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ABSTRACT 

I n d i u m - t h a l l i u m a l l o y s i n the c o m p o s i t i o n range 16 to 

J1 a t . % T l undergo a raartensitic phase t r a n s i t i o n from the 

h i g h e r t e m p e r a t u r e f e e form to t h e l o w e r t e m p e r a t u r e f c t one. 

C e r t a i n l a t t i c e p r o p e r t i e s o f t h e s e a l l o y s have been 

i n v e s t i g a t e d i n t h e r e g i o n o f t h e phase boundary. The a l l o y s 

s t u d i e d were i n s i n g l e c r y s t a l form and c o m p r i s e d o f two ( 1 1 . 5 

and 15 a t . % T l ) w h i c h a l w a y s had a t e t r a g o n a l s t r u c t u r e , and 

two ( 2 5 and 27 a t . % T l ) w h i c h on c o o l i n g t r a n s f o r m e d from f e e 

to f c t a t 195 and 1 2 5 K , r e s p e c t i v e l y . U l t r a s o n i c wave v e l o c i t i e s 

and a t t e n u a t i o n have been measured by p u l s e methods i n t h e 

t e m p e r a t u r e range 4 to 423K ( m e l t i n g p o i n t <*k27K) . I n a d d i t i o n , 

t h e r m a l e x p a n s i o n d a t a f o r t h e a l l o y s have been o b t a i n e d . The 

t e m p e r a t u r e v a r i a t i o n o f t h e e l a s t i c c o n s t a n t s , d e t e r m i n e d from 

the sound v e l o c i t y r e s u l t s , i s d i s c u s s e d w i t h r e f e r e n c e to 

e f f e c t s a s s o c i a t e d w i t h t h e m a r t e n s i t i c t r a n s i t i o n . One e l a s t i c 

c o n s t a n t c o m b i n a t i o n — - J ( C ^ ~ ^ 1 2 ^ — ^ a s ^ e e n s^own to 

approach z e r o a t t h e t r a n s i t i o n ; t h e o r e t i c a l c a l c u l a t i o n s o f 

e l a s t i c c o n s t a n t s from phonon d i s p e r s i o n c u r v e s computed from 

the o p t i m i s e d model p o t e n t i a l t h e o r y show a s i m i l a r r e s u l t , and 

the mechanism o f the t r a n s i t i o n i s i n t e r p r e t e d a s the c o l l a p s e 

o f t h e slow t r a n s v e r s e a c o u s t i c phonon mode p r o p a g a t i n g i n the 

| 110] d i r e c t i o n . C r y s t a l s t a b i l i t y c o n d i t i o n s have e n a b l e d the 

l i m i t i n g v a l u e s o f P o i s s o n ' s r a t i o to be d e r i v e d , and t h e 

v a r i a t i o n o f t h a t r a t i o and i t s l i m i t s h a s been i n v e s t i g a t e d a s 

the phase boundary i s a p p r o a c h e d . The o r d e r o f t h e phase 

t r a n s i t i o n i s d i s c u s s e d ; a second o r d e r p r o c e s s i s s u g g e s t e d 

by t h e r e s u l t s o b t a i n e d . 
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CHAPTER 1 

INTRODUCTION 



Indium and t h a l l i u m are two metals i n group I I I B 

o f t h e p e r i o d i c t a b l e ; i n d i u m ( a t o m i c number 49) i s i m m e d i a t e l y 

above t h a l l i u m ( a t o m i c number 8 1 ) . T h e i r atomic w e i g h t s are 

114.82 and 204. J-7, r e s p e c t i v e l y ; t hey are each t r i v a l e n t and 

t h e i r atomic volumes d i f f e r by o n l y about 10%. Indium has a 

f a c e - c e n t r e d t e t r a g o n a l ( f c t ) s t r u c t u r e , w i t h c/a r a t i o o f 

1 . 0 8 , w h i l e t h a l l i u m i s hexagonal c l o s e packed a t room 

tem p e r a t u r e . The two metals mix t o form d i s o r d e r e d a l l o y s 

over the whole o f t h e c o m p o s i t i o n range. Of p a r t i c u l a r 

i n t e r e s t t o t h i s work i s the i n d i u m - r i c h end o f t h e phase 

diagram where the f c t s t r u c t u r e i s found at room temperature 

i n a l l o y s c o n t a i n i n g up t o 22 . 5 a t . % T l , and a f a c e - c e n t r e d 

cubic ( f e e ) one from t h a t c o m p o s i t i o n t o 59 a t . % T l . The 

p o s i t i o n o f t h e f e e / f c t phase boundary i s temperature 

dependent, and v a r i e s from j u s t over 15 a t . % T l a t t h e m e l t i n g 

point. (~427K) t o about 31 a t . % T l a t OK. T h i s t r a n s f o r m a t i o n 

i s d i f f u s i o n l e s s and proceeds by a l a t t i c e shear process: i t 

i s t hus o f t h e m a r t e n s i t i c t y p e . 

I'.artensite was the name o r i g i n a l l y g i v e n t o a form 

o f a h i g h carbon s t e e l which had t r a n s f o r m e d from a u s t e n i t e 

on quenching; the term m a r t e n s i t i c t r a n s f o r m a t i o n now a p p l i e s 

t o a wider range o f t r a n s i t i o n s than t o j u s t t h a t i n s t e e l . 

The d i f f u s i o n l e s s n a t u r e and the l a t t i c e shear process are i t s 

d i s t i n g u i s h i n g f e a t u r e s . 

I n order t o study the p h y s i c a l processes t a k i n g p l a c e 

a t and i n t h e v i c i n i t y o f such a phase t r a n s i t i o n i t i s an 

advantage, and f o r some p r o p e r t i e s e s s e n t i a l , t o make 
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measurements on s i n g l e c r y s t a l m a t e r i a l . The i n d i u m - t h a l l i u m 

a l l o y s were chosen f o r s t u d y because p r e p a r a t i o n i n s i n g l e 

c r y s t a l form i s r e l a t i v e l y easy; v a r i o u s o t h e r raartensites, 

such as s t e e l i t s e l f and a l s o n i t i n o l ( T i N i ) , are p r e c l u d e d 

f o r t h i s r e a s o n . A second advantage i n an e x p e r i m e n t a l s t u d y 

i s t o have t h e phase t r a n s i t i o n o c c u r r i n g i n a t e m p e r a t u r e 

range e a s i l y a c c e s s i b l e by normal l a b o r a t o r y methods. I n t h i s 

r e s p e c t , t o o , the i n d i u m - t h a l l i u m system i s e m i n e n t l y s u i t a b l e , 

f o r t h e temperatures i n v o l v e d l i e between OK and about A-27K, 

depending on the c o m p o s i t i o n o f t h e a l l o y . Thus, by s e l e c t i n g 

a s u i t a b l e a l l o y c o m p o s i t i o n i t i s p o s s i b l e t o a rrange f o r t h e 

m a r t e n s i t i c t r a n s f o r m a t i o n t o take p l a c e a t a p r e d e t e r m i n e d 

t e m p e r a t u r e . F u r thermore, i t i s p o s s i b l e t o produce c r y s t a l s 

o f e i t h e r m o d i f i c a t i o n a t room t e m p e r a t u r e . These i n themselves 

are f e a t u r e s o f the i n d i u m - t h a l l i u m system which make p o s s i b l e 

a more d e t a i l e d i n v e s t i g a t i o n o f t h e t r a n s i t i o n than can be 

achieved i n almost any o t h e r m a r t e n s i t e . ( W i t h a system such 

as Au - '>7 .5 a t . % Cd, or w i t h elements such as Na or L i , T c i s 

f i x e d f o r a g i v e n p r e s s u r e . ) 

One p o s s i b l e drawback o f I n - T l a l l o y s concerns the 

t o x i c i t y o f t h a l l i u m o r , more e x a c t l y , o f the T l + + and T l + + + 

i o n s . One or o t h e r o f these i o n s i s produced when t h a l l i u m 

metal comes i n t o c o n t a c t w i t h s k i n , and t h e o x i d e or some o t h e r 

s a l t r e s u l t s . Consequently g r e a t care must be e x e r c i s e d i n t h e 

h a n d l i n g o f t h e m e t a l . The a l l o y s are l e s s dangerous i n t h i s 

r e s p e c t , though, f o r the t h a l l i u m i s d i l u t e d by i n d i u m , a l e s s 

t o x i c m a t e r i a l . 

I n appearance i n d i u m - t h a l l i u m a l l o y s are b r i g h t and 



s i l v e r y a f t e r a s h o r t e t c h i n d i l u t e n i t r i c a c i d , but soon 

become d u l l e d and s l i g h t l y grey i n c o l o u r because o f t h e 

f o r m a t i o n o f a t h i n l a y e r o f o x i d e . The o x i d a t i o n i s not 

e x t e n s i v e , however, and does not impede b u l k u l t r a s o n i c 

measurements. 

Con s i d e r a b l e e f f o r t has gone i n t o a d e t e r m i n a t i o n o f 

the c r y s t a l l o g r a p h y o f the fee t o f c t t r a n s i t i o n , s t a r t i n g 

w i t h the work o f Bowles e t a l . (1950)» and l a t e r by B u r k a r t 

and Read (1953) a n c i B a s i n s k i and C h r i s t i a n ( 1 9 5 5 ) - However, 

the u n d e r l y i n g mechanism causing the t r a n s f o r m a t i o n i s o n l y 

now b e i n g r e s o l v e d , and t h e major aim o f t h i s t h e s i s i s t o 

i n v e s t i g a t e the suggested mechanism — the c o l l a p s e o f a s o f t 

a c o u s t i c phonon mode — from e x p e r i m e n t a l and t h e o r e t i c a l 

approaches. H o p e f u l l y the r e s u l t s f o r the i n d i u m - t h a l l i u m 

case c o u l d be a p p l i e d t o o t h e r m a r t e n s i t i c systems f o r which 

t h e r e are fewer e a s i l y c o n t r o l l a b l e v a r i a b l e s t o ease an 

e x p e r i m e n t a l i n v e s t i g a t i o n , and a l s o f o r those i n v o l v i n g metals 

which, by t h e i r n a t u r e , cannot e a s i l y be modelled by e x i s t i n g 

t h e o r e t i c a l methods. (The l a t t e r i n c l u d e s those c o n t a i n i n g 

i r o n , n i c k e l , g o l d or o t h e r noble or t r a n s i t i o n m e t a l s . ) 

U l t r a s o n i c t e c h n i q u e s have been l a r g e l y used i n t h i s 

s t u d y . The p r o p a g a t i o n o f a s t r e s s wave through a s o l i d and 

a d e t e r m i n a t i o n o f i t s v e l o c i t y and a t t e n u a t i o n i n t h e medium 

p r o v i d e i n f o r m a t i o n c o n c e r n i n g b a s i c l a t t i c e p r o p e r t i e s o f t h e 

m a t e r i a l . I n p a r t i c u l a r , t h e e l a s t i c c o n s t a n t s can be found 

and, s i n c e these are r e l a t e d t o the b i n d i n g energy u f t h e 

l a t t i c e , t h e i r v a r i a t i o n w i t h t e m p e r a t u r e g i v e s i n f o r m a t i o n 

c o n c e r n i n g the e x t e n t o f the c o n t r i b u t i o n t o t h a t energy which 
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i s anharmonic i n the s t r a i n . The behaviour o f the e l a s t i c 

c o n s t a n t s and u l t r a s o u n d a t t e n u a t i o n are o f p a r t i c u l a r 

i n t e r e s t i n t h e study o f any phase t r a n s i t i o n . I n t h e p r e s e n t 

work we have attempted t o r e l a t e t h e r e s u l t s o f t h e e l a s t i c 

d ata t o the behaviour o f the c r y s t a l l a t t i c e i n t h e v i c i n i t y 

o f the m a r t e n s i t i c t r a n s i t i o n . R e s u l t s o f t h e r m a l expansion 

measurements have a l s o been used t o t h a t end. F u r t h e r , 

u l t r a s o n i c methods a l l o w o f a d i r e c t i n v e s t i g a t i o n o f t h e 

s o f t e n i n g o f an a c o u s t i c phonon mode t h r o u g h the p r o p a g a t i o n 

c h a r a c t e r i s t i c s o f an a p p r o p r i a t e l y p o l a r i s e d wave. 



CHAPTER 2 

THE MARTENSITIC TRANSFORMATION AND I T S EFFECT 

ON PHYSICAL PROPERTIES OF INDIUM - THALLIUM ALLOYS 
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I n t r o d u c t i o n 

T h i s chapter s e t s out t o r e v i e w t h e main p h y s i c a l 

p r o p e r t i e s of i n d i u m - t h a l l i u m a l l o y s , w i t h p a r t i c u l a r r e f e r e n c e 

t o those c o n c e r n i n g the m a r t e n s i t i c phase t r a n s i t i o n . The 

t h e o r i e s o f the mechanism o f the phase t r a n s i t i o n are o u t l i n e d , 

both from the s t a n d p o i n t o f the atomic motion i n v o l v e d , and 

from t h a t o f the p o s s i b l e u n d e r l y i n g reason f o r t h e i n s t a b i l i t y 

i n terms o f the c o l l a p s e o f a s o f t a c o u s t i c phonon mode. The 

e l a s t i c and u l t r a s o n i c d a t a a v a i l a b l e are d e s c r i b e d , and a 

b r i e f account i s g i v e n o f s t u d i e s of o t h e r , l e s s r e l a t e d , 

observed p r o p e r t i e s o f t h i s a l l o y system. The concern '• 

th r o u g h o u t has been t o show the r e l a t i o n s h i p between t h e 

pr e s e n t work and the knowledge a v a i l a b l e from p r e v i o u s s t u d i e s 

o f the a l l o y s , 

2.1 M a r t e n s i t i c t r a n s f o r m a t i o n s 

2.1.1 General c h a r a c t e r i s t i c s 

S t r u c t u r a l phase t r a n s i t i o n s can take p l a c e by e i t h e r 

c i v i l i a n o r m i l i t a r y processes, i n the t e r m i n o l o g y suggested 

by Frank. I n a t r a n s f o r m a t i o n o f the former t y p e , t h e atoms 

move i n d e p e n d e n t l y o f each o t h e r , w h i l e i n t h e l a t t e r t y p e the 

motion i s co-ordinated and much more w e l l - d e f i n e d . The 

displacement undergone by any p a r t i c u l a r atom i n a m i l i t a r y 

t r a n s f o r m a t i o n can be s p e c i f i e d beforehand; such displacements 

are f r a c t i o n s o f t h e i n t e r - a t o m i c s p a c i n g compared w i t h a 



- 6 -

p o s s i b l e atomic movement over s e v e r a l i n t e r - a t o m i c d i s t a n c e s 

i n a c i v i l i a n t r a n s f o r m a t i o n . D i f f u s i o n p l a y s no p a r t i n a 

m i l i t a r y t r a n s f o r m a t i o n ; m a r t e n s i t i c t r a n s f o r m a t i o n s are o f 

t h i s t y p e . 

O r i g i n a l l y t h e term m a r t e n s i t e was used t o d e s c r i b e 

quenched h i g h - c a r b o n s t e e l , i n which the t r a n s f o r m a t i o n from 

t h e f a c e - c e n t r e d cubic ( f e e ) a u s t e n i t e t o body-centred 

t e t r a g o n a l ( b e t ) m a r t e n s i t e o c c u r r e d on r a p i d c o o l i n g , and 

which was accompanied by an i n c r e a s e i n the hardness o f the 

a l l o y . The name was g i v e n by F l o r i s Osmond i n 1895 t o 

commemorate the work o f A d o l f Martens, a m e t a l l o g r a p h e r who 

had worked on t h e s t r u c t u r e o f s t e e l s . Since t h e n many o t h e r 

m a t e r i a l s have been found which have s i m i l a r t r a n s f o r m a t i o n 

p r o p e r t i e s : so wide i s t h e range t h a t i t becomes d i f f i c u l t t o 

f i n d an a l l - e m b r a c i n g d e f i n i t i o n o f a m a r t e n s i t i c t r a n s f o r m a t i o n . 

P e t t y ( 1 9 7 0 ) g i v e s t h e f o l l o w i n g : 'A m a r t e n s i t i c t r a n s f o r m a t i o n 

i n v o l v e s the coherent f o r m a t i o n o f one phase from another o f 

the same c o m p o s i t i o n by a d i f f u s i o n l e s s , homogeneous l a t t i c e 

shear process.' 

Other i m p o r t a n t c h a r a c t e r i s t i c s i n c l u d e : 

( i ) The process o f f o r m a t i o n o f m a r t e n s i t e i s a t h e r m a l , 

t h a t i s , i t o n l y occurs on c o o l i n g and not when the 

tem p e r a t u r e i s h e l d c o n s t a n t . 

( i i ) A s t a r t t e m p e r a t u r e Mg and a f i n i s h t e m p e r a t u r e 

are found. The temperature s e p a r a t i o n o f M and 

d i f f e r between m a t e r i a l s , and i n the case o f an a l l o y 

can be a f f e c t e d by c o m p o s i t i o n . 

( i i i ) Thermal s t a b i l i s a t i o n can occur i f t h e temp e r a t u r e 

i s h e l d between M and M . U n d e r c o o l i n g i s needed t o 
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r e s t a r t the r e a c t i o n . 

( i v ) T r a n s f o r m a t i o n s are r e v e r s i b l e w i t h a t e m p e r a t u r e 

h y s t e r e s i s . 

( v ) The shear r e s p o n s i b l e f o r the t r a n s f o r m a t i o n takes 

p l a c e on a h a b i t plane p e c u l i a r t o any g i v e n m a t e r i a l . 

For a homogeneous shear the h a b i t plane i t s e l f i s 

u n d i s t o r t e d . 

( v i ) There i s a d e f i n i t e r e l a t i o n s h i p between planes and 

d i r e c t i o n s i n the p a r e n t and the m a r t e n s i t e phases. 

A t r a n s f o r m a t i o n m a t r i x can be w r i t t e n down t o 

d e s c r i b e the s t r a i n s i n v o l v e d i n a p a r t i c u l a r 

t r a n s i t i o n (Wechsler, Lieberman and Read, 1 9 5 3 ) * 

A l l o f these c h a r a c t e r i s t i c s have been observed i n t h e 

phase t r a n s i t i o n found i n i n d i u m - t h a l l i u m a l l o y s . A c o l l e c t i o n 

o f d a t a f o r o t h e r n o n - f e r r o u s metals and a l l o y s which a l s o 

undergo a m a r t e n s i t i c t r a n s f o r m a t i o n i s p r e s e n t e d i n Table 2 . 1 

(Garwood, 1 9 7 0 ) . 

2 . 1 . 2 The fee t o f c t t r a n s i t i o n i n i n d i u m - t h a l l i u m 
a l l o y s 

2 . 1 . 2 . 1 The phase diagram 

The phase diagram o f t h e i n d i u m - t h a l l i u m system i s 

g i v e n i n f i g u r e 2 . 1 ( a ) . T h i s i s a composite diagram g i v e n by 

Hansen and Anderko ( 1 9 5 3 ) from the c o l l e c t e d work o f 

V a l e n t i n e r ( 1 9 ^ 0 ) , Guttman ( 1 9 5 0 ) , L i p s o n and Stokes ( 1 9 ^ 1 ) . (See a l s o 

Meyerhoff and Smith ( 1 9 6 3 ) and S t o u t and Guttman ( 1 9 5 2 ) . ) The 

r e g i o n of the fee t o f c t phase boundary i s shown e n l a r g e d i n 

f i g u r e 2 . 1 ( b ) , and i s due t o P o l l o c k and King ( 1 9 6 8 ) . 
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TABLE 2.1 

M a r t e n s i t i c t r a n s f o r m a t i o n s o c c u r r i n g i n 
n o n - f e r r o u s metals and a l l o y s * 

M e t a l or a l l o y S t r u c t u r e change 

T i BCC t o HCP 

T i - 1 1 % Mo BCC t o HCP 

T i - 5 % Mn BCC t o HCP 

Zr BCC t o HCP 

L i BCC t o HCP ( f a u l t e d ) 
BCC t o FCC ( s t r e s s 

induced) 
Na BCC t o HCP ( f a u l t e d ) 

C\x-kO% Zn BCC t o FCT ( f a u l t e d ) 

Cu~Sn BCC t o o r t h o r h o m b i c 
BCC t o FCC ( f a u l t e d ) 

Cu-Ga BCC t o FCC ( f a u l t e d ) 
BCC t o o r t h o r h o m b i c 

Au-^7.5% Cd BCC t o o r t h o r h o m b i c 

Au-50% Mn BCC t o o r t h o r h o m b i c 

Hg rhombohedral t o BCT 

In - 1 5 t o 31% T l FCC t o FCT 

BCC body-centred c u b i c 
FCC f a c e - c e n t r e d c u b i c 
FCT f a c e - c e n t r e d t e t r a g o n a l 
HCP hexagonal clo6e-packed 
BCT body-centred t e t r a g o n a l 

* From Garwood (1970). T h i s l i s t i s not e x h a u s t i v e . 
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Figure 2.1 (a) The phase diagram of the indium-
t h a l l i u m system ( a f t e r Hansen, 1958) 

(b) The fee to f c t t r a n s i t i o n region 
( a f t e r P o l l o c k and King, 1968). 
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The phase d i v i s i o n l i n e meets t h e s o l i d u s a t j u s t over 15 a t . % 

T l , and reaches OK at about 31 a t . % T l . Between these two 

p o i n t s on the diagram t h e r e i s a c o n t i n u o u s v a r i a t i o n o f 

t r a n s i t i o n temperature w i t h c o m p o s i t i o n . A 2 2 . 5 a t . % T l a l l o y 

t r a n s f o r m s a t room temperature ( 2 9 0 K ) . I t i s i n t e r e s t i n g t o 

note t h a t the s o l i d u s and l i q u i d u s are very c l o s e t o g e t h e r f o r 

com p o s i t i o n s up t o about kO a t . % T l . T h i s means t h a t a melt 

c o n t a i n i n g up t o t h a t amount o f t h a l l i u m g i v e s a s o l i d o f much 

the same c o m p o s i t i o n — a most u s e f u l p r o p e r t y where sample 

p r e p a r a t i o n i s concerned, and u n i f o r m i t y o f c o m p o s i t i o n i s 

d e s i r e d . A two-phase r e g i o n i s shown i n f i g u r e 2 . 1 ( b ) . 

There has been much d i s c u s s i o n on t h e e x i s t e n c e and p o s s i b l e 

meaning o f t h i s r e g i o n , e s p e c i a l l y w i t h r e g a r d t o t h e thermo­

dynamics o f the t r a n s i t i o n . P o l l o c k and K i n g ( 1 9 6 8 ) d e s c r i b e 

t h i s s e c t i o n o f the phase diagram as a ' r e a l i s a t i o n ' diagram, 

r a t h e r than an e o u i l i b r i u n one, and a s c r i b e the d i f f e r e n c e 

between M and M„ as found i n t h e i r p o l y c r y s t a l l i n e samples t o 

the e f f e c t s o f s t r e s s and s t r a i n i n t h e sample and a t the 

t r a n s i t i o n i n t e r f a c e , t hus b r i n g i n g t h e pressure v a r i a b l e i n t o 

p l a y . Guttman ( 1 9 5 0 ) concluded t h a t t h e r e was i n r e a l i t y no 

two-phase r e g i o n because h i s X-ray photographs showed l i n e s 

from one or o t h e r o f the two s t r u c t u r e s as t h e t r a n s i t i o n 

proceeded, and never from b o t h . I t i s l i k e l y t h a t i f an 

a c t u a l p i e c e o f e i t h e r s i n g l e or p o l y c r y s t a l i s c o n s i d e r e d as 

a whole, t h e n the e f f e c t o f s t r e s s w i t h i n i t a c t s t o 

cause c e r t a i n r e g i o n s or g r a i n s t o t r a n s f o r m b e f o r e o t h e r s , 

thus g i v i n g r i s e t o s t a r t and f i n i s h temperatures,. But i f one 

g r a i n or r e g i o n i s c o n s i d e r e d , then t h e t r a n s f o r m a t i o n occurs 
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a t one temperature s e t by the c o n d i t i o n s o f tem p e r a t u r e and 

pre s s u r e w i t h i n i t . 

2.1.2.2 The c r y s t a l l o g r a p h y o f the t r a n s f o r m a t i o n 

The f i r s t d e s c r i p t i o n o f the c r y s t a l l o g r a p h y o f the 

fee t o f c t t r a n s i t i o n i n I n - T l a l l o y s has been g i v e n by Bowles, 

B a r r e t t and Guttman (1950). The e x p e r i m e n t a l o b s e r v a t i o n s 

which they a t t e m p t t o e x p l a i n c o n s i s t o f micrographs o f the 

s u r f a c e s o f s i n g l e c r y s t a l a l l o y s which show t h a t , a f t e r 

t r a n s f o r m a t i o n , a p r e v i o u s l y smooth s u r f a c e becomes c o r r u g a t e d , 

and a banded s t r u c t u r e i s observed. F u r t h e r , each band has 
, o 

sub-bands across x t a t angles o f 60 t o the main one, and on 

a d j a c e n t bands the sub-bands are a t 120° t o each o t h e r . F i g u r e 

2.2 shows t h i s e f f e c t i n a c r y s t a l c o n t a i n i n g 21 at.%Tl. 

The development o f the bands i s a s s o c i a t e d w i t h t h e severe 

s t r a i n a t t h e f e c / f e t i n t e r f a c e . To r e l i e v e t h e s t r a i n f i e l d 

s e t up by passage o f the t r a n s i t i o n i n t e r f a c e , t w i n s whose 

s t r a i n i s a l t e r n a t e l y p o s i t i v e and n e g a t i v e are formed i n t h e 

m a r t e n s i t i c phase. Bowles e t a l . have found t h a t t h e bands 

occur p a r a l l e l t o ^110| planes o f the cubic m a t e r i a l . 

Two p o s s i b l e mechanisms are co n s i d e r e d by Bowles e t 

a l . The f i r s t assumes t h a t t h e r e i s a simple expansion a l o n g 

one a x i s o f the o r i g i n a l cube and a c o n t r a c t i o n a l o n g a n o t h e r . 

The h i g h i n t e r n a l s t r e s s e s would then be r e l i e v e d by t w i n n i n g 

and t h e banded s t r u c t u r e would r e s u l t . The o t h e r mechanism 

th e y c o n s i d e r i s t h a t o f a double shear. I f one shear were t o 

occur on a [110J plane f o l l o w e d by a second on another ( l10j 
r O 

at oO t o t h e f i r s t then a t e t r a g o n a l c o n f i g u r a t i o n would ensue. 



F i g u r e 2 . 2(a) T r a n s f o r m a t i o n t w i n s i n an In - 2 1 a t . % T l 
a l l o y . The main bands can be seen 
s e p a r a t e d by t h e dark l i n e s . Sub-bands 
are v i s i b l e w i t h i n them. 

il 

i 

l 

• 

F i g u r e 2 . 2(b) A r e g i o n o f an In - 2 1 at.% T l a l l o y i n which 
main bands on t h r e e d i f f e r e n t {110} planes 
can be seen. S l i g h t i n t e r p e n e t r a t i o n o f 
bands i s o c c u r r i n g . 

M a g n i f i c a t i o n on b o t h photographs i s ̂ l e n g t h x 50. 
The work o f Mr. G. Aggett i s g r a t e f u l l y acknowledged f o r 
p r e p a r a t i o n o f the In - 2 1 a t . % T l a l l o y and o f these photographs. 
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T h i s process i s i l l u s t r a t e d s c h e m a t i c a l l y i n f i g u r e 2.J.. 

Bowles et a l . performed c a r e f u l X-ray work t o determine which 

mechanism was n e a r e s t t o r e a l i t y . T h e i r d e t e r m i n a t i o n depended 

on the s l i g h t r o t a t i o n o f axes (-2°) which would accompany a 

double shear process, compared w i t h no r o t a t i o n f o r the more 

s t r a i g h t f o r w a r d i n c r e a s e i n atom s e p a r a t i o n a l o n g one a x i a l 

d i r e c t i o n . T h e i r c o n c l u s i o n i s t h a t t h e double shear mechanism 

i s the one r e s p o n s i b l e : a shear on (110) i n t h e d i r e c t i o n [ l io ] 

f o l l o w e d by a second on (011) along [oi l ] . A d d i t i o n a l c o n f i r m ­

a t i o n comes from t h e way i n which the bands t i l t t h e s u r f a c e , 

f o r each mechanism p r e d i c t s a d i f f e r e n t r e s u l t i n t h i s r e s p e c t . 

A more d e t a i l e d a n a l y s i s by B u r k a r t and Head (1953) shows t h a t 

i f the h a b i t plane i s an i r r a t i o n a l one w i t h i n about 1° o f [110| 

then an exact t e t r a g o n a l s t r u c t u r e c o u l d r e s u l t , i n s t e a d o f 

what i s , s t r i c t l y , a t r i c l i n i c one from the model proposed by 

3owles, B a r r e t t and Guttman. B u r k a r t and Read were a l s o able 

t o c a l c u l a t e the o r i e n t a t i o n o f the h a b i t plane from t h e 

c o n d i t i o n t h a t the average s t r a i n a t t h e c u b i c - t e t r a g o n a l i n t e r ­

face must be z e r o . 

I n t h e i r experiment to f i n d the mechanism o f the 

phase t r a n s i t i o n Bowles et a l . (1950) a l s o made o b s e r v a t i o n s on 

t h e form o f t h e t r a n s f o r m e d m a t e r i a l . They f i n d t h a t f o r a 

s i n g l e c r y s t a l the bands i n the m a r t e n s i t e phase are a t 

d i f f e r e n t o r i e n t a t i o n s i n d i f f e r e n t r e g i o n s . T h i s i s j u s t 

because the t r a n s f o r m a t i o n i s n u c l e a t e d a t s e v e r a l p o i n t s w i t h 

h a b i t planes whose o r i e n t a t i o n v a r i e s from one r e g i o n t o 

another ( t h e r e are s i x ^110] planes i n a c u b i c c r y s t a l , and 

thus s i x p o s s i b l e h a b i t planes.) The w i d t h o f the main bands 
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Figure 2.3 
The cubic to tetragonal t r a n s i t i o n by the 

mechanism suggested by Dowlas et a l . (1950). 
The ha b i t plane of the f i r s t shear i s l a b e l l e d 1, 
and of the second i s marked 2. 
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al s o v a r i e s . When n u c l e a t i n g c e n t r e s are c l o s e , and the two 

h a b i t planes are a t 60° t o each o t h e r , Bowles e t a l . have found 

t h a t i t i s p o s s i b l e t o o b t a i n i n t e r p e n e t r a t i o n o f the bands. 

When t h i s happens the main bands i n one r e g i o n can extend i n t o 

t h e o t h e r i n the form o f sub-bands. Another o f t h e i r f i n d i n g s 

i s t h a t when the temperature i s r a i s e d t o r e v e r s e the t r a n s ­

f o r m a t i o n t h e cubic phase thus formed i s once again s i n g l e 

c r y s t a l . .Subsequent c o o l i n g leads to a r e t u r n t o t h e tw i n n e d 

t e t r a g o n a l form by the same i n t e r f a c e s as on the p r e v i o u s 

c o o l i n g . 

From a p r a c t i c a l v i e w p o i n t , t h e e f f e c t o f the t w i n n i n g 

on c r y s t a l growth i s t h a t a melt c o n t a i n i n g between 15*5 a r i d 

22.5 a t . % T l assumes t h e banded t w i n form on c o o l i n g t o room 

temperature a t atmospheric p r e s s u r e . T h i s l i m i t s t h e 

e x p e r i m e n t a l d e t e r m i n a t i o n o f , f o r example, e l a s t i c c o n s t a n t s . 

Other cubic to tet r a g o n a l t r a n s i t i o n s are known. 

Those i n Cr-Mn, Cu-Mn, Fe-Pt, Au-Cd and BaTiO^ had been s t u d i e d 

before I n - T l , and the lamellae seen i n I n - T l are of s i m i l a r 

form t o those i n Cu-Mn, Fe-Pt and BaTiO^. (See Bowles et a l . 

(1950) for a r e v i e w ) . 

2.2 Soft modeB and phase t r a n s i t i o n s 

2.2.1 General f e a t u r e s 

The s o f t mode concept i s one which has been invoked 

to account f o r a number o f d i s p l a c i v e phase t r a n s i t i o n s ; those 

s t u d i e d have almost e x c l u s i v e l y i n v o l v e d s o f t o p t i c modes. 

A s o f t o p t i c mode i s a normal v i b r a t i o n a l mode o f the c r y s t a l 

l a t t i c e whose frequency tends t o zero as the tempe r a t u r e tends 
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to the t r a n s i t i o n temperature T . The e f f e c t of a s o f t o p t i c 
c 

mode can often be seen i n a c o u s t i c p r o p e r t i e s of the c r y s t a l , 

such as sound v e l o c i t y and attenu a t i o n , through o p t i c phonon-

a c o u s t i c phonon coupling which can cause a sof t e n i n g of one 

of the a c o u s t i c modes. However, i t i s al s o p o s s i b l e to have 

a s o f t a c o u s t i c mode i n i t s own r i g h t : s i n c e a l l a c o u s t i c modes 

have zero frequency at zero wavevector ( n e g l e c t i n g zero-point 

energy) the d e f i n i t i o n must be modified to include as s o f t modes 

only those whose slope ^u)/dQ tends to zero as U> tends to 

zero. Such modes have been discussed by Pytte (1971) and 

Shirane (1971) i n connection with the s t r u c t u r a l phase changes 

observed i n V^Si and NbySn. 

Cochran (1960) f i r s t proposed the s o f t o p t i c mode as 

being r e s p o n s i b l e for the f e r r o - e l e c t r i c t r a n s i t i o n i n BaTiO^, 

at 393K, as w e l l as for the cubic to tet r a g o n a l s t r u c t u r a l 

t r a n s i t i o n seen at 105K i n SrTiO^. Since then other per o v s k i t e 

m a t e r i a l s have r e c e i v e d considerable a t t e n t i o n , i n c l u d i n g NaNbO 

(Glazer and Megaw, 1972). S e v e r a l general c h a r a c t e r i s t i c s can 

be given for s o f t modes, both o p t i c and a c o u s t i c , although the 

two types w i l l d i f f e r i n d e t a i l . When a l a t t i c e mode softens and 

f i n a l l y c o l l a p s e s the fo r c e s between the atoms i n the d i r e c t i o n of 

the eigenvector of the mode become reduced, and f i n a l l y vanish 
at T . The atoms can then move into new p o s i t i o n s and a new c 
s t r u c t u r e i s formed below T . I n o p t i c mode t r a n s i t i o n s i t i s 

c 
one s e t of atoms which takes up a new p o s i t i o n r e l a t i v e to 

another s e t , as i n SrTiO i n which the t e t r a h e d r a l a r r a y of 
3 

oxygen atoms r o t a t e s with r e s p e c t to the s\-rc<\[;&f\ and titanium atoms. 

For an a c o u s t i c mode t r a n s i t i o n we envisage the atoms as able to move, 
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again a c c o r d i n g t o the e i g e n v e c t o r o f the s o f t mode, i n t o new 

p o s i t i o n s r e l a t i v e t o t h e i r o r i g i n a l ones. Thus i n e i t h e r case 

the s t r u c t u r e of t h e new phase i s determined by t h e e i g e n v e c t o r 

o f the s o f t mode and the s t r u c t u r e o f the o l d phase. D e a l i n g 

p r i m a r i l y w i t h s o f t o p t i c modes, P y t t e (1971) d e s c r i b e s the 

mechanism o f a s o f t mode t r a n s i t i o n as an i n s t a b i l i t y o f one 

or more normal mode displacements f o r a l a t t i c e i n which o n l y 

harmonic f o r c e s are a c t i n g . At s u f f i c i e n t l y h i g h temperatures 

t h e r m a l f l u c t u a t i o n s s t a b i l i s e t h e l a t t i c e t h r o u g h the 

anharmonic i n t e r a c t i o n s which a r e , i n p r a c t i c e , always p r e s e n t . 

The t r a n s i t i o n temperature i s t h a t t emperature a t which t h e r m a l 

f l u c t u a t i o n s are i n s u f f i c i e n t t o produce s t a b i l i t y , and the 

mode i n q u e s t i o n c o l l a p s e s . P y t t e ' s a n a l y s i s a l s o h o l d s when 

o n l y a c o u s t i c modes are p r e s e n t . When an a c o u s t i c mode 

s o f t e n s i t i s p o s s i b l e i n p r i n c i p l e t o d e t e c t t h i s e x p e r i m e n t ­

a l l y from a measurement o f sound v e l o c i t y , s i n c e the d r a s t i c 

r e d u c t i o n i n c e r t a i n o f t h e r e s t o r i n g f o r c e s between atoms 

means t h a t an a p p r o p r i a t e l y p o l a r i s e d wave w i l l have a very 

s m a l l v e l o c i t y o f p r o p a g a t i o n . 

2.2.2 The fee t o f c t t r a n s i t i o n i n I n - T l and s o f t modes 

I t has been suggested t h a t the m a r t e n s i t i c t r a n s ­

f o r m a t i o n i n i n d i u m - t h a l l i u m a l l o y s proceeds by a s o f t a c o u s t i c 

phonon mode. The f i r s t d e f i n i t e evidence oame from Pace and 

Saunders (1972,1972a), a l t h o u g h t e n t a t i v e s u g g e s t i o n s had been 

made e a r l i e r . Anderson and B l o u n t (1965), as a r e s u l t o f a 

d i s c u s s i o n o f t h e o r d e r o f cubic t o t e t r a g o n a l phase t r a n s i t i o n s 

i n g e n e r a l , c o n s i d e r e d t h a t , i n t h e case o f I n - T l , i f a 
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d i s t o r t e d t e t r a g o n a l c e l l was formed then the i n s t a b i l i t y o f 

a phonon mode p o l a r i s e d i n the [100] d i r e c t i o n c o u l d be t h e 

cause o f the t r a n s i t i o n . But t h i s p o s t u l a t e was based on a 

too s i m p l i f i e d model o f t h e c r y s t a l l o g r a p h y o f t h e t r a n s i t i o n . 

Dynes (1970) a l s o a d m i t t e d the p o s s i b i l i t y o f a phonon 

i n s t a b i l i t y , an i d e a based on h i s d e t e r m i n a t i o n o f phonon 

d e n s i t y o f s t a t e s f u n c t i o n s f o r I n - T l a l l o y s by e l e c t r o n 

t u n n e l l i n g i n t h e s u p e r c o n d u c t i n g r e g i o n . Such an i n s t a b i l i t y 

d i d not show up i n h i s r e s u l t s , a l t h o u g h he observed a s l i g h t 

decrease i n t h e average phonon energy, when p l o t t e d a g a i n s t 

a l l o y c o m p o s i t i o n , a t about 31 a t . % T l . T h i s was t h e 

c o m p o s i t i o n a t which the fee t o f c t t r a n s f o r m a t i o n o c c u r r e d a t 

the temperatures a t which he was w o r k i n g , and a l s o t h a t a t which 

a maximum was seen i n t h e s u p e r c o n d u c t i n g t r a n s i t i o n t e m p e r a t u r e . 

T h i s r e s u l t was by no means c o n c l u s i v e , but i t was not 

i n c o n s i s t e n t w i t h t h e i d e a o f an u n s t a b l e mode. 

The evidence produced f o r s o f t e n i n g o f t h e t r a n s v e r s e 

mode p o l a r i s e d [1T0] p r o p a g a t i n g i n t h e [110] d i r e c t i o n by 

Pace and Saunders (1972) was based on e l a s t i c c o n s t a n t d e t e r ­

m i n a t i o n s f o r v a r i o u s i n d i u m - t h a l l i u m a l l o y s . Pace and 

Saunders combined t h e i r r e s u l t s w i t h those o f Novotny and Smith 

(1965) and were able t o show q u i t e c l e a r l y t h a t t h e modulus 

-^•(C^-C^)* determined from the sound v e l o c i t y o f t h e [110] , 

[1T0] p o l a r i s e d mode decreased towards zero when t h e a l l o y 

c o m p o s i t i o n f o r the 3OOK t r a n s i t i o n was approached from e i t h e r 

the c ubic or the t e t r a g o n a l s i d e . Such a r e s u l t s t r o n g l y 

i n d i c a t e d t h a t a t t h e t r a n s i t i o n t h e modulus would be z e r o , as 

would be t h e a s s o c i a t e d sound v e l o c i t y . 
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The or d e r o f the phase t r a n s i t i o n i s c l o s e l y l i n k e d 

t o the n a t u r e o f t h e t r a n s f o r m a t i o n process, as w e l l as t o t h e 

t h e r m a l p r o p e r t i e s o f the a l l o y s . Both f i r s t and second o r d e r 

processes have been p o s t u l a t e d ( B u r k a r t and Read ( 1 9 5 3 )5 

Guttman ( 1 9 5 0 ) ) i but we d e f e r a d i s c u s s i o n o f t h i s p o i n t 

u n t i l c hapter 8 . 

2 . 3 U l t r a s o n i c and e l a s t i c d a t a f o r i n d i u m - t h a l l i u m a l l o y s 

The s i x independent e l a s t i c c o n s t a n t s o f in d i u m were 

the s u b j e c t o f work by Winder and Smith ( 1 9 5 8 ) , who used an 

u l t r a s o n i c pulse-echo method f o r t h e i r d e t e r m i n a t i o n . 

Chandresekhar and Rayne ( 1 9 6 1 ) remeasured these c o n s t a n t s over 

t h e temperature range k t o 300K and Pace ( 1 9 7 0 ) has made a 

s m a l l c o r r e c t i o n t o t h e va l u e o f C determined by these l a t e r 

w o rkers. The e l a s t i c c o n s t a n t s o f cub i c a l l o y s i n t h e 

co m p o s i t i o n range I n - 2 8 a.t.% T l t o I n - 3 9 a t . % T l have been 

measured by Novotny and Smith ( 1 9 6 5 ) over t h e te m p e r a t u r e range 

2 0 0 t o 3&0K . More r e c e n t l y Pace and Saunders ( 1 9 7 2 ) have g i v e n 

d a t a f o r t e t r a g o n a l a l l o y s c o n t a i n i n g 1 0 , 1 6 . 5 , 18 and 21 a.t.% 

T l , and f o r t h e cubic c o m p o s i t i o n o f 25 a t . % T l . The 10 a t . % T l 

a l l o y does not s u f f e r a m a r t e n s i t i c t r a n s f o r m a t i o n , and Pace 

and Saunders were able t o o b t a i n t h e temperature v a r i a t i o n o f 

a l l s i x o f i t s e l a s t i c m o d u l i between 80 and 3OOK. (The p u l s e -

echo method was used f o r a l l the work d e s c r i b e d above.) Such 

a complete d e t e r m i n a t i o n was not p o s s i b l e f o r the o t h e r t h r e e 

t e t r a g o n a l c r y s t a l s on account o f t h e i r banded t w i n s t r u c t u r e ; 

t h e r e s u l t s were g i v e n by Pace and Saunders f o r the q u a s i -
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t e t r a g o n a l moduli o b t a i n e d from t h e t h r e e v e l o c i t i e s o f wave 

p r o p a g a t i o n a l o n g t h e ' [ 1 1 0 3 * d i r e c t i o n i n these t w i n n e d 

m a t e r i a l s . The t e m p e r a t u r e range f o r t h e measurements i n 

these cases was 290 t o 3 9 0 K , which i n c l u d e d t h e t r a n s i t i o n 

t e mperatures o f the 18 and 21 a t . % T l a l l o y s , a t 367 and 3 2 0 K , 

r e s p e c t i v e l y . But because o f t h e l i m i t a t i o n s imposed by t h e 

t w i n n e d s t r u c t u r e s more d e t a i l e d i n f o r m a t i o n c o n c e r n i n g the 

t e t r a g o n a l phase e l a s t i c c o n s t a n t s c o u l d not be o b t a i n e d . 

The o b j e c t o f t h e p r e s e n t e l a s t i c c o n s t a n t d e t e r m i n ­

a t i o n s has been t o extend the known d a t a i n two ways. F i r s t l y , 

two a l l o y s which are c u b i c a t room temp e r a t u r e ( 2 5 and 27 a t . % 

T l ) have been p r e p a r e d , and the e l a s t i c c o n s t a n t s C ^ , a n a 

have been measured as each a l l o y was cooled from 3OOK 

towards and t h r o u g h i t s t r a n s i t i o n t e m p e r a t u r e . I n the case o f 

25 a t . % the t r a n s f o r m a t i o n fee t o f c t o c c u r r e d a t about 1 9 5 K , 

w h i l e the 27 a t . % one t r a n s f o r m e d a t about 1 2 5 K . As a r e s u l t 

i t was planned t o check d i r e c t l y t h e i d e a t h a t the modulus 

"^(C^-C^) f a l l s t o zero a t the phase t r a n s i t i o n , but w i t h o u t 

the problems encountered by Pace and Saunders over t w i n n i n g . 

However, below the t r a n s i t i o n t e m p e r a t u r e i n each case a 

twinned s t r u c t u r e r e s u l t s , so t h a t m e a n i n g f u l r e s u l t s would 

o n l y be o b t a i n e d above T c« Even so, r e s u l t s o f measurements 

approaching t h e phase t r a n s i t i o n from t h e c u b i c s i d e v/i t h 

t e m perature as t h e v a r i a b l e r e p r e s e n t an advance on p r e v i o u s 

work. The o n l y way i n which a s t u d y can be made o f s i n g l e 

c r y s t a l t e t r a g o n a l a l l o y s as the phase t r a n s i t i o n i s approached 

i s t o i n v e s t i g a t e a c o m p o s i t i o n which i s very c l o s e t o the 

f e c - f e t boundary a t t h e m e l t i n g p o i n t , but which i s s t i l l i n 



- 21 -

the t e t r a g o n a l form a f r a c t i o n below t h e m e l t i n g p o i n t . Such 

a c o m p o s i t i o n i s always t e t r a g o n a l and does not t r a n s f o r m t o 

the c u b i c s t r u c t u r e . I t i s thus f r e e o f t w i n s , and can be 

produced i n s i n g l e c r y s t a l form, y e t measurements made as t h e 

temperature i s i n c r e a s e d towards t h e m e l t i n g p o i n t r e p r e s e n t 

a l s o an approach t o t h e phase boundary, as r e q u i r e d . 

The second way i n which t h e known e l a s t i c d a t a was 

extended was t o i n v e s t i g a t e t h e beh a v i o u r o f t h r e e t e t r a g o n a l 

a l l o y s , i n c l u d i n g a c o m p o s i t i o n chosen t o accord w i t h t h e 

c o n s i d e r a t i o n s expressed a t t h e c l o s e o f t h e p r e c e d i n g p a r a ­

graph. The t h r e e s i n g l e c r y s t a l s produced c o n t a i n e d 1 0 , 1 1 . 5 

and 15 a t . % T l ; the phase diagram g i v e n by P o l l o c k and King 

( 1 9 6 8 ) , and shown i n f i g u r e 2 . 1 ( b ) , shows the phase d i v i s i o n 

l i n e meeting the s o l i d u s a t about 1 5 . 5 a t . % T l , so t h a t t h e 

c r y s t a l c o n t a i n i n g 15 a t . % T l was t h e one whose p r o p e r t i e s c l o s e 

t o T^ were o f p a r t i c u l a r i n t e r e s t . The 1 1 . 5 a t . % a l l o y served 

as a source o f a d d i t i o n a l d a t a t o d e t e c t t r e n d s o c c u r r i n g i n 

measured p r o p e r t i e s , w h i l e the 10 a t . % a l l o y was o n l y used t o 

extend some o f Pace and Saunders' da t a on t h i s c o m p o s i t i o n t o k¥L. 

U l t r a s o n i c a t t e n u a t i o n i n i n d i u m - t h a l l i u m a l l o y s has 

r e c e i v e d v e r y l i t t l e a t t e n t i o n . Pace and Saunders ( 1 9 7 2 ) and 

Pace ( 1 9 7 0 ) r e p o r t a sharp peak i n t h e u l t r a s o u n d a b s o r p t i o n i n 

the v i c i n i t y o f the phase t r a n s i t i o n , b u t no e x t e n s i v e study 

o f the temp e r a t u r e or frequency dependence o f a t t e n u a t i o n has 

been made p r e v i o u s l y . The data a v a i l a b l e on indium i t s e l f 

appears t o be almost e n t i r e l y c e n t r e d around t h e normal t o 

s u p e r c o n d u c t i n g t r a n s i t i o n r e g i o n , a l t h o u g h B l i s s and Rayne 

( 1 9 6 9 ) extend t h e i r measurements up t o 8 0 K . I n t h i s work t h e 
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temperature dependence i s examined; t h e w i d e s t range covered 

was 4 t o ̂ 23K, a l t h o u g h t h e range v a r i e d from one sample and 

d i r e c t i o n t o an o t h e r . 

2.k A g e n e r a l survey of previous work on I n - T l a l l o y s 

Most of the work on indium-thallium a l l o y s has been 

performed at low temperatures, and has been centred on the 

superconducting p r o p e r t i e s . The v a r i a t i o n of superconducting 

t r a n s i t i o n temperature with a l l o y composition has been s t u d i e d 

by Stout and Guttman (1952), Merriam, Hagen and Luo (196?) and 

Gubser, Mapother and Connelly (1970). Connected with such 

e f f e c t s , Stout and Guttman (1950) s t u d i e d the Meissner e f f e c t , 

while Connell O963) has observed the penetration of magnetic 

f i e l d s i n superconducting a l l o y s . Other work i n the super­

conducting region i n c l u d e s that of Wraight (1968), F i s c h e r et 

a l . (1967,1968) and T i l l e y et a l . (1966). Sladek (1953,195*0 

and P h i l l i p s (1955) have examined low temperature thermal 

c o n d u c t i v i t y i n samples containing up to 50 a t . % T l , and found 

a maximum i n thermal r e s i s t i v i t y i n a l l o y s containing more than 

15 a t . % T l at the d e s t r u c t i o n of su p e r c o n d u c t i v i t y by a magnetic 

f i e l d . 

Concerning the mechanical p r o p e r t i e s of indium-rich 

a l l o y s , the shape-memory e f f e c t has been reported by Nagasawa 

(1971), while the r u b b e r - l i k e behaviour has a l s o been described 

by Burkart and Read (1953). Khayutin and S p i c h i n e t s k i i (1967) 

have st u d i e d t h e i r p l a s t i c deformation, and conclude that 

indium deforms by s l i p , whereas the a l l o y s do so by twinning. 
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Postnikov et a l . (1969) and <ie Morton (1969) have reported 

r e s u l t s of i n t e r n a l f r i c t i o n measurements. E l e c t r i c a l 

r e s i s t i v i t y measurements are given by Stout and Guttman ( 1 9 5 2 a ) , 

and by Pre d e l and Sandig ( 1 9 7 0 ) . Yonemitsu et a l . (1965) give 

transport p r o p e r t i e s of a l l o y s of indium with various metal6i 

i n c l u d i n g t h a l l i u m , and Sh i o z a k i and Sato (1967) report the 

temperature dependence of the H a l l c o e f f i c i e n t . 

E c k e r t and Drickamer (1952) have studied the d i f f u s i o n 

of t h a l l i u m t r a c e r s i n indium, and have found that near the 

melting point there i s a r i s e i n the d i f f u s i o n c o e f f i c i e n t , 

and that g r a i n boundary melting o c c u r s . 

We turn now to some s t u d i e s of more, d i r e c t relevance 

to the present work. The thermal expansion of a l l o y s of 

various compositions i n the range 19 to 35 a t . % T l has been 

measured d i l a t o m e t r i c a l l y by Pahlman and Smith (1969) • 

H i l l (1970) has studied the pressure v a r i a t i o n of the modulus 

'^ <-'l1~ C12^ at room temperature, and f i n d s i t to be l a r g e and 

negative: (C^.-C..) tends to zero at a pressure induced fee to 0 11 12 

f c t t r a n s i t i o n . Schwartz (1970) has reported the heat c a p a c i t y 

of three a l l o y s ( 1 8 . 8 , 28 .9 and 3^.6 a t . % T l ) between 5 and 

300K. One of the a l l o y s - 28 .9 a t . % T l - transformed i n 

t h i s range and he found a s l i g h t d e v i a t i o n of about Xl/o i n the 

heat capacity versus temperature curve i n the v i c i n i t y of the 

t r a n s i t i o n . Other heat capacity measurements have been 

reported by Bucher (unpublished) at low temperatures. 

The r e s u l t s of previous workers have demonstrated 

that the indium-thallium system, and p a r t i c u l a r l y that part 

i n v o l v i n g the m a r t e n s i t i c phase transformation, i s only 
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beginning to be understood. I t i s hoped that the work to be 

described on l a t t i c e p r o p e r t i e s of a s e l e c t i o n of the a l l o y s 

w i l l go some way towards improving t h i s understanding. 



CHAPTER 3 

SOME APPLICATIONS OF ANISOTROPIC ELASTICITY THEORY 
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I n t r o d u c t i o n 

A l a r g e p a r t o f t h e e x p e r i m e n t a l work t o be d e s c r i b e d 

concerns the d e t e r m i n a t i o n o f the e l a s t i c c o n s t a n t s o f i n d i u m -

t h a l l i u m a l l o y s i n g l e c r y s t a l s i n b o t h t h e cubic and t e t r ­

agonal m o d i f i c a t i o n s . T h i s chapter s e t s out t o show how the 

p r o p a g a t i o n o f s t r e s s waves i n a c u b i c or t e t r a g o n a l m a t e r i a l 

i s governed by the e l a s t i c c o n s t a n t s , and how the l a t t e r may 

be determined from a knowledge o f the wave v e l o c i t i e s a l o n g 

c e r t a i n c r y s t a l l o g r a p h i c d i r e c t i o n s . I t a l s o g i v e s two a p p l i c ­

a t i o n s o f e l a s t i c i t y t h e o r y which w i l l be o f r e l e v a n c e t o work 

d e s c r i b e d i n chapter 6: t h e r e s t r i c t i o n s on e l a s t i c c o n s t a n t s 

a r i s i n g from c r y s t a l s t a b i l i t y c o n s i d e r a t i o n s , and the c o n s t r ­

u c t i o n o f some i n v a r i a n t s . 

3o 1 S t r e s s , s t r a i n and Hooke's law 

The e l a s t i c c o n s t a n t s r e l a t e the s t r e s s and s t r a i n 

t h rough Kooke's law, which o t a t e s t h a t f o r an e l a s t i c body the 

s t r a i n w i t h i n i t i s p r o p o r t i o n a l t o the s t r e s s p r o d u c i n g t h a t 

s t r a i n , and so 

e. . = S. <r _ . (3.1) i j i j k l k l 

S t r e s s Ccr) and s t r a i n ( t ) are both second rank t e n s o r s , so 

t h a t S, the e l a s t i c compliance t e n s o r , i s o f f o u r t h r a n k . The 

summation c o n v e n t i o n i s i m p l i e d i n e q u a t i o n 3«1i which i s a 

more compact r e p r e s e n t a t i o n o f u1 e q u a t i o n s . The s t i f f n e s s 

t e n s o r , C, i s j u s t the i n v e r s e o f S, and hence 

= C i j k l < k l • ( ^ 2 ) 
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Equations J . 1 and 5»2 r e p r e s e n t an harmonic, or second o r d e r , 

a p p r o x i m a t i o n and S and C have as t h e i r components the second 

order e l a s t i c c o n s t a n t s . Higher o r d e r c o n s t a n t s can be d e f i n e d , 

but we s h a l l not concern o u r s e l v e s w i t h them h e r e . 

Before p r o c e e d i n g f u r t h e r , the f o r m a l d e f i n i t i o n s o f 

the s t r e s s and s t r a i n t e n s o r s used i n e q u a t i o n s p.l and 3.2 

must be g i v e n . 

S t r e s s The component o f t h e s t r e s s t e n s o r 1 S t h e 

f o r c e per u n i t area i n t h e x^ d i r e c t i o n a c t i n g on an e l e m e n t a l 

area on the plane normal t o the x. d i r e c t i o n . 
3 

S t r a i n Let a p o i n t at (x ,x ?,x ) i n a body move t o t h e 

p o s i t i o n (x^+u^ jX^+u^tX^+u..) as a r e s u l t o f d e f o r m a t i o n o f the 

body. The q u a n t i t i e s u^, u^, u^ are components o f the d i s p l ­

acement v e c t o r u o f t h e p o i n t . Any g e n e r a l homogeneous d e f o r ­

mation can be co n s i d e r e d as made up o f a s t r a i n and a r o t a t i o n 

(e*g* Nye 1957)• The s t r a i n t e n s o r £ i s the s y m m e t r i c a l p a r t 

o f the te n s o r e d e s c r i b i n g the d e f o r m a t i o n ; the a n t i s y m m e t r i c a l 

p a r t g i v e s the r o t a t i o n . Thus 

hi - *<»i, * • J i > ( 5 .3 ) 

where e. . = - c — , i = 1,2,3 

A component 6 ^ r e p r e s e n t s the f r a c t i o n a l change i n l e n g t h 

a l o n g the x. d i r e c t i o n , i f i = j , and the change i n t h e 

angle d e f i n e d o r i g i n a l l y by the x^ and x̂ . d i r e c t i o n s , i f i t j . 

The e l a s t i c i t y t e n s o r s have 81 components. However, 

t h e r e are c e r t a i n r e l a t i o n s h i p s between some o f these compon­

ents which f o l l o w i m m e d i a t e l y from the symmetry o f the s t r e s s 

and s t r a i n t e n s o r s , and we can w r i t e C ..,.,= C ( = C . . i n . 
l j k l l j l k j x k l 
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The number of independent components i s thus reduced t o 36. 

An a d d i t i o n a l p r o p e r t y o f the t e n s o r , namely t h a t C ^ = ^ - ^ j i 

f o l l o w s from the s t r a i n energy b e i n g a f u n c t i o n o f s t a t e . The 

e f f e c t o f t h i s i s t o f u r t h e r reduce t h e number o f independent 

components t o 21 . Reduction t o l e s s t h a n 21 can a l s o o ccur, 

but the d e t a i l s depend on the c r y s t a l symmetry under c o n s i d e r ­

a t i o n . A t r i c l i n i c system r e q u i r e s a l l 21 components t o 

de s c r i b e i t s e l a s t i c b e h a v i o u r . 

Because o f the r e d u c t i o n t o 21 c o n s t a n t s a con v e n i e n t 

r e p r e s e n t a i o n i s t o use a symmetric 6* 6 m a t r i x , and t o denote 

the s t i f f n e s s components as , i , j = 1,6. T h i s i n no way 

c o n s t i t u t e s a r e d u c t i o n i n the ra n k o f the t e n s o r . The t e n s o r 

components are r e l a t e d t o the m a t r i x ones by t h e f o l l o w i n g 

r e l a t i o n s between s u b s c r i p t s . 

Tensor 11 22 33 32,23 13,31 12,21 

M a t r i x 1 2 3 <+ 5 6 

Thus C 1 2^ 2 -» , C 1 1 1 1 -s» C 1 1 , and so on. The compliance 

tens o r components can be t r e a t e d i n a s i m i l a r way, except t h a t 

f a c t o r s o f 2 or k are i n t r o d u c e d (Nye 1957). 

S = S. .. n i f m and n are 1, 2 or 3; mn i j k l ' 
= 2S. ., n when m or n are 5 or 6: l j k l 
= ^S. ., _ when m and n are k, 5 or 6. l j k l 

E l a s t i c i t y t e n s o r s can be w r i t t e n i n a way which 

shows a m i x t u r e o f c o v a r i a n t and c o n t r a v a r i a n t components: a 

n o t a t i o n which takes account o f t h i s i s t o w r i t e a s t i f f n e s s 

component, say, as . juch a d i s t i n c t i o n does not a f f e c t 

the a n a l y s i s o f s e c t i o n s 3*2 t o 3»^i an& w i l l not be made u n t i l 

3.5 where i n v a r i a n t s are d i s c u s s e d . 
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3.2 E q u a t i o n o f motion o f an e l a s t i c body 

Consider the motion o f a s m a l l r e c t a n g u l a r volume 

element o f an e l a s t i c medium. The components o f the n e t f o r c e 

a c t i n g on t h i s element can be equated t o the a c c e l e r a t i o n 

components by Newton's second law, and f o r a medium o f d e n s i t y 

/o we o b t a i n 3<x. . 
5 ^ = /oV. i = 1,2,3 (3-'0 

3 
where s and x are the displacement and p o s i t i o n v e c t o r s , 

r e s p e c t i v e l y . Using e q u a t i o n s 3.2 and 3*3 w e c a n w r i t e 

— = C -r-k i = 4 dx, i j k l o x . ? 

>2 v2 
^ S l . ^ S k 

dx, ix . + ixTSTx . 
k J 1 J 

C 
i j k l 0 3 

and hence n .. „ , -
C . . . . . S - , . . = / 0 s . 1 = 1,2,3 C 3.5 J l j k l l , k j r i ' 

i n which the comma n o t a t i o n denotes d i f f e r e n t i a t i o n w i t h 

r e s p e c t t o x, and where t h e f a c t t h a t C. ., .. = C. ... has been 
i j k l l j l k 

used. Equation 3.5 i s the e q u a t i o n o f motion: we l o o k f o r 

s o l u t i o n s i n t h e form o f plane t r a v e l l i n g waves. I f the wave-

v e c t o r a l o n g the d i r e c t i o n o f p r o p a g a t i o n , or normal t o planes 

o f c o n s t a n t phase, i s k , then the s o l u t i o n f o r one o f the 

components o f a plane wave i s 
i ( " J t - k . r ) _ s! = s o i e ~ _ , 1 = 1 ' 20 • 

The p a r t i c l e displacement v e c t o r s i s n o t , i n g e n e r a l , p a r a l l e l 

t o k. Let n ( n ^ n - ^ n ) be a u n i t v e c t o r i n the d i r e c t i o n o f k. 
2TT W 

Then k = -7— n = — n , where v i s the p r o p a g a t i o n v e l o c i t y , and - A - v 2 00 i ( o J t - k . r ) s, . . = -n n .s^ n —- e — — k j 01 v 2 

so t h a t the e q u a t i o n o f motion (3»5) becomes 

C i j k l S 0 l n k n j = /°v\i > 1 = 1'2'5 " ( 3 ' 6 ) 

When e q u a t i o n 3.6 i s w r i t t e n more f u l l y as a s e t o f t h r e e 
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e q u a t i o n s i n s ^ , s ^ and s the s e t i s known as C h r i s t o f f e l 1 s 

e q u a t i o n s ; i f the displacement c o e f f i c i e n t s s ^ are t o be 

determined, then the form o f e q u a t i o n J>.G means t h a t the 

dete r m i n a n t o f the c o e f f i c i e n t s o f the s must be aero, f o r i f 

n o t , o n l y t h e t r i v i a l s o l u t i o n s ^ = s ^ = BQJ)
 1 6 P o s s l l ; , l e . 

The c o n d i t i o n can be w r i t t e n as 
2 

12 

J13 

11 
L, 

12 

23 

13 

V 
L 33" / ° v f 

o (3.7) 

where the L's are l i n e a r c ombinations o f two d i r e c t i o n 

cosines and an e l a s t i c c o n s t a n t , and are known as C h r i s t o f f e l ' s 
2 

c o e f f i c i e n t s . E q u a t i o n 3.7 i s a c u b i c i n /ov . For a g i v e n 

p r o p a g a t i o n d i r e c t i o n t h e r e are thus t h r e e v e l o c i t i e s . The 

p a r t i c l e d i splacement v e c t o r s a p p r o p r i a t e t o each one can be 
2 

found from a s u b s t i t u t i o n o f the t h r e e v a l u e s f o r ^ v back 

i n t o e q u a t i o n 3.6. The t h r e e displacement v e c t o r s are m u t u a l l y 

p e r p e n d i c u l a r : i n the s p e c i a l case when they are a l l e i t h e r 

p a r a l l e l or p e r p e n d i c u l a r t o the p r o p a g a t i o n v e c t o r t h a t d i r ­

e c t i o n i s known as a pure mode d i r e c t i o n , and a pure l o n g i t ­

u d i n a l and two pure t r a n s v e r s e modes r e s u l t . Quasi-pure and 

impure d i r e c t i o n s are those i n which o n l y one or none o f t h e 

displacement v e c t o r s , r e s p e c t i v e l y , i s p e r p e n d i c u l a r t o k. 

Pure mode d i r e c t i o n s are t o be p r e f e r r e d i n u l t r a s o n i c work 

because a s t a n d a r d X or Y cut t r a n s d u c e r can be used t o e x c i t e 

one mode o n l y ; s p e c i a l l y cut t r a n s d u c e r s would be r e q u i r e d t o 

propagate any one o f the modes i n a qu a s i - p u r e or an impure 

d i r e c t i o n . I n t h e next s e c t i o n we examine the p r o p a g a t i o n 

a l o n g l o w - i n d e x d i r e c t i o n s i n cu b i c and t e t r a g o n a l systems, 
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and f i n d t h a t a l l o f the p r o p a g a t i o n d i r e c t i o n s needed t o 

determine t h e i r e l a s t i c c o n s t a n t s are pu r e , except f o r one i n 

the t e t r a g o n a l case. 

3.3 S o l u t i o n s o f t h e C h r i s t o f f e l e q u a t i o n s f o r c u b i c 
and t e t r a g o n a l ( T I ) symmetries 

We wish t o o b t a i n e x p r e s s i o n s f o r the p r o p a g a t i o n 

v e l o c i t i e s a l o n g l o w - i n d e x d i r e c t i o n s i n terms o f the e l a s t i c 

c o n s t a n t s f o r cubic and t e t r a g o n a l c r y s t a l s . The d i s t i n c t i o n 

between the t e t r a g o n a l Laue groups T I and T i l must be made a t 

the o u t s e t , because i n t h e T I group, u n l i k e the T i l , t h e e l a s t i c 

c o n s t a n t i s zero f o r a normal a x i a l s e t and t h e e l a s t i c 

c o n s t a n t e q u a t i o n s are much s i m p l e r i n for m . The t e t r a g o n a l 

i n d i u m - t h a l l i u m a l l o y s have T I symmetry:a m a t e r i a l such as 

CaWO^, i n which the +z and -z d i r e c t i o n s are not e q u i v a l e n t , i s 

i n the T i l group. A d e t a i l e d d e s c r i p t i o n o f wave p r o p a g a t i o n 

i n T i l c r y s t a l s i s g i v e n by F a r l e y and Saunders (1972). 

The form o f t h e s t i f f n e s s m a t r i x f o r cu b i c and t e t r ­

a gonal T I symmetries i s g i v e n below. 

Cubic T e t r a g o n a l ( T I ) 

c 11 °12 C12 0 0 0 > 

C12 °11 C12 0 0 0 

C12 C12 C 11 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

V° 
0 0 0 0 

11 C12 C13 0 0 0 

12 C11 C13 0 0 0 

13 C13 C33 
0 0 0 

0 0 0 0 0 

0 0 0 0 kk 0 

0 0 0 0 0 C66 

(3 independent c o n s t a n t s ) (6 independent c o n s t a n t s ) 
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For the cubic system C h r i a t o f f e l ' s c o e f f i c i e n t s axe 

L 11 = n i 2 ° l 1 + ( n 2 2 + n 3 ) C ^ 
L12 = D i n 2 ( C 1 2 + C W 

L 2 2 = + n.3 ) C ^ + n 2 C l 1 

L23 = n 2 n 3 ( C 1 2 + C W 
L33 = ( n 1 2 + n2)Ckk + ^ S l ' 

I f propagation i n the jl10] d i r e c t i o n i s considered, then the 

v e l o c i t i e s depend on the e l a s t i c constants i n such a way that 

a l l of the independent e l a s t i c constants can be determined. A 

u s e f u l experimental check i s to compare values of and 

thus obtained with those determined from propagation i n (lOO] 

d i r e c t i o n . The p o l a r i s a t i o n s involved, and the e l a s t i c constant 

equations are given i n Table 3»1 ( a ) . 

The C h r i s t o f f e l c o e f f i c i e n t s for a t e t r a g o n a l system 

L n = n i 2 c i i + n2°ee + n 3 2 cVf 
L12 = n i n 2 ( C 1 2 + C 6 6 ) 

L13 • n l V C l 3 + ° W 9 ) 

L22 • n i c 66 + n2 C 11 + n

3

 C ^ 

L23 = n 2 n

3

( C l 3 + 

L33 = ( n ^ n 2
2 ) C ^ + n 3

2 C 3 3 

S o l u t i o n s are given i n Table 3.1 (b) for propagation i n [100] , 

[001J , [110] and [011] d i r e c t i o n s . I t can be seen th a t a l l 

constants except may be determined from propagation along 

the f i r s t three of these d i r e c t i o n s ; a l l the modes are pure i n 

these d i r e c t i o n s . From equations 3. 9 i t follows that can 

be obtained by propagation i n any d i r e c t i o n i n which the d i r e ­

c t i o n cosines n^ and e i t h e r n^ or n 2 are not zero. Convenient 
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TABLE 3.1 

R e l a t i o n s between e l a s t i c s t i f f n e s s constants and 
sound v e l o c i t i e s 

Cubic c r y s t a l s 

Propagation P o l a r i s a t i o n E l a s t i c constant 
d i r e c t i o n d i r e c t i o n aquation 

100 100 / ° V 1 2 = C 11 
100 x-y plane 

110 110 ^1= * ( C 1 1 + °12 + 2 (W 
110 110 /ovif = - C 1 2 ) 

110 001 

b) Tetragonal c r y s t a l s 

Propagation 
d i r e c t i o n 

P o l a r i s a t i o n 
d i r e c t i o n 

E l a s t i c constant 
equation 

100 100 / ° V 1 2 = C 1 1 
100 010 Pv2 = C66 
100 001 f"l = c ^ 
001 001 

^ = °33 
001 x-y plane rl = °kk 
110 110 ^ v 6 2 = ^ ( C 1 1 + C12 + C 66 ) 

110 110 ^ 7 = ^ - C 1 2 } 

110 001 /*v8 = °kk 

011 

011 

100 

0 
/»v9

2 = ± ( 0 ^ + C 6 6 ) 

^ v 1 n
2 = £(A + J A2 - B + C 2') 

^ 2 = £(A - Jh2 - B + C 2 ) 011 0 + F T / 2 

/»v9
2 = ± ( 0 ^ + C 6 6 ) 

^ v 1 n
2 = £(A + J A2 - B + C 2') 

^ 2 = £(A - Jh2 - B + C 2 ) 

i s an angle which i s A = C ^ + + C „ ) 
determined by the e l a s t i c 
c onstants. B » ( C ^ + C j ^ H C + C ^ ) 

c = c 1 3 + 

i 
i 
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d i r e c t i o n s would be those i n the (110) plane at any angle to 

merits from an experimental viewpoint, and has shown that prop­

agation i n the (100) plane i s to be p r e f e r r e d , on account of 

the modes being quasi-pure i n s t e a d of impure as i n the case of 

(110). He gives equations for f i n d i n g a d i r e c t i o n i n the (100) 

plane which i s , i n f a c t , pure and which depends on the e l a s t i c 

constant values of the m a t e r i a l i n question. Such a d i r e c t i o n 

i s known as an a c c i d e n t a l pure mode d i r e c t i o n . I n the case of 

indium-thallium a l l o y s , with a c/a r a t i o of n e a r l y 1.0, t h i s 

a c c i d e n t a l pure mode d i r e c t i o n turns out to be at about ^3° to 

the z - a x i s , so that the use of a [oil] propagation d i r e c t i o n 

( a t ^5° to the z - a x i s ) i s acceptable, and e x c i t a t i o n of the 

quasi-pure t r a n s v e r s e and l o n g i t u d i n a l modes gave no d i f f i c u l t y 

i n p r a c t i c e . Furthermore, the equations r e l a t i n g sound v e l ­

o c i t y to e l a s t i c constants take on a simpler form, and become 

those given i n Table 3 . 1(b). A l l the q u a n t i t i e s i n the 
2 

expressions for v ^ Q (and v ) are known except C . Two 

values r e s u l t from t h i s for C , one p o s i t i v e and one negative, 

whose moduli d i f f e r by 2 C ^ . F a r l e y ( p r i v a t e communication) 

has shown that only one of these s o l u t i o n s leads to the 

observed p o l a r i s a t i o n s for tet r a g o n a l m a t e r i a l s . I n the 

p a r t i c u l a r case of indium-thallium i t a l s o happens that the 

negative value of v i o l a t e s one of the Born s t a b i l i t y 

c r i t e r i a , and i s p h y s i c a l l y u n r e a l . We consider the various 

s t a b i l i t y conditions i n the next s e c t i o n . 

[110] except 0 and 90 , and those i n the (100) plane except 0 

and 90 to [0101 . Pace (1970) has considered t h e i r r e l a t i v e 
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j,,k C r y s t a l s t a b i l i t y 

3.^.1 S t r a i n energy d e n s i t y 

The work done by the s t r e s s components ov when a 

c r y s t a l i s subjected to a s m a l l change i n i t s s t a t e of s t r a i n 

can be shown to be (e.g. Nye 1957) 

dW = o- .d« . i = 1,2, 3 , (3.10) 1 1 

when the s t r a i n components change from e ̂  to e^+de^. By 

Hooke's law we may w r i t e 

dW = C, .€ .de . . (3.11) 

I f the process i s an isothermal one then dW gives the change 

i n f r e e energy of the system, and the C ^ are the isothermal 

e l a s t i c c o n s t a n t s . For an a d i a b a t i c change the i n t e r a a l energy 

changes and the expression for dW i n v o l v e s the a d i a b a t i c 

constants. At the frequencies of the d i s t o r t i o n s caused by 

u l t r a s o n i c waves the changes can be considered to be a d i a b a t i c ; 

the d i f f e r e n c e between the e l a s t i c constants defined i n the 

two ways i s very small (Hearmon 1961 ) . 

L e t the change i n i n t e r n a l energy be dU. 

Thus dU = C i ; j ^ d f i (3.12) 

On w r i t i n g out equation 3*12 i n f u l l and i n t e g r a t i n g , we f i n d 

an expression for the s t r a i n energy per u n i t volume. 

U = O.13) 

where we have noted that C.. = C... Equation 3*13 c a n a l s o be 

W r i t t e n U = 4S..CT.0-, (3.1<0 

or, a l t e r n a t i v e l y , 
U = i ^ c r . . (3.15) 



3.^-2 The Born s t a b i l i t y c r i t e r i a 

The s t r a i n energy U must be a p o s i t i v e d e f i n i t e 

quantity for a s t a b l e c r y s t a l l a t t i c e . That i s to say, equa­

t i o n s 3*13 o r 3«1^ can only be zero when £ and cr are zero: i t i s 

not p o s s i b l e to have a combination of C. . or 3. . values which 

gives a zero energy density when e i t h e r ir or ( i s not zero. 

Now from equation 3 .1^ U i s a homogeneous quadratic function i n 

o~ in which the S. . are the c o e f f i c i e n t s * Salmon (1912) has 

shown that for such a function to be p o s i t i v e d e f i n i t e there 

are c e r t a i n r e s t r i c t i o n s on the c o e f f i c i e n t s . These come from 

the requirement that the determinants of the p r i n c i p a l minors 

of the matrix of c o e f f i c i e n t s must each be greater than zero. 

That matrix i s given below, and the p r i n c i p a l minors are shown 

by dashed l i n e s . 

S 1 1 | G 1 2 I S 1 3 (
 S l * f ' S15 ' S16 

* _ I , j | , 1 

f l 2 ^22_| S 23 t ^ , b25 1 S26 

I 1 3 . -2i 133JS^',S^5 ' S 3 6 

l 1 l L t2k- s i A _ S i f 5 1 S i + 6 

!_ 1 5_ & i 5 _ "_55_l S56 
G16 "26 S36 S ^6 S56 3 66 

As a r e s u l t we f i n d s e v e r a l i n e q u a l i t i e s . I t i s simpler at 

t h i s point to consider an a c t u a l example concerning a p a r t ­

i c u l a r symmetry. We take t e t r a g o n a l T I , whose matrix of comp­

l i a n c e s has the same form as the s t i f f n e s s e s given i n s e c t i o n 

3.3, and the following i n e q u a l i t i e s r e s u l t : S ^ X ) ; ii >0; 

b ^ > 0 ; s 6 6 > 0 ; S 11 > | S 12 | ; S 3 3 ( S 1 1 + S 1 2 ) > 2 S 1 3 2 * T h e m i n o r s c o u l d 

have been taken s t a r t i n g at the bottom right-hand corner; t h i s 
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would r e s u l t i n another i n e q u a l i t y , c o n s i s t e n t w i t h the f i r s t 

s e t , o f S ^ S ^ S ^ 2 . 

For a g e n e r a l a x i a l s e t t h e s i m p l i f i c a t i o n o f the 

m a t r i x , as i n s e c t i o n 3»3» i - 6 n°t p o s s i b l e , and a l l components 

may be non-zero. But some o f the i n e q u a l i t i e s s t i l l have a 
I 1 I I I I I ! 12 

simple form: 3 ^ , s
2 2 « 1 ^ 5 " 3 ^ > C i S 11 S 2 2 > S 1 2 * 

The dash i n d i c a t e s a compliance r e f e r r e d t o the t r a n s f o r m e d 
axes, and whose value i s g i v e n by the t e n s o r t r a n s f o r m a t i o n law: 

1 

i j k l ~ a l m a j n a k p a i q 3 m n p q (3.16) 

i n v/hich t h e a's are the d i r e c t i o n c osines f o r the 

t r a n s f o r m a t i o n . 

3»5 I n v a r i a n t s 

One i n v a r i a n t has a l r e a d y been encountered, namely 

the s t r a i n energy d e n s i t y . An i n v a r i a n t i s any q u a n t i t y whose 

value does not depend on t h e s e t o f c o - o r d i n a t e s used t o 

d e s c r i b e i t . There are s e v e r a l i n v a r i a n t s which can be 

e x t r a c t e d from a t e n s o r , and D r i l l o u i n (193^) g i v e s a method 

of f i n d i n g these i n terms o f the components, iixamples f o r the 

compliance t e n s o r a r e: 3 ^ + + S + 3 ^ + 3,.̂  + S^g and 

S 11 + 3 22 + 333 • 

I n c h apter 6 we s h a l l be i n t e r e s t e d i n the volume 

c o m p r e s s i b i l i t y , yS, which i s d e f i n e d as the f r a c t i o n a l change 

i n volume when a m a t e r i a l i s s u b j e c t e d t o u n i t h y d r o s t a t i c 

p r e s s u r e . Or 

r ~ V DP T * (3.17) 

H y d r o s t a t i c p r e s s u r e r e s u l t s i n s t r e s s components o-,^, ^22 anC* 
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<r o n l y , each o f which i s e q u a l to t h e p r e s s u r e p. The 
33 

r e s u l t i n g s t r a i n s a r e n e g a t i v e , and so 

< i j = - S i j k k P ' 

The change i n volume o f a u n i t cube when the s t r a i n s a l o n g t h e 

t h r e e a x e s a r e f ^ , € 2 2 and € i s the d i l a t i o n A , and 

4 = (1+ 6 1 1)(1 + € 2 2 ) d + € ) - 1 

" «ii 
= " 3 i i k k p 

and c o n s e q u e n t l y /S = - ^ = . (3«18) 

W r i t t e n i n f u l l t h e e x p l i c i t e x p r e s s i o n f o r volume compress-

i b i l i t y i s A = S n + S
2 2

 + S 3 3 + 2 ( S 1 2 + S
1 3

 + S 2 3 ) ' ( 3 > 1 9 ) 

To show t h a t t h i s i s i n v a r i a n t we u s e d t h e mixed 

components o f both t h e s t r e s s and s t r a i n t e n s o r s a?" and . 
k I 

Thus the c o m p l i a n c e t e n s o r i s S"?, . L e t t h i s be r e f e r r e d to 
ik 1 2 3 1 2 t h e a x i a l s e t x , x , x . We now t r a n s f o r m to t h e s e t y , y , 

y^, and w r i t e the r e s u l t a s T p c* . Combining t h e t r a n s f o r m a t i o n 
mn 

r u l e s f o r c o v a r i a n t and c o n t r a v a r i a n t components, we have: 

S i k ~ rmn h x P ^ x q hyi ^ y k (3.19) 

l e t t i n g i = j and k = 1 e q u a t i o n 3.19 becomes 
k x m \ n 

_ T P q ^Li hx^ h 
i k ~ n i n N p N q x i j k k ox ox Oy oy 

= T P q C n 

mn 6 p *>q 

mn 

which e s t a b l i s h e s the i n v a r i a n c e . 

I n an o r t h o g o n a l a x i a l s y s t e m t h e m e t r i c t e n s o r i s u n i t y , so 

t h a t the c o n t r a v a r i a n t and c o v a r i a n t components o f the v a r i o u s 
i k 

t e n s o r s i n v o l v e d a r e e q u a l . I t i s t h u s a c c e p t a b l e to w r i t e 5 ^ 
a s S .... . n k k 
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I n t r o d u c t i o n 

The e x p e r i m e n t a l work on t h e i n d i u m - t h a l l i u m a l l o y s 

s t a r t e d w i t h the p r e p a r a t i o n and growth o f s i n g l e c r y s t a l s o f 

s e v e r a l a l l o y c o m p o s i t i o n s from t h e elements. The c o m p o s i t i o n s 

chosen i n c l u d e d two which had fee s t r u c t u r e s a t room temp­

e r a t u r e , and which became f c t below t h i s , and t h r e e which were 

f c t at a l l temperatures up to the m e l t i n g p o i n t . The s i n g l e 

c r y s t a l s were examined and o r i e n t e d b e f o r e b e i n g cut t o g i v e 

samples o f the a p p r o p r i a t e o r i e n t a t i o n s f o r measurements t o 

be pc-rformed. 

i'he measurements which were made c o n s i s t e d o f : 

1) The e l a s t i c c o n s t a n t s f o r each a l l o y c o m p o s i t i o n 

over a wide temperature range, i n c l u d i n g t h e t r a n s i t i o n 

t emperatures o f t h e fee a l l o y s . 

2) The u l t r a s o n i c a t t e n u a t i o n as a f u n c t i o n o f temper­

a t u r e , f o r v a r i o u s f r e q u e n c i e s and o r i e n t a t i o n s . 

J) The components o f the t h e r m a l expansion t e n s o r . 

M An e s t i m a t i o n o f the l a t t i c e parameters a t room 

temperature f o r s e l e c t e d a l l o y s . 

I n a d d i t i o n the d e n s i t y o f each sample was o b t a i n e d by 

Archimedes' method. 

T h i s chapter g i v e s d e t a i l s o f t h e apparatus and 

t e c h n i q u e s used t o prepare the c r y s t a l s and t o produce the 

d a t a p r e s e n t e d i n chapter 5« 
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k. 1 Sample p r e p a r a t i o n 

C r y s t a l s o f i n d i u m - t h a l l i u m a l l o y s have been grown 

from the melt u s i n g the h o r i z o n t a l zone method. s t a r t i n g 

m a t e r i a l s were 99.9999 indium i n g o t s and 99.999/ t h a l l i u m r o d , 

both o b t a i n e d from Koch-Light L t d . A pyrex g l a s s boat o f 

about k c c c a p a c i t y served t o c o n t a i n t h e m e l t , and i t s p o i n t e d 

ends were s u f f i c i e n t t o i n i t i a t e the c r y s t a l growth w i t h o u t 

h a v i n g t o use a s e p a r a t e seed. 

The two metals were cleaned i n d i l u t e n i t r i c a c i d and 

washed t h o r o u g h l y w i t h d i s t i l l e d water t o remove t r a c e s o f 

n i t r a t e . subsequent h a n d l i n g o f the indiu::! gave no d i f f i c u l t y , 

as t h a t element does not r e a c t v ery q u i c k l y when i n c o n t a c t 

w i t h a i r . T h a l l i u m , however, r e a c t s much more r a p i d l y , and a 

b r i g u t , cleaned s u r f a c e becomes d u l l e d a f t e r about 15 seconds 

exposure t o the atmosphere; the r e a c t i v i t y o f t h a l l i u m i s even 

g r e a t e r when heated. ,i s p e c i a l t e c h n i q u e was e v o l v e d t o cope 

w i t h tnese problems d u r i n g the w e i g h i n g and m e l t i n . , o f the a l l o y 

c o n s t i t u e n t s , and t h i s i s now i e s c r i b e d . 

"he approximate weights o f indiura and o f t h a l l i u m 

which would almost f i l l the boat were determined f o r the a l l o y 

c o m p o s i t i o n r e q u i r e d . .'.fter washing both metals as d e s c r i b e d , 

the r e q u i r e d mass o f i n d i u m , l e s s about one _,ra:n, was put i n t o 

the bout and was melted under a reduced p r e s s u r e o f n i t r o g e n ; 

the boat and i . u d i u w a s th.:n weighed. The t . . a l l i u ; . was d r i e d on 

t i s s u e , and an amount a p p r o x i m a t e l y equal t o t h e c a l c u l a t e d 

weignt needed was weighed out as q u i c k l y as p o s s i b l e , 

^e-immersion i n d i s t i l l e d water d i s s o l v e d the s m a l l amount o f 

ox i d e formed d u r i n g the w e i g h i n g . l'he pieces o f t n a l l i u m were 
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then put on t o p o f the indium i n the b o a t , w i t h the l a t t e r 

p o s i t i o n e d near the mouth o f a l o n g g l a s s tube through which 

f l o w e d a stream o f n i t r o g e n gas. The tube was s e a l e d and 

evacuated, and heat was a p p l i e d w i t h a flame t o the o u t s i d e o f 

the tube to melt th e metals i n t h e b o a t . The problem o f the 

extreme r e a c t i v i t y o f t h a l l i u m w i t h any r e s i d u a l oxygen was not 
r 0 

then encountered, because when the indium melted a t 15o C t h e 

pieces o f t h a l l i u m sank beneath i t s s u r f a c e b e f o r e m e l t i n g , 

f u r t h e r h e a t i n g ensured t h a t a l l o f t h e t h a l l i u m had a l l o y e d , 

(hen the m e t a l had s o l i d i f i e d a f u r t h e r w e i g h i n g o f boat p l u s 

c o n t e n t s l e d t o an a c c u r a t e d e t e r m i n a t i o n o f t h e mass o f 

t h a l l i u m p r e s e n t . The exact amount o f indium s t i l l r e q u i r e d t o 

o b t a i n an a l l o y o f the d e s i r e d c o m p o s i t i o n c o u l d now be 

c a l c u l a t e d , and t h i s q u a n t i t y was weighed out a c c u r a t e l y and. 

melted i n under a n i t r o g e n atmosphere. M i x i n g o f the a l l o y t o 

achieve homogeneity was achieved i n t h e f i r s t i n s t a n c e by 

m a i n t a i n i n g i t molten under n i t r o g e n f o r about 50 hours w i t h a 

v e r t i c a l t e m p e r a t u r e g r a d i e n t o f 20°G cm \ 

•.•/eighing c o u l d be done t o an accuracy o f O.J. ng t 

l e a d i n g t o a 0.1 u n c e r t a i n t y i n the c o m p o s i t i o n . F i v e a l l o y s 

o f c o m p o s i t i o n 10, 1 l . 5 » 151 25 and 27 at . ' ; J t h a l l i u m were 

prepared i n t h i s way. 

4 .2 C r y s t a l Growth 

4.2 .1 Boats 

The shape and dimensions o f the boats used are shown 

i n f i g u r e 4.1 . The i m p o r t a n t design f e a t u r e s were a p o i n t a t 
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F i g u r e ^.1 The p y r e x g l a s s boat i n w h i c h c r y s t a l s 
o f i n d i u m - t h a l l i u m a l l o y s were grown. 
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each end, f o r s e e d i n g , and a smooth i n s i d e s u r f a c e t o reduce 

n u c l e a t i o n c e n t r e s . At f i r s t the boats were made from e x t r u d e d 

square s e c t i o n pyrex t u b i n g , but l a t e r ones were formed by 

a l l o w i n g hot glass t o f l o w over a s t a i n l e s s s t e e l mould. 

E i t h e r method produced boats o f s a t i s f a c t o r y q u a l i t y . 

4. 2 .2 Furnace 

The h o r i z o n t a l f u r n a c e i s i l l u s t r a t e d i n f i g u r e 4 .2 . 

Constantan w i r e covered w i t h h e a t - r e s i s t a n t e l e c t r i c a l i n s u l a t i o n 

was wound t o r o i d a l l y t o form the h e a t e r , and was arranged as 
I 

shown i n f i g u r e 4 .3 w a t e r p a s s i n g t h r o u g h copper c o i l s a t 
I 

each end i n c r e a s e d the temperature g r a d i e n t a t the s o l i d -

l i q u i d i n t e r f a c e . The h e a t e r assembly was mounted on an 

aluminium b l o c k t h r o u g h which passed two guide r o d s . A t h i r d , 

screwed, rod a l s o passed t h r o u g h the b l o c k , and when r o t a t e d 

hy an e l e c t r i c motor i t caused the h e a t e r t o move al o n g the 

guide r o d s . A r e v e r s i n g s w i t c h i n t h e motor c i r c u i t s e t the 

sense o f r o t a t i o n o f the screwed r o d , and thus s e t the d i r e c t i o n 

o f movement o f the h e a t e r ; two m i c r o s w i t c h e s l i m i t e d the 

l e n g t h o f t r a v e l . 

4 . 2.J Procedure 

I n d i u m - t h a l l i u m a l l o y s i n the c o m p o s i t i o n range 0 t o 

40 a t . t h a l l i u m m e l t , t o w i t h i n a few degrees, a t 155°C. A 

c u r r e n t of 1.46 amp t h r o u g h t h e h e a t e r w i n d i n g produced the 

temperature p r o f i l e shown i n f i g u r e 4.4, w i t h a maximum temp­

e r a t u r e of 160°C, and a g r a d i e n t o f 15°C cm 1 a t the growth 
_1 

i n t e r f a c e . The zone speed was 2 .4 mm hr . The boat and 
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c o n t e n t s were su p p o r t e d on a g l a s s s l i d e w i t h i n a l o n g pyrex 

tube h a v i n g a tap a t one end and c l o s e d by a rubber bun;;, a t 

trie o t h e r . Growth o c c u r r e d under a reduced p r e s s u r e o f 

n i t r o g e n . 

The success r a t e f o r c r y s t a l s which were s i n g l e , or 

which had about 90/J o f t h e i r volume s i n g l e , seemed t o depend 

on whether a fee or a f c t s t r u c t u r e a l l o y was i n v o l v e d . For 

fee about 5 passes were needed t o achieve t h i s ; f o r f c t t h e 

f i g u r e was nearer 10. For each o f t h e f i r s t few passes the 

number o f g r a i n s i n the m a t e r i a l , as r e v e a l e d by e t c h i n g i n 

d i l u t e n i t r i c a c i d , decreased w i t h each pass, as d i d the amount 

o f o x i de a c c u m u l a t i n g on t h e s u r f a c e . Presumably the g r a i n 

s i z e i n c r e a s e d as the number o f n u c l e a t i o n c e n t r e s , such as 

p a r t i c l e s o f dust or o x i d e , decreased as a r e s u l t o f the e t c h i n g 

o f the s u r f a c e a f t e r each pass. I t was to enable e t c h i n g t o be 

done between passes t h a t growth i n an open boat r a t h e r than i n 

a s e a l e d tube was chosen. 

'+. 3 Examination o f s i n g l e c r y s t a l s 

H . 3 . 1 Assessment o f c r y s t a l q u a l i t y 

Kach as-grovm boule was i n the form o f a b l o c k about 

3.5 by 1.6 by 0 .8 cm. One such boule i s i l l u s t r a t e d i n f i g u r e k. 5 . 

There was l i t t l e or no tendency f o r t h e metal t o adhere t o t h e 

g l a s s , so removal from t h e boat p r e s e n t e d no problems. The boule 

v/as etched i n n i t r i c a c i d (1:1 w/'w) f o r one or two minutes t o 

c l e a n t h e s u r f a c e . Any g r a i n boundaries c o u l d then be seen 

v e r y e a s i l y ; the boule was r e p e a t e d l y passed t h r o u g h the 



As-grown boule o f an i n d i u m - t h a l l i u m 
a l l o y . ( P a r t o f the boule (approx. -}) 
has been cut away.) 
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f u r n a c e u n t i l any g r a i n s p r e s e n t were o f such a s i z e and 

p o s i t i o n i n t h e boule as t o leave most o f the volume as s i n g l e 

c r y s t a l . Of the c r y s t a l s grown, t h r e e (10 , 15 and 27 at.'/i T l ) 

had no g r a i n s v i s i b l e , w h i l e the o t h e r two ( 11 .5 and 25 at.1,.; T l ) 

had s m a l l g r a i n s along one s i d e . I n subsequent c u t t i n g o f 

u l t r a s o n i c samples care was taken t o a v o i d these d e f e c t i v e 

p a r t s . ; i l i p bands were v i s i b l e a f t e r e t c h i n g the f c t samples, 

e s p e c i a l l y i n t h e 15 at..- T l a l l o y . They were observed on ( n o ] 

or (011j planes o n l y , and each band was about mm wide, ilo 

more than h a l f o f any one boule was so a f f e c t e d . 

Back-re f l e c t i o n Laue photographs were taken w i t h t h e 

X-ray beam i n c i d e n t on t h e etched as-grown s u r f a c e : w e l l - d e f i n e d , 

u n s p l i t s p o t s were u s u a l l y o b t a i n e d , i n d i c a t i n g l i t t l e s u r f a c e 

s t r a i n and no t w i n n i n g ( f i g u r e 4,6). Of p a r t i c u l a r i n t e r e s t i n 

-h i s r e s p e c t was the l a c k o f t w i n n i n g i n the 15 at.;.:. T l c r y s t a l , 

.joubt has surrounded the form o f the phase diagram i n the r e g i o n 

where the fee - f c t phase boundary meets t h e s o l i u u s ; the 

phase diagram g i v e n by Hansen (19S8) shows a s m a l l temperature 

range i n which t h e 15 at.,- a l l o y i s c u b i c , whereas t h a t o f 

i - o l l o c k and King (1968) suggests t h a t i t i s always t e t r a g o n a l . 

The work d e s c r i b e d here f a v o u r s the second form. 

4 . 5 . 2 O r i e n t a t i o n 

o r i e n t a t i o n o f a cubic c r y s t a l by the Laue back-

r e f l e c t i o n method p r e s e n t s l i t t l e d i f f i c u l t y , but the procedure 

i s more c o m p l i c a t e d f o r t e t r a g o n a l m a t e r i a l s . The o r i e n t a t i o n 

i s a l l mt complete once t h e [100j d i r e c t i o n has been d i s t i n g u i s h e d 

from the PHo] , s i n c e a Laue photograph w i t u the X-ray beam 



Laue b a c k - r e f l e c t i o n photograph 
o f In-15 at„% T l a l l o y . X~ray 
beam i s d i r e c t e d a long '+-fold a x i s . 
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p e r p e n d i c u l a r to e i t h e r o f t h e s e p l a n e s w i l l r e s u l t i n a s p o t 

p a t t e r n o f mm symmetry. Now t h e p l a n e d e f i n e d by [001] and [110] 

c o n t a i n s [ i l l ] , an a x i s o f p s e u d o - 3 - f o l d symmetry, w h i l e t h a t 

d e f i n e d by [001] and [lob] c o n t a i n s [011] , o f m symmetry. 

Hence the a m b i g u i t y i s removed once t h e pseudo-3""f°ld and m 

symmetry d i r e c t i o n s , t o g e t h e r w i t h t h e 4 - f o l d a x i s , have been 

found. F i g u r e 4.7a i l l u s t r a t e s t h i s p o i n t . A knowledge of t h e 

a n g l e between the [oil] d i r e c t i o n and t h e z - a x i s l e a d s to a 

d e t e r m i n a t i o n o f t h e a x i a l r a t i o f o r the s t r u c t u r e ( F i g u r e 4 .7b) . 

The t e t r a g o n a l a l l o y s s t u d i e d had c / a v e r y n e a r to 1, and a 

c a l c u l a t i o n was made, u s i n g t h e method of Appendix I , o f t h e 

a n g l e s between the p s e u d o - 3 - f o l d and t h e supposed x- and z - a x e s 

to check the a s s i g n m e n t o f t h e s e l a s t two. 

4.3 .3 L a t t i c e p a r a m e t e r and d e n s i t y d e t e r m i n a t i o n 

D e b y e - S c h e r r e r powder photographs were p r o d u c e d f o r 

t h e 11.51 15 and 27 a t . % T l a l l o y s , and were i n d e x e d u s i n g a 

Bunn c h a r t . The r e s u l t i n g p hotographs a r e shown i n f i g u r e s 4. 

8 - 10, t o g e t h e r w i t h t h e i n d e x i n g . V a l u e s f o r t h e c / a r a t i o 

were d e t e r m i n e d a p p r o x i m a t e l y from t h e Bunn c h a r t ; a N e l s o n -

R i l e y e x t r a p o l a t i o n p r o d u c e d v a l u e s f o r ' c ' and ' a ' . The 

measured v a l u e s a r e g i v e n i n T a b l e 4.1 and a r e compared w i t h 

o t h e r l a t t i c e p a r a m e t e r measurements i n f i g u r e 4 .11. The 

agreement i s q u i t e a c c e p t a b l e . 

D e n s i t i e s were measured by Archimedes' method 

i n v o l v i n g f l o t a t i o n i n b o t h d i s t i l l e d w a t e r and a l c o h o l . The 

r e s u l t s a r e shown i n f i g u r e 4 . 1 2 , t o g e t h e r w i t h remeasurements 

o f t h e d e n s i t y o f some o f t h e a l l o y s p r e p a r e d by N. G. P a c e . 
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knowledge of symmetry d i r e c t i o n s 
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TABLE 4 . 1 

Measured l a t t i c e parameters o f i n d i u m - t h a l l i u m a l l o y s 

at.% T l a (X) c (8) c/ a 0^ tan 9 = o/a 

1 1 = 5 4 „ 6?+o.02 4 . 9 2 + 0 . 0 2 1 . 0 5 47°+i° 1 „ 0 7 2 + 0 . 0 1 8 

1 5 4 „ 7 2 + 0 . 0 5 4 . 9 1 + 0 . 0 2 1 .04 1 . O 3 6 + O . O 1 8 

-> o 4 . 7 5 7 + . 0 . 0 1 r.o 

4+ 9 i s d e f i n e d i n f i g u r e 4 . 7 (b) 

Tho r e s u l t s are compared w i t h those o f Guttman ( 1 9 5 0 ) 

and o f Matsuo and Kogachi ( 1 9 7 1 ) i n f i g u r e 4 0 1 1 „ 
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Figure *+ „11 L a t t i c e parameters of indium-thallium a l l o y s . 
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Unl.y a s l i g h t d e v i a t i o n from Vegard's law i s seen. 

il£e4i5£iit:'-0iL_£^ u l t r a s o n i c samples 

k .'(o 1 G u t t i n g the o r i e n t e d c r y s t a l s 

Two d i f f e r e n t l y o r i e n t e d samples were needed f o r 

measurement o f the t h r e e independent e l a s t i c c o n s t a n t s o f 

the cubic m o d i f i c a t i o n o f i n d i u m - t h a l l i u m c r y s t a l s , and f o u r 

samples needed t o o b t a i n the s i x independent c o n s t a n t s i n t h e 

t e t r a g o n a l form. Once a p a r t i c u l a r o r i e n t a t i o n had been s e t 

up on the goniometer u s i n g b a c k - r e f l e c t i o n methods, the c r y s t a l 

and goniometer were t r a n s f e r r e d to the c u t t i n g p l a t f o r m o f a 

'Servomet' spark e r o s i o n machine. A copper p l a t e o f about % ,nrn 

t h i c k n e s s s e r v e d as the c u t t i n g t o o l , and was p o s i t i o n e d so as 

to cut the c r y s t a l i n the c o r r e c t d i r e c t i o n . S p a r k i n g took 

place under p a r a f f i n . The Servomet had p r o v i s i o n f o r l i m i t i n g 

the maximum c u r r e n t passed d u r i n g c u t t i n g : f o r i n d i u m - t h a l l i u i . : 

a l l o y s the optimum s e t t i n g was 0 . 2 amp (range 6 on the machine) 

A l a r g e r c u r r e n t r e s u l t e d i n excessive p i t t i n g o f the s u r f a c e 

Samples were produced from each boule so as t o g i v e as lar;-e a 

s u r f a c e area as p o s s i b l e c o n s i s t e n t w i t h a reasonable t h i c k n e s s 

The t h i c k n e s s was u s u a l l y about 3 to mm. a 1 1 samples were a t 

l e a s t 8 mm a c r o s s , and most about 10 mm, so t h a t 5 »"r' diameter 

quartz, t r a n s d u c e r s c o u l d be used. 

fhe o r i e n t a t i o n o f the cut face was checked usint, 

the apparatus shown i n f i g u r e U.1 3, which was c o n s t r u c t e d t o f i t 

on to an X-ray g e n e r a t o r : a f t e r a s h o r t etch t o remove the 

d e p o s i t o f carbon from the s u r f a c e o f the sample i t was 
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0 

9 

F i g u r e ' + 0 1 3 An apparatus f o r checking the o r i e n t a t i o n 
of planed faces o f u l t r a s o n i c samples. 
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a t t a c h e d w i t h glue onto the c e n t r a l f l a t p l a t e w i t h the cut 

s u r f a c e i n c o n t a c t w i t h the p l a t e . When the t h r e e moveable 

s e c t i o n s wore a d j u s t e d t o be coplanar the design o f the 

apparatus ensured t h a t the X-ray beam was i n c i d e n t n o r m a l l y 

onto the cut f a c e . uny s l i g h t m isalignment c o u l d be e s t i m a t e d 

by the movement o f t h e a p p r o p r i a t e s e c t i o n o f the apparatus 

which was needed t o o b t a i n t h e c o r r e c t b a c k - r e f l e c t i o n spot 

p a t t e r n ; such :nisalignment c o u l d be remedied i n t h e p l a n i n g 

p rocess. 

h.k.Z P l a n i n g 

For good u l t r a s o n i c work u s i n g the pulse-echo method, 

samples must have f l a t and p a r a l l e l f a c e s . I n d i u m - t h a l l i u m 

a l l o y s are very s o f t , and c o n v e n t i o n a l p o l i s h i n g t e c h n i q u e s 

are not s u i t a b l e , so t h e method o f spark p l a n i n g was used t o 

prepare the s u r f a c e s . 

A brass d i s c about one i n c h t h i c k and e i g h t inches 

i n diameter was s u p p o r t e d i n r o l l e r b e a r i n g s and a t t a c h e d t o 

th e oervomet so t h a t i t c o u l d r o t a t e i n a h o r i z o n t a l plane 

above t h e c u t t i n g t a b l e . The lower s u r f a c e o f the d i s c was 

t u r n e d i n a l a t h e t o make i t r e a s o n a b l y f l a t ; t h e r e were s i x 

r a d i a l grooves m i l l e d i n t o t h i s face t o a s s i s t c i r c u l a t i o n o f 

the p a r a f f i n , and to remove s w a r f . Before p l a n i n g the sample, 

the d i s c v/as used t o plane a s m a l l c i r c u l a r t a b l e which was 

f i x e d t o the main p l a t f o r m . T h i s process had the d u a l e f f e c t 

of r e d u c i n g the s u r f a c e i r r e g u l a r i t i e s i n the d i s r and t a b l e 

which r e s u l t e d from machining, and o f p r o d u c i n g two s u r f a c e s 

which were themselves p a r a l l e l t o a very s m a l l t o l e r a n c e 
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(about 10 r a t i . ) , The d i s c c o u l d be r a i s e d by a servomotor 

to a l l o w a cut and cleaned a l l o y c r y s t a l to be a t t a c h e d t o the 

t a b l e by g l u e . (Care was taken t o p r e v e n t glue from g e t t i n g 

beneath the sample and thus d e s t r o y i n g the e l e c t r i c a l c o n t a c t 

and sample p a r a l l e l i s m . ) The f i r s t face was p l a n e d , and the 

c r y s t a l was t u r n e d over and the o t h e r face p l a n e d . I n t h i s 

way two p a r a l l e l s u r f a c e s were formed: checks w i t h a d i a l gauge 

showed t h a t t h e p a r a l l e l i s m o b t a i n e d was b e t t e r t h a n 3 * 1 0 r a d . 

I f the s m a l l e s t c u r r e n t range was used t o complete the p l a n i n g 

process the s u r f a c e i r r e g u l a r i t y was about 2 - 3 m i c r o n . 

( M a n u f a c t u r e r ' s f i g u r e ) . I n a s s e s s i n g the q u a l i t y o f the 

s u r f a c e s and the p a r a l l e l i s m r e q u i r e d , the a t t e n u a t i o n o f 

sound i n these m a t e r i a l s a t the f r e q u e n c i e s used had t o be 

c o n s i d e r e d . The a l l o y s had a r e l a t i v e l y l a r g e a t t e n u a t i o n , and 

the sample p r e p a r a t i o n methods d e s c r i b e d were adequate f o r t h e 

measurements performed. Where n o t , c o r r e c t i o n f a c t o r s t o a l l o w 

f o r the apparent i n c r e a s e i n a t t e n u a t i o n due t o n o n - p a r a l l e l i s m 

c o u l d be a p p l i e d . ( T r u e l l , Elbaum and Chick, 1 9 6 9 ) -

The methods o f t h i s and the p r e c e e d i n g s e c t i o n 

r e s u l t e d i n samples whose o r i e n t a t i o n s were w i t h i n \ degree o f 

t h a t d e s i r e d , and which were p a r a l l e l t o l e s s than 3 x 1 0 r a d i a n . 

h.5 U l t r a s o n i c measuring t e c h n i q u e s 

The p r o p a g a t i o n c o n s t a n t f o r any t r a v e l l i n g wave i n 

a gi v e n medium i s a complex q u a n t i t y . The r e a l p a r t g i v e s the 

v e l o c i t y o f p r o p a g a t i o n i n t h e medium, w h i l e the i m a g i n a r y p a r t 

g i v e s the a t t e n u a t i o n : an u l t r a s o n i c system can be used t o 

determine both p a r t s f o r p r o p a g a t i o n o f a s t r e s s wave i n a s o l i d . 
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^ o 5 = '1 ° '1 Pulse-echo method 

I f v i b r a t i o n s a r e induced at the s u r f a c e o f a 

m a t e r i a l , then a s t r e s s wave w i l l propagate i n t o the b u l k o f 

the s o l i d , and w i l l s u f f e r r e f l e c t i o n s and phase changes at 

d i s c o n t i n u i t i e s i n the medium, wherever they o c c u r , and 

p a r t i c u l a r l y a t boundaries w i t h a i r . I f both t h e geometry o f 

the sample and the method o f i n t r o d u c t i o n o f t h e wave are c a r e ­

f u l l y c o n t r o l l e d , then i t i s p o s s i b l e t o o b t a i n i n f o r m a t i o n 

about the way i n which t h e m a t e r i a l and the wave i n t e r a c t . I n 

the pulse-echo method a sample i s used which has f l a t and 

p a r a l l e l f a c e s ; the wave i s i n t r o d u c e d by means o f a s h o r t 

pulse of r a d i o - f r e q u e n c y ( r f ) o s c i l l a t i o n s a p p l i e d t o a p i e z o ­

e l e c t r i c t r a n s d u c e r bonded a c o u s t i c a l l y t o one o f the two 

p a r a l l e l s u r f a c e s ( f i g u r e k,~]k) . The r e s u l t i n g sound pulse 

t r a v e l s back and f o r t h between the p a r a l l e l faces and becomes 

s m a l l e r i n a m p l i t u d e as i t does so. A s u i t a b l e t r a n s m i t -

r e c e i v e {TA) device and an a m p l i f i e r can then be used t o d i s p l a y 

on an o s c i l l o s c o p e the 'echoes' o f t h e o r i g i n a l p u l s e a f t e r 

t h e i r c o n v e r s i o n i n t o an e l e c t r i c a l s i g n a l by t h e d i r e c t p i e z o ­

e l e c t r i c e f f e c t i n the t r a n s d u c e r . R e p e t i t i o n o f the p u l s e o f 

r f a t s u i t a b l e i n t e r v a l s can r e s u l t i n a c o n t i n u o u s o s c i l l o s c o p e 

d i s p l a y . The time i n t e r v a l between successive echoes i s th e n 

a measure o f the (group) v e l o c i t y o f p r o p a g a t i o n once the sample 

t h i c k n e s s i s known, and t h e cime r a t e o f decay o f the pulse 

a m p l i t u d e leads to the a t t e n u a t i o n o f t h e sound by tne s o l i d . 

^.5»1<«2 I n s t r u m e n t a t i o n 

A schematic diagram o f the e x p e r i m e n t a l arrangement 



F i g u r e 4.14(a) U l t r a s o n i c sample and transducer 
showing ( s c h e m a t i c a l l y ) the path 
of the sound pu l s e . 
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Figure 4.14(b) The dimensions and electrode c o n f i g u r a t i o n 
of the transducers used i n t h i n work. A 
shear transducer i s shown; «. l o n g i t u d i n a l 
one needs no f l a t to i n d i o a t * particle 
displacement d i r e c t i o n ( aurt xa c i r c u l a r . 
The shading represents gold p l a t i n g . 
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i s shown i n f i g u r e ^ , 1 5 * A pulse o f r f o f about 1 microsecond 

d u r a t i o n was f e d t o the t r a n s d u c e r on the sample every m i l l i ­

second. The r e s u l t i n g s e t o f echoes went t o an o s c i l l o s c o p e 

t h r o u g h a m ixer, where an a d j u s t a b l e e x p o n e n t i a l curve was 

added t o enable a t t e n u a t i o n measurements to be made. Equipment 

manufactured by Hatec I n c . was used as the b a s i s o f t h e 

i n s t r u m e n t a t i o n . The Matec model 9000 i n c l u d e d t h e r f p u l s e 

g e n e r a t o r , a m p l i f i e r , TR j u n c t i o n and c a l i b r a t e d a t t e n u a t i o n 

comparator. Frequencies i n the range 10 t o J00 MKz were 

a v a i l a b l e , a l t h o u g h the h i g h a t t e n u a t i o n i n i n d i u m - t h a l l i u m 

a l l o y s e f f e c t i v e l y l i m i t e d o p e r a t i o n t o 100 MHz. A second 

system was a l s o used, c o n s i s t i n g o f t h e model 6 6 0 0 p u l s e g e n e ­

r a t o r and a m p l i f i e r as one u n i t , and t h e model 1204A a t t e n u a t i o n 

comparator and master s y n c h r o n i s e r as a n o t h e r . The second 

system had t h e advantage o f p r o d u c i n g s i g n a l s a t a h i g h e r power 

and a g r e a t e r f a c i l i t y f o r p u l s e w i d t h c o n t r o l — b o t h o f which 

were used t o good e f f e c t i n h i g h l y a t t e n u a t i n g samples. The 

a t t e n u a t i o n comparator had a c a l i b r a t e d range o f a t t e n u a t i o n 

up t o k.Z dB/^usec i n f i v e s w i t c h e d s t e p s . The e x p o n e n t i a l 

curve was produced by t h e d i s c h a r g e o f a c a p a c i t o r t h r o u g h a 

v a r i a b l e r e s i s t o r . I n o r d e r t o be able t o measure a t t e n u a t i o n 

v a l u e s g r e a t e r than h.2 dB/^asec, o f t e n encountered, the range 

was extended by t h e a d d i t i o n o f an e x t r a c a p a c i t o r and a s i x t h 

s v / itch p o s i t i o n . A c a l i b r a t i o n curve was produced f o r t h i s 

e x t r a range. 
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Figure ^ . 1 5 Block diagram of the instrumentation 
for the u l t r a s o n i c pulsa-ecno system. 
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; + . 5 . 2 The pulse s u p e r p o s i t i o n method 

^ . 5 . 2 . 1 I n t r o d u c t i o n 

The pulse s u p e r p o s i t i o n method was developed from 

the pulse-echo by McSkimin ( 1 9 6 1 ) , and i s a system which can 

d e t e c t very s m a l l changes i n sound v e l o c i t y . Changes i n 

t r a n s i t time as s m a l l as 2 p a r t s i n 1 0 ^ can be observed. The 

p r i n c i p l e behind t h e method i s t h a t the frequency o f the i n t r o ­

d u c t i o n o f r f pulses t o the t r a n s d u c e r i s i n c r e a s e d u n t i l t h e 

time o f t r a n s m i s s i o n o f one p a r t i c u l a r p u l s e c o i n c i d e s w i t h 

the r e t u r n t o the t r a n s d u c e r o f t h e p - t h echo o f t h e p r e v i o u s 

one, where p i s a s m a l l i n t e g e r , u s u a l l y 1 , 2 or 3 * I f t h i s 

c o n d i t i o n i s f u l f i l l e d , t h e echoes w i l l add, and, s u p e r p o s i n g 

on each o t h e r , w i l l produce a maximum i n t h e r e c e i v e d s i g n a l . 

When s u p e r p o s i t i o n i s e x a c t , the p u l s e r e p e t i t i o n f requency 

(PRF) i s g i v e n by 

PRF 
-1 

X n 
p g " 3 & f + f 

i n which S i s t h e t r a n s i t t i m e j f i s t h e fre q u e n c y o f o s c i l l ­

a t i o n w i t h i n t h e p u l s e ; % i s the phase angle between t h e 

r e f l e c t e d and i n c i d e n t waves a t the sample-transducer i n t e r f a c e 

and n i s an i n t e g e r w i t h p o s i t i v e or n e g a t i v e v a l u e s g i v i n g t h e 

phase d i f f e r e n c e , i n u n i t s o f 2 f i , between the o v e r l a p p i n g 

p u l s e s . F i g u r e 6 shows the e f f e c t o f v a r y i n g n. 

The method o f d e t e r m i n i n g e x p e r i m e n t a l l y the p u l s e 

r e p e t i t i o n f requency c o r r e s p o n d i n g t o t h i s maximum c o n d i t i o n , 

t o g e t h e r w i t h e x p e r i m e n t a l d i f f i c u l t i e s and an e s t i m a t i o n o f 

the e r r o r s w i l l be d i s c u s s e d below. 
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n = o n = 

i g u r e 4 . 1 6 S u p e r p o s i t i o n o f r . f . p u l s e s . 
T h e i r phases d i f f e r by 2 n ? r w i t h 
r e s p e c t t o t h e s t a r t o f t h e f i r s t 
p u l s e . 
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4 . 5 . 2 . 2 E x p e r i m e n t a l arrangement 

The p u l s e s u p e r p o s i t i o n method r e l i e s f o r i t s 

p r e c i s i o n on the s t a b i l i t y o f t h e frequency source used t o 

t r i g g e r the r f pulse g e n e r a t o r . A c r y s t a l c o n t r o l l e d f r e q u e n c y 

s y n t h e s i s e r was employed: i t had a s h o r t - t e r m s t a b i l i t y o f 1 

9 7 i n 1 0 and l o n g term o f 1 i n 1 0 , w i t h a s i n e wave o u t p u t o f 

maximum peak-to-peak a m p l i t u d e 8 v o l t . Frequencies from 0 . 1 Hz 

t o 2 MHz were a v a i l a b l e i n st e p s o f 0 . 1 Hz. A b l o c k diagram 

o f the complete system i s shown i n f i g u r e 4 . 1 7 . The p a r t i c u l a r 

s e t-up used was c o n s t r u c t e d by R. I . Cottam (Cottam 1 9 7 3 ) * 

J . H. F a r l e y ( F a r l e y 1 9 7 3 ) and C. A. M a y n e l l ( M a y n e l l 1 9 7 2 ) , 

who a l l g i v e f u l l e r accounts o f i t s o p e r a t i n g c h a r a c t e r i s t i c s . 

4 . 5 . 2 . 3 O p e r a t i o n 

When th e PRF, as s e t by t h e frequency s y n t h e s i s e r , 

was 1 KHz, the system as d e s c r i b e d above was e q u i v a l e n t t o 

e i t h e r o f the two Matec systems o u t l i n e d i n 4 . 5 . 1 . 2 , w i t h the 

e x c e p t i o n o f t h e a t t e n u a t i o n comparator. But much h i g h e r PRF's 

c o u l d be gen e r a t e d . A t y p i c a l t r a n s i t t i m e f o r an u l t r a s o n i c 

p u l s e t o t r a v e l once across a sample and back was 5 / U s e c . Thus, 

f o r c o i n c i d e n c e between one r f pu l s e and the f i r s t echo (p='t) 

o f the p r e c e e d i n g one, a PRF was r e q u i r e d o f 2 0 0 KHz, i n t h i s 

case. Overlap between one pu l s e and the 2 n d , 3 r d or 4 t h echoes 

o f the p r e v i o u s one ( p = 2 , 3 or 4 ) would then r e q u i r e 1 0 0 KHz, 

66.6 KHz and 5 0 KHz, r e s p e c t i v e l y . The duty c y c l e o f t h e r f 

o s c i l l a t o r used was such t h a t i t l i m i t e d o p e r a t i o n w i t h 0 . 5 

^usec pulses t o 2 5 0 KHz; a p va l u e was chosen so t h a t t h i s 

frequency was not exceeded. 
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Vhe f i r s t s t e p i n a d e t e r m i n a t i o n o f sound v e l o c i t y 

by the p u l s e s u p e r p o s i t i o n method was t o o b t a i n an approximate 

v a l u e f o r the t r a n s i t t i m e o f t h e sound pulse i n t h e sample 

u s i n j i the pulse echo method. E i t h e r a c a l i b r a t e d d e l a y or a 

d i r e c t comparison o f t h e echo t r a i n w i t h the frequency 

s y n t h e s i s e r o u t p u t was used t o determine t h a t t i m e . Hence the 

approximate PRF needed f o r s u p e r p o s i t i o n c o u l d be f o u n d , t a k i n g 

account o f the l i m i t a t i o n on the r f o s c i l l a t o r mentioned above. 

With the r f g e n e r a t o r tuned t o the r e s o n ant frequency o f t h e 

t r a n s d u c e r and the r e p e t i t i o n f r equency s e t a t t h e c a l c u l a t e d 

v a l u e , the r e c t i f i e d a m p l i f i e r o u t p u t was d i s p l a y e d on a 

T e k t r o n i x 5 8 5 A o s c i l l o s c o p e u s i n g the 'B1 timebase. A few o f 

the r f p u l s e s were i n t e n s i f i e d on the screen by the 'A' t i m e -

base, and u s i n g the 1B i n t e n s i f i e d by A1 mode o f d i s p l a y . A 

g a t i n g p u l s e , which appeared f o r the d u r a t i o n o f t h e i n t e n s ­

i f i e d , or 'A' sweep, serve d t o b i a s o f f the r f p u l s e g e n e r a t o r ; 

t h i s r e s u l t e d i n t h e r e b e i n g no p u l s e s a p p l i e d t o the t r a n s ­

ducer f o r t h a t t i m e . Consequently the u l t r a s o u n d energy i n 

the sample was able t o decay away somewhat, and a more complete 

s e t o f echoes was seen. F i g u r e 4,18 shows the appearance o f the 

d i s p l a y . The PRF c o u l d t h e n be a d j u s t e d t o o b t a i n t h e maximum 

am p l i t u d e o f these echoes, and thus to f i n d t h e s u p e r p o s i t i o n 

c o n d i t i o n . The 'A delayed by B' mode o f o p e r a t i o n on the 

o s c i l l o s c o p e eased t h i s a d j u s t m e n t . 

Once s e t up t h e r e was no need t o change from t h i s 

l a s t d i s p l a y mode d u r i n g the course o f a s e t o f ; easuremente 

i n which sound v e l o c i t y was measured as a f u n c t i o n o f temper­

a t u r e . I n p r a c t i c e t h e r e were s e v e r a l maxima i n c l o s e p r o x i m i t y . 
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T i g u r e 4 . 1 8 The appearance o f bhe o s c i l l o s c o p e 
t r a c e a t or near s u p e r p o s i t i o n o f 
echoes. 



D e t e r m i n a t i o n of c o r r e c t maximum 

Loach p u l s e t r a n s m i t t e d to the t r a n s d u c e r and sample 

c o n s i s t e d of a number of c y c l e s o f r f energy, and the r e f l e c t e d 

p u l s e s w i t h i n the sample had a s i m i l a r form. To get the 

c o r r e c t o v e r l a p the p h a s e s i n the o v e r l a p p i n g p u l s e s had to 

c o r r e s p o n d . However, i t was p o s s i b l e to o b t a i n o v e r l a p i n 

which p h a s e s d i f f e r e d by a m u l t i p l e of 2tt w i t h r e s p e c t to t h e 

s t a r t o f the p u l s e ( f i g u r e 4.16). One of t h e main s o u r c e s o f 

d i f f i c u l t y l a y i n t h e d e t e r m i n a t i o n of the c o r r e c t o v e r l a p 

c o n d i t i o n , t h a t i s , when n = 0. I n t h i s c o n n e c t i o n i t i s 

i n s t r u c t i v e to c a l c u l a t e the change i n PRF c o r r e s p o n d i n g to a 

change i n n o f 1, u s i n g t y p i c a l f i g u r e s f o r u l t r a s o u n d 

f r e q u e n c y ( f ) and t r a n s i t time ( £ ) . L e t the p e r i o d of the 

p u l s e s be T, where T = 1/PRF, and l e t a dashed symbol c o r r e s ­

pond to the v a l u e o f a q u a n t i t y v/hen n i s i n c r e a s e d by 1. I f 

p, £, f and phase a n g l e Y i n e q u a t i o n 4.1 a r e unchanged, th e n 

n' = n + 1 and T' = T + 1/f. T h i s l e a d s to an e x p r e s s i o n f o r 

the f r a c t i o n a l change i n PRF 

P R F - p R F ' _ _ f , k } 

PRF " PRF + f • v * ; 

7 5 Take f = 1.5*10 Hz and PRF = 2*10^ Hz. Then the f r a c t i o n a l 

change i n PRF i s 2/152 , or about 1.5% • C o n s e q u e n t l y , i f 

the t r a n s i t time c o u l d be measured i n i t i a l l y u s i n g t h e p u l s e -

echo method to an a c c u r a c y o f 1% , the s u p e r p o s i t i o n maximum 

which c o r r e s p o n d e d to the c o r r e c t t r a n s i t time and, i m p l i c i t l y , 

to the n = 0 c o n d i t i o n , c o u l d be i d e n t i f i e d . I n p r a c t i c e the 

one r e q u i r e d was u s u a l l y q u i t e e a s i l y d i s t i n g u i s h a b l e from the 

o t h e r s by t h i s method. 
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^.5.2.5 E r r o r s i n v e l o c i t y measurement 

E r r o r s i n the measurement of sound v e l o c i t y by the 

p u l s e s u p e r p o s i t i o n method f a l l i n t o t h r e e main c a t e g o r i e s ; 

the e r r o r due to phase changes a t the sample-bond i n t e r f a c e , 

and a f f e c t i n g the measured PRF t h r o u g h ft i n e q u a t i o n ^.2; the 

e r r o r a r i s i n g from d i f f r a c t i o n c a u s e d by beam d i v e r g e n c e and 

an e r r o r a r i s i n g from the u n c e r t a i n t y i n u l t r a s o u n d p a t h l e n g t h . 

M a y n e l l (1972) has c o n s i d e r e d t h e s e v a r i o u s s o u r c e s of e r r o r , 

and has shown t h a t f o r the type of bonding m a t e r i a l s , sample 

t h i c k n e s s e s and u l t r a s o u n d f r e q u e n c i e s used i n t h i s work the 

combined e f f e c t o f the f i r s t two l e a d s to an e r r o r o f about 

0.02/0 i n the v e l o c i t y , whereas the e f f e c t of t h e l a s t , t h a t i s , 

of p a th l e n g t h u n c e r t a i n t y , can be much g r e a t e r . We t h e r e f o r e 

c o n s i d e r t h a t e r r o r s o u r c e i n more d e t a i l . 

The u l t r a s o n i c p a t h l e n g t h depends on the t h i c k n e s s 

of the sample, which i s i t s e l f dependent on the t e m p e r a t u r e a t 

which i t i s measured. D e t e r m i n a t i o n of sample t h i c k n e s s was 

made a t room t e m p e r a t u r e u s i n g both a d i a l gauge and a m i c r o ­

meter; an a v e r a g e was t a k e n of a number of measurements of 

t h i c k n e s s made a t v a r i o u s p o s i t i o n s o v e r t h e a r e a s u b s e q u e n t l y 

c o v e r e d by the t r a n s d u c e r . A t y p i c a l r e s u l t f o r a t h i c k n e s s 

was O.3363 c m » s t a n d a r d d e v i a t i o n 0.0002 cm, or O.G6yi>. The 

s y s t e m a t i c e r r o r a r i s i n g from the c a l i b r a t i o n o f the i n s t r u m e n t s 

was l e s s t h a n t h i s when checked a g a i n s t a s e t o f gauges. At 

o t h e r t e m p e r a t u r e s the change i n d i m e n s i o n s owing to t h e r m a l 

e x p a n s i o n had to be c o n s i d e r e d . Where a c o r r e c t i o n has been 

made i t i s i n d i c a t e d on the a p p r o p r i a t e graphs, but was 

a p p r o x i m a t e l y 0.25% per 100 d e g r e e s K e l v i n from room t e m p e r a t u r e . 
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Thus the minimum e r r o r a t room t e m p e r a t u r e was about O.O&V', but 

i n o r d e r to a c h i e v e t h i s a c c u r a c y t h e r e had to be a r e a s o n a b l e 

number (^20) of w e l l - f o r m e d e c h o e s . I f t h e a t t e n u a t i o n was 

h i g h enough to reduce the number a v a i l a b l e , t h e n the i n i t i a l 

t r a n s i t time measurements c o u l d v a r y by up to about 2,;>, i n the 

worst c a s e s . Whatever the q u a l i t y of the s i g n a l t h e r e was 

a l w a y s the problem of d e t e r m i n i n g the n=0 c o n d i t i o n , as d i s ­

c u s s e d i n k.^.Z.h . T a k i n g a l l t h i s i n t o a c c o u n t an o v e r a l l 

a c c u r a c y of 0.5/-- c o u l d be put on t h e sound v e l o c i t y r e s u l t s 

o b t a i n e d . 

The p u l s e s u p e r p o s i t i o n method was used i n t h i s 

i n v e s t i g a t i o n because of i t s a b i l i t y to d e t e c t s m a l l changes i n 

v e l o c i t y , t h a t i s , i t s h i g h p r e c i s i o n . The p r e c i s i o n o b t a i n e d 

s t i l l depended on t h e q u a l i t y of the echo t r a i n , but changes of 

1 p a r t i n 10^ c o u l d u s u a l l y be d e t e c t e d , w h i l e t h o s e a s s m a l l 

as 1 or 2 p a r t s i n 10 c o u l d be s e e n under good e x p e r i m e n t a l 

c o n d i t i o n s . Thermal e x p a n s i o n had a much more pronounced 

e f f e c t when the way i n which a v e l o c i t y changed w i t h t e m p e r a t u r e 

was c o n s i d e r e d . 

^.6 U l t r a s o n i c t r a n s d u c e r s and the a c o u s t i c bond 

The most c o n v e n i e n t method of c o n v e r s i o n of r f energy 

i n t o u l t r a s o u n d a t megahertz f r e q u e n c i e s i s the use o f a p i e z o ­

e l e c t r i c m a t e r i a l . The main f a c t o r s a f f e c t i n g the s u i t a b i l i t y 

of any p a r t i c u l a r p i e z o e l e c t r i c s u b s t a n c e a r e the magnitude o f 

the e l e c t r o - m e c h a n i c a l c o u p l i n g c o u f f i c i e n t , the m e c h a n i c a l 

s t r e n g t h of the m a t e r i a l and the e a s e w i t h which i t can be 

p r e p a r e d i n a s u i t a b l e form. Q u a r t z has an e l e c t r o - m e c h a n i c a l 
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c o u p l i n g c o e f f i c i e n t o f 1.2x10 coulomb newton , which i s 

not a s l a r g e a s t h a t o f , s a y , LiNbO_, or BaTiO , but i t s 

s u p e r i o r m e c h a n i c a l s t r e n g t h makes i t the most common m a t e r i a l 

f o r t r a n s d u c e r s . Q u a r t z t r a n s d u c e r s a r e u s u a l l y e i t h e r 'X-cut* 

or ' Y - c u t ' , to propagate c o m p r e s s i o n a l or t r a n s v e r s e waves, 

r e s p e c t i v e l y . The X or Y i n d i c a t e s t h e a x i s of a q u a r t z c r y s t a l 

p e r p e n d i c u l a r to which t h e t r a n s d u c e r f a c e l i e s . The s h e a r 

t r a n s d u c e r s had a s m a l l ' f l a t ' c u t from t h e i r c i c u m f e r e n c e to 

i n d i c a t e t h e p a r t i c l e d i s p l a c e m e n t d i r e c t i o n . The t r a n s d u c e r 

d i m e n s i o n s and e l e c t r o d e c o n f i g u r a t i o n were as shown i n f i g u r e 

'f-.Ut; the d i a m e t e r was l i m i t e d by the s i z e o f t h e s p e c i m e n s . 

A t r a n s d u c e r i s t y p i f i e d by i t s r e s o n a n t f r e q u e n c y , 

which i s d e t e r m i n e d by i t s t h i c k n e s s and i t s e l a s t i c p r o p e r t i e s . 

The t r a n s d u c e r s used i n t h i s work had fundamental f r e q u e n c i e s 

of 10, 12 or 15 MHz. Odd har m o n i c s o f t h e s e f r e q u e n c i e s c o u l d 

a l s o be g e n e r a t e d . 

Very l i t t l e energy t r a n s f e r o c c u r s a t a s o l i d - a i r 

i n t e r f a c e , so an a c o u s t i c bonding m a t e r i a l i s needed to co u p l e 

the t r a n s d u c e r to t h e sa m p l e . For t h i s purpose v a r i o u s v i s c o u s 

s u b s t a n c e s a r e used, s u c h a s g r e a s e s , s i l i c o n e o i l s and r e s i n s . 

Each type o f m a t e r i a l has i t s own c h a r a c t e r i s t i c s , and f o r a 

p a r t i c u l a r sample and t e m p e r a t u r e r a n g e a p r o c e s s of t r i a l - a n d -

e r r o r i s needed to s e l e c t t h e b e s t one to u s e . F o r bonding 

t r a n s d u c e r s on to i n d i u m - t h a l l i u m a l l o y s a s t o p c o c k g r e a s e 

'Nonaq', d i s t r i b u t e d by t h e F i s c h e r S c i e n t i f i c Company, was 

found to g i v e the b e s t r e s u l t s ; i t s d i s a d v a n t a g e was t h a t i t was 

h y g r o s c o p i c . Nonaq gave a good bond i n t h e t e m p e r a t u r e range 

k to JOOK. Above 3OOK the d e c r e a s e i n i t s v i s c o s i t y c a u s e d 

d e t e r i o r a t i o n i n the q u a l i t y of the a c o u s t i c bond, and a s i l i c o n e 

o i l , o f v i s c o s i t y GOOOOcs, was used f o r s u c h t e m p e r a t u r e s . 
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zt-.7 Sample h o l d e r s and c r y o s t a t s 

^.7.1 Sample h o l d e r s 

A sample h o l d e r f o r u l t r a s o n i c work must be a b l e to 

s u p p o r t t h e specimen, and p r o v i d e an e l e c t r i c a l c o n t a c t on to 

the c e n t r e e l e c t r o d e o f the t r a n s d u c e r w h i l s t e a r t h i n g the 

o u t e r one. The sample h o l d e r s used i n t h i s work each c o n s i s t e d 

of a h o r i z o n t a l c i r c u l a r b r a s s p l a t f o r m , which c o u l d s l i d e 
o 

a l o n g t h r e e v e r t i c a l r o d s p a s s i n g through h o l e s 120 a p a r t n e a r 

t h e c i r c u m f e r e n c e , and on which was p l a c e d the sa m p l e . 

Adjustment o f a screw e n a b l e d the p l a t f o r m and sample to be 

r a i s e d u n t i l c o n t a c t was made between t h e c e n t r e e l e c t r o d e and 

a s m a l l s p r i n g - l o a d e d copper p l u n g e r . S p r i n g s and c o l l a r s 

s u p p o r t e d the p l a t f o r m so t h a t the sc r e w c o u l d be t i g h t e n e d 

u n t i l s u f f i c i e n t p r e s s u r e was a p p l i e d to keep the sample i n 

p o s i t i o n . Such an arrangement i s shown d i a g r a m m a t i c a l l y i n 

f i g u r e ^.19. 

A-.7.2 L i q u i d n i t r o g e n c r y o s t a t 

if.7.2.1 D e s i g n 

A c r y o a t a t made from s t a i n l e s s s t e e l was d e s i g n e d 

and c o n s t r u c t e d w i t h the o b j e c t o f b e i n g a b l e to c o n t r o l sample 

t e m p e r a t u r e s i n the range 77K to p r o v i s i o n was made f o r 

r e d u c i n g t h e p r e s s u r e i n the sample chamber w i t h a r o t a r y pump, 

w h i l e a d i f f u s i o n pump was used to e v a c u a t e the i n t e r s p a c e . 

The i n t e r s p a c e p r e s s u r e was i n d i c a t e d on a P i r a n i gauge. 

F i g u r e *+.20 i l l u s t r a t e s t h e sample h o l d e r and h e a t e r a s s e m b l y ; 
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The h e a t e r was wound n o n - i n d u c t i v e l y on a paxolin former, and 

three n y l o n grub screws held i t i n p o s i t i o n so t h a t the sample 

was at i t s centre. Constantan wire of such a l e n g t h as to give 

a resistance of 300JZ was used, and e l e c t r i c a l connections were 

made using two small plugs. An a u x i l i a r y heater, powered by a 

vari a b l e a.c. B u p p l y (maximum 15 v o l t ) was a v a i l a b l e when 

necessary to increase the r a t e of evaporation of the l i q u i d 

n i trogen from beneath the sample. 

4.7.2.2 Temperature c o n t r o l 

Heater current was provided by a Harwell temperature 

c o n t r o l l e r ; c o n t r o l was achieved by comparing the e.m.f. of a 

thermocouple with a pre-set reference voltage. The current 

supplied to the heater depended on a combination of the d i f f ­

erence between the thermocouple and reference e.ra.f.'s and 

the time r a t e of change and the i n t e g r a l of the measured e.m.f. 

I n t h i s way overshoot of temperature could be avoided, and i t 

was possible to maintain a temperature steady to _+ 0.01K f o r a 

period of an hour or more. Various i n t e r n a l adjustments were 

made to the i n t e g r a t o r and d i f f e r e n t i a t o r c i r c u i t s i n the 

c o n t r o l l e r to compensate f o r the thermal i n e r t i a of the cryostat 

and thus to prevent overshoot. 

4.7.2.5 Operation 

Three copper-constantan thermocouples were attached 

to the sample so tha t the presence of temperature gradients 

could be detected. A c a l i b r a t i o n curve was produced f o r each 

one (see 4.8.2). I t was found that the 300/i heater w i t h a max-
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imuin heat output of 15W was not able to maintain a temperature 

dif f e r e n c e between the sample and the outer s h e l l of more than 

15°K. I n order to achieve a rate of cooling of about 50 degree 

per hour, together w i t h c o n t r o l possible at a l l temperatures 

the pressure i n the interspace had to be c a r e f u l l y c o n t r o l l e d 

w i t h a needle valve. 

Measurements could be made over the temperature range 

300K to 90K by immersion of the outer s h e l l i n l i q u i d n itrogen. 

For temperatures lower than 90K i t was necessary to add l i q u i d 

nitrogen to the sample chamber, and to lower the pressure 

w i t h i n i t to obtain a f u r t h e r reduction to 55K. Control of 

temperature using the heater was not possible below 77K. 

^.7.3 Gl a s s c r y o s t a t and pumping system 

A glass dewar system was used f o r measurements to 

k.2K and below. The sample holder was s i m i l a r i n design to 

that i n f i g u r e ̂ .20, except t h a t no heater was used, and the 

supporting tubes were t h i n - w a l l s t a i n l e s s s t e e l to reduce heat 

leaks. 

Two dewars were used; one f i t t e d i n s i de the other. 

The sample holder and specimen could be lowered i n t o the inner 

one, and a sidetap on the inner one enabled a r o t a r y pump to 

produce an interspace pressure of about 0.05 t o r r . The outer 

dewar was open to the atmosphere whereas the inner one was 

connected to a brass head by means of a vacuum t i g h t rubber 

sleeve, and thus the pressure w i t h i n the sample chamber could 

be reduced. The pumping system i s i l l u s t r a t e d i n f i g u r e ^.21. 

Mercury and o i l manometers measured the pressure i n the sample 
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chamber: when temperatures below 4.2K were produced by a 

reduction o f p r e s s u r e above the l i q u i d helium,the temperature 

was found from a measurement of the vapour pressure. 

4.8 Temperature measurement 

4.8.1 Thermocouples 

Copper-constantan thermocouples were used throughout, 

w i t h j u n c t i o n s formed by e l e c t r i c a l l y spot-welding the two 

wires (40 SWG) together. For the n i t r o g e n cryostat w i t h the 

temperature c o n t r o l l e r a reference j u n c t i o n at a higher 

temperature than the sample was needed, and an ice/water mixture 

was used. I n the helium system a l i q u i d n i t r o g e n reference 

s u f f i c e d . 

4.3.2 C a l i b r a t i o n 

Four c a l i b r a t i o n points were found f o r each thermo­

couple and a cubic equation of the form 

V = AT^ + BT 2 + CT + D (4.3) 

was f i t t e d , as suggested by White (1959). A l e a s t mean squares 

quadratic f i t to the four points was also t r i e d , and the 

r e s u l t s compared w i t h the form of the curve obtained from the 

B r i t i s h Standards Thermocouple Tables (Copper-Constantan). I t 

was found that i n the cubic f i t the c o e f f i c i e n t of T^ was small, 

so that e i t h e r a cubic or a quadratic f i t v/ould have been 

acceptable. No standardised temperature measuring device was 

a v a i l a b l e to check the accuracy of c a l i b r a t i o n , although White 

gives the accuracy f o r a cubic f i t as 0.1K between 73K and 273K. 
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The c a l i b r a t i o n p o i n t s were: 

1) k.2K ( l i q u i d helium) 

2) 77.3K ( l i q u i d nitrogen) 

3) 196k (dry ice and acetone mixture 

k) 273.2K ( i c e and water mixture) 

5) ^300K (water whose temperature was 
measured w i t h an accurate 
mercury-in-glass thermometer). 

Points (2) to (5) were used f o r thermocouples on the n i t r o g e n 

cryostat sample holder, and points ( 1 ) , ( 2 ) , C O and (5) w i t h 

those f o r l i q u i d helium use. I n a d d i t i o n the voltage developed 

when both junctions were at the same temperature was measured 

and gave the c o e f f i c i e n t D i n equation ^.J>. I n a l l cases t h i s 

e.m.f. was small ( < 5/«.V). 

^.8.3 Thermocouple leads and connections 

I f a thermocouple lead i s not continuous to the 

potentiometer then there i s always the p o s s i b i l i t y t h a t an 

a d d i t i o n a l e.m.f. w i l l be produced at the j u n c t i o n w i t h another 

w i r e . Wherever possible the copper leads were taken d i r e c t l y 

to the measuring potentiometer t e r m i n a l s , and were always 

sheathed by PVC tubing to reduce the r i s k of t h e i r breaking. 

When a connection had to be made i t took place outside the 

cryostat where the temperature gradients were sm a l l , and was 

done by p u t t i n g both wires together under a screw t e r m i n a l w i t h 

no attempt at s o l d e r i n g . No i l l e f f e c t s were found using t h i s 

method of connection on the nitrogen c r y o s t a t ; the leads l e f t 

the sample holder through a neoprene vacuum s e a l . 
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^.9 High temperature measurements 

For measurements on indium-thallium a l l o y s i n the 

temperature range 3OOK to the melting point (*^+25K) the sample 

holder and specimen were immersed i n a bath of o i l . A 1 ,5 

main heater and a 60 W t h e r m o s t a t i c a l l y c o n t r o l l e d subsidiary 

one acted as heat sources. Fluctuations of temperature 

throughout the bath were reduced by a motor driven s t i r r e r . 

Temperature measurement was by mercury-in-glass thermometers: 

up to 1tf5°C a conventional -30°C to +200°C type s u f f i c e d , but 

from 1£+5°C to j u s t below the melting point of the a l l o y s a 

Beckmann type of thermometer was used. The l a t t e r incorporated 

an adjustable electrode i n the c a p i l l a r y above the mercury 

column; when the lower end of t h i s electrode made contact 

w i t h the mercury meniscus an e l e c t r i c a l c i r c u i t was completed 

and a re l a y switched o f f the 60 W heater. Temperature c o n t r o l 

to +_ C could be achieved i n t h i s way. 

^.10 Measurement of thermal expansion 

^.10.1 The s t r a i n gauge method 

The thermal expansion of a cubic m a t e r i a l i s i s o ­

t r o p i c , while f o r t e t r a g o n a l c r y s t a l s the thermal expansion 

tensor has two components, and which r e l a t e the s t r a i n 

along the x (or y) and z axes, r e s p e c t i v e l y , to the temperature 

change producing that s t r a i n . Thus a s i n g l e measurement i s 

needed fo r c r y s t a l s of cubic symmetry, whereas the expansion 

i n two p a r t i c u l a r d i r e c t i o n s i s required i n the cane of 
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t e t r a g o n a l c r y s t a l s . A d.c. s t r a i n gauge method was used to 

measure the thermal expansion c o e f f i c i e n t s of indium-thallium 

a l l o y s . The gauges were i n the form of t h i n f o i l mounted on 

a t h i n p l a s t i c base. Two sizes were a v a i l a b l e : 2 by 1 mm and 

2 by 3 mm, and the nominal gauge resistance of each was 120/1. 

The gauges were attached to the a l l o y c r y s t a l s by means of an 

epoxy r e s i n adhesive. Pressure was needed while the glue was 

s e t t i n g i n order to ob t a i n a uniformly t h i n f i l m of adhesive 

beneath the gauge; f a i l u r e to do so r e s u l t e d i n the glue 

cracking when cooled. On the t e t r a g o n a l samples the gauges 

were o r i e n t e d along the y and z d i r e c t i o n s of a (100) cut 

sample. The p r i n c i p l e behind the s t r a i n gauge method i s t h a t 

a change i n length of the gauge a l t e r s i t s e l e c t r i c a l 

r e s i s t a n c e , and such change i s r e l a t e d to the change i n length 

by the gauge f a c t o r . Thus a measurement of gauge resistance 

as a f u n c t i o n of temperature enables the c o e f f i c i e n t of 

thermal expansion appropriate to the o r i e n t a t i o n of the s t r a i n 

gauge to be found. 

4 .10 .2 Bridge c i r c u i t 

A resistance bridge was used to determine the change 

i n gauge res i s t a n c e , and the c i r c u i t was a modified form of 

t h a t described by Chatterjee ( 1 9 7 2 ) . I n essence i t was a 

Wheatstone bridge w i t h equal resistances i n the r a t i o arms, 

and s t r a i n gauges i n the other two. One gauge, attached to a 

piece of s i l i c a glass, served as a reference, while the other 

was attached to the sample, ( i n p r a c t i c e , the two gauges were 

close together on the sample holder to keep them at the same 
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temperature.) Connected i n p a r a l l e l w i t h the two gauges were 

two v a r i a b l e r e s i s t o r s of much l a r g e r value, and any small 

change i n the resistance of a gauge caused by a s t r a i n l e d to 

an out of balance current i n the bridge; balance was restored 

by adjustment of one of the p a r a l l e l r e s i s t o r s . The c i r c u i t 

i s shown i n f i g u r e 4.22. Potentiometers P1 and P2 were ten-

t u r n h e l i p o t s each of t o t a l resistance 100KJ2. The p o t e n t i a l 

d i v i d e r D could be adjusted to compensate f o r any i n i t i a l out-

of-balance due to any s l i g h t d i f f e r e n c e i n the gauge 

resistances. P o t e n t i a l d i v i d e r T allowed f o r compensation to 

be made f o r the e f f e c t s of thermal e.m.f. developing i n the 

connections to the gauges; across T was connected a thermocouple 

w i t h i t s j u n c t i o n s i n water and l i q u i d n i t r o g e n . I n t h i s way 

a v a r i a b l e e.m.f. of up to about 6mV was a v a i l a b l e to back o f f 

the thermal voltage i n the gauge leads. S1 and S2 were 2-pole 

6~way switches ganged together to s e l e c t d i f f e r e n t modes of 

operation, i n c l u d i n g r e v e r s a l of the bridge c u r r e n t . 

The potentiometer P1 and p o t e n t i a l d i v i d e r s T and D 

were duplicated on a separate mounting so that a second gauge 

on the sample could be used, a l l o w i n g measurement of thermal 

expansion i n two d i f f e r e n t c r y s t a l l o g r a p h i c d i r e c t i o n s almost 

simultaneously. The second u n i t could plug i n to the main 

one when re q u i r e d , and a 6-pole 2-way switch t r a n s f e r r e d the 

necessary connections. ( I t i s not included i n f i g u r e 4.22.) 

The functions of the s i x p o s i t i o n s of S1/S2 were as f o l l o w s . 

P o s i t i o n Function 

1 Galvonometer shorted; no current 
applied to bridge. 
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P o s i t i o n f u n c t i o n 

2 Galvonometer i n c i r c u i t ; no c u r r e n t 
a p p l i e d ; any d e f l e c t i o n due to t h e r m a l 
e. m. f . 

3 No c u r r e n t a p p l i e d ; t h e r m a l e.m.f. 
b a c k - o f f p o t e n t i o m e t e r i n c i r c u i t . 

As 3 but c u r r e n t s u p p l i e d from a 
2 v o l t a c c u m u l a t o r . 

5 Galvonometer open c i r c u i t . 

6 As k but c u r r e n t t h r o u g h b r i d g e 
r e v e r s e d . 

^.10.3 Sample h o l d e r 

The sample h o l d e r was o f s i m p l e c o n s t r u c t i o n , and 

c o n s i s t e d o f a s q u a r e copper p l a t f o r m o f s i d e one i n c h w i t h a 

s m a l l t e r m i n a l b l o c k a l o n g one edge. I t was a t t a c h e d to a 3/16" 

d i a m e t e r copper r o d a t one c o r n e r , which i n t u r n l e d to a 

wooden p o s t . The p l a t f o r m was h o r i z o n t a l and t h e r o d and p o s t 

were v e r t i c a l , and t h e whole a s s e m b l y c o u l d be l o w e r e d i n t o t h e 

s t a i n l e s s s t e e l c r y o s t a t . To p r e v e n t u n n e c e s s a r y s t r a i n s the 

sample and s i l i c a r e f e r e n c e r e s t e d on the p l a t f o r m and were 

o n l y h e l d i n p o s i t i o n by the l e a d s o f the s t r a i n gauges. Temp­

e r a t u r e measurement was by c o p p e r - c o n s t a n t a n t h e r m o c o u p l e . 

k.lO.k O p e r a t i o n 

I n i t i a l b a l a n c i n g o f t h e b r i d g e was perf o r m e d w i t h 

sample and r e f e r e n c e a t room t e m p e r a t u r e , and w i t h P1 and P2 

s e t a t the same v a l u e , u s u a l l y 90KJ2. D was then a d j u s t e d t o 

g i v e a b a l a n c e , and t h e r e a f t e r no change was made t o i t s 

s e t t i n g . At any o t h e r t e m p e r a t u r e t h e p r o c e d u r e was a s g i v e n 

below. 
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i ) S w i t c h p o s i t i o n 2 O b s e r v e any t h e r m a l e.m.f. 

i i ) " 3 A d j u s t T u n t i l g a l vonometer 
d e f l e c t i o n i s z e r o , and t h u s 
back o f f t h e r m a l e.m.f. 

i i i ) " 4 A d j u s t P1 or P2 to o b t a i n b a l a n c e . 
The galvonometer z e r o c o u l d be 
che c k e d u s i n g s w i t c h p o s i t i o n 5» 

i v ) " 6 R e v e r s e c u r r e n t and c h e c k t h a t 

d e f l e c t i o n i s t h e same a s i n ( i i i ) 

I f the d e f l e c t i o n s i n ( i i i ) and ( i v ) were a p p r e c i a b l y d i f f ­

e r e n t i t was u s u a l l y owing to an u n b a l a n c e d t h e r m a l e.m.f. and 

s t e p ( i i ) was r e p e a t e d . 

The gauge f a c t o r i s d e f i n e d a s the r a t i o o f t h e 

s t r a i n t o t h e r e s u l t i n g f r a c t i o n a l change i n r e s i s t a n c e o f t h e 

gauge: K _ A l / 1 
A r / r 

I f AR i s t h e change r e q u i r e d i n t h e a p p r o p r i a t e p a r a l l e l r e s i s ­

t o r to r e s t o r e t h e b a l a n c e , then s o l u t i o n o f t h e b r i d g e 

e q u a t i o n g i v e s 

^ r rAR 
r " R(R + AR) - rAR 

where R i s the i n i t i a l v a l u e o f t h e p a r a l l e l r e s i s t a n c e . 

S i n c e R(R+A.R) » rAR, t h e s t r a i n i s g i v e n by 

£ 1 r AR 
€ = 1 = K R(R + AR) (4.4) 

Thus a graph of s t r a i n a g a i n s t t e m p e r a t u r e c o u l d be 

c o n s t r u c t e d , and the c o e f f i c i e n t o f t h e r m a l e x p a n s i o n a t some 

t e m p e r a t u r e was g i v e n by the g r a d i e n t o f the 6 t r a i n c u r v e a t 

t h a t t e m p e r a t u r e , f o r 

* = ST ' 
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I n t r o d u c t i o n 

The r e s u l t s o f e x p e r i m e n t a l measurements on indium-

t h a l l i u m a l l o y s a r e p r e s e n t e d i n t h r e e s e c t i o n s . F i r s t l y , 

t he t h e r m a l e x p a n s i o n b e h a v i o u r i s d e s c r i b e d ; s e c o n d l y , t h e 

sound v e l o c i t y and e l a s t i c i t y measurements and t h i r d l y t h e 

r e s u l t s o f a t t e n u a t i o n s t u d i e s f o r the v a r i o u s a l l o y 

c o m p o s i t i o n s c o n s i d e r e d . A d i s c u s s i o n o f the s o u r c e s o f e r r o r 

i n the measurement o f a t t e n u a t i o n i s i n c l u d e d i n t h e t h i r d 

s e c t i o n . 

5.1 Measurements o f t h e r m a l e x p a n s i o n i n l n - T l a l l o y s 

Measurements o f t h e r m a l e x p a n s i o n were made i n both 

c u b i c and t e t r a g o n a l a l l o y s u s i n g a s t r a i n gauge t e c h n i q u e , a s 

d e s c r i b e d i n s e c t i o n A-.10 . F o r t h e t e t r a g o n a l c o m p o s i t i o n s 

11.5 and 15 a t . % T l the s t r a i n was measured i n t h e [100] and 

[001| d i r e c t i o n s o v e r the t e m p e r a t u r e range 150 to ^25K, and 

the r e s u l t s a r e shown i n f i g u r e s 5-1 and 5̂ 2 . A s m a l l amount 

o f h y s t e r e s i s was o b s e r v e d a t t e m p e r a t u r e s near t h e m e l t i n g 

p o i n t : t h e r e s u l t s shown f o r t e m p e r a t u r e s above JOOK were 

o b t a i n e d d u r i n g h e a t i n g . I n t h e c u b i c a l l o y measured (25 a t . % 

T l ) t h e s t r a i n gauges were a t t a c h e d so as t o r e c o r d t h e s t r a i n 

i n t h e [lOcQ and [l10j d i r e c t i o n s . Measurements were made 

ove-r t h e r a n g e 150 t o 3OOK and the r e s u l t s a r e p r e s e n t e d i n 

f i g u r e 5«5 The e x t e n t o f t h e h y s t e r e s i s i n t h e r m a l e x p a n s i o n 

near t h e m a r t e n s i t i c t r a n s i t i o n c an e a s i l y be s e e n . F o r a 
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c u b i c m a t e r i a l t h e t h e r m a l e x p a n s i o n i s i s o t r o p i c : t h e 

d i f f e r e n c e i n t h e s l o p e s of t h e [100] and [110] c u r v e s i n t h e 

c u b i c r e g i o n o f f i g u r e 5»3 i s a f a c t o r o f 1.2, and t h i s c o u l d 

be due t o a d i f f e r e n c e i n t h e gauge f a c t o r s o f t h e two g a u g e s . 

(The m a n u f a c t u r e r s g i v e a f i g u r e o f 2,0k f o r t h e gauge f a c t o r . ) 

A l l t h e s e measurements were made w i t h r e f e r e n c e t o 

t h e e x p a n s i o n o f a gauge a t t a c h e d t o a p i e c e o f s i l i c a g l a s s . 

.Scheel and Heaus (191^) g i v e t h e e x p a n s i o n o f s i l i c a as 

L = L Q ( 1 + O.362 10" 6T + 1.813 1 0 ~ 9 T 2 - 3.̂ 0 1 0 _ 1 2 T 3 ) . 

T h i s g i v e s s t r a i n s w h i c h a r e s m a l l e r t h a n t h e measured ones f o r 
2 

t h e a l l o y s by a f a c t o r o f 10 ; t h e r e f o r e , no c o r r e c t i o n has 

been made t o t h e c u r v e s o f f i g u r e s 5.1 t o 5.3- The t h e r m a l 

e x p a n s i o n c o e f f i c i e n t s ^ ^ and a r e shown f o r t h e t h r e e 

a l l o y s i n f i g u r e 5.̂ - The c o e f f i c i e n t s have been o b t a i n e d f r o m 

t h e d e r i v a t i v e 3 e / 3 T , and t h e c u r v e s o f f i g u r e 5.^ have been 

srn o o t l i e d t o r e d u c e t h e e r r o r s w h i c h can e a s i l y o c c u r when t h e 

d e r i v a t i v e o f an e x p e r i m e n t a l c u r v e i s t a k e n . 

The a c c u r a c y o f t h e s t r a i n gauge method i s n o t h i g h , 

and e r r o r s can be as l a r g e as 25% ( G r e e n o u g h , 1973, p r i v a t e 

c o m m u n i c a t i o n ) . S e v e r a l d e t e r m i n a t i o n s o f t h e s t r a i n as a 

f u n c t i o n o f t e m p e r a t u r e were made f o r each s a m p l e , and t h e 

measurements were f o u n d t o v a r y by up t o 15%t a l t h o u g h t h e 

s l o p e s o f t h e l i n e a r r e g i o n s were c o n s i s t e n t t o w i t h i n l e s s 

t h a n 5'/o. However, t h e m a i n use t o w h i c h t h e measurements were 

o u t — c o r r e c t i o n o f t h e measured u l t r a s o n i c s ample t h i c k n e s s 

f o r changes due t o t e m p e r a t u r e — meant t h a t s u c h a m a r g i n o f 

u n c e r t a i n t y was q u i t e a c c e p t a b l e . 
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igure 5.4 Thermal expansion c o o f f i c i e n t o of In-11„5» 15 
and 25 a t . % T l a l l o y s . (The r e s u l t for 23 a t . % 
i s of a d i f f e r e n t form from that obtained by 
Pahlman and Smith (1968) and the dip fieen here 
i n s t e a d of the sharp r i f l e as Been by those 
workers could be an anomaly a s s o c i a t e d with the 
d i f f e r e n t methods of measurement used.) 
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5.2 E l a s t i c c o n s t a n t s o f I n - T l a l l o y s 

5.f.. 1 C u b i c a l l o y s 

T h r e e i n d e p e n d e n t e l a s t i c c o n s t a n t s C^^, C-^' a r e 

r e q u i r e d t o d e t e r m i n e f u l l y t h e e l a s t i c b e h a v i o u r o f a c u b i c 

c r y s t a l . Measurements were made o f t h e v e l o c i t y o f u l t r a s o u n d 

waves ( a t a b o u t 15 MHz) i n (110) and (100) c u t s a m p l e s o f t h e 

25 and 27 a t . % T l a l l o y s as a f u n c t i o n o f t e m p e r a t u r e . The 

modulus C ^ was o b t a i n e d f r o m t h e v e l o c i t y o f l o n g i t u d i n a l 

waves i n t h e [100] d i r e c t i o n , w h i l e was g i v e n by t h a t o f a 

t r a n s v e r s e wave p o l a r i s e d (l00j and p r o p a g a t i n g i n t h e [110] 
d i r e c t i o n . F i n a l l y , (C +0^2+20^)/2 r e s u l t e d f r o m 

measurement o f t h e v e l o c i t y o f a l o n g i t u d i n a l wave i n t h e same 

d i r e c t i o n . The modulus (C^^-C^ ) / 2 c o u l d a l s o be f o u n d d i r e c t l y 

f r o m a t r a n s v e r s e wave p o l a r i s e d [1T0J a l o n g t h e [ l i o ] d i r e c t i o n , 

a l t h o u g h i t was o n l y p o s s i b l e t o f i n d a v a l u e f o r t h i s m o d u l u s 

a t room t e m p e r a t u r e on a c c o u n t o f t h e h i g h a t t e n u a t i o n and l o w 

v e l o c i t y o f t h e mode. Even t h e n i t s v a l u e had an u n c e r t a i n t y 

o f a b o u t _+10% because t h e v e l o c i t y was so l o w t h a t o n l y two 

o r t h r e e p o o r l y d e f i n e d echoes were a v a i l a b l e f o r measurement. 

T u r n i n g f i r s t t o t h e In-2? a t . % T l a l l o y , we p r e s e n t 

i n f i g u r e s 5«5 t o 5.7 t h e r e s u l t s o f t h e measured p u l s e 

r e p e t i t i o n f r e q u e n c i e s as t h e t e m p e r a t u r e was l o w e r e d f r o m 

300K t o oOK f o r wave p r o p a g a t i o n i n t h e [110] d i r e c t i o n 

( l o n g i t u d i n a l and [100] - p o l a r i s e d t r a n s v e r s e modes) and i n t h e 

[100] d i r e c t i o n ( l o n g i t u d i n a l m o de). The t e m p e r a t u r e r a n g e 

i n c l u d e d t h e f e e t o f c t t r a n s i t i o n r e g i o n . The p r e c i s i o n o f 

t h e measurements i s i n d i c a t e d by t h e e x t e n t o f t h e s c a t t e r on 
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wav&e at IJMHB i n the [100] fliaraefeion l a 
In-27at.# 
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t h e measured p o i n t s ; t h e method was s e n s i t i v e enough t o d e t e c t 

t h e s l i g h t d e p r e s s i o n w h i c h i s shown i n t h e c u r v e s o f f i g u r e s 

5.5 and 5.o and w h i c h o c c u r r e d on c o o l i n g o v e r a r a n g e o f 

a b o u t 3° d e g r e e s n e a r t o t h e t r a n s i t i o n t e m p e r a t u r e o f 125K. 

T h i s e f f e c t was q u i t e r e p r o d u c i b l e , and was seen on each o f 

s e v e r a l s e t s o f d a t a o b t a i n e d . A t f i r s t t h e s e r e s u l t s were 

s u r p r i s i n g i n v i e w o f t h e l a r g e d i p seen i n t h e m o d u l u s ^ by 

r a c e and l a u n d e r s (1972), b u t i t was p o s s i b l e t o make me a s u r e ­

ments e v e r y 0.5 d e g r e e s i n t h e v i c i n i t y o f t h e t r a n s i t i o n u s i n g 

t h e t e m p e r a t u r e c o n t r o l l e r , and i t was a s c e r t a i n e d t h a t t h e r e 

was, i n f a c t , no d i s c o n t i n u i t y i n t h e v e l o c i t y l e a d i n g t o 

R e s u l t s f o r p r o p a g a t i o n i n t h e [lOO] d i r e c t i o n were n o t as 

p r e c i s e n e a r t h e t r a n s i t i o n because o f t h e much h i g h e r 

a t t e n u a t i o n e n c o u n t e r e d i n t h a t d i r e c t i o n t h a n i n t h e [ n o ] . 

I n p r a c t i c e i t was n o t p o s s i b l e t o o b t a i n any r e s u l t s a t a l l 

u n t i l t h e (100) sample t h i c k n e s s h a d been r e d u c e d t o a b o u t a 

m i l l i m e t r e ( o r a b o u t one t h i r d o f t h e t h i c k n e s s o f t h e (110) 

s a m p l e ) . 

On t h e w a r m i n g c y c l e t h e r e was a s l i g h t d i f f e r e n c e 

i n t h e v a r i a t i o n o f measured p u l s e r e p e t i t i o n f r e q u e n c y w i t h 

t e m p e r a t u r e i n t h a t t h e s l i g h t d e p r e s s i o n d i d n o t a p p e a r . 

The v e r y n a t u r e o f t h e t r a n s f o r m a t i o n mechanism 

imposes c e r t a i n r e s t r i c t i o n s on t h e e x p e r i m e n t a l p r o c e d u r e s 

w h i c h can be u s e d t o o b t a i n s o u n d v e l o c i t y and a t t e n u a t i o n 

r e s u l t s . The s h e a r s p r o d u c i n g t h e t e t r a g o n a l s t r u c t u r e o c c u r 

on [110] p l a n e s , and r e s u l t i n c o r r u g a t i o n o f t h e s u r f a c e . 

T h r e e (110) s a m p l e s were e x a m i n e d , and i n two c a s e s t h e 

a c o u s t i c bond b e t w e e n s a m p l e and t r a n s d u c e r was f r a c t u r e d n e a r 
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t h e t r a n s i t i o n t e m p e r a t u r e , r e s u l t i n g i n the l o s s o f t h e 

r e c e i v e d s i g n a l , whereas i n the t h i r d sample t h i s d i d not 

h a p p e n . T h e r e a r e s i x p o s s i b l e h a b i t p l a n e s o f the {l1o} t y p e , 

and p r e s u m a b l y i n t h e l a s t c a s e the a c t u a l h a b i t p l a n e 

c o i n c i d e d w i t h t h e c u t s u r f a c e , so t h a t c o r r u g a t i o n s d i d not 

a r i s e . F o r a (100) s u r f a c e , w h i c h would a l w a y s become d i s t o r t e d 

on t r a n s f o r m a t i o n , a s i l i c o n e o i l bond proved s a t i s f a c t o r y , 

f o r s u c h a bonding m a t e r i a l does not become b r i t t l e a t low 

t e m p e r a t u r e s a s Nonaq does, and so i t c o u l d accommodate the 

movement o f t h e s u r f a c e b e n e a t h i t . The t h i r d (110) sample was 

used t h r o u g h o u t the s e r i e s o f e x p e r i m e n t s , and no problems 

were e n c o u n t e r e d w i t h bond f r a c t u r e . T h i s f a c t i s i n l i n e 

w i t h an o b s e r v a t i o n o f B u r k a r t and Read (1953) w n 0 remarked 

t h a t the h a b i t p l a n e f o r t r a n s f o r m a t i o n s s u b s e q u e n t to t h e f i r s t 

was t h e same as f o r t h e f i r s t one. We were a l s o a b l e to 

v e r i f y a n o t h e r o f t h e i r f i n d i n g s , i n t h a t on warming from below 

T a c u b i c c r y s t a l r e t u r n e d to the s i n g l e c r y s t a l formj back-
c 

r e f l e c t i o n photographs showed u n s p l i t s p o t s . 

The t h r e e e l a s t i c s t i f f n e s s moduli C ^ , C,^ a n ( l 

a r e shown i n f i g u r e 5*8 a s a f u n c t i o n o f t e m p e r a t u r e . The 

measured s o u n d v e l o c i t i e s were c o r r e c t e d f o r t h e r m a l e x p a n s i o n 

u s i n g , f o r t h i s a l l o y c o m p o s i t i o n , t h e d a t a o f Pahlman and 

S m i t h (1968). I n p l o t t i n g t h e s e r e s u l t s the e r r o r on Z from 

t h e measured v a l u e of/ov* = -£(0^^+0^ 2+2C ; +^) i s about 3%, but t h e 

measured v a l u e of ^-(C^ '^^2) a * ^90K has been u s e d to de t e r m i n e 

t h e v a l u e o f a ^ t h a t t e m p e r a t u r e ( g i v e n t h e v a l u e o f ) , 

and t h e v a r i a t i o n o f t h e v e l o c i t y v., was used to f i n d i t s 

t e m p e r a t u r e dependence. The a b s o l u t e e r r o r on C ,. and C. . i s 
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about 1%, so t h a t w i t h i n the e x p e r i m e n t a l l i m i t s = C^,, a ^ 

the phase t r a n s i t i o n . 

The c o r r e s p o n d i n g r e s u l t s f o r t h e In-25 a t . % T l a l l o y 

a r e shown i n f i g u r e s 5.9 to 5-11 f o r t h e o b s e r v e d p u l s e 

r e p e t i t i o n r a t e s , and i n f i g u r e 5-8 f o r the e l a s t i c c o n s t a n t s . 

F i g u r e 5*8 e n a b l e s a c o mparison between the r e s u l t s f o r the 

two c o m p o s i t i o n s to be made. The t r a n s i t i o n i n t h e 25 a t . % 

a l l o y o c c u r r e d n e a r to 195K, and t h e a t t e n u a t i o n o f t h e sound 

p u l s e s was not as h i g h a s i n the o t h e r a l l o y w i t h a l o w e r T c > 

T h i s r e s u l t e d i n a s m a l l e r r e d u c t i o n i n p r e c i s i o n of the 

measurements a t t h e phase t r a n s i t i o n . Comparing the c u r v e s o f 

f i g u r e 5«8 we s e e t h a t the d e p r e s s i o n i n i s l a r g e r f o r 

t h e 25 a t . % T l a l l o y t h a n f o r t h e o t h e r , and t h a t i s 

a p p r o a c h i n g near t h e t r a n s i t i o n t e m p e r a t u r e o f b o t h a l l o y s . 

A g e n e r a l p o i n t must be made c o n c e r n i n g the d a t a o b t a i n e d i n . 

the t e t r a g o n a l phase o f these two m a t e r i a l s . When the s t r u c t u r e 

becomes t w i n n e d t h e new t e t r a g o n a l axes become t i l t e d r e l a t i v e 

t o the o r i g i n a l c u b i c ones. As a r e s u l t t h e e l a s t i c c o n s t a n t 

combinations which are r e l a t e d t o t h e measured sound v e l o c i t i e s 

t a k e on an unknown form, and thus t h e curves shown i n f i g u r e 

5.8 o n l y g i v e the m o d u l i C^, a n d a t temperatures above 

T . I t i s not s u r p r i s i n g , t h e r e f o r e , t h a t i n f i g u r e 5.12, i n c 

which i s shown the v a r i a t i o n of -£(0^^-C^„,) f o r t h e two cubic 

a l l o y s s t u d i e d , t h e v a l u e o f t h i s modulus below 180K f o r the 

25 a t . % T l a l l o y behaves i n an anomalous way. I t i s c l e a r , 

though, t h a t t h e r e i s no d i s c o n t i n u i t y i n any o f the moduli 

a t t h e t r a n s i t i o n . 
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Ta.mp«.rol*urc (0K) 
Figure 5.9 The measured PHF for wave propagation i n the [110] 

d i r e c t i o n of a shear wave p o l a r i s e d [001] at 13MHB 
i n In-25 at.# T l 
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5.2.2 T e t r a g o n a l a l l o y s 

None o f t h e t e t r a g o n a l a l l o y s s t u d i e d s u f f e r e d a 

m a r t e n s i t i c t r a n s i t i o n , a l t h o u g h a t i t s m e l t i n g p o i n t the 

In-15 a t . % T l a l l o y was v e r y c l o s e t o the f e e / f c t boundary. 

Measurements have been made o f t h e s i x independent e l a s t i c 

c o n s t a n t s , C^, ^-^y C i f V C66 over t h e temperature 

range 3OO t o 425K f o r t h e 15at.% c o m p o s i t i o n , and over the 

range 150 t o ^25K f o r 11.5 a t . % T l . The v e l o c i t i e s v t o v 

o f Table 3.1 were measured by the pulse-echo method a t room 

t e m p e r a t u r e , and the v a r i o u s cross-checks were made; a s e t o f 

e l a s t i c c o n s t a n t s a t room temperature was determined f o r each 

a l l o y . The r e s u l t s are g i v e n i n Table 5*1• The temperature 

v a r i a t i o n o f t h e s t i f f n e s s c o n s t a n t s C.. was found by measuring 
v 1 ' v 2 ' V V y ? ' v 8 ' v10 ^ t h e Pu^-se s u p e r p o s i t i o n method. 

F i g u r e s 5«13 6 1 1 1 ( 1 5»1^ show the r e s u l t s o f t h e e l a s t i c c o n s t a n t 

d e t e r m i n a t i o n f o r In-11.5 a t . % T l and In-15 a t . % T l , 

r e s p e c t i v e l y , a f t e r t h e v e l o c i t i e s had been c o r r e c t e d f o r 

t h e r m a l expansion o f t h e samples. I t was p o s s i b l e t o f i n d 

d i r e c t l y a v a l u e f o r "£(c<i<|""c<]2̂  ^ r o m a measurement o f t h e 

v e l o c i t y o f t h e £lToJ p o l a r i s e d t r a n s v e r s e mode i n t h e [l10] 

d i r e c t i o n . For t h e 11.5% a l l o y t h i s was achieved up t o 

423K ( m e l t i n g p o i n t £ k2?K), but i n t h e case o f 15% a d i r e c t 

measurement was o n l y p o s s i b l e t o 390K. R e s u l t s f o r these 

v e l o c i t i e s are shown i n f i g u r e 5.15* 

C e r t a i n sound v e l o c i t i e s have been measured t o ^K. 

High values o f a t t e n u a t i o n meant t h a t an e x t e n s i o n t o kK was 

not p o s s i b l e w i t h a l l t h e v e l o c i t i e s examined, b u t those which 

have been thus o b t a i n e d are shown, t o g e t h e r w i t h t h e 
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TABLE 5.1 

Measured sound v e l o c i t i e s and e l a s t i c c o n s t a n t s f o r 
I n - 1 1 . 5 and 15 a t . % T l a l l o y s a t 290K 

11.5% 15% 
* v e l o c i t y 

(10 cm/sec) 

2 
/TT 

(1011 2 

dyne/cm ) 

v e l o c i t y 
( 1 0 ^ cm/sec) 

2 
d o 1 1

 2 

dyne/cm ) 
v 1 2 .34 4.265 2.283 4.20 

V 2 1 .161 1 .050 1.149 1.062 
v

3 
0.931 0.675 0.956 O.736 

v 4 2.325 4.155 2.281 4.18 

v 5 — — 0.950 0.727 

v 6 2.557 5.093 2 .488 4.983 
v ? 0.48 0.18 0.39 0.122 
v 8 0.935 0.681 0.948 0.723 
v 9 0.9^ 0.688 1 .046 0.881 

V 1 0 2.4 if 4.637 . 2 .445 4.812 
V 11 0.88 0.603 0.36 0 .104 

N o t a t i o n as i n Table 3.1 

C 1 1 C 1 2 C 1 3
 c 3 3 c M f c 6 6 

11.5% 4.27 3.92 3.93 4.21 O.678 1.05 
15% 4.20 3-95 3.93 4.18 0.73 1.06 

S 1 1 S 1 2 s 1 3
 s 3 3 skk s 6 6 

11.5% 2.01 -0.85 -1.08 2.24 1.47 0.952 
15% 2.70 -1.31 -1.32 2.73 1.37 0.943 

U n i t s 
S t i f f n e s s e s (C. .) 

11 -2 
10 dyne cm 

Compliances (S..) 

-11 2 -1 
10 cm dyne 

Cross-checks on e l a s t i c c o n s t a n t s 

E l a s t i c c o n s t a n t c a l c u l a t e d observed % e r r o r 
c o m b i n a t i o n v a l u e v a l u e 

* ( C 1 1 + C 1 2 + C 6 6 ) 11.5% 5 .145 = 5.093 1.1 
15% 5.135 = 4.983 3.0 

^ ( C 4 4 + C 6 6 ) 11.5% 0 .864 pv* = 0.688 20 . 4 

15% 0.895 = O.881 1.6 
2 2 2 

V e l o c i t i e s g i v i n g C^: ^Vg 
11.5% 0.675 - 0.681 
15% 0 . 7 3D 0.727 0.723 
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p o l a r i s a t i o n s i n v o l v e d , i n f i g u r e s 5.16 and 5 .17 . No t h e r m a l 

expansion c o r r e c t i o n has been a p p l i e d t o t h e r e s u l t s because 

of l a c k o f d a t a below 150K. 

5.3 A t t e n u a t i o n measurements 

A l l t h e a t t e n u a t i o n measurements were made by f i t t i n g 

a v a r i a b l e e x p o n e n t i a l curve t o t h e echo t r a i n produced by a 

pulse-echo method, and as d e s c r i b e d i n s e c t i o n A-.5.1 • T h i s 

gave an a t t e n u a t i o n expressed i n dB/^asec: a c o n v e r s i o n t o the 

u n i t o f dB/cm was ac h i e v e d by d i v i s i o n by t h e speed o f sound 

X 1 0 6 . 

The d o m i n a t i n g f e a t u r e o f a l l t h e measurements made i n 

indium and i n i n d i u m - t h a l l i u m a l l o y s was a r i s i n g background 

a t t e n u a t i o n as the te m p e r a t u r e was reduced. The r i s e commenced 

at between 200 and 220K f o r most o f the samples; o t h e r e f f e c t s , 

when they o c c u r r e d , were seen superimposed on t h i s background. 

The r e s u l t s w i l l be g i v e n f i r s t f o r t h e cubic a l l o y s , and t h e n 

f o r t h e t e t r a g o n a l ones. 

5»2«1 U l t r a s o n i c a t t e n u a t i o n i n In-25 and 27 a t . % T l a l l o y s 

A t t e n u a t i o n measurements have been made i n t h e 

temperature range 80 t o $00K f o r these a l l o y s . R e s u l t s are 

shown i n f i g u r e s 5»18 and 5.19 f o r a t t e n u a t i o n a t 1 ^ and k2 MHz. 

Both show a freq u e n c y independent a b s o r p t i o n peak a t t h e f c c / f c t 

t r a n s i t i o n : t h e peak was found f o r b o t h l o n g i t u d i n a l and 

t r a n s v e r s e waves, and i t s w i d t h was g r e a t e r i n the a l l o y w i t h 

the lower t r a n s i t i o n t e m p e r a t u r e . The peak p o s i t i o n d i f f e r e d 

on t h e warming and c o o l i n g c y c l e s , as might be expected i f i t 
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Figure 5 . 18 Attenuation of ultrasound i n I a - 2 9 at»% T I 
aa a function of toap©ratus,e. Ttoa measur«&*atia 
are f or a l o n g i t u d i n a l wave propagating [110] , 
and wore obtained on cooling« 
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F i g u r e 5.19 Attenuation of ultrasound i n In-27 a t . % T l as 
a function of tomperaturo. The 1'AMHs curve was 
for l o n g i t u d i n a l waves, and the i^MHa one for 
shear waves p o l a r i s e d [001] , both propagating i n £l10j . 
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were a s s o c i a t e d w i t h a m a r t e n s i t i c t r a n s i t i o n w i t h i t s 

a t t e n d a n t temperature h y s t e r e s i s . The r e s u l t s o f f i g u r e s 5•18 

and 5«19 are f o r p r o p a g a t i o n i n t h e fjlO] d i r e c t i o n . 

I n t r o d u c t i o n o f a Bo r d o n i peak i n I n - 2 7 a t . % T l 

An a d d i t i o n a l f e a t u r e i n t h e a t t e n u a t i o n v a r i a t i o n 

o f u l t r a s o u n d p r o p a g a t i o n i n the jl10j d i r e c t i o n o f t h e 2 7 a t . % 

a l l o y was a peak whose p o s i t i o n on t h e temperature a x i s v a r i e d 

w i t h u l t r a s o u n d f r e q u e n c y . The peak o c c u r r e d on b o t h warming 

and c o o l i n g , except f o r the f i r s t few (about 5) c y c l e s f o l l o w i n g 

the c u t t i n g and p l a n i n g o f the (110) sample, when the peak was 

o n l y seen on warming. (Each c y c l e c o n s i s t e d o f c o o l i n g below 

and warming a g a i n t o room t e m p e r a t u r e . ) The peak can be seen 

i n f i g u r e 5-19 i n t h e 42 MHz curve t h e . c i r c l e s on t h a t f i g u r e 

i n d i c a t e the form o f the a t t e n u a t i o n behaviour d u r i n g t h e 

i n i t i a l c o o l i n g e x p e r i m e n t s . The r e s u l t s f o r s e v e r a l 

f r e q u e n c i e s are c o l l e c t e d i n f i g u r e 5 * 2 0 . I t was a l s o observed 

t h a t a f t e r t h e peak had become e s t a b l i s h e d f o r b o t h warming 

and c o o l i n g i t s a m p l i t u d e g r a d u a l l y decreased w i t h t i m e , u n t i l 

a f t e r about e i g h t or n i n e months i t had gone almost c o m p l e t e l y . 

An a b s o r p t i o n peak whose te m p e r a t u r e o f occurrence i s 

frequency dependent i s c h a r a c t e r i s t i c o f a r e l a x a t i o n t y p e o f 

phenomenon. I n such a case t h e r e l a x a t i o n time T can be 

r e l a t e d t o an a c t i v a t i o n energy E and temperature T by an 

A r r h e n i u s type o f e x p r e s s i o n f = r Q e x p ( E / k T ) , where k i s 

Boltzmann's c o n s t a n t . I f t h e a t t e n u a t i o n depends on uT, and 

i s a maximum whenu>lTa1, then the freq u e n c y dependence o f t h e 

a b s o r p t i o n peak i s cu =w exp(-E/kT) , i n which 0> i s an a t t e m p t 
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f r e q u e n c y . Values o f E and £Jq can be o b t a i n e d from a graph o f 

Into a g a i n s t T . S e v e r a l d e t e r m i n a t i o n s were made o f the peak 

p o s i t i o n , and f o r a g i v e n frequency i t was found t o v a r y 

s l i g h t l y between s i m i l a r l y o r i e n t e d samples c u t from t h e same 

b o u l e , and between the p o l a r i s a t i o n s o f the sound wave. F i g u r e 

5.21 i s t h e A r r h e n i u s p l o t , and a s t r a i g h t l i n e f i t seems 

re a s o n a b l e . I t i s i n t e r e s t i n g t o note t h a t t h e r e i s no 

s i g n i f i c a n t d i f f e r e n c e , w i t h i n t h e l i m i t s o f e x p e r i m e n t a l e r r o r , 

betv/een a c t i v a t i o n e n e r g i e s f o r the l o n g i t u d i n a l and t r a n s v e r s e 

modes. Such a d i f f e r e n c e c o u l d , i n p r i n c i p l e , occur because o f 

the d i f f e r e n t n a t u r e o f atom motion i n v o l v e d i n t h e two 

p o l a r i s a t i o n s . 

B o r d o n i peaks i n f a c e - c e n t r e d c u b i c m e t a l s , and 

t h e o r i e s t o account f o r them, have been r e v i e w e d by N i b l e t t 

( 1 9 6 6 ) . The v a r i o u s t h e o r i e s o f t h e mechanism a l l i n v o l v e 

motion o f d i s l o c a t i o n s , o r o f k i n k s i n d i s l o c a t i o n s , by. 

i n t e r a c t i o n w i t h t h e s t r e s s wave. The t h e o r y developed by 

Seeger, Donth and P f a f f (1957) assumes t h a t p a i r s o f k i n k s are 

formed i n d i s l o c a t i o n l i n e s i n a m e t a l , and do so a t a 

temperature dependent frequency y. When the fre q u e n c y o f t h e 

s t r e s s wave (J i s a p p r o x i m a t e l y equal t o v t h e n a b s o r p t i o n o f 

energy can o c c u r , whereas a t o t h e r f r e q u e n c i e s the e x t e n t o f 

the i n t e r a c t i o n i s g r e a t l y reduced. 

I f a mechanism based on d i s l o c a t i o n s i s assumed f o r 

t h e I n - 2 7 a t . % T l a l l o y then not o n l y i s the change i n peak 

temperature accounted f o r , but a l s o t h e o b s e r v a t i o n t h a t i t was 

o n l y seen i n i t i a l l y on warming, f o r a t t h e phase t r a n s i t i o n we 

suppose t h a t l a r g e numbers o f d i s l o c a t i o n s are i n t r o d u c e d . 
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These i n t e r a c t w i t h the sound wave as t h e tempe r a t u r e i s r a i s e d , 

and then anneal out when the sample i s l e f t a t room te m p e r a t u r e 

f o r a few hours (JOOK ism 0.7 o f ) • Subsequent c o o l i n g does 

n o t , t h e r e f o r e , r e s u l t i n re-appearance o f the peak. But i f , 

a f t e r s e v e r a l c y c l e s the d i s l o c a t i o n s become pinned s u f f i c i e n t l y 

f o r a n n e a l i n g f o r a c o m p a r a t i v e l y s h o r t t i m e t o be i n e f f e c t i v e 

i n removing them, then t h e peak would appear on b o t h p a r t s o f 

th e c y c l e . 

The s l o p e o f t h e graph o f f i g u r e 5.21 g i v e s an 

a c t i v a t i o n energy o f 0.24+0 .05 eV, and an a t t e m p t frequency o f 

1.48+0.y?* lO^^TIz. T h i 6 compares w i t h v a l u e s f o r copper o f 

E=0.122eV, f =3 .8*10 1 1Hz ( N i b l e t t , 1966); s i l v e r - (0.124eV, 
1 ? 10 

4x10 Ha); g o l d - (0 .158eV, 7x10 Hz); p a l l a d i u m - (0 .192eV, 

6x10 9Hz) ( B o r d o n i e t a l . , 1960) . 

5 . 3 . 2 U l t r a s o n i c a t t e n u a t i o n i n t e t r a g o n a l a l l o y s 

The u l t r a s o n i c a t t e n u a t i o n measurements made i n t h e 

temp e r a t u r e range 4 t o 425K are p r e s e n t e d i n f i g u r e s 5*22 t o 

5.26 f o r v a r i o u s p r o p a g a t i o n d i r e c t i o n s i n t h e a l l o y s , and a l s o 

f o r the |1101 d i r e c t i o n i n i n d i u m . I r r e s p e c t i v e o f d i r e c t i o n 

or c o m p o s i t i o n t h e r e was an i n c r e a s e i n a t t e n u a t i o n s t a r t i n g 

a t about 220K, and then r i s i n g more or l e s s r a p i d l y as t h e 

temper a t u r e was reduced u n t i l a f l a t t e n i n g out o c c u r r e d , 

f o l l o w e d by a s l i g h t r e d u c t i o n towards 4K. Mo obvious change 

was seen i n the r e g i o n o f the s u p e r c o n d u c t i n g t r a n s i t i o n 

t e m p e r a t u r e , and no f u r t h e r f a l l from t h e 4K v a l u e o c c u r r e d i n 

the 11.5';i a l l o y |001] f o r a r e d u c t i o n t o 2.4K. The tempe r a t u r e 

v a r i a t i o n o f a t t e n u a t i o n i n t h e P10] d i r e c t i o n i n indium was 
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i n v e s t i g a t e d , but t h e r e s u l t s were not v e r y r e p r o d u c i b l e as 

f a r as magnitude o f a t t e n u a t i o n was concerned. However, the 

measured v a l u e s f o r two c o o l i n g and warming c y c l e s have been 

i n c l u d e d as f i g u r e 5*26 f o r they b o t h show a maximum i n the 

a t t e n u a t i o n a t beteeen 50 and 60K. I t s p o s i t i o n was d i f f i c u l t 

t o l o c a t e more p r e c i s e l y because o f t h e occurrence o f a very 

l a r g e r i s e i n a t t e n u a t i o n on warming a t around t h e temperature 

c o r r e s p o n d i n g t o t h e t r i p l e p o i n t o f n i t r o g e n (63„5K). Such 

a peak has been observed i n GaAs by Cottam (1973) a n < i n e 

suggests t h a t i t i s due t o the s o l i d i f i c a t i o n o f n i t r o g e n on 

the sample which r e s u l t s i n a change i n t h e r e f l e c t i o n 

c o n d i t i o n s f o r . t h e sound pulse a t the s o l i d / a i r boundary. 

The a t t e n u a t i o n behaviour on approaching the m e l t i n g 

p o i n t has a l s o been measured. The r e s u l t s show a s m a l l r i s e 

near the m e l t i n g p o i n t s t a r t i n g a t about 20 t o 30 degrees from 

i t : f i g u r e 5.27 c o l l e c t s the r e s u l t s o b t a i n e d f o r t h e 11.5 and 

15 a t . % T l a l l o y s . 

5.3.3 E r r o r s i n a t t e n u a t i o n measurement 

I n a d d i t i o n t o a t t e n u a t i o n mechanisms which d e r i v e 

from i n h e r e n t p h y s i c a l p r o p e r t i e s o f the sample b e i n g s t u d i e d , 

t h e r e are c o n t r i b u t i o n s t o the measured a t t e n u a t i o n from the 

g e o m e t r i c a l p r o p e r t i e s o f the sample. These must be i d e n t i f i e d 

and s u b t r a c t e d o f f from the measured v a l u e s t o o b t a i n t h e t r u e 

a t t e n u a t i o n b e i n g s t u d i e d . The two main sources o f e r r o r a r i s e 

from d i f f r a c t i o n o f the u l t r a s o n i c beam and from non-

p a r a l l e l i s m o f the sample. The f i r s t r e s u l t s from the f a c t 

t h a t a r e a l t r a n s d u c e r d e v i a t e s from a t r u e p i s t o n source and 
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produces w a v e f r o n t s which are not p l a n a r . The u l t r a s o u n d beam 

thus d i v e r g e s and can s t r i k e the s i d e w a l l s o f t h e specimen, a 

process which l e a d s t o an i n t e r f e r e n c e between p a r t s o f the 

beam which have t r a v e l l e d d i f f e r e n t d i s t a n c e s i n t h e sample. 

T h i s shows up as a n o n - e x p o n e n t i a l echo t r a i n . T r u e l l , Elbaum 

and Chick (1969) g i v e an a n a l y s i s o f t h e problem and show t h a t 

maxima i n the envelope o f the r e c e i v e d p u l s e s can be expected 
2 2 2 a t 0 .73 a /% , 1.05 a /\ , 2.4a /\ and beyond. Here, a i s the 

r a d i u s o f the c i r c u l a r source and \ i s t h e wavelength o f the 

sound wave. When t h e r e i s a d i f f r a c t i o n e f f e c t p r e s e n t t h e 

a t t e n u a t i o n can be measured by matching the c a l i b r a t e d 

e x p o n e n t i a l t o t h e s t a r t o f t h e echo t r a i n and t o t h e t o p . o f 

one o f t h e maxima. I f t h e measured v a l u e thus o b t a i n e d i s <X. , 
m 

then the c o r r e c t i o n t o be s u b t r a c t e d i s g i v e n by ( T r u e l l e t a l . f 

1 9 6 9 ) ^ d = ^ [ / U a V ^ ' d B / c m , 

where p- - O .78, 1.05 or 2 . 4 a c c o r d i n g t o t h e maximum used t o 

determine '^m. The c o r r e c t i o n i s thuB frequency dependent, and 

i s s m a l l e r a t h i g h e r f r e q u e n c i e s . 

T r u e l l e t a l . (19 6 9) a l s o d e r i v e an e x p r e s s i o n f o r 

the e f f e c t o f n o n - p a r a l l e l i s m on t h e envelope o f t h e echo t r a i n , 

and show t h a t i t i s modulated by a Bessel f u n c t i o n . The 

apparent i n c r e a s e i n a t t e n u a t i o n i s l e s s when t h e v/edge angle 9 

i s s m a l l e r , and when the frequency i s reduced, i n c o n t r a s t t o 

d i f f r a c t i o n e f f e c t s which have the o p p o s i t e f r e q u e n c y dependence. 

I f the freq u e n c y o f t h e wave i s V then the a t t e n u a t i o n due t o 

n o n - p a r a l l e l i s m i s g i v e n by ( T r u e l l e t a l . , 1969) 

c< = 8 .7 1 0 " 5 y a 0 dB/echo . np ' 
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An apparent wedging e f f e c t can occur i n non-uniform samples i n 

which the v a r i a t i o n o f e l a s t i c p r o p e r t i e s can r e s u l t i n a 

v a r i a t i o n o f t r a n s i t t i m e s i n d i f f e r e n t r e g i o n s . The a n a l y s i s 

i s then i n terras o f an e f f e c t i v e wedge angle 6 , which can be 
e 

determined by t h e form o f t h e echo t r a i n . 

The work d e s c r i b e d here was c a r r i e d o ut l a r g e l y a t a 

s i n g l e f r e q u e n c y , w i t h t h e q u a l i t a t i v e f requency dependence o f 

a t t e n u a t i o n b e i n g o f i n t e r e s t . F u r t h e r , t h e changes seen on 

v a r i a t i o n o f temperature were g r e a t l y i n excess o f any e r r o r 

i n t h e measurements from e i t h e r o f t h e above sou r c e s . Thus no 

c o r r e c t i o n need be, or has been, a p p l i e d t o any o f t h e graphs 

o f a t t e n u a t i o n versus temperature p r e s e n t e d . A specimen 

c a l c u l a t i o n o f e r r o r s now f o l l o w s i n which t y p i c a l v a l u e s are 

used f o r t h e parameters i n v o l v e d . 

i ) D i f f r a c t i o n l o s s . Measure t o $r& maximum, o c c u r r i n g 

a t 2.k a 2 / V TakeV = 1 5 x 1 0^2, v = 2 . 0 x 1 0 ^ cm s e c " 1 . Hence 

X= 0 .0133cm, and i f a s 0 .2 cm then &~/\ = 3 .0cm. The 

c o r r e c t i o n i s t h u s ' * / 2 . 4 * 3 . 0 = 0.139<x , or about . 
i r ra 

i i ) N o n - p a r a l l e l i s m . L e t a and v be as b e f o r e , and take 

Q = 5x10 r a d . Then << = 3 .7x10 ^c15*10~ K 0 .2<5*10~ dB/echo 

= 0 .131 dB/echo. 

I f the sample t h i c k n e s s i s 0 .3cm, t h e n °< = 0 .217 dB/cm a t 15M1 
np 

T h i s l a s t v a l u e i s s m a l l compared w i t h measured va l u e s o f up t o 

20dB/cm, w i t h a t y p i c a l s m a l l v a l u e o f 2 or 3 dB/cra. 

Another source o f e r r o r a r i s e s from t h e change i n 

bond c h a r a c t e r i s t i c s w i t h t e m p e r a t u r e . T h i s i s muro d i f f i c u l t 

t o e v a l u a t e , but when c e r t a i n s e t s o f measurements were repeate( 

u s i n g a d i f f e r e n t bonding m a t e r i a l t h e r e was no apparent 

d i s c r e p a n c y i n t h e r e s u l t s over a wide temperature range. 
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6.1 I n t r o d u c t i o n bo Poisson's r a t i o 

I n t e r e s t xn Poisson's r a t i o has stemmed from e a r l y 

work on e l a s t i c i t y . Poisson (1829) d e s c r i b e d a molecular t h e o r y 

o f s o l i d s , and deduced a va l u e f o r the r a t i o o f l a t e r a l 

compression t o l o n g i t u d i n a l expansion, as a r e s u l t o f a l o n g ­

i t u d i n a l s t r e s s , t o be -£ f o r a c e n t r a l f o r c e p o l y c r y s t a l . 

I n p r a c t i c e , d e v i a t i o n s from •£ were found f o r many s o l i d s . 

>.'ertheim (1848) performed experiments on g l a s s and b r a s s , and 

as a r e s u l t suggested, w i t h no t h e o r e t i c a l f o u n d a t i o n , t h a t 

the r a t i o s h o u l d be -J. At the time o f these workers t h e r e was 

d i s c u s s i o n on th e v a l i d i t y o f t h e r a r i - c o n s t a n t and m u l t i -

c o n s t a n t t h e o r i e s o f e l a s t i c i t y . The former i m p l i e d t h a t t h e r e 

were 15 independent e l a s t i c c o n s t a n t s f o r a t r i c l i n i c c r y s t a l , 

w h i l e the l a t t e r r e q u i r e d 21 . From t h e c e n t r a l f o r c e , r a r i -

c o n s t a n t , t h e o r y come the Cauchy r e l a t i o n s , which are a se t o f 

s i x e q u a l i t i e s betv/een s i x p a i r s o f e l a s t i c c o n s t a n t s . A 

Poisson's r a t i o o f -J f o l l o w s from r a r i - c o n s t a n t c o n s i d e r a t i o n s , 

and i n t e r e s t i n t h i s r a t i o c e n t r e d on a t t e m p t s t o t e s t 

e x p e r i m e n t a l l y t h e two t h e o r i e s . 

From a mechanical e n g i n e e r i n g p o i n t o f view i t i s o f 

i n t e r e s t t o measure Poisson's r a t i o i n c o n s t r u c t i o n a l m a t e r i a l s , 

and values have been o b t a i n e d f o r a wide range o f s o l i d s . 

Table 6.1 g i v e s a r e p r e s e n t a t i v e s e l e c t i o n . The u s u a l method 

o f d e t e r m i n i n g Poisson's r a t i o f o r i s o t r o p i c s o l i d s i s by 

measurement o f the shear modulus G and the Young's modulus E 

by e x t e n s i o n a l and t o r s i o n a l e x p e r i m e n t s . 

Then Poisson's r a t i o V i s g i v e n by 



TABLE 6.1 

Poisson's r a t i o f o r v a r i o u s m a t e r i a l s 
i n an i s o t r o p i c form 

Aluminium 0.3^5 
Bismuth O.330 
Chromium 0.210 
Gold 0.44 
I r o n ( c a s t ) 0.27 
Lead 0.44 
Platinum 0.377 
Zinc 0.249 
S t e e l (mild) p.291 

" ( t o o l ) O.287 

Taken from Kaye and Laby (1966). 
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Very l i t t l e work has been done on a n i s o t r o p i c media. 

I n an e l e g a n t experiment on the v i b r a t i o n of q u a r t z p l a t e s 

Wright and S t u a r t ( 1 9 3 1 ) d e r i v e d e x p r e s s i o n s , a p p l i c a b l e to 

q u a r t z , o f t h e v a r i a t i o n o f P o i s s o n ' s r a t i o f o r d i r e c t i o n s o f 

a p p l i e d s t r e s s i n t h e xy p l a n e ; they gave the r e s u l t s f o r t h r e e 

s u c h d i r e c t i o n s . F o r c u b i c c r y s t a l s T u r l e y and S i n e s ( 1 9 7 1 ) 

have produced e q u a t i o n s by which t h e Young's modulus, s h e a r 

modulus and P o i s s o n 1 s r a t i o can be c a l c u l a t e d f o r a r b i t r a r y 

a x i a l s e t s , but i n the c a s e of P o i s s o n ' s r a t i o t h e y g i v e no 

example of an a c t u a l c o m p u t a t i o n . The methods d e v i s e d by 

T u r l e y and S i n e s and by Wright and S t u a r t have been aimed a t 

s i m p l i f y i n g the c o m p u t a t i o n a l p r o c e d u r e s so t h a t c a l c u l a t i o n s 

can be done by hand i n a r e a s o n a b l e t i m e . I n c a l c u l a t i o n s to 

be more f u l l y d e s c r i b e d below a method i s used f o r p e r f o r m i n g 

a c o m p u t e r - a s s i s t e d e v a l u a t i o n o f P o i s s o n ' s r a t i o i n t h e p l a n e 

p e r p e n d i c u l a r to an a r b i t r a r y d i r e c t i o n o f a p p l i e d s t r e s s . A 

d i r e c t use o f the t e n s o r t r a n s f o r m a t i o n lav/ o f e q u a t i o n 1,**'o 

i s made and t h u s t h e r e i s no need bo i n v o k e the s p e c i a l 

p r o c e d u r e s d e v e l o p e d f o r p a r t i c u l a r s y m m e t r i e s , mentioned above 

An a p p l i c a t i o n o f t h i s method to a r s e n i c , antimony and bisuiuth 

has a l r e a d y been made (Gunton and S a u n d e r s , 1 9 7 2 ) . 

C r y s t a l s t a b i l i t y c o n d i t i o n s impose l i m i t s on 

P o i s s o n ' s r a t i o . Those which a p p l y to i s o t r o p i c media a r e w e l l 

known: any e x p e r i m e n t a l v a l u e must l i e between -1 and + ( S e e , 

f o r example, S o u t h w e l l 1 9 ^ 1 ) . I n p r a c t i c e , no m a t e r i a l i s 

known which has a n e g a t i v e v a l u e o f V (which woulu mean t h a t a 

l o n g i t u d i n a l e x p a n s i o n was accompanied by a l a t e r a l e x p a n s i o n ) 

when i t i s i n a p o l y c r y s t a l l i n e form . L e d b e t t e r ( 1 9 7 3 ) ^ a s 

d i s c u s s e d t h e meaning o f the l i m i t s f o r c e n t r a l - f o r c e c r y s t a l s 
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No p r e v i o u s work has been p u b l i s h e d c o n c e r n i n g the l i m i t i n g 

v a l u e s of P o i s s o n ' s r a t i o f o r a n i s o t r o p i c media. A method f o r 

d e r i v i n g t h e s e l i m i t s f o r s i n g l e c r y s t a l s w i l l be d e s c r i b e d , 

based on the s t a b i l i t y c r i t e r i a o f Born. T h i s i n i t s e l f i s of 

i n t e r e s t i n the s t u d y of t h e e l a s t i c b e h a v i o u r of s o l i d s i n 

g e n e r a l , but the prime o b j e c t of t h i s work has been to 

i n v e s t i g a t e t h e way i n which the P o i s s o n ' s r a t i o o f indium-

t h a l l i u r a a l l o y s i n g l e c r y s t a l s v a r i e s i n the v i c i n i t y c f the 

phase t r a n s i t i o n , and to compare t h e a c t u a l v a l u e s f o r t h i s 

r a t i o w i t h c a l c u l a t e d l i m i t i n g ones to g a i n i n s i g h t i n t o the 

n a t u r e of the e l a s t i c i n s t a b i l i t y t h a t e x i s t s a t the phase 

t r a n s i t i o n . 

6.2 E v a l u a t i o n of P o i s s o n ' s r a t i o f o r s i n g l e c r y s t a l : 

The g e n e r a l i s e d form of Hooke's law i s 

e . . = o o~ 
l j j k l k l 

( 6 . 2 ) 

where £ and cr a r e the s t r a i n and s t r e s s t e n s o r s r e s p e c t i v e l y . 

For t e t r a g o n a l c r y s t a l s b e l o n g i n g to the Laue group T I , which 

i n c l u d e s the p o i n t group o f i n t e r e s t h e r e , the e l a s t i c c o m p l i a n c e 

t e n s o r coranonents o. ., can be w r i t t e n i n m a t r i x n o t a t i o n as 
l j k l 

11 12 1 

12 11 1 

13 
0 

0 

0 0 

0 
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0 

0 

0 0 0 0 
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0 

0 

^ o.-



- 132 -

P o i s s o n ' s r a t i o r e l a t e s l a t e r a l s t r a i n to l o n g i t u d i n a l s t r a i n 

as a r e s u l t o f a l o n g i t u d i n a l s t r e s s . T h i s r a t i o i s thu s 

f ./£-.. i and from e q u a t i o n 6.2 we can w r i t e 

6.ye.. = s . . . . cr . / s . . or.. = s . . . . / s 
J J i i J J i i i i m i i i J 3 H m i 

( 6 . M 

S i n c e a p o s i t i v e l o n g i t u d i n a l s t r a i n i s a l w a y s accompanied by 

a n e g a t i v e l a t e r a l s t r a i n f o r i s o t r o p i c m a t e r i a l s , P o i s s o n ' s 

r a t i o i s d e f i n e d as - S. .. . / S. . . . so as to g i v e p r a c t i c a l 

v a l u e s which a r e p o s i t i v e f o r such m a t e r i a l s . However, i n 

s i n g l e c r y s t a l s the r a t i o has v a l u e s which depend on t h e 

d i r e c t i o n s o f t h e s t r a i n s , and both p o s i t i v e and n e g a t i v e 
i i t 

v a l u e s can be found. F o r an a r b i t r a r y s e t of a x e s x , y , z , 
i 

n i i P o i s s o n ' s r a t i o ( V . . ) can be w r i t t e n as - S. . . . / S. . 
i j 11J J ' 11 

u s i n g t h e f a c t t h a t S. .. , = 3, . .. To c a l c u l a t e V . ' . , the 
l j k l k l i j 13 • 

t e n s o r t r a n s f o r m a t i o n law must be us e d to o b t a i n t h e primed 

c o m p l i a n c e s from the unprimed o n e s . E q u a t i o n 3.16 i s r e w r i t t e n 

h e r e : , 
S. ., . = a. a. a, a. S . ( 3 . 1 6 ) l j k l 1m j n kp l q mnpq 

1 
L e t the t r a n s f o r m e d a x e s be d e f i n e d a s f o l l o w s . L e t t h e x a x i s 

be i n the d i r e c t i o n o f a p p l i e d s t r e s s to produce the l o n g i t u d i n a l 
1 t 

s t r a i n . Then y and z w i l l be i n t h e p l a n e p e r p e n d i c u l a r to 
1 1 

Ox . I f V ^ i s c o n s i d e r e d , i t i s t h e n n e c e s s a r y to e v a l u a t e 
t 1 

- ^ i ^ / ^ l l ( u s ^ n f t t n e c o n t r a c t e d s u b s c r i p t n o t a t i o n ) f o r 
1 1 

v a r i o u s o r i e n t a t i o n s o f y i n i t s p l a n e . ftote t h a t 3 ^ has a 

c o n s t a n t v a l u e f o r a g i v e n d i r e c t i o n of a p p l i e d s t r e s s . The 

method o u t l i n e d by T u r l e y and. . j i n e s ( 1 9 7 1 ) has been used to 

c a l c u l a t e the d i r e c t i o n c o s i n e s , r e l a t i v e to the c o n v e n t i o n a l 
1 

c r y s t a l a x e s , o f the y a x i s as a f u n c t i o n o f t h e a n g l e i t makes 
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w i t h the m e r i d i o n a l t a n g e n t f o r the p l a n e . From the a n g l e s as 

d e f i n e d i n f i g u r e 6.1 t h e d i r e c t i o n c o s i n e s a r e 

A B C 

Dcos£ - E s i n S F c o s S - G s i n k Hcosk 

J^DsinS + E c o s S F s i n S + GcosS HsinS 

( 6 . 5 ) 

where A = c o s t f c o s / 
B = simxcos/f 
C = s i n / f 
D = - c o s x s i n / 

E - -sine< 
F = - s i n * s i n / 
G - cost* 
H = c o s ^ 

^ S u b s t i t u t i o n o f v a l u e s o b t a i n e d from e q u a t i o n 6.5 i n t o 3» 16 

l e a d s - to the d e s i r e d r e s u l t . E q u a t i o n s f o r and S^p f o r 

t e t r a g o n a l symmetry a r e g i v e n ; c u b i c symmetry r e s u l t s f o l l o v j a s 

a s p e c i a l c a s e of t h o s e f o r t e t r a g o n a l . 

!11 = U l 7 + a i 2 " ) S 1 1 + 2 a i f a i 2 2 3 1 2 + 2 a i 5
2 ( l " a i 3

2 ) S i 3 + 

a S 
a i . 3 °33 • "13 

+ a„ t (1 - a„ 2 )S 2 2 
1 3

 + a n a i 2 b 6 6 ( 6 . 6 a ) 

i 2 2 2 2 i 2 2 2 2 
S 1 2 = ( a l 1 a 2 ' i " + a i 2 a 2 2 ) 3 1 1 + U 2 1 a i 2 + a 1 1 a 2 2 ) S 1 ; 

a 2 a j ) + a^ | ( a ^ 2 2 ,1 2 ? • 
I + a 2 2 ^ 1 . 3 + a p . 5

 a l 3 S 3 3 

L a l 3 a 2 3 ( a l 2 a 2 2 a H a 2 1 } % 4 + a 2 i a 2 2 a i 1 f l 1 2 S 6 6 ( 6 . 6 b ) 

The form o f e q u a t i o n s 6.6 a l l o w s c e r t a i n o t h e r primed 

c o m p l i a n c e s to be c a l c u l a t e d . F o r example, S 0 ^ c a n be found 

by s u b s t i t u t i n g a^^ , a ^ 2 i f ° r a - ) - | ' a i ">1 a - j ~ ^ n e c i u a + ' i ° n 

o.oa, and so on. 

A computer programme has been p r e p a r e d (Appendix I I I ) 

to perform t h e s e c a l c u l a t i o n s as the a n g l e o i s v a r i e d from G 

to 1o0°. (The range 180° to 350° i s i d e n t i c a l to 0 to 1 oO° 

because o f c r y s t a l symmetry.) The programme r e q u i r e d -for i n p u t 

d a t a thy unprimed e l a s t i c c o m p l i a n c e c o n s t a n t s and t h e d i r e c t i o n 
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X 
F i g u r e 6.1 T r a n s f o r m a t i o n of a x e s . 

The d i r e c t i o n of x' i s d e f i n e d by 
the a n g l e s and/?. The a x i s y' 
i s p e r p e n d i c u l a r to x 1 and i s a t 
an a n g l e S to a l i n e , a l s o p e r p ­
e n d i c u l a r to x 1 , which l i e s i n the 
p l a n e c o n t a i n i n g x' and z. 
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c o s i n e s of the l i n e p e r p e n d i c u l a r to the p l a n e i n w hich the 

v a r i a t i o n of P o i s s o n ' s r a t i o was s o u g h t . 

b.3 f-iex-^resentation of r e s u l t s 

U n l i k e Young's modulus, the P o i s s o n ' s r a t i o cannot 

be r e p r e s e n t e d by a t h r e e - d i m e n s i o n a l s u r f a c e , b e c a u s e two 

d i r e c t i o n s a r e needed to s p e c i f y i t s v a l u e . A. c o n v e n i e n t 

r e p r e s e n t a t i o n i s to p l o t the a n g u l a r dependence of the r a t i o 

f o r a g i v e n p l a n e s u p e r i m p o s e d on a s t a n d a r d p r o j e c t i o n onto 

a s u i t a b l e c r y s t a l l o g r a p h i c p l a n e . The c e n t r e of the p l o t 

c o i n c i d e s w i t h the p o i n t on the s t a n d a r d p r o j e c t i o n which 

r e p r e s e n t s the p l a n e p e r p e n d i c u l a r . I n f i g u r e 6.2 i s g i v e n , 

by way of i l l u s t r a t i o n , t h e r e s u l t f o r b i s m u t h (Gunton and 

S a u n d e r s , 1972) i n which a p r o j e c t i o n onto the ( 0 0 1 ) p l a n e has 

been used. Bismuth has t r i g o n a l HI symmetry, v/ith t h e [OOlJ 

d i r e c t i o n b e i n g one of t h r e e - f o l d r o t a t i o n a l symmetry. 

C o n s e q u e n t l y f i g u r e 6.2 i s t h r e e - f o l d s y m m e t r i c about the p o i n t 

r e p r e s e n t i n g (00l] . I t i s i n t e r e s t i n g to note t h a t n e g a t i v e 

v a l u e s a r e found. A 120° s e c t o r would be s u f f i c i e n t i n t h i s 

c a s e to r e p r e s e n t c o m p l e t e l y the P o i s s o n ' s r a t i o b e h v i o u r ; a 

1o0 s e c t o r has been used to show up more c l e a r l y t h e d i f f e r e n c e 

between the +y and -y a x e s . For t e t r a g o n a l s y m m e t r i e s o n l y a 

^5° s e c t o r i s r e q u i r e d , w h i l e an even s m a l l e r s e c t i o n of t h e 

s t e r e o g r a p h i c p r o j e c t i o n i s needed f o r a c u b i c s y s t e m . But i n 

the diagrams g i v e n f o r i n d i u m - t h a l l i u m a l l o y s a s e c t o r has 

been used throughout to e a s e comparison by i n s p e c t i o n . 
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F i g u r e 6.2 P o i s s o n ' s r a t i o 
v a r i a t i o n i n bismuth shown on a s t e r e o -
g r a p h i c p r o j e c t i o n onto the ( 0 0 1 ) p l a n e . 
The x, y and z a x e s a r e r e p r e s e n t e d by t h e 
p o i n t s a t the c e n t r e o f diagrams C, A and 0 , 
r e s p e c t i v e l y . B' r e p r e s e n t s -y. 
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6.^ A p p l i c a t i o n to the i n d i u m - t h a l l i u m a l l o y s 

The v a r i a t i o n o f P o i s s o n ' s r a t i o has been i n v e s t i g a t e d 

i n p l a n e s p e r p e n d i c u l a r to a number of d i r e c t i o n s i n indium-

t h a l l i u m a l l o y s o f both th e c u b i c and t e t r a g o n a l f o r m s . The 

d i r e c t i o n s chosen were f a i r l y e v e n l y d i s t r i b u t e d o v e r the 

quadrant of t h e s t e r e o g r a p h i c p r o j e c t i o n onto th e xy p l a n e 

bounded by the x and y a x e s ; t h e y i n c l u d e d the t h r e e c r y s t a l l -

o g r a p h i c axes and d i r e c t i o n s midway between them. The 

c a l c u l a t i o n s were performed u s i n g room-temperature v a l u e s of 

the e l a s t i c c o m p l i a n c e d a t a of indium and of t h e t e t r a g o n a l 

a l l o y s c o n t a i n i n g 11.5 and 15 a t . % t h a l l i u m . I n t h i s way the 

P o i s s o n ' s r a t i o v a r i a t i o n c o u l d be s t u d i e d as the phase boundary 

was approached from t h e t e t r a g o n a l s i d e , u s i n g c o m p o s i t i o n as 

the v a r i a b l e . I n a d d i t i o n , the b e h a v i o u r of P o i s s o n ' s r a t i o 

o f a c u b i c a l l o y o f c o m p o s i t i o n I n - 2 7 a t . % T l was d e t e r m i n e d 

a t 290K and a t 200K and 125K, so as to e n a b l e an approach to 

the phase boundary from t h e c u b i c s i d e to be s t u d i e d . E l a s t i c 

c o m p l i a n c e d a t a were t a k e n from T a b l e 5»1 and f i g u r e 5-3 f o r 

t h e a l l o y s , and from C h a n d r e s e k h a r and Rayne 0 9 6 1 ) f o r i ndium. 

The r e s u l t s o f the c a l c u l a t i o n s a r e shown i n f i g u r e s 6.3 to 6.6 . 

S e v e r a l t r e n d s can be s e e n when the c u r v e s a r e 

compared. A d d i t i o n of t h a l l i u m to indium r e s u l t s i n a r e d u c t i o n 

of the a x i a l r a t i o , and an o v e r a l l d e c r e a s e i n the a n i s o t r o p y 

of the e l a s t i c c o n s t a n t s , as the c u b i c phase i s approached. 

Thus (C - C ) and (S - S. ) both d e c r e a s e towards a e r o , 11 33 11 yj 
as do (S»|2 ~ ^1-2^ a n c * ~ ^ 1 V " C o n s e q u e n t l y , the diagrams 

f o r the t e t r a g o n a l a l l o y s r e f l e c t t h i s t r e n d , and the c u r v e s 
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F i g u r e 6 . 3 P o i s s o n ' s r a t i o v a r i a t i o n i n i n d i u m . The 

diagrams a r e shown s u p e r i m p o s e d on a s t a n d a r d 
p r o j e c t i o n onto t h e ( 0 0 1 ) p l a n e . D i r e c t i o n 
c o s i n e s f o r the diagrams ""shown a r e : A ( 0 , 1 , 0 ) ; 
B ( 0 . 3 8 2 , 0 . 9 2 5 , 0 ) ; C ( 0 . 7 0 7 , 0 . 7 0 7 , 0 ) ; D ( 0 , 0 . 7 0 7 , 
0 . 7 0 7 ) ; E ( 0 . 5 , 0 . 5 , 0 . 7 0 7 ) ; F ( 0 , 0 . 9 2 5 , 0 . 3 8 2 ) ; 
G ( 0 , 0 . 3 8 2 , 0 . 9 2 5 ) ; H ( 0 . 3 5 S ° » 3 5 ' + . 0 . 8 6 6 ) ; J ( 0 , 0 , 1 ) . 
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F i g u r e b.k P o i s e o n ' s r a t i o v a r i a t i o n i n In-1'1.5 p.t.% TJL» 
The d i r e c t i o n c o s i n e s f o r t h e v a r i o u s diagrams 
a r e ae g i v e n i n f i g u r e 6 . 3 
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F i g u r e 6.5 P o i s s o n ' e r a t i o v a r i a t i o n i n I n - 1 5 a t . % T l . 

The d i r e c t i o n c o s i n e s f o r the v a r i o u s diagrams 
a r e a s g i v e n i n f i g u r e 6 . J 
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B C 

7 n l? 1 — 1 
\ 
\ • / > / 

V " 

F 

s 
f V 

I • 1 
1° I 

H 

\ 
l i i ' K v / o l u t t . 

J" The d i r e c t i o n 
c o s i n e s f o r the 
v a r i o u s diagrams 
a r e as i n f i g u r e 
6.3 ' " 

F i g u r e 6.6 P o i e e o n ' s r a t i o v a r i a t i o n f o r 
I n - 2 ? T i t a t 290K and a t 125K. 
Where o n l y the s o l i d c u r v e i s shown i t ifj 
b e c a u s e the v a l u e s f o r 125K a r e i n d i s t i n g u i s h ­
a b l e on t h i s s c a l e from t h o s e f o r 290K. 
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c e n t r e d on the [lOOj and [010] p o s i t i o n s become more n e a r l y 

c i r c u l a r u n t i l , i n the c a s e of the c u b i c I n - 2 7 a t . % T l a l l o y , 

t h e y a r e t r u l y c i r c u l a r , and a r e i d e n t i c a l to the c u r v e c e n t r e d 

on [001] , by symmetry of t h e p o i n t group. A s i m i l a r d e c r e a s e 

i n a n i s o t r o n y can be s e e n i n the c u r v e s l a b e l l e d B on each 

f i g u r e . But t h e r e a r e some c u r v e s i n which a n o t h e r e f f e c t can 

be s e e n . I n c u r v e s C, D and E t h e r e i s a marked i n c r e a s e i n 

a n i s o t r o p y , p a r t i c u l a r l y i n c, which i s c e n t r e d on t h e [110] 

p o s i t i o n . The e f f e c t can be s e e n both as a f u n c t i o n of 

c o m p o s i t i o n , i n f i g u r e s 6 .3 to 6 . 5 , and o f t e m p e r a t u r e , as i n 

f i g u r e 6 .6 . I n both c a s e s t h e i n c r e a s e 

accompanies th e approach to the phase boundary. Now i t i s i n 

the £110J p l a n e s t h a t the two s h e a r s o c c u r which can be 

c o n s i d e r e d to be the b a s i s o f the mechanism of t h e t r a n s i t i o n 

( Bowles et a l . , 1950; B u r k a r t and Read, 1953) 1 a n c l i t i s i n 

j u s t t h e s e p l a n e s t h a t the l a r g e s t a n i s o t r o p y of P o i s s o n ' s 

r a t i o i s found. However, t h i s f a c t i s not of p r i m a r y 

i m p o r t a n c e when r e l a t i n g the P o i s s o n ' s r a t i o b e h a v i o u r to t h e 

mechanism of the phase t r a n s i t i o n , f o r a s i m i l a r form of 

a n i s o t r o p y i s found i n a r s e n i c (Gunton and S a u n d e r s , 1 9 7 2 ) . 

F i g u r e 6 .7 shows the s t e r e o g r a p h i c p r o j e c t i o n onto th e xy p l a n e 

f o r t h a t element w i t h the P o i s s o n ' s r a t i o c u r v e s s u p e r i m p o s e d 

on i t . The form of t h e v a r i a t i o n f o r a l l d i r e c t i o n s o f 

l o n g i t u d i n a l s t r a i n i n the xy p l a n e i s s i m i l a r to t h a t f o r t h e 

[110] d i r e c t i o n i n i n d i u m - t h a l l i u m a l l o y s , a l t h o u g h the s l i p 

and c l e a v a g e p r o p e r t i e s of a r s e n i c ( s l i p and c l e a v a g e p l a n e (00 

no p r e f e r r e d s l i p d i r e c t i o n ) a r e v e r y d i f f e r e n t from the a l l o y s 

i n which no c l e a v a g e o c c u r s and s l i p t a k e s p l a c e on [ 110 ] 

p l a n e s . C o n s e q u e n t l y , b e f o r e the v a r i a t i o n of P o i s s o n ' s r a t i o 
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F i g u r e 6.7 P o i s s o n ' s r a t i o v a r i a t i o n i n 
a r s e n i c . The diagrams a r e shown 
s u p e r i m p o s e d on t h e s t a n d a r d 
p r o j e c t i o n onto th e ( 0 0 1 ) p l a n e . 
C, A and 0 a r e c e n t r e d on t h e 
x, y and z a x e s r e s p e c t i v e l y . 
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w i t h o r i e n t a t i o n , a l l o y c o m p o s i t i o n and t e m p e r a t u r e can be 

s a t i s f a c t o r i l y r e l a t e d to the mechanism of the phase t r a n s i t i o n , 

i t i s n e c e s s a r y to c o n s i d e r the l i m i t s on t h a t r a t i o s e t by 

c r y s t a l s t a b i l i t y c o n d i t i o n s ; t h e n e x t s e c t i o n i s devoted to an 

a n a l y s i s o f t h o s e l i m i t s . I n s e c t i o n 6 .6 the r e s u l t s o f the 

p r e s e n t s e c t i o n w i l l be compared w i t h the l i m i t i n g v a l u e s . 

6.5 S t a b i l i t y l i m i t s on P o i s s o n ' s r a t i o 

The r e q u i r e m e n t t h a t the s t r a i n energy d e n s i t y be 

p o s i t i v e d e f i n i t e f o r l a t t i c e s t a b i l i t y i m p l i e s t h a t t h e b u l k 

modulus K and t h e s h e a r modulus G must be p o s i t i v e q u a n t i t i e s . 

For an i s o t r o p i c m a t e r i a l , K and G a r e r e l a t e d to Young's 

modulus E and P o i s s o n ' s r a t i o v by 

* = 3 (1 - Zv) ( 6 i 7 a ) 

a n d G = 2TTT77 ( 6- 7 b ) 

Thus the s t a b i l i t y c o n d i t i o n s t h a t K and G a r e both g r e a t e r 

t han z e r o s e t the two well-known l i m i t s of 0 .5 and - 1 . 0 on 

P o i s s o n ' s r a t i o . T r e a t i n g now the i s o t r o p i c m a t e r i a l as a 

s p e c i a l c a s e o f an a n i s o t r o p i c medium, we can d e r i v e t h e 

upper l i m i t by s u b s t i t u t i n g t h e a p p r o p r i a t e e q u a l i t i e s between 

the e l a s t i c c o m p l i a n c e c o n s t a n t s (S„„=S„,=S i 3 -,=S -6, ) 
11 22 33 12 13 23 

f o r an i s o t r o p i c medium i n the g e n e r a l e x p r e s s i o n f o r 

c o m p r e s s i b i l i t y ( e q u a t i o n J . 1 9 ) . 

£ = I = S 1 1 + 3 2 2 + 3 3 3 + 2 ( " 1 2 + S 1 3

 + 3 2 5

J > ° 

+ 2S > 0 , or V = - S / S . < \ . 
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A l s o , f o r an i s o t r o p i c s o l i d e q u a l s 2(S - S ^ 0 ) , so t h a t 

^ ' G " 2 ( s
1 1

1- s
1 2' > ° 

i . e . V > - 1 

A v a l u e of P o i s s o n ' s r a t i o o f \ would be found i n an 

i n c o m p r e s s i b l e f l u i d = 0 ) , a 3 may be s e e n q u i t e e a s i l y by 

c o n s i d e r i n g a c y l i n d r i c a l element of f l u i d o f l e n g t h 1 and 
2 

r a d i u s r . I t s volume V i s e q u a l to T r r 1 " ! . I f the l e n g t h and 

r a d i u s become 1+dl and r + d r , r e s p e c t i v e l y , then f o r c o n s e r v a t i o n 
2 

of volume dV = 2JTrl dr + irr d l = 0. Whence - ( d r / r ) / ( d l / l ) = 

a s r e q u i r e d . A f l u i d cannot s u p j x j r t s h e a r . The o t h e r l i m i t o f 

- 1 o c c u r s when the s h e a r modulus G i s i n f i n i t e , a s can be s e e n 

from e q u a t i o n 6 . 7 ( b ) . 

To e x t e n d t h e d e r i v a t i o n of t h e s t a b i l i t y l i m i t s to 

an a n i s o t r o p i c medium, s u c h as a s i n g l e c r y s t a l , t h e volume 

c o m p r e s s i b i l i t y c o n d i t i o n can be u sed as a s t a r t i n g p o i n t , but 

not the s h e a r modulus one d i r e c t l y , s i n c e t h e l a t t e r does not 

i n g e n e r a l i n v o l v e S„„ or S„_ , and we t u r n i n s t e a d to the Born 
11 12 1 

s t a b i l i t y c r i t e r i a d i s c u s s e d i n s e c t i o n 3«' ' +«2 . I t w i l l be 

shown t h a t a p o s i t i v e d e f i n i t e s h e a r modulus f o r i s o t r o p i c 

m a t e r i a l s f o l l o w s as a s p e c i a l c a s e o f the more g e n e r a l 

e x p r e s s i o n d e r i v e d f o r a n i s o t r o p i c media. 

i''or a homogeneous d e f o r m a t i o n the energy d e n s i t y can 

be w r i t t e n i n m a t r i x n o t a t i o n as V£. S . . cr . cr . and i s p o s i t i v e 
1 J 1 J 

d e f i n i t e i f the d e t e r m i n a n t s of t h e p r i n c i p a l minc-'cj o f t h e 
m a t r i x of c o m p l i a n c e s S. . a r e a l l p o s i t i v e . S e v e r a l c r i t e r i a 

i.-J 

f o r s t a b i l i t y r e s u l t , i n c l u d i n g t h e c o n d i t i o n t h a t .S ̂  S ̂ 2 ̂  ^-\^ > 

the one of r e l e v a n c e h e r e . The s t a b i l i t y c r i t e r i a have the 
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same f o r m w h a t e v e r a x i a l s e t i s u s e d ; t h e r e f o r e , f o r components 
t t i 

r e f e r r e d t o t h e s e t x , y , z. we have 

S 1 l ' S 2 2 > S 1 2 2 ' ( 6 ' 8 ) 

a n d , s i n c e t h e b u l k m o d u l u s i s i n v a r i a n t u n d e r a g e n e r a l 

t r a n s f o r m a t i o n o f a x e s , 

s n ' + S 2 2 + s 3 3 + 2 ( S 1 2 + ^23 + S 1 3 } > 0 ( 6 ' 9 ) 

B e f o r e t h e l i m i t s on t h e r a t i o - ^ ^ / ^ n c a n b e c a l c u l a ' t e ^ 

i t i s n e c e s s a r y t o r e w r i t e t h e c o n d i t i o n s 6,8 and 6.9 i n a f o r m 

w h i c h e n a b l e s t h i s r a t i o t o be v a r i e d ( o r , e q u i v a l e n t l y , f o r 
i i 

t° be v a r i e d , k e e p i n g f i x e d ) i n d e p e n d e n t l y o f t h e 

o t h e r c o m p l i a n c e s u n t i l t h e l i m i t s o f t h e i n e q u a l i t y a r e r e a c h e d , 

(As t h e e q u a t i o n s s t a n d a t p r e s e n t t h i s may n o t be p o s s i b l e 

because t h e s i x t e r m s i n v o l v e d a r e n o t n e c e s s a r i l y i n d e p e n d e n t 

o f each o t h e r , and a change i n one o f them may w e l l i m p l y a 

change i n a n o t h e r . ) A s u i t a b l e f o r m f o r e q u a t i o n s 6.8 and 6.9 

i s one i n w h i c h a l l t h e c o m p l i a n c e s i n v o l v e d a r e i n d e p e n d e n t ; 

i n t h e most g e n e r a l t r a n s f o r m a t i o n 21 c o m p l i a n c e c o n s t a n t s can 

be n o n - z e r o , b u t t h e number o f i n d e p e n d e n t components — as 

d e t e r m i n e d by t h e Laue g r o u p — r e m a i n s u n a l t e r e d . F o r e x a m p l e , 
i n t h e f c t i n d i u m - t h a l l i u m a l l o y s t h e r e a r e alv/ays s i x 

t 

i n d e p e n d e n t Ŝ _., b u t t h e s e need n o t have t h e same s u b s c r i p t s 

as t h o s e w h i c h a p p l y when t h e n o r m a l c r y s t a l l o g r a p h i c s e t Ox^ 

i s u s e d . S u b j e c t t o c e r t a i n r e s t r i c t i o n s f o r s p e c i a l cases o f 

t h e a x i a l t r a n s f o r m a t i o n s , we a r e f r e e t o choose any s i x 

components as t h e i n d e p e n d e n t o n e s . B u t when a s t r e s s i s 

a p p l i e d a l o n g a s y m m e t r y d i r e c t i o n a s p e c i a l case a r i s e s and 

a l l s i x c o m p l i a n c e s i n c o n d i t i o n 6.9 a r e n o t i n d e p e n d e n t . 
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The rue t h o d u s e d t o f i n d t h e r e l a t i o n s h i p b e t w e e n any p a r t i c u l a r 

d e p e n d e n t component and t h e s i x cho s e n i n d e p e n d e n t ones i s g i v e n , 

t o g e t u e r w i t h c o n s i d e r a t i o n s g o v e r n i n g t h e c h o i c e o f i n d e p e n d e n t 

components f o r s p e c i a l c a s e s , i n A p p e n d i x I I . I t i s s u f f i c i e n t 

t o n o t e h e r e t h a t a s e t w h i c h i s s u i t a b l e u n d e r some c o n d i t i o n s 
i i i i i i 

i s S 1 V S 1 2 , S , S , 3 ^ and . ( T h a t w h i c h f o l l o w s 

w i l l be w r i t t e n i n t e r m s o f t h i s s e t , b u t t h e method can be 

r e a d i l y a p p l i e d t o any o t h e r s e t . ) I n e q u a t i o n 6.9 t h e r e a r e 

now two d e p e n d e n t t e r m s and S 2 2 ) whose dependence on 

t h e s e t o f s i x must be f o u n d . We w r i t e 

S 1 3 = f i s n ' + f 2 S i 2 + f
5

s 2 3 + V 2 3 + f 5 S ^ ' + f 6 S 5 5 

o 2 2 = <V311 + S 2 S 1 2 + 6
3

S 2 3 + S i+ S33 + S 5 3 ^ + g 6 S 

where 1 ^ and g_̂  a r e c o e f f i c i e n t s d e t e r m i n e d by t h e 

methods o f t h e A p p e n d i x . The i n e q u a l i t y 6»9 t h e n becomes 

55 

(6.10) 

( l + S 1 + 2 f 1 ) S 1 1 + ( 2 + g 2 + 2 f 2 ) S 1 2 + (2+g +2f ) S 2 

+ ( l + G / + + 2 f ^ ) S 3 3 + ( g 5 + 2 f 5 ) S ^ + ( g 6 + 2 f 6 ) S 5 5 > 0 (6.-11) 

o i n c e t h e s e c o m p l i a n c e s a r e i n d e p e n d e n t , and n o t i n g t h a t 
1 1 

S^^> 0, we can t r a n s f o r m t h e i n e q u a l i t y by d i v i d i n g by £>̂  ̂  

and r e a r r a n g i n g , t o g i v e 

V(2 + g 2 + 2 f 2 ) < d + g 1 + 2 f 1 ) + — ^ 2 + g 3
+ 2 f

3 ) S 2 3 + ^ + S i f + 2 f ^ ) S 3 3 

(6.12) 

E q u a t i o n 6.12 i s o f t h e f o r m vk^< and hence y< k / k , i f k > 0 

o r j/> k 2 / k 1 , i f k < 0, 

I n t h i s way t h e c o n d i t i o n t h a t t h e b u l k modulus must be 
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p o s i t i v e d e f i n i t e l e a d s t o e i t h e r an u p p e r o r a l o w e r l i m i t — 

d e p e n d i n g on t h e s i g n o f (Z-i-g^+Zf^) — o n t h e P o i s s o n ' s r a t i o 

i n a c r y s t a l o f t e t r a g o n a l T I s y m m e t r y . 

The B o r n s t a b i l i t y c r i t e r i o n 6.8 becomes 

+ g 2
5 1 2 + B 3 S 2 3 + g * S 3 3 + 8 5 S ^ ' + S 6 S 5 5 } > S ^ 

* 2 

o r , d i v i d i n g by S and r e a r r a n g i n g 

- i / 2 - s2» + s-, + s ^ ( g 3 s 2 3 ' + % s 3 ; 5

,

+ g 5 s i f J + g 6 s 5 5

, ) > o (6.1.3) 

S e t t i n g t h e LH3 o f 6.13 t o z e r o and s o l v i n g f o r v we o b t a i n 
two l i m i t s b e t w e e n w h i c h t h e i n e q u a l i t y i s t r u e ; t h e e x i s t e n c e 

2 

o f t h e n e g a t i v e c o e f f i c i e n t o f v e n s u r e s t h a t t h e s o l u t i o n s 

d e f i n e a f i n i t e r a n g e . 

Thus an u p p e r and l o w e r l i m i t i s s e t by t h e B o r n 

s t a b i l i t y c r i t e r i a , and e i t h e r an u p p e r o r a l o w e r l i m i t by 

t h e r e q u i r e m e n t t h a t t h e v o l u m e c o m p r e s s i b i l i t y be p o s i t i v e 

d e f i n i t e . From t h e s e t h e two l i m i t s t h a t o b t a i n i n p r a c t i c e 

may r e a d i l y be f o u n d . 
F o r t h e i s o t r o p i c case g^ = 1 ; g 2

xg^=g z +=g^=gg=C | » and 
e i t h e r f-, = 1 o r f =1 w h i l e t h e o t h e r f . a r e z e r o . Then 6.13 2 3 1 

2 

becomes - v + 1 > 0 , w h i c h r e s u l t s i n -1< V<+1, w h i l e 6.12 

l e a d s t o '+v<2 o r V<4-: t h e l i m i t s a r e t h u s - K V C i i n 

p r a c t i c e . 

One f u r t h e r c o n s i d e r a t i o n , w h i c h a f f e c t s t h e 

a p p l i c a b i l i t y o f e q u a t i o n 6.12 needs t o be d i s c u s s e d . For a 

p a r t i c u l a r o r t h o g o n a l a x i a l s y s t e m t h e n u m e r i c a l v a l u e s o f f 

and depend upon t h e p a r t i c u l a r s e t o f i n d e p e n d e n t c o m p l i a n c e s 

c h o s e n . B u t because i s an i n v a r i a n t t h e LHS o f i n e q u a l i t y 

6.11 must r e m a i n u n a l t e r e d by t h i s c h o i c e . C o n s i d e r t h e case 
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i n w h i c h r e p l a c e s S^^ i n t h e c h o s e n i n d e p e n d e n t s e t ; and 
i i 

g. a r e r e o l a c e d by f . and a;., and 6.11 becomes °i 1 i 

( H - g ^ f ^ S ^ ' + {2^Q^2)S12 + ( 2 + S 3 + 2 f 3 ) S 2 3 

+• (1 + S z , ' + 2 V S 3 3 + (85+2*5) + ( g g + S f ^ S g g > o ( 6 . 14 ) 

The l i m i t i n g v a l u e o f V as d e t e r m i n e d by t h i s i n e q u a l i t y ( w i t h 

one s e t o f i n d e p e n d e n t c o m p l i a n c e s ) w i l l d i f f e r f r o m t h a t g i v e n 

by 6.11 ( u s i n g a n o t h e r s e t ) u n l e s s ^ ) i s e q u a l t o 
i i 

(2+g2 + 2f .p ) . C o n s e q u e n t l y t h e a x i a l s e t s f o r w h i c h t h e l i m i t 

i s d e f i n e d by t h i s method a r e r e s t r i c t e d t o t h o s e i n w h i c h any 

a l t e r a t i o n i n t h o s e c o m p l i a n c e s t a k e n as i n d e p e n d e n t does n o t 
1 

a f f e c t t h e o v e r a l l dependence o f t h e t e r m s i n 6 .9 on S^^ • f o r 

t h e c u b i c and t e t r a g o n a l s y m m e t r i e s t h i s means t h a t t h e l i m i t s , 

as d e f i n e d by t h i s m e t h o d , can be c a l c u l a t e d a l o n g c r y s t a l l o -

g r a p h i c a x e s and midway b e t w e e n t h e m , 

6.6 L i m i t s f o r t h e i n d i u m - t h a l l i u m a l l o y s 

The c a l c u l a t i o n o f t h e - l i m i t s r e q u i r e s a k n o w l e d g e 

o f t h e i n d e p e n d e n t e l a s t i c c o n s t a n t s f o r t h e a x i a l s e t u n d e r 

c o n s i d e r a t i o n , and t h e way i n w h i c h t h e o t h e r d e p e n d e n t ones 

t h a t e n t e r i n t o t h e c a l c u l a t i o n do, i n f a c t , depend on them. 

The i n d e p e n d e n t c o n s t a n t s f o r t h e v a r i o u s o r i e n t a t i o n s 

c o n s i d e r e d i n t h e c u b i c arid t e t r a g o n a l s y s t e m s a r e g i v e n i n 

T a b l e 6.2 . The r e l a t i o n s b e t w e e n d e p e n d e n t and i n d e p e n d e n t 

c o n s t a n t s f o r t h e t e t r a g o n a l s y s t e m a r e o f a s i m p l e r f o r m 

t h a n t h o s e f o r t h e c u b i c , and i t was p o s s i b l e t o f i n d t h e 

r e l a t i o n s by d i r e c t i n s p e c t i o n , a l t h o u g h t h e p r o c e d u r e s g i v e n 
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T a b l e 6.2 

R e l a t i o n s h i p s b e t w e e n e l a s t i c c o m p l i a n c e s f o r v a r i o u s a x i a l 
c o n f i g u r a t i o n s . (The d i r e c t i o n s o f x 1 and y' a r e e x p r e s s e d 
r e l a t i v e t o t h e c o n v e n t i o n a l c r y s t a l l o g r a p h i c a x e s . ) 

T e t r a g o n a l 

D i r e c t i o n 
o f X' 

D i r e c t i o n 
o f y' 

I n d e p e n d e n t 
c o m p l i a n c e s 

Dependent „ 
c o m p l i a n c e s 

[100] 
[010] 
Co 11] 
[001] 

S 1 1 , S 1 2 , S 1 3 , S 3 3 , S V f , S 6 6 
V l , S 1 2 , S 2 3 , S 2 2 ' S v I ' S 6 6 
° 1 1 ' S 2 2 , i > 1 3 ' b 1 2 , i 3 ^ £ > 5 5 

S 2 2 = S 1 1 ; S 2 3 = S 1 3 
q ' _c? ' . q ' _q ' 
033-°22' fa13-b12 
q ' _q ' . q '_q ' 
^ 3 11' 23" 12 

[110] 
[001] 
[1T0] 

4 5 ° to[00l] 

S 1 1 , S 2 2 ' S 1 2 , S 1 3 , S ^ , 3 5 5 
0 n ' 0 l 2 ' 0 l 3 ' " 3 3 , 0 ^ ' b 6 6 
b 1 1 , b 1 2 ' ° 2 3 , b 2 2 ' 6 ^ ' b 6 6 

C '_q ' . q '_q ' 
33 11' 23 12 

q '_q '. q '_q ' 
b22-°11' b 2 3 _ b 1 2 
q '_q ' . q ' _q / 
b 3 3 _ : 3 2 2 ' °13 12 

[001] any ' J l i ' 0 i 2 ' " 2 3 ' b 3 3 , b ^ ' ° 6 6 
q ' ' . c ' „q • 
O 2 2 _ 0 3 3 ' °13 _°12 

C u b i c 

D i r e c t i o n 
o f X' 

D i r e c t i o n 
o f y' 

I n d e p e n d e n t 
c o m p l i a n c e s 

* 
Dependent c o m p l i a n c e s 

[100] 

[010] & [001] S11 , 012'°66 
q ' _ q ' - q ' _ <• ' 
°13 ~ 12' 23 - °12 
s 3 3 = S 1 1 ; S 2 2 = 311 

[100] 
[011] 

S 1 1 , S 1 2 ' S 6 6 

' I I I 

S 1 3 = S 1 2 ? S 2 2 = S 3 3 
S 3 5 = ^ l l ^ l V + * S 6 6 

[110] 

[001] 1 1 1 

S11 , S 1 2 , S ^ 

„ ' ' ' ' 
P —

 c; q — ^ 
55 " i i ' 23 ; ' J i 2 

S 1 3 = S l ' l " ^Skk 
S22 = 2 3 V l " S12 ~ %Bkk 

[110] ^5° t o [00l] S11 , S 1 2 , S ^ 

1 1 1 1 

S 1 3 = S 1 2 ; ; S 2 2 = S 3 3 - , 
s 3 3 = l i S H ^ S 1 2 " 3 > 
S 2 3 = " * S r , + 1 * S 1 2 

[110] 

[1T0] S 1 1 , S 1 2 , S 6 6 

t 1 t 1 

S 2 2 = S 2 J = S 1 3 

* The d e p e n d e n t c o m p l i a n c e s g i v e n a r e t h o s e r e q u i r e d by e q u a t i o n 6.9 
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i n a p p e n d i x I I have been used t o c h e c k t h e r e s u l t s . 

The r e s u l t s o f t h e l i m i t s c a l c u l a t i o n s a r e g i v e n i n 

T a b l e 6.3 f o r i n d i u m , f o r t h e 11.5 and 15 a t . % T l t e t r a g o n a l 

a l l o y s and f o r t h e 27 at.% T l c u b i c o n e . B o t h t h e u p p e r and 

l o w e r l i m i t s , t o g e t h e r w i t h t h e v a l u e o f P o i s s o n ' s r a t i o 

c a l c u l a t e d f r o m t h e a r e l i s t e d f o r l o n g i t u d i n a l s t r a i n 

d i r e c t i o n s i n t h e (001), (100) and (110) p l a n e s . 

C o n s i d e r f i r s t t h e c u b i c a l l o y . T a b l e 6.3(d) shows 

t h e v a r i a t i o n o f y and o f i t s l i m i t i n g v a l u e as t h e phase 

t r a n s i t i o n i s a p p r o a c h e d . I n t h e p l a n e n o r m a l t o t h e £100] 

d i r e c t i o n t h e u p p e r l i m i t o f 0.5 a p p l i e s t o a l l d i r e c t i o n s i n 

t h a t p l a n e , and i t i s an a n a l y t i c a l l y d e t e r m i n e d one; t h a t i s , 

i t does n o t depend on t h e v a l u e s o f t h e e l a s t i c c o n s t a n t s . 

The l o w e r l i m i t i n t h e (100) p l a n e does depend on t h e e l a s t i c 

c o n s t a n t s ; f o r t h e p r e s e n t case i t does n o t d i f f e r a p p r e c i a o l y 

f r o m -1.0 . I n t h i s p l a n e t h e P o i s s o n ' s r a t i o can be seen t o 

be a p p r o a c h i n g t h e u p p e r l i m i t a t 125K, t h a t i s , a t a 

t e m p e r a t u r e v e r y c l o s e t o T . I n a d i r e c t i o n o f 45° t o t h e 

[00l] i n t h e (110) p l a n e t h e r e i s a g a i n an a n a l y t i c u p p e r l i m i t 

o f 0 . 5 i whereas t h e l o w e r one i s a p p r o a c h i n g z e r o a t t h e phase 

t r a n s i t i o n , and a g a i n t h e c a l c u l a t e d v a l u e o f V i s t e n d i n g t o 

i t s u p p e r l i m i t a t 125K. A s i m i l a r o c c u r r e n c e i s s e e n i n t h e 

[001] d i r e c t i o n i n t h e (110) p l a n e , a l t h o u g h h e r e i t i s t h e 

l o w e r l i m i t o f -1 w h i c h i s an a n a l y t i c o n e , w h i l e t h e u p p e r 

l i m i t i s n o t and has a v a l u e o f n e a r l y 2.0. But i n t h e [1T0] 

d i r e c t i o n i n t h i s p l a n e b o t h t h e u p p e r and l o w e r l i m i t s t e n d 

t o w a r d s t h e same v a l u e ( -1 ) w i t h t h e o b s e r v e d v a l u e o f u 

s a n d w i c h e d i n b e t w e e n t h e m . Thus a t 125K we f i n d -0 .936, 
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T a b l e 6.3 

C o m p a r i s o n o f t h e o b s e r v e d v a l u e s o f P o i s s o n ' s r a t i o w i t h t h e 
t h e o r e t i c a l l i m i t s f o r i n d i u m and i n d i u m - t h a l l i u m a l l o y s 

a) I n d i u m (290K) , _ 
p l a n e d i r e c t i o n u p p e r 

l i m i t 
o b s e r v e d 
v a l u e 

l o w e r 
l i m i t 

[001] 1 .415 1.337 -1.659 
(110) 45° to[00l] 0.519 0.441 -0.881 

[ l i p ] -0.298 -O.453 -1 
[001] 0.716 O.673 -1.180 

(100) [011] 0.510 0.470 -0.719 
[010] O.343 0.264 -1 

x-y p l a n e 0.514 0 .486 -0 .848 

(001) [110] 0.514 0 .486 -O.603 
x - y p l a n e 0.514 0 .486 -0 .848 

b ) Indium-11.5 at.% T h a l l i u m (290K) 

p l a n e d i r e c t i o n u p p e r o b s e r v e d l o w e r 
l i m i t v a l u e l i m i t 

[001] 1 .324 1.321 -1.660 
(110) 45° t o [001] 0.528 0.453 -0.855 

[110] -0.265 -0.416 -1 
[001] 0.567 0.536 -1.058 

(100) [011] 0.511 0.481 -0.621 
[010] 0.487 0.425 -1 

x - y p l a n e 0.507 0.480 -0 .946 

1001) [110] O.507 0 .430 -O.603 
x - y p l a n e 0.507 0.480 -0 .946 
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T a b l e 6.3 ( c o n t i n u e d ) 

c) I n d i u m - 1 5 at//.- t h a l l i u m (290K) 
p l a n e d i r e c t i o n u p p e r 

l i m i t 
o b s e r v e d 
v a l u e 

l o w e r 
l i m i t 

(110) 
[001] 

45° t o [001] 
[110] 

1 .481 

0.526 

-0.523 

1.417 
0.461 

-0.494 

-1.714 
-O.8O3 

-1 

(100) 
[001] 
[011] 
[010] 

0.509 
0.511 
0.537 

0.489 
0.437 
0.485 

-1.006 
-0.799 

-1 

(001) 
x-y p l a n e 

[110] 
x-y p l a n e 

0.505 
0.504 

0.505 

0.482 
0.482 
0.482 

-0.994 
-0.584 
-0.994 

d) I n d i u m - 2 7 a.t.% t h a l l i u m 

t e m p e r a t u r e p l a n e d i r e c t i o n u p p e r 
l i m i t 

o b s e r v e d 
v a l u e 

l o w e r 
l i m i t 

290K 

(110) 
[001] 

45° to[001] 
[1T0] 

1.788 

0.5 
-0.767 

1.757 
0.485 

-0.787 

-1 

-0.179 
-0.928 290K 

(100) 
[001] 
[011] 
[010] 

0.5 
0.5 
0.5 

0.496 
0.496 
0.496 

-1 
-1 .02 

-1 

200K (110) 

[001] 
45° t o [001] 

[1T0] 

1.946 
0.5 

-0.934 

1.937 
0.496 

-0.945 

-1 

-0.057 
-0.982 

(100) a l l 0.5 0.499 -1 

125K (110) 
[001] 

h<f t o [001] 
[110] 

1.988 
0o5 

-O.986 

1.986 
0.499 

-0.988 

-1 
-0.014 
-0.996 

(100) a l l 0.5 0.50 -1 
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-0.98S and -0.996 as t h e u p p e r l i m i t , c a l c u l a t e d v a l u e and 

l o w e r l i m i t , r e s p e c t i v e l y . 

The t e t r a g o n a l a l l o y s show a s i m i l a r , a l t h o u g h l e s s 

m arked, t r e n d i n t h e a p p r o a c h o f P o i s s o n ' s r a t i o t o w a r d s i t s 

l i m i t as t h e t h a l l i u m c o n t e n t i n c r e a s e s and t h e phase b o u n d a r y 

i s a p p r o a c h e d . The p r o x i m i t y o f t h e phase b o u n d a r y i s s t i l l 

n o t p a r t i c u l a r l y c l o s e a t room t e m p e r a t u r e , even f o r t h e 

a t . % '.'1 c o m p o s i t i o n , and so t h e v a l u e s c a l c u l a t e d f o r v a r e 

n o t v e r y n e a r t o t h e i r l i m i t s . B u t because o f t h e p r o b l e m s 

a s s o c i a t e d w i t h t h e g r o w t h o f a s i n g l e c r y s t a l i n t h e t e t r a g o n a l 

f o r m c o n t a i n i n g more t h a n a b o u t 15 a t . % T l , i t has n o t boon 

p o s s i b l e t o o b t a i n i n f o r m a t i o n a t room t e m p e r a t u r e any c l o s e r 

t o t h e b o u n d a r y . 

The upp e r and l o w e r l i m i t s on P o i s s o n ' s r a t i o 

c o r r e s p o n d t o t h e v a l u e o f t h e s t r a i n e n e r g y d e n s i t y U p a s s i n g 

t h r o u g h z e r o ; f o r s t a b i l i t y U must be p o s i t i v e d e f i n i t e . 

T h e r e a r e two ways i n w h i c h U can become n e g a t i v e . V/hen t h e 

volume c o m p r e s s i b i l i t y i s z e r o , t h e b u l k modulus i s i n f i n i t e , 

i'iow t h e b u l k modulus K can be r e l a t e d d i r e c t l y t o t h e s t r a i n 

e n e r g y d e n s i t y , t h r o u g h ( s e e , f o r e x a m p l e , K i t t e l , 1 9 6 6 ) 

U = 4 K S 2 (b.15> 

i n w h i c h -j!s =€ =6 =€^^ t o g i v e a u n i f o r m d i l a t i o n . The 
I I del. ^ ^ 

c o m p r e s s i b i l i t y 0 i s j u s t t h e i n v e r s e o f K, so t h a t i f p a s s e s 

t h r o u g h z e r o t h e n K, and c o n s e q u e n t l y U, changes f r o m +<x> t o -00 , 

and t h e r e i s a s i n g u l a r i t y . T h i s c o r r e s p o n d s t o v i o l a t i o n o f 

t h e u i i i i e r l i m i t i n g c o n d i t i o n on V . t n t h e o t h e r h a n d , when 

t h e B o r n s t a b i l i t y c r i t e r i a a r e v i o l a t e d , U can change f r o m 

p o s i t i v e t o n e g a t i v e w i t h o u t t h e s i n g u l a r i t y , b e c a use U can 
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i i 12 
t e n d t o z e r o a s , f o r e x a m p l e , (S_„ S „ - S„~ ) t e n d s t o z e r o , 

11 22 12 

whereas i n t h e f i r s t case U— oo as K-~0. I t can be s e e n , 

t h e r e f o r e , t h a t i n t h e d i r e c t i o n i n t h e a l l o y s c o r r e s p o n d i n g 

t o t h e s h e a r r e s p o n s i b l e f o r t h e phase t r a n s i t i o n , and o n l y i n 

t h i s d i r e c t i o n , does t h e o b s e r v e d P o i s s o n ' s r a t i o a p p r o a c h t h e 

l i m i t i n g v a l u e s e t by i n s t a b i l i t y o f t h e s e c o n d k i n d . I t i s 

i n t e r e s t i n g t o n o t e t h a t i n t h i s p a r t i c u l a r d i r e c t i o n i t i s 

a l s o v e r y c l o s e t o i t s u p p e r l i m i t , and c o n s e q u e n t l y t h e r a n g e 

o f y f o r w h i c h s t a b i l i t y e x i s t s i s v e r y s m a l l . 

An a n a l y s i s o f i n s t a b i l i t y a s s o c i a t e d w i t h t h e 

m a r t e n s i t i c t r a n s f o r m a t i o n s seen i n L i , Na and /?CuZn has 

r e c e n t l y been made by C l a p p (1973) u s i n g a somewhat d i f f e r e n t 

m e t h o d . He has c a l c u l a t e d t h e s u r f a c e i n s t r a i n s p a c e f o r 

w h i c h t h e B o r n s t a b i l i t y c r i t e r i a a r e v i o l a t e d . T h i s c a l c u l a t i o n 

u ses t h e t h i r d o r d e r e l a s t i c c o n s t a n t s . He f i n d s t h a t t h e 

s t r a i n r e q u i r e d t o p r o d u c e i n s t a b i l i t y has a minimum v a l u e ( o f 

-3%) i n t h e L l1 l j d i r e c t i o n f o r t h e t h r e e m a t e r i a l s he 

c o n s i d e r e d : t h i s i s j u s t t h e d i r e c t i o n o f s h e a r r e q u i r e d t o 

cause t h e t r a n s f o r m a t i o n f e e t o bec w h i c h i s seen i n t h o s e 

m a t e r i a l s . C l a p p t h e n p r o c e e d s t o i d e n t i f y t h i s f o r m o f 

i n s t a b i l i t y w i t h a mechanism o f n u c l e a t i o n o f a m a r t e n s i t i c 

t r a n s f o r m a t i o n , and p o i n t s o u t t h a t i f t h e r e a r e r e g i o n s 

w i t h i n a c r y s t a l i n w h i c h t h e r e i s a s t r e s s - f r e e s t r a i n o f 

t h e a p p r o p r i a t e t y p e t h e n n e a r - i n s t a b i l i t y can o c c u r and 

l a t t i c e v i b r a t i o n s w i l l be o f a much l o w e r f r e q u e n c y and 

l a r g e r a m p l i t u d e t h a n i n t h e b u l k . He t h u s s u g g e s t s a 

l o c a l i s e d s o f t - m o d e t h e o r y f o r n u c l e a t i o n i n t h e s e p a r t i c u l a r 

m a r t e n s i t e s . 
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6.7 C o n c l u s i o n 

I t has been shown t h a t as the m a r t e n a i t i c t r a n s i t i o n 

i n i n d i u m - t h a l l i u m a l l o y s i s approached, the v a l u e o f P o i s s o n ' s 

r a t i o i n v a r i o u s d i r e c t i o n s t e n d s towards one o f i t s l i m i t i n g 

v a l u e s . The v a l u e o f t h i s r a t i o i n the s h e a r p l a n e , i n t h e 

d i r e c t i o n i n which the s h e a r o c c u r s which i s r e s p o n s i b l e f o r 

the t r a n s f o r m a t i o n , t e n d s to the l o w e r l i m i t , s e t by the Born 

s t a b i l i t y c r i t e r i a . T h i s i s c o n s i s t e n t w i t h a r e s u l t o b t a i n e d 

f o r o t h e r m a r t e n s i t i c t r a n s f o r m a t i o n s u s i n g a d i f f e r e n t method. 

Both r e s u l t s a r e a l s o c o n s i s t e n t w i t h a soft-mode mechanism 

f o r m a r t e n s i t i c t r a n s i t i o n s . 
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I n t r o d u c t i o n 

T h e o r i e s o f m e t a l s have been i n e x i s t e n c e f o r a l o n g 

t i m e , f r o m t h e e a r l y w o r k o f Drude (1900) . The 

o p t i m i s e d model p o t e n t i a l t h e o r y r e p r e s e n t s one o f t h e l a t e s t 

i n a s e r i e s o f d e v e l o p m e n t s b a s e d on p s e u d o p o t e n t i a l t h e o r y 

( P h i l l i p s and K l e i n m a n , 1959; Cohen and H e i n e , 1961; A u s t i n e t 

a l . , 1962), i n w h i c h p s e u d o - w a v e f u n c t i o n s were made up o f a 

sum o f v a l e n c e and c o r e e l e c t r o n s t a t e s . The f i r s t m odel 

p o t e n t i a l was i n t r o d u c e d by H e i n e and A b a r e n k o v (1964,1965): ' 

any p o t e n t i a l w h i c h c o u l d be a d j u s t e d so as t o r e p r o d u c e t h e 

o b s e r v e d e n e r g y e i g e n s t a t e s c o u l d be c o n s i d e r e d as a p o s s i b l e 

model p o t e n t i a l . F u r t h e r w o r k by A n i m a l u and H e i n e (1965) and 

by A n i m a l u (1965) e x t e n d e d t h e t h e o r y t o a f o r m i n w h i c h i t 

c o u l d be a p p l i e d t o a s e t o f 33 ' s i m p l e ' e l e m e n t s ( e l e m e n t s f o r 

w h i c h t h e s m a l l - c o r e a p p r o x i m a t i o n i s v a l i d ) . Shaw and 

H a r r i s o n (1967) r e f o r m u l a t e d i t , and Shaw (1968,1968a) o p t i m i s e d 

i t t o remove some o f t h e a r b i t r a r i n e s s i n t h e s e t t i n g up o f a 

p o t e n t i a l w h i c h had e x i s t e d h i t h e r t o . I t i s Shaw's f o r m u l a t i o n 

w h i c h has been a p p l i e d h e r e t o i n d i u m - t h a l l i u m a l l o y s . 

Once a p o t e n t i a l has been s e t up i t i s p o s s i b l e , i n 

p r i n c i p l e , t o c a l c u l a t e any a t o m i c o r e l e c t r o n i c p r o p e r t y f o r 

a m e t a l . Band s t r u c t u r e c a l c u l a t i o n s , b o t h on m e t a l s and on 

s e m i c o n d u c t o r s , have been p e r f o r m e d , t o g e t h e r w i t h c o m p u t a t i o n s 

o f e l e c t r i c a l r e s i s t i v i t y and o f t o t a l e n e r g y ( l e a d i n g t o a 

d e t e r m i n a t i o n o f s t a b l e c r y s t a l s t r u c t u r e s ) . 

E l a s t i c c o n s t a n t s , t o o , can be c a l c u l a t e d . One 
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method i s to f i n d t h e s e c o n d d e r i v a t i v e s o f t h e t o t a l energy 

w i t h r e s p e c t to s t r a i n , a s C o u s i n s (1970) has done f o r t h e 

h e x a g o n a l m e t a l s Be, Mg, Zn and Cd; an a l t e r n a t i v e a p proach i s 

from the e v a l u a t i o n o f phonon d i s p e r s i o n c u r v e s . 

V e r y l i t t l e work has been r e p o r t e d so f a r f o r 

a p p l i c a t i o n s o f model p o t e n t i a l methods to a l l o y s . I n g l e s f i e l d 

(1969), u s i n g t h e p s e u d o p o t e n t i a l f o r m a l i s m , h a s d e s c r i b e d the 

e v a l u a t i o n o f t o t a l e n e rgy f o r an a l l o y i n terms o f an a l l o y i n g 

p o t e n t i a l , and a l s o ( I n g l e s f i e l d , 1972) h a s d e v e l o p e d a method 

f o r s o l u t i o n o f the S c h r o e d i n g e r e q u a t i o n f o r an i m p u r i t y , i n 

a h o s t l a t t i c e . The l a t t e r method he has a p p l i e d to a 

c a l c u l a t i o n o f the d e n s i t y o f s t a t e s f o r Mg i n L i and A l i n L i . 

C l a r k and Dawber (1972) g i v e a method f o r an a l l o y w h ich 

r e q u i r e s the d e n s i t y o f s t a t e s f u n c t i o n s f o r t h e pure m e t a l s . 

Matsuo, K o g a c h i and K a t a d a have v a r i o u s l y a p p l i e d the Animalu 

(1966) p s e u d o p o t e n t i a l to a l l o y s o f In-Mg, Al-Mg ( K o g a c h i and 

Matsuo, 1971) and I n - T l (Matsuo and K a t a d a , 1975) to t r y to 

a c c o u n t f o r t h e i r o b s e r v e d s t r u c t u r e s . No p r e v i o u s work h a s 

been p u b l i s h e d f o r c a l c u l a t i o n s o f phonon d i s p e r s i o n r e l a t i o n s 

f o r a l l o y s by the model p o t e n t i a l method. 

I n t h i s c h a p t e r we e x t e n d t h e methods o f Shaw (1968, 

1968a) to compu t a t i o n o f t h e o p t i m i s e d model p o t e n t i a l and 

av e r a g e energy-wavenumber c h a r a c t e r i s t i c s f o r random indium-

t h a l l i u m a l l o y s o f up to 35 a t . % T l , and use t h e p r o c e d u r e s 

o u t l i n e d by H a r r i s o n (1966) to c a l c u l a t e the phonon d i s p e r s i o n 

c u r v e s f o r t h e s e m a t e r i a l s . I n s e c t i o n 7.1 i s g i v e n a b r i e f 

a c c o u n t o f t h e t h e o r y u n d e r l y i n g t h e s e t t i n g up of a p o t e n t i a l , 

t o g e t h e r w i t h an e x p l a n a t i o n of t h e n e c e s s a r y n o m e n c l a t u r e , i n 
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o r d e r t h a t the a p p l i c a t i o n to random a l l o y s can be d i s c u s s e d i n 

the f o l l o w i n g s e c t i o n s . 

The o b j e c t o f t h e c a l c u l a t i o n s has been to see 

whether a l a t t i c e s o f t e n i n g , thought to be the mechanism o f the 

m a r t e n s i t i c t r a n s f o r m a t i o n i n t h e s e a l l o y s , can be p r e d i c t e d 

from b a s i c a tomic and l a t t i c e p a r a m e t e r s w i t h i n t h e c o n t e x t o f 

a harmonic model, ( w h i c h i s of l i m i t e d a p p l i c a b i l i t y 

c l o s e to a s o f t mode i n s t a b i l i t y ) . We s h a l l a l s o d i s c u s s 

b r i e f l y the s t a b i l i t y problem e n c o u n t e r e d i n indium by s e v e r a l 

w o r k e r s , and which t h i s s t u d y , too, has brought to l i g h t . 

I n view of t h e n e c e s s a r y i n t e r m i x i n g o f e s t a b l i s h e d 

i d e a s and new ones i n t h i s c h a p t e r , a s h o r t d e s c r i p t i o n of what 

i s o r i g i n a l to t h e p r e s e n t work and what i s not might ba u s e f u l . 

The o p t i m i s e d model p o t e n t i a l t h e o r y f o r m e t a l l i c e l e m ents i s 

due to Shaw (1968,1968a). The a p p l i c a t i o n to a l l o y s of t h e 

p s e u d o p o t e n t i a l f o r m a l i s m has been g i v e n i n o u t l i n e by 

I n g l e s f i e l d (1969); a s i m i l a r method can be u sed f o r model 

p o t e n t i a l s , but the d e t a i l s of the c a l c u l a t i o n o f e n e r g y -

wavenumber c h a r a c t e r i s t i c s d i f f e r . The e v a l u a t i o n of a l l o y 

energy-wavenumber c h a r a c t e r i s t i c s ( w h e t h e r s c r e e n e d or not) 

from o p t i m i s e d model p o t e n t i a l s has not been r e p o r t e d e l s e ­

where, nor has the c a l c u l a t i o n of phonon d i s p e r s i o n c u r v e s f o r 

a l l o y s by t h i s method. The s i m p l i f i c a t i o n of the e x p r e s s i o n 

f o r b a n d - s t r u c t u r e energy change, d e s c r i b e d i n s e c t i o n 7.4.2 

i s a l s o not mentioned e l s e w h e r e , a l t h o u g h F i n n i s ( p r i v a t e 

communication, 197J) has i n d e p e n d e n t l y d e r i v e d a s i m i l a r r e s u l t . 
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7.1 O p t i m i s e d M o d e l P o t e n t i a l t h e o r y 

7.1.1 I n t r o d u c t i o n 

The o b j e c t i n any model p o t e n t i a l t h e o r y i s t o o v e r ­

come t h e p r o b l e m s a s s o c i a t e d w i t h t h e deep p o t e n t i a l w e l l i n 

t h e v i c i n i t y o f t h e p o s i t i v e i o n c o r e o f a m e t a l a t o m . Because 

t h e w e l l i s deep and i t s f o r m i s n o t known e x a c t l y i t i s n o t 

p o s s i b l e t o p e r f o r m c a l c u l a t i o n s o f e l e c t r o n i c and a t o m i c 

p r o p e r t i e s o f t h e m e t a l u s i n g s t a n d a r d p e r t u r b a t i o n m e t h o d s . 

The e q u a t i o n w h i c h w o u l d have t o be s o l v e d i s 

C T + V + v e ) | V k > = £ k | V k > C7.D 

w h i c h a p p l i e s t o an e l e c t r o n o f w a v e v e c t o r k m o v i n g t h r o u g h a 

p e r i o d i c l a t t i c e p o t e n t i a l V. The e l e c t r o n w a v e f u n c t i o n i s | y N 

and t h e e n e r g y e i g e n v a l u e r e q u i r e d i s E . i s a s e l f -

c o n s i s t e n t p o t e n t i a l due t o a l l t h e o t h e r e l e c t r o n s . I n w r i t i n g 

e q u a t i o n 7.1 c e r t a i n s i m p l i f y i n g a s s u m p t i o n s a r e i m p l i e d , w h i c h 

w i l l be d e s c r i b e d i n more d e t a i l b e l o w , b u t i t i s s t i l l n o t 

easy t o s o l v e on a c c o u n t o f t h e s t r o n g p o t e n t i a l V. 

To overcome t h a t p r o b l e m t h e r e a l p o t e n t i a l V i s 

r e p l a c e d by a model p o t e n t i a l W; r e a l w a v e f u n c t i o n s \\> ̂ ) become 

model wavef u n c t i o n s k") » a n d e q u a t i o n 7.1 becomes 

( T + W ( E k ) + V e )|*^> = E k / K k > . (7.2) 

A l t h o u g h t h e r e a l and m odel w a v e f u n c t i o n s a r e d i f f e r e n t , i t i s 

a l w a y s p o s s i b l e t o o b t a i n W s uch t h a t t h e r e a l e n e r g y e i g e n ­

v a l u e s a r e p r e s e r v e d , and t h e n | ^ k ) c a n be r e l a t e d t o j V i ) * 

The a d v a n t a g e o f e q u a t i o n 7-2 i s t h a t W i s a weak p o t e n t i a l , so 

t h a t i t can be t r e a t e d as a p e r t u r b a t i o n on t h e f r e e e l e c t r o n 
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p o t e n t i a l , and c a l c u l a t i o n s based on i t can p r o c e e d . F i g u r e 

7 . 1 ( a ) shows d i a ^ r a m m a t i c a l l y t h e r e l a t i o n between the r e a l 

and model w a v e f u n c t i o n s and p o t e n t i a l s . 

7.1.2 A p p r o x i m a t i o n s 

i ) The s m a l l - c o r e a p p r o x i m a t i o n 

The s m a l l - c o r e a p p r o x i m a t i o n means t h a t o v e r l a p of 

i o n c ore p o t e n t i a l s i s n e g l e c t e d . From a p r a c t i c a l v i e w p o i n t 

t h i s l i m i t s the a p p l i c a b i l i t y o f the t h e o r y to s o - c a l l e d ' s i m p l e ' 

m e t a l s , s u c h as the a l k a l i s and s i m p l e p o l y v a l e n t m e t a l s . The 

t h e o r y does not a p p l y to t r a n s i t i o n m e t a l s as i t i s p r e s e n t e d 

h e r e ; o v e r l a p of core d - s t a t e s o c c u r s i n such m e t a l s , and other-

methods have been t r i e d f o r c a l c u l a t i o n s o f t r a n s i t i o n m e t a l 

p r o p e r t i e s . ( S e e , f o r example, Heine (1969) . ) 

i i ) G e l f - c o n s i s t e n t f i e l d a p p r o x i m a t i o n 

The a s s u m p t i o n i s made t h a t any e l e c t r o n moves i n 

a f i e l d due both to t h e o t h e r e l e c t r o n s and to the p o s i t i v e 

i o n s . But the arrangement of the e l e c t r o n s i s i t s e l f c a u s i n g 

p a r t of t h a t f i e l d . Thus any c a l c u l a t i o n o f the s c r e e n i n g o f 

a p o s i t i v e charge by t h e e l e c t r o n s must be c a r r i e d out i n a 

s e l f - c o n s i s t e n t manner to a l l o w f o r t h i s i n t e r d e p e n d e n c e . 

i i i ) P e r t u r b a t i o n t h e o r y 

The model p o t e n t i a l i s assumed to be weak so t h a t 

a p e r t u r b a t i o n e x p a n s i o n w i l l c o n v e r g e . C a l c u l a t i o n s a r e 

r a r e l y c a r r i e d beyond s e c o n d o r d e r . 
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F i g u r e 7.1 S c h e m a t i c diagrams o f v a r i o u s forme o f model 
p o t e n t i a l and model w a v e f u n c t i o n s . 

( a ) A g e n e r a l form, showing the r e p l a c e m e n t o f t h e 
deep p o t e n t i a l V by a a h a l l o w one W. 

(b) The form used by Heine and Abarenkov. 
( o ) The o p t i m i s e d form of Shaw. 
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7.1.3 C o n s t r u c t i o n o f a p o t e n t i a l 

B e f o r e d i s c u s s i n g t h e o p t i m i s e d model p o t e n t i a l o f 

ohaw, which forms t h e b a s i s o f the work to be d e s c r i b e d , we 

t u r n to t h e e a r l i e r i d e a s o f Heine and Abarenkov (1965), to be 

r e f e r r e d t o as HA. HA u s e d a s t h e i r model a p o t e n t i a l W which 

v a r i e d a s - Z / r beyond a model r a d i u s from t h e i o n c e n t r e , 

and w hich had a c o n s t a n t v a l u e of A. f o r r < r . Z was t h e 
1 m 

v a l e n c y o f the i o n i n q u e s t i o n , and A^ c o u l d be a d j u s t e d to 

g i v e the energy e i g e n v a l u e s r e q u i r e d . E a c h o r b i t a l a n g u l a r 

momentum quantum number 1 r e q u i r e d a d i f f e r e n t v a l u e o f A, and 

i n the HA model 1 v a l u e s up to 00 were thought to be n e c e s s a r y . 

The HA model can be w r i t t e n as 
V = - H A n ( E ) P n r < r 

= - — r > r 

r m , 

which a p p l i e s to a b a r e i o n co r e o f ch a r g e Z; the p o t e n t i a l 

due to c o n d u c t i o n e l e c t r o n s must be added to t h i s . P^ i s a 

p r o j e c t i o n o p e r a t o r w h i c h , when o p e r a t i n g on t h e model wave-

f u n c t i o n , p i c k s out t h e component o f t h e w a v e f u n c t i o n c o r r e s ­

ponding to the 1 v a l u e i n q u e s t i o n . A^ i s a d j u s t e d to g i v e t h e 

s p e c t r o s c o p i c a l l y o b s e r v e d energy l e v e l s ; s i n c e i t i s the 

e l e c t r o n s near t h e f e r m i l e v e l which a r e e x c i t e d , the v a l u e s o f 
A., a r e e v a l u a t e d a t E, =E, 1 k k F 

When t h e model p o t e n t i a l f o r a met a l i s r q u i r e d , a s 

d i s t i n c t from a bare i o n , the S c h r o e d i n g e r e q u a t i o n to c o n s i d e r 

( T + HLv

± + V e ) |V k > = E k | V k > ( 7 .4 ) 

f o r the r e a l w a v e f u n c t i o n s , i n which v. a r e t h e s e l f - c o n s i s t e n t 
1 

i o n p o t e n t i a l s , and 

1 1 1 m ( 7 o ) 
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( T + £ w . + V e )|X>k> = E k | ^ k > (7 .5 ) 
i 

f o r the model w a v e f u n c t i o n s . I n both c a s e s V i n c l u d e s t h e 
e 

i n t e r a c t i o n o f a l l c o n d u c t i o n e l e c t r o n s w i t h t h e s i n g l e e l e c t r o n 

d e s c r i b e d by e q u a t i o n 7.2 . When many i o n s and e l e c t r o n s a r e 

brought t o g e t h e r to form a m e t a l t h e r e i s a r e d u c t i o n i n the 

energy, and a c o h e s i v e energy can be d e f i n e d . Shaw (196H,1968a) 

d e s c r i b e s how t h e energy a t which th e model p a r a m e t e r s must now 

be e v a l u a t e d i s the f e r m i energy r e l a t i v e to the f r e e i o n . 

Methods of c a l c u l a t i n g t h i s energy w i l l be g i v e n l a t e r . 

Shaw (1968,1968a) made two i m p o r t a n t m o d i f i c a t i o n s 

to the HA model. The f i r s t c o n c e r n e d t h e m o d e l l i n g o f A_^(E) 

f o r a l l 1, from z e r o to i n f i n i t y . The s e c o n d had a b e a r i n g on 

the c h o i c e of model r a d i u s R„. 
M 

F o r 1>2 HA s e t A^ e q u a l to A^, as t h e r e were 

e s s e n t i a l l y no s p e c t r o s c o p i c term v a l u e s f o r c a l c u l a t i n g t h e s e 

w e l l d e p t h s . However, t h e r e i s no need to i n c l u d e 1>2 a t a l l , 

or, more c o r r e c t l y } f o r 1 g r e a t e r t h a n t h e v a l u e 1^ f o r which 

t h e r e a r e c o r e s t a t e s i n t h e i o n i n q u e s t i o n . F o r example, i n 

indium 1^ = 2, whereas i n aluminium 1^ = 1 and i n sodium 1^ = 0. 

T h i s i s b e c a u s e th e l o w e s t e i g e n s t a t e w i l l have no nodes, and 

any o t h e r s w i l l have nodes o u t s i d e t h e c o r e . Hence the p o t e n t i a l 

near the c o r e due to t h e s e s t a t e s w i l l be weak a l r e a d y , and so 

one of the main r e a s o n s f o r n e e d i n g a model, t h e s t r o n g 

p o t e n t i a l n e a r the c o r e , w i l l not a p p l y i n t h e s e c a s e s . 

The model r a d i u s of HA was a f i x e d d i s t a n c e : Shaw 

a l l o w e d t h i s q u a n t i t y to depend on e n e r g y , and a l s o to v a r y f o r 

each 1 v a l u e r e q u i r e d . Thus the new model r a d i u s c o u l d be 

w r i t t e n as R ( E ) , and t h e u n s c r e e n e d model p o t e n t i a l f o r a 
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s i n g l e i o n can now be w r i t t e n a s 
1 

W0 = V b 
0 r 1 

( r ) - Y. 9(1? n-r) A . ( E ) + v. ( r ) P. (7.6) 

w i t h e r ) ={i: m . 

I f the v a l u e s from 1q+^ to oc a r e c o n s i d e r e d , t h e n the e f f e c t 

o f t h e s e can be shown (Shaw (1968a)) to be a t l e a s t 2 o r d e r s 

s m a l l e r than f o r t h o s e up to 1 Q. Hence t h e b a r e i o n p o t e n t i a l 

can be a p p r o x i m a t e d , w i t h an e r r o r w h i c h i s known to be s m a l l , 

as (7.7) 

The c r i t e r i o n u s ed f o r o p t i m i s a t i o n o f t h e p a r a m e t e r s 

i s to l o o k f o r the smoothest w a v e f u n c t i o n p o s s i b l e w hich 

i s n o d e l e s s w i t h i n the c o r e , as s u g g e s t e d by Cohen and Heine 

(1961) . The e x t r a p a r a m e t e r i n t r o d u c e d , R , t u r n s out to 

depend on A^, so t h a t no nev; v a r i a b l e i s i n t r o d u c e d by Shaw's 

m o d i f i c a t i o n s . The o p t i m i s a t i o n c o n d i t i o n s a r e 

VE)L = -vv 
1 (7.8) 

* A1 = 0 
^ R X 

Shaw has shown t h a t theBe c o n d i t i o n s a r e e q u i v a l e n t , so t h a t 

i f the a s s u m p t i o n i s made t h a t v ^ ( r ) i s e q u a l to - Z / r o u t s i d e 

t h e c o r e , the o p t i m i s a t i o n c o n d i t i o n can be w r i t t e n a s 

A X ( E ) 

The p r o c e d u r e f o r c a l c u l a t i n g o p t i m i s e d p a r a m e t e r s f o r s p e c i f i c 

m e t a l s w i l l be g i v e n i n s e c t i o n 7.2 . 

T h i s c o m p l e t e s our d e s c r i p t i o n , g i v e n i n o u t l i n e o n l y , 

o f the o p t i m i s e d model p o t e n t i a l . T h e r e s t i l l r e m a i n s much 

n u m e r i c a l work and compu t a t i o n to be done b e f o r e f u n c t i o n s 
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based on i t can be produced, and wh i c h e n a b l e c a l c u l a t i o n o f 

o b s e r v a b l e p h y s i c a l p r o p e r t i e s o f a m e t a l to be performed. 

c a l c u l a t i o n o f phonon d i s p e r s i o n c u r v e s f o r a l a t t i c e . Such a 

c a l c u l a t i o n p r o v i d e s a good t e s t f o r a model, and c o n s i d e r a b l e 

e f f o r t has gone i n t o t h e d e t e r m i n a t i o n o f l a t t i c e v i b r a t i o n 

s p e c t r a i n r e c e n t y e a r s , both from a t h e o r e t i c a l and a p r a c t i c a l 

s t a r t i n g p o i n t . P i n d o r and Pynn (1969) have d e s c r i b e d a 

c a l c u l a t i o n f o r h e x a g o n a l c r y s t a l s , and have a p p l i e d i t to 

magnesium, w h i l e Shaw and Pynn (1969) have m o d i f i e d t h e comp­

u t a t i o n to i n c l u d e the e f f e c t s o f exchange and c o r r e l a t i o n . 

When s u c h e f f e c t s were i n c l u d e d the e x p e r i m e n t a l l y d e t e r m i n e d 

phonon d i s p e r s i o n c u r v e s were r e p r o d u c e d q u i t e w e l l . 

problems a s s o c i a t e d w i t h t h e c a l c u l a t i o n , and i t i s h i s method 

t h a t h as been used i n the work to be d e s c r i b e d . The re m a i n d e r 

of t h i s s e c t i o n i s g i v e n to i n t r o d u c i n g and d e f i n i n g v a r i o u s 

t o p i c s and f u n c t i o n s w hich w i l l be needed i n t h e c a l c u l a t i o n 

of phonon d i s p e r s i o n c u r v e s f o r t h e i n d i u m - t h a l l i u m a l l o y s . 

7.1 »'+ C o n t r i b u t i o n s to the t o t a l e n ergy 

d i r e c t i n t e r a c t i o n ) , the e l e c t r o n - i o n ( o r i n d i r e c t i n t e r a c t i o n ) , 

t h e e l e c t r o n - e l e c t r o n i n t e r a c t i o n . 

( i ) T h e f i r s t , t h e i o n - i o n i n t e r a c t i o n depends o n l y on t h e i o n 

s e p a r a t i o n , and not on t h e i r a r r a n g e m e n t . I t i s t h u s a volume-

dependent term. The energy per i o n can be w r i t t e n a s 

An i m p o r t a n t a p p l i c a t i o n , o f r e l e v a n c e h e r e , i s t h e 

H a r r i s o n (1966) has s i m p l i f i e d some o f the conver g e n c e 

T h r e e i n t e r a c t i o n s a r e c o n s i d e r e d : t h e i o n - i o n ( o r 

) V,( r 2N 
i . 3 i * 3 

(7 .10) 
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where V ^ ( r ) i s the energy of i n t e r a c t i o n o f a p a i r o f i o n s w i t h 

s e p a r a t i o n r . 

( i i ) The e l e c t r o n - i o n i n t e r a c t i o n depends not o n l y on the 

volume of the s y s t e m but a l s o on t h e arrangement of t h e i o n s . 

H a r r i s o n (1966) g i v e s t h e energy o f the s t a t e k as 

E ( k ) = % k - + <k|W|k> + 2 . ?• • ?•• -p 

2 m q ( f i / 2 m ) ( k ^ - |k+aP 

and the prime i n d i c a t e s t h a t q = 0 i s ommitted. T h i s 

e x p r e s s i o n f o l l o w s from a p e r t u r b a t i o n t h e o r y c a l c u l a t i o n t a k e n 

to second o r d e r . I n the absence o f t h e p o t e n t i a l W e q u a t i o n 

7.11 would r e d u c e to the f r e e - e l e c t r o n r e s u l t , and a s p h e r i c a l 

f e r m i s u r f a c e would e n s u e . The f r e e - e l e c t r o n energy o f the 

p e r t u r b e d s y s t e m i s r e p r e s e n t e d by the f i r s t two terms o f 7 . 1 1 ; 

t h e l a s t term g i v e s a c o n t r i b u t i o n known a s the band s t r u c t u r e 

energy, and i t i s t h i s term which i s a f f e c t e d by the i o n 

a r r a n g e m e n t . 

( i i i ) F i n a l l y we come to the e l e c t r o n - e l e c t r o n i n t e r a c t i o n . 

The e f f e c t o f c o n d u c t i o n e l e c t r o n s i n t h e v i c i n i t y o f an i o n 

c o r e i s t o r e d u c e i t s i n t e r a c t i o n w i t h e l e c t r o n s f u r t h e r away: 

some of t h e p o s i t i v e c h a rge i s ' s c r e e n e d 1 . The r e s u l t o f t h e 

s c r e e n i n g i s to modify the band s t r u c t u r e e n e r g y . A s c r e e n e d 

model p o t e n t i a l i s produced which t a k e s i n t o a c c o u n t the 

e f f e c t o f c o n d u c t i o n e l e c t r o n s , and t h i s t h e n t a k e s the p l a c e 

o f the u n s c r e e n e d p o t e n t i a l i n c a l c u l a t i o n s performed f o r 

a m e t a l . 

T h e s e i n t e r a c t i o n s combine to g i v e t h r e e terms i n 

the e x p r e s s i o n f o r t o t a l e n e r g y . The f i r s t i s the f r e e -

e l e c t r o n e n e rgy, the second i s t h e band s t r u c t u r e energy 

and the t h i r d , known a s t h e e l e c t r o s t a t i c energy, a r i s e s from 
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a c o m b i n a t i o n o f t h e i o n - i o n i n t e r a c t i o n energy, p a r t of the 

e l e c t r o n - e l e c t r o n energy and the s e c o n d term o f e q u a t i o n 7.11 . 

The e l e c t r o s t a t i c energy can be c o n s i d e r e d as r e p r e s e n t i n g 

t h e e f f e c t of p o s i t i v e i o n s i n a ' s e a ' o f n e g a t i v e c h a r g e . 

Thus we may w r i t e the t o t a l e n e r g y as 

E t o t = E f e + E b s + E e s • ( 7 - 1 2 ) 

The e s s e n c e of a c a l c u l a t i o n of l a t t i c e v i b r a t i o n p r o p e r t i e s 

i s i n f i n d i n g the way i n which th e t o t a l energy changes as t h e 

r e s u l t o f an a p p l i e d d i s t o r t i o n to t h e l a t t i c e . 

7 . 1 .5 D e c o m p o s i t i o n of the m a t r i x e l e m e n t s 

I f the model p o t e n t i a l f o r a m e t a l W c o n s i s t s o f t h e 

sum of p o t e n t i a l s w c e n t r e d on e a c h of t h e N i o n p o s i t i o n s r ^ , 

t h e n a t r t h e p o t e n t i a l i s 
N 

W(]_ 
3 : 

We can now w r i t e i n f u l l the m a t r i x element <(k+q| W(r) | , 

( r ) = ] T w( | r - r . j ) . (7 .13) 
.1=1 J 

u s i n g e q u a t i o n 7.13 t o g e t h e r w i t h t h e e x p r e s s i o n s of which t h e 

b r a and k e t v e c t o r s a r e a b r e v i a t i o n s . 

< k + q l W ( r ) | k > = J T 1 f e ' ^ ^ ^ - i l ^ w C l r - r . D e ^ d l 
3 3 

i n which i s t h e volume of the m e t a l and the i n t e g r a t i o n i s 

o v e r a l l s p a c e . M u l t i p l y i n g and d i v i d i n g the r i g h t hand s i d e 

by e and r e a r r a n g i n g , we have 

<k+q|W(r)|k> = XZ' 1 Z e " 1 3 * £ j - i ( k + q ) . ( r - r . ) 
® 3 

J . /1 . i k . ( r - r .) 
X wMl~£-il ) E 3 d T 

i j 

1 y - i q . r . 1 f -i(k-q).£ , . i k . r , 
= i j Z . e G J2 J ~ w ( r ) e d r 

3 
s i n c e ( r - r . ) has become a dummy v a r i a b l e . SL = — t h e volume ~ — 3 o N 
per i o n . 
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The l a s t e q u a t i o n can be w r i t t e n as 

<k+q|w|k> = S(q)<k+q|w|k> (7.1*0 

i n which . 
S ( q ) = \ Z ^ ' i j (7 .15) 

0 

and i 11 \ 1 f - i ( k + q ) . r , i k . r , tn »c\ <k+q|w|k> = - j e - - - w ( r ; e d r (7 .1b) 
->'-o 

The f a c t o r i s a t i o n has produced two t e r m s : one depends o n l y on 

th e arrangement of t h e i o n s , and t h e o t h e r o n l y on t h e 

i n d i v i d u a l i o n p o t e n t i a l w. The former i s c a l l e d t h e STRUCTURE 

FACTOR, and t h e l a t t e r i s the FORM FACTOR. 

The above a n a l y s i s h a s assumed one t y p e o f i o n p r e s e n t , 

L e t a b i n a r y a l l o y have c o n s t i t u e n t s A and B, and l e t the 

f r a c t i o n o f i o n s from element A be c . L e t t h o s e o f t y p e A be 

a t p o s i t i o n s H-̂ .̂) ' a n c * t h o s e °^ ^ a ^ £ 1(b)* ^ n e n e q u a t i o n 

7.13 becomes 

W(r) = Y. w A( | r - r . | ) + ^ w B ( | r - r . | ) 
i ( A ) i ( B ) ( 7 - 1 ? ) 

Thus <k+q|W|k) = -J H e - 1 ^ * - i <k+q|w A|k> 
i ( A ) 

+ J I e - H ' ^ ^ q i w ^ k v 
i ( B ) 

= 1 Z e - ^ ^ i < k + q | w A j k > 
i 

+ Z X e ^ a ^ i <k +q|w B-w A|k> (7 .18) 
N i ( B ) 

E q u a t i o n 7.18 c o n t a i n s two sums; t h e f i r s t i s o v e r a l l i o n 

p o s i t i o n s , w h i l e the second i s t a k e n o v e r a l l s i t e s a t w h i c h 

t h e r e i s an i o n of t y p e B. The l a t t i c e over which the f i r s t 

sum i s t a k e n i s c a l l e d t h e a v e r a g e l a t t i c e , and t h a t f o r t h e 

s e c o n d sum i s the d i f f e r e n c e l a t t i c e . T h e r e a r e t h u s two t y p e s 

o f s t r u c t u r e and form f a c t o r s i n v o l v e d . When q i s a wavenumber 
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o f the a v e r a g e l a t t i c e i t i s denoted by q , and e -*o"— = i 

a t each i o n p o s i t i o n . Hence S ( q Q ) = 1» aucl e q u a t i o n 7.18 

becomes, i n t h i s c a s e , 

< i i+q 0 l w l i s > = c < £ + q 0 l ^ l i s ) + ^ - c ) ( i s + q Q l w B | k ) . (7 .19) 

I f q i s not on t h i s l a t t i c e t h e n S(q) - 0 and 

<k+q|W|k) = s' (o i)(k+q|w B=w A|k) . (7 .20) 

F o r a random a l l o y the d i f f e r e n c e l a t t i c e i s random, and 

H a r r i s o n (1966) haB shown t h a t f o r s u c h a l a t t i c e 

1 * 1 S (q) S ( q ) = C ( 1 -C)/N ; (7 . 2 1 ) 

S ( $ ) = S ' ( - $ ) . 

B ecause o f i t s dependence on the type o f i o n ( s ) 

p r e s e n t o n l y , t h e form f a c t o r need o n l y be computed once f o r a 

m e t a l or a l l o y . A c a l c u l a t i o n o f any atomic p r o p e r t y can t h e n 

p r o c e e d u s i n g a s t r u c t u r e f a c t o r a p p r o p r i a t e to the i o n 

arrangement under c o n s i d e r a t i o n . 

7.1.6 The energy-wavenumber c h a r a c t e r i s t i c 

An i m p o r t a n t f u n c t i o n i n any c a l c u l a t i o n o f m e t a l l i c 

p r o p e r t i e s i s t h e energy-wavenumber c h a r a c t e r i s t i c . I t g i v e s 

the c o n t r i b u t i o n to the b a n d - s t r u c t u r e energy o f the w a v e v e c t o r 

q. The b a n d - s t r u c t u r e c o n t r i b u t i o n to the energy o f an e l e c t r o n 

i n s t a t e |k)> i s , from e q u a t i o n 7.11 » 

S — <k+q|W| k>(k|W|k +q) 
E. = > 5 rr — . ( 7.22) 

b s V (fi/2mXlc - | k + q | ) d 

The two m a t r i x e l e m e n t s i n the numerator can be decomposed a s 

d e s c r i b e d i n s e c t i o n 7 .1.5 to g i v e an e x p r e s s i o n which c o n s i s t s 

o f a s t r u c t u r e - d e p e n d e n t p a r t , and a s t r u c t u r e - i n d e p e n d e n t p a r t . 
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Thus 
t * 

<T~ S (q)S(q)<k|w| k+q^k+qlwl k) 
E, = ) 5 5 ~ ( 7.2J) 

b s \ ( ^ 2 / 2 m ) ( k 2 - | k + q | ) 2 

i n which w i s t h e u n s c r e e n e d b a r e i o n model p o t e n t i a l . 

T h i s e q u a t i o n may be r e w r i t t e n a s 
r 

E f e B = Y L s'CgJSCqjFCq) (7.2*0 
s q 

where F ( q ) i s t h e energy-wavenumber c h a r a c t e r i s t i c ; e q u a t i o n 

7.24 i s i t s d e f i n i n g r e l a t i o n s h i p . Now the sum o v e r q_ can be 

changed to an i n t e g r a l o v e r k. p r o v i d e d t h a t a f a c t o r 

2 i V &T 3 

i s i n t r o d u c e d . T h i s r e p r e s e n t s t h e number o f e l e c t r o n s w hich 

occupy s t a t e s i n a u n i t volume of wavenumber s p a c e . Hence th e 

e x p r e s s i o n f o r F ( q ) becomes ( f o r an e l e m e n t ) ZSL 

8tt 3 

<k|w| k+q)<k+q|w| k> 
d'\ ^ ~ 2 (7 .25) 

( h / 2 m ) ( k - |k+q| )' 

The energy-wavenumber c h a r a c t e r i s t i c i s based on t h e form f a c t o r 

and, l i k e t h a t f u n c t i o n , does not depend on the i o n a r r a n g e m e n t . 

The g e n e r a l form of t h e energy-wavenumber c h a r a c t e r i s t i c i s 

shown i n f i g u r e 7.2 ; o f p a r t i c u l a r i n t e r e s t i s t h e minimum 

o c c u r r i n g a t a p o i n t n e a r to q = 2k^, , c a l l e d q Q , f o r a t s u c h 

a wavenumber t h e r e i s l i t t l e c o n t r i b u t i o n to the b i n d i n g energy 

from the b a n d - s t r u c t u r e p a r t . I t h a s been s u g g e s t e d ( H e i n e and 

Weaire, 1966) t h a t e l e m e n t s assume a c r y s t a l s t r u c t u r e s u c h 

t h a t the p r i n c i p a l r e c i p r o c a l l a t t i c e v e c t o r s a v o i d q Q . 

The form of e q u a t i o n 7.25 f o r a l l o y s i s s i m i l a r , but 

i t c o n t a i n s e x t r a terms r e s u l t i n g from d e c o m p o s i t i o n of t h e 

a l l o y m a t r i x e l e m e n t s . 

7.1.7 E f f e c t i v e v a l e n c y 

I t i s u s e f u l a t t h i s s t a g e to c o n s i d e r t h e e f f e c t o f 
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rydberg 
per ion 

i 
1 

Vk P 
F i g u r e 7.2 S c h e m a t i c form o f an eaergy-waventtmber 

c h a r a c t e r i s t i c 
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u s i n g a model w a v e f u n c t i o n i n s t e a d o f the r e a l w a v e f u n c t i o n i n 

c a l c u l a t i o n s i n v o l v i n g t h e e l e c t r o n d e n s i t y . The e l e c t r o n 

d e n s i t y i s g i v e n by 

n ( r j = V * ( r ) V ( r ) . (7.26) 
k ^ k f

 k k 

T h i s w i l l e q u a l 3 e l e c t r o n s per atom f o r the c a s e o f indium. 

Hut i n g e n e r a l the model w a v e f u n c t i o n X ( r ) w i l l not l e a d to 
K. 

the same r e s u l t ; a c o r r e c t i o n term i s needed {/o ( r ) ) 

n(r) = ^_ X*. (r)X, ( r ) + p. (r) . (7.27) 
k<k f

 k k k 

The l a s t term, when summed over k, g i v e s r i s e to the d e p l e t i o n 

charge d e n s i t y / o ( r ) . C o n s e q u e n t l y , i n p e r f o r m i n g any c a l c u l ­

a t i o n i n v o l v i n g the v a l e n c y , an e f f e c t i v e v a l e n c y must be used 

i n o r d e r to be c o n s i s t e n t w i t h the model w a v e f u n c t i o n employed. 

The e f f e c t i v e v a l e n c y i s g i v e n t h e symbol Z , and 

Z* = Z(1 - yo) ; (7 = 28) 

/O i s u s u a l l y p o s i t i v e , and i s o f t e n c a l l e d the d e p l e t i o n h o l e . 

7.1.8 S c r e e n i n g the form f a c t o r 

The s c r e e n i n g c a l c u l a t i o n t a k e s i n t o a c c o u n t the 

e f f e c t of the e l e c t r o n s n e a r to a p o s i t i v e i o n r e d u c i n g i t s 

i n f l u e n c e on e l e c t r o n s f u r t h e r away. The r e s u l t i s e x p r e s s e d 

as a c o r r e c t i o n term to t h e form f a c t o r d i s c u s s e d i n s e c t i o n 

7.1.5 and we o b t a i n the s c r e e n e d form f a c t o r . 

The e l e c t r o n p o t e n t i a l can be c a l c u l a t e d from the 

e l e c t r o n d e n s i t y as g i v e n i n e q u a t i o n 7.27 a f t e r s u b s t i t u t i n g 

a p e r t u r b a t i o n e x p a n s i o n f o r X 
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Shaw (1968 a) g i v e s the r e s u l t f o r an e l e m e n t a l m e t a l a s 

V = ^ ~ - 5 - = + £ S ( q ) (7 .29) 

S q q 1 1 k - I k + q | ^ 

W i n e q u a t i o n 7.29 i n c l u d e s the e l e c t r o n p o t e n t i a l , so t h a t 

<k+q|W|k> = <k+q|W o|k>+ V (7 .30) 

i n which W q i s made up o f bare i o n p o t e n t i a l s . S u b s t i t u t i o n 
of e q u a t i o n 7.30 i n t o 7.29 a l l o w s a s e l f - c o n s i s t e n t d e t e r m i n a t i o n 
of V to be made: combining i t w i t h the u n s c r e e n e d m a t r i x eq 

element a s i n 7.30 g i v e s t h e s c r e e n e d m a t r i x e l e m e n t . T h i s can 

be decomposed as b e f o r e to g i v e a s t r u c t u r e f a c t o r and a 

s c r e e n e d form f a c t o r . 

When c o n s i d e r i n g an a l l o y two t y p e s of form f a c t o r 

a r e i n v o l v e d , as i n e q u a t i o n s 7.19 and 7 .20. E v a l u a t i o n o f 

th e m a t r i x element f o r t h e a v e r a g e l a t t i c e from e q u a t i o n 7.19 

i s q u i t e s t r a i g h t f o r w a r d , s i n c e i t o n l y i n v o l v e s the we i g h t e d 

mean of t h e s c r e e n e d form f a c t o r s f o r atoms o f typ e A and of 

type B, and the r e s u l t i n g form f a c t o r i s c o r r e c t l y s c r e e n e d . 

The p r o c e d u r e i s s l i g h t l y more i n v o l v e d i n the c a s e o f t h e 

d i f f e r e n c e form f a c t o r <k+q|w Q - Wq jk.) . A s i m p l i f i e d a p proach 
B A 

i s to decompose i t i n t o (k+q|w o |k^ - Ck+q( Wq |k) , a s Ko g a c h i 

and Matsuo (1971) have done i n the c a s e s o f In-Mg and Al-Mg 

a l l o y s f o r which the components have d i f f e r e n t v a l e n c i e s , but 

t h i s n e g l e c t s a l t o g e t h e r the s c r e e n i n g d i f f e r e n c e i n t r o d u c e d 

by a l l o y i n g . The r e a s o n why t h e r e i s a d i f f e r e n c e l i e s i n t h e 

d i f f e r e n t form o f the model w a v e f u n c t i o n s f o r the two e l e m e n t s , 

a d i f f e r e n c e r e f l e c t e d i n t h e e f f e c t i v e v a l e n c e Z throug h the 

d e p l e t i o n h o l e c a l c u l a t i o n . 
To attempt to compensate f o r t h i s d i f f e r e n c e , we may 
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s c r e e n the d i f f e r e n c e form f a c t o r s t a r t i n g from an e x p r e s s i o n 

f o r the e l e c t r o n d e n s i t y o f a b i n a r y a l l o y which i s s i m i l a r i n 

form to e q u a t i o n 7.27 . 

n ( r ) = Y * * ( r j X . ( r ) + ( 1 - c ) Y l /o(r-r.) - c 2 _ / o ( r - r . ) 
fekf

 k " k " i ( B ) ~ - 1 i ( A ) " ~ X 

(7.31) 

The a n a l y s i s f o l l o w s t h a t g i v e n f o r an element by Shaw (1968a) 

and the r e s u l t i n g s c r e e n i n g c o r r e c t i o n i s i n terms o f t h e 

e f f e c t i v e v a l e n c e s and t h e weighted means of t h e a t o m i c volumes 

and d e p l e t i o n h o l e s o f the two e l e m e n t s c o n c e r n e d . 

T h i s d e s c r i p t i o n o f t h e s c r e e n i n g o f t h e d i f f e r e n c e 

form f a c t o r has been r a t h e r b r i e f b e c a u s e , as w i l l be shown 

below i n s e c t i o n 7.^.2, t h e r e i s no need to compute the d i f f ­

e r e n c e form f a c t o r i n the c a l c u l a t i o n o f phonon d i s p e r s i o n 

c u r v e s . I t s v a l u e would be r e q u i r e d , though, i f a t o t a l energy 

d e t e r m i n a t i o n was to be c a r r i e d o u t . 

7.1.9 Summary 

An a c c o u n t o f the i d e a s b e h i n d the o p t i m i s e d model 

p o t e n t i a l t h e o r y has been g i v e n , t o g e t h e r w i t h an e x p l a n a t i o n 

of v a r i o u s f u n c t i o n s w h i c h can be d e r i v e d from i t . The 

e x t e n s i o n o f the a p p r o p r i a t e s e c t i o n s to a b i n a r y a l l o y 

s y s t e m has been d i s c u s s e d . The s e c t i o n s f o l l o w i n g w i l l 

d e s c r i b e the d e t e r m i n a t i o n o f t h e o p t i m i s e d p a r a m e t e r s f o r 

indium and t h a l l i u m , and w i l l g i v e the r e s u l t s o f n o r m a l i s e d 

energy-wavenumber c h a r a c t e r i s t i c s f o r indium and s e l e c t e d 

a l l o y c o m p o s i t i o n s so t h a t a d e t e r m i n a t i o n o f t h e i r phonon 

s p e c t r a can be made. 
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7.2 D e t e r m i n a t i o n of model p a r a m e t e r s f o r indium 
and t h a l l i u m 

Model p a r a m e t e r s for t h e Heine-Abarenkov model 

The HA model r e q u i r e d t h a t the w a v e f u n c t i o n f o r the 

r e g i o n i n s i d e t h e model r a d i u s s h o u l d match smoothly to t h a t 

o u t s i d e . T h i s was e q u i v a l e n t to t h e r e q u i r e m e n t t h a t the 

l o g a r i t h m i c d e r i v a t i v e s of the i n t e r n a l and e x t e r n a l s o l u t i o n s 

to the r a d i a l S c h r o e d i n g e r e q u a t i o n f o r t h e model w a v e f u n c t i o n 

s h o u l d match a t f-i... U s i n g t h i s c o n d i t i o n Abarenkov (1965) 

2 

produced a s e t of t a b l e s i n which the q u a n t i t y A^/Z was g i v e n 

as a f u n c t i o n of Zt/J2~T f o r a number of v a l u e s of ZR^; he took 

1 v a l u e s o f 0 , 1 and 2 . To f i n d t h e w e l l depths f o r a g i v e n 

m e t a l , the column of t h e t a b l e s w i t h the ZR^ a p p r o p r i a t e to 
2 2 

t h a t metal was used to produce a graph of A^/Z a g a i n s t E / Z 

f o r each 1 v a l u e up to 2 . The c u r v e s had a number of 

s i n g u l a r i t i e s a t which they went to i n f i n i t y , but i t was found 

t h a t the p o i n t s on t h e c u r v e s c o r r e s p o n d i n g to t h e s p e c t r o s c o p i c 

term v a l u e s f o r the m e t a l f e l l on a s t r a i g h t l i n e . 

T h i s was t r u e f o r most m e t a l s , and the a s s u m p t i o n was made 

t h a t f o r any o t h e r energy i n t e r m e d i a t e between t h e term v a l u e s 

an i n t e r p o l a t i o n a l o n g the s t r a i g h t l i n e would g i v e A^ f o r t h a t 

energy; the r e q u i r e d w e l l depths f o r t h e HA model p o t e n t i a l 

were o b t a i n e d by an i n t e r p o l a t i o n a t the f e r m i e n e r g y . 
7.2.2 Model p a r a m e t e r s f o r the o p t i m i s e d model p o t e n t i a l 

From the o p t i m i s a t i o n p r o c e d u r e d e s c r i b e d i n s e c t i o n 

7 . 2.J we r e q u i r e t h a t 
A, E ) 

R R 1 
(7 . 3 2 ) 

1 
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Shaw ('I90o) has i n t e r p o l a t e d Abarenkov's t a b l e s to f i n d v a l u e s 

oi' A^(E) which s a t i s f y t h i s e q u a t i o n , and as a r e s u l t a s e t o f 
2 2 curves g i v i n g A^/Z as a f u n c t i o n o f E/Z has been produced. 

I n t e r p o l a t i o n between the w e l l depths c o r r e s p o n d i n g t o 

s p e c t r o s c o p i c term e n e r g i e s i s again used t o determine A (E) 

f o r a r b i t r a r y E. 

7 . 2 . 3 Term values f o r indium and t h a l l i u m 

For the pr e s e n t work term values from s p e c t r o s c o p i c 

d a t a have been ta k e n from Bacher and Goudsmit ( 1 9 3 2 ) . For a 

gi v e n i o n i s a t i o n s t a t e o f an element these workers l i s t wave-

numbers c o r r e s p o n d i n g t o the v a r i o u s e l e c t r o n i c s t a t e s ; they 

are u s u a l l y g i v e n r e l a t i v e to the lo w e s t one, and are known 

as the term v a l u e s f o r those s t a t e s . 

I n model p o t e n t i a l t h e o r y we are i n t e r s t e d i n the 
+++ +++ term values o f t h e f r e e i o n , t h a t i 6 , o f I n and o f T l i n 

the p r e s e n t case. The ground s t a t e e l e c t r o n i c c o n f i g u r a t i o n 

f o r these elements i s 

T • -i 2 ? 2 o 6 , 2 , 6 ^ 0 /, 2 /, 6 La™ d 2 c 

I n : 1s 2s 2p 3s 3p 3d 4s 4p 4d 5s 5p 

r i : 1s 2s 2p 3s 3p 3d M-s M-p Hd q-f 5s 5p 5<* 

6s^ 6p 

The h i g h e s t core s t a t e s i n indium (q-d) correspond t o 1 = 2 , 

w h i l s t those i n t h a l l i u m C+f) have 1 = 3 . However, the f 
o 

s t a t e s i n t h a l l i u m have not been modelled as t h e i r c o n t i b u t i o n 

i s very s m a l l compared t o t h a t f o r 1 = 0 ( A p p a p i l l a i and Heine, 

1972) . Thus f o r both metals the va l u e s of the w e l l depths 

A^, Â  and A o n l y have been sought. 

The d e t a i l s o f the c a l c u l a t i o n are g i v e n i n Table 7.1 

and the r e s u l t s are shown g r a p h i c a l l y i n f i g u r e 7 . 3 . Atomic 
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TABLE 7« 1 

Optimised model parameters f o r indium and t h a l l i u m 
a t s p e c t r o s c o p i c term e n e r g i e s . 

Indium (Z = 3) 

1 Term v a l u e 
(cm 1 ) 

E 
(a.u.) 

E / Z 2 \/£ A l 
( a.u.) 

U /MS 

0 5s 
6s 

7s 

226133 

99255 

56706 

1.0308 

0.4524 

0.2585 

0.1145 

0.0502 

0.0287 

0 .1530 

0.1242 
0 .1121 

1 .3768 

1.1176 

1 .0090 
-0 .477 

1 5P 
6p 

168948 

815^5 

0.7701 

0.3717 
0 .0855 
0 .0413 

0 .1674 

0 .1582 

1 .5063 

1 .4235 
-0 .208 

2 5d 

6d 
97675 

55602 

0.4452 

0 .2534 

0.0494 
0 .0281 

0 .1290 

0 .1292 

1 .1613 

1 .1625 
0 .0062 

a b c 

T h a l l i u m (Z = 3) 

1 Terra v a l u e 
(cm ) 

E 
(a.u.) 

2 
E/Z A l 

( a .u.) 
0 6s 

7s 
8s 

240600 

101391 

57413 

1.0973 

0.4622 

0.2620 

0.1218 

O.O513 

0 .0291 

O . I656 

0 .1298 

0 .1168 

1 .4908 

1.1683 

1 .0515 

-0 .508 

1 6p 

7p 
176443 

82748 

0 .80^3 
0 .3772 

0 .0893 

0 .0419 

0 .18^3 
0 .1621 

1 .6587 

1.4591 
-0.468 

c 6d 

7d 
95245 

54244 
0 .4341 

0.2472 
0.0*4-82 

0 .0274 

0 .1178 

0 .1151 

1.0602 

1.0362 
-0 .128 

a b c 

Notes a Terra v a l u e s o b t a i n e d from Bacher and Goudsmit (1932) , 
—1 (\ 

b Energy c o r r e s p o n d i n g t o term v a l u e ; 1cm = 4 . 4 0 9 * 1 0 " ° au, 
2 2 c Values o f A^/Z c o r r e s p o n d i n g t o each E/Z o b t a i n e d 

from t a b l e s g i v e n by Shaw ( 1 9 6 3 ) . 
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F i g u r e 7 .3 Graphs from which the optimised model p&yaaeters 
for indium and t h a l l i u m were obtained. The 
points p l o t t e d were c a l c u l a t e d aa described i n 
Table 7.1 . 
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u n i t s have been used t h r o u g h o u t the n u m e r i c a l work (e =1i = m = c = 1; 

e n e r g i e s are i n H a r t r e e s (1 H a r t r e e = 2 Rydbergs) = 27.2eV). 

7.2.4 The f e r m i energy 

The o p t i m i s e d model parameters ::iust be e v a l u a t e d a t 

the f e r m i energy r e l a t i v e t o the f r e e i o n E^, as d e s c r i b e d i n 

s e c t i o n 7 . 1 . 3 . F o l l o w i n g Animalu and Heine (1965) we see t h a t 

t h i s energy i s made up o f the f e r m i energy f o r an i s o l a t e d i o n 6̂ . 

and a c o n t r i b u t i o n from the p o t e n t i a l due to t h e r e s t o f the 

ions and c o n u c t i o n e l e c t r o n s i n the m e t a l . Thus we have 

E . = € - ( V + £ ) ( 7 . 3 3 ) 

f f r e s t 

where Y. res^ r e p r e s e n t s the exchange and c o r r e l a t i o n h o l e 

around the e l e c t r o n and V i s t h e p o t e n t i a l due t o the r e s t 
r © s Tj 

o f the system. S e i t z (19^0) has o u t l i n e d a way o f r e l a t i n g the 

bottom o f the c o n d u c t i o n band t o the cohesive energy, ( t h a t i s , 

the energy r e q u i r e d t o form s e p a r a t e d atoms). I f E q i s the 
1 

energy o f the bottom o f the band and E i s the f e r m i l e v e l 
t r e l a t i v e t o E , the E _, i s j u s t ( E + E „ ) . S e i t z has shown t h a t o f 0 o f 

the cohesive energy per e l e c t r o n E ^ can be w r i t t e n as 
M 2 2 

E = i V 1 + E . + E + E + E - E n (7.3*0 

c 5 2m 1 o x c c o u l 

where i s the i o n i s a t i o n energy, Ê  and E are the ener g i e s 

due t o exchange and c o r r e l a t i o n e f f e c t s and E i s the 
c o u l 

e l e c t r o s t a t i c s e l f - e n e r g y o f the e l e c t r o n gas. Consequently 

(Animalu and Heine (1965)) we have an e x p r e s s i o n f o r 6^ as 

2 " h \ 2 

6 = - M. I . E + B .;-;.£.+ £ + — - ~ - - E - E + E . 
f r e s t 5 2m x c c o u l 

(7 .35 ) 
K.l.E. i s the mean o f t h e f i r s t 3 i o n i s a t i o n e n e r g i e s o f the 
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f r e e atom and B.E.E. i s t h e cohesive energy per e l e c t r o n . 

S e i t z (19*1-0) gives e x p r e s s i o n s f o r E^ and ^ c o u ^ a s 

E = -0.916/r ; E = 0.oZe 2/R . 
x ' s c o u l ' a 

The r a d i u s o f the sphere whose volume i s equal t o t h e volume 

per e l e c t r o n i s r ; R i s t h e r a d i u s o f a shere e q u a l i n volume 
s a 

to the atomic v o l u m e i ^ . Animalu and Heine g i v e t h e f o l l o w i n g 

e x p r e s s i o n f o r V ,: 1 r e s t 

^ r e s t • f & - * ( V V 2 ] • ( 7 - 3 6 ) 

i n which R̂  i s the model r a d i u s , ( A l l the e n e r g i e s i n e q u a t i o n s 

7.3*+ t o 7.36 are i n r y d b e r g s . ) Table 7.2 shows d e t a i l s o f the 

c a l c u l a t i o n o f E^ f o r indium and t h a l l i u m by means o f eq u a t i o n s 

7.33 ^° 7.36, t o g e t h e r w i t h sources o f the d a t a . 

T h i s method o f d e t e r m i n i n g the value o f E i s not 

co m p l e t e l y s a t i s f a c t o r y , b ut i s p r o b a b l y t h e be s t a v a i l a b l e a t 

p r e s e n t . P u b l i s h e d v a l u e s f o r the cohesive energy f o r i n d i u m , 

and p a r t i c u l a r l y f o r t h a l l i u m , are s u b j e c t t o wide v a r i a t i o n . 

Bichowsky and R o s s i n i (193^) c i t e v alues as w i d e l y d i f f e r e n t as 

-28 and -k3 K c a l mole f o r t h a l l i u m . The values f o r cohesive 

energy used i n Table 7-2 are based on f i g u r e s g i v e n by K i t t e l 

(1966). But the l a r g e s t s i n g l e term i n the d e t e r m i n a t i o n o f E 

from e q u a t i o n 7-33 i s V 4.1 which i s a r a d i a l l y dependent 
rest/ 

term. A weighted mean va l u e taken over a sphere o f r a d i u s R^ 

has been used by Animalu and Heine, u s i n g the f i x e d model r a d i u s ; 

some mean o f the v a r i o u s o p t i m i s e d model r a d i i might now be 

more a p p r o p r i a t e . F u r t h e r , the w e i g h t i n g f a c t o r was r a t h e r 

a r b i t r a r y . 

As a r e s u l t o f these c o n s i d e r a t i o n s i t would seem 

t h a t any value f o r E determined by e q u a t i o n 7«33 i s s u b j e c t t o 
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some u n c e r t a i n t y . 

7.2.5 R e s u l t s 

The model parameters A^, and A^ t o g e t h e r w i t h the 

t h e i r energy d e r i v a t i v e s have been e v a l u a t e d a t the f e r m i 

energy r e l a t i v e t o the f r e e i o n , as g i v e n i n Table 7.2, by use 

of the curves of f i g u r e 7.J. These parameters r e p r e s e n t a 

re-calcul.-'.tion i n the case o f indi u m , and are r e p o r t e d f o r the 

f i r s t time by t h i s method f o r t h a l l i u m . Table 7-3 g i v e s t h e 

r e s u l t s and compares t h e f i g u r e s f o r indium w i t h those o f Shaw 

(I9'53a). To g i v e an ide a o f the e f f e c t on t h e w e l l depths o f 

a change i n the value used f o r the f e r m i energy, parameters 

are given c o r r e s p o n d i n g t o E.̂  = -0.75a.u. f o r b o t h indium and 

t h a l l i u m . (That p a r t i c u l a r value has been chosen because i t 

w i l l be r e q u i r e d l a t e r i n the c a l c u l a t i o n s - ) A l s o , f o r 

comparison, the Animalu and Heine parameters f o r these metals 

are i n c l u d e d i n the t a b l e . 

7.2.6 Other d e t e r m i n a t i o n s o f model parameters 

Phe e a r l i e r work o f Animalu and Heine has a l r e a d y been 

mentioned. A p p a p i l l a i and Heine (1972,1973) have r e c e n t l y 

used the quantum d e f e c t method o f Ham (1955) to determine w e l l 

depths a t the i'ermi energy f o r 33 elements; t h e i r r e s u l t s f o r 

indium and t h a l l i u m are a l s o shown i n Table 7-3« 
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TABLE 7.3 

Model parameters f o r indium and t h a l l i u m 

Indium 

'This work: 
E, -0.9 a.u. 

I E = -0.75 a.u. 
Shaw (1968 a) 
Animalu and Heine O 9 6 5 ) 

A p p a p i l l a i and Heine 
(1972) 

A n A1 A 2 JA0/DE 

1.33 1.53 1.16 -0 .465 -0 .028 0.006 

1.25 1.50 1.16 n 11 

1.3^ 1.49 1.09 -0.454 -0.224 0.094 

1.32 1.46 1 .10 

1.3^ 1.52 1.09 -O.432 -0 .270 0 .094 

T h a l l i u m 
A 0 A1 A 2 /&E M 2 / i E 

Th i s work: 
E f = - 0 . 9 a.u. 

A 0 A1 A 2 /&E M 2 / i E 
Th i s work: 

E f = - 0 . 9 a.u. 1.39 1.71 1.11 -0 .508 -0.468 -0 .128 

E f = ~ 0 , 7 5 a , u * 1 .32 1.63 1 .10 ii 11 tt 

Aniraalu and Heine (1965) 1.44 1.51 0.98 

A p p a p i l l a i and Heine 1.42 1.5^ 0.88 -0 .462 -0 .250 0.310 
(1972) 

0.310 
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7.3 C a l c u l a t i o n of form f a c t o r s and energy-wavenumber 
c h a r a c t e r i s t i c s 

7.3.1 Indium and t h a l l i u m 

The c omputation o f form f a c t o r s and energy-wavenumber 

c h a r a c t e r i s t i c s f o r indium and t h a l l i u m was performed u s i n g a 

s l i g h t l y m o d i f i e d v e r s i o n o f the PL1 computer programme g i v e n 

by Shaw (1963a). I n a d d i t i o n t o the two f u n c t i o n s mentioned 

i t produced a value f o r t h e e f f e c t i v e valence Z . The programme 

used i s l i s t e d i n Appendix I I I under t h e name MODPOT. The 

i n p u t d a t a r e q u i r e d v/ere the w e l l depths A^ and t h e i r energy 

d e r i v a t i v e s , t o g e t h e r w i t h the f e r m i wavevector k̂ ,, the val e n c y 

Z and the atomic volume A l l these q u a n t i t i e s were expressed 

i n atomic u n i t s . The o u t p u t gave the form f a c t o r and the energy 

wavenumber c h a r a c t e r i s t i c f o r values o f q/k^ from 0.1 t o 5«0 

i n steps o f 0.1, and from ^.k t o 7.0 i n st e p s o f 0.^ . 

By q/ kj, = 7.0 both f u n c t i o n s had decreased t o l e s s than 10 o f 

t h e i r v a l ue a t q / k ^ = 0.1 . The energy wavenumber c h a r a c t e r i s t i c 

was n o r m a l i s e d , so t h a t i t had a va l u e o f u n i t y a t q = 0. 

The n o r m a l i s e d c h a r a c t e r i s t i c F^(q) was r e l a t e d t o the 

unnormalised form by 
2 

F N ( q ) = - F(q) . (7-37) 
? 

2TT(Z*) 
7. J;.2 I n d i u m - t h a l l i u m a l l o y s 

There are two ty p e s o f form f a c t o r f o r a b i n a r y 

a l l o y , as e x p l a i n e d i n s e c t i o n 7.1.5 . I n s e c t i o n 7.^.2 i t 

w i l l be shown t h a t f o r phonon d i s p e r s i o n c a l c u l a t i o n s t h e r e i s 

no need t o compute the d i f f e r e n c e form f a c t o r , but o n l y the 
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average one. From e q u a t i o n 7.19 the l a t t e r i s j u s t the mean 

o f the form f a c t o r s o f the c o n s t i t u e n t elements, weighted 

a c c o r d i n g to the c o m p o s i t i o n . I n the case o f the average 

ener ;y-wavenumber c h a r a c t e r i s t i c such a simple t r e a t m e n t was 

not p o s s i b l e , f o r i t s v a l u e depended on the square o f the form 

f a c t o r , as i n e q u a t i o n 7.25, and a d i r e c t s e p a r a t i o n was not 

p o s s i b l e . R e w r i t i n g e q u a t i o n 7-25 w i t h the average form f a c t o r 

f o r a b i n a r y a l l o y and i n c l u d i n g t h e e f f e c t o f s c r e e n i n g , we 
2 

2 [c |w\k)| + (1-c) |w D(k)|] 
d-̂ k — : 

have 5 0 

F (q) = 
8 n 3 

r 2 " \ ^ \ 2 (7.38) 

4a: 
~ 8TT 

? 
c V A + d - c ) v B 

sc sc 

A P> i n atomic u n i t s , and i n which SI = c jI + (1-c) Ji~ and V i s 0 o sc 
the s c r e e n i n g c o n t r i b u t i o n . The n o t a t i o n f o r the form f a c t o r s 

A B 

has been a b b r e v i a t e d t o w (k) and w ( k ) . The i n t e g r a l decom­

poses t o gi v e the average energy-wavenumber c h a r a c t e r i s t i c f o r 

the a l l o y as 
F (q) = c 2 F A ( q ) + ( l - c ) 2 F n ( q ) av A B 

2 p f 3 2 [w ( k ) w B ( k ) ] n 2 
+ 2 C ( 1 - C ) ^ d-\ —5 ± _ i ^ V A V , i 

S-,3 k 2 - | k + q | 2 8 7 r 6 0 S C J 
(7.39) 

where F (q) and F (q) are the energy-wavenumber c h a r a c t e r i s t i c s 

o f elements A and B. I n th e computation o f a c t u a l v a l u e s o f 

F (q) f o r the a l l o y the f i r s t two terms on the R.H.S. o f t h i s av 1 J 

e q u a t i o n were o b t a i n e d from MODPOT d i r e c t l y , w i t h d a t a c a l c u l a t e d 

as d e s c r i b e d i n s e c t i o n 7.2. E v a l u a t i o n o f the l a s t term was 

q u i t e s t r a i g h t f o r w a r d and was p a r a l l e l t o t h a t f o r an element, 

w i t h the a p p r o p r i a t e m o d i f i c a t i o n s t o a l l o w f o r t h e f a c t t h a t 

i t c o n t a i n e d a produc t o f two d i f f e r e n t form f a c t o r s . These 
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m o d i f i c a t i o n s meant t h a t c e r t a i n i n t e r m e d i a t e f u n c t i o n s i n v o l v e d 

i n the computation o f F(q) f o r indium and t h a l l i u m had t o be 

e x t r a c t e d from the c a l c u l a t i o n s performed by MODPOT, and then 

recorabined i n t h e a p p r o p r i a t e way t o g i v e t h e r e q u i r e d r e s u l t s 

f o r an a l l o y o f a p a r t i c u l a r c o m p o s i t i o n . A programme l i s t e d 

i n Appendix I I I as COMBINE was w r i t t e n t o c a r r y out t h i s task -, 

i t gave the energy-wavenumber c h a r a c t e r i s t i c s i n t h e i r 

n o r m a l i s e d form. The r e s u l t s o f these c a l c u l a t i o n s are g i v e n 

i n Table 7.4, and those f o r indium and t h a l l i u m are shown i n 

f i g u r e 7.4 . 

7.4 A p p l i c a t i o n o f o p t i m i s e d model p o t e n t i a l s t o c a l c u l a t i o n 
o f the l a t t i c e v i b r a t i o n s p e c t r a o f i n d i u m - t h a l l i u m a l l o y s 

7.4.1 The v i b r a t i o n spectrum 

At f i n i t e t e mperatures t h e atoms or i o n s which are 

bonded t o g e t h e r t o make up a s o l i d are each v i b r a t i n g about a 

mean p o s i t i o n . The f r e q u e n c i e s o f these v i b r a t i o n s are 

q u a n t i s e d , and depend on t h e f o r c e s a c t i n g between t h e i o n s . 

The v i b r a t i o n s o f the ions can be decomposed i n t o a number o f 

component s i n u s o i d a l o s c i l l a t i o n s . The i n t r o d u c t i o n o f a wave 

o f frequency w t o the l a t t i c e , by, f o r example, e i t h e r p h y s i c a l l y 

c a using a d i s t u r b a n c e a t t h e s u r f a c e as w i t h an u l t r a s o n i c 

wave, or by t r a n s f e r r i n g momentum t o a nucleus t h r o u g h i n ­

e l a s t i c n e u t r o n s c a t t e r i n g t e c h n i q u e s , r e i n f o r c e s one or more 

o f these components o f the t h e r m a l v i b r a t i o n and a coherent 

wave w i l l be propagated. That i s t h e p h y s i c a l p i c t u r e . I n any 

c a l c u l a t i o n s t h e t h e r m a l motion i s i g n o r e d and the i o n s are 

co n s i d e r e d as s t a t i o n a r y u nless a coherent wave i s p a s s i n g 
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t h r o u g h the l a t t i c e . The phonon d i s p e r s i o n curves g i v e the 

v a r i a t i o n o f the v i b r a t i o n a l frequency co w i t h t h e wavevector Q. 

Because o f the v a r i o u s degrees o f freedom a s s o c i a t e d w i t h t h e 

assembly o f p a r t i c l e s t h e r e are s e v e r a l d i s c r e t e v a l u e s o f a) 

a s s o c i a t e d w i t h each Q. We can d e f i n e a u n i t v i b r a t i o n a l c e l l : 

i f t h i s c o n t a i n s n atoms, then t h e r e are 3n modes o f v i b r a t i o n . 

Each o f these i s t a k i n g p l a c e a t the same t i m e , and t h e system 

i s e q i v a l e n t t o a s e t o f 3>n o s c i l l a t o r s . I n o r d e r t o s i m p l i f y 

c a l c u l a t i o n s the a m p l i t u d e o f each component o f v i b r a t i o n can 

be assigned a value a_; t h e r e are 3 n such values and they are 

known as the normal c o o r d i n a t e s . S o l u t i o n i n terms o f normal 

c o o r d i n a t e s i s s i m p l e r because the o s c i l l a t o r s can be con s i d e r e d 

as uncoupled: J.n normal modes r e s u l t . The slope o f a d i s p e r s i o n 

curve doJ/^Q a t some p a r t i c u l a r value o f Q gi v e s t h e v e l o c i t y 

o f p r o p a g a t i o n o f a wave h a v i n g the a p p r o p r i a t e mode o f 

v i b r a t i o n and w i t h t h a t v a l u e o f Q. Three o f t h e 3n modes are 

known as a c o u s t i c modes, and f o r those modes w tends t o zero 

as Q tends t o zero: the s l o p e <̂̂ /c>Q near t o Q = 0 g i v e s t h e 

v e l o c i t y o f sound i n t h e medium. I n an a c o u s t i c mode a d j a c e n t 

ions are v i b r a t i n g t o g e t h e r . I t i s a l s o p o s s i b l e t o have t h e 

s i t u a t i o n , when t h e r e are two or more io n s i n the u n i t c e l l , i n 

which a d j a c e n t ions move out o f phase w i t h each o t h e r . Such H 

mode o f v i b r a t i o n i s c a l l e d an o p t i c mode: the f r e q u e n c i e s an. 

g e n e r a l l y much h i g h e r t h a n f o r a c o u s t i c modes, and do not 

n e c e s s a r i l y approach zero towards Q = 0. I n g e n e r a l t h e r e are 

( 3 n - 3 ) o p t i c modes and 3n a c o u s t i c modes. For the case when 

n = 1 ( t h a t i s , t h e r e i s one i o n per u n i t c e l l , as i s found i n 

in d i u m , f o r example), t h e r e are no o p t i c modes. I n d i u m - t h a l l i u m 

a l l o y s have two types o f i o n i n the l a t t i c e but t h e r e i s no 



o p t i c branch t o t h e phonon spectrum. T h i s i s due t o the a l l o y 

being random, and so t h e v i b r a t i o n a l u n i t c e l l can be co n s i d e r e d 

as being made up o f i o n s on a face c e n t r e d l a t t i c e ( o f e i t h e r 

cubic or t e t r a g o n a l f o r m ) , and each i o n h a v i n g a mass g i v e n by 

the mean, weighted according' t o the c o m p o s i t i o n , o f t h e 

c o n s t i t u e n t i o n masses, and thus t h e r e i s s t i l l o n l y one i o n 

per u n i t c e l l . 

Consider now the a c o u s t i c branch o f t h e spectrum. 

The t h r e e normal c o o r d i n a t e s a are a l l p e r p e n d i c u l a r ; each 

a i s a v e c t o r , w i t h t h r e e components i n some a x i a l system. 
Q 

I f one o f these axes c o i n c i d e s w i t h t h e d i r e c t i o n o f Q , t h a t 

i s , w i t h the p r o p a g a t i o n d i r e c t i o n , and i f two o f the t h r e e 

components o f a are z e r o , then a pure l o n g i t u d i n a l or a pure 

t r a n s v e r s e mode r e s u l t s . The former i m p l i e s t h a t t h e 

components o f a p e r p e n d i c u l a r t o Q are zero, w h i l e t h e l a t t e r 

means t h a t t h e p a r a l l e l component i s z e r o . S u i t a b l e r o t a t i o n 

o f the o t h e r two axes w i l l then s e t one o f the p e r p e n d i c u l a r 

components t o ze r o , a l s o . For a g e n e r a l Q, pure t r a n s v e r s e 

and pure l o n g i t u d i n a l modes do not always r e s u l t , but we s h a l l 

o n l y c o n s i d e r such d i r e c t i o n s o f Q i n which the p o l a r i s a t i o n s 
o f the can be thus s i m p l i f i e d . -Q 

Two assumptions have been made i n t h e c a l c u l a t i o n s o f 

phonon d i s p e r s i o n c u r v e s . The f i r s t i s t h a t the i o n motion has 

been taken as harmonic. T h i s i s o n l y a t r u e d e s c r i p t i o n o f t h e 

l a t t i c e behaviour a t the a b s o l u t e zero o f t e m p e r a t u r e . At any 

f i n i t e t emperature t h e r e are t h i r d and h i g h e r o r d e r terms 

i n an expansion o f t o t a l energy i n terms o f i o n d i s p l a c e m e n t s . 

However, these h i g h e r o r d e r terms are u s u a l l y s m a l l , but th e y 
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a r e r e s p o n s i b l e f o r s u c h such e f f e c t s a s t h e r m a l e x p a n s i o n and 

t h e v a r i a t i o n o f sound v e l o c i t y w i t h t e m p e r a t u r e . The second 

a s s u m p t i o n i s t h a t when an i o n moves the e l e c t r o n ' c l o u d ' moves 

w i t h i t . E x p e r i m e n t a l r e s u l t s from n e u t r o n d i f f r a c t i o n r e f l e c t 

the motion o f the i o n s , whereas c a l c u l a t i o n s based on energy-

wavenumber c h a r a c t e r i s t i c s g i v e t h e motion of t h e e l e c t r o n s 

i n the v i c i n i t y o f the i o n s . T h i s a p p r o x i m a t i o n i s a good one 

because of the l a r g e d i f f e r e n c e i n t h e r e l a t i v e masses of i o n s 

and e l e c t r o n s . 

7.^.2 iiethod of c a l c u l a t i o n o f phonon s p e c t r a 

We w i s h to d e t e r m i n e the change i n t o t a l energy of 

the s y s t e m when a d i s t o r t i o n of w a v e v e c t o r Q i s a p p l i e d . 

Assuming harmonic motion we can t h e n d e t e r m i n e the f r e q u e n c i e s , 

c o r r e s p o n d i n g to t h a t energy change, o f a s e t o f J>n o s c i l l a t o r s . 

Only the s i m p l e r c a s e o f n = 1 need be t r e a t e d h e r e . 

C o n t r i b u t i o n s to the t o t a l energy were d i s c u s s e d i n 

s e c t i o n 7 . 1 . ^ , and e q u a t i o n 7.12 i s r e w r i t t e n h e r e : 

E, , = E , + E + E (7 .12) t o t f e bs es 

The t o t a l energy i s made up of t h e sum o f the f r e e e l e c t r o n , 

band s t r u c t u r e and e l e c t r o s t a t i c e n e r g i e s . Thus t h e change i n 

t o t a l energy ^ E ^ ^ i s g i v e n by 

SE. . = ^E„ + SE, + S E . (7A0'j t o t f e bs es 

Any change i n the f r e e e l e c t r o n energy a r i s e s from d i s t o r t i o n s 

to the f e r m i s u r f a c e b e c a u s e of volume changes; we a r e 

r e s t r i c t i n g our t r e a t m e n t to c o n s t a n t volume, so t h a t the 

f i r s t term on t h e R.H.S. of e q u a t i o n 7.^0 can be n e g l e c t e d . 
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The e v a l u a t i o n of the l a s t two terms i s g i v e n h e r e i n o u t l i n e 

o n l y : f o r a f u l l e r d e s c r i p t i o n of t h e p r o c e d u r e s s e e H a r r i s o n 

(1966) . 

A d i s p l a c e m e n t of the i o n s r e s u l t s i n a change i n 

the s t r u c t u r e f a c t o r 3 ( q ) : i f q^ i s a l a t t i c e wavenuinber, then 

f o r a p e r i o d i c d i s p l a c e m e n t of w a v e v e c t o r Q s t r u c t u r e f a c t o r s 

S ( q Q ± Q ) a t q Q + Q c a n be d e f i n e d . We have a l r e a d y s e e n t h a t 

the band s t r u c t u r e energy f o r an u n d i s t o r t e d l a t t i c e ( o f an 

e l e m e n t ) i s g i v e n by e q u a t i o n J.Zk: 

1 

E v = Y SU )*S(q )F(q) (7,2'f) bs L— -=o —o 
q 

We now c o n s i d e r an a l l o y and f i n d the e f f e c t o f a d i s t o r t i o n 

on i t s band s t r u c t u r e e n e r g y . The energy f o r an u n d i s t o r t e d 

a l l o y i s 
1 

= Y S*(q ) S ( q ) F (q) bs / — — o -±0 av 
lo 

+ ]T s , + ( n ) s , c S ) F d i f f ( ^ } 

i n which F ( q ) and F . „(q) a r e t h e energy-wavenumber 
3. V G.111 

c h a r a c t e r i s t i c s f o r the a v e r a g e and d i f f e r e n c e l a t t i c e s . 

H a r r i s o n (1966) has shown t h a t the s t r u c t u r e f a c t o r S ' ( q j f o r 

a random l a t t i c e i s g i v e n by, f o r a b i n a r y a l l o y 

S ' * ( q ) S ' ( q ) = C ( 1 - C ) / N ( 7 . ^ 2 ) 

when t h e r e a r e ell i o n s of one t y p e and ( l - c ) N o f t h e o t h e r . 

But a d i s t o r t i o n a p p l i e d to a random l a t t i c e l e a v e s i t random 

and t h e n i t s s t r u c t u r e f a c t o r does not change 0 As a r e s u l t t h e 

s e c o n d term i n e q u a t i o n 7 . ^ 1 r e m a i n s unchanged and so does not 

e n t e r i n t o t h e e v a l u a t i o n of 8E, 
bs 
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I t now r e m a i n s to compute the s t r u c t u r e f a c t o r f o r 

the a v e r a g e l a t t i c e to se c o n d o r d e r i n t h e v i b r a t i o n a m p l i t u d e s 

. C o n s i d e r the c a s e o f a l a t t i c e w i t h one i o n p e r u n i t 
—Q 
c e l l and l e t the p o s i t i o n of the i o n i n t h e j - t h c e l l be r . . 

J 
I f the d i s t o r t i o n t a k e s i t a d i s t a n c e J r . , i t s p o s i t i o n i s 

- J 
then r .+£>r . which i n terms o f the normal c o o r d i n a t e s a^ i s 

- J -3 -Q, 

c i Q . r . * - i Q . r . r ̂  ] 
= * Q G ~ ~3 + £ Q E 3 , ( 7 . ^ 3 ; 

where - a . From t h e d e f i n i t i o n o f s t r u c t u r e f a c t o r i n 
Q Q 

e q u a t i o n 7.^5 the s t r u c t u r e f a c t o r f o r the d i s t o r t i o n i s 

1 ) - i q . ( r ,+Sr.) 
= 7T ^- e J "3 -3 • S ( q ) = ^ e ^ . ^ " i ^ . ( 7 . ^ ) 

3 

By s u b s t i t u t i n g e q u a t i o n 7.^3 i n t o 7.^4 and expan d i n g the 

e x p o n e n t i a l we can o b t a i n an e x p r e s s i o n f o r S ( q ) to any o r d e r 

r e q u i r e d . H a r r i s o n (1966) has shown t h a t f o r t h e harmonic 

a p p r o x i m a t i o n i t i s s u f f i c i e n t to c a l c u l a t e the z e r o and second 

o r d e r s t r u c t u r e f a c t o r s a t q Q o n l y , and t h e f i r s t o r d e r one a t 

q Q + Q . The band s t r u c t u r e energy f o l l o w s from a s u b s t i t u t i o n 

o f t h e s e s t r u c t u r e f a c t o r s i n t o e q u a t i o n 7.2k and e v a l u a t i o n to 

second o r d e r . The change i n band s t r u c t u r e energy i s found by-

s u b t r a c t i n g o f f t h e z e r o o r d e r term ( c o r r e s p o n d i n g to t h i s 

energy f o r t h e u n d i s t o r t e d l a t t i c e ) ; H a r r i s o n (1966) g i v e s 

t h e r e s u l t f o r one i o n p e r u n i t c e l l , and i t i s r e w r i t t e n h e r e 

f o r the c a s e o f a random a l l o y w i t h p r o p a g a t i o n a l o n g a pure 

mode d i r e c t i o n . 

hi 

- 2|q .a 2 I r ( c i > 
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H a r r i s o n a l s o g i v e s the e l e c t r o s t a t i c energy change as 
' 2 

•2 2 v~ * -q /M 
- ^ 6 l i m S ( q ) S ( q ) = (7.MS) 

G S J L o l ^ o o q q ^ 

v/hich f o l l o w s from an e x p r e s s i o n o f Fu c h s (1935)- T h i s i s 

analogous i n form to the e x p r e s s i o n f o r t h e change i n the band 

s t r u c t u r e energy, but w i t h F ( q ) r e p l a c e d by 
*? ? 2 2rrZ e -q /'+n — e 
q 2 

o n 

(r) i s a para m e t e r a d j u s t e d to o p t i m i s e t h e conve r g e n c e i n F u c h s ' 

e x p r e s s i o n ) . The s q u a r e d s t r u c t u r e f a c t o r s i n e q u a t i o n 7.^6 

t a k e the form of t h o s e d i s c u s s e d above. A f t e r making a 

s u b s t i t u t i o n f o r S ( q ) S ( q ) i n 7.^6 H a r r i s o n (1966) o b t a i n s ' a s 

the r e s u l t f o r the change i n e l e c t r o s t a t i c energy 

-1 

Here q^' and q ^ a r e the components o f q^ p . a r a l i e l and 

p e r p e n d i c u l a r to Q; a„ and a x a r e s i m i l a r l y t h e components o f a . 
— ~~H 

E q u a t i o n 7-^7 h o l d s f o r Q l y i n g i n a symmetry d i r e c t i o n i n t h e 

c r y s t a l , w i t h the v i b r a t i o n a m p l i t u d e v e c t o r s p a r a l l e l and 

p e r p e n d i c u l a r to Q: f o r a more g e n e r a l d i r e c t i o n t h i s would not 

n e c e s s a r i l y be the c a s e . IT or t h e c a l c u l a t i o n s performed, i n 

e h i c h the d i r e c t i o n s i n v e s t i g a t e d were [lOo] , j o o i j and [ l i e ] , 

the form o f e q u a t i o n s 7.^5 and 7.̂ +7 was s u f f i c i e n t . 

The e x p r e s s i o n s f o r STE, and KE can each be 
0 bs es 

e v a l u a t e d f o r the t h r e e d i s p l a c e m e n t v e c t o r s c o r r e s p o n d i n g to 

one l o n g i t u d i n a l and two t r a n s v e r s e waves. The r e s u l t s f o r 
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CE + SE can be r e p r e s e n t e d as ° bs es 

SE. + SE 5Z E.a.~ (7 .^3 ) bs es .. i i 

1 - I , 

T h i s e q u a t i o n g i v e s the p o t e n t i a l energy of the d i s t o r t i o n per 

i o n . The k i n e t i c energy per i o n i s M ^ af~ » where M i s 
i - 1 * 1 

J . - 1 , 

the mass of the v i b r a t i n g i o n f o r an element w i t h one i o n per-

u n i t c e l l , or i s the w e i g h t e d mean o f the two i o n inasses f o r a 

b i n a r y a l l o y s u c h as we have been c o n s i d e r i n g . The sum of 

t h e p o t e n t i a l and k i n e t i c e n e r g i e s f o r a s i m p l e harmonic o s c ­

i l l a t o r i s a c o n s t a n t , and c o n s e q u e n t l y the f r e q u e n c i e s f o l l o w 

from 

w 2 = E. / M . (7-^9) 
1 1 

A computer programme was w r i t t e n i n F o r t r a n to p e r f o r m 

the c a l c u l a t i o n s of the l a t t i c e f r e q u e n c i e s , b a sed on an 

e v a l u a t i o n of e q u a t i o n s 7.^5 a n d 7 .^7-9 . I t i s l i s t e d i n 

Appendix I I I as DISPS, t o g e t h e r w i t h an a c c o u n t of t h e 

p r o c e d u r e s used to e v a l u a t e the v a r i o u s f u n c t i o n s r e q u i r e d . •!+• ? Nummary of s e c t i o n s 7«1 to 7 .k 

The methods d e s c r i b e d have e n a b l e d the f o l l o w i n g 

c a l c u l a t i o n s to be p e r f o r m e d . 

1; s t a r t i n g w i t h t h e v a l e n c y , f e r m i w a v e v e c t o r , maximum 

a n g u l a r momentum quantum number of the core s t a t e s and t h e 

o p t i m i s e d model p o t e n t i a l w e l l d e p ths and t h e i r e n ergy 

d e r i v a t i v e s , we have produced form f a c t o r s and n o r m a l i s e d 

energy-wavenumber c h a r a c t e r i s t i c s , t o g e t h e r w i t h v a l u e s f o r 

the e f f e c t i v e v a l e n c i e s , of indium and of t h a l l i u m . 

2) The n o r m a l i s e d energy-wavenumbcr c h a r a c t e r i s t i c s 
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f o r a l l o y s o f indium and t h a l l i u m (up to 35 a t . % T l ) have 

been c a l c u l a t e d from a c o m b i n a t i o n of f u n c t i o n s computed f o r 

the e l e m e n t s . 

;0 Phonon d i s p e r s i o n c u r v e s f o r indium and i n d i u m -

t h a l l i u m a l l o y s have been o b t a i n e d from a harmonic model, 

v/ith t h e mean atomic w e i g h t , v a l e n c y , e f f e c t i v e v a l e n c y , 

atomic volume and l a t t i c e p a r a m e t e r s of the a l l o y s a s the 

i n p u t d a t a . 

The r e s u l t s o f the c a l c u l a t i o n s f o r t h e i n d i u m - t h a l l i u m 

a l l o y s a r e p r e s e n t e d and d i s c u s s e d i n the n e x t s e c t i o n . 

7.5 R e s u l t s and d i s c u s s i o n 

7.5.1 The phonon d i s p e r s i o n c u r v e s 

B e f o r e embarking on a c a l c u l a t i o n of t h e phonon 

d i s p e r s i o n c u r v e s of t h e i n d i u m - t h a l l i u m a l l o y s t h e m s e l v e s , i t 

was n e c e s s a r y to t e s t the method used and the programme 

d e v e l o p e d by r e f e r e n c e to a well-known m a t e r i a l . T h e r e f o r e t h e 

d i s p e r s i o n c u r v e s of Aluminium were computed u s i n g t h e n o r m a l ­

i s e d energy-wavenumber c h a r a c t e r i s t i c g i v e n by Shaw (1968a) 

w i t h a c o r r e c t i o n f o r exchange and c o r r e l a t i o n e f f e c t s g i v e n 

by P i n d o r and Pynn ( 1 9o9 ) . The r e s u l t s a r e compared i n f i g u r e 

7.5 v/ith t h o s e o b t a i n e d by Y a r n e l l e t a l . (19^5) . 

T h e r e a r e a t p r e s e n t no e x p e r i m e n t a l measurements 

a v a i l a b l e f o r the d i s p e r s i o n c u r v e s of i n d i u m - t h a l l i u m a l l o y s , 

or of indium, a l t h o u g h R o w e l l and Dynes (1971) have g i v e n 

d e n s i t y of s t a t e s c u r v e s f o r both indium and t h a l l i u m measured, 

i n the c a s e of indium, by e l e c t r o n t u n n e l l i n g , and f o r t h a l l i u m 

by n e u t r o n d i f f r a c t i o n . C o n s e q u e n t l y the v a l i d i t y o f t h e 
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Figure 7.5 The phonon d i spe r s ion curves f o r aluminium 
ca l cu l a t ed using the methods described i n 
t h i s chapter , and the measured po in t s 
from neutron d i f f r a c t i o n s tudies by 
Y a r n e l l et a l . ( 1 9 6 5 ) . 

c a l c u l a t i o n 
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t h e o r e t i c a l c u r v e s can o n l y be a s s e s s e d a t p r e s e n t by t h e i r 

a b i l i t y to p r e d i c t the o b s e r v e d sound v e l o c i t i e s . 

I n i t i a l l y llio c a l c u l a t i o n s were performed f o r indium 

and tue a l l o y s w i t h n o r m a l i s e d ener;;y-wavt:iiuu!bcr c h a r a c t e r i s ac;; 

based on a i'ermi energy of - 0 . 9 a.u., a s i n 'fable 7 . 2 . I t was 

found t h a t the sum of changes i n band s t r u c t u r e and e l e c t r o ­

s t a t i c e n e r g i e s ( r e q u i r e d by e q u a t i o n 7 . ^ u ) was n e g a t i v e f o r 

v a l u e s of Q a / 2 i T l e s s than about 0 . 2 , f o r c e r t a i n p o l a r i s a t i o n s 

i n c e r t a i n d i r e c t i o n s . The mode most a f f e c t e d was t h a t 

p o l a r i s e d [iTo] f o r p r o p a g a t i o n i n the [l'10] d i r e c t i o n . Moreover, 

the sum SE, + $E f o r t h a t mode was v e r y s e n s i t i v e to changes bs es 

i n c / a r a t i o and i n model p a r a m e t e r s , much more so than any 

o t h e r mode. A n e g a t i v e t o t a l energy change i m p l i e s i m a g i n a r y 

f r e q u e n c i e s , which would be p h y s i c a l l y u n r e a l i s t i c f o r a c o u s t i c 

modes. T h i s problem c o u l d be overcome i f the model p a r a m e t e r s 

were e v a l u a t e d a t a s l i g h t l y d i f f e r e n t v a l u e f o r the f e r m i e nergy 

from t h a t used i n i t i a l l y . Mention has been made i n s e c t i o n 

7.3.'+ of the d i f f i c u l t i e s i n v o l v e d i n a d e t e r m i n a t i o n o f the 

f e r m i energy r e l a t i v e to the f r e e i o n . I n the l i g h t o f t h a t 

d i s c u s s i o n i t would appear to be q u i t e a c c e p t a b l e to use a 

v a l u e f o r ii ^ . d i f f e r i n g somewhat from - 0 . 9 a.u. , and a v a l u e o f 

- 0 . 7 5 a.u. was found to l e a d to changes i n the t o t a l energy 

which were p o s i t i v e f o r Q a / 2 i r v a l u e s a t l e a s t a s s m a l l as 0,00';>. 

Che t o t a l energy change must, of c o u r s e , be z e r o a t Q = G ( t h e 

n r i l l o u i n zone c e n t r e ) . 

I n f i g u r e s 7.G to 7 . 0 a r e shown the phonon d i s p e r s i o n 

c u r v e s i n t h r e e c r y s t a l l o g r a p h i c d i r e c t i o n s , [ 1 G 0 ] , {pof] , ['Mo], 

f o r indium and f o r a l l o y s c o n t a i n i n g - 1 5 •> 2 5 and 3 5 a t . % t h a l l i u m 

f o r wiiich the energy-wavenumber c h a r a c t e r i s t i c s used have been 
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based on the model p a r a m e t e r s r e s u l t i n g from E = -0.75 a.u. 

The model p a r a m e t e r s a r e g i v e n i n T a b l e 7-3 and the Jf^ ( q ) a r e 

i n T a b l e 7.!±. I t can be s e e n i m m e d i a t e l y from f i g u r e s 7.5 to 

7.6 t h a t the d i f f e r e n c e s between c o r r e s p o n d i n g c u r v e s f o r the 

fo u r c o m p o s i t i o n s a r e not l a r g e , e x c e p t f o r the s l o p e near Q ~- 0 

of the t r a n s v e r s e mode i n the [ l i o ] d i r e c t i o n , p o l a r i s e d [iTo] . 

T h i s p a r t i c u l a r mode i s t h e one of main i n t e r e s t h e r e and i n 

f i g u r e 7.10 i s shov/n the v a r i a t i o n of t h e d i s p e r s i o n c u r v e f o r 

t h a t mode a s t h a l l i u m i s added to indium i n s t e p s o f 5 a t .'/o . 

I t can be s e e n t h a t the r e d u c t i o n i n ̂ /dQ. near to Q = 0 t a k e s 

p l a c e by an i n c r e a s e i n t h e c o n c a v i t y of the c u r v e . As 

d e s c r i b e d i n s e c t i o n 7 . 5 . 1» the v e l o c i t y o f p r o p a g a t i o n of an 

u l t r a s o u n d wave can be found from the s l o p e <>w/dQ of the 

a p p r o p r i a t e d i s p e r s i o n c u r v e . T h i s means t h a t a d i r e c t 

c omparison can be made w i t h e x p e r i m e n t to check t h e low Q 

r e g i o n o f the c u r v e s . I n a l l o f t h e s e c a l c u l a t i o n s the c / a 

r a t i o used ha6 been t h a t o b s e r v e d i n p r a c t i c e . N u m e r i c a l v a l u e s 

f o r the l a t t i c e p a r a m e t e r s from which t h i s r a t i o h as been 

o b t a i n e d a r e as g i v e n i n f i g u r e ^+.11 . 

The major o b j e c t i v e o f t h i s s t u d y has been to 

i n v e s t i g a t e from a t h e o r e t i c a l v i e w p o i n t the a s s e r t i o n t h a t t h e 

phase t r a n s i t i o n i s accompanied by the c o l l a p s e o f t h e [110] , 

[lTo] p o l a r i s e d t r a n s v e r s e mode. (Dynes (1971), T a y l o r and 

V a s h i s h t a (1972), Pace and S a u n d e r s (1972) . ) Measurement o f 

th e v e l o c i t y of sound i n the [ l 1 0 ] d i r e c t i o n , w i t h p o l a r i s a t i o n 

[l Toj l e a d s to a v a l u e o f the e l a s t i c c o n s t a n t c o m b i n a t i o n 

"^^11~^12^' a s d e s c r i b e d i n t a b l e 3*1 i t n e o n s e t o f c o l l a p s e 

of t h e mode means t h a t a p p r o a c h e s (One o f t h e Born 

s t a b i l i t y c r i t e r i a r e s t r i c t s C -C to p o s i t i v e v a l u e s . ) 
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Thus we p r e s e n t i n f i g u r e 7.11 t h e v a r i a t i o n of 4-( ^ -C^ ) w i t h 

a l l o y c o m p o s i t i o n . Both the t h e o r e t i c a l and e x p e r i m e n t a l 

..•esults a r e shown, and i n view of the s e n s i t i v i t y of the 

c a l c u l a t i o n s on the p a r a m e t e r s i n v o l v e d the f i t i s s u r p r i s i n g l y 

good. However, the p o s i t i o n s of the c a l c u l a t e d p o i n t s depend, 

u l t i m a t e l y , on the model p o t e n t i a l w e l l depths used and on the 

v a l u e chosen f o r E ^ . I f a d i f f e r e n t v a l u e f o r the f e r m i energy 

E i s used, the w e l l d e p ths r e - e v a l u a t e d and a new e n e r g y -

wavenumber c h a r a c t e r i s t i c i s c a l c u l a t e d , then the e f f e c t of 

t h i s m o d i f i c a t i o n on the t h e o r e t i c a l c u r v e of f i g u r e 7.11 i s to 

r a i s e or l o w e r i t r e l a t i v e to the p o s i t i o n shown. But i t s t i l l 

shows a minimum near to 22 a t . % T l , which i s i n d i c a t i v e o f mode 

s o f t e n i n g when the phase t r a n s i t i o n i s approached from e i t h e r 

s i d e . Thus i t can be s e e n t h a t i f a f e r m i energy v a l u e i s 

chosen such t h a t the c a l c u l a t e d v a l u e of J,-(C^ ~ c ^ o r ^ n a ^ - u m 

a g r e e s w i t h the o b s e r v e d one (and s u c h a c h o i c e of E^. can be 

made w e l l w i t h i n the u n c e r t a i n t y l i m i t s on t h a t q u a n t i t y ) , 

then the v a l u e s of ^ ( C ^ ^ - C ^ 0 ) c a l c u l a t e d f o r the a d d i t i o n of 

t h a l l i u m to indium a l s o a g r e e q u i t e w e l l w i t h t h o s e o b s e r v e d . 

F u r t h e r , t h e approach o f -^(C^^-C ) towards z e r o shows t h a t 

the c a l c u l a t e d form of the d i s p e r s i o n c u r v e f o r the [110"J , 
p i T o ] p o l a r i s e d mode has a s l o p e v/hich, i n the l o n g w a v e l e n g t h 

l i m i t , a p p r o a c h e s z e r o a t the phase t r a n s i t i o n . Such a r e s u l t 

i s c o n s i s t e n t w i t h the c o l l a p s e o f t h i s mode. 

We t u r n now to t h e sound v e l o c i t i e s p r e d i c t e d by t h e 

c o mputation f o r o t h e r modes. T a b l e 7-5 l i s t s t h e s e v e l o c i t i e s , 

and compares them w i t h the o b s e r v e d ones f o r indium and a l l o y s 

c o n t a i n i n g 15 and 25 a t . % T l . As remarked by C o u s i n s (1970) , 
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TABLE 7 .5 

A comparison between observed and c a l c u l a t e d sound v e l o c i t i e s 
and e l a s t i c moduli 

c a l c u l a t e d observed e l a s t i c 
constant 

* 
•H-

n n 
2 

<° Vn V 
n 

2 
>» Vn given by 

iov* 
Indium 1 3-25 8 .02 2 .50 4 .54 

C 11 
2 1.89 2.71 1.29 1.21 C 6 6 
3 1.33 1.26 0 .95 0 .65 c 4 4 
4 2.61 4 .97 2 . 4 9 4 .52 

° 3 3 
5 1.30 1.23 0 .95 0 .65 C 4 4 
6 3 . ? 8 10.04 
7 O.56 0 .23 0 .60 0 .26 

* ( C 1 1 - C 1 2 ) 

8 1.30 0 .93 0 .95 0 .65 C 4 4 
In - 1 5 a t . # T l 

7 .3^ 2 .28 4 .20 
In - 1 5 a t . # T l 

1 3 .07 7 .3^ 2 .28 4 .20 C 11 
2 1.42 1.57 1.15 1.06 C 6 6 
3 1.28 1.28 0 .96 0 .74 C 4 4 
4 3 .23 8.38 2 .28 4 .18 

C 3 3 
5 1.20 1.15 0 .95 0 .73 C 4 4 
6 3-33 8 .85 2 .49 4 .98 ^ ( C 1 1 + C 1 2 + 2 C 4 4 ) 

7 0 .3^ 0 .09 0 .39 0 .12 

8 1.29 1.33 0 .95 0 .72 G 4 4 
In - 2 5 a t . % T l 

2 .18 4 .10 
In - 2 5 a t . % T l 

1 2 .19 4 .13 2 .18 4 .10 C 11 
2 1.21 1.26 0 .97 0.81 C 4 4 
3 2 .83 6 .89 2 .37 4.84 * ( C 1 1 + C 1 2 + 2 C W 

0.15 0.02 0 .16 0.022 

5 1.25 1.3^ 0 .97 0.81 c 4 4 

Chandresekhar and Rayne (1961) report the observed v a l u e s , 

v e l o c i t y s u b s c r i p t s ae i n Table 3 » 1 • 
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t h e c o m p a r i s o n o f p r e d i c t e d l o n g i t u d i n a l v e l o c i t i e s w i t h 

e x p e r i m e n t a l ones i s n o t v e r y p r o d u c t i v e , s i n c e a l o n g i t u d i n a l 

wave i n v o l v e s volume c h a n g e s , w h e r e a s t h e c a l c u l a t i o n has 

assumed c o n s t a n t v o l u m e . C o m p a r i n g t h e s h e a r v e l o c i t i e s i n 

T a b l e 7.5 we can see t h a t t h e p r e d i c t e d v e l o c i t i e s a r e 

p r e d o m i n a n t l y l a r g e r t h a n t h e o b s e r v e d ones by a f a c t o r o f 

a b o u t 1.5- T h e r e may be s e v e r a l r e a s o n s f o r t h i s . I n d i u m has 

p r o v e d t o be a d i f f i c u l t m e t a l t o u n d e r s t a n d t h e o r e t i c a l l y 

( i t has n o t y e t been p o s s i b l e t o c a l c u l a t e t h e c o r r e c t c r y s t a l 

s t r u c t u r e ) , and a p o t e n t i a l w h i c h i s a d e q u a t e t o d e s c r i b e a l l 

o f i t s o b s e r v e d p r o p e r t i e s has y e t t o be c o n s t r u c t e d . The 

cause f o r t h e so u n d v e l o c i t y d i s c r e p a n c i e s c o u l d , t h e r e f o r e , 

l i e i n t h e p o t e n t i a l u s e d . On t h e o t h e r h a n d , t h e a s s u m p t i o n 

has a l s o been made t h a t t h e a l l o y s behave i n a h a r m o n i c f a s h i o n . 

T h i s i s n e v e r r i g o r o u s l y t r u e f o r any s o l i d a t f i n i t e 

t e m p e r a t u r e s , b u t t h e v a l i d i t y o f t h e a p p r o x i m a t i o n v a r i e s f r o m 

one s o l i d t o a n o t h e r . I n t h e i n d i u m - t h a l l i u m s y s t e m n e a r t h e 

phase b r a n s i t i o n i t i s u n r e a s o n a b l e t o suppose t h a t t h i s 

a p p r o x i m a t i o n i s a good o n e , and t h u s we s h o u l d b e . s u r p r i s e d 

t o f i n d good a g r e e m e n t b e t w e e n r e s u l t s c a l c u l a t e d i n t h i s 

way and t h o s e d e t e r m i n e d e x p e r i m e n t a l l y . We s h a l l d i s c u s s t h e 

e x t e n t o f t h e a n h a r m o n i c i t y i n t h e a l l o y s i n t h e c o n c l u d i n g 

c h a p t e r . B u t t h e v a r i a t i o n o f e l a s t i c p r o p e r t i e s w i t h a l l o y 

c o m p o s i t i o n i s s e e n t o be q u a l i t a t i v e l y c o r r e c t f r o m T a b l e 7.5 • 

Kumar and S h a r a n (1972) h a v e used a f o r c e c o n s t a n t m odel t o 

p r o d u c e phonon d i s p e r s i o n c u r v e s f o r i n d i u m . T h e i r r e s u l t s a r e 

shown as d a s h e d l i n e s i n f i g u r e 7.6 . A f o r c e c o n s t a n t 

c a l c u l a t i o n u s e s t h e measured e l a s t i c d a t a as i t s s t a r t i n g p o i n t , 

and hence t h e s l o p e s div/^Q n e a r t o Q = 0 o f t h e d i s p e r s i o n 
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c u r v e s g i v e n by Kumar and S h a r a n w i l l be c o n s i s t e n t w i t h t h e 

o b s e r v e d s o u n d v e l o c i t i e s . C o n s e q u e n t l y t h e r e g i o n s on 

f i g u r e 7.6 n e a r t o Q = 0 s e r v e w e l l t o compare t h e r e s u l t s 

o b t a i n e d f r o m f i r s t p r i n c i p l e s w i t h t h o s e d e r i v e d f r o m 

e x p e r i m e n t . Kumar and S h a r a n n o t e an ' a b n o r m a l i t y ' i n t h e 

h i g h e r f r e q u e n c y t r a n s v e r s e mode o f t h e jl10] d i r e c t i o n , w h i c h 

t h e y f o u n d t o be s l i g h t l y c o n c a v e . T h i s e f f e c t i s s e e n , t o o , 

i n t h e o p t i m i s e d m odel p o t e n t i a l r e s u l t f o r t h a t mode; i n 

a d d i t i o n t h e l o w e r f r e q u e n c y t r a n s v e r s e mode has a s i m i l a r 

s h a p e . The r a m i f i c a t i o n s o f s u c h a f o r m f o r one o r more modes 

o f t h e phonon d i s p e r s i o n c u r v e s aire i n t e r e s t i n g . F o r p h o n o n -

phonon i n t e r a c t i o n s t h e r e i s a p r i n c i p l e v / h i c h , as g i v e n by 

Ziman (1960), s t a t e s t h a t t h e c r e a t e d phonon i n a t h r e e - p h o n o n 

i n t e r a c t i o n must l i e i n a h i g h e r b r a n c h t h a n a t l e a s t one o f 

t h e d e s t r o y e d p h o n o n s . When a s h e a r b r a n c h c o n t a i n s a p o i n t o f 

i n f l e c t i o n , as i s f o u n d h e r e i n i n d i u m , t h e n t h e r e a r e c e r t a i n 

v a l u e s f o r q, q' and q" s u c h t h a t t h e c o n d i t i o n q + q' = q" 

can be s a t i s f i e d by phonons whose w a v e v e c t o r s a l l l i e on t h e 

same b r a n c h . 

7.5*2 L i m i t a t i o n s on t h e method: t h e s t r u c t u r e o f i n d i u m 

T h e r e has been much w o r k done i n r e c e n t y e a r s i n 

t r y i n g t o e s t a b l i s h a t h e o r e t i c a l b a s i s f o r t h e o b s e r v e d 

c r y s t a l s t r u c t u r e s o f s i m p l e e l e m e n t s . E a r l y w o r k c e n t r e d on 

t h e 'q e f f e c t ' , b r i e f l y m e n t i o n e d i n s e c t i o n 7 .2°6 , i n c l u d e s 

t h a t o f H e i n e and W e a i r e (1966) who d i s c u s s e d t h e s t r u c t u r e s o f 

d i - and t r i - v a l e n t m e t a l l i c e l e m e n t s . They f o u n d t h a t i n many-

ca s e s t h e o b s e r v e d c r y s t a l s t r u c t u r e was, o u t o f t h e v a r i o u s 
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p o s s i b i l i t i e s c o n s i d e r e d , t h a t one whose f i r s t few r e c i p r o c a l 

l a t t i c e v e c t o r s were f u r t h e s t f r o m t h e v a l u e q a t w h i c h t h e 
o 

f i r s t minimum o f t h e energy-wavenumber c h a r a c t e r i s t i c o c c u r r e d . 

K o g a c h i and h a t s u o (1971 ) used a s i m i l a r method i n t h e a n a l y s i s 

o f t h e In-Mg and I n - C d s y s t e m s : t h e y were a b l e t o show how t h e 

changes i n t h e p o s i t i o n o f q^ as Mg o r Cd was added t o i n d i u m 

c o u l d a c c o u n t f o r t n e change i n s t r u c t u r e a t t h e a p p r o p r i a t e 

c o m p o s i t i o n . They have a l s o s t u d i e d t h e I n - G a - T l s y s t e m i n a 

s i m i l a r way ( H a t s u o and K a r a c h i , 1971)- I n d e a l i n g w i t h i n d i u m , 

t h o u g h , t h e q Q e f f e c t method has n o t been t o o s u c c e s s f u l . 

H e i n e and V/eaire O960) f i n d t h a t i n d i u m s h o u l d be f e e , b u t 

p o s C u l a t e t h e s p l i t t i n g o f t h e ^20oj s e t o f r e c i p r o c a l l a t t i c e 

p o i n t s t o g i v e t h e t e t r a g o n a l s t r u c t u r e , because o f t h e 

p r o x i m i t y o f q Q t o t h e <200> r e c i p r o c a l l a t t i c e v e c t o r . 

T h e r e have been l a t e r a t t e m p t s t o r e s o l v e t h e p r o b l e m 

by t h e c a l c u l a t i o n o f t o t a l e n e r g y o f i n d i u m as a f u n c t i o n o f 

c / a r a t i o . H e i n e and v.'eaire (1970) d e s c r i b e a r e s u l t w h i c h 

g i v e s a minimum i n t h e e n e r g y c u r v e a t c / a = 1.0 w i t h a n o t h e r 

minimum a t 0.95» a l t h o u g h F i n n i s ( p r i v a t e c o m m u n i c a t i o n , 1973) 

has o b t a i n e d a minimum a t c / a = 1.25- T h i s l a t t e r v a l u e i s 

s t i l l f a r f r o m t h e o b s e r v e d one o f 1.08, b u t a t l e a s t i t i s 

g r e a t e r t h a n 1.0. The e n e r g y c u r v e based on t h e e n e r g y -

wavenumber c h a r a c t e r i s t i c u sed f o r i n d i u m i n t h e p r e s e n t w o r k has 

a s t a b l e s t r u c t u r e o f f e e . The band s t r u c t u r e p a r t ( c a l c u l a t e d 

f r o m e q u a t i o n 7.2^) i s shown i n f i g u r e 7.12. 

A p o s s i b l e s o l u t i o n t o t h e p r o b l e m has been s u g g e s t e d 

by H a t s u o and K a t a d a (1973) i n c o n n e c t i o n w i t h t h e i r s t u d y o f 

I n - T l doped w i t h Sn a n d / o r Cd, who have e v a l u a t e d t h e s t r a i n 
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0 O S 

Figure 7 . 1 2(a) The v a r i a t i o n of band-structure energy 
for indium c a l c u l a t e d using the ^ ( q ) of 
Table 7 . ^ . A s t a b l e s t r u c t u r e of foe i s 

C/a 
I OIL 

p r e d i c t e d . 
1-ot f • Off 1 OO 

F i g u r e 7 . 1 2 ( b ) The c u r v e shown i n ( a ) i s r e p l o t t e d h e r e on an 
expanded s c a l e , and t h e v a l u e o f U a t c / a = 1 
has been s u b t r a c t e d o f f . The d a s h e d l i n e shows 
t h e v a r i a t i o n g i v e n by t h e F ^ ( q ) o f A n i m a l u (1966) 



e n e r g y f o r a t e t r a g o n a l d i s t o r t i o n o f a c u b i c s t r u c t u r e . They 

w r i t e t h i s e n e r g y (U ) as t h e sum o f t h r e e t e r m s : t h e band 
s 

s t r u c t u r e e n e r g y (U ) , t h e E w a l d e n e r g y (IT ) and a n o t h e r , as 
D S © 

y e t u n s p e c i f i e d , c o n t r i b u t i o n ( ^ ) . 

U = U, + U + A s bs e 

The sum U + U was f o u n d t o g i v e a minimum a t c / a = 1.0 . bs e 
The e n e r g y U was c a l c u l a t e d f r o m t h e o b s e r v e d c / a r a t i o and 

s 

e x p e r i m e n t a l e l a s t i c c o n s t a n t s , and t h u s i t had a minimum a t 

c / a = 1.08. From t h i s a v a r i a t i o n i n & w i t h c / a c o u l d be 

c a l c u l a t e d . Matsuo and K a t a d a f i n d t h a t t h e v a l u e o f 4 i s 

c o m p a r a b l e t o , and o p p o s i t e i n s i g n t o , t h e band s t r u c t u r e 

e n e r g y and a l s o t h a t i t s v a l u e i s a f f e c t e d l i t t l e when t h a l l i u m 

i s added t o i n d i u m . From t h i s t h e y c o n c l u d e t h a t i t s s o u r c e 

i s an exchange i n t e r a c t i o n . Now t h e model on w h i c h Matsuo and 

K a t a d a ' s w o r k i s b a s e d i s t h e p s e u d o p o t e n t i a l o f A n i m a l u ( 1 9 6 6 ) . 

We have r e c a l c u l a t e d U, w i t h t h e F„. ( q ) used i n t h i s w o r k f o r 
bs h 

i n d i u m , and a l s o w i t h t h a t o f Shaw {'}c)6o) f o r i n d i u m , and f i n d 

t h a t b o t h g i v e v a l u e s f o r s m a l l e r by a f a c t o r o f a b o u t f i v e 

compared w i t h t h e A n i m a l u p o t e n t i a l r e s u l t s . (See f i g u r e 7 ;.12.) 

Thus t h e p a r t i c u l a r m o d e l u s e d a f f e c t s t h e r e s u l t o f t h i s 

c a l c u l a t i o n q u i t e d r a s t i c a l l y ; a r e c a l c u l a t i o n o f A r e s u l t s i n 

a change o f s i g n i n t h a t q u a n t i t y , and i n a r e d u c t i o n i n . i t s 

m a g n i t u d e . I t w o u l d seem, t h e n , t h a t t h i s a p p r o a c h i s n o t a 

p a r t i c u l a r l y p r o f i t a b l e one t o f o l l o w , a l t h o u g h i t may w e l l be 

t r u e t h a t t h e r e i s a n o t h e r c o n t r i b u t i o n t o t h e t o t a l e n e r g y o f 

i n d i u m and t h e a l l o y s w h i c h , when i n c l u d e d , w o u l d e i l l o w t h e 

c o r r e c t c r y s t a l s t r u c t u r e s t o be p r e d i c t e d . 
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' / . r ) . <• , 'urthex' w o r k and summary 

I t i s p o s s i b l e i n p r i c i p l e , g i v e n a F ( q ) f o r i n d i u m 

and t h e a l l o y s , t o c a l c u l a t e o t h e r p h y s i c a l p r o p e r t i e s , s u c h as 

th e phonon d e n s i t y o f s t a t e s and t h e G r i i n e i s e n p a r a m e t e r . I n 

v i e w o f t h e n a t u r e o f t h e d o u b t s u r r o u n d i n g t h e e x t e n t o f t h e 

a p p l i c a b i l i t y o f t h e energy-wavenumber c h a r a c t e r i s t i c s we h a v e 

n o t p e r f o r m e d t h e s e c a l c u l a t i o n s . I t i s o b v i o u s t h a t b e f o r e 

much more t h e o r e t i c a l w o r k can be p e r f o r m e d on i n d i u m and t h e 

a l l o y s a m o d e l must be c o n s t r u c t e d w h i c h s a t i s f a c t o r i l y 

r e s o l v e s t h e p r o b l e m o f t h e s t r u c t u r e o f i n d i u m . I n t h e mean 

t i m e t h e l i m i t a t i o n s on t h e model must be b o r n e i n m i n d . 

The t e s t o f a t h e o r e t i c a l model i s i t s a b i l i t y t o 

p r e d i c t o b s e r v a b l e p h y s i c a l p r o p e r t i e s . A l t h o u g h we have s e e n 

t h a t t h e c r y s t a l s t r u c t u r e s o f i n d i u m and i t s a l l o y s w i t h 
• 

t h a l l i u m a r e n o t y e t a c c o u n t e d f o r , y e t t h e w o r k p r e s e n t e d h e r e 

shows t h a t as f a r as t h e p r e d i c t i o n o f so u n d v e l o c i t i e s i n t h e s e 

m a t e r i a l s i s c o n c e r n e d t h e o p t i m i s e d model p o t e n t i a l has met 

w i t h more s u c c e s s . Of p a r t i c u l a r i n t e r e s t t o t h i s w o r k has 

been t h e f i n d i n g t h a t one p a r t i c u l a r p honon mode — t h a t f o r 

p r o p a g a t i o n i n t h e [110J d i r e c t i o n w i t h p o l a r i s a t i o n [ l l O j — 

has a s m a l l v a l u e o f ̂ ">/^Q n e a r t o Q = 0 i n i n d i u m , and t h a t 

on a d d i t i o n o f t h a l l i u m i t s s l o p e p a s s e s t h r o u g h a minimum a t a 

t h a l l i u m c o n c e n t r a t i o n c o r r e s p o n d i n g t o t h a t f o r t h e f c t t o f e e 

m a r t e n s i t i c t r a n s i t i o n . B o t h t h e f o r m o f t h e v a r i a t i o n o f t h e 

s l o p e and t h e m a g n i t u d e o f t h e e l a s t i c c o n s t a n t a s s o c i a t e d 

v / i t h t h a t mode — ^^11"~^12'' — a r e ^n clu^-^e G o o c l a g r e e m e n t 

w i t h o b s e r v a t i o n . 



CHAPTER 8 

DISCUSSION OF THE RESULTS, AND CONCLUSIONS 
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I n t r o d u c t i o n 

I n t h e p r e v i o u s t h r e e c h a p t e r s t h e v a r i o u s 

e x p e r i m e n t a l and t h e o r e t i c a l r e s u l t s o b t a i n e d f o r t h o s e i n d i u m -

t h a l l i u m a l l o y s s t u d i e d have been p r e s e n t e d . A c e r t a i n amount 

o f d i s c u s s i o n o f t h e f i n d i n g s o f t h e c a l c u l a t i o n s has a l r e a d y 

been g i v e n i n C h a p t e r 7» and so i n p a r t A o f t h i s c h a p t e r we 

d i s c u s s t h e e x p e r i m e n t a l r e s u l t s . P a r t B c o n s i s t s o f a more 

g e n e r a l c o n s i d e r a t i o n o f t h e c o n c l u s i o n s r e a c h e d . A d i s c u s s i o n 

o f t h e e x p e r i m e n t a l r e s u l t s has been l e f t u n t i l t h i s p o i n t 

because i t l e a d s q u i t e d i r e c t l y i n t o t h e c o n c l u d i n g r e m a r k s . 

The e x p e r i m e n t a l r e s u l t s w i l l be d i s c u s s e d i n t h e 

o r d e r i n w h i c h t h e y a r e p r e s e n t e d i n C h a p t e r 5, t h a t i s f i r s t 

t h e t h e r m a l e x p a n s i o n o f t h e a l l o y s , t h e n t h e u l t r a s o u n d 

v e l o c i t y and e l a s t i c c o n s t a n t b e h a v i o u r , f o l l o w e d by a b r i e f 

e v a l u a t i o n o f t h e a t t e n u a t i o n mechanisms f o u n d i n t h e s e 

m a t e r i a l s . 

P a r t A 

3.1 T h e r m a l e x p a n s i o n o f i n d i u m - t h a l l i u m a l l o y s and 
t h e G r U n e i s e n p a r a m e t e r 

Measurement o f t h e t h e r m a l e x p a n s i o n o f t h e a l l o y s 

was u n d e r t a k e n p r i m a r i l y i n o r d e r t o make c o r r e c t i o n s f o r t h e 

change i n sample t h i c k n e s s w i t h t e m p e r a t u r e when c a l c u l a t i n g 

t h e v e l o c i t y o f sound i n t h e s e m a t e r i a l s f r o m m easured u l t r a ­

s o und p u l s e t r a n s i t t i m e s . However, t h e b e h a v i o u r o f t h e 

t h e r m a l e x p a n s i o n t e n s o r component i s o f some i n t e r e s t i n i t s e l f . 
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I'lle most r e m a r k a b l e f e a t u r e o f t h e r e s u l t s i s t h e n e g a t i v e 

v a l u e o f t h e t e n s o r component o< o v e r a w i d e t e m p e r a t u r e 

r a n g e above a b o u t 200K a l m o s t t o t h e m e l t i n g p o i n t . T h i s 

f e a t u r e was f o u n d f o r b o t h o f t h e t e t r a g o n a l a l l o y s m e a sured. 

The f i n d i n g i s i n q u a l i t a t i v e a g r e e m e n t w i t h r e s u l t s f o r i n d i u m 

by C o l l i n s e t a l . (19&7) w n o f o u n d t h a t ^ became n e g a t i v e 

above a b o u t 220K and r e m a i n e d so a t l e a s t as f a r as JOOK — t h e 

h i g h e s t t e m p e r a t u r e f o r w h i c h t h e y g i v e r e s u l t s . Munn (1970) 

has d i s c u s s e d t h e n e g a t i v e c o e f f i c i e n t i n i n d i u m i n t e r m s o f 

v a r i a t i o n o f t h e G r u n e i s e n p a r a m e t e r and t h e e l a s t i c c o n s t a n t s , 

lie c o n c l u d e s t h a t t h e e f f e c t i s seen because o f t h e m a g n i t u d e s 

o f t h e e l a s t i c c o n s t a n t s , ( i n p a r t i c u l a r t h e s m a l l s i z e o f 

^ - ( C ^ - C ^ ) )» a n d n o t because o f any l a r g e a n i s o t r o p y i n t h e 

G r u n e i s e n p a r a m e t e r , f o r he f o u n d t h e l a t t e r t o be a l m o s t 

i s o t r o p i c . 

The t h e r m a l e x p a n s i o n o f a t e t r a g o n a l m a t e r i a l can be 

e x p r e s s e d i n t h e f o r m ( B a r o n and Munn, 1967; Munn, 19t>8) 

"*11 = { C ^ V ) { C 3 ^ ^ - C ^ 3 3 ) / C 3 ^ C ^ + C ^ - 2 C ^ ( 

x 3 3 = ( V v ) ( c ^ c ^ H ^ ^ / C 3 3 ( C 1 1 + C 1 2 ) - 2 C 1 3
2 

i n w h i c h Ĉ  /V i s t h e h e a t c a p a c i t y ( a t c o n s t a n t s t r a i n ) p e r 

m o l a r v o l u m e . The two i n d e p e n d e n t components o f t h e G r i l n e i s e n 

t e n s o r a r e and . From e q u a t i o n s 8 .1 t h e r a t i o tf^/^S 

i s g i v e n by 

i l l . * 5 3 C 1 , * ( 8 

"33 " * 3 3 C 3 3 + 2 C
1 3 N 1 

Munn g i v e s a v a l u e o f 1.05 f o r t h i s r a t i o i n i n d i u m a t 284K. 

f o r t h e I n - 1 1 . 5 at.% T l a l l o y we have c a l c u l a t e d o v e r 
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t h e t e m p e r a t u r e r a n g e 150 t o 410K and f i n d l i t t l e v a r i a t i o n 

f r o m u n i t y , c o n s i s t e n t w i t h Munn's r e s u l t f o r i n d i u m . F i g u r e 

8.1 shows t h e c a l c u l a t e d v a r i a t i o n o f t h e a n i s o t r o p y r a t i o 

* . / I f , , f o r t h e In - 1 1 . 5 a t . % T l a l l o y . ( I n a c u b i c a l l o y t h e 
11 33 

r a t i o i s a l w a y s u n i t y , by s y m m e t r y . ) Thus t h e a n a l y s i s o f Munn 

f o r i n d i u m w o u l d a p p e a r t o h o l d f o r t h e a l l o y s a l s o , and so we 

can c o n c l u d e t h a t , as i n i n d i u m , i t i s p o s s i b l e t o have h i g h l y 

a n i s o t r o p i c , and even n e g a t i v e , t h e r m a l e x p a n s i o n c o e f f i c i e n t s 

f o r t h e t e t r a g o n a l a l l o y s w i t h o u t a s i m i l a r a n i s o t r o p y i n t h e 

G r u n e i s e n c o e f f i c i e n t s . 

A d e t e r m i n a t i o n o f t h e a b s o l u t e v a l u e s o f ̂ ^ and Y 

i s made d i f f i c u l t by t h e p a u c i t y o f s p e c i f i c h e a t d a t a . However, 

an e s t i m a t e can be made ba s e d on t h e v a l u e s o f C g i v e n by 

S c h w a r t z (1970) f o r t h r e e a l l o y s c o n t a i n i n g 18.8, 28.9 and 3^.6 

a t . % T l . He f i n d s t h a t a t 3OOK each one has a v a l u e o f C o f 
P 

-1 o -1 

28.0 j o u l e mole K. , w i t h a v a r i a t i o n i n t h i s f i g u r e b e t w e e n 

t h e t h r e e c o m p o s i t i o n s o f o n l y 0.3%. I f we assume a v a l u e o f 

28.0 j o u l e mole K f o r i n t h e a l l o y s s t u d i e d h e r e , and i f 

we use t h e measured r e s u l t s o f t h e r m a l e x p a n s i o n c o e f f i c i e n t s 

a t 3OOK, t h e n we can use e q u a t i o n s 8.1 t o o b t a i n v a l u e s f o r j ^ ^ 

and 3 . The r e s u l t s a r e : f t . = 2.4,ft = 2.2 f o r 11.5 a t . % T l ; 
33 11 33 

2.3, <f ? 7 = 2 . 2 f o r 15 a t . % T l ; = 2.0 f o r 25 a t . % T l . The 

c u b i c a l l o y has o n l y one t h e r m a l e x p a n s i o n and G r t i n e i s e n 

c o e f f i c i e n t ; no n e g a t i v e v a l u e o f o, was o b s e r v e d , a l t h o u g h i n 

t h e t r a n s i t i o n r e g i o n a t e m p e r a t u r e h y s t e r e s i s was s e e n . The 

v a l u e s o f :*> f o r t h e f e e and f c t s i d e s o f t h e t r a n s i t i o n 

t e m p e r a t u r e were d i f f e r e n t ( b y a f a c t o r o f a l m o s t t w o ) . 
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IS"o Zoo ISO loo ISo 400 

Temperol"i;rt i^k) 

F i g u r e 0 . 1 The t e m p e r a t u r e v a r i a t i o n o f ^ /'& 
11 33 

f o r an In - 1 1 . 5 a t . % T l a l l o y . 
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o.2 T e m p e r a t u r e v a r i a t i o n o f t h e o b s e r v e d u l t r a s o u n d 
v e l o c i t i e s and e l a s t i c c o n s t a n t s 

The f i r s t p a r t o f t h i s s e c t i o n w i l l d e a l w i t h t h e 

v a r i a t i o n w i t h t e m p e r a t u r e o f u l t r a s o u n d v e l o c i t y o b s e r v e d i n 

t h e I n - T l a l l o y s ; i t w i l l be f o l l o w e d by a d i s c u s s i o n o f t h e 

e l a s t i c c o n s t a n t s . 

8.2.1 U l t r a s o u n d v e l o c i t y changes 

I n t h e absence o f phase t r a n s i t i o n s most s o l i d s have 

a v e l o c i t y o f sound w h i c h i s a l m o s t t e m p e r a t u r e i n d e p e n d e n t c l o s e 

t o OK, and w h i c h v a r i e s a p p r o x i m a t e l y l i n e a r l y w i t h t e m p e r a t u r e 

( w i t h a n e g a t i v e g r a d i e n t ) above a b o u t 20K; t h e v a r i a t i o n 

c o n t i n u e s i n t h i s f a s h i o n u n t i l n e a r t o t h e m e l t i n g p o i n t . The 

t e t r a g o n a l a l l o y s s t u d i e d had a t e m p e r a t u r e v a r i a t i o n o f t h i s 

f o r m : t h e few measurements w h i c h were p o s s i b l e a t v e r y l o w 

t e m p e r a t u r e s ( t o U.2K) showed t h a t t h e s l o p e > v / ^ T i n d e e d 

a p p r o a c h e d z e r o as T t e n d e d t o z e r o , w h i l e t h e r e m a i n d e r o f t h e 

m e a s u r e m e n t s , o b t a i n e d w i t h i n t h e r a n g e 77 t o ^23K, showed an 

a l m o s t l i n e a r v a r i a t i o n . However, t h e r e were d e v i a t i o n s f r o m 

l i n e a r i t y i n l o n g i t u d i n a l v e l o c i t i e s n e a r t o t h e m e l t i n g p o i n t . 

F i g u r e 6 .2 shows a c o l l e c t i o n o f r e s u l t s f o r b o t h o f t h e 

t e t r a g o n a l a l l o y s (11.5 and 15 a t . % T l ) o f l o n g i t u d i n a l and 

s h e a r v e l o c i t i e s n e a r t o T ( m e l t i n g p o i n t a b o u t ^25K). 
m 

C e r t a i n o f t h e s e c u r v e s have a s l o p e w h i c h i s t e n d i n g t o w a r d s 

z e r o as t h e m e l t i n g p o i n t i s a p p r o a c h e d . We can a s s o c i a t e t h i s 

w i t h a p r e - m e l t i n g e f f e c t r a t h e r t h a n a p r e - t r a n s i t i o n o r 

m o d e - s o f t e n i n g one, s i n c e i t has been s e e n t o a s i m i l a r e x t e n t 

i n b o t h t h e 11.5 and 15 a t . % T l a l l o y s , e v e n t h o u g h t h e f o r m e r 
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i s f u r t h e r f r o m t h e f c t / f c c b o u n d a r y a t t h e m e l t i n g p o i n t 

t h a n i s t h e l a t t e r . The e f f e c t has a l s o been s e e n i n t h e 

I n - 2 5 a t . % T l a l l o y ( C hung, 1973» p r i v a t e c o m m u n i c a t i o n ) , i n 

w h i c h mode s o f t e n i n g o f t h e s l o w s h e a r mode i n t h e L1101 

d i r e c t i o n i s a l m o s t c e r t a i n l y b e c o m i n g r e d u c e d f o r an i n c r e a s e 

i n t e m p e r a t u r e t o w a r d s T . 

The s l o p e s b v / dT v a r y somewhat b e t w e e n o r i e n t a t i o n s , 
2 1 o 1 

and f o r t h e In - 1 1 . 5 a t . % T l a l l o y r a n g e f r o m 3.^5*10 cm s e c " K~ 

f o r t h e s h e a r wave v e l o c i t i e s l e a d i n g t o C^, t o 1.88x10^ cm 

sec K f o r t h e s l o w s h e a r mode p r o p a g a t i n g i n t h e [110] 

d i r e c t i o n . ( B o t h f i g u r e s a p p l y t o t h e l i n e a r p o r t i o n s o f t h e 

v a r i a t i o n ) , a nd f o r t h e I n - 1 5 a t . % T l a l l o y t h e c o r r e s p o n d i n g 

v a l u e s a r e 2 . 85*10 2 and 2.0<10^ , r e s p e c t i v e l y . 

The sound v e l o c i t y i n a p e r f e c t l y h a r m o n i c s o l i d w o u l d 

n o t change w i t h t e m p e r a t u r e , and any v a r i a t i o n f o u n d i n p r a c t i c e 

i s a r e f l e c t i o n o f t h e a n h a r m o n i c c o n t r i b u t i o n s t o t h e b i n d i n g 

e n e r g y . Thus t h e s l o p e o f a v e l o c i t y - t e m p e r a t u r e c u r v e i s 

r e l a t e d t o t h e a n h a r m o n i c i t y i n t h e b i n d i n g f o r c e s a p p r o p r i a t e 

t o t h e p o l a r i s a t i o n o f t h e p a r t i c u l a r mode. From t h e r e s u l t s 

f o r t h e t e t r a g o n a l m a t e r i a l s t h e g r e a t e s t s l o p e was f o u n d f o r 

t h e mode p o l a r i s e d [ i io] and p r o p a g a t i n g i n t h e [ no ] d i r e c t i o n . 

The v e l o c i t y changes seen i n t h e c u b i c a l l o y s 25 and 

27 a t . % T l f a l l i n t o two s e c t i o n s : t e m p e r a t u r e s n e a r t o t h e 

m a r t e n s i t i c t r a n s i t i o n r e g i o n and t e m p e r a t u r e s r e m o t e f r o m t h a t 

r e g i o n . I n t h e l a t t e r s e c t i o n t h e b e h a v i o u r was s i m i l a r t o 

t h a t f o r t h e t e t r a g o n a l a l l o y s , and need n o t be d i s c u s s e d 

f u r t h e r a t t h i s s t a g e . 

I n t h e v i c i n i t y o f t h e m a r t e n s i t i c t r a n s i t i o n t h e r e 
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were d e v i a t i o n s i n sound v e l o c i t y f r o m t h e c u r v e p r o d u c e d by 

an e x t r a p o l a t i o n o f t h e v a r i a t i o n i n t h e c u b i c p h a s e . T h e r e 

was a d e p r e s s i o n i n t h e v e l o c i t y - t e m p e r a t u r e c u r v e s o f b e t w e e n 

0.2 and 0.3% . The d e p r e s s i o n was g r e a t e r f o r t h e h i g h e r T c 

25 a t . % a l l o y . T h i s d i p was s e e n i n each o f t h e measured c u r v e s , 

f o r p o l a r i s a t i o n s frio], f ]10] ; [ l 1o ] , £>0l] ; [iooj , [lOo] . However, 

i n t h e case o f t h e l a s t t h e h i g h e r a t t e n u a t i o n c a u s e d t h e 

p r e c i s i o n i n t h e measurements t o be g r e a t l y r e d u c e d and t h e f o r m 

o f t h e d i p i s n o t so w e l l e s t a b l i s h e d . A l s o , t h e t w i n n e d 

t e t r a g o n a l f o r m w h i c h e x i s t e d b e l o w had a changed o r i e n t a t i o n 

w i t h r e s p e c t t o t h e o r i g i n a l c u b i c one, so t h a t t h e d i r e c t i o n 

o f p r o p a g a t i o n had e f f e c t i v e l y c h a n g e d . 

We can sum up t h e t e m p e r a t u r e v a r i a t i o n i n t h e 

t r a n s i t i o n r e g i o n o f t h e 25 and 27 a t . % T l a l l o y s by e n u m e r a t i n g 

f o u r f e a t u r e s o f i n t e r e s t . F i r s t l y , t h e r e was no o b v i o u s 

d i s c o n t i n u i t y i n t h e v e l o c i t y - t e m p e r a t u r e c u r v e a t t h e f c c - f c t 

t r a n s f o r m a t i o n . S e c o n d l y , t h e v a r i a t i o n has been d e s c r i b e d as 

a d i p b e c a u s e t h e v e l o c i t y c u r v e e v e n t u a l l y r e t u r n e d t o t h e 

l i n e e x t r a p o l a t e d f r o m t h e c u b i c r e g i o n . ( T h i s c o u l d o n l y be 

seen w i t h c o n f i d e n c e i n t h e [l1o| measurements b e c a u s e o f t h e 

d i f f i c u l t y w i t h jlOoj p r o p a g a t i o n i n t h e t e t r a g o n a l phase o f 

t h e s e a l l o y s , as d i s c u s s e d a b o v e . ) T h i r d l y , t h e m a g n i t u d e o f 

t h e d i p and t h e t e m p e r a t u r e r a n g e o v e r w h i c h i t o c c u r r e d 

d i f f e r e d f o r t h e two a l l o y s , b e i n g s h a r p e r f o r t h e h i g h e r T^ 

25% a l l o y . F o u r t h l y , t h e v a r i a t i o n was r a t h e r d i f f e r e n t f r o m 

t h a t o b s e r v e d i n a 21 a t . % T l a l l o y by Pace and S a u n d e r s (1972), 

i n w h i c h a much more p r o n o u n c e d d i p was seen i n t h e f a s t s h e a r 

mode p r o p a g a t i n g a l o n g [ l i o j j o f a b o u t 2-̂ % , and e x t e n d i n g o v e r 

o n l y a b o u t 10°K, compared w i t h 3O0 o r 40° f o r t h o s e r e p o r t e d 



- 224 -

h e r e . These r e s u l t s w i i l be d i s c u s s e d f u r t h e r i n s e c t i o n B. 

8 . 2 . 2 V a r i a t i o n o f e l a s t i c c o n s t a n t s 

For a l l o f t h e s i x independent e l a s t i c c o n s t a n t s f o r 

the t e t r a g o n a l a l l o y s , except C._ and C , and f o r a l l t h r e e 
\ <L I 3 

o f the c u b i c ones except t h e r e are modes o f sound 

p r o p a g a t i o n which g i v e t h e i r v a l u e s d i r e c t l y . Thus the temper­

a t u r e v a r i a t i o n o f these moduli can a l s o be found d i r e c t l y . 
The moduli C 0 and C depend on a knowledge of more than one 

12 13 

v e l o c i t y f o r t h e i r d e t e r m i n a t i o n . The v a r i a t i o n o f e l a s t i c 

c o n s t a n t s f o r the t e t r a g o n a l a l l o y s i s shown i n f i g u r e s 5*13 a n c * 

5 . 1 ^ ; f i g u r e 5 .8 g i v e s t h e d e t a i l s f o r the c u b i c a l l o y s . 

C o n s i d e r i n g f i r s t the t e t r a g o n a l a l l o y s we observe 

two e f f e c t s . As the m e l t i n g p o i n t i s approached b o t h the 11 .5 

and 15 % a l l o y s are becoming c l o s e r t o the f c c / f c t boundary. 

These p a r t i c u l a r a l l o y s m e l t and do not t r a n s f o r m t o the c u b i c 

phase, but n e v e r t h e l e s s t h e moduli are changing w i t h t e m p e r a t u r e 

i n a way which suggests t h a t a t r a n s f o r m a t i o n would occur i f 

i t were not f o r t h e m e l t i n g process. From f i g u r e s 5«13 a n ( i 5 « 1 ^ 

the p a i r s o f moduli and C-j^, ^kk a n c * ^66 3 X 8 t e n c ^ n S t o 

same v a l u e . ( I n a c u b i c phase each p a i r i s e q u a l . ) The moduli 

and C„_ are a l s o expected t o t e n d t o the same v a l u e , but 
12 13 

the l a r g e r e r r o r on the v a l u e o f means t h a t no d e f i n i t e 

c o n c l u s i o n can be drawn from t h i s r e s u l t . I n any m a t e r i a l which 

t r a n s f o r m s from t e t r a g o n a l t o cubic t h i s o v e r a l l t r e n d would be 

expected. But i t can a l s o be seen t h a t the moduli and 

are becoming more n e a r l y e q u a l . T h i s i s not an a u t o m a t i c 

f e a t u r e o f a t e t r a g o n a l t o cubic t r a n s i t i o n , but would r e s u l t 
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from a s o f t e n i n g o f the phonon mode whose slope near t o Q = 0 

gave the modulus ^(C^ -C^^)• Once a g a i n , no c o n c l u s i o n s can 

be reached f o r the v a r i a t i o n o f C -C . 
33 ' 3 

At a g i v e n temperature the 15 a t . % T l a l l o y i s c l o s e r 

t o the phase boundary t h a n i s the 11.5at .% one, and t h e e l a s t i c 

c o n s t a n t v a l u e s r e f l e c t t h i s f a c t . We f i n d t h a t the d i f f e r e n c e s 

between and C » a n < ^ between and are s m a l l e r f o r 

the former c o m p o s i t i o n a l l o y than f o r the l a t t e r near the 

m e l t i n g p o i n t . A l s o , C^-C^,, i s l e s s . Because o f t h e low v a l u e 

o f the u l t r a s o u n d v e l o c i t y which l e d t o a d e t e r m i n a t i o n o f 

^ • ( C ^ - C ^ ) ! e x p e r i m e n t a l d i f f i c u l t i e s p r e v e n t e d i t s measurement 

i n the 15% a l l o y above 378K, but an e x t r a p o l a t i o n t o k2jK shows 

t h a t i t s v a l u e a t t h a t t e m p e r a t u r e i s very s m a l l , and i s about 

65% o f i t s room-temperature v a l u e . I t i s i n t e r e s t i n g t h a t the 

temperature v a r i a t i o n s o f t h e moduli and ^ -C^ ̂ ) are 

such as t o g i v e an almost temperature-independent v a l u e o f 0̂ ,,. 

We now t u r n b r i e f l y t o the cu b i c a l l o y s . Only t h r e e 

e l a s t i c c o n s t a n t s are i n v o l v e d , and t h e i r t e m p e r a t u r e dependence 

has been shown i n f i g u r e 5*8 f o r the 25 and 27 a t . % T l samples, 

a f t e r a t h e r m a l expansion c o r r e c t i o n t o the sample t h i c k n e s s e s 

has been a p p l i e d . I n t h e cubic r e g i o n the va l u e s o f and 

C^^ a x e t e n d i n g t o the same value a t t h e t r a n s i t i o n t e mperature 

T c, w i t h i n t h e l i m i t s o f e x p e r i m e n t a l e r r o r . (T has been 

taken as t h e temperature c o r r e s p o n d i n g t o t h e t o p o f the peak 

i n u l t r a s o n i c a t t e n u a t i o n . ) I n t h e t e t r a g o n a l phase the curves 

d i v e r g e a g a i n . However, as remarked p r e v i o u s l y , t h e s l i g h t 

change i n o r i e n t a t i o n o f atomic planes i n t h e twinned t e t r a g o n a l 

form means t h a t the measured v e l o c i t i e s are no l o n g e r governed 
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by the same e l a s t i c c o n s t a n t combinations as they were i n t h e 

s i n g l e c r y s t a l c ubic m o d i f i c a t i o n . As a r e s u l t the e l a s t i c 

c o n s t a n t v a r i a t i o n s below T must be t r e a t e d w i t h c a u t i o n . 
c 

The e l a s t i c c o n s t a n t d e r i v e s d i r e c t l y from a measured 

v e l o c i t y , so t h a t i t s v a r i a t i o n i s s i m i l a r t o t h a t o f t h e 

v e l o c i t y from which i t i s c a l c u l a t e d ( t h e [001J p o l a r i s e d shear 

wave p r o p a g a t i n g i n the [110 ] d i r e c t i o n ) . But here a g a i n , we 

can o n l y be sure t h a t t h e measured v e l o c i t y g i v e s a v a l u e o f 

i n t h e r e g i o n above T . 

8 . 3 U l t r a s o u n d a t t e n u a t i o n i n I n - T l a l l o y s 

The two main f e a t u r e s o f t h e temperature dependence 

o f the measured a t t e n u a t i o n o f i n d i u m - t h a l l i u m a l l o y s mentioned 

i n Chapter 5 — the peaks a t the phase t r a n s i t i o n and the 

o v e r a l l r i s e , seen i n a l l a l l o y s , towards lower temperatures — 

w i l l be d i s c u s s e d s e p a r a t e l y . 

The a t t e n u a t i o n peak a t t h e phase t r a n s i t i o n has been 

observed i n o t h e r a l l o y c o m p o s i t i o n s ( 1 8 and 21 a t . % T l ) and 

i t s o r i g i n has been d i s c u s s e d by Pace and Saunders ( 1 9 7 2 a ) . I t 

may be a t t r i b u t e d t o an i n c r e a s e d c o u p l i n g between u l t r a s o n i c 

waves and the l a t t i c e v i b r a t i o n s i n t h e v i c i n i t y o f brought 

about by anharmonic i n t e r a c t i o n s . F l e u r y ( 1 9 7 1 ) discusses the 

e f f e c t f o r s o f t o p t i c modes. The temperature o f the observed 

peak was used t o c h a r a c t e r i s e the t r a n s i t i o n t e m p e r atures o f 

t h e c ubic a l l o y s , and t o check any h y s t e r e s i s i n between 

warming and c o o l i n g . The r e s u l t s o f the measurements have been 

g i v e n i n f i g u r e s 5 .18 and 5 -19 . An i n c r e a s e d a t t e n u a t i o n f o r 
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h i g h e r f r e q u e n c i e s was observed, but no s a t i s f a c t o r y s t u d y was 

p o s s i b l e o f t h e frequency dependence o f the a t t e n u a t i o n because 

the h i g h values o f a t t e n u a t i o n found a t r e l a t i v e l y low u l t r a ­

sound f r e q u e n c i e s (15MHz) meant t h a t v alues too l a r g e t o 

measure occured above about 50MHz. I n a s i m i l a r way t o t h e 

t r e n d found i n the e x t e n t o f sound v e l o c i t y d e v i a t i o n s a t T c 

f o r these a l l o y s and f o r those measured by Pace and Saunders 

( 1 9 7 2 ) , the a t t e n u a t i o n peaks a l s o spanned a s m a l l e r temperature 

range f o r h i g h e r values o f T ; f i g u r e 8 . 3 ( b ) shows the 

a t t e n u a t i o n behaviour a t the phase t r a n s i t i o n f o r 2 1 , 25 and 

27 a t . % T l a l l o y s . At temperatures below T a f u r t h e r r i s e 

was observed. A s i m i l a r e f f e c t has been seen f o l l o w i n g t h e 

t r a n s i t i o n i n SrTiO^, and i n t h a t case i t has been suggested 

(Rehwald, 1 9 7 0 ) t h a t the r i s e i s due t o g r a i n boundary s c a t t e r ­

i n g , .'juch a mechanism, though p o s s i b l y a c o n t r i b u t o r , i s 

p r o b a b l y not the predominant one h e r e , f o r a s i m i l a r r i s e was 

a l s o seen i n the 1 1 . 5 and 15 a t . % samples below c:220K: these 

a l l o y s do not t r a n s f o r m . Moreover, the t r a n s i t i o n peaks 

appeared t o be superimposed on a r i s i n g background a t t e n u a t i o n 

which had a s i m i l a r form f o r a l l o f the a l l o y s s t u d i e d . 

The mechanism o f the a t t e n u a t i o n i n t h e t e t r a g o n a l 

a l l o y s , and i n the temperature r e g i o n s o f the c u b i c ones remote 

from t h e t r a n s i t i o n r e g i o n , i s f a r from c l e a r . The f e a t u r e s t o 

be e x p l a i n e d are: 

1) At low temperatures (,^20K) the a t t e n u a t i o n i s v e r y 

h i g h , and almost temperature independent. (Measure­

ments were made t o k.2K on s e v e r a l samples, and a t i-2K 

on one o f those no r e d u c t i o n was observed from the 

value a t k.2K.) 
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2) I n the temperature range o f a p p r o x i m a t e l y 40K t o 200K 

the measured a t t e n u a t i o n f e l l t o a v a l u e o f about 0.1 

of i t s 4.2K f i g u r e . The steepness o f t h e slope v a r i e d 

between samples. J u s t b e f o r e the f a l l a s m a l l peak was 

seen a t between 20 and kOK. 

3) From -v200K t o ~350K t h e r e was an almost temperature 

independent r e g i o n . 

4) As the m e l t i n g p o i n t was approached a g r a d u a l r i s e i n 

a t t e n u a t i o n was found, u n t i l w i t h i n a few degrees o f 

T i t had a p p r o x i m a t e l y doubled i t s 350K v a l u e , m 
The p r e c e d i n g f o u r o b s e r v a t i o n s apply t o l o n g i t u d i n a l wave 

a t t e n u a t i o n ; the d i r e c t i o n s s t u d i e d were [100] , [00l] , and [l10j , 

a l t h o u g h t h e e f f e c t s d i d not appear t o depend on p r o p a g a t i o n 

d i r e c t i o n . Shear wave a t t e n u a t i o n was not s t u d i e d e x t e n s i v e l y , 

and not a t a l l a t low t e m p e r a t u r e s . 

The phonon-phonon, or Akhieser t y p e , mechanism f o r 

damping depends on phonon p o p u l a t i o n s o f the v a r i o u s modes. 

These vary w i t h t emperature a c c o r d i n g t o the B o s e - E i n s t e i n 

d i s t r i b u t i o n f u n c t i o n , and a t low temperatures the decrease i n 

p o p u l a t i o n r e s u l t s i n a drop i n a t t e n u a t i o n as t h e number o f 

phonons f o r i n t e r a c t i o n v / i t h t h e u l t r a s o u n d wave decreases. But 

i f t h e r e i s a v e r y s o f t phonon mode, t h a t i s , one o f very low 

energy, then i t would be p o s s i b l e t o have a s i g n i f i c a n t number 

o f phonons a v a i l a b l e f o r i n t e r a c t i o n a t much lower temperatures 

than f o r most s o l i d s . Consequently, the u l t r a s o u n d a t t e n u a t i o n 

could be l a r g e , even a t v e r y low t e m p e r a t u r e s , and thus the 

low-temperature a t t e n u a t i o n behaviour seen i n the a l l o y s c o u l d 

r e s u l t from the presence o f a s o f t phonon mode. 
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As f a r as t h e sharp f a l l a t between kO and 200K i s concerned, 

t h e r e are s e v e r a l mechanisms which c o u l d be r e s p o n s i b l e and 

which would l e a d t o the observed v a r i a t i o n i n u( w i t h tempera-

t u r e . 

F i r s t we c o n s i d e r the Woodruff and E h r e n r e i c h ( 1 9 6 1 ) 

e x p r e s s i o n f o r damping o f a l o n g i t u d i n a l mode. 

* 8 . 6 8 t 2 ^ 2 kT , n - 1 , Q . 
* = = dB cm ( 8 . 3 ) 

.0 v 

i n which ^ i s the GrUneisen parameter, /£> i s the d e n s i t y , V i s 

the sound v e l o c i t y , Ui i s t h e u l t r a s o u n d f r e q u e n c y , T i s 

te m p e r a t u r e , and k i s t h e r m a l c o n d u c t i v i t y . E q u a t i o n 8 . 3 

p r e d i c t s a c o n s t a n t v a l u e o f a t t e n u a t i o n t>C above 0 when 
Lt 1) 

k%jc1/T . 8 . 3 can a l s o be w r i t t e n as 
C Ttf^T <o 

« T = (3.4) 

s i n c e k=A," ̂  ^^T^ . I f T v a r i e s w i t h t e m p e r a t u r e , and, 

s p e c i f i c a l l y , decreases f o r i n c r e a s e o f t e m p e r a t u r e , then y 
Li 

w i l l a l s o decrease. 

A l t e r n a t i v e l y , one c o u l d l o o k t o the work o f Mason 

and Rosenberg on A l , Pb, Nb and Cu (Mason and Rosenberg, 1 9 6 6 , 

1 9 6 7 ; Mason and MacDonald, 1 9 7 1 ) . 

These workers were able t o i d e n t i f y two components i n the 

observed sound a t t e n u a t i o n measurements. One was a d i s l o c a t i o n 

component, and the o t h e r a square-law component ( i t v a r i e d as 10 ) 

The l a t t e r was shown t o be made up o f an e l e c t r o n v i s c o s i t y 

i n v e r s e l y p r o p o r t i o n a l t o r e s i s t i v i t y , and a (smal?.er) phonon 

v i s c o s i t y . T h e i r r e s u l t s show t h a t the square-law component 

has a temperature dependence i n Pb and A l very s i m i l a r i n form 

t o t h a t seen i n the i n d i u m - t h a l l i u m a l l o y s , i n t h a t i t had a 
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l a r g e r i s e on decrease o f temperature ( e x p o n e n t i a l ) w i t h a s m a l l 

t u r n o v e r a t about J>OK. Mason and Rosenberg r e f e r e n c e r e s u l t s 

f o r p r o p a g a t i o n i n the [ 0 0 l ] d i r e c t i o n i n z i n c , f o r which the 

s l i p plane f o r d i s l o c a t i o n motion i s ( 0 0 1 ) . P r o p a g a t i o n i n 

[001] thus gave no d i s l o c a t i o n component, and o n l y the equare-

law one was seen. However, i t i s u n l i k e l y t h a t such a 

s i m p l i f i c a t i o n i s p o s s i b l e i n the i n d i u m - t h a l l i u m a l l o y s , and 

b e f o r e e i t h e r t h i s or the p r e v i o u s mechanism can be t e s t e d 

f u r t h e r a s t u d y o f f r e q u e n c y dependence must be performed. 

The f i n a l r e g i o n o f i n t e r e s t i s t h a t near t o t h e 

m e l t i n g p o i n t , a t which a r i s e i n 0( i s again seen. Saunders, 

Pace and A l p e r ( 1 9 6 7 ) have d e s c r i b e d a r i s e i n fc< i n I n B i 
Li 2 

which o c c u r r e d w i t h i n about 1 ° o f the m e l t i n g p o i n t . As i n 

the case o f the kO t o 200K r e g i o n i n the a l l o y s we can o n l y 

s p e c u l a t e , but the Woodruff and E h r e n r e i c h e x p r e s s i o n o f 

e q u a t i o n 8 . 3 shows an i n c r e a s e i n f o r a r i s e o f t h e r m a l 
l i 

c o n d u c t i v i t y . A sharp r i s e i n k f o r b o t h metals and a l l o y s 

has been observed (Pashaeev, 1 9 6 2 ) near the m e l t i n g p o i n t , and 

the s p e c i f i c heat anomaly has been d e s c r i b e d ( B o r e l i u s , 1 9 6 3 ) . 

Thermal d a t a near the m e l t i n g p o i n t i s needed t o t e s t t h i s 

h y p o t h e s i s , but i f the cause i s , i n f a c t , an i n c r e a s e i n k or 

C y then the l a t t e r appears t o take place s t a r t i n g a t about 

20 or 30°K from T . 
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P a r t B 

I n t h i s p a r t we s h a l l d i s c u s s the b e a r i n g o f t h e e x p e r i m e n t a l 

and t h e o r e t i c a l r e s u l t s f o r the i n d i u m - t h a l l i u m a l l o y s on 

the l a t t i c e p r o p e r t i e s o f those m a t e r i a l s , w i t h p a r t i c u l a r 

r e f e r e n c e t o the m a r t e n s i t i c phase t r a n s i t i o n . 

8 . 4 Anharmonic e f f e c t s i n i n d i u m - t h a l l i u m a l l o y s 

3 . 4 . 1 E x p e r i m e n t a l o b s e r v a t i o n s 

I f the i n t e r n a l energy o f a c r y s t a l l a t t i c e 0 i s 

expressed i n terms o f s t r a i n components then we may w r i t e an 

e x p r e s s i o n f o r U i n v o l v i n g p r o d u c t s o f s t r a i n components t o any 

o r d e r d e s i r e d . The harmonic a p p r o x i m a t i o n i n v o l v e s o n l y second 

o r d e r c o m b i n a t i o n s . As a simple example we c o n s i d e r one s t r a i n 

component o n l y ; l e t t h i s be denoted by x. We may w r i t e 

U = a x 2 - b x 3 - cxk - ( 8 . 5 ) 

i n which the c o e f f i c i e n t s are a l l p o s i t i v e . The f i r s t term 

r e p r e s e n t s a s y m m e t r i c a l , harmonic p o t e n t i a l w e l l , w h i l e the 

o t h e r terms modify t h e w e l l shape t o make i t a s y m m e t r i c a l . 

A s i m p l i f i e d account o f t h e e f f e c t o f a n h a r m o n i c i t y on an 

e l a s t i c c o n s t a n t can be seen as f o l l o w s . The second o r d e r 
2 2 

e l a s t i c c o n s t a n t when the s t r a i n i s x i s g i v e n by b U/<)x . 

I f x i s a l o n g i t u d i n a l s t r a i n t h e r e s u l t i s a c o n s t a n t such 

as or C: . The shear c o n s t a n t s i n v o l v e shear s t r a i n s i n 
2 2 

the second d e r i v a t i v e . From e q u a t i o n 8 . 5 'b U / j x i s equal 
2 

t o 2 a - 6 b x - 1 2 c x - ... The s t r a i n x i s p r o p o r t i o n a l t o 

temperature (see, f o r example, K i t t e l , 1 9 6 6 ) , and when q u a r t i c 
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and h i g h e r terms are i g n o r e d t h e e l a s t i c c o n s t a n t i s a l s o 

p r o p o r t i o n a l t o t e m p e r a t u r e . T h i s r e s u l t s i n t h e l i n e a r 

v a r i a t i o n o f e l a s t i c c o n s t a n t w i t h t emperature seen i n most 

s o l i d s . An i n c r e a s e i n a n h a r m o n i c i t y can be r e p r e s e n t e d by 

an i n c r e a s e i n t h e c o e f f i c i e n t b i n e q u a t i o n 8 . 5 , and i n 

consequence o f t h i s the e l a s t i c c o n s t a n t w i l l be reduced. 

Moreover, i f t h e range o f temperature f o r which b has a l a r g e r 

v a l u e i s s m a l l , then the c o r r e s p o n d i n g e l a s t i c modulus w i l l 

show a d i p . S i m i l a r c o n s i d e r a t i o n s a p p l y f o r shear m o d u l i . 

The v a r i a t i o n o f e l a s t i c c o n s t a n t s w i t h temperature 

t h r o u g h the m a r t e n s i t i c t r a n s i t i o n i n b o t h the 25 and 27 a t . % 

T l a l l o y s shows a s l i g h t d i p i n t h e v i c i n i t y o f T . The d i p 
c 

i s l a r g e r f o r the h i g h e r T a l l o y o f 25 a t . % . I n f i g u r e 8 . 3 ( a ) 
o 

i s shown the t e m p e r a t u r e v a r i a t i o n o f t h e modulus i n the 

v i c i n i t y o f T f o r these a l l o y s , and a l s o t h a t f o r 21 a t . % T l c 

r e p o r t e d by Pace and Saunders ( 1 9 7 2 ) . The r e s u l t s suggest an 

i n c r e a s e d anharmonic e f f e c t f o r a l l o y s o f lower t h a l l i u m 

c o n t e n t and h i g h e r t r a n s i t i o n t e m p e r a t u r e s . The a t t e n u a t i o n 

peak a t T can a l s o be c o n s i d e r e d t o be a r e s u l t o f enhanced c 

anharmonic i n t e r a c t i o n , and i n f i g u r e 8 . 3 ( b ) i s shown t h e 

v a r i a t i o n i n l o n g i t u d i n a l wave a t t e n u a t i o n i n t h e [lioj d i r e c t i o n 

i n the same t h r e e a l l o y s . The f r a c t i o n a l i n c r e a s e i n a t t e n u a t i o n 

from t h e 'base l e v e l 1 i s seen t o be g r e a t e s t f o r t h e 21 a t . % 

T l a l l o y . 

The v a r i a t i o n i n t e m p e r a t u r e range over which the 

enhanced anharmonic e f f e c t s are seen f o r t h e t h r e e a l l o y s c o u l d 

be due t o t h e f a c t t h a t t h e apparent 'two-phase' r e g i o n o f t h e 

phase diagram ( f i g u r e 2 . 1 ( b ) , and P o l l o c k and K i n g , 19&8 ) i s 

w i d e r a t lower t e m p e r a t u r e s . 
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At t h i s stage i t begins t o appear t h a t a l a r g e r 

v a r i a t i o n o f observed p r o p e r t i e s near the phase t r a n s i t i o n f o r 

h i g h e r v a l u e s o f T might be a g e n e r a l f e a t u r e o f t h e a l l o y s . 
c 

The magnitude o f t h e peak i n t h e r m a l expansion, as r e p o r t e d by 

Pahlman and Smith ( 1 9 6 8 ) , appears t o f o l l o w t h i s t r e n d . To 

examine the h y p o t h e s i s f u r t h e r we show i n f i g u r e 8 . 4 t h e values 

o f e l a s t i c moduli f o r v a r i o u s c o m p o s i t i o n s at v a r i o u s 

t e m p e r a t u r e s . The modu l i concerned are those f o r p r o p a g a t i o n 

o f l o n g i t u d i n a l and f a s t shear waves i n the [no] d i r e c t i o n . 

( F i g u r e 8 . 4 r e p r e s e n t s an e x t e n s i o n , made p o s s i b l e by the r e s u l t s 

o f the p r e s e n t work, o f a c o l l e c t i o n o f dat a g i v e n by Pace and 

Saunders ( 1 9 7 2 ) . ) The d a t a f o r 290K shows a f a i r l y w e l l -

e s t a b l i s h e d v a r i a t i o n , and we see a d i p i n both t h e moduli 

shown a t about 22 a t . % T l . I f the above r e a s o n i n g i s c o r r e c t , 

t hen we s h o u l d expect a v a r i a t i o n i n modulus-composition 

curves f o r d i f f e r e n t t e m p e r atures o f t h e form shown i n t h e 

s k e t c h below. 

T*>T>>\>1 

X TL — 

We now l o o k t o see whether the curves j o i n i n g p o i n t s r e p r e s e n t ­

i n g lower temperature v a l u e s have s m a l l e r d i p s i n them t h a n 

t h a t f o r 2 9 0 K . The p o i n t s shown f o r 200K and 100K are not 

i n c o n s i s t e n t w i t h t h i s i d e a , but t h e r e i s s t i l l i n s u f f i c i e n t 

d a t a t o form a d e f i n i t e c o n c l u s i o n f o r t h i s aspect o f the problem. 
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The l o n g i t u d i n a l and one o f t h e shear moduli 
f o r p r o p a g a t i o n i n the [ 1 1 0 ] d i r e c t i o n . The 
temperature c o r r e s p o n d i n g t o each p o i n t i s 
shown a d j a c e n t t o t h e p o i n t ( t h e u n i t s are 
degrees K e l v i n ) . 



- 2 3 6 -

F u r t h e r work on t h e te m p e r a t u r e dependence o f e l a s t i c moduli 

f o r o t h e r c o m p o s i t i o n s i s o b v i o u s l y needed h e r e . 

3.4.2 Debye te m p e r a t u r e s and s p e c i f i c heat 

The Debye t h e o r y o f s o l i d s makes i t p o s s i b l e t o 

c a l c u l a t e a value f o r the s p e c i f i c heat o f a m a t e r i a l from a 

knowledge o f the sound v e l o c i t i e s . The t h e o r y i s based on a 

harmonic a p p r o x i m a t i o n t o t h e l a t t i c e energy dependence on 

s t r a i n , so t h a t d i f f e r e n c e s between o b s e r v a t i o n and c a l c u l a t i o n 

would be expected t o a r i s e whenever t h e r e i s an a p p r e c i a b l e 

anharmonic c o n t r i b u t i o n . For example, a harmonic s o l i d has a 

co n s t a n t v a l u e o f s p e c i f i c heat a t h i g h temperatures ( g r e a t e r 

t han t h e Debye t e m p e r a t u r e ) . I n t h e Debye t h e o r y the l a t t i c e 

f r e q u e n c i e s are assumed t o take on a co n t i n u o u s range o f v a l u e s 

up t o a c u t - o f f frequency • the frequency d i s such t h a t 

the t o t a l number o f l a t t i c e modes i s 3 n f ° r a s o l i d c o n t a i n i n g 

n atoms. I f the d e n s i t y o f s t a t e s f u n c t i o n i s N (v ) , t h i s 

c o n d i t i o n can be expressed as 

U ( w ) &» = 3 n . ( 8 . 6 ) 

To the c u t - o f f frequency t h e r e corresponds a temperature , 

known as the Debye t e m p e r a t u r e , and r e l a t e d t o ^ by 9 = hi; / k . 
D JJ u 

I n terms o f sound v e l o c i t i e s , t h e Debye temperature i s g i v e n by 

1 
( 8 . 7 ) 0 D 3 

where v^, and v^ are the t h r e e v e l o c i t i e s o f wave p r o p a g a t i o n 

i n some d i r e c t i o n , and V i s the c r y s t a l v o l u n e . The i n t e g r a l 

i s over a l l s o l i d a n g l e . 

Three mode Debye temperatures can a l s o be d e f i n e d , 
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and are g i v e n by 

ml j ( 8 . 8 ) 

For a r e a l s o l i d t h e r e i s no one c u t - o f f f r e q u e n c y , but a t a i l 

on t h e h i g h frequency end o f t h e d e n s i t y o f s t a t e s f u n c t i o n ; 

an e f f e c t i v e Debye temperature Qg can be d e f i n e d , (see 

L i e b f r i e d and Ludwig, 1961 ) . 

We have c a l c u l a t e d t o t a l and mode Debye te m p e r a t u r e s 

f o r i n d i u m - t h a l l i u m a l l o y s . I n f i g u r e 8 .5 are shown the f a s t 

shear, slov; shear and t o t a l Debye temperatures f o r a l l o y s 

c o n t a i n i n g d i f f e r e n t amounts o f t h a l l i u m . The room t e m p e r a t u r e 

sound v e l o c i t i e s f o r the c a l c u l a t i o n s come from e l a s t i c c o n s t a n t s 

g i v e n by Chandresekhar and Rayne ( 1 9 6 1 ) , Novotny and Smith (1965) 

and by t h i s work. F i g u r e 8 .6 shows t h e r e s u l t s o f a s i m i l a r 

c a l c u l a t i o n f o r one a l l o y — I n - 2 7 a t . % T l — as a f u n c t i o n o f 

t e m p e r a t u r e ( i n c l u d i n g i t s t r a n s i t i o n temperature o f 125K) . 

The computation o f 9^ from sound v e l o c i t i e s by means 

of 8 .7 or 8 .8 c e n t r e s around e v a l u a t i o n o f the i n t e g r a l . 

A l e r s (1965) r e v i e w s s e v e r a l methods a v a i l a b l e . These are 

a p p r o x i m a t i o n a l methods, and r e q u i r e a knowledge o f sound 

v e l o c i t i e s i n a s m a l l number o f p r e d e t e r m i n e d d i r e c t i o n s . 

Such methods were found t o be i n s u f f i c i e n t l y a c c u r a t e f o r t h e 

i n d i u m - t h a l l i u m a l l o y s on account o f t h e l a r g e a n i s o t r o p y o f 

the v e l o c i t y s u r f a c e o f t h e slow shear mode, and i t s c l o s e 

p r o x i m i t y t o zero i n ^110} d i r e c t i o n s . F i g u r e 8 .7 shows the 

(110) c r o s s - s e c t i o n f o r s e v e r a l a l l o y s , i n c l u d i n g the 27 a t . % 

one. The method used here f o r e v a l u a t i o n o f t h e i n t e g r a l s i n 

e q u a t i o n s 8 .7 and 8 .8 has been t o approximate them by a sum 
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F i g u r e 8 . 7 C r o s s - s e c t i o n s o f t h e slow shear mode v e l o c i t y 
s u r f a c e s f o r I n , I n - 1 5 a t . % T l and I n - 2 ? a t . % T l 
at room temperature ( 2 9 0 K ) . The c r o s s - s e c t i o n s 
are f o r wave p r o p a g a t i o n i n the ( 1 1 0 ) p l a n e . 
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w i t h a s m a l l v a l u e o f hSL, The C h r i s t o f f e l e q u a t i o n s were 

s o l v e d t o f i n d t h e v e l o c i t i e s o f sound p r o p a g a t i o n a l o n g 6^+3 

d i r e c t i o n s , each s u b t e n d i n g an equal s o l i d a n g l e , i n h a l f o f 

t h e f i r s t quadrant o f space. An a n g u l a r s p a c i n g between 

d i r e c t i o n s o f 2 ° was used, which corresponded t o a v a l u e o f A J L 

o f 1 . 2 l 8 x 1 0 ~ 3 s t e r a d i a n s . 

A comparison between the t h e o r e t i c a l r e s u l t s and 

e x p e r i m e n t a l ones i s p o s s i b l e i f t h e s p e c i f i c heat C v i s 

computed from t h e v a l u e s o f 9^ o b t a i n e d . The e x p r e s s i o n f o r 

C i s 
/ T \ 3 ^ xk e X 

C v " j o ^ 2 - • <8.9> 

h ̂  i n which x = — and x^ = 6 / T . Tables are a v a i l a b l e f o r kT D D 
e v a l u a t i o n o f t h i s i n t e g r a l , and B e a t t i e ( 1 9 2 6 - 7 ) g i v e s v a l u e s 

o f G / 3k as a f u n c t i o n o f . C has been c a l c u l a t e d f o r v D' v 
I n - 2 7 a t . % T l over t h e temperature range 117 t o 300K. 

U n f o r t u n a t e l y t h e r e are no s p e c i f i c heat data a v a i l a b l e f o r t h i s 

c o m p o s i t i o n , but Schwartz ( 1 9 7 0 ) has r e p o r t e d t h e temperature 

v a r i a t i o n o f f o r I n - 2 8 . 9 a t . % T l . We have a p p l i e d a 

c o r r e c t i o n t o h i s r e s u l t s t o o b t a i n C^, u s i n g t h e method o f 

C l u s i u s and Schachinger ( 1 9 5 2 ) . The c o r r e c t i o n t a k e s the form 

C p - C v = A C p
2 T , w i t h a v a l u e f o r A o f 8 . 0 3 x 1 0 - 6 mole j o u l e " 1 °K" 1. 

F i g u r e 8 . 8 shows the e x p e r i m e n t a l r e s u l t s o f Schwartz f o r and 

th e c o r r e c t e d curve f o r C^. The s m a l l v a r i a t i o n i n s p e c i f i c 

heat a t the t r a n s i t i o n i n t h e 2 8 . 9 % a l l o y ( a t about 90K) can be 

seen. Superimposed on t h e e x p e r i m e n t a l curves i s the c a l c u l a t e d 

v a r i a t i o n i n C y f o r the 27% a l l o y . The c a l c u l a t e d decrease o f 

Q,. w i t h t e m p e r a t u r e l e a d s t o a v a l u e o f C which i s almost D v 
independent o f t e m p e r a t u r e , and v e r y c l o s e t o t h e v a l u e 3R 
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{. = 2W.9ljr j o u l e mole K ) . The i n t e r p r e t a t a t i o n o f f i g u r e 

8 . 8 i s c o m p l i c a t e d somewhat by the use o f d a t a f o r two 

d i f f e r e n t c o m p o s i t i o n s , but i f we assume t h a t t h e Debye model 

r e s u l t s i n a very s m a l l v a l u e o f 9^ a t T c (because o f t h e 

v e r y low v e l o c i t y o f one o f t h e modes o f wave p r o p a g a t i o n ) , 

then the r e s u l t i n g s p e c i f i c heat s h o u l d be v e r y c l o s e t o 3 ^ . 

The f a c t t h a t the observed s p e c i f i c heat i s l e s s than t h i s 

v a l u e i n the 2 8 . 9 a t . % T l a l l o y means t h a t i t s e f f e c t i v e Debye 

temperature does n o t , i n r e a l i t y , f a l l t o z e r o . Thus we 

f i n d another l i m i t a t i o n on t h e harmonic model i n the v i c i n i t y 

o f t h e t r a n s i t i o n t e m p e r a t u r e . 

8 . 5 Order o f the phase t r a n s i t i o n i n i n d i u m - t h a l l i u m a l l o y s 

8 . 5 . 1 F i r s t and second or d e r t r a n s i t i o n s 

A f i r s t o r d e r phase t r a n s i t i o n i s one which i n v o l v e s 

a d i s c o n t i n u i t y i n f i r s t d e r i v a t i v e s o f t h e f r e e energy, w h i l e 

a second o r d e r one i s accompanied by d i s c o n t i n u i t i e s i n second 

d e r i v a t i v e s ; i n both cases t h e f r e e energy i t s e l f i s 

c o n t i n u o u s . (See, f o r example, Zemansky, 1951•) On t h a t b a s i s 

t h e r e are d i s c o n t i n u i t i e s i n volume and e n t r o p y a t a f i r s t 

o r d e r phase change and t h e r e i s a l a t e n t heat a s s o c i a t e d w i t h 

i t , w h i l e a second o r d e r one has c o n t i n u o u s v a r i a t i o n s i n 

volume and e n t r o p y b u t d i s c o n t i n u i t i e s i n s p e c i f i c h e a t , t h e r m a l 

expansion and b u l k modulus. (See, f o r example, Roberts and 

M i l l e r , 1 9 6 0 . ) The e l a s t i c c o n s t a n t s are r e l a t e d t o t h e 
2 i n t e r n a l energy U by C.. = b U/Xx. d x . , i n which x. and x. 13 1 3 1 J 

are s t r a i n s . We would t h u s expect a d i s c o n t i n u o u s change i n 
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e l a s t i c c o n s t a n t s a t a second o r d e r t r a n s i t i o n . 

There i s a type o f second o r d e r t r a n s i t i o n a t which 

s p e c i f i c h e a t , b u l k modulus and t h e r m a l expansion a l l change 

very r a p i d l y , but n o t d i s c o n t i n u o u s l y . Such a type i s known 

as a 'X- t r a n s i t i o n . At a ^ - t r a n s i t i o n t h e e l a s t i c c o n s t a n t s 

a l s o change v e r y r a p i d l y : Garland ( 1 9 7 0 ) r e v i e w s t h e e f f e c t s 

on u l t r a s o n i c a t t e n u a t i o n and v e l o c i t y seen a t many \-

t r a n s i t i o n s . I n some m a t e r i a l s , such as MH^Cl, the change i n 

modulus can be v e r y pronounced, w h i l e i n o t h e r s i t can be much 

s m a l l e r . The f r a c t i o n a l change seen i n t h e v e l o c i t y o f a 

l o n g i t u d i n a l wave i n (lOOj i n RbMnF^ i s o n l y about 0 .05%. 

For a \ - t r a n s i t i o n t h e P i p p a r d e q u a t i o n s r e l a t e s p e c i f i c h e a t , 

t h e r m a l expansion and b u l k modulus t o t h e change i n t r a n s i t i o n 

t emperature w i t h p r e s s u r e . Garland (196*0 has a p p l i e d these 

e q u a t i o n s t o e l a s t i c p r o p e r t i e s o f c r y s t a l s , and has shown t h a t 

a t a \ - t r a n s i t i o n t h e modulus 4-(C„„ -CJ _) s h o u l d be c o n s t a n t . 
d 11 12 

8 . 5 . 2 A p p l i c a t i o n t o i n d i u m - t h a l l i u m 

Both f i r s t and second o r d e r t r a n s i t i o n s have been 

proposed f o r the fee t o f c t t r a n s f o r m a t i o n i n i n d i u m - t h a l l i u m 

a l l o y s . The work o f Guttman ( 1 9 5 0 ) on X-ray measurements o f 

l a t t i c e parameters and on t h e n a t u r e o f t h e r e g i o n o f t h e 

phase diagram c l o s e t o the phase boundary l e d him t o conclude 

t h a t the t r a n s i t i o n was o f second o r d e r because he found 

( i ) t h a t any d i s c o n t i n u i t y i n volume d i d not exceed 0.1% (and 

p r o b a b l y not more th a n 0 . 0 3 % ) i a n ^ ( i i ) t h a t a l l X-ray powder 

photographs a t room temp e r a t u r e had l i n e s from one or o t h e r 

s t r u c t u r e and never b o t h , s u g g e s t i n g no two-phase r e g i o n on 

the phase diagram. On t h e o t h e r hand, D u r k a r t and Read ( 1 9 5 3 ) » 
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who measured t h e change i n l e n g t h o f specimens on t r a n s f o r m a t i o n , 

p o i n t e d t o the d i s c o n t i n u i t y i n Gibbs f r e e energy i m p l i e d by 

t h e i r f i n d i n g s o f d i s c o n t i n u i t i e s i n s t r a i n a t the t r a n s i t i o n , 

and c o n s i d e r e d i t t o be o f f i r s t o r d e r . The room temperature 

v a r i a t i o n o f l a t t i c e parameters w i t h c o m p o s i t i o n (shown i n 

f i g u r e ^ . 1 1 ) was a l s o c o n s i d e r e d t o suggest a f i r s t o r d e r 

process. Anderson and B l o u n t ( 1 9 6 5 ) c o n s i d e r e d the q u e s t i o n 

o f a cubic t o t e t r a g o n a l phase t r a n s i t i o n on g e n e r a l , and found 

t h a t such a change ought t o be f i r s t o r d e r , but were unable t o 

come t o any d e f i n i t e c o n c l u s i o n c o n c e r n i n g t h a t i n I n - T l . The 

work o f P o l l o c k and Ki n g ( 1 9 6 8 ) and t h e i r d e s c r i p t i o n o f the 

phase diagram as a ' r e a l i s a t i o n ' one has a l r e a d y been d i s c u s s e d 

i n Chapter 2 . As a r e s u l t o f t h e i r work we might d e s c r i b e t h e 

t r a n s i t i o n as o f ' p s e u d o - f i r s t ' o r d e r when a macroscopic sample 

i s c o n s i d e r e d , but o f second o r d e r f o r a r e g i o n around a 

n u c l e a t i o n c e n t r e where t h e t r a n s f o r m a t i o n proceeds by a s i n g l e 

i n t e r f a c e . 

The r e s u l t s o f t h e pr e s e n t work can u s e f u l l y be used 

t o extend t h i s d i s c u s s i o n . However, i n t h e i n t e r p r e t a t i o n o f 

the temperature v a r i a t i o n o f v a r i o u s parameters the e f f e c t s o f 

a n h a r m o n i c i t y must be kept s e p a r a t e . 

Of the e x p e r i m e n t a l l y o b s e r v a b l e q u a n t i t i e s mentioned 

i n s e c t i o n 3 . 5 . 1» namely the t h e r m a l expansion, s p e c i f i c h e a t , 

b u l k modulus and the e l a s t i c m o d u l i , r e s u l t s are a v a i l a b l e from 

t h i s work f o r t h e r m a l expansion and e l a s t i c m o d u l i . 

C o n s i d e r i n g f i r s t t he t h e r m a l expansion component o f t h e 25 s.t.% 

T l a l l o y i n t h e two phases, we f i n d t h a t i n the temperature 

r e g i o n s remote from t h e t r a n s f o r m a t i o n i t s v a l u e s i n t h e two 
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phases are almost indpendent o f t e m p e r a t u r e and d i f f e r by a 

f a c t o r o f about 2 . The r e s u l t s o f Pahlman and Smith ( 1 9 6 8 ) 

f o r t h e r m a l expansion o f o t h e r c o m p o s i t i o n s a l s o show a s t e p , 

but o f a s m a l l e r magnitude than t h a t seen here. 

The u l t r a s o u n d v e l o c i t y d a t a i n t h e v i c i n i t y o f t h e 

phase t r a n s i t i o n have been d i s c u s s e d b r i e f l y i n s e c t i o n 3 . 2 . 1 , 

i n which i t was remarked t h a t no obv i o u s d i s c o n t i n u i t y was seen. 

These r e s u l t s are r e m i n i s c e n t o f those found a t a ^ - t r a n s i t i o n , 

a l t h o u g h the v a r i a t i o n o f t h e modulus ?(C^^- ) w i t h 

temperature i s not c o n s i s t e n t w i t h Garland's r e s u l t , mentioned 

i n the p r e v i o u s s e c t i o n , t h a t -g-CC — 2^ sll0u-"-<* n a v e a c o n s t a n t 

v a l u e . I n f i g u r e 8 . 9 we show the v a r i a t i o n w i t h t e m p e r a t u r e o f 

sound v e l o c i t y i n t h e [ l i d ) d i r e c t i o n f o r I n - 2 5 a t . % T l near t o 

T c, a f t e r a c o r r e c t i o n has been made f o r t h e r m a l expansion o f 

the sample. An e x t r a p o l a t i o n has been made o f t h e v e l o c i t y i n 

the cubic phase and, n e g l e c t i n g t h e d i p a t T , we can d e t e c t a 
c 

s m a l l s t e p i n the e x p e r i m e n t a l c u r v e . H a r d l y any s t e p - l i k e 

e f f e c t was seen i n I n - 2 7 a t . % T l . The d a t a o f Face and Saunders 

( 1 9 7 2 ) f o r a 21 a t . % T l a l l o y shows a s l i g h t l y l a r g e r s t e p 

between v e l o c i t y v a l u e s i n the two phases. I n each o f these 

cases the changes seen were very s m a l l ( - ^ " 0 . 3 % ) , and when 

taken t o g e t h e r r e i n f o r c e the n o t i o n t h a t the t r a n s i t i o n i n 

i n i n d i u m - t h a l l i u m from fee t o f c t i s o f second o r d e r and not 

f i r s t . The s p e c i f i c heat d a t a o f Schwartz ( 1 9 7 0 ) i n which 

t h e r e i s h a r d l y any change ( 0? 1%) i n C a t the t r a n s f o r m a t i o n 
P 

f o r a 2 3 . 9 a t . % T l a l l o y i s i n l i n e w i t h t h i s c o n c l u s i o n , 

a l t h o u g h i t would be u s e f u l t o have heat c a p a c i t y d a t a near T 

f o r o t h e r a l l o y c o m p o s i t i o n s t o p r o v i d e a d d i t i o n a l evidence. 



- 2^7 -

*i(C +c *zc ) 

\ 
\ 
\ 

\ 
\ 

(A 

\ 
41 

vroni verso 

4A. 

\ 
\ 

\ 
1-00 2 58 

0 18 

10O 1S"o 200 ZSO 3oo 

m pe.ro tore. ( ° k ) 
F i g u r e 8 . 9 V e l o c i t i e s o f wave p r o p a g a t i o n a l o n g [110] 

f o r In-25 a t . % T l , a f t e r a t h e r m a l expansion 
c o r r e c t i o n has been made. 

http://pe.ro


- 248 -

I n summarising t h i s s e c t i o n , we f i n d f u r t h e r evidence 

t o t h a t a l r e a d y p r e s e n t e d by o t h e r workers t o suggest t h a t the 

fee t o f c t t r a n s i t i o n i s o f second o r d e r . I g n o r i n g anharmonic 

e f f e c t s near t o T c we have observed s t e p s i n t h e r m a l expansion 

and i n sound v e l o c i t y (and hence i n e l a s t i c c o n s t a n t ) , but i n 

t h e l a t t e r case the s t e p s were v e r y s m a l l i n magnitude. A 

X - t r a n s i t i o n has been c o n s i d e r e d as a p o s s i b i l i t y , a l t h o u g h 

the v a r i a t i o n i n C w i t h t e m p e r a t u r e i s not e n t i r e l y c o n s i s t e n t 

w i t h such a model. 

8 . 6 S o f t modes and t h e r n a r t e n s i t i c phase t r a n s i t i o n — 
a summary 

The s o f t e n i n g o f an a c o u s t i c phonon mode as the 

m a r t e n s i t i c t r a n s i t i o n i s approached has been t h e c e n t r a l theme 

o f t h i s t h e s i s , and we now b r i n g t o g e t h e r the e x p e r i m e n t a l and 

t h e o r e t i c a l f i n d i n g s . E x p e r i m e n t a l l y , i t was the v a r i a t i o n o f 

tKC.^ ~ C-j2^ ( ° R C 1 ) as a f u n c t i o n o f c o m p o s i t i o n , which l e d 

Pace and Saunders ( 1 9 7 2 ) t o propose as the t r a n s i t i o n 

mechanism t h e s o f t e n i n g o f the [110] , [110] p o l a r i s e d mode. 

I n the more c o n t r o l l e d experiments made p o s s i b l e by use o f 

t e mperature as the v a r i a b l e , we have been able t o c o n f i r m the 

decrease towards zero o f t h e modulus C ; we p r e s e n t i n f i g u r e 

8 . 1 0 a summary of the t e m p e r a t u r e v a r i a t i o n o f C f o r the a l l o y s 

s t u d i e d , t o g e t h e r w i t h the v a r i a t i o n i n indium o f t h a t modulus 

( f r o m Chandresekhar and Rayne, 1 9 6 1 ) . F i g u r e 8 . 1 0 shows q u i t e 

c l e a r l y t h e e f f e c t f o r the 25 and 27 a t . % T l a l l o y s , w h i l e t h e 

v a r i a t i o n o f C f o r the 1 1 . 5 and 15 a t . % T l a l l o y s shows f o r 

t h e f i r s t t i m e i t s behaviour i n s i n g l e c r y s t a l t e t r a g o n a l 
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m a t e r i a l s as t h e phase boundary i s approached. ( I f an 

e x t r a p o l a t i o n o f the phase d i v i s i o n l i n e i s made i n t o t h e 

l i q u i d phase t h e n at hzyk t h e 15 a t . % T l a l l o y i s about 25°K 

from the boundary.) From a t h e o r e t i c a l p o i n t o f view i t has 

a l s o been p o s s i b l e t o show a mode s o f t e n i n g , w i t h i n t h e l i m i t ­

a t i o n s on the model p o t e n t i a l t h e o r y discussed i n Chapter 7 . 

The t h e o r y took as i t s s t a r t i n g p o i n t s v e r y b a s i c atomic and 

l a t t i c e parameters; t h e c a l c u l a t i o n s showed t h a t t h e s t a b i l i t y 

o f the slow shear mode i n the [110] d i r e c t i o n was v e r y 

s e n s i t i v e t o s m a l l changes i n t h e s e , p a r t i c u l a r l y t o v a r i a t i o n 

i n l a t t i c e parameter v a l u e s . Other modes were a f f e c t e d v e r y 

l i t t l e by these changes, and i t would seem t h a t the mode which 

becomes u n s t a b l e does so as s m a l l changes occur i n l a t t i c e 

dimensions on change o f t e m p e r a t u r e . But the p o s t u l a t e o f mode 

s o f t e n i n g has been shown t o be t h e o r e t i c a l l y v i a b l e , as w e l l 

as e x p e r i m e n t a l l y so. 

The e x p e r i m e n t a l r e s u l t s f o r mode s o f t e n i n g at the 

t r a n s i t i o n a r e , q u a l i t a t i v e l y , i n acco r d w i t h the s o f t mode 

t h e o r y o f Cochran ( 1 9 6 0 ) and i t s developments as o u t l i n e d i n 

Chapter 2 , f o r not o n l y do we f i n d t h a t the s l o p e o f a 

d i s p e r s i o n curve tends t o zero a t T^, but a l s o t h a t the atomic 

d i s p l a c e m e n t s r e q u i r e d t o form the new phase correspond t o t h e 

e i g e n v e c t o r o f t h e u n s t a b l e mode. The t r a n s i t i o n t e m p e r a t u r e 

o f a s o f t mode process i s t h a t a t which t h e r m a l f l u c t u a t i o n s 

are no l o n g e r a b l e t o s t a b i l i s e the l a t t i c e a g a i n s t the 

i n s t a b i l i t y o f one or more o f the modes. The a b i l i t y o f 

f l u c t u a t i o n s t o produce s t a b i l i t y depends on anharmonic i n t e r ­

a c t i o n s ; s i n c e the t r a n s i t i o n t e m p e r a t u r e f o r I n - T l can vary 
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between 0 and ^25K t h e r e must be a v a r i a t i o n i n i t s anharmonic 

p r o p e r t i e s i f a s o f t mode i s , indeed, the mechanism o f the 

t r a n s i t i o n . Evidence has been found f o r such a v a r i a t i o n , as 

d e s c r i b e d i n s e c t i o n S.k. 

The t h e o r e t i c a l p a r t o f t h e p r e s e n t work has shown 

t h a t t h e l a t t i c e dynamics a s s o c i a t e d w i t h t h e m a r t e n s i t i c phase 

t r a n s i t i o n i n i n d i u m - t h a l l i u m a l l o y s are f a r from b e i n g 

c o m p l e t e l y understood or accounted f o r , but t h a t r e s u l t s 

o b t a i n e d so f a r suggest t h a t f u r t h e r i n v e s t i g a t i o n s h o u l d 

prove p r o f i t a b l e . 

8 . 7 Suggestions f o r f u r t h e r work 

The s t u d y o f i n d i u m - t h a l l i u m a l l o y s d e s c r i b e d i n t h i s 

t h e s i s has brought t o l i g h t a number o f i n t e r e s t i n g f e a t u r e s 

which c o u l d be u s e f u l l y pursued f u r t h e r . 

The q u e s t i o n o f the mechanism or mechanisms 

r e s p o n s i b l e f o r the u l t r a s o n i c a t t e n u a t i o n v a r i a t i o n w i t h 

t e m p e r a t u r e has not been s a t i s f a c t o r i l y r e s o l v e d . Experiments 

t o measure a c c u r a t e l y t h e frequency dependence o f a t t e n u a t i o n 

b o t h i n t h e v i c i n i t y o f the phase t r a n s i t i o n and remote from i t 

would be r e q u i r e d . around T c one might l o o k f o r a v a r i a t i o n o f 

a t t e n u a t i o n w i t h frequency o f t h e form <X = (T-T^)nf{^), and t h e 

exponent n and the f u n c t i o n f c o u l d be found. Such an 

i n v e s t i g a t i o n has not been p o s s i b l e i n the p r e s e n t work because 

o f the h i g h v a l u e s o f a t t e n u a t i o n encountered a t T c i n t h e a l l o y s 

i n v e s t i g a t e d , but the r e s u l t s o b t a i n e d f o r t e m p e r a t u r e 

dependence o f a t t e n u a t i o n would suggest t h a t a s u i t a b l e a l l o y 

c o m p o s i t i o n t o use f o r a f requency s t u d y would be one which 
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t r a n s f o r m e d a t between 250 and 270K, o r one c o n t a i n i n g about 

23 a t . % T l . T h i s a l l o y would have i t s a t t e n u a t i o n peak a t the 

phase t r a n s i t i o n superimposed on a lower background v a l u e ; 

i t c o u l d a l s o be prepared i n s i n g l e c r y s t a l form. 

F u r t h e r i n v e s t i g a t i o n i s suggested, t o o , i n t o t h e 

id e a t h a t p h y s i c a l phenomena a s s o c i a t e d w i t h the phase 

t r a n s i t i o n occur more s h a r p l y a t a h i g h e r H^. I n t h i s 

c o n n e c t i o n i t would be i n t e r e s t i n g t o st u d y the s p e c i f i c heat 

v a r i a t i o n near the t r a n s i t i o n t e m p e r a t u r e i n the 18 .8 a t . % T l 

a l l o y which Schwartz (1970) i n v e s t i g a t e d . U n f o r t u n a t e l y h i s 

d a t a d i d not extend t o tem p e r a t u r e s g r e a t e r than 3OOK ( t h e 18.8% 

c o m p o s i t i o n t r a n s f o r m s a t about 350K). 

Mention has a i r e a d y been made o f the d e s i r a b i l i t y o f 

p r o d u c i n g t h e e l a s t i c constant v a r i a t i o n w i t h t emperature f o r 

co m p o s i t i o n s o t h e r than those a l r e a d y r e p o r t e d . Such r e s u l t s 

v/ould enable f i g u r e 8 . 4 t o be extended, and t h e c o m p o s i t i o n a l 

dependence o f e l a s t i c moduli a t temperatures o t h e r than 290K 

t o be found. 

On the t h e o r e t i c a l s i d e a b e t t e r model f o r indium 

would a l l o w the c a l c u l a t i o n o f phonon d e n s i t y o f s t a t e s and 

s p e c i f i c heats t o be made. I n t h e l i g h t o f the d i s c u s s i o n o f 

Chapter 7 a b e t t e r model would be one which p r e d i c t e d t h e 

observed t e t r a g o n a l c r y s t a l s t r u c t u r e . A f u r t h e r s t u d y o f 

anharmonic p r o p e r t i e s c o u l d u s e f u l l y be made, l e a d i n g t o v a l u e s 

o f t h e e f f e c t i v e Debye t e m p e r a t u r e . E x p e r i m e n t a l l y , the 

pressure v a r i a t i o n o f e l a s t i c c o n s t a n t s t o o b t a i n t h e t h i r d 

o r d e r m o d u l i would y i e l d v a l u a b l e i n f o r m a t i o n , and the v a l i d i t y 

o f Pippard's e q u a t i o n s (1956) i n these m a t e r i a l s c o u l d then be 

assessed t o determine b e t t e r whether a / ^ - t r a n s i t i o n was i n v o l v e d . 
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8 . 8 Summary 

L a t t i c e p r o p e r t i e s of I n - T l a l l o y s have been studied 

i n the v i c i n i t y of the fee to f c t m a r t e n s i t i c t r a n s i t i o n . The 

experimental aspects have been i n v e s t i g a t e d by u l t r a s o n i c and 

thermal expansion methods, while a t h e o r e t i c a l approach has 

r e s u l t e d i n the c a l c u l a t i o n of phonon d i s p e r s i o n curves for 

the a l l o y s s t a r t i n g from optimised model p o t e n t i a l theory. I n 

ad d i t i o n a method of d e r i v i n g the s t a b i l i t y l i m i t s of Poisson's 

r a t i o has been applied to the c r y s t a l s t r u c t u r e s as the 

t r a n s i t i o n i s approached, using e l a s t i c constant data; the 

onset of i n s t a b i l i t y has been found to give a Poisson's r a t i o 

which approaches i t s lower l i m i t only i n the d i r e c t i o n of the 

shear r e s p o n s i b l e f o r the s t r u c t u r e change. The s o f t e n i n g of 

the phonon mode for propagation i n the [110] d i r e c t i o n , 

p o l a r i s e d [1T0J has been shown to occur both experimentally 

and t h e o r e t i c a l l y ; the t r a n s i t i o n mechanism has been i n t e r p r e t e d 

as c o n s i s t e n t with the soft-mode theory normally a p p l i e d to 

s o f t o p t i c mode t r a n s i t i o n s . U l t r a s o n i c a t t e n u a t i o n peaks 

have been found to accompany the phase t r a n s i t i o n , and are 

a t t r i b u t e d to enhanced anharmonic i n t e r a c t i o n s . However, no 

s a t i s f a c t o r y explanation has been found for a l a r g e and r a p i d 

r i s e i n atte n u a t i o n seen i n a l l a l l o y s below about 220K. An 

inc r e a s e d anharmonic c o n t r i b u t i o n to the s t r a i n energy can 

be i d e n t i f i e d for a l l o y s with a higher transformation 

temperature. Evidence has been found to support the notion 

that the m a r t e n s i t i c phase transformation i n I n - T l a l l o y s i s 

of second order. 
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Appendix I 

D e t e r m i n a t i o n o f the angle between two c r y s t a l l o g r a p h i c planes 
g i v e n the goniometer s e t t i n g s f o r X-ray beam i n c i d e n c e a l o n g 
t h e i r normals. 

1) 3 i g n c o n v e n t i o n f o r goniometer a n g l e s . 

a) R o t a t i o n about v e r t i c a l a x i s i s p o s i t i v e i f a n t i ­
c l o c k w i s e when viewed from above. 

b) R o t a t i o n about e i t h e r o f the o t h e r tv/o axes i s p o s i t i v e 
i f a n t i c l o c l r w i s e when viewed w i t h the X-ray beam normal 
or from t h e l e f t . 

( F i g u r e A'1.1) 

2) Two a x i a l s e t s c o n s i d e r e d : 

i ) A s e t v.'ith x_ v e r t i c a l and al o n g the X-ray beam. 

i i ) A s e t x^' w i t h x^' p e r p e n d i c u l a r t o t h e goniometer 
p l a t f o r m and x^' i n t h e d i r e c t i o n o f the X-ray beam 
when $ = $ = 0; 6,<p,tf as d e f i n e d i n f i g u r e A1.1 . 

3) Method o f c a l c u l a t i o n . 

L e t the goniometer s e t t i n g s be 6 , 0 , ^ , as d e f i n e d i n f i g u r e 
A1.1, when a c r y s t a l has been o r i e n t e d so t h a t the X-ray beam 
i s i n c i d e n t n o r m a l l y t o a s e t o f l a t t i c e p l a n e s . These angles 
t h e n g i v e t h e E u l e r angles o f t h e t r a n s f o r m a t i o n o f t h e a x i a l 
s e t x7 . We r e q u i r e the d i r e c t i o n c osines o f x^ w i t h r e s p e c t t o 
x^' . The procedure i s r e p e a t e d f o r another s e t o f p l a n e s . 
Then the angle r e q u i r e d i s t h a t between two l i n e s whose 
o r i e n t a t i o n w i t h r e s p e c t t o a s e t o f o r t h o g o n a l axes i s g i v e n 
by the two s e t s o f d i r e c t i o n cosines c a l c u l a t e d . 



'i j P r o c e d u r e 

Let x' be d e f i n e d by t h e angles <\' and f> i n f i g u r e A1.2. The y' 
a x i s i s p e r p e n d i c u l a r t o x 1 and makes an angle o f & w i t h the 
ta n g e n t t o a c i r c l e , c e n t r e 0 , i n t h e x'-z p l a n e . 

( F i g u r e A1 . 2 ) 

The d i r e c t i o n cosines o f x',y' and z' w i t h r e s p e c t t o x,y,z are ( 

A B 
DcosS - Esin£ Fcos£ - GsinS 
-EcosS - Dsin£ -FsinS - Gcosk 

Hcosb 
-Hsm 

where A = cosf c o s / 
B = sinoCcos/* 
C = sin/f 
D = - c o s f t s i n ^ 

E = - s i n x 
F = - s i n f c s i n ^ 
G = cos<* 
H = cos/ 

For the p r e s e n t case x^' = x' , x^'=-z', x 7'= y' and consequently 

t h e d i r e c t i o n cosines o f x„ w i t h r e s p e c t t o x.' are 

/ C O S I ? C O S ( / 

-sin/Pcos^ - cos<9sin$sin If 
y -cos^sin^cos^+ s i n ^ s i n ^ 

Let these d i r e c t i o n c o s i n e s be p^, p^» ; l e t another s e t 
be p^', p^t PT' • '-'he angle between the u n i t v e c t o r s 

£ n = P q i + PgJ. + a n d £ 2 = P 1 - + P 2 ^ + P 3 ^ 
i s g iven by sin r ) = |r^x £ l 

The cross p r o d u c t i s A 1 is 
P 1 P 2 p 7 

P ; 
I f t h i s r e s u l t i s t ^ i _ + t ^ j _ + t ^ k , t h e n s i n ^ j = J t ^ + 

( 1 ) T u r l e y and Sines ( 1 9 7 2 ) 

2 2 
tZ + t 

2 * 
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Appendix I I 

J e t e r m i n a t i o n o f r e l a t i o n s h i p s betv/een dependent and 
i n d e p e n d e n t e l a s t i c c o n s t a n t s 

The number o f independent components o f the e l a s t i c 

c o m p l i a n c e t e n s o r i n a c r y s t a l o f a g i v e n symmetry i s i n v a r i a n t 

under c o o r d i n a t e t r a n s f o r m a t i o n s ( i rumi 1952). F o r c r y s t a l s o f 

the t e t r a g o n a l ( I I ) Laue group, t a k e n h e r e as an example, t h e r e 

a r e s i x i n d e p e n d e n t c o n s t a n t s . L e t any g e n e r a l , u n s p e c i f i e d , 

c o m p l i a n c e c o n s t a n t be denoted by 3^ when r e f e r r e d to 
i 

c o n v e n t i o n a l c r y s t a l l o g r a p h i c a x e s , or by 3^ when r e f e r r e d to 

t r a n s f o r m e d a x e s ; any symbol S_̂ _. w i t h two s u f f i x e s r e p r e s e n t s 

a s p e c i f i c c o m p l i a n c e t e n s o r component i n the u s u a l m a t r i x 

n o t a t i o n of V o i g t . For a t e t r a g o n a l c r y s t a l , l e t the s i x 
• i i i i i i 

independent c o m p l i a n c e s be 3„, S_, .'J., 3, , 3 r and 3, . 3 i s a 
1 d 3 ^ J 0 C - C -

t y p i c a l c o m p l i a n c e c o n s t a n t whose dependence on the 3^ i s 

r e q u i r e d ; we t r e a t t h i s c a s e s p e c i f i c a l l y a s an example. Then 

we can w r i t e 

S 2 2 = f 1 S 1 + f 2 G 2 + f 3 S 3 + f ^ + V 5 + f 6 S 6 (A2 . 1 ) 

and the dependence i s e s t a b l i s h e d once th e c o e f f i c i e n t s f ^ a r e 

known. The component S c a n a l s o be w r i t t e n i n terms of the 

unprimed c o m p l i a n c e s : 

S 2 2 = <Vl + « 2 S

2
 + V 3 + + V 5 + V 6 ( A 2 ' 2 ) 

1 

and 3^ can be s i m i l a r l y r e l a t e d to the by 
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= A ^ + A 2 S , + A 5 S 3 + A ^ + A 5 S 5 + AgSg 

= B„S„ + B^S^ + B„S„ + B,S, + B^S^ + B^S 
1 1 2 2 

; 6 = F l S l + F 2 S 2 + F 3 S 3 + FkSLy + F 5 S 5 + F 6 S 6 . 

> (A2 . 3 ) 

The c o e f f i c i e n t s ^ , i n e q u a t i o n A2.2 and A..B.,...F. i n A2 .3 
l n i l l ^ 

a r e f o u r t h o r d e r c o m b i n a t i o n s o f the d i r e c t i o n c o s i n e s 

c o r r e s p o n d i n g to the t r a n s f o r m a t i o n under c o n s i d e r a t i o n , and 

a r e d e t e r m i n e d from t h e t e n s o r t r a n s f o r m a t i o n r u l e o f e q u a t i o n 

3»16 . S u b s t i t u t i n g A2 . 3 i n t o A2 . 1 and u s i n g A2.2, we have 

s 22 = V i + V 2

 + S s 3 + V * + Sh + V e 

= f 1 ( A 1 S 1 + A 2 S 2 + A _ S 5 + A ^ + A 5 S 5 + A ^ ) 

+ f 2 ( B 1 S l + B 2 S 2 + B

3

S 3 + V* + B

5

S 5 + B 6 S 6 } 

+ f^Cc^s^ 

+ f 6 ( F i s i + F 2 S 2 + F

3

S 3 + V * + F 5 S 5 + W 

> (A2.4) 

Now th e a r e independent (by d e f i n i t i o n ) and hence we can 

compare t h e i r c o e f f i c i e n t s i n t h i s e q u a t i o n , and we have 

2 

f l A i + f 2 B l + f

3

C l + V>1 + f

5

S l + V i 
f 1 A 2 + f 2 B 2 + f

3

C 2 + V 2

 + f

5

E 2 + f 6 F 2 
f^ A_̂  + « . . . >- (A2 . 5 ) 

*6 = f l A 6 + f

2

B 6 + f

3

C 6 + V>6 + f 5 E 6 + f 6 F 6 

V a l u e s o f A^, B_^, . . . F ^ can be e v a l u a t e d from e q u a t i o n 3.11 
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usinrr the a p p r o p r i a t e d i r e c t i o n c o s i n e s : e q u a t i o n A2 .5 i s a 

s e t of s i x e q u a t i o n s i n t h e s i x c o e f f i c i e n t s f and can be 

s o l v e d by, f o r example, Gauss e l i m i n a t i o n to g i v e the r e q u i r e d 

r e l a t i o n between the dei^endent c o m p l i a n c e c o n s t a n t S^-, and t h e 
i 

chosen s i x independent ones S^. The same method can be 

r e a d i l y a p p l i e d i n t h e c a l c u l a t i o n o f any o t h e r dependent 

c o n s t a n t . 

The c h o i c e o f independent e l a s t i c c o m p l i a n c e s i s 

governed by the r e q u i r e m e n t t h a t the r e l a t i o n s A2 .5 must 

t h e m s e l v e s be in d e p e n d e n t , and t h u s l e a d to a unique d e t e r m i n ­

a t i o n o f the c o e f f i c i e n t s f ^ . I n p r a c t i c e , t h i s means t h a t 

f o r t e t r a g o n a l T I c r y s t a l s any s i x c o m p l i a n c e s can be c o n s i d e r e d 

as independent p r o v i d e d t h a t the t r a n s f o r m a t i o n i s s u c h t h a t 

t h e r e i s no c o i n c i d e n c e between any t r a n s f o r m e d a x i s and 

e i t h e r an o r i g i n a l a x i s o r a d i r e c t i o n midway between. 

E q u a t i o n s A2 .5 can become u n s t a b l e , however, even i f the 

c o i n c i d e n c e o f a x e s i s not a c t u a l l y o b t a i n e d but i s n e a r l y s o . 

The c h o i c e o f independent c o m p l i a n c e s to be used f o r a g i v e n 

a x i a l o r i e n t a t i o n can u s u a l l y be made by i n s p e c t i o n i f t h e s e 

c o n s i d e r a t i o n s a r e borne i n mind. 

For example: and S_^, a r e i n d e p e n d e n t , but a f t e r 

a r o t a t i o n about the x a x i s o f +90 S and S_,„ a r e e q u a l and 
i 

independent o f 3 I f the r o t a t i o n i s a.^ain about the x a x i s , 
o ' ' 

but i s of ^5 then 3^ and become e q u a l , and a r e independent 
i i i 

of 3 ^ 7 , w h i l e e q u a l s and both of t h e s e a r e independent 
1 

of . T h e r e f o r e , a s u i t a b l e c o m p l i a n c e s e t f o r c a l c u l a t i o n s 

o f the l i m i t s on P o i s s o n ' s r a t i o a t '+5° to the z a x i s when t h e 
l i l t ! 

a p p l i e d s t r e s s i s a l o n g the x a x i s would be S 2' ^2 7* ^'t'f 
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APPENDIX I I I 

The computer programmes 

PRATIO 

The programme takes as input data the d i r e c t i o n 

cosines of the d i r e c t i o n which i s perpendicular to the plane i n 

which the v a r i a t i o n of Poisson's r a t i o and i t s l i m i t s i s sought. 

Only two of the d i r e c t i o n cosines are read i n : the t h i r d i s 

c a l c u l a t e d from L , - (L^ + ) , and the in t e g e r v a r i a b l e 

NORP i s s e t at 0 i f i s negative and at 1 i f i t i s p o s i t i v e . 

Up to the CONTINUE statement l a b e l l e d 28 the d i r e c t i o n cosines 

f o r the y' and z' axes ( p

1 » P 2 » I > 3 T1* T2* T3* r e s P e c t i v e l v ) » 

are c a l c u l a t e d as y' moves around i n the y'z» plane i n 5° s t e p s . 

The method of c a l c u l a t i o n i s as described i n s e c t i o n 6.2 , and 

a l l d i r e c t i o n cosines are r e f e r r e d to the untransformed axes 

x, y, z. For each s e t of x', y', z' the programme produces 

the dependences of two or more primed compliances on a 

s p e c i f i e d s e t of s i x other primed ones. The matrix C contains 

9*6 elements which give the d i r e c t i o n cosine combinations for 

the way i n which 9 primed compliances can be found from the s i x 

unprimed ones of the normal c r y s t a l l o g r a p h i c s e t . The ordering 

w i t h i n C i s as shown below — s u b s c r i p t s only are l i s t e d . 

11 12 13 33 Mf 66 
11« 
12' 
13' 
33' kk' 
66' 
22 • 
23» 
55' 

Thus S c ( 3 i D s 1 1 + c ( 3 , 2 ) s 1 2 + . . . . + c(3,6)s 66' 
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The s i m p l i f i c a t i o n ) p o s s i b l e for cubic m a t e r i a l s i s made i n the 

f i r s t four l i n e s of the CUBIC form of the programme on page 

OOO3A. The c o e f f i c i e n t s A ^ . . . F ^ and o( of Appendix I I 

can be obtained as the appropriate l i n e s or columns of the 

matrix C. I n s o l v i n g the s i x equations A2 .5 for f . the 

c o e f f i c i e n t s of the RHS are put into the matrix AV, and those 

of the LHS into the matrix S. A s c i e n t i f i c subroutine GELG 

served to solve the s e t of 6 equations by Gauss e l i m i n a t i o n . 

The p a r t i c u l a r compliances whose dependence on another s i x i s 

r e q u i r e d govern the contents of AV, while the rows of C 

appropriate to the compliances s e l e c t e d as independent f i l l the 

matrix S. As given here the CUBIC form on page OOO3A gives 

r e s u l t s for three s e t s of independent compliances: * , S-j^'t 

SM+'; S 1 1 ' l S 1 2 ' t S 5 5 « ; S 1 1 ' i S 1 2 « , S 6 6 ' ; i n each case the 

dependent moduli considered were 1, S , , ' t S 1 and S '. 
13 33 zd. d$ 

The corresponding ones for the TETRAGONAL v e r s i o n , on page 

OOO3B were: S ^ ' and i n terms of S ^ ' , S ^ ' , S « f S ^ ' , 

Skk' and S 5 5 « , and S 2 2 ' and S ^ ' i n terms of S ^ ' , S ^ ' , S 2 

S ^ ' , and Sgg'. I f the dependences of any other primed 

compliances are re q u i r e d , i t i s thus necessary to change the 

statements i n the loop ending a t the l a b e l 59 so as to put 

the appropriate components of C into AV and S. I f numerical 

values of any of the primed compliances are r e q u i r e d , i t i s a 

t r i v i a l matter to i n s e r t a READ statement near the beginning of 

the programme to read i n values of the unprimed compliances, 

and then a s e t of statements of the form 
DO 250 1=1,6 
S11D=C(1,I)*C0MP(I)+S11D 

250 S12D=C(2,I)*C0MP(I)+S12D 
The example given produces values for S„ ' and S„ '. 

1 1 1 2 
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DISPS 

The programme c a l c u l a t e s the phonon d i s p e r s i o n curves 

i n three c r y s t a l d i r e c t i o n s : [oOl] , [ n o ] and J j O O j . The 

output l i s t s the band s t r u c t u r e and e l e c t r o s t a t i c energy 

changes and the l a t t i c e frequencies for the three modes of 

propagation i n each d i r e c t i o n , at equally-spaced values of Q up 

to the zone boundary at 2TT/a« The input parameter S I Z E i s the 

f r a c t i o n of the o r i g i n to zone boundary d i s t a n c e between 

s u c c e s s i v e values of Q. The programme s t a r t s by reading i n 

values for valency ( Z ) , e f f e c t i v e v a l e n c i e s of indium and 

t h a l l i u m (ZS1 and Z S 2 ) , the l a t t i c e parameters i n angstrom u n i t s 

(AL and C L ) , the atomic weight of the a l l o y i n atomic u n i t s (AM), 

the atomic volumes of indium and t h a l l i u m i n atomic u n i t s (0M1 

and 0M2) and the a l l o y composition i n percentage t h a l l i u m (COMP). 

The energy-wavenumber c h a r a c t e r i s t i c i s read i n t o F e The 

r e c i p r o c a l l a t t i c e dimensions and the fermi wavevector FWN are 

c a l c u l a t e d . The d i r e c t i o n of propagation i s taken as the z-

d i r e c t i o n , with x- and y - d i r e c t i o n s i n the plane perpendicular to 

z and o r i e n t e d along simple d i r e c t i o n s i n the l a t t i c e . The 

r e c i p r o c a l l a t t i c e point spacings along the x,.y and z axes are 

l a b e l l e d A, B and C, followed by the M i l l e r i n d i c e s of the 

propagation d i r e c t i o n . For each value of Q the band s t r u c t u r e 

and e l e c t r o s t a t i c energy changes are evaluated according to 

equations 7.^5 and 7.^7. the l a s t p art of the programme obtains 

the l a t t i c e frequencies fromui = / ( £ E , + S E ) / M , (equation 7.^9) • 
D o O S 

The sum over q for the band s t r u c t u r e energy change 

i s taken at a l l l a t t i c e points (except q=0) for which the 

argument of F N ( q ) does not exceed 7 . 0 > ( F (q) = 0 when q > 7 . 0 ) . 
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The points are taken from a simple r e c t a n g u l a r mesh of 9^ points 

of spacing IT/a, rr/a and TV/ c . Each point i s t e s t e d to 

determine whether i t s co-ordinates place i t on the bet r e c i p r o c a l 

l a t t i c e under c o n s i d e r a t i o n . I f so, equation 7.^5 i s evaluated 

and the r e s u l t , l a b e l l e d DEBSL or DEBST for a l o n g i t u d i n a l 

or a t r a n s v e r s e mode, r e s p e c t i v e l y , i 6 added to the sum. (See 

l i n e s 5» 9» 13 a n d of page J>.) A s e t of l o g i c a l I F statements 

performs the task of s o r t i n g out the points r e q u i r e d from those 

which are not; (the I F statements follow l a b e l 7 on page 2 ) . 

I n t e r p o l a t i o n of F^(q) i s performed by the subroutine INTER, 

which uses a four-point S t i r l i n g c e n t r a l - d i f f e r e n c e formula 

over most of the range of q, and a Newton forward method for q/k^. 

<0.1; ( s e e , for example, FrOberg, 1965). 

The procedure f or e v a l u a t i n g the e l e c t r o s t a t i c energy 

change (equation 7.*+7) i s r a t h e r more involved, and sums over 

p a r a l l e l and perpendicular components of are taken 

s e p a r a t e l y . The r e c i p r o c a l l a t t i c e points are p r o j e c t e d onto 

the xy plane and for each value of a^x an a n a l y t i c a l e xpression 

i s used to evaluate the sum over <10"« Adaptation of a r e s u l t 

of H a r r i s o n (1966) g i v e s , f or a p a r t i c u l a r value of ̂ Q
x > the 

sum over q Q " extending from +£> to -no , and i n c l u d i n g q^" = 0. 

I 
(Q +a » ) 2 - a X 2 ' ( Q - a « ) 2 + q X 2 q X 2

 + q » 2 

-io —o 
r _ A - A 

TT 
q x q ' 
H o H o 

A -A A 
2e cosB 2e cosB e +1 

e 2*-2e^cosB+1 e~ 2^-2e~^cosB+1 e^-1 

i n which A = 2fl'<l 0
A / a^" and B = 2TrQ/q^ u. I n the programme t h i s 

i s the func t i o n SM i n l i n e s 5 to 7 of page 1. When the values 

of q " to be summed did not include q 11 = 0 the r e s u l t was 
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obtained from two a p p l i c a t i o n s of SM using d i f f e r e n t r e c i p r o c a l 

l a t t i c e point spacings and taking the d i f f e r e n c e of the two 

r e s u l t s ; (see l i n e s 3 to 19 on page 4: NC has the value 1, 2 or 

sum was found to have converged s u f f i c i e n t l y by q •L = 6 k . . I n 

order to reduce the computing time the sums are only evaluated 

i n the f i r s t quadrant and a m u l t i p l i c a t i v e f a c t o r P i s used 

to c o r r e c t the r e s u l t s . When SIZE was 0.05 the programme 

took about 60 s e c . C P U time on an IBM 360/67. 

c h a r a c t e r i s t i c s for the a l l o y s s t a r t i n g from c e r t a i n functions 

obtained for each element from MODPOT, namely F, Q, H, F f l ( q ) , 

€, Z* andj?_. Also the fermi wavevector k^ i s r e q u i r e d . The 

a n a l y s i s o u t l i n e d i n s e c t i o n 7.3.2 has been c a r r i e d out and the 

un-normalised energy-wavenumber c h a r a c t e r i s t i c s FUNQ1 and FUNQ2 

are computed. TTQUNAV i s based on the product of matrix elements 

for the two metals. The average energy-wavenumber c h a r a c t e r i s t i c 

F a y ( q ) i s obtained from C 2FUNQ2+ (1-C) 2FUNQ1 + 2C(1-C)FQUNAV, 

i n which C i s the percentage of t h a l l i u m . Renormalisation 

i s performed to give FNQAV. The programme i s designed to c a r r y 

out t h i s procedure for steps i n t h a l l i u m concentration of 5% 

up to 35%. 

3 for propagation i n the jboi], pl10] or |l00j d i r e c t i o n s ) The 

COMBINE 

T h i s programme evaluates normalised energy-wavenumber 
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MODPOT 

MODPOT i s a s l i g h t l y modified v e r s i o n of the PL /1 

programme given by Shaw (1968a) to c a l c u l a t e normalised 

energy-wavenumber c h a r a c t e r i s t i c s and form f a c t o r s for metals. 

I t r e q u i r e s as input data the fermi wavevector ( K F ) , the 

valency ( Z ) , the maximium value of 1 for which the p o t e n t i a l 

has been modelled (LO) and the w e l l depths and t h e i r energy 

d e r i v a t i v e s (A0,A1,A2, DA0DE.DA1DE,DA2DE). The output c o n s i s t s 

of the normalised energy-wavenumber c h a r a c t e r i s t i c FQ and form 

f a c t o r WQ ta b u l a t e d at q/k f values i n steps of 0.1 up to 5»0 

and i n steps of O.k up to 7.0. I n a d d i t i o n , the functions EPS, 

F, G and H are given for each value of q / k f T n e c a l c u l a t i o n 

of FQ i n l i n e s 5^1-3 ^ e the form to which the expression i n 

COMBINE for FQUNAV reduces i n the case of pure indium. 

For f u r t h e r d e t a i l s of the procedures used see Shaw 

(1968a); the information given here i s s u f f i c i e n t to enable the 

programme to be used. On an IBM 36O/67 the running time was 

approximately 1̂ +00 seconds. 
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