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Abstract 
A model i s presented t h a t describes the n o n - r e l a t i v i s t i c 

s c a t t e r i n g of electrons from l i g h t atoms at energies above 
the s i n g l e i o n i z a t i o n threshold of the t a r g e t . The simplest 
form of t h i s approximation i s considered, and a p p l i c a t i o n 
made to e l a s t i c c o l l i s i o n s w i t h hydrogen and helium atoms. 
This r e q u i r e s the numerical s o l u t i o n of a second order i n t e g r o 
d i f f e r e n t i a l equation, and a technique t h a t achieves t h i s i s 
discussed. 

Supplementing t h i s model w i t h a d i s t o r t e d wave a p p r o x i ­
mation gives a d e s c r i p t i o n of the e x c i t a t i o n of any t a r g e t 
s t a t e . This i s i l l u s t r a t e d f o r the A •* 2 1S, 2 5S and 2 1P 
t r a n s i t i o n s i n helium and the I s -* 2s t r a n s i t i o n i n hydrogen. 

D i f f e r e n t i a l , i n t e g r a t e d and t o t a l cross-sections are 
presented i n the energy range 50-200 eV f o r hydrogen and 
50-500 eV f o r helium. I n a d d i t i o n , the r e l a t i v e populations 

1 
and phases of the magnetic sub-levels of the 2 P s t a t e of 
helium, f o l l o w i n g e x c i t a t i o n from the ground s t a t e , have been 
computed. 

F i n a l l y , the use of d i s p e r s i o n r e l a t i o n s as a c o n s i s t - . 
ency check on experimental data i s demonstrated f o r e l e c t r o n -
neon and positrons-helium s c a t t e r i n g . 

/ 
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INTRODUCTION 

The work presented here i s concerned w i t h a t h e o r e t i c a l 
study of the s c a t t e r i n g of e l e c t r o n s from atoms a t non-
r e l a t i v i s t i c v e l o c i t i e s . By l i m i t i n g the i n v e s t i g a t i o n to 
c o l l i s i o n s w i t h l i g h t atoms i t i s ensured t h a t the t o t a l 
o r b i t a l and s p i n angular momenta are separately conserved, 
and the r e l e v a n t dynamical equation i s t h e r e f o r e t h a t of 
ochre"dinger. 

The s c a t t e r i n g of el e c t r o n s a t energies below the s i n g l e 
i o n i z a t i o n t h r e s h o l d of the t a r g e t i s adequately described by 
the close-coupling approximation. There i s , however, no 
s a t i s f a c t o r y model f o r the intermediate energy range, where 
the v e l o c i t y of the e l e c t r o n i s h i g h , but not so great thai-
i t s i n t e r a c t i o n w i t h the t a r g e t can be treated, as a p e r t u r ­
b a t i o n . Previous r e s u l t s i n t h i s i n t e r m e d i a t e r e g i o n have 
been obtained f o r the most p a r t by extending the range of 
a p p l i c a t i o n of the low and high energy approximations, and 
those r e l e v a n t to the present work w i l l be reviewed i n 
Chapter 1. I t i s p a r t l y t h e o b j e c t of t h i s i n v e s t i g a t i o n 
to propose a model t h a t w i l l g i v e an adequate d e s c r i p t i o n 
of s c a t t e r i n g a t intermediate energies, and t h i s w i l l be 
presented i n Chapters 2 and 4. The a p p l i c a t i o n s to the 
p a r t i c u l a r cases of hydrogen and helium are considered i n 
Chapters 3 and 5 f o r e l a s t i c and i n e l a s t i c s c a t t e r i n g respec­
tively:.. 

Of the measurable q u a n t i t i e s t h a t express the r e s u l t of 
an electro?}-? torn c o l l i s i o n , we w i l l c a l c u l a t e the r a t i o of 
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the s c a t t e r i n g amplitudes f o r the e x c i t a t i o n of magnetic 
substates, the d i f f e r e n t i a l , the integrated, and the t o t a l 
c ross-sections. I n assessing the m e r i t of a p a r t i c u l a r 
approximation, i t i s e s s e n t i a l to compare q u a n t i t i e s t h a t 
provide as f i n e a t e s t as p o s s i b l e ; t h i s i s w e l l i l l u s t r a t e d 
by the Born approximation -which w h i l e p r e d i c t i n g t o t a l c r o s s -
sections t h a t agree favourably w i t h experiment a t c e r t a i n 
energies, gives very poor values f o r the d i f f e r e n t i a l cross-
s e c t i o n . However, the techniques required f o r the measure­
ment of the r a t i o of s c a t t e r i n g amplitudes f o r magnetic sub-
st a t e e x c i t a t i o n are very new, and there i s a corresponding 
lack of both data and t h e o r e t i c a l p r e d i c t i o n s for t h i s q u a n t i t y . 
The present work w i l l t h e r e f o r e concentrate mainly on the c a l ­
c u l a t i o n of d i f f e r e n t i a l c r o s s - s e c t i o n s . 

I t i s also proposed to use conjectured a n a l y t i c proper­
t i e s o f the s c a t t e r i n g amplitude to show how the consistency 
of experimental data may be assessed, and. t h i s w i l l c o n s t i t u t e 
Chapter 6. 

A l l a n alysis shown w i l l be f o r electron-hydrogen s c a t t e r ­
i n g , unless otherwise i n d i c a t e d , and we w i l l work i n atomic 
u n i t s throughout. F i n a l l y , since g r a p h i c a l and t a b u l a r r e p ­
r e s e n t a t i o n of r e s u l t s serve d i f f e r e n t purposes, i t i s f e l t 
d e s i r a b l e to present the d i f f e r e n t i a l cross-sections of t h i s 
work i n both forms. 
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Chapter 1 5ome Approximate _M_ocl e 1 s o f Sea11ering 
1.1 The Se.c on d ̂ J> r c l e r °ten t i a I _ M e t b o d 

The dynamical equation f o r an e l e c t r o n , w i t h co-ordinates 
rj , j + - j , i n t e r a c t i n g w i t h an a corn whose N e l e c t r o n s have co­
ordinates r ^ ,.. r_jj i S ; w i t h i n the framework discussed i n the 
I n t r o d u c t i o n 

where r. . = | r . - r . |, the nucleus has been taken as centre of 
masss and a time-independent f o r m u l a t i o n has been assumed. 

I n p a r t i c u l a r , f o r s c a t t e r i n g from the s t a t e cfi (r - j r ^ ) 
of say hydrogen, ( l . l ) D s u b j e c t to the boundary c o n d i t i o n s 

H 3**W 0., W 4 (1.3) 

where i'mn(9)» g m ( 6) are the d i r e c t and exchange s c a t t e r i n g 
amplitudes r e s p e c t i v e l y . The range of m i s over a l l p o s s i b l e 
channels, which are s a i d t o be open i f k-m'">0f and closed 
otherwise. 

The t o t a l wave f u n c t i o n may be expanded e x a c t l y as 
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and equations .for the c o e f f i c i e n t s F ( r ) are found by s u b s t i -
t u t i n g (1.4) i n t o ( l . l ) g i v i n g 

fc^Kito = XL ^ .C^^N (1.5) 

where 

V CM (1,6) 

and the sum over m' includes an i n t e g r a t i o n over the continuum. 
The boundary c o n d i t i o n 

(̂<:1 ~ <5̂ e. + U e ) t (1.7) 
I- * « » K. 

t 

f o l l o w s immediately from (l<,2). 
C a s t i l l e j o et a l (1960) have shown t h a t the c o e f f i c i e n t s 

F'T^(r) i n (1.4) are, u n l i k e F ' m ( r ) , discontinuous f u n c t i o n s of K. 
An appropriate choice f o r the path, of i n t e g r a t i o n over Kf t o 
avoid t h i s s i n g u l a r i t y , then leads t o the a l t e r n a t i v e boundary 
c o n d i t i o n ( 1 . 3 ) . C a s t i l l e j o e t a l (1960) have also shown t h a t 
these boundary c o n d i t i o n s a r i s e n a t u r a l l y when the t o t a l wave 
f u n c t i o n i s p r o p e r l y symmetrized.:-

^ t ( t . , t . ) = L [ ^ W ^ W i 5U :0 p ~(^] (1.8) 

where the f u n c t i o n s F m ( r ) are now continuous, f o r m i n the 

continuum* 
The approximation of the truncated e i g e n f u n c t i o n expan­

si o n its obtained (Massey and Burhop 1969) on t r u n c a t i n g the 
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sum i n (1,5) at some f i n i t e value m' = M. A l t e r n a t i v e l y , 
the expansion ( l , 4 ) may be t r u n c a t e d , and the r e s u l t i n g 
^ ( r ^ , r 2 ) used as a t r i a l f u n c t i o n i n the Kohn v a r i a t i o n a l 
p r i n c i p l e (Mott and. Massey 1965) , The best choice f o r the 
f u n c t i o n s F ( r ) , i n the sense t h a t i f the e r r o r i n ^ ( r - ^ r ^ ) 
i s to f i r s t order then the e r r o r i n the s c a t t e r i n g amplitude 
w i l l be to second order, i s then given by the s o l u t i o n of 
( 1 , 5 ) , s u b j e c t to ( 1 . 7 ) . 

Note t h a t the p o s s i b i l i t y o f rearrangement does not 
a r i s e i n t h i s approximation unless the t r i a l f u n c t i o n i s 
p r o p e r l y symmetrised a t the o u t s e t * I n any case, the a p p r o x i ­
mation i s expected t o be inadequate f o r a p p l i c a t i o n s a t 
energies above the i o n i z a t i o n t h r e s h o l d , since only a few of 
the i n f i n i t e l y many open channels are then taken i n t o account. 
Mittleman (1960, 1961) has suggested t h a t an e f f e c t i v e poten­
t i a l may be introduced i n t o (1.5) t h a t p a r t l y makes allowance 
f o r those channels excluded from the expansion } the s p e c i a l 
case of t r u n c a t i o n t o one channel being considered. The 
g e n e r a l i z a t i o n of t h i s work to an a r b i t r a r y number of channels 
was made by Mittleman and Pu (1962). Subsequent workers 
(Mittleman 1970, Joacbain and Mittleman 1971, Bransden and 
Coleman 1972, A l t o n e t a l 1972) have expressed t h i s e f f e c t i v e 
p o t e n t i a l i n c o n f i g u r a t i o n space, and i l l u s t r a t e d d i f f e r e n t 
methods f o r i t s implementation. 

Fo l l o w i n g Bransden and Coleman (1972) we adopt (1,5) f o r 
states m£ M, This then becomes approximate when we choose t o 
o b t a i n F. , ( r ) f o r m* > M, f r o in:-
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*v4 -. { (1.9) 

We introduce the f r e e p a r t i c l e Green's f u n c t i o n G-(lr j '£»£*) 
w i t h outgoing wave boundary c o n d i t i o n s s a t i s f y i n g the equation 

^ + < ] g ( C ) L , , ' ) = ( 1ao) 

and we have e x p l i c i t l y , , 

' . M r - s i 
G-OC = - -!- ?: ( l . i i ) 

(1.10) may nav be used t o solve (1,9) the s o l u t i o n of which, 
on s u b s t i t u t i o n i n t o ( l „ 8 ) , gives f o r m^M 

(1.12) 

where 

(? .0 = I . <^C >f- .Ov^. (t)V,B, (,•) ( L i s ) 
The i n f i n i t e summation i n ('1,13) i s now removed on r e p l a c i n g 
? 2 k^ft by an average energy k~ and performing closure on the 

t a r g e t s t a t e s 4>m, v (r-^) t o give 

(1.14) 



(1,15) 

The non-local p o t e n t i a l K ( r , r ' ) i s of second order i n 
the i n t e r a c t i o n , and i t s i n t r o d u c t i o n i n t o the truncated 
e i g e n f u n c t i o n expansion, together w i t h the subsequent closure 
approximation, i s the second order p o t e n t i a l method of 
Bransden and Coleman (1972). 

R e f e r r i n g t o ( 1 . 9 ) , i t i s noted t h a t the consequence of 
2 

the closure approximation i s to replace k^,, °n 'the l e f t hand 
s i d e , by the constant k . On s e t t i n g m' -• K and using (1.10) 
the continuum f u n c t i o n s I V ( r ) are found t o be 

and, by i n s p e c t i o n , are continuous f u n c t i o n s of K. The bounda 
c o n d i t i o n (1.3) i s t h e r e f o r e replaced i n t h i s method by 

and t o a l l o w f o r exchange a r e f o r m u l a t i o n using a symmetrised 
expansion of the form (l„8) i s r e q u i r e d . 

• ̂  The Close-Coupling Approximation 
The equations of the previous s e c t i o n were d e r i v e d i n a 

c o n f i g u r a t i o n space, and are not t r a c t a b l e as they stand. 
The use of p a r t i a l wave s e r i e s , however, allows the equations 
to be expressed i n a form amenable to numerical s o l u t i o n 
w i t h o u t f u r t h e r approximation. This w i l l be i l l u s t r a t e d here 

(1.16) 

o (1.17) 
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f o r the truncated e i g e n f u n c t i o n expansion approximation, and 
the t o t a l wavefunction w i l l also he symmetrised. When the 
t r u n c a t i o n i s p h y s i c a l l y chosen so t h a t a l l the s t r o n g l y 
coupled states associated w i t h a p a r t i c u l a r t r a n s i t i o n are 
represented, i n a d d i t i o n t o those p r o v i d i n g the main c o n t r i ­
b u t i o n t o the p o l a r i z a b i l i t y of the atom, then we o b t a i n the 
close-coupling approximation (Burke and Smith 1962). 

I n p a r t i c u l a r f o r electron-hydrogen s c a t t e r i n g , l e t r-j 
and (nJl^m-j) be the co-ordinates and quantum numbers of the 
bound e l e c t r o n w h i l e those of the p r o j e c t i l e are and ( j ^ 1 ^ ) ' 
The expansion f o r the t o t a l wave f u n c t i o n (1*4) may then be 
w r i t t e n . 

where ^ ^ ( F ) i s a s p h e r i c a l harmonic ( S c h i f f 1968) and Y 
denotes the set of quantum numbers (n^m^^m^) o Following 
P e r c i v a l and Seaton ( 1 9 5 7 ) . i t i s noted t h a t our neglect of 
s p i n - o r b i t coupling ensures t h a t the t o t a l o r b i t a l and s p i n 
angular momenta are constants of the motion. We transform 
t h e r e f o r e to the r e p r e s e n t a t i o n t h a t i s completely s p e c i f i e d 
by the set r = (nJi^fcpLM), L and M being the quantum numbers of 
t o t a l o r b i t a l angular momentum, and also p r o p e r l y symmetrize 
the wave function, to give 

(1.18) 

y L. * I i t 
(1.19) 

M 1 1 r . «*• f" t 
1 
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where the second terra i s obtained from the f i r s t on i n t e r ­
change of r-^ and r g , S i s the t o t a l spin and i n the n o t a t i o n 
of Rose (1957) 

YU t ~~ Z ^ ^ \ ^ ) \ ^ \ ^ , ) (1-20) 

C ^ 1 ^ 2 L ' r Q i r a 2 I : ^ i s ^ n e Glebsch-Gordon c o e f f i c i e n t , w i t h 
M = m-̂  + and the t r i a d kj&^L s a t i s f y i n g the t r i a n g l e 
i n e q u a l i t i e s . P e r c i v a l and Seaton (1957) show t h a t s u b s t i ­
t u t i o n of e i t h e r equation (l„19) or i t s t r u n c a t i o n i n t o the 
Kohn v a r i a t i o n a l p r i n c i p l e (Mott and Massey 1965) leads t o the 
r a d i a l equation f o r f ^ ( r ) : -

where v = ( n ^ ^ ) and 

i n H + ^ - ^ (1.22) 

I n t h e i r n o t a t i o n : -

<• W = " V + I«*(«.lx«,.0«-)3^«(1.25) 
and 

(1.21) 

where i n general 



f <*!> 

VC^IO " \ "'^ r» x) <U (1.25) 

and 

^̂ W>=\ft*W6 *̂" (1,26) 

w i t h the c o e f f i c i e n t s f ̂  and g^ defined as 

htixXK\C)^i^ ( : u 27) 

a x U . M ^ l l ^ (1.28) 

th 
F i n a l l y f E i s the t o t a l energy, e n the energy of the n 

2 
st a t e of the atom and E - c = k n , 

Burke and Schey (1962) show t h a t , f o r electrons i n c i d e n t 
upon the ground s t a t e of an atom, ( l . 2 l ) has the boundary 
c o n d i t i o n 

. u s 
U - W s ' ^ C V-i^i^+Tvv e. (1.29) 

TO 

where the p a r t i a l wave amplitude T i s such t h a t f o r the 
s c a t t e r i n g amplitude we have 

v being the quantum numbers of the i n c i d e n t channel. Equa­
t i o n ( l , 2 1 ) w i t h a s u i t a b l e t r u n c a t i o n of the v' summation i s 



the clone-coupling approximation, and Burke et a l (1S67) note 
t h a t i t has been most successful a t energies where the channels 
excluded by the t r u n c a t i o n are closed, A review of the a p p l i ­
c a tions of t h i s model i s given by Moiseiv/itsch and Smith (1968), 

1•5 Impact Parameter Approximation 
I n c o n t r a s t t o the previous s e c t i o n , the equations of 

Section 1,1 may be derived w i t h a d d i t i o n a l approximation i n 
an impact parameter space. 

For an e l e c t r o n i n c i d e n t upon the i ^ n s t a t e of a hydrogen 
atom, the t o t a l wave f u n c t i o n i s expanded as 

where the p r o j e c t i l e has i n c i d e n t wave v e c t o r k^ and co­
ordinates r 0 such t h a t r 0 = Zk. H- b. S u b s t i t u t i n g (1,31) 
i n t o the Scbrodinger equation f o r the t o t a l system, the t r a n s ­
i t i o n amplitudes c n(b,Z) are found t o s a t i s f y 

^c.C^iV-- ) _ V,.^)t c^b.i) ( l e 5 2 ) 
1 i 

only a f t e r assuming:-
i ) h i g h v e l o c i t y , such t h a t 

X x 

R i OS. « £ 

and i i ) r e c t i l i n e a r propagation i n the d i r e c t i o n , so t h a t 

k-.V ~ fe; ̂  (1,34) 

V n j ( r ) i s - d e f i n e d i n ( 1 . 6 ) , and ( l t 3 2 ) i s s u b j e c t to the bound­
ary c o n d i t i o n 
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I n the n o t a t i o n of equation ( l . l ) the exact s c a t t e r i n g a m p l i ­
tude f o r a p a r t i c l e c o l l i d i n g w i t h a composite N-electron 
t a r g e t and so causing an i f atomic t r a n s i t i o n i s (Bransden 
1970) 

where V(r-| . a r ^ - , ) i s the p r o j e c t i l e t a r g e t i n t e r a c t i o n . 
Our s e m i - c l a s s i c a l approximation to the s c a t t e r i n g amplitude 
i s t h e r e f o r e 

™ p A l t " E.vV,fv^H' ' ' c ^ O ( i o 5 7 ) 

f o r electron-hydrogen c o l l i s i o n s £ . 
At h i g h energies Byron ( l 9 7 l ) shows t h a t k i - k f ^ ( e ^ - e i ) / k j 

and h i s approximation of ( k ^ - k ^ o k ^ by k^-k^ allows us t o 
w r i t e 

Z ^ t €. (1.38) 

A f t e r s u b s t i t u t i o n of (1*38) i n t o ( l , 3 7 ) and combination 
of the exponents i n Z we recognise the suinmand as being t h a t 
of (1.32) and o b t a i n 

r L ( ^ i -fcx.yk 
'1 ' I f ( I \ •* 

\ i J * a -
. i f •<.-(*•.-^).lo r r "i ( 1 , 3 9 ) 

an j 



where the boundary c o n d i t i o n (1.35) has been used. 
Both (1.32) and (1.39) can be s i m p l i f i e d by making the 

decomposition of the surface element db i n t o bdbd<f> * The <!> 
dependence of the t r a n s i t i o n amplitudes i s extracted on 
defi n i n g . 

Hence, (1.32) becomes 

(1.41) 

where 

^ ( b ^ . ) (1.42) 

A f t e r s u b s t i t u t i o n of (1.40) i n t o (1.39) we take £> to be along 
the d i r e c t i o n of the momentum t r a n s f e r q = k^-k^. The expo­
nent i(kjL-kf)»b then becomes i ( k ^ + k ^ ) b s i n »| cosc|> which a t 
hi g h energies ^2ik^b s i n 75- cos and using the i n t e g r a l r e p r e ­
s e n t a t i o n f o r the Bessel f u n c t i o n of the f i r s t k i n d : -

6 
we obt a i n f i n a l l y 

r 

W = L ^ J e t At (1.43) 

-'a 
so agreeing w i t h the expressions of McCarroll and S a l i n (1968) 
and W i l e t s and Wallace (1968). 

The d i f f e r e n t i a l and t o t a l c r o s s - s e c t i o n s , 4^'^ and Q..P, 

are defined "by 
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SM •-+« 

(1.45a) 
~ I 

and 

The impact parameter approximation t o the t o t a l c r o s s - s e c t i o n 
i s t h e r e f o r e , i n u n i t s of a Q ^ ? ( V / i l e t s and Wallace 1968) 

Q-lf = \ \ ^ ^ b ^ ) ~ S-^f' V>AV> (1.46) 

Equation (ls4l)» a f t e r t r u n c a t i o n to M channels, i s the 
truncated eigenfunctior. expansion i n the impact parameter 
approximation, and the second order p o t e n t i a l method i s now 
used, as before, to allow f o r the e f f e c t of the excluded 
s t a t e s . Proceeding as i n the development of ( l . 9 ) the t r a n s ­
i t i o n amplitudes are then such t h a t 

\ £~ v «- (.6*•'e«.•»V£• 

(1.47) M r 4 

where the second order p o t e n t i a l i s 

^C.* >0«\Wv , i;v l » , ) - X v. iU >i)V. Mu , i ,M 

1 t-V ^ J 
1 -2 

and e » E - -g- k where E i s the t o t a l energy. 

(1.48) 



The above f o r m u l a t i o n has been a p p l i e d , w i t h some success, 
t o the s c a t t e r i n g of electrons and protons from hydrogen and 
helium atoms by Bransden et a l (1972), S u l l i v a n e t a l (1972), 
B e r r i n g t o n et a l (1973) and Begum e t a l (1973). However, t h e i r 
adoption of a s e m i - c l a s s i c a l approximation, together w i t h the 
neglect of exchange, l i m i t s a p p l i c a t i o n s t o s c a t t e r i n g a t the 
higher intermediate energies e Furthermore, despite there being 
no r e l i a b l e estimate f o r the range of a p p l i c a b i l i t y of t h e i r 
approximation, Bransden and co-workers presented r e s u l t s f o r 
e l e c t r o n energies as low as 50 eV„ 

A s i m i l a r approach was proposed by Joachain and Mittleman 
(1971) who considered a one channel approximation to ( l B 1 2 ) by 
s e t t i n g M=l, and i n a d d i t i o n e i k o n a l i z e d the s c a t t e r i n g wave 
f u n c t i o n : -

- e (1.49) 
Joachain and Mittleman (1971) made f u r t h e r approximations s. 

however, t o the r e s u l t i n g equation f o r the phase A(b,Z), which 
r e s u l t s i n t h e i r model being less s a t i s f a c t o r y than t h a t of 
Bransden and Coleman (1972). 

1 „4 The Born Series 
I t i s convenient to define an i n t e g r a l operator Gn such 

t h a t 

Z„U-) = C ~ ( > n ; (1.50) 

f o r some f u n c t i o n Z ( r ) , where G(k"j r . r ' ) i s defin e d by ( l o 1 0 ) , 
Adopting the E i n s t e i n summation convention, whereby a term w i t h 



a repeated index i s summed over the f u l l range of t h a t index, 
the s o l u t i o n of ( l , 5 ) may be w r i t t e n compactly as 

^(z) s^co + to ( 1- 5 1 ) 

where i s the plane wave s o l u t i o n to 

+ k J ^ W - O (1-52) 

" i L''£> • 2 V<E» 
The Born series f o r the s c a t t e r i n g f u n c t i o n i s generated 

by the i t e r a t i o n , of (l„5l)» the terms being of successive 
powers i n the i n t e r a c t i o n ? -

Using the e x p l i c i t form of the Green's f u n c t i o n , (l„ll), we 
have t h a t as r-+» , f o r f i x e d r ' , 

where the v e c t o r k' i s of magnitude k and i n the d i r e c t i o n r , 
- n ° n — 

S u b s t i t u t i n g (1.54) i n (l„50) we deduce 

o 

Equation (1.55) i s now s u b s t i t u t e d i n t o ( l . 5 3 ) and the r e s u l t ­
i n g expression compared w i t h the boundary c o n d i t i o n (1.7) t o 
give the Born s e r i e s f o r the s c a t t e r i n g amplitude 



where, f o r example, 

2tr 
OA (1.57) 

and 
1 

(1.58) 

w i t h cos6 = k «k 
The models i n which the s c a t t e r i n g amplitude i s a p p r o x i ­

mated "by f B 1 (O) and £ IT B 1( Q) + f B 2 ( 0 ) H a r e c aH 3 < 2- ' f c h e f i r s t 
and second Born approximations r e s p e c t i v e l y . 

The p o l a r i z a t i o n cf an atom by an incoming e l e c t r o n 
r e s u l t s i n an a t t r a c t i v e i n t e r a c t i o n between tliem which, being 
of long range, a f f e c t s only s m a l l angle s c a t t e r i n g b At the 

intermediate energies t h i s p o l a r i z a t i o n p o t e n t i a l dominates 
the e l a s t i c s c a t t e r i n g i n the forward d i r e c t i o n , and i t s 
neglect by the f i r s t Born approximation leads to a character­
i s t i c a l l y f l a t maximum a t 0=0, i n c o n t r a s t to the experimen­
t a l l y observed sharp peak. Indeed, fg-j^O) i s independent of 
energy f o r e l a s t i c c o l l i s i o n s and equals 1 f o r hydrogen. 

I t should be noted from the work of C a s t i l l e j o e t a l 
(1960) t h a t the presence of the 2p s t a t e i n the close-coupling 
approximation of Burke et a l (1963) accounts f o r only 66% of 
the p o l a r i z a b i l i t y of the atom. The close-coupling r e s u l t s 
are t h e r e f o r e s i m i l a r l y d e f e c t i v e i n the forward d i r e c t i o n 
f o r e l a s t i c s c a t t e r i n g above the i o n i z a t i o n t h r e s h o l d * 

Regarding the second Born approximation, i t i s not 
possible to evaluate the i n t e g r a l ( l , 5 8 ) e x a c t l y and the 



s i m p l i f i c a t i o n of H o l t and Moiseiwitsch (1968) i s t o replace 
2 -2 k.. i n the Green's f u n c t i o n by an average energy k f o r a l l j 

higher than some value K; closure i s then performed on the 
atomic s t a t e s <b At) • This model includes the e f f e c t of p o l a r -
i z a t i o n , and the r e s u l t s obtained show the expected peak i n 
the forward d i r e c t i o n . Doubts remain, however, as t o the 
consistency of the approximation. F i r s t l y , i t i s d i f f i c u l t 

-2 
to choose a valu e f o r k t h a t i s j u s t i f i e d , on p h y s i c a l 
grounds. Woollings and McDowell (1972) i n d i c a t e t h a t the 
best agreement w i t h experiment i s obtained w i t h the choice of 
H o l t e t a i (1971) where k"' i s taken t o be the energy of the 
lowest l y i n g s t a t e not e x p l i c i t l y represented i n the j summa­
t i o n i n (1..58). Secondly, w h i l e the second. Born amplitude 
includes a l l terms to second order i n the p o t e n t i a l , Kingston 
e t a l (1960) show t h a t the corresponding d i f f e r e n t i a l cross-
s e c t i o n excludes some f o u r t h order terms. T h i r d l y , Byron and 
Joachain (1973) show t h a t f o r k^ s u f f i c i e n t l y large and denot­
i n g the momentum- t r a n s f e r by q 

1 

f o r e l a s t i c s c a t t e r i n g , w h i l e there i s a f u r t h e r c o n t r i b u t i o n 
of order yr from the term fguo Thus the second. Born a p p r o x i ­
mation neglects some terras of order j k ^ from both the s c a t t e r i n g 
amplitude and the c r o s s - s e c t i o n . F i n a l l y both f i r s t and 
second Born approximations neglect exchange and w i l l t h e r e f o r e 
c e r t a i n l y be i n e r r o r f o r energies less than 100 eV. 
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1 05 rJ'he Glauber ApproximatioiT. 
When the p r o j e c t i l e - t a r g e t i n t e r a c t i o n vanishes f o r Z 

l a r g e r than some f i n i t e v alue the exponent i n (1.32) w i l l 
always be small f o r s u f f i c i e n t l y h i g h energies. I t i s 
assumed t h e r e f o r e t h a t 

This has the exact s o l u t i o n 

which may be v e r i f i e d by s u b s t i t u t i n g i n t o ( l e 6 0 ) and perform­
ing closure of t h e j stvrtes. 

The Glauber approximation (Glauber 1959) t o the s c a t t e r i n g 
amplitude i s then, from ( 1 . 3 9 ) s 

where the Glauber phase x ("b»r) i s 
CO 

franco (1968) puts r = s + £ , where s i s the p r o j e c t i o n 
of r onto the plane c o n t a i n i n g b p and f i n d s t h i s phase to be 

There are s e v e r a l undesirable f e a t u r e s i n h e r e n t i n the 
Glauber approximation i n c l u d i n g t h e l o g a r i t h m i c divergence of 
the e l a s t i c cross-section' i n the forward d i r e c t i o n , the selec­
t i o n r u l e ' i\ra/-o f o r s~p t r a n s i t i o n s , and the p r e d i c t i o n , of 
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i d e n t i c a l r e s u l t s f o r e l e c t r o n and p o s i t r o n s c a t t e r i n g . The 
l a t t e r two d e f i c i e n c i e s have been removed i n a m o d i f i c a t i o n 
proposed by Byron (1971), but t h i s r e s u l t s i n a cons i d e r a b l y 
more complex approximation. 

The Glauber approximation shares w i t h the f i r s t Born 
approximation the d i s t i n c t i o n of y i e l d i n g d i f f e r e n t i a l and 
i n t e g r a t e d cross-sections i n closed, though complicated, 
a n a l y t i c forms (Thomas and Gerjuoy 1971) f o r electron-hydrogen 
c o l l i s i o n s . This no doubt accounts f o r the s u r p r i s i n g amount 
of a t t e n t i o n t h a t i t has received, even though there seems to 
be l i t t l e p o s s i b i l i t y of i t p r o v i d i n g d e f i n i t i v e cross-sections 
at t h e int e r m e d i a t e energies. The a p p l i c a t i o n s can be traced 
from the recent work of Franco (1973); i n each case the 
e f f e c t of exchange has been neglected, very l i t t l e work having 
been done on the e v a l u a t i o n of the Glauber exchange amplitude 
(Tenney and Yates 1972, Byron and Joechain 1972). 

The expansion of the exponential i n (1.62) allows the 
Glauber amplitude to be expressed as a power s e r i e s i n the 
i n t e r a c t i o n 

oa 

frn (1.65) 
where 

I f f r\ 

r 

Expansion ( l D 6 5 ) i s the Glauber e i k o n a l s e r i e s and pro­
vided that, tbe 7. f i r i R b p s b f t 0 " fhnanr, n<5 +V10 l-j-j cjor. + n i * n f +V>o 
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s c a t t e r i n g angle, the f i r s t term equals the f i r s t Born approx­
imation f B 1 (Glauber 1959 f Byron e t a l 1973)* 

The r a t e of convergence of ( l . 6 5 ) has been i n v e s t i g a t e d 
by Yates (1974) who f i n d s i t to be rapid f o r electron-hydrogen 
s c a t t e r i n g a t energies where the Glauber approximation i t s e l f 
i s v a l i d . This provides an a l t e r n a t i v e means f o r c a l c u l a t i n g 
the Glauber amplitude and i s e s p e c i a l l y u s e f u l f o r c o l l i s i o n s 
w i t h complex atoms. 

1.6 The Eikonal-Born Series 
p 

For s u f f i c i e n t l y high energy k , each term i n the Born 
se r i e s may be w r i t t e n f o r m2 as 

?. ~ •«."•' M V i * ? (1.67) 

and f o r s c a t t e r i n g by Yukawa p o t e n t i a l s Byron e t a l (1973) 
provide convincing evidence t h a t the corresponding term i n 
the Glauber e i k c n a l s e r i e s i s 

(1.63) 

where A n ( q ) i s i d e n t i c a l with.1h.at of (1.67) f o r a l l momentum 
t r a n s f e r s q. 

For electron-atom c o l l i s i o n s , the long range forces 
present make the above r e l a t i o n s h i p s i n v a l i d for n=2 a t small 
momentum t r a n s f e r s (Byron and Joachain 1973, 1974). However, 
i t has been conjectured by Byron and Joachain (1973) t h a t 
(1.67) and (1.68) are t r u e f o r n^3 a t a l l momentum t r a n s f e r s j 
although t h i s i s not p o s s i b l e to demonstrate by d i r e c t com­
putation,. On. the basis of t h i s hypothesis, Byron and Joachain 

http://with.1h.at
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(1973) suggest t h a t the term f ^ (=Ref B^) he added t o the 
second. Born amplitude so t h a t a l l terms i n the Born s e r i e s 
f o r the s c a t t e r i n g amplitude are included to order k . The 
r e s u l t i n g Eikonal-Born s e r i e s (EBS) approximation i s then 

By combining t h i s with, the approximation of Ochkur (1964) 
f o r the exchange amplitude, the e f f e c t of exchange i s als o 

-2 
included to order k 

The a p p l i c a t i o n of the EBS method to e l a s t i c e l e c t r o n -
hydrogen and helium s c a t t e r i n g has been made by Byron and 
Joachain (1973, 1973a, 1974) and gives agreement w i t h d i f f e r ­
e n t i a l c r o s s - s e c t i o n measurements b e t t e r than t h a t of previous 
models. However, despite the success of t h i s method, some 
res e r v a t i o n s must be expressed. F i r s t l y , as i t i s the d i f ­
f e r e n t i a l c r o s s - s e c t i o n t h a t i s compared with, experiment, i t 
would be more proper t o demand consistency i n t h i s q u a n t i t y , 

- 1 
t o a given order i n k , r a t h e r than i n the s c a t t e r i n g amp11-

—2 
tude. The EBS method, i n f a c t , w h i l e working to order k i n 
fjf(o)» only includes two of s i x p o s s i b l e terms of order k~^ 
i n the c r o s s - s e c t i o n . From Table I of Byron andJoachain 
(1973) we can estimate t h a t a t 300 eV and 30° the i n c l u s i o n 
of one of these neglected terms, l u i f g ? I m f G / j , would lower t h e i r 
c r o s s - s e c t i o n by 6^. There i s always the p o s s i b i l i t y of can­
c e l l a t i o n between the excluded terms however, and f u r t h e r 
i n v e s t i g a t i o n i n t o t h i s i s required,. Secondly the Ochkur 
approximation i s a hi g h energy approximation to the Born-
Oppenheimer exchange amplitude and we must question i t s use, 
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as w e l l as the adoption of the asymptotic e x p r e s s i o n ( 1 . 6 7 ) , 

f o r e n e r g i e s as low as 50 eV. F i n a l l y , i t i s d i f f i c u l t to ses 

how the method could be s y s t e m a t i c a l l y improved t o g i v e con­

s i s t e n c y to h i g h e r orders i n k"~^, i n order to extend i t s 

a p p l i c a t i o n throughout the intermediate energy range. 

1.7 The D i s t o r t e d 'Wave Born Approximation 

V/e c o n s i d e r now an exact e x p r e s s i o n f o r the s c a t t e r i n g 

amplitude, known as the two p o t e n t i a l formula (Rodberg and 

T h a l e r 1967 p32l). T h i s r e l a t i o n s h i p may be approximated i n 

a v a r i e t y of ways, the most widely used form being known as 

the d i s t o r t e d wave Born approximation (DWBA). V/e d e r i v e t h i s 

here f o r the case of electron-hydrogen s c a t t e r i n g , and i n c l u d e 

the p o s s i b i l i t y of exchange by u s i n g the c o r r e c t l y symmetrized 

wave f u n c t i o n f o r the t o t a l system, namely 

where r ^ and r_ 2 denote the space co-ordinates of the i n i t i a l l y 

bound and incoming e l e c t r o n r e s p e c t i v e l y . 

L e t H Q be the unperturbed Hamiltonian w i t h e i g e n s t a t e s 

^( r - j ^ i v , ) and eigenvalue equal to the t o t a l energy E, then we 

have 

[H.-£}$Ui,ti) - O ( i . Y i ) 

and 

[H.*V-E ] * s ( t l , t O » . 0 (1.72) 



- 24 -

where V i s the p r o j e c t i l e t a r g e t i n t e r a c t i o n . 
We next define the d i s t o r t e d wave X'(r-.,r 0) by 

\.H.*V 1-E]x(t„0 = 0 (1.73) 
f o r some as yet u n s p e c i f i e d p o t e n t i a l V^. 

We f u r t h e r i ntroduce the f u n c t i o n ^ ( r 1 } r ? ) defined by 

r ^ S ( ^ o ^ ^ ^ = U t o O * (*i > ^ (1.74) 

which consequently i s asymptotic to a s u p e r p o s i t i o n of products 
of outgoing waves and bound s t a t e wavefunctions„ 

Nor r e - w r i t i n g ( l , 7 2 ) as 

[*o+V&]is0;.^O=- (v'-V^U^:,) (1.75) 

we s u b s t i t u t e (1.74) i n the above and invoke ( l . 7 l ) to give 

F i n a l l y , we r e c a l l equation (1.73) and solve ( l c 7 6 ) by 
the technique described by Mott and Massey ('1965 p75). From 
the boundary c o n d i t i o n f o r ^ ( r ^ r ^ we then deduce the two 
p o t e n t i a l formula f o r the s c a t t e r i n g amplitude,-

•J 



This formula may be s i m p l i f i e d by "the j u d i c i o u s choice of V. , 
S p e c i f i c a l l y , i f we put 

X«(t,,rx) = ^ W ^ ( t t ) ( i . 7 8 ) 

and 

^ i ^ ^ ^ i l ^ H 1 * 1 ' ^ (1.79) 

then from (:U77) we see immediately t h a t choosing to depend 
only on the co-ordinates of the incoming e l e c t r o n causes 
the second i n t e g r a l i n (1.77) to vanish f o r i n e l a s t i c s c a t t e r ­
ing,, due to the o r t h o g o n a l i t y of the bound, s t a t e wavefunctions 
4*f (£i ) a n c^ ] ) • s u i t a b l e choice f o r i s the s t a t i c 

i n t e r a c t i o n p o t e n t i a l between.the p r o j e c t i l e and atom i n the 
f i n a l s t a t e , ^ ^ ( r g ) , and the two p o t e n t i a l formula then 
becomes 

(1.80) 
•I-

where i t i s stressed t h a t the above i s s t i l l exact. 
We note t h a t i n the above d e r i v a t i o n the i m p o s i t i o n of 

incoming r a t h e r than outgoing wave boundary c o n d i t i o n s on 
( i " \ , r 0 ) leads t o the a l t e r n a t i v e t w o - p o t e n t i a l formula:-

O ~ J . ~"CL 

i\d s>4 t» *«( t . . tO v .^ i ( E . » J ^ ( 1 ' S 1 ) 
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which may be s i m p l i f i e d i n i d e n t i c a l manner when i s chosen 
t h i s time to be the s t a t i c p o t e n t i a l i n the i n i t i a l s t a t e , V-j^* 

g i v i n g 

J -i . (1.82) 

The g e n e r a l i z a t i o n t o the case where i s chosen as a complex 
p o t e n t i a l i s given by Rodberg and Thaler (1967 p326). 

The DWBA now co n s i s t s simply of approximating ¥ ̂  (r., , r 2 ) 
in. (1.80) by '^-^^1*^-2^9 o r a l' t e i" n a t i v e l . y using ^ " ( r - ^ r p ) i n 
place of ^ " f (x̂ **̂ ) ̂ n d»82) to g i v e , a f t e r some rearrangement. 

C n W ^ ; * ( t . . t » ) v \;(,„^) - c-

where a) i s V^^Crp) i n which case V i s the post i n t e r a c t i o n . 
or b) V, i s V . . ( r n ) i n which case V i s the p r i o r i n t e r a c t i o n * 

The forms a) and b) are deri v e d from (1.80) and (1.82) r e s p e c t ­
i v e l y . The f i r s t term i n (1.33) i s the d i r e c t s c a t t e r i n g 
amplitude, w h i l e the second i s the exchange amplitude. 

The e v a l u a t i o n of (1.83) r e q u i r e s us TO generate the 

f u n c t i o n x^jLpK where a i s e i t h e r i or f . S u b s t i t u t i n g (1.78) 

i n t o (1.73) we deduce t h a t i t s a t i s f i e s the equation 

This should, i n p r i n c i p l e , be solved w i t h e i t h e r outgoing or 
incoming wave boundary c o n d i t i o n s . However, we note t h a t i n 



(1.83) the complex conjugate of x ̂ (r_g) i s r e q u i r e d , and from 
the general r e l a t i o n s h i p (Bransden 1970 p35) 

we conclude t h a t ( l . 8 4 ) i s solved w i t h outgoing wave boundary 
co n d i t i o n s f o r a equal to both, i and f . 

The DWBA w i t h i t s assumption t h a t d i s t o r t i o n i n e i t h e r 
the i n i t i a l or f i n a l s t a t e s i s predominantly due t o the s t a t i c 
i n t e r a c t i o n , i s expected t o give good r e s u l t s f o r t r a n s i t i o n s 
between weakly coupled states„ E x c e l l e n t agreement w i t h 
experiment has indeed been obtained by Madison and Shelton 
(1973) f o r e x c i t a t i o n t o the 2 4 l e v e l of h e l i u m 

F i n a l l y , we note t h a t an expression s i m i l a r to (1.83)has 
been obtained by Mott and Massey (1965 p4-20) from the tr u n c a t e d 
e i g e n f u n c t i o n expansion, which they c a l l the d i s t o r t e d wave 
approximation. This d i f f e r s from the 'DWBA expression f o r the 

2 
s c a t t e r i n g amplitude by having ecual t o k^~ - 2e^ f where 
E~ i s the energy of the bound s t a t e 4>^(r), 
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Chapter 2 Present Model of E l a s t i c S c a t t e r i n g 
2 o 3. A p p l i c a b i l i t y 

I n t h i s chapter we propose to expand, the equations of 
the second-order p o t e n t i a l method (1.12 and 1.13) i n p a r t i a l 
wave s e r i e s , This avoids the u n c e r t a i n t y concerning the v a l ­
i d i t y of the impact parameter approximation used i n i t s 
previous a p p l i c a t i o n s , and also permits the e f f e c t of exchange 
tc be i n c l u d e d . I n p r i n c i p l e , the number of terms e x p l i c i t l y 
represented i n the method can then be v a r i e d to g i v e a general 
d e s c r i p t i o n of both e l a s t i c and i n e l a s t i c s c a t t e r i n g of charged 
p a r t i c l e s by any l i g h t atom, at energies above the f i r s t i o n ­
i z a t i o n t h r e s h o l d . The r e s u l t i n g model however i s v e r y com­
p l i c a t e d and i t i s more expedient t o consider f i r s t of a l l the 
simplest approximation of t r u n c a t i n g (1.12) a t M-l* This i s 
c a l l e d the one channel approximation and gives a d e s c r i p t i o n 
of e l a s t i c s c a t t e r i n g only. I t also r e s t r i c t s a p p l i c a t i o n s to 
s c a t t e r i n g from atoms of low p o l a r i z a b i l i t y ; hydrogen and the 
l i g h t e r i n e r t gases f o r i n s t a n c e . For e l e c t r o n - a l k a l i s c a t t e r ­
i n g , 98'^ of the high, p o l a r i z a b i l i t y comes from the f i r s t 
e x c i t e d p s t a t e (Bransden 1970 p227), and i n t h i s case a t 
l e a s t a two-channel approximation i s r e q u i r e d . 

A p p l i c a t i o n of our model w i l l be made t h e r e f o r e t o e l e c t r o n 
s c a t t e r i n g from hydrogen, f o r which the bound-state wavefunctions 
are known e x a c t l y , and from helium, t h i s being the si m p l e s t of 
the i n e r t gases. There are considerable problems i n c a r r y i n g 
out. s c a t t e r i n g experiments w i t h atomic hydrogen, which i s 
r e f l e c t e d i n the s c a r c i t y of the data. The success of the 
present model w i l l t h e r e f o r e be judged f o r the most p a r t by 
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comparison w i t h the larg e number of electron-helium measure­
ments t h a t have been made. The a n a l y s i s r e q u i r e d w i l l be 
i l l u s t r a t e d as usual f o r the case of electron-hydrogen c o l ­
l i s i o n s . 

2,. 2 Many Channel P a r t i a l flave Formulation 
The p a r t i a l wave f o r m u l a t i o n o f the second order p o t e n t i a l 

method i s most e a s i l y derived from the close-coupling equations 
(1.21). Choosing a. value f or v , F say, such t h a t states having 
v>K are coupled only t o those w i t h we have 

and 

where the a b b r e v i a t i o n 

v w „ . w = V v v . ( . ) - w v,.(o (2.3) 
has been in t r o d u c e d , and a l l other q u a n t i t i e s are defined by 
equations (1.22) t o (1.28). 

Proceeding as i n the development of ('J..9) we introduce 
the f r e e p a r t i c l e r a d i a l Green's f u n c t i o n gj, (k ; r , r ' ) s a t i s ­
f y i n g outgoing wave boundary c o n d i t i o n s , which i s the so l u t i o n ! 
of 

l , 9 A V y ) - SO--') • (2.4) 
and i s given e x p l i c i t l y by (Bransden 1970 p l 4 ) 
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where r < - r f l i n ( r , r ' ) , = max(r,r') and j ^ ( x ) and h^'Cx) 
arc the s p h e r i c a l Bessel f u n c t i o n s of the f i r s t and t h i r d 
k i n d defined by Abramowitz and i3tegun (1965 p437)« The 
s o l u t i o n of (2.2) i s now expressed as 

N 

which on s u b s t i t u t i o n i n t o (2.1) gives f o r v^H 

(2.6) 
•v > , N l 

00 ISJ .CO 

I n o b t a i n i n g (2.7) a l l exchange terms t h a t are t o second order 
i n the p o t e n t i a l , such, as v j v , ( r ) W1 ,̂ v , , ( r ' ) and w j v , ( r ) x 
' ^ i . v t i ( r ' ) i have been neglected, These terms correspond 
p h y s i c a l l y t o exchange p o l a r i z a t i o n e f f e c t s which are g e n e r a l l 
considered t o be small (Callaway et a l 1968), p a r t i c u l a r l y a t 
the energies considered here. 

Examining the ranges of the s u b s c r i p t s v,v' and v'' i n 
( 2 . 7 ) , i t i s seen t h a t v and v 1 1 are never equal to v' f and 
the Kronecker d e l t a s i n the d e f i n i t i o n (l.2;5) of V1, , ( r ) and 

vv 
V ^ , v , , ( r ' ) are t h e r e f o r e always zero. This allows us to 
replace the product of p o t e n t i a l s i n (2.7) by V"1j At) V^. , , ( r 
where 

' (2.8) 
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2 Furthermore, r e p l a c i n g k n , i n the Green's f u n c t i o n by an 
-o , . average energy k" allows the closure of the P.,„,^x) st a t e s 

i n (2.0) t o be invoked, provided xiiau the v' summation i n 
(2.7) i s extended over a l l values. S p e c i f i c a l l y , we have 

-» e.'W «*'.- (2.9) 

which allows us to w r i t e 

where we have introduced the d e f i n i t i o n 

* v , ( ^ g > W ) " ftU^Wj ""^,0 ^'V>fc) dfc (2.11) 

F i n a l l y then, the closure approximation together with, the 
replacement given by (2.8) s i m p l i f y (2.7) t o the form:-

* vv, (2.12) 

f o r vi;Ivr
} where 

( 
' L., ° 'f>"•• ft *. • • - v V.1 a 1 1 »5" / 
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and a l l other q u a n t i t i e s are defin e d i n e i t h e r t h i s s e c t i o n , 
or i n Section 1.2. 

I t i s emphasized t h a t ( 2 e12) i s equi v a l e n t t o the second 
order p o t e n t i a l equations i n c o n f i g u r a t i o n space (1.12), 
except t h a t the present method also includes a i l f i r s t order 
exchange terms i n the channels v £N e I n both, f o r m u l a t i o n s the 
i n t r o d u c t i o n of the closure approximation necessitates a 

~2 
choice f o r the average energy k . 
2 o3 The One Channel Approximation 

Equation (2.12) s i m p l i f i e s considerably f o r the a p p r o x i ­
mation of r e t a i n i n g one channel e x p l i c i t l y , sc t h a t N=l. The 
sets of quantum numbers v and V ' become (lOJlg) and (10.Q,̂ 1 ' ) 
r e s p e c t i v e l y and (2=12) becomes 

»̂ (oM»f*' â v/K*. (••.'•} C- w (2'14) 

w i t h ° 

- - (2.15) 

I n Appendix A i t i s shown t h a t the angular c o e f f i c i e n t 
f ̂ O y ^ £ 2' |L) i s given by 

where the n o t a t i o n f o r the Wigner 3-,i symbol i s t h a t of 
Messiah (1964).. The expression f o r the c o e f f i c i e n t f (£., '£ • 

/». .L <_ 

0 V ' |L) f o l l o w s immediately fro;?; (2.16) together w i t h the 
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r e l a t i o n ( P e r c i v a l and Seaton 1957) 

The appearance of the Kronecker d e l t a <S£ i n (2„16) i s 
to be expected, since i t expresses the f a c t t h a t f o r c o l l i s i o n s 
w i t h the s s t a t e U^=0) of an atom, the t o t a l angular momentum 
L equals t h a t of the i n c i d e n t p a r t i c l e , , £p. 

The c o e f f i c i e n t s g^OJlgO ̂  |L) and f ( 0 ^ O ^ 1 | L) which 
u • 

are i m p l i c i t i n the term VW J n. .„„i are e a s i l y round from 
(1.28) and (2.16) to be equal to &. . S. .. 5, 

' I n a s i m p l i f i e d n o t a t i o n t h e r e f o r e , i n which £ denotes 
the i n c i d e n t angular momentum and the s u p e r s c r i p t S d i s t i n g u i s h e s 
between s i n g l e t and t r i p l e t s o l u t i o n s , equations (2.14) and 
(2,15) become 

(2.13) 

where 
\ 

= * l + 9„C P.o<\«l0 (2.19) 

and the exchange and second order p o t e n t i a l kernels equal 
s 

1 u+\ UH t + lKo z j (2.20) 

0!J 

(2.21) 



e i s the cround s t a t e of the atom and as usual k *" = 2 ( E - e0\ o o » ' 
For each value of X , the number of terms i n the n 

summation i s f i n i t e , since the symbol vanishes unless 
n, I and X are such t h a t n-i-JU-A i s even and |X-£|£n£A + £. 

The boundary c o n d i t i o n f o r (2.18) i s s from (l«29) 

« ^ s - i \ ) ^ U * ' " l V

 ( 2 . 2 2 ) 

and on o b t a i n i n g the p a r t i a l wave amplitude T ^ the s c a t t e r ­
ed 

i n g amplitude f ^ G ) i s c a l c u l a t e d from (1.30), F i n a l l y on 
summing over the f i n a l and averaging over the i n i t i a l s p i n 
s t a t e s we o b t a i n the d i f f e r e n t i a l c r oss-section f o r ela.stic 
e1e c t r o n-hydro g e n s c a t t e r i n g : -

i\?M\X+l\lW (2.25) 

Comparing (2.18) w i t h the work of John (1960) shows our 
one channel model t o be the s t a t i c exchange approximation 
w i t h the a d d i t i o n of a non-local, p o t e n t i a l to account f o r 
the d i s t o r t i o n of the atom and the loss of f l u x i n t o the 
i n e l a s t i c channels. 

The many channel p a r t i a l wave equations f o r e l e c t r o n -
helium s c a t t e r i n g are derived through a development i d e n t i c a l 
t o t h a t of Section 2.2, but beginning w i t h the close-coupling 
equations of Burke e t a l (1969) r a t h e r than those of (l»2l) c 

S p e c i a l i s i n g to the one channel case then g i v e s , as before, 
the s t a t i c exchange approximation w i t h a non-local p o t e n t i a l . 
However s Burke et a i (1969) make the assumption t h a t the 
r e d u c t i o n of the exchange k e r n e l which i s c a r r i e d out when 
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the bound s t a t e helium f u n c t i o n s are exact, i s s t i l l v a l i d 
when approximate wave f u n c t i o n s are used. This introduces 
an e r r o r which they suggest may be q u i t e l a r g e f o r the 
S-wave phase s h i f t s . An a l t e r n a t i v e procedure (Drukarev 
1965 p!27) i s to a n t i c i p a t e t h a t approximate helium wave 
f u n c t i o n s must be used, and to reduce the exchange k e r n e l 
i n a manner c o n s i s t e n t w i t h t h i s . We choose t o use the 
form r e s u l t i n g from t h i s l a t t e r method, r a t h e r than t h a t 
of Burke et a i U.yb9)« 

D e f i n i n g the helium r a d i a l wave f u n c t i o n s by 

the one-channel equations f o r el e c t r o n - h e l i u m s c a t t e r i n g are 

t h e r e f o r e 

(2»25) 

where the s t a t i c p o t e n t i a l and exchange k e r n e l are now 
(Drukarev 1965) 

and 

VJ, . P ' o ( ^ ^ ^ ^ K O ,r of,,,.) ̂ 0 (2.27) 

w i t h 

CO 
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Z 
The second order p o t e n t i a l hp ( r , r ! ) i s equal t o / times 

t h a t defined by (2.21), where the f u n c t i o n P 1 0 ( r ) i s now of 
course given by (2.24).. 

The r e d u c t i o n of the c o n f i g u r a t i o n space exchange k e r n e l 
of Drukarev (1965) t o the p a r t i a l wave form of (2.2?) i s o u t ­
l i n e d i n Appendix B, and the e x p l i c i t expression f o r q ( r ? r ' ) 
i s given f o r the case of P-j^d") having the p a r t i c u l a r form 
Nr (e + ce ) e Values f o r the parameters N. a, b and c 
have been given by Byron and Joachain (1966) and t h i s a p p r o x i ­
mation t o the helium ground s t a t e wave f u n c t i o n w i l l be used 
i n t h e a p p l i c a t i o n of our one channel model.. 

The p a r t i a l wave amplitude T() and s c a t t e r i n g amplitude 
f ( 0) are obtained from the c o n d i t i o n (2.22) and. d e f i n i t i o n 
(1.30), the s u p e r s c r i p t S now being unnecessary as there i s 
on l j ' one f i n a l t o t a l s pin s t a t e . The d i f f e r e n t i a l cross-
s e c t i o n f o r e l a s t i c e l e c t r o n - h e l i u m s c a t t e r i n g i s then 

cXJl 
2 2 The e v a l u a t i o n of the i n t e g r a l s y (P-^Q"I r ) a n ^ z ^ (P^Q"| r r ' ) 

i s r e q u i r e d i n the present approximation i n order t h a t h^ ( r , r { ) 
may be c a l c u l a t e d . While the former i n t e g r a l i s e a s i l y expres­
s i b l e i n a n a l y t i c form, the l a t t e r r e q u i r e s c l o s e r examination* 

2 
I n g e n e ral, S o j,(PJQ | r r ' ) w i l l be a l i n e a r combination of 
i n t e g r a l s of the form M ^ ( a | r r ' ) f where 

iy\ (*1M-') - \ :x'1V<0'' 'Os*) (2.30) 
J f t ( r t J ( . } (v»(i,t V 

I n t r o d u c i n g the n o t a t i o n r^. =:?iin(r,.r' ) and T>~vi&x{Ttvt) (2.30) 
i s expressed, as the sum of three i n t e g r a l s : -
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- <X u 

0 > ^„ 

+ ( f < M l (2.31) 

- V ^ l ^ V ^ U l ' ^ V C t ( * \ r V ) (2.32) 

Recurrence r e l a t i o n s f o r Â  9 B^ and are obtained 

f o l l o w i n g i n t e g r a t i o n by p a r t s , and these are given i n 

Appendix C together w i t h t h e i r i n i t i a l values. The expres--
2 

sions f o r J0i^iO ^ a r e P r e s e n t e d i n Appendix D, 
Due to the complicated form of the second order p o t e n t i a l f 

i t w i l l be u s e f u l to derive an asymptotic expression f o r 
h ^ ( r , r ' ) as r> becomes l a r g e k Examination of the d e f i n i n g 

2 ? ? equations f o r zQQ (P-]Q | r r ' ) .and y Q ( ^ Q ~ I * 1 ) ^ o ^ i c / I r ' ^ s h - o w s 

t h a t f o r l a r g e r^, these terms become equals Furthermore, i t 
i s seen from Appendix C t h a t C (<x|rr*) vanishes e x p o n e n t i a l l y 
f o r l a r g e r> , w h i l e A n ( a | r r ' ) and B ( a | r r ' ) behave as r > " x " i " ' " 
We have t h e r e f o r e t h a t 

(2.33) 

where S ( r _ ) i s some f u n c t i o n of r. t h a t may be found from n < <-
the recurrence r e l a t i o n s f o r A n and B^, and the p a r t i c u l a r 
r e l a t i o n s h i p between z v v , ( ? n n I r r ' ) and M ( o ' l r r 1 ) * R e f e r r i n g 
to equation (. 2 „ 21), the l e a d i n g term i n the asymptotic expan-
s i on of by ( r , r f ) i s thus of order r ' > and a r i s e s from t h i ; 
n = l c o n t r i b u t i o n i -



(Ui 

i \ l (2.54) 

I n t r o d u c i n g e x p l i c i t expressions f o r the 3-D symbols 

1 fc±l M f r o m Messiah (1964), (2.34) becomes 
0̂ 0 0 / 

f o r £=0 

and f o r 

To i l l u s t r a t e the c a l c u l a t i o n o f S ^ ( r < ) we consider e l e c t r o n -
hydrogen s c a t t e r i n g where, since P ^ ( r ) = 2re"~ r 

^(P^W) = *M,UM (2.37) 

w h i l e from Appendix C 

and t h e r e f o r e from (2.53) we have 



2.4 The Average Energy 
The i n t r o d u c t i o n of an average energy i s an e s s e n t i a l 

f e a t u r e of the second order p o t e n t i a l approximation,. Although 
a value could he assigned t o k" on a p u r e l y phenosienological 
b a s i s , the p r e d i c t i v e nature of our model i s ensured by 
r e q u i r i n g t h a t k be chosen on t h e o r e t i c a l grounds e 

For an e l e c t r o n i n c i d e n t on the ground s t a t e of an atom, 
the f o r c e of longest range i s t h a t r e s u l t i n g from the p o l a r i z a ­
t i o n o f the atom by the charged p a r t i c l e . C a s t i l l e j o e t a l 
(1960) show t h a t f o r large distances r from the atom, the 
e l e c t r o n then moves i n a p o t e n t i a l 

where i s the d i p o l e p o l a r i z a b i l i t y of the atom. Since t h i s 
i s also the p o t e n t i a l r e s u l t i n g from the d i s t o r t i o n of an atom 
by a s t a t i c charge i t i s i n f e r r e d t h a t the a d i s b a t i c approxima­
t i o n , i n which the p r o j e c t i l e ' s v e l o c i t y i s neglected, i s 
v a l i d a t s u f f i c i e n t l y l a r g e distances from the atom,, 

~2 

Our choice f o r k w i l l t h e r e f o r e be such t h a t f o r l a r g e 
r equation (2.18) becomes 

Since the exchange k e r n e l vanishes e x p o n e n t i a l l y a t l a r g e 
distances, t h i s i s equivalent to the requirement t h a t 

(2,41 

00 

f -3> oO 
(2.42) 

o 
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AD 

where h^' ( r ? r ' ) i s the second order p o t e n t i a l i n the a d i a b a t i c 
app roxima t i on 6 

Now Bransden and Coleman (1972) give the f r e e p a r t i c l e 
Green's f u n c t i o n i n the a d i a b a t i c approximation as 

(2.43) 

Also the p a r t i a l wave expansion of G ( k n ; r 9 r ' ) i s 

00 

C - ^ V / ) - Y (n*A ^iZil} P<C^e) (2,44) 
4-ft M-1 

which may be v e r i f i e d by s u b s t i t u t i n g (2.44) i n t o (1.10) to 
give (2.4). 

Consequentlj;- s u b s t i t u t i n g (2.44) i n t o (2.43) and i n v e r t ­
i n g the r e s u l t a l lows us t o deduce t h a t 

where we have used 

5 ( r . t j ) = ^ i l l l ^ ^(ooie -Oo»B') 5(0-0') (2.46) 

Use of the a d i a b a t i c approximation to the r a d i a l Green's 
f u n c t i o n (2.45) i n s t e a d of (2.5) and proceeding as before 
w i t h the d e r i v a t i o n o f the second order p o t e n t i a l then gives 

i> J.C V*) - ^ ( ^ K C O ^ ) ( 2 . 4 7 ) 
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We next note t h a t the o r t h o g o n a l i t y c o n d i t i o n o f the 3-.i 
symbols 

allows the X summation to be c a r r i e d o u t, and t h e r e f o r e sub­
s t i t u t i n g (2.47) i n t o (2.42) and i n t e g r a t i n g over r^" gives 
the m u l t i p o l e expansion f o r U ( r ) : -

U f ( r W ( t - , x L 5r«.[*«cc\»')- (2.49) 

From the d i s c u s s i o n a t the end of the previous s e c t i o n 
we see t h a t the monopole term i n the above expansion vanishes,, 
and the lea d i n g c o n t r i b u t i o n t o the p o l a r i s a t i o n p o t e n t i a l 
comes from the d i p o l e terra ( n = l ) , i n accord w i t h the r e s u l t 
of C a s t i l l e j o e t a l (196O). I n f a c t from (2.33) and (2.39) 
we f i n d t h a t f o r electron-hydrogen s c a t t e r i n g 

and i n t h i s case i t i s concluded•therefore t h a t the average 
- 9 

energy k ' must be chosen so t h a t 
9 ^ 

~ - ' { (2.51) 
? -2 ~ where i t i s r e c a l l e d t h a t k Q " + 2e Q = k + 2e. 

The c a l c u l a t i o n f o r electron-helium s c a t t e r i n g proceeds 
i n e x a c t l y the same way and i t i s found t h a t e - e = 1Q13» 
where we note however t h a t t h i s value now depends on the choice 
of wave function,, To summarise t h e r e f o r e , the average energy 



i s f o r hydrogen 

and f o r helium 

V Z - k) ~ i (2.53) 
2 

where k i s the energy i n Rydbergs o f the e l e c t r o n i n c i d e n t 
upon the ground, s t a t e . 
2•5 The _ sas akawa-Au s t e r n 11e r a t i o n 

The present one channel model f o r e l a s t i c s c a t t e r i n g 
r e q u i r e s the s o l u t i o n o f a s i n g l e second-order i n t e g r o -
d i f f e r e n t i a l equation,. The close coupled equations of Burke 
and Schey (1962) despite c o n t a i n i n g i n t e g r a l terms can. be 
reduced to a set of coupled d i f f e r e n t i a l equations. This i s 
not possible i n our case, however, due to the presence of 
the n on-local p o t e n t i a l . I t i s proposed t h e r e f o r e t o adapt 
an i t e r a t i v e scheme introduced by Sasakawa (1963) and sub­
sequently modified f o r a p p l i c a t i o n s i n nuclear physics "by 
Austern (1969) and Soper (1972). 

The equation t o be solved, (2.18), i s w r i t t e n compactly 
as 

v/here U' i s an i n t e g r a l operator, and ^ i s defined by (1.22). 
From (2.4) the s o l u t i o n o f (2.54) s a t i s f y i n g outgoing wave 
boundary c o n d i t i o n s i s e a s i l y found t o be 
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where we have w r i t t e n 

t h i s "being the s o l u t i o n of P ( r ) -• 0 t h a t i s r e g u l a r a t the 
o r i g i n . The f u n c t i o n e + ( x ) i s also i n t r o d u c e d , given by 

£ , ( * ) " L X \\, ( x ) £ (2.57) 

so t h a t the r a d i a l Green's f u n c t i o n (2.5) may be r e - w r i t t e n 

Now s u b s t i t u t i n g (2.58) i n t o (2*55), and d e f i n i n g the coef­
f i c i e n t T^ by 

T \ S t U . v ) u f (OcU (2.59) 
o 

o 
together w i t h the i n t e g r a l operator P by 

£ ^ ^ j (e e

+ (k.0sttv.O- s t tv)< Ov')|j u V•ec^l)^ ( 2 o 6 0 ) 

allows equation (2„55) t o be expressed as 

Mr) ~- StCWo0 + T

t€-t

+(^0 + ? V-e(^ (2.61) 

I n the l i m i t as r->-<» P F ^ ( r ) obviously vanishes, and on 
r e c a l l i n g the asymptotic forms (2,56) and (2.57) comparison 
of (2,61) w i t h (1.29) shows t h a t T £ i n f a c t i s the p a r t i a l 
wave amplitud e. 

An i t e r a t i v e s o l u t i o n of (2.61) has been proposed by 
Sasskawa (1963) and has been re-expressed by Austerr* (1969) 



i n a form more s u i t a b l e f o r numerical a p p l i c a t i o n s c I n t h i s 
method a zero-order t r i a l s o l u t i o n i s chosen as 

- S c ( f c 0 r \ + U) t
(°CO ( 2 e 6 2 ) 

where i s as yet undetermined, and w^°^(r) i s a f u n c t i o n 
selected so t h a t w ( r ) e£ ( k

0
r)« Solving the above 

equation simultaneously w i t h (2*59) gives f o r 1^ 

Co) 
T 

r 0 0 \ 

r 00 
Wo + j S e U , O u W ^ t O A ^ (2.63) 

A s o l u t i o n f p ^ d " ) may now be found s a t i s f y i n g the inhomo-
A/ 

genous d i f f e r e n t i a l equation 

JEo^rW (2-64) 

which i s however not a s u i t a b l e f i r s t order s o l u t i o n since 
i t i s asymptotic t o the same f u n c t i o n as the zero order s o l u ­
t i o n , namely s ^ ( k Q r ) + ^ e \ ( l c

0
r'* A n e w f u n c ' :- o n v;£ ^ ' ( r ) 

i s t h e r e f o r e c a l c u l a t e d such, t h a t 

^ ( 0 * S e ^ 0 ^ + 11 ^ H (2„65) 

and the f i r s t order s o l u t i o n taken t o be 

Ft'VV" S (M»T (
, J

W ("V) (2.66) 

where 'J. T ^ ^ . i s given by the r i g h t hand side of (2.63), but 
. 1 I . i r, i , 



(n / tb u n t i l the value of Tfc •' ' from the n i t e r a t e agrees w i t h 
T^* ""''to w i t h i n a s p e c i f i e d t o l e r a n c e . 

I n a c t u a l computation "by t h i s method ( 2 e 6 4 ) w i l l he 
solved n u m e r i c a l l y , and the requirement t h a t the s o l u t i o n 
F ^ n ^ ( r ) must give the same value f o r t h e p a r t i a l wave amp l i ­
tude T^11"1^ as F j n " " " ^ ( r ) provides an extremely u s e f u l check 
on the numerical accuracy, f o r each i t e r a t e . 

Austern (.1969) formulated the Sasakawa method i n terms 
of standing wave boundary c o n d i t i o n s , and chose the t r i a l 
f u n c t i o n w„^ 0^ t o he 

- N
t S ^ {X,*) toe- r $ r-0 (2.67) 

where N ̂  = c£( l c
0^ 0)/ s£( k

0^ 0) a n d c^(x) i s r e l a t e d t o the 
s p h e r i c a l Bessel f u n c t i o n of the second kind ^ ( x ) according 
to 

C . M - - X V A . 0 0 ~ / 0 > s ( j t - t I T ) (2.68) 

This choice i s w e l l s u i t e d t o a p p l i c a t i o n s i n nuclear physics 
where i n the surface - <S model i t i s assumed t h a t the incoming 
p a r t i c l e i n t e r a c t s w i t h the nuclear surface o n l y ; the para­
meter r Q i s then taken t o be the radius of t h i s surface. 
There can be l i t t l e j u s t i f i c a t i o n however f o r adopting t h i s f o r 
atomic c o l l i s i o n s , p a r t i c u l a r l y as i t imposes a d i s c o n t i n u i t y 
i n the d e r i v a t i v e s of w^°^(r) which i s undesirable f o r numer-
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00 
(2.69) 

which has the c o r r e c t "behaviour both a t l a r g e r and near the 
8,+l 

o r i g i n where i t i s p r o p o r t i o n a l to r 

2.6 Higher P a r t i a l Wave C o r r e c t i o n s 

I n the p a r t i a l wave formulation i t i s i n p r i n c i p l e 

n e c e s s a r y to s o l v e the r a d i a l equations (2.18) f o r a l l v a l u e s 

of I such t h a t the r e s u l t i n g T.̂  g i v e s a non-negligible con­

t r i b u t i o n to the s c a t t e r i n g amplitude. At the intermediate 

ener g i e s c o n sidered i n t h i s work a l a r g e number of p a r t i a l 

waves are expected to c o n t r i b u t e , which would r e q u i r e a pro­

h i b i t i v e l y l a r g e amount of computer time. I n any case the 

use of the p r e s e n t one channel approximation f o r h i g h e r p a r t i a l 

waves would be u n n e c e s s a r i l y w a s t e f u l as one would expect a 

s e m i - c l a s s i c a l approach to be v a l i d f o r the angular momentum 

s t a t e s of l a r g e £• 

Now from (1.4-4) the e l a s t i c s c a t t e r i n g amplitude f ^ C e ) 

i n the impact parameter approximation to the second order 

p o t e n t i a l method i s 

= -bW;l [*i(fe, + <*)-i^U^U,^) V,AV, (2.70) 

and u s i n g the expansion (Newton 1966 p586) 

K v , T o ( i k i > 3 ^ | ) ^ y _ c u 4 0 J U ( c 2 k ^ p , ( ^ Q ) 2 # 7 1 ) 

i n (2.70) we f i n d the p a r t i a l wave amplitude to be 
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(2.72) 

where as usual 

T HCU..)T^ P < t * * 0 } (2.73) 

The t r a n s i t i o n amplitudes a^,(b ?+ c o) are t a b u l a t e d f o r 
electron-hydrogen and helium s c a t t e r i n g i n unpublished, sup­
plements to the work o.f Bra.ns~cl.en et a l (.1972) and B e r r i n g t o n 
et a l (1973). I t i s proposed t h e r e f o r e t o so?.ve both the 
r a d i a l equations (2*18) and the i n t e g r a l (2.72) .for o n l y 
those & up t o a value, L say, where T̂  and T^ x become equal. 
The c o n t r i b u t i o n to the s c a t t e r i n g amplitude of a l l p a r t i a l 
waves w i t h i s then found immediately from 

• f * M - - Y-CU+.^T" e e u ^ (2.74) 

w i t h f I P ( e ) computed from (2,70). 

http://Bra.ns~cl.en
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Chapter 3 A p p l i c a t i o n to the e l a s t i c s c a t t e r i n g of electrons. 
from hydrogen and helium atoms 

3.1 Numerical Methods 
The second order p o t e n t i a l h^ ( r , r ' ) was evaluated from 

(2.21), and i t was found t h a t no more than t h i r t y terms were 
req u i r e d i n the summation over X „ The generation of the 
i n t e g r a l s Â  , 13̂  and r e q u i r e d f o r z$,&(P^0 | r r * ) was by 
the two term recurrence r e l a t i o n s of Appendix C, those f o r 
A^ and Ĉ  being inhomogenous, The l a t t e r can i n general be 
unstable, i n t h a t a machine e r r o r i n the i n i t i a l value A or 

o 
C i s equivalent to i n t r o d u c i n g a f r a c t i o n of the homogenous 
s o l u t i o n . Subsequent a m p l i f i c a t i o n of t h i s e r r o r d u r i n g 
r e c u r s i o n may then r e s u l t i n a considerable l o s s of s i g n i f i ­
cant f i g u r e s from the r e q u i r e d s o l u t i o n (Gautschi 1961). 

Examination of the equations of Appendix C shows t h a t 
the recurrence r e l a t i o n f o r C„ i s s t a b l e i n the forward 
d i r e c t i o n f o r a l l £, w h i l e t h a t f o r A i s s t a b l e up t o a 
value £ = a r < e For values of £ g r e a t e r than t h i s we use r e ­
currence i n the backward d i r e c t i o n , the i n i t i a l value of A 

£ 
being chosen from the asymptotic expansion f o r l a r g e r :-• 

-\ 
\ + ^ + 0,* r <* v . . . (3.1) 

1 > 
•̂v4- (U^)(iUS) J 

The s p h e r i c a l Bessel f u n c t i o n s were al s o generated by a 
combination of forward and backward r e c u r s i o n , the c r i t e r i a 
f o r s t a b i l i t y having been established by Corbato and Uretsky 
(1959). 



Figure 1 shows a contour p l o t of Im |~ h ( r , r ' ) / r r ' P.for 
electron-hydrogen s c a t t e r i n g , w i t h k - 0.1„ This i l l u s t r a t e s 
w e l l the t y p i c a l l y r a p i d v a r i a t i o n of the k e r n e l i n the r e g i o n 
of the origin.; w i t h comparatively smooth behaviour elsewhere* 
On the basis of t h i s s t r u c t u r e , i t was decided t h a t f o r r and 
r ' g reater than some value r Q i t would be s u f f i c i e n t to o b t a i n 
h ( r , r ! ) by i n t e r p o l a t i o n i n an array set up a t the beginning 
of the computation* An e m p i r i c a l value of 1.2/k was used f o r 
r o ! r and f o r r and r ' < r 0 the k e r n e l was evaluated each time i t 
was r e q u i r e d . I n i n t e r p o l a t i n g h ^ ( r , r ' ) i t should be remem­
bered: t h a t the k e r n e l h»s discontinuous d e r i v a t i v e s a t r = r ' t 

and i n t e r p o l a t i o n should t h e r e f o r e be confined t o p o i n t s 
e i t h e r i n the r e g i o n r < r ' , or i n the r e g i o n r > r f . F i n a l l y , 
i t i s noted t h a t from (2.35) we expect Im £h ( r , r 1 ) J 'bo have 
zeroes at l i n e s of constant r and r ' , corresponding t o the 
zeroes of the f u n c t i o n j - ^ k r ) , f o r s u f f i c i e n t l y l a r g e r>; 

t h i s i s i n f a c t c l e a r l y i l l u s t r a t e d i n f i g u r e 1. 

The Sasakawa-Austern i t e r a t i o n described i n Section 2*5 
req u i r e s the s o l u t i o n of the d i f f e r e n t i a l equation 

where the f u n c t i o n g(x) a r i s e s from the i n t e g r a t i o n over the 
second-order p o t e n t i a l and exchange k e r n e l s and. the wavefunction 
of the previous i t e r a t e . The i n t e g r a l w i t h k e r n e l h ( r , r ' ) , 

f n) 
"together w i t h those r e q u i r e d f o r the c a l c u l a t i o n of T , was 
evaluated .by i n t e g r a t i n g over successive s u b i n t e r v a l s with, the 
method of Clenshaw and C u r t i s (1960). As noted by Gentleman 
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(1972) t h i s can he regarded as an expansion of the int e g r a n d 
e i t h e r i n a Chebyshev s e r i e s or as a F o u r i e r cosine transform; 
which i s then i n t e g r a t e d term by term. 

I n e i t h e r case the K p o i n t quadrature formula obtained i s 

where the sum i s over even values of n o n l y , the symbol '' 
means t h a t the f i r s t and l a s t terms should be halved, and a^ 
i s given by j 

tsJ 

r r 1 M N <••>•> 
6 - o 

This p a r t i c u l a r method of i n t e g r a t i o n was chosen because,, 
as shown \>y Smith (1965), i t r e q u i r e s fewer p o i n t s to o b t a i n 
a s p e c i f i e d accuracy than any other method, w i t h the exception 
of Gauss quadrature. I t s advantage over the l a t t e r method i s 
t h a t there are r e l i a b l e e r r o r estimates a v a i l a b l e f o r a giv e n 
number of p o i n t s , and. moreover doubling the number of p o i n t s 
requires less e f f o r t . The implementation of the technique was 
based on the work of O'Hara and Smith (1968) and O l i v e r (1972)., 
from which the e r r o r estimates were also taken. 

The i n t e g r a l over the exchange k e r n e l r e q u i r e s the evalua­
t i o n of y ^ - ^ i r ) . This i s c a l c u l a t e d at the beginning 

tb 
of the ( n + l ) ' i t e r a t e f o r the set of values r ^ = i h , where h i s 
some increment and i -• 0, 1, 2.,., and i s most economically 
done using a step-by-step method. We use Simpson's r u l e (Davis 
and fcabindwits 1967 p!9) here, and subsequently i n t e r p o l a t e i n 
the array y,, (P.( QI\> ̂ ,J' \ r_. ) as r e q u i r e d . 
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I n e v a l u a t i n g s e m i - i n f i n i t e i n t e g r a l s i t i s usual to 
replace the upper l i m i t of i n f i n i t y by some l a r g e f i n i t e 
value R, and then t o sum the i n t e g r a l s over successive sub-
i n t e r v a l s of t h i s range. For the i n t e g r a l w i t h the second 
order p o t e n t i a l k e r n e l , R was chosen as the p o i n t where the 
integrand had reached i t s asymptotic form; the i n t e g r a l 
from P to <» was then evaluated a n a l y t i c a l l y . The integrand 
of the exchange term, being of s h o r t range, presented no 
d i f f i c u l t i e s . 

The d i f f e r e n t i a l equation' (3.2) was solved by the Nuraerov 
method (Melkanoff e t a l 1966) which replaces (3.2) by the 
a l g o r i t h m 

where h - x n + 1 - x.. = x n - x ^ and y n + 1 denotes y U n + 1 ) w i t h 
a s i m i l a r a b b r e v i a t i o n f o r i ( x

n + ^ ) a n c l s(x
n+-jj)« *'or i n t e g r a ­

t i o n out to 0.4 atomic u n i t s h was taken t o be 0.02, t h i s being 
increased to 0.15/'k0 f o r x>0.4a Qc 

The Sasakawa-Austern i t e r a t i o n was found t o converge 
r a p i d l y f o r a l l angular momenta except £=0„ T y p i c a l l y f o r 
electron-hydrogen s c a t t e r i n g a t 100 eV the c r i t e r i o n 

I To ^ ~ T

c

( n ~ 1 ; l A/11"*1^ < 0 t125^ was s a t i s f i e d on the t h i r d 
i t e r a t i o n f o r and the f o u r t h i t e r a t i o n f o r 1^JU3* 

i'or the #,-0 s i n g l e t case the convergence was improved 

using the technique of Burke and Sea ton (.1971) whereby the waive™ 
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f u n c t i o n a t the n i t e r a t e i s taken as the average of F ^ ( r ) 
(n-1) 

and F v ~ ; ( r ) ; a t 100 eV however seven i t e r a t i o n s were s t i l l 

n e c e s s a r y to o b t a i n convergence. For e n e r g i e s l e s s than 50 eV 

the t r i p l e t £=0 i t e r a t i o n did not converge a t a l l , the d i f f i ­

c u l t y being a s s o c i a t e d with the presence of the exchange 

i n t e g r a l . This was r e c t i f i e d by i n c l u d i n g only a s m a l l 

f r a c t i o n of the exchange k e r n e l on the f i r s t i t e r a t e ; t h i s 

f r a c t i o n was then g r a d u a l l y i n c r e a s e d on each s u c c e s s i v e 

i t e r a t e u n t i l before convergence was achieved i t was equal to 

one. 

The i n t e g r a l s (2.70) and (2.72) were evaluated by e x p r e s ­

s i n g them as a sum of an i n f i n i t e s e r i e s of d e f i n i t e i n t e g r a l s 

whose l i m i t s of i n t e g r a t i o n are s u c c e s s i v e zeroes of the B e s s e l 

f u n c t i o n s J2£+i(2kb) or J Q ( 2 k b s i n I7). Each i n t e g r a l was then 

computed by the method of Romberg (Davis and Rabinowitz 1967 

p l 6 6 ) . As each s u c c e s s i v e term i n the s e r i e s of i n t e g r a l s 

a l t e r n a t e d i n s i g n , i t was found to be extremely u s e f u l to 

employ the E u l e r t r a n s f o r m a t i o n (Davis and Rabinowitz 1967 

p99) to speed up the convergence of the sum of these terms. 

As i s u s u a l i n the c a l c u l a t i o n of s e m i - i n f i n i t e i n t e g r a l s such 

as (2.70) and ( 2 . 7 2 ) , the upper i n f i n i t e l i m i t i s r e p l a c e d by 

some f i n i t e R. T h i s , of course, i n t r o d u c e s an e r r o r which we 

may however bound by using the r e l a t i o n s 

and 
r <0 r 80 

(3.7) 



which s provided t h a t f ( b ) and g(b) are p o s i t i v e decreasing i n 
the range IUbsj«>, f o l l o w immediately from Bonnet's form of the 
second Mean Value Theorem (Whittaker and Watson 1963 p66). The 
i n t e g r a l on the r i g h t hand side of (3.7) i s computed using the 
polynomial approximation of Hitchcock (Abramowitz and Stegun 
1965 P481). 

The s o l u t i o n of the r a d i a l equation (2.18) r e q u i r e d approx 
imat e l y 5 minutes CPU time on an IBM 360/67, f o r each p a r t i a l 
wave amplitude. At a l l energies considered i t was found t h a t 
s a t i s f a c t o r y agreement w i t h the impact parameter approximation 
to T^ was obtained f o r £>7. 

3.2 Results 
a) P a r t i a l Wave Amplitudes 

IP 
The c a l c u l a t i o n of T^ t h a t i s r e q u i r e d f o r the present 

model provides an o p p o r t u n i t y f o r determining the v a l i d i t y of 
the impact parameter approximation used i n previous a p p l i c a ­
t i o n s c Since the l a t t e r neglects exchange,, the second order 
p o t e n t i a l r a d i a l equations (2,18) and (2.25) were f i r s t of a l l 
solved w i t h the exchange k e r n e l set equal t o zero,, The d i f ­
ference between the p a r t i a l wave amplitude T^ so obtained, and 
t h a t c a l c u l a t e d from (2„72) i s then due t o the s e m i - c l a s s i c a l 
approximation alone. 

Table I compares the values of | T D | 2 w i t h |T I P | 2 f o r 
1=0 t o 7, f o r electron-hydrogen s c a t t e r i n g a t 54.4, 100 and 
200 eV. and the same q u a n t i t i e s are tabulated i n Table I I f o r 
electron-helium c o l l i s i o n s . I t i s c l e a r l y seen t h a t f o r the 
case of helium the impact parameter approximation i s very poor 
a t 50 eV, the S wave value I T ̂~": | c being i n e r r o r by 50%. 
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This e r r o r f o r £=0 decreases t o 30$ a t 200 eV. On the other 
D 2 

hand f o r hydrogen a t 200 eV the e r r o r i n | T | i s no g r e a t e r 
T P ? 

than 10$ o For energies greater than 50 eV |T„ |~ i s seen to 
agree w i t h the corresponding q u a n t i t y i n the p a r t i a l wave 
treatment a t &=7» f o r both hydrogen and helium. 

Also included i n t a b l e I I are the values of |T̂  | " f o r 
electr o n - h e l i u m s c a t t e r i n g i n our one channel model w i t h 
exchangeo As would be expected from i t s s h o r t range behaviour, 

D 2 
comparison w i t h | T^ | shows t h a t exchange has the g r e a t e s t 

IP ? 
e f f e c t upon the S wave values, and f o r £=7 (where | T^ \ ~ == 
I T & _ | ) i t can be considered n e g l i g i b l e . I t should be noted 
t h a t even a t 200 eV, where exchange has o f t e n been considered 
to be n e g l i g i b l e i n other models, |T |" i s increased by 15$ 
by the i n c l u s i o n of t h i s e f f e c t . 
^) E l a s t i c S c a t t e r i n g of electrons on hydrogen 

I n f i g u r e s 2a) to 2c) we show the d i f f e r e n t i a l cross-
sections p r e d i c t e d by the present model f o r e l a s t i c e l e c t r o n -
hydrogen s c a t t e r i n g a t 54.4, 100 and 200 eV. They f a l l somewhat 
below the absolute 50 eV measurements of Teubner et a l (1973)» 
and those of Lloyd et a l (1974) a t 100 and 200 eV. However t 

from the di s c u s s i o n of Teubner et a l (1973) i t can be deduced 
t h a t the e r r o r i n both sets of data i s up t o ±35$ i n absolute 
value,, and up t o 10$ i n shape p a r t i c u l a r l y a t the l a r g e r angles; 
our r e s u l t s are not t h e r e f o r e i n c o n s i s t e n t w i t h the measure­
ments. The degree of improvement achieved by r e p l a c i n g the 
approximations of Bransden et a l (1972) w i t h a f u l l wave t r e a t ­
ment and i n c l u d i n g exchange i s s t r i k i n g , e s p e c i a l l y a t 54.4 e\r

e 

Even a t 200 eV there i s a s u b s t a n t i a l c o r r e c t i o n a t smaller 
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angles, where the S wave p a r t i a l wave amplitude has g r e a t e s t 
e f f e c t . 

Figure 2a) also shows the r e s u l t s of other t h e o r e t i c a l 
work a t 50 eV. The f a i l u r e of the Born and close-coupling 
approximations t o p r e d i c t the forward peak:, discussed i n 
Section 1.4, i s w e l l i l l u s t r a t e d . The EES r e s u l t s of Byron 
and Joachain (1974) are quite d i f f e r e n t a t small angles from 
those of the present work, but they are also w i t h i n the error-
bounds on the data. Figures 2b) and 2c) show the EES r e s u l t s 
of Byron and Joachain (1973) a t 100 and 200 eV and i t can be 
seen t h a t as the energy increases t h e i r r e s u l t s become v e r y 
close to ours, even f o r small angles. The work of Chen et a l 
(1973), who consider the Glauber and Glauber-angle approxima­
t i o n s , should also be mentioned. The l a t t e r i s a m o d i f i c a t i o n 
of the Glauber approximation to account f o r t r a j e c t o r i e s other 
than s t r a i g h t l i n e s , and gives r e s u l t s q u i t e close to the 
present work, but s l i g h t l y lower a t small angles. I n c o n t r a s t 
the Glauber approximation p r e d i c t s cross-sections t h a t f o r 
angles g r e a t e r than 15° are very close to the r e s u l t s of 
Bransden et a l (1973), t h i s being shown i n f i g u r e 2b) f o r 
100 eV. 
c ) E l a s t i c S c a t t e r i n g of ele c t r o n s on helium 

Figures 3a) to 3 f ) d i s p l a y the present e l e c t r o n - h e l i u m 
d i f f e r e n t i a l c r oss-section r e s u l t s a t 50. 100, 200, 300, 400 
and 500 eV. Comparison w i t h experiment i s hindered however 
by the c o n f l i c t i n g nature of the a v a i l a b l e data, p a r t i c u l a r l y 
a t energies of 100 and 200 eV. To assess the r e l i a b i l i t y of 
the data, we note f i r s t of a i l t h a t the absolute 500 eV measure-
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merits of Bromberg ( l ^ b y ) are g e n e r a l l y regarded as being h i g h l y 
accurate, and i t i s expected t h a t h i s recent data a t 200, 300 
and 400 eV (Bromberg 1974) i s also good 0 This i s confirmed, by 
the good agreement found between the l a t t e r results, those of 
Jansen e t a l (1974) and t o a le s s e r e x t e n t the data of Chamber­
l a i n , e t a l (1970)„ This seems t o i n d i c a t e t h a t the measure­
ments of Crooks and Rudd (1972) are too h i g h ; indeed recent 
r e l a t i v e measurements by Sethuraraan et a l (1974) when norma­
l i z e d t o Bromberg's a t 500 eV and 60° suggest t h a t those of 
Crooks and Rudd (1972) are c o n s i s t e n t l y 20 to 25$ too l a r g e i n 
the range 30-150°. 

Bearing i n mind t h a t the experimental s i t u a t i o n s t i l l has 
to be s a t i s f a c t o r i l y resolved, i t can be said t h a t the agree­
ment a t sm a l l angles between our r e s u l t s and the data i s ve r y 
good. The extent t o which we agree w i t h the measurements o f 
Broraberg (1969, 1974) at 400 and 500 eV i s e s p e c i a l l y g r a t i f y ­
i n g . At l a r g e angles our cross-sections f a l l c o n s i s t e n t l y 
below those of Crooks and Rudd (1972) by a t the most 30$. 
Figures 3d) and 3 f ) however, show t h a t v/e are i n good agreement 
with, the larg e angle r e s u l t s of Sethuraraan e t a l (1974) and. 
Oda et a l (1972), -which are r e l a t i v e measurements normalized, 
to the 500 eV values of Bromberg a t 60° and 30° r e s p e c t i v e l y . 

Figures 3 also show the r e s u l t s of the impact parameter 
approximation to the second order p o t e n t i a l method used by 
Be r r i n g t o n e t a l (1973)* As i n the case of s c a t t e r i n g from 
hydrogen, i t i s seen t h a t the e f f e c t of -;he s e m i - c l a s s i c a l 
approximation i n t h i s energy r e g i o n i s considerable. Even a t 
500 eV the r e s u l t s of Berrington e t a l (1973) d i f f e r from ours 



by over 20% a t the smaller angles. 
At energies i n the range 200-500 eV the EBS method gives 

r e s u l t s t h a t l i e very close, at small angles, t o those of the 
present model and f o r t h i s reason have not been d i s p l a y e d . As 
would be expected, the d i f f e r e n c e between the two methods 
begins t o show a t lower energies, and i s c l e a r l y seen i n f i g u r e 
3b) f o r 100 eV. The cross-sections p r e d i c t e d by the EBS model 
f o r l a r g e angles have been c a l c u l a t e d by Byron and Joachain 
(1973a), and from f i g u r e s 3 b), 3c) and 3e) i t i s seen t h a t they 
are d i f f e r e n t from those of the present work a t a i l energies 
and are i n f a c t q u i t e close t o the data of Crooks and Rudd 
(1972) „ Figure 3c) also shows the r e s u l t of the Glauber approx­
i m a t i o n (Byron and Joachain 1973a) which, as was found f o r 
electron-hydrogen s c a t t e r i n g , l i e s close t o the curve of the 
IP model. 

For the sake of c l a r i t y , we have not shown the r e s u l t s of 
e i t h e r the extended p o l a r i z e d p o t e n t i a l approximation of LaEahn 
and Callaway (19&9) or the second Born approximation of H o l t 
et a l (1971). While these models p r e d i c t the expected peak i n 
the forward d i r e c t i o n , they both give d i f f e r e n t i a l c ross-
sections t h a t d i f f e r i n shape from the experimental curves a t 
angles less than 30°. I n p a r t i c u l a r , the agreement w i t h 
Bromberg (1969) a t 500 eV i s poor. 

From the p a r t i a l wave amplitudes T^, we also c a l c u l a t e d 
d i f f e r e n t i a l cross-sections i n the present approximation w i t h 
exchange neglected, and. i t was found t h a t f o r energies g r e a t e r 
than 200 eV the c o n t r i b u t i o n from exchange i s l e s s than 10$. 
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d) I n t e g r a t e d and T o t a l C r o s s - S e c t i o n s 

The e l a s t i c s c a t t e r i n g amplitude i n the forward d i r e c t i o n 

i s r e l a t e d t o the t o t a l c r o s s - s e c t i o n "by 

QTOT * £ X ^ . 8 ) 

where Q T 0 T i s i n u n i t s of Tfa o . Equation (3.8) i s known as the 

o p t i c a l theorem, which we now use to c a l c u l a t e the t o t a l c r o s s -

s e c t i o n f o r electron-hydrogen and helium s c a t t e r i n g from our 

knowledge of the s c a t t e r i n g amplitude. I n a d d i t i o n , we c a l ­

c u l a t e the t o t a l e l a s t i c or i n t e g r a t e d c r o s s - s e c t i o n by 

= l lX '* ' " " - " l l ,j\*(»M> *(«-»») ( 3 . 9 ) 

These two q u a n t i t i e s are t a b u l a t e d i n t a b l e I I I f o r e l e c t r o n -

hydrogen s c a t t e r i n g a t 54.4, 100 and 200 eV, along w i t h the 

v a l u e s of Bransden et a l ( 1 9 7 2 ) . I t i s seen t h a t the two 

formulations of the second order p o t e n t i a l method p r e d i c t 

v a l u e s f o r QrpQrp t h a t agree quite w e l l , d e s p i t e the d i s p a r i t y 

between the r e s u l t s f o r i n t e g r a t e d and d i f f e r e n t i a l c r o s s -

s e c t i o n s . T h i s i l l u s t r a t e s t h a t to d i s t i n g u i s h between 

t h e o r i e s , a more exacting t e s t than a comparison of p r e d i c t e d 

t o t a l c r o s s - s e c t i o n s i s r e q u i r e d . 

I n t a b l e IV i n t e g r a t e d c r o s s - s e c t i o n s f o r e l e c t r o n -

helium s c a t t e r i n g are seen to be i n e x c e l l e n t agreement w i t h 

the r e s u l t s of V r i e n s et a l (1968) a t 100-400 eV and with 

t h a t . o f Bromberg (1969) a t 500 eV. This very good agreement 

i s a l s o obtained i n the extended p o l a r i z a t i o n p o t e n t i a l approx-



imation of LaBabn and Callaway (1969)> but i s not found by 
e i t h e r h o l t et a l ( l 9 7 l ) or B e r r i n g t o n e t a l (1973) whose 
r e s u l t s are too h i g h and low r e s p e c t i v e l y . 

Table V d i s p l a y s the present r e s u l t s f o r the r e a l p a r t 
of the forward s c a t t e r i n g amplitude and Q.^Q^ f o r e l e c t r o n -
helium s c a t t e r i n g . The r a t i o of the imaginary t o r e a l p a r t s 
of the s c a t t e r i n g amplitude i s seen to be i n very poor agree­
ment w i t h the d i s p e r s i o n r e l a t i o n r e s u l t s of Bransden and 
McDowell (1970). This seems to be a r e s u l t of Im f f ( 0 , k ? T j 

o 

i n c r e a s i n g too r a p i d l y w i t h decreasing k . I n c o n t r a s t the 
values f o r Re T f(0,k ' ) ~ l obtained by Byron and Joachain (1973) 
w i t h the EBS method are q u i t e close to those of .'iransden and 
McDowell (1970 )5 , but u n f o r t u n a t e l y the EBS values f o r 
Im Qf(0,k T\ are not a v a i l a b l e . We have net included i n 
Table V the r e s u l t s of the e i k o n a l o p t i c a l model of Byron 
and Joachain (l974'a) which gives values f o r Re £f(0,k )~j 
agreeing t o b e t t e r than "1$ w i t h those of the present work* 

p 
The behaviour of Im j_f(0,k )~| a t low energies i s r e f l e c t e d 

i n an. apparent divergence of the forward s c a t t e r i n g i n t e n s i t y , 
i n c o n t r a s t to the d i s p e r s i o n r e l a t i o n r e s u l t s of Bransden and 
McDowell (1970) which, i n d i c a t e a f a i r l y broad maximum a t about 
80 eV. This i s shown i n f i g u r e 4, which also i l l u s t r a t e s t h a t 
the same behaviour seems to be common t o a l l methods t h a t use 
an average e x c i t a t i o n energy. 
3.3 Discussion 

The r e s u l t s obtained by the present model of e l a s t i c 
s c a t t e r i n g ; c l e a r l y show the inadequacy of the impact para--



meter approximation used i n previous a p p l i c a t i o n s of the 
second order p o t e n t i a l method. Even a t energies of 200 eV 
f o r hydrogen and 500 eV f o r helium there i s s t i l l not 
s a t i s f a c t o r y agreement between the two f o r m u l a t i o n s . We 
suggest t h e r e f o r e t h a t i t i s inaccurate t o use a semi-
c i a s s i c a l approximation t o the s c a t t e r i n g amplitude f o r 
energies less than twenty times the s i n g l e i o n i z a t i o n t h r e s ­
hold 5 w i t h i n t h i s energy r e g i o n , i t s use i s recommended as 
an approximation to the higher p a r t i a l wave amplitudes. 
The present r e s u l t s also i n d i c a t e t h a t i n c l u d i n g the e f f e c t 
of exchange modifies d i f f e r e n t i a l c r oss-section by more 
than 10$ f o r energies less than ten times the i o n i z a t i o n 
t h r e s h o l d . A l t o n e t a l (1972) have c a r r i e d out a p a r t i a l 
wave treatment of the second, order p o t e n t i a l method f o r 
electron-hydrogen s c a t t e r i n g a t energies below 80 eV, w i t h 
the neglect of exchange. We .therefore expect an. appreciable 
e r r o r i n t h e i r r e s u l t s . 

Over the energy and angular range considered, the present 
approximation gives agreement w i t h d i f f e r e n t i a l c r o s s - s e c t i o n 
measurements equalled only by the EES r e s u l t s . However, the 
p r e d i c t i o n s of the two models d i f f e r , somewhat s u r p r i s i n g l y , 
at l a r g e angles even a t 400 eV. A possible reason f o r t h i s 
discrepancy i s t h a t there are c e r t a i n t h i r d order terms which 
the EBS method in c l u d e s , but which are l a c k i n g from our one-
channel model and may c o n t r i b u t e t o l a r g e angle s c a t t e r i n g . 
R e f e r r i n g t o ( i . 1 2 ) , the present approximation f o r the con­
f i g u r a t i o n space e l a s t i c s c a t t e r i n g f u n c t i o n i s the s o l u t i o n 
of 
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L v„ £ v. e. (3.io) K ^ ; ) V " *V C f l^* Mr L V 0 i V ^ V f 

where the i n t e g r a l operator G i s defined by ( 1 . 5 0 ) . R e c a l l i n g 
the d e f i n i t i o n of the plane wave ^ ( r ) given "by (1*52) the 
s o l u t i o n of (3.10) i s 

I t e r a t i o n of the above equation then shows t h a t the present 
approximation takes i n t o account the t h i r d order terms 
v„« -Vv,« V„ . w h i l e n e g l e c t i n g those of the form v v V.,.. on no 00' to to on nn; mo 
Although the l a t t e r t h i r d order terras are included i n the 
BBS method, we do not b e l i e v e t h a t t h i s accounts f o r the 
la r g e angle discrepancy between the two models* F i r s t of 
a l l , Byron and Joachain (1974a) remark t h a t these 
terms are l i k e l y t o a f f e c t small angle s c a t t e r i n g only, and 
t h i s has been confirmed by p r e l i m i n a r y c a l c u l a t i o n s by Van-
derpoorten (1974) who found t h a t adding the e f f e c t of the 
terms V" "V" to the second order e i k o n a l o p t i c a l model on nm mo -
a l t e r e d the cro s s - s e c t i o n a t wide angJ.es by only 1$. Secondly, 
Bransden e t a l (1972) and B e r r i n g t o n e t e.l (1973) found t h a t 
t h e i r e l a s t i c s c a t t e r i n g r e s u l t s were a l t e r e d o n l y a t small 
angles on using a f o u r channel r a t h e r than a one channel 
approximation, The s i g n i f i c a n c e of t h i s i s t h a t the f o u r 
channel model takes i n t o account the a d d i t i o n a l t h i r d order-
terms V y V where m i s less than 4. We suggest t h e r e f o r e 
t h a t the l a r g e angle discrepancy i s more l i k e l y t o be due t o 

http://angJ.es


the f a i l u r e of the EES method t o work to a co n s i s t e n t order 
i n the d i f f e r e n t i a l c r o s s - s e c t i o n . 
I n connection w i t h the r a p i d increase of Ira ]_f(0,k )]] 

f o r decreasing k , i t i s seen from (2.52) and.(2.53) t h a t 
when the energy of the incoming e l e c t r o n reaches the value 
2(£-£Q), the average energy k^ vanishes. This occurs a t an 
energy below the i o n i z a t i o n t h r e s h o l d f o r hydrogen,, but at 
an energy of 30.7 eV f o r helium, and i t s e f f e c t on the s c a t ­
t e r i n g amplitude remains t o be i n v e s t i g a t e d . We note also 
t h a t t h e r e i s no j u s t i f i c a t i o n f o r our use of the same value 
of average energy i n both the r e a l and imaginary p a r t s of 
the second-order p o t e n t i a l A b e t t e r approximation would be 
to supplement the work of Section 2„4 w i t h a p h y s i c a l choice 
of k'" f o r Im f _ h t ( r , r ' 5 ~ | but whether t h i s would remove the 
apparent divergence mentioned, above remains i n doubt. 



Chapter 4 Present Model of I n e l a s t i c S c a t t e r i n g 

4.1 A D i s t o r t e d Y/aye Approximation 
The d e s c r i p t i o n of the e x c i t a t i o n of a l i g h t atom t o an 

a r b i t r a r y s t a t e due to e l e c t r o n impact i s contained w i t h i n the 
many channel formulation, of the second order p o t e n t i a l method., 
provided t h a t an appropriate number of channels are represented 
e x p l i c i t l y . In p r a c t i c e , the s o l u t i o n of equation (2.12) i s 
a major corujjutational t a s k , even w i t h If chosen t o i n c l u d e o n l y 
the n--l and 2 l e v e l s . I t i s more appropriate t h e r e f o r e t o 
consider an a l t e r n a t i v e d e s c r i p t i o n o f i n e l a s t i c s c a t t e r i n g , 
but one which, nevertheless u t i l i z e s the second order p o t e n t i a l 
method. 

R e f e r r i n g t o ( l * 8 0 ) , i t i s proposed to approximate the two 
p o t e n t i a l formula by s e t t i n g , f o r electron-hydrogen, s c a t t e r i n g , 

where 5 ,
i
V J ( r g ) i s the s o l u t i o n of the one channel approximation, 

to the second order p o t e n t i a l equations ( l . I 2 ) and (l«14) s and 
S i s the t o t a l s p i n . This approximation i s expected t o be 
superior t o the DWBA since i t includes the e f f e c t s of exchange, 
p o l a r i z a t i o n and absorption on the d i s t o r t e d wave i n the 
i n i t i a l channel, (r2)„ 

From the work of Section 1.7 i t i s seen t h a t the present-
model of i n e l a s t i c s c a t t e r i n g t h e r e f o r e approximates the 
amplitude f o r d i r e c t s c a t t e r i n g by 

w = " w A c i k.vxV(s»w ̂ u-.i ?! iu) ( 4 < 2 ) 
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whi l e the expression f o r the exchange amplitude i s 

(4.3) 

where we emphasize t h a t i n (4.3) the p o t e n t i a l V must be the 
post i n t e r a c t i o n 

I I 
(4.4) 

A l l other q u a n t i t i e s i n (4.2) and (4«3) have been defined 
p r e v i o u s l y i n Section l e 7 . The d i f f e r e n t i a l c r o s s - s e c t i o n 
f o r e x c i t a t i o n t o the s t a t e f i s then 

<*£ - I ^ y r , 
e - _ ' * 

5) 

For e l e c t r o n - h e l i u m s c a t t e r i n g the d i r e c t and exchange amp l i ­
tudes are 

and 

(4.7) 

where <P n(r^».£p) i s the bound wavef un c t i o n f o r the s t a t e n of 
helium, and the i n t e r a c t i o n i s now 

V c (4.8) 

V^. f(r^) i s the m a t r i x element of the above i n t e r a c t i o n w i t h 
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respect t o the s t a t e ^ ( r ^ i v , ) , and X-f(z^) i s defined by 
(1.84). 

The d i f f e r e n t i a l c r o s s - s e c t i o n f o r e x c i t a t i o n t o a 
s i n g l e t s t a t e of helium i s then 

* T O w l ) -- ( 4. 9 ) 

while f o r the sp i n forbidden t r a n s i t i o n s , which can only take 
place through e l e c t r o n exchange we have 

Since the one channel s c a t t e r i n g f u n c t i o n Ji'^(r) i s 
generated dui*ing the c a l c u l a t i o n of the e l a s t i c cross-sections 
f o r hydrogen and helium described i n the previous chapter, the 
present model of i n e l a s t i c s c a t t e r i n g r e q u i r e s l i t t l e e x t r a 
e f f o r t i n order t o o b t a i n e x c i t a t i o n c r o s s - s e c t i o n s . I t i s 
also apparent t h a t t r a n s i t i o n s to any s t a t e f can be considered 
w i t h approximately the same amount of computation; s u b j e c t of 
course i n the case of helium t o the a v a i l a b i l i t y of accurate 
wave f u n c t i o n s * 

I n common w i t h the DWBA, the present model has the d i s ­
advantage t h a t i t represents the o p t i c a l l y forbidden t r a n s i ­
t i o n s more p o o r l y than those t h a t are allowed. This would be 
overcome t o some extent i f we were t o use the second order 
p o t e n t i a l approximation to the t o t a l wave f u n c t i o n f o r the 
system, r a t h e r than the e l a s t i c s c a t t e r i n g wave f u n c t i o n . 
From Section 1.1 i t i s seen t h a t the former i s given by 
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(4.11) 

We now extend the n summation over the i n f i n i t e range, perforin 
closure on the s t a t e s <f> n(r) and s u b s t i t u t e the r e s u l t i n (1.80), 
g i v i n g f o r example the d i r e c t amplitude as 

- I x f t i . V ^ l t * , F t
5 G ( i » ; 

w i t h V ( r ) and V ( r , r ' ) defined by (1.6) and (1.15) respec­
t i v e l y . Reference to (1.14) shows the one channel second 
order p o t e n t i a l k e r n e l K ( r , r ' ) t o be contained i n (4.12), 
and the improved approximation to the d i r e c t s c a t t e r i n g 
amplitude i s t h e r e f o r e w r i t t e n more con c i s e l y as 

C M = - « x ' ^ % ( x , . ' . ^ ' U i ) (4.13) 

s( 1) 
where f ^ '(G) i s our o r i g i n a l d i s t o r t e d wave approximation 
given' by ( 4 * 2 ) , I t i s seen t h a t the e v a l u a t i o n of f j ^ '(0) 
i s o f a complexity i n t e r m e d i a t e between t h a t of the s o l u t i o n 
of the many channel equations (2.12), and. of the c a l c u l a t i o n 
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In a c t u a l computation we work w i t h r a d i a l r a t h e r than 
c o n f i g u r a t i o n space wave f u n c t i o n s , and the angular momentum 
decomposition of the s c a t t e r i n g amplitude must be made- f o r 
each process under c o n s i d e r a t i o n . We w i l l t h e r e f o r e r e q u i r e 
the f o l l o w i n g p a r t i a l wave expansions f o r the d i s t o r t e d waves:' 

X ' / ( 0 ~- f_U\\ll*^XtLk^ P t ( k < . l ) (4.14) 

and 

l = o *ir 

The e l a s t i c second order p o t e n t i a l f u n c t i o n f£(k ir) i s 
obtained from the s o l u t i o n of (2.18) and (2,2?) f o r hydrogen 
and helium r e s p e c t i v e l y , w hile the equation, f o r the d i s t o r t e d 
wave x"^ ( k ^ r ) i s found on s u b s t i t u t i n g (4.14) i n t o (1.84) to 
be 

OO 
Xl&<*) = ^ L V ^ * * * ^ (4.16) 

ft,--. 

where 
+ i 

4.2 2_ŝ  State E x c i t a t i o n ^of Hycirogen 
We choose as our model of ls-»2s e x c i t a t i o n of hydrogen 

the d i s t o r t e d wave approximation given by equations (4o2)j, 
(4.3) and ( 4 . 5 ) . 



Consider f i r s t of a l l the d i r e c t s c a t t e r i n g amplitude* 
Since i and f are "both s st a t e s ? the m a t r i x elenient V ^ ( r ) 
has no angular dependence, and hence s u b s t i t u t i n g the expan­
sions (4.14) and (4.113) i n t o {A ,2) gives 

00 

• f u W = r L c m o ^ t u ^ ) t t (4.18) 
*«. 1=0 

where the d i r e c t p a r t i a l wave amplitude t ^ i s 

~\A ^^V^M^^O (4.19) 

Wow comparing the expression f o r the d i s t o r t e d wave 
s c a t t e r i n g amplitude given by (4.2) w i t h t h a t of the f i r s t -
Born approximation (1.57) and using the p a r t i a l wave expansion 
of a plane wave 

t a L U O ( U + l> " V P l ^ - S ^ (4.20) 
t -0 

i t i s c l e a r t h a t the Born approximation t o the p a r t i a l wave 
amplitude t ^ i s obtained by r e p l a c i n g x"̂  ( k ^ r ) and f ̂  ( k ^ r ) 
i n (4.19) by ŝ  ( k ^ r ) and s^ ( k ^ r ) r e s p e c t i v e l y . Hence 

r 00 

(4.21) 

Since the above i s much easier to compute than tp , the l a t t e r 
was c a l c u l a t e d only f o r values of l up to L f o r which t ^ - t^« 
The c o r r e c t i o n t o the d i s t o r t e d wave amplitude f o r &>L i s then 

1 9. (4.22) t - 0 
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The Born s c a t t e r i n g amplitude f ^ ( 0 ) i s given by (1*57) >• snd 
i n t r o d u c i n g the momentum t r a n s f e r q = k- - k^ the expansion 
(4.20) allows us to w r i t e , f o r s t r a n s i t i o n s 

I n p a r t i c u l a r using the expression f o r ̂ ie'2a^T^ &^-Yen i n 

Appendix I ) , f o r ls->2s t r a n s i t i o n s we have 

where 

(4.25) 

w i t h fc0W- 5 ^W--^mW 

For the case of exchange s c a t t e r i n g , the exchange p a r t i a l 
wave amplitude g^ i s defined by 

o0 

't *, 0 (4.26) 
and from ( 4 . 3 ) , (4.14) and (4.15) we f i n d 

7) 

where 

< + ) = ? i o M (4.28) 

and 
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AK,„ + |:\P1.X.) (4.29) 

The n o t a t i o n f o r A(A|B) and y y(AB |r) i s t h a t of (1.26) and 
(1.25) and we r e c a l l t h a t ^ ^ ( r ) i s the r a d i a l p a r t of the 

bound wavefunction <j> m ( r ) = Y p m ( r ) -ruj>(r^/r« T n e f u n c t i o n 
zz 

VoJo, ( r ) re q u i r e d f o r the generation of x„(kj:.r) from equation 
(4.17) i s equal to 6^ V2s2s^ r'' 9 a n d t o t n a n d V ] s i s ^ r ^ 
are given i n Appendix D. 

The p a r t i a l wave Born amplitude g f i s obtained by r e -
p l a c i n g f (k. r ) and x ( k f r ) by s ( k . r ) and s (k. 0r) i n 
equations (4.27) to (4.29). As before the d i s t o r t e d wave 
amplitude g^ was c a l c u l a t e d f o r i n c r e a s i n g z u n t i l Ejj-Ej^• 

However, since the p a r t i a l wave s e r i e s f o r the exchange 
amplitude (4.26) i s expected to converge much more r a p i d l y 
than i t s d i r e c t counterpart (4.18), the c o n t r i b u t i o n f o r 
Z>Ii was found merely by e v a l u a t i n g g,"̂  u n t i l convergence was 
achieved. 

1 '6 

4-5 2_S and 2 S E x c i t a t i o n of Helium 
For a d e s c r i p t i o n of the 2S e x c i t a t i o n of helium we con­

s i d e r the approximations (4*6) and (4.7) t o the s c a t t e r i n g 
amplitudes. The p a r t i a l wave expansion o f f.^ f(e) f o l l o w s 
e x a c t l y as i n the previous s e c t i o n to give a d i r e c t p a r t i a l 
wave amplitude t w i t h e x a c t l y the same form as ( 4 * 1 9 ) j but 
w i t h V-. ,-. ( r ) , x~ : , <(k,.r) and f„ (k.. r ) a p p r o p r i a t e t o helium 
s c a t t e r i n g . I n other words f r i (k\.r) i s the s o l u t i o n of (2. 2 5 ) , 
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x^Ut^r) i s the s o l u t i o n of (4.16) w i t h V ^ ^ r ) = 6^ V 2 s 2 b ^ ' 
and V 2 s 2 s ^ r ^ "together with. v - ] S 2 s ^ r ^ 3 r e "tabulated i n Appendix D 
f o r the p a r t i c u l a r case of Hartree-Fock approximate wave func­
t i o n s . 

The Born approximation t o the d i r e c t amplitude i s c a l c u l a ­
ted e a s i l y by s u b s t i t u t i o n o f the helium form f o r V, 9 _ ( r ) 
i n t o (4.23), and i s as before a l i n e a r combination o f the 
f u n c t i o n s R^U) defined i n (4.25). I t s e v a l u a t i o n then allows 
the same technique t o be used f o r the c a l c u l a t i o n of the higher 
p a r t i a l wave c o r r e c t i o n as was used i n the previous section,, 

. For exchange s c a t t e r i n g we intr o d u c e the f o l l o w i n g separa-
1 3 

t i o n f o r the 2 S and 2̂ S wave f u n c t i o n s 

^106 U « > - I ) — 00 - ' G c A l l J - ' ^ J _ i J (4.30: 

where the + and - signs correspond to s i n g l e t and. t r i p l e t 
s t a t e s r e s p e c t i v e l y . The corresponding expression f o r the 
ground s t a t e i s t h a t of (2.24). 

The exchange amplitude f o r helium i s then found t o be 
given by (4.26) and (4.27), but i n t h i s case we have 

'<4M = f x . ( r ) A ( ? J f t O t [ er»«-» K . ) (4.31) 

and 

1 i pr. « - f , ^ 
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where we have put 

(4.33) 

B The amplitude g a and the c o r r e c t i o n f o r the higher p a r t i a l 
waves i n (4.26) are found i n the manner described, i n the previous 
s e c t i o n . 

We also propose t o i n v e s t i g a t e the importance of a l l o w i n g 
f o r d i s t o r t i o n i n the f i n a l s t a t e by using a s i m p l i f i e d d i s -
t o r t e d wave approximation i n which Xftr-*) i n (4.6) and (4.7) 

— i k 0 37 

i s replaced by the plane wave e ~ f "3. This i s equivalent t o 
using S p ( k ^ r ) i n stead of x'^*(k^.r) i n the p a r t i a l wave amplitudes, 
g i v i n g 

(4,34) 

and 

w i t h a ( r ) as before and 

1 (4.36) 

I t i s seen t h a t t h i s ' approximation g r e a t l y s i m p l i f i e s the 
exchange amplitude, since the two i n t e g r a l s i n (4.36) t h a t 
i n v o l v e the f i n a l s t a t e wave f u n c t i o n may be evaluated ana­
l y t i c a l l y , w h i l e the i n t e g r a l y ^ ( l ' 1 ( ) s s | r ) in. (4.35) can be 
expressed i n terms of recurrence r e i a ' t i c n s . I/iore p r e c i s e l y 
we have t h a t y^(P.,QS | r ) i s a combination of i n t e g r a l s of the 
form 



HTM~W. j.C^e. (Ax 
Jo 1 (4.37) 

and CO 

V * * ) * - (4.38) 

From some basic recurrence r e l a t i o n s f o r the s p h e r i c a l 
Bessel f u n c t i o n s and t h e i r d e r i v a t i v e s (Abramowitz and Stegim 
1965 P439 10.1.19-10.1.24) i t i s not d i f f i c u l t t o show t h a t 

(4,39) 

and 

The i n i t i a l values M ( k r ) , N ( k r ) and ( k r ) are found t r i v i a l ! ; 
t h a t f o r IT^(k.r) r e q u i r i n g the computation of the exponential 
i n t e g r a l of the f i r s t k i n d w i t h complex argument E.,(z), 
(Abramowitz & S"begun 1965 p228). 

4«4 2 XP E x c i t a t i o n of Helium 
The p a r t i a l wave decomposition of the d i r e c t and exchange 

1 1 
amplitude i s r a t h e r more complicated f o r the 1 S+2 1 t r a n s i t i o n 

t ' i J C l l . L L l J . O . '.J \ . ' J . \j J , V - V _ L W U O O V . ' 1 / J . 1.'. j U . L / . V J U l . . ' U U C U U U " * £ J t - . L U C l l . J . f - W J u U l 

momentum of the f i n a l atomic s t a t e . For t h i s reason, we w i l l 
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consider the d i r e c t amplitude only, and use the simpler model 
discussed a t the end of Section 4.3 i n which we account f o r 
d i s t o r t i o n only i n the i n i t i a l s t a t e . From (4.6) t h e r e f o r e 
the s c a t t e r i n g amplitude f o r d i r e c t e x c i t a t i o n to the 2^P 
s t a t e of helium i s 

-^W^'iZ^)^^)h(t) (4.41) 
f 

where the angular dependence of the m a t r i x element V-^aZB 
has "been separated out. D e f i n i n g the p a r t i a l wave amplitude 
t £ by 

where P1^ ( x ) i s the Legendre f u n c t i o n o f the f i r s t k i n d , the 
usual expansion of the s c a t t e r i n g wave f u n c t i o n s i n (4.41) 
gives 

0 - [3 V f t , w., \ ll \ \ U 

and 

where we have w r i t t e n 
oc 

The d i f f e r e n t i a l cross s e c t i o n f o r 2 "4? e x c i t a t i o n i s then 

(4-.46) 
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I t f o l l o w s froir. the work of B l a t t and Biedenharn (1952) 
t h a t the sura over the magnetic suhstates i n (4.46) can he done 
a l g e b r a i c a l l y a f t e r s u b s t i t u t i o n of equation (4.42). The 
r e s u l t i n g expression then gives the d i f f e r e n t i a l c r o s s - s e c t i o n 
i n terms of the i n t e g r a l (£,A) r a t h e r than the p a r t i a l wave 
amplitudes, and i n general f o r e x c i t a t i o n to the lUm s t a t e i s 

ri*<L. ̂ ^ C M i ^ ^ t t . O ^ t ^ ^ ^ ^ W i ^ J w i O (4.47) 
Mi Mi 

where 

(4.48) 

While the a l t e r n a t i v e expression above i s u s e f u l as a 
check on the numerical work involved i n o b t a i n i n g (4«46), we 
note t h a t the loss of i n f o r m a t i o n r e g a r d i n g the e x c i t a t i o n t o 
magnetic sub-levels i s undesirable. I n p a r t i c u l a r , i t prevents 
the c a l c u l a t i o n of the p o l a r i z a t i o n f r a c t i o n of impact r a d i a ­
t i o n , which f o r "1"S->"LP t r a n s i t i o n s i s ( P e r c i v a l and Seaton. 1958) 

p
? = (4.49) 

and of the parameters (Eminyan et a l 1973) 

(4.50) 

and 

(4.51) 
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where the d i f f e r e n t i a l and t o t a l cross-sections f o r e x c i t a t i o n 
to the magnetic s u b - l e v e l in have been denoted l m ( f l ) a n < i Q 
r e s p e c t i v e l y . I t i s worth n o t i n g a t t h i s p o i n t t h a t the 
expression given by Plannery (1970) f o r P f i s ap p r o p r i a t e t o 
hydrogen, and not helium,, The values f o r given by Planner,y 
and B e r r i n g t o n e t a l (1973) are t h e r e f o r e i n c o r r e c t . 

The Born approximation to f n O X J (e) i s used to o b t a i n the 
i s ^ i n i 

higher p a r t i a l wave c o r r e c t i o n I n a manner i d e n t i c a l to t h a t 
of the previous two s e c t i o n s . Prom ( l , 5 7 ) w e have t h a t 

S u b s t i t u t i n g the expression f o r V, O T ) ( r ) given i n Appendix D 
J . S i l X IT) 

i n t o (4.52) the Born amplitude i s e a s i l y expressed i n terms 
of the f u n c t i o n 

r 0 0 

where we have 

s.W-li. ^s„w--j-s (4,54> 



- 77 ~ 

Chapter 5 A p p l i c a t i o n t o the e x c i t a t i o n of hydrogen and hglium 
atoms by el e c t r o n s 

5.1 Numerical Methods 
The e v a l u a t i o n of the d i r e c t m a t r i x element (4.19) r e q u i r e s 

a s i n g l e numerical i n t e g r a t i o n , w hile f o r the exchange m a t r i x 
elements (4.27) and (4.35) a double i n t e g r a t i o n i s necessary 
when d i s t o r t i o n i s included i n the f i n a l s t a t e . These i n t e g r a l s 
were evaluated by a 4-point Gauss quadrature, and the accuracy 
checked by doubling the number of p o i n t s i n the s u i t a b l y chosen 
s u b l n t e r v a l s . 

. When a plane wave i s assumed f o r the f i n a l s c a t t e r i n g 
s t a t e , the f u n c t i o n s M^(kr) and N^(kr) r e q u i r e d are generated 
by the recurrence r e l a t i o n s (4,39) and (4.40) f whose s t a b i l i t y 
may be assessed i n the manner of Gautschi (1961). I t i s found 
t h a t recurrence f o r and N £ i s s t a b l e in. the reverse and 
forward d i r e c t i o n s r e s p e c t i v e l y . The exponential i n t e g r a l of 
complex argument was computed from i t s continued f r a c t i o n rep­
r e s e n t a t i o n by the a l g o r i t h m of Beam (1960), 

The s o l u t i o n of eouation (4.16) i n order t o o b t a i n the 
d i s t o r t e d wave i n the f i n a l channel was by the method of 
Numerov, the a l g o r i t h m being t h a t of (3.5) w i t h g ( x ) ~ 0 . A 
f a c i l i t y was inc o r p o r a t e d whereby the step l e n g t h was doubled 
every f i v e steps whenever ( y n + 5 - y n + 3 Vyri+^<e, where 

3 j> •> / r- \ 

\ 0 o £. ) 



e i s a s p e c i f i e d tolerance and a l l other q u a n t i t i e s have been 
defined i n ( 3 . 5 ) . 'J-he a l t e r a t i o n of h was only c a r r i e d out, 
however, i f i t was c o n s i s t e n t w i t h generating a t l e a s t t h i r t y 
values of x ^ ( k ^ r ) f o r each loop of the d i s t o r t e d wave. 

5.2 Results 
a) Generalized O s c i l l a t o r Strengths^ 
The c a l c u l a t i o n s f o r helium made use of approximate 

t a r g e t wave f u n c t i o n s of the Rartree-Fock type, a n d i t i s 
important t o have an estimate of the e r r o r introduced by t h i s 
p a r t i c u l a r choice. This i s conveniently done by using them t o 
c a l c u l a t e the g e n e r a l i z e d o s c i l l a t o r s trengths f;-r 2~S and 2^P 
e x c i t a t i o n , which are r e l a t e d t o the f i r s t Bern d i f f e r e n t i a l 
c r o s s - s e c t i o n by 

The r e s u l t i n g f u n c t i o n of the momentum t r a n s f e r q i s then cots-
pared w i t h t h a t obtained by B e l l et a l (196 9) using h i g h l y 
accurate many-parameter wave f u n c t i o n s , 

"figure 5 shows "&( l^S-^S) c a l c u l a t e d w i t h the 2^S f u n c t i o r 
of Flannery (1970) and Byron and Joachaia (1974b). V/hile these 
wave f u n c t i o n s give very close agreement w i t h the "exact" 
r e s u l t s of B e l l et a l (1969) f o r small momentum t r a n s f e r s , 

2 
f o r Q >4 there i s an i n c r e a s i n g discrepancy between the Flannel 

p 
and the exact values u n t i l a t q~=16 the former i s 50^ too h i g h . 
I n c o n t r a s t , the Byron and Joachain wave f u n c t i o n gives very 
good agreement w i t h the exact o s c i l l a t o r s t r e n g t h s f o r a l l 

ft 
(1M (5 



11101716111:11115 t r a n s f e r s i n t h e range considered, 
- 1 - 1 I 

F igure 5 also compares c K l S->2 P) obtained w i t h the 2~P 
f u n c t i o n of Goldberg and Clogston (1939) and quoted by Flan-
nery (1970), wi t h the "exact" values of B e l l e t a l (1969). I n 

2 
t h i s case f there i s good agreement f o r q <2, but there i s a 
considerable d i s p a r i t y at la r g e momentum t r a n s f e r s , w i t h the 
Goldberg and Clogston value being more than 70$ too l a r g e at 
q"=16 t The c l a i m made by Plaiinery (1970) concerning the r e l i a ­
b i l i t y of the 2"*"S and 2^P wave f u n c t i o n s used by him would 
t h e r e f o r e seem t o be misleading. 

The above r e s u l t s are not s u r p r i s i n g since the angular 
c o r r e l a t i o n between the bound electrons i s a much more iraporta'i 1 1 e f f e c t f o r the 2 P wave f u n c t i o n than, i t i s f o r the 2 S 
(Vanderpoorten 1970)„ I n the absence of a more r e l i a b l e 
Hartree-Fock 2"4? f u n c t i o n we w i l l use the Goldberg and Clog­
ston (193 9) form t o g e t h e r w i t h the more s a t i s f a c t o r y choice 
of Byron and Joachain (1974b) f o r the 2iS« The ground s t a t e 
wave f u n c t i o n i n a l l the above c a l c u l a t i o n s using Hartree-Fock 
f u n c t i o n s was t h a t of Byron and Joachain (1966). 

1 5) A - ^ S E x c i t a t i o n of Helium 
The energy r e g i o n from 65.4 eV t o 24*58 eV f o r e l e c t r o n -

helium s c a t t e r i n g i s i n t e r e s t i n g i n t h a t i t contains the t h r e s 
holds of the doubly e x c i t e d s t a t e s . These produce narrow 
resonances ( S i r i t h et a l 1973) which we w i l l u n f o r t u n a t e l y not 
be able to p r e d i c t w i t h the present model. There i s however 
an a d d i t i o n a l broad resonance, centred about 50 eV (Crooks 
et a l 1972. H a l l et a l 1973) the e f f e c t of which i s to give a 
v e r y deep minimum i n the d i f f e r e n t i a l c r o s s - s e c t i o n f o r 2'S 
e x c i t a t i o n , and t h i s we would hope t o reproduce,, 
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The r e s u l t s of the present approximation, i n which the 
d i s t o r t i o n i n the i n i t i a l s t a t e i s by the s t a t i c exchange and 
second order p o t e n t i a l s and t h a t i n the f i n a l s t a t e i s due to 
the s t a t i c p o t e n t i a l alone, are displayed i n f i g u r e s 6a) - 6d) 
f o r energies of 50, 81.63* 100 and 150 eV. I n f i g u r e 6a) the 
present model i s seen t o reproduce the o v e r a l l shape of the 
d i f f e r e n t i a l c r oss-section measurements a t 50 eV q u i t e w e l l , 
although the minimum i s not as pronounced as experiment would 
suggest, and i n the forward d i r e c t i o n our r e s u l t s are a f a c t o r 
of 2 smaller. Despite t h i s , the present model gives r e s u l t s 
s u p e r i o r to those obtained by other c a l c u l a t i o n s , Y/e have 
also computed the WBA, and. a comparison of the two curves 
shows t h a t i n c l u d i n g the secorm order and exchange- p o t e n t i a l s 
i n the i n i t i a l channel both accentuates t h e d i p , and r a i s e s 
the c r o s s - s e c t i o n i n the forward and. backward d i r e c t i o n s . 
Figure 6a) also shows t h a t accounting only f o r d i s t o r t i o n i n 
the i n i t i a l channel gives poor agreement w i t h the data, but 
t h i s i s s t i l l t o be p r e f e r r e d to the Born~0ppenheimer a p p r o x i ­
mation which, although having a s i m i l a r shape, i s a f a c t o r of 
f o u r l a r g e r , and i s t h e r e f o r e not shown. Both the present 
r e s u l t s and the DWBA can be seen to be b e t t e r than those of 
the f i r s t order many-body theory of Taylor (1974). F i n a l l y , 
the close coupling c a l c u l a t i o n s of Ormonde and Golden (1973) 
w h i l e g i v i n g the deep minimum a t 70° are a f a c t o r of 10 too 
small a t 10°, and are not shown 6 . 

From f i g u r e s bb) - d) i t i s apparent t h a t the present 
model p r e d i c t s a second srj.ai.i.er minimus/) which begins to 
appear at 81.63 eV and. i s pronounced by 150 eV„ This also 
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appears, less c o n c l u s i v e l y , i n tbe measurements at 100 and 
150 eV, and the agreement between the data and our r e s u l t s 
a t these energies i s once again s u p e r i o r to t h a t of other 
approximations. 

At 100 eV we see t h a t except i n the forward d i r e c t i o n , 
the DV/BA again gives b e t t e r r e s u l t s than the model o f Taylor 
(l974)o For both 81.63 eV and 100 eV we d i s p l a y the r e s u l t s 
of the recent plane wave approximation of Mathur and. Rudge 
(1974) which although r a d i c a l l y d i f f e r e n t from the Born-
Oppenheimer values can not be considered as an improvement 
on the latter„ 

'JC. 

I n t a b l e V I our c a l c u l a t e d values f a r the t o t a l 
c r o s s - s e c t i o n i n the present approximation t the DWBA and the 
Born-Oppenheimer approximation are presented.« These are com­
pared w i t h the t h e o r e t i c a l values of Mathur and Rudge (1974) 
and those of the Ochkur-Rudge approximation (Morrison and 
Rudge 1967) together w i t h the data of Crooks and Rudd (1972)• 
Vriens et a l (1968a) and Suzuki and Tak.ayanagi (1974) • Our 
r e s u l t s agree q u i t e w e l l w i t h the data, and we note t h a t the 
approximation of Mathur and Rudge (1974) i s f o r t o t a l cross-
sections g r e a t l y s u p e r i o r t o the Born-Oppenheimer approxima­
t i o n , although, t h i s i s probably f o r t u i t o u s . 

c ) l^S ->2̂ S Exci t a t i o n of Hel ium 
The d i f f e r e n t i a l cross-sections p r e d i c t e d by tbe present 

model o f 2̂ S e x c i t a t i o n of helium, in. which the d i r e c t and 
exchange matrix elements are evaluated w i t h the e l a s t i c s c a t ­
t e r i n g f u n c t i o n of Section 2.3 i n the i n i t i a l channel and the 
usual s t a t i c d i s t o r t i o n i n the f i n a l channel, are presented i n 



f i g u r e s 7a) - 7d). 

At 50 eV we see t h a t our r e s u l t s are i n f a i r agreement 
with, the data, hut f a i l t o p r e d i c t the minimum a t 45° and the 
r i s i n g cross-section i n the backward d i r e c t i o n shown by the 
measurements. They c o n s t i t u t e a s i g n i f i c a n t improvement over 
our DWBA r e s u l t s however. We show also the e f f e c t of t a k i n g 
a plane wave i n the f i n a l channel and considering the d i r e c t 
s c a t t e r i n g amplitude o n l y . The r e s u l t i n g curve i s i n poor 
agreement with, the data, but i s l i t t l e worse than the p r e d i c ­
t i o n of the Glauber approximation (Yates and.Tenney 1972). 

-The f i r s t order many-body c a l c u l a t i o n of Taylor (1974) 
gives b e t t e r agreement w i t h the data than, the present model, 
although, i t e x h i b i t s the same behaviour as ours i n the forward 
and backward d i r e c t i o n s . This i s somewhat s u r p r i s i n g , as i n 
the 2"'S case the many-body r e s u l t s were poorer, Ws also 
mention the recent work of Baye and Heenen (1974) whose 
second order d i a g o n a l i z a t i o n method gives r e s u l t s which are 
s t r o n g l y peaked i n the forward d i r e c t i o n , f o l l o w the data o f 
Crooks and Kudd to 60° but then f a i l to p r e d i c t the r i s i n g 
c r o s s - s e c t i o n f o r angles l a r g e r than t h i s . 

The values given by the f i r s t Born approximation have 
not been shown on any of the f i g u r e s 7a) to d ) * since i t i s 
w e l l known t h a t they give poor agreement w i t h experiment 
(Rice at a i 1972). C a l c u l a t i o n s were a l s o performed at 50 eV 
using the 2 1S f u n c t i o n of Flannery (1970), and i t was found 
t h a t the present r e s u l t s were a l t e r e d by less than 5%. 

V-i rrtii-i^ '7V .-iV. ~ J-1„„ J- „ J- O'l !'.-/ _ V •>-"— r---r~ •'• — - , , - n - — r -' 

-u j - j ^ i u . < j , 1 k'; o u u w o '.ua. o c i t SV L-;.i6re J.a cigaj. n guOu 
agreement between the present r e s u l t s and experiment a t small 
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and la r g e angles, w i t h our model f a i l i n g to p r e d i c t the dip a t 
45°. As a t !50 eV, the r e s u l t s are b e t t e r than those of the 
DW'EA, although they are i n f e r i o r to those given by Taylor (1974) 
except a t large angles. The coulomb p r o j e c t e d Born approxima­
t i o n of Hidalgo and Geltman (1972) agrees w e l l w i t h the present 
r e s u l t s f o r angles up t o 40°, but beyond t h i s i t decreases too 
r a p i d l y * The r e s u l t s of both Baye and Heenen (1974) and Yates 
and. Tenney (1972) l i e below those of Hidalgo and Geltman and 
are not shown. 

At 100 and 150 eV we see t h a t the present- r e s u l t s are i n 
good agreement w i t h the measurements at a i l a n g l e s e We display-
also a t 100 eV the present r e s u l t s c a l c u l a t e d from the d i r e c t 
s c a t t e r i n g amplitude o n l y , and see t h a t the e f f e c t of exchange 
i s considerable, e s p e c i a l l y a t the l a r g e r angles* 

The r e s u l t s of the impact parameter approximation to the 
second order p o t e n t i a l method were u n f o r t u n a t e l y computed by 
B e r r i n g t o n et a l (1973) only f o r angles up to 20°. From t h e i r 
unpublished t r a n s i t i o n amplitudes we t h e r e f o r e used (l„44) and 
( l 0 4 5 ) to obtain l a r g e angle values. The r e s u l t s of t h i s c a l ­
c u l a t i o n are shown at 100 eV as the curve IP, and i t i s seen 
t h a t there i s l i t t l e agreement w i t h the data of Crooks and Hudd 
(1972), although the model i s seen t o be s u p e r i o r to t h a t o f 
Hidalgo and Geltman (1972) at l a r g e angles. At 100 eV the 
Glauber approximation (Franco 1973) i s again i n poor agreement 
w i t h both theory and experiment t and. i s not shown. We note 
t h a t both Baye and Heenen (1974) and B e r r i n g t o n e t a l (1973) 
give 5. l a r g e r forward i n t e n s i t y than p r e d i c t e d by the other 
approx.imations considered,, 
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I n t a b l e V I I we present our d i s t o r t e d wave r e s u l t s f o r 
1 

the t o t a l 2 S c r o s s - s e c t i o n , together w i t h those of B e r r i n g -
t o n et a l (1973), Joachain and Vanderpocrten (1974) and the 
Born approximation. Comparison w i t h experiment i s d i f f i c u l t 
due t o the c o n f l i c t i n g nature of the data of Rice et a l (1972) 
and L a s s e t t r e (1965) but i t would seem t h a t our r e s u l t s are 
too h i g h , a r e s u l t we would expect from i n s p e c t i o n of the 
d i f f e r e n t i a l c r o s s - s e c t i o n s . 

F i n a l l y , we have c a l c u l a t e d the d i s t o r t e d wave Born 
approximation t o the d i r e c t p a r t i a l wave amplitudes tj>_ a t 
100 eV, using both, the Byron and Joachain f u n c t i o n s of 
Appendix D, and the c o n f i g u r a t i o n i n t e r a c t i o n wavefunctions 
of Vanderpoorten ("1973)«. Fro re the values given i n t a b l e V I I I 
i t i s apparent t h a t the use of the more accurate l^S and 2^i> 
f u n c t i o n s a l t e r s t ^ by less than 55». We p o i n t out, however, 
t h a t the exchange p a r t i a l wave amplitudes g^ are l i k e l y t o be 
more s e n s i t i v e t o the choice of wavefunction* 

d) A-*-?1!' E x c i t a t i o n of Helium 
The r e s u l t s of the present c a l c u l a t i o n of the d i f f e r e n ­

t i a l cross-sections f o r 2̂ 'P e x c i t a t i o n of helium a t '50 and 
100 eV are dis p l a y e d i n f i g u r e s 8a) and 8b). Y/e r e c a l l t h a t 
f o r t h i s p a r t i c u l a r t r a n s i t i o n our model considers the d i r e c t 
s c a t t e r i n g amplitude o n l y , and assumes a plane wave f i n a l s t a t e 
w i t h second, order p o t e n t i a l d i s t o r t i o n i n the i n i t i a l s t a t e . 
In view of the s i m p l i c i t y of t h i s approximation, the agreement 
wi bh experiment i s s u r p r i s i n g l y good f o r angles less than 40°; 
a t the l a r g e r angles, however, the cross-sections decrease too 
r a p i d l y , Nevertheless, we expect our l a r g e angle values t o be 
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b e t t e r than those of Terebey (1974) who used the Glauber 
approximation. At 100 eV the l a t t e r small angle r e s u l t s have 
not been shown as they l i e ver^r close t o ours. 

We have also c a l c u l a t e d , from the unpublished t r a n s i t i o n 
amplitudes of B e r r i n g t o n e t a l (1973), the l a r g e angle d i f f e r ­
e n t i a l cross-sections p r e d i c t e d by the impact parameter a p p r o x i ­
mation to the second order p o t e n t i a l method. These are also 
displayed i n f i g u r e s 8a) and 8b) a n d i t i s seen t h a t t h i s model 
gives q u i t e good agreement w i t h experiment at larg e angles„ 
More s i g n i f i c a n t l y we see t h a t f o r angles less than 40° the 
r e s u l t s are very close to those o f our d i s t o r t e d wave a p p r o x i ­
mation, even a t 6--0. 

At 100 eV the r e s u l t s of Hidalgo and Geltman (1972) are 
shown, and are seen t o reproduce the shape of the experimental 
curve q u i t e p o o r l y ; they are i n f a c t i n f e r i o r t o the r e s u l t s 
of the present model a t small angles. Concerning other theo­
r e t i c a l values not shown, we note t h a t the DWBA of Madison and. 
Shelton (1973) gives e x c e l l e n t agreement w i t h the data of 
Crooks and Rudd (1972), w h i l e the r e s u l t s of Joachain and 
Vanderpoorten (1974) obtained by the e i k o n a l d i s t o r t e d wave 
model o f Chen et a l (19 72) are quite s i m i l a r to those of 
our model, f o r angles less than 60°„ The inadequacy of the 
f i r s t Born approximation and i t s v a r i a n t s has been c l e a r l y 
demonstrated by Tru h l a r et a l (1970) and they have not t h e r e ­
f o r e been considered,, 

I n f i g u r e s 9a) and 9b) we show the values p r e d i c t e d by 
the present d i s t o r t e d wave model f o r the q u a n t i t y A (6 ) p 

defined by ( 4 0 0 ) . which i s the f r a c t i o n a l c o n t r i b u t i o n to 
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•the d i f f e r e n t i a l c r o s s - s e c t i o n of the magnetic substate m=0a 

These are compared w i t h the data o f Eminyan et a i (1974) a t 
50 and 100 eV, and i n a d d i t i o n to the experimental p o i n t s we 
have of course that A a t 0--O0 must equal one, . I t i s seen t h a t 
our r e s u l t s are i n good agreement w i t h the measurements a t 
both energies. At 50 eV the Born approximation gives values 
t h a t l i e v ery close to ours, but t h i s i s l i k e l y to be f o r ­
t u i t o u s as f i g u r e 9b) shows t h a t t h e r e i s no agreement a t 
100 eV. Of the other t h e o r e t i c a l r e s u l t s a v a i l a b l e at these 
energies we see t h a t both the many-body work.of Taylor (1974) 
and the e i k o n a l d i s t o r t e d wave model of Joachain and Yar.der-
poorten (1974a) are i n very poor agreement w i t h our r e s u l t s 
and the measurements. I t i s mentioned at t h i s p o i n t t h a t the 
measurements of Eminyan e t a l ("1974) assm^e the axis of quan­
t i z a t i o n to l i e along the d i r e c t i o n of the i n c i d e n t momentum; 
i t would t h e r e f o r e be erroneous t o inc l u d e i n f i g u r e s 9a) and 
b) the r e s u l t s of t h e o r i e s t h a t do not make t h i s choice, such 
as t h a t of B e r r i n g t c n e t a l (1973). 

Figures 10a) and 10b) show the values ofX ( 9 ) , the r e l a ­
t i v e phase between the m=l and 115=0 s c a t t e r i n g amplitudes, 
g i v e n by the present model a t 50 and 100 eV. The agreement 
w i t h the experimental r e s u l t s of Eminyan et a l (1974) i s very 
poor, which i s r a t h e r s u r p r i s i n g i n view of the success w i t h 
which our model pr e d i c t e d x ( e ) . I n c o n t r a s t , we see t h a t at 
100 eV Joachain and Vanderpoorten i1974a) o b t a i n much b e t t e r 
agreement with the data using t h e i r e i k o n a l d i s t o r t e d wave 
method, despite t h i s g i v i n g poor values f o r A ( G ) . However, 
Joachain and Vandsrpoorten (1974a) fine! t h a t on using a s t a t i c 
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r a t h e r than a Glauber d i s t o r t i n g p o t e n t i a l i n t h e i r model 
(which i s t h a t of Joachain and Vanderpoorten 1974) there i s 
a s i g n i f i c a n t d e t e r i o r a t i o n of the agreement. This i s shown 
i n f i g u r e 10b) where we see t h a t t h e i r choice o f a simpler 
d i s t o r t i n g p o t e n t i a l lowers the value o f x ( 8 ) a t 45° by 15$ n 

e) l s - 2 s E x c i t a t i o n of Hydrogen 

The present model of 2s e x c i t a t i o n of hydrogen i s des­
c r i b e d i n Section 4.2 and a t 100 and 200 eV gives r e s u l t s f o r 
the d i f f e r e n t i a l cross-sections which we show i n f i g u r e s 11a) 
and b ) . 'fie also obtained DW.BA r e s u l t s which, a t both energies 
are c o n s i s t e n t l y higher than those of present method, but by 
no more than 10$, and f o r the sake of c l a r i t y these are there 
f o r e not shown. The e f f e c t of exchange was investigated, by 
c a l c u l a t i n g the d i f f e r e n t i a l cross-sections from the direct-
amplitude (4.18) alone. I t was found t h a t a t 100 eV the 
neglect of exchange increased the cross-section, by 10$ a t 
90°, w h i l e there was no change at s m a l l angles, 

Figure 11 also shows the coulomb p r o j e c t e d Born r e s u l t s 
of Geitraan and Hidalgo (1971) and the d i s t o r t e d wave r e s u l t s 
of McDowell et a l (1973), both o f which f a l l c onsiderably 
below tbe present r e s u l t s a t 90° although a l l three a p p r o x i ­
mations are i n reasonable agreement i n the forward d i r e c t i o n . 
This behaviour i s to be expected from t h e r e s u l t s f o r helium 
e x c i t a t i o n where the coulomb p r o j e c t e d Born r e s u l t s were also 
found to be much, lower than those of the present model. 
Furthermore, the c a l c u l a t i o n of McDowell et a l (1973) i s v e r y 
s i m i l a r to our s i m p l i f i e d model where we consider second orde 
p o t e n t i a l d i s t o r t i o n i n the i n i t i a l channel only, and f o r 



helium t h i s was found to give much smaller values than those 
of the more complete d i s t o r t e d wave mod el„ 

Figure 11a) also shows the r e s u l t s of the second order 
d i a g o n a l i z a t i o n method of Baye and Heenen (1974a) which show 
the same strong peak i n the forward d i r e c t i o n t h a t has already 
been noted f o r e x c i t a t i o n of h e l i u m 0 Other s m a l l angle 
r e s u l t s f o r 100 eV t h a t are not shown are those of the Glauber 
approximation ( T a i et a l 1970) which l i e between the present 
r e s u l t s and those of Batye and Heenen (1974a), and the ei k o n a l 
d i s t o r t e d wave r e s u l t s of Joachain and Vanderpoorten (1973) 
which l i e s l i g h t l y lower than o u r s c 

I n t a b l e IX we show the r e s u l t s of our c a l c u l a t i o n of the 
t o t a l ls->-2s c r o s s - s e c t i o n a t 100 and 200 eV w i t h both the 
present approximation and the BY/BA. We also d i s p l a y the 
r e s u l t s of other c a l c u l a t i o n s and. from l e f t to r i g h t the 
e n t r i e s are i n descending order of magnitude„ I t i s seen 
immediately t h a t the negl e c t by the DWBA of the p o l a r i s a t i o n , 
a b s o r p t i o n and exchange i n the i n i t i a l channel makes i t a 
r a t h e r poor approximation f o r the t o t a l cross-section c.. On 
the other hand, the r e s u l t s of the present model seem q u i t e 
s a t i s f a c t o r y when compared w i t h those of the other models. 

5.3 Discussion 
The d i s t o r t e d wave approximation proposed, i n Section 4.1 

as a d e s c r i p t i o n of 2S e x c i t a t i o n of helium gives good agree­
ment w i t h d i f f e r e n t i a l c r o s s - s e c t i o n Hcasurements over the 
e n t i r e angular range< I n t h i s respect i t i s su p e r i o r t o a l l 
other c a l c u l a t i o n s t h a t have been performed, w i t h the exception 
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of the work of Taylor (1974) i n the 2 S case. The present-
work when compared w i t h the DV/'M r e s u l t s shows t h a t i n c l u d i n g 
the e f f e c t of the second order and exchange p o t e n t i a l s on 
the d i s t o r t e d wave i n the i n i t i a l channel gives an improve-
ment a t 50 eV of up to 20$ and 25$ f o r the 2 8 and 2 XS cross-
sections r e s p e c t i v e l y . This improvement i s , however, only 
10% f o r the 2s e x c i t a t i o n o f hydrogen a t 100 eV, but we should 
note t h a t t h i s 100 ev i n c i d e n t energy expressed as a m u l t i p l e 
of the i o n i z a t i o n t h r e s h o l d corresponds t o an energy of n e a r l y 
200 eV f o r helium. I t i s t h e r e f o r e not s u r p r i s i n g t h a t we see 
less e f f e c t f o r hydrogen than f o r helium e x c i t a t i o n w i t h the 
p a r t i c u l a r energies chosen here. 

Although the r e l i a b i l i t y . o f the 2 XS and 2 XP wavefunctions 
has been examined, no such assessment was made f o r the 2 S 
f u n c t i o n of Morse et a t (1935).. Although the l a t t e r i s r a t h e r 
crude by recent standards, work of Joa chain and Van den Eyn.de 
V1970) suggests t h a t i s i s more important t o use an accurate 
bound s t a t e wave f u n c t i o n i n the i n i t i a l channel than i n the 
f i n a l one. We do not expect, t h e r e f o r e , a serious e r r o r f o r 
3 

2 S e x c i t a t i o n from our choice of wave f u n c t i o n , 
The most serious d e f i c i e n c y i n our model of s e x c i t a t i o n 

i s the neglect of s-p coupling, which has been shown by 
B e r r i n g t o n e t a l (1973) to have a considerable e f f e c t f o r 

\ 

helium ' 3 e x c i t a t i o n i n the forward d i r e c t i o n . Indeed we 
have seen here t h a t f o r both hydrogen and helium the r e s u l t s 
of models t h a t include s-p coupling (Baye and Heenen 1974a 
and B e r r i n g t o n e t a l 1973) are much more sharply peaked than 
those t h a t do not. The former models however are both semi--

http://Eyn.de


- 90 -

c l a s s i c a l approximations and f a i l to adequately reproduce the 
minimum t h a t occurs f o r both 2"*"S and 2̂ S e x c i t a t i o n a t the 
lower energies, and we suggest t h a t a f u l l wave treatment 
w i t h s-p coupling i s necessary t o show t h i s e f f e c t . 

The simpler d i s t o r t e d wave method t h a t we have adopted 
f o r P e x c i t a t i o n gives good r e s u l t s a t the smaller angles, and 
the agreement i n the forward d i r e c t i o n w i t h those of B e r r i n g t o n 

i - i 

e t a'l (1973) i l l u s t r a t e s t h a t 2 8-2 P coupling i s i n t h i s case 
a s m a l l e f f e c t . On the basis of t h i s alone, we t h e r e f o r e 
expect t h a t the use of the more complete d i s t o r t e d wave model 
proposed f o r S e x c i t a t i o n w i l l give good r e s u l t s here a l s o . 
This view i s f u r t h e r s u b s t a n t i a t e d by n o t i n g t h a t the DWBA 
r e s u l t s of Madison and Shelton (1973) l i e above the data f o r 
energies less than 100 eV; r e c a l l i n g the degree of improve­
ment over the BWBA t h a t we found f o r ft e x c i t a t i o n , we conclude 
t h a t the more complete d i s t o r t e d wave model i s l i k e l y to gi v e 

•j 
e x c e l l e n t agreement with, experiment f o r 2 '.iJ e x c i t a t i o n . 

. The success w i t h v.<bicb the experimental values o f X(0 ) 
are reproduced by our simple model and to a l e s s e r extent 
by the Born approximation makes us ouestion whether t h i s 
q u a n t i t y w i l l be of use i n d i s t i n g u i s h i n g between theorj.es. 
The s c a r c i t y of both experimental and. t h e o r e t i c a l r e s u l t s makes 
i t d i f f i c u l t t o be more conclusive, but a t t h i s stage, i t would 
seem t h a t the e v a l u a t i o n of X ( 0 ) i s l i k e l y to be of more use, 
due t o i t s apparent s e n s i t i v i t y . 

F i n a l l y , we note t h a t the computational procedure adopted 
here f o r the s t r a n s i t i o n s i s t o some extent w a s t e f u l , i n t h a t 
we c a l c u l a t e the d i s t o r t e d wave p a r t i a l amplitude T"?"' u n t i l 

http://theorj.es
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t h i s becomes equal t o the Born value T"̂  f o r some value L. I 
DV,F 

every case, however, we found t h a t t h e amplitude T ' becomes 
DV/BA 

equal to the DV/BA value T ~ f o r I <L and i t would seem t o b 
expedient t h e r e f o r e to use the three models ( r a t h e r than c n l 
two) f o r d i f f e r e n t ranges of 
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Chapter 6 The Use of Dispersion. R e l a t i o n s i n Atomic Scattering; 
6.1 Theory 

The present i n v e s t i g a t i o n o f electron-atom c o l l i s i o n s has 
concentrated on o b t a i n i n g the s c a t t e r i n g amplitude f(0, l c ) 
from e i t h e r the asymptotic form of the s c a t t e r e d wave f u n c t i o n , 
or from approximations to the t w o - p o t e n t i a l formula. I f , 
however, c e r t a i n assumptions are made r e g a r d i n g the a n a l y t i c 

f ( e , k )-f"~(G,k")| „ a t h i r d . . 
approach becomes a v a i l a b l e i n t h a t i t i s p o s s i b l e to w r i t e 

2 
down a d i s p e r s i o n r e l a t i o n expressing the r e a l p a r t o f f(0 ,k ) 
i n terms of i t s imaginary p a r t . For p o t e n t i a l , s c a t t e r i n g f o r 
example i t can be shown (Roman 1965 p210) t h a t Re f(9 ,1^) i s 
r e l a t e d to a H i l b e r t t r a n s f o r m of Ira f(6,k')» w i t h an i n t e g r a ­
t i o n path t h a t i n g e n e r a l includes an u n p h y s i c a l r e g i o n o f the 
s c a t t e r i n g amplitude. 

D i s p e r s i o n r e l a t i o n s become of s p e c i a l i n t e r e s t f o r 
s c a t t e r i n g i n the forward d i r e c t i o n since the H i l b e r t t r a n s ­
form i s then over the p h y s i c a l r e g i o n o n l y , and the o p t i c a l 
theorem (equation 3.3) allows Im f ( 0 , k ) t o be replaced by 
the t o t a l c r o s s - s e c t i o n . I n p a r t i c u l a r Gerjuoy and K r a l l 
(1960, 1962) show t h a t f o r electron-hydrogen and helium s c a t ­
t e r i n g t h i s forward d i s p e r s i o n r e l a t i o n has the form 

0 

where the t o t a l c r o s s - s e c t i o n i s i n u n i t s o f it a "~. and. the 
o ' 

s c a t t e r i n g amplitudes are of a p p r o p r i a t e symmetry. 
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I n deriving; the above r e l a t i o n s h i p , i t i s assumed t h a t i n 

f ( 0, k^) - f ' J ( 0 , k*-) i ) 
vanishes f o r l a r g e k , i i ) has a branch cut along the p o s i t i v e 
r e a l a x is and i i i ) has poles on the negative r e a l a x i s c o r r e s ­
ponding t o bound eigen-states of the t o t a l Harniltonian, the 
residues of which are R..(k ) . 

J 
o 

The l i m i t i n g case of (6.1) as k4" tends to zero has been 
considered by K r a l l and Gerjuoy (1960) who deduce t h a t 

oa 

" ft = ftPs) + Y^h!* * ^ F K ^ W (6.2) 

where A denotes the s c a t t e r i n g l e n g t h 0 Equation (6<>2) i s an 
important sum r u l e , which must be s a t i s f i e d by the t o t a l cross-
s e c t i o n . 

The u t i l i t y c f (6.1) and the o p t i c a l theorem as a means 
of o b t a i n i n g a t h e o r e t i c a l value f o r the forward s c a t t e r i n g 
i n t e n s i t y i s r a t h e r l i m i t e d , however, provided t h a t t o t a l 
c r o s s - s e c t i o n measurements have been made f o r a l l energies up 
to those f o r which the Born and Be the approximations f o r Q ^ ^ k ) 
become v a l i d , equations (6.1) and (6,2) a l l o w e x p e r i m e n t a l l y 
derived values of the forward i n t e n s i t y and. s c a t t e r i n g l e n g t h 
to be computed. Prom these, the consistency of experimental 
data can then be estimated, as has been i l l u s t r a t e d by the work 
of Gerjuoy and K r s . l l (1960), K r a l l and Gerjuoy (1960) and 
Lawson et a l (1966), 

6,2 A p p l i c a t i o n s 

a) A c^^iB/bency^^check Jotl..poj'A,^rPr,^^?.\.1J:i
J?! 'n£as"percents 

Since the Born and Be the ap'oroximati on t o the t o t a l cross-

http://Krs.ll
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s e c t i o n i s expected t o be v a l i d a t 400 eV, the measurements 
of Canter et a l (1973) i n the range 2-400 eV i n co n j u n c t i o n 
w i t h the low energy r e s u l t s f o r Q,pQ,j(k^) of Canter et a l 
(1972), Costello et a l (1972), Jaduszliwer e t a l (1972) and 
Jaduszliwer and Paul (1973)$ make po s s i b l e an a n a l y s i s of 
positr o n - h e l i u m s c a t t e r i n g using the equivalent of equations 
(6.1) and (6„2) 0 Although the computation of the forward. 
i n t e n s i t j r i s a t present without i n t e r e s t , accurate c a l c u l a -

B 2 
t i o n s of both f (0,k ) and A have been made and i t i s proposed 
t h e r e f o r e to use the sum r u l e to check the consistency of the 
a v a i l a b l e data. 

As there i s no bound s t a t e of the p o s i t r o n helium system 
(Sprucb. 1969) equation (6 f f2) becomes 

- f t = A O A ) + i 

where f^ ( 0 , 0 ) i s i n t h i s case the Born approximation to the 
d i r e c t amplitude on l y . 

Kumberston (1973) has obtained from the Kohn v a r i a t i o n a l 
p r i n c i p l e a value of -0.472 f o r the p o s i t r o n helium s c a t t e r i n g 
l e n g t h . Combining t h i s w i t h the Pekeris (1959) value f o r f ^ O , 
-0.791 we deduce t h a t the data f o r Q^^Ck") must be such t h a t 

M-Tf — £ (6,4) 

The i n t e g r a l was evaluated by f i r s t o b t a i n i n g a l e a s t 
squares f i t t o the data which together w i t h the Born-3ethe 
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approximation gives the f o l l o w i n g a n a l y t i c forms 
i ) For 2 .< k 2 $ 20 eV 

Q T 0 T ( k 2 ) - 0.383 - 7.5k - 0.97 k 2 I n k + 5.45 k 2 + 1.44 k 4 

(6.5) 
(5 parameters, 18 data p o i n t s g i v i n g x = 12 u4) 

i i ) For 20 < k 2 s? 400 eV 

Q T 0 T(k 2).-----2(26 f7 - 12.2 I n k - 68.9/k 2 + 63.9/k 4 - 2 l . 3 / k 6 ) 
(6,6) 

o 
(5 parameters, 14 data p o i n t s g i v i n g x = 9«4l) 

i i i ) For k 2 > 400 eV 
Q T 0 T ( k 2 ) - (6.197 - 4.149/k 2 + 2.875/k 4 -:• 3.011 l n " k 2 ) / k 2 

(6,7) 

The a n a l y t i c form f o r the low energy f i t of (6,5) was 
suggested "by the e f f e c t i v e range formula of OM^alley (1963)* 
and p r e d i c t s a s c a t t e r i n g l e n g t h o f + 0.49, i n good agreement 
w i t h the value of Humberston (1973). I n f a c t (6.5) gives 

o 
values of QrpQrp(k ) f o r energies "between 0 and 2 eV t h a t agree 
w e l l w i t h those obtained from the v a r i a t i o n a l phase s h i f t s of 
Hum'bersxon (1974). The Born-Bethe approximation (6.7) i s t h a t 
of Kennedy (1968) and I n o k u t i et a l (1967)» t h i s being the same 
f o r both e l e c t r o n and p o s i t r o n s c a t t e r i n g . 

2 
Figure 12 shows the f i t t e d values of Q^^Ck ) together 

w i t h those given by the Born-Bethe approximation. The i n c o n ­
si s t e n c y of the data i s obvious even w i t h o u t the c a l c u l a t i o n 
of the l e f t hand side of ( 6 . 4 ) , as the measurements do not tend 
to the Born-Bethe values w i t h i n c r e a s i n g energy. However, 
making the i n t e r p o l a t i o n shown we f i n d t h a t the e v a l u a t i o n of 
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the l e f t hand side of (6„4) gives the value 1.3 and the sum 
r u l e i s s a t i s f i e d t o w i t h i n 5$. I n order to be c o n s i s t e n t 
w i t h (6.3) i t t h e r e f o r e appears t h a t p o s i t r o n - h e l i u m t o t a l 
c r o s s - s e c t i o n measurements should reproduce the suggested 
i n t e r p o l a t i o n of f i g u r e 12. This choice i n f a c t seems to 
have been v i n d i c a t e d by the very recent experiments of Jadu-
s z l i w e r et a l (1974) and Coleman et a l (1974) f o r energies 
up t o 400 eV, 
b) Extension of electron-neon data a n a l y s i s 

The use of the d i s p e r s i o n r e l a t i o n ana sum r u l e of 
Section 6.1 i s o b v i o u s l y l i m i t e d to a consistency check of 
measurements of t o t a l cross-sections and s c a t t e r i n g i n t e n s ­
i t i e s near the forward d i r e c t i o n . I n general, to d i s t i n g u i s h 
between a l t e r n a t i v e data sets we r e q u i r e an a n a l y s i s i n which 
a simultaneous best f i t of parametrized phase s h i f t s to the 
a v a i l a b l e measurement i s attempted. However, i n c a r r y i n g out 
a data a n a l y s i s of t h i s t y p e , the d i s p e r s i o n r e l a t i o n (6,1) 
can. i n p r i n c i p l e be used t o provide e x p e r i m e n t a l l y derived, 
values of Re f ( 0 , k ) as a supplement to the experimental data 
being f i t t e d . This has been done f o r electron-helium s c a t ­
t e r i n g by Bransden and McDowell (1969? 1970) who were success­
f u l i n being able t o r e j e c t the d i f f e r e n t i a l c r o s s - s e c t i o n 
data of Ramsauer and Kol'iath (1932) i n favour of t h a t of 
Gibson and Dolder (1969). 

The extension of the phase s h i f t a n a l y s i s t o e l e c t r o n 
s c a t t e r i n g from neon and argon has been inade by McDowell (1971)? 

LA V W J . U i J V . ' W U J . l v W U ^ L,' -L. UJ.1 V* J . W J. M LA J . H U. J - } J ̂ - i. 1—• J . V_- .V l-L -U \.s k {( . i I 

the only d i f f i c u l t y i n employing (6,1) f o r the case of neon, 

http://UJ.lv
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apart from some u n c e r t a i n t y regarding the t o t a l c r o s s - s e c t i o n 
data of Normand (19?0), l i e s i n the e v a l u a t i o n of the Born 
s c a t t e r i n g amplitude. I t was decided t h e r e f o r e t o c a l c u l a t e 
B 2 

f '(0,k ) f o r electron-neon s c a t t e r i n g , t o permit the exten­
si o n of the work of McDowell (1971). 

We choose the wavefunctions of Weber et a l (1970) and 
d e m e n t i (1965 Table 01-04) as two a l t e r n a t i v e choices f o r 
the ground s t a t e of neon. For these Hartree-Fock f u n c t i o n s 
the c a l c u l a t i o n of the d i r e c t Born amplitude i s then t r i v i a l , 
w h i le unpublished work of Bransden and McDowell shows t h a t the 
exchange amplitude reduces to a form r e q u i r i n g only one numeri­
c a l i n t e g r a t i o n , 

The r e s u l t s of t h i s computation show f i r s t l y the s e n s i ­
t i v i t y of the Born exchange amplitude a t zero energy t o the 
choice of wavef unction,, S p e c i f i c a l l y , i t was found t h a t the 

"D 

d i r e c t and exchange c o n t r i b u t i o n s t o the Born amplitude f"''(0,0) 
were 3.134 and 5.90 r e s p e c t i v e l y f o r t h e f u n c t i o n of Weber et a l 
(1970), and 3.125 and 5.47 f o r t h a t of Clement! (1965). This 
s e n s i t i v i t y of f (0.0) has i n f a c t been r e p o r t e d p r e v i o u s l y by 
Lawson et a l (1966) f o r e l e c t r o n - h e l i u m s c a t t e r i n g . For 
o 
k'^O however we f i n d t h a t there i s close agreement between 

B 2 
the values of f^COjk") predicted, by the a l t e r n a t i v e wave 

f u n c t i o n s * 
Secondly our c a l c u l a t i o n shows t h a t whichever value of 

B/ % 
£'(0f0) i s adopted, i t i s impossible to s a t i s f y the sum r u l e 
( 6 . 2 ) . Since there are no residue c o n t r i b u t i o n s f o r e l e c t r o n -
lie on s c a t t e r i n g , then we expect t h a t 
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£ Q(o 0 ) r_ ft „ J- ft U T , r ( ^ ) ^ 
l*Tf \ ~ £ — 

x >o (6.8) 

However, from the data of Hormand (1930) together with, 
the Bethe-Born approximation f o r Qq^Ck") the i n t e g r a l i n 
(6,8) i s found to be 4.12, whi l e O'Malley (1963) gives f o r A 
the value 0.24. I t i s expected t h e r e f o r e t h a t the d i f f e r e n c e 
between the Born d i r e c t and. exchange amplitudes should be 
-4.36, which i s obviously i n c o n s i s t e n t w i t h the values we have 
obtained. 

liven a l l o w i n g f o r the l a c k of r e l i a b i l i t y o i the Normsnd 
data, i t seems c l e a r t h a t f o r neon i t i s i 7 i s u f f . l c l e r i t to use 
Hartree-Fock wave f u n c t i o n s i n the a p p l i c a t i o n of the forward 
d i s p e r s i o n r e l a t i o n , . I t i s suggested t h e r e f o r e t h a t the 
extension of the phase s h i f t a n a l y s i s of McDowell (1971) to 
i n c o r p o r a t e the use of d i s p e r s i o n r e l a t i o n s r e q u i r e s the 

B 2 ' ev a l u a t i o n of f (Ojk^) by accurate c o n f i g u r a t i o n i n t e r a c t i o n . 
wave f u n c t i o n s . 
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CONCLUSIONS 

A model has been presented t h a t describes the s c a t t e r i n g 
of e lectrons fro7Ti l i g h t atoms at int e r m e d i a t e energies, A one 
channel approximation to t h i s has been considered and a p p l i c a ­
t i o n made to the e l a s t i c s c a t t e r i n g from hydrogen and helium 
atoms. This gives agreement w i t h measured d i f f e r e n t i a l cross-
sections equalled only by the EES method, but u n l i k e ours the 
l a t t e r model i s not amenable t o systematic improvement. The 
r e s u l t s of t h i s work also h i g h l i g h t the inadequacy of semi-
c l a s s i c a l approximations a t intermediate energies. 

The d i s t o r t e d wave approximation used f o r S e x c i t a t i o n 
was found f o r helium to give good agreement w i t h experiment. 
However, i t f a i l e d to c o r r e c t l y reproduce, a t lower energies, 
both the minimum and forward peak i n the d i f f e r e n t i a l cross-
s e c t i o n . This i s a t t r i b u t e d to the neglect o f both s-p 
coup l i n g , and p o l a r i z a t i o n and absorp t i o n e f f e c t s i n the 
f i n a l channel. These d e f i c i e n c i e s would not be present, 
however, i n a second, order p o t e n t i a l approximation w i t h the 
n= 2 l e v e l s represented e x p l i c i t l y . We expect t h e r e f o r e t h a t 
t h i s l a t t e r model w i l l g ive e x c e l l e n t agreement w i t h e x p e r i ­
ment. 

I t i s concluded t h a t the r e s u l t s of the present work 
provide s u f f i c i e n t j u s t i f i c a t i o n f o r proceeding to an a p p l i ­
c a t i o n of the many channel f o r m u l a t i o n of Section 2.2,. I n 
a d d i t i o n , the extension r e l e v a n t to other l i g h t atoms such as 
sodium and. l i t h i u m seems to be warranted. I n t h i s way, i t i s 
expected t h a t d e f i n i t i v e cross-sections w i l l be obtained i n 
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the intermediate energy region,, f o r e x c i t a t i o n t o st a t e s t h a t 
the model e x p l i c i t l y represents,. Furthermore, the u t i l i t y of 
the d i s t o r t e d wave approximation as a supplement to the above 
method has been demonstrated. 

The- many channel second order p o t e n t i a l method presented 
here w i l l have even wider a p p l i c a t i o n when s u i t a b l y modified 
t o include channels t h a t are closed* This w i l l allow i t s use 
to be extended to energies below the s i n g l e i o n i z a t i o n t h r e s ­
hold of the target„ I n a d d i t i o n f o r atoms other than hydrogen 
i t w i l l then be po s s i b l e t o represent doubly e x c i t e d s t a t e s , 
a l l o w i n g the narrow shape resonances i n the a u t o i o n i z a t i o n 
r e g i o n to be s t u d i e d . I t i s then forseeable t h a t we would 
have a s i n g l e model g i v i n g a good d e s c r i p t i o n of e l e c t r o n -
atom s c a t t e r i n g a t a l l r i o n - r e l a t i v i s t i c energies,. 

The r e s u l t of the a p p l i c a t i o n of the d i s p e r s i o n r e l a t i o n 
and sum r u l e shows t h a t they are valuable i n e s t a b l i s h i n g the 
consistency of experimental data,. Their use i s l i m i t e d hov/eve 

s 

as -they r e q u i r e t o t a l c r o s s - s e c t i o n measurements t o be a v a i l ­
able over a complete energy range. Vv'e have a l s o seen t h a t the 
are d i f f i c u l t t o apply t o complex atoms and i n any case have 
no a p p l i c a t i o n to i n e l a s t i c s c a t t e r i n g . 
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Appendix A 
The c o e f f i c i e n t s f x (A ^ 2

A1 £'2 — gX • \ l2 L i £ c>l L^ 
The e x p l i c i t form f o r the angular c o e f f i c i e n t s i n t roduced 

i n (l„27) and. (l r.28) i s given "by equation 36 of P e r c i v a l and 
Seaton (1957);. '"e w r i t e t h i s as 

( A . l ) 

where i n order t o e x p l o i t t h e i r symmetry p r o p e r t i e s , the 
Clebsch-Gordan and Racah c o e f f i c i e n t s of P e r c i v a l and Seaton 
(1957) have "been, expressed, i n terms of V/igner 3 - j and 6-3 
symbols defined by (Messiah 1964 Vol. I I ) 

and 

(A.3) 

The 6~j symbol i s i n v a r i a n t under an interchange of 
columns, and the interchange of any two momenta, i n the lower-
row w i t h the corresponding p a i r i n the top row. Therefore 
on n o t i n g t h a t conservation of p a r i t y demands t h a t 

t-0 = (-<) u.4) 
i t f o l l o w s imiTied.iateIv from A a l t h a t 

SCIE.SCf " ; 

•'2 OCT/974 
ft ARf ^ 
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(A.5) 

The p r o p e r t i e s of the 6-3 symbol demand t h a t the f o l l o w i n g 
t r i a d s s a t i s f y the t r i a n g l e i n e q u a l i t i e s : - -

i ) (M,L) i i ) ^ , ' ^ i i i ) (iX^) i v ) ^ * , ' * - ) (A.6) 

where i i ) and i i i ) are also i m p l i e d by the 3-3 symbols. 
Consider the s p e c i a l case of ^j_=0 s We have t h a t i ) now 

gives lry=~Lt i i ) gives and the only t r i a n g l e i n e q u a l i t y i s 
f o r U l j L ^ ) . l i q u a t i o n ( A d ) then reduces to 

where we have used (Messiah 1964 p9lS) 

U 3"' 3 J [ t t j + OUT + (A,8) 

together w i t h the symmetry of the 6-j symbol, and i n a d d i t i o n 
(Messiah 1964 p910) 

The c o e f f i c i e n t g^ ( l - ^ l ^ - ^ ^ ^ *'or t ^ e sP e c :"- a i c a s e of 
1^=0 i s , from (1.28) and A.7) 

Purtbermore, on p u t t i n g £^~0 we o b t a i n from (A.7) and (A .9) 
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thus agreeing w i t h P e r c i v a l and Seaton (1957 Table I ) . 
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Appendix B 
The S t a t i c Exchange Approximation f o r Electron-Helium S c a t t e r i n g 

We o b t a i n the s t a t i c exchange approximation from the Kohn 
v a r i a t i o n a l p r i n c i p l e , i n the manner of Drukarev ("1965 p l 2 2 ) , 
except t h a t we only make reductions t h a t are c o n s i s t e n t w i t h 
the helium wave f u n c t i o n s being approximate,, This gives f o r 
the e l a s t i c s c a t t e r i n g f u n c t i o n l?(r) 

\VSW>( r-) = I V + l j w ( t Jr ' ) f('.Vt' ( B . l ) 

where 

+ 0, (t-'U V r 0 M ( B , 2 ) 

and <J>-LQ(]T) i s defin e d such t h a t 

where <J> ^ ( r ^ j r v , ) i s given by (2.24). Equation (B.2) d i f f e r s 
from (26.4) of Drukarev (1965 pl27) i n t h a t we have not 
assumed the h e r m i t i c i t y of the Laplacian operator, t h i s being 
only v a l i d f o r exact wave f u n c t i o n s . 

We now make a p a r t i a l wave decomposition of ( B . l ) by 
expanding 

l-Joi- 1 r (B,4) 

in a 
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A P\a>f \- ) 
(B.5) 

On s u b s t i t u t i n g (B.4) and (B„5) i n t o ( B . l ) and using 

; * v p , ( * ' . v ) P f c t f . f " i - - ^ M , ( B. 6 ) 

(B.7) 
whore 

. 8 

1 1 + I n a ^ ' O v ' ) (E.8) 

and. we have used (2,24) and (B.3) to replace ^ n , , ( r ) . We note 
j-0 

t h a t 

J I t -* I (B.9) 

and. comparing (B,5) t o (B.2), use of (B.9) then gives f o r 
q ( r , r ' ) the expression (2.28), 

when. P. J 0(r) i s chosen t o nave the form Nr(e~ a' L + ce"* b r) 
the d e r i v a t i v e s i n (2.28) are e a s i l y evaluated, and the 
i n t e g r a l over x gives a constant C^Q, where 

C -- M 1 \ * l f — , + - ( a - l t f - t — ^ + 

+ ^ \ _ i _ , + _ £ _ 1 - c l b - 0 [ - 1 - v t + - ^ " l 
r " i . r » p -t 

(B.10) 
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Now i n t r o d u c i n g the f u n c t i o n 

D,0(c-) - N I u ^ - 2.) t + t b (bf - 1) -t J ( B . l l ) 

we can w r i t e the e x p l i c i t form f o r q ( r , r ' ) as 

( B . 1 2 ) 

Choosing the parameters N, a, b and c t o be those of Byron and 
Joachain ( 1 9 6 6 ) , the constant C-JQ i s found to be 

C ~ \. S 4-3> 4-
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Appendix C 
Recui^rence r e l a t i o n s f o r the i n t e g r a l Mp ( a ! r r 1 ) 

We consider the i n t e g r a l M (a | r r ' ) defined "by (2,30) 
Denoting 

( c . i ) 

then i n t e g r a t i o n by p a r t s gives f o r SL>0 

= Qu^u*-?.)ft,., - £ fl<\ f t + iau2 ] 

and A £ ( a | o r E ) = 0 f o r a l l lm 

S i m i l a r l y we denote 

and f i n d t h a t f o r £ > 0 

Equation (Cc.5) i s solved subject t o 

and when r -- 0 

( C 2 ) 

where the•arguments of A^ and Ap are those of (C.1). 
The i n i t i a l value i s 

(C.5) 

(0.6) 
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a „ £ f" i - ^(\ + L w 

F i n a l l y , i n w r i t i n g 

we obtain f o r £>1 the r e l a t i o n 

-oC f. 

with -the i n i t i a l values 

and 

The exponential i n t e g r a l of the f i r s t kind, i s defined as 
(Abramowitz and Stegun 196s p228) 

E.W ~ \ e"fc t " 4 at 
J 3 t (C12) 

The i n t e g r a l M„(a|rr') i s now obtained from the sum of A , 

(0,7) 

(0.9) 

o \ 1 A .1.-'. / --I- u i - i ^ v * u i j u a j . u 1 J . u n i o u u i w -t- n. _ 

and C£. 
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Appendix 1) 
Wavg wfunctions and matrix^e^j^j^ts^^of the i n t e r a c t i o n 
1) E l̂ e p t r o n -h yd r o £ e n s c a t 1 e r i n g 

The normalized bound state wave function f o r hydrogen i s 
wr i t t e n as 

and i n p a r t i c u l a r we have 

and. 

From the above equations we obtain the follovving expres­
sions f o r the matrix elements defined by (l«6) 

v.s,sW = - e i r ( v * 7 ) to. 4) 

and 

2) Electron-helium scattering-
The normalized ground state function of helium i s w r i t t e n 

$ (t A = '^Ay V r?\PJ°W>r ,'-\ (T)'7) 
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while that f o r an excited state i , : 

r . ^ U o ) — — 'onOj/ lftw»\.r.»/ - - J (D.8) 

where the + and - signs correspond t o s i n g l e t and t r i p l e t 
states respectively. 

On adopting Hartree-Fock forms f o r (D.7) and (D.8) we 
have 

PioW = + t t ) (D.9) 

?zc CO - c' S ^ V ) <D-i:i-> and 
? u ( 0 = W,./-1^̂  (D.12) 

The values of the parameters i n the above r a d i a l functions 
are, f o r the 

i ) 1̂"S state (Byron and Joachain 1966) 
a = 1.41 b = 2.61 c = 0.799 N n Q = 2,6051 

i i ) 2̂"S state (Byron and Joachain 1974b) 
p = 0.865 q. = 0.522 C ; L = 0.432784 N 2 Q = 2.4705 

• i i i ) 2 56 state (Morse et a l 1935) 
p = 1.57 q = 0.611 c 1 l 0.34081 N 2 Q = 4.20 

and i v ) 2J"P state (Goldberg and Clogston 1939) 
s = 0.485 N 2 1 - 0.7566 

with-Z = 2 f o r a i l the above choices. Tor electron helium 
scattering the matrix element of the i n t e r a c t i o n i s 
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and i n p a r t i c u l a r we ha.ve 

(D.15) 

V U o W • ^ w ( r . ^ . ; 5 , f k ( S ^ 4 s V cV>,tStb46)--? CD.16) 
L «• * j 

and 

" I 

where the -i- and - signs i n (D,l?) denote ay usual s i n g l e t 
and t r i p l e t states. 

Equations (D.14-) to (D.1'7) have introduced the following 
constants:-

N , S I 3 ' 

I S 1 5 

, — , 5 y i I 

i _n T O ] 

together with 
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/ » T _ 

1 ~ / — \ * 

I 

be, 

X - * , * c 

A lv - — <r + < (•'̂ »19) 

and i n addition we have the a u x i l i a r y function b,-(n,a) 
defined "by 

so 

The p a r t i c u l a r functions required i n equations (D.14-) to 
(I). 17) are:-

(E.20) 

— + ,1 (D.21) 

0 > L^^ J (D.22) 

-<* r 
b 0 ( 4 . ^ ) ~ \ \ 15 + 

L 1*1 
1 % (35.23) 

and 

(D.24) 



Finally,, the functions yo(P-Lo'~ ! r) "that are required i n 
t h i s work are obtained from equations (2.19) and (D.4) f o r 
hydrogen and from (2.26) and (D.14) f o r heliura, with V(r) = 
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54.A eV 100 eV 200 eV 

1 a b a b a b 

0 .269(0) .391(0) .237(0) .295(0) .191 (0) .213(0) 

1 .540(1) .736(1) .528(1) .670(1) .533(1) .611(1) 

2 .157(1) .188(1) .153(1) .202(1) .182(1) .205(1) 

3 .611(2) .696(2) .548(2) .552(2) .694(2) .767(2) 

4 .268(2) .309(2) .246(2) .266(2) .294(2) .314(2) 

5 .126(2) .147(2) .126(2) .134(2) .135(2) .142(2) 

6 .615(3) .718(3) .697(3) .750(3) .711(3) .720(3) 

7 .315(3) .367(3) .404(3) .435(3) .409(3) .403(3) 

Table I " 

Electron-hydrogen e l a s t i c scattering: 

| T J 2 in a) the impact parameter approximation 

b) partial wave treatment without exchange 

Note: The notation X(n) implies that the number X must be divided 

by 10 n 
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Energy 

(ev) 

Integrated Cross-Section 

a b 

Total Cross-Section 

a b 

54.4 .609 1.03 3.72 4.02 

100 .310 .445 2.37 2.46 

200 .150 .185 1.42 1.43 

Table I I I 

2 

Integrated and t o t a l cross-sections i n units of ira Q f o r electron-

hydrogen scattering: 

a) Itnpact parameter approximation of 3ransden et a l (1972) 

b) Present results 

Energy Present Results Experimental Results 

(ev) 

50 1.82 

i o a .753 .762 

200 .319 .358 

300 .195 .190 

400 .138 .142 

500 .107 . 108 

Tabic IV 
2 

Integrated cross-section i n units of ira Q f o r electron-helium 

scattering. Experimental result, at 500 eV that of Broirievg (1969), 

otherwise those of Vriens et a l (1968), 



Energy Re [ f ( o Total Re [ f ( o 
Cross -Section 

(eV) a . b c a b 

50 1 .85 1.88 - 3.06 1.59 

100 1 .67 1.91 1.91 1.92 1.13 

200 . 1 .44 1.7.1 1.54 1.13 .858 

300 1 .32 1.48 1.39 .810 .697 

400 1 .25 1.36 1.30 . .636 .554 

500 • 1 .20 1.29 1.24 .533 .462 

Table V 

Real part of forward scattering airplituce and t o t a l cross-section 
2 . . 

(ira ) for electron-heliiira scattering. 
a) Present Results 

b) Values adopted by Bransden and McDowell (1970) 

c) ^Eikonal-Born Series results of Byron and Joachain (1973) 
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Table V I I Total 1 S ->• 2 S Cross-Sections (TTa Q ) for electron-helium 
scattering 

JV - Joachain and Vanderpoorten (1974); BBC - Berrington et a l (1973) 

R - Rice et a l (1972); L - Lassettre (1965) 
Notation as for Table I 
ENERGY 

(eV) JV BBC PRESENT BORN R(50 eV) 
L(100 eV) 

50 1.5 (2) 2.25 (2) 3.03 (2) 3.81 (2) 1.8 (2) 

81.63 2.2 (2) 

100 1.35 (2) 1.54 (2) 1.88 (2) 2.25 (2) 2.1 (2) 

150 1.35 (2) 

Table V I I I Direct p a r t i a l wave amplitudes for electron-
helium l^S 2̂"S ex c i t a t i o n i n the dist o r t e d 
wave Born approximation, with 

a) Hartree-Fock wavefunctions (Byron and Joachain 1966, 1974b) 

b) Configuration i n t e r a c t i o n wavefunctions (Vanderpporten 1973) 

I 

DWBA Re t £ 

a b 

DWBA Im t £ 

a b 

0 -6.79 (2) -6.90 (2) 4.84 (2) 4.99 (2) 

1 3.65 (2) 3.78 (2) 7.11 (2) 7.22 (2) 

4 1.76 (2) 1,83 (2) 5.81 (3) 5.89 (3) 

6 5.67 (3) 5.92 (3) 1.03 (3) 1.04 (3) 

7 3.09 (3) 3.24 (3) 4.22 (4) 4.20 (4) 
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Figure Captions 
Figure 1 Contour p l o t of Im £h ( r , r ' )/rr'3J f o r e l e c t r o n -

hydrogen s c a t t e r i n g . 
Figure 2 D i f f e r e n t i a l cross-sections f o r e l a s t i c e l e c t r o n -

hydrogen s c a t t e r i n g a t a) 54.4 b) 100 and c) 200 eV. 
@ Teubner e t a l (1973) ;© Lloyd et a l (1974); curve 
P, present r e s u l t s ; IP, Bransden e t a l (1972); EBS, 
Byron and Joachain (1973, 1974); CC, Scott (1965); 
G, Glauber approximation of Chen et a l (1973); B, 
Born approximation. 

Figure 3 D i f f e r e n t i a l cross-sections f o r e l a s t i c e l e c t r o n -
helium s c a t t e r i n g a t a) 5 0 b) 100 c) 200' d) 300 
e) 400 and f ) 5 0 0 eV. 
V Crooks and Rudd (1972);D Vriens e t a l (1968); 
©Bromberg (1969, 1974); x Jansen e t a l (1974); 
OChamberlain et a l (1970); H Sethuraman e t a l 
(1974);# Oda e t a l (1972); curve P, present r e s u l t s ; 
IP, B e r r i n g t o n e t a l (1973); EBS, Byron and Joachain 
(1973a); G, Glauber approximation of Byron and 
Joachain (1973a). 

Figure 4 The d i f f e r e n t i a l c r o s s - s e c t i o n i n the forward d i r e c ­
t i o n f o r e l a s t i c e l e c t r o n - h e l i u m s c a t t e r i n g . 
Curve P, present r e s u l t s ; IP, B e r r i n g t o n et a l (1973); 
B2, H o l t ' e t a l ( l 9 7 l ) ; JM, Joachain and Mittleman 
(1971); DR, d i s p e r s i o n r e l a t i o n r e s u l t s of Bransden 
and McDowell (1970). ; 

Figure 5 Generalized o s c i l l a t o r strengths f o r 2̂ S and 2"*"? 
e x c i t a t i o n o f helium from the ground s t a t e due to 
e l e c t r o n impact, w i t h the wavefunctions o f : -



O B e l l et a l (1969); F, Flannery (1970); BJ, 
Byron and Joachain (1974b); GC, Goldberg and 
Clogston (1939). 

Figure 6 D i f f e r e n t i a l cross-sections f o r the I S -*• 2 S 
r 

e x c i t a t i o n of helium by e l e c t r o n impact a t a)50 
b) 81.63, c) 100 and d) 150 eV. 
V Crooks and Rudd (1972); O H a l l e t a l (1973); 
©Vriens-et a l (1968a) ; • Suzuki and Takayanagi 
(1974); curve P, present r e s u l t s ; DV/BA, d i s t o r ­
ted wave Born approximation; DV/-I, present d i r e c t 
c r o s s - s e c t i o n w i t h d i s t o r t i o n i n the i n i t i a l s t a t e 
only; T, Taylor (1974); MR, Mathur and Rudge (1974); 
BO, Born-Oppenheimer approximation. 

Figure 7 D i f f e r e n t i a l cross-sections f o r the l^S -*• 2 1S 
e x c i t a t i o n of helium by e l e c t r o n impact a t a) 50 
b) 81.63 c) 100 and d.) 150 eV. 
V Crooks and Rudd (l 9 7 2 ) ; 0 Rice et a l (1972); 
© Vriens et a l (1968a); A Opal and Beaty (1972) 
at 81.63 eV,Suzuki and Takayanagi (1974) a t 150 eV; 
curve P, present r e s u l t s ; DV/BA, d i s t o r t e d wave Born 
approximation; DW-I, present d i r e c t c r o s s - s e c t i o n 
w i t h d i s t o r t i o n i n the i n i t i a l s t a t e only; PD, 
present d i r e c t c r oss-section w i t h both i n i t i a l and 
f i n a l s t a t e d i s t o r t i o n ; T, Taylor (1974); IP, 
Be r r i n g t o n e t a l (1973); G, Glauber approximation 
of Yates''-and T enney (.1972); HG, Hidalgo and Geltman 
(1972). 

Figure 8 D i f f e r e n t i a l cross-sections f o r the l^S -»- 2 1? 
e x c i t a t i o n of helium by e l e c t r o n impact at a) 50 



and b) 100 eV. 
VCrooks and Rudd (19.72);© Vriens et a l (1968a); 
O H a l l et a l (1973); X Chamberlain et a l (1970J; 
curve DW-I, present d i r e c t c r o s s - s e c t i o n w i t h i n i t i a l 
s t a t e d i s t o r t i o n only; IP, Ber r i n g t o n et a l (1973); 
HG, Hidalgo and Geltman (1972); G, Glauber a p p r o x i ­
mation of Terebey (1974). 

Figure 9 The f r a c t i o n a l c o n t r i b u t i o n of the m=o substate t o 
the l^S 2"4? d i f f e r e n t i a l c r oss-section f o r e l e c t r o n -
helium s c a t t e r i n g a t a) 50 and b) 100 eV. 
§ Eminyan e t a l (1974); curve P, present r e s u l t s ; 
T, Taylor (1974); JV, Joachain and Vanderpoorten 
(1974a); B, Born approximation. 

Figure 10 The r e l a t i v e phase between the m=l and m=o s c a t t e r ­
ing amplitudes f o r l^S -»• 2"1"? e x c i t a t i o n of helium 
by a) 50 and b) 100 eV e l e c t r o n s . 
§Eminyan et a l (1974); curve P, present r e s u l t s ; 
J V ( l ) and JV(2), Joachain and Vanderpoorten (1974a) 
using Glauber and s t a t i c d i s t o r t i n g p o t e n t i a l s 
r e s p e c t i v e l y . 

Figure 11 D i f f e r e n t i a l cross-sections f o r the ls-»-2s e x c i t a t i o n 
of hydrogen atoms by a) 100 and b) 200 eV e l e c t r o n s . 
• c a l c u l a t i o n of McDowell e t a l (1973); V c a l c u l a ­
t i o n of Geltman and Hidalgo (1971); curve P, present 
r e s u l t s ; 1 BH, Baye and Heenen (1974a). 

Figure 12 T o t a l cross-section f o r positron-helium s c a t t e r i n g . 
curve e++He, best f i t t o the data o f Canter et a l 
(1973); curve e~+He, values of the electron-helium 
t o t a l cross-section of Bransden and McDowell (1969, 



1970), equal t o the Born-Bethe' approximation f o r 
2 

k >20 Rydbergs; - - - present suggested values 
f o r the po s i t r o n - h e l i u m t o t a l c r o s s - s e c t i o n . 
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