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ABSTRACT 

The physics r e l a t e d to two aspects of the 7T N -» 7T7TN 
reaction i s studied. 

We f i r s t consider the imposition of the constraints of 
a n a l y t i c i t y , u n i t a r i t y and, i n p a r t i c u l a r , crossing, on the .' 
pion-pion scattering amplitudes, as extracted from studies of 
the low dipion mass kinematic region of the 7T N 7T 7T N r e ­
action. The application of the Roy equations to pion-pion 
scattering i s discussed, then physical region crossing sum 
rule s are systematically derived and applied, i n conjunction 
with f i n i t e energy sum rules, to obtain information on the 
asymptotic pion-pion scattering amplitudes. The amplitudes 
are found to be well described i n terms of Regge and pomeron 
exchange } with rho-f strong exchange degeneracy broken and an 
asymptotic t o t a l cross section for pion-pion scattering rather 
smaller than that expected from naive f a c t o r i z a t i o n arguments. 

Other evidence for a small meson-meson scattering asym­
ptotic t o t a l cross section i s collected, and possible explana­
tions for the apparent f a i l u r e of the pomeron to f a c t o r i z e are 
discussed. 

The second part of t h i s t h e s i s deals with d i f f r a c t i o n 
d i s s o c i a t i o n processes. We discuss how the Deck-Drell-Hiida 
mechanism, i n conjunction with the d i f f r a c t i v e production, and 
subsequent decay, of resonances provides a good q u a l i t a t i v e 
explanation of many of the features of i n e l a s t i c d i f f r a c t i v e 
s cattering. Detailed data on the angular d i s t r i b u t i o n s of the 
d i f f r a c t i v e l y produced pion-nucleon system i n the 16 GeV. 
TT N -> 7T 7T N reaction are then interpreted quantitatively i n 
terms of a simple model based on the above ideas, with f u l l 
account taken of spin and interference e f f e c t s . Information 
i s obtained on the pomeron couplings, and the high energy t 
channel isospi n zero pion-pion scattering amplitude, d i r e c t l y 
determined, i s found to be consistent with the sum r u l e c a l ­
culation r e s u l t s and a small asymptotic pion-pion scattering 
t o t a l cross section. 
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I : INTRODUCTION 
The d i v i s i o n of physics into the spheres of influence 

of four d i s t i n c t interactions may be one of the most unphysical 
d i s t i n c t i o n s ever made.(l) Nevertheless, i n sp i t e of ambitious 
u n i f i c a t i o n schemes (see eg. r e f . (2) and references therein)-, 
a r e a l i s t i c u nified theory i s probably a very long way off, 
and i t remains useful to consider the interactions separately 
when interpreting experimental data. I t i s currently fashion­
able (once again) to use f i e l d theory i n attempts to understand 
the strong interaction, and the l i t e r a t u r e i s f u l l of quarks, 
gluons and gauge theories. However, as Bjorken points out ( 3 ) , 
there i s i n fact l i t t l e direct evidence for these things, and 
so i t i s s t i l l useful to work with the general p r i n c i p l e s of 
S-matrix theory, which should be true whichever underlying 
theory turns out to be correct. 

S-matrix ideas have been extremely successful i n organ­
i z i n g and interpreting a great deal of strong i n t e r a c t i o n data, 
i n addition to providing rigorous r e s u l t s l i k e the dispersion 
r e l a t i o n s and the F r o i s s a r t bound ( 4 ) . Only recently has 
the S-matrix approach led, v i a the dual models, back to f i e l d 
theory. The basic S-matrix theory assumptions provide a way 
of bypassing the step from quark-gluon ideas to hadronic 
inter a c t i o n s , by being concerned only with the properties of 
the observable amplitude for scattering from a given ' i n ' 
s t a t e to a given 'out 1 state. I t i s required that the amplitude 
be Lorentz invariant, T, C, P invariant, crossing symmetric, 
unitary, and analytic i n the complex plane (for 2 2 s c a t t e r ­
ing) of Mandelstam variables, with the only s i n g u l a r i t i e s 
being p a r t i c l e poles and those required by u n i t a r i t y . (See 
r e f . ( 5 ) for more d e t a i l s . ) 

We s h a l l work, i n thi s t h e s i s , within the framework of 
S-matrix phenomenology of strong int e r a c t i o n s . (The term 
•phenomenology' i s used here to denote the organization of 
data and i t s interpretation i n terms of empirical r u l e s and 
models.) .We s h a l l be mainly concerned with the 16 - 17 Gev/c 
TTU ->/T7TA/ reaction; t h i s simple process contains a surprising 
amount of i n t e r e s t i n g physical information. 

F i r s t l y , as b r i e f l y discussed i n section 1.7, the prop­
e r t i e s of 7T7T —>7T7T scattering (See refs.(13) for reviews of 
pion-pion scattering.) may be extracted by studying the 
TThl —>7T7TA/ reaction i n the?'nappropTri\ate kinematic region, when 

( 2 9 JUL 1976 ) 
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the mass of the outgoing pion-nucleon system i s large. Since 
there are no pion targets, pion-pion scattering can only be 
studied i n d i r e c t l y by t h i s , or a s i m i l a r , means. Pion-pion 
scattering i s the simplest possible strong i n t e r a c t i o n process, 
as i t involves =pinless equal mass p a r t i c l e s . The general 
S-matrix p r i n c i p l e s are thus most e a s i l y applied, and constrain 
the reaction strongly. Models for the strong int e r a c t i o n are 
most e a s i l y constructed for pion-pion scattering, and t h e i r 
predictions are simple and e a s i l y tested. One of the few 
strong i n t e r a c t i o n calculations which may be performed from 
• f i r s t p r i n c i p l e s ' uses current algebra ideas to obtain pre­
dictions for the pion-pion scattering lengths ( 6 ) ; these pre­
dictions are now beginning to be tested as information on low 
energy pion-pion scattering becomes available. The duality 
predictions of l i n e a r Regge t r a j e c t o r i e s , exchange degeneracy, 
daughter resonances and straight l i n e amplitude zero paths 
may be e a s i l y checked i f good pion-pion scattering data i s 
available. This r o l e of pion-pion scattering as the proving 
ground for strong int e r a c t i o n phenomenology provides the 
motivation for the enormous effort devoted to detailed pion-
pion phase s h i f t analyses based on such reactions as TTN —^ 7T7TA/ 
(7-12). 

The application of the general S-matrix p r i n c i p l e s to 
pion-pion scattering w i l l be the concern of the f i r s t part of 
t h i s t h e s i s . I n p a r t i c u l a r we s h a l l be concerned with the use 
of sum ru l e s which, as a consequence of a n a l y t i c i t y and cross­
ing, l i n k the low and high energy scattering amplitudes by 
i n t e g r a l equations. F i n i t e energy sum r u l e s for a 2 2 
e l a s t i c scattering process such as 7TA/—)TlN , are well known. 
(14) They tend to suffer from dependence on the energy 
chosen as the boundary between low and high energy descriptions 
of the amplitude, and to weight u n f a i r l y the higher energy 
region of the low energy amplitudes. Less well known are the 
physical region crossing sum r u l e s , which may be obtained by 
imposing f u l l three channel crossing on the amplitude for an 
equal mass 2 -> 2 e l a s t i c scattering process such as pion-pion 
scat t e r i n g . The sum r u l e s resemble, but are independent of, 
f i n i t e energy sum r u l e s , have a more even weighting, and 
are very much l e s s dependent on the choice of boundary between 
low and high energy amplitudes. Together, crossing and f i n i t e 
energy sum ru l e s are very useful for obtaining information 



3 

about high energy pion-pion scattering; t h i s w i l l be the 
subject of much of chapter two. 

The nN ->TT7TN reaction displays many in t e r e s t i n g 
features i n the kinematic region where the incident pion 
suf f e r s l i t t l e change i n momentum i n scattering from the 
nucleon, which dissociates into a low mass pion-nucleon sys­
tem. A simple physical picture of the processes contributing 
to t h i s ' d i f f r a c t i o n dissociation' reaction may be obtained 
by considering the nucleon as a loosely bound state of pion 
and nuclecn. E i t h e r of these p a r t i c l e s may then be ' h i t ' by 
the incident pion, leaving the other as a 'spectator'. Alter­
n a t i v e l y an excited state of the pion-nucleon system may be 
formed, which subsequently decays to a f r e e pion and a nucleon. 
The contributions of these three processes may be separated by 
considering the angular distributions of the outgoing pion-
nucleon system. Direct information on high energy pion-pion 
scattering i s obtained from the spectator nucleon process; 
information on how the pomeron (which mediates the inte r a c t i o n 
between the incoming pion and the nucleon) couples to the 
nucleon to excite a nucleon resonance may also be extracted. 
We s h a l l show i n the second part of t h i s t h e s i s how the de­
t a i l e d d i s t r i b u t i o n s of the outgoing low mass pion-nucleon 
system may be understood suprisingly well i n terms o f b a s i c ­
a l l y , the simple mechanisms outlined above. 

In the remainder of t h i s introductory chapter, after a 
very b r i e f discussion of the kinematics of a 2 •) 2 scattering 
process, we consider i n more d e t a i l how the pr i n c i p l e s of 
a n a l y t i c i t y , crossing and u n i t a r i t y constrain a scattering amp­
li t u d e , emphasizing the simplest case of pion-pion scattering. 
We show how a n a l y t i c i t y r e l a t e s the asymptotic and low energy . 
forms of a scattering amplitude by the f i n i t e energy sum r u l e s , 
and how these may be applied to the pion-pion scattering 
amplitudes. We discuss the processes contributing to the 
TIN 7T7TN reaction, and show how the p a r t i a l wave amplitudes 
for pion-pion scattering may be extracted. 
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1.1: Kinematics 
There are 3n - 4 independent kinematic variables a v a i l ­

able to describe a general 2 n p a r t i c l e reaction. I t i s 
often convenient to choose these as Lorentz s c a l a r s , which 
may e a s i l y be re l a t e d to experimental observables i n any frame 
of reference. For the 2 2 reaction, two out of the three 
usual Mandelstam variables s, t, u, (see e g . r e f . ( l 5 ) ) are often 
chosen. The three variables obey the r e l a t i o n : -

S + t + <t = I™* (1.1) 
4=1 

When the four p a r t i c l e s a l l have the same mass, the 
variables are simply related to the centre of mass momenta, 
q, and scattering angle & by:-

t' - a / * J Y ' - ™q) ( i - 3 j 

« * -a/f/*(7 + «OQ) (1.4) 

Thus physical scattering ( i n the 1s-channel') occurs when 
s > 4m2, t { 0, u ^ 0. We choose our normalization (see appen­
dix (A)) such that, for 2 -> 2 equal mass scattering, the d i f f ­
e r e n t i a l cross section i s rel a t e d to the t r a n s i t i o n matrix T 
by:-

<L(<*>0) 327T5 (1.5) 
We show how to derive the analagous r e s u l t for 2 -) 3 scattering 
i n appendix IB, and discuss the kinematics of 2 3 scattering 
i n l a t e r chapters. 

1.2: Analyticity, crossing and dispersion r e l a t i o n s 
As a consequence of u n i t a r i t y , the e l a s t i c scattering 

amplitude, considered as a complex valued function of the com­
plex variable s, must have a branch point at every value of s 
corresponding to the threshold for a kinematically allowed 
reaction. (See eg.ref.5) To make the amplitude a single 
valued function i t i s simplest (and conventional) to cut the 
complex s plane from the lowest energy branch point to s = oo • 

For s i m p l i c i t y , we now s p e c i a l i z e to equal mass s c a t t e r -



ing, as exemplified by the 7T°n — > H°T(0 process. The 
scattering amplitude, T ( s , t, u), i s single valued i n the 
complex s plane cut from s = 4 to s = 00 (where we take the 
pion mass to be u n i t y ) . The crossing postulate implies that 
the same amplitude must also describe *v. channel' n°n° scatter 
ing, when u > 4 , s f 0, t ( 0; thus i n order that the ampli­
tude be single valued a cut must be made i n the complex 
u plane from u = 4 to u = 00 , which appears i n the s plane, 
by e q . ( l . l ) as cut from s = - t to s = - o * . 
The s i n g u l a r i t y a r i s i n g from t-channel scattering when 
t > 4 may s i m i l a r l y be taken care of. We take the physical 
(s-channel) scattering amplitude as the l i m i t , as £ 0+, of 
T (s+it , t ) . 

The Mandelstam hypothesis (16) states that the only sing 
u l a r i t i e s i n the physical amplitude are those required by 
u n i t a r i t y (a s l i g h t l y l e s s stringent condition may be derived 
from the postulates of axiomatic f i e l d theory (5)) and so the 
s i n g u l a r i t i e s outlined above are the only ones present i n the 
7T°7T° scattering amplitude. ( I n general 2 2 scattering, 

• f 

Fig.1.1. Dispersion r e l a t i o n contour of integration. The 
same contour, with a f i n i t e cutoff, i s used i n the 
derivation of f i n i t e energy sum r u l e s . 
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there may also be poles on the r e a l * s' axis corresponding to 
p a r t i c l e s C, of mass l e s s than the sum of the masses of A and 
B, formed i n the AB C reaction. No such p a r t i c l e s can be 
formed from two pions.) V7e may summarize these properties by 
integrating the function T ( s , tQ» u ) / ( s - s 0 ) # with t fixed . 
at t = to, around the contour shown i n fig.1.1 (maintaining 
the mass-shell condition (1.1)) and using Cauchy's theorem, 
to obtain the unsubtracted fixed t dispersion r e l a t i o n : -

T t a * o S ) * -1 [ M*M + + \ M*,4) (1,6) 

The s - u crossing property T ( s , t, u) = T (u, t, s) has been 
used to write the i n t e g r a l over the left-hand cut i n terms of 
the i n t e g r a l over the right-hand cut; the absorptive part of . 
the amplitude,. A ( s , t , u) i s defined as:-

A(sJ4;JM), &hv. rfs + iS, i) -T(s-itT4) ( i . 7 ) 

This i s equal to the imaginary part of the amplitude i f s, t 
and u have such values that the scattering i s physical. Eq.(1.6) 
i s . o n l y meaningful i f Jfl <hcT(*><j/M) s 0. For t h i s to be 
true, T ( s , t ) 0 as s -}<po ; i-f t h i s i s not the case we 
may repeat the above procedure, replacing T ( s , t, u) by 
T ( s , t , u ) / ( s - s i ) to obtain the once-subtracted dispersion 
r e l a t i o n : -

- V s / - — - — r + T[*>4) ok 

The i n t e g r a l over P now converges iETfatj/s -> O as s oo , 
This procedure may i n general be c a r r i e d out with n subtractions 
so that the i n t e g r a l over P converges iETfatf/s*-} 0 as s -*«*> . 
For pion-pion scattering, Martin (17) has shown, from the 
postulates of_axiomatic f i e l d theory, the important r e s u l t that 
at most two subtractions are needed i n dispersion r e l a t i o n s 
for the amplitude when s Q ) 4, 4 ) t Q ) - 28 ( t h i s includes 
an energy region where the scattering i s unphysical). 
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1.3: Further consequences of crossing 
In e l a s t i c pion-pion scattering i t i s possible (since a l l 

the p a r t i c l e s are the same) to impose t - u crossing at the same 
time as s - u crossing, thus obtaining extra constraints on the 
scattering amplitude. We s h a l l discuss these constraints i n . 
more d e t a i l i n the next chapter; here we indicate the idea. 
Suppose that the 7i°rf° scattering amplitude obeys an unsub-
stracted dispersion r e l a t i o n ; we may then write, for fixed 
t = u 0 :-

ReTYs,, f + Afa**,)] U (1.9) 
77" J I x~s0 X~<60 / 

where the s - u crossing property has been used. Using t - u 
crossing, T ( s 0 ) u 0 , t 0 ) = T ( s 0 , t 0 , u 0 ) , and equating eq. (1.9) 
to eq. (1.6) we find the crossing sum r u l e : -

A s i m i l a r operation may be c a r r i e d out using once-subtracted 
dispersion r e l a t i o n s , r e s u l t i n g i n a more rapidly convergent 
in t e g r a l - t h i s w i l l be l e f t as an exercise for the reader. 

For charged pions, the application of crossing i s com­
plic a t e d by the fact that the scattering i s described by three 
independent amplitudes, T 1 ( s , t, u), where l( = 0, 1, or 2,) 
i s the t o t a l i s o s p i n of the state i n which scattering occurs. 
Whereas for JTV 0 scattering we had simply T T ( s , t , u ) = T S (t,s,u) 
(the s u f f i x indicating the channel i n which scattering i s phy­
s i c a l ) we now need to define the combination of s channel amp­
l i t u d e s : -

( L I D 

such that, when continued into the t channel, 

(1.12) 
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Likewise, we must define the combination of s channel amp­
l i t u d e s : -

such that, when continued into the u channel, 

the crossing matrix, C s u for example, i s obtained by writing 
the s - u crossing postulate for the ab cd reaction as:-

<W/T f i/a &) = (cljT^Joil) d.15) 

where 5, 3, are the charge conjugate states of b, d. Taking 
great care with phases, and expanding each side of the equation 
into isospin amplitudes, the r e l a t i o n between s and u channel 
isospin amplitudes i s obtained (see r e f . (15) for d e t a i l s ) . 
For completeness we note here the crossing matrices:-

6 
1 3L k 

(1.16) 

(we have used the phase convention that / 77 / ^ + j I I / and 
/7r") ==+//-/>) • Crossing sum rule s for charged 
pion scattering may now be obtained; these w i l l be discussed 
i n d e t a i l i n the next chapter. 

The imposition of s - u crossing allows a reduction i n -
the number of subtraction constants needed i n dispersion 
r e l a t i o n s for charged pion-pion scattering amplitudes. The 
t-channel isospin amplitudes T t ( s , t ) have the simple s - u 
crossing property T* ( s , t, u) = (-1 ) 1 T* (u, t, s ) . Now i t 
i s believed that T* (S, t, u) i s well described by rho Regge 



exchange as S -> oo ; thus /v yf$~ and the amplitude 
w i l l require a once subtracted dispersion r e l a t i o n . However 
the s - u crossing - odd property allows the subtraction con­
stant to be removed (18) and so an unsubtracted dispersion 
r e l a t i o n may be written. Likewise T° (s , t f u), controlled . 
asymptotically by pomeron exchange (thus T° ( s , t, u) /v s ) , 
needs at f i r s t sight a twice subtracted dispersion r e l a t i o n , 
but i n fact the s - u crossing even property allows a once-
subtracted r e l a t i o n to be written.(18) 

1.4: U n i t a r i t y and the p a r t i a l wave expansion 
Unita r i t y of the s matrix implies that a scattering 

amplitude for spinless (distinguishable) p a r t i c l e s may be 
written as an i n f i n i t e sum of Legendre polynomials of the form 
(see eg.ref.(15)):-

where k = 1 when T i s normalised as i n appendix 1A, k = 1/327T 
when T i s normalised as i n the next chapter. The p a r t i a l 
wave amplitude i s 

with 0 <\t< I . 
For pion-pion scattering i n a state of t o t a l isopin I , 

e q . ( l . l 7 ) must be modified to take account of the fact that 
pions obey Bose s t a t i s t i c s . In f a c t : -

- -Hi t n e -final state pions are not distinguished, £̂  
a / i f they are. The t o t a l cross section i s given by:-

(T oLJL (1.20) 
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The o p t i c a l theorem then takes the form:-

0^ - J _ Tr*,Tr(o) (1.21) 

The ana l y t i c properties of the amplitudes, together with uni-
t a r i t y can be shown (15) to imply that f ^ ~ q 2 as q -) 0; thus 
only the p a r t i a l wave amplitudes of small t are important i n 
low energy scattering, and the p a r t i a l wave expansion eq.(1.17) 
converges rapidly. For pion-pion scattering, values of i ) 3 
are unimportant at energies of up to 1.8 GeV (19). 

The p a r t i a l wave expansion i s v a l i d i n a larger region 
of the complex Z (= cos 9 ) plane than the physical region. 
In general the domain of convergence of a Legendre polynomial 
expansion of a function i s the i n t e r i o r of the largest e l l i p s e 
with f o c i at i 1 which can be drawn i n the Z plane without 
including any singular points of the function (20). The near­
est (to Z = 0) s i n g u l a r i t y of the pion-pion scattering ampli­
tude comes from the branch point at t = 4; thus the semi-
major axis of the largest e l l i p s e i s of length 1 + 8/(s - 4 ) . 
I t has been shown (21) that the p a r t i a l wave expansion of the 
absorptive part of the amplitude i s i n fact v a l i d for 
-28 < t ( 4 and for any s such that 4 < s < oo ; t h i s r e s u l t , 
combined with that of Martin (17) shows that i t i s rigorously 
correct to write down twice subtracted fixed ' t 1 dispersion 
r e l a t i o n s for pion-pion scattering amplitudes and to describe 
the absorptive parts i n terms of a p a r t i a l wave expansion, 
for -28 K t K 4. An interesting and phenomenologically use­
f u l application of these ideas has been made by Roy (22) who, 
making p a r t i a l use of the three-channel crossing property of 
pion-pion scattering to remove the subtraction constants i n 
twice subtracted dispersion r e l a t i o n s , obtained a set of 
in t e g r a l equations for the p a r t i a l wave amplitudes. Imposing 
f u l l three channel crossing y i e l d s three of the family of 
crossing -sum -rules, as supplementary conditions. We s h a l l 
discuss the Roy equations and th e i r applications i n rather 
more d e t a i l i n the next chapter. 

1.5: F i n i t e energy sum rules and the pomeron 
High energy 2-body scattering processes f a l l into two 

d i s t i n c t groups; those with cross-section decreasing rapidly 
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with energy and thosewith cross section approximately constant. 
The former group can q u a l i t a t i v e l y be well understood with 
the aid of the dynamical assumption that the amplitude i s 
dominated by the exchange of one or two Regge poles ;*/with more 
complicated s i n g u l a r i t i e s also present but of l e s s importance) 
with intercept £• \ ; features such as shrinkage of 
the forward peak, fixed t structure and f a c t o r i z a t i o n may 
also be explained. The second group of processes are d i f f r a c -
t i v e i n character and occur when the outgoing p a r t i c l e s 
r e t a i n the same quantum numbers as the incoming, and when l i t t l e 
momentum i s transferred between the incoming p a r t i c l e s . These 
properties are c h a r a c t e r i s t i c of the exchange of the pomeron 
which, though probably not a simple polo i n the angular momen­
tum plane, shows many of the features to be expected from a 
Regge pole of intercept o(Q <y / . We write, for the simplest 
asymptotic description of the spinless 2 - ^ 2 scattering 
amplitude:-

where, for the i Regge pole, /Jt*(t) i s the residue function, 
c ( 4 - ^ J = o(0 + <*!4: i s the t r a j e c t o r y function and *ti = ^1 

i s the signature. 
Assuming that, for s ) s Q , the above description becomes 

a good approximation to the physical amplitude, we may r e l a t e 
the Regge description to the low energy amplitudes by i n t e ­
grating the quantity T ( s , t, u) -T (Regge approx.) around 
the contour of fig.1.1, taking P at the f i n i t e energy s = s Q 

instead of at s = oo as before. By assumption, Jj, = 0 and we 
have, for pion-pion scattering i n a st a t e with i s o s p i n I i n the 
t channel, the f i n i t e energy sum r u l e (FESR):-

" p * Al(x,4:)(i*-iti-*T4T' y^(^ne) (1-23) 

1 = 0 , 1, 2; n + I i s odd and p o s i t i v e . 
The same expression occurs on the right-hand side as on 

the l e f t , but with the amplitudes replaced by t h e i r Regge 

* for a good introduction to Regge theory, see r e f . ( l 5 ) . 
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approximations. We have defi n e d an integrand symmetric under 
s - u cro s s i n g i n order t h a t the i n t e g r a l along the l e f t 
hand cut o f f i g . 1 . 1 . maps onto t h a t along the r i g h t hand c u t . 
Since o n l y s - u c r o s s i n g has been used, s i m i l a r r e l a t i o n s 
may be obtained f o r any AB AB r e a c t i o n . Any s u i t a b l e 
i n t e g r a l value o f n, t h e 'moment' o f the FESR may be chosen, 
however i n p r a c t i c e a choice o f n ) 1 r e s u l t s i n a severe 
dependence o f the i n t e g r a l on the c u t o f f energy, s Q . *' 

For an ' i d e a l ' s c a t t e r i n g amplitude we might hope t o 
describe the low energy amplitude p u r e l y as a sum o f resonances 
and the h i g h energy amplitude as a sum o f simple Regge poles, 
w i t h o u t t h e pomeron. The FESR then shows t h a t e i t h e r d e s c r i p ­
t i o n i s v a l i d i f the amplitude i s averaged over a range o f 
energy - we say t h a t the Regge poles are dual t o the resonances 
E x p l i c i t examples o f amplitudes which s a t i s f y the FESR's 
e x a c t l y and show simultaneously Regge behaviour and resonance 
s a t u r a t i o n , - (but v i o l a t e u n i t a r i t y ) have been constructed 
and s t u d i e d i n great d e t a i l ; these are the dual resonance 
models, and the reader i s r e f e r r e d t o r e f s . ( 2 3 ) f o r more 
i n f o r m a t i o n . S p e c i a l i s i n g again t o pion - p i o n s c a t t e r i n g , we 
note t h a t t h e absence o f ' e x o t i c ' i s o s p i n two pion-pion reso­
nances and Regge t r a j e c t o r i e s , i m p l i e s t h a t ( i f t he r i g h t and 
l e f t hand cut c o n t r i b u t i o n s can be t r e a t e d i n d e p e n d e n t l y ) : -

and so, i f rho and f exchange dominate the t-channel i s o s p i n 
one and zero amplitudes r e s p e c t i v e l y : -

3 

The rho and f Regge t r a j e c t o r i e s are s t r o n g l y exchange degen­
e r a t e . * ~ 

Of course, i n a r e a l s c a t t e r i n g process, both low energy 
background and h i g h energy pomeron exchange are present. Har-
a r i and Freud (24) suggested t h a t these c o n t r i b u t i o n s t o the 
amplitude may be du a l , i n t h a t t h e i r FESR i n t e g r a l s are equal; 
t h i s i d e a i s given weight by the appearance o f a new singu­
l a r i t y i n the angular momentum plane ( t h e pomeron ?) when 
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non-planar dual diagrams ( w i t h t-channel vacuum quantum 
numbers and no s-channel resonances) are c a l c u l a t e d i n s p e c i ­
f i c dual models. I n p r a c t i c a l c a l c u l a t i o n s , i n c l u d i n g the 
f u l l low energy amplitudes and w i t h rho, f and pomeron t r a ­
j e c t o r i e s exchanged at high energy, e q . ( l . 2 5 ) should be t e s t ­
ed r a t h e r than assumed. A lack o f high energy pion-pion 
s c a t t e r i n g data means t h a t the FESR type o f c a l c u l a t i o n i s 
almost the o n l y way o f determining the p r o p e r t i e s o f the 
Regge exchanges i n pion-pion s c a t t e r i n g . While the rho t r a ­
j e c t o r y can be determined from the FESR eq.(l.23) ( w i t h 
1 = 1 , n = 0 ) , the c o n t r i b u t i o n s t o the amplitude from the 
exchange o f pomeron and f Regge t r a j e c t o r i e s , which possess 
the same quantum numbers, cannot be e a s i l y separated w i t h o u t 
assuming the s t r o n g exchange degeneracy c o n d i t i o n e q . ( l . 2 5 ) 
or attempting the unstable c u t o f f dependent procedure o f 
s o l v i n g between FESR's o f d i f f e r e n t moment. As w i l l be seen 
i n the next chapter, the crossing sum r u l e s provide e x t r a 
c o n s t r a i n t s which make t h i s s eparation a p o s s i b i l i t y . 

The pomeron s i n g u l a r i t y , as w e l l as having a s p e c i a l 
r o l e i n d u a l i t y schemes, d i f f e r s from normal Regge poles i n 
having an i n t e r c e p t o f u n i t y ( o r n e a r ) , a l e s s steep slope and 
no associated p a r t i c l e s . Recent r e s u l t s show t h a t the t o t a l 
cross s e c t i o n o f several e l a s t i c s c a t t e r i n g processes i s r i s i n g 
at the highest exp e r i m e n t a l l y a v a i l a b l e energies. For instance, 
th e proton-proton t o t a l cross s e c t i o n may be parametrised 
as (25, 2 6 ) : -

< r T ( s ) ^ (T0+<r; L*(s/s0) 

Froissart has shown (4) t h a t any r i s e o f cross s e c t i o n 
f a s t e r than Q.nJ' ( s ) w i l l e v e n t u a l l y v i o l a t e u n i t a r i t y . The 
pomeron cannot thus be a simple Regge pole o f i n t e r c e p t 1.07, 
as suggested by eq.(l.26b) and must be a more complicated ob­
j e c t . I f the pomeron were a simple pole, we would expect 
th e r esidue f u n c t i o n t o f a c t o r i z e , l e a d i n g t o the p r e d i c t i o n 
( 2 7 ) : -

(1.26a) 

(1.26b) 

(1.27) 
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i n the energy r e g i o n where the processes are dominated by 
pomeron exchange, i f the i n t e r c e p t o f the pomeron t r a j e c t o r y 
i s u n i t y , the r e l a t i o n e q . ( l . 2 7 ) i s energy independent, (once 
the pomeron c o n t r i b u t i o n to the amplitudes i s dominant) and 
p r e d i c t s £XJ- (TT7T ) ~ \ S ^ . which, as w i l l be seen i n l a t e r , 
chapters, i s r a t h e r too l a r g e . The question o f f a c t o r i z a t i o n 
o f the pomeron w i l l be discussed i n more d e t a i l i n chapter 3 . 

For most o f our purposes i t w i l l be s u f f i c i e n t l y accu­
r a t e t o t r e a t the pomeron as a Regge pole o f i n t e r c e p t u n i t y . 
The o p t i c a l theorem, e q . ( l . 2 l ) shov/s t h a t the imaginary p a r t 
o f the s c a t t e r i n g amplitude i s very l a r g e i n the forward d i ­
r e c t i o n ( t =0); thus the pomeron must be mainly imaginary at 
t = 0 and so has even s i g n a t u r e . 

16 

N Srrrr 

8 
N 

r 1 1 1 

AO IX •4- a* 32, 

Fig.1.2 D a l i t z p l o t o f the 16GeV/c TT N TTTTN r e a c t i o n . 
The shaded areas correspond t o the kinematic r e ­
gions s t u d i e d i n t h i s t h e s i s . 
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1.6: Processes c o n t r i b u t i n g t o the TTH -> 7T7T N r e a c t i o n 
The TTA/ -)7T7TA/ r e a c t i o n contains a great deal o f 

p h y s i c a l l y i n t e r e s t i n g i n f o r m a t i o n . I n f i g . 1 . 2 we show the 
D a l i t z p l o t f o r t h i s r e a c t i o n at 16 GeV/c; the two shaded 
re g i o n s , corresponding t o the produc t i o n o f a pion-nuclear 
system o f mass 1-2 GeV/c" and a d i p i o n system o f mass 
0.3 - 1.8 GeV/c are o f p a r t i c u l a r i n t e r e s t . Most o f the 
low mass pion-nucleon p r o d u c t i o n occurs when the d i p i o n mass 
i s l a r g e (and v i c e v e r s a ) . An i s o s p i n a n a l y s i s (see chapter 3) 
may be c a r r i e d out t o separate the i s o s p i n zero exchange com­
ponent o f the pion-nucleon p r o d u c t i o n amplitude; f o r s u f f i ­
c i e n t l y h i g h sub-energy t h i s w i l l be dominated by pomeron ex­
change. We s h a l l present evidence i n l a t e r chapters t h a t the 
amplitudes f o r t h r e e processes - pion exchange, or spectator 
nucleon ( f i g . 1 . 3 a ) , nucleon exchange, or spectator p i o n ( f i g . 
1.3b) and N* resonance p r o d u c t i o n and decay ( f i g . 1 . 3 c ) -
prov i d e the major c o n t r i b u t i o n s t o the d i f f r a c t i v e p r o d u c t i o n 
o f a low mass pion-nucleon system. (Analagous amplitudes w i l l 
be present i n other i n e l a s t i c d i f f r a c t i o n d i s s o c i a t i o n r e a c t i o n s ) . 

(c) Resonance Excitation 

(a) TI Deck (b) N Deck X X TI 

V 
P 

N 
I (hel. X. spin J , mass/sVp nlhel.v) 

nlhel.rl p(hel.u) 
\ N 

B 
nlhel.Y 

plhel.ij) 
B B 

Fig.1.3. The thr e e processes taken t o c o n t r i b u t e to the 
7T~P—» 7T~ ( 7T+'>v ) r e a c t i o n , i n the 

kinematic regions shaded i n f i g . 1 . 2 . Process 
• a 1 dominates when the outgoing d i p i o n mass i s 
low. 
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The f i r s t and t h i r d amplitudes are o f p a r t i c u l a r i n t e r e s t as, 
i f t h e i r r e l a t i v e c o n t r i b u t i o n s can be separated, we s h a l l 
have i n f o r m a t i o n on how the pomeron behaves i n h i g h energy 
pion - p i o n s c a t t e r i n g , as w e l l as how i t couples t o the NN* 
system. I n f a c t , since the two diagrams lead t o d i f f e r e n t 
angular d i s t r i b u t i o n s o f the pion-nucleon system, t h e i r 
c o n t r i b u t i o n can be separated - but i t i s necessary t o con­
s i d e r the spins o f the p a r t i c l e s i n v o l v e d (and thus a model 
f o r the pomeron couplings i s needed), i n t e r f e r e n c e , d u a l i t y , 
and the r o l e o f the nucleon exchange diagram, f i g . 1 . 3 b . This 
procedure and the r e s u l t s obtained are discussed i n d e t a i l i n 
chapters 4 and 5. 

For high mass pion-nucleon systems (and low mass d i p i o n 
systems) the resonance p r o d u c t i o n and decay amplitudes w i l l 
become small as the pion-nucleon decay w i d t h o f the N* resonan­
ces decreases. I f i n a d d i t i o n the momentum t r a n s f e r between 
the i n g o i n g and outgoing nucleons, t N N , i s r e s t r i c t e d t o 
small values, then o n l y the p i o n exchange amplitude ( f i g . 1 . 3 a ) 
w i l l be important and, since the exchanged pion i s not f a r 
o f f s h e l l , the angular d i s t r i b u t i o n o f the d i p i o n system 
should be very near t o t h a t which would be obtained were the 
p i o n - p i o n s c a t t e r i n g p h y s i c a l , w i t h a pion t a r g e t (an e x p e r i ­
mental i m p o s s i b i l i t y ) " * " . We see from the D a l i t z p l o t o f f i g . 
1.2 t h a t overlap between the p r o d u c t i o n o f a low mass d i p i o n 
system, and of N* resonances i n the 1-2 GeV/c mass r e g i o n , 
w i l l be s m a l l . This i n d i c a t e s a means o f o b t a i n i n g i n f o r m a t i o n 
about pion-pion s c a t t e r i n g w i t h o u t the need f o r a p i o n t a r g e t . 
We o u t l i n e below, very b r i e f l y , one procedure f o r e x t r a c t i n g 
7T7T p a r t i a l waves from data on the TTN -> 7TTTN r e a c t i o n , 
and r e f e r the reader t o r e f s . ( 7 - 9) f o r more d e t a i l s . 

1.7: 7TJT p a r t i a l waves from TT N -» 7777 M 
I t i s assumed t h a t the one pion exchange mechanism 

dominates the 7T N -> TTTTN r e a c t i o n when t N N i s small and 
t h e outgoing pion-nucleon sub-energy i s l a r g e . A f t e r making 
c o r r e c t i o n s f o r small o f f - s h e l l and absorptive e f f e c t s , the 
modulus o f the pion-pion s c a t t e r i n g amplitude may be obtained 
at each r e q u i r e d d i p i o n mass from the angular d i s t r i b u t i o n s o f 
t h e outgoing d i p i o n system. The procedure f o r o b t a i n i n g the 

We now consider i s o s p i n one and two, as w e l l as i s o s p i n 
zero, exchange. 
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j j j j p a r t i a l wave amplitudes i s then p r e c i s e l y the same as i f 
r e a l p ion-pion s c a t t e r i n g had been measured. The c o e f f i c i e n t s 
o f the Legendre polynomials i n the p a r t i a l wave expansion 
e q . ( l , 1 7 ) are found by talcing moments o f the angular d i s t r i ­
b u t i o n . The o v e r a l l phase o f the amplitude may be f i x e d by . 
r e q u i r i n g t h a t the l e a d i n g p a r t i a l waves be c o n s i s t e n t w i t h 
u n i t a r i t y and resonance behaviour ( 7 ) , or by r e q u i r i n g the 
amplitude t o have the c o r r e c t a n a l y t i c i t y p r o p e r t i e s . ( 2 8 , 29). 
Usually the 77~"p — > 7T 77*71/ r e a c t i o n i s s t u d i e d t o 
o b t a i n i n f o r m a t i o n on i s o s p i n zero and one pion-pion s c a t t e r ­
i n g , w i t h i n f o r m a t i o n on the small i s o s p i n two amplitude i n p u t 
from a study o f 7 T + p — > 71i'tT^7^ (see eg.ref. ( 5 2 ) ) ; 
the TT + P > TT+n"A** ( 1 0 ) . TT"~ p — > TT'n+X° 
(11) and 7T~P —^ 7T° 71°^ ( 1 2 ) r e a c t i o n s have also been 
used. 

U n i t a r i t y provides a severe c o n s t r a i n t on the s o l u t i o n s 
f o r the amplitude i n the r e g i o n where the s c a t t e r i n g i s mainly 
e l a s t i c , at energies below about lGeV ( t h e t h r e s h o l d f o r the 
7T 7T — ^ K process), but has l e s s e f f e c t at higher 
energies when i n e l a s t i c i t y i s l a r g e . I n the a n a l y s i s o f 
r e f . ( 7 ) i t i s shown t h a t an unavoidable 4 - f o l d ambiguity 
a r i s e s , because i t i s not known which o f three r o o t s from the 
t h r e e complex conjugate p a i r s o f r o o t s o f the s i x t h order p o l y ­
nomial equation \ 1" ( c oiQ )\ = 0 t o choose as the s o l u t i o n 
f o r T (c°Sr9 ) . Physical c o n s i d e r a t i o n s on the path o f the 
zeros o f T (coiQ ) i n the complex energy plane then reduce 
the 8 - f o l d ambiguity to a 4 - f o l d one. The authors o f r e f . ( 7 ) 
suggest t h a t accurate measurements o f 7T p — ^ 77° TT°^ 
are r e q u i r e d t o s e l e c t the p h y s i c a l s o l u t i o n ; however recent 
r e s u l t s have shown t h a t the i m p o s i t i o n o f a n a l y t i c i t y may 
allow the c o r r e c t s o l u t i o n t o be s e l e c t e d . Froggatt and 
Petersen ( 2 8 ) , by c a r r y i n g out a p a r t i a l wave ana l y s i s o f the 
pion-pion s c a t t e r i n g amplitude at energies between 1.1 and 
1.8 GeV and simultaneously demanding t h a t the amplitude possess 
the c o r r e c t a n a l y t i c i t y p r o p e r t i e s , o b t a i n a s o l u t i o n s i m i l a r 
t o s o l u t i o n B o f r e f . ( 7 ) , w i t h a l a r g e daughter resonance 
i n t h e P wave under the ' g* resonance. Johnson, M a r t i n and 
Pennington (29) f i n d t h a t o n l y s o l u t i o n s B and D o f r e f , ( 7 ) 
can be made c o n s i s t e n t w i t h a n a l y t i c i t y (as embodied i n f i x e d 
' t ' d i s p e r s i o n r e l a t i o n s f o r 77" 7T ——» 7T~ /7 + and 
ff"~7T+ — ^ 7T + 7T~ s c a t t e r i n g ) ; t h e i r c a l c u l a t i o n d e t e r -
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mines the o v e r a l l phase o f the s o l u t i o n s . Both s o l u t i o n s B 
and D possess the p / resonance; to decide between them 
good 7T P — n ° T T ° 7 \ f data i s s t i l l r e q u i r e d . Shimada 
(30) f i n d s s o l u t i o n A o f r e f . ( 7 ) ( w i t h o u t a p' resonance) 
p r e f e r a b l e , on the grounds t h a t t h i s s o l u t i o n i s the most 
c o n s i s t e n t w i t h 7T~* 7T° — ^ 7T~7T° data around 1.3 GeV 
and t h a t u n i t a r i t y c o n s t r a i n t s obtained from studying the 
7T 7T — ^ KK process are b e t t e r s a t i s f i e d by s o l u t i o n A. 
I t i s important t h a t the ambiguity be d e c i s i v e l y r esolved, as 
t h e /o resonance i s an important p r e d i c t i o n o f dual models; 
furthermore, quark models which describe the [fj/ (3700) as 
a ' r a d i a l e x c i t a t i o n * o f the 0 " / \jf (3100), of n e c e s s i t y 
p r e d i c t the existence o f the as a r a d i a l e x c i t a t i o n o f 
the . 
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2: CROSSING AND THE PHYSICAL PION-PION SCATTERING AMPLITUDES 
I n t h i s chapter we discuss how, i n p r a c t i c e , the p r i n ­

c i p l e o f c r o s s i n g , i n a d d i t i o n t o a n a l y t i c i t y and u n i t a r i t y , 
c o n s t r a i n s t h e 7T 7T — ^ TTTT s c a t t e r i n g amplitudes. We s h a l l 
concentrate on those c o n s t r a i n t s which apply t o the p h y s i c a l 
s c a t t e r i n g amplitudes; much work has been c a r r i e d out on 
unphysical r e g i o n crossing c o n s t r a i n t s (see eg.refs. (31 - 33) 
but these are g e n e r a l l y harder t o use and probably c o n t a i n no 
more i n f o r m a t i o n than the p h y s i c a l r e g i o n c o n s t r a i n t s . 

The Roy equations (22) are o f great value i n determining 
the range o f p o s s i b l e pion-pion s c a t t e r i n g amplitudes c o n s i s t ­
ent w i t h a n a l y t i c i t y , c rossing, and u n i t a r i t y , embodying as 
they do these p r o p e r t i e s i n a manner which i s easy t o apply. 
They may also be used both t o compute p a r t i a l wave amplitudes 
i n e x p e r i m e n t a l l y unknown regions and t o check the consistency 
o f phase s h i f t a nalysis r e s u l t s . V/e discuss i n s e c t i o n 2.1 
the Roy Equations and some o f the r e s u l t s which have been 
obtained from t h e i r a p p l i c a t i o n . 

To enforce t o t a l c r o s s i n g on the amplitudes i t i s s t i l l 
necessary t o impose a set o f supplementary c o n d i t i o n s t o the 
Roy equations; these are a subset o f the f a m i l y o f c r o s s i n g 
sum r u l e s . Crossing sum r u l e s have been deri v e d i n a v a r i e t y 
o f ways, u s u a l l y from d i s p e r s i o n r e l a t i o n s (33 - 38); we s h a l l 
present a systematic d e r i v a t i o n f o r a l l crossing sum r u l e s i n 
s e c t i o n 2.2. These sum r u l e s provide e x t r a c o n s t r a i n t s on the 
amplitudes, and i t i s p o s s i b l e t h a t t h e i r systematic a p p l i c a -
t i o n might enable the ambiguity i n the TT IT phase s h i f t 
s o l u t i o n s t o be resolved. I t t u r n s out, however, t h a t the 
l e a d i n g p a r t i a l waves, which are very s i m i l a r i n a l l phase-
s h i f t s o l u t i o n s , provide the dominant c o n t r i b u t i o n t o the 
cro s s i n g sum r u l e s and t h a t u n c e r t a i n t y i n the p o o r l y known 
i s o s p i n two pion-pion s c a t t e r i n g amplitude i s more important 
than t h e d i f f e r e n c e between the 7T*" 7T* p h a s e - s h i f t s o l u t i o n s . 

The c r o s s i n g sum r u l e s are found t o be o f most use when 
app l i e d t o study the asymptotic form o f the s c a t t e r i n g ampli­
tudes. Such a study may be attempted using o n l y FESR's (39) 
or continuous moment sum r u l e s ( 4 0 ) , however r e s u l t s depend 
s t r o n g l y on the p o o r l y known phase s h i f t s at the h i g h energy 
end o f t h e data, and on the c u t o f f + chosen. Crossing sum 

+ S Q i n e q . ( l . 2 3 ) . 

i 
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r u l e s provide v a l u a b l e e x t r a independent c o n s t r a i n t s and i n 
general have a more even weighting and are very much l e s s 
dependent on the c u t - o f f than normal FESR's. 

2.1: The Roy Equations 
The Roy equations are a set o f i n t e g r a l equations f o r 

the pion-pion s c a t t e r i n g amplitudes embodying the a n a l y t i c i t y , 
c r o s s i n g and u n i t a r i t y p r o p e r t i e s o f the amplitudes. 

To d e r i v e these equations, a t w i c e subtracted f i x e d t 
d i s p e r s i o n r e l a t i o n ( r i g o r o u s l y v a l i d f o r o ( s ( o o , 4 ^ 
t ^ - 28) i s w r i t t e n f o r the amplitude, and s - u, w i t h 
p a r t i a l t - u, crossing i s imposed t o allow the amplitude 
at the s u b t r a c t i o n p o i n t s t o be determined. The amplitudes 
are then expressed i n terms o f p a r t i a l waves t o a r r i v e at an 
equation o f the form:-

00 

X 
N 

We i l l u s t r a t e t h i s procedure f o r the 7T 7T s c a t t e r i n g 
amplitude i n appendix 2A. The constants are simply r e l a t e d 
t o the 77 7T s and P wave s c a t t e r i n g lengths"*" and the 
• c u t o f f 1 , N, i s chosen ac any convenient value, above which 
a high-energy p a r a m e t r i s a t i o n o f the amplitudes i s used. Since 
H 1 (xJ'W/x 5 , the equations are not v e r y s e n s i t i v e t o the form 
o f t h i s p a r a m e t r i s a t i o n . The equations are v a l i d f o r 
0 ( s ( 60 ( 1.08GeV) but, as mentioned i n appendix 2A, 
small e r r o r s may a r i s e i n p r a c t i c a l c a l c u l a t i o n s unless t h i s 
range i s r e s t r i c t e d t o Q < s < 32 ( 0.8 GeV) ( 4 1 ) . F u l l 
t - u c r o s s i n g may be imposed, as i n d i c a t e d i n appendix 2A, 
and leads t o t h r e e supplementary c o n d i t i o n s ( c r o s s i n g sum r u l e s ) . 

A d e t a i l e d study o f the uses o f the Roy equations has 

The s c a t t e r i n g lengths are d e f i n e d as ( i n u n i t s where the 
p i o n mass i s u n i t y ; ".-

a t Z JL. vriti. Q,» JLJT~r 

\ 
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been c a r r i e d out by Basdevant, Froggatt and Petersen(42). 
These authors s t a r t by assuming t h a t the mass and w i d t h o f 
the p resonance i s known, i n e l a s t i c i t y below the J7 7T KK 
th r e s h o l d i s n e g l i g i b l e and t h a t t h e r e i s no i s o s p i n two 
resonance below t h i s t h r e s h o l d . They c o n s t r u c t a u n i t a r y , 
a n a l y t i c , c r o s s i n g symmetric f u n c t i o n and use t h i s t o solve 
the Roy equations i t e r a t i v e l y . A wide range o f allowed values 
f o r the 7T7T s c a t t e r i n g lengths i s found, w i t h an i n f i n i t y 
o f s o l u t i o n s f o r the amplitudes below 1.08 GeV. This r e s u l t 
shows, t h a t t h e s o l u t i o n s obtained i n r e f . ( 4 3 ) using the un-
p h y s i c a l r e g i o n c o n s t r a i n t s and w i t h an i n p u t s i m i l a r t o the 
above,form o n l y a small subset o f the class o f p o s s i b l e so­
l u t i o n s . The authors o f r e f . ( 4 2 ) then consider the e f f e c t o f 
i n c l u d i n g e x t r a experimental i n f o r m a t i o n i n the ca l c u l a t i o n , , 
namely a set o f i s o s p i n zero S-wave phase s h i f t s i n the r e g i o n 
5 00 fliV i MUTT ^ 1 1 0 0 M e V. The Roy equations 
then lead t o a very narrow band o f s o l u t i o n s f o r a" and 
i n the ( CL0 , & 0 ) plane, a r e s u l t v e r y s i m i l a r to the ' u n i ­
v e r s a l curve' o f s o l u t i o n s f o r <k9

0 and «f found by Morgan 
and Shaw (44) from simple forward d i s p e r s i o n r e l a t i o n c a l c u ­
l a t i o n s . Indeed, by s t r i c t adherence t o one i n p u t set o f 
p h a s e - s h i f t s Pennington and Protopopescu (45) f i n d the near 
unique values f o r the s c a t t e r i n g lengths o f a 0

d = 0.15 - 0.07 
and df = - 0.05 i 0.028, however a l a r g e r range i s found 
i f r e a l i s t i c e r r o r s are allowed. The pion-pion s c a t t e r i n g 
amplitudes at energies below 1 GeV are e s s e n t i a l l y determined 
by the Roy equations once <x® , and a p a r t i c u l a r set o f 
phase s h i f t s , are chosen. The f i r s t order c u r r e n t algebra 
p r e d i c t i o n s f o r the s c a t t e r i n g lengths are ( 6 ) = 0.16, 
&f = -0.05; u n i t a r i t y c o r r e c t i o n s (46) lead t o the values 
of (t{ = 0.21, o j = -0.043. These values are c o n s i s t e n t w i t h 
the r e s u l t s o f the Roy equation c a l c u l a t i o n s and w i t h the 
l a t e s t experimental determination o f a/ , from a study o f the 
decay process K + 7 T + 7 7 ~ 6 V , (47) which gives a value 
o f 0.31 ± 0.1* 

The D and F wave phase s h i f t s i n the energy r e g i o n below 
lGeV. are w e l l determined by the Roy equations, b e t t e r i n f a c t 
than by experiment, (42) and may be used as i n p u t t o phase 
s h i f t analyses, as i n r e f . ( 7 ) . Since the Roy equations c l o s e l y 
r e l a t e t h e p a r t i a l waves i n d i f f e r e n t energy r e g i o n s , i t i s 
p o s s i b l e t o check th e consistency o f phase s h i f t s o l u t i o n s . 
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A d i s t u r b i n g f e a t u r e t o emerge i s t h a t a l l experimentally-
determined P wave phase s h i f t s i n the energy r e g i o n below 
600 MeV are i n c o n s i s t e n t w i t h the r e s u l t s o f Roy equation 
c a l c u l a t i o n s . (48) The present b e l i e f i s t h a t the experimen­
t a l a n a l y s i s g i v i n g the low energy P wave must be i n c o r r e c t ; • 
i f t h i s a n a l y s i s i s i n f a c t confirmed then serious fundamen­
t a l problems must be faced. 

The simple Roy equations cannot be used t o determine 
p a r t i a l wave amplitudes at energies greater than 'v 1.1 GeV. 
Mahoux, Roy and Wanders (49) have generalised the equations, 
basing them on curved d i s p e r s i o n paths t o o b t a i n a (more 
unwieldy) set o f equations v a l i d f o r -28 ^ s ( 125 (^1.56 GeV). 
There i s no reason why, by a process o f a n a l y t i c c o n t i n u a t i o n , 
t h e analagous equations t o those o f r e f . ( 4 9 ) cannot be exten­
ded t o a r b i t r a r i l y h i g h energies (paying the p r i c e o f i n c r e a s i n g 
complexity, however) thus p r o v i d i n g another p o s s i b l e t o o l f o r 
r e s o l v i n g p h a s e - s h i f t s o l u t i o n a m b i g u i t i e s . 

Dispersion r e l a t i o n s and sum r u l e s may also be w r i t t e n 
f o r the i n v e r s e o f the p i o n - p i c n s c a t t e r i n g amplitudes (50, 51)• 
however i t i s not c l e a r t h a t such r e l a t i o n s c o n t a i n any more 
i n f o r m a t i o n than the Roy equations w i t h the p h y s i c a l r e g i o n 
c r o s s i n g sum r u l e s . 

I n t h i s s e c t i o n we present a systematic d e r i v a t i o n o f 
p h y s i c a l r e g i o n c r o s s i n g sum r u l e s f o r pion-pion s c a t t e r i n g . 
We normalize the pion-pion s c a t t e r i n g amplitudes throughout 
t h i s chapter so t h a t : -

We choose u n i t s so t h a t the charged p i o n mass i s u n i t y , and 
always impose the mass s h e l l c o n d i t i o n e q . ( l . l ) : -

2.2: D e r i v a t i o n o f 7T7T c r o s s i n g sum r u l e s 

(2.2) 

and so t h a t the o p t i c a l theorem ( e q . l . 2 l ) reads: 

A j (s, o) 327T (2.3) 

S + X + M. (2.4) 
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Physical r e g i o n c r o s s i n g sum r u l e s f o r pion-pion s c a t t ­
e r i n g are deri v e d using the p r o p e r t y s p e c i a l t o t h i s process 
t h a t c r ossing may be enforced among a l l t h r e e channels. 

I t i s most convenient t o work w i t h the combination o f 
s channel amplitudes T* ( s , t , u) defin e d i n e q . ( l . l l ) . 
T o t a l c r o s s i n g may be enforced by the two independent con­
s t r a i n t s 

Tl(s,*s«)'(-l)rTr

t (">*•*) (S-

The simplest i n t e r p r e t a t i o n o f cr o s s i n g sum r u l e s i s as neg­
a t i v e moment FESR's. Consider 

c cuts P 
0 (2.7) 

where C i s the usual FESR contour o f f i g . 1 . 1 w i t h P at 
f i n i t e energy s = Nf and I takes values 0, 1, 2. Eq.(2.5) 
i m p l i e s t h a t the numerator o f the i n t e g r a n d vanishes at x = s. 
We 'assume, i n the usual FESR manner, t h a t a Regge approxima­
t i o n f o r the amplitudes i s v a l i d f o r x greater than some 
c u t o f f , N, and on P. Using Eq.(2.6) the l e f t - h a n d cut i s 
mapped onto the r i g h t - h a n d c u t + a f t e r c o l l a p s i n g P on t o the 

There i s a s l i g h t problem i n choosing the contour such t h a t 
th e i n t e g r a l o f both A (x, t ) and A (x , u) along the l e f t 
hand cut maps onto t h a t along the r i g h t hand c u t . I n order 
t h a t t he lower l i m i t maps t o M f i n each case, take the con­
t o u r around - min ( / t / , /u/) at the r i g h t hand end. Choose 
the c e n t r e o f the contour such t h a t P j o i n s the l e f t hand 
cut at (4-N-t) f o r ( t - u ) > 0 ° r^ a tj (4-N-u) f o r ( t - u ) < 0. 
The a d d i t i o n a l assumption S„ F T A x = 0 
i s then r e q u i r e d t o o b t a i n eq.(2.8). 



24 

r e a l a x i s , t o o b t a i n 

(2.8) 

C l e a r l y eq.(2.8) could have been a l t e r n a t i v e l y obtained 
by equating unsubtracted d i s p e r s i o n r e l a t i o n s f o r F* ( s , u, t ) 
and £ C J J , F * ' ( s , t , u) where F I ( s , t , u) s T I ( s , t , u) -

T I R 6 g g e ( s , t , u ) , the 'centre' v a r i a b l e i s fixed,and we assume 

F X ( x , t ) f ( x , t , u) dx=0 (Cf. e q . ( l . l O ) ) , 
KJ 

At t = u, the thr e e sum r u l e s eq.(2.8) f o r I = 0, 1, 2 
a l l reduce t o t h e same equation 

H 

The p r o p e r t i e s o f sum r u l e s (2.8) and (2.9) w i l l be discussed 
i n more d e t a i l i n s e c t i o n 2.5. 

Formally take ( ̂ s ) t
 o f eq.(2.8) t o o b t a i n 

=1 

(2.10) 

These t h r e e equations are now independent at t=u. 
These are j u s t the r e l a t i o n s considered by Wanders,(18) 

who obtained them by combining unsubtracted and once-subtracted 
d i s p e r s i o n r e f l a t i o n s f o r the s c a t t e r i n g amplitude; thus he has 

~JM A R e 9 9 e i n

 plaCe ° f 1 ARegge a n d ' a s n o t e d b y h i m ' t h e i r 

use i n such a form may not be v a l i d . 
We could have obtained the Wanders sum r u l e s eq.(2.10) 

by s u b t r a c t i n g from eq.(2.7) the i d e n t i t y 
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I t i s c l e a r t h a t i f the I t = 1 amplitude increases l e s s r a p i d l y 
than x f or i f the I t = 2 amplitude tends a s y m p t o t i c a l l y t o 
zero, then f o r the r e s u l t i n g equation the contour P can be 
expanded t o i n f i n i t y f o r I = 1 or 2 r e s p e c t i v e l y . V/e thus 

r°° rN 
o b t a i n A j j g ^ g i n p l a c e o f A R e g g e , and reproduce eq.(2.10) 

on t a k i n g the l i m i t s 1 -> u'. + 

Now take (Vh) o f eq.(2.10) t o o b t a i n 

f& (H* *i M - KM) -

a t If*-*)1 (*-*)* H J 

00 
r 
A ( 2 . H ) 

We can now take a l l the Regge i n t e g r a l s over x> N. 
Eq.(2.1l) has again been quoted i n r e f . ( 1 8 ) . I t may a l t e r n a ­
t i v e l y be obtained by combining once subtracted d i s p e r s i o n 
r e l a t i o n s . Note t h a t at t = u, the t h r e e equations reduce t o 
one:-

C l e a r l y t h i s process may be continued i n d e f i n i t e l y . Taking 
(Vfe ) u o f e q . ( 2 . 1 l ) produces a set o f t h r e e equations, i n d e ­
pendent at t = u, which may otherwise be obtained by combining 
once and t w i c e subtracted d i s p e r s i o n r e l a t i o n s . Then t a k i n g 
(ty&S ) t produces the set o f equations obtained from combining 
t w i c e s u b t r a c t e d d i s p e r s i o n r e l a t i o n s ; these are the Roy 
equations supplementary c o n d i t i o n s (22) w r i t t e n i n a form 
c o n t a i n i n g d e r i v a t i v e s . Again at t = u, these c o l l a p s e 

+ I t i s more convenient to i n t e g r a t e over x > N when p o s s i b l e 
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t o one equation. 
As t h i s process i s continued, the convergence o f the 

i n t e g r a l i s increased and the lower p a r t i a l waves are sy s t e ­
m a t i c a l l y removed from the expansion o f the absorptive p a r t s 
o f the amplitudes - f o r instance e q . ( 2 . 1 l ) has no S waves; 

i 

and the Roy equation supplementary c o n d i t i o n s have no S or 
P waves. This may be viewed as a consequence o f the d i f f e r e n ­
t i a t i o n process, o r as a r e s u l t o f the r e l a t i o n o f the sum 
r u l e s t o subtracted d i s p e r s i o n r e l a t i o n s . 

Note t h a t our equations (2.8 - 2.10) do not depend on the 
v a l i d i t y o f unsubtracted or once-subtracted d i s p e r s i o n r e l a ­
t i o n s f o r the s c a t t e r i n g amplitudes, but on the assumption 
t h a t the asymptotic amplitudes are w e l l described by a Regge 
form. These equations are thus more akin t o FESR's than t o 
the r i g o r o u s l y v a l i d crossing sum r u l e s o b t a i n a b l e from 
t w i c e subtracted d i s p e r s i o n r e l a t i o n s , but i n numerical a p p l i ­
c a t i o n s , because o f the ex t r a f a c t o r s o f \/ot i n the integrands, 
r e s u l t s are much le s s c u t - o f f dependent than those obtained 
from FESR's. However care must be taken i n the use o f these 
equations near t = 0 where the lo-'er 2 i m i t o f the i n t e g r a l 
oyer Regge amplitudes can cause com p l i c a t i o n s . 

I n the f o l l o w i n g sections we s h a l l evaluate appropriate 
combinations o f these r u l e s and discuss t h e i r p r o p e r t i e s i n 
more d e t a i l . F i r s t however we t u r n t o a c o n s i d e r a t i o n o f the 
phase s h i f t s o l u t i o n s which w i l l be used as i n p u t t o the 
sum r u l e s , and which we s h a l l attempt to d i s t i n g u i s h . 

2.3: Phase S h i f t s 
We consider t h r e e phase s h i f t s o l u t i o n s ; t he s o l u t i o n 

o f Hyams et a l (8) and s o l u t i o n s A and B o f Estabrooks and 
M a r t i n ( 7 ) . These describe S Q P, D Q and F waves i n the 
energy range 1.0 t o 1.8 GeV, covering the f and g resonances. 
The s o l u t i o n o f Hyams also describes these p a r t i a l waves i n 
the r e g i o n 0.6 to 1.0 GeV, covering the /0 resonance; we use 
o n l y t h i s s o l u t i o n i n t h i s energy range. Below 0.6 GeV simple 
s c a t t e r i n g l e n g t h approximations f o r the phases are used such 
t h a t the s o l u t i o n s match at 0.6 GeV. The c o n t r i b u t i o n t o the 
sum r u l e s from the r e g i o n below 0.6 GeV i s u s u a l l y unimportant; 
where i t i s s i g n i f i c a n t i t i s assigned l a r g e e r r o r s . So­
l u t i o n A o f r e f . ( 7 ) d i f f e r s from the o t h e r two considered i n 
having no p* resonance under the g. S o l u t i o n B i s s i m i l a r t o 



t h a t o f Hyams et a l . Fig.2.1 shows the t o t a l rr + 77 ~ cross 
sections o"T ( 7T + 77" ") ( t a k i n g an i n t e r m e d i a t e i s o s p i n 2 ampli 
tude - see below) f o r these s o l u t i o n s . I t i s seen t h a t at 
1.8 GeV T(lT+7T~) i s between 12 and 15 mb, and f a l l i n g f a s t . 

The s channel i s o s p i n 2 amplitudes are not determined . 
i n the above phase s h i f t analyses and u n f o r t u n a t e l y t u r n out 
to be important i n several o f the sum r u l e s . We s h a l l present 
r e s u l t s using two extreme p o s s i b i l i t i e s f o r these amplitudes. 
For energies lower than 1.1 GeV we take s c a t t e r i n g l e n g t h 
approximations t o give an S 2 wave o f -25° and D 2 wave o f 
-3.5° at 1.1 GeV, co n s i s t e n t w i t h the r e s u l t s o f Hoogland et 
a l ( 5 2 ) . For our one extreme s o l u t i o n ( t h e small I = 2) we 
assume t h a t these values remain constant up t o 1.8 GeV, r e ­
s u l t i n g i n a t o t a l 77" + 7T + cross s e c t i o n ( T T ( 77"+ 7 T + ) o f 
2 . 5 mb at t h a t energy. This appears, from the r e s u l t s o f 
r e f . ( 5 2 ) , a reasonable assumption. A s y m p t o t i c a l l y 0~ T ( 77"+ 7T + 

i s expected to approach <T T( 77 + 77""") which from Fig.2.1 could 
be as l a r g e as 12 mb. There i s not h i n g i n the ana l y s i s o f 

JPeak at 
130 mb. HYAMS 60 

B • o e e 

AO 
6 TOTAL 

mb) 

20 

C,(JT JI ) 

I 
1-9 0-2 . 0-6 10 1A 1-9 

• ENERGY (GeV) 

Fig.2.1 T o t a l 7T + 77" ~ cro s s - s e c t i o n f o r the phas e - s h i f t 
s o l u t i o n s o f Hyams e t . a l . , and s o l u t i o n s A and B o f 
Estabrooks e t . a l . , and range o f p o s s i b l e 77 Jf 
t o t a l cross-sections . 
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r e f . ( 5 2 ) t o p r e v e n t a r o t a t i o n o f o v e r a l l p h a s e o f t h e S 2 a n d 

D 2 w a v e s w h i l s t k e e p i n g t h e i r r e l a t i v e p h a s e u n c h a n g e d ; t h i s 

c o r r e s p o n d s t o an o n s e t o f i n e l a s t i c i t y a n d l e a d s t o a n i n ­

c r e a s e d 0 " T ( 77 + 7 T + ) . T h e s e c o n s i d e r a t i o n s m o t i v a t e u s t o 

t a k e t h e o t h e r e x t r e m e i s o s p i n t w o a m p l i t u d e ( t h e l a r g e 1 = 2 ) . 

f r o m a s t e a d y r i s e o f crT( TT+ TT+) u p t o 1 2 . 5 mb a t 1 .8 GeV. 

F i g . 2 . 1 shows t h e r a n g e o f cr T ( TT + IT + ) b e t w e e n t h e t w o 

e x t r e m e s . P h y s i c a l l y , a l a r g e i n e l a s t i c i t y o f t h e TT + TT + 

s c a t t e r i n g a m p l i t u d e seems u n l i k e l y , as f e w c o u p l e d i n e l a s t i c 

c h a n n e l s a r e a v a i l a b l e . 

As d i s c u s s e d i n s e c t i o n 2 . 1 , TTTT p a r t i a l w a v e s may b e 

c a l c u l a t e d i n t h e e n e r g y r a n g e b e t w e e n 500 a n d 1 1 0 0 MeV u s i n g 

t h e Roy e q u a t i o n s ( 4 2 , 4 5 ) , w i t h i n f o r m a t i o n a b o u t t h e r h o 

r e s o n a n c e , S Q p h a s e s h i f t s a n d t h e e x p e c t e d a s y m p t o t i c f o r m s 

o f t h e a m p l i t u d e s . T h e e n e r g y r e g i o n b e l o w 5 0 0 MeV i s a l w a y s 

u n i m p o r t a n t i n t h e sum r u l e s , a n d t h o s e r u l e s w h i c h h a v e a n 

i m p o r t a n t c o n t r i b u t i o n f r o m t h e 5 0 0 - 1 1 0 0 MeV r a n g e a r e d o ­

m i n a t e d b y t h e r h o r e s o n a n c e , w h i c h i s t a k e n as g i v e n i n t h e 

c a l c u l a t i o n s o f r e f s . ( 4 2 , 4 5 ) . T h u s t h e r e i s no s i g n i f i c a n t 

d i f f e r e n c e i n t h e r e s u l t s o b t a i n e d b y t a k i n g t h e s e p a r t i a l w a v e s 

o r t h o s e o f H y a m s . e t . a l . i n t h i s l o w e n e r g y r e g i o n ( s e e e g . 

r e f . 5 l ) . 

M o s t o f t h e c o n t r i b u t i o n s t o t h e sum r u l e s come f r o m 

p a r t i a l w a v e s when r e s o n a t i n g , t h u s t h e n e g l e c t o£$), 4 

p a r t i a l w a v e s f o r e n e r g i e s l e s s t h a n 1 .8 GeV i s j u s t i f i e d 

u n l e s s l a r g e c a n c e l l a t i o n s o c c u r b e t w e e n t h e d o m i n a n t r e ­

s o n a n c e c o n t r i b u t i o n s . 

2 . 4 : T h e a s y m p t o t i c I t = 1 a n d I t = 2 a m p l i t u d e s 

We d i s c u s s i n t h i s s e c t i o n how t h e c r o s s i n g sum r u l e s 

a n d F E S R ' s may b e u s e d t o s t u d y t h e p r o p e r t i e s o f t h e t c h a n n e l 

i s o s p i n o n e a n d i s o s p i n t w o p i o n - p i o n s c a t t e r i n g a m p l i t u d e s . 

To e v a l u a t e a p a r t i c u l a r sum r u l e , t h e p h a s e s h i f t s f r o m 

a g i v e n s o l u t i o n a r e s u b s t i t u t e d i n t o t h e i n t e g r a n d t o o b t a i n 

' t h e l o w - e n e r g y s u m ' , w h i l e ' t h e h i g h e n e r g y sum* i s o b t a i n e d 

b y n u m e r i c a l l y e v a l u a t i n g t h e i n t e g r a l w i t h t h e a m p l i t u d e s 

w r i t t e n i n a f o r m d e s c r i b i n g s i m p l e Regge p o l e e x c h a n g e . T h e 

c u t o f f , N , i s t a k e n as 1 .8 GeV u n l e s s o t h e r w i s e s t a t e d . 

T h e a s y m p t o t i c t c h a n n e l i s o s p i n t w o a m p l i t u d e c a n o n l y 

c o n t a i n c o n t r i b u t i o n s f r o m e x c h a n g e s w i t h e x o t i c q u a n t u m 

n u m b e r s ; i t i s u s u a l l y a s sumed t h a t t h e s e c o n t r i b u t i o n s may 
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b e r e p r e s e n t e d b y t h e e x c h a n g e o f t r a j e c t o r i e s w i t h z e r o o r 

n e g a t i v e i n t e r c e p t s . I n F i g . 2 . 2 we show t h e i n t e g r a n d o f t h e 

l o w e n e r g y p a r t o f t h e i s o s p i n t w o , f i r s t moment FESR + e v a ­

l u a t e d a t t = 0 . T h e o s c i l l a t o r y n a t u r e o f t h e i n t e g r a n d means 

t h a t t h e sum w i l l i n c r e a s e o n l y s l o w l y , i f a t a l l , as t h e c u t o f f 

e n e r g y N i s i n c r e a s e d ; t h i s i s c o n s i s t e n t w i t h t h e a b o v e 

a s s u m p t i o n . F r o m now o n we assume t h a t t h e a s y m p t o t i c I t = 2 

a m p l i t u d e s may b e n e g l e c t e d c o m p a r e d w i t h I t = 0 o r I t = l , u n l e s s 

o c c u r r i n g i n a sum r u l e w h e r e t h e f o r m e r i s e x c e s s i v e l y 

w e i g h t e d . 

We s h a l l now c o n s i d e r w h i c h c o m b i n a t i o n s o f c r o s s i n g 

sum r u l e s a r e o f m o s t u s e t o u s f o r a s t u d y o f t h e I t = l a s y m ­

p t o t i c a m p l i t u d e . 

We f i n d , as w i l l b e s e e n i n t h e n e x t s e c t i o n , t h a t n o 

s u c h u s e f u l r u l e c a n b e o b t a i n e d f r o m e q . ( 2 . 8 ) . N e x t , c o n s i d e r 

e q . ( 2 . 1 0 ) . F o r 1 = 1 , we f i n d t h e w e l l k n o w n r u l e ( 1 8 , 5 1 , 5 3 - 5 6 ) 

f o r t = u : -

ffrf^M^-*-?? J + i & M ! ) 

T h e h i g h e n e r g y sum i s c l e a r l y d o m i n a t e d b y t h e I t = l a m p l i t u d e , 

t h u s t h i s sum r u l e i s o f i m m e d i a t e u s e t o u s . 
_ 2 M 
'O 

or 
V ) 
UJ 

u. 
CM 

I I 

z 
8 

F i g . 2 . 2 . 

- 0 

z o 

m 

1 

SOLUTION 

1 

A 

1 1 

- O © © © SOLUTION B J? 
©Os. 

HYAMS © \ \ 
© \ \ 

1 ro1 ^« I J 

1 
ENERGY ( G e V ) 

• 1 1 

1-4 1-8 0-2 0-6 10 
I n t e g r a n d o f f i r s t moment i s o s p i n 2 FESR ( i n " » y s l u n i t s ) 
f o r t h e p h a s e s h i f t s o l u t i o n o f Hyams e t . a l . a n d 
s o l u t i o n s A a n d B o f E s t a b r o o k s e t . a l . An i n t e r m e d i a t e 
l o w e n e r g y i s o s p i n 2 a m p l i t u d e i s u s e d . 

+ T a k e 1 = 2 , n = - 1 i n e q . ( l . 2 3 ) 
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We may o b t a i n a n o t h e r r u l e , c o n t a i n i n g o n l y I t = l a n d 

I t = 2 a m p l i t u d e s , b y t a k i n g t h e c o m b i n a t i o n ( 1 = 1 ) - ( 1 = 2 ) 

o f e q s . ( 2 . 1 0 ) f o r t = u . 

00 ( 2 . 1 4 ) 

U n f o r t u n a t e l y t h i s w i l l b e o f l i t t l e u s e t o u s as t h e I t = l 

a m p l i t u d e i s s u p p r e s s e d w i t h r e s p e c t t o t h e I t = 2 ; t h u s t h e 

c o n t r i b u t i o n t o t h e h i g h e n e r g y sum f r o m e x o t i c e x c h a n g e s may 

b e i m p o r t a n t . + We a l s o f i n d l a r g e c a n c e l l a t i o n s b e t w e e n t h e 

d o m i n a n t p a r t i a l w a v e c o n t r i b u t i o n s i n t h e l o w e n e r g y sum; 

t h u s i t may n o t b e c o r r e c t t o n e g l e c t p a r t i a l w a v e s o f Z > 3 . 

T h i s r u l e i s v e r y s i m i l a r t o t h a t o b t a i n e d b y w r i t i n g e q s ( 2 . 1 0 ) 

f o r 1 = 2 , w h i c h h a s b e e n f o u n d o f l i t t l e u s e b e c a u s e o f l a r g e 

c a n c e l l a t i o n s a n d c u t o f f d e p e n d e n c e . ( 5 3 , 5 4 ) We do n o t c o n ­

s i d e r sum r u l e ( 2 . 1 4 ) a n y f u r t h e r . 

We may o b t a i n a u s e f u l r u l e f r o m e q . ( 2 . 1 l ) b y t a k i n g t h e 

( l = l ) + ( 1 = 2 ) c o m b i n a t i o n . F o r c o n v e n i e n c e t h e l i m i t t U. 

i s t a k e n t o r e p l a c e d i f f e r e n c e s b y d e r i v a t i v e s (we c o u l d 

a l t e r n a t i v e l y h a v e t a k e n t h e ( l = l ) + ( 1 = 2 ) c o m b i n a t i o n , a t 

t = u , o f ( * 0 5 ) u o f e q . ( 2 . 1 l ) ) . 

T h i s i s e s s e n t i a l l y a • h i g h e r m o m e n t ' f o r m o f e q . ( 2 . 1 4 ) b u t 

t h e d i f f e r e n t i a t i o n h a s r e s u l t e d i n s i g n c h a n g e s so t h a t t h e 

1^=1 a m p l i t u d e i s n o l o n g e r s u p p r e s s e d . We s h a l l u s e t h e sum 

r u l e s o f e q s . ( 2 . 1 3 ) a n d ( 2 . 1 5 ) i n c o n j u n c t i o n w i t h t h e FESR ' s 

t o s t u d y t h e a s y m p t o t i c 1 ^ = 1 a m p l i t u d e . F i r s t we c o n s i d e r 

t h e u s e o f t h e FESR*s . 

+ W e m e n t i o n t h e a n a l o g o u s r u l e f r o m e q . ( 2 . 8 ) i n t h e n e x t 
s e c t i o n . 
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We t a k e f o r t h e i m a g i n a r y p a r t o f t h e a s y m p t o t i c I t = l 

a m p l i t u d e t h e Regge f o r m 

F i r s t , f o l l o w i n g S c h m i d ( 3 9 ) we a t t e m p t t o d e t e r m i n e t h e 

s l o p e c{ a n d i n t e r c e p t o{ o f t h e t r a j e c t o r y b y s o l v i n g t h e 
t h 

s e c o n d moment I t = l FESR w i t h t h e z e r o moment FESR. T h e 

f o r m e r i s u n f a i r l y w e i g h t e d t o w a r d s h i g h e n e r g i e s , a n d s e v e r e l y 

c u t o f f d e p e n d e n t . T h e same p a r t i a l w a v e s d o m i n a t e i n e a c h r u l e , 

t h u s t h e s o l u t i o n i s u n s t a b l e , d e p e n d i n g f o r i n s t a n c e s t r o n g l y 

o n t h e i s o s p i n 2 l o w e n e r g y a m p l i t u d e s . 

We f i n d an i n t e r c e p t o f b e t w e e n 0 . 1 a n d 0 . 3 , t h e r e s u l t 

d e p e n d i n g o n p h a s e s h i f t s o l u t i o n a n d i s o s p i n 2 a m p l i t u d e s , 

f o r a c u t o f f o f 1 .8 GeV. T h e s l o p e i s p o o r l y d e t e r m i n e d , b e i n g 

d e p e n d e n t o n t , b u t n o t i n c o n s i s t e n t w i t h t h e c a n o n i c a l 

o l / = l G e V " 2 . 

R e j e c t i n g t h e u s e o f t h e s e c o n d moment FESR as u n r e l i ­

a b l e , we c o u l d a l t e r n a t i v e l y s o l v e t h e zero*"* 1 moment FESR w i t h 

a c r o s s i n g sum r u l e t o d e t e r m i n e olQ a n d o( . F o r s i m p l i c i t y , 

h o w e v e r , we t r y i n p u t t i n g t h e ' c o n v e n t i o n a l ' v a l u e s f o r a 

r h o t r a j e c t o r y , o ( 0 = 0 . 5 a n d o( = 0 . 9 G e V ~ 2 , d e t e r m i n i n g ^ ( t ) 

a n d c h e c k i n g t h e r e s u l t s f o r c o n s i s t e n c y w i t h t h e c r o s s i n g sum 

r u l e s . S i m i l a r c a l c u l a t i o n s h a v e b e e n p r e s e n t e d i n r e f s . 

( 5 1 , 5 3 , 5 5 , 5 6 ) . 

We d e t e r m i n e ^ ( t ) b y e v a l u a t i n g b o t h s i d e s o f t h e zero**1 

p 

moment FESR a t a r a n g e o f t v a l u e s b e t w e e n z e r o a n d - 0 . 5 5 GeV 

( - 2 8 / A 2 ) . F i g . 2 . 3 shows i f ( t ) f o r s o l u t i o n s A a n d B , and . f o r 

t h e t w o e x t r e m e 1=2 a m p l i t u d e s ; t h e m a i n u n c e r t a i n t y i n ( t ) 

comes f r o m t h e u n c e r t a i n t y i n t h e 1=2 a m p l i t u d e s . We s e e t h a t 

( t ) i s w e l l d e s c r i b e d b y t h e f o r m . 

' * a + t-4r > a*o-74.±o>!5 ( 2 . 1 7 ) 
£z h9 ± o-is M'z 

A v e r y s i m i l a r ^ ( t ) i s f o u n d u s i n g a n i n t e r c e p t o( = 0 . 2 5 . 

O u r c u t o f f i s a b o u t m i d w a y b e t w e e n t h e g a n d t h e e x p e c t e d 

= 4 r e s o n a n c e p r e d i c t e d f r o m a l i n e a r / O - f t r a j e c t o r y ; ( 5 7 ) 
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t h e v a l u e o f ' a * v a r i e s i n v e r s e l y , s l o w l y , w i t h t h e c u t o f f . 

F o r e x a m p l e , h a d we c h o s e n a c u t o f f o f 1 . 9 GeV, a t t h e e n d 

o f t h e d a t a o f Hyams e t . a l . , w i t h a l a r g e 1=2 a m p l i t u d e , a 

v a l u e o f ' a ' o f 0 . 6 w o u l d h a v e b e e n o b t a i n e d . ( T h i s was 

f o u n d as t h e ' c e n t r a l ' v a l u e o f ' a i n r e f . ( 5 l ) w h e r e a v e r y 

l a r g e 1=2 c o n t r i b u t i o n was u s e d t o o b t a i n a n e x t r e m e ) . T h e 

e r r o r s i n e q . ( 2 . 1 7 ) a l l o w f o r c u t o f f d e p e n d e n c e . 

T 

large 

0-8,small 

0-AJarge 
0-4 jSmall 

B , small 

A , small 

Bj large -
A , large 

F i g . 2 . 3 . Rho ( t f ( t ) ) a n d | ( $ ( t ) ) r e s i d u e f u n c t i o n s . X ( t ) 
i s s h o w n f o r s o u t i o n s A a n d B o f E s t a b r o o k s e t a l . 
f o r t h e s m a l l and l a r g e e x t r e m e i s o s p i n 2 a m p l i t u d e s ; 
i t i s w e l l d e s c r i b e d b y t h e f o r m a + b t . R e s u l t s f o r 
t h e Hyams e t a l s o l u t i o n l i e i n b e t w e e n t h o s e f o r s o ­
l u t i o n s A a n d B . ( t ) i s s h o w n as o b t a i n e d u s i n g s o ­
l u t i o n B w i t h t h e t w o e x t r e m e i s o s p i n 2 a m p l i t u d e s a n d 

( o ) = 0 . 4 a n d 0 . 8 . S o l u t i o n A a n d t h e Hyams e t a l . 
s o l u t i o n p r o d u c e v e r y s i m i l a r r e s u l t s , w i t h s l o p e o f 
/ • ( t ) a l i t t l e s t e e p e r . 
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We n o w c h e c k o u r r e s u l t s f o r t h e a s y m p t o t i c I t = l amp­

l i t u d e w i t h t h e c r o s s i n g sum r u l e s . C o n s i d e r sum r u l e ( 2 . 1 3 ) . 

T h e l o w e n e r g y sum h a s c o n t r i b u t i o n s f r o m P, D Q , D 2 a n d F 

w a v e s , t h e P w a v e d o m i n a t i n g ; we show t h e s e c o n t r i b u t i o n s i n 

t a b l e ( 2 . 1 ) . R e s u l t s a r e v e r y s i m i l a r f o r t h e t h r e e p h a s e 

s h i f t s o l u t i o n s . T h e c o n t r i b u t i o n f r o m e n e r g i e s b e l o w 

6 0 0 MeV i s s i g n i f i c a n t ; we a l l o w a 50% u n c e r t a i n t y o n t h i s . 

T h e h i g h e n e r g y sum i s c a l c u l a t e d u s i n g t h e p a r a m e t e r s . 

( 2 . 1 8 ) 

d) *(*)= 015+ t 

2 

t i s i n . u n i t s o f GeV . 

F i g u r e 2 . 4 a shows t h e l o w a n d h i g h e n e r g y sums o f t h e 

sum r u l e o f e q . ( 2 . 1 3 ) as f u n c t i o n s o f t . + Good a g r e e m e n t 

i s o b t a i n e d u s i n g t h e p a r a m e t e r s o f e q . ( 2 . l 8 ( i ) ) b u t t h e r e i s 

d i s a g r e e m e n t when t h e p a r a m e t e r s o f e q . ( 2 . l 8 ( i i ) ) a r e u s e d . 

N e x t c o n s i d e r t h e sum r u l e o f e q . ( 2 . 1 5 ) . T h i s c o n t a i n s 

d o u b l e d e r i v a t i v e s a n d may t h u s b e v e r y s e n s i t i v e t o t h e t 

d e p e n d e n c e o f t h e a m p l i t u d e ; h o w e v e r , s i n c e we t h i n k t h i c i s 
16 

SUM RULE faj3) SUM RULE fa 157 

12 

SUM SUM 
1x10" 1x10") 

1 
e v. 

0 0:1 J>-2 0-3 04 0-5 0 0-1 02 0 3 0 4 0 5 

| t 1 (GeVJl | * I (G«Vl) 

F i g . 2 . 4 Low a n d h i g h e n e r g y sums o f ( a ) sum r u l e ( 2 . 1 3 ) a n d 
( ) sum r u l e ( 2 . 1 5 ) ( i n m 2 = 1 u n i t s ) , T h e h a t c h e d 
b a n d s i n d i c a t e t h e r a n g e o f l o w - e n e r g y sums r e s u l t i n g 
f r o m t h e u n c e r t a i n t y i n t h e p h a s e s h i f t s b e l o w 600 MeV 
a n d i n t h e i s o s p i n t w o a m p l i t u d e s . T h e h i g h e n e r g y 
sums u s e t h e p a r a m e t e r s ( 2 . 1 8 ( i ) ) , w i t h o( Q = 0 . 5 , 
( d o t t e d c u r v e ) a n d ( 2 . 1 8 ( i i ) ) , w i t h o< 0 = 0 . 2 5 ( d a s h e d 
c u r v e ) . R e s u l t s a r e i d e n t i c a l f o r a c u t o f f t a k e n a n y ­
w h e r e b e t w e e n 1 . 4 a n d 1 .8 GeV 
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f a i r l y w e l l k n o w n i t s h o u l d b e a r e a s o n a b l e c h e c k . T h e l o w 

e n e r g y sum has c o n t r i b u t i o n s f r o m P, D 2 , and F w a v e s ; t h e s e 

a r e s h o w n i n t a b l e 2 . 1 f o r t = 0 . T h e P wave d o m i n a t e s c o m ­

p l e t e l y . T h e c o n t r i b u t i o n t o t h e sum f r o m e n e r g i e s a b o v e 1 

GeV i s n e g l i g i b l e , t h u s t h e t h r e e s e t s o f p h a s e s h i f t s g i v e , 

t h e same r e s u l t s . T h e r e i s a g a i n a s i g n i f i c a n t c o n t r i b u t i o n 

t o t h e sum f r o m b e l o w 6 0 0 MeV; we a s s i g n a p o s s i b l e e r r o r o f 

50% t o t h i s . F i g . 2 . 4 b shows t h e l o w a n d h i g h e n e r g y sums o f 

sum r u l e ( 2 . 1 5 ) , a g a i n a g r e e m e n t i s g o o d f o r t h e p a r a m e t e r s 

o f e q . ( 2 . l 8 ( i ) ) and p o o r f o r t h o s e o f e q . ( 2 . l 8 ( i i ) ) + . 

The a b o v e r e s u l t s a r e n o t g r e a t l y a f f e c t e d b y v a r y i n g 

^ ( t ) w i t h i n i t s r a n g e o f u n c e r t a i n t y . A r h o i n t e r c e p t o f 

0 . 2 5 i s c l e a r l y i n c o n s i s t e n t w i t h t h e c r o s s i n g sum r u l e s ; 

t h e f a c t t h a t t h i s v a l u e i s c o n s i s t e n t w i t h a h i g h e r moment 

FESR i s p r o b a b l y an i n d i c a t i o n o f t h e u n c e r t a i n t i e s i n h e r e n t i n 

t h e u s e o f t h e l a t t e r . 

We t h u s c o n c l u d e t h a t a f o r m o f t h e i m a g i n a r y p a r t o f 

t h e a s y m p t o t i c I t = l a m p l i t u d e c o n s i s t e n t w i t h a n a l y t i c i t y , 

c r o s s i n g , a n d u n i t a r i t y i s 

w i t h 4(4) 0-5+0>H 
a - 0-7^ ± 0-15 
g- r / . < ? ±0-15 M'* 

T h i s f o r m c o r r e s p o n d s t o t h e e x c h a n g e o f a r h o t r a j e c t o r y w i t h 

a z e r o a t t = 0 . 3 9 * 0 . 0 5 G e V 2 . 

T h e s e r e s u l t s a r e c o n s i s t e n t w i t h t h o s e o f r e f s . ( 5 1 , 5 3 , 

5 5 , 5 6 ) . 

2 . 5 : The A s y m p t o t i c 1^ . = 0 a m p l i t u d e 

We d i s c u s s i n t h i s s e c t i o n how t h e F E S R ' s a n d c r o s s i n g 

sum r u l e s may b e u s e d t o s t u d y t h e t c h a n n e l i s o s p i n z e r o a s y m ­

p t o t i c p i o n - p i o n s c a t t e r i n g a m p l i t u d e , a n d how we may a t t e m p t 

t o s e p a r a t e t h e p o m e r o n a n d & e x c h a n g e c o n t r i b u t i o n s t o t h i s 

+ W e a v o i d t h e r e g i o n 0 ( t 4 4 w h e r e t h e l o w e s t e n e r g y p h a s e 
s h i f t s a r e e x c e s s i v e l y w e i g h t e d . 
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a m p l i t u d e . F i r s t we c o n s i d e r w h i c h c r o s s i n g sum r u l e s a r e d o ­
m i n a t e d b y t h i s a m p l i t u d e , a n d t h u s o f m o s t u s e . 

T h e sum r u l e o f e q . ( 2 . 8 ) a p p e a r s i m m e d i a t e l y u s e f u l as t h e 

h i g h e n e r g y sum o f t h i s i s d o m i n a t e d b y t h e r e q u i r e d a m p l i t u d e . 

A t f i r s t s i g h t e q . ( 2 . 8 ) a p p e a r s t o b e n o t i n d e p e n d e n t o f e q . 

( 2 . 9 ) , t h e r e s p e c t i v e h i g h e n e r g y sums b e i n g r e l a t e d b y 

( w h e r e t h e a b b r e v i a t i o n [ * 8 ( t ) ] H E means ' t h e h i g h e n e r g y sum 

o f e q . ( 2 . 8 ) e v a l u a t e d a t a g i v e n v a l u e o f t ' ) » T h e r i g h t 

h a n d s i d e o f e q . ( 2 . 1 9 ) i s s m a l l c o m p a r e d w i t h e i t h e r o f t h e 

t e r m s o n t h e l e f t h a n d s i d e . T h e l o w e n e r g y sums o f e q s . ( 2 . 8 ) 

a n d ( 2 . 9 ) a r e n o t t r i v i a l l y e q u a l , h o w e v e r , as t h e y c o n t a i n 

c o n t r i b u t i o n s f r o m d i f f e r e n t p a r t i a l w a v e s . T h i s s u g g e s t s 

t h a t i t i s w o r t h t a k i n g c o m b i n a t i o n s o f e q . ( 2 . 8 ) t o i s o l a t e 

f u r t h e r I t = 0 ( a n d I t ~ l ) d o m i n a t e d r u l e s , w h i c h may p r o v i d e 

a d d i t i o n a l c o n s t r a i n t s . 

B e f o r e c o n s i d e r i n g t h e 1^=0 r u l e we s h a l l f i r s t d i s p o s e 

o f t h e I t = l p o s s i b i l i t y . T h e o n l y r u l e d o m i n a t e d b y t h e I t = l 

a m p l i t u d e i s o b t a i n e d f r o m t h e ( l = l ) + ( 1 = 2 ) c o m b i n a t i o n o f 

e q . ( 2 . 8 ) : -

* v ( 2 . 2 0 ) 

T h i s i s n o t u s e f u l f o r o u r p u r p o s e s s i n c e a n e x o t i c 

t r a j e c t o r y w i t h an i n t e r c e p t o f w o u l d g i v e a c o n t r i b u t i o n 

t o t h e h i g h e n e r g y sum o f t h e same o r d e r o f m a g n i t u d e as t h a t 

o f t h e r h o t r a j e c t o r y . ( ( ^ 6 ) t o f e q . ( 2 . 2 0 ) p r o d u c e s e q . ( 2 . 1 4 ) 

w h i c h we f o u n d i n t h e p r e v i o u s s e c t i o n t o h a v e t h e same p r o ­

p e r t y ) . 

A sum r u l e d o m i n a t e d b y t h e 1^=0 a m p l i t u d e may b e o b ­

t a i n e d b y t a k i n g t h e ( 1 = 0 ) + 2 ( 1 = 2 ) c o m b i n a t i o n o f e q . ( 2 . 8 ) ; 

t h i s p r o d u c e s t h e e q u a t i o n f o r t h e a b s o r p t i v e p a r t o f t h e 

7T° 7T° s c a t t e r i n g a m p l i t u d e A 0 0 ( s , t ) = A ° ( s , t ) + 2 A 2 ( s , t ) 

( c f . e q . ( l . l O ) ) 
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( 2 . 2 1 ) 

r 
KtecC n 

T h i s e q u a t i o n v a n i s h e s when t = u . F o r c o n v e n i e n c e we t a k e 

u = 0 t o r e l a t e t h e a m p l i t u d e s a t a r b i t r a r y t i n t h e r a n g e 

( 4 , - 2 8 ) t o t h o s e a t t = 0 . 

I n t h e p r e v i o u s s e c t i o n t w o i n d e p e n d e n t sum r u l e s f r o m 

e q . ( 2 . 1 0 ) w e r e n o t e d . We may t a k e t h e t h i r d as t h e c o m b i n a t i o n 

( 1 = 0 ) + 2 ( 1 = 2 ) o f e q . ( 2 . 1 0 ) , h o w e v e r t h i s i s s i m p l y t h e d e ­

r i v a t i v e o f e q . ( 2 . 2 l ) , c o n t a i n i n g t h e same p a r t i a l w a v e s , 

a n d h a v i n g v e r y s i m i l a r p r o p e r t i e s t o e q . ( 2 . 2 l ) . We t h u s do 

n o t c o n s i d e r t h i s sum r u l e a n y f u r t h e r . 

One sum r u l e f r o m e q . ( 2 . 1 3 ) h a s b e e n n o t e d a l r e a d y ; t h e r e 

r e m a i n t w o m o r e . A t t = u , e q s . ( 2 . 1 l ) , f o r e a c h I , r e d u c e t o 

e q . ( 2 . 1 2 ) , w h i c h i s n o t now d o m i n a t e d b y a n y o n e t c h a n n e l i s o s -

p i n a m p l i t u d e . H o w e v e r , f o l l o w i n g W a n d e r s ( 2 9 ) we may s u b t r a c t 

e q . ( 2 . 1 3 ) f r o m e q . ( 2 . 1 2 ) t o o b t a i n a ( w e l l k n o w n ) sum r u l e d o ­

m i n a t e d b y t h e 1^=0 a m p l i t u d e : -

E q . ( 2 . 2 2 ) may b e d e r i v e d b y s e v e r a l a l t e r n a t i v e m e t h o d s (33i 

36» 37) . T h e l o w e n e r g y sum c o n t a i n s no S o r P w a v e c o n t r i ­

b u t i o n s . 

T a k i n g t h e c o m b i n a t i o n ( 1 = 0 ) + 2 ( 1 = 2 ) o f e q . ( 2 . 1 l ) 

p r o d u c e s a r u l e a n a l a g o u s t o e q . ( 2 . 2 l ) b u t now a l s o w i t h no 

S o r P w a v e c o n t r i b u t i o n s . f o r s i m p l i c i t y we t a k e t h e l i m i t 

t - ) u t o o b t a i n * " 

M fa) (*«-<•) 

! M } - r 00 
4-10 dA 

3 H 

( 2 . 2 2 ) 

p-itMry (at-*) 
00 (2 .23) 

+ W e c o u l d a l t e r n a t i v e l y t a k e t h e a p p r o p r i a t e c o m b i n a t i o n o f 

( * A ) U o f e q s . ( 2 . 1 l ) . 



37 

E q . ( 2 . 2 5 ) h a s b e e n u s e d w i t h t = 0 t o o b t a i n i n e q u a l i t i e s f o r 

p a r t i a l w a v e s a n d r e s o n a n c e w i d t h s ( 1 8 , 3 6 ) . 

We h a v e now p r e s e n t e d a l l t h e c r o s s i n g sum r u l e s we s h a l l 

u s e i n c o n j u n c t i o n w i t h FESR ' s t o s t u d y t h e a s y m p t o t i c t c h a ­

n n e l i s o s p i n z e r o a m p l i t u d e . 

We assume t h a t t h e a s y m p t o t i c I t = 0 a m p l i t u d e may b e 

d e s c r i b e d i n t e r m s o f t h e e x c h a n g e o f p o m e r o n a n d f Regge t r a ­

j e c t o r i e s . To d e t e r m i n e t h e t d e p e n d e n c e o f t h e s e e x c h a n g e s , 

we f i r s t t r y m a k i n g t h e s i m p l i f y i n g a s s u m p t i o n t h a t t h e f 

t r a j e c t o r y i s s t r o n g l y e x c h a n g e d e g e n e r a t e w i t h t h a t o f t h * 5 

r h o . T h u s we w r i t e f o r t h e a s y m p t o t i c a m p l i t u d e , w h e r e a p o - • 

m e r o n o f i n t e r c e p t u n i t y h a s b e e n t a k e n : -

( 2 . 2 4 ) 

A s i m p l e c a l c u l a t i o n w i t h t h e f i r s t moment 1=0 FESR t h e n 

i m m e d i a t e l y l e a d s t o t r o u b l e , i n d e p e n d e n t o f t h e c h o i c e o f 

c u t o f f . F o r a l l p h a s e s h i f t s o l u t i o n s s t u d i e d t h e p o m e r o n t 

s t r u c t u r e i s s u c h t h a t g ( t ) i s e i t h e r n e a r l y c o n s t a n t ( f o r t h e 

l a r g e 1=2 a m p l i t u d e s ) o r a c t u a l l y g r o w s as | t j i n c r e a s e s 

( f o r t h e s m a l l 1=2 a m p l i t u d e s ) . T h e v a l u e f o u n d f o r A p d e p e n d s 

o n t h e i s o s p i n t w o a m p l i t u d e u s e d , a n d r e s u l t s i n an a s y m p t o t i c 

V*T ( 7T + 7T " ) o f 2 . 5 - 8 mb , w h i c h i s m u c h s m a l l e r t h a n t h e 

v a l u e e x p e c t e d f r o m f a c t o r i z a t i o n a r g u m e n t s . 

W i t h t h e a i d o f t h e c r o s s i n g sum r u l e s we c a n i n v e s t i ­

g a t e t h e t d e p e n d e n c e o f t h e p o m e r o n a n d f e x c h a n g e s u s i n g 

w e a k e r a s s u m p t i o n s . We now r e p l a c e ) ( ( t ) i n e q . ( 2 . 2 4 ) b y a n 

u n k n o w n f u n c t i o n o f t , f ( t ) . T h e r e a r e t h r e e sum r u l e s ( t h e 

FESR a n d e q s . ( 2 . 9 ) and ( 2 . 1 1 ) ) , w h i c h do n o t c o n t a i n d e r i v a t i v e s ; 

we may s o l v e b e t w e e n a n y t w o o f t h e m t o d e t e r m i n e f ( t ) a n d 

g ( t ) . E q s . ( 2 . 9 ) a n d ( 2 . 2 1 ) a r e r e l a t e d b y e q . ( 2 . 1 3 ) so we do 

n o t s o l v e b e t w e e n t h e s e . We n o t i c e t h a t t h e d o m i n a n t c o n t r i ­

b u t i o n t o b o t h t h e f i r s t moment 1=0 FESR a n d t o sum r u l e ( 2 . 9 ) 

comes f r o m t h e P w a v e as | t | i n c r e a s e s ( s e e t a b l e 2 . 1 ) . 

S o l v i n g b e t w e e n t h e s e t w o e q u a t i o n s may t h u s b e a n a l o g o u s t o 

s o l v i n g b e t w e e n 2 FESR ' s o f d i f f e r e n t m o m e n t s . We f i n d , i n 

f a c t , u n s t a b l e c u t o f f d e p e n d e n t r e s u l t s f r o m t h i s p r o c e d u r e , 
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f r o m w h i c h no c o n c l u s i o n s c a n b e d r a w n . T h e sum r u l e o f 

e q . ( 2 . 2 l ) ha s v e r y d i f f e r e n t p a r t i a l w a v e s d o m i n a t i n g t h e 

l o w e n e r g y sum, b u t r e q u i r e s an i n p u t o f t h e v a l u e o f t h e 

f r e s i d u e f u n c t i o n a t t = 0 , f ( 0 ) i n t o t h e h i g h e n e r g y sum 

i n o r d e r t o o b t a i n a s o l u t i o n w i t h t h e FESR. 

I i 1 1 —1 1 1 

2 
e 

© 
F E S R 

o o « SUM R U L E 2 . A U ( 0 ) = 0 - 8 G o o o 
10 \ © SUM RULE a i U ( O ) = 0 - 4 

\ ° Ap g(t) 
(m&) \ © 

8 - \ © 
e © 

\ © 
o 

LARGE 1 = ? 

© \ e 

SMALL I =2 
\ 

\ e \ © 

e 
•0 0-8 

flit) 

F i g . 2 . 5 S o l u t i o n o f sum r u l e ( 2 . 2 1 ) w i t h f i r s t moment i s o s p i n 
z e r o FESR f o r t h e p o m e r o n a n d f r e s i d u e f u n c t i o n s , 

f ( t ) a n d A p g ( t ) , a t t = - 0 . 2 4 G e V 2 . S o l u t i o n B o f E s t a ­
b r o o k s e t a l . , b o t h e x t r e m e i s o s p i n t w o a m p l i t u d e s , 
a n d i n p u t s o f f ( o ) = 0 . 4 a n d f ( 0 ) = 0 . 8 t o sum r u l e ( 2 . 2 1 ) 
a r e u s e d . T h e s o l u t i o n f o r f ( t ) i s i n s e n s i t i v e t o 
t h e i s o s p i n t w o a m p l i t u d e , a n d r e s u l t s a r e s i m i l a r 
f o r o t h e r p h a s e s h i f t s o l u t i o n s . 

T h e s o l u t i o n a t t = 0 i s h i g h l y d e p e n d e n t o n t h e 1=2 l o w e n e r g y 
a m p l i t u d e , a n d a l s o d e p e n d s o n t h e p r e c i s e f o r m o f t h e Regge 
a m p l i t u d e , f o r e x a m p l e w h e t h e r t h e f e n e r g y d e p e n d e n c e i s 
s °( ( 0 ) Q r ( s _ 4 ) °< ( 0 ) ^ N o s o l u t i o n a t a l l i s o b t a i n e d f o r a 
c o n s i d e r a b l e r a n g e o f t , h o w e v e r , t h i s r e s u l t i s s e n s i t i v e 
t o s m a l l c h a n g e s i n c u t o f f a n d f i n t e r c e p t . 
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F i r s t t h e FESR i s e v a l u a t e d a t t = 0 a n d a t a r a n g e o f 

v a l u e s o f t down t o t = - 0 . 5 5 GeV , t o p v o d u c e an e q u a t i o n 

r e l a t i n g f ( t ) t o A g ( t ) a t e a c h v a l u e o f t . Sum r u l e ( 2 . 2 l ) 

w i t h an i n p u t o f f ( 0 ) p r o d u c e s a s i m i l a r s e t o f e q u a t i o n s ( a t 

t ^ O ) ; t h u s a t e a c h v a l u e o f t t h e r e a r e t w o i n d e p e n d e n t equa-r 

t i o n s r e l a t i n g f ( t ) a n d g ( t ) w h i c h may t h e n b e s o l v e d . I n 
p 

F i g . 2 . 5 t h e g r a p h i c a l s o l u t i o n a t t = - 0 . 2 4 GeV i s shown f o r 

p h a s e s h i f t s o l u t i o n B , t a k i n g t w o e x t r e m e v a l u e s o f f ( 0 ) , 

0 . 4 a n d 0 . 8 . T h e l a t t e r v a l u e i s a p p r o x i m a t e l y t h a t e x p e c t e d 

f r o m r h o - f e x c h a n g e d e g e n e r a c y a t t = 0 . T h e s o l u t i o n i s 

i n s e n s i t i v e t o s m a l l c h a n g e s i n t h e l o w e n e r g y sum o f e q u a t i o n 

( £ . 2 1 ) , t h u s t h e u n c e r t a i n t y i n t h e 1=0 S w a v e b e l o w 6 0 0 MeV 

i s u n i m p o r t a n t . T h e r e s u l t s do n o t d e p e n d s t r o n g l y o n t h e 

c u t o f f e i t h e r ; i n f a c t o n e c a n s e e t h a t r e s u l t s s h o u l d n o t c h a n g e 

m u c h i f t h e c u t o f f i s t a k e n a b o v e t h e p o s i t i o n s o f t h e e x p e c t e d 

r e s o n a n c e s ( 5 7 ) w i t h $ = 4 a n d £ =5 o n t h e ft t r a j e c t o r y . 

( Q u a n t i t a t i v e e s t i m a t e s o f t h i s c h a n g e a r e n o t e a s y t o make as 

t h e FESR i s n o t d o m i n a t e d b y l e a d i n g p a r t i a l w a v e s t o t h e same 

e x t e n t as t h e c r o s s i n g sum r u l e s a n d so p o s s i b l e d a u g h t e r 

r e s o n a n c e c o n t r i b u t i o n s c o u l d b e c o m e i n c r e a s i n g l y i m p o r t a n t ) . 

f ( t ) a n d g ( t ) a r e a l m o s t u n c h a n g e d i f t h e f i n t e r c e p t i s v a r i e d 

b y 20% f r o m i t s a s sumed v a l u e o f 0 . 5 . 

F i g s . 2 . 3 a n d 2 . 6 d i s p l a y t h e s o l u t i o n s f o r f ( t ) a n d g ( t ) 

o b t a i n e d w i t h b o t h e x t r e m e 1=2 a m p l i t u d e s a n d w i t h t h e t w o 

c h o s e n v a l u e s o f f ( 0 ) . T h e p o m e r o n r e s i d u e f u n c t i o n i s much 

m o r e s e n s i t i v e t o t h e 1=2 a m p l i t u d e t h a n t h a t o f t h e f . T h e 

s o l u t i o n s w i t h t h e s m a l l f ( o ) a n d l a r g e 1=2 a m p l i t u d e s p r o d u c e 

t h e s m o o t h e s t f o r m o f g ( t ) , w i t h g ( t ) « / e

b t

f as i s s e e n i n f i g . 

2 . 6 ; f ( t ) h a s a z e r o a t - 0 . 5 5 G e V 2 a n d b * 2 . 5 G e V " 2 . 

We now b r i e f l y d i s c u s s t h e p o s s i b i l i t y o f u s i n g t h e 

r e m a i n i n g t w o I t = 0 d o m i n a t e d sum r u l e s t o d i s t i n g u i s h b e t w e e n 

t h e s o l u t i o n s f o u n d a b o v e . F i r s t c o n s i d e r sum r u l e ( 2 . 2 2 ) . 

T h e l o w e n e r g y sum h a s c o n t r i b u t i o n s f r o m D Q , D 2 a n d F w a v e s . 

F r o m t a b l e 2 . 1 i t i s s e e n t h a t t h e r e i s a c o n s i d e r a b l e c a n ­

c e l l a t i o n b e t w e e n D Q a n d F w a v e s , a n d t h a t t h e D 2 c o n t r i ­

b u t i o n i s s i g n i f i c a n t . F i g . 2 . 7 a shows t h e l o w e n e r g y sum f o r 

t h e t h r e e d i f f e r e n t p h a s e s h i f t s o l u t i o n s , a n d t h e h i g h e n e r g y 

sum f o r f o u r o f t h e p o s s i b l e s o l u t i o n s f o r t h e a s y m p t o t i c 

I t = 0 a m p l i t u d e . T h e D Q a n d F w a v e a b s o r p t i v e p a r t s o f t h e 

Hyams e t a l s o l u t i o n a r e n e a r l y i d e n t i c a l t o t h o s e o f t h e 

E s t a b r o o k s e t a l s o l u t i o n ; t h e l a r g e d i f f e r e n c e b e t w e e n t h e 
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F i g . 2 . 6 . P o m e r o n r e s i d u e f u n c t i o n ( n o r m a l i z e d t o u n i t y a t 
t = 0 ) , g ( t ) , f o r p h a s e s h i f t s o l u t i o n B w i i : h t h e 
l a r g e a n d s m a l l e x t r e m e i s o s p i n t w o a m p l i t u d e s . 
T h e s o l u t i o n w i t h f ( 0 ) = 0 . 4 a n d t h e l a r g e i s o s p i n 
t w o a m p l i t u d e i s c l o s e s t t o t h e f o r m g ( t ; = e b t . 

c o r r e s p o n d i n g l o w e n e r g y sums s e e n i n f i g . 2 . 7 a a r i s e s b e c a u s e 

o f a d i f f e r e n c e i n o v e r a l l p h a s e b e t w e e n t h e t w o s o l u t i o n s , 

a n d . shows t h a t t h e sum r u l e o f e q . ( 2 . 2 2 ) i s v e r y s e n s i t i v e 

t o t h i s . I t i s t h u s n o t c l e a r t h a t u s e f u l c o n c l u s i o n s c a n b e 

d r a w n f r o m t h e sum r u l e w h e n a p p l i e d i n t h i s m a n n e r ( a s i s 

a t t e m p t e d i n r e f . 5 4 ) . W h i l e a g r e e m e n t m i g h t b e o b t a i n e d w i t h 

a n y o f t h e a s y m p t o t i c s o l u t i o n s , t h e l a r g e 1=2 o r s m a l l 

f ( 0 ) s o l u t i o n s a r e f a v o u r e d . 

Sum r u l e ( 2 . 2 3 ) c o n t a i n s d o u b l e d e r i v a t i e s a n d w i l l t h u s 

b e v e r y s e n s i t i v e t o t h e t d e p e n d e n c e o f t h e a m p l i t u d e s . 

O n l y D Q a n d D g p a r t i a l w a v e s c o n t r i b u t e t o t h e l o w e n e r g y sum; 

t h e i r c o n t r i b u t i o n s a r e s h o w n i n t a b l e 2 . 1 . T h e D 2 c o n t r i ­

b u t i o n i s n o t i m p o r t a n t , b u t a g a i n t h e sum r u l e i s s e n s i t i v e 

t o s m a l l c h a n g e s i n t h e o v e r a l l p h a s e . I n f i g . 2 . 7 b we show 

f o r sum r u l e ( 2 . 2 3 ) t h e l o w e n e r g y sums f o r t h e p h a s e s h i f t 

s o l u t i o n s o f r e f . ( 7 ) a n d r e f . ( 8 ) , and t h e h i g h e n e r g y sum f o r 

f o u r o f o u r s u g g e s t e d s o l u t i o n s f o r t h e a s y m p t o t i c I t = 0 

a m p l i t u d e . A g r e e m e n t i s a g a i n b e t t e r f o r t h e l a r g e 1 = 2 , 

s m a l l f ( 0 ) s o l u t i o n s b u t a s m a l l c h a n g e i n t h e p h a s e s h i f t s 

m i g h t p r o d u c e a g r e e m e n t w i t h o t h e r a s y m p t o t i c s o l u t i o n s . 



4 1 (a b 
8 

SUM R U L E d . i a SUM RULE (1 .23) 

A.B 

SUM SUM 
(xlO°) HYAMS (xlO 9) 

B 

e© 
e 

HYAMS 

01 0-
I t K G e V 2 ) | t | (GeV2) 

F i g . 2 . 7 . ( a ) sum r u l e ( 2 . 2 2 ) a n d ( b ) sum r u l e ( 2 . 2 3 ) . 
T h e l o w e n e r g y sums a r e f o r t h e p h a s e - s h i f t . s o l u t i o n s 
o f Hyams e t a l . , a n d s o l u t i o n s A * n d B o f E s t a b r o o k s 
e t a l . ; t h e w i d t h o f t h e b a n d s i n d i c a t e s t h e u n c e r ­
t a i n t y i n t h e D2 w a v e . T h e h i g h e n e r g y sums u s e t h e 
s o l u t i o n s f o r t h e a s y m p t o t i c I ^ - = 0 a m p l i t u d e w i t h 
f ( 0 ) = 0 . 4 ( d o t t e d c u r v e f o r t h e l a r g e i s o s p i n t w o 

a m p l i t u d e s o l u t i o n a n d f u l l c u r v e f o r t h e s m a l l i s ­
o s p i n t w o s o l u t i o n ) a n d f ( O ) = 0 . 8 ( l o n g - d a s h e d 
c u r v e f o r t h e l a r g e i s o s p i n t w o s o l u t i o n a n d s h o r t -
d a s h e d c u r v e f o r t h e s m a l l i s o s p i n t w o s o l u t i o n ) , 

o 
m _ = 1 u n i t s a r e u s e d . 

2 . 6 : C o n c l u s i o n s 

We h a v e s h o w n , i n t h i s c h a p t e r , how t h e p r i n c i p l e s o f 

a n a l y t i c i t y , c r o s s i n g a n d u n i t a r i t y c o n s t r a i n t h e p i o n - p i o n 

s c a t t e r i n g a m p l i t u d e s a n d a l l o w t h e m t o b e s t u d i e d i n r e g i o n s 

i n a c c e s s i b l e t o p h a s e s h i f t a n a l y s i s . T h e Roy e q u a t i o n s 

a l l o w a g o o d d e a l o f i n f o r m a t i o n o n l o w e n e r g y p i o n - p i o n s c a t t ­

e r i n g t o b e o b t a i n e d i f i n f o r m a t i o n o n h i g h e r e n e r g y s c a t t e r ­

i n g i s g i v e n . I n p a r t i c u l a r , a o n e p a r a m e t e r f a m i l y o f s o ­

l u t i o n s f o r t h e S w a v e p i o n - p i o n s c a t t e r i n g l e n g t h s may b e 

o b t a i n e d ; t h e v a l u e s f o u n d a r e c o n s i s t e n t w i t h t h e p r e d i c t i o n s 

o f t h e t o t a l l y d i f f e r e n t t h e o r e t i c a l a p p r o a c h o f c u r r e n t a l g e ­

b r a . T h e l o w e n e r g y P w a v e a m p l i t u d e as d e t e r m i n e d b y t h e 

R o y e q u a t i o n s , i s h o w e v e r i n d i s a g r e e m e n t w i t h t h e r e s u l t s 

o f a l l p h a s e s h i f t a n a l y s e s . 
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T h e s y s t e m a t i c d e r i v a t i o n o f p h y s i c a l r e g i o n c r o s s i n g 

sum r u l e s f o r p i o n - p i o n s c a t t e r i n g , p r e s e n t e d h e r e , i s u s e f u l 

i n l i n k i n g t o g e t h e r a l l t h e c r o s s i n g sum r u l e s w h i c h h a v e 

b e e n s e p a r a t e l y d e r i v e d , b y d i f f e r e n t m e t h o d s , i n t h e l i t e r ­

a t u r e , a n d e n s u r e s t h a t n o n e a r e m i s s e d . I n c o n j u n c t i o n w i t h 

f i n i t e e n e r g y sum r u l e s t h e y a r e o f c o n s i d e r a b l e v a l u e i n 

s t u d y i n g t h e a s y m p t o t i c f o r m o f t h e p i o n - p i o n s c a t t e r i n g amp­

l i t u d e s , b u t t h e y a r e u n s u c c e s s f u l i n r e s o l v i n g t h e a m b i g u i ­

t i e s o f p h a s e s h i f t a n a l y s e s , l a r g e l y b e c a u s e t h e i s o s p i n t w o 

p i o n - p i o n s c a t t e r i n g a m p l i t u d e , w h i c h i s h a r d t o d e t e r m i n e 

e x p e r i m e n t a l l y , i s p o o r l y k n o w n . 

We f i n d , u s i n g t h e sum r u l e s , t h a t t h e i m a g i n a r y p a r t 

o f t h e a s y m p t o t i c t c h a n n e l i s o s p i n o n e p i o n - p i o n s c a t t e r i n g 

a m p l i t u d e i s w e l l d e s c r i b e d b y t h e e x c h a n g e o f a c o n v e n t i o n a l 

r h o t r a j e c t o r y . I t s t r o n g r h o - f e x c h a n g e d e g e n e r a c y i s assumed 

a FESR c a l c u l a t i o n shows t h a t t h e p o m e r o n c o n t r i b u t i o n t o t h e 

t c h a n n e l i s o s p i n z e r o a m p l i t u d e i s s u c h t h a t t h e a s y m p t o t i c 

t o t a l c r o s s s e c t i o n f o r 7T 77 ~ s c a t t e r i n g i s b e t w e e n 2 . 5 a n d 

8 m b . W i t h t h e a i d o f c r o s s i n g sum r u l e s , t h e p o m e r o n a n d 

f e x c h a n g e c o n t r i b u t i o n s may b e s e p a r a t e d w i t h o u t t h i s a s s u m p ­

t i o n ; e v i d e n c e t h e n p o i n t s t o t h e b r e a k i n g o f / o - f e x c h a n g e 

d e g e n e r a c y a n d , i f t h e i s o s p i n t w o a m p l i t u d e i s v e r y i n e l a s t i c 

b e l o w 1 .8 GeV, t h e 77 + 77" ~ a s y m p t o t i c t o t a l c r o s s s e c t i o n 

c a n b e as l a r g e as 1 2 . 5 m b . S i n c e t h e r e a r e f e w i n e l a s t i c 

c h a n n e l s a v a i l a b l e , t h e TT 7T+ s c a t t e r i n g a m p l i t u d e c a n b e 

e x p e c t e d , h o w e v e r , t o b e n e a r l y e l a s t i c , i n d i c a t i n g a much 

s m a l l e r t o t a l c r o s s s e c t i o n f o r 7T + 7 T ~ s c a t t e r i n g ; we a l s o 

p r e s e n t f u r t h e r d i r e c t e v i d e n c e i n c h a p t e r 5 t h a t t h e a s y m ­

p t o t i c t o t a l c r o s s s e c t i o n f o r p i o n - p i o n s c a t t e r i n g i s n e a r 

6 m b . T h e q u e s t i o n as t o w h y t h e n a i v e f a c t o r i z a t i o n a r g u ­

m e n t s ( w h i c h p r e d i c t a t o t a l c r o s s s e c t i o n f o r p i o n - p i o n s c a t t ­

e r i n g o f a b o u t 15 mb) s h o u l d f a i l s o b a d l y , w i l l b e d i s c u s s e d 

i n t h e n e x t c h a p t e r . 
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3: MESON-MESON TOTAL CROSS-SECTIONS AND 
NUCLEQN DIFFRACTION DISSOCIATION 

In t h i s chapter we present evidence that the t o t a l cross 
section for e l a s t i c meson-meson scattering i s small, and d i s ­
cuss possible explanations for the apparent f a i l u r e of the 
pomeron to fa c t o r i z e . We show how the separation of the con­
tributions to the d i f f r a c t i v e production of low mass pion-
nucleon systems allows several items of physical i n t e r e s t , 
including the high energy pion-pion scattering t o t a l cross 
section, to be studied. We conclude the chapter with a b r i e f 
discussion of how the d i f f r a c t i v e component of the 7TA/ 7T7TA/ 
reaction may be found experimentally. 

3.1: The meson-meson scattering t o t a l cross-section 
In the previous chapter we obtained the r e s u l t that either 

the isospin two pion-pion scattering amplitude i s large and 
i n e l a s t i c , or the coupling of the pomeron to pion-pion s c a t t ­
ering i s smaller than that expected from naive f a c t o r i z a t i o n 
arguments. The available direct experimental evidence also 
points to a small asymptotic t o t a l cross section for meson-
meson scattering. This cross-section should be determined 
most e a s i l y from a study of scattering amplitudes which have 
no s channel resonances and are pomeron dominated i n the t 
channel (such as i n 7T + 7T + or 7T " K ~ s c a t t e r i n g ) . Such 
a cross section may be expected to r i s e r apidly to i t s asym­
ptotic value; several experiments (52, 58, 59) have found the 
7T TT -) IT TT total cross section to be i n the 
2.5-5 mb. range i n the 1 . 4 - 2 GeV energy region, though 
larger values would be obtained i f the amplitude were very 
i n e l a s t i c . The 7T ~ K ~ total cross section has been determined 
as 5-6 mb. i n the 1.8 - 2.8 GeV energy range (60). I t could be 
that these cross-sections are s t i l l r i s i n g , as few i n e l a s t i c 
channels are available i n T T + 7 T + o r 7 T + f< + scattering at 
low energies, and the asymptotic regime may not yet have been 
reached. We obtain, however, i n chapter 5# evidence that the 
pomeron contribution to the 7T +7T ~ 7T + 7T " t o t a l cross 
section i s about 6 mb. i n the 3 - 4 GeV energy region; there 
are many available i n e l a s t i c channels and so there i s no rea­
son to suppose that the pomeron has not attained i t s asymptotic 
coupling. Another estimate of the pion-pion scattering t o t a l 
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cross section has been obtained by the Stony Brook -
Michigan - Batavia - Pittsburgh collaboration (61), who 
studied the 100 GeV/c 7]" + n -> pX i n c l u s i v e reaction. On 
the assumption that pion exchange dominates the amplitude at 
low momentum transfer, a t r i p l e - Regge description allows the 
TT ~7T + t o t a l cross section to be extracted. Values of 
15 - 4 mb at 4.5 GeV and 13.5 ± 2.5 mb at 5.6 GeV were found; 
these cross sections i n c l u d e p and f exchange contributions, 
and the pomeron contribution, and thus the asymptotic ~(T ~ 7T + 

t o t a l cross sectionals smaller, i n the region of 9 mb. The 
to t a l 77" ~ 7T + c r o s s section was found to l i e between 10 and 
25 mb. at energies up to 10 GeV, however these r e s u l t s are not 
so r e l i a b l e , as the momentum transfer between nucleon and 
proton i s such that pion exchange may no longer dominate t h i 
amplitude.• 

We thus conclude that the coupling of the pomeron to 
meson-meson scattering i s probably considerably smaller than 
expected. V/e discuss below possible explanations. 

3.2: Factorization of the pomeron 
There i s good experimental evidence that f a c t o r i z a t i o n 

of the pomeron holds to better than 20%, between meson-baryon 
and baryon-baryon systems. For instance we find (25):-

fifo+^M „ ffio-^M ^ frfrp^PrfM ( 3 - 1 ) 

jjL(rP->rr) jf(k~r->H~r) jr(??-^fP) 

at 8 and 16 GeV/c, for(t/<0.4 GeV2. S i m i l a r l y (25) the r a t i o s 
of the cross sections of the reactions with 7T7T or pp at the 
upper v e r t i c e s and with either pp, pp jj °, pp (2 7T°), pp(3 7T °) 
at the lower v e r t i c e s are a l l about equal at 16 and 19 GeV/c. 
These r e s u l t s do not however check the simultaneous v a l i d i t y 
of f a c t o r i z a t i o n between meson-meson, meson-baryon, and baryon-
baryon processes, and w i l l s t i l l hold i f either of the two 
explanations for the small meson-meson cross section, d i s ­
cussed below, i s correct. I t has been shown i n refs.(62, 63) 
that the jr P» PP and Kp e l a s t i c scattering data may be well 
described by including the exchange of a pomeron t r a j e c t o r y of 
intercept 1.07. I f indeed the pomeron intercept i s not unity, 
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f a c t o r i z a t i o n can only be applied to the t o t a l cross-sections 
of TTTT , 7T p and Kp scattering i f a l l the reactions are con-^ 
sidered at the same energy (which must be high enough for pomeron 
exchange to dominate the amplitude). Writing for the pomeron 
contributions to the t o t a l cross section:-

» 

with, from refs.(61, 62) Ĝ^ = 15 mb, G 2 = 25 mb, 
then f a c t o r i z a t i o n of the pomeron implies:-

and thus the pomeron contribution to the t o t a l pion-pion s c a t t ­
ering cross section i s about 10 mb. at 2 GeV, which i s nearer 
the values indicated i n section 3.1. The pion-pion scattering 
cross section w i l l grow asymptotically, and the ' f a i l u r e of 
f a c t o r i z a t i o n ' i s an i l l u s i o n . 

Another explanation of the small coupling of the pomeron 
to meson-meson systems, compared to i t s coupling to meson-
baryon and baryon-baryon systems, has been suggested by Penn­
ington and Gula (64) i n terms of dual loop models of the po­
meron. The generally accepted model for the dual pomeron 
i n meson-meson scattering, embodying Harari-Freund duality 
(24) (non resonant s-channel background with t channel vacuum 
quantum number exchange) i s as i n f i g . 3 . l a , and for meson-
baryon and baryon-baryon as i n fi g s . 3 . l b , 3.1c (taken from 
r e f . ( 6 4 ) ) . Such diagrams, where only qq or qqq intermediate 
st a t e s are allowed, lead to the usual f a c t o r i z a t i o n predictions. 
The authors of ref.(64) point out that, as qqqq intermediate 
states are required i n a l l dual schemes involving baryon-
antibaryon scattering, there i s no reason why they should not 
be present i n meson-baryon and baryon-baryon scattering also. 
The pomeron can then couple, i n meson-baryon and baryon-bar­
yon scattering, v i a the diagrams of figs.3.2a, 3.2b i n addi­
t i o n to the 'conventional' couplings of f i g s . 3 . l b , 3.1c. Thus 
t h i s model predicts that the pomeron couples more strongly to 
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meson-baryon and baryon-baryon channels than to meson-meson 
channels. There are i n fact enough free parameters i n the 
model of ref.(64) to accommodate any experimental r a t i o s of 
the three cross-sections. 

8» 

( c b) a) 

Fig.3.1. Conventional dual quark diagrams for the pomeron i n : 
(a) meson-meson, (b) meson-baryon, (c) baryon-baryon 
scattering. (Taken from r e f . ( 6 4 ) ) 



47 

0 

(a) (b) 

Fig.3.2. Additional dual quark diagrams for the pomeron, 
when qqqq states are allowed, i n : 
(a) meson-baryon, and (b) baryon-baryon scattering, 
(from r e f . ( 6 4 ) . 

3.3s The low 7TA1 mass kinematic region 
of the 7TA/ -> TTTT N reaction 

To obtain dire c t information on high energy pion-pion 
scattering, we can consider data from the 7T N 77 77A/ 
reaction i n a kinematic region of the D a l i t z plot (fig.1.2) 
d i f f e r e n t from that studied i n previous chapters. For an i n ­
cident pion momentum of 16 GeV/c, t > -0.15 GeV/c 2 

(when pion exchange should be important) implies that 
M jjyj. £ 10 GeV, and so the region of the D a l i t z plot where 
M n 7 r ex 3 GeV and MTTw & 4.5 GeV should give good 
information on high energy pion-pion scattering, free from i n ­
terference with N* resonance production. The detailed data 
available, however, i s i n the low mass region of the D a l i t z plot 
where N* resonance production may be important. 

In common with other d i f f r a c t i o n d i s s o c i a t i o n reactions, 
many in t e r e s t i n g features are shown by the dis t r i b u t i o n s o-f 
the d i f f r a c t i v e l y produced low mass system i n the n N —> IT (TIN) 
reaction. From a study of such d i f f r a c t i v e processes, i t may 
be deduced that mechanisms corresponding to those shown i n 



48 

fig.1.3, for TIN -) 7T ( 77 N ) are present. The diagram of 
fig.1.3a was f i r s t suggested (65) to account for the d i f f r a c ­
t i v e production of low mass 77/0 systems i n 77 p -> 7T/0 p, 
and i s usually referred to as the pion exchange Deck (or 
Deck-Drell-Hiida)mechanism. As w i l l be discussed i n chapters 
4 and 5, there i s good evidence for the presence of the other 
mechanisms (the nucleon exchange Deck mechanism and the direct 
resonance production mechanism) of fig.1.3 i n the 7TAi 7T (TTN) 
reaction, with analogous mechanisms i n other d i f f r a c t i o n d i ­
ssociation reactions. 

In order to separate the contributions of the diagrams 
of fig.1.3 to the t channel isospin zero exchange part of the 
77 N -} TT (TTti ) reaction, i t i s f i r s t necessary to consider 
the r o l e of duality. The exchange of the pion tra j e c t o r y , 
when the momentum transfer between ingoing and outgoing nu­
cleon i s small, leads to a mainly r e a l amplitude, as the pion 
t r a j e c t o r y has an intercept close to zero, and even signature. 
Since duality only applies to the imaginary parts of amplitudes, 
pion exchange may not be dual to any resonance. The nucleon 
exchange amplitude (fig.1.3b), on the other hand, has a 3arge 
imaginary part and may be dual to the amplitude for the pro­
duction of N* resonances. Together, these f a c t s suggest that 
the pion exchange amplitude, with either the resonance pro­
duction or the nucleon exchange amplitude, should be used to 
describe the d i f f r a c t i v e fTI\l -) 77 (TTA/ ) reaction. 

The presence of resonance bumps i n the cross-section for 
the production of pion-nucleon systems of mass greater than 
1.4 GeV/c leads natu r a l l y to the choice of the resonance ex­
c i t a t i o n amplitude here (although the nucleon exchange amp­
lit u d e should also give, on average, a v a l i d description of 
t h i s part of the amplitude). For pion-nucleon systems of lower 
mass, the nucleon exchange amplitude i s the natural choice to 
use with the pion exchange amplitude, to describe the d i f f r a c ­
t i v e reaction, and i t s presence i s indicated by the data, as 
w i l l be seen. 

In"order to take c o r r e c t l y into account the interference 
between the amplitudes of fig.1.3 i t w i l l be necessary to 
determine how the h e l i c i t y states of the outgoing nucleon are 
populated. This i s straightforward for the pion and nucleon 
exchange amplitudes, but, to ca l c u l a t e the resonance e x c i t a ­
tion diagram of fig.1.3c, a model i s needed to describe how 
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the pomeron couples to the NN* system. We s h a l l motivate the 
idea that the pomeron may have a vector coupling, i n chapter 
5. 

I t i s by the different kinematic properties of the pro­
cesses shown i n fig.1.3 that t h e i r respective contributions to 
7T N 7T (TTAJ ) d i f f r a c t i v e scattering may be i d e n t i f i e d and 
separated. I t i s thus necessary to study the kinematics of a 
5-body reaction i n some d e t a i l ; we do t h i s i n the next chapter, 
emphasizing the q u a l i t a t i v e features of the data which may 
be interpreted i n terms of the different processes. 

F i r s t however we show how the isospin zero exchange am­
plitude has been extracted from experimental data on the 
TTN ~) ff77^ reaction. 

3.4: Isospin and prism plot analysis of JT -> TfTTN 

The cross sections for the seven possible charge con­
figurations of the process 7T ~ p -5 7T (fJTT ) can be expressed 
i n terms of three independent complex amplitudes (66 - 68) 
( i n the notation of r e f . ( 6 6 ) ) where, for the exchanged object, 
I E =0 and I E = 1 are considered and where I (= ^ or |) denotes 
the isospi n of the produced ( N7T ) system. Six of the seven 
possible processes may be measured i n a bubble chamber experi­
ment and from these may be obtained the required quantity 
/ Mo/ 2* w k i c h determines the di s t r i b u t i o n s of the d i f f r a c t i v e l y 

produced pion-nucleon system. This i s the method of isospin 
a n a l y s i s . 

An alternative method of obtaining information on the 
d i f f r a c t i v e amplitude i n , say, the TT + P TT + (p 7T °) r e ­
action, i s the prism plot analysis. This involves the assum­
ption that the reaction proceeds v i a c e r t a i n well defined non-
i n t e r f e r i n g channels, each occupying a different region of 
four-dimensional phase space. F i r s t l y , by examining one or 
two dimensional samples of the four dimensional d i s t r i b u t i o n , 
the p r i n c i p a l reaction channels are guessed. A Monte-Carlo 
c a l c u l a t i o n i s then c a r r i e d out to give the probability of 
each experimental point to l i e i n a given channel, and the r e ­
l a t i v e weights of different channels. This process i s r e ­
peated, re-determining the probability of experimental points 
to l i e i n a p a r t i c u l a r channel by using the newly found 
weights of the different channels. The process i s continued 
u n t i l convergence occurs, keeping a watch for untagged 
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points to see i f new channels are required. Thus, for example, 
assuming that nucleon d i f f r a c t i o n d i s s o c i a t i o n and the produc­
ti o n of dipion resonances, dominate the 16 GeV 77 + p ^lJ+TT°-p 
reaction, the respective contributions of these processes 
may be separated. While the assumption of non-overlapping 
channels cannot be correct., i t i s seen from the D a l i t z plot 
of fig.1.2. that overlap between low mass dipion and pion-
nucleon systems i s small, and so r e s u l t s should be reasonable. 
The r e s u l t s obtained i n ref.(69) by means of t h i s technique 
are consistent with those obtained by the isospi n analysis of 
r e f . ( 6 6 ) , using the same data. 

We s h a l l be concerned i n some d e t a i l i n the following 
chapters with the di s t r i b u t i o n s of the d i f f r a c t i v e l y produced 
pion-nucleon system i n the 16GeV/c 77* p 7T (7TN ) reaction, 
obtained from the isospi n anaysis c a r r i e d out by the Aachen-
Berlin-Bonn-CERN-Heidelberg collaboration (55) on data from 
the CERN two metre bubble chamber. These di s t r i b u t i o n s are 
presented i n considerably more d e t a i l than i n any other pub­
l i c a t i o n to date, and a considerable amount of information may 
be extracted from them. 
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4: KINEMATICS OF DIFFRACTIVE AMPLITUDES 
AND A QUALITATIVE INTERPRETATION OF DIFFRACTION DISSOCIATION 

In t h i s chapter we discuss the kinematics of a general 
f i v e body reaction, and consider i n some d e t a i l the kinematic 
properties of the pion and nucleon exchange Deck amplitudes , 
for the 2 - ^ - 3 d i f f r a c t i v e scattering process, as exemplified 
by the 77 N/ -> 7T (TT /S/ ) reaction. We then show how qu a l i t a t i v e 
features of nucleon d i f f r a c t i o n d i s s o c i a t i o n may be i n t e r ­
preted i n terms of the Deck mechanisms, i n association with 
the d i f f r a c t i v e production of nucleon resonances. 

4.1: Invariants and coordinate systems 
For the general AB CDE reaction we define, as i l l u s ­

trated i n fig.4.1, the Lorentz invariant energies 

t CA 

CD 

CE AB 

ED 

B 
t EB 

t DB 

Fig.4.1. Kinematic invariants for general 5 body process. 
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= (p£ + P p (P + ) and momentum transfers 
t w , = (p£ - p£ ) (p - p ) . A set of f i v e independent xy v x y x/w. y/A r 

invariants may be chosen i n several ways from these. Several 
r e l a t i o n s between the invariants of fig.4.1 hold; these are 
most e a s i l y derived by considering a pair of p a r t i c l e s to­
gether and using the r e l a t i o n for 2 -> 2 sc a t t e r i n g : -

Thus talcing A and B together we have:-

sAe * » * + «.* W -- s c„ • s « *• ̂  ( 4 - 2 ) 

Taking AC together 

jL J l a J j (4.3) 

and so on. 
For the AB CDE reaction we s h a l l i n general be i n t e r ­

ested i n the properties of the scattering amplitude as a 
function of S^, t C A , S E D a n d the angles 0 , / of p a r t i c l e 
E i n the frame of reference where the centre of mass of par­
t i c l e s D and E i s at r e s t . To ca l c u l a t e the amplitudes from 
a given model, the energies and momenta of a l l the p a r t i c l e s 
i n t h i s frame of reference, as well as the other inv a r i a n t s , 
w i l l be needed. F i r s t we must define the coordinate systems 
i n which Q and 0 are measured; as several d i f f e r e n t conven­
tions are i n current use we choose ours to agree with that 
of the Aachen-Berlin-Bonn-CERN-Heidelberg collaboration (66) 
whose data we s h a l l discuss i n d e t a i l below. I t i s usual 
to use either of two coordinate systems, the so-called s and 
t channel systems, which are distinguished by the di r e c t i o n 
chosen for the Z axis i n the E D centre of mass system. For 
the TT N -> 77 7T N reaction we define A= IT , B=N, C= 77" , D= 7T , 
E=N. Consider f i r s t the t-channel frame (fig.4.2a); we take 
the Z axis to l i e along the di r e c t i o n of momentum of p a r t i c l e 
B, and define the Zx plane as that containing the momenta of 



( a ) t channel 

A 
/ 

/ 

(b ) s c h a n n e l 

/ 

/ s 
/ 

p. 

Fig.4.2. De f i n i t i o n of t and s channel coordinate systems 
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p a r t i c l e s A and B. Define:-

A A A A ( 4 * 4 ) 

V 9 I A A- Pg ) £ * % A £ 

IV, / f . l 
Thus ( P A ) ^0 and, for ft t=0, incident A(77* ) and outgoing 
E(N) are on opposite sides of the Z axis. The polar and 
azimuthal angles are as depicted i n fig.4.2a. This convention 
i s used i n refs.(66, 69). Refs.(70 - 72) take £ °( Z B

 A Z A 

and thus have the azimuthal angle equal to t+ 7£ In r e f s . 
(73F 74) p a r t i c l e E i s defined as the pion and thus the azimu-
thai angle equals ftt+R and the polar angle equals TT - Q t« 

In the s channel we take the Z axis i n the direction of 
momentum of p a r t i c l e C, and the Zx plane as that containing 
the momenta of p a r t i c l e s B and C. Define:-

V = PQ A P A A A (4.5) 
I -6 -c ) x = ^ A 2 

I A I / * / 

Thus ( P N ) < 0 and, for / =0, incident B ( N ) and outgoing 
o J J ' S 

E(N) are on opposite sides of the Z axis. The polar and a z i ­
muthal angles are then as depicted i n fig.4.2b., This i s the 
convention used i n refs.(66, 69); other conventions involve 
taking z = - ̂  (73, 74) or £ c( p̂ , A P_b (71). 

4.2: Energies, momenta and angles 
In t h i s section we describe how to r e l a t e the quantities 

of physical i n t e r e s t , i n the s or t channel, to the invariants 
and to each other. We work throughout i n the frame where the 
centre of mass of p a r t i c l e s D and E i s at r e s t , and assume we 
are given the invariants S ^ , t C A , and S E D , with the angles 
© t and flf t. 

Consider p a r t i c l e R, mass >/ S~^, decaying to p a r t i c l e s 
E and D. 4-momentum conservation may be written:-

ft - ?B - f, <4.«> 

Squaring then gives us immediatly the energy of p a r t i c l e E:-

3» JSgp 
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and interchanging the labels D and E gives:-

E„ = S E D * *j - *j (4.8) 

To obtain the energy of p a r t i c l e C, E c , square the equation:-

+ K - ?c * '« (4-9) 

Thus:-

Rewriting eq.(4.9) as P A - PQ = P R - P F I, and squaring, we 
have:-

and from conservation of energy:-

The momenta of the p a r t i c l e s are obtained from the usual r e ­
l a t i o n : -

We s h a l l also need the invariants S C D and t E B 

t E B ( = ( P E - P g ) 2 ) i s obtained immediately i n terms of known 
quanti t i e s : -

t n = at + M8

a - a e , * + a / f . / / / , / e « e f r

 ( 4 , 1 4 ) 
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To c a l c u l a t e S C D , we f i r s t need the an.gle%t(0 ( %^(TT ) 
between P_B >and P A, defined by 

(where = P A + Pfi has been used). 

Using P_D = -P_E, we f i n d : -

With our d e f i n i t i o n of the t channel coordinate system 
P^ < 0 and so:-

(4.17) 

with s i n % t = + \ 1 - c o s 2 % t « 
The only remaining problem i s to determine the s channel 

angles i n terms of the i n v a r i a n t s . We obtain & d i r e c t l y 
from :-

Defining % . as the angle between P Band P^ ( o ( Xs ( TT ), 
we obtain cos ^ from the equation:-

^ 8 = * J * * | ^ ^ ' llMlMfaXs ^ 9 S ^ S (4.19) 
— 0<3D 0̂  C<D 3^- j 

where P* ^ 0 has been used. 
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%, i s obtained from :-

tCA -- y*l + - a et B a * i\£cY - iluif, I ̂  %s ( 4 . 2 0 ) 

Note that we s t i l l do not know the sign of 0 . To determine 
t h i s , we need to evaluate the invariant 
£ o</3 Y S PA Pc' PD i n b ° t h S ^ * c h a n n e l s « W e 

show i n Appendix (3A) that i n fact 0 < 0 t < 77" i f only i f 
0 K 0 ( TT, for any values of the other independent 
va r i a b l e s . 

4.3: Kinematic properties of Deck model amplitudes 
We discuss i n t h i s section the di s t r i b u t i o n s of a pion-

nucleon system produced by the Deck mechanism i n the 
7T N 77 77 N reaction. We s h a l l consider the Deck ampli­
tudes i n more d e t a i l i n chapter 5; for our present purposes 
i s s u f f i c i e n t to write for the pion exchange Deck amplitude 
( f i g . 1 . 3 a ) : -

A ~ fftS,„ i&f£D)e^CA (4.21) 
tea ~ 

For the nucleon exchange Deck amplitude (fig.1.3b) the deno-
o 

minator i s replaced by t D B - m N > 

I t i s necessary to carry out a detailed c a l c u l a t i o n to 
determine properly the kinematic properties of these ampli­
tudes, however a general idea of what to expect may be ob­
tained without resorting to the computer. 

F i r s t note that the amplitude i s largest when S C D i s 
large and thus, by eq.(4.2) when S D E (and S C E ) i s small; also 
the amplitude i s large only when t C A and t E B or t D B i s small. 
These properties r e s u l t i n a p a r t i c u l a r l y large cross-section 
for the production of low mass pion-nucleon systems. 

The exact c a l c u l a t i o n shows that do" (Deck) f a l l s more 
d tCA 

steeply with t C A when the mass of the pion-nucleon system i s 
near i t s threshold value, than when larger, and that t h i s 
e f f e c t i s more pronounced for the pion than for the nucleon 
exchange Deck amplitude. This kinematic effect a r i s e s as, 
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when S E D £r (m E + m D) , we may write, approximately:-

t e b cr ?n| + m j - a ( 4 . 2 2 ) 

- W + 7*1 - 2?nDEe (4.23) 

Equs. (4.3) ?iid ( 4 . 1 l ) then give immediately:-

yf- ~ /f~ -m •+ Jn ^ _ _ (4.24) 

1* 0 + 7 n 6 

and:-

"Tuft -f ?h 

Specializing to the TT N 7T TT N reaction of f i g . (4.1) we 
fin d to f i r s t order i n m̂- /mN:-

and:-

l/fko*-**)* ^ A i f ^ c A - 1 ^ ) (4.27) 

Thus i n the amplitude of eq.(4.2l) the t A dependence i s en­
hanced by the t E B or t D B dependence of the propagator, the 
enhancement being greater for the pion exchange Deck amplitude. 

An important feature a r i s i n g from the pe r i p h e r a l i t y of 
the amplitude with t E B (or t ^ B ) , i s a preference for the reac­
t i o n to be coplanar, r e s u l t i n g i n an anisotropy of the a z i -
muthal angular d i s t r i b u t i o n s . Consider f i r s t the pion ex­
change Deck amplitude. Since the amplitude i s large only 
when t E B i s small, the nucleon i s a spectator i n pion-pion 
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scattering and has l i t t l e momentum available to offset any 
non-coplanarity between the outgoing dipion system and the 
incoming pion-nucleon system. The degree of coplanarity 
w i l l become greater as the energy of the pion i n the out­
going pion-nucleon centre of mass frame increases, and so we 
may expect an increasing anisotropy of the azimuthal angular 
di s t r i b u t i o n s as the mass of the pion-nucleon system increases 
from i t s threshold value. The outgoing pions w i l l tend to 
move i n opposite directions, and so the d i f f e r e n t i a l cross 
sections w i l l be largest for $cf TT . Similarly, for the 
nucleon exchange Deck amplitude, we have a 'spectator pion' 
i n pion-nucleon scattering and can expect peaks i n the a z i ­
muthal angular d i s t r i b u t i o n s at $ = 0. This anisotropy means 
that h e l i c i t y of the nucleon i s not conserved i n either ths 
s or t channel, as we demonstrate i n appendix 4E. 

The spectator aspect of the nucleon (pion) also r e s u l t s 
i n a tendency for the outgoing nucleon (pion) to be aligned 
with the incoming nucleon, i n the t channel, leading to a peak 
i n the polar angular distributions at 9 t = 0 ( 7 r ) . This effect 
i s i n f a c t suppressed for small t f i A and S E D , as has been de­
monstrated by Berger (70). For $ S E D and t C A £ 0, the 
following approximate r e l a t i o n s hold:-

* S 
•ED 

(4.28) 

SCE * Sab (*»8 ~ *#) ( 4 - 2 9 > 
Sec - ">*e 

The pion or nucleon pole thus cancels out of the S C D ( o r S C E j 
dependent part of the amplitude, removing the t E B and thus 
the 0 dependence. The pole remains i n the J S C D or JSCE 

dependent part of the amplitude. In f a c t the exact c a l c u ­
l a t i o n shows_ that the r e l a t i o n s (4.28, 4.29) soon break down 
as S E D increases from i t s threshold value and j t C A | increases, 
and prominent peaks appear i n the polar angular d i s t r i b u t i o n s . 
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4.4: Qualitative features of d i f f r a c t i o n d i s s o c i a t i o n 
We discuss, i n t h i s section, how the q u a l i t a t i v e fea­

tures of i n e l a s t i c d i f f r a c t i o n d i s s o c i a t i o n processes may 
be understood i n terms of the Deck effect, i n association with 
the d i r e c t d i f f r a c t i v e production of resonances. 

In a l l i n e l a s t i c d i f f r a c t i o n dissociation reactions a 
large enhancement of the cross-section i s observed, when the 
mass of the d i f f r a c t i v e l y produced system i s near i t s thres­
hold value, and l e s s than that of the lowest mass resonance 
observed i n formation experiments. This can be immediately 
understood i n terms of the kinematic e f f e c t s of the Deck 
model, discussed i n section 4.3. Enhancements are also ob­
served when the mass i s greater and, i f the se?^ection cos 
0 t (. 0 i s made on the data to suppress the pion Deck ampli­
tude, are considerably more pronounced. This effect i s seen 
i n fig.4.3, from r e f . ( 7 5 ) , for the 7T p TT (n TT ) and pp 
p (n TT ) reactions; the peaks i n the cross section may 
c l e a r l y be interpreted as due to the direct d i f f r a c t i v e pro­
duction of the N(1470), N(1520) and N(l690) resonances. Re­
sonance ef f e c t s are also seen i n fig.4=4 (from r e f . ( 6 6 ) ) , 
where selections on t C A are made on the ( TT N) mass d i s t r i ­
butions of the 16 GeV d i f f r a c t i v e 7T N -> 7T (7TN) reaction. 
The low mass enhancement dominates when t ^ A i s small, but at 
larger t C A , when the contribution to the amplitude from the 
Deck mechanism becomes l e s s important, the mass spectrum 
peaks i n the region of the N(1470), N(l520) and N(1690) r e ­
sonances. The s o l i d curves i n fig.4.4. are a f i t made by the 
authors of ref.(66) to t h e i r data using an incoherent sum 
of the Deck amplitude with the amplitude for the d i f f r a c t i v e 
production of N(1520) and N(l690) resonances. The most gene­
r a l production and decay mechanism of a spin J nucleon reso­
nance i n the 7T N TT (IT N) reaction leads to angular d i s ­
tributions of the outgoing JT N system of the form:-

lor- c{ Y d^c^n Ztv @t (4.30) 
t\-0 

2 ^ 
yy-0 

(4.31) 
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Fig.4.3. (From r e f . ( 7 5 ) ) . Mass distributions of the d i f f r a c -
t i v e l y produced(n jt+) System i n 53GeV pp p (n t t + ) 
(histogram) and i n 5.3 GeV 77 * P 77 1 (n 77 +). 
Resonance peaks, more pronounced for cos 6 . ( 0 , are 
v i s i b l e . 



These d i s t r i b u t i o n s are symmetric about 0 = 2L and gf = TT 

thus, as we s h a l l see below, resonance production cannot be 
the only process occurring i n the d i f f r a c t i v e production of 
high mass 7T N systems. 
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Fig.4.4. Mass dist r i b u t i o n s of the d i f f r a c t i v e l y produced 
n n* system i n 16 GeV TT~P*TT(TT + n ) , for differen t 
i n t e r v a l s of t^A» (from r e f . ( 6 6 ) ) The s o l i d curves 
are a f i t to the data, made i n r e f . ( 6 6 ) , using an 
incoherent sum of pion Deck plus resonance produc­
tion amplitudes. 
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We now consider data on the angular distributions of 
d i f f r a c t i v e l y produced pion-nucleon systems. 

We examine the distributions , t \ and of the 
d(cos Qx.J t 

d i f f r a c t i v e l y produced pion-nucleon system i n the 16 GeV 
7TN-^7r7TN reaction, i n the t channel, for t c ^ both l e s s than 
and greater than -0.06 GeV2. We consider the distributions i n 
f i v e mass bins, as shown i n figs.4.5, 4.6 (taken from ref.66) 
where the cross sections for the d i f f r a c t i v e production of a 
XT + n system i n the TT ~p W ~ T T + n reaction are plotted"1". The 
s o l i d l i n e s are our f i t s and predictions, discussed i n the 
next chapter. 

Consider the data i n the resonance region. The most 
notable feature i s the large peak i n d ( c o s Q t ) ' P r e s e n t £ o T 

| t C A | > 0.06 GeV2 but almost absent for 
| t C A ( < 0 . 0 6 GeV2. This combined with a ^[jft d i s t r i b u t i o n • 
which r i s e s to a maximum around/ t=7T, i s a cl e a r indication 
of the pion exchange Deck e f f e c t . However,, the peaks at 
cos Of. = -1, as well as the s i z e of the cross-section near 
^ t =0) cannot be reproduced by t h i s alone; the obviou? inter­
pretation i s that resonance production and decay i s also 
occurring. 

The s i t u a t i o n i s l e s s c l e a r i n the lower mass region. 
Peaks i n ^(cos'e ) a t c o s ^ t = 1 a r e st-'-11 present i n the 
t>0.06 GeV2 data, but are l e s s pronounced, as i s expected 
from the kinematic properties of the pion exchange Deck ampli-
tude. Peaks i n at 0 ̂  =7T confirm the presence of t h i s 

amplitude. The peaks i n £(dos& ) a t c o s ^ t = - 1 i n d i c a t e 

the presence of nucleon exchange Deck amplitude, however t h i s 
cannot be very large as there are no peaks i n at 0 t = 0. 

Similar considerations have been applied to the NN - ) N ( 77"N) 
reaction by the Fermilab-Northwestern-Rochester-SLAC collabor­
ation, (76) who estimated that about equal amounts of pion and 
nucleon exchange were present i n the amplitude near the thres­
hold for (7TN) production. Another strong indication of the 

The d i f f r a c t i v e part of the 7T "p 7T ~ 7T n reaction i s 
extracted from data on the general IT N ~$ TT 7T N reaction 
by means of an isospin analysis, as discussed i n the 
previous chapter. 
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presence of both these exchange mechanisms i s obtained from 
a study of cross-over systematics c a r r i e d out by the Aachan-
Berlin-Bonn-CERN-Heidelberg collaboration, for the d i f f r a c t i v e 
production of low mass 7T A systems i n the 77 -p 77 7T A 
reactions (77). Their arguments are as follows. 

+ + i i Suppose the d i f f r a c t i v e 77 ~p 77"" 77"^ amplitude 
i s dominated by both pion and A Deck exchange amplitudes. 

06 (GeV/c) It 

1-08-1-2 1-2-1-32 1-32 - -44 1-44-1-6 1-6 - 1-8 

d cos 6 t ft. 4i ^ M v*ft , J 
ol 1 1 I i _l I i i t*LZ& 

u b / 0 - 2 

1 1 -1 1 - 1 -1 -
cos 6 t 

1-08-1-2 1-2 - 1-32 1-32 - 1 U 1-44-1-6 4.6 - 1-8 

d 0 t 

i ub /30 2 

it it 
9x 

Fig.4.5. t-channel angular d i s t r i b u t i o n s of the d i f f r a c t i v e l y 
produced r r + n system i n the 77" ~p 7 7 7 7 " + n reac­
tion, for different i n t e r v a l s of TT +nmass 
(GeV/c2) and with | t C A l < 0.06 (GeV) 2 . The data i s 
from ref.(66) and the s o l i d curves are the f i t s (of 
chapter 5) for r r + n mass > 1.2 GeV/c 2 and predic­
tions for 7T + n mass < 1.2 GeV/c2-
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We would then expect the 0 ( 0 < 2}i region of phase space"1" 
^ 2 

to be dominated by A + +exchange, and the 3JL ( $ Tf 
2 s 

region to be dominated by 7T exchange. The 77 + A + + 

channel i s exotic, and so we expect, for 0 < 0 ( JL, the 
2 

slope of the d i f f e r e n t i a l cross section of the TT + induced 
process, d<r+, to be l e s s than that of the IT ~ induced process, 

dt 
and for d(T+ ( t =0) to be l e s s than dr~ ( t =0). Likewise, 

dt 3t 
for J L < $s (. TF , when the amplitude w i l l contain the pion-
pion ^scattering sub-process, with the TT ~ TT " channel exotic, 
we expect d<r+ (0) > d<r"(0) and that the slope of the former 

eft dT 

| t l > 0-06 (GeV/c) a 

15 

10 
d cos 6 t 

j ib /0 -2 

5 -

1.08-1-2 1-2 -1-32 1-32-1-44 •4* -1-6 1-6 -1-8 

-1 0 1-1 0 I - I 0 1-1 0 1-1 0 1 
cos 6{ 

1-32-1U J 08 -1-2 1-2 -1-32 

pb /30* 5 

1-U-1-6 1-6 -1-8 

0 jt O i s O n O n 

Fig.4.6. As fig.4.5, but with | t C A j > 0.06 (GeV/c) 2. 

+We use our d e f i n i t i o n of 0, which d i f f e r s by TT from that i n 
ref.(7 7 ) 
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w i l l now be greater. Thus cross-overs may be expected i n plots 
of these d i s t r i b u t i o n s . These predictions are n i c e l y c o n f i r ­
med by the experimental r e s u l t s , as shown i n fig.4.7 (from 
ref.77); indeed the cross-overs even appear to occur at values 
of * t ' close to those at which cross-overs are seen i n r e a l 
777T and 7Tp scattering. I t would be i n t e r e s t i n g to check 

that the same cross-overs are observed when the appropriate 
s e l e c t i o n on 6 , instead of 0, i s made. 

t t p — » 7 r r ( t t ~ A ) A T 16 ffeV/c 

A- 7T-p 
b) \ck\i 77V2 a) \(p \>fr/z 

\ 
\2> 

I 

I 
0.1 6 I 

t I \ I 

I 
i 

I 
\..... I 

I 0,01 1 
0.6 0 

ICA ( G e V / c ) 

Fig.4.7. t dis t r i b u t i o n s of the d i f f r a c t i v e l y produced 
77 ~ A + + system i n 16 GeV/c r r * p - > r r : t ( J T " " 4 + + ) 
for 0 both greater and l e s s than rr_, showing the 

s 2 
change i n the sign of the crossover, (from ref.(77)). 
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I t i s l i k e l y that these ideas are also capable of r e ­
solving the problem of the crossover i n d i f f r a c t i v e Q (K*7T ) 
production, which has cast doubt on the.Deck model i n the past. 
I n the beam d i f f r a c t i o n d i s s o c i a t i o n reactions K°p -> (K*~7T +)p 
and K°p (K* + TT ~)p the cross-over of d<r*5for data integrated 

d~t 
over azimuthal angle., i s found to be i n the opposite d i r e c ­
tion to that expected i f the pion exchange Deck amplitude do­
minates. (78, 79). However i f , as we now suspect, K* exchange 
i s present also, i t i s necessary to consider separately the 
data corresponding to two different regions of 0, and we may 
then f i n d that i n fact the model and the data are i n agree­
ment. An alterna t i v e but more a r t i f i c i a l solution to the Q 
problem has been proposed i n r e f . ( 8 0 ) , where the B -a) ex­
change diagram i s e n l i s t e d to cancel the ef f e c t s of the pion 
exchange Deck diagram and so reverse the sign of the cross­
over (for a l l azimuthal angles). I t seems rather u n l i k e l y that 
t h i s diagram w i l l give a large enough contribution, with the 
correct phase, but i t may well be present i n addition to the 
K* exchange. The f i n a l choice between these two ideas l i e s 
i n a r e - a n a l y s i s of the experimental data, so that derma/ be 

dt 
plotted i n the two regions 0 < T[_ and 0 > 77 . 

2 2 
A problem a r i s e s with the Deck model when we consider the 

cross section for the production of a low mass d i f f r a c t i v e 
system, as a function of t C A . The data of ref.(66) shows that 
the cross-section for the d i f f r a c t i v e production of a low mass 
pion-nucleon system i s p a r t i c u l a r l y large for /t C A|(o.06 GeV2 

and f a l l s r a pidly as | t C A | increases, but only slowly for 
| t C A | ) 0.3 GeV2. In fig.4.8 (from r e f . ( 7 5 ) ) we show the 

r e l a t i o n between the mass of the d i f f r a c t i v e l y produced system 
and the slope, b, (writing dtr(t) = d<r(o) e b t ) for the 77p 

eft dT 
(37T)p and pp (p7T~)p reactions, and observe a rapid change 
of slope with mass. This »mass-slope correlation' cannot be 
explained simply by the Deck enhancement of the t C A dependence 
(81, 82) and may be p a r t l y due to p e r i p h e r a l i t y of the i n e l a s t i c 
d i f f r a c t i o n d i s s o c i a t i o n process i n impact parameter space. 
As discussed i n ref.(83) a target proton which appears as a 
r i n g i n impact parameter space w i l l give r i s e to a sharp 
decrease i n do* to a minimum at t n A cr -0.2 GeV , i n the 
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part of the (rr N) production amplitude which conserves he-
l i c i t y i n the s channel. This dip a r i s e s from the f i r s t zero 
of the Bessel function J Q ( R 7 - t ) (with R*l fermi) and can 
only be important for low mass TT N systems, when the non-
f l i p amplitude i s large. Furthermore, t h i s effect w i l l be 
most important i n the nucleon exchange part of the amplitude. 
We may see t h i s by ca l c u l a t i n g dp" for low mass, small 

tCA "̂ N s v s t e m s ; the nucleon exchange Deck amplitude gives 
r i s e to a much l e s s sharply peaked d i s t r i b u t i o n than the 
pion exchange amplitude and thus has a larger non-flip com­
ponent . 

Tr+p-» (37T/ + P 
~r~(f) * ~ 
iv+p -» (pTT) +f> 
$0 - 300 BeV/c 

+ 

+ 
0 L _ L _L JL 

I 3 
M(pTT-) ffeY 

Fig.4.8. Mass-slope correlation for the d i f f r a c t i v e reactions: 
(a) 7T P (3 7T)p i n the 5-20 GeV/c momentum range 
and (b) np (b rr")p at 50 - 300 GeV/c. (From r e f . 
( 7 5 ) ) . 
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ftp—f>fpn~)|> ( 50-300 <?9V/c) 10 

+ cos ft. < 0 

0 COS 9t > 0 

u n i t s ) 

10 
0.6 

Fig.4.9. D i f f e r e n t i a l cross-sections for the process np 
p7T"")p for cos 9 . > 0 and cos 0 . < 0. (from r e f . 
83 . 
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This idea i s supported i f a sel e c t i o n i s made on 6̂ . 
when studying do-/dt, so as to separate the pion and nucleon 
Deck exchange contributions. I n Fig.4.9 (from r e f . ( 8 3 ) ) i t 
i s seen that d <r /dt f a l l s more steeply with t C A for the 
nucleon Deck amplitude (which dominates when cos&^( 0) 
than for the pion Deck amplitude, (which dominates when cos 
9 t > 0); the simple Deck model predicts the opposite effect, 

as i s seen from eqs.4.26, 4.27. This suggests, that absorp­
tion of the nucleon Deck amplitude i s important and leads 
to an enhanced t C A dependence of d o~ / d t C A , when the mass of 
the produced pion-nucleon system i s low. Berger and P i r i l a 
(84) have c a r r i e d out a detailed study of absorptive ef f e c t s 
i n nucleon d i f f r a c t i o n dissociation, and obtained predictions 
i n agreement with experiment. 

When the mass of the d i f f r a c t i v e l y produced system i s 
great enough, resonance production w i l l lead to a fla t t e n i n g of 
the slope of dtr/dt: t h i s effect contributes to the compari-
t i v e l y large cross section for producing high mass (N T T) sys­
tems at large t , seen i n fig.4.4. 

A good q u a l i t a t i v e understanding of i n e l a s t i c nucleon 
d i f f r a c t i o n d i s s o c i a t i o n has thus been obtained, i n terms of 
the pion and baryon Deck exchange mechanisms with the di r e c t 
d i f f r a c t i v e production of resonances. In the next chapter 
we present a simple quantitative model based on these ideas, 
to describe the angular d i s t r i b u t i o n data of r e f . ( 6 6 ) . 
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5 : A RESONANCE-DECK INTERFERENCE MODEL FOR 
TT H — » 7T 7T N DIFFRACTIVE SCATTERING 

5 . 1 : The Model 
In t h i s chapter, angular d i s t r i b u t i o n s of the pion-

nucleon system produced i n the d i f f r a c t i v e TT N TT ( 7 T N ) 
reaction at 1 6 GeV/c ( 6 6 ) are interpreted quantitatively i n 
terms of a simple model. Taking f u l l account of spins 
and interference, we take the amplitude, for the production of 
a pion-nucleon system of mass i n the resonance region, as a 
coherent sum of pion exchange Deck amplitude with the ampli­
tude for production and decay of the dominant is o s p i n \ nu-
cleon resonances. We take these + as the 1 4 7 0 ( £ + ) , 1 5 2 0 
(| ) and 1 6 9 0 ( | + ) , as suggested by Morrison's r u l e ( 8 5 ) and 
the spin-parity analysis of r e f . ( 8 6 ) . We cal c u l a t e how the 
h e l i c i t y states of the resonances are populated by taking the 
pomeron to couple as a spin one object, and t e s t various mo­
dels for the required three coupling constants. Duality gives 
a reason for neglecting baryon exchange and provides a counter 
to Fox's ( 8 7 ) argument that, were the pomeron l i k e a photon, 
then the sum of the three possible d i f f r a c t i o n d i s s o c i a t i o n 
amplitudes would equal zero, i n the forward direction. Below 
the resonance region v/e take the d i f f r a c t i v e amplitude as a 
coherent sum of pion and .baryon exchange Deck amplitudes. 
We obtain a very good quantitative description of the data i n 
the N * resonance region and, with a naive in c l u s i o n of absorp­
t i v e e f f e c t s , a good description i n the low pion-nucleon mass 
region also. We obtain information on high energy TT ~ TT + 

TT " TT+ scattering and our best description of the data i s 
found using a parametrization of is o s p i n zero exchange con­
s i s t e n t with the r e s u l t s of chapter 2 . The pomeron c o n t r i ­
bution to the 7 T ~ 7 T + - > 7 T ~ 77" + cross section i s found to 
be about 6 mb at energies of 3 - 5 GeV. 

We do not e x p l i c i t l y include the 1 4 7 0 i n our f i t s as i t s 
decay angular distributions are is o t r o p i c , and cannot be 
separated from those of the 1 5 2 0 . 
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Similar but l e s s detailed Deck plus resonance models 
have been proposed elsewhere. Berlad et al.(73, 88) discuss 
q u a l i t a t i v e features of the 7T N -> r r (77* N) reaction at 
3.5 GeV i n terms of such a model. The authors of ref.(66) 
interpret t h e i r data i n a si m i l a r manner but do not consider 
angular dis t r i b u t i o n s ; neither studies takes into account 
spins or interference. 

A detailed p a r t i a l wave analysis of the pion Deck con­
trib u t i o n to the pp -> pn 77 + reaction has been c a r r i e d out 
by Uehara et al.(89) who also consider q u a l i t a t i v e l y the 
consequences of interference of the amplitude with s i x pion-
nucleon resonances, on the assumption that t-channel h e l i c i t y 
i s conserved i n t h e i r production. Ansorge et al.(90) f i t the 
moments of the pion-proton angular d i s t r i b u t i o n for the 
nP -> PP77" reaction, at 9-24 GeV/c, by decomposing the pion 
exchange Deck amplitude into p a r t i a l waves and adding i n f i v e 
resonances. A reasonable description of the data i s obtained 
with the incl u s i o n of resonances v i o l a t i n g Morrison's r u l e , 
and approximate t channel h e l i c i t y conservation i s found to 
be obeyed. No attempt i s made to explain t dis t r i b u t i o n s or 
to include baryon exchange amplitudes. 

Ochs et a l . ( 9 l ) have presented a q u a l i t a t i v e i n t e r p r e ­
tation of the momentum dist r i b u t i o n s i n 14 GeV d i f f r a c t i v e 
TT* P -> 77" (N7T) and 7T p 7T (TT A ) reactions, i n terms 
of pion and baryon exchange i n addition to resonance produc­
tion. Spin ef f e c t s are neglected, and interference i s only 
included i n a very crude manner. Evidence i s found for pion 
and baryon exchange i n about equal amounts, i n addition to a 
background attributed to resonance production and decay. 

5.2; The Deck and resonance production amplitudes 
F i r s t consider the pion exchange Deck amplitude (fig.1.3a). 

We write for t h i s : -

g2/47T = 14.6, and the Dirac spinors are normalised as i n 
appendix 4A. We ca l c u l a t e the isospin zero exchange 
7 T - " 7 7 + - ^ TT ~ TT+ amplitude, A° (7T7T) as i f i t were on 
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s h e l l , and parametrize i t i n terms of pomeron and f exchange;-

CAJ CD 

./ 

(5.2) 

with °^f(t) = 0 . 5 + 0.9t and = 0.22 GeV"2. The 32 7T factor 
converts the normalization of chapter 2 to that of appendix 
1, and the 1/J~2 a r i s e s because the outgoing pious are d i s t i n ­
guished (see e q . ( l . l 9 ) ) . We take, consistent with the r e s u l t s 
of chapter 2, 0.1 < A < 0.3 (4mb.<-0£( 7T ~ 77 + -» 77 ~ 77 + ) < O 12mb.) and 2 . 5 < b p 5 . 5 GeV" . As discussed i n chapters 
1 and 2t a FESR ca l c u l a t i o n of the asymptotic pion-pion s c a t t ­
ering amplitudes from low energy phase s h i f t data r e l a t e s the 
pomeron and f residue functions at t = 0, A p and a. We find 
a c£ 3(C - Ap) where 0.3 £ C ( 0.5, within the uncertainties 
( l a r g e l y those of the low energy isospin two amplitude) of 
the 77 7/" phase s h i f t data. The parameter b i s chosen so 
that the f residue function has a zero at t = -0.6 GeV , (as 
found i n chapter 2) but i n fact r e s u l t s are very i n s e n s i t i v e 
to t h i s parameter and are v i r t u a l l y unchanged i f a zero at 
t= -0.4 GeV2 i s taken. 

I n appendix 4B the coupling U j _ ( n ) % (p) i s e x p l i c i t l y 
2 5 2 

calculated and the other couplings are l i s t e d . 
Consider next the nucleon exchange Deck amplitude. We 

write for t h i s amplitude (fig.1.3b):-

A ^ J = o f 4 % s f ' i - ^ ^ l ^M^(r) (5.3) 
7KU 

where <4 ( t ) = -0.35 + 0.85t. We take the off s h e l l 7T~n 
7T ~n scattering amplitude A(7T N) as equal to the on s h e l l 
7T +p 77" +p amplitude. We use the parametrization for t h i s 
from the data f i t of ref.(62) where i t i s assumed that the 
pomeron -N-N coupling i s s c a l a r . 

We argue that, because of duality, we cannot include 
simultaneously t h i s amplitude and the resonance production 
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amplitude i n the N*resonance region. As d i s c u s s e d i n chapter 
4, t h e r e i s c o n s i d e r a b l e evidence t h a t resonance production 
does take p l a c e , and so we should only need the nucleon ex­
change amplitude when the pion-nucleon mass i s low. We can, 
however, t e s t s e m i - l o c a l d u a l i t y by u s i n g the nucleon exchange 
amplitude i n s t e a d o f the resonanceproduction amplitude i n 
the higher pion-nucleon mass region; we mention the r e s u l t s 
of attempting t h i s i n the next s e c t i o n . 

I t i s not clear.how nucleon exchange should be p a r a ­
metrized when the pion-nucleon sub-energy i s v e r y low. We 
f i n d t h a t c o n t r i b u t i o n s from the amplitude are only l a r g e 
when t D B y 0, near the nucleon pole, and so i t makes l i t t l e 
d i f f e r e n c e whether we use the above simple pole d e s c r i p t i o n 
or a more s o p h i s t i c a t e d p a r a m e t r i z a t i o n i n c l u d i n g nonsense 
wrong-signature z e r o s . The i n c l u s i o n o f the Regge phase i s 
arguable, but s l i g h t l y improves the data f i t s . I n appendix 
4C we show how to e v a l u a t e the v a r i o u s h e l i c i t y amplitudes of 
eq.(5.3), and l i s t them. 

I n the kinematic r e g i o n s of the 7T ~P TT ~ TT + n 
r e a c t i o n which concern us, both S C D and S C E l i e p r i n c i p a l l y 
i n the r e g i o n o f 12-30 GeV 2, and so both pion-pion and pion-
nucleon s c a t t e r i n g sub-processes should be w e l l d e s c r i b e d by 
Regge p a r a m e t r i z a t i o n s . 

We assume t h a t , i n a d d i t i o n to the pion-excVjange Deck 

e f f e c t , d i r e c t e x c i t a t i o n o f the N| (1470) and NJ (152.0) 

resonances takes p l a c e i n the 1.44^ N ( l . 6 GeV mass region, 

and of the N 2 (1690) i n the 1.6< M f f l f (1.8 GeV mass r e g i o n 

( f i g . 1 . 3 c ) . 
We need to c a l c u l a t e how the N* h e l i c i t y s t a t e s are 

populated, and thus r e q u i r e a model f o r the pomeron-N-N* 
coupling. I f we assume t h a t the pomeron i f * f dominated 1 

and so couples l i k e the f meson, and t h a t the f and a) are 
exchange degenerate we would expect the pomeron to couple l i k e 
the u) meson. The uu couples l i k e the i s o s c a l a r p a r t o f the 
photon, thus the pomeron may also couple i n t h i s manner ( 9 2 ) . 
T h i s i s the moti v a t i o n f o r our assumption t h a t we may take the 
most general coupling o f the pomeron to be v e c t o r . The 
coupling f o r the e x c i t a t i o n of a s p i n J , h e l i c i t y X 
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resonance i s then of the form:-

" C * KI<,MAj* >tA a \; v - U - x <5"4) 

iv i s the Rarita-Schwinger spinor f o r a spin 

J fermion of h e l i c i t y X , P = £(P B+P N #), Q = ^-(P A+P C). We 
work i n the DE centre of mass with the t channel coordinate 
system; f o r an incoming proton of h e l i c i t y N* states 
of spin projection are populated by g l f of by g 2, and 
of and +-| by g^. We o u t l i n e , i n more d e t a i l , t h i s f o r ­
malism f o r spin 3 and spin 5 p a r t i c l e s i n appendix 4D and 

2 2 
show e x p l i c i t l y how to calculate the h e l i c i t y amplitudes 
T i ^ . These t-channel h e l i c i t y amplitudes vanish i f 
$-,W> 1. 

For a nucleon resonance of spin J and h e l i c i t y \ the amp­
li t u d e s A y^ f o r decay to a pion and a nucleon of h e l i c i t y 
V can be calculated as a function of the centre of mass ang­
les and N* mass i n terms of one coupling, as we show i n appen­
dix 4E. We w r i t e f o r the f u l l resonance e x c i t a t i o n and decay 
amplitude:-

fr« • (5.5) 

0(^=0.22 GeV"2 and P , the t o t a l N* width, i s taken as 
140 MeV f o r both N(l520) and N(l690). A l l normalization con­
stants, including the N* -)7TN width, are absorbed i n the 
pomeron-N-N* couplings of eq.(5.4). The N(1470) has i s o t r o p i c 
decay angular d i s t r i b u t i o n s and so i t s co n t r i b u t i o n to these 
d i s t r i b u t i o n s cannot be separated from that of the N(1520); 
we thus do not include the N(l470) i n our f i t s . 

There are several models f o r the N* couplings, which 
we t e s t . T-channel h e l i c i t y conservation (a scalar pomeron) 
would imply simply that SJ 2

= G3 = 0 , 1 £ ' O N T N E O T N E R N A N D » 
the pomeron couples l i k e the isoscalar part of the photon, 
we would expect the preference f o r h e l i c i t y 3 N*-̂  ̂  N decay, 
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over h e l i c i t y \ state decay (93) to be preserved i n d i f f r a c -
t i v e production. Now the couplings calculated i n appendix 
4D are precisely those f o r the decay N* -^.^N, i f we replace 
the 4-vector 0 by the photon p o l a r i z a t i o n vector £ . The 
Tju amplitude then vanishes, and we have the requirement f o r 
the other h e l i c i t y \ amplitude, Tj. i to vanish, from eq.(4D 19) 

% - h/ A/* = ( 5 , 6 ) 

I n the N* centre of mass, 1 (m^ +m^j) f o r photo-decay, and 
2mN 

so:-

(5.7) 

which gives g 3=0.11g 2 f o r the N(1520) and g 3=0.17g 2 f o r the 
N(1690). Of course, as the couplings i n t h i s model have been 
continued i n mass and spin from m=0, J=l to the Regge region, 
i t i s not obvious that either the coupling r e l a t i o n s h i p 
eq.(5.7) or the conserved nature of the current w i l l be pre­
served. However, i t i s i n any case i n t e r e s t i n g to see i f 
the couplings g 2 and g^ are required at a l l . Another sugges­
t i o n arises from a quark model approach, see eg.ref.(94), 
which predicts s channel h e l i c i t y conservation at the pomeron 
NN vertex, or i n general g^O. We also t e s t t h i s p o s s i b i l i t y 
i n our f i t s to the data. 

I n t h i s resonance region we argue, by d u a l i t y , that the 
nucleon exchange amplitude i s automatically included with the 
resonance production amplitude. The pion exchange amplitude, 
which i s mainly r e a l , must however be included i n addition. 

5.3: Description of data by model 
I n the N(1520) and N(1690) regions, where we consider 

pion Deck with resonance production mechanisms, we take:-

- ff»f (5.8) 
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and when the mass of the pion-nucleon system i s lower, we 
replace the resonance production amplitude A ^ C r e s ) by the 
nucleon exchange Deck amplitude A v ^ (N). (We show how to 
obtain the general expression f o r the d i f f e r e n t i a l cross 
section of a 2 -) 3 scattering process i n appendix IB.) 
The sum over spin, w i t h p a r i t y conservation, implies that i n 
general the cross sections d <r/d0 must be symmetric about 
0= IT , as i s demonstrated i n appendix 4E. 

V7e calculate the d i f f e r e n t i a l cross sections i n f i v e 

10 
do-

d cos © s 

j i b / 0 2 
5 • 

1 1 l 

108-1-2 1-2 -1 32 1-32 -Hi 1 U - 1 - 6 1-6-1-8 

• 

I T ' k I T 
ton 

• • 

1 0 -1 0 1 - 1 0 1 -1 0 i -1 0 

cos G s 

1-6 -1-3 
108 - 1-2 1-2 -1-32 1-32 - 1-U I U - 1 - 6 

T 

Fig.5.1. s-channel angular d i s t r i b u t i o n s of the d i f f r a c t i v e l y 
produced ~£ +n system i n the -p -=? TL «_ + n reac­
t i o n f o r d i f f e r e n t i n t e r v a l s of + n mass. The 
data i n from ref.(66) and the s o l i d curves are the 
predictions of the model. 
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d i f f e r e n t regions of pion-nucleon mass between 1.08 and 1.8 
GeV. I n each region we evaluate eq.(5.8) at three values 
of S E D, 12 values of ̂  (15° to 345°), 10 values of cos ©(-0.9 
to +0.9) and 14 values of t C A (6 values below -0.07 GeV2, 8 
values between -0.07 and -1.5 GeV2), and integrate over a l l 
variables but one to obtain the appropriate angular d i s t r i ­
butions. 

I n each of the four mass regions between 1.2 and 1.8 
GeV we f i t simultaneously to the fl(cosgT )' a n c* H^"t d:*-st:r:*-~ 
butions, f o r t ^ A both less than and greater than -0.06 GeV2, 

O A p 

by minimizing . We f i n d the best set o f pion-pion s c a t t ­
ering parameters i n the resonance region, and use these i n 
the low pion-nucleon mass region. We tnen check our res u l t s 
by predicting the t channel angular d i s t r i b u t i o n s i n the mass 
region 1.08-1.2 GeV, and the s channel angular d i s t r i b u t i o n s 
(integrated over t C A ) i n a l l f i v e mass regions.(To obtain 
the s channel angular d i s t r i b u t i o n s we simply transform each 
pair of s channel angles i n t o the t channel, as described i n 
chapter 4, and then calculate the amplitude as before, l e t t i n g 
the s channel angles run over the values l i s t e d above) 

I n the N(1520) and N(l690) regions of the pion-nucleon 
mass spectrum, we obtain a good description of the data, 
as depicted i n figs.4.5 and 4.6; a l l the q u a l i t a t i v e features 
are reproduced. We do not, however, f i n d s u f f i c i e n t l y sharp 
peaks i n ^(cos^ x) n & a T C°S = 1 £ o r t^ 0 , 0 6 G e v 2 , + W e 

show i n f i g . 5 . 1 our prediction f o r the s channel angular d i s ­
t r i b u t i o n s ; again agreement with the data i s good. 

Interference effects are not large i n t h i s mass region, 
as the pion exchange amplitude predominantly f l i p s the nucleon 
h e l i c i t y and tends to populate the $ t ~ TT , cos Q ̂  1 
regions of phase space whereas the resonance production and 
decay amplitudes contain both f l i p and n o n - f l i p parts, and 

This i s not simply a binning e f f e c t and could be due to an 
incomplete^separation of no n - d i f f r a c t i v e amplitudes i n the 
isospin analysis of r e f . ( 6 6 ) , r e s u l t i n g i n a contamination 
of the data with some isospin 1 (/3 ) exchange. This would 
increase the proportion of S C D dependent data, and thus 
enhance the peak, as described i n the previous chapter. 
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populate a l l phase space. Nevertheless, the f i t s are s i g ­
n i f i c a n t l y improved by taking the interference effects i n t o 
account. 

In the N(l520) region, the three suggested models f o r 
the coupling constants give an equally good description and, 
cannot be distinguished (the pion-pion scattering parameters 
determined simultaneously are also v i r t u a l l y unaffected by 
the choice of model). I n the N(1690) region a good descrip­
t i o n cannot be obtained with t channel h e l i c i t y conservation, 
and our best f i t i s obtained with a l l three couplings free, 
when we f i n d g,j/g2=0.12, compared with a photodecay value 
of 0.17 (eq.(5.7)). We can also obtain an acceptable descrip­
t i o n with the quark model prediction g 1=0. The pion-pion 
scattering parameters of eq.(5.2) which produce the best f i t 
over the two mass regions are 

t, - 3 . ? ( 5 - 9 ) 

a - 087 (C = O-lf.5) 

A reasonable description cannot be obtained with a 
pomeron corresponding to o~^ i n the range 12-18 mb. The para­
meters of our f i t s are shown i n table 5.1 +. We also show i n 
t h i s table the r e s u l t s of f i t t i n g the data i n t h i s mass region 
using a sum of pion and nucleon exchange Deck amplitudes with 
no resonance contributions. Although a much poorer descrip­
t i o n of the data i s obtained, r e s u l t s are s u f f i c i e n t l y good 
to lend support to the idea that nucleon exchange i s dual to 
resonance production. The best r e s u l t s are obtained with 
completely unabsorbed nucleon exchange and a pomeron corres­
ponding to CT T(7TJT )c^8 mb. 

+ 2 Two points which contribute large values to % are ignored 
i n the values tabulated. The point at cos 0 t=-o.3 t 

t <0.06 GeV2 f o r d(cosg"t) i n t h e N ( 1 6 9 ° ) region contributes 
~50, and that at cos0 t=O.9, t > 0.06 f o r ^ C O g i n t n e 

N(l520) region contributes /vlO. 
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We now consider the model applied to the low pion-
nucleon mass kinematic region. We f i r s t attempt to describe 
the t channel angular d i s t r i b u t i o n s , i n the two pion-nucleon 
mass bins l y i n g between 1.2 and 1.44 GeV, i n terms of a sum 
of pion and nucleon exchange Deck amplitudes. We f i x the 
pion-pion scattering parameters at the values given by 
eq.(5.9) + and take G, of eq.(5.3), (which determines the size 
of the nucleon Deck con t r i b u t i o n ) as the only variable 
parameter, the same i n both mass regions. We are unable to 
obtain a good description of the data, 

As mentioned above, t h i s may indicate the need f o r ab­
sorptive corrections. We may naively include absorption of 
the nucleon exchange amplitude, eq.(5.3), by m u l t i p l y i n g t h i s 
amplitude by the factor (o( +J Q (Rj -tDB))/(l+°( ), where o( 
i s a free parameter and R i s taken as 1 fermi. We f i n d a 
considerably improved description, witho(=0, although the 
v»Y^5L Z- \ d i s t r i b u t i o n s are s t i l l not correct. a(cos& t) 

We can make numerous other modifications to the ampli­
tude but none of them lead to s i g n i f i c a n t l y improved descrip­
tions of the data. A more thorough consideration of absorp­
t i o n including spin effects could possibly f u r t h e r improve 
r e s u l t s , but we do not attempt t h i s here. The parameters 
of our f i t s are given i n table 5.1. We show i n figs.4.5 
and 4.6 our best descriptions of the data, as well as a pre­
d i c t i o n of the t-channel angular d i s t r i b u t i o n s f o r the mass 
region 1.08-1.2 GeV and the s channel d i s t r i b u t i o n s f o r a l l 
three mass bins ( i n f i g . 5 . 1 ) . The predictions agree well 
w i t h the data, i n general. 

Interference between pion and nucleon exchange Deck 
amplitudes i s large i n t h i s low pion-nucleon mass region, 
as the kinematic regions where each i s important overlap con­
siderably. Thus our r e s u l t s , i n d i c a t i n g a f a i r l y small nu­
cleon Deck contribution, are not necessarily at variance with 
those of refs.(76, 91), where interference was not taken i n t o 
account., and where the pion and nucleon Deck amplitudes were 
estimated to contribute about equally. 

In fig.5.2 we show the °~ d i s t r i b u t i o n s i n four 
Q tCA 

+Again we do not obtain a good description i f we use a l a r ­
ger pomeron coupling. 
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mass regions between 1.08 and 1.8 GeV, as determined by our 
model. I n q u a l i t a t i v e agreement with data, there i s a 
strong mass-slope c o r r e l a t i o n , l a r g e l y due to the increasing 
proportion of resonance e x c i t a t i o n amplitude as the mass of 
the pion-nucleon system increases. We consistently predict 
rather smaller cross sections at large t C A than are found 
i n r e f . ( 6 6 ) ; our model i s probably too simple to describe 
t h i s region c o r r e c t l y . 

• 1-2 - ! • « ( x H ) 

d fl­
ea CA 

m b / G o V 

1-4 4-1-6 

0 1 1-6-1-8 

108 - 1 2 

S B 
0-3 0-4 0-1 

| t C A GeV 

Fig.5.2. Momentum transfer d i s t r i b u t i o n s of the d i f f r a c t i v e l y 
produced ( TT+n) system i n theTTp-^TT-TT+n reaction, 

7 as predicted by the model, f o r d i f f e r e n t i n t e r v a l s 
of ( TT +n) mass (GeV/c 2). 
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5.4: Summary of r e s u l t s 
I n t h i s chapter, we have shown that a good quantitative 

description of the angular d i s t r i b u t i o n s of the high mass 
pion-nucleon system, d i f f r a c t i v e l y produced i n the 16 GeV/c 
77 N 7T (7TN) reaction, may be obtained from our model, . 
which takes the amplitude as the pion exchange Deck amplitude 
coherently added to the amplitude f o r d i r e c t e x c i t a t i o n of 
N(1520) and N(l690) resonances by a *photon-like' pomeron ex­
change. The resonance couplings we obtain are consistent with 
simple quark model ideas or, f o r N(1520) production only, with 
t channel h e l i c i t y conservation. However, re s u l t s do not supp­
o r t t channel h e l i c i t y conservation i n N(1690) production, 
and the t o t a l amplitude f o r the production of high mass pion-
nucleon systems strongly violates h e l i c i t y conservation i n 
both s and t channels. We also obtain information on the 
high-energy pion-pion scattering amplitudes, f i n d i n g a des­
c r i p t i o n of the t channel isospin zero amplitude consistent 
w i t h the r e s u l t s of chapter 2, and a pomeron contribution to 
the pion-pion scattering t o t a l cross-section of about 6 mb 
i n the 3 - 5 GeV energy region. The use of the nucleon ex­
change amplitude instead of the resonance e x c i t a t i o n ampli­
tude i n the high pion-nucleon mass region produces a reason­
able description of the data, lending support to the idea 
of d u a l i t y between nucleon exchange and resonance e x c i t a t i o n . 
For the production of low mass pion-nucleon systems, our mo­
del of simple pion exchange Deck amplitude coherently added 
to nucleon exchange Deck amplitude does not reproduce the 
data well unless some attempt i s made to include absorptive 
e f f e c t s ; t h i s suggests that absorption may indeed be the clue 
to understanding effe c t s a r i s i n g i n t h i s low mass region. 
We f i n d interference to be large between pion and nucleon ex­
change amplitudes and that, separately, the pion and nucleon 
Deck t o t a l cross sections are i n the approximate r a t i o n of 
3.5 to 1. 

Althojughour model does not predict quite large enough 
cross sections f o r d i f f r a c t i v e (TT N) production at large t , 
the t dependence of the model i s generally i n good q u a l i t a t i v e 
agreement w i t h data, and a large slope-mass c o r r e l a t i o n i s 
predicted. 
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6: CONCLUSIONS 
This thesis has i l l u s t r a t e d some of the features of 

strong i n t e r a c t i o n phenomenology by means of two studies based 
on the 7T N -> 7T IT N reaction. 

I n the f i r s t two chapters we showed how the general • 
pri n c i p l e s of S-matrix theory can be applied to the simplest 
possible strong i n t e r a c t i o n process, pion-pion scattering, on 
which information may be obtained from a study of the 
TT N -^TTTTN reaction i n the appropriate kinematic region. 
These pri n c i p l e s constrain the pion-pion scattering ampli­
tudes considerably, when given a ce r t a i n amount c f experi­
mental information, and provide a means of studying the 
amplitudes i n energy regions not easily accessible to phase 
s h i f t analysis. A thorough application of the crossing p r i n ­
c i p l e , by means of physical region crossing sum rules, y i e l ­
ded the information that high energy pion-pion scattering may,. 
as expected, be described i n terms of Regge and pomeron ex­
change, that the asymptotic pion-pion scattering cross sec­
t i o n i s probably rather small, and that the rho and f t r a j e c ­
t o r i e s , coupling to pion-pion scattering, are apparently not 
strongly exchange degenerate. We found that a lack of good 
experimental information about low energy isospin two pion-
pion scattering i s the main b a r r i e r to obtaining b e t t e r know­
ledge of high energy pion-pion scattering by means of the sum 
r u l e approach. 

I t would be i n t e r e s t i n g to extend the work of chapter 
2 to r e l a t e the scattering of a l l i n p a r t i c l e s i n the SU(3) 
pseudoscalar octet, by w r i t i n g the crossing sum rules f o r 
U or V spin m u l t i p l e t s instead of f o r the isospin m u l t i p l e t . 
The chief d i f f i c u l t y l i e s i n the large mass differences 
between the p a r t i c l e s i n the octet, r e s u l t i n g i n d i f f e r e n t 
thresholds f o r d i f f e r e n t scattering processes. 

The second part of the thesis i l l u s t r a t e s the use 
o f strong i n t e r a c t i o n phenomenology i n organizing data and 
understanding i t s general features i n terms of simple ideas 
(without, however, obtaining any deep t h e o r e t i c a l understan­
ding or f i n e l y detailed p r e d i c t i o n s ) . We recalled evidence 
to demonstrate that double exchange processes (the Deck e f f e c t ) , 
w i t h resonance e x c i t a t i o n , explain q u a l i t a t i v e l y w e l l a good 
deal of i n e l a s t i c d i f f r a c t i o n dissociation data. We then 
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showed i n d e t a i l , taking spins and interference properly i n t o 
account, that the pion exchange Deck mechanism, with resonance 
production and decay, affords a good description of the d i f f -
r a c t i v e production of a pion-nucleon system of mass between 
1.4 and 1.8 GeV i n the 16 GeV/c 7T N -> 7T Tf N reaction. The 
d i f f r a c t i v e production of lower mass pion-nucleon systems i n 
t h i s reaction can be accounted f o r rather less well by taking 
the amplitude f o r the reaction as a sum of pion and nucleon 
exchange Deck amplitudes; i t i s necessary to make the model 
more complicated by including 'absorption'. The two main 
r e s u l t s to emerge from t h i s c a l c u l a t i o n , are that the pomeron 
NN* coupling may, consistently with the data, be described as 
v e c t o r l i k e , and that the pion-pion scattering t o t a l cross sec­
t i o n at high energy i s about 6 mb. This l a t t e r r e s u l t , taken 
w i t h the other evidence f o r a small meson-meson scattering 
t o t a l cross section, emphasizes the fa c t that the pomeron i s 
not a simple factorizable Regge pole of intercept u n i t y . 

The work of chapters 4 and 5 can c l e a r l y be extended to 
other i n e l a s t i c d i f f r a c t i v e reactions as good angular d i s t r i ­
bution data becomes available; i n p a r t i c u l a r the model f o r the 
pomeron coupling should be f u r t h e r tested,and the 7TP (7rTT7T)p 
reaction can be studied to resolve the problem of the existence 
or otherwise of the A1 meson, by studying the angular d i s t r i ­
butions of the 7T ( 7T TT ) system. 

This thesis has demonstrated the remarkable amount of 
physics contained i n the TV N -> 7T IT N scattering process. 
I t has i l l u s t r a t e d the r o l e of strong i n t e r a c t i o n phenomenology 
i n extracting much i n t e r e s t i n g information from data, and i n 
i n t e r p r e t i n g many physical effects i n terms of a few simple 
ideas. The work described i s a step along the path towards a 
good general description of strong i n t e r a c t i o n s , to await a 
deeper understanding i n terms of fundamental theory. 
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A P P E N D I X 1 

A : S-matrix and state normalization 
We define the t r a n s i t i o n matrix i n terms of the S-matrix 

by:-

with the covariant state normalization:-

<p'h) = a E $'(r-r')(iw)' <1A2> 

The phase space element i s : -

JTi JL*?j (1A3) 
f i n a l state fay** *) tz 
p a r t i c l e s K'v 0 6 ci 

With the f l u x factor l/4mBJp_L = l/4 ' -HCM f ' w e n a v e t h e 

cross section f o r the A B - } l . . . . n reaction as 

K l t l J M l ^ x|<^-. fVMP,P e>| a 

where mB i s the mass of target p a r t i c l e B and p_L i s the labor­
atory beam momentum. 

For a 2 —) 2 reaction, 

and so 

Mi = _ l an. hr 
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B: D i f f e r e n t i a l cross section 2 - > 3 reaction 
For three p a r t i c l e s i n the f i n a l state, the phase space 

i n t e g r a l i s , from eq.(lA4):-

i , [ A A A JVi + ft+p.-Jj-'O ( 1 B 1 > 

To cast t h i s i n t o a more useful form, consider p a r t i c l e s 
1 and 2 together as ' R*, and i n s e r t i n t o eq.(lBl) the ident­
i t y : -

Rearranging, we then have:-

( 1 B 3 ) 

Using eq.(lA5):-

r fA 2L5l / a ._L llJ. ^ ( 1 B 4 ) 

CM 
and J l f , are the momenta and s o l i d angles of p a r t i c l e 1 

i n the R centre of mass frame; pjj and JL R are the momenta 
and s o l i d angles of R i n the AB centre of mass frame. 

Since the AB -4 R3 reaction i s coplanar, we may i n t e ­
grate over CL. Using d(cos 0 „) = d t A 3 , we have:-

1 ' 

" Jf," 1! J,A, JLtM <lsa ( I B 5 ) 
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so the d i f f e r e n t i a l cross section, from eq.(lA4), i s : -
JL<T = I x | f ' C M | ^ A ^AIA^T]7, (1B6) 
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APPENDIX 2 

A: The /T°7T° Roy equation 
The 7T 0 77 0 scattering amplitude, T ( s , t ; u ) obeys a 

twice subtracted f i x e d t dispersion r e l a t i o n f o r s V 0 and • 
4 ^ t -̂ - 28.(17) The s - u crossing property. T(s,t,u) = 
T(u,t,s ) , allows a subtraction constant to be removed (18) 
and so we may w r i t e the once subtracted r e l a t i o n : -

00 
T f s A ) s rfa 4.) +_s. f Afa o_J ! V* 
\> o) \ oj ^ j n y , o)^^ p_^o)(x_^6j ( 2 A 1 ) 

(The subtraction point s Q=0 has been chosen i n eq.(1.8)) 
To remove the ' t ' dependence of the subtraction constant 

we f i r s t use s - t and t - u crossing to w r i t e : -

T(V»> T ° > ( 2 A 2 ) 

A rigorously v a l i d f i x e d t dispersion r e l a t i o n may now be 
w r i t t e n fc 
we have:-
w r i t t e n f o r T(4 - t Q , o, t Q ) . Subtracting at s = 4 ( t Q = 0) 

1 

(2A3) 

T(4, 0) i s j u s t the (constant) scattering length a . Sub­
s t i t u t i n g eq.(2A3) i n t o eq.(2Al) leads t o : -

rr J, 

(2A4) 

60)(oc-4)l 

eq.(2A4) i s v a l i d f o r o^s <oo , 4> t ̂  -28. For s > 4 
the l e f t hand side i s replaced by Re T ( s , t Q ) and the r i g h t 
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hand side by a p r i n c i p a l value i n t e g r a l . To obtain the 
i n t e g r a l (Roy)equation f o r the p a r t i a l wave amplitudes, A(oc,t) 
and A(oc,o) are expanded using eq.(l,17). The p a r t i a l waves 
are projected from T(s,t) using :-

r 
(2A5) 

Since Z = l + 2 t / ( s - 4 ) , we can obtain f g ( s ) f o r 4 ^ s ^ 32. 
However since T(s,t,u) = T(u,t,s) the i n t e g r a l can be r e w r i t t e n 
as over the range of Z from zero to one, and the Roy equation 
can then be used f o r 44 s4 60. I n practice, i t e r a t i v e c a l ­
culations are performed with amplitudes which may not obey 
the s-u crossing property, and errors (usually small) may be 
introduced by using the h a l f range integration.(41) The ex­
tended Roy equations of ref.(49) do not suffer from t h i s pro­
blem. To impose three channel crossing on the f u l l amplitude, 
w r i t e eq.(2A4) for T(s, 4 - s - t o , t Q ) and equate to eq.(2A4) (thus 
imposing t - u crossing). The r e s u l t i n g equation i s the supp­
lementary condition (crossing sum r u l e ) f o r the 77 ° 77" 0 

scattering Roy equation. 
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APPENDIX 3 

A: The sign of the s-channel azimuthal angle 
We can determine cos 0^ as described i n chapter 4 but do 

not immediatly know the sign of 
Consider the i n v a r i a n t : -

k = t<LM K?* ?C K (3A1) 
By 4-momentum conservation:-

* = ^HVi PA?B Po^E (3A2) 

and antisymmetry implies:-

* ' * < W f ' X t f / V . ) ' (3A3) 

I n the DE centre of mass, P D + P E = ( ^ SDE» 0,0,0) and so:-

(3A4) 

And so, i n the t channel:-

k * - JSu | f J \ f B \ (3A5) 

Since 0 < 0 t < 7T , 0 < % t ( TT , we have:-

sign( fa ) = - sigi> (><) f o r o < 7T ( 3 A 6 ) 

Using EA+^B =^C, we have from eq.(3A4):-

* - -K,[*c* - P e ) ' - ^ ( 3 A 7 ) 

i n the s channel:-

X • - JT„ | f J | / J ^ * s -i» »t « . / s < 3 A 8 ) 
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sign 0 S = - sign (X) (3A9) 
and so sign 0 s = sign (3A10) 
,', 0 (0t < 7T i f and only i f C ( 0s < 7T . 
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Appendix 4 

A: Dirac Formalism 
We use the Bjorken-Drell (95) convention f o r the Dirac 

V matrices:-

10 0 0 

0 I 0 0 

0 0-10 

\ 0 0 0 -i I 

,1 

0 

0 

I 

O I 0 

0 0 I 

0 0 0 

1 0 0 

(4A1) 

/ 

<T i s the usual Pauli matrix vector. 
The Dirac spinors f o r a spin \ p a r t i c l e of momentum £ and polar 
angles 0 , 0 are:-

/ <*> (9/2) 

0^ (9/2) 1 *' 

(!£(/(£+<*)) 0(9/2) 

\((£U(e^)) ̂ (9/2y?l 

t(p)-t 

(4A2) 

6 

/>VK (B/a) < 

coo (9/z) 

(\2\/(B+^)c^(eh)z 

l£l/(E**)) evft/j) 

B: The Pion exchange coupling 
We wish to calculate the 7T NN coupling appearing i n 

f i g . 1.3, u ( ^ E ^ 5 U ^ B ^ ' I N T H E ^ N ^ D E ^ C E N T R E o £ m a s s f r a m e f 
using the t channel coordinate system (fig.4.2a) 

The incoming nucleon ( B ) has i t s h e l i c i t y along the Z 
axis, while the outgoing nucleon ( E ) has i t s h e l i c i t y at angles 
(9,0). We-calculate the 'non-flip' coupling and state the 
re s u l t s f o r the others. 



Consider (ir) <£ ttj. (?^ Hf 1/̂  ff>\ 
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(4B1) 

using equs.(4Al, 4A2):-

/A/ 

0 
0 
o / 

(4B2) 

~± x < * *) ( 1 [ A L - J L C E L ) *D S (4B 3) 

We f i n d , likewise, that 

2 (4B4) 

and 

We may check these r e s u l t s by ca l c u l a t i n g e x p l i c i t l y 

which i s the same r e s u l t as obtained by w r i t i n g 

- i 

(4B5) 

(4B6) 
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C: The Nucleon exchange coupling 
This i s the coupling appearing i n the diagram of 

fig.1.3b and i s to be evaluated i n the TT N (DE) centre of 
mass, using t-channel axes. We w r i t e : -

t 

t(h) OC U (pe) L _ ̂  <l(PB) (4C1) 
A - So -n 

which may be r e w r i t t e n : -

T^A/joC u(P£)(fB-/D+n)XKu(PB) (4C2) 

which, with the aid of the Dirac equation, reduces t o : -

I t i s now t r i v i a l , but tedious, to calculate the spin ampli­
tudes, using eqs.4Al and 4A2. We f i n d : -

tttLM* 3 [ ft*/ <4C4> 

- /A/ / ' - J*MI 1| 
^ (En*)(Se w) lj 

ts , oc Ifa+*)(&*») «»je / e J i s j t \i„\) + ( 4 c 5 ) 
1 5 t o e - * 1 E»* r t £ > + A l / 

+ + /*•//&/_ )) 

and T.{ H (»)---T.j j (eJ)-.T, (6t -/) (4C6) 
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Away from the threshold f o r pion-nucleon production* when 
Or jp^J , we f i n d , either by e x p l i c i t c a lculation or by 

the use of trace methods:-

(4C.7) 

1* 

D: N* resonance production couplings 
We f i r s t summarize the formalism needed f o r the descrip­

t i o n of spin ^ and spin 2 p a r t i c l e s . The wave function f o r a 
spin 3, p a r t i c l e i s w r i t t e n as the d i r e c t product of a spin 
one and a spin \ wave function:-

! , \ > * E / | / ^ > / i ^ / > x C l e b s c h ( 4 D 1 ) 

• i u ' ±i 
Thus U~ * s ? i i (4D2) 

and U ^ 1 r J. EJA. + /A It' " (4D3) 

The spin % wave functions are obtained from the d i r e c t product 
of a spin one and a spin •$£ wave function :-

/ * A > - Z l ' ^ ) / ! - * ' ) * C l e b s c h ( 4 D 4 ) 

Hi**'* . 



96 

Thus:-

UL 

u 

±z 

(4D5) 

(4D6) 

^ *j/o~ ( 4 D 7 ) 

I n the N* rest frame, the spin one p o l a r i z a t i o n vectors t are: 

£* - (o, o, o,/) (4D8) 

(4D9) 

Now consider 7T N /T N* scattering. I f the pomeron i s taken 
to couple as a natural p a r i t y spin one p a r t i c l e , as i n chapter 
5, then the most general pomeron -N-N*^ coupling, f o r the pro 
duction of an N* of spin projection X , may be w r i t t e n : -

^ ^ f * ^ f c ^ f c ^ ^ f r ) ( 4 D 1 0 ) 

where p , ^ fa + ?^ ± ^ + ^ } j>J (4D11) 

I n the N* centre of mass frame of reference. 
The other independent 4-vector may be taken as 

(4D12) 
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For the production of N*2 states, the most general coupling 
i s of the form!-

Noting that 

p v £ * ' - o ( 4 D 1 4 ) 

we see that only the £ v° parts of eqs.(4D6, 4D7) contribute 
to » 'and thus the pomeron couplings f o r a spin 4 N* are 

3 
simply proportional to those f o r a spin ̂  N*, and are obtained 
immediately. 

For the production of a spin ̂  N*, of h e l i c i t y we 
w r i t e : -

By eq.(4D14) the f i r s t term vanishes, and so, from the second 
term:-

ii 
rz nr—~——;/ n ^ «i „ i 

* + 

(4D16) 

which can immediately be expressed i n terms of known N* centre 
of mass angles, energies and momenta. We f i n d : -

" 1 — 2, "2-T * a T ( 4 D 1 7 ) 1 -1 J. 
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and s i m i l a r l y : -

t f * = - i f ' * = & Q x Jfr^faZ*,) (4D18) 
2- 2 a, 

1 - i (4D19) T T / 

E: N* -> 7T N decay, h e l i c i t y conservation and 
azimuthal angular d i s t r i b u t i o n s 

The amplitude f o r the decay of an N* resonance of spin 
J, and spin component X to a pion, and a nucleon of h e l i c i t y 
V and polar angles ( 9 , 0) i s given by:-

The r o t a t i o n functions e(_/(0 ) are calculated from the 
general formula, due to Wigner, given i n appendix A2 of r e f . ( l 5 ) . 
P a r i t y conservation i n the decay implies 

where % i s the i n t r i n s i c p a r i t y of p a r t i c l e X. 
Since we assume that only natural p a r i t y N* resonances are 
produced, eq.J[4E2) implies t h a t : -

A T
 A * 

(4E3) 
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Since V = 1 5, the decay only involves one coupling constant. 
The angular d i s t r i b u t i o n of the outgoing pion-nucleon system 
i s given by:-

(where yu , V take values - £). This w i l l be independent of 
0 unless more than one N* h e l i c i t y state i s populated. Thus 
i f an anisotropy i s observed i n the azimuthal angular d i s t r i ­
bution i n a given frame of reference, h e l i c i t y i s not conser­
ved i n the production of a pion-nucleon system i n that frame 
of reference. 

For the o v e r a l l amplitude f o r N* production and decay, 
= 2" T J* M*^ , we f i n d , by eqs. 4D17 - 4D19 and 4E4, T 

These re l a t i o n s also hold f o r the pion and nucleon ex­
change Deck amplitudes (eqs.4B5, 4C6) and are i n fact a general 
consequence of p a r i t y invarianco. • The angular d i s t r i b u t i o n 
must therefore, from eq.(4E4), obey:-

(4E6) 
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