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ABSTRACT

The concept of field-dependent tensors (tensors the components
of which depend on the direction of an applied field) is generalized to
define quantities which have different tensorial character in different
subspaces (field subspace and geametrical or physical subspace) of the
whole space. The transformation laws for these field-dependent tensoxrs
are worked out and the weighted and relative field dependent tensors
are defined.

The -calculus of field deﬁendent tensors is established through
which the operations of addition, subtraction, inner and outer multipli-
cation, contraction and differentiation of field dependent tensors are
defined and the conditions under which each operation can be performed
are discussed, and the quotient law for field dependent tensors is also
worked out.

The effect of magnetic crystal symmetry on the forms of field~-
dependent tensors is considered and a generalized Neumann's principle
is defined. Furthermore, it is proved that in working out the magnetic
point group of symmetry operations, identification of the magnetic moment
inversion operator with the time-inversion operator is not correct.

The effect of the symmetry operations of the magnetic point

groups on the field dependent tensors representing the transport propex-
ties of a magnetic crystal is considered. Different prescriptions
(p, B and'C) given by different workers for finding the magnetic symmetry

restricted forms of the magnetoconductivity tensor o (E) are discussed,

i3
the objections to each prescription are pointed out and then a new pre-

scription (D) is given. Following prescription D, the restriction on



the forms of the magnetoconductivity tensor 01 (i), the magnetoresis-

3

tivity tensor p1 (E), the magnetothermoelectric power a1 (E), the

3
magnetothermal conductivity

3
(E) and the magneto-Peltier effect

xi_.j
nij(a), 1mpos§d by the symmetxry of crystals belonging to each magnetic
poiht group are found.

Finally the way in which the permittivity of a crystal belonging
to a magnetic point group can be represented by a field dependent

tensor is discussed.
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CHAPTER 1

GENERAL INTRODUCTION

1.1 Tensors

Most physical properties of crystals, which are defined by relations
between two or more measurable quantities associated with the crystals,
can be represented by mathematical entities called tensors. Tensors are
defined by their transformation laws from one set of coordinate axis to
another, and are classified by their rank. Scalars and vectors are tensors
of zero and first rank respectively. A physical property which inter-
relates two vectors is a second rank tensor. As an example of this, the

conductivity, ¢,., of a crystal may be considered where

i3

Jy = 934 By * 94 Ey * 0 3E,
Jg = Oy By *+ 05FE, + 0,5E, (1.1
Jy = O3B+ 03B, + 053,

There are tensors of higher rank also. A tensor of rank h has (n)h
components in an n dimensional space. Crystal symmetry dictates some
relations between the components of a tensor representing a property of
the crystal and therefore reduces the number of its independent components.
The detailed simplification which can be made in the forms of tensor proper-
ties aré considered, for example, in the book by Nye {(1972), for tensors
of various ranks andfor all the 32 crystallographic point groups.

There are a number of physical properties of crystals which are
best described by tensors, the components of which are themselves functions
of an applied field. The magnetoconductivity tensor Oij(ﬁ), the magneto-

-
thermoelectric power aij(ﬁ) and the magnetothermal conductivity Ki (H)

3
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of a magnetic crystal are examples of this kind of tensor. The components
of all these tensors depend on the magnetic field. Grabner and Swanson
(1962) have called these tensors "field-dependent tensors" and have worked
out their transformation law under a spatial transformation operation.
They have stated that a symmetry operation acts on both the (field-
dependent) tensor and its arguments. Failure to recognise this has led
some earller workers (Birss 1963, 1966 and Cracknell 1973) to incorrect
simplification of certain tensors. Akgdz and Saunders (1975 a,b) have
shown how to use the transformation law of field dependent tensors in con-
junction with Onsager's relations (intrinsic symmetry) to establish the
form of the magnetoconductivity tensor cij(ﬁ) and the magnetothermoelectric
power aij(ﬁ) for each of the 32 classical point groups G. Althoﬁgh AkgSz
and Saunders have recognised the need to use the transformation law of
field dependent tensors, ‘a detailed mathematical substructure to their
work has up until now been missing. One major objective of this thesis
has been to develop the mathematics of field dependent tensors on a formal
basis. Thus in part the work is devoted to giving a general definition
of field dependent tensors and to establish their transformation laws
under any. transformation operation either in the geometrical subspace or
in the field subspace (Chaptér'3). Furthermore, the calculus of field
dependent‘tensors is worked out (Chapter 4). This investigation has put

the studies of Akgdz and Saunders on a firmer foundation.

1.2 Generalized symmetry and field dependent tensors

By introducing the concept of antisymmetry, Shubnikov (see for
example Shubnikov and Belov 1964) added a new dimension to the study of
symmetry of the geometrical objects. He employed an antisymmetry operation

in addition to the spatial symmetry operations to develop what are now




known as the type I, II and III Reesch-Shubnikov groups. By identifica-
tion of the magnetic moment inversion operation with this antisymmetry
operation it has proved possible to put' the structure and properties of
magnetic materials on a group theoretical basis (see Mackay 1957,
Donnay et al 1958 and Cracknell 1969). Furthermore, since the operation
of time inversion has the effect of reversing the direction of the magnetic
moment, it has become a common practice to identify the time inversion
operator with the magnetic moment inversion operator (see, for example,
Opechowski and Gucclone 1965, Tavger and Zaitsev 1956, Birss 1966, Kleiner
1966, 1967 and 1969, and Cracknell 1973). 1In this thesis it is shown that
this identification is nct always correct. Furthermore there are a number
of magnetic structures that cannot adequately be described by using the
magnetic moment inversion operation (or time inversion operation). To
describe these structures it is necessary to adopt other operations
(rotations) on the magnetic moment (or spin) of the atoms as well (see
Brinkman and Elliott 1966 a,b and Litvin 1973). This leads to what is
called the generalized symmetry {(see Cracknell 1975).

Some workers (Birss 1966, Kleiner 1966, 1967, 1969 and Cracknell
1973) have tried to find the restrictions imposed on the form of magnetic
field-dependent transport tensors by the simple magnetic symmetry where
only the operation of inversion on the magnetic moment is involved. But

" due to lack of a transformation law for field-dependent tensors under the

incorrect identification of the magnetic moment inversion cperation with
time inversion operation, the results are neither correct nor consistent
with each other. Akgdz and Saunders (1975 a,b) have found the restric~-

tions on the forms of magnetoconductivity and other transport properties

imposed by spatial symmetry operations. Now this has been extended here




to find the restrictions imposed by the magnetic symmetry operations
(without identifying the magnetic moment inversion operator with the time-
inversion operator) using the transformation law for field-dependent tensors

(see Section 6.3.4).

1.3 Some remarks on the nomenclature

The terms field-dpendent tensor, field-independent tensor, constant
tensor and tensor field are used frequently in the text. Thus a thorough
definition of them may be found useful. A constant tensor is a tensor,
the components of which have the same value at every point in the space.
That is the components of a constant tensor, measured at a point in the
space, do not depend on the coordinates of the point. While a tensor field
is a tensor the components of which have values which vary from one point
in space to another. A field~dependent tensor is a tensor the conmponents
of which not only may depend on the coordinates of a point, but also on
the direction of an applied field. This definition is generalized in
Chapter 3 to describe a field-dependent tensor as a tensor the components
of which have one type of tensorial dependence on the coordinates in the
geometrical subspace and another type of tensorial dependence cn the
coordinates in the field subspace. A field-independent tensor is a tensor
the components of which do not depend on the coordinates in the field
subspace. A further extension of the nomenclature would correspond to
a property which is a field dependent tensor which has values which can
vary from one point in space to another - such a system would comprise a

field dependent tensor field.



CHAPTER 2

FIELD INDEPENDENT TENSORS

This chapter constitutes the necessary background for the study of
field dependent tensors and their analysis, and it is not intended to cover
the whole subject of field independent tensors (tensors which have com-
ponents independent of any field) and their applications. For the sake
of brevity, throughout this chapter the word tensor has been used to

denote field independent tensors.

2.1 Tensors

Tensors are abstract objects (such as physical quantities) whose
properties are independent of the reference frame used to describe them.
As an example the position of a point in geometrical space can be con-
sidered. A point in this three dimensional space can be denoted by an
ordered set of three numbers in a special cartesian coordinate system.
In another cartesian coordinate system the same point will be represented
by a different set of numbers. The position vector of the point is a
tensor, which is independent of the choice of the reference frame, and
each set of three numbers forms its components with respect to the cor-
responding cocordinate system.

Scalars are & special kind of tensor (tensors of rank zero). In
an n dimensional space a scalar has one component (no = 1) which is the
same in all the different coordinate systems. Vectors are another kind
of tensor (being tensors of the first rank) which in an n dimensional
space have n components (nl = n) with respect to each coordinate system
(three in a three dimensional space). These n components transform into

a new set of n components in a new coordinate system. Then there are




h
tensors of higher rank (h) which have n components with rxespect to each
coordinate system (n is the dimension of the space and h is the rank of
the tensor). Tensors can be more precisely defined by the transformation

laws of their components from one reference frame to another.

2.2 Linear orthogonal transformation of coordinate axes and the

summation convention

First we consider the simple case of transformation of one rec-
tangular cartesian system of coordinates x(x1 ,x2 ,x3) into another
rectangular cartesian system of coordinates x'(xi ,x§ ,xi) which describe
the three dimensional geocmetrical space. In addition we assume that
there is no translation of axes, that is, the origin 0 remains the same

after the transformation. The relation between the axes in the old

system X and the new system X' may be specified by the following table:

old
X, X, X3
X1 244 312 213
new xé ayy 3,5 a,q (2.1)
X3 | 2 232 233

where aij is the direction cosine of xi with respect to xj and is a

constant for a given cartesian coordinate transformation. & point B
in the space can be described either by its coordinates (x1 ,x2 ,x3)

with respect to the X - system-oxr equally well by (x'1 ,x'2 ,x'3) with
respect to the X' - system. The following relations hold between these

two sets of coordinates:




1 1 2 3
1 -
X a11 X + a12 X + a13 x
2 1 2 3
' =
X a21 X + a22 X + a23 X (2.2}
3 1 2 3
1 -
X = a31 x + a32 X + a33 X

Equations (2.2) may also be written in matrix notations ,

1 1.
- X r%11 %12 %43 - x
2 2
1 =
X a21 a22 a23 x (2.3)
-x'3 - a a a 'x3
31 32 33

where the array aij is called the transformation matrix and is the
operator which transforms one set of axes X into another set X'. The

equations (2.2) may also be concisely written as

3
o3 I
x =3 a X (W3=1,2,3 (2.4)
3=1 '

We will now introduce the Einstein summation convention; namely, if a
suffix is repeated in a term, then it is understood that a summation
with respect to that suffix over the range 1,2 ....., N is implied.
An unrepeated suffix is called a free suffix, while, the repeated one
1s called a dummy or umbral suffix, as it can be replzced by any other
symbol except the ones already used to express free suffixes. The sum-
mation convention will be employed throughout the rest of this thesis.

Therefore equation (2.4) may be written as

i.j ' (i'j = 1 '2'3) (2-5)



In this chapter the range of values of all suffixes is 1,2, 3 unless
otherwise stated.
In the special case of rectangular cartesian coordinates the

o sim‘eAr
reverse transformation will have i smme transformation operator,

that is
X a&'.ixlj (2.6)
The nine aij are not independent of one another, and in fact (Nye 1972)
L apk = aip (2.7
where sip is the Kronecker delta ,
=1 when {1 = p
. 6 - (2.8)
ip =0 when i # p,

The relations (2.7) are called the orthogonality relations. Transfoxr-
mations in which the coefficients satisfy the orthogonality relations
are called linear orthogonal transformations. The transformation matrix
for such a transformation has an inverse equal to its transpose and is
called an orthogonal matrix.

When two linear orthogonal transformations of coordinate axes are
applied successively, the resulting transformation from the initial
coordinate system to the final one, which is called the product trans—-
formation, is also linear orthogonal. To show this, let the trans-
formations be

S

X (2.9}

]
4
»

= . xk (2.10)




And let the product transformation be

" P J
x Cij X~ (2.11)

Substituting for x'? from (2.9) into (2.10), we get

i

= J
X bik akj '3 (2.12)

Comparing (2.12) and (2.11), we obtain

Cij = bik akja (2.13)

Equation (2.13) shows that Cij is an orthogonal matrix, as the product
of two orthogonal matrices is orthogonal. Therefore the product trans-
formation is also a linear orthogonal transformation. This result may
be extended to the product of any number of transformations.

Another characteristic property of linear orthogonal transforma-
tions is that the determinant of the transformation matrix (ai.),
which we write as laijl' is equal to -1 or +1 according to whether the
hand of the axes is changed or unchanged by the transformation

(Jeffreys 1931).

2.3 Linear transformation of axes

The linear orthogonal transformation of coordinate axes is a
special_caée of linear transformation of axes. When a linear transfor-
mation of axes is applied in an n dimensional space, there exists a
set of n linear relations between the new coordinates and the old ones,
that is

i 3

x = aij x7 , (aij is constant i, j=1, ....n). (2.14)

We shall suppose that the transformation is non-singular, Iaijl # 0,

so that the set of n linear equations (2.14) can be solved for the X




- 10 -

in terms of x'i. The solution of equations (2.14) for the x's yilelds

R TR
x° = —i— x! (2.15)
where A , is the co-factor of the element a j in Iaijl =a. (Ay/a)

forms the transformation matrix for the reverse transformation.
If we ﬁawe two successive linear transformations
= a xj {2.16)
ij ‘
and

i
X" = hki x'", iL,3,kx=1, ....n) (2.17)

then the direct transformation from x- coordinate system to x“i

coordinate is

llk

X" = by oA x? , (A,3,k=1,...n)s (2.18)

this is called the product transformation. Writing this transformation

in matrix notation yields
x" = BAaX . (2.19)

Since the product BA, in general, is not equal to AB, we see that

the order in which the transformations are performed is not immaterial.

2.4 General transformation of coordinate axes

Let us consider the coordinate system x* (i=1, ...n) in an
n-dimensional space. A general transformation of coordinates to a new

reference frame can be defined by n independent equations

i i,1 .2

' = gt L xS, e, XD, (L =1, eeeeon) (2.20)

where the wi are single-valued continuous differentiable functions of
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the coordinates. A necessary and sufficient condition for n equations
(2.20) to be independent is that the Jacobian determinant formed from
the partial derivatives ax'i/axj does not vanish (Sokolnikoff 1956).
Under this condition we can solve equations (2.20) for the xi as

functions of the x'l and obtain

o= L, xe?, ™ di=1,2,.... ny. (2.21)

Now differentiation of (2.20) yields

i
[ ]
ax't = axr ax”. (2.22)
ax

Here matrix formed from the partial derivatives ax'i/axr =3, is the
transformation matrix. Generally, the elements of this matrix are not
constant Qith respect to the corresponding coordinate axes. But in the
case of linear transformation the A, = ax'i/axr are a set of n2 con-
stants and the transformation, as it has been shown before (2.14), can

be rewritten as

. i
x'i = air xr or x't = er x~. (2.23)
Ix

And, in the case of orthogonal linear transformation we have the
condition ,

ax'i 9x

ox ax'

. (2.24)

2.5 Transformation by invariance

Let £(P) = f(xl, ...,xn) be a function of the n components xi of
the péiht P with respect to X - coordinate system in an n-dimensional
space. This function is called an "invariant" or a "scalar function"

or, simply, a "scalar" with respect to a transformation of coordinates
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from X-system into X'-system , if £(P) = £'(P), where £(P) and f'(P) are
the values of this function in X and X'-coordinate systems. The func-
n
]

tional form of £(P) in the X'-coordinate system will be f'(x'l,...., x'").

Therefore

f[}l (x'l,....,x'“),....,x“(x'l,....,x'")} = x, . x'™,  (2.25)

since the value of f(xl,....,xn) at P(xl,...,xn) is the same (invariant)
as that of f'(x'l,....,x'n) at P(x'l,....,x'n). We can regard equation
(2.25) as being the definition of a scalar function;' that is, the

functions having the transformation laws typified by formulQ\Tz§3§) are
scalar functions. A transformation of the kind (2.25) is called ‘\'\\.

"transformation by invariance".

2.6 Transformation by contravariance and covariance

A set of n functions Ai(x) of the n coordinates x— are said to be
the components of a contravariant vector, associated with the X-coordinate

system, if they transform according to the equation

ax'i

ax“

atxny = A (x) (2.26)

on the change of the coordinates x" to x'. Equations (2.26) define the
n components of the vector in the new coordinate system X'. When we

examine equation (2.22)

i
[ ]

ax't = axr ax® (2.22)
ox

we see that the differentials, dxﬁ which determine the displacement

1
vector from a point Pl(xl,....,xn) to another point Pz(x1 + dxX , ceeey
xn + dxn), form the components of a contravariant vector, whose com-

ponents' in any other system of coordinates are the set of differentials,
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dx'i ¢ in that system. The coordinates xi will only behave like the
camponents of a contravariant vector with respect to linear transfor-
mations. A transformation of the kind (2.26) is called a "transformation
by contravariance".

There exists another law of transformation of vectors, which is
quite different fram the law typified by formula (2.26), and is called
the "transformation by covariance". It can be defined in the following
way:

A set of n functions Ai(x) of the n coordinates xi, associated with
the X-coordinate system, are the n components of a covariant vector in

an n—-dimensional space, if they transform according to the equation

ax°
i

Ai(x') = Aa(x) (2.27)

ox

on the change of the coordinates xi to x'i. Equations (2.27) define
the n components of the vector in the new coordinate system X'. As an
example of a covariant vector consider the set of n partial derivatives
of a scalar function f. Since af/ax‘i = (af/ax“)(ax“/ax'i), it
follows-immediately from (2.27) that the quantities af/axi are the com-
ponents of a covariant vector, whose components are the corresponding
partial derivatives af/ax'i. Such a covariant vector is called "the
gradient of £".

A covariant vector will always be denoted by a single subscript,
while a single superscript will denote a contravariant vector,; unless
otherwise stated. The coordinates xi are an exception to this, since
with respect to general transformations of coordinates, the xi do not
form the components of a contravariant vector.

There is no distinction between contravariant and covariant vectors

when we restrict ourselves to linear orthogonal transformations, since
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according to (2.24)

Bxa/ax'i = Bx'llaxa .

2.7 Definition of tensors by their transformation laws

We can define‘a tensor as "a system of numbers or functions
{components of the tensor) representing a quantity in an n-dimensional
space, which obeys a certain law of transformation when the coordinates
undergo a transformation." We have already defined the transformation
law for scalars or tensors of rank zero (equation (2.25)), and also the
two differaent transformation laws for contravariant and covariant vectors
or tensors of rank one (equations (2.26) and (2.27)).

The next requirement is to state the transformation law for tensors
of ranks higher than one. To do this, we start with second rank tensors.

Consider the set of ﬁz functions Alj(x) whose transformation law is

i J .
A'ij(x') = 2%.:_ -axjt— Akz (x) , {2.28)
ox ox

then we call Aij(x) the components of a contravariant tensor of second

rank. Similarly, if we have a set of n2 functions whose transformation

law is
axk I')x‘E
a' (x') s ——— —— A (x) , (2.29)
13 ax'i ax‘J kt

we call Aij(x) the components of a covariant tensor of second rank.

Further, if we have a set of n2 functions A;(x) whose transforma-

tion law is

O
& 2x_ A’}_ x) , (2.30)

Ix ax!

A:'ji(x')
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we call A;(x) the components of a mixed tensor of second rank. Super-

scripts and subscripts always correspond to respectively contravariance

and covariance properties.

From what has been said above, we can generalize the definition

of a tensor in the following way:
' ot tt...ty i
A set of n°'® functions Aq q g (x) of the n coordinate system x,
190+

associated with X-coordinate system are said to be the components of a
mixed tensor of rank (s+p), contravariant of the s—-th rank and covariant

of the p~th rank, if they transform according to the equation

u u q q
1
.uiuz...us ax" ax ! s Ix 1 Ix P t1t2....t

(x') = veen .
r1r2'°"rb t1

S

. A
ax' P q1q2....qg

(x) ,
Ix

(2.31)

on the change of coordinates x- to x'i. Equations (2.31) define the

s+p

n components in the new coordinate system X',

Now we establish a useful property of the law of the transformation
of tensors. If we are given the components Aj(x) of a contravariant
vector in X-coordinate system, by using the transformation law of a
contravariant vector, (equation (2.26)), A‘i(x') = Bx'i/axj Aj(x), the
components of the same vector in X'-system, A'i(x') can be found. On

multiplying equation (2.26) by Bxk/ax'i and suming over the index

i from 1 to n, we obtain

X k i ko ,
2 oAt g = 2 ax; ad = Al =6l AT = 2w,
ax' ax'" ox ax? J
(2.32)
That is
k :
A = B A e, (2.33)
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Generalising, we can state that:

"Let the components of a mixed tensor in the X-coordinate system

By...B
1
be denoted by Aa cs (x) and its components in the X'-coordinate
1'.. r
jl.lljs
system by A'i i (x'). Then, from the law of transformation of mixed
1... r
tensors we can write
Iy a a y L] L]
134--3 ') = X 1 ax £ gxi ! axris 17 Ps
A b'4 = X - . A (Y)
B s
11"'1 ax'11 ax'"¥  ax ! ax ° GgeeOp
(2.34)
ji.'ljs
On the other hand, if we are given the components N& i {(x'), the
goo-iy
810003
components Ad o (x) of the same tensor in the X-coordinate system
1... r

are determined by

B .

ABI.'.BS ( ) - axl 1 . ax’! r . ax S A'Jlnguj

Bpeeefy * ¢ @ 3 s i i
ax ox x' ax' 1" "¢

S

(x*')." (2.35)

From the two equations (2.34) and (2.35) we can deduce an important
theoxem, namely

“If all components of a tensor vanish in a particular coordinate
system, then they necessarily vanish in every other coordinate system."
The significance of this theorem in finding the null properties of

crystals has been discussed by Birss (1966, p.71).

2.8 Symmetrical and antisymmetrical tensors

When two covariant (or contravariant) indices in the camponents

i ...i
Al 8

jl...j
r
of those camponents, the tensor is sald to be symmetric with respect to

(x) of a tensor can be interchanged without altering the value
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those indices. It can be shown that the gymmetry of the components of
a symmetric tensor is preserved under the coordinate transformations
(Sokolnikoff, 1956).

A tensor is said to be antisymmetric with respect to two certain
indices (both covariant or both contravariant), if an interchange of those
two indices in the componenté changes the sign and not the magnitude of
the components. The antisymmetry is also an invariant property
(Sokolnikoff, 1956). A second order symmetric tensor has got 1n(n + 1)

2
different non-zero cocmponents.

2.9 Constant tensors and tensor field

The words ‘constant tensor" and “tensor field" will be used
frequently throughout this thesis, therefore it is beneficial to give

a short definition of them here.

{a) Constant tensors

Constant tensors are those tensors whose components have the same
value at every point in the space {or the subspace) over which they have
been defined. These are the type of tensor; which are usually encountered
in solid state physics and have been described in detail in standard
texts such as that by Nye (1972). The transformation law for these
tensors is

|j1....js

Y S i i B
1 r ax' !

A

(b) Tensor-field

A tensor field is a tensor which has different values for its
components at different points in the space over which the tensor has
been defined, in other words the components of a tensor-field depend on

the position of the point, at which the tensor has been defined, in the
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space. Equation (2.34) is the transformation law for these tensors.
Constant tensors are aspecial kind of tensor field. In this thesis,
the word tensor has been used to mean tensor-field unless otherwise

stated.

2.10 Relative or weighted tensors (polar and axial tensors)

We shall now extend the definition of a tensor to inclpde relative
or weighted tensors. By a relative tensor-field of weight w <ma¢§\é
constant), we shall mean an object with components whose transformatioﬁ\“\\
law differs from the transformation law of a tensor-field by the appear-
ance of the determinant of the transformation matrix to the mth power

in the transformation law. That is

. 3 B 8 a
'Ji-..js axB W ax|31 ax|js ax 1 ax r 1--.“5
Ai i (xl) = j el LI S . T LRI ir AB B (x)
10ty ax'd ax ! 3x 5 ax'1 ax’ 1°° Py
(2.37)
2
where 3 denotes the Jaccbian of the transformation; in other
ax'

words, the determinant of the transformation matrix.
In the special case of linear orthogonal transformation,

|axB/ ax'jl = 31 (+ sign for transformation which keep thé hands of
axes unchanged and - sign for those which change the hands of axes).
Therefore, considering the fact that for linear orthogonal transforma-
tion of coordinate axes, there is no difference between the covariance
and contravariance properties (see Section 2.6), the transformation law
of tensors, for such transformation of axes, will be

BJ (x') = (1) a veod B (x) (2.38)

1...15 11j1 isjs jl"'js

where a, j constants are the elements of the corresponding transformation
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matrix. Therefore, we will have two kinds of tensors:

(1) tensors which transform according to the following law
B! (x') = a, ...a, . B, (x) (2.39)
iluoois 11j1 lSJS Jl...js

these are temsors of even weight and are referred to as "polar tensors"”.

(i1) tensors which transform according to

B! (x') = ta, , ...a. , B (x) (2.40)
iy0dg 13,7713 3.3y

orx,

Bi {(x') = a‘_.L:j ai. 14 B, ] (x) (2.41)

1...13

these are tensors of odd weight and are referred to as “axial tensors' -

2.11 Algebra of tensors

(1) addition and subtraction

Consider two unweighted tensors A(x) and B(x) of the same type

and rank defined at the same point P, and the corresponding laws of

transformation
a o J 3
B?lo-.js (x') _ ax 1 .. ax r . axl 1 eas Ex_'——s— BB]_---BS (x) (2 42)
1.1 1 1 B Bs  %peeeo .
1 - ax! i ' T Ix 1 Ix s 1 r
) . Q a J - J
JRESRAC RPN " LN TSR S RELs S
fg0001 i t 8 CH
1" x ax' T oax ox PoE

Now we prove that the sum of (or the difference between) these two
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tensors is again a tensor of the sampe type and rank as the two tensors.

Performing the summation we get,

j ccoj j "'j
za'i1 Py otat TP s
1"'1r xl"'lr
a a 3 J 1
ax 1 ax T 3y b axi ¥ 81...Bs 81...85 |
s ee - . LI . B (x)iA (x)
i i B ] Q. ... a ...
ax' 3x! ax | ax ° 17" 1 J
(2.44)

and it immediately follows that A(x) + B(x) is a tensor which has the
same number of covariant and the same number of contravariant indices as
the original tensors, and each of its components is the sum of the
correspon@ing components of the summand tensors. The summation operation
can be extended to three or more tensors. It can also be easily shown
that, 1f each component of a tensor is multiplied by a constant, the
resulting set of functions is a tensor qf the same type and rank. There-
fore, any linear combination of tensors of the same rank and the same
type is a tensor of the same type.and the same rank.

We can generalize the addition of tensors to include relative
tensors as well. It can be easily shown that relative tensors of the
same we;ght and rank and the same type (having equal number of covariance
and equal number of contravariance indices) can be added together, and
the sum will be a relative tensor of the same weight, rank and type.

For the case of a linear orthogonal transformation, the addition of a
polar and an axial tensor is not defined. That is, if two tensors are
to be added together, they should be of the same rank and the same

polarity.
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(11) Multiplication: Outer product

Consider two tensors (not necessarily of the same rank or type

11...1 zl..-z

or weight) A 9 (x) of weight W, and B ® (%) of weight Wy-
jl...j kl...k

P ¥

The set of quantities consisting of the product of each component of

£,...2 i

.1
the tensor B S (x) by each component of the tensor A, 9 (x)

k1.--kr Ji...Jp

forms a tensor C(x), called the “outer.product" of tensors B(x) and
A(x). By using the transformation law for relative tensors A(x) and
B(x) (equation(2.37) it can be easily shown that this tensor, C(x),
is contravariant of rank g+ s and covariant of rank p + r, and its

weight is w1 + wz. In X-coordinate system the components of tensoxr

C(x) are given by the following formula:

21...£s 11--.iq zinnozs il..oiq
C (x} = B x) a (2.45)
nookr jl..-j jlocoj

k k ...kr P

1 r i

(iid) Tensor contraction

il--.is
Consider a mixed tensor, Aj 3 {x), and equate a covariant
1III r
and a contravariant index and sum with respect to that index. The

resulting set of nm's-2 suns is a mixed tensor, covariant of rank xr-1i

and contravariant of rank s~i. To show this, consider a mixed tensor

like Azik(x), from the transformation law of tensors (equationf2.31))
we have

A'ISt(x') - o't oS et 3x£ % Aijk
P ax1 axj axk x'P axtd £n

(x) (2.45)

Now if we equate t and q we will get
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A|r8t(xl) - axlf axls ax.t axl axm Ai]k )
pt axt axj axk ax'P ax't £m
_ ax-r ax.s axl. 6!!1 Aijk ()
ot axd ax® 3t U
rst ax't x'S gt idk
A (x!) = - A {(x) . (2.47)
pt ax- axj x'P Lx

ijk
Therefore AZk is a mixed tensor, contravariant of the second rank and

covgriant of the first rank. This process of reducing the rank of a
tensor in contravariant and covariant indices is called the operation
of contraction and it can be applied to all the indices of a tensor,
one after another, as far as there are indices of both types present.
The operaticn of contraction on a relative tensor yields a relative

tensor of the same weight as the original tensor.

(iv) Inner product

Innexr multiplication is éerformed by combining the two opera-
tions of outer-multiplication and contraction, and the resulting tensor
is called the inner product of the original tensoxs upon which the
operations are applied. To find the inner product of two tensors,
first we find the outer product of them, and then we apply the

operation of contraction (if it is possible).

2.12 Quotient law

The direct method of establishing the tensor character of sets
of functions is to find out how they transform from one coordinate

system to another. The quotient law provides a means of doing this
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without having to study traﬂsformation properties in detail, which in
practice is troublesome. It states that nk functions of xi coordinates
form the components of a tensor of rank h, (with certain contravariant
and covariant character), provided that an inner product of these
functions with an arbitrary tensor is itself a tensor, (the term"inner
product” has been used here for sums of the form A(a, iys vees ih) A,
or A(a, 12, ceey ih) Aa, whether the set of functions A(il, 12, ceey ih)
represents a tensor or not). It will suffice to establish the proof
for the particular.case of the set of n3 functions A{i,j,;k), which has
all features of the more involved cases. Now let us suppose that the
inner product A(i,j,k)B;P(x) for an arbitrary tensor B;p (x) yields

a tensor of the type Cpk(x):

| K(1,9,k) B;P x) = cP* (x) (2.48)

The transformed quantities, referred to a new system of coordinates

x'l, satisfy the equations

A'(1,3.%) 83i9<x') = Pk gy (2.49)

'lp(x') and C'pk(x') from their transformation laws

3
{equation(2.31)), we have

Substituting for B

li— 1P a0 P 1k
Al (43,0 22 me a"_j Bf‘“ (x) = i’i;i’i—rcqr (x) (2.50)
ax- A ax's P ax2  ax

Substituting for C3* (x) from equation (2.48) into equation (2.50) and

changing the dummy indices, we get

i u k
ax'P ax'"  Bx ax' Lm
——=|A'WL,3k) —F - A(,u,n) ]B (x) = 0 (2.51)
" [ ax~ ax3 ' ax* ] ¢

L
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On inner multiplication by 3x/3x'F we obtain

11 u k
9x ax ox' Ls
A'(1,3,k) —p - A, r) =—1IB (x) = 0. (2.52)
[ ’ ox 31:':i ' axr] u .

. £
Since Bus(x) is an arbitrary tensorxr, the expression in bragWets is

identically zero, that is

ax'i ax" ax'k
At (41,3,k) g = A(l,u,r) = (2.53)
Ix 0ox 9x
axt ax't
Inner multiplication of this equation by ?s 'u yields
ox ox
L., .t ...k
A'(s,t,k) a;:s 2x - L2 = Alm,u,n) , (2.54)
oxX X  9x .

which shows that A(m,u,r) is a tensor of third rank and contravariant in

m
m and n, and covariant in r, Aru .

2.13 Differentiation of tensors

We have seen in Section(2.6)that the set of partial derivatives
(gradient) of a scalar function, f(x), forms a covariant tensor of rank

one. If we form the set of partial derivatives of this covariant vector

Li- ve get
ox
%2 _ 3 far ). 2% e s g 0%
ax'dax® 'l \ax® ax'l ax®axP ax't ax'l ax® ax'lak't
(2.55)

Therefore for general transformation of coordinate axes, where
azx“/(ax'i'ax‘i) # 0, this set of partial derivatives of the covariant
tensor -ggi does not represent a tensor. This can be generalized to any

ox :
kind of vector, to show that the set of partial derivatives of a
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contravariant or a covariant vector do not form a tensor for general
transformation of coordinates.,

Consider a covariant vector Au(x), then

3xu

'L

A (x) (2.56)

Ai(x') o

Differentiating this with respect to coordinates xfl, we get

] [ ]
oA i(x ) axa Bxs aAu(x) a2xa
i = i j B + i : AG (x) (2.57)
x' x' ax' ax ax'* ax'd R
which is not the transformation rule for a tensor, that is , BN
3Aa(x)

8 is not a tensor.
x

Similarly, for a contravariant vector A“(x). we get

aA'i(X) BAG (x) axs ax'i o azxu.i axB
i = 8 3 a + A (x) e B 3 (2.58)
ax' ox ax' ax x 3x  Ox'
2% (x)
which shows that -——1r- is not a tensor.
ax

This can be extended to mixed tensors of any rank to show that
the set of partial derivatives of a tehsor does not form a tensor. But
for lineér transforma;ionvwhere ax“/a'xi is & constant the partial
derivative operator acts like a covariant vector, and adds one covariant
index to the indices of the original tensor. That is, tnhe tensor formed
by the set of partial derivatives of the tensor A;i:::;i (x) will have

s contravariant and r + 1 covariant indices. The transformation law for

such a tensor will be ,

i,...4 Oy eosel
1 s . , i -

o' x') i i 8 8 A x)
3 "'jr - 3x£ ox' 1. . ax! s L _9x 1 ... Bx x By+--By
ax'k ax' ¥ 31 axus 3x'j1 ax'jr axz

(2.59)
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In the preparation of this chapter, text books by the
following authors have been consulted: Sokolnikoff (1956),
Brand (1948), Spain (1956), Brillouin (1964),

McConnell (1957), |Nye (1972) and Birss (1966).
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CHAPTER 3

FIELD DEPENDENT TENSORS (I):

DEFINITION AND TRANSFORMATION LAWS

3.1 Introduction

In the study of tensor properties of materials in the presence of
an external field, such as a magnetic field or strain, one encounters
propertiés, for instance the conductivity, with components which depend
on the applied field. These tensors have been named "field dependent"
tensors (Grabner and Swanson 1962).

In Sections 3.2, 3.3 and 3.4, the way field dependent tensor pro-
perties have been dealt with in the past has been discussed and the need
for a more general approach has been recognized. The rest of this chapter
is devoted to giving a general definition of field dependent tensors and
to finding their transformation laws from one system of coordinates to

another.

3.2 Expansion of the field dependent tensor components in terms of

field components

In dealing with field dependent tensor properties, previous practice
has been to expand the tensor components as a power series in the applied
field and to restrict the calculations and measurements to the low field
coefficients (which are constant with respect to the field components).

The formulation of this procedure for some special properties; in orthog-
onal coordinate system, can be found in many articles (for example see
Akgdz and Saunders 1974, Birss 1966, Juretschke 1955, Mason et al 1953).

We generalize this to state that:
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In a general coordinate system a field dependent tensor,

i ...i
Ajl 3 (?5 can be expanded according to the following formulas:
1.'. r

(a) in the presence of a field ?, which behaves like a covariant vector,

11...15 > il...ls(O) 11...1sk1(1) 11...lsk1k2(2)
Aj 4 (F) = A, , + Aj 3 Fk + A, , Fk Fk +
179y Igredy 1°°" 3¢ 1 17ty 1 %2
FETEER (3.1)

- ,
{b) in the presence of a field F, which behaves like a contravariant vector,

il...ls > 11...15(0) 11...15(1) k1 11...15(2) k1 k2
A . (F) =A, , + A, ij + A kkF F +
jl...Jr jl...Jr 3g-e3.K jl"'jr 1%
prece (3.2)
il"'is (M) 11...1 kl...kN(N)
The coefficients Aj i x or A _s are now field
1oee3y 1...kN | jl...jr

independent tensors and are given by

N 5, ...i .
1 s *
i...4 (N) 3" .5 ) |
Ajl jsk "y =(:T") k1 - . (3.3)
17 s3p t... p N F=0
and
N i ...i
1 -
. . Yy 5@
A1.1...lsk1...kN(N) } (-LD ]1"'Jr
]
PEERE N: ”kl... F L
Xy F =0 (3.4)

The new set of components of each of the coefficient tensors, in a new

reference frame, can be found by employing the transiormation law for
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field independent tensors (equation 2.31). By substituting these trans-

formed coefficients into equation (3.1) and (3.2), the transformed set

1 o.o’- -

jl js(F) is then obtained. Experimental
1.-. r

measurements and theoretical interpretation of the low field (field

of components of the tensor A

independent) coefficients for some field dependent properties have heen
done in the past. As an example the magnetoconductivity can be considered:

For the magnetoconductivity tensor 01 (B) (in an orthogonal

3
reference frame) this procedure gives (see Drabble et al 1956, Akgdz and

Saunders 1974):

T {0) (1) (2)
oij(B) aij + oij kl Bkl + oij k1k2 Bkl Bk + cee (3-5)
2
where
N -»
. (N) =(.1_) :aij(a) .
13k, ko0 N! B ...9B
1 Xg0 0o ky ky kn B=0 (3.6)

Experimental measurements of these low field coefficients have then
usually been interpreted in terms of carrier densities and mobilities,
and Fermi surface parameters. (For more detail see Zitter 1962, OktU and
Saunders 1567, Jeavons and Saunders 1969, Michenaiid and Issi 1972, Akgbz

and Saunders 1974, Turetken et al 1974).

3.3 Grabner and Swanson transformation law for field dependent tensors

A transformation law for a field dependent tensor 4 ),

ijk (ano o e
with respect to a linear orthogonal transformation of coordinates was

first suggested by Grabner and Swanson (1962) which can be written as

da; (F'

19k... Fop..) T8 % e Ve, Fo ) (3.7
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where [aij] is the transformation matrix. That is, the transformation law
for a field dependent tensor requires that both the matter components and
their arguments be transformed. Using transformation law (3.7) enables
one to work with field dependent tensor components rather than the low

field coefficients, and important practical advamtages accrue from this.

(i) they are easier to measure because the applied field can take any
value - there is no longer any necessity to ensure that the low field
limit is achieved - and so it can be assured that the induced effects are

larxgexs,

(ii) since the measurements can be made over a wide range of field,

much more comprehensive data can be obtained,

(iii) ip many cases the number of samples needed to obtain the required

information is less than that demanded by the low field method,

(iv) direct studies of non-linear effects in the physical properties

of solids - an area of much interest at present - can be made.

Solution of the Boltzmann transport equaticn has enabled expression of
field dependent trénsport tensors in terms of band model parameters for
materials with simple many-valleyed Fermi surfaces. (For more detail see
Fuchser et al 1970, Aubrey 1971, and Simengen et al 1972). As a result
the microscopic formulation is no longer restricted to the low field
condition ( uB << 1) but now includes the intermediate field region for
wﬁich galvanomagnetic data could not previously ke interpreted guantita-
tively. Analysis of experimental data of the field and orientation
dependence of Oij(g) (the magnetoresistivity tensor) and aij(g) (che

magnetothermoelectric power tensor) for kismuth (sgee Slmengen et al 1972,
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Saunders et al 1972, and Tiretken et al 1974) and arsenic-~antimony alloy
(see Akgoz et al 1974) has established that the band model parameters
found by the field dependent tensor components are the same within experi-
mental error as those obtained from the low field coefficients. Thus

using the transformation law (3.7) has great advantages.

3.4 Inadequacy of Grabner and Swanson transformation law

As long as the spatial transformation operators are being con-
sidered, there is no difficulty in obtaining the transformed tensor com-
ponents of a field dependent tensox. But there are cases where more
complicated transformation operators are considered, that is transformation
operators composed of spatial transformation operators and operators which
operate only on the field components. As an example of this kind of trens-
formation, a transformation operator in "spin space" (see Litvin 1973,
Brinkman et al 1966 a,b, and Cracknell 1975) can be considered. This
operator can be denotea by ({ Réi Ril Vip}' where {vip} is a translation,

{ Ri} a rotation or rotation-inversion operator acting on the spatial
coordinates of the spin arrangement, and { Rp} a rotation or rotation-
inversion operator acting on the spin directions of that spin arrangement
(through the rest of this thesis operatogs have been notified with barred
letters like & or R to avoid confusion). Now fora tensor defined in the
geometrical space with components depending on the spin directions, the
effect of the { Rii wip} part of the transformation operezor can be
obtained using the transformation law (3.7), but the { Rp} part needs
further consideration. Before this can be done it is necessary to

define the space of the physical problem under consideration.
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3.5 N-dimensional space

An N-dimensional space, denoted by VN' can be defined as any
set of objects that can be placed in a one-to-one correspondence with the
totality of ordered sets of N numbers xl, xz, ..... ’ xN. These numbers
are called coordinates of the objects (points) (see Sokolnikoff 1956,
page 9). As an example consider physical space - a three dimensional
space with the objects being the geometrical points and with the coordinates

of a point being Xyr X0 X with respect to three coordinate axes. In

3
general by "objects" a broader meaning than just geometrical points is
understood: in different cases "objects" may imply different sets of
physical properties such as electric field, magnetic field, spin of a
particle, position vector, temperature gradient, pressure, time, etc.
These physical properties can be the cocordinate axes of a space. It must
be remembered that in a definition of an N-dimensional space, there is no
suggestion of the concept of distance between pairs of points (objects).
If a rule for the measurement of the distance in a space is defined, that
space is called a "metric space."

In addition to the points in an N-dimensional space, we need a

second kind of mathematical entity, that is the vector, which is related

to the points through the following postulates:

(1) every pair of points in the N-dimensional space determines an

entity which is called a vector,

>
(ii) any two vectors A and B have a sum A + B wnich obeys the
following laws:
> >
(a) commutative law A+ B=
>

(b) associative law (A + B) +




- > -+ i
(c) if A and B are vectors, there exists a unique vector X such
> _ > > ‘ i
that & = B + X, thus it follows that the operation of subtraction of

-> > -+ >
vectors is unique and there exists a vector 0O (zero) such that A+ 0 = A ,

+
(iii) for every real number o and a vector A there exists a vector

-> ->
aA = Ao such that

+

(a1 + az)A = alA + azA .

and
> -+ e >

o (A + B) = OA + OB ,

and
Y 2
01(02 ) = mlaz) .

The totality of vectors defined in this way in the N-dimensicnal space
constitutes a linear vector space of N dimensions. A linear vector space
. . . R . -> .
is called a metric vector space when to every pair of vectors A and B of

> >
the space a number A.B is assigned, called the "inner" or "scalar" product

of these vectors, such that

b
w
+
e
It
¥
WY
-+
b2
O

- >
o(A.B) =aA.B .

In an N-dimensional space there exist N independent vectors,
called basis vectors, and every set of N + 1 vectors is linearly depen-
+ - 'y a - -
dent. When a basis xk, k=1, ... , N, is defined in an N-dimensional

vector space, then each vector A of the space is uniquely determined by




k
a set of N numbers a , k =1, ... , N, such that

>
H

+* k
){k a .
k . X
The numbers a are calied the components of the vector A with respect to
the given basis. These basis vectors form the coordinate axes and the

transformation matrix intrcduced in equation (2.22) represents a change

of basis vectors.

3.6 Subspace

A subspace carn be defined as any subset of a vector space which
satisfies the following condition (see Gerretsen 1962):

If Z and E are vectors belonging to the subset, then all the
vectors ag + BE » Wwhere a and B are arbitrary real numbers, also bslong
to the subset.

The whole space is a subspace of itself, called the "improper
subspace". A "proper subspace" is a subspace which does not contain all
the elements of the whole space. The set of basis vectcrs of a proper
subspace is a subset of the set of basis vectors of the whole space, and
therefore the dimension of the subspace, that is the number of vectors
in its basis, is less than the dimension of the whole space.

A transformation operator correspending to a change of basis
vectors in an N-dimensiocnal space can then bhe decomnosed into an operator
acting on the basis vectors of a subspace and an operator which acts on
the other basis vectors of the whole space.

This approach will Le relevant when we consider later (Section
3.7), magnetic materials (which can have complicated magnetic ordering),

in which case we will be dealing with a2 six~dimensional space, VM (eix




degrees of freedom) composed of the three-dimensional geometrical sub-
space V, and the three-dimensional magnetic subspace M. 1In this six-
dimensional space the transformation operator corresponding to a change
of basic vectors can be written as {Rp]RiIVip} {see Section 3.4),
(Brinkman et al 1966 a,b and Litvin 1973) where { Ri} acts on the co-
ordinates in the geometrical subspace and {Rp} acts on the coordinates

in the magnetic subspace, and {Wip} is a translation operator.

3.7 Formal Definition of a field dependent tensor

In a variety of circumstances one encounters situations where a
physical property, which can be identified zs a tensor in one subspace of
the whole space, has components depending on the variables defined in the
other subspaces. We generalize the idea one step further to say that the
dependence cf the tenscr components defined in one subspace, on the basils
vectors of another subspace might be more complicated than being just a
scalar function.

For example in the six-dimensional space of the last section, a
physical property can be considered which in the absence of magnetic field
behaves like a tensor of rank n, that is, it is a tensor of rank n in the
geometrical subspace V. After introducing the magnétic field the trans-
formation operatcr will become more complicatsd and will involve {Rp} .

Therefore the transformation law for this physical property {tensor of rank
n in V) has tc be generalized to take coperaticns {@R )} into account. To

do this we have to seek the transformaticn law cf the propgerty corresponding
to a change of basis vectors in magnetic subspace M, and find out what sort
of tensorial dependence this property has on the magnetic subspace cc-

ordinates. That is, what is its rank, £,in this space; this rank £ does

not have to be the same as n, the rank of the property in V. £ depends
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entirely on each special property and the physical laws concerning that
property. The process of finding £ is similar to the ordinary case of
field independent tensors (namely quotient law, see Section 4.6).

The transformation law for a tensor property A with rank n in V
and rank £ in M, which to maintain the generality is considered to be a

tensor field in both subspaces can be written

{R IR.}A- [} . m, =
P14y i J1 Jn
Moesesssas m } o ba
N ST N e
L n
= A (iR} m, {R}x) , (3.8)
e ap By B P 1
mo..... m Y ....T
R R T oy
G R S MY I v
£ n
i i o o
1 L 1 o - . )
whexrem “,....., m PR - R y I indices refer tc the cocrdinate axes
J1 Jn 81 Bn

in M subspace and r “,...., ¥ ;¥ ,...., ¥ indices refer to the co-
ordinate axes in V subspace, and they all range from one to three (number
of coordinate axes in a three-dimensiocnal space). Thne transformation

operator {RP} has the matrix representation with components (R )i o’ and
’ e I
mom

the components of the representation matrix for cperation { Ri} are

(Ri) . Therefore the operator {RpiRi} on the left hand side of
Je Bf
r r

equation (3.8) can be represented by

{'.RpltRi} = (RP) . (Rp) e R
1 % 2 %2 2 %
m m m m
AR S R e
a
. (R)) R e, (R,) (3.9
1 1l . 1, -
1 & 32 By Jn’n
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The combined operation { Rlei} acts in the following way: first operation
{Ri} transforms the 3" components of the tensor A, in the subspace V,
into their new values in the new reference frame in V, then each of these
components which has 3‘E components in M is operated upon by“fmp} andé is
transformed into a set of 3£ new values in the new set of m, (which for
instance could be magnetic coordinates). The number 3 is the dimension
of the subspace in each case. Therefore our tensor property has indeed
(3)? b (3)8 = 3£+n components. In general, in a space composed of two
subspaces V(hl-dimensional) and M(hz-dimensionai), a tensor of rank n
in V and rank £ in M will have (hl)n + (h2)‘C components. Supposing that
this tensor has t contravariant and s covariant indices in V (T + s = n)

and v contravariant and u covariant indices in M (v + u = £), the trans-

formation law for its components will be

v t
g g, 3 J 5
1 v t g 8 B.. 3
m ....m Y ieeoX . om' * am' vV om 1 5m U 3 1
A' (m Ir)= a on e 3 i ae i e ‘Y
mil mlu rkl rks om 1 om M om' 1 om' ¥ or 1
a s
. 61 65 mal mav rY . rYt
....a"w ark e 2 — A ~(m,r)  (3.10)
t . 1 s g 8 8 §
dr ] dr! 1 u 1 s
m ....0 r ...

For a relative, field dependent tensor, B, of weight w, in V, and of

1
weight wz in M, and of the same rank and covariance and contravariance
property as the tensor A in equations (3.10), the transformation law

will be
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g g ] J
m ....m V or 1 ...z © I “1 .gl A ‘gv
B' (m',r') = L. = oo PP a
11 iu k1 ks am' 9 dm ! am ©
m ....m r “....r
w
8 8 2 3 3. $
. 8m1 . om u . arY Br"l ”_Br' v dxr 1 o
i i : Y Y, X,
om! 1 om*' M 3r' dr 1 dr t ar'
Gs ¢4 mav rYl rYt
N TS (m,x) (3.11)
3rt S By By %4 %
M ee...m | S
3ma‘ arYl
where ——75! and —-—; are the determinants of the transformation
am’* artd |

matrices in M and V subspace. Equation (3.11) is the general transforma-
tion law for field dependent tensors. For a transformation operator,
which is composed of orthogonal transfcrmation of coordinate axes in all
the subspaces of the whole space, there is no difference between covariant
and contravariant indices and the transformation iaw (3.1i1) can be wxitten

as

om® | ) art | or' | Myyeewe-My  Tp ovnro.ty (m,z} , (3.12)
L 3 n = L 1 "

where g 0 for even w, {polar in M) ,

1 for odd m1 axial in M) ,

and
{0 for even mz (polar in V) ,

1 for odd W, {axial in V) .
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As an example the conductivity tensor in the space composed of the
three-dimensional geometrical subspace and the three-dimensional momer:tum
subspace, can be considered. In this space a transformation of coordinates
may be represented by the operator {RPIRilvip} with RP a rotation
operation in the momentum subspace, Ri a rotation operaticn in the geomet-
rical subspace, and Wip a translation operation. The form of *he Omm's

law in the three~dimensional geometrical subspace is
J. = c . E, , (3.13)

with J and E acting as vectors, or first rank tensors and Gij as a second
rank tensor. Therefore the effect of Ri on Gij can be easily found. But
for Rp, the behaviour of J, E and 0 in the momentum subspace has to be
found first. Since electric field E at a point depends only on the distance
between the point and the charged body, which is creating the field, every
rotation of coordinate axes in the momentum subspace leaves E unchanged.
Therefore electric field E behaves like a scalar in the momentum subspace.
The current density J can be written as the product of electric charge
density times electric charge velocity; J = PpP.v. Electric charge density
P is a scalar in momentum subspace and v the charge velocity is a vector.
Therefore using the quotient law (see Section 4.6), J, the current density,
is a tensor of first rank, or a vector, in the asomentum subspace, and can
be written asg (Ji)m » with nine components {(wy refers to ccordinate axes in
the momentum subspag;). Now by using the quotient law it can be shown

that conductivity is also a vector in the momentum subspace, and can be

written as (ci with twenty seven components. Thus we can concludsz

a
the generalized Ohm's law in the space composed of the geometrical sub-
space and the momentum subspace :

(J,) = (o .7 E, (3.14)
1) m J
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Spin-tensor quantities can be considered as another example of
quantities with such multi-tensorial character. Spinors have been defined
in the following way (Corson 1953):

Spinors are geometrical objecp; ¢A which are defined over a two

dimensional space (the spin-space) and obey the fcllowing transformation

law ,
Vo= sS4y @, B = 1,2 C 3a1s)
A A B ’ ’ 42
with si the transformation matrix in s-space (the spin-space). wA

defined in this way is a covariant spinor of first rank in the spin-space.
In our te?minology this will be a covariant tensor of first rank in the
spin subspace. There are also higher rank spinors and weighted spinors.
In addition spin-tensors are defined as those quantities which have both

tensor and spinor indices and obey the transformation laws

[ = v ; 7 1&
*uap 2, ®uas (3.18)
v :

under coordinate transformation ap in the geometrical subspace (auv in
notations used in this thesis), and
c D

] = & 7
®uaB s S8 %uep ¢ (3.17)

under spin transformation in the spin-subspace. &Ll thes=e gquantities
might be defined in terms of field dependent tensor terminclogy. It is
apparent that there will be many other quantities which arise in different
field of physics that can be brought under a blanket definivion of field

dependent tensoxs.
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3.8 The nature of coordinates in the field subspace

So far in the definition of field dependent tensors and their
transformation laws we have just considered the dependence of the field
dependent tensor components on extra coordinates (coordinates in the
field subspace), without any special reference to the nature of the field.
By the nature of field components, we mean the relation between tne co-
ordinates in the field subspace and the geometrical subspace. This relation
will be investigated in this section.

First we consider the simple case where the field coordinates are
scalar quantities in the geometrical subspace {quantities which are in-
dependent of the choice of coordinates in the geometrical subspace), such
as temperature, colour or shape of the individual object (different colours
or different shapes can be characterized by different numbers). In this
case transfermation cperators of the geometrical subspace do not have any
effect on the coordinates in the field subspace, and equations (2.8),

(3.9), (3.10), (3.11) and (3.12) can be used to find the transformed set
of field dependent tensor components.

There are other cases where the coordinates in the field subspace
depend on the direction of coordinate axes in the geometrical subspace.
Examples of this are the space composed of momentum and geometrical sub-
spaces, deécribed in the last section, where momentum is itself a vector
in the geometrical subspace, or the space of a maynetic crvstal where the
magnetic moments (coordinates of the field subspacs) zye wvactors in the
geometrical subspace. 1In constructing the set of symmetry operations o
such spaces the effect of each symmetry operation on every coordinate
axis should be specified. In this sense there are differeni possibilities

for symmetry operations;
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(1) the symmetry operations of the geometrical subspace are suffic~

ient to satisfy the symmetry requirements of the field subspace,

(ii) extra operations in the field subspace must be added to each
transformatioh operation of the geometrical subspace to satigfy the

symmetry requirements of the field subspace,

(iii) the operations which satisfy the symmetry requirements of the
field subspace are quite different from those in the geometrical sub-
space, which are supposed to leave the coordinates in the field subspace
unchanged. Here, to find the set of transformed components of a field
dependent tensor, the transformation law (one of the eguations (3.8),
(3.9), (3.10), (3.11) or (3.12) according to the kind of tensor under

consideration) of the last section can be employad.

For spaces of the kind (i) and (ii)} where one transformation
operator may act on both of the subspaces the situation is slightly
different. To explain this let us consider tensor properties which
act like scalar functions in the field subspace. Under a transformation
of coordinates in the geometrical subspace, denoted by operator {R },
the transformation law for such a tensor property will have one of the

following forms:

(a) when the coordinates in the field subspace are vectors in tne

geometrical subspace;
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3 j ‘ j 3 §
— 1....r oo arls rB \ _ ag'_i_ ... or' £ ar !
k X i Ve ! B /' Y Y, k7
or’ 3
r 1....r s * - ar ! dor t or !
8 Y Y
ar ° r 1....r t B -
. - B fm , x ), (3.18)
ks 51 5 o
or' £ eea.x S
where is the IRiij element of the transformation matrix.(R) ,
ar’
(b) when the coordinates in the field subspace are second rank tensors

in the gecmetrical subspace:

J J o G \\ 2 3
gt ¥ Lot ax ! . or 2 Sr'i_ B | _ dr ° ar' ©
X k o i, Tage, P TE T | = Y Ye
4 s dr' * ar' t / 3r dr
r sl
8 § Yy Te
3¢ © 3p S L ....x : 3 ) .15
’ k1 k 51 S ‘mulaz v T -19)
ar' ar' ° £ ....xr®
where my i are the components of the field tensor along the coordinate
1+2

axes in the geometrical subspace, (the field tensor could have contra-

variant indices as well),

(c) when the coordinates in the field subspace are umsocrs ¢I ranks

higher than two:
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3 3 o a 3 3 J
o 1o el gt or @ ar'? 5] el At ar

- s e sts m _ ’ _B— r = * T —— —E.—

i 1 a,...0 Y Y 1
k1 ks arl 1 ar! 1 a ar / or 1 r t arn
xr (PSP o

)

s Yy Ye

ce.. Or r ....T ‘
= B s P, (3.20)
grt S e £ S 1

the field tensor could also have contravariant indices.

We may extend what ﬁas been said also to the case of fieid depen-
dent tensor properties which have ranks higher than zero in the field sub-
space, where the field components are themselves tensors in the geometrical
subspace. Then for spaces of kind (i) and (il), a transformaticn operator
{ R} in the geometrical subspace which can satisfy a part of or all the
symmetry requirements of the field subspace will transform the components

of the field tensor in the geometrical subspace in the following way:

1 i

' u
¢ - or  .... 9r
B e, a TP (3.21)
1 1 . i - u 1 u
ar daxr'!
where m& o axe the field components along the coordinate axes in the
17 %y

geometrical subspace. Now we can construct thce transfogrmation operator

{RP } in the field subspace, correspondirg to the <rarsiomution cperatox

{R }in the geometrical subspace. We can write ;
m' = (R} m (3.22
a RP ab P ! ' )
3 -=
where ma m, a ¢ and mb mi ., and




{g:} = (3.23)
p

Then equation (3.8) can be used as the transformation law for field

dependent tensors with operation {Rp } as defined in equation (3.23).
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CHAPTER 4

FIELD DEPENDENT TENSORS (II):

CALCULUS

4.1 Introduction

The basic concepts and theorems of the algebra of field independent
tensors (Sections 2,11, 2.12 and 2.13) such as addition and subtraction
cperations can be generalized to establish the algebra ¢f field dependent
tensors. This is done here for the first time. 1In this chapter the way
the operations of addition, subtraction, inner and outer multiplication,
contraction and differentiation of field dependent tensors act are worked
ocut, and the conditions under which these operations can be parformed are
discussed. Furthermore, the quotient law is generalized tc include field

dependent tensors.

4.2 Addition and subtraction

Theorem 1:

In the space composed of two subspaces R and M, it will be shown
that the sum (or difference) of two field dependent tensors A{r,m) and
B(r,m) (r and m refer to the coordinate axes in R ané M subspaces) which
have the same rank h Qwith the same number of covariant ¥ and the same
number of contravariant e indices (f + e = hﬂ in R and the same rank n
(with the same number of covariant p and the same numpder of cootravariant
§ indices (p + g = n» in M, defined at the same point is again a field
dependent tensor C(r,m) of the same rank and type in R and the same rank

and type in M.

Proof: The corresponding transformation laws (equation 3.10) for A(r,m)

and B(r,m) are
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q e q b
g g J ] g, g B B
o .....m 3 g . x © - dm’ ° m' T am 1 3m
A (x',m') o et
i ik K % I 1 *p
~ m [a Yy } ¥
m .....m®P r ....r £ om l cm o
ho) £
Ai’\ f a2
’ , TN P NI oy a Y Y
&
37,31 I,Je 8r61 Iy 1 m L. m 4 x ! cour ©
. *eana or creee > A
Yy Ye X ke B 8 8 8 teem
ar dx or' dr!’ 1 1 £
m e e sl r see X
(4.1)
q e q P
P gk TR, TS g A Y O Rt B S——, AT IS0 g P BTSN P,
g g J 2 g, g g, B
,m l..om @ ¢ 1...r € , om' ° om' ¥ gm ° am *
B (r '_ml) —_ - a s o 1 . . . I
o
mll mlp rkl fkf am ! 3m 4 om'! ! om
o £
e f
P i e ] RN e g R RO, R
. . a o Y Y
1 1
,31 ,Je 51 - 6f m m e o cour ©
or Lees O or ... Or
- T o — B (r,m)
. a .
ar ! ar © art 1 ar' T U1 Bp s 8z
m T....m r r
(4.2)

Then adding each component of A' from equation (4.1) <o the corresponding
component of B’ from equation (4.2), we arrive at a set with the same

number of components which obeys the following transformation law
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g g J b/ g g 3 J
m v ..m q r 1....j © * m 1....m 4 x 1. .. X e
Al (r',m') B’ (x',m') =
i i k k i i k k
1 £ :
mo....m P x 1. s.xr " m 1....m P r 1....r £
g g B, g | j § 6.
_ om' ! om' & om * gm P . or! ! ..., or! € ar ! ar ©
a o i i Y Y x.
1 1 b )
om am 4 m sm' P 3r t ar & gt T sxt *
o a Y Y (¢} o Y Y
m 1....m d x 1. ..r© m ! ..m 9 4 1....r € A\
| oa (r,m), B (x,m) )
B 8 ) ) - 8 8 § §
b
m 1....m P r 1....r m1 ...m ¥ r seasX £ /
(&.3)
Therefore tha set of components ,
q €
o a Y Y
1
m....m T 4 1 eeur ©
C (r,m) =
8 BL 6] éf
mo....m r ....r
o f
% % Y1 Ye ! % N Te
m ..M r ....r m ....n pa . T
A {x,m} = R {r,m),
] B 8 S, 8 B S, ¢
mo....m¥? r 1... r " m 1.. m? !t r
(4.a)

forms afield dependent tensor of the same rank and type &s the two

original tensors A and B,

in each subspace.
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General extension of the theorem: the operation of addition can
be immediately extended to find the (algebraic) sum of any number of
field dependent tensors, provided they all have the same rank and are
all of the same type (equal number of covariant indices and equal number
of contravariant indices) in every subspace of the whole space. But the
operation of addition does not apply to field dependent tensors which have

different ranks or are of different types in a subspace.

Thesrem II:

The set of functions formed by multiplying each couponent of a
field dependent tensor by a constant ¥ is itself a field dependent tensor
with the same tensorial character (the same rank and type in every sub-
space). This is readily proved by multiplying both sides of equation
(4.1) by a constant Y. From this fact together with the definition of

the addition operation, it can be stated that:

Any linear combination of field dependent tensors of the same tensorial

character 1s a field dependent tensor of the same character.

4.3 Quter multiplication of two field dependent tensors

Definition:
In a space composed of two subspaces M (with mi as coordinate axes)
and R (with ri as cooréinate axes), consider twc field dependent tensors:

A{r,m) of rank kX (with s contravariant an

[

P covariant indicus & + p = K)
in M subspace and of rank £ (with t contravariant and g covariznt indices
t + g =4) in R subspace, and B(r,m) of rank n (with i cont-averiant «né
u covariant indices i + u = n) in M subspace and of o rank [with j con-

travariant and v covariant j + v = 0) in R subspace. The outer product

of these two field dependent tensors can be defined as the set of
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elements C(r,m) formed by multiplying each component of A(r,m) by each

componant of the tensor B(r,m). That is

s t i 3
LY
a a b b e e £ £
m 1....m S r 1....: t m 1....m i r 1., .r 3
A C1 c a a (r,m) ] B g gu h1 hv (r,m) =
m ....mp r .'..qu m ....m r ..D.r
P q R v
s+ 4 ot + ]
s AR e —
a a e e, b b £ £
m l...m s m I-l.m i r 1....r t r 1..":
= C , (r,m) . (4.5)
c c g g d d h h
m ..l..mp m U...m u x 1-..-: q r 1----.r v
S o aou P S —
p+tu q+v

After the transformation of coordinate axes (r,m) into new axes (r',m')

the outer product can be written as

¢, . a € € 8 8 n, n
m 1...lm s m 1....m i r I.I.: t r ldvl.r j
c! : (¢' m') =
Y Y. A A ) 6 u u
m 1I'Ilmp m ll..m u r lll.r q r .'..r v
% % B B 't f1 M Ny
m ....m L eoaelXl m ..ol Y eces X
Al (z*,m*). BF (xr®,m*)
Y Y § 8 A A M U
m 1....” p r 1.-..: q m 1...lm u r 1....r v

(4.5)

. Changing the dummy suffixes in equations (4.1) and (4.2), and substicuting

for A'(r,m) and B’ (r,m) from these equations into equation (4.6) shows that

the set of elements of the outer product C(r,m) forms a field dependent
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tensor of rank k + n (with s + 1 contravariant and p + u covariant indices
s+i+p+u=k+n) in M and of rank £ + 0 (with t + j contravariant

and q + v covariant indices t + j + ¢ + v = £ + 0) in R subspace.

4.4 Contraction of field dependent tensors

? In a space composed of two subspaces R (n-dimensional) and M (£-

dimensional) consider a field dependent tensor

% s bl bt

m -...m r ....r
A e c d1 a (r,m) of rank s + p in M and rank £t + q in R (s
m lll.mp r .c..rq

and t contravariant, p and q covariant). Equating a covariant index mc
]
and a contravariant index m in the same subspace M and summing with
i
respect to this.indexwill result in a set of (&)

B+p~2(m)t+q functions. This

is the operation of contraction. It will be shown that this set of
functions forms afield dependent tensor of rank s + p - 2 in M subspace
and t + g in R subspace. In order to avoid writing out long formulae with
many covariant and contravariant indices in each subspace we illustrate

the proof by considering a field dependent tensor

A r (r,m). The transformation law for this tensor is (see

(4.7)
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a c
Now if we equate m 2 and m 3 in equation (4.7) we obtain

a a bl b2 a a Y Y Y
A'mlmc2rc rd o omty = am.l.am.Z.aml '3m2 .am3 ‘
<, 2 3 1 ’ o, a, < c, a,
mlm m r om am om' om' om'
b b 5 @ o, By B
g 1 ar! 2 3¢ m m r r
. A (r,m)
By 8y d Yy Yy Y3 &
or or or' m

Therefore ,

1 2 1 2 a Y Y b b
'm m T r ' 0y _ om' 1 om | om 2 or' ! or' 2
A (r M ) . . - . .
€1 2 ©3 9 o 4 €, By By
m m m r om om' om' 3; oxr
a
5 2 % 9% By B
ar i m m m r o
A (r,m)
5 Y3 Yy Y Y3 §
or m m m m r
That is:
a a b b
m ! m 2 r 1 r 2 5 ,al Y1 Y2 ,bl .b2
' ' e m om om or or
A (r oM ) = . -
¢, ¢, a, 61 @, c, c, 81 82
m m m r om om' om' or 9
6 @ o By B
3 1 m m r r
x (r,m) (4.8)
’ . -
] 4 Yy Yy 9 §
r mm m r
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(r,m) is a field dependent

(r,m) in R subspace but of

rank less than A c (r,m) by two (one contravariant, one

covariant), in M subspace. It should be borne in mind that the operation
of contraction (lowering the number of covariant and contravariant indices
by one) can only be applied to two indices which are of different types

and refer to the axes defined in one subspace. Moreover the operation of
contraction can be carried out for all the indices of a field dependent
tensor one after another, as far as there are indices of both types present

in the same subspace.

4.5 Inner multiplication of field dependent tensors

"The operation of inner multiplication of two field dependent
tensors is a combination of the operations of outer multiplication and
tensor contraction. That is, to find the inner product of two field
dependent tensors, first we find their outer product and then we apply
the operation of contraction. As an example, consider two field depen-

dent tenéors

A (r,m) and B (r,m); then forming their outer product,

we obtain
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The field dependent tensor C c (r,m) can be contracted

three times in M subspace and once in R subspace (these contractions can
be performed in several ways: two different ways in R and six different

ways in M).

4.6 The quotient law of field dependent tensors

The quotient law, defined in Section 2.12 for field independent
tensors, can be generalized to include field dependent tensors in the
following way. That is, it can be stated that in the space composed of
two subsp;ces R (n-dimensional) and M (£-dimensional), the set of (nh)(zk)
functions of coordinates r and m forms a field dependent tensor of rank
hin R éﬁbspace and of rank k in M subspace (with a certain number of
contravariant and covariant indices), provided that an inner product of
this set of functions with an arbitrary field dependent tensor is itself
a field dependent tensor, (the inner product of a tensor and a set of
functions means the sum of the form

i ik 31 3, i, i, 3 j a

o a m
A(m ,m eesM T, ,...,T ‘)A o’ or A(m ,m 2,...,m k,r 1,...,r k)A ).

m
Writing out'the general proof for this sfatement involves long formulae
with many contravariant and covariant indices. To avoit this the proof
is given here for the following special case which has all the features
of the general case. Consider the set of (m3) !<(£2) functions

A(ma,mb,mc;rd,re). Now let us suppose that the inner product ,
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nd rf
d
A(ma'mb,mcgr 're) B c (r'm)’
m
m> rf
for an arbitrary field dependent tensor B c' (r,m) yields a field
b f m

dependent tensor Cme (x,m) of first rank (contravariant) in M and of

Y r

d

third rank (fwo covariant and one contravariant) in R. That is

a b ¢ d e ma rf mb £
Am ,m ,m ,r ,r') B c (x,m) = C e rd (x,m) (4.9)
m r r

The transformed quantities, referred to a new system of coordinates

(r',m'), satisfy the following equation

ma rf b £
L} a b c d e ] [ ] 1 |m d t L}
A'm,m,m ,xr ,x) B c (x',m') = C e d (x',m') (4.10)
m rr
a _f b £
m r m x
Substituting for B' c (x',m') and C* e d (r',m') from their trans-
m r r

formation'iaws (equation 4.1) into equation (4.10), we obtain

a b c 4 e am'a am* 3r'f n® ru

A'm,m ,m ,xr ,x ) . . B (r,m) =
om Bm'c ar“ Y
v
b € £ s m
_ 8?8 . or = aru . or . c s (x,m) (4.11)
om or' or Jdr' r r
mB &

Substituting for C . 4s(r,m) from equation (4.9) into equation (4.11)
rr

and changing the dummy indices, we get
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f a Y
or' om' .
-3 [éﬂ(ma,mb,mc,rd,re) ma -am - - A(mu, mB,mY,rG,re).
ark am®  am'C -
b $ m ru
om’ ] 9
. mB .—r—e- ,or d:l B (x,m) £E0 (4.12)
am om’ or! m'
duru
Equation (4.12) should hold for every B y (r,m), the arbitrary tensor.
m

Therefore the expression in the bracket is identically zero, that is

a Wb ' C € 8
A'(ma,mb,mc,rd,re) . Om - ‘amB  om' ~  9r . _or 5
om' om amY or' or'
cam®, b, , 8,5 , (4.13)

which shows that A(m®,m®,m’, 1°,z%) is a field dependent tensor of

Y

rank three in M subspace (contravariant in mB and m , and covariant in

n® ) and of rank two in R subspace (covariant in both r6 and re), that is

P

B'mY,rG'rE) = A € (r,m) - (4.14)

A (m(!'m

The tensorial character of a set of functions can also be investigated
in each subspace separately by means of the quotient law. The quotient

law can then be stated in the following way:

A set .of functions forms afield dependent tensor of certain rank(with
certain covariant and contravariant indices) in a subspace if an inner
product of this set of functions with an orbitrary field dependent tensor

in that subspace is again a field dependent tensor in the same subspace.
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4.7 Differentiation of field dependent tensors

The way in which the differentiation operator has been dealt
with for field independent tensors in Section 2.13 can be followed for
the components of a field dependent tensor in one subspace. That is,
it can be stated that, in a space composed of two subspaces R(n-
dimensional) and M ({-dimensional), the set of partial derivatives —2;
(with respect to the coordinates in M) of a field dependent tensor ::ich
behaves like a scalar function in M, forms a field dependent tensor
which acts like a covariant tensor of rank one in M. The tensorial
character of this field dependent tensor in the subspace R does not change
after differentiation. This field dependent tensor (scalar in the sub-

space M) can be denoted as A (r,m), where the suffix (r) shows that the

(r)

tensor Ar(r,m) has an undefined character in the subspace R. The set of

aA(r)(r,m)
partial derivatives can then be denoted as ————— . Now if we form
. om
the set of partial derivatives with respect to the coordinates in the
A (r,m)

()

. om
complication we drop the suffix (r) bearing in mind that A(r,m) is not a

subspace M of the field dependent covariant vector (to avoid

a

scalar function in R) we get

322 (r,m) _ 3 3A(r,m) Oom
a a

am'aam'a om" am“ om'

2 o 2
_ ¥azm) am®  om” , Arm _3m
%’  om'® ' m®  am'om'®

(4.15)

Therefore for a general transformation of coordinate axes in the sub-
space M, where azm°/(am'aam'a) # 0, this set of partial derivatives of
the covariant tensor in the subspace M does not represent a tensor. This

can be generalized to any kind of field dépendent tensor to show that the
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partial derivatives of a field dependent tensor, with respect to the
coordinate axes in one subspace, where a general transformation of co-
ordinate axes in that subspace is considered, does not form the com-
ponents of a tensor in that subspace. But for a linear transformation

of coordinate axes in the subspace under consideration, where 3m°/am'a

is a constant the pgrtial derivative operator in every subspace acts like
a covariant vector in that subspace and adds one covariant index to the
indices of the original field dependent tensor in that subspace. That is,
the field dependent tensor formed by the set of partial derivatives,

with respect to coordinate axes in the subspace M, of the field dependent

a, a b b

m ....mg rl....rh

tensor A (r,m) with g contravariant and p covariant
4 c d d

m ....mp ri....rq

indices in M, and h contravariant and q covariant indices in R, will
have g contravariant and p + 1 covariant indices in M and h contravariant

and q covariant indices in R. The transformation law for such a field

dependent tensor will be

g 1 h Y Y
3 A'm ceeom r ....r Do om € am 1 "“.amP
am'© ¢, c d1 g (Emh) am' 4 c
m'...mP " ....r¢ om' am P
. e — "
p + 1
a b b § 8
am' 1 LA N AN ) aml g - ar' 1 s e 8 0 ar. h - ar s o8 o ar q
a ] 8 B d da
om ! am?  ar! ar ' apr 1 art 4
T e e ]
g h q
% ag 8 B
3 m S ¢ | 4 esesX
¢ A (xr,m)e. (4.16)
¥m Yl Yp 51 6q .
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In the same way partial differentiation in the subspace R will also
add one covariant index to the indices of a field dependent tensor in

that subspace, only where a linear transformation of coordinate axes

in that subspace is concerned.




- 60 -

CHAPTER 5

NEUMANN'S PRINCIPLE

EFFECT OF SYMMETRY ON TENSOR COMPONENTS

5.1 Introduction

The symmetry properties of the space, upon which a tensor is de-
fined can restrict the form of that tensor in that space. These restric-
tions are dictated by a principle due to Neumann (see, for example, Nye
1957, p.20, or Birss, 1966, p.44). Through Neumann's principle every
symmetry:- operation of the space under consideration defines relations
between the components of the tensor defined on that space, and therefore
reduces thé number of its independent components.

Some authors have cast doubt on the validity of Neumann's principle
when applied to some special kind of tensor (viz transport property
tensors) defined over some special spaces (space composed of magnetic and
geometric subspace, or in other words, space of a magnetic crystal). The
aim of this chapter is to retain the validity of Neumann's principle and
to show that the origin of the particular doubts expressed by these workers
is unjustified and stems from use of symmetry operations, which are not
exhibited by the space under consideration (i.e. the space of magnetic
crystals). To facilitate the argument a short review of the nature of
symmetry operations and the symmetry groups of ordinary crystals (ordinary
geometricai space, where each point is identified only by its position
vector) is given first and Neumann's principle is defined. Then the gen-
eralized symmetry, that is the symmetry of the space composed of coloured
objects or the space composed of magnetic objects is discussed. Moreover
it is shown that the identification of time inversion operator with the
magnetic mpment {(or spin) inversion operator leads to incorrect results
(the reason for doubt about the validity of Neumann's principle by

previous workers).



- 61 -

5.2 Macroscopic symmetry operations and point groups

Symmetry operations are the displacements of an infinite rigid body
which leave the body in a position undistinguishable from its original
one. These operations can involve pure translation, pure rotation, pure
reflection (or inversion), and, in general, combination of rotation,
inversion and translation. A symmetry operation can be shown by {mi[w },

where v denotes a translation and R, denote rotation or rotation-inversion

i
operations. Moreover the symmetry operations of a rigid body can be
identified with the transformation of coordinate axes (section 2.4) and
represented by transformation matrices.

The complete set of symmetry operations which restore a rigid body
to itself forms a group and is referred to as a space group. That is:

(1) the product of every two elements A and B of the set is itself

a member of the set,

(11) combination (called multiplication) of the elements of the set is

associative, that is, for any three elements A, B and C
(A B)C = A(BC) ,

(1ii) one of the elements of the set is the identity operator E, the
symmetry operator which leaves the rigid body unmoved and for every

element A of the set A E = E&A = A,

(iv) for every element A of the set there exists an element B8 in the
set such that AB = BA = E, the element B is called the

inverse of A and is denoted by B = A—l.

In dealing with macroscopic properties, however, we are concerned
with the point group, which is a special sub-group of the space group,
in which the translational part of symmetry operations are completely
suppressed and only rotation and rotation-inversion symmetry operations

are considered.

-
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For identification of thé group of symmetry elements of a rigid body
only a few of the symmetry elements are necessary. These are called the
generating elements of the group and the whole set of elements in the group

can be generated by forming different combinations of these generating

elements.

5.3 The symmetry of crystalline lattice and crystal classes

The symmetry of a crystalline lattice is described by considering
it to be a three-dimensional array formed by repetition of physical objects,
atoms or molecules or electric charges and current distributions. The
crystal structure is then defined by specification of the pattern of
repetition plus a complete description of the contents of the repetition
unit (the unit cell). The existence of the spatial lattice (the three-
dimensional array) restricts the number of ﬁossible rotation axes to five:
one-, two-, three-, four- and six-fold axes of rotations. The space group
of symmetry operations of an extended crystalline lattice is then described
in terms of these rotation and inversion operations, together with the
finite displacements of the lattice parallel to particular directions.
There are 230 different space groups. Suppressing the translational com-
ponents of the symmetry operations of the space group results in 32 possible
point groups for a crystalline lattice. Detailed information about these
point groups may be found in many books (see for example volume 1 of the

"international tables for X-ray crystallography", Henry and Lonsdale 1965).

5.4 Neumann's principle and the effect of symmetry on physical

properties

Negmann's principle states that (see for example, Nye, 1957, p.20
or Birss, 1966, p.44, or Bhagavantam, 1966, p.72) "the symmetry operations

of any physical property of a crystal must include the symmetry operations

.
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of the point group of the crysﬁai". In other words when by symmetry
considerations two different directions in a crystal are exactly the
same, any physical property must have the same characteristics along
these two directions. A physical property can have symmetry operations
which do not exist in the point group of the crystal. These symmetry
operations are called the intrinsic symmetry of a property. Many workers
have studied the influence of macroscopic spatial symmetry on the tensor
properties of crystals (see, for example, Voigt 1928, Love 1927, Wooster
1938, Masoﬁ 1947, Fumi 1952 a,b, Fieschi 1957, Nye 1972, Birss 1962,
1963, 1966).

The-way a symmetry operation manifests itself in a physical tensor
property can be shown in the following way: any symmetry operation, A,
can be represented by a transformation of coordinate axes (with trans-

formation matxix (ai }), which dictates the following relations between

3

the components 81 (x) of a tensor in the o0ld and new coordinate

esosed
1 s
system (equations 2.39 and 2.41).

B! (x') = a ceced, . B A { X,) (5.1)
11....15 k 11j1 13, jl""Js et *2

for a polar tensor, and

a seesd

B! (x) = J|a,.| B, :
k i) 11j1 isjs ]1....Js(ak£x£) (5.2)

il""is

for an axial tensor. Then through Neumann's principle,

L} ' 3 Pl
Bi i (xk) Bi i (xk) (5.3)
1 s 1 s
Substituting for Bi { (xi) from equations(5.1) and (5.2). for polar
1°""7s
and axial tensors, into equation (5.3) we get
B (x) = a ceeasd, . B, ( X,) (5.4)
1ieeed *k 13777703, Tdgeeedg e *p

for a polar tensor and
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By ...13(“k) = lagl a

1 j ...ai j le...js(akl xl) (5.5)

1°1 s"s

for an axial tensor. Equations (5.4) or (5.5) are the analytical form
of Neumann's principle, and define relations between the components of
a polar or an axial tensor and thus reduce the number of independent com-

ponents. The form of the Neumann's principle for a general (mixed and

b PR, |
weighted) field independent tensor Bi1 ir(xk) can be easily deduced
greeig
as
3 3 B /

i o 1 .’ S g r k

J3oo3s, k. | ax 3x ax ax | ax 3% fax 2
Bi i ( ) j % eessse a . il K] i B -Tx
swo e [ [} [ ]
1 r ax ax ax®  ax ax © BBy \x

{5.6)

and for a constant tensor (tensor with constant components with respect
to the coordinate axes) in a cartesian frame of coordinates Neumann's

principle can be written as

B = a ceed, B (5.7)
i1"'is iljl isjs j1"'js
for a polar tensor and
B = |la,.| a, , ...a, , B, . (5.8)
11...15 i) 1131 1535 b PEEED

for an axial tensor. To find the form of a physical tensor property

for a crystal belonging to a special crystal system, the symmetry opera-
tions in the corresponding point group will be inserted one after another
into the appropriate equation for Neumann's principle and all the re-
strictions found in this way are put together. To secure the maximum
simplification in the form of a tensor, it is not always necessary to
employ all the symmetry operators of a point group. The set of generating
elements of the corresponding point group suffices to serve this purpose

{see, for example, Birss, 1966, p.48). Different sets of generating
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elements might be chosen for one crystal class. The following assemblage
+ of generating elements used by Birss (Birss, 1966, p.48) has been employed

in this thesis:

1 0 0 -1 0 0
o'® =[1] - 0 1 o|, o ="1] =] o0 -1 0 |’
0 0 1 0 0o -1
-1 0 0 -1 0 0
2) -
o (2 )= 1o 1+ of P[]0 -1 o]
0 0o -t 0 0 1
1 0 0 1 0 0
ol . 5;] =10 -1 ol o =T3]=10o 1 o
0 0 1 0 0o -1
_ J _ _..
\ -1/2 V/i/2 0o ) [ o 1 0
|
g (6 =[3z] = W32 -172 o0 | o7 = [42] = |1 0 o |
‘ d 0 1 0 0 1
1 - — o —-—
‘ = - - ﬂ
| 0o -1 0 0 1 0
! . 0
o®-T3]=11 o o o =l o o 1
K 0o -1 1 0 0
— b -

| Choosing this assemblage has the advantage that the number of generating
matrices in any crystal point group is small and the relations between

tensor components (obtained from one of the equations (5.4), (5.5),
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(5.7) or (5.8) are simple. Sets of generating matrices (chosen from
this assemblage) for the 32 crystal class are listed in Table 1.

ﬁsing equations (5.7) and (5.8), the forms of constant tensor
up to rank four in every crystal class have been worked out and their
non-zero components have been listed by Birss (Birss, 1966, tables 4a,
4b, 4c, 44, 4e and 4f).

However, these tables cannot be used to investigate the restric-
tions on tensor field and field dependent tensors such as transport pro-
perties of solids in the presence of an external field, and tensors in
crystéls with more complicated symmetry operations, such as magnetic
moment inversion operation. The reason for this is that, to f£ind the
restrictions on the form of tensor fields, equations (5.4) and (5.5)
should be employed.instead of equations (5.7) and (5.8). That is the
symmetry operation acts on the argument of the tensor components as well
as on tensor components themselves. The non-zero components of such
tensors have been worked out in Appendix I and listed in Tables A.3-A.14 in
that appendix. As for field dependent tensors and tensors in the so-
| called generalized symmetric spaces, the analytical form of Neumann's

principle will be derived in the subsequent sections of this chapter

‘ and their form will be given in the Tables A.1i-A.14.

5.5 The symmetry of magnetic crystals (I):

Heesch-Shubnikov groups

In describing the spatial symmetry of a crystal the crystalline
matter i1s conveniently regarded as a composition of similar groups of
atoms or molecules located on definite points, without any reference
to the movements of atoms around their equilibrium position or their

magnetic moment direction or the spin direction of the electrons.
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TABLE 1
|
: Symbol of s etry class Number
: Generating
Systenm International of symmetry matrices
g operations
Abbreviated | Full |Schdnflies|Shubnikov
Triclinic 1 I 1 C 1 1 (0)
| 1 o
< i " = (1)
2
1 ! 1 CI(SZ) 2 g
(3)
|Monoclinic 2 2 C2 2 2 o]
(5)
m m Cs(clh) m 2 o
2 (1)  (3)
2/m l l?l c2h 2:m 4 g O
i
Orthorhombic 222 222 D2(V) 2:2 4 0(2),0(3)
mm2 mm2 qu 2.m 4 0(3),0(4)
222 (1) (2) (3)
mmm l'.l-\;l-ll-;l DZh(vh) m.2:m 8 g ' O X
Tetragonal 4 4 C4 4 i 4 0(7)
- - - (8)
4 4 S4 4 4
4 . (1) (7
4/m - c4h 4:m 8 o] R
422 422 D4 4:2 8 (2), (7
4 (7
4mm 4mm C4v 4.m 8 ( ), )
- - (2) (8)
42m 42m DZd(vd) 4.m 8 o +0
422 (1) (2) (M
4/mmm EIITIEJ D4h m.4:m 16 ’ ’

Table 1 continued overleaf
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TABLE 1

{Continued)

Number

Symbol of
Svsten ol of symmetry class o . Generating
4 International ' Symmetry matrices
operation
-|Abbreviated| Full |Schdnflies| Shubnikov
Trigonal 3 3 <, 3 3 o (6)
3 3 z (1) (6)
3 3 c3i(56) 6 6 o , 0
32 32 D, 3:2 6 o2} 0
3m 3m C 3.m 6 a (4 ' 0(6)
3v
= =2 - 1 2 6
3m 3‘-!-1 D3d 6.m 12 0( ),O(),O( )
Hexagonal 6 6 C6 6 6 o (3 P 0(6)
= = . (5) (6)
6 6 c3h 3:m 6 o] , O
6 1) (3 6
. 6/m - C6h 6:m 12 o( ),o ),o( )
622 622 D, 6:2 12 of2) 3 6
6mm 6mm c 6.m 12 o3, o4, 46
6v
ém2 6m2 D3h m.3:m 12 0'(2) ’ 0(5) ’ 0(6)
6/mmm 922 D m.6:m 24 0'(1) 0'(2) 0'(3) 0‘6
mmm 6h
Cubic 23 23 T 3/2 12 a (3) ’ 0(9)
w3 '-?-13 T, 6/2 24 o) , o3 . o2
432 432 0 3/4 24 oM o)
43m 43m Ty 3/4 24 a8 &
4-2 - (1) (7Y (9)
m3m a 3 o 0h 6/4 48 o ,0 7,0
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Such a description is statistical. Therefore in dealing with proper-
ties, such as transport properties of crystals, which depend on the
dynamical characteristics of crystals, this aspect of crystal symmetry
(spatial symmetry) fails to give correct predictions of the symmetry
restrictions on these properties. In determination of the appropriate
symmetry operations for these cases, the symmetry of the individual
properties of groups of atoms (unit cells) as well as spatial symmetry
must be taken into account. To do this new coordinate axes, representing
the appropriate characteristics of the unit cell, such as the direction
of its movements or the direction of its magnetic moment etc. ,.-may be
introduced then the symmetry operators corresponding to the transforma-
tion of-these coordinate axes can be combined together with the spatial
transformation operators to give the appropriate symmetry operators.
This has been done by Shubnikov in 1951 (see Shubnikov and Belov, 1964)
for a simﬁle case where one extra coordinate with two possible values
has been introduced (atoms can be considered as black or white objects
with the new coordinate being thelr colour, or in the case of simple
magnetic stfuctures, the new coordinate can be the direction of the mag-
netic moment of the atoms - parallel or antiparallel to a given axis).
Then he defined the operation of antisymmetry as the operation which
changes the value of this coordinate (black to white and white to black,
for example). This concept of antisymmetry had been first introduced
by Heesch (1929 a,b; 1930 a:;h) bhut it was ignored because it did not
have any immediate significance in physics at that time. The existence
of black and white atoms (or atoms with two different directions of
magnetic moment) will destroy the spatial symmetry of the crystal,
unless they are distributed in a regular fashion;- in that case, part
of classical symmetry (symmetry of crystal with similar atoms) will

survive. That is, introducing the antisymmetry operation will result
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in new sets of possible point groups and space groups, which are called
Heesch-Shubnikov groups. There are three types of Heesch-Shubnikov

point groups, G', which are usually described as follows:

Type I the classical point groups (there are 32 of this type),
Type 1I: the grey point groups (there are 32 of this type),
Type III: the black and white point groups which are also called the

magnetic point groups (there are 58 of this type),

the total number of these Heesch-Shubnikov point groups is therefore 122.

Type I point groups describe the symmegry of crystals composed
of similar groups of atoms (all black or all white, or all with the mag-
netic moments in one direction), and they do not contain the operation of
antisymmetry, A, that is they are the classical or ordinary point groups,
G, i.e. G' = G.

Type 1I point groups, describe the symmetry of crystals with atoms
of both kinds (black and white or with magnetic moments parallel and anti-
parallel to a given direction) present at each site simultaneously, so that
any operation of a classical point group, G, leaves the fourth coordinate
(the colour or the direction of the magnetic moment) unchanged, and the
operation of antisymmetry, A, times any operation of G changes two dif-
ferent vélues of the fourth coordinate into each other, thereby leaving
it unchanged. Thus G' = G+ A G. That is, a grey point group contains
twice the number of symmetry elements as the number of symmetry elements
in the correspond point group, with the antisymmetry operation, A, as an
element on its own.

In the type III Heesch-Shubnikov, the antisymmetry operation, &,
appears 6n1y in combination, A R, with the elements, R, of the cor-
responding classical point group, G, i.e. G' = H + A(G-H)}, where H is a

halving subgroup of the classical point group G.
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The generating elements of the type I Heesch-Shubnikov point
groups are exactly those given in Table 1. For the type II Heesch-
Shubnikov point gréups, the antisymmetry operation, A, must be added
to the generating elements of thg corresponding classical point group
to form the set of their generating elements.

The identification of the elements in each of the 58 type III
Heesch~Shubnikov point groups has been done by Tavger and Zaitsev (see
| Tavger and Zaitsev, 1956) and by other workers and the generating elements

for these point groups are given in Table 2 (see Birss, 1966). Here the
underlining of a symmetry operator indicates multiplication by the anti-
symmetry operator, A, i.e. §:|. = A Si

Heesch-Shubnikov (or coloured) space groups can be defined in
the following way:

Type I the classical space groups (there are 230).

Type II the grey space groups (there are 230).

These two kinds of space groups can be formed by combining the
corresponding point group together with the translational sub-group.

:Type III black and white space groups, which are derived from
the classical space groups (there are 674).

Type IV Heesch-Shubnikov space group, G', which is another
black and white space group and is based on a black and white Bravais
lattice and consists of all the operations of a classical space group,
G, together with an equal number of operations that involve the anti-
symmetry operation, A, i.e. G' =G+ A } EI to}G (there are 517 of
these kind of space groups). The black and white Bravais lattices were
derived by Belov et al (1955), and the-black and white space groups were
first derived by Zamorzaev in 1953 (see Belov et al., 1957; Shubnikov

and Belov, 1964; Opechowski and Guccione, 1965; Bradley and Cracknell,1972).
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TABLE 2
T i )
Symbol of Symmetry Symbol Generating matrices oﬂ
System class and magnetic of classical qgroup G'
Y point group G' sub-group H Generating | Additional
International&hubnikoqInternationalShubnikov matrices of |{generating
! sub-group H matrix
Triclinic i 3 1 1l o)
I [}
!
EMonoclinic 2 2 1 1 o (0) 1(3)
| n m 1 1 0(0) 9_(5)
i . 2/m 2:m i 5 0(1) 2(3)
2/m 2:m 2 2 o(3) g(1)
2/m 2:m n m o(5) g-(1)
Orthorhombic 222 2:2 2 2 o3 ng)
mm2 2:m 2 2 |o¥ A
2mm 2.m m n 0(5) 1(4)
mmm m.2:m 2/m 2:m 0(1),0(3) 9_(2)
mmm m.2:m 222 2:2 0(2),0(3) 9_(1)
mmm m.2:m mm2 2.m 0(3),0(4) g(“
| Tetragonal 4 4 2 2 o3 g (7
| - - —
| - -
i i 2 2 o(3) 9_(8)
4/m 4:m 2/m 2:m o1 ’ ot 9_(7)
4/m 4:m 4 4 0(7) g}l)
| 4/m 4 2 2 U(8) _0_(1)
4:2 222 2:2 gD, gD

/Table 2 continuec overleaf
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Table 2 (Continued)

Symbol of Symmetry Symbol Generating matrices of]
System class and magnetic of classical group G'
point group G' sub-group H Generating [Additional
International|Shubnikoy International] Shubnikoy matrices of|generating
sub-group H| matrix

Tetragonal 422 4:2 4 4 o(7) g-(2)

Ao 4.m rm2 2.m  |g3, Y 7

4nm 4.m 4 4 0(7) _(4)

42nm i.m 222 2:2 4@, ¥ @

Zm_2_ i-m mm2 2.m 0(3) , 0(4) 2_(8)

42m i.m 2 y 4 @

4/mmm m.4:m mmm m.2:m 0(1) . 0(2) 0(3) _o_(7)

4/mmm m.4:m 4/m am |1, 7 @

4/mnm m.4:m 422 4:2 0(2)’ N g(1)

4/mmm m.4:m 4mm 4.m 0(4)' 47) -1(1)

4/mmm m.4:m 42m im [P, ® Aty

Trigonal §_ E_ 3 3 o(6) .2(1)

32 3:2 3 3 0(6) g_(z)

3m 3.m 3 3 0(6) _q_(4)

3m E-E 3 c 0(1)' 0(5) 2(2)

B | &n 2 | w2 [o@,8 | o

3m 6.m 3m 3.m (4): JG) .2(1)

/Table 2 continued overleaf
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Table 2 (Continued)

Symbol of Symmetry Symbol Generating matrices off
class and magnetic of classical group G'
System peoint group G' sub-group H Generating dditional
Tnternational|Shubnikob|International{Shubniko matrices of generating
sub-group H | matrix

Hexagonal 6 6 3 3 o (6) 9_( 3)
6 3im 3 3 c'® 2(5)
6/m 6:m 3 e 0(1)’ 0(6) 2(3)
6/m 6:m 6 6 0(3)' 0(6) 9_(1)
6/m 6:m 6 3:m 0(5) ' 0(6) _g“)
2 6 3
622 6:2 32 3:2 o( ), o( ) g( )
3 6 2)

622 6:2 6 6 o( ). o( ) g(
6mm 6.m | Im 3.m c,(4)’ 0(6) 2(3)

i
6mm 6.m 6 6 0(3) , o(6) _q_M)
_éZ_nl m.3:m 32 3:2 0(2) ’ 0(6) 2(5)
_E_mg m.3:m 3m 3.m 0(4) ' 0(6) 2(5)
g_tﬁ { m.3:m 6 3:m 0(5) ’ 0(6) 2(4)
|
Q/Em_ﬂ_ | m.6:m 3m 6.m 0(1) . 0‘2),.6(6)2(2)
6/mmm m.6:m 6/m 6:m o(“, c$3)ﬂ(6) 2(2)
6/mmm m.6:m 622 6:2 0(2) ,0(3),0(6) g(l)
6/mmm m.6:m 6mm 6.m 0(3), 0(4),0(6) g_“)
§_/1m_rlm m.6:m 6m2 m.3:m ou), 0‘5,,0‘6' g‘“
Cubic m3 6/2 23 2 |o'P, & oM
432 34 23 3/2 0(3) ,0(9) 2(7)
E3'_‘L 3/;_ 23 3/2 0(3)'0(9) _0_(8)
m3m g/i m3 &/2 0(1)’ 0(3)"_’(9)-'1(7)
m3m §/4 432 3/4 0(7) ,0(9) 2(1)
m3m 6/4 432 3/4 08,6 2(1)
. Jd
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The symmetry of most of the magnetic materials (diamagnetic, para-
magnetic, ferromagnetic, ferrimagnetic) can be described by the three
types of Heesch-Shubnikov point groups, when the antisymmetry operator
is identified with the magnetic moment (or spin) inversion operator (see,
for example, Mackay, 1957). In that case a grey point group will contain
the operation of magnetic moment inversion, A, pn its own; therefore
if a spontanéous magnetic moment were to develop at any point within the
crystal, .described by that point group, the presence of /A would require
that an equal magnetic moment should appear at the same point in the
opposite direction. Therefore the symmetry of crystals with magnetic
ordering cannot be described by a grey point group, but the symmetry of
diamagnetic materials (in which the atoms or ions which constitute the
crystal have zero magnetic moments) and paramagnetic materials in the
absence of an external magnetic field (where the orientations of the mag-

netic moments of atoms or ions are random and the crystal can be con=

. sidered as being invariant under the operation /) can be described by

grey groups.

The symmétry of ferromagnetic crystals (which consist of aéoms or
ions with magnetic moments aligned along certain directions in the
absence of an external magnetic field) and ferrimagnetic crystals (with
some of the magnetic moments parallel to a particular direction and the
rest anti-parallel to that direction in the absence of an external mag-
netic field) and some of the antiferromagnetic materials which possess
a spontaneous net magnetic moment can be described by type I and type II
Heesch-Shubnikov point group, where the magnetic moment inversion as a
symmetry element on its own is absent. Application of these groups to
magnetic structure determinations has been done by several groups of
workers in this field (see, for example, Donnay et al, 1958 and

le Corre, 1958).



- 76 -

5.6 The symmetry of magnetic crystals (II):

Generalized symmetry

The symmetry of a large number of magnetically ordered materials
can be described by using the Heesch-Shubnikov groups. However, there
are some other magnetic materials whose symmetry cannot adequately be
described by these groups. Examples of these are materials with helical
or conical antiferromagnetic structures. The ordering of magnetic moments
in these structures 1s such that there are more than two possible direc-
tions of magnetic moment present in the crystal. Therefore further
generalization of classical point groups is necessary. One possible
generalization is to consider the polychromatic point groups and space
groups. But this cannot be used as a general approach, since the poly-
chromatic groups can only describe the symmetry of magnetic materials where
the angle between two successive spins is a discrete value (1200, 900 oxr
600) which is not always the case (see, for example, Cracknell 1975).

More comprehensive generalization can be achieved by using the spin
groups developed by Litvin (1973). The idea of spin groups is closely
related to the generalized magnetic groups defined by Naish (1963) and
Kitz (1965), and is called 'spin space' groups by BrinksMan and Elliot
(1966). A symmetry operation in the generalized magnetic group, as it is
called in this thesis, (or spin group) can be denoted by { R| Ril vip}'
where the rotation on the far left side in the bracket, RP, acts only in
spin space, that is, on the components of the spins, and the rotation,
Ri, and translation, wip’ act only in the geometrical space on the co-
ordinates of the atoms. In special cases it is possible to have some
symmetry operations that involve one rotational operation IRi for both

the physical space coordinates and the spin space coordinates. Such a

symmetry operation can be denoted by { Ri' Ril vi}. Further specification
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of the generalized magnetic groups can be found in articles by

Opechnowski (1971) and Opechowski and Dreyfus (1971).

5.7 Time inversion operation and magnetic groups

It has been shown (Section 5.5) that by identification of the mag-
netic moment inversion operator with the antisymmetry operator in Heesch-
Shubnikov groups the structure of @ost magnetic materials can be put on
a group theoretical basis. However, since the operation of time inversion,
according to standard assumptions of the electromagnetic theory, has the
effect of reversing the direction of magnetic moment (or spin), it has
become a common practice to identify the time inversion operator, 6,
with the magnetic moment inversion operator (see, for example, Opechowski
and Guccione 1965, Tavger and Zaitsev 1956, Birss 1966, Zocher and Tdxrdk
1953, Dimmock 1963 a,b, Dimmock and Wheeler 1962 a,b, and Dimmock and
Wheeler 1964). In this section it will be pointed out that this identifi-
cation is not always correct and sometimes leads to incorrect results.

Time inversion operation has actually the effect of reversing the
direction (or changing the sign) of every dynamic property which depends
on time.to an odd degree, i.e. time-antisymmetric properties including
magnetic moment. Thus in adopting this operation as a symmetry operation
of a magnetic crystal special care must be taken to make sure that there
is no other time-antisymmetric property present in the crystal. In other
woxrds when a time-antisymmetric property, such as one of the transport
properties (like current density), of a crystal is under consideration
adopting time inversion operator imposes some restriction on the form
of propérty which in actual fact should not be there. The way in which
identification of the magnetic moment inversion operator with time

inversion operator leads to incorrect results in the study of current
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density in a magnetic crystal is disccussed in Section 6.3.1.

The'problems that arise as a result of identification of the
magnetic moment inversion operator with the time inversion operator have
been noticed by several workers: Birss (1966) suggests that the problem
may arise because Neumann's principle does not hold for transport proper-
ties unde;'the symmetry operations in space-time. This cannot be true
because Neumann's principle is axiomatic in its nature. Pantula and
Sudarshan (1970 a,b) have reached the conclusion that in the non-
equilibrium steady state the crystal does not possess time-inversion sym-
metry. But then to remove the problem caused by time inversion they have
only used the sub-group of time invariant operations of the appropriate
group (Bhagacantam and Pantula 1967).

In éddition to leading to wrong results, in some cases, the time
inversion operator, 8, proves to be inadequate to be identified with mag-
netic moment inversion operator in the sense that 8 can only provide two
senses, while many magnetic crystals with complex magnetic ordering have
more than two possible directions of magnetic moment (Section 5.6, thus
more complgx rotation-inversion operations on the spin (or magne£ic moment)
rather than just an inversion are needed to satisfy symmetry requirements
(see, for example, Cracknell 1975, Litvin 1973 and Brinkman and Elliot
1966 a,b). In works on the symmetry of these magnetic materials some
authors have considered time-inversion operator in combination with a
full rotation group (including an inversion operaticn) on the spin arrange-
ment (see, for example, Litvin 1973). Thus when using the generalized
magnetic groups (or spin groups) worked out in their articles, it must
be made quite clear that there is no time-antisymmetry property other

than magnetic moment present in the calculations.
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The symmetry and antisymmetry restrictions on the form of the
transport tensors for materials with éimple magnetic ordering have
recently been established (Pourghazi, Saunders and Akgdz 1976) using the
transformation law for field dependent tensors (equation 3.10). For
reasons mentioned above, the use of the time inversion operator 6, in
that work has been avoided and the magnetic moment inversion operator

has been employed.

5.8 Generalized Neumann's principle

The effect of symmetry operations, corresponding to the transforma-
tion in physical space, on tensor properties of materials has been formu-
lated through Neumann's principle (see Section 5.4). Equations (5.7)
and (5.8) have been used by several authors to determine the symmetry
restrictions on the form of field independent tensor properties of
materiais (see, for example, Birss 1966, Nye 1972, Bhagavantam 1966, and
Wooster 1973). However in dealing with field dependent tensor properties
of materials, when a symmetry operation corresponding to the transforma-
tion of field components is under consideration, there is some ambiguity
in the validity and form of the MNeumann's principle (see Birss 1966).

We believe that this difficulty is due to the incorrect identification

of the magnetic moment inversion operator with the time inversion operator,
(see Section 5.7). Furthermore, since the transformation laws (3.10 and
3.11) should be used in constructing the analyvtical form of Neumann's
principle for field dependent tensors, rather than the transformation

laws (2.39), (2.41), Neumann's principle will have a slightly different
analytical form for field dependent tensors. The transformation law for

a field dependent tensor with t contravariant and s covariant indices

(t + s = n) and of weight w, in subspace v (the physical space, for

1
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example) and v contravariant and u covariant indices (v + u = £) and of
weight m2 in subspace M (the magnetic subspace or spin space for example)

(see Section 3.7) can be written as (equation 3.11):

v t
mgl mgv rj1 rjt b
B! (mla ;') =
:L1 iu k1 k
m ceeam r ....x®
u s
g |1 3 1“2 9 Iy B, Bu 3 Ie
| om Jdr . om’ e am’ . om e om . or' ..., or'
- Wi ) |k' a Gv 11 1y Y Y
9m om m 1 am am’ am' ar | ar ©
61 65 ul av Yl Yt a b
X L. ox ph eeeem ¥ L.l.x om' mw . or' M (5.8)
A M TR ar '
or' or’ m ....m r ....r
Now through Neumann's principle we can write
g g J 3 g g J b
B,m 1....m v T .e..X t (m,a r'b) _ Bm 1 . | v r 1....r t (ma rb)
i i k1 k 11 i k1 ks ’ *
m o...m? r....x® m eem Y r CLlux
{5.9)
gl gv J1 jt
. 1 ..m r ....r ,a . .
Substituting for B (m'", r') from equation (5.9)
11 i k1 k
m ce..m ¥ r ee.r °

into equation (5.8) we get:
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9, 9, 1 3.
m ....m r ....X a
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m oe...m % r ...z
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w W g 9y By B 1
= Iamg 1 L arj 2 - -a—l“.'—1 cvaa am. - am aw oo am 3 . ar' o eae
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ar' © . or ! ..., or g™ 1....m Vior 1....r “fom® v - ar'® M
Y k k 8 8 c o v V3
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(5.10)

This is the most general, analytical form of Neumann's principle for field
dependent tensors. Equation (5.10) can be equally well expressed in terms
i i
of operator form of the transformation matrices, (ai) and (_ar_) '
) ij Brj
i.e. { le Rr} : where Rm acts on the coordinates in M subspace and mr
acts oﬂ-the coordinates in V subspace. That is for an unweighted tensor

we can write:

g g 3 3
Bm 1....m Vor 1....r t (ma rb) _
, =
i ik kg
m ceasasll r seseX
nl v N Jt v "
= {Rr| R} B 8 & s (UR}m’, (RIcH . (5.11)
1 u 1 s
m ....m r eessX

In the special case where there is orthogonal linear transformation of
coordinates in both subspaces to be considered, equation (5.10} can be

written as:
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P q
B
mil...min rjl"'rjl(ma'rb)_lle ]er (Rm)i ] cee (R) . (R ) . ceee(R) .
1% O T Jehe
B (R) m, (R) rp (5.12)
m ...m Y, ...r m v’ b4
T 72 ail

where (R.m)i and (Rr)jB are the corresponding elements in the transforma-
tion matric:s, and p and q are constants and have values zero or one
according to the weight of tensor in each subspace (i.e. p = 0 if the tensor
has even weight, that is if it is polar, in M and p = 1 if the tensor has
odd weight, that is if it is axial in M).

Equations (5.10), (5.11) and (5.12) are different analytical forms
of Neumann's principle for field dependent tensors defined upon spaces
where the transformation operators can be divided into two parts, each
acting on the coordinates in one subspace only. But there are some cases
where the transformation operator cannot be divided in this fashion (see
Section 3.8) because of the dependence of the coordinates of the field

subspace on the coordinates of geometrical subspace. This will be

investigated in the next section.

5.9 Neumann's principle for symmetry operations which act on the

coordinates of both subspaces

To construct the analytical form of Neumann's principle for spatial
symmetry operations which act on the coordinates in the field subspace,
the appropriate transformation law should be chosen from one of the

equations (3.18), (3.19) and (3.20).

5.9.1 Examgle

As an example consider a space composed of two subspaces - field
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subspace and geametrical subspace. 1In that space a field dependent tensor
property B can now be considered which acts like a scalar function (zero
rank tensor field) in the field subspace. Under a transformation of
coordinates {A} in geometrical subspace, Neumann's principle can have one
of the following forms depending on the nature of coordinates in the field

subspace:

(a) when the coordinates in the field subspace behave like (covariant)

vectors in geometrical subspace ,

] 3 J J o
r 1...r.t ar“ Br'g 8 or' ! or’ t or 1
Bk K ma, 8 = . .o e . kg v
r 1...r s \3r' or or ! or or'
6 Y Y
s 1 t
. or r r B
x B §.°°" & (ma sy X ), {5.13)
: S 1 s
or r r
i
where

3 is the aij element of the transformation matrix (A)

ar’

(equation 5.13) can equally well be written for fields which are contra-
variant vectors in geometrical subspace, and also for weighted fileld

vectors). For linear orthogonal transformation of coordinates (A)

equation (5.13) can be written as:

PP - 3 B (ma’ rB) ’

a
lel | 3 Y. +aaX

+ =
Br ceeX ( aiu mu’ ajB rB)

(5.14)
where * signs in the bracket on the £.h.s. of equation correspond ‘to

whether the field is a polar or an axial vector.

(b) When the coordinates in the field subspace are second rank tensors

in geometrical subspace ,
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J 3 o a J J
Bt 1..r Yar? . 3r 2 0 . ar9 ALY ! L t
k k i i a, o g - Y Y
r 1...r S\or' 1 e 2 172 or or 1 oY t
3r61 Bras rY1 rYt B
. k1 cee- " B 51 8 (mmlm2 y xr ), - (5.15)
ar" ' ® rtl.x®
where moy are the components of the field tensor along the coordinate
172

axes in the geometrical subspace (the field tensor can have contravariant
indices as well).

When a linear orthogonal transformation of coordinates, denoted
by A - where there is no difference between covariant and contravariant

indices - is considered equation (5.15) can be written as

a .o B (m s Y, ), (5.16)
lel aksYs rYi...rYs alaz

where * signs in the bracket on the left-~hand side of equation (5.16)

refer to the field tensor being either a polar or an axial tensor.

(c) When the coordinate in the field subspace act like tensors of

ranks (u) higher than two ,

b
RETIE ) W P
O, eeelt B8 Y
1 or 5y 1
rY1 rYt 8
Bs s My e T ) (5.17)
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The field tensor can also have contravariant indices. When a linear
transformation of coordinates axes in geometrical subspace is considered

equation (5.17) can be written as

a .c..a B (m r Iy ) (5.18)
lel ksYs rYl...rY L B

where again the * signs, in the bracket on the left hand side of equation
(5.18), refer to field tensor being a polar or an axial tensor.

Using equation (5.14), (5.16) and (5.18), the restrictions imposed
by the ordinary crystal groups (l.e. type I Heesch-Shubnikov groups, where
only spatial symmetry operations are present) on the field dependent
tensor properties, which have been defined through transformation laws
(3.18), (3.19) and (3.20), have been investigated in Appendix I. The
results for field dependent tensors up to rank four in geometrical sub-
space, with zero an§ first and second rank field tensors are listed in

Tables A3 f. Ay

5.9.2 The general case

We ma} generalize the concepts of Section 5.9.1 to write Neumann's
principle for field dependent tensor properties which have ranks higher
than zero in the field subspace, where field components are themselves
tensors in the geometrical subspace. To do this the symmetry operations
{ ﬁm} which act on the field components can be derived from equation

(3.23), as:

-
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{ am} = . (5.19)

where u is the rank of the field tensor in the geometrical subspace, and

i a
or 1/ar' is an element of the transformation operation { Rr} which acts

on the coordinates in the geometrical subspace. Now equation (5.10) can
be used as Neumann's principle.

There is also the possibility that the symmetry operations in the
field subspace can be a combination of the operations of the form derived
from equation (5.19), and other operations which are defined only in the
field subspace, where again Neumann's principle will have the form of
equation (5.10) and the geometrical part of symmetry operation should be
worked out from equation (5.19).

In addition to the restrictions imposed by the symmetry operations
of the space.under consideration, a field dependent tensor may exhibit
intrinsic symmetry. 1In other words the physical nature of the property
may dictate certain restrictions, on the field dependent tensor com-
ponents. Aﬁ example of intrinsic symmetry is provided by Onsager's
theorem (Onsager 1931 a,b) which is based on thermodynamical arguments
(for further details see any textbook on irreversible thermodynamics such
as, for example, de Groot 1951). This theorem has been used to find the

restrictions on the form of transport properties in the next chapter.
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CHAPTER 6

FIELD DEPENDENT TENSOR PROPERTIES OF CRYSTALS

6.1 Introduction

The concepts of the last chapter reveal that when a field-
dependent physical property, such as one of the transport properties, of
a crystal is under consideration the usual form of Neumann's principle
(equations 5.4 to 5.8) fails to give correct results as far as the symmetry
operations of the field coordinates are concerned. 1In this chapter the
magnetoresistivity tensor for magnetic materials is considered. First
the ways other workers have tackled the problem of finding the effect that
symmetry operations acting on the magnetic field coordinates can have on
the magnetoresistivity tensor and the discrepancy in the results obtained
are discussed. Then making use of the transformation law of field depen-
dent ténsors (equation 3.10) and the generalized form of Neumann's
Principle {(equation 5.10) the restrictions on the form of the magneto-
resistivity tensor have been found.

Furthermore, the forms of the magnetothermoelectric power tensor
aij(g) for each of the magnetic point groups have been obtained using the
same methoa as for the magnetoresistivity tensor. In addition the way
that the permittivity tensor behaves as a field dependent tensor in a

magnetic material is described.

6.2 The conductivity of a crystal

>
When an electric field, described by a polar vector E, acts in
->
a conductor, an electric current of density J flows. In an isotropic

-»> -+
medium J is parallel to E and the relationship between their components
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is given by (Ohm's law):
->
J = OE, {(6.1)

where 0 is called the conductivity of the medium. That is

J = OE, , J = gE_ , J = gE {6.2)

c E,and J_, J

3 10 90 9

-
where El' E are the components of the vectors E and

2 2 3

->
J in a rectangular cartesian system of coordinate axes, Ox,, Ox,, Ox..

1 2 3
Now when the medium is a crystal the conductivity is not necessarily
-> ->
isotropic, the vectors E and J need no longer be parallel; the conduc-
tivity cannot be represented by a scalar. However usually each ompoonent

-»> >
of J is still linearly related to all three components of E, and Ohm's

law (equation 6.1) may now be represented by

Ty T %0 Byt 9Byt 043Ey
J2 = 021E1 + 022E2 + 023E3 R (6.3)
Ty = O3By * O3Ey + 033E; .
ox '
Ji = oij Ej , (6.4)

where each o is .constant. Thus according to the quotient law (see

13

Section 2.12), o is a second rank polar tensor (field independent).

i3
The symmetry operations of the crystal impose restrictions on the form
of Oij (see Section 5.4). Moreover there exists a restriction imposed
by the intrinsic symmetry dictated by Onsager reciprocity relation

which can be shown by
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oij = oji . 6.5)

The spatial symmetry restricted form the conductivity tensor oij is well

known, see for example, Nye (1972), Birss (1966) and Bhagavantam (1966).

6.3 The magnetoconductivity property of a crystal

If one now considers either a crystal that exhibits spontaneous
magnetic ordering or a nonmagnetic crystal that is subjected to an
-> >
external magnetic field, the relationship between J and E is still linear

but the conductivity o, ., must be replaced in equation {(6.4) by a tensor

ij
-
cij (B) which depends on the direction of the magnetic induction vector,
<>
B, so that
J, = o, (B) E (6.6)
1 - %y B Eg. ’

where Oij(g) is called the magnetoconductivity tensor, and is a second
rank polar (magnetic) field dependent tensor. Ohm's law (equation 6.6)

can equally well be expressed in the following form:

B, = oy, §:) 3, (6.7)

where pij(g) is the magnetoresistivity tensor and is the inverse of the
magnetoconductivity tensor. In this case the details of the application
of Onsager's fheorem {(equation 6.5) and Neumann's principle (see

Section 5.6) have to be re-examined. 1If a crystal is subjected to a
magnetic field H, one that may be an external field or may arise as an
internal field in the crystal, it is then possible to show (see Onsager

1931 a,b and DeGroot 1951) that equation (6.5) has to be replaced by

-> -
oij(B) = oji(-B) ’ (6.8)
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and as for the magnetoresistivity tensor, the Onsager reciprocity

relation will dictate

-> -
p..{B) = p,, (=B) . (6.9)

In obtaining the restrictions imposed by the symmetry
properties of crystals on the forms of the magnetoconductivity and the
magnetoresistivity tensors through Neumann's principle there has been
some controversy among different workers (see Birss 1963, 1966, Kleiner
1966, 1967, 1969, Cracknell 1969, 1973, 1975 and Akgoz and Saunders 1975a).
In the next section we shall give a short review of each of the methods
adopted, by different workers and comment on them and at the end we shall

give our own method.

6.4 Magnetic symmetry restrictions on the forms of the magneto-

resistivity and the magnetoconductivity tensors .

The symmetry of a magnetically ordered crystal or of a nonmagnetic
crystal in an external magnetic field H can be described by some magnetic

point groﬁp G' which can be written as (see Sections 5.5, 5.6, 5.7)

Gl

H + /A (G - H)

where G is the corresponding classical (spatial) point group and H is one
of its subgroups and /R is the anti-symmetry operator, which can be
identifiéd with the magnetic moment (spin) inversion operator. Previous
workers have identified the magnetic moment inversion operator with the
time-inversion operator. This together with the failure to treat the
magnetoconductivity and the magnetoresistivity tensors as field-dependent

tensors (see Akg8z and Saunders 1975a) has led the procedures adopted
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by these workers (prescriptions A, B and C) to wrong result.

6.4.1 Prescription A - By Birss

In this prescription Birss follows previous workers in the fileld
{(Juretschke 1955, Mason et al 1953, and others) to express the components

-
of the magnetoresistivity tensor pi (B) as series expansions in ascending

b
->
powers of H, the magnetic field. That is (Birss 1966, p.112, equation 3.26)

1 15 75 + Rijk Jj Hk + ... (6.10)

Now pij' Rijk' ... are second, third, ... rank field independent tensors.
To correspond with these expansion coefficients, the usual experimental
practice is to restrict measurement to the low magnetic field region, so
that terms higher than second order can then be neglected.

In dealing with the anti-symmetry operation, Birss first identifies
this ope?a;ion with the time-inversion operation on the ground that since
electron séin is associated with angular momentum which is a time-
antisymmetric property, time-inversion operation reverses the direction of
spin and therefofe the direction of magnetic moment (for more detail see
Birss 1966, pp.74-78). Then he states thgt for crystals where transport
properties are present there exists an intrinsically preferred direction
of time, that is, transport properties are time-antisymmetric) the applica-
tion of Neumann's principle yields the erroneous result that all transport
effects are prohibited for non-magnetic (i.e. time-symmetric) crystals.
Therefore he concludes that "Neumann's principle cannot be applied in
space~time."” Then Birss gives the following prescription (referred to as

prescription A by Kleiner 1966) for finding the restrictions on the forms

of transport property tensors, based on what has been said above.
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(1) Use Onsager's theorem, i.e. pi (ﬁ) =

-

p,, (-H)

3 i !

(ii) use Neumann's principle only for the unitary elemernts of the

magnetic point group (elements which do not contain time-inversion

operators in any form),

(iii) ignore the antiunitary elements of the magnetic point group

(elements which contain time-inversion operator).

The objections on this procedure are as follows:

(a) Working with the low field coefficients (which are field-
independent tensors) has some disadvantages, which are described in

Section 3.3.

(b) Kleiner (1966,1967,1969) objects to Birss' procedure on the
grounds that by ignoring the anti-symmetry elements, it does not exploit

the fully symmetry of the situation.

(c) Identification of the spin-inversion operation with the time-
inversion operation is not always correct (see Section 5.7), especially
when there is some transport phenomenon present in the crystal. The way
in which this identification leads to incorrect results for the conduc-
tivity tensor of a paramagnetic material will now be discussed here.
Consider the current density 3 in a paramagnetic crystal, subjected to
an electric field E in the absence of any external magnetic field (i.e.
E = 0). Symmetry of the crystal will be described by one of the type II
Heesch-Shubnikov point groups, in which /A, the magnetic moment (spin)
inversion operator is a symmetry operator on its own as well as in com-

bination /AIS with the spatial symmetry operators iIS of the crystal point

group. Now if 6 the operation of time inversion is identified with /A,
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in consequence of the fact that the current density T is a time anti-

symmetric property, then

->
63 = =~J. (6.11)
> -+
Taken this together with Neumann's principle (J = 6J) leads to
> >
Jg = 6y = =J . (6.12)

That is the current density is null. This cannot be true. From the

point of view of the conductivity tensor, from Ohm's law ,

Jd = o, .€E,, (6.13)

after the operation of 6,
63, = 6¢ .enj (6.14)

Ej is a time-symmetric property ,

6E, = E, . (6.15)

0c = -0, ., (6.16)

6o = 40 . (6.17)

therefore

Uij = -Gij = 0 . (6.18)
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This indicates that all the paramagnetic crystals should be insulators
in the absence of an external magnetic field. This is not true. Thus
use of 0, the operation of time-inversion does lead to the incorrect
result that the conductivity tensor is null. We object to Birss' state-
ment that Neumann's principle does not hold for transport phenomena in
magnetic crystal ; further we consider that if application of Neumann's
principle does lead to an incorrect result, then such a finding casts
doubt not on Neumann's principle, but on the identification of the time-
inversion operator, © with /A. Furthermore as the justification for
identifica;ion of ® with A, Birss proves that the time-inversion operator
has the effect of reversing the direction of the spin; however he does
not prove that the two operations have exactly similar effects which is
a necessary condition for such an identification. In fact the time-
inversion operation has a much broader effect than the simpler operatiqn
of magnetic moment inversion: © actually changes the direction (or sign)

of all the dynamic phenomena which depend on time to an odd degree.

6.4.2 Prescription B: By Kleiner

Kleiner (1966,1967,1969) objects to the procedure adopted in
prescription A on the grounds that no use is being made of the antisymmetxy
operations of the corresponding magnetic point group. He proposes a
procedure which he calls "prescription B", in which he treats the problem

on microscopic grounds and obtains the following equations.

A = * (B) (a)
s a (w,B8) = Z Z To A (w,8) D (u)Ku D (u)h, ’ (6.19)
[TgRY) K A KA

for the spatial symmetry operators of the corresponding point group ,

and
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> - > (B) * _(A)
s A (w,8) = l_ Z TAI g* (w,aa) D (a)l(u. D (a),w (6.20)
BV K A K

for the symmetry operators which involve 6, the operation of time-

>
inversion. In these equations T (w,B) are the components of a transport

B A
) TRV
tensor, w is the angular frequency (which for Ohm's law is zero), 3 is

(a) (B)

the magnetic field, D (u)xv and D (U)Ku are the transformation
matrices corresponding to the unitary (spatial) symmetry operations, and
D(A)(a)JN and D(B)(a)xu are the ones corresponding to antiunitary symmetry

operations (those which contain 6 ). Equation (6.19) is the same as the
commonly accepted equation based on the definition of a field-independent
second rank tensor and the use of Neumann's principle. Equation (6.20)
differs from equation (6.19) in that the transformation matrices on the
right-hand side of equation (6.20) are the complex conjugates of those

in equation (6.19), and also the transposition of the suffixes on the
right-hand side of equation (6.20) does not occur in equation (6.19).

In Kleiner;s procedure, relations between transport coefficients are
found by using in equations (6.19) and (6.20) the unitary and antiunitary
elements, respectively, that are contained in the group G' (or J or J(ﬁ)
in Kleiner's notation): G' is the group of the operations which leave
the Hamiltonian H(E) invariant (G' is called the Schxddinger group of
the system and is usually the same as the magnetic point group or the
magnetic space group of the crystal). It is possible to choose, on
physical grounds, a Hamiltonian with more (not less) symmetry than G' ,
the magnetic point group. Considering this fact, in Kleiner's pro-
cedure, Onsager's theorem has been dealt with in a different way from
that which Birss employs. Instead of using the group G' that includes

only the operations which leave the Hamiltonian H(E) of the system
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invariant, Kleiner constructs another group K(E). In addition to the
operations of the magnetic group G', K(a) also includes all the operations
that send H(E) into H(-ﬁ). By using the larger group K(E) instead of

G', Kleiner is able to derive the generalized Onsager reciprocal relations
as a consequence of requiring the tensor to be invariant under the opera-
tions of the group K(E). Therefore in prescription B, Onsager's reciprocity
relations are not used,because they are assumed to be covered by the use

of K(E). The group K(E) having been contracted, prescription B consists

of the following steps:
(1) Use equation (6.19) for the unitary elements of K(E).

(11) Use equation (6.20) for the antiunitary elements (those which

-
contain 6, the time-inversion operator) of X(B).

The following objections can be made to this procedure:

(a) Cracknell (1973) objects to Kleiner's procedure in using the group
K(8) and states that: in using the group K(E) instead of G', Kleiner
assumes that only even terms in ; appear in H(;), the Hamiltonian of the
crystal. This is not justified, since the only physical reason for this

assumption is the modified Onsager relation

@ =
oij = Uj

LB (6.21)
which means that the diagonal components of the eslectrical conductivity
tensor are even functions of E. This is certainly a different condition
from the assumption that all the components be even functions of 3.
Furthermore Cracknell finds the assumption "prescription B leads to
correct simplifications of a transport tensor property of a crystal with

symmetry described by one of the magnetic point group, because the require-

ment of invariance of the tensor under H(a) leads to the right answer for
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the generalized Onsager reciprocity relatioﬁ'unjustified.

(b) We have the further objection to the procedure adopted by Kleiner
that in constructing the magnetic point group G', 6, the operation of
time-inversion,has been identified with the operation of magnetic moment
inversion operation (for more detail on why this identification is not

correct see Section 6.4.1(c)k

6.4.3 Prescription C : by Cracknell

Cracknell (1973) follows Birss' macroscopic approach to the
problem, and he also assumes without any proof that the magnetic moment-
inversion operator can be identified with 6, the time-inversion operator.
Then in dealing with the antiunitary operations which do involve 8, he
adopts the-following procedure:

I. Consider Ohm's law in the absence of any magnetic field

(internal or external)

J1 = cij Ej . (6.22)

0 will revefse the sign of 3, but will leave E unaltered; that is 3
is ¢ tensor (i.e. a tensor which changes sign under the operation of 0)
of rank one and E is an i tensor (i.e. a tensor which remains invariant
under 6 ) of rank one. Therefore, from (6.22), Oij is a ¢ tensor of
rank two,

eoij = - aij {6.23)

From this Cracknell comes to the conclusion that 0 cannot be a symmetry
operation of the complete configuration of specimen +3 +-f:. Then he
regards the specimen as a "black box" which contains some material entities

and a magnetic field E, and considers a crystal for which 0 is.a symmetry
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operation. Now since 0 is a symmetry operation of the black box, then

0o = 0 (6.24)

Then Cracknell claims that equations (6.24) and (6.23) are not in conflict
because equation (6.24) applies if the symmetry of the specimen is des-
cribed by one of the grey groups, and if it is assumed that Neumann's
principle still holds for 6, while equation (6.23) refers to the applica-
tion of ® to a larger system of which 6 is not a symmetry operation.
Therefore if equation (6.24) holds, then equation (6.23) cannot hold,

because O would then be null.

1]

II. Now if E # 0, that is, when the black box consists of a magnetically
ordered crystal or consists of a non-magnetic crystal situated in an
applied magnetic field, 6 is not a symmetry operation on its own. But
there are certain antiunitary operations of the form 6S, where S is a
spatial point group operation, which are symmetry operations of the black
box. Then Cracknell supposes that Neumann's principle still holds

(despite Birss' argument) for these operations 6S. That is,

6s) o,, B = oi, (B) . . . (6.25)

i}

Now to make use of the transformation properties of the tensor undex these

antiunitary operations, the result of the application of 6 to oij (3) must

be determined. For this Cracknell states that "the effect of 6 on the
motions ‘of all the particles in the black box will be to reverse the
directions of their velocities and, therefore, the Lorentz forces

u uo e (; X ﬁ); therefore, the Hamiltonian will only remain invariant

if H is also reversed. Consequently, the current J, flowing in a given

i

direction as a result of the application of an electric field Ej will be
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unaltered if the direction of E is also reversed; that is

->
19 : oij (-8 - (6.26)

< -]
Q
—~
@+
~—

1

Cracknell describes equation (6.26) to be simply a statement of the fact
that the compound operation of time-reversal plus changing the sign of

5 is a symmetry operation of the system in the black box. Equations (6.26)
and (6.24) only apply when direct current is under consideration. For
alternatihg current, Cracknell defines the following equations to replgce

equations (6.24) and (6.26) respectively ,

eoij = oij (6.27)
and
-+ » -
eoij (B) oij (-8) {6.28)

Then substituting from equation (6.28) into equation (6.25) Cracknell

gives the following treatment ,

=Y .
oij(B) = 0s oij (B) = S eoij(B)
- * -+
= S oij (-B) .
That is ,
-1
= S, 8 * -8 6.29
0y, ® ip S3q %o ST B) (6.29)
or
-> * >
= [ [ ’ 6.30
013(8) ip S4q cpq (8) { )s
il.e.,
o,.(B) = B (6.31)

S, 8§, ¢©
ij ip "Ja pq
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Cracknell, therefore, arrives at the following procedure, for finding
the restrictions on the form of magnetoconductivity tensor, imposed by

magnetic symmetry of the crystal, (which he calls prescription C):

(1) Use equations (6.5) and (6.8) based on Onsager's theorem,

(i1) use

o = R, R, o (6.32)
i) ip Ja pq
based on Neumann's principle for the unitary elements R of G', the

magnetic point group, and

(iii) use equation (6.29), based on a modified form of Neumann's

principle, for the antiunitary elements ¢S, of G'.

Prescription A and prescription C will always lead to the same
results, except that, as a result of part (iii), prescription C may lead

to some further simplification on the form of ¢ beyond that achieved

1]
by prescription A.

We have the following objections to this prescription:

(a) In part (ii) of prescriptién C magnetoconductivity tensor com-
ponents have been treated like field-independent tensor components, which

is not correct (see AkgBz and Saunders 1975a).

(b) Identification of the time-inversion oper;tion with the magnetic-
moment inversion operation is not correct (see Section 6.3.1 for more
detail), and thié leads to the following weaknesses in Cracknell's dis-
cussion to justify his prescription; in part I of his discussion despite
Cracknell's claim we believe that equation (6.23) is in conflict with

equation (6.24), because equation (6.23) always holds and ¢ is always

i3

a second rank polar c tensor (which changes sign under the operation of
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time-inversion) and if 6 is the symmetry operation of the system oij is
a ﬂull tensor. Furthermore in part II, we find the discussion on the
effect of 6 on °1j(§) which leads to equation (6.26) unsatisfactory.
Firstly because i£ says that as a result of the operation of © on the
system, the §eloc1ty 3 (ans therefore the current density 3) will be
reversed, and for“the Lorentz force, and therefore the Hamiltonian, to
remain invariant under 6, E the magnetic field should also be reversed.
Then it says that as a result of reversing the direction of E, 3 the
current density will remain unaltered. These two statements are con-
tradictory. Then there is the further ocbjection to Crackneli's procedure
in deriving equation (6.31) that: in writing equation (6.29) Cracknell,
without any discussion, recognizes the need to operate the symmetry
operation on the argument of Oij(E) as well as on its components, but

in writing equation (6.30) he replaces S-1 (—E) by (E) which may be

correct for certain symmetry operations, but is not true for others.

6.4.4 Prescription D : Present work

A major weakness of the earlier prescription is that they all
suffer from the lack of their authors to appreciate Uij(g) is a field-
dependent tensor. A new prescription has therefore been Qeveloped in
which the magnetoconductivity tensor components are treated as the compon-
ents of a field-dependent tensor, and the generalized Neumann's principle
{see Section 5.8) is employed to find the symmetry and antisymmetry
restrictions on the form of °1j‘5" Furthermore the antisymmetry operator,
A, 1s not identified with 6, the time inversion operator. To find the
effect of A on oij(ﬁ) we must ensure the invariance of Ohm's law under

this operation. Ohm's law for direct current in the presence of a magnetic

field can be written as ,

5

D f -
2 NOV 1S4/
S5, TGN
AR ARY
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-
(B) E_ . (6.33)

J (B =
B = 0 j

Under the operation of magnetic moment inversion (the antisymmetry

operation), this becomes

AJ (B) = Mo (B)AE 34
i ) = oijB (6.34)

5 -
To f£find the effect of /A on oij (E) ¢ it is required to know the effect of

j° The electric field vector Ej is invariant under A,

/AonJi(-ﬁ) and E
A E = E, . (6.35)

The effect of A on E is defined as ,

> -+
/A B = - B {6.36)

when the operator A acts on a system containing a magnetic moment and
a current density Ji (E) , the only effect is to alter the direction of

e d .
B and so ,

. > > >
;-\ Ji(B) = J,(AB) = J,(-B) . (6.37)
b 1

For Ohm's law to hold in the system under the operation of magnetic

moment inversion, substitution f£rom (6.35) and (6.37) into (6.34) leads

to ,
-> ->
A oij B = oij (-B) (6.38)
For the symmetry operations A IR , Neumann's principle demands

that ,

ARG, (B = o, (AR B (6.39)

13 R & ’ )

or

RA oij(ﬂ) = oij(lR/A B) , (6.40)
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since A IR =|RA, substituting for A oij(-ﬁ) from (6.38) into (6.40),

we obtain
RO, (-B)"= o, (RA® = -R3B
13 B)- = 13 B = oij B .
Therefore
o,.(®8 = R B
IR ij(a) = oij( B) . (6.41)
Thus we obtain
044t ||R|Rlq B |‘R|qu B, |lR|R3q B) =R, Ry o (8,8),8).
(6.42)
Therefore, the analytical form of Neumann's principle for dij(g) (ox

°1j‘§” applies to crystals belonging to any of the three types (I, II,
III) of Heesch-Shubnikov point groupa, for both kinds of spatial symmetry
operations (the ones which are elements of the magnetic point group on
their own, and the ones which in combination with A, the operaﬁion of
magnetic moment inversion, are elements of the magnetic point group).

-+ >
When H # 0 , the form of ai (B) does not depend on whether the specimen

]
consists of a non-magnetic crystal (paramagnetic and diamagnetic and some
antiferromagnetic crystals) in an applied magnetic field or of a magneti-
cally ordered crystal. Furthermore since oij is a second rank polar teﬁsor
and E a first rank axial tensor they are both invariant under the opera-
tion of inversion in the space (see Table A_1).

Therefore our prescription D for finding the forms of oij(ﬁ) for a
crystal belonging to a magnetic point group is as follows:
(1) Find the corresponding classical point group G of the magnetic

point group G', noting that G' depends upon the direction of B ’
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(11)' take the enantiomorphous point group of this classical point group
and use its generating elements in equation (6.42), which is based on the
transformation law for field dependent tensors and generalized Neumann's
principle, to distinguish the non-zero components for a chosen magnetic

direction, and
(1ii) apply equation (6.8) based on Onsager's theorem.

Thus we have concluded that the symmetry restricted forms of
Gij(a) for crystals belonging to magnetic point group G' are identical to
those of the crystals belonging to the corresponding point group G. The
latter have been listed for E directed along the major crystallographic

axes by Akg8z and Saunders (1975a).

6.3 Symmetry restrictions on the forms of othexr transport properties

In a magnetic crystal or a non-magnetic crystal in an external
magnetic field the electrical and heat current densities 3 and E are
->
related to the electromotive force E and the temperature gradient 3T by

the phenomenological linear transport equations

(B) J
i Pi5

+ o, (B) V, T (6.43)
3 ij j

- -+
qi = @ .(B) J - K, .(B) V., T . (6.44)

where each component of the second rank transport tensors - the magneto-

resistivity p (E) (the reverse of the magnetoconductivity o (E)), the

i3 i3

magnetothermoelectric power aij(a). the magneto-Peltier effect “i (3) and

3
the magnetothermal conductivity kij(E) - depends on the magnetic field.
Thus these transport properties should be dealt with as field-dependent

tensors. The spatial and magnetic symmetry restrictions on the forms of
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all these tensors are the same as those on the magnetoconductivity tensor.
The only difference is the intrinsic symmetry dictated by Onsager's

theorem, which is not the same for all these properties. That is

-> - >
°ij (8) = Oji(—B) ' {6.45)
- _ ->
Dij(B) = oij(-ﬂ) ' (6.46)
> _ >
xij(a) = Kij(-B) ' (6.47)
and
1 r -»> _ ->
(1/T) ﬂij(a) = aji(-s) (6.48)

>

Therefore the magnetoresistivity tensor Dij(ED and the magnetothermal
EY

j(H) take the same forms as oij(E). The forms of
-

j(B) and the magneto-Peltier effect

- .
{(B) for crystals belonging to the magnetic point group G' are the same

conductivity tensor Ki
the magnetothermoelectric power ai
"ij
as those of crystals belonging to the corresponding classical point group

G, in a magnetic field; they are different from o (Eb. These forms

i]
have been tabulated by Akgdz and Saunders (1975b).

6.6 The permittivity of a crystal

In an anisotropic body, the magnetic field intensity E (field
strength) and the magnetic induction E (flux density) are connected by

the relation (see Nye 1957) ,

g = “ij Hj ’ (6.49)

where uij is called the permittivity of the body and is a second rank

polar tensor with respect to spatial transformations. But, as considered

in Section (3.7), there are cases where we have to deal with more
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complicated transformation operators of the kind{lRp|lRi|wip}, with
mp operating only on the spin (magnetic) space coordinates. Therefore
the behaviour of uij has to be investigated in this space, and to do
this the tensorial behaviour of ; and ; in that space have to be found.
Magnetic field is a vector (first rank tensor) in the magnetic
subspace and so is the magnetic induction. Therefore, using the quotient
j law (Section 4.6), it can be shown that permittivity must be a second
rank tensor in the magnetic subspace as well as in the physical subspace.
This means that in the combined space of magnetic and physical subspaces
magnetic field and magnetic induction will each have nine components
(each of the three components in the physical, or geometrical, subspace
will have three components in the magnetic subspace). Therefore the
permittivity tensor will have eighty one components in this combined

space. Equation (6.49) may now be written

(B,) = (M,.) (H,) (6.50)
iy 13 4 i'g

where o and B refer to the coordinate axis in the magnetic subspace and
i and j to the coordinate axis in the geometrical subspace.

A linear relationship between the magnetic induction, ;, and the
magnetic field ﬁ does not hold for all the substances. There are some
cases where permittivity depends on the magnitude of the applied magnetic

field. 1In the ordinary physical subspace this may be shown by

-
i Hij(ﬂ) Hj . (6.51)

In this case permittivity can be dealt with as a field dependent tensor
field and every transformation operator will operate on the components

-
of its argument (H) as well as on its own components.

.
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APPENDIX I

SPATIAL SYMMETRY RESTRICTED FORMS OF FIELD DEPENDENT

TENSORS OF RANK ZERO IN THE FIELD SUBSPACE, WHERE

FIELD COMPONENTS ARE THEMSELVES TENSORS IN

GEOMETRICAL SUBSPACE

A.1 Introduction

In dealing with the field dependent tensor properties of solids,
the situation where the field components have some kind of tensorial
dependence on the coordinate axes in geometrical subspace is frequently
encountered. The magnetoresistivity tensor in magnetic crystals is an
example of such physical properties, where the components of resistivity
tensor depend on the magnetic field which itself is a first rank tensor
in geometrical subspace. Here the transformation operations of the co-
ordina;e axes in geometrical subspace will affect the coordinate axes of
the field subspace too (see Section 5.9), unless otherwise stated.
Inserting Bymmetry operations of this king in Neumann's principle
{(equation 5.18), the general forms of these field dependent tensors for
each of the 32 classical crystallographic point groups have been obtained
in this appendix. Three-dimensional rotation groups have been employed
as the instrument for identification of the non-zero components. The
forms of field dependent tensors up to fourth rank in the matter tensor
and second rank in the field tensor (the argument of the field dependent
tensor) are tabulated at the end of this appendix.

To avoid writing long sentences we use 'field dependent tensor'
to mean "field dependeﬁt tensors of rank zero (scalar function) in the

field subspace" in the rest of this appendix.
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A.2 Application of Neumann's Principle

Transformation law of a field dependent tensor (equatién 3.20)
requires that both the tensor components and the field components (the
argument of the tensor) be transformed. Therefore Neumann's principle
(equation 5.18) based on this transformation law for an orthogonal trans-
formation of coordinates (in the geometrical subspace) xl = 0g,, X, can

i3 3

be written as

I Oir cjs Ot "'Brst...(Fmo...) (A.1)

vwhere all the indices refer to the coordinates in geometrical subspace,

field components are denoted by Fmo ' oij's are the elements of the

transformation matrix, and Ialits determinant. Both the field dependent

tensor (matter tensor) components B and the arguments (field tensor)

i3k...

Fmo... can transform either as polar (zero ¢ and d in equation A.1) or
axial (¢ and 4 equal one ih equation A.1) tensors. This results in four
different kinds (labelled &, B, Y, 8§) of field dependent tensors which
can be described by the following equation for the analytical Eorm of
Neumann's principle:

tensor type & - polar matter tensor (d = 0) dependent upon polar field

tensor (c = 0).

Bik... %mn op  Tp..) T %4r %95 Okttt Bree... Fmo....! 2

tensor type B - polar matter tesnor (d = O)Idependent upon axial field

tensor (c = 1)

tloje . ) =0, 0, 0., ...B (F ) (A.3)

mn 0op' an.. ir "js 'kt rst... MO...

Byix...
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tensor type Y - axial matter tensor (d = 1) dependent upon polar field

tensor (c = 0)

) = |o] o ... B (F ) (A.4)

I P g 0O
( mn op an.. ir 3s kt rst  mo...

By k...

tensor type 8 - axial matter tensor (d = 1) dependent upon axial field

tensor (c = 1)

Bijk...(|°| %on oop"' an...) = lol Or °js Okt " Prge... (Fmo..)

(A.5)

The matter and field tensors can be further classified into those

of even and odd rank to give the following nomenclature:

tensor of kind a

even rank matter tensor and even rank field tensor;

tensor of kind b

odd rank matter tensor and even rank field tensor;

tensor of kind c even rank matter tensor and odd rank field tensor;

tensor of kind 4

odd rank matter tensor and odd rank field tensor.

Conbination of this nomenclature with the a, B, v, § classification
leads to sixteen distinct types of tensor labelled aa, ...., §¢d.

To find the maximum simplification in the forms of these sikteen
types of tensor the set of generating matrices used by Birss (1966)
(see Section 5.4) has been employed in equations (A.2), (A.3), (A.4)
and (A.5). During this substitution of generating matrices, certain
equalities or relationships have been found between tensors of the same

rank for different point groups. These will now be listed.
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1. The forms of the tensors for crystals belonging to centro-

symmetrical point groups are affected by the fact that 0(1)

(1)

is a generating

element; for o

-1 1f i=p
in=

0 1if i ¢¥p

and the determinant IO‘l)l is -1. 1In general

Bisk. .. ‘*%m %0 Fmo..) © %4 %33 %kk ***° Bigk... Fnmo...]

(A.6)

where the + sign corresponds to polar and the - sign to axial tensors.

This can be written as

n m
13k. .. @D R, = e B9k, .. Fro...] (A.7)

where m and n are respectively the ranks of the matter and field tensors.
Thus four different sets of equations, which depend upon both the rank

and polarity of the tensor, result:

(1) (F )

Bigkees Fmoon) ® Bogke... Fmo....) (A.8a)

for this case, 0(1) does not introduce any simplification and therefore

the appropriate enantiomorphous point group generating elements are suf-

ficient to produce the maximum simplification of the tensor.

(i) (F ) = (P ) =0

Bygkene. Fmo.. . © Prgke... Fmo.... (A.8b)

hence the matter tensor is null .
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(iii) (-F ) (F ) (A.8c)

Bijk.... mo...' Bijk.... mo...

the matter tensor components are even functions of the field tensor.

components,

(iv) (-F ) = (F ) (A.84)

Bigkee. Fmo...) T Bijx....Fmo...

the matter tensor components are odd functions of the field tensor com-
ponents. Inspection of equations (A. 8) for each of the sixteen different

types of tensor leads to the general result shown in Table A.1l.

2, For those point groups which contain only the generating elements

0) (2 (3) ) LN (9)

o ’ N o ’ and © whose determinants are unity, the

forms of all the field dependent tensors of the same rank for a given
point group are identical for both the polar and axial matter tensors;

this is independent of the polar or axial nature of the field tensor.

(3)
3. The generating matrices o and 0(5) are such that 0(3) = -0(5)

(3)|

and | a 1 = - |0(5)|. Therefore

o vess B (F ) =

_qy1 (3) (3) (3)
{-1} 0ir 0js kt rst.... mo. ..

_ (5) _ (5) _ (5
=% c’js “kt o Brgte... o) (A.9)

(3)

where n is the rank of matter tensor. Thus for even rank polar or odd
. (5)
rank axial field tensors, the two generating elements o and ¢ have

the same effect on the even rank polar or odd rank axial matter tensors.

A.3 Tabulation of the forms of the field dependent tensors

The equalities and other relationships between the field dependent

tensors between and within point groups are shown in Table 2. Null tensors
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are also shown where they occur. To make matters easier, the plan used
in construction of the table is based upon that used by Birss (1966),
in his similar table (4a) for constant tensors. Where tensors are labelled
with a different capital letter, their forms are dissimilar (some capital
letters have bars on them. This is to increase the supply of letters and
has no other special meaning). The subscripts m (for even numbers) and
n (for odd numbers) show the rank of the matter tensors . (Fp) and (Fq)
‘'represent the field tensor, here p shows an even rank and q an odd rank
tensor; where they occur the superscripts o and e show that only odd or
even functions of the field components are present. The significance of
a dash on the letters B or C representing the matter tensor is that there
is in this case a simple relationship between the pairs of forms B and B'
or C and C', namely that if even or odd terms are present in the dashed
letter they are absent in the un-dashed one and vice versa. Thus, if a
component of B is an even function of the field components, then that
component of B' is an odd function. Furthermore,.if a component of B
contains both odd and even texrms, then that component of B' is zero and
vice versa.

The complete forms of the tensors represented symbolically in

Table A.2 are detailed in Tables A.3 to A.14. The forms of the field

dependent tensors up to fourth rank (m = 0, 2, 4; n =1, 3) for the

matter.tensor and up to second rank (p = 0, 2; q = 1) for the argument
have been.obtained by systematic substitution of the generating matrices
for each point group into equations (A.2) - (A.5). The matter tensor
components are represented by X, Y, Z and of course for higher rank
transors in combination such as XY. The field tensor components are

shown as x, y, z, also in combinations such as xy for a second rank

field tensor. Each column shows a particular tensor component and a
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row shows all the components of a particular tensor; certain components
exist only as either an even or an odd function of the field tensor -
this is indicated directly. When an equality between components occurs
then it is shown by writing in its place that term (or even or odd part
of the term) in the same row to which it is equal. To reduce the size
of the tables a system of permutation of the matter tensor component
suffices(similar to that used by Birss (1966)) for constant tensors has
been adopted. Thus the notations of the type XZ(2) show permutations
which apply to every component in the column and the number in brackets
glves the number of distinct components obtained. In addition the field
dependent tensors require a similar permutation xy2 and yz2 of the
suffices for the field tensor. The forms presented in tables A.3 - A.14
provide the basis for studies of the anisotropy 6f the field dependent

properties of crystals.

A.4 Use of the tabulation to find TZ(FI) for the point group 3m

To exemplify the use of these tables let us extract the form of
a second rank polar matter tensor which depends upon a first rank axial
field tensor for the point group 3m. 1In Table A.2 this type of tensor
occurs as Th(Fq) in the tenth column in the 3m row. This is one of
those tensors which obeys case (1) (equation A.8a) and so has the same
form in this chosen point group (sm) as it does for the corresponding
enanticomorphous peint group (32). The ranks of the tensor sought lead
to T2(F1) and the form can therefore be obtained from the section for
m=2and q =1 in Table A.7. 1In the even and odd terminology (see
for example, Akgdz and Saunders 1975 a, Akgdz and Saunders 1975 b,

Stimengen and Saunders 1972)
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even odd
T Fy) y Ty3(Fy) - Typ(Fy) y
Tij(Fl) = . T22(F1) . + T21(F1) . T23(F1)
L.
'1‘31(1“1) . T33(F1) . T32(F1) .
T11(F2) . '1‘13(5‘2 Tn(l-‘z) . T13(F2)
Tij(FZ) = . T22(F2) . + . ’1‘22(5‘5)
'r31 (Fz) . T33 (Fz) '1‘31 (Fz) . T33 (F2)
TII(F3) . . . T12(F3) . ]
Tij(F3) = . T“(F3> . + -12(1"3) . .
. . T33(F3) . . .
(A.12)
A.5 Conclusion

The forms of the tensors shown in Table A.3 have been obtained
by reference only to the symmetry restrictions imposed by the point
group operations. 1In addition a field dependent ;ensor may exhibit
further symmetry intrinsic to the physical nature of the property it

describes. Ther. the tensor will be simplified further.
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Table Al

Polar matter tensor Polar matter tensor >xwmw matter tensor Axial matter tensor
polar field tensor axial field tensor polar field tensor axial field tensor
(o) (g) () (g)
even rank matter tensor enantiomorphous point jmatter tensor components nmmo (ii) matter tensor components

even rank field tensor

(a)

group generating ele-

ments are sufficient

are even functions of

field tensor components

(null tensor)

are odd functions of

field tensor components

odd rank matter tensor
even rank field tensor

(b)

Case (ii)
(null tensor)

matter tensor components
are odd functions of

field tensor components

enantiomorphous point
group generating ele-

ments ere sufficient

matter tensor components
are even functions of

field tensor components

even rank matter tensor
odd rank field tensor

(c)

matter tensor components
are even functions of

field tensor components

enantiomorphous point
group generating ele-

ments are sufficient

matter tensor components
are even functions of

field tensor components

Case (ii)
(null tensor)

odd rank matter tensor

odd rank field tensor

(d)

matter tensor components
are odd functions of

field tensor components

Case (ii)
{(null tensor)

matter tensor components
are odd functions of

field tensor oosvo:w:nw

enantiomorphous point
group generating elements

are sufficient

Table Al
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Table A3

Tho forms of field dependent tensors of zeroth rank (m=0) {n the mstter tensor

ne) Xrx) Xty Xtz) p=? Xfxx) X(yy) X(zx) X(xy) X(yx) X(xz2) X(yzd)
Ao(r‘) X(n) Xty) X(z) AO(F') X(rx) X(yy) X(zz) X(xy) X(vx) X(xz) X(yz)
B (FDY sven even X7y B (Fy) Xfxx) XCyy) Xt2e) X(xy) X(yx) even aeven
I‘O‘ ¥.)  odn odu - n'on‘z\ - - - — —_— odd odd
CIF) X Xey1 even € MF mven even oven even even Xtxz) X(yz)
Do‘rl) even even even Dele‘ Xixx) Xfyy) X(2z) aven even even even
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FF — —_ odd F IR — - — oudd odd —_ _—
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L (F) even KT even L(F,)  X(xx)  X(xx)  X(z£)  even xlxy) even xxz)
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zero (p = O0) and one (q

The forms of field dependent tonso}-;ﬁ;ﬂ;'me (n = 1) for the matter tensor and renks
= 1) for the field tensor.

n=1 n =1
p=o X(x) v(x) Z(x) =1 X(x) X(y) X(2) Y(x) Y(y) Y(z) Z(x) Z(y) 2(2)
Al(Fo) X{x) Y(x) Z(x) Al(Fl) X(x) X(y) X(z) Y(x) Y(y) Y(z) Z(x) Z{y) zZ(z)
Bl(Fo) —_— —_ Z(x) Bl(F") odd odd -_— odd odd — even even Z(z)
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(]
H(F)  — — 2(x) | H(F) odd odd — -x(y) xTx) — even  zZlx) Z(2)
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o
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Nl(l-"o) _— — Z(x) Nl(l-“) — oad — -x?y) — -_— even z?x) even
0.(F ) —_ — even 0.(F.) odd _— —_ - x?x) - even Z?x) Z(z)
1 o 11
P(F) — - - P (F) odd — — @ — -xzx) —_ -— - =
o F) — _ _ Q(F) odd — — — o — — - -
R(F) — - _ R(F) odd — — — x%0 — —_ —  odd
1 o
Sl(Fo) - —_ 2(x) Sl(Fl) X(x) X(y) — Y(x) Y(y) — Z(x) Z(y) Z(z)
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Ul(l-‘o) _— — odd l.'l(l" ) — odd -— Y(x) even —_ —_ odd —
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El(ro) - —_— sven 61(Fl) _ - - - - — Z(x) Z(y) even
(ol I(Fo) _— -— — [o 1 ( Fl) even even — even even -— odd odd -
D (F) — — odd Di(F)) X(x) X(y) —  ¥(x) Yy) — — —  odd
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v a a
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) Xfxx} X{yy) X(zz) X(xr) Xiyx} orven even Yixx) V(yy) VY(z2) Yixy) Y(yx) even even el —_— —_— -_— —  odd oud
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) — — — _ — odd odd —_ _ — —_ —_ -X?_\l) X?xl) Z(rx) Z(xx) Z7(z2) 2(ny) 2(-xy) oven 2¥x2)
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) - _— — — — ord add — - —_ — — oild odd Ztex) Z(yyv) Z(z2) Zixy) Z(yx) even even
) od odd _— odd oud - — ot odid — odd o — — LYY aven ewen even even 7(x2) 20v2)
b X{xx) Xiyy) .- X{uv) Xiyx) even EIen VOxRN} M) —_ Yixy) YOix) even  oven - — — _ —_ odd odd
} even ewen —_— even even Xfx7) Xty2) e Y ET) —_— men aven Y (xz) Yivz) oid otld odd add odd —_— —_—
) - _— -— - —— —_ add — _— -— — -— odd -_ - — _ odd add — _—
) — -_ —_— — _ odd — — — —_— —_— —_ - odd odd odd odd - — — —
) -— _ _— — baad odd bl -_ - —_ —_ — —_— odd Z{zx) 7Z(yvy) 4(zz) even evan even even
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Table A7

a=2
Qw1 XX(x) XX(y) XX(2) YY(x} YV(y) YY(x) 2ZZ(x) 2ZZ(y) Z2(2) XV(x) XY¥(y) X¥(z) VX(x) VR{y} ¥yX(2) XZ(2)(x) XZ(2)(y) X(2)(z) YZ(2)(x) YZ(2){y) vZ(2)(2)
>u=-. xX(x)  XR(y) XX(z) ¥¥(x) Y¥(y) Y¥Y(z) 2ZZ(x) ZZ(y) 2Z(x) X¥(®) X¥(y) X¥(z) V¥X(x) XX(y) VX(x} XZ(x) XZ(y) X2(z) YZix) YZty) vz(z)
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- - ~axxtay) — - - - -— 2evflyr) -_ - - -
- - -zxxtay) - . - - - - exxvalya) - - -—_ -
— -_— nnu-v-: -— -— -_— - - -— - — -_—

xxvdiya)
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ZZXV(XV:6)(xx)

YXYVZ(CA) (xy) YXYZ(CA)(yx) YRYZ(CA)(xz2) VXVZ(C4)(y7a) XVVA(CAX(xx) XVVALCA)(yy) XVVR(CE){(r2) X¥VZ(rd)(xy)} XVVZ(C1)(yx) XYYZ/r3)(xe2) AYVZ{CAY(yr2) TAXY(XY:G)(vy)
YAYZ(xy) YEYZ{yx) YXYZ(x2) YXYZ(ys) X¥Y¥Z(xx) XV Z(yy) AVPZ{nz) XYvz(xy) A¥YZ(yx) XYvL(xz) XYY2(v2) LZXV{xx) N..\.uiu.:
-— — ods odd - -_— —_ —_ —_ odd odd 22X¥(xx) Z7X¥lyy)
YIYZ(xY) YAVE(yx) even even XVV7(uu; Xyys(iyy) XVVZ{zr) AYY2(xy) XYVZ2{yz) svon Fyen hand _—
odd odd —_ — odd, odd odd odd odd - - even oven
— -_— odd - — — -— - -— odd — - -_—
- - p— odd ~— = -— e —— —-— oda odd osv
—_ —_— — ocd -— — -_— — — -— odd R2XY{xx) 22xv(yy)
-— — odd ' — — — — — -— odd - svun ovon
—_ —_ xvxfliyz) ~xyxzlxs) - - - —_ —_ vxxZiyr) I Y Z2XY(xx) 27X¥¢5y)
- - -xvxfiyn) xyxP(xs) - - - - - ~¥xx7%ys) ailxm) 2741 (xx) 22xv Cyy)
— — -xvxdiyn) xvxLiun) - - - - - -vexfiyx) yaxitxs) =7XVCan) z22¥ (vy)
_ - xvxfiys) -xvxfixa) —_ — - - - vaxdiyx) ~yx12¥xe) 27XY(ax) 222veyy)
- - - - - - - - — - - - -
— - -— - -— — — — - —_ - L1 odd
_ -, _— -— -— -_— — —_— - . -_ Z22XY({x7) 22XY(yy)
— — — — — — — — — — — sven oven
IvZ(ry) YXVZ(yx) YXYZ(xa) YXYZ(ys) XYV2(xx) X¥VZiyy) -XXX (zx) XYYZ(xy) XYYZ (y®) XYVZ(nz) XYYZ(yz) 2ZXY (wx) 2EXY(yy)
ovun even YXYZ(xx) even XYYZ(xx) XYYZ(yy) ~XXXZTxx) aven esvan AYYZ(xz) aven -_— -_—
YXYZ(sy) YXYZ(yx) svon mnya(ys) even even ..uﬁx&. zz) XYYZ(xv) XvYvz(ys) even XYYZ{ys) odd oud
one oad -— odd _— -_— — ~da odd bl oad 2ZXY{(xx) 22XY(yy)
- - oad - odd sad ~xxxfiax) —_— —_ odd - even oven
- - o0d ~aa - —_ - - —_ oad oud ZTZXY(xx) 7zXY(yy)
odd ood - - ] oda “xxxfaz) odd ods - - oven evon
. YXY2(xy) YRYZ(yx) aven even XYYZ(xx) Xvelyy) ~XXXE(xx) XYYZ(xy) XYYZ(yx) even even — -
even oven YXYZ(x3) YXYZ(ys) even even luuuﬂo--v eavon oven XYYZ(xx) XYYZ(yR) oud oda
- — - odd - - - - - — 008 - - -
—_ — - odd - —_— -— —_ —_ —_ ot odd oad
—_— -— — oad - -— — —_ —_— —_— odd 22xY(xx) 2ZXY(yy)
inad — o8d — —-— -— — - —_— odd — evon oven
- - - - oda odd -axxztxs) -— - — - — -
aven evra aven oven XYvE(ax) IYvz(yy) “XKX2(rz) evon oven oven evon —_— —
oven evon YXYZ(xz) oven oven evon lu-Ndw- even evon EVY2({xz) even -— ) -
- - xzxvizy) - - -
—-— -— _ zxxviny) -— - -
- basid u.%n- — — — - . -
o - — XXV (2y) -— — -
- - xxvn - - - -_ - — xxizy) - — —_
- - xexftys) - - - - - - zxxPay) - - -
- - xxfys) - - = - - - XXV xy) - —_ -
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LIXVEXY:GY(zr) ZZKY(XY:G)(xy} ZEXV(XY:G){yx) ZZXV(XY:6)(xx2) ZZK\(XY:6)(ya2) ZaAVX(VE:6)(xx) Boyx(yx:6)(yy) ZAVX(VX:G)(zr) 2Z2TX(YX:6)(xy) ZAYR(YX:G)(yx) 22VE(VX:F)larZ) TZVROX:6) (y22)
27x¥(22) 24X¥(xy) 22X¥(yx) ZZXY(xx) ZZXY(yr) 27X Cxx) ZZ¥x (yy) 27VX (22) 22Y%(xy ) Z2VX (5x) 22YX{xz2) ZZYK(y2) =<1
22%¥{as) 7ZXY(xy) 22X¥{yx) ovan oven ZavR(ax) 22ZvX(yy) 22vX(zx) | ERIzy) £2YX(rx) evon ovon .m.
- — — odd add —_ - - - . - odd odd MM
evon ovon even 27XV (xn) 2ZXY(ys) evon ovon oven evon ovon ZZYX(xz) zzvx(yz) <
- odd odd - — - - — odd odd - - M
odd —_ - -— — oad odd o8d -— — —_ — o
22XY(RF) svon svon oven ovon 2Z¥YX(xx) 2vx(yy) 2zYX(rz) even . ovon ovon even m
even 22xV{xy) Nu.udau.uv even . evon ouan overn ovon TAYX (xy) TRYX(yx) evon even [N
22X¥(x2) ZZXY(xy) uuswc_c even ovon ~ZZXY (yy) -Z2XY(x2) -Z2X¥(s2) =22XV(~yx) ~22%¥ (~xy) -nsn._....q& -zzxvixs)
22x7(23) XY (xy) 22X¥(yx) even even ~22X¥(-37) ~ZZXY (-2 ~22X¥(-rx) -22XY(yx) +2Z:3v(ny) -zl ~zzx¥txe)
TZxY(2z) 22X¥(xy) Z2X¥{yx) even evon 22xY(yy) 27Xy (xx) 2ZXY{xz) L2XY(-yx) T2XY{-xy) zzx¥yz) zexv(xe)
ZZx¥(az) ZZXY(xy) 2XXY(yx) even evon ZXY(-yy) 2ZXY(-xx) 22%¥(-22) 2ZXY (yx) 22X¥(x¥) 2zavtye) zzxPixe) .
-_ odd odd -_— - — — —_— nu.xb«.-u z22W( ny) —— -
] - - - - -zzxPyy) -zzxPixx) -22x¥ (22) - - - -
22ritsn) oven aven even “ avan -22x¥(yy) -uauz.“: -zmxviex) -zzxFyn) -22xV(:p) ~zzxviys) -zzxFixz)
oven Z2XY(xy) 2ZX¥(yx) oven even -zzxftyy) ~zzxfiax) -zzxae) -2 Y- yx) -22%1 (xy) -zzx¥tys) -zzxf(xz)
- oda ode — - — - - -zzxftyn) -2zx1xy) - -
- odd "odd - - —_ - - -72xYtyx) ~22x R xy) . -
- oca 0dd — - —_— - —_ zzaRtyx) 22xv%xy) - -
2ZX¥(za) T2XY(xy) 22%v(yx) ZZXY(xz) 27XV(yx) 22¥X (xx) 22YX (¥y) ~22X¥{re) uuﬁ.:au 22¥X{yx) 22Z¥X(n2) zox (y2)
- odd oad - odd o— —_— -_— ode oda - odd
odd - - oda - o odd ~zzxvian) - - cad -
Z2Xv(ss) evon even TZXY(xx) aven TZYX(xx) 27X (yy) -22%XY(xx) oven oven TZyilna) sven I
even ZzX¥(xy) 72X¥(yx) even Z2xV(ys) evor ovon -z2%(rx) ZZYR(ry) 22¥X(yx) even 22vX(yz) '
2ZXY(nz) TZXV(xy) 72X¥(ya) even aven ZZYX(xx) IZYX(yy) ~22XY(22) 2ZVX(xy) 2ZYX(yx) even over
oven sven even 2ZXY(2s) zZxyiys) sven even -z2x7%t22) even oven 2ZYX(x2) TEVX(y2)
- - - odd oea —_ - —_ — — 08 oes
odg vde o6a - —_ o84 oo “22xtaz) ] odd - -
- odd ocd -— —_— -_ -— _ odd odd - -
odd -_— -— -— — odd odo -zzxtes) d - - -
TZAY(x2) even even even cven 22¥X(xx) ZZVXiyy) . -4EZRY (xr) even even evos ° ove.
even 22x¥{xy) Z2XY(yx) oven even owen evon ~22zxvirs) 22X (ry) 22¥X{yx) ovon even
— — — - o8 - - - — - - odd
— — u— - osd -— p— a— — — — 0dd
- oad odd - — — -_ - oad oda - -
- XKVElys) axyfiay) - - - —_ - xztys) xxzviay) — -
— nﬂ‘bw-v . uuib zy) — — — - - :-5-: uac.hvnunv — -
—_ uxvfiys) xxvfiey) - -— - —_— - -xxvdizy) -exviRtys) - -
— xxrftys) xxyfizy) - - - - - -xxvalay) -xxvifyr) - -
— xxrfiyz) xaviftey) - - - - - axvdtay) xxvftyx) - -
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