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ABSTRACT 

T h i s t h e s i s i s c o n c e r n e d w i t h some a l g e b r a i c and t o p o l o g i c a l 

a s p e c t s o f group a c t i o n s on g r o u p o i d s , o i - g r o u p o i d s and c r o s s e d 

c o m p l e x e s . One o f o u r main aims i s t o o b t a i n i n f o r m a t i o n on 

t h e homotopy g r o u p s o f o r b i t s p a c e s . 

L e t A be a gro u p o i d , UJ-groupo i d o r c r o s s e d complex w i t h an 

a c t i o n o f a group G. The a l g e b r a i c p a r t o f t h e t h e s i s 

c o n c e n t r a t e s on t h e o r b i t o b j e c t s w h i c h a r e u n i v e r s a l f o r 

G-morphisms i n t o o b j e c t s w i t h t r i v i a l a c t i o n . A l g e b r a i c 

d e s c r i p t i o n s a r e g i v e n f o r o r b i t g r o u p o i d s and c r o s s e d 

c o m p l e x e s . 

T o p o l o g i c a l c o n s i d e r a t i o n s a r i s e as f o l l o w s . We c o n s i d e r t h e 

f u n d a m e n t a l g r o u p o i d o f a space i n d i m e n s i o n one, and t h e 

homotopy c r o s s e d complex o f a f i l t e r e d space i n h i g h e r 

d i m e n s i o n s . When t h e space i s equipjpd w i t h a s u i t a b l e G - a c t i o n 

t h e r e i s an a c t i o n i n d u c e d on t h e a l g e b r a i c i n v a r i a n t . We 

p r o v e t h a t , u n d e r s u i t a b l e c o n d i t i o n s , t h e f u n d a m e n t a l g r o u p o i 

o r homotopy c r o s s e d complex o f t h e o r b i t space i s t h e o r b i t 

o b j e c t o f t h e c o r r e s p o n d i n g i n v a r i a n t o f t h e s p a c e . I n t h e s e 

cases t h e a l g e b r a i c d e s c r i p t i o n s o f o r b i t o b j e c t s g i v e 

i n f o r m a t i o n on c e r t a i n r e l a t i v e homotopy g r o u p s o f t h e o r b i t 

space . 

F i n a l l y we c o n s i d e r spaces equipjipd w i t h a c o v e r by s u b s p a c e s , 

and v a r i o u s r e l a t e d g r o u p o i d s . An a p p l i c a t i o n o f G - g r o u p o i d s 

i s g i v e n t o p r e s e n t a t i o n s o f g r o u p s o f homeomorphisms. 
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CHAPTER ONE. INTRODUCTION 

I n [ l o ] R.Brown and P . J . H i g g i n s d 

and c r o s s e d c o m p l e x e s , and i n a c 

used t o g i v e a h i g h e r d i m e n s i o n a l 

The main p a r t o f t h i s t h e s i s i s d 

gr o u p a c t i o n s i n t h e s e c a t e g o r i e s 

c o n s e q u e n c e s . 

e f i n e c a t e g o r i e s o f w - g r o u p o i d s 

ompanion p a p e r [ l 1 ] t h e s e a r e 

S e i f e r t - van Kampen t h e o r e m , 

e v o t e d t o a c o n s i d e r a t i o n o f 

and some o f t h e i r t o p o l o g i c a l 

The c a t e g o r i e s o f w - g r o u p o i d s ^, and c r o s s e d complexes C , a r e 

b o t h h i g h e r d i m e n s i o n a l g e n e r a l i s a t i o n s o f t h e c a t e g o r y o f 

g r o u p o i d s . Both a r e d e f i n e d a l g e b r a i c a l l y , b u t t h e m o t i v a t i o n 

f o r t h e d e f i n i t i o n s comes f r o m homotopy t h e o r y . An i m p o r t a n t 

r e s u l t i n t h e Brown - H i g g i n s t h e o r y i s t h a t £j and & a r e 

e q u i v a l e n t . T h i s e n a b l e s Brown and H i g g i n s t o p r o v e t h e i r 

h i g h e r d i m e n s i o n a l S e i f e r t - van Kampen t h e o r e m - t h e Un i o n 

Theorem o f [ l 1 ] - i n ^, w h i l e u s i n g t h e e q u i v a l e n t s t a t e m e n t 

i n € f o r t h e a p p l i c a t i o n s . T h i s i l l u s t r a t e s what i s p e r h a p s 

a more g e n e r a l g u i d e l i n e . That i s , t o p o l o g i c a l p r o b l e m s a r e 

o f t e n more e a s i l y c o n s i d e r e d i n t h e c a t e g o r y o f u ) - g r o u p o i d s , 

w h i l e a l g e b r a i c ones a r e more f r u i t f u l l y s t u d i e d u s i n g c r o s s e d 

c o m p l e x e s . A l t h o u g h we have chosen £ as t h e s e t t i n g f o r o u r 

main t o p o l o g i c a l t h e o r e m , t h e r e i s some e v i d e n c e t o s u p p o r t 

t h i s g u i d e l i n e i n t h e work p r e s e n t e d h e r e , as we s h a l l i n d i c a t e . 

Our m o t i v a t i o n f o r c o n s i d e r i n g g r o u p a c t i o n s i n fj and C was 

some work o f M.A.Armstrong [ 2 , 3 ] and F.Rhodes [l 9] on t h e 

f u n d a m e n t a l g r oup o f an o r b i t s p a c e , and a d e s i r e t o g e n e r a l i s e 

t h e s e r e s u l t s t o t h e h i g h e r d i m e n s i o n a l homotopy g r o u p s . 
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S i n c e t h e Brown - H i g g i n s t h e o 

e x t e n d i n g t h e S e i f e r t - van Ka 

use t h e i r a p p r o a c h . I n o r d e r t 

d i m e n s i o n s t h e r e s u l t s i n dime 

u s i n g f u n d a m e n t a l g r o u p o i d s r a 

r e f o r m u l a t e d r e s u l t s a r e more 

t h e o r e m s i n h i g h e r d i m e n s i o n s . 

r y has been s u c c e s s f u l i n 

mpen t h e o r e m i t i s n a t u r a l t o 

o see how t o p r o c e e d i n h i g h e r 

n s i o n one a r e f i r s t r e f o r m u l a t e d 

t h e r t h a n g r o u p s . The 

n a t u r a l and i n d i c a t e t h e f o r m o f 

The l a y o u t o f t h i s t h e s i s i s as f o l l o w s . C h a p t e r two g i v e s t h e 

b a c k g r o u n d r e s u l t s c o n c e r n i n g t h e a l g e b r a o f g r o u p o i d s , 

w - g r o u p o i d s and c r o s s e d c o m p l e x e s . For t h e most p a r t t h e 

g r o u p o i d r e s u l t s a r e w e l l - k n o w n and t h e p r o o f s a r e o m i t t e d . 

Q u o t i e n t c r o s s e d c o m p l e x e s a r e d e f i n e d and s t u d i e d i n some 

d e t a i l as t h e s e a r e r e q u i r e d l a t e r , b u t we have o m i t t e d t h e 

s t u d y o f q u o t i e n t t o - g r o u p o i d s as t h e d e t a i l s a p p e a r r a t h e r 

c o m p l i c a t e d and t h e y a r e n o t used i i n l a t e r c h a p t e r s . We a l s o 

g i v e t h e m o t i v a t i n g examples o f t h e s e o b j e c t s . L e t 

X : X° fi Q ... £ X n . . . be a f i l t e r e d t o p o l o g i c a l space 
0 1 such t h a t l o o p s i n X a r e c o n t r a c t i b l e i n X „ We g i v e t h e 

d e f i n i t i o n s , due t o Brown and H i g g i n s , o f a homotopy co-groupoid 

pX and a homotopy c r o s s e d complex irX^. T h i s c r o s s e d complex 

i s e s s e n t i a l l y a c l a s s i c a l o b j e c t - i n t h e case where X ̂  i s 

a p o i n t i t i s a "homotopy s y s t e m " o f J.H.C.Whitehead. We 

c o n c l u d e t h e c h a p t e r w i t h a d e s c r i p t i o n o f t h e Brown - H i g g i n s 

U n i o n Theorem f o r u - g r o u p o i d s . 

I n c h a p t e r t h r e e we c o n s i d e r some o f t h e a l g e b r a i c a s p e c t s o f 

g r o u p a c t i o n s . L e t A be a g r o u p o i d , u - g r o u p o i d o r c r o s s e d 
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complex w i t h a r i g h t a c t i o n o f a g r o u p G. M o t i v a t e d by t h e 

d e f i n i t i o n o f o r b i t space i n t o p o l o g y , we d e f i n e an o r b i t 

o b j e c t A/ [ G ] by a u n i v e r s a l p r o p e r t y . A d e s c r i p t i o n o f t h f 

o r b i t o b j e c t i s g i v e n i n t h e cases o f g r o u p o i d s and c r o s s e d 

c o m p l e x e s . We p r o v e t h a t , i n t h e s e c a s e s . A / [ G ] i s 

i s o m o r p h i c t o a q u o t i e n t o f t h e s e m i - d i r e c t p r o d u c t A x G 

w h i c h i s d e f i n e d i n a n a t u r a l way. U s i n g t h e s e d e s c r i p t i o n s 

some p r o p e r t i e s o f t h e o r b i t o b j e c t s a r e c o n s i d e r e d . 

C h a p t e r f o u r i s t o p o l o g i c a l and c o n t a i n s t h e main r e s u l t o f 

t h e t h e s i s , w h i c h g e n e r a l i s e s t h e work o f A r m s t r o n g and Rhodes 

t o h i g h e r d i m e n s i o n s . We b e g i n by d e s c r i b i n g t h e i r r e s u l t s on 

t h e f u n d a m e n t a l g r o u p and t h e n g i v e t h e g r o u p o i d f o r m u l a t i o n . 

I t i s shown t h a t u n d e r s u i t a b l e c o n d i t i o n s t h e f u n d a m e n t a l 

g r o u p o i d o f an o r b i t space i s s i m p l y t h e o r b i t o b j e c t (as 

d e f i n e d i n c h a p t e r t h r e e ) o f t h e f u n d a m e n t a l g r o u p o i d o f t h e 

s p a c e . I n i t i a l l y A r m s t r o n g ' s r e s u l t s r e f e r e d t o s i m p l i c i a l 

a c t i o n s on s i m p l i c i a l c o m p l e x e s , w h i c h i s t h e f i r s t case we 

c o n s i d e r . S i n c e t h e n , however, A r m s t r o n g has made c o n s i d e r a b l e 

p r o g r e s s i n r e d u c i n g t h e c o n d i t i o n s u n d e r w h i c h h i s r e s u l t s h o l d 

Some c o n s i d e r a t i o n i s a l s o g i v e n h e r e t o t h e more g e n e r a l 

a c t i o n s . 

For t h e h i g h e r d i m e n s i o n a l case 

p a i r X ̂  £ X i s r e p l a c e d by t h 

CW-complex w i t h n a t u r a l f i l t r a t 

We c o n s i d e r f i 1 t r a t i o n - p r e s e r v i 

i n d u c e d on TTX . G i v e n t h i s howe 

s t h e f u n d a m e n t a l g r o u p o i d o f a 

e homotopy c r o s s e d complex o f a 

i o n X : X° S X 1 ^ ... £ X n ... 

ng a c t i o n s so t h e r e i s an a c t i o n 

v e r , t h e r e s u l t we p r o v e has t h e 
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same t y p e as t h e g r o u p o i d c a s e . Namely, t h e homotopy c r o s s e d 

complex o f t h e o r b i t space i s i s o m o r p h i c t o t h e o r b i t c r o s s e d 

complex o f TTX . F i n a l l y some c o r o l l a r i e s and examples a r e 

g i v e n . 

I n c h a p t e r f i v e we c o n s i d e r a t o p o l o g i c a l space X w i t h a 

c o v e r It by s u b s p a c e s . I n t h i s s i t u a t i o n G.Segal d e f i n e d 

t h e c l a s s i f y i n g space Bit o f t h e c o v e r . We b e g i n by d e s c r i b i n g 

t h i s c o n s t r u c t i o n . Razak a l s o c o n s i d e r e d t h i s s i t u a t i o n i n h i s 

t h e s i s [ l 8 ] and we p r o v e , i n s e c t i o n t w o , a m o d i f i e d f o r m o f a 

c o n j e c t u r e o f Razak's. 

There i s a n a t u r a l map o f BU o n t o X w h i c h i n d u c e s a morphism 

o f f u n d a m e n t a l g r o u p o i d s . We s t u d y t h e n a t u r e o f t h i s morphism 

and, u s i n g t h e g r o u p o i d mapping c y l i n d e r o f R. H . C r o w e l l and 

N.Smythe [ l 3 ] , we r e l a t e i t t o t h e o n e - d i m e n s i o n a 1 Brown-

H i g g i n s u n i o n t h e o r e m . 

F i n a l l y g r o u p a c t i o n s a r e i n t r o 

C o n s i d e r i n g a c t i o n s w h i c h p r e s e 

p r e v i o u s work r e l a t e s t o t h a t o 

R.Swan [2 4~\ on p r e s e n t a t i o n s o f 

i s made v i a t h e s e m i - d i r e c t p r o 

c h a p t e r t h r e e . We a l s o i n d i c a t e 

d i r e c t p r o d u c t , w i t h t h e Bass -

on t r e e s [ 2 2 ] . 

duced i n t o t h i s s i t u a t i o n . 

r v e t h e c o v e r we show how o u r 

f A . n.Macbeath [ l 7] and 

g r o u p s . I n f a c t , t h e c o n n e c t i o n 

d u c t c o n s t r u c t i o n d e f i n e d i n 

a c o n e c t i o n , a g a i n v i a t h e s e m i -

S e r r e t h e o r y o f g r o u p s a c t i n g 
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CHAPTER TWO „ GROUPOIDS, oi-GROUPOIDS AND CROSSED COMPLEXES 

Much o f t h i s t h e s i s i s c o n c e r n e d 

w h i c h a r e p e r h a p s l i t t l e Known a 

r e a s o n we d e v o t e t h i s c h a p t e r t o 

and some o f t h e i r g e n e r a l i s a t i o n 

s u r v e y i s n e c e s s a r i l y i n c o m p l e t e 

a s p e c t s o f t h e t h e o r y w h i c h a r e 

e x c e p t i o n s t h i s m a t e r i a l i s n o t 

[ 1 4 ] f o r g r o u p o i d s and [1 0 ] f o r 

w i t h v a r i o u s a l g e b r a i c o b j e c t s 

nd a p p r e c i a t e d . For t h i s 

a b r i e f s u r v e y o f g r o u p o i d s 

s and a p p l i c a t i o n s . T h i s 

- we c o n c e n t r a t e on t h o s e 

r e q u i r e d l a t e r . W i t h m i n o r 

new. The b a s i c r e f e r e n c e s a r e 

<D-gr o up 0 i ds and c r o s s e d complexes 

1 . GROUPOIDS 

A g r o u p o i d i s a s m a l l c a t e g o r y a l l o f whose morphisms a r e 

i n v e r t i b l e . To i n t r o d u c e o u r n o t a t i o n we make t h e f o l l o w i n g 

d e f i n i t i o n . 

2.1 DEFINITION. A g r o u p o i d A c o n s i s t s o f a s e t A o f 

v e r t i c e s , a s e t o f edges ( o r a r r o w s ) and two maps 

9° , 9̂  : A ^ — > AQ„ For a e A^ , 3°a i s c a l l e d t h e i n i t i a l 
1 

v e r t e x and 9 a t h e f i n a l v e r t e x o f a. For each v e A^ t h e r e 

i s a d i s t i n g u i s h e d edge e v c a l l e d t h e i d e n t i t y a t v w i t h 

i n i t i a l and f i n a l v e r t e x v. There i s a p a r t i a l c o m p o s i t i o n + 

on A^ : a+b i s d e f i n e d i f and o n l y i f 9^a = 9°b and i n 

t h i s case 9 (a+b) = 9 a and 9 Ca+b) = 9 b„ T h i s d a t a 

s a t i s f i e s t h e f o l l o w i n g a x i o m s . 

( i ) ( A s s o c i a t i v i t y ) . ( a + b ) + c = a + ( b + c ) whenever 

b o t h s i d e s a r e d e f i n e d . 

( i i ) ( I d e n t i t y ) . L e t a eA^ have i n i t i a l v e r t e x v 
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and f i n a l v e r t e x w. Then a + e w = a = e v + a . 

( i i i ) [ I n v e r s e ) . For each a eA t h e r e e x i s t s an edge 
ct 1 — ct 

-a w i t h 3 (-a) = 3 a f o r a = 0,1 and such t h a t 
,Q ~1 

a - a = e3 a, -a + a = e3 a. 
A morphism o f g r o u p o i d s 6 : A B i s a p a i r o f maps 

6. : A. •> B. f o r i = 0,1 p r e s e r v i n g a l l t h e s t r u c t u r e , i l l 
• 

We d e n o t e t h e c a t e g o r y o f g r o u p o i d s by §pd. By abuse o f 

n o t a t i o n A^ i s sometimes r e f e r r e d t o as a g r o u p o i d w i t h 

v e r t e x s e t A . The s e t o f a r r o w s f r o m v t o w [ i . e . w i t h 

i n i t i a l v e r t e x v and f i n a l v e r t e x w ) i s d e n o t e d A (v,w) • 

C l e a r l y A ( v ) = A^Cv.v] i s a g r o u p w i t h r e s p e c t t o +. I t i s 

c a l l e d t h e v e r t e x g r o u p o f A a t v. I n p a r t i c u l a r , a g r o u p o i d 

w i t h a s i n g l e v e r t e x i s a g r o u p and t h e c a t e g o r y o f g r o u p s i s 

embedded i n ^ p d . 

A i s s a i d t o be c o n n e c t e d i f A (v,w) ^ 0 f o r a l l v,w e A Q, 

and i a t o t a l l y d i s c o n n e c t e d i f A ^ t v , w ] = 0 f o r v t w. We 

a l s o r e f e r t o t h e components o f a g r o u p o i d w i t h o b v i o u s meanin 

A i s s a i d t o be s i m p l y c o n n e c t e d i f A ^ t V j W ) has a t most one 

e l e m e n t f o r a l l v . w e A ^ . A c o n n e c t e d and s i m p l y c o n n e c t e d 

g r o u p o i d i s c a l l e d a t r e e g r o u p o i d . The s i m p l e s t n o n - t r i v i a l 

example o f a t r e e g r o u p o i d i s t h e u n i t i n t e r v a l g r o u p o i d w i t h 
-1 

two v e r t i c e s 0,1 and two n o n - t r i v i a l edges y»Y where y i s 

an a r r o w f r o m 0 t o 1 . 

The n o t i o n o f a s u b g r o u p o i d i s an o b v i o u s one. A s u b g r o u p o i d 

C o f A i s w i d e i f C Q = A . C i s a f u l l s u b g r o u p o i d i f 

v,w €C i m p l i e s C (v,w) = A ( v , w ) . 



8 

There a r e some i m m e d i a t e d i f f e r e n c e s between t h e t h e o r i e s o f 

g r o u p s and g r o u p o i d s . For e x a m p l e , i f 9 : A ->• B i s a 

g r o u p o i d morphism t h e image 6(A) need n o t be a s u b g r o u p o i d o f 

B. T h i s i s i l l u s t r a t e d by t h e morphism o f t h e u n i t i n t e r v a l 

g r o u p o i d t o t h e i n t e g e r s ( c o n s i d e r e d as a g r o u p o i d w i t h one 

v e r t e x ) w h i c h sends y t o t h e g e n e r a t o r . For r e a s o n s such as 

t h i s we d i v i d e g r o u p o i d morphisms 9 : A -> B i n t o v a r i o u s 

c l a s s e s . 6 i s c a l l e d v e r t e x i n j e c t i v e i f 9^; A^ 8^ i s 

i n j e c t i v e , p i e c e w i s e i n j e c t i v e i f each i n d u c e d map 

9( v , w ) : A^tv.w) -> B^ ( 9 ̂  v, 8 Qw) i s i n j e c t i v e , and g r o u p 

i n j e c t i v e i f each 9 ( v) = 6 ( v , v ) i s i n j e c t i v e . S i m i l a r 

d e f i n i t i o n s a p p l y w i t h " s u r j e c t i v e " r e p l a c i n g " i n j e c t i v e " . 

A s u b g r o u p o i d N o f A i s norma 1 i f i t / w i d e and n e N C v ) , 

a £A^(v,w) i m p l i e s -a + n + a £N ( w ) . The k e r n e l o f 

8 : A -> B i s t h e s e t o f e l e m e n t s o f A w h i c h map t o i d e n t i t y 

e l e m e n t s o f B. I t i s e a s i l y seen t o be a n o r m a l s u b g r o u p o i d 

o f A. 

2.2 DEFINITION. Let N be a n o r m a l s u b g r o u p o i d o f A. The 

q u o t i e n t g r o u p o i d A/N and n a t u r a l p r o j e c t i o n x : A •+ A/N 

a r e d e f i n e d by t h e u n i v e r s a l p r o p e r t y t h a t any morphism 

9 : A -> B w i t h kerO 2 N f a c t o r s u n i q u e l y t h r o u g h A/N. 

• 
The q u o t i e n t g r o u p o i d can be d e s c r i b e d as f o l l o w s . D e f i n e 

e q u i v a l e n c e r e l a t i o n s ^ on A_̂  ( i = 0 , 1 ) by v ^ w i f IM^Cv.w) 

i s non-empty ( f o r i = 0 J and a ^ b i f a = n + b + m f o r some 

m , n e N „ ( f o r i = 1 ) . L e t ( A / N ) . = A./^ w i t h / t h e c l a s s o f a 
1 i l l 

d e n o t e d a. The c o m p o s i t i o n i n A/N i s g i v e n as f o l l o w s : 
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a + b i s d e f i n e d i f and o n l y i f t h e r e e x i s t a^£ a, b^e b 

such t h a t a^+b^ i s d e f i n e d i n A, and i n t h i s case 

a + b = t a ^ + b ) . The p r o o f t h a t T : A -> A/N, a H> a s a t i s f i e s 

t h e u n i v e r s a l p r o p e r t y o f d e f i n i t i o n 2.2 i s g i v e n i n [ l 4 ] . 

2.3 PROPOSITION. L e t 6 : A -> B be a g r o u p o i d m orphism. 

The f o l l o w i n g s t a t e m e n t s a r e e q u i v a l e n t . 

( i ) The i n d u c e d morphism A/ker0 -» B i s an i s o m o r p h i s m , 

( i i ) 0 i s v e r t e x s u r j e c t i v e and p i e c e w i s e s u r j e c t i v e . 

( i i i ) 6 i s s u r i e c t i v e and f o r v, w £ A , 6v = 0w 
o 

i m p l i e s ( k e r e l ^ (v,w) / j£. 

P r o o f . [1 4 j P r o p o s i t i o n 25, page 0 8 ] . 

• 
The morphisms c h a r a c t e r i s e d by p r o p o s i t i o n 2.3 a r e c a l l e d 

q u o t i e n t m o r p h i s m s . 
I f N i s a n o r m a l s u b g r o u p o i d o 

a n o r m a l s u b g r o u p o f A ^ ( v ) f o r 

a r b i t r a r y s u b g r o u p o i d o f A i t s 

s m a l l e s t n o r m a l s u b g r o u p o i d o f A 

b o t h c o n n e c t e d and v £ C , t h e n o 
t h e o r e t i c ] n o r m a l c l o s u r e o f 

we have t h e f o l l o w i n g t e c h n i c a l 

f A t h e n c l e a r l y N„(v) i s 

any v & N =A . I f C i s an o o 
n o rma1 c l o s u r e N = C i s t h e 

c o n t a i n i n g C. I f A and C a r e 

N ( v ) i s t h e ( g r o u p 

( v ) i n A ( v ) . More g e n e r a l l y 

lemma w h i c h i s r e q u i r e d l a t e r . 

2.4 LEMMA. L e t A be a c o n n e c t e d g r o u p o i d , N a s u b g r o u p o i d 

c o n t a i n i n g t h e v e r t e x * . The v e r t e x g r o up o f t h e n o r m a l 

c l o s u r e N a t * , N A A (*] , i s g e n e r a t e d by 

v eV 



1 0 

where V i s a s e t o f v e r t i c e s o f N c o n t a i n i n g * and a t 

l e a s t one v e r t e x f r o m each component o f N. 

P r o o f . By [ l 4; page 95] N i s g e n e r a t e d by N and i t s 

c o n j u g a t e s -a + n + a (a s n e N ̂ ) . L e t x e N" n A ( *) . 

Then x can be e x p r e s s e d as a word x = x. + ... + x 
1 s 

where x. £ N o r x. = - a. + n. + a. . By i n s e r t i n g i d e n t i t l 1 1 1 1 

e l e m e n t s i f n e c e s s a r y we may assume t h a t t h e word has t h e 

f o l l o w i n g f o r m : 

x = n. + t-a.+m.+a.l + ... + n + (-a +m +a ) + n 
1 1 1 1 r r r r r + 1 

where n. , m. 6 M., a . £ A . . S i n c e 9 C-a.+m.+a.) = 9 (-a.+m.+a. 
i i 1 i 1 1 1 1 1 1 1 

i t f o l l o w s t h a t n* = n. + ... + n 1 r + 1 i s a w e l l - d e f i n e d 

e l e m e n t o f l\l„C*). D e f i n e n. = n. + ... + n. , f o r 
1 1 1 1 

i = 1 , . . . ,n + 1 (so n „ = n . ] . Then 
* r + 1 

x = In -a +m +a -n,J 1 1 1 1 1 [V a2 + m 2 +
 a2 -V + 

A A 
= m1 + m 2 + 

(ft - a +m + a -n ) + n . r r r r r * 
... + rn + n * , where r * 

A A A m. = n.-a.+m.+a.-n. 
1 1 1 1 1 1 

C o n s i d e r m. . There i s an e l e m e n t v. o f V i n t h e component 
1 1 

o f N c o n t a i n i n g 9°m. = 9 ̂ m. . L e t £ . £ N . ( v . , 9°m. ) . Then 
B 1 1 1 1 1 1 

m. = (n.-a.-£.) + [l.+m.-l.) + (£.+a.-n.) 
1 1 1 1 1 1 1 1 1 1 

= - c + p _̂  + c ̂  where c, f A^tv., * ] , p^ e N ̂  ( v^] . 
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So f i n a l l y , x = (-c +p +c ) + ... + f - c +p +c ) + n „. 
1 1 1 r r r * 

w h i c h e x p r e s s e s x i n t e r m s o f t h e g e n e r a t o r s . 

n 
I n v i e w o f t h e e x i s t e n c e o f v a r i o u s c l a s s e s o f g r o u p o i d 

morphisms i t i s n o t i m m e d i a t e l y o b v i o u s how t o d e f i n e t h e 

n o t i o n o f " e x a c t n e s s " . Our c h o i c e i s t h e f o l l o w i n g . 

2.5 DEFINITION. The sequence ... -* A -> B •> C -* ... i n 

•̂p d i s e x a c t a t B i f ( i ) ker<j> = im0 and C i i ) 0 : A - » - i m 6 

i s a q u o t i e n t m o r p h i s m . 

• 
Note t h a t c o n d i t i o n ( i ) o f 2.5 i m p l i e s t h a t imQ i s a 

s u b g r o u p o i d o f B. Let E d e n o t e t h e t r i v i a l s u b g r o u p o i d 
A 

w i t h v e r t e x s e t X . (The o n l y morphisms o f E v a r e i d e n t i t i e s ) . 
x 

I f N i s a n o r m a l s u b g r o u p o i d o f A , t h e n 

E. * N <=—y A — ^ A/N > E. 

i s a s h o r t e x a c t s e q u e n c e , where * i s t h e s i n g l e t o n s e t . 

We end t h i s s e c t i o n by d e s c r i b i n g some g r o u p o i d s w h i c h a r i s e 

i n t o p o l o g y . L e t X ^ S - X be a p a i r o f t o p o l o g i c a l s p a c e s . The 

f u n d a m e n t a l g r o u p o i d o f X r e l a t i v e t o X ° , IT ( X , X ̂  ) , has 

v e r t e x s e t X ̂  and edges t h e homotopy c l a s s e s , r e l a t i v e t o 

end p o i n t s , o f p a t h s i n X w i t h ends i n X ̂  . A d d i t i o n i s 

i n d u c e d by t h e u s u a l a d d i t i o n o f p a t h s . The g r o u p o i d T T ^ ( X ) 

T T ^ C X . X ) i s c a l l e d t h e f u l l f u n d a m e n t a l g r o u p o i d o f X . 
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There i s a m o d i f i c a t i o n o f t h i s . Suppose now t h a t a l l l o o p s 

i n X^ a r e c o n t r a c t i b l e i n X, Then t h e r e i s a g r o u p o i d 

p ( X , X ̂  ) w i t h v e r t e x s e t IT 0 ( X ° ) and edges t h e r e l a t i v e 

homotopy c l a s s e s o f p a t h s i n X w i t h ends i n X ̂  . I f 

TT 0 C X ̂  ] = X ̂  [ f o r e x a m p l e , i f X ̂  i s d i s c r e t e ) t h e n p ( X , X ̂ ) 

== TT^ [ X , X 0 ) . The g r o u p o i d p (X,X^) has been s t u d i e d by Brown 

and H i g g i n s [9 , 11 ] and Razak [ l 8] . 

One o f t h e e a r l y uses o f g r o u p o i d s i n t o p o l o g y was a S e i f e r t -

van Kampen t h e o r e m f o r t h e f u n d a m e n t a l g r o u p o i d w h i c h a v o i d e d 

c o n n e c t i v i t y a s s u m p t i o n s . See, f o r ex a m p l e , Brown [ 6 ; §8.4], 

G r o u p o i d s a p p e a r t o be o f use because t h e f u n d a m e n t a l g r o u p o i d 

i s a b e t t e r a l g e b r a i c model o f t h e t o p o l o g y t h a n t h e 

f u n d a m e n t a l g r o u p . T h i s p o i n t i s d e m o n s t r a t e d c l e a r l y i n o u r 

c o n s i d e r a t i o n i n §4.2 o f t h e f u n d a m e n t a l g r o u p o i d o f an o r b i t 

space . 

I n a d d i t i o n , g r o u p o i d s a d m i t g e n e r a l i s a t i o n s t o h i g h e r 

d i m e n s i o n s and by m o d e l l i n g a r g u m e n t s used f o r t h e f u n d a m e n t a l 

g r o u p o i d new i n f o r m a t i o n can sometimes be o b t a i n e d a b o u t 

h i g h e r homotopy g r o u p s . For e x a m p l e , Brown and H i g g i n s [ i n . l l ^ 

have o b t a i n e d a S e i f e r t - van Kampen t y p e t h e o r e m w h i c h g i v e s 

i n f o r m a t i o n i n h i g h e r d i m e n s i o n s . T h i s , however, i s t h e s u b j e c t 

o f t h e n e x t s e c t i o n . 
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2. w-GROUPOIDS AND CROSSED COMPLEXES 

Ths d e t a i l e d d e f i n i t i o n o f an w - g r o u p o i d i s l e n g t h y and 

t e c h n i c a l l y com p l i c a t e d [ 1 0 ; pp235 - 238] . E s s e n t i a l l y t h o u g h 

an w - g r o u p o i d A = {A^ j n > • } i s a c u b i c a l complex w i t h 

c e r t a i n e x t r a " d e g e n e r a c i e s " r. : A „ -> A ( i = 1....,n - 1 ] 
l n -1 n 

such t h a t t h e p a i r ^ n 1 ^ a s n " c o m p a t i b l e " g r o u p o i d 

s t r u c t u r e s +. C j = 1 , . . . , n ) w i t h i d e n t i t i e s g i v e n by e. 
3 3 

and i n i t i a l and f i n a l maps g i v e n by 9° and 9̂  r e s p e c t i v e l y 

The e x t r a d e g e n e r a c i e s a r e c a l l e d c o n n e c t i o n s . The l e n g t h o f 

t h e d e f i n i t i o n i n [ l o ] i s due t o t h e r e l a t i o n s w h i c h t h e 

c o n n e c t i o n s must s a t i s f y , and making t h e word " c o m p a t i b l e " 

p r e c i s e . S i n c e o u r n o t a t i o n i s t h e same as [ l o ] we r e f e r t h e 

r e a d e r t h e r e f o r d e t a i l s . A morphism o f u - g r o u p o i d s i s a 

morphism o f t h e u n d e r l y i n g c u b i c a l c omplexes w h i c h p r e s e r v e s 

a l l t h e a d d i t i o n a l s t r u c t u r e . The r e s u l t i n g c a t e g o r y i s 

d e n o t e d by ^ . 

By f o r g e t t i n g e v e r y t h i n g above d i m e n s i o n n we o b t a i n t h e 

d e f i n i t i o n o f an n - t u p l e g r o u p o i d , a c a t e g o r y ^ o f such 

o b j e c t s and a t r u n c a t i o n f u n c t o r t r R : ̂  -> tj- . The c a t e g o r y 

1̂ 1 i s i s o m o r p h i c t o l|pd. 

The m o t i v a t i n g example o f an w - g r o u p o i d i s a l s o g i v e n i n [ l o ] . 

L e t X : X ° 9 9 ... £ X n £ .„. be a f i l t e r e d s p a c e . L et 

i n d e n o t e t h e n-cube w i t h s t a n d a r d f i l t r a t i o n , and l e t p X 

be t h e s e t o f f i l t e r homotopy c l a s s e s o f f i l t e r e d maps 

I n X. I n [ l 1 1 Brown and H i g g i n s p r o v e t h e n o n - t r i v i a l f a c t 
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t h a t u n d e r t h e a s s u m p t i o n t h a t l o o p s i n X ̂  a r e c o n t r a c t i b l e 

i n X , pX = { p n & | n ^ 0 } i s an w - g r o u p o i d . A f i l t e r e d space 

s a t i s f y i n g t h i s c o n d i t i o n [ t h a t l o o p s i n X° a r e c o n t r a c t i b l e 
1 

i n X ) i s s a i d t o be J - f i l t e r e d , and pX, i s c a l l e d t h e 

homotopy q i - g r o u p o i d o f X^. 

There i s a n o t h e r g e n e r a l i s a t i o n o f g r o u p o i d s g i v e n by Brown 

and H i g g i n s i n [ l o ] . I t i s t h e n o t i o n o f a c r o s s e d complex 

w h i c h we now d e f i n e . 

2.6 DEFINITIDN. A c r o s s e d complex C i s a sequence 

3 ° 

* C n — y C n - 1 — " — * C 2 — " C 1 CD 

s a t i s f y i n g t h e f o l l o w i n g a x i o m s . 

1) C C ^ C Q ) i s a g r o u p o i d w i t h i n i t i a l and f i n a l 

maps 3 ° , 9 ̂  

2] For n » 2 , C = {C Cv) I v e C } i s a f a m i l y o f 
n n ' o J 

g r o u p s , w h i c h a r e A b e l i a n f o r n ^ 3 . [ I . e . C 
n 

i s a t o t a l l y d i s c o n n e c t e d g r o u p o i d w i t h v e r t e x s e t C ) . 

3 ) a c t s on (n £ 1 ) on t h e r i g h t - x £ (v,w) 

i n d u c e s an i s o m o r p h i s m C [ v ] -> C [w) d e n o t e d a H-> a . 
n n 

4 ) 3 : C -> C (n >/2) i s a morphism o f g r o u p o i d s 
n n -1 

o v e r w h i c h p r e s e r v e s t h e a c t i o n , [ a c t s 
i X 

on { C ^ f v ] | v ^ C Q } by c o n j u g a t i o n — y = - x + y + x ] . 
5 ] 9 3 = 0 : C ^ C „ f o r n >, 3 . n n - 2 
6 ] dC^ a c t s t r i v i a l l y on f o r n > 3 and a c t s by 
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3b 
c o n j u g a t i o n on — a = -b + a + b , f o r a,b eC [ v ] , 

• 
The t e r m " c r o s s e d c o m p l e x " I s used because f o r v £ C ; 

• 

3 : C^Cv] -> ( v ) i s a c r o s s e d module as d e f i n e d by 

W h i t e h e a d . (See [ 5 ] f o r an e x p o s i t i o n o f t h e t h e o r y o f c r o s s e d 

m o d u l e s ] . 

A morphism o f c r o s s e d c o m p l e x e s 9 : C -> C' i s a f a m i l y o f 

maps e : C -> C such t h a t f o r n > 1 C6 , 0 1 i s a n n n n 0 

g r o u p o i d morphism r e s p e c t i n g t h e a c t i o n o f and t h e 

b o u n d a r y morphisms 3. The r e s u l t i n g c a t e g o r y i s d e n o t e d by IS 

As f o r CJ-gro upo i d s, i g n o r i n g e v e r y t h i n g above d i m e n s i o n n 

g i v e s a d e f i n i t i o n o f n - t r u n c a t e d c r o s s e d c o m p l e x , a 

r e s u l t i n g c a t e g o r y IS and a t r u n c a t i o n f u n c t o r t r n : 6 6 . 
n n 

There i s t h e n o t i o n o f a module o v e r a g r o u p o i d . The axioms 

( 1 ] — C3] o f d e f i n i t i o n 2.6 can be used t o d e f i n e C as a 
n 

module o v e r IC^ ,C ) . 

I m p o r t a n t examples once a g a i n come f r o m t o p o l o g y . L e t 

X : X ̂  £ x'' £ ... <k X R £ ... be a f i l t e r e d space where now we 

suppose TT C X ̂  ] = X ̂  . The homotopy c r o s s e d complex C = TT)^ o f 

X i s d e f i n e d as f o l l o w s . [ C . . C 1 i s t h e f u n d a m e n t a l g r o u p o i d 
w 1 Q o r -

T ^ U ^ X 0 ] and f o r n >, 2 , v e C Q , c

n

[ y ] = 1 t x " , X N " 1 , v) , 

t h e u s u a l r e l a t i v e homotopy g r o u p . The a c t i o n o f on is 

t h e s t a n d a r d one and 3 : c C . comes f r o m t h e homotopy 
n n-1 

sequence o f t h e t r i p l e [ X N , X P ^ , X ° ^ ) . 
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I t i s a s u r p r i s i n g f a c t t h a t t h e c a t e g o r i e s ^ and £ a r e 

e q u i v a l e n t . L e t A be an t o - g r o u p o i d • An e l e m e n t a £ A i s 
n 

t o t a l l y d e g e n e r a t e a t v 6 A n i f a = ( e ^ ^ v . (Brown and 

H i g g i n s use t h e t e r m " c o n c e n t r a t e d a t v" ) . The a s s o c i a t e d 

c r o s s e d complex C = YA i s d e f i n e d as f o l l o w s . [C ,C ] = 
c A 1 * A • 3 a n d f o r n ^ 2 ' v e C o 
C ( v ) = { a £ A | 9°a = £"~ 1v , f o r a l l 0 , i ) / ( 0 , 1 ) } . So n n i 1 J 

C ( v ) i s t h e s e t o f n-cubes o f A a l l o f whose f a c e s e x c e p t n K 

t h e ( 0 , 1 ) - f a c e a r e t o t a l l y d e g e n e r a t e a t v. A d d i t i o n i n C 
n 

i s i n d u c e d by +^ [ i } 2) and i s i n d e p e n d e n t o f i . The 

b o u n d a r y morphism 3 : C C . i s i n d u c e d by 8° , and t h e y H n n-1 y 1 
a c t i o n o f i s g i v e n by 

a = - [ £ x) + a + [ e x n 1 n n 1 

I n [ l o ] i t i s p r o v e d t h a t A ^ YA d e f i n e s f u n c t o r s 

Y : ^ ~ * € and Y : ^ C n ( n * 0 ) each o f w h i c h i s an 

e q u i v a l e n c e . F u r t h e r m o r e , i f i s a f i l t e r e d space w i t h 

TT X ̂  = X ̂  t h e n YP>£, i s n a t u r a l l y i s o m o r p h i c t o TTX^ [ l o j . 

I t i s i n t e r e s t i n g t o n o t e t h a t 

o t h e r c a t e g o r i e s n o n - t r i v i a l l y 

t h e c a t e g o r i e s o f s i m p l i c i a l T-

°°-groupoids and p o 1 y - T-co mp 1 e xe 

t o t h e d e f i n i t i o n s o f t h e s e c a t 

e q u i v a l e n c e s . 

t h e r e a r e known t o be f o u r 

e q u i v a l e n t t o t h e s e . They a r e 

c o m p l e x e s , c u b i c a l T - complexes, 

s. See [ 1 0 , 1 2 ] f o r r e f e r e n c e s 

e g o r i e s and t h e v a r i o u s 

I n an w - g r o u p o i d A t h e r e / c o m p o s i t i o n s +. i n n " d i f f e r e n t 
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d i r e c t i o n s " i n d i m e n s i o n n. A "word" i n A i s t h e r e f o r e a 
n 

m u l t i - d i m e n s i o n a l c omposable a r r a y (̂a f p ] H — s e e C"1 °1 • A n 

e l e m e n t a eA (n >/~\ ) i s t h i n i f i t can be w r i t t e n as t h e n 
c o m p o s i t e o f an a r r a y where each e n t r y i s e i t h e r o f t h e f o r m 

e.y o r -- „ „ . - r y. T h i n e l e m e n t s p l a y a s p e c i a l r o l e i n t h e 

t h e o r y o f t o - g r o u p o i d s . The s i m p l i c i a l and c u b i c a l T-complexes 

m e n t i o n e d above a r e c o m p l e x e s w i t h t h i n e l e m e n t s w h i c h s a t i s f y 

t h r e e s i m p l e a x i o m s . The e q u i v a l e n c e between u - g r o u p o i d s and 

c u b i c a l T-complexes says t h a t a l l t h e c o - g r o u p o i d s t r u c t u r e 

may be r e c o v e r e d f r o m k nowledge o f t h e t h i n e l e m e n t s and t h e 

t h r e e a x i o m s . 

We now c o n s i d e r n o r m a l s u b o b j e c t s and q u o t i e n t o b j e c t s i n ^ 

and 6 . I n [.16] Howie g i v e s d e f i n i t i o n s i n ^ , t h e c a t e g o r y 

o f d o u b l e g r o u p o i d s . A s u b d o u b l e g r o u p o i d N o f A i s n o r m a l 

i f ( i ) N Q = A Q and ( i i ) whenever n e , a e A ^ a r e such 
1 t h a t 3.a e N . and n' = :a +. n +. a i s d e f i n e d i n A 0 [ f o r l 1 i l l 2 

i = 1 o r 2) t h e n n'€ N . Howie n o t e d t h a t c o n d i t i o n ( i i ) f o r 

i = 1 i s e q u i v a l e n t t o c o n d i t i o n ( i i ) f o r i = 2, and a l s o t h a t 

[N^.Ng] i s a n o r m a l s u b g r o u p o i d o f ( A ^ , A ^ l , 

I f 6 : A •> B i s a m o rphism i n ^ i t s k e r n e l K = k e r 9 i s 

d e f i n e d as f o l l o w s . K„ = A„ and f o r n=1,2 , K i s t h e s e t o f 
0 0 n 

e l e m e n t s a o f A such t h a t 9 ( a ) i s t o t a l l y d e g e n e r a t e i n 
n 

B. The k e r n e l o f 8 i s c l e a r l y n o r m a l i n A. 

The e l e m e n t s o f t h e q u o t i e n t d o u b l e g r o u p o i d A/N can be 

d e s c r i b e d as e q u i v a l e n c e c l a s s e s A ( 1 = 0 , 1 , 2 ) . For i = 0 , 1 
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t h e e q u i v a l e n c e r e l a t i o n s a r e t h o s e f o r q u o t i e n t g r o u p o i d s 

g i v e n i n t h e p r e v i o u s s e c t i o n . For i = 2, 

n 1 t n 
t b t 
n o t n 2 n 

-> 2 a 'v b i f a = 

where n. e N„ and t h e t ' s a r e t h i n e l e m e n t s . 
i 2 

Now i f 9 : A -»- B i s a m orphism o f w - g r o u p o i d s , i t s K e r n e l 

can be d e f i n e d t o be t h e s e t o f e l e m e n t s o f A whose image 

i s t o t a l l y d e g e n e r a t e . I f we t h e n d e f i n e n o r m a l s ub-co-gro upo i d 

i n an a n a l o g o u s way t o Howie's d e f i n i t i o n i n d i m e n s i o n t w o , i t 

i s c l e a r t h a t t h e k e r n e l o f 8 i s n o r m a l i n A. However t h e 

e q u i v a l e n c e r e l a t i o n s used t o d e f i n e t h e q u o t i e n t o b j e c t w o u l d 

t h e n r e q u i r e c o m p l i c a t e d m u 1 1 i - d i m e n s i o n a 1 a r r a y s . 

The f o l l o w i n g a l t e r n a t i v e a p p r o a c h may p r o v e more manageable. 

For t h e morphism 8 : A -> B d e f i n e a " k e r n e l s y s t e m " K as 

f o l l o w s . K = A n and K = { K 1 I i = 1 , . . . , n } where o 0 n n 
K 1 = {a e A I 8a = e.b , f o r some b « B . }. Now t o d e f i n e n n ' I n -1 
q u o t i e n t co-gro u p o i d s we c o u l d p e r h a p s use " n o r m a l s y s t e m s " 

m o d e l l e d on k e r n e l s y s t e m s and t h e n use o n l y o n e - d i m e n s i o n a l 

a r r a y s i n d e f i n i n g t h e r e q u i r e d e q u i v a l e n c e r e l a t i o n s . 

However t h e d e t a i l s s t i l l a p p e a r c o m p l i c a t e d — we do n o t know, 

f o r e x a m p l e , t h e m i n i m a l axioms f o r a n o r m a l s y s t e m . 

The s i t u a t i o n f o r c r o s s e d complexes i s c o n s i d e r a b l y s i m p l e r , 

as we now d e s c r i b e . 
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2 .7 DEFINITION. A s u b - c r o s s e d complex N o f C i s n o r m a l i f 

( i ) ( , N g) i s a n o r m a l s u b g r o u p o i d o f (C^.C ) , 

( i l l n X e M (w J f o r a l l n £ N ( v ] , x £ C „ ( v , w ) , r r 1 
v . w e C g and r > 2 , and 

( i i i ) a'" - a e |\J ( v ) f o r a l l a £ C Cv] , m £ N „ ( v ) , r r 1 
v £ C ̂  and r 2 . 

P 
T h i s d e f i n i t i o n i s a d i r e c t g e n e r a l i s a t i o n o f t h e d e f i n i t i o n 

o f n o r m a l s u b - c r o s s e d module ( o v e r g r o u p s ) g i v e n i n [ 5 ] . 

2.8 DEFINITION. L e t 9 : C -> D be a morphism i n 6 . The 

k e r n e l K o f 9 i s t h e s u b - c r o s s e d complex o f C g i v e n by 

( i i ) = { x e | Ox = ew f o r some we D Q } , and 

( i i i ) f o r r > 2 , v & K n K ( v ) = { c 6 C ( v ) I0c i s t h e 
O r r ' 

i d e n t i t y o f D ( 0 o v ) } . 
r 0 

• 
I t i s easy t o see t h a t t h e k e r n e l o f 0 i s n o r m a l i n C. We 

a 

d e f i n e t h e q u o t i e n t c r o s s e d complex b y ^ u n i v e r s a l p r o p e r t y i n an 

a n a l o g o u s manner t o t h e g r o u p o i d case ( d e f i n i t i o n 2 . 2 ) . 

2.9 DEFINITION. L e t N be a n o r m a l s u b - c r o s s e d complex o f C, 

The q u o t i e n t c r o s s e d complex C/N and n a t u r a l p r o j e c t i o n 

x : C -»- C/N a r e d e f i n e d by t h e f o l l o w i n g u n i v e r s a l p r o p e r t y . 

L e t 0 : C -> D be a morphism i n w i t h kerO 2 N. Then 
* * 

t h e r e i s a u n i q u e morphism 9 : C/N •> D such t h a t 0 ox = 9. 
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S y m b o l i c a l l y , C — • C/N 

• 
The f o l l o w i n g d e s c r i p t i o n o f C/N i n v o l v e s e q u i v a l e n c e 

r e l a t i o n s i n each d i m e n s i o n r 0 . For r = 0,1 t h e e q u i v a l e n c e 

r e l a t i o n s a r e t h o s e f o r q u o t i e n t g r o u p o i d s g i v e n p r e v i o u s l y 

and f o r r > 2 , a ^ c i f a = c n + m f o r some n e N„ , m £ N . 
I L e t (C/N) = C /^ f o r r >/ 0 , where t h e e q u i v a l e n c e c l a s s e s r r M 

a r e d e n o t e d <c> i n a l l d i m e n s i o n s . The p a r t i t i o n o f C ( r >, 
v ' 

i n t o d i s j o i n t s e t s C ^ (v) , v einduces a c o r r e s p o n d i n g 

p a r t i t i o n o f (C/N) i n t o s e t s (C/N) ( < v > ) . D e f i n e a 
r r 

c o m p o s i t i o n on (C/N) ( < v > ) by <a> + <c> = < a n + c > where 

n e N. and a R + c i s d e f i n e d i n C . 1 r 

2.10 THEOREM„ C/N as d e f i n e d above, w i t h p r o j e c t i o n 

T : c M- <c> , i s t h e q u o t i e n t c r o s s e d c o m p l e x . 

P r o o f . The p r o o f c o n s i s t s o f t h r e e lemmas. 

2.11 LEMMA. (C/N) ( < v > ) w i t h c o m p o s i t i o n d e f i n e d above i s 

a w e l l - d e f i n e d g r oup and i s A b e l i a n f o r r ^ - 3 . 

P r o o f . We f i r s t show t h a t t h e d e f i n i t i o n o f a d d i t i o n i s 

i n d e p e n d e n t o f t h e c h o i c e s made. So l e t a ^ a', c ^ c' and 
n l l e t n . e |\l , m.e N ( i = 0,1) be such t h a t a' = a + m. , i 1 i r 1 

r i n n 
c' = c z + m^ » Suppose n,n' e a r e such t h a t a + c and 

n ' 
( a ' ) + c* a r e w e l l d e f i n e d i n C . Then 

r 
r , n ' , ( n 1 + n ' ) n ' n 2 
( a ' ) + c ' = a m i + c + m . 
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Now N Cv) i s n o r m a l i n C ( v ) . ( F o r r >y3 t h e g r o u p s a r e r r ' & r 
A b e l i a n and n o r m a l i t y f o r r = 2 i s easy t o e s t a b l i s h ) . Hence 

n * n ? n 7 m. + c + m„ = c ^ + m„ f o r some m 0 e N . T h e r e f o r e 1 2 3 3 r 

r , , n ' , ( n.+ n ' ) n ? 
i d ' J + c ' = a 1 + c ~ + 

, n , ( - n + n - i + n 1 ) C - n + n 1 + n * ) n 7 

= ( a + c ) - c ' + c ^ + m 3 

S i n c e (-n + n^ + n') e N i t f o l l o w s t h a t 
C-n + n^ i+n') n ? -c ' + c £ N by c o n d i t i o n C i i i J o f d e f i n i t i o n 2.7 r 

n' n 

T h e r e f o r e ( a * ) + c' ^ a + c , so a d d i t i o n i s w e l l - d e f i n e d 

I t i s easy t o check t h a t t h e gr o u p s t r u c t u r e i s i n h e r i t e d . 

For r } 3, <a> + <c> = <a + c> 
n 

= <c + a > 
- < n , - n 

= < (c + a ) > 

= < c _ n
 + a> 

= <c > + <a > . 

T h i s c o m p l e t e s t h e p r o o f . 

• 
2.12 LEHHA. The c r o s s e d complex s t r u c t u r e on C i n d u c e s a 

c r o s s e d complex s t r u c t u r e on C/N. 

P r o o f . 9 : (C/N) -> (C/N) . i s g i v e n by 9<c> = <9c> , an r r - 1 y 

< x > n x 
t h e a c t i o n o f (C/N) i s g i v e n by <c> = <c > where 

n + x n a N i s such t h a t c i s w o i l - d e f i n e d i n C . (The 1 r 
e x i s t e n c e o f such an e l e m e n t n f o l l o w s f r o m t h e d e f i n i t i o n s 

o f t h e e q u i v a l e n c e r e l a t i o n s ) . 
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We must show t h a t c o n d i t i o n s [ 1 ) — [ 6 ) o f d e f i n i t i o n 2.6 h o l d . 

( 1 ) i s p r o v e d i n [ 1 4 ] , and lemma 2.11 p r o v e s ( 2 ) . That t h e 

a c t i o n i s w e l l - d e f i n e d i s p r o v e d i n a s i m i l a r way t o lemma 2.11 

(43 3 (< a > + <c>) = 3 < a n +• c> 

= < ( 3 a ) n +dc> 

= <3a> + <9c> 

= 3<a> + 3<c> , 

so 3 : (C/N) ->- (C/IM) . i s a w e l l - d e f i n e d morphism o f r r - 1 
g r o u p o i ds . 

( 5 ) f o l l o w s i m m e d i a t e l y f r o m t h e same law i n C 

( 6 ) L e t c e C _ ( v ) , a eC (w) where v ^ w . Choose z r 
., , , | 3<c> n+3c n £ N ( v , w ] . Then <a> = < a > 1 

< - c + a n + c > = -<c>+<a>+<c> f o r r = 2 

< a n > = <a> f o r r£3 

• 
2.13 LEMMA„ T : C -> C/N , c t~> <c> i s a t - m o r p h i s m 

s a t i s f y i n g t h e u n i v e r s a l p r o p e r t y o f d e f i n i t i o n 2.9. 

P r o o f . That T i s a c r o s s e d complex morphism i s c l e a r f r o m 

lemma 2.12. L e t 9 : C -> D be a morphism i n £ such t h a t 

N £ kerB . D e f i n e 6* : C/N D by 6*<c> = 9c . We must 

show t h a t 9* i s w e l l - d e f i n e d . For d i m e n s i o n s 0,1 see Q l 4; 

P r o p o s i t i o n 24] . 
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For d i m e n s i o n r > 2 , l e t c <v c ' i n C . I . e . c' = c P + m 
r 

0 n 

f o r some n E ̂  , meN^. Then 0c' = ( 0 c ) + 9m = 9c 

s i n c e N <= k e r 9 . 

T h e r e f o r e 9* i s w e l l - d e f i n e d . I t i s c l e a r l y t h e u n i q u e 

morphism such t h a t 9 *» x = 9 . 

• 
T h i s c o m p l e t e s t h e p r o o f o f t h e o r e m 2.10. 

• 
2.14. COROLLARY. For r >, 2, v e C (C/N) ( < v > ) = C ( v ) / N ( v ) o r r r 

P r o o f . We have n o t e d above t h a t N ( v ) i s n o r m a l i n C ( v ) . r r 
D e f i n e 

\\i : C ( v ) / N ( v ) > (C/N) ( < v > ) , N ( v ) + c I — * <c> 
r r r r 

The d e f i n i t i o n i s c l e a r l y i n d e p e n d e n t o f t h e c h o i c e o f c , 

and g i v e s a w e l l - d e f i n e d m o rphism o f g r o u p s . 

To show IJJ i s i n j e c t i v e , l e t ^ f l N I ( v ) + c ) = <•> , where 0 i s 

t h e i d e n t i t y o f C ( v ) . Then c ^ O i n C so c = 0 + m , 
r r 

where m e N ( v ) . Hence N ( v ) + c = N ( v ) , p r o v i n g \b i s r r r 
i n j e c t i v e 

To show iji i s s u r j e c t i v e , l e t <a > <s (C/N) ( < v > ) . Then 

a e C ( w ) where w ^ v . Choose n e N ^ f w . v ) . T h e n a P £ C ( v ) r 1 r 
and ijj : N ( v ) + a n H — > < a M > = <a> , p r o v i n g i s s u r j e c t i v e . 

• 
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The above c o r o l l a r y i n d i c a t e s t h a t o u r d e s c r i p t i o n o f t h e 

q u o t i e n t c r o s s e d complex i s a g e n e r a l i s a t i o n o f t h e d e s c r i p t i o n 

o f a q u o t i e n t c r o s s e d module ( o v e r g r o u p s ] , g i v e n i n [ S j p 9 ] , 

We now d e s c r i b e t h e n o r m a l c l o s u r e o f a s u b - c r o s s e d c o m p l e x . 

2.15.PROPOSITION. L e t B be a s u b - c r o s s e d complex o f C , 

and l e t N S C be t h e f o l l o w i n g . 

( i ) CN^.N ] i s t h e g r o u p o i d n o r m a l c l o s u r e o f 

f B 1 , B Q ) i n ( C 1 , C [ ] ) . 

( i i ] For r >s 2, N = {N ( v ] I v c N 1 i s g e n e r a t e d as 
r r ' 0 

a ( t o t a l l y d i s c o n n e c t e d ] g r o u p o i d by 

(a ) e l e m e n t s b , f o r b e , x 6 , and 
n + x X 

( b ] e l e m e n t s c - c f o r c e C ^ , x e C ^ ,p eB^ 

Then N i s t h e n o r m a l c l o s u r e o f B i n C. ( I . e . N i s t h e 

s m a l l e s t n o r m a l s u b - c r o s s e d complex o f C c o n t a i n i n g B ] . 

Pro o f . Note t h a t f o r v e N ̂  , r > / 2 N ( v ) i s g e n e r a t e d as 

a g r o u p by t h e e l e m e n t s o f t y p e ( a ] and '6b] where b £ B ̂  (w ] , 

c t C^(w] , p ^ B ^ ( w ) and x €- Ĉ  ( w , v ) 

We f i r s t show t h a t N i s a s u b - c r o s s e d complex o f C — i . e 

1 „ and N. r - 1 1 
3(b ] = -x + 3b + x w h i c h i s an e l e m e n t o f N̂  s i n c e (N ,N ) 

i s t h e n o r m a l c l o s u r e o f ( B ^ , B ^ ] 0 A l s o 

3 ( c P + X - c*] = -x -p + 3c + p - 3c + x. Now 3c + p - 3c e N 

by n o r m a l i t y , hence -p + 3c + p - 3c = n e N̂  . T h e r e f o r e 

3 ( c P + X - c*] = -x + n + x e N so 3N 2 £. N . Now l e t r >/ 3 . 
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Then 3 ( b X ) = ( 3 b ) X and 3 ( c P + X - C
X ) = ( 3 c ) P + X - ( 3 c ) X 

so 3N <=: M 
r r - 1 

I t i s c l e a r t h a t t h e r e i s an i n d u c e d a c t i o n o f l\L on N 
1 r 

so N i s a s u b - c r o s s e d complex o f C. By i t s v e r y 

c o n s t r u c t i o n N i s n o r m a l and c o n t a i n s B. 

I t r e m a i n s t o show t h a t N i s t h e s m a l l e s t such s u b - c r o s s e d 

c o m p l e x , so l e t M be any n o r m a l s u b - c r o s s e d complex o f C 

c o n t a i n i n g B. Then C N-] * N
 0
 3 ~ f ̂  * ̂  0

 1 • F o r r ^ " 2 l e t 

x 
c,b,x and p be as above. Then we have ( i ) b f fl so b 6 M 

r r 
s i n c e M i s n o r m a l , and C ± i ) p e M„ so c'3 - c c M by 

1 r 
D X X n o r m a l i t y and hence c - c £ M . T h e r e f o r e M £ N r 

w h i c h c o m p l e t e s t h e p r o o f . 

• 
F i n a l l y , we d e s c r i b e t h e Union Theorem o f Brown and H i g g i n s 

[ l 1 ] . T h i s i s t h e g e n e r a l i s a t i o n o f t h e S e i f e r t - van Kampen 

t h e o r e m m e n t i o n e d p r e v i o u s l y w h i c h c o n t a i n s i n f o r m a t i o n i n a l ! 

d i m e n s i o n s . I t was i n o r d e r t o f o r m u l a t e and p r o v e t h i s 

t h e o r e m t h a t much o f t h e t h e o r y o f t o - g r o u p o i d s was d e v e l o p e d . 

2 . 1 6 D E F I N I T I O N . A f i l t e r e d space £ : X ° £ X
1 £ ... c x n £ 

... £ X i s s a i d t o be homotopy f u l l i f f o r a l l n> 0 t h e 

i n d u c e d map ^ g ^ ^ ^ ^ s s u r J e c " t i v e and f o r r > n > 0 and 

v € X° TT ( x r , x n , v) = 0. n 
• 
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2.17 THEOREM. ( U n i o n T h e o r e m ) . L e t X be a J - f i l t e r e d —~ 0 
space and l e t lL = { i i \ x & A } be a c o v e r o f X such t h a t 

A 
t h e i n t e r i o r s o f t h e U c o v e r X. For v 6 A n s e t 

A 
U = U y. ̂  A U,. and l e t U be U w i t h f i l t r a t i o n 

i n d u c e d f r o m X. 

Suppose ( i ) f o r n = 1,2 and a l l v e A , U i s J - f i l t e r e d , 

and ( i i ) f o r a l l f i n i t e n and a l l v e A n , JJ^ i s homotopy 

f u l l . Then 

pX 
v eA< Ac-A 

i s a c o e q u a l i s e r d i a g r a m i n ^ where | J d e n o t e s c o p r o d u c t 

(= d i s j o i n t u n i o n ) , a and b a r e i n d u c e d by t h e i n c l u s i o n s 

U .aU <̂ —> U. and U . n u C_-> u r e s p e c t i v e l y , and c i s A y A A y y 
i n d u c e d by t h e i n c l u s i o n s U. X . 

• 
The u s e f u l n e s s o f t h e Un i o n Theorem l i e s i n t h e f a c t t h a t i f 

ir^ X ^ = X ̂  t h e n YP&, i s n a t u r a l l y i s o m o r p h i c t o uX̂ ,. Hence 

a p p l y i n g t h e e q u i v a l e n c e y : ̂  g i v e s a c o e q u a l i s e r 

d i a g r a m o f homotopy c r o s s e d c o m p l e x e s , w h i c h has many c l a s s i c a l 

r e s u l t s as c o r o l l a r i e s (see [ l 0,1 1 ] ) , The f a c t t h a t t h e p r o o f 

o f t h e Un i o n Theorem t a k e s p l a c e i n ^ i l l u s t r a t e s t h e p o i n t 

made i n c h a p t e r one t h a t i t i s o f t e n e a s i e r t o p r o v e 

t o p o l o g i c a l r e s u l t s i n ^ r a t h e r t h a n 'C . 
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The t r u n c a t i o n f u n c t o r tr™ : ^ -> ̂  has a r i g h t ( and a l e f t ) 

a d j o i n t [ l 0 ] , and so p r e s e r v e s c o l i m i t s ( a n d l i m i t s ) . Hence 

unde r t h e h y p o t h e s e s o f 2.17 we a l s o o b t a i n c e r t a i n 

c o e q u a l i s e r s i n t h e c a t e g o r i e s IS , m>/0. For m = 1,2 t h e 
J m 

homotopy f u l l n e s s c o n d i t i o n ( i i ) may be weakened — see [ l 8, 9^ 

f o r t h e m i n i m a l c o n d i t i o n s . 
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CHAPTER THREE. G-GROUPOIDS AND GENERALISATIONS 

I f X i s a t o p o l o g i c a l space w i t h g r o up a c t i o n t h e r e i s an 

a c t i o n i n d u c e d on t h e ( f u l l ) f u n d a m e n t a l g r o u p o i d T T ^ ( X D . 

S i m i l a r l y i f X i s a J - f i l t e r e d space w i t h a f i l t r a t i o n 

p r e s e r v i n g g r o up a c t i o n t h e n t h e homotopy u - g r o u p o i d pX^ and 

homotopy c r o s s e d complex irX, have i n d u c e d a c t i o n s . I n t h i s 

way t o p o l o g i c a l c o n s i d e r a t i o n s l e a d us t o c o n s i d e r a l g e b r a i c 

p r o p e r t i e s o f g r o u p o i d s , co-groupoids and c r o s s e d c o m p l e x e s 

w i t h g r o u p a c t i o n s . T h i s i s t h e s u b j e c t o f t h i s c h a p t e r . 

1 . THE GROUPOID CASE 

3.1 DEFINITION. Let G be a f i x e d g r o u p . A G - g r o u p o i d A 

i s a g r o u p o i d t o g e t h e r w i t h a r i g h t a c t i o n o f G. The 

a u t o m o r p h i s m o f A c o r r e s p o n d i n g t o g 6 G i s d e n o t e d 

a H> a . A morphism o f G - g r o u p o i d s o r G-morphism i s a g r o u p o i d 

morphism w h i c h p r e s e r v e s t h e a c t i o n . 

• 
T h i s d e f i n e s t h e c a t e g o r y o f G - g r o u p o i d s f o r a f i x e d g r o u p G. 

A l l o w i n g v a r i a t i o n o f t h e group w o u l d g i v e a more g e n e r a l 

c a t e g o r y o f " g r o u p o i d s w i t h g r o u p a c t i o n s " . I n t h i s s e t t i n g a 

morphism f r o m t h e G - g r o u p o i d A t o t h e H - g r o u p o i d B i s a 

g r o u p o i d morphism 9 : A -> B and a group morphism a : G -> H 

such t h a t 6(a^3 = [ 6 a ) a ^ . We s h a l l r a r e l y r e q u i r e such 

g e n e r a l i t y and f o r t h e most p a r t r e s t r i c t o u r a t t e n t i o n t o t h e 

c a t e g o r y o f G - g r o u p o i d s f o r f i x e d G. 
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T h r o u g h o u t t h i s s e c t i o n A w i l l d e n o t e a G - g r o u p o i d . 

M o t i v a t e d by t h e n o t i o n o f an o r b i t space i n t o p o l o g y we 

seek an a n a l o g o u s d e f i n i t i o n i n t h e a l g g b r a i c s e t t i n g . S i m p l e 

examples show t h a t t h e s e t o f o r b i t s o f A need n o t i n h e r i t 

a g r o u p o i d s t r u c t u r e f r o m A. For e x a m p l e , c o n s i d e r 

a c t i n g n o n - t r i v i a l l y on 21 c o n s i d e r e d as a g r o u p o i d w i t h a 

s i n g l e v e r t e x . I n t h e t o p o l o g i c a l c o n t e x t t h e o r b i t space i s 

u n i v e r s a l f o r G-maps i n t o a G-space w i t h t r i v i a l a c t i o n . We use 

t h i s as t h e d e f i n i t i o n f o r g r o u p o i d s . 

3.2 DEFINITION. The o r b i t g r o u p o i d A/CG) and c a n o n i c a l 

p r o j e c t i o n x : A ->- A/CG] a r e d e f i n e d by t h e f o l l o w i n g 

u n i v e r s a l p r p o e r t y : 

Ci) G a c t s t r i v i a l l y on A/CG] and x i s a 

G-morphism. 

C i i ) Let B be any g r o u p o i d w i t h t r i v i a l G - a c t i o n and 

8 : A -> B a G-morphism. Then t h e r e e x i s t s a 

u n i q u e morphism 0*: A/CG] -> B such t h a t 6*x = 8. 

• 
S y m b o l i c a l l y we i l l u s t r a t e C i i ) by t h e d i a g r a m 

A 1 — » A/CG: 

A s t a n d a r d argument shows t h a t , i f i t e x i s t s , A/CG) i s 

u n i q u e up t o Cunique) i s o m o r p h i s m . E x i s t e n c e may a l s o be 

e s t a b l i s h e d on " g e n e r a l n o n s e n s e " g r o u n d s . A/CG) i s t h e 

c o l i m i t i n ^pd o f t h e d i a g r a m whose u n i q u e o b j e c t i s A and 
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whose morphisms a r e t h e a u t o m o r p h i s m s o f A i n d u c e d by a l l 

t h e e l e m e n t s o f G. The f a c t t h a t ^pd i s c o - c o m p l e t e £l 4 j 

Theorem 3, p7•] e s t a b l i s h e s t h e e x i s t e n c e o f A / ( G ) . 

The n o t a t i o n A/(G) i s used t o d i s t i n g u i s h o r b i t g r o u p o i d s 

f r o m q u o t i e n t g r o u p o i d s . [ I n Q15J A//G i s used f o r t h e o r b i t 

g r o u p o i d ) . 

The above e x i s t e n c e p r o o f f o r A/(G) i s n o t v e r y u s e f u l — we 

w o u l d l i k e t o have a d e s c r i p t i o n o f t h e o r b i t g r o u p o i d . The 

d e f e c t n o t e d p r e v i o u s l y t h a t t h e s e t s o f o r b i t s o f A do n o t 

n e c e s s a r i l y i n h e r i t a g r o u p o i d s t r u c t u r e can be r e m e d i e d as 

f o l l o w s . 

Let x d e n o t e t h e o r b i t o f x eA^ and d e f i n e a r e l a t i o n % 

on t h e s e t o f o r b i t s by x ^ y i f x = x^ + ... + x^ , 

y = + )l 2 + °°° + y m ^ n ^1 a n c ' "there e x i s t g r o u p e l e m e n t s 

§!/]*•••*{? * h i * " " " ' ' 1 m s u c ^ t h a t 

g 1 g n h 1 hm x. + „ „ . + x = y„ + . . . + y 1 n y 1 y m 

I t i s easy t o see t h a t % i s an e q u i v a l e n c e r e l a t i o n . 

L e t <x> d e n o t e t h e e q u i v a l e n c e c l a s s o f x and B^ t h e s e t 

o f such c l a s s e s . A l s o l e t <v> d e n o t e t h e o r b i t o f v 6 

and B Q t h e s e t o f o r b i t s . Then B = CB^,B Q] i n h e r i t s a 

gra p h s t r u c t u r e f r o m A. I f <x> , <y> sB^ a r e such t h a t 

3°<y> = 8/'<x> t h e n t h e r e e x i s t s g e G such t h a t = 3̂  x 

i n Â  and we d e f i n e <x> + <y> = <x + y >. I t i s now 
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r o u t i n e [ b u t t e d i o u s ! ) t o check t h a t B i s t h u s a w e l l -

d e f i n e d g r o u p o i d and has t h e u n i v e r s a l p r o p e r t y c h a r a c t e r i s i n g 

A/CG). These c o m p u t a t i o n s a r e o m i t t e d s i n c e t h i s d e s c r i p t i o n 

o f t h e o r b i t g r o u p o i d i s n o t easy t o work w i t h (and i t s 

g e n e r a l i s a t i o n t o h i g h e r d i m e n s i o n s becomes u n m a n a g e a b l e ) . 

I n s t e a d , we g i v e a more e l e g a n t and u s e f u l d e s c r i p t i o n v i a t h e 

s e m i - d i r e c t p r o d u c t c o n s t r u c t i o n A x G. 

I n [ 7 ] Brown c o n s i d e r s t h e case o f a g r o u p o i d G a c t i n g on a 

g r o u p o i d A " v i a a m o r p h i s m w : A —* G ", and he g i v e s a 

d e f i n i t i o n o f t h e s e m i - d i r e c t p r o d u c t A x G. Brown 

a t t r i b u t e s t h e d e f i n i t i o n t o F r f l l i c h and c a l l s i t t h e s p l i t 

e x t e n s i o n [ a l t h o u g h l a t e r i n [ 8 * ] t h e t e r m i n o l o g y s e m i - d i r e c t 

p r o d u c t i s p r e f e r e d ) . Our s i t u a t i o n i s a s p e c i a l case o f t h a t 

c o n s i d e r e d byBrown and (when m o d i f i e d f o r r i g h t a c t i o n s ] t h e 

d e f i n i t i o n i n [ 7 ] r e d u c e s t o t h e f o l l o w i n g . 

3.3 DEFINITION. The s e m i - d i r e c t p r o d u c t g r o u p o i d A x G has 

v e r t e x s e t A^ , edge s e t A^x G w i t h i n i t i a l and f i n a l maps 

9°(a,g) = 3°a , 3 1 ( a , g ) = 3 1
a

g . I f 3 1
a

g = 3°b t h e n 

c o m p o s i t i o n i s g i v e n by 

-1 
( a , g) + ( b , h ) = (a + b g , gh) . 

• 
Note t h a t t h e e x p r e s s i o n S^a^ i s n o t ambiguous s i n c e 

3 1 ( a g ] = ( 3 1 a ) g . 
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3.4 LEMMA. A x G i s a w e l 

e l e m e n t s ev = ( E V , 1] and 

P r o o f . F i r s t l y 9°((a,g] + Cb,h)) = 9°a = 9°(a,g) and 
-1 

9 1 ( ( a , g ) + ( b , h ) ) = [ 3 1 b g ) g h = 9 1 b h = 3 1 ( b , h ) . 

A s s o c i a t i v i t y o f c o m p o s i t i o n f o l l o w s f r o m a s s o c i a t i v i t y i n A 

and G. 

1 - d e f i n e d g r o u p o i d w i t h i d e n t i t y 
a - 1 

i n v e r s e s -Ca,g] = (-a , g ) <, 

I f 9°a = v , 9 a g = w t h e n 

(ev,13 + ( a , g ) = Cev+a, g] = ( a , g ] , and 
„-1 

( a , g ) + CEW,1) = Ca+ ew 6 , g) = ( a , g ) . 

F i n a l l y , ( a , g ) - t a . g ) = ( a , g ) + O a K , g " n ) 

= ( a - a , 1] 

= e 9° ( a , g ) , and 

C-a g, g " 1 ] + [ a , g ) 

(-a g + a g , 1 ) 

,1 

- l a . g ) + ( a , g) = 

= e9 Ca, g) 

• 
I t may be h e l p f u l t o t h i n k o f t h e edges o f A x G as t r i p l e s 

cr 

( a , g , b ) where a = b i n A . The d i a g r a m below t h e n 

s y m b o l i s e s an edge, and i t can be seen t h a t t h e d e f i n i t i o n o f 

a d d i t i o n i n A x G i s c o m p l e t e l y f o r c e d . 

9 1 Ca,g,b) 

.0 9 C a , g,b ) 
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D e f i n e i : A -»• A x G t o be t h e i d e n t i t y on v e r t i c e s and 

a t—> ( a , 1 ) on edges. A l s o d e f i n e p : A x G -> G by 

( a , g ] i — > g. I n t h e more g e n e r a l case where G i s a g r o u p o i d 

Brown p r o v e s t h a t i i s an i s o m o r p h i s m o n t o k e r p and p 

i s a g r o u p o i d f i b r a t i o n . [ See, f o r e x a m p l e , [ 1 4 ; p 9 8 ] f o r t h e 

d e f i n i t i o n o f a f i b r a t i o n ) . R e c a l l t h a t p i s p i e c e w i s e 

s u r j e c t i v e i f , f o r g e G and v,w e A Q , t h e r e e x i s t s 

Ca,g) £ (A x G ) (v,w) such t h a t p ( a , g ) = g. T h e r e f o r e p 

i s p i e c e w i s e s u r j e c t i v e i f and o n l y i f A i s c o n n e c t e d . The 

c h a r a c t e r i s a t i o n o f q u o t i e n t morphisms as t h e v e r t e x 

s u r j e c t i v e , p i e c e w i s e s u r j e c t i v e morphisms ( p r o p o ^ s i t i o n 2.3) 

g i v e s t h e f a l l o w i n g . 

3.5 LEMMA. E„ v A — — > A x G — > G — — * E, i s an A * o 
e x a c t sequence o f g r o u p o i d s i f and o n l y i f A i s c o n n e c t e d . 

• 
T h i s sequence and t h e e x a c t sequence f o r a q u o t i e n t g r o u p o i d 

p r o v i d e o u r b a s i c examples o f s h o r t e x a c t sequences o f 

g r o u p o i d s . 

We now c o n s i d e r some p r o p e r t i e s o f A x G , b e g i n n i n g w i t h t h e 

d e s c r i p t i o n o f t h e o r b i t g r o u p o i d A/CG). 

3.6 THEOREM. L e t N be t h e n o r m a l s u b g r o u p o i d o f A x G 

g e n e r a t e d by e l e m e n t s o f t h e f o r m ( e v , g ) f o r v e A ̂  , g e G . 

Then 

A/CG) = C A x G)/N . 
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P r o o f . We v e r i f y t h e u n i v e r s a l p r o p e r t y o f d e f i n i t i o n 3.2. 

Le t TT : A x G (A x G)/N , ( a , g ) i — > <a,g> be t h e q u o t i e n t 

m o r p hism, and l e t x : A -> (A x G ] / N be t h e c o m p o s i t e 

T = ir • i . Hence t C a ) = <a,1>. 

Now G a c t s on A x G by C a , g ] ^ = ( a h , h'^gh] such t h a t 

i and ir a r e G-morphisms . S i n c e 

Ca h, h ~ 1 g h ) = ( E V , h - 1 ) + ( a , g ) + (ew, h) 

[ w h e r e v = 3°a'1 , w = 8^a g ] t h e a c t i o n on (A x G)/N i s 

t r i v i a l . 

T h i s v e r i f i e s t h e f i r s t p a r t o f t h e u n i v e r s a l p r o p e r t y . For 

t h e second p a r t l e t B be a t r i v i a l G - g r o u p o i d [ i . e . t h e 

a c t i o n i s t r i v i a l } and l e t 8 : A ->- B be a G-morphism. 

E x t e n d 0 t o )̂ : A x G B by d e f i n i n g i|i(a,g) = 8a. 

S i n c e t h e a c t i o n on B i s t r i v i a l and 8 i s a G-morphism 

i s w e l l - d e f i n e d . Now ev, g) = 8ev w h i c h i s an i d e n t i t y 

o f B , so by t h e u n i v e r s a l p r o p e r t y o f q u o t i e n t g r o u p o i d s 

[ d e f i n i t i o n 2.2) t h e r e i s a u n i q u e morphism 

8 * : [A x G ] / N >- B , such t h a t 8 * « ir = i j ; . 

T h e r e f o r e we have t h e f o l l o w i n g c o m m u t a t i v e d i a g r a m i n w h i c h 

8* i s u n i q u e f o r t h e r i g h t hand t r i a n g l e . 
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— > A x G 71 > (A x G)/N 

To c o m p l e t e t h e p r o o f we a r e r e q u i r e d t o show t h a t 8* i s 

u n i q u e f o r t h e o u t e r t r i a n g l e . So l e t E, : (A x G)/I\l — • B 

be such t h a t ^ «T = 0*. 

S i n c e ( a , g ) = ( a , 1 ) + izd a, g) we have 

£<a,g> = g<a,1> = 9a = ij; ( a , g) . 

That i s 6*«IT = E, , so by t h e u n i q u e n e s s o f 

hand t r i a n g l e we have £ = 6* as r e q u i r e d . 

i n t h e r i g h t 

• 
3.7 PROPOSITION. ( i ) Suppose G a c t s f r e e l y on A Cby 

w h i c h we mean t h a t no n o n - t r i v i a l e l e m e n t o f G f i x e s a 

v e r t e x o f A ) . Then x : A -* A/CG) i s g r o u p i n j e c t i v e . 

( i i ) Suppose G i s g e n e r a t e d by t h o s e o f 

i t s e l e m e n t s w h i c h s t a b i l i s e some v e r t e x o f A. Then A i s 

a t r e e g r o u p o i d i m p l i e s t h a t A/fG) i s a l s o a t r e e groupoid„ 

P r o o f . We use t h e d e s c r i p t i o n o f A/CG) g i v e n i n t h e 

p r e v i o u s t h e o r e m . 

( i ) A v e r t e x e l e m e n t o f N i 

+ ( a , g ) where h s t a b i l i s e s 

h = 1 . T h e r e f o r e N i s a t r e e 

s o f t h e f o r m - ( a , g ) + ( e v , h ) 

v = 3°a. S i n c e G a c t s f r e e l y 

g r o u p o i d and 
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A x G -> C A x G)/N i s g r o u p i n j e c t i v e . But i : A •> A x G 

i s i n j e c t i v e so t h e c o m p o s i t e i\ °i i s group i n j e c t i v e . 

C i i ] Assume A i s a t r e e g r o u p o i d and G i s g e n e r a t e d by 

i t s e l e m e n t s w h i c h f i x some v e r t e x o f A. Let 
o 1 <a,g> 6 (A £ G)/N have 3 <a,g> = <v> = 3 <a,g>. Then 

[ a , g ) e f A x G ) ^ C v , v ] f o r some g ,g e G. Hence 

atA^CWjW 1 1) where w = and h = g^ /'g 2g~' 1. By h y p o t h e s i s 

h = h-h„ ... h where h. s t a b i l i s e s some v e r t e x , v. s a y . 
1 2 n I I Y 

S i n c e A i s c o n n e c t e d we may choose b.e A^CwjV.) f o r 
y i 1 l 

h 1 hn 
i = 1 , . . . , n . C o n s i d e r c = b^ - b 1 + b - b + ... 

h -] D h . 
+ b - b . S i n c e h. s t a b i l i s e s 9 b. and 3 b. 1 = n n I 1 1 
w 1 ^ - 3°b. . j c i s w e l l - d e f i n e d . Now 3°c = w and i + 1 
a 1 " I • • ' h n h

 .-, U 4-U • 4-

o c = w = w , so c and a have t h e same e n d p o i n t s . 

But A i s a t r e e g r o u p o i d so a = c. T h e r e f o r e 
h 1 h n Ca, g) = (b / j - b 1 + . . . + b n - b n g) 

= Cb„ - b . h l , 1 ] + ... + Cb - b h n , 1 ) + ( E w h , g ] . 1 1 n n 

Now ( b , - b . h i , 1 ) = ( b . , 1 ) + C e 3 1 b . , h : 1 ) - [ b . , 1 ) + Ce3°b.,h ) 
1 1 I 1 1 I i i 

w h i c h i s an e l e m e n t o f N. T h e r e f o r e Ca,g) e N so <a,g> 

i s an i d e n t i t y edge and hence [A x G)/N i s a t r e e g r o u p o i d . 

• 
3.8 PROPOSITION. L e t B be a f u l l s u b g r o u p o i d o f t h e 

G - g r o u p o i d A, w i t h v e r t e x s e t B Q w h i c h i s a u n i o n o f o r b i t s 

[ i . e . G - s t a b l e ] and c o n t a i n s e v e r y v e r t e x o f A w h i c h has 

n o n - t r i v i a l s t a b i l i s e r . Then B/CG) i s a f u l l s u b g r o u p o i d 

o f A/CG). 
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P r o o f . F i r s t n o t e t h a t B i s G - s t a b l e so B/(G) i s w e l l -

d e f i n e d . A g a i n we use t h e d e s c r i p t i o n o f t h e o r b i t g r o u p o i d 

g i v e n i n t h e o r e m 3.6. That i s we i d e n t i f y A/(G) w i t h 

(A x G)/N and B/CG) w i t h (B x G]/M where M i s g e n e r a t e d 

(as a n o r m a l s u b g r o u p o i d o f B x G) by e l e m e n t s o f t h e f o r m 

( e v , g ) f o r v t B Q . 

Let j : B -> A be t h e e m b e d d i n g . Then j ̂  : B x G —>• A x G , 

( b , g ) (—> ( j b , g ) i s an e m bedding. L e t 6 : B x G —>• (A x G)/N 

be t h e c o m p o s i t e 
J * 

x G - • > A x G — • (A x G)/N 

S i n c e M £ k e r 0 t h e r e i s an i n d u c e d morphism 

9* : (B x G)/M >- (A x G)/N 

To p r o v e 8* i s an embedding l e t ' x e have v e r t i c e s i n B^ 

I t i s s u f f i c i e n t t o show x <£ M. W r i t e x i n t h e f o r m 

x = x„ + x„ + ... + x where each x. i s o f t h e f o r m ( e v , g ) 1 2 n l & 

o r a c o n j u g a t e . We may assume t h a t t h e word + x ^ + . • , + x
n i s 

m i n i m a l i n t h e sense t h a t no i n t e r m e d i a t e v e r t e x l i e s i n B_. 

1 R 

I f x^ = ( e v , g ) , t h e n 3 x^ = ev e B Q , so by m i n i m a l i t y 

x = x e n . 

I f x^ i s a c o n j u g a t e , = ( y , h ) + ( e v , g ) - ( y , h ) , t h e n 

9^x„ = 3°x = 9°x, eB„ , so a g a i n by m i n i m a l i t y x = x„. 1 1 0 1 
However i n t h i s case f o r x t o be w e l l - d e f i n e d we r e q u i r e 
a 

v = v. The h y p o t h e s e s now i m p l y v e B ^ so x^ e. M. 
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Hence (B x G)/M i s a s u b g r o u p o i d o f (A x G)/N . 

To p r o v e t h e f u l l n e s s c o n d i t i o n f i r s t n o t e t h a t B x G i s a 

f u l l s u b g r o u p o i d o f A x G . For i f v , w s B ^ and 
~ - -1 ( a , g ) 6 (A x Gj (v,w) t h e n a 6 A 1 ( v , w g ) w h i c h i s an edge 

o f B s i n c e w g e B and B i s f u l l i n A. 

Le t t h e q u o t i e n t m orphism IT : A X G —> (A X G)/N be d e n o t e d 

( a , g ) i — > <a,g> , and l e t <x> = <a,g> have v e r t i c e s i n 

(B x G)/M . That i s 9°x and 9^x a r e N - e q u i v a l e n t t o 

v e r t i c e s u,v say i n . Hence t h e r e e x i s t N , | ( u , 9 0 x ) , 
1 

n ^ e N ^ t a x , v ) . L et y = n^ + x + n^, Then y has v e r t i c e s 

i n B Q and <x> = <y> i n [A x G)/N. S i n c e B x G i s f u l l 

i n A x G we have y e B x G. T h e r e f o r e <y> = <x> e- (B x G) /M 

T h i s p r o v e s t h a t (B x G)/M i s f u l l i n (A x G)/N. 

• 
I t has been p o i n t e d o u t by H i g g i n s t h a t t h e h y p o t h e s e s o f 3.B 

may be weakened t o r e q u i r e B^ t o be G - s t a b l e and meet each 

component o f t h e f i x e d p o i n t s e t o f e v e r y n o n - t r i v i a l g r o u p 

e l e m e n t (see [ 1 5 ] ) , 

3.9 PROPOSITION. L e t N be a G - s t a b l e n o r m a l s u b g r o u p o i d 

o f t h e G - g r o u p o i d A, and l e t H be a n o r m a l s u b g r o u p o f G 

w h i c h a c t s t r i v i a l l y on A. Then 

( i ) G/H a c t s n a t u r a l l y on A/N , 

( i i ) N x H (= N x H) i s a n o r m a l s u b g r o u p o i d o f A x 

and ( i i i ) (A/N) x (G/H) = (A x G)/(N x H) . 
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P r o o f • L e t T : A -> A/N , a |—> <a> and G -»- G/H , g i—>- Hg 

be t h e n a t u r a l m o r p h i s m s . 

( i ) The i n d u c e d a c t i o n o f G/H on A/N i s < a > ^ S = < a g > . 

To see t h a t t h i s i s w e l l - d e f i n e d , l e t b = n + a •'• m w i t h n , m e N 

and k = hg, h eH. Then b k = [ n + a + m ] h g = n g + a g + m g 

s i n c e H a c t s t r i v i a l l y . Now N i s G - s t a b l e so n g,m g e N. 
k E 

T h e r e f o r e <b > = <a > so t h e a c t i o n i s w e l l - d e f i n e d . 

( i i ] N x H i s c l e a r l y a s u b g r o u p o i d o f A x G. For 

n o r m a l i t y , l e t ( a , g ) e A x G and ( n , h ] e ( |\j $< H) (3°a) 

Then 

- ( a , g ] + ( n . h ] + ( a , g ] = C-a g + n g + a h g , g " 1 h g ) 

= (-a g + n g + a g , g ~ 1 h g ] , 

s i n c e H a c t s t r i v i a l l y . Now g hg 6H, and (-a+n+a] £ N 

s i n c e N i s n o r m a l and G - s t a b l e . T h e r e f o r e 

- ( a , g ) + ( n , h ) + ( a , g ) <s N x H , t h u s p r o v i n g n o r m a l i t y . 

C i i i ) L e t 6 : A x G —* [A/N] 

be t h e n a t u r a l m o r p h i s m . 9 i s 

i t i s p i e c e w i s e s u r j e c t i v e , 

x (G/H] , ( a , g ) (<a>, Hg) 

v e r t e x s u r j e c t i v e and we show 

Let v,w e A Q , and c o n s i d e r (a,Hg] € ((A/N] x (G/H])(<v>,<w>]„ 
-1 

Then a e ( A / N ] ( < v > , < w g > ] . S i n c e x : A -> A/N i s a q u o t i e n t 
-1 

m o r p h i s m , t h e r e e x i s t s a e (v,wE ] such t h a t a = <a>. 

Now ( a , g ] G (A x G) (v,w) and 9 ( a , g ] = (a.Hg) . T h e r e f o r e 

0 i s p i e c e w i s e s u r j e c t i v e and hence by p r o p o s i t i o n 2.3 a 



40 

q u o t i e n t m o r p h i s m . 

C l e a r l y N x H S k e r 9 so t h e r e e x i s t s a u n i q u e m orphism 

e* : (A x G ) / ( N x H ] > ( A / N ) x ( G / H ) 

such t h a t 0 *= TT = 0 where u : A x G — y f A x G ) / t N x H) i s 

t h e q u o t i e n t m o r p h i s m . 0* i s c l e a r l y s u r j e c t i v e . 

To show 0* i s i n j e c t i v e , suppose 0*<a,g> = 8*<b,k>, Then 

<a> = <b> so b = n + a + m f o r some n,me N, and Hg = Hk 

so g = hk f o r some h e H. Then 

-1 
( b , k ) = Cn+a+m, hg) = ( n , h ) + ( a , g ) + (m^ ,1) 

T h e r e f o r e <a,g> = <b,k> so 8* i s i n j e c t i v e , w h i c h c o m p l e t e 

t h e p r o o f , 

• 
The f o l l o w i n g r e s u l t shows t h a t t h e a c t i o n o f G on A may 

be f a c t o r e d i n t o an a c t i o n o f a n o r m a l s u b g r o u p H f o l l o w e d 

by an a c t i o n o f G/H on t h e g r o u p o i d A / ( H ) . A r m s t r o n g uses 

t h e a n a l o g o u s t o p o l o g i c a l r e s u l t i n t h e p r o o f o f t h e main 

t h e o r e m i n [ 3 ] . 

3.10 P R O P O S I T I O N . L e t A be a G - g r o u p o i d and H a n o r m a l 

s u b g r o u p o f G. Then G/H a c t s n a t u r a l l y on A/(H) and 

( A / ( H ) ) / [ 0 / H ] = A / C G ) . 
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Pro • f L e t x A/(H) be t h e n a t u r a l m orphism, and 

d e f i n e a ( G / H ) - a c t i o n on A/(H) by Cxa) Hg x ( a ) » T h i s i s 

i n d e p e n d e n t o f t h e c h o i c e o f g g Hg, f o r i f g' = hg where 

h £ H t h e n x C a g ) = x C a g h ) = x C a g ) s i n c e x i s an 

H-morphism and A/CH) i s H - t r i v i a l . The a c t i o n i s c l e a r l y 

w e l l - d e f i n e d . 

L e t v : A / C H ) — > • ( A / C H ) ) / [ G / H ] be t h e n a t u r a l m o r p h i s m . To 

p r o v e t h e p r o p o s i t i o n we show t h a t t h e c o m p o s i t e 

7r : A — — + A/CH) ( A / C H ) ) / [ G / H ] 

has t h e u n i v e r s a l p r o p e r t y c h a r a c t e r i s i n g A/CG) C d e f i n i t i o n 

3 . 2 ) . D e f i n e a G - a c t i o n on ( A / C H ) ) / [ G / H ] by C na ) g = IT C a g ) 

so IT i s a u t o m a t i c a l l y a G-morphism. T h i s a c t i o n i s t r i v i a l 

b ecause 

i r ( a g ) = v ( ( x a ) H g ) = v [ x a ) = TT ( a ) . 

T h i s v e r i f i e s t h e f i r s t p a r t o f 3.2. For t h e s e c o n d , l e t 

6 : A B be a G-morphism where B i s G - t r i v i a l . Then B 

i s H - t r i v i a l and 8 i s an H-morphism so t h e r e i s a u n i q u e 

m orphism \p : A/CH) — > B such t h a t T\> »T = 8. Now B i s a l s 

C G/H ) - 1 r i v i a 1 and ^ i s a C G/H ) - mo r p h i s m . T h e r e f o r e i|) 

i n d u c e s a u n i q u e 8* such t h a t 8*«v = \b. The d i a g r a m f o r 

t h i s i s 

( A / C H ) J / [ G / H ] A y A/CH) 
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F i n a l l y i t i s easy t o check t h a t 9* i s u n i q u e f o r t h e 

o u t e r t r i a n g l e -

• 
• u r i n t e r e s t i n t h e s e m i - d i r e c t p r o d u c t i s l a r g e l y i n i t s use 

f o r d e s c r i b i n g t h e o r b i t g r o u p o i d . However, i t a p p e a r s t o be a 

i n t e r e s t i n g c o n s t r u c t i o n i n i t s own r i g h t . For ex a m p l e , t h e 

f o l l o w i n g r e s u l t , w h i c h i s due t o Brown and D a n e s h - N a r u i e [ B ] , 

shows t h a t any group e x t e n s i o n by G comes f r o m a s e m i - d i r e c t 

p r o d u c t g r o u p o i d . 

3.11 PROPOSITION. I f A i s a c o n n e c t e d G - g r o u p o i d and 

* e AQ t h e r e i s an e x a c t sequence o f g r o u p s 

0 y A C*) v (A x G) C *) > G > 0 [ t ) n 

C o n v e r s e l y , any e x t e n s i o n o f g r o u p s D — > B —*• E —>• G —>• 0 

i s i s o m o r p h i c t o ( t ) f o r some c o n n e c t e d g r o u p o i d A. 

• 
F i n a l l y i n t h i s s e c t i o n we n o t e a c o n n e c t i o n w i t h t h e t h e o r y 

o f g r o u p s a c t i n g on t r e e s d e v e l o p e d by H.Bass and J . - P . S e r r e 

[2 2 ] . L e t T be an a b s t r a c t c o n n e c t e d g r a p h on w h i c h t h e 

gr o u p G a c t s w i t h o u t r e v e r s i n g an edge. Then G a c t s on 

IT^ r , t h e f r e e g r o u p o i d g e n e r a t e d by T, and we can f o r m t h e 

s e m i - d i r e c t p r o d u c t ~n^T x G. I n t h i s s i t u a t i o n Bass and 

S e r r e d e f i n e a g r a p h o f g r o u p s ( ^ , Y/G) o v e r t h e q u o t i e n t 

g r a p h T/G, and i t s f u n d a m e n t a l g r o u p ir C ^ , T/G, * ) . The 

Bass - S e r r e g r o u p i s n o n - 1 r i v i a 11y i s o m o r p h i c t o t h e v e r t e x 

g r o u p o f it r x G. S i n c e ir C ̂  , T/G, *) i s an e x t e n s i o n by 



G, t h i s i s o m o r p h i s m 

p r o p o s i t i o n 3 . 1 1 . Th 

and o t h e r g r o u p s , i n 

e x p l o r e d more f u l l y 
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may be r e g a r d e d as an 
e c o n n e c t i o n between 
e l u d i n g t h e Bass - Se 
i n c h a p t e r f i v e . 

example o f 

s e m i - d i r e c t p r o d u c t s 

r r e g r o u p , i s 

2.THE CJ-GRDUPDID AND CROSSED COMPLEX CASES 

I n t h i s s e c t i o n some o f t h e r e s u l t s o f t h e p r e v i o u s s e c t i o n 

a r e g e n e r a l i s e d t o t h e h i g h e r d i m e n s i o n a l c a t e g o r i e s ^ and 

IS . Here A w i l l be used t o d e n o t e an w - g r o u p o i d o r c r o s s e d 

complex (as i n d i c a t e d ] b u t a l w a y s w i t h a r i g h t G - a c t i o n . 

For t h e c r o s s e d complex A t h e r e i s an a c t i o n o f Â  on 

A (n > 2] f o r w h i c h t h e s t a n d a r d n o t a t i o n i s a i — > a . n 
I n t h i s case t h e r e f o r e t h e a c t i o n o f t h e group w i l l be 

d e n o t e d a I—»• a • g . 

The d e f i n i t i o n o f t h e o r b i t o b j e c t A/(G] i n t h e c a t e g o r i e s 

^ and 6 i s a n a l o g o u s t o t h e g r o u p o i d c a s e . We s t a t e i t h e r e 

f o r c o n v e n i e n c e . 

3,12 DEFINITION. L e t A be a G-u>-groupoid ( r e s p e c t i v e l y 

G - crossed c o m p l e x ] . The o r b i t o i - g r o u p o i d ( r e s p . o r b i t c r o s s e d 

c o m p l e x ] A/(G] and c a n o n i c a l p r o j e c t i o n T : A —> A/(G) 

ar e d e f i n e d by t h e f o l l o w i n g u n i v e r s a l p r o p e r t y . 

C i ] A/(G] has t r i v i a l G - a c t i o n and x i s a G-morphism 

( i i ] L e t B be any t o - g r o u p o i d ( r e s p . c r o s s e d c o m p l e x ] 



44 

w i t h a t r i v i a l G - a c t i o n a n d l e t 9 : A •> B be a n y 

G - m o r p h i s m . Then t h e r e i s a u n i q u e m o r p h i s m 

9* : A / ( G ) — > B s u c h t h a t 9*» T = 9, 

S y m b o l i c a l l y , A — y A / [ G ] 

/ Q * 

B 

• 
The a b o v e d e f i n i t i o n s c l e a r l y a l s o make s e n s e i n t h e c a t e g o r i e s 

S a n d 6 . R e c a l l t h a t T : A -y A / ( G ) i s t h e c o l i m i t o f a 3n n 

c e r t a i n d i a g r a m i n t h e a p p r o p r i a t e c a t e g o r y a n d t h a t t h e 

t r u n c a t i o n f u n c t o r t r " : ^ — > ^ h a s a r i g h t a d j o i n t 

c o s k n : ^ -> £j Cand s i m i l a r l y f o r IS a n d ^ n ^ • The 

t r u n c a t i o n f u n c t o r s t h e r e f o r e p r e s e r v e c o l i m i t s w h i c h p r o v e s 

t h e f o l l o w i n g r e s u l t . 

3.13 LEMMA. L e t A be a G - w - g r o u p o i d o r G - c r o s s e d c o m p l e x . 

Then 

t r n ( A / ( G ) ) £ ( t r n A ) / ( G ] . 

• 
The lemma shows t h a t a n y d e s c r i p t i o n o f A/(G) i n ^ o r C 

a u t o m a t i c a l l y g i v e s d e s c r i p t i o n s i n t h e c a t e g o r i e s o r € 
cJn n 

( n > 1 ) r e s p e c t i v e l y . The w o r k o f t h e p r e v i o u s s e c t i o n may 

t h e r e f o r e be u s e d as a b a s i s f o r i n d u c t i v e d e s c r i p t i o n s o f 

A/CG) . 

R e c a l l t h a t t h e g r o u p o i d A / f G ) c o u l d be d e f i n e d by u s i n g an 

e q u i v a l e n c e r e l a t i o n on t h e s e t o f o r b i t s o f A, By d e f i n i n g 
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d i f f e r e n t e q u i v a l e n c e r e l a t i o n s i n e a c h d i m e n s i o n t h i s 

p r o c e s s c a n be u s e d t o d e f i n e t h e d o u b l e g r o u p o i d A / ( G ) . 

The c o m p u t a t i o n s i n v o l v e d a r e c o m p l i c a t e d a n d l a r g e l y 

u n i n f a r m a t i v e , a n d t h e r e i s l i t t l e h o p e o f r e p e a t i n g t h i s 

p r o c s ^ d u r e i n h i g h e r d i m e n s i o n s . F o r t h e s e r e a s o n s we make no 

f u r t h e r m e n t i o n o f t h i s a p p r o a c h b u t i n s t e a d g e n e r a l i s e t h e 

s e m i - d i r e c t p r o d u c t d e s c r i p t i o n o f t h e o r b i t g r o u p o i d . 

We c o n c e n t r a t e m a i n l y on t h e c r o s s e d c o m p l e x c a s e b e c a u s e 

q u o t i e n t o b j e c t s a r e e a s y t o h a n d l e a n d t h e d e f i n i t i o n o f t h e 

s e m i - d i r e c t p r o d u c t t u r n s o u t t o be s u r p r i s i n g l y s i m p l e . As 

was p o i n t e d o u t i n c h a p t e r t w o , a d e f i n i t i o n o f n o r m a l 

s ub - a ) - g r o up o i d w o u l d be c o m p l i c a t e d a n d so an a n a l o g u e o f 

t h e o r e m 3.B w o u l d be h a r d t o f i n d . H o w e v e r we do g i v e a 

d e f i n i t i o n o f A x G f o r 1 0 - g r o u p o i d s b e c a u s e i t i n v o l v e s an 

i n t e r e s t i n g use o f t h e s k e l e t o n f u n c t o r a n d b e c a u s e i t e x p l a i n s 

t h e s i m p l i c i t y o f t h e d e f i n i t i o n f o r c r o s s e d c o m p l e x e s . 

To m o t i v a t e t h e d e f i n i t i o n r e c a l l t h a t t h e e d g e s o f t h e 

g r o u p o i d A x G c o u l d be r e g a r d e d as t r i p l e s C x , g , y ] w h e r e 

x = y i n A n An o b v i o u s a n a l o g u e i n d i m e n s i o n t w o i s t o 

c o n s i d e r a r r a y s 

a i g 1 a 2 
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w h e r e a. 6 , g^e G ( i = 1 , „ . . , 4 ] a n d 

e t c . The f a c e s o f £ a r e g i v e n by 9°£ = (9°a^, g , d°a^) 

e t c . I t t u r n s o u t t h a t , p r o v i d e d t h e a d d i t i o n a l c o n d i t i o n 

g ^ g 3
 = g 2 g 4 i s i m p o s e d , t h e s e t o f s u c h a r r a y s f o r m a w e l l -

d e f i n e d d o u b l e g r o u p o i d . The c o n n e c t i o n i s g i v e n by 

r t x . g , y ) 

rx g 

e 2 y ry 

a n d c o m p o s i t i o n s by 

,-1 
a i g 1 a 2 

;4 a 4 

b 1 h 1 b 2 

b 3 h 4 b 4 

a i 5 b 1 

g 2 

a 3 2 

g h a 2 + b 
B 1 1 2 2 2 

; 4 h 4 a 4 4 5 b 4 

and s i m i l a r l y f o r + . T h i s d o u b l e g r o u p o i d i s A x G. 

N o t i c e t h a t t h e a r r a y £ may be t h o u g h t o f as a p a i r C a , ^ ) , 

w h e r e a = a ̂  e A ̂  a n d g e ( s k G ] 2 . H e r e s k = s k ̂  : ^ -> ^ 

i s t h e s k e l e t o n f u n c t o r d e f i n e d i n d e t a i l i n [ l o ] , a n d G i s 

r e g a r d e d as a g r o u p o i d w i t h a s i n g l e v e r t e x . T h i s o b s e r v a t i o n 

i n d i c a t e s how t o d e f i n e A x G i n | as f o l l o w s . 

The s e t o f n - c u b e s C n >/ 0 ] o f A x G i s A x ( s k G l w i t h 
n n 

d e g e n e r a c i e s a n d c o n n e c t i o n s g i v e n as p r o d u c t s o f t h o s e i n A 

a n d s k G . The f a c e s o f ( a , j 9 J € (A x G) a r e g i v e n by 

9°ta,9) = C9°a, 9?B) a n d 3? ( a , 9 ] = ( ( 9 % ) ^ , 9 % ) 
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wjnere v.0 = 9. . . . i . . . 9 6. ( C f . u.Q = 3. ... i ... 3 0 i * \ n*" I * " 1 n«* 

d e f i n e d i n [ l o ] ) . F i n a l l y , c o m p o s i t i o n s a r e g i v e n by 

( a , 0 ) +. [ b . j , ] = (a b ( V i S ) " \ 9 * ± f ) -

The r e a s o n t h a t t h e e d g e s v . x ( b e g i n n i n g a t 9°...3^x) 
l I n 

a r i s e i n t h e d e f i n i t i o n s r a t h e r t h a n t h e e d g e s u,x 

( t e r m i n a t i n g a t 9 ...3 x) w h i c h a r e u s e d e x t e n s i v e l y i n [ l o] 

i s p r e s u m a b l y b e c a u s e we h a v e c h o s e n t o u s e r i g h t r a t h e r t h a n 

l e f t a c t i o n s . 

C h e c k i n g t h a t t h e a b o v e d e f i n i t i o n s s a t i s f y a l l t h e a x i o m s 

f o r an t o - g r o u p o i d i s a l e n g t h y p r o c e s s w h i c h i s o m i t t e d s i n c e 

we s h a l l n o t use t h i s c o n s t r u c t i o n . 

R e c a l l t h a t i n an t o - g r o u p o i d an e l e m e n t o f d i m e n s i o n n i s 

t o t a l l y d e g e n e r a t e i f i t i s o f t h e f o r m e^v f o r some v e r t e x 

v„ The e l e m e n t s i n d i m e n s i o n n o f t h e a s s o c i a t e d c r o s s e d 

c o m p l e x a r e t h o s e a l l o f w h o s e f a c e s e x c e p t t h e ( 0 , 1 ) - f a c e 

a r e t o t a l l y d e g e n e r a t e . L e t 

g = 
1 

; 2 g 3 
g 4 

e ( s kG; 

& 2 & 3 
a l s o , a n d 

; 4 = L b u t g l g 3 <2&4 h y p o t h e s i s so '1 

a n d s u p p o s e g e y ( s k G ) , t h e a s s o c i a t e d c r o s s e d c o m p l e x . Then 

= 1 

i t s e l f i s t o t a l l y d e g e n e r a t e . An i n d u c t i v e 

a r g u m e n t s h o w s t h a t t h i s i s a l s o t r u e i n a l l h i g h e r d i m e n s i o n s 

T h e r e f o r e i n y ( A x G) t h e p r e s e n c e o f g r o u p e l e m e n t s 
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d i s a p p e a r s i n d i m e n s i o n s g r e a t e r t h a n o n e . T h i s l e a d s t o t h e 

f o l l o w i n g s i m p l e d e f i n i t i o n o f A x G i n t h e c a t e g o r y C 

3.14 D E F I N I T I O N . L e t A be a G - c r o s s e d c o m p l e x . The 

s e r n l - d i r e c t p r o d u c t c r o s s e d c o m p l e x A x G i s d e f i n e d as 

f o l l o w s . 

A 1 
A x G) 

n 

n 

x G f o r n = 1 

f o r n/1 . 

The b o u n d a r i e s , i d e 

f o r n ^ 1 a n d t h o s 

d e f i n i t i o n 3 . 3 ) , ex 

g i v e n by 3a = C 3a, 

n t i t i e s a n d c o m p o s i t i 

e o f t h e g r o u p o i d A 

c e p t 3 : [A x G) — > 

1 ) . 

o n s a r e t h o s e o f A 

x G f o r n = 1 [ s e e 

[A x G ) . w h i c h i s 

The a c t i o n o f (A x G ) . on (A x G) i s g i v e n bv 
1 n b s 

a C x ' g ] = C a X ) . g o [ a . g ) [ x ' g ) . 

• 
3.15 LEMHA. A x G as g i v e n a b o v e i s a w e l l - d e f i n e d c r o s s e d 

c o m p l e x . 

P r o o f . We m u s t v e r i f y t h e a x i o m s ( 1 1 — ( 6 ) o f d e f i n i t i o n 2. 

( 1 ) i s g i v e n i n lemma 3.4 a n d [ 2 3 i s t r i v i a l l y t r u e . 

( 3 ) L e t ( x , g l £ (A x G l . t v . w ] a n d a e ( A x G ) ( v ) f o r n >s 
1 n 

Then a [ x ' g ] = t a X ) °g £ (A x G] Cw). I f ( y , h ) £ [ A x G) (w 

t h e n 
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f ( x , g ) + ( y , h ) l x - 1 

= ( ( a . g ) ( x * g + y ) ) . h 
( x , g ) ̂  ( y , h ) ( a L X ' g J ) 

Hence t h e a c t i o n n f fA x G 1 nn fA x R1 i s w e l l - d e f i n e d 
1 n 

( 4 ) F o r n >/ 3 t h e f a c t t h a t 9 : (A x G) — > (A x G) 
n n-1 

p r e s e r v e s t h e a c t i o n f o l l o w s f r o m t h e f a c t t h a t A i s a 

G - c r o s s e d c o m p l e x . F o r n=2, 

8 ( a ( x ' g ] ) = 3 ( ( a X ) . g ) 

= ( U a X ] . g , 1) 

= ( ( - x + 9 a + x)«g, 1) 

= - ( x , g ) + ( 9 a , 1 ) + ( x , g ) . 

( 5 ] f o l l o w s a u t o m a t i c a l l y f r o m A. 

( 6 ] L e t a e (A x G)^. Then 9a = ( 9 a , 1 ) a c t s t r i v i a l l y on 

(A x G) f o r n >/ 3, a n d i f b e (A x G) „ we h a v e n 2 

,9a , ( 9a , 1 ) 3a. , . . , b = b = ( b J • 1 = - a + b + a , as r e q u i r e d . 

• 
The m a i n r e s u l t o f t h i s s e c t i o n i s t h e f o l l o w i n g g e n e r a l i s a t i o n 

o f t h e o r e m 3.6. 

3.16 THEOREM. L e t A be a G - c r o s s e d c o m p l e x . Then 

A / ( G ) = (A x G)/N 
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w h e r e N i s t h e n o r m a l s u b - c r o s s e d c o m p l e x o f A x G 

g e n e r a t e d by e l e m e n t s o f t h e f o r m ( e v , g ) e (A x G) ̂  f o r 

v € A Q , g € G . 

Remark . A t f i r s t s i g h t i t may seem r e m a r k a b l e t h a t N i s 

g e n e r a t e d by e l e m e n t s i n d i m e n s i o n o n e . H o w e v e r f r o m t h e 

d e s c r i p t i o n o f n o r m a l c l o s u r e f o r s u b c r o s s e d c o m p l e x e s 

( p r o p o s i t i o n 2 . 1 5 ] i t f o l l o w s t h a t N d o e s c o n t a i n n o n - t r i v i a l 

e l e m e n t s i n h i g h e r d i m e n s i o n s . N a m e l y e l e m e n t s o f t h e f o r m 
n x x 

a - a w h e r e a e A , n e N and x e f A x G K . 
n 1 1 

P r o o f • Once a g a i n t h e p r o o f c o n s i s t s o f s h o w i n g t h a t t h e 

c r o s s e d c o m p l e x (A x G)/N has t h e r e q u i r e d u n i v e r s a l 

p r o p e r t y ( d e f i n i t i o n 3 . 1 1 ) . I t i s s i m i l a r t o t h e d i m e n s i o n 

one c a s e ( t h e o r e m 3 . 6 ) . 

A x G be t h e e m b e d d i n g i = i d ( n ^ 1 ] , 
n 

L e t i : A -

i ̂  : a l—> ( a , 1 ) , a n d l e t IT : A x G 

be t h e n a t u r a l p r o j e c t i o n . We l e t T 

t h e c o m p o s i t e 

>- (A x G ) /N , x I—>- < x > , 

A —*• (A x G ) / N d e n o t e 

A i — > A x G • (A x G)/N 

T h e r e i s an i n d u c e d 

t h e a c t i o n o f G on 

g i v e n by (a,g)°h = 

i : A — > A x G i s a 

a c t i o n o f G on A 

A e x c e p t i n d i m e n 

(a°h, h g h ) . As i n 

G - m o r p h i s m . 

x G w h i c h i s s i m p l y 

s i o n o ne w h e r e i t i s 

t h e g r o u p o i d c a s e 

R e c a l l t h a t f o r t h e q u o t i e n t c r o s s e d c o m p l e x ( ( A x G)/N) 

(A x G ) w h e r e t h e e q u i v a l e n c e r e l a t i o n s ^ a r e d e f i n e d 
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i n c h a p t e r t w o . To show t h a t t h e r e i s an i n d u c e d a c t i o n on 

(A x G ] / N we a r e r e q u i r e d t o p r o v e t h a t t h e a c t i o n on A x G 

p r e s e r v e s t h e s e e q u i v a l e n c e r e l a t i o n s . The c a s e s r = 0 , 1 a r e 

c o n s i d e r e d i n t h e p r o o f o f p r o p o s i t i o n 3 . 6 . F o r r >/ 2, a % b 

i f a = b n + m f o r some n e N . , m e N . I n t h i s c a s e f o r 
1 r 

£ G we h a v e 

f, n , ,, , n • g a»g = l b + mj«g = lb«g) + m » g . 

I t i s t h e r e f o r e s u f f i c i e n t t o show t h a t N i s G - s t a b l e [ f o r 

t h e n n • g e N^ , m • g £• N^ so a • g 'v b • g ] . 

T h e o r e m 3.6 shows t h a t [ N ̂  , N ̂ ) i s G - s t a b l e . F o r r >/ 2 N^ 
n x x 

i s g e n e r a t e d by e l e m e n t s o f t h e f o r m a - a w h e r e a € A , 
r 

n e a n d x e [ A x G ] ^ . Now [ a n X - a * ] • g = 
C n • g ] [ x • g ) 

(a«g] - Ca«g] w h i c h i s a l s o a g e n e r a t o r o f N , 
so N i s G - s t a b l e . r 

Hence t h e r e i s an i n d u c e d a c t i o n on [A x G)/N g i v e n by 

< a > . g = <a«g>, a n d IT i s a G - m o r p h i s m . Thus x : A -> (A x G)/N 

i s a l s o a G - m o r p h i s m . 

To show t h a t (A x G)/N i s G - t r i v i a l we m u s t p r o v e t h a t 

a ^ a•g f o r a £ (A x G) . A g a i n t h e c a s e s r = 0 , 1 a r e g i v e n 
[ £ V g ) 

i n t h e p r o o f o f t h e o r e m 3.6, a n d f o r v >/ 2 a°g = a 

w h e r e a e A C v ) so a ^ a • g . r 

T h i s v e r i f i e s t h e f i r s t p a r t o f t h e u n i v e r s a l p r o p e r t y . 
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F o r t h e s e c o n d p a r t , l e t B be a G - c r o s s e d c o m p l e x w i t h 

t r i v i a l a c t i o n a n d 0 : A -> B a G - m o r p h i s m . 

D e f i n e f : A x G + B by \b = 9 f o r r ^ 1 a n d 
r r 

4»̂  : ! a , g ) I—>- O^a. S i n c e t h e a c t i o n on B i s t r i v i a l 

i s a w e l l - d e f i n e d m o r p h i s m . Now ( e v , g ) = 6^ev i s an 

i d e n t i t y o f B so N £ k e r t j j . By t h e u n i v e r s a l p r o p e r t y o f 

q u o t i e n t c r o s s e d c o m p l e x e s ( d e f i n i t i o n 2 . 9 ] t h e r e i s a u n i q u e 

m o r p h i s m 9* : [ A x G)/N + B s u c h t h a t 0 *« TT = 6. 

Hence t h e f o l l o w i n g d i a g r a m c o m m u t e s a n d 

t h e r i g h t h a n d t r i a n g l e . 

i s u n i q u e f o r 

* [A x G)/N 

We r e q u i r e 0* t o be u n i q u e f o r t h e o u t e r t r i a n g l e , so l e t 

n : [A x G)/N — y B be s u c h t h a t n » T = 0. I . e . 

n / ] < x , 1 > = Q ^ t x ) a n d n r < a > = O ^ a ) f o r r / 1 . 

Now ( x , g ) = ( x , 1 ) + ( E 8 x , g ) so < x , g > = < x , 1 > . T h e r e f o r e 

n,| <x,g> = 8 ^ ( x ] so n °TT = <jj. The u n i q u e n e s s o f G* f o r t h e 

r i g h t h a n d t r i a n g l e i n t h e a b o v e d i a g r a m now g i v e s n = 6* 

w h i c h c o m p l e t e s t h e p r o o f . 

• 
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3.17 COROLLARY. F o r r >2 a n d v e A 0 

[ A / ( G ) 1 ( < V > ) ¥ A Cv)/P 

w h e r e P i s t h e s u b g r u u p o f A ( v ] g e n e r a t e d by e l e m e n t s 

o f t h e f o r m a™ - a f o r a eA ( v ) a n d m = -x + n + x . 
r 

x e C A x G ^ C w . v ] , n e N C w] . 

P r o o f . By t h e p r e v i o u s t h e o r e m a n d c o r o l l a r y 2.14 o f 

c h a p t e r 2 we h a v e t h e i s o m o r p h i s m 

( A / ( G ) ) ( < v > ) = (A x g) t v ] / N [ 

w h e r e N i s t h e n o r m a l c l o s u r e o f N. Now [A x G) = A 
r r 

f o r r >/ 2 , a n d by p r o p o s i t i o n 2 . 1 5 , N ( v ) i s g e n e r a t e d as 

u n 4- n + x x u n r i 
a g r o u p by e l e m e n t s c - c w h e r e c e A ^ l w J , 
x e C A x G ^ C w . v ) a n d n e N ^ v ) , L e t a = c X 6 A ( v ) . Then 
n + x x m , c - c = a - a, as a b o v e . 

• 
3.18 COROLLARY. I f G a c t s f r e e l y on A [ i . e . no n o n -

t r i v i a l e l e m e n t o f G f i x e s a v e r t e x o f A] t h e n 

(A/CGI 1 [ < v > ] Si A ( v ) , f o r v e A„ , r >/ 2 v ' r r 0 

P r o o f . T h i s f o l l o w s f r o m c o r o l l a r y 3.15 s i n c e i f G a c t s 

f r e e l y on A t h e n ( , l\l ) i s a t r e e g r o u p o i d so m i s t h e 

i d e n t i t y e l e m e n t o f N ( v ) a n d h e n c e P i s t h e t r i v i a l 

s u b g r o u p . 

• 
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F i n a l l y we c o n s i d e r t h e e f f e c t o f a g r o u p a c t i o n on t h e 

f u n d a m e n t a l g r o u p o i d o f a c r o s s e d c o m p l e x . The d e f i n i t i o n o f 

t h i s g r o u p o i d , g i v e n by B r o w n a n d H i g g i n s i n [ 1 2 ] , i s o n c e 

a g a i n m o t i v a t e d by t o p o l o g y . L e t C be a n y c r o s s e d c o m p l e x . 

T h e n 3 C ^ i s a n o r m a l , t o t a l l y d i s c o n n e c t e d s u b g r o u p o i d o f 

C , a n d t h e f u n d a m e n t a l g r o u p o i d o f C i s d e f i n e d t o be t h e 

q u o t i e n t / 8 C ^ . 

The m o t i v a t i o n f o r t h i s d e f i n i t i o n i s as f o l l o w s . L e t 

X : X^ £ X^ S ... S X n S ... be a f i l t e r e d s p a c e s u c h t h a t 

T T ^ X ^ = X ° , a n d l e t C = irX^. S u p p o s e f u r t h e r t h a t X, i - s 

h o m o t o p y f u l l ( s e e d e f i n i t i o n 2 . 1 6 ] . Then a s t a n d a r d u s e o f 

e x a c t s e q u e n c e s s h o w s t h a t TT ̂  [ ><^, * ] £ TT^ (X , * ) / d T \ ^ [ X ,X , 

f o r a n y * £ X ^ . T h e r e f o r e f o r h o m o t o p y f u l l f i l t r a t i o n s 

IT C = 7T X. 1 1 

3.19 THEOREM. L e t A be a G - c r o s s e d c o m p l e x . Then 

v ( A / C G ) ) = (TT A ] / ( G ] 

P r o o f . We show t h a t t h e c a n o n i c a l m o r p h i s m A — > A / ( G ] i n 

£ i n d u c e s a g r o u p o i d m o r p h i s m TT^ A — > • IT ( A / ( G ) ) w h i c h has 

t h e u n i v e r s a l p r o p e r t y c h a r a c t e r i s i n g o r b i t g r o u p o i d s . 

L e t B = A / ( G ] a n d l e t b o t h t h e q u o t i e n t m c r p h i s m s A^ TT^ A 

a n d ^ IT ̂  B i n ^p d be d e n o t e d by v . I f 

T : A - > - A x G - ^ B i s t h e n a t u r a l m o r p h i s m i n )f t h e n t h e 
T i v 

c o m p o s i t e £ : »- B^ >• TT^ B i s a w e l l - d e f i n e d g r o u p o i d 

m o r p h i s m . 
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L e t a e h^. Then £3a = v i ^ t a ) = v a t x ^ a ) , w h i c h i s an 

i d e n t i t y o f T T ^ B . T h e r e f o r e 3A^ S ker£ so E, i n d u c e s a 

m o r p h i s m £ ̂  : T T ^ A ->- TT^ B 
2 

"he f o l l o w i n g d i a g r a m i l l u s t r a t e s 

t h e s i t u a t i o n 

We v e r i f y t h e u n i v e r s a l p r o p e r t y o f d e f i n i t i o n 3.2 f o r 

u„ A TT 1 B. 

C i ) C l e a r l y TT B i s G - t r i v i a l ( s i n c e i s ) , a n d i t i s 

r e a d i l y c h e c k e d t h a t £ i s a G - m o r p h i s m . 

( i i ) L e t C be any G - t r i v i a l g r o u p o i d a n d r r 1 A 

a n y G - m o r p h i s m . Then ip = Ov : A^—>• C i s a G - m o r p h i s m , a n d 

h e n c e i n d u c e s a u n i q u e m o r p h i s m ip t : B^—>- C s u c h t h a t 

L e t a e A^. Then i ^ t a ) 6 B^, a n d e v e r y e l e m e n t o f B^ i s o f 

t h i s f o r m . T h e r e f o r e 

^ ^ a f i ^ a ) = i ^ T ^ B a = ipda = Gv3a , 

w h i c h i s an i d e n t i t y o f C. Hence SB^ £ k e r i / j ^ so ip t 
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i n d u c e s a u n i q u e m o r p h i s m G* : TT^ B — • A s u c h t h a t 9*«v 

I t i s r e a d i l y c h e c k e d t h a t 9*5* = 9, a n d i t o n l y r e m a i n s 

show t h a t G* i s t h e u n i q u e s u c h m o r p h i s m . So l e t 

n : IT B —>• C be s u c h t h a t n£* = 9. 1 * 

I . e . r\E,^v = Qv = 

n 5 = i|> 

.-. n v T / ] = \f> 

nv = i> * Cby t h e u n i v e r s a l p r o p e r t y o f * ] 

n = 8* ( b y t h e u n i v e r s a l p r o p e r t y o f v ) . 

T h i s c o m p l e t e s t h e p r o o f . 

• 
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CHAPTER FOUR. THE HOMOTOPY GROUPS OF ORBIT SPACES 

L e t X be a t o p o l o g i c a l s p a c e 

X/G be t h e o r b i t s p a c e . T h i s c 

w h a t c a n be s a i d a b o u t t h e homo 

t h a t u n d e r c e r t a i n c i r c u m s t a n c e 

m o d e l s f o r t h e t o p o l o g y o f g r o u 

w i t h r i g h t G - a c t i o n , a n d l e t 

h a p t e r c o n c e r n s t h e q u e s t i o n 

t o p y g r o u p s o f X/G? We show 

s we c a n g i v e g o o d a l g e b r a i c 

p a c t i o n s . 

A r m s t r o n g [ 2 , 3 ] a n d Rhodes [ 1 9 ] 

f u n d a m e n t a l g r o u p . We b e g i n by 

we p r e s e n t i n a s l i g h t l y m o d i f i 

b o t h a u t h o r s c o n s i d e r e d l e f t ac 

n e e d t o be a d j u s t e d t o f i t o u r 

h a v e c o n s i d e r e d t h e c a s e o f t h e 

d e s c r i b i n g t h e i r r e s u l t s w h i c h 

ed f o r m . I n p a r t i c u l a r , s i n c e 

t i o n s some o f t h e i r d e f i n i t i o n s 

s e t t i n g . 

I n s e c t i o n t w o t h e s e 

g r o u p o i d s . Some w o r k 

b u t m o s t l y t h i s c o n c e 

i n t h e p r e v i o u s c h a p t 

m o r e n a t u r a l a n d t h i s 

d i m e n s i o n s . 

r e s u l t s a r e g e n e r a l i s 

i s r e q u i r e d f o r t h i s 

r n s t h e a l g e b r a o f G-

e r . The p a y - o f f i s t h 

i n d i c a t e s how t o p r o 

ed t o f u n d a m e n t a l 

m o d e s t g e n e r a l i s a t i o n 

g r o u p o i d s c o n s i d e r e d 

a t t h e r e s u l t s a r e 

c e e d i n h i g h e r 

The h i g h e r d i m e n s i o n a l r e s u l t g i v e n i n s e c t i o n t h r e e d e a l s 

w i t h t h e c a s e w h e r e X i s a CW-complex w i t h a c e l l u l a r g r o u p 

a c t i o n ( s a t i s f y i n g a n a d d i t i o n a l c o n d i t i o n ] . The o r b i t s p a c e 

has a f i l t r a t i o n i n d u c e d f r o m t h e s t a n d a r d f i l t r a t i o n on X 

a n d we d e s c r i b e t h e c o r r e s p o n d i n g h o m o t o p y c r o s s e d c o m p l e x . As 

a c o n s e q u e n c e i n f o r m a t i o n on c e r t a i n r e l a t i v e h o m o t o p y g r o u p s 

o f X/G i s o b t a i n e d . 
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1 . THE WORK OF ARMSTRONG AND RHODES 

I n [ 2 | A r m s t r o n g c o n s i d e r s a s i m p l i c i a l c o m p l e x K on w h i c h 

G a c t s s i m p 1 i c i a 1 1 y . L e t X = |K| be i t s p o l y h e d r o n . 

A r m s t r o n g c o n s i d e r s t h e f o l l o w i n g c o n d i t i o n s . 

C o n d i t i o n 1 : I f x i s a 1 - s i m p l e x o f K w i t h v e r t i c e s v 

an d w t h e n no g r o u p e l e m e n t maps v t o w. 

C o n d i t i o n 2 : I f t w o n - s i m p l e x e s o f K h a v e v e r t i c e s 

v , . . . , v n , a a n d , . . . , , b r e s p e c t i v e l y , 

w h e r e a a n d b a r e i n t h e same G - o r b i t , t h e n 

t h e r e e x i s t s a g r o u p e l e m e n t g s u c h t h a t 

v . g = v. f o r i = 1 , . . . , n a n d a S = b . 
I i 

D e f i n e a s i m p l i c i a l c o m p l e x K/G t o h a v e v e r t i c e s t h e o r b i t s 

o f v e r t i c e s o f K, a n d s u c h t h a t t h e o r b i t s v , . . . , s p a n 

a s i m p l e x o f K/G i f a n d o n l y i f v , . . . , v n s p a n a s i m p l e x 

o f K. ( T h a t i s t h e r e e x i s t r e p r e s e n t a t i v e s v ^ o f t h e 

o r b i t v ^ w i t h t h i s p r o p e r t y ) 

4 . 1 THEOREM. ( A r m s t r o n g ) . I f c o n d i t i o n s 1 a n d 2 a b o v e h o l d 

t h e n X/G = | K |/G i s h o m e o m o r p h i c t o |K/G|. F u r t h e r m o r e , 
( 2 ) 

t h e a c t i o n o f G on t h e s e c o n d d e r i v e d c o m p l e x K 

a l w a y s s a t i s f i e s c o n d i t i o n s 1 a n d 2 . 

P r o o f . [_2; T h e o r e m s 1 a n d 2 ] 

• 
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We a l s o c o n s i d e r t h e f o l l o w i n g c o n d i t i o n 

C o n d i t i o n 3 : L e t H be a s u b g r o u p o f G, ( v , . . . , v ) a n d 0 n 
h h 

( v °,...,v " ) s i m p l e x e s o f K w h e r e h.& H o n l 
f o r 1 = 0 , . . . , n . Then t h e r e e x i s t s an e l e m e n t 

h h . 
h o f H s u c h t h a t v_^ = v^ 1 f o r 1 = 0,..., 

4.2 LENMA. C o n d i t i o n 3 f o r H = G i s e q u i v a l e n t t o 

c o n d i t i o n s 1 a n d 2. 

P r o o f . Assume c o n d i t i o n 3 f o r H = G. S u p p o s e t h e v e r t i c e s 

g K v , v s p a n a s i m p l e x o f K. Then ( v , v ] a n d ( v , v ) a r e 

b o t h s i m p l e x e s . T h e r e f o r e t h e r e e x i s t s h e G s u c h t h a t 
h h g g g v = v a n d v = v . Hence v = v so Cv,v ) i s n o t a 

1 - s i m p l e x o f K, so c o n d i t i o n 1 h o l d s . C o n d i t i o n 2 i s s i m p l y 

a s p e c i a l c a s e o f c o n d i t i o n 3. 

C o n v e r s e l y , assume c o n d i t i o n s 1 a n d 2, a n d l e t ( v , . . . , v ) 
o n 

g g a n d Cv °,...,v n ) be s i m p l e x e s o f K w h e r e g . € G f o r o n l 

i = 0 , . . . , n . C o n d i t i o n 1 i m p l i e s t h a t t h e s e s i m p l e x e s h a v e t h e 

same d i m e n s i o n ( i . e . t h e y h a v e t h e same n u m b e r o f d i s t i n c t 

v e r t i c e s ) . We p r o v e c o n d i t i o n 3 by i n d u c t i o n on n , t h e c a s e 

n=0 b e i n g t r i v i a l . 

g g _ . Now ( v , . . . , v . ) a n d ( v 0 , . . . ,v ° n ) a r e s i m p l e x e s so o n-1 o n - 1 

by t h e i n d u c t i v e h y p o t h e s i s t h e r e e x i s t s g e G s u c h t h a t 

g 
v_^ = V i ' ^ o r ^ = 0» ° • • » n ~ 1 • We now a p p l y c o n d i t i o n 2 

g g £ t o t h e s i m p l e x e s ( v , . . . , v J = ( v , . . . , v ) a n d 
o n o n 
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(v °,...,v n i . s i n c e (v g , . . . , v g ) = ( v g°,...,v ~ n ~ 1 , v ! 

• n o n o n -1 n 
i t f o l l o w s by c o n d i t i o n 2 t h a t t h e r e i s an e l e m e n t h eG 

such t h a t v . g i = v . S 1 f o r i = 0,...,n-1 and v g h = v g n 

i i n n 
T h e r e f o r e gh £ G s a t i s f i e s v - j _ ^ ' 1 = ^ o r ^ = 0»---' n » 

w h i c h c o m p l e t e s t h e i n d u c t i v e s t e p . 

• 
Bredon [ 4 ; p116] c a l l s a G - s i m p l i c i a l complex r e g u l a r i f i t 

s a t i s f i e s c o n d i t i o n 3 f o r e v e r y s u b g r o u p H o f G. He a l s o 

p r o v e s t h e f o l l o w i n g a n a l o g u e o f t h e o r e m 4 . 1 . 

4.3 THEOREM ( B r e d o n ) . I f K. i s a r e g u l a r G - s i m p l i c i a l 

complex t h e n | K |/G i s homeomorphic t o | K/G | . F u r t h e r m o r e , 

t h e second d e r i v e d c omplex i s a l w a y s r e g u l a r . 

• 
To p r o v e t o p o l o g i c a l r e s u l t s a b o u t X/G we may assume e i t h e r 

r e g u l a r i t y o r c o n d i t i o n s 1 and 2 , and work w i t h t h e s i m p l i c i a l 

complex K/G. I n p a r t i c u l a r , f o r t h e f u n d a m e n t a l group 

IT (X/G,*) we may work i n s t e a d w i t h t h e c o m b i n a t o r i a l l y 

d e f i n e d e d g e - p a t h g r o u p IT ( K / G , * ) . U s i n g t h i s a p p r o a c h 

A r m s t r o n g p r o v e s t h e f o l l o w i n g i n [ 2 ] . 

4.4 THEOREM ( A r m s t r o n g ) . I f X i s c o n n e c t e d and s i m p l y 

c o n n e c t e d t h e n 

IT C X/G , * ) = G/H 

where H i s t h e n o r m a l s u b g r o u p g e n e r a t e d by e l e m e n t s w i t h 

a non-empty f i x e d p o i n t s e t . 

• 
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L a t e r , i n [ 3 ] , A r m s t r o n g g e n e r a l i s e s t h i s t h e o r e m t o t h e 

case where G a c t s d i s c o n t i n u o u s 1 y on a p a t h - c o n n e c t e d , 

l o c a l l y compact m e t r i c space X, and more r e c e n t l y [ p r i v a t e 

c o m m u n i c a t i o n ] t o d i s c o n t i n u o u s a c t i o n s on a p a t h - c o n n e c t e d 

H a u s d o r f f s p a c e , A r m s t r o n g a l s o has a r e c e n t l y p u b l i s h e d 

v e r s i o n [ M . A , A r m s t r o n g , C a l c u l a t i n g t h e f u n d a m e n t a l g r o u p o f 

an o r b i t s p a c e , P r o c . Amer. Math. Soc. 84 [ 1 9 8 2 ) , 267-271] 

w h i c h i n c l u d e s c o n t i n u o u s as w e l l as d i s c o n t i n u o u s g r o u p 

a c t i o n s . 

Rhodes' a p p r o a c h i s some~what d i f f e r e n t . G iven a t o p o l o g i c a l 

space X [ n o t n e c e s s a r i l y a p o l y h e d r o n ) w i t h G - a c t i o n he 

d e f i n e s a group a = a ( X , * , G ) f o r * e X . I t i s an e x t e n s i o n 

o f T T ^ C X , * ) by G. To d e f i n e a, c o n s i d e r p a i r s [ p , g ) 

where g e G and p i s a p a t h i n X f r o m * t o * B . 

D e f i n e an e q u i v a l e n c e r e l a t i o n on t h e s e t o f such p a i r s by 

( p , g ) 'v [ p ' , g ' ) i f g = g' and p i s n o m o t o p i c t o p' 

r e l a t i v e t o end p o i n t s . The e l e m e n t s o f a a r e t h e e q u i v a l e n c e 

c l a s s e s , w h i c h a r e d e n o t e d [ p , g ] , w i t h c o m p o s i t i o n 

-1 
[ P . g ] + [ q . h ] = [p + q g , gh] 

4.5 PROPOSITION [ R h o d e s ) . There i s an e x a c t sequence o f gro u p s 

0 >• TT [ X , * ) — — > o [ X , * , G ) ^—> G > D 

where i : [ p ] H> [ p , 1 ] , and <j> : [ p , g ] f—v g. 

• 
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4.6 THEOREM ( R h o d e s ] . I f G a c t s s i m p 1 i c i a 11y on t h e 

s i m p l i c i a l complex K and X = |K| i s i t s p o l y h e d r o n , t h e n 

•rr^X/G,*) £ a/a' 

where a' i s t h e s u b g r o u p g e n e r a t e d by e l e m e n t s o f t h e f o r m 

[p - p^, g ^ ] , (and o f c o u r s e where g f i x e s t h e end p o i n t 

o f t h e p a t h p ) . 

• 
T h i s r e s u l t i n c l u d e s t h e o r e m 4.4 f o r i f TT ̂  C X, * ] = 0 t h e n 

a =̂  G and a' = H. The gr o u p a a c t s on t h e u n i v e r s a l 
All Kf 

c o v e r X o f X so t h a t X/a and X/G a r e homeomorphic . 

Theorem 4.6 may be p r o v e d u s i n g A r m s t r o n g ' s p r o o f o f t h e o r e m 
a. 

4.4 f o r t h i s a c t i o n on X. 

2. THE FUNDAMENTAL GRDUPOID OF AN ORBIT SPACE 

Rhodes' g r o u p a(X,*,G] may ap p e a r a t f i r s t s i g h t t o be an 

u n n a t u r a l c o n s t r u c t i o n . However i t i s s i m p l y t h e v e r t e x g r o up 

a t * o f t h e s e m i - d i r e c t p r o d u c t g r o u p o i d TT^ (X] x G, where 

TT^ (X ) i s t h e f u l l f u n d a m e n t a l g r o u p o i d o f X. So Rhodes i s 

r e a l l y u s i n g g r o u p o i d s . More p r e c i s e l y we have t h e f o l l o w i n g . 

4.7 PROPOSITION. The e x a c t sequence 

0 • IT ( X , * ) — - — • a(X,*,G) — • G 
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o f p r o p o s i t i o n 4.5 i s t h e v e r t e x sequence a t * £ X o f t h e 

sequence 

E V -y -nAX) -—» v. IX) X G — — - + G > E 
A l l * 

g i v e n i n larrima 3.5 

P r o o f . The e l e m e n t s o f TT ̂  C X D x G a r e ( [p 1 » S ) where 

[ p ] i s t h e homotopy c l a s s , r e l a t i v e t o end p o i n t s , o f a 

p a t h p i n X. Now 9°([p]>g) = * = 9 1 ( [ p ] . g ) i m p l i e s t h a t 

p r u n s f r o m * t o *§ , so (ir C X ) x G ) C * ) i s Rhodes' 

g r o u p a t X , * , G ) . I t i s c l e a r t h a t t h e g r o u p o i d morphisms 

i n d u c e t h o s e o f p r o p o s i t i o n 4 . 5. 

• 
I t has been n o t e d by H i g g i n s t h a t t h e A b e l i a n c o n d i t i o n i n 

t h e o r e m 2 o f [1 9] i s u n n e c e s s a r y . The g r o u p s aCX,x ,G) and 

a ( X , x ^ , G ] a r e , i n g e n e r a l , i s o m o r p h i c i f and o n l y i f X Q 

and x^ l i e i n t h e same component o f t h e g r o u p o i d TT^ (X] x 
a 

T h i s i s c l e a r l y t r u e i n t h e case where x„ = x s i n c e 
1 o 

[ e x ,g] has i n i t i a l v e r t e x x and f i n a l v e r t e x x. , where o fa o 1 
ex i s t h e c l a s s o f t h e i d e n t i t y p a t h a t x . The m i s t a k e o o 
i n Rhodes' example [ l 9 j p63B] i s t h a t G ̂  = { e , g^g^} and 

n o t { e } as s t a t e d . 

I t i s w o r t h n o t i n g h e r e t h a t i f r i s an a b s t r a c t G-graph 

t h e n t h e r e i s an o b v i o u s way t o d e f i n e a = o ( r , v , G ) 

c o m b i n a t o r i a 11y f o r v € u s i n g e d g e - p a t h s . Suppose t h e 

a c t i o n does n o t r e v e r s e edges o f V. Then Rhodes' g r o u p i s 

i s o m o r p h i c t o t h e Bass - S e r r e g r o u p TT^ C ^ , T/G, *) d e f i n e d 
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i n [ 2 2 ] . T h i s f o l l o w s f r o m p r o p o s i t i o n 4 . 7 and t h e remark i n 

c h a p t e r t h r e e t h a t ( ^ , T/G, *) i s i s o m o r p h i c t o t h e v e r t e x 

g r o u p o f TT^ r x G. (The i s o m o r p h i s m o ^ TT^ [ ̂ , T/G, v ] 

may a l s o be e s t a b l i s h e d u s i n g t h e Bass - S e r r e s t r u c t u r e 

t h e o r e m . One c o n s t r u c t s a t r e e T, t h e u n i v e r s a l c o v e r o f F, 
A -A-

and an a c t i o n o f a on Y so t h a t T/a 2£ T/G). The 

c o n n e c t i o n between s e m i - d i r e c t p r o d u c t s and t h e B a s s — S e r r e 

t h e o r y i s c o n s i d e r e d i n c h a p t e r f i v e . 

We now r e t u r n t o s i m p l i c i a l a c t i o n s on a s i m p l i c i a l complex 

K . The e d g e - p a t h f u n d a m e n t a l g r o u p has a g r o u p o i d a n a l o g u e 

TT^ (R, K° J d e f i n e d as f o l l o w s . I t has v e r t e x s e t t h e O - s k e l e t o n 

K ° and g e n e r a t o r s t h e 1 - s i m p l e x e s . For e v e r y 2 - s i m p l e x 

( v ^ v ^ . v ^ t h e r e i s a r e l a t i o n ( v ^ v ^ + ( v ^ v ^ = ( v Q , v ) . 

The f o l l o w i n g i s a g r o u p o i d v e r s i o n o f a s t a n d a r d r e s u l t on 

t h e f u n d a m e n t a l g r o u p m e n t i o n e d e a r l i e r , f r o m w h i c h i t can 

be deduced. 

4 . 8 PROPOSITION. Let X = | K | be t h e p o l y h e d r o n o f a 

s i m p l i c i a l complex K , and X ° = | K ° | . Then 

T T ^ X . X 0 ) £ ^ ( K , K D ) . 

• 
4 . 9 THEOR EH. Let G a c t s i m p l i c i a l l y on t h e s i m p l i c i a l 

complex K , and l e t X = | K | . Then 

ffjCX.X 1/CG) ~ TT (X/G,X /G) . 

P r o o f . By t h e o r e m 4 . 3 f o r t h e o r e m 4 . 1 ) we may assume K i s 
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r e g u l a r ( o r s a t i s f i e s c o n d i t i o n s 1 and 2 ] . I t i s t h e r e f o r e 

s u f f i c i e n t t o show 

u 1CK JK°)/(G) £ TT^ (K/G,K°/G) . 

S i n c e K i s r e g u l a r [ o r s a t i s f i e s c o n d i t i o n s 1 and 2) t h e 

n - s i m p l e x e s o f K/G a r e j u s t o r b i t s o f n - s i m p l e x e s o f K. 

The n a t u r a l p r o j e c t i o n T : K -*• K/G i n d u c e s a morphism 

ir CK,K°] • TT ( K/G, K°/G) , 

and we v e r i f y t h e u n i v e r s a l p r o p e r t y o f d e f i n i t i o n 3.2 f o r x 

C l e a r l y TT^ ( K/G , K°/G ) i s G - t r i v i a l and T ̂  i s a G-morphism. 

Let A be any G - t r i v i a l g r o u p o i d and 8 : 7r^(K,K°) —*• A 

any G-morphism. L e t x £ K /G and choose some x e K c o v e r i n j 

x ( i . e . TX = x ) . D e f i n e 0 * ( x ) = 8 ( x ) . The d e f i n i t i o n i s 

i n d e p e n d e n t o f t h e c h i o c e o f x f o r i f T ( y ) = x t h e n 

y = x f o r some g e G so 

f x ) = 0 ( y & ) = ( 8 y ) s = 0 ( y ] . 

A l s o i f a i s a 2 - s i m p l e x o f K/G w h i c h g i v e s r i s e t o a 
o ^ 

r e l a t i o n x + y = z i n T T ^ ( K / G , K / G ) t h e n a l i f t a o f a 

g i v e s r i s e t o t h e r e l a t i o n x + y = z i n T T ^ f K . K 0 ) . 

T h e r e f o r e 

0 * ( x + y ) = e ( x ) + 8 ( y ) = 9 ( z ) = 8 * ( z ) . 
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Hence 0* p r e s e r v e s t h e r e l a t i o n s o f TT^ (K/G,K°/G) and 

d e f i n e s a morphism 

: TT ( K/G, K°/G ) > A . 

C l e a r l y 8 * » T , = 8 and 0 * i s t h e u n i q u e such m o r phism. 

• 
4.10 COROLLARY. I n t h e o r e m 4.9 we may r e p l a c e X ° w i t h Y 

w h i c h i s any G - s t a b l e s e t o f v e r t i c e s c o n t a i n i n g a l l t h e 

v e r t i c e s w i t h n o n - t r i v i a l s t a b i l i s e r s . 

P r o o f . T h i s f o l l o w s f r o m t h e c o r r e s p o n d i n g a l g e b r a i c 

r e s u l t ( p r o p o s i t i o n 3 . 8 ) . 

• 
Theorem 4.9 t o g e t h e r w i t h t h e a l g e b r a i c d e s c r i p t i o n o f t h e 

• r b l t g r o u p o i d ( t h e o r e m 3.6) g i v e s an i s o m o r p h i s m 

TT ( X / G , X ° / G ) % (IT ( X , X ° ) x G ) / M , 

where N i s t h e n o r m a l c l o s u r e o f t h e s u b g r o u p o i d , M say, 

g e n e r a t e d by e l e m e n t s o f t h e f o r m ( e v . g ) f o r v e X 0 , g « G 

(Here ev d e n o t e s t h e c l a s s o f t h e i d e n t i t y p a t h a t v ) . I n 

f a c t M c o n s i s t s e n t i r e l y o f such e l e m e n t s . 

Choose a v e r t e x *. We have seen t h a t Rhodes' group 

a = a ( X , * , G ) i s p r e c i s e l y t h e v e r t e x g r o up a t * o f 

T T ^ ( X , X ° ) x G . We now show t h a t t h e v e r t e x g r o u p o f N a t 

* i s Rhodes' group a', and hence we r e c a p t u r e Rhodes' 

t h e o r e m 4.6. To e s t a b l i s h t h i s f a c t r e c a l l lemma 2.4 



67 

w h i c h g i v e s g e n e r a t o r s f o r t h e v e r t e x g r o u p o f a n o r m a l 

c l o s u r e o f a s u b g r o u p o i d . T h i s shows t h a t N [*) i s 

g e n e r a t e d by e l e m e n t s o f t h e f o r m 

n = [ a,gJ + [ ev,h 5 - ( a,g] 

k -1 
where h s t a b i l i s e s v. Now n = C a - a , k ) where 

- 1 - 1 1 
k =gh g s t a b i l i s e s 3 a. Hence N (*) i s p r e c i s e l y 
Rhodes' group a' as c l a i m e d . 

We b e l i e v e t h a t t h e r e s u l t i s more n a t u r a l i n t h e g r o u p o i d 

s e t t i n g . The c o n t e n t o f t h e o r e m 4.9 i s r e a l l y t h a t , u n d e r t h e 

g i v e n h y p o t h e s e s , t h e a l g e b r a o f t h e f u n d a m e n t a l g r o u p o i d 

a c c u r a t e l y models t h e t o p o l o g y . I t a l s o i n d i c a t e s how t o 

p r o c e e d i n h i g h e r d i m e n s i o n s — t h e f u n d a m e n t a l g r o u p o i d i s 

r e p l a c e d by t h e homotopy c r o s s e d complex o f a s u i t a b l e 

f i l t e r e d space b u t t h e f o r m o f t h e r e s u l t i s t h e same. 

We now c o n s i d e r more g e n e r a l a c t i o n s , i n p a r t i c u l a r t h e 

d i s c o n t i n u o u s a c t i o n s o f A r m s t r o n g [ 3 ] . We b e g i n w i t h a few 

r e m a r k s c o n c e r n i n g a r b i t r a r y G-spaces. For any G-space X 

t h e r e i s a d i a g r a m 

TT (X) X G 

T 

TT ( X ] / ( G J = ( I T ( X ) x G ) / N 

where T T . ( X ) i s t h e f u l l f u n d a m e n t a l g r o u p o i d , p % i s 

T T ^ X ) — 

P* 

TT rx/G) 
1 
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i n d u c e d by p : X -y X / G , N i s g i v e n by t h e o r e m 3 . 6 and 

<!> : ( a , g ) l—>• <a,g> i s t h e q u o t i e n t m o r p h i s m . 

D e f i n e q : T ^ C X ) X G -> TT ( X / G ) by q ( a , g ) = p „ ( a ) . 

S i n c e t h e a c t i o n on TT f X / G ) i s t r i v i a l q i s a w e l l - d e f i n e d 

m orphism and c l e a r l y N £ k e r q. T h e r e f o r e , by t h e u n i v e r s a l 

p r o p e r t y o f q u o t i e n t morphisms ( d e f i n i t i o n 2 . 2 ] , t h e r e i s a 

morphism 

q + : (TT 1 CX ] x G ) / N »• it ( X / G ) 

i n d u c e d by q. The p u r p o s e o f t h i s s e c t i o n i s t o d i s c o v e r 

when q t i s an i s o m o r p h i s m . (Theorem 4 . 9 says q^ i s an 

i s o m o r p h i s m f o r s i m p l i c i a l a c t i o n s ) . I t w i l l a l w a y s be assumed 

t h a t t h e a c t i o n i s d i s c r e t e i n t h e sense t h a t t h e o r b i t o f a 

p o i n t i n X i s a d i s c r e t e subspace o f X . 

4 . 1 1 DEFINITION. A map p : X + Y has p a t h l i f t i n g up t o 

homotopy i f , g i v e n a p a t h y : I -> Y and a p o i n t 

x e p~^ y{0) , t h e r e i s a p a t h y : I -> X such t h a t y C 0 D = x 

and p°Y i s h o m o t o p i c , r e l a t i v e t o end p o i n t s , t o y. 

• 
4 . 1 2 L E M M A . I f X i s a G -space and p : X -> X / G has 

p a t h l i f t i n g up t o homotopy, t h e n 

q : TT ( X ) x G y TT^ ( X / G ) 

d e f i n e d above i s a q u o t i e n t m o r p h i s m . 
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P r o o f . We use t h e c h a r a c t e r i s a t i o n o f q u o t i e n t morphisms as 

t h e v e r t e x s u r j e c t i v e , p i e c e w i s e s u r j e c t i v e morphisms 

( p r o p o s i t i o n 2 . 3 ) . 

C l e a r l y q i s v e r t e x s u r . j e c t i v e — t h e v e r t e x map o f q i s 

p : X -> X/G. Let x. e X and p ( x . ) = x\ f o r i = 1 , 2 , and 
i l l 

l e t M T I ^ (X/G) ( x ^ , X j ) . By h y p o t h e s i s g has a_ 

r e p r e s e n t a t i v e p a t h y w h i c h has a l i f t y where y[0) = x^ 
rJ 1 

L e t a be t h e c l a s s o f y• Then p^8 a = p y ( 1 ) = x^ , so 
1 a 

t h e r e i s a g r o up e l e m e n t g such t h a t 3 a = x^• Hence 

( a , g ) € ( t r ^ f X ) x G ^ t x ^ . x ) i s such t h a t q ( a , g ) = 8. 

T h e r e f o r e q i s p i e c e w i s e s u r j e c t i v e w h i c h c o m p l e t e s t h e 

p r o o f . 

• 
4.13 DEFINITION. Let X be a G-space. The a c t i o n i s 

d i s c o n t i n u o u s i f 

( i ) t h e s t a b i l i s e r o f each p o i n t o f X i s f i n i t e , 

and ( i i ) each x 6 X has a n e i g h b o u r h o o d U such t h a t i f 

x g ^ x t h e n U n U S / -0". 

• 
I n [ 3 ] A r m s t r o n g g e n e r a l i s e s h i s t h e o r e m 4.4 t o d i s c o n t i n u o u s 

a c t i o n s on p a t h - c 0 n n e c t e d , l o c a l l y compact m e t r i c s p a c e s . 

Note t h a t i f t h e a c t i o n i s a l s o f i x e d p o i n t f r e e t h e n 

q * : (TT 1 ( X ) x G)/N -> IT ( X/G ) i s an i s o m o r p h i s m . To see 

t h i s n o t e t h a t p : X -> X/G i s a c o v e r i n g p r o j e c t i o n i n 

t h i s case ( [ 2 3; t h e o r e m 7, page 8 7 ] ) , so we can l i f t 

h o m o t o p i e s f r o m X/G t o : X'. A s t a n d a r d t y p e o f c o v e r i n g 

space argument shows t h a t Ker q i s c o n t a i n e d i n (and hence 
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e q u a l t o ) N and so q* i s an i s o m o r p h i s m . The i s o m o r p h i s m 

a l s o h o l d s under A r m s t r o n g ' s h y p o t h e s i s as we now show. 

4.14 THEOREM. Let X be a p a t h - c o n n e c t e d , l o c a l l y compact 

m e t r i c space and l e t G a c t d i s c o n t i n u o u s l y . Suppose e i t h e r 

( i ) X i s s i m p l y c o n n e c t e d , o r 

[ i i ) X i s l o c a l l y c o n n e c t e d and s e m i - l o c a l l y s i m p l y 

c o n n e c t e d . 

Then 

ir CXJ/CG] - TT (X/G) 

P r o o f . Ci) We use A r m s t r o n g ' s t r i c k o f f a c t o r i n g t h e 

a c t i o n i n t o an a c t i o n o f H f o l l o w e d by a f r e e a c t i o n o f 

G/H on X/H, where H i s t h e n o r m a l s u b g r o u p o f G 

g e n e r a t e d by t h e e l e m e n t s w i t h f i x e d p o i n t s . 

A r m s t r o n g shows t h a t X/H i s s i m p l y c o n n e c t e d , and 

p r o p o s i t i o n 3 . 7 ( i i j shows t h a t TT CX)/(H] i s s i m p l y 

c o n n e c t e d . Hence TT fX)/CH) = TT ( X / H ) . The r e s u l t now 
1 1 

f o l l o w s f r o m p r o p o s i t i o n 3.10 and t h e f a c t t h a t q + i s an 

i s o m o r p h i s m f o r f r e e a c t i o n s . 

( i i ) The h y p o t h e s e s on X 

c o n n e c t e d , s i m p l y c o n n e c t e d 

l o c a l l y compact and m e t r i c ( 

c o m m u n i c a t i o n ) . 

We can t a k e X = c o s t a r TT. 

e n s u r e t h a t i t has a p a t h -

c o v e r i n g space X. A l s o X i s 

M.A.Armstrong — p r i v a t e 

[ X ] f o r some p o i n t x o f X, 
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w i t h a s u i t a b l e t o p o l o g y . (See, f o r e x a m p l e , W.S.Massey 

[ A l g e b r a i c T o p o l o g y : An I n t r o d u c t i o n , G r a d u a t e T e x t s i n 

M a t h e m a t i c s 5 6 , S p r i n g e r 1 9 7 7 ] . I n f a c t n assey uses 

s t a r v T r . ( X ) , b u t f o r o u r p u r p o s e s t h e c o s t a r i s more 
x o i 

c o n v e n i e n t J . 

Let G = (TT 1 (X) x G ) (x ) . Then G a c t s on X by 

a^S>,g) = a 8 + gg^ a n d X / Q i s homeomorphic t o X/G (see 

A r m s t r o n g [ 3 ] and Rhodes [ i s ] ) • I n f a c t t h i s a c t i o n i s 

d i s c o n t i n u o u s and s a t i s f i e s t h e h y p o t h e s e s o f p a r t ( i ) . Hence 

i ^ t X / G ) £ IT ( X ] / ( G ) 

F i n a l l y we show I T . ( X ) / ( G ] £ TT ̂  C X ] / C G 3 . F i r s t n o t e t h a t 
1 1 

t h e g r o u p o i d s have t h e same v e r t e x s e t . T T ^ ( X ) / ( G ) has v e r t e x 

g r o u p i s o m o r p h i c t o G/H where H i s t h e n o r m a l s u b g r o u p 

g e n e r a t e d by e l e m e n t s w i t h f i x e d p o i n t s . But t h i s i s 

p r e c i s e l y t h e group N ( x ) where IN i s t h e n o r m a l s u b g r o u p o i 

o f i r ^ ( X ) x G c o n s i d e r e d above. Hence t h e v e r t e x g r o u p s o f 
TT ( X ) / ( G ] and T T „ ( X ] / ( G ) a r e a l s o i s o m o r p h i c . S i n c e b o t h 1 1 H 

g r o u p o i d s a r e c o n n e c t e d , t h i s c o m p l e t e s t h e p r o o f . 

• 
We have now p r o v e d t h a t q t : IT ( X ) / ( G ) ~* T T ^ ( X / G ) i s an 

i s o m o r p h i s m i n some s p e c i a l c a s e s . I n each case i t was 

assumed t h a t t h e space X was r e a s o n a b l y n i c e , t o g e t h e r w i t h 

some f o r m o f d i s c o n t i n u i t y a s s u m p t i o n an t h e a c t i o n . That 

some f o r m o f d i s c r e t e n e s s c o n d i t i o n i s n e c e s s a r y i s r e a d i l y 

seen — c o n s i d e r A r m s t r o n g ' s example o f t h e r e a l s a c t i n g 
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f r e e l y on t h e r e a l l i n e by a d d i t i o n . However t h e f u l l w e i g h t 

o f t h e d i s c o n t i n u i t y a s s u m p t i o n ( d e f i n i t i o n 4 . 1 3 ) i s n o t 

s t r i c t l y n e c e s s a r y . The f o l l o w i n g example i n d i c a t e s t h a t t h e 

f i n i t e s t a b i l i s e r s a s s u m p t i o n i s n o t n e c e s s a r y . 

4 . 1 5 EXAMPLE. We f i r s t c o n s i d e r t h e s t a n d a r d a c t i o n o f t h e 

i n t e g e r s on t h e r e a l l i n e by a d d i t i o n m o d i f i e d by a d d i n g two 

f i x e d p o i n t s — one a t +<» , and one a t -»„ 

More p r e c i s e l y , l e t t h e g e n e r a t o r o f G = ~2L a c t on X =£o,l] 

by 
t 2 t i f t 41/3 

t K> 
' H 1 + t ) i f t > 1 / 3 

L e t X ° = { 0 , 1 } . Then T T ^ ( X , X ° ) i s t h e u n i t i n t e r v a l g r o u p o i d 

$ and t h e i n d u c e d a c t i o n i s t r i v i a l s i n c e t h e above map i s 

h o m o t o p i c , r e l a t i v e t o X ° , t o t h e i d e n t i t y . Hence t h e o r b i t 

g r o u p o i d i s a l s o t h e u n i t i n t e r v a l g r o u p o i d . 

The a c t i o n r e s t r i c t e d t o t h e open i n t e r v a l ( 0 , 1 ) i s 

e q u i v a l e n t t o t h e s t a n d a r d a c t i o n o f Z on (R . A 

f u n d a m e n t a l domain f o r t h i s r e s t r i c t e d a c t i o n i s [ l / 3 , 2 / 3 ] 

and t h e o r b i t space i s a c i r c l e . 

Hence X/G c o n s i s t s o f a c i r c l e C ( t h e image o f [ l / 3 . 2 / 3 ] ) 

t o g e t h e r w i t h two p o i n t s w h i c h , by a s l i g h t abuse o f n o t a t i o n , 

we d e n o t e 0 and 1 . The t o p o l o g y on t h e o r b i t space c o n s i s t s 

o f t h e u s u a l open s e t s on t h e c i r c l e C t o g e t h e r w i t h Cu/o,/j, 

V = C u { • } and V„ = C u { 1 } . o 1 
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We use t h e S e i f e r t - van Kamp 

i s s i m p l y c o n n e c t e d . X/G i s 

V and V. whose i n t e r s e c t i o 1 
p a t h - c o n n e c t e d . 

en t h e o r e m t o show t h a t X/G 

t h e u n i o n o f t h e open s e t s 

on i s t h e c i r c l e C w h i c h i s 

For i = 0 , 1 , V ̂  i s c o n t r a c t i b l e , and hence i s pa t h -

c o n n e c t e d and s i m p l y c o n n e c t e d . D e f i n e a map 

H : V. x I 
i 

V. , by 

i i f t = 1 
( x , t ) i • 

x i f t <1 

H i s c l e a r l y c o n t i n u o u s and i s t h e r e f o r e t h e r e q u i r e d 

homotopy f r o m t h e i d e n t i t y map on V t o t h e c o n s t a n t map 

a t t h e p o i n t i . 

The S e i f e r t - van Kampen t h e o r e m now i m p l i e s t h a t X/G i s 

s i m p l y c o n n e c t e d . 

Hence ir (X/G, X°/G) i s t h e u n i t i n t e r v a l g r o u p o i d and t h 

i n d u c e d morphism q t : ir ( X , X ° ) / ( G ) — > • TT ( X/G , X°/G ] i s an 

i s o m o r p h i s m . 

I n t h i s example t h e a c t i o n 

p o i n t s 0 and 1 o f X have 

i s n o t d i 

i n f i n i t e 

s c o n t i n u o u s s i n c e t h e 

s t a b i l i s e r s . The secon 
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c o n d i t i o n o f d e f i n i t i o n 4.13 i s s a t i s f i e d however. 

Now l e t Y = X / G = C o { 0 , 1 } and l e t Z 2 a c t on Y hy 

i n t e r c h a n g i n g 0 and 1 , and r o t a t i n g t h e c i r c l e C by TT . The 

g r o u p o i d TT ̂  C Y, Y ° ) i s t h e u n i t i n t e r v a l g r o u p o i d , and t h e 

i n d u c e d "S. a c t i o n sends t h e g e n e r a t o r t o i t s i n v e r s e . Hence 

^ - l t Y, Y° ) / i s i s o m o r p h i c t o 

The new o r b i t space Y/Z^ c o n s i s t s o f a c i r c l e ( t h e image o f 

C) w i t h a s i n g l e a d d i t i o n a l p o i n t ( t h e image o f Y ° ) . The o n l y 

open s e t c o n t a i n i n g t h i s a d d i t i o n a l p o i n t i s t h e whole s p a c e . 

A s i m i l a r a r g u m e n t t o t h e one above shows t h a t Y/j£ i s p a t h -

c o n n e c t e d and s i m p l y c o n n e c t e d . T h e r e f o r e n^CY/Z^n Y°/Z2^ 

i s t h e t r i v i a l g r o u p and we o b t a i n an example where q , 

f a i l s t o be an i s o m o r p h i s m . 

Note t h a t i n t h i s case t h e c o n d i t i o n ( i i ) o f d e f i n i t i o n 4.13 

i s n o t s a t i s f i e d . I n d e e d Y i s n o t even H a u s d o r f f . 

We n o t e d i n s e c t i o n one t h a t A r m s t r o n g has r e c e n t l y g e n e r a l i s e ! 

h i s t h e o r e m 4.4 t o d i s c o n t i n u o u s a c t i o n s on a c o n n e c t e d , s i m p 1 y 

c o n n e c t e d H a u s d o r f f space X . The g r o u p o i d r e s u l t ( t h a t q + i s 

an i s o r o o r p h i s m ) can be deduced f r o m t h i s as i n t h e o r e m 4.14. To 

p r o v e t h a t q ̂  : T r ^ ( X ] / ( G ) — • T T ^ ( X / G J i s an i s o m o r p h i s m i n 

t h e n o n - s i m p l y c o n n e c t e d case some l o c a l c o n d i t i o n s need t o be 

ass umed. 

I t w o u l d be i n t e r e s t i n g t o know t h e most g e n e r a l c o n d i t i o n s on 

t h e space and t h e a c t i o n under w h i c h q t i s an i s o m o r p h i s m . 
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3 . THE HIGHER DIMENSIONAL CASE 

To p r o v e a n a l o g o u s r e s u l t s t o t h o s e o f t h e p r e v i o u s s e c t i o n 

i n h i g h e r d i m e n s i o n s we use t h e a l g e b r a i c m a c h i n e r y o f c r o s s e d 

c o m p l e x e s . We a r e l e d t h e r e f o r e t o c o n s i d e r f i l t e r e d spaces 

: X° £ X̂  £ ... £ X n £ ... Q X w i t h a f i l t r a t i o n p r e s e r v i n g 

a c t i o n and such t h a t ^ 0 ^ ° = * ° ° r m o r e g e n e r a l l y t h e 

f i l t r a t i o n i s J ) . We r e s t r i c t a t t e n t i o n t o CW-comp1exes. o 

4.16 DEFINITION. A G-CW-complex i s a CW-complex X on w h i c h 

G a c t s by c e l l u l a r homeomorphisms s a t i s f y i n g t h e f o l l o w i n g 

c o n d i t i o n . 

(*) I f a g r o u p e l e m e n t maps a c l o s e d c e l l t o i t s e l f i t 

does so by t h e i d e n t i t y homeomorphism. 

• 
I n t h e case where G i s f i n i t e t h i s d e f i n i t i o n i s due t o 

Bredon [ E q u i v a r i a n t Cohomology T h e o r i e s , S p r i n g e r L e c t u r e Notes 

i n Math. 34 [ 1 9 6 7 ) ] . By a CW-complex we mean t h e space 

t o g e t h e r w i t h t h e c h a r a c t e r i s t i c maps o f t h e c e l l s . Bredon 

n o t e s t h a t t h e c h a r a c t e r i s t i c maps "may be c h o s e n " 

e q u i v a r l a n t l y , and he a p p e a r s t o assume t h i s . T h i s p o i n t i s 

examined i n more d e t a i l b e l o w . 

The c o n c e p t has been e x t e n d e d t o t o p o l o g i c a l g r o u p s G 

i n d e p e n d e n t l y by S . I l l m a n [ E q u i v a r i a n t A l g e b r a i c T o p o l o g y , 

Ph.D. T h e s i s , P r i n c e t o n [ 1 9 7 2 ] ] and T.Matumoto [on G-CW-

c o m p l e x e s and a Theorem o f J.H.C.Whitehead, J „ Fac . S c i . U n i v . 
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T o k y o , S e c t . l A 18 ( 1 9 7 1 ) , 363 -

s p a c e s a r e no l o n g e r " c l a s s i c a l " 

t h e s e c o m p l e x e s t o c o n s i d e r e q u i 

m o r e r e c e n t l y S.Waner [ T r a n s , A m e 

351 - 3 6 8 , 359 - 3 8 4 , 385 - 4 0 5 ] 

e q u i v a r i a n t h o m o t o p y t h e o r y . 

3 7 4 J . T h e s e m o r e g e n e r a l 

CW-comp1exes. I l l m a n u s e d 

v a r i a n t c o h o m o l a g y t h e o r y , a n d 

r . M a t h . S o c , 258 ( 1 9 8 0 ) , 

has u s e d t h e m t o d e v e l o p an 

• u r d e f i n i t i o n i s t h e c a s e w h e r e G i s d i s c r e t e . We a l w a y s 

t a k e t h e s t a n d a r d f i l t r a t i o n on t h e G-CW-complex X. Then X 

i s J Q - f i l t e r e d a n d h o m o t o p y f u l l [ l 1 ] • T h i s s i t u a t i o n i n c l u d e s 

t h a t o f r e g u l a r G - s i m p l i c i a l c o m p l e x e s as t h e f o l l o w i n g lemma 

s h o w s . 

4.17 LENNA. L e t K be a G - s i m p l i c i a l c o m p l e x s a t i s f y i n g 

c o n d i t i o n ( 1 ) o f t h e p r e v i o u s s e c t i o n ( p a g e 5 8 ) . Then i t s 

p o l y h e d r o n X = | K. | i s a G-CW-complex. 

P r o o f . I t i s w e l l - k n o w n t h a t a p o l y h e d r o n i s a CW-complex 

a n d t h a t s i m p l i c i a l maps i n d u c e c e l l u l a r m aps. ( S e e J . P . f l a y 

Q s i m p l i c i a l O b j e c t s i n A l g e b r a i c T o p o l o g y , Van N o s t r a n d 

M a t h e m a t i c a l S t u d i e s 11 ( 1 9 6 7 ) ] , f o r e x a m p l e ) . 

S u p p o s e K s a t i s f i e s c o n d i t i o n ( 1 ) . L e t a be t h e 

r e a l i s a t i o n o f t h e n - s i m p l e x ( v , . . . , v ) a n d s u p p o s e 
o n 

or 

a = a. I f t h e r e i s a v e r t e x v_̂  ( 0 $ i ^ n ) s u c h t h a t 

v. ^ v. t h e n ( v . , v . l i l i i s a 1 - s i m p l e x , w h i c h c o n t r a d i c t s 

c o n d i t i o n ( 1 ) . Hence v_^ = v ^ f o r i = 0,...,n , so g 

maps a t o i t s e l f by t h e i d e n t i t y h o m e o m o r p h i s m . 

• 



L e t X be a G-CW-c•mp1ex. We do n o t assume t h a t t h e 

c h a r a c t e r i s t i c maps a r e p r e s e r v e d by t h e a c t i o n . H o w e v e r , t h e 

n e x t r e s u l t s h ows t h a t X i s G - h o m e o m o r p h i c t o a G-CW-complex 

w h e r e t h e c h a r a c t e r i s t i c maps a r e p r e s e r v e d by t h e a c t i o n . We 

c a l l t h i s a " r e - c h a r a c t e r i s a t i o n " , a n d i t j u s t i f i e s B r e d o n ' s 

r e m a r k t h a t t h e c h a r a c t e r i s t i c maps "may be c h o s e n " 

e q u i v a r i a n t l y [[4; C h a p t e r I I , § l j . 

4.16 PROPOSITION. L e t X be a G-CW-complex. Then t h e r e i s 

a G-CW-complex Y a n d a c e l l u l a r G - h o m e o m o r p h t s m k : Y -> X 

s u c h t h a t t h e a c t i o n on Y p r e s e r v e s t h e c h a r a c t e r i s t i c m aps. 

P r o o f . We use i n d u c t i o n t o d e f i n e Y a n d k t o g e t h e r . L e t 

X° = { x , I A 6 A } . T h e r e i s an i n d u c e d a c t i o n on t h e i n d e x A ' o 
a a s e t A g i v e n by A = u i f x, = x . Cho o s e one o A y 

i n d e x f r o m e a c h o r b i t — t h e l e t t e r E, w i l l d e n o t e a c h o s e n 

i n d e x t h r o u g h o u t . L e t Y° = { y , I A £ A } be a s e t i n 
A ' o 

b i j e c t i v e c o r r e s p o n d e n c e w i t h X ° , t h e b i j e c t i o n b e i n g 

k : Y° X° , y I—> x _ g w h e r e A = E,g ( a n d £ i s a 
O A c , 

c h o s e n i n d e x ) . T h i s b e g i n s t h e i n d u c t i o n . 

S u p p o s e now t h a t Y R ^ a n d k . : Y P ^ — > X P ^ h a v e b e e n 
n - 1 

d e f i n e d s u c h t h a t k i s a c e l l u l a r G - h o m e o m o r p h i s m a n d 
n - 1 

t h e a c t i o n on Y n ^ c o m m u t e s w i t h t h e c h a r a c t e r i s t i c maps. 

L e t X n - X R ^ = { e , I A e A }, a f a m i l y o f o p e n n - c e l l s . 
A ' n n " n — n 

A l s o l e t h : ( I , 1 ] — > (e ,e ] be t h e c h a r a c t e r i s t i c A A A 

map o f t h e c e l l e A , w h e r e e = e - e.. We s o m e t i m e s 
A A A A 

d e n o t e h ! I by 9h . A A 
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As f o r n = 0 , t h e r e i s an a c t i o n i n d u c e d on A , a n d we c h o o s e 
n 

a s e t o f r e p r e s e n t a t i v e s o f t h e o r b i t s . L e t A = A*A 
be 

B •• 

A d i s j o i n t c o p i e s o f I n a n d l e t 

u ;?. A £ A D e f i n e 

,n-1 by 

w h e r e E; i s t h e r e p r e s e n t a t i v e o f t h e o r b i t c o n t a i n i n g X, 

geG i s s u c h t h a t A = £ a n d g + i s t h e h o m e o m o r p h i s m 

o f X i n d u c e d by g. T h i s d e f i n i t i o n i s i n d e p e n d e n t o f t h e 

c h o i c e o f g, f o r i f g' a l s o maps A t o E, t h e n 

g * | a , = g * | B . 

a G-CW-complex 

by c o n d i t i o n (*) o f t h e d e f i n i t i o n ( 4 . 1 6 ] o f 

* = A eA ' n 
n 

i s a map B -> Y n-1 D e f i n e Y t o be t h e 

a d j u n c t i o n s p a c e 

o f s p a c e s 

,n-1 

B C-

Y n-1 

U , A. Then t h e r e i s a p u s h o u t 

A 

-> Y 

( * ) 

We u s e t h e u n i v e r s a l p r o p e r t y o f t h i s p u s h o u t t o e x t e n d k n-1 
t o k D e f i n e 

X by = g 0 h A 6* £ 

w h e r e £ i s a r e p r e s e n t a t i v e i n d e x a n d £ = A 

i s i n d e p e n d e n t o f t h e c h o i c e o f g a n d 

A g a i n t h i s 
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a 
Qx\ln

x - g..3h = k ^ . ^ . Hence 

U 9 : A • X n 

A«A A n 

i s s u c h t h a t e j b = » i j j . I he u n i v e r s a l p r o p e r t y o f ( * ] 

now p r o v i d e s a u n i q u e map k : Y n — y X n e x t e n d i n g k . . r M K n B n-1 

C l e a r l y Y n i s c o n s t r u c t e d so t h a t t h e a c t i o n c o m m u t e s w i t h 

t h e c h a r a c t e r i s t i c maps. We now show t h a t k i s a c e l l u l a r 
n 

G - h o m e o m o r p h i s m . 

A p o i n t o f A i s ( t , A) w h e r e t e I , A e A . G a c t s on 
n 

A by t t , A ) g = C t , A g ) a n d 0 : C t , A ) g*h ( t l . L e t 

i « G . Then 

( C t , A] £ ] -= 0 f t , A5") 

= (g£)*h f t ) 
K 

s i n c e ? g £ = x % 

-- £ * g * h ^ [ t ) 

= ( e f t , A ] ) £ . 

T h e r e f o r e 0 i s a G-map. Now 0|B i s a h o m e o m o r p h i s m , a n d 

by t h e i n d u c t i v e h y p o t h e s i s ^ n _ i ^ s a c e l l u l a r 

G - h o m e o m o r p h i s m . Hence k i s a c e l l u l a r G - h o m e o m o r p h i s m 
n 

w h i c h c o m p l e t e s t h e i n d u c t i v e s t e p . 

L e t Y be t h e c o l i m i t o f t h e s y s t e m Y° Q Y 1 != ... Q Y P & 

and l e t k : Y -> X be i n d u c e d by t h e maps 

Y > X c — ) . x . A s t a n d a r d l i m i t a r g u m e n t c o m p l e t e s t h e 

p r o o f . 

• 
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I t i s e a s y t o s e e t h a t t h e e q u i v a l e n c e r e l a t i o n on Y g i v e n 

by t h e g r o u p a c t i o n i s a c e l l u l a r e q u i v a l e n c e i n t h e s e n s e o f 

A . T . L u n d e l l a n d S . W e i n g r a m [ T h e T o p o l o g y o f CW-comp1exes , Van 

N o s t r a n d ( 1 9 6 9 ) , p a g e 3 2 ^ . Hence Y/G i s c a n o n i c a l l y a CW-

C D mplex a n d t h e p r o j e c t i o n T : Y ->- Y/G i s a c e l l u l a r map. 

I f X d e n o t e s t h e o r b i t o f X € A t h e n t h e o r b i t o f e, 
n X 

i s an n - c e l l o f Y / G w h i c h c a n be d e n o t e d by e T . I t s 
A 

c h a r a c t e r i s t i c map i s h _ = x°h w h e r e £ i s t h e 
X c, 

r e p r e s e n t a t i v e o f X. I n f a c t t h e p r o j e c t i o n o f a n y 

c h a r a c t e r i s t i c map o f Y i s a c h a r a c t e r i s t i c map o f Y / G . 

The G - h o m e o m o r p h i sm k : Y -> X i n d u c e s a h o m e o m o r p h i s m 

£ : Y / G — > X / G w h i c h e x h i b i t s X / G as a C W - c o m p l e x . 

L e t TTX d e n o t e t h e h o m o t o p y c r o s s e d c o m p l e x o f X, ( w i t h 

s t a n d a r d f i l t r a t i o n ) . I n o r d e r t o p r o v e o u r m a i n t h e o r e m we 

n e e d an a l g e b r a i c d e s c r i p t i o n o f TTX w h i c h we d e s c r i b e 

b e l o w . T h i s d e s c r i p t i o n ( t h e o r e m 4 . 1 9 ) e s s e n t i a l l y g o e s b a c k 

t o J . H. C . W h i t e h e a d a n d f o l l o w s f r o m t h e U n i o n T h e o r e m — 

W h i t e h e a d c o n s i d e r e d t h e c a s e o v e r a s i n g l e v e r t e x . 

The c e l l s t r u c t u r e on X may be c o n s i d e r e d as ( d e f i n i n g ) a 

" p r e s e n t a t i o n " o f TT̂ <, i n some s e n s e . ( I n d e e d , f o r d o u b l e 

g r o u p o i d s H o w i e [ l 6 ] u s e s C W - c o m p l e x e s t o d e f i n e t h e n o t i o n 

o f a p r e s e n t a t i o n ) . The r e - c h a r a c t e r i s a t i o n k : Y X may 

be v i e w e d a l g e b r a i c a l l y as g i v i n g a new p r e s e n t a t i o n — one on 

w h i c h t h e g r o u p a c t s . T h e s e r e m a r k s w i l l be made more p r e c i s e 

l a t e r . 
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We now d e s c r i b e irZ^ f o r an a r b i t r a r y CW-complex Z. L e t 0 

be t h e b a s e p o i n t o f l n , a n d assume t h e c h a r a c t e r i s t i c maps 

o f 7 map 0 t o t h e 0-s R e l e t on Z °. L e t e be an n - c e l l o f 
A 

Z, f o r n > 1 , w i t h c h a r a c t e r i s t i c map f : ( l n , I R , 0 ) >• 
A 

, _n _ n - 1 _o , _,. , . I Z , Z ,Z J. T h i s d e t e r m i n e s an e l e m e n t c o f A 
, _n _n - 1 , r . n n - 1 , i _o -, , , ^ o T n Trn ( Z ,Z ) = { TT^ C Z ,Z , v l I v e Z } . L e t 9 1 

{ ( t 1 , „ . . , t n ) e l n | t 1 = 0 } a n d J n _ 1 = ( * n - 3 ° I n ) . 

- r u u x. i. • p" r - r n T n - . n _ / ' - i 
Then c. has a r e p r e s e n t a t i v e f : ( I , 1 ,3 J >• 

A A 
I <i ,L ,Z J . I I . e. f - f J . d I i s h o m e o m o r p h i c t o 

A A I 
n-1 A A i „ o n A I . L e t d f ̂  = f^|3 I . So d f ^ may be c o n s i d e r e d as a 

, T n - 1 'n-l ^ , o . , , , , 
map I I , 1 J — > I Z ,Z J, a n d h e n c e d e t e r m i n e s an 

e l e m e n t d c , o f IT „ ( Z n 1 ) = { I T „ ( Z P ^ , v ) I v 6 Z° } . A n-1 n-1 
By r e g a r d i n g d f ^ as a map ( I , 1 ,3 J >• 

( Z n ^ , Z n ^ , Z D ) i t r e p r e s e n t s an e l e m e n t 9 c ^ o f 
, -,n-1 _n - 2 , 

V i c z -z • 

4.19 THEOREM. L e t Z be a CW-complex a n d l e t c , dc a n d 
• - \ \ 

dc be as d e f i n e d a b o v e , Then : 
A 

C i ) F o r n > 2 , TT C Z n , Z n 1 ) i s a f r e e TT„ ( Z n \ Z° ) 
n 1 

m o d u l e on t h e s e t { c , I A € A } . The m o r p h i s m 
A ' n r 

„ , ..n ,_,n-1 n - 2 , . , , 3 : IT I Z , Z 3 —>- Tt . I Z ,Z J i s i n d u c e d n n-1 
by c f—»- 9c . 

A A 
2 1 

f i i ) F o r n = 2, IT ( Z ,Z ) i s t h e f r e e c r o s s e d 

TT ( Z ,Z ) - m o d u l e on d : { c | H A } > 
1 A 2 

{7T ( z'' , v ) I v ^ Z°} ^ ir ( , Z° ) g i v e n by 

c 1—5> dc . 
A A 

P r o o f . [1 1 j E x a m p l e 4 o f §7, p a g e 3 3 ] . 

• 
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D e f i n i t i o n s o f f r e e m o d u l e a n d 

g r o u p o i d a r e g i v e n i n ["12]. Th 

g r o u p o i d c a s e o f t h e u s u a l d e f 

n o t i o n o f f r e e c r o s s e d c o m p l e x 

TTZ i s f r e e i n t h i s s e n s e . ( T h 

f o r g e t f u l f u n c t o r s w i t h d o m a i n 

Thus t h e r e a r e s e v e r a l p o s s i b l 

c o m p l e x , b u t t h e one g i v e n i n 

h e r t h e s i s [ " 5 ] , B o l t o n c o n s i d e 

f o r c r o s s e d m o d u l e s o v e r g r o u p 

f r e e c r o s s e d m o d u l e o v e r a 

ey a r e s i m p l y e x t e n s i o n s t o t h e 

i n i t i o n s o v e r g r o u p s . I n [ l 2"] a 

i s d e f i n e d a n d i t i s n o t e d t h a 

e r e a r e , o f c o u r s e , many 

€ w h i c h h a v e l e f t a d j o i n t s . 

e d e f i n i t i o n s o f " f r e e " c r o s s e d 

[ l 2 ] seems t h e m o s t u s e f u l . I n 

r e d v a r i o u s t y p e s o f " f r e e n e s s " 

s ) . 

We now h a v e a l l t h e m a c h i n e r y r e q u i r e d t o p r o v e t h e f o l l o w i n g 

t h e o r e m w h i c h i s t h e m a i n r e s u l t o f t h i s c h a p t e r . 

4,20 THEOREM . L e t X , be a G - C W - c o m p l e x w i t h s t a n d a r d 

f i l t r a t i o n . Then 

U X J / ( G ) = T T [ £ / G ) . 

P r o o f . By p r o p o s i t i o n 4.18 we may a ssume t h a t t h e 

c h a r a c t e r i s t i c maps o f X a r e e q u i v a r i a n t , a n d h e n c e X / G i 

c a n o n i c a l l y a C W - c o m p l e x . L e t x : X X / G be t h e n a t u r a l 

p r o j e c t i o n . We v e r i f y t h e u n i v e r s a l p r o p e r t y o f d e f i n i t i o n 3. 

f o r t h e i n d u c e d map T : irX — > - IT ( X / G ) . 

I t i s c l e a r t h a t G a c t s t r i v i a l l y on T T ( X / G ) a n d t h a t T * 

i s a G - m o r p h i s m . 

L e t A be a c r o s s e d c o m p l e x w i t h t r i v i a l G - a c t i o n a n d l e t 
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6 : — ^ be a G - m o r p h i s m . We u s e t h e f r e e n e s s o f I T ( X , / G ) 

t o d e f i n e t h e r e q u i r e d m o r p h i s m 6* : u[)^/G) — > A. 

( X 1 / G , X ° / G ) i s a [ t o p o l o g i c a l ) g r a p h so TT / ) C X 1/G , X°/G ) i s 

t h e f r e e g r o u p o i d w i t h v e r t e x s e t X/g.". a n d g e n e r a t o r s t h e 

1 - c e l l s o f X/G. D e f i n e 

1 ' o IT ( X 1 /G,X°/G) -> A by x _ I > 0 x . 
A x 

w h e r e f o r 1 = 0 , 1 i s an i - c e l l o f X/G a n d i s an 

i - c e l l o f X s u c h t h a t x x , = x _ . 
* A 

The d e f i n i t i o n i s 

i n d e p e n d e n t o f t h e c h o i c e o f x , , f o r i f xx = x t h e n 

t h e r e e x i s t s g £ G s u c h t h a t = x a n d h e n c e 

S i n c e ir ( X \/G , X°/G ) i s f r e e , ( 9 * 9*) = t r 1 o 
1 „ * i s a w e l l 1 

d e f i n e d g r o u p o i d m o r p h i s m , a n d s i n c e T T ^ ( X ^ , X ° ) i s a l s o 

f r e e i t i s c l e a r t h a t t r 1 „ * i s t h e u n i q u e m o r p h i s m s u c h 
1 * 1 1 

t h a t t r 9 © t r x . = t r 

We now e x t e n d t h i s t o a m o r p h i s m o f c r o s s e d m o d u l e s by d e f i n i n g 

9* : IT (X /G,X /G) -> A . By t h e o r e m 4 . 1 9 ( i i ) a p p l i e d t o 

X/G i t i s s u f f i c i e n t t o d e f i n e 0* on t h e f a m i l y { a } 
2 y 

w h e r e a i s d e t e r m i n e d by t h e c h a r a c t e r i s t i c map o f a 2 - c e l l y 
• f X/G. T h a t i s , a i s t h e c l a s s o f T » f , f o r some ( i n d e e d 

y A 
a n y ) A £ A w h e r e y i s t h e o r b i t o f A, a n d f i s a 

Z A 
c h a r a c t e r i s t i c map o f X. We d e f i n e 
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T T „ C X 2 / G , X 1 / G ) • A„ by a Q n c 

£ y 2 A 

2 1 w h e r e c € IT f X .X ) i s t h e e l e m e n t d e t e r m i n e d by f . As A 2 X 

i n d i m e n s i o n one t h i s i s i n d e p e n d e n t o f t h e c h i o c e o f A. 
1 * 

T h i s e x t e n d s t r 8 t o a m o r p h i s m o f c r o s s e d m o d u l e s 

t r ^ e * = [ 0 * 0 * 9 * ) : t r 2 7 r ( X / G ) ^ t r 2 A 
2 1 a «~ 

p r o v i d e d 90*a = 0*da i n A„ , w h e r e da i s d e f i n e d by 2 y 1 y 1 y 
x ° 9 f . B u t 

A 

2 2 2 as r e q u i r e d . To show t r 0 * o t r T ̂  = t r 0 we a g a i n a p p e a l 

t o t h e o r e m 4 . 1 9 ( i i ) b u t t h i s t i m e a p p l i e d t o X . By t h i s 

r e s u l t we n e e d o n l y c h e c k t h e a b o v e c o n d i t i o n on { c . | A e A, 
A t 

I t i s c l e a r t h a t 0 * T c = 0„c by t h e i n d e p e n d e n c e o f t h e 
2 A 2 A 

* 
c h o i c e o f A i n t h e d e f i n i t i o n o f 0^. I t i s a l s o o b v i o u s 

2 
t h a t t r 0* i s t h e u n i q u e m o r p h i s m w i t h t h i s p r o p e r t y . 

We now use an i n d u c t i v e a r g u m e n t . F o r n >/ 3, s u p p o s e t h a t 

. n - 1 „ * j _ n - 1 , w , „ , . n - 1 „ 
t r 0 : t r T T ( X / G ) » t r A 

has b e e n d e f i n e d i n a n d i s t h e u n i q u e m o r p h i s m s u c h t h a t 
n 

4. n ~ 1 Q * 4. n -" 1 4. n _ / 1 a T 4- -J 4- 4- n Q * 

t r 0 • t r T + = t r 0. To e x t e n d t o t r 8 we u s e 

t h e o r e m 4 . 1 9 ( i ) t o d e f i n e 
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6* : 77 (X /G, X /G) > A by a I • e c 
n n n y n A 

as i n d i m e n s i o n t w o . We n e e d t o v e r i f y t h a t Q* „3 = 36* 
n - 1 n 

n * 
f o r t r 0 t o be w e l l - d e f i n e d . T h e r e a r e t w o c a s e s . 

Case ( i ) : n > 3 . I n t h i s c a s e TT ( X n _ 1 /G, X°/G) = 

ir ( X n _ 2 / G , X ° / G ) so 7 7 P (X n/G,X'">G) a n d 7 7 N _ ̂ ( X R ' 1 /G , Xn"l/G ) 

a r e m o d u l e s o v e r t h e same g r o u p o i d . T h e r e f o r e i t i s s u f f i c i e n t 

* * 
t o c h e c k 0 .3 = 30 on t h e f r e e g e n e r a t o r s . F o r t h e s e n - 1 n to 

e l e m e n t s we h a v e 

30*a = 90 c, = 6 9 c , = 0 „ x t 9 c , = 0 , 9 T t c , = 0' „ 3a n y n X n X n-1 * X n-1 * X n-1 y 

as r e q u i r e d . 

Case ( i i ) : n = 3. H e r e T T ^ [ ) ( / G , X J / G ) i s a c r o s s e d m o d u l e 

o v e r t h e g r o u p o i d ^ ( X 1 / G , X ° / G ) a n d T T 3 ( X 3 / G , X V G ) i s 

a m o d u l e o v e r t h e g r o u p o i d 

T 7 1 ( X 2 / G , X ° / G ) = i r ^ x V G , X 0 / G ) / / 9 T T 2 ( X 2 / G , X ' / G ) 

L e t 0 : IT ( X 1 /G,X°/G) • TT^ ( X 2/G , X °/G ) be t h e q u o t i e n t 

m o r p h i s m . We a l s o u s e 3 t o d e n o t e A^ — > A / S A ^ j t h e 

c o r r e s p o n d i n g m o r p h i s m f o r A. 

S i n c e 0 * ( 9 TT^ ( X 2/G , X ' /G ) ] =̂ 9A^, 9^ i n d u c e s a m o r p h i s m 

ijj : Tr ( X 2 / G , X ° / G ) • A 1 / 9 A 2 . The s i t u a t i o n i s i l l u s t r a t e d 

by t h e f o l l o w i n g c o m m u t a t i v e d i a g r a m . 
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7 8* 
T T 2 [ X / G , x ' / G ) — > A 2 

TT ( X 1 / G , X ° / G ) -> A 1 

7 ^ 
IT ( x / G , x ° / n ) — - — - > A ^ S A 

As a ( t o t a l l y d i s c o n n e c t e d ) g r o u p o i d T T ^ ( X ^ / G , X ^ / G ) i s 

g e n e r a t e d by e l e m e n t s a ^ X w h e r e x £ TT^ ( X ^ / G , X ° / G ) a n d , 

as u s u a l , a^ i s d e t e r m i n e d by a c h a r a c t e r i s t i c map. Now 

3 K ]i J 
= 8 ( ( 0 * a ) * * ) 

f o r some x s u c h t h a t £3x 

as r e q u i r e d . 

Hence i n a l l c a s e s ( n > 3 ) we o b t a i n a w e l l - d e f i n e d m o r p h i s m 

t r n e * t r n T r ( x / G ) - t r % w h i c h i s e a s i l y s e e n t o be t h e 

T h i s , n a , , n t r 9*«tr x t r n e u n i q u e m o r p h i s m s u c h t h a t 

c o m p l e t e s t h e i n d u c t i v e s t e p , a n d h e n c e we o b t a i n t h e r e q u i r e d 

m o r p h i s m 6* : T T ( £ / G ) >- A. 

• 
R e m a r k s . ( 1 ) We n o t e d e a r l i e r t h a t t h e c e l l s t r u c t u r e on 

X may be v i e w e d as ( d e f i n i n g ) a p r e s e n t a t i o n o f T T ^ i n some 

s e n s e . The c e l l s a n d t h e i r b o u n d a r i e s g i v e g e n e r a t o r s a n d 

r e l a t i o n s as d e s c r i b e d by t h e o r e m 4 , 1 9 . The c o n t e n t o f t h e 

r e - c h a r a c t e r i s a t i o n ( p r o p o s i t i o n 4 . 1 8 ) i s t h e n t h a t TTX^ h as 

a p r e s e n t a t i o n ( g i v e n by Y) s u c h t h a t t h e g r o u p a c t s on t h e 
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p r e s e n t a t i o n . V i e w e d i n t h i s w a y , t h e o r e m 4.20 s a y s t h a t t h e 

o r b i t c r o s s e d c o m p l e x ( irXJ / ( G ) has a p r e s e n t a t i o n o b t a i n e d 

f r o m t h e p r e s e n t a t i o n o f TT X̂  by s e l e c t i n g a g e n e r a t o r f r o m 

e a c h o r b i t o f g e n e r a t o r s a n d s i m i l a r l y f o r r e l a t i o n s ( w h e n 

i n t e r p r e t e d a p p r o p r i a t e l y ) . 

( 2 ) . The p r o o f o f t h e i s o m o r p h i s m o f t h e o r e m 4.20 c r u c i a l l y 

d e p e n d s on l i f t a b i l i t y o f maps l n -> X/G t o X. T h i s was 

a c h i e v e d by m a k i n g t h e f a i r l y s t r o n g a s s u m p t i o n s t h a t X a n d 

X/G a r e C W - c o m p l e x e s w h i c h m e a n t we o n l y h a d t o l i f t 

c h a r a c t e r i s t i c m aps. We h a v e b e e n u n a b l e t o e s t a b l i s h t h e 

i s o m o r p h i s m u n d e r m o r e g e n e r a l h y p o t h e s e s due t o t h i s s t r o n g 

l i f t a b i l i t y r e q u i r e m e n t . 

( 3 ) . R e c a l l t h e o r e m 3.19 w h i c h g i v e s an i s o m o r p h i s m 

TT ( A / ( G ) ) = ( t A ) / ( G ) f o r t h e G - c r o s s e d c o m p l e x A , and 

n o t e t h a t i f A = TTZ f o r a CW-complex Z t h e n 

T T ^ ( Z , Z ° ) = T T ^ A . T h e s e r e s u l t s t o g e t h e r w i t h t h e o r e m 4.20 

g i v e an i s o m o r p h i s m TT^ ( X / G , X ° / G ) = IT ( X , X 0 ) / ( G ) . Hence 

we r e c a p t u r e t h e o r e m 4.9 b u t i n t h e more g e n e r a l c o n t e x t o f 

C W - c o m p l e x e s . 

4.21 COROLLARY. L e t X be a G-CW-comp1ex, v e X ° a n d 

n ">/ 2 . Then 

TT ( X N / G , X N _ 1 / G , T V ) = TT ( X N , X N 1 , v ) / N n n 

w h e r e N i s t h e s u b g r o u p g e n e r a t e d by e l e m e n t s o f t h e f o r m 

( a » g ) C x ° g X ] - a, f o r a C n ^ x " , X n _ 1 , v ) , x e it ( X 1 ) ( v , 
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a n d g e G s t a b i l i s i n g w e X ° 

P r o o f , F r o m c o r o l l a r y 3.17 we h a v e t h a t l\l i s g e n e r a t e d by 

e l e m e n t s o f t h e f o r m a m - a w h e r e a 6 TT C X n , X R ^ , v ) 
n 

a n d m = - y + n + y , y e ( Tr ̂  ( X 1 , X ° ) x G) (w , v ) a n d n = C e w , h ) 

w h e r e h s t a b i l i s e s w £ X ° . Now y may be w r i t t e n 
1 — 1 

y = ( z , k ) w h e r e k £ IT ̂  (X H w , v ̂  ) . Then 

m = ( - z . k , k ~ 1 ) + ( e w , h ) + ( z , k ) 

= i-z-k + z - h - ^ k , k _ 1 h k ) 

= ( x - X'g"'', g ] w h e r e x = -z»k a n d g = k ' ^ h k 

T h e r e f o r e 

m _ f x - x - g " 1 , g ] 
a • - a ~* a 

f , C a • g - x ) . , 
= la«gJ - a , as r e q u i r e d . 

• 
I n t h e c a s e w h e r e G a c t s f r e e l y t h e c o r o l l a r y g i v e s 

TT CX n/G, X n 1/G, T V ) = T r ^ [ X n , X n ^ , v ) . T h i s i s a s t a n d a r d n n 

r e s u l t s i n c e , i n t h i s c a s e , T : X —>- X/G i s a g e n e r a l i s e d 

c o v e r i n t h e s e n s e o f S. T . Hu [ j H o m o t o p y T h e o r y , A c a d e m i c P r e s s , 

1 9 5 9 ] . 

I t i s p e r h a p s u n f o r t u n a t e t h a t t h e m a i n t h e o r e m d o e s n o t y i e l d 

r e s u l t s a b o u t t h e a b s o l u t e g r o u p s — a t l e a s t , n o t d i r e c t l y . 

I t may be t h a t t h i s i s i n t r i n s i c t o t h e p r o b l e m . F o r e x a m p l e , 

i n [ 2 o ] R h o des g e n e r a l i s e s h i s g r o u p o t o h i g h e r d i m e n s i o n s 

b u t s i m p l e ( t w o d i m e n s i o n a l ) e x a m p l e s show t h a t t h e a n a l o g u e 

o f t h e o r e m 4.6 i s f a l s e i n h i g h e r d i m e n s i o n s . I n d i m e n s i o n t w o 
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h o w e v e r , we c a n g l e a n a l i t t l e m ore i n f o r m a t i o n , b e c a u s e i n 

t h i s c a s e t h e m o r p h i s m 3 : ir^ll , Z ) >- TT^ ( Z , Z ] w h i c h 

a p p e a r s i n TT_Z, i s p a r t o f t h e h o m o t o p y s e q u e n c e f o r t h e p a i r 
2 1 

( Z , Z ) . I n p a r t i c u l a r we h a v e t h e f o l l o w i n g . 

4 . 2 2 COROLLARY. L e t X be a G-CW-complex s u c h t h a t 

T T 2 ( X 2 , V ) = 0 , f o r v e X ° . Then 3 : TT 2 C X 2 , X 1 , v ) — ) - T T [ X 1 , v : 

i s i n j e c t i v e a n d 

IT C X ' V G . T V ) S (TT C X ' S x 1 , v ) K ) / N 

w h e r e 3 K = K = k e r ( i t : T I ^ C X , v ) > TT [ X / G , T V ) ) a n d N 

i s d e f i n e d i n t h e p r e v i o u s c o r o l l a r y . 

2 1 
P r o o f . F r o m t h e h o m o t o p y e x a c t s e q u e n c e f o r (X ,X ) i t i s 

i m m e d i a t e t h a t 3 i s i n j e c t i v e . C o m b i n i n g t h i s w i t h t h e 
2 1 

s e q u e n c e f o r (X /G,X /G) g i v e s t h e f o l l o w i n g d i a g r a m w i t h 

e x a c t r o w s a n d c o l u m n s . 

T T 2 (X /G, T V ) 

0 y M y TT f X 2 , X 1 , v ) T T N ( X 2/G, X 1 /G, T V ) • • 

0 • K - -»• TT C X , V ) TT (X /G, T V ) 

i r 1 C X , v ) 7T 1 C X /G, T V ) 
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The e x a c t n e s s o f t h e f i r s t r o w f o l l o w s f r o m c o r o l l a r y 4 . 2 1 . 

Hence T V 2 ( X 2 / G , T V ) k e r ( a : T T 2 ( X 2 / G , X 1 / G , T V ) — > T ^ C X V G . T V 

S i m p l e d i a g r a m c h a s i n g now p r o v e s t h e r e s u l t . 

• 
We c o m p l e t e t h i s c h a p t e r by i l l u s t r a t i n g t h e o r e m 4 . 2 0 w i t h a 

f e w e x a m p l e s . 

4 . 2 3 EXAMPLE. L e t X = = { ( x , . . . , x ) 6 ( R n + 1 I E x . 2 = 1 } n* o n ' I ' 

a n d l e t G = 2^, a c t by r e f l e c t i o n i n t h e e q u a t o r i a l 

h y p e r p l a n e . I . e . t h e g e n e r a t o r g 6 G maps ( x , . . , , x ) t o 

( x , . . . , x . , - x ) . C o n s i d e r t h e f o l l o w i n g c e l l s t r u c t u r e on o n - 1 n b 

X. X = X ~~ . . . = X = * = [ 1 , 0 , . o n , 0 ) , 

v n _ 1 r „ 0 n i _ i , v n v n - 1 , X = { x 6 S x = 0 }, a n d X - X = a \_» a w h e r e — n + 
^ = { x e S n I x £ 0 } . So X has f o u r c e l l s , ± — n x 

X = * u e „ u a u a 
n - 1 + 

L e t A = TTX . Then A = *, A. = ... = A „ = 0 , ~* o 1 n - 2 

A . = Z a n d A = Z x 2 . 9 : A — y A „ p r o j e c t s b o t h 
n - 1 n n n-1 

f a c t o r s o f A o n t o A a n d G a c t s on A by n n - 1 n y 

i n t e r c h a n g i n g t h e f a c t o r s . 

L e t B = A / ( G ) . Then B = A f o r r < n, B = Z a n d 
r r n 

9 : B y B i s an i s o m o r p h i s m . The o r b i t s p a c e X/G i s 
n n - 1 * * 

an n - d i s c w i t h s t a n d a r d c e l l d e c o m p o s i t i o n i n t o t h r e e c e l l s . 

C l e a r l y TT C^/G ] ^ B. 

A l t h o u g h t h i s e x a m p l e i s e s s e n t i a l l y t r i v i a l , i t d o e s 

i l l u s t r a t e t w o p o i n t s . The f i r s t i s t h e p o i n t made p r e v i o u s l y 
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t h a t t h e a l g e b r a i s an a c c u r a t e m o d e l f o r t h e t o p o l o g y . 

S e c o n d l y , i t i l l u s t r a t e s t h a t t h e o r e m 4 . 2 0 i s f a l s e f o r 

a r b i t r a r y c e l l s t r u c t u r e s . F o r s u p p o s e we g i v e X = S R i t s 

s t a n d a r d c e l l d e c o m p o s i t i o n w i t h j u s t t w o c e l l s . Then 

A = TTX^ has o n l y one n o n - t r i v i a l g r o u p , A N = Z . The 

r e f l e c t i o n h o m e o m o r p h i s m has d e g r e e - 1 so 2 ^ a c t s on A ^ 

n o n - t r i v i a 11 y . T h e r e f o r e B = A / ( G ) has t h e g r o u p ~Z~2 ^ n 

d i m e n s i o n n, w h e r e a s T T C ^ / G ) i s t r i v i a l . ( H e r e , o f c o u r s e , 

X / G d o e s n o t h a v e t h e s t r u c t u r e o f a C W - c o m p l e x ) . 

The a n t i p o d a l a c t i o n on S i s a l m o s t as e a s y . I n t h i s c a s e 

t h o u g h we r e q u i r e t w o r - c e l l s f o r e a c h r = 0 , 1 , . . . , n so t h e 

a l g e b r a i s more c o m p l i c a t e d . 

4 . 2 4 EXAMPLE. We now c o n s i d e r t h e e x a m p l e g i v e n by R hodes i n 

[ 2 0 ; § 9 ] w h i c h s hows t h a t t h e a n a l o g u e o f h i s t h e o r e m 4 . 6 d o e s 

n o t h o l d i n h i g h e r d i m e n s i o n s . 

L e t X be t h e t o r u s , o b t a i n e d f r o m I by i d e n t i f y i n g 
/ I 4 \ 2 o p p o s i t e s i d e s . G = v. g | g = /\> a c t s o n I by 

( a n t i c l o c k w i s e ) r o t a t i o n a n d i n d u c e s an a c t i o n on t h e t o r u s 

L e t X be t h e t o r u s w i t h t h e f o l l o w i n g c e l l s t r u c t u r e : i t 
AAA ° 

has f o u r 0 - c e l l s , e i g h t 1 - c e l l s a n d f o u r 2 - c e l l s . 

r — ' 1 

V v 

sd 

« v 
,c y > 

, a 

r 

• < .. 
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The d i a g r a m g i v e s t h e f o l l o w i n g d e s c r i p t i o n o f A = uX, 

( w h e r e , by a s l i g h t a b u s e o f n o t a t i o n , we use t h e same l e t t e r 

t o d e n o t e a c e l l a n d t h e c o r r e s p o n d i n g g e n e r a t o r i n A]« 

A - { p , q , r , s } . 

A i s t h e f r e e g r o u p o i d on t h e f o l l o w i n g g r a p h 

x v w z by yd 

A^ i s t h e f r e e c r o s s e d A ^ - m o d u l e on g e n e r a t o r s a , g , y , v 

w i t h 8a = x + a - d - y f A ( p ) , 9 B = - z + y + b - a e A ^ C q ) , 

3y = - b - t + z + c <= A ( r ) , a n d 9v = d - c - x + t £ A ( s ) . 

The g e n e r a t o r g o f G a c t s on A as f o l l o w s . 

A q : p - g = p, q»g = s, r»g = r , s°g = q 

A 1 : x 

a °g 

y, y g = z, z»g = t , t«g = x, 

b, b • g = c , c • g = d, d ° g = a . 

A 2 : a -b d = V , y ° g = v , v • 

We r e s t r i c t t o t h e v e r t e x p w h i c h i s f i x e d by G. A m a x i m a l 

t r e e i n t h e a b o v e g r a p h has t h r e e e d g e s so A^Cp) =. F,-, t h e 
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f r e e g r o u p on f i v e g e n e r a t o r s . A ( p ) i s t h e f r e e c r o s s e d 

A^ ( p ) - m o d u 1 e on f o u r g e n e r a t o r s , n a m e l y a = a, 3 =3 Z , 

\i = y C Z » v = \> ^ . [ T h e e l e m e n t 0 i s 9 " t r a n s p o s e d " 

t o t h e v e r t e x p by a p a t h i n 9 0 ] . The b o u n d a r y m o r p h i s m 

9 : A ( p ) —>- A^Cp) i s i n d u c e d by 9g" = z + 8 3 - z, e t c . 

A^Cp] has a p r e s e n t a t i o n , due t o W h i t e h e a d , w i t h g e n e r a t o r s 

( 0 , w ) f o r 0 € { a , B , y , v } a n d w e A ^ C p ) , and r e l a t i o n s 

( 6 , w ) + (<f>,w') + ( 0 , w ) = (cf>, w'-w+30+w) 

A^Cp) a c t s on A^Cp] by [ 0 , w ) w = ( 0 , w + w') a n d t h e 

b o u n d a r y m o r p h i s m i s g i v e n by 9 ( 0 , w ) = -w + 90 + w. 

L e t B = A / ( G ) . By c o r o l l a r y 3.17 t h e r e i s an i s o m o r p h i s m 

B 2 ( < p > ) 3* A [ p ) / N 

w h e r e N i s g e n e r a t e d by e l e m e n t s o f t h e f o r m 

f r "5" -i , -i(W -> h - w ') , . [ I 0 , w J ° h J — I 0 , w J , 

f o r w ' £ A^ [ p , v ) a n d h £ G s t a b i l i s i n g v . 

S i n c e p i s f i x e d by e v e r y e l e m e n t o f G, t a k i n g w' t o be 

t h e i d e n t i t y a t p shows t h a t t h e e l e m e n t s ( 0 , w ) * h - ( 0 , w ] 

l i e i n N. A l s o A [ p ] i s e a s i l y s e e n t o be g e n e r a t e d by t h 

e l e m e n t s w'«h - w', so t h e e l e m e n t s (0°h,1) - (0,w3 



95 

l i e i n IM ( w h e r e h d e p e n d s on w ) . C o m b i n i n g t h i s w i t h t h e 

e l e m e n t a b o v e [ f o r w=1) we s e e t h a t (0,w3 - ( 9 , 1 ] l i e s 

i n N, 

The r e f o r e a p r e s e n t a t 

V P3 by a d d i n g t h e 

cF, 1 ) = CF , w) . The 

a n d t h e r e l a t i o n s o f 

The o r b i t s p a c e X / G 

( We u s e X t o d e n o t e 

a n d 

1 

S i n c e X / G i s c o n t r a c t i b l e , 

= 1L, as r e q u i r e d . 

i r 2 ( X 2 / G , X 1 / G , p ) £ I T [ S 2 , * ] 

T h i s e x a m p l e s h o w s t h 

a l g e b r a c a n become qu 

c o m p l i c a t e d s t r u c t u r e 

as a c r o s s e d m o d u l e . 

a t , e v e n f o r f a i r l y 

i t e c o m p l i c a t e d , l a 

o f t h e s e c o n d r e l a 

s i m p l e a c t i o n s , t h e 

r g e l y due t o t h e 

t i v e h o m o t o p y g r o u p 

We h a v e b e e n a b l e t o e s t a b l i s h t h e i s o m o r p h i s m IT C^J / ( G ) ^ 

T T ( ! X / G ] o n l y i n t h e c a s e w h e r e X i s a G - C W - c o m p l e x . I n 

v i e w o f A r m s t r o n g ' s s u c c e s s i n r e d u c i n g t h e c o n d i t i o n s r e q u i r e d 

f o r t h e g r o u p o i d r e s u l t we f e e l t h a t t h e i s o m o r p h i s m f o r 
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c r o s s e d c o m p l e x e s p r o b a b l y h o l d s more g e n e r a l l y ( a l t h o u g h 

much s t r o n g e r l i f t a b i l i t y c o n d i t i o n s a r e r e q u i r e d i n t h i s 

c a s e ) . I t w o u l d be i n t e r e s t i n g t o Know t h e m o s t g e n e r a l 

c o n d i t i o n s u n d e r w h i c h t h e o r e m 4.20 h o l d s . 
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CHAPTER F I V E . RAZAK'S CONJECTURE AND RELATED RESULTS 

T h i s c h a p t e r c o n c e r n s t o p o l o g i c a l s p a c e s X w i t h a c o v e r 

I t = { X | X fi- A} by s u b s p a c e s , a n d v a r i o u s a s s o c i a t e d g r o u p o i d 
A 

I n p a r t i c u l a r we c o n s i d e r f u n d a m e n t a l g r o u p o i d s o f t h e 

c l a s s i f y i n g s p a c e BUt o f t h e c o v e r , d e f i n e d by S e g a l [ 2 1 ] . 

S e c t i o n one g i v e s t h e d e f i n i t i o 

some b a c k g r o u n d r e s u l t s . T h e r e 

c l a s s i f y i n g s p a c e o n t o X a n d 

I n h i s t h e s i s [ i s ] Razak made a 

m o r p h i s m o f f u n d a m e n t a l g r o u p o i 

o f BU o n t o t h e n e r v e . I n s e c t 

f o r m o f t h e c o n j e c t u r e . 

n o f t h e c l a s s i f y i n g s p a c e a n d 

a r e n a t u r a l p r o j e c t i o n s o f t h e 

o n t o t h e n e r v e o f t h e c o v e r . 

c o n j e c t u r e c o n c e r n i n g t h e 

ds i n d u c e d by t h e p r o j e c t i o n 

i o n t w o we p r o v e a m o d i f i e d 

The m o r p h i s m TT^ Bll — > • TT^X i n d u c e d by t h e p r o j e c t i o n o f B i t 

o n t o X was a l s o c o n s i d e r e d by R a z a k . I n p a r t i c u l a r , he p r o v e d 

t h a t t h e m o r p h i s m i s a h o m o t o p y e q u i v a l e n c e o f g r o u p o i d s i n t h e 

c a s e w h e r e t h e i n t e r i o r s o f t h e members o f U c o v e r X . I n 

s e c t i o n t h r e e we i n d i c a t e t h a t t h i s m o r p h i s m i s c l o s e l y 

r e l a t e d t o t h e o n e - d i m e n s i o n a 1 u n i o n t h e o r e m v i a a g r o u p o i d 

c o n s t r u c t i o n o f C r o w e l l a n d S m y t h e [ l 3 ^ . 

S e v e r a l a u t h o r s h a v e c o n s i d e r e d p r e s e n t a t i o n s o f g r o u p s o f 

h o m e o m o r p h i s m s o f a s p a c e w i t h a f u n d a m e n t a l d o m a i n . F o r 

e x a m p l e , s e e H a c b e a t h [ 1 7]» Swan [ 2 4 ] , a n d A b e l s [ l ] . S e c t i o n 

f o u r a p p l i e s t h e m o d i f i e d Razak c o n j e c t u r e , p r o v e d i n s e c t i o n 

t w o , a n d t h e n o t i o n o f t h e s e m i - d i r e c t p r o d u c t g r o u p o i d t o 
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t h i s s i t u a t i o n . 

F i n a l l y , we c o n c l u d e w i t h some g e n e r a l r e m a r k s c o n c e r n i n g 

p o s s i b l e f u t u r e d e v e l o p m e n t s o f t h e t h e o r y . 

1 . THE CLASSIFYING SPACE B% 

I n t h i s s e c t i o n we g i v e some c o n s t r u c t i o n s a n d r e s u l t s 

r e q u i r e d l a t e r . F o r t h e m o s t p a r t t h i s m a t e r i a l i s w e l l - k n o w n 

o r i s due t o Ra z a k [ l 8 ] . We f o l l o w t h e n o t a t i o n a n d a p p r o a c h 

o f [ i s ] w h i c h i s t h e b a s i c r e f e r e n c e f o r t h i s s e c t i o n . 

L e t It = (X | X £ A} be a c o v e r o f t h e s p a c e X by 

s u b s p a c e s . We b e g i n by c o n s t r u c t i n g a s p a c e BU d e f i n e d by 

S e g a l [ 2 l ] . F i r s t g i v e t h e i n d e x s e t A a w e l l - o r d e r i n g , a n d 

l e t A ̂ n d e n o t e t h e s e t { ( L , . . . , i ) f A n I ) i j . . . 4 U . 
I n 1 n 

D e f i n e a s i m p l i c i a l s p a c e NIL by 

u [nit) = 1 — 1 x 
k ' n , ( n + 1 } v v *A 

w h e r e X = X, n ... O X, . An e l e m e n t o f ( \M0 v A X n 1 s 

( x, A , . . . , A 
o n 

w h e r e x 6 X , v = (A ,...,A ) . The f a c e v o n 

a n d d e g e n e r a c y maps a r e d e f i n e d i n t h e u s u a l w ay. The 

c l a s s i f y i n g s p a c e BlL o f t h e c o v e r %i i s t h e g e o m e t r i c 

r e a l i s a t i o n o f H%, g i v e n by 

B% = U 
n > 0 

( Uli) x A n 
n 1 

w h e r e A n i s t h e s t a n d a r d n - s i m p l e x ( i n (R n ^) a n d ^ i s t h e 
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u s u a l e q u i v a l e n c e r e l a t i o n . B i t h a s a n a t u r a l f i l t r a t i o n by 

s k e l e t a : 

BU : B1l° Q B t t 1 Q . . . Q BUn Q . . . 

T h e r e i s a n a t u r a l p r o j e c t i o n p : Bli — • X i n d u c e d by t h e 

map NIL + X, ( x , X , . . . , X ) x . I n [ 2 1 ] S e g a l p r o v e d 

t h a t p i s a h o m o t o p y e q u i v a l e n c e i n t h e c a s e w h e r e 1£ i s a 

n u m e r a b l e c o v e r , a n d Razak s h o w e d t h a t t h e i n d u c e d m o r p h i s m 

p * : ir^BZt T X i s a h o m o t o p y e q u i v a l e n c e ( o f g r o u p o i d s ) 

i n t h e c a s e w h e r e t h e i n t e r i o r s o f t h e X ' s c o v e r X. I n 
A 

t h e p r o o f o f h i s r e s u l t R a z a k e s t a b l i s h e d t h e f o l l o w i n g [ l 8; 

C h a p t e r 2, d i a g r a m 2.1, p a g e 7 o ] , 

5.1 LEMHA . The f o l l o w i n g d i a g r a m i s a p u s h o u t i n ^ p d 

v 6-A t n + 1 ) 
i r i ( X v x 9 A n ) — > ir ( B M n 1 ) 

veA [ n + 1 ) 
T T 1 ( X v x A") 

w h e r e j , J a r e i n d u c e d by i n c l u s i o n s , a n d k ,K a r e n n J n n 
i n d u c e d b y t h e i d e n t i f i c a t i o n map U 

n » 0 
( N i t ) x A -> Bit, n 

• 
I n t h i s c h a p t e r we a r e u s u a l l y c o n c e r n e d w i t h t h e f u l l 

s u b g r o u p o i d s i r ^ ( BliP , BU° ) o f IT ( BHP ) . I t i s c o n v e n i e n t , 

t h e r e f o r e , t o h a v e a v e r s i o n o f lemma 5.1 i n t e r m s o f t h e s e 

g r o u p o i d s . 
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5.2 COROLLARY. The f o l l o w i n g d i a g r a m i s a p u s h o u t i n ^ p d , 
n 0 n w h e r e (A ) i s t h e s e t o f v e r t i c e s ( 0 - s k e l e t o n ) o f A . 

t n + 1 ] 
IT . ( X x B A n , X x ( A n } ° ) 1 v v 

t n + 1 ) 
TT (X x i " , X x ( A n ) ° ) 1 v v »• IT ( B U P , BU° 

P r o o f . By [ l 4; T h e o r e m 2 ] e a c h g r o u p o i d i n t h e d i a g r a m i s 

a r e t r a c t o f t h e c o r r e s p o n d i n g g r o u p o i d i n 5 . 1 . The c o r o l l a r y 

now f o l l o w s f r o m B r o w n ' s r e s u l t [_B; 6 . 6 . 7 ] t h a t a r e t r a c t o f a 

p u s h o u t i s a p u s h o u t . 

• 
Razak d e f i n e s c e r t a i n e l e m e n t s <j), ( x ) 6 TT ( Btt'', B%°) f o r 

Ay 1 
x e X ? / i X ^ , 6 A ( 2 ) 

BU g i v e n by 

<(> ̂  [ x ) i s t h e c l a s s o f t h e map 

K ^ ( x , X , y , t ) a n d h a s i n i t i a l 

v e r t e x ( x , A ] , f i n a l v e r t e x C x . y ] 

t o a l l ( A, y ) £ A by d e f i n i n g <j> ( x ) 
y A 

We e x t e n d t h e d e f i n i t i o n 

C x ) f o r Ay 

A ̂  y . The e l e m e n t J J ) ( x ) e TT ( B%f , BU° ) w i l l g e n e r a l l y 
z A y 1 

be d e n o t e d d>, ( x' 
Ay a l s o 

5.3 LEMNA. ir CBU 1, Bli° ) i s g e n e r a t e d by J ^ C B U 0 ) a n d 

t h e e l e m e n t s ( x ) f o r x e X , = X n X . Ay Ay A y 

P r o o f . F r o m c o r o l l a r y 5.2 w i t h n=1 i t f o l l o w s t h a t 

IT [ , BU° ] i s g e n e r a t e d by t h e i m a g e s o f a n d K^. 

I d e n t i f y Tr„(X x A 1 , X x 8 A 1 ) w i t h T T „ ( X ) x i w h e r e 1 i s y 1 v v 1 v 
t h e u n i t i n t e r v a l g r o u p o i d g e n e r a t e d by ye ^ C O . 1 ) . Then 
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ir.CX ) x {f i s g e n e r a t e d by e l e m e n t s o f t h e f o r m ( a , 0 ] a n d 

t c x , y ) w h e r e a f i r ^ ( X ^ ) a n d x g X ^ . To e m p h a s i s e t h e 
2 

r o l e o f v = ( X , y 1 € A we s h a l l u s u a l l y w r i t e ( a , 0 3 as 

Ca.v.O] o r Ca.X.p.O] a n d s i m i l a r l y f o r [ e x . y ) . 

U n d e r t h e a b o v e i d e n t i f i c a t i o n K maps lex,v,y) t o cf> Cx] 

a n d ( a , v , 0 ] t o i ( a l w h e r e 1 : T T . X C—>• n ( B U ) • 
A A \ X 1 

t ^ C B W 1 , BU°). Hence i ̂  ( a ) £ J ^ T T ^ C Btt°) so t h e i m a g e s o f 

a n d a r e p r e c i s e l y t h e s t a t e d g e n e r a t o r s . n 
R a z a k s h o w e d [ 1 8 ; p 7 4 ] t h a t f o r x e X , = X r\ X O X t h e 

u 1 Xyri A y n 
r e l a t i o n <j>, f x ) + d> Cx) = A, ( x ) h o l d s i n I T „ ( B M 2 , B^° ) Xy yn Xn 1 

b u t n o t i n ir [ BU 1 , BZt°). I n d e e d t h e s e r e l a t i o n s a r e t h e 

e s s e n t i a l d i f f e r e n c e b e t w e e n t h e t w o g r o u p o i d s as t h e n e x t 

r e s u l t s h o w s . 

5.4 PROPOSITION . J 2 : ( B I Z 1 , B U ° 1 > T T ^ B ^ , 2 . B<U° ) i s a 

q u o t i e n t m o r p h i s m w h o s e k e r n e l i s t h e n o r m a l s u b g r o u p o i d R 

g e n e r a t e d by e l e m e n t s o f t h e f o r m <J>, f x ) + d> f x ] + <f> , Cx] 
Xy y n nX 

f o r x 6 X , 
Xy n 

O u t l i n e p r o o f . We s h a l l o m i t some o f t h e d e t a i l s s i n c e t h e y 

a r e r o u t i n e a n d s i m i l a r a r g u m e n t s a r e g i v e n i n g r e a t e r d e t a i l 

l a t e r . 

J 2 i s t h e i d e n t i t y on v e r t i c e s . F r o m t h e p u s h o u t o f 
2 

c o r o l l a r y 5.2 w i t h n = 2 , a n d t h e f a c t t h a t A i s s i m p l y 

c o n n e c t e d , i t f o l l o w s t h a t J i s s u r j e c t i v e . Hence i t i s 
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p i e c e w i s e s u r j e c t i v e a n d t h e r e f o r e a q u o t i e n t m o r p h i s m by 

p r o p o s i t i o n 2 .3. 

We h a v e n o t e d t h a t R a z a k ' s w o r k s hows t h a t R C k e r J , so 

t h e r e i s an i n d u c e d m o r p h i s m 

J * : i ^ C B l l 1 , BU°)/R >• I T C B i t 2 , BU° ) 

The p u s h o u t o f c o r o l l a r y 5.2 ( a g a i n w i t h n = 2 ) c a n now be u s e d 

t o c o n s t r u c t t h e i n v e r s e i s o m o r p h i s m t o J * . 

• 
F i n a l l y i n t h i s s e c t i o n we r e c a l l some f a c t s a b o u t t h e n e r v e 

o f t h e c o v e r 1L . The n e r v e K = Kit i s an ( a b s t r a c t ) 

s i m p l i c i a l c o m p l e x w h o s e n - s i m p l e x e s a r e ( n + 1 ) - t u p l e s 

(X ,...,X ) w h e r e X, = x, n ... OX, ^ 6. o n X . . X X X r 

o n o n 

By p r o p o s i t i o n 4.8 t h e f u n d a m e n t a l g r o u p o i d ( K., K ° ) 

( o r T T ^ ( K ^ , K ° ) ) has v e r t e x s e t K ° , g e n e r a t o r s [ x , y ] 

w h e r e 4 0 a n d r e l a t i o n s C x , y ] + [ y , n ] = [ x . n j 

w h e r e X A 4 p. 
Xy TI ~ 

A l s o t h e map WUL—> K, ( x , X ,...,\ ) (X ,...,X ) 
o n o n 

i n d u c e s a m o r p h i s m IT ̂  ( BH? , B7i° ) — > ( K , K,° ) , w h e r e 

TT ( K., K° ) i s i d e n t i f i e d w i t h TT C I K. | , | K° | D _ B u t t h i s i s 

t h e s u b j e c t o f t h e n e x t s e c t i o n . 
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2. RAZAK'S CONJECTURE 

L e t U = {X | X e A} be a c o v e r o f t h e s p a c e X s u c h t h a t X 
t h e i n t e r i o r s o f t h e s e t s X c o v e r X. T h e r e i s a s i m p l i c i a 

X 
map f ; NIL —> K, g i v e n by C x, X , . . • , X ) I—>- f A , . . . , X ) . 

o n o n 

I t s r e a l i s a t i o n B i t — y | K | w h i c h we a l s o d e n o t e by f 

i n d u c e s a g r o u p o i d m o r p h i s m f „ : -n^lBVL^, BU° ) — y TT^ C K, K ° ) , 

H e r e Tr^(K.,K°) i s t h e e d g e - p a t h f u n d a m e n t a l g r o u p o i d w h i c h 

i s i s o m o r p h i c t o TT^^ j K j , | K a j D . R azak shows t h a t f + i s 

s u r j e c t i v e — a g e n e r a t o r o f T T ^ C K , K ° ) i s [ x , y ] w h e r e 
X n X ^ 6, a n d f „ <j>, f x ) = f x , y~| f o r a ny x e X n X . A y ' * A p L J A y 
He makes t h e f o l l o w i n g c o n j e c t u r e [ l 8; p 8 9 " ] . 

5.5 CONJECTURE ( R a z a k ) . L e t N = k e r f t . Then N i s 

g e n e r a t e d as a n o r m a l s u b g r o u p o i d o f TT X by t h e e l e m e n t s 

r e p r e s e n t e d by a p a t h i n a t l e a s t one o f t h e s e t s X u X . 
X y 

• 
F i r s t n o t e t h a t t h e c o n j e c t u r e i s n o t w e l l - p o s e d as i t s t a n d s . 

N c a n n o t be r e g a r d e d as a s u b g r o u p o i d o f TT^ ( X ) as t h e 

v e r t e x s e t i s n o t c o r r e c t . N o t e a l s o t h a t f # i s a q u o t i e n t 

m o r p h i s m i f a n d o n l y i f e a c h s u b s e t X i s p a t h c o n n e c t e d . 

T h i s f o l l o w s f r o m t h e c h a r a c t e r i s a t i o n o f q u o t i e n t m o r p h i s m s 

g i v e n i n p r o p o s i t i o n 2 . 3 . We make t h i s a d d i t i o n a l a s s u m p t i o n . 

R a zak d i d n o t ass u m e t h i s , a n d he a p p e a r s t o use a w e a k e r 

n o t i o n o f e x a c t n e s s t o o u r s ( d e f i n i t i o n 2 . 5 ) . The r e a s o n f o r 

m a k i n g t h e a s s u m p t i o n i s t h a t we t h e n h a v e a t o u r d i s p o s a l t h e 

u n i v e r s a l p r o p e r t y o f q u o t i e n t m o r p h i s m s ( d e f i n i t i o n 2 . 2 ) . 

The f o l l o w i n g r e s u l t may be r e g a r d e d as a m o d i f i e d f o r m o f t h e 

c o n j e c t u r e . 
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5.6 THEDREN. S u p p o s e t h e s e t s X £ H a r e p a t h - c o n n e c t e d 
A 

Then N = k e r f t i s g e n e r a t e d as a n o r m a l s u b g r o u p o i d o f 

T T ^ B U 2 , B U ° ) by Tt^iBU0) a n d e l e m e n t s o f t h e f o r m 

* X p C x 3 + i y f a ^ + ^ y x ^ - 1 ' w h e r e x , y ^ X x p ' a f e 7 T - ] ' - X ^ ) ( x , y ! 

a n d i : n^X c • i ^ C B W . 0 ) — U T ^ C B K . 2 , BU° ) . 

\ 

N o t e • I n p a s s i n g t o IT ( B I Z 2 , B W ° ] / N , t h e e l e m e n t s o f 

TT [ B W ° ] h a v e t h e e f f e c t o f k i l l i n g t h e h o m o t o p y w h i c h comes 

f r o m t h e X ' s , a n d t h e o t h e r g e n e r a t o r s o f N i d e n t i f y 

cf>. ( x ) w i t h <f), t y ) f o r x , y f X, Ay T X y y y Xy 
e l e m e n t s i s t h e f o l l o w i n g . 

A p i c t u r e o f t h e s e 

' T X y 

P r o o f . L e t M be t h e n o r m a l s u b g r o u p o i d g e n e r a t e d by 

IT ( Bit ) an d t h e e l e m e n t s i , f x ) + i ( a ) + <f> , ( y ) . S i n c e Xy y yA 
i s a q u o t i e n t m o r p h i s m i t w i l l be s u f f i c i e n t t o e s t a b l i s h 

t h e i s o m o r p h i s m 

TT 1 ( B U 2 , B U ° ) / M ^ TT 1 ( K , K ° ) 

We f i r s t show M c M = K e r f I f a & TT ( X 1 y 
c l e a r l y f t i ( a ) = ey A l s o f + ( ( . A i j ( x ) = [ A , y ] 

t h e n 

s o 

yA 

Hence M S N , so f t i n d u c e s a u n i q u e m o r p h i s m \p s u c h 
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t h a t t h e f o l l o w i n g d i a g r a m c o m m u t e s [ w h e r e x i s t h e n a t u r a l 

m o r p h i s m ] . 

T T ^ B U 2 , B1L°) — ^ — * v^im2, BU°)/V\ 

77 ,j f K . K ] 

We show t h a t ijj i s an i s o m o r p h i s m by c o n s t r u c t i n g i t s i n v e r s e 

9. R e c a l l t h a t T \ ^ ( . K , K ° ) has g e n e r a t o r s [ A , y ] w h e r e 

X ̂  t $ a n d r e l a t i o n s C^'^] + [_V > f ) ] = ["A, n ] w h e r e 

X ¥ 0. D e f i n e Ayn r 
on v e r t i c e s by 9 [ A ] = x C x , A ) w h e r e 

x e X , a n d on g e n e r a t o r s by 0 [ A , = x<J) t x ] f o r A Ay 
x ex Ay To p r o v e t h a t i s w e l l - d e f i n e d we m u s t show ( i ) 

t h a t t h e d e f i n i t i o n i s i n d e p e n d e n t o f t h e c h o i c e o f t h e x's 

an d ( i i ] t h a t p r e s e r v e s t h e r e l a t i o n s o f Tr^fK.K ) 

[ i ] I f x , y e X t h e n t h e r e i s a p a t h i n X f r o m x t o 

s o 

A 
x [ x , X ) = T ( y , X ] . I f x , y e X Ay t h e n t h e r e i s an 

i l e m e n t a € ( i r ^ X ) ( x , y ] so 

Xy 
xd>, Cx1 . 

Xy 

yX Xy 

T h e r e f o r e t h e d e f i n i t i o n o f 

made . 

i s i n d e p e n d e n t o f t h e c h o i c e s 

C i i ] By p r o p o s i t i o n 5.4 t h e r e l a t i o n d>, ( x ] + d> ( x ] y H H Xy T y n 
6 [ x ] h o l d s i n T T „ ( B ? £ 2 , B%° ) f o r x£ X, ^ x n 1 Ayn 
9 p r e s e r v e s t h e r e l a t i o n s o f IT ( K , K ° ) . 

T h e r e f o r e 
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Now < J ; 9 [ x , y ] = i|>T<t> x ? j(x) = f * 4 )
A l J f x ) = C^-y] . so ^ © i s t h 

i d e n t i t y on TT ^ ( K , K ° ) . To show 8^ i s a l s o t h e i d e n t i t y 

r e c a l l lemma 5.3 a n d p r o p o s i t i o n 5.4 w h i c h i m p l y t h a t 

IT ( , B i t 0 ) i s g e n e r a t e d by i ( a ) f o r a e n , ( X . ] a n d I A *! A 

$, C x ) f o r x £ X , . Now Ay Xy 

9 f t i A ( a ) = 9eX = E T ( X , X ) = x i ^ t a ] , a n d 

9 f * * A y C x ) = 6 ^ ' ^ = U < f , X y C x ] 

T h e r e f o r e 6°f t = T . T h a t i s 8 IJJT = T , so 6i> i s t h e 

i d e n t i t y on IT^ ( B i t . 2 , BU° ) /M . Thus 0 a n d ip a r e i n v e r s e 

i s o m o r p h i s m s , w h i c h c o m p l e t e s t h e p r o o f . 

• 
To e x p l a i n why t h e o r e m 5.6 i s a m o d i f i c a t i o n o f R a z a k ' s 

c o n j e c t u r e r e c a l l t h a t t h e r e i s a n a t u r a l map p : BIZ. — • X 

w h i c h i n d u c e s p „ : TT^ ( BU 2 , BU° ) —> TT (X ) . Now k e r f „ 

g e n e r a t e d by e l e m e n t s o f t h e f o r m i , ( a ] + <f>, ( x ) + i ( B ) + 
X Xy y 

<() ^ C y ) . U n d e r p t s u c h an e l e m e n t maps t o a + B e T T ^ C X ) , 

w h i c h has a r e p r e s e n t a t i v e i n X , U X . I t s h o u l d be n o t e d 
X y 

t h a t t h e e l e m e n t s o f TT^ (X ) a r i s i n g i n t h i s way h a v e e n d 

p o i n t s i n t h e same X . C o n v e r s e l y , any e l e m e n t o f TT ( X ) 
A I 

w i t h a r e p r e s e n t a t i v e i n some X , u X i s t h e p r o i e c t i o n H X y H J 

u n d e r p t o f an e l e m e n t o f k e r f t p r o v i d e d i t has e n d 

p o i n t s i n t h e same X . 
A 
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3. CONNECTIONS WITH THE 1-DIMENSIONAL UNION THEOREM AND 

GROUPOID MAPPING CYLINDER 

L e t X be a s p a c e w i t h a c o v e r If, = {X | A e A} a n d l e t 
A 

B% d e n o t e t h e c l a s s i f y i n g s p a c e . I n t h i s s e c t i o n we c o n s i d e r 

t h e m o r p h i s m p + : TT^ [ BlC , B%° ) — > TT^ ( X ) i n d u c e d by t h e 

p r o j e c t i o n p : BtL —>• X d e f i n e d i n s e c t i o n o n e . We p r o v e 

t h a t p t i s a q u o t i e n t m o r p h i s m a n d g i v e i t s k e r n e l . T h i s 

r e s u l t i s v e r y c l o s e t o t h e 1 - d i m e n s i o n a 1 u n i o n t h e o r e m — i t s 

p r o o f u s e s t h e u n i o n t h e o r e m . The c o n n e c t i o n b e t w e e n t h e t w o 

r e s u l t s i s g i v e n by t h e g r o u p o i d m a p p i n g c y l i n d e r c o n s t r u c t i o r 

o f C r o w e l l a n d S m y t h e [ l 3 ] . 

The f o l l o w i n g r e s u l t f o l l o w s f r o m t h e o n e - d i m e n s i o n a 1 u n i o n 

t h e o r e m ( s e e [ 9 ] , [ l 8 ] ] . 

5.7 THEOREM. L e t 11 = { X . | Xe A} be a c o v e r o f X s u c h 
A 

t h a t t h e i n t e r i o r s o f t h e e l e m e n t s o f c o v e r X. Then t h e 

d i a g r a m 

_J vv LI w v x ) 

v e A 2 b AeA 

i s a c o e q u a l i s e r i n ^ p d , w h e r e a a n d b a r e i n d u c e d by 

t h e i n c l u s i o n s X = X, c — • X,, X c — X r e s p e c t i v e l y , 
v Ay A v y 

an d c i s i n d u c e d by t h e i n c l u s i o n s X c > X. 
A 

• 
The m a i n r e s u l t o f t h i s s e c t i o n i s t h e f o l l o w i n g . LDe nou? assume 

tfcat bit tnteriors. tb* mewtw'* <f % coWt X . 
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5.8 THEOREM. The m o r p h i s m p t : •n {Bit} , BU°) > T T ^ C X ] 
1 

d e f i n e d p r e v i o u s l y i s a q u o t i e n t m o r p h i s m w h o s e k e r n e l i s t h e 

n o r m a l s u b g r o u p o i d N g e n e r a t e d by t h e e l e m e n t s &> ( x ] f o r 
Ay 

x fe X Ay ( A . y ) e A' 

P r o o f . F i r s t n o t e t h a t u s i n g t h e p u s h o u t o f c o r o l l a r y 5.2 

w i t h n = 1 , p c a n be d e f i n e d by t h e d i a g r a m 

u * AY. x 3 4 
1 v -* T T 1 (B<tf°) 

v eA' 

I T . (X x A 1 , X x 8A 1 

1 V V 
•> TT 1 [ X ) 

V 6 A' 

w h e r e f i s i n d u c e d by i n c l u s i o n s 
X A ^ X ' 

i d e n t i f i c a t i o n I T „ (X xA , X x8A 3 — n " , ( X ) x 5 

a n d w i t h t h e 

( s e e 1emma 

g ( a , v , 0 ] = a . 5 . 3 ] , g i s d e f i n e d by g t E x . v . y ) = ex , 

( S t r i c t l y , g ( a , v , 0 ) = c a ( a ) = c b ( a ) , w h e r e a , b , c a r e 

g i v e n i n t h e o r e m 5 . 7 ] . 

L e t N be as s t a t e d . Then N C k e r p + s i n c e 

'Ay P t i f , J x ) = g ( e x , A , y , 0 ] = e x . 

The n e x t s t e p i s t o p r o v e t h a t p + i s a q u o t i e n t m o r p h i s m 

We u s e t h e c h a r a c t e r i s a t i o n o f q u o t i e n t m o r p h i s m s g i v e n i n 

p r o p o s i t i o n 2 . 3 . L e t a £ 7 r ^ ( X ] ( x , y ] — s a y a = f o r 

some p a t h I i n X. Now I has a s u b d i v i s i o n 

I *1 n 
F t . , t . .1 i n t o L i ' i + 1 -J 

s u c h t h a t SL^ maps t h e s u b i n t e r v a l 

f o r some A. € A 
l 

D e f i n e 
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8 <= T T 1 C B2t1 , B«l°) by 

Now p t ( c h = [ " ^ j + ••• + [ ^ n J = a ' 3 0 P* i s s u r j e c t i v e 

Suppose v,wfc B1i° are such t h a t P*v = P * w • Then 

v = ( x , A ) and w = ( x , y ) f o r some x e X . However 
Ay 

<f>. ix) £ N„(v,w] £ ( k e r p . H v, w) so v and w l i e i n t h e Ay i 
same component o f t h e k e r n e l . T h e r e f o r e , by p r o p o s i t i o n 2.3, 

p + i s a q u o t i e n t m o r p h i s m . 

S i n c e N £ k e r p + t h e r e i s a u n i q u e morphism q such t h a 

t h e f o l l o w i n g d i a g r a m commutes (where T i s t h e n a t u r a l 

p r o j e c t i o n ) . 

1 1 
TT . [ Bit. B2T Bu J / N 1 

To show t h a t q i s an i s o m o r p h i s m ( i . e . Ker p + = N ) we 

use t h e o r e m 5.7 t o c o n s t r u c t i t s i n v e r s e . D e f i n e 

: [ J W 
Ae A 

-* ir ( B^1 , B'U0 ) /N 

by r ( a, A ) = x i ( a ) 
A 

(where v vv TT 1 ( BiT ) 

7r.(B2i 1, B l l 0 ] ) . L et ( a , A , y ) e TT (X ) . Then r a t a , A , y ) = I I A y 
r ( a , A ) = T i , ( a ) , and s i m i l a r l y r b ( a , A , y ) = x i ( a ) . Now A y 
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Razak n o t e s Pi 8 ; p 7 7 ] t h a t ( a, A ) = <K ( 3 ° a) + ( a, y ) + u Ay 
1 <J> „ ( 3 a l • Hence x i , f a ) = x i ( a ] so r a = r b . T h e r e f o r e , y A X y 

by t h e o r e m 5.7, r i n d u c e s a morphism 

r * : ir CX] * T ^ C B t t 1 , BZ*°)/N 

such t h a t r * c = r . We c l a i m t h a t q and r * a r e i n v e r s e 

i s o m o r p h i s m s . 

F i r s t n o t e t h a t f o r ( a , A ) £ TT . [ X I 
I A 

q r f a . A ) = q x i ( a ) = p„i ( a ) = a = c f a . A ) 
A A 

So q r = c and hence q r * c = c. T h e r e f o r e q r * = i d . , 
ir^ I X J 

A l s o r * p t i ( a l = r * ( a ) = r f a , A ) = x i Cot) , and A A 
r*P*<t>, f x ) = r * e x = xd>, ( x ) . * Ay Ay 

By lemma 5.3 t h e e l e m e n t s o f t h e f o r m i f a ) f o r a g xr - [ X ) , 
A 1 A 

and A, f x ) f o r x £ X g e n e r a t e TT . f BfliC , BW°) . Hence Ay Ay 1 
r* p = x so r * q = i d . 

T h e r e f o r e p and r * a r e i n v e r s e i s o m o r p h i s m s , c o m p l e t i n g 

t h e p r o o f . 

• 
5.9 COROLLARY f R a z a k ) . The morphism p ; : IT f BU.2 , BU° ) -> (X ) 

i n d u c e d by p : B%L — > X i s an e q u i v a l e n c e o f g r o u p o i d s . 



111 

P r o o f . There i s a c o m m u t a t i v e d i a g r a m 

- f v 1 

where J and p t a r e q u o t i e n t m o r p h i s m s . I t f o l l o w s t h a t 

p^ i s a q u o t i e n t morphism whose k e r n e l i s t h e n o r m a l 

s u b g r o u p o i d g e n e r a t e d by t h e e l e m e n t s tf> f x ) , f o r x e X 
Ay Ay 

Hence t h e components o f ir^CBW.2, B1L°) and T T ^ C X ] a r e i n 

b i j e c t i v e c o r r e s p o n d e n c e ( g i v e n by p ̂  ) . Now t h e k e r n e l 

o f p^ i s s i m p l y c o n n e c t e d s i n c e t h e r e l a t i o n 
<}>, ( x ) + <j) ( x ) + <}> f x ) h o l d s i n T T A B V . 2 , BU°) . T h e r e f o r e Ay y n ri A 1 
t h e v e r t e x g r o u p s o f t h e c o r r e s p o n d i n g components o f 

TT^ ( B i t 2 , BU,01 and TT^ C X ] a r e i s o m o r p h i c . A r e s u l t o f H i g g i n s 

[14; C o r o l l a r y 2, p47~] c o m p l e t e s t h e p r o o f . 

• 
Note t h a t i n g e n e r a l t h e k e r n e l o f p t : TT ̂  C Bll? , BH° ) — ^ n^CX] 

i s n o t s i m p l y c o n n e c t e d s i n c e i t c o n t a i n s t h e n o n - t r i v i a l l o o p 

<K f x ] + c|> ( x ) + <}> ., ( x ] where x £ X ̂  . We f e e l t h a t t h e Ay y n T n A Ayn 

above r o u t e t o c o r o l l a r y 5.9 i s s l i g h t l y s i m p l e r t h a n Razak's 

p r o o f . By p a s s i n g t o t h e q u o t i e n t g r o u p o i d s t h e c h o i c e s 

i n v o l v e d i n d e f i n i n g a morphism n^(X) — > • IT ^ { B l l ? , BU° ) can 

be a v o i d e d . T h i s i s , o f c o u r s e , l a r g e l y a m a t t e r o f 

p r e s e n t a t i o n — t h e i d e a s b e h i n d o u r a p p r o a c h a r e t h e same as 

Razak's. 

We now i n v e s t i g a t e t h e c o n n e c t i o n between t h e o r e m s 5.7 and 5.8. 
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We show t h a t TT^ C B ^ , B l i ° ) i s e s s e n t i a l l y a mapping c y l i n d e r 

g r o u p o i d as d e f i n e d by Crowe 11 " an d •" Smy t h B ' i n Ql 3~] . The 

f o l l o w i n g g e n e r a t o r - r e l a t i o n d e s c r i p t i o n o f t h e mapping 

c y l i n d e r c o n s t r u c t i o n i s somewhat d i f f e r e n t t o t h a t g i v e n i n 

[ l 3 j , and i s i n t r o d u c e d t o a v o i d t h e c o n s i d e r a t i o n o f 

e q u i v a l e n c e r e l a t i o n s on g r o u p o i d s w h i c h a r e n o t c o n g r u e n c e s . 

Le t T = ( , T ) be a d i r e c t e d g r a p h . We a d o p t o u r n o t a t i o n 

f o r g r o u p o i d s and l e t 9°x, d e n o t e t h e i n i t i a l and f i n a l 

v e r t i c e s r e s p e c t i v e l y o f t h e edge x e T̂  . A r - d i a g r a m o f 

g r o u p o i d s (c ^ , r ) c o n s i s t s o f a f a m i l y <dr = { A V I v e r } 
y, O 

8°x 8 x 

o f g r o u p o i d s , and a f a m i l y {8 : A —>- A | x 6 V. } 

o f g r o u p o i d m o r p h i s m s . (More f o r m a l l y , a F - d i a g r a m o f g r o u p o i 

i s a f u n c t o r F ( D —>- ^pd» where F ( D d e n o t e s t h e f r e e 

c a t e g o r y on D. 

5.10 DEFINITION . The mapping c y l i n d e r g r o u p o i d m = mid-, V) 

o f a r - d i a g r a m o f g r o u p o i d s i s t h e g r o u p o i d w i t h v e r t e x s e t 

o r 

( A V ) , g e n e r a t o r s 
v s r ° 

o 

Ci) t h e e l e m e n t s o f A V f o r v £ T , and 
o 

( i i ) e l e m e n t s Y (w) £ m j,f(w,9°x),(8 w , 3̂  x ) 1 f 
x 1 x J 

w g ( A 3 ° X ) , 

and d e f i n i n g r e l a t i o n s 

( a ] t h e r e l a t i o n s o f t h e g r o u p o i d s A , v e T , and 
o 

( b ) 0 ( a ) = -Y (3°a) + a + y ( 3 a ) f o r a e A X , x f e T 
X X X 
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P r e s e n t a t i o n s o f g r o u p o i d s have been c o n s i d e r e d by H i g g i n s — 

see Q l 4 ] , f o r e x a m p l e . A c c o r d i n g t o H i g g i n s ' work r e l a t i o n s 

a r e o r d e r e d p a i r s o f g r o u p o i d w o r d s , so o u r r e l a t i o n s o f t y p e 

Cb) s h o u l d be w r i t t e n (9 Ca), -y (3°a) + a + y C9^a)) . I n 
X X X 

t h i s case t h e i n i t i a l and f i n a l v e r t i c e s o f t h e words a r e 

e q u a l , w h i c h i s why we can w r i t e t h e r e l a t i o n s i n t h e more 

f a m i l i a r f o r m . 

One can v e r i f y d i r e c t l y t h a t t h 

i s o m o r p h i c t o t h a t o f C r o w e l l a 

t e c h n i c a l a r g u m e n t s i n c e t h e r e 

been i n t r o d u c e d h e r e i s t h e f o l 

and Smythe, w h i c h we p r o v e d i r e 

i s d e s c r i p t i o n g i v e s a g r o u p o i d 

nd Smythe. We o m i t t h i s 

ason t h e mapping c y l i n d e r has 

l o w i n g r e s u l t , due t o C r o w e l l 

c 11 y . 

5.11 THEDR EH . L e t [<4, T) be a d i a g r a m o f g r o u p o i d s and 

1 im {Mr, D be i t s c o l i m i t i n ]|j P ̂  • Then 

l i m t t ^ , D mCc^.n/P 

where P i s t h e n o r m a l s u b g r o u p o i d o f m u4, T ] g e n e r a t e d by 
3° x 

t h e e l e m e n t s y ( w l f o r w £ A ) , x 6 T„. 

Note. I n t h e t e r m i n o l o g y o f 

n o r m a l c l o s u r e i n mijf.T) o f 

c o r e . 

C r o w e l l and Smythe P i s t h e 

t h e s u b g r o u p o i d they c a l l e d t h e 

P r o o f From t h e p r e s e n t a t i o n o f m(eff, T) we see t h a t t h e 

q u o t i e n t mWf, r ) / P has a p r e s e n t a t i o n w i t h g e n e r a t o r s 
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t h e e l e m e n t s o f A V f o r v e r , and r e l a t i o n s ffl C a ) , a l 
o ^ x ' 

f o r a £ A 

f o r v t r 

8°x x e r t o g e t h e r w i t h t h e r e l a t i o n s o f A 

We use t h i s p r e s e n t a t i o n t o show t h a t m/'P has t h e u n i v e r s a l 

p r o p e r t y c h a r a c t e r i s i n g l i r n t t ^ - , r ) - Let A be t h e e l e m e n t s 

o f A V c o n s i d e r e d as a g e n e r a t i n g g r a p h f o r m/P and l e t 

x : A —>• m/P be t h e n a t u r a l m o r p h i s m . 

Let i j j V : A V —> B , v e T , be a f a m i l y o f g r o u p o i d 
x 9°x 3 1 x morphisms commuting w i t h t h e morphisms 6 : A —>• A 

Then ^ = { i j ; V } : A — > B i s a g r a p h map u n d e r w h i c h t h e 

r e l a t i o n s o f m/P h o l d . Hence t h e r e i s a u n i q u e morphism 

X/J + : m/P — ^ B such t h a t f , o i = vp - T h i s i s p r e c i s e l y t h e 

u n i v e r s a l p r o p e r t y c h a r a c t e r i s i n g l i m ( ^ , r ) . 

• 
Now c o n s i d e r t h e d i a g r a m 

V V : u v v 
v t A AC- A 

g i v e n i n t h e o r e m 5.7. Let r be t h e 1 - s k e l e t o n o f t h e n e r v e 

K%L o f t h e c o v e r It = {X | X & A], s u b d i v i d e d once. Then 
A 

C 2 ) 
T i s a g r a p h w i t h v e r t e x s e t A u A , and w i t h edges 

( 2 ) 

c o n n e c t i n g ( A , y ) f c A t o each o f t h e v e r t i c e s A , y £ A . 

D i r e c t i n g t h e edges f r o m ( A , y ) t o A and f r o m CA,y) t o y, 

we see t h a t t h e above d i a g r a m i s a r - d i a g r a m o f g r o u p o i d s . 

We d e n o t e i t by ( IT , T ) . 
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5.12 PROPOSITION. TT ( BW. , BW. ) i s i s o m o r p h i c t o t h e f u l l 

s u b g r o u p o i d o f m ( T r , r ) , t h e mapping c y l i n d e r o f ( T T . D , 

on t h e v e r t e x s e t | J X . 

F u r t h e r , under t h e i s o m o r p h i s m t h e n o r m a l s u b g r o u p o i d N o f 
1 o 

IT ( BU. , Bi( ) g e n e r a t e d by t h e e l e m e n t s <j> f x ) i s i s o m o r p h i c to 1 Ay 
t h e c o r r e s p o n d i n g f u l l s u b g r o u p o i d P o f m [ i r , r ) g i v e n i n 

t h e o r e m 5.11. 

P r o o f • L e t m = m [ T T , r ) be t h e f u l l s u b g r o u p o i d o f 

m = m(Tr , r ) on t h e v e r t e x s e t j | X , and l e t P be t h e 
Ac-A A 

c o r r e s p o n d i n g f u l l s u b g r o u p o i d o f P. 

Now m has g e n e r a t o r s t h e e l e m e n t s o f ir ( X ] , 1 £ A , t h e 
1 A 

[ 2 ) e l e m e n t s o f T T ( X , ) , ( A , y ) £ A , and e l e m e n t s 1 Ay 

y ^ ( x ) £ m1 ( f x , A , y ] , f x , A ] ) , B ̂  ( x ] e ( f x , A , y ) , ( x , y ] ) . 

A d i a g r a m f o r t h e s e e l e m e n t s i s t h e f o l l o w i n g . 

X 

r : 

m 

x X A 

( A, y) A 

X X X A.y & x C x Y Ay Ay f x , A) f x, y ) 

f x , A , y 3 
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The r e l a t i o n s o f m a r e t h o s e o f t h e IT (X ) 
I A 

and 

and IT [ X, ) , 1 Ay 

f. i ) f a , A ] = - y f x ] + [ a, X , u ) + y C y ) Ay ' Ay ' J 

( i i ) ( a , y ) = - g , f x ) + ( a , A , i i ) + 3^ ( y ) Ay Xy 

f o r a e u, (X, ) ( x , y ) 
i Ay 

The s u b g r o u p o i d m i s a r e t r a c t o f m [ l 4 j Theorem 2, p4 7̂ ] 

For ae m,|[v,w) a r e t r a c t i o n m -> m i s g i v e n by 

a H-
a + Y ^ C y 3 

Y •> f x ] + a Ay 

i f v , w e m 
o 

i f v £ m , w = 
o 

i f v = ( x , A, y ) 

i f v = ( x , A , y) 

( y , n, £ 3 

A 
w e m o 

( y , n, 

By a r e s u l t o f H i g g i n s [_1 4; P r o p o s i t i o n 28, p91~j p i s a 

q u o t i e n t m o rphism w i t h s i m p l y c o n n e c t e d k e r n e l . Hence a d d i n g 

t h e r e l a t i o n s ^ X y ^ X ^ ' e x ' ̂  ̂  ) ^° t h o s e above g i v e s a 

p r e s e n t a t i o n f o r m. T h i s p r e s e n t a t i o n has g e n e r a t o r s t h e 

e l e m e n t s o f t h e TT ( X ) ' S and e l e m e n t s 3, ( x ] e r r i f ( x , A ) , ( x , 
' A A y I 

The r e l a t i o n s a r e t h o s e o f t h e n ( X )'s and 
I A 

( c t , y ) = -6, ( x ) + ( a , Al + 6, Cy) f o r a £ IT . (X. H x , y ) . Ay Ay 1 Ay 

I n p a r t i c u l a r , m i s i t s e l f a mapping c y l i n d e r g r o u p o i d . 

We can now d e f i n e a morphism 6 : m [ i T , r ) — > IT ( Bit} , BU°) 
j 

by i 1 : TT fX J < ^ — T T . I B U 0 ) • — I T f BVi} , B U ° ) and 
A 1 A 1 1 
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6, f x ) i — H , [ x ) . That t h e r e l a t i o n s h o l d i n T\ABVL, BU°) 
Ay Ay 1 

und e r 9 f o l l o w s f r o m a remark o f Razak pi 8 j p 7 7 ] . T h e r e f o r e 

6 i s w e l l - d e f i n e d , and i t e a s i l y seen t o be an i s o m o r p h i s m 

by u s i n g c o r o l l a r y 5.2 f o r e x a m p l e . 

A 
F i n a l l y P i s g e n e r a t e d by t h e e l e m e n t s 3 ( x ) so c l e a r l y 

Ay 
0 CP) = N . 

• 
5.13 COROLLARY. TT [ BU 1 , BU°)/N £ l i m C i r . n where N i s 1 > 
t h e n o r m a l s u b g r o u p o i d d e f i n e d i n 5.8. 

P r o o f . The c o r o l l a r y f o l l o w s f r o m 5.11 and5.12 s i n c e 

c o m p a r i n g t h e p r e s e n t a t i o n s g i v e n i n t h e p r e v i o u s p r o p o s i t i o n 

shows m /P = m/P. 

• 
The c o r o l l a r y i n d i c a t e s t h a t t h e one d i m e n s i o n a l u n i o n t h e o r e m 

C5.7) and t h e o r e m 5.8 a r e e s s e n t i a l l y e q u i v a l e n t s t a t e m e n t s . 

4. CONNECTIONS WITH MACBEATH-SWAN THEORY 

I n [J 1 7 J Macbeath c o n s i d e r s c o v e r i n g s o f a G-space X w h i c h 

a r e t h e t r a n s l a t e s , u n d e r t h e a c t i o n , o f a subspace V. Let 

^ = { V ^ | g£ G} be such a c o v e r i n g , i n d e x e d by t h e e l e m e n t s 

o f G. Macbeath d e f i n e d a g r o u p , w h i c h we d e n o t e M = P1[?£), 

t o have g e n e r a t o r s ( g ) where V n V ̂  g e G and 

r e l a t i o n s ( g ) ( h ) = ( g h ) where V r\ v h <\ V g h / 0. C I n f a c t 

we have m o d i f i e d t h e d e f i n i t i o n t o c o n v e r t f r o m l e f t a c t i o n s , 

w h i c h Macbeath c o n s i d e r e d , t o r i g h t a c t i o n s ) . 



1 1 8 

D e f i n e <j> : M -> G by <)> : ( g ) |—• g. Macbeath p r o v e d 

t h e f o l l o w i n g Ql7 ; Theorem 1 ] . 

5.14 THEOREM. Suppose V i s open i n X . Then 

( i ) <p i s s u r j e c t i v e i f X i s c o n n e c t e d , and 

( i i ) <j> i s an i s o m o r p h i s m i f X i s c o n n e c t e d and s i m p l y 

c o n n e c t e d , and V i s p a t h - c o n n e c t e d . 

• 
There i s a g e n e r a l i s a t i o n o f p a r t ( i i ) o f t h e t h e o r e m , due t o 

Swan C^^J' w h i c h d e a l s w i t h n o n - s i m p l y c o n n e c t e d X . The 

s t a t e m e n t o f Swan's r e s u l t i n v o l v e s a morphism 

6 : TT„(X * ) — y M w h i c h we now d e s c r i b e . Let * be a base 1 
p o i n t i n V, and l e t a e ir ( X , * ) . Then a i s r e p r e s e n t e d 

by a l o o p I w h i c h may be s u b d i v i d e d i - I + ... + £ 
g . 

such t h a t each p a t h 1. i s c o n t a i n e d i n V 1 f o r some g. €. G. 
l l 

We al w a y s choose g^ = g n = 1. D e f i n e 

6 ( a ) = ( g ^ ^ H g ^ - l ) ... f g n _ l g n - 1 ) • 

5.15 THEOREM (Sw a n ) . Suppose X i s p a t h - c o n n e c t e d and V 

i s open and p a t h - c o n n e c t e d . Then 

( i ) t h e above d e f i n i t i o n o f 0 i s i n d e p e n d e n t o f t h e c h o i c e s 

made and g i v e s a w e l l - d e f i n e d morphism 6 : IT ( X , * ) — y G, and 

( i i ) t h e r e i s an e x a c t sequence o f g r o u p s 

0 + P c >. TT ( X , * ) — y M y G y 0 

where P i s t h e n o r m a l s u b g r o u p o f ^ ( X , * ) g e n e r a t e d by 

t h o s e e l e m e n t s w h i c h have r e p r e s e n t a t i v e s o f t h e f o r m p+£-p 
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where p i s a p a t h w i t h i n i t i a l p o i n t and Si i s a l o o p 

c o n t a i n e d i n V g u V h f o r some g,he G. 

P r o o f . f i ] ( j24j Lemmas 1.3 and 1.4] 

( i i 3 Theorem 1 . 1 j . 

• 
We w i l l show t h a t t h e work o f s e c t i o n two t o g e t h e r w i t h t h e 

n o t i o n o f s e m i - d i r e c t p r o d u c t g r o u p o i d g i v e s a g r o u p o i d 

v e r s i o n o f Swan's r e s u l t . T h i s a p p r o a c h i s n o t new. Razak 

showed t h a t Swan's t h e o r e m was c l o s e l y r e l a t e d t o h i s 

c o n j e c t u r e , a l t h o u g h t h e s t a t e m e n t o f Razak's t h e o r e m 3.2 

[18; p 9 l ] i s n o t q u i t e c o r r e c t as we s h a l l e x p l a i n . A l s o A b e l s 

[ l ] used s e m i - d i r e c t p r o d u c t g r o u p o i d s t o p r o v e a r e s u l t 

s i m i l a r t o o u r n e x t t h e o r e m . 

Le t X be a p a t h - c o n n e c t e d G-sp 

be a G - i n v a r i a n t c o v e r o f X. ( 

we have X ^ g 6 l / j . Then G a c t 

on t h e c l a s s i f y i n g space o f 

on t h e c o r r e s p o n d i n g f u n d a m e n t a l 

ace and l e t 1L = ( X x | A e A} 

That i s , f o r g 6 G , A € A 

s on t h e n e r v e K = K.W and 

t h e c o v e r , and i n d u c e s a c t i o n s 

g r o u p o i d s . 

5.16 THEOREM. Let 

U = ( X x | A £ A} a 

s e t s . The f o l l o w i n g 

w i t h e x a c t rows and 

t h e o r e m 5.63. 

X be a p a t h - c o n n e c 

G - i n v a r i a n t c o v e r by 

i s a c o m m u t a t i v e d i a 

column (where N an 

t e d G-space and 

p a t h - c o n n e c t e d open 

gram o f g r o u p o i d s 

d f t a r e g i v e n i n 
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BU° 

N 
n 

^ ( B S T , B2T) — > Tr„ {B%2, BU°) x G 

f *x i d 

E K > T T 1 (K, K 
o 

J — • ir (K, K°] x G 

-> G v E. 

i d 

-> G 

P r o o f . The column i s g i v e n by t h e o r e m 5.6, and t h e rows by 

1emma 3.5. 

• 
5 .1.7 COROLLARY • Under t h e h y p o t h e s e s o f t h e o r e m 5.16 t h e r e i s 

an e x a c t sequence o f g r o u p o i d s 

BlLc 
-> N c y ^ ( B K 2 , BU°) — £ — * TT (K,K°) x G 

where 5 = j °f * • 

P r o o f . T h i s i s an i m m e d i a t e consequence o f t h e t h e o r e m s i n c e 

t h e c o m p o s i t i o n o f q u o t i e n t morphisms i s a q u o t i e n t m o r p h i s m . 

• 
We w i l l show t h a t t h e c o r o l l a r y i s a g r o u p o i d v e r s i o n o f 

Swan's t h e o r e m [ 5 . 1 5 ) . R e c a l l t h e r e s u l t o f Razak [ c o r o l l a r y 

5.9) w h i c h s t a t e s t h a t i f t h e c o v e r i s open t h e g r o u p o i d s 

TT^ ( BU.2, Bit0 ) and IT [ X ) a r e e q u i v a l e n t , and hence have 

i s o m o r p h i c v e r t e x g r o u p s . We a l s o r e q u i r e t h e f o l l o w i n g 

r e s u l t ( c f . A b e l s [ l j P r o p o s i t i o n 5 . 3 ] ) . 
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5.18 PROPOSITION. L e t U = 

Macbeath's group N = V\{U) 

group o f i r ^ f K . K 0 ) x G a t 1 

o f G, and K = K W i s t h e n e 

{ V s | g 6 G } be a c o v e r o f X. 

i s i s o m o r p h i c t o t h e v e r t e x 

s K ° , where 1 I s t h e i d e n t i t y 

r v e o f t h e c o v e r . 

J 3 r o o f . IT (K,K ) has v e r t e x s e t G, g e n e r a t o r s [_g , h J 

where V g A V h / # and r e l a t i o n s [ g . h ] + [ h , k ] = [ g , k ] 

where V g n n / Let E d e n o t e t h e v e r t e x g r o u p o f 

IT C K, K° ) x G a t 1 e K° = G . An e l e m e n t o f E i s 

( [ L g J + [ E v g 2 J + ••• + [ g n - g n + 1 ] ' g n + 1 ) w h e r e 

V g i n V g i + 1 / 0 f o r i = 0,1, ,..,n (and g = 1 ) . Such an ' o 
e l e m e n t may be w r i t t e n 

(D.g^ + [ g v g 2 ] - . . . + [ g n _ v g j . g n
1 ) • ( D . g n + 1 g n

1 ] . g n g n
1

+ 1 ) . 

An i n d u c t i v e argument now shows t h a t E I s g e n e r a t e d by 

e l e m e n t s o f t h e f o r m ( 0 » g] * g ^ ) where V o V ^ / f& 

w i t h d e f i n i n g r e l a t i o n s 

lb.*], g " 1 ) + ( [ L h ] , h " 1 ) = ( [ l . h g ] , ( h g ) - 1 ) 

i f V n V g n V h g / jZ*. The map ( [ l , g] , g " 1 ) h-> ( g " 1 ) 

t h e r e f o r e d e f i n e s an i s o m o r p h i s m o f E o n t o M . 

• 
5.19 PROPOSITION. L e t % = { V g | g e G } be an open c o v e r 

o f X where V i s p a t h - c o n n e c t e d . Let * € V be a base po-i.pt. 

The v e r t e x sequence 

http://po-i.pt
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0 — • [\I(*,1) — + TT ( B?i 2 , B&° ) ( * , 1 ] ( I T (K, K°) x G ) (1 ) — > G 

o f t h e sequence o f c o r o l l a r y 5.17 i s i s o m o r p h i c t o Swan 

e x a c t sequence ( t h e o r e m 5 . 1 5 ( i i ) ] . 

P r o o f Let P : BIT be t h e p r o j e c t i o n d e f i n e d i n 

s e c t i o n one. By c o r o l l a r y 5.9 t h e r e i s an i s o m o r p h i s m 

p , : T^CBfld 2, BW°)(*,1) — > T ^ C X , * ] and c l e a r l y 

p t ( M ( * , 1 1 ) = P. The p r e v i o u s p r o p o s i t i o n g i v e s an 

i s o m o r p h i s m q : (T ̂ (K , K ° ) x G ) ( 1 ] = £ — > V\ . Hence we have 

a d i a g r a m whose v e r t i c a l morphisms a r e i s o m o r p h i s m s . 

0 —r l \ l ( * , 1 ) ^ - > TT ( Bli2 , ) ( *, 1 ) — ^ Z 

P* 

0 —-> P c- - > ^ 1 ( X , * ) - > M — y G 

> G — y 0 

i d 

—y 0 

I t r e m a i n s t o show t h a t t h e d i a g r a m i s c o m m u t a t i v e . C l e a r l y 

t h e o u t s i d e s q u a r e s commute. For t h e i n s i d e s q u a r e , l e t 

a £ ir ( B i t 2 , BU° ) ( * , 1 ) . Then 

1 1 a = a + <j> ( 3 a ) + a + <(> ( 3 a ] + 
~" ~ O 1 E . g „ 1 o g o b 1 '1^2 

+ a + n 'nfan + 1 
( 3 a ) + a 

n n +1 

where f o r i = 0 , 1 , . . . , n + 1 , g . f i G (and g =g =1 ] , 
l o n + 1 

a i £ T r i ( V g i ) , and V S i n V g i + 1 * f t . 
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Now q £ ( a ) = q »j °f t ( a ) 

= q - j d j ^ . g j + ... + [ g n , g n + 1 ] ) 

= C g o g ; 1 ) t g l g ~ 1 ) ... f g n g ~ 1
+ 1 ) 

= 9 C a + . . . + a ) 
o n 

= Gp t ( a ] . 

T h i s c o m p l e t e s t h e p r o o f . 

• 
Theorem 5.16 a l s o i m p l i e s A b e l s ' t h e o r e m 5.14 [ l ] , s i n c e 

Bit - X i n t h e case where IX i s G - n u m e r a b l e . I n d e e d t h e 

above r e s u l t s a r e s i m i l a r t o t h o s e i n §5 o f [ l J • 

We now c o n s i d e r Razak's t h e o r e m 3.2 Ql 8; p 9 l ] . T h i s s t a t e s 

t h a t f o r IX. = {V^ | g £ G } t h e r e i s an i s o m o r p h i s m between 

Flacbeath's g r o u p M and t h e f u n d a m e n t a l g r o u p o f | K | / G 

where | K | i s t h e r e a l i s a t i o n o f K . An example below shows 

t h a t t h i s i s f a l s e . The c o r r e c t ^ i s t h e f o l l o w i n g , w h i c h i s 

e s s e n t i a l l y what Razak p r o v e s . 

5.20 PROPOSITION. I f U = { V g | ge G } i s a c o v e r o f X, 

and K i s t h e n e r v e t h e n 

ir CK, K ) / ( G ) ^ M 

P r o o f . From t h e o r e m 3.6 t h e r e i s an i s o m o r p h i s m 

IT CK, K ° ] / [ G ) = ( i ^ d C K 0 ) x G ) / N 
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where N i s t h e n o r m a l s u b g r o u p g e n e r a t e d by e l e m e n t s o f t h 

f o r m ( [g > g] » h) f o r g , h £ G . T h e r e f o r e N i s a t r e e 

g r o u p o i d and hence TT ( K , K ° ) / C G ) and TT ( K , K ° ) X G have 

i s o m o r p h i c v e r t e x g r o u p s . Now K ° / G i s a s i n g l e p o i n t so 

T T ^ C K , K ° ) / [ G ) i s a l r e a d y a group w h i c h i s i s o m o r p h i c t o N 

by p r o p o s i t i o n 5.18. 

• 
5.21 EXANPLE Let a c t on an open 2 - d i s c by 

r o t a t i o n , and l e t V be an open n e i g h b o u r h o o d o f t h e 

f u n d a m e n t a l domain as i n d i c a t e d . 

Then K. = Kit i s a 2 - s i m p l e x ( t o g e t h e r w i t h i t s f a c e s ) . K 

s i m p l y c o n n e c t e d so T T / ) ( K , K ° ) / ( G ) i s i s o m o r p h i c t o G = 

and i s i s o m o r p h i c t o M by t h e p r e v i o u s p r o p o s i t i o n . 

Now | K | i s a g e o m e t r i c 2 - s i 

The o r b i t space i s homeomorph 

TT ( | K | / G, *) = 0 , so we have 

t h e o r e m 3.2. 

mplex and G a c t s by r o t a t i o n , 

i c t o a 2 - d i s c . Hence 

a c o u n t e r - e x a m p l e t o Razak's 

I n f a c t , Razak a c t u a l l y p r o v e s ir ( | K . / G | , | K ° / G | ) = M . 

I n o u r example | K / G | i s t h e CW-complex w i t h one r - c e l l f o r 

r = 0 , 1 , 2 , i l l u s t r a t e d b e l o w . 



1 25 

C l e a r l y TT / ] ( | K/G | , |K°/G|) - Z g = G 

The p r o b l e m i s , o f c o u r s e , t h a t | K |/G and |K/G | a r e n o t 

homeomorphic i n t h i s c a s e . C o n d i t i o n s u n d e r w h i c h t h e s e 

spaces a r e homeomorphic a r e g i v e n i n C h a p t e r f o u r . /' i. c 

F i n a l l y we n o t e b r i e f l y some c o n n e c t i o n s w i t h t h e B a s s - S e r r e 

t h e o r y o f g r o u p s a c t i n g on g r a p h s [ 2 2 ] . The B a s s - S e r r e 

s t r u c t u r e t h e o r e m c o n c e r n s a group G a c t i n g on a g r a p h r 

so t h a t no edge i s r e v e r s e d . The q u o t i e n t g r a p h T/G 

t o g e t h e r w i t h t h e s t a b i l i s e r s o f edges and v e r t i c e s o f Y 

g i v e r i s e t o a " g r a p h o f g r o u p s " T/G). T h i s i s a d i a g r a m 

o f g r o u p s o v e r T/G s u b d i v i d e d once i n t h e sense o f C r o w e l l 

and Smythe (see s e c t i o n t h r e e , t h i s c h a p t e r ] . For a v e r t e x * 

o f T/G , Bass and S e r r e d e f i n e t h e f u n d a m e n t a l group o f t h e 

g r a p h o f g r o u p s , 1 7 T / G , * ) , t o g e t h e r w i t h a morphism 

<|> : TT^ ( ̂ , T/G, *) — > G. The d e f i n i t i o n o f t h e f u n d a m e n t a l 

g r o u p i s s i m i l a r t o t h a t o f [ t h e v e r t e x g r o up o f ) t h e mapping 

c y l i n d e r g i v e n i n s e c t i o n t h r e e . 

The B a s s - S e r r e s t r u c t u r e t h e o r e m s t a t e s t h a t t h e r e i s an 

e x a c t sequence o f g r o u p s 

• r ^ t r , ^ ) >• ^ T7G, *) G — > 0 

where * i s some v e r t e x o f T i n t h e o r b i t * 
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Bass and S e r r e were p r i m a r i l y 

T i s a t r e e , and t h e t h e o r e m 

a p r e s e n t a t i o n o f G i n t e r m s 

o t h e r e l e m e n t s a r i s i n g f r o m c i 

i n t e r e s t e d i n t h e case where 

may t h e n be r e g a r d e d as g i v i n g 

o f t h e s t a b i l i s e r s and c e r t a i n 

r c u i t s i n r/G . 

o f t h e s e m i - d i r e c t p r o d u c t TT^ r x G. 

I n f a c t , t h e f u n d a m e n t a l group IT r/G,*] i s i s o m o r p h i c t o 

t h e v e r t e x g r o u p a t 

More p r e c i s e l y t h e r e i s an i s o m o r p h i s m 

: T T 1 , r/G, * ) — * ( T T 1 T x G )C*] such t h a t t h e f o l l o w i n g 

d i a g r a m commutes, where t h e t o p row i s t h e v e r t e x sequence 

o f t h e one g i v e n i n lemma 3.5. 

0 -y IT [ T, * ] 

i d 

( I T T x G) ( * ) > G 

1 T i c r , * ] ^ ( t j . r / G , *) 
I i d 

To p r o v e t h i s i t i s more n a t u r a l t o use g r o u p o i d s . \\i i s 

d e f i n e d as a g r o u p o i d morphism w i t h domain TT^ r x G and 

codomain t h e f u n d a m e n t a l g r o u p o i d o f C ^ , r/G] as d e f i n e d by 

H i g g i n s [The f u n d a m e n t a l g r o u p o i d o f a g r a p h o f g r o u p s ; J. 

London Math. Soc. ( 2 ] , 13 M 97 6 ] , 1 45-1 4 9 ] . The d e t a i l s a r e 

l o n g and somewhat u n i n f o r m a t i v e . 

A few t h i n g s emerge f r o m t h e 

(a c o m b i n a t o r i a l v e r s i o n o f ] 

i s o m o r p h i c t o t h e B a s s - S e r r e 

n o t e d i n c h a p t e r f o u r and f o 

t o g e t h e r w i t h p r o p o s i t i o n 4. 

d i a g r a m above. The f i r s t i s t h a t 

Rhodes' g r o u p o ( r,*,G] i s 

f u n d a m e n t a l g r o u p . T h i s was 

H o w s f r o m t h e d i a g r a m above 

7 . 
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S e c o n d l y , t h e e a r l i e r p a r t s o f t h i s c h a p t e r e s t a b l i s h a 

r e l a t i o n s h i p between s e m i - d i r e c t p r o d u c t s and t h e work o f 

f l a c b e a t h and Swan. Hence t h e r e i s a c o n n e c t i o n between t h e way 

p r e s e n t a t i o n s o f g r o u p s a r e o b t a i n e d i n t h e Macbeath-Swan and 

B a s s - S e r r e t h e o r i e s . We a r e u n s u r e o f t h e p r e c i s e n a t u r e o f 

t h e l i n k between t h e t w o , b u t i t seems f a i r l y s t r o n g . I t 

w o u l d be i n t e r e s t i n g t o have a c l e a r f o r m u l a t i o n o f t h i s 

r e l a t i o n s h i p . 

5. CdNCLUSIClN 

I n c o n c l u d i n g we make some g e n e r a l r e m a r k s c o n c e r n i n g p o s s i b l e 

f u r t h e r d e v e l o p m e n t s o f t h i s w o r k . There a r e p e r h a p s two a r e a s 

where f u r t h e r i n v e s t i g a t i o n may p r o v e f r u i t f u l . 

The f i r s t d i r e c t l y c o n c e r n s t h e work o f t h i s c h a p t e r . I n 

e x p l o r i n g t h e v a r i o u s i n t e r - r e l a t i o n s between t h e Brown-

H i g g i n s u n i o n t h e o r e m , t h e work o f B a s s - S e r r e and Macbeath-

Swan i t may be p o s s i b l e t o f o r m u l a t e a more g e n e r a l r e s u l t 

i n c o r p o r a t i n g some o f t h e i r common f e a t u r e s . The d a t a f o r such 

a r e s u l t w o u l d i n v o l v e a G-space X w i t h an i n v a r i a n t c o v e r 

%t by s u b s p a c e s . Suppose t h a t a d e s c r i p t i o n o f i r ^ X x G 

c o u l d be g i v e n i n t e r m s o f g r o u p o i d s IT X x G where t h e 
l A A 

s u b g r o u p G s t a b i l i s e s X 6 U and s i m i l a r g r o u p o i d s f o r t h e A A 
i n t e r s e c t i o n s X A X . Such a d e s c r i p t i o n m i g h t i n v o l v e a 

X y 

mapping c y l i n d e r c o n s t r u c t i o n . I f t h e a c t i o n were t r i v i a l t h i s 

s i t u a t i o n w o u l d r e d u c e t o t h a t o f t h e 1 - d i m e n s i o n a 1 u n i o n 
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t h e o r e m , and i f t h e X 's were s i m p l y c o n n e c t e d i t w o u l d 
A 

r e d u c e t o t h a t o f t h e f l a c b e a t h - Swan t h e o r y . I n a d d i t i o n , 

t a k i n g X as a g r a p h w i t h c e r t a i n c a n o n i c a l c h o i c e s f o r t h e 

X^ m i g h t l i n k up w i t h t h e r e s u l t s o f B a s s - S e r r e . 

The second a r e a we have i n mind i s t h e e s t a b l i s h m e n t o f t h e 

i s o m o r p h i s m ^ ( ^ / ^ = T T & / ( G ) o f t h e o r e m 4.20 u n d e r more 

g e n e r a l h y p o t h e s e s . For example, some r e l a x a t i o n m i g h t be 

a c h i e v e d by u s i n g t h e u n i o n t h e o r e m i n t h e p r o o f r a t h e r t h a n 

t h e f r e e d e s c r i p t i o n o f t h e homotopy c r o s s e d complex ( t h e o r e m 

4.19) w h i c h i s i t s e l f a c o r o l l a r y o f t h e u n i o n t h e o r e m . To 

o b t a i n a s i g n i f i c a n t r e l a x a t i o n o f t h e h y p o t h e s e s , however, 

s u b s t a n t i a l t o p o l o g i c a l p r o b l e m s need t o be r e s o l v e d . I n view 

o f A r m s t r o n g ' s s u c c e s s i n r e d u c i n g t h e h y p o t h e s e s f o r t h e 

d i m e n s i o n one r e s u l t , some p r o g r e s s i n d i m e n s i o n two may be 

p o s s i b l e , f o r e x a m p l e . 

F i n a l l y on a more s p e c u l a t i v e n o t e , we o b s e r v e t h e s i m i l a r i t y 

between t h e s t a t e m e n t s o f t h e o r e m 4.20 and t h e u n i o n t h e o r e m 

( 2 . 1 7 ) . Both t a k e t h e g e n e r a l f o r m t h a t t h e f u n c t o r TT f r o m a 

c e r t a i n c a t e g o r y o f J ^ - f i l t e r e d spaces t o t h e c a t e g o r y o f 

c r o s s e d c o m p l e x e s p r e s e r v e s c o l i m i t s o f a c e r t a i n t y p e . I t 

w o u l d be r e w a r d i n g t o be a b l e t o i n c o r p o r a t e b o t h i n t o a 

t h e o r e m g i v i n g f a i r l y g e n e r a l c o n d i t i o n s u n d e r w h i c h IT 

p r e s e r v e s c o l i m i t s . 
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