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ABSTRACT

SMITH, ERLING AASTRUP: A numerical comparison of commonly-
used algorithms for structural optimisation. (Under the super-
vision of WILLIAM CALVIN CARPENTER)

The thesis makes a qualitative and a quantitative comparison
of algorithms used to solve non~linear structural optimisation
problems. Algorithms are categorised into linearization, feasible
direction and transformation methods. From each category, algorithms
are selected (by considering applicability restrictions, anticipated
computational effectiveness and efficiency, supplementary program
requirements and program development effort) for a numerical compari-
son of computational effort. The algorithms chosen are:- the Method
of Approximate Programming, a Method of Feasible Directions and the
Sequential Unconstrained Minimization Technique. Newton's, Fletcher-
Powell's, Stewart's and Powell's methods are chosen far use with SUMT.

The algorithms are used in the study to minimize the weight of
eight test structures:- four pin-jointed plane trusses and four plane
stress plates, all subject to two load cases, member stress Timits
and design variable Timits. The finite element stiffness method was
used for structural analyses, function and derivative evaluations.
Details and FORTRAN IV program listings are given for the algorithms.

Estimates are developed of the relative computational effort
required by each algorithm in terms of the Central Processor Unit
(CPU) time required when an IBM 360/67 computer is used. Measure-
ments are reported for each algorithm of the CPU time used on an

IBM 370/145 computer.



A comparison is made of the computational effort used by
each algorithm. Conclusions are drawn about the relative efficiency

of the optimisation algorithms and of the derivative algorithms.
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CHAPTER 1
STATEMENT OF THE PROBLEM

The engineering design problem is to find the optimum, either the
maximum or the minimum, of a function of one or more design variables
subject to equality and inequality constraints. Examples of engineering
design variables are heights, lengths or thicknesses and examples of
the function to be optimized, called the objective or merit function,
are mass, weight, cost or efficiency. The design is subject to con-
straints, for example, upper and Tower bounds on stresses and deforma-
tions, called behavioural constraints, and upper and lower bounds on
the design variables, called side constraints. The engineering

problem can be stated mathematically as

minimize (or maximize) F(t) e 10T
subject to fi(i);> 0, 1=1,.., R.. ~
where t is a P-vector of design variables tj, J=T1s..P;

F(t) is the objective function, and f;(t) 3 0 are the constraints.

Mathematical Programming methods find the optimum of a function
of several variables subject to equality and inequality constraints
and can be used on the engineering design problem. Wasiutynski and
Brandt1 in 1963 reviewed the use of classical and contemporary tech-
niques of Mathematical Programming in optimum structural design.
Since the early sixties, Sheu and Prager2 in 1968 and Schmit3 in 1969

have shown how electronic computation has allowed Mathematical
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Programming methods to be used increasingly on structural

optimisation problems.

There now exist many suitable Mathematical Programming

algorithms, but they vary in the type of problem which they can

solve, in the computational effort they require and in their

effectiveness at producing an optimal solution. It is desirable,

therefore, to predict which methods would be the most appropriate

to a particular problem or to a class,of problems. The following

work makes a comparison of commonly-used algorithms applied to a

class of structural optimisation problems. Important considerations

in the comparison of the methods are:

1.

restrictions of applicability:

Typical restrictions on the type of problem a method could solve
would be requirements for linearity and convexity of the objective
or constraint functions.

effectiveness:

The effectiveness required of a method depends on the accuracy
required in the solution.

computational efficiency:

The computational efficiency of a method can be measured by the
amount of computer time and storage space required to solve the
problem.

requirements for supplementary programs:

The additional facilities required by a method could be the
evaluation of first or second partial derivatives of the func-

tions, the solutions of sets of 1inear equations, of 1{near



programming problems, and of one-dimensional search problems.

5. effort for program development:
The effort for program development depends on the complexity of
.the method and of the supplementary programs required.

6. -feasibility of intermediate so}utions:
For some problems it may be difficult to construct a feasible
solution from an infeasible one, feasible intermediate solutions

are desirable, though not essential, in case of premature termina-

tion of the optimisation process.

The above criteria are used in chapter. 2 to select methods to be

quantitatively compared in later chapters.

The class of problem considered is the minimization of weight
of certain structures subject to stress and design variable Timits.
The structures considered are pin-jointed plane trusses and plane
stress plates. The design variables are, for the trusses, the bar
cross-sectional areas and, for the plates, the thicknesses at nodal
points of the triangular finite element idealisation. Upper and
Tower bounds are placed on the design variables . and on the
stresses in the structural members. The stress is taken as the axial
stress in each member for the truss problems and as the effective
stress in each constant stress finite element for the plate problems.

The optimisation problem for both types of structures can be stated

mathematically as:



minimize w't ...1.2
subject to o €q¢ %gq s G=1,..50,8=T,..,M,

min qs Qs  max gs

t  kt ¢ s J=1,...P,

min J J max Jj
where

L is the number of load cases,

M is the number of members,

P is the number of design variables,

w is a P-vector of weight coefficients,

% is a P-vector of design variables,

o is the minimum permitted stress in member s for
min gs

load case q,

o~ is the maximum permitted stress in member s for
max qs

load case q,

0 is the stress in member s for load case q,
gs

t dis the minimum permitted value of design variable j,
min j

t is the maximum permitted value of design variable j.
max Jj
Problem T.2 can be rearranged into the form of 1.1:
minimize w 't ... 1.3,

subject to(o -a Y*o,(@¢ -a »o,
max gs qs qs min gs

q=Tseosls  s=1,..,M,

(t -t®o, (t-t %o,

max Jj J j minj

J=TseesPe



Problem 1.3, called a Non-Linear Programming (NLP) problem, has a
Tinear objective function subject to non-linear behavioural constraints
and linear side constraints.

Chapter 2 considers methods available for the Solution of problem
1.3 and selects methods for comparison in later chapters. Chapter 3
gives details of the solution methods selected for comparison.
Chapter 4 describes the methods used to evaluate the objective and
constraint functions and their derivatives. Chapter 5 estimates the
computational effort required by the optimisation, function and
derivative algorithms. Chapter 6 presents test structures used to
campare the optimisation algorithms and chapter 7 gives the test
results. A summary, conclusions, recommendations and ideas for
further research are presented in chapter 8. The appendices give

FORTRAN IV program 1istings of the algorithms used in this study.



CHAPTER 2

METHODS OF SOLUTION FOR THE PROBLEM

2.1  Classification of NLP methods.

There are many methods for solving the general NLP problem and

most can be included in one of the following categories:

1. linearization methods,

2. feasible direction methods,

3. transformation methods.

This classification is based on those of Jacoby, Kowalik and Pizzo*
and of Zoutendijk.>

Linearization methods solve the NLP problem using a sequence of
Linear Programming problems (LP problems) formed from the NLP problem.
Thus an iteration consists of two stages:

i. form a linear approximation at the current point, then
ii. solve the Tinear approximation by LP methods to give a new
solution point.

Feasible direction methods search within the feasible region for
an optimal solution along a sequence of 'usable feasible' directions
By definition, a search along a 'usable feasible' direction will, for
minimization problems, reduce the objective function but maintain
feasibility. Thus an iteration consists of two stages?

i. form a usable feasible direction,

ii. search along the direction for a new solution point.



Transformation methods solve the NLP problem indirectly by
forming a different, but related, NLP problem. The transformations
are such that the solution of the transformed problem coincides with
that of the original problem. The transformed problem may often,
but not always, be solved as a sequence of problems and may be

constrained or unconstrained, depending on the transformations used.

2.2 Linearization methods.

Linearization methods Tinearize the objective and constraint
functions at the initial point. The resulting LP problem is solved
by an LP algorithm giving a new solution point. Next, the problem
is totally or partially relinearized at the new point and the new LP
problem is solved. This procedure is continued until the solutions
converge to the optimal solution.

A non-linear objective function can be linearized with a

truncated Taylor's series about the current point:

F(t) =F(®) + (r®)'(t-3) ...2.2.1
Similarly, the constraints can be Tinearized with truncated Taylor's
series:

£ L) = fi@ +(IF,@EN(E - 2 20, i=1,. 4R, .2.2.2

where T is the design vector at the current point,

¥£;(8) «is the vector of first partial derivatives of the

i{th constraint function with respect to the design

variables.



8
If the original constraints form a convex region, the linearized
constraints completely enclose the feasible region. If,however,
some of the original constraints are noﬁ-convex, then the 1inearized
constraints will cut off some of the feasible region in which the
optimal solution may-]ie.5 Algorithms must be able to prevent
non-convex constraints from slowing or stopping convergence to the
optimal solution of the original problem.

Cutting Plane methods (Ke11ey5 and Cheney and Go]dstein7) retain
most of the original linearizations of the constraints at each inter-
mediate solution. Only the mast active convex constraints are
relinearized and the new linearizations are added to the set of
constraints. Non-convex constraints are relinearized at each fiter-
ation with the new linearizations replacing the old linearizations.

A full evaluation of first partial derivatives is not required at
each {teration since only a subset of the constraints is relinearized.
However, as the method proceeds, the increased problem size increases
the computational effort required. I11-conditioning can arise as
more linearizations of each constraint are added.

The Method of Approximate Programming, MAP, (Griffith and
Stewarts), discards all the old T1inearizations at each iteration and
relinearizes the entire constraint set. Full evaluation of first
partial derivatives is required at each iteration, but the problem
does not increase in size as the method proceeds. MAP does require
" additional constraints which 1imit the size of step that can be taken
from the current solution to a new solution. These additional

constraints are of the form:



‘t. - 1 €5 , i=l,..4Ps vee2:2.3
i k

where Gkis a positive number preventing large changes in the
design variables.

For problems with side constraints, the move Timit constraints
do not add to the number of constraints since for each design vari-
able one of the upper bound constraints (1 side and 1 move Timit
constraint) and one of the lower bound constraints (as above) will
be redundant. The move 1imit constraints and complete relinearizations
are intended to provide convergence for both convex and non-convex
problems although this has not been proved®. Possible i11-conditioning
{s not as severe as on the cutting plane method since each constraint
is represented by only one linearization. Intermediate solutions may
be infeasible.

Advantages of Jinearization methods are that functions and first
partial derivatives are evaluated no more than once per iteration
and one-dimensional searches, which require a number of function
evaluations, are replaced by efficient LP methods. However, con-
vergence may be slow when the optimum of the NLP problem does not
1ie at a vertex of the constraint surfaces or when non-convex
constraints are present.5

Both the cutting plane method and MAP appear to be apposite
to the problem. However the cutting plane method requires addi-
tional logic to ensure that old linearizations of non-convex con-
straints are replaced at each iteration. The computational effort

to solve the LP problems increases as optimisation proceeds although
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some effort can be saved since full derivative evaluations may not
be required. When MAP is used, the problem does not increase in

size but a full first partial derivative evaluation is required.

The main difficulty with MAP {is the choice of § On balance, it

T
appears that MAP is 1ikely to be more efficient than the cutting
plane method and since fewer difficulties were anticipated, MAP was

selected for comparison with other NLP methods.

2.3 Feasible direction methads.

Feasible direction methods explore the feasible region by
searching along directions which reduce the objective function while
maintaining feasibility. From the initial point a search direction
is found. The design is changed along this search direction until
either a minimum is found or until a constraint is encountered. At
the new solution point a new search direction is determined and the
design is changed by moving along it. A search direction through an
intermediate solution point must not violate any constraint for small
moves nor allow the objective function to increase. Thus, if t is
an intermediate solution point and Ia are the indices of the
constraints active at T, then:

f @ =0, eI, vee2.3.1

Expanding such constraints about T using a truncated Taylor's
series gives:
e = @ + @ @) -8 ..2.3.2



1
Let d be the search direction through T and & be a positive scalar,

then a new design lying along d is given by:

t =t + &d, ...2.3.3
Substituting equations 2.3.3 and 2.3.1 1in equation 2.3.2 gives:
fi(-t-) = (¥ (E))'d ...2.3.4

Similarly for the objective function:

F(t) = F(t) + oL (TF(E))'d , ...2.3.5
The new search direction will be acceptahle if

f,&) * 0 and F(t) & F(E) ...2.3.6
or

- (HE)'d 20,1 €1, ...2.3.7

+ (WF(@))'d & 0.
Conditions 2.3.7 are the conditions for a new search direction to be
'usable feasible'. Among the algorithms which satisfy conditions
2.3.7 are Rosen's gradient projection method?, Gellatly's method10
and Zoutendijk's methods.!!

In the gradient projection method, the new direction, d, is taken

as the solution of the equality constrained probitem:

minimize (97 (1)) 'd ...2.3.8
subject to - (lfi(f_))'_d_ = 0,141
d'd = 1.

This problem can be solved using Lagrangean techniques. If the
constraints are non-linear the direction may leave the feasible region
immediately so that a correction procedure must be applied to maintain

feasibility.
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In Gellatly's method, the new direction, d, is' taken as the
solution of the equality constrained problem:
(FF(¥))'d =0, ...2.3.9
~(TIf @' =1, 1 €1,

First, the design is moved into the feasible regéan along the new
direction. Next, the objective function is reduced by moving the
design along the direction of the gradient of the objective function.

In Zoutendijk's method, the new direction, d, is taken as the
solution of the problem:
maximize y ...2.3.10
subject to (JF(E))'d + y € 0,

-(lf(I))'_ﬁl + c.y €0,1 & Ia ’

1 1
and d is normalized,

where c, are positive coefficients which can be taken as unity for
non-1inear constraints and as zero for linear constraints. This
problem can be formulated as a LP problem by a suitable normalization
of d.

With the exception of the gradient projection method, feasible
direction methods are suitable for the general NLP problem. The
gradient projection method is designed for linearly constrained
problems, although in combination with a transformation method
(section 4) it can be adapted to solve the NLP problem. Gellatly's
and Zoutendijk's methods are directly applicable to the NLP problem,

and hence the gradient projection method will not be considered

further in this study.
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For structural problems of the type 1.3, it will be shown that
the major computational effort in determining a search direction s
the computation of first partial derivatives. Thus a useful measure
of computational efficiency is the number of searches required for
convergence to the optimum. In Gellatly's method, only.alternate
searches reduce the objective function, whereas in Zoutendijk's
methods every search reduces the objective function. It seems likely
that Zoutendijk's method will converge more quickly than Gellatly's
method. Accordingly, a method based on the method of Zoutendijk was

selected for comparison with other NLP methods.

2.4 Transformation methods.

Transformation methods reduce the degree of difficulty of the
constrained NLP problem by forming a simpler, but related NLP problem.
Depending on the transformation used, the transformed problem may be
solved as a sequence of caonstrained or unconstrained problems.
Transformation methods are of two types: 1interior point methods and
exterior point methods. Interior point methods generate a set of
feasible intermediate sQlutions which converge to the solution of the
original problem. Because exterior point methods generate a set of
infeasible intermediate solutions, they will not be considered for
the solution of problem 1.3.

The Sequential Unconstrained Minimization Technique (SUMT) is
an interior point method develgped by Fiacco and McCormick!2. iFor
the SUMT, a new objective function is formed by adding to the

original objective function a penalty function (a function of the
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slackness of the constraints) weighted by an arbitrary scalar.
Thus if the original problem is written as:
minimize F(t) subject to fi(_g) 20, i=l...,R 3 e 2.4.1
then the SUMT formulation {is:
solve the sequence of problems:
minimize 7 Q(jbe) = F(t) +~ekf( fi(g) » 1=15..5R) . 2.4.2
for k=1,2,...
where @(...) 1s the objective function,
Q 1s anarbitrary scalar, with Qk*]<L€k s and
P(...) 1s the penalty function.

There are two difficulties with SUMT: choice of a suitable value
for @1 » and choice of a suitable rate of change for € .- These can
be overcome by using the 'Q' transformation of Fiacco and McCormick12;
the formulation 1is:
solve the sequénce of problems:
minimize Q(%,k) = 1/(Fk?{§) - F(t) ) + P(fi(g), 1=1,..,R) ...2.4.3,
where Q(t.k) 1is the objective function for the kth {teration,
Fk_](g) is the value of F(t)
at the optimum of Q(t,k-1).

This formulation was not included for comparison with other NLP methods
but in chapter 8 is recommended for further research.

The above SUMT transformations do not take advantage of useful
properties such as the possible Tinearity of some of the constraints
or of the original objective function. Fiacco and McCormick!2 suggest

that the linear constraints are not included in the penalty function.
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The modified SQMT prob]em isy

solve the sequence_of problenms;

minimize B(t.g) = F(£) + @ P( £5(t) » 1 €1, )

subject to fi(t) * 0, 1€£1,, | 2.4
for  k=1,2,...., "

where ;] are the indices of the non-linear constraints , and
I

, are the. indices of the linear constraints.

Each @(..) in problem 2.4.4 can be minimized by a Tinearization or
a feasible direction metho_d.5 -A]tthgh'the’modified SUMT method was
not used in this study; it is recommended for further research.

The SUNT formulation of 2.4.2 was chosen as the transformation

method to be compared with other NLP methods on prob]em,l.S;L There

are two popular penalty functions used with formu]ation;2q4;2:

R

1. Pl..) = Z ( 1/(1’{(};)') ) s | ...2.4.5
i1
R

20 Pl = ) (-Tog( (8 ) ) 2.8.6
i=1

Since. the evaluation of 'log' requires more computationd] effort
than a division, a penalty function similar to 2.4.5 was selected
for use with SUMT.. Thg,chéice'ofisuitahle»Unconstrained optimisation

algorithms for use with SUMT is made in section 5 of this chapter.
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2.5 _Unconstrained Optimisation Algorithms.

Unconstrained Qptimisation Algorithms (UOA) find the values for
design variables which optimize an objective fun¢tion of the vari-
ables. Thus, UOAs are suitable for finding, within the feasible
region of the original NLP problem, the minima‘® of the transformed
objective functions of the SUMT. Among the most efficient UOAs
are those which search along a sequence of directions until an
optimum is found. Such UOAs have two stages?

i. find a search direction, then

ii. find the optimum along the search direction.
The two stages are repeated until the global optimum is found. An
important criterion for choice of: one of the UOAs is the computational
efficiency of the method. In optimising the problems of the type 1.3,
the major computational effort used is that of evaluating the functions
and, if required, their derivatives. Thus the computational effort
used in optimizing the @(t,@) depends upon the number and type of
evaluations required to find the search direction (which is dependent
on the UOA) and to find the minimum along the search direction (which
is independent of the UOA).

UOAs can be categorized by whether they require in the determina-
tion of their search directions the evaluation of:

1. functions, their first and second partial derivatives, or
2. functions and their first partial derivatives, or

3. functions only.

It will be shown in a Tater chapter that derivative evaluations

require much more computational effort than function evaluations.
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Therefore, derivative methods will be computationally competitive
with non-derivative methods only if they require correspondingly
fewer one-dimensional searches to find the optimum than the non-
derivative methods require.

A number of numerical comparisons of UoAs'3s 14 have shown
that among the most efficient methods are those which generate a
sequence of conjugate directions or use second derivatives. Accord-
ingly, the following UOAs to be used with SUMT were selected for
comparison with other NLP methods:
1. Newton's method with first and second derivatives;!®
. Fletcher-Powell's method with first derivatives;!6

Stewart's method with finite difference first derivatives; 1’

A W N
L . ]

Powell's method with no derivaﬂ:ives.]8

2.6 One-dimensional search methods.

Many NLP methods solve the NLP problem by moving the design
point through design space along a sequence of search directions
until the optimal solution is found. Such methods consist of two
stages:

i. determine a search direction - the direction-finding sub-problem,
then

ii. determine a move along the search direction - the searching
sub-problem.

The searching or one-dimensional search sub-problem finds the move

to the boundary of the feasible region and/or the move to the minimum

of the objective function. Thus the one-dimensional search problem

can be written as:



18
if t =%+ &d, find the t* = T + &*d .e.2.6.1
such that either
1. t* Tlies on the boundary of the feasible region, or
2. t* minimizes the objective function;
where t is the best design point dn the previous search,

d 1is the search direction through T and
o 1s a scalar specifying the move along d.

Interval methods or point approximation methods may be used to
perform one-dimensional searches. Interval methods find an interval
in which the move o* is known to Tie. An interval is chosen. If
o * is not bounded, the interval {s expanded. When o(* is bounded,
the interval is reduced until the prescribed accuracy is achieved.
There are many interval methods but methods based on the Fibonacci
numbers or on the Golden Section converge to a prescribed accuracy
in the smallest number of iterations.!?

Point approximation methods estimate the move, &*, by poly-
nomial approximations. The new point is used in a succeeding approxi-
mation for &X*. The process is repeated until successive estimates
converge to within the prescribed accuracy. Despite the guaranteed
rate of convergence of Fibonacci and Golden Section searches, point
approximation methods generally converge more quickly. Powe1118
suggests fitting a second-order polynomial te three function values
along the search direction, while Davidon?0 fits a third-order
polynomial to two function values and the two corresponding directional
derivatives. Davidon's method usually requires fewer approximations

than Powell's method. If, however, a derivative evaluation requires
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much more computational effort than function evaluation, Davidon's
method will not be as computationally efficient as Powell's method.
A one-dimensional search methqd based on that of Powell using a

second-order polynomial was chosen for use in the solution of the

structural problem 1.3.

2.7 Algorithms selected for comparison.

The algorithms selected for comparison in later chapters are:'
1. the Method of Approximate Programming (MAP) - a linearization
method,8
2. a method based on Zoutendijk's - a method of feasible directions,
GORE
3. the Sequential Unconstrained Minimization Technique (SUMT) - 12
a transformation methaod, used in conjunction with:
i. Newton's method,19
ii. Fletcher-Powell's method, '®
iii. Stewart's method, and!’
iv. Powell's method. 18
Of the above methods only Powell's and Stewart's methods do not re-
quire the evalwation of explicit first partial derivatives. Newton's
method requires the evaluation of second partial derivatives. All
the methods except MAP require a one-dimensional search algorithm.
MAP and Zoutendijk's method of Feasible directions require a Linear
programming algorithm.
The following chapter gives further details of the algorithms

and of the modifications required to solve the structural problems

1.2 and 1.3.
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DETAILS OF THE ALGORITHMS

3. Introduction.
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Chapter 1 introduced the structural problems to be solved and

chapter 2 selected methods for solving these problems.

This chapter

gives details of and modifications to the selected algorithms to

handle the structural problems.

The general NLP problem was stated in chapter 1 as:
minimize F(t)
subject to f (t) * Q0 , 1i=l,..,r
1

and the structural problem to be solved was stated as:

minimize W't
subject to ¢ ¢ o & s
min gs Qs max qs
g=1s..,L s STla..,M >
t € t € .
min j j max J
J=]= »P *
or:
minimize w't
subject to 0 ¢ (o - 6 )
max qs qs
0 £ (U - 5‘ ) ?
qs min gs
q-], 5L [y S=1,..gM EY
0 é (_ t . - t ) 9
max Jj J
0 é ( t - t ) s
J min j

...3.1.1

...3.1.2

..3.1.3
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3.2 Method of Approximate Programming (MAP).

As described in chapter 2, MAP: forms a sequence of linear prob-
lems obtained from the NLP problem by linearizing all the non-linear
constraints at intermediate solutions. A set of 'move Timit' con-
straints are added to the constraints of the NLP problem to aid
stability and convergence of the algorithm. The MAP algorithm can
be stated as:

i. select an initial design point;
i1. calculate the first partial derivatives of all the non-Tinear
constraint functions at the current design point;
iii. Tlinearize the objective function and the non-linear constraints;
iv. form the 'move Timit' constraints;
v. solve the resulting LP problem using an LP algorithm;
vi. form a new design point from the solution of the LP problem;
vii. terminate if the new and 01d design points and objective
function values converge to within the prescribed accuracy;
otherwise go to step ii.
The general LP problem is of the form:

minimize ¢ ' ...3.2.1

N %

subject to Ax%b and Q% x,

where x 1is the vector of variables,
c and b are vectors of constants,
0 is the null vector, and

A is the matrix of coefficients.
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The objective function of the structural problem 3.1.2 {is alreddy
Tinear and does not require linearization for the LP problems. The
size of the LP problems can be reduced by combining the linear move
Timit constraints with thé linear side constraints:

If & = (t -t ) s 0t &L, 3,22
q max J min j

is the move Timit on the jth design variable,
then the move 1imit constraints can be written as:

%.. - 8. £ t. é % + 8. [y j=1’no,P 9 .t.3.2‘3

J J J J J
where T’ s the value of the jth design variable at the
J

current solution point.

The constraints 3.2.3 can be combined with the side constraints

of 3.1.2 to give:

(t%) = Maximum( t . T -8 ) 4t and ...3.2.4
J, min J i J ﬂ
t £ Minimum( t s T + 8 ) =(t,) s J=ls..5P
J max Jj J i J
or
L ]
() ¢t £ (t) , j=l,...p , (..3.2.5.
J J J

The total number of constraints in the LP problem can also be

reduced by redefining the LP variables thus:

L
tt = ( t - t ) [} ,j:.l,o.’P s ooo3-2u6
J j
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Hence constraints 3.2.5 become:

u L .
0 £ tt ¢ (t -t ) , j=1,..,P ..a3.2.7
J I
The non-linear behavioural constraints in problem 3.1.2 are
linearized by expanding in a truncated Taylor's series the constraint

functions about the current solution, T :

E =6 + ((F)(t-3 ...3.2.8
qs qs as
Since 3 /3tt =3 /3t
qgs! qs j , then
o =06 + (J& )(tt- tt) ...3.2.9
qs gs qs
= - (7 )'tt) + (T )'tt ...3.2.10
qs gs gs
or
F - B+ (1F )it ...3.2.11.
qQs qs qs

Equation 3.2.11 substituted into the non-linear constraints of

problem 3.1.2 gives the Tinearized constraints:

g (g T @) €
min gs max qs ...3.2.12

hence

-~ 7 )'tt <(p -0 ) and

qs qs min qs
t+ (Vo )'tt £ (o - ) ...3.2.13
qs max qs qs

which are linear functions of the LP variables, tt. Rearranging
substituting equations 3.2.6 into the objective function of problem
3.1.2 gives

L
w't = w'tt +uw't ...3.2.14
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Hence the LP approximation of problem 3.1.2 at t is:

minimize w'tt + (W'tt), ...3.2.15
subject to
-(v:)tt‘(p-r ),
qs min gs
+ (Y6 )'tt = -'P ),
qs max qgs ' gs
q=]a sL ) s=]a sM
and U L
tt € (t -t ) ,
J i 3
0 € tt ;
J
Jj=1,..,P ’

where tt j=1s..,P are the LP variables.
J

Problem 3.2.15 is of the form 3.2.1 and can be solved by the LP
algorithm described Tater in this chapter. Suitable values for o
in 3.2.2 are chosen in chapter 6. The FORTRAN IV program listing

of the LP algorithm used in this study is given in the appendices.

3.3 Method of Feasible Directions (MFD).

Feasible direction methods search within the feasible region for
an optimal solution along a sequence of usable feasible directions.
As.described in section 3 of chapter 2 a usable feasible direction
will satisfy the following conditions:

-(@(E)'d fo0,1 €1, ...3.3.1
i 3

+ (FF(E))'d £ 0,
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where the set Ia are the indices the active constraints.
The algorithm for Zoutendijk's!! method of feasible directions
can be stated as:
i. select an initial feasible design point;

ii. search down the negative of the gradient of the objective
function until a minimum of the objective function or a
constraint 1s found;

iii. evaluate the first partial derivatives of the functions;

iv. form the direction finding problem:
maximize Yy ‘ ...3.3.2
subject to  (TF(t))'d + y € 0 ,

-(\_Tfi(:f,))‘_d, tey €0 .1 €1,
d s normalized ;
v. solve the direction finding problem;

vi. test the direction for acceptability;

vii. 1if the direction is acceptable then search along it until a
minimum of the objective function or a constraint is found,
then go to ix;

viii. 1f the direction is unacceptable then reduce the number of
constraints in the set Ia and go to 1iv;

ix. terminate if the new and the old design points and
objective function values converge to within the prescribed
accuracy; otherwise go to iii.

By a suitable normalization of d, the direction finding problem can
be formed as an LP problem. In the direction finding problem, the

arbitrary coefficients can be set to unity for the non-linear
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constraints and to zero for 1inear constraints. Zoutendijk tests
the acceptability of the search direction by examining the value of

y - By including in the set I all the constraint functions such that
0 < fi(g) < £ , ...3.3.3

and assuming that Ci = 1 for the non-linear constraints, then the
search direction is usable feasible if:

Ef y ...3.3.4
Test 3.3.4 can be obtained by considering equations 2.3.1 to 2.3.7
and the assumption that the search direction is normalized such that
A= 1 is a meaningful move along the direction. The first order

change in F(t) and fi(g) for a unit move along d is given by:

F(t) - F(®) = (FF@E)'d ...3.3.5
) -@ - (y_fi(i))'_q .+.3.3.6
But from 3.3.2:

y ¢ - (FF(@EN'd ...3.3.7
and )

y £ o+ (F.(E)d, if U ‘ ...3.3.8
Thus

ifes y,

then

0LE¢L fiLt_) - fi@ ...3.3.9

06&€ F(t) - F(t) ...3.3.10
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therefore
¢4 (1) .3.3.1
and 1
F(t) € F(T) ...3.3.12.

Therefore the direction is usable feasible. If the direction is not
acceptable, then £ is reduced and the direction finding problem is
reformed.

Since the ci are not dimensionless, the choice of values of
unity for the non-1inear constraints may not be the most computa-
tionally efficient. Furthermore, the test of acceptability 3.3.4

can be incorporated into the direction finding problem. Hence the

following formulation of the directien problem was used in this

study:

the direction d is taken as the solution of the problem

maximize y e0.3.3.13

subject to ((lF(E)'_@_)/MF*\ + oy £ D R
((-Ifi(i))'iyl&f:\ tdy an) 11y,

and d is normalized

where

c are dimensionless scalars, = 0 for linear constraints, and
> 0 for non-linear constraints,
AF*  is the Targest possible change in F(t) for a unit move along

any normalized d through t and has units of F(t), and
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Af* s the largest possible change in fi(i_:) for a unit moye
1 along any normalized d through t and has units of fi(-t-)'
Ify € im » where £ is a very small positive number, then LP problem
3.3.13 has no feasible region. In this case, €1s reduced and the
direction finding problem is reformed.

The values AF* and Af* depend on the normalization of the
seasch direction, d. Zoutendijk suggests a number of possible
normalizations but some of them require that certain modifications
be made to the LP algorithm. The following normalization used in
this research does not require modifications to the LP algorithm:

d is normalized such that - D £ dj €+D, j=1,..,P ...3.3.14

Hence the largest possible changes in F(t) and f1.(_t_) for a unit move

along any normalized d through T are:

AF* = D _V_F(_’E)n - 0gn 1F(§)\ ...3.3.15
- T J='l
P
Af¥ = D Y-fi@l = D02 zf,(j)l ...3.3.16
1 T =1 1 .

where subscript T denotes the 'taxicab' normalization defined by

equations 3.315 and 3.3i16.

Paoblem 3.3.13 can be rearranged and combined with normalization

3.2.14 to give:
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maximize y eee3.3.17
subject to  (YF(%))'d + \AF*\y

- @, (B + chely <6 . 1€,

N
L=
L]

o
N
=]

1 N

-d

. "D 'Y j=.l,.o’P .
J

Prgblem 3.3.17 can be solved by an LP algorithm. The total number of

constraints can be reduced by redefining the LP variables thus:

ddy = (d +D), j=l,..,P ...3.3.18
J

hence

maximize y ...3.3.19

11N

subject to  (YF(E))'dd + \AF*y < D él (3 (2))
J=

N

P
- (OF,(®)'dd + clarrly < D T (3F.(B) -£ . 1l
1 1 1 j=1 1 a

0 £ ddj € 2 , j=1,..,P

To prevent zig-zagging between a subset of the constraints, Zoutendijk
suggested that the set I should incorporate the indices of those

a
constraints encountered on some of the previous iterations. Thus in

problem 3.3.19, Ia is formed from the union of the two sets Lct

and Irem which are defined by:

I . the set of indices for which 0 € f () € & ...3.3.20
ac i

I = the set of indices of the constraints which have been

rem
encountered more than once ...3.3.21

hence
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I = (I I ) ' ,1;;;3;3.22
a - act rem

If the search direction produced in the direction finding problem {s

rejected, then I s emptied and & is halved or reduced so that at

rem
lease one index remains in I . The set I ds reformed and a new
‘ . act a
direction is determined. I  {is updated on succeeding iterations.
rem

To solve the structural problem 3.1.3 by the formulation 3.3.19,

the following quantities are required:

VO ad (D 1l

Since F) = 't . ...3.3.23
f(t) = (& -0 )
i max qs  qs
(0— - . L ) 9
qgs = min gs
(t -t )
“max J j_
or (t -t ) ;
j - min j
TF(t) = w ,
then ' . . ; _
CIF) = e ...3.3.24
Vo R
" gs
—.e' 9
J
or e .
J

where. e 1is the jth coordinate direction vector.
J
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The a]gorlthm for. the feas1b1e d1rect1on method used to so]ve the

structural prob]em 3.1.3 can be’ summarized hy the fo110w1ng

1. form an initial feasible design point;
it. search down the Qradient of the objective function Qnti] a
minimum is found of until a constraint is found;
itl. evaluate first partial.deriyatTVes,ofrthe functions;
iv. form the direction finding prob]em13:3;19 incorporating
equations 3.3.15, A_3'.-‘3‘.‘1_6; 3.3.18, 3.3.20, 3.3.21, 3.3.22,
.,3.3.23-and,3.3;24;
V. solve the direction finding problem;
vi. if y € i , where € s a small positive number, then
reduce iiand go to. 1VT
vii. otherwise, search along the direction for a minimum of the
objective function or for a constraint;
viii. terminate if the neW‘aﬁd.o1d design points and objective
_.fUnction va1ues converge to within the prescribed accuracy;
ix. otherwise go to {ii.
Su1tab1e values for the dlmen510n1ess coefficients c are selected
in chapter 6. A FORTRAN IV program 115t1ng of the above a]gorlthm

as used is given in the appendices.

- 3.4 Sequential Unconstrained Minimization Technique (SUNMT).

As described in chapter 2; the SUMT is an interior point‘trans—
formation method. A sequence of unconstrained objective functions
(formed from the original objecfive function and penalty functions)
is minimized until the minima converge to within the prescribed

accuracy. The SUMT algorithm can be stated as:
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i. - select an initial feasible design point;
ii. form the transformed obqect1ve function ﬂ(t,e )‘ k=1;
iii. minimize Q(_, k),
iv. terminate if the new design point -is satisfactory;'otherwise
. 90 to Vi
v. form the new transformed obJectlve function w(t e )

vi. estlmate the minimum of  A(t, ) by extrapo1at10n,

R
vii. go to 111, with kslesl ;

For the reasons glven in chapter 2, the ohyect1ve functions used

in step 11 and v are similar to the form:.
Pl t.p) = F(t) +e 2 CCf)) ) Ceel3:401.
k =1 1 '

The sequence of va]ues for‘ek.are determined from:
0 - cp » 0<edl 3.4.2
_ « |

Equation 3.4.2 requires the values 81 and the coefficient c¢ . The
scalar @ is often determined such that the weighted penalty term
is a predetermined proportion of the original objective function at

the 1n1t1a1 design point:

R, - irm/r»( ()'tfl;.;;.r)} | 343

&l

Typical values for p are .01,,.;.; .50. However the efficiency
and reliability of such an approach is dependent upon the initial
design point. If the initial point is close to one or more of the

constraints; Q]_given by equation 3.4.3 may be too small; alternatively
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if the initial point is.nqtﬂé1qsgfﬁqfany_qf.thé.constraints;ye
may be.unnecessarily large.. 'FTaCCO'and'McCOrmTck.suggest'that ;

‘natural’. ch01ce for e would be 91ven by the @ that minimizes the
magnitude of . the grad1ent of. # at T‘, so that T‘1s close to the
minimum of w(aq) Such a va1ue ofe - could,during the flrst
SUMT {teration,reduce the cqmputat19na1 effort used but. a]so reduce
the amount byxwhiCh,Q(i;e1),cou1d be’decreased: Nevertheiess;'the
Fiacco and McCormick,yaiug for e] was used in this study and can be

obtained from.the following:

et (¢ = F o+ g]P ) 5(‘\@(___1_;;,(1)’ = (_ +eP(f (®),i= 1 .r) )
| 3.4
where T s the current (initial) design,

then' ¥p = WF + h_vj L3.4.5

1

hence e] 1s given by the @ such that.jg?iﬂ is a minimum.

But since )
'V = (Y + P K VF + p TP ee:3.4.6
WW s (TF e ) (T ke ) LB
then
. o . y 2. .
39 T =T TFUF o+ 2 (IFUTIP) te (TP TP
..;344.7
Differentiating equation 3.4.7 with respect.' toca gives:
AETER R el Ry ! |
ap'WI/dp = 2TT) + 2p (YP'TP) ...3.4.8.
- G- .

¥2'VP has a minimum value when the Teft hand side of equation 3.4.8

is equal to zero; hence

¢, = (TFEP)/(PEe) L..3.4.9.
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The minimum value that V)!V@ can have is zero; hence from equation
3.4.7:

S )
(-VF'TP) + (YFYP) - (YF'VF) (yP'YP) 5.4.10

(]
1

(Yp'¥P)

In this study, the value for Q] was determined using equation 3.4.10.
If the quantity under the root sign is negative, then the value for‘e]
was determined from 3.4.9. If the value for C] is not positive, for
example when YF'TP ® (, then f] was determined from equation 3.4.3.

An efficient choice for the coefficient, ¢ , in equation 3.4.2,
is dependent on the accuracy of the search and on the number of
unconstrained minimizations attempted. Suitable values for c are
determined in chapter 6.

The algorithms used for minimizing the sequence of @(..) are
detailed in later sections of this chapter.

Preliminary work for this research and other studies?2:23 {ndi-
cate that computational savings of approximately 30% can be made by
incorporating an extrapolation technique into SUMT as in step vi
of the algorithm stated above. The technique used in this study 1is

as follows:

i. fit a Lagrangean polynomial through the previous minima ;
il. predict the minimum of the new objective function using the
polynomial ;
{ii{. search for a minimum along the direction connecting the current

design point to the predicted minimum design point ;
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iv. proceed with the unconstrained minimization from the new point.

Using a Lagrangean polynoml'al,zg the value of a function y(x) can

be determined at any value of x as

n
yix ) = &3 (1 (x gy(x )) ., c.3.4.11
n+l k=1 kK ntl) k
where
n
T(x )= W(x =%) n
k ntl: i= ntl 4 W x-x). ...3.4.12.
1Ak i=1 k 1
ik

Hence the design point at the minimum of the new objective function
can be estimated from the following:
let t*(enﬂ) be the estimate the jth design variable at the
minimum of the objective function @(t __,e ) » and

let t*(e ) be the design of the jth des1gn variable at the

minimum of the objective functions Q(j:_,ek) s then

n

t*( ) = (1« Yt (p ) ) .e.3.4.13,
jenﬂ kg k en-ﬂ J ek
where
1( T ( -p )
en+1 i= en+] ei . (f -c.) ...3.4.14.
i#k i=1 k i
i£k
- 3.4.15
But, since =C ...3.4.15,
A &
then
n n i-1 k-1 i-1

1(p )
k enﬂ i=1
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hence
N ontl-i - k=i
l(e ) = W((c -1 Y(c -1 )) ..o 3.4.17
k “ntl i=1
£k

The coefficients 1 (Q) can be determined {teratively by the
k 1

following recursion formulae developed from equation 3.4.17:

n
1n(en+]¢ = (¢ ~1)(c-1) ...3.4.18,r
n n-
1k(€n+]) = (c -1)c -1 )(1k(cn ) ) ...3.4.19.
( Cn+1-~1< RRY ck-n -1)

The transformed objective functions for SUMT used to solve the

structural problem 3.1.3 are given by:

s = w't + P + P ...3.4.20
el T wE TR LR TR
where
L M
P = (¢ - )T ET (Yo -e )+ -~ )
1 max gs min qs q=1 s=1 max qs  qs qs min gs
...3.4.21,
P
P = (t -t ) 2 (1/(t -t )+t -t ) )
2 max Jj min j j=1 max j R min j
«..3.4.22

The weighting scalars of equations 3.4.21 and 3.4.22 put the penalty

terms in non-dimensional form.

A FORTRAN IV program 1isting of the SUMT algorithm used in this

study 1s given in the appendices.
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3.5 Newton's ‘method!®

Newton's method can be used with SUMT to minimize the sequence
of objective functions @(t,@). The method requires the evaluation
of functions, first and second partial derivatives. The method
used is developed n the following:

Let

a(ts@) »
Q(-_f,e) where t is the current design point,

]

2 SIS
b1}

the vector of first partial derivatives of the objective
function with respect to the design variables t,
TWatE,

= 3
1

@ = the matrix of second partial derivatives of the objective

function with respect to the design variables,

Y9 = Y9att,

then expanding @ 1in a truncated Taylor's series about t gives:

2

p =7 + Tp'(z-i) +(t-T)

which has a stationary value when

1=

p(t-1t) ...3.5.1

w-=20 ...3.5.2.

Differentiating equation 3.5.1 and ignoring higher order terms gives:
-— -—-2 —

Ww=3+3J0 (t-1t) ...3.5.3,

2
0 =T + Y9 (tr-%) .c.3.5.4,
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Newton's method solves equation 3.5.4 for t* which {s an estimate
of the design for the minimum of @ . When used with SUMT, Newton's
method may give a t* which Ties in the infeasible region. Newton's
method is modiﬁed]5 to prevent the design going into the infeasible
region, thus:
let  t* =T +olkd ...3.5.5,
where d is a search direction,
then t* - ¥ =ol*d ...3.5.6.
Substituting equations 3.5.6 into 3.5.4 gives:

0 = ¥ + * Ezw d ...3.5.7.
Equation 3.5.7 is solved by settingo{* = 1 to yield a search direction
d. Thengf is determined by searching along d for a minimum of @.
Thus the algorithm for Newton's method used with SUMT is:

i. calculate @ , 7@ and 'izg ; ...3.5.8
ii. solve the set of equations —fﬂ = —Iﬂ d for d;
tii. find they! which minimizes @ along d and replace t

with t* , where t* =t +o* d , and go to 1.

The process is continued until convergence is achieved to within the
prescribed accuracy. The algorithm 3.5.8 will be referred to as
Newton(1), hereinafter.

A variation of algorithm 3.5.8 which attempts to reduce the
computational effort required will be referred to as Newton(2).
Newton(2) gmits evaluating 2?¢ on second and subsequent iterations
but sets ¥ @ to the values at the {nitial point.

Newton(1) and Newton(2) as described above were used with
SUMT in the tests in chapter 6. A FORTRAN IV program listing of

Newton(2) used in this study is given in the appendices.
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3.6 Fletcher-Powell's method: 10

Fletcher-Powell's method can be used to minimize the sequence

of objective functions Q(jc_,e). This method requires functions and
their first partial derivatives and is similar to Newton's method
except that the inverse of the Hessian matrix of second partial
derivatives is replaced by a matrix which, by improvement after each
{teration, converges to the Hessian matrix. The algorithm for

Fletcher-Powell's method is:

1. start with an initial design t , and an initial positive
0

definite matrix H , for examp]e; the identity matrix;

0
ii. calculate V9 and set k=0;
0
iii. determine the search direction d from the equation

k
d = ~-H ' ;
k k k

iv. find ¢* which minimizes @ along d and
k
calculate t =t +ok*d 3
k1 Tk kK

v. calculate 7§ and H where
k+1 kt+1

j=
n

H o+ M + N
kb1 Tk k k

M =¥ (d d" )(d y),

k kK "k Tk k 'k

N =-(Hy)Hy)/(y'Hy), and
k kk kk k kK

y =% -

k k+1 k

vi. go to iii, with k = k+1.
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The process is continued unt{l convergence to within the prescribed
accuracy 1is. achieved, Fletcher-Powell's method as described above
was used with SUMT in the tests described in chapter 6. A FORTRAN

IV program of the method used {s given in the appendices.

3.7 Stewart's method!’.

Stewart's method is an extension of Fletcher-Powell's method
enabling the use of finite difference first derivatives. In
addition to updating the matrix H , Stewart's method updates the
diagonal elements of its inverse A , which are used in the deter-
mination of the finite difference derivatives. Stewart considers
the problem of estimating the first derivative of a non-linear
function by a linear form and indentifies two major sources of
error; - truncation errors and cancellation errors. Truncation
errors are caused by the mathematical inadequacy of the derivative
approximation. Cancellation errors are caused by the loss of
gignificant figures in finite precision arithmetic. Stewart's
method chooses a finite difference step Tength to that the two
sources of error are approximately equal. Stewart shows that this
can be done by solving the following equation for each of the

coordinate directions:

the step length, S’j s along the Jjth coordinate direction is given
J

by the solution of
\“‘jjn Sj“A¢jl i 4'90“ le?

where

11
o

«e03.7.1,

oA is the jth diagonal element of the matrix Ak ’
Jd
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Ag 1s the change in @ for a step S along the jth
J J

coordinate direction,
QO is the value of the objective function at the current point,
X 1s the jth component of the last first derivative calculations.
J

(‘) is an error bound on the function evaluation.

Stewart shows that an approximate solution to equation 3.7.1 is

given by either:

33‘ = 33 (1- (\o(jj‘ Sj )/( 3|°(jjlgj + 4[53’) ) ...3.7.2

o ¥ YRl

..3.7.3
where
SJ, = 2/\¢0\QA‘J,J_\ ...3.7.4
or
S¢ = S (1-(2lyh/Cs alhe ) ) ...3.7.5
7oy (1 Lelylvale 1o < 4]
for‘_xg >-h'\-j“¢ox‘? ...3.7.6
where

Sj - Zjliﬂone(j\/djf R A

Stewart suggests that the value of r) should be the larger of (i)
the estimate of the erraor bound on the calculation of @; and (i{)

the error bound on the calculation of @ by linear expansion about
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the computer approximation of the current point.
If the step length given by the above equations is greater
than some prescribed upper bound, Stewart suggests that a central
difference scheme is employed, where 8{6 is chosen as the positive

J
root of

o8 Tel# 0y o

where
-m
10 1is the prescribed upper bound.

The matrix A used to find the second derivatives o _ is updated

M
in the following manner:
A = A +cyy + c (¥y +y'7) ...3.7.9,
k+1 k Tkk 2 k k k k
where
2
= c /od*=-c VP'd «..3.7.10, and
o = Lo /dr-c, W g
c = 1 /y' «ee3.7.11.
2 "
The algorithm for Stewart's method is:
' -1
i. start with an initial design, the matrix H and H =4 3
0 0 0
ii. calculate T_Ipo and set k=0 ;
iii. determine the search direction d from d =- H V0 ;
k k k k

iv. find the o * which minimizes § along d and calculate t
k “k k+1
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‘v- determine q ] max (r)¢, Ixjtj q {n/ﬁo_ll s

calculate Sf from eqtns. 3.7.2 - 3.7.7, and set 3* = sign
J

*
(& ) sign (x)9
JJ Jjd

-m
vi. if %\o&,g/};.\ {10 , use a forward first finite difference
TR

3J
scheme to obtain 3g/¥t .
J

*
otherwise calculate S R from equation 3.7.8 and use a central

difference scheme to obtain )th 2
J

vii. hence calculate H and A
k+1 k+1

3
viii. go to 111, with k = k+1.

The process is. continued until convergence to within the prescribed
accuracy is achieved.
Stewart's method as described above was used with SUMT in the

tests described in chapter 6. A Fortran IV program of the method

used is given in the appendices.

3.8 Powell's method o

Powell's methad can be used with SUMT to minimize the sequence
of objective functions Q!(L,e). The method does not require the
evaluation of derivatives, but does require modification for use with
SUMT.

Powell's algorithm 1is:

define a set of P linearly independent directions (e.g. the coordinate

directions) as _d_], d o ... ,d ; define the initial point as t
2
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and the objective function at t as @(t .@) i then
r r

1. for r=1,...P, find & to minimize @( t +eld ,Q)
r r-1 r
and define t =t + od 3
r r-1 rr

ii. find the index R and the quantity D = maximum (D ; r=1,..,P),

R l
o 4 (~._ b ) a

r
4. defi _ ’ _ ,
1i1. define QO Q(;O e ) and Q)P (J(jc_P e) then calculate
=0((2t - t ), H
QQ (( i _0) )

iv. 1if either @ 49 and/or
0

2
5D (9 -0)
R 0P

N O

2
(p-2p+0)(@/~0-D)
0O PQ 0 PR

then go to i with replaced by t and with the old set
0 P

t
of directions 3 d ,d, ... » d 3
1 2 P
v. if the tests in iv are not met, then define gP = t-t

find the & to minimize P((t +atd )’?) .
P+1 P P+1

define t =t+e d
P+t1 P P+1 P41,

then go to 1 with t ‘'replaced by t  and with the set of
0 P+1

.0 3 9

directions : d s, d, ... s+ d s d .. d ,d

1 2 “R-1 TR+l TP TP+ .
The tests in step iv of Powell's algorithm combine the fo]]owiné
three tests:

1. if ( ﬂo‘éﬂp“l' ﬂQ)< 0 , then take step v ; otherwise
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2. if Q)O < gq » then the stationary point of p(t@ lies between

t and t , and the o1d directions should be used ; otherwise
P 0

3. let @ be the stationary point of a quadratic form fitted to
S

p @ and p , then
0P Q

. - - - & H
it ﬂo QS ) -J( ¢P ;as) J DR s then take step v ;

otherwise use the old directions.

The tests of step iv assume that ¢(_1;,e) is continuous along the
search direction (t -t ) between t =t and t = 2t - t . However,
PO I - "o
the formulation with SUMT has @(t.e) approaching infinity as t
approaches the boundary of the feasible region. Since Powell's
procedure does not guarantee that t = 2t -t 1is in the feasible region,
the tests in step iv may not be applicgblg. A satisfactory test,
based on Powell's rationale, to détermine whether the new direction
should be accepted, can be developed in terms of §,§ and § =p(t ,p),
where t = %(% + t ). Assuming that ﬂ(_i;,e) is convgxf then t wmust

M P O M
be in the feasible region.

The three tests combined in step 1iv can be replaced by the following

tests:

1. 1if (ﬂo- 20 + QP) £ 0 , then take step v i otherwise
M
2. if (~p + 4p -3p ) £ 0, then the stationary point of B(t.p)
0 M P

lies between t and t , hence the 0ld directions should be used ;
P Q
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otherwise

3. let @ be the stationary point of a quadratic form fitted to
S
fp,p and P , then
0P M
if J(p-p)-vy(p-p)é€ YD , then take step v ,
o’ PQS J R P
otherwise use the old directions.
The above three tests can be combined. Thus steps iii and iv become:
i1l. define @ = (t .e) and @ = p(t ’Q) » then calculate
0 0 P P
2
P=fs( t+t))p) and@=0-(P-0)/(8(0-20+p})}
M P 0 S M 0 P 0 M P ¥
iv. if (P-22+9)>0and
0 M P
either (a) (P -40+32)D0Q
0] M P
or (b) (@ -4p+3p)L0 and
0 M P
J(P-p)-d(p-0)®yD
0 S P 'S R
then go to 1 with t replaced by EP and with the old
0

P
With the above modification Powell's method was used with SUMT in the

set of directions : d ,d , ... , d ;
1 2

tests described in chapter 6. A Fortran IV program of the method

used is given in the appendices.
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3.9 One-dimensional search for the minimum of @.

The one-dimensional search algorithm to find the Tocal minimum
of the objective function was used in this study in conjunction with
the UQAs and SUMT. The algorithm (the programmed with the name QNED)
finds a sequence of feasible points; fits a quadratic polynomial to
the points, and locates the minimum of the polynomial. One of the
previous points is discarded and another polynomial is fitted to the
remaining points and the new point. This process is continued until
successive estimates of the minimum converge o within the prescribed

accuracy. The algorithm can be stated as:

i. set0(|=0 ,1:_] =1 and Q' = p(%) s
determine the largest negative move ( amin) and the largest
positive move ( amax) along d that can be taken without
violating the Tinear constraints ; determine the resolution
(the minimum distance between two points along d that are
considered as different pémnts)); for derivative methqds ,

form the directional derivative , dy = Vp'd 3

ii. form o , the move along d to the second point;
2
for derivative methods :oL2 = (Q)E-ﬂ])/dy s Where ﬂE is
an estimate of the minimum value of @ along d,

for non-derivative methods :®X = 5x(resolution) 3
2

{ii. if o(z),amax then 0(2:= (X 11- amax )/3 ;
ifol Lamin then X := (X 1+ amin )/3 ;
2

2,
evaluate @ att=1t+oCd ;
2 2 2
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if any of the non-linear constraints are viglated , then
if o )0 » set amax = o and go to iii, or
1fo( {0 , set amln =o<z and go to iii ;

if none of the non-linear constraints are violated, and if the
interval of uncertainty ( amax-amin ) is less than twice the
resolution , then terminate at the point with the Teast value
of @
form v( » the move along d to the third point; for derlvatlve
methods fit a quadratic to @ using dy and two pdints {b s
o« and f sl

2 2

LS
1

if the quadratic would predict a maximum , find o(sby extra-

polation; for non-derivative methods, find o{ by extrapolation
3

so that the interval spanned by the three points is three times

the interval spanned by the first two points;

AF o )amax, then °‘ = (o( +o< + amax )/3 ,

if o( £amin, then o( = (o( + ol + amin )/3 3

evaluate @ at t=t+old ;

3 3 3
if any of the non-linear constraints are vielated , then
if L D0 , then set amax =o{ and go to v, or
if °(3<0 » then set amin =o(3 and go to Vv ;
resetsamax and/or amin if th.e3funct1'on values bound the minimum
of P either above and/or below, and if the interval of uncertainty
can be reduced; if the interval of uncertainty < 2(resolution),
terminate at the point with the least value of @; if the

estimate of the second derivative is negative, terminate the
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vii.

viii.
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search; if it is less than the test value, then discard one of

the points and go to 1iv ;

forme , the move along d to the fourth point, by fitting a
4
quadratic polynomial to three points using ﬂ]’°§’¢2’°(’¢ and
2 3
ol ;
; [ 8
ifol Hamax, then o := (o +&K + amax )/3 ,
if 4>/ ’ 4 ( 5 "3 )/
if ol Lamin, then o 2= (R +k + amin }/3 3
4 4 1 2
evaluate @ at t =t+old;
4 4 4
if any of the non-linear constraints are violated, then
if &4)0, then set amax = o(4 and go to vii, or
if 9(440, then set amin = o(4 and go to vii;
reset amax and/or amin {f the function values bound the
minimum of @ either abgve and/or below, and if the interval
of uncertainty can be reduced; discard one of the four points;
if the interval of uncertainty is less than twice the

resolution, then terminate at the point with the least value
of #;

if the remaining three points do not bound the minimum of

f, then go to vi;

if the maximum permitted number of quadratic fits has been
exceeded then terminate at the point with the least value
of @

go to vi;
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A quadratic polynomial is of the form:

2
P =cX + ck + ¢ ...3.9.1,
1 2 3

where ¢ , ¢ and ¢ are coefficients.
1 2 3

Differentiating equation 3.9.1 gives:

dg / det = 2c10k e ...3.9.2.

P has a stationary value, @%, when d@/d¢ = 0 , or when

o = K* = -c2/ 2c] ...3.9.3.

Equation 3.9.3 is used in step iv to find & and in step vi to
3

find 044. In step iv, ¢ and ¢ are determined from the solution
1 2
of the following three equations:

2
g?_ = ¢ $ + ¢c®X + ¢ N --.3-9.4;
1 11 21 3
2
@ = col *+ CX *+ c , ...3.9.5,
2 12 22 3
dy =2cx + ¢ s ...3.9.6,
11 2
which yield: )
c = dy/(K-K)-(-0)( -g) ...3.9.7
1 1 2 1 2 1 2
c = dy - 2c¢ ...3.9.8.
2 11

In step vi, ¢ 3nd c are.determined from the solution of the
1

2
equatians 3.9.4, 3.9.5 and the following:
2
g, = ek + Ck tg ...3.9.9,
3 13 23 3

which yield:
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c =(p-p )@ - )k -¢) - (0-B)/0 -&K)( -e&)
1 1 2 1 2 1 3 2 3 2 3 1 3
...3.9.10
c =(p-p )R -k) =--c (K +&) ...3.9.11.
2 2 3 2 3 1 2 3

Equation 3.9.3 will predict a minimum provided that the second

derivative of @ with respect to o{ 1{s positive, or

2 2
dp/d = 2c] > 0 ...3.9.12

or

c] > 0 ...3.9.13

A Tower bound on c] can be obtained from the following:

consider three points o(g s s and & , where of = %(of + o¢) along
i J m m 1 J
the search direction d ;

let the function value at the three points be g.p and P ;

1 m
the coefficient ¢ for this case 1is :
1

(p]
—
1]

2
(0 -20 40 )/Ca) (X +oL ) ...3.9.14,
iom 1)

When using limited precision arithmetic, @§ can not be represented

exactly; hence
(1-p)p < p < (1+p)p «..3.9.15,
I7¢ m m 9¢ m
where ¢)¢ is the error bound on .

The smallest meaningful absolute value c¢  can have occurs when §

1 m
is given by:

p = (1% 9¢)(‘/2)( ﬂiwa‘) ...3.9.16.

m
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Substituting equations 3.9.16 into 3.9.14 gives ¢ , a test value

t

or C =
f 1

2
c =+2 ) (p+p )///( o + L) ...3.9.17.
t g 1] 1 J

The positive value from equation 3.9.17 is used in step 1iv to test

if a maximum would be predicted and in step vi. For step iv,

o =of and £ = .
i 1 b 2

For step vi, o« =6 andek =of.
i1 j 3

In step vii, the point to be discarded is chosen in the following

manners:

i. 1if the Tatest or the previous best point is an end point of
the four points, then discard the other end point and go to iv;
ii. 1if the four points do not definitely bound the minimum, then
discard the end point in the interval furthest from the minimum
and go to {vi
i{i. 1if the four points do bound the minimum, then discard the end
point which bounds the minimum and go to iv;

iv. return to the search algorithm;

A FORTRAN IV program 1isting of the above search algorithm used in
this study with the UOAs and SUMT is given in the appendices.
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3.10 One-dimensional search for the boundary of the feasible

region.

The one-dimensional search algorithm to find the boundary of
the feasible region was used in this study in conjunction with MFD.
The algorithm (programmed with the name FSMOVE) finds a sequence
of points within the upper bound move to the boundary defined by
the Tinear constraints. A quadratic polynomial is fitted to each
of the non-linear constraints and the smallest positive root-is
determined. OQne of the previous points is discarded and another
set of polynomials is fitted to the remaining points and the new
point. This process is continued until it converges to the boundary
to within the prescribed accuracy. The algorithm can be stated as:

i. set ® =0, t =t, f =f (& ), i=1,...R where R is the number
1 1 il i1

of non-Tinear constraints; determine the resolution (see
section 9 of this chapter); determine the largest negative
move (amin) and the largest positive move (amax) along d to
reach the linear constraints; form the negative of the direc-
tional derivatives of each of the constraint functions:

dy =- (¥f (8))'d, i=1...,R;
i i

ii. forme{, the move along d to the second point, from
2

e(z = minimum ( ( £ () - 5€)/dy 5 1=1,..,r);
i i

if «?amax, then setv<2 = amax;

evaluate f =F (t) at t =T+od d;
iz 1 2 2 2
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if any of the non-linear constraints have been violated,

then set amax = 0(2 and continue:

form .(3, the move along d to the third point, which {s an
estimate of the move to the nearest non-linear constraint

and is found from the solutions of f (t) =&/2 and of a
i
quadratic polynomial fitted to the values '#f , X f .o,
i 1, 12 2
and dy., i=Ts..4R;

i
if & Damax, then setoh = amax;
3 3

evaluate f =f (t})att =T + o d;
i3 i 3 3 3

if any of the non-linear constraints are violated, then set
amax =% and continue ;

reset amgx and/or amin 1‘%‘ the boundary is bounded either
above and/or below providing the interval of uncertainty
will be reduced ;

form c(4, the move along d to the fourth point, in a similar
manner as in step iii, except that polynomials are fitted to
each of the constraint functions using the values

f 9°<sf.’°(9f‘ and ® 3

it 1 12 2 13 3
if o »amax, then set = amax ;
4 4
4 _
evaluate f =f(t)att =% +o d;
i4 i 4 4 4

if any of the non-linear constraints are violated, then set

amax = °‘~4 and continue ;
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vi. 1f the interval in which the boundary lies is less than the
resolution, then terminate at the point in the feasible
region; if the maximum number of quadratic fits has been
exceeded, then terminate at the feasible point nearest the
baoundarys;
vii. discard one of the points and go to iv;
The quadratic polynomials are of the form 3.9.1, and the coefficients
are determined from the formulae 3.9.7, 3.9.8 or 3.9.10 and 3.9.11.
To reduce the amount of computer storage and effort required, advan-
tage was taken of the form of the non-linear constraints for the

structural probiem 1.2:

o L r Lo R q:.-];_.,L, s=1,..,M ...3.10.1.
min qs qs max qs

Thus polynomials were only fitted to each of the & , instead of
qs
to each of the f (t). The polynomials are of the form:
) i
0 =colt+CchtC ...3.10.2,
qs 1 2 3
An estimate of the move to boundary is given by the solution of
equation 3.10.2 with the following equations:

o = (0 + & )or= (o - &) ...3.10.3,
qs min qs 2 max qs 2

where € is given in equation 3.3.3. The four possible solutions

of equations 3.10.2 and 3.10.3 are given by:

2
L*¥=(-c _’r_/c -4 (c - 6 +%€) )/2c , ...3.70.4
2 2 1 3 max qs 1

or
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2
*=(-c + ~4c(c - & " -%¢) 2 ,
ol * c _jcz c] c3 )M :

2 min gs
...3.10.5
In step vii. the point to be discarded is chosen in the following
manner:

1. order the points such that & ¢ & <« Lo 3
1 2 3 4

ii. 1if the boundary Tlies between

a. ¢ andok , discard o , unless it is the newest paint ,
1 2 4
in which case discard X :

3
b. o4 andek , discard oK , unless it is the newest point,
2 3 1
in which case discard &« ;
4
c. & and X , discard & , unless it is the newest point,
3 4 1
in which case discard X .
2

A FORTRAN IV program 1isting of the above one-dimensional search

algorithm used with MFD in this study is given in the appendices.

3.11 Primal-Dual LP algorithm.

The Primal-Dual LP algorithm, programmed with the name PRMDUL
and used in this study with MAP and MFD, finds the optimum of the

problem:

minimize X L3010,

Cl
subject to Ax ¢ b, 0 £ x.

where the values in ¢, A and in b may be either positive or

negative.
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The inequalities in 3.11.1 may be converted to equations by the
addition of the variables, s , called slack variables,

minimize ¢' x+d' s 30012,

subject to Ax + Is = b.,0 ¢ x,0 € s.
A basic solution may be obtained by setting x = 0 thus

X = 0,5 = b ...3.11.3 .
where the variables in s are called the basic variables, and in
x are called the non-basic variables.

The LP algorithm moves from the solution 3.11.3 to the optimum
feasible solution by performing elementary row operations on the
coefficients of ¢ , d , A, L and b. An optimal solution is found
when all the components of the vector c' are greater than or
equal to zero. The vector c¢' gives the change in the objective
function for a unit increase in any of the non-basic variables. A
feasible solution is found when all the components of the vector b
are greater than or equal to zero. The algorithm PRMDUL determines
an optimal solution then searches for a feasible optimal solution
in the following steps:

1. determine a basic (feasible or infeasible) solution ;

ii. operate on problem 3.11.2 until an optimal (feasible or
infeasible) solution is obtained, using the Primal simplex
algorithm ;

{i1. operate on the optimal solution until a feasible solution

is obtained, using the Dual simplex algorithm.
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The Primal and Dual LP algorithms operate on the coefficients by
selecting the pivot element to give the largest increase in
optimality or the largest decrease in infeasibility respectively.

The Primal and the Dual algorithms are well documented!1> 29 and
will not be detailed further.

To save computer storage space, a condensed tableau which does
not store the matrix I but stores the variables associated with
the columns of the matrix A was used in PRMDUL.

A FORTRAN IV program 1isting of the algorithm is given in the

appendices.
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CHAPTER 4

EVALUATION OF FUNCTIONS AND DERIVATIVES

4.1 Functions and their derivatives.

The algorithms describéd in chapter 3 require some or all of

the following quantities:

F(t) » £ (8) » P(tsg) A1,
1
TF(t) » 7F (t) » 90(t.p) G2,
and '
2 - 2 2
VR - 1F (), Tote) 413
1

The derivatives in equations 4.1.2 and 4.1.3 may be obtained either
explicitly by differentiation or by a finite difference technique.

Thus, for problem 1.3 ,

F(t) =w' t Y % DY S
hence, by differentigtion,
VF(t) =w, and Y F(t) = Q G415
Similarly, .
f(t)= (& - ), (¢ -¢o ), (t -t)or
i max qs qs qs min gs max Jj J
(t -t ) 4106
Jj min j .
hence
Uf(t)= *%o ,orte , respectively 4107,
i qs j
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where e is the Jjth coordinate direction vector ,
J

and
2 2
VYf(t)=+%e , orQ, respectively , ...4.1.8 .

i qs
For the function :

r
p(t.e) = F(t) + g( 2 : (1/f (£))) 41,9,
1= 1

differentiation yields :

2
W(tp) =TF) + ol 2’5. (-17F(@) )FF(R))) ...4.1.10,,
i=1 i i

and
2 2 r 3
Tate) = TF) +ez§((+(z/f_(_t)> T (£).3F (9)'
1= 1 1 1

2 2
-(/f (1)) Tt
(/i(") ) I i(“) ?.}.4.1.11 .

The functions and derivatives in equations 4.1.9, 4.1.10 and 4.1.11
can be obtained from equations 4.1.4 to 4.1.8. Equations 4.1.6 to
4.1.8 require, in particular, the evaluation of

2
o,V andV o A2,

for which the algorithms are described in section 2 of this
chapter.
An alternative procedure for obtaining derivatives is to use
a finite difference derivative scheme. In a forward FD scheme, the
ith component of Ty is given by:
6y/5xi = (y(_7<_'+§_x_i) - ¥(X) )/6x1_ 813,

where
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y(X) is the value of yfX)at X ,

_81(_. is the vector { 0,0,..0,8x ,0,..,0)' , and
: X

i
& 1is assmall change in the {th variable , x .
! i

Similarly ,

‘Zy/ x &
T

- (y(z+§_>g{+_t_x__) -y@’f_&i) ~y(2+§§j) +y(® )

3
(6x )(dx )
i J

40114
Hence finite derivatives can be found for the functions F(t) , f (t)

i
and ﬂ(;,e) using equations similar to equations 4.1.13 and 4.1.14.

4.2 Stresses and their derivatives.

The evaluation of derivatives as described in section 1 of
this chapter requires some or all of the following quantities :
2
¢, % and V& A I

where

g is the M x L matrix of member stresses ,
Yo~ is the matrix of the first partial derivatives of g with
respect to the design variables t , and
_V_zcr is the matrix of the second partial derivatives of ¢ with
respect to the design variables.
The member stresses, ¢ ., for the truss problems, are taken as the
axial stress in each member and for the plate problems, as the
effective stress in each constant stress finite element. The

effective stress for the plate problems is defined as:
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2 2 2
66 =/[0 +0 - 00 + 30 LG4.2.2
4 ) 2 12 3 ‘
where
o; =  the effective stress,
G} = the direct stress in the first coordinate direction ,
G; = the direct stress in the second coordinate direction, and
0 = the shear stress for the first and second coordinate
3
direction.

In this study, the stiffness matrix method was used to find the
quantities in 4.2.1.
The matrix ¢ 1is obtained by solving the matrix equation :

P =Ku ...4.2.3,
for u and then operating on u , thus :

g=3u h2.4

where

P is an N x L matrix of N applied nodal loads for L load

cases

is an N x L matrix of associated deformations ,

=

|7=<

is the stiffness matrix , and
S 1is the stress-deformation transformation matrix .
The matrix, Vo=, is obtained by differentiating equations 4.2.3

and 4.2.4 with respect to the 1ith design variable, t , to give :
i
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Loe / bti] =[[05 /M’.i]y_ + KPu / hti]} ...4.2.5,
[b_o_‘/bti] =[Lb§_/bt;lg + _S_[bg/bti]) ...4.2.6,

where {.] denotes a matrix.

Rearranging equations 4.2.5 and 4.2.6 gives:

[Y_cg_/ ati] = (s Bti]g_]= _K_[_by_ / bti] ...8.2.7,
[[bg/ bti] - sy bti]_q]= §_[bg/bt1] ...4.2.8,

which are ofzthe.same form as equations 4.2.3 and 4.2.4.

The matrix ¥ o is obtained by differentiating equations 4.2.7 and

4.2.8 with respect to the jth design variable, t » to give:

j
1[623 / atiatj] - [z,?-g/ atiatj]y_ - [35/ Bti ][bg_ / btj]]:

[Oc/ 330w/ 0e] + xurdeae])
! ! VY a2,
and

2 2
U.B a/ Btibtj] - [B S/ Btibtj] u - Lb§ /vt Ju/ atj‘n=

2
Qs btj]lby_ / Bti] +sWOOuy btibt;}]
...4.2.10.

Rearranging equations 4.2.9 and 4.2.1Q gives:

2 2 ;
l[% P/Btiatj] - K/bti'btj] u - [ak/btilbyjbtJ] -{_bﬁ/btj]}g/bt?] -

2
S [3 g/btibtj] .

and
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2 2
d oyt 3 3-1d /3t 3t Y u - Pt Youne - § 3/t Y dusat
e
2
s wot 3t
1]

which are of the same form as equations 4.2.3 and 4.2.4.

...4.2.12,

Equations 4.2.3 and 4.2.4 are solved using the stiffness method. This
method can also be used to solve the equations 4.2.7 and 4.2.8 and

equations 4.2.11 and 4.2.12, providing the left hand sides of the

equations can be formed. Thus the following derivatives are
required:

to solve equations 4.2.7 and 4.2.8:

™, and §5 ...4.2.13
and to solve 4.2.11 and 4.2.12:

2 2 2

YP,.TK and 7S ...4.2.14,

VP 1is the change in applied forces caused by a change in the design
variables. YP and ]Eg_are null matrices for the structures and the
loading under consideration. In the stiffness method, the stiffness
matrix, K, for the assembled structure, can be obtained from the

element stiffness matrices, gﬁi for the unassembled structure by

using the equation: ‘

M
K= Z3AkA ...4.2.15,
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A 1is a displacement transformation matrix which is constant
—J
for the structure ;
2
hence YK and ¥ K can be considered from an elemental level.

The stiffness matrix for element Jj for the truss problems is

given by26 :
k = -1 ...4.2.16
J
1
where

t is the cross-sectional area of the jth member,
E 1s Young's modulus of elasticity for the jth member, and
J

1 1is the length of the jth member.
J

Hence, differentiating equation 4.2.16 with respect to the {th

design variable gives:

0 0
[Bg/bt = [ ]for 1#] o 82,17
i 0 0
bg/bt_] =1 - 1] , =] ...4.2.18.
N -]
TE1 1
J
Therefore
2
Tk =0 ...4.2.19.
i

The plane stress plate problems can be analyzed using triangular

constant stress finite elements. In this study the design variables
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were taken as the nodal thicknesses of each element. The stiffness

matrix for element s , k , can be shown to be26 :
S
k =t(t + t+ t ) C ...4.2.20 ,
[ j sl s2 s3
3A
123
where

t ,t , t are the three nodal thicknesses for member s ,
sl s2 is3

A is the area of the triangular element s, and
123

C is a symmetric matrix of constant coefficients
formed from the nodal coordinates and Poisson's
ratio.

pifferentiating equation 4.2.20 with respect to the 1ith nodal

design variable gives:

a&,/bt = 0 , ifsl, i#s2 and i#s3 ...4.2.21 ,

s i
Q& /¥ = E. C, i=s1, i=s2 or i=s3 ...4.2.22 ,

s i 3AY -
123
2

Hence Tk = 0, ...4.2.23 .

S

The matrix S transforms nodal displacements into member stresses.

For the trusses, the stress transformation matrix for member j

is given by:
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S =|[E il—] 1?! ...4.2.24 5

J -
]o
J
hence
T}_S_/&t}= 0, forall i and j ...4.2.25 .
J i
Thus,
2
¥$ = 0 and ¥§ = 0 1..4.2.26 .
Similarly, for the plane stress plates,
S. - (] )_D- e 4.2.27 ]
~J 2R
123
where

D is a matrix with terms which are functions of the nodal

coordinates.
Thus
2 -
¥S = 0 and 7S = Q ...4.2.28 .

—

Thus for the two types of structure considered, equations 4.2.7 and

4,2.8 simplify to

n

- &/t u
1

+ (2o /vt
i

k{du 7 2t3 42,29 ,
1

n

sfou/at) ...4.2.30 .
1
Equations 4.2.11 and 4.2.12 simplify to

- {[aymi}[ Bybtj} ¥ [by‘btj}[byjbti}] = K [32 Watibt;

...4.2.31

and
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2 2
+ Y_B o/ btibtj - _s_[b u/ atic)tj] 42,32 .

The solution of equations 4.2.3, 4.2.4, 4.2.29, 4.2.30, 4.2.31
2
and 4.2.32 gives 0, Vo and ¥V v directly for the truss problems,

but only gives ¢, o, O and their derivatives for the plate
T 2 3
problems. The derivatives of the effective stress , gﬁ, can be

obdained by differentiating equation 4.2.2. Thus, since

/2 2 2 / 2
g =Jo +060 -0c0 +3¢ = [0 ...4.2.33,
4 1 2 12 3 4
then
2

173 2 1Y Mo ) ...4.2.34,

41 = | (0 ) 4
o3 ( 4 S

i i )
hence

60-4 1 {2 (00-1) 2 (:;2 60—2 (60.1) 6 60'3

= o + 20 - - + 66

LI (2?‘) 1\3%/ 2 ) Tlae) 2 \oe

i 4 i i i i t

i
...4.2.35.

Differentiating equation 4.2.34 with respect to the jth design
variable gives :

(b%) -1 NVl e b,(o*,zg) 1 32(0-2)

4 4 4 |+ ...4.2.36,
3t Ot —lFI\ AT 726 |\ot 5t
i 2\ 4 j i Y A
2 2 2
' )64 " 60-4 60‘4 "2? ’ (0-4) 4.2.37
- + 2 oo Toluo )
DT |= 6-; ¥ Aot 4)\¥ 3t
1] i J i 3
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where

)2(0'2) Do \[ 3 c\[dc\ Po\[dr\ [dc\[dr

T_g_ =3 4.3y _a\+2[_2\ 2\-( gl 2 2l 1)+
t Ot - ' e
i3 dt A Ot ot Adt | Bt 1ot | 3t Adt
J i J'z i J 21 j 21
c\[dr\ : 2. [d o s d o
3V -3\+*26) 1 \t20| —2VLqg| —2 -
Ot Ko N8t At 2t 3t | 1ldt ot
J i i i d i J
2 2
do bYa
cl—1 \+60 | -3 ...4.2.38.
2 Pt ot 3\t ot
i j i

Equations 4.2.36 and 4.2.38 can be simplified to give:

2 2 2
30’4_ 1 - zb_cr] 30'2 80‘1 0'1_30'2 X
MM | 2o ) 1 M ‘(b‘t_bt d )L Pt ) |t
J i i 3 J

i d 4 i

2

AN AV AT ANE:
Gz(ﬁlbt\)‘ bt‘at)} ¥t 5t.>- %)

1 1 J 1

1
J J J
(f_o; 9_63 L d \ o
% b bt | \de bts) TR R
1] T i J
... 4.2.39,
2

Equations 4.2.35 and 4.2.39 enable Vo-and ¥ ¢~ to be evaluated for
the plate problems.

The ;solutions of the stiffness equations, 4.2.3 and 4.2.4, and
the derivative equations, 4.2.29 to 4.2.32, are given in the

following section of this chapter.
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4.3 Solution of the stiffness and derivative equations.

The solution of the stiffness equations, 4.2.3 and 4.2.4,

is given by the following algorithm :

i. assemble the basic data for the idealized structure: ...4.3.1
position of nodes, Tocation ‘of members, boundary conditions,
material properties and the applied loading ;

ii. determine the band width of the structure stiffness matrix,
K » and the campact storage index matrices ;

1il. calculate the element stiffness constant, stress trans-
formation and weight transformation matrices ;

iv. 1insert the boundary conditions into the element stiffness
constant matrix so that the rigid body degrees of freedom
are removed. (This was done by replacing diagonal terms
of affected rows and columns with ones and the other terms
of affected rows and columns with zeros);

v. determine the design variable values (input data or output
data from the optimization algorithms) ; form the element
stiffness and structure stiffness matrices ;

vi. decompose the structure stiffness matrix, thus: K = U'U,
where U is an upper triangular banded matrix, using the

following formulae :

i=1
U = K - (U U ) ...4.3.2,
i i1 r= riri

i-1
u = (K -2 (v u ) YW 1) . Iyl ...4.3.3.
1J d orst rind 1
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vii. solve P = U'U u , using a dummy solution, q , thus:

P=U"q, theng= Uu, giving u , using the following

formulae:

i-1
qQ = (P - Z2( U q ))( /U ) ...4.3.4
1 r=1 ror i1

A
u = (q_ -z u))(]/U ) 435,
1 1 r=1+ ir

where
A 1is the order of the stiffness matrix.
viii. solve @=S u , giving 03
ix. for plate problems, determine ¢ from § ,00 and ¢ using
equation 4.2.2 ; * e ’
The solution of the first derivative equations 4.2.29 and
4.2.30 is given by the following algorithm, assuming that steps
i to 1ix have been performed already:
for 1=1,..,P, ...4.3.6 ,
x. form {oK/dt ]u :
xi. perform step vii, but with [bK/OtJu replacing P, yielding (b_/bt}
xii. perform step viii. but mthibu/bt } replacing u, yielding (_b__/‘bt]
xiii. for plate problems, determine Vo from Yo, Vo and Vg using
equation 4.2.35 ; ! ] : ’

Steps 111 to xii will be repeated for each full partial derivative

evaluation. For step x, VK has already been formed in step {ii.
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The solution of the second derivative equations 4.2.31 and

4.2.32 is given by the following algorithm, assuming that steps

i1 to xiil have been performed:

for i=1, .. ,P3sJi=1i, .. sP3 ...4.3.7,

xiv. form}JOk/dt Qou/dt Y + {dk/dt §} du/dt Ylas in equation 4.2.31
(e Jouae} + (Y ans

xv. perform step vii, but with the above expression replacing P %
2
xvi. perform step viii, but with[b %/bt.at ) replacing u ;
137

xvii. for plate préhiems, determine ¥ ¢ using equation 4.2.39 ;
4

FORTRAN IV program 1istings of the algorithms used in this study

are given in the appendices.
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CHAPTER 5

COMPUTATIONAL EFFORT

5.1 Introduction.

Computational efficiency is an important consideration in
the comparison of the NLP methods introduced in chapter 1. When
using electronic computers, computational efficiency can be
measured by the computational effort and the computer storage
space required to solve the problem. The storage space required

is becoming less important as computers increase in size. How-

ever, inefficient data storage and access may increase considerably

the computational effort. Recommendations?’

regarding the storage
and access of data for the computers used in this study were
implemented wherever practical.

The computational effort expended is a function of the
efficiency of the computer program for the algorithm. As will
be shown later in this chapter and will be seen in the results
in chapter 7, the major computational effort is used in the
evaluation of functions and their derivatives and since the routines
used for these evaluations are common to all the algorithms, any
inefficiencies in their programming will affect all the algorithms
similarly.

A multiplication with present day computers takes more

computer time than an addition or subtraction, and since divisions
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are relatively few in number, computational effort is often
measured by counting the number of multiplications required to
perform the operation under conskderation. Such an analysis omits
the computational effort invelved in forming DO loops, array
subscript arithmetic, and logical statements, and since multi-
plications may compose only a small proportion of the computational
effort expended, a more realistic measure of compuftional effort
is the amount of computer time required to solve the problem. In
this study, Central Processor Unit (CPU) time was used as the
measure of computational effort. Included in the CPU time are
the times needed to load registers, to execute the instructions,
and to store the results. Estimates for CPU time for the IBM
360/67 are developed in the succeeding sections of this chapter
using the following procedure :

i. describe the algorithm : see prec?ding chapters ; ...5.1.1
ii. program the algorithm in FORTRAN ¢ see appendices ;
iii. translate the FORTRAN program into an ASSEMBLER program ;
iv. assign to each of the ASSEMBLER instructions a published
average instruction time28 for the computer used ;
v. sum the times.
It should be noted that step iv was only performed on the
instructions which constituted the major computational effort.
It should also be noted the times resulting from the application
of procedure 5.1.1 are dependent on the programming of the FORTRAN,
on the FORTRAN/ASSEMBLER translator (compiler) and on the computer
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and hence can only be, at best, approximations to the actual

effort required.

In an optimisation, the computational effort expended con-

sists of three components :
1. the effort used by the optimisation algorithm ;
2. the effort used to evaluate functions ;

3. the effort used to evaluate derivatives.

Estimates of these three components are considered in the

following sections of this chapter.

5.2 Effort used by the optimisation algorithms.

By inspection of the algorithms presented in chapter 3, it
can be seen that a large proportion of the computational effort
will be expended in performing the following steps in the
algorithms:

MAP - step v. solve the LP problem ,

MFD - step v. solve the LP problem to give the search
direction, and

SUMT - step 111: minimize ¢(§;e) using the UOAs, where a large
proportion of the effort is used in determining

the search direction.

In the LP problems, the major computational effort in each LP
iteration, is used in finding a pivot element and in transforming
the LP tableau. Procedure 5.1.1 was applied to the primal-dual

algorithm described in the previous chapter and gave the
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computational effort to select one pivot and then transform the

LP tableau as
T =39.3rc + 1g4.1r + 101.5¢c + 91.9 «..5.2.1
5.2.1
where
T s the CPU time estimate in microseconds on the IBM 360/67 ,
r 1is the number of rows in the matrix A of the LP problem
(3.2.1), and

¢ 1is the number of columns {n the matrix A of the LP problen.

Zoutendijk]] estimates that the number of iterations required by
a primal simplex LP algorithm to produce an optimal solution is
between 1 and 2.5 times the number of rows in the primal
problem. Similarly the number of iterations required by a dual
simplex LP algorithm to produce an optimal solution is between 1
and 2.5 times the number of columns in the primal problem.
Observations of preliminary trials on the structural problems
indicate that a value of 1.5 times the number of columns gives
approximately the number of iterations required by the LP algorithm
used. Thus an estimate of the computational effort to find the
solution of the LP grob]ems is gpproximate1y~given by :

T5 29 =58.95¢cr+152.3¢c +216.2rc+137.9¢c ...5.2.2

For the class of problems considered, when using MAP,

r=P+2lM , c=P ...5.2.3,

and thus r 1is approximately given by :
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r = 6P ee.5.2.4 3
hence the computational effort to find the solution of the LP

problems associated with MAP is given by :
3 2

T =353.7P + 145Q°P + 137.9 P ...5.2.5,
5.2.5

When using MFD for the problems considered, the number of rows is
given by:

r = P + va2LM ...5.2.6,
where v 1is the proportion of non-linear constraints considered as
active at the current point.

The value of v has been found to give r approximately as :

r = 1.5P ...5.2.7 3
hence the computational effort to find the search direction by
solving the LP prob]egs is given b%‘:

T = 88.43P + 476.6 P t+ 137.9°P ...5.2.8.
5.2.8

When using MFD, extra computational effort is used to Tocate the
houndary of the feasible design space. Applying procedure 5.1.1

to the search algorithm (FSMOVE) gives the computational effort
necessary to locate one point by using a quadratic fit and associated
'housekeeping' operations as :

T = 339.0R, ...5.2.9,
5.2.9

where R is the number of non-linear constraints used.
Assume that R = 2P , then

T = 678.0 P ...5.2.10.
5.2.10
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Typically, only three points are required to locate the boundary,
hence

T = 2034 P ...5.2.11.
5.2.11

Thus, with MFD, the effort to generate and search along a direction,
excluding any function or derivative evaluations, is given approxi-
mately by combining eguations 5.2.8 with 5.2.11 to give:

2

T = 88.4P + 476.5P + 2172 P ...5.2.12
5.2.12

When comparing equations 5.2.8 with 5.2.12, it can be seen that the
extra effort to search is not as significant as the effort required
to generate the direction.

When Newton's method {s used with SUNT to minimize @(%.p), the
major computational effort is used in solving equations 3.5.7, which
are both linear and symmetric. The procedure 5.1.1 when applied to
the equation-solving algerithm (GELS) gave the computational effort
to solve equation 3.537 as:

T =10.68 P + 112.9P + 102.2°P ...0.2.13
5.2.13

When Fletcher-Powell's method is used with SUMT, the major compu-
tational effort is in steps 1i1 and v as described in chapter 3
section 6. The procedure 5.1.1 was applied to those steps in the
algorithm (FLEP). The computational effort used to perform steps
ii1 and v is given by:

2
T = 129.6 P+ 99.20 P + 12.61 ...5.2.14.
5.2.14

When Stewart's method is used with SUMT, the computational effort

required to perform steps 1il and v, as described in chapter 3
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section 7 is given as é

T = 129.6 P + 400.6 P + 40.80 ...5.2.15.
5.2.15

When Powell's method is used with SUMT, the computational effort
to generate a new search direction and to perform the matrix
manipulation prior to each one-dimensional search is given by the
following :

T = 16.21 P + 56.78 ...5.2.16.
5.2.16

When using a one-dimensional search to find the minimum along a
search direction in conjunction with an UOA and SUMT, the computa-
tional effort necessary to perform one quadratic fit and associated
'housekeeping' operations, but to exclude any function or derivative
evaluations was estimated by procedure 5.1.1 to be:

T = 23.59 P + 4l12.2 ...5.2.17.
5.2.17

A Tower bound on the number of new points along the search direction
i§ 3 , although typically between 4 and 9 points along the direction
are required to lTocate the minimum. Thus, assuming that on average,
% points are required to locate a minimum and that T is
approximately equal to the computational effort requi?ég'lg locate
any of the points along the search direction, then the computational

effort used during a one-dimensional search is given by :

T = 153.3 P + 2679 ...5.2.18.
5.2.18

Combining equations 5.2.18 with 5.2.13 to 5.2.16 gives the

computational effort to generate and search along a direction; but
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exc]udes-the effort for any function or derivative evaluations,

for Newton's method as

3 2
T = 10.68 P + 112.9 P + 255.5 P +. 2679
5.2.19 ' : ' , veeb.2.19,
- for Fletcher-Powell's method as :
T = 129.6 P + 252.5 P+2692 o ...5.2.20,
5.2.20 ‘ ‘
for Stewart's method asz:»
T = 129.6 P+ 553.9P + 2720 ...5.2.21,
- 5.2.21 T : : '
and for Powell's method as :

T = 169.5 P + 2736 ...5.2.22.
5.2.22 e

Comparing equations 5.2.13 to 5.2.16 with 5.2.19 to 5.2.22, it can
be seen that; with the exception of Powell's method; the computa-
tional effort to perform a search is not very significant compared

with the effort to generate the direction.

5.3 Effort used in evaluating functions.

The - function evaluations required. by the optimisation algorithms
are the determination of : -

F(t) + F(2) and/or (L.p) 3T,
1 .

in which the major computational effort is used in determining the
stresses, ¢ . The algorithm used to determine ¢ is given in section
3 of chapter 4. In the gptimisation process, steps i to iv of

“the algorithm will be. performed only once, whereas steps v to viii



81
will be repeated many‘times."Thekefore<the'COmputationa1'effort

used in steps 1 to 1v will not be considered further.

A1l the major computational manipulation in steps v to viii can
be formed from the following operations : |
1. 1ocatg an element in a vector; using subscript arithmetic,
and post it into anqther-vector';
2. add the product of an element in another matrix and an
element in a vectéf to an element in a matrix ;
3.. add the product of two elements in a matrix to a scalar ;
4. vreplace an e]ement in a matrix by the difference of the
| e]ement and a scalar ;
5. replace a diagonal e]ehent in a matrix by the reciprocal
of its square root ;
6. replace an element of a matrix by its product with an
.element of a vechr;

Applying procedure_5.1.1_gives the fo]]oﬂing results:
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Table . 5.3.2: Computational effort for basic operations

Operation CPU time ( microseconds)
1 19.24
2 19.31
3 17.96
4 23.22
5 - 115.28
6 15.53

Using the values 1in tab]ev5;3.2; the computational effort to
complete step. v is given approximately by :

I = 19.24 (M)(C) 4+ 19.3T (M)(E) ...5.3.3,
'5.3.3° - » ~ '

where M 1is the number of members , .
C is the number of design vafiables which affect the
membe stiffneSS'matrix; and
E is'the.number of elements in the upper part of the
member stiffness matrix.
Similarly, the computational effort to complete step vi 1s given

approximately by :

T a4 '=.'17;961(B)(3*1)(3AAZB*1)/6 + 2322 (B-1)(2A-B)/2
+ 115,28 A + 15.53 (B-1)(2A-B)/2 .5.3.4
or
T5»3 5 = 17.96 (B)(B~1)(3A-2B+1)/6 + = 38.75 (B~1)(2A-B)/2

+  115.280 | 535,
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where- A 1is the order of the system stiffness matrix; and
B s the bahdwfdﬁh of the system stiffness matrix
The'computatiqnal effqrt ta comp]ete step vii 1is given approxi-
mately by: | |

T = (2) ((19.37 (B-1)(20-B)(L)/2) + (38.75 (A)(L)))
5.3.6 ' R - ..6.3.6

where L 1is the. number of load caSes;'
The computational effort to complete step viii 1is given
approximately by :

T = 19.24 (L)YMOD) + 19.30 WMO)S)  ...5.3.7,
5.3.7 o T - -

where D 1is the number of nodal displacements associated with
each member, and
S is the number of components of stress associated with
each. member. |
Equations 5.3.3 to 5.3.7 can be simplified by substituting values
for the variab1e5'frqm structural problems of the type given in
chaptgr,é.:'Thus;'fbr the truss prob]ems; assume that
M=P,C=T,E=10,A=2P+2, B=P+3 L=20=4,and
§=1 , - 7 _'.>..'_5.3.'_8.
substituting equations 5.3.8 into 5.3.3 gives:

T = 19.24 P + 193.1P = 212.3 P ...5.3.9,
-5.3.9. : : - )

into:5.3.5 gives :
T = 17.96. (P+3)(P+2)(4P+1)/6 +. 38.75 (P+2)(3pP+1)/2 +
S 5.3.10 00 . ' :
© . 115.28.(2P+2) ‘ C.ai5.3.10 5

or
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3 2 | -

T =12.0P +121.0P +453.0 P+ 287.3 . ...5.3.11,

5.3.11 IR ~ |

into 5.3.6 gives :

T = (2) ( ( 19.31 (P+2) (3P+1)/2) + (38.75(2P+2)(2 Z
©5.3.12 > (1931 ( *2)(3pr1)72) + (38.75( }(.?? .3.12
or
2 = . o
T % 57.9P + 445.2 P + 8.6 ...5.3.13.
0 5.3.13 . e ‘ ‘ |
into 5.3.7 gives : »
T =. 19.24 (2)(P)(4) + 19§31.(2)(P)(4)(1) ...5.3.14,
‘5.3.14 - ~ - - :
or
r = 308.4 P . ...5.3.15.
'5.3.15 o

Simi]ar1y; for the plate prob1ems; assume.that
M

n

1.5P-4, C =3, E=21, A= 2P, B=.25P +6sL = 2, D = 6 and
s=4, | ..:5.3.76.
Substituting equations;5;3.16 int0;5;3;3 gives:
'_T5;3;]7 ;,19(24(1;5PA4)(3): + 19;31(1;5Pq4)(2]) = |
694.9 P - 1853 ...5.3.7,

into,5;3.5 gives:

T = 17.96(.25P+6) (. 25P+5)(6P~.5P-11)/6 + 38.75(.25P+5)(4P-
.25P-6)/2 -+ 115.28(2P) ' ...5.3.18,
or ,
: 3. 2 o
T =1.03P +61.4P + 1968.1 P - 2073 ...5.3.19,
~5.3.19 T R o |

into 5.3.6 gives :

T _=;(2)-((19.31)(,25945)(4P=.25P46)/2 + (38;75)(2P)(2%)3_

5.3.20 20,
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or

T = 18.1 P
5.3.21

2 .
+ 488.1 P~ 7579.3 - ...5.3.21,

into 5.3.7 gives :

T = 19,24 (2)(1.5P-4)(6) +. 19.31 (2)(1.5P-4)(6)(4)
©5.3.22 - - SO - ..5.3.22,
or |
. = 1737 P - 4631 ©...5.3.23.
"5,3.28 ‘ .

From equations 5.3.9, 5.3.11, 5.3.13 and 5.3.15, the computational
~ effort.needed to.evaluate the stresses in the trusses is given
approximately by :

: : .2
T = 12.0P + 178.9P + 1420P + 635.9 . ...5.3.24.
- 5.3.24 ‘ ’ '

From equations 5.3.17, 5.3.19, 5.3.21 and 5.3.23, the computational
effqrt needed to,evaluatg'the stresses in the plates is given
approximate]y by :3 o
T ~ =1.03P +79.5P  + 3888 P - 9136 ...5.3.25.
5.3.25 ;

5.4 Effort used in evaluating derivatives.

The derivative eva1uat10ns required by the optimisation
algorithms are the determination of :
. 2 . ..2 2 .
TF(R), TF(8), W)y TR, T (0) and Tp(te)  -..54.1,
in which the major computational effqrt is used to determine the
derivatives of the stresses;' The algorithms used in thfs study are

~given in section 3 of chapter 4. Using the values in 5.3.2, the
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computational effort to complete stepxP times is given

approkimate1y~by:: ,

| 2
T = (19.24 (LYY (C)/(PY + 19.31 (LY(D ) (M(CHP)) (P)

~5.4.2. .
C...5.4.2.
- The effort to complete step xi,P times,is given by:
I = (1 )m® ..5.4.3
~5.4.3  5.3.6

and to complete step Xii‘,P times 1s given by:

T ‘-(T | )' (P) .54,
544 \ 537/ 4.

Thus, for the truss problems, substituting the values 5.3.8 into

equation 5.4.2 gives:-

T = 19.28 (@) + 1931 (2(6)(P)T) -

RS e ...5.4.5,
into equation 5,4;3 gives: |

T 597 4 445.2 PZ' + 348.6 P ...5.4.6,

sas “ 8.

and -inte equation 5.4.4 gives:
R )

T = 308.4 P | .57,
5.4.7 - ' -

Similarly for the plate problems, substituting the values 5.3.16

into equation 5.4.2 gives:

T = 19.24 (2)(6)(1.5P-4)(3) + 19.31 (2)(36)(1.5P-4)(3) -

5:4.8 = S0P - 16,960 ..5.4.8,
into equatién,5.4.3'giyes:‘_ )

T = 18P + 488.1P - 579.3 P 549,

-5.4.9
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and into equation,5*424'gives; 4 |
T = 1737.P - - 4631 P ...5.4.10.
25.4.10 0 o -
From equations'5,4;5 tq 5.4;10;.the'computatTOna1 effort to
.éya]uate the first derivatiVes.of stress; assuming thét.the

stresses have a]readyébeen evaluated; is given approximately by:

T = 57.9P + 753.6 P + 1120 P BN RIA
5.4.117 S -
for trusses, and approximately by:
3 2
T = 181 P  + 2225 P - 16960 . ..s5.4.12,
h.4.012 : - S '

for the plates.

The computational effort to evaluate the first derivatives of

stress using finite differences;'is‘given approximately by:
' 4 -3 2 ‘

T = 1200+ 178.9P  + T1420P + 6359 P
B.4.13 : : : : : .
h ---5.4‘-‘[3’
for the trusses, and zy; . )
T = 1.03P + 79.5P + 3888 P - 9136 P ...5.4.14,

- 5.4.14
for the plates.
The computational effort to complete step xiv P(P+1)/2

times ,is given by:

= [T N\ () (pe1)/2 ...5.4.15,
T5.4.15 (;5.4.2) 2) (P -
to complete step xv ,P(P%l)/ZItimes is given by:
T - [1 > (P+1)/2 ...5.4.16,
.T5.4{]6 \.5.4.3, SR '

and to complete step xVi) P(P+1)/2,times/is given by:
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T = ('T (P+1)/2 ...5.4.17.
5.4.17 5.4.4

Thus, substituting the values 5.3.8 for the truss problems into

equation 5.4.15 gives:

2
T = 771.8P + 771.8°P ...5.4.18,
5.4.18
into equation 5.4.16 gives:
4 3 2
T = 28.95P + 251.6P + 396.9P + 348.6°P
5.4.19
...5.4.19,
and into equation 5.4.;7 gives:
T = 154.2 P + 154.2 P ...5.4.20.

5.4.20

Similarly, for the plate problems, substituting the values 5.3.16

into equation 5.4.15 gives:

2
T = 5210P - 11,750 P - 16,960 ...5.4.21,
5.4.21
into equation 5.4.16 2ives:
3 2
T = 9.05P + 253.1P - 45,6 P - 289.7°P
5.4.22
...5.4.22,
and into equation 5.4.17 gives:
3 2
T = 868.5P - 1437 P -~ 2316 ...5.4.23.

5.4.23

From equations 5.4.18 to 5.4.23, the computational effort to

evaluate the second derivatives of stress, assuming that the

steesses and their first derivatives have already been evaluated,

is given approximately by:
s 9 p A 3 )

T = 28.95P + 405.8P + 1323P + 1120°P
5.4.24

...5.4.24,
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for the trusses, and 2pproximate1%~by: )

T = 9.05P + 1122P + 3728 P - 12040 P...5.4.25,
5.4.25

for the plates.

The computational effort to evaluate the second derivatives of

stress using finite d%fferences, Zs given apprgximate1y~%y:

T = 6.00P + 95.5P + 798.9P + 1027 P +317.9°P
5.4.26
...5.4.26,
for the trusses, and approximately by:
5 4 3 2
T = .515P +40.3 P + 1984 P - 2624 P ~ 4568 P ~ 4568
5.4.27
...5.4.27,

for the plates.

Figures 5.4.28 and 5.4.29 respectively plot estimated compu-
tational effort required for the trusses and plates of chapter 6
using an IBM 360/67 computer to evaluate a function (as given
approximately by equations 5.3.24 and 5.3.25), a first derivative
(as given by equations 5.4.11 to 5.4.14), and a second derivative

(as given by equations 5.4.24 to 5.4.27).
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)

Table 5.4.30: Estimated function and derivative effort ratios;, E

. P-BAR TRUSSES , P =  P-NODE PLATES , P =

3 7 13 21 4 9 16 25
[ g 1.81 2.75 3.56 4.05 2.55 5.34 8.07 10.8
v?g 0 4.18 12.0 25.8 45.3 11.0 82.4 76.6 150.
Px@ g 3.00 7.00 13.0 21.0 4.00 9.00 16.0 25.0

2
(P +P)p  6.00 28.0 91.0 231. 10.0 45.0 136. 325.
2.

7 Px@  0.60 0.3% 0.27 0.19 0.64 0.59 0.51 0.43

2 2
Ve (E_§§9¢ 0.70 0.43 0.28 0.20 0.91 0.72 0.56 0.46

Table 5.4.30 gives effort ratios obtained from the results shown

in figures 5.4.28 and 5.4.29. The effort ratios are defined by:
E = the computational effort to evaluate A / the computational

A,B
effort to evaluate B ...0.4.31.

5.5 Total computational effort.

The results obtained in the previous three sections of this
chapter are summarised in this section.

One iteration in MAP requires, a function evaluatéon, a first
derivative evaluation, and the solution of the LP problem. Thus
an estimate of the total computational effort required by MAP to
perform one iteration on a trusg problem, is given by:

T = 423.6 P + 2383 P + 2678 P + 635.9 ...5.5.1,
5.5.1

B
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and on a plate prohéem 1s given by:
2

T, T 328 + ISP+ 408 P - 26100 ...5.5.2.

One search in MFD requires, a function evaluation, a first
derivative evaluation, the solution of a LP problem and two more
function evaluations on average, to locate the next set of con-
straints. Thus an estimate of the total computational effort
required by MFD to perform one search on a truss problem, is given

by:

3 2
T =182.3 P + 2840 P + 7549 P + 1908 ...5.5.3,
5.5.3 '
and on a plate problem is given by:
3 2
T =109.6 P + 2940 P + 13840 P - 44370 ...5.5.4,
5.5.4

One search in Newton's method with SUMT requires a function
evaluation, a first and second derivative evaluation and 5.5 more
function evaluations on average, to find the minimum along the
direction. Thus an estimate of the total compufational effort
required by Newton's method to perform one search on a truss
problem, is given Zy:

3 2
T =29.0P +552.0P + 3351 P + 11720 P + 6812 ...5.5.5
5.5.5

and on a plate problem, is given by:
4 3
T =9.05 P + 1158 P + 6583 P + 13490 P - 73670 ...5.5.6.
5.5.6
If the ohjective function were quadratic, then Newton's method

would require only one iteration to find its minimum.
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One search in Fletcher-Powell's method with SUMT requires a
function evaluation, a first derivative evaluation and 5.5
function evaluations, on average, to find the minimum along the
direction. Thus, an estimate of the total computational effort
required by the method to perform one search on a truss problem, is
given by: 3 )
T = 135.9 P + 2047 P + 10600 P + 6825 ...5.5.7,
5.5.7
and on a plate proglem, is g;ven by:

T =24.8P + 2872 P + 25520 P - 73660 ...5.5.8.
5.5.8

Similarly, when Stewart's method with finite difference derivatives
is used, the total computational effort to perform one search on

a truss problem is4given by«

2
T =12.0P +156.9P + 2712 P + 10400 P + 6853 ...5.5.9,
5.5.9
and on a plate problem, is given by: )
3
T =1.03P +8.2P + 4535 P + 16690 P - 56670 ...5.8,i0.

5.5.10
If the objective function were quadratic, then both Fletcher-Powell's
and Stewart's methods would require no more than P iterations to
find its minimum.

When Powell's method is used with SUMT, then the total com-
putational effort to form and search along a direction on a truss
problem, is given b§: )

T =78.0P + 1163 P + 9393 P + 6869 ...5.5.11,
5.5.11

and on a plate problem, is given hy:
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3 2

T =6.70 P + 5817 P+ 25440 P - 56650 ...5.5.12.
5.5.12

Powell's method requires P or P+l searches per iteration, and

requires no more than P iterations to minimize a quadratic function.

For the truss problems and the plate problems respectively, figures
5.5.13 and 5.5.14 plot estimates of the computational effort required
by each method to complete one iteration using an IBM 360/67 computer
(as given by equations 5.5.1 to 5.5.12) against the number of design

variables.

An iteration is defined as:
the solution of one LP problem when using MAP,
the solution of one-dimensional search when using MFD, N1, FP

or ST, and

the solution of P one-dimensional searches when using PQ.

Measurements of the actual computational effort used by each

algorithm during one iterationare given in chapter 7.
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CHAPTER 6

TEST PROBLEM DATA

6.1 Description of the tests.

Chapter 5 developed estimates of the computational effort
required by each of the algorithms on the two types of structural
problem under consideration when using an IBM 360/67 computer.
This chapter gives details of test problems investigated using
an IBM 370/145 computer to ascertain the actual computational

effort used by each of the algorithms. The following results were

recorded:

1. the number of
a. one-dimensional searches,
b. function evaluations, and
c. derivative evaluations;
2. the CPU time expended in
a. evaluating functions,
b. evaluating derivatives, and
c. performing those operétions required by the optimisation
algorithms; and
3. the value of
a. the objective function and

b. the structural weight.
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The CPU times, measured using a system subroutine, do not
include CPU effort expended performing input/output operations.
The test structures used are:
3, 7, 13 and 21 member pin-jointed plane trusses, and
4, 9, 16 and 25 node {dealization plané stress plates,
all subject to two load cases, with upper and Tower bounds on

stress and design variable values. Data for the structures are

given in the following sections of this chapter.

The optimisation algorithmsused are summarized in section 7 of
chapter 2 and are detailed in chapter 3. Selection is made of
arbitrary coefficients and other parameters required by the

algorithms in section 3 of this chapter.

6.2 Test structure data

The trusses used in this study are similar to one investigated
by Schmitzg. The design variables are the member cross-sectional

areas. The configurations of the test trusses are shown in figure
6.2.1 and have the following common data:

initial cross-sectional area of all members = 1.0,

load case 1, P] = 15.0, P2 = 25.9808,

load case 2, P =-20.0, P = 0.0,

Young's modu]ul of elastisity = 1.0,
1.0,

20.0, ...6.2.2

density

t .
max Jj

|

t = 0.01,
min j
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o = 20.0,
max qs
o =-15.0.
min qs

The plane stress plates used {n this study are rectangular and
are subject to two load cases, one of pure tension and one of
pure shear. The nodal thicknesses of the finite element idealiza-
tion are the design variables. The plates have the configurations
shown in figure 6.2.3 and have the following common data:

the initial thicknesses of the nodes are determined from

linear ingerpolation using the initial thicknesses of the

nodes of the 4 node plate,

Young's modulus of elasticity = 10,000,000.0,

Poisson's ratio = 0.3,

density = 2.0,

t = 1.0, ...6.2.4
max J

t = 0.25,

min Jj

o8 = 15,000.0 = - ¢ .

max gs min qs

Figure 6.2.5 shows the configuration of a 21 bar bridge
which was also used to test the optimisation algorithms. The
bridge was subjected to one dead load and four Tive load cases.
The Tive loadings are of the type imposed by vehicles on a bridge

truss. Table 6.2.6 gives load data. Other pertinent data are:
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2 :
initial area of all members = 95.Q0 cm ,

initial weight = 106.7 kN = 10.86Mg,
2
Young's modulus of e]asgicity ; 21,000 kN/cm 2

density = 7.698 g 10  kN/em = 0.785 x 10 Mg/cm ,
t = 100 cm ,
max J
2

t. . = 10cm,
min J

2 2
o = 16.5 kN/cm , and g~ = - 12.0 kN/cm .
max qs min gs

Results for this structure are given in the appendices.



105

Table 6.2.6:- Loadings on the 21 bar bridge ( kN )

Live Load
Load Dead 1oad load case . load case Toad case - load case
‘ ' ] 2 -3 4
X . - 40 - 40 - -
3. , -
X - - ~ - 40 C 40 -
X - - S + 40 + 40
X - - - - + 40
9 . A
. Y 10 . . oo _ -
-2 :
1 - 55 +200. +200 - -
3 -
. 15 - - - -
4
| YJS. 55 - + 200 + 200 . -
Y ]5 e - G e -
e .55 - - + 200 + 200
e 15 - _— - -

Y 10 . - - .
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6.3 Optimisation algorithm data

Operational characteristics of optimisation algorithms are
dictated by control parameters and/or arbitrary coefficients.
Values for the arhitrary coefficients (o in equation 3.2.2 for
MAP, ¢ in problem formulation 3.3.19 for the MFD, and c in
equatio; 3.4.2 for the SUMT) are selected in section & of this
chapter. Values for the control parameters required by the
optimisation program used in this study are given below.

The control parameters are used by the optimisation program
to determine when control should. be returned from a subroutine
to the calling subroutine or program and to determine when the
optimisation should be terminated. The control parameters are
set in the main program or are read as data input. The algorithm

for the main program used is:

i. read in structural data and optimisation data; ...6.3.1
ii. set values for the control parameters for the algorithms
on this iteration of the main program;
iii. go to the optimisation algorithm and on return from the
algorithm go to {v;
iv. record results (section 1 of this chapter);
v. 1if the optimisation should be terminated, report results
and terminate; if the optimisation should not be terminated

go to ii.

In step 1, the following optimisation data are input:
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1. the ya]ues;qf,thg'arbifrary:coefficiénts;
- 2. the relative accuracy of

. number representation and

b. function-and derivative evaluations;:
- 3. the minimum allowable velative rates of

a. reduction in wefght;

b. reduction in objective function, and

c. change in-all the design variable values;
4. the resolution of design points; and

- 5. the maximum number of main program iterations allowed.

The . data items 2a and 2b-ar¢ used by many of the algorithms to
~generate the test values in the anorithms.v The relative accuracy
of number represent&tion depends on the absolute magnitude of the
number represented, but was. taken to be an average value of
0.000.000 1 for the computers used in the tests; Preliminary
tests showed that the-re]ative éccuracy of function and derivative
evaluations was‘approximétglng.OOO 001.

Data item 3a 1is required in step v of the main program
-algorithm. The program s términated if the actual re]ativa
reduction in weight during the Tatest main program iteration is
less than the value 3a. A value of 0.000 010 per main program
iteration was used.

Data items 3b and 3c are used in step iii by the optimisation

‘algorithms to transfer control to the main program. Thus, if the
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relative reduction in the objective function and relative change
in ai]lthe'design variables are less.than the values 3b and'3c;
then the optimisation algorithms-return control to the main program.
A value of 0.001 per optimisation algorithm iteration was used for
hoth 3b. and:3c.

Data item 4 is used by the one-dimensional search algorithms.
A value of 0.001 was used for the resolution of design points. The
maximum number of ‘main program iterations; data item 5, was set
at 7.

The control parameters set in step i are: the maximum
nhumber of quadratic fits allowed in each one-dimensional search
and the maximum numbér of optimisation.algorithm iterations allowed

per main program iteration.

Table 6.3.2: Maximum number of algorithm iterations allowed

Algorithm Max{mum .number of
iterations per main
program iteration

allowed.
MAP T+ 1/3%
MFD 4+ /2
PO o
ST (2 +i/2)pP
P
N1 | 2 + /2
N2 (VB +))/2

* where i is the iteration number of the main program.
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In step i, the maximum number of quadratic fits allowed per
one-dimensional search was set at (6 + i/3) for all the
algorithms except MAP.

In step 11i of the main program algorithm, the optimisation
algorithms return to the main program when the maximum number of
iterations given in table 6.3.2 is exceeded.

The results in step {v of the main progfam algorithm are
Tisted in section 1 of this chapter. When MAP is being used, the
weight of a feasible design obtained from an infeasible solution
is also recorded. The feasible design is determined by multiplying
all the design variables of the infeasible solution, by the ratio
of the stress which violates the allowable stresses by the greatest
amount to the appropriate allowable stress. The weight obtained
from the feasible design is called the 'scaled weight' in the
following chapters.

In step v of the main program algorithm, the following tests
are made for termination:

i. terminate for all algorithms except MAP, if the weight has
increased;

ii. terminate if the design is feasible or acceptably infeasible,
and if the relative rate of change in weight during the
latest main program {teration is less than the test value
data item 3a;

iii. terminate if. the number of main program iterations exceeds

the test value, data item 5.
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In test 11, a design {s considered acceptably infeasible providing

none of the stress constraints are violated by more than 0.000 001

G .
max qs

6.4 Optimisation algorithm arbitrary coefficients.

Preliminary computer runs were made to establish suitable values
for the arbitrary coefficients of the optimisation algorithms. The
three bar and seven bar trusses were used as the test structures for
these runs.

For the three and seven bar trusses respectively, figures
6.4.1 and 6.4.2 plot weight against CPU time for the values of the
MAP arbitrary coefficient.o from 0.10 to 0.40. From the results
shown, o{ was selected as 0.2Q for all the computer runs reported
in chapter 7.

For the three and seven bar trusses respectively, figures
6.4.3 and 6.4.4 plot weight against the number of derivative
evaluations for the values of the MFD arbitrary coefficients c
(for a1l i) from 0.0001 to 10.0. From the results shown in th;se
figures, ¢ for all 1 was set at 0.10 for all the computer runs
reported i; chapter 7.

For the three bar truss only, figures 6.4.5 to 6.4.24 plot
weight against CPU time for the values of the SUMT arbitrary
coefficient ¢ from 1/10 to 1/320. For data items 3b and 3c
of section 3 of this chapter, figures 6.4.5 to 6.4.8 have the
values of 0.005, 0.001, 0.0002 and 0.00004 respectively on

Newton(1)'s method. Similarly, figures 6.4.9 to 6.4.12, 6.4.13 to
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6.4.16 and 6.4.17 to 6.4.20 have the above values on Fletcher-
Powell's, Stewart's and Powell's methods respectively. For
Newton(1l)'s, Fletcher-Powell's, Stewart's and Powell's mathods
respectively, figures 6.4.21 to 6.4.24 have, for data items 3b
and 3c, the initial value of 0.001, which is then reduced, as
recommended by‘Moezz, by a constant factor of 0.4 on each
succeeding SUMT iteration. From the results shown in figures
6.4.5 to 6.4.24, an efficient and consistently effective choice
for the value of the SUMT arbitrary coefficient c¢ 1is 1/160.
This value was used for the computer runs reported in chapter 7.
Figures 6.4.5 to 6.4.24 also verify that the value of 0.001 for
data items 3b and 3c of section 3 is efficient and that the scheme
suggested by Moe does not seem to offer significant computational

advantages.
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3.70 r-
VALUES
FOR o
0.40
3.60 0.35
0.30
T 0.25
0.20
0.15
— 0.10
3.50 =
3.40 f=
43
S
3
= 3.30
3.20 f=
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