraically closed or F = R,
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Proof: That V is of even dimension follows from the fact

that V has an orthogonal basis of the form

{e1, Pe.l, e, Pez, ceoy €y Pem}
and with respect to such a basis the quadratic form of { , >
has the form (2.3) where O(J = <ej, e‘j) s Jd =1,.0,m,
(2m = n = dim V),
Conversely let {el, f1 s sees €y fm} be an orthogonal basis

of V, where <ei’ ci) = <fi’fi7 = xi ? i=1,...,m.

Define P by Pei = fi’ Pfi = - e;. Then P is a ohe-fold

vector cross product.

For (ii) we choose orthogonal bases of V of the form

{.e1, Pe1,..., e’ Pem}; {f.l, P,f1,..., fm, P,fm}’ where
Nesl 2 =lef|? =21, 1<i¢m.
Define ?: V—>»V by

pei =f, 3 (p(Pei) = Pf i = 1,00, me

? so defined satisfies (1.7) and (1.8).

3. Star operators.

Let V be a finite dimensional vector space with a non-
degenerate symmetric bilinear form. Denote by AV the exterior

algebra over V, AV =z /\pV, where /\pV are
=0

the elements of order P. We extend { ,)on AV by linearity

and the formula

det (<ei,fj>) if p = q.

e sece e f ) f =
Cornenops f1a-ce ATy

p’ 1 1 (o] if p # q.
91,..-9e

p? f1..., fq e V. (3.1)



This extension is symmetric and non-degenerate. /\nv is a

l-dimensional linear space for which we fix a basis element
n
weé AV. For each ag& APV, 1 £ p¢n, ve define a
. n-
linear map /Ma: Av"-——% ARV, by
nNn=—
M (b) = aanb for each bz AV.
Also we define a linear functional

kﬁ /\n-v_._, F, by

)\(g) = <g,w> for each § g /\h\/
Since x‘f‘a: /Q'pv —> F is linear and { , Y is non-

degenerate on ,r{-pv, which we call #a s.t.

)\aﬂa(b) = <*a, b> for all b & va or
equivalently <aAb, w> = <*a, b> for all b ¢ ?{'pv (3.2).
p n-p
The map a __y *@ defines the star operator on A V—35 AV
Finally +# is defined on all of AV by linearity.

Next, let {e1 seea ,en} be an orthogonal basis of V and

it = th 1% = H
write, W = eja..cq€) en nw“ = 1i|'=1<ei, ei> =
_0‘1 ...O(n = rA where O # qi = <ei, e1> is an element in
the ground field F. Then for each basis element q’ of /{LV ’
writing Vl = pw for some ﬂ € F vwe get

2 2 2 2
It = P Ivl” = g

We say that {, ") has discriminant 1, if there exists w. ¢ AV,

s.t. uw “2 = 1.



From the above it follows that { , "y has discriminant 1 if

and only if for each basis element 71 gkv , Wwe have
“Vl “2 = )\2 for some \ § F.

PROPOSITION (3.1): Let a € A’V; then

#ig = (_l)p(n-p) {w, w>a. (3.3)
<*a, *b> = <w, w} <a,b > (3.4).

THEOREM (3.2): (i) A necessary and sufficient condition
that{ ,*y possess an (n-1)-fold vector cross product is that

the discriminant of £ ;, ) be 1.

(ii) If the discriminant of { , »is 1, then any (n-1)-fold

vector cross product is given as follows: there exists

v e AV with { w, w> =1 s.t.

P(a1,...,an_1) = *(a1,\...,\an_1) (3.5)

for all Aypecoy & € V.,

n-1

(iii) There are exactly two distinct (n-1)=fold vector cross

products on V and they are isomorphic to each other.

4, Two and Three-fold Vector Cross products.

Two-fold and three-fold vector cross products are closely
related to composition algebras, and so we present a few facts
about them. Proofs and a detailed account are accessible in

JacoBsoN [9].
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DEFINITION. A composition algebra W is an algebra equipped

with a gquadratic form N such that

(i) The bilinear form {x, y) = %&N(X+Y)—N(x)—N(Y)} is

non=degenerate;

(ii) There is e&W such that ex = xe = x for all xé&W.
(iii) N(xy) = N(x)N(y) for all x, yg W.

We recall the definition: x ___5 N(x) is a mapping of
W into the base field F satisfying N(«x)= ot N(x) for
Olé¢ F and having the property that the mapping defined by

N(x+y) - N(x) - N(y) 4is bilinear.

Since N is non-degenerate that is N(x)¢ 0, (iii)
implies that N(e) = 1. Hence the subspace Fe is not

1

isotropic, that is, F e f} (Fe)” = O, and therefore we can

write W = Fe @ (Fe)l. Denoting (Fe)l by Wo , we have
W = Fe@ Wo. Next we define a mapping a ?"a'.

from W into W as follows: for each a¢W write a =®e + X,

X€ Wo and set a = ®e - x. One can easily check that

a —» & is an involution, that is,an antiautomorphism of
period two. From the set of axioms defining a composition

algebra we can easily deduce the following properties:

Xy = x(xy), yx* = (yx)x (4.1)

(the alternative laws)

=X, YyX=X7Yy, XX = xx = N(x)e,

M

2 {x, y)e = Xy + Y X (4.2)



{ vy, zx> +<wx, zy) = 2{w, z) Cx, ¥y (4.3)
Cxve 12y = N@CThe Yy (o 53) =CradN(y) (b4
<;‘9}_' ) =<x9Y>: <ax9Y>=<x95-Y> ’ (xa-9Y>=<x9Y;> (405)

x+Xx = T(x)e, T(x) in F. (4.6)

We call T(x) the trace of x.

Conversely if W is an alternative algebra with an
identity and an involution x —y X s.t. xX = N(x)e and
X + X = T(x)e, then N(x) is a quadratic form permitting
composition.

JACOBSON t9] proved that the only composition algebras
are those of dimension; dim. W = 1, 2, 4 or 8, and W is:
not associative if dim. W = 8., Also the only quadratic forms
admitting composition are those of signature (0,8) or (4,4)

when dimension W = 8,

THEOREM (4.1): Two composition algebras are isomorphic if
and only if their quadratic forms are equivalent. [9]

The following theorems are due to BROWN and GRAY [11})

THEOREM (4.2): (i) Let W be a composition algebra and let

VC. W be the orthogonal complement of the identity e.
Define P:VxVe——y V by
P(a, b) = ab + {a,b) e (4.7)

Then P is a two-fold vector cross product on V.
(ii) Conversely if P is a two-fold vector cross product

on V, let W be a vector space containing V as a subspace
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of co-dimension 1. Let W=V @® {e} for some eg W\V
and extend{ , % to W by requiring 4 e,e): 1 and
{e,vy = 0. Define a multiplication in W by (4.7)
and set ex = xe = x for xeW. Finally let N(x) =
<x, xY for xeW. Then W 1is a composition algebra and
the dimension of the original space V is either 3 or 7.

(iii) Two two-fold vector cross products are isomorphic
if and only if their corresponding composition algebras are
isomorphic. The converse is also true.

THEOREM (4.3): Let V be a composition algebra with

bilinear form { , )», and let ®X§ o be a field element.

Then
P(a,b,c) = & (-a(bc) + {abD; ¢ + b,c PR —(c,a)1b) (4.8)
and
P(a,bye) = R (=(ab) ¢ + a,b %1 ¢ +{b,c D, a -<c,a>1 b) (4.9)

are both three-fold vector cross products with respect to the
bilinear form{ , 7= X { & »;- Also each three-fold vector

cross product is one of these kinds.

In the case of 8-dimensional spaces the vector products
defined by (4.8) and (4.9) are not isomorphic. Further BROWN
and GRAY proved that there are no other vector cross products

besides those described in the previous theorems.
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To sum up we have the following table when F = R,

the real numbers.

Number of

n and r isomorphism Possible signatures
classes
n even, r = 1 /2 + 1 n, n-b,...,-n + 4, -n
r=n-1 [f'VA-{-l n, n-b,..., n - 2n’}
n=7, r=2. 2 7, =1
n=8, r=3 6 8, 0, -8
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CHAPTER 2.

Vector Cross Products on Manifolds

In this Chapter we deal with multilinear vector products
on differentiable manifolds, giving a detailed account of a
paper by GRAYE6]. We give detailed proofs of those results:

for which a proof was not given or just outlined,

1. Existence of vector products on Manifolds.

The question arises as to which differentiable manifolds
have on each tangent space a vector product which is conti-

nuous or differentiable as a tensor field on the manifold.

PROPOSITION (1.1) Let M be a pseudo-Riemannian manifold

with signature (s,t). Then M admits a vector product

structure P if and only if the structure group O(s,t) of
the frame bundle of M can be reduced to the automorphism
group of P, The vector product is continuous or differen-

tiable just as the reduction is continuous or differentiable.

Proof: First assume that the group O0(s,t) of the frame
bundle of M admits a reduction to G y the automorphism
group of P, Let Q be the reduced sub-bundle, Jr: Q —_— M
the natural projection.
-/
Then each ue¢ 7T(x) 3] X € M, can be considered as a

linear isometry u: B, —> Tx(M) y where E_ . is

R(s+t) with a non-degenerate symmetric bilinear form (,)

of signature (s,t), Tx(M) the tangent space to M at x.

We denote the inverse of the above map by u_l.
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-l
Given X,,..., X,k € Tx(M)’ we choose uell (x), and

define P()L| 9o0eo0 ,Xr) as follows:

P(X,5e0esX) = WP(u X, ,00e, u‘1xr) (1.1)

where P on the right hand side of (1.1) is the corresponding
vector cross product on Es £ P, so defined,is independant

s Lo
of the choice of u, since if u, u e ‘"'-1 (x), then there

exists a€G s.t. u=ua, and

w P(uxy 000, ulx) = (@) P ((3a)7" xypeee0(Fa)7'x,)

- -1 - =1 - - -1 -
= uaa P (u X, p000s U Xr) = u P(u X penesll Xr); (1.2).
Since P(a§1 goenglh gr) = a P(g_' geoc ggr) for

all a€G, 5 ,...,8_ € RS+t

Next we have,
- - -1
£ p(x1,...,xr) . xJ.} = (P(u 1}:1,,...,.,,u 1xr), u xJ.\: 0 (1.3)

1$J$r.

and

<P(X1,...,Xr), P(X],_,..., Xr)>_ = (P(u—1x1,..o,u-1xr),P(u—1x1,...,

u? xr) J

= det ((u_1xi9 u-1xi)) = det ((xi, xJ.) ) (1.4)

Hence P is a vector cross product on M,
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Conversely suppose that M has a vector cross: product P.
Let F be the bundle of orthonormal frames on M, and Q

the set of all ué P such that

for all ¥, ’°“’3k6 R®, (n = dim M), we have

B(®,,..:8) = v P(ug ,..., u§) (1.5)

Then Q forms a sub-bundle with structure group G

(the automorphism group of P).

PROPOSITION (1.2). A vector cross product on a differen-

tiable manifold M gives rise to an orientation on M.

Proof: Since the automorphism group of a vector cross product
is contained in the special orthogonal group of the associated
bilinear form, then by proposition (1.1) the bundle of frames
on M can be reduced to a bundle of oriented frames. This

is equivalent to the orientability of M.

Thus the existence of an (n-1)-fold vector cross product
globally on M is equivalent to the orientability of M.
The existence of a two-fold vector cross product on a 7-
dimensional manifold is equivalent to a reduction of 0(7)

or 0(4,3) +to G,. Similarly the existence of a three-fold

vector cross product on an 8-dimensional manifold is:
equivalent to a reduction of 0(8) or O0(4,4) to Spin (7) or
Spin (h,j) principal bundle. Finally the existence of a
one-fold vector cross product is equivalent to the reduction

of 0(2p, 2q) to a U(p,q) principal bundle. We note that
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on a paracompact almost complex manifold (M,J) we can
construct a metric with respect to which J is a one-fold
vector cross product. For, let g be a metric on M, and

define }E by

g (x,Y) g(x,Y) + g (JXx,J7) (1.6)
for all X, Y ¢ T(M).

Then J is a one-fold vector product with respect to g.

Another structure that may exist on an 8-dimensional

manifold is a cayley multiplication.

DEFINITION: Let M be an 8-dimensional pseudo-riemannian

manifold whose metric{ , is positive definite or has
signature (4,4). A Cayley multiplication on M is a
differentiable (1,2) tensor field which for each x¢ M makes

T, (M) an 8-dimensional composition algebra whose associated

quadratic form is that induced by , .

The identity vector field E, is that vector field which
at each point x&¢ M is the identity of the composition algebra

at x. Finally conjugation is the map

o: X M — X (m) ()-( (M) denotes vector fields
£i0lds defined by on M )

o(x) = r 2{4E)E _, X (1.7) for Xe¢ M (M)

THEOREM (1.3). Let M be an 8-dimensional pseudo-

riemannian manifold whose metric is either positive definite
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or has signature (4,4). Consider the following conditions:
(A) M has a globally defined vector field E, with HE“Z = 1
everywvhere.

(B) M has one-kind of three-fold vector cross product.
(c) M has both kinds of three-~fold vector cross products.

(D) M has a cayley multiplication.
Then ((A) and (B)) =3 ((c) ana () ),

(D) = (¢) =9 (B) and (D) = (a)

Proof: First assume (A) and (B) , and let P, be a 3-fold

1
vector cross product on M. Define ¢: H (M) —» X (M) by

o (X) = 2{X,E” — X for X& H (M).

We define P2 by :

P, (x,Y,z) = OP, (vx,o'Y,o'Z)

that P2 is a vector cross product follows from the fact that:

KT X,0Y7” = <&£X,Yp forall X, YeH (M)

and 0? =1, Also P, , P are of different kind follows

1 2
from equations (4.8) and (4.9) of Chapter 1.

For A ,B€ H (M) , we define

4.B = — P, (A,E,B) + {A,ED> B +<{B,EDA
— < A,B)E.

Then the multiplication . , is bilinear, admits composition
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and A.E = E.A = A for all Ae} (M). thus M has a cayley

multiplication. This proves the first implication,

It is obvious that (C) == (B), and (D) =% (C)

follows from equations (4.8) and (4.9) of Chapter 1.

To prove that (D) =P (A) we take E to be the

identity vector field of the cayley multiplication.

Next we consider induced vector cross products on a

certain class of submanifolds.

THEOREM (1.4). Let P be an r-fold vector cross product
on a manifold M with metric tensor , . Let M be an
oriented submanifold of M such that the restriction of

the metric tensor , %) to M and to the normal bundle of
M are non-degenerate and positive definite respectively.

If r»k , where k is the co-dimension of M in M, then
P induces an (r-k)-fold vector cross product P on M in

a natural way.

Proof: Define P by the following formula:
P(A.l’oo., Ar—k) = §(N1,o-o, ngﬁ.‘,ooog Ar—k)

for Ajse.es A, € X (M).

Here N.‘ go0eey Nk are orthonormal vector fields orthogonal

to M, defined on an open subset of M and N1 A "’°'\Nk is

compatible with the orientations of M and M. P is

independant of the choice of N1 pesey Nk having the
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properties mentioned above. For, if we choose ﬁ1 ""’ﬁk s S.to

"ﬁiu2=1, (R, 8> = 8§, ., then

ﬁ"A '°°Aﬁk e d N1A "'ANk

for some real valued function & , on an open subset of M. Hence

= = 2 2 2 2
1 = “N“A "°ANk“ = a “N‘]A oc.ANk\\ = d
+ . = = .
We deduce ™ =21 . Since N, A --- ANy i of the same
orientation as Nya -..a N  then A =1, and we have

?(ﬁ1’oo-’ N-k,A_I,COO,Ar-k) =§(ﬁ1h ...Aﬁk’ A1l.., Ar—k)

= ?(N“A L AN*,A1 peeeg Ar—k) = ?(N.] 9s e ’Nk, A.l ge oo ’Ar—k)

Moreover,

K P(Ayseees Ay)s AJ.‘) BNy yenosNy, By eeey &) ,AJ.>

= 0 1$j$r—k ’

and

K P(Ayseeerh )y P(AL,euesh ) D

K B(Nyyeeey Ny, Kiseoos A y)y BN yeee Ny Apyeen, Ar_k)>

]

det (4, AJ.‘) ) , l¢i, { r-k.
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Hence P 1is a vector cross product on M.

The question arises as to which spheres have v@ctor
cross products. Since all spheres are orientable they have
(n-1)-fold vector cross products. Also because S 1is
parallelizable it has a 2-fold vector cross product. For
l=fold and 3-fold vector cross products we state the following

theorem.

THEOREM (1.5) Let S™ denote the unit sphere in R%'1

and let { , f}be the metric tensor on S induced from the

usual positive definite one on Rn+l . I sS” has a

globally defined r-fold vector cross product then Rn+1 has

and (r+l)-fold continuous vector cross product in the vector

space sense.,

Proof: Let Xm denote the r-fold vector cross product on Sn

at m. Define

P: Rn+1) T+l —_— g+l as follows:
FOr a,j ..o,y a [ 3 r%+1 , write
1 r+l
a1 = b + ¢ where b 1is the component of
a1 orthogonal to [a1,...,ar] . If b =0, set
P(a1,...,ar+l) o .
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If b#o, let d= b "1 and set

P(a1,...,§%+l) = "bl‘Xd (a1,...,ar)

P, so defined is linear in By peees, but in general only

continuous in ar+1. P also satisfies the two axioms of

a vector cross product.

COROLLARY (1.6) The only spheres with almost complex

structures are 82 and S6.

Proof: If sS™ has an almost complex structure, then Rn+l

has a 2-fold vector cross product. Hence n+l1 = 3 or 7,

that is, n = 2 or 6.

COROLLARY (1.7) s® does not admit a 3-fold vector cross

product.

Proof: If S‘8 had a 3-fold vector cross product, then R9

would have a continuous U4-fold vector cross product, which is

impossible.
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2. Differentiable Vector Cross Products.

Let M be a pseudo-riemannian manifold and let M (M)
denote the lie algebra of differentiable vector fields on M.
We denote by V the riemannian connection of M. An r-fold
differentiable (i.e. 6°) vector cross product P on M is a
tensor field on M of type (1,r). With each such vector cross
product P we associate a differential (r+l)-form ¥ defined

by the following formula:

P(XyseeerXy () = (P(x1,...,xr),xr+l> , (2.1)

for Xi,eee0X , € H (M).

PROPOSITION (2.1) Let X, X,,0000 X, € X (M), then

Tl Xypeees x_ 1) = YR (XyeennX), XY (2.2)
Proof: vx((p) (x1"'°’xr+l) =

r+l

xtp(x1,...,xr+l)—7:‘ q)(x1,..., Vs xj,...,x“l)
3=1

= xCP(X, 5.0 00X ), xﬂb - <i“1 P(x1,...,vxxj,...,xr),xmb
J=

— <P(X1 seae ,Xr) ’ Vx Xr+.1.>
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For the first term on the R.H.S we have

X<P(X1 yeee ’xr) ’ xr+1> = <Vx 1:,(X1 1o ’xr) ’ x-]:‘+1>

+ <P(x1 peoo vxr)v vx Xr+1>

= <:§7;(P) (X500 00X.), xr+1‘7 +<: ﬁééi P(Xyseees X seeerX,),
xr—;-l >

+ <P(X1,---,X¢)s v:l:Xr+l> '

Hence we conclude that

Vel P) Epaeenix 1) = (@) (Xpaeenix )y X 0 ) -

A vector cross product P is said to be parallel if for each
Xe { (M) we have V,P = 0. As to which manifolds admit
parallel vector cross products we have:

THEOREM (2.2) A pseudo-riemannian manifold M has a
parallel vector cross product P if and only if the holonomy
group at each point meM is a subgroup of the automorphism

group of P,
Proof: The holonomy group Hln at meM is the group of

non-singular maps

Z',: M, -—% M which are parallel translations

along piecewise differentiable closed curves ¥ starting at m.



22,

The condition that Vx(P) = 0 for all X& M and

all mé M is equivalent to the condition that for each

meM, '6 a closed curve starting at m we have
tsP(x'.l,-.e,xr) = P(zxx.‘g-ooy.zxxr)’x.‘,ooo’ xr £ Mm .

Hence if P is parallel then Tbl belongs to the auto-

morphism group of P and conversely.

If a reimannian manifold has a parallel 2-fold or 3-fold
vector cross product then the Holonomy group is contained in

G, or Spin (7). BONAN,{[ 2}has investigated compact

riemannian manifolds with holonomy groups G-2 or Spin (7).

He found that in the former case such manifolds have nonzero

Betti numbers bl} and b and in the latter case such

3

manifolds have non-zero Betti number bl&' Also it truns

out , [2], that the Ricci curvature of a riemannian manifold

with holonomy group G, or Spin (7) vanishes.

Now we look at a class of vector cross products which

satisfy weaker conditions than that of being parallel.

DEFINITIONS: Let M be a pseudo-riemannian manifold with

metric¢ ,%, P an r-fold vector cross product on M with
associated metric < , ). Let V and ® denote the
riemannian connection and coderivative,respectively, of M
relative to { , » and let (P denote the (r+l)-form determined
by P.

(1) P is nearly parallel if vx1(p) (x1,...,xr) = O

for all X,,...,X ¢ X (M).



23.

(ii) P 4is almost parallel if d ®=0

(iii) P is semi-parallel if &@ = 0

From now on we denote by SB (s,t,r),-ﬂpib(s,t,r) .

,A(.p (s,t,r) and 3@ (s,t,r) the classes of r-fold vector
cross products on pseudo-riemannian manifolds with signature
(s,t) which are parallel, nearly parallel, almost parallel

and semi-parallel respectively.

We have the following inclusion relations between the

various classes.

THEOREM (2.3): We have the following inclusions:

1) Pe FyFPes?P,
(ii) (PQA{P;
(1id) (,-P-.:: A@n jf@

Proof': The inclusion @ c ﬂ‘? is obvious from the

definition. On the other hand we have

n ~2
§p ) = -2 I ) Yy (9) B.eo0x)  (209)
r+2
dP(XypeeesX, ) = ri+2 Z (-1)i+? Yk (9) (x1,...,§i,...,xr+2)
i=1 1

(2.4)

(for a torsion free connection)
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where X 50009 X ., € X (M), {E1,°..,En} is an

. \ _ 2 + A
orthogonal frame field with fB; 0 = =1 and X,

means Xi removed.

It follows from (2.3) that if P is nearly parallel
then 8?:0 and hence P is semi-parallel. Also from
(2.4) if P is parallel then d¢=0 and hence P is almost

parallel. Further if P is nearly parallel then
V. (9)(x X x.,) = (-, (9) (& X_.,)
xi' 1,0.0, .i,oo.’ r+2 = x1 2’-.5’ r+2 )

and hence in this case

d QX peeesX, ) (22) Vx1(go) (Zy5eeesX,,0)

R CORCRRE

If in addition P dis almost parallel, then
Vx1(<p) (Xy50-00X,,,) = O for all

XyrooerX  » € H (M) » and hence P is parallel.

In the case of 1l-fold vector cross products, that is the class
of all almost complex structures with {JX, JY) = { X,Y ) for
X, Ye X (M) 5 there are two additional definitions which do

not generalize to general vector cross products.
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DEFINITIONS

(i) J 4is hermitian if S = 0, where S is the torsion
tensor of J; a (1,2) tensor field given by the following

formula:
s(x,Y) = [ox,0v] - [x,¥v] - Jlx,¥] -5 Lx,n] ,

for X,Y € H (M).

(ii1) J 1is quasi-kahler if Vx(J)(Y) +VJX(J)(JY) =0,
for X, Y € H (M).

Also for almost complex structures the term kahler is used

instead of parallel.

J
Let A ‘:1-( denote the class of almost complex structuresawith

{JIX,JY = X,Y> for X,Ye H{ (M).

For this class we have the following inclusion relations:

THEOREM (2.4)

DN € QK c SK ;
uwAK e QK < 3X;

(111) I < F{  (hermitian);

(iv) ¥ = HnQX =A3Cn./V'§<;;
(v) XK (ov2) = AH(0,2);

(vi) If s,t are even and s+t = 4 , then
K(s,t) = HK(s,t) ana A K (s,t) = SK (s,¢t).

We prove the following proposition first:
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PROPOSITION (2.5): Let X, X, ,...5 X & H (M). Fhen
4 Vx(P) (XyoeeesX ) » P(X,e.00%X) H = 0
Proof: We have £ P(X

1,....,xr), P(X1,...,Xr) >

<X1Avoo Axr ] X,IA...,\Xr 7 for a.ll X1 ,---,Xr ‘ )‘( (M).

Hence

XZ<P(X19--°9x—r)9 P(x1’°"’xr)>

Ir
= x(x.lhoobhxr 9 x.‘Aoquxr) = 2 Z < x,‘Ao-oAvxxjAooﬁr ’
=1

Xin-eoaX, 2

i.e. <Y, (p) (XgeeesX)) 5 P(Xyy0e0,X ) v
r
+ Z(P (X 0eeer Uy xj,...,xr) , P (x-1,...,xr) >
J=1
Ir
= Z(xv\...,\vx XiaceoaXy x1A...Axr) ,
j=1

and since ¢ P(X1,...,<7XXj,o--,Xr), P(X,,e-00%.) D

= <X;|A..°A vx xjh...,\xr ') X_l,\-..,\xr} ’
we have

< vx(P) (x'l’.'.’xr) ’ P(X1,...,Xr) > = 0.
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Proof of theorem (2.4)

For an almost complex structure J- with <& JX,JY =
< XY P, for xX,Ye X (M) - VX(F) (9¥,2) =V, (F) (¥,92) ,(2.5)
and hence W/, (F) (JY,Jz) = -VX(F) (v,z) (2.6)
Hence using (2.5) and (2.6) we get
ar(x,Y,z) + 4aF(Jx,JY,2) + 4aF(JX,Y,J2) + dF(JY,X,JZ)

= Z(VX(F) (Y,z2) + VJX(F) (J3Y,2) ) (2.7)

Here F is the kahler 2-form defined by F(X,Y) =< JX,Y ).

Also we have,
Vy(d) (3¥) = -3V () (v) ,
for all X, Y € H (M). Hence if J is nearly kahler then

Vix(9) (oY) = - %) (¥) (2.8)

Hence (i) follows from (2.8) and the fact that locally we can
choose a frame field of the form {X1 ,JX1 ’ Xz,..., Xm,JXm } .
(ii) follows from (2.7).

To prove (iii) and(iv) we make use of the formula: ( [m;])

bV (3) (¥),2 %) = 6 ar(x,37,32)

- 6 ar(x,Y,2) +{ s(v,2),Jx ), (2.9)

and the fact that if Je & § then
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ar(Jx,Y,z) = ar(x,JY,z) = dF(X,Y,JZ) (2.10)

t
To prove (v), let {X,DJX } be a local frame field. From (2.5)

we see that WV, (F) (X0x) = 0 = VJX(F) (x,Jx) ,
and hence J 1is haklerian.

To prove (vi) we note that if Je¢ Q K {X,JX,Y,JY} a

local frame field, then

dar(x,Jx,Y) = dF(x,JX,JY) = dF(X,Y,JY) = dF(Y,JY,JX) = O.

Hence dF =0 . i.e. A}C(s,t) =a.3<. (s,t).

Further, using proposition (2.5) we get
F(x) = - Vu(F) (v,x) - V(F) (37,X) ,

and similarly for JX, Y, JY. Hence if Je S I then Te QY.

Therefore Sx(s,t) = e&:’C(s,t) = %K(s,t). This
fact,together with (i) and (iv),implies that & (s,t) =

N K (s,t).

Next we investigate vector cross products induced on
submanifolds.

Let M be a submanifold of a pseudo-riemannian manifold
M such that the induced metric on M is non-degenerate. Let

() ={ 'X‘M= Xe X (M) }; then we may write

H M) = (M) @ X (M)l , where N (M)l is the set of

vector fields orthogonal to M.
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The configuration tensor T: M (M) X )_-(_ (M) —> )T( (M)

is defined by
T, Y =VXY -VXY , for X, Y € X (M) ,
= 1
and T,Z = 'n‘VXz , for XM (M), ze)X (M) .
/'z

o
Here Y and VY denote the riemannian connections of M and

M , respectively,and 1 is the projection

T:H (M) —s W (M) .  Then, ([10));
TY = T,X , for X,Y € M (M)
1
 T,Z,Y > = —(Z,TXY> » for X,Y € H{ (M), 2 ¢ H (M)

1

and { T,Z,Y? = <Tyz,x7,for x,ye (M), z e X (M)

PROPOSITION (2.6) Let M , M be psudo-riemannian manifolds with

dim M —dim M = k. Suppose M and M satisfy the hypotheses
of theorem (1.4). Let the vector product P on M be
v ~fold (r»k) so that the vector product P on M is

(r-k)~fold, Then,for X, Xysewos X 4 € H (M) we have:

VX(P) (X 9eee X ) = T Vx(f:) (Nyyeee s NiXpoee ,xr_k)

k
+ Z TP (N,..., T NJyevey N 5 Xypenny X ) (2.11)
j=1

Where '{N1 ,...,Nk} is an orthonormal frame field of the normal

bundle to M defined on an open subset of M.
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Hence if P is parallel and M is totally geodesic in

1\_4, then P is parallel.

Proof: We have V_(P) (X400 X _y) = VP(XseeesX, 1)
r-k

- Z P(X,peeey FyXdoeesX_t)

j=1

’, vx P(N1 ".',Nk ; x1 ,oo-,xr_k)

r-k =
- Z P(N,l,-.c,Nk; x,lg...’ vxxj,oo.’xr_k)

j=1
Taking the first term on the R.H.S., we write

TV PN oo Ny, X, see X k) = .,,—er(i;)(N1 SR AR S

k
*LVp(N1,..°'$xNJ.,...’Nk ; X1’G..,xr-k)
J=1

r-k
L TR (N N 5 Xy yeees VO X e 0X ) .
i=1

Hence we get

V(@) (X ,eoo0x ) =T Gx(ﬁ) (NypeeesN X yens Xp k)

k
+ Z .’-r? (N1,...,TxNJ,...,Nk,x.l,..-,xr_k) »
=1

wvhere in the last term , ‘GxNj is replaced by W6XNJ' since

the normal component of exNJ is a linear combination of
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Njog (i£3).

We also note that if P is nearly parallel and M totally

umbilic in M then P is nearly parallel.

THEOREM (2.7) Let M and M be riemannian manifolds (with

dim M-dim M = 1) which satisfy the hypotheses of Theorem (1l.4).

Assume P e °P (0,8,3). If P e A?(on,z), then P is

parallel and M is totally geodesic in M .

Proof: We prove that T vanishes at each point meM. For

that purpose choose vector fields Xi, X

> such that at m

TXiN = K;Xp, i=1,2. Let Ze { (M) , then at m we have

0 = d¢@(X,,X,, P(X,,X,) , Z)= Vx1(tp)( Xy, P(X,,X,), Z)

- sz( <p).( X, P(X;,X,) , z) + vp(xf,,:(;) (X, X,, 2)

- VZ( ‘P)( X1 9 XZ,P(X.' !xz) ) ¢
Hence using (2.11) we get
0 = d 9(X,,X,, P(X,X,) , 2) =( P(T, N,X,,P(X,,X,)), 2

-<P (Tng » Xy0 P(X, ’XZ)) » 27 *< l-)(TP(X1 1Xy)

- P (TN, X, X,), P(X,,X,) )

For the last term we have,

B (%,,%,,T,N), P (x,,X,,N) D

N, X,,X,),2 )
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2
hx, | 0 0 ]
=det | o Ixi® o = 0

{TNX S {THNX,) O

Hence we conclude that

0= ¢ P (x,,X,,2) , K, P(X,,X,) >

+ P (x, Xy2) Tp(x1 ,XZ)N> + { P (X),:X,,2), K .P(X,,X,) P )
or equivalently ,

{ P (%,,X,,2) , (K;+K,) P (X,,X,) + Tp(x1 X))V Y= o0
Since Z 4is arbitrary and

4 TP(X1 ,XZ)N » Xy ) = <TP(X1 ,xz)N v Xy D we

"
©

conclude that TP(X1,X2)N = K) P(X1,X2), at m.

Next we choose Xj¢€ H (M), orthogonal to Xy 0 X,

ol
P(x1,X2) a Such that ijN = KBXBJ*'"“ Using the same method

as above, we can see that ,

T N = K_P(X, ,X and
P(X1 ,XB) 5 ( 1° 3) ’

= K, P t .
Tp(xz’xa)N 6 (xz,x3) at m
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Further using (2.11) we get

0 = d?(x.l 9x29x3’z) = (K1+K2+K3) < I-,(x1 ’x29x3) ’ Z >

+ <

T. N Z T 11 .
P(X1 sx29X3) 0 Y , for a z € H (M)

-, N _ - B
Hence at m , P(X1 ’xéij) = K, p(x1 ,Xz,XB) )

where K, = - (K1+ K, + K3)'

Set X, = P(x1 X,) s X, = P(x1 ,x3) » Xg = P (xz,xg)

and x7 = P (x1 ,xz,x3) . Then {x1 ,xz,x3,xu,x5,x6,x7.}
is a basis for the vector fields ina nbd of m such

that TxiN = Ki xi ’ i=l’...,7 ) at m.

Also dcp(xi,xj ,xk,z) = 0 implies

= - (K, + K5+ K) P (XX ,%) (2.12)

N =
P(Xi,XJ. ,xk)

Further making Ivlm into a composition algebra with identity

N(m) , we may write ; P (Xi, Xy, Xk) = xi.(xj.xk) (2.13)
P (xi, xJ.) = X;. X, (2.14)
and xi.(xj.xk) = - Xy (x;.%,) (2.15)

then (2.13) , (2.14) and (2.15) give the following system:
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+

P (X, X, X ) = 2P (%, Xy, XB) = £ x

j (2.16)

7
for each {i, Js k} one of the following combinations:
{1, 2,3} {1, 4, 5] ; {1,&,6} ; {3,5,6}

P (x,, Xy X) = I X (2.17)
for each {i, Js k} one of the following combinations:

fr.2,5) {1, 5.8).

and P (X,, X3 X,) = X, (2.18)

Using (2.12) , (2.16) , (2.17) and (2.18) we get the

following system of equations:

K1 + K2 + K3 + K7 = 0
K1 + K2 + K5 + K6 = 0
K, + K3 + K + K, = 0 (2.19)

1 5 7
K2 + K3 + Kh + K5 = 0
K2 + Kh + K6 + K7 = 0
K3 + K5 + K6 + K7 = 0
The unique solution to this system is K1=...=K7 = 0.
Hence T vanishes at m. Since m is arbitrary, M is

totally geodesic in M. From (2.11) it follows that P is

also parallel.
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Let ® and % denote the coderivatives of M and M
respectively; also bx(x ¢ X (M)) the contraction operator.

If @ is a p-form then &x( 9) (x, ,..,,xp_l) = 0(X,X, ’°°°’Xp-l) .

for vector fields x;x1 go000 ,Xp_l .

THEOREM (2.8) Let M, M be pseudo-riemannian manifolds,
with dim M - dim M = 1, which satisfy the hypotheses of theorem
(1.4). Then we have 8<p = - ,‘(8¢) , where N is the

unit normal of M in M. THence if P € S{P (s,t,r), then

P ¢ 5@(5,1:—1,1‘—1).

Proof: At an arbitrary point m € M , we choose an orthogonal

frame {E.l ,o-o,En} Buch that T .N = k E. j=1,ooo ’nn

Ej 33

At m we have

n -2
S k) = =L Um | Vg, (P) Bxyenix )

i=1
(2.20)

Using (2.11) ; (2.20)becomes:

n 2 —
TP (X seeenx, ) == | E, || £ VEi(ﬁ)(N,Ei,x1...,xr_2), xr_l>

i=1

n -2 -
=Y 0B | & B (TpyNo ByoXpeoen X, 5) 5 X (2.21)

i=1
n -2 __ - .
= .-2" E; | 4 in (P) (NE X peens X._4) » X > .
i=1

where the last equality is due to the choice of the frame {EJ‘} .
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On the other hand at m, we have

by (FP) (Xy0eenx, ) = 8(P) (0K ,.en0x, )

I -2
_L ﬂEi “ in (73) (Ei'N’x1"'°' x;|:'-1)
i=1 .

- ﬁN () (¥, N, Xyoeeey X, 1)

Z—“ Ei “_2< —V—Ei (1-)) (N’Eivx-' 9'°°;xr_2)9 xr—l > (2.22)
i=1

comparing (2.21) and (2.22) we conclude that
g?(x.l,oou’xr_l) = "LN (S?) (X.‘,o..,xr_l),at m .,

§ince m is arbitrary we have
§p= - b (T9).
The above proof is different from that of GRAY's in which

he treated the cases dim ﬁ =7 and dim M=28 separately.

Specializing the above results to the case where ﬁ = R7

or R8 and P is the parallel translate of an ordinary 2- or

3J-fold vector cross product we get;

THEOREM (2.9): Let M be an orientable hypersurface of

M = R7 or RS with unit normal N satisfying “ N “2 =1,
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and let P denote the vector cross product on M determined

by an ordinary vector cross product P on M. Then

(1) P is semi-parallel.
(ii) If P is almost parallel and M is a 7-dimensional
submanifold of R8 with positive definite metric, then M

is an open submanifold of a hyperplane and P is parallel.

Proof: (i) foIlows from theorem (2.8) and the fact that P

is parallel. Also (ii) follows from theorem (2.7).

3. Relations between Curvature and Vector Cross Products.

As before let M be a pseudo-riemannian manifold with metric
tensor{ , »; P an}f r-fold vector cross product on M whose
associated bilinear form is{ , Y. We also denote by :p the
(r + 1) differential form determined by P and{ , . We
first define the following o_perations. Let 9 be a p-form

on M. Then for X,Y,X;,..., X & X (M) , we define:

VO Xyseeen X)) = Wy (0) (X550005 X))

Xp

= xe(x1,...,xp) -Zp 9(1{1,..‘,,Y7x X reees xp) . (3.1)
j=1

T (¥sx ,ee0x) = Ty (VO) (15 Xp0eees X))

from which we easily see that
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Te (xiY;5) = (Y4Vy (0) - V_ (8) - (3.2)

VXY

Ryy (89) (x1,...,xp) = = i 9 (Xy9eees Rmxi,,..,xp) , (3.3)

i=1

or alternatively, RXY( 9) = - v?g (X;Y;) + 729 (v;x;)

Ae P n i
_ +1 -2 A
Mo (XyaeeenXp) =5 7 (-1) || By inEl(CO) (BprXyseee Xeun
i=1 k=1
n -2
B 2., “ Ek " Vze (Ek; Ek; x1 perey Xp) ) (3.4)

k=1

where {E1 yo oo ,En} is an orthogonal frame field on and open

subset of M. Here V@ , Vze are the first and second

covariant derivatives of 9 ’ RXY = ,YV[X,YJ -{VX’VY] » and

D = df + §d , is the Laplacian.

PROPOSITION (3.1): Let X, Y, X,,...,Z& H(M); then

sto (X5 Y3 ZyseeesZ,y P (z1,...,zr))

= = Vi (P) (Zgseeesz) 5 Vo (P) (2450..02.) D . (3.5)

Proof': By (3.2) we have
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v2¢ (X; Y z1,...,zr, P(Z1,¢..,Zr))

= (VXVY) ( (F)( Z.l ,..o;-er(z1 ’---9zr))
V() By B P

The term v)eﬂ’) ( ZyyeeesBs P(ZyyenesZ) ) vanishes
since <VX(P) (ZyseeesZ )y P(Zy,00e,2) > = 0

for all X, Z;0..52 € X (M). For the first term we have ,

(VyVy) (P) (Zg0eeesZ s P(Zy4e.002,))

= X Vy(9) (2,02, P(Zys0eesZ))

-i Vo) (Zyeees Vo2 heez,y P(244..02,) )
j=1

- VY( (P) (Z1,.-.,Zr, VX P(z»]"-',Zr) )

= x £ VY(P) (ZypeeesZ )y P(Zyp000,2,) >

- Z K Vg(P) (Zyseees VyZiaennnZ )y P(21500002) D
Jj=1

= K Vy(P) (2,400042) 5 VyP(Zi,0..,2) D
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= -i & Vy (B) (Zqhenes OyZypennsZ) o P(Zg5ee02,) >

J=1

- Vy(P) (2,50.052) s F(P) (24,0..52,)

-i < Vy(®) (z1,..002.) 4 P(2 0eens VgZi,e.0,2) >

j=1

Moreover, rz P4 vY(P)(Z1’°°"Zr)’ P (Z1 gososy VXZJ.,...,Zr) >

Jj=1
r
= = Z<VY(P) (Zyseees szj,...,zr), P(Z,s00052,) S
Jj=1

which follows from <Y(P)(Z1,_...,Zr), P(Zyse00sZ,) > = 0.

Hence we conclude the result.

If RXY denotes the curvature operator of , P, then

the Ricci tensor K is defined by
n -2
KT = TR | K R, T B Y
i
i=1

for X, Y € X (M) and {E1,...,En} is any orthogonal

frame field on an open subset of M. Next we define an (r+l)-

fold differential form U .
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DEFINITION: The Chern form1'6 of a vector cross product P

is defined as follows:

(r+1) B (X 50000X,, )
_ 1 TE: ( 1)r+i+j -2 A A
= Z - =0 < Ry sx 5k P(EpsX soeesXgoeecoXgsee
k=1 i<J xr+1) > ,

for X,j,eees X ., € H (M) and any orthogonal frame field

{E1,...,E;} . If r=1 , i.e. P is an almost complex

structure J , then

2% (x,Y) = Z | E ||"2< ReyEps J B 7
k=1

Moreover,if J is kahlerian (i.e. parallel) then

¥ (x,Y) = K(JX,Y) and d¥= oO.

PROPOSITION (3.2) Let X ,...,X € H (M), and 1let

r+l

{E1,...,En} be an orthogonal frame field on an open subset

of M, Then

n -2 2
AP(X 000X 1) = -Z hEe l V@ (BuBsX oee X )

k=1
r+l i+r A
- Z. (-1) K (X ,P(X 5000y Xyoeee0X,1)) (3.6)
i=1

- (r+1) ¥ (X5...0%, )
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Proof': By (3.4) we have:

n -2 2
BP(XyseeaiXp) = =T | B IV @ (BB gXyoe-esXp,q)

r+l n i+l x=1T
+Z Z (-1) “ Ek“ RXE ((P) (Ek’x ’°'°’X ’°"’xr+l) - (3.7)
i=1

k=1

For the second term of (3.7) we have,

r+l

L Ry g (9) (Ek,x1,...,x NS

i=1

r+l
=-Z cp(RXE k? x1"""’x sy r+1)
i=1
A
- Ei ?(Ek,x.‘,oao, R-x-iEka""!xiv"',xr_'_l)

A
- 3t>i P (B, ,X, ,...,xi,...,inEkxi,...,xml)

r+l

- ¥ (-1)r<p(x1,...,x yeoo X 1oR XE Ey)
i=1

c L) T Ky e Ky Ry X Ry, gXd)

j&i

+Z(1)

A A
x.
jeu cp(Ek,x1,...,xj,...,xi,...,xr+l,nx iy

iPx
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Hence using the formula;

Ex Xy X; .
= - R, _7J the above equation
IS[ in Rx jEk XiEx ? a

reduces to:

r+l A
1 Ry B, () (ByoX seeosXyponesX, ;)
i=1

r+l A
- .,.Z (-1)7 P (X peeesXyseeesX 1) REEI: v
i=1

r+J A A
+Z (-1) K P(E X, ,...,X 40..,K.5000,X ) , R Ex > .
§<d k™ J i r+l1 Xin.

n r+1 i+l -2 A
Hence z;i 2 (-1) I E. | RXiEk(q’) (Ek,x1,...,xi,...xr+l)
r+l r+i

B ™ ey ey Byt )
i=1

- (r+1) t (X1,...,X ). Hence we conclude the

r+l

result.

THEOREM (3.3) Let X, ,...,X € H (M) and {E1,...,En} be
an orthogonal frame field on an open subset of M. Then

AP (X500 ,X P(X1,...,Xr))

n -2 2
= 1€Z=1"Ek I ||ka (®) (X,,.--5%.) | (3.8)
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- (r+1) ¥ (x

goeeesX_p P(X peea, X)) + K(P(X 0.0 0X)s P(X1,...,Xr))

Ir r s s

e 1+J FS A

+ ?1 Lzl(-l) < x“Ao-quiA’ae-Axrp X1Aoookxjwn.oAxI> K(xi’xj)-
= J=

Proof: Theorem (3.3) follows from proposition (3.2), and the

fact that

2: (-1;+r< REkxfk , P(x1,...,?ci,...,xi,, P(X1,...,Xr)) >

i=1
r i+r+l A

=T (-1) K P(EpaeeaX) 4 P(EpeennKyeeXy, RE];I; y >
i=1

=i"<P(x19°-'9xr) ,P(X1,..., REkX::Ei_)k goso0y Xr) > 9
i=1

E
h k Ex
where REkxi replaces X, in P(X1,..., Rﬁgxi ,...Xr) .

xi 90..

F““%l i < P(X1 100-9Xr)9 P(X1 poee Tk xr) >
i=1

xr i+j A A
= .Zl - 1(-1) K(xi’xj) <X1A.'.Axih°.°hxr’ x1hooohxjhooo~xr> )
1= J=

which follows from the formula

I,P (x19°-99xr)"2 = HX-V\"'AXI-"Z e
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WYhen a vector cross product P on a manifold M is

parallel we have Vx¢ = 0 for X& M (M), and hence

RXY(P) = 0 (x, Y & X (M)) This places certain

restrictions on the curvature operator. For example in (3.8)

if P is parallel then A(P: 0, and hence
(r+1)75(x1,--o,xi., P(x1,-..,xr)) - K(P(Xy,e-e0X,)  P(Xy,e000X))

i+j S A
(-l) < X1AooeAXiA-ooAXr’x.IAan-ijA-coAXr) K(Xing) -

£

1

j=1
(3.9)

Conversely we have the following result for the class A@nsp

PROPOSITION (3.4). Assume Pe¢ &?nS@ and £ , » is
positive definite. If the curvature operator RXY has the
same properties that would be satisfied if P were parallel,

then P is in fact parallel.

Proof: If P € .A;? n 5? then OP = (dP +Sd)<p = 0.

Also by hypothesis, (3.9) is valid. Hence substituting in

(3.8) we get

n

2
21N, @) x.ex) |

k=1

i
©

where sE1 90 e ’En} is an orthonormal frame field on an

open subset of M. Since { , ) is positive definite we

deduce that P is parallel.
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As an application of Proposition (3.4) we deduce a result
of Tachibana L1BJ . The curvature operator of complex
projective space (with usual metric and almost complex

structure) is given by the formula
> 4
<rgdy2y = xfcwy><xz> - <wz>< xr>

+ LW,y DKax,z> - v,z DK Jx,Y 7

+ 224w, x>y {JY,Z >) . (3.10)

Let M be a riemannian almost complex manifold whose
curvature is given by (3.10). Proposition (3.4) shows that
if the almost complex structure J of M is almost kahlerian
then it is kahlerian. This is because if J is almost
kahlerian than it is semi-~kahlerian and (3.10) implies that

(3.9) is valid and hence using (3.8) the result follows.
Further, for the case of positive definite metric we have

two theorems.

THEOREM (3.5). Suppose P 1is a vector cross produce on a

riemannian manifold M, P is in Ax(o,n) (n234),
A @ (09792) n S@ (09792) or A @ (098,3) n s@ (0,8,3),

and M is conformally flat. Denote by K and R the Ricci

and Ricci scalar curvature of M,

(i) If K is positive semidefinite on M then it is:

identically zero and P is parallel.
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(ii) If R20 on M, then R vanishes identically on M

and P is parallel.

Proof: Suppose M is conformally flatol?hen for

W, X, Y,Z € H (M)

<RLY, 2 = '(?1-_1)'(T-_) ((w,Y><x,z> - 4W,2> < X,¥>)

e (x w,)< %2> - xwz2) < x¥>

+ K(x,2) € w,Y> - KX, Y)LKWw,z2Yy ) (3.11)

Here R is the Ricci scalar curvature, K the Ricei

curvature. (Ricci tensor);

n -2
il | &y | K(E;,E;) , for an orthogonal frame

i:l
{E1,...,En} .)

Using (3.11) and for Xire-00X € H (M) mutually orthogonal

we get,

(r+1)*l(x1,...,xr,P(x1,.,..,,xr)) = ﬁ%z) u Xin-eoaX, )|

2 r
n-2

- A
T oR(X;,X) | XaeeeaX aee X, |
i=1

+
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2
Hence if we choose E;'s so that " E;j ) =1, (3.8) reduces to

A<p(x1,...,xr, p(x1,..,,xr)) = i "VEk(P) (Xq50-09%) "2
k=1

e ) u S STREETY "2 + K(P(X1""’xr)’ P(X1’”"xr))

ln lHn-—

+ (1 ‘n—z' ) z_ K(X, X, ) x ,\...,,x RPN & ” (3.12)
i=1

According to the hypothesis the L.H.S. of (3.12( vanishes and
each term on the R.H.S. 2 0. Hence each of these terms

vanishes and (i) follows.

From (3.12) we also obtain

i_AP(E JreeesBy s P(By y.eesEy ))
3. ' <1 r 1 r
n 2
Frrrd——1 = Z, “ ka(P)(EJ1 ,...,EJ.r) "
Kyjpseeosdp=1
+ Rnr_lz-zn-.?,) [(r+1)n3 - (r2+3r+2) n® &+ (2r2+5;-1) n - 2(r-1)] .

(ii) follows from this equation.

THEOREM (3.6): Suppose P is a vector cross product on a

riemannian manifold, and assume P is in A% (o,n) (n24),
AP (0,7,2)n 5P (0,7,2) or AP (0,8,3) nSP (0,8,3).
If M is a hypersurface of a flat riemannian manifold l\_d ’

then M cannot have positive Ricci scalar curvature.
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Proof: Let {E.l g ¢80 ,En} be an orthonormal frame field on

an open subset of M such that at a point M, TE~N = xiEi ’
i

i=1l,..., n. Then by the Ganss equation we have
< o P S| > = ki%j (Vi 8§50 ~ Oig Tju)

and hence

f Z r+i+j A~
(r+1) ¥ (Bys-0sB,, ;) = z Z (-1) < REiEl;Jk,P(Ek,...,Ei,...,
n
Ej’...’Er'}-l) >
E
Si k - -
ince REiE,j ki kj Sik Ej Ai kj S;jk Ei , then

Z’ i (-1§+i+j< Ex , p(E E E E..) ?
REiE,j ) EEREE L FERREE J,.,,

i<j k=1 r+l

. L Xxj<E

i< i

..,Er) by

, P(E

r+l 1*°

, 2 ANKCE . P(E,...,B)
i

i<j

= ( Z Ai XJ) ¢(E1’°"'Er+l)

ifJ

Hence (r+1) ¥ (E,,...,B_ ;)= ( ?;J*i >\J.) @ (&, 0B )
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and therefore for each X, ,...,X  , € H (M), we have at KR,

r+

(re1) ¥ (X,,...,%_ ;) = ( gj AR P (E X))

Substitutipg for 5 in (3.8) gives:

A P (Byso.o B,y P(B,,...,E )

= 2
LIV ® em) | + w

k=1

+ K (P(E.' e 9Er) $ P(E1 seoe ’.Er) )
+ i K (E;,E,) ;
i=1

floting that for an orthonormal set
~

{E1’.‘O’Er} <E1A...AE1M.°°“E ,E1A...A .I.E >

== 8ij and

T: >“ X P(E s 1B, P(EyseeesE))
1r2J

= ( Zf-.]’\%) < P(E1’--"Er) ? P(E-lo---oEr) )

Z';FA

i
ifJ

i}
-/

From the above equation we obtain;
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= &if-z ( 2n® + (r+l)n - r+l)R

. | 7, ) @z,

k’j1 PR ] ’Jr=l

Edr) “2 )

g00e

The result follows from this equation.

Next we investigate the class /V@ K (nearly kahler).

THEOREM (3.7). Assume P is nearly parallel. Then for
X’ ZyseeerZ € H (M), we have

2
[ V, (P) (z.1,...,zr)u = < Ryz X AZaac - aZps LyaceaZy >

+ gz<P(x,zz,...,sz1z.i,...,zr) v P(24,...,2) >
-< Rxz, P(X,25,0.052,) 5 P(Z;,000,2,) (3.13)

Proof: For X,Z,,c.csZ, € X (M), we have

RXZ1 () (x.,z:z,..., z.r+l)

2
= (V@) (Z,3X5Xy Zpyenes Z'r+1)

)

2
- (V‘P) (x; 2.5 Xy Zgy0009 2
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Taking the first term we have,

2
ch (zi; X; x,zz,...,zr+l)

(vz1vx‘p) (X,255.0052_,,) - (Vv;‘igc ) (XyZysennrZ ;)
1

z, (pr)(x,zz,...,z”l) - (Vi¥) (Vz1x,zz,...,zr+l)

(V9) (x, z;2,...,Vz1zi,... ,zr+l)

0

- (sz¢x ) (%, ZpyeoorZ

1

r+l)

Since P is nearly parallel, the first and third terms in
the R.H.S. of the last equation both vanish. Also the second

and fourth terms cancel each other. Hence if P is nearly

parallel then

sz1 (P) (x,z.z, .o ,zr+1)

= - vzgp (x5 z,5 X, z:2,...,z-r+l) . (3.14)
On the other hand,if P is nearly parallel then

2
V@ (X; 2,5 X, Zyreees 2,)

= (VXVZ1<P) (XyZpseeesZ, ;) = (vaz.fp) (Xy2,550-42, 1)
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X (VZQH (X,Zz,--~,zr+l) - (vz ‘P) (vxx’22’°"’zr+l
1 1 )

= =X (VP) (2y50-002,,,) + (vagc9 ) (Zys00002 )

r+l
+* z (vx@) (Z1 ’zz""’vxzi"'.’zr+l)

i=2

+ (VX<P) (sz1,z2,...,z. )

r+l

The last step in the above equation follows from the fact that,

for the class nearly parallel we have ,

Vx(w) (Z1""’Zr+l) = - VZ‘(w) (x,?.z,...,zr+1)

Also in the R.H.S. of the last equation the first, third and

fourth terms together reduce to

- (vaxcp) (Zg,... ,Zr+1) , and hence

£ 2
v¢(x;z1; x, z2,ocogz.r+l) = - V¢ (x; x; z1 ,.--,Z.r+l) ]
and Therefore if P is nearly parallel then

sz1(¢) (X,25500e02,,4) = VZ? (X5 X5 Zy5ees2yg)
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Phttlng Z.,1 = P(z1,,..,zr), and noting that

2
vo (XX 2,502y, P(2, ,...zr)z)
= —LV®) (2y0.enz), V() (2g,0..02) D

(Proposition (3.1)), we conclude that

|| V@) (24,...,2,) "2 = - sz1(¢) (X,Z550005 P (z1,...,zr)).

(3.15)

Expansion of the R.H.S. of (3.15) gives the result.

COROLLARY (3.8). The curvature operator of an almost
Hermitian manifold whose almost complex structure is nearly

parallel satisfies the identities:

< V(@) ), Vo) (2) > = RLY, 2D - KRIY,JZ2 > (3.13)

< R I, gz > = KR, Y 2 > (3.16)
K (Jv,JX) = K(W, X) (3.17)
% (ow,0x) = ¥ (w,x) (3.18)

Proof: As a special case of (3.18) we get

| Vo) @ = <rg, v¥ - rI%ITD (3.19)
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Linearization of (3.19) together with the Bianchi first

identity and the fact that
VU(J)(V) + V,(3)(Iv) =0 forall U, ve& K (M),

gives (3.15).

From (3.15) we get

CREIZ > =R Yz » - < V. () (x), Vi(a)(@) >

and <ngx,z7 <RYgW, JX D

= LR, X P - <V, (3)(z), VG)E) D

and hence ¢ Ry JY,J2 > = < RJ’WEX ’ z>,

from which it follows that

<RJW§)Y(,JZ>= <RW)Y[oZ>-

This proves (3.16).

To prove (3.17) we take an orthogonal frame field

{E1m...,En} and write

n 2
K(JW,JX) = L " E; " < REi%i, » IX D
i=1

n

-2
= Z ”Ei I <RJ;1?% » X ) ) (using (3.16)).

i=1
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Since {JE1,...,JEn} is an orthogonal frame field such

that " JE, 2 - BN ||2 , it follows that
n -2
Z_ A I < RJE‘.J:‘\ri , X 7 =  K(W,X)
i=1 i

Fhis proves (3.17). For (3.18) we have

n -2
2¥ (ow,Jx) F El =l < RJ:?;X , JB. D
= -2 JE
= =) lEll ¢ Ry ,5 (using (3.16))
k=1
n -2
A T PR
k=1

Hence ¥ (aw,Jx) - ‘(w,x) .

i, 4, 6-Dimensional almost Complex Manifolds defined
by means of a 3-fold vector cross product.

In this section we use theorem (1.4) to generate a class

of six-dimensional almost complex manifolds. We study these
manifolds using the configuration tensor T (i.e. the second

fundamental form).
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Let ﬁ be a non-degenerate pseudo-riemannian manifold
» of dimension 8,and with a 3-fold vector cross product defined
on it. It follows that the metric tensor < , 9 on M is
positive definite, negative definite or has signature (4,4).
Since the case of negative definite metric is essentially
the same as that of positive definite metric, we exclude it

from our discussion.

Now let M be a non-degenerate 6-dimensional submanifold
of M such that the restriction of< , » to the normal
bundie of M is positive definite. It follows that the

metric tensor of M is positive definite or has signature

(4,2).

If further, we assume that M 1is orientable, then the
normal bundle of M 1is orientable since ﬁ is orientable.
It follows that the normal bundle has an almost complex
structure J. Choosing a unit normal N on an open subset
of M, we have NAoJN is independant of N and may be
extended to a global vector 2-field on M and

Ivaawfi? = 1.

DEFINITION: Let P denote the vector cross product of ﬁ.

Then J: M (M) &> M (M) is defined by JA = P(N,JN,A)

for A € M (M), That J 4is an almost complex structure follows

from theorem (1.4).

PROPOSITION (4.1). Let A, B& N (M) and let N be a unit

normal on an open subset of M . Then

P(JA,B,N) + J P(A,B,N) = =& JA,BY? N - <A,B> JN (4.1)
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P(JA,JB,N) + P(A,B,N) = 2 < JA,B> JN ' (4.2)

Furthermore exactly one of the following equations holds
(depending on the kind of 3-fold vector cross product on ﬁ)

for a given vector cross product P.

JP(N,A,B) = P(JN,A,B) (4.3)
JP(N,A,B) = - P(JN,A,B) - 2 JA,BY> N (4.4)
Proof: For all A, B & M (M) we have

< p(A,JA,N) ,B > = < P (N,B,A), P(N,JN,A) >

= % {“P(N,B+JN,A) I - He,ama) | - e(v,5,4) ||2}
= %{HA 12 (IB | + 1) -<a,8>® -Jal® - ja?)n)?
+<A,B>2 } = 0.

Hence P(A, JA, N)  for A &)X (M), is always orthogonal to M.

Hence for C & H (M) ;
£ P(JA, B, N) + JP (4, B, N) ,¢C ?
=< Pp(c, Jo, N) + P(a, JC, N) , B ?

The above equation follows from the alternating character of
the form ¢ (A,B,c,D) = £ P(A,B,C),D 7 and the fact that

{JA,BY = -<A, JBY for A,B € M (M).
Also < p(c, JA, N) + P(a, JC, N) , B >

= { P(a+C, J(a+C), N) , B »
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-<pP(a, A, N) ,B>» -XpP(C,Jdc,N),BY = 0

Hence P(JA, B, N) + J P(A, B, N) is orthogonal to M.
Furthermore < P(JA, B, N) + J P(A, B, N), N >

= -<P(a, B, N), IN> = = <P(N, JN, A), BD= % {JA, BD ,

and < P(JA, B, N) + J P(A, B, N), JN >
= -<P(N, JN, B), JA D = -<A, B>
Hence (4.1) follows.

In (4.1) writing JB for B we get,
P(JA, JB, N)<4 J P(A, JB, N) = =<A,B> N + < JA, B JN.
Also from (4.1) we get,

P(A, B, N) - JP(A, JB, N) = < JA, BY JN + <A,BO>N
Adding the above two equations gives (4.2).

To prove that one of (4.3) and (4.4) holds we may,
because of (4.1), take A, JA, B, JB and P(JN, A, B) to be
linearly independant. Moreover both JP(JN, A, B) and
P(N, A, B) are orthogonal to these five vector fields. Their

components in the normal bundle are given by

< J PN, A, B), N> = =-<JA, BD
and

< P(N, A, B) , JN > = <Ja, B > -

Hence there exist functions & and ﬂ on M such that
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o‘(JP(JN, A, B) + <JA,B’>JN)

P(P(N, A, B) =<JA, B> JN)

Taking norms of both sides of the above equation gives X:=-1 ﬂ .

fr o = +,B then (4.4) bolds and if X = -P then (4.3)

holds.
However, if both equations hold then it follows that,

P(N, A, B) = =<JA, B> JN
Taking norms of both sides of the above equation gives

"A“?'”B”z - <ABY = <, BY

However this equation is false whenever A, B, JA, 8B are

non-isotropic and orthogonal.

For manifolds with a cayley multiplication there are
two kinds of 3-fold vector cross products, each inducing
an almost complex structure. For these almost complex

structures we have the following result.

PROPOSITION (4.2) Let M be an 8-dimensional pseudo-

riemannian manifold with a differentiable cayley multiplication
and let M be a non-degenerate orientable 6-dimensional
submanifold of M such that the restriction of the metric
tensor of M to the normal bundle of M is positive

definite, Let P1, P2 be the 3~-fold vector cross products
defined by cayley multiplication and are given explicitly by
(4.8) and (4.9) of Chapter one with (X = 1, respectively.

Then,
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¢i) P1 defines an almost complex structure omn M which

satisfies (4.3).

(i1) P, defines an almost complex structure on M which

satisfies (4.4).

(iii) The almost complex structures on M defined by P, and
P2 coincide if and only if M is always normal to the

identity vector field of the cayley multiplication.
Proof: To prove (i) we have

P, (x,Y,2) = - X(YZ) + < X,YY Z + L Y,Z > X

-<X,2> Y for all X, Y, Zz € ){ (M).
Let A, B € Y (M) and let N be a unit normal on an open
subset of M , then
JP|(N,A,B) + { JA,B> N = J(P'(N,A,B) - < JA,B?> JN)

since R(N,A,B) - < JA,BY JN is tangent to M it follows:

that

JP(N,A,B) + {JA,BP N = P, (N,JIN, P, (N,A,B))

= - P1(JN, N, P, (N, A, B)) -
= JN-(FI. P, (N, 4, B)) + < P, (N, A, B), JN > N

= JN.( N.(-N{A.B) ¢ <A, B) N))) - £ JB, AD N

= =JN- (A-B) + A, B> JN + <L JA,B?> N

P, (N, &, B) + {JA, B N

Hence
JP, (N, A, B) = P, (JN, A, B) .
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This proves: (i).

To prove (ii) we have
P,(X, Y, &) = =~ (XY)Z2+<X,Y>Z +<Y,Z> X
- <X, 2% Y,
for all X, Y, Z € X (M).
In this case we have

JP, (N, A, B) + <JA, B> N = P, (P, (4, B, N), N, JN )

—(PZ(A, B, N). ﬁ). g - <P, (A, B, N) , IND>N

(((A-ﬁ)- N - <4a, B> N). 171) JN - £ JA,BD> N
= (A.B). N - < A,B> N - £JA,BY N

= - P, (A, B, UN) =~ £LJA,B7 N

Hence
JPZ(N, A, B) = = P, (N, A, B) - 2 4£JA, BY> N,

which proves (ii).

To prove (iii) we note that the almost complex structures

J1 and J2 are given by

J,A = P, (N, JN, &) = =N.(IN.&) ,

5
o}
(=
>
n

P, (N, JN,A)

- (NJN).&

for all A € X (M). Hence J, =J

1 if and only if

2

N.(JN.A) = (N.JN).A (4.5) for all A€ M (M).
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In a composition algebra the associator A is defined by
A(a,b,c) = (ab)c - a(bec). Also AA(a,a,b) = A(a,b,b) = O
implies that A is alternating. Hence if N,JN are both

orthogonal to E (the identity) and we choose A such that

LAEY =0 = {JN.N,A P> , then

(N.ON).A - N.(JN.A) = (JN.A).N - JN.(A.N)

= - ‘.N.(JN.A) - JN.(N.A).S . (4.6)
In the second step we use the formula

XY + YX = 2<X,Y> E.

If J, =J, it follows from (4.5) and (4.6) that

N.(JN.A) - JN(N.A) = O (4.5')

Also using the formula a(bx) + b(ax) = 2<a,b>» x , which

is a linearization of a(ax) = (aa)x = N(a)x , we get

N.(JN.A) + JN(N.A) = O (4.5")

From (4.5') and (4.5") we get

N.(JN.A) =0 . However we can choose A such
that N.(JN.A) # 0. Hence we conclude that E cannot be

orthogonal to both N and JN.
Writing E = a N + bJN + ¢C where b , say, # 0 , and

c € H (M), we have JN = 2bE - JN. Substituting the

last two equations in

(:TI_\TA) N - JN (A.N):‘:o, gives
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c((N.C).A -N.(C.A)) = 0 for all A€ M (M).

Since the algebra is non-associative, we can find A € M (M)
such that

(N.C).A - N.(C.A) # 0, and hence we must have

CcC = 0.

On the other hand if E is orthogonal to M everywhere,
we set N=E. With this choice of N (4.5) is valid and

hence J1=J2.

Let M be an orientable 6-~dimensional submanifold of R8,

with the cayley multiplication at the origin of R8 translated
over all of R8 in a natural way.

If M is contained in the hyperplane of pure cayley
numbers (i.e. those orthogonal to the identity) then the
almost complex structures on M defined by means of the
two 3=fold vector cross products coincide with Calabi's
almost complex structure [ 3 ] . On the other hand if
M 1is not contained in the hyperplane of pure cayley numbers,
then by proposition (4.2) the induced almost complex: structures
are different. For example, on s6 we obtain some new almost
complex structures which are hermitian with respect to the

natural metric on 86.

Next we investigate conditions, in terms of the second

fundamental form, that the almost complex structure J defined
by JA = P(N,JN,A) Dbe in one of the classes; 3(, , 'N‘ QQ,

-/4)36) &X ,:SM or 3"?4 ’

First we establish the following lemma.
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LEMMA (4.3) Let L: M (M)l —> X (M) ©be a pointwise

1
linear map. Then for A, B € X (M) and 2z € X (M) we

have

< p(Lz,3z,4) + P(zZ,LJZ,A), B >

=< p(z,L92 ¥ J1z,A) , B > (4.7)
Proof. From (4.3), (4.4) it follows that
<4 P(Lz,J32,8) ,B» = <%fgp(rz,z,4), BV , (4.8)

Where if (4.3) holds then "#" is to be taken " + " and if

(ll-.ll-) holds then "in is to be taken "-"

Also from (4.1) we get
< + JP(LZz,z,A) , B 7> =< ¥ P(JLZ,Z,A), B ?
= <& *p(z, JLZ, 4) ,B > . (4.9)

Hence combining (4.8) and (4.9) we get

& p(Lz, Jz, A) + P(z, LJZ, A), B >

< % p(z, JLz, A) + P(z, LIJZ, A) , B >

< P(z, LIz X 51z, 4) ,B > .

We denote by F and ¢ the differential forms (on M

and M) associated with J and P.

THEOREM (4.4). Suppose Pe¢ p . Then J € M if and

only if
T,JB & JT,B = O (k.10)
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for all A, B & )M (M).

Proof: For A, B, C € X (M) ; N a unit normal on an
open subset of M we have

v,(F)(B,c) = V, (@) (v, v, B, c)

+ < p(t,N, JN, B) + P(N, T,JN, B) , C > .

The above equation is a special case of (2.1l), noting that

V, () (B,c)

< V,(3) (®) ,c>

amd V(@) (v, an, 8, 0) = <V,(») (vf, aw, B) L0 >

1
Let Lz =T,2 for Z € H (M)" . By Lemma (4.3) we have

V() (8, ¢) = V,(¢) (v, N, B, C)

+ £ P(N, T,JN ks JT,N, B) , C > (4.11)

If Pe {f) , then (4.11) reduces to

AI¥ * JI,N, B) , C D> & (4.12)

V.(r) (B,c) = < PN, T

Je if and only if VA(F) (B,) = 0 for all

A, B, ¢ € H (M). By (4.12) this is equivalent to the

condition that

T,JN *- JT,N = 0 for all & € M (M) and

unit normals N .,
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Hence for B € )} (M) ,
< T,JN, B > pd <JT,N,B> = 0 ,

and therefore - <TAB’ JN %» + T,JB, N> =0,
which reduces to
LJIT,B, N> + T, JB, N> = 0O

for all A, B € M (M) , and unit normals N. The last

equation gives the result.

THEOREM (4.5). Suppose P e@ . Then J g'ﬁ{ if

and only if

T,A + T;Jh = B, for 4 € H (M) .
Proof. By (4.12) we have
+
V..F) (98, ¢) = < (v, T N % aT N, JB), C >

Aiso by (4.2);

< P(v, *- g N, 9B) , ¢ > «+ - <LP(N,'-T,N, B), C>>

and { P(N, T.,JN, JB), ¢ > = < P(N, JT,.,JN, B), C >

JA JA

Gombining the above two equations we get

VJA‘(F) (JB,c) = £ P(N, JT 5, IN ITJAN , B) ,C D .

Hence

V,(f7) (B, c) =~ V,() (5B, C) =
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= - h s
= £ P(N, T,JN - J T;,dN £ (JT,N + T ,N) , B), ¢ D> .

Now J iﬂ if and only if

V,(F) (8,c) - V,(F) (3B,c) = o (L73T) .

Hence J ¢ H, if and only if
- x =
(T,IN JTJAJN) (JT,N + T;,N) = O.

The last equation is equivalent to

J (T,B + TJAJB) t (TAJB - TJAB) = 0 , (4.14)

for all A, B € X (M) .

Now (4.14) implies (4.13) . Moreover linearization

of (4.13) gives

T,B + T;,JB = 0, (4.15)

And hence putting JB instead of B in (4.15) gives:

2
TAJB + TJAJB = 0

and therefore

T,JB - T;,B = O (4.16).

(4.15) and (4.16) imply (4.1&).

COROLLARY (4.6). Suppose P e@ and J € '3-{ . Then
(1) M is a minimal variety of M
(ii) If R and R

AB RAB denote the curvature operators of M
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and M respectively, then for A, B, C, D &€ X (M),

JC _ — = JC,JD 4017
£ RypC, D> =& Ry,yp » D > = < RC, D > -<Ry'p > )

(iii) If M is flat, then the Ricci curvature K and the
chern form B of M satisfy the relations

K(Ja, JB) = K (A, B) = ¥ (A, B) = - B(a, B) ,
for A, B € M (M) .
(iv) On holomorphic fields of 2-planes tangent to M the

holomorphic curvature is less than or equal to the corresponding

sectional curvature of M.

Proof. (i) follows from (4.13) and the fact that we can choose
a frame field, on an open subset of M, of the form
{E1,JE1,...,Em, JE;} where n = 2m = dim M, Relative to

such a frame the mean curvature normal H is given by

m
H=Z(TEE1+TJEJE1) = O,
isp 1 i

on account of (4.13).
(ii) follows from the Gauss equation.

(iii) If M is flat then (4.17) reduces to < R,S , D > =

<RJC

JA9B Jp » . An application of this equation gives:

the result.

(iv) We have by the Gauss equation that for A € M (M)
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2
Ky oo = < T,A, T;08 > - ﬂTAJA I« R, A

3 2 -
= -] T I - | myoa “ * Ko

COROLLARY (4.7) Suppose pefP R Je}e , and the

metric of ﬁ is positive definite. If the sectional curvature

of M is non-positive, them M is non-compact.

Proof. By Corollary (4.6) M is a minimal submanifold.

This implies ,E 12],that M cannot be compact.

Next we investigate the class &M .

THEOREM (4.8). Suppose P € ?3 . Then J ¢ Q§<‘ if

and only if for all A € M (M),

- + -
J(TAA TJAJA) t 2T, JA = 0. (4.18)

Proof. As in theorem (4.5) we have ,

V,(F) (B,c) + VY, (7) (3B, C) =
< P(N, T,ON + I T;,d8 % (3T, N-1T,,N), B), c Y - (4.19)

e ¥ if and only if for all A, B, ¢ € M (M) ,
Vi(F) (B,c) + V,(F) (sB,c) = o. From (4.19)

this is equivalent to

+
T,JN + J T, JN = (JTAN - TJAN) = 0 (4.20)
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for all A H (M). Taking the scalar product of (4.20)
with B ¢ M (M) gives:
+
J(TAB - TJAJB) = (TAJB + TJAB) = 0 (4.21)
for all A, B & M (M).

Now, (4.21) implies (4.18) (take B=A). On the other

hand,linearization of (4.18) gives (4.21).

PROPOSITION (4.9) Suppose P € $° and J ¢ Q¥ .

Then the holomorphic curvature of M is given by the formula

2 K, = || TA “2 + | Tyu0n “2 - 6 |7 04 "2 v 2K, 0, (b.22)
for A € M (M) , ||A“Zai1.
Proof: By the Gauss equation we have

Kygp = < Tphy Tpda D> - || 1,04 \\2 + Kygp o (4.23)
Also (4.18) gives “TAA_- T, JA “2 = 4T, oa "2

N

Hence “TAA \\2 + “ T JA “2 - { TyA , Ty >

= 4 “ T,JA “2 .

And therefore, ( T,A, T;,JA > ¥ “ TpA “2 + 3% “ Taadh “2
- 2| 1,4 “2 :

Substitution in (4.23) gives,

2K, = "TAA “2 + “ T, JA “2 - 6 “TAJA \\2 + 2 RAJA .
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THEOREM (4.10). Suppose P € @ . Then J € JVBM

if and only if there exist a 1l-form p on the normal bundle

of M such that

T‘%NL Jgr,8 = Bkl P(N) JA

for all A& € M (M) .
Proof : We have  V,(F) (a,B) = < P(N,T,JN & JT,N,A), B > o

for A, B e { (M). 1Ir J € J K then

T,JN X JT,N = p(a,dN)A + O (a,IN)JIA . (4.24)

Since J € @,}Q it follows by (4.20) and (4.24) that

X(a,IN) =% B(A,N) and B is independant of A.
From (4.24) it also follows that P is linear on the normal

bundle.

On the other hand if (4.24) holds then

\Y/

A(F)(A,B) =0 for all A, B € H (M) and hence J is

nearly parallel.

THEOREM (4:.11). Suppose Pg¢ @ and J € A)M Then

M is a minimal variety of ﬁ.

Proof: Let N be a unit normal on an open subset of M.
We choose an orthogonal frame field on this open subset of

the form '{E1, JE E

1°

29 J'Ez, E3, JEB} such that

“Ei“z =%1 ana P(N,E;,E;) = “Ek"2 E, . where

(i, j, k) is a cyclic permutation of (1, 2, 3), Then


http://4t.ll
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2
< Hy N &> = i “ By “ < TEiEi + TJE‘_IEi’ JN >
i
i=1

) 2
= LB <o -T, N, B >

1 i 1

%<P(N’EJ By 5 3 TIB N - T N >
i

Z(P(N,J TN - Ty JN, EJ.) s B >

Q’ i i

Hence

< H, JN = %(P(N,JTJEiN - TE;IN, EJ.), E, > - (4.25)

Here H is the mean curvature normal and the above equation
is obtained using the definition of H, the symmetry properties
of the second fundamental form and the special choice of the

frame field.

Using an equation derived in theorem (4.5) namely;
V.(®) (B,c) - V() (3B,c)

= < P(N,TJN - JT;,JIN 2 (IT,N + T,,N), B), C >,

(4.25) reduces to

< H,JN > = - % {VEi(F) (EJ’Ek) - VJEi(F) (JEJka)}

+ Z.(P(N,JTE.N + TypN 4 By) , By > (4.26).

G; i i
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Since J 1is quasi-kahler it follows that

= i {VE(F) (Ej’Ek) = v;-’-E.(F) (JEJ’Ek)}
Q 1 1

-22_ Vg (F) (B,,B,) = - 24aF(B,,E,,B;) = O .

N, E.,), E, ¥
E1 JEi J k

©
Also, % < p(N, JT N+ T

= Z<P(N, E;s Ey), JT N + Tn N >

Gb i i

3 2
=7 <EBj N+ TJEiN> he, I = o
i:

i
1
The last equality follows from the symmetry properties of the

second fundamental form.

Since N dis an arbitrary unit normal it follows that

H %+ 0.
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CHAPTER 3.

Nearly Kahler Manifolds.

In this chapter we investigate 6-~dimensional nearly
kahler manifolds defined by means of a 2- or 3-fold vector

cross product.

1. Nearly Kahler Manifolds defined by a 2- or
3=fold vector cross product.

First we state the following notions introduced by

Gray [ 8 7J.

DEFINITION. Let M be an almost hermitian manifold. Then

M is said to be of constant type at m e M provided that

for all x € Mm we have

v, @1 = 19,0 @] , whenever

X, YD = LIX, ¥YYP = £X,Z2> = <KJIX,Z2>»

]
©

and "YI‘ = “ Z" . If this holds for all m € M we
say that M has (pointwise) constant type. Finally if M

has: pointwise constant type and for X, Y € W (M), with

<X, Y>» = <JX,Y¥Y> =0, the function

" VX(J) () " ® s constant whenever “ X “ = “Y“ =1,

then we say that M has global constant type.

PROPOSITION (1.1) Let M be a nearly kahler manifold, then

M has (pointwise) constant type if and only if there exists

X € #(M) such that
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“VW(J) (x) u2 = O({HW ||2 “x “2 - Cu,x¥ - <w,Jx>2},(1.1)

for all W, X € M (M). Furthermore, M has global constant

type if and only if (1.1) holds: with a constant & .

Proof: Assume that M has pointwise constant type. Then by
definition and the assumption that M is nearly kahler, we

have,that for X, Y € Mm, m € M ,

\\ Vx.(J) (Y) “2 = o(m » whenever £ X,Y D = £ JX,Y P =0 ,

“ X “ o u Y “ = 1 and 0‘m a constant.

Now for W, X € M (M) , write

- W JW
Xee X= <X, W - <X,0W) ——
I ) Kk
Then < i, W > = 0 = < i,m >

and "iﬂ2=||x||2 . XD . <x,.m>2

SX, M2
v §° |
-2 {X, W) - 2 <x,J1rt>2
Il KR
2 2
=“x“ - <£x,u> -  £x,Jw>
2

Further ’

Ve @ (X2 ) |F = 2 L v @ |
| % U %
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In the above equality we use the fact that

Lo @ = %0 @],

which is valid since J is nearly kahler,

rence || Vo) @ |F = el |2/

=0({“w "2 ||x“2 - <w,x:>2 - <W,JX.>2}

The converse is obviously true.

PROPOSITION (1.2). Let M Dbe a connected nearly kahler

manifold of pointwise constant type 0 { o

2
Ir (V J) (xéxJ) =0 --fw X € { (M) , then M has global
constant type.

Proof. Linearization of (1l.1) gives:
L V) M), V(@) (0> -
=d{"W "2< X,Y> -~ LW, X > <W9Y>

- LW,JX P <W,JY>} * (1.2)
On an open subset of M 1let W,X be vector fields such that

uun = “x" =1, <W,X>» = <wW,JXx» = 0. Then

| Vo) @ = o, ana nence

" “ V() (x) “2 = WO{ , and therefore
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2
2 K (V, 0)(x), V(@) > + 2 (Vo) (Vx), V() (x) > = we
(1.3)

Using (1.2), we see that the second term in the L.H.S. of

(1.3) vanishes.

Hence for vector fields W, X, such that “wn = x| =1,

<W3X> = <W,JXP = 0, we have
2
2 £ (% I (x), V(@) (x) P = e . (1.%)

Now let m &€ M be an arbitrary point in M , U(m) a

normal nbd of m and xt any minimal geodesic in U(m)

starting at m, and parametrized by arc length.

We choose X € Mm , such that ux " =1,

\d J
<X,f°> = 0 =<X, J’6°> ) and define X,  along

Kl: by parallel translating X along \‘t . Since M is

nearly kahler it followss that th is: parallel along Kt .

Hence

<x, fs’t> =0=<x.,J¥,> and

PR EA

Substituting in (1.4) we get

2

2 (Vg ) () o (F3) (%) > = X - (13)

t
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¥ (V) (X5 %) = 0 then V;J VVXXJ

2
Hence V., J = Y J = 0 and (1.5)
Ve 4

5

t

reduces to K; = 0 . Hence X is constant along
geodesics emanating from m., Since such geodesics cover

h
a NBD of m it follows that X is locally constant. If

M is comnnected then ™ is: a global constant.

Let M be a 7=dimensional riemannian manifold with a:
2=fold vector cross product P ; M an orientable
6-dimensional submanifold of M. Then, as: in Chapter 2,

we can define an almost complex structure on M as follows;

for each X € X (M) , we set

J(X) = pP(N,x) , (1.6) where N is a unit
normal vector field on M choosen in such a way that it is

compatible with the orientations of M and M.

In the special case when ﬁ = ﬁ7 with the ordinary
2=-fold vector cross product obtained by parallel translation,

we have the following resultd;

THEOREM (1.3). Let M be a connected orientable hyper-

7
surface of R , with the almost complex structure defined

in (1.6). If M is nearly kahler then the following are
true:

(1) M has constant non-negative sectional curvature.
(ii) M is Einstein.

(iii) M has global constant type, the type of M being
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the sectional curvature.

(iv)

M has non-negative holomorphic bisectional curvature.

We first prove the following Lemma:

LEMMA (1.4). A nearly kahler hypersurface

7
(M;, J) of R
is totally umbiliec.

Proof: For each X, Y € M (M), we have

VX(J) (Y) = VXJY - JVxY

= pr(N,Y) - P(N,VXY)
= T T P(N,Y) - B(N,V,T)

where T : H (M) —s M (M) is the natural projection,

7
(7 s ﬁ7 are the riemannian connections on R, M, respectively,
and in the second term Y7x¥

is replaced by §7XY since

the normal component of V7 Y

e is parallel to N.
Hence
Vel@) (¥) = TTLp) (N,Y) 4 T »(V,N, ¥)
+ T p(n, ﬁxY) - P(N, ﬁxY) (1.7)
Since

T P(N,i7XY) = P(N, §7x¥) and P is parallel,

(1.7) reduces to:

V(@) (1) = TRV, 1) , X ¥e H ()

Hence ‘7X(J) (x) =

= Tp(V x, %) (1.8)
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If J is nearly kahler than (1.8) gives:

<p(€xN, X) ,Y> = 0 (1.9) forall X,Y €& X (M).
Also for each X, Y &€ M (M) we have
Vie(3) (5Y) = Vy(-r) - 5 9y
= = Vgt = ( Vi) (¥) + JVXY)
= - J VX(J) (Y) .

Nowr if J is nearly kahler, then

V,0) (1) = -3 V() (¥) = 3 V() (%)
= =37 V0 (x) = - Vo) (v) .

Hence VX(J) (Y) + VJX(J) (JY) = 0, and therefore

for all X, Y, Z € M (M) , we have

V@) (¥) ,z>» + LV (3) (9Y) ,2 > = 0 . (1.10)
Hence (1.7) and (1.10) give
PV, ¥) ,2>+< P(ﬁJxN, JY) , D= 0 (1.11)

Using the alternating character of the trilinear vector

valued function;

[a,B,c) = (AxB)XC = <4, C> B+<B,C> 4
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where A X B = P(A, B) , and noting that JY = NXY = P(N, Y)

we deduce Tthat
p(§JxN, JY) = PEAULN,Y) + 2<7, V> N
Hence (1.11) reduces to

<P(UN + JGan, Y) ,2 > = 0 (1.12), for all

X, Y, 2 € M (M) .
Now for each X € M (M) , ﬁxN is tangent to M .

Writing TN for vxm , then it is well known that

X —» TXN ’ X & Mp is a symmetric endomorphism on My

for each mé€ M . Then for a nearly kahler hypersurface

M we have ,

K P(TN, X) , ¥ > = 0 = LP(Y,X) , TN D> (1.9)
for all X, Y € M (M), and

/
< e(y, 2) , TN + J TN D> = 0 , (1.12)
for b %,¥,Z € WCH) .
To complete the proof, we first establish the following

proposition:
PROPOSITION (1.5). Let me M , O#4X ¢ Mpn . Then for
each Z € Mp, such that z L X, zLlox , there exists

Y € My and P(Y, X) = Z .
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Proof': Consider the endomorphism
A o 4 ”
P(. ,X): [x] (@n R )__3 ({(x] (in R/ )
¥ |'—'> P(Y’ X) .

If Y€ [x_TL , Y#O0 , then
fece o |* = gxF|x £ o

Hence Y j—3 P(Y, X) is an automorphism, and therefore
4

if ze[x] i.e. 2 L X , then there exists Ye [x]

such that P(Y, X) = 2z . Moreover since Z 4 J X it

follows that

o =< P(¥,x) , P(N,x)> = llx ||2< Y,ND> , and hence Y 4L N .

/
Now using proposition (1.5), (1.9) becomes:
TN = kX + pJX y (1.13)

for each X € M (M), where O™ , ,3 are functions on M .

’
Also (1.12) becomes TyN + JT; )N = 0 , for each

Xe { (M) or equivalently JTyN = T N (1.14)

The fact that O and IB in (1.13) are independant of X

follows from the linearity of TXN in X .

Now < TN ,JX » = - KJIN , X >

= =KTyHN,X 2> = -&T,N, x>
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where in the second step we use (1.14) and in the last step

we use the symmetry of X —s TX'N °
Hence < T,N , JX > = 0 which implies that IB = 0,
and therefore TN = ol X ) (1.15)

for all X € M (M) , and ® is a real valued function
on M. Since X—3 T,N is a differentiable (1,1)

tensor field on M , we have trace X — TN = nol is

differentiable. Here n = dim M. This completes the

proof of lemma (1.4).
We proceed to show that O is a constant function.
Writing T,N = T(X), we have T =o{I , I is the
identity transformation. Using the Codazzi equation for a

hypersurface in E™'' |, i.e. VX(T) (v) = VY(T) (x)

we get (X®X)Y - (Yo)X = 0. Locally ina nbd U we

may choose vector fields X, Y on U such that Xx and Yx

are linearly independant for each x € U and get

xx(cx) = Yx( xX) = 0. This implies that O is a constant
in U,

Proof of Theorem (1.3) It follows from Lemma (1.4) that,
for each X € H (M) , T(x) = o X, (1.16)

Also since M is connected then ® is a constant function

on M. For a nearly kahler manifold it is known that
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<R X, ¥ > = L RJIX, JY > = "VX(J) (Y) H2 . (1.17)
Also for a hypersurface in En+1 we have,
RyyZ = LT(x), 2>T(Y) - £71(Y), Z > T(X) (1.18)

where Ry Z = V[x,sz - [_Vx, VY] 2 is the

curvature operator on M , T the symmetric endomorphism

defined earlier.

Substituting T =X I in (1.18) gives

Ry Z 0(2[<X,Z>Y - £Y,2> x] + (1.19)

To prove (i) we take a 2-plane ? = XY . then the sectional

curvature is given by

K(P) = < RnuX , Y>

| xax ||?

= o LIxn®ir® - <xx>®] = o® 2o.

| % ax I

For (ii) we have

Ric(X,Y) = i & REE;E , YD , where {Ei}

i=1

is a local orthonormal frame field on M. Hence from (1,19)

we get
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2 o=
Ric (X,Y) = of [Z(Ei,Ei> <xX,vy>» - L<Ei,x> <Ei,Y>]
i i

=no{2<X,Y> - o < X,Y>

0(2 (n-1) < x, ¥ >.

Again using (1.19) we get
<RXYX’ Y>» = <RX.YJX, JY >

- o&z[ux“z"Y”z- <x,X > -<X,JY>2] )
and therefore

IIVX(J) (Y) "2 = [ux "2 | ¥ "z - 4x,7 Y -&x,0v >2] .

It then follows from proposition (1.1) that M has global

constant type, the type being g(z = K.

To prove (iv), the holomorphic bisectional curvature B

is given by
2 y
Byy "X" " sz" = <RXJXY s JY D
for X, Y € M (M), X A0 4 Y . Using (1.19)

we get

< RXJ;E , 3> = o [(Y,X> < IX,3Y> - LY,0x><x,07> )

TANELh

= 0(2 [(Y,X')z + <X,JY>2] AP

I v ?
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THEOREM (1.6). Let (M,f) be a connected orientable

hypersurface in R’ (f:M 5 R/

is an isometric
imersion). Further assume M is complete as a riemannian
manifold. If f(M) is nearly kahlerian with respect to
the induced almost complex structure then either M is

isometrically imbedded as a hyperplane or M is isometri-

cally imbedded as a hypersphere of a certain radius.,

Proof: Theorem (1.6) follows from Lemma (1.4) and the

following theorem [ 107}

THEOREM (1.7) Let (M",f) be a connected hypersurface

in En+1 » Where M is complete as a riemannian manifold.

If f(M) 4is umbilic at each point then either f£(M) is a
e
hyperplane or f(M) is hypersphere of a certain radius.

In both cases f:Mn.___> Ep*l is an isometric imbedding.

Next we give a generalization of theorem (1.5) of

Chapter 2.
THEOREM (1.8). Let M be a connected compact hypersurface
in R (n 2 2). If the Gaussdian curvature K_of M

n

never vanishes on M , then the following are equivalent:
(1) M admits an almost complex structure J;
(ii) The dimension of M is either 2 or 6.

Proof: If the Gaussian curvature Ky of M never vanishes

on M then,({10] ), M is orientable and the spherical map

of Gaus P M st is a diffeomorphism.
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(11) ﬁ(i). Assume that the dimension of M is either

2, or 6, Then in this case M is either an orientable

7

hypersurface in R3 or an orientable hypersurface in R"
In both cases M admits an almost complex structure, namely

that induced by the ordinary 2-vector cross product in

R3 or R? o

(1) =>(ii). Let J, denote the almost complex structure

n+l

on M at me M, We define P:( Rn”')2 R as;
follows:

n+l ! .
for a;, a, € R we write a, = b + ¢ where b is:

the component of a orthogonal to a If b=o0 we set

2 1°

-1
Pla;, @) = 0. Ifbfo let d=bflb]] , Then a is

a point on S and we write m = (P'1 (d) and set
P(ay, a,) lel 9m (2) . (1.20)

P , so defined, is continuous since both (p and J are

continuous. Also we have using (1.20) : -
<P(a1,az2),aa1> =<“b“ Jm(aﬁ)oa‘n]) = °

< P(ae.‘, a=2) va, > = “b“ <Jm(a1) , b +c >
= o) <dmlay) o> + Nl agla) , e > -

Since C is parallel to a, the second term in the

R.H.S. of the above equation vanishes. Also since b is



90.

orthogonal to M at m , and Jm(a1) is tangent to M at

m , it follows that the first term also vanishes. Hence

Finally,

RO N T b P R PR L) PO b

Hence P 1is a continuous 2-fold vector cross product, and

therefore n + 1 = 3 or 7 which implies that the dimension

of M is either 2 or 6.

Note: We may note that hypersurfaces of dimension 8
satisfying the hypotheses of theorem (1.8) have no three=fold
vector cross: products. If they were to admit a 3-fold vector
cross product then, using a similar technique to that of
theorem (1.8), we would be able to define a 4-fold vector

cross product on ﬁi which is impossible.

Finally,for nearly kahler 6-dimensional submanifolds of

an 8-dimensional manifold we have the following result.

THEOREM (1.9) Let M be a pseudo-riemannian 8-dimensional
manifold with a parallel 3-fold vector cross product P,

Let M be a 6-dimensional orientable submanifold in M such
that the restriction of the metric tensor of M to M is
non-degenerate; and positive definite on the normal bundle

of M, If M is nearly kahler with respect to the induced

almost complex structure J , then

(L) M has pointwise constant type.

(2) The holomorphic sectional curvature of M is given by
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Kpga = i“z -2 “T JA “2 + , K (1.21) where
A 2 TAJA ° °
. 2 + 2 .
A 1is such that "A" = -1 , and r/\ is the type of M.
Proof': If M is nearly kahler then as in Chapter 2, it

follows that there exists a l=form P on the normal bundle

such that

+
TyJN = J TN

ﬁ(JN) Al p(N) 3a , (1.22)
for all A € M (M). Further, we also have

VX(J) (¥Y) = T p(y,mpN 2 JTN, ¥) (1.23)

for all X, Y € M (M). Since

+ +
4 P(N,T,JN 2 JT,N,Y) = P(N,T,JN =

JTx.N,Y)

+
+ < JY, TLIN = JT N P JN ,

it follows that

“ V,(3)(¥) "2 = " P(N, Ty JIN z JTN,Y) + & JY,T,JN pl JT,N > JN ”2

2 2 2
= “Y “ “TXJNIJTXN “ - <TINIgTN, YD
2
~ TN ZJ TN, JY D (1.24)
Writing F(N): By » B(iN) = P, and using (1.22)

we see that

"TXJN-‘SJTXNH2 = (p;2 + Fi) "x"z ;
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i+

2 2 2
<TXJN JTXN,Y> = /f2<x,y> + é(JX,Y)"

+

2 P1 P;x,Y) < JX,Y>

1+

2 2 2 2 2 .
= + >
< TyIN JTXN,JY> -/32<X,JY> + ,31<JX,JY> 2 P1 P2<X,JY X
xJX,JY>

substituting the last three equations in (1.24) we get

“VX(J)(Y) “2 = ( P? + pz ) “x \\2 “Y uz -<x,,1r>2 -<x,.nr>2
(1,25).
2 2
Next we prove that ( p1 + P2 ) is independant of the

choice of (N,JN). Let (N,JN) be orthonormal and compatible

with the orientations of M and M , then we have

B E) ()

JN JN 1 2

_Dl2 0(1

P1 = (g(ﬁ) and 22 = ﬂ(JlTI) . We have
2 2 - - lI2

/-31 + ﬁz = " T,JN I JT,N “

- | % (19N 2 oTyN) + &y g (ITyN 2T, aN) "2

=o(f ' T,JN % JT,N "2 + o(z “ JT,N * T,JN “2
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2

2 2 2 2 2
o A R AR A A R A

2 2
Hence ( 'B + Fz ) /M (say) is a differentiable
1 2

function on M and (1) follows from (1.25).

Taking the scalar product of (1.22) with A gives;
2
(Jal? = %)

+

-1, 08> I <1 aAN> = % /82 : (1.26)

Also scalarly multiplying (1.22) with JA gives

+
-<TJA, N> - KT AND>= 1 /61= . (1.27)
Squaring (1.26) and (1.27) and adding we get
2 2 2
”TAA “ + "TAJA " 2 2494, TAJA> = rk - (1,28)

Since M is quasi-kahler we have by theorem (4.8) of Chapter 2:

+ 2T, Jk = = J(T,A =~ T;,JA) (1.29)
and therefore
2
+ 2 <TAJA, IJT,A D> = = “ T,A “ + K THA, Ty, JA > (1.30)

Hence (1.28) and (1.30) give

" T,JA “2 + LT, T,08> = j“z (1.31)
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By the Gauss equation we have

2 -
Ky, = <T,A, T, 085 - I T,JA “ v+ K

Hence using (1.31) we get

2 _
K, = I\l2 - 2"TAJA | « K.
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CHAPTER 4

Integrability of a Vector Cross: Product Structure

For an almost complex structure on a differentiable
manifold a certain concept of integrability is defined.
In what follows we make an attempt towards a generalization

of that concept to vector cross products.

1. Integrability of an almost complex structure

DEFINITION. Given A and B two tensor fields of type
(1,1) on a differentiable manifold M, the torsion tensor

S , of type (1,2) , of A and B is defined as
s(x,Y) = [AX, BY] + [Bx, av) + aB(x,v]+ Ba [ x,Y]
- ax, 8] - a{=x,v) - B{x,ar]
- B [Ax, Y] , X,Y € H (M).

The construction of S was discovered by NIJENHUIS L 11.

In the special case when A=J, B=J (J an almost complex

structure on M) the torsion of J is given by

s(x,Y) = 2 {[JX,JY] - [x,Y] - J[x,JYl - J[JX,Y]},
for X, Y € M (M).

A simple calculation shows that every almost complex
structure J on a 2-dimensional orientable manifold has
vanishing torsion. For an arbitrary almost complex structure

we state the following well known result [10];
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80
THEOREM (1.1). A C = almost complex structure is a complex

structure if and only if it has no torsion.

Next we give an alternative formulation of the integrability

of an almost complex structure.

DEFINITION. An affine connection <7 on an almost complex

manifold (M,J) is called an almost complex affine connection

if V J = 0, For the existence of such connections we state

the following([10]);

THEOREM (1.2). Every almost complex manifold M admits an
almost complex affine connection such that its torsion T is
given by

S = 8T ,
where S 1is the torsion of the almost complex structure

J of M,

Proof: Take an arbitrary torsion-free affine connection §/

on M , and let Q be the tensor field of type (1,2) defined by

WRE,Y) = (VI )X + J(VI)x +23 (VI)Y , (1.1)
JY Y X

X, Y € M (M).

~J
Consider the affine connection \/ defined by

VY = Vr - ax,y).

~
A calculation shows that ‘7 is the desired connection.

COROLLARY (1.3). An almost complex manifold M admits a

torsion-free almost complex affine connection if and only if
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the almost complex structure has no torsion.

Hence it follows that an almost complex structure is
integrable if and only if there exists a torsion-free

connection §J , and ¥ J=0.

Although the concept of integrability is defined for an
almost complex structure which need not be almostbtermitian -

(that is an almost complex structure J satisfying

<IX,J¥> = <Xx,Y> , X, Y ¢ H (M)) - and for almost
complex manifolds which need not carry a riemannian structure,
it seems natural to attempt a generalization of the concept
of integrability to arbitrary vector cross products. This
is so because vector cross products are generalized almost

hermitian structures.

2, Integrability of a vector cross: product

A natural generalization of the concept of integrability
to an arbitrary vector cross: product would be to construct a
generalized torsion tensor of an arbitrary vector r-from
(that is, an alternating tensor field of type (1,?) )e For
this purpose we give a brief description of a method by

K. FROLICHER and A. NIJENHUIS ([57).
On a differentiable manifold M 1let Sp denote the

module of scalar p=forms on M , and Vp the module of

vector p-forms on M,

Let L € VL ’ W e Sq o Then WAL € vq+l is

defined by



Also for W € Sq , L & Vq' . WxL € SQ+0'_1 is
defined by
vxL(U,,...,U 1) = _1r z sgn(z)W.(L(U sesesU !.)'
L e S Ty TR “ *
U yooe,U ) (2.2)
z{+1 zl+q—1
For q = o, WL = 0
Further for L ¢ YL ’ Mée Vy , Mx L ¢ V[+m—1 is
defined by
1
Mx L(U "..,U ) = i Sng(z)M(L(U ’Q..,U ),
1 1+m-1 TI:;:Tyl - z, z|,
Uz ,O..,Uz )
L+ {+m-1 (2.3)
Here =z runs over all permutations of (1,...,m+1-1) and

the U's are vector fields on M,

Locally on an open subset of M we may choose a frame field

* *
{91,...,en} with dual frame (e1,...,en). Relative to

such a frame, and for L & V& we set

J n J
L= e:;oL L = Z_ L@ej. Then the

J=1

operations defined above assume the following simple forms:
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WAL = Z (WAL‘j ) @ e (2.1)
WgLl = i L’j A C w (2.2)

MxL = Z (L A cﬁ‘j " ) @ e (2.3)

Here Cej denotes contraction with respect to e. and

(CeJ @kU1,...,Ud_1) = qW (eJ,U1,...,U§_1) for vector

flelds U.‘ 900 09 Uq-1 °

n
DEFINITIONS. The mapping D:S — 3 S (S = Z Sq )

q=0

is called a derivation of degree r on S if

a) Dk=0 ;, k & R (the reals)

b) DS, & sp+r ’

C) D(?""‘p) = D(P"'D* ’

d) D (TTAW) =DWAW + (-1)P"TTADU; Te S, We S.

The commutator LD1, Dé] of two derivations D1 of

degree r, and D2 of degree r is a derivation of

2’

degree r, + T, defined by -
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T2
Lo, ,Dz-l = D, - (-1) D, D, .

A derivation D of degree r on S is of type d, if
Dd = (-1)F a D,

We note that the commutator of two derivations of type d,

is a derivation of type d, .

PROPOSITION (2.1) Every derivation D on S of type d,

is determined uniquely by its action on S?' With every

derivation D of degree r of type d, there is associated

a vector form L of degree r, and
DY =[_L,w] = dwgLl + (-1 )r d (¥ x L). (2.4)

Conversely, every mapping D:S——_3 S of the form (2.4) is

a derivation of type d, denoted by dL °

PROPOSITION (2.2) Given any two vector forms L ¢ Vg o

M € V ;, there exists a vector form [ L, M]& V&_'_m which

is uniquely determined by the condition

Caps 0] = o] -

The vector form [ L,M7] depends differentiably on L and M ,

and satisfies the following rules:
a) [mry = (-)™ [, ],
b) [L, (M, w]] - (=1)1m [M, [c, w]] = D’_L,M’) . w_} ,
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c) ElpM-] = 0 ,

In terms of a local frame field (e1 yoeaoy en) ’

[3 = e:. oL we have for L € V&
LS J i J i
[tr) =2 B (i L - et o e -
ij=1 J J

Here i denotes lie differentiation and C denotes

contraction.

We observe that the torsion tensor S of an almost
complex structure J , as defined earlier, agrees with the
vector 2-form given by proposition (2.2) when M = J and
L =J. This suggests that we may define the torsion of an
arbitrary r-fold vector cross product P , to be the vector

2r-form [P, P] . Then by proposition (2.2) we have

[», ?] = (-1)"2‘“1 [» 2]).

Hence if r is even, then [P, P]= 0. This implies that
any 2-fold vector cross product has vanishing torsion. This

makes such a generalization inadequate.

"In section 1 we have seen that an almost complex
structure is integrable if and only if there exists a torsion-

free connection §/ such that VJ = 0.

Now let v be a torsion-free connection on M and set,

~
va = VXY - Q(x,Y) , where Q is a tensor

~
field of type (1 ,2). We easily see that V is an affine

P U

( 23 T}”‘L""""’"m
CTi97y
\\”_L/ZEF""“" 73

“ERaRy
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ot
connection whose torsion 1n is given by

~
Tx,¥y) = -a@x¥) + (r,x) (2.5)
Further, for an r-fold vector cross product P we have,

vx(P) (x1 ’°-°’xr) = !‘\7'XP(X1 ,...,xr)

I ~J
- z P (x1,..., vxxj,ao-,xr)
J=1

= VX(P) (X1 g0 ’xr) - Q(X,P (X1 9o vxr) )

CT R (Kppeees QKX K. (2.6)
J=1

From (2.5) and (2.6) we deduce the following;

PROPOSITION (2.3)

For an r-fold vector cross product P on a riemannian
manifold M with riemannian connection ‘7 the following

are equivalent;

taysfou_f?&g__CAhAﬂfi?dA;€¥

a) There exists on M a symmets:

~J
{3y2) such that V p

0.

(b) There exists on M a symmetric tensor field Q of type

(1,2) such that

Vg(P) (X,,0..,X,.) = @ (X, P(X;,...,X_))

- i P (X 0enesQ00K)) 000X (2.7)
j=1

for all X, X;,...5 X, € H (M).
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We note that when r=1, @ is given in terms of J and its
derivatives by (1.1). It is not clear whether a Q satisfying
(2.7) exists. However, if P is parallel then Q = O gives

the desired connection.

Now let M be an n-dimensional differentiable manifold.
We denote by F the principal frame bundle over M with
structure group GL(n, R). If GCGL(n,R) is a lie subgroup,
then a G-=structure on M is a reduction of F to a principal
subbundle with group G. R" considered as a differentiable
manifold carries a special G-structure whose fibre at X € Rn

is the set of all linear mappings

. n n .
i o A: R....;Rx',A.éG,

where 1i_ : R" —_ R: is the cannonical isomorphism of
R™ onto its tangent space at x. Any G-structure which is

locally equivalent to this G-=structure is said to be integrable

or flat. (Equivalently, this means that one can choose

coordinates (X1 yooo ,Xn) locally such that ( 3/‘31(1 yosey 'a/ )
9Xn

is a local cross~-section of the G-structure.)

Next, let M and M be two n-dimensional manifolds and

let f: M — % M be a diffeomorphism. f induces a map »

£f.: F s F , of the corresponding principal frame bundles.

Suppose that both M and ﬁ possess G-structures, If £

maps the frames of one into the frames of the other then i
is called structure preserving.

Now let M and ﬁ be two n-dimensional manifolds; let
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E.——3 M be a G-structure on M ; 1let E —3 M be a
G-structure on ﬁ. Let p € M and f a diffeomorphism
of a nbd of p into ﬁ. We say that £ preserves the
G-structure to Kth order at p if some frame belonging to
E at p gets mapped by f, onto a frame, A, belonging to
E and if F, (E)# and E have contact of order K at A

as submanifolds of F .

GUILLEMIN [15], defined a G-structure on an n-dimensional
manifold M to be uniformly k-flat at p € M , if there

exists a nbd U(p) and a diffeomorphism of U(p) onto a

nbd U(0) € R™ which is Kth order structure preserving at p.
GUILLEMIN [15], found that the obstructions to constructing
such mappings, which are structure preserving to order K

for arbitrary large K , are tensors of type Hk’z(g) defined

k,i
on E, where H ? (¢) are the bigraded homology groups: of

a certain chain complex associated with g, the lie algebra

of G.

Let gl(V) be the lie algebra of linear endomorphisms
of an n~dimensional real vector space V. Let & be a lie
subalgebra of gl(V). The Kth prolongation g(k) of g
is by definition, the vector space of all symmetric (kel)-

linear mappings:

a: (x1,ouo,xk+1) i VXVX..axv ———; a (x1,C.O,Xk+1) G v
such that, for arbitrary fixed X1,...,Xk € V , the linear

endomorphism of V which sends Xyt into a(x1,...,Xk,Xk+1)

is an element of g, The definition of g(k) can be written as:

e o g @ () o v @ s,
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Where S¥ (v#) is the space of all k-linear symmetric
. k . .
mappings a: V __3R , We say that g is of finite

type if &%) = 0 for some k. 1f &%) 4 0 ana

£%) 2 0 , g is said to be of type k. We note that

According to (15], if g is of type k then Hr’z(g) =0
for » >k . Hence for G-structures of type k , obstructions

to integrability lie in Hr’z(g) , for r€&k.

We have seen in Chapter 2 that a vector cross product on
a riemannian manifold M is a G=structure on M, where G
is the automorphism group of the vector cross product. Further,
since G 1is contained in the special orthogonal group of the
riemannian structure it is of type 1. It follows that

obstruction to integrability in this case may lie in Ho'z(g)

and H1’2(g) . We note that a necessary condition for
integrability of a vector cross product in this sense is that
the riemannian structure is flat. For an almost complex
structure the corresponding G-structure is GL(n,c) considered

as a lie subgroup of GL(2n, R). In this case one can show
that g is of infinite type and H 'Y = 0 for i>»o and
all j . The only obstruction to integrability lies in

Ho’z(g) and is the torsion tensor of the almost complex

structure.

Finally let P be a vector cross product on a pseudo-

riemannian manifold M ; E —3 M the associated G-structure
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and ra an arbitrary linear connection in E. Then:

PROPOSITION (2.4) ( f_15]) Let Q@ be an arbitrary point
of E. The lowest order structure tensor of E s M at
Q 4is the cohomology class in Ho'z(g) of the torsion
tensor of P at Q.

Hence if this structure tensor vanishes then there exist
torsion free connections with respect to which P is

parallel.
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