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ABS TP.ACT 

A phcmomenolcgicai a n a l y s i s of p i on. nucleoli s c a t t e r i n g 
at high energie,--- i s presented i n terms of s e v e r a l absorptive-

models for- TTN amplitudes <> I n the past there have been. 

two- popular v e r s i o n s - the weak-cut model and the strong-cut 

model. I n general i t was d i f f i c u l t to choose "between these-

two v e r y d i f f e r e n t approaches* However the whole a b s o r p t i v e 

approach was thrown i n t o doubt when b e t t e r information about 
— o 

the p o l a r i z a t i o n i n 7T p<-*TT n at l a r g e r I t l became available-

l a s t y e a r . The now data i n f a c t accords- with the predictions, 

of the p \~p pole l i t of Br.rger and P h i l l i p s * More r e c e n t l y 

Eec.aurc.rasn.tH of the R paramettr i n Tl~ p —> II p hsyc enabled 

the- phases of the TT IT amplitudes to be determined, and again 

cheso. agrees.with the B a r g e r - P h i l l i p s (B.P) p r e d i c t i o n s but 

c o n t r a d i c t both types, of absorption model. 

Y/e- assume that the D.P 1 ^ = 0 amplitude-a a r c a r e l i a b l e 

"representation of these amplitudes, and \-/s f i t those w i t h a 

somewhat simpler p a r a m e t e r i z a t i o n . For our 1^ = 1 amplitudes 

we. f i n d that a t-channel p a r a m e t e r i z a t i o n p l u s c r o s s i n g was 

much p r e f e r r e d to the u s u a l d i r e c t s-channel p a r a m e t e r i z a t i o n . 

We find.by c o r r e c t l y taking i n t o a c c o u n t _ t h e _ r e a l p a r t s of the 

I f a 0 n o n - f l i p amplitude i . e e s s e n t i a l l y , by i n c l u d i n g a 

p ® P* cut c o n t r i b u t i o n i n the 1^ = \ amplitude a, that out­

f i t s improved c o n s i d e r a b l y , e s p e c i a l l y the charge-exchange 

p o l a r i z a t i o n , 

Wa: f i n d t h c t the f i x e d - p o l e coupling model i s by f a r the 

b e s t . Tn general the data i s r e a s o n a b l y w e l l f i t t e d apart from 

the high I t i r e g i o n of our e l a s t i c p o l a r i s a t i o n . Thib i s t r a c e d 

back to- our r a t h e r poor r e p r e s e n t a t i o n of the r e a l purto of the 

I t = i amplitudes. I t i s u n l i k e l y t h at a b e t t o r r e p r e s e n t a t i o n 

http://Eec.aurc.rasn.tH


of the- I . t 53 0 amplitudes w i l l remedy t h i s d e f e c t * The imag­

ine r,*" p u r t s of these amplitudes- pre i n good agreemant '<?ith 

amplitude a n a l y s i s . We conclude that the absorption p r e s c r i p ­

t i o n , witi- hypothesis about the choosing mechanism of the 

p p o l e i s not completely s u e c c a s f u l i n e x p l a i n i n g the. I + = 1 

amplitudes. I t wo-?ka w e l l f o r the imaginary p a r t s and l e s s so 

for the r e a l parte., and we indicate, possible, reasons f o r t h i s 
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CHAPTER 1 



IHIRODUCTIOK 

The- t h e o r e t i c a l study of the. i n t e r a c t i o n s between 

elementary p a r t i c l e s , , over a hundred of which have been 

di s c o v e r e d , i n v o l v e s v a r i o u s standpoints and techniques. 

These can roughly- he d i v i d e d i n t o three branches;-

( a ) Quantum F i e l d Theory, which d e s c r i b e s p a r t i c l e 

i n t e r a c t i o n s by means of an i n t e r a c t i o n Lagrangian c o n s t r u c t e d 

from the f i e l d o p e r a t o r s . 

( b ) S-matrix theory, which afctenits to d e s c r i b e 

i n t e r a c t i o n s i n terms of measurable q u a n t i t i e s o n l y e.g 

energy, momenta, s p i n e t c * 

( c ) Symmetries. These include Lorentz c o v a r i a n c e , 

c r o s s i n g symmetry, s p i n and i s o s p i n groups and SU- symmetry. 

F i e l d , t h e o r e t i c models have been o u t s t a n d i n g l y 

s u c c e s s f u l f o r electromagnetic i n t e r a c t i o n s , but not so 

f a r f o r the strong i n t e r a c t i o n s . For t h i s reason t i t - l a t t e r 

a r e almost e x c l u s i v e l y s t u d i e d using the S-matrix approach, 

although some ideas from, f i e l d theory a r e sometimes i n c o r ­

porated. 

S i n c e t h i s t h e s i s concerns i t s e l f w i th c e r t a i n 

a s p e c t s of the high energy p h y s i c s of the s t r o n g l y i n t e r ­

a c t i n g p a r t i c l e s we s h a l l be adopting the S-matrix approach,, 

The 3-matrix i s simply a matrix of the t r a n s i t i o n 

amplitudes f o r the strong i n t e r a c t i o n s * A t y p i c a l l i s t o f 

important p r o p e r t i e s which the S-matrix ought, to s a t i s f y 

would be 

( a ) the s u p e r p o s i t i o n p r i n c i p l e 

( b ) Lorentsi covariance-



( c ) c o n s e r v a t i o n of p r o b a b i l i t y 

( d ) short -range c h a r a c t e r o f the f o r c e s 

( e ) t r a n s i t i o n amplitudes are the r e a l -

boundary v a l u e s of a n a l y t i c f u n c t i o n s . 

Some consequences of these are the 'connectedness* of 

the S-matrix, the u n i t a r i t y of the S-matrix 

S S + = S*S = 1 » (1*1 

and the f a c t that the matrix elements depend on the f o u r -

momenta o n l y through t h e i r i n v a r i a n t s c a l a r products*. 

Property ( e ) p together with the hypothesis t h a t t h e r e e x i s t s 

i " p h y s i c a l sheet" of a given invariants, s t a t e s that on t h i s 

sheet c o n t i n u a t i o n to the r e a l a x i s from above ( t h e s-ie p r e s ­

c r i p t i o n ) g i v e s us the p h y s i c a l t r a n s i t i o n amplitudes*. 

I m p l i c i t i n t h i s p o s t u l a t e i s the idea of * c r o s s i n g * , which 
i s the p r o p e r t y that t r a n s i t i o n amplitudes f o r d i f f e r e n t r e g i o n s 
of the v a r i a b l e s are connected ty a n a l y t i c continue;ion» 

The above l i s t of p r o p e r t i e s of the S-matrix, and t h e i r 

consequences s are g e n e r a l l y agreed to be the b a s i c requirements 

of an S-matrix theory* However so f a r the theory does not have 

much dynamical content* To remedy t h i s two s l i g h t l y more 

c o n t r o v e r s i a l p o s t u l a t e s a r e added as requirements o f the S-

matrix» They a r e u s u a l l y c a l l e d Maximal A n a l y t i c i t y o f the 

F i r s t and Second k i n d s ( h e r e a f t e r abbreviated to K/vJ and Iv!A2) 

( s e e ref» k)* 

MA1 p o s t u l a t e s t h a t the o n l y s i n g u l a r i t i e s i n the complex 

energy v a r i a b l e s of the i n v a r i a n t amplitudes derived from the 

connected p a r t s of the S-matrix are the po l e s corresponding 

to s t a b l e and uns t a b l e p a r t i c l e s , together with those s i n g u l ­

a r i t i e s generated from these p o l e s by the requirements of 
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u n i t a r i t y and crossing*. 

MA2 p o s t u l a t e s t h a t the S-matrix i a continuable through­

out the complex angular-momentum plane, with o n l y i s o l a t e s s i n g ­

u l a r i t i e s * 

She conseqences of these p o s t u l a t e s f o r g e n e r a l s c a t t ­

e r i n g p r o c e s s e s (connected p a r t s ) i s q u i t e complicated ( r e f . 5) 

and f a r r e a c h i n g . By f a r the moat common and u s e f u l a p p l i c a t i o n s 

so : fan have "been to the 2 p a r t i c l e - 2 p a r t i c l e process (the. 

f o u r - l i n e connected p a r t ) * 
. As the energy i s i n c r e a s e d more and more fcommunicating' 

c.xaruiois become open, and s i n c e each appears d i s c o n t i n u o u s l y i t 

i m p l i e s that the s c a t t e r i n g amplitude A ( s , t ) has c u t s a t t h e s e 

tV-uaholds. I n terms of the u s u a l s , t , u Mandelstam v a r i a b l e s , 

MA1 g i v e s the s c a t t e r i n g amplitude A ( s , t ) the a n a l y t i c s t r u c t u r e 
depictev 1 i n fig»(l),(for f i x e d t ) * 

f u 
L T N 

^ *f 
u u V + o 

s plane f i g . . ( l ) 

( f i x e d t ) 

s. 

We can then w r i t e a d i s p e r s i o n r e l a t i o n for A ( s , t ) ( s e e 

refs* - l ,2 ? 3) 
oO 

r 

T T 

- z 
i n the z,. (=cos€L) p l a n e , where D i s the d i s c o n t i n u i t y a c r o s s 

the RoJEL c u t , D u the d i s c o n t i n u i t y a c r o s s the L*H c u t , and 2^ 

correspond a to s Q , to u q » The above form assumes that | A ( s , t ) j 

0 as a—5»oo, 
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I f the asymptotic behaviour of A(.s,t) i s jA( s , t ) — ~V |s| 

( £ ^ • 0 ; as |s|~-*t?0 then we can now w r i t e a d i s p e r s i o n i n t e g r a l 

f o r A ^ s s t ; / s * -fiQ get, n e g l e c t i n g the pole terms for the 

moment, and w i t h z. =• 

7T 
7>M$ cLz' (1-3) 

T h e ) f n ( t ) are the s u b t r a c t i o n constants and are e s s e n t i a l l y 

a r b i t r a r y * However MA2 t e a l s us how to remove t h i s a r b i t r a r i n e s s , 

anc. l-hus completes the dynamical content g i v e n to the theory by 

Using a-ohannel u n i t a r i t y , P r o i a s a r t ( r e f » 7 ) has shown 

that f o r f i n i t e range strong i n t e r a c t i o n f o r c e s we have the bound 

2 

U ( . s r t ) | < ^ co n s t a n t X s l o g s , f o r t^.C> 

which i m p l i e s that we. need o n l y two> s u b t r a c t i o n s . 

(1 

PARTIAL vVAVE AMPLITUDES AND THE COMPLEX ANGULAR MOMENTUM PLANE 

The amplitude A ( s , t , u ) can be expanded i n a s e r i e s o f any 

s e t of complete orthogonal f u n t i o n s , but the most common and 

convenient choice i s the s e t of angular momentum eigenfunetions* 

Thus a t - c h s n n e l p a r t i a l wave amplitude i s defined by the ' p a r t i a l 

wave p r o j e c t i o n ' , ( f o r s p i n l e s s p a r t i c l e s ) 
+ 1 

(1-J5) 

f o r 1 - 0 p.I ,2 * 

The corresponding p a r t i a l wave s e r i e s i s 

A ^ t ) = /t7T2 (ae+i) A ^ ) P,/^). ( i .6) 



T h i s r e p r e s e n t a t i o n w i l l break down at the n e a r e s t r, or a 

s i n g u l a r i t y . However we can s t i l l define the p a r t i a l wave 

amplitudes by even when (1.»6) diverges* I f we s u b s t i t u t e 

(.1 ..3) i n t o we ob t a i n ( s e e ref<>2) 

which i s v a l i d f o r 1 >N. Here z o = m i n ( z R , z^)» 

Because of the f a c t o r (-1)^ the R.H s i d e of(l« . 7 ) i s not 

s u i t a b l e f o r c o n t i n u a t i o n i n the complex angular momentun plane* 

Thio d i f f i c u l t y i s overcome by d e f i n i n g the "signatured p a r t i a l 
v/ave amplitude a" 

Ob 

A M - ^ f {^ fe t ) ± ^ ( - z ; f r )}^cz 'M z ' (1.8) 

which a r e now suitable, f o r c o n t i n u a t i o n i n 1. Equation ( 1 . 8 ) i s 

known as the J F r 6 i s s a r t - G r i b o v ' p r o j e c t i o n . The a c t u a l amplitude 

i s then given by 

The p a r t i a l wave, p r o j e c t i o n (1.8) i n t r o d u c e s k i n e m a t i c a l 

zeros and sometimes branchpoints over and above the dynamical 

s i n g u l a r i t i e s . I t i s o f t e n d e s i r a b l e to remove these t h r e s h o l d 

s i n g u l a r i t i e s by d e f i n i n g the 'reduced* p a r t i a l wave amplitudes 

( r e f . 2 , . a l s o refs . 1 1 ,12,13) 

2l 
Ct . ' i O 

I n terms of p a r t i a l wave amplitudes e l a s t i c u n i t a r i t y t akes 

the simple form 

IT 

( l «,") 1 ) 
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and so w& can w r i t s 
21. &(£••) 

~~ -L (1 .1 2) 
X 7 

where j5 = 2q.t/(.t)5» a n d ^ ( t ) i s a r e l a t i v i s t i c phase shift» 

$o continue to complex 1 we make use of MA2. The f i r s t 

step i s to perform a Soramerfeld-Watson t r a n s f o r m a t i o n (re£a»1.2) 

on each of the amplitudes A ( s , t ) s e p a r a t e l y . Although A ( t , l ) 

have "been shown to be a n a l y t i c i n 1 only f o r Re 1 > N, MA2 allodia 

us to assume t h a t A ( t , l ) . can be continued, to the l e f t a t l e a s t 

as f a r as Re 1 = ~g> even though they may have s i n g u l a r i t i e s i n 

t h i s h.ey r e g i o n . MA2 t e l l s us to expect c o n t r i b u t i o n s from 

i s o l a t e d s i n g u l a r i t i e s and i t i s these which a r e then i d e n t i f i e d 

with the s u b t r a c t i o n terms i n the d i s p e r s i o n r e l a t i o n ( 1 . 3 ) » For 

r e l a t i v i s t i c s c a t t e r i n g the expected s i n g u l a r i t i e s a r e poles and 

c u t s . I t t h i s ".?/ay we o b t a i n 

> f + 

cut swiU d 

± 
where we have e x h i b i t e d only one cut with branch p o i n t at 0^ c ( t ) 

and with d i s c o n t i n u i t y A (l,t)». The behaviour of t h i s cut term 

depends on the behaviour of the d i s c o n t i n u i t y A at the branch 

p o i n t Ofc(t)„. I f A i s f i n i t e there we get an asymptotic behaviour 

of log s f r I f A ~ [£-o(c(t)J (£>0) then the cut term Is 

^ s / ( l o g a) 

The l a s t term of ('1-1.3) i s the c o n t r i b u t i o n from the. 'Regge* 
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polea ( r e f 5 with p o s i t i o n s and r e s i d u e s fx^Ct) and p « ( t ) 

r e s p e c t i v e l y . I f we have j u s t a s i n g l e Regge pole of d e f i n i t e 

s i g n a t u r e s& then i t s c o n t r i b u t i o n to the f u l l amplitude i s 

S-*»o0 

-tfToC , e + 
(1*14). 

where aQ i s a q u a n t i t y with the dimensions of s, 



CHAPTER 2 
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THii) IKPQRTAitoji 0? CUTS 
Jt Vina 0 1 i g i n a l l y thought that cut contributions to an 

amplitude were not very important, and most of the early theory 
and pheT>omer;.olo;;ical f i t s concentrated on Regge poles only* 
However i t became jncreaaingly obvious, both t h e o r e t i c a l l y and 
phenomenologically, that the pure Regge pole model was de f i c i e n t 
i n many respects* These discrepancies and/or inadequacies are 

most'naturally* explained by including these cut contributions. 
As w i l l be shown l a t e r , a Regge cut contribution has the form 

and without assuming a speci f i c rodel f o r cuts, very l i t t l e i s 
known about the size nor the t dependence, of the function F ( t ) . 
The obvious difference bet\«u«i poles srri cuts i s the factor 
log s. However f o r the energy range that has been experimentally 
explored, and with the errors involved, t h i s factor i s so 'mild' 
that i t s presence 1h d i f f i c u l t to detect. Thus i f F ( t ) turned out 
tu be 'large' we would not be able to disentangle the pole from 
the cut. To resolve t h i s d i f f i c u l t y we must decide what propertie 
to impose on Regge poles. These w i l l be summarized b r i e f l y :. 
(a) Connection of poles with p a r t i c l e s . 

I t seems reasonable to use only Regge pole, t r a j e c t o r i e s 
which contain tatablished resonances* An exeeption i s the Pomeron 
which may or may not be associated with the f or f . Thus we 

/ log & (2.1) 

exclude the use of such poles as the p s(si , p1' etc. for which 
there ic doubtful evidence, 
(b) Phase. 

1'his i s given by the signature factor G ° jand thus 
depends on qC alone. This i s the same for a l l h e l i c i t y amplitudes 
(c) Ifinergy dependence.,. 

crcC S 
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(d) Factorisation* 
I f ab—1> cd i s the t channel process then the t channel 

Regge residue factcrises r 

/3 W =/3 a t(t)^(t)„ 
This proijerty relates d i f f e r e n t processes* 
(e) Exchange degeneracy* 

The argument f o r t h i s comes from duality,which requires 
the choosing nonsense mechanism* However t h i s i s not f i n a l l y -
s e t t l e d * 
( f ) Wrong signature .nonsense, zeros* 

I f the residue ${t) has a zero then via f a c t o r i s a t i o n 
these, propogate to other processes* This causes d i f f i c u l t i e s i n the 
understanding of cross-oye..- phenomena i n 133, Kit and HHf ITS e l a s t i c 
scattering* 

Given these; properties there are several features of 
experimental data which cause trouble f o r the pure pole model* 
We mention b r i e f l y a few of them* 
(a) CEX po l a r i z a t i o n * 

Since the J> i s th& only known p a r t i c l e which can be 
exchanged i n 7T J> —*7T$ then the h e l i c i t y amplitudes have the a ansa 
phase, and so the p o l a r i z a t i o n should be zero* This i s contrary 
to data. For TT|>~> '̂°/rl one can appeal to a second t r a j e c t o r y 
i,.e a e p l i t A 2 * t o give us a non-zero p o l a r i z a t i o n * • u- f 

(b) Crossover mechanism* 
The crossover between d<r/dt(pp) and dcr/dt(pp) i s 

explained by a zero i n the <a) non-flip residue* Using f a c t o r i s a t i o n 
i t can be shown that t h i s must be a universal zero* I t i s observed 
i n K~p scattering but not universally. 
(c) Pion conspiracy* 

For both p n n p andVp—^TTn Ejipicn-conspirator c as well 



10 

as a TT exchange are required to f i t the data, but the zsro (ox-
deep minimum) ne-eded i n the IT residue i s again propogated by-
f a c t o r i s a t i o n , which contradicts other data* 
(d) Missing dips*. 

YiiSNZ give a neat explanation of dips* However some 
reactions do not have dips and unsatisfactory arguments have to 
be invoked to explain t h i s (e.g important•contributions from A y 
or ) 
(e) Serpukhov data (.25-65 G-ev/c)* 

Regge pole theory predicts a steady decrease of Oj. but 
the .-lata i s e s s e n t i a l l y f l a t . A sum of Regge poles gives 

Vvc expect the pomeron P to have cXp(,0) tt 1 and other leading pole 
corrections to have oC«( 0) ̂  0.5• However the data suggests a 
c o n t r i .ation with o<(0) Ji; 0.8 and i s thus incompatible with the 
known Regge t r a j e c t o r i e s , 
( f ) Exotic exchanges. 

There are no known Regge poles f o r exchanges with "exotic" 
quantum numbers i.e those not included i n the usual qq and qqq 
Quarq model configurations. Multi-Regge cuts can have exotic 

C=APfl<-.f~ 
quantum numbers,, so one mightythese reactions to be pure *Regge „ + — 
cut'r An example i s TT p-» 7T £ (double charge exchange) with 
leading cut. J) ®J3 . 

fi'he inclusion of cuts remedies several of these defects. 
From a theoretical standpoint cuts are not only desirable but 
necessary. This i s most c l e a r l y exhibited by considering the 
left-hand d i s c o n t i n u i t y of the signatured p a r t i a l wave amplitudes. 

show e x p l i c i t l y i n Appendix A that 



4-m-t 

3XTC 
4m 1 

(2.2) 

J _ J — 

i t © 
fo r ths scattering of spinless, equal mass p a r t i c l e s . Here pSUr 

i s the so-called ' t h i r d double spectral function* ( t h i r d dsf) 
andu+(t) are given > f 

An analogous r e s u l t holds :~or the general case with unequal masses 
and spin (see ref<>1) — 

H J ' i . H 32TT XX AX 

bit) 

1 - * S e (2.4) 

The equation (2<,2) i s important for tv:o roasons:-
(a) the appearance of the t h i r d daf pS(L i n the second term of (2,2) 
This term vanishes for physical 1 values i„e at r i g h t signature 
points, "but i s f i n i t e at wrong signature points. Also since the 
t h i r d dsf does liOt exist f o r n o n - r e l a t i v i s t i c scattering then t h i s 
l a t t e r term is a purely r e l a t i v i a t i c e f f e c t . 
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(to) the f i n i t e ranges of in t e g r a t i o n * 
This i s very important since i t implies that the L.II. 

d i s c o n t i n u i t y i s u regular function of 1 i n the whole f i n i t e 
plane, sxcept Trr the poles of ( a t negative integer values of 
l ) i n the second term. Having f i n i t e ranges means that (2.2) can 
toe continued as i t .stands toelow Re 1 > N, r i g h t down to Re 1 < 0. 
This i s not necessarily true^ for the R.H. discontinuity since 
t h i s involves an i n f i n i t e range of i n t e g r a t i o n (see Appendix A), 
atad so, 'a p r i o r i * , i t i s only defined f o r Re 1 > N.. 

Thus i t appears that the L.,H. discontinuity of B ~ ( l , t ) 
(and therefore of A"(!.,t)) '.us fixed poles at the wrong signature­
' s ) negative integers (nonsense l ) . I t can toe shown that the 
remainder of the L.K., cut and the R.H. cut cannot give a cancell-
ingjeontribution except possibly at isolated values of t . Since 

± 
the L.H. di s c o n t i n u i t y i n t of A ~ ( l , t ) has f i x e d poles at nonsense 
1 i t follows that A ( l , t ) i t s e l f has these fixed 1 plane poles 
w\ nonsense US 1. 

I t i s well known that f i x e d poles contradict the elasti< 
u n i t a r i t y equation (continued)( see (1.11))(since the L.H. side 
of (1.11.) i s a simple pole and the R.li. side a doutole pole) i n 
the absence of cuts. I f we i t e r a t e t h i s procedure we end up with 
an essential s i n g u l a r i t y (the so-called *Gribov disease * ) c . 

We can get round t h i s d i f f i c u l t y by postulating a 
Super-convergence r e l a t i o n (yCR) i.e that the residue of the fixed, 
pole vanishes, however i t can be shown, at least f o r some values 
of t , that t h i s requirement can not be met (r e f s . 1 , 2 ) . Thus i n 

general these wrong signature fixed poles (commonly called 
Gribov-Poaieranch.uk (.G.P) poles ( r e f . f i ) ) cannot be made to disapper 
by S.C.R* For t h i s reason u n i t a r i t y then demands that cuts should 
e x i s t , since the R.H.terms of (1 .11) then have to be evaluated on 

http://Gribov-Poaieranch.uk
http://ref.fi
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d i f f e r e n t aides of the cut,, ao that the pole w i l l only appear i n 
one te;\.: ( w i t h the cut shielding the other)... 

Apart fr-Ow v i o l a t i n g un.itar.it7/ these fixed poles cause 
trouble when v.( consider the scattering of p a r t i c l e s w ith spin. 
I n t h i s case, the f i r s t f i x e d pole now occurs at J = max(<3| c£» 
Ĉ +Ĉ .) - 1 = c r - 1 j.ustead of at J - — i f o r the apinless, case. 
But a f i x e d pole at u = 0" — 1 gives an asymptotic behaviour s 
and so f o r p a r t i c l e s with cr>2 we get an immediate contradiction 
w.ith the Froiosart bound (egn.( 1 .4) ) . 

'Ae mention l-ere that these f i x e d poles do not contribute 
to the asymptotic beii iviour y f the physical amplitude. This 
follows immediately from eon.(l.C?)* 

I n the preceding analysis of the continuation of (2.2) 
from Re 1>N down to the- l\ft the e f f e c t s of moving cuts was 
neglected. I n the presence of these cuts i t might be possible 

that as J i s reduced another cut i n the t plane might ovarian 
th'3 L.H. cut and so Disc. B""( 1 , t ) .r ,r now migr.t not be given by 

U I Li a ll 
the R..K. side of (2*2) alone, and the reasoning leading to the 
G.P poles might no longer be v a l i d . S i m i l a r l y for the essential 
s i n g u l a r i t y argument. However as shown by M'andelstam and Wang 
(ref.15) the movements of the cuts are not such as to a f f e c t the 
G.P f i x e d poles argument but they do get r i d of the essential 
s i n g u l a r i t y argument. This agrees, with the work of Jones and 
Teplits (ref»l6). who approached the problem v i a the N/D method. 

GKKflRAL i-'RCFPRTILia 
. We can gain f u r t h e r insight i n t o the relationship between 

1 and i plane s i n g u l a r i t i e s by considering the Froiasart-Gribov 
pro jeer, .ion i n s.ore d e t a i l . Using (1 . - i 0) eon. (1 .6) can be w r i t t e n 

http://un.itar.it7/
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where D* ( s , f c ) = (sb,t),b)± D ^ S ^ b ) , t) 

± 
Here K" i s d e f i e d "by a f i n i t e i n t e g r a l and so i s meromorphic 

i n the whole 1 plane except f o r poles at the negative integers. 
• + 2 

A l l other s i n g u l a r i t i e s of E~ come from D". Since a can he as 
large as we please -;e see that these s i n g u l a r i t i e s depend only 
on the asymptotic bel: AViour of D X(s,t) f o r a-s> oo i the higk energy 
behaviour of the absorptive parto i n the s and u channel. 

The above representation i s v a l i d for He 1> 11, and i n general, 
of course, H i s a fu n c t i o i . of t.. K = ot ( . t ) . 

Thus suppose Ds(3,t)/^s°(Ct)Clog s ( a-» co) then we get the 
in t e g r a l 

r . -i-i+oi(b), .at) 

J is s 
which gives s i n g u l a r i t i e s i n the 1 plane of the form 

~ k ̂ \ ^g other terms , fo r Re£(t) + -1 
; (2.6) 

and bit) to<^ tol(k)—JL/ for Re£(t) = -1 

and these of course correspond to cuts i n the 1 plane.. 
Thus A ( s , t ) ~ s"* / log s corresponds to a cut i n the 1 plane 

of the form b ( t ) log(c<(fc)- 1 ) . Notice that t h i s i s i n f i n i t e at the 
branch p o i n t . This feature i s discussed .below. 

Similar considerations apply when A(s.t) i s a continuous 
superposition of Regge poles e.g 

D s ~ j p W , t ) llf 



which gives a s i n g u l a r i t y l i k e 
OL(fc) 

J W if 
(JL't) 

+ other t e n 

and t h i s i s the form of s Regge cut i n the 1 piano s t a r t i n g at o ( ( t ) 
As i t stands (2»5) i s a v a l i d representation f o r Re 1>H 

2 
and m t h i s case D h&s "branch points only f o r t ̂  Lm - I n the cont­
inuation of D to Re 1< lx we encounter nev/ s i n g u l a r i t i e s i n the t 
plane. These must "be l-dependent s i n g u l a r i t i e s otherwise they 
could not disappear suddenly from the physical sheet of the t 
plane as Re 1 i s increased a'bove K, This follows from the continuit; 
thecrem for functions of two or more complex variables. These new 
s i n g u l a r i t i e s thus must be singular surfaces t = ^ ( l ) • These can 
disappear (as tie. 1 increases above N) from the physical sheet onlv 

though the branch points on the r e a l axis. Conversely as 1 i s 
reduced s i n g u l a r i t i e s i n the t plane w i l l emerge from the i n e l a s t i c 
thresholds. I n p a r t i c u l a r , cuts i n the I plane w i l l .Manifest then-
selves as cuts i n the t plane, which w i l l emerge fr;> a the i n e l a s t i c 
thresholds. 

Hot much of a general nature can be said about these 1 

plane cuts, and to date there i s no precise p r e s c r i p t i o n f o r calc­
ul a t i n g them i.e very l i t t l e i s known about the di s c o n t i n u i t y 
across these cuts,. However Bronzan and Jones (ref,17) showed that 
the d i s c o n t i n u i t y i n singular at the end point and that i t also 
vanishes there. 

They did t h i s by- considering, i n the t plane, the separate 
contributions from the threshold cuts and the cut generated by 
the! 1 plane cut - i n £'ig( 2) CUT 1 and CUT 2 respectively. Here tQf 

* i are thejsiastic and i n e l a a t i c thresholds respectively. I f }f ( t , l ) 

i s the di s c o n t i n u i t y across CUT 2 then we have 



BCtttjt)-BLt;,i) = 2irct,D (2.7) 

and from e l a s t i c u n i t & r i t y we have 

B ( t - B ( t , , < L ) = 4 i v l * y i B(t; ,£)B(^£) (2.6) 

where 1/ = q2 = ( t - t )A» 

I t t e « J f t 

i t ' 
Vtt^j^qdp^^^ CUT 1 

Using these equations they- proved that Y must he singular 
at t = t ( l ) and also tha-1. tf vanished at t = t ( l ) . I t was shown c c 
that t h i s implied that the discontinuity- of the corresponding cut 
i n the 1 plane also vanished at i t s e ni point*. 

Without loss of generality we can thus write 

B C t . f r ) = C | > c « ) - f r ] + j i t ) tp>o) ( 2 . 9 ) 

f o r t near t ( l ) , a n d v/here f ( t ) i s regular at t = t ( l ) . The cont-c c 
r i b u t i o n of the cut to the f u l l amplitude A ( s , t ) , as a — > oo 9 i s 

and t h i s d i f f e r s from the usual foi'in by the presence of j% > 0 i n 
the denominator. This i s not very important phenomenologically but 

i s very important t h e o r e t i c a l l y . None of the standard methods 
(discussed l a t e r ) haw: t h i s form (they a l l have /3 == 0) and so 
casts doubt on the t h e o r e t i c a l J u s t i f i c a t i o n for these models. 

TflS .APS MODEL 
The f i r s t model f o r actually calculating cuts was given 

by Amati, Fubini and Stanghel.lini ( r e f * l 8 ) s - the APS model. 

http://BCt.fr
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They considered the equation expressing e l a s t i c u n i t a r i t y 
i n the 3 channel t-

32TTXyfT 
d H s A1 Ĉ c;) A 2 (*A) (2.11) 

which holds exactly for s < s I where i s the f i r s t i n e l a s t i c 
threshold, and where t ^ and t ^ are subject to 

SC t} tu tz) = - (tVtjV ̂ )+2tltx+ 2tti + 2tt2 > O (2.1.2) 

The R.H. side of (2<.1,1) corresponds to the diagram f i g . ( 3 a ) . 

( ̂  vrv == Regge pole ) 

fig»(.3a) fig.(3b) 
Regarding both Â  and A g as give;., by Regge poles (f i g . ( 3 b ) ) 

51 —9- CO 
we get 

Disc, AUt) r ^ * ) + ^ ^ f l
C i ( f c ? ^ g(£) ̂  ( S M 3 ) 

Notice that although (2.11) holds exactly only for s < s I 

we have used i t f o r 3 —> 00 i n (2.13). 
Assuming the o<-are r e a l the form (2.13) gives a cut with 

branch point at 

with t 1 and t g subject t o £ > 0 . With l i n e a r forms f o r the C<*sJr 

0(^(.t) =. o(j,(0) + , and s -*> oQ , we get 

(2.1 5a) 



where K c ( t ) = <*,&)+ ̂ ( 0 ) ~ 1 + <V«> _. fc ( 2. t 5 1 ) ) 

< -+- < 
The r e l a t i o n between t , t ? t^9 at the maximum i n (2.1h) i s 

1 1 JL 

( - t , ; ) 2 + ( - t 2 ) 2 = ( - t ) 2 , for maximum. 

An a t t r a c t i v e property of the APS model i s that the. cut 
cont r i b u t i o n does not involve any new parameters - both F ( t ) 
andc* c(t) can be expressed i n terms of the Regge pole parameters 

andoi,* Hotice however that F ( t ) involves a complex conjug­
ation c!% 

However9 as we show below., t h i s AFS cut does not e x i s t 
on the physical shec J s i r e r i * . i s cancelled by higher order 
unitary contributions, Tc examine i n d e t a i l the reasons f o r 
t h i s cancellation recourse was made to perturbation theory, 
where the p r e s c r i p t i o n for calculating the amplitude f o r a 
Teynm&n diagram' i s known e x a c l y . However the disadvantage 
here i s t h a t , for strong i n t e r a c t i o n s , the perturbation series 
' fo r the f u l l amplitude) cannot necessarily be expected to 
converge, and so the numerical values of in d i v i d u a l terms have 
no special significance. But i t i s expected that the analytic 
properties of these terms w i l l e x h i b i t important general prop­
e r t i e s of the f u l l amplitude. Since complicated Feynmam diagrams 
are mathematically complicated^ the discussion usually confines 
i t s e l f to simple diagrams and i t e r a t i o n s and sums of these. 

The amplitude f o r a general ladder diagram can be w r i t t e n 

F oc Li 
r 

l TO £ (2,16) 

f o r equal mass, spinless p a r t i c l e s . Here k }c„,*,k. denote the 
3 independent loop momenta and the q's the momenta of the i n t e r n a l 
l i n e s * 
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I t c&ii "be shown that the leading behaviour of a ladder v.*ith 

n rung.,- ( f i g ( 4 a ) ) i s ( K ( t ) log s) 1 1*" 1 for s «*> cO . 

J 

f i g ( k a ) fig(Ub) 
Here K ( t ) i s a two-dimensional i n t e g r a l over the contracted box 
diagram fig(h/b)» I f we sum over a l l ladders, we; get the c o n t r i b ­
u t i o n 

which gives Regge behaviour ( r e f . 1 9 ) . Thus we have a model f o r a 
t channel Regge pole i 

fc— - - + 

The diagram considered by A,ps i s es s e n t i a l l y that depicted 
i n f ig( 5a) . 

I 8 8 

M 
£ig(5a) fig(5b) 

As a Feynian diagram fig(5a) makes contributions to several 
•unitary* diagrams ( f i n i t e number, i f N,M" are f i n i t e ) e.g fig(5a) 
shows i t a c o n t r i b u t i o n to the u n i t a r y diggram Ql̂ ~Q 
end fig(5b) a contribution to ^zQt^^yzzz . 

AF8 took only the f i r s t c o n t r i b u t i o n , and neglected a l l the 
others. Recalling the correspondence, between ladder sums (Feynnian) 
and Regge. poles we would expect that 

N 
JJJAL 

IDTID K 



However i t can be shown (r e f . 5 ) that the asymptotic behav-
iour ol the APS diagram i s log a / independent of U and N, and 
so the sum also has t h i s behaviour* This i s a f i x e d cut behaviour 
and not a moving cut* But r e t a i n i n g only the contributions to the 
2 p a r t i c l e u n i t a r y diagram seems to give us the moving cut behav-
iour s v log s* Obviously something i n the complete, co n t r i b u t i o n 
has cancelled t h i s * f.'.andelstam proved t h i s e x p l i c i t l y (ref.2.0) 
when he showed that the contribution from fig(5a) was cancelled 
by a c o n t r i b u t i o n from f i g ( 5 b ) . He went on to show that the cancell­
a t i o n mechanism would not work i f instead of the above diagram we. 
considered the "crops'1 diagram f i g ( 6 ) * 

I t i s u n l i k e l y that t h i s cut i s cancelled by higher order diagrams* 
The essential property of t h i s diagram i s the presence of the 
t h i r d double spectral function* The simplest diagram with a t h i r d 
d.s.f i s f i g ( 7 ) and t h i a has a simple fixed pole at 1 = - 1 , from 
the G.P analysis* The actual diagrams studied by Mandelatam were 
those, of f i g ( 8 ) • 

Pig(8a) i s simply an i t e r a t i o n of f i g ( 7 ) and so has a double 
pole at 1 = -1* Pig(8b) i s r e a l l y an i n f i n i t e aura of diagrams and 
Mandelstam considered the. contributions of t h i s sum to the 3 p a r t ­
i c l e intermediate state u n i t a r y diagram* lie was able to show that. 

H I I I 111\7 x V 
A 

t n I I LLLZ 
f i g ( 6 ) f ifi( 7) 

mm A / 
f i g ( 8 ) 



f i g ( 8 ) b possesed a cut in the 1 plane whose dis c o n t i n u i t y had 
a doubl e pole at 1 - -1 and th a t the sum oi' the diagrams f i g ( 8 ) a 
and fig(8)b had ro double pole at 1 =. -1 on the physical sheet 
of the 1 plnnc-.v However the sum s t i l l possesed a simple pole 
at 1 = -'1 on the physical sheet, and i t does have a double 
pole oxi the opposite unphysical sheet of the 1 plane cut. Thus 
i t was shown that tho e f f e c t of the cut v/as to prevent the 
simple; pole from becoming an essential s i n g u l a r i t y via i t e r ­
a t i o n . The same type of reasoning applies to the poles at 
1 _ ~$.9 -.5,,,0, i n the even signature amplitude, and at 1 = 

-2, -h,,,, 0 i n the; o '.d signature amplitude., where higher order 
cuts are presumably available. 

Thus i t was shown that the AFS diagram did not give r i s 
t ^ a cut on the physical ^eet, However i t does give a cut on 
the unphysical e l a s t i c sheet of the s plane. This follows 
immediately from 

A^' :)(s,t) ^ A ^ ( s , t ) - 2i Disc A(s,t) 
(1) (2) where Ax ' i s the amplitude on the. physical sheet and Av ' i s 

i t s continuation through the e l a s t i c cut s Q < s < s^, 
Nevertheless ther® i s a s i m i l a r i t y between the AFS 

and Mandelstam diagrams. I f f o r s i m p l i c i t y w© consider the 
diagrams 

N N EOT/ N V 
in \ 

\ J \ L 
\ 

(a) (b) ( c ) 

then i t can be shown that (a) has the asymptotic behaviour 



The c o e f f i c i e n t s C^Ct) are associated with the- contracted diag­
ram, (c) evaluated with two-dimensional momenta* When we sum over 
K we get a cut that i s analogous to that of (b) on the e l a s t i c 
unphysical sh0J s. o This i a plausible because (c) i s also the 
contracted diagram corresponding to (b).. Notice however the 
important difference that the APS cut involves a complex conj­
ugation while the Mandelatarn cut does not. On t h i s basis the 

'cross 5 does not seem to play much of a pa r t , other than 
a c t u a l l y generating a cut on the physical sheet. This suggests 
that the 'cross* i t * a manifestation of something more basic. 
I n t u i t . i v e l l y , on the Glauber '-?ef.2l) or Parton p i c t u r e , we 
would get the 'cross* structure i n a diagram such as 

J-

f. 

and the cut would then be. a r e s u l t of the. compositness of 
p a r t i c l e s . At least i t suggests that the existence of cuts 
depends in t i m a t e l y on the structure of the scattering p a r t i c l e s 
( r e f . 1 ) . 

An i l l u m i n a t i n g method of discussing the Mandelstam 
diagram (and others) i s the 'Reggeon Calculus' developed by 
Gribov ( r e f . 2 2 ) . This i s a mixed Feynman-Kegge method which 
avoids the need of having some 'elementary p a r t i c l e ' model 
of Regge; poles$, such as .an i n f i n i t e 3um of ladders. Gribov 
studied the diagram f i g ( l O ) for large- s, and found that the 
discussion was Much f a c i l i t a t e d by the use of the 'Gudakov* 
variables ('ref .23) . 
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f i g ( l O ) 
The amplitude for f i g ( l O ) i s (see eqn.(2.l6)) 

A Ufc) = 6 £ [ t k d% d% R, R, (2,1 7) 

where R 1 = R^k,., k) , R?=s R^p^-k.,, p 2 ~ k 2 , q-k) and the 
d's are the propagators :-f the ..nternal l i n e s . With suitable . 
assumptions Gribov obtained 

where j - ^ a r e the. usual sigi'^.ture f a c t o r s , and N;7jj^represents 
the i n t e g r a l over the left-hand cross (the right-hand cross 
gives a si m i l a r r e s u l t ) . Taking the disc o n t i n u i t y of (2.16) 
we have 

I Si 
c C \ K l ! T 5 ^ + T l R a ( ^ 1 T ) (2.19) 

and i n s e r t i n g t h i s i n the Proissart-CJribov p r o j e c t i o n gives 

A ToC f rf.2fe, ReC?T, £ra) (2.20) 

This gives us the. expected cut, YJhose p o s i t i o n i s the 
same as the APS cat, 

A.more det«.iledknalvsis of N-—illustrates well the imp-

ortanoe of the. 'cross' (or nonzero t n i r d double spectral function) 

F 
We have N (t, tf ,£rj = <jU, (s, }t, t, , O ( 2.21 ) 



where A^ i s the Reggeon-part-icle s c a t t e r i n g amplitude of the 

l e f t - h a n d c r o s s * j ^ 

r 

Because of ti:.3 cross: A. has a non—zero t h i r d d . s , f , 
1 

i , e i t has "both l e f t and right-hand cuts*. The contour of 
i n t e g r a t i o n i s i l l u s t r a t e d above. I f there was no cross, the; 

amplitude. A^ would on l y have the right-hand cut and so the 

contour can be closo-3 i n the upper-half plane. S i n c e A., 
i 

f o r l a r g e then N vanishes and so there v/ould be no 
c u t , (A Regge pole behaviour of A amounts to a r e n o r m a l i z -

1 
tit;ion of the pole,) 

The reason why the usual APS c a l c u l a t i o n g i v e s an 

apparently non-zero r e s u l t on the p h y s i c a l 3heet i s t h a t they 

r u n s i d e r o n l y the on-mass-shell e f f e c t s . I n f a c t the off-mass-
s h e l l p a r t c a n c e l s the on-mass-shell c o n t r i b u t i o n . T h i s i s 

demonstrated v e r y s i m p l y i n the paper by Rothe ( r e f . 2 4 ) , HiB 

method, however, i s much l e s s general than G r i b o v ' s . 

From the above anal y s i s , we see t h a t 

( a ) the s i g n a t u r e of the cut i s given by 

T h i s f o l l o w s immediately from ( 2 , 1 8 ) , 
(b) from the Sommerfeld-Y/atson i n t e g r a l , A ( s , t ) i a g i v e n by 

Afefc) oC farA^s*"- \l\ f<UlC» W Re 
c J — 

and t h i s of course, r e p r e s e n t s a cut i n the J-plane s t a r t i n g a t 



J = max U' (k ) + JpC(q-k) ) - t ) and with discontinuity 

However as. d i s c u s s c a e a r l i e r t h i s c o n t r a d i c t s the Bronzan— 

Jones condition, d e r i v e d from c r o s s e d channel e l a s t i c unitarity» 

I n t h i s r e s p e c t the simple c r o s s graph i s inadequateo It a l s o 

f a i l s i n th&& the out does not perform the; n e c e s s a r y duty of 

p r o p e r l y e l i m i n a t i n g the "ftr ibov disease;" of an e s s e n t i a l 

s i n g u l a r i t y a t J c= -1. (ref.25)» The proper i n c o r p o r a t i o n of 

t channnel u n i t a r i t y however would r e q u i r e i t e r a t i o n s of the 

simple c r o s s graph, Injfac\ an i n f i n i t e sum of graphs does 

c o r r e c t the shove, two d e f i c i e n c i e s * 

g i ven "by 
j A X N,Ti $ T Re C STt 

Neglsc +-ing t h e s i n g u l a r i t i e s of N ^ - T t h i s would g i v e the 

f a m i l i a r cut c o n t r i b u t i o n ( f o r l a r g e a) 

A c u f c(sv,t.). ~ a°^/(log s) U c = J c ) 

X X X 
+ + 
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THE ABSORPTION AND KIKONAL MQDSL 

Although the theory g i v e s ua i n s i g h t i n t o the general 

p r o p e r t i e s of cuV, i t does not provide a method f o r c a l c u l a t i n g 

them* }o reiiie-; ,• t h i s , s e v e r a l models have "been proposed, most 

o f which agree to l e a d i n g order * The "basic i d e a i s to w r i t e 

the f u l l amplitude a power s e r i e s , i d e n t i f y the lowest 

order term a s the 'Horn term 1 ( u s u a l l y a Regge p o l e ) and the 

highe:* order terms as c u t s 0 

As a l r e a d y noted the APS model was t h e f i r s t and t h i a 

was an attempt t o u i i t a r i a e the: Regge exchange; contribution,, 

The u n i t a r y eriuation^ may be. v r i t t e n ( i n an obvious notation) 

Vfr _____ *. | Y- . 

3Tivi \ 0 J X — T L l X l a 0 L -+- /_ I c L $ ! a n \(A^ ( e l a s t i c ) (3.1) 
a.ud 

(LQ l a n ( i n e l a s t i c ) (3.2) I t 

For our purposes we may- regard a and b as two p a r t i c l e 

s t a t e s and n a n - p a r t i c l e s t a t e . 

The APS ( o r m u l t i p e r i p h e r a l ) assumption concerning the 

production amplitudes M a n i s 

low~ly-.tng cut 

/ _ d§5 M a r v M b n - R ^ - H l o w - l y i n g cut 

where- P is. the. Pomeron ( l e a d i n g c o n t r i b u t i o n f o r e l a s t i c s c a t t ­

e r i n g ) and R i s t h e l e a d i n g Regge pole c o n t r i b u t i o n s to the; 

s c a t t e r i n g a-*- b e 
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I f we i d e n t i f y 1' with M „ then equations. (3«,l) and 
an an 

(3„2.) induce to 
Im !.i?o.. ~; Im p + P*x p 

^ T a b « I f i l R a b + 2 R e ^ P * Rab> 

These are the APS ecj.uations„ The. Regge. pole appears, as the 

'overlap* f u n c t i o n , y-iso note the complex conjugation ( r e f 0 2 6 ) 0 

I f we t a k s P imaginary, P = i l m P, then (3»k) reduce to 

Im. T » I a P + Ira P X Irn P 
mmm: ° (3.8) 

Lsi T.,,. ft* Iia R , + 21m PX l a R . 
aD ah 

Thus the ' c u t 1 terms add \,o ti.e. .'iegge polo terms<> 

T h i s i a to he compared w i t h the; Absorption Model r e s u l t , 

which u'e nov>? d e s c r i b e . The. -sbso^ption e f f e c t i a due. to the; 

e x i s t e n c e of many open channels which compete, with the one under 
c o n s i d e r a t i o n * I n g e n e r a l a s i n ^ e qua-ji two body production 
channel constitute,?, only a small f r a c t i o n o f t h e t o t a l i n e l a s t i c 
t v o s s - s e c t i o n . More, complex f i n a l s t a t e c o n f i g u r a t i o n s a l s o exist. 

w i t h appreciable; c r o s s - s e c t i o n s . I n t u i t i v e l l y one would expect 
these more complex r e a c t i o n s to be i n i t i a t e d by c o l l i s i o n s with. 

s m a l l impact parameters ( s m a l l , angular momentum) and thus these, 
c o l l i s i o n s , would h a l e s s l i k e l y t o p a r t i c i p a t e i n the two-body 

' r e a c t i o n s . Thus one. would expect that, the lower p a r t i a l , waves 

would be reduced r e l a t i v e to those given by a simple, p e r i p h e r a l 

model, and that t h e high p a r t i a l waves are e s s e n t i a l l y unchanged. 

T h i s is. the. absorptive e f f e c t * The p r e s c r i p t i o n f o r t a k i n g t h i s 

i n t o account v/?:s given by Sopkovitch. ( r e f 0 2 7 ) and r e f . 2 8 . 

1 
(3.6) A 

and the A*^ i s t h a t given by a m u l t i p e r i p a e r a l model ( u s u a l l y a 

Regge pole) *. 

http://ecj.ua
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I f we make the, u s u a l assumption ti i a t 
T 

* 4 * 1 * E l a s t i c < /> 
then (3o6.) re-duct,'..* t o ( r e f o l ) 

o 

A ^ f e f c ) - A,. bfefc)+J_ tetitJjs.L'^Js^BM (3.7) 

- s 
where K s - ( + tjf + s|). + 2(1^ t £ + t t . + t t 2 ) . + i j - t t ^ t ^ s *(3*8) 

The form (3*7) holds f o r l a r g e a and s m a l l t , t„j 9, and the 

second te^m corresponds to the diagrams 

I f we us© simple Regge. pole; fores f o r the: amplitudes i a 

Ot(fc) tl*e second term., say 

A(«,t) = -Ge , t(i.e' 
i-.^n we get the c o n t r i b u t i o n ( w i t h 06 ( t ) ~ ( 0) +o^'t) 

<* c(e) = o c , ( o ) + t f a ( o ) - i -f- outfit/(<*;+<*l) 

(3-9) 

where: 

I n d e r i v i n g (3»9) we-used th.e r e s u l t (i»efs.32, 33) 

I I " A 
which wa then. cpproziincted w i t h 

- j y efa«b*fc/Ct,+ k') 

Here A « (b'>lv,+2b Hb^z)^ and r; » 1 + 2t/a„ V/e- have also 

asaumed t h a t a. and &.. are email compared w i t h log( s / a . ) , 
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The c u t c o n t r i b u t i o n (3*9) i a ex a c t l y the k i n d of term, 

th a t 1' expected from O r i b o v 1 a a n a l y s i s * 

I n the a'bov;-; d e r i v a t i o n s p i n was. neglected but i t s i n c l u s i o n 

causes no pro''.\<*,m+ B r i e f l y , , we only need to make the change 

F ^ ( a ) — $ > d^^'Cz) and then use. the formula 

where /± ^ ^ ^ J _ ? - z f - ^ + 2 z z ( Z z 

and the angles (j>i are given by (ref»1i) 

The f i n a l r e s u l t i a ^ 

X ©̂ 1 C o s ^ + ^ + ̂ ^ f (3.10) 
A V , 3 

where H a denotes (U T j ^ i 9 jx 3 j^)» the h e l i e i t i e s of the: p a r t i c l e s 

;pefs.9 f 10) and ^. = ) /*'- f^-/*-* j /ky-K 

There, is. one- more a f f e c t that i s u s u a l l y considered,, I t 

was assumed t h a t e l a s t i c s c a t t e r i n g i n the f i n a l and i n i t i a l 

channels dominated the c o r r e c t i o n s t a i n e l a s t i c a m p l i t u d e s 0 

T h i a gave us the ex p r e s s i o n 

A ^ l ~ A A f c + c A a a. A^, + t A fj> A ^ ( 3 # 1 1 ) 

I f we include- other intermediate s t a t e s ( c ^ = a, b) t h i s 

generalises, to 

A f t b « ^ + ^ ( A a a A , f c f A 4 A j + t I A w A c f c (3.12) 
However t h e r e i a na r i g o u r o u s way o f e s t i m a t i n g t h i s new 

term* I t i s assumed (Michigan group s refc29) t h a t i t can be a c c ­

ounted f o r by m u l t i p l y i n g the e l a s t i c c o r r e c t i o n torma by a 

f a c t o r A , which oxnected to be of order 2. 



Thus the modified Absorption r e s u l t i s 

A t b S » Aab + 2iX A ^ A ^ ( A a a « A ^ c A e l ) (3*1 

Note t h a t A may depend on s p i n , and i n g e n e r a l may be a complex 

f u n c t i o n of s and t . However i t i s u s u a l l y assumed to be r e a l 

c o n s t a n t . 

I f we put A a l 3 = R & t (Regge pole) and A e~ t= i l m P then 

we get (dropping the A f a c t o r fo..r the moment) 

4 S S
 R a b * 2 I m P * a a b 

Im A A ^ a a ? Im R ^ - 21a ? X l a R b ( A b s o r p t i v e ) 

T h i s i s t c be c o n t r a s t e d w i t h the * u n i t a r i t y correction*„ eon* 

(3»5)» which has the opposite s i g n for the cut c o r r e c t i o n . T h i s 

d:t'ference a l s o a r i s e s i n the e l a s t i c case - the e i L o n a l model 

of Arnold (ref,3Q) ( t o be d e s c r i b e d below) which gives 

S a f i B 1. * 2 i A a f l = exp(21P) 

and so Im A s l a P - k P X Im P (E i l c o n a l ) (3.15 
del 

The s i g n given by t h e A b s o r p t i v e - S i k o n a l model ((3o1'4)> 

(3»15)) i s d e f i n i t e l y p r e f e r r e d s both e x p e r i m e n t a l l y and t h e o r ­

e t i c a l l y ( r e f s „ 2 2 9 26), 
T h i s c o n t r a d i c t i o n between the; two p r e s c r i p t i o n s was 

re s o l v e d by C s n e s c h i (ref,31» 37) who pointed out that t h e i d e n t ­
i f i c a t i o n T ,. c& M fo r the production amplitudes used i n 

an an 
deriving, the u i i i t a r i t y c o r r e c t i o n should be r e p l a c e d by 

T = s"2 M S a (3o»l6) an aa an nn w ' 

s i n c e the absorption nodal seems p l a u s i b l e f o r i n e l a s t i c s c a t t ­

e r i n g , (3*16) a ay a thot the- p h y s i c a l production or.iplit.ude T, „ 

i s a m u l t i p e r i p h e r a l amplitude U e n with a b s o r p t i v e c o r r e c t i o n s 

http://or.iplit.ude


To o b t a i n the f i r s t order c o r r e c t i o n s to the dominant Regge 

pole c o n t r i b u t i o n s we must a l s o t a k e int o account c o r r e c t i o n s 

of t h e same order i n the production amplitudes T » I t i a 

assumed that t h e equations (3,3.) s t i l l hold* We have to 5ecid« 

what to- take f o r S and as a f i r s t approximation we put S„ -;x 
nn ™ 

1 i * e we assume: t h a t absorption i n production channels i s 
1 

n e g l i g i b l e . A l s o we t a k e S Q D R ? 1 '+ 2IP which g i v e s s f s» 1 + i P s 

so t h a t 

P u t t i n g t h i s i n (3*1) aacL using; (3*3) w.e get 

l a T n = I n P + P X P - 21m P X Im P + »»» 
aa 

= ImP + Re ( P X P). + *** (3*18) 

v.-iich agrees with, the e i k o n s l model eqn»( 3.15). 

For two body i n e l a s t i c s c a t t e r i n g we have 

. T a n « M a n + i M a n * P + ^ o n * R a b 

and p u t t i n g t h i s i n (3*2) and using (3>3) a g a i n we end up w i t h 

Iia T ^ B I a R a b * 2Re (R ^ X P*) - Wm R a l 3 X Im P + 

= I n R a D + 2Re ( R ^ X P) + • ** (3.19) 

which agrees w i t h the- absorptive p r e s c r i p t i o n (3*14)» 

Thus the use o f a b s o r p t i v e c o r r e c t i o n s i s c o n s i s t e n t 

with u n i t a r i t y * Absorptive c o r r e c t i o n s to production amplitudes 

together with u n i t a r i t y reproduce the absorptive corrections-, to 

the two body i n e l a s t i c s c a t t e r i n g amplitude* S i m i l a r l y f o r e l a s t i 

s c a t t e r i n g and t h e eikonal p r e s c r i p t i o n * Note t h a t the above 

d e r i v a t i o n was independent o f P being imaginary* 

I t i s . important to p o i n t out t h a t the above d e r i v a t i o n 

deals, o n l y with the imaginary part, o f the amplitude - i t does not 



t e l l us the c o r r e c t i o n s to- the r e a l p a r t * I n t h i s r e s p e c t the. 

absorptive and elkonal p r e s c r i p t i o n s go f u r t h e r than un:«.:»ar.it.y* 

THE EIKOKAL MO DSL 

The impact parameter b i s defined by the equation 

J a= Q-gb — 2 ( 3 , 2 0 ) 

where q a i s the cdm. 3 momentum. 

The p a r t i a l wave s e r i e s with s p i n i s 

A H( B,t) = 1 6TT ( 2J + 1 ) A£( s) a^p/ ( z a ) (3.21 ) 

We s a k e the fo l l o w i n g replacements i n (3©21), which are v a l i d 

f o r | s j - * oo and l t l « |s| s~ 

( 1 ) <3*L/(z ) — > J l [(J+£)] ( B e s s e l f u n c t i o n of 
_ i n ^ order G ) 

(2) 22 — » f \ d t ( « ( a j ) 

( 3 ) AJ(B) « ( e x p ( 2 i < r j ( s ) ) - 1)/21J>(B) 

> ( e x p ( i % H ( s , b ) ) »l)/2ij>(s) ( j } ( a ) 

X ^ s / b ) i a c a l l e d the e i k o n a l f u n c t i o n ( s e e r e f „1) » 

Equation (3»21) then becomes 

A„sfe t) = 4TTslf bib [ .1 - e l % U W ] J p C b^fc) 
„oO w»,c-e-/ 

2a. 
8* 

= 4-7T5 
o L Zi 31 V\t -

(Here we; have taken z_ a cos 6 = 1+t/2q_, which gives ©s-s-in 9 
1 

I n p o t e n t i a l s c a t t e r i n g (ref»2l) we-, have 

( - t ) 2 / ^ f o r small t „ an.d so (J+£)e « t > ( ~ t ) ^ 0 
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o 
% H - ( S ' i ) - ( t>&) AT^UO ( 3 - 2 3 ) 

-oO 

and taking the i n v e r s e o f t h i s we get 

Thus we i d e n t i f y the f i r s t term of ( 3 , 2 2 ) with the *Born term*'* 

I f we regard t h i s a s a Regge pole amplitude then the hifjhei* 

order terms w i l l give us c u t s . 
I n e l a s t i c s c a t t e r i n g we expect the Pomeron P, the P* 

arid p o s s i b l y the P t t i t© "be the c o n t r i b u t i n g Regge p o l e s . Thus 

t a k e 

A B 0 r n = A P * A * i
+ A P " = A E say ( 3 . 2 5 ) 

iV t h at o 

(S,(,) = _±_J ctt (s,fc) Tf, (fc£fc) ( 2 . £ 6 ) 
which give s 

00 

s o 1 2 ^ 'Hjf J 

The 96*8 a r e of course m a t r i c e s i n h e l i c i t y space* 

The f i r s t ternt of (3*27) g i v e s us back the Regge po l e 

amplitudes, w h i l e the; second term g i v e s us the f i r s t (dominant.) 

cut c o n t r i b u t i o n ? 
DO 

o -* 
O oO 

r= 27Tco 1 
n —CO 

x A ^ a J J J " ^ , j C b P f c x ) A f c U t J J ^ C t J ^ ) ( 3 . 2 8 ) 

For e l a s t i c s c a t t e r i n g the f l i p amplitude i s very small so we can 



take pj j= » For tha n o n - f l i p amplitude 0, and by uain; 

the. fo-mula 
°0 

where K i s given by (3*8)j> we get 

A c u t C 1 ) _ i 
o 

t i t , e L t i A6(s,0KUt-) 600 (3.30) 

-oO 
S i m i l a r l y f o r the higher order c u t s * 

We can extend the above to i n e l a s t i c p r o c esses w i t h 

quantum number exchange "cy a c i r g absorptive, c o r r e c t i o n s . 

H A U .'•= A H (3.31) 

and w r i t i n g S J = e x p ( i % B ) , ( X j j . = e i k a n a l f o r e l a s t i c s c a t t ­

e r i n g ) we; have 

t A L S 1 
A j j ,= e x p ( i X E ) ( e x p ( i % R ) - 1 ) / 2 i p 9 y? 2 q f i / a a 

where % R = e i k o n a l for i n e l a s t i c s c a t t e r i n g * ( 3 » 3 2 ) 

Making t h i s replacement we heve the ' D i s t o r t e d Eorn 

Wave* approximation ( r e f , 1 ) -
oO 

Au(5,fc)=47rs-e b d t e £ X * [ l - e i X a J U l ( k A ) (3.33) 
& J r 

o 
I n expanding 

we make the approximation of n e g l e c t i n g the Regge-Regge c u t s , 

s i n c e they are- lower l y i n g than the Regge.-Pome.ron c u t s . Thus 

http://Regge.-Pome.ron


(3«»33) reduces to.* 

o . 21 (3.35) 
Comparing t h i s w i t h (3*27) we see that the. f i r s t c ut term has 

no 2 i n th® denominator and so the. analogous r e s u l t to (3*30) o 

18 € Z ^ M \ ^ A ^ A % t ' ] ^ ^ 
which i s e x a c t l y t h e sane as- the cut, term i n the absorption 

model r e s u l t eq;n*(3,.7)* Ap i s of course the Regge. po l e amplitude 

f o r the i n e l a s t i c process and X ^ i s given by 

X 5 U b) = _ L f oit 7k ( t ^ ) A H s t) (3.37) 

For t h e purposes o f c a l c u l a t i o n the forms (3*27) a n c * 

(3*35) are much easier/ to handle; s i n c e they do not, i n v o l v e t h e 

q u a n t i t y cos ( + f * ' ^ ) » v;hich i s d i f f i c u l t to 

manipulate* A l s o the. higher order terms are much e a s i e r to obta i n * 

I t i s i n s t r u c t i v e to c o n s i d e r these r e s u l t s for very 

simple p a r a m e t e r i z a t i o n s of the Regge p o l e s * I f we negle c t the 

P' and P" we; can put 
(3.38) 

A ^ + r = ioinS e x p ( c t ) 9 c = a + «p( Iog( s / s 0 ) - iTT/2) 

where we have taken c < p ( t ) s_- 1 + oCp( t ) 9 and &Q s 1 (Gev/c) . 

I f we consider TTK charge exchange then R ~ppole9 and wa take. 

• A + + * i G t e ^ " (e- i l^ 2.£v/s 0) 

C 0t-

(3o33) 
where c, = &y ... ^ ( l o g s / c o - 11T/2) 

c £ a 2 f&c.<(i«>g-S/B0 - ifT/2) 
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We use the important formulae ( s e e r e f » 3 9 ) 

e e tC-fc)*+"X(l.rt)it = ( - I f (kf fj£l 
r V2-/ vac/ I C F — OO 

and t he i n v e r s e 
.00 

(3.4v>; 

o 
to get the e i k o n a l s corresponding to the above amplitudes i 

% 4 + = 6 C ^ . e 
b2Ac 

+- J 

(3.1M) 

I n s e r t i n g these i n ( 3 » 3 5 ) we- e a s i l y get 

1 / ! _ £ _ ' e 
( 3 . 4 2 ) 

A*. c 
Khars xĵ 1 ̂  » c^c/(i?.c^+c) s X ^ 2 ^ = c 2 c / ( nc^+c) » 

I n ( 3.42) %e have included a A f a c t o r ( & > 6- ; 

I f we 3ust keep the f i r s t two terms i n (3*42) we gat 

A ,. sp(,Ss>) , , 

ff7TC V c * + C 
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and with c, as c,, c & it, = 24fflh,., A -- 2 and s ^ 1 v.!e f i n d 

that A has a aero at t - -0.21 w h i l e A has a aero a t t s - 0 , 5 5 , 

T h i s i s roughly- v;j.\at i s r e q u i r e d . 

We c<o get an estimate o f the cut terms a t t = 0„ 
I f r £ A cr_/(8Tr c),« 1 <>3 we f i n d a t t = 0 

CO 
A + + ( t o ) - iCS^'&, T (rlfr* 

m=o (na -f 1) I 

and so Jpolel : l H c u t s I = 1:1 - (1 - e " r ) / r % 1 i 0 , h 4 . 

Thus a t £ = 0 we expect the cut c o n t r i b u t i o n to be hk% of the 

pol e * 

The r e l a t i v e , s i z e ? i f the cut terms are as fol l o w s ? 

( w i t h pole. = +1) 

and so r e t a i n i n g j u s t three 

terms g i v e s _T c u t s JS? -O.i+6, 

a goad approximation. 

which g i v e s £ cuts. «: 257̂ . 

0 ( 1 ) = -Oo65 "* 

C ( 2 ) = +0,28 

C ( 3 ) = -0 ,091 

C U ) = +0.024 J 

V i t h A = 1 the. corresponding, v a l u e s a r e 

C ( 1 ) = - 0 . 3 2 

0 ( 2 ) = +0.07 

0 ( 3 ) = -0 .011 

The above estimates show t h a t keeping oust the f i r s t 

term, may not be a good approximation. 

Away from t 0 the cut c o n t r i b u t i o n w i l l d e c r ease 

slower than the. pole. e 0 g comparing the p o l e and the f i r s t cut 

the e f f e c t i v e t dependence i s e s s e n t i a l l y 

P o l e ; Cut = e c t i e c t / ^ 

and so. as J t | gets, l a r g e r 9 the cut w i l l e v e n t u a l l y dominate 

the pole* 



Thus these models d i f f e r only v e r y s l i g h t l y . The 

eikone.' method i a more genera l s i n c e i t . allows one to. c a l c u l a t e 

c u t s i n e l a s t i c s c a t t e r i n g ( P X P c u t s ) end Regge-Regge. c u t s 

( R X R ) . and t l - j e i k o n a l ' D i s t o r t e d Born Yi'ave' p r e s c r i p t i o n 

gives the P X R c u t s * T h i s i s to he con t r a s t e d w i t h the Absorption 

model which give s c;: p r e s c r i p t i o n f o r c a l c u l a t i n g PX P or RX R 

c u t s * I n our l a t e r o i s c u s s i o n we confine o u r s e l v e s to the 

eik o n e l method* 

I n the c a l c u l a t i o n of cu t s one has to make c e r t a i n 

assumptions* These e/-e : 

(a) nature, of input t r a j e c t o r i e s i-.e whether the pole r e s i d u e s 

c o n t a i n oC f a c t o r s * 

(\) the form of the Pomer.) i e,g f i x e d p o l e (ref,43) or f i n i t e 

slope? 

( c ) the form of the r e s i d u e e.g exponential e t c , 

(d) whether to inc?.ude- Regge-Regge^ c u t s ( R ^ XR2) where n e i t h e r 

R j or R,3 i s . the Pomeron* 
1 ^ 

The c e n t r a l i s s u e i s ( a ) * 

S i f l i S E - KOKO-jffsa FACTORS 

t 
¥.'e have seen t h a t i n g e n e r a l t h e p a r t i a l wave omplit-

J 
ude A has f i x e d poles or i n v e r s e square: root s i n g u l a r i t i e s at 
wrong-signature nonsense; p o i n t s * Howev&r at r i g h t - s i g n a t u r e 

nonsense p o i n t s t-s c£.n invoke. SCR, which thus g i v e s A J f i n i t e 

a t nonsense, (nn) p o i n t s , end A J ~ ( j _ j Q ) ^ a t sense-nonsense ( sn) 

p o i n t s J " 0 * So n e g l e c t i n g the t h i r d double s p e c t r a l f u n c t i o n 

e f f e c t s at wrong-signature we can say t h a t the Regge r e s i d u a jS H 

behaves us n 

PH ~ (oC - J Q ) * 



*;9 

amplitudev I f 9> _ , I as o' 

at sn p o i n t s 9 at l e a s t f o r the; rights-signature p o i n t s * Then 
using, f a c t o r i z a t i o n we have 

Thus e i t h e r m 2£. 3 a vanishes as (oC - J 0 ) o The former cass­
is, known as the- clioo sing-sense nechanisia, i n t h a t the.' t r a j e c t ­
o r y couples to the ss, amplitude and decouples from t h e nn, 

~ (oc -J f t) then t h e t r a j e c t o r y i s s a i d t o 

be nonsense-choosing* 

Far the wrong-signature nonsense p o i n t s the residue 

general, has f i x e d poles ( o t - J Q ) a t nn, p o i n t s , w h i l e a t 

sn, p o i n t s i t "behaves as (oC - J ) " z
 p and i s f i n i t e a t as* po i n t s , 

This i s the f i ^ e d - p o l e c o u p l i n g . 
The folio-wing t a b l e gives a summary o f the- behaviour 

o f the residues and amplitudes as the t r a j e c t o r y passes through 

a nonsense p o i n t J Q ( r a f s . 1 ,12,35) ! 

nn 

("-Jo) 

U - J p ) - 1 

RESIDUE 
sn ss 

(<X-J 1 

MECHANISM 

Sense-
choosing, 
Nonsense— 
choosing , 

Pixed-pol 
coupling 

r i g h t -
s ignature, 

wrong-
signatuves. 

AMPLITUDE MECHANISM 
nn 

(oC-J 0) 

sn ss 
Sense-

choosing, 
Nonsense-
choosing, J 

Fi^e-d-pole 
co u p l i n g * i 

s i g n a t u r e , 

wrong-
fiKnatvirGo 



If we neglec; the: f i x e d - p o l e i n the; residua at the 

wrong-signature p o i n t s (weak t h i r d d.s.f. e f f e c t a ) , the residue 
behaves as t h e corresponding r i g h t - s i g n a t u r e p o i n t , and the 
amplitude- i s t he same except f o r an extra zero (oi ~ J Q ) f?oni vhe. 
s i g n a t u r e f a c t o r ? • Thus., n e g l e c t i n g t h i r d d.c.f, e f f e c t s , t he 
t a b l e becomes 

MECHANISM AMPLITUDE 
nn sn ea 

Sense-
choosing* 

Nonsense-
choosing, 

As an example, consider "IT K charge-exchange. Only the 

p Regge. pole may be exchanged and oC = 0 i s a wrong-signature 

po i n t o 

(t) (t) The two amplitudes Av ' and A\ ' are ss and sn am^l'itudea resp-++ -fr­
ee t i v e l j r ( a t OC = 0)„ V/e now have 

oL = o 

MECHANISM 

Sense(s) 

Nonsense(N) 

Fixed—pole 
c o up 1 i ng (F „ P) 

A(t> 

1 

1 

A ( t ) 

oC weak t h i r d 
d«s„f. efffects 

s t r o n g t h i r d 
d«.s„f» effects 

There are two schools o f thought on the- nature; o f the 

pole inputa (refs 01,28)„ 

(a) Argonne dchool. 

The-; Argonne model ( r e f a0.3,0?13i|.) as guinea the existence o f 

Vv3I\TZ (wrong signature nonsense zeros) and oo the; residua of t h e 



Regge pole contains an oC factor,, So i n the c o n v o l u t i o n which 

generates the cut (see eq.n0( 3.7)) A R has a zero and one vould • 

thus expect the i n t e g r a l t o be correspondingly sjnaller due t o 

i n t e r n a l c a n c e l l a t i o n - 'weak c u t s * . Since the cuts i n t e r f e r e . 

d e s t r u c t i v e l y ( A 6 * "being mainly imaginary) t h e i r e f f e c t i s t o 

displace these zeros o n l y s l i g h t l y . The cut c o n t r i b u t i o n i s 

smaller f o r h e l i c i t y f l i p amplitudes because they do not have 
the lower p a r t i a l waves, which r e q u i r e l a r g e a b s o r p t i o n c o r r ­
e c t i o n s . Thus zeros i n n o n - f l i p amplitudes are di s p l a c e d more 
than those i n f l i p amplitudes, A by-product o f t h i s , i s t h a t 

•;he v^ro; i n dor/dt i s converted i n t o a d i p , as g e n e r a l l y req­
u i r e d by the data. 

I n general the structure- o f d i f f e r e n t i a l c r o s s -
sections derives from WSNZ i n the pole input v/ith cuts being 
3uat s.vall c o r r e c t i o n s . 

( b ) faichigan school. 
I n c o n t r a s t the Michigan model (ref,29) does not 

assume nonsense, zeros* The cuts obtained from the c o n v o l u t i o n 

are. thus correspondingly stronger and t h e i r d e s t r u c t i v e i n t e r ­

ference w i t h the pole can generate d i p s i n the d i f f e r e n t i a l 

cross s e c t i o n . To get even stronger cuts they used the X 

f a c t o r * We have already seen i n our example, w i t h X =2 t h a t 

we expect a dip at t =7 -0,55 i f the. f l i p a n p l i t u d e i s domin­

ant , and a dip at t = -0,21 i f the n o n - f l i p i s dominant. I f 

both are important we expect no dips at, a l l . 

Each o f these.- schools have t h e i r r e s p e c t i v e sue cease 

i n v a r i o u s r u c t i o n s (sea any review o f Regge. phenomenology e g 
r e f , 3 6 ) and t h e i r d i f f e r e n c e s are not y e t f i n a l l y s e t t l e d * 



EIKONAL FORMULA FROM PHRTURliATION THEORY 

The eikonal approximation (eon.(3.22)) can be derived 
by con s i d e r i n g a c e r t a i n c l a s s o f Feynnian diagrams ~ more 

p r e c i s e l y i t involves • the f o l l o w i n g (refs oi+0,Ul) 
(a) we consider generalised ladder graphs only — 

> i , — i ' — > ~ 
9ii • t t ' H i * 

> ! 1 8 ^-V-
h K 

wber-e ( i ^ ,„ •«»9in) i s some permutation o f (1 92 So 0» 9ii) „ 

•xb) we drop terras q u a d r a t i c i n q'a i n the 'nucleon' propogatora, 
":c c o r s i d e r soaj.ar p a r t i c l e s only i»e a ̂  t h e o r y . 

The. f u l l amplitude i s then given "by the sum o f a i l 
such c o n t r i b u t i o n s i . e 

Y,=1 perus 

I t can be shown (see refs aUO,Ltf and references w i t h i n ) t h a t , 

f o r l a r g e s, 

A 
.* i ._ • 

where q .-s p^-p.. and V(b) 
(27T*) 2 

8 1 13 the V(cj^) are the meson propogators» 
A 

The aula T can now be e a s i l y done, and giveo 

a 

n 

T e i k = I " _ K OC b f expCib.aXe 1* - 1) d^b 

share. X i s given by /£ oC V('b)/s» 
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Taking £ as a x i s we nave exp( ib.&) exp( iW-t .cose), and using 

d b r; b db dG and J (bT^t) = _1 
° 2TT 

exp(ib/-t.cose} 

we f i n a l l y o b t a i n 
oo 

iX T e i k ( s , t ) OC s | b db ( e 1 - 1) J r t ( b / ^ t ) 

which i s the. e i k o n a l r e s u l t d e r i v e d e a r l i e r (eqn.( 3,22))» 

I t can be shown t h a t the; form (3,2+h) i s s t i l l v a l i d 
even i f V(q ) had no poles i . e t h a t the p a r t i c u l a r f u n c t i o n a l 

form o f V i s not e s s e n t i a l - we r e q u i r e o n l y an adequate, beh-
2 

evjour as q —» oO , Thus we could take V t o be. a sum o f ladders 
i.e a Regge. p o l e , which t a l l i e s w i t h our previous eikfcnal 
model. Not i c e however t h a t the; generalised l a d d e r s are closed 
K-—A&r s«*u c r o s s i n g , so i f we r e q u i r e t h i s c o n d i t i o n t o be 

s a t i s f i e d by r,h& k e r n e l V"(q ) then we should a l s o include 
o 

t w i s t e d ladders i n our d e f i n i t i o n o f V ( q ^ ) . This e n t a i l s the 

i n c l u s i o n o>f many more diagrams. 

The. main drawback w i t h the 'generalised ladders* i s 
t h a t they i n c l u d e planar diagrams, v/hich ought not c o n t r i b u t e 
t o the c u t . Also i t would seem t h a t we- ought t o include t -
i t e r a t i o n a of the. l a d d e r s , which correspond t o a r e n o r m a l i x a t i o n 
of the poles and c u t s , and so our input i n t o the e i k o n a l modnl 
should be "bare" Reggeons, not the- p h y s i c a l Reggeons, The 
s i t u a t i o n i s thus r a t h e r complicated. 

An a l t e r n a t i v e to the generalised ladders method i a 
given by refoi-i-2 which considers diagrams such as 



where, the two p a r t i c l e form f a c t o r o f the Regge coupling i s 

e x h i b i '-,ed e x p l i c i t l y , , The- l e a d i n g order behaviour i s ottp.ined 

from "diagrams, wi i U*nested* couplings, which are the non-planar 
diagrtL's ( t h e diagram above, i s equivalent t o the Mandeistara 
diagram) o VVe again o b t a i n the e i k o n a l r e s u l t * 



CHAPTER k 



We apply the general theory to TTN charge-exchange, This 

process i a p a r t i c u l a r l y easy since the quantum numbers are-

such t h a t o n l y one known p a r t i c l e , the p t can "be exchanged. 

Indeed t h i s i s one of the- main reasons why TTIT s c a t t e r i n g has 
played a major r o l e i n high energy phenomenology-. 

I t has "been studied "by a l a r g e number of authors, A 

TIN charge-exchange f i t w i t h o n l y a simple p pole (r«f«.L-U) 

gives a good f i t to. the d i f f e r e n t i a l cross s e c t i o n but o f 

course zero p o l a r i z a t i o n . Various j> * j>* f i t s have been made 

(refa,i+5,46,i+7) and these g i v e reasonable r e s u l t s , Barger and 

P h i l l i p s (ref.h8) used 5 poles (P,P* t^tf »f'') i n s i m u l t a n ­

eously f i t t i n g n i g h energy data and f i n i t e energy sum r u l e s 

t.-j the low energy ( < 2 Gev) phase s h i f t s , and obtained a very-

good f i t to the e l a s t i e and charge-excango. data, including, a 

p o s i t i v e peak t o the CKX p o l a r i s a t i o n , as r e q u i r e d by the new 

CBKN data. Several f i t s using cuts have been made f >-ie e,g r e f s 

29,34 US) but these, weren't very s a t i s f a c t o r y , e s p e c i a l l y the 

charge-exchange p o l a r i s a t i o n . Because o f the l a r g e amount o f 

do~/dt and p o l a r i z a t i o n data, and also some data on the R 

parameter (re.f ,50), i t has been po s s i b l e t o analyse the TTN 

amplitudes d i r e c t l y at the given energy 6 Gev/c (see refs,5*1 ,52 
The B a r g e r - P h i l l i p s ( h e r e a f t e r denoted BP) amplitudes cgrse 
w e l l w i t h these determinations. 

We begin w i t h a b r i e f review o f the theory of TTN 

s c a t t e r i n g ( f o r a f u l l e r d i s c u s s i o n see any standard t e x t e.g 

r e f , 3 ) . The IT 11 s c a t t e r i n g amplitude i s the m a t r i x clement 

between Dirae a p i i i o r s ( f o r the f i n a l and i n i t i a l nucleon s t a t e s 



o f the amplitude 

T = A(o,t) - H B ( a s t ) I T . C q ^ g ) ) 

where A end I are the i n v a r i a n t amplitudes ( s c a l a r ) i n t r o -
duced by Chew et al», 0 are the Dirac matrices and , qg 
are the p i o n four-momenta i n t h e i n i t i a l and f i n a l states„ 
The h e l i c i t v am n i l fades T and T are obtained by a s u i t -

++ +— 
able choice o f the Dirac spinors - eigenstatea o f s p i n 
along the nucleon*s d i r e c t i o n o f motion i n the c.m frame; 
( t h i s d i r e c t i o n ir> o f course d i f f e r e n t f o r the v a r i o u s 
channels, and the ;?oproprif fce. eigenatates must be worked out 
f o r each channel)* 

I n terms o f A and B the h ^ l i c i t v amplitudes f o r 

the. t-channel process IT'u "->NN are ( r e f . 1 l ) 

A||^00 = 2P ( A "* m(a.,rP« COi?9.j,B) 

4-1,00 = < i t ^ i n 9 t B (^.2) 

where h p 2
 e t^hm 2 , 2*q2 = t-J+p? and cos©t = ( s - u ) A p q . 

(m i s the mass o f the: nucleon, |U. the mass o f t h e p i o n ) • 

I t i£i usual t o introduce; instead o f A the 

combination A* » A — mq/p.cos8^B0 (4o3) 
Par the s-channel TTN-»TTN the. h e l i o i t y amplitudes 

a 1 q i 0 « cos(e/2).fauA + B(s-m 2-^ 2)] 

o x JL 

where coa(e/2) - + s t ) z / x „ ein(9/2) - (-st)V'x (© = 8^) 
. . . . . . . .ol 

and 

http://ref.1l


I f i s . t h e momentum o f the i n c i d e n t p i o n i n the l a b o r a t o r y 

frame then i t . i s easy to show t h a t 

x 2 = h n 2 p 2 _ (U.5) 
p p p o 

Using the r e c u l t x + at = (m - j x " ) — s u and t h e i d e n t i t y 
2 2 2 2 2 2 2 hm ( s + a t ) - t ( a + m - ( j L ) = (ha - t ) x we can w r i t e 

the s-channel h e l i . . : i t y amplitudes i n terms o f the A* and B 
amplitudes s 

2mA' - t (a + m - j x ^ B 

CU.6) 

= i ^ i * + * 2 = r 2 ) - -.2m . ( x 2 + at)B 
j hm - t 

where - = i s the nueJ*>on h e l i c i t y i n the: s-channel centre: 
o f mass system. We s h a l l drop the. 0 s u b s c r i p t s and the ( a ) 
su p e r s c r i p t i n t h e subsequent formulae, since we; s h a l l be 
deali n g only w i t h s-channel amplitudes:, 

Throxxghout t h i s chapter we s h a l l be- concerned mainly 
w i t h the charge-exchange r e a c t i o n F~p 7T 0n, and t o a l e s s e r 
extent w i t h the e l a s t i c r e a c t i o n s TT"p —> 7Pp» 

The amplitudes f o r these r e a c t i o n s are not independent. 

but are connected by i s o s p i n i n v a r i a n c e i n the f o l l o w i n g way : 

A(TT""p->TT~p) = A° + A 1 

ih.7) 
A(TT" ? TT°n) = -/?. A1 

where the s u p e r s c r i p t s r e f e r t o t-channel i s o s p i n 1̂.=.- 0*1 , 

We s h a l l henceforth work w i t h the amplitudes A 0, A1 , 

We parameterize the amplitudes: A f ' v B1 i n terms, of a 

p Regge pole. The Ragge poles which c o n t r i b u t e t o the A 0 



amplitude ere the Fomeron P, the P* ( o r f ) and the p " ( r e f . 2 ) 
A t y p i c a l expression fol? a j> Regge p o l e i s 

f Si^TToi / V sc/ c o S- 7(5^/2. \5 0/ 
at where v/e have w r i t t e n the residue | 3 ( t ) as Ge » F(od) i s 

some f u n c t i o n o f t L s t r a j e c t o r y oCp £ + t . I t contains 
f a c t o r s such as ( o t + 1 ) , (oC+ 3) e t c t o prevent "'ghosts1' i . e 
poles a r i s i n g from the term. cos(7Vot/2) a t - -1 9 -3 etc 
( n e g a t i v e t ) . We are i n t e r e s t e d i n the r e g i o n 0 > t > - 2 (Gev/c) 2 

so t h a t we need r e t a i n only the. f a c t o r (oC + 1) t o a good 
approximation. The f a c t o r <,•'>' -;- 1 )/cos(7Tc</2) i s then a s l o w l y 

decreasing ( w i t h I t l ) f u n c t i o n and to a good approximation 
at 

maybe absorbed i n t o the exponential a ( a > 0 ) f o r 0> t > - 2 . 
F( OC ) w i l l also c o n t a i n a f a c t o r oC i f the p chooses nonsense 
( a t oi = 0 ) . Thus a good approximation t c the p Regge p o l e i s 

IG e a t r & 
— ilbt/Q. , XC< 

e (JL 
U 0 

(4.8) 

f o r a nonsense-choosingp„ 

So f o r the i n v a r i a n t amplitudes A* 9 B v/e take 

and 
Of ,\ /? • C j t - L l T ^ o ) , Mo) 

(4.9) 

g i v i n g f o r the f u l l amplitudes 

* i (e) . f „a $ p ) 

V W 

(4.10) 

X 



h9 

where o ^ ( t ) =0< e(0)+ oc^t 

c j = h
t1 + ( l o g s / s o " i T r / 2 ) (3 = 

and s o = 1 (Gev/c) 2 throughout* 
The ( ) su p e r s c r i p t i s t o remind us t h a t the- R,H,S 

i s the. pole c o n t r i b u t i o n to the f u l l amplitude,* The above 

forms are f o r a nonsense-choosing 0 For a sense-choosing p 

t h e r e i s no CX! f a c t o r i n the A Q terms and f o r a f i x e d - p o l e 

c o u p l i n g there are no oi f a c t o r s i n e i t h e r o f this A„ or 3 
o o 

terms. 
For the purposes o f c a l c u l a t i n g cuts the above forns 

were s i m p l i f i e d b y making the approximations 

x + c t «s x «s s 9 B + m - J U L « X « S , - t (t hm'- (1;.,11 

which are v a l i d f o r l a r g e s and small t» We then get 

M» e 
c 2tr 

I ft 
2m 

4, m 

A0oieec' - t^e* 

The n o r m a l i z a t i o n o f these amplitudes w i l l be given l a t e r . 
Before? we can proceed to the c a l c u l a t i o n o f cuts we must f i r s t 

describe t h e I.,. 0 enrolitud.es A 0 » 

I t = 0 AMPLITUDES 

Our p a r t i c u l a r r e p r e s e n t a t i o n o f the: 1 ^ = 0 a m p l i t ­
udes i s governed mainly by the: requirement o f s i m p l i c i t y . We 
t h e r e f o r e chose t o parameterize theia d i r e c t l y as P.eggc poles 
( w i t h o u t crossing) and used a simple form o f the common P + P r 

parameterizatior. as a s t a r t i n g p o i n t , Our procedure, was t o 

http://enrolitud.es


50 

regard the T-t = 0 B 0P amplitudes (ref,U8) as "data" and t o 

f i t r.hese w i t h our r e l a t i v e l y simple r e p r e s e n t a t i o n . To do 

t h i s we proceeded i n two ways s-

Method ( a) -..n the f i r s t we took the I t s 0 amplitudes t o 
he a sum o f two terms which look l i k e the Regge Pomeron plus 
a P* term. Our philosophy here was to- regard t h i s simply as 
a f u n c t i o n a l r e p r e s e n t a t i o n o f t h e B eP amplitudes w i t h o u t 
i d e n t i f y i n g the terms as P and P' , I n t h i s sense the- question 
o f i n c l u d i n g PP, PPPP..,, PVP, P*PP,. 0.etc, cuts does not 
a r i s e . 

Method ( b ) i n the second \;-y l i d i d e n t i f y the terms as P and 

P* and so we also included the cut terms PP,PPPj.e,,P*PPPfFPF 

•>,, e t c . 
These methods w i l l be described below, 

Ws r e q u i r e d a simple r e p r e s e n t a t i o n (Regge pole X p o l y — 
aomial i n t ) .JO t h a t we could c a l c u l a t e the cuts a n a l y t i c a l l y , 

We expect CX^t) „ 1 +0(^ t w i t h oCp. ̂  0,5 (Gev/c)~ 2 and 

( X p , ( t ) = <Xp, + Ot», t w i t h 0C p l(0) 0,5 and o( p , ft 1.0 
—2 

(Gev/c) « A rough comparison of t h i s r e p r e s e n t a t i o n w i t h the 
r e a l and imaginary p a r t s o f the B.P 1^ = 0 anpl i t u d e s suggested 
t h a t a b e t t e r f i t would be obtained by t a k i n g a no-compensation 
Pr c o n t r i b u t i o n . This i s most c l e a r l y seen i n the behaviour 
o f the r e a l p a r t o f the B,P 1 ^ = 0 n o n - f l i p amplitude, which 
f o r the lower energies a t l e a s t (up to approximately 6 Gev/c) 
has a aero around t «5 -1,0 (gev/c) , This f e a t u r e can not be 
reproduced i f * the. 0(pi f a c t o r were absent. Accordingly 
chos-3 a no-compensation P* i n cur f i t a, even when we. included 
c u t s . This i n f a c t sr-rees w i t h moat pole- p*»r«meteriaations of 



the 1^ =.0 amplitudes (see r e f . i | 8 ) 0 The a d d i t i o n o f a P'} 

c o n t r i b u t i o n d i d not s i g n i f i c a n t l y improve the 1^ = 0 f i t s s 

and since i t s i l l u s i o n would have made the cut c a l c u l a t i o n s 

even .-aore c r . ; p l i c a t e d , we f e l t j u s t i f i e d i n n e g l e c t i n g i t . 
Before v,-e describe t h e methods (a) and ( b ) , we give 

f i r s t the 3.P r e p r e s e n t a t i o n o f the I x = 0 amplitudes, f o r the 

sake o f completeness, 

B.P AMPLITUD33 ( I t = 0) 

These are given by (r e f . h S ) 

1 r = (s: 2+ s t P |2mA,c - ( a + m 2 - p . 2 ) t B 
L Ua 2- t 

B.P 
l|.m2~ t 

where 
-iW-Jz ( ~L z\^L^ 

e 
( i = r,p',p,fc 

' - - • I 1 

and where V = ( s - u)/hm = ( s -ns ~ jut )/2m + t/Lja 

and V 0 + t A n u The < , ̂ - , V- ( i = P, P% P") are 
given b r <xp » 1.0 + 0.36t, tfp/= 0,56 + 0.86t, (X^/ = t9 

|Sp, « 2!u7 e 0 o l 7 t s i n ( T T v / 2 ) [P(1 - fcy)] 

j3p« = 1*9.8 e 2 * 3 1 t 

° ° 5 t .,21,1 e 1 ' 8 1 t 

PF 
Vp = 21*6 e 
tfp, * (22,2 - 16.9 e

0 " 3 U t } K : L n C m ^ 2 ) j j " ^ „ ^ p / ) 



We now describe.- our pa r a m e t e r i z a t i o n of t h e 1 ^ = 0 amplitudes, 

OUR IviUDELS ( a ) AND ( b ) OP THE I , . ~ G AMPLITUDES 

Metho--. (a) - ;;e adopted the f o l l o w i n g r e p r e s e n t a t i o n 

2,m 

<x0Ac) 
_ (4.44) 

o 5o ̂  °̂ p' 

where c, = + c < p ( l o g s/s Q - iTX/2) 

c^ = + o(p/(log s/s 0 - iTT/2) e t c . 

oCp( t ) = 1 + r/,t 

<X p,(t) = oCp,(0) + o>p,t 

and s Q = •'• (Oev/e) 2 throughout. 

The r e a l and imaginary p a r t s o f these amplitudes were 

f i t t e d t o t h e i r I*.P 1 ^ = 0 counterparts fcr t values i n the 

range 0 > t ̂ - 1 ( a t i n t e r v a l s o f 0.05) and f o r the i n c i d e n t 

p i o n l a b o r a t o r y momenta 

P L ss 2„5,5.0,6*0,10.0,13.3,18.2 (Gev/c) 

( R e c a l l that, «r as s/2m) . Results are shown i n Pig.6 . 
I n t h i s f i t v/e have 11 parameters<( The a c t u a l f i t t i n g 

methods, used are described i n Chapter 5.) - see Table ( 1 ) . 

Method. (lb) 

Thic i ' 3 mr>r© complicated because o f the a d d i t i o n o f 

c u t e i I n t h i a case the I t « 0 amplitude i s given by 
CO 

o -1 (4.15) 
For the ' t e n ' term we again take- the forma (4.14) i.« v/e. w r i t e 



A 0 
Born 

Born 

= P ^ + P» 

= P. + p» 

where, p, , = io7„se 
c , t 

3 » -Vo«p« e° 5 bC e" l i r / 2-^»o) 
and correspondingly f o r P̂ .* p^_ (eqn»(U»1h)) 0 

The e i k c n a l *)Cu i s obtained by t a k i n g the F o u r i e r — 

Bestial transform o f these *Born' terms : 

s J r s 

-oO 
which gives, by using t;ie i ^ - s v l t (3.40), 

(4.17) 

X++ = x + + x.^ 
^ S- e t U u y 

where 

o / 3 j ; 
5' 

(4.1:8b) 

3|V».97C 

r n s 0 

v 

The f i r s t term o f (4.15) gives us. back the 'Born* 

term P + P* . The e v a l u a t i o n o f the other terms o f (h.1 5 ) , o f 

the form ( i r j " " 1 / n | ) [X C < 1} H , i s complicated by the f a c t t h a t t he 

eikonsla are a c t u a l l y matrices i n h e l i c i t y apace-* Thus we write. 



yo v o J (Ue19) 

By p a r i t y i n v a r i a n c e we know that the fuj.1 amplitude AZ has 
1 

the symmetry o o A = A —• 
(Uo20) 

A° =.-A° 
.4— 

and s i m i l a r l y f o r A~ e 
a 

We t h e r e f o r e assume t h a t the e i k o n a l s A ^ a l s c ob«y 

t h i a symmetry to ensure that each term o f {k»\5) w i l l have 

t h i s symmetry and therefore: the- whole sum 0 Thus 

— X° X° J (ho.2-\») 

S i n c e we know t h a t the n o n - f l i p p a r t i s much g r e a t e r 

than the f l i p p a r t , which means th a t - we can 

neglec t terms o f order |X+_| and h i g h e r . Thus we. p,et to a 

good approximation 

x 

the above "by ( X^.) N"^ and ( X++)N"*2X°+„ r e s p e c t i v e l y . I n cur 
f i t s they were included and r e s t r i c t e d to the range; 1 <̂  X < 2 

hut i n f a c t "both X^. and X + _ took on the value- 1.0 i n our 

best f i t , so from now. on we w i l l omit thenu 

[(xf] 

I f we were to i n c l u d e A f a c t o r s we should m u l t i p l y 
o 

We consider f i r s t the n o n - f l i p cut t e r e s of U u 1 5 ) . 



KON-FLIP CUTSf -M-) I . = 0 

The f i r s t cut c o n t r i b u t i o n i s g i v e n "oy 

OO 

I n p r a c t i c e a l l these terms were r e t a i n e d . For the higher 

order terms ( n > 2) we made, the f u r t h e r approximation 

i * e we dropped terms of order (X++)2 and higher, s i n c e t h e 

Pomeron P dominates t he P 9» 

Thus we a r e l e f t with t h r e e types o f cut terms to 

c a l c u l a t e s- ( X ^ ) * * 1 and (ft + 1)( X^) nX^+ , which cont-

ribu".* to C ® ( n ) , and ( X f l ) 2 which c o n t r i b u t e s to C ° ( 1 ) 

only* We d e a l w i t h each s e p a r a t e l y . 

( 1 ) MULTI-POMERON CUTS( ++) 

We have 

Doing t he i n t e g r a l (4TTsJb d b . u s i n g the 

r e s u l t (3-oJj.O) we get t h e multi-Pomeron c o n t r i b u t i o n 

( 2 ) MULTI-POMERON© P-PRIIJE CUTS(++) 

Writing £, — 0{ p, ( o ) — e<p'/C^-

S t / i (ij-i.27) 



we have 
_Ll_ Cvh-1) ( x ^ X ^ J _ x 

[ ^ 1 + ^ ^ ('4e28) 

and so using the r e s u l t (3oU0) we obtain 

P++ ® P + + = J J l z ^ V • I e x 

h 5 3 = c 5 c ^ / ( n c 5 + c ^ K ( i u 3 0 ) 

(3) P-PRIME & P-PRIM3 CUT(++) 

(4.29) 

where 

We have 
2\ 2l\$nscsJ V 

X 

U . 3 1 ) 

and using result ( 3 . U 0 ) a g a i n we get 

u i t = sk<^- C ^ - S 3 . c s / 1 ) 

UJr = C ^ i ^ - 5 * 0 

(U.32) 

^3 = ^ c / / / 6 . 
So the t o t a l n o n - f l i p cut c o n t r i b u t i o n i s 

( u . 3 3 ) 
Yl=1 

http://S3.cs/1
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and the RoH.S i s g i v e n by equations (U » 2 6 ) f(ko2S) ana ( ) ! o 3 2 ) 0 

The t o t a l n o n - f l i p amplitude i s 

where P and P* are gi v e n i n eqn 0 (U<»16)O 
++ 't T 
I n p r a c t i c e o n l y the f i r s t three terms o f the sum i n 

C° were k e p t . The r e a l and imaginary p a r t s of A° aa £iven 

by (k<>3k) were then f i t t e d to t h e i r B,P co u n t e r p a r t s over the 

eam.8 range o f t and v a l u e s used i n method ( a ) 0 

Notice t h a t the: cut terms do not introduc e any new 

parameters ( a p a r t from 9 A+„)o The r e s u l t s of t h i s f i t 

a r e given i n T a b l e ( l ) and P i g 6 . 

To g i v e some idea o f the magnitude o f these c u t s we 

give a rough estimate o f the c u t s P^ 2^, 2P P' and P * ^ at 

P L = 6 Gev/c and t = 0 , which a r e to "be compared v.ith 

I o B.P° ( t = 0 ) ^ 750 and Re B.P° ( t = 0) & - 1 5 0 , Y/e f i n d 

P + ^ « - 1 1 0 i , 2 P ^ p ; + ~ 50(1 - i ) , P ; (
+

2 ) ^ +18 

i . e Im C ^ ( 1 ) & - 1 6 0 9 Re C ^ ( 1 ) ^ +68 „ 

We. now indicate, the analogous r e s u l t s f o r the f l i p c u t s * 

F L I P CUTS ( +-0 I t = 0 

We. have i n d i c a t e d above t h a t we have, to a good 

approximation. 

~ ^ ( * + + ) 

We- make the f u r t h e r approximation of p u t t i n g X^.^ ~ X + + 

so that «e need to c a l c u l a t e the expre s s i o n 
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(U.35) 

to obtain C ( n ; from 

C ^ n ) = UTTs [ b db Y ( n ) J n ( b ^ t ) 

We. again use the r e s u l t (3ok0) to obtain 

3na n! v^TTCj 

+ K 

(4-36) 

where 

J 3 = <*p, Co) - 3 o/p', /c 6 S4 = - o£ /cJ 
CU.37) 

The t o t a l f l i p a r ^ l i t u d e i s then g i v e n by 

A V = V + *J_ + £ (4.33) 
n=i 

Here again we r e t a i n e d o n l y the f i r s t t h r e e terms of the sum 

when f i t t i n g the r e a l and imaginary p a r t s o f t h i s amplitude 

t o t h e i r B.P c o u n t e r p a r t s . The r e s u l t s a r e given i n T a b l e ( 1 ) 

and Pig.6 . 

IMPACT PARAMETER AMPLITUDES FOR I t = 0 

We give here the formulae fo r the: impact-parameter 

amplitudes f o r t h e two c a s e s ( a ) end (b)» These a r e de f i n e d 

by the equation 
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X h s U I > > = _ ! _ 

-00 
Thus f o r case ( a ) we have simply 

X + + ( s , o ) = X.J.+ X + + = 

For case (b) we. have approximately 

- o ( b ) 
X 4 + t ( 1 - e J 

(U.39) 

and 

We can now tu r n to the c a l c u l a t i o n of the I . = 1 c u t s . 

I t = 1 CUTS 

From the A*,B pa r a m e t e r i z a t i o n of t h e p pole 

we can obtain ( by u s i n g the r e s u l t (3.U0)) the p e i k o n a l s 

» defined by 

if 

We get 

X 
e 

2w STts V ^o7 2 L \ 4 J 
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•where + B 0X 2e- 1 j 2/' t o2 

o 3 + 8 1 ^ 2 
0 i± 

o 5 

©1 = 0 £ 

and where 

X , - -

V 3 = - 4 / c 4 , V 4 = 4 / c J (4.1*4) 

Kote that t h e s e formulae are f o r a no riser ̂ .-choosing 

p • The other c a s e s t h a t we w i l l d i s c u s s v i z . sense p and 

the f i x e d - p o l e c o u p l i n g , are e a s i l y obtained as s p e c i a l c a s e s 

of t h i s nonsense c a s e . 

S i n c e we w i l l e v e n t u a l l y use these formulae to compare 

these d i f f e r e n t p i n p u t s together w i t h the d i f f e r e n t i n p u t s 

f o r t h e 1 ^ = 0 amplitudes (methods ( a ) and ( b ) ) we s h a l l give 

below the most general r e s u l t s . These a p p l ^ d i r e c t l r to a non­

sense-choosing p input together with method ( b ) f o r the I t = 0 

amplitudes. The v a r i o u s other models then f o l l o w e a s i l y from 

these general r e s u l t s brr making a few minor m o d i f i c a t i o n s , 

which we s h a l l i n d i c a t e a t the appropriate placs;. 

We w i l l i n c l u d e the. enhancement f a c t o r s 
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(denoted \^ p Xj. respectively) to allow for d i f f r a c t i v e l y 
produced intermediate; states (\ ^ 1 ) . 

We at«?.rt from the equation 

A'H (s,t)=47Ts b 4%* + t [XXVl + . . .+Tx (Xc)V~k. . f J «. (bi^t) 

The f i r s t term JuwU gives us "back the p pole; contribution 
( l w 1 2 ) . Consider thfr f i r s t cut contribution,. As before, we 
get 

= A. ~r /v , we make the approximation of 

Xp' v P 
+ _ compared with + - , so that (4J+6) becomes 

i [xx°xe] » £ A, xl (x^+ xll) - i K XT. x«. 
(4.U7) 

e 
++ 

Fo>r the higher order terms we make the; approximation X°̂ X̂  

and we write 

s x, xi ocr 
L J + + ^ : 

Thus i n a l l we need to c a l c u l a t e : the cut c o n t r i b u t i o n s 

from the- g e n e r t l terms (ij.J,'.8)„ together with the i s o l a t e d terms 
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We w i l l consider- each separately« 

NON-FLIP CUTS: I t = 1 

( 1 ) MULTI-POMERON £/ RHO NON-FLIP CUTSo 

X ^ i s given i n (l4 - » l 8 b ) and b r (iuU3 ) o We have 

Doing the. i n t e g r a t i o n i n (kM5)» u s i n g t h e r e s u l t (3.40) with 

pL = 0, we ob t a i n , a f t e r some manipulation, the c o n t r i b u t i o n 

X 

1 

(4.50) 
where 

nc, 4- c 3 t i ĉ -f- c 3 

and = K,3 C X t - h l 3 X3) 

U | 2 = U z 3 C4k 2 3X 5-~X 4) 
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( 2) P-PRIMT3 0 RI10 NON-FLIP CUT. 

Thi s i s the term t K j X ^ X ^ o We. have 

We. obtain the c o n t r i b u t i o n ( p. = 0) 

C + + = - A ^ o S o ( e ' s i ) X 

where ^ i s — C\Cs } = C^Ps 

and |„ = h,5 [ x , s, - k l5 (x, s x +J, x , ) + a (,5 s» x 3 ] 

C C 4 k s s . x 3 - s a x, - s, x 3 ] 

-|i3 = ks S XX 3 

-la-f = — ks XyS,. 
Oi » O i a r e given l)y (1J.27) end the X'a by (i(.!4U) 



(3) EXTRA CONTRIBUTION TO THE NON-FLIP CUT FROM -L^X^ 

T h i s i s given by 

EX 

(4.52) 

where 
ki4 O A 

c, + c4 

ana the S ^ ' s are given by 

^13 = Y3 

1 23. — 

<Ji3 = "lw '4 

Thus t h e t o t a l n o n - f l i p amplitude which we used i s 

given by 

A 1

+ + = A ; ? + x c u * ) + c £ + c £ (4.53) 

where A ^ i s given b y { i u 1 0 ) , Q^Crx) by (h„50) 9 Ctoy (U.51 ) 

and C + >. by ( » 5 2 ) * We expect the c o n t r i b u t i o n C+ + to be 

small o I n p r a c t i c e only a f i n i t e number of terms i n the i n f i n i t e 

sum were r e t a i n e d . 

00 
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F L I P C U T S : I t = \ 

( 1 ) MULTI-POMEROTT ® RHO F L I P CUTSo 

V.'e: get t i ese from the general e x p r e s s i o n 

Doing the i n t e g r a t i o n i n (i|..h5) » where new j j l = 1 » we get the 

c o n t r i b u t i o n 

(4.54) 

where the c o e f f i c i e n t s a p e given "b̂  

fya = Y3 .= ~ ̂  Y3 

and h^^» h^- are given i n eqn.(4.50) • 

( 2 ) P - P R I M E ® RiiO F L I P C U T . 

This, i s the: term C A j . X + + X + _ , which i s given "by 

x e 

iKh \ ^ e T 0 ) + C < P ' C O ) 

X 
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and g i v e s the. c o n t r i b u t i o n 

(4.53) 

X [ A 0e , 5 t ( b M 4 - b l a t + b j 3 t a ) + 6 0 6 ^ ^ + ^ + ^ ) 

and the c o e f f i c i e n t s b ^ are given by 

K = C * [ Y , s , - a k , CY, S * + Y , s , ) + 6 £ Y 3 s - J 

( 3 ) EXTRA CONTRIBUTION TO THE F L I P CUT FROM tX,X,+ . X 

T h i s i s g i v e n by 

(iw56) 



where the a ^ a r c given by 

. 4 
a l 2 =• - hH X 3 

Thus the: t o t a l 1 ^ = 1 f l i p amplitude- which we used i s 

given by 
(4e57) 

A1* Ce) _ E P ' 
where A +_ i s . given by ( 4 .10 ) , C+J.n) by (4.54)*C+_ b 

EX 
(4.55) ®nd C+_ by (4 .56) . Again we r e t a i n e d only a f i n i t 

number of tennis i n the i n f i n i t e sum. 

A = 1 

e 

The equations above, ((4.50) - (4.57)) apply d i r e c t l y 

f o r the nonsense-choosing yo i n p u t . To o b t a i n the equations 

appropriate f o r a sense-choosing p and those f o r a f i x e d -

pole coupling we need only make changes i n the e x p r e s s i o n s 

appearing i n ( 4 .44 ) . The subsequent formulae remain unchanged. 

We give these changes below» 

SENSE-CHOOSING 

x n = 1 / C l , x 5 = o t ^ = 1/c^ , r 3 = o 

The others remain unchanged,. 

(4.58) 

FIXED-POLE COUPLING 

A = 1/c,( s Xp = l/(4m 2c|) , X 3 = 0 , Xh = 1 / (4^0^) , X 5 = 0 2„ 3 -

Y 1 == 1/c^ , Y 2 = - i / c 2 , T 3 = 0 f Y h 
(4.59) 



R e c a l l that eqn.(i+oU5) i s derived from the formul a 

A^Ut) = 4ixs\.bdl> e i X°X e J ^ ( b ^ ) (u.6o) 

and the corresponding e x p r e s s i o n f o r the A° amplitude i i i 
oo 

I n the approach adopted i n method ( a ) f o r the I . = 0 

amplitudes (iw6l) becomes 
oO ^ 

H i s given by (iui+O). Comparing (U»62) w i t h (h.61) 
shows that f o r method ( a ) equation (Z+.60) reduces, to 

ao 
Al C,fe) = 47Ts fbdU. f x f ( l + t X , w ) l X (bfS) 

s t L J H S I " (4.63) 
so that i n t h i s case we have only one cut term. Thus when method 

( a ) i s adopted f o r the 1 ^ = 0 amplitudes the 1̂ . - " amplitudes 

are given by (h .53) and (h . 57 ) with only one term of the i n f ­

i n i t e sum i n c l u d e d . Thus i n t h i s c a s e (h .53.) and (J+.57) reduce 
to 

A\+ = Kil) + cL (1) + c ++ 
A ; . = A ; ^ + c;.d) + ct p 

Method ( a ) 

(k.SL) 

,EX where we have a l s o n e g l e c t e d the small c o r r e c t i o n s C » 

Equations (h .6U) were the ones used i n ref .53o 

When method ( b ) i s adopted for the I t = 0 amplitudes 

the whole sum i n (U»53) and (U .57) should be included, but 

i n p r a c t i c e only the f i r s t three terms were r e t a i n e d . 
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I t = 1 IMPACT PARAMETER AMPLITUDES 

These, are of course defined by 

%Hs(s,b) = - L f ^ A*„,(s,e) J F Cb7^) u. 6 5> 
— oO 

Using method ( a ) for the 1̂ . = 0 amplitudes we get 

Method ( a ) (i+.66) 

X I . = * l (.1 + i K X e " ) 

where, we have included the A f a c t o r s , and A. + + i s given i n 

For method ( b ) we have approximately 

x + + = x++ + <-Xi x i j . X++ + i a x, x f + (x^V) + • • • 

, Method (b) (4.67) 
(b) 

and A » + + i s g i v e n by (4.17) when we inc l u d e c u t s i n the 

1^=0 amplitudeso 

DISCUSSION 

The above formalism i s based on our c h o i c e of paramet­

e r i z i n g the t-channel amplitudes ( A 1 , B) i n terms of a p Regge 

p o l e . We. then used c r o s s i n g to give ua the- s-channsl amplitudes 

(L„6)o T h i s i& move exact than using a d i r e c t s-channel param­

e t e r i z a t i o n , s i n c e i t c o r r e c t l y takes account of the kinemat-

i c a l f a c t o r s . A l s o i t i s e s s e n t i a l for a sense-choosing p 9 
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s i n c e the f a c t o r appears i n the B amplitude but not i n the 

A', and t h i s *mixing f cannot he reproduced Toy a d i r e c t a-channel 

p a r a m e t e r i z a t i o n * We d i d i n f a c t try d i r e c t s-channel param­

e t e r i z a t i o n , together with a few other v a r i e t i e s , namely 

(a) A!, = i ff^xf^ ec,fc- tT> ê e^fc] 

which are to ho compared w i t h equations (i+.12). A l l were found 

to give i n f e r i o r f i t s . The s-channel p a r a m e t e r i z a t i o n and the 

form ( 1 ) above, gave much poorer f i t s * I t i s i n t e r e s t i n g t h a t 

the. form ( 2 ) above, which l o o k s v e r y much l i k e the A* , B form 
(£w12.), gave a s l i g h t l y - i n f e r i o r f i t even though i t has two 

e x t r a parameters. The use of the A*, B form r e s u l t e d i n much 

the b e s t f i t s . 
A c r u c i a l f e a t u r e o f the A* f B p a r a m e t e r i z a t i o n i s 

the= appearance of the f a c t o r t i n the B p a r t o f A • The imp-
++ 

ortance; o f the t f a c t o r can be seen a s f o l l o w s . Consider the 

no n - f l i p amplitude A' of (1+.12). The. magnitude o f A i s f i x e d 

by the t = 0 data ( i . e dcr/dt i n the forward d i r e c t i o n ) . As 

| t | i s . i n c r e a s e d the B Q term takes over and becomes dominant. 
However the: dominant cut c o n t r i b u t i o n comes from the s m a l l 
I t l r e g i o n and so i s determined brr the A* c o n t r i b u t i o n ( t h e 
cuts, from the B p a r t are r e l n t i v e l l y s m a l l , a t l e a s t i n the 
range. I t l ^ 1 * 0 , even though IB q|^> | A 0 I ) . Thus we have the 



p o s s i b i l i t y that the A* c o n t r i b u t i o n w i l l die away q u i c k l y 

( i . e l a r g e ) thus a l l o w i n g the p o l e c o n t r i b u t i o n of the 

B p a r t to. q u i c k l y dominate and a l s o g i v i n g the. dominant cut 

a s l i g h t l y c - j e p e r s l o p e . There i s thus a s e p a r a t i o n of dom<= 

in a n t pole e f f e c t s from dominant cut e f f e c t s which can, 

roughly speaking, %d;just themselves independently to g i v e 

the. best f i t . A l s o , s i n c e the pole c o n t r i b u t i o n i n B i s 

r e l a t i v e l y l a r g e f o r l t l > 0 . 2 the cut c o n t r i b u t i o n i s not 

completely dominant i n t h i s r e g i o n . With d i r e c t s-channel 

p a r a m e t e r i z a t i o n we do not have, t h i s freedom. 

I n the. f l i p amplitude the A* and B terms a r e on an 

equal footing i n t h a t t h e i r cut c o n t r i b u t i o n s are. s i m i l a r i n 

form. However s i n c e |B0';«^ JAq| the dominant p o l e and c u t cont­

r i b u t i o n s come from the B term. Because of the f a c t o r 

t h e s e f l i p c u t s w i l l be r e l a t i v e l y s m a l l e r than the n o n - f l i p , 

c u t s , s i n c e the main c o n t r i b u t i o n to the. c u t comes from the 

s m a l l ( t l r e g i o n . 
I n g e n e r a l the presence of oi f a c t o r s i n the pole 

input reduces the magnitude of the c u t s , s i n c e a zero i n the 

pole amplitude w i l l reduce i t s c o n t r i b u t i o n to the e i k o n a l 

( e q n . ( ^ . i j - 2 ) ) . Thus we can expect the strongest c u t s i n the 

f i x e d - p o l e coupling c a s e , and the weakest i n the choosing-
nonsense c a s e . 

F i n a l l y , we. g i v e below expressions f o r the exper­

imental observables,which e x h i b i t the amplitude nor m a l i z a t i o n s 

and 'units. 

d t I U / J *47Tm*f£ 
A 4 + f + |A + _| 
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P = a T W (A++ A!.) 
| A J 2 + l A j 1 

(WO) 

where m i s the mass of the nucleon and i s the l a b o r a t o r y 

momentua of the i n c i d e n t pion» ( I f q i s the c<>m pi o n momentum 
3. 

then so? = ra2?? ) • 
S. xi 

Our isosp:ln amplitudes a r e 

A C A - A ) - A° + A' 
A (U.71) 

A CTO-* ?rV) = / I A 
With the afcove n o r m a l i z a t i o n s j u r amplitudes a r e d i m e n s i o n l e s s e 
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GERBRAL DISCUSSION AND AMPLITUD5 ANALYSIS 

There, a r e four main c h a r a c t e r i s t i c s o f TT N data 

which have, to "be explained? 

( i ) A dip i n d<r/dt (CSX) a t t « -0,6 ( G e v / c ) 2
a 

( i i ) A r e l a t i v e l y l a r g e p o s i t i v e p o l a r i z a t i o n i n TTN CEX 

f o r I t l » O.k - 0.5. 

( i i i ) the s o - c a l l e d C r o s s o v e r * . T h i s r e f e r s to the f a c t 

t h a t 

<Lt (Lb 

changes s i g n around I t l 0 O1 - 0.2, f o r a l a r g e range 

of energies» 

( i v ) the m i r r o r symmetry of TT +p and TT p e l a s t i c p o l a r i z ­

a t i o n , over a l a r g e range of t v a l u e s ( a t l e a s t up t o 

| t | « s + 1 . 5 ) . 

S i n c e the e l a s t i c amplitudes depend d i r e c t l y on 

A° w h i l e the CEX amplitudes depend only i n d i r e c t l y on A° 

(through the i n c l u s i o n of c u t s ) wei expect t h a t the p r o p e r t i e s 

( i i i ) and ( i v ) above would be more s e n s i t i v e to the s t r u c t u r e 

of the 1^ =! 0 amplitudes. 

More p r e c i s e l y , s i n e s 

we have 

, 2 

t(^\>) °c ! C + A ' J + A°+.T A;. 
'd? (jrH>) - do-(TCh) 1 oC f A°++ + 
.cLt c t t J L 

+ TfA A'++ X* A°++ + Re A+_ fc A°+. + A^Z* C ! 

( 5 . 1 ) 



7k 

By f a r t h e most important term h e r e ( a t l e a s t f o r 

small ( t | ) i a Im A ° I i A 1 . and so a c r o s s o v e r at I t I » 

Od - 0 O 2 i m p l i e s that Im A should change s i g n i n t h i s 

r e g i o n ( Iru v° does not change s i g n h e r e ) * Data shows 

there i s no other crossover and so the r i g h t hand s i d e of 

(5»1) should have u n l r the s i n g l e z e r o . 

7/e can g a i n f u r t h e r i n s i g h t into the expected beha-

viour o f the A amplitudes b r considering the e x p r e s s i o n 

for the e l a s t i c p o l a r i z a t i o n . 

S i n c e F oC ? J I ( A J J A* ) we have 

P (TT>) oC [x*. A°++ Re A"+. - Re A°++ T« A°+. + 
+ T M A^ Re A l _ - Re A ^ X M Al.J+fi^A^ReAl. 

- ReA^Xv, Al_ + T W A^feA;.- RtA^TmAV.] 

(5.2) 

The l a s t two terms i n each square b r a c k e t a r e s m a l l 

compared with the f i r s t two terms, so we can w r i t e 

p(n*i>)oc [I«AI+ Re A;.- RC A^ I W A" J 

+ [x«A° + Re A+- - Re A^ A+_] (5.3) 
The most s t r i k i n g aspect of the e l a s t i c p o l a r i z a t i o n 

data i s tha almost p e r f e c t m i r r o r symmetry of P ( l T + p ) and 

P("n"~p)* T h i s i m p l i e s that the f i r s t "bracket i n (5<>2) i s 

v e r y s m a l l compared w i t h the socond "bracket, e v e n f o r l a r g e 

I t I j, which means that a[ must not approach zero too 



q u i c k l y as I t l i n c r e a s e s . I f i t does then the symmetry 

wil'i he "badly broken. 

The dpta shows an approximate double zero a t 

| t | 0.6 -» n 87 „ A strong double zero i n Re A ( i 0 e 

Re A^_ r e l a t i v e l y l a r g e f o r I t l > 0.7) would a c h i e v e t h i s 

and indeed t h i s i s how the B.P 1^ = 1 amplitude behaves. 

This; corresponds f a i r l y c l o s e l y to the: amplitude a n a l y s i s 

of Halzen-Michael ( r e f . 5 t ) and K e l l y ( r e f . 52). However 

see l a t e r f o r a f u l l e r d i s c u s s i o n . 

The expression, for the charge-exchange p o l a r i z a t i o n 

g i v e s 

P(jCp-*K*i) JIG* Aj+ ReA+._— Re A ^ I M A+.J (5, 

The data shows a zero around I t l ~ 0.6-0.7* and 

s i n c e we. expect Re A^_ to have a zero i n t h i s r e g i o n , t h i s 

1 1 

i m p l i e s t h a t one or both o f Re A + + , Im A ^ should have a 

zero h e r e . Amplitude a n a l y s i s g i v e s Iffi A ^ a zero at 111 ~ 

0.6 and Re A^ + a zero a t l t | 0.7 - 0.8 ( c f . K e l l y ) . 
1 1 1 Thus zeros i n a l l t h r e e of Re A , Re A and Im A +— +— 

i n t h i s r e g i o n e x p l a i n s the r a t h e r pronounced dip i n the CEX 

d i f f e r e n t i a l c r o s s s e c t i o n data, the non-vanishing of I n A 

making t h i s a t rue dip, not a zero. 

Thus the d a t a and amplitude a n a l y s i s suggest t h a t 

we r e q u i r e the f o l l o w i n g s t r u c t u r e i 

•i 
xm A - a zero a t t « -0»15 
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Re A - no zero f o r | t | < 0<>5 

Im A^ - a zero at t»-0.6 

Re A* - approximate double zero a t t * -0o6. 

With a p t r a j e c t o r y 0<^« 0.6 + t , the fixe d - p o l e 

coupling j3 c o n t r i b u t i o n g i v e s a zero a t t * -0.6 only i n 

the r e a l p a r t s of the amplitudes, while fofr a 3ense-cLoosing 

^ we have s i n g l e zeros at t = -0,6 i n Re A* and Im B, and 

a double zero i n Re B. Since the r a t i o sB/A* i s l a r g e t h i s 

1 1 meant t h a t e f f e c t i v e l y Re. A' and Im A' w i l l have a s i n g l e "r+ t — 
•1 

zero while Re A w i l l have a double z e r o . A nonsense-

choc s i n g j) pole g i v e s a double zero i n the r e a l p a r t s a n <* 

a s i n g l e zero i n the imaginary p a r t s of the amplitudes. 

S i n c e the genera l e f f e c t of cu t s i s to p u l l i n zeros 

i t would appear a t f i r s t s i g h t t h a t the sense ar.<:. nonsense 

inputs are to be favoured, at l e a s t f o r the f l i p amplitude, 

i f the f l i p c u t s are s m a l l . I n f a c t no f l i p c u t s at a l l 

would seem to be b e s t . The n o n - f l i p amplitude cou l d be exp­

l a i n e d i f we. had 

Im C U T + + ^ > Re CUT 

(5.5) 
and a l s o Re. CUT , . small, l 

I n f a c t t h i s l a t t e r c o n d i t i o n was. not s a t i s f i e d i n 

A 

our sense and nonsense f i t s so that the zero of Re- A was 

p u l l e d i n tfeo f a r . T h i s l e d to. a poor CEX p o l a r i z a t i o n 

p r e d i c t i o n and a l s o meant that both our Im A+ + and Re A^ + 
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were too l a r g e at t * -0.6, thus f i l l i n g i n the dip i n the 

d i f f e r e n t i a l c r o s s s e c t i o n * 

However both of the above co n d i t i o n s seemed to be 

s a t i s f i e d i n our fix e d - p o l e coupling (PoP) c a s e . A l s o the. 

r e a l p a r t s of the cut c o n t r i b u t i o n s changed s i g n at i t l ^ 

0ak = 0.6 which m c n t that the zeros i n the r e a l p a r t s were 

changed i n t o approximate double zeros, even though t h e i r 

magnitudes were too s m a l l . 

The c o n d i t i o n s (5»5) are p r e c i s e l y the e f f e c t s 

brought about by t.' a i n c l u s i o n of the r e a l p a r t o f the: 1 ^ = 0 

n o n - f l i p amplitude. T h i s can "ba demonstrated as follows s 

We can w r i t e (s,ee eqn.(IwU-5)) 

where, f o r the purposes of i l l u s t r a t i o n , we. have taken only 

the f i r s t cut term, and neglected X+_X+_ and the A 
f a c t o r . 

From (5.6) we: get 

(0 (a) , x 

cur o 1 o 

Re X 4 + = — Re X 4 4Xm9( + + — Xw"X++ Re X++ 
( 3 ) (k) 

We denote, the four terms on the R.H.S b y ( l ) , ( 2 ) , 
(3J»(iO as i n d i c a t e d . 

R e c a l l that the a c t u a l cut c o n t r i b u t i o n to the f u l l 

amplitude i s criveri bv 
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d t + + » 4 T f S f bat ( t o i x ^ ) ( 5.6 
0 

s i m p l i f y matters we may now confine o u r s e l v e s 

to the forward d i r e c t i o n , where J 0 ( b / ~ ^ t ) = 1 , ( t = 0 ) , so 

that the cut contribution:, i s e s s e n t i a l l y p r o p o r t i o n a l to the 

— . 4^/^44 • The presence of the 

faciior b does not a l t e r our c o n c l u s i o n s . 

The f i r s t term ( l ) above has e p o s i t i v e peak at 

small b 9 a zero at b « O.U fm 0 > t h e r e a f t e r remaining n e g a t i v e , 

and the. net c o n t r i b u t i o n tc Itf' Cut. + + i s n e g a t i v e . The term 

( 2 ) i s negative f o r s m a l l b , with a zero< at b « 1.1 fm., 

and p o s i t i v e t h e r e a f t e r . The c o n t r i b u t i o n to Im Cut i s 

a g a i n negative, so the two c o n t r i b u t i o n s enhance to strengthen 

the. cut i n the imaginary p a r t of the amplitude. 

The esse with the r e a l p a r t i s d i f f e r e n t . The term 

( 3 ) has a negative peak a t small b and goes r a p i d l y to zero 

w i t h i n c r e a s i n g b. The term (Zj.) has a s m a l l negative peak f o r 

small b , a zero at around b 0.1+ fm., a p o s i t i v e bump, and 

a zero a t b ^ 1.2 fm. The net e f f e c t i s to weaken s l i g h t l y 

the cut i n the r e a l p a r t . 

Thus we see the importance of i n c l u d i n g the r e a l 

p a r t of the 1^ = 0 amplitudes. I n t h i s way we can expect a 

s e p a r a t i o n of zeros i n the r e a l and imaginary p a r t s of the 

1 ^ = 1 n o n - f l i p amplitude. T h i s i s important to avoid a zero 

i n the charge-exchange p o l a r i s a t i o n around t = - 0 . 3 , and 

hence a negative peak at t & -0.5 (both c o n t r a r y to data) 

which were p r e d i c t e d bv the older Absorption model f i t s (a»g 

r e f e . 2 9 R 3 * 0 . 
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I t should be noted her© that s i n c e i t i s the P* 

tha t p l a y s the major r o l e i n determining the r e a l part, of 

the I x = 0 n o n - f l i p amplitude, the e x t r * terms (2) and (!(.) u 
above stem mainly from the ^ ® P* c u t s hence the imp­

ortance of i n c l u d i n g such c u t s * 

A s i m i l a r argument a p p l i e s to the f l i p amplitude, 

gi v i n g 
Im C u t ^ J >> |.Re C u t ^ j 

Despite the advantages noted above, the p r o p e r t y 

llm Cutj )>> |Re Cut I a l s o has i t s disadvantages. The magnitude 

of ": he cut has to be r e l a t i v e l y l a r g e to give the r e q u i r e d 

s t r u c t u r e of zeros i n the amplitudes. However because of 

the shallower slope of the cuts the higher | t | r'.ata i s a l s o 

important i n determining t h i s magnitude. I n p a r t i c u l a r ..the 

higher I t ! p a r t s ( I t l ^ O . U ) of the imaginary p a r t 3 of the 

amplitudes A + + can be almost completely account'-d f o r by 

the cut c o n t r i b u t i o n s . T h i s f o r c e s the pole c o n t r i b u t i o n 

i n t h i s r e g i o n to be s m a l l . T h i s i n t u r n means t h a t the 

pole c o n t r i b u t i o n to the r e a l p a r t s of the amplitudes i s 

s m a l l , and s i n c e |Re Cut| i s too small to make up the 

d i f f e r e n c e we f i n d that the r e a l p a r t s of the amplitudes 

are too small i n the high | t l r e g i o n . Thus v/e expect the 

imaginary p a r t s to be w e l l f i t t e d but the r e a l p a r t s to be 

poorly- f i t t e d by t h i s model, and t h i s i s indeed 1 found to 

be so. The model i s thus f o r c e d to> ' e x p l a i n 1 the high | t l 

data e s s e n t i a l l y using only the imaginary p a r t s . This i s 

a severe r e s t r i c t i o n e s p e c i a l l y i n f i t t i n g the p o l a r i z a t i o n 

data, which depend s e n s i t i v e l y on the i n t e r p l a y between the 

r e a l and imaginary p a r t s . 



• This d e f i c i e n c y i s mast apparent i n the high I t | 

r e g i o n of tho e l a s t i c p o l a r i s a t i o n . The most dominant 
o 1 c o n t r i b u t i o n s to t h i s come from the terms Im A Re A ++ 

o 1 
and lie A + + .i. A^_ ( s e e eqne(5o3'))o Since i n our model we 

•i f i n d Re A, i s s m a l l , the l a t t e r term dominates„ However +—. 
to get the r e q u i r e d double zero we need a zero i n Re A°. 

++ 
araund t = -0.6 . T h i s zero dce3 not occur i n the B.P 
1^ « 0 amplitude, but the a n a l y s i s of K e l l y (ref.52) g i v e s 

Re A° a zero at -0.8 , The model of the I . = 0 amp-•+ i» 
l i t u d e s adopted o r Hartl"^ and Kane (ref.5U) g i v e s Re A 0 

++ 

a zero at t ft - 0 . / anc- t h e i r magnitude of Re A°_ + f o r 

| t | > 0,7 i s r e l a t i v e l y l a r g e . I f Re A° does i n f a c t have o 1 t h i s zero then the two Jominsnt terms Im A Rs A and ++ +-
Re A° Im A^ w i l l add c o n s r u c t i v e l v f o r I t l 0,7, and i f 

t h i s zero i s absent they w i l l i n t e r f e r e d e s t r u c t i v e l y f o r 

i t l ^5 0.7 • I n the model of H a r t l e y and Kane the term 

Re A° Im Â . i n f a c t g i v e s by f a r the ma^or c o n t r i b u t i o n 
to the e l a s t i c p o l a r i z a t i o n f o r | t | ^ 0,7 • 

The above suggests t h a t a 'better* model would 

be'to hove c u t s o n l y i n the imaginary p a r t s of the. amplitude 

T h i s would accord with our d i s c u s s i o n of the u n i t a r i t y 

equation and absorption ( s e e Chapter 3), and indeed t h i s 

type, of model has been suggested (ref.55)» 

I n the procedure adopted by us to c a l c u l a t e the 

e l a s t i c p o l a r i z a t i o n we: took the a c t u a l B.P 1 ^ = 0 amplitude 

(and not our f i t to these amplitudes) so that the two terms 

e.bove i n t e r f e r e d d e s t r u c t i v e l y , at l e a s t i n the range 

0 , 6 < | t | ^ 1 , 1 • Our e l a s t i c p o l a r i s a t i o n i s t h e r e f o r e poor 
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for l a r g e I t I , "because of the non-dominance of the terra 

I n A' Re A , I t w i l l he r e c a l l e d that f o r both s s n s e — ++• -{— 
choosing and nonsense-choosing p , tho r e a l p a r t of the 

f l i p amplitu..!.- Re A. i n a pure pole model (l<>e no c u t s ) 

does indeed have a double zero* a t t ft* -0.6, and i n an 

attempt to emphasise t h i s double zero we. a c c o r d i n g l y put 

A g = 0 i» e v / e n s a- n o n - f l i p c u t s o n l y . T h i s improved the 

fitfe s l i g h t l y , and a l l our sense and nonsense f i t s which 

we d e s c r i b e here had A ^ = 0„ 

We now descvibe our methods of f i t t i n g . 

METHODS 

Using method ( a ) -Cor the 1 ^-0 amplitudes Y/e used 

only one cut term i n the 1^ = 0 amplitudes, corresponding 

to the u s u a l absorptive presciptior» Using method ( b ) f o r 

the 1^ = Q amplitudes v/e used two s l i g h t l y d i f f e r e n t models 

f o r the 1^ = 1 amplitudes, corresponding to keeping one or 

three cut terms r e s p e c t i v e l y . T h i s was. to examine i f the 

s l i g h t l y d i f f e r e n t cut s t r u c t u r e s played a s i g n i f i c a n t r o l e . 

We found that the one. cut s t r u c t u r e was i n f a c t p r e f e r r e d , 

and indeed gave the b e s t r e s u l t s of a l l . ( S i n c e | l Cut| > 

13 C u t s | we expected the A f a c t i r a to be s m a l l e r , and t h i s 

was indeed the c a s e . ) 

Thus a l t o g e t h e r we examined nine d i f f e r e n t models for­

th© I . = 1 amplitudes, which we summarize below : 
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= 0 Amps, 
No Cuts 

Method ( a ) 

1^ = 1 Amps. 
1 Cut term 

'p.P 
S input 

I t = 0 Amps. 
3 Cut terms 
Method ( b ) 

= 1 Amps,, 
3 Cut terms 

r P 0 P 
S 

I N 
input 

1̂ . = 1 Amps. 
1 Cut term 

P.P 
j? input S 

v N 

(A) ( B ) ( C ) 

i*iere P.P denotes the f i x e d - p o l e coupling, S denotes a 

sense-choosing and N denotes a nonsense-choosing p a These 

nine models f a l l i n t o t h r e e groups, which we i n d i c a t e by 

( A ) , ( B ) , ( C ) , and w i t h i n each group we have; the three d i f f ­

erent £> p o l e i n p u t s . 

The 1^ = 1 amplitudes obtained from these n ine 

models were used to compare the c a l c u l a t e d d i f f e r e n t i a l 

c r o s s s e c t i o n and p o l a r i z a t i o n with, the TTN charge-exchange 

data over a range of pion momenta between 5 » $ 5 and 18.2 Gev/c 

and f o r 0 ^ l t | ^ 2 . 2 (Gev/c) . These amplitudes were then 

used with the B.P 1 ^ = 0 amplitudes, to ' p r e d i c t ' the e l a s t i c 

p o l a r i z a t i o n . 

I n a l l our l e a s t X minimisations we used the CERK 

MINUIT program. 

I t s 0 AMPLITUDES 

I n method ( a ) w@ f i t t e d t h e r e a l and imaginary partes 

of the e x p r e s s i o n s (L..1U) to t h e i r B.P 1^ = 0 c o u n t e r p a r t s , 

f o r t v a l u e s i n the range 0 > t > - 1 . 0 at i n t e r v a l s of 0.05, 

and f o r the momentum values p L = 2.5,5.0,6.0,10.0,13.3,18.2 

(lev/ c » 



I n this, f i t v/e had elev e n parameters 

°T* S o ' Co» F
o

, 0 C P ^ 0 ^ °^Pi0 h3» hh9 h59 h 6 > * P 

At LMch po;i. it we c a l c u l a t e d the q u a n t i t y 

= ( X ; L - y ± ) 2 * - 1 ) 2 ( i = 1,2,3,4) 

where x. = Re BoP* . x 0 = Im B.P°, , x, = Ra B.P° -1 ++ * 2_ ++ " 3 +— * 

x^ = l a B o P ^ , and the y * s a r e the counterparts of our 

amplitudes (iu1i+)o The second term i n was i n c l u d e d to 

emphasize any z e r o s i n the B,P 1^ = 0 amplitudes. We then 

minimized the q u a n t i t y 

X = ^ [ ( Q 1 + Q 2) + 100 ( Q 3 + QU)J 

where the sum runs over a l l t p o i n t s and a l l e n e r g i e s 

considered. The f a c t o r 100 wr.a- included t o compensate f o r 

the small magnitude of the f l i p q u a n t i t i e s . The r e s u l t s of 

t h i s minimization are shown i n Ta"ble( 1) and P i g 6, 

For method ( b ) , where we now include cut terms, we 

used e x a c t l y the same procedure as above, except t h a t now 

the y's r e f e r to equations (h,3h) and (l|-,38). The r e s u l t s 

of t h i s f i t are given i n Table(.l)and P i g 6, 

I t = 1 AMPLITUDES 

We used our I t = 1 amplitudes (U,53) end (i|,57) to 

f i t - t h e TTN charge-exchange- d i f f e r e n t i a l c r o s s s e c t i o n and 

p o l a r i z a t i o n data. The data used v/as as follows ; 

dcr/dt ; p L = 5.85,5.9,10.0,13.3,13-3,18.2,18.2 Oev/c 

and f o r a l l t v a l u e s quoted (m?.x|t| = 2.25 ( G e v / c ) 2 ) , 
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P(Tfp-4>TT°n) | p L = 5.0j 8 . 0 Gev/e 

and f o r t v a l u e s 0 < I t l «£ 1 .75 ( G e v / c ) 2 . 

The t o t a l number of data p o i n t s used WFa 115o 

We i n i t i a l l y f i t t e d the r e a l and imaginary p a r t s of 

our I t = 1 amplitudes to the corresponding B.P q u a n t i t i e s . 

T h i s was done t o avoid any secondary minima i n a l e a s t 

f i t t o the experimental data. 

I n a l l these f i t s the s o l u t i o n was eJacouraged to 

g i v e a c r o s s o v e r somewhere i n the range 0.1 <. | t l < _ 0 . 2 . T h i s 

was achieved by adding to the u s u a l 7C a q u a n t i t y propor­

t i o n a l to the square of {do- /dt (TT +p) - do-/dt(TT~p)J v i z . 

F 2 = 1 . 1 0 ~ 8 |Re A 1 Re A° + I n AVIIB A® + 

+ Re A 1 Re A° + Im A 1 Im A° 

+— •+— 4— j 
evaluated f o r t v a l u e s i n the range - 0 . 1 > t > - 0.2 a t 

i n t e r v a l s of 0 . 0 1 , and f o r each energy c o n s i d e r e d . The numer­

i c a l f a c t o r above seemed to> be a convenient c h o i c e . I n t h i s 

way a l l our models gave a c r o s s o v e r at a v a l u e of t i n the 

i n t e r v a l ( - 0 , 1 , - 0 . 2 ) . T h i s i s e s s e n t i a l l y e q u i v a l e n t to 

Im A having a zero a t t us - 0.2 • I t i s c l e a r t h a t a c r o s s -

over i n the i n t e r v a l 0.1 ^ | t | ^ 0.2 g i v e s a minimum of P . 

The. i n c l u s i o n of t h i s q u a n t i t y a l s o h e l p s i n avoiding second­

a r y minima. 

We had 16 p o l a r i z a t i o n data p o i n t s . These p o i n t s p l a c e 

a s e v e r e r e s t r i c t i o n on the behaviour of t h e r e a l and imaginary 

p a r t s of the amplitudes.. To compensate f o r t h e i r small number 

(as. compared t o 99 d c / d t d a t a p o i n t s ) nnd t c emphasize t h e i r 

r e s t r i c t i o n on t h e amplitudes we a c c o r d i n g l y enhanced t h e 



p o l a r i z a t i o n bv a factor ten. 
Thus, f o r each energy, we calculated 

• 2 « — ' .1 X = J" X 7 < M + i o X 2 
LPJO 

0-2 

+ 1 r 
X 2 

lfcl = o-1 
Afc= O'd (JOtrtfcj 

and the t o t a l ••7 as Z_ 
a l l energies 

The appearing above i s defined as usual by 

*X» = I Experimental ~ Calculated 
Error 

For each of our models v;e minimized the quantity ^X £ 

The actual data i s of course given by 

y l - E H 
a l l a l l t 

energies points 

and i t is. t h i s quantity that we quote i n our r e s u l t s . 

RESULTS AND CONCLUSIONS 

I t = 0 AMPLITUDES 

METHOD (a) : NO CUTS• 

As can be seen from Fig 6 we get quite a good f i t 
to the non-flip amplitude, and a reasonable f i t to the f l i p 
amplitude* However the f l i p f i t i s not reall.r c r u c i a l as. most 
of t i e effects, ars dominated by the non-flip p a r t . 

The f i t involves 11 parameters Ĉ,, £Q, CQi 3? , <*p, 
^ p 9 ( 0 ) , ( X ^ t , hjt h^, h^, hg, ajnd the following bounds were 
imposed j 

0 < o < p < 1 . 0 , 0 . 1 ; < o( , ( o ) < 0 . 6 , 0.8<<><£#<•! . 1 . 



The res u l t s are given "below* 

METHOD (b) : 3 CUT TERMS. 

Again we get quite e. good f i t to the non-flip amplit­
ude, end a reasonable f i t to the f l i p amplitude. The structure 
of the non-flip f i t i s s l i g h t l y d i f f e r e n t however i n that 
( e t 6 Gev/c for example.) Re A° has a zero at t ft - 0 * 7 and 

++ 
another at t * - 1 * 3 . v/hile Ira A° has a zero at t «r - \ . 7 . 

++ 
The zero of Re A° at t « - 0 * 7 i s i n agreement with the 
analysis of K e l l y (ref*52) but i s not present i n the- B.P 
esplitude. I n t h i s f i t we also used X factors, which were 
bounded br 1 ̂  A ̂  2, but both A and X , took the minio-
um value of unity,, This f i t thus e s s e n t i a l l y had only the 11 
parameters above, subject to. the same bounds as method (a)» 
The r e s u l t s are shown i n PIG*6 *. 

The parameter values i n the best f i t f o r these two 
methods are given below* 

I t = 1 AMPLITUDES 

Our nine models can conveniently be divided i n t o three 
groups, denoted ( A ) , ( B ) , ( C ) * 

(A) NO CUTS IN I t = 0 AMPLITUDES PIT* 
ONE CUT TERM IN THE I t = 1 AMPLITUDES PIT* 
THREE J> INPUTS i - P.P, S, IT ( X 2 = 0 POR S? N) 
(where P»P denotes fixed-pole coupling, S denotes sonoo-
choosing p t snd N denotes nonsense-choosing p )» 
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(B) 3 CUT TERMS IN I t = 0 AMPLITUDES PIT. 
3 CUT TERMS IN THE I = 1 AMPLITUDES FIT, 

THREE p INPUTS : ~ F.P, S#N ( \ ? = 0 FOR S, IT) 

(C) 3 CUT TERMS IN THE I t = 0 AMPLITUDES PIT, 
1 CUT TERM IK THE I t = 1 AMPLITUDES PIT, 
THREE j) INPUTS : - P.P, S, N ( A 2 = 0 FOR S, H) 

I n each 1 ^ = 1 amplitudes f i t we had eight param­
eters, the jo pole parameters A Q, B Q, h^ , hgjOCpCo), 
i nd the X factors X ̂  , A 2 ( A 2 "being fixed at zero f o r a l l 
S and N cases:) » 

Th-3 'best f i t * parameter values for models (A),(B) 
and (C) sre given i n Table (.2), I n a l l three cases the par­
ameters were subject to the foll o w i n g bounds : 

0.k540(9(0)4 0 . 6 , 0.8<<*'^1,1 , 1.0 < A. „<2.C 
and h. (see ref.hg). 

The re s u l t s of model (A) are depicted i n Figs.1 — k 
The results of model (C) are also depicted i n Pigs.1 — k. 
v/here they- depart from model ( A ) . The results of model (B) 
are not given since the?- are very s i m i l a r to those of model 
(0}„in a l l respects. 



PARAMETER VALUES FOR THIS I . = 0 AMPLITUDES PIT 

METHOD (a) METHOD ("b) 

0 . 3 6 9 3 

21 .20(m"b) 
0 . 3 8 9 3 

E 0 
0 . 3 8 9 3 

77.68(nrt0 
0 . 3 8 9 3 

Co 
5.793(nrt>) 
0 . 3 8 9 3 

6.284(m"b) 
0 . 3 8 9 3 

2.736(mfc) 
0 . 3 8 9 3 0 . 3 8 9 3 

/ 

0 . 4 8 7 0 . 5 4 3 

0 . 549 0 . 5 4 4 

/ 
<Xp, 1.10 1.08 • 

2 . 0 2 1 .08 

\ 0 . 2 2 7 1 . 2 5 

h 5 
2.10 0 . 0 1 2 

h 0 . 0 0 . 0 

A ++ 0 . 0 1 . 0 

X +_ 0 . 0 1 . 0 

TABLE ( 1 ) 
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PARAMETER VALUES FOR THE I . ~ 1 AMPLITUDES FIT 

Model (A^ 

F.P 3 0 . 4 256 7 . 4 0 3 . 1 5 0 . 4 5 3 0 . 8 1 . 6 3 -

f 

1 . 3 3 

S 3 6 . 9 322 7«28 3 . 1 1 " 0.559 0 . 8 1 . 7 1 0 

IT 
-

2 0 . 9 301 4 . 7 7 2 . 4 3 0 . 5 5 5 0 . 8 1 . 48 0 

T h i Data X were 283 , 6 2 7 , 630 f o r F.P, S, N respectively. 
Model (3) 

A o B o \ * 2 «l® < X, X* 

F.P 29 . 4 249 6 . 9 6 3 . 1 1 0 . 4 5 5 0 .821 1 . 46 1 . 2 4 

S 1 9 . 9 300 5 . 3 3 2 . 5 7 0 . 558 0 . 8 1 . 3 7 0 

N 3 5 . 4 318 7 . 7 5 3 . 19 0 . 5 6 3 0 . 8 1 . 6 1 0 

The Data K were 2 4 9 , 5 9 6 , 6 1 1 for F.P, S, N respectively. 

Model (C) 
A Q B Q ^ h 2 « e(0) oC'e X, X* 

F.P 28.1 247 7 . 2 7 3 . 1 1 0 .451 0 . 8 3 3 1 . 1 5 1 . 0 2 

S 1 8 . 9 2 9 7 6 . 4 5 2 . 6 7 0 .561 0 . 8 1 . 1 0 0 

K 3 4 . 4 318 8 . 4 4 3 . 1 6 0 . 5 7 0 0 . 8 1 .29 
1 

0 

The Data K vera 225, 550, 562 for F.P, S, N respectively. 

TABLE (2) 
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-It w i l l "be seen that i n a l l three models the f i x e d -
pole coupling solution i s by fa r the heat, with not much t o 
choose between uhe sense and nonsense cases, and with model 
(C) ceing t h ; best o v e r a l l . 

As can be seen from the f i t s the general properties 
of the solutions (A),(B),(C) are very s i m i l a r , so that the 
following general remarks w i l l apply t o a l l three. 

FIXED-POLE COUPLING SOLUTIONS. 
We obtain good f i t s t o the d i f f e r e n t i a l cross section 

data (Pig . 1. ) , with a dip at t « -0.56 which seems t o be 
stationary with increasing znirgy. The f i t i s s l i g h t l y too 
small at large I t l and the smaller energies. 

The charge-exchange p o l a r i z a t i o n i s also w e l l f i t t e d , 
except possibly i n the very small l t | region, where our f i t s 
seem too large. (PIGS. 2(a) an i 2(b) ) . 

The cropsover i s at t »s -0.1 at 5.85 Gev/c and moves 
out w i t h energy t o t » -0.22 at 18.2 Gev/c. This also seems 
to be i n accord with the e l a s t i c data. 

Using - the B.P 1^ = 0 amplitudes, the e l a s t i c p o l a r ­
i z a t i o n prediction i s poor at large I t l • As already noted 
t h i s i s due to the smallness o f Re Â _ at large | t | . We also 
used Hartley and Kane*B 1^ = 0 amplitudes (ref.54)» where 
Re A° has a zero at t as. -0.7 » with our I . = 1 amplitudes 
t o calculate the el a s t i c polariz.ition a t 6 Gev/c. This gave 
a better f i t but again the mirror symmetry was quite badly 
broken. 

A si m i l a r r e s u l t was obtained when we used bur f i t 
(method ( b ) ) to the 1^ - 0 amplitudes, which also has a zero 
i n Re. A° at t «s -0.7 » ++ 

Both of these- were very pcor for high ltl(|t|>)1.5)» 

http://polariz.it
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SENSE AND NONSENSE SOLUTIONS 

These were very similar and so are discussed together. 
Recall that these solutions had no f l i p cuts. This meant that 

1 1 Re A had a double zero at t « = 0 . 6 and Irr. A a single zero. +— +— 
However the pole co n t r i b u t i o n i n t h i s region was so small 
that |Â _J was p r a c t i c a l l y n e g l i g i b l e . This again meant that 
the e l a s t i c p o l a r i z a t i o n was badly f i t t e d f o r high I t l ( | t | ^ 0 . 7 ) . 

I n a l l the S and N models we obtained a a a t i s f e c t o r y 
crossover : at t at - 0.1 f o r 5 . 8 5 Gev/c, moving out to t <n - 0 . 2 2 

f o r the sense case, and t -0.11+ f o r the nonsense case, at 
1t>.,2 Gev/c.. 

However, i n both of these cases, p u l l i n g i n the zero 
1 1 

i n Im. A alao pulled i n the zero of Re A too f a r ( at t * 
- 0 . 3 5 f o r 6 Gev/c i n the sense case, and t - 0 . 2 7 f o r 6 Gev/c 
i n th's nonsense case) w i t h the r e s u l t that Re A + + was too 
larg© at t a? - 0 . 6 and consequently f i l l e d i n the dip caused 
by the vanishing of the: f l i p amplitude. As a r e s i l t our f i t s 
to the d i f f e r e n t i a l cross; section displayed hardly any dip, 
and were poor at large I t l ( | t | ̂ & 0 . 6 ) . The proximity of the 

1 1 
zeros i n Im A ^ + and Re. A + + gave, a poor f i t t o the charge-
exchange p o l a r i z a t i o n , although these f i t s did not give the 
large- negative peak at t » - 0 . 5 » as predicted by the older 
absorption f i t s . As already noted t h i s i s due to the i n c l u s i o n 
of a r e e l part ( e s s e n t i a l l y P*) to the 1^ = 0 amplitude, which 
keeps these zeros apart. 

The data f i t s f o r models (A) and (C) are given i n Pigs. 
1 - 3 o Figs„4( a)(,b)show that the 1^ .-= 1 phases f o r the P.P 
case are i n good agreement, with recent determinations, and 
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are simil a r to the DeP phases, even at low energies where 
one would expect the approximations used to calculate the 
cuts to break down. They- also show that the imaginary parts 
are i n bett;-.^ agreement than the r e a l parts<> 

I n Pigs, 5 we display impact parameter amplit­
udes at 6 Gev/c f o r our various f i t s , where thsy are comp­
ared d i r e c t l y with the forms obtained from the B.P amplitudes. 
These l a t t e r were obtained from Barger and_Halzen ( r e f , 5 6 ) . 

(Notice that we have % «tf 2Aj ) • These may be compared with 
the results obtained by Kelly ( r e f , 5 2 ) , where his d e f i n i t i o n 
o f impact parameter amplitude i i f f e r s from ours by a factor 2 , 

We obtain quite good agreement, bearing i n mind 
the discrepancies betweoTi the B.P and Ke l l y evaluations. We 
again see that the imaginary parts are i n very good agree­
ment, and i t i s precisely the.*3 that are peripheral i.e 
dominated by contributions around b 1 fermi. The r e a l parts 
are poorly f i t t e d because they are not peripheral, although 
our f i t s seem to be. This discrepancy at low b stems mainly 
from the fact that the real parts o f our amplitudes are poor 
for high I t l . 

In. an attempt to circumvent the above d i f f i c u l t i e s 
we made two minor modifications of our treatment. The f i r s t 
concerns the absolute phase of the 1 ^ = 0 amplitudes. This 
i s known experimentally only- at t = 0, from the o p t i c a l 
theorem and Coulomb interference measurements ( r o f . 5 l ) > ?nd 
corresponds to predominantly imaginary amplitudes. We may 
thus include a factor exp(iat) i n these amplitudes without 
spoiling t h i s r e s u l t . As far as the 1^ = 1 amplitudes are 
concerned t h i s onl-r a l t e r s the phases of the cut terms, and 



i s equivalent to taking complex A factors A —* Aexp(iafc). 
A l t e r n a t i v e l y we could have started with the hypothesis of 
complex A f a c t o r s , on the grounds that there i s no need f o r 
the- P and 5 * couplings to appear i n the same r a t i o i n d i f f ­
r a c t i o n processes and e l a s t i c processes. Indeed there i s 
evidence, from f i t s to i n e l a s t i c reactions that the P coupling 
Is. leas strong i n general than i t s e l a s t i c coupling e.g the 
cross sections of T T N — * T T N * are much smaller than TT N IT N 

(see r e f . 5 7 ) , where the IT* are various I = 5 resonances. 
There i s also evidence: from the study of inclusive reactions 
(see e.g r e f . 5 6 ) .However '.his made only a s l i g h t improvement 
i n the f i t s . (% dropped "by approximately "by 7/0 and made no 
si g n i f i c a n t difference to our amplitudes. 

The. second concerns the v a l i d i t y of the B.P 1 ^ =: 0 

amplitudes, p a r t i c u l a r l y at larger I t l . Comparison of the B.P 
amplitudes with those obtained by K e l l y (at 6 Gev/c) shows 
that the main discrepancy i s the behaviour of Re A® . Kelly' 
analysis gives Re A ° + a dip i n the forward d i r e c t i o n , a zero 
at t « - 0 . 8 , and a larger magnitude o v e r a l l . This i s i n 
contrast to Re B.P° + v/hich has no dip, no zero u n t i l t « - 1 . 1 

and a smaller magnitude. ";"e thus t r i e d f i t t i n g a rough 
estimate of Kelly's anplitudes with our parameterization 
(U»1ft) of the 1 ^ = 0 amplitudes at 6 Gev/c. We were not able 
to. reproduce tha dip i n Re A ° + nor the r e l a t i v e l y large 
magnitude, of Re A 0 at small I t l . lis A° was reasonable w e l l 

++ ++ 
f i t t e d . However wo were able to reproduce the zero i n Re A° 

++ 
at t « - 0 . 8 and the r e l a t i v e l y large magnitude of Re A° 

++ 

for I t l >• 0.8 by including cuts, but then the f i t to Im A° + 

suffered from having an approximate double zero at t «. -0.8. 
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With t h i s rather unsatisfactory f i t t o Kelly's 
1+ 0 amplitudes we t r i e d f i t t i n g the d i f f e r e n t i a l cross 
section data of: UN CSX at 5.85 Gev/c. We- obtained quite 
a gcod f i t , "but with dcr/dt s l i g h t l y too small at large | t | , 
as i n the other f i t s . The "|TN OJX po l a r i z a t i o n p r e d i c t i o n 
gave a positive peak a t small I t l and a zero at t x -0.5 . 
We calculated tho e l a s t i c p o l a r i z a t i o n using our estimate of 
Kelly's amplitudes and obtained a good p r e d i c t i o n f o r 
| t | ^ 0.6 , but f o r larger I t l the prediction was rather 
e r r a t i c and the mirror symmetry was badlv broken. The re a l 
and imaginary parts of ouv 1 ^ = 1 amplitudes wore- rather 

1 
odd. I.u A + + had a zero at t -0.35 but the crossover was 
at t « -0.1 , while Re A had neither a single zero nor a 

+— 
1 1 

double zero at t « -0. . Im A and Re A were both 
reasonably- good. 

This analysis i l l u s t r a t e s well the s e n s i t i v i t y 
of the results on the form chosen for the 1 ^ = 0 amplitudes 
and should perhaps serve as n warning against drawing h?sty 
conclusions. 
CONCLUSIONS 

The work presented i n t h i s thesis has assumed 
throughout that the D.P amplitudes are r e l i a b l e . I n ar.y case 
they are the best available, and seem to be i n accord with 
the dfita up to energies of 30 Gev/c or so. On t h i s assumption 
we conclude that the absorption pr e s c r i p t i o n , with any 
hypothesis about the choosing mechanism of the j> pole, i s 
unable to explain the 1 ^ = 1 TTN amplitudes with complete 
success, but that the strong-cut model (F.F) i s by fa r the 
best. We were able to obtain very good agreement f o r the 



imaginary parts of the amplitudes, and t h i s makes contact 
with our discussion of the u n i t a r i t y equation and absorption 
i n Chapter 3» The re a l parts f o r lnrge I d were rather poor, 
especially Re A , and as a consequence our e l a s t i c polar-
i z a t i o n was rather poor for large I t I „ The choosing sense 
and choosing nonsense models, even with non-flip cuts only, 

1 1 suffered from the proximity of the zeros i n Im A and Re A ++ ++ 
which f i l l e d i n the dip I n da /dt and gave a poor charge-
exchange p o l a r i z a t i o n * 

I t seems u n l i k e l y that a better representation of 
thi 1 ^ = 0 amplitudes w i l l remedy t h i s defect i n the r e a l part 
of the 1 = 1 amplitudes* I t i s known of course that our 
present methods for calc u l a t i n g cuts are incomplete, since 
the cuts v i o l a t e the Bronzan-J*ones condition (see Chapter 2 ) , 
but the inference seems to be that u n t i l we have a bett e r 
understanding of cuts the absorption pr e s c r i p t i o n works w e l l 
for the imaginary parts, and less so f o r the real parts of the 
I . = \ amplitudes, i f we exclude extra ad-hoc hypothesis* 



FIGUR3 CAPTIONS 
FiK , 1 Charge-exchange d i f f e r e n t i a l cross-sections 0 Dsia from 

MoA.Wahlig and I.Mannelli, Phys,Rev 1 6 8 , 1 5 1 5 ( 1 9 6 8 ) 

and PoSonderegger e t 0 a l o PhySoLetto 2 0 9 75 ( 1 9 6 6 ) , 

A l l curves r e l a t e to model (A) except those: e x p l i c i t l y 
l a b e l l e d (C) which refer to model ( c ) . The S and IT 
curves f o r model (C) are not shown being only very 
s l i g h t l y better than those of ( A ) , 

Fig,2 Charge-exchange P o l a r i z a t i o n , Data from P.Sondsregger 
CI2RN 1971. Fig,2(a) gives the results of model (A) 
while Fig,2(b) gives those of model ( C ) a 

+ 
Fi^o? TT~P P o l a r i z a t i o n , Data fromM.Borghini e t . a l , Phys. 

L e t t , 31B, h05 ( 1 9 7 0 ) and Phys,Lett, 3oBs 5 , U 9 3 (1971.) 
The eur-ves apply d i r e c t l y to model ( A ) , Model (C) f i t s 
are p r a c t i c a l l y indistinguishable from these.* 

Fig>^ The veal and imaginary parts of the 1^. = 1 amplitudes 
at incident l a b , momentum 2 , 5 > 6 , 0 Gev/c, Note that 
our amplitudes are dimensionlesa. The curves apply 
d i r e c t l y to model ( A ) , Model (c) curves are p r a c t i c a l l y 
indistinguishable from these., being only s l i g h t l y 
better at larger I t l values. 

Fig,5 The real and imaginary parts of the 1 ^ = 1 impact-
parameter amplitudes at incident l a b , momentum 2 , 5 » 

6 , 0 Gev/c, Note that % w 2Aj, A l l curvos r e l a t e to 
model (A) or (c) except those e x p l i c i t l y l a b e l l e d (c) 

which refer to model (c)j> being s u f f i c i e n t l y d i f f e r e n t 
from the model (A) case. 

Fig,6 The real and imaginary parts of the 1 ^ = 0 amplitudes.. 
I t exhibits our f i t s (a) and (b) to- the B,P I t = 0 
amplitudes. 
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AFPENDIX A 



We give here the proof of the expression for the 
discontinuities, of the. signatured p a r t i a l wave amplitudes 
(see eq.n„(2.2) of the main t e x t ) . 

We s t a r t ^ i t h the Froissart-Gribov formula 

A~,(fc) = _ ! _ 
/67V1 

oo 
r _ + (A.1) 

where 

We can wr i t e a fi x e d - s dispersion r e l a t i o n for Ds» 

and a flxed-u dispersion r e l a t i o n for D u(u,t) 

IT J 5 ' - 5- T T J FC 

(A.3) 

(A.i*) 

We require D u ( - z , t ) , and since z -z coriesponds to 
s u we can vrrite D ^ - Z j t ) = D u ( s , t ) , v/here 

T T J s'~ u. T T J T'_ T 

We put a* u' i n the f i r s t term here, and using 

f e u •= Pub TC e e t 

D a (-r.fc) - J_ f PsuU.s) du.'+ ± f f>^t U t ' ) dJb' 
TV J u / - u . T T J V - t ( A . c ) 

For s i m p l i c i t y v?® consider equal mass scalar p a r t i c l e s . 
I n t h i s case the "boundaries of the spectral functions are 
given "by the condition K = 0, where.-
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K « K ( t , t 1 , t 2 , a ) = f+t^+tl-Zfai + t^+ttJ-tt^/^ (A.7) 

which gives the usual r e s u l t (see ref„3) that the boundary 
i s given by 

t = UtQ + 4 t 2 / (s - km2) = b(n) , say. (A.b) 

I f we include the p o s s i b i l i t y of bound state poles, then 
2 2 tQ = m. ( i f not f t s tai ) , and wo get 

O h p 
b(s) = ina + har / (s - 4m ) • (A.9) 

I n the equal mass case- t h i s i s the boundary f o r a l l tho 
spectral functions, 

o 
Thus, w r i t i n g u = lim. - s - t , we have 

oo 

TT 

+ 
(A.10) 

This, shows immediately that D a(z,t) has cuts i n t the 
f i r s t terra has the cut t ̂  b(s) , while the second term has 
the cut t ̂  -s + k& - b( s) i.e 

t < -s -ka^ / (s - 4m2) (Ao11) 

2 
Since E > 4m and the maximum of the: right-hand side of 
(A o11) i s -8m , these cuts are therefore 

t ^ 4m2 and t ̂  -8m2 (A.12) 

From (Aol) we see that. A*( t ) must also have these cuts* 
However A^( t ) also has the cuts of Q^(z) v i z . the cuts (-1,1) 
and (-oOf-Oo However we can eliminate, the d i s c o n t i n u i t y for 
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z < -1 "by considering instesd of A^(t) the- amplitudes B^(t) 
where 

B^(t) = A A ( t ) / a ^ 

end we now ••tve." the following r o s u l t 

(A.13) 

D. iSC, 

Since 00 

v/e ace 
involves 

that the disc o n t i n u i t y 1 Disc + B*(A,t) = Ira E±(je.,t) 
2 i Z L J t + i O 

(A .16) 

V/e consider f i r s t the discontinuity of (A .15) across the L e f t -
hand cut t ̂  0. The f i r s t term of (A.16) gives 

_ ± _ L _ (°Q ( 4 " 2 - s'-t) C-ctT1: T\?J-i 0 ' , 6-co) d£ 

32TT 

I'or the second ter:n of (A.16) we require j _ _ Disc. D*(s* ,t+iO) 
2 i z L 0 -I t$ 

and' t h i s io given by 

where the 8 function comes from the condition (A.11) 



So the second term gives 
i0 

f> . (A.18) 
Because of the t? function only those values of s* i n the 
range £vj[t)9 v + ( <,)J w i l l contribute, where v + ( t ) are the 
roots of the equation 

t + s»+ UntVCs*- km2) = 0 (A.19) 

v+(t) = Ktoa 2- t)± £vA(t + 8ni2) i.e. 

So (A.I8) reduces <,o< 

^ 1 " (A.20) 
This can he s i m p l i f i e d f u r t h e r . Let s* = t - s* • 
Then i f s* = v ± ( t ) then s f = - ^ ( t ) , ;jid so the l i m i t s 
v + ( t ) —>• v_( t ) f o r s'-* s*. So the second term of (A.20) can 
be r e - w r i t ton 

*«*Jur + ^ «f* V fr-^V ' ( A . 2 1 ) 

and so (A.20) becomes 

•2 
d£ Q ft + s i ) U + e M ] A u « 4„*-1 - *') 
2* °r (A 22) 

Thus from (A.22) and (A.17) we get f o r the left-hand 
discontinuity 



i 00 

v-& (A.23) 

which i s equation (2.2) of the t e x t . 

The s i t u a t i o n with the Right-hand cut d i s c o n t i n u i t y 
i s d i f f e r e n t , Tttero i s no term analogous to the f i r s t term of 
(A.23) since f o r t > 4m2 aud s* > km2

 9 © (Um2- t - s») S O . 
The. second term, would involve _1_ Disc^. |ps( s* ,t+iO)J 
which i s equal to 

and the; 0 function comes from the condition t ^ "b(s) (see 
eqn,(A,9))» Thus the d i s c o n t i n u i t y vanishes unless 

t > 1+m2 + UnVCs 1- 4o 2) 

(A.24) 

i.e s*> 4m2 + UmV(t - km2) = v f t ( t ) say. (A.25) 

So we; have f o r the Right-hand d i s c o n t i n u i t y 
oO 

ircCfc) (A,26) 

which does not involve a term with a f i n i t e ranpre of integration, 
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