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ABSTRACT 

A new v i s c o - e l a s t i c f i n i t e element method i s developed 

and a p p l i e d t o some of the processes i n subduction zones. 

The e f f e c t s of phase changes are simulated by d e r i v i n g 

an equation of s t a t e for the mantle under m i n e r a l o g i c a l 

e q u i l i b r i u m . Using the e l a s t i c parameters determined 

from t h i s equation, the s t r e s s e s due t o the c o n t r a c t i o n 

of the descending s l a b as i t changes phase at the o l i v i n e -
8 2 

s p i n e l t r a n s i t i o n are shown to be about 8 x 10 N/m . 

The phase changes are a l s o shown t o p l a y an important 

r o l e i n the f l e x u r e and bending of the l i t h o s p h e r e from 

the ear t h ' s s u r f a c e t o plunge a t 45 - 60° i n t o the 

asthenosphere. The phase changes e f f e c t i v e l y reduce the 

bulk modulus and so the l i t h o s p h e r e bends more e a s i l y . 

The major bending i s a t 30 - 60 km depth where the s t r e s s e s 

due to bending extend the area of phase t r a n s i t i o n s so t h a t 

i t extends throughout the t h i c k n e s s of the descending s l a b . 

Phase changes and f r a c t u r e combine to reduce the f l e x u r a l 

parameters of the l i t h o s p h e r e t o t h a t estimated from the 

shape of the o u t e r - r i s e . Thin p l a t e theory, however, i s 

shown to be i n a p p l i c a b l e to t h i s region. 

T e n s i o n a l s t r e s s e s a l i g n e d p a r a l l e l to the d i p of the 

descending s l a b are shown to be ne c e s s a r y to maintain the 

l a r g e negative g r a v i t y anomaly a s s o c i a t e d with subduction 



zones. This a p p l i e s i n a l l subduction zones, and l o c a l 

s t r e s s e s must be r e s p o n s i b l e for the earthquakes i n d i c a t i n g 

down dip compression i n the upper pa r t of the descending 

s l a b . 

The shear zone between two converging p l a t e s can be 

adequately modelled i n v i s c o - e l a s t i c f i n i t e element a n a l y s i s 

by a row of elements whose v i s c o s i t y i s 2-3 orders of 

magnitude lower than the surrounding rocks. 
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Numbers are room condition d e n s i t i e s of 
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function of temperature. 47 

F i g . 2.6 Wet and dry melting temperatures for 
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(1) P e r i d o t i t e ( I t o and Kennedy, 1967) 
(2) L h e r z o l i t e nodule (Kushiro e t al.,1968) 
(3) P y r o l i t e I I I (Green and Ringwood, 1970) 
(4) P y r o l i t e - 40% o l i v i n e 6% H 20 (Green,1973) 
(5) P y r o l i t e - 4C% o l i v i n e 2% H 20 (Green,1973) 
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(1) Dry b a s a l t (Cohen et a l . , 1967) 
(2) Wet b a s a l t (Yoder and T i l l e y , 1962) 
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P r e v i o u s l y published curves are 
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(f) T u r c o t t e and Oxburgh (1969) 55 
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mantle i s a function of pressure and 
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CHAPTER 1 

INTRODUCTION 

The b a s i c concept of p l a t e t e c t o n i c s (McKenzie and 

Parker, 1967; Morgan, 1968: Le Pichon e t a l . f 1 9 7 3 ) i s 

t h a t the l i t h o s p h e r e can be subdivided i n t o a s e r i e s of 

p l a t e s which do not s u f f e r major i n t e r n a l deformation. 

The major t e c t o n i c a c t i v i t y i n the e a r t h occurs along 

the boundaries of the p l a t e s . There are three main types 

of p l a t e boundary. L i t h o s p h e r i c p l a t e s are continuously 

being c r e a t e d a t a c t i v e oceanic r i d g e s which are r e f e r r e d 

t o as a c c r e t i o n boundaries, and, by l a t e r a l movement give 

r i s e to the magnetic anomalies observed over the oceans 

(Vine and Matthews, 1963). The p l a t e s s l i d e past each 

other along l a r g e transform f a u l t s (Wilson, 1965) which are 

r e f e r r e d to as c o n s e r v a t i v e boundaries, because l i t h o s p h e r e 

i s n e i t h e r c r e a t e d nor destroyed along them. The l i t h o s ­

p h e r i c p l a t e s are destroyed along consuming p l a t e boundaries 

( I s a c k s e t a l . , 1968? Le Pichon e t a l . , 1973). Subduction 

zones a r e the most common form of consuming boundary 

(McKenzie and Parker, 1967; I s a c k s e t a l . , 1968) a t which 

a p l a t e of oceanic l i t h o s p h e r e i s r e c y c l e d i n t o the mantle 

and i s over ridden by another p l a t e which may be oceanic 

( i s l a n d a r c s ) or c o n t i n e n t a l ( a c t i v e c o n t i n e n t a l margins). 



2. 

1.1 Morphology of subduction zones 

The overridden or consumed p l a t e s i n k s i n t o the 

asthenosphere as a r e l a t i v e l y c o l d r i g i d body and i t i s 

p r o g r e s s i v e l y heated u n t i l i t l o s e s i t s i d e n t i t y ( I s a c k s 

and Molnar, 1969, 1970; McKenzie and Parker, 1968; McKenzie, 

1969). Most subduction zones now occur along the circum-

P a c i f i c b e l t or i n South E a s t A s i a , (Morgan, 1968; 

Le Pichon, 1968). The morphology and some of the manifes­

t a t i o n s of a t y p i c a l subduction zone are shown i n f i g . 1.1. 

The topography of the p l a t e being consumed i s s i m i l a r 

for most subduction zones. The outer r i s e ( f i g . 1.1) i s 

about 300 km wide and reaches about 700 m above the expected 

"non-deformed" l e v e l of the ocean f l o o r (Le Pichon e t a l . , 

1973; Watts and Talwani, 1974). The depth of the trench 

v a r i e s but around the P a c i f i c i s t y p i c a l l y 3 km below the 

sea f l o o r (Hayes and Ewing, 1970). Most trenches have 

only t h i n sediments on t h e i r f l o o r but some trenches a r e 

n e a r l y f i l l e d with sediments (eg. South C h i l e , Ewinq e t a l . , 

1969). The topography of the o v e r r i d i n g p l a t e i s more 

v a r i a b l e . Sometimes there are s e v e r a l r i d g e s p a r a l l e l to 

the trench (Karig, 1970; K a r i g and Sharman, 1975) and some­

times a s i n g l e v o l c a n i c a r c occurs with a marginal sea behind. 

I n New Zealand, C h i l e and the e a s t e r n end of the A l e u t i a n 

t r e n c h the o v e r r i d i n g p l a t e has c o n t i n e n t a l c r u s t . The f r o n t 
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of the o v e r r i d i n g p l a t e i s commonly extended by the 

a c c r e t i o n of igneous rocks and sediment derived from the 

consumed p l a t e (Karig and Sharman, 1975). T h i s forms an 

a c c r e t i o n a r y prism ( f i g . 1.1). 

The most d i r e c t evidence for the shape of the cool 

s i n k i n g s l a b i s the s e i s m i c i t y (Sykes, 1966; I s a c k s et a l . , 

1968). Nearly a l l intermediate and deep earthquakes (depths 

> 60 km) a r e found near consuming p l a t e boundaries. They 

occur i n a t h i n b e l t dipping a t about 45° from below the 

i n s i d e of the trench, under the o v e r r i d i n g p l a t e . T h i s 

b e l t of f o c i i , the Benioff zone, (Gutenberg and R i t c h e r , 

1954; Benioff, 1955) i s only 20 to 40 km t h i c k (Sykes, 1966; 

Hamilton and Gale, 1968) and the shape of i t may be mapped 

with some accuracy (Stauder, 1973, 1975). 

Earthquake mechanism s t u d i e s based on earthquakes with 

f o c i i deeper than 60 km i n the v i c i n i t y of subduction zones 

(eg. I s a c k s and Molnar, 1971; Stauder, 1975) have shown 

t h a t the p r i n c i p a l s t r e s s e s i n the s i n k i n g l i t h o s p h e r i c 

s l a b a r e u s u a l l y a l i g n e d p a r a l l e l and perpendicular to the 

Benioff zone, w i t h e i t h e r the compressional or t e n s i o n a l 

axes p o i n t i n g downdip. Whether the downdip p r i n c i p a l a x i s 

i s compressional or t e n s i o n a l i s dependent upon the 

c o n f i g u r a t i o n of the subduction zone. I s a c k s and Molnar 

(1969, 1971) showed ( f i g . 1.2) t h a t i f the s l a b i s "suspended" 
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i n the asthenosphere t e n s i o n a l s t r e s s e s predominate, 

otherwise the f o r c e s are compressional because of the 

r e s i s t a n c e t o s i n k i n g of the s l a b w i t h i n the mesosphere. 

Earthquakes shallower than 60 km, between the ocean trenches 

and i s l a n d a r c s , i n d i c a t e t h r u s t f a u l t i n g a t angles of 5° 

near the base of the trench, i n c r e a s i n g to 20° or 30° a t 

depths of about 60 km (Stauder 1968, 1973, 1975; Le Pichon 

e t a l . , 1973). I n many, but not a l l , t r e n c h regions the 

f a u l t plane s o l u t i o n for earthquakes with f o c i i under the 

tr e n c h and outer ridge i n d i c a t e a h o r i z o n t a l t e n s i o n a l 

s t r e s s r e s u l t i n g i n normal f a u l t i n g (eg. Abe, 1972; F i t c h , 

1970; Stauder, 1968, 1975). Other evidence for the t e n s i o n a l 

c h a r a c t e r of the s t r e s s regime on the consumed p l a t e i s the 

normal f a u l t i n g i n the seabed on the outside edge of the 

trenches and up onto the outer r.i'Siee (eg. Ludwig e t a l . , 1966) . 

That the dipping s l a b i s cool i s a l s o suggested by 

a n a l y s e s of the d i s t r i b u t i o n of s e i s m i c v e l o c i t i e s and the 

s e i s m i c wave absorption i n these regions ( O l i v e r and I s a c k s , 

1967). The s l a b has been shown t o have higher v e l o c i t y and 

lower absorption ( f i g s . 1.2) than the surrounding astheno­

sphere, suggesting a cooler more r i g i d body (Davies and 

McKenzie, 1969). The region above the Benioff zone has an 

anomalously high s e i s m i c absorption suggesting a region of 

high temperatures and p o s s i b l e p a r t i a l melt (Fedotov, 1968; 

O l i v e r and I s a c k s , 1967). 
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The g r a v i t y anomalies i n the region of the outer r i s e 

a r e p o s i t i v e and i n agreement with the topographical high 

being due to the f l e x u r e of the l i t h o s p h e r e as i t i s bent 

t o be subducted (Watts and Talwani, 1974). There i s a l a r g e 

negative Bouguer and i s o s t a t i c g r a v i t y anomaly (about -100 mgal) 

commonly beyond the trench ( f i g . 1.1) but always where the 

p r o j e c t i o n of the Benioff zone a t about 60 km meets the 

e a r t h ' s s u r f a c e (Hatherton, 1969). T h i s anomaly has 

commonly been a s s o c i a t e d with the t r e n c h but i n some areas 

i t i s d i s p l a c e d by 200 to 300 km from the trench a x i s over 

the o v e r r i d i n g p l a t e (eg. New Zealand). 

Because of the l a c k of information from the subduction 

zones themselves, the r e l a t i v e motion between the two p l a t e s 

concerned n e a r l y always has t o be obtained i n d i r e c t l y from 

the motion of each of the p l a t e s with r e s p e c t to .e+kccrd 

plate s (Le Pichon, 1968; Morgan, 1968).1912). T h i s g i v e s 

the r a t e of convergence of the two p l a t e s . The r a t e of 

f r o n t a l a c c r e t i o n (Karig and Sharman, 1975) and formation 

of marginal seas ( f i g . 1.3) needs to be added to the 

convergence r a t e to give the r a t e of subduction. The 

d i f f e r e n c e i n the convergence r a t e and subduction r a t e i s 

u s u a l l y s m a l l , but i f some sma l l p l a t e s are neglected i n 

the a n a l y s i s the d i f f e r e n c e may be s u b s t a n t i a l . The r a t e 

of convergence v a r i e s from 2.3 cm/yr for the Mariana Trench 

to 9.5 cm/yr i n P h i l i p p i n e Trench (Le Pichon et a l . , 1 9 7 3 ) . The 



V =V Simple Margin 

V a VS=Vva Fronta l Acc re t i on 

Symmetr ical Accre t ion 

V s = V c +2xV a 

F i g . 1,3 Diagram showing the r e l a t i o n s h i p of con­
vergence r a t e ( v c ) and subduction r a t e (V g) 
when t h e r e i s a c c r e t i o n and marginal sea 
opening on the o v e r r i d i n g p l a t e . 



6. 

d i r e c t i o n of motion between the two p l a t e s i s g e n e r a l l y 

not normal to the p l a t e boundary but i n our two dimensional 

models t h i s w i l l of n e c e s s i t y be assumed. 

1.2 Thermal e v o l u t i o n of subduction zones 

The thermal s t r u c t u r e i n the v i c i n i t y of subduction 

zones must be c o n s i s t e n t with both the s u r f a c e heat flow 

measurements and the r e l a t i v e motions of the two converging 

l i t h o s p h e r i c p l a t e s . Heat flow measurements (eg. Uyeda 

and Vacquier (1968) and McKenzie and S c l a t e r (1968)) show 

t h a t the two most s t r i k i n g thermal m a n i f e s t a t i o n of the 

subduction process are a decrease of s u r f a c e heat flow 

from the t r e n c h towards the v o l c a n i c a r c and a high heat 

flow on the o v e r r i d i n g p l a t e w i t h i n and behind the v o l c a n i c 

a r c ( f i g . 1.1). The low heat flow near the trench i s 

caused by the c o o l i n g of the o v e r l y i n g rocks by the c o l d 

s i n k i n g s l a b . T h i s may be accentuated by the cool wet 

sediments i n the a c c r e t i o n a r y prism on the consumed p l a t e 

being t h r u s t down the upper p a r t of the shear zone. The 

high s u r f a c e heat flow beyond the a r c i s t y p i c a l l y more 

than twice normal heat flow and occurs over a region almost 

300 km wide. The excess heat probably o r i g i n a t e s by r e l e a s e 

of shear s t r a i n energy a t the top of the s i n k i n g s l a b but 

i t cannot r i s e to the s u r f a c e by normal thermal conduction 



alone (Hasebe e t a l . , 1970). The presence of a n d e s i t i c 

volcanism suggests t h a t some of the heat i s c a r r i e d upwards 

by magma flow. Hasebe e t a l . , (1970) have modelled t h i s 

f l u i d t r a n s p o r t of heat by i n c r e a s i n g the assumed thermal 

c o n d u c t i v i t y of the rocks above the subduction zone by an 

order of magnitude. 

The temperature d i s t r i b u t i o n i n the downgoing l i t h o s -

p h e r i c p l a t e has been s t u d i e d by McKenzie (1969, 1970); 

Minear and Toksoz (1970a, 1970b); Griggs (1972); Toksoz, 

Minear and J u l i a n (1971); Toksoz, Sleep and Smith (1973) 

with p r o g r e s s i v e improvement i n the approximation. 

These papers have t r e a t e d the s i n k i n g l i t h o s p h e r e as a 

r i g i d p l a t e moving a t a constant speed and dip i n t o a 

s t a t i o n a r y asthenosphere. McKenzie (1969, 1970) solv e d the 

steady s t a t e temperature d i s t r i b u t i o n a n a l y t i c a l l y by 

assuming t h a t the asthenosphere remained a t a constant 

temperature. He showed t h a t the low temperatures i n the 

oceanic l i t h o s p h e r e p e r s i s t to great depths i n the s i n k i n g 

s l a b for subduction r a t e s of 8 - 10 cm/yr. and t h a t i n 

the Tonga-Kermadec Trench area a temperature of about 

680°C i s reached a t the depth of the deepest earthquakes 

i n s p i t e of the varying subduction r a t e along the boundary. 

Minear and Toksoz (1970a) solv e d the problem of the 

temperature d i s t r i b u t i o n by a f i n i t e d i f f e r e n c e numerical 

scheme. They included r a d i o a c t i v e , a d i a b a t i c compression. 
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phase changes, and shear s t r a i n h e a t i n g i n t h e i r a n a l y s i s . 
The i n c l u s i o n of shear s t r a i n h e a t i n g r e s u l t e d i n the 
temperature d i s t r i b u t i o n being asymmetric with the 
temperatures i n the upper s u r f a c e of the s l a b being g r e a t e r 
than the surrounding asthenosphere i n some of t h e i r models. 
Two major c r i t i c i s m s of t h i s paper r e s u l t e d from doubts 
as t o the numerical accuracy of t h e i r c a l c u l a t i o n s because 
of the coarseness of t h e i r f i n i t e d i f f e r e n c e g r i d and time 
i n t e r v a l and t h a t the amount of heat produced by shear 
s t r a i n h e a t i n g i s unknown and had to be assumed (Hanks and 
Whitcomb, 1971; Luyendyk, 1971; McKenzie, 1971; Minear and 
Toskc-z, 1971a,b). They d i d show, however, t h a t g r a v i t y 
and heat flow measurements cannot be used to choose between 
thermal models of the subducted s l a b because these f i e l d s 
a r e l e s s s e n s i t i v e to v a r i a t i o n s i n the model than t o various 
other sources. They i n d i c a t e d , however, t h a t s e i s m i c delay 
times may be s e n s i t i v e t o the temperature d i s t r i b u t i o n w i t h i n • 
the s l a b . 

Griggs (1972) approximated the thermal a n a l y s i s by a one 

dimensional f i n i t e d i f f e r e n c e scheme and showed t h a t thermal 

models of s l a b s s i n k i n g a t appropriate angles and v e l o c i t i e s 

r e s u l t i n d e n s i t y d i s t r i b u t i o n s which give g r a v i t y anomalies 

remarkably s i m i l a r t o those measured a c r o s s the Tonga Trench 

by Talwani e t a l . (1961). 
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Toksoz e t a l . (1971) and Toksoz e t a l . (197 3) followed 

the approach of Minear and Toksoz (1970a) but they used a 

f i n e r f i n i t e d i f f e r e n c e g r i d and s m a l l e r time s t e p s , and 

assumed l e s s shear s t r a i n h e a t i n g . Toksoz et a l . (1971) 

t r e a t i n d e t a i l the e f f e c t of the temperature d i s t r i b u t i o n 

on the s e i s m i c delay times. Toksoz e t a l . (1973) used the 

temperature f i e l d t o determine the d e n s i t y and then a 

f i n i t e element a n a l y s i s to compute the s t r e s s e s a s s o c i a t e d 

w ith the co o l e r s l a b assuming v i s c o - e l a s t i c steady s t a t e flow. 

These s t u d i e s show t h a t the temperature i n the descending 

s l a b i s lower than i n the surrounding asthenosphere but 

reaches thermal e q u i l i b r i u m a f t e r s i n k i n g for about 10 Myr. 

The temperature d i s t r i b u t i o n w i t h i n the s l a b i s dependent 

on the amount and d i s t r i b u t i o n of s h e a r - s t r a i n h eating which 

i s d i f f i c u l t t o estimate. No allowance was made i n any of 

the analyses for p o s s i b l e flow of the asthenosphere due 

e i t h e r to induced d e n s i t y inhomogeneities as i t i s cooled, 

or to vi s c o u s drag near the descending s l a b . T h i s flow w i l l 

tend t o i n c r e a s e the time r e q u i r e d for a given thermal s t a t e 

t o be reached. 

1.3 S t r e s s e s i n subduction zones 

The s t r e s s e s and s t r a i n s a s s o c i a t e d with the l i t h o s -

phere bending and s i n k i n g i n t o the asthenosphere a t a 
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subduction zone have been s t u d i e d p r e v i o u s l y by s e v e r a l 

d i s t i n c t methods. The study of the d i r e c t i o n of the 

f i r s t a r r i v a l s and s e i s m i c moments of earthquakes has 

placed l i m i t s on the order of the s t r e s s drop i n the 

source region and the d i r e c t i o n s of the p r i n c i p a l s t r e s s e s 

( f i g . 1.2). 

The t e n s i o n a l s t r e s s e s ( f i g . 1.2) causing shallow 

earthquakes i n the v i c i n i t y of and outside the trench have 

v a r i o u s l y been a s c r i b e d t o the p u l l of the heavy s l a b as 

i t s i n k s i n the asthenosphere (eg. Abe, 1972) or to 

deformation s t r e s s due to the bending of the l i t h o s p h e r e 

before i t i s subducted (eg. Stauder, 1968; Hanks, 1971; 

Watts and Talwani, 1974). Sykes (1971) has pointed out 

th a t a l l the l a r g e earthquakes outside trenches, which 

give normal f a u l t s o l u t i o n s have been preceded w i t h i n 

10 years by l a r g e earthquakes r e s u l t i n g from t h r u s t i n g 

i n the shear zone ( f i g . 1.1). T h i s may i n d i c a t e t h a t the 

s t r e s s e s are caused by the p u l l i n g mechanism. Both 

mechanisms are l i k e l y to cause high t e n s i o n a l s t r e s s e s 

i n the upper l a y e r s of the l i t h o s p h e r e and to c o n t r i b u t e 

to the earthquakes (Stauder, 1975). They are probably 

complementary; the " p u l l i n g " almost c e r t a i n l y 

c o n t r i b u t i n g t o the s t r e s s e s which are "bending" the p l a t e . 

The absence of normal f a u l t mechanisms outside some 

subduction zones has been explained by Hanks (1971) by a 
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superimposed l a r g e ( s e v e r a l k i l o b a r ) compressional 

h o r i z o n t a l s t r e s s . 

The s t r e s s drop c a l c u l a t e d for earthquakes near 

subduction zones v a r i e s widely from a few bars to about 

one k i l o b a r (eg. Abe, 1972; Hanks, 1971; Linde and Sacks, 

1972; Wyss, 1970). The d i f f e r e n c e s are often a s c r i b e d t o 

the various assumptions as to the proportion of r e l e a s e d 

e l a s t i c energy which i s d i s s i p a t e d by s e i s m i c waves. I t 

i s u n l i k e l y , however, t h a t the s t r e s s drop would be more 
8 2 

than 2.0 x 10 N/m (2 kbar) for most earthquakes. 

Computation of the e l a s t i c bending of the l i t h o s p h e r e 

has been s u c c e s s f u l i n s i m u l a t i n g the s u r f a c e shape of the 

p l a t e being consumed. I n these a n a l y s e s the l i t h o s p h e r e 

i s approximated by a t h i n p l a t e with non-viscous f l u i d above 

and below (Walcott, 1970; Le Pichon e t a l . , 1973; Watts and 

Talwani, 1974). The e l a s t i c i t y i s assumed constant through­

out the t h i c k n e s s of the p l a t e . The e f f e c t i v e t h i c k n e s s of 

the l i t h o s p h e r e determined from these c a l c u l a t i o n s i s 25 t o 

50 km which i s much s m a l l e r than the determinations by 

other methods. Walcott (1970) suggested the use of v i s c o -

e l a s t i c parameters i n the a n a l y s i s but considered t h a t the 

c o n s t r a i n t s are too poorly known to determine the parameters 

r e l e v a n t t o these f l e x u r e s . Even with t h i c k n e s s e s of only 

25 to 50 km the s t r e s s e s due t o the bending of an e l a s t i c 

l i t h o s p h e r e through 35° are s e v e r a l k i l o b a r s . These are 
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t e n s i o n a l a t the top s u r f a c e of the p l a t e and compressional 

a t the bottom. The strength of the rocks i s much l e s s than 

t h i s , i n v a l i d a t i n g the simple e l a s t i c a n a l y s i s . A l s o , as 

the p l a t e i s p r o g r e s s i v e l y subducted the bend migrates 

backwards along i t so t h a t the s t r e s s e s r e l e a s e d by f a i l u r e 

or creep w i l l tend to be rep l a c e d by s t r e s s e s of opposite 

sign as the bent pa r t of the s l a b i s r e - s t r a i g h t e n e d . 

The t h i n p l a t e a n a l y s i s of the s l a b being subducted 

a l s o gives an estimate of the h o r i z o n t a l s t r e s s a t the 

boundary between the two l i t h o s p h e r i c p l a t e s . By comparing 

the topography outside ocean trenches with the d e f l e c t i o n s 

computed for a t h i n p l a t e Watts and Talwani (1974) showed 

t h a t these s t r e s s e s may be as l a r g e as 13 kbar f o r some 

a r c s but n e g l i g i b l e for o t h e r s . 

Other estimates of the h o r i z o n t a l s t r e s s between the 

two p l a t e s may be made from the formation of magma a t 

depths of 100 - 120 km by shear s t r a i n heating a t the 

ju n c t i o n of the two p l a t e s . T h i s magma r e s u l t s i n the 

a n d e s i t i c v o l c a n i c i t y which i s c h a r a c t e r i s t i c of these 

areas of the ea r t h ( f i g . 1.1). The values thus estimated 

for the shear s t r e s s i n the plane of the s l i p between the 

p l a t e s i s a few k i l o b a r s (eg. Hasebe e t a l . , 1970; Toksoz 

e t a l . . 1973). 

I t has been suggested t h a t the p u l l of the cool s i n k i n g 

s l a b on the l i t h o s p h e r e before i t i s subducted c o n t r i b u t e s 



a l a r g e p a r t of the d r i v i n g f o r c e of p l a t e t e c t o n i c s 

(McKenzie, 1969; E l s a s s e r , 1971; Harper, 1975; F o r s y t h 

and Uyeda, 1975). The s t r e s s estimated simply from the 

negative buoyancy i s of the order of s e v e r a l k i l o b a r s 

(McKenzie, 1969; T u r c o t t e and Schubert, 1971). 

The method employed f o r computing the s t r e s s e s w i t h i n 

and near the descending s l a b depends on e s t i m a t i n g the 

d e n s i t y d i s t r i b u t i o n from the computed temperature d i s ­

t r i b u t i o n s . Smith and Toksoz (1972) used the temperature 

d i s t r i b u t i o n s of Toksoz e t a l . , (1971) and then a p p l i e d an 

e l e c t r o s t a t i c analog of the e l a s t i c s t r e s s problem. They 

used temperature dependent e l a s t i c p r o p e r t i e s . Toksoz e t a l 

(1973), and Neugebaur and Breitmayer (1975) used s i m i l a r 

temperature d i s t r i b u t i o n s and v i s c o - e l a s t i c f i n i t e element 

an a l y s e s t o c a l c u l a t e the s t r e s s e s due t o the negative 

buoyancy of the s i n k i n g s l a b . Sleep (1975) used a v i s c o u s 

f i n i t e d i f f e r e n c e a n a l y s i s t o model the subduction below 

the A l e u t i a n Arc. The d i r e c t i o n of p r i n c i p a l s t r e s s e s 

given i n these papers a r e c o n s i s t e n t with earthquake 

mechanism s t u d i e s . The c a l c u l a t e d d e v i a t o r i c s t r e s s e s a r e 

about 0.5 kbar. The flow r a t e s and d i r e c t i o n s p r e d i c t e d 

( e s p e c i a l l y by Neugebaur and Breitmayer) are not c o n s i s t e n t 

w i th those assumed i n the temperature a n a l y s i s and so some 

doubt i s placed on the v a l i d i t y of the r e s u l t s . These 

a n a l y s e s have only accounted for the s t r e s s e s induced i n 
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the s l a b by the negative buoyancy of the c o l d l i t h o s p h e r i c 

s l a b . 

Despite the l i m i t a t i o n s of these a n a l y s e s i t i s evident 

t h a t the v i s c o s i t y of the asthenosphere p l a y s an important 

r o l e i n supporting the c o l d s l a b . I f the v i s c o s i t y i s 

too low the asthenosphere does not support the s l a b s u f f i c i e n t l y 

so t h a t the s l a b tends t o bend and d i s t o r t i o n a l s t r e s s e s 

become great. To get agreement between h i s models and the 

topography i n the A l e u t i a n area Sleep (1975) had to introduce 

a low v i s c o s i t y wedge i n the v i c i n i t y of the a c c r e t i o n a r y 

prism ( f i g . 1.1). Neugebaur and Breitmayer (1975) showed 

t h a t i t i s nec e s s a r y to use a stress-dependent v i s c o s i t y 

t o adequately model the asthenosphere and s i n k i n g s l a b . 

They suggest a power law i n which the v i s c o s i t y i s i n v e r s e l y 

p r o p o r t i o n a l to the square of the shear s t r e s s . 

1.4 Sources of s t r e s s i n the e a r t h 

There are s e v e r a l sources of s t r e s s w i t h i n the e a r t h 

which need t o be considered. They may be c l a s s i f i e d 

according t o the o r i g i n of the forces or displacements 

which induce the s t r e s s e s i n the model. The s t r e s s d i s ­

t r i b u t i o n must a l s o depend on the v a r i a t i o n s of the p h y s i c a l 

p r o p e r t i e s throughout the model. 



The main s u b d i v i s i o n of the f o r c e s a c t i n g on a model 

are the body for c e s and boundary f o r c e s . Body f o r c e s a c t 

throughout the model and are a r e s u l t of the p h y s i c a l 

p r o p e r t i e s and s t a t e of the body. The main body for c e s a r e : 

(a) G r a v i t a t i o n a l body f o r c e s due to the d e n s i t y d i s ­

t r i b u t i o n throughout the model. 

(b) I n i t i a l s t r e s s e s (Jaeger and Cook (1969) c a l l them 

r e s i d u a l s t r e s s e s ) are r e l a t e d t o the previous h i s t o r y of 

the rocks, and i n c l u d e s t r e s s e s present p r i o r to the a n a l y s i s . 

These s t r e s s e s are u s u a l l y poorly known but may a l t e r the 

computed s t r e s s e s and flow to a c o n s i d e r a b l e extent. I n 

longer term v i s c o - e l a s t i c a n a l y s e s the e f f e c t of s t r e s s e s 

generated a t any one time decrease with i n c r e a s i n g time. 

Thus the s i g n i f i c a n c e of the i n i t i a l s t r e s s e s decreases 

with time and depending on the flow laws may be neglected. 

(c) S t r e s s e s due to volume changes may be s u b - c l a s s i f i e d 

according to the cause of the volumetric change. These 

can be due t o changes i n temperature, phase changes or l o s s 

of mass by f l u i d e x t r a c t i o n . I n e l a s t i c a n a l y s e s , these 

s t r e s s e s a r e t r e a t e d as i n i t i a l s t r e s s e s or s t r a i n s 

(Zienkiewicz, 1971). 

Boundary fo r c e s can be e i t h e r i m p l i e d by the 

s p e c i f i c a t i o n of displacements or added as e x p l i c i t p r e s s u r e s 

on the boundaries. R e s t r i c t i o n s on the motion of any p a r t 
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of a model imply the a d d i t i o n of f o r c e s t o impose the 

r e s t r i c t i o n s . I t i s u s u a l , but not e s s e n t i a l , t h a t the 

added fo r c e s are normal to the d i r e c t i o n of motion. One 

type of boundary where t h i s i s not so i s when i t i s d e s i r e d 

to impose some f r i c t i o n a l f o r c e s to a boundary. 

The most common e x p l i c i t p r e s s u r e s a p p l i e d t o models 

are those due to the sea and other h y d r o s t a t i c s t r e s s e s . 

I f only the l i t h o s p h e r e i s considered i n the model the 

f o r c e due t o the asthenosphere on the base of the model 

may be included as an e x p l i c i t h y d r o s t a t i c p r e s s u r e . 

To compute the s t r e s s e s and s t r a i n s i n a model of 

p a r t of the e a r t h s e v e r a l " t o o l s " are r e q u i r e d . These are 

developed i n Chapters 2 and 3. Mathematical expressions 

s u i t a b l e f o r use i n computers for the p h y s i c a l p r o p e r t i e s 

of the e a r t h r e q u i r e d f o r the models are developed i n 

Chapter 2. I n Chapter 3 f i n i t e element methods for computing 

the s t r e s s e s and s t r a i n s i n v i s c o - e l a s t i c models are 

developed and a method of computing the v a r i a t i o n of 

temperature with time described. 
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CHAPTER 2 

PHYSICAL PROPERTIES OF THE CRUST AND UPPER MANTLE 

For t h i s study the bulk p h y s i c a l p r o p e r t i e s , under 

slowly varying c o n d i t i o n s , of the oceanic c r u s t and upper 

mantle are r e q u i r e d . These p r o p e r t i e s depend on temperature 

and s t r e s s . 

I t i s p o s s i b l e t o estimate the e l a s t i c p r o p e r t i e s and 

d e n s i t y as a f u n c t i o n of depth from s e i s m i c wave v e l o c i t i e s 

and the mass and moment of i n e r t i a of the e a r t h ( B i r c h , 

1952; B u l l e n , 1963; C l a r k and Ringwood, 1964). These 

estimates, which are averages over l a r g e areas of the e a r t h , 

are u s e f u l for studying the response to s m a l l s t r e s s e s and 

s t r a i n s when the rocks a r e c l o s e t o t h e i r normal c o n d i t i o n s . 

However, these average p r o p e r t i e s do not show how the 

p r o p e r t i e s vary as the rock i s s u b j e c t e d t o s u b s t a n t i a l 

changes i n temperature and pressure, as f o r example when 

oceanic c r u s t and upper mantle move downward i n a subduction 

zone. I n a d d i t i o n the s e i s m i c wave v e l o c i t i e s only i n d i c a t e 

the response of the rocks to high frequency e l a s t i c waves, 

and so estimates of e l a s t i c parameters from them may not be 

a p p l i c a b l e to the response of rocks to s l o w l y varying c o n d i t i o n s . 

For example, i f the rocks are within^phase t r a n s i t i o n , a 

change i n pressure w i l l cause a much l a r g e r change i n volume 

than t h a t suggested by the s e i s m i c v e l o c i t i e s . 
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Many measurements have been made over the l a s t century 

of the p r o p e r t i e s of rocks and minerals (Clark, 1966) but 

only r e c e n t l y have experimental temperatures and pre s s u r e s 

reached those e x i s t i n g i n the lower c r u s t and upper mantle. 

Furthermore, many of the measurements have been made on 

i n d i v i d u a l minerals r a t h e r than r o c k s . I t w i l l normally 

be assumed t h a t a bulk property of the rock i s the weighted 

mean of the p r o p e r t i e s of the c o n s t i t u e n t m i n e r a l s . For a 

n e a r l y monominerallic rock i t w i l l be assumed equal to 

th a t of the miner a l . 

The major u n i t s which w i l l be considered a r e the mantle 

and the oceanic c r u s t . These are assumed to be compositional 

d i v i s i o n s and t h e i r p h y s i c a l p r o p e r t i e s depend on the 

pressure and temperature. I n t h i s chapter f u n c t i o n s , for 

each of the p r o p e r t i e s , a r e developed which are s u i t a b l e 

f o r use i n a d i g i t a l computer. 

Another u s e f u l s u b d i v i s i o n of the outer l a y e r s of the 

ea r t h i s t h a t of l i t h o s p h e r e , asthenosphere and mesosphere. 

The l i t h o s p h e r e (0 t o about 80 km i n the oceans and 110 km 

under the continents (Walcott, 1970)) i s not s i g n i f i c a n t l y 

s u s c e p t i b l e t o creep, having an apparent Newtonian v i s c o s i t y 

of 1.0 x 1 0 2 3 Ns/m2 (Walcott, 1970) or 1.0 x 1 0 2 5 Ns/m2 

(Watts and Cochran, 1974). Below the l i t h o s p h e r e , the 

asthenosphere has a much lower v i s c o s i t y . T h i s has been 
2l> 2 

estimated as about 1.0 x 10 Ns/m ( H a s k e l l , 1935, 1937; 



19. 

McConnell, 1968). At a depth of about 350 km there i s a 

phase change i n the rocks composing the mantle and t h i s 

probably causes an i n c r e a s e i n the v i s c o s i t y (Stoker and 

Ashby, 1973). The mantle below t h i s phase t r a n s i t i o n i s 

termed the mesosphere. The v i s c o s i t i e s mentioned here 

should be t r e a t e d as approximate. I t w i l l be shown l a t e r 

i n the chapter t h a t they are dependent not only on the 

ambient pressure and temperature but a l s o on the shear s t r e s s . 

The p y r o l i t e model for the mantle proposed by Ringwood 

(1962a,b, 1966a,b), Green and Ringwood (1967) and Ringwood 

(1969a) has now l a r g e l y been accepted ( H a r r i s e t a l . , 1972). 

T h i s model gives the chemical composition of the mantle as 

being e q u i v a l e n t to 3 p a r t s of dunite t o 1 p a r t of b a s a l t . 

The m i n e r a l o g i c a l composition depends on the p r e s s u r e and 

temperature ( f i g . 2.1). At low p r e s s u r e s the mantle i s 

p l a g i o c l a s e p e r i d o t i t e (A i n f i g . 2.1). At about 15-20 km 

the p l a g i o c l a s e r e a c t s to form s p i n e l and pyroxene, to give 

s p i n e l p e r i d o t i t e (B i n f i g . 2.1). T h i s i n tu r n changes to 

garnet p e r i d o t i t e a t about 70 km. (Ringwood, 1969a). A l l 

these rocks c o n s i s t l a r g e l y of o l i v i n e with the minor 

c o n s t i t u e n t s changing phase. At the s t a r t of the t r a n s i t i o n 

zone (350-400 km) the o l i v i n e i t s e l f changes t o a more dense 

s p i n e l c r y s t a l s t r u c t u r e . At about 600-700 km the minerals 

p r o g r e s s i v e l y change t o more dense c r y s t a l s t r u c t u r e s i n the 

p o s t - s p i n e l phase. 
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Numbers are room c o n d i t i o n d e n s i t i e s of 
the phases. 
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The o l i v i n e i n t h i s model has a composition of 

85 - 95% f o r s t e r i t e and 5 - 15% f a y a l i t e . Because of the 

widely assumed predominance of o l i v i n e i n the mantle 

there has been,in the past decade,a great emphasis i n 

experimental work on determining the high temperature, 

high p r e s s u r e p r o p e r t i e s of o l i v i n e (Chung, 1971; S c h a l t z 

and Simmons, 1972) and the o l i v i n e - r i c h rocks - dunite and 

p e r i d o t i t e (eg. C a r t e r and Ave' Lallemant, 1970). 

The oceanic c r u s t i s often d i v i d e d i n t o three l a y e r s 

(eg. Shor e t a l . , 1971). Layer 1 c o n s i s t s of sediments 

t y p i c a l l y l e s s than 0.5 km t h i c k but sometimes much t h i c k e r 

near c o n t i n e n t a l margins. Layer 2 c o n s i s t s of b a s a l t about 

1.5 km t h i c k (Shor e t a l . , 1971). The composition of 

l a y e r 3 i s u n c e r t a i n , p o s s i b i l i t i e s being gabbro, amphibolite 

or s e r p e n t i n i t e ; Cann (1974) favours gabbro with a t h i n 

zone of amphibolite near the l a y e r 2 - l a y e r 3 boundary. I t 

i s here assumed, for the purposes of a s c r i b i n g p h y s i c a l 

p r o p e r t i e s , t h a t l a y e r 2 i s b a s a l t and l a y e r 3 i s gabbro. 

2.1 Mechanical p r o p e r t i e s 

In the a n a l y s i s of t e c t o n i c processes the rheology of 

pa r t s of the c r u s t and upper mantle have been described 

v a r i o u s l y as e l a s t i c (Watts and Cochran, 1974: Watts and 

Talwani, 1974), having Newtonian v i s c o s i t y , (Haskel, 1935, 



1937; T u r c o t t e and Oxburgh, 1969; Sleep, 1975) or as a 

Maxwell substance (Walcott, 1970; Toskoz et a l . , 1973-

Neugebauer and Breitmayer, 1975). I n l a b o r a t o r y experiments 

on rock deformation a s t r o n g l y time dependent primary 

creep i s observed (eg. M u r r e l l and Chakravarty, 197 3) but 

t h i s becomes n e g l i g i b l e a f t e r a few months and can be 

ignored i n modelling t e c t o n i c p rocesses. 

The combination of changes i n d e n s i t y during phase 

t r a n s i t i o n s and instantaneous e l a s t i c e f f e c t s may be 

r h e o l o g i c a l l y modelled ( f i g . 2.2) by a Maxwell and a 

K e l v i n element i n s e r i e s , which i s a Bergers substance 

(Jaeger and Cook, 1969). The Maxwell e l a s t i c element, L m , 

r e p r e s e n t s an instantaneous response t o an a p p l i e d s t r e s s , 

a* , and the corresponding v i s c o u s element, V , r e p r e s e n t s 
m 

the steady s t a t e creep. The K e l v i n element a p p l i e s to a 

region of phase t r a n s i t i o n ; the e l a s t i c response, L^, 

d e s c r i b i n g the volumetric change and the v i s c o u s member, 

V , the r a t e of r e a c t i o n . At temperatures above 300°C the 

phase changes we are concerned with are f a s t enough t o be 

s t u d i e d i n the l a b o r a t o r y and so the delay caused by V 

can be ignored i n the a n a l y s i s of t e c t o n i c processes; 

however, the apparent e l a s t i c parameters w i l l d i f f e r from 

those estimated from s e i s m i c v e l o c i t i e s , which depend only 

on L . 
m 
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F i g . 2.2 R h e o l o g i c a l model for r o c k s . The Maxwell 
element ( L m , V n ) a p p l i e s throughout the 
p r e s s u r e temperature range, but the K e l v i n 
element (L^, V^) a p p l i e s only i n a r e a s of 
phase t r a n s i t i o n . 



2.1.1 Equation of s t a t e for a two phase system 

The equation of s t a t e for rocks has commonly been 

determined by compressional experiments or by s e i s m i c 

v e l o c i t y determinations on s i n g l e c r y s t a l s or monominerallic 

samples (Clark, 1966; Chung 1971, 1972; Anderson, 1972; 

Ahrens, 1975). These have often been expressed i n terms 

of the B i r c h equation (B i r c h , 1952; Chung, Wang, and 

Simmons, 1970): 

P = t 3 K o / 2 ) ( y 7 - y 5 ) C l • 0.75 (m -4) ( y 2-D] 2.1 

where p i s the p r e s s u r e and y = ( y 5 / ) . K q , m and £ 

are dependent upon temperature alone ( B i r c h , 1952) and 

correspond to the bulk modulus, f i r s t p r e ssure d e r i v a t i v e 

of the bulk modulus and d e n s i t y , a l l a t zero p r e s s u r e . 

This equation gives an e x c e l l e n t method of e x t r a ­

p o l a t i n g experimental data to the high p r e s s u r e s encountered 

i n the e a r t h , provided t h a t the same phases are present 

under both s e t s of conditions (Chung, 1972). I t s 

a p p l i c a t i o n to the present problem has two major d i f f i c u l t i e s . 

F i r s t l y , i t only a p p l i e s where there a r e no phase changes, 

and secondly, the d e r i v a t i v e s of d e n s i t y with r e s p e c t to 

temperature and p r e s s u r e are complicated expressions 

i n v o l v i n g the cube roots of the d e n s i t y . F u r t h e r , to f i n d 

the standard d e n s i t y a t a given temperature and pressure, 



i t i s n e c e s s a r y to evaluate K , m and P for t h a t 

temperature and then to s o l v e a 7th order polynomial for y. 

The d e n s i t y of a phase w i t h i n i t s s t a b i l i t y f i e l d may 

be approximated by a polynomial, F(P,T) such t h a t 

f = J3 F(P,T) 2.2 

where J3 i s the d e n s i t y a t room c o n d i t i o n s . Normally 

a second or t h i r d order expression f o r F i s r e q u i r e d to 

give s u f f i c i e n t accuracy. 

The d e n s i t y function of a s i n g l e component system i s 

discontinuous a t a phase boundary ( R i c c i , 1951). Rocks are 

u s u a l l y multicomponent systems and the change from one 

phase t o another takes p l a c e over a t r a n s i t i o n zone w i t h i n 

which both phases e x i s t . The a c t u a l v a r i a t i o n of d e n s i t y 

w i t h i n the zone depends on the d e n s i t y and proportion of 

each phase. The composition, d e n s i t y and proportion of 

each phase continuously change throughout the zone. 

Many changes considered as phase boundaries i n 

geophysics are i n f a c t a combination of two or more 

m i n e r a l o g i c a l phase boundaries (eg. Ringwood, 1969a,b) and 

hence the d e n s i t y changes i n the t r a n s i t i o n zone may be 

complex. As a s i m p l i f i c a t i o n i t w i l l be assumed t h a t the 

d e n s i t y f u n c t i o n i s continuous and has a simple a n a l y t i c a l 

form i n the v i c i n i t y of the phase boundary. I t w i l l be -



shown (Section 4.1) t h a t i n the study of reasonably l a r g e 

s c a l e t e c t o n i c processes the a c t u a l function used does not 

a l t e r the computed s t r e s s e s and s t r a i n s s i g n i f i c a n t l y . 

I f the proportion of each phase i s assumed t o be 

dependent only on the d i s t a n c e from the c e n t r e of the 

t r a n s i t i o n zone then we may define a v a r i a b l e , d, by 

d • k ( ft + bT • c P) 2 - 3 

where d = 0 d e s c r i b e s the c e n t r e of the t r a n s i t i o n zone 

i n P , T space, a, b, c being constants and k a s c a l i n g 

f a c t o r . B ( d ) i s a f u n c t i o n defined t o d e s c r i b e the 

r e l a t i v e proportions of each phase such t h a t : 

B(d) = 1 f o r d « 0, 

B(d) = 0 for d » 0, 2.4 

and B(-d) = 1 -B(d) . 

For two phases, the d e n s i t y f u n c t i o n may be expressed as 

/ ' f,F, B M ' £ f k B(o0 2 * 5 

where ^ , £ are the d e n s i t i e s of the two phases a t room 

c o n d i t i o n s . F^ and a r e f u n c t i o n s d e s c r i b i n g how the 

d e n s i t y of the i n d i v i d u a l phases change with pressure and 

temperature. 

I f the proportion of the phases v a r i e s l i n e a r l y a c r o s s 



the t r a n s i t i o n zone then 

' 0 d > 1 

B(d ) Jo .5 (1 - d ) -1 < d < l 2 - 6 

[ 1 d < -1 

and k i n equation 2.3 i s chosen so t h a t d v a r i e s from -1 

to +1 a c r o s s the t r a n s i t i o n zone. 

An a l t e r n a t i v e continuous func t i o n s u i t a b l e for B(d) i s 

B ( d ) = 0 . 5 -^WU) 2'7 

T h i s has the advantage t h a t not only the d e n s i t y but a l s o 

the c o m p r e s s i b i l i t y and thermal expansion are continuous 

functions and so some numerical methods of s t r e s s a n a l y s i s 

which r e q u i r e i t e r a t i o n t o a s o l u t i o n w i l l be more s t a b l e . 

The value of k w i l l of course be d i f f e r e n t from t h a t for 

the l i n e a r f u n c t i o n . The disadvantages of t h i s f u n c t i o n 

are t h a t i t d e v i a t e s a l i t t l e from O or 1 outside the 

t r a n s i t i o n zone and t h a t the d e r i v a t i v e s i n the centr e of 

the t r a n s i t i o n zone a r e about twice those for the l i n e a r 

f u n c t i o n . 

2.1.2 Equation of s t a t e for the mantle 

The phase diagram for a p y r o l i t e mantle i s shown i n 

f i g . 2.1. Most of the phase boundaries a r e f a i r l y w e l l 

e s t a b l i s h e d from experimental work and have been taken from 
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W y l l i e (1971). However, the boundary between the s p i n e l 

garnet phase and the p o s t - s p i n e l phase i s i n dispute and 

i t i s not c e r t a i n whether the r e a c t i o n i s exothermic or 

endothermic (Ringwood, 1972; L i u , 1975). The boundary i s 
10 2 

a t about 2.0 x 10 N/m and the change i n phase i n c r e a s e s 

the d e n s i t y by about 8% (Anderson, 1967; Ringwood, 1969b). 

I assume t h a t t h i s boundary has no slope i n the phase diagram, 

which i m p l i e s t h a t t h e r e i s no heat of r e a c t i o n and t h a t the 

boundary w i l l be a t a n e a r l y constant depth of 600 km. 

The d e n s i t y function for f i g . 2.1 may be w r i t t e n : 

2.8 

The f i v e phase boundary fu n c t i o n s , d^ - d^, a r e : 

d l = k l X ( 1 8 0° + T " 3 - ° x 10~ 6 x P) for the p l a g i o c l a s e 

p e r i d o t i t e - s p i n e l p e r i d o t i t e t r a n s i t i o n 
-7 

d 2 = k 2 x (964 + T -8.03 x 10 x P) f o r the s p i n e l p e r i d o t i t e 

garnet p e r i d o t i t e t r a n s i t i o n 
-7 

d^ = k^ x (2400 + T -3.0 x 10 x P) f o r the garnet p e r i d o t i t e 

s p i n e l garnet t r a n s i t i o n 
_ g d„ = x (1500 - T + 9.0 x 10 x P) for the dry s o l i d u s and 4 4 

_ Q d_ = k_ x (200.0 - 1.0 x 10 x P) f o r the s p i n e l garnet-
D b 

post s p i n e l t r a n s i t i o n . T i s i n C and P i n N/m . 



The d e n s i t i e s a t room conditions of the p l a g i o c l a s e p e r i d o t i t e , 

s p i n e l p e r i d o t i t e , garnet p e r i d o t i t e and s p i n e l garnet phases 

( - p ) have been evaluated from t h e i r m i n e r a l o g i c a l 
. . 3 composition as 3.24, 3.32, 3.38 and 3.66 Mg/m r e s p e c t i v e l y 

(Green and Ringwood, 1963; Ringwood, 1969a,b). The term 

( l + 0 08 B(o(s)] allows for an i n c r e a s e of 8% i n the 

d e n s i t y a t the s p i n e l garnet - post s p i n e l t r a n s i t i o n 

(Ringwood, 1969b) while the f i n a l term, {] - O OlbUuS] , 

allows for a 9% reduction i n the d e n s i t y on melting. The 

e f f e c t on d e n s i t y of the compositional v a r i a t i o n s of the 

minerals w i t h i n a phase i s g e n e r a l l y s m a l l i n comparison 

with the c o m p r e s s i b i l i t y of the minerals and so i s neglected 

(Ahrens, 1973). 

The p e r i d o t i t e phases a l l contain more than 55% o l i v i n e 

(Green and Ringwood, 1963) so the v a r i a t i o n of t h e i r d e n s i t i e s 

with pressure and temperature w i l l be s i m i l a r t o t h a t for 

o l i v i n e . Hence F Q ( P , T ) i s taken t o r e p r e s e n t the 

c o m p r e s s i b i l i t y and thermal expansion e f f e c t s f o r a l l t h r e e 

p e r i d o t i t e phases. The bulk modulus , K G » a n d i t s 

d e r i v a t i v e with r e s p e c t t o pressure, m, of o l i v i n e 

( F a ^ 0
 F o i o ^ a t z e r o Pressure are 

K = 1.274 x 1 0 1 1 - 0.177 x 1 0 8 T o 

m = 5.16 (Chung, 1971). 

Using these and the c o e f f i c i e n t s of thermal expansion a t 



2 8 . 

zero pressure given i n s e c t i o n 2 . 2 . 1 , the f r a c t i o n a l change 
i n d e n s i t y , { P ~ f 0 )/y^ » vas determined a t points on a 
g r i d i n P and T over the s t a b i l i t y f i e l d of the phases 
by using the B i r c h equation (equation 2 . 1 ) . A cubic 
polynomial, Fo, was then f i t t e d t o the p o i n t s . S i m i l a r l y 
using Chung's ( 1 9 7 2 ) estimate for the values of K q and m 
for the s p i n e l phase, a q u a d r a t i c polynomial, F , was 

5 

determined. The c o e f f i c i e n t s for both polynomials are 

given i n Table 2 . 1 . 

When a l i n e a r function for the d e n s i t y v a r i a t i o n 

a cross the phase t r a n s i t i o n s i s used (equation 2 . 6 ) , k^ to 

k 5 are 0 . 0 0 1 , 0 . 0 0 2 5 , 0 . 0 0 1 1 , 0 . 0 0 1 4 and 0 . 0 3 1 3 r e s p e c t i v e l y . 

I f equation 2.7 i s used then values of k. to k_ of 0 . 0 1 1 , 
1 5 

0 . 0 4 1 1 , 0 . 0 1 5 7 , 0 . 0 0 9 4 and 0 . 0 5 cause the functions B(d ) 
n 

to change from 0.1 t o 0.9 over the estimated ranges of 

the t r a n s i t i o n s . 

2 . 1 . 3 Equation of s t a t e for the oceanic c r u s t 

Assuming the oceanic c r u s t t o be c h e m i c a l l y e q u i v a l e n t 

to an a l k a l i - p o o r o l i v i n e t h o l e i i t e , i t s phase diagram i s 

shown i n f i g . 2.3 (from Ringwood and Green, 1 9 6 6 ) . The 

dry melting for b a s a l t s i s taken from Cohen, I t o and Kennedy 

( 1 9 6 7 ) and the d e n s i t i e s of the s o l i d phases are given by 
3 

Ringwood and Green. The value of 3 . 1 0 Mg/m may be too high 

for the gabbroic oceanic c r u s t but i f allowance i s made f o r 

about 5% pore space t h i s would be reduced to a reasonable 



T a b l e 2.1 EQUATION FOR THE DENSITY OF VARIOUS PHASES 
AS A FUNCTION OF PRESSURE AND TEMPERATURE 

The e q u a t i o n f o r t h e d e n s i t y o f t h e phases ( w i t h o u t 

r e g a r d t o pha s e c h a n g e s ) i s g i v e n b y 

• 1 
i-1 

1 0 " " ' ) 

i k 1 m o l i v i n e s p i n e l g a b b r o e c l o g i 

1 1 0 1 1 0.7983 0.5407 1.15 0.7695 

2 0 1 5 -2.9793 -2.6793 -1.4 -4.1965 

3 2 0 22 -1.4796 -0.4188 0.7063 

4 1 1 16 8.3380 3.5937 7.7171 

5 0 2 9 - 3 . 9 5 1 1 1.0101 8.0 4.7881 

6 3 0 33 3.2213 - -

7 2 1 25 -3.0169 - -

8 1 2 18 1.6102 - -

9 0 3 12 6.2758 _ 
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F i g . 2.3 Phase d i a g r a m f o r o c e a n i c c r u s t . Phase 
t r a n s i t i o n s a r e s h a d e d . A = g a b b r o - b a s a l t 
B = g a r n e t g r a n u l i t e . 
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3 2.90 Mg/m . The d e n s i t y c h a n g e s a c r o s s t h e s o l i d phase 

b o u n d a r i e s h a v e been d i s c u s s e d b y W y l l i e (1971) a n d may 

o c c u r as t w o o r t h r e e d i s t i n c t s t e p s . However, f o r 

s i m p l i c i t y , i t w i l l b e assumed t h a t t h e d e n s i t y c hanges 
3 

g r a d u a l l y f r o m 2.90 Mg/m f o r t h e l o w p r e s s u r e s a s s e m b l a g e 
3 

t o t h e d e n s i t y o f e c l o g i t e o f 3.40 Mg/m . The phase 

b o u n d a r y w i l l b e t a k e n as t h e mean o f t h e g a b b r o - g a r n e t g r a n u l i t e 

a n d g a r n e t g r a n u l i t e - e c l o g i t e b o u n d a r i e s . 

Thus t h e d e n s i t y f u n c t i o n f o r t h e o c e a n i c c r u s t becomes 

s -- [ f 0 b u ) + / \{ bU)]b - o.oi mm] 2-lx 

w h e r e f o = 2900 

/ = 3400 

= k.̂  x (1500 - 2.3 x l o " x P + T) r e f e r s 

t o t h e g a b b r o - e c l o g i t e p h a s e t r a n s i t i o n a n d 2.12 
_7 

d 2 = k 2 x (1080 - T + 1.2 x 10 x P ) r e f e r s 

t o t h e s o l i d u s . F a n d F a r e f u n c t i o n s d e s c r i b i n g t h e 
g e 

change o f t h e d e n s i t y o f t h e l o w p r e s s u r e a s s e m b l a g e a n d 

e c l o g i t e r e s p e c t i v e l y w i t h p r e s s u r e a n d t e m p e r a t u r e . 

F o r t h e l i n e a r v a r i a t i o n o f d e n s i t y a c r o s s t h e phase 

b o u n d a r y , k^ a n d k 2 a r e 0.00067 a n d 0.002 r e s p e c t i v e l y . 

I f e q u a t i o n 2.7 i s u s e d , k^ a n d k 2 a r e 0.013 a n d 0 . 0 1 1 . 

S i n c e t h e s t a b i l i t y zone f o r g a b b r o i s s m a l l , t h e 

c o m p r e s s i b i l i t y a n d c o e f f i c i e n t o f t h e r m a l e x p a n s i o n w i l l 



3 1 . 

n o t v a r y much o v e r i t s f i e l d a n d s o F may be a p p r o x i m a t e d b y 
y 

F = 1.0 + 1.15 x 1 0 - 1 1 P - (1.4 x 1 0 ~ 5 T + 8.0 x 1 0 ~ 9 T 2 ) 
g ' 

2 .13 

The p r e s s u r e t e r m i s t h e mean c o m p r e s s i b i l i t y f o r g a b b r o 

g i v e n b y B i r c h ( 1 9 6 6 ) . The t e m p e r a t u r e t e r m s a r e d e t e r m i n e d 

i n s e c t i o n 2 . 2 . 1 . 

The e f f e c t o f p r e s s u r e a n d t e m p e r a t u r e on t h e d e n s i t y 

o f e c l o g i t e i s more d i f f i c u l t t o e s t i m a t e . Green an d 

R i n gwood (1967) i n d i c a t e t h a t as t h e p r e s s u r e i s i n c r e a s e d 

a t a g i v e n t e m p e r a t u r e s o t h e r a t i o o f g a r n e t t o p y r o x e n e 

i s i n c r e a s e d . I f t h e m i n e r a l p r o p o r t i o n s r e m a i n c o n s t a n t , 

t h e d e n s i t y f u n c t i o n may be e s t i m a t e d f r o m measurements 

on t h e i n d i v i d u a l m i n e r a l s . When t h e m i n e r a l o g y v a r i e s 

w i t h P a n d T t h e r e i s an a d d i t i o n a l c a u s e f o r t h e change 

i n v o l u m e . However, t h e l a c k o f measurements on e c l o g i t e s 

f o r c e s t h i s e f f e c t t o be n e g l e c t e d even t h o u g h i t may be 

s u b s t a n t i a l . The b u l k m o d u l u s a n d i t s f i r s t p r e s s u r e 

d e r i v a t i v e a t z e r o p r e s s u r e w e r e d e t e r m i n e d t o be 1.38 x 1 0 ^ 

a n d 5.0 r e s p e c t i v e l y b y a v e r a g i n g t h e v a l u e s f o r p y r o x e n e s 

a n d g a r n e t s ( B i r c h , 1 9 6 6 ) . The v a r i a t i o n o f K w i t h t e m p e r ­

a t u r e a t z e r o p r e s s u r e i s unknown b u t f o r n e a r l y a l l 

s u b s t a n c e s i t d e c r e a s e s as t h e t e m p e r a t u r e i n c r e a s e s 

B i r c h ( 1 9 5 2 ) . I t was assumed t h a t 

K Q = 1.38 x 1 0 1 1 - 0.2 x 1 0 8 x T 2.14 
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These v a l u e s w e r e u s e d i n t h e B i r c h e q u a t i o n o f s t a t e , 

i n a s i m i l a r manner as t h e e q u i v a l e n t p r o p e r t i e s f o r t h e 

m a n t l e , t o d e t e r m i n e Fe as a q u a d r a t i c p o l y n o m i a l i n 

p r e s s u r e a n d t e m p e r a t u r e . The c o e f f i c i e n t s a r e g i v e n i n t a b l e 

2 . 1 . 

2.1.4 E l a s t i c p r o p e r t i e s 

I s o t h e r m a l e l a s t i c p r o p e r t i e s a r e r e q u i r e d b u t t h e s e 

a r e u s u a l l y o n l y a f e w p e r c e n t d i f f e r e n t f r o m t h e a d i a b a t i c 

p r o p e r t i e s ( B i r c h , 1 9 5 2 ) . U n l e s s o t h e r w i s e s t a t e d I assume 

t h a t t h e s e a r e e q u a l . 

The i s o t h e r m a l c o m p r e s s i b i l i t y p 
'T 

i s d e f i n e d as 

2:15 :15 

A s s u m i n g t h e d e n s i t y f u n c t i o n s e s t a b l i s h e d i n t h e p r e v i o u s 

s e c t i o n s (2.1.2 a n d 2.1.3) f o r t h e m a n t l e a n d t h e o c e a n i c 

c r u s t t h e c o m p r e s s i b i l i t y a n d b u l k m o d u l u s can be d i r e c t l y 

d e t e r m i n e d . 

I n t h e a n a l y s i s o f e l a s t i c o r v i s c o - e l a s t i c p r o c e s s e s 

t w o e l a s t i c p a r a m e t e r s a r e r e q u i r e d . E q u a t i o n 2.15 g i v e s 

P_ . The o t h e r p a r a m e t e r c a n n o t be d e t e r m i n e d f r o m t h e 

e q u a t i o n o f s t a t e . S i n c e t h e e q u a t i o n o f s t a t e g i v e n h e r e 

d e s c r i b e s t h e d e n s i t y i n a s t a t e o f m i n e r a l o g i c a l e q u i l i b r i u m 

i t i n c o r p o r a t e s t h e e l a s t i c c o n s t a n t s r e l e v a n t t o b o t h t h e 



i n s t a n t a n e o u s r e s p o n s e , 1 ^ , a n d phase c h a n g e , L^, o f f i g . 2 . 2 . 

The t w o e l a s t i c p a r a m e t e r s a s s o c i a t e d w i t h L m may be 

d e t e r m i n e d f r o m a s t u d y o f s e i s m i c v e l o c i t i e s . C o m p r e s s i o n a l 

v e l o c i t y , Vp ( B i r c h , 1961) a n d s h e a r v e l o c i t y V s ( C h r i s t e n s e n , 

1968) o f r o c k s h a v e b e e n shown t o be n e a r l y l i n e a r w i t h 

d e n s i t y f o r a g i v e n mean a t o m i c w e i g h t . F o r t h e same 

c h e m i c a l c o m p o s i t i o n t h i s l i n e a r i t y s h o u l d h o l d t o a go o d 

a p p r o x i m a t i o n . 

The mean a t o m i c w e i g h t o f t h e m a n t l e a n d b a s a l t a r e 

a b o u t 2 1 a n d 22 r e s p e c t i v e l y (Chung, 1 9 7 1 ; C h r i s t e n s e n , 

1 9 6 8 ) . These g i v e 

V = 3.16 P -2206.0 p v/ 
V = 1.63 P - 880.0 s J 

f o r t h e m a n t l e and 

V = 3.16 f -3000.0 
P J 

V = 1.63 P -1280.0 2.16 s J 

f o r t h e o c e a n i c c r u s t . 

From t h e s e t h e i n s t a n t a n e o u s Young's m o d u l u s , E , 
m 

an d P o i s s o n ' s r a t i o , V) , may be d e t e r m i n e d as 
v m J 

S) m = h ( R - 2 ) / ( R - l ) , w h e r e R = (V /V ) 2 , v m p s 

a n d E = 2 V.2 ( 1 + V m ) • m s m 
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F o r t w o s o u r c e s o f e l a s t i c i t y a c t i n g i n s e r i e s i t may 

be shown t h a t 

1 = 1 + 1 
Eip Ejyj Ej<; 

a n d 

\)T = ^ + 0 K 

E T E M E K 

E l i m i n a t i n g E K a n d s u b s t i t u t i n g j\ ' ^(/- f Ej 

g i v e s 

3 ( v ? w - > 3 k ) + S>KE„fr 2.17 

The v a l u e o f V) w i l l d epend on t h e t y p e o f p h a s e 
IN 

change r e p r e s e n t e d b y t h e K e l v i n e l e m e n t i n t h e r h e o l o g i c a l 

m o d e l . I f i t i s s i m p l y a change i n t h e c r y s t a l l a t t i c e , 

t h e change i n v o l u m e may b e b y e q u a l s t r a i n i n a l l 

d i r e c t i o n s i n d i c a t i n g \ ) K e q u a l t o - 1 . I f r e c r y s t a l l i z a t i o n 

t a k e s p l a c e t h e n t h e new c r y s t a l s a r e l i k e l y t o g r o w 

p r e f e r e n t i a l l y i n t h e d i r e c t i o n o f t h e l e a s t c o m p r e s s i v e 

s t r e s s and may t a k e a n y v a l u e b e t w e e n -1.0 a n d 0.5. 

I t w i l l be shown i n s e c t i o n 4.1 t h a t S) has a much s m a l l e r 

e f f e c t t h a n |3 on t h e s t r e s s e s p r o d u c e d i n a m o d e l a n d i t 

i s u s u a l l y s u f f i c i e n t t o t a k e V?T = Vy^ . 



2.1.5 V i s c o s i t y 

H a s k e l l ( 1 9 3 5 , 1937) showed t h a t a u n i f o r m k i n e m a t i c 
21 

v i s c o s i t y o f 2.6 x 10 S t o k e s i s r e q u i r e d t o a c c o u n t f o r 

t h e r a t e o f i s o s t a t i c a d j u s t m e n t o f F e n n o s c a n n i a . T h i s i s 

21 2 
e q u i v a l e n t t o a d y n a m i c v i s c o s i t y o f a b o u t 1.0 x 10 Ns/m . 

S i n c e t h e n v i s c o s i t i e s o f t h e u p p e r m a n t l e b e t w e e n 
19 2 1 2 1.0 x 10 a n d 1.0 x 10 Ns/m h a v e b e e n u s e d s u c c e s s f u l l y 

i n m o d e l l i n g some p r o c e s s e s w h i c h o c c u r i n t h e e a r t h 

( K n o p o f f , 1964; C h r i s t o f f e l a n d Calhaem, 1973; H a r p e r , 1 9 7 5 ) . 

The m a i n d i f f i c u l t i e s i n m e a s u r i n g t h e c r e e p b e h a v i o u r 

o f r o c k s i n t h e l a b o r a t o r y a r e (1) d i f f e r e n t c r e e p mechanisms 

p r e d o m i n a t e u n d e r d i f f e r e n t c o n d i t i o n s a n d (2) n a t u r a l 

s t r a i n s a r e v e r y s l o w i n c o m p a r i s o n w i t h l a b o r a t o r y r a t e s . 

I f , h o w e v e r , t h e f a b r i c a n d t h e d i s l o c a t i o n p a t t e r n s i n t h e 

sa m p l e s d e f o r m e d a t h i g h e r r a t e s a r e s i m i l a r t o t h o s e i n 

n a t u r a l l y d e f o r m e d r o c k s , t h e n i t i s l i k e l y t h a t t h e c r e e p 

mechanism i s t h e same ( A v e 1 L a l l e m a n t a n d C a r t e r , 1 9 7 0 ) . 

S t o c k e r and A s h b y (1973) s u m m a r i z e d s e v e n s t e a d y s t a t e 

c r e e p mechanisms o f w h i c h f i v e c o u l d b e i m p o r t a n t i n r o c k s 

f o r c o n d i t i o n s t h o u g h t t o p r e v a i l a t d e p t h . The f l o w l a w 

f o r a l l t h e s e c an be a p p r o x i m a t e d b y t h e e m p i r i c a l r e l a t i o n ­

s h i p e m p l o y e d b y Weertman ( 1 9 7 0 ) : 

i - A - f « ) D 0 e x p ( - S / R T ) . 2 ' 1 8 
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POf 1) i s a f u n c t i o n o f t h e s h e a r s t r e s s , ~ f , u s u a l l y 
e x p r e s s e d as a power: 

f ( f ) = - f " n > / 10 2 . 1 9 

D Q i s a d i f f u s i o n c o n s t a n t w h i c h i s d e p e n d e n t upon t h e 

e l a s t i c raodulii a n d t e m p e r a t u r e . T h i s w i l l v a r y s l i g h t l y 

w i t h c o n d i t i o n s b u t t h e u n c e r t a i n t y i n t h e o t h e r p a r a m e t e r s 

makes t h e v a r i a t i o n s u n i m p o r t a n t a n d t h e y w i l l be n e g l e c t e d . 

Q i s an a c t i v a t i o n e n e r g y w h i c h i s p r e s s u r e d e p e n d e n t . 

However, i t s v a r i a t i o n i s c l o s e l y l i n k e d t o t h e v a r i a t i o n o f 

t h e m e l t i n g t e m p e r a t u r e w i t h p r e s s u r e ( C a r t e r a n d Ave' L a l l e m a n t , 

1970) s o t h a t i f we r e p l a c e t h e e x p o n e n t i a l t e r m b y 

ex p ( ~%Tt~j/~f ) t h e new v a r i a b l e , C£ , may be t a k e n as 

c o n s t a n t u n d e r a w i d e r a n g e o f p r e s s u r e s . 

a) V i s c o s i t y o f t h e m a n t l e 

F o r o l i v i n e s a n d o l i v i n e r i c h r o c k s d e f o r m e d d r y m o s t 

d e t e r m i n a t i o n s o f Q a r e i n t h e r a n g e 100-130 K c a l / m o l e 

( T a b l e 2 . 2 ) . 

Some c o n f u s i o n has been e v i d e n t i n t h e use o f T ^ t h e 

m e l t i n g t e m p e r a t u r e . I n most p a p e r s d e a l i n g w i t h t h e 

e x p e r i m e n t a l r e s u l t s , t h e v a l u e o f t h e d r y m e l t i n g t e m p e r ­

a t u r e o f p u r e o l i v i n e g i v e n b y D a v i s a n d E n g l a n d (1964) i s 

u s e d . However, t h e m a n t l e i s p r o b a b l y p y r o l i t e a n d n o t p u r e 

o l i v i n e ; Neugebauer a n d B r e i t m a y e r ( 1 9 7 5 ) , f o r i n s t a n c e , h a v e 

u s e d t h e d r y m e l t i n g t e m p e r a t u r e o f p y r o l i t e b u t h a v e f a i l e d t o 
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T a b l e 2.2 CREEP LAWS FOR POSSIBLE MANTLE MATERIAL 

DRY ROCKS 

AUTHOR Q q T M P n T M q [ SAMPLE 

A 120 28.7 2100 15 4. 8 1410 42. 8 • & 

B 106 26.4 2100 15 5. 0 1410 39. 3 ab 

C 96 23.0 2170 0 3. 0 1316 37. 9 c 

D 111 - - 15 3. 3 1410 39. 6 a 

WET ROCKS 

AUTHOR Q P n T M q SAMPLE 

A 80 - - 15 2. 3 1010 39. 8 b 
A 80 - - 15 2. 4 1010 39. 8 a 
D 54 _ _ 15 2. 1 1010 26. 8 a 

AUTHOR A C a r t e r a n d Ave' L a l l e m a n t (1970) 
B R a l e i g h a n d K i r b y (1970) 
C K i r b y a n d R a l e i g h (197 3) 
D C a r t e r (1975) 

Q A c t i v a t i o n e n e r g y g i v e n b y above a u t h o r s 
q f a c t o r t o be u s e d w i t h t h e m e l t i n g t e m p e r a t u r e T M 

P e x p e r i m e n t a l p r e s s u r e (K^) 
n power l a w f o r s h e a r s t r e s s 

T^ m e l t i n g p o i n t o f p y r o l i t e a t c o n d i t i o n s o f e x p e r i m e n t 

q f a c t o r t o be u s e d w i t h T^ ( q = q T M / f M ) 

Samples 

a D u n i t e 
b L h e r t z o l i t e 
c E m p i r i c a l r e l a t i o n 
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c o r r e c t q a c c o r d i n g l y . 

I u se t h e m e l t i n g t e m p e r a t u r e o f p y r o l i t e b u t c o r r e c t 

q so t h a t t h e e x p e r i m e n t a l c r e e p r a t e s a r e p r e d i c t e d b y 

t h e e x p r e s s i o n s - t h a t i s 

q = q T M A M 2.20 

w h e r e t h e b a r r e p r e s e n t s t h e p u b l i s h e d v a l u e s a n d t h e 

u n b a r r e d v a r i a b l e s t h o s e u s e d i n t h i s p a p e r . T„ and T 
M M 

a r e e v a l u a t e d a t t h e p r e s s u r e o f t h e e x p e r i m e n t s . The 

r e s u l t s a r e shown i n t a b l e 2.2. T h i s i n d i c a t e s t h a t , i n — 

s p i t e o f t h e d i f f i c u l t i e s i n a p p l y i n g a t h e o r y d e r i v e d f o r 

p u r e s u b s t a n c e s t o c o m p l e x r o c k s , t h e v a l u e s o f q c a l c u l a t e d 

f r o m v a r i o u s r e s u l t s a r e a b o u t t h e same. I assume a v a l u e 

o f 40.0 f o r d r y m a n t l e . 

n i s d e p e n d e n t upon t h e f l o w mechanisms c o n t r i b u t i n g 

t o t h e c r e e p a n d t h e c r y s t a l s t r u c t u r e , p a r t i c u l a r l y i f 

d i s l o c a t i o n c r e e p mechanisms a r e i m p o r t a n t . K o h l s t e d t 

a n d G o e t z e (1974) h a v e shown t h a t i s n o t a s i m p l e 

power l a w f o r o l i v i n e b u t Neugebauer a n d B r e i t m a y e r ( 1 9 7 5 ) , 

u s i n g t h e same d a t a , h a v e shown t h a t i t may b e a p p r o x i m a t e d 

b y power l a w s o f n = 3 a n d n = 5 d e p e n d i n g on t h e s h e a r 

s t r e s s , . A l s o u s i n g t h e same c r e e p d a t a , q = 40.0 a n d 

T^ = 1316°K ( t h e m e l t i n g t e m p e r a t u r e o f p y r o l i t e a t 

a t m o s p h e r i c p r e s s u r e ) t h e f o l l o w i n g c r e e p l a w s may be o b t a i n e d 

<b -- /.4x IO''* exp ( - w f l W r ) 3 ~f< i. o* lo* 



T h e r e may be a r a n g e o f c o n d i t i o n s i n w h i c h f l o w i s 

l i n e a r l y d e p e n d e n t on t h e s h e a r s t r e s s , (n = 1 ) , b u t t h i s 

w o u l d be a t v e r y l o w s h e a r s t r e s s e s a n d s o t h e f l o w w o u l d 

be v e r y s m a l l a n d may be n e g l e c t e d . The t r a n s i t i o n s t r e s s 
5 2 

has been e s t i m a t e d as 1.5 x 10 N/m b y Weertman (1970) 
5 2 

a n d 0.7 x 10 N/m b y S t o c k e r a n d Ashby ( 1 9 7 3 ) . 
8 2 

A t p r e s s u r e s above a b o u t 30.0 x 10 N/m , t h e h y d r o u s 

m i n e r a l s a r e no l o n g e r s t a b l e ( G r e e n , 1973) a n d i t i s t h u s 

l i k e l y t h a t t h e r e i s a s m a l l amount o f f r e e w a t e r i n t h e 

m a n t l e . T h i s w o u l d h a v e a m a r k e d e f f e c t on t h e c r e e p s o 

t h a t t h e l a w s d e t e r m i n e d f r o m t h e e x p e r i m e n t s on "wet" 

d u n i t e ( C a r t e r a n d Ave' L a l l e m a n t , 1970; C a r t e r , 1975) may 

be more a p p r o p r i a t e . C o r r e c t i n g f o r t h e m e l t i n g p o i n t o f 

"wet" p y r o l i t e ( S e c t i o n 2.2.5) t h e r e v i s e d e x p r e s s i o n o f 

C a r t e r (1975) becomes 

A t h y d r o s t a t i c p r e s s u r e s s o g r e a t t h a t t h e o l i v i n e i s 

c h a n g e d t o s p i n e l s t r u c t u r e s , t h e s e f l o w r e l a t i o n s a r e 

i n v a l i d a t e d b e c a u s e o f t h e change i n t h e c r y s t a l p a r a m e t e r s 

( S t o c k e r a n d Ashby, 197 3 ) . Because o f t h e c l o s e r p a c k i n g 

o f t h e a t o m s , t h e c r e e p s t r e n g t h i s l i k e l y t o b e i n c r e a s e d 

c o n s i d e r a b l y . An a r b i t r a r y i n c r e a s e o f 3 o r d e r s o f 

m a g n i t u d e i n t h e v i s c o s i t y w i l l be a p p l i e d a t t h e phase bounda 

p(-26.sr W r J - f /.3 ex x 10 
2.1 2.21 
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The a p p a r e n t v i s c o s i t y i s d e f i n e d as 
Jf 

2 . F o r t h e above c r e e p l a w s t h e v i s c o s i t y , / " 1 , i n Ns/m i s 

/ - i-0n,o»txf>(u.tTt./r)1-'-,
f0

,*Js} PHo.J 

w h e r e Bffl^) i s t h e f u n c t i o n g i v i n g t h e p r o p o r t i o n o f s p i n e l . 
r- 2 < phase p r e s e n t ( S e c t i o n 2 . 1 . 2 ) . P and 1 a r e i n N/m a n d T i n 

b ) V i s c o s i t y o f t h e o c e a n i c c r u s t 

M u r r e l l a n d C h a k r a v a r t y (1973) m e a s u r e d t r a n s i e n t 

c r e e p i n g r a n o d i o r i t e and d o l e r i t e . I f t h e i r a s s u m p t i o n 

o f A n d r a d e c r e e p i s c o r r e c t , t h e i r m easurements s u g g e s t a 

v i s c o s i t y o f 

a n d i (,.0 <l% p (LhZT„ IT) - f 

2.23 

f o r d o l e r i t e a n d g r a n o d i o r i t e r e s p e c t i v e l y . These a r e n o t 

w e l l d e t e r m i n e d b u t i n t h e a b s e n c e o f a n y b e t t e r m easure­

ments t h e f i r s t o f t h e s e e s t i m a t e s w i l l b e a p p l i e d t o 

o c e a n i c c r u s t . 

Because o f c o m p u t a t i o n a l d i f f i c u l t i e s t h e v i s c o s i t i e s 

o f a l l r o c k s w i l l be l i m i t e d t o t h e r a n g e 
it 

10 < J* 10 4-i 
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The l o w e r l i m i t r e d u c e s t h e c h a n c e s o f i n s t a b i l i t i e s 

p r o p a g a t i n g i n t h e m o d e l . I f t h e v i s c o s i t y i s as g r e a t a t 
45 2 

10 Ns/m n o s i g n i f i c a n t v i s c o u s f l o w c a n o c c u r o v e r p e r i o d s 

much l a r g e r t h a n t h o s e f o r w h i c h t h e m o d e l s a r e s t u d i e d . 

2.1.6 F r a c t u r e and f a i l u r e c r i t e r i a 

The G r i f f i t h ' s t h e o r y o f b r i t t l e f r a c t u r e ( M u r r e l l , 

1964, 1965; J a e g e r a n d Cook, 1969; Edmond and M u r r e l l , 1973) 

h a s b e e n a p p l i e d t o r o c k s . The i n i t i a l t h e o r y h a s b e e n 

e x t e n d e d t o i n c l u d e t h e e f f e c t s o f h i g h c o n f i n i n g p r e s s u r e s 

( M c C l i n t o c k a n d W a l s h , 1962; M u r r e l l , 1964, 1 9 6 5 ) . I d e f i n e 

a d i m e n s i o n l e s s v a r i a b l e , F, w h i c h i n d i c a t e s how c l o s e t h e 

s t r e s s i n a r o c k i s t o c a u s i n g b r i t t l e f r a c t u r e . F becomes 

l e s s n e g a t i v e as f a i l u r e i s a p p r o a c h e d a n d ' i s p o s i t i v e i f 

f a i l u r e i s p r e d i c t e d f o r a g i v e n s t a t e o f s t r e s s . P o r e 

f l u i d p r e s s u r e has b e e n n e g l e c t e d b u t i s i m p o r t a n t i n t h e 

f a i l u r e o f r o c k s . I t s n e g l e c t g i v e s an o v e r e s t i m a t e o f t h e 

s t r e s s r e q u i r e d f o r f a i l u r e t o o c c u r . F o l l o w i n g S e r v i c e a n d 

D o u g l a s (197 3) t h r e e s t r e s s r e g i m e s e x i s t . 

a) I f 3 P + R ^ - 0 w h e r e P a n d R a r e t h e maximum a n d minimum 

p r i n c i p a l s t r e s s e s r e s p e c t i v e l y ( t e n s i o n p o s i t i v e ) 

F = P/T - 1 
8 2 

w h e r e T i s t h e t e n s i l e s t r e n g t h e q u a l t o a b o u t 0.5 x 10 N/m 

f o r i g n e o u s r o c k s ( B r a c e , 1 9 6 1 ) . 



4 2 . 

b ) I f 3P + R < O a n d t h e c o m p r e s s i v e s t r e s s a c r o s s 

t h e s h e a r d i r e c t i o n i s n o t g r e a t enough t o c l o s e a n y 

m i c r o c r a c k s t h e n 

F = ( P - R ) 2 / T 2 + 8 (P+R)/T 

c ) I f t h e m i c r o c r a c k s a r e c l o s e d t h e n 

F = ( P + R ) A + o t ( P - R ) / T - /3/p 

w h e r e d< ̂  1.356 a n d p = 0.02T a r e d e t e r m i n e d f r o m 

v a l u e s o f 1.09 a n d -4.19T f o r t h e c o e f f i c i e n t o f f r i c t i o n 

a n d t h e c o m p r e s s i v e s t r e s s r e q u i r e d t o c l o s e t h e m i c r o c r a c k s 

r e s p e c t i v e l y ( M u r r e l l , 1 9 6 5 ) . 

W h e t h e r t h e s e e q u a t i o n s c a n be a p p l i e d a t g r e a t d e p t h s 

i n t h e e a r t h i s n o t c l e a r b u t t h e y do g i v e an i n d i c a t i o n 

o f t h e r e l a t i v e l i k e l i h o o d o f f a i l u r e . 

The G r i f f i t h s t h e o r y a l s o g i v e s t h e d i r e c t i o n o f 

f a i l u r e b u t we w i l l g e n e r a l l y i g n o r e t h i s a n d s i m p l y l o w e r 

t h e v i s c o s i t y o f a n y f a i l e d f i n i t e e l e m e n t t h u s t r e a t i n g 

t h e f a i l u r e p o i n t more as a y i e l d p o i n t t h a n as b r i t t l e 

f a i l u r e . T h i s i s p u r e l y a c o m p u t a t i o n a l c o n v e n i e n c e . 

2.2 T h e r m a l p r o p e r t i e s 

2.2.1 C o e f f i c i e n t o f t h e r m a l e x p a n s i o n 

A p l o t ( f i g . 2.4) o f e x p e r i m e n t a l m easurements o f t h e 

t h e r m a l e x p a n s i o n o f m i n e r a l s ( S k i n n e r , 1966) i n d i c a t e s 
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o. t h a t above 400 C t h e i r volume i n c r e a s e s l i n e a r l y with 

temperature but below 400°C they expand as T 2 . The 

expansion of rocks, a t zero pressure, were estimated by 

averaging the values of t h e i r c o n s t i t u e n t minerals 

(Tables 2.3 and 2.4). These values were used to determine 

the density, a t zero pressure, for use i n the B i r c h equation 

(Sections 2.1.2 and 2.1.3) and thus i n e s t a b l i s h i n g 

expressions for the d e n s i t y as a function of pressure and 

temperature. 

Once the d e n s i t y functions were e s t a b l i s h e d (Section 2.1) 

they were i n turn used to determine the c o e f f i c i e n t s of 

thermal expansion as a function of pressure and temperature. 

By d e f i n i t i o n 

Using equations 2.8 and 2.11 for the d e n s i t y of the 

mantle and oceanic c r u s t r e s p e c t i v e l y gives thermal expansion 

c o e f f i c i e n t s which a l l o w for the a d d i t i o n a l expansion during 

a phase change. 

2.2.2 Thermal c a p a c i t y 

According to Debye the heat c a p a c i t y a t constant volume, 

C , of a c r y s t a l l i n e s o l i d a t temperature T°K i s given by 

( I f ) 

2 .24 



Table 2.3 THERMAL EXPANSION COEFFICIENTS FOR MINERALS 
AND ROCKS 

Mineral a x 10 5 b x 1 0 8 .,5 c x 10 

O l i v i n e ( F a
l 0

F o 9 0 ) 2.15 3.65 3.66 
Amphibole 1.99 2.68 3.13 
Pyroxene 1.70 2.28 3.07 
P l a g i o c l a s e 1.20 1.20 1.98 
Garnet (Pyrope) 1.64 3.06 2.77 

Rock 5 
a x 10 b x 10 8 5 

c x 10 
B a s a l t 1. 38 1.61 2. 37 
Gabbro 1.40 1.65 2.37 
Amphibolite 1.77 2.27 2.81 
E c l o g i t e 1.67 2.73 2.90 

The c o e f f i c i e n t of thermal expansion o( i s given by 

= a + b T T 400°C 

ot = c T > 400°C 

where T i s the temperature i n °C. 



Table 2.4 MINERALOGICAL COMPOSITION OF VARIOUS ROCKS* 

O l i v i n e 

Amphibole 

Pyroxene 

P l a g i o c l a s e 

Garnet 

b a s a l t gabbro 

3 7 

3 

29 20 

62 65 

amphibolite 

71 

27 

e c l o g i t e 

45 

55 

* E x t r a c t e d from Barth (1952) 



46. 

where R i s the gas constant, ~XQ i s T / ^ j and 0 D i s the 

Debye Temperature. For o l i v i n e s of molecular weight 

21.00 Chung (1971) g i v e s = 727°K. 

The s p e c i f i c heat a t constant pressure, C , i s r e l a t e d 
P 

t o C by v 
C p -- Cv + Kot 1 T/f 

2.25 

where K i s the bulk modulus, i s the c o e f f i c i e n t of 

thermal expansion, T i s the temperature i n °K and J3 i s 

the d e n s i t y . K e l l e y (1960) has published t a b l e s of s p e c i f i c 

heat a t constant pressure and expresses the v a r i a t i o n with 

T by e m p i r i c a l equations of the form 

2 
C = a + bT + c/T 
P 

Values of a, b, and c f o r s e v e r a l minerals are given 

i n Table 2.5. Combining those f o r f o r s t e r i t e and f a y a l i t e 

(assuming zero excess heat c a p a c i t y of mixing) gives 

C = 1033.84 + 0.19434T - 0.2419 x 1 0 8 / T 2 2.26 P 

f o r F a ^ Q
 F°9o* T n e v a ^ - u e 9 " i v e n by 2.26 i s compared with 

t h e o r e t i c a l values obtained by numerical i n t e g r a t i o n of 

2.24 and 2.25 using observed values of K, o£ and y3 for 

o l i v i n e a t zero pressure i s shown i n f i g . 2.5B. 

At high temperatures, the gradients of the experimental 

and t h e o r e t i c a l curves d i f f e r by a f a c t o r of 3.6. T h i s 

i m p l i e s t h a t there must be an e r r o r of t h i s order i n e i t h e r 



Table 2.5 SPECIFIC HEAT AT CONSTANT PRESSURE 
FOR MINERALS AND ROCKS 

c x 10 -8 

Mineral 
F a y a l i t e * 
F o r s t e r i t e * 
O l i v i n e ( F a

1 0
F o

9 0 ) 
Amphibole (Magnesian)* 
Pyroxenes 

Diopside* 
C l i n o e n s t a t i t e * 
Mean 

P l a g i o c l a s e 
A l b i t e * 
A n orthite* 
Orthoclase* 
Mean 

Quartz* 

750.08 
1065.37 
1033.84 
102 3.24 

1022.05 
102 3.66 
1022.85 

985.07 
969.43 
960.10 
971.53 

0.19230 
0.19457 
0.19434 
0.22683 

0.15156 
0.19764 
0.17460 

0.22192 
0.20617 
0.19403 
0.20737 

781.76 0.57134 

•0.13765 
•0.25348 
•0.24190 
•0.24476 

•0.30428 
•0.26186 
•0.28307 

-0.23968 
-0.25417 
-0.25656 
-0.25014 

-0.18812 

Rocks 
B a s a l t 
Gabbro 
Amphibolite 

989.35 
988.56 

1008.99 

0.19684 
0.20013 
0.22147 

-0.26004 
-0.25630 
-0.24642 

Cp = a + bT + c/T 

where T i s the temperature i n °K. 

* These values taken from K e l l e y (1960) and the others 

c a l c u l a t e d from them. 
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the thermal expansion c o e f f i c i e n t , bulk modulus, d e n s i t y 

or C v> The Debye theory, however, i s formulated for pure 

substances of r e l a t i v e l y simple s t r u c t u r e so t h a t i t may 

not be d i r e c t l y a p p l i c a b l e to o l i v i n e s o l i d s o l u t i o n s . 

Hence the experimentally determined value (equation 2.26) 

i s used for the computations. 

The heat c a p a c i t y , C^, for other r e l e v a n t rocks were 

obtained from the values for t h e i r c o n s t i t u e n t minerals 

( f i g . 2.5). Because these a r e a l l w i t h i n about 5% of 

each other, the value for gabbro i s used for the whole 

oceanic c r u s t . 

The e f f e c t of pressure on C has not been determined 
P 

for rocks but for most substances i t i s very s m a l l ( B i r c h , 

1952). Hence C w i l l be assumed to be i n v a r i a n t with pressure 

2.2.3 Latent heat of phase changes 

The Clausius-Clapeyron equation for the l a t e n t heat 

of a phase change i s 

i - a v . -r. r r 
2.27 

where Av i s the change i n s p e c i f i c volume due t o the phase 
dP 

change, T the temperature and — the gradient of the phase 

boundary. T h i s equation a p p l i e s t o a sharp phase boundary. 

Where the phase changes take place over a range of 

temperatures (for a given pressure) the v a l i d i t y of the 
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expression i s l e s s c e r t a i n . 

I t i s assumed that a t constant pressure: (1) the t o t a l 

l a t e n t heat i n going from one phase to the other i s t h a t 

c a l c u l a t e d for a sharp boundary; (2) the l a t e n t heat 

involved i n p a r t of the phase t r a n s i t i o n i s p r o p o r t i o n a l to 

the change i n d e n s i t y , and (3) the l a t e n t heat can be 

simulated as an apparent i n c r e a s e i n the s p e c i f i c heat &Cp' 

such t h a t 
( — ) 

where H i s the enthalpy. 

With these assumptions the apparent i n c r e a s e i n the thermal 

c a p a c i t y a t constant pressure ( ACj.' ) i s given by 

AC p' = ( — J p U v . T . r T J 2.28 

B(d) d e s c r i b e s the proportion of the phases (Section 2.1.1). 

ZW should be the change i n volume a t the c o n d i t i o n s of 

the phase change (expressed as a sharp boundary) but as 

i s zero outside the t r a n s i t i o n zone, the e r r o r 
>>T J? 

i n t a k i n g the s l o w l y changing Av a t the c o n d i t i o n s of 

P and T e x i s t i n g i n the rock may be neglected. 

I f the d e n s i t i e s of the phases are ^ ( P f ) 

and the centre of the phase t r a n s i t i o n i s o P + t T + C = 0 

r, f. f p , C W > J W ) \ 2 . 2 9 

' r.r. r. f. 1 5 ] ( %r }? 
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2.2.4 Thermal c o n d u c t i v i t y 

S c h a l t z and Simmons (1972) measured the thermal 

c o n d u c t i v i t y (k^,) of o l i v i n e s and gave the following 

expressions (converted to S . I . u n i t s ) which they consider 

a p p l i c a b l e to the upper mantle. I f 

k c = k L + k R 2.30 

and k i s the conduction due to l a t t i c e v i b r a t i o n s and k L R 
i s the conduction due to r a d i a n t energy propagated through 

the c r y s t a l , then x 

f l.2U,o-b V p f > 

(0.07k i *• S' .O/x uf'+T) 

k = maximum of 
L 

2. 31 

0 T 4 $00 
k = \ 2.32 

*-3 K ,Q-1 (T-5-Oo) T >6'0U 

T i s the temperature i n °K. These are used for the mantle. 

The values of the c o n d u c t i v i t y of three samples of 

diabase a t temperatures up to 400°C tab u l a t e d by C l a r k 

(1966) are a l l w i t h i n the range 2.09 - 2.34 J/m s °C. 

The mean and standard d e v i a t i o n s are 2.14 - .08 J/m s °C 

but the trend with r e s p e c t t o temperature i s d i f f e r e n t for 

each of the three samples. Based on these determinations, 
o 

a constant l a t t i c e c o n d u c t i v i t y of 2.1 J/m s C i s assumed 

for the oceanic c r u s t . By a s i m i l a r argument to t h a t 



presented by S c h a l t z and Simmons (1972), a minimum l a t t i c e 

c o n d u c t i v i t y for these c r y s t a l l i n e rocks can be r e l a t e d to 

t h e i r compressional v e l o c i t y and d e n s i t y by: 

The r a d i a t i v e c o n d u c t i v i t y for these rocks i s unknown 

but w i l l only become s i g n i f i c a n t as the c r u s t i s heated 

i n the descending subduction zone. The expression given 

for o l i v i n e by S c h a l t z and Simmons (equation 3.32) i s used 

where needed. 

Hence the thermal c o n d u c t i v i t i e s used for oceanic c r u s t 

are 

k = k + k c L R 

where: 
k = maximum of 
L 

Z. ( 
2.33 

2-3^ l 0" 3 (T- b'Oo) 7>b0o 
2. 34 

2.2.5 Melting temperature 

The melting temperature of a rock i s dependent on the 

amount of water present. Melting curves for dry and 

hydrous conditions for m a t e r i a l s which may c o n s t i t u t e the 

upper mantle are shown i n f i g . 2.6. The melting of b a s i c 

rocks with l e s s than about 1.0% Ĥ O depends upon the 
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(1) P e r i d o t i t e ( I t o and Kennedy, 1967) 
(2) L h e r z o l i t e nodule (Kushiro e t al.,1968) 
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s t a b i l i t y of the amphibole phases (Green, 1973). I f 

these hydrous minerals are s t a b l e then the water may be 

used i n converting pyroxene to amphibole so t h a t P R Q « P T o t a l ' 

I f , However, the amphiboles are unstable then the water i s 

i n the f l u i d phases with P„ _ = P m ^ ,. Hence i n curve 5 
H 20 T o t a l 

9 2 

i n f i g . 3.6 the s o l i d u s below about 3.0 x 10 N/m follows 

the s t a b i l i t y f i e l d of amphiboles. 

Adopting the melting temperature of p y r o l i t e with 

0.2% water (curve 5 - f i g . 3.6) gives 
T M = m.O r S-703* ,<f* P - ). <>b"7xl0-npX ?<l.ct*,o<] 2.35 

o 2 for mantle m a t e r i a l . T^ i s i n K and P i n N/m . 

The melting temperature probably i n c r e a s e s r a p i d l y 

a c r o s s the o l i v i n e - s p i n e l and s p i n e l - p o s t s p i n e l phase 

t r a n s i t i o n s (e.g. Uffen, 1952). However, the other p r o p e r t i e s 

which are r e l a t e d t o the melting temperature - i n p a r t i c u l a r 

the v i s c o s i t y - w i l l a l s o vary suddenly a t these d i s ­

c o n t i n u i t i e s . Consequently the complexity i n t r y i n g to 

a l l o w for these changes i s not warranted. 

For the oceanic c r u s t , the melting curves given i n 

f i g . 2.7 for b a s a l t and e c l o g i t e apply. The curve for 
8 2 

p n r > ^ 3 - ° x 1 0 N / m gives 
H 2 ° 

"TV, = I3/<T. 0 - *.5'K / 0' 7p + b'. 0 , ?X
 r < 1 0 * i a ' * 

T„ lOH-0 + /-2x/tf"7p P>/3-0*,/ 2.36 

where T i s i n °K and P i n N/m2. 
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2.2.6 Heat production 

The heat generated by r a d i o a c t i v e decay i s one of the 

most d i f f i c u l t parameters to estimate. Macdonald (1965) 

gave an average value for s e v e r a l rock types (Table 2.6). 

Gener a l l y the more a c i d i c the rock, the higher the heat 

production, and so g r a n i t e s and g r a n o d i o r i t e s produce more 

radiogenic heat than b a s a l t s and p e r i d o t i t e s . 

One u s e f u l check on the heat production i n a model 

ea r t h i s the computation of the temperature p r o f i l e i n 

steady s t a t e c o n d i t i o n s . T h i s f i x e s l i m i t s on the r a d i o ­

genic heat production. 

Other heat sources w i t h i n the e a r t h ' s outer l a y e r s are 

mechanical and chemical changes. The most important of 

these i s l a t e n t heat of fusion and the f r e e energy of some, 

phase changes (Section 2.2.3). Heating of the rocks due to 

viscous flow (Section 3.1) has g e n e r a l l y been ignored but 

may a l s o be important. 

2.3 V a r i a t i o n of temperature with depth 

Because of the c o n t i n u a l movement of the c r u s t and 

mantle d i c t a t e d by the theory of p l a t e t e c t o n i c s steady 

s t a t e thermal conduction conditions seldom e x i s t i n the 

e a r t h . I n the old ocean b a s i n s these c o n d i t i o n s may be 

approximated i n the l i t h o s p h e r e which i s older than about 



Table 2.6 AVERAGE RADIOGENIC HEAT PRODUCTION 
FOR VARIOUS ROCKS* 

x 

Granite 

Intermediate 

B a s a l t 

E c l o g i t e 

Low Uranium 

High Uranium 

P e r i d o t i t e 

Dunite 

C h o n d r i t i c Meteors 

10 c a l / g yr 

810 

340 

119 

8.1 

34.0 

0.91 

0.19 

3.94 

x 10~ JAg 

1080 

480 

160 

10.8 

45.0 

1.21 

.25 

5.25 

* From Macdonald (1965) 



100 M. y r . ( S c l a t e r and Francheteau, 1970). There i s 

probably some convection i n the asthenosphere and so the 

thermal gradients below the base of the l i t h o s p h e r e w i l l 

be lower than those for a conduction model. 

F i g . 2.8 shows a steady s t a t e conduction geotherm 

compared with some p r e v i o u s l y published estimates of the 

v a r i a t i o n of temperature with depth under ocean b a s i n s . 

T h i s geotherm was constructed assuming t h a t the heat l o s t 
2 2 a t the s u r f a c e i s 0.046 W/m ( 1.1 y^cal/cm s, S c l a t e r 

and Francheteau, 1970), and t h a t the t h i c k n e s s of the 

l i t h o s p h e r e i s s t a b i l i z e d by the i n s t a b i l i t y of the 

amphibole phases with pressure a t 93 km and about 1000°C. 

These c o n s t r a i n t s and the use of the c o n d u c t i v i t i e s given 

i n s e c t i o n 2.2.4 pla c e l i m i t s on the heat sources w i t h i n 

the l i t h o s p h e r e . Assuming 1.6 x 10 W/kg fo r oceanic c r u s t and 

a constant value for the l i t h o s p h e r i c mantle of 0.65 x 1 0 1 0 

W/kg meets the p r e v i o u s l y assumed c o n d i t i o n s . T h i s heat 

generation d e n s i t y i s compared with t h a t used by C l a r k and 

Ringwood (1964) and S c l a t e r and Francheteau (1970) i n f i g . 2 . 9 . 

The r a d i o g e n i c heat sources are c o n s i s t e n t with the p y r o l i t e 

composition of the l i t h o s p h e r e . 

The l i t h o s p h e r e i s formed from the asthenosphere a t 

the spreading r i d g e s suggesting t h a t t h e i r bulk composition 

should be s i m i l a r . I f , however, the d e n s i t y of radiogenic 

heat sources estimated here for the l i t h o s p h e r e continue 
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( f ) T u r c o t t e and Oxburgh (1969) 

S o l i d l i n e i s a conductive geotherm 
c a l c u l a t e d u s i n g the p r o p e r t i e s i n t h i s 
c h a p t e r and r a d i o g e n i c heat sources as i n 
f i g . 2.9. The c o n v e c t i v e geotherm i s 
a r b i t r a r y but causes the o l i v i n e s p i n e l 
t r a n s i t i o n t o s t a r t a t 325 km. 
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assumed f o r computing the conductive geotherm 
i n f i g . 2.8. Dashed l i n e i s the d i s t r i b u t i o n 
used by C l a r k and Ringwood (1964) and S c l a t e r 
and Franchete.au (1970). 
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through the asthenosphere a l l the heat l o s t a t the s u r f a c e 

of the e a r t h would be generated i n the upper 2 50 km. Th i s i s 

independent of the method of heat t r a n s f e r - conduction or 

convection. 

For the purpose of the conduction model the radio g e n i c 

heat was reduced to 0.1 x 10 W/kg for the asthenosphere 

and mesosphere. The temperatures on the conduction geotherm 

( f i g . 2.8) are probably too high a t depths g r e a t e r than 

200 km. I n t h i s model the s t a r t of the o l i v i n e - s p i n e l 

t r a n s i t i o n i s a t about 410 km. Th i s i s i n the lower p a r t of 

the range estimated from s e i s m i c v e l o c i t i e s (Toksoz e t a l . , 

1967; J u l i a n and Anderson, 1968). 

An a l t e r n a t i v e geotherm was co n s t r u c t e d by assuming 

a l i n e a r v a r i a t i o n of temperature with depth from the base 

of the l i t h o s p h e r e t o i n t e r s e c t the beginning of the 

o l i v i n e - s p i n e l t r a n s i t i o n a t 325 km. T h i s i s an upper 

l i m i t for the t r a n s i t i o n . T h i s geotherm i s a r b i t r a r y but 

the gradient of 1.4°/km i s w i t h i n a reasonable range for 

heat t r a n s f e r by convection to be important i n the astheno­

sphere. 

2.4 V a r i a t i o n of p h y s i c a l p r o p e r t i e s with depth 

The v a r i a t i o n of v a r i o u s p h y s i c a l p r o p e r t i e s of the 

e a r t h as a function of depth using the expressions i n t h i s 



chapter and these temperature p r o f i l e s are shown i n 

f i g s . 2.10 and 2.11. The s o l i d l i n e s r e f e r to temperatures 

given by the conductive geotherm and the dashed to the 

convective geotherm. 

The d e n s i t y p r o f i l e s ( f i g . 2.10) are w i t h i n about 1% 

of that of C l a r k and Ringwood (1964). The v e l o c i t i e s 

p l o t t e d are simply r e l a t e d to the d e n s i t y by a l i n e a r 

f u n c t i o n (equations 2.16) and so the e f f e c t of p a r t i a l melt 

i n reducing the v e l o c i t i e s i n the low v e l o c i t y zone i s 

ignored. They are, however, i n general agreement with 

s e i s m i c a l l y determined v e l o c i t i e s (e.g. Toskoz et a l . , 1967 

J u l i a n and Anderson, 1968). The l a r g e i n c r e a s e i n thermal 

c o n d u c t i v i t y with depth i s due both to the r a d i a t i v e 

conduction i n c r e a s i n g with temperature and t o the l a t t i c e 

conduction i n c r e a s i n g with d e n s i t y and compressional wave 

v e l o c i t y (equation 2.31). The e f f e c t of the o l i v i n e to 

s p i n e l phase change on the c o n d u c t i v i t y i s u n c e r t a i n , 

however, and may reduce the r a d i a t i v e heat t r a n s f e r , thus 

a l t e r i n g the curve below 400 km s u b s t a n t i a l l y . 

I n f i g . 2.11 the s p e c i f i c heats contain the e f f e c t s 

of the l a t e n t heat of phase change ( s e c t i o n 2.2.3). T h i s 

has a much l a r g e r e f f e c t on C than C . At constant volume 
p v 

the temperature change tends to take p l a c e along the phase 

boundary (causing much l a r g e r changes i n pres s u r e ) whereas 

a t constant pressure, the phase change has t o run. ri.o 
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The curves for Young's modulus and the c o e f f i c i e n t of 

thermal expansion a l s o show the e f f e c t s of the phase 

changes. The l i n e a r v a r i a t i o n of the proportion of phases 

w i t h i n the phase t r a n s i t i o n were used (equation 2.6). I n 

the v i c i n i t y of the phase change the e f f e c t i v e Young's 

modulus i s decreased by n e a r l y an order of magnitude 

and the c o e f f i c i e n t of thermal expansion i n c r e a s e d by a 

f a c t o r of 3. 

The v i s c o s i t y i s p l o t t e d for four d i f f e r e n t shear 
5 2 8 s t r e s s e s , ranging from 1.0 x 10 N/m (1 bar) to 1.0 x 10 

2 
N/m . The decrease i n v i s c o s i t y a t the base of the l i t h o s -
phere i n c r e a s e s as the shear s t r e s s decreases. The e f f e c t 

3 

of the a r b i t r a r y i n c r e a s e of v i s c o s i t y by 10 on c r o s s i n g 

the o l i v i n e - s p i n e l t r a n s i t i o n i s a l s o evident. 

The i n i t i a l c o n d i t i o n s for the models of processes i n 

subduction zones are assumed to be given by these temper­

ature p r o f i l e s , the s t r e s s e s being assumed h y d r o s t a t i c and 

equal to the weight of the o v e r l y i n g rocks. 

2.5 Summary 

In t h i s chapter expressions for the e v a l u a t i o n of the 

p h y s i c a l p r o p e r t i e s of mantle and oceanic c r u s t by computer 

have been developed. Most of the p r o p e r t i e s are dependent 

upon pr e s s u r e and temperature. F i g u r e 2.12 shows the 



P i g . 2.12 P r o p e r t i e s of the p y r o l i t i c model of the 
mantle i s a f u n c t i o n of p r e s s u r e and 
temperature. 

3 
(A) D e n s i t y i n Mg/m contour i n t e r v a l 

0.05 Mg/m3. 
(B) -Log ( c o e f f i c i e n t of thermal expansion 

i n °C""^) contour i n t e r v a l 0.2. 
2 

(C) -Log ( c o m p r e s s i b i l i t y i n m /N) 
contour i n t e r v a l 0.2 

2 
j (D) Log (Young's modulus i n N/m ) 

contour i n t e r v a l 0.2 
i (E) S p e c i f i c heat a t co n s t a n t volume. 

Contour i n t e r v a l 100 J/kg C. 
I (F) S p e c i f i c heat a t co n s t a n t p r e s s u r e . 

Contour i n t e r v a l 100J/kg°C. 
2 

(G) Log ( v i s c o s i t y in/Ns/m ) shear s t r e s s = 
1.0 x 10 N/m contour i n t e r v a l 1.0. 

(H) Poisson's r a t i o (the Poisson's r a t i o 
corresponding t o the phase t r a n s i t i o n 
"v^ was assumed t o be -1.0) . The 
contours were too c l o s e t o draw i n the 
hatched a r e a . Contour i n t e r v a l 0.1. 
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r e s u l t i n g p r o p e r t i e s of mantle for temperatures between 

300°K and 3500°K and p r e s s u r e s up to 3.0 x 1 0 1 0 N/m2 

equivalent to a depth of about 800 km. 

A l l the p r o p e r t i e s show the e f f e c t of phase changes. 

Equation 2.7, which gives a non-linear v a r i a t i o n of phases 

a c r o s s the t r a n s i t i o n , was used i n compiling the diagrams. 

The phase boundaries i n c r e a s e the c o e f f i c i e n t of 

thermal expansion by a f a c t o r of 3 ( f i g . 2.12B)and decrease 

the bulk modulus and Young's modulus by an order of magnitude 

( f i g s . 2.12C and D). The s p e c i f i c heat a t constant volume 

i s l e s s a f f e c t e d by the phase changes than t h a t a t constant 

pressure ( f i g s . 2.12E and 2.12F). Heating the rock a t 

constant volume w i t h i n a t r a n s i t i o n zone causes l i t t l e 

change i n the proportions of the phases. At constant 

pressure the phase changes must run and the s p e c i f i c heat 

i s i n c r e a s e d by about 100 J/kg°C. 

The v i s c o s i t y ( f i g . 2.12G) i s p l o t t e d for a shear s t r e s s 
6 2 

of 1.0 x 10 N/m . The shape of the contours remain s i m i l a r 

for higher s t r e s s e s but t h e i r p o s i t i o n s change. 

The Poisson r a t i o contours ( f i g . 2.12H) were determined 

using a value of the Poisson r a t i o a s s o c i a t e d with the 

phase c h a n g e s , V , of -1.0. T h i s assumes t h a t the changes 

of volume a s s o c i a t e d with the phase t r a n s i t i o n s are caused 

by equal l i n e a r v a r i a t i o n s i n a l l d i r e c t i o n s . This i s an 



60. 

extreme case. For other values of , the contours are 

of a s i m i l a r shape but the extremes of the values w i t h i n 

the t r a n s i t i o n zones are not as great. The hatched areas 

on t h i s diagram are regions where the contours were too 

c l o s e to draw. The minimum values approach t h a t of \ ) K . 

The expressions i n t h i s chapter are incorporated i n t o 

the FORTRAN subroutine PROPS (page 170 ) . 
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CHAPTER 3 

FINITE ELEMENT ANALYSIS 

F i n i t e element a n a l y s i s i s a method of s o l v i n g p a r t i a l 

d i f f e r e n t i a l equations with complicated boundary c o n d i t i o n s . 

I t i s a l l i e d to f i n i t e d i f f e r e n c e a n a l y s i s but i s more 

v e r s a t i l e because each small p a r t of the f i e l d over which 

the equations are to be solved can be given a separate 

shape function so t h a t more complicated problems may be 

evaluated. A comprehensive d e s c r i p t i o n of the method i s 

given by Zienkiewicz (1971). 

The method has been used l a r g e l y to s o l v e engineering 

problems but has a l s o been a p p l i e d t o g e o l o g i c a l s t u d i e s . 

I t has been used i n e l a s t i c a n a l y s i s by Bott and Dean (1972), 

S e r v i c e and Douglas (1973), B r i d w e l l (1974) and B r i d w e l l 

and Swolfs (1974). The s o l u t i o n of v i s c o u s problems i n 

e a r t h s c i e n c e s using f i n i t e element techniques has mainly 

centred upon s t u d i e s of f o l d i n g i n c o n t r a s t i n g l a y e r s 

(e.g. Stephansson and Berner, 1971). The i n t e r p r e t a t i o n 

of steady s t a t e heat flow data near Lake Geneva has been 

modelled u s i n g f i n i t e element techniques by Lee and Henyey 

(1974). A v i s c o - e l a s t i c a n a l y s i s of s t r e s s e s i n a subduction 

zone has been made by Neugebauer and Breitmayer (1975). 
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3.1 V i s c o - e l a s t i c f i n i t e element a n a l y s i s 

In f i n i t e element a n a l y s i s the model i s subdivided 

i n t o a f i n i t e number of small p a r t s c a l l e d elements. 

These are interconnected through common points c a l l e d 

nodes. The a n a l y s i s i s based on d e f i n i n g the value of a 

v a r i a b l e throughout each element i n turn based only on i t s 

value a t the nodes contained i n the element. 

I n e l a s t i c or v i s c o - e l a s t i c a n a l y s i s the b a s i c 

v a r i a b l e i s displacement. I t i s r e q u i r e d from the a n a l y s i s 

to determine f i r s t the displacements of the nodes and from 

these the displacements, s t r a i n s and s t r e s s e s throughout 

each element. I w i l l consider only two-dimensional a n a l y s e s 

using t r i a n g u l a r elements i n which the displacements are 

assumed to vary l i n e a r l y over the elements and are s p e c i f i e d 

by the s i x components of displacement of the nodes a t the . 

corners ( f i g . 3.1). The displacements ( & ) a t the nodes 

can be mapped i n t o s t r a i n s ( £ ) w i t h i n the element by 

e • [ a ] s 
For these simple elements 

0 i>; 

o 0 

o 

3.1 

6 

and ^ - f 5 ; t %;t si %?} 



Geometry of an Element and Displacements 

\ 

\ 

\ 

Typical Finite Element Net v 
\ 

P i g . 3.1 The displacement of an element and 
t y p i c a l f i n i t e element net. 



The superscript t denotes the transpose of the vector or 

matrix. The elements of [B] , b and c, are c y c l i c 

permutations of 

c- = y„ -

* and "J being the coordinates of the nodes and A i s the 

a r e a . 

Since the displacements are assumed to vary l i n e a r l y 

over the element the s t r a i n s (being the d e r i v a t i v e of 

displacement) are constant. 

I f the r e l a t i o n s h i p between s t r e s s and s t r a i n i s known, 

for the m a t e r i a l of each element, the energy change w i t h i n 

each element may be found as a function of the nodal 

displacements. By concentrating the body and boundary 

for c e s a l s o onto the nodes the work done, over the whole 

system, may be determined as a function of the nodal 

displacements. T h i s i s minimized by d i f f e r e n t i a t i n g with 

r e s p e c t to each nodal displacement i n t u r n . Together with 

the e q u i l i b r i u m equations for the body as a whole these form 

a s e t of simultaneous equations i n the nodal displacements. 

Once the equations are solved the s t r a i n and s t r e s s w i t h i n 

each element may be determined. 

One method of s o l v i n g v i s c o - e l a s t i c problems by f i n i t e 

element a n a l y s i s has been d e s c r i b e d by Zienkiewicz (1971). 

T h i s method r e q u i r e s i t e r a t i o n for each time s t e p to 
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determine i n i t i a l s t r a i n conditions t o be a p p l i e d to the 

model. Carpenter (1972) has formulated a technique 

i n c o r p o r a t i n g a Runga-Kutta method which allows the 

estimation of e r r o r and i n c r e a s e s i n the time step. 

T h i s reduces the amount of computing r e q u i r e d . These 

techniques are a p p l i c a b l e to any r h e o l o g i c a l p r o p e r t i e s 

provided the deformations are s m a l l . I f , however, the 

rheology i s l i m i t e d t o a Maxwell substance then i t i s 

p o s s i b l e to s o l v e d i r e c t l y f o r the displacements of the 

rocks and the s t r e s s a f t e r a given time i n t e r v a l . A new 

formulation along t h i s l i n e i s given here. 

T r e a t i n g the s o l u t i o n of v i s c o - e l a s t i c flow problems 

as an energy minimization problem, the energies t o be 

minimized a r e those due t o s t r e s s and s t r a i n and the move­

ment of the a p p l i e d f o r c e s . 

The t o t a l energy, W, i s 

1 s III w 
Vol 

3.2 

where i s the s t r e s s vector a t any point, f ^ * ^ ^ o"3 

i s the s t r a i n vector a t the point, €; 6 

i s the f i n a l s t r a i n vector a f t e r a time i n t e r v a l , 

S i s the displacement of the point, 

and i s the f o r c e a c t i n g a t the point. 



I t i s assumed t h a t the rocks behave as a Maxwell 

substance i n t h a t on applying a constant s t r e s s ( & ) 

they i n s t a n t a n e o u s l y deform e l a s t i c a l l y and then flow a t 

a constant r a t e (Jaeger and Cook, 1969). The v i s c o u s 

deformation, however, i s assumed to conserve volume and 

hence only the d e v i a t o r i c s t r e s s e s cause flow. I t i s 

assumed, i n keeping with the Maxwell substance, t h a t the 

s t r e s s causing the viscous flow i s equal to t h a t causing 

the e l a s t i c deformation and t h a t the t o t a l s t r a i n i s the 

sum of t h a t due to the two modes of deformation. 

Hence the equation of flow i s 

i -• • [q] & 

• 

where 6 i s the r a t e of deformation, <? i s the 

instantaneous s t r e s s and [D] and [Q] are m a t r i c e s , 

assumed constant, r e l a t i n g the deformation to the s t r e s s e s . 

I f we assume t h a t during a time s t e p the r a t e of 

creep i s constant, c , then 

The general s o l u t i o n of 

& = - M s ' 3 ' 4 

i s C - * CT1 (Daniel and Moore, 1970) 
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where c£ i s the s t r e s s a t the s t a r t of the i n t e r v a l and 

the exponential term i s defined by 

where [ I ] i s the u n i t matrix. 

Now for an i s o t r o p i c m a t e r i a l with Young's modulus E, 

Poisson 1 s r a t i o , \) , and v i s c o s i t y , /" , 

J. < \ -J- i-N. /- N 3 > & > I S r 

£ 2(i-U) 2 0 
<s > 

3.5 

I - 2.0 I - xo , 1 > 

(Housner and Vreeland, 1966) 

where the diamond b r a c k e t s < a ,b,c> define a 

i s 
a b b o o o 

<£ a,b,c "> S b b 0 o o 

fc> b o o o 

o o o c O o 

o o o o c o 

o o o o o C 

Comparing 3.3 and 3.4 

[Rl = M L S ] 



S u b s t i t u t i n g 3.5 gives 

where f = ls><"*> 
L 

I t can e a s i l y be shown t h a t 

The s o l u t i o n of 3.3 i s 

ST = f [ i ] - * ( / - e ' * ) f f l ] } o i * - f ( / - e ~ % ] c 3. 

The work per u n i t volume, oo , i n the time i n t e r v a l 

0 < t < T i s given by 
o ^ 

and 

So t h a t 
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Putting c ~ t*[ where Y[ i s the s t r a i n , 

a f t e r time T 
t 

00= f[uj--f£i- ~(i-e-<)]lfi]}cC 

OJ i s the work per u n i t volume done i n the body during 

the time i n t e r v a l T. I n the general 3-dimensional case 

the matrices ( £l}] and [fl] ) are 6 x 6 and the v e c t o r s 

and <f have s i x elements. 

Applying the assumption of p l a i n s t r a i n , the elements 

i n which i n d i c a t e movement or shear i n t o the t h i r d 

dimension ( , 1xy , ) and the components of <r 

which represent shear s t r e s s e s i n t o the t h i r d dimension 

( , o^y ) are a l l zero. Hence & and ar e reduced 

to 4 and 3 element vectors r e s p e c t i v e l y . The corresponding 

rows and columns of the matr i c e s may a l s o be deleted. 

I f we f u r t h e r assume simple t r i a n g u l a r elements with 

nodes only a t the corners, the displacements are l i n e a r and 

the s t r e s s e s and s t r a i n s uniform throughout each element. 

I f f u r t h e r the body fo r c e s (assumed constant) are considered 

to a c t a t the nodes then the t o t a l work done, W , i s 

W = £ A; + S* )~ 

where £ denotes the summation over a l l the elements i n 

the model, /\>̂  i s the area of the i element assumed to 



be of u n i t t h i c k n e s s , S , i s the displacement vector 

of a l l the nodes and j- i s the vector containing the 

forces a c t i n g a t the nodes. 

Defining matrix [B] to map the nodal displacements 

i n t o s t r a i n s (equation 3.1) gives 

t " 1 8 3 1 

and 

w . i f l j iV(f f i -Ti i -^' -« '*) ]w]«: . 3.7 

+ 6 $ V f f l - ^ ' - e " * ) } f D j f E 0 S • S l F 

To f i n d the displacements, £ , so as to minimize 

the energy we d i f f e r e n t i a t e with r e s p e c t to each element 

of S i n turn and equate to zero. T h i s gives 

3 8 

The v i s c o - e l a s t i c displacements for one ste p may be 

obtained by the simultaneous s o l u t i o n of the matrix 

equation 3.8 and the s t r e s s a t the end of the i n t e r v a l 

(or s t a r t of the next i n t e r v a l ) for each element i s given 

by s u b s t i t u t i o n i n 3.6 

* i = f e j - +(i-t*)Lfil}* ^ f ' - e ' ? ) W [ B ] S 3.9 



I t has been assumed t h a t the e l a s t i c and v i s c o u s 

p r o p e r t i e s are constant throughout the time i n t e r v a l . 

They may, however, be changed between one i n t e r v a l and 

the next. 

The heat generated by v i s c o u s flow i s given by 

H = A J d £v M 

where £ v i s the r a t e of the viscous component of the s t r a i n , 

From 3.3 

and so ^ 

3.10 

S u b s t i t u t i n g 3.6 and i n t e g r a t i n g g i v e s 

th 

where Ŝ; i s the i component of 
th 

/?. i s the i component of the f i n a l s t r a i n 

u = \ (1 - e' * ) 

V = Vx-r ( 1 - ) 

I f the s t r e s s e s a r e not changing much then an estimate 

of the heat generated by the viscous flow i n one element i s 
\ ? =£r A.T. aU i$\ w h e r e <C i s a m e a n s t r e s s 



during the i n t e r v a l . 

From t h i s 

[(<*,- <X* ( H 

For a v i s c o s i t y of 1.0 x 10 Ns/m and a shear s t r e s s 
8 2 

of about 1.0 x 10 N/m (1 kbar) the r a t e of v i s c o u s 
-4 3 -8 he a t i n g would be about 1.0 x 10 W/m or 3.0 x 10 W/kg, 

about 60 times g r e a t e r than the radiogenic h e a t i n g of 
6 2 

b a s a l t ( t a b l e 2.7). For a s t r e s s of 5.0 x 10 N/m (50 bar) 

the heat generated i s about twice the average radiogenic 

heat supply per u n i t volume i n the mantle. 

The f i r s t t e s t of the v i s c o - e l a s t i c formulation i s t h a t 

for a zero time st e p the a n a l y s i s becomes e q u i v a l e n t to an 

e l a s t i c a n a l y s i s . With T = 0 equations 3.8 and 3.9 reduce 

to 

and tfjT = (f +[dJ£b! & r e s p e c t i v e l y . 

These are the e q u i v a l e n t e l a s t i c equations (Zienkiewicz, 

1971). 

Secondly, Z i e n k i e w i c z (1971) used the a n a l y t i c a l 

a n a l y s i s (Lee et a l . , 1959) of the s t r e s s e s due t o a 

suddenly a p p l i e d i n t e r n a l pressure i n an e x t e r n a l l y 

r e i n f o r c e d v i s c o - e l a s t i c c y l i n d e r ( f i g . 3.2) t o i l l u s t r a t e 



T e s t o f f i n i t e element v i s c o - e l a s t i c program. 
A s t e e l s h e l l (elements marked w i t h s ) i s 
l i n e d w i t h a v i s c o - e l a s t i c m a t e r i a l and an 
i n t e r n a l p r e s s u r e , P, a p p l i e d i t z e r o time. 
The p r o p e r t i e s a r e 

Young's modulus 
P o i s s o n ' s r a t i o 
V i s c o s i t y 

v i s c o - e l a s t i c s t e e l 
m a t e r i a l 

10 3 x 10 
V3 5 M(Tl 
H x 1 0 3 a-

Dots show t a n g e n t i a l s t r e s s computed by 
the f i n i t e element program and the l i n e s 
the a n a l y t i c a l s o l u t i o n of Lee e t a l . ( 1 9 5 9 ) 



the use of f i n i t e element a n a l y s i s . T h i s same a n a l y s i s 

has been performed with the new formulation but with time 

steps 10 times g r e a t e r than those used by Zienkiewicz 

(0.1 time u n i t s ) . Very good agreement between the 

a n a l y t i c a l and f i n i t e element r e s u l t s was obtained ( f i g . 3.2). 

3.2 F i n i t e element a n a l y s i s of t r a n s i e n t heat flow problems 

I t i s g e n e r a l l y e a s i e r and quicker t o s o l v e heat flow 

problems using f i n i t e d i f f e r e n c e r a t h e r than f i n i t e element 

techniques, but when the heat flow problem i s part of a 

l a r g e r i n t e g r a t e d f i n i t e element problem i t i s convenient 

to use f i n i t e elements. T h i s allows the use of the same 

nodes and elements as may be used i n the v i s c o - e l a s t i c 

s o l u t i o n . 

Following Zienkiewicz (1971, p.335) the problem reduces 

to the s o l u t i o n of the d i f f e r e n t i a l equation, 

Q i s the r a t e of heat input from mechanical and 

r a d i o g e n i c sources, 

[c] i s a function of the heat c a p a c i t y and geometry, 

and [W] i s a function of the geometry and c o n d u c t i v i t i e s 

of the m a t e r i a l s . 

3.11 

where i s the temperature a t the nodes, 



When us i n g t r i a n g u l a r elements the temperature i s 

approximated by a l i n e a r function over the element. From 

Zienkiewicz the values of [ c ] and £H] for such elements 

are: 

I 

1 
I 

± 
u. 

I 

1 
J. 
It-

I 
I 
If 
J. 
z 

3.12 

and [HJ-

3.13 

The b's and c's are obtained by c y c l i c permutations of 

The s u b s c r i p t s r e f e r r i n g t o the v e r t i c e s of the elements, 

and A i s the area 

Cf> i s the s p e c i f i c heat 

i s the d e n s i t y 

and K i s the thermal c o n d u c t i v i t y which i s assumed 

to be i s o t r o p i c . 

I f i t i s assumed t h a t the temperature v a r i e s l i n e a r l y 

with time during each time st e p then the change i n temper-
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ature Ai) during the i n t e r v a l At i s given by 

3.14 

i s the temperature a t the nodes a t the s t a r t of the 

i n t e r v a l . 

The steady s t a t e heat flow problem can s i m i l a r l y be 

solved from 

[/-% - I 3.15 

where § s i s the steady s t a t e temperature of the nodes and 

i s the r a t e of heat generation a s s o c i a t e d with each node, 

A l t e r n a t i v e l y the subroutine f o r t r a n s i e n t heat flow 

may be used by s e t t i n g = O so t h a t from 3.14 

[H] -a*} = -ILHJ $o + z t 

b u t t = M ^ 
^ ^ 3.16 

so 

Hence the steady s t a t e temperature d i s t r i b u t i o n may 

be found by incrementing the i n i t i a l temperature d i s ­

t r i b u t i o n by h a l f the computed increment when [c^| = 0. 

3.3 Boundary conditions 

The two previous s e c t i o n s have presented methods of 

forming s e t s of simultaneous equations 

3.17 



which may be solved for, S # the displacements i n the 

case of v i s c o - e l a s t i c a n a l y s i s and the temperature increment 

for heat flow problems. 

However, i n both cases there are always c o n s t r a i n t s 

on some of the v a r i a b l e s i n S and these need to be 

ap p l i e d before the equations a r e solved. i n general t h i s 

r e q u i r e s the s u b s t i t u t i o n of a new equation for one of those 

i n the o r i g i n a l s e t or e l s e a m o d i f i c a t i o n t o the o r i g i n a l 

equation. 

(a) F i x e d Points 

T h i s i s the most common type of boundary. I f the 

v a r i a b l e S^, must take a f i x e d value C^ (commonly zero) 

i n the s o l u t i o n then i t i s a simple procedure to r e p l a c e 

the i equation i n 3.17 by 

S. = C. i 1 

I n v i s c o - e l a s t i c s o l u t i o n s t h i s allows points to be 

h e l d on v e r t i c a l or h o r i z o n t a l l i n e s or to be forced to 

move a t a f i x e d v e l o c i t y . I n the t r a n s i e n t heat flow 

s o l u t i o n i t allows for the f i x i n g of some temperatures 

where there are " i n f i n i t e " heat s i n k s or sources (e.g. on 

the top or bottom of the model). 

(b) Constant heat f l u x boundary 

The equations assembled as described i n the previous 

s e c t i o n s contain the assumption t h a t no heat f l u x c r o s s e s 



76. 

the boundary. I f , i n f a c t , there i s a heat f l u x a c r o s s the 

boundary i t may be allowed for by adding the heat per u n i t 

time c r o s s i n g the boundary t o the ne a r e s t node and so 

increment b. by t h i s amount. I t i s i n f a c t an a d d i t i o n to 

the heat sources i n equation 3.11. 

(c) Boundaries with a p p l i e d h y d r o s t a t i c forces 

I f the boundary between two boundary nodes i , and j i s 

not h e l d on a v e r t i c a l or h o r i z o n t a l l i n e by undetermined 

f o r c e s but i s constrained by a h y d r o s t a t i c pressure then 

t h i s i s equ i v a l e n t to applying a d d i t i o n a l forces a t the 

two nodes. 

I f i n f i g . 3.3 the h y d r o s t a t i c pressure on the boundary 

i s assumed t o vary l i n e a r l y along the boundary between 

nodes i and j and i f i t i s P. and P. a t the nodes the 
1 D 

e q u i v a l e n t forces on the nodes which a l l o w for the hydro­

s t a t i c pressure on t h i s p a r t of the boundary are 

- L(?iU - T* r/3) 

where L i s the d i s t a n c e between the nodes i and j . 

The x and y components of these f o r c e s are 

• »J(«A • V*> 

where and &y are the x and y components of L 



I 
A boundary under h y d r o s t a t i c p r e s s u r e . 
The shaded boundary ( h , i , j , k ) of the 
model i s under h y d r o s t a t i c p r e s s u r e 
P ( x ) . The e q u i v a l e n t nodal f o r c e s on 
node: . i , f o r the p r e s s u r e on edge i j 
i s F1? . 
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These are to be added i n t o the appropriate elements of the 

matrix b i n 3.17. 

However, i f the pressure on the boundary v a r i e s 

during the i n t e r v a l because of the displacements o$ nodes 

i and j then matrix [M-] i n 3.17 should a l s o be adjusted 

by the d e r i v a t i v e s of each F with r e s p e c t to the four 

appropriate displacements. 

The four components of the fo r c e s a r e : 

Si - y*k 
• <V3) • 

and ^ s < 

Assuming ^5 - ^ - <iP - ?>~ , where 

3 i s the a c c e l e r a t i o n of g r a v i t y and i s an e q u i v a l e n t 

dens i t y , and the other d e r i v a t i v e s of and P are 0, then 

the d e r i v a t i v e s of the components of the f o r c e s are 

o 

A I- P-H^1 +• — . L t 

i f 

3.18 
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The components of the for c e s are added to vector b 

and the 16 elements i n the matrix Lft~\ corresponding t o the 

appropriate displacements are adj u s t e d by the d e r i v a t i v e s 

in 3.18. 

(d) Nodes forced t o move i n a given d i r e c t i o n not p a r a l l e l 
to an a x i s 

The c o n s t r a i n t of a node, I , t o move a t a given angle, 

0 , to the x - a x i s ( f i g . 3.4) im p l i e s the a d d i t i o n of an 

unknown force, CJ / a c t i n g on the node. I f t h i s force i s 

assumed to a c t normal to the imposed movement then i t s 

components i n the d i r e c t i o n of the axes are 

Qx = Q s i n Q 

and 0^ = Q cos & 

The components of the displacement of the node are 

r e l a t e d by 

S y = S x +<xr, 0 3.19 

tTi t h 

I f S x and £y are the i and j unknowns i n vector jj 

of equation 3.17 the i ^ and j * " * 1 equations of the matrix 

s e t are 

K Z t 

and S k - * <^ 3.21 



Y 

e 9 
e 

F i g . 3.4 Node,I, i s f o r c e d t o move a t angle 0 
from the h o r i z o n t a l . The f o r c e c a u s i n g 
the r e s t r i c t i o n , G, i s a p p l i e d normal t o 
t h i s d i r e c t i o n and has components Gx 
and Gy. J 
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Since Q i s unknown i t s components need to be e l i m i n a t e d . 

S u b s t i t u t i n g = $ tan & i n 3.20, d i v i d i n g by tan 9 

and s u b t r a c t i n g from 3.21 gives a new equation 

N 

L ( M j k - h i k /fc„ 6 ) 5 k = " b £/+* n0 + b> 3.22 

The c o n s t r a i n t on I i s imposed by r e p l a c i n g the two 

equations 3.20 and 3.21 i n 3.17 by 3.19 and 3.22. 

3.4 The i n t e g r a t e d f i n i t e element system 

The i n t e g r a t i o n of the v i s c o - e l a s t i c and heat flow 

analyses depends upon t h e i r interdependence. The mechanical 

system i s g e n e r a l l y considered as isothermal and the heat 

equations as i s o v o l u m e t r i c . So during the mechanical 

s o l u t i o n heat i s being added to the system and the change 

i n temperature r e s u l t i n g from the subsequent thermal 

s o l u t i o n causes a d d i t i o n a l s t r e s s e s . 

The heat added to the system during the isothermal 

v i s c o - e l a s t i c s t e p i s i n two p a r t s . The f i r s t i s due to 

a d i a b a t i c compression or expansion of the rocks and the 

other the l o s s of mechanical energy by v i s c o u s flow. 

The a d i a b a t i c heating i n the i element i s 

= ' i <*L * i * P
4 



where n\ i s the mean temperature of the element 

0̂ . i s the thermal expansion c o e f f i c i e n t 

^ i s the a r e a 

and SPj- i s the change i n p r e s s u r e . 

The heat gained from the l o s s of mechanical energy 

by viscous flow n , i s given by equation 3.10. 

During the i s o v o l u m e t r i c thermal s o l u t i o n (note we 

need to use C not C ) the change i n the i n i t i a l s t r e s s v p ^ 
for the next mechanical a n a l y s i s i s given by 

Ej ckj ST 
M i - z o o 

I \ 

V 

where %T i s the change i n temperature 

£^ i s Young's modulus 

oi{ i s the c o e f f i c i e n t of thermal expansion 

and 0; i s Poisson's r a t i o . 
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CHAPTER 4 

STRESSES DUE TO PHASE CHANGES 

IN THE DESCENDING LITHOSPHERE 

Bridgeman (1945) suggested t h a t polymorphic t r a n s i t i o n s 

i n the e a r t h could cause earthquakes. T h i s could be e i t h e r 

by the c a t a s t r o p h i c running of the t r a n s i t i o n and the 

a s s o c i a t e d volume change (Evison, 1967) or by the 

c a t a s t r o p h i c r e l e a s e of s t r e s s by f r a c t u r e a f t e r a 

c r i t i c a l s t r e s s has been b u i l t up sl o w l y by gradual progress 

of a t r a n s i t i o n . Ringwood (1969b) suggested t h a t the changes 

i n phase as the l i t h o s p h e r e descends i n a subduction zone 

may cause l a r g e s t r e s s e s and be r e s p o n s i b l e for the i n t e r ­

mediate and deep s e i s m i c i t y . There are two causes f o r 

such s t r e s s e s . F i r s t l y , s i n c e the s l a b i s cooler, the 

phase changes occur a t a d i f f e r e n t depth i n the s l a b than 

i n the surrounding asthenosphere and so the in c r e a s e d 

d e n s i t y a c r o s s the t r a n s i t i o n causes an i n c r e a s e i n the 

negative buoyancy (e.g. Toskoz et a l . , 1973). Secondly, 

the rock c o n t r a c t s as i t changes phase producing l o c a l 

s t r e s s e s . 

P r e v i o u s l y , the s t r e s s e s a s s o c i a t e d with the s i n k i n g 

s l a b have been st u d i e d c o n s i d e r i n g only the for c e s due t o 

the negative buoyancy of the s l a b i n the asthenosphere 

(e.g. Toskoz e t a l . , 1973; Neugebauer and Breitmayer, 1975; 
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Sleep, 1975) . These a n a l y s e s s t a r t e d from an estimate 

of the temperature d i s t r i b u t i o n and c a l c u l a t e d the 

negative buoyancy as a function of depth and temperature. 

Viscous (Sleep, 1975) or v i s c o - e l a s t i c (Toskoz e t a l . , 

197 3; Neugebauer and Breitmayer, 1975) analyses were 

then performed t o deduce the s t r e s s e s a s s o c i a t e d with the 

process. 

I t i s not c l e a r i n these a n a l y s e s how the a d d i t i o n a l 

buoyancy due t o the e l e v a t i o n of the phase boundaries are 

included, i t being simply s t a t e d t h a t the e f f e c t i s 

approximately eq u i v a l e n t to m u l t i p l y i n g the thermal 

c o n t r a c t i o n e f f e c t by 1.5 (Neugebauer and Breitmayer, 1975). 

The maximum s t r e s s e s c a l c u l a t e d from the analyses of the 
8 2 

buoyancy e f f e c t are 0.5 x 10 N/m (500 bar) and a r e 

al i g n e d with one p r i n c i p a l a x i s down the dip of the s l a b . 

Recently Sung and Burns (1976) have suggested t h a t 

the r a t e of the o l i v i n e - s p i n e l transformation i s slow i n 

the cool i n t e r i o r of the s l a b so th a t the phase t r a n s i t i o n 

may be depressed r a t h e r than e l e v a t e d . T h i s depends on 

the temperature and hence the r a t e of subduction. I f the 

t r a n s i t i o n i s depressed (so t h a t the centre of the s l a b 

contains m e t a s t a b l e - o l i v i n e ) then a p o s i t i v e buoyancy 

e f f e c t of s i m i l a r magnitude to the negative buoyancy e f f e c t 

of a r a i s e d phase boundary would be exerted on the s l a b . 

When n u c l e a t i o n of the r e a c t i o n does take p l a c e the r e a c t i o n 
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i s l i k e l y to run c a t a s t r o p h i c a l l y . I assume, however '/that 

e q u i l i b r i u m conditions a r e maintained throughout the model. 

No account has yet been taken of any s t r e s s e s due t o 

the d i f f e r e n t i a l c o n t r a c t i o n a t the phase boundaries. To 

gain an estimate of these e f f e c t s an a n a l y s i s of the 

s t r e s s e s due to the lowering of a s l a b of mantle 100 km 

wide and 200 km long through the asthenosphere to i n t e r s e c t 

the garnet p e r i d o t i t e - s p i n e l garnet phase boundary (fig.2.1>) 

was performed. 

The top of the s l a b was assumed to be i n i t i a l l y a t 

100 km depth. The temperature of the outer edge of the 

model was assumed to be t h a t of a reasonable oceanic 

geotherm ( s e c t i o n 2.3). A l i n e a r decrease i n temperature 

i n the s l a b was assumed so t h a t the a x i s of symmetry was 

500°C c o o l e r than the outer edge ( f i g . 4.1). T h i s l a t e r a l 

g r adient i s approximately t h a t c a l c u l a t e d i n most thermal 

models of subduction zones (e.g. Toskoz et a l . , 1973). The 

i n i t i a l d e n s i t i e s were computed from equation 2.8 using 

these temperatures and the p r e s s u r e s expected a t the appropriate 

depth i n the mantle. The rheology of the s l a b was assumed to 

be e i t h e r e l a s t i c or v i s c o - e l a s t i c with e l a s t i c p r o p e r t i e s 

computed from Chapter 2.1. 

The model was supported on i t s outside by the h y d r o s t a t i c 

pressure of the asthenosphere. The bottom was lowered through 

the mantle a t 4.0 cm/yr. with time steps of 10,000 y r s . 
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F i g . 4.1 F i n i t e element net and temperature d i s ­
t r i b u t i o n of a model of p a r t of a des­
cending s l a b . The i n i t i a l depth of the 
top i s 100 km. 
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T h i s boundary condition r e s u l t e d i n the a d d i t i o n a l body 

for c e s due to the model being more dense than the standard 

asthenosphere being supported by the base of the model 

thus producing compressional s t r e s s e s near the bottom of 

the model. Since the model i s symmetrical about the 

c e n t r a l v e r t i c a l plane no movement of m a t e r i a l was allowed 

through t h i s plane and only h a l f the s l a b was s t u d i e d . 

Isothermal, e l a s t i c or v i s c o - e l a s t i c f i n i t e element 

a n a l y s e s were used, the nodes being p r o g r e s s i v e l y moved 

at each time step. 

The incremental nature of the a n a l y s e s was important 

for the e l a s t i c as w e l l as the v i s c o - e l a s t i c a n a l y s e s 

s i n c e the e l a s t i c p r o p e r t i e s changed with pressure 

( s e c t i o n 2.1). The p r o p e r t i e s used for each time increment 

were determined from the c o n d i t i o n s a t the s t a r t of the 

st e p and assume m i n e r a l o g i c a l e q u i l i b r i u m . 

4.1 R e s u l t s 

The s t r e s s d i s t r i b u t i o n near the phase boundary for 

various models are shown i n f i g s . 4.2, 4.3 and 4.4. The 

p l o t t e d s t r e s s e s are the p r i n c i p a l s t r e s s e s i n the model 

minus the h y d r o s t a t i c p r essure a p p l i e d t o the boundaries 

for the appropriate depth. Bars on the ends of the s t r e s s e s 

i n d i c a t e t h a t they are t e n s i o n a l with r e s p e c t t o the ambient 
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F i g . 4.2 S t r e s s d i s t r i b u t i o n c a l c u l a t e d from an 
e l a s t i c a n a l y s i s of the d i f f e r e n t i a l 
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Contours of the percentage of s p i n e l phase 
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h y d r o s t a t i c p r e s s u r e . The maximum s t r e s s e s near the phase 
8 2 

boundary i n a l l the models are about 7 x 10 N/m (7 kbar) 

and consequently about 15 times the maximum computed i n 

models co n s i d e r i n g only the body fo r c e s due t o the i n c r e a s e d 

d e n s i t y i n the s l a b (Sleep, 1975; Toskoz e t a l . , 1973) . 

In f i g s . 4.2 and 4.3 contours of the proportion of the 

o l i v i n e - s p i n e l phase are a l s o shown. The s t r e s s e s caused 

by the phase change are s u f f i c i e n t l y l a r g e to a l t e r the 

depth range of the phase t r a n s i t i o n so t h a t i t i s not the 

same i n a l l models. Although the d e t a i l s of the s t r e s s 

d i s t r i b u t i o n s are d i f f e r e n t the o v e r a l l p a t tern i s the same 

with l a r g e v e r t i c a l t e n s i o n a l s t r e s s e s i n the centre of the 

s l a b and compressional s t r e s s e s a t the edges. The h o r i z o n t a l 

components of the s t r e s s e s are about equal to the h y d r o s t a t i c 

s t r e s s e s a p p l i e d t o the boundaries. 

The p h y s i c a l p r o p e r t i e s used i n the v a r i o u s models for 

f i g s . 4.2 to 4.4 were chosen so as to show the e f f e c t of 

changing the Poisson's r a t i o r e l a t e d t o the phase change 

( V?K ) , the v i s c o s i t y [f) , and the assumption as to how 

the d e n s i t y v a r i e s a c r o s s phase t r a n s i t i o n . 

E l a s t i c a n a lyses were used for the f i r s t three models 

( f i g . 4.2). The bulk modulus was determined from the equation 

of s t a t e but the Poisson's r a t i o corresponding t o the phase 

change ( 0K i n s e c t i o n 2.1) was given values of -1.0, 0.0 

and the value which would be determined from the s e i s m i c 

v e l o c i t i e s , V?w (about 0.26). As \JK i n c r e a s e s the depth 
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range over which the phase change takes place decreases. 

The phase change i s completed i n the centre of the s l a b 

80 km shallower for 0^ = 0^ than v K = - l . o . I n a l l cases 

the steady s t a t e t h i c k n e s s of the t r a n s i t i o n zone (about 

110 km) i s extended t o over 140 km by the s t r e s s e s induced 

by the reduction i n volume as the phase change proceeds. 

The maximum s t r e s s a l s o decreases as 0« i n c r e a s e s . I t 
8 2 

i s 8.22, 7.67 and 5.48 x 10 N/m for 0 K = - l . o , 0.0 and 

OWN r e s p e c t i v e l y . 

The e f f e c t of adding v i s c o u s r e l a x a t i o n t o the s t r e s s e s 
i s shown i n f i g . 4.3. With uniform v i s c o s i t i e s higher than 

2.S 2 
1.0 x 10 * Ns/m the s t r e s s e s are much the same as those 
for an e l a s t i c model ( f i g . 4.2b). With v i s c o s i t i e s l e s s 

23 

than about 1.0 x 10 the s l a b flowed outward a t the bottom 

under i t s excess weight with r e s p e c t to the warmer 

asthenospheric model used to compute the h y d r o s t a t i c f o r c e s 

on i t s edges. At these v i s c o s i t i e s the s t r e s s e s caused by 

the phase change were n e a r l y completely d i s s i p a t e d by 

creep and only those due to the excess d e n s i t y remained. 

The s t r e s s e s f o r v i s c o s i t i e s between these l i m i t s were 

intermediate, the t e n s i o n a l and e x c e s s i v e l y l a r g e compressional 

s t r e s s e s decreasing with the v i s c o s i t y . 

F i g . 4.4 shows t h a t the assumption as to how the d e n s i t y 

v a r i e s a c r o s s the t r a n s i t i o n zone has only minor e f f e c t s on 

the computed s t r e s s e s . The proportion of each phase was 
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assumed to vary l i n e a r l y with d i s t a n c e from the mean p o s i t i o n 

of the phase boundary (equation 2.6) for f i g . 4.4a and to 

vary n o n - l i n e a r l y (equation 2.7) for f i g . 4.4b. The 

s t r e s s p a t t e r n s are n e a r l y the same i n both models. 

4.2 L i m i t a t i o n s of the model and c o n c l u s i o n s 

T h i s model has s e v e r a l l i m i t a t i o n s on i t s a p p l i c ­

a b i l i t y to the s i n k i n g s l a b i n a subduction zone. These 

may be summarized as f o l l o w s : 

a) The s l a b as i t s i n k s i n t o the asthenosphere i s 

not symmetrical but the temperature d i s t r i b u t i o n i s 

asymmetrical with high thermal gradients on the top s i d e 

and more gentle ones on the lower s i d e (e.g. Toskoz e t a l . , 

1973). 

b) The s i n k i n g s l a b i s seldom v e r t i c a l . A t e s t run on 

a s l o p i n g model, however, showed l i t t l e d i f f e r e n c e i n the 

s t r e s s e s computed from t h a t for a v e r t i c a l s l a b . One of 

the p r i n c i p a l s t r e s s e s was s t i l l l a r g e and p a r a l l e l t o the 

edge of the s l a b . The assumption of symmetry, however, i s 

f u r t h e r i n v a l i d a t e d by the dip of the s l a b . 

c) The width of the s l a b i s assumed to be 100 km. T h i s 

i s probably too great so t h a t the thermal gradients used 

are probably more a p p l i c a b l e to the underside of the s l a b 

than the topside. 
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d) Uniform v i s c o s i t y was used throughout the model. 

Since the v i s c o s i t y has a l a r g e e f f e c t on the s t r e s s e s 

( f i g . 4.3) t h i s i s very important. The v i s c o s i t y of the 

outside of the s l a b a t the depths of the t r a n s i t i o n zone 
23 2 

are probably l e s s than 1.0 x 10 Ns/m . The i n s i d e of 
the s l a b a t 500°C lower temperature would have a v i s c o s i t y 

25 2 

greater than 1.0 x 10 Ns/m . The shear s t r e s s dependence 

of the v i s c o s i t y would a l s o g r e a t l y a f f e c t the computed 

s t r e s s e s . 

e) I have assumed t h a t m i n e r a l o g i c a l e q u i l i b r i u m i s 

maintained. I f Sung and Burns (1976) are c o r r e c t i n 

a s s e r t i n g t h a t the phase change may not run i n the centre 

of the s l a b because of the low temperature and high 

n u c l e a t i o n energy then the s t r e s s p a t t e r n w i l l feaanqe and 

the phase change w i l l run c a t a s t r o p h i c a l l y . R e s i d u a l s t r e s s e s 

w i l l s t i l l be present i n the v i c i n i t y of the phase t r a n s i t i o n 

because of the change i n volume. 

f ) An isothermal a n a l y s i s was used. The temperature 

r i s e i n the s l a b as i t descends over the range i n which the 

model sank i s about 250°C (Toskoz e t a l . , 1973). T h i s meant 

tha t the phase changes occurred too shallow i n our models. 

More importantly the l a t e n t heat and the e f f e c t of the 

phase t r a n s i t i o n on the c o e f f i c i e n t of thermal expansion 

( s e c t i o n 2.2.1) could modify the s t r e s s e s . 
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g) No account has been made of p o s s i b l e f a i l u r e and 
the subsequent s t r e s s r e l e a s e and deformation. 

I n s p i t e of these l i m i t a t i o n s some things are c l e a r 

from the models. I t i s c e r t a i n t h a t as the descending 

s l a b changes phase there i s an i n c r e a s e i n d e n s i t y and 

consequently a decrease i n volume. T h i s must a_ p r i o r i 

cause s t r e s s e s i n the surrounding ro c k s . The models show 

t h a t these s t r e s s e s are probably 10 to 15 times g r e a t e r 

than those p r e v i o u s l y computed i n the s l a b c o n s i d e r i n g 

only i t s negative buoyancy i n the asthenosphere. The 

s t r e s s e s are r e l a t i v e l y t e n s i o n a l i n the c o o l e r c e n t r e 

of the s l a b and compressional near the edges. They are 

approximately a l i g n e d to the edges of the s l a b . 

The s t r e s s e s are s u f f i c i e n t l y l a r g e t h a t they a l t e r 

the e q u i l i b r i u m of the phases for a given depth and so i f 

they are r e l e a s e d the phase t r a n s i t i o n w i l l run to change 

the d e n s i t y to t h a t r e l e v a n t t o the new mean s t r e s s . I f 

the i n i t i a l r e l e a s e of s t r e s s was caused by f a i l u r e and 

the r e s u l t i n g phase change ran c a t a s t r o p h i c a l l y , then a 

volume change s e i s m i c r a d i a t i o n pattern would be super­

imposed upon the d i s l o c a t i o n p a t t e r n . Evison (1967) 

presented some evidence t h a t for l a r g e earthquakes 

(magnitude 8 and above) there may be such a r a d i a t i o n 

p a t t e r n . Randall and Knopoff (1970) i n d i c a t e t h a t the 

r a d i a t i o n pattern for deep earthquakes J.-Se compatible 
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with phase transformations and G i l b e r t and Dziewonski 

(1975) observed precursor volume changes for two deep 

focus earthquakes. 

In our model we had the simple case of s t a r t i n g with 

an unstressed, uniform m a t e r i a l a l l i n one phase. I f the 

s t a r t i n g c o n d i t i o n s had s t r a d d l e d a phase boundary then 

some of the s t r e s s e s induced due t o the r e l a t i v e c o n t r a c t i o n 

of some of the i n i t i a l l y u n s t r e s s e d rocks near the phase 

boundary would not have been d i s s i p a t e d as the m a t e r i a l 

became of uniform phase. T h i s could be very important 

where the s t a r t i n g m a t e r i a l i s not c h e m i c a l l y homogeneous 

so t h a t the phase t r a n s i t i o n s do not occur a t the same 

depths. T h i s i s r e l e v a n t to the crust-mantle boundary 

where the changes i n d e n s i t y of adja c e n t p a r t s of the 

c r u s t and mantle w i l l vary and cause l a r g e shearing s t r e s s e s . 
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CHAPTER 5 

BENDING THE OCEANIC LITHOSPHERE 

The subduction of the oceanic l i t h o s p h e r e r e q u i r e s 

that i t be bent from the ear t h ' s s u r f a c e to dip a t 30° 

to 70° i n t o the asthenosphere ( f i g . 1.1). The s u r f a c e 

expression*of t h i s l a r g e deformation are the trench where 

the two p l a t e s abut and the outer r i s e . The bottom of 

the trench i s t y p i c a l l y 3.0 km below the normal oceanic 

depth (Hayes and Ewing, 1970). The sea f l o o r slopes up 

from the trench at about 5° onto the outer r i s e . T h i s 

r i s e i s about 700 m above the i s o s t a t i c l e v e l of the ocean 

f l o o r and extends to about 400 km from the trench (Le Pichon 

et a l . , 1973). There i s a p o s i t i v e g r a v i t y anomaly over the 

r i s e which i s c o n s i s t e n t with the topography being simply 

due to f l e x u r e of the l i t h o s p h e r e (Watts and Talwani, 1974). 

The deformation of the oceanic l i t h o s p h e r e i n these 

regions has u s u a l l y been modelled by comparing the s u r f a c e 

topography to the deformation p r e d i c t e d f o r a s e m i - i n f i n i t e 

uniform p l a t e . The boundary c o n d i t i o n s have been a load 

along the f r e e edge and no displacements a t i n f i n i t e 

d i s t a n c e s i n t o the p l a t e . The a n a l y s e s have assumed the 

p l a t e to be sandwiched between non-viscous ocean on top 

and asthenosphere beneath ( L l i b o u t r y , 1969; Walcott, 1970; 

Hanks, 1971; Watts and Talwani, 1974). The t h i n p l a t e theory 
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used i n these previous a n a l y s e s assume t h a t the p l a t e 

i s uniform, t h a t the gradients of the d e f l e c t i o n s are 

s m a l l , and t h a t the shearing s t r e s s e s i n the plane of the 

p l a t e can be neglected (Hausner and Vreeland, 1966). The 

boundary conditions used assumes t h a t there i s no bending 

a t the free-edge of the p l a t e . These c r i t e r i a are not 

s t r i c t l y c o r r e c t for t h i s p a r t of the l i t h o s p h e r e . The 

e f f e c t i v e e l a s t i c i t y v a r i e s as a r e s u l t of phase changes 

and the v i s c o s i t y decreases with depth (Chapter 2 ) . 

Although the l i t h o s p h e r e i s about 75 to 100 km t h i c k and 

the d e f l e c t i o n s s t u d i e d are about 10 km, t o model the 

shape of the topography adequately an "equivalent t h i c k n e s s " 

of 27 km (Watts and Talwani, 1974) t o 50 km (Le Pichon e t a l . , 

1973) needs to be used. Even with such a t h i n "equivalent 

t h i c k n e s s " , the s t r e s s e s computed to e x i s t i n the model are 

s u f f i c i e n t to cause t e n s i o n a l f a i l u r e i n the c r u s t (Le Pichon 

e t a l . , 1973). 

I n t h i s chapter I apply beam theory for composite beams 

to show the e f f e c t of the v a r i a b l e e l a s t i c i t y , f r a c t u r e , 

and v i s c o s i t y i n reducing the f l e x u r a l l parameters for an 

80 - 100 km t h i c k beam to those estimated u s i n g the theory 

of t h i n beams. 

5.1 E l a s t i c bending of a uniform p l a t e 

A n a l y t i c a l s o l u t i o n s for the displacements of a t h i n 
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t r a n s v e r s e l y loaded p l a t e have been given by Hetenyi (1946), 

Walcott (1970) and Le Pichon e t a l . , (1973). 

Following the notation used by Le Pichon e t a l . , (1973) 

we define a r e c t a n g u l a r coordinate system i n which the 

o r i g i n i s on the i n t e r s e c t i o n of the f r e e edge of the p l a t e 

and the n e u t r a l f i b r e ( f i g . 5.1). The y a x i s i s h o r i z o n t a l 

p a r a l l e l to the f r e e edge, the z a x i s points v e r t i c a l l y 

downward and the x a x i s points along the undeformed n e u t r a l 

f i b r e and i s p o s i t i v e i n the p l a t e as i n f i g . 5.1. I f the 

p l a t e i s sandwiched between two f l u i d s and the deformation 

i s assumed to be c y l i n d r i c a l (uniform i n the y d i r e c t i o n ) , 

then the d i f f e r e n t i a l equation r e l a t i n g the v e r t i c a l d i s ­

placement of the n e u t r a l f i b r e , co , and the d i s t a n c e from 

the f r e e edge, x, i s given by Le Pichon e t a l . , (1973) as 

a co t k w - p 5.1 

where D i s the f l e x u r a l r i g i d i t y 

S i s a h o r i z o n t a l force a p p l i e d on the f r e e edge 

i s 

f / a r e the d e n s i t y of the o v e r l y i n g (water) 

and underlying (asthenosphere) f l u i d s 

5 
P 

i s the g r a v i t a t i o n a l a c c e l e r a t i o n 

and i s a t r a n s v e r s e l y a p p l i e d e x t e r n a l s t r e s s 



U N D E F O R M E D 
s e a 

l i t h o s p h e r e 

a s t h e n o s p h e r e 

D E F O R M E D 
P 

n e u t r a l f i b e r 

F i g . 5.1 Diagram of model f o r a n a l y s i s of the 
bending of the l i t h o s p h e r e u s i n g the 
theory f o r t h i n p l a t e s . P and S a r e 

\ f o r c e s a p p l i e d a t the f r e e end. The 
) p l a t e extends t o i n f i n i t y i n the x 

d i r e c t i o n . 
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For a uniform e l a s t i c p l a t e , the f l e x u r a l r i g i d i t y D 

i s given by 

where I i s the t h i c k n e s s of the p l a t e . 

I f we define v a r i a b l e s X and ji such t h a t 

where i s the f l e x u r a l parameter (Walcott, 1970), and 

cos 2/3 - S/zk£X

 } 

then the general s o l u t i o n of equation 5.1 i s 

oo - f\ e Z Cos(j C*l/3 t tie 5 ^ Ccs ( } ooS/5 . f ) 

T h i s i s a damped harmonic wave. ft , ft' , ^ and 

are constants determined by the boundary c o n d i t i o n s . 

I f the v e r t i c a l load, p , i s a p p l i e d only a t x = 0 

then the s o l u t i o n reduces to 

U) '- tie. 1 C05>( J <-os/l + f ) 5.2 

I f i n a d d i t i o n there i s no h o r i z o n t a l force a t x = 0, 

(S = 0) 

(Le Pichon e t a l . , 1973). F i g . 5.2 shows the v a r i a t i o n s 

of the topography according to equation 5.3 f o r A = 10.0 km 
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F i g . 5.2 The shape of the deformed p l a t e f o r 
v a r i o u s f l e x u r a l parameters and the 
s t r e s s e s induced i n the p l a t e 13.5 km 
from the n e u t r a l f i b r e . I f the t e n s i l e 
s t r e n g t h of che c r u s t i s 0.5 x 1 0 8 N/m2 

then f a i l u r e would occur i n the top of 
the c r u s t a t 220 to 350 km from the o r i 
T h i s i 3 near the top of the d e f l e c t i o n 
f o r each f l e x u r a l r i g i d i t y . 
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and various values of the f l e x u r a l parameter, o( . 

The f l e x u r a l r i g i d i t y , D, of the oceanic l i t h o s p h e r e 
2 3 

has been estimated t o be i n the range 1.7 - 2.0 x 10 N/m' 

by comparing the topography with computed curves of t h i s 

type (Walcott, 1970; Hanks, 1971; Watts and Cochran, 1974; 

Watts e t a l . , 1975). This i s e q u i v a l e n t t o a f l e x u r a l 

parameter of 100-120 km and t>© an e q u i v a l e n t t h i c k n e s s of 

the l i t h o s p h e r e , T, 

where 1A i s the d i s t a n c e from the centre of the p l a t e 

( f i g . 5.1). The s t r e s s e s for 1/= 13.5 km for the various 

flexur<ad parameters are a l s o shown i n f i g . 5.2. These 
11 2 

are computed using E = 1.0 x 10 N/m and are those which 

the theory would p r e d i c t to occur at the s u r f a c e of a 

27 km t h i c k l i t h o s p h e r e . 
I f the t e n s i l e s t r e n g t h of the oceanic c r u s t i s 0.5 x 

8 2 

10 N/m , then i t w i l l f r a c t u r e near the top of the outer r i s e 

for a l l these models. This would then reduce the flexurad! 

r i g i d i t y and i n v a l i d a t e the a n a l y s i s . The shape of 

the outer r i s e may be modelled by simple t h i n p l a t e 

where T 

of 27 t o 50 km. 

The s t r e s s due t o the bending, o£ , i s given by 
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theory but the bending s t r e s s e s are s t r o n g l y i n f l u e n c e d 

by f a i l u r e near the s u r f a c e and creep near the base of 

the l i t h o s p h e r e . V a r i a t i o n of e l a s t i c p r o p e r t i e s w i t h i n 

the l i t h o s p h e r e are a l s o important. 

5.2 E l a s t i c bending of a t r a n s v e r s e l y non-uniform p l a t e 

The d i f f e r e n t i a l equations r e l e v a n t to the a n a l y s i s 

of a t r a n s v e r s e l y loaded beam i n plane s t r e s s and to the 

c y l i n d r i c a l bending of t h i n p l a t e s ( f i g . 5.1) are 

and 

t-v1- ~ 

r e s p e c t i v e l y (Hausner and Vreeland, 1966). 

where 

IA? i s the displacement i n the z d i r e c t i o n 

<̂  i s the e x t e r n a l l y a p p l i e d t r a n s v e r s e s t r e s s 

V i s Poisson's r a t i o 

I i s the second moment of the c r o s s - s e c t i o n of 

the beam 

1 i s the second moment of u n i t length of the 

p l a t e (T 3/12) 

and ~T i s the t h i c k n e s s of the p l a t e . 
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These equations d i f f e r simply by a f a c t o r of 1 / 0 - I ? 1 ) 

The theory of the bending of beams may, t h e r e f o r e , be 

used to determine the parameters r e l a t e d to the c y l i n d r i c a l 

bending of the l i t h o s p h e r e even i f E and v vary with depth. 

The v a r i a t i o n of p r o p e r t i e s with depth can be accounted 

for by the methods used for composite beams. The width 

of the beam, b, ( f i g . 5.3) i s transformed t o b 

by b = —/ b (Hausner and Vreeland, 1966). 

where E i s the Young's modulus a t the given depth and £' an 

a r b i t r a r y value of Young's modulus for the transformed beam. 

I f 1^ i s the second moment of the transformed c r o s s -

s e c t i o n the d i f f e r e n t i a l equation becomes 
£ 'X> \ * 
~ — ^ 0 00 _ a 

the Poisson's r a t i o , \) , being assumed constant. 

The bending s t r e s s i n the p l a t e i s given by 

&~ s - u ^ 

where w' i s the d i s t a n c e from the centr e of g r a v i t y ( <jt' ) 

of the s e c t i o n of the transformed s e c t i o n ( f i g . 5.3). 

Thus, i f the p r o p e r t i e s of the l i t h o s p h e r e vary only 

with depth, the r e s u l t s of previous a n a l y s e s may be used 

with the f l e x u r a l r i g i d i t y , D, given by 



R E A L BEAM 
s h a p e Young's mod. 

w id th b 

T R A N S F O R M E D BEAM 
s h a p e Young's mod. 

width t) _ / 

F i g . 5.3 Transformation of a beam of v a r i a b l e 
Young's modulus t o an e q u i v a l e n t beam 
of v a r i a b l e c r o s s - s e c t i o n . The n e u t r a l 
a x i s changes i n the t r a n s f o r m a t i o n . 
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Since t h i s i s an e l a s t i c a n a l y s i s no allowance i s 

made for creep i n the lower l i t h o s p h e r e . T h i s w i l l reduce 

the " e f f e c t i v e " f l e x u r a l r i g i d i t y . 

Using the e l a s t i c p r o p e r t i e s of the oceanic l i t h o s p h e r e 

determined i n Chapter 2, the f l e x u r a l r i g i d i t y was computed 

for various depths to the base of the l i t h o s p h e r e ( f i g . 5.4). 

These p r o p e r t i e s a l l o w for the volume change as the s t r e s s 

changes i n the phase t r a n s i t i o n s . T h i s reduces the Young's 

modulus i n these regions by an order of magnitude. The 

f l e x u r a l r i g i d i t y f or a uniform Young's modulus of 
11 2 

1.0 x 10 N/m i s a l s o shown for comparison. 

Using equation 5.3, the maximum curvature v 

of the p l a t e i s given by 

T h i s maximum curvature occurs 80-100 km from the o r i g i n 

but s t r e s s e s much greate r than the t e n s i l e s t rength of 

the c r u s t and upper mantle occur near the top of the outer 

r i s e ( f i g . 5.2). The t e n s i o n a l f r a c t u r i n g of the rock 

d i s s i p a t e s the s t r e s s s t o r e d i n i t and a l s o reduces i t s 

Young's modulus under t e n s i o n . Hence the f l e x u r a l parameter 

of the l i t h o s p h e r e should change as the depth of f r a c t u r e 

i n c r e a s e s w i t h i n c r e a s i n g curvature. The maximum curvature 

given by equation 5.6 was used to determine the maximum 

depth of the f r a c t u r e assuming v a r i o u s t h i c k n e s s e s for the 
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l i t h o s p h e r e . The f r a c t u r e d p o r t i o n was t h e n a s s i g n e d a 

z e r o Young's modulus and t h e a p p a r e n t f l e x u r a l r i g i d i t y 

( f i g . 5 . 4 ) , f l e x u r a l p a r a m e t e r and depth t o t h e c e n t r e o f 

g r a v i t y o f t h e t r a n s f o r m e d beam ( f i g . 5.5) were computed. 

The maximum depth of f r a c t u r e was 15 km and c o i n c i d e d 

w i t h t h e t o p of t h e p l a g i o c l a s e - s p i n e l phase t r a n s i t i o n . 

A t t h i s depth t h e e f f e c t i v e Young's modulus and hence t h e 

computed s t r e s s e s a r e r e d u c e d by an o r d e r o f magnitude by 

t h e a b i l i t y o f t h e r o c k t o change phase. The p l a g i o c l a s e -

s p i n e l phase t r a n s i t i o n s t a b i l i z e s ! t h e depth of t h e 

f r a c t u r e n o t o n l y f o r v a r i o u s assumed t h i c k n e s s e s of t h e 

l i t h o s p h e r e b u t a l s o f o r t h e c u r v a t u r e r e q u i r e d f o r 

maximum f r a c t u r e due t o b e n d i n g t o o c c u r . 

The f l e x u r a l p a r a m e t e r o f 100-120 km e s t i m a t e d from 

t h e shape o f t h e o u t e r r i s e and t h e f l e x u r e around seamounts 

i s e q u i v a l e n t t o a l i t h o s p h e r i c t h i c k n e s s o f 65 t o 85 km 

i f t h e upper 15 km o f t h e l i t h o s p h e r e i s f r a c t u r e d . The 

s u b s t a n t i a l i n c r e a s e i n f l e x u r a l r i g i d i t y on i n c r e a s i n g 

t h e t h i c k n e s s of t h e l i t h o s p h e r e from 80 t o 100 km i s due 

t o t h e d e c r e a s e i n t h e amount o f f r a c t u r e and t h e bottom 

o f t h e s p i n e l - g a r n e t t r a n s i t i o n b e i n g r e a c h e d . However, 

a t t h e s e depths t h e v i s c o s i t y i s d e c r e a s i n g and w i l l 

e f f e c t i v e l y o f f - s e t t h e i n c r e a s e i n f l e x u r a l r i g i d i t y 

computed f o r an e l a s t i c model. 
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F i g . 5.5 F l e x u r a l parameter as a f u n c t i o n of 
l i t h o s p h e r e t h i c k n e s s assuming the 
maximum cur v a t u r e i n f i g . 5.2. The 
depth of f r a c t u r e , n e u t r a l f i b r e and 
f l e x u r a l parameter r e l a t i v e to the 
f r a c t u r e d l i t h o s p h e r e i s a l s o shown. 
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F a i l u r e o f t h e t o p 15 km o f t h e l i t h o s p h e r e may 

r e d u c e t h e f l e x u r a l p a r ameter i n t h e v i c i n i t y o f s u b d u c t i o n 

zones by 40 km b u t t h i s can h a r d l y be t h e c a s e f o r t h e l e s s 

extreme f l e x u r e s c a l c u l a t e d f o r o c e a n i c i s l a n d s ( W a l c o t t , 

1970; Watts and C o c h r a n , 1974; Watts e t a l . , 1 9 7 5 ) . V i s c o u s 

f l o w may be i m p o r t a n t t o s h a l l o w e r d e p t h s i n t h e s e r e g i o n s 

b e c a u s e t h e t i m e s i n v o l v e d a r e much g r e a t e r t h a n t h e 

5 M y r d u r i n g w h i c h t h e l i t h o s p h e r e i s i n t h e r e g i o n o f 

t h e o u t e r r i s e and t r e n c h ( W a l c o t t , 1 9 7 0 ) . T h e s e s m a l l e r 

f l e x u r e s a r e c a u s e d by l o c a l l y i n c r e a s i n g t h e v e r t i c a l 

l o a d on t h e l i t h o s p h e r e s o t h a t t r a n s v e r s e c o m p r e s s i o n 

may be i m p o r t a n t i f t h e s t a b i l i t y o f some of t h e p h a s e s 

a r e a f f e c t e d . T h i s a d d i t i o n a l c o m p r e s s i v e e f f e c t i s 

n e g l e c t e d i n t h e t h e o r y . The mass o f t h e sea-mount i s 

assumed t o c a u s e a b e n d i n g moment on t h e l i t h o s p h e r e 

and t h u s a f l e x u r e . The p r e s s u r e i s a l s o i n c r e a s e d b e l ow 

t h e sea-mount, however, and s o c o m p r e s s i o n t a k e s p l a c e 

depending on t h e magnitude o f t h e l o a d and b u l k modulus 

o f t h e l i t h o s p h e r e . I f phase changes can t a k e p l a c e t h i s 

c o m p r e s s i o n may become s i g n i f i c a n t s o t h a t t h e f l e x u r e 

o f t h e s e a - b e d i s i n c r e a s e d and t h u s t h e e s t i m a t e o f 

f l e x u r a l r i g i d i t y o b t a i n e d from s u c h s t u d i e s i s d e c r e a s e d . 

5.3 S t r e s s d i s t r i b u t i o n f o r a g i v e n v i s c o - e l a s t i c f l o w 

I t i s p o s s i b l e t o compute t h e f l e x u r e of a v i s c o - e l a s t i c 
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p l a t e i n a s i m i l a r manner t o t h a t o f an e l a s t i c p l a t e 

( e . g . W a l c o t t , 1 9 7 0 ) . The b e h a v i o u r o f t h e o c e a n i c 

l i t h o s p h e r e i n t h e v i c i n i t y of a s u b d u c t i o n zone, 

however, i s d i f f e r e n t from t h a t of a s i m p l y l o a d e d p l a t e 

i n t h a t t h e f l e x u r e moves a l o n g t h e l i t h o s p h e r e a t t h e 

r a t e of s u b d u c t i o n . Thebstress a t any p o i n t ( TC0 } CA ) 

i n t h e p l a t e i s t h e r e f o r e dependent n o t o n l y on t h e 

s t r a i n a t t h a t p o i n t b u t a l s o on t h e s t r a i n a t p o i n t s 

o u t s i d e i t ( * ̂ >„ , cx ) . 

I t e r a t i v e f i n i t e d i f f e r e n c e methods may be d e v e l o p e d 

t o a l l o w f o r t h i s p r o g r e s s i o n of t h e f l e x u r e and s t r e s s e s . 

T h e s e e n t a i l v a r y i n g t h e e f f e c t i v e f l e x u r a l r i g i d i t y a l o n g 

t h e p l a t e depending upon t h e c u r r e n t s t r e s s and s t r a i n i n 

e a c h c r o s s - s e c t i o n . T h i s , however, i s f a r beyond t h e 

l i m i t s o f t h e a s s u m p t i o n s made i n c l a s s i c a l beam t h e o r y 

and t h e a n a l y s i s i s b e t t e r c a r r i e d out by f i n i t e e l e m e n t 

methods. Even s o , i t w i l l be shown i n t h e n e x t c h a p t e r 

( s e c t i o n 6.4) t h a t t h e r e s u l t s a r e v e r y dependent upon 

t h e assumed boundary c o n d i t i o n s . I f t h e shape o f t h e 

d e f o r m a t i o n i s assumed the n t h e s t r e s s d i s t r i b u t i o n may 

be e s t i m a t e d a l o n g t h e p l a t e t o show t h e e f f e c t o f c r e e p 

and f a i l u r e . T h i s i s o n l y an o r d e r o f magnitude c a l c u l a t i o n 

s i n c e t h e a s s u m p t i o n s a r e r e c o g n i s e d t o be an o v e r ­

s i m p l i f i c a t i o n of t h e p r o c e s s . 

I t i s assumed (1) t h a t t h e s t r a i n i s s i m p l y due t o 
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t h e b e n d i n g of t h e p l a t e , (2) t h a t i f f a i l u r e o c c u r s t h e 

b e n d i n g s t r e s s i s r e d u c e d t o z e r o and (3) t h a t t h e s t r e s s 

d i s t a n t from t h e t r e n c h i s z e r o . The a n a l y s i s i s o n l y 

a p p r o x i m a t e , t h e main e r r o r s a r i s i n g from t h e n e g l e c t o f 

t h e e f f e c t of f a i l u r e on t h e a d j a c e n t r o c k and o f 

s l i p p a g e p a r a l l e l t o t h e p l a t e s i m i l a r t o t h a t w h i c h 

o c c u r s when a pack o f c a r d s i s b e n t . 

Two d i f f e r e n t a s s u m p t i o n s were made a s t o t h e e f f e c t 

o f f a i l u r e on Young's modulus. The f i r s t (Type 1) assumed 

t h a t Young's modulus was unchanged by f a i l u r e and t h e o t h e r 

(Type 2) t h a t r o c k w h i c h had f r a c t u r e d c o u l d n o t s u s t a i n 

t e n s i o n . I t s Young's modulus i n t e n s i o n was s e t e q u a l t o 

z e r o . 

The s t r a i n i s assumed t o be s i m p l y due t o t h e b e n d i n g 

of t h e p l a t e s o t h a t t h e change i n s t r a i n between two 

s e c t i o n s , 0- 1 and n , £*. a p a r t ( f i g . 5.6) i s g i v e n by 

where ^ i s t h e c u r v a t u r e o f t h e p l a t e 

y i s t h e depth from t h e t o p o f t h e p l a t e 

and ^ 0 i s t h e depth o f t h e n e u t r a l a x i s . 

I f t h e p l a t e i s moving around t h e f l e x u r e w i t h a 

v e l o c i t y V x = - £*/frT t h e n t h e s t r e s s i n s e c t i o n f\ i s 



Geometry f o r c a l c u l a t i n g t h e s t r e s s i n 
a p r e d e t e r m i n e d p r o g r e s s i o n o f a bend 
i n a p l a t e . 
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where £ i s t h e Young's modulus, = , and i s 

t h e v i s c o s i t y . 

(^ ) may be s p e c i f i e d f o r g i v e n d i s c r e t e depths or f i b r e s 

i n t h e p l a t e . T h i s s t r e s s must be added t o t h e h y d r o s t a t i c 

p r e s s u r e f o r depth, ij , b e f o r e a p p l y i n g t h e f r a c t u r e 

c r i t e r i a ( s e c t i o n 2 . 1 . 6 ) . The f r a c t u r e c r i t e r i a u s e d 

assumed z e r o pore f l u i d p r e s s u r e and s o gave an upper 

l i m i t t o t h e s t r e s s r e q u i r e d f o r f r a c t u r e t o o c c u r . I f 

f r a c t u r e i s computed t o o c c u r t h e s t r e s s i s s e t e q u a l t o z e r o 

The l o c a t i o n o f t h e n e u t r a l f i b r e ( <j° ) f o r e a c h s e c t i o n 

needs t o be found by i t e r a t i o n . An e f f e c t i v e Young's modulus 

E* , i s d e f i n e d by 

E * = crVfc 

where & i s t h e computed s t r e s s and 6 i s t h e s t r a i n computed 

from t h e c u r v a t u r e and t h e l a t e s t e s t i m a t e o f t h e p o s i t i o n 

o f t h e n e u t r a l f i b r e , y ° . E * i s t h e n u s e d t o compute a 

new t r a n s f o r m e d s e c t i o n a s i n s e c t i o n 5.2 and a new c e n t r e 

of g r a v i t y or n e u t r a l f i b r e . 

The r e s u l t s o f a p p l y i n g t h i s a n a l y s i s t o a 100 km t h i c k 

p l a t e , w i t h v i s c o s i t y and Young's modulus dependent o n l y 

upon depth i s shown i n f i g . 5.7. The assumed d e f l e c t i o n s , 

, were a g a i n g i v e n by e q u a t i o n 5.3 w i t h A = 10 km and 

Oi = 100 km g i v i n g a t y p i c a l shape f o r t h e o u t e r r i s e 

(Le P i c h o n e t a l . , 1 9 7 3 ) . The v e l o c i t y was assumed t o be 
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8 cm/yr. The d i s t a n c e i n t e r v a l ( ax. ) between s e c t i o n s 

was 5 km and t h e s t r e s s e s and s t r a i n s were c a l c u l a t e d f o r 

depth i n t e r v a l s o f 0.5 km t h r o u g h t h e p l a t e . Z e r o s t r e s s 

was assumed a t 500 km from t h e f r e e edge of t h e p l a t e . 

I n f i g . 5.7 the s t r e s s d i s t r i b u t i o n s a t v a r i o u s 

d i s t a n c e s from t h e t r e n c h a r e shown f o r c o m b i n a t i o n s of 

e l a s t i c and v i s c o - e l a s t i c a n a l y s e s w i t h and w i t h o u t 

f r a c t u r e . C o m p r e s s i o n a l s t r e s s e s a r e shaded and t h o s e 

9 2 

above 2.5 x 10 N/m (2 5 k b a r ) a r e n o t drawn. 

I n t h e e l a s t i c a n a l y s i s w i t h no f r a c t u r e t h e s t r e s s e s 

a r e dependent o n l y upon t h e c u r v a t u r e , or r e l a t i v e s t r a i n , 

t h e d i s t a n c e from t h e n e u t r a l a x i s and t h e Young's modulus. 

The s t r e s s e s a r e l a r g e and v a r y r a p i d l y a s t h e f l e x u r e i s 

a p p r o a c h e d t o above 25 k b a r o v e r most o f t h e t h i c k n e s s of 

t h e l i t h o s p h e r e . At 0 km t h e c u r v a t u r e i s z e r o and so t h e 

s t r e s s e s a r e d i s s i p a t e d a s t h e p l a t e i s r e - s t r a i g h t e n e d . 

I n a l l s e c t i o n s t h e r e d u c t i o n o f s t r e s s due t o t h e l o w e r i n g 

o f Young's modulus by phase changes i s e v i d e n t . 

I f f r a c t u r e o c c u r s i n t h e upper p a r t of t h e p l a t e t h e 

l a r g e t e n s i o n s a r e r e d u c e d a s t h e s t r a i n i n c r e a s e s . Both 

methods o f m o d e l l i n g f a i l u r e were u s e d . I n t y p e 1, i f 

f r a c t u r e o c c u r r e d t h e n t h e s t r e s s was s e t e q u a l t o z e r o 

b u t c o u l d i m m e d i a t e l y b e g i n t o i n c r e a s e a g a i n a s t h e r o c k 

was f u r t h e r s t r a i n e d . I n t y p e 2,the f r a c t u r e was assumed 

t o a l s o p r e v e n t t h e r o c k from s u s t a i n i n g t e n s i o n a l s t r e s s e s . 
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As t h e o v e r a l l s t r a i n d e c r e a s e s between 7 5 - 0 km 

c o m p r e s s i o n a l s t r e s s e s a r e e s t a b l i s h e d i n t h e t o p of t h e 

p l a t e . The s p i k e d n a t u r e of t h e s t r e s s e s i n t h e upper 

p a r t of t h e p l a t e f o r f r a c t u r e t y p e 1 a r e due t o t h e 

g r a d u a l b u i l d up o f s t r e s s e s u n t i l t h e y a r e s u d d e n l y 

r e l i e v e d by f r a c t u r e . A t 2 5 km f o r f r a c t u r e of t y p e 2 t h e 

p l a t e was f r a c t u r e d t h r o ughout s o t h a t t h e s t r e s s e s a t 

d i s t a n c e 0 km a r e p r o b a b l y i n g r e a t e r r o r . The s t r e s s e s 

i n t h e l ower p a r t o f t h e p l a t e a r e r e d u c e d from t h e model 

w i t h no f r a c t u r e b e c a u s e t h e n e u t r a l f i b r e i s l o w e r e d by 

t h e r e d u c t i o n of t h e s t r e s s e s n e a r t h e t o p o f t h e p l a t e . 

The v i s c o - e l a s t i c a n a l y s i s w i t h no f r a c t u r e shows 

t h a t t h e major e f f e c t o f t h e c r e e p i s i n t h e l ower 40 km 

o f t h e p l a t e . No s t r e s s e s a r e e s t a b l i s h e d b e l ow 60 km. 

The s t r e s s e s i n t h e t o p 60 km d i f f e r from t h o s e i n t h e 

e l a s t i c - n o f r a c t u r e model b e c a u s e t h e n e u t r a l f i b r e i s 

r a i s e d by t h e s m a l l n e s s o f t h e e f f e c t i v e Young's modulus 

i n t h e lower p a r t o f t h e p l a t e . The p l a t e i s e f f e c t i v e l y 

t h i n n e d by t h e c r e e p . 

The v i s c o - e l a s t i c models w i t h f r a c t u r e shows how b o t h 

s t r e s s r e l i e f mechanisms may complement e a c h o t h e r t o r e d u c e 

t h e s t r e s s e s t h r o u g h o u t t h e p l a t e . The l a r g e s t s t r e s s e s 

a r e a t 0 and 2 5 km where t h e t e n s i o n a l s t r e s s e s r e l i e v e d 

by f a i l u r e have been r e p l a c e d by c o m p r e s s i o n a l s t r e s s e s 

w h i c h need t o be g r e a t e r i n magnitude f o r f a i l u r e t o o c c u r . 
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I t must be r e - e m p h a s i s e d t h a t t h i s a n a l y s i s i s an o v e r ­

s i m p l i f i c a t i o n o f t h e p r o c e s s e s i n v o l v e d i n t h e f l e x u r e i n 

t h e v i c i n i t y o f s u b d u c t i o n zones b u t t h e e f f e c t s shown a r e 

p r o b a b l y o f t h e c o r r e c t o r d e r o f magnitude, though i f t h e 

r o c k s c o n t a i n s i g n i f i c a n t amounts o f f l u i d s t h e s t r e s s e s 

a t w h i c h f r a c t u r e w i l l o c c u r w i l l be of much lower magnitude. 

5.4 C o n c l u s i o n s 

T h e s e models a r e a l l o v e r - s i m p l i f i c a t i o n s s i n c e i t i s 

r e c o g n i s e d t h a t t h i n p l a t e t h e o r y c a n n o t be a p p l i e d t o t h i s 

t e c t o n i c p r o c e s s b e c a u s e t h e l i m i t a t i o n s assumed i n t h e 

t h e o r y a r e n o t met. They do i l l u s t r a t e s e v e r a l p o i n t s , and 

p r o b a b l y g i v e r e s u l t s o f t h e c o r r e c t o r d e r of magnitude. 

Phase t r a n s i t i o n s p l a y an i m p o r t a n t r o l e i n t h e f l e x u r e 

o f t h e l i t h o s p h e r e b e c a u s e t h e y l o w e r t h e e f f e c t i v e Young's 

modulus. They a l t e r t h e f l e x u r a l r i g i d i t y of t h e l i t h o s p h e r e 

f o r any assumed t h i c k n e s s t o about t h a t o f a u n i f o r m p l a t e 

11 2 
w i t h Young's modulus of 1.0 x 10 N/m . The Young's modulus 

11 2 

of t h e m a n t l e i s about 1.5 x 10 N/m . As f a r a s t h i n 

p l a t e t h e o r y can be a p p l i e d t o t h e o u t e r r i s e and t r e n c h 

t h e f l e x u r a l r i g i d i t y and f l e x u r a l p a r a m e t e r a r e s t r o n g l y 

a f f e c t e d by f a i l u r e i n t h e t o p o f t h e l i t h o s p h e r e . I f 

s i m p l e f l e x u r e was o c c u r r i n g i n t h i s r e g i o n , t h e maximum 

depth a t w h i c h f a i l u r e would be i n d u c e d by t h e b e n d i n g 
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s t r e s s e s would be 15 km. T h i s c o r r e s p o n d s t o t h e t o p o f 

t h e p l a g i o c l a s e - s p i n e l phase t r a n s i t i o n . 

The p r o g r e s s i o n o f t h e bend a l o n g t h e l i t h o s p h e r e a s 

i t i s s u b d u c t e d h a s t h e e f f e c t o f i n d u c i n g o p p o s i t e s t r e s s e s 

a s t h e p l a t e i s r e - s t r a i g h t e n e d , t o any w h i c h have been 

d i s s i p a t e d by c r e e p or f a i l u r e . Hence, a l t h o u g h t h e 

s i m p l e f l e x u r e t h e o r y would p r e d i c t no r e s i d u a l s t r e s s 

once t h e l i t h o s p h e r e had c o m p l e t e d p a s s i n g around t h e 

bend, t h e r e i s a l a r g e c o m p r e s s i v e s t r e s s n e a r t h e b a s e 

o f t h e t r e n c h a s a r e s u l t of t h e p r e v i o u s t e n s i o n a l f r a c t u r e 

between t h e o u t e r r i s e and t h e t r e n c h . 

The r e s u l t s of t h e s e c a l c u l a t i o n s i n d i c a t e s t h a t c r e e p 

does e f f e c t i v e l y r e d u c e t h e t h i c k n e s s of t h e l i t h o s p h e r e . 

The v i s c o s i t i e s u s e d may have been t o o low by a s much a s 

two o r d e r s o f magnitude b u t t h i s would have had l i t t l e 

e f f e c t on t h e r e s u l t s . Only t h e m antle b e l o w t h e bottom 

o f t h e s p i n e l t o g a r n e t t r a n s i t i o n (80 km) needs t o c r e e p 

s i g n i f i c a n t l y t o r e d u c e t h e f l e x u r a l p a r a m e t e r s and s t r e s s e s 

t o t h o s e p r e d i c t e d h e r e . 

A l t h o u g h i n t h e p a s t , t h e t h e o r y of t h i n p l a t e s h a s 

been u s e d t o s u c c e s s f u l l y model t h e shape o f t h e o u t e r r i s e , 

t h e s i g n i f i c a n c e o f t h e model i s o b s c u r e . The l i t h o s p h e r e 

does not a c t a s a t h i n p l a t e and t h e a n a l y s i s i s i n v a l i d a t e d 

b y t h e h i g h l y v a r i a b l e p r o p e r t i e s , f r a c t u r e and c r e e p . The 

s t r e s s e s a r e n o t s i m p l y r e l a t e d t o t h e c u r v a t u r e o f t h e p l a t e 
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The l a r g e h o r i z o n t a l c o m p r e s s i v e s t r e s s e s p roposed 

f o r some s u b d u c t i o n zones (Hanks, 1971; Watts and T a l w a n i , 

1974) c o u l d be a f u n c t i o n o f t h e a n a l y s i s r a t h e r t h a n t h e 

s t a t e o f s t r e s s i n t h e e a r t h . The major a s s u m p t i o n made 

i n t h e p r e v i o u s a n a l y s e s t h a t h a s n o t y e t been e m p h a s i s e d 

i s t h a t t h e r e i s no moment a c t i n g on t h e f r e e edge o f t h e 

p l a t e . S i n c e t h e l i t h o s p h e r i c p l a t e c o n t i n u e s down t h e 

s u b d u c t i o n zone t h i s a s s u m p t i o n i s u n l i k e l y t o a p p l y . 

The p r o f i l e s w h i c h a p p a r e n t l y r e q u i r e l a r g e h o r i z o n t a l 

c o m p r e s s i v e s t r e s s e s c o u l d s i m p l y be ones i n which t h e 

s i n k i n g s l a b i s c a u s i n g a l a r g e r b e n d i n g moment a t t h e 

assumed o r i g i n . 
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CHAPTER 6 

F I N I T E ELEMENT ANALYSIS OF THE STRESSES 
I N THE SUBDUCTING PLATE 

The two main d i f f i c u l t i e s i n a p p l y i n g f i n i t e e l ement 

a n a l y s i s t o t h e s u b d u c t i n g p l a t e a r e t h e r e d u c t i o n o f 

t h e problem t o one w h i c h can be s o l v e d w i t h t h e computer 

r e s o u r c e s a v a i l a b l e and t h e s p e c i f i c a t i o n o f t h e boundary 

c o n d i t i o n s . 

P r e v i o u s a p p l i c a t i o n s o f f i n i t e e l ement a n a l y s e s t o 

t h i s problem have t r e a t e d t h e whole s u b d u c t i o n zone and 

u s e d r a t h e r c o a r s e n e t s and p r e d e t e r m i n e d t e m p e r a t u r e 

d i s t r i b u t i o n s t o s o l v e f o r t h e e q u i l i b r i u m s t r e s s e s 

(Toksoz e t a l . 1973, Neugebaur and B r e i t m a y e r , 1 9 7 5 ) . 

The f i n i t e d i f f e r e n c e g r i d u s e d by S l e e p (1975) was a l s o 
2 

r a t h e r c o a r s e (25 km g r i d ) . A l l t h e s e a n a l y s e s have 

shown t h a t , a l t h o u g h t h e s t r e s s e s i n t h e a s t h e n o s p h e r e 

a r e s m a l l , t h e v i s c o s i t y of t h e a s t h e n o s p h e r e i s i m p o r t a n t 

i n p r o v i d i n g s u p p o r t f o r t h e s l a b . 

An a t t e m p t t o a n a l y s e t h e whole r e g i o n w i t h a n e t 

f i n e enough t o show t h e s t r e s s e s due t o t h e b e n d i n g o f 

t h e l i t h o s p h e r e and t o phase changes, would r e s u l t i n t h e 

computer r e s o u r c e s r e q u i r e d making t h e problem u n s o l v a b l e . 

I n t h e p r e v i o u s c h a p t e r i t was shown t h a t t h e low v i s c o s i t y 

b elow 60 km r e d u c e s t h e s t r e s s e s by a t l e a s t two o r d e r s of 
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magnitude f o r t h e b e n d i n g of t h e l i t h o s p h e r e . I t was 

t h e r e f o r e d e c i d e d t o t r y t o model o n l y t h e t o p 70 km of 

t h e l i t h o s p h e r e a s i t i s s u b d u c t e d . I t was p l a n n e d t o 

s t a r t w i t h l i t h o s p h e r e i n i t s e q u i l i b r i u m s t a t e and t o 

p r o g r e s s i v e l y a l l o w i t t o bend and s i n k i n t o t h e a s t h e n o -

s p h e r e . The boundary c o n d i t i o n s a r e c r i t i c a l t o t h e 

a n a l y s i s and t h r e e s e p a r a t e s e t s o f c o n d i t i o n s have been 

us e d . E a c h model r e q u i r e d s e v e r a l h o u r s o f computing t i m e . 

None have been r e a l l y s u c c e s s f u l b u t t h e computing r e q u i r e ­

ments made i t i m p o s s i b l e t o a t t e m p t f u r t h e r models. I n 

s p i t e of t h e l i m i t a t i o n s o f t h e s e models, some i n t e r e s t i n g 

c o n c l u s i o n s may be made about t h e s t r e s s e s i n t h e b e n d i n g 

and d e s c e n d i n g l i t h o s p h e r e . 

The p h y s i c a l p r o p e r t i e s u s e d i n t h e a n a l y s e s were 

d e t e r m i n e d a t t h e s t a r t o f e a c h time s t e p from t h e 

e x p r e s s i o n s g i v e n i n C h a p t e r 2. Because of t h e a s s u m p t i o n 

o f z e r o pore f l u i d p r e s s u r e t h e f a i l u r e c r i t e r i a i n 

s e c t i o n 2.1.6 r e q u i r e d t h a t t h e r a t i o of t h e maximum t o 

minimum p r i n c i p a l s t r e s s e s s h o u l d be about 7:1 f o r f a i l u r e 

t o o c c u r i f a l l t h e c r a c k s were c l o s e d . An a d d i t i o n a l 

f a i l u r e c r i t e r i a t h a t t h e d e v i a t o r i c s t r e s s e s do not 
9 2 

e x c e e d 1.0 x 10 N/m was a l s o i n c l u d e d . T h i s i s a r b i t r a r y 

b u t t h e r e d u c e d maximum d i f f e r e n t i a l s t r e s s may be 

c o n s i d e r e d a s b e i n g due t o t h e p r e s e n c e o f pore f l u i d s . 

The v i s c o s i t y o f an element was r e d u c e d by a f a c t o r 
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of about 150 f o r each s u c c e s s i v e time s t e p f o r w h i c h 

f a i l u r e was e s t i m a t e d t o o c c u r . I f t h e s t r e s s i n an 

element w h i c h had p r e v i o u s l y f a i l e d was s u c h t h a t no 

f u r t h e r f a i l u r e would o c c u r t h e v i s c o s i t y was i n c r e a s e d 

by t h e same f a c t o r u n t i l i t r e a c h e d t h a t computed from 

th e c r e e p l a w s . T h i s g r a d u a l change i n v i s c o s i t y was 

n e c e s s a r y t o r e d u c e i n s t a b i l i t i e s i n t h e a n a l y s e s due t o 

l a r g e f l u c t u a t i o n s i n t h e v i s c o s i t i e s and s t r e s s e s . 

A l s o t o r e d u c e t h e l i k e l i h o o d o f i n s t a b i l i t i e s i n 

th e s o l u t i o n , t h e v i s c o s i t y was assumed t o be g r e a t e r t h a n 
2<1 2 

.'5.0 x 10 Ns/m thr o u g h o u t t h e model. T h i s i s r a t h e r h i g h 

compared t o t h e v a l u e s g i v e n f o r t h e a s t h e n o s p h e r e b u t i t 

g i v e s a d e c a y t i m e f o r t h e s t r e s s e s o f about 30 y r s . The 

t i m e s t e p s u s e d were between 50 and 12,500 y r s . 

6.1 F i r s t Model 

The f i r s t model began a s a f l a t l y i n g l i t h o s p h e r i c 

p l a t e 70 km t h i c k w i t h t h e end c u r v e d t h r o u g h 45° ( f i g . 6 . 1 ) . 

The t o p o f t h e model was assumed t o be under 5 km o f w a t e r . 

The t o p 7 km was assumed t o be o c e a n i c c r u s t and t h e r e s t 

m a n tle w i t h p r o p e r t i e s d e t e r m i n e d from C h a p t e r 2. The 

i n i t i a l t e m p e r a t u r e and p r e s s u r e i n t h e e l e m e n t s c o r r e s p o n d e d 

t o t h e geotherm d e t e r m i n e d i n s e c t i o n 2.3. 
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6.1.1 Boundary co n d i t i o n s 

The boundary conditions a p p l i e d to the model ( f i g . 6.1) 

were: 

(1) The base was subjected to h y d r o s t a t i c s t r e s s e s 

c a l c u l a t e d for the normal oceanic l i t h o s p h e r e and 

asthenosphere ( s e c t i o n 2.3). 

(2) The end t h a t was curved by 45° from the v e r t i c a l was 

forced t o move downward wi t h a v e r t i c a l v e l o c i t y 

component of 5.66 cm/yr corresponding t o a subduction 

r a t e of 8 cm/yr for a dip of the descending s l a b of 45°. 

(3) As p a r t of the top of the model became lower than 8 km, 

the h y d r o s t a t i c pressure on i t due to the sea was 

g r a d u a l l y i n c r e a s e d so t h a t i t equalled the hydro­

s t a t i c pressure of the normal oceanic s e c t i o n when 

the top became deeper than 11 km. That i s the 

pressure, P, on the top of the model a t depth X km 

was given by 

P = f P + (1 - f ) PT w L 
7 where P i s the pressure due to the water (l'XJOXvjlO XV w 

P i s the pressure i n the oceanic s e c t i o n 
L 

Jo.'- X ^ 8 km 
and f = -i (11 - X)/3 8 < x < 11 km 

0 X > 11 km 
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(4) The end of the l i t h o s p h e r e d i s t a n t from the sub-

duction zone was h e l d on a v e r t i c a l l i n e . The 

displacements and v e l o c i t i e s determined i n the 

a n a l y s i s were t h e r e f o r e r e l a t i v e to the oceanic 

p l a t e . 

The i n i t i a l f i n i t e element net and boundary c o n d i t i o n s 

and the net a f t e r 2 M yr. subduction are shown i n F i g . 6.1. 

The thermal boundary c o n d i t i o n s were more d i f f i c u l t 

t o a s c r i b e . The s e a - f l o o r was h e l d a t 0°C. The heat 

f l u x which would normally be p a s s i n g through the lower 

s u r f a c e due t o thermal conduction i n a steady s t a t e 

oceanic environment was incorporated ( s e c t i o n 2.3). There 

remained two major problems. F i r s t l y , only p a r t of the 

e a r t h i s being modelled and the thermal i n t e r a c t i o n between 

t h i s p a r t of the e a r t h and i t s surroundings i s important. 

Secondly, what should be done about the contentious shear 

s t r a i n h e a t i n g on the upper s u r f a c e of the l i t h o s p h e r e as 

i t i s subducted (Minear and Toskoz, 1970a and b; Griggs, 

1972). The f i n a l choice b u i l t both these e f f e c t s i n t o a 

convenient though a r b i t r a r y a d d i t i o n t o the heat f l u x a c r o s s 

the top and bottom s u r f a c e s of the model deeper than 8 km. 

This heat f l u x was c a l c u l a t e d according to the formula 

q = k(T-To)/D 

where k i s an assumed thermal c o n d u c t i v i t y of 3.0 J/ms°C,T 

i s the temperature of the surfaces of the "oV-"., To i s the 
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expected temperature H>V s^^'ip^: (given by the conductive 
geotherm i n F i g . 2.8) and D i s an a r b i t r a r y d i s t a n c e over 
which i t i s assumed t h a t the temperature gradient i s 
constant. D was given a value of 3 km for the top s u r f a c e 
and 30 km for the lower s u r f a c e . The l a r g e r value for 
the lower s u r f a c e was intended t o compensate, i n p a r t , 
for the l i t h o s p h e r e below 70 km which i s probably a l s o 
subducted. 

Using t h i s formula had two advantages. The temperature 

i n the descending l i t h o s p h e r i c s l a b does not r i s e above 

t h a t i n the surrounding asthenosphere as i t does i n the 

model of Minear and Toskoz (1970). The shear zone i s 

probably only about 3 km wide so the h e a t i n g given by 

t h i s a r b i t r a r y expression i s probably of the r i g h t order 

of magnitude. 

No heat f l u x was allowed across the ends of the model. 

The end being subducted was intended to r e p r e s e n t a 

t r u n c a t i o n of the subducted s l a b and the heat flow along 

the s l a b i s much smal l e r than t h a t a c r o s s i t (Griggs, 1972). 

T h i s i s d i f f e r e n t from the f i n i t e d i f f e r e n c e analyses of 

the thermal regimes of Minear and Toskoz (1970) and 

Toskoz e t a l . (1971, 1973) who considered the end of the 

s l a b to be i n contact with the asthenosphere. 

The heat sources incorporated i n the model were, (1) 

the heat f l u x a cross the boundaries described above, (2) 
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a d i a b a t i c h e a t i n g and (3) ra d i o g e n i c heating. The l a t e n t 

heat was incorporated by appropriate m o d i f i c a t i o n s to 

the p h y s i c a l p r o p e r t i e s ( s e c t i o n 2.2.3). Heating due to 

creep w i t h i n the model was not incorporated i n t h i s f i r s t 

model. 

6.1.2 The A n a l y s i s 

The model was stepped through time with the nodes 

being s h i f t e d a f t e r each increment. The p h y s i c a l p r o p e r t i e s 

were c a l c u l a t e d for each time s t e p depending on the s t r e s s 

and temperature of the elements a t the s t a r t of the step. 

V i s c o - e l a s t i c and thermal analyses were a l t e r n a t e d . The 

changes i n s t r e s s due to the temperature change during each 

i s o - v o l u m e t r i c thermal a n a l y s i s were added a t the end of 

each s t e p ( s e c t i o n 3.4). The time-steps for t h i s model 

v a r i e d from 50 t o 5,000 y r . 

6.1.3 R e s u l t s 

The r e s u l t s a f t e r 1 M yr and 2 M yr are shown i n 

f i g . 6.2. I t can be seen t h a t the choice of boundary 

conditions for the curved end of the model was unfortunate. 

The p a r t of the model which was i n i t i a l l y curved ( F i g . 6.1) 

did not s t r a i g h t e n but p u l l e d the r e s t of the model down 

with an induced bending moment. The sag i n the p l a t e between 
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a and b ( F i g . 6.2) i s caused by t h i s bending moment and 

the low viscous r e s i s t a n c e t h a t the asthenosphere e x e r t s on the 

s i n k i n g s l a b being neglected because of the h y d r o s t a t i c s t r e s s 

boundary c o n d i t i o n s . 

I n s p i t e of these l i m i t a t i o n s the model i s u s e f u l i n 

i l l u s t r a t i n g some p o i n t s . The model shows t h a t (1) l a r g e 

s t r e s s e s are induced i n the s l a b wherever i t i s bent, (2) 

one of the p r i n c i p a l s t r e s s e s i s n e a r l y always p a r a l l e l t o 

the s i d e s of the s l a b , and (3) down-dip t e n s i o n a l s t r e s s e s 

may be tr a n s m i t t e d i n t o the l i t h o s p h e r e under the ocean 

b a s i n s but are concentrated a t depths where s p i n e l 'o~ 

p e r i d o t i t e i s the s t a b l e phase (30-50 km). I n the s u r f a c e 

l a y e r s (the p l a g i o c l a s e p e r i d o t i t e f i e l d and the oceanic 

c r u s t ) , t e n s i o n a l s t r e s s e s tend t o be d i s s i p a t e d by f a i l u r e 

and a t depths corresponding to phase changes the bulk 

modulus i s sma l l e r thus reducing the s t r e s s e s . I n the 

v i c i n i t y of the trench and outer r i s e i n t h i s model the 

t e n s i o n a l s t r e s s e s induced by the downward p u l l of the 

s l a b reduce the compressional s t r e s s e s which would e x i s t 

due t o the f l e x u r e of the l i t h o s p h e r e . T h i s again emphasises 

the danger of assuming simple f l e x u r e i n t h i s region (Chapter 5) 

By the time the oceanic c r u s t i s subducted to about 

100 km i t s temperature has i n c r e a s e d to 500 to 600°C ( F i g . 6.2B) 

By the time i t has reached 150 km i t s temperature i s about 

900°C near the melting temperature of wet b a s a l t ( F i g . 2.7). 
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The v i s c o s i t y which depends on the r a t i o of temperature 

and melting temperature i s a l s o reduced i n the c r u s t a t 

these depths ( F i g . 6.2B). 

Because the sagging of the s l a b between a and b i n 

F i g . 6.2 was becoming more pronounced as the a n a l y s i s 

proceeded, t h i s model was abandoned and a model with 

d i f f e r e n t boundary conditions attempted. 

6.2 Second Model 

The boundary conditions for the second model were 

s i m i l a r to the f i r s t apart from three major changes. The 

model was i n i t i a l l y f l a t without the i n i t i a l curve of F i g . 6.1 

The end of the l i t h o s p h e r e d i s t a n t from the induced subduction 

was moved a t a constant speed of 8 cm/yr towards the sub­

duction zone ( F i g . 6.3). The subduction process was induced 

i n t o the model by f o r c i n g the lower corner node (a i n F i g . 6.3 

to move a t 60° to the h o r i z o n t a l . As other b a s a l nodes 

passed the d i s t a n c e 0 km they were forced to move towards 

the previous b a s a l node ( F i g . 6.3). T h i s c r i t e r i o n was 

introduced t o minimize the sagging t h a t occurred i n the 

previous model. The r e s t of the base of the model was again 

supported by h y d r o s t a t i c s t r e s s e s . 

The time steps for the model were 12,500 y r s which gave 

increments of 1 km to the end of the model being pushed. 
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T h i s i s a reasonable upper l i m i t to the time s t e p t h a t 

could be taken without causing i n s t a b i l i t i e s i n the model. 

The thermal a n a l y s i s was s i m i l a r to the f i r s t model 

but h e a t i n g due to creep w i t h i n the model was a l s o 

incorporated. 

The s t r e s s e s i n t h i s model became more compressive 

as the a n a l y s i s proceeded u n t i l a f t e r 2 M yr the s t r e s s e s 

were l a r g e enough for a s t a t e of phase change, and 

correspondingly reduced bulk modulus, to e x i s t throughout 

most of the model. There are two p o s s i b l e causes for 

t h i s f a i l u r e of the model. Both are again functions of 

the boundary cond i t i o n . 

The f i r s t i s a r e s u l t of the h y d r o s t a t i c p r e s s u r e 

a p p l i e d to the end of the model being subducted. T h i s 

p ressure was assumed to be equal to t h a t on the top and 

bottom of the l i t h o s p h e r e f o r the given depth. This was 

a reasonable choice a t the time of the a n a l y s i s because 

the s t r e s s i n the descending s l a b was shown by I s a c k s and 

Molnar (1971) t o have e i t h e r the l e a s t or g r e a t e s t p r i n c i p a l 

s t r e s s a l i g n e d down-dip i n the s l a b ( F i g . 1.2). A n e u t r a l , 

no s t r e s s , c o n dition appeared to be a reasonable f i r s t 

approximation. However, i t i s shown i n Chapter 7 t h a t the 

s t r e s s i n the top of the s l a b must be t e n s i o n a l down-dip 

to maintain the observed g r a v i t y anomaly. The d e n s i t y 

inhomogeneities which give r i s e to the g r a v i t y anomaly 
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were incorporated i n the model by applying the f u l l l i t h o s -

p h e r i c pressure only a f t e r the top of the s l a b had reached 

11 km depth. Hence, there should have been a downward 

p u l l on the end of the l i t h o s p h e r e and an i n c o n s i s t e n c y 

was b u i l t i n t o the boundary c o n d i t i o n s . 

The second p o s s i b l e cause fo r the f a i l u r e of the model 

a f t e r 2 M yr was the a p p l i c a t i o n of the boundary co n d i t i o n 

i n which some of the b a s a l nodes were forced to f o l l o w 

each other down the subduction zone ( F i g . 6.3). This 

was e q u i v a l e n t to applying pressure on the boundary. The 

h o r i z o n t a l component of t h i s implied pressure was com-

p r e s s i o n a l towards the non-subducted l i t h o s p h e r e . T h i s 

was not only e f f e c t i v e l y compressing the l i t h o s p h e r e but 

was a l s o applying a bending moment t o i t . 

The r e s u l t s of the a n a l y s i s a t 1 M yr and 2 M yr 

( F i g s . 6.4 and 6.5) show t h a t these e f f e c t s were s i g n i f i c a n t 

i n i n h i b i t i n g the subduction of the p l a t e so t h a t i t became 

more dense r a t h e r than s i n k i n t o the asthenosphere. The 

s t r e s s i n the l i t h o s p h e r e outside the v i c i n i t y of the sub­

duction zone g r a d u a l l y became more compressive. At 2 M yr 

the s t r e s s e s had i n c r e a s e d s u f f i c i e n t l y so t h a t phase change 

co n d i t i o n s , and hence a reduced bulk modulus, e x i s t e d 

throughout most of the model. 

Most of the displacement forced on the end d i s t a n t from 

the subduction was d i s s i p a t e d by the compression of the non-
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s e c level 

1.0 MyrZ? 

/—2.0 Myr 
80 km 

F i g . 6.5 Second model. The o u t l i n e of the second 
model a f t e r 1 M y r . and 2 M y r . subduction. 
Although the end d i s t a n t from t h a t shown 
moved by 80 km t h i s end only moved by 
about 25 km. The outer r i s e became more 
pronounced. 
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subducted p l a t e . Between 1 M yr and 2 M yr although the 

end of the model d i s t a n t from the subduction zone was 

forced to move 80 km the other end of the model only sank 

i n t o the asthenosphere by an average of about 25 km 

( F i g . 6.5). The model was thus abandoned. 

This model does emphasise two t h i n g s . F i r s t l y , the 

r e s u l t s are very dependent upon the boundary conditions 

used and s i m p l i f i c a t i o n s may cause e r r o r s because some 

major e f f e c t may be ignored. Secondly, the p u l l of the 

l i t h o s p h e r i c s l a b i s important i n c o n t r o l l i n g the subduction 

process. 

6.3 T h i r d Model 

The conditions and net of the previous model a t 1 M yr 

were used as the i n i t i a l c o n d i t i o n s for t h i s model. Two 

changes were made i n the a n a l y s i s from 1 M yr to 2 M y r . 

The c o o l e r convective geotherm ( s e c t i o n s 2.3) was used and 

the h y d r o s t a t i c pressure a p p l i e d on the end of the model 
8 2 

being subducted was reduced by 2.0 x 10 N/m . T h i s i s 

eq u i v a l e n t t o applying a t e n s i o n a l p u l l of t h i s magnitude 

to the end and i s about the s i z e of the s t r e s s e s estimated 

to be i n the upper pa r t of the s l a b to maintain the g r a v i t y 

anomaly (Chapter 7 ) . 

Thi s model again became unstable a t 2 M y r . The reduced 
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p r e s s u r e on the end had had the e f f e c t of reducing the 

s t r e s s e s i n the l i t h o s p h e r e but they were s t i l l s i g n i f i c a n t l y 

compressive. 

At 2 M yr the r e s t r i c t i o n on the b a s a l nodes which 

were being forced t o follow each other (ab i n F i g . 6.6) 

was l i f t e d . H y d r o s t a t i c boundary conditions were then 

a p p l i e d to a l l the base of the model. As a r e s u l t of t h i s 

the compressive s t r e s s e s i n the l i t h o s p h e r e were r e l a x e d . 

Although there was v a r i a t i o n of s t r e s s through the l i t h o s ­

phere the e q u i l i b r i u m equations and the h y d r o s t a t i c boundary 

conditions now ensured t h a t the mean s t r e s s i n any s e c t i o n 

was about zero. 

The e f f e c t of t h i s r e l a x a t i o n on the shape of the model 

i s shown i n F i g . 6.6. The s t r e s s on the end of the model 
8 2 

being subducted was f u r t h e r reduced to 4.0 x 10 N/m 

below the ambient pressure and an e l a s t i c a n a l y s i s performed 

s t a r t i n g from the previous c o n d i t i o n s . The r e s u l t i n g shape 

of the s i n k i n g s l a b i s a l s o shown i n F i g . 6.6. 

The v i s c o - e l a s t i c a n a l y s i s was continued. The boundary 

conditions a p p l i e d were now s i m i l a r t o model 1 ( s e c t i o n 6.1) 

but i n s t e a d of f o r c i n g the end to s i n k w i t h a given v e r t i c a l 

v e l o c i t y the reduced pressure on the end of the model was 

used to induce the subduction process. The r e s t of the 

boundary was assumed to experience h y d r o s t a t i c pressure 

c a l c u l a t e d f o r an oceanic environment. The r a t e of descent 
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of the subducted p l a t e under these c o n d i t i o n s was f a r too 

high (about 1 m/yr). Time steps of 1000 and 2 500 years 

were used. The high r a t e of descent r e s u l t e d i n the 

viscous r e l a x a t i o n s of s t r e s s e s during descent not being 

f u l l y incorporated. The temperatures i n the c e n t r e of 

the s l a b were too low f o r a given depth because of the high 

thermal time constant for the problem. 

The s t r e s s e s , phase t r a n s i t i o n , temperature and 

v i s c o s i t y d i s t r i b u t i o n s i n the model when i t reached to a 

depth of 240 km under these conditions i s shown i n F i g . 6.7. 

The high r a t e of descent of the s l a b was probably 

caused by the l a c k of viscous drag on the model. Since 

the boundaries were assumed to be under h y d r o s t a t i c pressure 

was implied t h a t they were h e l d by a non-viscous f l u i d . Even 

the r e l a t i v e l y low v i s c o s i t y of the asthenosphere would have 

a marked e f f e c t on the dynamics of the p l a t e (Neugebaur and 

Breitmeyer, 1975). Hence the model was i n s u f f i c i e n t l y w e l l 

s p e c i f i e d f o r the a n a l y s i s to continue. 

The f i n a l c o n d i t i o n s do emphasise some p o i n t s . I n t h i s 

model the bending of the l i t h o s p h e r e occurs not only i n the 

v i c i n i t y of the o u t e r - r i s e but a l s o down i n t o the subducted 

p a r t of the p l a t e . Phase changes a f f e c t the s t r e s s e s here 

by a l l o w i n g some of the l i t h o s p h e r e t o deform more r e a d i l y 

than other p a r t s . The s t r e s s e s i n the oceanic c r u s t as i t 

i s transformed to e c l o g i t e are l a r g e and no c o n s i s t e n t trends 
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can be seen. I s o l a t e d elements changed phase and caused 

l a r g e l o c a l s t r e s s e s which i n turn i n d i c a t e d f a i l u r e . 

T h i s reduced the v i s c o s i t y of the elements. The net i s 

not f i n e enough to give the s t r u c t u r e of t h i s phase change 

and the apparently random s t r e s s e s are probably a function 

of t h i s net coarseness. The v i s c o s i t i e s shown i n f i g . 6.7 

are those computed before adjustment f o r f r a c t u r e . 

Because of the high r a t e of descent of the s l a b the 

temperatures are too low and v i s c o s i t i e s too high. The 

lowering of the v i s c o s i t y of the oceanic c r u s t as i t i s 

heated i s evident. 

6.4 The shape of the outer r i s e 

The f l e x u r a l deformation of the l i t h o s p h e r e before i t 

i s subducted has been d i s c u s s e d i n Chapter 5. The shape 

of the outer r i s e has been shown to vary between subduction 

zones but i t i s commonly about 300 km wide and 700 m high 

(Le Pichon e t a l . , 197 3; Watts and Talwani, 1974). F i g . 6.8 

shows various shapes of the top of these three models for 

v a r i o u s times i n t h e i r a n a l y s i s . T h i s may be compared with 

t h a t used i n Chapter 5 as a t y p i c a l curve (equations 5.3 

w i t h A = 10 km and <x = 100 kma) . 

As shown by Watts and Talwani (1974) h o r i z o n t a l com­

pr e s s i o n i n the l i t h o s p h e r e causes the f l e x u r e i n the 
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2.0 Myr 

second model 

third model 
2.0 Myr 
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km 

100 KM 
F i g . 6.8 Shape of o u t e r - r i s e given f o r the v a r i o u s 

models. Reference curve R given by 
equation 5.3 and r e p r e s e n t s a t y p i c a l 
observed topography (Le .Pichon et a l . 1973) 
The curves w i t h boundary c o n d i t i o n s which 
imply no net h o r i z o n t a l f o r c e s ( f i r s t 
model and t h i r d model a t 2.1 M y r * ) a r e the 
only ones which approximate t h i s shape. 
Curves marked w i t h an a s t e r i s k i n the 
t h i r d model a r e those for which the 
c o n s t r a i n t on ab ( f i g . 6.6) i s removed. 



v i c i n i t y of the outer r i s e to become higher and of s h o r t e r 

wavelength. Only those models i n which there i s no 

h o r i z o n t a l c o n s t r a i n t a t the end being subducted ( f i r s t 

model and t h i r d model a t 2.1 M yr) approached the shape 

given by the above equation. The second model and t h i r d 

model a t 2 M yr had f l e x u r e s of 2-3 km, about three times 

t h a t observed. The shape of the outer r i s e i n a model i s 

s e n s i t i v e to the boundary conditions and together with the 

dynamics may provide a good check on future models as t o 

how w e l l the boundary conditions apply to the process. 

I n a l l the diagrams of s t r e s s i n t h i s chapter ( F i g s . 6.2, 

6.4 and 6.7) the bending, shown by te n s i o n i n the top and 

compression i n the base of the s l a b , extends down the sub-

duction zone and does not end a t 10 km depth as assumed i n 

the f l e x u r a l a n a l y s e s so there i s a s u b s t a n t i a l bending 

moment on the s l a b , a t t h i s depth, which c o n t r i b u t e s t o the 

f l e x u r e i n the region of the outer r i s e . 

Phase t r a n s i t i o n s do reduce the bending s t r e s s e s i n the 

v i c i n i t y of the outer r i s e but where the major bending takes 

p l a c e a t 30-60 km down the subduction zone the s t r e s s e s 

cause the area of phase change t o i n c r e a s e . T h i s r e s u l t s 

i n the major bending o c c u r r i n g while the bulk modulus i s 

reduced throughout the t h i c k n e s s of the l i t h o s p h e r e . The 

s t r e s s e s are s t a b i l i z e d by the phase change. 
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6.5 Changes for Future Models 

The choice of a f i n i t e element net and boundary 

conditions f o r a f i n i t e element v i s c o - e l a s t i c and thermal 

model i s d i f f i c u l t . I t i s not easy t o see a p r i o r i what 

the e f f e c t of e i t h e r one of these i s u n t i l the a n a l y s i s 

has begun or i s near completion. 

The e f f e c t s of the choice of boundary conditions i s 

i l l u s t r a t e d i n the three models presented here. At the 

time that the analyses were begun the boundary conditions 

seemed reasonable but as the analyses progressed the e f f e c t s 

of the choice became evident. E v e n t u a l l y the dynamics and 

s t r e s s e s were dominated by the a r b i t r a r y boundary co n d i t i o n s 

applied t o the model. 

S i m i l a r l y the choice of the f i n i t e element net had i t s 

disadvantages. The oceanic c r u s t was modelled by two rows 

of s m a l l elements (e.g. F i g . 6.1). These were 3-4 km t h i c k . 

With time steps of 12,500 yrs f o r the v i s c o - e l a s t i c a n a l y s i s 

the end of the model d i s t a n t from the induced subduction 

moved 1 km/time s t e p and so i n s t a b i l i t i e s were induced i n 

the models. These i n s t a b i l i t i e s were p a r t i c u l a r l y n o t i c e d 

as the h y d r o s t a t i c s t r e s s was a p p l i e d to the top of the 

c r u s t as i t was subducted and as the c r u s t changed phase 

from basalt-gabbro to e c l o g i t e . The e f f e c t of the oceanic 

c r u s t on the s t r e s s e s i n the mantle seems sm a l l even i n the 
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v i c i n i t y of the phase change but t h i s may be due to the 

i n s t a b i l i t i e s j u s t d e s c r i b e d or t o the inadequate d e s c r i p t i o n 

of a 7 km t h i c k c r u s t by the net. Hence the chosen net f e l l 

between the coarseness r e q u i r e d for s t a b i l i t y of the v i s c o -

e l a s t i c a n a l y s i s and the f i n e n e s s r e q u i r e d to determine 

the d e t a i l of s t r e s s due to the j u n c t i o n of the c r u s t and 

the mantle. T h i s region should be s t u d i e d i n some d e t a i l 

s i n c e high s t r e s s e s r e s u l t from applying a uniform e x t e r n a l 

p r e s s u r e to a model with non-uniform p r o p e r t i e s . 

These models have shown t h a t the d i f f i c u l t y i n a l l o w i n g 

fo r the c r u s t i n modelling the subduction process as a whole 

makes i t s i n c l u s i o n i n the model unwarranted. By the time 

the c r u s t has been subducted 50-100 km i t s v i s c o s i t y has 

been reduced so t h a t any s t r e s s e s b u i l t up must decay r a p i d l y . 

The f a i l u r e of the f i r s t and f i n a l models was due t o the 

l a c k of viscous drag on the boundaries. T h i s was p r e d i c t e d 

from the analyses of Toksoz e t a l . (197 3) and Neugebaur and 

Breitmayer (1975) but the e f f e c t of the r e s i s t a n c e must be 

g r e a t e r than a n t i c i p a t e d . E i t h e r a more e x t e n s i v e model with 

more c o n s t r a i n t on the boundaries or a way of applying 

boundary conditions i n c o r p o r a t i n g these r e s i s t i v e s t r e s s e s 

needs to be developed for f u r t h e r models. 

6.6 Conclusions and d i s c u s s i o n 

F i n i t e element a n a l y s i s of the v i s c o - e l a s t i c flow and 

thermal regime i n subduction zones has shown t h a t the s t r e s s e s 

I 
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w i t h i n the oceanic p l a t e as i t i s subducted are mainly due 

to d i s t o r t i o n s and phase change. The g r a v i t a t i o n a l body 

for c e s cause s t r e s s e s of lower magnitude but they are more 

uniform and p e r s i s t e n t i n d i r e c t i o n across the s l a b . The 

downward p u l l of the s i n k i n g s l a b can be t r a n s m i t t e d t o a 

h o r i z o n t a l t e n s i o n i n the oceanic l i t h o s p h e r e thus applying 

a force t o c o n t r i b u t e to the p l a t e motions (e.g. f i g . 6.2). 

The oceanic c r u s t i s near i t s melting temperature at 

100 - 150 km and so may r i s e to form the andesite v o l c a n i c i t y 

i n the i s l a n d a r c s and c o n t r i b u t e t o the high heat flow. 

I n these models i t i s assumed t h a t the temperatures 3 km 

above the top of the descending s l a b are those i n a uniform 

oceanic region. They may be maintained a t t h i s temperature 

by the upward movement of magma and shear s t r a i n h e a t i n g i n 

the shear zone. The heat s u p p l i e d by shear s t r a i n i n t h i s 

region i s probably minimal because of the low e f f e c t i v e 

v i s c o s i t y due to f r a c t u r e and the probable high water content 

su p p l i e d from the oceanic c r u s t which has f a i l e d i n t e n s i o n 

i n the outer r i s e a l l o w i n g water to p e r c o l a t e t o depth. 

The shape of the outer r i s e i n the models v a r i e s depend­

ing on the boundary c o n d i t i o n s . The l a r g e s t causes f o r 

v a r i a t i o n are compressive s t r e s s e s i n the oceanic l i t h o s p h e r e 

due t o the boundary conditions and the bending moment imparted 

by the s l a b as i t s i n k s i n t o the asthenosphere. I n c r e a s e s 

i n both of these cause an i n c r e a s e i n the amplitude and 
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decrease i n the width of the computed outer r i s e . The 

shape of the outer r i s e i s probably one of the b e s t checks 

on the a p p l i c a b i l i t y of the p h y s i c a l p r o p e r t i e s and boundary 

conditions used i n modelling subduction zones. 

Phase t r a n s i t i o n s play an important r o l e i n the bending 

of the l i t h o s p h e r e . The area of phase t r a n s i t i o n i s extended 

by the bending s t r e s s e s . Most of the bending occurs where 

the phase t r a n s i t i o n s extend n e a r l y r i g h t through the 

l i t h o s p h e r e . T h i s reduces the e f f e c t i v e bulk modulus and 

f l e x u r a l r i g i d i t y by an order of magnitude. 
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CHAPTER 7 

STRESSES ASSOCIATED WITH THE 

NEGATIVE GRAVITY ANOMALY 

One of the most c o n s i s t e n t manifestations of subduction 

zones and i s l a n d a r c s i s the l a r g e negative g r a v i t y anomaly 

( f i g . 1.1). T h i s i s often a s s o c i a t e d with the i n n e r - s i d e 

of the trench but may be as much as 300 km i n from the 

tren c h . Hatherton (1969) has shown that the negative 

i s o s t a t i c anomalies are s i t u a t e d where the p r o j e c t i o n of 

the Benioff zone determined from intermediate depth 

earthquakes cuts the earth ' s s u r f a c e . 

The c o n t i n u i t y of the negative i s o s t a t i c anomalies 

along the subduction zones suggests t h a t they are probably 

a l s o p e r s i s t e n t i n time. T h i s i n turn i m p l i e s t h a t they 

must be maintained by t e c t o n i c f o r c e s , which are probably 

due t o the geometry and the dynamics of the subduction 

process. They would otherwise decrease with time because 

of the i s o s t a t i c r e s t o r i n g f o r c e s . 

G r a v i t y anomalies are a function of the d e n s i t y d i s ­

t r i b u t i o n w i t h i n the e a r t h . I n the v i c i n i t y of subduction 

zones there are two major causes of p o s i t i v e g r a v i t y 

anomalies. F i r s t l y , the p o s i t i v e anomaly over the outer 

r i s e can be s t be accounted for by f l e x u r e of the l i t h o s p h e r e 

(Watts and Talwani, 1974). Secondly, the l i t h o s p h e r i c s l a b 
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as i t s i n k s i n t o the asthenosphere i s cooler and hence 

more dense than i t s surroundings. T h i s causes a broad 

p o s i t i v e g r a v i t y anomaly throughout the region of the 

subduction zone (Hatherton, 1969; Minear and Toskoz, 1970; 

Griggs, 1972; Watts and Talwani, 1974). The negative 

g r a v i t y anomaly considered here i s superimposed on these 

p o s i t i v e anomalies so t h a t only an approximate shape for 

i t can be determined. 

• Two s e t t i n g s for the anomaly are s t u d i e d . The f i r s t i s 

i n the North I s l a n d of New Zealand where the negative 

anomaly i s over the continent and 2 50 to 300 km from the 

Hikurangi Trench ( f i g . 7.1). The second i s a c r o s s - s e c t i o n 

of the Tonga Trench where the f r e e - a i r g r a v i t y anomaly i s 

over the trench. 

7.1 Negative g r a v i t y anomaly on a continent 

Hatherton (1970) has given two i n t e r p r e t a t i o n s of the 

negative anomaly over the North I s l a n d of New Zealand. One 

a s s o c i a t e s the mass d e f i c i e n c y with the shallow s e i s m i c i t y 

and the other a s s o c i a t e s i t with a t h i c k e n i n g of the 

c o n t i n e n t a l c r u s t . F i g . 7.1 gives a new i n t e r p r e t a t i o n of 

the g r a v i t y anomaly s i m i l a r t o the second of these but with 

the c r u s t a l t h i c k e n i n g c l o s e l y r e l a t e d to the top of the 

subducted p l a t e . The c o n t i n e n t a l and oceanic c r u s t were 
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3 assumed t o have d e n s i t i e s of 2.7 and 2.9 Mg/m r e s p e c t i v e l y . 
3 

The d e n s i t y of the mantle i s assumed t o be 3.3 Mg/m for 

the g r a v i t y model. The upper s u r f a c e of the subducted 

p l a t e was estimated by j o i n i n g the bottom of the trench t o 

the top of the Benioff zone determined by Hamilton and Gale 

(1968). The base of the c o n t i n e n t a l c r u s t was chosen to 

be c o n s i s t e n t with the g r a v i t y anomalies. 

A f i n i t e element a n a l y s i s of the s t r e s s e s r e q u i r e d t o 

maintain these d e n s i t y inhomogeneities was performed. The 

p r o p e r t i e s used i n the models were:-

3, „ ,„ , 2 V \ i , 2, 
/(Mg/m ) E(N/m ) V yK(Ns/m ) 

11 24 c o n t i n e n t a l c r u s t 2.7 0.5 x 10 0.25 0.5 x 10 
oceanic c r u s t 2.9 1.0 x 1 0 1 1 0.26 1.0 x 10 3° 
shear zone 2.7 0.5 x 1 0 1 1 0.25 0.5 x 1 0 1 9 

The p r o p e r t i e s assigned t o the mantle were determined from 

the expressions given i n Chapter 2. The concentration of the 

r e l a t i v e motion between the two p l a t e s to the shear zone was 

modelled by the low v i s c o s i t y i n t h i s region. 

The f i n i t e element net used i s shown i n f i g . 7.2. 

I n i t i a l s t r e s s e s equal t o the weight of o v e r l y i n g rock were 

a p p l i e d and an e l a s t i c a n a l y s i s performed. The r e l a t i v e 

motion between the p l a t e s was neglected. The boundary 

conditions for the e l a s t i c a n a l y s i s assumed t h a t the ends 

of the model were c o n s t r a i n e d to move only v e r t i c a l l y . The 

p a r t of the base of the model corresponding to the t r u n c a t i o n 
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of the subducted l i t h o s p h e r e ( pq i n f i g . 7.2) was h e l d a t 

a f i x e d depth. The r e s t of the base was supported by a 

h y d r o s t a t i c pressure e q u i v a l e n t to t h a t expected under 

the oceanic p l a t e . 

The s t r e s s d i s t r i b u t i o n due to an e l a s t i c a n a l y s i s i s 

shown i n f i g . 7.3. The s t r e s s e s p l o t t e d i n f i g . 7.3A are 

the d i f f e r e n c e between the a c t u a l p r i n c i p a l s t r e s s e s and the 

h y d r o s t a t i c s t r e s s e s computed for the oceanic p l a t e . S t r e s s e s 
6 2 

l e s s than 5.0 x 10 N/m are not p l o t t e d . Nearly v e r t i c a l 

t e n s i o n a l s t r e s s e s are r e q u i r e d i n the descending s l a b t o 

maintain the negative g r a v i t y anomaly. The s t r e s s e s near 
the t r u n c a t i o n of the descending s l a b (pq) are about 

8 2 

2.2 x 10 N/m . The tendency of the model to a d j u s t 

i s o s t a t i c a l l y i s evident i n the other s t r e s s e s . The s t r e s s e s 

i n the under-riding p l a t e are caused by a bending moment 

induced by the boundary con d i t i o n on the end mn. ( f i g . 7.3). 

I>n the c o n t i n e n t a l p l a t e t e n s i o n a l s t r e s s e s r a d i a t e out from 

the descending s l a b . 

The s t a t e of s t r e s s i n the c o n t i n e n t a l c r u s t i s b e s t 

considered i n r e l a t i o n , not to s t r e s s e s computed for the 

oceanic l i t h o s p h e r e , but to a h y d r o s t a t i c s t r e s s d i s t r i b u t i o n 
3 

given by a uniform d e n s i t y of 2.7 Mg/m ( f i g . 7.3B). Two 

d i f f e r e n t s t r e s s regimes are evident i n the c o n t i n e n t a l c r u s t . 

Between the tre n c h and the coast the s t r e s s e s are h o r i z o n t a l 
8 2 

and t e n s i o n a l with a maximum magnitude of about 1.0 x 10 N/m . 
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I n the v i c i n i t y of the g r a v i t y low the s t r e s s e s i n t h i s 

e l a s t i c model are compressional with r e s p e c t t o the simple 

h y d r o s t a t i c model and arch around the anomalously deep 

crust-mantle boundary. 

A v i s c o - e l a s t i c a n a l y s i s with s i m i l a r p h y s i c a l p r o p e r t i e s 

and boundary conditions was performed. T h i s reduces the 

e f f e c t of the boundary conditions a p p l i e d a t the ends of 

the model. The time steps were 1000 y r s and the a n a l y s i s 

was continued u n t i l the change i n s t r e s s during one time 
7 2 

step was l e s s than 5.0 x 10 N/m i n a l l the elements. 

The r e s u l t i n g s t r e s s pattern i s s i m i l a r t o t h a t of the 

e l a s t i c model but the s t r e s s e s i n the c o n t i n e n t a l c r u s t 

were l a r g e r and h o r i z o n t a l ( f i g . 7.4). Those i n the base 

of the l i t h o s p h e r e were much s m a l l e r because of the v i s c o u s 

r e l a x a t i o n . 

These analyses suggest t h a t the negative g r a v i t y anomaly 

i s maintained by the t e n s i o n a l s t r e s s e s i n the descending 

s l a b and t h a t as a r e s u l t of the l a t e r a l d e n s i t y 

inhomogeneities h o r i z o n t a l t e n s i o n s and compressions may 

be maintained w i t h i n the l i t h o s p h e r e . 

No account, however, has been taken of the motion of 

the p l a t e s . The ends of the model should be converging 

towards each other a t a r a t e of about 5 cm/yr (Le Pichon et a l . , 

197 3 ) . The v e r t i c a l v e l o c i t y of the p a r t of the base of the 

model r e p r e s e n t i n g the t r u n c a t i o n of the subducted s l a b 
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(pq i n f i g . 7.2) i s not known. I t i s commonly assumed 

t h a t the subducted p l a t e i s i n steady s t a t e flow with 

r e s p e c t to the o v e r r i d i n g p l a t e so t h a t the shape of the 

boundary between the p l a t e s does not change and that the 

subducted p l a t e simply follows i t s e l f around the bend. 

However, the P a c i f i c Ocean i s g e t t i n g s m a l l e r and so the 
i 

subduction zones on e i t h e r s i d e of i t are approaching each 

other so t h i s cannot be e n t i r e l y c o r r e c t . 

V i s c o - e l a s t i c a n alyses were c a r r i e d out with t h i s p a r t 

of the base of the model (pq i n f i g . 7.2) moving downward 

with v e r t i c a l v e l o c i t i e s , V 0 0 , of 2.5, 3.7 and 5.0 cm/yr. 

The s t r e s s e s were adjusted between each time st e p but the 

nodes were not moved. Steady s t a t e c o n d i t i o n s were not 

reached a f t e r 1 M y r . but the s t r e s s p a t t e r n s were only 

changing s l o w l y . 

The s t r e s s e s a t 1.1 M y r . are shown i n f i g . 7.5. The 

l a r g e s t s t r e s s e s are i n the subducted oceanic c r u s t but t h i s 
30 2 

had been assigned a v i s c o s i t y of 1.0 x 10 Ns/m and so was 

e f f e c t i v e l y a c t i n g as an e l a s t i c l a y e r . V a r i a t i o n s of N/^ 

have l i t t l e e f f e c t on the computed s t r e s s p a t t e r n ( f i g . 7.5). 

Ten s i o n a l s t r e s s e s are present i n the c o n t i n e n t a l c r u s t i n 

the region of the v o l c a n i c zone and h o r i z o n t a l compressions 

near the s u r f a c e between the negative g r a v i t y anomaly and 

the c o a s t . These s t r e s s e s are opposite t o those computed 

i n the previous models which neglected the r e l a t i v e motion 

of the p l a t e s . 
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The s t r e s s e s computed for the c r u s t a l rocks are so 

l a r g e t h a t f a i l u r e would have occurred. Moreover, i n the 

v o l c a n i c region the temperatures are higher than normal and 

the v i s c o s i t y of the rocks are probably q u i t e low. The 

v i s c o s i t y of the oceanic and c o n t i n e n t a l c r u s t were reduced 
22 2 

to 0.5 x 10 Ns/m . The shear zone v i s c o s i t y was reduced 
18 2 

t o 0.5 x 10 Ns/m . The upper l i m i t of the v i s c o s i t y of 43 2 22 2 the mantle was reduced from 10 Ns/m t o 5.0 x 10 Ns/m 

and steady s t a t e s t r e s s e s re-computed. These were s i m i l a r 

f o r values of \/p̂  of 2.5, 3.7 and 5.0 cm/yr. The s t r e s s e s 

and flow pattern for Vp^ = 3.7 cm/yr are shown i n f i g . 7.6. 

The s t r e s s e s are a l l much s m a l l e r because of the reduced 

v i s c o s i t i e s . 

The s t r e s s e s i n the oceanic c r u s t and shear zone near 

the thickened c o n t i n e n t a l c r u s t causing the negative g r a v i t y 

anomaly a r e h y d r o s t a t i c (the p r i n c i p a l s t r e s s e s are equal) 

but a t a lower s t r e s s l e v e l than t h a t expected f o r a model 

i n i s o s t a t i c e q u i l i b r i u m . I t i s t h i s area of low s t r e s s 
9 

which i s causing the h o r i z o n t a l t e n s i o n s of about 0.5 x 10 
2 

N/m i n the mantle r i g h t a c r o s s the model a t a depth of 35 to 

60 km. These s t r e s s e s a r e e f f e c t i v e l y p u l l i n g the two p l a t e s 

together. These are present even for Vp^= 2.5 cm/yr for 

which one may have expected r e g i o n a l compression. 

The tensions i n the subducted p l a t e below the g r a v i t y 

anomaly are d i r e c t l y r e l a t e d to the reduction i n the body 
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f o r c e s due t o the i n c r e a s e d t h i c k n e s s of the c o n t i n e n t a l 

c r u s t . 

The flow of the c o n t i n e n t a l c r u s t , although an order of 

magnitude l e s s than the subduct ion r a t e , does a l t e r with \ ] ^ 

As N/p̂  decreases from 5 cm/yr to 2.5 cm/yr the r a t e of change 

i n s u r f a c e topography i n the v o l c a n i c region changes from a 

downward v e l o c i t y of about 0.5 cm/yr to an upward v e l o c i t y of 

the same magnitude. These, however, are not r e l i a b l e as the 

t e n s i o n a l s t r e s s e s i n the c r u s t i n the v o l c a n i c region are 
8 2 

about 0.5 x 10 N/m for a l l values of and so normal 

f a u l t i n g would occur. 

The s t r e s s p a ttern p r e d i c t e d here fo r the c o n t i n e n t a l 

c r u s t f i t s i n w e l l with the known t e c t o n i c s of t h i s region 

of New Zealand. The v o l c a n i c region i s bounded by normal 

f a u l t s and the h o r i z o n t a l tensions would f a c i l i t a t e the upward 

movement of magma. The c r u s t a l s t r e s s e s between the v o l c a n i c 

region and the coast are more complicated. Some h o r i z o n t a l 

compression i s present. The Huiarau Range has a mean 

e l e v a t i o n of about 1.5 km and i s a Mesozoic basement high 

(New Zealand Ge o l o g i c a l Survey, 1972). E a s t of t h i s range 

there i s a s u b s t a n t i a l t h i c k n e s s of T e r t i a r y sedimentary 

rocks. The compute.d s t r e s s p a ttern i n the region between 

the Huiarau Range and the coast i s suggestive of a downward 

f l e x u r e i n the c r u s t with compressional s t r e s s e s near the 

s u r f a c e and complementary t e n s i o n a l s t r e s s e s i n the base. 
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The t e n s i o n a l h o r i z o n t a l s t r e s s e s between the coast and 

the trench correspond to an area i n which normal f a u l t i n g 

i s common. Houtz e t a l . , (1967) a l s o r e p o r t some f o l d i n g 

i n t h i s region. They show t h a t the basement i s i r r e g u l a r . 

The c o n t i n e n t a l p l a t e i n the model i s being s t r e t c h e d 

a t about 2 5% the convergence r a t e . About h a l f t h i s i s due 

to extension of the c r u s t o f f the c o a s t and the r e s t to 

extension on the c o a s t a l s i d e of the v o l c a n i c zone. K a r i g 

(1970a,b) has suggested t h a t the Taupo V o l c a n i c zone and 

i t s extension t o the north, the Lau-Havre Trough, are 

e x t e n s i o n a l back a r c f e a t u r e s and t h i s a n a l y s i s would tend 

to confirm t h i s . 

7.2 G r a v i t y anomaly over the t r e n c h 

Talwani e t a l . , (1961) have i n t e r p r e t e d g r a v i t y readings 

ac r o s s the Tonga Trench i n terms of the c r u s t a l s t r u c t u r e of 

the trench and the Tonga Ridge. T h e i r g r a v i t y p r o f i l e i s 

a t about 22°S l a t i t u d e and l i e s n e a r l y east-west a c r o s s 

the c e n t r e of the Tonga Trench. Using s e i s m i c r e f r a c t i o n 

s e c t i o n s p r e v i o u s l y determined by R a i t t et a l . , (1955) they 

showed t h a t the g r a v i t y readings are c o n s i s t e n t with a 

c r u s t a l t h i c k n e s s of a t l e a s t 20 km under the Tonga Ridge 

and about 6 km under the a d j a c e n t P a c i f i c Ocean. 

Griggs (1972) used the same data to show t h a t the g r a v i t y 
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may be i n t e r p r e t e d i n terms of a dense s i n k i n g l i t h o s p h e r i c 

s l a b , dipping a t 45° t o 53° from the trench under the 

Tonga Ridge, and the e f f e c t of the bathymetric low i n the 

trench. These i n t e r p r e t a t i o n s of the g r a v i t y data a r e not 

mutually e x c l u s i v e . The model presented by Talwani e t a l . , 

(1961) has a shape on the crust-mantle boundary c o n s i s t e n t 

with both the subduction of the P a c i f i c p l a t e and approximate 

i s o s t a t i c e q u i l i b r i u m between the ocean and the Tonga Ridge. 

Griggs took no account of the v a r i a t i o n of e l e v a t i o n and 

c r u s t a l s t r u c t u r e on e i t h e r s i d e of the trench; he used 

a symmetric model given by r e f l e c t i n g the oceanic s i d e 

about the trench a x i s . Thus the upper p a r t s of both 

models are i n approximate i s o s t a t i c e q u i l i b r i u m away from 

the immediate v i c i n i t y of the trench. F i g . 7.7 shows the 

model used i n t h i s study and the g r a v i t y anomalies c a l c u l a t e d 
3 

for i t assuming d e n s i t i e s of 2.8, 2.9 and 3.3 Mg/m for the 

Tonga Ridge, oceanic c r u s t and mantle r e s p e c t i v e l y . These 

anomalies are of the same order as those which Griggs 

a t t r i b u t e d to the trench. I f we assume s i m i l a r g r a v i t y 

e f f e c t of the s i n k i n g s l a b as Griggs did, then t h i s model 

should be c o n s i s t e n t with the t o t a l f r e e - a i r g r a v i t y anomaly. 

The f i n i t e element g r i d used i s shown i n F i g . 7.8. The 

s i n k i n g s l a b i n t h i s model dips a t about 45° - 50° from the 

trench. T h i s i s the main d i f f e r e n c e between t h i s model and 

the previous one i n which the downward bend i n the subducted 
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p l a t e occurred about 250 km from the t r e n c h . 

The p r o p e r t i e s of the mantle and oceanic c r u s t were 

assumed to be those used i n the previous model and the 

c r u s t under the Tonga Ridge was assumed e q u i v a l e n t to the 

c o n t i n e n t a l North I s l a n d of New Zealand for the purposes 

of a s c r i b i n g p h y s i c a l p r o p e r t i e s . I t s density, however, 
3 

was i n c r e a s e d to 2.8 Mg/m . 

The r e s u l t s of e l a s t i c and v i s c o - e l a s t i c a n a l y s e s 

without accounting for the r e l a t i v e motions of the p l a t e s 

are shown i n F i g . 7.9. The nodes on the base r e p r e s e n t i n g 

the t r u n c a t i o n of the subduction zone were h e l d a t constant 

depth and the ends h e l d v e r t i c a l . As with the previous 

model the e l a s t i c a n a l y s i s shows the strong i n f l u e n c e of 

the boundary conditions on the ends. I n both models, however, 
8 2 

v e r t i c a l t e n s i o n s of about 2.5 x 10 N/m are r e q u i r e d i n 

the top of the subducted l i t h o s p h e r e t o maintain the d e n s i t y 

inhomogeneity causing the g r a v i t y anomaly. The lower 

v i s c o s i t y a t the base of the l i t h o s p h e r e reduces the s t r e s s e s 

below 60 km outside the immediate v i c i n i t y of the subduction 

zone. 

The v i s c o - e l a s t i c a n a l y s i s a l l o w i n g for the r e l a t i v e 

motion between the p l a t e s was performed with time increments 

of 1000 y r s . The r a t e of convergence for the middle of the 

Tonga Trench i s about 8 cm/yr (Le Pichon e t a l . , 1973). A 

v e r t i c a l v e l o c i t y component of the p a r t of the base of the 
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model r e p r e s e n t i n g the t r u n c a t i o n of the subducted p l a t e 

( Vf.^ ) of 6.33 cm/yr was assumed g i v i n g a dip of the s l a b 

of about 50°. 

The v i s c o s i t y of the c r u s t was assumed to be 1.0 x 
2 5 2 

10 Ns/m . T h i s was a l s o taken to be the upper l i m i t 
for the v i s c o s i t y of the mantle. A lower l i m i t of the 

21 2 
v i s c o s i t y of the l i t h o s p h e r i c mantle of 1.0 x 10 Ns/m 

19 2 

and the v i s c o s i t y of the shear zone of 1.0 x 10 Ns/m 

were a l s o assumed. The temperature and v i s c o s i t y d i s ­

t r i b u t i o n are shown i n F i g . 7.10. The mantle v i s c o s i t i e s 
7 2 

were computed for a shear s t r e s s of 5.0 x 10 N;./m . The 

e q u i l i b r i u m s t r e s s p a t t e r n i s shown i n F i g . 7.11. The 

s t r e s s e s p l o t t e d a r e the d i f f e r e n c e between the c a l c u l a t e d 

s t r e s s e s and the h y d r o s t a t i c s t r e s s i n the oceanic p l a t e . 

The t e n s i o n a l downdip s t r e s s e s are again evident but only 

i n the mantle. The shear zone and subducted oceanic c r u s t 

e x h i b i t compressional downdip s t r e s s e s as a r e s u l t of the 

s h e a r i n g between the two p l a t e s . The s t r e s s e s i n the 

immediate v i c i n i t y of the trench are l a r g e and incoherent 

as the topography and shearing have greater or l e s s e r 

i n f l u e n c e on the i n d i v i d u a l elements. H o r i z o n t a l com­

p r e s s i v e s t r e s s e s are c a l c u l a t e d to extend r i g h t a c r o s s 

the region a t a depth of about 50 km. These are c a l c u l a t e d 
8 2 

t o be about 8 x 10 N/m and would have a marked e f f e c t 

on the f l e x u r e of the o u t e r - r i s e . T e n s i o n a l s t r e s s e s 
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decreasing away from the trench shown i n the region of 

the i s l a n d a r c would i n f l u e n c e the back a r c spreading 

i n t h i s region (Karig, 1970; S c l a t e r e t a l . , 1972). 

7.3 D i s c u s s i o n and conclusions 

The technique, used i n t h i s chapter, of a d j u s t i n g 

the s t r e s s e s and not moving the nodes i n the f i n i t e element 

net has been used i n the past (e.g. Toskoz et a l . , 1973; 

Neugebaur and Breitmayer, 1975). I t has proved u s e f u l i n 

v i s c o - e l a s t i c a n a lyses as i t prevents the net from becoming 

too d i s t o r t e d . However, i t can be seen from the s t r e s s 

d i s t r i b u t i o n s c a l c u l a t e d i n t h i s chapter t h a t the t o t a l 

d i s t o r t i o n a l s t r e s s e s are not determined by the scheme. 

The s t r e s s e s due to the bending of the l i t h o s p h e r e a r e 

not evident i n f i g s . 7.5, 7.6 or 7.11. The s t r e s s e s 

c a l c u l a t e d here are only those due to the d e n s i t y i n -

homogeneities and boundary c o n s t r a i n t s . Those due t o the 

bending of the l i t h o s p h e r e must be superimposed upon them. 

The l a r g e negative f r e e a i r and i s o s t a t i c g r a v i t y 

anomalies present i n the v i c i n i t y of a l l subduction zones 

can only be maintained by v e r t i c a l t ensions of about 
8 2 

2.5 x 10 N/m i n the top of the s i n k i n g s l a b . These 

t e n s i o n s are a l i g n e d approximately p a r a l l e l t o the s l a b 

and must r e s u l t from the downward p u l l of the dense s l a b . 
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Earthquake mechanism s t u d i e s suggest t h a t i f the 

subduction r a t e i s high then the s t r e s s e s being r e l i e v e d 

by the earthquakes have the p r i n c i p a l s t r e s s of g r e a t e s t 

compression a l i g n e d down the dip of the Benioff zone. 

I s a c k s and Molnar (1969, 1971) and many others have 

suggested t h a t t h i s r e s u l t s from r e s i s t i v e f o r c e s on the 

base of the s i n k i n g s l a b being propagated up the s l a b to 

produce a down-dip compressional regime. T h i s i s a l s o the 

conclusion reached from f i n i t e element a n a l y s e s of the 

body forces i n the region of subduction zones by Toskoz 

e t a l . , (1973) who showed t h a t t h e i r c a l c u l a t e d s t r e s s e s 

are c o n s i s t e n t with the earthquake mechanisms i f the 

parameters of t h e i r a n a l y s e s are chosen c o r r e c t l y . 

One of the regions s t u d i e d i n t h i s chapter, the Tonga 

Trench, has a high subduction r a t e and compressional down-

dip earthquake mechanisms ( I s a c k s and Molnar, 1971) and 

yet i t has been shown t h a t t e n s i o n a l down-dip s t r e s s e s are 

re q u i r e d to maintain the g r a v i t y anomalies. With a mean 
3 

d e n s i t y c o n t r a s t of 0.06 Mg/m , between the s l a b and the 
surrounding asthenosphere, estimated by Toskoz e t a l . , ( 1 9 7 3 ) , 

8 2 

the downward s t r e s s of 2.5 x 10 N/m i s equ i v a l e n t to the 

body forces of a s l a b about 400 km long i f f r i c t i o n i s 

ignored. The Benioff zone i n the Tonga Trench region i s 

much longer than t h i s , about 700 km, but compressional down-

dip earthquakes occur as shallow as 100 km ( I s a c k s and 
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Molnar, 1971). 

This again suggests t h a t the earthquakes are not caused 

by the o v e r a l l s t r e s s regime i n the s l a b but by v a r i a t i o n s 

caused by d i f f e r e n t i a l volume changes between p a r t s of the 

descending s l a b or d i s t o r t i o n of the s l a b . 

The e f f e c t i v e n e s s of the downdip tens i o n s c a l c u l a t e d 

here as d r i v i n g mechanisms for p l a t e s depends l a r g e l y on 

the v a r i a t i o n of p r o p e r t i e s w i t h i n the l i t h o s p h e r e and 

the depths a t which the l a t e r a l d e n s i t y inhomogeneities 

e x i s t . I n the f i r s t s e t of models where the g r a v i t y anomaly 

was caused by the t h i c k e n i n g of the c o n t i n e n t a l c r u s t the 

s t r e s s e s d i s t a n t from the subduction zone are t e n s i o n a l 

i n the s p i n e l p e r i d o t i t e s t a b i l i t y f i e l d and compressional 

i n and j u s t below the oceanic c r u s t . The t e n s i o n a l s t r e s s e s 

are l a r g e r than the compressional s t r e s s e s and the shallower 

s t r e s s e s a r e more l i k e l y to be reduced by f a i l u r e . I n these 

regions the t e n s i o n a l s t r e s s e s due to the d e n s i t y i n -

homogeneity may c o n t r i b u t e to the dynamics of the p l a t e s . 
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CHAPTER 8 

CONCLUSIONS AND DISCUSSION 

F i n i t e element a n a l y s i s i s u s e f u l i n examining the 

s t r e s s and s t r a i n w i t h i n p a r t s of the e a r t h during t e c t o n i c 

p r o c e s s e s . The v i s c o - e l a s t i c a n a l y s i s developed i n t h i s 

t h e s i s i s p a r t i c u l a r l y s u i t e d to these s t u d i e s because 

v a r i a t i o n s i n flow w i t h i n the e a r t h are g e n e r a l l y slow so 

t h a t long time steps may be taken without contravening the 

assumption of uniform creep w i t h i n a time i n t e r v a l . 

Phase changes and the s t r e s s e s caused by them can be 

modelled adequately by developing an equation r e l a t i n g 

d e n s i t y to pressure and temperature. The d i f f e r e n t i a l s 

of t h i s equation with r e s p e c t to pressure and temperature 

give the bulk modulus and c o e f f i c i e n t of thermal expansion 

r e s p e c t i v e l y . These p h y s i c a l pr.operttdes apply i f m i n e r a l o g i c a l 

e q u i l i b r i u m i s maintained. T h i s i s g e n e r a l l y a v a l i d 

assumption i f temperatures are r e l a t i v e l y high and water or 

another c a t a l y s t i s present. T h i s i s the f i r s t known attempt 

to model phase changes i n t h i s way and to determine the 

s t r e s s p a t tern they cause. 

The analyses presented here show three major e f f e c t s 

i n the s t r e s s e s a s s o c i a t e d with subduction zones. 

F i r s t l y , i t has been shown t h a t phase changes i n the 

descending s l a b cause l a r g e s t r e s s e s as a r e s u l t of the 
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r e l a t i v e c o n t r a c t i o n of par t of the s l a b . The s t r e s s e s so 

caused are an order of magnitude gr e a t e r than any which are 

caused as a r e s u l t of the body fo r c e s a s s o c i a t e d with the 

higher d e n s i t y of the s l a b with r e s p e c t to the asthenosphere. 

Secondly, the phase changes i n the oceanic l i t h o s p h e r e 

reduce the f l e x u r a l parameter from t h a t c a l c u l a t e d using 

e l a s t i c p r o p e r t i e s given by the c o m p r e s s i b i l i t y of mi n e r a l s . 

I f f r a c t u r e occurs t h i s f u r t h e r reduces the f l e x u r a l 

parameter but the a n a l y s i s of the f l e x u r e becomes d i f f i c u l t 

and beyond the scope of simple beam theory. The s t r e s s e s 

w i t h i n the bent p a r t of the l i t h o s p h e r e i n the region of 

the trench and outer r i s e are reduced by vi s c o u s creep, 

and f r a c t u r e . As the curvature i s reduced and the p l a t e 

r e - s t r a i g h t e n e d near the base of the trench the s t r e s s e s 

p r e v i o u s l y r e l i e v e d by these n o n - e l a s t i c processes are 

repla c e d by s t r e s s e s of opposite s i g n so t h a t r e s i d u a l 

s t r e s s e s due t o bending must be present a f t e r the beam i s 

str a i g h t e n e d . T h i s i s i n c o n t r a s t to the r e s u l t s of any 

simple a n a l y s i s based on e l a s t i c beam theory. The s t r e s s e s 

i n areas of phase t r a n s i t i o n a r e i n order of magnitude l e s s 

than those expected for a uniform m a t e r i a l because the 

a b i l i t y of the rock to change phase e f f e c t i v e l y reduces i t s 

bulk modulus. 

The f l e x u r e of the outer r i s e only accounts for a bend 

of about 5°. A more d i f f i c u l t problem i s the 30 - 60° bend 
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when the top of the descending s l a b has reached 30 - 70 km. 

T h i s study has shown t h a t t h i s bend may be enhanced by 

the s t r e s s e s being s t a b i l i z e d by the extension of the 

areas of phase t r a n s i t i o n . 

T h i r d l y , i t has been shown th a t the maintenance of 

the negative g r a v i t y anomaly i n the v i c i n i t y of the trench 

r e q u i r e s t h a t the top of the s i n k i n g s l a b must be i n 

t e n s i o n . The down-dip t e n s i o n a l s t r e s s e s r e q u i r e d a r e 
8 2 

2 - 4 x 10 N/m and correspond to the d e n s i t y inhomogeneity 

of a descending s l a b of about 400 km. T h i s a n a l y s i s a p p l i e s 

to a l l subduction zones whatever the source mechanisms of 

the earthquakes. 

I t has been observed (e.g. I s a c k s and Molnar, 1971) 

t h a t i f the convergence r a t e i s high then the earthquake 

source mechanisms i n d i c a t e t h a t the down-dip p r i n c i p a l 

s t r e s s i s compressional i n the f o c a l region ( F i g . 1.2). 

Such earthquakes occur i n the Tonga region a t 100 km depth. 

P o s s i b l e causes for compressional s t r e s s e s i n t h i s region 

are d i s t o r t i o n a l s t r e s s e s and s t r e s s e s due to phase change . 

The s t r e s s e s due to the r e - s t r a i g h t e n i n g of the l i t h o s p h e r e 

would be compressional near the top and t e n s i o n a l near the 

ce n t r e and base of the l i t h o s p h e r e . At f a s t convergence 

r a t e s the top of the s l a b w i l l remain cool and may f a i l by 

b r i t t l e f r a c t u r e . For slow convergence r a t e s the s t r e s s 

would be r e l i e v e d by creep i n a warmed upper p a r t of the 
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descending s l a b . The gabbro or b a s a l t - e c l o g i t e phase 

t r a n s i t i o n could a l s o cause compressional s t r e s s e s i n 

the top of the mantle a t depths of 50 - 120 km. 

The c o n t r a s t i n earthquake mechanisms between regions 

of slow and high convergence i s probably r e l a t e d to the 

v a r i a t i o n of the thermal regime and hence the temperatures 

and depth t h a t various phase t r a n s i t i o n s occur w i t h i n the 

s l a b . The temperatures a l s o play an important r o l e i n 

determining the v i s c o s i t y i n the s l a b and the d i s s i p a t i o n 

of s t r e s s by creep. 

I t has been shown t h a t the o l i v i n e - s p i n e l t r a n s i t i o n 

causes t e n s i o n a l s t r e s s e s i n the c e n t r e of the s l a b and 

compressional s t r e s s e s on the outside. I f the subduction 

r a t e i s slow the outer compressional s t r e s s e s may be 

d i s s i p a t e d by creep whereas the inner t e n s i o n a l s t r e s s e s 

a r e i n the region of h i g h e s t v i s c o s i t y and strength and may 

be d i s s i p a t e d by b r i t t l e f a i l u r e or a c c e l e r a t e d creep 

(Griggs 1972). For higher subduction r a t e s the outer p a r t s 

of the subducted p l a t e may be viscous enough for the 

s t r e s s e s to b u i l d up u n t i l f a i l u r e occurs. 

Any d i s t o r t i o n of the downgoing s l a b a l s o causes l a r g e 

s t r e s s e s approximately p a r a l l e l t o the s i d e s of the s l a b . 

Such f l e x u r e of the B enioff zone has been demonstrated by 

Hamilton and Gale (1968) and I s a c k s and Molnar (1971). 

The r e l a t i v e motions and d e n s i t y inhomogeneities i n 
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areas of subduction zones r e s u l t i n s t r e s s e s i n the over­

r i d i n g p l a t e i n the v i c i n i t y of the v o l c a n i c a r c . T e n s i o n a l 

s t r e s s e s i n t h i s l o c a t i o n w i l l c o n t r i b u t e to the ease of 

migration of the magma and to back a r c extension. 

Throughout t h i s t h e s i s the inhomogeneity of the 

composition of the mantle with depth has been ignored. 

I t i s d i f f i c u l t to see what the e f f e c t of the depleted 

dunite l a y e r a t the top of the mantle, for ins t a n c e , may 

have on the s t r e s s e s . The d e n s i t y changes a t phase t r a n s i t i o n s 

and the c o m p r e s s i b i l i t y of the va r i o u s l a y e r s w i l l d i f f e r 

causing l o c a l s t r e s s e s as the s l a b i s subducted. 

The other assumption t h a t has been made throughout 

t h i s t h e s i s i s t h a t of plane s t r a i n . No movement of 

m a t e r i a l has been allowed i n t o or out of a s l a b of u n i t 

t h i c k n e s s . With subduction zones i n which the movement i s 

commonly oblique t o the s t r u c t u r e t h i s may have a profound 

e f f e c t on the s t r e s s e s . The plane s t r a i n assumption, 

together with the n e g l e c t of the curvature of the e a r t h , 

r e s u l t s i n t e n s i o n a l s t r e s s e s normal to the plane of the 

a n a l y s i s as the rocks a r e subducted. The compression has 

to be a n i s o t r o p i c with zero s t r a i n normal to the model. 

Th i s maximizes the s t r a i n i n the plane of the model. An 

a n a l y s i s i n which the s t r e s s normal to the plane i s the mean 

of the p r i n c i p a l s t r e s s e s may be more appropriate for the 

study of l a r g e movements i n the e a r t h even though i t i s 

p h y s i c a l l y l e s s r i g o r o u s . 
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APPENDIX I 

Numerical Techniques 

In f i n i t e element v i s c o - e l a s t i c a n a l y s i s the main 

c o n s i d e r a t i o n s i n the programming of an e l e c t r o n i c d i g i t a l 

computer i s the storage and time re q u i r e d t o obtain the 

s o l u t i o n of a given problem. The main storage problems 

a r i s e as the number of nodes i n c r e a s e s s i n c e the a r r a y 

space r e q u i r e d i s about p r o p o r t i o n a l to the square of the 

number of nodes. The time r e s t r i c t i o n s become c r i t i c a l as 

the number of nodes and the number of time steps r e q u i r e d 

i n c r e a s e . 

Apart from the standard f i n i t e element techniques some 

e f f o r t has been put i n t o the reduction of these two f a c t o r s 

so t h a t bigger (more node) problems can be solve d for longer 

term deformations. 

Two aspects of the savings made w i l l be d i s c u s s e d here 

and other l e s s important c o n s i d e r a t i o n s w i l l become evident 

i n the comments on the computer l i s t i n g s i n appendix 2. 

A l . l Storage of the s t i f f n e s s matrix 

Each time st e p of the v i s c o - e l a s t i c a n a l y s i s r e q u i r e s 

the s o l u t i o n of equation 3.8 which may be r e - w r i t t e n 

DO S A l . l 
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where [*K] i s c a l l e d the s t i f f n e s s matrix. The t o t a l 

dimensions of [K^ are Zrt *ln where n i s the number of 

nodes but i f the nodes are j u d i c i o u s l y ordered the 

matrix becomes banded. I t i s symmetric. These f a c t s 

have been used,in the past, to reduce the storage r e q u i r e ­

ments of the s t i f f n e s s matrix (e.g. Zienkiewiez, 1971). 

However, even for the b e s t choice of the order of the 

nodes the band width of [K^ i s above 20 for most r e a l i s t i c 

models and the band i t s e l f i s s p a r s e l y populated. One 

common method of s o l u t i o n of the equations i s to s t o r e 

h a l f the band of the matrix and s o l v e the equations by 

Cholesky decomposition. The use of t h i s scheme r e q u i r e s 

t h a t the s t i f f n e s s matrix be s t o r e d i n double p r e c i s i o n on 

an I.B.M. computer. Large amounts of s t o r e are s t i l l r e q u i r e d . 

By s o l v i n g the equation by the Seidal-Gauss i t e r a t i o n 

method i t i s s u f f i c i e n t to use s i n g l e p r e c i s i o n f o r the 

s t i f f n e s s matrix and double p r e c i s i o n (forthe F(cr") . Only 

the non-zero terms of the s t i f f n e s s matrix need to be s t o r e d . 

The scheme f i n a l l y adopted i n the v i s c o - e l a s t i c program i s 

t h a t a t the s t a r t of the program indexing matrices are s e t 

up which give the p o s i t i o n i n the a r r a y AT. which w i l l 

contain each p o s s i b l e element of [_K] . The only elements 

of [K] which can have a non-zero value are those for which 

both the row and column are connected by an element. The 

diagonal terms of [K] are s t o r e d s e p a r a t e l y i n a r r a y AND3 > 
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Another advantage of t h i s scheme i s t h a t the band 

width i s no longer used so the nodes may be ordered i n any 

convenient way. A l t e r a t i o n of the f i n i t e element net 

becomes t r i v i a l compared to when the band width i s important 

when even a small a l t e r a t i o n to the net u s u a l l y r e q u i r e s r e ­

numbering most of the nodes. 

S t o r i n g only the non-zero terms i n the matrix has 

another advantage i n t h a t the time i n s o l v i n g the equations 

by the Seidal-Gauss method i s reduced. T h i s a r i s e s from 

not needing to access and m u l t i p l y the zero terms i n the 

matrix. T h i s approximately halved the time for a s o l u t i o n 

of the equations from t h a t when h a l f the band width of the 

matrix was s t o r e d . 

A1.2 S o l u t i o n of the equations 

The equations represented by equation A l . l are p o s i t i v e 

d e f i n i t e , symmetric, sparse and may be banded. There are 

s e v e r a l schemes for s o l v i n g such equations but most of 

them r e q u i r e at l e a s t h a l f the band width (together with 

the zeros w i t h i n i t ) to be s t o r e d . F u r t h e r , i f the s o l u t i o n 

of one s e t of equations i s l i k e l y t o be s i m i l a r t o a previous 

s e t i t i s u s e f u l to use one s o l u t i o n as a f i r s t approximation 

to the next. Hence a Seidal-Gauss i t e r a t i o n scheme was 

chosen. The p o s i t i v e d e f i n i t e property of the equations i s 

s u f f i c i e n t condition for the s o l u t i o n to converge but i n 

i n i t i a l t e s t s the convergence was slow. An over r e l a x a t i o n 
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f a c t o r of 1.8 was found to improve the convergence r a t e . 

The s o l u t i o n was s t i l l approached sl o w l y and monotonically. 

The i n t r o d u c t i o n of a "jump" i n the estimates of the s o l u t i o n 

a f t e r each twelve i t e r a t i o n s seemed to give s a t i s f a c t o r y 

convergence. The "jump" was a p p l i e d i f the l a s t change 

i n a v a r i a b l e was i n the same d i r e c t i o n as the t o t a l 

change during the previous s i x i t e r a t i o n s . T h i s "jump" 

could make the system divergent so i t i s p r o g r e s s i v e l y 

reduced each time i t i s used i n a s o l u t i o n . 

I t i s a p p l i e d by changing the estimate of the v a r i a b l e 

by an amount pr o p o r t i o n a l to the change i n i t s value during 

the previous s i x i t e r a t i o n s , i . e . 

where £l i s the c u r r e n t estimate of the v a r i a b l e 

5 i s the estimate of the v a r i a b l e s i x i t e r a t i o n s 

p r e v i o u s l y 

and f i s a f a c t o r which begins a t 3 and i s decreased 

each time i t i s used. The sum e f f e c t of the 

over r e l a x a t i o n f a c t o r and the "jump" reduced the number 

of i t e r a t i o n s r e q u i r e d for convergence by a f a c t o r of 

about t h r e e . 

I t was a l s o found advantageous t o work both up and 
t i l 

down the matrices i n s o l v i n g the equations so as the i 
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estimate of Sj. i s 

Si * S ' " + ' * K ' I , K t l A ) / K „ 

For each i t e r a t i o n we s o l v e for \ running from 1 t o N and 

then N backwards to 1. 

This technique i s programmed i n SUBROUTINE RSEID 

(page 17 3 ) . 
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APPENDIX I I 

Computer Programs 

A2.1 I n t r o d u c t i o n to s t r u c t u r e of the programs 

The f i n i t e element v i s c o - e l a s t i c a n a l y s i s of l a r g e 

models r e q u i r e s l a r g e computer resources so i t i s important 

to organise the s t r u c t u r e of the programs so t h a t the 

ana l y s e s may be continued i f the computing i s i n t e r r u p t e d . 

I t i s a l s o convenient to have the r e s u l t s i n a form which 

can be used by f u r t h e r programs for X-Y p l o t t e r d i s p l a y . 

Because of t h i s the computing was organised as a s e r i e s of 

programs each performing various t a s k s . The general flow 

diagram i s shown i n f i g . A2.1. 

I n general the r e s u l t s of one program are passed to 

the next by s t o r i n g much of the COMMON C0M1 i n a permanent 

d i s c f i l e . T h is i s read and w r i t t e n to on route #8. The 

v a r i a b l e s and a r r a y s passed from program t o program a r e 

STRESS - the s t r e s s e s i n each element 

UV the l a t e s t displacements of the nodes 

X, Y co-ordinates of the nodes 

TOTI ME sum of time increments 

DTIM l a s t time increment 

HEATM mechanical heat assigned to the nodes s i n c e the 

l a s t thermal s o l u t i o n 



INPUT PROGRAM OUTPUT 

S u r f a c e thermal 
gradient 
Heat generation in 
the mantle 

CONDEPTH 
Computes temperature 
and propert ies a s a 
function cf depth 

P r e s s u r e a s a 
funct ion of depth 

Temperature , 
p r e s s u r e and density 
a s a function ot 
depth 

Table of physica l 
proper t ies a s a 
function of depth 

From CONDEPTH 

Information f o r F E n.s 
(nodes, elements, 
c o a e s for boundary 
condition ) 

INITIAL 
S e t s initial condit ions 
for R E . a n a l y s i s 

Er ror and checking 
output 

Init ial ized common 
block / C 0 M 1 / 

From CONDEPTH 

Time s t e p , boundary 
velocity, f in ish time 

From INITIAL or 
previous run of 
S L O P E 

3 — 
S L O P E 

K ., Finite element 
v i s c o - e l a s t i c and 
transient heat flow 
a n a l y s i s 

1 Working f i le 

2 Working file 

E r r o r and monitoring 
p r o q r e s s i o n of the 
a n a l y s i s 

Updated common 
block / C 0 M 1 / 

From CONDEPTH 

Extremes of a rea 
tc be plotted 
Maximum length of 
plot 
Code for type ot 
plot 

P L 0 T * 1 
P L 0 T # 2 

CONTOUR 
Draw diagrams of 
resul ts on xy-plotter 

P L 0 T * 1 
P L 0 T # 2 

CONTOUR 
Draw diagrams of 
resul ts on xy-plotter 

» 

> • 

P L 0 T * 1 
P L 0 T # 2 

CONTOUR 
Draw diagrams of 
resul ts on xy-plotter 

» 

> • 

P L 0 T * 1 
P L 0 T # 2 

CONTOUR 
Draw diagrams of 
resul ts on xy-plotter 

C h e c k and promDt 
output 

x y - p l o t t e r output 

From S L O P E 
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HTIM time s i n c e l a s t thermal s o l u t i o n 

FMASS g r a v i t a t i o n a l body for c e s on nodes 

TEMP temperature of nodes 

BREAK code for f a i l u r e of nodes - the v i s c o s i t y 

i s reduced depending on the magnitude of BREAK(I) 

VD t o t a l d i s t a n c e moved by forced nodes 

HEAT heat input which remains uniform during the 

a n a l y s i s (radiogenic, normal heat f l u x ) 

II,JJ,MM nodes a s s o c i a t e d with each element 

TP type of m a t e r i a l for each element 

normally TP = 1 mantle 

TP = 2 oceanic c r u s t 

but others may be d i c t a t e d according to 

v a r i a t i o n s of SUBROUTINE PROPS 

TS nodes on the s u r f a c e of the model s p e c i f i e d 

i n a cloc k w i s e order 

NONODE number of nodes 

NOEL number of elements 

N2 22 X. NONODE 

IW t o t a l number of s u r f a c e nodes 

IW1-IW5 p o i n t e r s for a r r a y TS s p e c i f y i n g changes i n the 

type of boundary co n d i t i o n s for SUBROUTINES SOLVE and 

TEMPGR 

DY the v e l o c i t y of part of the boundary. 



S i x programs are l i s t e d i n t h i s Appendix. The f i r s t , 

CONDEPTH, gives standard conditions i n the oceanic b a s i n s 

(Chapter 2) and w r i t e s t a b l e s of the v a r i a t i o n of density, 

pressure and temperature with depth for use i n the other 

programs. INITIAL s e t s up the information l i s t e d above i n 

COMl and so i n i t i a l i z e s f i l e ^ a for the program SLOPE. 

Many v a r i a t i o n s of INITIAL may be made depending on the 

e a s i e s t way to s p e c i f y one p a r t i c u l a r f i n i t e element g r i d . 

That presented was used for Model 2 of Chapter 6. The v i s c o -

e l a s t i c program SLOPE presented here was used i n Chapter 6. 

I t reads the i n i t i a l i z e d data from INITIAL or intermediate 

data w r i t t e n a t the end of each time s t e p and performs 

f i n i t e element v i s c o - e l a s t i c and t r a n s i e n t thermal analyses 

a l t e r n a t e l y . The other three programs a r e used to d i s p l a y 

the r e s u l t s i n va r i o u s forms on a X-Y p l o t t e r . 

A2.2 PROGRAM CONDEPTH 

Thi s i n i t i a l program c a l c u l a t e s v a r i a t i o n of p r o p e r t i e s 

and temperature of the oceanic b a s i n as a function of depth. 

The program presented gives r e s u l t s f o r a conducting model 

and i t e r a t e s to give the v a r i a t i o n of temperature, pressure 

and d e n s i t y with depth f o r a given d i s t r i b u t i o n of heat 

sources. The program can e a s i l y be changed to give these 

as a function of a given temperature d i s t r i b u t i o n . The 
2 

only input (route 7*5) i s the s u r f a c e heat f l u x (W/m ) and 
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the assumed radiogenic heat sources a t the top of the 

mantle and the base of the l i t h o s p h e r e . The v a r i a t i o n 

between these i s assumed l i n e a r . The heat sources i n the 
-1 oceanic c r u s t and asthenosphere are assumed to be 1.6 x 10 

W/kg and 0.11 x 10 W/kg r e s p e c t i v e l y . 

The l i n e p r i n t e r output (route ^ 6 ) gives a t a b u l a t i o n 

of the v a r i a t i o n of various p r o p e r t i e s with depth. Two 

f i l e s are output on routes "*3 and iy-4. Route 5& 3 contains 

pressure as a function of depth and route ^ 4 , pressure, 

d e n s i t y and temperature as a function of depth. A l l are 

t a b u l a t e d a t 0.5 km i n t e r v a l s . 
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C * » * * * * * * * * * * » * * * * V * * * * e « t « e v & » » * » * * t * * V * « a * c * n » . * t * v l . * * » t * * « * . * « * v * T * * * * * * * n * 
C A PrtOGPA" TO r.M.r.l l l ,'.1 r T t.F VAPIATTPN n r P P " P F P T I E S V ITH DrPTH * 
c T H I S P R O G R A M A S S U M E S S T F t n y S T / T - _ T U F P ^ A I r C K P U C I I ON * 
r THE BMlir,FMC HEAT SO'llM rs AtfF ASSHMfd T n MF : * 
C 1 . 6 E - 1 0 W / K G F O " THE OCEANIC C U S T A r i l 0 . 11 E - 1 flw/k r. FOR T > J T AS THFMOSPHF.R E 
C THE HF A T S0 I | D f . l " 3 I N TML "MITLfc APT A S S " " ! " ! ! ff> VARY 11 'if AP L Y WITH !)t P T M » 
C "Mr UPPER ANT I P K F R V /. L11C S A N D T IT SUOMACr F F A T R . I I X /.pr. p f u n I N * 
C * * * * * * * * * * * * * * * * * * * * * . * * * * * * * * * * * * * * * * * * * * * * - * - * * * * * * * * * * * * * * * * * * * - * * * * * * * * * * * * * 

COMMON / N t / T ( 1600 ) . Pf. NS I 1 (,C0 I , Po FS I 1 fiOO I . F N , AN ' IN . 1 E X ' l , B E T N , D E N N , 
i c v ( C P , v p , v s . r . r ; N n N , T ' - K , v i S N , x , S F t r A R . - D T . M O P R E S . i 

I'EAI H T ( l frOO) , I ) ' L I W>TCI , " D T , S P ( ] 5 ) , "PPPFS 
C » * » * * * * » » X=DEPTH INTERVAL iDEPTH*( ! - I I «X i t * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

X=5C0.C 
A R = 6 3 7 0 . 0 F » 1 

C » » * * « * * * * * * INPUT ROU T F H 5 » * * * * • » * * * » * * * « » * « * * * * » * * » # * * * * » » • • a * « * * * * * * « - » * * * * * * 
SHrAT=SUPFArE HFAT FLUX I W / M * M | (COMl i j r T I V I T Y ASSLfFO TP HF ? . l W/MCI * * * 

C » * * « * * * « * ST1 .ST? RADIOCFMC HEAT Snt l fCFS AT TOP ANfi R U T T H M P F 11THCSHfP[- * * * * * 
C * * * * * * * * * THr VARIATION I S ASSUMFD Tl! RE M N f A R A * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C • * * * • * » * I N I T I A L I Z F TEMPC" ATUP E AND "RESSlJPE • * * « * * » * * • * » » * • » » * * * « • * * • * » » * • • * 

DO 2 ! = 1 . 1 6 0 0 
T ( I ) - JCOm 

2 P R E S I I I - 0 . 0 
PF AC I 5 , 5 ISHEAT 
- R I T E ( 6 , 5 1 SHE AT 
G = S H E A T / 2 . 1 
R F A 0 I 5 . 5 ) ST1.ST2 
• I K I T E I 6 . 7 ) S T I . S T 2 

7 epKMATC HFAT AT TOP O F MANTLE • . F l ^ . S . / , ' A T BOTTOM OF • , 
1 •LITHCSPHEPE• . E 1 4 . 5 ) 

5 F 0 P H A T ( F 1 0 . 5 I 
£ * • * « * * MAXIMUM NUMBER 0 * ITERATIONS USUALLY I T ONLY PFQU1PFS AB'JUT 10 * * * * * * * * * 

21 DO 9 2 0 1 1 = 1 , 3 0 
C * * * * * * SUPF/TE VALUES * * * * * * * * * * * * * * * * * * * * * * * * * * • * * * • * • . * * * * * * * * * * * * * * * * * * * * f t * * * 

I A = I I 
T I l ) = 2 7 3 . C 

PPES(11 = 5 0 0 0 . 0 * 9 . 8 * 1 0 3 0 . 0 
D E N ' S I 1 1 = 2 8 0 0 . 0 
• ! 0 T = 0 . 0 
VDPRES=0.0 
D N = 0 . 0 
O D T - 0 . 0 
C0NDN=2.1 
0ENN=DENS(1) 
G R A D N = G 
HT 11 I = G R A C N * C O N D N 
nn <)C0 I M = 2 , 1 6 0 0 
1= IK 

C * * * » * * * * * * * * * . < * * * * * * * * « * * • * > t t t « t t l > t i l H t > l " » * •* * * * * * * * * * * * * * « » * * * * * A * X * * * * * * * 
C G R A D L GP A Oft A P E T H E T U F P M A L G R A D I E N T S * • 
C SO H E A T S O U R C E S D C E A N ' I C r . P U S T 1 . 6 E - 1 0 W / K G * * 
C A S T H E N P S P H E P . E P . l l E - 1 0 W / K C * * 
C L I T H O S P H E P I C M A N T L E L I N F A " V A R I A T I O N CRnrf S T l T O ST2 * * 
C H T H F A T C L I J X AT I ' T H D E P T H * * 
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

CEf L = D E N N 
C C N P L = C C N O M 
GP A D L = G R A O N 
S 0 = 1 . 6 E - 1 0 
I F ( I , G T . 14» S Q = 0 . 1 1 C - 1 0 
I F ( I . G T . 1 4 . A N D . I . L T . ? 0 0 ) S U = S T ? M 2 0 0 . - 1 1 / 1 8 6 . 0 * t S T 1 - S T ? I 

C * * * * * * GET PROPEPTIfS * * * * * * * * * * * * * * * * * * v * * * * * * * t * * * * * * * * * * * * * * * * * * * * * * * * • * * 
I F < I . L E . l ' . l CALL C C R U S T 
I F ( I . r , T . 11,) CALL MANTLE 
A = X / I A R - I I - I 1 + X ) 
G " ADN= { CC NIL *GP A P I - X * 0 . 5 * S C * (1 . 0 - A I * ( DENN * O E N L I l / ( C O N P N * ( 1 . 0 - ? . 0 * A 

1 ) I 
HT I 1 »=GRACN*f.nNTIM 
T l = TI l - l ) « - 0 . r > * X * < G P A O N + G P A C L ) 
OT = T L - T I I I 

8<30 T ( I I = T 1 
C * * « * * * * » TF ST Tfi MAKE SUPF ALL HEAT FLUX AT SURFACE MOT TOFfEr- ABOVE I * * * * * * * * 

8 0 1 I F I T 1 . L T . T I I - 11» GOTO 005 
MUT = AMAX1 ( A B S i C T I , M I T ) 

1 0 0 CUNT1MUC 
905 CCNTINUF 

C * * * * * « « * * « CHFCK rO"< CP.NVFPGENCI" * » * * * * * » * * * » » * + « • * * » * * • * * * > « * * * • » • * • » * * * * • * * » * * » * 
i r ( W O T . I T . o . i . ' . M D . M H P R F S . I . r. i .or-««i G C T O 9 

£ « • * » » « * L INEPRI N'T F° O U T P U T P F VARIATION n r P l i r jP rwT IES WITH DEPTH * * * » • » * < . - » * * * * * * 
•J20 CONTINUE 

9 CONTINUE 
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- « n n r ( s f ' 5 ? 0 l 14 
9 3 0 F O U K R l t " rUhVF.8f.FD A F U P ' , 1 6 , ' I TED AT ! ON S« ) 

HH I TF. J6 t ' t ^ O I Sh'FAT.SH 
lit' IT[ ( 6 . 4 ^ 5 1 r«T C I Ml 

H95 F W A T I / , ' HF AT INPUT AT U f l T T H f - • , F 1 4 . * , • JHUL F S / » T T ° f S O ' I 
4 9 0 FORMAT! 1 ('EAT LUST AT SUPFAU • i F1 4 . 4 « 1 JC'UL C S / M E T " t SQUARE OR 

1 E 1 4 . 4 , • CAI 5/SO CM" I 
4 5 0 F C H A T I 1 H 1 , / / , • rixfV, SURFACE T F PFP ATU° E = « , F i r , . 4 , ' ilFGW E E S /^F TPE 

1 • , / . ' HFAT SOUPCF . l r ^^ ILES/ ' ' I LOf • ,PAMME/SEC• , / , ' OC.EAMIC CrtuST ' . 
1 E 1 4 . 4 , / , • MANTLE MA'CPIAL ' , F 1 4 . 4 I 

WRIT£ 1 6 , 4 7 0 1 
4 7 0 FORMAT I 1 DEPTH TE«P I 'CNSITY PRF.SSURF YCUAGS AND PULK MQf) i , 

1 • P O I S C N S ' , 
1 'o\J 1HER"AL CXP CCNCUCT "ELT TE^o CP CV LPf- V I S «P VS » 
2 , ' M T ^ L U X ' t 

I f = 1 
On 300 I - 1 * T M 
J * t 
I F ( I . L E . 1 4 ) CALL CCPIIST 
I F U . r . T . I t ) CALL MANTLE 
IF (MODI 1 - 1 , 101 .ME . 0 I GOTO 500 
0 X = X * I J - l ) * 0 . 0 0 1 
V P = V P / 1 0 0 0 . 0 
v s = v s / i c o o . o 
DLVIS=ALCG10<VISN) 
W R I T E ( 6 . 4 8 0 ) P X , T { J ) , D E N S ( J 1 . P R E S I J I , F N , B E T N , A N U N , T F X N . C O N O N , T M N , 

1 C P , C V t P L V l S , " P , V S . H T U | 
4 80 FORMAT I F 6 . 1 . 2 F 7 . 1 , 3 E ] 0 . 3 , F 6 . 3 , E l 0 . 3 , F 6 . ? , F f l . 2 , ? F 6 . 1 

I . 3 F 6 . ? , F 1 0 . 4 I 
500 CONTINUE 

C * » * * » * » * F I ' . E S OUTPUT FOK INPUT TO CTHFR PFtOr.RA»>S * « * * * * * * * • * » » • * * * * * » » * * ¥ * » * * • « * 
C » v * * * * * * ROUTE *3 PRESSURE 'JNl Y AS FUNCTION OF DEPTH * * * * * * * * > » • » * « * » * » • * * * * « » * * * 
C * * * * » * * » ROIJTF »4 TEMPERATURE,PPFSSUPF AND DENS I TY AS FUNCTION MF DT P T H * * * * * * * * 

H K I T F ( 4 , 6 0 0 ) T,PRES.DENS 
W P I T E I 3 . 6 0 0 ) PRES 

6 0 0 FCRPATI20A4I 
9 9 0 9 STOP 2 

END 

SUBROUTINE OCRUST 
( - a * * * * * OCEANIC CPIIST PPO D EPT(ES « * * » * * * * * » * * • * » * * * * • » » * » « * * * * * * » * * * * * * * * * * * * * * * * * 

COMMON /NE /T« 16001 ,DENS« 1600 ) . P ° E S U 6 0 0 ) »FN , ANIIN , T E X N i liET N , DErN'N, 
1 C V , r . P , V P , V S , C r N D N , T M N , V I S N , X, f i ! E A R , M D T , ^ O P R E S , I 

R F AL* 8 B A , B i J , B E . E A , E t t , E C , E D , E E 
REAL MOT,MDPRE S 
CPRES=0.0 
I F U . E O . l ) GOTO 10 
J = I - 1 
PN=PRES (.1 l * IDENS(J I+^rNS( I ) I * 0 . 5 * X * ° . f l 
pDi^FS=0":-PRFS( I I 

1 " c - j r f n E S i | l+DPRES 
" ~ P E S = A"AX 1 ( ARS I DP- 3f ^ ) , MOPRES ) 
1F:M=T( I I 
DrEM=TEM-300.0 
5 * E S I I I ' P N 
B A = 1 . 1 5 E - 1 1 
U U = - 1 . 4 E - 5 
BE = R. 0E-<3 
EA = 0 . 7 6 - > 5 4 7 9 4 2 4 0 - l l 
E n = - 0 . 4 1 9 6 5 1 5 9 3 B D - 4 
E C = - 0 . 7 0G33 705 3 9 P - 2 2 
E D = 0 . 7 7 1 7 1 ? 3 r . 9 9 n - I 5 
EE = 0 .47RB1359 'S5D-0R 
F G= 1 • Ono*HA*PNtHH*DTEM»'<F*nTFM*PTEM 
FE = l . 0 D 0 t C A*PN*EM*r :TF1*EC*PN*"N«-ED*Pr i*DTE . w «FE*nTFM*r iTEM 
cr.=2«»co.o 
RE=34C0 .0 
AL1 = MM»?.0»".F*DTC-M 
AL ?=r-iutn»rr. '»2*FC*DTEM 
F) i ; i -n A 
T : 2 = r A »;? * I'C•"'"Y»FD*DTFM 
0 1 = 0 . C.UCS r,* ( I S O ) . n - 2 . •*e-6 ' -Pt t r ' T E C I 
02 = 1 . r 0 2 M 10RO.O- I>TC>!» 1 . ? E - 7 * l ' N ) 
F l s A M A X l ( C . n . A f 1 M 1 I U . 5 - 0 1 , 1 . 0 ) ) 
F2 = A"lAXi ( 0 . n , . \ : - ! N I ( ' ) . 5 - 0 2 , I . CI ) 
r , F P l « 0 . 0 0 0 0 9 * 2 . 3 E - 6 
OF r 1 =-0.(JOOf.T 
l i r p ? - - n . 0 0 2 * 1 . 2 E - 7 
D F T 2 - 0 . 0 0 2 
! r ( r i * i i . c - F i i . r . T . o .noni i ' - . ' I T U 6 o o 

http://rUhVF.8f.FD
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C r p l = 0 . 0 
D F T U O . O 

<>00 I F ( F 2 M 1 . 0 - F 2 I . r . T . O .OCOl l f.OTll 7 0 0 
nrp?=o.o 
D F T 2 = 0 . 0 

TOO CONTINUE 
DF l = I R G * F r , * ( l . O - F l ) * P F * F E * F l l 
OF NN= DF. 1 * ( 1 . 0 - 0 . 09 *F 2 I 
H E I N = IT.* i I ' F I * i i . o - ' - n - F r . * r ) F P i J * P F * i R E 2 * F i + F r - » n F P : i ) * c i . o - o . C 9 * F 2 

1 ) - P E 1 * 0 . 0 9 * 0 F P 2 
UETN=PETN/DENN 
TEXN- ( « r , * t Al l * ( 1 . O - F l ) - F r , » r > F U ! * R C . ( AL 2 * c 1 • F E*r>F T l ) I <= ( 1 . 0 - 0 . 0 9 * F ? 

1 I - 0 F 1 * 0 . 0 " * 0 F T 2 
TFXN=-TEXN/OENN 
V P = 3 . 1%*DEN'N-3C00.0 
V5 = l . t 1 * P L N N - 1 2 8 0 . 0 
o= ( V P / V S I + * 2 
Ar!U!-'= l R - 2 . 0 ) * 0 . 5 / l B - 1 . 0 ) 
ANUN=AMIM1( 0 . 4 9 5 , ANIIN) 
E N = 3 . 0 / P E T N » < 1 . 0 - 2 . 0 * A N U N I 
A = l . 2 F 8 E - 6 * V P * D E f N * * 0 . 6 6 7 
» S = 2 . 1 
CCN'DN=Ar'AXl ( A . P S I 
D E N S t I I=DENN 
I H T F M . G T . "500.0) r .ONDN = C r j N r > N * ? . 3 E - 3 * I T F M - 5 0 0 . 0 1 
T M N = 1 0 6 7 . 0 * 1 . 2 E - 7 * P N 
IF (PN , L T . 3 . 0 E * B ) TMN= 1 31 5 . 0 -8 . 5 E-7*PN> • 5 . OE-1 ft*PN*PN 
S H = 1 0 . 0 E * 5 
VISN=ALOG ( 1 . 5 1 * 5 2 .0 *TM|¥ /T E M - 1 . 5 ' A t OGI SHI 
VI SM = A!UN1 I 1 0 0 . 0 , V I SN) 
VISN= AMAXWO.OOl f V I S N I 
V I S N = E X P ( V I S N I 
CP = 9 R H . ' 5 6 « - C . 2 0 0 1 ? * T E « - C . 2 5 0 3 F * f l / ( TE M *TEM I 
C P = C P - ( P E « F E - P G * C ; 1 / t P F* r = *o G * F G ) * ( P N - 1 5 C 0 . 0 / 2 . 3 E - M * 0 F T l 

1 - 0 . 0 9 / < 0 . 9 1 * O F 1 l * ( P N + 1 0 3 0 . 0 / 1 . 2 E - 7 ) * n F T 2 
C V = f P - T E X N * T E X N * T E ^ / ( D E N N * H E T N I 
RETURN 
ENO 

SUPRfHJTlNE MANTLE 
f , * » t * * i t * * j » CALCULATES MANTLF PPOPFRTIES * * • * * * * » * * * » * * * * * • * # * + * * * * * * * » * * * * * * * 

CTfMON t'lf./ f < 1600) .OENSI 1600 i , PF F S( 1 60C I ,FN , ANUN,TE XM,BETN,OEf -N. 
1 C V , r P , V P , V S , r . C M O N , T M N , v i S N , X , S H E A R , VOT, VDPRES, I 

PEAL MDT.wnPRES 
J = I - 1 
PN = P P E S ( J ) » { n E N S I J ) * D E N S ( I I ) * 0 . 5 * X * o , 8 
OPRES = P fJ -PRESI I I 
MPPPES=A"AXU APSIDPRESJ.MOPRESJ 
T F M = T I I 1 
DrCM=TEM -273 .0 
P R E S ( I l = P N 
R H 0 0 = 3 2 < P 0 . 0 
P H n i = R 0 . 0 
P H 0 2 = 6 0 . 0 
MID 3= 3 o 6 0 . 0 
R H C « = 3 1 7 0 . 0 
SA = 0 . 5 4 0 7 1 2 1 7 4 7 P - U 
S * = - 0 . 2 6 792e?ft86D-C4 
SC=-0 .< t lR7n5R9o<Jn -22 
10= 0 . 35937<>5755D-15 
SF = 0 . 1010133<b26D-08 
A - 0 . 7 O R 2 6 5 6 0 8 2 D - U 
B = - 0 . 2 9 7 9 i 2 y ? 9 1D-0<i 
C = - 0 . )«795702"52n-21 
D= 0 . H 3 3 R 0 0 5 0 4 7 0 - 1 5 
L " = - 0 . 3 9 5 i r , 5 7 5 2 5 D - 0 8 
»= 0 . 3 2 2 1 2 6 8 1 6 f i 0 - 3 2 
S = - 0 . 3C Wi923'.320-25 
Y= 0 . 161ClSl (193n- I f ! 
i= 0 .h27SPT3!S22D -12 
F= ! . 0 »PN*( A f P N * ( C * « * P N ' ) ) * O r F v * ( « K ' N " ( 0 « S * ° N I » D T F M « ( T * Y * P N • 

1 7 * I ) T E W ) » 
A l 0 = l l * P N * ( D f " i * PN) i-CTF V * { ? . 0 * E • ? * Y * D » l f 3 .n « Z 'OTE^ ) 
•1E0=A *0 IF. .*'*( n * Y * n Tf M ) • p\ ' * ( 2*C » 3» 1 , 3 P N * - ? * S + n M:M) 
S F ' l . 0 1 0 * $ A*PH»SH*( ! T F» < SC •M'M'PNt R ,U*" , N*r)T E'1»Sr*r)TFM»DTr-M 
SAi 0= S 'U<;i '4Pfjf 2 . OHO* r ,E*DTFH 
S'iCTi- SA« 2 . 0'10*SC " " N « M'«DTFM 
ni = o . i ) .n* i u < o a * n T i ; " - 3 o o . o i : - H » P N ) 
l>?«0. 0020* ( ' )h ' i • R T F t ' - n 0 . 3 F - n * P N ) 
o?=o.o:) 1 1 " ( ?' .oi . n « n r r " - M J . O E - W N I 
l\<. = 0 . 0 0 1 ' . * I 150C»«1 , U F - I * * P N - C T r») 
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oo=n .oJ i 3 *1zco.o- i .nE-e»pwi 
F ! = A'1A«; 1 ( 0 . 0 , AV I f U (0 . ^ - 0 1 , 1 . 0 ) 1 
I"2 = A " A ; M , 0 . 0 , A P I N 1 . 0 . 5 - 1 1 2 , 1 . 0 1 I 
F 1 = A - M \ 1 ( C . 0 , -MM-Jl ( r j . c - m , 1 . 0 1 1 
r<, = A « i x i f o . o . i w I N I i o , 1 . 0 1 1 
F S = AMAX1( 0 . 0 , A M N K 0 . 5 - D r M I . 01 1 
G 3 = 1 . 0 - F 3 
n F P ! = 3 . 0 F - 9 
r i r - P ? = 8 0 . 3 E - f i » 0 . > 1 0 2 5 
0 F l ' 3 = 0 . f ! 0 1 1 * 3 0 . O F - S 
D F P A = - 0 . 0 0 1 4 - < ! . 0 E - K 
DFP5=0.0313E-8 
D F T 1 = - 0 . 0 0 1 
n F T 2 ^ - 0 . 0 0 2 5 
0 F T 3 = - 0 . 0 0 1 l 
DFT<, = 0.0G14 
I F ( P 1 * ( l . O - F l l . r . T . 0 . 0 0 0 1 1 GOTn 1 0 0 
OFPl^O.O 
C F T 1 = 0 . 0 

IOC IF ( F 2 + C 1 . 0 - F 2 ' .G7. 0.00011 OPTO 202 
D F P 2 = 0 . 0 
0 F T 2 = 0 . 0 • 

2C2 I F ( F 3 * ( I . 0 - F 3 1 . ( X T . 0.00011 GGm 300 
0 F P 3 = 0 . 0 
f l F T 3 = 0 . 0 

300 l F t F * , * | 1 . 0 - F 4 1 ,T T . 0.00011 ROTO <,00 
OFP«» = 0 . 0 
OFT«,= 0 . 0 

«V00 IF ( F 5 * ( 1 . 0 - F ? l .GT. 0.00011 GOTr 500 
n F P 5 = 0 . 0 

500 f . O N T I N U c 
E l = PHnC»PMni --»Fl * R H 0 2 * F 2 
(11=E1 "G3*F+iJHij3*F3*SF 
n = N N = D l * ! 1 . 0 * 0 . 0 ! 5 * F 5 ) * ( 1 . 0 - 0 . 0 2 2 5 * F 4 I 
OENSI I )=r>LKN 
OF 1=RH01*OFP14-P|!02*DFP2 
RDl=n£ l * r , 3 * F - E l*DFI*3*F+E l*G3*nF0*PHn3»f)> :P3*SF + RHn3*F3<-SBE0 
FicTr;=nm* < 1 . 0 + 0 . 0 P * C 5 I * l 1 . 0 - 0 . 0 2 2 5 * F ' . 1 +n 1*1 1 - 0 . 0 2 2 5 * F 4 i * 0 . 0P.*DFP5 

1 - C . 02?5*01*( 1 .Ot-0.08*F5 l+OPP't 
HETN=UETN/DENN 
0E l=RH0 l *nFTH-RHQ2 *0FT2 
nni = n E l » G 3 * F - E l * n F T 3 * F » F l * r . 3 * A L 0 * O H n 3 * D F T 3 * S F + R H P 3 * F 3 * S A L 0 
T E X N = r n i * ( l * 0 . 0 P » F 5 l * ( 1 . 0 - 0 . 0 2 7 5 * P i 1 - 0 . 0 2 2 5*n I * D F T <V* I 1 . Of 0 . 08*F 51 
TEXN=-Uxr./[1CNN 
CP= 1 0 3 ^ . " 4 + 0 . l 9 < , 3 4 » T E M - 0 . 241 <JE>8/( TE' W *TEM 
Pl=PH01*PHnO 
R2=R1+RH (12 
R3=Rnn3»SF 
R < - = D E f ' N / ( l . 0 - 0 .0225* F«V I 
RX=P-',*C.<:745 
C o - C - O F T 1 * " H T 1 / ( P « O H f l O * F 11*1 TOO . O F - <** P ' J - 1 'j 2 7 I f 303. 0 F - 8 - H F T 2 * RHD2 

1 / j r * " l * P 2 l * « RO. 3 E - P » P M - r j < . l . 0 1 ' 8 C . 3 F - 8 - n r T 3 * ( P 3 - u 2 » F 1 / I R ? * R 2 * F J * 
1 (3n.0E-8«=PN -21271/30. O F - 8 - H F T 4 * ( R X - P < , l / ( P X * R 4 l * ( 1 7 7 : i + 9 . 0 E - B * P N ) 
1 / 9 . 0 E - R 

C V=r.C-TF'•• / P E T . \ * TT X N * TEXN/OENN 
VO = - 2 2 0 { . . 0 » 3 . 1 6 * 0 E N N 
VS = 1 .63*CEf .A-8n0.0 
» - ( V P / V ? 1 * * 2 
ANUN = 0 . ^ * ( P - 2 1 / I R - 1 1 
EN = 3. O / C E T f l * ! 1 . 0 - 2 . 0 * A M P N 1 
A = 1 . 2 ? "f - f i « * V P * r i E ! I N * * 0 . 6tS7 
C^l . 0 / < O.C7M+5.01F-<.*TEMI 
C0WN = 4«AXl( A,CI 
I F ( T E M . G T . 5 0 0 . 0 1 CflNDN=COWN*2. 3 0 I F - 3 * I TF" -500 . 01 
SM=10.0F+5 
I F ( P N . L T . 3 . C E + 9 ) GOTfl 10 
TMN = 9 2 J . 0 + 1 .26E-7*PN 
VI SN=ALCG (1 . " E * 13) «-2<>.8*TMN/ TEP-l . 1 *ALOG( SM • * . 9 0 * J » F 3 
OnTf 20 

10 TMN=l 2 l f t . 0 » R . 70 3 F - P * P r j - l . f t 5 7 E - 17*!'N*PN 
VI Sr. = A L C G ( ? . l E + l<.) ' ' • 0 . 0 * T M N ' / T F w - 2 . 0 * A i n G I S H l 
i n s n . r , T . I . O F » ( 1 ) 

1 V; SN*4LGG( 1 . 1 E * 3 1 I * « C . 0 * I ' - ' . ' l / TFM- ' . .0*ALnC(SH) 
20 CONTINUE 

VI SN=FXP( A V 1 M ( 1 0 0 . 0 . AMAXl ( 1 0 . 0 , V ISM I I I 
RC TURN 
EfJO 
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A 2.3 PROGRAM INITIAL 

The v a r i a b l e s which are passed i n f i l e & 8 between 

various programs need to be i n i t i a l i z e d . T h i s i s done 

in t h i s program. The nodes and element s p e c i f i c a t i o n s 

may be read i n or generated or a combination of these can 

be used. The program l i s t e d reads i n some of the nodes 

and elements and generates the r e s t by using the r e p e t i t i v e 

nature of the g r i d i n the model. The i n i t i a l s t r e s s , 

temperatures and d e n s i t i e s are assigned by i n t e r p o l a t i o n 

of the values passed from CONDEPTH route -fc4. 

Some checking i s done on the net t o ensure t h a t no 

elements have zero area ( e r r o r i n net s p e c i f i c a t i o n ) . 

The t o t a l area i s p r i n t e d . The body f o r c e s due to the 

g r a v i t a t i o n a l f o r c e s are entered i n FMASS by the SUBROUTINE 

MASS. 

I f a l l checks are s a t i s f a c t o r y the i n i t i a l i z e d values 

of data are passed through route "& 8 to f u r t h e r programs. 
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C PTir.RAM Tfl I N T I A I 12 E A F I N I T E F Lt " t . "IT D iTA * 
C T H I S IS ("NF. r :XA«f | t MANY VA'-MANTS MAr HF "ATIC- P F P r N l l l N ' - DM THF EASIEST * 
C WA> TH SPECIFY Ti'C PROBLEM UNCf " CON'S 1 OfP AT I ON • 
f ; « » * « » * * 4 » * » * » * » * t f t n » » « - « » » * » » « . * f j * » < . I I I ; * B J * . » * i « r * e * * * * * * A * m » » « f t » « t » » » » * « * » 

C O " P I N / C C ' l / A P I - A . n i 3 . 3) ,D>.:( ?, * I , AK | *• , h\ , \>. I 3 , 6 I . P MS I 19001 • 
1 MTF-iPI 9901 , SPHnr-SIto , 19001 . AP" 11 frOO I , S K ? ) , 
2 S T P F S S ( 4 , 1 9 0 0 » ,UV{ 1 9R0) , X I99Q ) , YI 9901 , T I " ! ME . I T 1 M ,MF AT M| 9 9 0 ) , 
3 h T I M . F M A S S I l 9 8 0 ) . T E « P ( 9 9 0 1 . II'-EAK ( 1900 I , V C , H E AT I 9 9 0 I . 
4 I l l 19001 . J J I l c 0 O I , M y ( 19001 , TP( 1O00I , TSI 2601 , 
5 NCNODE,NOEL,N2. I n , J Wl , I W 2 , I W3. IV 4 . 1 Wc .OY .NOI ft), F IP ST, EPACT.NFH 

REAL* 8 X , Y . P H S , STRESS . D , A K , OR, OT I r , APE A , S T , >1 • VO 
REAL* 8 TOT I M E . W T I " 
INT f r .ER*Z I I . J J f K f . c C K ' S T R . T F I X t T P . T S 
LOGICAL FIRST,FRACT.NFW 
I NTEGER* 2 LEN 
PIWFNSICN C U T P U T I 1 5 9 6 8 I 
REAL*8 OUTPUT 
EfJU (VALENCE (OUTPUT! 1 I .STRESS I 111 
KEAL* 8 SAREA 
DIMENSION H I S * , , J L I 5 ) , M L I 5 I 
01 MEMS ICN SPUES 1 1 6 0 0 ) , S D F N S ( 1 6 0 0 ) . S T E M P ( 1 6 0 0 1 
DIMENSION I T B I 1 5 0 1 
CALL T I M E I O I 

C * * * » * * * A * » * PQAO IN STANDAP C CCNDITIONS AT INTERVALS PF ? 0 0 M * • * • * * * * > * * * « • * * + * 
P E A C I 4 . 4 ) STEMP,SPRESiSDENS 

4 F 0 K M A T I 2 0 A 4 I 
H T I M = 0 . 0 
ID IJ»*0 
F I R S T = . T R U E . 

C * * * * * * * * * * * r s t A O CO-ORDINATES OF FIRST 33 NODES * » * * • » « * * • * * * * * • « • * » * * * • * » • * * * * * * * * 
R E A D I 5 , 5 ) 1 X 1 1 ) , Y I I I , 1 = 1 , 3 3 ) 

C * v * * » * * * P E A D I N NODES CORPFSPCNDINC TO FIRST 42 ELEMENTS * + * * * * * * * 4 * * * * * * * * * * * * 
READ! 5, ft) I I I I I ) < J J I I ) « M M ( I ) , 1 = 1 , 1 6 ) 
R c . A D ( 5 , o ) I I I I I ) , J J I I ) , MM ( I ) , 1 = 1 7 , 4 2 ) 

5 F O R M A T ! 1 6 F 5 . 0 ) 
6 FCRMAT!1515) 

C » * * * * * * * * * S E T CODE FOR TYPF O F ROCK * * * * * * * * * * * * * * * * * * * * * * * * * « • . * * * * * * * * * * * * * * * * * 
DO 7 1 = 1 , 1 6 

7 T P ! ! ) = 2 
0 0 R 1 = 1 7 , 4 2 

8 T P ! I ) = 1 
C * * * * * » * * P P 0 P A G A T E NET TO 96<> NOCES AND 1680 ELEMENTS * * * * * * * * * * * * * * * * * * * * * * * * * * 

DO 9 1 = 3 4 , 0 6 9 
X I I 1 = X I I - 241 
Y ( I I = Y ( 1-24 1 * 3 0 . 0 

9 CONTINUE 
0 0 110 1 = 4 3 . 1 6 8 0 
1 I ( I ) = 1 1 1 1 - 4 2 ) * 2 4 
J J 1 I I = J J t 1 - 4 2 1 * 2 4 
MM! I ) = M M ( 1 - 4 2 1 + 2 4 
T P ( I ) = T P ( I - 4 ? ) 

110 CONTINUE 
NCN'U0E=969 

N'2=NONODE*2 
NOEL* 1680 

£ * * » * * * « * * I > A * * CALCULATE WHICH NOPFS APE ON ROUNDARIFS AND ENTER I N TS * * * * * * * * 
DO 11 1 = 1 , 8 1 
1S 1 1 l = 9 o 9 - I 1 - 1 1 * 1 2 

11 CONTINUE 
DO 12 1 = 1 , 8 
TS I I * R l ) = 9 - I 

12 CONTINUE 
DO 13 I = l i 4 0 
J - = ( I - 1 I * Z 4 * 9 
M = ( l - 1 ) * 4 » 8 9 
T S I M * 1 ) = J * 1 
T S ( M * 2 l = J + 4 
TS iM t 31 =.1*13 
T S ( M * 4 ) = J * 1 6 

13 CCNTINUE 
PO 14 1 = 1 , 8 
T 5 I 2 4 9 * I )=NONOCC-B+I 

14 COr.TINUE 
C " * * * * * * > v * * SFT POINTERS FOR CCRNFRS OF NET IN APR AY TS * * * * * * * * * * * * * * * * * * * * * * * 

IW 1=81 
!W2=B9 
IW4=249 
IW=Z57 

C * » » * t * SET TEMPEP ATIIP.F CF MOOES AS FUNCTION OF CEPTll < • * * * * » * * * * ' , • * * • * * * • * * • * * * * » 
PO 22 1 |=l,MOMOOE 
xs=x: 1 1 * looo.o 
A = ° X I X S , S T E M P , A A ) 
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TEMPI 1 > = A 
??1 CONTINUE 

( - * » • * * * * » • * ClINV- KT COORDINATES TO Mr.TfMS A NO INITIAL)2F l-f AT ARRAYS 
Dll 100 l*l,NOMr)l)E 
x i i i = x i i : * ! o o o . o 
Y ( 1 I = Yf I 1 * K 0 0 . 0 
HEATM<II=0.0 
HFATII 1 - 0 . 0 

100 CliMTINUE 
r , „ „ * » »**,. CHECK FOR CfllNCir .ENT EL EM ENT S ( A N Y REPEATED P.T ACCIDENT) * « * * » * • + * * * • * 

HO 90 1=1 ,NOEL 
uvi i x i ! K 1 1 1 . x u . i : 11 I + X ( ; M( 1 1 ) i / 3.o 
FMASSI I ) = I » ( I 11 I ) l + Y ( J J ( i 1 1 H l "."••( I ) I ) / ? . 0 

' 1 0 CONTINUE 
M=N0EL-1 
DO 95 1=1,M 
K = I + 1 
00 9 5 J=K ,NOEL 
IFIA-JSIUVI D - U V I J ) ) .GT . iG.OI G O T O 95 
i c ( A n s i F M A S S I i i-r-MAssi J ; i . G T . 1 0 . 0 1 G O T C 9 5 
W 0 I T F ( h , 9 * : l I, J , 11 ( ! I , J J ( I I ) , 11 ( j I , J J I J ) ,u«M J ) 

9f» FORMAT! • EL E U E N ' T S IMF SAME' • / t I I 6 I 
95 CONTINUE 

( ; * * * * * *» *» INITIALIZE DISPLACEMENT ARR AY, T I". ES ECT. * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
00 101 1=1,N2 
u v ( i 1 = 0 . 0 

101 CONTINUE 
TOT|ME=0.0 
V D = 0 . 0 
NFW = . T R U E . 
N 2 = N 3 N " j O E * 2 

103 F C R M A T ( I 4 , F 1 2 . 1 1 
lW3 = I V.2 

C < - * * * » INTERPOLATE FOP I NT I T IA L STRESS A NO DENSITY FPO" A O P A Y S S D R E S , SPFNS * * * * * 
DO 230 1=1,NOEL 
XS=(X( I 11 I I I * X ( .1J I I 1 ) • XI MM [ I ) | 1 / 3 . 0 0 0 
A=PX(XS.SPRES .AA) 
IF IXS . L T . 5 0 0 0 . 0 ) A = X S * 1 0 3 0 . 0 * 9 . B 
STRFSSI 1, U=-A 
S T R E S S ( 2 , I )=-A 
STPESSI3 , I )= -A 
S T R E S S ! 4 , I ) = 0 . 0 
A = i>X(XS,SDENS, AA) 
BREAK!I )=A 

230 CONTINUE 
FIRST=.TPUE. 

C * » * r * * * CHECK CRDER 0«" 11 I I 1 , J J I I ) . MM ( I I SO POSITIVE AREA - * * * * » * * * * * s > * * * f t * * * * * * 
£ * * , * > * * COMPUTE GP AV ITAT IONAL BODY FORCES * * = * * * * * * * * * v * * * « : * a . * * f l t * * * * * « * v * * * * * * * 

CALL I'ASS 
C***« HEAT FLUX AT 7C KM IN CPNGLCTICN MODEL AfOEO TQ BASE IN AhRAY FEAT * * * * * * 

0 0 «VC0 K=2, IH1 
I = T S ( K - l I 
J=TS< K I 
YS = D A B S I 0 . 5 * m . l l - Y < I J 1*0.02541 
HTATI I 1=HCAT11If YS 
H F I A T I J I = He ATI J li-YS 

400 CONTINUE 
C*«=* CALCULATE TOTAL ART A AS CHECK *****RADIOGENIC HEAT ADDED TO H F A T * * * * * * * * * * * 

>..REA=C , 0 0 0 
DO 300 K=1,N0EL 
KI =11 I K ) 
K J = . I J ( K I 
K P = MM (K1 
A R E A = 0 . 5 * I ( X ( K I ) - X I K M ) ) * ( Y I K J ) - Y ( K M 1 ) - | X | K J ) - X | K M ) I = « ( Y ( K I ) - Y I K M ) ) | 
SARC A=SAREA«-AREA 
X r' - I X C K 1 I f X l K J UXIKM) 1 / 3 . 0 - 5 0 0 0 . 0 
S0 = 0 . 1 IE-10 
IFIXV . L T . 100.OCO) S 0 = 0 . 6 E - 1 0 
IF IXM • L T . 7.0E+31 S0 = l . 6 E - 1 0 
SH^AP E A * S C , * < > K E A K I K 1 / 3 . 0 
H E A T I K I l = H F A T ( K I ) » S H 
I I ' A1 ( K J ) = ME AT ( .< J ) f S H 
Hf AT I K M I = I- F /'T ( K M ) t SH 

3C0 CONTINUE 
WRITE 16, 199) SARFA 

199 F O S ' A T C TOTAL AREA ' , £ 2 0 . 1 5 ! 
( - . » * * * * • * * i A V E 1-fcSULTS FOR PUNNING IN FINITE ELEMENT PROGRAM » * * « » * * » * • « « * * * * • » * • 

L EN=2000 
CALL TIME(1,1) 
CALl WR ! TF ( , H I T p , j T ( I ) ,1 RM , 1, I , R ,f, COOOI 
CALL W " I T (" (n i iT i ' tn I'.fit); ! , |. F N , 1. I . P,, f. 40001 
CAM. ,.•>! IE 'OUT M I T I ' 1 0 0 1 I , l II N . 1 , I , « , r . « . 0 0 0 ) 
I.Fl;=3 174 4 
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C A L L w n i T e i n n T P t n 112001 • , L F N , 1 , 1 , a , r ? . o o o i 
o f W l N D fl 
WK I T F . I 61 1G I 

10 F U R H A T C V R I T E C O M P L E T E I V A ' . I M 
C A l l T I M E ! l i l > 
STCP 

6 0 0 0 CONTINUE 
V.R1TE I b . f c O C l ) 

* 0 0 l FORMAT! ' WPITE ERPCR « • • • • • • • * • • * • • • • • • • • • I 
STOP 22222 
END 

SUBROUTINE MASS 
£ » * * « * * CHECKS FOR ZEPn ARCA (MISS-SPEC I F | E P I ELEMENTS * * * * * * * * * * * * * * * * * * * * * * * * * 
C » « * * » CALCULATES RB AV IT AT 1 TN'Al iSPCY FOPCFS * » » * - * * * * « * • * * • < • * - * * * * * * » • * * * » * * * * 

C')M- , jDr) /cof.l/APrA.ni i , 3) . D " i 3 , M , AK i h t o ) , B I 3 , 6 1 . P H S I n e o » i 
1 DTF.MR<990I , SPPP"S <6 , 1000 I , APR ( I ftOO I , S T ( 3 t . 
2 ST'-.t SS ( 4 11900) , U V I 1 9 8 0 ) , <( ac>0 ) , Y I 9 9 0 ) • T CT I " F , OT I M , HF ATM ( 9 9 0 ) < 
3 H T I M . F M A S S I 1 9 b O ) , T F " P ( Q O T I , F R E A K ( l o o m ,VP ,HE ATI 9901 t 
* I M l 9 3 0 ) , J J ( l ^ O O ) , M ' M 1 9 0 0 ! , T P I 1 9 G 0 ) , T S ( ? 6 0 ) , 
5 NONODE.Nf'.FL.N? , I U, I *. 1 ,1U' ? , I W 3 , 1 , I W5 , n Y , NO ( f t ) , F IR S T, FR A CT ,N EW 

RE AL*8 X , r . R H S , STP E S S , D , A K , O B , D T I M , A R P A , S 7 , B , V D 
&EAt.*8 TOT I HE ,HT I M 
INTEGER *2 I ! , J J . M M , C C N S T R , T F I X , T P , T S 
LOGICAL FIPST,FRACT.NEW 
PEAL* 8 DAPEA.OYI , D Y 2 , C Y 3 , D X 1 , n x 2 , D X 3 
CO 10 1=1 ,N? 

10 F M A S S I I ) = 0 . 0 0 0 
15 FRACT=.TRUE. 

DO 20 K M . NOEL 
16 KI = 1 1 ( K ) 

K J = J J ( K ) 
KM=MM(KI 
A P F A = ( X ( K I l - X ( K M | | * ( Y ( K J l - Y ( K W ) ) - ( X « K J ) - A ( K M J ) * ( Y < K 1 » - Y ( K H I I 
IF I AREA , G T . O.ODO) G C T 0 17 
IF (AREA . L T . O.ODOI GOTO 13 
VJP.ITE ( 6 . 1 2 1 K . K I . K J . K P 

12 FORMAT(• AREA OF ELEMENT • . I 6 , ' WITH N O D E S ' , 3 1 6 , " IS Z E R O ' I 
FRACT=.FALSE. 
GOTO 20 

13 I I ( K ) = K J 
J J ( K | = K I 
GOTO 16 

17 CONTINUE 
APEA=AREA*0.500 
PEN' = B P E A K ( K ) * A R E A * - 9 . 8 / 3 . 0 DO 
F M A S S ( 2 * K 1 - 1 l = F M A J S ( 2 ' K I - 1) fDEN 
C M A S S ( 2 « - K J - 1 ) = F W A S S ( 2 * K . I - 1 )*OEN 
F M A S S I R * N M - 1 1 = F M A S S ( 2 * K M - 1 ) * D E N 

20 CONTINUE 
C * * * * * * * * * STCPS PROGRAM I F ANY ZERO AREA ELE M £NTS FOUND * * * * * * * * * * * * * * * * * * 

i c ( . N O T . FRACTI STOP 6 
RETURN 
END 
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A2.4 PROGRAM SLOPE 

The v i s c o - e l a s t i c heat flow program SLOPE was used 

for model 3 i n s e c t i o n 6.3. The resources r e q u i r e d for 

the s o l u t i o n r e q u i r e d the a n a l y s i s be made i n s e v e r a l 

runs of the program, data being s t o r e d on route 8 

between each time step. 

Route 8 data and the pressure t a b l e (route 3 

from CONDEPTH) were read together with the time step, 

v e l o c i t y of par t of the boundary (DY) and time a t which i t 

was d e s i r e d to stop the a n a l y s i s for intermediate or 

f i n a l p l o t t i n g . 

The indexing for the a r r a y storage was performed a t 

the s t a r t of the program and t h a t for the v i s c o - e l a s t i c 

a n a l y s i s and heat flow a n a l y s i s s t o r e d i n temporary 

s e q u e n t i a l f i l e s on routes >* l 5- and 9J< 2 r e s p e c t i v e l y . 

V i s c o - e l a s t i c and heat flow analyses were performed 

a l t e r n a t e l y and the r e s u l t s output t o * 8 a f t e r each time 

s t e p so t h a t any i n t e r r u p t i o n to the program caused the 

l e a s t p o s s i b l e recomputing. 

Much of the computing was done i n subroutines and i s 

described by comments i n the l i s t i n g s . 
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( , 4 * * * | c t * * * K % * k * i * A * + * i A a 4 i m r ************ ta + * + + * * * * * + W * * t - + + * + + 1r$1*mmiiS:a 

C PROGPAl" Tf. P E » F C K M r i l l l T F Fl !. HFNT V IS f t l -1 I &<• T l f. ANALYSIS W I TH TRANSIENT 
C THERMAL ANALYSES TO ALLOW Frl» Cl 'ANG'.. S IN Tt "iE P AV .JPE. 

COf'l in /SF 1 1 / I MO I 1900) i JND(24000 ) . IS" . lsnuv,AND3<1«>S0 I, AT I 2 4 0001 
INTFr,F"=>? I N C . J N O 
cr.f'"nr» / r x r M / A R F A , n i 3. 31 ,niM 3, ft). AK < 6,«,) , R 1 3 . 6 ) , R M S ( i 980» , 

1 0TEMPI 990) . SPRnPSI'. • 1 90 J ) , AP" . I l t .DO ) , S T I 3 I, 
2 STRESS ( 4 , 1900 ) ,11VI 1 9PJ) , XI 990 I, Y( 9901 , TOT I f r .DTI M,HF.ATf ( 990) , 
3 HT! -I.FMASSI 19"01 , T C P (990) , R" E A• ( ] ° 0 0 I i VP, HEAT( Q 9 0 ) . 
4 I I I 1900) , JJ I 1 9001 1900) , TPI1&C0) ,TS(?<>0) . 
5 MCNOnF .NDEL.M?, 1 W , 1 \:\ . 1W2, 1 W 3 . 1 W 4 , 1 V * , ( I Y , N P . I b ) . F I R ST , F V AC T , K'EW 

REAL* R X, Y . P I I S , STRESS ,L), A K . C M . O T I f , ARF A , ST , H,VD 
RFAL » 8 TI1TIMF.HTIM 
I NT EG ER"2 I I, J J . f f ,CCNSTR,TFIX,TP,TS 
LOGICAL F IRST.FPACT.NFV. 
REAL *8 MA ,GA,GB,GC,MB,GX,01 , 02 , 0 3 , S 1 , S ? , S 3 , S 4 , O S I , D S Z t D S 3 , 

1 D S 4 . S H 
PEAl«R OUTPUT!15968) 
E Q U I V A L E N C E n U T P U T ( l ) , S T R E S S I l ) l 
IMTEGER*2 LEN 
I N T E&ER *2 ITFMP( 990) ,INPT( 1<=«r! 1, J N D T I 240C01 
F.0U1V ALENCF I IT E M P(1 I, SPPOPSI 1 I I , ( INOTI '. I , A T ( I t ) , 

I I J l ! P T ( 1) , I NOT ( 1981 ) ) , ( ! SPT, JNPT( 24001 ) » 
CALL TJMEIO) 

C * * * * * * PEAC INITIAL OUTPUT FROM PROGRAM <INITIAL> OR * * * * * * * * * * * * * * * * * * * * * * * * * * * 
( > • * * * * INTERMFDIATE OUTPUT FROM THIS PROGRAM FRCM POUTE"8 * * * * * * * * * * * * * * * * * * * * * * 

LEN=32000 
CALL REAOIOUTPUTII) ,L FN , 1 ,1, 8, F.6000 > 
CALL READ I OUTFIT I 4 0 0 1 ) , L E M . l , I , R , C 6 0 0 0 ) 
CALL F •-• AO I OUTPUT (°001 ) , L E N , 1, 1,8, r.60001 
LEN=31744 
CAI L RE :.0 (OUTPUT! 12001), LEN, 1 , 1 , B , C6000) 
REWIND 8 

15 F0RMAT(F»4.fc) 
O * * * * R t A O TIME STEP (YEARS) VELOCITY nF MlVING BOUNDARY ( C f / Y R I * * * * * * * * * * * * * * 

P E A 0 ( 5 , 1 5 ) T I M M , P Y , F I M T I M 
DTIM=3.155H15D*7*TIMM 
O Y = O Y / 3 . 1 5 58150*7/100.0 
NW1=0 

C*»* *» * PEAO PRESSURE AS FUMCTION OF DEPTH FRO** PPOGRA** <r. TNDF P T H > * * * * * * * * * * * * * * 
C » * * * * i ROUTE#3 * * * * * * * * * * * * * * * * * * * * * * * * * * » ! * * » » * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

R E A n ( 3 , 4 l APR 
4 FORMAT(20A4) 

OC 22 0 I=1,N0NC0E 
OTEfP i I t =0.0 

220 CONTINUE 
A=TMTI»E/3.155815E*7 
SG=0Y*3.155815E+7 
WRITEI6.209) A,TIMM,SG 

209 FORMAT!' * * * * * * * * * S T A P T T I " F = • , F 1 4 . 7 , « Y F A P S ' • / , 
1 • I ^C"E *EHT * , F 1 4 . 2 , ' Y E A R S ' , / ' FORCED "CVbMENT ' . F 1 2 . B , 
I • METPFS/YEAR"J 

NEW=.FALSE. 
C * * * * * * SET UP INDEXING F ILES FOR SOLVE AND TEfPGR * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

401 ISP=0 
ISPT=0 
CALL T IMF I 11 11 
01 150 I=1,NCNCDE 

150 I T F f P I I ) = 0 
00 160 I=1,NGNCDE 
DO 161 J=1,N0EL 
I F U K . I I . N F . I . ANO.JJ(.I) . N E . l . A N P . " f ( J l . N E . I IGOTri LSI 
ITE"P( I I (J I ) = 1 
1 TEMPIJJIJ)1=1 
ITEMPIMMIJI 1 = 1 

161 CONTINUE 
ITF"P(11=0 
ISP= ISP• 1 
JNLM 1 S P I = 2 * I 
DO 16 2 J=1,NQN0DE 
IF ( I T E " P ( J ) .EO .O IGOTO 162 
ISP=I SP* 1 
1SPT=ISPT+1 
, INT.T | ISPT) = J 
JtJPI I S P I ^ 2 * J - 1 
ISP=ISP*1 
J N H I S P ) = 2 * J 
I TEMPI J)=0 

162 CONTINUE 
I NOT t I 1 = 1SPT 
INP(2 * I - l ) = ISP 
ISr.- l SPi 1 
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J N ' O U S P I = 2 * 1 - 1 
! P = ? 
I F ( I . G T . l I I P = I N D I 2 * I - 2 J t-2 
J P = I S P - 1 P M 
MP= I S P - l 
Ul l 163 J - 1 P . M P 
J ' J P I J + . I P ) = J N D I J ) 

1 6 3 C O N T I N U E 
I S P = M P * J P 
I N D ( 2 * 1 » = I S P 

1 6 0 CCVTlNUf: 
£ » - . - * » • * * N.jMHER H F N O N - Z E R O r jO ' - 'S Frt f V l S C f i r i A S T IC A N D T H E R M A L * * * « « » * * » * J * * * * * * 
C » » * » * » * * * * * « • * E O U A T I O N S * * * * * * * * * * * * * *- * * * * v * * * * * * * * * * * * * *«**n «»-««**«••** * * * * * * 

WRITE 1 6 , 1 7 0 ) I S P . I S P T 
170 e n K M A I l * NU"BEP r c POSSIBLE T E P ^ S ' . P I R ) 

C ' * * * * * * S T O P F I."!0EX FOP ThCPVAL ANALYSIS I N F j L F * l * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C * » * * * * * S T ( i P E INDEX FOP V I S f r - r L A S T I C ANALYSIS IN F I L E « 2 * * * * * * * * * * * * * * * * * * * * * * 

L E N = 3 2 0 0 0 
C A L L W« I T E < I N D I 1 I , L E N , i , 1 . 2 , F.fcCOOl 
L E N = 1«5«J6« 
C A L L WP I T t ( I N D ( 1 6 0 C 1 I , L E N , 1 ,1 , ? , f . 6 0 0 C I 
R E W I N D 2 
L E f " = 3 2 0 0 0 
C A L L WR 1 T E I I N D T I 1 I . L E N , I , 1 , 1 , G 6 0 0 0 1 
L F . N = l O 0 6 4 
C A L L WRITE I I N O T { 1 6 0 0 1 1 , L F N . 1 , I . 1 , £ 6 0 0 0 ) 
R E W I N D 1 

C * * * * « P . F T U R N T O 5 0 1 AT E N D O F E A C H T I M E S T E P * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
5 0 1 C O N T I N U E 

S G = 0 . 0 
£ * • * * * « C L A C U L A T E P ° C P F R T I E S F O R T H I S T I M E S T E P * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

C A L L P R O P S 
C * * * * * * * * R E C A L L F I L E * 2 * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

L E N = 3 2 0 0 0 
C A L L R E A D ( I N D ( 1 ) . L E N . 1 . 1 . 2 . G 6 0 0 0 ) 
L E N = 1<5<>64 
C A L L R E A D 11 NO i 1 6 0 0 1 1 , L E N . 1 . 1 , 2 , C 6 0 0 0 ) 
R E W I N C 2 
NEVi = . F A L S E . 

C * * * * * * * I N I T I A L I ZE RHS W I T H C P A V I TA T I O N A L B O D Y F O R C E S I N F M A S S * * * * * * * * * * * * * * * * * 
DO 7 2 0 1 = 1 . N 2 

7 2 0 R H S I I l = F P A S S m 
C * * * * * F O R M AND S O L V E V I S C O - E L A S T IC E O U A T I O N S ft********************************* 

C A L L S O L V E 
D S M A X = 0 . C 
H V M = 0 . 0 

C * * * * * * * U P D A T E S T P E S S E S I N E L E M E N T S * * * * * * * * * + * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
DO B O O K = 1 , N 0 E L 
E l = S P R O P S ( l , K I 
A N 1 = S P R 0 P S < 2 . K I 
V I S = S P K 0 P S ( 5 . K ) 
T E X = S P R 0 P S I 6 . K I 
GA = F 1 - 1 1 . 0 - A N 1 ) / ( 1 1 . 0 * A N 1 ) * ( l . 0 - 2 . 0 * A N l I ) 
G B = G A * A N 1 / ( 1 . 0 - A N D 
G C ' 0 . 5 * ( G A - G B ) 
F = U T I M * C C / V I S 
G X - D F , M 2 ( F I 
1 = I f f K I 
J = JJ< K l 
H = M M ' K ) 
C A L L F C R V [ « T | B , x , Y , l , J , y , A R E A ) 
01=111 ! , 1 ) *UV( 2 * 1 - 1 H S I 1 . 31 *UV( 2*J-U *B (1 , 5 I *UV 1 2 + M - 1 ) 
02 = II( 2 . ?) *UV( 2 * 1 I H i t 2 . <r > *UV( 2 * . I I * IM 2 . M * 'JVt 2 * M ) 
D 3 = IM 2 , 2 ) * I I V ( 2 * I - l l « B ( 1 . 1 ) * U V ( 2 * I ) » B I 2 . « ) + ' I V ( 2 * J - l ) 

1 »IJ( 1 . 3) *UV( 2 * J I * R < 2 . 61 * I IV ( 2 * M - 1 ) • » ( 1 , 5 l * U V I 2 * M . ) 
S l = S T n F S S ( l , K | 
S 2 = S T K E S S < 2 , K > 
S T = S T R E S S I 3 . K I 
S ' . = S T R E S S ( 4 , K » 
HA = G X * r , A 
HP, = G X * G B 
G X = F * C , X / 3 . 0 
S T R " = 5 S ( 1 ,K ! = S 1 - G X * ( ? . 0 I ) 0 * S 1 - S . ' , - S 3 ! * H A * D 1 « H I I ' - D 2 
r.TPESS ( ? . K l = S2 - r ,X * I 2 . 0 0 0 * S ? - S 1 - S i 1 H'P.*P 1 » n A * D ? 
S TPE SSI 3 . K ) = S 3 - ( . X * I? . O D D * S"<-S". - S 2 I »HH* I HI * D ? I 
S T P K S S ( , K i = S ' . - 3 *GX* S« • 0 . 5*n 3* (H A -MK I 

C ' v u . CALCULATE AC I AB FT IT HI A T l"OP F A C H FIFM.I-NT * * » • » . * - > * * • * * * i **<•**«*»« t t * * * * * * 
I IO = ( STRf SSI ! l - S l • ST. 'FSSI? . K l - S ? i-STPESS ( 3 , * I -S3 > n. .P 
,•>- (TF.-II ' I I I .TFM.PC J I H EMP( » I I / 3 . 0 
H TM = - A * LlP«1 FX* Af FA 

{ > * » • • » * F I M I - f A X i r ' U M CHAf.F 114 STRP<>S ' " O R "*PN I TOH I NG * * * » • > * * » • * « * » * * * * * » » * * * * * * * • 
C * * » * * - J V ISCO-FL AST K ANALYSIS <•*•»••** '=» r * ! » * * * * • • » » * « * * < * * * . * » * « - * * * » < : • * • * » * * * a * » « 

SMAX = D A I ' ^ I ST»ESS 11 ( . ' I - SI 1 fP ' .BS IS r PES*". I 2 , v I - S 2 I *|:ABS I S TP ESS I 5. K l - S 
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I 3 ! M > A B S : S T R E S S ( 4 , K I - S 4 ) 
lFCnSMAX .C-T.SMAXI GOTO 770 
i<S=K 
DSMAX=SMAX 
S1K=S1 
S2K.-S2 
S3K = S3 
S4K=S4 
D"S=OP 
P X K = ! X I l l » X ! J l t X | M | l / 3 . 0 

7<!0 C O M I NUE 
Qt - > * * * * * • * CALCULATE VISCOUS HEATING * * * * * * • » » * * * * * * * « ; * * * * * * * * * * * * * * « ! * * * * * * * * * * * * 

U = C F N 2 ( F l 
I F I F . GT . 0 . 0 1 ) V = 1 . 0 - 2 * U * r . F N 2 ( 2 . 0 * F | 
I F I F . L E . C O D V - - F * F * ( 1 . 0 / 3 . 0 - F * ( 0 . 2 5 - F / 2 0 . O i l 
TAL'-VI S/GC 
Z l = P T | M . / ( fc.O*VI S) * ( ( SI - S 2 I « * Z * ( S 2 - S 3 I * + 2 M S 3 - S 1 ) * - 2 * t * S 4 * S 4 ) 
D S l - ( 2 * S l - S 2 - S 3 ) / T 4 U / 3 . 0 - ( G A * D 1 * G B * 0 2 I / O T I M 
D S 2 = I 2 * S 2 - S 1 - S ? I / T A I I / 3 . 0 - ( G A » r . ? 4 G B * 0 1 ) / D T I M 
0S3=( 2 « S 3 - S 1 - S 1 ' ) / T A U / 3 . 0 - ( D l + 0 ? | * G U / 0 T I M 
D S 1 2 = S 4 / T A U - C C * n 3 / C T f M 
Z ? = - D T I M» ( l - l l ) * ( n s i « ( ? * S l - S 2 - S 3 H - D S 2 * ( 2 : -S2 -S l -S3 )+ r )S3* 

I ( 2 * S 3 - S 1 - S 2 I + 6 . 0»!)S 1 2 * 5 4 1/1 3 . 0 * 0 0 
Z3 = TAU*0TI"/e> . O - G C ) * V * I ( C S 1 - D S 2 ) * * 2 * ( D S 2 - D S 3 ) * * 2 

1 • ( n s ? - n S l ) * * 2 * 6 * 0 S 1 2 * D S 1 2 ) 
HV=AREA* !Z1»Z2+Z3> 

£ « * * * * * & * TCTAL MECHANICAL HEAT INPUT TO ARRAY HEATM * * » • * * * * * * * * * * * * * * * * * * * * * * * * 
h T M = ( M T M * l ' V ) / ~ . 0 
hE ATM ( I ) = HE ATli ( I ) »HTM 
H E A T " ( J i = H E A T M ( J ) * H T M 
HEATMt M ) = HEATM(M)fHTM 

8 0 0 CONTINUE 
WRI IT: ( 6 , B O ] I K S . D S M A X , S T R E S S ! ! . KS I . 51 K . STDESS I 2 , K S I , S ? K , 

1 S T R E S S ( 3 , K S ) , S 3 K , S T R E S S ! 4 . K S I , S 4 K , T P ( K S I , D P S . S P R O P 5 I 5 . K S ) , 
2 PPEAK(KS) ,DXK 

8 0 1 FORMAT! ' STRESS CHANGE• , 1 6 , E 1 4 . 5 . / ' NEW O L D • / , 4 ( 2 r 1 4 . 5 1 / I . 
1 I 6 . 4 F 1 4 . 5 I 

NEW=.FALSE. 
C » * * t * * IfJC.KE'-'FNT TIME AND MOVE NODES * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

T 0 T 1 M E = T C T I M E t C T I M 
DO 5 1 1 1 = 1 .NCNCDE 
X! 11 = X! I l + U V ( 2 * I - l ) 

5 1 1 YI I ) = Y ( I I * U V ( 2 * 1 ) 
HTIM=HTI"*DTIM 

£ * « - * * * * * / inn ADDITIONAL HEAT FLUX TO UPPER SU C <"ACE * * * • * * * • « • - ' * » * * * * * • ' - * * * * * • . * * * • = ' * * * 
C K K * * * * SEE SECTICN 6 . 1 FOP EXPLANATION * * * * * * * * * * * * * * * * * « • * * • - * * * * * * * * * * * * * * * * * * * 

IT = 0 
A = 3 1 . 0 E * 3 
!N=1 
JN=IWl-l 

5 1 0 DO 512 I = I N , J N 
J = T S ( I I 
K = T S I I • 1 t 
R=OT !M«nSCPT l ( X ( J ) - X ( K ) ) * * 2 » I Y ( . | ) - Y ! K ) ) * * 2 l 
H J = 3 . 0 * ( F N T F M P ! X ( J ) l - T E M P ( J ) ) / A 
H2= 3 . 0 * « F N T E " P ( X ( K ) ) - T E M P ( K I I / A 
HE A T M | .J | * H E A T M I J ) * R * I ^ 1/3 . 0 * F"2/6 . 0 I 
HEATM!K ) = »'EATMI K ) f K * I H I / 6 . 0 * H 2 / 3 . 0 I 

512 CONTINUE 
I F ! IT . £ 0 . 1 ) C-CTO 5 1 3 
I T=1 
IN=IW2 
J N = I W 3 - 1 
A = 3 . 0 E * 3 
GGTO 510 

5 1 3 CONTINUE 
C * * * * * * * THERMAL SOLUTION * * * * » * * * * * * * * * * * * * ' * * * * * * * * * • * * * * * * * * * * * * * * > * * * * * * * * * * 

CALL TF.MPGR 
CALL T I M E I l . l l 

514 A = T D T I M F / 3 . 1 5 5 8 1 S E « 7 
N W l = N W 1 • ! 
vn=VI '*f)T!M*OY 
WiMTT U . . 6 1 M N . J 1 , A . V D 

6 1 5 FORMA T I 1 I T F P ' . I H , 1 AT • . F 1 2 . 4 , ' Y E A R S ' , ' SUBDUCT ION FXTENDS 
1 ' T O • , r 1 4 . 6 , 1 MP TF.ES* I 

C * * - * * < * STORc o t i j i TS AT END O F THIS 1IMF. STEP I N F I L E »R * * * * * * * • « * * * * * * * + * * * * * * * 
L EI '«3 2 C I! 0 
CM L -IP 1 M M OUTPUT I I ) ,1 E N , 1 . I . f l . r . fcCCO) 
C.'.LI WR I T F IOUT»i |T ( 4 0 0 1 ) .1 FN. 1 , I, C , F.6000) 
CALL WR I T F ( ( I I I T ' M i M nooi I , L E N , I . I , B , F.fcCOOl 
LEK =317' .4 
CALL WP.I TF ( OUTPUT ( 1 2 0 0 1 ) . I F M . 1.1 . 1 ! , 160001 
PFWIND B 

http://TF.ES*
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C * * » * * T I- S T FOP F.NP OF PUN * * * * * * * * * * * * * * * v « » * • * » * * • • > * * * • > * » * * « * o * * » • » * » t i » * * * » * * * 

I F ( 6 , m . F i N T I M ! STOP 20 
£ » * * * * . > . p r j U R N fOP NEXT TIME STEP » * * * * * » * • * * » » * » * * * * » * « * * * * * * * * * • * • * > « * » • * * * « » * * 

GOTO 501 
' , 000 CC-HTINUE 

WRI TF I 6 , f . 0 0 1 ) 
/ .C01 FORMA T I • R EAO WRITE F P B l i m ) 

STCP 2222 
END 

SUPR0UT1NE PROPS 
COMMON / r . O M ! / A P F A , O I 3 , 3 ) , R R I 3 i M , A K I 6 . 6 . , P 13 , 6 1 , PHS (19e0 1 , 

1 DTP" p( 990 I , SP"Ot>SIS. 19001 , A P " I 1 dCO) , 5 T t 3 ) » 
2 S T R E S S ( 4 , 1 9 0 J 1 , U V ( I O F Q ) , x C ' O 1 1 Y I 9 9 0 I » T C T I M E , O T I M , H E A T M I 9 9 0 ) , 
3 H T I M . F w t S S I l = rO) , TE M p i Q O Q I , P R E A K ( 1 9 C 0 I - VP , H E A T ( 9 9 0 » , 
4 I I ( 1 9 0 0 ) , . JJ ( 19001 , M M ( 1 9 0 0 1 ! TP ! 1 900 ) , T5( 260 I , 
5 NCNODE.NCEL , N ? , ! «.'. 1 Wl , IW? , I K3 .1 V*4 , IW5 , 0 Y , NO I 61 . F 1RST , FO fti.T, NEW 

RF AL*e X , Y . R H S , S T R E S S , 0 , A K , P R , O T I M , A R E A . S T , R , v n 
REAL 'S TOTIME.HT IM 
INTEGER*2 I l t J J . t ' f . r . C N S T R , T F I X , T P , T S 
LOGICAL FIRST,FPACT,NEW 
REAL*S DFN 
RF AL* 8 81 , 8 2 , 1 1 3 , 8 4 , R 5 
REAL*P. A l . A 2 , A 3 , A 4 , A 5 , A 6 , A 7 , A 8 , A 9 
P.EAL*o P A , B R , R E , E A , E B , E C , E D , E F , S 1 , S 2 , S 3 

C * * * * * * CONSTANTS FOP OCEANIC CPUST * * * * * * * * * * * * « • * * * * * : ! • • » * • » * * » * : * * * * * * * * * * * * * * * * * 
OAT A PA,P 8 , ' I E , FA, ER, EC, ED, E E / I . 1 5 P - 1 1 . - 1 . AO- 5 , - 8 . 0 O - 9 , 

1 0 . 7 6 9 5 4 9 4 2 4 0 - 1 1 , - 0 . 4 1 9 6 5 1 5 9 3 H D - 4 , - 0 . 7 0 6 3 370 5 3 9 0 - 2 2 , 
1 0 . 7 7 1 V , 2 3 5 0 9 D - 1 3 , 0 . 4 7 8 R 1 3 5 9 5 5 0 - 8 / 

RATA HHCO.PHO 1 , " H 0 2 , R H O 3 / 3 2«>0.0, 8 0 . 0 , 6 0 . C i 3 * 6 0 . 0 / 
CATA R G f ? F / 2 9 0 0 . 0 , 3 4 0 0 . 0 / 

C * * * * * * CONSTANTS FOR MANTLE * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
DATA A I , A 2 , A 3 , A 4 , A5 , A6 , A I , A 8 , A 9 / «-0 . 79P 26 5 6C 80- 11, 

1 - 0 . 2 9 7 9 3 2 5 9 9 1 P - 0 4 , - 0 . 1 4 795 702 52 D - ? 1 , + 0 . ° 3 3 8 0 0 5 0 P 7 D - 1 5 , 
1 - 0 . 3 9 5 I C 5 7 5 2 5 0 - C 8 , » 0 . 3 2 2 1 2 6 8 1 6 6 0 - 3 2 . - 0 . 3 0 1 6 9 2 3 4 3 2 D - 2 5 , 
1 + 0 . 1 6 1 0 1 5 1 8 9 3 C - 1 R , »0 . 6 2 " ' 5 8 3 3 5 2 2 D - 1 2 / 

DATA B l , P 2 , [ ' 3 , B 4 , R 5 / + u .54 0 7 1 2 1 7 4 7 U - l 1 . - 0 . 2 6 7 9 2 8 2 f - R 6 D - 0 4 . 
1 - 0 . 4 1 R 7 8 5 8 9 9 9 C - 2 2 . + 0 . 3 5 9 3 745 7 5 5 0 - 1 5 , 0 . 1 0 1 0 1 3 3 t 2 M ) - 0 8 / 

DO 2 0 0 0 1=1,NOEL 
00> , i= - ( STRESS! I , I I + STRFSSI2 ,1 ) + STRESSI3 ,1 I 1 / 3 . D 0 
TEM=(TEMP!11 ( I ) I + T E M P I J J I I I ) « T E M P | M < ( I ) 1 1 / 3 . 0 
DTEM=TEM-3C0.0 
S l -DSQRTI 0 . 2 5DC*( STRESSI 1 , I I - S T P E S S ( 2 , 1 : ) * * 2 + S T R E S S 1 4 , 1 1**2) 
S 2 = I S T R E S S ! 1 , I 1 + S T P E S 3 ( 2 . 1 I 1 / 2 . 0 D 0 
S3=STRESS!3 ,1 I 

C * * * * * * * MAXIMUM SHEAR STRESS FO" CALCULATION OF VISCOSITY * * * * * * * * * * * * * 
S H = ( D M A X 1 ( S 1 + S 2 . S 2 - S 1 , S 3 ) - D M I N K S I + S ? , S 2 - S 1 , S 3 1 1 / 2 . 0 0 0 
SM|N=-DPN-SH 
S U A X - - D P M S H 

f _ » * * * * » « TEST FOR FRACTURE * * * * * * * * * * * ! » * * * * * * * » * * * * * * * * * = « < « » * « * « « = * * * * • * » * * • * * * * * 
T ^ 0 . 5 E » 8 
I F (SH . L T . 1 0 . 0 E + 8 I GCTO 111 
F A I L = 1 . 0 
GOTO 444 

111 \Fi3.0*SMAXtSMIN . L T . 0 . 0 1 GOTO ?22 
F A I L - S M A X / T - 1 . 0 
GOTO 4 4 4 

222 IF (SMAX . L T . - 4 . 1 9 * T ) G 0 T 0 333 
FA I L= ! I SI 'AX-SMIM 1 / T ) * *2t 8 . 0 * 1 S M I N + S K A X l / T 
GOTO 444 

333 CCNTINUE 
F A I L = ( 2 . 3 5 6 * S M A X - 0 . 3 5 6 * S M I N ) / T - 0 . 0 2 

444 CONTINUE 
PN=OPN 
PN-= AM AX 11 1 0 0 0 . 0 , P N ) 
SH = AMA<1I 100 .O.SHI 

r . « * * * J « T P ( ! ) = 1 MANTLF TP I I 1-2 OCEANIC CPUST i t * * * * * * * * * * * * * * * * * * * * * * * * 
IT ( T P ! I I . E O . ? I GOTO 200 

C » • * * * * « » MANTLE MATE-PIAL PPCPFPT I F s * * * * * * * * 
F = 1 . 0 »PN» 1 A 1 +PN* I A3* A6*PT.) ) »DTEf »•( A 2 » P N * ( A4» A 7 * " N I + DTFM* J A5» 

1 A8*PN»A9*D1 EM) I 
AL0=A ? • ° N * ! A4 / ' •PN) +|>TFM* ( 2 . n * A 5 • 2* AH*PA «-3 . 0 * A 9 « ' ) T t M 1 
8 u 0 = A 1 »0r EM - ( A 4 + A R*DTrM i + P N * : 2*A 3» 3* A6* I 'N f 2* A 7 *0 TE u . ) 
SF =1 . 000 » Ml • P ! | * H 2 * 0 « ' F.M « i ; 3 * P ' J * n N + I I4 *1>N ' '0TC V ' *R5*DTEM*0T£M 
SAi.O-8 2»P4*Pf ' , + 2.0DO*iVi*OTrM 
S'iFC = n l * ? . 0 0 0 * P 3 * P N * n 4 » D T E M 
P I = 0 . GO I * ( 1 » 0 0 » P T F y - 3 0 0 . 0 r : - 8 * P N ) 
n2"n.ouno*{ 9^,/ , • p T r : M - B n . 3 E - R * p N » 
0 3 - o . ' j o i 1*1 ? ' . o i . j « n T F M - : \ o . o i : - R - P N i 
0 4 = 0 , CO | ^ * ( 1 r.C.C.t 9 . OE -R*PM-D1 EM) 
Drs = 0 . 0 3 1 3 * 1 ? 0 0 . 0 - l . 0 r - 6 * P N I 



171. 

r - i r .v i ix i i c . o , a "J ni 1 0 . 5 - P I . l . 0 1 » 
! - ? = / I » S I 1( 0 . 0 , ft'I'M M 0 . 0 - 0 ? , 1. 01 1 
F W - U AX1 1 0 . 0 , A " I 111 10 . 5 - R 3 , 1 .0) ) 
F t = AMAXl I 0 . 0 , A " I N l I 0 . 5 - P 4 ,1 .0 ) i 
F5 = AM AX 110.0.AMI Mil 0 . 5 - 0 5 , I.01> 
r,3 = l . C - F 3 
nrpi = 3.CE><) 
nFP?=R0.3E-R*0.0025 
0 F P 3 = 0 . 0 0 1 1 * 3 0 . 0 E - 8 
P F P 4 = - 0 . 0 0 1 4 * 9 . 0F-8 
CFP5^0.0313E-8 
DFT1=-0.001 
0FT?=-0.0025 
I)FT? = -0.0011 
OFT4=0.C014 

C * * * « * TFST FOP PHASE TPANS!TiriNS * * * * * * * * * » * * * * * * * * * * * * * * * * * * ' • * * * * * « * * < • * * * * * * * * 
I F I ^ I M L O - F l ) .GT . 0.0001) GOTO 100 
OFPUO. 0 
CFT1=0.0 

100 IF ( F 2 * l l . 0 - F 2 ) . r , T . C.0001) GOTO 202 . 
OFP2=0.0 
DFT2=0.0 

202 I F ( F 3 * l 1 . 0 - F 3 I ,GT . 0.0001) GCTO 300 
0FP3=0.0 
0TT3=0.0 

300 I F ( F 4 * I 1 . 0 - F 4 I . G T . 0.0001) GOTO. 4 0 0 
DFP4=0.0 
DFT4=0.0 

400 IF I F 5 M 1 . 0 - F 5 ' .GT. 0.0001) GCTO 500 
nrP5=o.u 

500 CONTINUE 
EI = FH00 - -RHni*Fl* -PH02*F2 
01 = E l * G , * F * P H r 1 3 * F 3 * S F 
0EM,= C1«(1.0+0.OB*K5)*< I . 0 - 0 . 0 9 * F A ) 
DE 1*RlJ01 *PFP] *RH02*DFP2 
0r>l=OEl*G3*F -c l * 0 F P 3 * F t F 1*G3*RE0+P H 3 3 * P F P 3 * S ' : *RHD3*F 3* SBE 0 
B E T N = T n i * ( 1 . 0 * 0 . 0 8 * r 5 ) * ( 1 . 0 - 0 . 0 9 * F 4 ) * 0 1 * t l - 0 . 0 9 * r 4 ) * 0 . 0 B * D F » 5 

1 - 0 . 0 9 * 0 1 * 1 1 . 0 * 0 . C 8 * F 5 ) * D F P 4 
BFTN= l;ETN/OENN 
HE 1 = P HO1 *PF Tl*RH02*OFT2 
D01=nEl *G3 *F -E l *PFT3 *F *E1*G3*AL0 *PH0 3*PF T 3 * S F * R H 0 3 * F 3 * S A L O 
T E X N = P 0 1 * 1 1 • 0 . 0 * * F 5 ) * I 1 . 0 - 0 . 0 9 * F 4 ) - 0 . 0 ° * 0 1 * D F T 4 * 1 1 . 0 * 0 . 0 8 * F 5 ) 
TFX!>'=-TEXN/DENN 
CP=103 3.H4*0.19434*TEf»-0.2419F»8/< TEM*TF"» 
R1=PH01*RH00 
R2=Rl*RH02 
R3=PHC3*SF 
R4=PErN/I 1 .0 -0 .09*F4 I 
RX=P4*0.91 
CP=«:i>-0FTl*PH01/ (P*OHnO*Rl ) * ( 3 0 0 . 0 E - » * P N - 15 27) /300 . 0F - f l -0FT2 *OH02 

1 / ! F * R l * R 2 t * ( f i 0 . 3 E - f l * P N - 6 9 1 . 0 ) / 3 0 . 3 c - U - P F T 3 » I R 3 - B ? * r J / | P ^ . R ; * F ) * 
1 !30.OE-8*PN-2127 1 /30 .OE- f l -DFTH * IPX -R4 I / IPX*R4) *<1773*9 .0F -8 *PN) 
1 / 9 . 0 E - 8 
VP=-220fc.C*3.lfc*PENN 
VS=1.63*DENM-B80.0 
IF (i>N . L T. 3.0E*<>) GCTO 10 
TMN=i20 .0*1 .26E -7*PN 
VI SN=A(.CGt 1 . B E * l 3 ) + ? 6 . 8 * T " . t l / T F M - l . l*tLOGI SHI * 6 . ° 0 9 * F 3 
GOTO 20 

10 TMN=131f:.C*8.7C3F-P*PN-1.657E-17*PN*PM 
VISW--ALCGI?. IE»14)*40.0*T»N/TFM -2 .0*ALOGISH) 
IFISH . G T . 1 .0E*8I 

1 VISN=ALOG(1. IE«311*40.0*TMN /TEM -4,0*ALCGI SH) 
20 CGNTINUE 

B S = 1 . 0 / 1 0 . 0 7 4 1 * 5 . 0 1 c - 4 * T E * l 
GOTP 10C0 

200 CONTINUE 
C * » * * * * * 4 * C ) C H A N I C CRt.'ST "A T F " I A I PRC PEP T I ES» * * * * * * * 

F G= 1 . ODU * l J A * N N * R R *GT FM *n E *0 T r M*!} TC M 
F F - 1 . OHO* EA*P.V*EP* rTEW«EC*PN* D N*Er ) *PN*m EM*EE*DTFM*OTEH 
-\L1 = IU^*2.0»RE*PTEM 
A L ? - E B > F 0 * P N * 2 »EE*D7EM 
Bhl=iiA 
l 1 C 2 ^ F A » 2 * E C * P N * F P * O T F M 
0 1 = 0 . ' ' 0 0 h 9 * l 1500 .0 -? .3E - f s *PN *OTr :M) 
i)2 = 0 . 0 0 2 * I1CRO. O-PTEM* l . 2 F - 7 * P M 
F1 = A M A V 1 ( 0 . 0 , A M I N 1 I ' ) . 5 - P l , 1 . 0 » ) 
F 2 = / MIX 1 I 0 .0 . A f " 11 10 . 5 - 0 2 , 1.0 ) ) 
P F < U = 0 . 0 0 S 6 9 - 2 . 3 f - d 
0<--Tl = -O.COO'-9 
0FL-2 = -O .002 *1 . 2 E - 7 
OFT 2=0.00 7 

C * * * * * * * * TFST FOP PHASE T " A N S I T n N S * » • * * * * « + « * » * i * * * * * * ***•> t * >-**v * • + • * * * * * • * * •» 
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I F ( F I M 1 . 0 - F 1 I . r . T . O . O O O l ) R O T O 6 0 0 
D F P 1 = 0 . 0 
n F T i = o . o 

COO I F C F 2 + I 1 . 0 - F Z » . G T . 0 . 0 0 0 1 ' G C T O 7 0 0 
0 F P 2 = 0 . 0 
D F T 2 = 0 . 0 

7 0 0 C O N T I N U E 
n E l = ( R f , * F r , * ( 1 . 0 - H ) + R E * F E * F l l 
D E ' N = O E 1 * ( 1 . 0 - 0 . 0 ° * F 2 I 
R E T r j = | n r , » | n c i * ( 1 , 0 - F l l - F f ^ o ^ ' M » * 1 E * ( R E ?.* F 1 * F E * D r p I I | * | l , 0 - 0 . 0 9 * F ? 

i i - n E i * o . 0 9 * n F P 2 
H F T N = B E 1 \ / 0 E N N 
T E X N = ( U ' I . U 1 » I l . O - F D - F C D F T l A L 2 * F 1 * F E * D F T 1 ) ) » 11 . 0 - 0 . 0 9 * F 2 

1 l - n F l * 0 . 0 O * 0 F T 2 
TF X N - - T F X K ' / P E N K 
V P = 3 . 1 6 * O F » ( ^ - 3 C O O . O 
V S « 1 . * 3 - D E N N - l 2 3 0 . 0 
THN = I C 6 7 . C H . 2 E - 7 * P N 
I F <:>rt . L T . 3 . 0 F . + 3 I T"N= 13 I 5 . O - f l . 5 E - 7* PV+ 5 . O E - 1 6 » P N * P N 
V I S N - A L n G I 1 ) * 5 3 . 0 * T f S / T E M - l , 5 « A L O G J S H I 
r P = 9 i ? B . 5 f , * 0 . 2 O 0 l ? * T F M - C . 2 50 3 E * 0 / ( T £ M * T E P > 
C D = C P - ( P E * F E - P C * F G 1/ ( F F * F E » P r - « F r , ) * I P N - 1 S C O . 0 / 2 . 3 E - 6 ) * D F T 1 

1 - G . 0 9 / ( 0 . 9 1 * O E 1 ) * | P N f 1 0 R O . O / l . ? F - 7 ) * O F T 2 
B S = 2 . 1 

1 0 0 0 C C N T I N i J F 
c * » * * * * * r . c M f r N P P P P E R T I E S * * * * * * * * 

V I S N = AM I N 1 ( 1 0 0 . 0 , V I S N I 
V I S N = A V A X 1 ( 5 0 . 0 . V I S N ) 
i r ( f ) T l M . L T . 3 . 1 E + 7 ) G C T O 1 1 0 2 
I F J F A I L . L T . 0 . 0 1 GOTH U 0 1 
H P E A " {1 . - H P E A K l I ) « - 2 

1 1 0 1 C O N T I N U E 
t F C J R E A K l I I . O r . 0 1 B R E A K ( I ) = fi«EAK( I J - l 

1 1 0 2 C O N T I N'JE 
A = 1 . 2 P « E - f c * V P * D E r > N « * 0 . e 6 7 
CONP= A V AX 1 I B S , A ) 
I F ( T E M . G T . 5 0 0 . 0 ) C P N O = C C N D * 2 . 3 0 1 E - 3 * I T E M - 5 0 0 . 0 ) 
R = ( V P / V S ) * * 2 
ANUl = ( ) . ' 5 * ( R - 2 ) / | P - l ) 
E l = ? . 0 * 1 1 . 0 - 2 . C * A N U 1 I / B E T N 
w V = C P - T E M * T E X N * T F X N / ( D E N N + B C T N I 
V I S N = ( 5 C . 0 * B P F 6 K ( 1 l + ( 1 0 . 0 - R R E A K ( I ) ) * V I S N ) / 1 0 . 0 
V I S M = A M A X 1 ( 5 0 . C . A M I U K 1 0 0 . 0 , V I S N ) ) 
V I S = E X P I V I S N ) 

l o c i S P P n p s i i , i ) = E i 
S P P f l P S ( 2 , I I =ANU1 
5 P R O P S ( 3 , I ) = C C N O 
S P R O P S I I ) = C V * n E t N 

Q * * a 4 * * * * e ^ * < i * * * * * * t * * * * * * * * * * * < - * * * * ***«•***» ft* * * * * * * **+**»»- + W * o - < « * * * + * * * * » * * * * * * 
(-**»** * * * * * * * * * * * * * 4*.-*»t»**» * * * * * * * * * * * * * * * 4 * * » - l » * * 4 * » * * * * * * f t * * . F * » * * 4 * * * * f t * * » > _ * * * 
C REMQVh T H F C T M M E N T S F P P * THE S T A R T OF T H E S S T A T E M E N T S F O P U S I N G T H I S 
C S U B R O U T I N E I N T H E P L O T T I N G PROGRAMS 
C 
f. T E S T = ( F l * ( F 1- 1 ) + F 2 * | F 2 - 1 ) t F 3 - 1 ) * F « * ( F 6 - 1 ) I * 1 0 0 . 0 
C I F I T P d l . N E . 1 I T F 5 T = I F 1 * ( F l - I I • F 2 * ( F 2 - 1 ) ) * 1 0 0 . 0 
C S P P 0 " S ( 3 , 1 ) = T E S T 
C S P R O P S ( I l = OENN 
C > 
f + 1 tL+4tmai**+*lL**it#it*n1ili***w + ii + + * * + j * n * * + + * + + * * * * * * » n* m*** * 6* * * * * * * * 
( ; ^ 4 < : l i 4 f t « 4 * * « * » * 4 * * * * * * * » « * * 4 » * * 5 r * * * * * * * r t ft* * r * * * * * * * * * * * * 4 * * * * » * » * * * * * * * * * * * * * * * * 

S P P r ) P S I 5 , l ) = V I S 
S ^ R P ' r ' S I 6 , 1 ) = T E X N 

2 0 0 0 C O N T I N U E 
R E T U R N 
END 
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S U H P r i U M N F R S C I O l U V l . N I 
0 » » e + « * S O L V E S N E Q U A T I O N S P Y S E T H A L - C A M S ? I T E R A T I O N S » * * * * « • * * * * * • * * • * * • * * * • • • 
£ » » * » * * * A N S W E R S I N L 'Vl * » * * * * * » * * • > * » » * » * * * * * • * * « * • * * * * * * * * » - » * * » » * a * * * » » » » * * * * * * 

D I M E N S I O N u v i m 
CCVVrK / S E i r . / I N P ( l o n O ) , J l I O ( 2 4 0 0 0 » i I S P , T S C U M , A N " 3 ( 1 4 R G ) « A T( 2 4 O C 0 I 
F N T F G F " * 2 I N O . J M U 
CO"M.)N / C O M l / A P F A . C U 3 , 3 ) , PM! 3 . h I , A f ( h, b I , H ( 3 , 6 ) , P H S I 1 1 8 0 ) . 

1 D T I ' M M v o o I , S P I - O P S , 1 qOO I , A P H I 1 M . 0 I , S T P I , 
2 S T r . r ' S I i , [OQOI ,<IV( 1913 01 . X I 5 1 0 I , Y ( 9 9 0 l , T f T | M r , n T I M f H r A T » , ( ' 5 o 0 > i 
3 H T ! w , F K A S S ( 1 9 R O ) , T F N ' P | 9 1 0 ) , n « c A M l ! > . ' : C ) . V D t H C A T ( < ; o O ) , 
4 I I ( 1 9 0 0 1 , . U t 1 9 0 0 1 ,MM( 1 Q 0 0 ) , TP t l 9 0 0 1 , T S ! ? f > 0 1 , 
5 N 0 N O U £ , N O F L , N 2 , I W, I vl 1 ,1W 2 , I W3 , i W 4 , ! WS , 0 Y •NCI ( 61 • F T R S T , F R A C T . NEW 

R E A L * * ! X , Y , R H S , S T R E S S • C . A K , D P , , DT I M, A R E A , S T , B , VD 
R E A L * G T O T I H E . H T I ^ 
i f> T E G F P * ? I I , J J , ^ * , r P N S T R , T F I X , T P . T S 
L O G H A L F I P S T . r R A C T . ' I F W 

C * * * f t * * » / . p 3 A Y S F O P A D D I T I O N A L O v E P - ° E L A X A T I O N * * * * * * * « * » * * * * * » * * * * * * * * * * » * . * * * * * 
R E A L * * Z( 1 9 R 0 ) , U 2 i 1 9 6 0 ) 
R E A L * G F l , S U M t D r > C i , P R , r s » A L L . F D | A 
L O G I C A L CHAN 
lSf=0 
F 1 = 3 . 0 D D 
I T E R = 0 
D O 10 I = 1 , N 

10 U 2 I I ) = U V H I ) 
1 0 2 K P = 0 

D O 4 4 0 1 = 1 , N 
1 2 0 S U M = 0 . 0 0 0 

J P = K P + 1 
K ° = I N D ( 1 ( 
DO 8 2 0 I P = J P , K P 

R 2 0 S U N - S U M * A T < I P ) * U V 1 U N I M I P ) ) 
3 B = ( P H S « M - S U M ) / A N U 3 I I » 
z m = p n - u v i ( i i 
u v i n ) - i . 8 n o * P P - o . f i o o * i i v m i 

4 4 0 C O N T I N U E 
J P = I N D ( N ) + l 
DO 5 4 0 J « l t N 
I = N + 1 - J 
S U " = 0 . 0 0 0 
K P = J P - l 
J P = 1 

. G T . l ) J P = I N D I I - U + l • 
DO 5 ? C I P ' J P . K P 

5 2 0 S U « = S U ' 1 « - A T t I P 1 * I J V 1 f J N D ( I P U 
R"3= ( P H S I I I - S U M ) / ANC3 ( I » 
Z ( I )= Z ( I U P P - U V H I ) 
I I V K I I = 1 . 8 U 0 * R B - 0 . R D 0 + U V 1 U I 

5 4 0 r . G N T l NUF 
f T E P = I T F K * 1 
I F (MODI I T E R , 6 » . N F . 0> GOTO 1 0 2 
C S ^ A L L = 0 . 0 D 0 

( ; » * » * * * * » * * C O N V E R G E N C E T E S T S * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
DO 6 1 0 I = l i N 
F D = 0 . O D O 
R B » A H S ( I I V 1 ( I ) ) 
O D O = A R S ( Z ( I ) ) 
I F ( p n D . L T . 0 . 0 5 ) G O T O 6 1 0 
I «= | BB . L T . 0 . 0 5 1 GOTO 6 1 0 
F 0 = r » 0 D / P 3 
I F ( F O . L T . F S f A I . L I G O T O 6 1 0 
F S " A L L a FG 
I SK = 1 

M O C O N T I N U E 
I P ( I T E R . G T . 4 0 0 0 ) GOTO 4 1 0 
I F ( T S . - A L L . L T . l . O E - 4 ) GOTO 4 1 1 
C H A N = I ' i n n I I T E R , 1 2 ) . E O . O I 

C . * « * « « * A P D I T I C N A L R E L A X A T I O N A F T E R 1 2 I T E R A T I O N S * * * * « • « * * * * « * « * * * » « » * * » * * » * * * * 
D O 1 R 2 0 1 = 1 , N 
A = U V H I I - I J 2 I t ) 
U 2 ( I I = U V 1 ( I ) 
I F ( C H A N ) GOTO 1 8 2 0 
I F ( A * Z ( I ) . G T . 1 . 0 0 - 6 ) I I V K I ) = U V H I ) * A * F 1 

1 8 2 0 C O N T I N U E 
I F ( . M O T . C H A N ) GOTO 1 0 2 
F l = ( F l - 1 . 0 ) / l . 0 5 * 1 . 0 
G O T O 1 0 2 

4 1 1 W P I T L ( 6 , 4 0 1 ) I T E R 
4 0 1 F O R M A T ( 1 7 H C O N V E P G F D A F T E R , I f > , 1 2 H I T F P A T 1 0 M S ) 

G O T O 5 0 0 
4 1 0 W R I T : : C ) , 4 0 2 ) I T E T . F S M A I L . I I V H I SM) , i s n 
4 0 2 F O R M A T ( • NCT f . C N V E P G E 0 ' . I 6 , 2 E l 2 . 4 , I*,, r 1 2 . 4 . ? ( 1 6 , J F 1 2 . 4 ) ) 
' J O O S 0 = 0 . 0 
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( . * • . * * < . * » * * CUT PUT TO > " ! N ! i n P RUh' - ' IN ' " H F V ! S m - F I f S T ! C S ' i H J T i r ) N » « ' * < - • » * • * * * * * * * « • • • 
110 5 1 0 I M . N 
I F I A X S I l i V M I t I • L 7 • S n ) GOTO "510 
J T = I 
SO = A R S ( U V M I ) 1 

5 1 0 C C N T I M J E 
WW I C ft . ? Z I » J T . I I V M J T ) 

5 2 1 FOBHA T ( * K A X I * ! U " C H A N G E Fi"<P V A I » W . n L c * . I ' » E 1 2 . ) 
P E T U P N 
END 

F U N C T I O N V I S D I * ) 
C * » * * * * F ( | I ; M S Ai-'RAY P E PENUb" NT CN P R O P E P T I F S F D " V I S C O - F I AST I r A N A L Y S I S * * * * * * * * * * 
C » ' » « " * AND M O D I F I E S R t ' S H E F H 'A T I n * ! S F , _ l c I N I T I A L S T " F S S A v p f ; o n E ••" T I F S * * * * * * * * * 
C * * * * * * OF E L E " £ : N T S * * * * * * * « " • * * * * * * * * * < * « * » * * " • * • » * » * * * * * * * * * * * • » * * » * * * * * * * * * * * * * * 

C n i ' V l l N / C l l " 1 / i P F ' " . P I 3 , 2 ) . 0 P ( 3 , L ) , A K ( t-,(.| , R ( •>, , M , R H S I 1 9 B 0 I , 
1 r > T E « P < 9 9 0 > , S P f < l j P S l ; > . I S O O ! , A P O ( 1 ^ 0 0 I . S T < ? . J , 
2 S T R E S S ( 4 , 1 9 0 0 1 . U V < 1 9 8 0 ) . A 1 0 9 0 ) , Y I " 9 'J ) , T CT I KF. , DT I * . i IE AT M ( 9 9 0 ) i 
3 HT I ' S <=MftSS( l«P.O I , TEMOI «!->0) t BPfAf f ( I TOO) . V O . M E AT ( 9 9 0 ) , 
<t 1 1 ( 1 9 0 0 1 , .1.11 1 9 0 0 I ( MM( I 1 0 J ) i T P f 1 9 Q J I i T S I 2 * 0 ) t 

, 5 N O N P D E . N 0 L L . N 2 . I w , I Wl , I W 1 , I k 3 ,11-4 , I W5 , DY , ND { h I , F I P S T , F P ACT , N EW 
R E A L - P . X , Y , P H 5 t S T P C S S t O , A K , n R t l : T I M , A P E A t S 1 , R t VD 
P E A L * f i T 0 T I . ' ' F . , H T 1 M 
I N T E G E R * 2 I I , J J . r - K . C C N S T P , T F I X . T P . T S 
L O G I C A L F I P $ T , C P A C T , N E W 
" E A L * 8 OA . G R . G C . S X , S Y . S Z . S X Y . F A , ^ 8 . F , G X , G I , H A t 

1 S 1 . S 2 . S 3 . H G S 3 
R c A L * S R 1 , P 2 , P 3 . P 4 , ^ 5 , B 6 

C * * * * * * * I N C K F A S E S P F E P ilY U S F I N G S I M P L E VAOT/M_eES MAT ARRAY E L E M E N T S * * • * + • + * * • 
E O U I V A L E N C T l f U , R ( l . l > l , I B 2 , 8 < l , 3 ) ) , U » 3 . B ( l , 5 ) ) . 

1 ! ° 4 . R ( 2 , 2 ) ) . ( B 5 . I M 2 , 4 ) ) . (U6 , B ( 2 . 6 ) ) 
E l = S P R O P S ( l . K ) 
A N U 1 = S P P 0 P S « 2 , K ) 
V I S = S P R 0 P S « 5 f K I 
1= I H K 1 
J = J J ( K t 
M = I'M( K ) 

C * * * * * * * FHPM V I S C O - E L A S T I C P R I P E P T Y M / . T P I X * * * * * * * * * * * * * * * * * * * * * * * * * * * * a 
G A = F l * ( 1 . 0 - A N U 1 ) / I ( I . 0 + A N U 1 ) * ! 1 . 0 - 2 . 0 * A M U 1 ) I 
r . 8 = 0 A * A N L ' l / l i . 0 - A N L ! l I 
G C = 0 . 5 + E l / ( 1 . 0 + A N I I 1 ) 
F = C U f ' * G C / V I S 
G 7 = 2 . 0 * O F N I F I 
D I l . l ) = G A * G Z 
C ( 2 . 2 ) = G A * C Z 
D( 1 . 2 ) = G R * G Z 
0 ( 2 , 1 ) = G B * G Z 
0 ( 3 . 3 ) = ( C * C Z 
C A L L FOPMIIT I f f , X . V . I . J , " , A R E A ) 

C * > - * * r * * * * » U l i n i F Y R H S FOR I N I T I A L S T R E S S AND V I S C O S I T Y + * * * * * * * * * * * * * * * * < • • * * * • * * * 
S X = S T R E S S I 1 , K ) * A R E A 
S Y = S T R F S S ( ? . K ) * A R E A 
S Z = S T P E S S I 3 , K ) * A P E A 
S X Y = S T P F S S ( 4 , K I * A R E A 
F = G Z * G . b 0 0 * F 
S l = S X - F t ( 2 * S X - S Y - S Z ) / 3 . 0 
S 2 = S Y - c » . ( ? * S Y - S X - S Z ) / 3 . 0 
H G S 3 = S X Y * ( 1 . 0 - F ) 
R H S ( 2 » I -1 ) = R H S ( ? M - 1 ) - ( R ! * S l • B < . * n r , S 3 I 
RMS( 2*1 1=RHS( 2 » I 1 - I R 4 * S 2 * t i C S l * R l ) 
R H S ( 2 - I-'. l = R " S ( 2 * , l - l ) - ( R 2 * S l * H G S 3 * B 5 I 
B H S ( 2 * . ! 1 = " H S I 2 * J I - f ••»"»* » " G S 3 * P 2 I 
R H S ( ? * M - 1 l = c n S t 2 * ^ 1 ) - ( R 3 * S l * M r . S 3 * B 6 > 
P H S J 2 - M ) = P H S ( 2 * " 1 - ( R 6 * S 2 • H C S 3 * P . 3 ) 
v i s n = SG 
R E T U R N 
END 
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S U R R O UT I N E r - l l l iWi l I 3 , X . Y , I , J , i ' , A P I - A ) 
C < » » « » ' I 'm:" . r« M ATI' 1X W H I C H M A U S 1)1 S P L A L f M C N T S I N Til S T R A I N S • » * • » ' - « » » * « * * * * * » « . « « * 

n ! K F N S i D N I M ? , 6 ) , X ( I I . Y l 1 ) 
R E A L * ! " . It • AR E A . X , Y , X 1 , X.!« X 3 , Y 1» V 2 , Y 3 

2 X I =X < I t 
X 2 = X { J I 
X 3 - X I K J 

¥ 1 = V ( I ) 
Y 2 = ¥ I J I 
Y 3 = ¥ IK t 
AP E A - I X l - X 3 1 M Y 2 - Y 3 i - 1 X 2 - X 3 I * ( Y 1 - Y 3 I 

3 0 0 1 l , l ) = ( Y 2 - Y 3 l / A K E A 
CM l , . i » = I V 3 - ¥ l t / A P E A 
•tt 1 i "5 i = 1 Y 1 - Y 2 l / A R E A 
i l l 2 , 2 I M X 3 - X2 I / AC E A 
i U 2 , 4 ) = I X 1 - X 3 ) / A R E A 
HI 2 , 6 ) = < X 2 - X 1 ) / A R E A 
Ml 3 , 1 ) = B ( 2 , 2 I 
1 ( 3 , 2 ) ^ 1 1 , 1 ) 
B l 3 , 3 1 = 8 1 2 , 4 ) 
I H 3 , < , ) = B I 1 , 3 I 
B I 3 . 5 ) = B I 2 , t > ) 
B l 3 , M = B ( 1 , 5 1 
at 1 , 2 1 = 0 
B l 1 . 4 1 = 0 
IM 1 . 6 1 = 0 
B ( 2 , l t = 0 
B l 2 . 3 ) = 0 
B < 2 , 5 1 = 0 
A R C A = A R E A / 2 . 0 0 0 
R E TURN 
END 

S U B R O U T I N E TEMPCR 
£ * * • * * - < * * * T H E R M A L S O L U T I O N * * * * * * * * * * * * * * * * * * * * * * * * * * * * * i - * * * * * * * * * * * * * * * * * * * * * * 

Ct)Mv,TN / C 0 " l / A F E A , n ( 3 . 3 ) . D P I 3 . 6 ) , A < ( 6 , 6 ) . P I 3 , 6 > , R HS I 1 9 8 0 ) , 
1 D T E M P I 9 9 0 ) , S P R U P S < 6 , 1 9 0 0 ) , A PR 11 6 0 0 ) , S r I 3 1 , 
2 S T R E S S I 4 , 1 9 0 0 ) , 1 1 V I 1 9 R Q ) , X I 9 9 0 I . Y ( 9 9 C I . T T T I M E , D T I " . H E A T f l 9901 , 
3 M T I « , C M A S S ( 1 9 8 0 ) , T E ' - P | 9 O 0 l . B U E A K I 1 9 0 0 I , W O , H E A T ( 9 9 U ) , 
4 I I I 1 ° 0 0 1 , J J I 1 9 0 0 ) , M M I 1 9 0 0 ) , T P I 1 9 C 0 ) . T S I 2 6 0 1 , 
5 N n > 0 D E , K C E L . N 2 , I W , IW1 , 1 W 2 , I W 3 . I W < - , I W 5 , [ ) Y , N O I 6 ) , F ! S S T , F R A C T , N E W 

R E A L * B X , Y . R H S . S T R E S S , D , A K . O B . D T I I I , A P F A , S T , B , V D 
R E A L * B T O T I M E . l - T I M 
I N T E G E R ' 2 I I , . I J , y * , C C f > , S T R t T F I X , T P , T S 
L 0 P I T A L F I R S T , F R A C T . N F W 
COMMON / S F i n / I NO I 1 9 B 0 I , J M D ( 2 4 0 0 0 ) , I S P , I S D U M . A N D 3 I l f P O l . A T ( 2 * 0 0 0 1 
I N T E f i E R * 2 I N D . J N O 
N J T E C E R * 2 L EN 

C * * * * * * R E S T O R E I N D E X I N ^ T R MAT I C N FOR T h E R " A I . A N A L Y S I S FROM F I L E *1 * * * * * * * * * * * * 
L E M = 3 2 0 0 0 
C A L L R E A C ! I N C I 1 1 , L E N , 1 , I , 1 , R 6 0 0 0 I 
L E N = 1<;96«, 
C A L L R E A O I I M D I 1 6 0 0 1 ) , L E N , I , I , 1 , £ 6 C 0 0 > 
R E W I N D 1 

( •_****** I N I T I A L I Z E A R R A Y S v * » * » * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
DC1 171 1= 1 , I S P 
A T ( I ) = 0 . 0 

1 7 1 C ' I N T I N U F 
I F I H T I H . F . O . 0 1 riTIM-1.0 

C * » * * * * * * * P H S = H E A T I N P U T / U N I T T I M E * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
DC) 10 I = l , M O f J O D E 
R U S H ) = 2 . 0 - I I - E A T I I ) * H E A T ' 1 ( I J / H T I M J 
AND31 I I = 0 . 0 

10 C O N T I N U E 
C * « * * s . * * FORM 1 H E T H E F . " A L E Q U A T I O N S * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

PO I O C K * 1 , N 0 E L 
I P = I I IK I 
J P = J J I K ) 
M P = H M ( K I 
C ( ) N r i = s o R n P S i 3 . K I 

{ ; » * » < . * . « * C V = 5 P E C I F IC HE AT / U N I T V O L I I ' - ' F * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C V = S P R T P S < ' » , K ) 
H I = Y l J P l - Y I M P I 
H J = Y l V p ) - Y ( I P I 
B ^ = Y I I P l - Y I J P ) 
C ! - X I M » ) - X ( J P | 
r..l = XI I P l - / . I M P t 
l « = X ( J P ) - X i I P I 
A P C A = 0 . " 5 * i ' l I * C J - B J * C I I 
I- - 0 . 2 1 * C C r . D / A P E A 
C f ' = ? . n * A i ; | - A - » r v / ( H T I M * 6 . 0 I 



174. 

C 0 I ) = 0 . 5 * C D 
F I I = F « ( c : * f l [ »C ! * C I I 
F 1 J = F " > ( I ' I * U J * C I * C J ) 
c i i ( S F <• ( j ' > * itw^r. i * r . M ) 
F . ! . I = F » i n j * n J * C J - » C J I 
F . | M = F » ( P | * P » » C J * C H ) 
F':y-F * ( i i | f * M w » f K * r » ) 
T 1 =TF Mi> I I v 1 * P [ I « T F M P | J P ) * r - I J H E M O J MP I « F P ' 
T.J = T E ^ P ( ! P | » I - " I J * T E f P I J P ) ' F . I J + T F M P i MP) t F J . K 
T . y r T F M P ( ! P I ' F I x t T r M P ( J P ) * I J M « 1 E M P | r J P ) * F K f ( 
R . ' S I I n I =PHS ( ! P ) - 2 . C » T I 
H M S I J P ) = P U S ! J P ) - 2 . 0 * T J 
R M S I M P ) = R U S U ' P ) - 2 . C * T M 
.'.••1031 I" ) = A N r n ( I P ) t F I I » C 0 
4 ^ 0 3 1 1° l = Aljr>3l J P ! » F J J » C O 
A N 0 3 I M P | = f l h D 3 ( M P | • F M M * C O 
K I =1 
I F I I P . G T . l ) K l = I N P < I P - l ) * l 
K I . - P I D I I P ) 
DO 2 0 0 I = K I , K L 
I F I . I M R I I ! . E O . J P ) A T I ! I - A T I 11 »F I J » C O D 
I F I J N C I I ) . E O . MP) A T I I ) = AT I I ) < F I M + C Q D 

2 0 0 C O N T I N U E 
K 1 = 1 
I F ( J P . G T . l I K I = I N O ( J P - l ) t l 
K L = I N O ( J P ) 
DO 2 1 0 I = - - K I , K L 
I F ( J N ' D I I ) . E O . I P i AT I I ! = A T t I I »F I J + C O O 
I F I J N D I I I . E O . MP) A T I I ) = A T | I l * F J M * C O D 

2 1 0 C C N T I N ' U E 
K I =1 
I F ( M P . r , T . l ) K I = I M n ( ' l P - l l * l 
K L = I N D I M P J 
DO 2 2 0 I = K I , K L 
I F I J N D I I I . E Q . I P ) AT I I I = A T ( I ) * F J M * C 0 Q 
I F U N C I I ) . E O . J P ) AT I I I = AT I I I + F J M*CQD 

2 2 0 C O N T I N U E 
1 0 0 C O N T I N U E 

C * * * « * * « * F I X E D T E M P E R A T U R E ALONG S E A - B E C * * * * * * * * * * * * * * * * * * * * * * * * * * * < • * » * * * + * * = * 
DO 2 3 0 J N = I W 3 , I W 4 
I = T S I J N I 
K I = 1 
I F I I . G T . l ) K I = I N D t 1 - 1 J + 1 
K L = I N C I I ) 
DO 2 ' *0 L = K I , K L 
A T ( L i = 0 . 0 

2 4 0 C O N T I N U E 
P . I I S I 11 = 0 . 0 

A N D 3 I I 1 = 1 . 0 
2 3 0 C C N T I N U E 

C * * * * * * * S C L V E E Q A T I O N S * * * * * * * * * * * * * * * * * * * * * * A i * * * * * * * A * * * * * * * * * * * 4 * * * * * * t * * * * * * 
C A L L R S F I D I D T E f P . N C N O P E I 
H T I M= fl.0 

( • * * * * • » * * C A L C U L A T F A NT) A P P L Y T H E R M A L S T R E S S E S * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
DO 11 1 = 1 , N O E L 
D T « E A N = ( D T E M P | I I I I ) ) * D T E M P ( J J 1 1 ) | • DT E«P I I I ) » ) / 3 . 0 
F l = S P P O P S ( l , I ) 
A N U 1 = S P » C P S ( 2 , I I 
T E X = S P R n P S I f t , l I 
n S T R = E l * T F X * ' J T M F A I M / ( 1 . 0 - 2 . 0 * A N U 1 1 / 3 . 0 
S T R F S S I 1 , I ) = S T R E S S I 1 , I l - D S T R 
S T R F S S I 2 , I ) = S T P t S S I 2 , I l - D S T R 
S T R F S S I 3 , I ) = S T R T S S 1 3 , I l - D S T R 

11 C I 1 M T I NUE 

c * . * . , » R E I N I T I A L I Z E M E C A N I C AL H E A T S O U R C E S AND I N C R F M F N T T E M P E R A T U R E S 
OH 1 0 0 I = 1 , N C N 0 0 E 
H E A T M I 1 1 = 0 . 0 

5 0 0 T F ' I P I 1 l = T F M P I I l + P T E M P l I I 
R E T U R N 

6 C 0 0 S T O P 6 8 
END 
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S U B R O U T I N E S O L V E 
C u t * « » S E T i ju M)p S O L V E V 1 SC. i>-Ft_.'. S T ! C E O U A T ' r N S • • * » * » * * * • « » * * » * • » * * » » » * * « * 

c r v M n \ / S F . ; i i / i f D i i<! : io / , J . - J D < 2« .ooo >, i s P . i s r . ' . 1 " , A ' . ' D : K i g ^ o i . M I ? * O C O I 
TM Tf G E R * 2 I N O . J N P 

C T ' ^ K / C C ' - I / ABF A , O l 3 i 3 I • C F I ' I , AX I 6 . .*• I I 3 , M . P ' I S I l ^ B O ) , . 
1 P T F - . f ' l 110 I , S P P P P S I f . , 1 'SOU! . A»P I I riOn I . S r I 3 ) t 
2 S T R E S S ( 4 , 1 ' IOOi , . i v l 1 o p o ) , XI 9<5f)l , r | <JOfl) , T C 1 It"= , 0 * i • ! , HE A T f 1 9 9 0 I , 
3 HT ! M, F f . A S S ! 1 9 P 0 I , T F l i p ; j o y ) . p a f - n * I 1 3 0 0 I , V I ) , H F A T I 9 9 0 ) . 
4 I I I ! 9 0 0 1 . . ) J I I ' iOO) , M " ( I ^ U O ) i T P ( 1 OOOI , T S I ? i 0 I . 
5 N O N r j O F . N P L L , N 2 . I w , I '< 1 , I u,V. E V. J , I v.u , i w s , n Y , NO I 61 , F I R.ST , f a ACT , N E W 

R E AL * f X , V , » H S , S T ' : E S S , C i A l ' , n H f C T I M , A P E A 1 S T , B , V O 
P . E A L * 8 T O T M F , H T | M 
I N T F G L R * 2 I I . J J , f f , C r w S T » ' , T F l x , T P t T S 
L O G I C A L F I R S T , F P A C T . N F W 
P E A l * 8 P I , P 2 , P N , X S , Y S . D F L P . F , P X 

7 0 0 0 C G N T I N U F 
J = I N P I N ? I 

£ * » * * » * * 7 E R O I 2 E A R R A Y S * « * » » * * « * < - « » * « » n « * « f * * * S ' > * * * « * * * « * , t * « * - - , * « t » « t * » t * t t i « 
DO 10 1 = 1 , J 
A T C I ) = 0 . 0 

10 C O N T I N U E 
DO 2 0 I = l , N 2 
A M D 3 I H = 0 . 0 

2 0 C O N T I N U E 
D I I , 3 ) = 0 . 0 0 0 
U ( 2 , 3 1 = 0 . 0 0 0 
0 1 3 , 1 1 = 0 . 0 0 0 
0 1 3 , 2 ) = 0 . O D D 
DO 1 0 0 K = 1 , N 0 E L 
I P = I I ( K I 
J P = J J ( K ) 
M P = M M I K ) 
S G = V 1 S 0 ( K 1 
DO 3 5 0 1 1 P - l . 3 
O P 3 5 0 J J P = 1 , 6 
D E I I I P , J J P I = » U I P , 1 > * M 1 , J J P 1 + C I I I ? , 2 1 * P I ? , J J P 1 + P I I I R , 3 ) * a i 3 , J J P ) 

3 5 0 C O N T I N U E 
DO 3 5 1 I I P = 1 , 6 
DO 3 5 1 J J P = 1 , 1 I P 
A M I I P , J J P I = A R E A * | R ( l , I I P | * D B I l , J J P ) + B 1 2 . 1 I P ) * 0 B I 2 , J J P ) • 

1 B I 3 , I I ° ) * C n l 3 , J J P I I 
A K I J J D , I I P ) = A K i n P , J J P ) 

3 5 1 C O N T I N U E 
f lO l 1 ) = 2 * I P - 1 
N i l 2 ) = Z * I P 
N O I 3 I = 2 * J P - 1 
N 0 I 4 ) = 2 * J P 
N O I 5 ) = 2 * H P - l 
N 0 I 6 I = 2 * M P 
DO 4 0 0 1 1 K = 1 , 6 
K T = N O I I I K ) 
K ! = 1 
I F I K T . NF . 1 I K l = I N D ( K T - l l * l 
K L = T N D I K T ) 
DO 4 1 0 J J K = 1 , 6 
I F I J J K . E G . 1 1 K I G O T O 4 1 0 
J K = N O I J J K ) 
DO 4 2 0 L L " = K I , K L 
MK»I .LK 
I F I J N D ( L L K ) . E G . J K 1 G 0 T 0 4 2 1 

4 2 0 C O N T I N U E 
W P 1 T E 1 6 , ° 9 9 J K , K T , K ] , K L , V K , J K 

9 9 9 F O r f A T | • N O T F C U N D ' , 6 1 6 ) 
4 ? 1 AT ( « K 1 = AT I MK ) * A K I I I K , J J K ) 
4 10 C O N T I N U E 

A M D 3 1 K T ) = A N D 3 I K T ) » A K 1 i I " , I I K I 
1 0 0 C O N T I N U E 
1 0 0 C O N T I N U E 

C - i . t t * * * A P P L Y B O U N D A R Y C O N D I T I O N S * * « * * * * * * * * • » » * * * * * * * * * * * * * * * * * * * * * < . * * * » * * * * * * 
C * = a * * * * * * * t P U T U N H Y D R O S T A T I C P R E S S U R E * ^ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

I T = 0 
I T H = 1 
I T l ^ I W 3 - 1 

6 9 0 D O 7 0 0 I = I T B , I T L 
J = T S I I I 
K = T S I I t l l 
Y S - Y I K ) - Y | J I 
X S - > X I K ) - X ( J > 

£ * * * » « * * p \ , i > ? P P E S S U P F A T r . f c P T i ' S OF J , K N O D E S » ' < * * * » » ! » » > » * » ft* t t « * , » < . » i » » * , * i . * 
P l ' P X IX I J I • f . ^R , P F L D ) 
P 2 , A " P , F » 

C » » » * . » K L O U C F p w r s s i j p c C N F N P I .T >%-iy>\ I « • * * * • • » < • » » * * » * * * * * < • • * * * * * * » * * • * * * « - > * » * * * * * 
I F ( J . I . T . 1U1 . P R . K . F T . I H 2 ) G u m 6 9 1 
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P l « P ! - 4 . 0 E t 8 
t'?. = P?.-<,.0£ + k 

br>l C O K M N U E 
n r - i n - D M A X l ( D F L D , M 
P N = P J M . O * P ? / 6 . 0 
P M S ( Z * 1-1 I = » H S ( ? * J - l l * Y S * P N 
P H S ( ? * J I = I ' H S I 2 * J l - X S - P N 
P N = P l / f t . 0 + P 2 / 3 . 0 
K H S ( » ' K - M = P H S I ? * K - 1 ) * Y S * P N 
R H S ( 2 * < l = [ i H r , ( 2 < ' K ) - X S * P N 
? = C F L D » Y S / 3 . U 
NOI 1 l = 2 * J - l 
Nf) I 2 I = 2 * J 
N O ( 3 ) = 2 » K - 1 
N O ( 4 l = 2 * K 
A M I , 1 I = F 
A M I , 2 ) = - D F L P * X S / 6 . 0 
AK( 1 , 3 l = F / 2 
A M l , 4 ) = ( 2 * P l * P 2 ) / 6 . 0 
A K ( 2 . 1 ) = A K ( 1 , 2 1 
A K ( 2 , 2 1 = 0 . 0 
A X ( 2 , 3 ) = - ( P l + 2 . 0 " P 2 ) / 6 . 0 
A M 2 , 4 1 = 0 . 0 
A K ( 3 . 1 > = A M 1 , 3 1 
A K ( 3 , 2 ) = A K ( 2 , 3 I 
A M 3 , 3 I = F 
A K ( 3 , 4 ) = - 0 F L D * X S / 6 . 0 
A K ( A , 1 l = A K I 1 , 4 ) 
A K ( 4 , 2 I = A K ( 2 , 4 ) 
A K ( 4 , 3 ) ' A K i 3 , 4 ) 
A K ( 4 , 4 ) = 0 . 0 
DO 7 1 0 I I K = 1 , 4 
K T = N U ( I I K ) 
K I = 1 
I F ( K T . G T . l I M = I N D ( K T - 1 ) + 1 
K L = 1 N D ( K T ) 
0 0 7 2 C J J K = 1 , 4 
I F ( J J K . L O . I |K . O P . A M M K . J J K ) . E O . 0 . 0 ) G O T O 7 2 0 
J K = N O ( J J K ) 
DO 7 3 0 L L K = K ! , K L 
MK = L L K <• 
I c ( J N D ( L L K I . E Q . J K I G O T O 7 3 1 

7 3 0 C O N T I N U F 
7 3 1 AT (MK ) = A T ( M K ) - A M I I K • J J K I 
7 2 0 C C N T I N U E 

A N ! : 3 < K T | = A N D 3 ( K T ) - A K ( I I K , I I K ) 
7 1 0 C O N T I N U E 
7 C C C O N T I N U E 
7 5 C C O N T I N U E 

£ * * * * * * * HY DP O S T AT I C P P E S S U P E ON ENDS AN D R A S E NOW F N T E P E O * » * * * - * * * * « * * * « « • * * * * 
( - , * * * * £ * « : P U T O N H Y D P O S T A I C P P F S S U P E O F S E A » * • » * * * * • » » • * * * * « * * * * • * * * * « * « . * * * • * * * # 

I T L = I W 4 - 1 
A = 1 0 3 0 . 0 * < J . 8 
r I P S T = . T R U F . 
DU 7 6 0 1= I W 3 . I T L 
J = T S ( I I 
K = T S ( 1 * 1 ) 
P 1 = X ( J I * A 
P 2 = X ( K ) * A 
I F ( X t J ) . L T . 8 0 0 0 . 0 . O R . . N O T . F I R S T ) F I p S T * . F A L S F . 
I F I . N O T . F I R S T ) GOTO 7 5 1 

c * * * * * f t * I N C R E A S E P R i : S S ! l » E AS S U R F A C E N O D E S S I M F P O f RKM TO 11KM * * * * * + * * . * * * * * * 
F = ( 11 G O O . 0 - X ( J I ) / 3 C 0 O . 0 
F = D I ' A X l ( 0 . 0 0 0 . CM I N I ( I . 0 0 0 , F ) | 
P 1 » F * P 1 H 1 . 0 - ' " > * •' X ( X ( J ) , A " R , D F L D ) 
F = ( 1 1 F O O . O - X I K I 1 / 3 0 0 0 . 0 
F = C H A X 1 ( O . O D O . O M I N l ( 1 • 0 0 0 , F ) ) 
P 2 = F * 1 ' 2 + I l . O - F ) * P X ( X ( K I , A P R . D F I D I 

7 5 1 C O N T I N U E 
I F ( X ( J ) . L T . 0 . 0 ) P 1 = 0 . 0 
I M X I K ) , L T . 0 . 0 ) P 2 = 0 . 0 

X S = X( I ) - X (K I 
Y S ' Y ( K ) - Y ( J ) 
t>N = P l / 3 . 0 » P ? / 6 . 0 
P M S I 2 * l - l ) = P h S I ? * J - l ) + P N * Y S 
R . I S ! ?." J ) =f: i ' r . ( ?» J ) » r > N * X S 
PN = P1 / ( • . 0 + P 2 / 3 . 0 
P U S ( 2 * K - 1 ) = P H G ( 2 * K - 1 ) t P N * Y S 
R t l S ( /-»K ) = Hi<si 2 * M * ( ' N * X S 

7 6 0 C C N T I N U T 
J = T S ( l t a 3 M ) 
I F ! > : u i , r - T . n o n o . o i i w i ' i w 3 U 
0 0 3 ( .GC 1 = 1 , 1 - 1 
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J = T S ( 1 I 
K = 7 S I I + ! I 
I F ( Y I J ) . G F . - 1 . 0 ! n ^ T O 3 C O 0 

C * a » * * » c n " C C N n O r : s CN ?<vSf_ WITH Y<Ti .O TO F i i L l f h F A f . H DTHFO * » • . » » . » « * » « ^ * * t ¥ «» 

r * * » * * i C n P N E f f G p C E D l r , MfiVt WITH I I I " I IF / C G F f . R E E S ' • * * * = * * * » ' • * * » * • * » » • • * * » * # * » 
T A N T H = - ( < ( . J I - X ( K 1 I / ( Y / J | - Y K 1 I 
I F ( ! . T O . i w l ) T * S T H = R S q K T | J . O O O I 
i F ( T A N T i l . L T . 1 . 0 ) G O T O 2 9 0 0 
I P = 1N0 I 2 » J - 2 l M 
I K M P * l 
I L = I N D I 2 * J - 1 ) 
J P = I L * 1 
J L = I N D I 2 * J 1 
J K = 1 L * 2 
0 0 3 1 C 0 I K = ! K , I L 
A T ( I K | = A T ( I K t - A T I J K 1 / T A N T H 
4 T I J K » = 0 . 0 
J K = J K * 1 

3 1 0 0 C D N T I N U E 
AT I I P 1= AT I I P 1 - A N D 2 I ? * J ) / T ' , N T H 
A N P ? ( 2 * J - 1 ) = A N C 3 ( 2 * J - 1 ) - A T ( J P I / T A N T H 
AT I j P )= 1 . 0 / T A N T H 
A N 0 3 I Z * J 1 = 1 . 0 
R H S ( 2 » J - 1 l = R H S I 2 * . l - l ) - P H S ( 2 * J l / T A N T H 
P H S I ? » J 1 = 0 . 0 
G O T O 3 0 0 0 

2 9 C 0 J P = 1 N D I 2 * J - 2 I » 1 
J K = J P + 1 
J L = I N 0 ( 2 * J - U 
I P = J L * l 
I K = I P t l 
I L = I N C ( 2 + J 1 
DO 3 1 0 1 I K = I K , I L 
A 1 t IK I = AT ( I K I — AT I .JK 1 * TA NTH 
AT I J K I = 0 . 0 
J K = J K * 1 

3 1 0 1 C O N T I N U E 
A T I I P ) = A T ( I P | - A N 0 3 ( 2 * J - l l * T A N T H 
AN0 3 I 2 * J I = A N D 3 ( 2 * J I - A T < J P ) * T A N T H 
AT I J P ) = T AK'T H 
A N D ? I 2 * J - 1 I = 1 . C 
R H S i ? * J ) = P H S ( 2 * J ) - R H S ( 2 * J - l l * T A N T H 
P H S ( 2 * J - 1 1 = 0 . 0 

3 O C 0 C H N T N U E 
C * * * « * F O R C E END TO H O V E W I T H H O R I Z O N T A L V E L O C I T Y f)F D Y 1 / Y R « • * * * * * * • * » * * « = * • * * * • 

0 0 POO J N = I K 4 , I W 
I = T S I J N I 
N = 2 M 
A N D 3 I N I = l . O 
R H S I N l = - D Y * D T I M / 3 . 1 5 5 1 5 B E + 7 
K I = 1 N 0 1 N - 1 > * 1 
K L = 1 NO I M 
DO P.05 J - K I . K L 
AT 1 J » = 0 . 0 

8 0 5 C O N T I N U E 
BOO C O N T I N U E 

C A L L U S E I P I U V i N 2 ) 
R E T U R N 
END 
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^ U N C T I O N M U r K P I H A I 
C A i r i R A T F S N O F ^ A I T H E R M A L G ' A O J F N T * - * < • * » » » » « « » * * * * • > * • » » * » * » » * * * • • - » * * * * 

R C A L * G HA 
X = H A / 1 0 P O . 0 
I F I X . G T . I O O . O I GOTO 10 

( - , » » * » . * * < . . C O N D U C T I V E G E O T I < L - P W » « * * * « » ^ * = » » « » * « * - » » 4 i * « * » * * * * * i » » » * * * « * * » * » » » » * * « * 

F H T F M P = I 7 6 . - J < . * X * I l < ; . B < r > - X ' * ( n . 1 ? H 0 6 - < * I C . l t 3 F - 3 - . v . » l 0 . 1 ' - 5 1 7 E - 5 
1 - X * l 0 . 2 1 7 2 2 t - 8 - X M 0 . 1 6 4 ? 6 F - n - X » 0 . 5 ? 2 2 2 E - J 5 J ) ) ) ) ) 

R E T U R N 
C * * * * * * C O N V F C T I V E G E O T H F P " • » * » * • » » * • * * * * * • * « • « » * » » • • * « • * * * * » • • » » + • • * • * • • » * • * « * * 

1 0 F N T r M P = H 5 0 . 0 < 1 . 4 * X 
RE T U R N 
END 

OOURt E P P L C I S I T N F U N C T I O N D F N ( X » 
I " P L I C I T P E A l * 8 ( A - H . O - Z I 

C * * * * = * * - E V A L U A T E I 1 / X - 1 / X » * 2*1 l - E X P I - X I I I * " * * » * * • * « * * * > / = » * * * i " * * * * * * * » * » i * 
C * * * * * * . * • « « C A P E N E E D S TO Re T A K E N FOP S ' l A L L V A L U E S O F x * * * * » * * * * * * * * * * • < • * * * * * * 

I F ( X . G T . 0 . O C O 0 1 ) G O I O 20 
O F r = 0 . 5 0 0 * I l . O C O - X / J . O P O * ! 1 . 0 0 0 - X / 4 . 0 0 0 * ! 1 . u ' > 0 ~ X / 5 . 0 0 0 * ! 1 . 0 0 0 

1 -X/b.CD0*(1.000-X/7.0C0)I))I 
R E T U R N 

2 0 0 F N = 1 . O C O / X - I 1 . 0 0 0 - 1 . 0 C 0 / X * ( 1 . 0 r 0 - 0 E X P l - X J » » 
R F T U R N 
ENO 

D O U B L E P R E C I S I O N F U N C T I O N D F N 2 I X ) 
I M P L I C I T P E A L ' R I A - H , 0 - Z ) 

C * * * * » * * « E V A L U A T E I 1 - E X 0 I - X I ) / X * « • * * * » » * * * » * * * * • » * * » * » » * * » » * c * * * * * * A » » » * * * * 
C » = * A * * * C A P E N E E D S T f R E T A K E N FOP. S M A L L V A L U E S OF v » . » * * * * * ± a * * * * « • + * * » * * * 

i r i X . G T . 0 . 0 0 0 0 1 ) G O T T 30 
O F N ? = I 1 , 0 r 0 - X / 2 . 0 D C * I 1 . 00 0 - X / 3 . O i ; 0 * I 1 . C D C - X / 4 . 0 0 0 * 11 . 0 0 0 

1 - X / 5 . 0 C 0 » I L . 0 D 0 - X / 6 . O H O * ! I . O D O - X / 7 . O D C ) ) ) ) I ) 
R E T U R N 

3 0 D C N 2 = U . O C O - O E X P I - X ) ) / X 
R E T U R N 
END 

D O U R ! E P R E C I S I O N F U N C T I O N P X I X . A P . O P ) 
C * * * f t « * | NY ED POL AT F P R E S S U R E AND ° R F S S U R E G P A P I E N T ( O P ) C " R * * • • « * * * = * * • * * * * < • * * * 

p ^ P T H X F " C ^ V A L U E S I N APRAY AP « * < • * * » * * * • * * « * * * * • « » * * • * * » * * » * * : * * * . * » * » * 
R E A L * 8 X , O P , X S , D X 
C l f c N S I C N A P U I 
X S = X / 1 0 0 0 . 0 - 5 . 0 
N X = X S * 2 . 0 
D X = N X * 0 . 5 
N X « N X * 1 
I F I X S . L T . 0 . 0 1 GOTO RO 
P X = ( A P I N X ) * ( 0 . 5 - X S * O X ) » A " I S X • I ) * I X S - D X ) J + 2 . 0 
DP= I A P I N X * 1 I - 4 P I N X ) ) / 5 0 0 . 0 
R E T U R N 

8 0 0 P = 1 0 3 0 . 0 * q . R 
P X = X * O P 
R E T U R N 
END 
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A2.5 PROGRAM PLOTftl 

T h i s program reads the data s t o r e d i n f i l e yfc 8 

and p l o t s v a r i o u s parameters of the elements on a X-Y p l o t t e r . 

The input i s 

Route Jfc 8 output from SLOPE 

Route # 3 pressure v a r i a t i o n with depth (CONDEPTH) 

Route & 5 Y and X boundaries of the p l o t i n km. 

and a code as t o what i s to be p l o t t e d . 

The Y and X extremes of the p l o t are read one per 

l i n e followed by the maximum length of the p l o t ( pmx ) 

i n Fir2-.4 format. 

The two codes IPLOT and K are read i n 212 format. 

V a l i d values of IPLOT and the v a r i a b l e or symbol p l o t t e d 

a t the centre of each element are 

1 number of element 

2 spare 

3 c r o s s a t centre of element 

4 only the f i n i t e element net 

5 p r i n c i p a l s t r e s s e s 

6 l i n e s of l i k e l y f a i l u r e 

7 p r i n c i p a l s t r e s s e s - standard pressure 

8 flow l i n e s (at nodes) 

9 log v i s c o s i t y 

10 break ( s t a t e of f a i l u r e of element) 

11 phase t r a n s i t i o n function 
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i f k = 0 the f i n i t e element net i s a l s o drawn. 

T h i s program a l s o used SUBROUTINES PROPS (with the 

marked comments removed) and PX from PROGRAM SOLVE 

(Pages 170 and 1?8 ) . 
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C * . * « • » « « * * ouo'\u tt;i T( l Pt 111 M l ' i ' l f ' S Arm S V M U l i s A T "Mr- r R l T E R I F C T M C L f E N T * • 
C » * * » » « i * » * I N A S ' T f t ' I G l i P A D T ri P A r , " i l > « = * » » • • « * » • * * » * * * » * * ' « « • * » « » * * » * « * » » * • » » « 

ft***.***.** * * * * * * * * * * * * * « « * » * , * v * * * w * * * * * > . * * * . . . . . . <« * * « * * . « * . * * * * « « * * * * « * * * * * * * 

c n ^ M i N / c r i i / A R F & . m 3 , n , m i 3 , M . A K K , , « , i ,>• i 3 , 6 1 , P M S I 19 H O I , 
1 [ . ' T C V P I r i o o i , S P D O i ' S l h , 1 9 0 0 I , A P r , ( 1 ftCOl , S 1 ( ? ) , 
2 S T R E S S 1 4 , l i o n ) , ; I V ( 1 0 1 0 I , > . ( ^ 0 0 I , Y ( 9 9 0 ) , T ( ] T I f F . DT I M , HE A TM( 9 9 0 ) . 
3 H T l , F "'A S S I 1 9 H 0 ) < T F . u p C J c j f l ) , H 3 F A K I 1 9 0 0 I , V C , H E A T ( 9 9 0 I . 
4 I I ( 1 9 9 0 ) , J I I 1 9 0 0 ) , '<M( i n 0 9 ) . T P ( 1 9 0 0 ) , T S I 2 6 0 1 , 
5 N r w i D c , N O E l , N7 . I w , I u l , IW2 , I ' . ' I , 1 u r , p.y , i . jn ( b ) , F T R S T , FP A C T , H E W 

R E A L ' S X . Y . R W S , S T " E S S , D , A K , P B , D T ! H , A F E A , S T , R , v n 
H C A L * 8 1 O T 1 » E , H * I M 
I N T E G E R * 2 I I , J . l . f f . C O N ' S T P , T F I X . T P , TS 
L O G I C A L F I R S T , F P A C T , M E W 
R E A L * R C U T P U T | 1 5 ° 6 8 I 
E O U I V A L E N C E I O U T r u T I l ) . S T R E S S I l l ) 
L O G I C A L N E T , M U T C IR 
I N T E G E R * 2 L V 1 S I 1 9 0 0 I 
U I M F N S I O N A A P R ( ] O C C I , X X I 2 I , Y Y I 21 , I Y M | I S O C I 
I N T E G E R T Y P E ( 1 0 I 
R E A L * 8 T C T 
C A L L P L T X M X I 5 0 . 0 I 

C » * * » * * I N ° U T P E S U L T S O F F I N I T E E L E M E N T PRPGPAM ON P n u T F d a * * * * * * = * * * * * * * * * * * * * 
L E N = 3 2 0 0 0 
C A L L R E A P I O U T P U T I D . L F N , 1 , I , B , r . 6 0 U 0 ) 
C A L L R E A O I O U T P U T I 4 0 0 1 ) , L E N , 1 , I , 8 , E6 0 0 0 ) 
C A I L R E A D I O U T P U T I 8 0 0 1 ) , L E N , 1 , 1 , 8 , £ 6 0 0 0 ) 
L E N = 3 1 7 4 4 
C A L L R E A D I O U T P U T I 1 2 0 0 1 ) , L E N , 1 , 1 , 8 , C 6 0 0 0 ) 
R E W I N D 8 
TQT = T 0 T I M F _ / 3 . 1 5 5 8 1 5 F * 7 

C * * * « I N » U T V A R I A T I O N O F P R E S S U R E h I T H DE P T H * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
R E AD I 3 , 4 ) A P R 

4 F C R P A T I 2 0 A 4 I 
C * * * * * . « * F I N D E X T R E M E S OF N E T * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

Y M I N = Y ( 1 I 
Y M A X = Y ( 1 ) 
X M I N = X ( l ) 
X M A X = X I I I 
DO 5 2 I = 1 , N 0 N 0 0 E 
X l ' X I t I 
Y 1 = Y ( I ) 
X ' 1 A X = A M A X 1 ( X 1 , X M A X ) 
X M | N = A " I N 1 ( X 1 , X M I N ) 
Y M A X = A M A X 1 ( Y l . Y M A X ) 
YMIN= AM I N 1 ( Y 1 1 Y M I N I 

5 2 C O N T I N U E 
Y M I N = Y M I N / 1 0 0 0 , 0 
Y M 4 X - Y ^ A X / 1 0 0 0 . 0 
X M I N = X M I N / 1 0 0 0 . 0 
XMAX= X M A X / 1 0 0 0 . 0 

C * , * * * * * * * P P J N T E X T R E M E S OF N E T I N KM * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
WR I TF I (>i 5 1 ) V M I N , Y M A X , XMi N.XMAX 

5 1 F 0 R " A T | « Y A N D X E X T R E M E S ' , 4 F 1 ? . 2 1 
( - * * . * * * R E A D L I M T S OF R E Q U I R E D P L O T I N K M AND " A X I ^ ' U M L F N T H OF P L O T * * * * * * * * * * * 
£»**** \ i I N C H E S T H F HE J G U T OF P L OT I S A S S U M E D T n B E 9 I N C H E S * * * * * * * * * * * * * * * * * 

R E AT; I 5 , 15 I YM I N , Y " A X , X M I N , X M A X , P M X 
15 F 1 R M A T I F 1 2 . 4 I 

Y M I N = Y * I N * 1 0 0 0 . 0 
Y M A X = Y " A X * 1 0 0 0 . 0 
X M A X = X M A X * 1 0 0 0 . 0 
X " I N = X M I N * 1 0 0 0 . 0 

C * » * « < * * * * C A I C U I . A T E S C A L I N G F A C T O R S * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
X S C A l E = 9 . 0 / < X M A X - X M I N I 
X M A X A = X f A X » 0 . 5 / X S C A L E 
Y S C A L E = P M X / ( Y M A X - V M I N J 
I F ( Y S C A L E . G T . X S C A L E l Y S C A L E = X S C A L E 
Y M I N A = Y V | N - 3 . 0 / Y S C A L E 
I P = 0 

f * * * * * * S C A L E C O - O R D I N A T E S TO 1MCHFS ON P L n T * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
0 0 3 0 0 l = l , N O N O D E 
X I I ) = I X ^ A X A - X I I ) l * X S C A I . E 
Y I 1 I = I Y I I ) - Y M I N ' A ) * Y S C A L E 

3 0 0 C O N T I N U E 
X M A X = I X « A X A - X M I N ) * X S C A L E 
Y M A X " I Y M A X - Y M I N A I * Y S C AL E 
YM I N = ( Y M 1 M - Y M I N A l * Y S C A L E 



182. 

3 1 0 FORMA T I 7 1 7 ) 
f\t * * t » * * * * * * H F A C P L C T C U D r AM n I F O P w A T ( pi 2 ! ) »»»»•**»**»«*»»»*»*«»••********** 
( - • » * * * * * K = n THf. ' " I M T E f. L r M E " ) r Ijr- r ! >; i j py n»Awf l " H I S I S Mr;S r C D " " f f ; V A L U E * * * * * 
£ * * * * * • » P i H C O D E AS F O L L O W S *• 
£*»***«* 1 MJMf;FP OF FLEMFIMT * * 
c * < * * * * * 2 S P A P E *• ( _ * » * * V * J 3 C R O S S AT C E N T E R OF E L E M E N T ( I J S E n F O P ( " H F C * I NG NET 5 P P C J r ! C A TI ON ) * * 
( • * » * * * * * 4 NET C M . Y ** 
c * » * * » * * 5 P S i r . ' C I P A l S T R E S S E S * * 
C * v * « * A * L I N ! S OF L IK L I Y F A I L l I P F * * 
f * * * * * * * » P R I N C I P A l S T R E S S E S - H Y P O S T A T I C P R E S S U R E * * 
£ * * * * * * * FLOW L I N F S A S ARI-OWS AT F A C H NOOE * * 

<) L C G V I S C O S T Y AS NUMBER * * 
f, * * * * * * * 10 BRt-AK I A NU M BE_R I N D I C A T I N G HOW O F T E N T F T F L E M E N T HAS F A I L E D ) * * 
r ; * * * * * * - » 11 P H A S E B O U N D A ! " I F S * * 
C * * * * * » * 12 D E N S I T Y * * 
C » * * * * • * * » * » * * « * * • • « * • « * * * * * * * * * * * * *****»«:»*****«C****»»:4**»****W**»<.-*»» * * » * * « * « * 

P ^ A O C S . S I O ; I P t O T . K 
N E T = K . E O . C 

C * f t * * * * L A B E L T | - E P L O T * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * » * • • 
C A L L P S Y ' l r t l i . 5 , 0 . 1 . - 0 . 1 5 . ' T I M F = • • 9 0 . 0 , 8 ) 
C A I L P F N " P P < 1 . 5 , 2 . C . - 0 . 1 5 , T a T , » J 0 . 0 , ' F S . 3 * « , 0 . 0 ) 
r . O T f ! 9 1 0 , 9 2 0 , 9 3 0 , 9 * 0 , 9 5 0 , 9 5 0 , 9 7 0 , 9 < * 0 , ° 9 C . 9 S 5 . 9 , ' 6 , 9 9 7 | , I P L O T 
W R I T F I 6 . 9 C 0 ) I P L O T 

9 0 0 FORMAT I• ERROR IN I P L O T = « , 1 8 ) 
S T O P 

9 1 0 C A L L PSYMBC 1 . 0 . 0 . 1 , - 0 . 1 5 , • NUMBER OF E L E M E N T S ' , 9 0 . 0 , 1 9 ) 
GOTO 1 0 0 0 

9 2 0 C A L L P S Y f « B U . O , 0 . 0 , - 0 . 1 5 , • S P A R E ' , 9 0 . 0 , 1 9 ) 
GOTO 1 0 0 0 

0 3 0 C A L L P S Y M P I 1 . 0 , 0 . 0 , - 0 . 1 5 , C P O S S A T C E N T E R OF E L E M E N T ' , 9 0 . 0 , 2 ! ! ) 
GO TO 1 0 0 0 

9 4 0 C A L L PSYMBC 1 . 0 , 0 . 0 , - 0 . 1 5 , • N E T O N L Y ' , 9 C . 0 , 1 0 1 
G O T O 1 0 0 0 

9 5 0 C A L L P S Y M B C 1 . 0 , 0 . 0 , - 0 . 1 5 , P R I N C I P A L S T R E S S E S ' , 9 0 . 0 , 1 9 1 
GOTO 1 0 0 0 

9 6 0 C A L L P S Y " B l 1 . 0 , 0 . 0 , - 0 . 1 5 , • L I N E S OF L I K E L Y FA I L U R E • , 9 0 . 0 , 241 
GOTO 1 0 0 0 

9 7 0 C A L L P S Y M P d . O , 0 . 0 , - 0 . 1 5 , P R I N C I P A L S T F E S S E S - S T A N D A P 0 S T A T E • 
1 , 9 0 . 0 , 3 6 ) 

GOTO 1 0 C 0 
9 B 0 C A l L P S Y M B C 1 . 0 , 0 . 1 . - 0 . 1 5 . * FLOW L I N E S • , 9 0 . 0 , 1 2 ) 

G O T C 1 0 C 0 
9 9 0 C A L L PSYMUC 1 . 0 , 5 . 0 , - 0 . 1 5 . > L O G V I S C O S I T Y I N F L E ' - ' E N T S ' , 9 0 . 0 , 2 7 1 

GOTO 1 0 0 G 
9 9 5 C A L L P S Y M B C 1 . 0 , 5 . 0 , - 0 . 1 5 . B R E A K S ' . 9 0 . C . 8 ) 

G C T C 1 0 0 0 
9 9 6 C A L L P S Y M P C 1 . 0 , 5 . 0 . - 0 . 1 5 , i P H A S E I J O U N C A P I E S ' , 9 0 . 0 , 1 B I 

GOTO 1 0 0 0 
0 9 7 C A L L P S Y M B I 1 . 0 , 5 . 0 , - 0 . 1 5 , i D E N S I T Y • , 9 0 . 0 , 1 1 1 

1 0 0 0 C O N T ] N U E 
( ; • » * * * * * * DRAw BOUNDARY O F T H C MODEL * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

IWM = I W - l 
DO 5 0 J N = l , I W M 
K N = J N 
I F S Y C T S C J N ) ) . L T . Y M A X ) G O T O 6 0 

5 0 C O N T I N U E 
6 0 DO 7 0 J N = K N , I W M 

K N = J N 
I F C X C T S ( . INI ) . L T . X M A X I G O T O 8 0 

7 C C O N T I N U E 
8 0 C O N T I N U E 

0 0 1 0 0 J N = K N , I W M 
I ' T S I J N ) 
J = T S I J N » 1 I 
I F I Y I M . G T . YMAX I GOTO 1 0 0 
I F I Y I I I . L T . Y M | N ) G O T O 1 0 0 
I F ( X I I ) . L T . X ^ ' I N I G O T P 1 0 0 
I F I XI I ) . G T . X V A X ) G O T C 1 0 0 
I F ( Y I J ) . G T . YMA X I GOTO I C O 
I F ( Y ( J ) . L T . Y M I N ) G O T C I O O 
1 F I X ! J ) . L T . XM I f ! I GO TO 1 0 0 
I F I X ! J ) . G T . X M A X I G O T O 1 0 0 
C A L L PE MJP I Y | I | , X I I I i 
C A L L PEf.'Of 11 Y ( J ) , XI J ) I 

1 0 0 C O N T I N U E 
II- I I P L O T . G T . 4 I G 0 T 0 1 5 0 
C A L L P E L F M I I P L O T . T P , Y M A X , Y M i r : , XMAX. X " l t l , N F T , S r A L E ) 
C A L L P L T E r J D 
S T C P 

l f ' O C I M I M I F . 
!>= I I P L O T . F . 0 . 8 ) GOTO 1 5 0 0 
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NT c I 1 1 = 0 
NTf ( 2 1=0 
N Tf-1 3 | = C 

C < « » » ' « " C L U I I A T E Pi tMPFhT I E S t O E ' I S IT Y , P H A S E IP AIV S I T I C N S F C T . • » < - . * * * * * » « : * * * * « * 
C A L L P n c S 
I F I I P L O T . 8 0 . 1 0 ) GHTO 1 6 0 C 
DO 2 U 0 1 = 1 . N O E L 
v : s = s p n n p s ( 5 , i ) 
L V I S I i i = A L n r , i o i v i s ) 
I F 1 1 P L G T . F 3 . 101 LV I S I I > * B » E A K ( I I 
I F ( I P L 1 T . T ' 3 . 1 1 1 L V I S< I l = S P S d P S ( 3 ,1 I 
I F ( I . V I S I I ! . G E . Q 1 1 L V I S I I I ' l ^ G O 
! F U P L H T . G T . 9 ) GO TP 2 0 0 
Y " = DM IM 1 ( Y I i l l I 1 I i Y I J . ) I I I l , y l l » i I I I ) 
I F (YM . G T . YMAXI Gf lTO ? 0 0 
I F ( O M I N l I Y ( I I I I > ) . Y l . J . M I I ) , Y( V-M I I 1 I . L I . Y M I N I ' - O T n 2 0 0 
i c ( 0 » A X l (X I 11 I I I I , X I.I J ( I ) I , X ( M ' M I ) ) | . G T . X ^ A X I G O T O 2 0 0 
I F I 0 M I N 1 I XI I I ( I ) 1 , X I J J I I I I , X f ' W ( I I I I . L T . X M I N I G D T O 2 0 0 
S T R = 0 . 5 E * 8 

C » T * * * * . * * C A L C U i - A T F L I K E L Y H C n n G F F A I I I J P E AND T F E ANGl F * * * * * * * * * * * * * * * * * * * * * * * 
F H A S S I I l = F A I L ( I , I P , R E T A , R 1 , F R A C T , S T M ) 
S H = n S f J H T I ( S T R E S S « l , I I - S T P E S S I 2 , I ) ) * * 2 * C . 2 5 * S T P E S 3 I A , l l * * 2 ) 
S P = I S T R E S S ! 1 .1 ) t - S T P F S S I ? . I ) 1 / 2 . 0 

C * * * * * * * * * ^ - * * * * * " * * * * * * * * * * * * * * * ' ' * * * * * * * * * * * * * * * * * * * * • - * * * * * * * * * * * * * * * * * * * * * * * * * 
C CHANGE A R R A Y S T R E S S S P T H A T : * * 
C S T P E S S I 1 , K ) = KAXIMUN P R I N C I P A L S T ' ' E S S 
C S T R E S S I 2 , f l = , " ! N I M ' J M P R I N C I P A L S T R E S S 
C S T ° E S S ( 3 . M ) = A N L E Rf/T WE EN MINIPIJM P R I N C I P A L S T R E S S AND X A X I S 
C S T P E S S I 4 , "1 = A N L E H C T w F E N ' t I N I M U " S T R E S S AND F R A C T U R F D I R E C T I C N 
C F M A S S ( M ) = A N ' M B F P W H n $ F S I Z F r>EB FN P S TIN T H E L I ' F L Y HHOD n F F A I L U R E 

S T P E S S I I , I ) = S H » S D 
S T R E S S I 2 , I ) = S 0 - S H 
S T R E S S ! 3 . I ) = B E T A 
S T R E S S 1 4 . 1 ) = R1 
T P ! I ) = 1 P 
N T F I I P ) = N T F I I P ) * 1 
I Y M I I ) = - l 
I F I F R 4 C T ) I Y M ( I ) = B 
F H A S S I I J = A T A N I 0 . 0 1 * F M A S S I I ) ) * 0 . 5 / A T A N ( I . O + l . O 

2 0 0 C O N T I N U E 
I F I I P L O T . L T . 9 ) GOTO 2 0 1 
I P = 2 

C * * * * * * P L O T N U M B E R S AT C E N T F ^ flF E L E M E N T S * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C A L L " E L EM I I P , L V I S , V A X , YM I N , XMA X , X'M N , N E T , 0 . I I 
C A L L P L T E N P 
S T O P 11 

2 0 1 C O N T I N U E 
W R I T E I A . 7 4 0 ) I I i N T F ! I ) » I = 1 • 3 ) 

7 4 0 F O R M A T I * T Y P F O F I N C I P I E N T F A I L U R E * . / , • T Y P F NO OF E L E M E N T S * 
1 , / , 1 2 1 8 1 1 

I F I I P L O T . E O . 9 ) S T O P 
1 2 1 0 S l = 0 . 0 

S 2 = 0 . 0 
0 0 1 2 2 0 1 = 1 . N O E L 
Y M - D ' l IM1 ( Y i n i l l l . Y I J J I I I ) , Y(MM( ] | | ) 
I F I Y M . G T . YMAX) GOTO 1 2 2 0 
I F I D ' U N l I Y ( I I I I I I , Y ( J J l I I ) , Y ( V I | I | } I . L T . V P I N ) G O T O 1 2 2 0 
! F inMixi ( X I I I ( I ) I . X I . I J I I ! I . X I i"M( I ) ) l . G T . X ' ^ A X I G O T O 1 2 2 0 
1 F I D '11 N11 XI I I I I I I . X I J J I I ) I i X C ' " ! I ) ) 1 . L T . X " I N ) GOTO 1 2 2 0 
I F H f L O T . N E . 71 GIJTI1 2 1 5 

C » * * * * * + F I N D S T A N D A R D ^ R F S S I J R F F 0 D T H f D C P T H C P F A C H El r M F N T AMD ADD TO * * * « = * • * 
C * * * « * * » T H E P R I N C I P A L S T T S S E S * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

X M = ( X ( I I I I 1 I * X ( J . ) ( I I I • X ( M M I I I I l / l 3 . 0 * X S C A L E I 
X ^ X M A X A - X . " ' 
A = P X I X M , A p B , P U M ) 
I F ( X M . L T . 5 0 0 0 . 0 ) S - l O P 0 . 0 * 9 . R * K M 
S T R E S S I 1 , I l = STP.C < : S ( l . I H A 
S T R E S S ! ? . , I l = S T P F S S ( 2 . I ) * A 

C * * * * * * - « F | MP MAXIMUM S I / F O F V A R I M U F TO I ' F P L O T T E D * * * * * * * * * * * * * * * * * * * * * * * * * * * 
2 1 S A = D A X1 ( T A R S I S T P F S S I l i I ) ) • PA R S I S T c ' F. S S 1 2 ,1 ) ) ) 

S 1 = A * A X 1 ( S I , A | 
S 2 = A M A X 1 ( S 2 . F M A S S I I I ) 

12 20 C O N T I N U E 
C * * - s * * « W I T E PAX I MUM S I Z F CIF V A U I A H E S ANll C ' - ' P I I T E S C A L E O F S Y " H n L S S P * * * * * * * 
C » « * * * THE H I G H E S T I S O . S I N C H E S * * * « - < • * • : • » * • • * * * ' « * * w* « * * * * * • » • * * * * * * * * * + < • " * » * * * * * < * 

W P I T E I * , 1 2 3 0 » S l . S ? 
1 2 3 0 R I P K A T I ' R A N G E OF V A L U E S OF S T u f S S I S 1 , 1PP1 ? . . * AND r j F • 

I , • F A I L U R E * , l < > n i 2 . 4 l 
S 1 = 0 . 5 / S 1 
S 2 = 0 . 5 / S 2 
I F ( I P L C T . F O . M S 1 = S 2 
T O T - l . O / S l 



184. 

C A L L I ' S Y M H I . ' . 0 , 0 . i . - o . i r ' . • r.Cftir- i.if r . Y i ' P . n s • , i o . o , i n i 
C A L L i " S Y ' ' » < . ? . J , 5 . 0 , - O . ) 0 . • U M T / i n r i l > , » 0 . Q , I 4 > 
C A L L P F f J ' ' . ? " ! 2 . 0 . 2 . • > , - P . i 5,T'"I1 , 9 0 . 0 , ' F ? . 4 • • , 0 . 3 1 
C A L L P E l . f - w t i n C T , f P , YMAX, Y - 1 I N , X". AX . XMI • ! , \ F T , S I ) 
C A L L P L Tt NO 
S T O P 

1 5 0 0 C O N T I N U E 
C » * * * » * » P L O T F I C w v r c r O P S AS A' - 'RGwS S H O ^ r N G V E L O C I T I E S OF E A C H NOOE * * * * v * * * * * * 

R = 0 . 0 
LiC 1 5 1 0 I * 1 , N C N 0 D E 
I F I Y ( ( I . G T . YMAXI GO TO I 5 1 3 
I F I Y U ) . L T . Y M I N ) GOTO 1 5 1 0 
I F ( X ( I ) . L T . X ' < ] N ) G O T C 1 5 1 0 

I F ( X U ) • G T • XMAX1 GOTO 1 5 1 0 
A = S 3 R T ( U V ( 2 * 1 ) « * 2 * U V < 2 * 1 - 1 1 * * 2 ) 
R = AMA X 1 ( A , R ) 

1 5 1 0 C O N T I N U E 
C » ¥ » » * * L A R G E S T AKRTW O . S I N C H E S = = * « * « » • « * * * * * * * * * e * * * * * * * = * * * * * * * * * * * * * * * * * 

I F l O T I , " . . L T . 0 . O C 0 1 ) O T I M - - C . 0 0 0 1 
S l = 0 . 5 / P 
T 0 T = S 1 * D T I M / 3 . 1 5 5 8 1 5 E * T 
T L 1 T M . O / T O T 
C A L L o s > M e ( 2 . 0 , 0 . 1 , - 0 . 1 5 , • V E L O C I T Y G I V F ' I BY ' , 9 0 . 0 . . 9 1 
C A L L P F ' , * ' R H 2 . 0 , 2 . 5 . - 0 . 1 b . T O T , c o . O . , E 2 . 4 * ' , 0 . 0 ) 
C A L l P S Y M H ( 2 . 0 , ' . . 5 , - 0 . 1 , J , « ( METP E S / Y F A R ) / I N C H « , 9 0 . 0 , 2 0 ) 
0 0 1 5 2 0 I = 1 . N C N O O E 
I F ( Y d ) . G T . YMAX) GOTO 1 5 2 0 
I F ( Y ( I ) . L T . Y f I N I G O T O 1 5 2 0 
I F I X 1 I I . L T . X V I N ) G O T O 1 5 2 0 
I F ( X I I ) . G T . X » ' A X ) G O T O 1 5 2 0 
Y Y ( l ) = Y « I ) 
XX t 1 1 = X ( I 1 
C A L L P S Y V R I Y Y ! 1 ) , X X ( 1 ) , - 0 . 0 2 , 0 , 0 . 0 , - 1 ) 
Y Y ( 2 ) = Y Y ( 1 ) * U V ( 2 * I I * S 1 
X X ( 2 I = X X { 1 I - I IWI 2 * 1 - 1 1 * S 1 
R = S l * S 0 R T ( l ) V ( 2 * I ) * * ? * U V ( 2 * ! - l ) * * ? > 
I F ( R . L T . 0 . 0 3 ) GOTO 1 5 2 0 
R = R / 3 . 3 
C A L L P A P P O W I Y Y , X X , 2 , 1 , R , 0 , 0 . 0 ) 

1 5 2 0 C O N T I N U E 
C A L L P L T E N D 
S T O P 

1 6 0 0 C O N T I N U E 
C * * * * * * * * P L O T D E N S I T Y * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * « * * c * « * 

DO 1 6 1 0 1 = 1 , N O E L 
T P U l = S P R O P S K , I 1 / 1 0 . 0 * 0 . 5 

1 6 1 0 C O N T I N U E 
C A L L P S L E M | I P L O T , T P , Y * " ; \ X , Y M I N , XMAX, X " ! N . S C A L E ) 
C A L L P L T E N D 
S T O P 

6 0 0 0 W P I T E I 6 . 6 1 0 0 ) 
6 1 0 0 F O R M A T ! ' P E A O E P P n p i ) 

END 
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S U ' l R r - U T I N t P F L E ' W IC f l lU" , I L , V A X ,> M l \ . X M A X , X " F N , M^T, S C A | F I 
£ * * * * * « * * * * * * « * # . • . * l»** V* *t* i7 , » A u f « i i l « « ( t . « f t » A s^»n« f e t 6 T U . 4 , f t * ± 4 f l M 4 : 1 £ 9 4 l 1 . t 4<E * * ^ * t 

C 
C S U B R O U T I N E : TO P l . C T N U M B E R S O S V ^ l ' C L S A T T h E r F N I F R O F E A C k E L E M E N T 
C I N A O I V E N A R E A 0* A P I R41 Tf- C L E "UIMT G R I D 
c 

IN T F G E K * 2 L L C 1 ) 
L O G I C A L N F T . A L I . 
COf f ' O N / C P f - l / A P E A . P I 3 , 31 . O H I 3 . M , A K l 6 , 6 ) ,>"- ( 3 . 6 1 , R H S ( 1 9 8 0 I , 

1 l U F M P I 9 9 0 I • S P r t O ° S I 6 , 1 9 9 0 1 . A P R ( 1 6 0 0 1 . S T « "» I , 
2 S T R E S S C . 1 9 0 0 ) , U V ( I C R O I , X ( 1 9 0 I . Y ( 9 9 0 1 , T F T I " F . H T I M , H E A T M 1 9 9 0 ) . 
3 H T l M , t - - f i A S S ! 1 9 f l O I • T F M P ( 9 ' ' 0 t . R R F A * I l ^ o i l , VP , H L~ A T ( 9 9 0 I , 
4 1 1 ( 1 9 ' 1 0 1 , I J < 1 9 0 0 I , ' 1 M ( 1 « 0 0 I , T I M 1 9 0 0 1 . T S ( 2 6 0 1 , 
5 Nl N H O E . N 0 E L . N 2 , 1 W. I '-' 1 ,1 * ? , I » 3 ,1 W4 , I w l , n Y . N O ( b I , «= I R S T , F » 'VCT , N E W 

R E A l . * 8 X , Y , R H S . S T P F S S , C , AK , r ^ P , C T I H , A R E A , S T , B , VD 
P E A L • " fl T O T I M F | H T ! f 
I N T F G F R * 2 I I , J J , . " v , C ON STR , T F I X , T P , T S 
L O G I C A L F I P S T . F P A C T . N h W 
DP 3 0 0 « = 1 , N 0 E L 
I = 1 I I M I 
J = . I J ( M > 
K = r ' K C > ) 
i c ( O W A X H Y I I ) , v ( J l , Y ( K 1 ! . G T . Y ' U X I COTI? 3 0 0 
I F (DMIN1 ( Y d ) , Y ( J l , Y ( M 1 . L T . Y M I N I GOTO 3 0 0 
I F ! D M A X I I X ( I I , X I J ) , X ( K ) I . G T . X i ' A X ) G P T Q 3 0 0 
I F I D M I N H X I I I , X i J ) , X ( K ) ) . L T . X M I N ) GOTO 3 0 0 
XK = X ( K I 
X I = X I I 1 
X J = X ( J l 
Y K = Y ( K ) 
Y I = Y ( I ) 
Y J = Y ( J l 
X M F A N = ( X I * X J * X K 1 / 3 . 0 
Y " E A M = ( Y l 4 Y J + Y K 1 / 3 . 0 
I F ( . N " T . N E T ) G O T O 6 1 1 
C A L L P E N 1 I P I Y I . X I I 
C A L L P E N D N ( Y J , X J I 

4 0 2 C A L L R E N D N I Y K . X K I 
C A L L PEK'DN ( Y I , X I I 

6 1 1 G U T O ( 6 0 1 , 6 1 3 . 6 1 4 , 6 1 5 , 6 1 6 . 6 1 7 , 6 1 8 ) , I C P D E 
W R I T F ( / , , < 5 5 0 ) I C O O E 

5 5 0 F O R M A T ! ' E R R O R I N I C O C E = ' , 1 1 0 , ' P E R M I S S I B L E RAMGE 1 TO 7 « ) 
S T O P 

6 1 3 V M E A : I = Y M E A N - 0 . 1 
N B V = L L « M I 
I F I N B V . E C . O I G O T P 3 0 0 
1 F I U H V . G T . 99"- ) G O T O 6 1 4 
CAL1 P F f ; M p . M Y M E A N , X " . E A N , - 0 . 0 5 , N B V , 0 . 0 , ' 1 3 * ' , 0 . 0 ) 
- O T C 3 0 0 

6 1 4 C C N T I N U E 
C A L L P S Y M B C Y M E A N , X M F A N . O . 1 . 3 , 0 . 0 , - 1 1 
G O T P 3 0 0 

6 0 1 C O N T I N U E 
Y M E AN=YME A N - 0 • 2 
N B V - M 
C A L L P F N M B R ( Y M E A N , X " F A N , - 0 . 0 9 , M B V , 0 . 0 , * 15 * ' , 0 . 0 ) 
G O T O 3 0 0 

M 5 C O N T I N U E 

f * * * f * * p | . n T S Y M R O L D E P E N D I N G O N 1 1 ( 1 1 AT C F N T E R O R F L E M E N T S * * " 1 * * * * * * * * * * * * * * * * 
N B V = L L ( M l 
I F (MBV . L T . O ) G i l TO 3 C 0 

C A l L P S Y U P ( Y M E A N , X " E A N . 0 . 1 , N B V , 0 . 0 , - 1 I 
GOTO 3 0 0 

C S T R E S S HAS B E E N C H A N G E D s n THAT 
C 
C S T P E S S I l . M ) = CAXIM: iM S T R E S S 
C S 1 P C S S I 2 , M ) = M I N I M U M S T P E S S 
C S 7 K E S S ( 3 . M ) = A f ; G L E B F T W F E N X A X I S AMD M M W U K S T R E S S 
C S T R E S S ( 4 , M I = Af.'GL E R E T W r E N MINIMUM S T R F S S AMD THE E X P E C T E D F R A C T U R E 
C 
C L L ( ' 1 ) = T Y P F OF r P A C T U K I " 
C F M A S S ( M I = L I K E L Y HOOP OF F R A T TUr E 
C 

6 1 6 C O N T I N U E 
6 1 8 C O N T I N U E 

C • + * « * » + * o i ( it P P I N C I P A L S T P E S S I S . » * • * * * * * * * » * * * * * * » « * * * + * « • » * * * < « * « • \.» * * * * * * < . * * * « : 
C S = «>T R E S S I 3 , M | - 1 . r .ypn 
S N ^ S I Nl CS1 
C S = C O S ( C S ) 
R = S T R F S S U , M l / 2 . 0 * S C A I E 
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p= s u i t s s i 2 , M I / ? . O * S < ; A I E 
X I = X M E A N - P * C S 
X 2 = X M E A N » P * S N 
X 3 = X ^ F A M * R * C S 
X 4 = S H E A N - P » S N 
Y1 = Y M E . \ N * R * S N 
Y 2 = Y M E A N * P + C S 
Y 3 = Y » E A N - P * S N 
Y 6 = Y M E A N - P * C S 
i M A E S I R ) . I T . C . 0 2 J ) GOTO 5 0 1 
1 P ( ^ T R C S S ( j , M | . r , T . O . O i C O T C 102 
C A L L P E M I P ( Y l . X l ) 
C A L L "EM1N ( Y 3 t X 3 ) 
GOTO 501 

5 0 2 C A L L P S Y M B ( Y l . X ! , O . O 3 , 2 . O - 0 i - l l 
C A L L P S Y " F ( Y 3 , X 3 , u . 0 3 , 2 . 0 . 0 , - 2 » 

5 0 1 I F ( A B S I P I . L T . 0 . C 5 J GOTO 3 C 0 
I F ( S T H E E S ( Z , H | , G T . 0 . 0 ) r - 0 T D 5 0 3 
C A L L P E N U P I Y 2 . X 2 ) 
C A L L P E N O N I Y 4 . X 4 I 
G O T C 3 0 0 

5 0 3 C A L l I 'SYMRJ Y 2 . X 2 , 0 . 0 3 , 2 , 0 . 0 , - 1 ! 
C A L L P S Y M t i l Y < , , X * . , 0 . 0 3 , 2 , O . C i - 2 ) 
G O T O 3 0 0 

6 1 7 C O N T I N U E 
C * * * * P L O T L I N E S OF L I K E L Y F A I L U R F * * * * * * * * * * * * * * * * * * * * * * * * * * * * * » f t a * * * * * * * * * * * * * * 

R = F H A S S ( M ) * S C . A L E * 0 . 5 
B l = S T R E S S ( 3 , l * ' l - S T R E S S ( 4 , M I 
c s = c n s ( e i i 
S N = S I N ( R 1 > 
X l = X M C A N - R * C S 
Y l =Y '1EAN + P * S N 
X 3 = X " F A N * R * C S 
Y 3 * Y » E A N - P * S N 
B l ' S I 0 F S S ( 3 , M ) • S T D E S S U i M ) 
C S = C 0 S ( B 1 I 
SN = S I M R 1 I 
X 2 = X M E A N - R * C S 
Y 2 = Y M E A N + R * S N 
X 4 = X M E A N + P * C S 
Y 4 = Y M E A N - R * S N 
C A L L P E N U P f Y l . X l ) 
C A L L P E N D M Y 3 . X 3 ) 
C A L L P E N I J P I Y 2 . X 2 I 
C A L L P E N ' C N ( Y 4 , X 4 I 
G O T C 3 0 0 

3 0 0 C O N T I N U E 
R E T U R N 
END 

C U N C T 1 P N F A I L ( I , I T P , A N G , R l , Y Z . T I 
C * « « * * * C A L C U L A T E F A U U B E C P ! T E P I A A M P A N G L E C F F A I L U P F * * * * * * * * * * * * * * * * * * * * * * * 

1 E A L * n S X , S Y , S X Y . S H , s n . s / . , S I A X , S H I N 
L O G I C A L YZ 
COr-MflN / C 0 M l / A P r - A , n ( 3 . 3 l . n R ( 3 , 6 1 , A « ( 6 . 6 l , r t l 3 . 6 ) , P H S { 1<JOO) , 

1 D T E « I M 9 T 0 I . S P P I S P S 1 6 , l ^ O O l . A P R ( 1 6 0 0 I , S T ( 3 I , 
2 S T R F S S I 4 , 1 « C U I . U V ( 1 5 R 0 I . X [ « = ° 0 I , Y ( 9<>01 , T CT IM E , OT 1 1 , HE AT M! 990 ) , 
3 HT I M , F M A S : . i l « ) 8 0 l , T E M P ( q q o i , H P FAK ( I S O O I , V / C , HE A T ( 9 9 0 1 , 

i 1 ( 1 QOOI t J J I ! ° 0 0 I , ' tM( 1<?00I , T P l l 9 0 0 « i T S « 2 6 0 ) , 
5 N C n n i l E iNOC-L . N 2 . I K , I w l , I W 2 , ! W 3 , I W 4 , I W 5 , P Y , N O ( 6 ! , F I R S T , F R A C T , NEW 

P F A L * f l X , Y . K H S . S r P F S S . C , AK , H R , r.r I H , A R E A , S T , R , VO 
U E A L * H T 0 T I M F . H T 1 M 
I N T E G E R * 2 I I , . I J , U M , c n N S T K , T F I X , TP , T S 
L O G I C A L F I R S T , F P A C T , N E W 
C O M K C f l / P R C / F l . A N i l l . n E N . C O ^ O , S Q . C V , V I S . T F X , I \ E T A , S G 
S X = S T P E S S C l i I I 
S Y = S T P E S S ( ? , I ) 
. S ? = S T P F S S 1 3 , I 1 
S X Y = S T R F S S K , I I 
S H = O S ( J R T ( ( S X - S Y I * * 2 * 0 . 2 5 + S X Y « S X Y I 
S O = ( S X * S Y 1 / 2 . 0 
S M l N = r > i - M I - ! H S 0 - S H , S 7 l 
S « A X = P « A * 1 I S P * S H , S Z I 
/ \ N G * 0 . 5 * 0 A T AN2 I 2 . O G 0 « S X Y , 5 X - 5 Y I * 1 . 5 7 C R 
R 1 = 0 . 0 
Y . ' = ( S Z . t o . S M I N . c i p . s ; . r . o . S M A X I 
! •- ( ( 3 . 0 « S P A X * S " I U I . I T . 0 . 0 1 r - 0 T 0 2 0 

C * * * * 1 ' I J F . F T E N S I O N A L F A I L U P E * * * » * - * » * + * * • « * * * * * *• * * * * * * * * * * « « « * > * * * * « . » * * + > * « • * 
A ^ S M A X / T 
F A I L = 1 ^ . 0 * A * ( A - 1 I 
I T P = 1 
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n r : T U P N 
?r, J F ( S M A X . I T . J , , ! < i U | GOTO M) 

f < . * * i>* * V f t n F ' C n C R A C K P A l L U R T i * * » * » » * f t « * * * < * « * » * * . » * * * l ' » l ' * i . * * » * * * » * » * * * * * » * * * « ' * > l « 
S D = n s f 3 M T i 4 . o ' - s n * r , n - s ' i * s i ' i 
W ( S I J . L r . i . o . A N D . s M . L I . 1 . 0 * S P - l . C 
P1 = 0 . 5 • ilAT 2 < S D , S h ) 
«=AIL = C I S f A X - S M I N I / T J * * ? * 8 . 0 * « S * ' J H * S H A X l / T 
I T P = 2 
P E T U R N 

3 0 A 1 = S M I N / T 
( - _ » * * * * * * * C L C i S T O '."RACK FAILU><>~ » * • * * * • • * * » • * » » * • * * » * « » * * * » * * * * * * * e * * « * t * c * * « * 

A * K . n » A l l * * Z 4 B . 0 » I A l - 4 . 1 < ) J 
A = A h S ( A / ( 2 . 3 5 6 " * . 1 9 + 0 . 3 5 6 * A 1 * 0 . 0 2 ) I 
C= K . l - i » T / S « A X 
A = ( < A - l l * C « - l ) 
FA I L " I ( 2 . 3 5 ( * * S * A X - 0 . 3 5 6 * SMIN ) / T - 0 . 0 2 » * A 
U1 = C . 5 * A T A N 1 0 . 9 W 4 « » » 
I T P = 3 
R E T U R N 
END 



188. 

A2.6 PROGRAM PLOT#2 

T h i s program i s s i m i l a r to PROGRAM PLOT# 1 but the 

s t r e s s e s , v i s c o s i t y e t c . are smoothed to give mean values 

a t the nodes. T h i s i s important i n f i n i t e element a n a l y s i 

where there i s much bending of the g r i d s i n c e t h i s tends 

t o d i s t o r t the s t r e s s e s but the mean i s a much nearer 

approximation to the c o r r e c t s o l u t i o n . The input i s the 

same as PLOT # 1 but IPLOT can only take the values of 

5,6,7,8,9,10,11. K i s not read and the net not drawn. 

T h i s program a l s o uses SUBROUTINES PROPS and PX. 

(pages 170 and 178 ) . 
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£ * * * * * * * # * a « « * * 4 " > * * » * r > * « ^ * f 4 * S # •? * * * •• » * r * 4 - v * * « V r : e « S| W*****^*-**'*'********* 
, ; » » « - * » « pk l lGkAM P I P T V 2 T'l PI OT - ' S U I T S ( J f I I M ' t i" L c ' " " ' i f I'" ?!(>»AW ( i t - » n « . t t n t t 
C * « » » * » T H I S PROGRAM S V P O l x S T u l P F S ' i l T S A'.'O P l O T S S T P F r . S r S Lf. 1 . AT TMf N'OUF S 

A t t n * * * * * * * * * * * * * * * * * * * t * «-» ih 4 » « * t h 4 t 4 r A R i | v * a v 4 n t fcAfttjcav?**** * * * * * * * * * * * * * * 
C i . ^ MllN / C i ) ' ' 1 ZAP, E .' 1 P I 1 , 5 ) . O n ! 3 , M K ( r . M i 1 , M ,!>><$( I T f i O l . 

1 OTFMP1 niC) • S f , 0 ' l P S t h , 1 o n o ) , APP < W . C G I , S ' l * ) , 
2 S T R E S S 111 1 OQO ! i 11VI 1'!!''.) I i X I 9 9 0 ) < Y I 9 9 C I , 7 C T I Mj: , r > T I M , H E A T f I 9 9 0 ) . 
3 HT I M . e v . l S S I l « R 3 I . T E " P ( 9 < J 0 I i P E N S I 1 ° 0 0 11 V L ' . H E » r C^OOI . 
4 I 11 1 9 0 C ) , J . K 19 0 0 ) l o o o ) , T P ( i .^00) , I S ( 2 6 0 1 t 
5 N C N O O E , NOEL ! w , I M I , I v ?_ , I u 3 , I U4 , I w5 , D Y , ! J ( J ( 6 ) , F I o S T , F t AC T , NEW 

R E A L * * x , y , P M S t S T P r S S , n , A K , 0 ! ' , D T I ^ , A w F i , S T , H , v n 
R F A L * H TOT l " F . t H T I M 
i r j r c r , r p . * 2 i I . J J . N M . C C K S T P . T F I X . T P . T S 
1.0(51 r AL F I P S T . F P A C T . N E V . 
P E A l * 8 O U T P U T ! 1 59f>8 I 
P r * L * R l i * " X ( 9 9 0 ) , i l ^ ' I ^ O I , U S H ( o < J O ) 
R E A L * 8 S X , S i S W t S V , S ? , S H 
F Q I I I V A L F N f E l O U T P U T i 1 I , S T R E S S ( 1 ) I 
L O G I C A L N E T . N U T F I R 
I N T E G E R * 2 L V I S < 1 9 0 0 ) 
C I V E N S I C N A A P R I 1 9 C 0 ) , X X I 2 ) , Y Y ( 2 ) , I Y « M 1 9 0 0 ) 
I N T E G E R * 2 I Y M I N T F O ) 
I N T E G E R T Y P E ! 1 0 1 
P E A L * B T C T 
C A L L P L T X M X I 1 0 0 . 0 ) 
S G = 0 . 0 

C * * * * * R F A O P R E S S U R E OEPTM T A B L E * • * * * * • * * * * * * * * * * * • * * * * * * * * * * < • • * * t + * » * * * * » » . * • * * * * 
» E A 0 ( 3 i < i ! A P R 

3 F 0 R M T I F 1 2 . 5 ) 
4 F 0 R V A T I 2 O A 4 ) 

C < * * * * p r AD R E S U L T S OF F I N I T E E L E M E N T A N A L Y S I S * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
L E N = 3 2 0 0 0 
C A L L P E A C ( P U T P U T ( 1 ) . L E N . l , 1 , 8 , ^ 0 0 0 ) 
C A I L R E A D ( O U T P U T I 4 0 0 1 I , L E N , 1 , I , 8 , F . 6 0 0 0 ) 
C A L L R E A C I T U T P I J T ( 8 0 0 1 ) . L E N . l t I , 8 , f . f > 0 0 0 ( 
L E N = 3 1 7 4 4 
C A L L P E A D ( O U T P U T ( 1 2 0 0 1 ) , L E N , 1 , 1 , 8 , f i ^ O C O ) 
R E W I N D R 
r P T = T G T I M E / 3 . 1 5 5 8 1 5 F * ? 
F J N O E X T R E M E S P. F NET * » * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * A * * * * * * * * * * * * * * * 
YMIN= Y 1 1 ) 
Y M A X = Y ( I I 
X ^ I N = X ( 1 ) 
X M A X = X ( 1 ) 
0 0 5 0 I = l , N n N O D E 
XI = X( I I 
Y1 = Y ( I ) 
X ' 1 A X = A M A X I ( X 1 . X M A X ) 
X M I N = A « 1 M ( X I , X M I N ) 
Y M A X = A M A X H Y l i Y M A X ) 
Y V I N - = A W I M ( Y 1 , Y M I N ) 

5 0 C C N T I N U F 
Y M 1 N = Y M I N / 1 C 0 0 . 0 
Y ^ ' A X = Y ^ A X / l 0 0 0 . 0 
X M I N = X . " I N / 1 C 0 0 . 0 
X M A X = X . " A X / i n 0 0 . 0 

( • » * * * * W H I T E F X T P F M E S OF TMf NET [ K f ) * * * * * i - * * * * * * * * * * * * * - * * * * * * * * • * * * * * * * * * * * * * * * 
HP I r f ( 6 , 5 1 ) Y M I N , Y M A X , X M I N . X M A X 

51 F O R M A T ( 1 Y A N D X F X T ° E M E S ' . 4 F 1 2 . 2 I 
C * * t * PFAP, THF A«EA I jF THE N E T WHICH ! S T O I!E P L O T T F O ( K M ) AfJR T H E L F M G T F * * * * * * 
£ * * « * Q F T H E P L O T ( P M X ) iN I N C H E S • a * * * * * * * * * * * * * * " * * * * * * ' * * * * * * * - * * * * * * * * * . * * * * * * * 

R E A E ( 5 i 1 5 ) Y ^ I N . Y " A X . X w I N , X M A X , P M X 
15 F r P M A T ( F 1 2 . 4 ) 

Y « I N = Y M I N * 1 0 0 0 . 0 
Y M 1 X = Y " A X * 1 0 0 0 . 0 
XMAX= X M A X * 1 0 0 0 . 0 
X M I N = X M I N * 1 0 0 0 . 0 

C * * * * * C C P U T F S C A I I N G F A C T O R S * * * * « * * * * * * * * * * * * * * • • * * * * » * * « * * * * * * * * * * * * * * * + « * • * * 
X S C A I . E = r - . 0 / ( X « A X - X M l N ) 
X M A X A = X M A X * 0 . 5 / X S C A L E 
Y S C A I . F = ' ' W X / ( Y M A X - V I Nl 
I I I Y S C . I F . G T . x S C A L E I Y SC A L F = X SCA L E 
Y M I N A = Y M N - 3 . 0 / Y S C A L F _ 
1 P = 0 
On 3 0 0 I = l . N G N O D f . 
X ( I I = ( X N . " . X A - X ( I ) > * X S C A L E 
Y I I ) = ( Y ( I l - Y M I N 4 i * Y S C A L E 

3 0 0 C O N T i n u F : 
X « » > = ( X l " A X J , - X ' 1 i N ) » X S C < l l E 
V".AX= | V r t X - v u ! : ' A I * V S C A L E 
Y M 1 N = ( Y M I N - Y M K 1 A ) + Y S f A L E 
X M I N = 0 . 5 

3 11) <-0"MAT( 1 5 ) 

http://LEN.lt
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C PF-MI r>l.')T T Y P F I F I N "A T ( ] 5 | | * * » 
C 5 P R I N C I P A L S T H f S S = S 
C y P R I N C I P A L S T « E S S F S - S T A N i T A R C C P F S S U R F * * * 
C C Fl .TV. | | N E S * * « 
C 9 V I S C n S l T V * « * 
C 1 C D E N S I T Y * * * 
C I I P H A S E T R A N S I T I O N S » * * 

R C A r , ( « , 2 U I f f L f l T 
C A I 1. P S Y M I M 1 . " i . e . i , - n . • M » . F -• • . < ; o . c . f > 
C A L L PFNf.'1-n ( l . " i . 2 . C . - 0 . ! ^ . T H T . 9 0 . 0 , « ' , 0 . 0 ) 
GOTO I 91 0 , 9 ? 0 , 9 3 0 . 9 ' . 0 . 9 5 0 . 9 6 0 , 9 7 0 . 9 8 0 , 9 9 0 , 9 9 5 , 9 9 6 , 9 9 7 ) , i P L O T 
.JR I T C 1 6 , 9 0 0 I I P L O T 

OOO c n P » A T l ' E R R O P I N I P L C T = • , 1 P » 
S T O P 

" 1 0 C O N T I N U E 
920 C O N T I N U E 
9 3 0 C O N T I N U E 
9 * 0 C O N T I N U E 
9 6 0 C O N T I N U E 

wn I T E I 6 , 9 6 1 ) I P L O T 
9 6 1 F O R M A T ( • T H I S V A L U E O F I P L O T NOT V A L I D FOR T H I S V E R S I O N * . 1 6 1 

S T O P 
9 5 0 C A L L P S Y M R I 1 . 0 , 0 . 0 , - 0 . 1 5 , • P R I t - C I P A L S TP F S 5 E S • . 9 0 . 0 . 1 9 ) 

GOTr . 1 0 0 0 
9 7 0 C A L L P S Y M R I 1 . 0 , 3 . C . - O . 1 5 , » P R I N C I P A L S T R E S S E S - S T A N P 4 R 0 S T A T E ' 

1 . 9 0 . 0 , 3 6 ) 
GOTO 1 0 0 0 

9 8 0 C A L L P S Y P R I 1 . 0 . 0 . 1 , - 0 . 1 5 , * F L r W L I N F S ' , 9 0 . 0 , 1 2 ) 
G C T O 1 0 0 0 

9 9 0 C A L L P S Y I R d . 0 , 5 . 0 . - 0 . 1 5 . ' L O G V I S C O S I T Y IN E L E M E N T S ' , 9 0 . 0 . 2 7 1 
GOTO 1 C C 0 

9 9 5 C A L L P S Y M P I 1 . 0 , 5 . 0 , - 0 . 1 5 . « D E N S I T Y / 1 0 . 0 " , 9 0 . 0 , 1 4 1 
GOTO 1 0 C 0 

9 9 f , C A L L P S Y M P I 1 . 0 , 0 . 1 , - 0 . 1 5 , • P H A S E R C U N C A R I E S ' . 9 0 . 0 , 1 7 ) 
1 C O 0 C O N T I N U E 

C * t * * a « * * PRAIA O U T L I N E OF THE M Q C E L RY F O L L O W I N G AROUND N O P E S I N T S * * * * * * • * • • » * # 
I W ^ = I W - l 
DO 5 0 J N = 1 , I W M 
K N - J M 
I F ( > ( T S t J N ) l . L T . Y H A X I G O T O 6 0 

5 0 C O N T I N U E 
6 0 DO 7 0 J N = K N , I W M 

KN = .IN 
I F I X I T S I J M l . L T . X H A X I G O T Q 8 0 

~"i C O N T I N U E 
8 0 C C N T I K U E 

DO 1 0 0 J N = K N , I H M 

I = T S ( J N ) 
J = T S ( J N t l I 
I F I Y U I . G T . Y M A X ) G O T O 1 0 0 
I F I Y I I I . I T . Y M I N I G O T O 1 0 0 
I ^ I X U I . L T . X ^ I N I G P T o 1 0 0 
I F I X I I I . G T . XNAX1 r .PTO 1 0 0 
l F ( Y I J ) . G T . V A X ) GOTO 1 0 0 
I F t Y I J ! . L T . Y P I N ) G 1 T 0 1 0 0 
I F I X I . M , L T . X M I N I G O T O 1 0 0 
I F U U i . G T . X I ' A X I G O T O 1 0 0 
C A L L P E N U P 1 Y ( I ) . X I I ) ) 
C A L L » E N D N ( Y ( J ) , X ( J > ) 

I C O C O N T I N U E 
I F ( I P L O T . F Q . f l ) GOTO 1 5 0 0 
N T F ( 1 I = 0 
N T F ( 2 I = 0 
N T F I 31 = 0 

r * r * « * * c.TT T H F P P O P F R T I F S I R F M E M R f p 10 P E ' T i V E C.P" '1ENT C ' S FROM * * » * « * * * * • » * * * • • * * 
S L ' i R O U T I N E P R O P S * » * • * • * * * * • * * + • > * * * * « * » * * » » » . * * * * * * < • » » + + * * * • " ' * * * * * * * » * » * * * * * 

C A L L P P O P S 
C * * * 4 : * * » * * « * SMCOTH CAT A FPOM F L E ' ^ E M S T C N O D E S • * • » * • » • * • • * * » * » * * * * * * » • » » » » * * « * * 

0!) 7 0 0 I = l , N O N n o E 
I F ( Y l ! l . G T . Y M A X I GOTO TOO 
I F I VI I I . I T . Y M N ) GOT C 7 0 0 
I F f y { I ) . I T . X M I M I C O T P 7 C 0 
I F I X I I I . G T . X ^ A X I GOTO 7 0 0 
5 V I S = C . 0 
s x = n . o 
S = 0 . 0 
SH = 0 . 0 
S P = 0 . 0 
S 11=0.0 
S Y = 0 . 0 
5 7 = 0 . 0 
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D O 6 8 0 J * = 1 , N C E L 
K I = I I [ J ) 
K J = J J (.1 ) 
<K="M{ | ) 
I F ( K l • Nf- • I . A N D . K J . . I . A M n . KK . N E . I ! GOTO 6 6 0 
X * ' = ( X I K I ) * X I " J ) * X ( K K I ) / 3 . 0 - X I I ) 
Y." = l Y l K I J t - V l K J H Y t « K H / 1 . 0 - Y J 11 
X 1 = X ( K I S - X I I I 

X 2 * X f K . I I - V I I I 
X 3 = X ( K K ) - X ( I J 
Y 1 = Y I K I l - Y C I ) 
Y 2 = Y < K J l - Y i I I 
Y 3 = Y l K*. I - Y U I 
X T = X 1 * ( Y 2 - Y 3 l + X ? * ( Y 3 - Y I I * X 3 * ( Y 1 - Y 2 I 
Y T = Y 1 » I Y 2 * Y 3 ) » Y 2 * Y 3 + X I * ( X 2 * X 3 ) * X 2 * X J 
w = « n S ( A T A N 2 I X T , Y T I I / S O R T I X " * Xr< * Y M* Y M 1 
S X = S X + w * S T O F S S I l . J l 
S Y = S Y » y t S T R F S S ( < : , J l 

V I S = S P R O P S < 5 . J ) 
S Z = S 7 * W * S T R E S 5 1 3 , J ) 
S = S + W * S T R E S S ( 4 , J ) 
S V I S = S V I S * W * V I S 
S w = s w * w 
S P = S P + w * S P « 0 P S ( 3 , J l 
s n = s o » w * s P R O P S « 4 , J I 

6 P 0 C O N T I N U E 
I F I S W . E C . 0 . 0 ) G O T O 7 0 0 
sx=sx/sw 
S Y = S Y / S W 
S Z = S 7 / S W * l . O E - < i 
S Z = S / S W M . 0 E - 4 
S H = D S O ^ T ( ( S X - S Y 1 * * 2 * 0 . 2 5 D O + S Z * S Z I 

U S M I ) = S H 
U V y ( I ) = I S X * S Y ) * 0 . 5 * S H 
U M N I I i = ( S X * S Y ) * 0 . 5 - S H 
U S H I I ) = 0 . 5 * D A T A N 2 I 2 . 0 * S 7 , S X - S Y ) * 1 . 5 7 0 8 
I F ( I P L C T . F Q . q i L V I S I I l = 0 . 5 « n i . D G ( S V I S / S W I 
I F ( I P L O T . E C . 1 2 ) I. V I S( I ) = 0 . S + 5 H * l . 0 F - 6 
I F I I P L O T . E O . 1 1 ) L V I S I I ) = 0 . 5 * S P / S W 
I F ( I P L C T . E O . 1 0 ) L V I S I I ) = 0 . 5 * S O / S v » - 3 0 0 0 . 0 

7 0 0 CflNT I N U E 

o n 2 0 0 I = l , N O N C O E 
S T R E S S ! 1 1 I I = U * X I I ) 
S T P F S S I 2 , I>=IJMN( I I 
S T R E ; S 1 3 , I ) = U S M I ) 

2 0 0 C O N T I N U E 
C » ¥ * * * W R I T E N U M B E R S I F S Y M B O L S G O T H 2 0 1 * * * * * * » i 4 » * * * « * * a » « - * * * » * * * * 

I F I I P L C T . L T . 9 I G O T O 2 0 1 
D O 2 2 2 2 1 = 1 , I W 
J = T S ( I ) 
L V I S I j ) = - m o o . o 

2 2 2 2 C O N T I N U E 
I P = 2 
C A L L P N O D E I I P , L V I S , Y H A X , Y M I N , X MA X , X » I N , N E T , 0 . 1 I 
C A L L P L T E N O 
S T C P 1 0 

2 0 1 C O N T I N U E 
1 2 1 0 S 1 = 0 . 0 

S 2 = 0 . 0 
D O 1 2 2 0 I = 1 , N 0 N 0 D E 
Y M = Y I I ) 
I F I Y H . G T . Y M A X ) G G T D 1 2 2 0 
I F I Y I I I . L T . Y ^ I N ) G O T O 1 2 2 0 
I F I X ( I ) . G T . X P A X I G O T O 1 2 2 0 

I F ( x ( I ) . I . T . x v p n r . n T C 1 2 2 0 
I F ( I P I O T . M F . 7 1 G O T O 1 2 2 0 

(-<*»****** \rO S T A N D A R D P R E S S U ° E I F I P L 0 T = 7 * * « * * » * * * * « * * » - * * * * * * * * * * * * » * * * * * * * • * 
X M = X ( I ) / X S C A L E 
XM=XMAXA-XM 
A = o X ( X f , A P R , D P I 
S T O F S S I I , I ) - S T R r r . S < 1 , 1 >*A 
S T ° F S S I 2 , I l = S T B F r i S I 2 . I I t A 

1 2 2 0 C O N T I N U E 
c * * * * * * * R E M O V r U O I I N P A P V N A P E S F R O M T H E P L ^ T » • » * * * » * » « « • * * * * « • • « * * * < • < * * • * • * * * * * • 

n n 1 2 2 2 I ' l . i w 
J = I S < I I 

S T R E S S ! 1 , J 1 = 0 . 0 
S T I J F S S I 2 , J I = 0 . 0 
S T R F S S I 3 . J ! = O . C 

1 2 2 2 C O N T I N U E 
n n i / P A 1 = 1 , N O N o n E 
I F ( V I I ) . L T . Y M I N I G O T O 1 2 2 1 
1 1 - ( Y 1 1 1 . r , T . / y f i * i & n r n 1 2 2 L 
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i r m n . I T . * M i N ! . - o r n i2?i 
I r t x ( i > , r , r . X M A X I r .nTf! 1 2 2 1 

? 1 5 A - . C f ' A X l ( C A M S ! STRESS I 1 . I ) ) . D A n S I S T R r S S ( ? , I I ) ) 
5 l = A M A X l ( M . A ) 

I 2 2 I C f l M l M I F . 
K R I T F ( 6 , 1 2 3 0 1 S I 

1 2 3 0 F(JRMAT( • RANGE |1F V A L U E S OF S T R E S S I S ' . I P D U . ^ I 
S 1 = 1 . 0 / S 1 
T 0 T = 1 . 0 / S 1 

C t » * * » " P R I N T S C A l E O F SYMHf ' l S C f P L O T H E A D I N G » w * * » * * - v » * * * » * * * * * * * a * * * • * * * * * * * * 
C A L L P S Y ^ P t / . 0 , 0 . 1 , - 0 . 1 5 , • S C A L E OF S Y M K P L S • , 9 0 . 0 , 1 * 1 
C A L L P S Y ^ Y I 2 . 0 , 5 . 0 , - 0 . 1 5 , • L'N! 1 S / I '.'CM • , ' • ( * . . 0 , 1 4 1 
C A L L P c N » ' l < R ( ? . 0 , 2 . ! ; . - 0 . 1 ! ' , T T T , q 0 . 0 , • F 2 . « * ' , 0 . 0 ) 

f p i_QT S T " F S S F S * * * » * » » « * * • * * * * * * - » » » » * « * * » * * * * f » • * * * * # * » * » * * • * * * * * * * * * * * * 
C A L L P N O D E ( I P L P T . T P , Y H A X , I N , X H A X , X M I N , N T T , S 1 » 
C A L L P L T E N D 
S T O P 

1 5 0 0 C O N T I N U E 
C * * * * * * P L O T FLCW L I N E S AT N O D E S * * * * * * = * • « = < * * * * * * * * * * * * * • « * * * * * * * * * * * * * * * * * * * * * * 

P = 0 . 0 
DO 1 5 1 0 I = 1 , N 0 N 0 0 E 
I F I Y M I . G T . Y ^ A X I GOTO 1 5 1 0 
I F ( Y ( I ) . L T . Y ' - lh . ' ) GOTO 1 5 1 0 
I F I X I I I . L T . X M I N I G O T O 1 5 1 0 

I F I X I I I . G T . X f ' A X I GOTO 1 5 1 0 
A= SOR T ( U V ( 2 * I l * * 2 * U V ( 2 * 1 - 1 1 * * 2 ) 
R = A P A X 1 1 A , « ) 

1 5 1 0 C O N T I N U E 
I F I D T I M . L T . O . O C O l l D T I M = 0 . 0 0 0 1 
S l = 0 . 5 / P 
T U T = S 1 * 0 T | M / 3 . 1 5 5 8 1 5 E > 7 
T 0 T = 1 . O / T U T 
C A L L P S Y V B ( 2 . 0 , 0 . 1 , - 0 . 1 C ; , « V F I C C I T Y G I V E N BY ' , 9 0 . 0 , 1 9 ) 
C A L L P C N " B R ( 2 . 0 , 2 . 5 . - 0 . 1 5 . T 0 T , 9 0 . 0 , ' E 2 . 4 * ' , 0 . G ) 
C A L L P S Y » . B ( 2 . 0 , 4 . 5 , - 0 . 1 5 , • ( M E T - E S / v E A R l / I N C H ' , 9 0 . 0 , 2 0 ) 
DO 1 5 2 0 I = l , N 0 N O r t E 
I F ( Y d ) . G T . YMAXI GOTO 1 5 2 0 
I F I Y I I I . I T . Y N I N ) GOTO 1 5 2 0 
I F ( X ( I ) . L T . X M I N I G O T O 1 5 2 0 
I F I X I I I . G T . X M A X I G O T O 1 5 2 0 
Y Y ( 1 ) = Y I U 
X X I 1 ) = X I I ) 
C A L L P S Y ^ R I Y Y C 1 1 , X X I 1 1 , - 0 . 0 2 , 0 , 0 . 0 , - I I 
YY I 21 = Y Y ( 1 I H I V I 2 * I ) * S I 
X X I 2 I - XX I 1 ( - U V I 2 * I - 1 I * S 1 
R = S 1 * SfJ»T (UV ( 2 + 1 I" + 2 + U V I 2 * 1 - 1 1 * * 2 ) 
I F (R . L T . 0 . 0 3 1 G O T O 1 5 2 0 
R = R / 3 . 0 
C A L L P A P R O W I Y Y , X X , 2 . 1 , P , 0 , O . O I 

1 5 2 0 C O N T I N U E 
C A L L P L T E N O 
S T O P 

6 0 C 0 W R I T E ( 6 , 6 1 0 0 ) 
6 1 0 0 FORMAT I 1 R FAD E R R OR * I 

END 
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s i J P P m j T J N E P N G C C ! I C Q D C L I . Y - ' . A X . Y M I N , x > " . x , x " I N , N F T , S C A I H I 
£ * * * * » V * -* * » H « * * * * * * * * * * * * * * * * * * * A ^ A t t i i e A o t A ^ , ! «i.B']i0 4 « l i , » * A t 7 4 , ( , b i ^ , t 4 f k , | i V « t , * 4 
C » » » » « P I ' . i T S 0 A T A A N T SMLI«lTr"Fl» P A TA A T T H P M O P F S " R A F I N I T F F I . C F N T NF T / * * * » * » 
C * r » « * T H I S S l ! i \ P ' U l T I N T ; J S S I VI L A G 7 f, P ! i r , J i !N I ' L O I H I H I J T S V I ' T i L S A 6 F P I C T T F D • > * * 
C » < * « t AT THE N O T T S AN!) \ T I T A T 7HI C f N T F " O F ) H £ E L F " L : N " S * * » * = * * * • » * « • * » * * » « * * * 
£ * * * t * * * * * * fc * * » * 4 : ? 4 » * s * t A * * * « * * * * f t * * * « * r t * t f t & * » * * * f t . * * n « . * * * * * e * » c * < i 4 * . » * ; * * « * * . * £ * * 4 ( 

1 N T F C E » * Z L L d l 
L O G I C A L N E T , A L L 
CO*" i" IN / P C ' U / A R E A , C ( 3 . 3 I , C P . ( 3 , b l , A K < * . , . ' , > , • > ( 3 , 6 I . R H S ! l Q g O l t 

1 D T T " P I 9 ' ? 0 I 1 S P P P P S I 6 , ] 9 0 0 ) . / P« ( 1 6 0 0 I 1 S T ( 3 I , 
2 S T R E S S (• . , l ^ O O I , U V ( I OPOI • X ( 9 ' i 'J I , V( * n O I , T P T I M F , P T I »• , H F A T « ( S 9 0 I , 
3 ' C M M . F M A S S 1 1 9 R 0 ) , T E " P ( 9 J 0 I , T E N S I 1 , v T • «E A T ( 9 9 0 > , 

I I ( 1 9 0 0 1 , J J I n O O l i c o o ) , 7'M 1 O C O I . T S 1 2 6 0 ) , 
5 N f N O P E , N O F L , N 2 , H , l r i l , I U 2 , I w 3 , I w t , I W5 , P Y , . '10! 6 I . r I n S T , F R 4C T , NEW 

P E A L * f l X , V . O H S , S T = F S S , 0 , A K , C R . P . T I K , Ai"F. A , r , T , P , V C 
R E A L * 8 T D T I M E . H T I f 
I N T E G E R + 2 I I . J J , M ' , C C N S T R , T F I X . T P , T 5 
L O G I C A L F I P S T . F O A C T . f l E V . 

C * * * * * * * » * * * * * * * » * * » * # * * * * * * * * * * * 4 * * * * * - > s - * * * * * v * » * » * * * = > * * * * * * * * * « * * * * * * * 
C S T R E S S H A S H E EN C H A N G E D S C THAT * 
C * 
C S T S E f S I l , W I = f A X I M I M S T P F S S * 
C S T P E S S ( 2 , M I = M I N ! « I ) M S T R E S S • 
C S T R E S S 1 3 , M ) = A N G L E R E TWEEN X A X I S ANP M I N I P I J " S T P E S S * 
C S T R E S S ! * , M ) = A N G L F P F T w E E N M IMMl jM S T R E S S AND THE E X P E C T E n F R A C T n " E * 
C * 
C L L I M I = T Y P E O r F R A C T U R E » 
C F M A S S ( M | = L I K F L I HOOD OF FR A C T U R F * 
( . • f t * * * * * * * * * * * * * * * * * * * * * ' * * * * * * * * * * * * * • > * * * « * * * * * * * * ! • m* * * * * * * * * * * * * * * * * * * * * * * * * * * 

n o 3 0 0 " = I . N ; I N ' I P E 
I F I Y » M I . n T . Y M A X I G C T P 3 0 0 
I F | Y ( H ) . I . T . » M I N J GOTO 3 0 0 
m x i M . G T . X ^ A X l GOTO 3 0 0 
I F ( X i « l • L T . X M i N ) GOTO 3 0 0 
XME AN = X ( M ) 
Y M E A N = Y ( M I 
I F ( . N O T . N F T I G O T C 6 1 1 
C A L L PENIJP ( Y I , X I I 
C A L L P E N D N C Y J . X J l 

4 0 2 C A L L P E N P N ( Y K , X K I 
C A L L P E N P N I Y I . X I I 

fell G O T O ( f . 0 1 , 6 1 3 , 6 1 4 , 6 1 5 , 6 1 6 , 6 1 7 , 6 1 8 ) , I C C P E 
W P I T E ( 6 , 5 50 ) I C O D E 

5 5 0 F O P f A T C E P P U R I N I C O P F = ' , I 1 0 , * P F P M I S S I HL E R A N G E I TO 7 M 
S T O P 

6 1 3 Y M F A M = Y " E A N - 0 . 2 
NBV = L L ( y I 
1 F I N R V . L T . - 9 9 9 . 0 I G O T C 3 0 0 
I F I N R V . C T . 9 9 Q | GOTO 6 1 4 
C A L L P F N M P P ( Y M C A N , X M E A N . - O . l , N R V , 0 . 0 , • I 3 * * , 0 . 0 l 
G O T O 3 0 0 

6 1 4 C O N T I N U E 
C A L L P S Y ) ' F ( Y ' * E A N , X U E A N , O . I , 3 , 0 . 0 , - 1 I 
G O T O 3 0 0 

6 0 1 C O N T I N U E 
Y'-'.E A H = Y M E A N - 0 . 2 
MB V» M 

C A L L P F N M p n ( Y 1 E A N , X M E A N . - O . O e . N R V , 0 . 0 . ' I 5 * , , 0 . 0 ) 
6 1 5 C O N T I N U E 

C * « « * * * p L r ! T SYMBOL D E P E N D I N G ON L L ( M I AT C E N T E R OF F L F M F N T S * * * * * * * * 
NRV = L H M l 
l r - ( N R V . L E . O I G O T C 3 0 0 
C A L L P S Y U R I Y M E A N . X ^ E A N , 0 . 1 . N R V . O . 0 , - 1 1 
G C T n 3 0 0 

6 16 C O N T I N U E 
6 1 R C O N T I N U E 

(; * * « * » i * ^ P L Q T P R I N C I P A L S T P F S S E S * * * * * * * * * * * * • * * - • ! • • * * * * » * * * * * * * • * < • * * * » * < • » ' » > - * * • * * 
C . S = S T R E S S I 3 . ^ 1 - 1 . 5 7 0 8 
S I \ = S I M C S > 
C 5 = r . n S ( C S I 
" ' S T R E S S ! ) , M I / 2 . 0 * S C A L F 
P = S T R E S S ( , ? , ^ 1 / 2 . 0 ' S C . A L E 
X 1 = X M E A N - P * C S 
X 2 * X M r . A N * P * S N 
X 3 = X f ' i : - A K * P * C S 
X 4 = X « L A P J - i , * S N 
Y I - Y M C A N l P * S N 
Y 2 - Y M E A N » P * f . S 
Y 3= YMF-l N -R * SN 
Y 4 ^ Y M F 4 f . - P * C S 
! F ( A ' i S ! P | . L I . 0 . 0 2 5 1 GOTO 5 0 1 
I F 1 S I P E ' S I : . M I . 0 1 . r . ,01 GOTO 5 0 2 
C A L I PENHIM Y> , X I I 
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C A L L w i n n N i \ - i , X3 J 
GOTO 501 

5 0 2 C A L L P S Y " H ( Y l , X 1 . 0 . 0 3 , 2 , 0 . J , - 1 I 
C A L L l>SY"B« Y l , X » , 0 . 0 ? , 2 , 0 . 0 . - 2 ) 

5 0 1 I F ( A I ' S I P I . L T . O . C r > ) GOTH 3 C 0 
1 F ( S T » F S S I 2 , * » I . G T . 0 . 0 ) G C T C 5 0 3 
C A L l P E N U P I Y 2 . X 2 ) 
C A L L P E N C M Y * i X4 ) 
G O T O 3 0 0 

5 0 3 C A L L P S Y M R I V 2 , X ? , n . 0 3 , 2 . 0 . 0 . - 1 I 
C A L L P S Y M P i Y 4 . X 4 . 0 . 0 3 , 2 , 0 . 0 , - 2 ) 
G O T O 3 0 0 

6 1 7 C O N T I N U E 
* a * « P | _ G T L I N E S OF L I K F L Y F A ! L U ° E * • * * * » * • » * » * * * > ' * * * * * * * « » * » * • * * * » » » * * * * * » » * 

P = F M A S S ( M | * S C A L E ' « 0 . 5 
P l - S T O E S S O . w . l - S T P F S S U . N ) 
C S = C 0 S ( B 1 I 
S N = S I N ( f i l ) 
X I = X M E A N - P * C S 
Y 1 = Y M E A N » P * S N 
X 3 = X M f c A N * P * C S 
Y 3 = Y I E A N - P * S N 
H l = S r K E S S I 3 . K ) + S T R E S S ( 4 , M I 
C S = C 0 S ( E l I 
S N = S I M R U 
X 2 = X M E A N - R * C S 
Y 2 = Y M E A K * P * S N 
X 4 = X M E A N + R * C S 
Y 4 = Y M F A N - R * S N 
C A L L P E N U P < Y 1 , X 1 I 
C A L L P E N D N I Y 3 . X 3 ) 
C A L L P E N U P ( Y 2 , X 2 ) 
C A L L P E r . D N ( Y & i X 4 ) 
GO TO 3 0 0 

3 0 0 C C K T I M J E 
R E T U R N 
END 
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A2.7 PROGRAM CONTOUR 

This program draws contour maps of the v a r i a t i o n 

of various v a r i a b l e s over the f i n i t e element net. The 

extremes of the p l o t are read i n as for PLOTS^ 1 but 

the codes are read as IPLOT and IF I R S T (212). 

V a l i d values of IPLOT are 

1 Maximum and minimum s t r e s s e s (not g e n e r a l l y used) 

2 Log v i s c o s i t y 

3 Shear s t r e s s e s 

4 Temperature 

5 F a i l u r e c r i t e r i a 

6 Density 

The f i r s t run should have IFIRST = 0 t h e r e a f t e r I F I R S T = 1. 

The program r e t u r n s for f u r t h e r codes a f t e r the 

completion of the contour drawing. The program i s stopped 

by e n t e r i n g a l e t t e r for IPLOT. 
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C A P K O f . P . A M TO Ci ' l ' lTOUR r i M P t E L E V E N * F F S U I T S CN THE X - Y P L O T T F . P * 
C I N P U T F R O " THf F r P S n p A M I S TH-'OiifJH r .HA ' INFL »13 * * 
C I N P U T O F VA> ! A T ltir< Of P P . F S S U P P W I T H n E P l i i L'N CMA'.'NEL " 3 * » 
C L C N T K l l DATA I l ^ C U f i l l C H A ! IN E l . * 5 * * 

+ * Bt- * H + * ****** fy 1i ± t ^ ti * * * * * ^ t.K * * * 9 e ± n * * * * * *T> $ 

D I MEN S I nN I J i i F N S I o n e I , U « H ( 9 9 0 ) , I I " M ( o i n l , U " X ( 9 9 n ! , I I V I S ( " 9 0 ) 
c w n t i / c r . v i / A P E A , r:i 3 , 3 1 , n ' i n . M , A * 1 6 , fci , n i 3 , 6 i ,»ns( i '»eot, 

1 U T M P I 9 9 0 ) , i P P 0 P S ( 6 • 1 9 0 0 1 . APR ( l 6 0 J 1 , S T ( » » . 
2 S T f t r - S S (< , , 1 9 0 0 ) , U V I I 9 no I 1 XI S C O I , Y ( ' I T C I , T I T T I MC , nr I " , H F A T « ( 9 0 0 1 < 
3 U T I M . F U A S C ; ! 1 0 R O I , T F ^ P I O ^ J I , n " I AF ( l'">00 ) , V P , HE AT ( 9 9 9 ) , 
<. I l l 1 « 9 0 ) i J J l 1 9 0 0 ) . ' U ' l 1 9 0 0 ) , T P ( 1 n o n ) , T S < ? 6 0 ) , 
5 N C N n O E , N C E L . N 2 , I W , I w i , l b ? , l f c 4 , | W 4 , IW5 , OY , NO I b I . F 1 "> ST , F R AC T , NEW 

R F A L * 8 X I Y , P H S , S T P F S S , r i , A < , f . ! B , O r i r ' , A R E ' * , S T l B , V D 
P E A L * 8 T C 1 T I " F . H T I M 
I N T E G E R * 2 I I , J J , V - V , C C N S T P , T T I X , T P , T S 
L O G I C A L F |t>S1 , F O f t r . T , N E h 
0 F A L * 8 O U T P U T I 1 5 9 6 8 1 
E Q U I V A L E N C E ! O U T P U T ( 1 I , S T R = S S ( 1 1 1 
L O G I F AL N E T . N O T F I R 
I N T E G E R * 2 L V I S I 1 9 0 0 I 
D I M E N S I OH AAPR 1 1 9 C O ) , X X I 2 I , Y Y I 2 1 i I Y M 1 1 9 0 0 ) 
I N T T G E S * 2 I Y ^ , N T F ( 3 I 
R E A L * R TOT 
C A L L P L T X M X I 5 0 . 0 I 

C * * * * * R E A D R E S U L T S O F F I N I T E E L E M E N T PROGRAM * * * * * * * * * * * * » * * * * * * * * * * * * * * * * * * * « - * 
L E N = 3 2 C C 0 
C A L L RF An ( O U T P U T ! 1 ) , L E N , 1 ,1 , 8 , f . 6 0 0 0 ) 
C A L L P E AD ( O U T P U T ( 4 0 0 1 I , I . E N , 1 , 1 , 8 , C O O O I 
C A L L R E A D I O U T P U T ( 8 0 0 1 I , L E N , 1 , I . H , E i O O O l 
L E N = 3 1 7 < . 4 
C A L L P E AC ( O U T P U T ! 1 2 0 0 1 11 L E N , 1 , 1 , 8 , F.6 0 0 0 ) 
P E W I N D 0 
TUT = T 0 T I M F / 3 . 15 5 8 1 5 E 4 - 7 

C * * * * * * p ( Al) P R E S S U R E D E P T H T A B L E * * * * * * « * * * * * * * * * * * * * * * * • • = * * * * * ' • ' * * * * * * * * * * * * * * * 
P E A D I 3 . 4 ) A P R 

t, FORMAT I 20AA I 
C * * * * * * F I N D E X T R E M E S OF F I N I T E E L E M E N T N E T * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

Y M I N = Y < 1 ) 
V V A X = Y I 1 ) 
X M I N = X I 1 ) 
X M A X = X ( 1 ) 
DO 52 I = 1 i N C N O O E 
X 1 = X ( I ) 
Y 1 = Y I I ) 
X M 4 y = A M A X l ( X I , X M A X I 
X M I N = A . , ' I N 1 ( X 1 , X M I N I 
1MAX=A"AX 1 ( Y 1 , Y M A X I 
V H I N - A M I N K Y l t Y M I N I 

5 2 C O N T I N U E 
Y « I N = Y V I N / 1 0 0 0 . 0 
Y I * A X = Y ' I A X / 1 0 0 0 . 0 
X M I N = X M I N / 1 0 0 0 . 0 
X M A X = X . ' 1 A X / 1 0 0 0 . 0 

£ * * * * * « W R I T E E X T ° E " E S OF N F T ( K M | * * * * * * * * * * * * < * * * * » t * * * < - • * < * * « * » * • « * * * « * * * * * • * 
W R I T E ( 6 , 5 1 I Y ^ M N , Y V A X , X U ! N , X « A X 

51 F O P M A T l ' Y AND X E X T P r " F S ' i 4 F 1 2 . 2 I 
C » * * « * P E AD " L O T L I ' M T S ( K U ) AND ' ' A X I M U " L E N G T H OF P L O T ( I N C H E S ) * * * * * * * * * * * * * * * 

R E A D ! 5 , 1 5 ) Y« i N , YM A X , X V I N, X<-"AX ,PMX 
15 F L ) R M A T ( F 1 2 . < , I 

Y > i I N - - Y " I N * 1 0 0 0 . 0 
Y " A X = Y U A X M C O O . O 
X 1 A X = X " A X * 1 0 0 0 . 0 
X'M N=XMI N* 1 0 0 0 . 0 

C * * * * * * C A L C U L A T E THC j C A L E S * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
X S C A l . F = 9 . 0 / ( X y A X - X M I N ) 
X K A X A ^ X V A X t n . 5 / X S C A L E 
Y S C A I . F = P M X / I Y M A X - Y M I N I 
I F ( Y S C A L E . C T . X S C AL T ) Y SC AL E = X S C A L E 
Y M I N A = Y M I w - 3 . 0 / Y S C A L E 
I P = 0 

C M t t t S C A L E X AND Y TO I N C f E S ON P I C T * * » » * • * * * * * » * * » * * * • * * * - * * » • * * • * * * * * * * * * 
DO 3 0 0 I = 1 j 'K'NO'-'C 
X I I ) = ( Xt'AX . ' --X I I ) ) * X S C AL r 
Y d l = ( Y ( I l - Y M I N A K Y S C A L E 

3 0 0 C O N T I N U E 
X ' 1 A X = ( X ^ A X A - X M I ' I ) * X 5 C A L E 
VMA X = ( Y ^ A X - Y M | H A ) * Y S C A L E 
Y t' 1 N = (Y MI N- Y >' I N A ) * Y S C A I. E 
XMI N = 0 . 5 
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C * * 
C f i E T W I S H t R C A F T E R E A C H P L C T TO F f .D P - U 1 G P A " T Y P E I N V i l i n I P t . O T I F . I . . A A A ) * 
C V A L U E S C F I P L C T * « 
C 1 " A X I M l l ' t AND MINIMUM S T H F S S E S INOT O F T E N U S i O t * * 
C 2 L O G V I S C O S I T Y * « 
C 3 S H E A R S T R E S S • « 
C 4 T E M P E R A T U R E * * 
C 5 F A I I U P F C R I T E R I A * * 
c 6 or N S I TV * * 
C « * 
C I M P S T = 0 f OR F I R S T CONTOUR M A D ( O T H F R THAN T E M I ' E P A T U R C • * * 
C > « * * » = * * « - * * * * * * - • « * * * * * * * * * . * * * * * * » * * * * * * * * * * * * * * * * * * * * « * * * * » * » * * * » : * * * * * * » * , - > * * * * « 

3 0 R E AD I 5» 3 1 0 1 I P I 0 T . I F 1 R S T 
3 1 0 F O P M A T ( 3 I 2 ) 

GOTO O i l , < 5 ? 0 , ° 3 0 , < ? ' r O . 9 5 0 , • • 5 6 0 1 , I P L O T 
W P I T F ( 6 , 9 0 1 I I P L O T 

9 0 1 F O R M A T ! ' ERROR I N I P L O T = ' , H 0 ) 
GO Tn 3 0 9 

9 1 1 C A L L P S Y M B I 1 . 0 , 0 . 1 , - 0 . 1 * . ' MAXIMUM AND H I N I M U " S T R E S S E S ' , 9 0 . 0 , 2 9 ) 
GOTO 1 0 0 0 

9 2 0 C A L L P S Y M B I 1 . 0 , 0 . 1 , - 0 . 1 5 , ' LOG V I S C O S I T I E S • , 9 0 . 0 , 17 > 
GOTO 1 0 0 0 

9 3 0 C A L l P S Y f * B < l . 0 , 0 . 1 , - 0 . 1 5 , • S H E A R S T R E S S E S ' , 9 0 . 0 , 1 5 » 

GOTO 1 0 0 0 
9 4 0 C A L L P S Y M B I 1 . 0 , 0 . 1 , - 0 . 1 5 , T E M P E R A T U R E S ' , 9 C . 0 , 1 3 ) 

G O T O 1 0 0 0 
9 5 0 C A L L P S Y M B I 1 . 0 , 0 . 1 . - 0 . 1 5 , F A I L U R E C P I T E P I A ' , 9 0 . 0 , 171 

GOTO 1 0 0 0 
9 6 0 C A L L P S Y M B I 1 . 0 , 0 . 1 , - 0 . 1 5 , D E N S I T Y ' . 9 0 . C 8 ) 

1 0 0 0 C O N T I N U E 
C A L L P S Y M F l l l . 5 , 0 . 1 , - 0 . 1 5 , ' T I « E = ' . ° 0 . 0 , 6 ) 
C A l L P C N M R R I 1 . 5 , 1 . 5 , - 0 . 1 5 T O T , 9 ( 1 . 0 , ' T P . ! ? * ' . n . o i 

C * * * * * * * D P A H B C U N C A P Y OF MfJCFL * * * * » * » » » * * * * » * » * * * • * * * * * * * * * * * * * * * * * * * * * < » * * * * * * 
I tiM=I W - l 
DO 5 0 J N = 1 , I W M 
K M * J N 
I F I Y t T S I J N I ) . L T . Y M A X ) G O T O 6 0 

5 0 C O N T I N U E 
6 0 On 7 0 J N = K N , l t t f 

KN=JM 
I F I X I T S I J M l . L T . X M A X l G f l T ' ] 8 0 

7 0 C O N T I N U E 
8 0 C O N T I N U E 

CO I C O JN'=KN,!WM 
I = T S ( J N ) 
J = T S I J N + 1 ) 
I F ( Y ( I ) . G T . Y M A XI GOTO 1 0 0 
I F I Y I I I . L T . YMIM) G O T O 1 0 0 
I F ( X I I ) . L T . X M I N I G O T O 1 0 0 
I F I XI I ) . C T . X M A X ) G O T O 1 0 0 

I F I Y 5 J I . G T . Y M 4 X I G O T O 1 0 0 
I F ( Y I J ) . L T . Y M I N ) G 0 T 0 1 0 0 
I F ( X I J ) . L T . X M I N I G O T O 1 0 0 
I T IX I J I . G T . X M A X I G O T P 1 0 0 
C A L l P E N U P I Y ( I I , X I I I I 
C A L L PEi";DN I Y I J ) , X I J I I 

1 0 0 C O N T I N U E 
1 F I I P L U T . E 0 . 4 | GOTO 8 6 0 
I X X = 1 

C * * * * * * * I F P R O P E R T I E S AND S M O O T H I N A L P - F A C Y DONE JUMP TO 7 5 0 * * * * * * * * * * * * * * * * * * * 
I F ( IT IP ST . M F . 0 1 G O T O 7 5 0 
DO 20 I = 1 , N C N 0 D E 
L S H I I ) - - 1 . 0 E * 6 0 
U M X I I ) = - 1 . 0 E » 6 0 
U M M I ) = - l . 0 F » 6 0 
U V I S I I I = - 1 . C E * 6 0 
U D F N S I I 1 = - 1 . 0 E * 6 C 

2 0 C O N ' T I N U F 
C * * * * * * C A L C U L A T E P P O P E R T I F S i t * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

C A L L F R C P S 
DO 7 0 0 I = 1 . N C N C O E 

C » * * * * * a SMOOTH D A T A Fr< OM F I E M E N T S TG THE NODES * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
I F l Y ( I ) . G T . YMAXI GOTO TOO 
I F I Y ( I I . L T . Y M I N I G O T O 7 0 0 
I F I X I I I . I T . X M I N I G O T O 7 0 0 
I F I X I I I . G T . XMAX) GOT o 7 0 0 
S V I S = 0 . 0 
S X = 0 . 0 
S = 0 . 0 
S W = 0 . 0 
S P = 0 . 0 
SD = 0 . 0 
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S V = 0 . 0 
S Z * 0 . 0 
IK) 6 B 0 J = l . N O t L 
K I = I I I J I 
K . I - J J ( J ) 
KK = MM(.I I 
I F ( K I , H F . I . A N D . K.I I . A M D . KK . N F . I ) F .nT.T 6 8 0 
X M = I X ( K I ) * X I K J I » X ( K K I I / 3 . 0 - X I I I 
Y'» = I Y ( K I U Y i K J ) • Y ( KK ) I / 3 . 0 - Y ! I » 
X l = X I K I 1 — X I 1 I 
X 2 = X ( K J | - X l I ) 
X 3 = X ( N K I - X l 1 \ 
Y l = Y ( K I I - Y m 
Y 2 - V I < J 1 - V I I ) 
Y 3 = Y I K K 1 - Y I I 1 
XT = M * ( Y ? - Y 3 I « - X 2 * m - Y 1 ) + X 3 * ( Y I - Y 2 I 
Y T = Y I * ( Y 2 * Y 3 I * Y ? * Y 3 ^ X 1 * ( V 2 + X 3 I » X 2 « ' X 3 
W= ABS I ATAN2 ( X T , VT ) I / S O R T ( X M * X " » V M * V I 1 
S X = S X + W * S I R E S S I 1 . J J 
S Y = S Y i - W f S T R E S S I 2 , J I 
V I S = S P I ? C P S 15 , J I 
S Z = S Z * w * S T P F S S I 3 , J ) 
S = S » W * 3 T R E S S ( 4 , J l 
S V I S = 5 V I S + U * V I S 
s w = s w + n 
S P = S P + W * S P P O P S 1 3 , J I 
S O = S D » W * ! \ R E A K ( J l 

6 8 0 C O N T I N U E 
I F ( S W . E C . 0 . 0 1 C.OTC 7 0 0 
S X = S X / S W 
S Y = S Y / S W 

S Z = S Z / 5 W + 1 . 0 E - 4 
S Z = S / S W * 1 . 0 E - 4 
S H = O S O R T ( I S X - S Y ) * * 2 * 0 . 2 5 0 0 » S Z * S Z ) 
U S U I I l = SH 
U H X ( I 1 = 1 S X * S Y I * 0 . 5 * S H 
IIMNI I 1 = I S X + S Y ) * 0 . 5 - S H 
U V I S I I l = A L O G 1 0 ( S V I S / S W ) 
U D E N S I I I = S D / S W 

7 0 0 C O N T I N U E 
7 5 C C O N T I N U E 

£ * « « * * * * * C H O O S E WHAT I S TO R E C O N T O U R E l l * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
7 6 0 G 0 T 0 I 9 1 C . 5 0 0 , 8 0 0 , 8 6 0 , 8 5 1 , 8 5 5 1 , I P L C T 

GOTO 9 0 0 
C * * * « * * * » P i H T MAXIMUM AND MINIMUM S T P E S S C O N T C U P S (NOT MUCH U S E I * * * * * * * * * * * * * * 

9 1 0 A V A = - 1 . 0 E * 6 0 
A M I = - A M A 
R-M. A= AMA 
BM I •= AM I 
DO 4 0 0 1 = 1 . N 0 N 0 D E 
I F ( Y ( I I . G T . YMAX . O R . U » X ( I ) . L T . - l . O E + 3 0 ) GOTO 4 0 0 
I F I Y I I I . L T . Y " I N ) GOTO 4 0 0 
I F ( X I I I . G T . X M A X I G O T O 4 0 0 
I P ( X ( I I . L T . XM1NI G O T C 4 0 0 
A"A = AMA>.1 ( A M A . U M X I I ) ) 
i » ! = J S I M ( A I' I , UMX 1 1 ) 1 
H M A = A W A » 1 I B M A , U M N ( I > ) 
HM.I = AM|N1 ( I C M i U M N I I I I 

4 0 0 C C N T 1 N U E 
D G = A M A X l ( A M A - A M I , F . M A - R . M I ) 
HC = 2 5 
I C = A I C G 1 0 I O G / N C I 
C 1 = I O . 0 * * I C 
W P I T P ( A , 4 1 0 I A " A , A M I , P ."A, U " ! , f I , T O T , I T Y 

4 1 0 F O R M A T f i MAXIMUM S T R E S S I N RANGE • • E 1 4 . 6 , • T C ' , F . 1 4 . 6 , / , 
1 • M I N I M I I " 5 T R F S S IN R A N G E OF ' . F ^ . f t , ' TO • . E 1 4 . 6 , / , 
2 ' CONTOUR 1 N T C V A I I S ' . E 1 4 . 6 
3 AT T | M E = ' . r l 2 . 3 , • Y E A D S ZONE ' . 1 6 1 

Al = AM AX 1 S O . I E - 5 0 , A P. S ( AMA) I 
A?=A>-!AX1( C . 1 L - 5 0 , A«S( AMI ) I 
A 3 - AMAX M C . l ' = - 5 n , A U S l R M A I I 
A 4 - A ' 1 A X 1 1 0 . 1 F - 5 0 , AUS I R M l ) | 
L 1 = A1 .V, 10 I A I ) 
I ; = A L C G 1 0 I 4 2 ) 
L 3 = A L G G 1 0 ( A 3 I 
L ' . = Al OG 10( A 4 ) 
L V = M A X O ( L l , L ? , l 3 , L 4 ) 
A l . V - 1 0 . 0 * * 1 . V 
W P I T P l b , 71 I I ALV 

711 n J R M A T I ' S T P I . S S E S " L PT T L: 0 • , / , • P O I N TS L A B E L ! ED G i n / ' . E 1 0 . 4 ) 
I P = 1 
f A L l C C i N T F U i y , Y , MOLL , ' . C ' i U O F , I I , .1J , W M , I | M X f c I , AL V , I P , Y M A X , YM I N , 

I X M A X . X M I M I 



199. 

I P = - I 

C A L L C C N T O P I X - Y . N O F L . N C N O U E . I I , J J , U W , I I M | < , C I . A L V . I P , Y * ' A X , Y M I I I , 
1 XMAX.X .MIN i 

G O T O 7 1 0 
5 0 0 C O N T I N U E 

C * * * * * * * P K A W C O N T O U R S o r V I S C O S I T Y » * * * • • » * * * * * * * * * • * # * * » / - * « t * • « » * » > . * » * + • • * ! . e * # 
W P I T E C i . u O O ) T C T 

6 0 0 F P ° " A T ( ' DRAV> C O N C U R S O F I P G V I S C P S M Y ' 
1 , • A T T I M E • , 1 - 1 3 . 3 , < Y E A 3 S 1 I 

C A L L DK A W C U I V I S . N C N L i D E . N O E L , I I , J J , , X , Y , Y M A X , V ' l I N , X M A X , X M TM, I X X I 
GOTO 7 1 0 

8 0 0 C O N T I N U E 
r , t » » « m UP.AH C C V J T O U ° S GF S M E A R S T B f : S S * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

W R I T E ( £ , , 8 50 1 T O T 
8 5 0 r C R M A T C I ~ R A W S H E A R S T R E S S C C N T O U P S A T T I » E = ' . F 1 2 . 3 , 

1 • Y E A R S • ) 
C A L L DP. AWC ( U S H , NONODF , N O E L , I I , J . I , f M , X , Y , V M A X , Y M I N , X M A X , X M I N , I X X I 
G O T n 7 1 0 

8 5 1 C O N T I N U E 
C * * * » * * » CONTOUF. L I K E L Y H O P f i OF T A I L U R E » * * < • * * * • * * * * * * * * * * * * * * * * . « * « • • * * * * * * « * * * * * * 

0 0 8 5 2 I = 1 , N 0 N 0 D E 
I F ( I ' S K I I I . L T . - l . O E O O l GOTO 8 5 ? 

S Z = t u r ' X i I I H J M N I I ) 1 / 2 . 0 
U S H ( I ) = F A I L 2 I I » I 0 , A N G , R l , B Y , S T R { I TV » . U ^ X ( I ) , Uf'N ( I I , S Z t O . O ) 

8 5 2 C O N T I N U E 
W R I T E I 6 . 8 5 A I T 0 T 

8 5 4 FORMAT I 1 U P A W C O N T O U R S O F THE L I < E L Y H O R D O r F A I L U R E ' , 
1 • T I M E = • , C 1 3 . 1 » ' Y E A R S ' I 

C A L L O R A W C ( U S K . N P N C D E , N O E L , 1 I > J J » " , X » Y » Y " A X « Y M I N , X M A X , X M I N , I X X ) 
GOTO 7 1 0 

8 5 5 C O N T I N U E 
0 * * * * * * * * ORAIn C O N T O U R S OF D E N S I T Y * * * * * * * * ¥ * * * * * * * * * * * * * * « * * * * * * * * * * * * < * * * * * 

W P I T E ( 6 , P 5 6 I T O T 
8 5 6 F O R M A T ! ' D R A W C O N T C M P S O F D E N S I T Y AT T I " E ' • F 1 3 • 3 » • Y E A R S ' ) 

C A L L D R AWC I i l D E N S , NONODE , NOEL , 1 1 , J J » U M , X , Y F Y w A X , Y . " J N , X M A X » X M I N , IXX » 
GOTO 7 1 0 

8 6 0 C C N T I K U E 
C P L C T T E M P E R A T U R E S 
G * * * * * * P L O T T E M P E R A T U R E CONTOUrtS * * * * * * * * * * * * * * + * * * * * * * * * * " * * * * * * * * r * * * * * * * * * * 

W R I T E ( 6 , e 7 0 ) T 0 T 
8 7 0 F O R M A T ! * CRAV C O N T O t i R S O F T E M P E R A TI.'R F J T I M E = ' , F 1 3 . 3 . ' Y E A R S ' ) 

C A L L D R A W C ( T E M P , N C N r i O E . N O E L , I I , J J , M M , X , Y , Y M A X , Y M I N , X M A X , X M I N , 1 ) 
7 1 0 C O N T I N U E 

C A L L P L T E N D 
GOTO 3 0 9 

9 0 0 C O N T T N U E 
W R I T E ( 6 , 9 I 0 I 

R I O F O R M A T ! • NC P L O T WHAT C I D YOU R U N T H I S F C P ' I 
G O T O 3 0 9 

6 0 0 0 W R I T E ( 6 , 6 1 0 0 ) 
6 1 0 0 C O R M A T ( * R E A D E R R O R ' I 

END 



200. 

SUP-POUT I NE U«AWC U l v ! S ,NONP! l f . , N O ^ L , 1 ! , J J , * " , X . V . »">'AX, V « I N , X H A X , 
1 X " ! N , N M 

£ * * * * • * » S E T S UP A R O ^ S AN T S C A L 1 N C FOP f O N T O U P D R A W I N G OF V A R I A B L E I N U V l S * * * * * 
in x t N S I vi uv is 11 i . 1 1 ( 1 1 , J J 1 1 1 . » y ( I I . * I I I , Y ( 1 I 
P E A L ' S X , Y , l ' J O 

I N T E G f c P » 2 I I i J J , « » 
G M A X = - l . O E + 6 0 
G M I N = - G f A X 
LNO = 0 
DO 6 0 0 l = l . N O N O D r 

C » * * * * F l f l D E X T E M E S OF v AB I A PL E * » * * * * • * * « • • » * » * * u * * * * * * * * * « » * * > « * * * * * • * » » » • » * « . * » * « 
I F I V I I I . I ' . T . VMAX . O P . I I V 1 S I M . I T . - 1 . 0 E * 5 0 I GOTO 6 0 0 
! F ( Y ( I i . L T . Y M I M G O T O 6 0 0 
I F ( X I I ) • G T . Xf 'AX I G O T O 6 0 0 
I F I X I 5 I . L T . X M J N I G O T O 6 0 0 
GMAX= AMAX I I G M A X . U V I S I I I ) 
G » I N = A M 1 N 1 I C M I N , U V I S I I l » 
L N C = L N 0 + 1 

6 0 0 C O N T I N U E 
I F I L N O . C T . 01 GOTO 6 2 0 
W R I T E I 6 . 6 7 0 ) 

6 7 0 F O P f A T ( • ZONE NOT R E P R E S E N T E D IN A R E A ' J 
R E T U R N 

6 B 0 C O N T I N U E 
D G = G M A X - G M I N 
NC= 10 
I F ( A P S I D G ) . G T . 1 . 0 E - 3 0 I GOTrj 7 0 0 
W R I T E 1 6 , 6 * 5 0 ) G M I N , G G » G " A X 

6 9 0 F O R M A T ! ' V A P 1 A R L F I S C O N S T A N T IN T H E F I E L D D G = « , 3 E 1 2 . 4 » 
R E T U R N 

7 C C C O N T I N U E 
C * * * * * * * F I N D ' M C E ' CONTOI 'R I N T E R V A L * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

I C = A L C G 1 0 ( D G / N C I 
C I = 1 0 . 0 * * I C 
N C = D G / C I 

C * * * * * * O F F E P T H I S C C N T O U * I N T E R V A L . . . . o c P | Y C T i l A C C E P T np A L T E R N A T I V E * * * * * * * 
( - . * * * * * * f .PNTOUP I N T E R V A L YOU V. I S H T C B E U S E D ft*******************.************* 

W R I T E ( 6 , 7 0 5 I N C . C I 
R E A D I 5 . 7 C 6 ) C C ! 
I F ( C C I . C . T . G . C I C I = C C I 

7 0 5 F O P M A T ( I 6 f • C C N T U R S W I T H I N T E R V A L O F • • E 1 4 . 2 , / . 1 F t l T E R D I F F E R E N T ' 
1 • I N T E R V A L OR 0 ' I 

7 C 6 F O P M A T I F 1 2 . 2 ) 
G M A X - A " A X 1 I 0 . 1 E - 5 0 ? A R S ( G M A X ) ) 
G M I N = < . ' V X 1 I 0 . 1 E - 5 0 . A R S I G K 1 N I I 
L V = A L 0 G 1 0 ( G " A X ) 
L = A L 0 G 1 0 I G M I N ) 
LV=MA X 0 ( L , L V I 
A L V = 1 0 . 0 * * L V 

C * * * * * * C A L C U L A T E S C A L I N G T P I . A R F L SCME O F T H E MOOES W I T H V A L U E S O r * * * * * 
C « * * « * T H E F U N C T I O N THE C O N T O U R S A P E NOT L A R F L L E P * * * * * - < * * * * * * * * * * * * * * * 

W R I T E 1 6 . 6 5 0 ) A L V 
6 5 0 F T P. MA TI / , • P O I N T S L A B E L L E D W I T H G I I i / • , E1 0 . 4 I 

D C M . 0 M . 5 * N Z 
Q * * * * * * H E A P T H E P L O T * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

C A L L P S Y M b l D C , 0 . 1 , - 0 . 1 5 . • C 0 N T 0 U 3 I N T f c R V A L ' , 9 0 . 0 , 1 7 I 
D D = C I 
C A L L PFNMKR ( D C , 2 . 5 , - 0 . 1 5 , P C , 9 0 . 0 , • E l . ' - » ' , 0 . 0 ) 
nc=nc*o .5 
C A L I PSiCMPI D C O . l , - 0 . 1 5 , • MAXIMUM MINIMUM • , 

1 9 0 . 0 , 3 6 ) 
DD= GM AX 
C A L L P F N M b P I P C . l . 5 , - 0 . 1 5 , 0 0 , 9 0 . 0 , • E l . 4 * > , 0 . 0 ) 
DD=GMIN 
C A L L P F N ' ! P P ( P C , 4 . ' > , - 0 . 1 5 , P D , 9 0 . 0 , ' E l . 4 * « , 0 . 0 I 
I P = NZ -1 

£ » * * * * : > * * * (1KAW C O N T O U R S * * * * * < - * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C A L I C C N T O R ( X , Y , r . O E L . N P N O O E , I 1 . J J , M M , u v I S . C I , AL V , I P , YMA X , Y « I N , 

1 X " A X , X M I N ) 
R F TURN 
EMC 
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SI I HP O U T R . F C P N T I C ( X . Y , NOFl , ' i .T ICUM:. i I . .i . 1 . i'"1 , '"•, C I , L V , I s>, N IV A . vP T N , 
! X M A X . X M I M 

o*.*** Di</.ni, r c M T o i m s O F o- w t T ' i C O N T O U " I N T F ^ / A - , . ci O V F . « F I F I D S P E C J F I F C * * • * » 
HY Y ^ A X , Y M I N , X M A X , X MI N » * * * « • » 

l> I«tNf , r i ' )N X I 1 ) , V I 1 ) , 11 ! ! ) , . I J I I I . Mtll ! ) , G ( ] ) , C X I 101 , ? ) , f . Y ( 101 , 2 » 
£ E A I . * f l X . Y . O G 
I N T F f i F R «-2 I 1 , J . N N V 
R E A L L V 
i n r , i r . A L * i P C N E I 9 9 0 ) 
L O G I C A L F C U N D 
A O O = C I 
0 0 1 I = 1 , N C N 0 C F 
1 F I Y ? I ) , r , T . Y V A X . 0 « . G U I . L T . - 1 . OE * 3 0 ) ' ~ n T O 1 
[ F ( Y ! I I . L T . Y M I N ) G O TO 1 
I F ( X I I 1 . I T . X V I M I G O T O 1 
I F ( X ( I I . G T . X K A X ) G O T O 1 
D O N F I 1 1 ° . F A L S E . 
A D O = A M I M ( A D D » G ( 1 I I 

1 C O N T I N U E 
! A = - A D D / C I 
A D C = C I * I I A * 1 I 
D O 1 0 0 0 1 0 = 1 , N O E L 
1 = 1 11 TO I 
J = J J ( I Q I 
M = M M ( I Q ) 
Y M = 0 M A X 1 ( Y ( ! I , Y ( J I . Y ( M ) ) 
G * = A M I N 1 ( G < I l , G ( J I . G C H 
I F I Y M • G T . Y M A X . 0 ° • C M . L T . - l . O f t l O l G C T C 1 0 0 0 
I F I P ' I I N K Y l I I , Y ! J I , V I M) I . L T . V 1 I N I G 0 T 0 1 0 C 0 
I F (0MAX1 ( X I I I , X ( J I , X 1 * ) I . G T . X ' l A X I G O T O 1 0 0 0 
I F I P M I N U X I I ) , X ( J l , X I M ) ) . L T . X M I N I G C T C 1 C 0 0 
I C = ( G ( I ) * A D O ) / C I 
J C = ( G ( J I » A D O I / C I 
M C = ( G ( M 1 » A P D ) / C I 
M A X f = M A X O ( I f , J C , M C I 
M I N C = M I N O ( I C , J C , M C ) + 1 
N C = M A X C - M I N C + l 
I T • ( NC. . L T .1 I G O T O 1 5 0 
I F 1 N C . G T . 1 0 0 1 N C = 1 0 0 
F C U N D = . F A L S E . 
I F ( I C . F Q . J C 1 G O T O 2 0 
K X = M A X 0 I 1 C , J C I 
« U = M I N 0 ( I C , J C I + 1 
JK = 2 
I F ( K X . N F . « U X C . n R . M I . N E • M I N C I G O T O 5 
J X = 1 
F P U M D = . T R U E . 

5 I F ( Ml . G T . K X I GOTO 2 0 
D O 10 I M = K ] , K X 
C G = I M * C I - A D 0 
L = I f - M I N C + l 
I F ( I . G 1 . 1 0 0 I G O T O 1 0 
F = ( C G - G ( J I I / ( G ( I l - G ( J I i 
C X t L , J K I = X ( . l l » F * I X ( l ) - X ( J I I 
C Y ( L , J K ) = Y ( J ) » F * t Y ( I ) - Y ( J ) l 

10 C O N T I N U E 
2 C I M . l C . E O . M C ) G O T O * 0 

K X = M A X 0 ( J C , M C I 
" I * M I N 0 ( J C , M C I * 1 
J K = ? 
I F ( K X . N E . M A X C . O R . M I . N E . M I N C . O R . F O U N C I G C T O 2 5 
J K = 1 
F O U N P = . T R U E . 

2 5 ! F ( M I . C T . K X I G O T O 4 0 
Oil 3 0 I M = M I , K X 
C G = I M » C I - A P I ) 
L = I M - M I N C * ! 
I F ( L . G T . 1 0 0 1 G O T O 3 0 
F = I C G - G ( M I ) / ( G ( J l - r . ( ' 1 ) ) 
e x ( L « J K I = X ( M I » r * ( y ( j ) - x ( M ) I 
C Y ( L , J K ) = Y ( M | • ! * * I Y l J ) - Y ( Ml ) 

3 0 C O N T I N U E 
4 0 I F (Ml. . F C . I C I G C ' T O 6 0 

K X - ; \ \ X O ( M C . I C ! 
M I = M I N O ( M C , I C 1 • I 
. I K = 1 
I F ( F O U N D I J ^ = 2 
IT ( M I . G T . K X ) G O T O 6 0 

P') 5 0 I ' ' = M 1 , K X 
(.C- I M * C I - A D D 
•_- I y - Ml NC. • 1 
i* ( I . . G T . 1 0 0 1 ' " . O T O ? 0 
F - I C G - G i l l I /!["•( M ) « G ( f I I 
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C X ( L i JK I -- \ ( I I ••-"* (X i M I -X ( I I ) 
r Y( I < J < i - Y ( 1 ) • f" * i Y {"" I — V1 '. I I 

50 COM I MlF. 
6C CCNTINUt 

00 100 l*=l,NC 
C A L L I'F:NIJP( CV ( I K . J K ) , rx ( I K , . I K > | 
JK.= 3-JK 
CALL PENOMCYI IK,JK),C»! !K,JK» » 

100 CuMTINUE 
150 CONTINUE 

c * * 
C ThESF S ' IATFMEMTS dJTH crMMENT «C' L A B E L SfjfF OF T H E H O O F S UITH THE ** 
C V A L U E S T.F THt F U N C T I O N . C C N T U UK S A P F NOT L A B E L L F D » * 

C 150 IF inCNEt I I I C0 T0 210 
C XX=X< I ) * I P * 0 . 1 
C YY=Y(II-0.2 
C DG=GIII/LV 
C I F IM0DII.5I .EQ .O) 
C 1CALL PFf.wnR(YYtXX,-0.05,0G,O.O,«F5.2 *',0.0) 
C DONF I 1 I =. TRUE. 
c 210 I F I D O N E I J I I G O T O 220 
C XX=XIJI*IP*0.l 
C YY=YIJI-0.2 
C OG=GIJI/LV 
c I F (Mcnu.5i . r g . o s 
C 1 C A L L PFK'MBi((YY,XX,-0.05.06,0.0,^5.2 * ,,0.0> 
C DONFI J ) = .TRUF• 
c 220 I F i n c M E c n G O T O 230 
c x x = x i f ) f I P * O . 1 
C YY=YC«)-0.2 
C OG = G(M) /| V 
C I F <!',00(M,5I . E O . O I 
C 1 CALL PFNMRRIYY.XX.-J.O-i.OG.C.O,'F5.2 *«,0.0I 
C PONFI^ I = • TP UE • 
C 220 CO*-'T!MUE 
10C0 CONTINUE 

RETURN 
END 

FUNfTntg FAIL 211, |TP,ANG,'U,YZ.T,SX,SY.SZ.SXY) 
C*****s- CALCMLATC5 FAHU DE CPITRPIA *******»»*»»*+»*•********.«*****•****«»»*•*• 

»FAL*P. SX,SY,5XY,SH,S0,S7,SMAX,SMIN 
LOGICAL YZ 

/COM 1/AREA,D(3,3) , 0 n n,&l , A K(6,f.),P.(3,61.PHS( 1930 I , 
1 DTFWPI9901 . SPPOP 5 ( 6 , 19001 , A P= ( 1 bOO) . S T I * ! , 
?. STRESS CV , 10f)0 I ,MV(1°°0) ,X1990 I , VI o o 0 1 , TOT I ME , OT I " , MEATM| C901 , 
3 HTI'-I.^'ASSI 19001 . T r ' ^ l l ' i l l . °«FAK( 1900 >,VQ.HEAT(9<>0I. 
4 I I ( 1900) 1900) 1900) , TP( 1 900) ,TS( 2601 , 
5 NCN0DE.M0EL.N2,Ih,IW1 , I w2 . IW3 , I W4, OY, NCI I fc !, F TRST, F P ACT t NEW 
REAL*B X.v.PHS. STt-'ESS , 0 , AK.DU, OT I V , APt A , S T , R , VO 
REAI*8 T CT I "F » HT I M 
IMT1T.F1-2 I ! ..IJ,r-,«,Cr"ST«,TF|x,TP,TS 
LOGICAL FIRST,FRACT,NEW 
CGf vntt/ PBO/ El , ANII1 , DFN.fCNO, SG, C V, V I S. T FX, 3FT A, SC. 
S H = PSC°.TI I SX-SY)«»2*0.25*SXY*SXY I 
S0=(SX*SY 1/2.0 
SMIN^OMINKSO-SH.SZ) 
S"^AX=DMAX 11 SO»SH,SZI 
ANG=0.5*0ATAN2< 2.0D0*SXY, SX-SY)• 1.570R 
R1=0.0 
YZ=(SZ .EO. SM IN .OR. S7 .EO. SMAM 
iri(3.0»SMAXtSMIN) ,LT. 0.01 GOTO 20 
A=SfAX/T 
FAIL2=16.0*A*(6-l) 
I TP = 1 
RETURN 

20 IFISMAX . I T . ,19»T) GOTO 30 
sn=osOK T i i.. o« sc* so- S H * S H J 
IF (SO .LT. 1.0 .ANO.SH .L T . 1.01 SO = 1.0 
111 = 0. !i*nATAN2<S0, SHI 
T\ 1 L 2 = ( ( j " A X - S M I N ) / T) **Z + ft.O'- ( S MIN»SMAX) /T 
ITP = 2 
R l TUPN 

30 Al = Sf1IN/T 
A=(4. 19 fA L ) **2*R ,0» ( A 1-4 . 19 ) 
A= A»S( A / ( 2. J ' i f t * 19* 0. j5i>*A 1*0.02 > I 
C= i9*r/SMAX )*»2 
ft = I I A -1 I * C * 1 J 



i " i !l ?- ( ( 1.3r.r.» SMAZ-Cl. 3r:'.-- VMM /T-0. 0? I *.'. 
=0.'< i ;.NJ0 ." l '»- i4 I 

! 7 P=3 
I F T U R N 
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