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ABSTRACT

The finite element method was employed for the analysis of the polyhedral
domed sandwich structures. '

Two different variational approaches were used for comparison reasons.
These are the '"displacement formulation" and the "mixed formulation' as they
are commonly known,

Initially seven sandwich plate bending models were developed. These models
were used to solve a number of problems where a numerical or experimental
solution existed and comparisons were made. l

The agreement varied frpm fair to excellent depending on the nature of
the model and the type of the solved problem.

As a result of this comparative study four of these models were conseq-
uently selected to be extended for the development of the sandwich dome models.

The accuracy of these four sandwich dome models was tested by modelling
five polyhedral dome structures. The results derived from each individual
model were compared with experimental results obtained by other researchers
and by the author himself.

The author's contribution to the experimental work was the design, con-
struction and subsequent testing of two full scale prototypes, namely, the 24
faced and the 36- faced domes.

From the whole analysis it was established that the developed numerical
models, when selectively applied in the most appropriate way with regard to
their special characteristics and the nature of the problem, produce reliable
results,

Special problems were investigated arising from the boundary conditions
as well as structural details of the joint-lines.of the plates forming the
polyhedron, and thus -a solution was suggested.

Finally, a data generation routine is also described in order to facilitate
further application of the various developed models by future users or

researchers.
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1. INTRODUCTION

The present work is the product of the combination of three factors
with a contemporary approach in the field of Structural Engineering.

First there is the cost factor which can be countered by mass-—
production, At the same time we are trying to fulfil two principles.
of modern Architecture. The first is that the Structure must be
functioning in an optimum co-existence with the Environment and the
Human (Functionalism). The second is that the Structure must have
the flexibility to adapt to new developments and to continuously
changing econqmical'and social conditions.(Metabolism). El3722a50,70y100]

The second factor is the formation and investigation of new
structural materials. The main aim in a given Structural application
is the optimisation of the use of the material achieved by improving
the properties. EL19,40,45,55,7ﬂ

Finally the third and last factor is the mathematical analysis
of thé problem which involves the modelling of the Structure by using
new powerful computerised methods of analysis, 59,59,72,83,84,115]

1.1 Polyhedral domed structures

The polyhedral domed structures approximate to structurally
efficient double-curvature surfaces by using flat plates, having at
the same time the advantage of easy construction in comparison with
the formation of the double-curvature surfaces theméelves.

The domed structure is composed from as few types of flat plates
as possible, in as far as the dimensions of the plates are concerned,
so that the mass—-production of the simplest construction-element can

be employed.




The solution to a specific problem of space-coverage can be
reached by various types of polyhedral domes. This provides
considerable flexibility as regards the economic factors as well as
aesthetic ones for the final choice.

For the above mentioned reasons it is believed that by the
polyhedral domed Structures the Architectural principle of
"Functionalism" is well treated,.

On the other hand the assemplage of a number of plates .(or group
of plates) to form the whole structure includes the potentiality of an
easy expansion or alteration, This presents an advantageous.
adaptability to new conditiéns so that.the Architectural principle of
"Metabolism" is also well preserved.

More detailed and extensive informatien abhout the geometry and
construction of the polyedral domed structures is presented in
reference [85] .

1.2 Sandwich Panels

The present work is exclusively concerned with sandwich

panels as construction elements for the polyhedral domed structures.

We define a sandwich panel as one which is a three-layer type of
construction, It consists of two thin sheets of high stiffness
material which are called the faces of the panel and between them is
a thick layer of low average stiffness and density which is called
the core of the panel, [3120946785,89]

The most important advantages of sandwich construction are,
firstly, that the ratio of high rigidity which can be achieved by
the sandwich panels over the total dead weight of the construction is
higher in comparison with conventional types of construction; secondly,
the panels employed for the structure can easily be made and supplied
by the industry in various types and dimensions and thirdly, the

structure appears to have good thermal and acoustical insulation.



The materials used for the construction of the experimental
prototypes and the work involved is to be presented in

chapters 3,10.

1.3 The Finite element approach

The method which will be used to analyse the behaviour of
the polyhedral domed sandwich structures is known as the finite element
method. Its basic principle is the idea of piecewise approximating
continuous fields.

The method is outlined by reference [84] to Professor Oden's
presentation of the differences between the classical and the Finite

element approach,

«v«.. Classically the analysis of continuous systems began with
investigations of thé properties of small differential elements of

the continuum under investigation. Relationships were established
among mean values of va;ious quantities associated with the infinitesmal
elements and partial differential equations governing the behaviour of
the entire domain were obtained' by allowing the dimensions of the
elements to approach zero as the number of elements become infinitely
larger,

In contrast to this classical approach the finite element method
begins with investigafions of the properties of elements of finite
dimensions.

The equations describing the continuum may be employed in order
to arrive at the properties of these elements, but the dimensions of
the elements remain finite in the analysis, integrations are replaced
by finite summations and the partial differential equations of the
continuous media are replaced for example by systems of algebraic or

ordinary differential equations,



The continuum with infinite degrees of freedom is thus
represented by a discrete model which has finite degrees of freedom.

Moreover if certain conditions (to be outlined in Chapter 3) are
satisfied, then as the number of elements is increased and their
dimensions are decreased the behaviour of the discrete system converges
to that of the continuous system.

Many numerical methods were developed before the era of electronic
computers and are now adapted for use with these machines.

In contrast, the finite element method is a complete product
of the electronic computer age. This is due to the fact that the
method possesses certain characteristics that take full advantage of
the facilities offered by the high-speed computers so that it can be
systematically programmed to accommodate such complex and difficult
problems as non-homogeneous materials, non-linear stress—-strain

behaviour and complicated boundary conditions.




2, CONSTITUTIVE EQUATIONS'FOR A SANDWICH PLATE

2.1 Introduction

As was mentioned in Chapter 1 (section 3), first of all the
equations describing the continuum must be formed.

We start with the fundamental equations for a plate and include
the effects of the sandwich form of the plate taking into account
certain assumptions (to be outlined in the next section),

The basic aim is to establish the constitutive equations for a
sandwich plate in such a form that together with the variational
principles(to be outlined in ‘Chapter 3) we have all that is required

for the finite elements analysis

2.2 Mathematical formulation

We consider an infinitesimal element of a sandwich plate and
we write the relations between the stress-resultants and the stress

tensor (Fig. 2.1) [53,78,102]

h/9 h/2 h/3
N, = J t,,dz , M = f t,.zdz , Q. = f t, dz (2.1
1] i) 1) ij i iz
-h/2 -h/2 -h/3
L,3 = x,y)

We introduce the following assumptions [4,20,54,71,93,94,101]
1. The displacements u,Vv,W are constant across the

thickness of the plate considering them individually.
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Taking into account assumption 3 and equations (2.4) the relationship

(2.3) becomes

{ XX XX XX
e ] c c c 0. ¢.
XX f xx fyy f xy exx
YY Yy
Cc C . e
tyy fyy | £xy 0. ¢ Yy
& Xy
= C . e (2.5)
txy J»¢ £Cxy ¢ . xy
?
@ Xz Xz
t & C e
Xz & C Xz cyz Xz
¢
o
t ? Cyz e
[ Yz < c Yz Yz
or
t = Clj e
ij f rs rs
t, . = cl? e (2.6)
ij c rz xz
(for i, j, x, s = X, ¥Y)
where the prefix of f or c on the elastic constants
refers to the faces or the core respectively
Substituting equations (2.6) into equations (2.4) we obtain
-c/o c/a+f
= iy - + 1] 4
Nij fcrs ersdz fcrs /J ®rs 9%
¢/~ £ c/y
-c/o c/y+f
= ij + Cij zd
Mij fcrs erSZdz frs €rsZ? (2.7)
=c/a - £ C/2
C/2
Q. = ct? f e dz
i c rz xrz

_c/2



Taking into account assumption 3 with regard to equations (2.2) and

evaluating of the integrals we obtain the following equations which

relate the stress resultants for a sandwich plate to the displacements

or the derivative of the displacements of the mid surface of the plate.

These will be used in the finite elements analysis.

ij

ij

where

ClJ 2f ¢
c rs rs
' 2
.. £
ij C
fcrs [Zw, ( 4
iz c+f
ccrz 2 Yr
Y = =
Y c+ f c

At this point, taking the validity of assumption 4 into account,

we obtain the following equations in a matrix form

3 3
M Dxx Dxx Dxx/ 2 a
XX XX vy Xy XX
M pYY | pYY | p¥¥, a
Yy XX Yy Xy’ Yy
M p*¥ | p®¥ | p*X¥/2 a
Xy XX Yy Xy Xy
Xz Xz
Qx Sez syz Y,
Yz Y2z
S
Qy Xz syz YY
N Exx EXX Exx €
XX XX vy Xy XX
N Y | g¥Y | g¥Y 6
Yy XX Yy xy YY
N VY | g*Y | gXY €
xy XX Yy xy Xy
1

(2.9)




_10-

_ 3 d d
axx =3 (wlx Yx) ’ ayy = 3— (Wry'Y ) axy = "a— (w, Y.) +3 (w,
X y Y X
(2.10)
ij ij £ 2 iz iz c+f : ij ij
D =-C —_ = —_— =
rs frs 2 (c*+£) ™ Sz T Crz T2 v Eis £Crs 2f
(2.11)
i3 . .
The constants D ] ' Slz ' ElJ can be evaluated using
rs rz rs

suitable experimental methods. [20,46]

For orthotropic faces and core the relationship (2.9) becomes

XX XX
D a
Mxx Dxx Yy ¢. | _ XX
Yy vy
D a
Myy XX Dyy ¢ Yy
Xy a
Mxy . . ny/2 Xy
XZ
Y
Qx sz X
= ' (2.12)
yz Y
“y Syz y
XX XX
N - n €
XX Exx hyy $. XX
YY YY €
N E E
Yy . XX Yy ¢. Yy
Xy €
ny , ¢ . Exy Xy
So by equations (2,12) we can relate the stress resultants with the
strains through an operator which can be written in a shorter matrix
form as
{0} = (D] (e} (2.13)

{0} is the stress resultants vector




D]

_11_

the strain vector which is related through
equations (2.2), (2.10) with the displacements
of the midsurface u, v, w and their

derivatives.

is an operator called the elasticity matrix, The
terms of this matrix, as we have already mentioned,

can be determined by certain experimental methods
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3. VARIATIONAL APPROACH

In this chapter some elements of variational calculus are
presented, These principles are used in the subsequent analysis,

Consider an expression of the form:-

X
2 2
dw dw
I = F(x, w, a;' ¢ ——2- ) dx (3.1)
% dx

—

This expression is generally known as a '"functional' and in the
analysis of solid continua is an expression with regard to a specific
physical state (potential energy, complementary energy etc. to be
outlined in Chapter 4). [39972;801889115J
The basic aim is to find a function w(x) satisfying the boundary
conditions and being such that the functional is rendered stationary.
This is expressed as follows:

51 = ¢ (3.2)
8

(where is the variation operator)

Following a certain procédure [39,72} we eventually obtain the
expressions:

aF dllaF>+d2 3F
)

== - = = ¢ . (3.3)
ow dx (S(dw/dx dx2 3(d2w/dx2)
The above is known as. the Euler-Lagrange equation, Also, in addition
to the above, the following may be obtained
X2 x2
F d F oF
3 —F = ¢, and —_— = ¢. (3.4)

d(dw/dx)  dx\ 9 (dw/dx)

_xl
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This is knownas '"the natural boundary conditions'.
If they are satisfied they are called "free boundary conditions"
or else if one of them is not satisfied then a corresponding set of
equations must be satisfied instead. The latter are called '"geometric
boundary conditions" or forced boundary éonditions".
Instead of trying to solve the governing differential equation(3.3)
we form a close approximation of the functional which is noted as the 1
(the dash above the symbol indicates the approximate one of the same
nature). Hence if we find a solution ;(x), for the functional I it can
be assumed that this solution will be close enough to the exact solution
w(x) as well. Following the approximate solution approach the analysis
proceeds as follows:
Firstly, by assuming a mathematical expression for the unknown
function ;(x), preferably a polynomial of x, so that the functional

1 becomes a function of the unknown coefficients of the polynomial,

Thus - 81 = ¢ can be expressed and satisfied by the
: . 3T
following set of equations 3;— = ¢. (3.5)
i

(a_i are the coefficients of the polynomial)

The use of a polynomial of x for expressing ;, possesses the advantage
of an easy mathema£ica1 manipulation.

Secondly, by performing the integration, summing the subintegrals,
of. the function T, of a finite number of subdomains which form the
whole domain (finite elements).

Thus, combining the finite element method (outlined in Chapter 1
section 3) with the variational approach, the primary functional may
be related to the individual element rather than the total domain.
Hence the geometry of the ove;all body and the system of the boundary
conditions are not unsolved obstacles, even for highly complex problems,
as they were in the classical Rayleigh-Ritz approach, from which thel

finite element method is derived.
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The polynomial for the unknown function mentioned above must be
such that certain conditions are satisfied and consequently the
convergence towards the exact solution can be achieved.

These conditions vary with the nature of the functional and the
variational principle which is to be employed [72,80,81,82,83,84,87,

99,104,115)

These conditions can, however, be described in -general as follows:

(a) The number of coefficients (terms) of the polynomal selected
to represent the ﬁnknown function must be at least equal
to the number of the degrees of freedom associated with
the element.

(b) The chosen function should provide compatibility of
certain quantities across element interfaces,

(c) A rigid body deformation and a constant curvature state
should be included in the polynomial.

(d) The assumed function must be continuous and be differentiable
to an order consistent with the variational principle expressing

the problem,



4.

39,41,43,72,74,
80,81,82,87,88,
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?
|
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14,34,39,72,80,
81,82,88,104]

:.38,39’72,80,81
82,88,95,104]
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VARIATIONAL PRINCIPLES (SMALL DEFLECTIONS)

(a)

(b)

(c)

(a)

The various approaches in the finite element analysis of solid
continua are associated with several variational principles of solid
mechanics, thus introducing different types of finite element methods,

These types have been classified as follows:

The first derives from the principle of minimum potential
energy and is based on the assumption of a continuous
displacement field over the entire solid. The various models
based in this approach are known as ''displacement models'".

The second derives from the principle of minimum complementary
energy and is based on agsumed equilibrium stress fields.

The various models based in this approach are known

as '"the equilibrium models".

The third derives from a modified complementary energy
principle with assumed stress functions within the

element and displacement functions at the element

interfaces.

The various models based in this approach are known as

the "hybrid models',

The fourth derives from Reisnﬁfs-variational principle

with assumed continuous displacement field over the

entire solid and assumed stress field for individugl

elements,

The various models based in this approach are known as

"the mixed models".
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The models used in the present analysis are based either in the first
or fourth approach. .At the following sections the mathematical

formulation of the first and fourth approach are presented in detail



4.1.

(6,

[N]

{e}

_17-

DEFINITION OF SYMBOLS AND FUNDAMENTAL RELATIONSHIPS

overall vector of nodal degrees of freedom for an element

vector of nodal degrees of freedom as far as

the transverse displacement models are concerned

vector of nodal degrees. of freedom as far as the
moment-models are concerned
vector of nodal degrees of freedom as far as the

shear-models are concerned

vector of nodal degrees of freedom as far as the

in-plane displacement models are concerned

vector of nodal degrees of freedom as far as the. total

rotation models are concerned

vector of general displacements within an element

corresponding to the nodal degrees of freedom

shape functions matrix-relating the general
displacement vector {50} with the general vector

of nodal degrees of freedom {Ge }
o

e
{60} = [N] {601 (4.1)
strains vector, as described in Chapter 2, section 2

by the equations (2.9), (2.10), (2.12), (2.13)



[B]

{o}

[D]

[C]

{s_1]

_'8_

strain-displacement matrix relating the strains
vector {e} with the nodal degreees of freedom

e
t
vector {60}

_ e
{e} = [B] {60}

stress-resultants vector as described in Chapter 2,

section 2 by the equations (2.1), (2.9), (2.10),

(2.12), (2.13), (Fig. 2.1)

elasticity matrix relating the stress-resultants
vector {o} with the strains vector {€} as
described in Chaptér 2, section 2 by the equations
(2.9), (2.11), (2.12), (2.13)

{0} = [D] {e}

elasticity matrix relating the strains vector {e}

with the stress-resultants vector {0}

{e} (cl {o}

.l o oxEL Yy
[CB] = [Dd ’ Do = D_D -D

xxD Jyy
XX yy Yy Xxx
stress matrix relating the stress-resultants vector

(4.2)

(4.3)

(4.4)

e
{0} with the vector of nodal degrees of freedom {60}-

[0} .8
{o} = (s ! {60}

transverse displacement'(correSponding to z axis)

(Fig.2.2) known otherwise as deflection

in plane displacement (corresponding to x axis)

(Fig. 2.2)

in plane displacement (corresponding to y axis)

(Fig. 2.2)

(4.5)



{Mij} (i,3=x,v)

{Qi} (L=x,y)

{Nij} (L, =x,y)

{r 1}

O

ﬁIél-e-lv-v
P
X

P ={(Pp
y
P
z

A
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total rotation of the cross sections zx, zy

respectively (Fig. 2,2)

first and secomd derivatives of the transverse
displacement with respect to x or y axis (Physical

meaning slopes and curvatures)

transverse shear deformation of the zx, zy respectively
identical with symbols used before as shear strains

Y, Yy

x . for the crgss section zx, zy respectively

(Fig. 2.2)

moments vector

shear forces vector

in plane forces vector

prescribed nodal force vector (corresponding with the
ey
displacement vector {Go} as far as the work product

is concerned)

prescribed quantities of the same nature as the ones

noted above
distributed load vector (corresponding to the axes
X, y, Z respectively)

Area of the nth element



o
[Rn]

x 1.
n

{r 1}

(6%}

(K]

(R]
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i ' M
portion of the boundary where ( nn’ Mhst )

are prescribed

portion of the boundary where {(w, 6 es)

are prescribed

the stiffness matrix of the nth element with respect

to the local system

the load vector of the nth element with respect

to the local system

I

the stiffness matrix of the nth element with respect to

the global system

the load vector of the nth element with respect

to the global system
the overall nodal degrees of freedom.vector
the overall stiffness matrix

the overall load vector
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4.2 Displacement-models

For the displacement models the functional which is

employed is the potential energy of the continuum. The condition

enforced through the variational principle, is such that it minimises

the potential energy. The polynomial§ employed to approximate the

unknown functions of the functional, are functions of certain nodal

values (degrees of freedom) which from the structural analysis point

of view are displacement or derivatives of the displacements.[S,17,21,29,
}0;36,44,63,65,74,115 ] Continuity, compatability and completeness

requirements will be discussed for each individual model.

The potential energy for a sandwich plate is

n
~ 1 - T T _ eT -
1=y 1L ﬂ (e} (o} an - ﬂ_{ao} (B} an - (%) (R ) (4.6)
1 A,

An

for the finite element approximation all the parameters must be
expressed in the functional as functions of the unknown nodal

values using the notation of Chapter 4, section 1).

For thé diplsacements models the vector {6:} includes as nodal
degrees of freedom displacements and derivatives of the displacements.

After the substitutions the functional has the form:-

n
‘ T ~ T -
= 1,.e T e e T =
= — D - N P dA
I E \2{60} jf[sl (D) (B]dA {67} 165} Jf[ 1T (B}
1 n Ap
' T - 4.7
- 6% (R (4.7)
o o
where Y is the summation symbol and n the number of the elements).
(Appendices II and III provide more details of the nature of the matrices

involved in the above expression in the form they have been developed

for the present applications.)
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By assuming that the following equations are valid:-

o, _ T . Oy _ T T (= =
[Kn] = [/ [B]® [D]I[B] 4A {Rn} = J} INlT {Pl}aa + {Ro}
" A

n

the expression (4.7) becomes:-
n )

- 1 . .e.T o e e;T o
T- Y500 6 ) - (63 &)
i

Applying the variation of the functional 1 in the form

)
a{so}
one obtains:-
n
Z{lKgl {8t - &% = ¢
1
oY
(K] {6%) - {Rr} = 9.

4.3 Mixed models

For the mixed models the functional is of a different form than the

one used for the displacement models.

The conditions enforced through the variational principle leads to
a stationary value of the functional, The polynomials employed to
approximate the unknown functions are functions of certain nodal

values (degrees of freedom) which are from the structural analysis

point of view displacement or derivatives of the displacement as well

as stresses. [25,38,56,57,80,81,82,87,90,91,95,105,106,107]

The continuity, compatibility and cémpleteness requirements

can vary,

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
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The functional has the form

n

1 T
1 =Z ff ({ob}{BO}T - 20,1 1) o) + 5 ey ) [DUV]{OuV})dA
1 An
e. (U ™ e. T o
_ U )vi{ﬁ}_ an - 6 (R}
A w
n

_ j(ﬁ 8+ M0+ O w ds
nn n .8 n

ns 5
S
o,n
. -8 -9 o) -w) ] ds (4.13)
f M (8 =8 ) +M (6_-8) [Q (v |
S
n,n

({See equations 2.9, 2.10, 2.11, 2.12, 2.13)

X,¥ Y,

(4.14)
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Py '
X - 6 » ¢
o (o]
pYY p*X
XX XX
) D ¢. ¢. b
o [e]

It
-
b=
-
-

-1
(ep]=[2,] : : 2 . (4.15)

p*Y
xy
1
¢ ¢ $. =z ¢
Xz
1
] ) ¢ ¢. ] ;;; |
yZ
XX _XX
) I3 ¢
_ LYY Yy
o] = | ES By ¢ (4.16)
9. ¢, E Y
Xy

The following expression is obtained as the functional using equations
(4.13), assuming continuity for M , M , w, u, v across
nn ns

element interfaces, following the procedure of [25,33,56,57,80,81,32,

87,90,21,95,105,107] .

n
_ ) T 1, 1
I —Z‘ ,Lf({ob} (6} - 3 (o, V) (o} +3 (e )
n

_ .“l
-ﬂ;", (F}Tan - {8} (R}
w o] (o]
A
n

T
ip_1 {c } )dA
uv uv

- J ands+ f(Mnn6n+M 0 ) ds
S S
o,n n,n
where
T
{e } = { (f’- r 4’- ’ ‘1’- r Wy r W, }

1 X y

(4.17)

(4.18)
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for the finite elements approximation all the parameters must be

expressed in the functional as functions of the unknown nodal values

using the notation of Chapter 4, section 1).

Appendices II and 1V).

For the mixed models the nodal degrees ol freedom are displacements

together with moments.

After the substitutions the

n

- T m
1= § "1y ™ 8+
o (o) n o}

1

- (M} (]™
(o] n

Applying the

I
(o]

3(s¥)
(o]

31
e
JUN!

one obtains

n

1

(K]

variation of the functional I in the form

¢

1

2

{8¥y (rR")
(o] n

functional has the form

(8" (r"}
(o] n

Force-displacements relationships

Equilibrium equations

> %[K‘;]

[ KUV]
roon

[ ¢
L [ ¢ )

6%}
O

[ ¢]

[ ¢

{r%}
n

(¢
mw

LK

me
(K 7]

l

S,

T T
) ™Yy )+ L 6YY)
[o) n [o) 2 o

(K

(For more details see

1 {8
o

uv

(4.20)

(4.21)

(4.22)

(4.23)

UV]

(4.19)
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3} = C (4.24)

e
L

_ w (4.25)
{Rﬁ} = {er}

or

(K] {GE} - (R} = ¢ (4.26)

Thus a system of linear simultaneous equatidns is obtained for the
mixed models, .which are of a._similar form to those obtained for the
displacement models (4.12).

The stiffness matrix [K] for both the displacements and the
mixed models 1s symmetric and positively definite. When the boundary
conditions are introduced the stiffness matrix becomes nonsingular.

Thus a solution can be obtained by using one of the techniques
for solving a large system of equations taking advantage of the
symmetry and the banded nature of the stiffness matrix (64,75,108]

The various characteristics and advantages of the different
techniques are preéénted in referehces [,39,72,115]i

The technique employed in the present analysis is a modification
of the frontal solution [20] as it has been developed by BETTESS,
compatible with the M.T.S. system (N.U.M.A.C.). There is also a
version of the same technique with the same alteration compatible

with the 0OS system in Cambridge.
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The frontal solution technique- has been proved advantageous due to

the nature of the analysed problems involving a very large number

of unknowns and complex boundary conditions.
It has been combined with a data generation programme
(to be outlined in Chapter 11 ) which reduces effectively the

amount of work required for the solution of a specific problem,
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5. MODELS EMPLOYED IN THE FORMATION OF THE SANDWICH PLATE

AND SANDWICH DOME MODELS

As it has been presented in Chapter 4 starting from the
functionals (4.6), (4.13) and following the variational approach
outlined in Chapter 3 a system of linear simultaneous equations
can be obtained (4.12), (4.26). According to this approach.the
different parametery of the functional are approximated with
different finite element models which are to be presented in this
chapter. The various models for the sandwich plate and sandwich
dome problems are composed by suitable combinations of the various
basic models which can be classified in the following five grouﬂs.

(a) Transverse displacement approximating models (w)

(b) Transverse shear deformation approximating models (¢ . ¢y)

(c) In-plane displacements approximating models (u, V)

(d) Moments approximating models (Mxx ’ Myy ' Mxy)

(e) Total rotations approximating models (ex' ﬁy)

All the above five groups of finite elements in the present
analysis are of triangular shape with corner nodes and may also
have mid-side or centre nodes (Fig.5.1+5.15).The triangular shaped
models have the potenéiality of being applicable to any shape of

structure in the interest of the present work.

5.1 Transverse displacement approximating models

Numerous models have been developed for the analysis of
classical plate bending (shear deformation neglected). The
following have been chosen to be employed in the present analysis
as they have been proved successful. [9,10,11,17,18,24,29,30,35,

36,44,48,49,63,92,97,111,112,113,114,115]
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5.1.1 Non-conforming triangular finite element in plate bending

This element has been presented first in 1965 [12]
Further investigation of its characeristics haslbeen accomplished by
several applications[26,115] Through the conclusions which have
been obtained this element has been proved to be simple and successful.
The discontinuity of normal slope across the interelement boundaries
doesnot prevent the element from yielding accuracy and convergence
occurs for regular element sub-divisions.

The transverse displacement w has been given by the relationship

Fig. 5.1

w W
w = [N] {60} (5.1)

w.T
{Go} = [wl. Wog? Wegyr Wor Wi

yl 2 ¢ Wy

v Wo, Wy

y2 3 ’ wl ] (5-2)

x2 v3

x3
subscript x, y indicates derivatives of x, y respectively and the number

(1 +3) indicates the relevant node

w, w w 4 ' w w w ' w .
[N"] = [Nlr Nz' N3: N4r NS' N6' N7, Nar Ngl (5.3)
w 2 2 2 2 w w \
= + + - - .
Nl Ll L1L2 L1L3 L1L2 L1L3 = N4, N7 from Nl with

circle-symmetrical substitution of subscripts 1, 2, 3

) 2 1 2 1 w w . w
= + = - + = b3
N2 C3(L1L2 > L1L2L3) C2(L1L3 > L1L2L3)==$ NS' N6 rom_N2 as above
\ _ 2 1 _ 2 Py W w w
N3 = b2(L1L3 + 3 L1L2L3) b3(L1L2 + > L1L2L3)==§ N6' N9 from N3 as above

(5.4)

(see Appendix I for the geometric symbols in use).
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5.1.2 Refined triangular plate bending (eighteen-degrees-of-

freedom) finite element

The variation of the transverse displacement for this element
is a quintic polynomial of x, y (or Ll, L2, L3).
It derives from the full quintic polynomial of 21 terms assuming

cubic variation of the normal slope W along the interelement

nj
boundaries (see Appendix III). The main advantages of the refined
element is that ensuring continuity of the normal slope the convergence
is much faster, thus good accuracy can be obtained for coarse mesh
idealizaéions. [18,35,36,37,115]

The discontinuity of the normal curvature and hence bending
moment are much smaller than lower order elements. The disadvantage

of this element is the difficulty in applying the boundary conditions

due to the existence of higher order. derivatives of the transverse

displacements 1
Fig. 5.2
2 3

w o= [N {6:} (5.5)
w T

{60} = [wi' Wi w'yi' Wr i w'xyi' w'yyi' ..... ]i =113 (5.6»

-1

1= (F] (T] (5.7)

._l' '. .
the formation of the matrices ([F] and [T] is given in

Appendix III.
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5.1.3 Linear variation of the transverse displacement

This model is to be used in the mixed formulation

(See Appendix 1V). 1 [39’59’72’105’115]
ig. 5.3
2
3
_ w w
w = [N) {GO} (5.8)
W'T
{60} = [wl, W, w3] (5.9)
w .
(N'] = [Ll' L2I L3] (5.10)

5.1.4 Quadratic variation of the transverse displacement

This model is also to be used in the mixed formulation

(See Appendix 1IV). [39959,72,105,115 ]

w = [N] {601 (5.11)

w
{50} = [wl, Wor War Wy W, w6] (5.12)

(N] [(2Ll.—l)Ll, _(2L2-1)L2, (2L3—1)L3, 4L _I,_, 4L_L_, 4L1L2]

23 13

(5.13)
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5.1.5 Cubic variation of the transverse displacement

This element is to be used in the rotation element

1 I e
(see Chapter 6 ) [,-.9,53,72,105,11)]
y 5 Fig. 5.5
2
4 3
w = [N {8"}
(o]
T
{5:‘;} = {wi,- ""]i=1- .
w _ w
) = Y, s
MY = (2L.-1)L. + 3L,L_L
1 1 1 17273
N = (2L.-1)L. + 3L.L.I
2 2 7'M 17273
N = (2L_-1)L. + 3L.L_L
3 3 3 17273
N = 4LL. - 12L.L.L
4 273 1273
NY = 4L L. - 12L.L.I
5 “173 17273
N = 4L L. - 12L.L_L
6 172 17273
W
NJ = 27L L)L,

(5.14)

(5.15)

(5.16)

(5.17)
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5.2 Transverse shear deformation approximating models.

[39,59,72,105,115]

5.2.1 Linear variation of transverse shear deformation.

_ s s

b, = [N7) {61.}

_ s s
¢y = [N] {62}
1
Fig. 5.6
2
3

s, T _
{61} = [¢x1 ’ ¢x2 ’ X3
Gs T = ’ r
{ 2} [¢Y1 ¢y2 _ ¢y3]

]
(N~1 = [L1 ' L2 ' L3]

5.2.2 Quadratic variation of transverse shear deformation

6, = I[N {af}
b, = 1 (s3) y
4 3
Fig. 5.7

s, T
(6717 = [0y, v ween 1 o y:e

s, T
{6} = [¢y1, ..... b o 1:6

(N7]

((2L,-1Ly, (2L-DL,, (2L-1)Ly, 4L,

L3, 4L1L3, 4L

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

1 B!

(5.27
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2.3 Cubic variation of transverse shear deformation.
s s
¢, = [N [61} (5.28)
s s
¢y = [N7] {62} (5.29)

{5?} = o0 } 1 o= 147 (5.30)
s T
{62} = {¢yi P eeees } io= 127 (5.31)
IN%] = [Nf , 1 io= 147 (5.32)
S
N} = (@, -DL + 3L LI,
S = -
N2 = (2L2 1)L2 + 3L1L2L3
S - _
N3 (2L3 1)L3 + 3L1L2L3
NZ = 4L,L, - 12L L)L, (5.33)
N> = 4L L. - 12L L_L
5 _ 173 17273
N° = 4L L. - 12L.L_L
6 172 17273

-1
I

2 27L1L2L3
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5.3 In plane displacement approximating models

The first successful examples of the application of the finite

element method were the two dimensional elastic problems of plane stress.

The majority of the various existing finite elements are based on the

displacement approach [7,3,28,38,39,42,55,5?,72,103,135,111,115]

although there are several finite elements based on different approaches

In the present analysis four displacement triangular models

have been chosen as the most suitable and simple.

5.3.1 Linear variation of the in plane displacements

1

Pig. 5.9

2
3
u = Y {GTV]
v = N8
uv, T
{61 } = [ul, u, u3]
T
uv _
{52 } = [Vll Vzl V3]
uv _

uv .
(see Appendix II for the formation of [B ] matrix.

5.3.2 Quadratic variation of the in plane displacements

1
Fig. 5.10
5
2 2 3
u = 'Y {G:V]
v = [NUV] [GUV}

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)
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w:WT= (PP I (
T
(651 = v el (
™) = (2L -1, (20,-1)L,, (2L,-1)Lg, 4L,Ly, 4LjLo, 4LL,]
(
5.3.3 Cubic variation of the in plane displacements
The variation along the interelement boundaries is
quadratic. This element has been developed to cope with trans-

formation difficulties along plate interconnections for the dome

structures. 1

Pig. 5.11

6
2
3
\
u = V) {Giv} (5.44)
uv uv
v = [N {52 } (5.45)
uvy T
6770 = lups uys ugs Uggyr Uiggpr Urgger Uyl (5.46)
{GUV}T = [ «
2 = Wyr Vor Var Vigeyr Viggst Vigggt Vo (5.47)
where ; g
u v
u, = — v v, = — (5.48)
S5 352 SS 8;2
- , =
(where s is the vector along the sides 55, 31, 12 )
(see also Appendx I (8)).
uv - uv
(N My e diane g (5.49)
uv uv uv
N - - = - = -
1 Ll 9L1L2L3 ' N2 L2 9L1L2L3 . N3 L3 9L1L2L3
uv uv uv
N = =0. +]1. L =-0. +1. =0.
4 0 5L2L3 l 5L1L2 3 ! N5 Q SLlL3 1 SLleL3 ’ N6 (0] 5L1L2+1.5L1L2L
uv _ .
N7 --27L1L2L3

5.41)

5.42)

5.43)

(5.50)

3
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4

Cubic variation of the in plane-displacements.

uvy T
{61}

UVT
(65

[NUV
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[ui , ] ix= 137
[Vi: ] i= 1+7
ln‘i"’, ] i= 137

(2L1 - 1)L1 + 3L1L2L3

(2L2 - 1)L2 + 3L1L2L3

(2L3 - 1)L3 + 3L1L2L3

4L2L3 - 12L1L2L3

4L1L3 - 12L1L2L3

4L1L2 - 12L1L2L3

27L1L2L3

(5.51)

(5.52)

(5.53)

{5.54)

(5.55)

(5.56)
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5.4 Moments approximating models

For the.approximation of moments distribution in the mixed

models approach several moments interpolation functions have been

used. The nature and the order of these functions is defined by

the continuity requirements associated with the functional and the

variational principle used for the derivation of the model,

[25,56,57,90,91,105,106,107 ]

The following have been chosen for the present analysis

5.4.1 Linear variation of moments

1
Fig. 5.13
2 \é
a m e
M, = [N 1 {Ml}
m
M = N MZ
oy (N1 { 2}
_ e
ey N (M)
T
e _ .
{Ml} B [Mxxl' Mxx2' Mxx3]
e
M, - [Myyl' Moya’ Myy3]
M)
M3} [Mxyl' Mxy2' Mxy3]
m
(N] [Ll' L2' L3]

(See Appendix IV for more details)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)
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.4.2 Quadratic variation of moments
M o= NI (v (5.64)
XX i
Moo= [N (M%) (5.65)
Yy 2
M o= N1 (M%) (5.66)
Xy 3
1 .
/\ Fig. 5.14

s\
4 3
T - oMo, ... i=1t6 (5.67)
1 XX1
{M;'}T = Mg s e 1=16 (5.68)
W = M., ....] i=t1+%e (5.69)
3 xyi
m
[N] = [(2L1-1)L1. (2L2—1)L2. (2L3-1)L3, 4L2L3, 4L1L3, 4L1L2]

(5.70)
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5.5 Total .rotation approximating models

For the total rotation finite element formulation (to be

outlined in the Chapter 6) the fdllowing-model has been employed.
[ 39,59,72,105,115 ]

Fig. 5.15
6 5
] !
8 8
6, = (N1 (6} (5.71)
o = w1 (5% , (5.72)
Y 2 '
0 T
{61} = [0 ., «u..) (5.73)
¥i i=1l:6
0 T
(6,0 = 85 weeidy s (5.74)
8., _ - - -
[N"] = [(2Ll l)Ll' (2L2 l)L2, (2L3 1)L3, 4L2L3, 4L1L3, 4L1L2]

(5.75)
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6. SANDWICH PLATE BENDING MODELS

A large number of various publications is available as far as
the bending of sandwich plate is concerned
Various finite elements have also been developed to solve the

problem [1,.1.2,14,15,21,67,68,69,73,85,90,91]

Seven.different models have been developed in the present
analysis as a first step towards the solution of the polyhedral dome
sandwich structures. These models deal with the sandwich plate
bending probleh and their classification coincides with the
classification of the variational principles employed for the
development of each individual model respectively, that is
displacement models and mixed models (Chapter 4).

6.1 Displacement models

The variational principle outlined in Chapter 4 Section 2
has been employed for the development of the displacement models.

For the finite element approximation - the strains and stresses
in the functional are expressed as functions of nodal values of
displacements (degrees of freedom).

Two different groups of sandwich plate displacement models have
been developed depending on the form of strains-nodal displacements
relationships.

The models classified in the first group are to be called

Deflection-Shear Displacement models.
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The strains as formulated in Chapter 2 have the form

axx = Wrex T ¢x,x
a = w -

Yy 'yy ¢y,y

(6.1)
= 2w — -

Xy 'xy ¢x,y ¢y.x
Y, = 9,
Yy = %

The parameters at the right hand side of equations (6.1) are expressed
as functions of nodal transverse displacements and their derivatives
and nodal transverse shear deformations independently employing the
models outlined in Chapter 5 (section 5,1, 5.2).

The models classified in the second group are to he called
Total~-Rotation displacement models.

The strains as formulated in Chapter 2 have the form

a = §
XX X,X
a = 0
YY Y.Y
= 8 + 0 (6.2)
Xy X,y Y. X
Ty ! Y

The parameters at the right hand side of equations (6.2) are gxpressed
as functions of nodal total rotations and nodal transverse displacements
independently, employing the models outlined in Chapter 5 (sections
5.1, 5.5).

The displacement models developed are the following:

6.1.1 Deflection-shear model with 15 degrees of freedom

For reference to this model the symbol PDS 15 has been

employed (See Section 6.3 for more details).
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This model has been developed employing the non-conforming
triangular finite element in plate bending together with the linear variation
of shear deformation model (5.1.1., 5.2.1.) for expressing the parameters
in equations (6.2), (4.3). More details for the formation of the various

matrices are presented in Appendix II

Fig. 6.1

ol >3

The vector of the nodal degrees of freedom has the form

e, T
(60} B {wl'“'xl'w'yl'w2'w'x2'w'y2'w3'w'x3'w'y3'¢x1'¢y1'¢x2'¢y2'¢x3'¢y3} (6.3)

Employing the transformation relationships (to be outlined in Chapter 8)
the transformed stiffness, stress and load matrices are obtained =

a) When the vector of the nodal degrees of freedom becomes .

e, T
8 ={w,,w, . W, .46 ., ., ...... .
{6, {wi’w'xi’w'yi'¢xi'¢yi' ) 1=1¢%3 (6.4)
b) For a node (i) which belongs to a boundary the set of degrees
of freedom linked with this node becomes =
{wi' i’ Wit ®ny Psi } (6.5)

(where n is the vector normal to the bdundary s)

6.1.2 Deflection-shear model with 21 degrees of freedom

Reference symbol PDS21

This model has been developed employing the
non-conforming triangular finite element in plate bending together
with the quadratic variation of shear deformation model (5.1.1., 5.2.2)
for expressing the parameters in equations (6.1), (4.8). The same
procedure for the formation of the various matrices is employed as

for the PDS15 model (Appendix II).
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Fig. 6.2

The vector of the nodal degrees of freedom has the form:

T
e —
{50} {wl'w'xl'w'yl'w2'w'x2'w'y2'w3'w'x3'w'y3'¢x1'¢y1'¢x2'¢y2'¢x3'¢y3' (6.6)
¢X4'¢Ty4'¢x5'¢y5'¢x6'¢y6}
Employing the transformation relationships (Chapter 8) the transformed
stiffness, stress and load matrices are obtained.
a) When the vector of the nodal degrees of freedom becomes <
T i =1 + 3
(8%} ={w,,w W ¢ .. b L. } (6.7)
o 7 ki i ki Tyl AS'S AL 2 L ) :
j=4+6
b) Yor a node (i) which belongs to a boundary (S) the set of degrees
of freedom linked with this node becomes =+
i q
lwyv 8 ;0 Wi i0 0 ;0 0 ) for 123 (6.8)
{o ;7 ¢si} for 1 > 3 : (6.9)

6.1.3 Deflection-shear model with 24 degrees of freedom

Reference symbol PDS24

This model has been develoﬁed employing the Refined
triangular plate bending finite element (eighteen-degrees-of-freedom)
together with the linear variation of shear deformation model
(5.1.2., 5.2.1) for expressing the parameters in equations
(6.1), (4.8).
More détails for the formation of the various matrices are presented

in Appendix III,
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The vector of the nodal degrees of freedom has the form:

' 1

FPig. 6.3

eyT '
{60} = {wi’w’xi’w'y.’w’ W, Wy L edees ,¢ .,¢ _,....} (6-10)
i=1+3

Employing the transformation relationships (Chapter 8) the
transformed stiffness, stress and load matrices are obtained,

a) When the vector of the nodal degrees of freedom becomes

e
{61 = {wi'w'xi'w'yi'w'xyi'w'yyi'¢xi'

¢ | (6.11)

: !
¥ i=143

b) For a node (i) which belongs to a boundary (5) the set of

degrees of freedom linked with this node becomes =+

{wi'eni'w'si'w'nni'w'sni'w'ssi'¢ni'¢si} (6.12)

6.1.4 Deflection-shear model with 30 degrees of freedom

Reference symbhol PDS30

This model has been developed employing the refined
triangular plate bending finite element (eighteen~degrees-of-freedom)
together with the cubic variation of shear deformation model.
(5.1.2, 5.2.3.) for expressing the parameters in equations (6.1), (4.8).
The same procedure for the formatioﬁ of the various matrices is

employed as for the PDS24 model (Appendix III).
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Fig. 6.4

The vector of nodal degrees of freedom after elimination of the

degrees of freedom at the centre node (Chapter 8 Section 4) has

the form:
T
e i=1+3
§ = w . (ree . .
{ O} {wi'w'xi' 'yi'w'xxi'w'xyi'w'yyi’ ) ¢xj'¢yj' }j_1;7 (6.13)
Employing the transformation relationships (Chapter 8) the
transformed stiffness, stress and load matrices are obtained,
a) When the vector of the nodal degrees of freedom becomes <
e T i=1+3
{60} = {wi'w'xi'w'yi'w'xxi'w'xyi'w'yyi'¢xi'¢yi""¢xj'¢yj"'}j=4=6 (6.14)
b) For a node (i) which belongs to a boundary (s) the set of
degrees of freedom linked with this node becomes =
! £ =< .
(wi'eni'w'si'w'nni'w'sni'w'ssi'¢ni'¢si} or i =3 (6.15)
£ i > .
{¢ni,¢si} or i >3 (6.16)

6.1.5 Total rotation model with 18 degrees of freedom

Reference symbol PRO18
This model has been developed employing the total
rotation model together with the cubic variation of transverse
displacement model (5.5, 5.1.5) for expressing the parameters in
equations (6.2), (4.8)
More details for the formation of the various matrices are

presented in appendix V
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Fig. 6.5

3

The vector of nodal degrees of freedom after the elimination of the

degree of freedom of the centre node (Chapter 8, Section 4) has the

form:

Employing the transformation relationships (Chapter 8) the
transformed stiffness, stress and load matrices are obtained
a) when the vector of nodal degrees of freedom become =

T

[Gs} = {wi,exi,eyi, ...} i=1+:68

(b) For a node (i) which belongs to a boundary ($) the set of
degrees of freedom linked with this node becomes =+
{w,,0 .,8 .}
i’ 'ni’ si

6.2 Mixed models

The variational principle outlined in Chapter 4, Section 3

has been employed for the development of the mixed models.

For the finite element approximation the various parameters

of the functional are expressed as functions of nodal values of

moments and displacements.
The mixed models developed are the following:

6.2.1 Mixed model with 12 degrees of freedom

Reference symbol PMX12

This model has been developed employing the linear
variation of moments model together with the linear variation of

the transverse displacement model (5.4.1 5.1.3) for expressing

the various parameters in equations (4.19)_ (4.22).

(6.17)

(6.18)

(6.19)
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The same procedure for the formation of the various matrices
is employed as for the PMX24 model which is to be outlined in the

next paragraph (see Appendix IV).

. Fig. 6.6

The vector of the nodal degrees of freedom has the form

o.T
{60} ={Mxxi,M

yyi'Mxyi' ....,wi,....} . . (6.20)

Employing the transformation relationships (Chapter 8) the transformed
stiffness, stress and load matrices are obtained.

a) when the vector of nodal degrees of freedom becomes

{6y = {w,,M__.,
(o]

i Mexi Myyi'Mxyi""' } (6.21)

i=1+3

b) For a node (i) which belongs to a boundary (s) the set of degrees
of freedom linked with this node becomes i
{woM M ML) (6.22)

nnl Ssl1 snl

6.2.2 Mixed model with 24 degrees of freedom

Reference symbol PMX24
This modei has been developed employing the quadratic
variation of moments model together with the quadratic variation of
the transverse displacement model (5.4.2, 5.1.4) for expressing
the various parameters in equations (4.19), (4.22).
More details for the formation of various matrices are presented

in Appendix IV



/ \5 Fig. 6.7

e
{60} = {Mxxi'Myyi'Mxyi' ..... LOVREPRR } ' - (6.23)

Employing the transformation relationships (Chéptez's) the transformed
stiffness, stress and load matrices are obtained.
a) when the vector of nodal degrees of freedom becomes:

T

{Ge] = {W.IM ’
o] 1

oMM e, .} i=1326 (6.24)
XXi  yyi  Xyi

b) For a node which belongs to a boundary (5) the set of degrees
of freedom linked with the node becomes:

{wi'Mnni'Mssi'Msni) (6.25)

6.3 Symbols for the different elements

The first alphabetic character in the symbol indicates

either a Plate element or a Dome element,.

The next two alphabetic characters indicate:
a) Deflection-Shear model
b) %otal ROtation model
c) MiXed model.

The two last characters, the arithmetic ones, indicate the number

of degrees of freedom per element.

Thus for the seven sandwich plate bending finite elements
presented previously the following symbols have been employed here

for each one respectively:
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PDS15, PDS21, PDS24, PDS30, PRO18, PMX12, PMX24.

For the dome modelswhich are to be presented in the following

chapter (7). The following symbols have been employed in accordance
with the above definition, for each one respectively:

DDS21, DDS33, DMX36, DRO30.
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7. DOME MODELS

The dome elements to be presented in this chapter are employed
for the analysis of the behaviour of the polyhedral dome sandwich
structures.

The four models which have been developed, derived from the
sandwich plate bending finite elements presented in Chapter 6.in
combination with the in-plane displacement models outlined in Chapter 5,
section 3,

The choice of four sandwich plate bending finite elements from
the total number of seven has been carried out taking into account
the following important factors:

a) Accuracy obtained by each individual model for the sandwich
plate bending problems in comparison with the number of degrees of
freedom involved in it (see Figures 6-896-9,7-5,7-6),(Chapter 12)

b) The set of displacements at nodes must be complete so
that transformation along the plate interconnections of the polyhedral
dome sandwich structure can be carried out (Chapter 8).

c) The ability to apply the necessary boundary condition without
too much difficulty.

Further justification for the chosen models with regards to the
above factors is to be presented in the conclusions, ( Chapter 12)

The variational principles outlined in Chapter 4 are once again
emplo&ed and consequently three displacement models and one mixed
model are derived in a similar way with the one presented for the

sandwich plate bending problem (Chapter 6).
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The way the reference symbols of the various dome models are generated
is presented in Chapter 6, section 3.

For nodes belonging to a boundary, either external or internal
(such as plates interconnection) certain transformation and
condensation techniques are used (to be described in Chapter 8).

7.1 Displacement models

The two differént approaches for expressing the strain-
nodal displacement relationship are once again employed (see
Chapter 6, section 1). As a result two of the models are referred to
as Deflection-shear displacement models and one as a total rotation

model.

7.1.1 Deflection shear model with 21 degrees of freedom

Reference symbol DDS2]

This model derives from the sandwich plate bending
finite element PDS15 (described in 6.1.1) in combination with the
linear variation of the in-plane displacements model (described in
5.3.1).

Details relevant to the formation of the various matrices

involved are presented in Appendix II.

1
Fig. 7.1

3

The vector of nodal degrees of freedom through certain

transformation formulae becomes:

T

e _ P o= .
{60} “{“i"’i""i'exi'eyi""xi""yi' ..... } i=1+3 (7.1)
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Consequently the transformed stiffness, stress and load matrices
are obtained respectively (Chapter 8).

7.1.2 Deflection-shear model with 33 degrees of freedom

Reference symbol DDS33
This model derives from the sandwich plate bending finite
element PDS21 (described in 6.1.2) in combination with the cubic
variation of the in-plane displacement model (described in 5.3.3).
The same procedure for the formation of the various matrices

is employed as for the DDS21 (Appendix I1I).

\5 Fig. 7.2

The vector of nodal degrees of freedom through certain trans-
formation formulae as well as elimination of the degrees of freedom

at the centre node becomes:

8%} =
{ o} {ui'Vi'wi'exi'eyi'¢xi'¢yi' ""’¢xj'¢yj'ussj ssj’"""

Consequently the transformed stiffness, stress and load matrices
are obtained respectively (Chapter 8).

7.1.3 Total rotation model with 30 degrees of freedom

Reference symbol DRO30

This model derives from the sandwich plate bending
finite element PRO18 (described in 6.1.5) in combination with the
cubic variation of thé in plane displacements model (described in

5.3.4).
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Details relevant to the formation of the various matrices involved

are presented in Appendix V

Mige T.3

3
The vector of nodal degrees of freedom, through certain
transformation formulae as well as elimination of the degrees of

freedom at the centre node, becomes:

e

= 6 . ,6 cses i = + .

{60} {ui’vi'wi' i’ yil } 1 1 6 {(7.3)
Consequently the transformed stiffness, stress and load

matrices are obtained respectively (Chapter 8)

7.2 Mixed models

Two models could have been derived, employing the variational

principle outlined in Chapter 4, Section 2. as an extension of
the sandwich plate bending mixed models, described in Chapter 6,
Section 2. That is: First a model which derives from the sandwich
plate bending finite element PMX12 (6.2.,1) in combination with
the linear variation of the in-plane displacements model (5.3.1)
DMX18. Secondly, a model which derives from the sandwich plate
bending finite element PMX24 (6.2:2) in combination with the quadratic
variation of the in plane displacements model (5.3.2) DMX36.

Limitations of the present work with regards to time and space

have allowed the derivation of only one.
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Accuracy factors have led in the choice of the second model
despite the advantage of the low number of degrees of freedom which
the first possesses (see Figs. T.1,7.2). The formation of the first
model (DMX18) is similar to the one of the second DMX36 (to be
presented next) and the results are believed to be of a similar
nature with the results obtained from.the application of the DMX36.

It will be seen from the discussion that the former model can
easily be formed and applied.

7.2.1 Mixed model with 36 degrees of freedom

Reference symbol DMX36
Details relevant to the formation of the various

matrices involved are presented in Appendix IV,

1

5 Pig. T.4

2
4

The vector of nodal degrees of freedom thrgughcertain transformation
formulae becomes:

T
e.

{60} = {ui'vi'wi'M ’

oM M, L... ) 1i=11+6 (7.4)
xxi’ yyi' xyi

Consequently the transformed stiffness, stress and load matrices are

obtained respectively (Chapter 8).
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8. TRANSFORMATION - CONDENSATION

To obtain the final set of equations (4.12), (4.26) by the
combination of the variational approach and the finite elements
approximation (Chapters 3 and 4) it is necessary to assemble the
linea¥ equations obtained in a matrix form for each individﬁal
element (4.11, 4,12, 4.22, 4.26). These equations are at first
evaluated with respect to a local system of cartesian-coordinates
(see Appendix I). - Thus a common global coordinates system is
needed and transformation from the local to the global system
must be carried out for all the parameters involved.

For both the plate and the &ome finite elements, described
in Chapter 6 and 7 respectively, transformation must be introduced
in order to assemble the elements and apply the boundary conditions.

8.1 Transformation - formulae

. The form of the relationship to be transformed is as

follows:
n
o e o _
E [k 1 {6} (R ) = ¢, (8.1)
i=1 .
e )
{50} is the vector of the nodal degrees of freedom in

the local system of cartesian coordinates.
The relationship between the nodal degrees of freedom with respect
to the local system and- the nodal degrees of freedom with respect

to the global system has the form

{62} =  [TR] {63} (8.2)

where [TR] is the transformation matrix
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As the corresponding force component must perform the same amount

of work in either system the following relationship is obtained

T T
{R }" {85} = (%} (&%) (8.3)
n 9 n o
where {Rn}, {6:} are the load and nodal degrees of freedom vectors
with respect to the global system.
Substituting equation (8.2) to equation (8.3) the following equation
can be obtained:

_ T o
{Rn} = [TR] {Rn} (8.4)

Pre-multiplying equation (8.3) by [TR]T and substituting equation (8.4)
the following relationship can be obtained:

n

T . o e i _
Z[TR] [Kn] [TR]{Gq} - {Rn} = . (8.5)
-
orx
n
= b, (8.6)

e .
Z (k] {69} - {Rn}_
1

So the stiffness, stress and load matrices [Kn], [Sn], {Rn}
with respect to a global system can be found from the corresponding
matrices with respect to the local system [Kz], [52]’ {Rg} through

the expressions:

. S
k1 = [TRI" (K] [TR]
_ 0
[Sn] = [TR] [Sn] (8.7

(R} = [mRIT (R®}
n n
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8.2 Transformation matrices for a plate

The transformation in sandwich plate bending problems is necessary
for a node which belongs to. boundary (s) in order to apply the boundary
conditions.

The parameters involved have the following form:

Yﬂ\
2 x,0¥,) an
7
0
X B G a
_ 2 2 n (8.8)
Y —GZ BZ g
aTI,as are the co-ordinates of the new system 5, g) .
5 - Y2~
2 P o2
»’(x2 %14+ ly,-y,)
' (8.9)
¥2 7%
G2 =
_ 2 _ 2
/(x2 xl) + (Y2 Yl)
8.2.1 Displacement models
w [ B G.] w
{ ’x}= 2 2 { ’n}
w,y _TGZ BZJ w,S _
2 2 ]
Wi ex BZ 2B2G2 G2 Yion
{¢x} B2 G2W{¢n} . 2 2
=|_ W, =1-B,.G (B,-G,) B,G W, (8.10)
¢y G2 sz ¢s Xy 22 2 2 22 sn
i 2 2
. s < ] w,yy G2 —2132G2 B2 w,ss
{ x} 2 5] { n} L .
ey —G2 BZJ es




8.2.2 Mixed models

- 59_

Y
a4
2(x2,y2) -
\\ _ -
S
N
‘\\Qn
xy \\\\ .
M .
XX \\ 1 ()(1 ,yi)
H \\ )
0 M X
Xy
—i_»m
Yy
2 2
Mes €, B, 2B,Gy - Myex
2 2
Mnn 132 G2 —2B2G2 Myy
2M 2B, G -2B.G 2(B2-G2) M
sn 272 272 2 T2° 7 xy
2 2
Mxx B2 G2 2B2G2 - Mnn
2 2
Myy G2 B2 -2BZG2 Mss
2 2
Mxy —82G2 B2G2 (132 —GZ)J Msn

(8.11)

(8.12)
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8.2.3 Rotation of an element

It is very common in many plate and dome cases
that an element results from another one of the same dimensions

by a single rotation of 180o

\

( F1G. 8.3 )

The various matrices of the second element can be evaluated by a

simple transformation of the first element's corresponding matrices.
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The following expressions

the lst and 2nd element

x2

Mxx2 =

M =
Yy2

Mxy2 -

relate the degrees of freedom for

=u

-V

xx1

M
yyl

Mxy1

(8.13)

The subscripts 1.2 refer to the coordinate system xloylfor the first

element and the coordinate system x20y2 for the second element with

regard to the relevant degree of freedom (Fig. 8.3 )
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8.3 Transformation matrices for a dome model

As it has been mentioned previously in Chapter 7 a
very important factor, which is decisive for the combination of
the various bending and membrane models with regard to the
derivation of the several dome models, is the completeness of
the different sets of nodal degrees of freedom,

The completeness of a set, with respect tothe three-dimensions
space, is necessary regarding the assemblage of the finite elements
with nodes belonging to plates interconnections, and leads to the
accomplishment of the transformation.

The above requirement has been fulfilled for all the dome
elemenfs presented in Chapte? 7 as tar as the set of nodal displacements
u, v, w is concerned (see Chapter 7).

The set of rotations or moments, however, is incomplete due
to the absence of a rotation or a moment, as a degree of freedom, with
respect to an axis normal to the plane of the element.

One approach to the probleﬁ has been suggested in reference

[ 115 ] is that additional degrees must be
introduced resulting in the completeness of the set,

Some work has been done to determine the form of the part of
the stiffness matrix corresponding to these additional degrees of
freedom. .

A second approach is based on the selection of certain coordinate
systems whereby a suitable oriéntation of the various axes enables the
transformation to be performed with a considerable degree of
accuracy. [21,31, 115]

"The second' approach has been followed for the

present analysis.
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First of all the various matrices Tor a given element are
evaluated with respect to a local coordinate system

defined as follows:

The x axis of this local system is the intersection of the element's

plane with the xoy of the global system of cartesian coordinate Oxyz (Fig.f,4)

The unit vectors of the local system are:

(8.14)

(8.15)

(8.16)

(8.17)

o 9 1 7
)‘l Y.. ., —- Z2..Y .
z'x ji “mi ji “mi
v = 1A - L Z,, X - X
Var T z'y DT ji “mi ji “mi
LAz'z xji ymi B yji "mi
i 3 -
/\ 2 2
A° + A
Ax'x Az'y/ z'y z'x
T - - A2 2
VX' Ax'y —Az,x/ Az' + Az'
s | . j
r — ]
7 /42 2
Ay'x Az'z Az'x'h Az'y * Az'y
- B - . /2 2
vy, = Ay'y Az'z Az'y" Az'y +.Az'x
/
A, -/ Az,z) + 22,
y'z ’ z2'x
f <! "A A i [ ]
% x'x n'y 0. X
bl= . o 1,1
y'x v'y y'z Y
z! A A A
- z'x z'y z'z z |
Thus the transformation matrix from local to global has been obtained.

(8.18)
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Another coordinates system X 9 z is defined for an clement with
a node (m) belonging to a plates-interconnection (1) (2) in

the following way. (fir. R.4)

The x axis of the system coincides with the line (1) (2),

The y axis is normal Lo the vertical plate through the Line (1) (2).

And the z axis is defined as the cross product of thc unit vectors

of x and y respectively.

M x P R
v - . . .
% Hoy [ Y, T 1
3z | [ %27 %1
2 2 2
) _ S - _ i}

-
v)—( = IJ—)—,y = ”ix//‘ + ne,
HS"Z (b |
r [ ]
- 2 2
2 Hix uxz//\/{li:x ¥ “iy
> b I a '
vz Y “xy - Heg u'y
‘J‘— :‘ 3
- }
22 | iy Ul) J
- _’1 h l— _ _ r .
X Hex l‘lxy Kz x
v ) = 1- - L~ 4 }
Y Yox o By My !
L 2 | Mz x uéy Hzz ) L 2 )
" X
{5t -
Y &g Y
z z

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)
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Combining equations (8.18)(8.24) and considering the orthogonal

nature of the matrices [Teg] ’ [Tég] the following

relationships can be obtained

X1

xl

' = - v -
Yy [Tee] y (8.25)
z' z
v - v - v -
x"x x'y x'z
[Teél = vy'i vy,§ vy,2 (8.26)
V- v_,~- \ 2
z'X z'y z'Z
| A
(T=] = (T_1 [T.1" (8.27)
ee eg ég ]

For co-planar nodes the assembling of the equations is peformed in
the local co-ordinates system.

For nodes belonging to an interconnection of two plates or to an
externgl boundary the displacements set u', v', w'
"is transformed employing the m;trix' [Teg] (8.18) to the
global displacements u, v, w toéether with the relevant transformation
procedure for the various matrices involved (8.7). The set of
total rotation, transverse shear displacements and moments is
transformed employipg the matrix [Teél (8.25) to the coordinate
system x ; z eliminating at the same time the transverse shear
displacement relevant to the cross section normal to the x a#is .

For nodes belonging to an interconnection of more than two
plates all the different parameters are transformed to the global
system xyz employing the matrix [Teg] eliminating at the same time

the transverse shear displacements.
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8.4 Condensation

When the elimination of a number of nodal degrees of
freedom {6;] is required from the total vector of'{di}with
the remaining vector noted as {5?} the following relationships
can 'be obtained,
The stiffness matrix can be partitioned with regards to the

two sets of nodal degrees of freedom. {8°) , {6}

1 2
e e
[x,,] {61} + K] {52} = {Rl} (8.28)
e e _
[x,,] {61} +IK,) {62} = {Rz} (8.29)
Solving equation (8.29) with respect to (63} and substituting
the value for equation (8.28) one obtains:
e —-—
[K_ ) {61} - {Rcd} = ¢ (8.30)
K 1= (K.] - [K._] K. 17 (K] (8.31
cd’ T 11 12 22 21 -3
_ _ -1
R 41 = {Rl} [k, .1 [K,,] {r,} (8.32)

In the same way the stress matrix after the condensation has

the form

1

_ _ - e , -1
{o} = ([sll [521[K22] [K21]){61} + [521[K22]

{Rz} (8.33)



9.2

_67-.

9. EXPERIMENTAL WORK

Introduction

The experimental part of the presenf work consists of the
construction and testing of two polyhedral domed sandwich
structures.

(a) The 24 faced dome (see Photogr. a ). This dome is

formed by six 4 faced pyramidal flat segments (see Chapter 13 ) .

(b) The 36 faced dome (see Photog.. b+e).The second dome is an
extension of the first formed by adding six "dormer" sections

(see Chapter 13 ).

The dimensions of both the domes have been obtained through a
computer programme (outlined in [Bj).They arc included in Chap. 13
and are presented in the relevant section. The experimental
results obtained from the various loading cases are presented in

the same section

Construction and Materials

The decisive factor for the determination of the dome's
dimensions was the size of the basic orthogonal sandwich sheet,
readily available from the manufacturers. The panels forming
the two domes are all identical as far as their dimensions are
concerned and have been formed as part of fhg basic orthogonal
sandwich sheet, as shown in Fig. 9.1 , so that from ea;h sheet
two panels can be obtained with the least possible wastage of

material.
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. A D
-
AB = CD =1.23 m
AD = BC = 2.25 m
1.20m

AC = 2.42 m

B C

} 2.44 m { FIG. 9.1

The sandwich papels used were composed from hardboard faces
of 4.1 mm thickness and polyurethane core of 50,8mm thickness.
The elasticity moduli for the above mentioned materials,
as well as for the composite sandwich structure used for the

present analysis, were obtained by other researchers [21,46,85]_

The properties of all the various sandwich panels used in
the present work are presented in  figs. 13.2,13.3.
The construction of the two domes was carried out in the

following way:

(a) First thé supports and the foundation of the structure were

built. Detailed drawings of the foundation are presented in Fig.9.2+9.7
The foundation must be functioning, at the final stage, in

such a way that the displacements, with respect to all three

global axes, are zero without constraining the corresponding

rotations (pinned-joint function).
For the construction stage a limited amount of displacements

with respect to x and y axes have been allowed so that dimen-

sional inaccuracies could be overcome (see detailed drawings). 9.4+9.6
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(b) Second the six 4-faced pyramidal flat segments (Fig. 9.8.1)
as well as the six "dormer" sections (Fig. 3.5.2) were built
by joining the identical triangular sandwiéh panels together.
The joilning technique details are presented in Fig. 9.9

The joining technique ﬁas been tested and found satis-
factorily strong and economical. Details with regard to the

behaviour of the joints are presented in Chapter 10.

(c) At this stage the first dome was formed by erecting the
six segments on site and by adjusting the previously mentioned
mechanisms at the supports so that all six segments came
together. Next, the joints of the adjoining segments, which
were built using the same technique mentioned above, were
secured by the fitting of the steel cover plates and bolts
(See Fig. 9.10)

It is worth mentioning that the construction of the six
segments was carried out in 10 days and the erection andlforma-
tion of the first dome in one day, with the help of three

departmental technicians.

(d) After the testing of the first dome was accomplished,
the second dome was built by eretting and joining to the
existing first dome the six "dormer" sections. The same
joining technique was used as previously. (sen fige. 9.11)

The second dome was then tested.
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Testing of the Domes

The two domes were tested under concentrated loads acting
at the centroids of certain groups of panels.

’

The first dome was tested under two loading cases:-

1st Concentrated load of 1216 N at all upper panel centroids.

2nd Concentrated load of 1216 N at all bottom panel centroids.

The second dome was tested under three loading cases:-—

1st Concentrated load of 1216 Nt at all upper panel centroids.
2nd Concentrated load of 1216 Nt at all bottom panel centroids.

3rd Concentrated load of 1216 Nt at all "dormer" centroids.

The following assumptions made in the analysis of the

structure were tested.

(a) The behaviour of the supports was found satisfactory.
The displacements measured at the supports were practically
zero. (Approximately two orders of magnitude smaller than the

maximum displacement).

(b) The behaviour of the structure under certain concentrated
loads was found to be, with regard to the structure as a whole,

such that the analytical assumption of an elastic behaviour can

" be considered as a falr approximation. Visco-elastic indentation

of the faces was observed.locally for the loaded panels in a
limited area surrounding the loading point, which required a little

time (1 hour) to recover.

(c) To minimize the effects of temperature and relative humidity

changes as well as the wind effects, the testing of the domes under




_.71_

various loading cases was accomplished under as similar weather
conditions as possible. In addition, the surface of the panels

was covered by two layers of "yacht varnished" for weather

protection.

(d) The structure was assumed to be symmetrical. The dimension

inaccuracies observed during the construction stage were negligible.

The symmetrical behaviour of the domes was tested next and
found to be satisfactory. First, the displacements at certain
symmetrical points under a symmetrical loading case were measured
and found to be almost symmetrical (with a maximum deviation of
10 per cent). Second, the displacements (of a poiﬁt on an axis
of symmetry), normal to the axis of symmetry, for a symmetrical
loading case were measured and found to be negligible.

Due to the above reasons, the assumption of the symmetrical
behaviour of the structure under symmetrical load was considered
to be valid and consequently only 1/12 of the two domes Qas
numerically modelled for the loading cases (symmetrical) mentioned

previously.

(e) Time-dependent behaviour was also observed. To minimize the
effects of this behaviour the measurements of the points by the
theodolites have been taken in the minimum possible time starting
always from the loaded panel where the time-dependent behaviour

is expected to occur. -

(£) The application of the high density concentrated load of

1216 Nt per loading point, as already mentioned, was dictated by
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the high rigidity of the structure and the accuracy of the method
used for measuring the displacements, to be outlined in the next
section. Special steel cylindricaldevices were used at the
loading points to secure the vertical application and spreading

of the load.

Displacement Measurement

Under a certain loading case the displacements of certain
points were measured (see Chapter 13)
For this a combination of two theodolites was used. The

theodolites were secured so that they were at the same horizontal

" level separated by a constant distance.

For each modelling point on the structure eight readings
were obtained, four with the structure unloaded and four with the
structure loaded. The four readings in each case consist of one
horizontal and one vertical angle from both the theodolites.

The global displacements have been obtained for each point
from the above measurements by the foliowing mathematical formula-
tion, through a computer program based on it.-

The first and second theodolites are considered to be at

points 0,, 0, respectively (see Fig. 9.12)

2

A modelling point, at A, before the application of the load,

1

is to be considered.

The coordinates of A1 with respect to the two cartesian

. [ ] ] 1 ] ]
cooxrdinate systems x101y1, x202y2 are (ai, a2, a3), (al, a2-+£, a3)

where £ is the constant distance between 01 and 02 which has

already been measured.
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The following angles can be measuredby the two theodolites:

By

be

For Point A1 For Point Ai
angle ¢ + g ¢ |angle ¢' |+ g ¢
. [ ] L]
Horizontal YlolB1 h1 Y1°1B1 h1 From
angle
. ' ' . Point O
Vertical B101A1 v1 131011\1 v1 1
angle
. [ ] L
Horizontal YzozB1 h2 YZOZB1 h2 From
angle
Point O
. [ ] [ ]
Vertical BBIOZAl v2 8102A1 v2 2
angle
the following expressions the coordinates of the points can
related to the measured angles:
a = a2h1
a =(a2+1’_) h,
(9.1)
= ' ]
a a2 h1
t = 1 4,
a (a2 ) h
From (1) the following can be obtained:
£ n
1 h2
a - — 1 £
hy - h,
£ n
27 by - b
£ h! n! (9.2)
a - 1 2
| I [}
hy - hy
[}
o L h2
a - h' - h!
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The following expressions related the horizontal coordinates

1
aj; a,r ajr 3,

obtained by equations (2) with the third co-

ordinate a3, aé and the vertical angles. -(Mid value is being
taken)
/2 2 /42 2
+ +
. viva " +a” + v a (a2 L)
3 2
(9.3)
/2 2 2 2
' '+ a + 'J/ 'V o+ !+
o vivoag a', vy al (a2 L)
3 2
the displacements for the point A, can be obtained with respect

1

to the cartesian system x101y1 (or x202y2

= ' -—

uAl al a1
= 1 -

VA1 a a2
= | -

"2, %3 %3

)

(9.4)

The displacements with respect to any cartesian coordinate system

x 0 y can be obtained from the u '
nnn

Al ' VA1

appropriate transformation expressions.

w

Ay employing the



A1 a modelling point before loading 0102 = constant = £

Ai the same modelling point after loading

A,

22 = global vertical axis Z, = global vertical axis

; ;

v A

1 respectively on the horizontal plane x,.0

272¥2 = XYYy

Bl' Bi the projections of A1

Flg. 9.42
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BEHAVIOUR OF THE JOINT

10,1. INTRODUCTION

The behaviour of the joint, as it has been.formed for the construction
of the two domes, the 24-faced dome and the 36-faced dome, is to be out-
lined in the present chapter.

The behaviour of the joints belonging to the rest of the domes analysed

in the present work is assumed to be as outlined in ref.[BS].

10.2. TESTS

The strength of the joint under axial tension has been evaluated
experimentally by a series of tests for various forms of arrangement gzt
the position of the bolts.

It has been established by the results of these tests that the
presence of a wooden insert (as shown in figs. 10.1 - 10.4 )
significantly increases the tensile strength of the joint.

The ultimate axial load of the joint with a wooden cylinder, inserted
at the position of the bolts, as shown in fig.l10.2 , is 4.33 times greater

than the ultimum axial load of the joint without any insert at all.

The ultimum axial load at the joint in the form used in the construct-
ion of the two domes, which has a wooden cube as an insert, as shown in
fig.10,3 , is 10 times greater than the ultimum axial load at the joint
without any insert at all.

There are five wooden inserts per metre of joint length for each of
the joints in the two domes. This number has lseen assumed empirically
to be sufficient for the function of the joints with regard to the tests

that were to be performed with the two domes.
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The function of the joint is to be analysed in the following section.
10.3. ANALYSIS OF THE FUNCTION OF THE JOINT

10.3.1. AXIAL TENSILE STRENGTH

The strength of a unit length sandwich panel in axial tension,
assuming constant distribution of the stresses across the thickness at
the faces and that the contribution of the core is negligible (see

chapter 2 ). is given by the relationship:

p° =2.-F . Gf =2x 4.1 10_3 x 2.5 107= 2.05 105 Nt (1‘0.1’)
(see figs. 10.1 , 10.4)
" where p° is the axial tensile load for a sandwich panel of one metre

in length, and Gf the value of the normal stress at the faces,
For a joint line with 5 inserts per metre the axial tensile load is given
by the relationship.

i 3

j 5
P =n, . P =5x1510" = 0.75 10" Nt (10.2)

(see figs.l10.3 4 10.4)

. . i X
Where nin is the number of inserts per metre and P~ the experimental value

of the axial load per insert (see fig. 10.4 )
10.:3.2 STRENGTH UNDER BENDING

The active width fac. of the steel plate at a joint line functioning
under bending is assumed to be the one corresponding to the total length
of the wooden inserts per metre.

For a bending moment acting at the joint line the stresses which are
develdped, assuming that the distribution of the stresses across the thickness
of the hardboard faces or the steel plate is constant and that the contrib-

ution of the core is negligible, are given by the foilowihg relationships:

a) For the faces wheh the sandwich panel only is to be considered

M=1.f.<;f (¢ +f) (10.3)
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b) For the steel covering plates only
1 = f . . + 2 + = Nlin. .G ., . 10 4i
M ac. t_.G (c f ts) ém in. t_.6 (¢ +2f + ts) (10.4)

c) At the position of the bolt

C
M=pPom, . (e +2f + t) (10.5)

c .
where P~ = 0,9P° (see previous section) (20.6)

The maximum values of the bending moments which can be applied in
each case can be evaluated by substituting at the above relationships

the relevant maximum values of stresses or forces as follows

a) For the faces

6  max = 2.5 10" Nt/m2 ' Mmax = 5.63 10° Ntm/m ' (10.7)

f

b) - For the steel plates

G . max = 1.025 107 Nt/m? Mmax = 15.38 10° Ntm/m (10.8)

¢) ‘For the bolt

Pt - 15 10° M Mmax = 4.12 10° Ntm/m (10.9)
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10.4, ANGULAR FUNCTION OF THE JOINT UNDER BENDING

For valleys under the action of a bending moment as shown in fig. 10.5.3
the top steel plate can be deformed as shown in fig. 10.5.4.

For a bending moment acting with an opposite sign the presence of
the wooden insert restricts such deformation.

The same applies for ridges with a bending moment acting with an
opposite sign as shown in figs. 10.5.1 , 10.5.2,

The following analysis has been attempted for evaluating this angular
deformation of the joint under bending.

The static system and the applied load are as shown in fig. 10.6.

The resulting stressing condition of the plate is as shown in fip,10.6.

Through this the angular deformation can be evaluated as follows:

2
w - 248¢_ 2¢ cos$ sin M (10.10)
12E I d
s’ s
1 =Cac.t> /12 (10.11)
s ‘s ' *
2 .
0 = 2¢ cos¢ sin ¢ M (10.12)
E eac.tg d
s
w 12 cos ¢ sin ¢
2g” ot T =2 om (10.13)
E eac.th ¢
s s
d = 60 mm fac = 0.250 m ¢ =0.025m
8 = cos¢¢51ng (10.14)
For €,y =0.4% ‘M = 20/g Ntm/m (10.15)
For £, =0.8% M = 40/5, Ntm/m - (10.16)

The values of 5Land M are given by the graphs where they are plotted against

the value of the corresponding angle
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. 9. CONCLUSIONS FROM THE BEHAVIOUR OF THE JOINT

The type of the joint used for the construction of the two domes, the
24-faced dome and the 36-faced dome, is sufficiently strong in comparison
with the strength of the sandwich panels joined- by it, when the angular
function of the joint is negligable due to the sign of the acting bending
moment as explained in section 4.

It becomes obvious from the analysis of sections 3. and 4. that when
angular deformation of the joint is expected, the joint does not act as an
absoloutely fixed joint,

With the joint angle decreasing and/or the distance between the bolt
and the joint line increasing the joint tends to act as a hinge.

The values of joint angles which are formed by the various adjacent
sandwich panels forming the two domes, the 24-faced dome and the 36-faced

dome, are presented in fig. 10.7.
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11. COMPUTER PROGRAMS

11.1 Introduction

For the formation of the stiffness, stress and load matrices
(see Chapter 4 ) eleven separate subroutines have been developed.
The first seven deal with the sandwich plate bending models and
the remaining four with the dome models each of them corresponding
to the relevant model as they were presented in Chapters 6 and 7.

The listing of each individual subroutine is presented in
the Appendix.

All eleven subroutines are consistent with the main routine,
which is a modified version, by Bettess,of the frontal solution
technique for solving a large system of simultaneous equations as
it has been developed by irons.

The main routine assembles the various matrices for the
total number of elements (Chapter 4. ) and for a given set
of boundary conditions proceeds with the solution of the system of
simultanecus equations. [20,2i,64]

' The results for all the various models include for every
element: (a) the relevant nodal displacements, (b) the stresses.
(See Chapters 6 and 7 and Tables 11,1 + 11.11 )

For the displacement and rotation, plate and dome models
the stresses are evaluated at the centroid of the element in the
following order.

For the sandwich plate bending models:

{M r M + M v Q.+ Q)
XX Yy, XY, X Y

For the dome models

{M , M , M r Q. +, Q 4+ N r N, N 1}
xxc yyC xyc xc yc xxC ch xyC
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For the mixed model PMX12 the shear forces are evaluated at the

centroid of the element

For the mixed model PMX24 the shear forces are evaluated at the

first and second nodes of the element

{ Q4+ 9, 9

yl

For the mixedmodel DMX36 the shear forces are evaluated at the
first and second nodes and the in-plane forces at the centroid of

the element.

{g. . Q

x1

Due to the considerable amount of work involved for the
preparation of the data necessary for the solution of a problem,
an additional routine has been developed which can generate the
data for a problem suitable for all eleven models.

This routine, for most of the cases, considerably reduceg
the required amount of work, particularly if a series of solutions
with all of the different models involved are to be obtained.

The above mentioned routine has been employed successfully
for most of the cases which have been solved as part of the present
analysis. It is believed that it could, therefore, be similarly
usefully employed by any future users.

The different parameters involved in the data generation

routine are outlined in the next section.
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11.2 DATA GENERATION ROUTINE INPUT

11.2.1 First the structure has to be divided into triangular elements.

It is very advantageous as far as the computer time and con-
sequently the cost per run are concerned to employ as few types of
elements as possible. The texm "types of elements" indicates
elements of the same nature (one model can be employed for the
solution of a problem at one time) but with different dimensions and
elasticity moduli.

For an element "similar' to a previous one with regards to
the above mentioned parameters (dimensions and elasticity moduli
of an element) the various matrices which have already been cal-
culated and stored for the first of the similar elements can be
used again for all the remaining similar elements.

For this purpose storage space for two different sets of
matrices is allocated.

The polyhedral sandwich dome structures (see Chapter 1) take
full advantage of the above mentioned principle.

The numbering of the nodes is then carried out employing
single numbers for each node as if the node had only one degree of
freedomn.

The numbering order is totally insignificant.

If a particular problem is to be solved by more than one
model (including mid-side nodes models) it is advisable to number

the mid-side nodes together with the corner nodes.

11.2.2 The second step is the numbering of the elements.
It is of great importance that a node which belongs to

more than one element appears in such a way that the difference
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between the smallest number of the element, where the node first
appears, and the largest number of the element, where the node
last appears, is the minimum possible.

Another important factor which must be taken into account in
the numbering of the elements in combination with the above mentioned
rule is that one must use the storage facility for similar element
matrices in the most efficient way as far as the calculation of the
various matrices for an element is concerned (see paragraph 9 INFO(3)).

This can be achieved by numbering the similar elements in
consecutive qrder. Note that a similar element can be obtained by
using the option of 180° rotation of an element (see Chapter 8

Section 2 and paragraph 3 ).

31.2.3 Six numbers are punched via FORMAT (615).

The first number (NEIDOS) indicates the code number of the
model to be employed (see tables 11.1 + 11,11 ).

The second number (NELEM) indicates the total number of
elements involved in the problem.

The third number (NKiND) indicates the number of different
elements as far as the coordinates of the elements are concerned,
(maximum 30).

Note that a set of coordinates resulting by pure translation
from a previous one is considered identical to t