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(i)
SYNOPSIS
Many differéntial geometric Concépts such as (isometric)
immersion, stability ,...., etc., realized in Euclidean spaces proved
to be also realized in manifolds without conjugate poinfs while other
- concepts are found to be-strictly associated with EucTidean spaces.
In fact, this the;is may be considered as a trial for finding out to
what extent geometric phenomena in Euclidean spaces‘éré still valid

in manifolds without conjugate points.

In ‘the introduction, we have quoted the necesséry background
material for the following chapters. Specially, we have concentrated

on the geometry of submanifolds.

The interesting problem of rigidity of submanifolds lies in
three different categories : finite rigidity, continuous rigidity and
infinitesimal rigidity. These three types of rigidity have been

studied in hyperbolic spaces in chapter I, sections 1 and 2.

K. Nomizu, B. Smyth (1969) and S. Braidi, C.C. Hsuing (1970)
studied some geometric propérties of immersed submanifolds in Euclidean
sphére essentially the behaviour of the second fundameﬁtal form and
the Gauss map. In chapter II (sections 1, 2) we have'carried out
similar study for immersed submanifolds in hyperbo]ic'spaces which

_shows some deviations from the corresponding one in Euclidean sphere.

_ Since B.Y. Chen's papér (1973) which established the geometric
. concept of stability of submanifolds in Eué]idean spaces, other
geometers tried to extend this concept to non-Euc]ideaﬁ'spaces. In
chapter II (section 3) we share this development through studying

stability of surfaces in hyperbo]ié 3-dimensional space.

The most interesting part of our thesis is the last chapter




(i)
which deals with tight and taut (convex-minimal) immersions in
manifolds without conjugate points. Some gebmetric concepts such
as (spherical) two-piece property, h-two-piece property, total
(absolute) curvature,... etc., have been introduced. Relations
between the above concepts have been adopted. We expect for this
part to receive more attention in the future to discover more

results and to generalize other Euclidean concepts which we did

not touch.
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INTRODUCTION
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INTRODUCTION

This chapter reviews briefly the standard concepts and theorems
of differential geometry that wi]i be needed in the maiﬁ part of this
work, our aim here being to establish notation and término]ogy. When
M is a C” manifold we-use the following notations : T (M) = M, the
tangent space of M at x ;ngn the algebra of (differentiable) ¢
functions on M and ¥(M) the Lie algebra of vector fié1ds on M. T(M) .
“will denote the tangent bundle of M while S(M) wf]] denote its unit
sphere bundle. IR always denotes the real numbers and R" denotes the
vector space of n-tuples}of real numbers (x],-....x") while E" denotes
the Euclidean n-dimensional space. An n-dimensional manifold will be
‘called n-manifold.

Section 1 : Preliminaries

Our principal references for this section are [2]and [19].

~Let M and N be ¢” manifolds and let ¢ : M > N be a ¢ mapping

from M into N. Let veMp be a tangent vector at peM. If we set

((0I)f = V(g*F) = v(f0)

where feJ(N),one can see that (¢*)pv is a tangent vector in N¢(p) and
(¢*)p, which is the differential of the mapping ¢, is a linear mapping

from M 5
p into N¢(p).

The mapping ¢ is called regu]ar at p if (cp*)p is 1njective. If
¢ is regular at every point of M, theﬁ we call ¢ an immersion and M an
immersed submanifold of N. When an ihmersion ¢ is injective it is
Aca]]ed an imbedding of M into N. In this case M (ok.¢(M))is an imbedded
submanifold (or simply a submanifold) of N. If (¢*)p is not injective,
“thenp and ¢(p) are called critical point and critical value of the map

" ¢, respectively. - . <GRRAM UNIVERG]Fy
' ‘ ' - 5§ AUG 1982
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‘Related ‘to the last concept we mention the "Sard's theorem" as follows:

! mapping

Let M and N be two C] n-manifolds and ¢ : M> Nis aC
of M into N, then the image ¢ (E) of the set E of critical points of ¢

is a set of measure zero of N.

Let X be a C vector field on a C® manifold M. We associate
.With X a local one-parameter group of transformations‘{¢t}-which, for
every point peM and real number t sufficiently close to~zero, assigns
the point ¢(t,p) = ¢t(p) = ¥(t), where ¥ is the ihtegra] curve of X
starting at p. It is known that for every peM there‘is.a positive
number ¢ and a neighbourhood U of p such that ¢ is defined and C on
Ux(-c,c). For qel and t,s,t+se (-c,c) we have ¢t+§(q)'=¢'t@)s(q))'
Conversely, if we are given a ¢” map having domain of the same type as
¢ and satisfyihg.the above additive property, then we again calling it
¢ get a vector field X having ¢ as its local one-parameter group. In

fact X is related to ¢ as follows:
X(q)f = lim {f(¢ ,(a))-f(a)}/t
t+o0

for fe F(M). The one-parameter group of transformations of M can be

" defined similarly.

Let M be a C* n-manifold and let meM. Since Mm'ié an n-dimens-
" jonal vector space, the theory of linear algebra can be_app]ied to
define tensors and forms. A p-covariant tensor at m (p>0) or a p- co
tensor at m is a rea]»va]ued p-linear fdnction on MmXF---me(p copies).
In a similar way, one can define a V-valued p? co tensof at m, where

V is any vector space over RR.

The set of real valued 1- co tensors at m is called the dual
space of Mﬁ and is denotéd,by M* Natura]ly,‘Mm* is a Vector space
over RRand dim Mm* = n. Similarly, the set of p-co tensors at m,

denoted by T°’p(Mm), is a vector space over R. A p-contravariant
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or p-contra tensor at m (p > o) is a real valued p-linear function on
Ma x....xM% (p copies) and the natural vector space formed by p-contra
btensors at m is denoted by Tp’o(Mm). Finally, a p-éo and g-contra
tensor at m is a (p+q)-linear real valued function on.(Mm)p X (M;‘])q
and the vector space of these tensors is denoted by TQ3p(Mm) = T;] (Mm).
In particular, a vector at m is a l-contra tensor at m. A 1-co tensor

~at mis called a 1-form at m. Ap-form at m (p > 0) is a skew-symmetric

p-co tensor at m and the set of p-forms'at m will be denoted by Fp(Mm).

A p-co tensor field on a setUcM is a mapping that assigns
to each meU a p-co tensor at m. A p-co tensor field « on U is ¢ if
and only if U is open and for all sets of ¢” vector fields Xl,...,Xp

on U, the function [& (Xl,...,X )1 (m) = am(xl (m),...,Xp(m)) is C on

P A
u. AC” p-form on an open set UCMis called a differential p-form

on U.
If aeTo’p(Mm) and BeTo’q(Mm), then the tensor product @B of a

and 8 is an element in T°’p+q(Mm) defined by

) = a(X seensX) B seeeoX )

((088) (X ,....X ek

p+q

where X1""’X are vectors in Mm‘ The tensor proddct is bilinear

p+q
‘and associative but not commutative.

If aand B are forms of degree p and g, respectively, then their
exterior product a8 which is a (p+g)-form, is given by

1 .
p+q) = Tprq)i £(-1)" a(xﬂ(l),,..,xﬂ(p)) B (x“(p+1),...,xn(p+q)

)

(U.AB) (Xl P .,X

where the sum is taken over all permutations m of the set {1,2,...,p+q}.
The exterior product has the properties a~B = (_])pq BAO ,(QAB)AY =

a ~(BaY) and dA(Bl+ B)= a ABI +(IABZ where 81 and 62 are forms of

2:
the same degree. In the Tocal coordinate system (x’;...,xn) on M,

a differential p-form w can be expressed uniquely as




w= B S
where all f].1 ;arein FM).

AC symmetric 2-Co tensor field g on a ¢ manifolh M is called
a pseudo-Riemannian metric if gm-(=g[Mm) is a non-degenekate bilinear
form on Mm at each point meM while g is called a Riemannian metric
if gm is}positive definite for all m. Clearly, a Riemannian metric g
on a C manifold M induces an inner product on each Mm, A pafr'(M,g)
" consisting of a C* manifold M and a (pseudo) Riemannian metric g is

called a (pseudo) Riemannian manifold. In local coordinates we write

= .. dxi ®dxj
g ifj: 91J

where 955 = g (a/axi ’ a/éxj). We sometimes write g = <,> .

For any two points Pys P,E MinaC Riemannian"n—manifold
(M,g) we deﬁ'ne the distance d(p1 R pz) between them to b‘e the
greatest Tower bound of the lengths of all piecewise differentiable
(Cl) curves joining Py and p, - The manifold M togethef with the metric
~d turns out to be a metricvspace. The volume element dv of the
Riemannian manifold (M,g) is defined in local coordinates (x‘,...,xn)

to be‘

n

dv = /aef(gij) dX A... adx .

Let M be a C* mam'fb]d and let ACM be an open set. For p3» o0
. we define the exterior differentiation map d:Fp(A) > P2 (A) through

the following properties which it has. :
(i) dFP(a) = FP™* (A)  for each p > o.
" (ii) If fe FO(A) then df(X) = Xf for XeX(M).

(1i1) d% =o
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(iv) d@?w2)=dw{w24{4)rwfdw2 where waWA)

(v) For we FP(A),

4 AR e
w(xl,...,xp+l) - i _ (-1) xia)(xl,...,xi,...,xp+l) +
i+] o s
+ I (-1) Ju,([xi,xj],xl,...,xi, ,xj, ,xp+1)

i<

where Xl,...,Xp+le X(A) and ii indicates that Xi is omitted as an

argument.

Let K be a C” tensor field and X be a C” vector field on M. MWe
define a tensor field (LXK) and call it the "Lie derivative of K" with

respect to X as follows:

(LK), = Jr%{Kp-(%}%}/t

- where @i denotes the induced mapping from the local one-parameter
group of tranSformations'{¢t } around peM-generated by X. The operator

: K-> L

‘LX : K has the following properties :

X

(i) Ly(k+ K') = _LXK+LXK' , Ly(K @ K') = (LyK) ® (LK) for
tensor fields K and K .

(i1) fo S Xf, LY = [X,Y] where X,YcX(M) and fFe F(M).

(ii1) L[X;Y]‘= Lyly = Lyby

(iv) K is invariant under {¢} if and only if LXK =0

(v)  Lyw, where we FP(M), is in FP(M) and for Xl;...,Xp eX(M)

we have

(wa)(Xx,...,Xp) =
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Let (P,G,M) be a C” principal bundle over the .C° manifold M
‘where P is the bundle space and G is the structural'group [2]. Let
- : P> M denote the C° projection. It is known that G acts transit-
ively without fixed point on each fibre. For agG and xeP we write
Ra(x)'= xa where Ra': P + P denotes the right action of G on P. The
maps.Ra* : TX(P)-+ Txa(P) and n* : TX(P) - Tﬂ(x)(M) are the induced

ones from Ra and 7. The kernel of (ﬂ*)x, denoted by VX(P), is said to

be vertical and every element in VX(P) is tangent to]the fibre through x.

We say that a connection T' is given in P if for each xeP a
subspace HX of TX(P) is given such that the following three conditions

are satisfied :

(1) T,(P) =V, (P) e H(P)

(i) Ra* (HX) = Hxa

(115) The map x = HX is C-.
A vector in HX is said to be horizontal. Condition (iii) means that
if X is in X(P) then both horizontal and vertical cbmponents of X are

C” vector fields on P.

Suppose that a cdnnexfon I is given on P, If cis a piete-wise
differentiable (C!) curve in the base space M, we can dgfine a mapping
¢ that maps the fibre over the initial point p of c onto the fibre
~over the end point q as follows: -

Take an arbitrary point X on the fibre'1r"(p), then we have a unique
curve c* in P starting'at X éuch that ﬂ(C*) = ¢ and the velocity vector
field of c* is 1in Hc* and we set y = ¢ (x) where y is the end po1nt of

c; . We call ¢ the para]]el d1sp1acement along the curve c.

Let'(L(M), G](n;DR),M) be the principal fibre~bﬂnd1e of tangent

n-frames whefe M'is a C  n-manifold and G1(n,R) is tﬁe{genera] linear
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group acting on R™. A connexion I' in this bundle is called an affine
connexion. An affine connexion I' which gives a parallel displacement
in L(M), induces .in a natural way a parallel displacement in the

associated bundle T(M). [see appendix (i)].

Let X and Y be C* vector fields on a C manifold M with an affine
“connexion T. We define the covariant derivative VXY of the vector
field Y in the direction of the vector field X as follows:
Let p, be a point in M and let ¢ = c(t) (-e<ts¢ e) be an integral
curve of X through Py Let'{¢t} be the parallel diéplacemént along c.
We set -

(vyY)

. - -1 - '
p ]tlmo{(bt (Yc-(t)) Y }/lt

P

Hence vXY is also a C* vector field on M. The mapping (X,Y)~- VXY has

the following properties :

(i) VXY is linear with respect to X and Y. -

(i1) v f = Xf.

(111) VT = oY 5 Uy(fY) = £(7Y) + (XF)Y.

“where X,Y ¢ ¥(M) and feF(M).
Conversely, if the mapping conditions (i) - (jii) are given,
then thgre exists a unique affine connexion T on M whose covariant

derivative operator coincides with the given mapping.

For a (pseudo) Riemannian metric g on a c” manffo]d M, there

exists a unique affine connexion r,called the Riemannian connexion,
such that

(i) vg=o (i) WY - wyX = 1Y) for X,Ye X (M).

For an affine connexion T on a C* n-manifold M and in local

coordinate system (x‘,...,x") we define the functions 'Pi§ , called
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the Christoffel symbols of I, as follows :

] n
V5 /axi (3/3x3) = & r%. (a/axk)
k=1 iJ :

In particular, for a Riemannian connexion we have

Fk

S S e LA L
ij ¢ r ox1 9xJ axr

).

where the'matrix (gij) is the inverse of (gij

Let M and N be two ¢” n-manifolds and let ¢ : M > N be a
diffeomorphism. Let V and 7 be the covariant differentiation operators
of the affine connexions T and T on M and N, respectively. The mappfng
¢ is called affine (or connexion preserving) if ¢*(VXY) = -¢*X(¢* Y)

for all X,Y €¥(M). The affine transformation ¢ : M > M can be

defined similarly.

If the-tangeht vector ¢~ of a curve ¢ = c(t) in a ¢® manifold M
with an affine connexion T' has the property Vcac' ='o, then ¢ is said
" to be a geodesic. In terms of local coordinates, the geodesic ¢ is
defined by -

.d2xk + I Fk dxi dxj = 0
dt2 ij ij dt dt

This geodesic ¢ is defined uniquely when knowing its initial point and
velocity. If every geodesic of an affine connexioh.can be extended so
it is a geodesic for all‘tz R, then ‘the connexion is-said to be complete.

For an affine cohnexion I on M, the expohentia] map expp : Mp-+ M for

fixedlpe:M is defined by exp_v =-yv(1) for all vefMp where 1 is in the

p
domain of ¥, and Y, is a geodesic such that Yv(o)'= pand Y, (0) = V.

The exponential map is a local diffeomorphism in a neighbourhood of the

origin 0 in Mp’ An importént fact concerning the exponential map -

is.the so called "Gauss' Temma" which may be stated as follows:
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If p(t) =tv, teR , is a ray through the origin 0 in Mp,
where M is a Riemannian manifold, and if we(Mp) (t) is perpendicular
o
to p“(t), then (expy) o(t) w s perpendiculér to (expy ) o(t) (p" (t)).

The theorem that follows gives useful criteria of a Riemannian

manifold to be complete :

Theorem (Hopf-Rinow)

If M is a connected Riemannian manifold, then-(a), (b), (c), and

(d), stated below, are equivalent statements, and any one of them
-~ implies (e).
(a) The exponential map is everywhere defined on T(M).

" (b) The manifold is complete with respect to its

Riemannian metric.
(c) Bounded c]oéed sets in M are compact.

(d) The closed balls B (m,r) are compact for one m in M and

all r > o.

(e) Any two points in M can be joined by a geodesic segment

whose length equals the distance between the two points.

It is also knownthat if all geodesics starting from a particular
point x of a connected C~ Riemannian manifold M are infinitely
extendable, then M is complete. Every compact Riemannian mani fold is
complete.

Let M be a C n-manifold with an affine connexion I'. The
curvature tensor of this affine connexion is a 1inear'transformation
valued tensor R that assigns to each pair of vectors X and Y at
xe M a linear fransformatibn R(Xx’Yx) of Mx into itéelf. We define

R(X,Y)Z by imbedding X,»Y, and Zg in ¢ fields about x and setting

ROV IZ, = (WY WOy Viy vy Dy
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The torsion tensor of the coﬁnéxion FonMis a vector valued tensor
T that assigns to each pair of vector fields X,YeX(M), with domain

AcM.a C” vector field T(X,Y), with domain A, by

T(XY) = 9,Y - %X - D6

If T = o then we say that T is symmetric, or torsion free.

Let (M,g) be a ¢” Riemannian manifold with Riemannian connexion
I'. The Riemannian curvature tensor of type (0,4) is the 4-co tensor
R(X,Y,Z,W) = g(R(X,Y)Z,W) for X, Y, 2,0 in Mx’ xeM. The following

relations are satisfied with R
(2) R(X.Y)Z + R(ZX)Y + R(Y,Z)X = o
(b) R(X,Y,Z,W) = -R(Y,X,Z,H) = -R(X,Y,W,Z) = R(Z,W;X,Y)

Relation (a) is ta]]ed the first Bianchi identity and:it holds for

any symmetric connexion.
Let u,v eM, and let
Afusv) = g(uu) g(v,v) - g(u,v)*

For A(u,v) #o we define the sectional curvature (or. the Riemannian
“curvature) for the 2-dimensional subspace P of MX Spanﬁed by u and
\ by'
K(P) = K(u,v) =.K(uAv) = g(R (u,v) u,v)/A(u,v)

Let ¢ : M+ M be a c” map between c” Riemannian manifolds.
If there is a C_ real valued positive function F on-M such that for all
xeM and all u,veM,, g7 ((dx )X u,.(¢*)x.v) = F(x) g(u,v) where g and g’
are the Riemannian metrics of M and M7, respectiveiy, then ¢ is called
‘a conformal mapping and F is called the scale function. If F = 1 then
¢ is called an isometry. If ¢ is an isometry and a diffeomorphism,
| then we say.that M is isometric to M. If F is conétant, then ¢ is

called homothetic.
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In tekms of local coordinates, we have for the C* Riemannian

manifold (M,g) ,

_ k : ._ 2
K(P) =1 E Iy q Rjij Y/ {gﬁ gJJ g‘ij }

where
kK k |
R = AL L A0 ek p kol
J 3 x' 3xJd rori §i orj i

If K(P) = k, k fs'constant, for all plane sections P .in Mx and for all
points xeM, then M is called a space of constant curvature and in this
case we have

R(LY)Z = k{ g(Z,Y)X - g(Z,X)Y}

Let M be a ¢ Riemannian~n-ménifo1d and let UCM be a fixed open
set. Llet el,.._.en be a fi*ed base field of independent ¢” vector fields
on U and let wl,}..,@" be the dual C* 1-forms on U. “Define n? connexion
c” linear 1¥forms’{w}} on U which are associated with the Riemannian

connexion T on M by

Vv, e, =

J
' ©; wi (X) ey

1

NS

i
where X is a C vector field on U. The following equations are called

Cartan structural equations

. n .
dm1 = - I wjlh w‘]
Jj=1
. n R . '
dwiJ_ = - I wik,. wa +3 I R' ka we
k=1 k,t jke&-
For {el,...,en} orthonormal basis, we have in addition wj] + wiJ =0
i i ' '
and R, + R = 0.
kb :

From now and for the rest of the thesis, manifolds, mappings,
vector field,..., etc. are sufficiently differentiable for all com-

putations to make sense unless otherwise stated.




-12-

Section 2 : On submanifolds :

Our approach to this section is mainly based:on'chapter VII[19]

Let M be an n-dimensional manifold immersed into a Riemannian
manifold N. We denote by V the covariant differentiation operator in
N. Since the following discussion is local, we may assume that M is

imbedded into N.

 Let X and Y be vector fields on M. Since (GXY)X js defined
for each xeM, we shall denote by (VXY)X its tangential component and

by & (X,Y) its normal component so that

(VXY)X' = (VXY)X + GX(X,Y) (2.1)
where (VXY)XE:MX and ak(X,Y)e TX(M) . In fact V is the covariant
differentiation for the induced Riemannian connexion on M. The vector

field V,Y which assigns the vector (VXY)x to each point xeM is

X

differentiable and a(X,Y)_is a differentiable field of normal vectors
4

’ 1l
to M. The mapping a: ¥(M) x ¥(M) > X(M) , where X(M) denotes the
set of all differentiable fields of normal vectors to M, is symmetric
and bilinear over %F(M). Consequently, crx(X,Y) depends only on
X, and Y, . |
" , N

The map ©: X(M) x X(M) - ¥(M) is called the second fund-

amental form of M (for the given immersion in N). In fact, for ‘each

1 ' '
xeM, @, 3 Mx X MX > Mx‘ is called the second fundamental form of
M at x.

If M has codimension p, then we may locally chdbse p fields of
unit normal vectors g ,.ﬂ;,gp that are orthogonal at each point such
that
i .

h (X,Y)gi

Mo

a(X,Y) =
im
Thus we have p second fundamental forms in the classical sense.
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Let X eX(M) and geX(MfL and write
(WE), = -(AdX), + % & (2.2)

where '(AE(X))X and (§XL E)x are the tangential and normal compon-

ents of (ek E)X, respectively. The vector fields X (Ag(x))x and
X > (5; g)x are differentiable on M. Actually, the mapping

(X, &) e X(M) x X(M)L > AE(X) eX(M) is bilinear over <F(M) and conseg-
uently (AE(X))X depends only on Xx and gx. The two mappings'a

‘ and A, are related by

£
g(Ag;(X),Y)_ = g(a (X,Y), &)

for all X,YeM . This shows that A, : M > M isa symmetric linear

Ex
transformation of‘Mx with respect to 9, -

On the other hand, the mapping (X,&) € X(M) x X(M) - (VX E)e
1
¥(M) coincides with the covariant differentiation of the cross-
' L
‘section £ of the normal bundle T(M) in_the direction of X with

_respect to the connexion in T(M)L
The two formulas

v v

XY = WY oelky) - (2.3)

~ ' ~ L
e = A X+ UE (2.4)

are called Gauss' formula-and Weingarten's- formula, respectively. In

case of a hypersurface M, the Weingarten's formula reduces to
ng = -AE (X)
for the field £ of unit normal vectors.

The following is quite useful especially for the last section of
fhe thesis. Let M1 and M2 be two n-submanifolds in a Riemannian
(n+p)-manifold N. Let T: = x(t), o< tgi, bea differenﬁiab]e curye in

M1an . We say that'M1 and M2 are tangent to each other along T if
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T M) = T M ) for each te[o,1]. In this case the para]]é]

xt) M) = Teeey ™,
displacement along T in Ml coincides with the parallel displacement
along T in M, In particular, if T is a geodesic in Ml, T is a

geodesic in M as well.

Let M be an n-submanifold of N and let t = x(t), te[o,1], be a
curve in M. Then T is a geodesi; in M if and only if‘ ex’(t) x“(t) is
normal to M. In particular, if T is a geodesic of N contained in M, it
is a geodesic in M. (A‘geodesic in M is not, in general, a geodesic
in N). |

Let N be a Riemannian (n+k)-manifold (k > 1) énd Tet M be a
connected ﬁ-submanifold. Let pezm; the submanifold M is said to be a
| geodesic submanifold of N at p if each geodesic of N Which is tangent
to M at p is a curve in M. The submanifold M is called totally geodesic
if it is geodesic at.eéch of its points. In other words, a submanifo]d_
~Mofa Riemannian manifold N together with.the induced Riemannian
structure is called totally geodesic if every geodesic of M is a geodesic
of N. Great spheres in the unit n-sphere s" and m;d{ménsional p]énes

in E" are totally geodesic submanifolds.

Using expressions (2.3-2.4) we can easily prove the following:

Theorem:

M is totally geodesic submanifold of the Riemannian manifold N if

“and only if its second fundamental form vanishes identica]]y.Auxso).

_For a Riemannian manifold N with constant curvature, it is

conyenient to mention the following two facts:

)

(i) Every submanifold which is geodesic at a point is totally geodesic.

(i1) Conversely, if every submanifold which is geodesic at a point is

totally geodesic, then N has constant curvature.
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Let M be an n-dimensional Riemannian manifold isometrically
jmmersed in an (n+p)-dimensional Riemannian manifold N. Again since the
following discussion is local, we can choose p orthonorhal fields of
normal vectors £ ,...., gp to M. Let hi be the corresbdnding second
fundamental forms and let Ai = Agi. Using .the formulas of Gauss and

Weingarten we have for any vector fields X,Y,ZE:X(M),‘

~

vx(v}z) - v, (v2) - % oh (D) AX) ¢

Yx(Vy |
+ Z{Xh (YZ)+h(XVZ)}€ + En(Y, )V, &

~

A similar expression can be written for GY (GXZ). We have also

v - i s
Ty 2= Vpxgyp 2ot AR (T0I) - h X2} &

Using these equations, we find that the tangential component of

R(X,Y)z has the following form
ROGNIZ + T {0 (6,2) A(Y) - hi(¥;2) A (X))

where R and R are the curvature tensors of N and M, respectively.
If WeX(M), then
g(R(X,Y)Z,W) = g(R(X,Y)Z, W) + g( a(X,Z), a(Y,W) - g'(ol (Y,Z), o (X,W)) (2'.6)

This equation is cé]]ed.the‘eQUation of Gauss.

For g ,....,gp orthonormal basis of MX and XX;Y* orthonormal
1 . .
“pair of vectors in M  Gauss.' equation (2.6) gives that
e Yy) = Ky (XY ) + TLR (XX ) b YY) - ( T(X, Y00 (2.7)
where KM and KN are the sectional curvatures of M and N respect1ve1y
If M is a hypersurface of N, the last equation (2. 7) takes the following
simple form
’ R . - | 2 Qy
KM(XX,YX) = KN(Xx’Yx) + h(Xx’xx) h(Yn,Yn) (h(Xx,YX)) (2.8)
As Gauss' equation deals with the tangential component of the

curvature tensor R of N, Codazzi equation deals with the normal one.
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‘The normal component of R(X,Y)Z for X,Y,ZeX(M) is equal to

2 {(%h')(¥.2) - () (6.2)} & +ZCh' (V)T €, ¥, £.1 (2.9)

where  (h') (V,2) = Xhi(v,z) - h(9Y,2) - h‘(v,VXZ) (2.10)

If we use o instead of h'’s, then the normal component of

R (X,Y)Z will take the simple form

(Vo) (VD) = ({a) (D) (2.11)
where .
(@ (¥,2) = Vy (a(an-a(vxv,z>-a_<v;'vXZ) (2.12)
and V is the covariant derivative of the connexion iﬁ T(M) + T(M)‘L

~ L
obtained by combining the connexions K]X in T(M) and Y]X in T(M)L.

From (2.11 - 2.12) we have

(Teod(V,2) - (Fya)x2) = T{(Th')(%.2) - (W} g ¢

+Z{hi(Y,Z) 5; & - h (X,2) NYL &} (2.13)
i

which is called Codazzi equation.

In the case N is of constant sectional curvature, Codazzi

equation (2.13) takes the simple form

Te)v.z) = (fyaxa (2.14)

Section 3 : Manifolds without conjugate points

A “A11 quoted theorems and notions for sections (3) and (4) will be
- found in [2].

In what follows we demonstrate briefly the most important prop-
erties of the so called "manifolds without conjugate points" as they

will be‘very-oftenly used in the sequal. Throughout'this section N is

- a complete Riemannian manifold of dimension n and with covariant
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differentiation operator V. ‘
4 i ' .

Let M be a submanifold of N and let T(M) denote its normal

bundle. The exponential map of N by restriction gives the map

L
exp : T(M) - N

which is a diffeomorphism in a neighbourhood of the zéro cross-section,
For p M let Tp(M)'L be the fibre of T(Mj over p. We say that

t eTp(M)'L is a focal pojnt of M if exp, is singular at t. If p is the
ray from 0 to t in Tp(M) , then exp(t) is called a focal point of M
along expﬁ;p, which is of course, a geodesic perpendicU]ar to M. If

M is a single point, say m, SO Tm(M)'L = Nm and a focal point is called
a conjﬁgate point to m. The order(multiplicity) of avfocal point is

the dimension of the linear space annihilated by exp*.'

A vector field on a maximal geodesic vy of N is a Jacobi vector
field if
\7$Y +RYSN) Y= o
where R is the curvature tensor of N. A Jacobi vector field Y is
uniquely determined by the values Y(o) and Y'(o). The Jacobi fields

along vy form a linear spate of dimension 2n. The Jacobi fields along

v which vanish at Y(o) form a linear subspace of dimension n.

_ Let MeN be a Riemannian r-submanifold of N and v be a maximal
unit speed geodesic of N such that -Y'(o) is perpehdicuiar to My(o)'
‘A Jacobi vector field Y along Y is an M-Jacobi field if

(i) Y is perpendicular to Y.
| (ii) Y(o) € MY(o)' X o
(ii1) AY'(o) Y(p) - ,#Y IY(O) 1s‘perpend1cu1ar to MY(o)'
The M-Jacobi vector fields form a linear space of dimension dim N-1.

-Geometrically,'a'vectgr field V is an M-Jacobi vector field if and
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'only if it is generated by variation of geodesics starting perpendicular

to M and parametrized by arc-length.

An alternative definition of focal points can be given in terms

of Jacobi fields as follows:

If ¥ is a geodesic of N which starts perpendicular to M, then y(b) is a
focal point of M along v if and only if there is a non-trivial M-Jacobi
field along Y which vanishes at Y(b). Analogously, the order of Y(b)
(mﬁ]tip]icity) js the dimension of the space bf such Jacobi fields.
Also Y(b) is conjugate to Y(a) along & if and only if there is a non-

~trivial Jacobi field along Y which vanishes at Y(é) and v(b).

A geodesic y,'frOm a point peN does not minimize distance from
p beyond the first conjugate point. It is also true that y does not

minimize distance to M beyond the first focal point.

Definitions

(3-1) If mis a point of N such that there exists no point of N that

is conjugate to m, then m is called a pole.

(3-2) If every point of N is a pole, then N is called a manifold

without conjugate points.

i

'(3-3) The manifold N is said to have no focal points if no maximal

geodesic M =0 has focal points along any geodesiciperpendicular to o.

The "no focal point" property is equivalent to the following :
Let ¥ bé a unit sbéed geodesic in N, and let y be not necessarily |
perpendicular Jacobi vector field on y such that Y(p) = 0 and
(QY, y)(o) # o. Then for any t > 0, ([ynz)"(t)>;o,_ The "no focal point f
property is stronger than the “no conjugate point?‘ohe, j.e. a manifold
‘N has no conjugate points if it has no focal points. If N has sectional

curvature K < o, then N has no -focal points.
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Moreover, we have the following important theorems:

Theorem (3.1)

Ifp is a pole in N, then ex&) : Np+ N is a covering map. Thus
the simply conne;ted covering of N is diffeomorphic'to E", and if N is

simply connected, then N is diffeomorphic to N, (dim N = n).

Theorem (3.2)

If p is a pole in N and N is simply connected, then for any point
qeN there is a unique geodesic through p. If N has no conjugate
points, then there is a unique geodesic joining any two of its points.

As an application of Sard's theofem, we conclude that the set of
focal points C%, of an immersion f : M > N of the manifold M into N, has

measure zero, hence N \Cf is dense in N.
Two unit speed geodesic rays & ,B in a Riemannian manifold N are -

said to be asymptotic if there exists a number ceR, 0 <c <, such

that d(a(t), B(t))< ¢ for all t > o. Related to this concept, Midori S.

Goto [16] proved the following:

Theorem (3.3)

Let N be aC complete simply connected Riemannian manifold
without .focal points. Thén any two distinct geodesic rays starting

fram any point'pE:N cannot be asymptotic to each other.

Section 4 : The Morse index theorem

'In this section N and P will be submanifolds of a ¢® Riemannian
manifold M with cukvatuke tensor R and sectional cyrvéture K. If
Q : [a,b] x [c,r] > M (é,b,c,re R) is a piecewise-smooth rectangle
in M we may define the smbothlfunction dQ : [c,r] ~ IR, whose value

at a point te [c,r]is given by the length of the longitudinal path Ty of Q.
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Theorem 14.1)‘

let T : [0,b] ~ M be a piecewise smooth pafh joining N to P.
Then T is a geodesic in M with T’ (o) z—:T(N)L and T'(b) eT (P) if
and only if dé (o) = o for all piecewise smooth rectangles in M with
base curve T, initial transversal in N final transversal in P and
all transversals normal te T. |
Not>1et' T : [o,b] >~ M be a geodesic in M SUch that T'(o)e'T (N)‘L
and t7(b)eT (P)'L . Let L(N,P) be the space of biecevﬁse smooth
vector fields a]oﬁg T which are orthogonal to T and have their initial
and final vecfors tangent to N and P, respectively. Then if &€ L(N,P),
we can find a piecewise smooth rectangle Q in M which represents g and
has initial and final transversals in N and P, respectﬁve]y. From ‘

theoremA(4.1) we see that dé (o) = o. Further,
dy (0) = of° TN BN (u) - K(ETIEN® (u)  du + by (©)(,¢) - "(b)

where h& (0) and h; (b) are the second fundamental forms of N and P in

(£,€)

the directions Tt°(0) and 1’(b), respectively. The above expression

for d” (o) is independent of the choice of piécewise smooth rectangle

Q
representing £, and hence we have a quadratic form defined on 4 (N,P).

The index form IN P js the symmetric bilinear form on_,ﬁ(N,P) assocfated

with this quadratic form and hence is defined as follows : Let

Eqn SI(_N,P), then
IN,P .(E,n.) -= Ofb{<v'|_! 3 ,VT'T]> (U) - <R(T' ,g)‘f, ,N > (u)} du +

oy @ (e - 0P (g

‘Theorem (4.2)

' With notations as above, if there exists £ eL(N,P) such that
N,P (§,€) < o then every ne1ghbourhood of Tin M conta1ns shorter

piecewise smooth paths from a neighbourhood of T(O) in N to a ne1ghbourhood

of t(b) in P.
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Theorem (4.3)

With notations as above, if thefe exists a focal point of N
along T, then every neighbourhood of T in M contains shorter piecewise

smooth pathé from a neighbourhood of t(0) in N to t(b).

From theorems (4.2-3)we see that if N has a focal point along T,
then IN‘T(b) is not positive definite on ‘£(N,T(b». Theorem (4.4),
the Morse index theorem, is a refinement of this sfatement.

Theorem (4.4)

- Under the same notations as before, the augmented index of
IN’T(b) is finite and is equal to the sum of the orders (multiplicities)
of fhe focal points of N along 1. Further, the 1ndéx of IN T(b) is

also finite and is equal to the sum of orders of the focal points of

N along t| [o0,b).

Section 5 : Busemann functions and horospheres

Horospheres have always been a central point-of interest in
hypekboffc geOmetry. In modern language, horospheresAare defined as
enveloping hypersurfaces of all Riemannian spheres‘haying a common
normal veétok in the'hyperbolic spaﬁe. In fact, usihg this definition,
horospheres can be defined for all simply ;onnected Riemannian manifolds

without conjugaté points.

Let M be a C cbmp]ete, simply conneéted Riemannian manifold
without conjuage pbints. For every p,qeM call d(p,q) = |p,q| the
distance function between p and q. For each veSM and each s > 0

define the function

bys (@) = s = lvy(s).al

where yv(s) is a unit sbeed~geodesic'with the property Ylv (o) = v.
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Further def1ne the ball B b;; ((0,s]). The functions-b are all
smooth (C') except at Yy, (s), increasing with s and abso]ute]y bounded
by IYv(o), q|. Hence the function b, = 1im b is defined everywhere

$+oo

=1 ) -1 ©
on M. Call HV = bv (o) the horosphere and Bv = bys-:( (0,°) )
the horodisc of v. The function bV js called the Busemann function of v.

J.H. Escheburg [14] proved the following:

Let M be a Coo complete, simply connection Riemannian manifold
without conjugate points. Then bv is C_ -differentiable with gradient

Vb =Tim V¥ bvs (pointwise convergence) for each unit vector veSM.
g -+~ ®© .

When dealing with tight and taut immersions into manifolds without
conjugate points (last chapter) some extra conditions on Busemann
functions b , such as being.C* -differentiable, are needed For this

reason we define the so called manifolds with bounded asymptote.

" Definition :
A manifold M is called with bounded asymptote if it is C,

complete, connected without conjugate points, and if. there exists a

uniform bound ¢ 3 1 for the stable Jacobi tensor D [14] such that
Io, (t)] < o for all veSM, t>.o0. "

For example all man1fo1ds without focal po1nts are of bounded
asymptote For more examples and details see [14].

The condition that M has sect1ona1 curvatures bounded from
below together with the bounded asymptote property is enough to ensure
that the fo]lowing’conditibns are satisfied: |

(a) Each Busemann function is c? ahd has gradient vector field of
unit Tength.

(b) The level hypersuffaces (horospheres) of each Busemann function
form.an equidistant family whose orthogonal trajectories are

geodesics.




-23-

(c) If u is a unit vector at peM, then u = grad'bu(p). Moreover,
if v = grad bu(q) for qeM then bu and bv‘differ only by a
constant. Hence the horospheres determinednby bu are the

same as those determined by bv'

In a c s comp]ete, simply connected, Riemannian manifold
| without conJugate po1nts, each veSM determines a fam11y of horospheres
orthogonal to the unit vector field grad bv' If u = grad bv(q), qs:M,
we say that u is asymptotic to v. If in addition M is of bounded
asymptote and sectional curvatures bounded from below, condition (c)
above shows that grad bv = grad bu, and asymptotic is an equivalence
relation on SM. The equivalence c]asse§ form a regular continuous
foliation whose leaves are C! vector fields on M of fhe form
~grad bv' (see [3]).
It should be known that horospheres in E" are nothing but hyper-
' p]qnes while Busemann function bv’ ve:SE'1, is the usual height
function in the diréction of v.

The.following proposition gives some characterization of the

horospheres in manifolds without conjugate points. We use S(p,r)

to denote the geodesic sphere of center peM and radius r.

Proposition :
Let M be a complete, simply connected, Riemannian (n%l)-manifold
" without conjugate points. Then horospheres are complete non-compact

hypersurfaces.

Proof :

Suppose that H, is a compact horosphere of the man1f01d M
veSM. The HorOSphere H, can be contained inside some geodes1c sphere
with finite radius. Shrink this geodesic sphere radially to the

geodesic sphere S =-S(x°, r) which touches Hv‘ Let pe:SnHV. Draw
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the unit speed geodesic ray Yv(t) such that Yv(o)'5 Ps Y’v (0) = v. The geo-
desic ray yvvw111 pass through the center X, of S, i.e. x, = Yv(r)-
Consider the map g : Hv + § which is defined to be the

projection of Hv onto S through geodesic rays from x = yv(r + €) for

sufficiently small positive real number e.

Let LX be the distance function from x. The point p is a
critical point of both‘ALXIHV and LX|S. Using the above mapping g, it
js easy to see that |

L(a) < L 9(a)

fm‘Myquw ‘

It is now clear that on'g has index n, so is LXIHV. Using the
Morse index theorem, we conclude that Hv has focal pdjnts on the
“geodesic segment Y (0. + e]). This contradicts the fact that the
horosphere Hv has focal points at infinity. Hence H, is non-compact.
As being a level surface of bv’ the hofosphere Hv4ié closed and therefore

complete. Since veSM is arbitrary, hence the result)

Corollary :

Let M be as in the above proposition, then horodisc Bv and its

complement M\Bv, for any veSM., are both unbounded bodies.

Section 6 : Hyperbolic spaces

A complete, simply connected ¢” Riemannian manifold of constant
sectional curvatures is ca]ledAé space form. A space form is said
to be elliptic, hyperbolic or Fuclidean according as the sectional

curvature is positive, negative or zero, respectively.
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For hyperbolic space we have disc model, ha]f;space model and
projective model. The geometry of these models can be found in [29].
An important model which we call H-model will be giVen in the sequel.
Consider the real vector space IRn+1 equipped with a non-degenerate
.'quadratic form <,> (Lorentz inner product) of signature (n,]). The
H-model is either of the two connected components of the hypersurface
of (IRn LR 5)s {xeR n+! ; <X,x> = -1} on which <, > restricts
to a Riemannian metric of constant sectional curvature. -1. For geod-

esics, horospheres ,..., etc, of this model, see [29]. In the following

we call (IR"+1, <s >) the Minkowski space.

~ Geodesics of the H-model can be taken as x = P(c +dt) where
is the position vector of the initial point, d eHc, ﬁ‘is the parameter
and p = -(JldI?t? -1)” s the normalization factor.. Using this

parametrization we can prove that for any pair of points p, q eH
d(p,q) =lcosh™ (- <p,q>)] - (6.1)

Taking into account equation (6.1), geodesic sphere S(p,r) of

center p eH and radius r in the H-model is defined as
S(p,r) = {xeH 3 r=|cosh™ (- <x,p>)} - | (6.2)

It is clear from this definition that S(p,r) = L' H where L" is a

hyperplane in (R™ <s5 ) with p as its normal. As horosphere

is a limit of geodesic sphere sequence we can show that a horosphere
of the H-model is just L"n H where L" is a hyperplane in (IRn+ 1, <> )

which is parallel to a generatof of the cone < X,x > =0
Let p be an arbitrary point of H.. Then

£y ={qeR "*; <qp> =0}

. . . n o+l . .
js an n-dimensional subspace of R" on which <, > restricts to a

Euclidean metric. Let’D;] be the unit disc ceﬁtered at the origin
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| in Egll. 'The_diffeomofphism P:H~> D;‘ given by

ORI
is called the stereographic projection wfth respect to the pole -p.
We observe that P is a conformal mapping with scale fqnction
(1- <x,p>)2%. The map P has the property : an r-dimensional sub;
manifold in H is umbilical if and only if its image under P is umbil-
ical in Ep“
If D denotes the Riemannian connection on (iRn * 1< ,>) and v

denotes the induced Riemannian connexion on H, we have

Dy = gxy + <X,y > X B (6.3)
X

where x €H and X, Ye¥ (H). The formula (6.3) can be used success-

fully in showing that the H-model has constant sectional curvature K = -1.

The following proposition gives some characterization of geodesic

spheres in hyperbolic space.

Proposition (6.1)

" let Mbe a C hypersurface in H, then M is compact umbilical if

and only if it is a geodesic sphere.

Proof :

First, assume that M is the geodesic sphere S(p,r) with center

peH and finite radius r. Clearly M is compact. Let x €M, then from

equation (6.1) we have

<X,p> = =- coshr

Let X,Y € ¥(M), then
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Using equation~(6.3) we obtain

DY = V,Y + h(X,Y)E - <X,Y> x (6.5)

where v is the induced covariant differentiation operator on M and £

is the field of unit normal vectors to M as a hypersurface of H.

From equations (6.4 and (6.5) we have

h(X,Y) = - %§%§ <X,Y > | (6.6)

Since h(X,Y) = <-AE X,Y > we have

A, = Soshr o (6.7)

£ <E’p>
where I is the identity'map. Differentiating (6.1) with respect to

we get

<Ep> = -sinhr o (6.8)

From equations (6.7) - (6.8) we obtain
| A, = - cothr. I N (6.9)
which shows that M is umbilical. |
Conversely, let M be a compact umbilical hypersurface of H,

then A = X1 where ) is a differentiable function on M. Using

Codazzi equation (2.14), direct computations show that A is constant.

Under the above notations we have

Dy (AX+E) = © (6.10)
‘ . L n+1 .
Hence Ax +§& 1s a constant vector in (IR s <) 1.€.
AX + E = 2 (6.11)

for some constant vector a. Now, equation (6.11) shows that

constant

< xa > = (1 +A%- faj?)/2a

which represents a geodesic sphere in H,
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Corollary (6.1)

Applying Gauss equation and using equation (6.7) we get that

S(p,r) has positive sectional curvature 1/sink?r.

Corollary (6.2)

In hyperbolic space, horospheres are complete flat umbilical
hypersurfaces. - Consequently, such horospheres are free of conjugate

points.

It has been proved that in symmetric spaces of rank 1 and
negative curvature, horospheres have curvatures of both signs and even

conjugate points (see [1717).
We close off this section by the following [2]:

Theorem (6.1)

Let M and N be C” complete Riemannian n-mahifo]ds and haye the

same constant sectional'curvature k.. Then
(1) M and N are Tocally isometric.

(2)  If M and N are connected and simply connected with k < o

then they are isometric.

(3) If k = a®> > o, then the geodesic sphere'bf‘radius m/a in

M meM, is mapped to a point by exp., and expy is

m’
regular within that sphere. If M is simply connected,

it is isometric to an n.sphere of radius']/a}

Section 7 : On bundles :

In this section we show that the tangent bundle T(ﬁ) of a
' ~ i
complete, Riemannian manifold (M,g) and the normal bundle T(M)

of a submanifold M of (M,g) are Riemannian manifo]ds.'

It is known (§1) that the tangent bundle T(M)- decomposes

naturally under the_Riemahnian connexion I' of (ﬁ,g) into the
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direct sum H ® V of a horizontal subbundle H and a vertical subbund]e
V. The horizontal subbundle H is the kernel of the so ;a]]ed
connexion mava : T(rﬁ) -> T(ﬁ) which is defined as follows : If
we T (rﬁ ) is the initial tangent vector to a curve X(t)e'T(ﬁ) and
mw # 0, then K(w) = Vy'(o) X(0) where y(t) = =(X(t)).

In view of the mappings m, and K we can identifyvthe horizontal
and vertiga] subspaces H and V, respectively, with‘Tﬁ(x)(M). In this
way, the Riemannian metric g on M gives rise, via w and K, to a
Rieménnian metric <<2>> on T(ﬁ) known as Sasaki metric and is
given by

< v = g(my,mu) + gK(v), K@)
| for v,w éTx(Tﬁ ). " In a similar way, the unit sphere buﬁn.d]e SM can

be shown to be a Riemannian manifold.

. ' L )
For the submanifold M, the normal bundle T(M) is aC

submanifold of T(M).‘ This shows that the Sasaki metric induces, in a
. R
natural way, a Riemannian metric on T(Mf' and hence T(M) s a

Riemannian manifold. Same thing is true for the unit normal

‘bundle S(M)* of M.




CHAPTER I

THE RIGIDITY PROBLEM
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Section 1 : Finite Rigidity

(I.1.0) - Introduction

For this section all manifolds are assumed to be connected. A1l
manifolds and mappings are assumed sufficiently diffekéntiab]e for all

computations to make sense.

When a Riemannian manifold M occurs as a submanifold of another
Riemannian manffo]d ﬁ, rigidity question naturally afjses. The term
"finite rigidity" is generally used to refer to the following concept:
Mis finife]y rigid (or simply rigid) as an immersed submanifold of
M if whenever ro,rl : M > M are isometric immersions, there exists
an isometry ¢ of M such that ry = ¢0r0. Generally speaking, a
rigidity theory enumerates the different ways in which M can be

isometrically. immersed.in M.

In a paper by M.P. DoCarmo and F.W. Warner [13], utilizing the
rigidity studies in Euclidean space carried out by R; Sacksteder

[26, 27], the fo]]owing'has been proved:

Theorem (I.1.1)

+1 . o .
N*1 be-an isometric immersion of a compact,

let'x : M >S5S
connected orientable, C” Riemannian n-manifold M into the (n + 1) -sphere

Sn +'1'01’ constant sectional curvature 1 and assume that all sectional

(a) Then x is an imbedding, M is diffeomorphic with s", and
x(M) is either totally geodesic or contained in an open
hemisphere, in the latter case x(M) is the boundary of

*
.a convex body(“) in s™.

(*) A set B in a Riemannian manifold (M,g) is called convex body if for

" every pair of points p, qeB,there exists a unique minimal geodesic
segment from p to q and this segment is in B. A hypersurface M of
(,g) is called convex if it lies on one side of each tangent

curvatures K of M satisfy K » 1. '
geodesic hypersurface (see § 1. chapter III).
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n+1

(b) ify:M=>S is another isometric immersion, then

A . :
there is an isometry ¢ of S" ¥ such that dox =y.

The main aim of this section is to prove a similar theorem in
hyperbolic space. In fact some conditions on the sectional curvatures

of M are needed by the following theorem [1] :

Theorem (1.1.2)

Let M be a compact Riemannian manifold of dimension n. If the
sectional curvatures of M are non-positive (not necessarily constant)
then M can not be isometrically immersed in a hyperbolic space of

dimension (n + 1). [ For the proof see appendix (ii) 1.
Now, we state our theorem.

Theorem (I.1.3)

Let x : M ~ H be an isometric immersion of a compact, connected,
orientable n-dimensional C Riemannian manifold M into the (n + 1) -
dimensional hyperbolic space H of constant sectional curvature -1,

and assume that all sectional curvatures K of M satisfy K > -1
(a) Then x is an imbedding, M is diffeomorphic to s", and x (M)
js the boundary of a convex body in H. |
(b) If y : M + H is anothgr isometric immersion, then theré is
an isometry ¢ of H such that ¢ox = y. |

(1) If the sectional curvatures of M are strictlyAgfeater than -1,
then the case (b) for n > 2 follows trivially from the classical rigidity
theorem [2,p.211].

(ii) ~Assuming the truth of (a) in the above theorem, assertion (b) for

. n =2 follows depending on a theorem which has .been proved by
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- Cohn-Vossen [29] and stated as follows :

Theorem (1.1.4) .

If McE® is a compact convex surface, thenfM is rigid}

(I.1.1)- The Beltrami maps :

The proof of theorem (I.1.3) will require ektensive use of the
~.Beltrami maps in transforming problems on the hyperbolic space H to
problems in a Euclidean space. We devote this part'to defining these
maps- and dekiving their re]évgnt properties. | |
The Beltrami map (or central projection) B’;'H SNt lfs
defined to bevthe map which takes'xeli to thevintersection of " 1=
1, d,...,an +x)c:(IRn ¥ i <y > )} , where H here is:considered to be
the mode] described in §6 - chapter 0, with the straight line through
x and the origin 0 of (R" *2 ¢, 5). In this case, B (H) is the |
open (n + 1)-ball B(1) of radius 1 in the above g fl:éhd centered at

(1,05...50).

In the usual coordinates (x°,...,xn +1) in (DQ" ¥ i <s>)s the

map 8 can.be expressed as follows :

1

/ x°)

LB = - xsexeg> = w0 = (L xhCx T

where e_ = (1,0,...,0). The map B is a géodesic map and we shall use it

0

to transfer hypeksurfaces of H with sectional curvatures K > -1 into

h hypersurfaces of e" * Y with sectional curvatures K> 0, and vice versa.
© To see that g indeed does have this effect we first give two Temmas

(lemmas (I.1.1) & (I.1.2) below)for which we need the fb]lqwing [2]:

Theorem (I.1.5)
o let ¢ : M~ M be an immersion of a manffold M into a Riemannian
manifold M. For the point pE:M,.let V be the normal coordinate

neighbourhood of M around the point g §'¢(p). ‘Let u = ;a%uT s
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where u' = v' 0 o) are the normal coordinates pulled back to M. Assume
, o 1 : _ ; _ '
that z = zjaiVi (q) e T(M) where Vi(q) = _T’(ala v1)(q) are an

. 1 ’
orthonormal basis of T(M) Iq . Then u has a critical point at p

and its hessian form is the negative of the second fundamental form h.

Lemma (I.1.1)

Let m be a point on an oriented hypersurface in the Euclidean
space'En * i and suppose that iﬁ a neighbdurhdod of m on the hyper-
sdrface the eigenvalues of the second fundamental forms do not have
different signs. Then there is a neighbourhobd of m dﬁ the hyper-

surface which lies on one side of the tangent hyperplane at m.

The proof of this lemma which can be found in [13] makes use of
theorem (1.1.5) by taking u to be the height function of the hyper-

surface above its tangential hyperplane ing" ¥ {

Lemma (1.1.2)
Let m be an arbitrary point on an oriented hypersurface in hyper-
bolic space and suppose that in.a neighbourhood of m on the hypérsurface
the eigenvalues of the second fundamental forms do not have different
signs. Then there is a neighbourhood of m on the hypersurface which

" lies on one side of the tangent totally geodesic hypefsurface at m.

"Proof :

fhe proof is carried out through contradiction. Assume that the
hypersurface cuts its tangent totally geodesic'hypérsurface o at m. ~
Consider U to be a neighbourhood of m on the hypersurface on which the
second fundamental forms are eVerywhere, say, negative semi-definite.
This choice is possible through considering a convehient orientafion
if necessary. By theorem (I.1.5), the hessian forms of the height-

functions are all positive semi-definite.
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Without lToss of generality, we can consider the H-model to be
the ambient hyberbo]ic space as it is more suitab}e than any other
model. Now use the central projecfion B to transfer the hypersurface
together with itsAorientation into the open unit ball B(1) in the
Euclidean space gn t ' He . Clearly, g(m) will be a hyperp]ene
in g ¥ 1. S1nce the hype?surface B(U) cuts its tangent hyperplane
B (1) at g(m), according to the preceding lemma there must be a
point B(p) € B(U) at which the hessian of the heighi-fqnction has a
negative eigenvalue, and therefore in'the direction of the correspond-
ing eigenvector the hypersdrface B(U) locally lies dn the side of its
tangent hyperplane at B (p) opposite from the oriented normal direction.
Accordingly, the hypersurface B(U) and its tangent hyperplane at
B (p) have contact of order exactly 1 in the correspoﬁding eigen-
direction. As contact order is always preserved under diffeomorphism,
U and its tangent totally geodesic hypersurface at p heve contact of
order exactly 1 in the corresponding direction. Therefore in this dir-
ection the height function at p must have a non-zero second derivative,
which is necessarily negative since in this direction.U lies for a while
on the side of its tangent totally geodesic hypersufféce at p opposite
from the oriented normal direction. Thhs the hessian of the height

function at p is not positive semi-definite, which is a contradiction.

The following proposition describes the effect of the central
projection mapping B on sectional curvatures. In the following
KX(P) will denote the sectional curvature of the Riemannian manifold

X with respect to the 2-plane section P.

Proposition (I.1.1)

Let X be an n- d1mens1ona] hypersurface in the hyperbo]1c space
(H-model) and let X = B(X). Then Ky > - 1 everywhere 1f and only if

K& 2

x 20 everywhere. Moreover, if Ky > - 1, and if the rank of the
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second fundamental form of X at peX is r, 0 € r < n, then the rank

of the second fundamental form of X at B(p) is also r.-

Proof:

Applying

Let peX and let KX 2-1. LetPbea 2-p1ané in Xp.

Gauss' equation ((2.8) chapter 0) we have

KX(P)' = -1+ hX(u,u) hx(v,v) -(hx(u,_v))2

where hX denotes the second fundamental form of X and {u,v } is an

orthornomal basis of P.

Now suppese that not all eigenvalues of the second fundamental.
forms are zero. Since KX » -1, then all the non-zero eigenvalues of
hX will have the same sign, and nearby p all the non-zero eigenvalues
of hX will have the same fixed sign. Using lemma (1:1.2) we see that
X locally lies on one side of the tangent totally geodesic hyper-
surface at p. Hence B(X) locally lies on one side of its tangent

hyperplane at B(p). AppTying Gauss' equation again in Euclidean space

we get that all sectional curvatures Ki at B(p) are 2> o.

If all eiéen-va]ues of hX are identically zerd on an entire neigh-
bourhood of p, then X is totally geodesic near p, so is X near B(p);
If each neighbourhood of p contains points at which‘fbere are non-zero
| eigenva]ues of hx; then there is a sequence of pdinté {pi} in X
converging to p, for which we already know that all Ki >0 at B(pi).

Hence by continuity; all Ki > o at B(p).
A similar a}gument can be stated for the reverse direction,
namely, if Ki >0 th'enAKX >-1.

Now assume that the rank of h, at p is r. Equivalently, the
hessian of the height function at p has rank r. If in addition

Ky > - 1, then there is an r-dimensional subspace A of Xp, on which-
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the hessian is either.positive or negatiVe'definite;'oit follows that
in each direction in A the hypersurface X has‘contactlof order exactly 1
with the tangent totally geodesic hypersurface throogh p. Since contact
is preserved by the diffeomorphism B, there is anor—dimensional sub-
space of iB(p) along which X has contact of order exactly 1 with the
tangent hyperplane through B(p). Consequently, the rank of the hessian
| of the height function for X at B(p) must be at least r, so that rank
hi (B(p))> rank hX(p). Reversing the argument we obtain that rank

hi (B(p) < rank-hx(p). Hence rank hf (B(p)) = rank hX(p).

In particular, proposition (I.1.7) gives that.a'point peX has

all K, > -1 if and only if all Ks > o for B(p)."

| X
(1.1.2) Proof of theorem (I.1.3)(a) :

. 1
It is known that for a compact, n-hypersurface M in Nt s n>1,
_ there exists at least one point p€M at which all sectional curv-

atures KM > 0. "Using this fact together with the last proposition, it

is easy to prove the following:

Proposition (I.1.2)

Let M be a compact, Riemannian n-manifold with sectional curv4
ature KM >-1. Let x : M+ H be an isometric immersion into the
(n + 1) - hyperbolic space H. Then there exists at least one point
;)eM at which all séctional curvatures KM > -1. (A stronger result
can be obtained-by theorem (I.1.2)).

For being important, we mention the following theorem without

proof and for more details see [25].

Theorem (I.].@)

Let M be a complete, Riemannian n-manifold (n > 2) and let

+ 1., +1. ,
x :M>E"" s a c" jsometric immersion. Suppose that every
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sectional curvature of M is non-negative, and at least one is positive.

Then the image x(M) js the boundary of a conVex body in A

Now assume that M - as a Riemannian manifold - has gy 2s its
own Riemannian structure under which x : M > H is an isometric

immersion. The manifold M will have another Riemannian structure,

gy sy, as an induced one from the mapping x = Box such that

gy = X*gp = (Box)* g

where gp is the usual Euclidean metric on "t ’Accordingly, éM.

makes X : M S E" *! to be an isometric immersion. As mentioned before
X(M) has K >0, so under gy, M has K> o, call (M.gy) = M. Applying
theorem (I.1.6) we get that x(M) is a boundary of a convex body in

-1
kN Applying B we immediately obtain the conclusions of part

(a) of theorem (I.1.3).

(1.1.3) Proof of theorem (I.1.3)(b) :

The fo]]owing material is needed to complete the proof of the

theorem. Let f , f, : M + H be two maps of a Riemannian manifold M
n +1

into the hyperbolic space (H-model). Define f; tM-E by
;oL f1+<f1,e0>e0 (a.1)
o1 <f, +g,%> .

and define ﬁz simi]ar]y. (This formula of f; makes sense as f, +f,

is never perpendicular to eo).

Proposition (I.1.3)

The two maps fl ,f2 : M > H induce the same metric on M if and

only if the two maps ?1 , ?2 . M5 E" T induce theAsame metric on M.

~ Proof :

From the formula (1.1) .above, we have

-<f +f ,e >2f
0

1 2 - <f1+ fz ’e0>‘[f1*.+ <f1*’e0>eo] o <f1'*+ f-z*,eo >

*

.[f1'+<f1, e0>g01. (1.2} -
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Taking into account that <f,,fi> =«<f,,f >= - 1 and

2 4 ,f,>= 0, we have by direct compupations that :

<f, f>=<f

Y

<o+ Ty e [<Fpufsye <yl mefyufp mafy Wfs (13)
which completes the proof.

Let v be an arc-length parametrized curve in H. Then the

. Frenet equations for H give [29]
y'(s) = k(s) n(s) +Y(s) | (1.4)

“where n(s) is the principal unit normal vector and k(s) is the

curvature of Y. Hence

y(s + h) = (1 + h2)y(s) + ht(s) + kh? n(s) + O(ﬁ )y - (1.5)
2 2

where t(s) = Y’(s) and h is a small real number.

In the following we say that a hypersurface M in H is
star-shaped with respect to some point peH if each geodesic ray

starting from p intersects M exactly once.

Proposition (I.1.4)

Let M be an oriented n-manifold, and let fl,fz_g M->H Be
two imbeddings such that f;(M) and f,(M) are convex and star-shaped
with respecf'td €€ H, and such that f, aﬁd f, induce the same metric
on M and the nafﬁra1 orientations on f; (M) and f, (M)._ Suppose
moreover that the second fundamental forms of fI(M) and f,(M) are
positive semi-definite. Then the same is true forithe second fund-

amental forms of FI(M) and f,(M) in AU

Proof :

Let ¢ be a curve parametrized by arc-length s in M (with the
metric induced by f, and f,). Applying formula (1.4) to the arc-

| length parametrized curve y; = f,0C we have - -
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Facls +h)) = (1+h%) x; +hty +h® kyng + 0(h?) (1.6)
7 1 ry 1 1

where X; = fi(c(s)) and ti’ ki’ n; are just t, k, n aésociated with

the curve Y i i =1,2. We also have

. 2
N - - keoh N
-<F, (els + 1) = Frle(s)ahp = goe s < Mg (D)
RN PO <nep<f (c(s)) > mpr O(®)  (1.7)
2<Xy ¥ X, €3 2 ! b

where ﬁl is the unit normal of f (M) at f(c(s)). Using the def-

inition of the second derivative o of a function a given by

o (x) = lim  a(x+h) +a(x - h) - 2(x)

h»>o h 2
we get
<foc) (s)amn>= _"f  <=n e f (c(s)) +n o>+
! L X+ Xgaey > ! 1 11
+ ky <n , %ﬁ<? (c(s)), N > (1.8)
<Xyt X, se > 2 1 1

The term on the left hand is the second fundamental form of F&(M)
applied to ((F;o c)’(s)s (FIC)C)’(S)). So it suffices to show that

it is always » 0. Since

-k . k :
1 > 0 and 2 > O
<X ¥ Xyse > | <X X,€0>

it suffices to prove that

<-<n,,e > fl(c(s)) +n, ,n>>0 and -<n,; e>< ?l(c(s)), n>> 0

The following Temma completes the proof

Lemma (I.1.3)

Let P and Q be the tangent hyperplanes of £, (M) and f,(M) at

the pointaj = f’(p) and b, =xf2(p),,and 1gt co‘é ?l(p). Let a, o,
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and bn 1 be;the unit normals to P and Q at a, and bo and let Cn + 4

be the unit normal to the tangent hyperplane of ?1(M) at Coe Then

C >> = -<b >< >>
> €417 0 and B n l,eo CyC 0

= <-<a > +
A 0°%o ¢ an + n +i

0 +y

Proof:

Choose positively oriented orthonormal vectors a'l-,...,an at the
point a, in P, let g ""’bn be the corresponding vectors at bo in Q,
and let CseeeaCp be the corresponding vectors at o in the tangent

hyperplane of FI(M) at c,. Then for some ¢ > 0

= a X.... = cee o) = ceen
a +1 o* Xa, o bn +1 bo X an’ “n +1 C8HXC X XCh

Applying formula (1.2) to the tangent vectors Xi in Mp such that

L (Xi)'= a; » we have

¢ = 712 (-2 g25 *hj 3,) = (--2) &g i=1,2,...,n
. : |
where

>\_i = -<a'i+b'i’ eo>glo>011=°! ]9"°’n

Notice also that

c = 30
Hence
- _C-
ner Sqm t Agley X axee.xag) = A (exa, X a, X...X a )+ }
0
e, . e,
<€gr Dy > = det by (1.9-a), € €ouChyp> T Tondet|3 | (1-90)
b, %

Since f1 and f, induce the natural orientation on f (M) and fz(M),

the determinants in equations (.19) are both positive, hence

- <b e><c,c . > =_¢C >
%07 “o? Tyt XL °
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Similar computations on B show that

' €ld € 1.2
B >/2')(£W-Fi{ f det. bo b+ {det ao 3 } >0
0 s

:0 :

bn a,

and the proof now is complete.

Now, we return back to complete the proof of theorem (I.lQB)(b).
We assume that M is a compact, conﬁected, orientable, C* Riemannian
n-manifold with'KM » -1, and that f1 and f2 are two isometric immersions
of M into the (n+1) - dimensional model H. From theorem (I.1.3)(a)
we have that both f, and f, are jmbeddings and botﬁ f, (M) and f, (M) are
“boundaries of convex bodies. Without Toss of generality we can assume
that both fl(M) and f, (M) are star-shaped with resbect to the point
‘eos H. From the last proposition it is clear that‘FI(M) and FZ(M)
are locally convex hypersurfaces in E™ with sectioha] curvatures
greater than or equal to zero. Since ?I(M) is a compact hypersurface
.of EN*!. then there exists a point of FI(M) at which all sectional
curvatures are sfrict]y positive. M.P.DoCarmo and E. Lima jointly

proved the following [12]."

Theorem (I.2.7)

Assume tﬁat all second quadratic forms of the immersion
X : Mf+-tn+N of a COmpact; connectéd, orientable, n-dimensional
Riemannian manifold M into the Euclidean space En+N', N1, to be
' semi-defiqife, and définite at one point (p,vo(p))'g's(Mf"{ thfs
condition is relevant by the last paragraph} . Then x(M) belongs
to a.linear subvariety of En+N and x : M > ™ imbeds M as the
boundary of a convex body: in pérticular M is homeomorphic to a

sphere.




-42-
Applying this theorem to our case we conclude that Fz (M) and
f () bound convex bodies in EM™Y 1, addition, R. Sacksteder [ 27 ]

proved the following :

Theorem (1.1.8)(*)

Let M be a complete, Riemannian n-manifold and et
X, ¥y ¢ M~ EM*? o two C2 isometric imbeddings such that x(M) and
y(M) bound convex bodies. Then if r » 3 is the maximum rank of the
second fundamental forms, x(M) and y(M) are congruent. (i.e. there

is an Euclidean motion (isometry) T such that T(x(M)) = y(M).).

From a11 the above arguments, the maximum rank of the second
fundamental forms is n and this happens at the po1nts of f (M) and
i (M) of positive sectional curvatures. Hence we conclude that there
exists an isometry a of En+1 such fhat &oFI, = ?2” |

We define the mappings pys P, * E"+1-f Hby '~

2p + ey (-1+<a(p)sa(p)> < psp> )

|| numerator|

and

o (p) = 2p + & (-1 +<&-l(p),&-1(p)> -< psp>)

2

| numerator |

Direct computations show that P, and P, are C‘”mappings, moreover,

o (F, (p)) = f, (p) and o (f, <)) = £ (p) for all peM.

2

Proposition (1.1;5)
The mappings:pi and p, are both injective.

Proof :

Suppose that -p, q‘aré two points in E"! such that P f q but ‘

(*) Theorem (I.1.8) app11es to the case when d1m M > 2 but if
cdimM = 2 we use theorem (I.1.4).

1 )
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OI(P) = pl(q). From the nature of P, anq p, we have that B and-a
-~ must be parallel vectors in En+l, so there exists a unit vector
vv'e:EnJ"1 such that p = Av and q =uv. Substituting these two

expressions in the equality pl(P)==pl(q) we have

[-1 + < a(p), &(p)>-A21/A =[-1+<d(q), afa)>-*]1/u

From the nature of the group of isometries of EM*lye can assume that
& is a rotation a* followed by a translation by the vector c. Hence

the last equation becomes

- 2 - - 2 . -
it s - B vzt e

which shows that A=p and hence P=q which is a contradiction

leading to the fact that p1 is an injective map and so is pz.

It follows from the i&ariance of domain  theorem that P,
and p_ are both open maps. Hence o= pod op ! 'defines an injection
on some connected open neighbourhood of fl(M) in H and oc(f1 (p» =
f2 (p)- "It remains now to show that o extends to aﬁ'i$ometry of H
and for this it is sufficient to show that o preserves the Lorentz

inner product <, >. In terms of P and P, we show that

< o.(p)- o(a)s o (P)5,(0)> = <o, (5B, (Elabee,(8(P)-o, (3(a)> (1:10)

.From relation ((6.1) chapter 0) it can be proved that the
Lorentz distance <p-q, p-q> bétween any pair of points p,q in H
uniquely determines their H-distance (the length of the geodesic

segment -joining p and q in H) which will complete the proof.

Instead of proving relation (1.10) we show that

< (p)s o (@) >= < 0 (#p)), P, (Ea)> (1.1
Let |
a (p) =.2p + ey (-1 + <&(p), &(p)> -<psp>)
b (p) = 28(p) + &, (-1 +<psp> ~<&(p); & (P)>)
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Then

o (p) = a(p)/ 7 <a(p), alp) > & o, () = B(p)//<b(p):b(p) >
Again to show that (1.11) holds, it suffices to prove that

<a(p), a(a)> = <b(p), b(a)>

Now

<a(p),a(q)> = 4<p,q> ~(-14<d (p)» &(p) > ~P»p>)"
{(-14<8(0), G (a)> - < a9 >)

b(p)-b()> = 4<(p), & (q) > (-1+<p,p> = <& () (p) > )

(-1+ <q,9> -<i(a)» a (a) > )
Writinga = a*+ c-.as before we get

< G(p)s & (p) > =<p,p>+ 2<8Xp),c> * ¢’
<d(q),d(q)> =<q,q>+ 2<8¥q),c> +c*

<&(®,&m)>=<pm>+Q,&ﬂp)+&?(m>-+c2

(1.12)

(1.13-a)

(1.13-b)

(1.14)

Equations (1.14) together with (1.13) give the required result.

This completes the proof of theorem (1.1.3)




-45-

Section 2 : Infinitesimal and Continuous Rigtdity

(I.2.0) Introduction

We have seen in the preVious sectioh that a Riemannian manifold
M is rigid as a submanifold of another Riemannian manifold M if whenever
rl and r, are isometric immersions of M into M, thefe’exists an isometry
¢ of M such that r, = ¢or, . A second theory which is the subject of

this section is called "infinitesimal rigidity"
. | o E
As a prototype we have the classical Ltpmann.problem which can

be stated as follows [29 ]:
A closed convex surface in Euclidean three-space is.given. It is to

be shown that the only small deformations of it wh1ch preserves the

line element within terms of second order in the deformat1on parameter
are small rigid motions.
In this section we try to extend the concept of jnfinitesimal

rigidity to' submanifolds of hyperbolic spaces using the original ideas

formulated in E1liptic and Euclidean spaces by A.V. Pogorelov [25]

| and latterly by R.A. Goldstein and P.J. Ryan[15]. The contrast between

(finite) rigidity and infinitesimal rigidity will be clarified through
the present work. We conclude this section with mentioning some notes

about the theory of continuous rigidity as a third theory of rigidity.

One of the aims of this section is to estab11sh a one-to-one
mutual correspondence between submanifolds in the Euc11dean and hyper-
b011c spaces and their respective infinitesimal deformat1ons In this
way, the questions regarding infinitesimal r1g1d1ty of submanifolds in
hyperbolic spaces will reduce to those regarding infinitesimal rigidity

of submanifolds’ in Euclideanspaces.

In this section, all manifolds and maps are assumed sufficiently

differentiable for all computations to make sense. A1l manifolds
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are assumed connected. |

. The following notations will be used throughoﬁt. A submanifold
S = (M,r) of a Riemannian manifold (ﬁ,g) consists of a manifold M and
an immersion r of M into M. The group of isometries of a manifold M
is denoted by I(ﬁ). Some familiarity with [15] is reduired for

reading this section.

(I.2.1) Deformations of submanifolds

Let S = (M,r) be a submanifold of a Riemannian manifold (M,g).

tet I =[ -6, &] for some ¢ > 0. A map
y: I xM>M

is said to be a deformation of S if'yo = r and ftiiS'an immersion
for each t €I. (We have wfitteny't(x) for y (t,x). “Each immersion
Yy induces a Riemannian metric gy on M. Each closed curve on M
has a length L(t) measured by the metric 9y-

Definition
Let y be a deformation of S. "We say that y is an jsometric

deformation(ID)of S if 9 = 9 for each t €I. We say thaty is an

infinitesimal isometric deformation (IID) of S if 9’(9) = 0.

Notice that when we write g (o) we regard 94 as a curve in
the finite d1mens1ona1 vector space of tensors of type (o 2) at a
point of M. It is easy to show thatY is an ID if and only if
L(t) is independent of t for each closed curve in M.. Furthermore,
vy dis an IID if and only if L (0) = o for each such curve. Actually,
the definition of the IID gfven above can be written'in a clearer

way as follows :

A deformation Y : I x M » M is said to be an IID if and only if

 the relation
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gy (u,v) = g (usv) +0(t%)
is true for each peM and each pair u,ve Mp.

In[15], R.A. Goldstein and P.J. Ryan gave an example of
infinitesimal isometric deformation in Euclidean space E3. In what

follows we give an example for the same kind of deformation in hyper-

bolic space.

Example (I.2.1)

Consider, for this example, the 3-dimensional hyperbolic space
represented by the half-space model

R = {xeR® : x = (x% x2,x%), x>0, ¢ = ()_:dx1 ®dx]')/(x3)2}

¥

Let M be the hypersurface of iR** given by

M={ xelR?T : x = (0, x% x%) where x>0, -w<x <=}
and r : M> IR®Y to be the inclusion map in IR**. Consider the
following deformation of S = (M,r) defined for te [-1,1]

Y(tax) =y (x) = (B(x)sx 25x?)

where ¥ (x) is a smooth function with compact support on M. For
. simplicity we write-yt(M) = Mt‘ |
It is clear that under the above deformation vy, the basis of

the tangent space (Mtx;‘x).are

5/ax2 = (ty¥/8x*, 1, o) and a/ax3 = (taY/axa,o,l)

It is easy to see that for t = 0, 3/3x®= (0,1,0) and 3/8x* = (0,0,1).
Consider U = (U, U,) and V = (V, V,) to be two tangent vectors

to M, at x. Then direct computations show that -

9 (vey (UDs v, (V)) = g(U,V)+(t/x%)* {ulvlw§+u2v24{§+ (UV, Y LN

where 4} = 3¥/3x". Clearly, the last expression of g, shows that the

deformation vy is an IID.
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The above example can be generalized for the (n+l) - dimensional

(n+1)+

“half-space model IR and M to be the hyperplane defined by

xt =0, say, Moreover, will have the following form :

9t
9(¥x (V) ¥pulV) = 9ULY) + (t/

n+1,2

) (Uy) (W)

(1.2.2) Vector fields associated with a deformation:-‘:

Let S = (M,r) be a submanifold of the Riemannian manifold
(M,g), and Tet Y : IxM > W be a deformation of S. For each xe M, let
Zx be the tangent vector to the curve t+ Y(t,x) at t = o. Thus Z
is a vector field along the immersion r (or simp]y'along'yo(M)) whose
value at x is the initial velocity of the motion ofpi”under the
deformation Y. We call Z thg deformation field of y. It is, in fact,

7 which determines the infinitesimal properties of v.

The main theorem of this section, which is gith below, has been
proved in [15] through adapting the theorem of Nash}[19] which deals
with the imbedding problem of Riemannian manifolds. 'ﬂe give here
another proof which does not need such a background material. Our

proof is also much easier in computations.

Theorem (1.2.1)

A deformation Y is an IID if and only if for X,Ye %(M)
)+ o2 o - (2.2.1)

where Z is the deformation vector field of Y and V is the covariant

differentiation operator of  the Riemannian manifold (M,g).
Proof:

Under fhe same notations and writing, for simplicity, Yt (X) = Xt'
»

for X ¢ ¥(M) we have

~

Ztg(xt’:_\,{t) - g('[zt’xt] ’Yt) = g':?(xt’ [Zt’Yt]) = g(extzt’Yt) + g(xt’th Zt)
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where Zt is the velocity field of the curve t‘-+y(t;x).
In terms of the Lie derivative, the last relation may be
written as - ﬂ
(L, 9)(Xp¥e) = 9y Zesty) * 9(Xs Ty, Z¢) (2.2.2)
.Since Z is an IID vector field, then the original definition of the

Lie derivative gives
(L, ) (V) | 4o = 1im 1 f i - Vi o(t?) -
It t°t t—q to0 T { g(Xt,Yt) g(Xo,Yo)], ' glwoo.t 0
| (2.2.3)
Accordingly, equation (2.2.2) when computed at t = o using equation

(2.2.3) we get
g(VXZ,Y) + g(X,VYZ) = 0

The converse can be proved if we assume that
9(Tx ZgaYe) + 90X psTy Zy)
is of order 0(t). The integration gives that-gt is itself of order

0(t) and this completes the proof of the theorem.

In fact, the above theorem is a successful tool for dealing with
~ the problems of infinitesimal jsometric deformations as it will be

clear through the following work.

Proposition (I.2.1-a)

Let M be a hypersurface of the Riemannian manifold (M,g) and
let Z be any 11D vector field along M which is everywhere normal to M.
Then at every point pe M where Zp o0, thé second fundamental form

h(p) of M at p vanishes.

Proof:
Let Z be as in the proposition, hence it satisfies equétion

(2.2.1)
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~

<VXZ, Y> +<x,§7YZ > = 0

where X,Y e ¥(M). Let peM be a poiht of M at which pr o. Using the

Weingarten's formula (§ 2-chapter 0) we have

~

Vo = -AX+V, Z

4
X X
and substituting in the above equation we obtain
< AX, Y >p = h(p) (X,Y) =0
Since X and Y are arbitrary vector fields in ¥(M) we get the result

that h(p) = o.

Corollary :

If Zp # o for all p in an 6pen set UCM, then.U Ties in a totally
geodesic hypersurface of @ﬁ,g).IfZ does not vanish globally along M then

M will be a totally geodesic hypersurface of (ﬁ,g).

Moreover, we can prove the following :

Proposition (I.2.1-b)

Every normal deformation of a totally geodesic hypersurface

is.an 1ID.

Proof :

Let M be a totally geodesic hypersurface of the Riemannian

~

manifold (M, <,> ) and lety be a normal deformation of M. Let Z be

theassoéiated vector field of Y. For arbitrary X,Y ;X(M) we have
h(X,Y) =0
or equivalently
< 'AX?Y> + < X,AY > = 0
Using Weingarten'slformula together withAthis equatipn we get

< §XZ’Y> +<X5YZ>; .0
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which shows, by virtue of theorem (I.2.1), that Y is‘an infinitesimal

isometric deformation of M as a submanifold of (ﬁ, <, >)

Concerning the infinitesimal isometric deformations-of totally

geodesic hypersurfaces we have the following

Proposition (I.2.2)

Let M be a totally geodesic hypersurface of the Riemannian manifold
(M,g). Then a vector field Z along M is an 1ID vector field of M if

and only if its tangential .component is an 11D vector field of M as well.

Proof:

Let M be a totally géodesic hyperéurface of (M, <, >) with unit

normal field v. Consider a vector field Z along M, ‘then we can write
Z = T+ ¢v

where T denotes the tangential compohent of Z and ¢ the length of its

normal component. For Xe:Mp we have

~

T2 = BT ) (LT 4 X6l - a(p) Ty (2.2.9)

Now suppose that Z is an 1ID vector field, thén for-X,'YE:Mp we

have

< ﬁxz, Y> 4< xﬁYz,> = 0 - (2.2.10)

Substituting (2.2.9) in (2.2.10) we have

T T2+ <X, VT >= 24(p) h(p) (XY) (2.2.11)

‘Since M is a totally geodesic hypersurface then h (p)(X,Y) = o for
every point pe M. Hence (2.2.11) becomes

| <VXT,Y? +.<.X,VYT> = 0
which means that the tangent1a1 component T of Z is also an IID field

of M in (M, <,>). The converse is direct.
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A.V. Pogorelov [25] proved that for two close isometric surfaces
F1 R F2 , in 3fdimensiona1 elliptic space, which are_defined by
X = X {u,v) and x = X, (usv), respectively, the surfaee F defined by
X =p (x + xz) has the vectoe field £ = p(Xl— xz) as an IID field
(p is defined below). For hyperbolic space and more genera]]y we

have:

Proposition (I.2.3)

Let M be a Riemannian m-manifold and let yl, y; ;: M-+ H be two
isometric immersions of M into the n-dimensional hypekbo11c space
model H. Let Y, and Y, have the peoperty-that y = p(y;+ y2) :M>H
is an immersion; Then for the submanifold § = (M, p(yL+'y2», the
~ vector field Z = p(yl- y2) js an infinitesimal isometkic'deformation
field of S in H. | |

{ p = 1is a normalization factor making p(y;+fy;) : M5 H to be

an immersion into H, i.e.p? (-2 + 2<y ,'y>) = -1 }
: 1 2

Proof : -

At first, we show that Z is a vector field along S and is tangent
to H. This can be carried out by showing that < y,Z> =0 everywherev

~along S. In fact
. _ .2 _ - 2 ’ - .
< Y.L> =0 Y *Y,s Y, ‘y2> 0 {<y1, y> <¥2, ¥ } (2.2.12)
Since M = (M,YQ and M_ = (M,Y ) are submanifolds of H, then
N EARAR AR | (2.2.13)
Equation (2.2.12) together with (2.2.13) show that<y,Z> =0
everywhere along S.
: To complete the proof consider two arbitrary vector fields
X,Y €X(S). Let X;e€ X(Mi), i=1,2, be the natural projection of X

on the appropriate submanifold Mi' Since X is tangental to S, then
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we can write

>
n

> O
<

n

X(e)(y *y,) +o(Dyy +Dy ¥)
1

2
2.

MdWﬁyQprﬁXQ - (2.2.14)

A similar expression can be written for the vector field Y. HNotice
that D denotes the covariant differentation in the Minkowski space

n+l)

(IR, <,>). We also have

DyZ = X(o) (.Yl" .Vz) + D(Xl"xz) (2.2.15)
Using equations (2.2.14 and 2.2.15) we obtain

< DyZ,Y> +< X,DyZ > = 2{< Xl,n? -< Xz, i> }

X

Taking into account that y1 is isometric to y2, we get

< DyZ, Y>+ < X,DyI> = o o ' (2.2.16)

Since X and Z are tangential to H, then by formula ((6.3) - chapter 0)

we have

X

DZ=5XZ+< X,Z > x
<Xyx>=<Y,x> = o }

(2.2.17)

From (2.2.16) and 2.2.17) we have that

<V yLo¥> + < X,5y2> = 0

which shows that Z is an 11D vector field of S in H.
_ If ¢ is a cur&e in I(M) with ¢(0) = 1, then £he deformation
Y : IxM.~> M defined by
y(Esx) = ¢ () r(x)
where r =Y, gives an isometric deformation of the sﬁbmanifo]d.
S = (M,r) in M since ‘
vl X = (e(t)), (rX)

for each Xe X(M).
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Definition :
An IIDy : I x M~ M, whose deformation vector field Z coincides

with that of a deformation induced by a curve ¢ (t) in I(M), is said

to be trivial. (and the vector field Z is called trivial as well).

Before being involved in any other details, we give the foll-
owing notes concerning the trivial deformations of submanifolds in the

~ Minkowski space (R™2 | <, ).
Definition :
An nx n matrix B is ca]]ed S-skew-symmetric if (SB)* = - (SB)
where S = (;I ? ).
n-1
It is known that for a submanifold M in a Euclidean space gh+2 R

the deformation vector field Z, associated with some deformation of M,

is trivial if and only if Z can be expressed in the form

ZX =ar(x)+b

for all xeM where “a . is a skew-symmetric matrix. and b s
a constant vector in E"T2 . In the following proposition, a similar

result has been proved.

Proposition (I.2.4)

n+2

An IID y : I xM~»>(IR°% <,>) is trivial if and only if,

4

for some S-skew-symmetric matrix a and some constant vector b

the deformation.vector field Z can be written as
ZX_ = ar(x)+b
for all xe M. '

Proof :

It is known that each curve ¢ (t) in the group of isometrics

I(IRn+2 ,< » >) of the Minkowski space has the following form
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¢ (t) r(x) =a(t) r(x) +8(t)
where a(t) is an element of the Lorentz group 0! (n+2) [29] and B (t)

is a vector, and o(t) acts on r(x) by matrix multiplication. Ue
also have thata(o) = 1 and B(o) = 0.
The deformation vector field of the above deformation can be

written in the following form

Z, = a”(0) r(x) + 87°(o)

The proof of the necessity pért of the proposition Qi]] be complete
when showing that o’ (0) is an S-skew-symmetric matrix. |
Since a (t)e 0! (n+2), then it safisfies the equation
a*(t).S = S.a ' (t)
Differentiating this relation with respect to t we have
a* “(£).S = =S. &~ '(t).a”(t). o (t)
Compufing at t = o0 and taking into account that a(d)'= 1, we obtain
a* (0).S =($.a’(oﬂ* = - S.a”(0)
Hence o” (o) is an S-skew-symmetric matrix.
Conversely, if a,bvare-given, put

y (t;x) = exp(ta). r(x) + tb f

It is easy to check that exp(ta) is in 0' (n+1), hence y is an 1$ometric

defdrmation with deformation field

Zx = ar(x) +b

“and the proof now is complete.

Proposition (I.2.5)

Let Z be an IID vector field of an immersion f : M- H where M

is an r-dimensional manifold. Define the déformation‘Y : IxM~> H by
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Y (tx) =y ((x) = e (f(x)+1l)
Then in a neighbourhood of any point xeM, the map_’Yt is an immersion

for sufficiently small t, and the induced metric 94 =“Y£*< ,> on M

is related to the metric f*<,> = 99

0. (X,¥) = g (GY) +. {<X,¥Y> Z % + <DZDZ>}+ 0(t")
t 70 X Y

In particular, the metricy ,*<,> andy ¥, <, > on M are

the same.

Proof:

If X is a tangent vector on M, with X = c“(0) for some curve ¢

in M, then
oo =31 v e = & o {c(s) + tZ ) =
t* dS S =0 t d—g S = o C(S)
PLc(0) + B ) Ze(oy } * gfls ERECR S P

o X+ 02} + X(p) { f(x) +tZ,}

In a similar way we can write the expression of Yt*(Y) for another

tangent vector Y to M at x as follows

Y e (V) =p{Y + tg,.z} +Y(p) { f(x) +tZ }

For the map v, to be an immersion for small values of t is clear

from the last formulas for st

The aim now is to compute 94 =“p€<, > which can be done as

follows:
gt(X,Y) = (Yt*<" > )(X,Y) =_p?_go(X,Y) +p t{<X,DYZ> +< DXZ,Y>} v+

2>+ XE) Y(o) < F(X) + fzx', f(x) + tZg>+

+.p2.t2< D.Z, D

X

+pY(P)< X + tDyZ, F(x) + 22 +0X(p) <Y+ D Z,F(x)HZ > (2.2.18)
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‘Taking into account that Z is an IID vector field of M in H, we have

<X,DyZ> +<DZ, Y> = o (2.2.19)
Since
et 1 -tP 2" <> =0
we have
pTiX(P) = t2<L,0,I> (2.2.20)

Substituting (2.2.19) and(2.2.20) into (2.2.18) and expressing p as a

power series in t we obtain the required result.

Actually, the term O(t") is an infinite series of the even

powers of t and hence (Yt* <, > )(X,Y) is an even function of t, hence

(Y < 2> ) (6Y) = (v <> J(KY)

t

and the proof is now complete.

It turns out that thekmap o (f(x) +‘th)-+ p(f(x) - tZX), which
is an isometry by the last proposition, is some sort of reflection
wﬁich can not be realized, in general, by a trivial mofion. Equiv-
alently, the map P(f(x) +.tZX) + p(f(x) - tZX) is not-a restriction

of any Lorentzian motion.

Proposition (I.2.6)

The deformation given in example (I.Z.T) is a non-trivial IID.

Proof:
The deformation field which is an IID field in examp]e (I.3.7)
may be written as | | ‘
Z=(¥, 0,5...50) .
We remark that Z # o on the support @ of y and hence Z= o on an open

set in M.
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Suppose that the deformation y (in the example) is trivial
contrary to the claim in the proposition, then there exists an

isometric deformation ‘;t = ¢(t), where¢ (t) is a .continuous curve

in I(IR(n+1)+ ), for which the deformation field 7.'associated
with ?t coincides with Z at t = 0. However, any trivial Z (affinel

map) which is zero on an open set is jdentically zero. We now conclude

that Z is non-trivial unles ¥ = o.
In fact the last proposition can be restated in a more general

form as follows:

Proposition (I.2.7)

Any hypersurface in hyperbolic space, some open subset of which
lies in a totally geodesic hypersurface admits a non-trivial infinit-
esimal isometric deformation.

In [151, R.A. Goldstein and P.J.Ryan proved that the standard
sphere of radius R in En+ ' is infinitesimally rigid. They also proved

that small spheres on Sn+l (R) are infinitesimally rigid. In the

next part, similar results have been proved in Minkowski space and in

hyperbolic spaces.

(I.2.3) Rigidity of the H-model

e start by defining the concept of infinitesimal rigidity.
Let E denote the restriction of the tangent bundle T(ﬁ) to M where
M is an immersed submanifold (r = M »—M) of the (pseudo) Riemannian

manifold M.
Definition:

A submanifold S = (M,r) of M is infinitesimally rigid (IR) if

the only sections of E which satisfy (2.2.1) are trivial.
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Theorem (1.2.2) :

The H-model of (n+1)-dimensional hyperbolic space in the

n+ 2

Minkowski space (IR 7, <, >) is infinitesimally rigid.

Proof:

2

Suppose that Z is an 11D vector field of H in (R™ ", <, ),

then Z can be written as

Z = + yox - (2.3.1)

~ for xeH, T is the tangential component to H and ¢ is a smooth function

on H. Now, we have by using formula ((6.3) - chapter 0)

DyZ = %X T +<X,1> X+ 3(X ¢) x + 3¢ .X (2.3.2)

for X_eX(H) and 6 the induced Riemannian connexion oh H. Using theorem
(1.2.1) together with equation (2.3.2) we have

<§XT, Yy> + <X,€7YT>+¢<X,Y> = 0

for X,Ye¥(H). This last relation is equivalent to
(LT< ,>) (X,Y) t¢.< X,Y>=0

or simply

LT< s> = =< 5> - (2.3.3)

To complete the proof of the theorem we need the following

materials. For more details see [301.

Definition

A vector field X on a Riemannian manifold (M,g) is conformal
if it generates a one-paraméter group {6¢ 1> te IR, of conformal

transformations on (M,g).

The following proposition has been proved in [30].
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Proposition (I.2.8)

Let X be a complete vector field on a Rieménnign<manif01d (M,9).
Then X is a conformal vector field on (M,g) if and only if there exists

~ a real-valued function A on M, called the characteristic function of X,

such that
(Lyg) (X,Y) = 2} (m) g(X,Y)
for each meM and for each pair X,Y eX(M).

The following proposition gives some characterizations of the

conformal vector fields.

Proposition (I.2.9)

Fach conformal non-Killing vector field on H can be obtained from
a non-trivial constant vector field ¢ on (n2n+2,< s> ) by an orthogonal

projection. The converse is also true.

Proof:

As ¢ is a constant vector field on (IR"-+ { <5 >), then DYc =0

for any Y€ X(IRn+2,< ,>). For X,Ye X(H) we have already

DYx=Y' & DYXA=VYX+<X,Y>x

for each xe H. Let ¢ = c +<c,x>x denote the orthogonal projection on

H, hence ce %(H) and for Ye ¥(H) we have by direct computations that

v Yc = <c,x > Y

Using this relation we find that the Lie derivative of.the induced

metric on H satisfies

(Lz 9) = 2<cex>g (2.3.4)

which means (by proposition (I.2.8)) that ¢ is a conformal vector field

on H with characteristic function 2 <cC,x> . The converse is direct.’
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Now, as the Lie derivative LX is linear in X, any conformal

vector field T on H can be written as a linear combination of a

Killing vector field V and a non-Killing one,c say, i.e.
T =V+c+<C,x> X - (2.3.5)
where ¢ is a constant vector field on (R™2, <, ).

We return back to complete the proof of the theorem. If we
write the tangential component T of Z in the form (2.3.5) and taking

V = ax where a is an (n+2) X (n+2) S-skew-symmetric matrix, we have
T = ax + C +<C,Xx> X : (2.3.6)

Comparing (2.3.3) and (2.3.4) we get that ¢ = -2< c,x > , hence
from ‘equation (2.3.1) and (2.3.6) we have

Z = ax+¢c¢
X

which means that Z is a trivial vector field, and so the model H is
infinitesimally rigid as a hypersurface in the pseudo-Riemannian

manifold (R™2, ¢, ).

(1.2.4) Rigidity of geodesic spheres in hyperbolic spate

The main result of this part is to prove that :

Theorem (1.2.3) :

Geodesic spheres in hyperbolic space are infinitesimally rigid.

Proof :

The next two lemmas are helpful in carrying odt the proof. We

will not mention their proofs as they depend on direct and easy

" computations.

Lemma (I.2.1)

Let S(c,r) be a geodesic sphere in the model H with centre .
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and radius r. The unit normal vecfor field g of S(c,r) as a hypersurface

of H is

£, = (¢ + x. cosh r)/sinh r  , xeS(c,r)

Lemma (I.2.2)
The unit normal vector field N of S(c,r) as a hypersurface of

the hyperplane <x,c > = = cosh r is

N (x - ¢ cosh r)/sinh r ,» Xe S(c,r)

X

It is known ( § 6 - chapter 0) that the second fundamental
tensor A of S(c,r) as a submanifold of H is given by
A = cothr. I
Now, consider Z to be an IID vector field of S(c,r) in H. This vector
field Z can be written as
I = T+ 5¢E (2.4.1)
where T is tangent to S(c;r) and ¢ is a smooth function on S(c,r).
It is known from theorem (I.2.1) that
<Vylsy> + <X, WI> =0 R (2.4.2)
for X,Y € ¥(S(c,r)). Substituting (2.4.1) in (2.4.2) we get

< UyT,Y > +< XPyr> + ¢. coth r.< XJY> =0 - (2.4.3)

X
where Vis the induced covariant differentiation operator on S(c,r)

and X,y e X (S(c,r). Using the same notations as before, we have
(LT< . >) = ¢ .COth r. < s 2 ) ) (2-4.4)
which showsthat teX¥ (S(c,r) is a conformal vector'fier on S(c,r).

Taking into account that S(c,r) is a Euclidean hypersphere in the

hyperplane <X,c> = - cosh r , we can write
T = V+b -< b,N> N N (2.4.5)
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where V is a Killing vector field on S(c,r) and b is a constant vector

in (R™ : ¢ , ) which satisfies < b,c > = o.

Similar computations to that of [30] (p.85) show that

"2 BN, <, > |  (2.4.6)

From (2.4.3) and (2.4.6) we have
2

* s < BN >
and from (2.4.1) we obtain
'Z = V+b+< b,N> tanhr.c - ‘ (2.4.7)

But since < b,N> < x,b> / sinh r, we have o

n

Vo+b+ <X,by ¢ | (2.4.8)

z .coshr

X

In a similar way to (30 ].we can show that there exist two S-skew-

symmetric matrices a, and a, such that

Zx = (a0 +a1) X i (2.4.95

Choosing Ve = aox and writing x as a linear combination of

¢,b and some other vector v, we have

av = 0, ac =-b/coshr andab= (b 12 /cosh r) ¢

Since linear combination of two IID vector fields is égain an IID one,

this together with (2.4.9) complete the»proof..

) Although horosphere in hyperbolic space is a limit of sequence
of geodesic spheres which are infinitesimé]]y rigid, horosphere itself
~is not infinitesimally rigid. The following example indicates this

fact.

Example (I.2.2)

. Consider IR_3+ to be the 3-dimensional half-space model of

hyperbolic 3-spaces and ]et Hx3 be the horosphere given by x3 "= a
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where a is a positive real number. Consider the defdrmation y of
Hxa' in IR ®* which is defined by

yt(x) = (x} x2, a+t*y) , te [-5 ,6]

where ¥ is a smooth function with compact support @ on Hx3' The

basis { 8/0 x', 8/3x?%} of the tangent Spacef(Hx )Y (x) are.given
t

3/d x! = (1,0,t? ¥) and 93/ x2 = (0,1,t? v )

where ¥, = o¥/ax , i =1,2
Let U = ,(Ul,Uz) and V = (Vl,VZ) be-tw@ tangent vectors

to 'YO(HX3) at x, then

. 1 .l2
Ut Yt* (V) Ul 9/3x" + U2 a/ 3 X

y v 9/ax! +v2 3/ ox?

t - Yt*' (V) 1

Now, direct computations show that

_ 1+t ¥) 14t ¥5 t* Y1 ¥
CUplp = U g Y, Ty (U, 1Y) Ty

Expanding (a+t? W)'z in a power series of t and substituting, we obtain

<UpsVp> = <U V> + 0(t2)
which shows that the deformation y given above is an IID of Hys in

3
IR__+ . In a similar way to that of proposition (I.2.6) we can show

that Y is a non-trivial IID and the proof is now complete.

(I.2.5) Transformat1on of submanifolds and their 1nf1n1tes1ma1
jsometric deformations :

In this part we establish a mutual correspondence between
submanifolds and their infinitesimal isometric deformations in the
hyperbolic and the Euclidean spaces. For the rest of this part

let H denote - as before - the (n+l) - hyperboTic sbace model
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in (IRn+2 <, >). Let, in addition, that D and V denote the

covarient differentiation operators on (IRn+2 » <, >) and H,

respectively.
Before giving'the proof of the following two theorems, we state
without proof the following proposition which is just a restriction

of proposition (I.2.4) to the model H.

Proposition (I1.2.10) :

A deformation of a submanifold S = (M,r) in H is trivial if and
only if for some S-skew-symmetric matrix “a", the associated

deformation vector field Z is expressed as

for all xeM.

Now, we are in a stage to prove the fo]lowihg :

Theorem (1.2.4)

If £ is an 1ID vector field of the submanifold S = (Myr) in H,

then the vector field defined by

;- Bx <8 €0 > &
Y < e r(x) >

is the field of an IID of the submanifold

_or(x) +< r(x), eg> eg |

¢ :
y < r(x), ep>

in "t 1. The field Z is trivial if and only if the field & is trivial.

Proof :
Consider-a curve in M with velocity field X. Let the corresponding
curve in ¢ have Y as its velocity field. From the relations given

in the proposition, we have
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0

' <Y‘(X), eo 52

r(x) + <k(xL e&e0

S A S 0
B.Z= TN, e

X + >
< X, e, >_e

"E+<E,e> e
} B <e0’x>

>

' ] < g[&(S

0

| <r(x), ?o > 1o<r(x), e, >2
For ¥ Y, € X ($) and using the last two expressions we
get, by direct computations taking into account that £is an IID

field, that
< D Z, Y> +< D Z’Y > =
Yl 2 Yz 1 °

where D in this equation denotes the induced Riemannian connexion on

1 .
E™ and hence Z is an IID field of ¢ in EM’

For the second part of the theorem, let £ be trivial, i.e. &

has the form

Ex = ar(x)

for some S-skew-symmetric matrix a. Substituting this expression

of £ in the Z expression, we have
Z = a.y(r(x)+8

. . +1 . . .
where B8.is some vector 1in gn and o is a skew-symmetric matrix,

hence Z is trivial. The converse-can be proved in a similar way.

The previous theorem is quite useful for transferring 1ID
problems from the hyperbolic space to the Euclidean one. The reverse

way is given by the following theorem which has a similar proof to

that of the previous one

Theorem (I.2.5)

Let 7 be the field of 1ID of the submanifold S = (M.y) in

E™ ., then
Z + <2, e
g _ y < y 'y,> 0

X /1 - <Y,y>

“is the field of IID of the submanifold '§ = (M,x) defined by
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y + eo
ST -<y.y>

in H. The field & is trivial if and only if the field Z is trivial.

(1.2.6) Conclusions

We conclude this section by giving, firstly, some notes on the
11D of submanifolds of a Riemannian manifold (M,g) which are, in
particular, true in hyperbolic spaces.
Definition

A vector field Ze ¥ (M) is called an IID of M if the one-parameter
group { by } generated by Z is an infinitesimal isometric transformation
group.
Actually, the following proposition shows an important fact

concerning this kind of fields just defined.

Proposition (I1.2.11) :

.

Let (M,g) be a Riemannian manifold and let Ze ¥(M) be an IID vector

field on (M,g), then Z is an isometric deformation vector field

(Killing vector field).

Proof :

Let {¢, } be the one-parameter group of transformations generated
by Z, then by definition of 1ID, we have |
- 2
9 = 9 + 0(t*)
Using the definition of the L{e derivative we get
L,g = gjgg(gt - g,)/t = o ' (2.6.1)

The following prOposition has been proved in ( [ 19]. Vol.I p.237)

Proposition (I.2.1j)

For a vector field Z on a Riemannian manifold (M,g), the
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following two conditions are mutually equivalent :
(1) Z is a Killing vector field (ID).
(2) Lyg=0.
Using equation (2.6.1). together with proposition (I.2.11) we
conclude that Z is a Killing vector field (ID field). Hence { ¢t }

~

is a one-parameter group of isometries of (M,g).

Corollaries
Let M be a submanifold of (M,g) and let Z be an IID of M
in (M,9)
1. If Z can be extended to an IID field Z on (M,g) then
7 will be an ID field of (M,g). (The ID field is

defined below).

2. If Z is in X(M), then Z is a Killing vector field on M.

Now to explain how to transfer the infinitesimal rigidity problems
from the hyperbolic space (represented by the H-model) to the corres-
1
ponding problem in the Euclidean space et , we mention only two
examples and refer the reader to [25 1. |
We start by mehtioning some geometric propertieSiof the maps

1
y : H-~> " and x : En+1 + H defined by
y o= - (x+ <x.e > )/ <X, e, > s x=(y+e)/ )1 -<y.y>

0
which have been mentioned in theorems (I.2.4) and (I.2.5), respectively.
Clearly, the first map y can be wfitten as
y = = (x/ <x,e0>)-e0A

We notice that the first term in the right hand side is the central

projection (Beltrami map) of H into ™! while the second term represents

the parallel translation of He up to the origin 0 of (IRn+2 , <52 ).
: 0
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The second map x can be written similarly. Since the central
projection is a geodesic mapping, then 'y takes convex bodies in H

" to convex bodies in E0n+'1wh11e x takes convex bodies in EOn+l to convex
bodies in H (see §1. éhapter III). Under this understanding of

the geometries of x and ‘y, theorems (1.2.4) and (I.2.5) are good
machines to carry over many a result related to IID of submanifolds

n+ 1

in E to those in H.

Example (1.2.3)

Closed convex surface not containing any totally geodesic piece

in the 3-dimensional hyperbolic space H is infinitesimally rigid.

Proof :

The proof of this fact depends on a similar one proved in [29]
for Euclidean space E® which can be stated as followe : Let Mc E°
be any closed convex surface which does not contain a portion of a

plane. Then M is infinitesimally rigid.

Now let iCH be as in example (I.2.3), then its image

M y = -(x+ <x, e5> eo)/ < X, €0 s x eM is also a closed convex
surface not containing any planar piece in E 3. Let £ be an IID
field of fl in Hand Tet Z = -(£ +<E. e > e, )/ < x;¢o> be

IID field of y in E3 . By the previous paragraph Z sﬁpp]d be trivial
and consequently by theorem (I.2.4) g is a]so‘trivial_and the proof

now is complete.

Any surface FCE® whose convex part lies who]1y on its convex
hull will be called a surfate of type T. A similar définition can
‘be stated for surfaces of type T in hyperbo]ic spaces. Under‘the
above mentioned mappings x and y it is easy to prové that T-
surfaces in hyperbolic space go to T-surfaces -in Euclidean space and

vice versa. It has been proved by Alexandrov [ 25 1 that analytic
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surfaces of type T in E°are infinitesimally rigid. Hence similar

to example (I.2.3) above we can prove that:

Example (1.2.4)

Ana]yfic surfaces of type T in hyperbolic spacé are infinites- -
imally rigid.

We now move to give some notes on the theory of continuous
rigidity as a third theory. of rigidity. First we recall the definition
of isometric deformation (bending). In fact we distinguish between

two kinds of isometric deformations as follows :

Consider a C~ imbedding r : M >N of a manifold M into a

~

Riemannian manifold (M, <, > ). The isometric deformation of this

imbedding is the Caamap y: [0,1] xM~ M such that :
(a) each Y £ M- M is an imbedding.

(b) Yo = r.

(€) Y& <> = Yo ,> » for alt te [ 0,1] .

The isometric deformation (ID) through immersion.can be defined
similarly. If the isometric deformation v : [_o,i] X M~ M is not
purely imbedding or immersion we say that Y is an isometric

deformation.

It is clear from the above definition thatxéach isometric
deformation is infinitesimally isometric at each te [ 0,1] and the
converse is also true (i.e. a deformation which is IID at each
t e [0,1] is an ID). From this argumént we see that the crucial
difference between dealing with ID and IID is that for ID we should
study the behaviour of the deformation for each value of t in its
- domain of definition while in IID case we study the behaviour of the

deformation only at t = o.
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To clarify this point, consider the following :

We have proved in proposition (I.2.1) that~for gach totally
geodesic hypersurface M in a Riemannian manifold M, ahy (non-vanishing)
normal deformation is an IID one. This fact is no longer true for
the isometric deformations according to the fo]]owingléxamp1e : Consider
the Riemannian manifold M to be the unit n-sphere s" in e L Let M

be the greatest sphere Sn- 1, say. (see the following figure).

-1 -
If we push s""" normally upstairs such that each point xes" " moves
along the normal geodesic joining x to the north pole with constant
velocity. In this way we get a deformation v : [ 0,11 «x S"'£—+ "

which is IID but not ID.

For some value u of t, uel =[0,1] , let'Zu(x) denote the
tangent to the curve t 4‘y(t ,X) for xeMat t = u.” In this way we can
define at each tel a vector field Zt which is tangentia] to M along’

Yy (M) = Mt and we call it the deformation vector field associated
with the deformation v: I x M > Mat tel. Following a similar

method of proof to that of theorem (I.2.1) it is easy to prove that :

Theorem (I.2.6)

The deformation v : I x M > M is an ID if and only if for each

- tel
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for Xt = Yk (X), Yy = Yt*(Y)’ X,Ye ¥ (M) and §AdEnptes - as

before - the covariant differentiation in (ﬁ,»< s > ).

Actually, with this understanding of the ID.we can give the

following definitions :

1. An isometric deformationy : I x M > M is called trivial if
each v, can be written as ¢ (t)or for some continuous curve

s(t) < 1(fl) such that o(0) = 1. It is called non-trivial

if at least one Y¢ is not of this form.

2. The submanifold (M,r) is called continuously rigid in Mif

every ID of (M,r)is trivial.

It can be shown that the isometric deformation y : I x M~ H
of the imbedding (immersioh) r : M> H is trivial if and only if the
variation vector field Zt’ at time t of vy is trivial at each te I

(The method of proof is similar to that of [29] in €™ )

In what follows we ine an example of continuously rigid
submanifolds of hyperbo]ié space. For the next discussion let H
denote the three-dimensional hyperbolic space modei in the 4-dimen-
sional Minkowski space (R* , <5 > ). |

We proved before that any closed convex surface in H not
containing any totally geodesic piece ié infinitesimally rigid.

Using this result we can prove :

| Example (1.2.4) :

Any closed convex surface in H not containing any totally

geodesic piece (K > - 1) is gontinuous]y rigid (unbendable).

Proof : -

Let M be a surface in H satisfying all the hypothesis in the

example. Llet vy : I x M > H be an isometric deformation through
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imbedding gf M in H. Then for eacﬁ tel, Yt(M) = Mt fs a closed
convex surfacé of H with K> -1 and hence Mt is iﬁfihitesima]ly rigid.
This shows that the ID vector field Zt (which is an 1ID field) is
trivial for each t eI which means that y is trivial at4each tel and

hence the result.

This example, in a natural way, gives rise to the question :
Is every infinitesimally rigid submanifold continddus1y rigid? The
answer is "yes" on condition that any isometric deformation through
imbedding of this §ubmanif01d preéerves all its geometric properties
such as curvature,»segbnd fhndamenta] forms,...» etc,l To clarify this .

idea consider the following :

let Y: I xS *H be an isometric deformation through imbedding
of the geodesic sphere S = S(p,r) of center peH and radius re IR
in the hyperbolic (n+1)-space H. C1ear1y'¥t(5) = St-is’a geodesic
sphere for each te I and since geodesic spheres in H are infinitesima]ly
rigid (by theorem (I.2.3)) then similar argument to that of example
(1;2.4) shows that : |

Thebrem (1.2.7)

-

-~

Geodesic spheres in hyperbolic spaces are continuously rigid.

Using”thégfem (1.2.2) we also can show that :

Theorem (1.2.8) :

. 1+ 2 ' . .
The H.model in the Minkowski -space (R™ , <,> ) is contin-

uously rigid.
Depending on the results of R.A. Goldstein and P.J. Ryan [15]
we have the following results : '

~(a) Euclidean sphere s in E"? is continuously rigid.

(b) Small geodesic spheres in s"t! are continuously rigid.
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We finish off this section with mentioning the following

two facts :

~

(1) The set of all IID fields of a submanifold M in (M, <, > )

(2)

forms a vector space over IR. This is clear since equation

(2.2.1) is linear in Z.

For future work, the triviality problem of an infinitesimal
isometric deformation can be discussed through the dimen-
sional analysis on the vector spaces of IID fields and

trivial fields.




CHAPTER 11

SUBMANIFOLDS OF HYPERBOLIC SPACES
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Section 1 : Isometric immersion with conditional
' » second fundamental torm

3

(I1.1.0) - Introduction

J. Simons [28] made an important contribution to the study
of minimal submanifolds immérsed in a Reimannian manifold by using
the derivation of the linear elliptic second order,differentia]
equation satisfied by the second fundamental form of each minimal
submanifold. An application of this study has been cqfried out by
S.S. Chern, M.P. DoCarmo and S. Kobayashi jointly [9 ], in the unit
(n+p) - sphere s"*P  when the length of the second fundémenta] form

of the immersed n-dimensional minimal submanifold M is { n/(Z- %)} %.

S. Braidi and C.C.. Hsiung [4 ] jointly extended the results
obtained by'S.S. Chern, M.P. DoCarmo and S. Kobayashi to compact

+
N*P whose second

oriented n-dimensional immersed submanifold M of S
fundamental form satisfies certain condition. This assumed condition_
reduces to the condition above concerningAthe length of the second “
fundamenfa] form in case M is minimally immersed. One of the

theorems proved in [4 ] can be stated as follows :

Theorem (I1I.1.1)

Let M be a compact oriented immersed hypersurface satisfying
r{[w’ - (Tr th)A (TrH, )1 dv=o0

in an (n+1) - dimensional Space N of constant sectional Curvature;].
Then M is either an n-sphere or locally a Riemaﬁhian'direct product
MDU = V, x V, of spaces V, and V, of constant sectional curvature,
dimV, = m>1 and dimV, = n-m >1. In the Tatter case, with

respect to an adapted frame field, the connextion form (w é )
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of N, restricted to M, is given by

[ wi ..... w? -t
w wm (:j Y
1 m
m+1 1 uwm+1
o1 -

O (Um+1 ..... wn :
FAREPREIEE s .
wm+1 ..... wn -uw

m +1 '
..., ™ ™ - HW (:) J
L

where & is the Laplacion operator, H denotes the symmetric matrix

n+!

of the second fundamental forms and W, 1is given by

)2 - (Tr'Hn“)(Tr: H.3 S =Z.(h,.)?

W, = (S-n)S + (TrH ne1)? MUY

n+1
Although stﬁdying sbme casés of submanifo]ds'ih hyperbolic

spaces,shows consistency with similar cases in elliptic spaces, some

otheré prove great deviationsJ In what follows we find the modified

| form of theorem (II.1.1) for hyperbolic spaces. First]y} we-demonstrate

the necessary relations. For more details see [ 4—].

(11.1.2) - Basic relations :

In this article we find the expression of the Ldplacian for the
second fundamental form of a submanifold immersed in'a locally

symmetric space.

Let M be an n-dimensional Riemannian manifold immersed in an-
(n+p)-dimensional Riemannian manifold N. Choose a local field of
orthonormal framés~e1,...,en+p in N such that, restricted to M, the
“vectors e ,...,e are tangent to M. MWe sha]l makeithe‘followihg
convention on the ranges of indices : .

L ¢ ABoiv s ntp - 1< isiskee s and (n#l)gas B 5--r < (M4P)

For the fo]]owing_computations we use the Einstein summation convention.

Let‘wl,.f.,a)n+p be the coframe field dual to e 1,...,en+p

) = h%, = h%, . Applying in the structural
ij = "y

- chosen above. Let hef"(ei,eJ
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equations with restriction to M, we have

W' = o | (1.1)
o a
Wy = hij‘o (1.2)

Gauss' equatioh ((2.7) - chapter 0) can also be written in

the following forms

i i o 0 _ 0 a S
Rike = Rjke * & (hgi Mg = Mig My ) N (.
o o o B o B - ~
Rekg, = Rake * 3 (hiy Mig = hig My ) - (1

-~

where R and R represent the curvature tensors of N and M, reépect-
jvely. Actually %-? h?i ea , which is independent of the

choice of.coordinates1[19 ] , is called the mean curvature vector
and an immersion is called minimal if its mean curvature vector |

vanishes identically, i.e. I hi. = oforalla.
1

Exterior differentation of equation (1.2) and taking

W= dn®

- o L 2 B o
L R LT I (1
give that
@ Ly rOy wiawk o
(hijc + 1 Rig) “in @ = o (1
o o SO _ _"G - )
hisk ~ Mg = Rikg = Rigk (1

Similarly, by exterior differentiating (1.5) and defining

o L a o g o L a »QR B «a

I TP B TR (o (.
we get
o 1l pgm _1 @ 1.8 po k % _
(Mg =7 %0 Rk =7 Mg Rike T2 M5 R o r e 70 (1.

.4)

1.5)

.6)
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o a4 _a m- o pM B a '
hiske = Mgk = Mim Rike * Mmg Rike = Mg Reke (1.10)

' ol . : . . . ol
In fact hijk is the covariant der1vat1vg of hi‘ wh1le h13k1
is the covariant derivative of h?jk' Looking at R?jk as a section
1 .
of the bundle T(M) ® T*(M) ® T*(M) ® T*(M) , its covariant

derivative [ g is defined by

ijk&

dr®

50 L :
ijke® T ke

R R oM LR WMo R My RS W Caan

“Rogk®s " Rimke ©5 7 Ragm @kt Rigk's

This covariant derivative of ﬁ?jk must be distinguished

from the .covariant derivative of ﬁgcn as a curvature tensor of

N, which will be denoted by RP . Restricted to M, RS,

, BCD;E 13k; %
given by .
~0 _ =0 _ 50 B =~a B ~Q, B ~m o a \
Riskse = Rijke ™ Reghin Risk Mjn = Rigs M * Rigk Mme (1.12)

Assuming that N is locally symmetric [19] , we have

SA

Recpye = ©

The Laplacian 4 h?& of the second fundamentai form h?3 is

defined by
a0 _ o _ : A
Ahij = E hijkk _ A | (1.14)

Covariant differentiating (1.7) and substituting in (1.14) we get

that
a o ~ a
= I - I = z - .
Ahij K h'1'kjk K R1Jkk K hk1'jk K R1Jkk ' (1.15)

‘Using (1.10) together with (1.3), (1.4), (1.12) and (1.15) we

obtain the final expression of A h?j which may be written as

0 hs 20 B B .0 LI
kkij " Rije Mk * Reki Mk ‘Rkskh“ + Rpy s My

3 .M R.M po +# I (hG hE. h
* Rgie g * Regie " ¢ Ry b )t g n Ek
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OCBB_OLBB_OLB B LB
+ 2he hes b he heo b h8 th mj hes hoe ) (1.16)

Moreover, we have

a,§,j h?j ’ h?J' i a,i,?,k (h?ahlozkw i‘;‘js h?s' hﬁk + 4~gk1 hB ha )
- R g g+ + 2Ryt * 2R1Jk Mo 55 -
) aZ,B, 73K 4[( O;k hgk hzk th ). (ho;z h%z thh1B9v) *
+ b My h?j_hlil; g Mo ’ h.iz (1.17)
Assuming that N has constant sectional curvature c, and choosing
€ seees Cpyg such that the symmetric matrix ( aB) (izj h hf; )

is diagonalised, we have a'simpler form for equation '(].]7)

as fo]]ows :

- z 2‘V .2 _ 2 _
E _h Ah = 2 hU hkk1J+"CS o SO‘+"0L,BTr(HHB HBH&

” . Gaiad.K a

% 2 z
- Tr H + TrH )(Tr(H H H 1.18
c I (K )t BT )R ) (1.18)
‘where S = 2 S and S = S

[0 Qo a oo

S. Braidi and C.C. Hsiung [4] proved that

- a0 i a0
=2 iy ok € (“ZJ:; Mij Mkkig

Oslsd

where

wpﬁ= [(2- 5 )s Smc] S+cl (TrH )2 (TeHg) (Tr (g, ) (1.19)

The-fol]ow{ng inequalities have been also proved in [4]
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1. If M is a compact oriented n-manifold immersed in an (n+p) -

dimensional Riemannian manifold N, then

:2:::. o} o _ :E::::, a é . ) |
I‘.//I'ui-j hijAh"J v = pfqdm,k ("1‘jk) dv< o (1.20)

2. If in addition N has constant sectional curVature C,

then ,
S [ W, -3(TrH ) (TrH_ ) Tdv p /> (h¥ )2 dv »o (1.21)
p MOs 773 1Jk

M a
and consequently if

wp - g (Tr Ha) A (Tr Ha) <0
everywhere on M, then

: -Z ' . =
Wp . (Tr Ha) A (Tr Ha)

“everywhere on M.

(I1.1.3) - Main theorem :

Throughout the present wdrk we assume that M is a compact
orientable n-manifold immersed in an (n+1)-dimensional hyperbolic

space of sectional curvature -1. We also assume that M has the

property that

A(TrH )] dv = o | (1.22)

n+1)

é (W, - (Tr Hyyy)

The case of M being a totally geodesic hypersurface is possible
in sphericé] spaces but is impossible in hyperbo]ic spaces. The
reason is that in hyperbolic‘Spaces totally geodesic submanifolds are

non-compact. This may show the first deviation from theorem (II.1.1).

_Equations (1.21) and (1.22) give that

(1.23)

n+1. _ : R
h1Jk = 0 for’311 i,J.k




-81-

Using (1.14) together with (1.23) we have

A,n+1 = :
his 0 | (1.24)

For simplicity let

n+! _ _ o
hij = hij R hii = hi (1.25)

and choose the frame field e-l,...,en+ . such that

hij = o for i1#7

Lemma (II.1;1)V:

After a suitable renumbering of the basis.el;...,en we have

either

(i) h_ = h =.... - h = constant, | h; | >1 for all i.

1 2 n
or - ' .
(i1) hy= h,=....=h =2=constant T<m<n
s i h =us R B :
hm;1 .= hn = W= COﬁstant s A =1, wy =0 for 1< 1 <m,
m+1<j<n
Proof :

Putting i = j and a= n+l in equation (1.5) and using (1.25)

and (1.26)we get |

dhii = 0 "' | (1.27)
which shows that hii = hi = constant.
For i # Jj, equation (1.5) becomes

Y P - 1.28

(hy = hy) oy 0 o (1.28)
i
Jj

he # Hj, the equationsof structure give that

from which it follows that w; = o0 whenever hi # hj' Thus if

_ i__ ik _
O—dw,j = wkawj
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‘From (1.2) and (1.29) we obtain

(1 - hyshss) wiawd = o B (1.30)

which shows that if h, ¢ hy» then hihy = 1. Set h = X then we

.o = hn = X which proves part

have as a first possibility that h,

(i) of lemma (II.1.1) partially.

If h, # h1 , then h = 1/A . If h #h , then h, = A,

Repeating similar discussion with all hi's we have under suitable
~renumbering of e ,...,e  that hy =h, ~=...=h =2 and

hm+! = ... 0= hn
w! =0 for 1< i<mand ml < j <n. This completes the proof of the

wwhere m »>2. In this case and from (1.28) we have

Temma except for part (i) which can be completed as follows:

In case (i) the sectional curvature of M may be written as

.~ e.) = -1+ A% = constant
~ Applying Amaral's theorem (I.1.2) we conclude that.M should have a
point with K(ei ~ ej) >0 for all i,j, hence |A| > 1.

In case (i) also, M is totally umbilical and hence M is a
geodesic sphere (proposition (6.1) chapter 0).

In case (ii) we have for 1< i< m, m+ 1< <n that

K(ei Ae;)= -1+ hihj = 0

J
which contradicts Amalaral's theorem (I.1.2).
From the above argument we can staté the main theorem of this

section as follows:

Theorem (II.1.2)

Let M be a compact, oriented immersed hypersurface in an

- (n+1)-dimensional hyperbolic space with curvature K = 1. Let M
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have the property that

)] dv =0

SLM, - (TrH ) (Tr

M

then M is an n-geodesic sphere -
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Section 2 : On the Gauss mapping for hypersurface of
constant ‘mean curvature:

(I1.2.0) - Introduction

The aim of this section is.to prove the following two theorems :

Theorem (II.2.1)

Let M be a complete, orientable, Riemannian manifold of dimen-
sion n > 2 isometrically immersed in the H-model of the (n+1)-hyper-
~ bolic spaces and let & : M > H* be the associated Gauss mapping into

the conjugate hypersurface H* of H (see definition below)

i) If &(M) is contained in a compact hypersphere-of H*,
i.e. <I>(M)c:Ln+ ?1H* where L™ ! s a hyperp]ané in the
Minkowski space (R™ *, <, >), then M is imbedded as a
geodesic sphere. |

ii) If- @(M) is contained in a hypersphere of H* whose plane is

asymptotic to H, then M is imbedded as a horosphere of H.

ii1) The image (M) is a single point of H* if and only if M is

imbedded as a totally géodesic hypersurface of H.

Theorem (I1.2.2)

Let M be a compact, connected, orientable n-manifold immersed
in the (n+1)-model H. Let M have constant mean curvature. If the

© Gauss image ®(M) lies in a closed hemisphere of H*, then M imbeds
as an n-geodesic sphere in H.

In fact, K. Nomizu and B. Smith [24] proved the corresponding
two theorems in the Euclidean sphere s odn ™2 In chapter 111
we define-bther types -of Gauss mappings different from that given in

this section.
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(I1.2.1) =~ The Gauss mapping

The conjugate hypersurface H* of H in the Minkowski space

n+ 2

(R , <, >) is defined by

H* =-{x€]Rn+2\; <x,x>_V=]}

It is to be noted that H* is a Lorentz manifold whose %ﬁduced metric has
index 1. It can be shown, similar to H, that H* has con;tant.sectiona]
curvature K = 1. As we mentioned above that a‘hyper§phere in H* means
L™ ' where L™ is a hyperplane in (IRn+2 » <5 > ) If LM
passes through the origin 0 of (Rn+2 R <., > ) we ca]j Ln+ lﬂH* great

hypersphere.

As in,chapfer 0, let D denote the covariant differentiation
operator of the Riemannian connexion on (IRn+2 s, < 5 > ). LetMbe

n+2 , <, > ) with induced covariant different-

a hypersurface of (IR
iation operator v and let M be an immersed hypersurface of M. If &
is the field of unit normal vectors of M as a hypersurface of M, we

" have

VoE= A, X | i (2.1)

where AEZ is the second fundamental tensor of the 1mmgrsion of M into

M and Xe%(M). We have also that

D E =6Xs +h(X, Em (2.2)

where n is the unit normal vector field of‘ﬁ and h is the second
fundamental form of M as a submanifold of (IRn+2 , <, > ). If we
project DXE orthogonally on Mx for some xe M we obtaih by using (2.1)
an'orthogonal projection on MX in the same time. Henée if P denotes

the ortthona] projection mapping, then we have

H%€)=VX55-%X  1 : (2.3)
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Consider 0 to be the origin of (IRn+ 2, <, >)andy to be
the straight 1ine segment jdining 0 and x€M. Now para]]eH translate
£ -along Y to 0, we obtain a unit vector at 0 and we call it ¢ (& ).'
If we identify each x€M with EX, we obtain the desired Gauss -

mapping ¢ : M »H*or & : M >H*. Direct computafions show that the

differential &,(or @, ) of this Gauss mapping is givén by
DyE = £, (X) . (2.4)

for X €X(M). From (2.3) and (2.4) we have

Poo, = -A - (2.5)

where we put AE = A for simplicity.

Notice that if M is a hypersurface of (IR"-+2 ;f< ,> ) itself,

then equation (2.5) becomes simply

Lemma (II.2.1) :

Under the above notations if £ is a constant vector field, i.e.

D,E = o for each X eX(M), the M is a totally geodesic hypersurface

=

X
of

Proof :

Since Dyg = o, then P(Dy€ ) = o for each Xe X(M). From (2.5)
we have that A = o and hence M is a totally geodesic hypersurface
of M.

This lemma says that if (M) is a single point of H* then M

is a totally geodesic hypersurface of M.




Now we specialize to the case when M is the H-model. - Equation
(2.2) together with equation ((2.4) - chapter 0) give
DXE = VX E - -AX | (2.6)
as R(X, £) = <X, &> =0 and Xs:%(M), hence

o, = -A (2.7)

Lemma (1I1.2.2)

Let M be a hypersurface of H. Then M is a totally geodesic

hypersurface if and only if (M) is a single point of H*

Proof :

The necessity part is cliear by lemma (II.ZJ]) when taking
f = H. Conversely, if @®(M) is a single point of H*, then
® . = o0and by (2.7) we have A = 0. Hence M is totally geodesic

and the proof is complete.
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(11.2.2) Proof of theorem (II.2.1)

It is clear that if ¢(M) lies in a‘hypersphefe L™ "nk* then
there exists a vector a e(IRn+1 , <, > ) such that <&, a > =
constant. If the hypersphere is a great one then < E;‘a > =0
and if it is a small one which passes through some point c then

<f,a> = <C,a>.

Differentiating the relation <£,a > = constant, we have that

<Dy €, a> =0 for Xe ¥(M)

Using (2.7) we have

<A, a> = 0

Since X is an arbitrary vector field on M and A maps ¥(M) to ¥(M) then

s a hypefplane in

(IRn+2', < ,'> ) with "a" as its normal, i.e. L™ and L are

M itself should lie in [+ 1nH where [n+

parallel hyperplanes.

Now suppose that the hypersurface Ln+1r)H* i$ d compact hyper-
sphere, then L™ NH should be also compact and by § 6 - chapter 0,

Mis imbedded as a geodesic sphere of H which proveé part (i).

As LM "is ‘always parallel to L™ and in part (ii) L

" js assumed to be asymptotic to H, hence from the geometry of horos-

pheres of the H-model ( § 6-chapter 0) we have that M js imbedded as

a horosphere of H. Notice that M in this case should be non-compact.
Part (iii) of the theorem is proved by lemma (II.2.2).

(11.2.3) - Proof of theorem (II.2.2) :

For the proof of theorem (11.242) we need to find the Laplacian

Af  of some differentiable function f.

Let M be a Riemannian k-manifold. For any differentiable
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function fe F(M) it is known that Af can be written as [19] :

(Af)(p) =

i X

(v2f) (e'i’ eJ) ) | (2.8)

i=1

for el,....,ek orthonormal basis of Mp , p €M, where
v = X(Yf) - (V X Y)f : -(2.9)

and V denotes the covariant differentiation in M.

Let M be a k-dimensional submanifold of the (n+1) - dimen-
sional model H in the Minkowski space (IRr_'+ 2 < > ). -In addition
to the normal x to H, choose n - k + 1 vector fie]ds‘{gi } which are -
normal to M and tangent to H such that gl,....,g n-k+y 2T€ othonormal .

at every point of M. As before, we denote by D, v and v the Riemannian

connexions of (IRn+2 s < s > )s Hand M, respectively.‘ For vector

fields X and Y tangent to M we write

D = 6 < vy > | N
MR AR (2.10)
- n-k+l
and - vY = w¥ + h(X,Y) € - (2.11)
so that
_ , n-k+1 .
DY = 7 + <X,¥> x + > WY . (2.12)
X X =

where hl,....,hn-k+1 are the second fundamental forms of M as a

submanifold of H.

) i n+ 2 _ .
For a constant vector “a" in (R =, <, > ), consider

f(x) = <x,a> , XeM, as a function on M.. For X, YE;X(M) we have
n-k+1! . i ' | ]
X(Y <xsa> ) = <Y+ =2 hd (X,Y) £ 08> * <K¥> cha> (2.13)
o J=1 .

We have also that

(2.14)

(vgY) <xa> = <vy¥sas




-90-
From equations (2.8), (2.13) and (2.14) we have

‘ k n-k#t ,
(af)(x) = < = S__ W (XX, +kxa > (2.15)
i=1 j=1 171771

where X 5....5 kaare orthonormal basis of the tangent space M, -

Following the same notations of § 1 we can write

- k n-k+! . :
ke = 2>, 2 __ hg]. £ . . (2.16)
i:l j:l J .

where T denotes the mean curvature vector of M as a submanifold

.of H. From (2.15 and (2.16) we have

A <x,a> = k<x,a> + k<% ,an>; (2.17)

If M is a hypersurface of H, then equation (2.17) takes the form

A< x,a>= (TrA) <Ea> + n<xa> | - (2.18)

Where A is the second fundamehta] tensor of M and & is.the field of

“unit normal vectors of M as a hypersurface of H. In this case and

for f = <g,a > , similar computations show that
n
A<g,a>= - 3 <grad (TrA) , a> - (TrA? ) < g ,a > -
i= : :
- (TrA) < x,a > ' (2.19)

We are now in a position to prove theorem (II1.2.2). Since we
are concerned with hypersurfaces of constant mean curvature (i.e.

TrA = constant on M), we write equation (2.19) as

A<E,a>= -TrA2 < g,a > - (TrA) < x,a > (2.20)
Combining (2.18) and (2.20) together we obtain

-{ n(TrA%) - (TrA)? }<g,a >

A< ng + (TrA) Xx,a >

(2.21)

- z ()\i.')\j)z <'£,a >

i<

where Al,....,x denote the characteristic roots of A.
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The assumption on the Gauss image ¢(M) of M is‘equivalent to

n+2

the existence of a constant unit vector "a" in (IR ,.< , > ) for

which < £,a > > o on M. By virtue of (2.21), we have

A o<ng+ (TrA)a> <0 - (2.22)

Using (2.22) in Hopf's lemma [19] we have that
<n & + (Tr A)x, a > is constant on M. If Mis miﬁima] <g ,a > is
constant on M and in this case M is a geodesic sphere in H by virtue
of theorem (II#Z.]). v

We now assume that Tr A # o. By equation (2.21) and letting
f: M~>H denotés the 1sometrié immersion under consideration, every

point of
W ={ peM ; < gﬂp),a> >o'y

is an umbi]ié-as in this case Ai = xj for all i,]. However,

< n& + (Tr A)x,a > being constant on M, it is clear that < x,a > is
constant on M\ . Therefore M\i{ immerses into a hyperSphere of H
so that M\i{ s totally umbilic. Thus M immerses totally umbilically
in H and by virtue of proposition (6.1) - chapter 0 M is an imbedded
geodesic sphefe in H. Thus the proof of theorem (11.2.2) is now

complete.
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Section 3 : Stability of minimal surfaces

(11.3.0) - Introduction :

Since the paper of B.Y. Chen[ 8] , the stability problem of
submanitolds has become an interesting area of research. T.J.
Willmore and C.S. Jhaveri [32] generalized the concept 6f stability
adopted by B.Y. Chen in Euclidean spaces to a genera]IRiemannian
manifold. The stability problem has been deve]oped‘by H.Mori [23]
when he studied the stability of minimal surfaces in the 3-dimensional

Euc]ideah Sphere-S3 of unit radius in " . In fact, H. Mori proved

the following :

Theorem (II.3.1)

Let S® be the 3-dimensional unit sphere in E* with the canonical
Riemannian metric and let f : M~> S® be a minimal imﬁersion of a
compact orientable surface M with piecewise smooth boundary 3 M.

Suppose that there is d constant a(> 4).such that the Gaussian curv-

1
27 Ta

ature K of M satisfies K < (a-84)/(a-2). Then if  f-(1-K)dV <
. M
(M,f) is stable.
In this section we pkove_a similar theorem concerning stability

of minimally immersed surfaces in 3-dimensional hyperbolic space.

The model which we use is the H-model in the 4-dimehsiona1 Minkowski
space (IR" s < 5 > ).

(11.3.1) - Basic Relations :

Let (M,f) be an immersed n-sﬁbmanifo]d in the kiemannian
(ntp)-manifold (ﬁ,g). Let - as before - T(Mfﬂ represent the normal
bundle of M as a submanifold of M. Let v,V and " denote the
Riemannian connexions on M, M and in_T(M)'L ,'respectiQé1y. Let T(M)

1
denote the space of cross-sections of T(M) . Suppose that v is
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a section of T (M), then the Laplacian Av of v can be written as

follows [28]

S N A AR
, i St . -
(av)(p) 2> ( ey e Ve )(p). - (G0
e.

i

for p €M where € 5...5€, are an orthonormal basis of Mp. If M is
compact and closed or if M is compact with boundary 3M, and ¥, ¢

are two cross-sections in T (M) which vanish on ZBM, we have [19]:

1 (ane)dv= g (Yohe)dv s -y §(ay sae)dv - (3.2)
2

where g is the induced Riemannian metric on T(M)

D. Hoffman and J. Spruck [ 18] considered the isometric immersion

f:M~> M of Riemannian manifoldé M and M. Using the following

notations :
K - sectional curvature of M.
¢ = mean curvature vector field of 1mmer§ion
F(M) = the injectivity radius (*) of M restricted to M
woos the volume of the unit ball in E"
b = a positive real number or pure imaginary one

they proved the following two theorems:

Theorem (11.3.2)

Assume K ¢ b2 and let h be a non-negative C' function on M

vanishing on 3M. Then

{f K /(m-l)dv }(m"l)/m
M ,

< c(m)

~

é ( Jgrad hj +h [gf )dv

(*) The injectivity radius r(M) of a Riemannian manifoid M is the
largest r such that for all pe M, expB is an imbedding of the
S

D’

open ball B(0,m) of center .0 and radils r inM
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provided
b2 (1 -9 (4" " vol (supp )™ <1 .
and
2p <1 (M)
where

b™ 'sin” 1b(]-a)-!/m (“h- Vol (supp h))l/m. for b real.

(1 -oc)'l/m @u&l Vol (supp h)) Yo , for b imaginery

Here 0 < a < 1 is a free parameter, dimM =m and

“1/m
W

m

‘ : i i r
c(m) = ema) = pn 2T S -
for b imagery, we may omit the factor %1T in the definition of c.

Theorem (II.3.3)

Let M be compact with boundary 3M and assume’ﬁs b2 then

ol M)™E)/M < c(m) (VoI aM+ / HED

‘provided
b2 (1-a) 2™ (w " Vol m/Me 1
and
2pyg € r(M)

where

b7 sin™t b(1 -a) /™ (w " Vol M) L/mo for b real

Po= ' ,
(1-a) H/m (cu'l Vol M) H/m . _for b imaginery
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(11.3.2) - Variations and Stability :

Let { ft } be a 1-parameter family of immersions of the
p-manifold M into the Riemannian n-manifold (M,g) with the property

that fo =f , where f : M +M is a C~ immersion, and the map

F: [0,1] x MM, defined by F(t,m) = f (m) is C*. Then { f, }
is called a variation of f. |

The vam‘ation'{ft } of f: M~ M induces a vector field in M
defined along the image f(M) of M. We denote this‘fféld by £ and it
is constructed as follows : let '3 be the standard vector tield
in [0.1] x M. We set E(m) = F*3€ 2 (0.m)). The field E
gives rise to Ca)cross-sections tN and E7 in T(Mf“ and T(M),
respecfive]y, by orthogonally brojecting E into the:appropriate
space. | o
SincefT js a vector field on M, ET correspondé to a differ-

ential (p-1)-form eﬁTl on M defined by
0 =T (x X _) = g(ETA X A ~ X | e A€ a..on€ )
BT (Xpseeees Xo, A oeeen Xpp Bn € neenEp

where e ,...., ep.is any positively oriented frame-oniMm.

The fol-lowing important theorems have been pFoved by

J. Simons [28].

Theorem (II.3.4)
Suppose that M is compact. Let Q(t)'= p-dimensional area of
' o
fo(M). Then Q(t) is a C® function on (M) and '

Q" (0) = -1 g(EN8) + fog
M M F"

where ¢ is the mean curvature vector of M as a submanifold of
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Theorem (I11.3.5)

Let f : M~ M be a minimal immersion in (M,g). Let { fo )
be a variation of f. Suppose that for all te| 0,1 1 fy (a3 M) =

f(a M). Then if M is compact Q~ (o) = o.

Theorem (II.3.5)

Let '{ft } be a variation of f such that f, (3 M) = (3 M).

Suppose that M is compact. Set V = N, If f, is @ minimal immersion

~

then (o) - pﬁg('A V4 RY) - A(V)Y) (33)

where

R is the curvature tensor of M and A = A% A , Ais the second

. fundamental tensor of the immersion f.

Let M be a p -dimensional, compact, orientable, ¢ manifold
with boundary oM and let f : M~ M be a minimal immersion of M into
the Riemannian.manifold (M,g). It is known (by theorem (11.3.5))
that M is stationary with respect to the n-dimensional'volume Q(t).
We say that M is stéb]e if Q° (o) > o, i.e. the vo]dme of f(M) is

a strict minimum of all variations { ft} corréspohding to Q(t).

Now, we spe;ié]ize to the fo]]owihg case:; fet f:M>Hh
be a minimal immersfon of a compact orientable surface M with
piecewise smooth boundary 9M into the 3-dimensiona1'hyperbolic
space model H. By assumption on M we have a unique (global) unit
normal vector field v (up to a sign) on M, and this fje]d v is

. -
parallel with respect to the induced connexion on T(M)
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(I1.3.3) - Main Theorem .

The aim of this section is to prove the following:

Theorem (11.3.7)

Let H be the 3-dimensional hyperbolic space of sectional
curvature K = -1 in the Minkowski space (RR* y<s > ). Let
f:M~>Hbe a minimal immersion of a compact, orientable, surface

M with piecewise smooth boundary 3M. Suppose that there is a
constant ae IR (ae IR\ (2,4)) such that the Gaussian curvature K

of M satisfies K < (4-a)/(a-2). Then if

J(4K) dv > -1/(27 ma),
M

(M,f) is stable.

For the proof of this theorem we need the following lemmas.

Lemma (II.3.1)

Let f : M - H be as in the above mentioned theorem. Then for
a normal variation with compact support and with variation vector
" field uv , the second variation of the 2-dimensipna1 area Q(t) is

given by

Q (o) - J{ usu +( "BNZ-Z) uz} av

M

2 2
7 { fgradul - (NBI - -2)uz}dV
M . .

where ||BI denotes the length of the second fundamental form of

(M,f), u e F(M) andv is the field of unit normals of (M,f).

Proof :

If we consider V.= uv where [V =fui, u| y = 0s

| relation (3.3) takes the form
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Y

- - 2 n )2
0) = | d {<AUy, uv> + u*( iiRiaia + BUIS )} dv
S (3.4)
_ 2 2 D . .
= S{uAu +u<v,hav > +u(_ZRMia+MM)}W
M i,a
where R is the curvature tensor of H.
From relation (3;1), we have by direct computations that
oo~ b .
<v,Av> = - LV v|? '
|| e; " : (3.5)

J

- where e ,e, are orthonormal basis for the tangent space of M at
a point. From equations (3.4) and (3.5) we obtain-

iz +u?( £ R . +1B1%)}dV (3.6)

2 ~7
Q" (0) = -/ {uAu-u? I HVL i

e.
1 J i,a

M- J

Using Stokes' theorem, we have

. . 2 N <
é ubhu = &l]m@d uj (3.7)

which together with the fact that Vlv = 0 give

o _ i 2 _ 2 o 2
Q (o) = _d'{ lgrad ul® u® Cd R: o 1.OL+IIBM_ ) }dv (3.8)
Taking into account that o = 3 and i takes the values 1 and 2 we

have % R. . = -2 and now (3.8) becomes
isa ai1a )

4

Q" (o). = [ {lgrad ul® - u?( 1812 -2) 3 dv
y .

which completes the proof of the lemma.

Lemma (11.3.2)

The Gauss mapping & : M- H* (defined in section 2).for the

two-dimensional minimal submanifold.M of H is conforhaT.

Proof :

We have seen before (in § 2) that for a hypersurface M in H, the’
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Gauss mapping . @ : M — H* has the property

where A is the second fundamental tensor of M as a submanifold of
H. Suppose that Al and Az are the two eigenvalues of A. Since

M is a minimally immersed surface in H then

A+ A = o0 or A = -=A (3.9)
1 2 1 T2

Suppose that el and e, are the corresponding orthonormal eigenvectors

of A at the point peM. For any pair of vectors w,v €'Mp, we have

<o w., 9,V>=<Auw AV >

Expressing w,v as linear combinations of e, ,&, and using (3.9),

we get

<qw, fv> =>‘12(al by + azb,) ;'4}'\412<w, V2 (3.1.0)

where (a, ,b,.), (a, sb, ) are the components of w and Vv, respectively.
From (3.10) it is clear that ¢ is conformal with scale function

A2 or A% |

1 2

Corollary (I1.3.1)

There is no compact minimal surface (without boundary) in the
3-dimensional hyperbolic spaces.’ |

The reason is that if we apply Gauss equation ((2.8) - chapter O)'
we get that for a hypersurface M in the 3- d1mens1ona] hyperbo11c

space the Gaussian curvature is

K = -1 +&AT=¥1-ﬁ<Q_.
If.we assume that M is compact without boundary we gef»a contradiction
‘tO Amaral's theorem (I.1.2). Simflar‘argument shows that the above
corollary is valid also for compact hypersurfaces (without boundary) in

the n-dimensional hyperbo]ic space.
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Lemma (II.3.3) |

Using the same notations and under the induced metric, the volume
V( @ (M)) of the Gauss image & (M) of M is
JdS=vV( o M) = J (u?®-1)dV
M M

 where K = -w? and dS denotes the volume element of the image & (M).

Proof :

The volume V( & (M)) can be written as

"\_/( o (M) = pjd"Fdet (< 0xle;)s @*(ej)"> ) dv C(3.12)

From (3.10) and (3.12) we have

V(o (M)) = I\qxzdv

1

From (3.11) we obtain
V(o M) = - é (14K) dV = é (w2 =1) dV-

and the proof is complete.

Proof. of theorem (II.3.7)

To show that M is stable under the hypothesis in the theorem,

it is to show that Q” (o) > o which is equivalent, by (1emma (11.3.7)) »

to show that

é ( HBIIZV-Z)u2 dv < é fgrad uf® dv : ) (3.13)

Using equations (3.9) and (3.11), we get
B2 =A% +2% = 2\
1 2 1

Hence

iBi2-2 = 2(w® -2)
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From equation (3.14) inequality (3.13) takes the form

Sou? (W -2) dv </ |grad uj? v (3.15)
M M |

App]ying theorems (II.3.2 - 3) for K=-1and m= 2 we have
. 1/2
{ S u? ds} ¢ ¢/ |grad uf dS (3.16)
M 1M :

where
Cl = 2 Tr1'/20L'1 (-I _ 0.) '1/2, 0<a < 1 (3.]7)

As ¢ . is positive, (3.16) can be written as

fuds < ¢ (/fgrad uf dv)? (3.18)
M oM '

Using Schwartz inequality, (3.18) gives

futds € ¢2 / fgrad ul®dv . Vol( @ (M)  (3.19)
M M

From lemma (II.3.3), inequality (3.19) becomes

S (w?-1)dV g c2 S (P -1) dv. S igrad u]’ .V (3.20)
M , ''mo M

Since 2( w?-2) < (w?-1)a, then inequality (3.20) takes the form

[ o2® (wP-1) V< act S w2-1) dv. [ fgrad ui? dv (3.21)
M M M N
For inequality (3.15) to be satisfied, acf I | w2-1) dV should be less
' M
than 1. The idea now is to find the value of a which makes 1/acf
maxima. Computations on (3.17) show that the required value is a =2/3

hence C . 27 7. This argument shows that fheAStability condition is

- & (1+K) dv < (1/27°m a)

SORAAM UNIVERGTT

s ' . Lo : - 5 AUG 1982
which completes the proof of the main theorem. Seience gt

Problem
What is the corresponding theorem for hypersurfaces (or, even worse,

?

for submanifolds) in the (nf1)-d1mensiona] hyperbolic space, n > 3




CHAPTER II1

CONDITIONAL IMMERSIONS INTO MANIFOLDS
WITHOUT CONJUGATE POINTS )
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Section 1 : Convexity

Relation between the second fundamental form and‘fhe Gaussian
curvature of hypersurfaces in Euclidean spaces on ohe hand and the
convexity on the other hand has been proved to be a fruitful area of
research. Throughout this section we generalize the concept of con-
vexity to general Riemannian manifolds. When restrictfng to manifolds
without conjugate points more results are obtained. For this section

all manifolds are complete, connected, C* Riemannian. -
We start by recalling some definitions :

1. A set B in a manifold M is called convex if for each pair of -
points p, qe:B; there is a unique minimal geodeéic segment
from p to q and this segment is in B. An open (closed)
convex set which is a submanifold of M of maximal dimension
is called open (closed) convex body. For the rest of this

section convex bodies are assumed to have smooth boundaries.

2. A hybersurface M of M is said to be convek at a point xeM
if the geodesic hypersurface of M tangent to M at x does not
separate a neighbourhood of x in M into two (or ﬁore) parts.
Moreover, if x is the only point of a neighboqrhood of M which
lies on the geodesic hypersurface tangent to M‘af x then M '
is said to be striétly convex at x. If these properties are
satisfied for each xeM, theﬁ M is called locally convex,

strictly locally convex, respectively.

3. If for every xeM the tangent geodesic hypersurface of MtoM
at x does not separate M into two (or more) pérts, then M is
said to be convex. Moréover, if for every xeM, x is the
only point of M which lies on the ‘tangent geode§1c hypersurface

at x, then M is said to be strictly convex.
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A strict]y convex hypersurface M in Euclidean space is always
orientable and its orientation can be given in the following way :
Choose at each point xeM the unit normal vector pointing to the
opposite side.of M with respect to its tangent geodesié hypersurface
(hyperplane) at x. We obtain a continuous field of unit normal

vectors (orientation).

It is worth mentioning that the above mentioned way of giving
an orientation to strictly convex hypersurfaces in Euclidean spaces
fails 1in the case of convex hypersurfaces. Our indicative example

of this situation is the 2-disc in E 3.

It can be shown, similar to Euclidean spaces, that a hyper-
surface M in M is strictly convex at a point x€M if its second fund-
amental form is definite at x. It is also easy to seé that each
convex hypersurface is locally convex but the converéejn general, is
not true. In the following, Int (A) for any subset Ac M will

denote the interior of A and A will denote the closure of A.

It shou]d.be noted also that if A is a closed convex body in

~ a manifold M, then Int (A) is'a1$o-convex. Unfortuﬁate]y, the converse
of thfs fact is not true, i.e. if B is an open ;onvex'body in M, then
B = BU3B is not necessarily convex. An obvious examp]e for this case

is the open hemisphere in the Euclidean sphere s"egtt
It can be shown easily that

Proposition (III.1.1)

In a Riemannian manifold M, the intersection of two convex bodies
is a convex body.

Before proving the next proposition, we define the geodesic cone

as follows :
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Definition :

A (truncated) geodesic cone in a manifold M with vertex pe M is a

solid body in M which is the image under exp_ : Mp > Mof a (truncated)

P
cone in Mp with vertex at 0.

Proposition (III.1.2-a)

The boundaky 3B of an open convex body B in a complete Reimannian

manifold M is a 1oca11y convex hypersurface of M.

Proof :

For the'prdof of this proposition we need the following theorem
( [19j , Vol. I, p.166) : Let (x',....,X n) be a norma]'ﬁoordinate
system at x of a Riemannian manifold M. There exists a pdsitive number
“a’ such that, if o < p < a then any two pdints of U(xzp) =
={peM; d(x,p) < P } can be joined by a unique minimiiiﬁg geodesic, and

it is the unique geodesic joining the two points and lying in U(x;p).

Now suppose that B is an open canvex body in M and assume that
the boundary 3B of B is not locally convex. Then there exists a point
x € 9B such that the tangent geodesic hypersurface af x to 9B divides
every neighbourhdod of x in 9B into (at least) two pafts. Consequently,
there exists at least one tangential geodesic, y : (0,1) ~ M, to 3B
from x which goes inside B, that is vy (o) = x and y(t) is an anterior
point of B for all te(o0,1). Now U(x;p) NB is oﬁen in M. Consider
the point y(t ), t e (0,1), such that y(t;) € U(x;e) NB. Clearly
there exists an open neighbourhood VCU(X;0) M B around y(to). (See

the following figure).
2B
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Draw.the truncated géodesic cone C in‘M with‘Vertex x,.and
axis Y such that its base A is completely inside V; ‘From the above
figure, there exists a geodesic yeC going outside B and inter-
secting 9B at x transversally. Consequently, there:exist two points -
mfmze Y such that m m;:U(x;p)()B. By the above mentioned theorem
Y is minimal from m tom,. Since B is convex then there exists a
unique minimal geodesic,'? say, Jjoining m and ﬁa‘aﬁd YcB. Clearly

Y #7 and hence we obtain a contradiction showing that 9B should
be locally convex. -

The following proposition shows that the boundary 9B of a
convex body B is convex provided that some extra conditions are

assumed for the ambient manifold.

Proposition (111.1.2-b)

The boundary 9B of the open convex body B in a complete, simply

connected, Riehannian manifold W without conjugate points is convex.

Proof :

Let B -and 9Bibe as in the proposition. Let the boundary 9B
of B is not-a convex hypersurface in W, hence there exists a point
ge 9B where the’tangent geodesic hypersurface of 9B at q;separates
3 B into (at least) two pieces. Cbnséquent]y, tHeré exists a geodesic
Y tangential to 9B at g which goes inside B. Let m. be a point on
the geodesic y such that m € B. Since B is open, then thére
exists an open neighbourhobh U of m such that UcB. (The figures

below give some possible cases).
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Draw the geodesic cone C with vertex q and axis y such that
its base around m is1inc1uded in U. Similar to proposition (II.2.1-a),
there exist two points m,,mgB with joining geodesié ? which does not

lie completely inside B.

| Since W 15 complete, simply connected without‘cbnjugate points
then there is only one geodesic segment Y joim‘ng'm1 and m and by
convexity of B, Y should be included in B. Now, wé have two different
A'geodesic segments Y énd ? joining m; and m, which is a contradiction.

Hence 9B is convex.

Proposition (III.1.2-c)

Let B be a convex body in a complete Riemannian manifold M.
Let x be an interior point of B, x€Int (B). Then any geodesic ray

Y from x which intersects 9B will do so transversally (not
tangentially). '
Proof :

Under the same notations of the proposition, let v be a geodesic
ray from x which intersects aB. Suppose that v intersects 9B tangent-

ially. If yNoB = {pl} is a single point, we can show that 9B

is not locally convex at p which contradicts proposition (I1I.1.2-a).

If A= TN3B is é continuous subset of y ,.1et‘q e 3A be the
nearest point to x. ~Consequently, all points of v bgtWeeﬁ x and q
~are interior points’of B. Let U(qg-;P) be the conve%"neighbourhood
‘ 6f q in M as mentioned before in the proof of proposition (III.1.2-a).
Let m € U(q ;p) Ny such that me B. Let V be a neighbourhood of m
such that VCU(q ;p) NB. Adapting the 1dea}of geodesic cones as
| before we draw the geodeéic cone C wi@h vertex at d énd axis y such

that its base is included in V.




It is clear that there exist two points mlugeU(q ;0)B which are
connected by a geodesic segment ¥ not included in B. By the theorem
mentioned befofe in the proof of proposition (III.1.2¥a), the
geodesic ¥ is minimal. Since B is convex, then thére exists a unique
minimal geodesic segment ¥ joining m, and m, and ycB. This
contradiction shows that Y should intersect 98B trénsversa]]y and

the proof is complete.

The f011ow1ng fact will be helpful in concluding some nice

results :.Let B be a bounded convex body with smooth boundaryha B
“jn a Riemannian manifold M énd let v be a geodesic réy in M which
intersects 9B trénsversa]]y, then 'Yintersects'aB at least twice.

The exponential map can be used successfully in proving this fact.

The study of convexity in comp]ete, simply connected,
Riemannian manifolds without conjugate points is more fruitful than
general Riemannian manifo]dsﬂ The reason is that any pair of points
in a complete, simply connected, Riemannian manifold W1thout-con-

jugate points has a unique connecting geodesic segmént.

Proposition (III.1.3)

Let W be a complete, simply connected, Riemannian manifold
wi thout conjugate points and let BCC W be an open convex body. Then

the closure B = BU3B of B is also a convex body.

Proof :

Suppose that the closure B 1is not a convex bddy in W, then

_ there exist two points p, qedB whose joining geddesic, Yy say, does
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not 1ie completely inside B. Suppose thaty meets ‘aB (i) trans-
versally at p'and q (ii) tangentially at p and g (iii) tangent-
i ially at p and transversally at gq. We study each case separately.
(1) Slightly extend Yy beyond p and q. Now there ‘éxist two points
p’, q'sB with connecting (unique) geodesic y not included
inside B which contradicts the hypothesis that B is a

convex body.

(1'1') Since Y is not included completely inside B, then there exiéts

~a point pey such that p € W\B. As W\B Ajs' oben, there exists

a neighbourhood V& W\ ] of p. Draw the geode'sic'cone C with
vertex q, axis vy and ’sUch that C goes through‘V._ Now CﬂB

will be more than one component. Without loss of generality |

let C NB have two components D, and D, as indicated in the

following figure. Letm,e D,

%)

)

/\- v
and m,e D, . Now we have three poss‘ibih'ties :

(a) If there is a geodesic 7? € C.fromm, to m‘zAwe get a
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contradiction with the hypothesis that B is convex.

(b) If there is no geodesic in C from m, to any point of D, ,

we have either :

(b.1) If the geodesic in C fromm, to q meets-3 B at q

transversally, we get case (i).

(b.2) If the geodesic in C from m, to q meets 9B at g

tangentially, we get case (iii) below.

(iii) Slightly extend Y beyond p and let p e ¥ be an interior point
of B. The point p~ has, therefore, a neighboqrhood uUcs.
Similar to (ii) we can draw a geodesic cone C'with base in U
as shown in the following figure. Now -it is;cleér that there
exist two points m, ,m,€ B with connecting geodesic ¥ not

included in B. This is again a contradiction to the hypoth-

esis that B is convex.

Proposition (I1I1.1.4)

In complete, simply connected, Riemannian manifold W without

conjugate points, totally geodesic hypersurface (when.éxists) divides

W into two convex bodies.

- Proof
Let H be a totally geodesic hypersurface in W and let H divide

W into two parts D, and D, . Suppose that D, is not a convex body
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in W, hence there exist two points p, g€D1 , p # Q» whose joining

geodesic segment Y does not lie completely inside D, .

Suppose that vy intersects H in p,q . As wé know H is a
geodesic submanifold at any of its points. Draw all géodesics from
| p~ spanning H. Clearly one of these geodesics, Y say, w{11 pass thr-
ough q° . This argument shows that there exist two &1fferent points
p°, q° €W which are joined togethér with two different geodesics
Y and ¥ . This will contradict the hypothesis on W-and so D, is
a convex body‘in W. Similar argument shows that D, is also a

convex body in W and the proof is complete.

Proposition (III.1.5)

Let W be a complete, simply connected, Riemannian manifold

without focal points. Then geodesic balls are convex bodies in W.

Proof :
Consider the geodesic ball

B (r) = B(mr)={ xe @ ; d(mx) <r}

_where m € W and r > 0 is a real number. Suppose that B(m,r) is not

~a convex body in W then there exist p, q¢ B(m,r) , p # q, such that

‘the geodesic segment Y joining p and qiis not included in B(m,r).
Suppose that <y intersects 9B(m,r) = S(m,r) at p”and q”. Expand

-S(m,r) radially to the geodesic sphere S(m,;) which contains Y and
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such that YNS(m,r) # & . It is clear that-YnS(m,r) will be a set

of isolated points otherwise W will have focal poihts. It is also -

easy to see that all points in YNS(m,r) are critical points of the

distance function Lm (y(t)) = d(m,y(t)) with index 1. This
argument shows that Y has focal points on each geodesic . from m
to the points of YNS(m,r). This will give that W has focal points

which is a contradiction. Hence B(m,r) is a convex. body in W.

As proposition (III.1.5) is true for all geodésic balls in
W which has no focal points and as horodisc is a limit of a sequence

of geodesic balls, we have

Corollary (III.1.1)

In compTete, simply connected, Riemannian manifolds without

focal points, horodiscs are convex bodies.
Using proposition (II1.1.2) together with the ‘last corollary,

we have

Corollary (III.1.2)

In complete, simply connected, Riemannian manifolds without

focal points, horospheres are convex hypersurfaces.

Remark (1) :

In complete, simply connected, Riemannian.manifold without
focal points, the complement of a horodisc is not necessari]yvconvex.
The fo]]owihg counter example demonstrates this fact; _Consider the
half-space model anf of hyperbolic.spaces. Let Q bé a vector in
IRE+ parallel to the x" - axis. The horosphere H at p is the
Euclidean hyperplane x" = X" (p) and the upper region-bounded by HV
is the corresponding horodisc Bv‘ (Look at the following figure).

. . e : n+
Clearly, the (unique) geodesic ;egment y joining q,, qzsIR \ Bv
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is not included inside H2n+\ Bv .

(.I{,-.--,An-t)

Proposition (III.1.6-a) :

Let M be a complete Riemannian (n+1)-manifold. Let B be a
bounded convex body in M with smoofh boundary 3B. 1f B = BU 3B is

a convex body in M, then 9B is diffeomorphic to the unit n-sphere s".

Proof :

For the proof of this proposition we use the fact that

exp

me M. Consequently, a geodesic sphere S(m,r) in M with sufficiently

: Mm-+.M is a diffeomorphism onto a neighbourhood of m for each

small radius r such that S(m,r) is contained inside the normal co-

ordinate neighbourhood of m is diffeomorphic to an Euclidean n-sphere
of radius r. |

Now let B and 3B be as in the propoSition. Usﬁng the last par-
agraph and considering‘m to be an arbitrary interior point of 6,
me Int(B), then there exists a small geodesic sphere S(m,r)C:B
around m in M which is diffeomorphic to an Euc]ideah!n-sphere of
radius r. By Gauss lemma ahd since BU®B is convex,-thén each minimal
geodesic segment in BU3B from m to any point of 3B wi]l intersect‘

S(m,r) orthogoné11y and only once. This geodesic réy‘will intersect

3B transversally (by proposition (IT1.1.2)).
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Consider the mapping py, : 0B +S(m,r) which is (geometrically)
‘the central projection through minimal geodesic rays from m. The
convexity and boundedness of B guarantee that P is a homeomorphism.

In fact Py is so for any arbitrary interior point m.

- -1
It can be shown that the critical points of . the map p, are

the points of 3B which are conjugate to m. To show that pm' 11's a
diffeomorphism, it is sufficient to show that 3B has no coﬁjugate

points of m.” Now let nedB be a conjugate point of m. Slightly

extend the minimal geodesic segment y , joining m and'n, beyond m to
meInt(B). Draw the small geodesic sphere S(m,r) which has the same
properties as S(m,r) above. Taking into accdunt the two facts that

y does not minimize distance between n and m and uniqueness of geodesics,
we conclude thatlpﬁ- l‘is not_injective. This contradiction shows that
5 B has no conjugate points to any interior point of B and hence by

using the inverse function theorem Py is a diffeomorphism.

Now 1ift S(m,r) into M_ by using expm-.I:_M - Mh. Under the

properties of the exponential map mentioned above, S(m,r) will be
:diffeomorphic to the Euclidean n-sphere §(o,r) = exp;1 S(m,r) of‘
fadius r and center 0 ='ex§;1 m. Central project §(o,r) ont6
3(0,1) = S" inM_and call this map i S(o,r) +3(0,1). It is

clear that 56 is a diffeomorphism as well.: Composing all the above
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mentioned maps together, we -have '

-1
o

Eoo exp o p 3B 5 §"

m
As each map in the composition is a diffeormorphism, this completes

the proof.
Remark (2)

1. The converse of the proposition (III.1.6-a) is. not true in
general since the geodesic circle of radius >&w/2, on a
2-dimensional cylinder of radius % in E*®, which is diffeo-

morphic to S! does not bound a convex body. .

2. The previous proposition will be easier in proof in case of
complete, simply connected, Riemannian manifold without

conjugate points W and in this case we have :

Proposition (III.1.6-b)

Let B be a bounded convex body in W. Then 3B is diffeomorphic

to Sn.

Proposition (I111.1.7)

Let W be a complete, simply connected, Riemannian manifold
without conjugate points and let ﬁm be a geodesic hypersurface at
me W. Then ﬁm for each m eW 1ies between its tanggnfia] horospheres

at m if and only if W has no focal points.

Proof

First let W have no conjugate points ahd such th?t for each

A

me W, Hm;11es between its tangential horospheres HV and H_v where

v éwm is a unit vector perpendicular to ﬁm'
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Let yv(t)'be'a unit speed geodesic with YV(O) - m and
yv’(O) = V. ansider the following map Ct : HV > ﬂm defined as
follows : draw the unique geodesic from Yv(t) to the point pe HV
and extend it to intersect ﬂm at Ct(p). ‘This map'(‘,t is defined

at least on small neighbourhoods of m on Hv' If we';dnsider the

distance function Ly'(t)(x) = d(YV(t),x) for xe W, then by restriction

v
to Hv mis a critical point of LYv(t) | Hv' In fact m is a minimum

point. From the nature of the mapping Ct, we have

LY (P) < LY (t),(c (p))

v
which means that the distance function L (t)l H has a critical
point at-m which is also a minimum point. This argument shows that
ﬁm has no focal points on the geodesic segment 'yV(S), se [o,t]
(see 1emma (III.2.7)._ Letting t ~ © we obtain that ﬁm has no focal

points on th(t)a t >o0. As the above dfscussion is. true at each

point in W, hence W has no focal points.

Conversely, let W have no focal points.aﬁd Tet BV and B_,
denote the horodiscs correspbnding to ve SW which are éonvex bodies
in W by corollary (III.1.1). As H =3B, and H_v,#faB_v are both
convex hypersurfaces in W then if pel+ NH_ ys any¥ geodesic ray from
p and tangent to both H and H Ties g]oba]]y outs1de B and B
As this is true for every geodes1c of this k1nd we have that the

tangent geodesic hypersurface at any point in HvﬂH_v lies between




-116-

H, and H_ . Because this is true for each veSW the proof is complete.

Corollary (III.1.3)"

Let W be a complete, simply connected, Riemannian manifold
without conjugate points. Then W has no focal points if and only

if each horodisc is a convex body.

Proposition (I1I1.1.8)

Let W be as in proposition (III.1.5). Then the interior and
exterior of each horodisc are convex bodies if and only if W is the

"Euclidean space.

Proof :

Let HV and H_V denote, as before, the horospheres corresponding
to v, -v eSW, respectively. As the horodisc BV is a convex body then
HV is a convex hypersurface. Let p, qe Hv be two arbitrary points.
By the convexity of Evand ﬂ‘\Bv (proposition (III.1.3); p and g should
be joined by fWo minimal geodesic segments v, and Y, such that
Y, Bv and Yzczﬁ‘\Bv. By conditions on W these two geodesics
coincide and both of them 1lie in Hv' Repeating the same argument
‘with all points of Hv we obtain that Hv is a totally geodesic hyper-
surface in W. 'Similarly, H_V is a totally ggddesic hypersurface in
W. Taking into account that a geodesic is défined.uniquély by its
initial point*and‘velocity we get that HV = H-v' -

Since the above argument is true at each poiﬁt Qf W and by
(section 2 - chapter 0) W is a space form. Now W could not be a
hyperbolic space by remafk 1. Also, W is not isometrit to a sphere

since the latter has conjugate points. The only possibility is

that R is the Euclidean space.

The converse is easy from the properties of the Euclidean space.
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Definition
In a complete Riemannian manifold M two unit speed geodesics

o ,B are called bi-asymptotic if there exists a real number c,

0 <c < ®, such that d( a(t), B(t)) < ¢ for all t-gﬂif

In Euclidean spaces any two asymptotic geodesiés'are bi-
asymptotié while this is no longer true for hyperbolic spaces. In
the next few propositions we brove some results conéerhed with the
concept just defined. The next proposition which has. been proved by

J.H. Eschenburg [14] is helpful.

Proposition (II1.1.9)
Let W be a complete, simply connected Riemannian manifold
without conjugaté points. Assume that the stable Jacobi tensor of W

is continuous.. Then for each veSW

(1) H, NH_, = BVIWB_V (i1) HV{WH_V is a connected set.
(iii) Exactly the geodesics intersecting Hv perpendicularly at

poihts of HV ﬂH_v are bi -asymptotic to Yv'

Corollary (111.1.4)

Let W be as in (proposition (I11.1.9). Let W in addition have
the property that no.two asymptotic geodesics are bi-asymptotic. Then

4Hvr7H_v for any veSW is a single point.

Proposition (II11.1.10)

Let W be as in corollary (III.1.4). Then bvl H_v has no maximum:

or minimum points except the point Hvr]H_v, ve SW.

Proof :

It is clear that under the hypothesis of coro]iary (111.1.4),

b,, |H_v.s o and the point HVHH_V is a maximum point:. Suppose that
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bv1 H_, has qeH_, as another maximum point. Then theré exists a
geodesic segment y from g to Hv.which'intersects both Hv and H_v
orthogona]Ty. This means that the'geodesic ray y is bi-asymptotic to
Yy which is a contradiction to the hypothesis on W. ‘The same argument

canlbe carried_out if q is a minimum point which completes the proof.

Lemma (III.1.1)

In hyperbolic spaces bvl H_v is strictly decreasing along any
geodesic of H_, from the point Hv nH_,- Moreover, va H_, runs from

0 to-=.

Proof :

The half-space model IRn+ is the most convenient one to carry
out the proof of this lemma. Without loss of genera]ﬁty consider the
unit vector v eIRE+, ps:-IRn+ , such that v is para]IgT to x"-axis

“in the positive direction. Since horosphere in hypérbo]ic space is

a complete, flat manifold, it is isometric to E"'l, iThis shows that
geodesics of HV are sfraight lines in-the plane x"'= x"(p). It can

: be shown that the geodesics of H_, from p are great circles. Consider
v (s) to be one of these. geodesics whiéh is parametrized by arc-length s
such that (o) = p. Letq =v(s)andq, = (s 2)'Where-s2 > s
It is.clear from the figure below that o> bV (q1 ) > bV (qz) and

bv(p) = o0 which completes the}proof.,

n+
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Proposition (III.1.11)

In hyperbolic spaces, the horosphere Hv = b; 1(o) intersects

all the horospheres b;l (k) for k< o.

Proof :

Under thé same notations given in the proposition let r ¢ 0 be
a finite real number. Following the same argument aé in lemma (III.1.1)
We can show that bV (b:J(r)) is strictly decreasihg‘alohg geodesics
of b:; (r) from the point Yb(r) where YQ(S) is an_aréjléngth para-
mefrized geodesic such that Yv(o)EiHv and Yv'(o) = V. :Moreover,
Ibv(b:J (r)) runs from -r to -« . By the continuity~of bv| H_v we
>conc]ude that b:; (r) has points with bv(b:J(r)) = 0 which are them-
selves points of b;‘(o) = Hv' Since r is an arbitraryipon-positive
real number the proof is now comp1ete.

We finish off this section by mentioning the effect of geodesic .
mappings on convex bodies. In fact geodesic mapping may be defined

as follows:
Definition
"A homeomorphism & : M > N from the manifold M into the manifold

N is called a geodesic mapping if for every geodesicly of M the compos-

ition @e°Y is a reparametrization of a geodesic of N.

Notice that a geodesic mapping & : M +N takes totally geodesic
submanifolds of M to totally geodesic ;ubmanifb]ds of N. When M and N
are of the same dimensions @ turns out to be a diffeomorphism. It can
be shown that the inverse of a geodesic mapping between manifolds of
the same dimensions is also a geodesic mapping. . For\more details

about this sort of mappings see [29].
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Proposition (III.1.12)

Let w1 and w2 be two complete, simply connected, Riemannian
n-manifolds without conjugate points and let &: W,~> W, be a geodesic

mapping. Then @ takes convex bodies in w1 to convex bodies in w2 .

Proof:

Let B be a convex body in W, then every two different points
p, q€B have their unique connecting geodesic segment'y to be con-
tained completely inside B. Let B = ®(B). Using fhe‘map ¢ it is
clear that.7 = ®doY 1is a geodesic in wz which is contained inside
E and joining @(p) and &q). Since there is no other géodesic segment
of w2 joining @(p) and @(q) we conclude that B is é.convex body
in W,

Using proposition (II11.1.3) together with thé Tast proposition,

we have

Corollary (II1.1.4)

Let W, , W, and & be as in proposition (I1I1.1.12), then ¢ takes

convex hypersurfaces of W, to convex hypersurfaces of W, .
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Section 2 : Tight and taut immersions

(111.2.0) Introduction

In this section we try to generalize and study'the concepts of
taut and tight immersions in complete, simb]y connected, Riemannian
manifolds without conjugate points. Actually, tight and taut
immersions have been introduced for the first time by S.S. Chern and
R.K. Lashof [ 10,11 ] and studied by N. Kuiper [20,21] énd many others
[3,5,6,32] . For instance, T.E. Cecil and P.J.Ryan [6 ] generalized
the above mentfoned concepts for hyperbolic spaces and they proved
many related reéults. A successful trial has been‘cérried out by
~J. Bolton [ 3] when he generalized the concept of tight'ihmersion for
complete, simply connected, Riemannian manifolds wifhout'cohjugate
‘points and he proved two theorems corresponding to.thoée which have

been already proved in [10] in Euclidean spaces.

The concepts of (spherical)-two-piece property have been gen-

eralized as well. The relations between these concepts and tight and

taut immersions have been found.

For the present section we need oftenly the Morse inequalities

which can be stated as follows [32] :

_ Let f be a C 2function on a compact C“’n-mahjfold M with no
degenerate critical points. Let1ﬁ_be the number of critical points
of f on M with index » and let BA be "the A-dimensiona]‘Betti number

~of M. Then we have the following inequalities :

My > By
" Wy 2 B1 - B
My m Wy F e * (-1)'11'10 > B - Bt +('1)150" €i<n
My = Hpoy Feoveees + ('])nuo 2 Bn Bn-1+ ..... +(-1)n%

‘In particular we have y > B8, for all k.
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(I11.2.1) Notations and definitions :

Let M be a connected m-manifold without boundary.

Definition (1.1)

We say that the C 2 function ¢ : M > R is a T-function if

(1) ¢ 1is non-degenerate.

(ﬁ) Mr(ch) ={.peM; ¢(p) srl} is compact for all re R.

(iii) There exists a field F such that for all re R énd integers k
the number of critical points of ¢ with index k thchAlie in
M.(¢) is equal to dim H (M (¢) ; F) where H, (M,.( ¢) 3 F)
denotes the kEﬂ homology group of Mr(¢ ) with respect

to the field F.

Let us now consider an immersion f : M » W where W is a
complete, simply connected, Riemannian n-manifold without conjugate
points and from now on let W always have these properties. In addition,

let all maps be Ck, k > 2, unless otherwise stated.

Definition (1.2)

An immersion f : M > W is taut if, for every x €W the distance
function L, : M -~ IR defined by Lx(p) =Ad(x,f(p)) is either degenerate

or a T-function.

Definition (1.3)

An immersion f : M > W ds called proper if the inverse image

under f of every compact subset is compact.

Theldefinition (1.2) of tautness has been refofmu]atéd in terms

~of homology homomorphisms by N. Kuiper [20] as follows:

Lemma (II1.2.1)

Let o : M ~ IR be a real-valued function such thét ¢ is non-

degenefate and Mr(¢ ) is compact for‘a11 r €R ; Then ¢ js a T-function
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if and only if there exists a field F such that the map:H*(Mr(¢ ) 5 F)
> Hy(M ; F) induced by the inclusion Mr( )M is injective for
all reR. | )
Let B = B(m,r) and S = S(m,r) = 3B(m,r) denote the open geodesic
- ball and geodesic sphere centered at m and have radius r e R, res-

pectively. Now lemma (2.8)[5] can be modified in the following way :

Lemma (I111.2.2) :

Let f : M > W be a proper immersion. Then f is taut if and
only if there exists a field F such that for every closed geodesic
ball BeW for which f is transversal to the round geodesic sphere 3B

the map H*(f'l(é) s F) > H,(M ; F) induced by inclusion is injective.

Proof :

Before. being involved in the proof we notice that for the closed -

geodesic ball B = B(x,r) we have

CFTNB) = ML) = Lpe M Lof(p) < }

Aléo f is transversal to 3B if and only if r is not a critical
va]ué of L. We shall write for simplicity M(x;r)‘; ML) = f-‘(ﬁj
and J(x,r) : He(M(x,r) 5 F) > H,{M;F) the homology map induced by the
inclusion M(x,r)cM. |

(a) Firstly, let f be a taut immersion, then every Lx’ X€ W, is

either degenerate or T-function. Suppose that Lx, for some xe W, is

a T-function (i.e. x ¢cf) then by lemma (III.1.1) J(x,r) is an
injective map. C

For the second possibility where LXo’ for'sbme Xo€ W, is a

degeherate function (i.e. x ecf) we make use of fhe-éxponentia] map

of Was it is a global diffeomorphism. - If we consider exp;1 W wp,

for peW, it is easy to see that the point q of wp is a critical
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point of Ip = Lo° exp'1 if and only if exppq is a critical point of L .

P P
" The contact order is also preserved by the exponential map. Moreover,

the signature of Lp and Ep are the same.

Taking all these properties into account we can transfer the

situation from W to Em+k (m+k = dimW) and so we can benefit from the

proof of the corresponding lemma in [5].

(b) For the converse, suppose that J(x,r) is injecti?e whenever r
is not a critical value of Lx for any x €W. By 1emmé:(III.1.1) we
have to show that J(x,r) is still injective even if r is a critical
value of L but L is non-degenerate. It is known [22] that if L,
is non-degenerate, its critical points are isolated and hence there is
only a finite number in M(x,r). Consequently, given $<éritica1 value
ro of Ly there is r >r,so thatr is not a critical value of L, and
M(x,ro)c:M(x,r) is a strong deformation retract. Since J(x,r) is

injective then J(x,ro) is also injective which completes the proof.

The fact that horospheres can be regarded as "geddesic spheres

of infinite radius" makes the following generalization of tightness

usual.

Definition (1.4) :

Let f : M »W be an immersion where W is a complete, simply
connected, Riemannian manifold withoht conjugate points, with bqunded
" asymptote and with sectional curvature bounded from below. Then f is
called h-tight if, for every VE:T(M)'L the function bv;f‘is either

degenerate or a T-function.

From now on W will denote a complete, simply connected,
Riemannian manifold without conjugate points, with bounded asymptote
and with sectional curvature bounded from below. In & natural way,

lemma (2.9) in [5] can be restated for W as follows :
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Lemma (III.2.3) :

Let f : M > W be an immersion of a compact manifold M. Then f
is h-tight if and only if there exists a field F such.that for every
horosphere H v vEISN to which f is transversal, the map

H, (f~ (W\B ); F)} = H.(M; F) induced by the inclusion is injective,

where B is - as before - the open horodisc assoc1ated with v.

The proof of the above lemma depends origina]ly on the following
result which has been proved in [3] through applying Sard's theorem
to the generalized Gauss map (see 33) : the set {v ESPQ : bv is

non-degenerate } is dense in W.

(I111.2.2) - General theorems on taut immersions

We start by proving the following theorem ’

Theorem (II11.2.1)

Any taut immersion f : M > W is an imbedding.

Proof:

Since the immersion f : M > W is proper we shdw that f is injective.
Suppose that f is not injective hence there exist two points p,q€M,
p # q, such that f(p) = f(q). Then there is a closed geodesic ball
B(f (p),r) with sufficiently small radius r such that f intersepfs
3B transversally and p, q lie in different components of f-l(é).
Since M is connected HO(M;F) has dimension 1 while Ho(f;%ﬁ);F) has
dimension, at least, 2. So the map H (f'l(ﬁ)'F) »> (M'F) induced
by the 1nc1us1on cannot be injective and hence by 1emma (111.2.2) f is

not taut which is a contradiction. This comp]etes the proof of the

theorem.
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Definitions (2.1)

(a) An immersion f : M +~ W is said to have the sherical two-piece
property (STPP) if for any geodesic sphere S or horosphere Hv’ v €SH,

the set f }(W\S) or f *(W\ H,) has at most two connected components.

(b) An immersion f : M > W has the h-two-piece propérty (hTPP) if
for any horosphere‘Hv, v eSH, the set'f'l(ﬁ‘\Hv) has at most two
connected components.

Notice that ifld=ﬁ=En+k the above two definitions reduce to the
STPP and TPP which have been introduced by T.E. Bahchoff [31].

Adopting definitions (2.1- a,b) we prove the following

Proposition (II1I1.2.1)

Any taut imbedding f : M > W of a compact manifo]d M has the STPP.

'Proof:

Since M is compact, then Lx’ for any xeW when restricted to M, _
attains its maximum and minimum. By lemma (III.2.2),'which is true for
the comp]emeht W\ B of a round open geodesic ball B,ztdgether with the
fact that Ho(f'l(é') 3 F) > H (M 5 F) is injective then £ 1(B). is |
connected and so is f ! (W\B), hence'the'result.

In a similar way of proof of the last proposition and using

Temma (III.2.3) we can prove the following:

Proposition (II1.2.2)

Any h-tight immersion f%: MW of a compact manifold M has hTPP.
For the following propositions we need the next lemma

Lemma (III.2.4)

Let W (as before) be a complete, simply connected, Riemannian

manifold without conjugate points. Let S1 = S(p,rI) s Sz'= S(q,rz) be
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two different geodesic spheres. Then if S is tangént to S, at all

points of intersection, §, NS, is a single point.
Proof:

First of all we notice that, under the hypotheées mentioned in
the lemma, the open geodesic balls B, = B(p,r,) and B, = B(q,r,) have
the properfy that BlnB2 =o ifpgB,, BlﬁB2 = B1 if p 582 and
finally B,NB, =B, if qeB, . |

Now suppose that B, 1B, =¢ and 5,MS, is a set which contains
more than one point. In this case W should have, at least, two
different geodesics Y,,Y, from p to q intersecting tWige which con-

tradicts the hypotheées on W.

Secondly, suppose that B,NB, =B, and let S,NS, - as before - be
a set containing more than one point. In this case the uniqueness
of geodesics will be no longer true as indicated in the following

figure. If B,NB, =B, we have a similar situation.

The last lemma becomes false if W is a general Riemannian manifold.
The reason is that in S* geodesic spheres S, = S(N, 7/2), S, = S(S, 7/2)
where N, S denote the north and south poles, respectively, intersect

in the equator S, or S,.

In the following W denotes a complete, simply cdnnected,
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Riemannian manifold without focal points.

Proposition (II1.2.3)

In' W geodesic. spheres ‘have the STPP.

Proof :

Assume that there exists a geodesic sphere $1-= S(pysry)s peW,
which does not have the STPP. Consequentty, theré»exists another
geodeéic sphere S, = S(p,sr;)s pze;ﬁ, or a horosphere H , ve SH,
which divides S, into more than'two connected components. Without
loss of generality the number of componenté of S, contained inside

B, (or B,) may be assumed two.

Firstly, we consider the case of geodesic sphere.S, . Now

contract S, raaially keeping p, fixed. Two possibilities might happen :

(i) S, contracts to a geodesic sphere S, =AS(p2,r)ftangent to Sl

- in more than one point which is impossible by the last lemma.

(1i) S, contracts to a geodesic sphere S = S(p, ,r ) as follows:

Since the component C of S1 inside S, is compact, there exists a
sequence of geodesic spheres tangent to S, at p whose 1imit is a
geodesic sphere S tangent to S, in more than one point. This is

again a contradiction to lemma (II11.2.4)

Following similar argument with Hv instead of S5, we reach to

the following situation.




- In this case there exist two different geodesic rays Y, and Y,
from P, which are asymptotic to each other. This is a contradiction

to theorem (3.3) - chapter 0.

To complete the proof we should consider the case when the

connected components of S, outside B (or BV) are two.

Now, suppose that b-J‘\B2 contains two connected éomponents of S1
as in the following figure. Clearly, the centérs'p1 and P, of Sl and
S2 , respectively, are different points. Keep pzi fixed and let S2
expand radially till it has a point of tangency witH:S; , g say. In
this case we have two different geodesic segments Y, &hd Y, from q to
P, and P, » respectively, with the same initial velocity W . This is

now a contradiction to the uniqueness fact of geodesics.’
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When considering the case of Hv instead of 52', for some

v e SW, and using a similar technique we arrive to such a situation

given in the following figure.

Clearly, the uniqueness of geodesics is broken at n or c|eslr]Hw
for some w eSW. This is again a contradiction which completes the

proof of the proposition.

In the manifold ﬁ, which has no focal points, hofospheres do not
have the STPP in general. Putting some restriction 6n W such as, in W
there are no two bi-asymptotic geodesics, we can show that Hv, for each

veSW, has the STPP.

Theorem (II1I1.2.2) :

Any taut immérsion f:M>Wis h-tight. (Mis compact )

Proof:

In view of lemma (III.2.3) it is sufficient to consider a
horodisc Bv’ ve SW, bounded by the horosphere H = an'such that f is
» transversa] to Hv and show that if f is taut then there is some closed
~geodesic ball B = é(x,r) such that f is transversal tb 3B and
-1,z -1 ,=

f (Bv)czf (B) is a strong deformation retract. This. can be carried

out similar to theorem (2.3) [5] taking into account that W\C; is

dense in ﬁ.

‘Lemma (III.2.5)

Let f : M > W be an immersion and let UcM be open. For xeH

Tet Lx have precisely one critical point pe U and let p be non-degenerate
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with index & . Then there exists a neighbourhood E of -x in W such

that if yeE then Ly has a critical point q in U and g %s non-degenerate -

with index Q.

Proof :

Since Lx has precisely one critical point pel which is non-
degenerate, then x = expf(p)n for some n eT(M;- and x is not a focal
point. As the focal set Cf is closed then therelexists an open neigh-
bourhood E of x which contains no focal points. We denote the pre-

L

image of E in T(M) by V, hence expf(p)lv is a diffeomorphism.

If yeE, theny = expf(q)u fo} some ueV Whosé=base point is q.
If we join u to n in V, we see that the connecting arc will pass
through no critical normals which ensures that the index of q as a

critical point of Ly is also & (see [22]p.85 and Tlemma (III.2.7) below).

Lemma (III.2.6)

Let f : M > W be a taut immersion and suppose that for

4 .
(p,n) e T(M) there is no focal point of the form expf(p) tn, o<t<]1.

(p
is not a critical normal, equality holds only when p= q.

Let x = expgpyn. Then L (q) >L (p) for all qeM. Further if (p,n)

Proof :

Suppose that (psn) eT{MSL is not a critical nofma]
(i.e. x = expf(p) ng Cf). This means that f(p) is a ﬁon-degenerate
critical point of the function LX with 0 index. This argument shows
that f(p) is -an isolated point in MHnu (LX). Since the immers1on is

taut, M LX) must be connected and hence MnnW-(Lx) consists of f(p)

fnil (
alone and so Lx(q) >L,(p) for all qeM and q # p.

Suppose that (p,n) is a critfca] normal (i.e. x = expf(py18Cf)-

wi i = tn,
We repeat the above argument but with Mtunn (th) where Xy expf(p) _
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' o<'t<1 and S0 we get that f(M) 11es outs1de the open geodes1c ball
' ;“B( Xt t ﬂnl ) Hence f(M) 11es outs1de the union of such open balls
‘ which 1mp11es that f(M) 11es outs1de the open geodes1c ball B(x, Infl )
el L m) (m for all qu | o |

If we cons1der the complement case’ when ‘the 1ndex 1s max1mal,.

~ we have the fol]ow1ng

‘mea(IH 27)

_ N Let f: M -+ W be a taut 1mmer51on of a compact m.man1fold M and‘
. suppose that (p n) cT(M) is such that the mu1t1pl1c1t1es of the focal
po1nts of the form expf(p) tn, 0 <.t g1, is m, then L (q) s L (p) for

all qf:M, where X expf( Further 1f (p.n)-1s not.a cr1t1cal_

| p)"™
:_normal equa11ty ‘holds on]y when p q

":Proof<
The proof of th1s lemma depends on the fact that any norma]

~lgeodes1c to- f(M) from f( ) could not have more than ‘m foca1 p01nts

"(taken w1th the1r mu1t1p]1c1t1es) Actually the proof of this result

'3¥'1S not 'S0’ easy and therefore we give it in the fo]loW1ng The proof

B _=depends deep]y_on_the assumpt1on that W has,nolcongugate points.

’Let t'befa norma1 geodesic to f( ) at f(p) -"(o).A'Let L

. be the vector space of al] c” broken vector fields a]ong T van1sh1ng

'-fat- T(b), b #o,. and perpend1cular to 1. Let [ be a subspace of - ﬁ
| w1th max1ma1 dimension ‘on which the index form I is negat1ve '

~ semi- def1n1te |

The}vector space.f.has an important property:which has been '

‘ f_',lgjyenfin:the,following lerma.

"i'T-Lemma-(}a {,t

Let"V;-and~V2'be‘two,different vector fields-in L. Then

S f‘".vl.(_o) Fy00):
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Proof:

Assume that V, (o) = V,(0). Then the vector f{eld V, =V, -V,
which is in [ has .the property that V (b) = o and V (o) = o. Since

T has no conjugate points, then by the Morse index theorem we have
I(V,,V,) > o which is a contradiction showing that V (t) = o for all
telo,b], i.e. V, = v, . This contradiction again giVés that Vl(o)
should be differenf from V (o).

| Consider the map g L Mp which assigns to each element

Ve L its initial value V(o). In the light of the above lemma we can

easily see that :

Corollary :
The map g :[--’-Mp , defined above, is injective.

This last corollary shows that dimlf-s m. The fo]lbwing lemma which has

been proved in [2] is needed for the proof.

Lemma ( B

Suppose that there is no conjugate points of T (o) on 7 ((0,b]).
For Ve L there is a unique Jacobi field Y such that ?(o) = V(o) and
Y(b) = 0. Moreover, I(V,V) > I(Y,Y) and equality occurs if and
only if V = Y. o

Consider J to be the vector space of all Jacbbi vector fields
along 1 vanishing at t(b) and have their initial va]ueé in Mp.
Since t((o,b ] ) contains ﬁo conjugate. points, we can. show easily.
that |

gLf 9 M

is a linear isomorphism onto Mb.

P

Using Temma ( 8 ) we can define the map -h :}ET+‘5' by h(V) =Y

where Y(0) = V(o). It is clear that the map h is injective.
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If we Tet j_denote the subspace of J on which I is negative
semi-definite, we conclude from lemma ( 8) and takihg into account

that J&= £ that h( L) =J (i.e. dim L= dimJ ). Consequently,
index of 1| LxL = index of 1| IxJ< m.

Now the index of I fof is, by definition, the index of the hessian
matrix of the length function when restricted to the space of all
geodesic paths from t(b) to f(M). Using the fact that any point of
f(M) has a unique connecting geodesic~segmenf with t(b), we can ‘
jdentify each geodesic segment from t(b) with its pofnt of intersection
with f(M); Identifying each Ye J with its initial value in Mp it
becomes clear that index of I|ﬂ><ﬂ»is exactly theiindex of the
hessian of the distance funcgjon Lr(b) ?,M - IR at?t(o) as a critical
point. (i.e. the index of the point T(0) as a critical point of

L equals the number of focal points of f(M) on t({0,b ] ) which is

T(b)
at most m=dim M). Since T(b);is an arbitrary point on T the proof
is comp]ete.‘ |

Now, we return back to the proof of lemma (III,2.7)

i
~ Suppose that (p,n) eT(M) is not a critical normal

(i.e. x = expf(p) h ¢ Cf), henge f(p) is a non-degenerate critical point
of the function Lx with maximal index m (i.e. p is a maximum point of
Lx)‘ Since M is compact then the distance function Ly; for any
'y eW, attains its maximum L(y) and minimum 2(y), i.e. z(y)szLy(q)
< L(y) for each qeM. Clearly, the function ,f; = L(x) - Lx has b as
a non-degenerate critical poiht with index 0 (i.e. p is a minimum
“point of fx). | |

Since f is taut then p is an isolated point in ML(x)4 -ﬂnu(‘fx)

and'MM(X)_ "n"'(af;) is connected.'AConsequenfly, MM(x)- il (fo)

consists of f(p) alone and so l;(q) >l;(p) for all ge M.
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Equivalently, Lx(q)< Lx(p) for each qe M.

_ If x is a focal point then there is no other focal point of M
along tbe geodesic y(t) = expf(p5tn, t >0 for t? ‘T. Consider
X = expf(p)(T+E)n for sufficiently small positive real number e . It
is clear that f(p) is a criticai point of.Li with index m. Similar
argument shows that L; (q) < L; (p) for a1l‘qe:M. Taking the Timit as
€ -0, we obtain that Lx(q) N Lx(p) for all qeM which:completes

the proof.

Corollary (II1.2.1)

Let £ : M - W be a taut imbedding and let peM have a normal
ray v(t) = expf(p)tn. t 2 0. ne T(M)L. on which there are no focal
points of f(M). Then f(M) lies in the closed region W§\Bn bounded by

the horosphere H_ through f(p) with inward pointing normal n.

Proof :

The proof is a direct conclusion of lemma (I11.2.6). Consider

-

the point.Y(E) = expf(p) tn, t>o0. It isclear thét.f(M) does not
have any focal point on the geodesic segment from Y(o) to v(t) and
consequently f(M). doesnot intersect  the open geodesic ball

B(v(t), t Inl ). Since this is true for each f 30 and as the union
of all the open geodesic balls B(Y(t) , t lnk) is the open horodisc’

'Bn we obtain the reauired result.

In a natural way we can generalize the concept of substantial

_1mmersion (imbedding) in Euclidean spaces to manifolds without

conjugate points as follows :

Definition (2.2)

An immersion (imbedding)f : M ~W is called h-substantial jf

£(M) is not included in any horosphere of W.
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It has been proved in [ 5] p.709 that if f : Ms " s a
substantia] taut imbedding then there is a critical normal on every
normal line. This result is no longer true, generally, in manifolds

without conjugate points according to the following example :

Consider the h-substantial taut imbedding f : RZ > R* in
the half-space model of hyperbolic 3-spaces as indicated in the

tollowing figure. o

It is clear that the normal geodesic at f(p) which coincides with

x3-axis has no focal points of f(R? ).

Definition (2.3)

(@) An immersion f : M > W is calied spherical if f(M) lies on a
geodesic sphere of W.
(b)  An umbilic of f(M) is defined to be a focal poin;_of f(M)

with multiplicity = dim M.

“-Corollary (III.2.2) :

Let f : M > W be a taut imbedding with an umbi]ic. Then f is

spherical.

‘Proof :

Consider the point x g W such that x = expf(p)n; for pe M and
. T
neT(M) , to be the umbilic  point of . f(M). This means that x is a

focal point of f(M) with multiplicity equal to dim M.  Applying
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lemmas (II11.2.6-7) we have that

and _ L(a) < . L(p)

for all gqeM. Thié implies that Lx(p) = Lx(q) for all'qg;M and hence

f(M) lies on the geodesic sphere S = S(x, Inl ), ij.e.-f is spherical.

Corollary (111.2.3)

Let f : M~ W be a taut imbedding of a compact manifold M as a
hvpersurface of ﬂ. If £ (M) has an umbilic , then f(M) is diffeom-

orphic to-Sm, where dim M = m.

- Proof :

From corollary (II11.2.2), f(M) will be imbedded as a geodesic
sphere in W. Using propositions (I11.1.5-6) we obtéin the required

result.

Proposition (II1.2.4)

Let £ : M »W be a taut imbedding such that there is at most
one focal point on each normal geodesic ray. Then f(M)ﬂCf = ¢ and

W\ C¢ is arcwise connected.

Proof :

Suppose thaty is a normal geodesic ray to f(M) starting at
f(p) for some pe:M; Then for points of y very cloée to f(p) we can
pick x €W such that L | £(M) has f(p) as a non-degenerate critical
point with index o (1.e; there are no focal points of f(M) on Y
between x and f(p)). Applying lemma (III.2.6) we hdve that

Lx(p) < Lx(q) for all geM.

Suppose that x is a focal point of (M), then x can be written

as X = expﬂq )tn for some q € M, te R and ne'T(M)L. By hypotheses
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in the proposition x is the only focal pofnt on the geodesic ray
Y(t) = expf(q )tn. Using lemma (III.2.7) we have that
. . , _
Lx(ql) < Lx(q) for}a]] qeM. In particular Lx(ql) §-Lx(p) which is
a contradiction showing that x ¢ Cf.

Push x along Y nearer to f(M) and eventually we obtain that
f(M) contains no focal points of itself. Hence f(M)ﬁCf = ¢ which

proves the first claim in the proposition.

For proving the second part supposé that x,ye:w\.cf. As f is
a taut imbedding and M is conneﬁted theh LX s Ly have‘uhique critical
points p,q, respectively, of index o. Consider the path consisting of
the geodesié segmeﬁt Y’p joining x to f(p), any path T in f(M)
joining f(p).to f(q) and finally the geodesic segment yq joining
f(q) to y. For any point x“eyb, p is a non-degenerate critical
poiht of Lx'and hence x " ¢ Cf ; thus YpﬂCf = ¢ .: Similarly,
YqﬂCf = . We have already shown that f(M)NC. = ¢ soTNC; = ¢ .
In this way thg path described above which joins x ahd'y is contained
in W‘\Cf. As this argument is true for any arbitrary"?air of poiﬁts

Xs ySW\'Cf we obtain the kesu]t._

Proposition (II1.2.5)

Let f-: M~ W be a taut immersion of a‘compact manifold M as

a hypersurface of W. Then every normal geodesic has focal points
of f(M).
Proof :

Since f(M) is compact and f is an jmbedding tﬁeh any inward
normal geodesic ray Y(t), t >o, from f(p) = Y(0), pe M, intersects
f(M) at least once (let Y(d), a >o0.be the first intersection).

1
Suppose that the geodesic yv(t),-yv(o)fif(M) and ve T(M) s free

from focal points of £(M), then by.corollary (III.2.1) f(M) lies
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completely in W\Bv since Yv(t) for t 2 o has no focal boints of f(M).
Similarly, since the geodesic ray Yv(t), t < o has no focal points
of f(M), f(M)c:w\\B_v. The result now is that v V(a) ef(M)f\Y y(t)s
a # 0, coincides with Yv(o) which contradicts the hypothesis that

f is an imbedding, hence the result.

Theorem;j}II.Z.B)

Let f : M > W be a taut imbedding of an (m-]);Connected compact

2m-manifold M with

1616 .... 01 (m terms).

Hm (M;Z)

o or 2.

Let dim W = 2m+1. Then k

Proof :

Let v be an outward normal of M at p. Since fﬁe geodesic ray
Y_v(t) = expp(-tv) , t > 0, goes to the inside of f(M) it must meet
f(M) again and by the last proposition there is a focal point of f(M)
. on y_v(t), t2o. Let q-= expp(4v) be the first fo;a1'point on vy,
with multiplicity ¥ >o. From the index properties ( [22] p.85)
the point'q' = expp(-tv) for t > 1 and sufficiently near l,\is not
a focal point of f(M) and hence p is a hon-degenerafe critical point
of Lq,IM with the same index p.

Considering any T-function on M and taking into account that M
is compact, the negafive of a T-function is also T-fuhﬁtion and from
the hypothesis on the homology groups of M we have :1A [-function on
M has one minimum, one maximum and k critical points each of index m.
Consequently, if a distance funct1on L , XeW, has a noh-degenerate
cr1t1ca1 point then its index must be o, m or 2m This argument

shows that w=mor p= 2m.

Now if M= 2m for any point pef(M), then M iS.;aut]y imbedded




~140- ,
with an umbilic and by corollary (IIl.2.2) f(M) is spherical. Using
the codimension 1 property, f(M) will be an imbedded geodesié sphere
in W. Siﬁce the exponential mapping is a global difféomorphism on W,
then epr—)_1 of : M~ f'"zr), where p and r areAthe ;:e.nter and the
radius of f(M), respectively, is a diffeomorphism of M onto the
om-sphere S2M(r) = 2™ of radius r. I1fp : $M(r) > €M (1)
denotes the central projection in wﬁ then p o expB'1 o:f :

M > s*™(1) is a diffeomorphism and so k = o.

In the case k # 0, i.e. U=mwe find that—if there is another

-focal point on Y_v(t). This must have multiplicity m. Let

o
I

1 .
~sup {In) ; neT(M), exppn is the first focal point

on the inward-pointing geodesic ray from p, pe M } .

i'S

Inf "{In)] ; neT(M) , expn is the second focal point

[0}
1]

P _
on the inward-pointing geodesic ray fromp, pe M1} .
Following similar argument as in [5]we can pfove that e is well

defined and that d < e.

If we chpose d<c<e, for every peM define 8(p) to be the
F

inward-pointing normal at p with length c. Then 6 : M~ T(M) s
a smooth imbedding. It is clear now that 8(M) contains no critical

normals which means that expfl 6(M) has no critical points. Hence
' |

g expe 0 6 : M~ w

is an immersion.
- -L -L .n 0 3
Now consider the map 8 : T(g(M)) = T(f(M)) which is defined by

o = 0t by e "‘c_'=,-||9(p)I|

where p is the base point of 5(h) and the + and - signs denote the
case when n is the initial velocity of an inward or outward-pointing

geodesic ray. The map 0 is a fibre-preserving diffeomprphism.
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From the nature of the mapping 8, it is clear that

ex&(py>é(n) = eXPg ) Ms hence expg = expg 0 6 . Accordingly, critical
points of exp, are mapped onto the critical points of exp. with

multiplicity preserving. Also the focal sets Cf and Cg coincide.

If we consider the point xz—:W\Cf (=W \C_ ) and choose Lx(p) =

g
d(x,f(p)) and L; (p) = d(x,9(p)), then as Cf EACg the non-degeneracy of
LX implies the non-degeneracy of L; . Moreover, the nature of g

gives rise to the following fact : peM is a critical point of L;

if and only if p is a critical point of Lx' Since f js‘taut, then

LX is a T-function and hence Lx has precisely k + 2 critical points,
~one with index O,p0 say, one‘with index 2m, H say;'and'k with indexAm,
ql,...,qk . It can be shown graphically that g(po)“fﬁ'a critica]

point of L; _with index m , g(pl) is a critical point of L; with

index m and g(qi) , i=1,...,k is a critical point of L; with index

0 or 2m. Applying Morse inequa]ities as it has been:done in [5] we

get that k = 2 which completes the proof of the theorem.

(II1.2.3) - More about taut and tight immersions:

In the case of the immersion f :'M ~ W of a compact manifold M
into a complete, simply connected, Riemannian manifold W without
conjugate points, we can give the following definition of taut imm-

ersion similar to that one given in the Euclidean space [31].

Definition (3.1)

The immersion f : M ~ W is called taut if every non-degenerate

distance function Lx , X€W, has the minimal number of critical points

required by the Morse inequalities.

~

In[31, J. Bolton defined the h-tight immersion f : M > W

of a compact manifold M into the complete, simply connected, Riemannian
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manifold W without conjugate points, with bounded aéymptbte and with

sectional curvature bounded from below as follows:

Definition (3.2)

An immersion f : M > W is called h-tight if every non-degenerate
bgf, v €SHW, has the minimal number of critical points.required by

the Morse inequalities.

It seems quite interesting to find the relations between the
definitions of tautness and h-tightness mentioned in (IiI.Z.])‘and the
above ones. To make the following discussion c1ear;Awe'mention the
| basic ideas about the so called convex mappingé. Thesé ideas are

originally due to N. Kuiper [20] .

Let M be a compact manifold without boundary (c1osed) and let
¢ : M +R be a non-degenerate C* real-valued function on M. Let
Qk(M, ¢) bé the number of critical points of ¢ of index k and let also
u(M, ¢) = E ﬁ(M, ¢ ) represents the total number of critica] points
of ¢. Let further u(M) = Inf¢ u(M, ¢) be the minimal number of

~ critical points a non-degenerate function on M can havé. (Infimum

is taken over all non-degenerate functions<Q)-

Definition (3.3)

A smooth map ¢ : M +IR will be called convex if it is non-
degenerate and if moreover the minimal number of critical points is
attained, i.e. u(M, ¢) = u(M). |

It is clear now from definitions (3.1 - 3.3) that in case of
taut immerSion of a compact manifold M into W, any hon-degenerate

distance function Lx’ xeW, is a convex map on M. Similarly,

bvgf, Vv e SH, is convex in the case of h-tightness of M into W.
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In terms of T-functiqns, lemma on page 153’[20] can be re-

written as follows:

Lemma (II1.2.8)

Let &: M ~ IR be a non-degenerate function on a closed manifold
M which fulfills the following conditionﬁ “
There exists a field F such that u(M) = E ﬁ(M ; F) (and consequently,
for any function ¢ for which u(M) = ﬁ(M, ¢), “k(M)<=“ k(M,¢) = Bk(M;F».

Then ¢ is convex if and only if ¢ is a T-function.

In terms of this lemma we conclude that :

Corollary (III.2.4)

(a) Let £ : M > W be an immersion of a closed manifold M and Tet M
have the property that u(M) = E %(M;F) for some field F. Then the
two concepts of taut immersions (Definitions (1.2)and (3.1)) are

¥

~ coincident.

(b) let f : M~ W be an immersion of a closed manifold M where M has
the same property as in (a). Then the two definitions (1.4) and (3.2)

coincide.

Other kinds of taut-(h-tight) immersions may be given as follows:
A non-degenerate. function ¢ : M + IR on a manifold M is said to be
k-convex if (M, ¢) = ui(M) for i = 0, 1,...,k. The function ¢
is ca]led convex if uy(M,¢ ) = n(M) as mentioned before. Evidently,
if ¢ is k-convex for all k, then ¢ is convex. it has beén proved by
M.Morse that if ¢ is convex, then it is O-convex. However, whether )
convex implies k-convex for all k seems unlikely. Fpr'more details
see [31] . "

Definition (3.4)

(a) . Let f : M -W be an immersion of a closed manifold M in a complete,

simply connected, Riemannian manifold W without conjugate points. The
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mapping f is called k-taut (taut) if every non-degenerate distance

function Lx’ xeW, is k-convex (convex).

(b) let f : M > W be an immersion of a closed manifold M into a

‘complete, simply connected, Riemannian manifold W without conjugate

points, with bounded asymptote and with sectional curvature bounded

from below. The mapping f is called k-h-tight (h-tight) if every

non-degenerate function bvof, vESH, is k-convex (convex).

From the above argument we see that if M, beside being closed,
has the property that u(M) = E E(M;F) for some field F, then any

taut immersion f : M~ W (or thight immersion f : Mf+ ﬁ) is k-taut

" (or k-h-tight) for every k, where W and W are as mentioned in defin-

itions (3.3-a) and (3.3-b), respectively.

For the rest of this part let W, W and M dénoté manifolds as
mehtioned above. From the above mentioned result of M. Morse we
conclude that, any taut immersion f : M * W (h-tighf immersion
f:M ﬁ-ﬁ) is o-taut (o-h-tight). This means that ahy_non-degenerate

function Lx(bvof), xe W, ve SW, is o-convex, 1i.e. uO(M,LX) = uo(M)

[uo(M,bf-f) = 1J0(M) ] . But from Morse inequalities we have

b (ML) 3B (MF) ~and  u (Mibof).> B (MF) (1)

If M is connected then BO(M;F) = 1 and hence

uyML) > 1 and  u (Mbof)> 1 (2)

Again if M has the property WM) = E E(M;F) then

uo(M,LX) =1 and uo(M,bvof) = 1 (3)

Proposition (I11.2.6)

Let f : M >W be a o-taut immersion of a compact (closed without

boundary) manifold M. Suppose that'every non-degenerate distance function
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Lx(x Fa Cf) has only one local minimum, then M has the STPP.

Proof :

As the non-degenerate distance function Lx(x ¢~Cf) has only one
local minimum and since f is o-taut then the number-of critical points
of Lx over the whole of M is exactly one, i.e. u(M,Lx) =1. Also

o -

this local minimum of L, coincides with the global one.
Consider now the submanifold

ML) ={peM;L(p)sc s, agcgh }

c'X
where "a" and fb" are theA(glébal)-minimum and maximum,Va]ues of Lx’
respectively. The number of critical points of Lx-with index o on
Mc(Lx)vis exactly one which is the global minimum. Aﬁp]ying Morse

inequalities, we obtain

HM (L) 5 L) = 1 280 (L) i F)

of
- which shows that BO(MC(LX):F) =1 and so Mc(Lx) is connected for
each a g c < b.

Considering (-L*) instead of LX and repeating similar argument,

we have that Bo(Md(-LX),F) = 1 and hence Md(-Lx) is connected for

each -b € d < -a . Hence the STPP is now proved.

A similar proposition can be stated for h-tightness in the

following way.

Proposition (III.2.7)

Let f : M~ W be a o-h-tight immersion of a'éompact (closed
without boundary) manifold M. Suppose that every non-degenerate

function bvof, v ESW, has only one Tocal minimum, then M has the hTPP.
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Remark (3)

] - Using the compactness of M, the word "local minihum" in the last

two propositions can be replaced by "local maximum" .

2 - The last two propositions are naturally true for tautness

(h-tightness) as every taut (h-tight) immersion is o-taut (o-h-tight)

(I11.2.4) - On supporting of submanifolds :

In what fo]]owé we generalize and study some concepts of

| supporting imbedded submanifolds of a cbmplete, simpfy connected,
Riemannian manifold W without conjugate points, with bounded asymptote
and with sectional curvature bounded from below [19] . We have shown
in (chapter 0) that in such manifold horospheres aré complete, non-

compact equidistant hypersurfaces.

Definition (4.1)

(a) For a given immersion f : M ﬁ, the ¢1osed horodisc
§$ ='{ pe W H bv(p) >c } for some v esﬁ_and ce IR is called supporting
of f(M) if the boundary aﬁs = Hs ={ pel; b, (p) = ¢} but not

Int(ES) has points in common with f(M).
(b)  The subset M_ = f'l(ﬁs )y = f1 (Hs ) # & of M is called the
top-set in case of Mv # M.

Clearly if M, = M for some ve SW, then f is not h-substantial.
It can be shown easily that in a cqmp1ete, simply connected, Riemannian
manifold W without focal points, geodesic sphere has single point
top-set.

One of the important characterizations of the Euclidean space g
is that the two horospheres H, and H_ , for some ve SE", are coincident
and consequently any substantial immersed submanifold M of EN which is
* supported at one of its points, p say, jn v-direction, for ve SE",

could not be supported at the same point p in (-v)-direction. In W this
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fact is no longer true (see examp]e-part (I11.2.2)). If M is imbedded
as a compact (closed without boundary) hypersurface of W then M can

be supported only once at any of its points where supporting is available.

Proposition (II1.2.8)

Let M be an imbedded hypérsurface of W. If M is‘supported twice
at some point p€ M in.v and (-v)-directions, for some v€& SW, then M
has no foca] points along the normal geodesic from p with initial

velocity v.

Proof:

Let M be supported twice at p in v and (-v)-directions. Let

"Yv(t) be a geodesic in W such that'yv(o) = p and YJ(o),= V.

Firstly consider the supporting closed horodiéé’ﬁv. Define the
map Ct : M HV as follows : Draw the unit speed geodésic'ﬁu(s) such
Fhat Y, (0) = Yv(to) and Y, (0) = WE WYV(Q,) . This geodesic Yw(s)
intersects M at some point,Yw(§) say, and intersects Hv at

Y

o (P) s s 2r. Puty,(r) = Cto (Y, (s)). The map Cto is defined

(at least) 1oca11y at p. Considering the distance function LY (to) .
o v

we have L z L . Using Morse inde theorem and takin
Y (to) (to) g Morse index g

into account that H has no foca] points on the geodes1c segment from

p to Yv(to) we obtain that p is a non-degenerate critical point of

L., ;» y With index o. Hence M has no focal points along v, (t),

‘Y,v(to). ST VY

o <t s'to . For t, large enough we have that M has no focal points

along 'Yv(t) ,» t 2o.
Similar agument can be carried out when considering H_y

~N

and Yv(t), t < o, which completes the proof.

The main theorem of this part which is a generalization of a

" corresponding one in Euclidean space [21] can be stated as follows:
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Theorem (I11.2.4)

Let ﬁ be a complete, simply connected, Riemanniﬁn manifold without
conjugate points with bounded asymptoté-and with sectional curvature
bounded from below. Let f : M > W be an h-tight imbedding of a compact
manifold M as a hypersurface of ﬁ. Let.Mv be the tob;set of the
.imbedding f, v €SW. Then the induced map_H*(Mv;F) > H*(M;F)'is injective,

and the top-map f~ = f |Mv DM W is h-tight as well.

Proof

Since f is an imbedding and f(M) is a compact_hypersurface of W,
then f(M) can be supported only once from any of its points. This
advantage enables us to deal only with one supporting horodisc Bv

or B_, for some v eSH.

Suppose that f(M) is supported by Ev‘ The first statement of

the theorem is naturally true from the definition of'h-tightness.

Let MV be the top-set in the horosphére Hv' Consider any other
horosphere H & passing through p eMv, w e ﬁp. The idea of the proof

is to show that the induced homomorphism H*(valﬁw 3F) > Hy(M5F)

~

is injective for each Ew . A sequence of horodiscs §i =B, , u;e
i P

can be found (as in the following figure) making vaTET converge

to Mvr1§‘u. Notice that M!TEi is a connected component. Choose

ui's such that

Mngomng,, 2 0, Byam = B nm
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Depending on the continuity of H, in W and following similar way

to that of N. Kuiper [19] , we have

Tim H*(Mﬂﬁj 3 F) = He(M NB 3F)

j+oo .

We now obtain a.commutative diagram of morphisms in homology,
with injective morphisms denoted by £~ , from a corresponding

diagram of inclusions as follows:

He(M, NB ) — H*(Mﬂ§1.+1 ) —H, (MnEi) _

« . lc
\ > H, (M)

)
V' h-tight

Then the morphismu is also injective and the proof is complete.
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Section 3 : Total curvature of immersed submanifolds
of hyperbolic spaces

(III1.3.0) Introduction

The concept of total'abso1ute'curvature of immersed manifolds
in Euclidean spaces has been introduced, for the f{rst time, by S.S.
Chern and R.K. Lashof [10 ]. Many trials have beeﬁ done since this
: paper has been published in (1957) to extend the cﬁnéept of total
curvature to immersions in non-Euclidean spaces. qu-%nstance,
J.L. Weiner [31]considered the case in which the amSient space is
spherical sh, Defining a convenient Gauss mapping aﬁd adapting the
conformal mapping (steréographic projection) between spherical and
Euclidean spaces, J.L.Weiner was able to use the resd]ts of S.S. Chern -

R.K. Lashof to obtain similar ones in spherical space.

In the following part (III.3.1) we share this Sort of studies
and prove similar results in hyperbolic spaces. The scheme used here is
analogous to that of J.L. Weiner. Since hyperbolic space is a complete,
simply connected, Riemannian manifold without conjugate points, our

étudy is much easier than that of spherical space.

For the rest of this section let M be a compact, oriented, C"
n-manifold immersed in (n+k)-hyperbolic space. The model used in
(I11.3.1) is the H-model described before. Let p be the north pole of
H and S(M)L be the bundle of unit vectors normal to M as a submanifold
of H. We define the Gauss mapping ep': S(M)"+ SpH whe%e SpH is the '

unit sphere in the tangent space Hp of H at p. We shall use <, >

to denote the induced Riemannian metric on H or any'submanifold.
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(I11.3.1) Total curvature and conventional Gauss m@p;A

1. Definitions and basic material :

Let M be an immersed submanifold of H. Define ép : S(th-+ SpH
as follows : Let vE Sq(M)L (Sq(M) is the fibre of S(M)L over qe M),
then ep(v) is defined to be the parallel translation of v to p along
the (unique) geodesic segment Y from-p to q. This map'ep is now
well-defined and it is easy to prove that it is continﬁous differ-
entiable (C“)) over the whole S(M)JL . As Mis compact oriented we may
globally define the Gauss mapping ep on M with rgspgct-to any base
point pe H. If H is replaced by En+k,' ep turns out to be the usual
Gauss mapping and in this case ep is independent of the choice of the

base point p. Let da"+k'l denote the volume element of SpH

normalized so that

/ da"+k'1 - 1

SPH

Definition (1)

Set

<p (") =‘sf(M)* & (ddkhy T, = g(M); I ep*(da""k")"

We call mp(M) the total (algebraic) curvature of M with respect to

p and Tp(M) the total absolute curvature of M with respect to p.

Actua]ly,|<p(M) equals the algebraic normalized volume covered

by ep while Tp(M) is the normalized volume covered by ep. Because

the volume is normalized, Tp(M) equals the average number of times

any vector in S H is taken on by ep. Since M is compact then Kp(M)

p
equals the degree of the mapping ep.
Before being involved in any other details we state the main

results of S.S. Chern and R.K. Lashof [10, 11].
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Theorem (II1.3.1)

k

n+ . . . .
Let x : M~ E be an immersion of an n-dimensional closed

manifold M. Then the totd] absolute curvature of x satisfies the
following inequality

T(x) > B(M) = sum of the Bitti numbers of M.

Theorem (111.3.2)

Let x : M—E™K . be as before:
(i) If 1(x) <3, then M is homeomorphic to an n-sphere.

(ii) 1(x) = 2 if and only if x is an- imbedding and x(M) is a
convex hypersurface in an (n+1)-dimensional 1inear subspace

of En+k

(2) Main theorem :

Let Op : H~» En+k be the steroegraphic projéctfon as described
in chapter 0. Now the tangent‘space Hp of H at p can be identified
with the Euclidean space En+k through parallel traﬁs]atﬁon in the
Minkowski space (R™K*1, <, 5 ). Let M(p) = op(M) and let M(p)
carry the metric induced from En+k_A Similar to [3T] the following is

easy to prove:

Lemma (III.3.1)

- Let M be an immersed submanifold of H. Then the following diagram

is commutative

1 P
S(M) —m SpH
1 - . ' d
(1 - <xp>) ap,| ]
1 B -
S(M(p)) —s SNFK

En+k.

where xe M and e denotes the usual Gauss mapping in
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If M(p) is given the orientation induced from M by cp, the

algebraic volume covered by e and ep are equal and consequently

<MP)) = k() | m

Similarly

[
—
=
P
o
~
~
H

T - (2)

Theorem (I111.3.3)

Let M be a compact oriented immersed n-submanifold of H. Then

k (M) = X(M) where X(M) is the Euler characteristic number of M.

~ since o H> E"K 45 a diffeomorphism then-in particular M
and M(p) are topologically equivalent. Hence x(M) = x(M(p)). From

Allendoerfer's theorem [19] we have k(M(p)) = X'(M(p)). So
Kp(M) = k(M(p)) = X(M(p)) = X(M) which comp]efes‘the proof.

In what follows we say that a submanifold N of ‘H is an
m-sphere if N = .HﬂLm+1 where L™ js an (m+1)-dimensiona1 plane
in the Minkowski space (IRm+k+1 s <»> ). Incase of co-dimension 1,

m-sphere turns out to be a geodesic sphere of H wheh_being compact.
The main theorem of this part may be stated as follows :

Theorem (111.3.4)

Let M be a compact, oriented, immersed n-submanifold of the

(n+k)-hyperbo11c space H. Let p be the north pole of H, then

(1) T, > BM)

(1) T (M) < 3 implies that M is homeomorphic to S".
(iii) Tp(M) = 2 implies that M is imbedded as a hybersurface of

an (n+1)-sphere of H.
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(i) We know that M and M(p) are topologically equivalent under O

So |
B(M) = B(M(p)) S (3)

From equations (2) and (3) together with theorem (ITI.3.1) we have
oM = T(M(p)) > B(M(p)) = B(M)

Hence

Tp(M) > B(M)

which proves part (i) of the theorem.

(ii)  For part (ii) we have by equation (2) that . N
T(M(P)) =T (M) < 3 o (4)

Using this inequality together with theorem (I11.3.2) we see
that M(p) is homeomorphic to s". Since M and M(p) are homeomorphic

under op then M is also homeomorphic to s",

(iii) For rp(M) = 2 we have T(M(p)) = 2. Hence by theorem (III.3.2)

part (ii) we see that M(p) is an imbedded hypersurfaée‘in an
k. Under-o]; ,

EM ! will be mapped onto an (n+l)-sphere in H. If M'passes through

(n+1)-dimensional Tinear subspace ™' dnE

the north pole p, then M is imbedded as a hypersurface of a totally

geodesic submanifold of dimension (n+1) in H.

Related to the concept of total curvature, the following is true:

Lemma (II1.3.2)

Let M be a compact oriented immersed n-submanifold of a Euclidean
space En+k (k > 1). Suppose that there exists an (n+ 2)-plane

(1< 2« K) in EMK which contains M. Then the total absolufe
ntk

are equal.

curvatures of M as a submanifold of N"+2’ and E
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A corresponding statement can be proved in hyperbolic spaces

with some restrictions as follows :

Theorem (III.3.5)

Let M be a compact, oriented, immersed n-submanifold of the
(n+k)-hyperbolic space H. Let M be contained in a totally geodesic
submanifold I of dimension (n+ 2) which passes through'pe H. Then

the total absolute curvatures of M as a’submanifold of H and L are the

same.

Proof :

The idea is to stereegraphic project H on En+k using o

p’
n+2 . /n+k

Clearly gp(M) = M(p) will be contained in E inE . Applying

the above lemma and using relation (2) we get the result.

(111.3.2) Total curvature and generalized Gauss map :

Assume that W - as before - is a complete, simply connected,
Riemannian manifold without conjugate points, with bounded asymptote
and with sectional curvature bounded from below. Each,Vg:SW deter-
mines a family of Rorospheres orthégona] to the unithector field
grad b . If u = grad b (q), g cW , then we say that u is asymptotic
to v and consequently grad bu = grad bv' It can be shown that
"asymptotic" %s an equivalence relation 6n SW. The equiVa]ence classes
form a regular continuous fo1iatﬂn13fof SW each 1géf of which is

a C!vector field on W of the form grad b, [3].

i K 1 ~
The definition of the generalized Gauss map G : S(M) ~ spw
of an immersion x : M > W, where Spﬁ is the sphere of unit vectors

at some point ps:ﬁ and M is a C” manifold, is given as follows [ 3]

Let u eS(M)‘L » then G(u) will be the element of SpW asymptotic'to TR

i.e. G(u) = grad b (p).
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It has been proved iﬁ [3] that:
(1) If Sfiﬁ’a c! foliation of SW then G : S(Mf;+-.SpW is also C!.
(11) Let veS_W. Then bv° x 1is non-degenerate if énd only if v is
a regular value of G.
(§ii) If Fis ', then the set { v espﬁ 3 by X is non-degenerate }
is dense in Spﬁ. |
“When specializing to the case when W is a hyperbolic space and

adopting the above mentioned mapping G we prove the following theorem

which is analogous to.theorem (I11.3.2) part (ii) ¢

Theorem (III1.3.6) :

Let x : M +H be an imbedding of a compact C? n-manifold M as

a hypersurface of the (n+1)-hyperbolic space H. Let dn = fn do be
. Vs

the area of the unit sphere s" in En+l Then

t(x) = S, Jexda)l = 2
S(M)
if and oh]y if x(M) lies on one side of each tangent horosphere.

For the proof of this theorem we need the following lemma: -

Lemma (III.3.3)

Let x : M +H be as in the theorem and 1et~G‘;JM-+ SqH.be the

~ generalized Gauss mapping. Let J(p) be the Jacobién?bf G at p, and

let U, = { peM; rank J(p) = n-m } . Then if Um contains an open
set V, its image under x is genefated by m-dimensional totally geodesic
submanifold of the tangential horosphere. Every boundary point of

Upe which is at the same time a limit point of an medimensional

generating totally geodesic submanifqld of the tangential horosphere,

belongs to Um'
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Proof :

Since M is imbedded as a hypersurface of H, then G turns out
~tobeamapG:M »-SqH of M itself onto the unit Sphgre SqH.in

H. In[3], J. Bolton construqted a bilinear form Qu as follows :
For ueSH, let ﬁu be the tensor ﬁu = 5Xgrad b, wh-ere'ﬁ is the
covariant differentiatioh'on H. If u is orthogonal to M at g, let

Su be the second fundamentaT tensor of M at q and definé the bilinear

form Qu on the tangent space TqM to M at q by
Qu (X,Y) = <HuX - SuX,Y > _ (1)

We notice that the restriction of ﬁu to vectors orthbgona] to grade bu
gives the second fundamental tensors of the horospheres which are the

level hypersurfaces of bu'

Now the kernel of G, can be defined as follows:

. . o N
kgr Gy (u) {Xqu y H X - SuXeTq(M) -}

{XeMq ;_QU(X,Y)4 = o for all Ye Mq }

and hence if Xeker G,(u) then-
SuX = Hux

As we know ( § 6-chapter 0), in hyperbolic space ﬁu = jdentity map and

consequently if Xeker G,(u) then by equation (2) we have
SuX = X o = (3)
and so S = identity map as well.

The following lemma is needed to complete the pkoof :

Lemma (II11.3.4) :

ker G, is an involutive distribution.
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Proof :

Let X,YekerG,,the idea is to show that [X,Y] is also in ker G,.

The Mainardi-Codazzi equation (see chapter 0), may be written as
<RMGY)Z,v > = (F,h) (V,2) = (Fyh) (X,2) (4)

for X,Y,Z € X(M), v eS(M)L , R is the curvature tensor of H and
h(X,Y) =< SvX,Y>- = < X,Y > 1is the second fundamental form of M.

Since H has constant sectional curvature -1, then

~

ROGY)Z = - (<Y¥Z>X-<X,I>Y} - (5)
Since < X, v> =< Y,v > = 0, then < E(X,Y)Z,v > =0 and so (4) has

the form
(ﬁxh) (Y,Z) = (6 Yh)(X,Z) (6)

It is also known that

X(h(Y,Z)) = (Tyh) (Y,Z) + h(V ,Y,I) + h(Y,V Z) (7)

Y(h(X,2)) = (Fyh) (X,Z) + h(7 (X,Z) + h(X,V y2) (8)

where v is the induced covariant differentiation on M. From

(6) - (8).we have

h(vyY,Z) - h(va,Z) = x(h(Y,Z)) - Y(h(X,2)) - h(Y,VXi)<+ h(X,%Z)  (9)

But as X,Y eker Gy, then by using Gauss formula((2.3) - chapter 0),

we have
h(Ty¥sZ) - h(TyXsZ) = (%Y - vafZ) = <S(YY - YX),Z > =
=<s([ %Y1 ),z> =<[xy]l .,z >
and so

S( XYl ) = [XY]

i.e. [ X,¥] is in.kerG,. This argument shows that ker G, is an inv-

olutive distribution and the proof of lemma (III.3.4)'is now complete.
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At any interior point ps:Um the assumption on the rank of J(p)
implies that we may choose coordinates on M in a neighbourhood of p

say (tl,.,.,tn) such that, if v is the unit normal vector of M at p

then

~

) (¢4 : '
va’atu vo=-5,(3/3t) = a/at%, a= l,v...,m (10)

Let a= m+l,...,n , we have, by using (10), that

(3/3t 2)<v, 3/at% = < Vy/ata Vs a/otY > < v, Va/ataa/at >

~

= - a nt0 L =
=< V3 ppav- 3/0t » 3/at* > =0

and so Vayarav " 3/5t* is perpendicular to the integral manifold R

of ker G, at p. We can write

~

a a
Vyppavc 3R = (S, -1) a/at

and as S, - I is a symmetric linear transformation of-Mp, then Mp

may be expressed as

-1) e V

Mp = ker (Sv

where V is the orthogonal complement of ker (Sv - 1). It can be shown

easily that (S, - I) takes the subspace spanned by {a/ata}bijectively

to V.
Now any normal vector u to the integral manifo]d R can be
written as ‘
n a _
U= S (s,mI) (/3%
a=m+

where { u @}represent the components of u. The next step is to show

that the integral manifold is a geodesic submanifold of M at p. This
can be done through showing that kVXu,Y > = o for all X,Y gTéR,and u
is any normal vector to the integral manifold as a submanifold of M.

Without loss of generality we can prove this fact for X = 3/,
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Y = 8/3tB and u = v-3/ot?. For simplicity 1ét

Vajata

v- 3/0t?), 8/6t° >

=< Vynea(V gata

Applying Gauss' fbrmula ((2.3) - chapter o), we have

= e jas -"' - a
A < va/ata VB/Btav Va/gta 3[3t , 3/3tB >

n

and since [a/at‘ s a/atJ] 0o, then

~ ~

~ a a - g -7 v
R/, 3/3t%) v = Vy a0 Vypea v - Vyara Vopare Y

hence

S G gnd ~ - s a B
A= < R(3/t% , 3/3t%) v + Vg nia Vg aia¥s Ty pad/3t7, 3/3L7 >

Using equation (5), we get

~

v
3/t

~

v _ 1948
3312 a/ata , 3/3t® >

A=< a/at® , a/3t8 > -«

Lafstd , apt®1, amths = o

Hence‘R,iSla‘geodesic subm&ﬁifo]d of Mat p. In thé same time R is
a geodesic submanifold of the tangent horosphere H‘r‘at p. Repeating
the same argument with neighbourhoods of t% =0 we‘gef-that t? =
constant are totally geodesic submanifolds of both M aﬁd tangent
horospheres which means that along any curve in R, fhé"tangent horos-
phere of M remains constant. AThis finishes off the first part of

lemma (I11.3.3).

For the last part we consider the orthonormal frame e ,...,e .,

such that e ,....,e are tangential toR, e ;5....,€, are

1 n+1

tangential to M and e, is perpendicular to M. Let Whewood be

+1
the co-frame. From the structural equations (§1-chapter 0) we

have that

n .

n+ 1 J
W = 2> h. or h,. =w,
’ =1 ] ¢ 1J 1
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But since -h = § 1gasgm then
,(XJ' aj
n+1 n J o n+1 n b,
W, = > 8§ w =w, wy, = > hab w .mtl g a,bg N (m
j=q1 &J b=m+1 '

and consequently the second fundamental form matrix'bf M restricted to

Um may be written as

h.. =
(hy;) NN
In a similar way, the second fundamental form matrix of a horos-

phere in hyperbolic space is of the form

(‘Q’-ij) = m

Now the proof of the lemma will be complete through studying

the behaviour of the matrix

(Pi.) = (h;: - %) =

1 i 0 h, -1

along the m-dimensional generating totally geodesic submanifolds.

We know that D =defQEbe}m”% 0 because if D = o then ker G,

will be of dimension >m. From the structural equations, we have

<, N+t +1 n+1 c
duh = - g:. we ~ w o F
c=1 a
But
: n+l
n+1 o
dw = dy = wg A w
o B=1
hence
n+! 1 1 nt!
; wn+ c o, o mr_ Z o ‘
- AW ¢ We AW
¢ ca1 ©
c=1
+1 Kn+1 c
+ é G-CD waWw
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Direct computations show that

. n n ’ '.
- i h o wla b S wba wd =y STk M giawd (12)

a,b=mri- ab. b=m+ o 1,32 aij
We have for hyperbolic Spaces ﬁs;g = o0 and so from equation
(12) we get
n
(h ) ) wO? ~ wb o | (13)

ab=m+ti  ab  ab

Putting h,, - Gab =Ap in (13) we obtain

. |
AL wiiwb o g
ab @ -
EWET

1
which is very similar to the corresponding relation in g™ » [10].

Pfoceeding exactly as in [10] we have

n .
AL ow? A Tt - o

a
aemel b ¢

Since det (Aab) £ o0 we get

wa PN Hu)c = 0
o C

hence we may write
h

w? = ? A .wb onkl Nl 2
o m+1  oab » a o a a
This choice gives that

Sn+l (o
gwa = p Ul 4

Exterior differentiating equation (15), we have

~n+1 ~ +1
dwn = 2 wbn A wi

Also
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Substituting from (14) into (17) we have
. W b Lt b oa
d® = %A Ayab wha W +Ztlu ~ wb.

- b=m+

Using (18) we get

c o C _
dD g‘ w o+ D( g;% Aaaa(n ~ g w ) =0

or

dD o+ D(3 Ay, w*) = o md o -
a’a ] :

Let peM be a boundary point of U such that x(p) is a limit

point of a generating m-dimensional totally geodesic submanifold L
of the tangent horosphere Hv . Choose a neighbourhood U of p such

that x” }(L)c= U. Let él(q),.}..,é () » q eU,' be'a local cross-

n+;
section of U in T(M)l , such that, for qex '(L), Ex(q),....,Em(q)
span L. If i G} are the restrictions of w1, m}; respectively,

1

to this cross-section, then & are linearly independent and we

‘will have
| .

-0, b

woo= A w
a %;%%% aab

Let Y be a curve in x ' (L) abutting at p. Along y we have
dD + D( S A o) =0
¢ "aaa

and by integration we obtain

(18)

for q €y -p,, where D, # 0 is the value of D at a fixed point of vy .

As D(q) is a continuous function and since Aaaa is bounded then we
‘have D(p) # o which means that pe:Um and the proof of the lemma is

now complete.

We now complete the proof of the theorem. .Let E represent
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the space of all horospheres in H. A tangent horOSphére is said to
be of rank m if it is tangent to x(M) at a point of x(Um) and at no
'point'of x(U i) , % <m. A tangent horosphere of rankAzero does not
separate x(M) otherwise the total absolute curvature T (x) will be

greater than 2cn contradicting the hypothesis of the theorem.

We will show that in every neighbourhood U in E of a tangent
horosphere T of x(M) there is a tangent horosphere 6f rank zero.
Let x(p), pe U , be a point of contact of I. Eithérlthere is a
neighbourhood of p in M which belongs completely to'Um~or there are
points of Uy, , £<m, in every neighbourhood of p. In Both cases there
exists a point q such that the tangent horosphere HlAat x(pl) befongs
to U and such that pl.has a neighbourhood in M which belongs
completely to U g, 2 <m. The image under x of this neighbourhood
of p . is generated by 2-dimensional totally geodesit submanifolds
and the tangent horosphere to x(M) along the g-dimensional totally
geodesic generating submanifold through x(p, ) is m;. If x(pz),
p, €M, 1s‘a'boundary point of this g-submanifold, p2 ‘belongs to Ul
by the last lemma and is not an interior point of U g - ~Hence there
exists in every ne1ghbourhood about p, an open set whose points are in
Uk’ k < %, and which contains a point p,e Uk such that the tangent
hofosphere at x(p,) is in U. Continuation of this process gives that

U contains a tangent horosphere of rank zero of x(M).

This argument shows that every neighbourhood of T in E contains
a tangent horosphere such that x(M) lies on one side. It follows that
the same is true for IT itself which proves the necessity part of the
theorem. | o |

Conversely, let x(M) 1ies on one side.of each tangent horosphere.

It can be shown that the degree of the generalized Gauss map is exactly 1

which gives that (x) = 2¢ .
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Appendix (i)
Let (P,GL(n,IR), M) be the principal bundle.of basis with an
“affine connection T and let (T(M), GL(n,IR), IR N 'M) be the

associated bundle with typical fibre IR".’

The bundle of basis - as a principal bund]é - can be looked at
as the set of maps $ : R" -+ Mm , meM, defined as follows [2]:

Ifp = (mes...ne)ePand £ = (fo.nfy) eR", then
| ) .
p(f) = (m Z f.i €, )
1=1 .

Let m and 7 be the natural projections of P and T(M), respectively.
Let v be a broken C® curve in M, be:ﬂ"l( vy (0)). We define a
1ifting ¥ of y into T(M) which will turn out to be.horizonta] in the

sense below.

Let fe iRn and peP be such that = (p) = y(o) and pf = b.
We know that there is a horizontal 1ifting v of y into P with
Y (0) = p. Now define Y(t) = ?(t)of. It is clear that
y(o’ = y(o)ef =4pf = b. We define the parallel translation 6t,
in the'tangént bundle T(M), along Y from ! (y(dj) to -7 (1(t))

“to be

where - ¢t denotes the parallel translation in P, so ét is a
diffeomorphism. |

Take be T(M), pe P such that m”(b) =m (p). -We may view Ppas
a subspace of (P x IR n)(p’f) where f eIR" is such that pf - b. Let
the map A : P x R" > T(M) be definedvby x(p,f) =4f and define
Hé = .A* (Hp). This definition is independent of p infview of the

| right invariance of H, while it is clear that the 1ift defined above

is horizontal with respect to H , if the definition of the map
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-1 ' ' ,
( m(p)) is recalled. This argument shows that there

b R">
is a distribution H” on T(M) which at each point complements the

vertical tangent space.
The bundle viewpoint provides a natural “jumping off" for
generalizations to connexions in all kinds of bundles and much of the

research in differential geometry at this time uses these concepis.
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Appendix (ii)

L. Amaral [1] proved his theorem (I.1.2) through considering the
H-model of hyperbolic spaces but his proof seems to be difficult in
computations. In the following we give an easy proof of this theorem

which is valid in hyperbolic spaces in general not for a special model.

Let f : M > H be an isometric immersion of the compact n-manifold
M into the (n+1)-hyperbolic space H of sectional curQature -1. Since
f(M) is a compact immersed hypersurface of H, then there exists a
geodesic sphere S(p,r) of finité radius r and center‘b e H which contains

f(M) and such that f(M)NS(p,r) # 2.

Since H is a cbmplete, simply connected, Riemahﬁian manifold
without focal points, then the study in ( 81 - chapter III) shows that
the geodesic sphere S(p,r) is a convex hypersurface of H and hence ' |
:'lies on one side of each tangent totally geodesic hypersurface T at

x ef(M)NS(p sr). (see figure 1 below).

LFigMy ~
Consider -U to be a small neighbourhood of x in H. By using

the map exp;1 : H~» TxH we get the following picture in TXH.

*E(H)
]

ez&U

( Fig.2 )




(iv)

It is clear from (Fig.2) that the height functions LS,Lf of
both S(p,r) and f(M) above exp;l‘T have 0 as a critical point
| (maximum or minimum according to the chosen orientatfpn). Now choose
a convenient orientation of f(M) such that thé eigenvalues of the
heséian matrices of L¢ and Lf are all positive. Let A be the
eigenvalue for S(p,r) (The reasonis that S(p,r) is an unbilical
hypersurface of H - see § 6 - chapter 0) while Al,,..;;kh are the

eigenvalues for f(M) at x.

From (Fig.2) we can see easily that A, 2>A for all i,
1< i< n. Applying in Gauss equation ((2.7) § 2-chaptek 0) we
have | |

K,(e:.» €:) = =1 +A1.AJ. > -1+ A% (1

M( i’ )

where KM denotes the sectional curvature of the immersioh f at x

and {e,,.....,e } denote the orthonormal basis of T (M) which are
themselves the eigenvectors correqunding to {A1>,...,,An },
respectively. ‘As we know (§ 6- chapter 0) S(p,r) has céhstant positive
sectional curvature KS and |

Ks (e50 @) =-1+ A% = 1/sinh® r > o0 (2)

J

It is clear from equations (1) and (2) that

4KM(e1-,ej) >0

for all 1 <i,jgn and this completes the proof of the theorem.
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