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ABSTRACT 

We review the development of the quark model w i t h 
p a r t i c u l a r emphasis on the i n t e r p r e t a t i o n of quarks as 
dynamical, confined, hadronic c o n s t i t u e n t s . This i n t e r ­
p r e t a t i o n encompasses n a t u r a l l y the phenomenon of r a d i a l l y 
e xcited states. The simple vector dominance model i s 
.A. C r x C n Ow» u t t a t i n C a uCimCvA v u u)C5v/w u ^ i u x n o n \— O U i U <̂4 j l 

which includes both r a d i a l e x c i t a t i o n s of the vector 
mesons, and q^- dependence of the photon-vector meson 
coupling i s applied to r a d i a t i v e decays and photo-
production of the vector mesons. The parameters e s t i ­
mated from " ^ r a d i a t i v e decay, def i n e a phenomenological 
p r e s c r i p t i o n i n which the r a d i a l e x c i t a t i o n s play a 
minor r o l e compared w i t h the ground s t a t e vector mesons. 
The p r e d i c t i o n s of the model f o r varaous cross-sections 
and decay widths are presented and found to toe i n good 
agreement w i t h experiment. However we p r e d i c t a l n r g e r 
t o t a l cross-sect L o n , |CT+0+(N/"N) than has been r e c e n t l y 
measured and the suppression of the large phase space 
decays of excited states i s not understood. 

By r e - i d e n t i f y i n g some of the vector meson states 
which have been more r e c e n t l y observed coupling to e +e 
we show t h a t i n a l l f l a v o u r sectors the spectra of r a d i a l 
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e x c i t a t i o n s can be w e l l described by a Klein-Gordon type 
wave equation employing a simple, l i n e a r q i p o t e n t i a l . 
The wave-functions obtained by sol v i n g the equation are 
coupled w i t h a quark pa i r c r e a t i o n hypothesis to p r e d i c t 
a number of p a r t i a l decay widths of the l i g h t quarV, 
r a d i a l l y excited s t a t e s . The suppression of larg e phase 
space decays of the excited states i s then understood. 
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CHAPTER 1 

RADIAL EXCITATIONS IN THE '?UARK MODEL 

1.1 Degrees of Freedom i n a 2-bodv bound s t a t e 
We w i l l be dealing throughout t h i s work w i t h r a d i a l 

e x c i t a t i o n s of mesons - i n t e g e r spin hadrons which 
appear i n the quark model as bound states of one quark 
and one antiquark. To discuss the general nature of 
r a d i a l l y excited s t a t e s , we consider, as an i n t r o ­
ductory example, the dynamical degrees of freedom of 
two spinless p a r t i c l e s bound by a harmonic o s c i l l a t o r 
i n t e r a c t i o n . We suppose tha t the motion of the p a r t i c l e s 
i s n o n - r e l a t i v i s t i c and we choose t h i s s o e c i f i c type of 
i n t e r a c t i o n because of the mathematical s i m p l i c i t y of 
the equations of motion. 

The Hamiltonian i n the centre of mass syster, of 

p a r t i c l e s of equal mass (m) reads 

H = £^ + m < o 2 r 2 (1.1) 
m 

where r i s a/2 X p a r t i c l e separation and p i s the p a r t i c l e s 
momenta. The usual quantum mechanical s u b s t i t u t i o n s 
y i e l d the Schroedinger equation 
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and t h i s equation i s separable i n polar co-ordinates. 
W r i t i n g 

-*(c> = X(e,0) RCO/ (1.3) 

the angular equations have s o l u t i o n s 

where m, I are separation constants and the remaining 
r a d i a l equation i s 

a 2R » (mE - 1(1 + 1) - m2(o2r2)R = 0 (1.5) 
d r 2 r2 

The boundary conditions we must impose are R-^0 as 
r - > 0 and R remains f i n i t e as r — > o o . (1.5) can be 
transformed i n t o a confluent hypergeometric e o u a t i o n ^ , 
the s o l u t i o n to which i s the hypergeometric series - a 
series that remains f i n i t e as r—gy oo only f o r the energy 
eigenvvalues 

E = w(2n + 1 + 3/2), n , l £ { Z * o } (1.6) 

where n i s the degree of r a d i a l e x c i t a t i o n and L the 
degree of o r b i t a l e x c i t a t i o n . The energy i s independent 
of m = -L, L and t h i s degeneracy i s r e l a t e d t o the 

f a c t t h a t the o r i g i n a l equation i s separable i n more 
than one co-ordinate system. The Schroedinger equatio r 

can be separated and solved i n c y l i n d r i c a l and r e c t ­
angular co-ordinates also, the l a t t e r method y i * .ding 
the eigenvalue equation 
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E =W(p + q + r + 3/2) ,P,q,r 6 { z + , o \ (1.7) 

and the equivalence of the degeneracies 1n each system 
i s apparent, e.g. 

E = • 5s n 
0 
0 
0 

1 
1 
1 

m 
+1 
0 
-1 

• 3 - f o l d degenerate 

p q r 
1 0 0 
0 1 0 

t o o l 
(1.8) 

We see i n (1.6) the two signatures of a harmonic 
o s c i l l a t o r i n t e r a c t i o n : i n t e g r a l l y spaced energy l e v e l s 
and double spacing of the r a d i a l e x c i t a t i o n s ( i n co-
v a r i a n t models there i s the p o s s i b i l i t y t h a t t i m e - l i k e 
e x c i t a t i o n s may e f f e c t i v e l y f i l l the gaps i n t h i s double 
spacing ( 2 , 3 ) ) : these points w i l l be u s e f u l when we 
examine meson spectra i n chapter f o u r . 

1.2 The N o n - R e l a t i v i s t i c Quark Model 
As r a d i a l l y excited mesons a r i s e n a t u r a l l y i n the 

n o n - r e l a t i v i s t i c quark model we sketch b r i e f l y the 
development of t h i s scheme. 

The f i r s t advances i n comprehensively c l a s s i f y i n g 
hadrons were group t h e o r e t i c a l i n nature. Mesons were 
found to f a l l i n t o octets w i t h the same spin and p a r i t y , 
while fcaryons f i t t e d i n t o octets and decuplets. A l l 
these states can be economically c l a s s i f i e d i n terms of 
an SU(3) symmetry based on quark?, spin ^ hadroMc con­
s t i t u e n t s hypothesised by C e l l Mann and Zweig (^,5). 
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This quark t r i p l e t (u,d,s) consists of the 1=$ doublet 
(u,d) and the 1=0 s i n g l e t s, each quark has baryon 
number B=$ and a corresponding antiauark q w i t h B=-^. 
The (u,d,u,d) quarks have strangeness zero and the s,s 
quarks have strangeness -1 r e s p e c t i v e l y . 

The mesons have the s t r u c t u r e qq, and the baryons 
the s t r u c t u r e qqq. These hadrons may be u s e f u l l y 
c l a s s i f i e d i n terms of a more r e s t r i c t i v e symmetry than 
SU(3)> namely the SU(6) symmetry whose transformations 
act i n the space of SU(3)<$ 811(2)^., where CT denotes 
Pauli spin. This p o s s i b i l i t y was f i r s t proposed by 
Gursey arm n i u i o a c i ^ ' oy analogy wich i.he GU(t-) 

symmetry, a c t i n g i n the space SU(2) <S> SU(2) , whicn Ins 
proved successful i n nuclear physics, f o r the l i g h t 
n u c l e i . The mesons then appear i n m u l t i p l e t s of 

& © i = l + 21 (1-9) 

and the 21 has the SU(3)-SU(2)^. content 
21 = 3 ( 8 + 1) + 1 ( 8 ) (1.10) 

where the s u p e r f i x i s 2S+1. The nine t r i p l e t states of 
(1.10) are said to form a nonet and the s i n g l e t of (1.9) 
has the s t r u c t u r e ^ ( 1 ) . 

The baryon states form m u l t i p l e s of 
6(8)6 ® 6 = 20 + 56+20 + 20 (1.11' 

where the 56 i s symmetric, the £0 antisymmetric pnd the 
70's are of mixed symmetry w i t h respect to the qusrk 
f l a v o u r - s p i n l a b e l s . No example of n 20 represen"nation 
i s yet known. 
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Invariance under space r o t a t i o n s leads to an SU(6) 
x 0(3) symmetry and the c o r r e c t p a r i t y f o r the mul-
t i p l e t s emerges. The symmetry i s n o n - r e l a t i v i s t i c and 
works w e l l i n c l a s s i f y i n g p r a c t i c a l l y a l l known hadrons. 

The g r o u p - t h e o r e t i c a l quark content of Madrons 
described so f a r can be p r e d i c t i v e when apnlied to 
hadron s c a t t e r i n g . For low energy s c a t t e r i n g i n the 
s-channel the s c a t t e r i n g amplitude can conveniently be 
w r i t t e n as a p a r t i a l wave series and the various p a r t i a l 
wave amplitudes are f r e q u e n t l y dominated by resonance 
pole c o n t r i b u t i o n s . At high energies on the other hand 
i t i s very u s e f u l to wor" instead wi r.n zne i;-cnannel 
p a r t i a l wave s e r i e s , transformed v i a the Soramerfeld-

(ft) 

Watson repres e n t a t i o n i n t o a sum of t-channel Regge 
poles (and c u t s ) . 

I n the intermediate r e g i o n , however, there are two 
p o s s i b i l i t i e s . One might t r y adding the two c o n t r i b ­
u t i o n s 

A = A R E S + A R e e e e (1.12) 

This i s o f t e n c a l l e d the i n t e r f e r e n c e model because of 
the o s c i l l a t i o n s of the amplitude as a f u n c t i o n of S. 
However i t leads to a double counting of resonance con­
t r i b u t i o n s -̂ nd consequently i t was suggested*-^ t h a t 
the average of the resonance c o n t r i b u t i o n s and +"hc a v e r ­
age of the Regge c o n t r i b u t i o n s are equivalent i n t n t 
intermediate energy range. t>s s increnses the f ~ n s i t y 
of resonances w i l l increase, smoothing out the bumps, 
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u n t i l e v e n t u a l l y there i s " l o c a l d u a l i t y " : 
A = A r e s = A r e ^ e (1.13) 

This may be expressed i n terirs of quark diagrams 
i f exotic exchanges and resonances are f orbiaden. 
The r u l e s f o r drawing a l e g a l diagram are simple: 

1) each quark has i t s own l i n e and does not 
change it«= i d e n t i t y ; 

11) every exte r n a l baryon i s represented by 
three l i n e s running i n the same 
d i r e c t i o n ; 

l i i ) every ext e r n a l meson i s represented by 
two l i n e s running i n o p p o s i i.e d rec L i O u s , 

l v ) the two ends of a s i n g l e l i n e cannot 
belong to the sarre p a r t i c l e ; 

v) i n any of the s, t , u channels i t i ? 
possible to cut the diagram i n two by 
c u t t i n g only a non-exotic combination 
of l i n e s . 

(An exotic p a r t i c l e here i s any combination otner than 
qq, qqq - f o r a more recent and t o p i c a l treatri'f-nt of 
exotics see r e f . (12))-

Consider now as an (S-channel) example pp and np 
s c a t t e r i n g (p = pro t o n ) . The s i x ^uarks from the 
incoming protons cannot combine n o n - e x o t i c a l l y and at 
low energies the process can take place only throuph r c 
non-resonating background, and, using two comr'^ert 
d u a l i t y / 1 ^ ) t h a t ^ s by d i f f r a c t i o n . On the other hard 
pp s c a t t e r i n g has three incoming quarks and three 
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P 

Cb) 

Fig. (1.1) 
Quark diagrams f o r proton-protonta) 
and proton a n t i p r o t o n ( b ) s c a t t e r i n g 

antiquarks which may form non-exotic combinations, rience 
there i s a resonance c o n t r i b u t i o n and the cross-section 
should phow resonance s t r u c t u r e . Both these p r e d i c t i o n s 
are v e r i f i e d by experiment. S i m i l a r p r e d i c t i o n s can be 
made^"^'^^ f o r meson-meson and meson-baryon s c a t t e r i n g . 

A comparable quark philosophy appliea to three-
hadron v e r t i c e s takes the forir of the Zweig r u l e , which 
says simply that unconnected dipgrans are suppressed. 

F3E.C1.?) 
Zwelg suppressed three megon vertex. 

The small branching r a t i o f o r 0 —9- ̂ TT =na, as we s h a l l 
see l a t e r , the narrowness of the "^T}^T =re c o n ^ ^ t e i i t 
w i t h t h i s r u l e . 
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1.3 Dynamical Quarks 

A f r e e quark has never been observed ana f o r pome 

time t h e i r p h y s i c a l r e l e v a n c e was d e n i e d , many people 

r e g a r d i n g thern as o n l y a u s e f u l mnemonic u n d e r l y i n g t h e 

c l a s s i f i c a t i o n o f hadrons. However i t was e v e n t u a l l y 

r e a l i s e d t h a t t h e auark h y p o t n e s i s presented f o r t h e 

f i r s t t i m e a s i n g l e and c o n s i s t e n t way of c a l c u l a t i n g a 

l a r g e number o f decay procerses w i t h v e r y few assump­

t i o n s . 

The quark b i n d i n g was assumed t o r e s u l t i n non-

r e l a t i v i s t i c quark motion w i t h i n a haaron and the 

non-oDservaTiion 01 f r e e consulGuencs - F u g ^ e s i e d mey were 
(^! 

v e r y heavy and t i g h t l y bound. Van Royen and Weisskopf 

s p e c u l a t e d on t h e n a t u r e of t h e deep b i n d i n g p o t e n t i a l -

w e l l a r g u i n g t h a t t h e r e were two p o s s i b i l i t i e s : 

i ) i t may t r a n s f o r m as t h e f o u r t h component 

of a f o u r - v e c t o r , l i k e t he Coulomb 

p o t e n t i a l , or 

i i ) i t may be a s c a l a r p o t e n t i a l . 

The motion of a quark i n s i d e t h e w e l l ( o f depth V 0) can 

be d e s c r i b e d by a D i r a c e q u a t i o n 

(*lL + ^Mv)"+" - ( E + v<») ^ ( l . l ^ a ) 
o r 

OX.i 

I n t h e s c a l a r case (l.m-b) t h e D i r a c magnetic 

moment of a bound quark would be 

C / 2 N e f f Bohr Magnetons (1.15) 
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where Meff = Mq-V0. Now i f t h e nuarks move non-
r e l a t l v i s t i c a l l y we expect 

M e f f - Mp/3 c£ 0.3 GeV (1.16) 

which y i e l d s a v a l u e f o r t h e p r o t o n magnetic moment 

>u p = * . = — e _ 3e_ (1.17) 
r ' 2Meff 2M p 

i n good agreement w i t h t h e e x p e r i m e n t a l v a l u e . ( I n 

f a c t m s= m = ™ , = 3 3 D MeV reproduces t h e e x p e r i m e n t a l 
V 

v a l u e e x a c t l y . ) The SIT (6) p r e d i c t i o n f o r t he n e u t r o n 

magnetic moment i s t h e n V i " 

i n good agreement w i t h experiment ( f o r a comparison o f 

SU(b) p r e d i c t i o n s w i t h " t a g model" p r e d i c t i o n s f o r t h e 

£ baryons see r e f . ( l 6 ) ) . 

I n t h e v e c t o r case ( l . l U a ) t h e quark magnetic 

moments would be much s m a l l e r ( VM^) o n e must then 

assume t h a t most of the quark's magnetic moment i s 

anomalous. 

R e l a t i v i ^ t i c g e n e r a l i s a t i o n s of t h i s n a i v e he^vv 

quark model were i n v e s t i g a t e d by c o n s i d e r i n g t h e Bethe-

S a l p e t e r e q u a t i o n ^ ? ) f o r the bound s t a t e of a f e r m i o n 

and a n t i - f e r m i o n . I n t h e l a d d e r a p p r o x i m a t i o n (when t.,--

m t e r a c t i o n p o t e n t i a l depends o n l y on the q u a r k - a n t i n u ' i r k 

exchange momentum) the c o n f i g u r a t i o n sDace eauaaion t - k c s 

t h e form 

+ # -"J+Mlfc ~ ^ V W ^ & t ) ( i . i 9 ) 
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where P = p\ + P2« T h i s e q u a t i o n i s e x t r e m e l y com­

p l i c a t e d , however f o r massless bound s t a t e s i t becomes 

more t r a c t a b l e and can be s o l v e d a n a l y t i c a l l y . 
(18) T f 

t h e quark mass i s l a r g e compared w i t h low l y i n g meson 

masses then a re a s o n a b l e f i r s t a p p r o x i m a t i o n may be 
m h a d r o n = ^' f o l l o w e d by a p e r t u r b a t i o n expansion i n 
" h a d r o n ^ q u a r k - B o n m e t a 1 ^ 1 8 ^ i n j e c t a c o v a r i a n t 
o s c i l l a t o r i n t e r a c t i o n w h i c h , as always, s i m p l i f i e s t he 
s o l u t i o n process and leads t o l i n e a r Regge t r a j e c t o r i e s 

2 (19^ on the J vs. M h a ^ r o n p l a n e . ( W a l t e r s e t a l t a k e 

the m^-^oo l i m i t of the B e t h e - S a l p e t e r e q u a t i o n and 

o s c i l l a t o r f o r m , o b t a i n i n g s i m i l a r r e s u l t s . ) The model 

i s a p p l i e d t o s t r o n g meson decays t h e v e r t e x 

c a l c u l a t i o n methods b e i n g m o t i v a t e d by d u a l i t y diagrams 

(see Chapter F i v e ) , w i t h p r e d i c t e d w i d t h s t h ^ t a r e ""R 

reaso n a b l e agreement w i t h exDeriment (~20/'). N o t a b l y 

t h e y p r e c n c t the 2TT b r a n c h i n g r a t i o of the ^'(1600) 

r e g a r d i n g t h i s s t a t e as the f i r s t r a d i a l e x c i t a t i o n of 

t h e As we s h a l l d i s c u s s i n more d e t a i l l a t e r , t h e 

node i n the w a v e - f u n c t i o n of t h e ^ i s r e s p o n s i b l e f o r 

a suppressed p a r t i a l w i d t h of 

P ( f ' - ^ l r r ) ~ lO MeV (1.2C0 

where t h e n o r m a l i s a t i o n i s on P ({? 2JT) - 11*6 MeV. 

Although t h e p h i l o s o p h y of heavy quarks ha*1 

r e c e n t l y become q u e s t i o n a b l e , c o n s i d e r a t i o n of '.he 

p r o p e r t i e s of such f o u r - d i m e n s i o n a l t h e o r i e s deserve 

more a t t e n t i o n a t the present t i m e . 
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A d i s g u i s e d heavy quark model was developed from 
(21) 

t h e n o n - r e l a t i v i s t i c harmonic o s c i l l a t o r ciuark model 
(22) 

by Feynman, K i s l i n g e r and Ravndal(FKR) . Spin as 

a r t i f i c i a l l y i n t r o d u c e d ( P q U a r k Pquark^ a n d r e l a t i v i t y 

i s i n t r o d u c e d as s i m p l y as p o s s i b l e . The quark mass i s 

d i s g u i s e d as f o l l o w s . 

Consider t h e n o n - r e l a t i v i s t i c harmonic o s c i l l a t o r 

quark model f o r mesons. The H a m i l t o n i a n i n t h e r e s t 

fraflie i s e q u a t i o n ( 1 . 1 ) . 

H r p 2 / + m c o 2 r 2 (1.21) 
m q 
q 

i . e . 

mqH = p 2 + n.2r2 (1.22) 

where we have d e f i n e d 

•ft. = m qcj (1.23) 

2 
Adding a c o n s t a n t c/h - mq t o b o t h s i d e s we can w r i t e 

V ; + km H = i f p 2 + l t i l 2 x 2 + C (1.2*+) H q 
2 2 

and i f mq » H the l e f t hand s i d e can be i d e n t i f i e d as 

the r e l a t i v i s t i c energy squared o f th e meson. 

Mmeson = ( 2 r a q + ^ k \ + ^ q
H ( 1 ' 2 5 ) 

and we o b t a i n 

m2 = i f ( P
2 + n 2x 2) + C (1.26) meson 

We see t h a t the quark mas6: does not appear e x p l i c i t l y . 
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R e l a t i v i t y i s i n t r o d u c e d by w r i t i n g down t h e most n a t u r a l 

c o v a r i a n t form of (1.21) 

K = -2 [V + P 2
 + 2 f l 2 < x 1 - x 2 ) 2 ] (1.27) 

where we are no lo n g e r i n t h e c o p m. frame. W k n f^. = 

+ 2*V- = P-^ - ?2p. and x = - we have t h e 
c.oF m. e q u a t i o n 

K = P 2 - M p 2 + A 2 x 2 ) (1.28) 

Comparing w i t h e q u a t i o n ( 1 .26 ) , K-P2 may be i d e n t i f i e d 

w i t h t h e mass squared o p e r a t o r . T h i s leads t o s t r a i g h t 

l i n e Regge t r a j e c t o r i e s o l s l o p e 1/6X1. ana meson 

e x c i t e d s t a t e s are generated by th e a c t i o n of c r e a t i o n 

o p e r a t o r s on t h e o s c i l l a t o r vacuum s*;?te. Negative 

norm, t i m e - l i k e e x c i t a t i o n s are removed by an a r b i t r a r y 

s u b s i d u a r y c o n d i t i o n and an a r b i t r a r y c o r r e c t i o n f a c t o r 

must be i n t r o d u c e d t o account f o r the consequent u n i t -

a r i t y v i o l a t i o n . 

M a t r i x elements are c a l c u l a t e d by a mi n i m a l sub­

s t i t u t i o n of th e e l e c t r o m a g n e t i c c u r r e n t and t h e 

d i v e r g e n c e o f the ax Lai c u r r e n t , the l ^ r g e number of 

p r e d i c t i o n s being m o s t l y w i t h i n 20°/ of th e e x p e r i m e n t a l 

d a t a . The harmonic o s c i l l a t o r f orm of the i n t e r a c t i o n 

and w a v e - f u n c t i o n s was not v i g o r o u s l y t e s t e d as data 

o n l y e x i s t e d f o r low l y i n g s t a t e s . 

The d i s c o v e r y of the new p a r t i c l e s i n November 

197^ gave a new dimension t o the s t u d y of quark dynamics. 

I t now seems c l e a r t h a t the new degree of ha d r o n i c 
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freedom r e s p o n s i b l e f o r those unexpected phenomena i s 
( p-3 ) 

charm, p r e c i s e l y i n t h e sense of B j o r k e n and Glashow J 

and Glashow, I l l i o p o u l o s and M a i a m ^ 

Since t h e d i s c o v e r y of t h e and ty', thecharmonlum 

spectrum has f i l l e d out and charmed p a r t i c l e s (D,F,...) 

have been i s o l a t e d . Some of t h e lower charnonium l e v e l s 

are shown s c h e m a t i c a l l y i n F i g u r e ( 1 . 3 ) - We see t h a t t he 

> 
or 
</* 
VI 

3.S" 

3 O 
(.3 33) 

Ch loll*.) 

'S 3P 
F i g . U.T? 

The lower l e v e l s of hhe charmonium spectrum 

r a d i a l s t a t e s are d o u b l y spaced w i t h r e s p e c t t o t h e 

o r b i t a l s t a t e s s u g g e s t i n g a harmonic o s c i l l a t o r des­

c r i p t i o n which t u r n s out t o work w e l l f o r t h e lower 

l e v e l s w i t h a Regge slope of 1/2 GeV . We can compq"~ 

t h i s w i t h t he Regge slope f o r the o l d mesons (= 1 GeV" '-

i n terms of (.he FKR model and o b t a i n i n f o r m a t i o n on the 

new charmed quark mass. 



- 20 -

From (1.28) we saw t h a t t h e Regge slope i n t h i s 

model i s p r o p o r t i o n a l t o 

'/_/! ~ l/m^u> (1.29) 

where 10 i s c o n s t a n t . Hence from t h e observed slopes we 

have 

n c w m = 2 n o U (1.30) 

or 

m c ~ 2 n ^ u > > 1 (1.31) 

and t h i s i n d i c a t e s t h a t t h e heavy quark model (m Q » 

m „) d e s c r i b e d so f a r i s i n c o r r e c t - s i n c e r e l a t i o n 
meson 

(1.31) would not be p o s s i b l e w i t h a s m a l l percentage 

i&ass d i f f e r e n c e between t h e quarks. 

We are thus l e d ( p h e n o m e n o l o g i c a l l y ) t o the 

h y p o t h e s i s of l i g h t quarks, a h y p o t h e s i s supported by 

the i d e n t i f i c a t i o n o f quarks w i t h t h e l i g h t , p o i n t - l i k e 

p a r t o n s seen i n deep i n e l a s t i c e l e c t r o n s c a t t e r i n g e x p e r i ­

ments (see s e c t i o n 1 .5 ) . 

The d i s c o v e r y of h i g h e r r a d i a l l y e x c i t e d s t a t e s i n 

the charmonium spectrum w i l l p r o v i d e a more e x a c t i n g t e s t 

of our u n d e r s t a n d i n g of the s p a t i a l s t r u c t u r e o f hadron 

w a v e - f u n c t i o n s - as w i l l t h e r e c e n t d i s c o v e r y o f 

h i g h mass (lOG-eV) v e c t o r meson s t a t e s which i s h e r a l d • ">g 

a r e p e a t performance of the new p a r t i c l e s show. A 

u n i f i e d u n d e r s t a n d i n g of the quark dynamics of " ' a d i a l ] / 

e x c i t e d s t a t e s from m 2 = 0.6 GeV 2 t o m 2 = 108 GeV 2 i s 
e T • 

a problem we at t e m p t t o so l v e i n Chapter Four. 
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i.k cp],pu.red, gwarKs 
I f we now assume t h a t quarks are l i g h t then t h e i r 

conspicuous absence f o r c e s us t o h y p o t h e s i s e t h a t they 

a r e d y n a m i c a l l y or s t a t i s t i c a l l y c o n f i n e d . T h i s i s 

sometimes ( e m p t i l y ) expressed by demanding t h ^ t a l l 

hsdrons have zero t r i a l i t y , d e f i n e d as 

One of the major problems w i t h t h e quark h y p o t h e s i s 

f o r many years was due t o the P a u l i e x c l u s i o n p r i n c i p l e . 

The lowest b a r y o n i c m u l t i p l e t s are the £ + o c t e t o f 

s t a t e s and the -* d e c u p l e t o l s t a t e s . W l t n i n an Suv6; 

symmetry, these r e c e i v e a d i r e c t i n t e r p r e t a t i o n as the 

spin-SU (3) components of a $6 r e p r e s e n t a t i o n . However, 

as we have seen, t h i s r e p r e s e n t a t i o n has even Dermuta-

t i o n symmetry w i t h r e s p e c t t o the l a b e l s on t h e t h r e e 

q u a r k s , whereas the s p i n - s t a t i s t i c s theorem of P a u l i , 

t o g e t h e r w i t h s p i n ^ f o r quarks, r e q u i r e s t h a t t he 

complete w a v e - f u n c t i o n should have odd symmetry. The 

s p a t i a l wave f u n c t i o n cannot pxovide t h i s a n t i ­

symmetry «ince t h e ground s t a t e w a v e - f u n c t i o n i s 

expected t o be nodeless. We are f o r c e d to i n t r o d u c e 

another l a b e l c a l l e d " c o l o u r " ^ 2 ^ so t h a t each nuark 

comes i n r e d , y e l l o w and b l u e . Now the w a v e - f u n c t i o n 

can be a n t i s y m m e t r i c i n c o l o u r 

t ( n ( q ) - n ( q ) l mod 3 (1.32) 

2 

e i j k ( 1 . 3 V 

where i s t h e c o m p l e t e l y a n t i s y m m e t r i c t e n s o r and 
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i,;J,k go from one t o ;hree. W i t h t h i s e x t r a degree of 

freedom the number of s t a t e s p r o l i f e r a t e s - a problem 

we overcome b/ t r e a t i n g c o l o u r a=! a group, SU (3) C 0 ] , i n 

f a c t , and t r i a l i t y i s r e p l a c e d by p o s t u l a t i n g t h a t the 

o n l y a l l o w e d p h y s i c a l s t a t e s a r e c o l o u r s i n g l e t s . 

( 3 ® .3 a n d 3 ® 3 ® 3 y i e l d s i n g l e t s w h i l s t 3 ® 3 does n o t , 
hence mesons and baryons) 

Other arguments f o r p o s t u l a t i n g c o l o u r i n t h i s way 

i n c l u d e the 77°-*>Y'Y decay r a t e c a l c u l a t i o n and, as 

we d i s c u s s , i n t h e next s e c t i o n , the e x p e r i m e n t a l v a l u e 

f o r R i n e + e ~ a n n i h i l a t i o n . 

The emergence of c o l o u r gau^e t h e c a l p s as n o s s i b l p 

c a n d i d a t e s f o r t h e d e s c r i p t i o n of s t r o n g i n t e r a c t i o n s 

g i v e s c o l o u r i t s main t h e o r e t i c a l s i g n i f i c a n c e . I t was 

shown by P o l i t z e r ^ 2 ^ and Gross and W i l c z e k l 2 < ^ t h a t 

non-Abelian ( Y a n g - i M i l l s ) gauge t h e o r i e s i n which quarks 

are coupled t o massless gauge v e c t o r gluons have a 

r u n n i n g c o u D l i n g c o n s t a n t which anproaches zero as the 

(momentum t r a n s f e r ) 2 approaches i n f i n i t y . The c o l o u r 

SU(3) gauge group p r o v i d e s the non-Abelian c h a r a c t e r 

t h a t i s necessary f o r t h i s phenomenon of 'asymptotic 

freedom', a phenomenon which helps us understand i n a 

w i d e r sense t h e successes of t h e p a r t o n model. 

Asymptotic freedom has l e d t o the c o n j e c t u r e t h a t 

t h e f o r c e s between quarks r e s u l t i n g from such a c o l ^ u " 

gauge t h e o r y may reach the o n p o s i t e extreme i n trie l a r g e 

d i s t a n c e , low e n e r g / regime, nnmelv t h a t they btcome 

s t r o n g enough t o c o n f i n e quarks and gluons u n t i l i t 
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becomes e n e r g e t i c a l l y f a v o u r a b l e t o produce qa p a i r s . 

The p a i r s i n t e r a c t an a normal c o l o u r l e s s way and o n l v 

c o l o u r k i n g l e t s t a t e s can ever be observed. 

T h i s i s a t present o n l y a s p e c u l a t i o n , t h e t e c h n i c a l 

problems of v ^ n g - M i l l s t h e o r i e s are s u f f i c i e n t l y g r e a t 

f o r t h e r e t o be no ge n e r a l t h e o r y o f quark c o n f i n e m e n t . 

However t h e p h e n o m e n o l o g i c i l a p p l i c a t i o n s * " ^ ) Q f t i e 

view t h a t t h e r e e x i s t l a r g e d i s t a n c e c o n f i n i n g f o r c e s 

t o g e t h e r w i t h s i m p l e gluon exchange f o r c e s a t s h o r t 

d i s t a n c e s have l e d t o a q u a n t i t a t i v e u n d e r s t a n d i n g of 

many aspects of meson spectroscopy. 

we w i l l <ju'_>pt these p h i l o s o p h i e s i n c.ir t r s ^ t r . e n * " 

o f t he r a d i a l e x c i t a t L o n s p e c t r a , t o g e t h e r w i t h t h e 

i n d i c a t i o n s ^ 3 1 ) t h a t the i n t e r - q u i r k f o r c e s may be 

independent of t h e s e n a r a t i o n and t h a t t he l o n g range 

c o n f i n i n g f o r c e i c e s s e n t i a l l y s p i n - i n d e p e n d e n t . 

1.5 Partons and Quarks 

The c r e d i b i l i t y of a p h y s i c a l b a s i s f o r the quark 

model was boosted by the emergence of the p a r t o n model 

- a model designed t o e x p l a i n phenomena observed i n t h e 

deep i n e l a s t i c s c a t t e r i n g of e l e c t r o n s o f f p r o t o n s . 

When an e l e c t r o n w i t h f o u r momentum k s c a t t e r ^ fron -' 

a t a r g e t and produces i n the f i n a l s t a t e an e l e c t r o n 

w i t h momentum k' then t h e process may be r e p r e s e n t e d 

by F i g . (l.W) i n t h e one photon exchange a p p r o x i m a t i o n . 

The l a b . energy of t h e photon i s S> = E-E1 and t h e mass-
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W 

F i g -
E l e c t r o n - p r o t o n i n e l a s t i c s c a t t e r i n g I n t he 

one photon exchange a p p r o x i m a t i o n 

squared of t h e photon can a l s o be v a r i e d 

I 2 = ( k - k ' ) 2 = -WEE' s i n 2 e /2 (1.3*0 

The l e p t o n - p h o t o n v e r t e x i s known from auantum-

e l e c t r o - d y n a m i c s (QED). W r i t i n g down t h e most g e n e r a l 

form^32) f o r t h e h a d r o n i c v e r t e x which i s c o n s i s t e n t w i t h 

gauge i n v a r i a n c e we o b t a i n f o r t h e d i f f e r e n t i a l c r o s s -
s e c t i o n 

d 2(T = Uoc2E'2 / c o s 2 £ W- + 2W-, s i n 2 a \ (1-35) 
dAdE" ~~JT~ I 2 d L '2) q 

where Wi(S>,Q2) a r e s t r u c t u r e f u n c t i o n s depending on t h e 

i n t e r n a l s t r u c t u r e of t h e p r o t o n t a r g e t . The data 

o r i g i n a l l y i n d i c a t e d ^ 3 ) t h a t i n f a c t Ŵ  and W2 a r e 

f u n c t i o n s o n l y o f t h e r a t i o 

„2 
(1.36) 

known as t h e B j o r k e n (3*0 s c a l i n g v a r i a b l e . The p a r t o p 
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model d e r i v a t i o n o f t h i s s c a l i n g phenomenon begins w i t n 

t h e assumption t h a t t h e i n e l a s t i c c r o ^ s - s e c t 5 o n i s the 

i n c o h e r e n t sura of e l n s t i c c r o s s - s e c t i o n s from i n d i v i d u a l 

p a r t o n s c o n t a i n e d w i t h i n t h e p r o t o n . Vo^ s p i n A p n r t o n s 

t h e s t r u c t u r e f u n c t i o n s take t h e form f a m i l i a r from t h e 

QED d e s c r i p t i o n of electron-muon s c a t t e r i n g 

km 

W ?(V,Q 2) = S(Q 2, - y ) e 2 

d '2m 1 

, a . 3 7 ) 

where m i s t h e p a r t o n mass ana e-j i s t h e r a t i o of the 
p a r t o n charge t o t h e muon charge. Then i f f ( x ) d x i s 
the p r o b a b i l i t y that, the f r a c t i o n a l p n r t o n mas? i s be­
tween Xix' and (x + dx)M 

w.G>,Gf) x £ A * fc*;^ J 2 L so^- x) ( 1. 
t Jo ixi> f X V 

where we have used t he f a c t t h a t 

38) 

s ( Q A ~ « - * ) = s * ( * - - x ) d.39) 

E v a l u a t i n g t h e i n t e g r a l i n ( I . 3 8 ) we o b t a i n 

and a s i m i l a r r e s u l t o b t a i n s f o r Thus t h e s t r u c t u r e 

f u n c t i o n s have t h e d e s i r e d p r o p e r t y o f s c a l i n g . 

The e x p e r i m e n t a l behaviour o f the r a t i o of the 
("J 

t r a n s v e r s e and s c a l a r photon a b s o r p t i o n cross-s.'Ctions 
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r u l e s out, a s p i n 0 assignment f o r the r ^ r t o n s and 

s u p p o r t s t h e ^ p i n £ assumption. We »re l e d t o t h e 

a t t r a c t i v e p r o p o s i t i o n t h a t these partons are the 

quarks of Gell-hann and Zweig w i t h the u s u a l luantun. 

numbers - a p r o p o s i t i o n which f i n d s ^ome ex p e r i m e n t a l 

s u p p o r t ^ 2 ) m the n o n - d i f f r a c t i v e behaviour of v k 2 

( n u c l e o n ) . 

I n thi- p n r t o n model p 4 e ~ — > hadrons takes r l a c o 

by e +e" • p n r t o n + n n t i D a r t o n and the m r t o n ^ thi-n 

fragment i n t o the observed hadrons. Then =>t la^ge 

s (= o 2 ) l 3 5 ) . 

i 

= j V a ( e V ( l . » + 2 ) 

and t h e r a t i o 

should be c o n s t a n t w i t h 7" ( s c a l e s ) and i t s ir'apmtude 

n.easures the sum of the squared charges of th-^ funda­

mental f e r n n o n f i e l d s ( t n L ) . Below chs r r t h r e s h o l d we 

have 

R = 3 ( V 9 + V q + l / 0 ) = 2 (l.WU) 

where t h e ( o b v i o u s l v e s s e n t i a l ) f a c t o r 3 i s due t o 

c o l o u r . The data do show r c a l i n g w i t h ? v a l u t of ^ 

which i c r o u g h l y c o n s t a n t ^nd between 2 and 3 f r - < 

3 GeV. The r i s e i n R around k GeV would have bron 

troublesome f o r t h i s model u n t i l t h e d i s c o v e r y of charm 
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and a new heavy ( ~ 1 . 9 GeV) l e p t o n ' 3 ° ) # T h e n a ( } r o n i c 

c o n t r i b u t i o n t o R i s here g i v e n by 

R = 3 (% ^ '/« + ^ + v « ) = 3''3 ( 1 A 5 ) 

w h i l s t R s e t t l e s down t o around 5^ a f t e r the h GeV 

s t r u c t u r e s . S u b t r a c t i n g one u n i t due t o heavy l e p t o n 

p a i r p r o d u c t i o n t h e r e i s s t i l l 1 m i s s i n g u n i t . 

T h i s u n i t may be q u a l i t a t i v e l y p r o v i d e d by t h e 

p r e d i c t i o n s of non-Abelian gauge t h e o r i e c w i t h 

a s y m p t o t i c freedom b r i e f l y d i s c u s s e d i n the preceding 

s e c t i o n . I n these t h e o r i e s t h e a s y m p t o t i c v a l u e of R 

snouia De appioacned blwwly from Above - thus e x p l a i n i n g 

the d i s c r e p a n c i e s below 3 GeV ana above *+ GeV. Small 

d e v i a t i o n s from exact B j o r k e n s c a l i n g are a l s o p r e d i c t e d 

by gauge t h e o r i e s and these v i o l a t i o n s nave been found 

e x p e r i m e n t a l l y . 

The q u e s t i o n of a d d i t i o n a l s t r u c t u r e i n R, below 

3 GeV and above t h e e s t a b l i s h e d f>^}$> mesons i s one we 

s h a l l address i n d e t a i l i n what f o l l o w s , a c meson r q d i a l 

e x c i t a t i o n s are expected t o appear i n t h i s r e g i o n . The 

p o s s i b l e " d u a l i t v " between the a u a r k - p a r t o n model 

d e s c r i p t i o n o f t h i s area i n R and the v e c t o r me^on 

dominance d e s c r i p t i o n has been d i s c u s s e d i n d e t a i l bv 

C l o s e ^ ? ) ( i t i s well-known t h a t s c a l i n g behaviour can 

be o b t a i n e d i n g e n e r a l i s e d v e c t o r dominance models - ; . 

- we now proceed t o di s c u s s t h e e f f e c t o f r a d i a l s t a t e s 

observed i n t h i s r e g i o n on s p e c i f i c v e c t o r dominance 

c a l c u l a t i o n s . 
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Summary 

We have reviewed t h e development of the nuark 

model w i t h p a r t i c u l a r emphasis on the i n t e r p r e t a t i o n o f 

quarks as d y n a m i c a l , c o n f i n e d , h a d r o n i c c o n s t i t u e n t * . 

T h i s i n t e r p r e t a t i o n encompasses n a t u r a l l y t h e phenomenon 

of r a d i a l l y e x c i t e d s t a t e s . 



CHAPTER 2 

RADIAL EXCITATIONS I N THE VECTOR DQMNftNCE wODEL 

2.1 Simple Vector-Dominance 

The fundamental m a t r i x element r e l a t i o n s h i p of 

vector-dominance as f i r s t w r i t t e n down by Gell-Mann and 
( 

Zacharaisen J 7 ' reads 

< 6 | ) ^ | A > = Z£± ' < 6 | j j L R T | A > ^ . 1 ) 

where \ 3 stands f o r the i s o - v e c t o r p a r t of t h e e l e c t r o -

magnetic c u r r e n t nnd J^* stands f o r the ̂ -meson source. 

( q 2 = ( p B - P A ) 2 ) . F i g . (2.1) r e p r e s e n t s a p i c t o r i a l wav 

6 

Y 

Y (.taw 
nn 

F i g , (2.1) 
Tfte rhp-phptpn analpgy 

of i n t e r p r e t i n g t h i s e q u a t i o n . The l e f t hand s i d e r£ 

(2.1) i s d i r e c t l y measurable i n p h o t o p r o p r o d u c t • o n , 

e l e c t r o - p r o d u c t i o n , e +e~ experiments e t c . , smc<. 

e ^ 6 | ^ 5 | A ^ i s j u s t the a m p l i t u d e f o r 
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+ A — * B ( 2 . l g ) 

I n c o n t r a s t <̂ G | | Â > t h a t appears on the r i g h t -

hand s i d e i s not d i r e c t l y measurable w i t h o u t the a d d i ­

t i o n a l h y p o t h e s i s t h a t t he o f f - s h e l l ^ - a m p l i t u d e s w i t h 

( P B - P A ) = 0 are not too d i f f e r e n t from o n - s h e l l 

^ - a m p l i t u d e s w i t h (PB - P A ) 2 = -m2, ("smoothness 

h y p o t h e s i s " ) . We must a l s o assume t h a t the photon-

v e c t o r meson c o u p l i n g c o n s t a n t f v does not v a r v i n t h e 

t r i p from q 2 = -m2 t o q 2 = 0. At q 2 = -m2, e q u a t i o n 

(2.1) i s an exact but e s s e n t i a l l y t r i v i a l s t a t e m e n t . 

I t t 0 ! ! * 1 us nnlv t h a t whenever a ̂ -meson i s e m i t t e d i n 
i 

a h a d r o n i c proces«= then an e l e c t r o n - p o s i t i o n p a i r i s 

a l s o produced w i t h a bra n c h i n g r a t i o c a l c u l a b l e from t h e 

Y-P c o u p l i n g c o n s t a n t rvy ^ 

Vector-meson-douinance (VMD) t h e n , i s not a pr e ­

c i s e l y d e f i n e d h y p o t h e s i s , however a g r e a t de°l of e a r l y 

p r o g r e s s was made by p u t t i n g f a i t h i n t h e smoothness 

st a t e m e n t . As a simple example l e t us c o n s i d e r t h e 

case where A,B are a s i n g l e T r ^ s t a t e and q 2 = 0. I f 
' 2 

the pTTTC v e r t e x and ff> v a r y l i t t l e between q^ = -n ̂  m d 

q 2 = 0 then t h e right-hand- ^ 1de of e q u a t i o n (2.1^ can 

be approximated by the o n - s h e l l p-*TXK m a t r i x element. So 
R/OHPA* Pa ) „ = i t . 3 ^ C P A + P O ^ < 2' 2' 

o r 

] £ _ <3pnTr - | (2 .3) 

VVTTcC (P.to) «1 , . o r . ' ) 
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w h i c h i s a s p e c i a l case of t h e ' U n i v e r s a l i t y r e l a t i o n ' 

proposed o r i g i n a l l y by Sakurai _ N u m e r i c a l l y we 

have (see Table 2.1) 

A _ V - = L 2 ~ ° 1 (2.^a) 

which was an encouraging r e s u l t f o r t h i s mo ct b a s i c 
form of vector-dominance - t h e ^- p h o t o n analogy. 

The r e a l photon i n (2.1) w i t h q 2 = 0 has o n l y two 

( t r a n s v e r s e ) s t a t e " of p o l a r i s a t i o n w h i l e the f i n i t e 

mass ^ has t h r e e . I n t u i t i v e l y i t i s reasonable t h a t 

o n l y t he m a t r i x elements f o r t r a n s v e r s e l y p o l a r i s e d ^' c 

should be ccupsred t o pho^oprcd , ic*'i r > n r r ' o t i v °l orp^ntc 

Hence people f i r s t w r o t e down 

n ( Y l S O V - A - > 6 ) = <r( M ( f C s + A-*- B) (2.3) 

however t h e n o t i o n o f t r a n s v e r s e p o l a r i s a t i o n i s n ot 

c o v a r i a n t ana t h e q u e s t i o n was r a i s e d - i n which frame 

does the vector-meson resemble the photon most c l o s e l y ? 

I t would seem n a t u r a l t o apply the model t o i n v a r i a n t 

a m p l i t u d e s which a r e f r e e from k i n e m a t i c a l s i n g u l a r i t i e s 

8nd zeroes ana t h i s leads t o n o n - t r i v i a l i d e n t i t i e s 

between l o n g i t u a i n a l and t r a n s v e r s e h e l i c i t v a m p l i -

t u d e s ^ ^ which f o r certa3n a c c e c s i b l e processes are 

not i n c o m p a t i b l e w i t h e x p e r i m e n t ^ 1 + 2 ^ . 

The model can of c o u r r e be t r i v i a l l y extended to 

encompass the f u l l e l e c t r o m a g n e t i c c u r r e n t by tno 

i n c l u s i o n of i d e n t i c a l t e r m c f o r the i s o - s c a l a r and 

0 v e c t o r mesons i n t h e n g h t - h a n d - s i a e of e q u a t i o n (2.1) 
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T h i s s m p l e s t and most p r e d i c t i v e form of t h e v e c t o r -

dominance model leads t o a host of r e l a t i o n s which can 

be s u b j e c t e d t o e x p e r i m e n t a l t e s t s ( r a d i a t i v e decays, 

vt-ctor-meson p h o t o - p r o d u c t i o n and t o t a l c r o c s - s e c t i o n ^ , 

Compton s c a t t e r i n g . . . ) . P e f o r t go-1 ng on t o d i s c u s s i n 

d e t a i l t h e new dimension added t o VMD by the c o n s i d e r a ­

t i o n o f r a d i a l l y e x c i t e d ( d a u g h t e r ) s t a t e d we examine 

some of the q u a l i t a t i v e f e a t u r e s of photon-induced 

r e a c t i o n s expected w i t h i n t h i s model. 

F i r s t l y t o t a l c r o s s - s e c t i o n s i n p h o t o n - n u c l e o n 

c o l l i s i o n s l e a d i n g t o D u r e l v h a d r o n i c fin?>l s t a t e s are 

expected GO exrmut, uhe f e r i c u i t s U J L V I J J C ^ I haui^on- £rr-p) 

hadron c r o s s - s e c t i o n s s i n c e Yp and TT^p have the same 

quantum numbers. E x p e r i m e n t a l l y b o t h sets of c r o s s -

s e c t i o n s e x h i b i t s p e c t a c u l a r resonance^ at low e n e r g i e s , 

f l a t t e n i n g o f f a t h i g h e r e n e r g i e s and e v e n t u a l l y s t a r t i n g 

t o ri<=e s l o w l ^ - i n f a c t the f o l l o w i n g f o r n u l a works 

remarkably w e l l 

c r t . + ( Y P ) = _ L _ ( c r ^ ( r r » + q - ^ C t r-p)) ( 2 > l 0 

n o 1 " £ J 

Secondly we expect Y p — • f^p t o resemble e l a s t i c 

s c a t t e r i n g and a l t h o u g h t h e r e i s no d i r e c t i n f o r m a t i o n 

on pp s c a t t e r i n g i t should e x h i b i t the d i f f r a c i " i v e 

f e a t u r e s of high-energy hadron-hadron e l a s t i c s c a t t e r i n g . 

These f e a t u r e s are v e r y n i c e l y e x h i b i t e d by p° photo -

p r o d u c t i o n and e x c e l l e n t f i t s t o the dats arc p r e ­

d i c t e d by 
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Photon and hadron induced i n c l u s i v e c r o s s - s e c t i o n s 

a l s o e x h i b i t s i m i l a r f e a t u r e s and the phenomenon of 

shadowing i n p h o t o n - n u c l e u " i n t e r a c t i o n * i s e x t r e m e l v 

c o n v i n c i n g evidence f o r the hadromc n a t u r e of the 

photon (see Chapter T h r e e ) . * 

2.2 Radial E x c i t a t i o n s and n 2-Dependsnoe of f v 

The d i s c o v e r y of r a d i a l l v e x c i t e d vector-n.esons 

which couple n o n - n e g l i g i b l y t o e +e~ demands t h a t the 

v e c t o r docunance model be extended t o i n c l u d e t h e i r 
3n, etatpe 

r e q u i r e d quantun numbers f o r a photon c o u p l i n g however 

as t h e i r ] e p t o n i c ( e + e ) w i d t h s are t y p i c a l l y an o r d e r 

of magnitude down on those of t h e i r ->S-̂  p a r t n e r s 

t h e e f f e c t w i l l be s m a l l and we n e g l e c t them i n what 

f o l l o w s . 
(he ,\ 

We i n c l u d e in t h e a n a l y s i s J the p o s s i b i l i t y o f 

a q^-dependence of the photon-vector-meson c o u p l i n g 

c o n s t a n t f y« The p r o p o s a l t h a t f v i s q 2-dependent is 
i l + o - ^ l ) 

c e r t a i n l y not new J and s e v e r a l a t t e m p t s have been 

made t o c a l c u l a t e t h e form o f f v ( q ) f o r b o t h o l d and 

new meson" - M ^ ' ^ However no form has emerged which 

i s u n i v e r s a l l y used in v e c t o r dominance model c a l c u l a ­

t i o n s , and q 2-dependence i c u s u a l l y i g n o r e d . A«? 
improved measurements have shown d i f f e r e n c e s between 

2 
values of f v measured i n d i r e c t l y a t q = 0 and a, 

i — _ n j ^ * »-» ^ ̂ ~ ̂  ~" A A I 1 1 r i f f W ^ r s r r . rtv r\ r%«^ n f « ^ ^2 ) 

v q = i n e e" c o l l i d i n g beam experiments , 
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n o n - i d e a l * m i x i n g has been proposed (53) as a s o l u t i o n 

t o t h e problem f o r t h e to and 0 mesons. Wh i l e m i x i n g 

i s a reasonable mechanism f o r u n d e r s t a n d i n g t h e u> and 

0 i t w i l l not s o l v e t h e same problem f o r the N7" ana so 

we t u r n t o q 2-dependence f o r a more g e n e r a l s o l u t i o n . 

As we are mpking a case f o r q -dependence but not f o r 

a p a r t i c u l a r model-dependent f o r a of f v ( q 2 ) we adopt a 
s i m p l e e x p o n e n t i a l p a r a m e t e n s a t i o n which conforms t o 

th e e x p e c t a t i o n t h a t t h e photon p r o g r e s s i v e l y de-

couples from haarons i n the r e g i o n q y 0 and conse­

q u e n t l y t h a t •fv<°)/|v(_nnv
1) < 1 • 

We are e l l e c t i v e . y r e j e c t i n g zne smootnness 

assumption f o r f v and a photon i n t e r a c t i o n may be 

i n t u i t i v e l y viewed as the emission by t h e photon of an 

o n - s h e l l v e c t o r meson w i t h a s t r e n g t h p r o p c r t i o n a l t o 

f v ( q 2 ) , q 2 b e i n g t h e u n v a r i a n t ( m a s s ) 2 of t h e photon. 

T h i s p a r t i c u l a r h a d r o n i c component of the photon can 

o n l y e x i s t f o r a t i m e - i n t e r v a l d etermined by t h e un­

c e r t a i n t y p r i n c i p l e (see Chapter Three) however i t s 

subsequent n a d r o n i c i n t e r a c t i o n may be regarded as being 

o n - 3 h e l l and vector-dominance becomes a more exact 
h y p o t h e s i s . 

To e s t a b l i s h t he c a l c u l a t i o n a l p r e s c r i p t i o n we 

w i l l make assumptions about c o u p l i n g s e n t e r i n g i t w h ich 

are e i t h e r n o t d i r e c t l v measurable, or are as y e t un­

measured. I n making these assumptions we are gbiaed by 

t h e quark model and reasonable e x t r a p o l a t i o n . However, 

these guides a r e of l i t t l e h e l p i n e x p l a i n i n g or 
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q u a n t i f y i n g t h e apparent s u p p r e s s i o n o f the low m u l t i ­

p l i c i t y p i o n decays of the r a d i a l e x c i t a t i o n s , conse­

q u e n t l y we d i s c u s s each case as i t a r i s e s . 

Other a u t h o r s have i n c l u d e d t h e f ' ( 1 . 5 7 ) and 

^ ' ( 3 . 6 8 ) i n c a l c u l a t i o n s i n v o l v i n g the r a d i a t i v e decav 

w i d t h s of c o - * T T Y ( 5 l + )
 a n d ^ Y , V — 1 > - ^ Y ( 5 5 " 5 9 ) ana 

i n b o t h cases, i n the absence of a q^-dependent f y , t h e 

e f f e c t of t h e r a d i a l e x c i t a t i o n has been r e q u i r e d t o 

c a n c e l t h a t o f the ground s t a t e meson. I n one case t h e 

c a n c e l l a t i o n r e s u l t s i n a l a r g e r hadronic c o u p l i n g 

^ • o i t 0 ^ 0 , which improves the consequent p r e d i c t i o n o f 

the u)-fr3TTwicltn depending on now s t r o n g l y ^' couples so 

2TT • I n the o t h e r case t h e c a n c e l l a t i o n i s necessary t o 

reduce the e f f e c t o f the hadr o n i c c o u p l i n g 9v-+-^ • 

While t h e c a n c e l l a t i o n i s p l a u s i b l e i n the case i t 

leads i n the o t h e r t o t h e r e q u i r e m e n t t h a t [ g w - ^ ) > 19+*7) 

> | g + V 7 | w h i l e i n the quark mod e l ̂  ^9,^0) o n e ra3 expect 

t h e ground s t a t e c o u p l i n g t o dominate. 
2 

The i n t r o d u c t i o n of q -dependence i n a d d i t i o n t o 
th e r a d i a l e x c i t a t i o n s a l l o w s t h e quark model expecta­
t i o n s t o be r e s t o r e d i n the H/\Sr case w h i l e r e t a i n i n g t h e 

enhancement o f 9 w t t^« i n t h e u —fr*n;Ydecay c a l c u l a t i o n . 

To do t h i s we w i l l f i n d i t necessary t o add t h e e f f e c t 

o f t h e now suppressed r a d i a l e x c i t a t i o n s t o t h a t o f t h e 

ground s t a t e v e c t o r meson. While t h i s r e a u i r e m e n t 

emerges n a t u r a l l y from a s t u d y of t h e Y ^ r a d i - L i v e 

decays i n t h e next s e c t i o n , i t i s a l s o necessary f o r trie 

t o t a l c r o s s - s e c t i o n p r e d i c t i o n s which ve d i s c u s s m 

Chapter Three. 
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We i n c l u d e t h e e f f e c t s of the w e l l - e s t a b l i s h e d 

r a d i a l e x c i t a t i o n s f>'(l570), V(3681+) which f i t w e l l 

i n t o h a r m o n i c - o s c i l l a t o r quark model s p e c t r a where t he 

spacings are d e s c r i b e d by the ei g e n v a l u e e q u a t i o n 

= V a ) (2 .6) 

w i t h -Q. ̂  * ~ 1 < i a - ' ^ 7 SLC ^ 1 ̂ aV as we have seen i n 
Chapter One. The r e c e n t o b s e r v a t i o n s ^ 1 ^ of *n <o'(1.78) 

and p o s s i b l y a 0 ' (1.82) ^2-6 l+) g i v e f u r ^ n e r M o t i v a t i o n 

f o r s y s t e m a t i c a l l y i n c l u d i n g r a d i a l e s c i t a t i o n s i n 

v e c t o r dominance model c a l c u l a t i o n s . 

I n t h e s e c t i o n s t h a t l o i l o w we use tne v e c r o r 

dominance model w i t h o u t u s i n g SU(3) or the quark-model 

t o extend the r e s u l t s except where i t i s r e a u i r e d t o 

make t h e p o i n t o f t h e n e c e s s i t y o f i n c l u d i n g r a d i a l 
2 

e x c i t a t i o n s o f the vector-mesons and the a -dependence 

o f the photon vector-meson c o u p l i n g . The nuark model 

does c o n s t i t u t e s background t o t h e a n a l y s i s ''s t h e 

f>', io' , <p' and ~Y are regarded as r a d i a l e x c i t a t i o n s of 

t h e p , «o , <f> and and t n i s f a c t i s used f.o e s t i m a t e t h e 

r e l a t i v e s i z e of v e r t e > c o u p l i n g s . Also i t i s assumed 

t h a t t h e f i s made up of u,d ouarks, t he IJO and (jf> arc-

e s s e n t i a l l y u,d and s quarks r e s p e c t i v e l y and t h e y i s 

p r i m a r i l y made up of c quarks. While the auark c o n t e n t 

and t h e Zweig r u l e are used as a guide i n comparing 

r e a c t i o n mechanisms, t h e a c t u a l mechsnisns do rmf i n ­

f l u e n c e our c o n c l u s i o n s . 

The c o u n l m g s f v a r e measured a t q^ = m 2 i n e^e" 
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c o l l i d i n g beam experiments, t he w i d t h f o r m u l a b e i n g 

( i n t h e one-photon-exchange a p p r o x i m a t i o n ) 

["•(v-* <L+e") = J v

l ( - m l

v ) *c m v / 3 (2 .7) 

where <* = £ / = i / 0 . The measured v a l u e s from 

r e f . (65) are g i v e n i n Table (2 .1) along w i t h f 2 ana 
v 

because of t h e many co n v e n t i o n s i n t h i s s u b j e c t we a l s o 

t a b u l a t e ~ "> Y * = " V i f - f 1 • 
Table ( 2 . 1 ) : 

ppp.av w i d t h s and c n n p l i n ^ s f o r v—fe»P+eT 

I 1 1 1 1 1 r 

V c c t o • 1 ( V ' t 't ") 
10 f w , i o ; f u 

fk s o u V 1 . v V V 'Mi r 
V 

r ? 

V 

P 0 11 \ 6 5 4 ± 0 / ' J V f 5 .90 I 10 0 S i 

to 0 7B3 0 / 6 i 0 17 0 2 00 J8 25 4 Sf, 

1 020 1.3110 03 5 } I 30 13 77 

3 OH fa t> IIU.'I h T ? 29 11 77 2 

i 
1 

1 57 ( ) 1 C.°L0 </ 3 2 . CP 16 . 9 / 4 24 

1 7{> a i 0 ^3 (c3) 0 8 0 o ° ° 1 . >k 22 R] 

1 8 2 ( c ) i 07 ; 0 ] /,o >y 50 9 12 

J C8/, ? 1 1 0 / 2 3 31 / ' - i / 93 

A l l data i s from r e f . (65) except ( a) Pef. (52) , 
(b) r e f . (61) , ( c ) r e f . (G^) and (d) which are 
p r e d i c t e d . 

The r i g h t hand s i d e of e q u a t i o n (2.1) i s nov modi­

f i e d t o be a sum over a l l r e l e v a n t vector-melons pnd f v 

becomes f v ( q 2 ) . We a p p l y the model a t q 2 = 0 where we 
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can w r i t e e q u a t i o n (2.1) f o r r a d i a t i v e v e r t i c e s as 

A ( V a b ) = £ f , ( o ) ACV,xb) ( 2 . 8 ) 

V 

and f o r p h o t o p r o d u c t i o n a m p l i t u d e s 

A ( Y a - ^ b c ) = £ - f v < ° > A C V a - ^ b c ) ( 2 . 9 ) 

where we have absorbed a f a c t o r e = */I+tc<k i n t o t h e 
p h o t o - r e a c t i o n a m p l i t u d e s . 

Assuming t h a t t h e r e i s a q 2-dependence of f v , 
(U6) 

Barger and P h i l l i p s n ote t h a t t he p r o g r e s s i v e de-

c o u p l i n g of photons from hadrons m the q > 0 r e g i o n 
suggests 

f (0) 
v y 1 (2.10) p \ x 

I n t h e f o l l o w i n g we r e q u i r e a parameter! s a t i o n o f 
p 

t h e q -dependence of f v which reproduces (2 .9) and we 
t a k e 

f v ( q 2 ) = f v ( 0 ) exp (-cq 2) (2.11) 

and choose c t o be t h e same f o r a l l v e c t o r mesons. The 

p a r a m e t e r i s a t i o n i s s i m p l e i n t h a t i t makes no statement 

about poles i n f v ( q 2 ) , t h e i r p o s i t i o n o r whether t h e y are 

s i n g l e or m u l t i p l e . 

I f we t a k e a quark model p o i n t of view (2 .7) ana 

(2 .8) c o n t a i n b o t h ground s t a t e and r a d i a l l y e x c i t e d 
(59) 

v e c t o r mesons. C l a v e l l i and Nussinov have 'oted 

t h a t one might expect t h e magnitude of c o u p l i n g s i n ­

v o l v i n g ground s t a t e and r a d i a l l y e x c i t e d mesonr t o be 
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suppressed r e l a t i v e t o the magnitude of c o u p l i n g s i n ­

v o l v i n g mesons of t h e same e x c i t a t i o n and t h i s s u p p r e s s i o n 

i s a i ; t i i b u t e d t o poor o v e r l a p between the w a v e - f u n c t i o n s 

o f t h e r a d i a l e x c i t a t i o n s and the ground s t a t e meson. 

I n what f o l l o w s we w i l l expect t h a t ground s t a t e 

c o u p l i n g s are l a r g e r fhan tho^e i n v o l v i n g one or two 

r a d i a l e x c i t a t i o n s . 

2.3 R a d i a t i v e Decays of a n d V 

The r a d i a t i v e decays of t h e ̂  and N" , e s D e c i a l l y 

— ^ ^ T , and S ^ — p r o v i d e evidence i n s u p p o r t of a 

q 2-dependent f v . 

I f one accepts the charmonium model view ^hat t h e 

V ( 3 . 6 8 ) i s t h e f i r s t r a d i a l e x c i t a t i o n of the'S r ( 3 . 1 ) , 

a s t a t e made e s s e n t i a l l y from charmed ( c ) quarks, t h e 

photon i n r a d i a t i v e S'jS' decays can o n l y be decomposed 

i n terms of e s s e n t i a l l y cC s t a t e s , a l t h o u g h a v e r y s m a l l 

a m o u n t ^ o f u, d and s quarks i n t h e N's i s n o t r u l e d 

o u t . W i t h t h i s view t he 17 Y , "f— > o ^ Y decays are 
suppressed by the Zvei g r u l e u n l e s s t he c o n t a i n s 

(56, 56-69) 

an a d m i x t u r e o f cS . The a c t u a l mechanism 

f o r a l l o w i n g t h e decay need n o t s t r i c t l y concern us, as 

i t drops out of the c a l c u l a t i o n s which f o l l o w . 

The Lagrangian f o r the decay of a J p = 1" p a r t i c l e 

(Va) o f mass m V a i n t o p a r t i c l e s w i t h J p = 0 " ( P ) , l ~ ( v r
t ) ) , 

where can be a photon, i s 
o£ - 9v . v h P £ M V 8 , / , ( ^ V A / A ) ( ^ V B V ) + (2.12) 
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and t h e decay w i d t h i s 

P ( V ' - * V P ) = k 3 (2.13) 

where 

kZ = C^v*-C n nv b

+ ^ , ) 2 ) C m 5 a-(na V l.-na p ) l ) / i 1-^i (2.1M-) 

There are two measurements^^' of t h e S''—17 Y 

w i d t h and we t a k e t h e most r e c e n t ^ ^ t o get the 

c o u p l i n g 

e - ^ r - 0 0 *• 0 a ) * »°"* (2.15) 

f U l b i l e 1 • ty 9 W i u u i i u * i i - j a n u t p p G t w u u t i u J. CJ «U«. ^ O V>*. A C»J» 

which g i v e s 

SV^Y < 7-> * q e v"' (2.16) 

' f 7 ^ ^ 
and t h e h a d r o n i c w i d t h Y-*»Y*^ determines 

gv*^ =• O . Z 3 t o o ^ q « v " ' (2.17) 

The o v e r a l l s i g n a m b i g u i t y has been i g n o r e d i n a l l 
c o u p l i n g s . 

I t i s i n t e r e s t i n g t o n o t e t h a t i f m i x i n g of cc i n 

the rj and ry' i s t h e mechanism by which the decays 

-4/ —(> (°9'Y) ? V — f c " r ? Y ( y Y ) proceed, then 

9 ^ v = = 3»-%v (2 .1? 
9*V °>*'vr 9*'7cY 

where ^ c ( 2 . 8 8 ) i s the pseudoscalar meson which i s 

e s s e n t i a l l y made up of cc qu a r k s . The data ( ? ° - '2) g l , c 

9»7>v > »-3 , ^ t y v > I . I (2.19) 
9+' 7 Y S+'̂ 'V 
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w h i c h do not c o n t r a d i c t t h e m i x i n g h y p o t h e s i s . The 

r a t i o f o r the y^. decays i s p o o r l y d e t e r m i n e d . 

A p p l y i n g t h e vector-dominance model t o the r a d i a ­

t i v e c o u p l i n g s 3 * 7 Y j S^v- g i v e s 

9Vvr = -Mo)e*Vn £-M°)3+'*-7 (2.20) 

where t h e s i g n a m b i g u i t y r e s u l t s from t a k i n g t h e square 

r o o t of t h e decay w i d t h s . I t i s t h i s a m b i g u i t y which 

a l l o w s one t o s o l v e (2.20) by c a n c e l l i n g t he S7* p a r t o f 

the photon a g a i n s t t he p a r t . 

D e f i n i n g t h e r a t i o s , 
i 

X± — 3-»»*7 X± = 3*y"7 (2.21) 

g i v e s 

where t h e s u b s c r i p t on t h e X + i s a s s o c i a t e d w i t h t h e -

s i g n i n ( 2 .22 ) . The c o n t r i b u t i o n t o (2.22) from de­

composing the photon i n t o iO and 0 i s n e g l i g i b l e as can 

be seen by c a l c u l a t i n g the c o u p l i n g s f o r t h e and fiy 

decay modes o f and S7" from the data i n ^ 1 + ^ and j u s t 

f i e s t h e assumption t h a t the a d m i x t u r e of u,d quarks, i n 

the V and V i s s m a l l . 

(2.22) p r o v i d e s a t e s t o f bo t h q -dependence of T v 

and o f t h e e f f e c t of r a d i a l e x c i t a t i o n s . I f f^, i s n o t 
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q -dependent., then (2.22) determines X and X 1 t o be 

X + = - 0 A 8 , X | < - 1 . 3 

X_ = +0.86 X K + l . 7 (2.23) 

T h i s suggests t h a t | OrV^ I > i V * 7 ) > I ^ t * ^ and 

t h a t a c a n c e l l a t i o n between t h e r a d i a l and ground s t a t e 

c o n t r i b u t i o n s i s r e q u i r e d t o s a t i s f y (2 .22) , no m a t t e r 

w h i c h s o l u t i o n i s chosen. 

The q independent c a l c u l a t i o n c l e a r l y r e q u i r e s 

h i g h e r o r d e r r a d i a l e x c i t a t i o n s t o p l a y a major r a t h e r 

than a minor r o l e i n the vector-dominance mod e l and 
4. _ ( 56 ) .1.1 i . J . 1 J . _ - j , . , _ „ „ , / ~ Q \ 

converges as a r e s u l t o f c a n c e l l a t i o n between terms. 

T h i s view i s t e n a b l e i f the c o u p l i n g s change s i g n each 

t i m e a p a r t i c l e i s r e p l a c e d by i t s n e x t o r d e r r a d i a l 

e x c i t a t i o n , but one s t i l l r e q u i r e s t h a t t h e c o u p l i n g s 

decrease i n s i z e w i t h i n c r e a s i n g o r d e r of e x c i t a t i o n i f 

t h e s e r i e s i s t o be s a t u r a t e d by a s m a l l number o f terms. 

The f a c t t h a t l^+s-^J l s r e q u i r e d t o be the s m a l l e s t , 

r a t h e r than t h e l a r g e s t c o u p l i n g i n t h e s o l u t i o n t o 

(2.22) c o n t r a d i c t s t h e quark model expectata o n ^ 5 > 59) ^ 

T h i s c o n t r a d i c t i o n , the a p p a r e n t l y f o r t u i t o u s c a n c e l l a t i o n 

necessary t o s a t i s f y (2.22) and the dominant r o l e of 

r a d i a l l y e x c i t e d s t a t e s suggests t h a t we c o n s i d e r t h e 
2 

q -dependence of f v w i t h a view t o f i n d i n g a more s a J ' 
f a c t o r y s o l u t i o n . 

I f we c o n s i d e r q^-dependence of f y we r e q u i r e 
2 

f y ( 0 ) < f v ( - m v ) , and a l s o , i f t h e r a d i a l e x c i t a t i o n i s 
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n o t t o dominate, t h e s u p p r e s s i o n o f f +< must be g r e a t e r 

t h a n t h a t f o r f^, . Both these requirements are met by 

t h e p a r a m e t e r i s a t i o n (2.11) and t o det e r m i n e t h e s i n g l e 

parameter, C, we p l o t i n F i g . (2.2) the v a l u e s of X +, X j 

F i f i . (2 .2) 

The v a l u e of the r a t i o s X + = 
and X^ = 9vV-7 necessary t o 
s a t i s f y (2.22) p l o t t e d a g a i n s t the 
q 2-deDendence parameter, C. The data 
used a r e g i v e n i n Table (2 .2) 

o 1+ 

w h i c h s a t i s f y (2.22) a g a i n s t C. There are two solution*? 

t o c o n s i d e r , i f we i g n o r e the two where the s i g n of 

9 H"*-̂  d i f f e r s from t h a t of ^ + v ^ o n t n e grounds t h a t 

t h i s s i t u a t i o n i s u n l i k e l y t o a r i s e i n a auark model. 

The X_, X̂ , s o l u t i o n w i t h no q^-dependence (C - 0' 

i s t h e one most commonly used t o f i t t h e d a t a . ^owevei 1 

i t r e q u i r e s one t o accept that^°) I 5*'*^ I = I 3 + *"? , 

which means t h a t t h e s e r i e s (2 .8) w i l l c o n t a i n a l a r g e 
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number of s i g n i f i c a n t terms u n l e s s f v decreases r a m d l y 

as V i s r e p l a c e d by i t s next o r d e r r a d i a l e x c i t a t i o n . 

As t h e data f o r the and V i n Table (2.1) do not 

suggest such a r a p i d f a l l o f f we d i s c a r d t h i s s o l u t i o n 

f o r C = 0. As C i n c r e a s e s beyond 0.2 GeV"2 we f i n d 

|<3 + + «7 | > I S + ' - r ^ l ' b u * f r o m t n e curve we see t h a t 
( 9 * V - j | > I S V + T I and c o n s e q u e n t l y t h a t |^*. + ̂ | 

» l ^ + ^ ^ l w hich does not r e s t o r e t h e expected 

quark model r e s u l t s . Of course the X^ curve r e p r e s e n t s 

o n l y a bound on the S''—••^Y w i d t h and i f may w e l l «hift 

t o t h e r i g h t , but even w i t h a f a c t o r of 3 decrease t h e 

req u i r e m e n t i u p c s c d en •-he c o u p l i n g s i s o n l y s l i g h t l y 

reduced. For these reasons we r u l e out the X_,x* s o l u t i o n , 

The X +,X| s o l u t i o n f o r C a 0 . 2 6 GeV"2 g i v e s ( 3^*^ ( 

— Vx 1^**^ I which i s c o n s i s t e n t w i t h what we would 

expect from t he quark model. For t h e same v a l u e o f C, 

X_J. i s not w e l l determined as t h e X^ curve corresponds 

t o t h e measured upper bound of t h e V̂"'—̂ .̂ Y w i d t h . The 

cu r v e w i l l s h i f t t o t h e r i g h t as t h e bound on t h e w i d t h 

decreases and the v a l u e of X' a t C^0.26 G e V 2 vn 11 f a l l 
+• 

from X' = 2 .5 . How f a r the curve s h i f t s and X| f a l l s 
T -f-

a t f i x e d C i s an open q u e s t i o n , however we w i l l t a k e 
X j = 1, r e g a r d i n g i t as an underbound, which i s not 
i n c o m p a t i b l e w i t h t h e d a t a . X + = 2 and X j = 1 then g i v e 

a**'^ - a -u. — v «\ a t C = 0.26 GeV"2. T n ^ 

c h o i c e i s c o m p a t i b l e w i t h the ouark model and i t e l i m i n ­

a t e s t he need f o r a f o r t u i t o u s c a n c e l l a t i o n between -

"Y and *V part*? o f t h e photon. Also t he f i r s t r a d i a l 
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e x c i t a t i o n i s no l o n g e r a dominant c o n t r i b u t i o n t o (2.22) 

and h i g h e r o r d e r r a d i a l e x c i t a t i o n s a re even more supp­

r e s s e d . Having made t h e c h o i c e of parameters, we can use 

th e h a d r o n i c w i d t h V (V —•fr^^) t o p r e d i c t t h e r a d i a ­

t i v e decays and t h e r e s u l t s a re g i v e n i n Table (2 .2) 

Table ( ? . 2 ) ; 

Decay w i d t h p r e d i c t i o n s 

Pi OCC S i . 
] . pi_r ] r .a a l 

width Kef Prr c h r 1 1 o n !• xntT j I,], i L. i l 
D npu u 

90 ^ eV ( ? l ) 90 OJ 

<91 cV ( M ^ 4 r i PV l ' l ' - > l l ' T I 

i|>' >-n1 r <250 cV ( ? 2 ) 93 eV 

^'->7X (3 41) 17±9 keV (7b) 11±4 kcV p ' - > p t 

and 
SU(4) 

X U 41) -H,''Y 0 . 1 5 I 0 . 0 J MeV P ' *-p i-
ar cl 
SU(4) 

n 
y->fr ) 5 ±3 cV (TO) 1 0±0 1 cV 

i t ° 
yj -*-n y 

<1.6 kcV ( 7 ? ) 0 .5 cV ^ ' •piT 

-'230 cV ( * l ) 300180' eV l|'->-piT 

p '->iru) 100+400 MeV (W) 250 MeV tj->^Y 

p' ->TT4I - - 0.32 MeV <j)-MTY 

P-MTY 35+10 kcV 
190±60 keV («•) LcV ur>-iTY 

<j;-̂ rY 

ai'-^-pir - - 1.4* GeV U-̂ -TTY 

ai'-*p 'ir - - 12 9 MeV w-MrY 

qi' >-p^ - - 1.5* McV '1 ) 

- - 0 03McV 

<(>-» IT 0.57±0 03 Me.V 0.3±0 1 MeV ,; »-rY 

These w i d t h s decrease i f low m u l t i p l i c i t y p i o n decays 
o f r a d i a l e x c i t a t i o n s are suppressed 
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Equations of the form (2.22) can be used t o d e t e r ­

mine t h e r a t i o s o f °>+-y'y/%+'«)'Y a n d 3 + ^ C Y / 3 v'~)CY 

but n o t t h e i n d i v i d u a l w i d t h s , as t h e necessary h a d r o n i c 

decays "Y"'—••N"*}' ,V—>ir^) c are k i n e m a t i c a l l y not 

a l l o w e d . Making t h e same c h o i c e f o r X +,X| and C as 

b e f o r e we f i n d t h a t t h e r a t i o s are e q u a l , and eaual t o 

S + ^ Y / ^ + ' ^ Y • Thi s i s c o n s i s t e n t w i t h t h e m i x i n g 

argument d i s c u s s e d above. 

F u r t h e r evidence c o n s i s t e n t w i t h q 2-dependence of 

f v i s g i v e n by t h e decay V—*» Y X a l t h o u g h a d d i ­

t i o n a l assumptions are r e q u i r e d . Proceeding as b e f o r e 

we w r i t e 

= [*t Vf_> ± ' j ^ * (2.2>0 

w i t h X ! = S V V T C / ^ + V * • To c o n t i n u e we r e q u i r e 
t h e SU(lf) r e l a t i o n 

v T 2>r'f£ = (2.25) 

and e s t i m a t i n g t h e w i d t h t o be P ( f ' ->f&) = 200-^00 MeV 

(J+8,75) g i v e s Q = 33-^7 GeV"1. Th i s assumes t h a t 

X (3 . ! +) i s a s c a l a r resonance and t h e SU(U) p a r t n e r of 

the £ , and the £ mass i s about 750 toeV. 

Guided by t h e y decays we s e l e c t t he a d d i t i v e 

s o l u t i o n t o (2.2*+) and we have a c h o i c e of u s i n g the 

Y ' - ^ Y X w i d t h t o e v a l u a t e X j or t o ta k e X| = 1 as -.. 

t h e y decays and p r e d i c t t h e w i d t h . Adopting 19 l a t t e r 

c o u rse we p r e d i c t 
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p (V V * (S «*-))= T- - l<* koV (2.26) 

( 76) 
compared w i t h 

P(V—* V X C 3 0 ) = n* * S teW (2.27) 

which i s r easonable agreement. Using the same method we 

can c a l c u l a t e t h e X(3« l +)—g> w i d t h and the r e s u l t i s 

i n Table ( 2 . 2 ) . 

T u r n i n g t o —S> Y T T , V—e» YTT decays which 

suggest a s m a l l a d n i x t u r e of u,d quarks^58) ^ n £ n e "V 

and V we f i n d 

f f Co) X s
 J 

L f f < o ) J 

w i t h X = and X' = Q+V . Taking t h e a d d i t i v e 
s o l u t i o n and the same parameters as b e f o r e , t h e 
r a d i a t i v e w i d t h s can be deduced from t h e ha d r o n i c w i d t h s 
PCV-^TTf) _ 690 - 150 eV, PC^'—>TTf)<230 e V ( 7 1 ) . 
They are 

P ( N / - * T r Y ) = ito.-itV , r(^'-^TtY)<oS"aV (2.29) 

compared w i t h ^ 0 ' 7 7 ^ 

P — > T T Y ) ^ 5 " i 3 t V , r O V — > T T V ) < l.bteeV (2.30) 

We a l s o note t h a t i f a l l c o u p l i n g s w i t h one r a d i a l ] / 

e x c i t e d s t a t e a r e h a l f t h e magnitude of the cor - s p o n d i 1 ^ 

c o u p l i n g w i t h a l l t h e p a r t i c l e s i n t h e ground s t a t e , fhen 
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°>*-<ono i 9+p»TT«» = «s-^io~^ qev/~ (2.31) 

(71) 
compared w i t h t h e e x p e r i m e n t a l v a l u e of 

3Vf»trO < ^ S- X lO"4*- C,W"' (2.32) 

i n r easonable agreement, g i v e n the d a t a . T f , however, 

t h e low m u l t i p l i c i t y decay o f S' —$>3"rt i s suDpressed, 

as i t i s i n t h e case f '—v- 2.TT and uo1—s> 3~n: 
we would expect 3*'p»ir° « 3 * ^ 0 * w e l l w i t n i n the 
e x p e r i m e n t a l bound. 

I n summary, t n e r a d i a t i v e decays of V,"^' t o 

(n)')7c-) ' ̂ ("3'4'^ a n d ^ S T e * ° u n d t o be i n r e a s o n a b l e 

accord w i t h t h e p r o p o s a l t h a t t he v e c t o r meson-photon 

c o u p l i n g i s q -dependent and t h a t t h e r a d i a l e x c i t a t i o n s 

of t he v e c t o r mesons must be i n c l u d e d i n t h e dec o m p o s i t i o n 

of t h e photon i n tne v e c t o r dominance model. Choosing a 

sim p l e p a r a m e t e r i s a t i o n of t h e q -dependence of f v we 

are a b l e t o f i t t h e data on t h t r a d i a t i v e decay o f "Y 

and " r t o i n a way which does n o t r e q u i r e a c a n c e l l a ­

t i o n of t h e p a r t o f the photon w i t h a l a r g e T" p a r t . 

I n f a c t t h e "V and *Y p a r t s o f t h e Dhotcn add, and the 

r a t i o s X = 9 » ^ / 9 + v ^ , X 1 = / are 

determined or bounded by the data and qu^rk model expect­

a t i o n s . I n what f o l l o w s we ta k e t h e same p a r a m e t e r ] s s * 1 o r 

and a p p l y i t t o the data f o r , and 0. The same f 

dependence (2.11) w i t h C = O.26 GeV"2 i s m a i n t a i n e d 

t h r o u g h o u t , however, i n view o f t h e apparent suppress on 

of low m u l t i p l i c i t y decays of ̂ ' and to' ,X+ i s re-examined 

each t i m e i t i s used. 
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2.*+ R a d i a t i v e Decays of 'Old' Vector Mesons 

Vector dominance model c a l c u l a t i o n s done on 

v e r t i c e s I n v o l v i n g ^ ,10 and <f> have been q u i t e s u c c e s s f u l 

( 7 8 , 7 9 ) ? a l t h o u g h i t has proved d i f f i c u l t t o accommo­

dat e the data on f~—e*-TT~Y and on t h e SU(3) r e l a t e d 

process K*°-> K°Y ^ ,78). 

T h i s success has been achieved w i t h o u t r e q u i r i n g a 

q 2-dependence of f v ? a l t h o u g h i t has been Droposed^?^ 

as a mechanism f o r e x p l a i n i n g t he d i s c r e p a n c y between 

t h e vector-dominance model p r e d i c t i o n and t h e new messure-

ment of the 0 -e-TV(> w i d t h ^ 0 ^ . Mass dependence of 

na d r o n i c v e r t i c e s '~ nas a i s o ueen ci it - a j u an miaa-vsis 

of r a d i a t i v e decays, t h e m o t i v a t i o n b eing t h a t i t i s an 

SU(3) b r e a k i n g mechanism. 

R a d i a l e x c i t a t i o n s , or heavy mesons have been 

i n c l u d e d I n r a d i a t i v e decay c a l c u l a t i o n s i n a v a r i e t y of 

ways^5^»78)^ D U t w i t h o u t q 2-dependence o f f v which would 

appear t o be r e q u i r e d by the and S*' . fis the 

f'il.57) i s e s t a b l i s h e d , and t h e io'(1.78), 0'(1.82) 

have r e c e n t l y been s e e n ^ ^ - ^ ^ i t : s a p p r o p r i a t e t o 

demonstrate t h a t a c o n s i s t e n t c a l c u l a t i o n a l scheme can 

be e s t a b l i s h e d which i n c l u d e s b o t h q 2-dependence, and the 
r a d i a l e x c i t a t i o n s of ̂ , u ) a n d 0. 

Proceeding as b e f o r e we can i m m e d i a t e l y w r i t e down 

the m o d i f i e d u n i v e r s a l i t y r e l a t i o n (2.3) 

v/4-*«. "ff (°) 
. t _. ( = I (2.33' 

V4"n:« 



N u m e r i c a l l y we have ( m a i n t a i n i n g t he X s o l u t i o n ) 

^ 9 f ™ p - V i f ? ' I ^ i . i t o . . ( 2 . 3 3 a ) 

V4T1 

which i s i n b e t t e r agreement than t h e v a l u e o b t a i n e d 

w i t h o u t q -dependence and r a d i a l e x c i t a t i o n s (2.3a). 

We now c o n s i d e r t he o — > T T Y v e r t e x . The w i d t h , 

P (co _ v n ° Y ) = 880 t 50 V e V ( o 5 ) g i v e s a c o u p l i n g 

3WTT»V = <°-78 - 0.02)GeV"1 and c o n t i n u i n g as b e f o r e 

V ^ f 1 + - ] (2.3^) 

where X + = 3u>ir«prr»f'° • Again we taKe X + = 2 

and deduce t h a t Quango = 13«95GeV ^ which can be com­

pared w i t h 13.22G6V"1 w i t h no ^' o r a 2-dependence of 

An e f f e c t of i n c r e a s i n g c^^^o i s t o r a i s e t h e 

p r e d i c t i o n f o r the cO—^3TC w i d t h from t n e sim p l e VDNi 

v a l u e of 5.6 MeV^ 8 1* or 6.5 MeV^1*) c l o s e r t o the 

measured v a l u e o f 9-0 - OA N e V ^ ^ . The i n c r e a s e 

v a r i e s a c c o r d i n g t o the method of c a l c u l a t i o n * 5**^ and 

a l s o on how s t r o n g l y t he couples t o 2JT . The p o i n t 

we would make i c t h a t q -dependence and the f are con­

s i s t e n t w i t h an improved r e s u l t f o r t h i s w i d t h . 

The c a l c u l a t i o n of VO->3TT f r o m ^> —*>TT°Y has been 
done w i t h o u t q 2-dependence*-^ . The enhancement of 

^ ^ ^ o necessary t o f i t t h e data has been achieved •" 

l e t t i n g t h e ^' and ̂  c o n t r i b u t i o n s have o p p o s i t e s i j . u 

and by not l e t t i n g t h e f> couple t o 2*n; . Such s o l u t -

f i t s t h e data and r e q u i r e s ^, ( ^ ) ̂ j,.o u, uoy/^ 

= -0.16 - 0.03, or |9f'«1jTr"/5-f**» I — 0A5, " r e s u l t 
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n o t i n c o n s i s t e n t w i t h the quark model. However, when 

the same s o l u t i o n i s a p p l i e d t o the r a d i a t i v e decays 

t h e 'f' makes a dominant c o n t r i b u t i o n , and f o r t h i s 

reason we d i s c a r d t h e n e g a t i v e s o l u t i o n t o (2.3 1*). 

C o n f i r m a t i o n o f the f a c t t h a t j f n W T o ^ y ^ ^ ^ o 

comes fr o m p r e d i c t i n g P(f'°—S>TC°^I) ~ i s o M«.v/. 
The e x p e r i m e n t a l w i d t h can be e s t i m a t e d from PCf) ^ 

200 - 800 freV^'\ and assuming t h a t , a t most, h a l f of 

t h e VTC events go by an ojncintermediate s t a t e . The 

r e s u l t i s P(f'—&tTuS) 100 -o^OO toeV i f does not 

c o u p l e t o 2TT or P(f>'-> r c ^ ) =s 75—>S00 heV i f has 

a 2556 b r a n c h i n g r a t i o t o 2TT T h e w s w " ' e s t i m a t e s 

P(f'—«^ TToo) ~ l^O MeV which would r e q u i r e X + ~ 3 and 

c o n s e q u e n t l y g w ^ v c=r l ^ . 1 * GeV"1 t o y i e l d 

r(f'—^nruo) ~ 120 MeV. 
I f we c o n t i n u e w i t h X + = 2, t h e n the e f f e c t i v e 

photon c o u p l i n g i s 

WcO [» • i f ^ ! > J. ] = s-.s-»u>-* ( 2 b 3 5 ) 

compared w i t h = 5.9 x 10~ 2. Using (2.35) 

and t h e h a d r o n i c w i d t h ( 8 o ) PC^-^TTp) = 0.57 - 0.03 MeV, 

we p r e d i c t P( —e»"n:Y) = 12.1 keV compared wa t h t h e 
e x p e r i m e n t a l v a l u e s of 5.9 t 2.0 k e V ( 8 l + ) and 10.6 i 5.1 
k e V ^ ^ . The d i s c r e p a n c y between t h e p r e d i c t i o n and thr> 

r e c e n t measurement of 5.9 keV i s d i f f i c u l t t o r e s o l v e , 

as i t s removal r e q u i r e s X >-1 i f C = 0, or 0.26 3eV" 2 

+ 

i n c o n f l i c t w i t h t h e quark model and i n c r e a s i n g C cau^e^ 

problems f o r t h e O" (<£ N ) c a l c u l a t i o n . 
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The ^~—^TT~Y decay i s analysed i n a s i m i l a r way 

t o t h e above t o g i v e 

+ + V f ^ i v ] (2.36) 
L <°> * + J 

where the s m a l l Y and V c o n t r i b u t i o n s have been i g n o r e d . 

I f we t a k e = 3 w«f / 6 ^ v f — 2- t h e r e remain two 

unknowns, f^.Cp) and fy, Co) . From t h e f o l l o w i n g 

o b s e r v a t i o n t h a t 

lc!_^f} =: O H , ( o ) c s o o . ^ (2.37) 

we i n f e r t h a t 

fr~'Co> - V' ^ o (2.^8^ 
^ Co) ^ Co) 

which a l l o w s us t o e s t i m a t e t h e va l u e s ) and 

f g l v e n i n Table ( 2 . 1 ) . (2.36) becomes 

~ 0 2 ? ^ c V - ' (2.39) 

The pred-»c + ed w i d t h i s ^(.^~~-9^rfY) = 108 keV which i s 

l a r g e r than t h e Primakof e f f e c t measurement^^) c f 

P(̂ >~ —J>TT~Y) = 3 5 - 1 0 keV, but s m a l l e r than t he measure­

ment from Y p — * - ^ n ( 8 7 ) o f P(^>~—^••nTY) = 190 ± 60 keV, 

Usi n g SU(3) we a l s o p r e d i c t PCK*°—> K ° Y ) = 1U0 \ eV 
compared w i t h t h e Primakof e f f e c t m e a s u r e m e n t ^ ^ of 

p (K.*°_^ K°Y) = 75 - 35 keV. 
The d i s c r e p a n c y between t h e o r y and experiment f o r 
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f ^.n~Y K> — ^ K ° Y i s a problem i n s i m p l e v e c t o r 

dominance c a l c u l a t i o n s and i t i s not going t o be removed 

by q -dependence of f v . As broken SU(3) models w i t h 
c o n s i d e r a b l e freedom are unable t o f i t s a t i s f a c t o r i l y 

(78) 
these w i d t h s ' , t h e problem i s e i t h e r more fundamental 

than t he one we are a d d r e s s i n g , as i t r e s i d e s i n t h e 

d a t a . 

The *rj (^') decays of the ̂ ,<o and 0 v e c t o r mesons 

are analysed i n the same way as above and we are a b l e t o 

p r e d i c t t he decays o f the r a d i a l l y e x c i t e d s t a t e 

v ' — * > V ^ ? V ' — f r o m an i n p u t o f t h e V — > • 

w i d t h . 

The d e c o m p o s i t i o n i s as f o l l o w s 

(2A0) 

I t i s assumed as u s u a l t h a t X + = 2 and t h a t we are 

no t going t o e x p e r i e n c e t he a d d i t i o n a l s u p p r e s s i o n of 

low m u l t i p l i c i t y decays found i n t h e l a s t s e c t i o n . We 

a l s o take X j = 1 and f v ' ( 0 ) / f v ( 0 ) ~ 0.21 t o 0.23 t o f i n d 

^ ( o ) [ i l l ] (2.h\\ 

and the r e s u l t s are g i v e n i n Table (2.3) • The t'v.o values 

g i v e n f o r data from r e f . (89) r e s u l t from an ex f n i n e n r , . l 

a m b i g u i t y . 
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Table ( 2 ^ ) ; 

R a d i a t i v e 1 (*?') v e r t i c e s f o r P> -°> 0-

Process Fxpe nmr nl <J J 
vidth 
krV 

P. J J1] uJli I tlMi 
r ( v ' - v i i ) r.'v 1 nir) 

b0H3 / - I 1 • ] 0 0 7->0 2 
(761 Lb) (1 OS'O 2) 

I D n V > •/. C8«) b i' 40 07 Ob 
(2917) ^4bOJ 10; ( bb> 06) 

iji >r> v b V J 2 (W) 60 t n 0 2 JO 05 

i (v'-Wn 1 ) 1 C V - V f ) 
Mi.V rfr-V 

n' >PY -300 ( M ) - £ 0 . 7 6 

£50 (fc«J .<i8(n'; SO 32 

2.5 The Compton Sua Rule and Large Phase Space Decays 

Because t h e q 2-dependence of f v reduces the c o u p l i n g 

a t q 2 = 0, t h e Compton sum r u l e v i l l be l e ? s w e l l s a t i s ­

f i e d by f, u j ; <f> and ^' c o n t r i b u t i o n s than i f q 2 -

dependence was not c o n s i d e r e d . E v a l u a t i n g i t a t P i a b = 

9.3 GeV and t a k i n g t he data from Table (3.1) (Chapter 

Three) g i v e s 

4o" (Vp —>Vp)| - O S i - t o 02 yu-b (\*» -a 

~ soio t o oa ) + o or> * o oosr(u>) 

+ o ozs + oooi (g>) 4. o 04.2 t o oô -Cf 

= o.i+o i o oi,. yub q«v" 2 (2A2) 
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i n c o n t r a s t w i t h 0.60 /AbGeV i f t h e r e i s no s u p p r e s s i o n . 

U s i n g t he methods of t h e p r e v i o u s s e c t i o n s we f i n d t h a t 
l*J' j a n d ^' m a ^ e a c o n t r i b u t i o n t o t h e sum r u l e 

of l e s s than 1%. 

I n view o f t h e v a r i o u s p r o p o s a l s reviewed by 

Sil v e r m a n t o account f o r t h e d i s c r e p a n c y we do not 

r e g a r d i t s i n c r e a s e as a fundamental problem. I t i s a 

q u e s t i o n of a l l o c a t i n g t h e d e f i c i e n c y on the r i g h t hand 

s i d e o f the sum r u l e t o n o n - r e s o n a t i n g 2TT c o n t r i b u t i o n s 
(*n) 

, h i g h e r mass and continuum c o n t r i b u t i o n s , or o t h e r 

mechanisms. 

A more p u z z l i n g proDiem i s ~zne apparent e x p e i n u e n L a i 

s u p p r e s s i o n of the low m u l t i p l i c i t y p i o n decays of the 

l i g h t quark r a d i a l l y e x c i t e d s t a t e s . The c o u p l i n g con­

s t a n t s u p p r e s s i o n f a c t o r of X + = 2 g i v e s P( f n > o ) ^ 

250 MeV, P(f'—**TTn) ~ 86 MeV, P(0'—> fir) ~ 1.5 MeV 
and P ( i o ' — 9 » { T £ ) ^ l A GeV. The 2Tr b r a n c h i n g r a t i o 

o f t h e ̂ ' i s c o n s i s t e n t w i t h one s o l u t i o n from phase-

s h i f t a n a l y s e s h o w e v e r , i n view of the d a t a ^ 1 ^ 

on tne to' which g i v e s P<«-̂ ') = 150 £ 30 MeV and shows 
3 p r e f e r e n c e f o r 5ft r a t h e r than 3T decay t h e l a s t 

r e s u l t i s absurd. T h i s suppression o f phase space 

f a v o u r e d decays may i n d i c a t e t h a t f o r T Y decay modes 

t h e assumption t h a t g^vo. /3vm<v — 0.5 i s too n a i v e 

and t h a t f o r to' and 0' i t s h o uld be much s m a l l e r , ^hi 

would reduce t h e p~ —*-TTY and K * ° — v \C°Y w i d t h s 

t o 89 and 115 keV r e s p e c t i v e l y . Because t h e suppress-un 

o f t h e low m u l t i p l i c i t y pion decays i s not p a r t of our 
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p r e s c r i p t i o n here our p r e d i c t i o n s f o r such w i d t h s are 

expected t o be much too l a r g e . Our p r e d i c t i o n s o f t h e 

h i g h e r m u l t i p l i c i t y decays u > ' — > f'rc , (f>'—g> f ' T 

a r e made assuming = Vi S^f"- > 9^'f'Tr 
= ^6*r^- a n c * t h e r e s u l t s a r e summarised i n Table ( 2 . 2 ) . 

I n Chapters Pour and F i v e we c o n s i d e r t h e puzz l e of t h e 

low m u l t i p l i c i t y decays w i t h i n a s p e c i f i c quark model. 

Summary 

The s i m p l e vector-meson dominance model has been 
r e v i e w e d and an extended v e c t o r dominance model which 

p 

i n c l u d e s b o t h r a d i a l e x c i t a t i o n s and q -dependence of 

t h e p h o t o n - v e c t o r meson c o u p l i n g a p p l i e d t o r a d i a t i v e 

decays o f the v e c t o r mesons. The parameters e s t i m a t e d 

from r a d i a t i v e decsy d e f i n e a phenomenological p r e s ­

c r i p t i o n i n which t h e r a d i a l e x c i t a t i o n s p l a y a minor 

r o l e compared w i t h t h e ground s t a t e v e c t o r mesons. 

V a r i o u s p r e d i c t i o n s have been made f o r decay w i d t h s . 
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CHAPTER 3 

VECTOR MESON PHOTOPRODUCTION AND TOTAL 
CROSS-SECTIONS ON NUCLEONS AND NUCLEI 

3.1 The Space-Time S t r u c t u r e o f Photon-Hadron I n t e r a c t i o n s 

B e f o r e proceeding t o ap p l y t h e methods o f Chapter Two 

t o t h e p r e d i c t i o n o f vector-meson-nucleon t o t a l c r o s s -

s e c t i o n s we develop a more i n t u i t i v e space-time des­

c r i p t i o n o f t h e photons h a d r o n i c i n t e r a c t i o n s . T h i s 

d e s c r i p t i o n w i l l f a c i l i t a t e an u n d e r s t a n d i n g o f t h e 

n u c l e a r shadowing phenomenon which i s e x p l o i t e d i n t h e 

e x p e r i m e n t a l measurements o f t o t a l c r o s s - s e c t i o n s -

measurements whic h are independent of any vector-meson-

dommance assumptions and hence are i m p o r t a n t f o r 

t e s t i n g our p r e d i c t i o n s . 

The mean f r e e p a t h of photons i n n u c l e a r m a t t e r i s 

g i v e n by 

and i s l a r g e compared t o t y p i c a l n u c l e a r dimensions, ^ ^ r -

e x p e c t s , t h e n , t h a t every n u c l e o n i s i l l u m i n a t e d by t;) 

f u l l i n c i d e n t photon beam and w i l l p a r t i c i p a t e e o u a l l y 

i n t h e s c a t t e r i n g process. Hence 

0~j. o t(YN) x ( d e n s i t y of nucleons) - 1 ~ 700f 

(3-D 

° W Y A ) = A ( C W Y N ) ) (3.2) 
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However i t i s always the case e x p e r i m e n t a l l y t h a t 

, an e f f e c t which i s 

u s u a l l y c h a r a c t e r i s e d by the e x p r e s s i o n 

A * f f < A (3.3) 

where 
A C + F = CYA) 

T h i s Dhenomenon s t r o n g l y bears out the u n d e r l y i n g p h i l ­

osophy of v e r c t o r meson dominance where a photon i n c i d e n t 

on a l a r g e nucleus f i r s t c o n v e r t s i t s e l f i n t o a l i n e a r 

comDina'cion of v e c t o r mesons. One c e r t a i n l y expects 

C T ^ ^ a ) not t o be p r o p o r t i o n a l t o A because of 

shadow e f f e c t s : the mean f r e e p a t h o f ̂ 's i n n u c l e a r 

m a t t e r 

[°tot^f N^ x ( d e n s i t y o f nucleons ) ] " 1 ~ 3 f (3-5) 

i s comparable t o n u c l e a r s i z e s , so t h a t nuclecns deep 

i n s i d e t h e nucleus do not see the f u l l i n c i d e n t | f - f l u x . 

I f h a d r o n i c mean f r e e paths were n e g l i g i b l e compared t o 

n u c l e a r s i z e s ' i . e . i f O ~ t 0 t ^ f ^ w e r e i n f i n i t e ) , i n t e r ­

a c t i o n s would be c o n f i n e d t o th e s u r f a c e . The c r o s s -

s e c t i o n would then go as A^ s i n c e the s u r f a c e t o volume 

behaves as th e § power. The f a c t t h a t 0 ^ o t ( f N ) ~30mb 

means t h a t shadowing i s not t h a t d r a m a t i c ( t y p i c a l 
0 8 

h a d r o n i c c r o s s - s e c t i o n s go l i k e A as A i n c r e a s e s ) . 
We have o u t l i n e d i n Chapter Two th e s i m i l a r i t i e s 

between photon and hadron i n t e r a c t i o n s - these s u g g e s t 
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t h a t t h e photon behaves l i k e a hadron f o r a s m a l l 

f r a c t i o n (~°<) o f the t i m e . We express t h i s by 

e x p a n d i n g ( t o lowest o r d e r i n e) a p h y s i c a l photon s t a t e 

of energy i> i n terms of a "bare" photon s t a t e 

| Y a)» and e i g e n s t a t e s o f t h e H a m i l t o n i a n which 

i n c l u d e s the s t r o n g i n t e r a c t i o n s but not the e l e c t r o ­

magnetic i n t e r a c t i o n H g M ^ l ) . 

| Y > = | Y a > * H l « > < n | H f f „ | Y E > ( 3 . 6 ) 
O — 

En " ^ 
The hadron s t a t e s \r,y which can c o n t r i b u t e t o the sum 

are those s t a t e s t h a t are produced i n e +e~ a n n i h i l a t i o n , 
J — JD A. X. _ 1 X. 3 J _ N X. U 4 — _ — . X. „ 
J.ii x ev- u xuwco ti ui v x x u c buci c x n aii at* u v>VJIInc — 

(92) 

t i o n which i s g i v e n by p e r t u r b a t i o n t n e o r y . The 

s t a t e s are o n - s h e l l and massive so energy i s not 

conserved a t t h e Y f l-n v e r t e x ( F i g . ( 3 . 1 ) ) . 
l V a > |n> 

r ^ y ^ @ 

Photon-hadron v e r t e x 

The time d u r i n g which t h e feadronic vacuum f l u c t u a t i o n 

l i v e s i s detexmined b/ t he u n c e r t a i n t y p i i n c i p l e 

and 

i n 

We r e f e r t o A t as t h e f o r m a t i o n t i m e o f a p a r t i c u l a r 
h a d r o n i c component. When A t i s l a r g e ( i . e . as V i n c r e a s e s ) 
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we expect d i f f r a c t i v e s c a t t e r i n g f e a t u r e s t o emerge i n 

n u c l e o n i c photoprocesses as t h e h a d r o n i c component of 

t h e photon becomes dominant - an e x p e c t a t i o n w h i c h i s 

borne out e x p e r i m e n t a l l y as n o t e d i n the p r e v i o u s 

c h a p t e r . 

The p i c t u r e can e a s i l y be extended t o e l e c t r o -

p r o d u c t i o n processes where t h e photon a c q u i r e s a mass 

squared 

Q 2 = - q 2 = k 2 - V 2 (3.9) 

The f o r m a t i o n t i m e (3.8) now becomes 

A t « 2U (3.10) 
Q 2+m 2 

o p p 

where t h e a p p r o x i m a t i o n i s now V » Q +m . D i f f r a c t i v e 

f e a t u r e s are expected t o show up i n e l e c t r o p r o d u c t i o n 

f o r l a r g e At and hence^3) f o r l a r g e 

CO = 2mv (3.11) 

(9*0 
Q 2 

which i s the d i m e n s i o n l e s s B j o r k e n s c a l i n g v a r i a b l e 

T h i s i s i n d e e d t h e case e x p e r i m e n t a l l y ^ * ^ ) ( n o t e t h a t i n 

t h i s p i c t u r e t h e parameter 101 = 2ms> i s a more n a t u r a l 

c a n d i d a t e than u> f o r the ^ +m s c a l i n g 

v a r i a b l e ) . 

I t i s now n a t u r a l t o expect t h a t t h e v i r t u a l phot 1 
2 

e x h i b i t s a changing e f f e c t i v e s i z e as Q i s v a n c d f o r 

l a r g e 10. This would be e x p l i c i t l y m a n i f e s t e d as a 

s h r i n k a g e o f t h e f o r w a r d peak of t h e d i f f e r e n t i a l c r o s s -

s e c t i o n f o r ^ - e l e c t r o - p r o d u c t i o n on a nucleon t a r g e t as 
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„2 Q decreases. The reason f o r t h i s i s t h a t d i f f r a c t i v e 
processes g e n e r a l l y e x h i b i t a f o r w a r d d i f f e r e n t i a l 
c r o s s - s e c t i o n o f t h e form 

&r = A e b t (3-12) 
d t 

where the s l o p e b and t h e i n t e r a c t i o n r a d i u s R are 

r e l a t e d b y ( 9 6 ) 

b = R2
/l+ (3-13) 

p 

As Q i n c r e a s e s to decreases r e d u c i n g t h e photons 

e f f e c t i v e " s i z e " and b w i l l decrease r e s u l t i n g i n an 

a n t i - s n r i n K a g e of zae f o r w a r d peatc. 

An advantage o f t h e p i c t u r e of the Dhoton we are 

p a i n t i n g i s t h a t t h e hadronic components of i t s s t r u c t u r e 

are not r e s t r i c t e d t o v e c t o r meson poles as i n s i m p l e 

VDM. Non-resonant components (e.g.TTTC, DD, NN, ...) 

w i l l c o n t r i b u t e t o t h e i n t e r a c t i o n i n t h e a p p r o p r i a t e 
( 9 ? ) 

k i n e m a t i c a l r e g i o n s . Yennie di s c u s s e s t h e d i p i o n 
component i n d e t a i l assuming t h a t i t i s ^-raeson domin­

a t e d and f i n d s t h a t t h i s component enhances t h e s i m p l e 

^>-Dole c o n t r i b u t i o n t o t h e Dhoton t o t a l c r o s s - s e c t i o n 

by 10-*20$ (an e f f e c t r e f e r r e d t o i n the d i s c u s s i o n of 

t h e Compton sum r u l e i n Chapter Two). 

F u r t h e r evidence f o r t h e i m p o r t a n c e of t h i s com­

ponent i s t o be seen i n the mass d i s t r i b u t i o n o f p i o n 

p a i r s i n d i f f r a c t i v e I T + T T ~ p h o t o p r o d u c t i o n . An example 

i s shown i n F i g . (3.2). The c u r v e i s the pure ^° p a r t 
(97) 

o f a best f i t w i t h an a d j u s t a b l e background . J t i s 
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Mass d i s t r i b u t i o n i n l p l o n photo produ c t i o n 

obvious t h a t t h e resonance peak i s s t r o n g l y skewed t o ­

wards lower masses by an i n t e r f e r i n g background - t h i s 

i s q u a l i t a t i v e l y s i m i l a r t o t h e d i s t r i b u t i o n we exoect 

i n t h e o r i g i n a l photon s t r u c t u r e as low mass non-

resonant components should dominate due t o t h e i r l a r g e r 

f o r m a t i o n t i m e . I t i s a l s o w o r t h n o t i n g t h a t d l f f r a c -

t i v e TTTT p h o t o p r o d u c t i o n accounts f o r ~15# o f t h e 

photon t o t a l c r o s s - s e c t i o n which agrees r e a s o n a b l y w i t h 

t h e u s u a l cr e L / & M ~ o - l f o r h a d r o n i c processes. 

Yennie proceeds t o i n v e s t i g a t e t h e s o a t i a l s t r u c t u r e 

of the non-resonant 2*r c o n t r i b u t i o n u t i l i s i n g t h - 2TT 

s c a t t e r i n g wave f u n c t i o n . The " s h r i n k i n g " o f the 2 T 

component w i t h i n c r e a s i n g Q2 emerges n a t u r a l l y and he 
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r e g a r d s t h i s as s u g g e s t i v e of a s h r i n k i n g of t h e whole 

h a d r o n i c s t r u c t u r e . T h i s expected behaviour i s i n accord 
(98) 

w i t h t he a n a l y s i s of Cheng and Wu who i n v e s t i g a t e d 

w i t h i n t h e c o n t e x t o f Q.E.D. t h e d i s s o c i a t i o n o f s 

v i r t u a l photon i n t o a l e p t o n - a n f c i - l e p t o n p a i r w h i c h , 

a f t e r g o ing t h r o u g h a Coulomb p o t e n t i a l , recombines t o 

for m a v i r t u a l photon a g a i n . The c a l c u l a t i o n was con­

ducted by f i r s t t a k i n g the ^ > — ° ° l i m i t and th e n 
i n v e s t i g a t i n g t he s p a t i a l s e p a r a t i o n o f the l e p t o n s as 

p 
a f u n c t i o n of Q . T h i s s e p a r a t i o n was found t o s h r i n k 

p 
t o zero as Q i n c r e a s e s . 

(91) „„„ . 

t h e c a l c u l a t i o n of Cheng and Wu i s not p h y s i c a l l y 

r e l e v a n t because of t h e absence of s t r o n g i n t e r a c t i o n s 

i n t h e model. As regards Yennies work a l t h o u g h t h e 

non-resonant 2TT t a i l w i l l be drawn i n as Q 2f the 

ha d r o n i c c o r e w i l l m a i n t a i n i t s s t r o n g . i n t e r a c t i o n 

s i z e and the ̂ - e l e c t r o p r o d u c t i o n s l o p e parameter w i l l be 
p 

i n s e n s i t i v e t o 9 a t l a r g e to. 
The e x p e r i m e n t a l s i t u a t i o n i s shown i n F i g . (3.3) 

where t h e data i s taken from r e f . (99). Due t o 

n o t o r i o u s s y s t e m a t i c d i f f i c u l t i e s i n comparing r e s u l t s 

f r o m d i f f e r e n t experiments i t i s d i f f i c u l t t o f i r m l ^ 
c onclude s h r i n k a g e or n o - s h r i n k a g e . The C o r n e l l data 
i s c e r t a i n l y c o n s i s t e n t w i t h no s h r i n k a g e and one may 

say t h a t any s u b s t a n t i a l s h r i n k a g e w i l l occur o n l y a t 

Q of a few GeV^. 
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FIR. ( ^ ? 
The slope parameter b of the ? 

e l e c t r o p r o d u c t l o n cross-section versus Q 

We now apply the ideas developed so f a r to the 
nuclear shadowing phenomenon. I n the shadow region of a 
s i n g l e nucleon ( F i g . }>M) we expect the s t a t e to d i f f e r 

S H AD 

Fie. 
Nuclear shadowing 

from the i n i t i a l s t a t e i n 3 ways: 
i ) the o r i g i n a l hadronic components w i l l be 

s t r o n g l y depleted; 
n ) the bare photon component mav be m o d i f i >d; 

i i i ) new hadrons, d i f f e r e n t i n nature from the 
i n i t i a l components w i l l be more or less 
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c a t a s t r o p h i c a l l y present - the u l t i m a t e 
spreading out of these states rep­
resents d i f f r a c t i v e photoproduction. 

I f we now reexpress ( i ) and ( i i ) i n terms of 
ph y s i c a l states we w i l l have a ph y s i c a l photon w i t h a 
s l i g h t l y reduced amplitude (~«) together w i t h a super­
p o s i t i o n of r e a l hadronic s t a t e s . 

K 6 > = |Y> - £ | n > < w l H ™ ' V ' > (3.1W) 
e n - * 

Since i t i s the physical states which propagate w i t h a 
d e f i n i t e wave number-energy r e l a t i o n s h i p the super­
p o s i t i o n w i l l u l t i m a t e l y spread out ana Decome separated 
(100,101)^ e x a m p ^ e j a physical photon and a f° 

propogate w i t h wave numbers k and ( k ^ + m^)^ r e s p e c t i v e l v , 
and t o f i r s t order a comparison y i e l d s the coherence 
length (3»8). A f t e r a distance ~ %k they w i l l be 
s u f f i c i e n t l y out of phase such t h a t they no longer add 
up to the bare photon, hence i f there i s a second nucleon 
behind the f i r s t w i t h i n a coherence length the bare 
photon s t a t e w i l l pass s t r a i g h t through r e s u l t i n g , f o r a 
large nucleus, i n A e ^ < A 

An e f f e c t which i s independent of any vector domin­
ance assumDtions but which i s o f t e n c l a s s i f i e d as a 
shadowing phenomenon i s the m o d i f i c a t i o n of a given 
photoproduction cross-section by absorption of the out­
going hadrons i n nuclear m a t t e r ^ 1 0 2 ^ . The q u a n t i t y 

A , „ = g ( Y * - » V A ) ( 3 a 5 ) 

4 ? ( y t i - » V N ) 



- 66 -

can be c a l c u l a t e d using Glauber-type m u l t i - s c a t t e r i n g 
t h e o r y ( 1 0 2 ) or nuclear o p t i c a l m o d e l s ^ 1 0 1 1 l0^\ the 

only unknown parameter being (vm) . Measurements 
of A-r, or the r a t i o f o r d i f f e r e n t n u c l e i can 

then be used to f i x 0t o^(VN), a m e t n o d w e discuss f u r t h e r 
i n section ( 3 - 3 ) • 

Vector dominance is. i n strumental i n the o p t i c a l 
model c a l c u l a t i o n s ^ 1 0 1 ' 1 ^ of 

A e 4 f = ^ ( V A ) (3.16^ 
<=r^ ( V N ) 

the p r e d i c t i o n being s l i g h t l v too d r a s t i c i n t h a t ^ 1 0 ^ 

A « « ~ A ( 3 - 1 7 ) 

w i t h 0 ~ t o t ( f N) ~ 26mb and Re/T ~ 0.2 f o r the Y—*> f 
amplitude. The experimental A does not f a l l o f f 
t h i s q u i c k l y , the reason f o r the o v e r p r e d i c t i o n being 
t h a t the s i n g l e hadron channel (the rho) account? f o r 
only about 78% of C J Y N i n the naive model. The modi­
f i e d formula 

f i t s the data w e l l . 
The above discussion of the photons s t r u c t u r e ana 

the shadowing phenomena form an arena i n which we can 

present the t o t a l cross-section p r e d i c t i o n s of "he model 
developed i n Chapter Two and c r i t i c a l l y analyse t h e i r 
determination from n u c l e i r s c a t t e r i n g experiments. 
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3-2 Extended V.K.D. Model Pre d i c t i o n s of C^ot;(VN) 
The t o t a l cross-section f o r transversely p o l a r i s e d 

vector mesons i s r e l a t e d i n the vector dominance model 
t o 77(YN-»VN) as f o l l o w s dt 

da ( Y M —> vw) 
= ( H ^ - H : ° + F 2 ) ( 3 - 1 9 ) 

where 

k^ N = (s - (mv + m N ) 2 ) ( s - (m y - m N ) 2 ) A s (3-20) 

and the kinematic f a c t o r comes from applying the vector 
dominance model to the i n v a r i a n t amplitudes. The f a c t o r 
^ i s tne r a t i o o i the r e a l to imaginary parts of the 
forward amplitude. 

The assumptions contained i n (3.19) are that 
s-channel h e l i c i t y i s conserved, t h a t the process 
YN->VN i s d i f f r a c t j v e and consequently that the ampli­
tude i s predominantly imaginary. Also i t i s assumed 
that c o n t r i b u t i o n s to (3.19) a r i s i n g from expressing the 
photon i n terms of vector mesons, other than the f i n a l 
s t a t e , V, are small. 

The l a s t assumption exposes the q 2 dependence of f v 

as i t e l iminates compensating c o n t r i b u t i o n s from r a d i a l 
e x c i t a t i o n s of V, or other c o n t r i b u t i o n s of the same 
i s o s p i n . The consequences of t h i s are I l l u s t r a t e d by 
Table (3.1) where values of CTj.ot(VN) are presented whic'i 
are c a l c u l a t e d w i t h and without a q dependent f v and 
assuming ^ = 0. I t i s clear th->t w i t h q 2 dependence the 
(JJ.ot(VN) are la r g e r than when c a l c u l a t e d w i t h no q 2 
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dependence, and i t u; u s e f u l to knov how lar g e OT .(VN) 
U O TJ 

can be. Barger and P h i l l i p s c a l c u l a t e d t h a t 
0" t o t ;(VN)4 l+UbGeV"2 where b i s the l o g a r i t h m i c slope of 
the forward e l a s t i c d i f f e r e n t i a l c r o s s - s e c t i o n . However 
t h e i r r e s u l t i s out by a f a c t o r of t w o ^ 1 0 ^ : Taking an 
exponential approximation f o r the forward peak 

dor(VN-^VN) = CT^CVN) e
 b t (3.21) 

d t — - — 
16 T 

we o b t a i n 

|ACs,t)| = s(Ttot e b V 2 (3.22) 

Considering now the p a r t i a l waves^ 1 0°^ (we are assuming 
d i f f r a c t i o n , i . e . e s s e n t i a l l v imaginary and spin inde­
pendent amplitudes) 

A i ( s ) = 1 /"dx P-.U) A ( s , t ) , x =.cos0 

J'1 (3.23) 

we get, on s u b s t i t u t i o n of (3-22) 

A 1 ( S ) i s q . p t rax P 1 ( X ) e h \ (3.2*0 

32T 7-1 
where i n the d i f f r a c t i v e region 

x = 21 • 1 (3.25) 
s 

U n i t a r i t y now t e l l s us that each p a r t i a l wave i s bounded 

by i : 

A l ( s ) = e 2 l S l ( s ) - 1 ^ i (3.20) 
2i 

http://isq.pt
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J -

and t h i s implies bounds on — and G~tot' T n e 1 = 0 

p a r t i a l wave reaches i t s l i m i t f i r s t and sets the bound, 

(3-27 

= i S f l i < i (3.28) 
8-nrb 

and hence we have the corrected r e s u l t 

0-tot.(/N) ̂  8-n:b (3.29) 

A l l of our p r e d i c t i o n s f o r the ground s t a t e mesons, 
i n c l u d i n g the f , where 0TJ;ot.(>k' N) 4. 29.•+ mb, are w i t h i n 
the u n i t a r y bound, however the N7" p r e d i c t i o n disagrees 
considerably w i t h the d a t a ^ 1 0 ^ . One cause of the d i s ­
crepancy i s the e f f e c t of the "f" on the c a l c u l a t i o n . 
Treating the problem generally, we f i n d 

A(YN-*VN) = (hi) f v ( 0 ) A(VN-VN) WW 
' V j A f

V « ( 0 ) A(V'K-^N) 
kYN 

(3.30) 

Tf we make the same assumptions as went i n t o (3.19), 
w i t h the exception t h a t A(V*N—*»VN) i s not zero, and 
assume i n a d d i t i o n t h a t the d i f f r a c t i v e amplitudes are 
dominated by f a c t o r i z a b l e pomeron (P) exchange, we get 

A(YN-*VN) = f (0)A(VN->VN)f 1 + V j N f V ' ( 0 ) l_\ 
1 k V N f v ( 0 ) X +J 

(3-31) 
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where X+ = g Vvp/gv'vp- I f w e t a k e = 2, as i t was i n 
Chapter Two, then the e f f e c t on the C^^CVN) p r e d i c t i o n s 

i n Table (3«1) c a l c u l a t e d w i t h q dependence i s t o reduce 
them by f a c t o r s of 

[l + k
V'N £vl(0) L \ ar 1.1 (p,u>,0) 
VN V ' 

a 1.2 (NO (3.32) 

and these e f f e c t s w i l l not decrease w i t h energy. 

The proposal th a t the r a d i a l e x c i t a t i o n s a f f e c t the 
c a l c u l a t i o n of CT^0^(VN) can be tested f o r consistency 
by p r e d i c t i n g dg"(YN-*V'N) at t = 0 and also Gl-Af'Vt). 

at u v / u 

The r e s u l t i s 

dJZ(YN->V'N) 
dt t=0 

= d(T(YN-*VN) 
dt 

jfy(O) + J 

( f v(o) x + J 
(3.33) 

where X^ = gy'v'p/gv'vp* I f ' a s i n C n a P t e r T w o > 
X + = 1, the suppression f a c t o r i n (3-33) i s 0.3 and at 
t = 0 we estimate 

dp; (YN—»-f'N) = 30 - 3/^b/GeV2 

dt 
dO" (YN-*+'N) = 5.1 - 1.3 nb/GeV2 ( 3 - ^ ) 
dt 

Given the err o r s on the measurements of these values uo 
regard the r e s u l t s as encouraging, ks they are weakly 
dependent on X^ they may be suggesting that X + i s closer 
to 3 and t h i s would give a reasonable r a t i o f o r 
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( T ( N N * ( l * f O O ) / C T ( N N ) i f i n fact. N*(H+OC) i s a r a d i a l 
e x c i t a t i o n of the nucleon, and the suppression i s the 
same f o r nucleons as f o r mesons. On the other h^nd 
studies of the decay "V*—• ^UTT s u g g e s t ^ t h a t 
Oj^vp ~ ^ + 4.p , so we keep X + = 2. 

The estimate of OlV'N) f o l l o w s from 

A(YN-^V'N) = f v,(OjAWN-^V'N) 1 + f v(o) i _ 
X

+ J 

(3.35) 
i s independent of X+, which, i n the absence of any 

. . - 0 U l l M ~- ~ T i 0 Z - -~ 

determined. We take X^ = 1 and p r e d i c t the values of 
CTtot^VN) given i n Table (3.1), which are a considerable 
improvement on tho^e c a l c u l a t e d assuming onlv q 
dependence, i n t h a t 0"(f'N) i s now more s a f e l y below the 
u n i t a r y bound of 68 mb cal c u l a t e d from an assumed b of 
7 Gev" . The improved estimate f o r Oto^V'K) supports 
adding rather than s u b t r a c t i n g the e f f e c t of the r a d i a l 
e x c i t a t i o n and ground s t a t e meson, w i t h or without 
q c dependence of f v , i f the same f i n a l r e s u l t s are to 
be achieved. 

I n summary, the 0t ot(V rN) p r e d i c t i o n s i n the vector 
dominance model which includes both q^ dependence of f v 
and r a d i a l e x c i t a t i o n s of the vector meson? are i n 
reasonable accord w i t h the data f o r and 0. C^ot^N) 

p 
i s predicted to be la r g e r than the data at s ~36 GeV 

- we now go on to consider t h i s data. 
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3*3 Analys-is of Experimental Data on 0"tnt,Cy N) 
The l e f t hand side of (3-19) i s given by measure­

ments of g°s(YN->VN). The l o g a r i t h m i c slope, b, of the 
d i f f e r e n t i a l cross-section has to be w e l l determined so 
t h a t the e x t r a p o l a t i o n to t = 0 of *^Tcan be performed, 
and f o r to and 0 t h i s presents l i t t l e problem as there 
are many measurements and the extr a D o l a t i o n from 
t ' = t - t m a x = 0 to t = 0 i s s n o r t . For tne'S'", the 
measurements are few, and f o r comparison w i t h a 
CT^Q^C^N) measurement made w i t h a bremsstrahlung beam 
of E 0 = 20 GeV there i s only one determination of b, i n 
the r i g h t energy r a n g e v L K j y j . I t i s a measurement on 
deuterium w i t h a bremsstrahlung end point energy of 
E c = 20 GeV and a photon energy of k = 19 GeV which 
gives b = 2.9 GeV"2 from three data po i n t s , a l b e i t w i t h 
small e r r o r bars. As t m a x = - 0.088 GeV"2 f o r t h i s b 
value, the extr a D o l a t i o n raise? the d i f f e r e n t i a l cross-
se c t i o n of 15.0 - 1.0 nb/GeV2 at t ' = 0 to I9.h - 1.3 
nb/GeV2 at t = O^110^. The e r r o r on the measurement i s 
s t a t i s t i c a l and the authors^"L°^^ re p o r t a 15$ systematic 

e r r o r as w e l l as a possible 20-30% i n e l a s t i c c o n t r i b ­
u t i o n . I n view of the e r r o r range, and the f a c t t h a t 
three measurements^ 1 0 ( 5^ at k = 19 GeV give d i f f e r e n t i a l 
cross-sections at t = 0 ranging from 13«9 to 19.h 
n b / G e V 2 U 1 0 ) we take 17 - h nb/GeV2 as the input t o 
(3-19). 

This y i e l d s the p r e d i c t i o n , w i t h q dependence and 
the c o r r e c t i o n , of 10.5 - 1.5 Tib which should be com­
pared w i t h the experimental d e t e r m i n a t i o n ^ 1 0 ^ of 3.5 -
0.8 mb. 
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The experiment i s performed w i t h a 20 GeV 
bremsstrahlung beam s c a t t e r i n g o f f b e r y l l i u m (A = 9) 
and tantalum (A = 181) n u c l e i . The s c a t t e r i n g i s 
incoherent as the A dependence data i s taken w i t h a 
spectrometer s e t t i n g corresponding to a transverse 
momentum Pj^ = 1.65 GeV. We can estimate the formation 
time of the hadronic component to be 

A t « £k_ x h GeV"1 (3-36) 
m v

2 

f o r a photon energy of 19 GeV. This i s to be compared 
w i t h the mean f r e e path of N/"'s i n nuclear matter 

l v = [ O ^ Q ^ ^ N ) x (dendity of nucleons)J -1 

~ l+oo-^O GeV"1 f o r 0 ^ o t ( y N) = 1-^10 mb (3.37) 

We see th a t even i f ^ ^ ( N ^ N ) i s 10 mb the formation t i 
i s small compared t o the nuclear mean f r e e path and a 
simple nuclear o p t i c s m odel^ 1 0 1^ y i e l d s 

A « " C T ^ N ) / D K ° " E ] ( 3 ' 3 8 ) 

where 

m 

T O O = / a« ^ ( b j 2 ) (3.39) 

p ( b ,*) i s the nuclear density, the photon i s i n c i d e n t 
along the E -axis and b i s the impact parameter. I n tht-

n o t a t i o n of the nuclear o p t i c s models t h i s expression 
f o r A 4 ^f i s v a l i d i f the process i s incoherent ->nd i f 

£ v = L* » I (3 AO) 
r k 
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For the case we consider ^ v takes the value 200 —»20 
f o r CT^tN'N) = l - * 1 0 mb. 

Anderson et a l ^ 1 0 ^ use a hard sphere m o d e l ^ ± l 1 ^ 
f o r the nuclear density 

T ( b ) = 3A_ (ft* - b * / 2 , b< R. 

where the nuclear radius R = r 0 A ^ and the r 0 ' s f o r Be 
and Ta are determined from the measurements of 
e f f e c t i v e nuclear r a d i i as determined from rho photo-
production d a t a ^ 1 1 2 ^ . The s u b s t i t u t i o n of ( 3 A l ^ i n 

i k* I 2 J 

where 

ana 

i s the i n c p l e t e gamma f u n c t i o n . This f u n c t i o n can be 
reexpressed to y i e l d 

Then i f 0^.ô  i s small the extreme r i g h t hand term can 
be expanded and the whole expression approximated by 
the f i r s t two terms y i e l d i n g 

A.« = A (' - V « ) (3A6) 

= A ( i - lA^o*.* ) P.1+7) 
l b "IT r * 
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and t h i s i s the expression used i n r e f . (107). 

I f 0~-t ot(^ r N) ~ 0.8 mb as predicted by naive vector 
dominance then the approximations made above are 
reasonable, however i f 0^ot(-v|r N) ~ 10 mb as predict e d i n 
the previous section then even f o r b e r y l l i u m , kR=rl and 
the analysis must be modified. 

Maintaining the exact expression f o r (3.Wy) 

we solved numericallv f o r q ot(N /"N) (the experimentally 
measured q u a n t i t y i s i n f a c t 

. Se / A To. 
yu, = A«« / A .ft- (3A8) 

and Grit? equaCxori ~zo b«_ solved uecomes more cumoersome) 
w i t h the r e s u l t 

0 t o t ( N ' N > = h'h 1 1-2 ^ (3A9) 

One more refinement was included i n the analysis as the 
hard sphere model i s a r e l i a b l e model only f o r heavier 
( A 11-) n u c l e i . The harmonic o s c i l l a t o r model 

TCb) = frA/V(^(b^V,**>«/» (3.50) 

(where 0O i s the normalisation constant determined bv 
Am = A as C —>0) i s known to be more appropriate 
f o r l i g h t n u c l e i and i t s i n c l u s i o n i n the analysis y i e l d s 
the f i n a l r e s u l t 

° t o t ( ^ N ) = h - 6 1 1-8 mb (3-51) 

Although t h i s value i s l a r g e r than the published cro^s-
s e c t i o n (and i s now considerably l a r g e r than the naive 
vector dominance estimate) there i s s t i l l a f a c t o r of ~ 2 
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discrepancy between p r e d i c t i o n and experiment. 
The cross-section C^^C^N) deduced from 

^TC^N—p-^TH) at t = 0 i s very energy dependent i n the d t 
photon energy range up to 20 GeV and t h i s would appear 
to suggest the opening of an i n e l a s t i c channel at 
S = 23.5 - 2.0 GeV consistent w i t h charmed p a r t i c l e 
production. Thorndike^ 1 1^) using dispersion r e l a t i o n 
arguments, has observed that the r e a l part of the 
e l a s t i c N'N s c a t t e r i n g amplitude cannot be zero given 
the energy dependence of 0~j; Ot;(^N). The e f f e c t of a 
non-zero r a t i o of r e a l to imaginary parts of the 
e l a s t i c s c a t t e r i n g amplitude LS fco reduce the predicted 
value of 0~tot;(N'-N) by a f a c t o r (l+£ 2)^. As { decreases 
i n magnitude as energy increases i n other d i f f r a c t i v e 
processes, the measurement of O t o ^ ^ N ) at energies 
above 55 GeV, along w i t h more accurate data f o r 
£2" (YN —•H'N) i n t h a t energy range would help to remove 
^ as a cause of discrepancy between p r e d i c t i o n and 
measurement. A point i n favour of our p r e d i c t i o n which 
w i l l p e r s i s t at higher energies i s t h a t CT.i — 0 2. 
i n accord w i t h other d i f f r a c t i v e processes. 

3 S u m m a r y of the 0 -Dependence P r e s c r i p t i o n 

We have demonstrated that r a d i a t i v e decays and 
photoporduction of the^>,u>,0 and 1f mesons can a l l be 

t r e a t e d i n the same way i n vector dominance model c a l c u l ­

a t i o n s w i t h good r e s u l t s . To achieve t h i s i t i s nec­

essary to include the e f f e c t of the r a d i a l l y excited 
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states ^ ,ay, 0' and Y and also the q dependence of the 
photon-vector meson coupling f v . 

We w r i t e the vector dominance series as 

| Y , ^ S ° > = 2 * v ( o ) | v > (3.52) 
v 

where the summation includes a l l possible ground s t a t e 
vector mesons and t h e i r r a d i a l e x c i t a t i o n s (the c o n t r i b ­
u t i o n s of ̂ D^ states are n e g l i g i b l e ) . The q^ dependence 

i s parameterised simply as f v ( q 2 ) = e x p ( c q 2 ) f v ( 0 ) w i t h 
the same c f o r a l l vector mesons. (3•52) i s used to f i t 
the a v a i l a b l e data on ~V decay to Yr^ w i t h the 
photon decomposed only i n t o Y and Y . This leads to 
several possible s o l u t i o n s and to select one we use the 
quark model c r i t e r i o n t h a t the magnitude of vertex 
couplings i n v o l v i n g no r a d i a l l y excited states should 
be l a r g e r than t h a t f o r couplings i n v o l v i n g one or two 
such s t a t e s . The acceptable s o l u t i o n i s given by 
c = 0.26 GeV-2, 9 * v 7 - <3*v 7 = l/2<$^y i and 
tha t e f f e c t i v e l y defines a c a l c u l a t i o n a l p r e s c r i p t i o n f o r 
vector dominance c a l c u l a t i o n s as we requi r e t h a t g^vb 
= ^v'ab = ^i^y/Ab a n d c = °*26 GeV"^ throughout. 

A l l of the terms i n the seri e s (3.52) add i n the 

chosen s o l u t i o n , and a d i s t i n c t advantage of t h i s and 
p 

the q -dependence i s t h a t the s e r i e s converges r a p i d l y 
as f v i ( 0 ) / f v ( 0 ) % 0 . 2 , and consequently higher order 
r a d i a l e x c i t a t i o n s make n e g l i g i b l e c o n t r i b u t i o n . This 
i s to be contrasted w i t h the commonly used s o l u t i o n i n 
which there i s no q^-dependence, and the terms i n the 
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s e r i e s a l t e r n a t e i n sign w i t h each increase i n r a d i a l 
e x c i t a t i o n , and the series appears to converge slo w l y . 

Having i n t e g r a t e d V and V i n t o a s i n g l e pres­
c r i p t i o n we are able to r e l a t e the r a d i a t i v e decays of 
V and V to the appropriate hadronic v e r t i c e s . We 
achieve reasonable success w i t h the various ^ 7 "V* 
decays, and w i t h to — > T C Y , i n that the predicted w i d t h 
f o r f»'—p>rcio i s about what i s expected and the 
p r e s c r i p t i o n p r e d i c t s a la r g e r 9u>tt^ than t h a t of 
simple vector dominance. 

Consequently a la r g e r width f o r to—1> 3TT decay 
i s predicted which i s an improvement over the simple 
model. I f a f a c t o r i s a b l e pomeron i s assumed to domin­
ate vector meson photoproduction, cross sections f o r V 
and V are r e l a t e d , and p r e d i c t i o n s f o r 0"t ot(VN) are 
i n good agreement w i t h the data f o r ^ ,u? and 0. 

The p r e s c r i p t i o n also experiences d i f f i c u l t i e s . 
The recent measurement of the 0 — > K Y decay * 
cannot be rec o n c i l e d w i t h the hadronic width^ ^° ̂  f o r 
0 — . To achieve the necessary suppression, ,with 
C = 0.26 GeV"2 or w i t h C = 0 requires °i^'-nr / S * T f 

<, - 1 i n c o n t r a d i c t i o n w i t h the quark model, and to 
account f o r i t through increasing the q -dependence 

leads t o a very large ^^nf coupling and also to a 
f'f pomeron coupling much l a r g e r than f o r ̂  pomeron. 
The c o n f l i c t i n g measurements f o r the ^~—e»n~Y width 
(8fe tD 

7 ' are not f i t t e d e i t h e r , although we i n c l i n e more 
( flb ^ 

to the Primakoff e f f e c t measurement . 
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Because f v ( 0 ) / f v ( n r ) < 1 i n t h i s scheme t h e Compton 

sum r u l e i s l e s s w e l l s a t i s f i e d than 1n a scheme w i t h 

no q 2-dependence. But w i t h t h e i n c l u s i o n o f t h e f'. 

T h i s i s not reg a r d e d as a f a i l u r e o f the p r e s c r i p t i o n 

as t h e same mechanisms can be invoked t o f i l l t h e gap 

i n b o t h cases. 

The most s t r i k i n g p r e d i c t i o n o f t h e p r e s c r i p t i o n 

i s t h a t 0 " t o t ( y N ) a t S 2: 36 GeV 2 i S l a r g e r than t h e 

e x p e r i m e n t a l m e a s u r e m e n t ^ 0 ^ . As t h i s may ,1ust be 

r e f l e c t i n g t h e presence of a r e l a t i v e l y l a r g e r e a l 

p a r t i n the e l a s t i c ' s c a t t e r i n g a m p l i t u d e , t h e d i f f e r e n c e 

c o u l d be r e s o l v e d by xepeaCing t n e measurement a t h i g h e r 

e n e r g i e s where t h e e f f e c t of t h e r e a l p a r t i s expected 

t o decrease. 

An i n t e r e s t i n g e f f e c t a r i s e s i n t h e d i s c u s s i o n o f 

th e h a d r o n i c decays of the ' o l d meson' r a d i a l e x c i t a ­

t i o n s , e s p e c i a l l y t h e decay io'(1780) — > f T . The 

p r e d i c t i o n i s an o r d e r o f magnitude l a r g e r than t h e 

measured t o t a l w i d t h - f u r t h e r m o r e t h e s t a t e p r e f e r s 

e x p e r i m e n t a l l y a 5*1decay r e l a t i v e t o the 3 ^ mode. 

W h i l e t h e r e are g e n e r a l a r g u m e n t s ^ ^ - ^ f o r e x p e c t i n g a 

su p p r e s s i o n o f low m u l t i p l i c i t y p i o n decays we have n o t 

added t h e su p p r e s s i o n as we wish t o c o n c e n t r a t e s o l e l y 
2 

on q -dependence and t h e r o l e o f t h e V . I n t h e f o l l o w ­

i n g c h a p t e r s we i n v e s t i g a t e t h e suppression phenomenon 

and t h e s t a t u s o f r a d i a l e x c i t a t i o n s p e c t r o s c o p y i n t h e 

l i g h t of more r e c e n t e x p e r i m e n t a l developments i n these 

a r e a s . 
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Summary 
We have d e s c r i b e d an i n t u i t i v e approach t o t h e 

photons h a d r o n i c i n t e r a c t i o n s based on the space-time 

development of i t s hadronic components. T h i s promotes 

an u n d e r s t a n d i n g of the n u c l e a r shadowing phenomenon 

which i s e x p e r i m e n t a l l y employed t o determine v e c t o r 

meson-nucleon t o t a l c r o s s - s e c t i o n s . The p r e d i c t i o n s 

of t he extended v e c t o r dominance model f o r these 

q u a n t i t i e s were presen t e d and compared w i t h experiment. 



- 82 -

CHAPTER h 

SPECTRA OF RADIAL EXCITATIONS 

h.l E x p e r i m e n t a l S i t u a t i o n 

We have seen I n Chapter Two t h a t t h e case f o r 

s t r u c t u r e i n t h e process 

G + f t " b. TT+7T"~TT*""TT~ 

a t about 1570 MeV i s reasonably s t r o n g ^ 1 1 ^ and t h e 

case f o r i t b e i n g resonant s t r u c t u r e i s supported by 

t h e o b s e r v a t i o n ^ 1 1 ^ of a s m a l l s i g n a l i n t h e 2 

i n v a r i a n t mass d i s t r i b u t i o n i n t h e process 

Y Be • TC+TT- Be 
We a l s o saw t h a t evidence wa c f o r m i n g f o r an u ) - l i k e 

e x c i t a t i o n w i t h a mass of 1780 MeV and p o s s i b l e a 0-

e x c i t a t i o n at a p p r o x i m a t e l y 1820 MeV. 

More r e c e n t o b s e r v a t i o n s of s t r u c t u r e 1n t h i s low 

energy r e g i o n have i n t e n s i f i e d i n t e r e s t i n l i g h t - q u a r k 

s p ectroscopy and so we now re v i e w the e x p e r i m e n t a l 

s i t u a t i o n i n more d e t a i l . 

We r e g a r d the p - l i k e s t a t e a t 1570 MeV as w e l l -

e s t a b l i s h e d a l t h o u g h i t s w i d t h i s not a c c u r a t e l y d e t e r ­

mined. A s i m i l a r s t a t e which would not f i t so n a i v e l y 

i n t o a harmonic o s c i l l a t o r sDectrum has been c o n t r o ­

v e r s i a l f o r some years now. F i r s t i n d i c a t i o n s ^ 1 1 ' 7 ^ of 
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a f - l i k e s t a t e w i t h a mass of 1250 MeV and t o t a l w i d t h 

~ 1 5 0 MeV came from analyses of a n g u l a r d i s t r i b u t i o n s 

i n t h e r e a c t i o n 

pp • iO T T + r r _ 

where b o t h J p = 1 a n d 1 + s t r u c t u r e s were r e q u i r e d ( t h e 

1 + s t r u c t u r e b e i n g t h e B-resonance). An enhancement 

a t 1.2*+ GeV was a l s o o b s e r v e d ^ 1 ^ in 

Y p 6> p T C + T T " (+ neu^froLls) 

a l t h o u g h n e i t h e r t he B- meson nor a Deck-type background 

c o u l d be r u l e d o u t as a l t e r n a t i v e e x p l a n a t i o n s . 

Analyses of p i o n f o r m - f a c t o r data i n t h e t i m e - l i k e 

r e g i o n i n d i c a t e an enhancement over the Gournais-

Sakurai f i t ( 1 1 9 ^ a t about 1250 MeV and f i t s t o t h i s 

r e g i o n which i n c l u d e a s t a t e at 1250 MeV suggest a 

p o s s i b l e 7% b r a n c h i n g r a t i o f o r ^ ' ( 1 2 5 0 ) — • I T . A l t e r ­

n a t i v e e x p l a n a t i o n s f o r t h i s enhancement have been 

o f f e r e d ^ 1 2 0 ' 1 2 1 ^ and t h i s type of evidence can be r e ­

garded as i n d i r e c t . A s i g n a l has a l s o been s e e n ^ 2 2 ^ 

i n 
9" t^v:' TT°TT° 

however a more r e c e n t combined a n a l y s i s ^ 2 ^ of dot? o i 

c^e" > T C + r c " , e*a~ > t+.Tc and TTTT phase s h i f t 

f a v o u r s a model w i t h ^ - l i k e s t a t e s a t 1250 and 1600 

MeV, b o t h coupled weakly t o TTTT . This p i c t u r e i s a l s o 

supported by t h e d i r e c t o b s e r v a t i o n ^ l 2 ^ of t h e f ' ( l 2 5 0 , i 

as a 5 s t a n d a r d - d e v i a t i o n e f f e c t i n t h e Compton process 

( F i g . ( l + . l ) ) 
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F i g - (*»•!) 
The Compton S c a t t e r i n g Process Yp p&V" 

Because of dominant B e t h e - H e i t l e r a m p l i t u d e s i n t e r f e r e n c e 

p l o t s are s t u d i e d r a t h e r than i n v a r i a n t mass d i s t r i b ­

u t i o n s and t h e Compton amp l i t u d e s are p a r a m e t e r i s e d w i t h 

v e c t o r meson p o l e s . F u r t h e r r i c h s t r u c t u r e i s seen up 

t o 1800 MeV a l t h o u g h i n d i v i d u a l resonances cannot be 

r e l i a b l y i s o l a t e d . 

The o b s e r v a t i o n of f> - r e c u r r e n c i e s ana t h e es t a b ­

l i s h m e n t of t h e charmonium r a d i a l spectrum made t h e case 

f o r 10 and 0 e x c i t a t i o n s c o m p e l l i n g . The search began 

t o prove f r u i t f u l i n e a r l y 1977 when an Orsay group 

o b s e r v e d ^ ^ s t r u c t u r e a t 1780 MeV i n e +e~ c o l l i s i o n s 

( F i g . h.2)). They were r e g i s t e r i n g f i n a l s t a t e s of 3 

F i g . (»».2? 
Orsav evidence (61) f o r t h e ua'(1780) 
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o r k charged p a r t i c l e s and 1 or 2 photons and were a b l e 

t o e s t a b l i s h t h a t most ( >85jO of the t r a c k s were p i o n s . 

The resonance decays m a i n l y t o 5*1 *S w i t h a t o t a l w i d t h 

of 150 i 70 MeV which i s narrower than might have been 

expected f o r an u > - e x c i t a t i o n - an i d e n t i f i c a t i o n made 

because of the dominant decay t o an odd number of p i o n s . 

B e t t e r s t a t i s t i c s i n the same energy r e g i o n a t 

Adone p e r m i t t e d t h r e e g r o u p s ^ 2 " ^ ^ t o analyse ana 

p u b l i s h more comprehensive d a t a . A l l t h r e e groups saw 

a second and narrower resonance a t about 1820 MeV. The 

one group t h a t saw the u>(1780) i n a s s o c i a t i o n w i t h t h i s 

new s t a t e produced t he data of F i g . (M- .3K F i n a l s t a t e s 

of a t l e a s t 3 charged t r a c k s were b e i n g observed and 

resonance parameters depend on whether an i n t e r f e r e n c e 

term i s i n c l u d e d i n the f i t . 4verage values f a 1 " t h e new 

s t a t e are 

1 

f 
.0 10 

UJ 

1 
1 * 1 *\ 

F i e . (*f.3) 
Adone data i n t h e g( 1820) Tu)( 1780) r e g i o n 

M = 1820 MeV P = 35 - 20 MeV 
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The r e l a t i v e l y extreme narrowness prompts t h e 

i d e n t i f i c a t i o n of t h i s s t a t e as an e x c i t a t i o n o f t h e 

0-meson - an i d e n t i f i c a t i o n w hich i s supported by i n d i ­

c a t i o n s of s i m i l a r s t a t e s ab 2 .1 GeV^12-^ and p o s s i b l y 

1.5 G e V ( l 2 6 ) . 

I n c o n c l u s i o n we summarise b r i e f l y i n Table C+.l) 

t h e e x p e r i m e n t a l evidence f o r l i g h t quark (u,d,s) 

r a d i a l l y e x c i t e d s t a t e s . 
—N 

Table (4.1) 

STATE EXPERIMENT REF. STATE EXPERIMENT REF. 

f ( 1 2 5 0 ) ** 
pp -> 10 Tt^cf a n g u l a r 
J „ -1- „ V- - i . 4 

Poss. seen m 
Yp ->pn*"Tt~ 
Yp*peV 
e*e"-» TT*n.-TT°Tx° 

[118] 
124 

(122) 

0(1500) Seen m e V b u t 

suggests a l t e r n a ­
t i v e e x p l a n a t i o n s 

(126) 

f ( l 5 7 0 ) ee •» i n * 2.TC" 
YBe-vvfnBe 
P h a s e - s h i f t a n a l ­
yses o f Trtnr-»T^+-n:~ 

[115 
116 

(131) 

0(1820) 
*** 

eV* ^5cn (62-
64) 

•0(1780) 
*** 

eV* J>cn + 1, 2Tfs 
4cn + l ,2Y's 

e*e"> ^3cn 

(61) 

(62-
64) 

0 (2130) 
*** 

Resonant K* p r o d n 

observed a t 2 . 1 J 
GeV. 

(125) 

( * ) - p e r s o n a l r a t i n g . 

Table (4.2) 

Exp r e s s i o n s f o r o c a n d f t i n 
e q u a t i o n (410) 

V v = a r + b V s = a r + b V„ = a r V = b 

( E - b ) 2 - m 2 

4 H 
E 2 - (i r i q + b ) 2 i - - b ) 2 - m 2 

-- ̂  q 

(E-b)a / 2 2a(m q+b) 2airiq 
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h.2 Problems w i t h Observed S t a t e s 

Whether t h e present e x p e r i m e n t a l evidence f o r the 

Veneziano-type odd daughters ( e . g . ^'(1250^) s h o u l d be 

c o n s i d e r e d c o m p e l l i n g or not i t has been a g e n e r a l t r e n d 

t o a s s o c i a t e t he u>(1780) w i t h the f ( 1 5 7 0 ) ; i . e . t h e v 

a r e g e n e r a l l y regarded as e q u a l l y e x c i t e d r a d i a l p a r t n e r s , 
th e 0(1820) being t h e second i s o s c a l a r p a r t n e r o f the 
^ ( 1 5 7 0 ) . T h i s t y p e of i d e n t i f i c a t i o n scheme poses manv 
problems as have been discu s s e d i n t h e l i t e r a t u r e ^ H1*' 127 , (. 

I n t he n o n - r e l a t i v i s t i c quark model ( t o g e t h e r w i t h 

a zero w i d t h a p p r o x i m a t i o n ) SH(3) b r e a k i n g w i t h i n t h e 1~ 

( to7 95, K") nonet i s p o s t u l a t e d t o be due t o a s t r a n g e -

nonstrange quark mass d i f f e r e n c e A s u_ i . e . 

Asu. = ™ S - " W - - ™ f — ™* - - o n r ^ e V ( l + . i ) 

( T h i s simple model a l s o works s u r p r i s i n g l y w e l l f o r 

h e a v i e r quarks: 

A c u . = * v v - ^ a o L - fti0t-Mf c: r * + - m 0 , a 1.it. q e v (1+.2"> 

A c s - i v i t - ^ 5 on,., -m^ cr ^ + - n n F « ~ 1 oi^Cy^j (k. 3) 

i^mlagous s i m p l e p r e d i c t i o n s f o r b-auark s t a t e s f o l l o w 

i m m e d i a t e l v from a knowledge of the u p s i l o n mass 

m y - m < 1 ^ A t t = > w (bs , S p * ' ~ ) = «" a» -,'N/ 

w T - ̂  = ^ A b t - "b iffCieV =£• /vi (be ? 3 f =. I " ) = fa. 2sq«V 

(^ ^,5,6) 

A n a i v e r e p e t i t i o n of the ground s t a t e nonet would pre­

d i c t 
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I (l+.o) 

The i n c l u s i o n o f the io'(178fO m t h i s nonet can be 

achi pved o n l y f t the expense of the ide»l symmetry wnic^ 

works so w e l l f o r the ground s t a t e mesons. The mass 

m a t r i x i s d i a g o n a l ] s e d w i t h o u t t h e i d e a l c o n d i t i o n 

mt = mg and the p h y s i c a l 0' mass n s p r e d i c t e d on sub­

s t i t u t i o n o f t h e o c t e t mass nig = m ̂/ = 1.57 nnd the 

p n y s i c a l u3 m=ss E U = 1 . / 8 . This s o l u t i o n r e i u l r e s 

and t h e symmetry i s f a r from i d e a l . An abundance o f 

s t r a n g e quarks i n b o t h t h e 0' and the co' then in-kes the 

dominant; p i o n i c decay of the w 1 d i f f i c u l t *-o unaer s t a n d . 

There i s al<?o of course the problem of the o r i g i n of nhe 

d e p a r t u r e from t h e i d e a l nonet symmetry. 

Layssac and R e n a r c i ^ ' went on t o c o n s i d e r the 

e f f e c t of f i n i t e w i d t h s and coupled decay channels 

( V > f > V ' ) on the mass m a t r i x . Usine S'H_3) 

r e l a t i o n s between the V-f c o u p l i n g s thev showed t i ^ t 

t h e i d e a l symme^r*' c o n l d be rccovc-ic-d i f tne 0' rr.-^s i s 

s l i g h t l v h e a v i e r than 2 Ge/. I f t h e 0 ' ( 1 . 8 2 ) i«- t h e 

ss s t a t e r e l e v a n t t o t h i s nonet then ve again hnve 

c o n f u s i o n . 

The d i s c o v e r y o f the co(1780) a l s o h i g h l i g h " <1 

another apparent pu*7le a s s o c i a t e d v,-1 t h r a d i a l exc f p -

t i o n c . and t h n t i s t h e e> nf r i m e n t a l ] v o b r ^ r v e d suppress'On 

m u > ' 

rr\ K*, 
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o f t h e i r large-phase-space decays. Thi «? s t a t e was 

observed t o decay g a l n l y t o S"TT. ' s ^ n o 3TT/ 

b r a n c h i n g r a t i o has yet been p u b l i s h e d however i t i s 

known t o be o p p r e s s e d ) - a l s o t h e 2iT decay mode of 

t h e ^ ( 1 . 5 7 ) was conspicuous by i t s absence f o r some 

y e a r s . A s m a l l s i g n a l was e v e n t u a l l y seen i n photo-

p r o d u c t i o n experiments^*"^) - up u n t i l t h i s t i m e non-

resonant e x p l a n a t i o n s of the 1.57 bump had been 

a f f o r d e d . 

More r e c e n t and e x t e n s i v e work by p h a s e - s h i f t e r 0 , 

' 41 l o o k i r g a 4 - I T I T e l a s t i c s c a t t e r i n g , has l e d 

t o t h e same c o n c l u s i o n s . E x t r a c t i n g t h e i r i n f o r m a t i o n 

from d a t - on the process T""p ^.TC^-rc^n (FTP. 

(*+.*+)) .they conclude t h a t two s o l u t i o n s ( ̂ jfl) are 
I T " 

P 
F i g . (U tiQ 

TvTC s c a t t e r i n g f romT^p -» -m^:n 

c o m p a t i b l e w i t h a n a l y t i c ! t y and u n i t a r i t y of *;he 

s c a t t e r i n g a m p l i t u d e s . S o l u t i o n <x has a s t r u c t u r e l e s s 

P-wave showing no evidence f o r a ^ ' c o u p l i n g t o T TC 

e i t h e r 1.25 o r 1.57 Ge\7 a t the 2% l e v e l . S o l u t i o n yS 

on t he o t h e r hand, has a P-wave c l e ? r l y r e s o n a t i r:p qt 

1.57 Gev" showing a 15—^30^ e l a s t i c i t y . T his s o l u t i o n 
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(1 oft) 

may be p r e f e r r e d a l t h o u g h b o t h s o l u t i o n s t e l l u« 

thf>t the phase-space-f ̂ voured 21T decay mode of t h e 

^ (1.57) i s suppressed. 

As we mentioned i n s e c t i o n (h.l) i n d i r e c t i n d i ­

c a t i o n s from Tr; f o r n - f a c t o r a n a l y c e s suggest a s i m i l a r 

s u p p r e s s i o n f o r the decav ^ (i2.«ro) >2TT: , t h e 

f i t t e d b r a n c h i n g r a t i o being »*7%. 

A more s p e c t a c u l a r large-phase-space s u p p r e s s i o n 

i s t o be seen i n t h e decays of the ir'^h.O^ GeV). The 

measured c r o s s - s e c t i o n s ^ ^ 0 ^ f o r t h e f i n a l s t a t e s 

D ° D ° , O 0 ^ * + D ° * D° , b°* 5"°* seen i n e+e~ e x p e r i ­

ments are i n t h e r a t i o 

1 : 22 : 20 

I f t h e a v a i l a b l e phase-spaces are taken i n t o account the 

enhancement f a c t o r s become 

1 : ^ - 0 : 1W00 

w h i c h should be compared w i t h t h e quark-model s p i n -

c o u n t i n g p r e a i c t i o n s ^ " ^ of 

1 : hi 7 

This s u p p r e s s i o n phenomenon i s e v i d e n t l y a g e n e r a l 

f e n t u j e o f the decays of r p a i a l l v e x c i s e d srqr.es ana 

t n i s has been noted and i n v e s t i g a t e d by many people. 

N o t a b l y Tornqvi st ( 1 3 2 ) o f f e r e d an e x p l a n a t i o n wmch 

r e q u i r e s t h e r e t o be n e a r l v degenerate s t a t e 0 , a t each 

o f t h e s i t e 1.25 GeV, 1.57 GeV, I . 7 B GeV and U .03 GeV. 

Then c o n s i s t e n c y w i t h u m t a r i t y r e o u i r e ^ r.he s V t e s a t 

each s i t e t o u i x m such a way t h a t t h e large-phase-

space modes of one of tne s t a t e s become suppressed. 

http://srqr.es
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The r e m a i n i n g s t a t e s at t h a t s i t e are p r e d i c t e d t o be 

so wide as t o be u n o b s e r v ^ b l e . 

A more s p e c t a c u l a r p o s t u l a t e was p r o f f e r e d bv 

De. R u j u l a et a l ^ ^ i ) \ n order t o e x p l a i n the enhanced 

j>o« QT» decays of the ( ^ . 0 2 8 ) . They argued t h a t the 

i d e n t i f i c a t i o n of t h i s resonance as a D°" D ° * molec­

u l a r bound s t a t e would e x p l a i n i t s p r e f e r r e d decav 

modes. Indeed i t would however c r i t i c s argue t h a t t h i s 

i s j u s t a t a u t o l o g y (see r e f . (13^+)) - t o sav t h e r e i s 

a b*b* resonance i s e q u i v a l e n t t o saying t h a t the 

D* D* are produced more o f t e n than expected I 

A more r e c e n t t r e a t m e n t of t h i s problem due t o 

Le Yaouanc et a i ^ 3 5 » 1 3 6 ) d e m o n s t r a t i r ^ t h a t t h e "VC+.C3) 

decays can be u n d e r s t o o d w i t h o u t t h e i n c l u s i o n of such 

d r a s t i c assumptions. The s uppressions can be seen t o be 

due t o the s p a t i a l s t r u c t u r e of t h e r p d i a l l v e x c i t e d 

wave f u n c t i o n d e s c r i b i n g the ^\r". They c a l c u l a t e w i t h i n 

a q u a r k - p a i r - c r e a t i o n model employing n o n - r e l a t i v i s t i c , 

harmonic o s c i l l a t o r w a v e - f u n c t i o n s . C o u p l i n g c o n s t a n t s 

a r e compared under t h e a p p r o x i m a t i o n of equal r a d i i f o r 

d l l h-jdront and they reproduce w e l l the s u p p r e s s i o n of 

t h e large-phase-space decays and a l s o the observed 

narrowness of t h e Y C + . ^ l ) . 

I t i s t h i s p h i l o s o p h y f h a t we s h a l l go on t o i n ­

v e s t i g a t e i n Chapter F i v e , p a r t i c u l a r l y as a p p l i e d t o 

l i g h t quark r a d i a l l y e x c i t e d s t a t e s . 
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k.3 Q u a l i t a t i v e S o l u t i o n 

We have seen t h a t the s t a t u s of the l i g h t quark 

meson r a d i a l e x c i t a t i o n s p e c t r a i s one of c o n f u s i o n and 

u n t i d i n e s s w i t h the s t a t e ? e x h i b i t i n g unexpected prop­

e r t i e s i n t h e i r hadronic decay modes. 

We l o o k f i ^ s t f o r guidance at the form of t h e best 

e s t a b l i s h e d spectrum of r a d i a l s t a t e s - the chnrrnonium 

p a r t i c l e y ( 3 . 1 ) and i t s e x c i t a t i o n s ( F i g . (U.5H. 

V(w *o 

> 
Q> 

\ ^ 

k 

\P 
< 
r 

\P 
< 
r 

Charmonium spectrum of r a d i a l l y e x c i t e d s t a t e s 

A harmonic o s c i l l a t o r p o t e n t i a l would f e e l a t home 

amongst the l e v e l s below h- GeV. The f i r s t o r b i t a l l y 

e x c i t e d s t a t e s l i e mid-way i n mass=sauared between t h e 

n = 0 and n = 1 s t a t e s ana, as we saw i n Chapter One, 
o 

a s p r i n g c o n s t a n t SI = 2 GeV i n t h e e i g e n v a l u e e c u a t i o n 

f i t s t h e l e v e l s n i c e l y . However t h e r e l a t i v e l y ^ a p i d 

convergence of the h i g h e r s t a t e s t e l l s us t h a t t h i c i s 

not t h e spectrum of an harmonic o s c i l l a t o r - i t i s more 
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c h a r a c t e r i s t i c of a l i n e a r qq b i n d i n g p o t e n t i a l ana t h i s 

n o t i o n has been d i s c u s s e d e x t e n s i v e l y ] n t h e l i t e r a t u r e 

(137-l '+5) > W e v l n c a r r y over t h i s clue o f r a p i d con­

vergence t o t h e s p e c t r a of l i g h t quark s t a t e s . 

We saw i n Chapter Two t h a t r a d i a l e x c i t a t i o n s can 

be combined w i t h t r a d i t i o n a l v e c t o r dominance ideas t o 

y i e l d a c o n s i s t e n t p r e s c r i p t i o n f o r a l l vector-meson 

r a d i a t i v e decays. However i t was n ot p o s s i b l e t o 

e x p l a i n t h e observed s u p p r e s s i o n o f the larg e - p h a s e -

space decays. The p a r t i c l e i d e n t i f i c a t i o n s made i n t h a t 

work were h a r m o n i c - o s c i l l a t o r l i k e , t h e ( 1570 ) , u>(1780) 

and fcHl62UJ p a r t i c l e s a l l Being n = 1 s t a t e s . However 

i t i s apparent from the s t r u c t u r e of r a d i a l l y e x c i t e d 

w a v e - f u n c t i o n s t h a t i f these s t a t e s are i n f a c t h i g h e r 

n - e x c i t a t i o n s , then t h e i r (large-phase-space) c o u p l i n g s 

t o n = 0 s t a t e s w i l l be reduced because of t h e reduced 

o v e r l a p of the s p a t i a l w a v e - f u n c t i o n s . 

T h i s r e a s o n i n g , combined w i t h t h e expected con­

vergence o f s t a t e s and the problen s a s s o c i a t e d w i t h 

d e v i a t i o n s from i d e a l nonet symmetry suggest t h a t we 

expect l i g h t - q u a r k s p e c t r a o f the t v p e shown i n F i ^ . 

( i t . 6 ) . 

The new assignment o f t h e oj(1780) as t h e (n = 3) 

t h i r d r a d i a l e x c i t a t i o n of the ( O and tne p o s t u l a t i o n of 

the e x i s t e n c e o f i t s 1 s o v e x t o r p a r t n e r if") w i l l remove 

a l l t h e problems of a s s o c i a t i n g t h e w(1780) w i t n t h e 

^ ( 1 5 7 0 ) . (We w i l l r e v i e w l a t e r t h e e x p e r i m e n t a l e v i ­

dence f o r the p r e d i c t e d new s t a t e s . ) We w i l l d i s c u s s i n 
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l i g h t nuarfr r a c i a l s p e c t r a 

Chapter F i v e how q u a l i t a t i v e l y and q u a n t i t a t i v e l y t h 1 F 

scheme leads t o an u n d e r s t a n d i n g of t h e suppressed 

decays of the e x c i t e d s t a t e s . We w i l l c a l c u l a t e v a r i o u s 

b r a n c h i n g r a t i o s w i t h i n a s r e c i f i c quark model f o r which 

we r e q u i r e w a v e - f u n c t i o n s d e s c r i b i n g t he v e c t o r mesons 
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and t h e i r e x c i t a t i o n s . Consequently we go on now t o 

d i s c u s s the a p p l i c a t i o n of l i n e a r p o t e n t i a l models t o 

b o t h l i g h t and heavy q u a r k - a n t i a u a r k bound systems. 

We want b o t h t o d e s c r i b e the observed s p e c t r a and t o 
o b t a i n simple w a v e - f u n c t i o n s w i t h whjch we can c a l c u l a t e . 

P o t e n t i a l Models 

We f i r s t r e v i e w b r i e f l y v a r i o u s p o t e n t i a l model 

approaches t o t h e problem i n o r d e r t h a t we might f i n d 

t h e most economical way t o d e s c r i b e the s p e c t r a and 

o b t a i n s i m p l e w a v e - f u n c t i o n s . 

As mentioned i n Chapter One t h e c o n s t i t u e n t s of 

hadrons are g e n e r a l l y b e l i e v e d t o be l i g h t . The 

e x p e r i m e n t a l n o n - o b s e r v a t i o n of such c o n s t i t u e n t s o u t ­

s i d e hadrons leads n a t u r a l l y t o the p r o p o s i t i o n o f a 

c o n f i n i n g mechanism and t h i s i s the b a s i s f o r t h e 

p o t e n t i a l model approach which was o r i g i n a l l y m o t i v a t e d 

by i n d i c a t i o n s from c o l o u r gauge t h e o r i e s t h a t t h e f o r c e s 
b i n d i n g quarks are independent of the i n t e r - q u a r k 

s e p a r a t i o n . 

The f i r s t t r e a t m e n t s of meson s p e c t r a were non-

r e l a t i v i s t i c and a p p l i e d t o the charmonium spectrum i n 
(138) 

the hope t h a t i t may be n o n - r e l a t i v i s t i c . H a r r i n g t o n 

s o l v e d the Schroedmger e q u a t i o n 

w i t h V = a r . The lowest two 1" s t a t e s of t h e spectrum 
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f i x the two parameters a, in c and the higher l e v e l ? are 
pre d i c t e d . The higher r a d i a l l e v e l s are r a t h e r too 
spaced out although a notable p r e d i c t i o n was t h a t the D 
states should be at ^ 3 . 7 7 OeV which i s where the -̂D 
st a t e has been r e c e n t l y s e e n ^ 1 ^ ) . 

Kang and Schni tzer solved a Klein-Gordon 
equation ( i n the centre of momentum system) 

E - V = ( p a + " i 1 / 1 - (1+.12) 

w i t h a p o t e n t i a l V = ar + b transforming as the f o u r t h 
component of a f o u r - v e c t o r . They noted an i n c o n s i s -

J _ 1- , - —. _ _ U J - U. _ A. X. L _ T A -J_ _ _ A. . J n 

l i C I l L , y X l l l j l l t . l l r3y\JlKJr1KsU L l l ' i l l d O J U C C q U l V d l C l l u p u i i c i . o ^ d i 

v 
U(r) 

U ( r ) grows to a maximum and subsequently tend" to 
However they neglect any possible t u n n e l l i n g through the 
b a r r i e r (the t u n n e l l i n g c o e f f i c i e n t being reasonably 
small) and apply the equation to o l d and new mesons. 
They f i n d t h a t , i n common w i t h many s i m i l a r approaches 
they must regard the^ ( l 6 0 0 ) as a f i r s t r a d i a l e x c i t a t i o n . 
I n f i t t i n g the spectra they argue t h a t , again because of 
i n d i c a t i o n s from gauge t h e o r i e s , they must regard the 
confinement constant a as u n i v e r s a l - however b, which 
must account f o r short range spin-independent and spin-
dependent c o r r e c t i o n s - both of which depend on the aunrk 
mass, must vary w i t h the quark mass. 

Gunion and L i ^ 3 7 ) n ot;ed that i f the confinement 

p o t e n t i a l transforms as a Larantz scalar then the 

http://ljllt.ll
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d i f f i c u l t y w i t h the e f f e c t i v e p o t e n t i a l i s removed. 
They considered both Klem-Gardon and Dirac eauations 

and 

and solved numerically w i t h Vg = a | r ] . They found 
the term quadratic i n the quark separation to be unim­
portant f o r the f i r s t few l e v e l s and also the Dirac and 
Klein-Gordon equations y i e l d i d e n t i c a l spectra w i t h 
i d e n t i c a l parameters. 

I t appears then th a t spin-dependent c o r r e c t i o n s are 
r e l a t i v e l y unimportant f o r a d e s c r i p t i o n of the r a d i a l 
spectra. This observation i s supported by the work of 

(l>+5) " B a r b i e r i et a l who solved the Schroedinger equation 
w i t h a " l i n e a r + Coulomb" p o t e n t i a l and then c a l c u l a t e d 
Fermi-Breit and " r e l a t i v i s t i c c o r r e c t i o n s " (the t n i r d 
term i n the expansion of (m^ + They found t h a t 
the F e r m i - c r e i t c o r r e c t i o n s were r e l a t i v e l y small i n a l l 
cases. 

The?e i n d i c a t i o n s i n f l u e n c e our philosophy which i s 
t h a t : w i t h i n the context of p o t e n t i a l models w i t h simple 
choices of p o t e n t i a l s the e f f e c t s of a r e l a t i v i s t i c 
treatment of the quark motion are much more s i g n i f i c a n t 
than any r e l a t i v i s t i c treatment of the quark spin. A 
Klein-Gordon equation i s adequate here and the tern 
quadratic i n r i s unimportant f o r the f i r s t few r a d i a l 
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l e v e l s . We w i l l employ i l i n e a r quark confinement 
p o t e n t i a l of the form V = ar + b - both because of i t s 
possible t h e o r e t i c a l adequacy, and because the l i g h t 
quark states we have i d e n t i f i e d together w i t h the 
charmonium states c o n s t i t u t e spectra that are more 
r a p i d l y converging than the eigenvalues of a harmonic 
o s c i l l a t o r wave equation. 

We w i l l expect the constant a to be u n i v e r s a l w h i l s t 
b, which subsumes a l l e f f e c t s other than the confinement 
mechanism, w i l l be constant w i t h i n any system of 
e x c i t a t i o n s . We w i l l not i n i t i a l l y choose the Lorentz 
transformation p r o p e r t i e s of the p o t e n t i a l , r a t h e r we 
w i l l consider three cases 

( i ) V = ar + b i s a Lorentz scalar 
( i i ) V = ar + b i s Coulomb-like 
( i i i ) The c o n f i n i n g p o t e n t i a l i s scalar and 

the short range term vector. 
Also we w i l l t r e a t a l l f l a v o u r sectors w i t h the same 
wave-equation, and so w i l l not assume the charmoniura 
states to be n o n - r e l a t i v : s t i c . Our c r i t e r i o n f o r 
r e l y i n g upon the wave-functions generated i s t h a t the 
eigenvalues of the wave-equation describe the observed 
spectra. 

For equal mass c o n s t i t u e n t s i n t e r a c t i n g v i a vector 
and scalar p o t e n t i a l s the Klein-Gordon equation read*! 

(E - V V ) 2 ^ ( Z ) = l f ( p 2 + ( m + V s ) 2 ) ^ ( r ) (l+. i6) 

which w i t h the usual quantum-iLechanical s u b s t i t u t i o n s 
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reads 

| V 2 + £(E - V v ) 2 - (m + V s ) 2 } y ( I ) = o (>+.17) 

We neglect the term quadratic i n r and confide 1" the 
three cases 

( i ) 
( i i ) V 

V g - ar + b 

= 0 
( i i i ) VB = ar 

, V v = ar + b 
i V v = b 

Separating angular variables i n the usual way and con­
s i d e r i n g L = 0 systems only we obt a i n the r a d i a l 
equation 

d 2 R ( r ) + (oc - y S r ) B ( r ) = 0 CM-.19) 
d r 2 

where 
• t ( r ) = y : R c o / r ( ( + . 2 0 ) 

The expressions f o r <x. and /& f o r the three p o t e n t i a l s 
considered are given i n Table(4-2(pSb)).Substituting now 
oc = yS'/3r , equation (W.19) becomes 

d 2R(x) + ( * - x)R(x) = 0 (h.2l) 
d x 2 

w i t h 

The s o l u t i o n which approaches zero as ac 
f u n c t i o n ^ f ) , 

0.22) 

oo i s an Airy 

R(x) = Mix - * ) 
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where I s the usual modified Bessel f u n c t i o n . The 
requirement t h a t R—*-0 as r — > 0 determines the eigen­
value equation 

/»i(-?0 = 0 (if.25) 

i - e . X = a n (U .26) 

where a n are the zeros of the A i r y f u n c t i o n along the 

negative r e a l axis (on]y p o s i t i v e energy s o l u t i o n s are 

allowed). Hence the eigenvalue equation reads 

oc =. /3*/s a n (U.27) 
where <*. and jS are given i n Table (U.SL). For example f o r 
case three we have 

E - b = 2{m 2 + ( 2 a m)^a nj^ C+.28) 

The f u l l s o l u t i o n s to equation (^.17) then read 

• + ( 0 = K^ 0°(e,*) A c ( a V - ( l + > 2 9 ) 

where K i s the normalisation constant given by 

K = : . > . — . C+.30) 

where 
(W.3D 

*+. 5 Spectra of the Model 
I n order to determine the parameters entering i n t o 

the wave-functions (namely a, b and the quark i v e s ) 
attempt to describe the p a r t i c l e assignments made e p r i i e r 
ana the more established resonances using the eigenvalue 
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equations (h.27). This procedure singles out a unnue 
p o t r n t i a l from the three considered capable o l acconjiiio-
d a t i n g our new p a r t i c l e assignments. 

( i ) The p u r e l y scalar p o t e n t i a l does not 
allow any f i t as the constant b merely 
renormalises the quark masses. 

I n ) The purely vector D o t e n t i a l cannot 
accommodate a l l f l a v o u r sectors w i t h 

a u n i v e r s a l confinement constant a. 
The charmonium system puts a lower bound on a and t h i s 
i n t u r n puts a lower bound on the spacing i n the non-
charmed sectors. This lower bound i s too large to 
accommodate the ^(1250) however consistency can be 
achieved by i d e n t i f y i n g the ̂ (1570) as the f i r s t r a d i a l 
recurrence of the f(770), the second e x c i t a t i o n appearing 
at approximately 2.2 GeV (these were the D a r t i c l e 
i d e n t i f i c a t i o n s made by Kang and S c h n i t z e r ^ ^ 0 ^ n«s they 
were considering p r e c i s e l y t h i s p o t e n t i a l ) . However as 
t h i s i s i n c o n t r a d i c t i o n to our philosophy and nossiblv 

.(117-119, 122-12*0 , . , to experiment ' we r e j e c t t h i s form of 
p o t e n t i a l . 

The t h i r d p o t e n t i a l type considered, scalar con­
f i n i n g term and short-range-vector p o t e n t i a l w i t h the 
parameters 

a = 0.19 Ge^2 ui d = 0.3 GeV b u = -0.827 Get 

mg = O.37 GeV b g = -0.7V+ GeV 
mc = 1.055 GeV b c = 0 

y i e l d s the spectrum shown i n F i g . (*+.7). The s h o r t range 

1 4 J U L 1978 
IIOTIO« 

LIBRARY. 
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a 
Mu 
Ms 

- Mc 

= 0 l<?GeV Z 

= 0 3 qev/ 
- 0 11 qeV 
= I 055"qeV bc = 

-0 

0 qeV 

Y* 

4.38 <*i) 

— 
Y 

— 

0"'2.O? (2 13) 

p'" 1 ? ? ( u ) U 8 ) 
p" 1 5"4-C~i si) 

0" 1.82 ( I 82) 

0' 1 so (~t y ? ) 

0" 1.82 ( I 82) 

0' 1 so (~t y ? ) 
p' | 2 3 ( ~ l I S ) 

-

p O.̂ R (O 

0 1.02 (l.o2) 

l l U /ctoL c c 

Fie, (h.7) 
The mass spectra predicted by the eigen­
value equation (k.28)(experimental masses 
given i n brackets) together w i t h the 
p o t e n t i a l parameters and quark masses. 
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p o t e n t i a l i s a t t r a c t i v e and i t s e f f e c t decreases w i t h 
i n c r e a s i n g mass as asymptotic freedom arguments suggest. 
The quark masses are reasonable i n t h a t they are i n 
accord w i t h simple quark model prejudices. The mass of 
the charmed quark i s smaller than th a t obtained i n some 
treatments J ' . However f o r s i m i l a r and 
smaller values s e e ^ ? , 138, l*+3> lW. i t i s not c l e a r 
from d e t a i l e d considerations of the f i n e s t r u c t u r e of 
the charmonium spectrum ( f o r a b r i e f review see (1^-3)) 

t h a t t h i s system i s e s s e n t i a l l y a n o n - r e l a t i v i s t i c one 
- however we examined the s e n s i t i v i t y of the spectra t o 
each of the parameters i n order to determine the unique­
ness w i t h i n t h i s model of the quark masses. 

The charmonium spectrum i s s e n s i t i v e to the con-
p 

finement parameter and e s s e n t i a l l y f i x e s a = 0.19 GeV 
however mc can reasonably vary between 1 and 1.35 GeV, 
1.055 GeV g i v i n g the best s t a t i s t i c a l f i t . With (a) 
f i x e d mq and b q f o r the l i g h t ouarks are determined by 
the n = 0,1 states and the higher l e v e l s p r e d i c t e d . 

S t r u c t u r e has r e c e n t l y been o b s e r v e d ^ 2 ^ i n /^/^ 
mass d i s t r i b u t i o n s emerging from proton-nucleus c o l l i ­
sions and i t has been suggested by many authors (see 
f o r example (1^9)) t h a t t h i s may correspond to bound 
states of at leas t one new heavy quark. The resonsnce 
mass values are given as 

M T = 9 A 0 - 0.01k GeV 
riy = 10.00 t 0.05 GeV 
My. = 10.k t 0.15 GeV 
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We are i n a p o s i t i o n to give p r e d i c t i o n s supporting the 
i d e n t i f i c a t i o n of these states as a ground s t a t e of a 
heavy (b) quark and i t s f i r s t two r a d i a l e x c i t a t i o n s . 

For such massive systems we expect b, the short 
range constant, to be approximately zero, so w i t h (a) 
f i x e d we have one f r e e parameter, the new nuark mass. 
My. = 9.1+ GeV f i x e s in D ~ U.35 GeV and the predicted 
masses are 

i n reasonade agreement w i t n tne puoiisnea parameters. 
I t would be o v e r - o p t i n i s t i c t o attach any basic 

s i g n i f i c a n c e to the parameters we obtain as our model 
i s simple. 

However the f a c t that the r a d i a l e x c i t a t i o n spectra 
are so well-described i n a l l the mass ranges considered 
adds vei g h t to the l i g h t p a r t i c l e i d e n t i f i c a t i o n s imde 
e a r l i e r . 

As a cneck on the consistency of our parsrneters 
we c a l c u l a t e the energies of the f i r s t o r b i t q l l y excited 
s t a t e s . We use the W.K.B. approximation which works w e l l 
i n t h i s type of c a l c u l a t i o n ^ ^ ) ̂  even f o r low n s t a t e s , 
because the e f f e c t i v e p o t e n t i a l i s a slowly varying 
f u n c t i o n of r between the c l a s s i c a l t u r n i n g p o i n t s . 

The W.K.B. qu a n t i s a t i o n c o n d i t i o n i s given oy 

M 
M 
M 

9.*+ GeV 
9.95 GeV 
10.35 GeV 

(n + £)TT dr (^.32) 
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w i t h 

( E n l - b ) 2 - m2 - 2amr - ( 1 + h)2 , 
1+ r 2 

(^.33) 

where r 0 < r, , the c l a s s i c a l t u r n i n g p o i n t s , are the 

two p o s i t i v e roots of 
q r = 0 (if.31+) 

Solving (*+.32) f o r u,d quarks y i e l d s 

and f o r c quarks 
E Q 1 = 1.06 GeV 

E 0 1 = G e V 

t o be compared w i t h the 3pj t r i p l e t s 

A 2 ( 1 . 3 D 

ud quarks A ^ 1 - 1 0 ) 
g (0.97) 

X(3-55) 

c auarks *X(3.5D 

X ( 3 A 1 ) 

i n reasonable agreement. 

We w i l l use the wave-functions (*+.29) :>n Chapter 
Five to c a l c u l a t e the decay p r o p e r t i e s of the excited 
s t a t e s where we also discuss the predicted new sta t e s 
of t h i s model (W (1260) , u « ' ( l 5 8 0 ) , ^ " ( 1 7 7 0 ) ) as t h e i r 
eventual d e t e c t i o n i s obviously c r u c i a l to our arguire^is, 
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Summary 

We discussed the experimental status of r a d i a l 
e x c i t a t i o n spectroscopy and various p o t e n t i a l model 
attempts to describe these spectra. By r e - i d e n t i f y i n g 

some of the vector meson states more r e c e n t l y observed 
coupling to e +e~ we showed t h a t i n a l l f l a v o u r sectors 
the spectra of r a d i a l e x c i t a t i o n s can be w e l l described 
by a Klein-Gordon type wave-equation employing a simple, 
l i n e a r qq p o t e n t i a l . 
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CHAPTER 5 

DECAY PROPERTIES OF RADIALLY EXCITED STATES 

5.1 Pronertles of the Wave-Functions 
The charmonium system i s f r e q u e n t l y regarded as a 

n o n - r e l a t i v i s t 1 c one and t h i s i s an assumption we can 
immediately t e s t w i t h i n the context of the model out-
l i n e u i n me previous cnap^er. Tne n o n - r e l a t i v i s t i c 
l i m i t of the wave-equation (*+.l6) i s derived by 
expanding the sauare-root operator 

( p 2 + m(m + 2V S;)2 (5 .1) 

o 
to f i r s t order i n powers of 1/m to obtain 

(E - V M r ) = 2m(l + 2 m V s + ^)-f(r) (5 .2) 
v 2m2 

i . e. 

2m + j£ + (2V S + V v) 'f ( r ) (5 .3) 
m 

the desired Schroedinger equation. The expectation 
value of the quark v e l o c i t y w i t h i n any meson w i l l deter­
mine whether t h i s equation represents an adequate des­
c r i p t i o n of the system. 

We c a l c u l a t e the root-mean-sauare auark v e l o c i t i e s 
using the f o l l o w i n g i d e n t i t y 
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< v q
2 > . ^ < p 2 > 

(M-b)2 <
p

q
2 > ( 5- U ) 

i n the n o t a t i o n of Chapter Four. From the wave-equation 
(*+.16) we have 

.2 2 < P 2 > = i ( f t - b ) ^ - - 2m < 

and s u b s t i t u t i n g i n (5.*+) we obtain 

8am 

( 5 . 5 ) 

< v 2 > * 1 - *+m2 -
( h - b ) 2 (M-b)2 

( 5 . 6 ) 

Using the normalised wave funct i o n s (*+.29) ^nd evalua­
t i n g the r a d i a l i n t e g r a l numerically we f i n d the r e s u l t * 
l i s t e a i n Table ( 5 . 1 )• I t i s c l e a r that onlv the u p s i l o n 

Table ( 5 , 1 ) : 

Root mean squqre quark v e l o c i t i e s 
i n r a d i a l l y excited states 

STATE STATE < v 2 > * 
f (0.77) 0.540 * (5.098) 0.450 

f ' ( l . 2 5 ) 0.570 •V (5.684) 0.485 

f" ( l . 5 7 ) o. 580 V ( 4 . 0 2 8 ) 0.491 

p (1.02) 0.520 T (9.^00) 0. 21 

0'(1.5O) 0.547 T'(io.oo) 0.50 

0"(1.82) 0.554 T"(lo.^5) O.52 
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(bb) system can reasonably be regarded as a non-
r e l a t i v i s t i c one, the r.m.s. v e l o c i t y f o r c quarks i n 
the Y being almost h a l f the v e l o c i t y of l i g h t . 

The rates f o r the decays of vector mesons i n t o 
e +e" p a i r s are e a s i l y accessible experimentally and 
consequently form a good t e s t i n g ground f o r models of 
the type that we have developed. C l a s s i c a l l y the 
widths are s e n s i t i v e to the bound s t a t e wave-function 
at the o r i g i n - t h i s i s a n o n - r e l a t i v i s t i c r e s u l t 
o r i g i n a l l y w r i t t e n down i n the context of the quark 
model by Van Royen and Weisskopf • They obtained 
the w i d t h formula by the expansion ol tne matrix ele­
ment about p = 0 (the quark momentum) keeping only the 
leading term, the s p e c i f i c expression f o r the wiath 
being 

P(V->e.*e-) = 3C^ oc1 ]faTr JS^Co) J 1 (5 .7) 
3 n r i v 

where 

guards 

ax i s the Clebsch-Gordon c o e f f i c i e n t of auark i i n 
meson V and e x i t s e l e c t r i c charge. (The extra f a c t o r 
of 3 over the o r i g i n a l expression i s due to c o l o u r ) . 

The employment of our wave-functions i n t h i s 
expression would be u n r e a l i s t i c f o r p , to, <p 7 "V 

mesons and t h e i r e x c i t a t i o n s because of the r e l a t i v i s t i c 
nature of the quark v e l o c i t i e s . We do expect 

P ( ^ e V ) =' r < « _ « • « - ) (5 .9) 
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since | y f ( o ) | = I ^ C o } j and m f ~ r ^ ^ . This 
r e l a t i o n s h i p holds w e l l experimentally and we would also 
p r e d i c t i t to hold f o r every degree of r a d i a l e x c i t a t i o n . 
However due to the r e l a t i v i s t i c c o r r e c t i o n s which must 
be involved the remarkable experimental f a c t t h a t ^ ^ ^ 

_ i _ - « g ( - 1 0 ) 

(remarkable because the c v's are i n t h i s r a t i o ) must be 
regarded as f o r t u i t o u s . Because of i t s n o n - r e l a t i v i s t i c 
nature we can p r e d i c t w i t h some confidence the l e p t o n i c 
width of the u p s i l o n mesons. 

Jn any p o n e n L i a l moael wi uh. a ij - n t M i u u f i f i n t u i e n t 

p o t e n t i a l {-4/(0 ")| i s independent of the degree of r a d i a l 

e x c i t a t i o n . From (U-.29) 

|s/(o)| = (5.11) 

and since 
t o obtain 

A L C " ~ ^ V J s ' ^S^ = 0 we use de l ' H o p i t a l ' s r u l e 

|N^(o) | = (5.12) 

ex nr»c 

2 r r (5.13) 

Assuming a pr e f e r r e d charge of f o r the new q u a r k ^ ^ l ) 

we f i n d 

P(y_fc. e
+e~) a. O.kk KeV 

r( T'-^£ +e-) ^ 0.39 KeV 
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Another measurable q u a n t i t y which i s a powerful 
t o o l f o r d i s c r i m i n a t i o n among competing t h e o r e t i c a l 
models i s the pion charge ra d i u s . The r.m.s. charge 
radius i s r e l a t e d to the pions electromagnetic form 
f a c t o r by 

and the simple vector-dominance model wherein F^ i * 
w e l l described by the ^(770^ pole. 

- i J* 

of t O (5.1>+) 

- i (5.15) 

y i e i u s a pi s u i t i.JLUU I or v w / ^-i 

ledge of the pion s p a t i a l wave f u n c t i o n allows the d i r e c t 
c a l c u l a t i o n of t h i s q u a n t i t y , i . e . 

J* (5.16) 

I n our model the ̂  and "H" s p a t i a l wave-functions are 
i d e n t i c a l , hyperfine s p l i t t i n g * - being absorbed i n t o the 
constant b. S u b s t i t u t i n g i n (5.16) the f/"^ wave-
f u n c t i o n and i n t e g r a t i n g numerically we f i n d 

Many measurements have been made of t h i s q u a n t i t y . The 
most recent determina i s a d i r e c t measurement 
from pio n - e l e c t r o n s c a t t e r i n g experiments and y i e l d s 

< r * ) ^ = 0.56 - O.Oh fm (152^ 

The p r e d i c t i o n i s reasonable and gives us f u r t h e r con­

fidence i n the relevance of our wave-functions. 
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I t i s the s t r u c t u r e of t h e r a d i a l l y e x c i t e d wave-

f u n c t i o n s t h a t a l l o w s us t o u n d e r s t a n d , f i r s t l y i n a 

q u a l i t a t i v e way, the suppr e s s i o n of the lar g e - p h a s e -

space decays of the e x c i t e d s t a t e s . The s i t u a t i o n can 

be paraphrased as t h e dominance of cascade decays. The 

' o v e r l a p ' of an e x c i t e d w a v e - f u n c t i o n w i t h g r o u n d - s t a t e 

w a v e - f u n c t i o n s a t a 3-meson v e r t e x w i l l be Door compared 

t o v e r t e x where one of the f i n a l s t a t e p a r t i c l e s i s 

e x c i t e d a l s o . Hence, because s t a t e s l j k e £ (1570), 

(1780) have been i d e n t i f i e d as h i g h e r e x c i t a t i o n s than 

was o r i g i n a l l y t h o u g h t t o be the case, t h e i r c o u p l i n g s 

e> 5~*n: 

5"TT 

t o f i n a l s t a t e s which i n c l u d e e x c i t e d mesons w i l l be 

s t r o n g and the s m a l l phase-space b a r r i e r w i l l be over­

come. I n t h i s way we might expect the h i g h e r m u l t i ­

p l i c i t y p i o n decays of these s t a t e s t o dominate over 

t h e phase-space f a v o u r e d low m u l t i p l i c i t y decays. 

We now go on t o t r e a t t h i s problem q u a n t i t a t i v e l y 

and c a l c u l a t e t he three-meson v e r t i c e s w i t h i n a s i m p l e 

quark model. 
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5.2 Quark P a i r C r e a t i o n Model 

The model we use has i t s o r i g i n s i n the g r a p h i c a l 

forms f o r 3 - p o i n t v e r t i c e s o r i g i n a l l y suggested by 

Z w e i g ^ 1 - ^ a n d extended t o ' t - p a r t a m p l i t u d e s by H a r a n ^ 1 0 ^ 

and R o s n e r ^ 1 ^ - by f o r b i d d i n g e x o t i c resonances and qq 

a n n i h i l a t i o n w i t h i n e x t e r n a l hadrons t h e i r diagrams 

e x h i b i t t h e d u a l i t y p r i n c i p l e i n a simple and s t r i k i n g 

way. A three-meson v e r t e x i s d i a g r a m m a t i c a l l y r e p r e s e n t e d 

as i n F i g . ( 5 . 1 ) . The decay proceeds v i a the c r e a t i o n 

B 

Ik 

F i S t (9.J,? 
Three meson v e r t e x i n . t h e quark 

BflAJL-CreflUpn mpdej. 

( w i t h i n the h a d r o n i c m a t t e r of p a r t i c l e M of a qq" p a i r 

w i t h vacuum quantum numbers. The quarks of meson A are 

regar d e d o n l y as s p e c t a t o r s . C o n s e r v a t i o n of p a r i t y 

P = ( - 1 ) L + 1 ( f o r a qq p a i r ) r e q u i r e s t h e c r e a t e d p a i r l o 

be i n an odd L s t a t e and c o n s e r v a t i o n o f an g u l a r momentum 
then i m p l i e s t he p a i r must form a s p i n t r i p l e t and t h e 
p a i r i s i n an o v e r a l l ^P n s t a t e (we w i l l r e f e r t o t h i s 
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v e r t e x symmetry model as the J p Q model) 

J = 0 , L = S = 1 (5.17) 

The f i r s t advocates of t h i s p i c t u r e ^ 1 ^ ' 1 ^ ^ 

imposed the f u r t h e r c o n s t r a i n t t h a t L = S = 0 neg­

l e c t i n g t r a n s v e r s e motions of t h e c r e a t e d quarks (we 

a r e w o r k i n g i n t h e Lore n t z frame m which the f i n a l s t a t e 

p a r t i c l e momenta are c o l l i n e a r a long t h e z - a x i s ) and t h i s 

y i e l d s t h e s t r u c t u r e o f the c o l l i n e a r s p i n symmetry 
(155) 

S U ( 2 ) W • ThiF ' r e l a t i v i s t i c ' symmetry, a l t h o u g h 

a l l o w i n g SU(6) f o r b i d d e n decays such as { — • T f n : , 

^ — N J T T , was known t o be an u n s a t i s f a c t o r y des­

c r i p t i o n o f s t r o n g i n t e r a c t i o n v e r t i c e s . For example 

s i n c e t h e B-meson i s m a s t a t e W = 1, W a = 0 under 

S U ( 6 ) W i t s 8-*.-ruodecay t o t h e h e l i c i t y * 1 s t a t e s o f 

t h e c j does n o t conserve w s. Only t h e decay t o t h e 

h e l i c i t y zero s t a t e should occur whereas the e x p e r i ­

m e n t a l r e s u l t s a re i n v e r s e t o these p r e d i c t i o n s , t h e 

h e l i c i t y - 1 modes being almost e x c l u s i v e l y p r e f e r r e d . 

(A s i m i l a r r e v e r s a l occurs f o r t h e decay A, — > f " ^ , 

whereas S U ( 2 ) W p r e d i c t s a decay f r o m the J = i l s t a t e s , 

t h e J = 0 s t a t e seems t o p r e d o m i n a t e ) . 

These r e s t r i c t i v e p r e d i c t i o n s of the ̂ P^ model 

were removed by C o l g l a z i e r and Rosner^ 5 ^ ^ by r e l a x i n g 

t h e c o n d i t i o n L = S = 0 , t h e freedom of an e x t r a para­

meter so i n t r o d u c e d then a l l o w e d t h e A^ and B decays t o 
be u n d e r s t o o d . 

A second way t o e x p l a i n t h e f a i l u r e of SU(6) f o r 
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v e r t i c e s i s t o p o s t u l a t e a second SU(6) W which i s 
a p p r o p r i a t e f o r v e r t i c e s and n o n - t r i v i a l l y r e l a t e d t o 
t h e SU(6) W d e s c r i b i n g s t a t e s a t r e s t ( e q u i v a l e n t , t o 
p o s t u l a t i n g " c u r r e n t quarks" when t h e new SU(6) W 1 S 

i d e n t i f i e d as t h e a l g e b r a of c u r r e n t s i n t r o d u c e d by 
Dashen and G e l l - M a n n ( ) . I t was M e l o s h ( 1 5 9 ) who 
went some way t o r e l a t i n g t h e g e n e r a t o r s of t h e two 
groups by s o l v i n g t h e f r e e quark case o n l y . Assuming 
t h e n t h a t t h e p h y s i c a l a x i a l charge t r a n s f o r m s m the 
same way as t h e f r e e quark a x i a l charge PCAC can be used 
t o c a l c u l a t e p i o n i c v e r t i c e s w i t h good r e s u l t s 

T h i s t r e a t m e n t can be shown t o be e q u i v a l e n t t o t h e 3 P Q 
model o f C o l g l a z i e r and Rosner which was l a t e r g e n e r a l i s e d 
by Petersen and R o s n e r ^ ^ 3 ) . 

A more dynamical approach t o t h e same problem was 

t h a t o f M i t r a and R o s s ^ ^ 0 ^ . I n a n a i v e quark model t he 

process A->BTE I S t r e a t e d by p i o n emission from a s i n g l e 

q uark, t h e i n t e r a c t i o n being p r o p o r t i o n a l t o 0~i . fet.^ . 

T h i s c o u p l i n g i s known t o f a i l f o r many processes c l o s e 

t o t h r e s h o l d and e s p e c i a l l y f o r ^ t o p o l a r i s a t i o n s i n t h e 

A^ and B decays d e s c r i b e d above, M i t r a and Ross, on the 

ba s i s o f G a l i l e a n i n v a r i a n c e , i n t r o d u c e d a r e c o i l term 

i n t o t h e i n t e r a c t i o n o b t a i n i n g 

CT, . C^T, - E, b . ) (5.18) 

and t h i s improves t h e bad p r e d i c t i o n s of t h e n a i v e 

i n t e r a c t i o n . 
v 161) 

The q u a r k - p a i r - o r e a t i o n model o f Le Yaouanc e t a l 
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lead s t o a more u n i f i e d u n d e r s t a n d i n g o f the approaches 

s e t o u t above. S U ( 6 ) W i s broken w i t h o u t i n v o k i n g t h e 

n o t i o n o f c u r r e n t quarks and t h e phenomenological r e c o i l 

term o f M i l r a and Ross appears n a t u r a l l y i n m a t r i x 

elements which s p e c i f i c a l l y i n v o l v e t he hadron s p a t i a l 

wave f u n c t i o n s . 

D e f i n i n g t h e S-matrix 

S = i - 2 T T U S ( E + - - r ( 5 e l 9 ) 

we can w r i t e t h e T-matrix element between h a d r o n i c s t a t e s 

f o r t h e process A-*BC as 

< 6C|T | a > = Y 2 < l » » ; ^ - ^ | o o > < ^ e | # A £ ; 4 : > I r ( ^ c ) ( 5 . 2 0 ) 
nn 

where t h e ̂ a r e t h e meson SU(6) w a v e - f u n c t i o n s and 

i s t h e SU(6) w a v e - f u n c t i o n o f t h e c r e a t e d p a i r ( 0 Q = 

j^-(uu + da" + s i ) i s t h e Su(3) s i n g l e t wave f u n c t i o n 

and K.'^ the s p i n t r i p l e t w a v e - f u n c t i o n . 

Y i s the d i m e n s i o n l e s s p a i r - c r e a t i o n c o n s t a n t 

and t h e Cleoscn-Gordon c o e f f i c i e n t i s t h a t r e l e v a n t t o 

t h e L=S=1 c o m b i n a t i o n t o g i v e J=0. I U l(A,BC) i s t h e 

s p a t i a l o v e r l a p i n t e r g r a l w r i t t e n as s i m p l y as p o s s i b l e 

as 

x 37 C2*») - kiHI ' C - ( 5 . 2 2 ) 

where t h e d e l t a - f u n c t i o n s j u s t r e f l e c t t h e c o n s e r v a t i o n 
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of momentum w i t h i n each meson and £j°(2k.3) i s a s o l i d 

harmonic r e p r e s e n t i n g the r e l a t i v e L = l s t a t e o f t h e 

c r e a t e d p a i r . E l i m i n a t i n g t h e 8-functions we o b t a i n 

We can see now how the p h e n o m i n o l o g i c a l r e c o i l term of 

M i t r a and Ross a r i s e s n a t u r a l l y i n t h i s model. Consid­

e r i n g C= i t we can w r i t e 

where (T and f are s p i n a n d i s o s p m P a u l i m a t r i c e s and 

0 i s t h e p i o n i s o v e c t o r . (CT+, = t Q x + l C y v , 0~o - C^). 
V2 

Combining (5.2*+) w i t h Iiu(A,BC) and n o t i n g t h a t 

h ) r ( " 2 ^ ^ " ! ? . ) ) * £ « . - ( ! • * , - * . ) (5.25) 

we see t h a t t h e o p e r a t o r t o be tak e n between $ and 
^ a takes t he form 

where a l l t r i v i a l n u m e r i c a l f a c t o r s have been absorbec 

i n t o Y. The c e n t r a l o p e r a t o r i s s i m i l a r t o t h a t of 

M i t r a and Ross however t h e r e i s an e x t r a f a c t o r 

S'* ( b„. - 2, fc,) e x p r e s s i n g t h e composite n a t u r e o f the 

p i o n . I n the l i m i t of a s m a l l p i o n r a d i u s N^Cfe) 

— ^ " ^ ( o ) the elementary p i o n emission of M i t r a nnd ^oss 

i s f u l l y r e c o v e r e d ( w i t h E N « ) . 

Tra n s f o r m i n g t h e w a v e - f u n c t i o n s i n (5.23) t o con­

f i g u r a t i o n space we o b t a i n 
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y ^ C * « ) e f c * - * * V * . - c a * * - « . * » . ) (5.27) 

and t h i s i s an e x p r e s s i o n i n which we can employ t h e 

s p a t i a l w a v e - f u n c t i o n s o b t a i n e d i n Chapter Four. 

Transverse p o l a r i s a t i o n s o f t h e c r e a t e d p a i r a re 

a l l o w e d but a r e coupled here w i t h a s p a t i a l o v e r l a p 

i n t e g r a l and summed over. The p o l a r i s a t i o n phenomena 

of the A^ and B decays are c a l c u l a t e d by employing non-

r e l a t i v i s t i c h a r m o n i c - o s c i l l a t o r s p a t i a l w a v e - f u n c t i o n s 

under t h e a p p r o x i m a t i o n of equal r a d i i f o r a l l hadrons. 

T h i s leads t o an adequate e x p l a n a t i o n of t h e d a t a w i t h ­

ou t t h e i n t r o d u c t i o n o f an e x t r a f r e e p a r a m e t e r . 

The model a l s o removes a l l a m b i g u i t i e s of t h e c h o i c e o f 

which e m i t t e d f i e l d i s elementary - an a m b i g u i t y which 

leads t o well-known i n c o n s i s t e n c i e s i n s t a n d a r d quark 

m o d e l s ^ 2 2 ^ . 

5.3 Previous A p p l i c a t i o n s of the Model and 
Qar Apprpach, 

The s i g n i f i c a n c e of the model of Le Yaouanc et a l 

nas been noted and e x p l o i t e d by many a u t h o r s . Kaufmann 

and Jacob^ 1^*^, w o r k i n g s t r i c t l y w i t h i n t h e s p i r i t of 

th e o r i g i n a l model, were a b l e t o go some way towards 

e x p l a i n i n g t he s u p p r e s s i o n of t h e 2TT decay mode of t h e 

f>(1570). They i d e n t i f i e d t h i s p a r t i c l e as a f i r s t 

r a d i a l l y e x c i t e d s t a t e w i t h i n a n o n - r e l a t i v i s t i c harmom 

o s c i l l a t o r framework and c a l c u l a t e d i t s 2 T b r a n c h i n g 

r a t i o - again w i t h i n t h e a p p r o x i m a t i o n o f equal r a d i i 

f o r a l l hadrons. 
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B a r b i e r i e t a l V A t r i v i a l l y extended t h e group 

s t r u c t u r e t o SUCW) i n an e a r l y attempt t o d e s c r i b e 

q u a n t i t a t i v e l y the behaviour of 0 " ( e + e ~ — h a d r o n s ) i n 

th e r e g i o n j u s t above charm t h r e s h o l d . Again harmonic 

o s c i l l a t o r w a v e - f u n c t i o n s were employed however i n a 

l a t e r w o r k ^ 1 ^ ) they adopted a p h i l o s o p h y s i m i l a r t o 

our own^ b 0^. M o t i v a t e d by hopes from c o l o u r gauge 

t h e o r i e s they s o l v e d a wave-equation i n v o l v i n g a l o n g -

range, spin-independent c o n f i n i n g p o t e n t i a l and a s h o r t -

range one gluon Coulomb p o t e n t i a l . I n c o n t r a s t t o our 

approach they assumed t h a t hadrons can be d e s c r i b e d 

m a i n l y by n o n - r e l a t i v i s t i c dynamics and s o l v e d t h e 

Schroedinger wave-equation. They went on t o use t h e i r 

n u m e r i c a l w a v e - f u n c t i o n s i n the q u a r k - p a i r - c r e a t i o n model 

t o c a l c u l a t e c o u p l i n g c o n s t a n t s f o r the v e r t i c e s 

*Y—• DD , V — • DD, — F F e t c . assuming t h a t the 

f o r m - f a c t o r s f o r thef.'e charmed mesons are dominated by 

t h e ( o f f - m a s s - s h e l l ) v e c t o r meson p o l e s . The aim was 

t o f i t t h e c r o s s - s e c t i o n 0~(e +e~—• hadrons) w i t h t h e 

p a i r c r e a t i o n c o n s t a n t Y being t h e o n l y inknown para­

meter nowever t h i s was not p o s s i b l e because o f t h e poor 

d a t a . 

The w a v e - f u n c t i o n s o b t a i n e d i n t h i s work were r e ­

used subse q u e n t l y by C h a i c h i a n and K o g e r l e r ^ t o 

t r e a t r a d i a t i v e t r a n s i t i o n s amongst the charmonium 

s t a t e s i n a vector-dominance s p i r i t . Even w i t h a weak 

q 2 - s u p p r e s s i o n f a c t o r 
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( w h i c h i s a p p l i e d r a t h e r u n r e a l i s t i c a l l y t o a l l t h e 

r a d i a l e x c i t a t i o n s as w e l l as t h e gound s t a t e ) and a 

These d e t a i l s are more r e l e v a n t t o Chapter Two however 

t h e s p i r i t of t h e approach of t h i * s e r i e s of papers i s 

s i m i l a r t o ours - t h e n o n - r e l a t i v i s t i c harmonic o s c i l l ­

a t o r wave f u n c t i o n s are abandoned i n f a v o u r of s o l u t i o n s 

t o a wave e q u a t i o n which employs a t h e o r e t i c a l l y m o t i ­

v a t e d qq p o t e n t i a l . 

Our i n t e r e s t l i e s i n t h e comparison of the s m a l l 

phase-space decays ot r a d i a l l y e x c i t e d spates t o s n e i r 

large-phase-space c o u n t e r p a r t s . The d i f f e r e n c e i n t h e 

s t r u c t u r e of t h e m a t r i x elements i s expected t o be due 

t o the d i f f e r e n t s p a t i a l o v e r l a p i n t e g r a l s which are 

determined by t h e s t r u c t u r e o f r a d i a l l y e x c i t e d wave-

f u n c t i o n s . Hence t h e group t h e o r e t i c a l p r o p e r t i e s o f 

t h e v e r t i c e s a r e not our main concern. We w i l l c o n s i d e r 

o n l y the processes V—>PP, V1—^-VP (V = v e c t o r , P = 

pseudoscalar) i n which o n l y one p o l a r i s a t i o n s t a t e of t h e 

c r e a t e d p p i r i s a l l o w e d - hence t h e v i r t u e s of t h e model 

d i s c u s s e d e a r l i e r i n r e l a t i o n t o broken SU(6) t r e a t ­

ments w i l l not a f f e c t our c a l c u l a t i o n s . 

Our w a v e - f u n c t i o n s were n o t d e r i v e d under the 

assumption of n o n - r e l a t i v i s t i c quark dyaamics, and thi« 

g e n e r a l i t y a l l o w s us t o c a l c u l a t e c o u p l i n g c o n r t a n t s 

f o r t h e h a d r o n i c decays of t h e o l d ( l i g h t q uark) mesons. 

We w i l l n o t be a b l e t o t r e a t t h e decays of 0 n and ^ n 

cc c o n t e n t of t h e yc t h e y p r e d i c t l a r g e b r a n c h i n g 

r a t i o s f o r decays such as "V 
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mesons because t h e i r decay p r o d u c t s (K and D mesons) 

are composed of unequal mass c o n s t i t u e n t s (we s o l v e d 

t h e wave e q u a t i o n o n l y i n the equal mass c a s e ) . I n 

t h i s c o n t e x t we mention again t h e r e c e n t work of Le 

Yaouanc e t g i ^ 3 5 » l 3 ° ) w n o w e r e a b l e t o understand t h e 

suppressed decays o f the r (M-,03) and Y ( 1 f . 1 + 1 ) w i t h i n 

t h e c o n t e x t of t h e q u a r k - p a i r - c r e a t i o n model and 

harmonic o s c i l l a t o r wave f u n c t i o n s . 

We c a l c u l a t e v e r t i c e s i n v o l v i n g l i g h t ciuarks by 

s u b s t i t u t i o n o f t h e w a v e - f u n c t i o n s C+.29) i n t o t h e 

s p a t i a l o v e r l a p i n t e g r a l ( 5 . 2 7 ) . T r a n s f o r m a t i o n t o 

s p n e n c a l co-u/uiAnLes a l l o w s t l i e angular i n t e g r a l s t o 

be performed a n a l y t i c a l l y u s i n g i n t e g r a l r e l a t i o n s f o r 

Bessel f u n c t i o n s (see Appendix 3 ) . The r e m a i n i n g con­

v o l u t i o n o f f o u r , one d i m e n s i o n a l i n t e g r a l s i s c a l c u l a t e d 

n u m e r i c a l l y on a computer y i e l d i n g I f f i(ABC). For e*>ch 

p a r t i c u l a r v e r t e x t h e value of t h i s i n t e g r a l I F combined 
w i t h the spin-SU(3) m a t r i x element and the L-S Clebsch-

Gordon c o e f f i c i e n t . For i l l u s t r a t i o n we c a l c u l a t e t he 

T-matrix element f o r t h e decay (=>"*" ( 3 * = ° ) — " n r + T T O ' 

The SU(6) w a v e - f u n c t i o n s i n v o l v e d are (Appendix 2) 

|p+> = ^(M-> + H ' » 

K>= id^-M-)) 



- 122 -

and these are combined i n t o t h e m a t r i x element under 

t h e g e n e r a l r u l e f o r any v e r t e x o f t h e form ( F i g . ( 5 . 1 ) ) . 

where 

(5.30) 

Note t h a t an t h e case we are c o n s i d e r i n g we p i c k up an 

e x t r a minus s i g n between t h e two diagrams Figs. 5.2a/b 

because of t h e r e l a t i v e s i g n o f t h e Dion momenta 

F i g . (5-2). 
The two quark diagrams c o n t r i b u t i n g 

t o t h e process f* e» T^-ncQ 

ap p e a r i n g i n I m ( A , B C ) - t h e m a t r i x element would be zero 

i f t h i s were o m i t t e d . The r e s u l t f o r the SLHb) m a t r i x 

element here i s l a n d thus i s combined w i t h t h e 

Clebsch-Gordon c o e f f i c i e n t 

< i , i ; o , o | o,o)> = V3 ( 5 . 3 D 

t o y i e l d the T- m a t r i x element 

(5.32) 
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T h i s i s then compared w i t h the T-matrix element o b t a i n e d 
from t h e u s u a l phenoraenological i n t e r a c t i o n H a m i l t o n i a n 
(167) 

(where we have s e t = Hr ) t o o b t a i n t h e c o u p l i n g 
2 

c o n s t a n t $ (me • The w i d t h i s then c a l c u l a t e d v i a t h e 

w i d t h f o r m u l a . 

As i n r e f . (136) we r e g a r d the s i m p l i f y i n g a u a r k - p a i r -

c r e a t i o n scheme as being o n l y an a p p r o x i m a t i o n ; however 

i n comparing decay r a t e s of l a r g e and s m a l l ph^se-SDace 

processes i t should be the s t r u c t u r e of our w a v e - f u n c t i o n s 

which i s t h e c o n t r o l l i n g f a c t o r . 

5 R e s u l t s and R e l a t i o n t o Experiment 

We c a l c u l a t e t h e k m e m a t i c a l l y a l l o w e d decays of 

f and <o-raeson e x c i t a t i o n s . The w e l l - e s t a b l i s h e d decay 

w i d t h of t h e ̂ -meson i n t o 2"rr's i s used as i n p u t t o 

d e t e r m i n e t h e o n l y unknown parameter V . A l l the 

r e s u l t s l i s t e d i n Table (5.2) then u n i q u e l y f o l l o w . 

We summarise here t h e p r e d i c t e d p r o p e r t i e s of each 

resonance. 

(1) The f'C 1250) has a w i d t h of 5O0->600 MeV 

and decays m a i n l y t o Vrc's , the 2TT 

br a n c h i n g r a t i o b e ing ~ 5 # . 
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Table ( 5 -2 ) : 

Decay w i d t h predict,-ons 

PROCESS 
A » BC 

PREDICTED 
WIDTH 
(MeV) 

EXPT. 
(MeV) 

P -*• TTTT 152 152 

P^250"> 1 r 1 , 26 

528 B R . p ' - ^ n r 
s m a l l 

1 6 GeV -

59 r ,^2oo-
C o L 800 

B . R . p " -S-TTTT 
228 

r ,^2oo-
C o L 800 

B . R . p " -S-TTTT 

- » - H U J " 
=10-30% 
or <2% 

""iSBO-urp 732 

-*-rrp* 864 

68 

- > 1 T U ) 164 

112 

W 100 

u)I780 ^ p 
468 r c o L = 1 5 0 ± 7 0 

-»irp' 348 Decays main ly 

-nrp" 372 to 5TT S 

( n ) The u>'(1P60) d e c a y i n t o jrds pnd i s wide 

i ~ 1 . 6 Ge\/). 

( i n ) '.he f'\ 1^7°> decay; m a i n l y to ^TC'S m d 

hT=: a w i d t h of ^>0(.< i^eV or g r e y e r 

depending on t i e magnitude of i t s non-

resonant UTC decays or f f c decays. 

However *;he 2TC channel i s <>u repressed 

w i t h a b r a n c h i n g r a t i o of ~l2/<. 
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( i v ) The unobserved (*)"( 1580) decays m a i n l y 

t o 5tTls w i t h a l a r g e w i d t h ~ 1 . 6 MeV 

and t h e unobserved {"'(1770) decays 

m a i n l y t o hKs w i t h a t o t a l w i d t h o f 

~^50 MeV, i t s 6TU b r a n c h i n g r a t i o 

b eing s m a l l ( ~ 1 0 ^ ) . 

( v ) The u>'"(1780) i s a l s o p r e d i c t e d t o be 

wide, however, i t decays m a i n l y t o 

5TT'S , the 3"̂  b r a n c h i n g r a t i o being 

~30% 

The t o t a l w i d t h of t h e io'"( 1780) i s i n bad d i s a g r e e ­

ment w i t h experiment and t h i s i s t h e case t o a l e s s e r 

degree f o r the {> e x c i t a t i o n s . However these a r e pr e ­

d i c t i o n s o f t h e p a r t i c u l a r v e r t e x model we are u s i n g . 

We have succeeded i n d e s c r i b i n g t h e su p p r e s s i o n o f t h e 

large-phase-space decays r e l a t i v e t o t h e small-phase-

space channels f o r every r a d i a l e x c i t a t i o n , t h e pr e ­

d i c t e d b r a n c h i n g r a t i o s b eing 

PREDICTION EXPT. COMMENT 
B.R. ( f'-^T-cn:) 

B.R. ( f " — > - K T C ) „12% 

B.R. ( f " , - * T r n r ) ~15% 

B.R. ( ^ " - * 3 T T ) ^50$ 
B.R. ( ^ " ' — • I ' * ) ~JQ% 

7 t 1 % 
10 ->J,0% 

or<2% 

F o r m - f a c t o r 
analyses 

Both s o l u t i o n s 
e q u a l l y f a v o u r e d 

5n decay f a v o u r e d 
over J>T£ decay 
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These suppressions which d r a m a t i c a l l y overpower t h e 

c o n s i d e r a b l e phase-space enhancements are due t o t h e 

s t r u c t u r e of th e r a d i a l l y e x c i t e d w a v e - f u n c t i o n s and 

the p a r t i c l e i d e n t i f i c a t i o n s made. We have a l s o l e a r n e d 

t h a t a simp l e q u a r k - p a i r - c r e a t i o n model employing a 

u n i v e r s a l p a i r - c r e a t i o n s t r e n g t h cannot d e s c r i b e t h e 

narrowness of the e x c i t e d s t a t e s . 

T h i s narrowness of r a d i a l l y e x c i t e d s t a t e s i s a l s o 

becoming apparent i n the ss spectrum. The 0(1.02) i s 

much narrower tnan the {3(770) m a i n l y because o f t h e 

u n f a v o u r a b l e phase-space f a c t o r s ( m K » ) - i n f a c t 

on removing these f a c t o r s t he c o u p l i n g c o n s t a n t s ^ f w r r 

and < ^ K K emerge as being comparable. Hence f o r t h e 

e x c i t e d s t a t e s t h e r e i s no c o m p e l l i n g reason t o expect 

t h e 0 e x c i t a t i o n s t o be e x c e e d i n g l y narrow. However, t h e 

0(1820) and 0 ( ~ 2 . 1 ) b o t h have Wo MeV w i d t h s and t h e 

reported^1-26) 0(1.5) l s c o n s i d e r a b l y l o n g e r l i v e d 

( r 1 £ 5"Mc.v , a l t h o u g h t h i s s t a t e may o o s s i b l y be 

i d e n t i f i e d as a o r b i t a l e x c i t a t i o n ^ i 2 ? ) ) . 

These long l i f e t i m e s w i l l p l a c e s t r o n g r e s t r i c t i o n s 

on dynamical quark models which a t t e m p t t o d e s c r i b e 

3-meson v e r t i c e s - models which must i n c o r p o r a t e a more 

complete u n d e r s t a n d i n g o f p a i r - c r e a t i o n and s h i e l d i n g of 

the long-range g l u o n exchange f o r c e s . 

F i n a l l y we examine p o s s i b l e i n d i c a t i o n s of a v e c t c f 

meson at 1770 MeV, t h e mass o f the p r e d i c t e d f "'. 

B a r t a l u c c i et a l ^ 1 2 ^ have measured t h e y i e l d of e + e " 

p a i r s i n t h e Compton process Yp—*pe +e" ( F i g . ( 5 . 3 a ) ) , 
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Y 
Y 

F i g - (5-3) 
Compton (a) and B e t h e - H e i t l e r ( b) diagrams 

They pa r a m e t e r i s e t h e s c a t t e r i n g a m p l i t u d e s w i t h v e c t o r 

dominance poles ana l i t tne d a t a , because ol s t r o n g 

B e t h e - H e i t l e r a m p l i t u d e s ( F i g . (5.3b)) they f i n d i t 

p r e f e r a b l e t o s t u d v i n t e r f e r e n c e p l o t s r a t h e r than 

i n v a r i a n t mass d i s t r i b u t i o n s . Between 1200 and 180C 
MeV they see a r i c h s t r u c t u r e which they f i t w i t h 2,3 

and h resonances. 

I n both t h e 3 and ^ resonance f i t s t h ey see t h e 

^(1570) w i t h t h e expected w i d t h and a l s o an X(1770) 

w i t h a s l i g h t l y narrower w i d t h . No f i r m c o n c l u s i o n s 

can be drawn because of t h e exc e s s i v e amount of 

s t r u c t u r e i n t h i s r e g i o n however we f i n d t h i s c u g e e s t i v e 

as t h e I s o v e c t o r {?"'(1770) would be expected t o couple more 

s t r o n g l y t o e +e~ than an to or 0 e x c i t a t i o n . 

We have seen t h a t t h e r e i s now e x p e r i m e n t a l e v i ­

dence f o r the f o l l o w i n g l i g h t ouark r a d i a l s t a t e s : 

f (1250) , f ( 1570 ) , f>(1770) . . . 

LJ(1730) ... 

0.(1500), 0(1820) 0( 2100) 
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a l l of which f i t w e l l i n t o the model we have proposed. 
We f e e l that t h i s area of meson spectroscopy and decays 
w i l l become a rigorous t e s t i n g ground f o r phenomenological 
models describing the i n t e r n a l s t r u c t u r e of hadrons. 

Summary 
We havp i n v e s t i g a t e d the prop e r t i e s of the meson 

wave-functions generated i n Chapter Four and coupled 
them w i t h a quar k - p a i r - c r e a t i o n hypothesis i n order to 
formulate a modified version of the vertex model 

« ,, - - . ( i o n o r i g i n a l l y proposed DV L e yaouanc ex. a i . we 
applied thi«? scheme to the hadronic decays of the l i g h t -
quark r a d i a l l v e x c i t e d states and found good agreement 
w i t h the observed suppression of the phase-SDace favoured 
decays. 
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CHAPTER 6 

CONCLUSIONS 

A summary of Chapters 1-3? together w i t h the 
rel e v a n t conclusions, was set out i n Section 3«1+« ''<e 
r e c a l l here only b r i e f conclusions from the f i r s t three 
Chapters and then present the conclusions from Chapters 
Foui Hfid Five. 

We have shown t h a t the co n s i d e r a t i o n of r a d i a l l y 
e x c i t e d states and a q -dependence of f y allows a con­
s i s t e n t vector dominance d e s c r i p t i o n of new p a r t i c l e 

V ) r a d i a t i v e decays w h i l s t the good p r e d i c t i o n s of 
simple vector dominance are maintained (and i n some 
cases s l i g h t l y lmcroved). An outstanding D r e d i c t i o n of 
the extended model i s t h a t the psi-nucleon t o t a l cross-
s e c t i o n i s predicted to be la r g e r ( a t a centre of 
momentum energv of 3° GeV ) than a recent measurement 
of 3*5 nib. Tne experimental s i t u a t i o n was discussed 
i n d e t a i l . 

More s u r p r i s i n g l y some of the large phase space 
decay rates of the excited states (e.g. u>'(1780)—> 

yvc ) were predicted to be la r g e r than the experimental 
values. I t was t h i s f e a t u r e of r a d i a l l y excited states 
t h a t we went on to i n v e s t i g a t e m Chapter Four and Five. 
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By r e - i d e n t i f y i n g some of the states r e c e n t l y 
observed i n e +e" experiments (motivated bv the prop­
e r t i e s of the w e l l established charmonium spectrum) we 
showed tha t i n a l l f l a v o u r sectors the spectra of r a d i a l 
e x c i t a t i o n s can be w e l l described by a Klein-Gordon wave 
equation employing a simple l i n e a r a u a r V - a n t i a u a r k 
p o t e n t i a l . We went on to couple the a n a l y t i c a l wave-
fu n c t i o n s obtained by solving the wave equation w i t h a 

q u a r k - p a i r - c r e a t i o n hypothesis to p r e d i c t a number of 
p a r t i a l decay width? of the l i g h t auark r a d i a l l y e x c i t e d 
s t a t e s . The suppression of the large-phase-space decays 
were preaici.eu bo ue i n good ^ g i eeuien i. w i i . n r.ats e x u e i i -
mental values. 

We c a l c u l a t e d the eigenvalues of the r a d i a l S D e c t r a 

w i t h i n the context o f a p o t e n t i a l model. Motivated by 
i n d i c a t i o n s from gauge theories t h a t a l i n e a r p o t e n t i a l 
may be responsible f o r the confinement of quarks w i t h i n 
colourless hadrons, many authors had ca l c u l a t e d the 
spectra of both heavy and l i g h h quark-antinuark bound 
systems. Our aim was t o generate wave-functions des­
c r i b i n g vector-melons and t h e i r r a d i a l exc"1 t a t i ons i n 
order to estimate decay widths of the excited s t a t e s . 
The c r i t e r i o n f o r r e l y i n g on the wave-function«= was 
that they be s o l u t i o n s to a wave equation, the eigen­
values of which describe the observed spectra of 
e x c i t a t i o n s . 

The r a p i d convergence of the charmonium r a d i a l 
spectrum and the strong evidence f o r theP ( l 2 5 0 ^ 
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suggested a l i g h t quark spectrum i n which the UKI78O) 
i s i d e n t i f i e d as a t h i r d r a d i a l e x c i t a t i o n and an i s o -
vector partner i s postulated t o have a mass of about 
1770 MeV (there i s now evidence f o r t h i s s t a t e ) . The 
^(1570) i s a second excited s t a t e and the f (1250) the 
f i r s t e x c i t a t i o n . The sS spectrum takes the form 
£$(1020), 0'(15OO), 0»U82O), 0"'(21OO), ... and i t i s 
these spectra which appeared q u a n t i t a t i v e l y from the 
s o l u t i o n to a Klein-Gordon e q i a t i o n employing a l i n e a r 
quark confinement, p o t e n t i a l . The confinement p o t e n t i a l 
was assumed to be l i n e a r l y r i s i n g both because of hope­
f u l i n d i c a t i o n s from gauge theories and because the "V 
and i t s r a d i a l e x c i t a t i o n s together w i t h the states 
i d e n t i f i e d above c o n s t i t u t e spectra which are more 
r a p i d l y converging than the eigenvalues of a harmonic 
o s c i l l a t o r p o t e n t i a l . 

Analysis of previous p o t e n t i a l model treatments of 
the meson spectrum i n d i c a t e d t h a t r e l a t i v i s t i c sDin 
e f f e c t s were uninportant compared to a r e l a t i v i s t i c 
treatment of the s p a t i a l auark motion and hence that a 
Klein-Gordon type w a v e eqaation v a e adequate. The 
Lorentz transformation p r o p e r t i e s of the qq p o t e n t i a l 
were not chosen a p r i o r i . The e f f e c t i v e p o t e n t i a l con­
s i s t e d of a l i n e a r confinement p o t e n t i a l and a constant 
term describing a l l short range e f f e c t s . Scalar and 
vector transformation p r o p e r t i e s were considered f o r 
each term i n the p o t e n t i a l and only one combination wss 
found to be capable of des c r i b i n g the spectra - the 
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c o n f i n i n g p o t e n t i a l transforming as a Lorentz scalar 
( m u l t i - g l u o n e f f e c t ) and the short range term as the 
f o u r t h component of a fou r - v e c t o r (one-gluon exchange). 
The wave equation was solved a n a l y t i c a l l y and the 
eigenvalue equation was found to describe the spectra 
e x c e l l e n t l y . 

The quark mass parameters that emerged were 
reasonable and the asymptotic freedom expectations that 
short-range e f f e c t s become less important as the bound 
s t a t e mass increases were borne out. The energies of 
the f i r s t o r b i t a l l y excited states of the uu and cc 
systems were ca l c u l a t e d and found to agree w i t h 
experimental mass values. The r e c e n t l y observed 
spectrum of u p s i l o n (bB) stateswas w e l l described by 
the eigenvalue equation w i t h a b-quark mass of ^.35 Getf. 
i n contrast to the poor r e s u l t s of previous models m 
t h i s f l a v o u r sector. 

Having obtained normalised, a n a l y t i c a l wave-functions 
w i t h the parameters determined by the s p e c t r a l masses 
we used them i n the qu a r k - p a i r - c r e a t i o n model of Le 
Yaouanc et a l . t o c a l c u l a t e the hadronic decays of the 
l i g h t quark e x c i t e d s t a t e s . This quar^ model has i t s 
o r i g i n s i n d u a l i t y diagrams and the graphical fortes f o r 
v e r t i c e s suggested o r i g i n a l l y by Zweig. I t embodies a 
gr o u p - t h e o r e t i c a l s t r u c t u r e f o r v e r t i c e s s i m i l a r t o th' 
1-broken SU(6)^ scheme but more imp o r t a n t l y t h i s i s 
coupled w i t h a quark wave-function overlap i n t e g r a l which 
should be the c o n t r o l l i n g f a c t o r i n comparing hadronic 
decays of r a d i a l l y - e x c i t e d s t a t e s . 
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The T-matrix elements f o r the various decays of the 
ex c i t e d states were c a l c u l a t e d w i t h i n the model using 
the p r e viously obtained r e l a t i v i s t i c wave-functions and 
compared w i t h the usual phenomenological T-matrix 
elements i n order to ext r a c t the coupling constant 
magnitudes. The decay rates f o r the mam hadronic 
modes of the excited states are then predicted using 
the r a t e f o r the decay p-fr2nas input to f i x the one 
unknown model parameter. The r e s u l t s are i n good agree­
ment w i t h experiment - the suppression of the 3"^ decay 
mode of tnecO(1780) being q u a l i t a t i v e l y p r edicted. The 
suppression of Tine 2rx;aecay modes of trie 1250) and 
the p"(1570) are also explained. The existence of as yet 
unobserved states i s predicted and the experimental 
search f o r these states i s encouraged. 
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APPfaNDIX 1 

Basic Conventions 

a) Units 
Natural u n i t s are employed throughout i n which 

c = Ti = 1 . Energies, momenta and masses expressed 
i n eV ( e l e c t r o n v o l t s ) , keV (= 10 3eV), MeV (= 106eV) or 
GeV (= lO^eV), GeV being the n a t u r a l u n i t . Hence one 
n a t u r a l u n i t of leng t h = _ M _ = 1.973 x 10"16m. A 

1 GeV 
convenient a l t e r n a t i v e u n i t of leng t h i s the fermi 

I f = 10"15m sr 5 GeV"1 ( A l , l ) 

Cross-sections are u s u a l l y measured i n m i l l i b a r n s 
which may be converted to GeV u n i t s using 

GeV"2 = 0.3893 mb (A l , 2 ) 

b) W-yectiprs, 
Contravariant *+-vector A M = (A 0,A 1 ,A 2,A 3) = (A°,A) 
Metric 5 ^ = (1 , -1 , -1 , -1 ) w i t h A ̂  = ^ V A " 

where repeated indices are summed 
^ - p o s i t i o n x = (x°,x) where x° i s the time and 

x i s the s p a t i a l p o s i t i o n . 
W-momentum operator p M =• = L <?L - <, ? 
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c) Dirac Matrices 
We adhere t o the conventions of r e f . (168). 

d) Decay width Formulae 
The f o l l o w i n g centre of momentum phenomenological 

decay width expressions are used throughout (V * ve c t o r , 
P s pseudoscalar) 

i ) V-*e +e~ 
P (V-o e +e") = f 2 o< m v 

V 3 
i i ) V'-*VP 

r e v - * , V P ) = 
I Z T T 

i i i ) V->PP 

fcrr 

where k i s the momentum of a f i n a l s t a t e p a r t i c l e . 

<A1,3> 

( Al L I 
» - — 5 

( A l , 5 ) 



- 136 -

APPENDIX 2 

Meson SU(6) wave-functions 

The meson superscript r e f e r s to the p a r t i c l e ' s 
charge, while the subscript represents the *-component 
of i t s spin. 

Q~ mesons 

PtClS- Combina.tJ.on 

^fe(u+u_ - u_u+ + d+d_ - d_d+ + s+s_ - s_s+) 
Wu +u_ - u_u+ + d+d_ - d_d+ - s +s_ + s_i+) 

n ; i&(u +d_ - u_d+) 
ii ( u + u _ - u_u+ - d+d_ + d_d+) 

n'0 kft(d +u. - d_u+) 
<t &2(u+.s_ - u.i+) 
<l &2(d+i„ - d.s+) 

^2(s +d_ - s_d+) 
^ i ( s + u _ - s_u + ) 

http://Combina.tJ.on
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1" mesons 

Combination 

02, 
+ S-S+) 

o 
<o«, u. . + d d _) 

+ u_u + + d +d_ + d_d +) 

f -
Co + u-d+) 

f*. u + j . - d + } _ d + ) . ) 

^(u+u_ + u_u+ - d+d- - d_d+) 

f*. d+>- 3+,-
fo" + d.u+) 

u + J -
KV Wu+i- + U-S+) 

d+,- s+,-
KV &z(d +S_ + d_s+) 

s+,-
IC° <$2(s+d_ + s_d +) 

KV, 
+ S-U+) 
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APPENDIX 3 

S p a t i a l O v e r l a p i n t e g r a l 

Equation (5.27) i s the expression to be s i m p l i f i e d and 
reads: 

-/-oo 

x^ cC*0 «• ' e • (A3,l) 
where 

= % K ~ (A 3,2) 

and 

K „ » C-'V _3_ (1 - *n ) l (A3,3) 

The angular i n t e g r a l s can be performed by making use of 
the f o l l o w i n g r e l a t i o n s h i p s i n v o l v i n g Bessel f u n c t i o n s ^ 

/ e G. oL0x — 

and 

( i ) -c i n t e g r a l 

The *-c i n t e g r a l from ( A 3 5 l ) i s 

£* i/L <.*0 e"^' ? e (A3,6) 
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We are dealing w i t h L = 0 mesons only andS** i s a f u n c t i o n 
of l * c | only. W r i t i n g 

q.x« = q x ^ s i n 0 q s i n © X c c o s ( 0 X c - 0 q ) 

• cos © X c cos © q) (A3,7) 

and using (A3,*+)» (A3 , 5 ) w i t h L = m = 0 we ob t a i n 

/Zxc^L**)*'^'*' ^ - <Z2?* f\^*c)^U<>x^xt (A3 , 8 ) 

( i i ) *B i n t e g r a l 
S i m i l a r l y ve obtain 

/ ^ ^ C x s ) ^ - ' = -<£!)"/'x/v<t)*>.)*«V*. (A3,9) 

( i i i ) fl i n t e g r a l 
From (A3,l) we must evaluate 

and using (A3,»+), (A3 , 5 ) we ob t a i n 

( i v ) &A i n t e g r a l 

From (A3,l) and ( A 3 , l l ) we have 
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and using again (A3,1*) and (A3 , 5 ) we get 

£iflfOIy. combining ( A 3 , l ) , ( A 3 , 8 ) , ( A 3 , 9 ) , ( A 3 , l l ) and 

(A3 , 1 3 ) 

^ ( A , . C ) = S\*^)^.*c~^J? ±>t (A3,l^) 

where the dimensionless s p a t i a l i n t e g r a l takes the form 

(A3 , 1 5 ) 

and i t i s t h i s expression which i s c a l c u l a t e d numerically 
on a computer f o r each p a r t i c u l a r vertex considered. 
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SUMMARY 
The f i n i t e element method was used t o analyse 

several hyperbolic paraboloid sandwich s h e l l s , and a 
sandv/ich p l a t e . The elements are developments of the 
isoparametric f i n i t e element a l l o w i n g f o r transverse 
shear, and f o r the d i f f e r i n g m a t e r i a l and s t r u c t u r a l 
p r o p e r t i e s associated w i t h the layers of a sandwich 
panel. 

The r e s u l t s of the numerical analysis were 
compared w i t h other f l a t sandwich panel r e s u l t s w i t h 
close agreement f o r the stress r e s u l t a n t s , and e x c e l l e n t 
agreement f o r the displacements. 

Experimental data f o r the displacements of the 
hypar sandwich s h e l l s was compared w i t h the numerical 
analysis w i t h good agreement, provided t h a t the boundary 
co n d i t i o n s and loadi n g are w e l l defined. Poor agreement 
r e s u l t s when the panels e x h i b i t non l i n e a r e f f e c t s caused 
by the v i s c o - e l a s t i c behaviour of the m a t e r i a l s . 

The i n t r o d u c t i o n of curvature i n t o the sandwich 
panel produces marked reductions i n t he d e f l e c t i o n s and 
moments, and an increase of the membrane e f f e c t s . The 
r e s u l t s i n d i c a t e the necessity of i n c l u d i n g bending 
e f f e c t s , and the importance of the edge co n d i t i o n s i n 
determining the st r e s s d i s t r i b u t i o n w i t h i n these s h e l l s . 
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1. INTRODUCTION 

The sandwich c o n s t r u c t i o n used f o r the panels 
presented i n t h i s work f o l l o w s the d e f i n i t i o n of 
Plantema (54) of a "three l a y e r type of c o n s t r u c t i o n , 
c o n s i s t i n g of two t h i n sheets of h i g h - s t r e n g t h m a t e r i a l 
oetween wnicn a t h i c K l a y e r of low average s t r e n g t h and 
de n s i t y i s sandwiched. The two t h i n sheets are c a l l e d 
the faces, and the intermediate l a y e r i s the core of the 
sandwich." 

This t h e s i s presents the experimental and numerical 
an a l y s i s of such panels when they are formed i n t o doubly 
curved s h e l l s , h y perbolic paraboloids (hypars). 

Previous workers (8, 43, 51) have considered the 
approximation t o a doubly curved surface by a se r i e s of 
interconnected f l a t p l a t e s , and analysed these sandwich 
s t r u c t u r e s using f l a t f i n i t e elements. 

The choice of a doubly curved s h e l l was made because 
the curvature causes the loading t o be d i s t r i b u t e d t o the 
edges of the s h e l l , and reduces the displacements, which 
w i t h the m a t e r i a l s used are more pronounced than w i t h 
conventional m a t e r i a l s . 

A hyperbolic paraboloid was chosen because i t s 
geometric d e f i n i t i o n i s the most simple second order 
polynomial i s x and y, and by choosing i t s form as t h a t 
of a warped rectangle i t s generators are a l l s t r a i g h t l i n e s , 
s i m p l i f y i n g the c o n s t r u c t i o n of such s h e l l s . 

UIJ'««S/? 9 1 4 JUL 1978 
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The advantages of sandwich c o n s t r u c t i o n are t h a t 
there i s a h i g h degree of r i g i d i t y f o r a given dead weight, 
compared t o conventional c o n s t r u c t i o n a l m a t e r i a l s ; con­
s t r u c t i o n i s u s u a l l y easy; the m a t e r i a l s have good thermal 
and acoustic p r o p e r t i e s ; s t r u c t u r a l l y sandwich panels can 
be e f f i c i e n t , as demonstrated by t h e i r a p p l i c a t i o n s which 
have been mainly i n the a i r c r a f t i n d u s t r y . 

One of the o b j e c t i v e s of the research c a r r i e d out 
by members of the Engineering Department i s t o demonstrate 
the a p p l i c a b i l i t y of sandwich panels t o s t r u c t u r a l forms 
other than those used by the s p e c i a l i s e d a i r c r a f t i n d u s t r y . 

The inherent s t r e n g t h of a sandwich panel i s due t o 
the t h i n faces a c t i n g as the outer laye r s of a beam or 
p l a t e . I n t h i s a p p l i c a t i o n the a d d i t i o n a l t w i s t given 
t n th*? pl-?t£ or0cK7c2.no th<? s h e l l s CL**^? s t r e n g t h 
because of the new geometry. 

The disadvantages associated w i t h sandwich panels are 
due t o the m a t e r i a l s and the bonding between the l a y e r s . 
I t i s important i f the sandwich i s t o work e f f i c i e n t l y , 
t h a t the bonding between the faces and the core i s such 
t h a t the faces do act as outer laye r s of the s h e l l . 

I n a d d i t i o n , the panels e x h i b i t v i s c o - e l a s t i c behaviour. 
Thus the displacements can be considered as those due t o an 
i n i t i a l e l a s t i c response, f o l l o w e d by a time dependenc 
response which increases, depending upon the magnitude of 
the load. 

The work presented i n t h i s t h e s i s i s concerned w i t h 
the e l a s t i c response of the s t r u c t u r e s . 

The m a t e r i a l s used t o co n s t r u c t the hypars were 
glass r e i n f o r c e d p o l y e s t e r f o r the faces, and polyurethane 
f o r the core. 

The face materia] was found t o have a larg e v a r i a t i o n 
i n Young's modulus, which imposes a l i m i t a t i o n on the 
numerical a n a l y s i s i n t h a t the p r o p e r t i e s associated w i t h 
an element were assumed t o be constant throughout the s h e l l . 

http://0cK7c2.no
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The polyurethane core was not examined, as E l l i o t t 
and previous vrorkers (20, 5, 8, 43, 51) have t e s t e d t h i s 
m a t e r i a l . Following t h e i r work, an o r t h o t r o p i c d e f i n i t i o n 
of m a t e r i a l p r o p e r t i e s i s used. 

The analysis of hypar s h e l l s has been t r e a t e d 
d i f f e r e n t l y by a number of authors (10, 11, 12, 14, 22, 
26, 27, 37, 38, 46). A l l the references i n d i c a t e the 
weakness of a membrane s o l u t i o n expressed by Tottenham (60). 

The c l a s s i c a l s o l u t i o n depends upon d e f i n i n g a s t r e s s 
f u n c t i o n . The s t r e s s f u n c t i o n s u b s t i t u t e d i n t o the equations 
of e q u i l i b r i u m and c o m p a t a b i l i t y leads t o a l i n e a r p a r t i a l 
d i f f e r e n t i a l equation of the second order. On s u b s t i t u t i n g 
the surface d e f i n i t i o n of the hypar the r e s u l t i n g charac­
t e r i s t i c equation of the e q u i l i b r i u m of the hypar r e l a t e s 
the s t r e s s f u n c t i o n t o the loads a p p l i e d t o the s t r u c t u r e . 

The s o l u t i o n f o r the membrane stress r e s u l t a n t s i s 
such t h a t the normal stress r e s u l t a n t s Nx and Ny can be 
chosen such t h a t any a r b i t r a r y load, a f u n c t i o n of y f o r 
ITx and x f o r Ny can be chosen such t h a t they s a t i s f y 
e q u i l i b r i u m . 

These a d d i t i o n a l loads Nx = f ( y ) , Ny = f ( x ) a p plying 
e q u a l l y t o both boundaries cannot, i n general, reduce the 
normal stresses t o zero at the edges. 

This r e s u l t led researchers t o a more comprehensive 
s o l u t i o n from a non-linear a n a l y s i s or bending theory 
(10, 14, 26, 27, 37). The conclusions o£ che work of 
Hadid (26, 27) and the other researchers was t h a t the 
bending stresses i n shallow hypars were s i g n i f i c a m : , and 
t h a t the membrane analysis i s only adequate away from the 
boundaries. 

The d i f f e r e n t a n a l y t i c a l methods which incorporate 
a bending an a l y s i s have been F i n i t e D i f f e r e n c e ( 6 ) , 
I n t e g r a l methods (26, 27), F i n i t e Element (11, 60, 61), 
and lumped parameter (47). The i n t e g r a l method used by 
Hadid and Tottenham (26, 27) d i d not include the transverse 
shear which would be necessary m the analysis of a sandwich 
hypar. 
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Mohraz' lumped parameter method (47) which 
i d e a l i z e s the s h e l l s t r u c t u r e i n t o a series of r i g i d 
bars and a deformable node, again does not in c l u d e the 
transverse shear s t r a i n . The f i n i t e d i f f e r e n c e method 
of Beg (6) d i d include the transverse shear, but as i t 
i s p o s s i b l e t o separate membrane and f l e x u r e f o r a 
sandwich s h e l l , i t was f e l t the isoparametric f i n i t e 
element of Ahmad (2) could be developed t o provide a 
general sandwich s h e l l a n a l y s i s c a p a b i l i t y . 

The choice of the Ahmad (2) isoparametric element 
was a l o g i c a l extension t o the f i n i t e elements developed 
by Parton and Bettess (51, 8 ) . These displacement 
elements use a kinematic hypothesis s i m i l a r t o the Ahmad 
s h e l l element. I n the Ahmad element the s h e l l i s considered 
as a se r i e s of membranes (29), and the s t r a i n energy i s 
the summation of the s t r a i n energy as each membrane s l i d e s 
r e l a t i v e t o i t s neighbours. 

The f a c t t h a t Ahmad's f o r m u l a t i o n depends upon the 
shear s t r a i n s caused I r o n s and Razzaque (34) t o develop 
the t h i n s h e l l "semi-loof" element. This element imposes 
zero transverse shear a t the i n t e g r a t i o n p o i n t s , and so 
would be i n a p p l i c a b l e f o r a sandwich s h e l l where the 
transverse shear e f f e c t s are l a r g e . 

I t s s uperior performance m the analysis of t h i n 
s h e l l s could, perhaps, be adopted i n the f o r m u l a t i o n of 
the face c o n t r i b u t i o n s f o r a sandwich element, although 
problems would e x i s t due t o the r o t a t i o n s along the edges 
of the element. 

The methods used t o analyse sandwich s t r u c t u r e s 
have been displacement f i n i t e elements (8, 51, 43, 47, 44 
41, 1 ) , mixed models ( 4 3 ) and h y b r i d models (4, 43, 1 6 ) . 

Mawenya and Davies use an isoparametric, displacement 
f i n i t e element t o analyse sandwich p l a t e s , i n c o r p o r a t i n g 
d i f f e r i n g m a t e r i a l p r o p e r t i e s f o r a l a y e r , and a l l o w i n g 
f o r l o c a l deformations w i t h i n a l a y e r . They assume t h a t 
the normal r o t a t i o n s are independent of l a t e r a l displacement, 
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but can vary from l a y e r t o l a y e r . The isoparametric 
element developed i n t h i s t h e s i s does not a l l o w f o r l o c a l 
deformations w i t h i n a l a y e r , but i t i s shown i n Chapter 3 
t h a t t h i s f a c i l i t y could e a s i l y be incorporated. Also, 
as the element i s a s h e l l element, the normal r o t a t i o n s 
are assumed t o be dependent upon the l a t e r a l displacement 
as w e l l as normal displacements, and the geometric form 
of the reference surface of element takes the more general 
form, i n c l u d i n g tne v a r i a t i o n w i t h respect t o the thicJcness 
co-ordinate. 

The papers of ^lenkiewicz ( 6 4 ) , Pawsey ( 5 3 ) and 
others (15, 34, 29, 17, 49, 52, 57) i n d i c a t e the improve­
ment f o r an isoparametric t h i n s h e l l element i f reduced 
Gaussian i n t e g r a t i o n i s used t o evaluate the s t r a i n energy 
c o n t r i b u t i o n s f o r th 1? d i f f e r i n g displacement nodes. 

Phis i s explained by the displacement f u n c t i o n 
imposing an u n r e a l i s t i c form upon the shear deformations. 
I n view of the arguments put forward by Pawsey, Chapter 4 
includes a survey of the e f f e c t the d i f f e r e n t orders of 
i n t e g r a t i o n nave upon the sandwich s h e l l element developed 
f o r t h i s a p p l i c a t i o n . 

Ihe f i n a l choice f o r the q u a d r i l a t e r a l element was 
a 2 x 2 Gauss r u l e i n each layer of the sandwich. 

An a l t e r n a t i v e approach t o reduced i n t e g r a t i o n i s 
made by Takemoto and Cook (57). They add an e x t r a node 
m the centre of an element which has the e f f e c t of 
a l l o w i n g the displacement f u n c t i o n the freedom t o accommo­
date zero energy deformation modes, and overcome some of 
the d i f f i c u l t y when curved elements are used. 

Summarising, t h i s t h e s i s presents experimental 
r e s u l t s f o r v e r t i c a l displacements i n several sandwich 
hyperbolic paraboloids. An account i s given of the 
d i f f i c u l t i e s i n the f a b r i c a t i o n of these panels. The 
numerical analysis of these s h e l l s i s performed using 
isoparametric displacement s h e l l elements developed t o 
account f o r the d i f f e r i n g m a t e r i a l p r o p e r t i e s between 
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the layers of the sandwich, and from the assumption that 
flexure and membrane effects can be separated. 

A survey of d i f f e r i n g orders of integration w i t h i n 
the sandwich f i n i t e elements i s presented, although no 
t h e o r e t i c a l j u s t i f i c a t i o n i s given f c r the order used. 
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2. THEORY 

The mathematical basis or the displacement f i n i t e 
element method resembles the Ritz method. I n the 
Ritz method one set of functions describes the d i s ­
placement f i e l d i n the entire continuum. The f i n i t e 
element method assumes in d i v i d u a l displacement t i e i d s 
f o r each element and the i n t e r n a l displacements are 
uniquely defined by the nodal point displacements. 
Thus the e n t i r e displacement f i e l d i s assumed t o consist 
of large numbers of piecewise continuous f i e l d s , each 
one being over an element. 
2.1 Element Characteristics 

Consider a t y p i c a l element and define the 
displacement at any point w i t h i n the element as 

14= M M 
are shape functions taking a value of u n i t y at a 

preferred node and zero at other nodal points. 
i s the displacement vector f o r the displacement 

at the nodal points of an element. The strains are 
defined as 2.1.2 
WhereL©J i s derived from equation 2.1.1 and the stresses, 
assuming e l a s t i c behaviour, are defined as 

Vfhere are any i n i t i a l strains and £^bj are any 
i n i t i a l s t r e s s e s , I S the e l a s t i c i t y matrix containing 
the material properties. 
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The equivalent nodal forces are £f |^ which are 
s t a t i c a l l y equivalent t o the boundary stresses and 
d i s t r i b u t e d loads on an element. {,|>1f a r e t n e 

d i s t r i b u t e d loads acting on a u n i t volume i n an element. 
To make the nodal forces s t a t i c a l l y equivalent t o 

the boundary stress resultants and loads an a r b i t r a r y 
nodal displacement i s imposed and the i n t e r n a l and 
external work done are equated. The work done by the 
nodal forces f o r a displacement of d££]^at the nodes i s 

The i n t e r n a l work per u n i t volume done by the stresses 
and d i s t r i b u t e d loads i s 

Equating the external and i n t e r n a l work:-

Substituting equations 2.1.3 and 2.1.2:-

*JljaTl«}a»fci - JlN]T{|>}JlVoi 2 . u l 

The f i r s t term of equation 2.1.7 contains the s t i f f n e s s 
matrix:-

Me e jl>fW 2.1.8 
The nodal forces due t o d i s t r i b u t e d loads are:-

Those due t o any i n i t i a l s t r a i n s : -

and due t o any i n i t i a l stress:-

2.1.9 

2.1.10 

2.1.11 
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In addition t o the above terms there are terms 
t o describe the concentrated forces at a node: 

2.1.12 
and i f the element i s at a boundary and the boundary 
i s subject t o a d i s t r i b u t e d load of ^ ] per u n i t area, 
then the term describing the loading on the nodes of 
t h i s boundary element IFJfĉ  need t o be added. 

This results i n the equation 

(Fie « 0 J U W f L 4 F W * L 

I f } . 
2.1.14 

where are the equivalent nodal forces. 
2.2 Characteristics of the whole structure 

The i n t e r element forces must be i n equilibrium 
w i t h each other and need not be included i n a v i r t u a l 
work expression. The sum of the contributions of 
i n t e r n a l work f o r a l l elements may be equated t o the 
external v i r t u a l work done by the Applied loads t o the 
structure. Considering a displacement of acting 
on a l l the nodes of the structure the v i r t u a l work done 
i s : -

av,i- d{s}TR + fdU]Tt|»la\fc,i 

2.2.1 
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Equation 2.2.1 includes the e f f e c t s of i n i t i a l strains 
and stresses by the c o n s t i t u t i v e r e l a t i o n of equation 
2.1.3. 

Simplifying the terms the equation becomes 

where each of the terms of equation 2.2.2 are now 
integrals over the whole region and not j u s t one element. 

The F i r s t term i n equation 2.2.1 i s the s t r a i n 
energy,U , of the structure and the second the 
p o t e n t i a l Energy of the external loads w , and the 
equation 2.2.1 i s re-stated as 

a ( u v w ) = d W » o . 2.2.3 

where i s the t o t a l p o t e n t i a l energy of the structure. 
The f i n i t e element method i s , therefore, a minimi­

sation of the t o t a l p o t e n t i a l Energy X. with respect 
t o a f i n i t e number of unknowns. As the p o t e n t i a l 
Energy X 1 5 only an approximation t o the true p o t e n t i a l 
Energy i t i s necessary t o develop convergence c r i t e r i a 
t o ensure the assumed displacement function represents 
as closely as possible the true displacement of the 
structure, and hence the true p o t e n t i a l energy. 
These c r i t e r i a as stated by Zienl.iewicz (65) are that 
of conformability and continuity. Conformability 
depends upon the displacement function prescribing a 
continuous v a r i a t i o n w i t h i n an element with no discon­
t i n u i t i e s across element boundaries, and c o n t i n u i t y 
depends not only upon the displacements being continuous 
but the f i r s t derivatives being continuous. These 
points are explained i n Chapter 3 w i t h the derivation 
of the elements. 

The c r i t e r i a stated above are due t o the element 
being a displacement model. Other derivations depending 
upon complementary energy, or formulations involving both 
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p o t e n t i a l and complementary energy produce d i f f e r e n t 
bounds t o the solution (65, 63, 11, 18, 25, 43, 56). 
The analysis developed here i s a lower bound t o the 
true potential energy and the s t i f f n e s s r e l a t i o n of 
equation 2.2.2 w i l l r e s u l t i n displacements which are 
too large. By r e f i n i n g the mesh of elements, and 
therefore increasing the number of unknowns the solution 
by the f i n i t e elements w i l l converge t o the true solution. 
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3. I ^ - E R I C A L AbULYSI3 

3.1 Introduction 
AS stated i n the Introduction (Chapter 1), i t 

was decided t o develop the Ahmad v<£) isoparametric 
s h e l l element to analyse sandwich shells. This element 
allows r aaTjOi tra-cy ycduecj-~y wi Lliirj. i-Iits i_Oii&ui-cixiict> 
imposed by iihape functions (Appendix A) , and by 
assuming that normals t o the mid-surface of the sh e l l 
remain s t r a i g h t , but are permitted t o rotate r e l a t i v e to 
the deformed mid-surface, allows f o r shear deformation 
t o occur. 

The choice of shape functions was mace such that 
they defined both the geometry and displacement function, 
using the same order fquadratic) f o r both. Also by 
choosing the order of the shape functions from the 
standard Families (13, 65, 25) the element i s made t o 
sa t i s f y both the continuity requirements, and the constant 
derivative requirement. 

The formulation of such an isoparametric element 
requires a unique relationship t o be defined between the 
cartesian co-ordinates, and an andistorted l o c a l set of 
co-ordinates. Once t h i s relationship has been defined 
suitable transformations can be performed t o enable the 
element properties t o be calculated with respect t o the 
si m p l i f i e d l o c a l co-ordinate set, most importantly the 
element s t i f f n e s s matrix. 
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3.2 D e f i n i t i o n of the Geometry 
Figure 3.1 shows an element of the she l l 

Figure 3.1 
I n Ahmad's formulation the geometry i s defined as:-

( z l L7;J a. 3.2.1 
£> represents a node on the mid-surface and 

i s the Thickness vector f o r the c t h node. £jN<3 ar© 
the shape functions. For both the qua d r i l a t e r a l and the 
tri a n g u l a r elements these were quadratic functions of the 
"Serendipity" family. A description of the shape functions 
i s given i n Appendix A. The advantage of using shape 
functions i s that they remove the necessity of defining 
the displacement function e x p l i c i t l y as a polynomial. 

For the sandwich s h e l l element the mid-surface of 
the s h e l l i s retained, but the displacement function i s 
modified t o account f o r the layered construction. To 
ensure the element i s isoparametric an additional 
transformation i s made so that the matrices apply t o a 
specifi c layer. This requires the thickness vector 
and the thickness function S t o be specific t o the 
layer being considered. 
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T 

- I >- — 

op ~~ ' 

Figure 3.2 
Figure 3-2 shows the modification t o preserve the 
isoparametric form of the element. 

The sketch also shows the mid-surface of the core 
layer as being the mid-surface of the element, but the 
formulation does not have t h i s r e s t r i c t i o n . 

As the v a r i a t i o n of the i n plane co-ordinates i s 
i d e n t i c a l f o r each layer the additional transformation 
r e l a t i n g the c u r v i l i n e a r co-ordinates CS>"1»^ 
t o the lo c a l layer c u r v i l i n e a r co-ordinates > ^a.^ 
i s of the form 

1 o © • O O O 
O * © o o o 

U .i. o o l̂£_ 
3.2.2 

Jf refers t o the ^ t h layer £ » I defines the top face 

-5 „ k,= 4.-^/4,4^ 
3.2. 3 
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This d e f i n i t i o n preserves the numerical 
int e g r a t i o n l i m i t s 01 plus one and minus one. The 
global co-ordinates of the mid-surface of any layer , 
are determined from p u t t i n g O.O i n t o the geometric 
d e f i n i t i o n of ^ . 

Thus a separate d e f i n i t i o n of the geometry i s 
obtained f o r each layer i n terms of the mid-surface of 
the parent s h e l l element, and i t s thickness vector Vst, 

These d e f i n i t i o n s are: 

Y _ ' 

fcl -z&*a(Sl*?wfcfeM^^ 
(a) 

X Y 
Z 

I*] (b) 

(c) 

the l i m i t as -f, and -rx tend t o zero 
equations 3.2.4a and 3.2.4c define the top and bottom 
surfaces respectively and 3.2.4b i s i d e n t i c a l t o 
equation 3.2.1. 

3.2. 
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3.3 The D e f i n i t i o n of the displacement function 
To s a t i s f y convergence the choice of displacement 

function must meet the constant derivative requirement, 
and co n t i n u i t y requirements. In the isoparametric 
formulation these requirements are met, f o r the f i r s t 
condition i f the sum of the shape functions i s u nity, 
and f o r the second i f the v a r i a t i o n of the unknown 
function f& i s continuous m the parent set of co­
ordinates, Zienkiewicz (63). The unknown function ^ 
i s i n t h i s s h e l l element the function describing the 
v a r i a t i o n of displacement w i t h i n an element. 

The choice of shape functions described i n Appendix A 
s a t i s f i e s the f i r s t condition, and by defining the 
displacement function f o r each layer i n the form: 
r - i r.i* 
u 
V 0* 

t h i s s a t i s f i e s the second condition i n that the uniqueness 
of the displacement function i s i d e n t i c a l to the 
uniqueness of the geometric d e f i n i t i o n . AS adjacent 
elements are given the same sets of co-ordinates at nodes, 
con t i n u i t y i s implied i n the displacement function 
because of the c o n t i n u i t y i m p l i c i t i n the geometric 
d e f i n i t i o n . 

The terms defined i n equation 3.3.1 are 
r 

The mid-surface displacements. 

t i U The magnitude of the thickness Vector. 

Unit Vectors defining two orthogonal 
directions normal to the thickness 
vector. 

The two scalar rotations of the 
^ v e c t o r . 
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The d e f i n i t i o n of the displacement function i n 
equation 3.3.1 does not account f o r the layered construction, 
i n that the transverse shear can be assumed t o be e n t i r e l y 
i n the core and the i n plane and bending resistance deter­
mined by the faces. 

Expressing equation 3.3.1 i n terms of the mid-
surface of the s h e l l and the rotations w i t h i n each layer 
the displacement functions are: 

^ i * vi if I U 

W 2 

Top 
fAcfc 

T +• 

a) 

u) 
""[Mil ».'( + I M l £ _ f a 

(b) r 

Ifovl + IWO li lki . fee* vjkf u 

(c) 
Equations 3.3.2 
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These equations are of the same form as equation 3.3 
the additional terms of 3.3.2(a) and 3.3.2(c) correct the 
mid-surface displacements of the element t o that of the 
mid-surface of the layer, and by considering the extra 
rotations of the faces allow f o r shearing w i t h i n the 
f ace layers. 

This general d e f i n i t i o n does not allow f o r the 
properties associated w i t h sandwich materials, and would 
also pay the penalty i n computational e f f o r t associated 
w i t h nearly doubling the degrees of freedom (72 against 
40 f o r the q u a d r i l a t e r a l and 54 against 30 f o r the 
t r i a n g l e . Both elements with an assumed quadratic 
v a r i a t i o n i n ^ and ). 

The assumptions made reduce the number of degrees 
of freedom at a node t o f i v e ]nqtfigd of t-he nine as^nciat 
w i t h equations 3.3.2. 

d ) The face t o core thickness r a t i o i s small 
(-^^CC ). The rotations of the V$i» vector are 
therefore, assumed t o act throughout the thickness of the 
element. 

( n ) The s t i f f n e s s of the faces i s two orders of 
magnitude greater than the core, and so the transverse 
rotations w i t h i n the faces are neglected. 

These assumptions re s u l t i n the displacement 
functions: 

;\ ' (a) w; 
To* 

IK X-f^-fx-vc} 
u 

1 b 
Coflfc 



w 
fltfTToAA 

(c) 
Equations 3.3.3 

These displacement functions state that the 
displacement at a point w i t h i n a layer i s given by the 
mid-surface translations, and an amount dependent upon 
the rotations and |3 w i t h i n the core. 

There i s also co n t i n u i t y between layers, i n that 
J ^ ^ l . f o r the top or bottom faces respectively, the 
da so-1 ncement 15 i d e n t i c a l t o trh^t of ^ ^^!. or —

 [, i n 
the core layer. The shape functions describing the 
v a r i a t i o n of displacement are i d e n t i c a l t o the functions 
describing the v a r i a t i o n of the geometry and so the 
isoparametric form i s preserved, again with the l i m i t s 
of i n t e g r a t i o n between plus and minus one. 
3.4 D e f i n i t i o n of Strains and Stresses 

The displacement functions described i n the 
previous section (Equations 3.3.3) the f i v e degrees of 
freedom associated with a node are two i n plane displace­
ments, a transverse displacement, and two rotations. 

As a r e s u l t of the assumptions made about the 
thickness and r e l a t i v e stiffnesses of the sandwich 
materials the contributions t o the s t i f f n e s s matrix of 
an element can be separated i n t o those from a face and 
those from the core. 

As the faces are s t i f f e r than the core, and much 
thinner, the transverse shear contributions are negJected, 
and f o r the core the i n plane contributions are neglected. 

The vector of strains at a point ( ̂  ) ^ y $ ) 
w i t h i n the element i s defined: 
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r 

hi 
v.. I 

i > 

S5 K» 3.4.1 

Tilt; udsvh i.t;£ex,fc> a l o c a l orthogonal sec or cartesian 
co-ordinates calculated at the point w i t h i n the element. 
This i s t o enable the curvature of the s h e l l t o be 
accounted f o r . I n the f l a t plate the transformation 
t o these l o c a l cartesian co-ordinates i s unnecessary, a 
global d e f i n i t i o n of the strains and stresses being 
possible, but i n the computer programme w r i t t e n t o analyse 
the shells t h i s was not done, as t h i s gave a check on the 
v a l i d i t y of the programme. 

The evaluation of the d i r e c t i o n cosines r e l a t i n g 
the l o c a l cartesian set of co-ordinates C^'j^j'/Z'} 
t o the global co-ordinates i s given i n Appendix B. 
This enables the orie n t a t i o n of the l o c a l stresses 
necessary t o calculate the Stress Resultants, and also 
the s t i f f n e s s matrix t o be assembled. 

For the sandwich s h e l l the strains at a point w i t h i n 
the layers are separated i n t o membrane and bransverse 
components. For the faces the strains at a point w i t h i n 
the face layer were defined as: 

<3 

3.4.2 
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and f o r the core: 

W + . Jo' 3.4.3 

and 

The c o n s t i t u t i v e relationships were:-

w t 4 fAcE 
w i t h 

CM fACg 
' l 

and r i 

wi t h © o 
a o 

•* 
o o 

3.4.4 

Simil a r l y , as the shells had no i n i t i a l strains or 
stresses imposed upon them, the stresses at a point 
w i t h i n the sh e l l were defined as: 

W - t 
L JFActS S&f 

M - J * * 3.4.5 

3.4.6 

3.4.7 

3.4.3 

3.4.9 
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The evaluation of the strains, and hence the 
stresses, requires two transformations; one the 
transformation from c u r v i l i n e a r co-ordinates, and 
the second t o the lo c a l cartesian co-ordinates. 
The f i r s t transformation i s performed using the geometric 
d e f i n i t i o n s (equations 3.2.3) and forming the inverse 
Jacobean, and the second by forming the d i r e c t i o n 
cosines of the lo c a l cartesian set, mentioned previously. 

The description of how these matrices are derived 
and used i s given i n Appendix B. 

The p a r t i t i o n i n g of the l o c a l s t r a i n components, 
and the orthogonality between the d i r e c t i o n cosine matrix 
and inverse Jacobean, allowed a more d i r e c t formulation 
of the element stiffnesses. The orthogonality results 

__ , x — J — 
constant) being i n the same sense f o r both matrices. 

A f u l l description of the formation of the local 
strains and hence the s t i f f n e s s matrices i s given i n 
Appendix C. 
3.5 The Stress Resultants 

Figure 3.5 shows an elemental section of 
sandwich s h e l l . The strains and the stresses are 
evaluated at points w i t h i n che face and core layers, 
and the d i r e c t i o n cosines of these l o c a l strains and 
stresses output by the programme. The assumptions used 
t o devlopfithe s h e l l elements allow a simple derivation 
of the stress resultants. 

The Stress resultants are defined as: 

K 
3.5.1 

4 ffjj ax 
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f 

Mi; 
3.5.2 

3.5.3 

The assumptions that the faces act as membranes, and 
the core contributes t o the transverse shear are 
i m p l i c i t i n the l i m i t s of int e g r a t i o n of equations 
3.5.1 t o 3.5.3. 

Assuming that the v a r i a t i o n of d i r e c t stress 
w i t h i n a face i s zero the membrane stress resultants 
are: 

My 

and the sending stress resultants:-

— Ml 
Assuming constant transverse shear w i t h i n the core 
the transverse shear stress resultants are: 

$ 3 
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3.6 The Solution of the Equations 
The simultaneous equations formed i n equation 

2.2.2, with the assumption of no i n i t i a l strains or 
stresses, reduce t o : 

The solution f o r the unknown displacements 
depends upon the s t i f f n e s s matrix of the structure 
and the applied loading. The -technique used i s based 
upon the f r o n t a l solution programme developed by 
Irons (35, 33). 

I n t h i s programme a degree of freedom or unknown 
i s complete when there are no more contributions t o be 

Once complete, and even though other degrees of freedom 
are incomplete, then that freedom i s eliminated. 
Eventually there remains one freedom which can be 
determined e x p l i c i t l y . The programme then back-
substitutes i n t o the relationships f o r the eliminated 
freedoms u n t i l a l l the equations are solved. 

This method depends upon the element numbering 
and not the nodal numbering. Elimination of a degree 
of freedom depends upon i t s completeness which, i n t u r n , 
depends upon the order i n which the adjoining elements 
are added i n t o the system s t i f f n e s s matrix. 

The hypars i n t h i s work were sub-divided i n t o a 
symmetric mesh of quadrilaterals and the element numbering 
would not a f f e c t the solution procedure. 

WW - M O. 3.6.1 

1*1 ACL l ~ ML 
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HUIIERICAL ANALYSTS COMPARISONS 
AND NUMERICAL INTEGRATION 

The references of Pawsey and Clough(53; and 
Zienkiewicz, Taylor and Too (64) indicate that the choice 
of in t e g r a t i o n order used i n a s h e l l f i n i t e element can 
make a s i g n i f i c a n t difference t o i t s performance. h 
survey i s carried out t o compare the d i f f e r i n g orders of 
integra t i o n of the sandwich s h e l l element, t o determine 
the best order t o be used i n the analysis of the sandwich 
hypars. 
4.1 Numerical Integration 

To obtain the s t i f f n e s s matrix of an element 
numerical integration of the form: 

i s required. This inte g r a t i o n i s performed numerically by 
choosing a mesh of Gauss points w i t h i n the element. The 
order used depends upon the v a r i a t i o n w i t h i n the element of 
the various s t r a i n i n g modes. Both Pawsey (53) and Zienkie­
wicz (64) indicate that high i n t e g r a t i o n orders choose points 
w i t h i n an element such chat the transverse shear c o n t r i ­
butions t o the s t r a i n energy can be too large, especially i n 
t h i n s h e l l s i t u a t i o n s . This resu l t s from the displacement 

Vol 
4.1.1 
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function imposing u n r e a l i s t i c r e s t r i c t i o n s upon the 
modes of deformation of the element. 

The example given by Pawsey i s of the qua d r i l a t e r a l 
membrane element of Doherty (19), where the 'bending' 
deformations, i f integrated at a single central node, 
would produce contributions of aero, whereas the constant 
s t r a i n modes, using a higher order f o r the normal strains, 
and the central node f o r the shear s t r a i n , would r e s u l t 
i n the correct contributions t o the s t i f f n e s s matrix. 

Using a higher order (2 x 2)integration formula 
would re s u l t i n the 'bending' deformations contributing 
t o the s t r a i n energy, and the shear s t r a i n contributing 
too great a value t o the s t r a i n energy. This would 
re s u l t i n an element which would be too s t i f f . 

I n addition, Pavccy demonstrated that curvatare i n 
an element i s important i n determining where the s t r a i n 
energy contributions should be evaluated. 

The example given f o r t h i s s i t u a t i o n i s of a one 
dimensional quadratically curved element subjected t o a 
constant moment. To produce the r e s u l t of the normal 
s t r a i n at the mid-surface being zero, then the normal 
s t r a i n energy needs t o be evaluated at the Gauss points. 

The arguments put forward by Pawsey are t o sele c t i v e l y 
integrate the s t i f f n e s s contributions depending upon the 
str a i n i n g mode being considered. The rules he defined 
being extrapolations of the examples he gave, t o allow 
f o r the higher order displacement function and general 
curvature associated w i t h the isoparametric elements. 

Zienkiewicz et a l . (64) performed a similar analysis 
using the Ahmad element m t h i n s h e l l situations but 
proposed reduced integration being applied t o a l l the 
str a i n i n g modes. This resulted i n the element performing 
well f o r both t h i n and t h i c k s h e l l situations with the 
added benefit that the computational e f f o r t i n forming 
the s t i f f n e s s matrix i s reduced due t o the smaller number 
of inte g r a t i o n points used. 
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In t h i n shells where the l a t e r a l shears account 
f o r a small proportion of the s t r a i n energy a fur t h e r 
development was made by Irons and Razzaque (34). 
They chose to make these shear contributions exactly 
zero at the Gauss points. This "semi-loof" element 
i s inapplicable f o r the current problem where the 
transverse shears cannot be assumed t o be zero. 

Following the arguments put forward by both sets 
of researchers the sandwich s h e l l element would require 
a two by two mesh of points w i t h i n a face which would 
allow f o r the normal straining modes and the membrane 
shear s t r a i n , the transverse shear s t r a i n contributions 
being zero f o r the faces. 

For the core a two by two rul e should be s u f f i c i e n t 
•'•'ithin i t ? t^ic^ness t o ^ l l r , L r f o r th€? tr^ns^ers"? shesr 
contributions and the zero membrane contributions. 
This was found not t o be the case, and i s described i n 
the following section. 

The reasons f o r t h i s are due to the d e f i n i t i o n of 
the displacement functions. For the faces the choice 
of a mid-surface mesh of Gauss points would produce the 
membrane effects associated with the face being centred 
on the mid-surface of the element, and not at the outer 
edge of the s h e l l , and f o r the core a set of points on 
i t s mid-surface would r e s u l t i n no contribution from the 
transverse shear rotations. 

The results using the d i f f e r i n g orders (Table 4.1) 
are shown f o r both the triangular element, and the 
quad r i l a t e r a l eJement i n comparison w i t h Abel and Popov's 
beam results (1). 
4.2 Comparison with Abel and Popov 

Abel and Popov (1) analyse a cantilever sandwich 
beam using a f i n i t e element with a cubic v a r i a t i o n of 
transverse displacement and a linea r v a r i a t i o n of shear 
r o t a t i o n . 

t h i s element allows f o r shear w i t h i n the faces 
of the sandwich, i t gives a more accurate representation 
of the warping and shear at the b u i l t - i n end of the beam, 
than the elements developed by the author. 
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The dimensions and material properties of the 
cantilever are given below: 

Thickness of the faces f = 0.04 i n . 
Thickness of the core c = 0.5 i n . 
Span L = 10 in&,. 
Breadth B = 1.0 i n . 
Young's modulus f o r 
, the faces Ef = 10 p . s . i . 
Young's modulus f o r 

the core Ec = 2 x 10 p . s . i . 
Shear modulus f o r 

the faces Gf = 4 x 10 p . s . i . 
Shear modulus f o r 

the core Gc = 10 p . s . i . 
The Applied load P = 1.0 l b . 

As t h i s sandwich beam has a weak core lEc^C. £f) 
and the face thicknesses are much less than the core 
thickness I f ^ j C c) i t can be assumed {Plantema, Allen 
54, 3) that the core i s too weak t o contribate t o the 
f l e x u r a l s t i f f n e s s of the sandwich and the shear stress 
i s constant over i t s depth. Also the faces are assumed 
t o have a linear d i s t r i b u t i o n of normal stress which f o r 
very t h i n faces i s constant. 

In view of the arguments put forward by Pawsey and 
Zienkiewicz a single node i n each of the layers would 
be s u f f i c i e n t t o enable the s t r a i n energy contributions 
t o be evaluated w i t h respect t o the thickness co-ordinate 
and two nodes i n each element along the length of the beam 
t o accommodate the l i n e a r v a r i a t i o n i n the normal stress. 

The d i f f e r i n g i n t e g r a t i o n orders are shown i n Table 4.1, 
The Triangular element showed even w i t h an aspect r a t i o of 
ten to one, chat the choice of in t e g r a t i o n order produced 
l i t t l e v a r i a t i o n i n displacement. 

The Quadrilateral element produced a more marked 
v a r i a t i o n . The worst results f o r the displacement of 
the beam was produced by the high order mesh i n plane 
on the reference surface of the element. 
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This i s due t o the displacement function f o r the core 
contributing t o the s t r a i n energy the effects of the 
reference surface translations and not the rota t i o n s . 

The resulcs obtained when either the core or tne 
faces has the single nesh were a s l i g h t improvement 
upon the previous r e s u l t s . 

The best res u l t s were produced by the 2 x 2 mesh 
of nodal points and i t was decided t o use t h i s formu­
l a t i o n f o r the sandwich plates, and f i n a l l y m the 
analysis of the hypars. 
4.3 Chapman and Williams 

As the two by two Gaussian rule used t o integrate 
the element stiffnesses produced good agreement with the 
cantilever beam of Abel and Popov (1) i t was decided t o 
compare i t s performance with Chapman and Williams' work 
on shear deformation effects of uniformly loaded ortho-
t r o p i c plates. 

The solutions Chapman and Williams used were based 
upon series solutions f o r plates simply supoorted, and 
a f i n i t e difference solution f o r the clamped ooundary 
conditions. Tor the comparison between the ciamped 
plates with the two loading conditions of a uniform 
d i s t r i b u t e d load, and a l i n e a r l y varying load tne f i n i t e 
element mesh was four by four, and a quarter of the plate 
was analysed because of symmetry i n loading and boundary 
conditions. 

To provide a comparison of the shear effe c t s a 
shear parameter i s varied between 25 and 500. 
This shear parameter i s defined as 

3>X 
where = /WE 

12. 
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the tnickness 

i s the u n i t effecfcr e web area 

the length of a side of the plate 

Young s modulus and Poisson's r a t i o . 
Figure 4.3.1 shows the f i n i t e element results f o r moment, 
shear and displacement f o r the points defined i n the 
diagram. The displacement of che centre of the panel 
shows close agreement f o r a l l values of shear parameter, 
the moment and shear however show good agreement f o r 
values of shear parameter greater than 50. 

The lower value i s f o r a plate w i t h greater shear 
e f f e c t s . The e f f e c t of the shear i s t o cause a more 
even d i s t r i b u t i o n of load, demonstrated i n 4.3.2 by the 
edge shear £)y, and the bending moment d i s t r i b u t i o n l l x 

across the centre l i n e . 
Agreement between the Chapman and Williams results 

and the f i n i t e element solution '/ere good f o r a l l d i s ­
placements and the bending moment at the centre l i n e , 
f a i r f o r the edge shear and good f o r t v i s t i n g mornenc 
f o r greater than 50. 

A similar comparison was made f o r the clamped 
square plate with a l i n e a r l y varying load ^Figure 4.3.3). 
Again agreement with the results was good, except f o r the 
shear force along the edge of the plate. 

The comparisons were made w i t h rectangular 
elements only, but w i t h the same two by two Gauss 
ru l e i n each case. For Hx =156 two analyses were 
performed; the f i r s t w i t h the sixteen elements, and 
the second with only f-_ur elements. The results shown 
i n Figure 4.3.1 show that f o r both displacement and 
moment the coarse mesh i s i n s u f f i c i e n t . 

As the comparisons of both the sandwich beam and 
'sandwich' plate showed good agreement, the order of 
in t e g r a t i o n was kept at a two by two Gauss mesh t o evaluate 
the s t i f f n e s s of the elements foe the hypars. I t s per­
formance i s described m Chapter 6. 



- 32 -

a I X l x l 2 x ax£ 
4 ? X h l 

T 
g 

? x 3 x I 
l( 2 x a.x2. 
/2 

i 
/2 

i ^ y a.x i -\ « 

i x .a*» 
is 3 X I x t 3 x 3 M 

1 7 M 7*2 
% I x i 3 x 2 
I 7 x 2 
A 3 x l 7 X 2 
s i x 2. 7 x 1 

7 x 2 
7 7 M ? X 2 ? 7 x 2 

3 x t 3 x \ 
10 Ik » 

T*eu=. 4\t 



(a UJ < > © 0 vil o , 
r- (vj < A- Ui l a . 1 * ^ 
9 > -r» m l/> £ 

2 fc» 0 O ul I'd 

ul V-
< f i Ui 

3& 
p ul 

i 

8 6 

9 

o 
^ \» K- &o <y- a /4 «U 

'a.* 
> 



- 3, -

L 
1* * 1 & 

-* I * <1 ̂  o e • is 

IN 

3 
7 bo 

UJ 
01 

5 $ 3 2 v3 ui < 7 
co S £ 

a — i - + 
01 O G < 
fiZ 

LL 

,v« -v J ^l/> r - cr* 

v» 1-0 



- 35 

1 
1 
3 

o 

h 

1 * 
A- n 

x 

3̂ 

2 

a' 
> in 

I" ^» 

V 

5 
i J 

J 
&~ 
1 

. 2 
Ul fit , 

- i a: 
\l 1 ir 

dJ 

1 3 3 * 1 5 
i vi ui uMil u« 

+0<<3>o 

i 



C^> o 00(0 _ 

y ui <* tti 

4 IP N 

^ * Vi) > X> 



- 37 -

6 
i \0'0 -

— I 1 +. 

K o o o 



- 38 -

5. EXPERIMENTAL WORK 
5.1 I n t r o d u c t i o n 

The e x p e r i m e n t a l work c o n s i s t e d of t h e c o n s t r u c t i o n 
and t e s t i n g of f o u r h y p e r b o l i c p a r a b o l o i d sandwich s h e l l s 
and a f l a t sandwich p l a t e of t h e same m a t e r i a l s as t h e 
s h e l l s . 

I h e dimensions of t h e p l a t e ana s n e i i s were 
l i m i t e d t o t h e s i z e of t h e p o l y u r e t h a n e sheets 
a v a i l a b l e f r o m t h e m a n u f a c t u r e r s , w h i c h are r e c t a n g l e s 
n o m i n a l l y e i g h t f e e t by f o u r f e e t (2.44m x 1.22m) and 
one i n c h (25mm) t h i c k . 

The hypars were square m p l a n w i t h s i d e s of 
f o u r f e e t (1.22m). A f t e r t h e f a c e s o f t h e p a n e l s had 
been formed t h i s was reduced t o a metre square, and t h e 
metre square used t o measure t h e d i s p l a c e m e n t s . 

The f a c e m a t e r i a l s of t h e s h e l l s were m a n u f a c t u r e d 
i n f i b r e g l a s s , due t o t h e c o n s t r u c t i o n d i f f i c u l t i e s 
e n c ountered w i t h plywood and hard b o a r d . 

Loading of t h e s h e l l s was done by l o a d i n g 'crabs' 
( i ' l g . 5.1) w i t h t h e l o a d s p e r p e n d i c u l a r t o t h e x, y p l a n e 
and n o t normal t o t h e s u r f a c e of t h e s h e l l . 

The r e s u l t i n g d i s p l a c e m e n t s were measured u s i n g 
d i a l gauges, and t h e r e s u l t s used as t h e comparison w i t h 
t h e f i n i t e element programme. 
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5.2 Geometry 
The Geometry of a h y p e r b o l i c p a r a b o l o i d can be 

d e f i n e d i n t wo ways, e i t h e r t h a t of a s u r f a c e of 
t r a n s l a t i o n ( F i g . 5.2a) or as a warped p a r a l l e l o g r a m 
( F i g . 5 . 2 b ) . 

I n t h e f i r s t case t h e s u r f a c e can be d e f i n e d by 
t r a n s l a t i n g a p a r a b o l a i n t h e v e r t i c a l p l a n e h a v i n g 
upward c u r v a t u r e (ABC i n F i g u r e 5.2a) over a n o t h e r i n 
a p l a n e normal t o t h e f i r s t h a v i n g downward c u r v a t u r e 
(BOF). The s u r f a c e i s formed by moving ABC a l o n g BOF 
keeping t h e p o i n t B on t h e p a r a b o l a BOF. 

I n t h e second case t h e s u r f a c e i s g e n e r a t e d by 
moving a s t r a i g h t l i n e p a r a l l e l t o t h e XZ p l a n s , b u t 
r o t a t i n g u n i f o r m l y such t h a t K, where K. i s a 
cr,ns?t3.nt 'Ficj* 5 = 2t>^ = 

The s u r f a c e i s , t h e r e f o r e , g e n e r a t e d by moving 
EDC a l o n g t h e y a x i s as shown i n t h e F i g u r e . 

R e f e r r i n g t o t h e quadrant OHGF t h e g e o m e t r i c 
p r o p e r t i e s r e q u i r e d t o d e f i n e t h e s u r f a c e a r e t h e r i s e , 
w h i c h i s C, and t h e l e n g t h s of t h e quadrant a l o n g t h e 
x and y axes, wh i c h are a and b r e s p e c t i v e l y . The 
e q u a t i o n d e f i n i n g t h e s u r f a c e becomes: 

• 2 = 5.2.1 

where 

5.2.2 

R e l a t i n g t h i s Geometric d e f i n i t i o n t o t h e p a r a b o l i c 
d e f i n i t i o n g i v e n f i r s t , t h e c u r v e d l i n e s p a r a l l e l t o 
EOA i n f i g u r e 5.2b are e q u i v a l e n t t o l i n e s p a r a l l e l t o 
BOF i n f i g u r e 5.2a and s i m i l a r l y f o r t h e l i n e s GOC and 
DOH. The h y p e r b o l a i n t h e d e f i n i t i o n , f o r b o t h forms 
of t h e s h e l l , i s produced by t a k i n g a s e c t i o n t h r o u g h 
t h e s h e l l p a r a l l e l t o t h e x y p l a n e . 

The advantage of t h e second d e f i n i t i o n i s t h a t t h e 
d o u b l y c u r v e d s u r f a c e can be g e n e r a t e d by a mesh of two 
i n t e r s e c t i n g systems of s t r a i g h t l i n e s . 
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5.3 C o n s t r u c t i o n 
I n i t i a l l y i t was d e c i d e d t h a t t h e m a t e r i a l s t o 

be used t o f o r m t h e hypars would be s i m i l a r t o t h o s e 
p r e v i o u s l y t e s t e d by o t h e r w orkers m t h e Department 
(20, 43, 51, 8 ) ; t h a t i s , a c o r e of p o l y u r e t h a n e and 
f a c e m a t e r i a l s of e i t h e r plywood or h a r d b o a r d . 

I t was f o u n d , when u s i n g square sheets of e i t h e r 
plywood (3 p l y , 1.5mm t h i c k ) or h a r d b o a r d {% i n . t h i c k ) , 
t h a t t h e s e m a t e r i a l s would n o t t a k e up t h e shape of t h e 
s u r f a c e . They c o u l d be formed i n one d i r e c t i o n , say, 
p a r a l l e l t o t h e t e n s i o n p a r a b o l a , b u t produced l a r g e 
d i s t o r t i o n s when made t o take up t h e c u r v a t u r e p a r a l l e l 
t o t h e compression p a r a b o l a . The r e s u l t i n g sandwich 
always produced a i r p o c k e t s between t h e c o r e and t h e 
f a c e s such t h a t t h e r e wa<? no r<=»aJ i s t i c b^nd between t h e 
l a y e r s . 

Tne methods used m t h o s e a t t e m p t s d i f f e r e d 
depending upon w h i c h m a t e r i a l was used. The d i f f i c u l t i e s 
e n c ountered were always w i t h the f a c e m a t e r i a l s , and n o t 
w i t h t h e f l e x i b l e p o l y u r e t h a n e c o r e . 

5.3.1 The Hardboard and P o l y u r e t h a n e sandwich hypar 
The i n i t i a l h ypar was t o be formed f r o m a square of 

s i d e f o u r f e e t and h a v i n g a r i s e of 6 m s . These 
dimensions were chosen so t h a t t h e hypar would be 
s i g n i f i c a n t l y d i f f e r e n t f r o m a f l a t p l a t e . 

The g l u e used t o bond t h e l a y e r s was a Urea-
FormaJdyhyde r e s i n ( A e r o l i t e 336^ w i t h the harde n e r w.148 
w h i c h extended t he p o t l i f e t o 30 m i n u t e s . The l o n g p o t 
l i f e was t o a l l o w t i m e t o p l a c e t h e sandwich i n t o t h e 
f o r m i n g frame and g e n e r a t e t h e nypar. 

The f i r s t a t t e m p t was w i t h t h e h a r d b o a r d f a c e s 
d r y . One s i d e of t h e p a n e l was g l u e d t o t h e p o l y u r e t h a n e 
c o r e w i t h no a t t e m p t t o t w i s t t h e p a n e l . Once t h i s was 
s e t t h e h a l f - s a n d w i c h was p l a c e d i n t h e frame, t h e g l u e 
a p p l i e d and t h e second f a c e p l a c e d t o f o r m t h e sandwich. 
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T h i s f l a t sandwich was t h e n clamped t o a r i g i d b a r 
a l o n g two p a r a l l e l edges of p a n e l and t h e r i g i d b a r s 
were r o t a t e d u n t i l t h e degree o£ t w i s t was a c h i e v e d . 
The clamps used a r e shown i n F i g u r e 5.3, and were spaced 
a t two i n c h (50mm) i n t e r v a l s a l o n g each of t h e edges. 

The p a n e l was a l l o w e d t o sez and checks were made 
upon the r e s u l t i n g geometry. 

The edges of t h e p a n e l d i d n o t remain s t r a i g h t , 
and where t h e clamps were a t t a c h e d t h e edges had q u i t e 
severe c o r r u g a t i o n s . A l s o , w i t h i n t h e un s u p p o r t e d 
p a r t of t h e hypar, b o n d i n g between t h e l a y e r s of as much 
as s i x i n c h e s square had n o t t a k e n p l a c e . 

The reasons f o r t h i s f a i l u r e were due t o t h e 
s i g n i f i c a n t s t i f f n e s s o f t h e preformed c o r e and s i n g l e 

j * —*- J 

c u r v e d shape w i t h r e l a t i v e l y l i t t l e s u p p o r t . 
The second a t t e m p t t r i e d t o overcome t h e d i f f i c u l t y 

of f o r m i n g t h e d o u b l y c u r v e d f a c e s by p r e f o r m i n g them. 
The h a r d b o a r d sheets were _placed i n a t a n k of w a t e r 

and l e f t f o r f o r t y - e i g h t hours t o soak. When s a t u r a t e d 
t h e y were p l a c e d upon t h e Dexion f r a m e v o r k s u p p o r t e d by 
t h e r u n n e r s shown i n F i g u r e 5.4. oandbags and o t h e r 
w e i g h t s were a p p l i e d t o t h e f a c e s t o f o r c e them i n t o t h e 
r e q u i r e d shape. They were t h e n l e f t t o d r y . 

The procedure d e s c r i b e d f o r t h e 'dry' hypar was 
r e p e a t e d . 

The r e s u l t i n g h ypar was a g a i n checked and f o u n d 
-co be s i m i l a r l y i n a c c u r a t e . The bonding w i t h i n t h e 
un s u p p o r t e d p a r t of t h e hypar was n o t as poor, b u t areas 
of about -two i n c h e s square had n o t formed t h e sandwich, 
and t h e n o n - l i n e a r i t y had s i m i l a r l y improved, b u t n o t 
w i t h t h e d e s i r e d degree of accuracy. 

The n e x t a t t e m p t was w i t h a reduced r i s e of hypar 
(3 i n s . i n s t e a d of 6 i n s . ) . The areas w i t h i n t h e hypar, 
where t h e bonding had n o t t a k e n p l a c e i n t h e p r e v i o u s 
a t t e m p t s , were loaded w i t h t h e sandbags and w e i g h t s . 



- 42 -

The f a c e s were a g a i n preformed and t h e p r o c e d u r e f o r 
t h e second hypar r e p e a t e d , b u t w i t h f o u r f e e t l e n g t h s 
of Dexion a t t a c h e d under t h e p a n e l t o g i v e e x t r a s u p p o r t . 

Again t h e r e was an improvement upon t h e p r e v i o u s 
a t t e m p t s , b u t t h e s t r a i g h t l i n e g e n e r a t o r s d e v i a t e d 
f r o m t h e c a l c u l a t e d s t r a i g h t l i n e s by ± 1.25 cms. a l o n g 
a f o u r f e e t l e n g t h . These l i n e s were n o t p a r a l l e l t o 
t h e XZ p l a n e n o r t h e YZ p l a n e as t h e y s h o u l d have been, 
and i n t h e areas where bonding had n o t taken p l a c e 
p r e v i o u s l y , t h e p a n e l had formed f l a t a r eas. The f a i l u r e 
of t h e hypars was due t o a number of reasons. 

( i ) The f a c e m a t e r i a l c o u l d n o t be f o r c e d i n t o t h e 
d o u b l y c u r v e d shape. When d r y t h e s t i f f n e s s i n d u c e d by 
bendi n g t h e h a r d b o a r d i n one d i r e c t i o n made t h e bending 

njZ - L - — -1— 1 — l _ 1 1 .71 - - - 1 . - " I . , * - ! - , „ - » 

( n ) When t h e h a r d b o a r d was preformed i n t o t h e 
d e s i r e d shape i t was p o s s i b l e t o g e t n e a r e r t o t h e f o r m 
of t h e hypar b u t as t h e f a c e s d r i e d oat t h e y a t t e m p t e d t o 
r e t u r n co t h e i r o r i g i n a l f l a t shape. 

( i n ) The l o a d s r e q u i r e d t o ensure b o n d i n g between 
l a y e r s were so l a r g e (20 kgs. per 200 mm. square) t h e y 
d i s t o r t e d t h e shape of t h e p a n e l . 

d v ) For even t h e s h a l l o w e s t hypar t h e r e were a u d i b l e 
n o i s e s caused by t h e bonding between l a y e r s b r e a k i n g down. 

(v) The clamps used a l o n g two of t h e edges were 
i n s u f f i c i e n t t o p r o v i d e a d i s t r i b u t i o n of t h e l o a d i n g 
r e q u i r e d t o t w i s t t h e p a n e l . 

i v i ) The area of t h e p a n e l u n s u p p o r t e d was t o o g r e a t 
t o g u arantee t h e f o r m of t h e s u r f a c e . 

To enable a hypar t o be formed u s i n g h a r d b o a r d and 
p o l y u r e t h a n e w h i c h i s o r i g i n a l l y i n t h e f o r m o f f l a t 
s h e e t s , and i f a u t o c l a v e p r e s s i n g i s n o t t o be used, t h e 
p r e f o r m i n g of t h e f a c e s i s e s s e n t i a l . I n a d d i t i o n , 
s u p p o r t s h o u l d be g i v e n a l l over t h e hypar, perhaps u s i n g 
a p l a s t e r ( o r o t h e r s i m i l a r ) c a s t of t h e d e s i r e d shape. 
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5.3.2 The Plywood and P o l y u r e t h a n e sandwich hypar 
As a r e s u l t of t h e f a i l u r e s w i t h t h e h a r d b o a r d i t 

was d e c i d e d t o t r y plywood as a f a c e m a t e r i a l . 
Rather t h a n g l u e t h e p a n e l t o g e t h e r , i t was 

d e c i d e d t o see i f t h e plywood would more e a s i l y f o r m 
t h e shape by l o a d i n g i t by i t s e l f upon t h e s u p p o r t i n g 
frame. 

The t h i c k n e s s of t h e f a c e (1.5 mm) was much l e s s 
t h a n t h e h a r d b o a r d (6.4 mm) b u t i t would t w i s t o n l y i n 
one d i r e c t i o n , and n o t i n t h e o r t h o g o n a l d i r e c t i o n . 

I t seemed ap p a r e n t t h a t s i m i l a r d i f f i c u l t i e s t o 
t h o s e i n f o r m i n g t h e h a r d b o a r d f a c e s would be met, 
t h e r e f o r e a t t e m p t s t o f o r n t h e f a c e s u s i n g a sheet of 
m a t e r i a l were g i v e n up i n f a v o u r of f i b r e g l a s s . 

5.3.3 The F i b r e g l a s s and P o l y u r e t h a n e sandwich hypar 
To f o r m the h y p a r s a frame was needed w h i c h was 

a d j u s t a b l e t o a l l o w f o r t h e v a r i a t i o n of r i s e r e q u i r e d 
f o r t h e models. 

The frame was t o be used f o r t e s t i n g t h e hyoars 
as w e l l as f o r m i n g them, and had t o be s u b s t a n t i a l enough 
t o t a k e the l o a d i n g r e q u i r e d f o r b o t h purposes. 

T h i s was accomplished u s i n g "Dexion". 

5.3.3.1 The Dexion frame. 
The frame was b u i l t f i v e f e e t square t o a l l o w f o r 

t h e r u n n e r s and box s t r u c t u r e used t o c o n s t r u c t t h e h y p a r s . 
I t was r e i n f o r c e d w i t h Dexion a l o n g each edge, and across 
i t s a rea b o t h a t ground l e v e l and two f e e t above ground 
l e v e l . 

F i g u r e s 5.5a and 5.5b show, n o t t o s c a l e , a 
schematic d r a w i n g of two s i d e s of the frame. 

C/A— 0« f o r t h e f l a T h i s was i n t h e range t p l a t e 
f o r t h e s t e e p e s t hypar t o 
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5.3.3.2 The s u p p o r t i n g runner3 
The r u n n e r s , shown i n F i g u r e 5.4a, were made f r o m 

20 mm. plywood (5 p l y ) and were i n two p a r t s , male and 
f e m a l e . 

The male p a r t of t h e r u n n e r had two tongues a t t h e 
ends t o f i t t h e female p a r t . These tongues were rounded 
t o a l l o w t h e r u n n e r t o r o t a t e . T h i s enabled i t s w i d t h 
t o a c t as a s u p p o r t r a t h e r t h a n an edge. Twenty such 
r u n n e r s were used as s u p p o r t f o r t h e c o r e . 

I n t h e F i g u r e 5.4, a s m a l l gap i s shown s e p a r a t i n g 
t h e male and female p a r t s . To ensure the r u n n e r s 
remained r i g i d w h i l e f o r m i n g t h e s h e l l , p i e c e s of wood 
were used as wedges and f o r c e d i n t o t h e gaps. 

The wedges had t h e added advantage t h a t t h e y f o r c e d 
•f-Tno f oma 1 o T - I S I r*+- a V\;n r-rl a r t a i n o t 1 "̂H<a "noam — i. — u — jTXT — — -

The dimensions of t h e t i m b e r used t o f o r m t h e 
r u n n e r s was s u f f i c i e n t t o ensure t h a t t h e l o a d s , used t o 
h o l d t h e c o r e on t o t h e s e r u n n e r s , d i d n o t cause them t o 
d e f l e c t . 

5.3.3.3 The s u p p o r t beam 
The s u p p o r t beam was made of s o l i d mi±d s t e e l . 

T h i s was c i r c u l a r i n s e c t i o n and was a neat f i t i n t h e 
f e m a l e p a r t s of t h e r u n n e r . The beam was clamped t o t h e 
Dexion by "U" b o l t s shown as crosses i n F i g u r e 5.5a. 

5.3.3.4 The Box Former 
The Box f o r m e r was used f o r two purposes, t h e f i r s t : 

f o r t h e f o r m i n g p r o c e s s , and t h e second i n s u p p o r t i n g t h e 
h y p a r s under l o a d . 

I n t h e f o r m i n g p r o c e s s t h e box was used t o g e n e r a t e 
t h e shape of the hypar and as s u p p o r t f o r t h e edges. 
T h i s ensured t h a t a l l f o u r edges were used t o i n d u c e the 
r e q u i r e d t w i s t . 

The box was manufactured f r o m f o u r p i e c e s of b l o c k 
b o a r d f o u r f e e t i n l e n g t h m i t r e d t o g e t h e r , w i t h a 
r e i n f o r c i n g b l o c k of wood i n each c o r n e r . 
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The edges of t h e box a d j a c e n t t o t h e p a n e l were 
f i l e d t o accommodate t h e c u r v a t u r e over t h e t h i c k n e s s 
of t h e box (25.4 mm). The box was p l a c e d on t o t h e 
r u n n e r s w i t h no c o r e m between, and t h e r u n n e r s b r o u g h t 
i n t o c o n t a c t w i t h t h e edges. 

T h i s was done by r o t a t i n g t h e s u p p o r t beams. 
Once t h e r u n n e r s and s u p p o r t beam were f i r m l y clamped 
i n t o t h e d e s i r e d shape t h e box was removed and t h e c o r e 
p l a c e d on t o the r u n n e r s . 

The box was t h e n r e t u r n e d t o t h e frame. E x t r a 
p i e c e s of Dexion were used t o ensure t h a t t h e u n s u p p o r t e d 
edges of t h e c o r e , p e r p e n d i c u l a r t o t h e s u p p o r t beams, 
were clamped t o t h e box. 

5.3.3.5 The Core 
The c o r e shown l y i n g a l ong the r u n n e r s i n F i g u r e 5.5 

had t h e paper f a c i n g on one s i d e removed. The paper on 
t h e o t h e r s i d e i s used i n t he f o r m i n g process of t h e 
" P u r l b o a r d " and cannot e a s i l y be removed. 

As t h e ? u r l b o a r d i s i n i t i a l l y a f l a t p l a t e , l o a d s 
were a p p l i e d -co i t , t w o on t h e compression p a r a b o l a and 
two on t h e t e n s i o n p a r a b o l a t o f o r c e i t on t o t h e r u n n e r s . 

The g r e a t e s t l o a d a p p l i e d t o t h e s e p o i n t s was 4 kg. 
These l o a d s , t o g e t h e r w i t h t h e box f o r m e r , were s u f f i c i e n t 
t o h o l d the c o r e on t o t h e r u n n e r s . The l o a d s a p p l i e d a t 
t h e f o u r p o i n t s were a t t a c h e d t o the c o r e by p i e c e s of 
w i r e e x t e n d i n g t h r o u g h t h e c o r e and wrapped around a f l a t 
p i e c e of s crap m e t a l , U o u a l i y about: 50 mm x 25 run x 1.5 mm 
t h i c k . 

T h i s d i s t r i b u t e d t h e p o i n t loads* more e v e n l y on 
t h e s u r f a c e of t h e c o r e , b u t d i d cause s m a l l l o c a l 
d e f o r m i t i e s . Once s a t i s f i e d t h a t t h e c o r e had t a k e n 
the r e q u i r e d shape t h e f i b r e g l a s s was a p p l i e d t o t h e 
f a c e . 

The c o r e used f o r a l l t h e hypars was p o l y u r e t h a n e . 
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5.3.3.6 The F i b r e q l a s s 
The f i b r e g l a s s used f o r a l l t h e hypars was a p p l i e d 

t o each f a c e m t u r n . 
A l a y e r of t h e f a b r i c was p l a c e d on t h e c o r e and 

t h e p o l y e s t e r r e s i n a p p l i e d . When t h e l a y e r was d r y i n g , 
b u t s t i l l t a c k y , a second l a y e r of t h e f a b r i c was p l a c e d 
on t h e f i r s t , b u t a t r i g h t a n g l e s t o t h e f i r s t . The 
r e s i n was r e - a p p l i e d and t h e s u r f a c e formed. 

A t t h e same t i m e , a f l a t p i e c e of sandwich was 
formed t o d e t e r m i n e t he e l a s t i c p r o p e r t i e s u s i n g t h e 
same mix of r e s i n . 

The procedure o u t l i n e d above was used f o r each 
hypar i n t u r n . 

The box f o r m e r was r e b u i l t f o r each hypar. 
A n £ jl a C I O Oil l i S e C O q u d u i c t l lC J - fc ir iy tn j OL~V J 

f o r t h e hypars was O , »/z4- , l/«2. , V% ,K/(p 

5.4 Checking t h e Geometry 
A f t e r t h e p a n e l had cured, t h e edges of t h e 

r e s u l t i n g hypar were trimmed and a g r i d one metre square 
drawn on t o a f a c e . 

T h i s g r i d was formed by 100 - 10 cm x 10 cm squares, 
g i v i n g 121 p o i n t s on t h e s u r f a c e of t h e s h e l l . 

T a k i n g one c c r n e r of t h e g r i d as a datum, a 
c a t h e t o m e t e r was used t o measure t h e v e r t i c a l h e i g h t 
of a p o i n t above t h i s a r b i t r a r y datum. 

Graphs of t h e s e p o i n t s were p l o t t e d a l o n g t h e 
l e n g t h s of t h e g e n e r a t o r s t o d e t e r m i n e t h e d e v i a t i o n 
f r o m t h e c a l c u l a t e d s t r a i g h t l i n e and t h e measured l i n e . 
An e s t i m a t e of t h e e r r o r i n t h e geometry was d e t e r m i n e d . 

T h i s was r e p e a t e d f o r each hypar i n t u r n . 
The l i m i t a t i o n s of t h i s method a r e t h a t checks 

a r e made o n l y upon t h e g r i d p o i n t s , and no account i s t a k e n 
of d r a w i n g t h e g r i d on t o t h e h y p a r s . 
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From t h e checks t h e f o l l o w i n g e r r o r s were found 
i n t h e Z c o - o r d i n a t e : 

M A X I M U M 

o 

B / 2 4 

«/l2-

' to 
-7 • cf> 

Z c -ZAA 

7 c cAucoi-«rs^ 
VALUE 

VALUE 

TABLE 5.4 

rts t h e e r r o r s i n t h e Z c o - o r d i n a t e d i d n o t exceed 
10% comparing t h e measured and c a l c u l a t e d v a l u e s (Table 5.4) 
and t h e v i s u a l checks on t h e g e n e r a t o r s ( u s i n g a s t e e l r u l e ) 
i n d i c a t e d t h e y were a p p r o x i m a t e l y p a r a l l e l , i t was decided 
t h e c o - o r d i n a t e s used i n t h e n u m e r i c a l a n a l y s i s would be 
c a l c u l a t e d v a l u e s . 

I n a d d i t i o n , no check c o u l d be made upon t h e 
t h i c k n e s s e s o f t h e l a y e r s of t h e hypar u n t i l t h e t e s t i n g 
was completed. 

Thus t h e t h i c k n e s s of t h e f a c e s was assumed t o be 
t h e same as t h a t of t h e t e s t specimens ased t o d e t e r m i n e 
t h e e l a s t i c p r o p e r t i e s of the p a n e l s . 

5.5 I x a t e r i a l p r o p e r t i e s 
5.5.1 The f a c e s 

A p o l y e s t e r r e s i n was used w i t h t h e g l a s s f i b r e 
m a t t i n g t o f o r m t h e f a c e s . Tne r e s i n had a number of 
d e s i r a b l e p r o p e r t i e s : 
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( i ) A i r b ubbles t r a p p e d w i t h i n the g l a s s mat 
c o u l d be removed e a s i l y . 

(11) The r e s i n wet t h e g l a s s q u i c k l y . 
(111) The r e s i n c o u l d be a p p l i e d w i t h a 2h i n c h p a i n t 

b r u s h . 
( I V ) The r a t e of c u r i n g a l l o w e d s u f f i c i e n t t i m e t o 

a p p l y a second l a y e r when t h e f i r s t l a y e r had n o t s e t 
c o m p l e t e l y . 

The r e s i n i s commonly used i n t h e c o n s t r u c t i o n of 
l i g h t w e i g h t b o a t s . Other p r o p e r t i e s such as t h e 
e l e c t r i c a l r e s i s t a n c e , h e a t r e s i s t a n c e , and t r a n s l u c e n c y 
were u n i m p o r t a n t i n t h i s a p p l i c a t i o n . 

The g l a s s m a t t i n g used d i f f e r e d between t h e hypars 
i n i t s w e i g h t p e r u n i t area. 

Ti'f-iT- -(-"ho >nrnar<! TM+-V> c / r t r s f 1 ^/(s* / ^ • ̂ 9 
~ — J x ~~ I — » — / » 

t h e f a b r i c was: 
QZ, l o o m s t a t e , n o m i n a l l y 0.010 i n S . t h i c k , 
w e i g h i n g 322.39 gm per square metre. 
For t h e hypars w i t h C/o. r a t i o s %A%, */j£4-

t h e f a b r i c was: 
" S t r a n d " Glass open weave f a b r i c w e i g h i n g 
330 gm p e r square metre. 

The r e s i n f o r a l l t h e hypars was " S i e s t a " p o l y e s t e r 
r e s i n . 

The c u r i n g t i m e s f o r a l l t h e hypars was t w e n t y - f o u r 
hours f o r t h e f i r s t f a c e , and f o r t y - e i g h t hours f o r t h e 
second f a c e . 

The l o n g e r t i m e a l l o w e d a f t e r t h e f o r m a t i o n of t h e 
second f a c e was t o ensure t h a t t h e completed hypar had 
f u l l y c u r e d . 

To d e t e r m i n e t h e Young's modulus of t h e f a c e m a t e r i a l 
a number of t e s t s u s i n g a s t a n d a r d shaped specimen shown 
i n F i g u r e 5.6 were performed. 
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F i g u r e 5.6 

These specimens were formed u s i n g t h e same m a t e r i a l s 
and mix of r e s i n as t h e h y p a r s . 

The specimens were t a k e n a t v a r y i n g angles t o t h e 
d i r e c t i o n of t h e veave i n t h e f a b r i c , i n c l u d i n g where 
t h e r e was an o v e r l a p of t h e f a b r i c . 

The dimensions of t h e t e s t p i e c e s were c o n s t a n t 
m p l a n , b u t t h e t h i c k n e s s v a r i e d , r e s u l t i n g f r o m t h e 
method of a p p l i c a t i o n o f t h e r e s i n . 

T h i s v a r i a t i o n was ±10% on t h e average t h i c k n e s s 
of 2.09 mm. 

Young's modulus f r o m t h e t e s t specimens v a r i e d 

w i t h a v a r i a t i o n ±30%. 
U n f o r t u n a t e l y t h i s v a r i a t i o n c o u l d n o t be a t t r i b u t e d 

t o a g i v e n t e s t specimen a t a g i v e n o r i e n t a t i o n w i t h r e s p e c t 
t o t h e d i r e c t i o n o f t h e weave, n o r t o a p a r t i c u l a r s e t of 
specimens f o r a g i v e n mix of r e s i n , so t h e c h o i c e of 
Young's modulus and t h i c k n e s s of l a y e r was s e t f o r a l l 
p a n e l s a t t h e median v a l u e s . 

There was a s i m i l a r v a r i a t i o n of b o t h t h i c k n e s s and 
Young s modulus f o r b o t h f a b r i c s . 

Poisson's r a t i o was s e t a t 0.3 f o l l o w i n g t h e v a l u e s 
i n F i n n e y (40) f o r a ' r i g i d ' p l a s t i c . 

s i m i l a r l y , t h e median v a l u e was 6 . 5 6 * lo1 N/ tart 
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5.5.2 The c o r e 
The p o l y u r e t h a n e c o r e has been used e x t e n s i v e l y 

by o t h e r r e s e a r c h e r s (20, 43, 51) and no t e s t i n g of i t s 
p r o p e r t i e s was done. 

The v a l u e of shear modulus used f o r t h e n u m e r i c a l 
a n a l y s i s was t a k e n t o be Z X (O^9M/&A.2 

5.6 The l o a d i n g and d i s p l a c e m e n t measurements 
5.6.1 The l o a d i n g 

The l o a d i n g was a p p l i e d a t p o i n t s on t h e hypar 
u s i n g t h e l o a d i n g c r a b l s of f i g u r e 5.1. 

A h o l e b i n . m d i a m e t e r (4.5 mm) was d r i l l e d 
t h r o u g h t h e p a n e l , s u f f i c i e n t t o a l l o w t h e l / ^ i n . (3 mm) 
r o d t o pass t h r o u g h t h e p a n e l u n h i n d e r e d . 

The l o a d i n g p l a t f o r m was s e t over t h e h o l e and 
a d j u s t e d by means of t h e l e g s u n t i l i t was l e v e l . 
The l e g s were t h e n l o c k e d w i t h t h e n u t s , and f i x e d by 
p l a s t i c i n e on t o t h e p a n e l . The r o d was p l a c e d on t h e 
p l a t f o r m u s i n g t h e s t e e l c o l l e t s ( F i g u r e 5.1) and t h e 
d i a l gauge mounted over t h e t o p c o l l e t c o v e r . 

A t t h e lower end of t h e r o d a j a c k i n g arrangement 
was used t o ensure t h e l o a d s were u n i f o r m l y a p p l i e d and 
removed. 

5.6.2 The Displacements 
The d i s p l a c e m e n t s were measured a t g r i d p o i n t s 

u s i n g d i a l gauges. The p o a i t i o n of t h e s e gauges was 
d e t e r m i n e d by t h e l o a d , t a k i n g i n t o account any symmetry. 

The gauges were mounted on a Dexion framework 
a t t a c h e d t o t h e o u t e r frame. E x t r a gauges were p l a c e d 
upon t h i s d i a l gauge frame t o check f o r movement w h i c h 
would a f f e c t t he ac c u r a c y of t h e r e s u l t s . 

The d e t a i l s of t h e l o a d p o i n t s and t h e p o s i t i o n of 
t h e d i a l gauges i s g i v e n i n Chapter 6 where a comparison 
i s made between t h e p r a c t i c a l and n u m e r i c a l r e s u l t s . 
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5.7 Edge c o n d i t i o n s f o r t h e t e s t h ypars 
The hypars formed u s i n g t h e method d e s c r i b e d i n 

S e c t i o n 5.3 were f o u r f e e t square i n p l a n , b u t because 
of t h e c o n s t r u c t i o n o f t h e f a c e s t h e y were u n s u i t a b l e 
f o r t e s t i n g . 

A new box was b u i l t ( F i g u r e 5.5) w i t h i t s dimensions 
as a metre square i n p l a n , and w i t h bhe c a l c u l a t e d r i s e 
f o r each hypar. 

T h i s s u p p o r t box was screwed on t c t h e Dexion 
framework w i t h t h e s l o p i n g s i d e s uppermost ( t h e r e v e r s e 
of t h a t shown i n F i g u r e 5.5). 

The hypars reduced t o a metre square were p i e c e d on 
t o t h e box, and t h e "si m p l e s u p p o r t s " of F i g u r e 5.4(c) 
were a t t a c h e d l o o s e l y by screws t h r o u g h t h e s u p p o r t and 

x. 1, *~ v - ~ — . - — - i _ - J- ^ m „ m — 3 - - m ^ . - , ^ . m r - . - - i _ 
U U U V ^ f -UAA^-W U i l < 9 W U / i . 4, u» l l l C U i l ^ b t i a h « J - - l _ .A- W V W J T W I I ^ I J U 

of t h e t e s t p a n e l s was n o t p e r m i t t e d , b u t any r o t a t i o n of 
t h e edges was p e r m i t t e d . 
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6. GOMPARIJOLT BETWEEN FINITE ELEMENT RESULTS 
AND EXPERIMENTAL RESULTS FOR THE SANDWICH 

HYPARS. 
6.1 The F i n i t e Element Analysis 

A l l t he meshes of elements used were rectangular, 
being square i n p l a n . Figures 6.1.1 and 6.1.2 show the 
e i g h t by e i g h t mesh used f o r most of the r e s u l t s . Other 
meshes were 5 x 5 , 5 x 6 and 10 x 10. The numbers on 
a l l the f i g u r e s r e f e r t o bhe t e n by t e n mesh used f o r 
the experimental r e s u l t s . Figure 6.1.2 shows the 
element numbering, and the p o s i t i o n of the load p o i n t s . 

As the panels t e s t e d e x p e r i m e n t a l l y were simply 
supported, the boundary c o n d i t i o n s f o r each of the edges 
were: 

W • d u s O.O along edges p a r a l l e l t o 
•* the x axis 

w ) O% — O.O along edges p a r a l l e l t o 
the y axis 

These boundary c o n d i t i o n s were s u f f i c i e n t t o 
represent the c o n s t r a i n t s along the edges of the panel, 
but t o remove r i g i d body movement both u and v were 
constrained a t the two low corners, and u constrained 
at node 111. As w i l l be seen l a t e r , the l a c k of symmetry 
of these c o n s t r a i n t s produces a corresponding l a c k of 
symmetry f o r the i n plane displacements and stresses. 
Also the two low corners are e f f e c t i v e l y clamped, which 
i s not t r u l y r e p r e s e n t a t i v e of the experimental hypars. 
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As the mesh used most f r e q u e n t l y was e i g h t by e i g h t , 
the p o i n t loads a p p l i e d when loading the t e n s i o n and 
compression parabo]ae needed an e x t r a c a l c u l a t i o n t o 
produce nodal equivalent f o r c e s . This was accomplished 
using the v i r t u a l work p r i n c i p l e a p p l i e d from Chapter 2. 
The work done by a v i r t u a l displacement and the equivalent 
nodal forces was equated t o the work done by the a p p l i e d 
load on the element and i t s v i r t u a l , displacement. 
The r e l a t i o n s h i p between the v i r t u a l displacements was 
determined from the displacement f u n c t i o n . 

The output froiu the f i n i t e element programme 
consisted of the three t r a n s l a t i o n s of the mid-surface 
u, v, w and the two r o t a t i o n s of the thickness vector, 
ClL and . These r o t a t i o n s f o r the f l a t p l a t e 
sauuwiuu t:xe:iut:.iii_ i e p i c b e n t cue l u t d t i u n b ^ - ' X ana ^-'^ 
where: (Figure 6.1.3) 

The stresses output from the programme were £3?< 
C«£ , i ̂  * t , "fy*- a 1 1 e v a l u a t e d £ t t h G 

i n t e g r a t i o n p o i n t s and c a l c u l a t e d w i t h the r e l e v a n t 
E l a s t i c i t y m a t r i x . The Global co-ordinates of the 
i n t e g r a t i o n p o i n t s and the d i r e c t i o n cosines of the 
l o c a l orthogonal axes are also output. A programme was 
w r i t t e n t o output the Moments and ohear fo r c e s assuming 
p l a t e behaviour, and the r e l a t i o n s h i p s of 3.3.9. 
6.2 Convergence 

The convergence of the element was checked by 
comparing the v e r t i c a l displacements preducted by the 
numerical model w i t h the experimental r e s u l t s . Both 
sets of values obtained f o r the hypar w i t h c/a equal t o 
one e i g h t h . 
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I t was obvious f o r even the coarse mesh ( 5 x 5 ) 
t h a t the displacements away from the p o i n t of a p p l i c a t i o n 
of the load showed good agreement, but under the load very-
poor agreement. Figures 6.2.1 and 6.2.2 show r e s u l t s 
f o r the v e r t i c a l displacements on x axis and the compressn 
parabola using the d i f f e r e n t meshes. As the mesh i s 
r e f i n e d the discrepancy i n displacements under the load 
p o i n t (node 61) gets worse, but improves f o r p o i n t s away 
from the load. Both the 3 x 8 mesh and the 10 x 10 meth 
produce agreement f o r p o i n t s away from the load, w i t h i n 
the accuracy expected from the experimental r e s u l t s . 

I t was decided t o use the e i g h t by e i g h t mesh of 
elements t o model the hypars, n e g l e c t i n g the r e s u l t s 
produced ac the load p o i n t . 

Tn ri 11 fh* 3 ^ t ^ e r 1 °5id c^s^s t h s nods! rscjuired zi 
set of equivalent nodal forces due t o the p o i n t of a p p l i ­
c a t i o n of load being w i t h i n the element boundary. 
Agreement between experiment and numerical analysis was 
acceptable f o r the loads applied t o the compression and 
tension parabolae separately, but not so f o r the f o u r 
p o i n t load case. The mesh was r e f i n e d f u r t h e r (10 x 10) 
f o r t h i s f i n a l load case. 

6.3 The Experimental Results 
The r e s u l t s obtained from the hypars were r e s t r i c t e d 

t o v e r t i c a l displacements. The i n plane displacements 
were an order of magnitude smaller than the v e r t i c a l 
displacements. The magnitude of the loads applied t o 
the hypars was increased i n steps of 5 kg. t o 20 kg. f o r 
the shallower hypars (c/a =j/^4,KZ) w i t h a maximum load 
of 25 kg. f o r the steeper hypars (c/a = Vfc, »/b). 

At the f o u r load p o i n t s of the f i n a l case the loads 
were i d e n t i c a l , w i t h an increment of 2 or 3 kg. up t o a 
maximum of 20 kg. f o r each p o i n t . 

The measured displacements proved t o be non - l i n e a r . 
For a s i n g l e load on the panel the values of v e r t i c a l 
displacement under the load were l i n e a r up t o 10 kg. 
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At the higher loads (20 kg. and 25 kg.) the measured 
displacement was up t o 10% greater than t h a t p r e d i c t e d by 
the i n i t i a l e l a s t i c response. The f o u r p o i n t load 
produced s i m i l a r r e s u l t s . The i n i t i a l l i n e a r i t y stopped 
at 5 kg. per p o i n t , and the measured displacement was up 
t o 207» greater than the e x t r a p o l a t e d value assuming bhe 
i n i t i a l e l a s t i c behaviour. 

This n o n - l i n e a r i t y i s a t t r i b u t e d t o the l o c a l 
p i n ching which occurs under the load, and the time 
dependent behavour of the panels. 

The f i r s t cause i s a l o c a l e f f e c t which the loading 
crab i s intended t o reduce. The second i s the r e s u l t of 
the m a t e r i a l s used i n the c o n s t r u c t i o n of the hypars. 

The displacement can be considered as having an 
s i s . — t i c ccnvpcncnt cmd s v i s c o — e l a s c i c coiripoiienL.. 
Figure 6.3.4 shows the c e n t r a l d e f l e c t i o n against time 
f o r the hypar (c/a = J/fz)with a constant load of 20 kg. 
applied t o the centre of the hypar. The f i g u r e gives an 
i n d i c a t i o n ox: the e r r o r which can be introduced due t o the 
time at which the displacements are taken. 

A standard procedure was adopted: 
( l ) The panel was loaded; 

( n ) Two minutes allowed f o r the d i s t r i b u t i o n of 
the load; 

( i n ) Readings from the d i a l gauges taken; 
( i v ) The panel was unloaded; 
(v) F i f t e e n minutes was allowed f o r the panel t o 

recover i t s i n i t i a l geometry; 
( v i ) The procedure i s repeated f o r the next increment 

of load. 
The l e n g t h of time allowed a f t e r unloading was 

s u f f i c i e n t t o enable the hypars t o r e t u r n t o t h e i r 
o r i g i n a l geometry. For the l a r g e r loads (20 kg., 25 kg.) 
and the f o u r p o i n t load case t h i s recovery time was 
increased t o h a l f an hour. 
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Parton (51) shows t h a t the v i s c o - e l a s t i c 
displacement occurs w i t h i n the f i r s t few minutes of 
a p p l i c a t i o n of the load, f o r the pyramid s t r u c t u r e s he 
t e s t e d . The s i n g l e t e s t performed on the hypar i n d i c a t e s 
t h a t t h i s may w e l l not be the case f o r these s t r u c t u r e s , 
the v i s c o - e l a s t i c component of displacement o c c u r r i n g 
over several minutes a f t e r the a p p l i c a t i o n of load. 

To minimise these e f f e c t s i t was decided t o reduce 
the magnitudes of the app l i e d loading. The r e d u c t i o n i n 
applied load r e s u l t s i n smaller displacements, w i t h a 
corresponding r e d u c t i o n i n the s t r a i n s . The smaller 
s t r a i n s , and v a r i a b i l i t y of m a t e r i a l p r o p e r t i e s meant 
t h a t s t r a i n gauges were not used. 

Figure 6.3.2 shows the p o s i t i o n s of the d i a l gauges 
and load noint? for tii*? ^ x p e n i ^ n t a l r e s u l t s . The 
p o s i t i o n s of the d i a l gauges v a r i e d depending upon the 
load. Generally chey are concentrated near t o the load 
p o i n t w i t h checks a l s o being made upon the symmetry. 

The displacements of p o i n t s symmetrically placed 
w i t h respect t o the geometry and loading were found t o 
be w i t h i n 5% of each other f o r the s i n g l e load cases, 
and 10% f o r the f o u r p o i n t load. 

For the l a r g e r loads (20 kg. and 25 kg.) a p p l i e d t o 
the hypars the measuring procedure would r e s u l t i n the 
displacements being 10% greater than the i n i t i a l i n s t a n ­
taneous displacement. A r e d u c t i o n of 10% f o r the v e r t i c a l 
displacements would produce r e s u l t s which would more 
c l o s e l y f o l l o w the i n i t i a l e l a s t i c response. 
6.4 Comparisons f o r the Central Point load 

Figures 6.4.3 t o 6.4.7 show i s o m e t r i c drawings of the 
v e r t i c a l displacements f o r both the experimental and 
numerical analyses. P r o f i l e s common t o the two meshes 
are drawn separately (Figures 6.4.3 t o 6.4.15). A comparison 
showing the e f f e c t of r i s e of hypar f o r the v e r t i c a l d i s p l a c e ­
ment along the x axis i s shown i n Figure 6.4.1, and f o r the 
x displacement along an edge i n Figure 6.4.2. 
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As the r i s e of the hypars increases the v e r t i c a l 
displacements reduce, and the i n plane displacements 
increase w i t h good agreement between numerical and 
experimental r e s u l t s . Figures 6.4.3 t o 6.4.7 show 
t h a t the area over which most of the v e r t i c a l displacement 
takes place i s reduced, w i t h the tendency t o concentrate 
c l o s e r t o the p o i n t of loading. The experimental r e s u l t s 
show an o v e r a l l r e d u c t i o n of 30% i n the v e r t i c a l d i s p l a c e ­
ments comparing the f l a t p l a t e (c/a = 0) and the steepest 
hypar (c/a = (Figure 6 . 4 . 1 ) . 

Due t o the l a c k of symmetry i n t he i n plane c o n s t r a i n t s 
the i n plane displacements were greater when approaching 
the corner which had only the v e r t i c a l displacement and 
r o t a t i o n s constrained (node 11 Figure 6 . 1 . 2 ) . This d i d 
not produce c Icick of syirutistjry m the. v c i r o i c a l d i s p l a c e ­
ments . 

Figures 6.4.8 t o 6.4.15 demonstrate t h a t the f i n i t e 
element r e s u l t s tended t o be t o o s t i f f , but as the 
experimental r e s u l t s are produced from a l l the load i n g 
a p p l i e d t o the panels they i n c l u d e the non-linear e f f e c t s 
described m Section 6.3. 

A r e d u c t i o n of 10% i n the experimental r e s u l t s 
would give c l o s e r agreement w i t h the f i n i t e element 
r e s u l t s . 
6.5 Comparisons f o r the tension and compression 

parabola load cases. 
Isometric drawings of the v e r t i c a l displacements 

f o r the tension parabola load case are shown i n Figures 
6.5.1 t o 6.5.5. i n d i v i d u a l p r o f i l e s are shown i n 
Figures 6.5.6 t o 6.5.12. For the compression parabola 
load case the i n d i v i d u a l p r o f i l e s are shown i n Figures 
6.5.13 t o 6.5.19. 

The r e s u l t s f o r ooth these load cases were s i m i l a r 
i n form, the v e r t i c a l displacements being s l i g h t l y g r eater 
i n the compression parabola load case. The peak d i s p l a c e ­
ments reducing by 26:.. comparing the f l a t p l a t e displacement 
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(c/a = 0) w i t h the steepest hypar (c/a -^/io) i n the 
te n s i o n parabola load case, and 30% i n the compression 
parabola load case. For both these load cases the 
e i g h t by e i g h t f i n i t e element mesh produces good r e s u l t s 
f o r the v e r t i c a l displacements, f o l l o w i n g the r e d u c t i o n 
i n displacement as the r i s e of hypar increases. As 
w i t h the c e n t r a l p o i n t load case there i s a tendency 
f o r t he v e r t i c a l displacement t o concentrate c l o s e r t o 
the p o i n t of loading as the r i s e increases, and f o r the 
i n plane displacements t o increase. 

6.6 Comparison f o r the f o u r p o i n t load case 
iso m e t r i c drawings are shown i n Figures 6.6.1 t o 

6.6.5. This load case shows large discrepancies between 
experiment: end f i n i t e element r e s u l t s , even w i t h the 
r e f i n e d mesh of elements (lO x 10). 

The main reason i s the non-linear behaviour of the 
panels which i s accentuated i n t h i s case. The time 
taken t o apply t h e loads i s g r eater than f o r the s i n g l e 
load case, i n c r e a s i n g the non-linear displacement, and 
the magnitude of the a p p l i e d loads was f o u r times t h a t 
of the s i n g l e load case. 

The r e s u l t s f o r the hypar c/a = J/2^-(Figures 6.6.7 
t o 6.6.9) show good agreement. This i s due t o the nuch 
smaller loads a p p l i e d t o t h i s panel. The loads used t o 
c a l c u l a t e these r e s u l t s d i d not exceed 10 kg./pt. but f o r 
the other hypars up t o 20 kg./pt. were used. 

Ab a check against non-linear e f f e c t s the experimental 
r e s u l t s f o r the s i n g l e p o i n t load cases, on the t e n s i o n and 
compression parabolas, were superposed and these are 
p l o t t e d f o r the hypar c/a = l/|Z.U"'igures 6.6.10 t o 6.6.12) 
w i t h c l o s e r agreement t o the f i n i t e element r e s u l t s . The 
discrepancy i n displacement between tne f i n i t e element 
r e s u l t s and the experimental r e s u l t s i s of the order of 
30% and sometimes c l o s e r t o the load as much as 50%. 
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The combination of the l a r g e r displacements and 
a steeper s t r e s s g r a d i e n t near the load p o i n t s suggest 
t h a t the element mesh round these p o i n t s should be 
r e f i n e d f u r t h e r . 

The l a r g e r displacements may r e s u l t i n geometric 
changes which, being of: the order of a face thickness, 
would make a large displacement a n a l y s i s more a p p l i c a b l e . 
Although the c u r r e n t programme i s not able t o perform a 
l a r g e displacement analysis the isoparametric form of 
the element would enable v a r i a t i o n s i n geometry t o be 
accounted f o r r e l a t i v e l y e a s i l y . 
6.7 The Stresses 

As no s t r a i n gauges were used on the hypars t h e r e 
13 no check upon the stresses p r e d i c t e d by the f i n i t e 
element programme. The Homent UJx) and Shear f o r c e (Qy) 
are shown f o r each load case i n Figures 6.7.1 t o 6.7.4. 
The r e s u l t s c l e a r l y show the marked r e d u c t i o n m tne 
stresses as the r i s e i s increased. 

I n Chapter 4 the shear s t i f f n e s s parameter V» 
was v a r i e d between 25 and 500 ana the stres s r e s u l t a n t s 
show close agreement f o r Y^^-So • This parameter f o r 
the sandwich hypars t e s t e d was between the l i m i t s of 40 
and 100. f o l l o w i n g the analysis performed on the Chapman 
and Williams p l a t e s the p r e d i c t e d values of Shear and 
Moment may be low. 

A l l stresses are evaluated a t tne i n t e g r a t i o n p o i n t s , 
and the values p l o t t e d r e f e r t o the i n t e g r a t i o n p o i n t s 
c l o s e s t t o the centre l i n e , or edge. 

To ensure symmetry f o r both displacements and stresses 
the corners of the hypars were a l l clamped. 

Under most p r a c t i c a l circumstances a hypar would 
have edge beams which would r e s i s t t r a n s l a t i o n along 
t h e i r l e n g t h , and provide the means by which membrane 
loads can be t r a n s m i t t e d t o the h i g h and low corners 
of the s h e l l . I t was shown by Kerentsky (37, 38) t h a t 
f o r the timber hypars he i n v e s t i g a t e d , the edge beams 
determined the moment d i s t r i b u t i o n w i t h i n the s n e l l . 
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As the s t i f f n e s s of the edge beam increased t h e r e 
was corresponding increase i n the area which could be 
assumed t o be momentless, and a membrane an a l y s i s would 
be s u f f i c i e n t f o r design purposes. 

The simple support c o n d i t i o n s used m the author's 
a n a l y s i s have no s t i f f n e s s i n the d i r e c t i o n normal t o an 
edge, and r o t a t i o n s about the edge are not suppressed. 
The e f f e c t of the support i s c l e a r l y shown m the moment 
d i s t r i b u t i o n shown i n Figures 6.7.1 t o 6.7.10. There i s 
a r e d u c t i o n i n the bending moments but they are s t i l l 
s i g n i f i c a n t even f o r the steepest hypar. The form of 
the moment d i s t r i b u t i o n corresponding more t o the f l a t 
p l a t e t e s t e d than a s h e l l . 

Figure 6.7.6 shows t h a t the bending moment Mx (x axis) 
a t the edges of ulic y a n t i l f o l l o w cue f l a t p l a t e s o l u t i o n , 
and only at the centre of the s h e l l i s t h e moment red u c t i o n 
more s i g n i f i c a n t ( 5 0 % r e d u c t i o n ) . 

The bending moment i*ly (x axis Figure 6.7.8) shows a 
s i m i l a r r e d u c t i o n t o frix i n the centre of the s h e l l but 
as the edges are approached th e r e i s s i g n i f i c a n t decrease 
i n the bending moments, even f o r the shallowest hypar 
(c/a = . 

At the edge the hypar has a bending roc-pent one t e n t h 
of the f l a t p l a t e moment. The r e d i s t r i b u t i o n of the load 
i s i n the membrane f o r c e Fxy (Figures 6.7.11 and 6 . 7 . 1 2 ) . 

The transverse shear forces (Figures 6.7.1 t o 6.7.4) 
show a r e d u c t i o n at the edges of about 2 5 % comparing the 
steepest hypar t o the f l a t p l a t e . 

At the centre of the s h e l l where the geometry more 
c l o s e l y resembles th e f l a t p l a t e the loading i s d i s t r i b u t e d 
by the moments, and membrane shear. As the edges are 
approached t h e r e i s a r e d a c t i o n i n the moment, w i t h a 
r a p i d b u i l d - u p of membrane ac t i o n s . The normal membrane 
loads, because of the boundary c o n d i t i o n s , are then forced 
t o d i e away, w i t h a r e d i s t r i b u t i o n t o the membrane shear, 
e s p e c i a l l y at the clamped corners. 
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The s o l u t i o n f o r the stress r e s u l t a n t s shows t h a t 
the d i s t r i b u t i o n of the applied loads t o both the membrane 
loads and bending moments, ins t e a d of j u s t the bending 
moments of the f l a t plate, r e s u l t s i n a more e f f i c i e n t 
s t r u c t u r e caused by the geometric form of the s h e l l . 
I t s shape r e s u l t s m the increase of s t r a i n energy caused 
by the membrane displacements being less than the re d u c t i o n 
caused by the change i n transverse displacements. 

As the r i s e of hypar increases t h i s comparison w i t h 
the f l a t p l a t e improves f u r t h e r . I t i s a l s o c l e a r t h a t 
the simple support causes a complex d i s t r i b u t i o n of the 
moments, and membrane fo r c e s . 

I t i s suggested f o r f u t u r e work t h a t clamped 
boundary c o n d i t i o n s be used, f o l l o w e d by edge beams 
T T 1 c V l »T;> , 3 , - , ™ , - , , - . r~ »»-C „ J _ , - C C _ - r _ _ J J _ J - _ - - - '-
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i s suggested t h a t a u n i f o r m l y d i s t r i b u t e d load be ap p l i e d 
as w e l l as p o i n t loads. 
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7. CONCLUSIONS 
The areas of work presented i n t h i s t h e s i s cover 

the development of a sandwich s h e l l a n alysis c a p a b i l i t y , 
and the c o r r e l a t i o n between the experimental and numerical 
modelling of hype r b o l i c paraboloid sandwich s h e l l s . 

The f i n i t e elements developed t o form the analysis 
c a p a b i l i t y can be c r i t i s i z e d f o r a number of reasons, 
but have the m e r i t of being easy t o develop. The d i s ­
advantages associated w i t h the elements are due -co 
modelling each l a y e r of the sandwich independently, 
tne geometry and displacement f u n c t i o n s being d i f f e r e n t 
f o r each l a y e r . This r e s u l t s i n the numerical i n t e g r a t i o n 
requirements, even using a reduced i n t e g r a t i o n order, 
being l a r g e . 

Immediate improvements could be made by a cl o s e r 
i n v e s t i g a t i o n of the numerical procedure, e x p l i c i t l y 
performing the i n t e g r a t i o n s w i t h respect t o t h e thickness 
co-ordinate. The d e s c r i p t i o n of the sandwich elements i n 
Appendix C p a r t l y achieves t h i s as the assemblage of the 
mat r i x r e l a t i n g the s t r a i n s t o the unknown displacements 
can be p a r t i t i o n e d , and the number of operations t o form 
the s t i f f n e s s m a t r i x reduced. 

The c u r r e n t elements a l l o w a sandwich s h e l l t o have 
d i f f e r i n g l a y e r thickness and m a t e r i a l p r o p e r t i e s . The 
penalty i s p a i d m the q u a n t i t y of a d d i t i o n a l data 
r e q u i r e d . 

An a d d i t i o n a l l i m i t a t i o n i s t h a t the faces are 
assumed t o have no transverse shear s t i f f n e s s which imposes 
l i m i t a t i o n s i n the general a p p l i c a b i l i t y of these elements. 
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I n the development of these elements immediate 
gams could be made by reducing the i n t e g r a t i o n f a r t h e r , 
and i n c l u d i n g transverse shear displacements w i t h i n the 
faces. I f transverse shear i s unimportant w i t h i n the 
faces then an approach s i m i l a r t o the "semi-loof" s h e l l 
elements may produce an even more r e f i n e d a n a l y s i s . 

As a longer term development i t would be pos s i b l e 
t o develop a l a r g e displacement c a p a b i l i t y . The i s o ­
parametric form of the elements allows m o d i f i c a t i o n s 
t o be made t o the geometry of the s t r u c t u r e r e l a t i v e l y 
e a s i l y . The i n i t i a l s o l u t i o n f o r the displacements 
could be made t o modify the co-ordinates of the nodal 
p o i n t s and a f u r t h e r a n a l y s i s executed. 

This does have other i m p l i c a t i o n s i n t h a t the 

the area modelled by the element becomes too d i s t o r t e d . 
A check would be necessary t o accommouate t h i s , perhaps 
even using r o u t i n e s which would a u t o m a t i c a l l y r e f i n e the 
mesh i f the d i s t o r t i o n was t o o gr e a t . 

Given the f a c i l i t y t o r e f i n e the mesh i n an i t e r a t i v e 
procedure i t could a l s o be used i f the stress d i s t r i b u t i o n 
from the i n i t i a l s o l u t i o n became excessive across an 
element. The c r i t e r i a f o r r e f i n i n g the mesh would 
become f u n c t i o n s of both the geometric d i s t o r t i o n and 
stress v a r i a t i o n , both of which are r e l a t e d t o the m a t e r i a l s 
used. 

The performance of the f i n i t e elements can be con­
sidered i n two areas; f i r s t l y , of the an a l y s i s of 
sandwich problems, and secondly the an a l y s i s of s h e l l 
problems. 

The p l a t e problems were shown t o give good agreement 
f o r both displacements, and strecses. The comparisons 
w i t h Abel and Popov, and Chapman and Williams were 
however, problems i n which the boundary c o n d i t i o n s and 
loading were w e l l defined. 

Abel and Popov's r e s u l t s included the e f f e c t s of 
transverse shear w i t h i n the faces which w i t h the i n c l u s i o n 
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of the e x t r a r o t a t i o n s i n d i c a t e d i n Chapter 3, the 
c u r r e n t element could accommodate. The e f f e c t s of 
v a r y i n g the i n t e g r a t i o n orders w i t h i n the l a y e r s showed 
no c l e a r p a t t e r n , except t h a t because of the displacement 
f u n c t i o n s used i t became necessary t o s p e c i f y two p o i n t s 
w i t h i n the thickness of a l a y e r . 

The p l a t e s analysed by Chapman and Williams using 
a f i n i t e d i f f e r e n c e s o l u t i o n showed the e f f e c t s of 
i n c r e a s i n g transverse shear. The comparison between 
che f i n i t e d i f f e r e n c e s o l u t i o n and the author's f i n i t e 
element produced close agreement f o r displacements and 
scresses. 

The stresses diverged from Chapman and Williams' 
r e s u l t s when the transverse shear e f f e c t was extremely 
Id. J . yt;. 

The a n a l y s i s of the sandwich hypars showed t h a t 
the i n c l u s i o n of bending e f f e c t s i s necessary, supporting 
the work of previous authors (10, 14, 26, 27, 60). This 
was r e i n f o r c e d e s p e c i a l l y as a r e s u l t of the boundary 
c o n d i t i o n s . Thus, the s i t u a t i o n where a s i m p l i f i e d 
a n a l y s i s i n which the c e n t r a l area of a hypar i s considere 
nomentless, was shown t o be i n a p p l i c a b l e . 

The 'simple' support edge c o n d i t i o n s imposed .for 
a l l tne hypars and the f l a t p l a t e , were such t h a t no 
d i r e c t f - r c e could be c a r r i e d perpendicular t o them, 
and at elements other than at the corners no d i r e c t f o r c e 
could be c a r r i e d along them. 

This r e s t r i c t i o n i s unimportant f o r the f l a t p l a t e s 
as none of the a p p l i e d load i s d i s t r i b u t e d by membi<_..„ 
fo r c e s . i'or the hypars, however, t h i s r e s u l t s i n 
c o n s t r a i n t s upon the d i s t r i b u t i o n -jhich i n a p r a c c i c a l 
s i t u a t i o n would not e x i s t . The bending moments a n i 
t w i s t i n g moment are reduced but remain s i g n i f i c a n t w i t h i n 
the c e n t r a l area of s h e l l . The d i r e c t membrane forces 
are forced t o cise -i-o peak values w i t h i n the quadrants 
or the hypar, and t o d i e away q u i c k l y t o zero at the 
edges. 
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The remaining loading i s by membrane and t r a n s v e r s e 
shears. i n both ca s e s the e f f e c t a t the clamped 
corners i s marked, the membrane shear i n c r e a s i n g s t e e p l y 
as i t approaches the corners and i n the t w i s t i n g moment 
which, when approaching the corners, changes s i g n . 

T h i s r e s u l t s from the corners r e s t r a i n i n g the m 
plane displacements, the v a r i a t i o n of which i s g r e a t e s t 
as the corners are approached. The t r a n s v e r s e shear 
f o r c e i s a l s o reduced, again f o l l o w i n g t h a t of the f l a t 
sandKich p l a t e . T h i s reduction i s due t o the i n c r e a s e 
i n membrane loading, and i s an i n d i c a t i o n of the improved 
performance of the hypar s h e l l s compared t o the f l a t p l a t e , 
the change i n s i g n apparent i n the s t e e p e s t hypar i s caused 
by the panels wishing t o l i f t off the edge supports. 

rp'Wia ^ ^~ ^ r~* 4— 1 1 —\ i—ii-> 4— / 4 i n 4 » v»i V->i I i r v « ' — T —* «3 t * »i 4— -i v i 
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the hypars due t o the edge co n d i t i o n s i s g r e a t . Future 
work should, t h e r e f o r e , i n c l u d e a d e t a i l e d a n a l y s i s of 
these e f f e c t s , a more r e f i n e d mesh of elements being 
used, e s p e c i a l l y a t the c o r n e r s . 

An a d d i t i o n a l t o p i c could be the a n a l y s i s of the 
hypars u s i n g d i f f e r e n t edge beams. Defining the e f f e c t s 
of the beams upon the hypars could be achieved e i t h e r by 
developing a beam element compatible t o the f i n i t e elements 
used, or u s i n g Lagrange m u l t i p l i e r s t o d e f i n e the 
a s s o c i a t e d boundary c o n d i t i o n s . 

The divergence between the experimental r e s u l t s 
and numerical a n a l y s i s has been suggested t o be the 
r e s u l t of the n o n - l i n e a r behaviour of the p a n e l s . 
T h i s n o n - l i n e a r i t y i s caused by the m a t e r i a l s used. To 
enable the elements to perform a creep a n a l y s i s would 
r e q u i r e a l a r g e r e d u c t i o n m the computational e f f o r t 
i nvolved i n forming them, and i n t h e i r present Eorm 
would appear to be u n s u i t a b l e . 

The modelling of the m a t e r i a l p r o p e r t i e s of the 
hypars could be s i g n i f i c a n t l y improved. T h i s r e s u l t s 
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from the a b i l i t y of the element t o have d i f f e r i n g 
p r o p e r t i e s f o r each l a y e r . The l a r g e v a r i a t i o n found 
f o r Young's modulus could be represented a c c u r a t e l y , 
and i f m a t e r i a l t e s t i n g showed t h a t d i f f e r e n t v a l u e s 
were obtained f o r compression compared t o t e n s i o n t h i s 
c c u l d a l s o be modelled. Also, no account i s taken of 
the d i f f e r e n t v a l u e s obtained ab a r e s u l t of d i f f e r e n t 
f i b r e d e n s i t i e s , or o r i e n t a t i o n . The choice of 
m a t e r i a l s with w e l l defined p r o p e r t i e s would enable a 
more accurate comparison between the numerical a n a l y s i s 
and bhe experimental r e s u l t s t o be made, out the 
c o n s t r u c t i o n a l d i f f i c u l t i e s i n d i c a t e d i n t h i s work 
need t o be overcome. 

F i n a l l y , the a n a l y s i s cf the hypar sandwich s h e l l s 
shows the e f f e c t ot tne aounie curvature i s co improve 
both the load c a r r y i n g c a p a c i t y and the displacements. 

The combination of t h i s f a c t with a shape which 
i s a e s t h e t i c a l l y p l e a s i n g produces a s t r u c t u r a l form 
which should be given more s e r i o u s c o n s i d e r a t i o n , 
e s p e c i a l l y i f the a p p l i c a t i o n r e q u i r e s the use of l i g h t 
weight m a t e r i a l s . 
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APPENDIX A 

S e r e n d i p i t y shape f u n c t i o n s used 
i n the i s o p a r a m e t r i c sandwich s h e l l element 

I n Chapter 3 the d e f i n i t i o n of the displacement 
f u n c t i o n s (equation 3.3.3) and the assumed v a r i a t i o n of 
the geometry (equation 3.2.4) depend upon the d e f i n i t i o n 
of the shape f u n c t i o n s . Shape f u n c t i o n s are defined i n 
terms of the l o c a l co-ordinates w i t h i n an element, having 
the property t h a t at a s p e c i f i c node they take the value 
of u n i t y and at a l l other nodes the value of zero. 

For an i s o p a r a m e t r i c formulation the assumed v a r i a t i o n 
of the unknown displacement f u n c t i o n i s i d e n t i c a l t o the 
geometric v a r i a t i o n . As the hypars are q u a d r a t i c i n 
x and y, t h i s i m p l i e s the shape f u n c t i o n s must be a t 
l e a s t q u a d r a t i c . A l s o i n d e f i n i n g the displacement 
f u n c t i o n the choice of an assumed qu a d r a t i c v a r i a t i o n f o r 
the unknown displacements a l l o w s f o r a l i n e a r v a r i a t i o n i n 
s t r a i n components, and hence the s t r e s s e s , over an element. 

By going t o even higher orders of shape f u n c t i o n the 
element can be made t o allow f o r higher orders or v a r i a t i o n 
i n the displacements and s t r a i n components, but the penalty 
p a i d i s i n n u m e r i c a l l y i n t e g r a t i n g the s t i f f n e s s matrix, 
a higher number of Gauss p o i n t s being r e q u i r e d t o account 
f o r the more complex v a r i a t i o n . 

Both the q u a d r i l a t e r a l and t r i a n g u l a r elements used 
i n t h i s work have an assumed q u a d r a t i c v a r i a t i o n of shape 
f u n c t i o n . 
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2. 

3 % 

(a) (b) 
F i g u r e A.] 

The q u a d r i l a t e r a l element Fig u r e A.1(a) has shape 
f u n c t i o n s : -

Corner nodes: 

Mid-side nodes: 

Si, =
 0 0 Ni = 

* 0.0 Nil = 

W h S r e So = V t * U 
The t r i a n g u l a r elements used A r e a l co-ordinates 

(Figure A. 1(b) and the shape f u n c t i o n s a r e : 

Corner nodes: 

m d - s i d e nodes: 

M 4 « 

Nit " 4-L.I-3 
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These shape f u n c t i o n s are chosen t o preserve both 
c o n t i n u i t y of displacement, and the c o n d i t i o n t h a t any 
a r b i t r a r y value of f i r s t d e r i v a t i v e (constant s t r a i n 
c r i t e r i o n ) should e x i s t . 

As the shape f u n c t i o n s are q u a d r a t i c i n ^ and ^ 
the f i r s t c o n d i t i o n i s s a t i s f i e d by the three nodes along 
an edge being i d e n t i c a l t o the t h r e e defined i n an adjacent 
element. 

T h i s i s due t o the three nodal points determining 
a unique q u a d r a t i c f u n c t i o n . 

The second requirement of constant f i r s t d e r i v a t i v e 
ID met so long as the shape f u n c t i o n s r e t a i n a l l the l i n e a r 
terms. I n the case of the q u a d r i l a t e r a l and t r i a n g l e the 
unknown displacement f u n c t i o n (§> i s expressed as 

= - (tjX 

9 - L ^ J f c ] 
where the Mfr are f u n c t i o n s of ^ , ̂  or L i j L i j L f 
and Ui t V i , are the nodal v a l u e s . The constant 
s t r a i n requirement s t a t e s that 

= constant. 
The d e r i v a t i v e of the displacement w i t h r e s p e c t t o 

the unknown &" must be a constant. I n the f i n i t e elements 
used i n t h i s work ^ i s the f u n c t i o n U,V,W , the 
displacement f u n c t i o n and S i s a g l o b a l d i r e c t i o n 
( %} y or Z-) . 

As the i s o p a r a m e t r i c form d e f i n e s a unique r e l a t i o n s h i p 
between tf,y and 2. a n d ^ t ^ f the c o n d i t i o n of constant s t r a i n 
i s met so long as l i n e a r terms of ^ i n Mi, are preserved, 
which they are f o r both the q u a d r i l a t e r a l and t r i a n g u l a r 
shape f u n c t i o n s . 

Thus, f o r both the q u a d r i l a t e r a l and the t r i a n g l e the 
choice of shape f u n c t i o n s preserve both c o n t i n u i t y and the 
constant s t r a i n requirement. They a l s o have the added 
advantage t h a t the co-ordinates used are g e n e r a l i s e d and 
can be a p p l i e d t o each element i d e n t i c a l l y , removing the 
n e c e s s i t y of d e f i n i n g the displacement f u n c t i o n e x p l i c i t l y 
as a polynomial f o r each element i n t u r n . 
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APPENDIX B. 

Formulation of the transformation m a t r i c e s 

The transformation matrices mentioned i n Chapter 3 
are those r e q u i r e d t o form the s t r a i n s w ith r e s p e c t of the 
l o c a l orthogonal axes ^ S y ' i * • 

These are the I n v e r s e Jacobean Matrix and the 
u i i e ^ L i u u uu&iiie nuAti-Lx r e l a t i n g orthogonal co-ordinates 
t o the g l o b a l c o - o r d i n a t e s . 

Both matrices are evaluated a t a point ^ f ^ t $ 
w i t h i n an element of the s h e l l . 

The geometric d e f i n i t i o n s are of the form 

x 
if 

B . l 

where L i s a node of the element and X t j ( J L J X C 
a v e c t o r of the co-ordinates of the t t h node. 

The Jacobean d e f i n e s the v a r i a t i o n of the g l o b a l 
co-ordinates t o the c u r v i l i n e a r co-ordinates 

zs 
Ml 
as 

B.2 

e t c . 
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The Jacobean becomes l a y e r dependent f o r the 
sandwich s h e l l elements i n t h a t the vec t o r normal t o the 
re f e r e n c e s u r f a c e (hi) i s a f u n c t i o n of the t h i c k n e s s co­
ordinate w i t h i n a l a y e r . 

S i m i l a r l y , the two v e c t o r s Si , and §a 
t a n g e n t i a l t o the ref e r e n c e s u r f a c e C^,1^ ) a r e modified i n 
t h a t and are the v a r i a t i o n of X co-ordinate 

w i t h i n the l a y e r . 
The Ahmad Element would define the v e c t o r normal 

t o the re f e r e n c e s u r f a c e a s : 

fat- m (.V 
/ 

The sandwich s h e l l element d e f i n e s the normal v e c t o r s as: 

> f o r the f a c e s 

B.4 

f o r the core 

The t a n g e n t i a l v e c t o r s i n the o r i g i n a l Ahmad element 
would have c o n t r i b u t i o n s which i n c l u d e : 
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which, f o r the sandwich s h e l l element, become: 

B.5 

The r e s u l t i n g Jacobean matrix becomes a d e s c r i p t i o n of 
the v a r i a t i o n of the geometry w i t h i n a l a y e r of the 
element, and not the t o t a l element. 

The d i r e c t i o n c o s i n e matrix again i s evaluated a t 
the point ( ^ j ^ j i f ) w i t h i n the element, w i t h $ being 
the co-oromate which i s a c r o s s the t h i c k n e s s of the l a y e r 
being considered. By forming the vector product of two 
v e c t o r s l y i n g i n the s u r f a c e a t ^ constant the 
ve c t o r normal t o the s u r f a c e can be c a l c u l a t e d . 

Thus V3 f o r the d i r e c t i o n c o s i n e matrix i s defined 
a s : 

r 

i d 
M• 

- 1 

M N i 

B.6 

To define a unique s e t of l o c a l orthogonal d i r e c t i o n s 
the c r o s s product between the Y| a x i s and the X a x i s i s 
used t o define Yi , c a r e being taken i f V3 l i e s 
p a r a l l e l t o the X a x i s . 
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Forming the c r o s s product between the v e c t o r s V| and 
the f i n a l v e c t o r V i can be defined. A f t e r normalising 
tnese three v e c t o r s (N/|,Va.|V£) are the d i r e c t i o n c o s i n e 
matrix Lei r e l a t i n g the l o c a l orthogonal d i r e c t i o n s t o 
the g l o b a l d i r e c t i o n s . 

Using the Jacobean matrix and the d i r e c t i o n c o s i n e 
matrix the l o c a l s t r a i n s can be evaluated, and hence the 
s t i f f n e s s matrix formed. T h i s i s d e s c r i b e d i n Appendix C. 
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APPENDIX C 

Formulation of the sandwich s h e l l 
element s t i f f n e s s m a t r i c e s 

The d e r i v a t i o n of the element s t i f f n e s s matrix 
r e q u i r e s the s t r a i n s t o be evaluated with r e s p e c t t o the 
unknown displacements. Equation 2.1 of Chapter 2 def i n e s 

C . l 
ft 

4 £ ^ i s the vector of s t r a i n s . 

' £ ^ i s the vector of unknown displacements. 

B»3 l s t^ i e matrix defined by the assumed v a r i a t i o n 
of displacement. 

The Element s t i f f n e s s matrix i s formed by c a l c u l a t i n g 
the c o n t r i b u t i o n s of the f a c e s , and of the core over the 
volume of the element 

to« L W T W W J ^ + WT[>JW-WJ 
Vol 

1 VOL 
de f i n e s the transpose of a matrix. 

Q J d e f i n e s the i n v e r s e of a matrix. 

C.2 
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To form the matrices use i s made of the 
decoupling of s t r a i n components i n t o membrane and t r a n s ­
v e r s e s t r a i n s a s s o c i a t e d with a p a r t i c u l a r l a y e r . 

I n a d d i t i o n , use i s made of the work of Zie n k i e w i c z 
e t a l . (64) i n t h a t the s t r a i n components can be evaluated 
more d i r e c t l y by accounting f o r the orthogonality of the 
Jacobean and D i r e c t i o n cosine matrix explained i n Appendix B. 

Ttie s t r a i n s are evaluated m the l o c a l co-ordinate 
s e t of co-ordinates so the s t i f f n e s s matrix r e q u i r e s the 
numerical i n t e g r a t i o n of expressions of the form 

C.4 

I n the f o l l o w i n g d e r i v a t i o n a dash r e f e r s t o the 
l o c a l orthogonal s e t of co-ordinates. A s u b s c r i p t w i t h i n 
a matrix d e f i n e s the d e r i v a t i v e w i t h r e s p e c t t o the s u b s c r i p t 
( U^s ) . 

The Global s t r a i n s are given by 

0* V x Wx 
-in - i 

w i t h the Jacobean 

the i n v e r s e Jacobean 

(II 

w 5 

C.5 
and 

C.6 

The v e c t o r s St and Sa are two tangents t o the 
su r f a c e a t the point § » ̂  j ^ a n < ^ t* l e n o r m a l t o the 
s u r f a c e 
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As these global strains need t o be expressed as 
lo c a l strains the d i r e c t i o n cosine matrix i s used: 

[e] = [v, £ n Ĵ C.7 

Also \Jj^ of the d i r e c t i o n cosine matrix i s i n the same 
sense as normal £ S» S a l of the inverse Jacobean matrix. 

To evaluate the l o c a l strains the transformation from 
c u r v i l i n e a r t o l o c a l orthogonal co-ordinates i s : 

u'K' Vi» W*' 

Uy' tfy/ Wly' 
• i ' 1 .1 ' 

*2S 

[e>. 8 

As V j and ^| >̂  are normal t o the surface at the 
point / the matrix r e s u l t i n g from 
i s of the form 

[A] -[elVf-
o o As 

C.9 

and the lo c a l strains can be expressed as 

11 1 «ttj L w1 " l " t 
C.10 

C . l l 

These pa r t i t i o n e d strains are expressed d i r e c t l y 
as derivatives of the displacement functions with 
respect t o the cu r v i l i n e a r co-ordinates. 

By defining two fur t h e r matrices \j£*\ and \^ti\ such 
that \0l contains a l l terms of the l o c a l strains which are 
derivatives of X' and ^ , and a s t h e derivatives 
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wit h respect to*X then f u r t h e r reductions can be made 
f o r the sandwich elements 

o 

o 
o 

© 

c, 
o 
o 

o 
o 
O 

o 
o 
o 

o 

o 
o 
o 
o 
1>, 

o 
o 
o 
o 
o 

C.12 

+ A x a _ N : ^ 
C.13 

where 

c , 

i>. 
As the [ C l a ndL&] matrices defined i n C.12 and C.13 
define the f u l l s t r a i n vectOL containing both membrane and 
transverse shear terms, these are s i m p l i f i e d i n evaluating 
the sandwich str a i n s . 

For the faces there i s no need t o consider the transverse 
shears and combining the displacement functions of equation 
3.3.3 the strains become: 
fo r the too face 

J Top 
fAcg: 

re' " "C, 0 o~ 
ST 0 Ci 0 

C i C, 0 
[e] 

o o 
[ e f t s (£} 

C.14 
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fo r the bottom face: 

{ 
foi] 

1 

o C» o c e f l * . 4-

1%J c A c, o_ K 

2 a.f+c 
C, o © 
o c x © 

C.15 
and as the core has included i t s membrane 
shear contribution: 

1 w 

1 
4< 

o o O o 
o o + © o 

© © 

C.16 
Equations C.14 t o C.16 define the local strains 

w i t h i n a layer e x p l i c i t l y i n terms of the derivatives 
of the shape functions combined with the d i r e c t i o n cosine 
matrix and Jacobean. 

Thus, equation C.l i s def ined, being defined 
f o r the assumed displacement function m each layer. 

Using the relevant e l a s t i c i t y matrix f o r either the 
faces or the core then a l l terms of the s t i f f n e s s matrix 
are calculable, and by Gaussian integ r a t i o n of equation C, 
the element s t i f f n e s s matrix formed. 

By replacing the qu a d r i l a t e r a l shape functions 
Nl^Cj | l/J^j ̂  ) and t h e i r derivatives by the Areal 
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Ni(L1,L1,U,lJ co-ordinate d e f i n i t i o n IX i \ L ( , H, l-4f w i t h t h e i r 
derivatives a similar formulation was used t o determine 
the s t i f f n e s s matrix f o r the tr i a n g u l a r elements. 
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