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PERFORMANCE PREDICTION FOR TURBOMACHINES 

by Martin Christopher Gunton 
Ph.D. Thesis, U n i v e r s i t y of Durham, 1981 

A B S T R A C T 

In t h i s computer-aided study, e x i s t i n g methods of determining the 

f l u i d flow i n a x i a l f low turbomachines are examined, and the Consistent 

Loss Model of Bosnian and Marsh i s here a p p l i e d t o both duct flow and 

i n t r a b l a d e a p p l i c a t i o n s of the Streamline Curvature technique. The 

r e s u l t i n g equations are presented i n a form s i m i l a r t o t h a t of the 

conventional equations, thus p r o v i d i n g f o r easy m o d i f i c a t i o n of e x i s t ­

i n g Streamline Curvature method computer programs. 

I n t e r p r e t a t i o n of the equations shows t h a t the mean flow through a 

blade row passage cannot f o l l o w a parabolic path between the blade i n l e t 

and o u t l e t flow angles, as i s commonly assumed, but must maintain as 

continuous the streamwise d e r i v a t i v e of angular momentum. Procedures 

are described t o design three-dimensional blade shapes from basic aero­

f o i l data, and t o de r i v e r e a l i s t i c i n t r a b l a d e mean stream surfaces, 

i n c l u d i n g allowances f o r flow d e v i a t i o n and secondary f l o w . 

Numerical techniques are presented which have been developed for 

closely-spaced i n t r a b l a d e c a l c u l a t i o n g r i d s , t o o b t a i n f a s t e r conver­

gence than by conventional schemes i n Streamline Curvature c a l c u l a t i o n s . 

The computer program i s intended f o r analysing m u l t i - s t a g e a x i a l flow 

compressors; t e s t s are presented of simple a n a l y t i c a l cases and e x p e r i ­

mental data f o r i s o l a t e d rows of blades,of a'swan-necked' duct, and of 

a three-row experimental compressor. 

Three-dimensional flow c a l c u l a t i o n methods are reviewed w i t h 

reference t o the l i m i t a t i o n s inherent i n a p p l y i n g them t o a x i a l flow 

turbomachines. Suggestions are made f o r f u t u r e work. 
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CHAPTER 1 

I n t r o d u c t i o n 

1.1 The Context Of The Present Work 

The development of the gas t u r b i n e aero-engine over the l a s t f o r t y 

years has demanded t h e o r e t i c a l and t e c h n o l o g i c a l advances i n many f i e l d s , 

i n c l u d i n g aerodynamics. Research e f f o r t d i r e c t e d a t aero-engines has 

b e n e f i t t e d the design of other types of turbomachine, such as land-based 

steam, gas or water t u r b i n e s , water pumps and a i r compressors. The work 

described hero i s a study of the f l u i d flow through the r o t a t i n g or 

s t a t i o n a r y blade rows of a x i a l - f l o w turbomachines i n general, but w i t h 

a p p l i c a t i o n t o the aoro-engine m u l t i - s t a g e compressor i n mind. 

The ana l y s i s of turbomachinery flow used i n e a r l y design methods, 

during and a f t e r the second world war, was ne c e s s a r i l y simple since 

c a l c u l a t i n g machines a v a i l a b l e were mechanical and so very slow. The 

usual method used was the Simple Radial E q u i l i b r i u m a n a l y s i s f o r com­

p r e s s i b l e f l o w . The culmination of manual c a l c u l a t i o n techniques, i n 

the l a t e 1940's,was the Actuator Disc Theory of Hawthorne and Horlock, 

gen e r a l l y l i m i t e d t o incompressible f l o w , which was also one of the 

f i r s t f l ow models t o be used on e l e c t r o n i c oomputers. 

I n the e a r l y 1950's, Wu conceived a very complete t h e o r e t i c a l 

treatment of the f l u i d mechanics and thermodynamics of turbomachinery; 

i t could be implemented only i n very l i m i t e d form u n t i l the 1960's, by 

which time computers had been developed w i t h g r e a t l y increased storage 

c a p a b i l i t y , and much higher running speeds. One method developed i n 

th a t decade t o employ p a r t of Wu's an a l y s i s was the Streamline Curvature 

technique, produced by S i l v e s t e r and Hetherington a t Rolls-Royce L i m i t e d , 

;ind by workers i n the U.S.A. such as Novak, or Smith. The main 

a l t e r n a t i v e method, using the same flow model as Streamline Curvature, 

i s the M a t r i x Through-Flow approach developed a t the N a t i o n a l Gas I j ; . ; 
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Turbine Establishment by Marsh. The term "through-flow" has come to 

i n d i c a t e the c a p a b i l i t y of performing flow c a l c u l a t i o n s w i t h i n rows of 

blades, and not only i n the lengths of duct between them. A d i f f e r e n t 

f o r m u l a t i o n of the problem from t h a t i n the two methods j u s t named, i s used 

i n the Time-Marching method of Denton, which allows s o l u t i o n s t o be 

found f o r transonic f l o w s . 

Development i n the 1970's of computers w i t h f u r t h e r increased speed 

and storage has made possible the use of more advanced flow models. 

The present s t a t e of the a r t allows the c a l c u l a t i o n of three-dimensional 

flow f i e l d s , to varying degrees of realism, f o r c e n t r i f u g a l i m p e l l e r s 

or other s i n g l e row machines. The a v a i l a b l e computing power now approx­

imately matches the present understanding of f l u i d behaviour, i n d i c a t i n g 

t h a t new research developments i n f l u i d mechanics may now be u s e f u l l y 

c a l l e d f o r . A more f u l l h i s t o r i c a l survey i s given i n Chapter 2, 

Improved flow modelling may be considered e i t h e r as a means of 

reducing the development time required i n an aero-engine design, or as 

a path towards achieving b e t t e r engine performance. 

1.2 Scope And A p p l i c a t i o n 

Present methods of c a l c u l a t i n g f l u i d f l o w w i t h i n turbomachine ducts 

and rows of blades are examined, and improvements made i n c e r t a i n 

respects: 

( i ) An improved a n a l y s i s w i t h a consistent model f o r flow losses 

was proposed by Horlock (1971) and developed by Bosman and 

Marsh (1974) f o r the M a t r i x Through-flow s o l u t i o n technique. 

The a n a l y s i s i s here a p p l i e d t o the a l t e r n a t i v e and w i d e l y -

used Streamline Curvature method. 

(i.i.) C a l c u l a t i o n methods are presented f o r l o c a t i o n s w i t h i n blade 

rows using the c o n s i s t e n t loss model a n a l y s i s and the Stream­

l i n e Curvature technique. The blade shape i s generated i n 
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f u l l f r o m b a s i c a e r o f o i l d a t a , b u t t h e f l o w s u r f a c e used f o r 
c a l c u l a t i o n a l l o w s f o r e x i t f l o w a n g l e d e v i a t i o n , and i s 
shaped t o m a i n t a i n as c o n t i n u o u s t h e streamwise d e r i v a t i v e o f 
a n g u l a r momentum a t b l a d e e n t r y and e x i t . 

( i i i ) P r o v i s i o n i s made f o r f l o w a n g l e a d j u s t m e n t s w i t h i n t h e b l a d e 

rows r e s u l t i n g f r o m secondary f l o w s , t h e changes b e i n g c a l c u ­

l a t e d s e p a r a t e l y by a computer program due t o G r e g o r y - S m i t h 

(1977) . 

( i v ) The commonly-used f i n i t e d i f f e r e n c e n u m e r i c a l t e c h n i q u e i s 

employed, but w i t h e m p i r i c a l l y - d e v e l o p e d p r o c e d u r e s t o 

p r o v i d e f a s t e r convergence of t h e s o l u t i o n t h a n c o n v e n t i o n a l 

S t r e a m l i n e C u r v a t u r e methods, 

( v ) The a p p l i c a b i l i t y of r e c e n t l y - d e v e l o p e d t h r e e - d i m e n s i o n a l 

c a l c u l a t i o n methods t o a x i a l - f l o w t urbomachines i s assessed 

b r i e f l y . 

A p p l i c a t i o n i s t o machines o f t h e a x i a l - f l o w t y p e , and a l t h o u g h 

b o t h t u r b i n e s and compressors may be a n a l y s e d , t h e m u l t i - s t a g e a x i a l -

f l o w compressor i s m o d e l l e d r a t h e r t h a n t h e t u r b i n e because,of t h e 

two, compressor d e s i g n i s f o u n d t o be t h e more s e n s i t i v e ; t h e f l u i d 

f l o w a g a i n s t i n c r e a s i n g s t a t i c p r e s s u r e can r e s u l t i n such phenomena as 

th e s e p a r a t i o n o f t h e f l o w f r o m b l a d e s u r f a c e s . Some of t h e o v e r a l l 

a ssumptions made i n t h e a n a l y s i s , f o r example t h a t of a d i a b a t i c f l o w 

( n o energy t r a n s f e r by h e a t t h r o u g h d u c t w a l l s or b l a d e s u r f a c e s ) , a r e 

r e a s o n a b l y a p p l i e d t o compressors b u t n o t t o t u r b i n e s , i n w h i c h gas 

t e m p e r a t u r e s a r e much h i g h e r and c o o l i n g o f b l a d e s and d u c t w a l l s i s 

o f t e n r e q u i r e d . 

M a t h e m a t i c a l a n a l y s i s o f t h e aerothermodynamics o f t u r b o m a c h i n e s 

may be used i n two major ways: one i s t o p r e d i c t t h e performance o f a 

machine a t t h e d e s i g n s t a g e , t o o p t i m i s e performance w i t h t h e l e a s t 
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development work; t h e second i s i n t h e a n a l y s i s o f e x p e r i m e n t a l r e s u l t s 
f r o m machines under t e s t . The p r e s e n t work i s b i a s e d towards t h e d e s i g n 
a p p l i c a t i o n . A computer program has been w r i t t e n i n t h e PL/1 language 
t o d e m o n s t r a t e t h e new a n a l y s i s . 

1.3 P r i n c i p l e o f O p e r a t i o n o f A x i a l - F l o w Compressors and T u r b i n e s 

The f l u i d f l o w i n an a x i a l - f l o w t u r b o m a c h i n e , whether a compressor 

or t u r b i n e , has components o f v e l o c i t y p a r a l l e l t o t h e a x i s of r o t a t i o n 

and i n t h e t a n g e n t i a l d i r e c t i o n , b u t u s u a l l y l i t t l e r a d i a l v e l o c i t y . 

F l u i d p a s s i n g t h r o u g h an a n n u l a r row o f c u r v e d b l a d e s i s d e f l e c t e d 

t a n g e n t i a l l y and by Newton's second law of m o t i o n , t h e r a t e o f change 

of a n g u l a r momentum o f t h e f l u i d produces an o p p o s i t e t o r q u e r e a c t i o n 

on t h e row o f b l a d e s . 

S h a f t work i s produced i n a t u r b i n e r o t o r , w h i c h t u r n s because o f 

th e t o r q u e a c t i n g on i t s b l a d e s . There i s i n t h i s case an accompanying 

d r o p i n t h e t o t a l e n t h a l p y i n t h e f l u i d , u s u a l l y a p p e a r i n g as drops i n 

b o t h t e m p e r a t u r e and p r e s s u r e . 

I n a n o n - r o t a t i n g - s t a t o r - b l a d e row t h e t o r q u e does no work, so 

i n t h e absence of f l o w l o s s e s t h e r e i s no change o f t o t a l e n t h a l p y ; 

s t a t o r s a r e used t o e f f e c t changes i n f l u i d a n g u l a r momentum and o t h e r 

p r o p e r t i e s , f o r subsequent e n t r y t o compressor r o t o r s or t u r b i n e s . 

A compressor r o t o r i s d r i v e n by a powered s h a f t t o i m p a r t t a n g e n t i a l 

and a x i a l v e l o c i t y t o t h e f l u i d . The power i s absorbed by t h e f l u i d as 

i n c r e a s e d t o t a l e n t h a l p y . I n t h e f o l l o w i n g s t a t o r , t h e t a n g e n t i a l v e l o ­

c i t y component i s reduced g r e a t l y and p a r t o f t h e k i n e t i c e n e r g y c o n v e r t e d 

t o a r i s e i n s t a t i c p r e s s u r e . 

A p a i r o f b l a d e rows, r o t o r and s t a t o r , i s c a l l e d a s t a g e , and t h e 

r a t i o o f t h e e n t h a l p y change i n t h e r o t o r t o t h e e n t h a l p y change i n t h e 

s t a g e i s c a l l e d t h e degree o f r e a c t i o n o f t h e s t a g e . 
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CHAPTER 2 
Development o f Flow C a l c u l a t i o n Methods 

2.1 V e l o c i t y T r i a n g l e s 

Techniques f o r f l o w c a l c u l a t i o n have g e n e r a l l y been l i m i t e d by t h e 

amount of c a l c u l a t i o n which c o u l d be p e r f o r m e d i n a r e a s o n a b l e t i m e , and 

e a r l y methods f o r steam t u r b i n e d e s i g n used s i m p l e models s u i t a b l e f o r 

nand c a l c u l a t i o n . 

Because of t h e a n n u l a r shape o f turbomachine f l o w passages, tangen­

t i a l v e l o c i t y components and f l o w a n g l e s v a r y w i t h r a d i u s , as do t h e 

v a l u e s of o t h e r p r o p e r t i e s o f t h e f l o w . I n machines such as h i g h 

p r e s s u r e a x i a l - f l o w steam t u r b i n e s , t h e r a t i o o f t h e i n n e r t o o u t e r 

r a d i i of blade rows - t h e h u b : t i p r a t i o - i s o f t e n c l o s e t o u n i t y , and 

tne f l o w c o n d i t i o n s v a r y l i t t l e a c r o s s t h e b l a d e span. 

A s i m p l e t w o - d i m e n s i o n a l d e s i g n p r o c e d u r e a p p l i e d a t mid-span was 

f o u n d t o be s u f f i c i e n t l y a c c u r a t e . R e p r e s e n t i n g v e l o c i t y v e c t o r s as 

l i n e s i n g e o m e t r i c a l c o n s t r u c t i o n s , as i n F i g u r e 2 . 1 , i t i s p o s s i b l e t o 

c a l c u l a t e unknown f l o w a n g l e s , o r o t h e r v e l o c i t i e s , r e q u i r e d f o r d e s i g n ­

i n g b l a d e shapes. I n p a r t i c u l a r t h i s method g i v e s a c l e a r v i s u a l i s a t i o n 

of t h e e f f e c t o f r o t o r b l a d e speed on t h e f l u i d e n t r y and e x i t t o and 

f r o m r o t o r s . 

2.2 R a d i a l E q u i l i b r i u m Theory 

By t h e 1940's a t t e m p t s were made t o d e v i s e t h r e e - d i m e n s i o n a l 

methods t o c a t e r f o r t h e new i n t e r e s t i n gas t u r b i n e s w i t h l o w e r hub: 

t i p r a t i o s , b u t u s a b l e t e c h n i q u e s were s t i l l t h o s e r e q u i r i n g r e l a t i v e l y 

l i t t l e c a l c u l a t i o n . 

The c l a s s i c a l method de v e l o p e d was t h e R a d i a l E q u i l i b r i u m D e s i g n 

of Cohen and W n i t e ( 1 9 4 3 ) , d e s c r i b e d by H o r l o c k ( 1 9 6 6 ) , based on an 
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a p p l i c a t i o n o f Newton's second law o f m o t i o n i n t h e r a d i a l d i r e c t i o n , 
a t p o i n t s j u s t upstream and downstream o f b l a d e rows. I t i s n e c e s s a r y 
t o assume t h a t a t t h e c a l c u l a t i o n p o i n t s t h e s t r e a m l i n e s a r e s t r a i g h t , 
and p a r a l l e l t o t h e machine a x i s , i . e . t h a t t h e r a d i a l v e l o c i t y i s 
z e r o and u nchanging w i t h a x i a l d i s t a n c e . 

Given a r a d i a l d i s t r i b u t i o n o f s t r e a m l i n e s upstream o f a b l a d e 

row, and t h e v a r i a t i o n o f i n l e t and o u t l e t f l o w a n g l e , t h e e q u a t i o n 

p d r r 

may be used t o f i n d t h e d e n s i t y d i s t r i b u t i o n a t o u t l e t , and t h e v e l o c i t y 

and s t r e a m l i n e p o s i t i o n s . T h i s e q u a t i o n i s v a l i d f o r c o m p r e s s i b l e f l o w 

p r o v i d e d t h a t t n e r a d i a l v e l o c i t y i s z e r o . 

For a b l a d e row w i t h ' f r e e v o r t e x ' c i r c u m f e r e n t i a l v e l o c i t y d i s ­

t r i b u t i o n s a t i n l e t and o u t l e t - i . e . r V u = c o n s t a n t w i t h r a d i u s -

t h e r e i s no n e t s h i f t o f t h e s t r e a m l i n e s , and such b l a d e d e s i g n s were 

commonly used because of t h e ease o f aerodynamic d e s i g n , though t h e y 

a r e poor m e c h a n i c a l l y because of t h e l a r g e t w i s t n e c e s s a r y on t h e b l a d e 

shape. 

I n g e n e r a l , changes i n f l u i d d e n s i t y a r e accompanied by f l a r i n g o f 

t h e s i d e s o f t h e d u c t t o v a r y t h e a n n u l u s f l o w a r e a and m a i n t a i n a x i a l 

v e l o c i t i e s , b u t t h i s i n t r o d u c e s s i g n i f i c a n t r a d i a l v e l o c i t i e s so t h a t 

t h e a s s u m p t i o n of z e r o r a d i a l v e l o c i t y a t c a l c u l a t i o n p l a n e s i s no 

l o n g e r v a l i d . A n o t h e r o b j e c t i o n t o t h e r a d i a l e q u i l i b r i u m method i s 

t h a t i t cannot model i n t e r f e r e n c e of t h e f l o w caused by a d j a c e n t rows 

of b l a d e s , because i t i s assumed t h a t a l l r a d i a l m o t i o n o c c u r s w i t h i n 

b l a d e rows, whereas i n most turbomachines o f low h u b : t i p r a t i o a p p r e c i ­

a b l e f l o w r e d i s t r i b u t i o n can be measured o u t s i d e b l a d e rows f o r d i s t a n c e s 

comparable t o t h e c h o r d l e n g t h . 
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2.3 A c t u a t o r D i s c Theory 

Tne m a j or d e f e c t s o f r a d i a l e q u i l i b r i u m a n a l y s i s were t a c k l e d i n 

t h e A c t u a t o r D i s c Theory c o m p r e h e n s i v e l y d e s c i b e d by H o r l o c k ( 1 9 7 8 ) . 

Here t h e b l a d e row i s r e p r e s e n t e d by an i n f i n i t e l y t n i n d i s c , r o t a t i n g 

o r s t a t i o n a r y , p o s i t i o n e d where t h e r e a l b l a d e row w o u ld be, and i t i s 

i m a g i n e d t h a t a step-change i n t a n g e n t i a l v e l o c i t y o c c u r s a c r o s s t h e 

d i s c . The e f f e c t o f n e i g h b o u r i n g b l a d e rows i s i n c l u d e d i n t h e t h e o r y 

b u t t h e r e a r e drawbacks - t h e r a d i a l v e l o c i t y i s s t i l l assumed t o be 

s m a l l , and t n e f l o w must have s m a l l v o r t i c i t y . The method works f o r 

c o m p r e s s i b l e f l o w , b u t o n l y i f t h e d u c t w a l l s a r e o f c o n s t a n t r a d i u s , 

d e s p i t e a t t e m p t s t o a l l o w f l a r e d w a l l s , f o r t h e f o l l o w i n g r e a s o n ; 

R e f e r r i n g t o F i g u r e 2.2, suppose t h a t a t p o i n t 1 c o m p r e s s i b l e 

f l u i d i s f l o w i n g c l o s e t o t h e machine w a l l w i t h v e l o c i t y components 

V , V r, V u. A step-change i n V u o c c u r s as t h e f l o w passes t h r o u g h t h e 

a c t u a t o r d i s c , and so t h e r e i s a sudden change i n d e n s i t y . For c o n t i n u i t y 

o f mass f l o w r a t e , t n e r e must be a change i n V z so t h a t t h e p r o d u c t p V z 

remains c o n s t a n t . V r i s i n v a r i a n t , t h e r e b e i n g no r a d i a l f o r c e s a l l o w e d 

i n t h e a c t u a t o r d i s c t h e o r y . Hence t h e f l o w a n g l e s changes a b r u p t l y , 

and t h e p r e d i c t e d f l o w no l o n g e r f o l l o w s t h e c a s i n g geometry; i n d e e d , 

i t may be c a l c u l a t e d as p a s s i n g r i g h t t h r o u g h i t I 

2.4 Wu's G e n e r al Theory 

Wu (1952) p u b l i s h e d a t h e o r y f o r c a l c u l a t i n g t h e f u l l t h r e e - d i m e n s i o n a l 

f l o w f i e l d i n t u r b o m a c h i n e s . A t t h e t i m e adequate computers d i d n o t e x i s t 

t o s o l v e problems by h i s approach, b u t s i n c e t h e n s e v e r a l methods o f 

s o l u t i o n have been based on t h i s a n a l y s i s , w h i c h i s summarised below. 

The t h r e e - d i m e n s i o n a l f l o w p a t t e r n of an i n v i s c i d f l u i d can be 

f o u n d by s o l v i n g t n e f o l l o w i n g e q u a t i o n s : 

( i ) Flow C o n t i n u i t y -

+ 7 • (pW) = 0 i f n o f l u i d i s e n t e r i n g o r l e a v i n g 
8 t . . . O A\ 
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( i l ) M o t i o n - Newton's second law 

_ c u V -4- 2o,*W — I Vp ... ( 
Dt ~p~ ' 

c e n t r i p e t a l C o r i o l i s ^ 
a c c e l e r a t i o n a c c e l e r a t i o n 

From t h e f i r s t and second laws o f thermodynamics t h e r i g h t hand 

s i d e may be exp r e s s e d as 

- _ L Vp — -VI +TVs . 
P ' 

T h i s law of m o t i o n g i v e s t h r e e e q u a t i o n s when expanded i n t o t h r e e -

d i m e n s i o n a l c o - o r d i n a t e s , such as t h e c y l i n d r i c a l s e t r , 0, z, one i n 

each c o - o r d i n a t e d i r e c t i o n . 

( i i i ) Energy 

Dt . . . ( 2 . 3 ) 

i f t h e f l o w i s a d i a b a t i c . 

T h i s means t h a t t h e r o t h a l p y (see Appendix A) i s c o n s t a n t a l o n g 

a s t r e a m l i n e . 

( i v ) S t a t e 

One o f s e v e r a l f o r m s ; a s u i t a b l e one i s : 

e 
where t h e s u f f i x denotes some r e f e r e n c e v a l u e . 

The a s s u m p t i o n i n ( i i i ) o f a d i a b a t i c f l o w i s w i d e l y used and i s 

r e a s o n a b l e f o r compressor a p p l i c a t i o n s , though l e s s so f o r t u r b i n e s . 

I f t h e r e i s a h e a t i n p u t o f Q per u n i t mass p e r u n i t t i m e , t h e n ^ = Q 

Smith (1966) c o n s i d e r s non-zero Q, b u t n o t e s t h a t t h e e f f e c t s o f heat 

a d d i t i o n on t h e r a d i a l e q u i l i b r i u m e q u a t i o n a r e e x p e c t e d t o be s m a l l . 

I r r e v e r s i b i l i t y w i l l h e re be i n t r o d u c e d i n t o t h e e q u a t i o n s o f m o t i o n 

by i n c l u d i n g a f r i c t i o n a l f o r c e a g a i n s t t h e d i r e c t i o n o f f l u i d f l o w . 
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l t i s r e q u i r e d t o f i n d t h e t h r e e v e l o c i t y components, V , V r and 

V u, and t h e f l u i d p r o p e r t i e s p, h and s. The v e l o c i t y components and 

any two of t h e f l u i d p r o p e r t i e s may be f o u n d f r o m t h e f i v e e q u a t i o n s 

( i ) t o ( i i i ) . The e q u a t i o n o f s t a t e , ( i v ) , shows t h e r e l a t i o n s h i p 

between p, h and s so t h a t t h e t h i r d o f them may be f o u n d . 

The t n r e e e q u a t i o n s o f m o t i o n and t h e energy e q u a t i o n can be 

combined t o g i v e an e q u a t i o n w h i c h s t a t e s t h a t i n r e v e r s i b l e a d i a b a t i c 

f l o w t h e e n t r o p y o f t n e f l u i d remains c o n s t a n t a l o n g a s t r e a m l i n e , but 

i n i r r e v e r s i b l e f l o w i t v a r i e s i n some e m p i r i c a l way. Any f o u r o f these 

f i v e e q u a t i o n s ( e n e r g y , e n t r o p y and t h r e e o f m o t i o n ) may t h e n be used, 

t h e f i f t h b e i n g a u t o m a t i c a l l y s a t i s f i e d . 

I f t h e f r i c t i o n a i f o r c e m o d e l l i n g t h e f l o w l o s s e s i s assumed t o a c t 

i n t h e (-z) d i r e c t i o n , i . e . a x i a l l y u pstream, t h e n by c h o o s i n g t h e s u r ­

p l u s e q u a t i o n above t o be t h a t o f m o t i o n i n t h e z d i r e c t i o n , i t i s 

unnecessary t o e v a l u a t e t h e f r i c t i o n a i f o r c e . 

The d e r i v a t i o n o f energy e q u a t i o n 2.3 i s based on a d i a b a t i c flow, 

and i n f l o w w i t h l o s s e s i t s a p p l i c a t i o n a l o n g s t r e a m l i n e s i s v a l i d only 

i f t h e f l u i d i s n o t h e a t - c o n d u c t i n g . However, t h e mass flow averaged 

r o t h a l p y i n t h e f l o w f i e l d i s c o n s t a n t i f t h e r e i s no e x t e r n a l heat 

s o u r c e , and e q u a t i o n 2.3 i s used as a w o r k a b l e a p p r o x i m a t i o n a l o n g 

s t r e a m l i n e s . These p o i n t s a r e e x p l a i n e d more f u l l y i n Appendix A. 

2.5 Time-Dependence and A x i a l Symmetry 

E q u a t i o n 2.2 c o n t a i n s components i n a l l t h r e e c o o r d i n a t e d i r e c t i o n s , 

and a l s o time-dependence. A s i m p l i f y i n g premise proposed by Wu (1952) 

i s t h a t t h e f l o w i s t a k e n as s t e a d y , so t h a t a l l t i m e d e r i v a t i v e s v a n i s h . 

T h i s a s s u m p t i o n i s r e a s o n a b l e f o r an i s o l a t e d row of b l a d e s w i t h steady 

i n l e t f l o w c o n d i t i o n s . However, c i r c u m f e r e n t i a l v a r i a t i o n s o f p r o p e r t i e s 

a t e x i t f r o m a b l a d e row, as g e n e r a l l y o c c u r , w i l l appear as unsteady 

f l o w t o a downstream row of blades moving r e l a t i v e to the f i r s t row. 
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The a s s u m p t i o n o f s t e a d y f l o w i s i n c o r p o r a t e d i n many n u m e r i c a l 

methods based on Wu's (1952) a n a l y s i s , b u t i n any example w i t h r e l a t i v e 

i n o t i o n of b l a d e rows, i t must be c o u p l e d f o r c o n s i s t e n c y w i t h a n o t h e r 

a s s u m p t i o n t h a t e i t h e r a l l c i r c u m f e r e n t i a l v a r i a t i o n o f p r o p e r t i e s i s 

mixed o u t i n t h e f l o w l e n g t h between a d j a c e n t rows o f b l a d e s , o r t h a t 

t h e f l o w p a t t e r n i s a x i a l l y s y m m e t r i c a l , when no c i r c u m f e r e n t i a l v a r i a ­

t i o n s of f l o w e x i s t anywhere. 

Between a d j a c e n t p a i r s of bla d e s i n a b l a d e row, some g e n e r a l 

p r o p e r t y , say q, v a r i e s c i r c u m f e r e n t i a l l y , t y p i c a l l y i n a r e p e a t i n g 

s a w t o o t h p a t t e r n . A c o n s t a n t v a l u e o f q may be approached by c o n s i d e r ­

i n g a row w i t h v e r y many b l a d e s , t h e t h i c k n e s s o f each b e i n g g r e a t l y 

reduced t o m a i n t a i n t h e o r i g i n a l t h i c k n e s s / p i t c h r a t i o . The s a w t o o t h 

p r o f i l e i s now much reduced i n s c a l e , b u t i t s h o u l d be a p p r e c i a t e d 

t h a t t h e ' r i p p l e ' does n o t d i s a p p e a r , and t h e c i r c u m f e r e n t i a l g r a d i e n t 

of q i s unchanged. As t h e number o f bla d e s t e n d s t o i n f i n i t y , each e x e r t s 

an i n f i n i t e s s i m a l f o r c e on an i n f i n i t e s s i m a l amount o f f l u i d , t h u s p r o ­

d u c i n g a d e f l e c t i o n o f t h e f l o w . 

I n a x i s y m m e t r i c f l o w t h e r e a r e no such c i r c u m f e r e n t i a l g r a d i e n t s , a n d 

no b l a d e s t o e f f e c t change i n a n g u l a r momentum. F l u i d i s t h e r e f o r e 

r e d i r e c t e d by a c i r c u m f e r e n t i a l l y - u n i f o r m 'body f o r c e ' F, i n t r o d u c e d 

i n t o t h e e q u a t i o n s o f m o t i o n , a c t i n g p e r p e n d i c u l a r l y t o t h e f l o w and 

t h u s i t has components i n t h e t h r e e c o o r d i n a t e d i r e c t i o n s . R a t i o s o f 

t h e components a r e r e l a t e d t o v a r i o u s f l o w a n g l e s . F i s z e r o where t h e r e 

a r e no b l a d e s , as i n d u c t f l o w . 

The d i s t i n c t i o n between t h e many-bladed and t h e a x i s y m m e t r i c f l o w 

models i s d i s c u s s e d by H o r l o c k and Marsh ( 1 9 7 1 ) . P r a c t i c a l a x i s y m m e t r i c 

f l o w may be ima g i n e d i n mercury f l o w i n g t h r o u g h a t u b e i n a magnetic 

f i e l d , w h i l e c o n d u c t i n g e l e c t r i c i t y , s w i r l i n g f l o w b e i n g produced by 

magnetohydrodynamic f o r c e s . 
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2.6 Stream S u r f a c e s 

Wu (1952) proposes t h a t t h e t h r e e - d i m e n s i o n a l f l o w s o l u t i o n be 

o b t a i n e d by c o m b i n i n g s e t s o f t w o - d i m e n s i o n a l f l o w s w h i c h l i e on r e l a ­

t i v e 'stream s u r f a c e s ' t h r o u g h w h i c h no f l o w passes. There a r e two 

k i n d s of stream s u r f a c e , i l l u s t r a t e d i n F i g u r e 2.3, and denoted S I and 

S2. Type S I s u r f a c e s i n t e r s e c t w i t h a z- p l a n e , e i t h e r upstream o r 

about midway t h r o u g h a b l a d e row, t o f o r m a c i r c u l a r a r c . Type S2 

s u r f a c e s f o r m r a d i a l l i n e s a t one such i n t e r s e c t i o n . 

The a s s u m p t i o n o f a x i s y m m e t r i c f l o w i m p l i e s t h a t a l l S2 s u r f a c e s 

a r e i d e n t i c a l , and a s o l u t i o n i s r e q u i r e d f o r o n l y one S2 s u r f a c e , 

c a l l e d t h e 'mean' S2 st r e a m s u r f a c e . I t a l s o i m p l i e s t h a t t h e S I 

s u r f a c e s a r e s u r f a c e s of r e v o l u t i o n , w i t h no t w i s t i n t h e c i r c u m f e r e n t i a l 

d i r e c t i o n . I n d u c t f l o w t h e s e assumptions a r e q u i t e s a t i s f a c t o r y , b u t 

w i t h i n b l a d e rows t h e b l a d e s u r f a c e s f o r m f l o w b o u n d a r i e s , and i n g e n e r a l 

t h e s u c t i o n s i d e of one b l a d e has a d i f f e r e n t shape f r o m t h e p r e s s u r e 

s i d e o f i t s n e i g h b o u r . 

The n o t i o n a l shape o f t h e mean S2 s u r f a c e i n a b l a d e row i s a 

m a t t e r of some debate - see Chapter 9 and a l s o H o r l o c k and Marsh (1971) -

b u t i n t h e p r e s e n t work i t i s based on t h e shape o f t h e d e s i g n camber 

s u r f a c e o f t h e b l a d e s i n t h e row, w i t h m o d i f i c a t i o n s f o r t r a i l i n g edge 

f l o w a n g l e d e v i a t i o n , and f o r b l e n d i n g o f t h e c i r c u m f e r e n t i a l c u r v a t u r e 

o f t h e s t r e a m l i n e s a t e n t r y and e x i t ; t h e n e c e s s i t y f o r t h i s i s demon­

s t r a t e d i n Chapter 4. The b l a d e f o r c e F a c t s p e r p e n d i c u l a r l y t o t h e 

mean S2 s u r f a c e e v e r y w h e r e . 

For d u c t f l o w , a n g u l a r momentum i s cons e r v e d a l o n g a s t r e a m l i n e i f 

t h e r e a r e no f l o w l o s s e s , o r e l s e changes i n a n g u l a r momentum may be 

r e l a t e d t o l o s s e s v i a e n t r o p y as mentioned i n S e c t i o n 2.4. Hence changes 

i n f l o w d i r e c t i o n a r e d e f i n e d f r o m t h e e q u a t i o n s o f m o t i o n . W i t h i n a 

b l a d e row t h e f l u i d i s assumed t o f o l l o w t h e mean st r e a m s u r f a c e , whose 
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geometry w i l l u s u a l l y d e p a r t f r o m f r e e - f l o w p a t h s , and so o v e r - r i d e 

c o n s i d e r a t i o n s o f c o n s e r v i n g a n g u l a r momentum. There i s t h u s a 

g e o m e t r i c a l c o n d i t i o n r e l a t i n g t h e v e l o c i t y components a t any p o i n t 

w i t h i n a b l a d e row, and so a second o f t h e s i x o r i g i n a l e q u a t i o n s i n 

t h e a n a l y s i s may be r e p l a c e d . Since a l l 6 - d e r i v a t i v e s a r e here assumed 

t o be z e r o , t n c c i r c u m f e r e n t i a l e q u a t i o n o f m o t i o n i s t h e one t o 

e l i m i n a t e , so t h a t t h e o n l y e q u a t i o n o f m o t i o n r e m a i n i n g i s t h a t i n t h e 

r a d i a l d i r e c t i o n . Such a s u b s t i t u t i o n cannot be made i n t h e d u c t f l o w 

a n a l y s i s , as t h e r e i s no g e o m e t r i c a l c o n s t r a i n t on f l o w d i r e c t i o n . 

2.7 N u m e r i c a l S o l u t i o n s Based on Wu's Theory 

Two d i f f e r e n t methods of s o l u t i o n o f t h e a b o v e - d e s c r i b e d f o r m u l a t i o n 

o f t h e problem were de v e l o p e d , one by w o r k e r s such as S i l v e s t e r and 

H e t h e r i n g t o n (1966) a t Ro l l s - R o y c e L i m i t e d , and a n o t h e r by Marsh (1968) 

a t t h e N a t i o n a l Gas T u r b i n e E s t a b l i s h m e n t . Both o b t a i n i n f o r m a t i o n about 

t h e o v e r a l l f l o w p a t t e r n , b u t do so by d i f f e r e n t n u m e r i c a l t e c h n i q u e s . 

For a comparison o f t h e two see Marsh ( 1 9 7 0 ) . 

Marsh's (1968) M a t r i x Through-Flow method uses t h e st r e a m f u n c t i o n 

as t h e main unknown, w i t h t h e boundary c o n d i t i o n s t h a t t h e n o n - d i m e n s i o n a l 

stre a m f u n c t i o n i s z e r o on t h e d u c t w a l l a t t h e machine hub, and u n i t y on 

the w a l l by t h e b l a d e t i p s . S t a r t i n g f r o m a guessed p a t t e r n o f i n t e r ­

m e d i a t e s t r e a m f u n c t i o n v a l u e s , t h e r a d i a l e q u a t i o n o f m o t i o n i s expr e s s e d 

as a q u a s i - l i n e a r d i f f e r e n t i a l e q u a t i o n i n stream f u n c t i o n : 

T h i s e q u a t i o n i s s o l v e d i t e r a t i v e l y by a f i n i t e d i f f e r e n c e method, 

m a n i p u l a t i o n o f numbers b e i n g p e r f o r m e d by m a t r i c e s . The bar super­

s c r i p t over d e r i v a t i v e s denotes t h e s p e c i a l d e r i v a t i v e f o l l o w i n g a 

stream s u r f a c e as d e s c r i b e d i n Appendix B. 

+ 
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S i l v e s t e r and H e t h e r i n g t o n ' s (1966) method i s known as t h e S t r e a m l i n e 
C u r v a t u r e t e c h n i q u e because a l t h o u g h t h e main unknown i s a f l u i d v e l o c i t y 
t e r m , i t i s n e c e s s a r y t o p e r f o r m t h e s e n s i t i v e c a l c u l a t i o n o f t h e s l o p e 
and c u r v a t u r e of t h e s t r e a m l i n e s a t c a l c u l a t i o n p o i n t s . The r a d i a l 
e q u a t i o n o f m o t i o n i s a g a i n used, t h i s t i m e c a s t i n t o a f o r m l i k e : 

Wm "3Wm + Wm
2 K ( r ) + L ( r ) = 0 

3r 

T h i s e q u a t i o n i s s o l v e d i t e r a t i v e l y , s t a r t i n g f r o m an i n i t i a l 

e s t i m a t e of t h e f u n c t i o n s K ( r ) and L ( r ) . The p r o c e d u r e s d e v e l o p e d 

t o r e a ch a converged s o l u t i o n a r e t h e concern of Chapter 6. 

I t may be n o t e d t h a t t h e degree o f s w i r l i n d u c t f l o w has no 

e f f e c t on t h e c h o k i n g o f t h e f l o w w h i c h o c c u r s as t h e f l u i d reaches 

s o n i c speed. Thus f o r d u c t f l o w t h e l i m i t i n g case i s o f t h e m e r i d i o n a l 

Mach number r e a c h i n g u n i t y . For i n t r a b l a d e f l o w , t h e f l o w c h a n n e l i s 

d e f i n e d by t h e b l a d e s u r f a c e s , and c h o k i n g o c c u r s when t h e o v e r a l l 

r e l a t i v e Mach number i s u n i t y . Both t h e m a t r i x t h r o u g h f l o w and t h e 

s t r e a m l i n e c u r v a t u r e methods r a i s e problems i n t r a n s o n i c f l o w . I n t h e 

m a t r i x t h r o u g h - f l o w approach, t h e f u n c t i o n q ( r , z ) i n v o l v e s d e n s i t y 

t e r m s , f o r w h i c h t h e r e a r e two p o s s i b l e s o l u t i o n s , one f o r r e l a t i v e 

Mach number l e s s t h a n u n i t y ( s u b s o n i c ) , t h e o t h e r f o r s u p e r s o n i c f l o w . 

The terms K ( r ) and L ( r ) i n t h e s t r e a m l i n e c u r v a t u r e method c o n t a i n 
2 

den o m i n a t o r s of ( 1 - Mffl ) , w h i c h would r e s u l t i n a d i v i s i o n by z e r o 

a t 1 % = 1. Thus b o t h t e c h n i q u e s a r e i n g e n e r a l a p p l i e d t o s u b s o n i c 

m e r i d i o n a l f l o w s o n l y . 
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CHAPTER 3 

M a t h e m a t i c a l A n a l y s i s For The S t r e a m l i n e C u r v a t u r e Method, 

W i t h An Improved Loss Model 

3 . I Loss Measurement 

Rea l f l u i d f l o w i n turbomachines i s i r r e v e r s i b l e , f l o w l o s s e s 

o c c u r r i n g because of s k i n f r i c t i o n a t m e t a l s u r f a c e s ( i n d u c t s and on 

b l a d e s ) , t u r b u l e n t m i x i n g i n wakes downstream of b l a d e rows and f l u i d 

f r i c t i o n i n areas of shear f l o w . I f t h e f l o w i s assumed t o be a d i a b a t i 

b u t i r r e v e r s i b l e t h en i t i s n o t i s e n t r o p i c , and e n t r o p y changes may be 

f o u n d u s i n g t h e f o r m u l a 

T h i s r e l a t i o n s h i p of thermodynamic p r o p e r t i e s may be a p p l i e d between two 

p o i n t s n o t n e c e s s a r i l y on t h e same s t r e a m l i n e . However, i n a d i a b a t i c 

f l o w w i t h Cp c o n s t a n t , T Q2 = T Q2 f o l l o w i n g a s t r e a m l i n e i n d u c t or 

s t a t o r f l o w . 

Changes i n t o t a l p r e s s u r e a r e d e r i v e d f r o m e x p e r i m e n t a l r e s u l t s 

o r l a r g e l y e m p i r i c a l l y f r o m known b e h a v i o u r o f s i m i l a r d e s i g n s , and i t 

must be borne i n mind when a p p l y i n g t h e f o l l o w i n g a n a l y s i s t h a t numer­

i c a l d a t a t o be used i n a s s e s s i n g t h e e f f e c t s of f l o w l o s s e s a r e 

o b t a i n e d e x p e r i m e n t a l l y , f r o m such d e v i c e s as p r e s s u r e probes down­

stream o f rows o f b l a d e s . 

The g r e a t e s t p r e s s u r e l o s s e s i n p r a c t i c e occur w i t h i n b l a d e rows 

and i n t h e downstream m i x i n g - o u t o f c i r c u m f e r e n t i a l f l o w v a r i a t i o n s 

b u i l t up i n s i d e t h e b l a d e row. Duct l o s s e s a r e f o u n d t o be s m a l l , but 

a r e i n c l u d e d i n t h e a n a l y s i s i n t h i s c h a p t e r . W a l l boundary l a y e r s 

a r e n o t s p e c i f i c a l l y m o d e l l e d h e r e , b u t may be i n c l u d e d a f t e r a f a s h i o n 

by u s i n g h i g h l o s s v a l u e s on t h e hub and t i p w a l l s . 

T o2 R I °2 C n n 
T °1 
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3.2 The Loss Model 

The e q u a t i o n s of m o t i o n s e t o u t i n S e c t i o n 2.4 do n o t i n c l u d e any 

r e p r e s e n t a t i o n o f f l o w l o s s e s , e x c e p t t h a t t h e e l i m i n a t i o n o f t h e 

e q u a t i o n of m o t i o n i n t h e a x i a l d i r e c t i o n a l l o w s t h e presence of a f o r c e 

a c t i n g i n t h e e x a c t l y o p p o s i t e d i r e c t i o n , w i t h o u t any component o f i t 

a p p e a r i n g i n the r e m a i n i n g e q u a t i o n s o f m o t i o n . 

I t i s more r e a l i s t i c t o r e p r e s e n t f l o w l o s s e s by a d i s s i p a t i v e 

f o r c e , D, as proposed by H o r l o c k ( 1 9 7 1 ) , a c t i n g a g a i n s t t h e l o c a l 

r e l a t i v e v e l o c i t y v e c t o r , i . e . i n t h e (-W) d i r e c t i o n . There i s o f t e n 

a c o n s i d e r a b l e c i r c u m f e r e n t i a l component i n W, so t h e f l u i d p a t h i s 

v e r y d i f f e r e n t f r o m t h e a x i a l d i r e c t i o n and, because o f s p i r a l l i n g a l o n g 

d u c t s , p a t h l e n g t h s a r e r a t h e r g r e a t e r t h a n t h e a x i a l d i s t a n c e s c o v e r e d . 

F o l l o w i n g t h e a n a l y s i s o f Bosman and Marsh ( 1 9 7 4 ) , a r e c t a n g u l a r 

c o - o r d i n a t e system i s chosen as i l l u s t r a t e d i n F i g u r e 3.1 w i t h two axes 

a l o n g and a c r o s s t h e stream, i n i t s s u r f a c e (S and N d i r e c t i o n s ) and 

t h e t h i r d ( n d i r e c t i o n ) n o r m a l t o t h e s u r f a c e . The body f o r c e F w h i c h 

i s n e c e s s a r y f o r a x i s y i m n e t r i c i n v i s c i d f l o w t o f o l l o w a p r e s c r i b e d 

stream s u r f a c e shape, as w i t h i n b l a d e rows, t h e n a c t s a l o n g t h e n - a x i s 

w i t h no components i n t h e S o r N d i r e c t i o n s . The f o r c e D a c t s i n t h e 

(-S) d i r e c t i o n w i t h no components i n t h e N o r n d i r e c t i o n s . Hence t h e 

e q u a t i o n o f m o t i o n i n t h e N d i r e c t i o n c o n t a i n s n e i t h e r body f o r c e nor 

d i s s i p a t i v e f o r c e components. 

The (N, n, S) c o - o r d i n a t e s may be a p p l i e d t o Wu's t y p e S I o r S2 

s u r f a c e s , b u t f o r t h i s a x i s y m m e t r i c t r e a t m e n t o f t h e problem, o n l y t h e 

mean S2 s u r f a c e i s c o n s i d e r e d . W i t h i n r o t a t i n g b l a d e rows, t h e f o r c e 

D i s assumed t o oppose t h e f l o w r e l a t i v e t o t h e moving s u r f a c e , so t h e 

S c o - o r d i n a t e i s a l i g n e d t o t h e r e l a t i v e v e l o c i t y v e c t o r W, n o t t o V, 

t h e a b s o l u t e v e l o c i t y v e c t o r . 

Hong (1980) c r i t i c i s e s t h e d i s s i p a t i v e f o r c e approach t o m o d e l l i n g 

l o s s e s , c o n c l u d i n g t h a t t h e f o r c e does n o t f o l l o w t h e d i r e c t i o n o f 
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(-W), though t h i s appears t o be reasoned f r o m g e n e r a l r h e o l o g i c a l 

c o n s i d e r a t i o n s . He models t h e d i s s i p a t i v e f o r c e as a t e n s o r , n o t a 

v e c t o r , and f l u i d t e n s o r a n a l y s i s a l l o w s t h e g e n e r a t i o n o f shears 

p e r p e n d i c u l a r t o t h e p r i m a r y s h e a r . Such b e h a v i o u r i s c h a r a c t e r i s t i c 

o f non-Newtonian f l u i d s , b u t t h e l o s s model proposed h e r e , u t i l i s i n g 

t r i e f o r c e v e c t o r D, i s v a l i d f o r Newtonian f l u i d s such as a i r . 

3.3 I n t r a b i a d e Flow - F o r m u l a t i o n o f N - d i r e c t i o n E q u a t i o n o f M o t i o n 

Bosnian and Marsh (1974) s e t o u t an a p p l i c a t i o n o f t h e improved 

l o s s model t o t h e e q u a t i o n s f o r t h e m a t r i x t h r o u g h - f l o w a n a l y s i s , and 

o b t a i n e d e q u a t i o n s o f m o t i o n i n t h e (N, n, S) c o - o r d i n a t e s s i m i l a r t o 

t h o s e i n the c o n v e n t i o n a l ( r , 9, z ) c o - o r d i n a t e s . 

I n t h i s s e c t i o n i t w i l l be shown t h a t t h e concept can be manipu­

l a t e d i n t o a f o r m s u i t a b l e f o r t h e s t r e a m l i n e c u r v a t u r e t e c h n i q u e , 

r e s u l t i n g i n e q u a t i o n s o f m o t i o n w h i c h d i f f e r f r o m t h o s e o r d i n a r i l y 

used. The (N, n, S) c o - o r d i n a t e s a t any p o i n t change t h e i r o r i e n t a t i o n 

as c a l c u l a t i o n s p r o c e e d . E x p r e s s i n g t h e N - d i r e c t i o n e q u a t i o n o f m o t i o n 

i n terms o f ( r , 6, z ) c o - o r d i n a t e s a l l o w s t h e use o f a c o - o r d i n a t e 

system w h i c h does n o t s h i f t f r o m i t e r a t i o n t o i t e r a t i o n as t h e c a l c u l a t e d 

f l o w d i r e c t i o n changes. 

The f o r m o f t h e r a d i a l e q u i l i b r i u m e q u a t i o n d e r i v e d by S i l v e s t e r 

and H e t h e r i n g t o n ( 1 9 6 6 ) , S m i t h (1966) and Novak (1967) i s summarised 

by Marsh (1970) as: 

W M 1 ^ + Wl K(r) 4 - L(r) - O . ...(3.1) 
r 

We d e s i r e a v e r y s i m i l a r f o r m t o t h i s f o r t h e N - d i r e c t i o n e q u i l i b ­

r i u m e q u a t i o n . 

I n i t i a l l y f o l l o w i n g t h e a n a l y s i s o f Bosman and Marsh ( 1 9 7 4 ) , t h e 

t h r e e e q u a t i o n s o f m o t i o n i n t h e r , 6, and z d i r e c t i o n s i n c l u d i n g t h e 

d i s s i p a t i v e f o r c e D a r e : 
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r d r 3<9 
1^ - IK 11 -rh.-D, {Z.2«) 

d\4 -
$ 9 r~ c)Q 

o Z ^ r 36) 
ax 
dz 

These e q u a t i o n s a r e t o be s o l v e d on t h e mean s t r e a m s u r f a c e and 

may be expressed i n terms o f t h e s p e c i a l d e r i v a t i v e s d e f i n e d i n 

Appendix C, w i t h o u t d i s c a r d i n g t h e 6 - d e r i v a t i v e t e r m s , w h i c h w i l l 

appear i n t h e components o f t h e body f o r c e F, as a l s o shown i n 

Appendix C. 

d 2 d r 
~ T I s ( 3 - 3 a ) 

MAC] ~Wz ^ (3.3/,) 

F 7 - D- ( 3 . 3 c ) 

where 

The f o r c e v e c t o r F, b e i n g normal t o t h e mean stream s u r f a c e , i s 

t h e r e f o r e normal t o W and D, and so 
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W r F r + W u F u + W z F z = 0 

D F + D F + D F r r u u z r z . , ( 3 . 4 ) 

A l s o , s i n c e t h e d i s s i p a t i v e f o r c e v e c t o r D i s assumed t o oppose 

t h e v e l o c i t y v e c t o r W, 

D r D u _ D z 

W, w, w, (3 . 5 ) 

The e q u a t i o n of m o t i o n i n t h e N - d i r e c t i o n c o n t a i n s no components 

of F o r D, s i n c e F and D (and W) a r e p e r p e n d i c u l a r t o t h e N - d i r e c t i o n . 

Put a n o t h e r way, 

F x W l i e s i n t h e N - d i r e c t i o n . 

U s i n g e q u a t i o n s 3.4 and 3.5 i t i s p o s s i b l e t o f o r m 

( 3 . 3 a ) (W z F u - Wu F z ) + (3 . 3 b ) (W r F z - Wz F r ) + ( 3 . 3 c ) (W u F r - Wr F u 

w h i c h c o n t a i n s no n e t components o f F o r D and i s t h u s t h e e q u a t i o n o f 

m o t i o n i n t h e N - d i r e c t i o n . E xpanding, and n o t i n g t h a t Wr = V r and 

W = V , r e s u l t s i n 

W 2F 

F7 ~b s - F ^ 

9 r ^ 2 

... ( 3 . ( 

T h i s e q u a t i o n can be s i m p l i f i e d by i n t r o d u c i n g two l o c a l a n g l e s 

A and u, w h i c h d e f i n e t h e l o c a l geometry o f t h e mean stream s u r f a c e , 

( F i g u r e 3.2) : 

t a n \ = v T 

t a n p, = v 2 

> ( 3 . 7 ) 
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X 

s t r e a m 
s u r f a c e 

9 

st r e a m 
s u r f a c e 
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A n g l e s marked a r e p o s i t i v e 

FIGURE 3.2; FLOW ANGLES X AND 



- 24 -

Note t h a t i n t h e s i g n c o n v e n t i o n adopted (Appendix D ) , p, and a 

a r e o f o p p o s i t e s i g n s . 

From e q u a t i o n 3.4 t h e v e l o c i t y components a r e r e l a t e d by; 

Wr t a n A + Wu + Wz t a n u, = 0 

. . . ( 3 . 8 ) 

w h i c h i s t h e g e o m e t r i c a l c o n d i t i o n f o r t h e f l o w t o f o l l o w t h e stream 

s u r f a c e . 

The c o n t i n u i t y e q u a t i o n may be w r i t t e n as 

where B i s p r o p o r t i o n a l t o t h e l o c a l a n g u l a r t h i c k n e s s o f t h e stream 

s u r f a c e . I n t h e t h r o u g h - f l o w a n a l y s i s , B i s t h e r a t i o o f t h e l o c a l 

c i r c u m f e r e n c e a v a i l a b l e f o r f l u i d f l o w t o t h e t o t a l c i r c u m f e r e n c e , and 

a l t h o u g h termed t h e 'blockage f a c t o r ' i s a measure o f t h e u n b l o c k e d 

f l o w a r e a . I n d u c t f l o w B = I , b u t where t h e r e a r e b l a d e s o f f i n i t e 

t h i c k n e s s , i t i s l e s s t h a n u n i t y . 

A stream f u n c t i o n may t h e n be d e f i n e d , where 

- p B r V2 

] [ V — - O B r \Jr 

For s t e a d y a d i a b a t i c f l o w , t h e energy e q u a t i o n 

Dt 

shows t h a t t h e r o t h a l p y I remains c o n s t a n t a l o n g a s t r e a m l i n e . The 

r o t h a l p y i s t h e r e f o r e a f u n c t i o n o f a l o n e , so t h a t 

( 3 . 9 ) 

^ 1 

l i 
( 3 . 1 0 ) 
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D e p a r t i n g f r o m t h e a n a l y s i s o f Bosman and Marsh ( 1 9 7 4 ) , e q u a t i o n 

3.(5 i s d i v i d e d by F u and s u b s t i t u t i o n s made f o r t a n \ and t a n ^ : 

W 
d z v 

w, - ton xn 
3>~ ^2 

l / 2 51 - K ^ 
5»- "52 

han/u ^ 5 - Kl A ^ S r 

C o m b i n a t i o n of R o t h a l p y Terms 

The terms i n v o l v i n g r o t h a l p y may be combined as f o l l o w s : 

K m 3 r — ("on \ 

L 
WL Km A -

d «f 
^ - v 2 

u s i n g e q u a t i o n s 3.9 and 3.10 

+ allpBrV, 

— dl p g r 

u s i n g 
e q u a t i o n 3.7 

usxng 
e q u a t i o n 3.4 

-dl pBrW2 . 
s i n c e W = V ; W = V„. r r ' z z 

E n t e r i n g t h i s s i n g l e r o t h a l p y t e r m we o b t a i n : 

oZ ~bt-

14 *s -v^s "5z 3r 1>Z * 
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The m e r i d i o n a l d i r e c t i o n , c o - o r d i n a t e m, i s t h e s t r e a m l i n e p a t h 

p r o j e c t e d o n t o a ( r , z ) p l a n e o f c o n s t a n t 9, so t h a t 

wm
2 = wr

2 + wz
2 

w i t h o u t any component o f c i r c u m f e r e n t i a l v e l o c i t y . For t h e g e n e r a l 

p r o p e r t y q t h e s p e c i a l d e r i v a t i v e s a r e r e l a t e d by 

Wm Dq = Wr M + Wz a q 

dm dr 

The l e f t hand s i d e o f e q u a t i o n 3.11 may t h e n be expressed as: 

Wr dV r 

Wz dm Wz d r dr 

I n t r o d u c i n g t h e s t r e a m l i n e s l o p e a n g l e e a r>d r a d i u s o f c u r v a t u r e C, 

where 

1 _ - de 

C dm 

th e l e f t hand s i d e o f e q u a t i o n 3.11 may t h e n be w r i t t e n as 

-Wj cose + VJ BWm 5i*e - W, 3Wr -W, 
Wz C Wz b 

...(3. 

The l a s t two terms i n t h e b r a c k e t combine t o g i v e 

W 2 Si- Wz dr-

E v a l u a t i o n o f aW m/di" 

The t e r m i n e x p r e s s i o n 3.12 i n v o l v i n g dW / d m raay be e v a l u a t e d 
m 

f o l l o w i n g t h e a n a l y s i s o f Marsh (1970) f r o m t h e e q u a t i o n s o f c o n t i n u i t y 

and energy as f o l l o w s . 

The e q u a t i o n o f c o n t i n u i t y i s 

52 
- o 
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Forming t h e s p e c i a l d e r i v a t i v e s i n t h e m - d i r e c t i o n , and d i v i d i n g 

9h ^ 2 

Now fr o m t h e r e l a t i o n s h i p s between t h e s p e c i a l d e r i v a t i v e s 

a>wz 

c o s e i } w 
/an 6 ̂  coSe) 

5 M 

^8 - ^ VV„ - W„, s/n g - ^ l ^ , (sine -cose Une) 

TP­ 'S »~ 9/n 

s/̂e + (rcc>&€ + shetkn€) 
9/- v 
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V\C,^o _ -W^^B - alAC - VIC Wt tan 6 + rsec 26 56 

The e q u a t i o n o f c o n t i n u i t y may t h e r e f o r e be e x p r e s s e d : 

VVC 1>JO - w^^B - I v i c - Hew, - t°*e) 
P 3 ^ W7 C r di~ 

T u r n i n g now t o t h e energy e q u a t i o n f o r s t e a d y , a d i a b a t i c , 

a x i s y m m e t r i c f l o w , 

Now 

\AC M - O. 

V\c 1>JJ, + i w " - ^ c o V 2 ) - o. 
d ho 

^ ( c o r ) 

- 3 + d ( c o r ) 

- W/ IVjC - W VIC VviC -r W „ c j r ^ ( W ) 
3 />7 

- 3 VIC - VV„ ̂  a -r VI/, 1 ^ 2̂ )̂ + ^ ^ ( W ) 

-\AC* 5 VIC - VI/ VIC W + W m K . 

— (V. - HQ Wr . 

A l s o , W^MC + Wr IC _WL, r M C + \C sine 
d t-vi ^ r d m 

__VVC ^ S C + C 3 r 
— r h <5rn 

_ V\C 1 ( r 1/ ) 
— r- <3 >n 

f r o m e q u a t i o n 3.3b 
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The f i n a l f o r m of t h e energy e q u a t i o n i s t h e n 

where f = F u + D u. 

I f t h e f l u i d i s a p e r f e c t gas, t h e n 

(5 dm' a 

1 

and s u b s t i t u t i n g f r o m t h e e q u a t i o n o f c o n t i n u i t y and energy: 

T h i s r e s u l t i s o b t a i n e d by Marsh (1970, e q u a t i o n 2 7 ) . I n t h e u s u a l 

s t r e a m l i n e c u r v a t u r e a n a l y s i s , D u - 0 and t h e n f = F u. T h i s completes 

t h e e v a l u a t i o n o f dW m/5in. 

The l e f t hand s i d e o f e q u a t i o n 3.11 now becomes 

- VIC cos e -Wm 1Wm t s;»e 
wz C % Wi 

z 

The terms i n C combine t o g i v e 

- cos 6 •+ S//?g 

a ' /-a 

c 

. (3-

— c 

/- /V/ 

w i t h i n t h e square b r a c k e t s o f e x p r e s s i o n 3.13. 

Hence e q u a t i o n 3.11 may be r e w r i t t e n as 

^ r 
I-/V -/- K 

Mr1 
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9>- 3 2 

h 

3h ^ 2 

I-CIH/U 21s ^ " ^ k J 
9 r 5 z 

M u l t i p l y i n g t h r o u g h o u t by (-W z), t h e e q u i l i b r i u m e q u a t i o n i n t h e 

N - d i r e c t i o n i s o b t a i n e d i n t h e f o r m t o be used: 

+ w2 5 r Tz 
... (3 

The l a s t two terms o f e q u a t i o n 3.14 may be s i m p l i f i e d , u s i n g t h e 

r e l a t i o n s h i p s between t h e s p e c i a l d e r i v a t i v e s , t o 

- T I s + W„ (\AL h«»X ~Wr)1)s 

y~ o> r~ 

w h i c h a r e p r e f e r a b l e where t h e m - d e r i v a t i e s a r e r e a d i l y c a l c u l a b l e . 

C o l l e c t i n g a l l t h e ds/dm t e r m s , t h e N - d i r e c t i o n e q u i l i b r i u m e q u a t i o n 

appears i n an a l t e r n a t i v e f o r m d i s c u s s e d i n Chapter 4: 
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C coi£ 
•+ Wr 

/ ~ M'VS oil 

3»7 
T ( VVr - VV̂. h** A) -

[\-Mj)R 

Comparisons o f e q u a t i o n s 3.14 and 3.15 w i t h t h e commonly-used 

r a d i a l e q u i l i b r i u m e q u a t i o n a r e made i n S e c t i o n 3.5. 

3.4 A x i s y m n i e t r i c Duct Flow E q u a t i o n s o f M o t i o n 

For d u c t f l o w t h e r e i s no p r e s c r i b e d s t r e a m s u r f a c e , and so no 

g e o m e t r i c a l c o n d i t i o n r e l a t i n g t h e t h r e e v e l o c i t y components. T h e r e ­

f o r e o n l y one o f t h e e q u a t i o n s o f m o t i o n can be r e p l a c e d - by t h e l o s s 

model e n t r o p y e q u a t i o n . 

As w i t h t h e i n t r a b l a d e f l o w , t h e e q u a t i o n o f m o t i o n t o r e p l a c e 

i s t h a t i n t h e l o c a l f l o w d i r e c t i o n , s i n c e i t c o n t a i n s t h e d i s s i p a t i v e 

f o r c e D. The two r e m a i n i n g e q u a t i o n s o f m o t i o n b o t h l i e i n t h e p l a n e 

p e r p e n d i c u l a r t o t h e v e l o c i t y v e c t o r V. 

T a k i n g j as t h e u n i t v e c t o r i n t h e 9 d i r e c t i o n , i t i s c o n v e n i e n t 

t o choose t h e d i r e c t i o n s f o r t h e two e q u a t i o n s o f m o t i o n as j_ x V and 

V x ( j x V ) . I n common w i t h t h e i n t r a b l a d e f l o w , t h e d i r e c t i o n o f 

t h e v e c t o r V may be changed as c a l c u l a t i o n s proceed so i t i s a g a i n h e l p ­

f u l t o f o r m t h e j x V and V x ( j _ x V) e q u a t i o n s o f m o t i o n i n terms o f 

t h e r , 6, z c o - o r d i n a t e s . 

For a x i s y m m e t r i c f l o w t h e e q u a t i o n s o f m o t i o n i n t h e r , 6 and z 

d i r e c t i o n s a r e r e s p e c t i v e l y (Bosman and Marsh (1974) ) ; 
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~ v7 
^Vr - B\£ T2S -2*. ( 3. /<*) 

>~ dz 
- -2>„. {3. Kb) 

dZ 9J-

The e q u a t i o n o f m o t i o n f o r t h e j x V d i r e c t i o n i s o b t a i n e d by 

f o r m i n g 

(3.16a) V z - ( 3 . 1 6 c ) V r 

w h i c h l e a d s t o an e q u a t i o n w i t h no component o f t h e d i s s i p a t i v e 

f o r c e : 

5z T r 5Z 
- T 

D e p a r t i n g f r o m t h e a n a l y s i s o f Bosman and Marsh ( 1 9 7 4 ) , t h e e n t h a l p y 

terms may be c o l l e c t e d i n a manner s i m i l a r t o t h a t i n t h e i n t r a b l a d e 

a n a l y s i s , u s i n g t h e energy e q u a t i o n 

^ = 0, 

Dt 

t o o b t a i n 

~ 2 
dz 'br- d y 

r 

Vr ̂ 5 - l { 2>5 

( 3 . / T ) 

The t o t a l e n t h a l p y here i s s i m p l y a s p e c i a l case o f r o t h a l p y , w i t h t h e 

r o t a t i o n a l speed z e r o . 
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Note t h a t t h e f a c t o r B i s u n i t y i n t h e f r e e d u c t and has been o m i t t e d , 

The t a s k i s now t o r e o r g a n i s e e q u a t i o n 3 . 1 7 i n t o t h e fo r m 

2 
V m d V n 

V„ K ( r ) + L ( r ) 

W o r k i n g on t h e l e f t hand s i d e o f e q u a t i o n 3 . 1 7 , 

_oVr = 1 V m 

fiz v z 9m 

T h e r e f o r e t h e l e f t hand s i d e of e q u a t i o n 3 . 1 7 e q u a l s 

2 

- V„ 2 cose -t s/»,e U, B^, - V~, ViL 
f C ^ d*. ^ 

U s i n g Marsh (1970, e q u a t i o n 2 7 ) , 

where 

The l e f t hand s i d e o f e q u a t i o n 3 . 1 7 w i t h t h i s s u b s t i t u t i o n becomes 

- V cose -v; + Vm sme ( >)( K_ 5 s 
d hn 

... , ^ _ , . - V - ^ i - ( ' )W/ VS H ^ S 

so t h a t d i v i d i n g by VJJ, , t h e e n t i r e e q u a t i o n 3 . 1 7 has now become: 
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7£ ̂  v/c W~/V 
v. 

R dm y 

+(Wr - ( K 
^K7J Vz )r\/z 

M u l t i p l y i n g by V z and r e a r r a n g i n g , 

)- V 52_ 
C cos€ 

V, 

~V7 
V7 3 S - Vr ^ 

E q u a t i o n 3.18 i s t h e e q u a t i o n o f m o t i o n i n t h e j x V d i r e c t i o n f o r d u c t 

f l o w , analogous t o t h e e q u a t i o n o f m o t i o n i n t h e N d i r e c t i o n f o r i n t r a -

b l a d e f l o w . 

I n a s i m i l a r manner t o t h a t employed i n t h e i n t r a b l a d e f l o w 

a n a l y s i s , t h e l a s t two terms o f e q u a t i o n 3.18 may be e x p r e s s e d as: 

- T ds. — Sin e 5s 
&r dm r 

t o g i v e t h e a l t e r n a t i v e f o r m u l a t i o n o f t h e e q u a t i o n o f m o t i o n i n t h e 

j x V d i r e c t i o n : 

i -n7 VA 
/-or 

+ 

- T - v. 
5 f 
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For duct flow the equation of motion i n the V x ( j x V) d i r e c t i o n 

i s a l s o r e q u i r e d ; t h i s i s a r e l a t i v e l y s t r a i g h t f o r w a r d matter. F o l l o w i n g 

Bosnian and Marsh (1974), the equation of motion f o r the V x ( j x V) 

d i r e c t i o n i s formed from 

-(3.16a) V rV u + (3.16b) V m
2 - (3.16c) V ZV U, 

which a f t e r s u b s t i t u t i n g h Q = h D (ty), leads t o 

3>~ 
_ - rvL Vr. -f- Vz ^5 

. (3.20} 

Equation 3.20, the equation of motion i n the V x ( j x V) d i r e c t i o n , 

shows t h a t w i t h losses corresponding t o an entropy r i s e , the angular 

momentum decreases along a st r e a m l i n e . 

3.5 Comparison of Equations With Those Commonly Used 

Marsh (1970) gives the r a d i a l equation of motion as 

C cos e 9 r 

i - a I -

(3. 

For a l l a p p l i c a t i o n s the term F u should be replaced by 

Wr I ( r V u ) + Wz 9 ( r V u ) (= F u + D u) 

r ^ r r Sz 

This i s a b a c k - s u b s t i t u t i o n t o r e - i n s e r t a term s i m p l i f i e d i n the 

d e r i v a t i o n of equation 3.21. The term i s denoted f i n equations 3.14, 

3.15, 3.18, and 3.19, since f o r the improved loss model there i s a 

component D u of the d i s s i p a t i v e f o r c e i n a d d i t i o n to the c i r c u m f e r e n t i a l 

component of blade f o r c e F , so t h a t f ̂  F u. 
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For the a n a l y s i s of duct f l o w : 

( i ) the s p e c i a l d e r i v a t i v e s may be replaced by r e g u l a r p a r t i a l 

d e r i v a t i v e s ; 

( i i ) B i s u n i t y everywhere, so ^ = 0; 

( i i i ) W = V, and a l l respective components are a l i k e ; 

( i v ) I = h 0 . 

3.5.1 I n t r a b l a d e Flow 

Equation 3.21 may be converted t o the i n t r a b l a d e flow equation of 

motion i n the N d i r e c t i o n w i t h the improved loss model by r e p l a c i n g : 

( a ) ai by V„ o B r d l ; 
dr d,|r 

(b) ds by e i t h e r <ys •+ W m ( VV„ U n \ - W r) 
6r 

( c ) ^ ( r V u by e i t h e r 

1ft dZ 

(d) F r by zero. 

For the case of simple r a d i a l e q u i l i b r i u m , 

where V r = 0 and \ - 0, 

the equations 3.14 and 3.21 are i n agreement. 

3.5.2 Duct Flow 

Equation 3.21 may be converted t o the duct flow equation of motion 

i n the j x V d i r e c t i o n w i t h the improved loss model by r e p l a c i n g : 

(a) j n by V z p r dh^ ; 
dr di|r 

(b) ^s by e i t h e r ^ 5 — sin€ ~bs 

3r bf- 3*1 

or V2 3s - Vr ~bs 
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( c ) V^L by e i t h e r Vu. 

or 

~5r d *v. 

(d) F r by zero, 

3.G Discussion of New Terms i n Equations 

3.G.1 Rothalpy Terms - s u b s t i t u t i o n (a) 

For steady a d i a b a t i c f l o w , the energy equation 

^ = 0 
Dt 

shows t h a t the r o t h a l p y remains constant along any streamline, and i s 

th e r e f o r e a f u n c t i o n of alone, so t h a t as shown by Bosnian and Marsh 

(1974), 

d l _ d l ^ 
— © 

Br d<|f or 

By d e f i n i t i o n of the stream f u n c t i o n , 

dr 

so t h a t 

S i V z p Br d l 

0 r dty 

i s simply a re-expression of the o r i g i n a l term. The u n i t s of stream 

f u n c t i o n here are those of mass f l o w r a t e , so t h a t n umerically i f i t 

i s zero on one annulus w a l l then i t i s equal t o the s p e c i f i e d mass 

flow r a t e on the other. I n a d i a b a t i c f l o w , dl/d\|; remains constant 

along a streamline u n t i l e n t r y t o or e x i t from a r o t o r row. I t i s 

constant through s t a t o r rows, where I = h D . 

I n a duct region, B i s u n i t y and I = h_. 
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3.6.2 Entropy Terms - s u b s t i t u t i o n (b) 

The N d i r e c t i o n equation of motion f o r blade rows was formed by 

adding the r, 9 and z d i r e c t i o n equations of motion, equations 3.3,in 

such proportions t h a t the r e s u l t contained no component of forced 

D or F : 

(3.3a)(W zF u - W UF Z) + (3.3b)(W rF z - W zF r) + (3.3c)(W uF r - W ^ ) . 

Equations 3.3a and 3.3c contain r e s p e c t i v e l y the r a d i a l and a x i a l d e r i ­

v a t i v e s of entropy, so t h a t from the above f o r m u l a t i o n , f o u r entropy 

terms appear, two each i n the r a d i a l and a x i a l d e r i v a t i v e s . These may 

be re-grouped as 

T 3 s ( V z - Wu tan u.) - T 5s (V r - Wu tan \ ) . 

The m u l t i p l i e r W2/W was introduced t o give the magnitude of the main 

unknown as Wm — — „ 
m 6m 

I n duct flow the equation of motion i n the j x V d i r e c t i o n has 

a simpler f o r m u l a t i o n i n v o l v i n g only two of the equations 3.16: 

(3.16a) V z - (3.16c) Vr. 

Of the r, 9, z set of equations of motion, 3.16a and 3.16c are the two 

to contain entropy terms, but the f a c t o r s V z and (-V r) here give only 

one p a i r of entropy d e r i v a t i v e s : 

V z ds _ V r ds 

9r 9z 

The i n t r a b l a d e equation of motion i n the N - d i r e c t i o n was produced 

by combining a l l three of the equations i n the r , 6 and z d i r e c t i o n s , 

equations 3.3, but the equivalent equation of motion f o r duct flow, i n 

the j x V d i r e c t i o n , contains no component of the c i r c u m f e r e n t i a l 

equation 3.16b. This d i f f e r e n c e may be traced through t o e x p l a i n the 

c o n t r a s t i n g denominators i n the p r e f i x e s on the s u b s t i t u t e d entropy 

terms: f o r d u c t f l o W j b u t W z f o r i n t r a b l a d e f l o w . 
Vm 2 ^2 
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The f i r s t version of the s u b s t i t u t i o n , f o r both duct and i n t r a b l a d e 

cases, consists of the o r i g i n a l — term, plus a new term i n ̂ — . I t 
d r _ _ dm 

f o l l o w s t h a t i n lossless f l o w , where — vanishes although — may remain, 
dm d r 

the entropy term i s i n agreement w i t h t h a t i n the r a d i a l e q u i l i b r i u m 

equation. 

Losses i n blades being higher than those i n duct regions, the 

entropy gradient ^ w i l l i n general change near blades. The e f f e c t 

of such sudden changes i s discussed i n Chapter 4. 

3.6.3 Angular Momentum Terms - s u b s t i t u t i o n ( c ) 

These a r i s e f o r s i m i l a r reasons t o the entropy terms - the combination 

of the r, 9 and z d i r e c t i o n equations of motion i n var y i n g p r o p o r t i o n s 

cause the more complicated algebra. 

As w i t h the new entropy terms, the f i r s t versions of the replace­

ment angular momentum terms f o r both duct and i n t r a b l a d e f l o w are 

expressed as the o r i g i n a l r - d e r i v a t i v e w i t h a new me r i d i o n a l d e r i v a t i v e . 

The duct f l o w equation term shows t h a t f o r l o s s l e s s f l o w , where 
6 (rV ) = O 
T— u the angular momentum term remains the same as i n the r a d i a l 
dm 
e q u i l i b r i u m equation. 

The purpose of a blade row i s t o change angular momentum, so t h a t 
d (rV ) 

^ u i s g e n e r a l l y non-zero i n a blade row, even i f the fl o w i s l o s s ­

l e s s . Thus w i t h i n a blade row the angular momentum term f o r the 

co n s i s t e n t - l o s s a n a l y s i s w i l l d i f f e r from t h a t i n the r a d i a l e q u i l i b r i u m , 

a n a l y s i s , unless the blade geometry i s such t h a t tan \ - 0 or ~m"^I"^U^ <~>' 

The s i g n i f i c a n t behaviour of d e r i v a t i v e s of angular momentum i s discussed 

i n Chapter 4. 

3.6.4 Radial Force Term - s u b s t i t u t i o n (d) 

The N d i r e c t i o n equation of motion w i t h i n blades was derived t o 

conta i n no component of the forces F or D, and so no f o r c e terms appear 

w i t h i n i t and the term F r i s e l i m i n a t e d from the equation. 
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The f o r c e F does not act outside a blade row, so t h a t no duct 

flow equations contain any component of F. The d i s s i p a t i v e loss f o r c e 

D i s present, but the j x V d i r e c t i o n equation of motion was derived 

to contain no component of D. 

3.7 Reported E r r o r s i n the L i t e r a t u r e 

The c r i t i c i s m by Hong (1980) of the loss model used by Morlock 

(1971), Bosnian and Marsh (1974) and i n the present work has been noted 

i n Section 3.2. Hong also s c r u t i n i z e s the analyses of other papers, 

i n c l u d i n g those by S i l v e s t e r and Hetherington (1966), Smith (1966), 

Novak (1967), Frost (1972), and an unpublished work of Hetherington 

(1974). The l a s t two of these are reported by Hong (1980) t o contain 

e r r o r s i n p r i n c i p a l equations. The paper by Hetherington (1974) was 

unobtainable, but the a n a l y s i s of Frost (1972) was examined. 

Hong (1980) sets down the r a d i a l equation of motion i n the 

f o l l o w i n g form, using the n o t a t i o n of the present work: 

P ^ " ( l - i V s « a e ) 
'7 

y 2 ^ 8 ~JT 

where d -
dz lA/7 ^ m 

He then notes a d i f f e r e n c e between t h i s and Frost's (1972) 

s i m i l a r l y - p r e s e n t e d p r i n c i p a l equation, numbered ( 1 ) . The present 

author has determined t h a t the e r r o r i s indeed i n Frost's paper, and 

can be traced t o the form a t i o n of h i s equation (A.15),, 
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I t i s wise t o f o l l o w through the ana l y s i s presented i n published 
works, both t o gain an understanding of the p r i n c i p l e s and assumptions 
inv o l v e d , and also because e r r o r s o c c a s i o n a l l y appear, whether mathe­
m a t i c a l or merely t y p o g r a p h i c a l . 
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CHAPTER 4 
Flow E f f e c t s At Blade Entry And E x i t 

4.1 I n t r o d u c t i o n 

F l u i d moving i n a s e c t i o n of duct experiences low losses, no 

enforced t u r n i n g (as occurs w i t h i n blade rows) and no blockage e f f e c t s . 

Consequently the r a t e of change of entropy i n the streamwise d i r e c t i o n , 

, i s low and i s matched by a correspondingly small streamwise d e r i v a ­

t i v e of angular momentum, according t o equation 3.20. The streamwise 
dB 

r a t e of change of the blockage term, — , xs zero. 
d m 

I n the v i c i n i t y of a blade row, losses are u s u a l l y r a t h e r higher, 
riS and so higher values of — , occur t h e r e . Quite how the loss i s d i s t r i -
dm 

buted through the blade row depends on the a p p l i c a t i o n , but i n any 

case i s open t o some debate: the loss may be regarded as a l l appearing 

a t , or even downstream of, the t r a i l i n g edge, i n the wake; a blade 

operating near s t a l l a t i n l e t w i l l i ncur losses near the leading edge; 

and there i s gene r a l l y a boundary layer loss over the e n t i r e blade 

surface. I n the computer program the e m p i r i c a l data f o r the r a t i o s 

of t o t a l pressure across a blade row are t r a n s l a t e d i n t o entropy changes. 

For the sake of argument, the entropy i s assumed t o vary l i n e a r l y w i t h 

a x i a l p o s i t i o n between the leading and t r a i l i n g edges. This gives 
ds r i s e t o sharp changes i n the value of — over the distances from lead-dm 

ing or t r a i l i n g edges to the adjacent c a l c u l a t i o n s t a t i o n s i n the duct 

region, and so considering equation 3.15 there i s a t blade e n t r y or 

e x i t an abrupt change i n the term 

T (Wr - Wu tan \) - Wr 

W2 ( 1 - Mn,2) R 

unless the contents of the square bracket equal zero. 

Such changes i n d i c a t e changed values of - — on the l e f t hand side 
or 

of t he equation 3. 1 f>, leading t o r e d i s t r i b u t i o n of the mer i d i o n a l 

Wm as 
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v e l o c i t y and r e p o s i t i o n e d streamline paths, but i n p r a c t i c e such stream­

l i n e s h i f t s could be accommodated over the distance t o the adjacent 

c a l c u l a t i o n s t a t i o n s . The most important entropy e f f e c t i n a m u l t i ­

stage machine i s always the accumulation of the r a d i a l entropy gradient 

over several stages. 
SB 

S i m i l a r l y the streamwise gradient of the blockage f a c t o r ^ presented 
no problems i n p r a c t i c e , since i n the N d i r e c t i o n equation of motion 

i t s f a c t o r i s ,Tr.. 9 ? ^ ) ar»d Wv i s o f t e n small compared t o other (1-Mj/)B' r 

v e l o c i t y components. 

D i s c o n t i n u i t y problems were encountered, however, because of the 

numer i c a l l y l a r g e r changes i n the terms i n v o l v i n g the streamwise 

d e r i v a t i v e of angular momentum, — ^ r V u ^ ' and i t i s i n the l i g h t of 
(̂m 

these t h a t t h i s chapter i s formulated. 

4.2 An Example I n v o l v i n g A Free Vortex Blade Row 

Consider uniform, l o s s l e s s f l u i d flow i n a c y l i n d r i c a l annular 

duct w i t h streamlines s t r a i g h t and p a r a l l e l t o the a x i s (z d i r e c t i o n ) . 

Let there be no s w i r l i n the f l o w , which i s a s p e c i a l case of the 'free 

vortex' c i r c u m f e r e n t i a l v e l o c i t y d i s t r i b u t i o n wherein the product r V u 

i s a constant a t a l l r a d i i . The value of the constant may be va r i e d 

from place t o place a x i a l l y , but the s i g n i f i c a n c e of f r e e vortex flow 

i s t h a t there i s no consequent r a d i a l r e d i s t r i b u t i o n of the stream­

l i n e s w i t h changing s w i r l component of v e l o c i t y . Thus the r a d i a l 

v e l o c i t y f o r t h i s example i s zero everywhere, and many terms i n equa­

t i o n 3.18, the main equation f o r duct flow, are zero. A l l the other 

terms on the r i g h t hand side vanish because: the radius of curvature 

of the streamlines i s i n f i n i t e ; entropy and t o t a l enthalpy are uniform 
d" ( r V u ) = 0. 

everywhere; and — 
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I n s p e c t i o n shows t h a t uniform-flow i s a s o l u t i o n of equation 3.18 

since the l e f t hand side of the equation also becomes zero. 

Now l e t the flow i n the duct encounter a row of s t a t o r blades 

w i t h uniform a x i a l length, whose e n t r y angle i s zero a t a l l r a d i i , t o 

match the a r r i v i n g f l o w . Through the blades, the flow i s r e d i r e c t e d 

so t h a t the f l u i d e x i t angle v a r i e s r a d i a l l y as: 

tan #2 = constant/r, 

which i s the flow angle d i s t r i b u t i o n f o r f r e e vortex f l o w . 

With o?2 v a r y i n g r a d i a l l y , blade cross-sections a t d i f f e r e n t r a d i i 

w i l l be of d i f f e r e n t shapes. The c i r c u m f e r e n t i a l length of the blade 

w i l l be greater f o r sections of greater camber angle, causing varying 

lean angle X on the camber surface, as shown i n Figure 4.1. 

Depending on the r e l a t i v e c i r c u m f e r e n t i a l p o s i t i o n s of the d i f f e r e n t 

cross-sections ( t h e s e c t i o n ' s t a c k i n g ' ) , the lean angle X may be v a r i e d 

by the designer. Taking the mean stream surface t o f o l l o w c l o s e l y the 

blade camber surface, tan X i s obtained i n the N - d i r e c t i o n i n t r a b l a d e 

equation of motion. However, i t i s shown below t h a t even f o r the flow 

i n t h i s example w i t h l i t t l e or no r a d i a l v e l o c i t y , the c i r c u m f e r e n t i a l 

p o s i t i o n s of neighbouring cross-sections have an important e f f e c t on 

the flow which i s not revealed by the r a d i a l e q u i l i b r i u m a n a l y s i s . 

4.3 Consideration of the N-Direction Equation of Motion 

At e n t r y t o the blade row, the m e r i d i o n a l v e l o c i t y i s uniform 

r a d i a l l y , w i t h no r a d i a l v e l o c i t y component, and as w i t h equation 3.18 

f o r duct f l o w , many terms i n equation 3.14 become zero. Once i n s i d e 

the blade, V u s t a r t s t o change, f o l l o w i n g the p a r a b o l i c camber l i n e , 

such t h a t 

iW 
1 1 = constant, 

,)z 
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FIGURE 4.1: DISTRIBUTION OF LEAN ANGLE \ 
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or assuming a camber l i n e wnich f o l l o w s the quasi-streamline as 

described i n Chapter 5, 

pkrV,,) 
u = constant 

d'" 

This i s shown i n Figures 4.2(a) and 4.2(b). Thus the term 

-WJJJ tan X _£_(rVu) i n equation 3 . 1 5 i s non-zero unless tan X = O or £ ( r V u ) = 0. 
)• m̂ o"1 

I t i s possible t o construct a blade shape, and hence create a mean 

stream surface, w i t h t a n ^ = 0 over a l l or part of the leading edge or 

at any other chosen l o c a t i o n , but f o r tan X j£ 0 a t the leading edge, as 

i s g e n e r a l l y the r e a l case, the step-change i n the value of ̂ m
r ^ u ^ o n 

dW blade c n t r v i n d i c a t e s a sudden change i n — m , which leads t o r e d i s t r i b u t i o n dm 
of the f l u i d flow and a streamline s h i f t . 

At the blade t r a i l i n g edge, the flow paths once again change from 

f o l l o w i n g the curve 

o (rV„) 
_ u - constant, 
dm 

t o the los s l e s s f r e e duct flow 

d ( r V u ) = q 

dm 

The a n a l y s i s i n d i c a t e s another r e d i s t r i b u t i o n here, unless tan X = 0; 

see Figure 7 ( c ) . 

The r a d i a l gradient — ^ r^ u^ i n equation 3 . 1 5 does not undergo these 
dr 

abrupt changes on passing a blade row edge, so does not r a i s e the same 

problem, even i f tan y, ̂  0. 

4.4 De v i a t i o n 

Although f l u i d close t o the blade surfaces must f o l l o w t h e i r shapes, 

f l u i d d i s t a n t from the surfaces does not t u r n f u l l y onto the blade angle 

at e x i t , and so the mean fl o w d i r e c t i o n downstream may d i f f e r consider­

ably from the e x i t angle of the blade geometry. This d i f f e r e n c e i s 
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FIGURE 4.2: FREE VORTEX BLADE ROW WITH 
PARABOLIC CAMBER LINE 
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c a l l e d the d e v i a t i o n , 6, and i s a well-known e f f e c t (Horlock (1958); 
Cohen, Rogers and Saravanamuttoo (1972) ) . A widely-used e m p i r i c a l 
r u l e t o estimate d e v i a t i o n i s t h a t included i n Howell's blade design 
method, described by Horlock (1958), Cohen, Rogers and Saravanamuttoo 
(1972) and Dixon (1975). Howell's d e v i a t i o n r u l e i s included i n 
Appendix D. 

I t i s reasonable t o assume t h a t f l u i d e n t e r i n g , at zero incidence, 

a row of blades w i t h p a r a b o l i c camber l i n e s may f o l l o w a path which i s 

pa r a b o l i c , though reaching a d i f f e r e n t angle at e x i t from the blade 

angle, as shown g r a p h i c a l l y i n Figure 4.3. 

4.5 Non-Parabolic Flow Paths 

The discussion of Section 4.2 emphasised t h a t r e a l f l u i d flow can 

not undergo d i s c o n t i n u i t i e s i n i t s path, or sudden v e l o c i t y changes. 

Thus where tan \ / O on the mean stream surface, there cannot occur abrupt 
d ( r V u ) 

changes i n — , but the f l u i d path must depart from the parab o l i c t o 
dm 

one whereby c i r c u m f e r e n t i a l curvature i s acquired over a f i n i t e length 

a f t e r blade e n t r y , and l o s t p r o g r e s s i v e l y before blade e x i t . The e f f e c t 

on the a x i a l d i s t r i b u t i o n of r V u and of i t s m e r i d i o n a l d e r i v a t i v e , f o r 

tan \ ^ 0 a t both leading and t r a i l i n g edges, are shown diagrammatically 

i n Figure 4.4. The mean flow i s assumed t o leave the blade row at the 

angle p r e d i c t e d from d e v i a t i o n c onsiderations; i t s progress t o t h a t 

flow angle i s the matter i n question. 

From the p r i n c i p a l equations 3.14 and 3„18, i t i s seen t h a t 
F u

 + D u = Wm 9 < r V u ) . 

r dm 

I n l ossless f l o w , D., = 0; i n a duct region F„ = 0. By s e t t i n g -̂ ̂ r^ u^ 
u u dm 

t o zero a t blade e n t r y and e x i t , there i s no c i r c u m f e r e n t i a l load on 

the blade t h e r e : the value of — ^ r V u ^ m a y D e u s e d as a measure of the 
dm J 
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l o c a l blade loading, and i t i s seen t h a t the proposed m o d i f i c a t i o n to 

the assumed flow path i m p l i e s t h a t a t other p o i n t s w i t h i n the blade, 

loadings a r e higher than o r i g i n a l l y reckoned. 

The assumed form of the blending of c i r c u m f e r e n t i a l c u r v a t u r e 

does not appear to be c r i t i c a l when u s i n g a mean S2 stream s u r f a c e , and 

a workable r u l e was adopted which appears i n t i u t i v e l y r e a l i s t i c . 

The point X i n F i g u r e 4 . 4 ( a ) , a t which the f l u i d i s assumed to 

have turned f u l l y onto the angle of the e q u i v a l e n t p a r a b o l i c path, i s 

thought to be about 0.2 to 0.4 of the d i s t a n c e through the blade row. 

Downstream of X, the f l u i d i s o v e r - t u r n i n g r e l a t i v e to the parabola, 

though as drawn i n F i g u r e 4.4(a) i t s flow angle nowhere exceeds t h a t 

of the blade camber l i n e . 

4.6 Non-Zero Incidence At Blade I n l e t 

F l u i d e n t e r i n g a blade row a t an angle d i f f e r e n t from the blade 

i n l e t angle w i l l be turned r a p i d l y to a l i g n c l o s e l y w i t h the d i r e c t i o n 

followed i f the f l u i d were e n t e r i n g at z e r o i n c i d e n c e . T h i s i s i l l u s t r a t e d 

i n F i g u r e 4.5, assuming t h a t downstream of X t h e r e i s no d i f f e r e n c e between 

the two paths j u s t d e s c r i b e d . 

The curved r V u p r o f i l e upstream of X, shown by the s o l i d l i n e on 

the graph of F i g u r e 4 . 5 ( a ) , must s a t i s f y c o n d i t i o n s of value and slope 

a t the l e a d i n g edge, and a t point X, and i s thus a curve of c u b i c or 

higher order. 

As drawn i n F i g u r e 4.5, f o r case 'A' the c i r c u m f e r e n t i a l v e l o c i t y 

of the i n c i d e n t flow i s f i r s t reduced and then i n c r e a s e d again, on 

e n t e r i n g the blade. T h i s i n d i c a t e s t h a t the f r o n t p o r t i o n of the blade 

w i l l s u f f e r r e v e r s e d l o a d i n g . The i n c i d e n t angle of flow 'B' i s such 

t h a t e x t r a t u r n i n g i s a p p l i e d to i t immediately a f t e r blade e n t r y , and 

so the l o a d i n g j u s t behind the l e a d i n g edge i s higher than f o r flow 

a r r i v i n g w i t h no i n c i d e n c e . 
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CHAPTER 5 
BLADE DESIGN 

5.1 I n t r o d u c t i o n 

The purpose of t h e rows of blades i n a turbomachine i s to change 

t h e angular momentum of the f l u i d p a s s i n g through, as by t h i s means 

work may be t r a n s f e r r e d i n t o or e x t r a c t e d from the f l u i d . The r a t e 

of change of angular momentum i s matched by a c i r c u m f e r e n t i a l f o r c e 

on t h e blade row, g i v i n g r i s e to a torque on the annulus. The r a t e 

of work t r a n s f e r , or power, a t a blade row i s given by the r e l a t i o n ­

s h i p : 

Power = Torque x Angular V e l o c i t y . 

For a non - r o t a t i n g s t a t o r row, no work i s t r a n s f e r r e d , and f o r 

a d i a b a t i c flow the s t a g n a t i o n enthalpy of the working f l u i d remains 

unchanged. The f l u i d v e l o c i t y , and thus i t s k i n e t i c energy, i s 

changed and the r e a r e compensatory changes i n , f o r example, the pr e s s u r e , 

temperature and d e n s i t y . I n a compressor s t a t o r the d e s i r e d end-product 

i s a high p r e s s u r e and so blades a r e used to d e c e l e r a t e the flow. A 

t u r b i n e s t a t o r i s u s u a l l y used to provide a high c i r c u m f e r e n t i a l 

v e l o c i t y f o r e n t r y t o the f o l l o w i n g r o t o r . 

I n a r o t o r row power i s t r a n s f e r r e d from a r o t a t i n g s h a f t t o the 

working f l u i d , or v i c e v e r s a , and the st a g n a t i o n enthalpy changes between 

r o t o r entry and e x i t . There i s consequently a change i n the f l u i d 

s t a g n a t i o n temperature and g e n e r a l l y a l s o i n the s t a t i c values of 

p r o p e r t i e s . 

The boundary l a y e r s on the blades and the annulus w a l l s encounter 

favo u r a b l e p r e s s u r e g r a d i e n t s i n t u r b i n e s , but f a c e adverse p r e s s u r e 

g r a d i e n t s i n compressors, and the d i f f i c u l t y of a c h i e v i n g flows f r e e 

from s e p a r a t i o n over the blade s u r f a c e s r e s u l t e d i n a x i a l - f l o w compres­

sor development lagging behind t h a t of t u r b i n e s , and means th a t compres­

sor design i s much the more d e l i c a t e t a s k . 
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The c r o s s - s e c t i o n a l shapes of a x i a l - f l o w compressor blades a r e u s u a l l y 
those of a e r o f o i l s known to give good performance. The p r o f i l e i s 
d e f i n e d by a c e n t r a l camber l i n e w i t h a given d i s t r i b u t i o n of m a t e r i a l 
t h i c k n e s s along i t , as i l l u s t r a t e d i n Appendix D. The chord l i n e length 
i s the s t r a i g h t l i n e d i s t a n c e between the c e n t r e s of c u r v a t u r e of the 
rounded l e a d i n g and t r a i l i n g edges. The camber l i n e shape i s u s u a l l y 
composed of one or more c i r c u l a r a r c s , or of a parabola; the l e a d i n g 
and t r a i l i n g edge angles a r e defined, and the curve c o n s t r u c t e d between 
them. For any curve other than a s i n g l e c i r c u l a r a r c , the proportion 
of the chord length i s r e q u i r e d a t which the camber reaches a maximum. 
For the s i n g l e c i r c u l a r a r c t h i s p r oportion i s always 0.5; f o r the 
parabola i t may be between 0.25 and 0.75, but i s normally around 0.4. 

Experimental t e s t s on such a e r o f o i l s a r e often performed under 

c o n d i t i o n s and i n c o n f i g u r a t i o n s very d i f f e r e n t from those a c t u a l l y 

o c c u r r i n g w i t h i n the turbomachine; the a e r o f o i l base p r o f i l e s o f t e n 

o r i g i n a t e from those used i n i s o l a t i o n f o r the wings of aeroplanes, 

r a t h e r than i n the proximity of s e v e r a l other a e r o f o i l s to each s i d e , 

forming a cascade. Recorded data a r e g e n e r a l l y a v a i l a b l e f o r l i n e a r 

cascades of i d e n t i c a l a e r o f o i l s s e t i n wind tu n n e l s w i t h uniform 

approaching flow. I n the annular cascades i n turbomachines, the p i t c h 

v a r i e s from the hub to the t i p r a d i u s , the blades a r e o f t e n of t w i s t e d 

shape, and the approaching flow may be c o n s i d e r a b l y non-uniform. 

R a d i a l s h i f t i n g of s t r e a m l i n e s may be minimised a c r o s s turbomachine 

blade rows by adopting the f r e e - v o r t e x r a d i a l d i s t r i b u t i o n of c i r c u m f e r ­

e n t i a l v e l o c i t y , as d i s c u s s e d i n Chapter 4, where i t was shown t h a t 

i t i s i m p o s s i b l e to s a t i s f y the f r e e - v o r t e x c o n d i t i o n a t a l l p o i n t s 

w i t h i n a blade row, and so t h e r e i s some r a d i a l d e v i a t i o n from the most 

d i r e c t flow paths. Blades f o r f r e e - v o r t e x flow a r e c o n s i d e r a b l y t w i s t e d , 

c r e a t i n g mechanical s t r e n g t h problems i n such d e s i g n s . 
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Another f a c t o r a f f e c t i n g s t r e a m l i n e p o s i t i o n i n g i s the p a r t i a l 
blockage caused by the t h i c k n e s s of r e a l blades, which v a r i e s i n 
proportion both r a d i a l l y and a x i a l l y through a blade row. 

5„2 Sign Conventions f o r Blade Angles 

The nomenclature f o r a cascade of blades i s shown i n Appendix D. 

For annular rows of blades the symbol usage holds over s m a l l d i s p l a c e ­

ments of tho 6 c o - o r d i n a t e . For r o t o r s , the a b s o l u t e gas angles a r e 

s t i l l denoted by a, but the r o t o r - r e l a t i v e gas and blade angles a r e 

denoted by 8 a»d 3' r e s p e c t i v e l y , so that as shown i n F i g u r e 5.1, 

tan o: = V tan p = Wu 

—— '• * 

V z w z 

The angle Q and the v e l o c i t i e s V U ) Wu, are taken as p o s i t i v e i n 

the d i r e c t i o n of r o t o r r o t a t i o n yj. The s i g n convention f o r angles a, 

8 f o l l o w s from the d e f i n i t i o n s given f o r t h e i r t angents. 

F u r t h e r d e f i n i n g p o s i t i v e s t r e a m l i n e slope such t h a t 

tan e = V r 

V 
z 

equation 3.8 shows t h a t 

tan u, - tan g - tan e tan X. 

5.3 Stream S u r f a c e s f o r Blade Design 

I n flow normal to a long untwisted a e r o f o i l of uniform s e c t i o n , 

stream s u r f a c e s a r e plane, and the flow paths c o i n c i d e with the c r o s s -

s e c t i o n f o r which data a r e t a b u l a t e d . 

F i g u r e 5.2 shows flow w i t h a spanwise component approaching the 

a e r o f o i l which w i l l c l e a r l y be presented w i t h a longer path over the 

s u r f a c e and, to an observer t r a v e l l i n g w i t h the flow, the a e r o f o i l 

w i l l appear longer and g i v e a d i f f e r e n t camber angle from t h a t f o r 
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p e r p e n d i c u l a r flow. Furthermore, i f the a e r o f o i l were t w i s t e d i n 
shape the camber l i n e would appear to the observer to depart from the 
design parabola or c i r c u l a r a r c , Thus to make s e n s i b l e use of a e r o f o i l 
performance data, the standard a e r o f o i l shape must be c o n s t r u c t e d on 
the t r u e stream s u r f a c e , and not on a s u r f a c e merely of geometric con­
venience. Such a design procedure w i l l be i t e r a t i v e , s i n c e the i n t r o ­
duction of a row of blades w i l l a l t e r the s t r e a m l i n e paths from those 
adopted i f no blades were p r e s e n t ; and the f i n a l stream s u r f a c e shapes 
are not known u n t i l flow c a l c u l a t i o n s a r e complete. 

I n the computer program, c o n i c a l s u r f a c e s as shown i n F i g u r e 5.3 

a r e used as approximations to the t r u e s u r f a c e s , e l i m i n a t i n g the i t e r a t i v e 

nature of the design procedure. 

At both the c a s i n g w a l l s , the cone angle e i s matched to the 

slope of the c a s i n g a t i t s i n t e r s e c t i o n w i t h the d e s i g n l i n e . Other 

c o n i c a l s u r f a c e s a r e defined, based a t 10% r a d i a l i n t e r v a l s along the 

design l i n e , w ith tan e v a r y i n g l i n e a r l y from hub to t i p . 

C l e a r l y , i n a duct with w a l l s curved i n the ( r , z ) plane, c o n i c a l 

s u r f a c e s a t the hub and t i p w i l l not match the w a l l p r o f i l e s a t p o i n t s 

other than the design l i n e . T h e r e f o r e a f t e r the design of the aero­

f o i l has been completed on the c o n i c a l s u r f a c e s , the r a d i i of the g r i d 

p o i n t s s e t up a r e modified so t h a t the hub and t i p s e c t i o n s f o l l o w the 

w a l l s , and i n t e r m e d i a t e blade s e c t i o n s a r e a l t e r e d p r o p o r t i o n a t e l y . 

The 9 co-ordinate and the blockage f a c t o r need to be trimmed a c c o r d i n g l y , 

but the blade angle a' i s unchanged. 

5.4 The S t a c k i n g of Blade S e c t i o n s 

The ' s t a c k i n g ' of the a e r o f o i l s e c t i o n s making up the blade as 

a whole was introduced i n Chapter 4. R a d i a l l y - v a r y i n g flow c o n d i t i o n s 

r e q u i r e a s o t of d i f f e r i n g a e r o f o i l c r o s s - s e c t i o n s , and a c e r t a i n 
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freedom i s a v a i l a b l e to the designer i n a r r a n g i n g them, a x i a l l y and 
c i r c u m f o r o n t i a l l y , r e l a t i v e to t h e i r neighbours. The aerodynamic i m p l i ­
c a t i o n s of the s t a c k i n g have been d i s c u s s e d i n terms of the angles X and 
u-, which vary as the s t a c k i n g i s a l t e r e d . Other c o n s t r a i n t s on the 
d e s i g n e r ' s freedom a r i s e from mechanical s t r e s s l i m i t a t i o n s , and manufac­
t u r i n g f e a s i b i l i t y . 

The computer program r e q u i r e s as input data the geometry of the 

annulus w a l l s , together w i t h a 'design l i n e ' on which the blade s e c t i o n 

chords a r e centred a x i a l l y . By s e t t i n g an i n c l i n e d design l i n e i t i s 

p o s s i b l e to generate blade shapes with sweepback, as i s seen i n F i g u r e 

5.3. 

As viewed a x i a l l y , the blade s e c t i o n s a r e stacked r a d i a l l y on t h e i r 

c e n t r e s of mass, found by c o n s i d e r i n g not only the blade t h i c k n e s s d i s ­

t r i b u t i o n but a l s o the changing r a d i a l depth between the n o n - p a r a l l e l 

neighbouring cones. 

Input data f o r the chord lengths a t hub, mid-span and t i p may be 

s p e c i f i e d as being e i t h e r the t r u e chord lengths, or only the m e r i d i o n a l 

component (the view i n F i g u r e 5.3), of the chords. Values a t l o c a t i o n s 

other than the t h r e e entered a r e found by i n t e r p o l a t i o n . R a d i a l v a r i a ­

t i o n s i n chord, together w i t h v a r y i n g stagger angle T, mean th a t the blade 

l e a d i n g and t r a i l i n g edge p r o f i l e s i n the m e r i d i o n a l ( r , z ) plane w i l l 

g e n e r a l l y be curved. Intermediate p o i n t s , a t 10% i n t e r v a l s a x i a l l y along 

each c r o s s - s e c t i o n , a r e found as r e f e r e n c e g r i d p o i n t s , and thus the 

whole blade mesh i s i n general curved i n the m e r i d i o n a l plane, except 

t h a t the g r i d l i n e connecting a l l the mid-chords i s the o r i g i n a l s t r a i g h t 

design l i n e . 

5.5 C o n i c a l - t o - P l a n a r Conformal Mapping 

Cascades of uniform a e r o f o i l s possess camber l i n e s l y i n g i n plane 

c r o s s - s e c t i o n s , and chords which a r e s t r a i g h t l i n e s . A p p l i e d to the 
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c o n i c a l design s u r f a c e of the turboraachine, the e q u i v a l e n t geometry l i e s 

on a curved s u r f a c e and i t i s n e c e s s a r y to c o n s t r u c t an a e r o f o i l shape 

as seen by an observer moving w i t h the f l u i d i n the turbomachine, to 

provide equivalence between the behaviour of the turbomachine blades and 

the known behaviour of the l i n e a r cascade. 

C o n s i d e r i n g F i g u r e 5.4, l e t q be a co-ordinate on a c o n i c a l 

s u r f a c e , f o l l o w i n g constant 9, and o r i g i n a t i n g a t the apex of the cone. 

The c o n i c a l s u r f a c e may be mapped onto a plane w i t h r e c t a n g u l a r c o - o r d i n a t e s 

by the t r a n s f o r m a t i o n 

V = e > S, - 5. = ^ tn ( i i . ) . (e*o) 

The t r a n s f o r m a t i o n may be manipulated f o r use i n the r e v e r s e d i r e c t i o n : 

e - l j • — exp ($2-$,)sme_ . 
% < 

The mapping i s used i n d e s i g n i n g c o n i c a l blade s e c t i o n s , the cones 

being approximations to the t r u e stream s u r f a c e s . A l i n e a r cascade of 

a e r o f o i l s i s c o n s t r u c t e d on the (£, T|) plane, f o l l o w i n g Appendix E, w i t h 

s t r a i g h t chord l i n e s AB, and p a r a b o l i c camber l i n e s , w i t h the t h i c k n e s s 

d i s t r i b u t i o n of a d e s i r e d standard a e r o f o i l . The geometry c o n s t r u c t e d 

i s then mapped onto the cone, and w h i l e angles a r e prese r v e d ( e . g . the 

stagger angle T ) , the blade shape i s a l t e r e d . 

The data r e q u i r e d a r e the t r u e length of A'B' on the turbomachine 

c o n i c a l design s u r f a c e , and the e n t r y and e x i t blade angles on the c o n i c a l 
t 

i 

s u r f a c e , o'\ and a~2 r e s p e c t i v e l y , which a r e r e l a t e d to a ± and D V 

tan a = tan ff'cos e. 

The e n t r y and e x i t angles appear unchanged i n the c o n s t r u c t i o n on the 

( £ , T|) plane, and so the stagger angle of the blade, T, or the slop e of 

the s t r a i g h t l i n e AB may be found f o r a blade w i t h a p a r a b o l i c camber 

l i n e by: 

tan T = tan + § ( t a n a 2 - tan o~ i ) . 
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T h i s i s f o r the erase of the parabola a x i s b e i n g p a r a l l e l to the T|-axis. T n e 

r a t i o a/c may then be c a l c u l a t e d . 

I f a/c i s s p e c i f i e d as design data, then the c o n s t r u c t i o n comprising 

the parabola, i t s a x i s and the chord l i n e may need to be r o t a t e d to 

s a t i s f y both the angle change (o~2 ~ O"T) a n d the r a t i o a / c . The stagger 

angle then changes a l s o , and the camber l i n e shape i s c o n s t r u c t e d a c c o r d ­

ing to the procedure i n Appendix E. 

The length of any s t r a i g h t chord l i n e , whether on a ' r o t a t e d ' con­

s t r u c t i o n or not, may be determined as f o l l o w s , f o r use i n s c a l i n g the 

blade t h i c k n e s s d i s t r i b u t i o n on the (£, T|) p l a n e . The r a t i o (0^2/^1^ 

i s needed, and i s found by c o n s i d e r i n g the c o n i c a l s u r f a c e to be u n r o l l e d 

i n t o a plane s e c t i o n of an annulus, as depicted i n F i g u r e 5.5. The chord 

l i n e A'B' c r o s s e s a l l the r a d i a t i n g constant-q l i n e s a t the same angle T. 

Such a l i n e i s a l o g a r i t h m i c s p i r a l of form 

q = 

where q 0 i s a constant, the value of q a t ^ = 0; 

k = 1/tan T ; 

cp = 6 s i n e. 

The length of the l o g a r i t h m i c s p i r a l between p o i n t s A' and B' i s 

A'B' = ( q 2 " q i ) J 1 + k 2 

k 

so t h a t 

( q 2 - Q x) = A'B' k 

Hence i f q i s f i x e d a t one end of the chord, or a t i t s c e n t r e , then q^, 

q 2 and the r a t i o (q2/q~) a r e found, and thus the length AB from the 

mapping. 

A symmetrical a e r o f o i l w i t h i t s camber l i n e c o i n c i d e n t w i t h i t s 

chord l i n e generates no l i f t i f the angle of a t t a c k (a - a ') i s 
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z e r o . Note t h a t such a z e r o - l i f t a e r o f o i l on a c o n i c a l stream s u r f a c e 
n e v e r t h e l e s s has a t h r e e - d i m e n s i o n a l l y - c u r v e d camber l i n e . 

The c a l c u l a t i o n technique f o r a p p l y i n g blade t h i c k n e s s data to the 

transformed a e r o f o i l i s d e t a i l e d i n Appendix E. 
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CHAPTER 6 
NUMERICAL TECHNIQUES 

G 0] I n t r o d u c t i o n 

Closed s o l u t i o n s t o t h e equations of m o t i o n , equations 3.14 or 

3.18, d e r i v e d i n Chapter 3, a r e a v a i l a b l e f o r only a few s p e c i a l cases 

o f i l o w f i e l d s ; tnroe are d e s c r i b e d i n Chapter 7 by which the behaviour 

o f t h e computer program was checked. E x p r e s s i n g the main equation i n 

t h e form : 

d-Wm = K(i-) Wm + L ( r ) 

or Wm . . . (6.1) 

tnose cases are those i n which many terms i n the f u n c t i o n s K ( r ) and 

L ( r ) v a n i s n . 

More g e n e r a l l y , the values of K ( r ) and L ( r ) at any point depend 

upon the l o c a l v a l u e s and r a t e s of change of v a r i o u s p r o p e r t i e s and 

v e l o c i t i e s , so t n a t tne s o l u t i o n of equation G.l i s found i t o r a t i v e l y . 

An i n i t i a l e s t i m a t e of the flow p a t t e r n gives f i r s t guesses f o r 

K ( r ) and L ( r ) a t e v e r y c a l c u l a t i o n p o i n t on an a r b i t r a r y s e t of c a l c u l a ­

t i o n s t a t i o n s , such as i s shown i n F i g u r e 6.1. At some p o s i t i o n , such 

as mid-span, on one of tne c a l c u l a t i o n s t a t i o n s , the r a d i a l gradient of 

W i s f o u n d f r o m equation 6.1, and a new value i s e s t a b l i s h e d f o r Wm 

a t t h e a d j a c e n t p o s i t i o n on the s t a t i o n (but see S e c t i o n 6.3). C a l c u l a ­

t i o n s proceed towards the hub and t i p w a l l s , to produce a new p r o f i l e of 

m e r i d i o n a l (and hence a x i a l ) v e l o c i t y . The mass f l o w r a t e a c r o s s the 

c a l c u l a t i o n annuius may be found by numerical i n t e g r a t i o n , and compared 

w i t h the f l o w r a t c at the machine i n l e t , where c o n d i t i o n s w i l l have been 

defined by i n p u t data. I f n e c e s s a r y , a new choice i s made f o r the 

c e n t r a l v e l o c i t y , and the c a l c u l a t i o n s repeated u n t i l the r e q u i r e d mass 

f l o w r a t e i s obtained. 



- 67 -

a VL 
in 

™ u a A ? cs b w h Q 

V 
A 

V 
A 

V 
A 

V 
H 
EH 

bD 

CS 

3 ca 
i-H CO 
Ctf 

2 

a 
fa 

o 
02 / I 

1 / 
A 

V 
/ 

•"at 

4>i 

'H O 



- 68 -

The v e l o c i t y p r o f i l e s are found at a l l c a l c u l a t i o n s t a t i o n s through 
tne machine, u s u a l l y working i n a downstream d i r e c t i o n , and then a new 
streamline p a t t e r n can be c a l c u l a t e d , w i t h new values f o r K ( r ) and I . ( r ) . 
The process of working on successive c a l c u l a t i o n s t a t i o n s i s known as 
'marching' down the machine. The complete cycle i s repeated u n t i l one 
cr more convergence c r i t e r i a are s a t i s f i e d . The numerical procedure 
can become unstable, and i t i s u s u a l l y necessary to allow only small 
changes i n the flow p a t t e r n from one i t e r a t i o n t o the next, by the use 
of ' r e l a x a t i o n f a c t o r s ' . 

6.2 Geometry of the C a l c u l a t i o n Grid 

I t i s necessary to d e f i n e the geometry of the annular w a l l s of the 

duct through which the f l u i d f lows, and which contains the various r o t o r 

and s t a t o r blade rows. This i s achieved by supplying the ( r , z) co-ordinates 

of p a i r s of p o i n t s , one of each p a i r l y i n g on the inner (hub) w a l l , the 

other on the outer ( t i p ) w a l l . Such points serve not only t o define 

the shape of the duct, but also t o provide quasi-orthogonal c a l c u l a t i o n 

s t a t i o n s , each p a i r of inner and outer w a l l co-ordinates being used as 

the e x t r e m i t i e s of a s e r i e s of l o c a t i o n s on the s t r a i g h t l i n e j o i n i n g 

them. A g r i d of c a l c u l a t i o n p o i n t s i s thus produced; enough p o i n t s must 

be generated i n the space between the two w a l l s t o give s u f f i c i e n t d e f i n i ­

t i o n of the f l u i d f l o w. 

S t a t i o n s may be i n c l i n e d from the r a d i a l d i r e c t i o n , which i s u s e f u l 

i n ducts which are e i t h e r s e v e r e l y - f l a r e d , or of the 'swan-neck' type, 

and f o r s t a t i o n s near to swept-back blade row edges. 

The f l u i d flow a t any c a l c u l a t i o n s t a t i o n i s h e a v i l y dependent on 

t h a t at adjacent s t a t i o n s both upstream and downstream, and so the f l o w 

p a t t e r n at tne i n l e t s t a t i o n must be defined, there being no upstream 

s t a t i o n . The flow a t e x i t from the machine i s assumed to reach c o n d i t i o n s 

of s t r a i g h t flow p a r a l l e l t o the machine a x i s f a r downstream of the e x i t . 
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I n the computer program, t h i s has t o be modelled a t a f i n i t e p o s i t i o n , 
and so a dummy c a l c u l a t i o n s t a t i o n i s formed, f o l l o w i n g the method of 
S i l v e s t e r and Hetnerington (1966), w i t h inner and outer r a d i i the same 
as those at the l a s t r e a l s t a t i o n i n the machine. I t i s a r b i t r a r i l y 
p o s i t i o n e d downstream of the l a s t s t a t i o n by a distance equal t o the 
a x i a l length of the defined duct. 

The formation of the c a l c u l a t i o n g r i d w i t h i n rows of blades has 

been described i n Chapter 5. The small clearance between r e a l r o t o r 

blade t i p s and the outer casing i s not modelled; i t i s assumed there 

i.s no flow leakage over the blade t i p s . 

6,3 I n c l i n e d Stations and Non-Axial Flow 

Figure 6.2 shows a f l a r e d p o r t i o n of duct c a r r y i n g a flow which i s 

not p a r a l l e l to the axis of r o t a t i o n . S i t e d on the duct arc n o n - r a d i a l 

c a l c u l a t i o n s t a t i o n s PQ, RS and TU. 

A and B represent two adjacent c a l c u l a t i o n p o i n t s on the s t a t i o n RS. 

I n f i n d i n g the p r o f i l e of Wm along tne l i n e HS, l o t equation 6.1 supply 

a value of the r a d i a l gradient of Wm at A. Applying t h i s gradient over 

ti i e r a d i a l distance 6r gives the v e l o c i t y W at p o i n t C, not at poi n t 

B o The a x i a l gradient of W at B i s applied over the length fiz to o b t a i n 

f i n a l l y the new estimate f o r the meridional v e l o c i t y a t B. The l a t e s t 

f i g u r e s from which t o f i n d the a x i a l gradient are those produced by the 

previous march through the duct, so the a x i a l gradients l a g , by one 

i t e r a t i o n , behind the r a d i a l gradients of Wm. Tracking along the 

s t a t i o n RS using r e a l r - and z - d e r i v a t i v e s gives f o r ready handling of 

curved c a l c u l a t i o n s t a t i o n s , such as are formed w i t h i n blade rows. 

I t i s d i f f i c u l t t o f i n d the a x i a l gradient of any property d i r e c t l y 

near the duct edges, say a t R or S, because neighbouring s t a t i o n s PQ and 

TU do not extend between the same r a d i i as RS, so no data are a v a i l a b l e 
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downstream of R or upstream of S. I t i s easier to c a l c u l a t e f i r s t the 
meri d i o n a l gradient by f o l l o w i n g streamlines QSU or PRT, and then t o 
f i n d the a x i a l gradient using the r e l a t i o n s h i p s between the r a d i a l , 
meridional and a x i a l gradients set out i n Appendix B. 

The summation o f the mass f l o w r a t e across a c a l c u l a t i o n s t a t i o n i s 

now considered, r e f e r r i n g to s t a t i o n TU on Figure 6.2. BE and AF 

represent streamlines, across which no flow passes. EF i s perpendicular 

to the l o c a l meridional d i r e c t i o n , and so the increment of mass fl o w -

r a t e 

6m = 2-rrr p Vin (EF) . 

The radius r used here w i l l be taken as the mean over the geometry l i n e 

used. Line EGH i s r a d i a l , and the c a l c u l a t i o n s t a t i o n i s i n c l i n e d 

l o c a l l y a t angle ^ t o the r a d i a l . The streamline slope i s the angle e, 

and 

cos e = V z = EF 

Vm E G 

6m = 2-nr p V z (EG) . 

I t i s s i g n i f i c a n t t o note t h a t DGF i s a streamline, w i t h no fl o w cross­

i n g i t , so t h a t the mass flow r a t e increment i n terms of a x i a l v e l o c i t y 

and r a d i a l length involves EG, and not EH, the d i f f e r e n c e i n radius 

between D and E. 

E'G' represents the l i n e EG r e p o s i t i o n e d so t h a t the mean values 

of V 2 and r on i t are also those f o r s t a t i o n increment DE. Then 

6m = 2rrr 0 V z (E'G') . 

I t i s r n
 a " d r E which do not vary as the flow f i e l d i s r e c a l c u l a t e d , and 

i t i s convenient t o c a l c u l a t e 6ifi from the r e a d i l y - a v a i l a b l e parameters 

V m and ( r E - r ^ ) . The r e l a t i o n s h i p s 

cos w = EH ; cos (ct> + G ) - EF 
ED ED 
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y i e l d 

EF Cos (rr, + <?) 
= = Cos f; - Sin e tan cp. 

EH Cos cp 

Hence 

V z (EG) = V m (EF) = V m (EH) (Cos e - Sin e tan cp). 

Following the nomenclature on streamline RS, 

EH S 8r 

.'. 6m = 2 n r p V m 6r (Cos e - s i n g tan fp) . 

The mass f l o w r a t e increments between a l l adjacent p a i r s of stream­

l i n e s are found, using as property values the means of the values on 

the two streamlines. The sum of a l l the small increments provides the 

o v e r a l l f l o w r a t e at the s t a t i o n . 

6.4 C a l c u l a t i o n of V e l o c i t y P r o f i l e s 

K ( r ) , L ( r ) and t h e i r components, the various p r o p e r t i e s , v e l o c i t i e s 

and Mach numbers,are revalued only once per march through the machine, 

and so the production of an updated v e l o c i t y p r o f i l e f o r Wm i s performed 

w i t h d i s t r i b u t i o n s of K ( r ) and L ( r ) which are not changing as d i f f e r e n t 

mid-span W values are t r i e d , despite the appearance of Wm i n terms 

w i t h i n L(r)„ 

With f i x e d d i s t r i b u t i o n s of K ( r ) and L ( r ) , a chosen c e n t r a l 

v e l o c i t y , Wm rnid-span' v i e l d s a p a r t i c u l a r v e l o c i t y p r o f i l e from hub t o 

t i p , and correspondingly a s i n g l e value f o r mass f l o w r a t o . A t y p i c a l 

v a r i a t i o n of mass f l o w r a t e w i t h choice of c e n t r a l m e r i dional v e l o c i t y 

i s shown i n Figure 6.3, f o l l o w i n g Frost (1972). I t w i l l be seen from 

t h i s Figure t h a t though the mass f l o w r a t e may be determined uniquely from 

a given v e l o c i t y value, the reverse i s not t r u e , i n t h a t a prescribed 

mass f l o w r a t e may bo produced by two d i f f e r e n t flow s o l u t i o n s , one sub­

sonic and the other supersonic. This p o i n t i s discussed by Marsh (1971). 
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The boundary between the subsonic and supersonic regimes i s not d i s t i n c t . 
Although there i s a d e f i n i t e peak i n the mass f l o w r a t e of Figure 6.3, any 
flow f i e l d w i t h non-uniform v e l o c i t y must e x h i b i t a combination of sub­
sonic and supersonic areas when operating around the maximum f l o w r a t e and 
the d e f i n i t i o n of 'choked' flow i s then open t o some debate. 

I t may be considered as simply the flow f o r which mass f i o w r a t e i s 

a maximum - the peak of the curve i n Figure 6.3. A l t e r n a t i v e l y , choking 

may be defined as the c o n d i t i o n where no flow e f f e c t s can propagate 

upstream, but unless the fl o w i s s u f f i c i e n t l y f a s t t h a t a supersonic 

region extends across the e n t i r e blade passage, i n f o r m a t i o n about the 

downstream flow i s t r a n s m i t t e d upstream through the subsonic regions. 

Following t h i s d e f i n i t i o n , the t r a n s i t i o n p o i n t may appear on Figure 6.3 

to the r i g h t of the peak i n the curve, i n d i c a t i n g a f l o w r a t e which i s 

less than the maximum. 
2 

In equations 3.14 and 3.18, the denominator ( 1 - ) , which 

appears several times, vanishes a t Mjn = 1, and so a s i n g u l a r i t y occurs 

t h e r e , preventing the a n a l y s i s of transonic flows by t h i s streamline 

curvature method. As mentioned above, there i s a supersonic as w e l l as a 

subsonic s o l u t i o n g i v i n g the re q u i r e d mass f l o w r a t e . For these reasons 

the o v e r a l l s o l u t i o n method i s envisaged as being a p p l i e d t o subsonic 

flow problems only. 

I n f i n d i n g the d i s t r i b u t i o n of co n s i s t e n t w i t h the mass f l o w -

r a t e , the i n i t i a l guess used f o r mid-span v e l o c i t y i s t h a t from the s o l u t i o n 

of the previous march through the flow f i e l d . With the revalued K ( r ) and 

L ( r ) terms, the v e l o c i t y may now bo i n e r r o r , and produce a p l o t on 

Figure 6,3 such as p o i n t 1. The r e l a t i o n s h i p between mass f l o w r a t e and 

Wm mid-spa^ i - s n°t l i n e a r , as Figure 6.3 shows, because the de n s i t y changes 

w i t h the f l u i d v e l o c i t y , and so p o i n t 2 i s taken as the next guess, 

w i t h an over-large change i n W , so t h a t p o i n t 2 can be expected t o l i e 
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on the opposite side t o p o i n t 1 of the required flow value. The small 

p o r t i o n of tne graph between p o i n t s 1 and 2 i s r a t h e r b e t t e r t o use 

f o r l i n e a r i n t e r p o l a t i o n , and as more accurate estimates are obtained, 

the upper or .lower l i m i t s , o r i g i n a l l y p o i n t s 1 and 2, may be brought 

closer together. Convergence t o very small e r r o r s i n f l o w r a t e , p o i n t 

3, i s r a p i d . 

I t has already been mentioned t h a t the f a c t o r s K ( r ) and L ( r ) i n 

equation 6.1 are hold constant at each g r i d l o c a t i o n , f o r the d u r a t i o n 

of the c a l c u l a t i o n s t o f i n d a new v e l o c i t y d i s t r i b u t i o n . I f they were 

changed d u r i n g these c a l c u l a t i o n s , t o in c o r p o r a t e the very l a t e s t 

v e l o c i t y values, f o r example, then the graph of Figure 6.3 would con­

t a i n not one but many curves, each r e l a t i n g t o a set of K ( r ) and L ( r ) 

values, but w i t h only one po i n t known o n each curve. I t i s seen from 

Figure 6.4 t h a t no conclusions as t o a c o r r e c t answer could be drawn 

from the r e s u l t i n g s c a t t e r e d s o l u t i o n s . 

A widely-used c o n d i t i o n i n i n i t i a l i s i n g the f l o w p a t t e r n , before 

any s o l u t i o n to the main equation i s performed, i s t o assume an i n f i n i t e 

radius of curvature, C, f o r a l l streamlines a t a l l c a l c u l a t i o n p o i n t s . 

This r e s u l t s i n a l l K ( r ) terms becoming zero f o r the f i r s t march through 

the flow f i e l d , and equation 6.1 s i m p l i f i e s t o : 

dW,,, _ L ( r ) 

u m 

I n examples where a d d i t i o n a l l y the r a d i a l v e l o c i t y may be i n i t i a l i s e d 

as zero, the equation s i m p l i f i e s f u r t h e r t o t h a t of Simple Radial 

E q u i l i b r i u m . 

I t i s q u i t e usual f o r the v e l o c i t y p r o f i l e s at c a l c u l a t i o n s t a t i o n s 

to be changed d r a m a t i c a l l y on the f i r s t machine march, and t h i s i s 

enhanced over parts of the span where Wm i s reduced, because w i t h f i x e d 

L ( r ) , g^ 1 1 increases i n magnitude as Wm f a l l s . The e f f e c t i s shown i n 
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Figure 6.5, accumulating as the i n t e g r a t i o n of equation 6.1 proceeds 
towards the duct w a l l . The gradient becomes i n f i n i t e i f Wm f a l l s 

to zero. To r e s t r a i n such behaviour, l i m i t s are placed on the a l l o w ­

able p r o f i l e change, being p r o g r e s s i v e l y t ightened a f t e r the f i r s t few 

marches, t o avoid i n s t a b i l i t y and negative a x i a l v e l o c i t i e s : the l a t t e r 

would lead t o double-valued stream f u n c t i o n s . 

I t proved h e l p f u l t o maintain the K ( r ) terms at zero f o r both the 

f i r s t and second flow f i e l d marches, so t h a t the f i r s t i s e f f e c t i v e l y 

used only t o provide b e t t e r estimates of L ( r ) , and not t o i n i t i a l i s e 

K ( r ) . 

6„5 The C a l c u l a t i o n of Streamline Slope and Curvature 

The stream f u n c t i o n i}f i s constant along each of the w a l l s of the 

flow duct and also, i n axisyrnmetric f l o w , over any surface generated 

by r e v o l v i n g a streamline about the duct a x i s . The stream f u n c t i o n 

values a t one w a i l , say the hub, may u s e f u l l y be set t o zero, when the 

value on the other w a l l w i l l correspond t o the f l u i d mass f l o w r a t e 

passing through the duct. 

The d i s t r i b u t i o n of the stream f u n c t i o n along each c a l c u l a t i o n 

s t a t i o n may be determined e a s i l y from the mass f l o w r a t e d i s t r i b u t i o n , 

found d u r i n g the c a l c u l a t i o n of the v e l o c i t y p r o f i l e . A series of 

streamline l o c i i s thus a v a i l a b l e a t the c a l c u l a t i o n s t a t i o n s , spread 

a x i a l l y along the duct, i n c l u d i n g through the rows of blades. 

Constructing the streamline as a curve through p o i n t s of the same 

value of stream f u n c t i o n , the streamline slope and curvature may be 

determined a t the c a l c u l a t i o n p o i n t s . The slope ( t a n e) and curvature 

(C) both appear i n the main equations 3.14 and 3.18, and the slope allows 

the d etermination of Wr and W? from Wm. The curvature, w i t h u n i t s of 

( l e n g t h ) - 1 , i s defined as 

c = _ Q e 

dm 
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I f the streamline i s some f u n c t i o n f ( r , z ) , w i t h z - d e r i v a t i v e s 

f ' = sf . f " = a^f 

then 
f " 

C = 
(1 + f - 2 ) 1 - 5 

Streamlines of p o s i t i v e and negative curvature appeal' as shown i n 

Figure 6.6, 

The method of f i t t i n g the curve through the streamline l o c i has 

been a matter of debate (Wilkinson (1970), Shaalan and Daneshyar (1969, 

1972), Denton (1978) ) and i s a problem not encountered i n the M a t r i x 

Throughflow s o l u t i o n technique (Marsh (1968) ) . I t i s , however, 

c h a r a c t e r i s t i c of the type of a n a l y s i s presented here, which has thus 

become known as the Streamline Curvature method. 

Shaalan and Daneshyar (1969, 1972) examine various polynomial 

and s p l i n e c u r v e - f i t s t o obt a i n slope and cur v a t u r e . Their t e s t cases 

are regular geometrical shapes - the c i r c u l a r arc and the sine curve. 

They propose t h a t a piece-wise cubic s p l i n e be constructed through a 

set of data p o i n t s and the streamline slope determined from the f i r s t 

d e r i v a t i v e . Rather than d i f f e r e n t i a t e t h i s curve twice t o produce 

the curvature, they recommend c r e a t i n g a new s p l i n e curve using the 

streamline slopes as data, and f i n d i n g the curvature v i a the f i r s t 

d e r i v a t i v e of t h i s curve: the double-spline f i t . 

W ilkinson (1970) a p p l i e s a wider v a r i e t y of curve f i t s t o the sine 

wave, and suggests an e m p i r i c a l combination of two d i f f e r e n t f i t t i n g 

methods as being best. Both he and Shaalan and Daneshyar f i n d t h a t 

curvature can be determined w i t h good accuracy i f there are many data 

p o i n t s ( > 20) per wavelength, but t h a t the accuracy decreases as 

the p oint spacing i s increased, reducing the number of data p o i n t s per 
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wavelength. The 'best' curve f i t i s the one which remains accurate t o 
the lowest wavelength/point spacing r a t i o . Wilkinson (1970) and 
Shaalari and Daneshyar (1972) present s i m i l a r graphs of the accuracy 
obtained i n p r e d i c t i n g the curvature a t a p o i n t on a sine wave using 
various curve f i t s and various spacings of the data p o i n t s . However, 
the two papers show some anomalous r e s u l t s . 

For s p l i n e curve f i t s they agree t h a t as wavelength/point spacing 

r a t i o i s reduced from 20 t o 5, the r a t i o of p r e d i c t e d c u r v a t u r e / t r u e 

curvature becomes p r o g r e s s i v e l y greater than u n i t y . A second example 

common to both papers, a piece-wise parabola through f i v e p o i n t s , w i t h 

a least-squares f i t , i s shown by Shaalan and Daneshyar (1972) t o behave 

s i m i l a r l y to the s p l i n e curve, though w i t h greater e r r o r , but Wilkinson 

(1970) shows the p r e d i c t e d / t r u e curvature r a t i o as p r o g r e s s i v e l y f a l l ­

i n g below u n i t y as wavelength/point spacing i s reduced. 

Wilkinson (1970) and Shaaian and Daneshyar (1969, 1972) r e f e r t o 

the data-smoothing technique of Wood and Marlow (1967) t o damp high 

order harmonics. This technique was developed e m p i r i c a l l y as a means 

of o b t a i n i n g convergence i n streamline curvature c a l c u l a t i o n s , performed 

apparently w i t h no form of r e l a x a t i o n (Section 6.7). However Cornock, 

i n the Communications on Wood and Marlow's paper, presents a mathematical 

basis f o r the technique and reports s t a b i l i t y and r a p i d converegence 

using i t on i t e r a t i v e problems. 

Denton (1978) has found o v e r a l l computing accuracy i n programs t o 

be more dependent on the e m p i r i c a l data i n p u t than on the numerical 

scheme, and has used a t C.E.G.B. a t h r e e - p o i n t p a r a b o l i c curve f i t t o 

o b t a i n slope and c u r v a t u r e . Stow (1971) at Rolls-Royce also uses the 

para b o l i c f i t . Denton (1978) sets the a x i s of the parabola perpendicular 

to the l i n e j o i n i n g i t s two outer p o i n t s , so t h a t g r e a t l y - s l o p e d stream­

l i n e s may be constructed r e a l i s t i c a l l y . Wilkinson (1970) shows the t h r e e -

p o i n t parabola t o bo a more accurate method of determining curvature than 

many more complicated curve f i t s . 
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The c a l c u l a t i o n method used i n the present work employs the 
t h r e e - p o i n t p a r a b o l i c curve f i t , f o l l o w i n g Denton (1978) t o f i n d the 
slope, but i n s p i r e d by the methods of Shaalan and Daneshyar (1969, 1972) 
the curvature i s determined from the slope of a second parabola, 
constructed using the streamline slopes as data. Curvature i s thus 
a f f e c t e d by more data p o i n t s than j u s t those adjacent t o the c a l c u l a ­
t i o n p o i n t , reducing the expected e r r o r . 

6.6 Convergence C r i t e r i a 

A converging i t e r a t i v e procedure i s terminated when changes i n 

some selected parameter become s u f f i c i e n t l y s m a l l . There are several 

usable terms i n the streamline curvature a n a l y s i s . Stow (1971) 

measures p r o p o r t i o n a l change i n s t a t i c pressure a t each c a l c u l a t i o n p o i n t , 

and terminates c a l c u l a t i o n s when s u f f i c i e n t of the p o i n t s i n the flow 

f i e l d have experienced s u f f i c i e n t l y small pressure changes between 

successive marches through the flow f i e l d . Novak (1966) inspects f o r 

the greatest s h i f t of streamline p o s i t i o n , as a p r o p o r t i o n of duct 

h e i g h t . Wilkinson (1970) comments t h a t a t Mach numbers approaching 

u n i t y , streamline s h i f t s are small even f o r large v e l o c i t y changes, and 

t h a t the maximum v e l o c i t y change i s a b e t t e r convergence c r i t e r i o n ; i n 

the present work the p r o p o r t i o n a l change i n m e r i d i o n a l v e l o c i t y i s used. 

The formation of the meridional v e l o c i t y p r o f i l e s a t the i n d i v i d u a l 

c a l c u l a t i o n s t a t i o n s i s also an i t e r a t i v e process, r e q u i r i n g a matching 

on mass f l o w r a t e . The mass f l o w r a t e tolerance here i s set r a t h e r t i g h t e r 

( a t l e a s t 100 times s m a l l e r ) than the tolerance on the m e r i d i o n a l 

v e l o c i t y change f o r the whole machine being analysed, t o ensure t h a t 

the e r r o r introduced i n t o Wj,, by an inexact f l o w r a t e value i s i n s i g n i f i ­

c a n t, compared to the changes i n W,„ caused by streamline r e d i s t r i b u t i o n . 
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Section 6.8 deals w i t h the optimum size of r e l a x a t i o n f a c t o r s t o 

use. The r e s u l t i n g values f o r closely-spaced c a l c u l a t i o n s t a t i o n s can 

be very small, and w i t h o u t c a r e f u l i n s p e c t i o n the small flow f i e l d 

changes they allow can be mistaken f o r a r r i v a l a t the converged s o l u ­

t i o n . At the stage i n the c a l c u l a t i o n cycle where the r e l a x a t i o n f a c t o r s 

are a p p l i e d , e.g. i n the c a l c u l a t i o n of slopes from stream f u n c t i o n d i s ­

t r i b u t i o n s , a discrepancy i s generated between the stored values ( o f 

slope) and the values produced i f no r e l a x a t i o n were a p p l i e d . This 

discrepancy only becomes n e g l i g i b l e when the t r u e convergence i s achieved, 

which i s worth v e r i f y i n g i f closely-spaced c a l c u l a t i o n g r i d s are i n v o l v e d , 

as i n the present a p p l i c a t i o n w i t h several s t a t i o n s w i t h i n each blade 

row. Such a check was b u i l t i n t o the program as described i n Section 

6.S and used a f t e r the v e l o c i t y change c r i t e r i o n had been f i n a l l y met. 

6.7 The Location of Relaxation Factors 

Wood and Marlow's (1967) data-smoothing technique f o r streamline 

l o c i has already been mentioned (Section 6.5) as an a i d t o convergence 

i n Streamline Curvature c a l c u l a t i o n s . S i l v e s t e r and Hetherington (1966) 

describe the a p p l i c a t i o n of an e m p i r i c a l r e l a x a t i o n f a c t o r t o the changes 

i n mass f l o w r a t e d i s t r i b u t i o n p r e d i c t e d a f t e r each march through the f l o w 

f i e l d . I f s u p e r s c r i p t n denotes the number of the i t e r a t i o n , m the mass 

f l o w r a t e predicted a t a p a r t i c u l a r g r i d p o i n t , and m the value stored 

t h e r e , then the r e l a x a t i o n f a c t o r p, i s used thus: 

m< n + 1> = u. m n + ( 1 - u,)mn. 

S i l v e s t e r and Hetherington (1966) c i t e an axample wherein (j, = 0.2 r e a l i s e d 

a converged s o l u t i o n , but JJ, = 0.3 caused divergent o s c i l l a t i o n of the 

v e l o c i t y p r o f i l e as c a l c u l a t i o n s proceeded. 

Having applied the r e l a x a t i o n f a c t o r t o mass f l o w r a t e changes, the 

subsequent parameters, namely stream f u n c t i o n d i s t r i b u t i o n , streamline 

slope and f i n a l l y streamline curvature are c a l c u l a t e d w i t h no f u r t h e r 
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damping. S i l v e s t e r and Hetherington's (1966) method leaves a discrepancy 
between v e l o c i t y p r o f i l e s and mass f l o w r a t e p r o f i l e s though, c l e a r l y , when 
a converged s o l u t i o n has been obtained the matching w i l l be close. 

I t i s possible to apply the r e l a x a t i o n f a c t o r l a t e r i n the c a l c u l a t i o n s , 

to changes i n the stream f u n c t i o n d i s t r i b u t i o n , or t o the streamline slope 

c a l c u l a t i o n . This moves the discrepancy i n property values t o appear 

between mass f l o w r a t e and stream f u n c t i o n , or between stream f u n c t i o n and 

slope, and so a l t e r s some of the data t o be used i n the next march through 

the flow f i e l d . 

The r e l a x a t i o n f a c t o r i s u s u a l l y a p p l i e d t o changes i n the stream 

f u n c t i o n d i s t r i b u t i o n , i . e . streamline s h i f t s , as done by Novak (1966) 

and Bosman and El-Shaarawi (1977), and also i n the Matrix Throughflow method 

by Marsh (1968). Formulae t o optimise r e l a x a t i o n f a c t o r s f o r f a s t e s t 

convergence i n such a p p l i c a t i o n s have been derived by Wilkinson (1970) and 

Stow (1971), and are discussed i n Section 6.8. 

Denton (1978) proposes an unorthodox use of damping f a c t o r s , s p l i t t i n g 

h i s version of the main equation i n t o 'streamline curvature' terms and 

' r a d i a l e q u i l i b r i u m ' terms, and r e l a x i n g on the streamline curvature 

terms r a t h e r than on changes of stream surface p o s i t i o n . He also makes 

use of the same main equation f o r both duct and i n t r a b l a d e a n a l y s i s , but 

f i n d s t h a t the r a d i a l e q u i l i b r i u m terms need t o be damped i n the l a t t e r 
2 

case by the f a c t o r cos R, t o maintain s t a b i l i t y . 

I n s t a b i l i t y had been encountered w i t h the computer program of the 

present work when performing c a l c u l a t i o n s i n regions of s i g n i f i c a n t s w i r l . 
o 

I t was found t h a t such problems could be circumvented by a p p l y i n g a cos B 

r e l a x a t i o n f a c t o r t o changes i n the f u n c t i o n L ( r ) of equation 6.1, i n both 

duct and i n t r a b l a d e a p p l i c a t i o n s . The separation of the terms i n equations 

3.14 or 3,18 i n t o the groups K ( r ) and L ( r ) i s s i m i l a r t o Denton's (1978) 

d i s t i n c t i o n between streamline curvature terms and r a d i a l e q u i l i b r i u m 

terms. 
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A f u r t h e r e m p i r i c a l t r i a l , t o p e r f o r m t h e main r e l a x a t i o n i n t h e 
s t r e a m l i n e c u r v a t u r e c a l c u l a t i o n s , i n v o l v e d t h e t r a n s f e r o f Stow's 
(1971) r e l a x a t i o n f a c t o r s f r o m t h e stream f u n c t i o n c a l c u l a t i o n t o t h e 
s t r e a m l i n e s l o p e c a l c u l a t i o n . F o r t h e example t r i e d , t h i s ad hoc system 
d i d i n deed produce f a s t e r convergence, as d e t a i l e d i n S e c t i o n 8.4, and 
was m a i n t a i n e d i n t h e program. 

6.8 Optimum Values o f R e l a x a t i o n F a c t o r s 

W i l k i n s o n (1970) and Stow (1971) have d e r i v e d s i m i l a r e x p r e s s i o n s 

f o r optimum r e l a x a t i o n f a c t o r s , f ' , used i n s t r e a m l i n e c u r v a t u r e p r o c e d ­

u r e s w i t h a p p r o x i m a t e l y o r t h o g o n a l c a l c u l a t i o n g r i d s . The v a l u e o f f ' 

may change f r o m l o c a t i o n t o l o c a t i o n , and a l s o t o a l e s s e r e x t e n t from 

i t e r a t i o n t o i t e r a t i o n , s i n c e a Mach number e f f e c t i s i n c l u d e d i n t h e 

f o r m u l a e . The r e l a x a t i o n f a c t o r s a r e i n t e n d e d f o r a p p l i c a t i o n t o t h e 

r e p o s i t i o n i n g o f s t r e a m l i n e s a f t e r s u c c e s s i v e marches t h r o u g h t h e f l o w 

f i e l d , though t h e a d v i s a b i l i t y o f u s i n g v e l o c i t y , and n o t s t r e a m l i n e 

p o s i t i o n , f o r t h e convergence c r i t e r i o n has been mentioned i n S e c t i o n 

6.6, and t h e e x p e r i m e n t a l r e - a p p l i c a t i o n o f f ' t o t h e s t r e a m l i n e s l o p e 

c a l c u l a t i o n d i s c u s s e d i n S e c t i o n 6.7. 

The f o r m u l a o f Stow (1971) i s s i m i l a r t o t h a t o f W i l k i n s o n ( 1 9 7 0 ) , 

w h i c h i s g i v e n as 

1 ~ 5 _ k m i n ( 1 - M m
2 ) A 2 

96 
k . depends on t h e c u r v e f i t used; f o r t h e p a r a b o l a t h r o u g h t h r e e p o i n t s , min 
k m i n = ~4• Note t h a t k m ^ n i s n e g a t i v e , so 0 < f ' < 1 f o r s u b s o n i c f l o w . 

W i l k i n s o n (1970) a l s o g i v e s an e s t i m a t e o f t h e number o f i t e r a t i o n s , n 

r e q u i r e d t o reduce an i n i t i a l s t r e a m l i n e p o s i t i o n a l e r r o r t o some s m a l l 

p r o p o r t i o n , e, of i t : 

n = { n e 



- 84 -

For c l o s e l y - s p a c e d c a l c u l a t i o n s t a t i o n s , the a s p e c t r a t i o , A, i s 

n i g h , so t h a t t h e n f ' i s a p p r o x i m a t e l y p r o p o r t i o n a l t o , and f ' 

r educes r a p i d l y as s t a t i o n s a r e b r o u g h t c l o s e t o g e t h e r . T h i s i s s i g n i f ­

i c a n t i n i n s e r t i n g s t a t i o n s w i t h i n b l a d e rows, as t h e c l o s e s p a c i n g 

i m p l i e s t h e need f o r v e r y many i t e r a t i o n s b e f o r e an a c c u r a t e s o l u t i o n 

i s o b t a i n e d . The n e c e s s i t y t o d i s t i n g u i s h between s m a l l f l o w f i e l d 

changes caused by low f ' v a l u e s , and those due t o convergence of t h e 

s o l u t i o n , was emphasized i n S e c t i o n 6.6. 

6.9 Tre a t m e n t of C l o s e l y - S p a c e d I n t r a b l a d e G r i d s 

F i g u r e 6.7 d e p i c t s an i s o l a t e d b l a d e row i n a c y l i n d r i c a l a n n u l a r 

d u c t , w i t h i n t r a b l a d e and d u c t c a l c u l a t i o n s t a t i o n s as shown. I n 

d e t e r m i n i n g the r e l a x a t i o n f a c t o r f ' a t any s t a t i o n , the g r i d a s p e c t 

r a t i o used i s t h e h i g h e r o f t h e two o b t a i n a b l e w i t h r e s p e c t t o t h e 

upstream and downstream s t a t i o n s . Thus low r e l a x a t i o n f a c t o r s a r e s e t 

a t t h e b l a d e edge s t a t i o n s , owing t o t h e c l o s e i n t r a b l a d e g r i d 

s p a c i n g . A p p l y i n g t h e r e l a x a t i o n f a c t o r s t o t h e s l o p e c a l c u l a t i o n 

r a t h e r t h a n t o t h e c a l c u l a t i o n o f t h e stream f u n c t i o n d i s t r i b u t i o n , 

l o ads r a p i d l y t o t h e e s t a b l i s h m e n t o f t h e o v e r a l l s t r e a m l i n e s h i f t 

caused by t h e b l a d e row ( d a s h - d o t t e d l i n e i n F i g u r e 6.7), b u t t h e s l o p e 

v a l u e s l a g c o n s i d e r a b l y b e h i n d , and t h e r e s u l t a f t e r o n l y a few i t e r a ­

t i o n s , e.g. t h e second, w h i c h c o n t a i n s no c u r v a t u r e c o n s i d e r a t i o n , i s 

v e r y l i k e t h a t f r o m Simple R a d i a l E q u i l i b r i u m c a l c u l a t i o n s , w h i c h 

assume t h a t t h e e n t i r e s t r e a m l i n e s h i f t o c c u r s t h r o u g h t h e b l a d e row. 

The process o f s l o p e i n c r e m e n t a t i o n , i t e r a t i o n by i t e r a t i o n , i s v e r y s l u g g i s h , 

though one w o uld l i k e t o t h i n k i t i s r u n n i n g a t the optimum r a t e . Correspond­

i n g l y slow i s t h e spread of the b l a d e e f f e c t s upstream and downstream, to 

produce a s t r e a m l i n e l i k e the dashed l i n e i n F i g u r e 6.7, o f t h e t y p e given 

by t h e A c t u a t o r D i s c T h e o r y . 
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To a c c e l e r a t e t h e d i s s e m i n a t i o n o f t h e s t r e a m l i n e s h i f t s , t h e f o l l o w i n g 

scheme was d e v i s e d : 

( i ) C onsider i n i t i a l l y a l l main g r i d s t a t i o n s , b u t o n l y those i n t r a -

b l a d c s t a t i o n s a t l e a d i n g edge, mid- c h o r d and t r a i l i n g edge. 

T h i s g i v e s r e l a x a t i o n f a c t o r s w i t h i n t h e b l a d e row 25 t i m e s as 

g r e a t as t h o s e o b t a i n e d when u s i n g a l l e l e v e n i n t r a b l a d e s t a t i o n s 

( s e t a t i n t e r v a l s of 10% a x i a l c h o r d ) . P e r f o r m t h e c a l c u l a t i o n s on 

t r i e system u n t i l t h e s o l u t i o n i s converged. 

( i i ) O b t a i n e s t i m a t e s , by i n t e r p o l a t i o n , o f t h e f l o w p r o p e r t i e s a t t h e 

f o u r i n t r a b l a d e s t a t i o n s a t 20%, 40%, 60% and 80% chord l e n g t h , and 

u s i n g t h e s e and t h e b l a d e edges t o f o r m a f i n e r g r i d , c o n t i n u e 

c a l c u l a t i o n s u n t i l convergence i s a g a i n o b t a i n e d . 

( i a ) From t h e r e s u l t s o f ( i i ) , i n t e r p o l a t e t o e s t i m a t e t h e p r o p e r t i e s 

a t t h e o t h e r i n t r a b l a d e s t a t i o n s , and t h u s c o n t i n u e a g a i n t o f i n d 

t h e f l o w p a t t e r n u s i n g e v e r y s t a t i o n . 

I n p a r t ( i ) t h e r e i s l i t t l e d e f i n i t i o n o f i n t r a b l a d e f l o w , and t h e 

process o f r e d i s t r i b u t i n g t h e a x i a l v a r i a t i o n o f ( r V u ) ( C h a p t e r 4) was 

l i m i t e d t o a m a t c h i n g o f f l o w d i r e c t i o n a t b l a d e e n t r y , t o t h a t o f t h e 

a r r i v i n g f l o w . 

The r e s u l t s o f p a r t ( i i ) may be used i n a computer program, d e v e l o p e d 

by G r e g o r y - S m i t h (1977) u s i n g t h e a n a l y s i s o f Glynn and Marsh ( 1 9 8 0 ) , to 

f i n d t h e change i n mean stream s u r f a c e f l o w a n g l e a t b l a d e e x i t caused 

by secondary f l o w . Such m o d i f i e d f l o w a n g l e s a r e f i r s t used i n a r e p e t i ­

t i o n o f p a r t ( i i ) ( w h i c h o f t e n converges on i t s f i r s t i t e r a t i o n a f t e r 

b e i n g r e s t a r t e d ) , b e f o r e e n t e r i n g p a r t ( i i i ) . An e x t r a convergence 

c r i t e r i o n was a v a i l a b l e f o r p a r t ( i i i ) as reasoned i n S e c t i o n G.6: a chock 

on t h e c o m p a t i b i l i t y o f t h e s t r e a m l i n e s l o p e s s t o r e d , w i t h t h e u n r c l a x e d 

s l o p e v a l u e s ( i . e . p l o t s t h r o u g h n e i g h b o u r i n g p o i n t s o f e q u a l stream 

f u n c t i o n ) . 
* 
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CHAPTER 7 

Flow F i e l d s W i t h A n a l y t i c a l S o l u t i o n s 

7 .1 I n t r o d u c t i o n 

Faj- downstream o f blade rows i n an u n f l a r e d a n n u l a r d u c t , t h e f l u i d 

s t r e a m l i n e s may be t a k e n as s t r a i g h t and p a r a l l e l , w i t h no c u r v a t u r e 

or s l o p e , and no r a d i a l component o f v e l o c i t y . The e q u a t i o n of m o t i o n 

i n t h e j _ x V d i r e c t i o n , e q u a t i o n 3.18, t h e n reduces t o t h a t f o r s i m p l e 

r a d i a l e q u i l i b r i u m : 

o>h0 _ T _ V z QVZ V z t a n a d ( r V z t a n a) 

?)r ~-\r ?)v r -jr 

Assuming t h e f l o w t o be a x i s y m m e t r i c , t h e p a r t i a l d e r i v a t i v e s may 

be r e p l a c e d by o r d i n a r y ones. I f t h e f l o w i s h o m o n t r o p i c a t d u c t e n t r y , 

and l o s s l e s s i n p a s s i n g a l o n g t h e d u c t and t h r o u g h any b l a d e rows, t h e n 
ds 
— = 0 everywhere. I f t h e t o t a l e n t h a l p y i s u n i f o r m a t i n l e t , t h e f l o w 

a d i a b a t i c , and t h e b l a d e rows a r e s t a t o r s , n o t r o t o r s , t h e n —~° = 0 
d r 

everywhere. Under t h e s e c o n d i t i o n s t h e s i m p l e r a d i a l e q u i l i b r i u m 

e q u a t i o n becomes 

dV z _ _ t a n a d ( r V t a n a ) 
dr r d r . . . ( 7 . 1 ) 

The t a n g e n t o f t h e f l o w a n g l e appears h e r e ; c e r t a i n c h o i c e s f o r 

tri e r a d i a l d i s t r i b u t i o n of t a n a, a p p l i e d t o e q u a t i o n 7.1 f o r t h e f a r 

downstream f l o w , a l l o w t h e r a d i a l v a r i a t i o n o f a x i a l v e l o c i t y t o be 

p r e d i c t e d t h e r e w i t h o u t r e c o u r s e t o i t e r a t i v e methods. 

By c r e a t i n g s u i t a b l e n u m e r i c a l examples t o be s o l v e d by t h e 

computer program, a s p e c t s o f i t s b e h a v i o u r may be checked, s i n c e i t s 

s o l u t i o n s s h o u l d be t h e same as t h e a n a l y t i c a l answers. 
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For a i l cases, u n i f o r m n o n - s w i r l i n g f l o w was m o d e l l e d e n t e r i n g an 
a n n u l a r d u c t , as shown i n F i g u r e 7.1, and t h e s w i r l was changed by a 
s i n g l e s t a t o v row. The d i f f e r e n t t y p e s of s t a t o r f l o w e x i t a n g l e d i s ­
t r i b u t i o n caused f l o w p a t t e r n s f a r downstream w h i c h matched t h e p r e d i c t i o n s 
c l o s e l y . 

I n u s i n g the program t h e f l o w a n g l e v a r i a t i o n f o r t h e f a r down-

stream l o c a t i o n was a p p l i e d a t b l a d e e x i t , b u t because a s t r e a m l i n e 

s h i f t does n o t occur e n t i r e l y w i t h i n t h e b l a d e row ( a s i s assumed i n 

Simple R a d i a l E q u i l i b r i u m a n a l y s i s - Chapter 2 ) , some r a d i a l r e d i s t r i ­

b u t i o n of t h e a n g l e p r o f i l e , and hence a l s o o f t h e a x i a l v e l o c i t y p r o f i l e , 

t o o k p l a c e between t h e s t a t o r and t h e c a l c u l a t i o n s t a t i o n f a r downstream. 

T h i s i n t r o d u c e d s m a l l d i f f e r e n c e s between t h e s o l u t i o n o b t a i n e d f r o m 

t r i o program, and t h a t f r o m Simple R a d i a l E q u i l i b r i u m a n a l y s i s . I t would 

be p o s s i b l e t o t r i m m a n u a l l y t h e f l o w a n g l e a t b l a d e e x i t , t o a r r i v e 

more n e a r l y a t t n c a n a l y t i c a l a n g l e d i s t r i b u t i o n downstream, and t o 

approach«the p r e d i c t e d v e l o c i t y p r o f i l e more e x a c t l y . However, by 

s p e c i f y i n g a n g l e d i s t r i b u t i o n s w h i c h would produce modest v e l o c i t y 

g r a d i e n t s and s t r e a m l i n e s h i f t s , c l o s e agreement was shown between t h e 

program r e s u l t s and t h e m a t h e m a t i c a l a n a l y s i s . 

The n e x t t h r e e s e c t i o n s i n t h i s c h a p t e r d e s c r i b e t h r e e examples 

of f l o w t y p e s amenable t o such t r e a t m e n t . Where t h e r a d i u s r appears 

i n t h e f u n c t i o n f o r t a n a, i t must be made n o n - d i m e n s i o n a l by r e f e r r a l 

t o some datum r a d i u s , r<-|, such as t h e mid-span v a l u e . I n each example, 

k i s a c o n s t a n t of s e l e c t e d v a l u e f o r a p a r t i c u l a r d e s i g n ; c l e a r l y 

k r c j and k / r ^ a r e themselves c o n s t a n t . 

7.2 An g l e D i s t r i b u t i o n t a n a = k / ( r / r d ) 

I n s e r t i n g t h i s t y p e o f a n g l e v a r i a t i o n i n t o e q u a t i o n 7.1 g i v e s 

^1 = - k r d d < k r d v z > 
d r r 2 d r 
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( k r d ) 2 dV z 

r 2 dr 

dV.. ( I - ( k r d ) 2 ) = 0, 

" ' ~2 dr r 

w h i c h has t i u . s o l u t i o n f o r r e a l kr<j 

r 

d r . . . ( 7 . 2 ) 

T h i s i s t h e f r e e v o r t e x f l o w f i e l d d e s c r i b e d i n Chapter 4, s i n c e 

t a n <y V u = k r ^ 

V z r 

y i e l d s 

rV - r,,kV., = c o n s t a n t u u L 

i f b o t h k i j j and V a r e unchanging w i t h r a d i u s . The u n i f o r m v e l o c i t y 

p r o f i l e f r o m e q u a t i o n 7.2 i s p l o t t e d i n F i g u r e 7.2. 

7.3 Angle D i s t r i b u t i o n t a n q = k 

S e t t i n g t h e t a n g e n t of t h e f l o w a n g l e c o n s t a n t w i t h r a d i u s means 

t h a t t h e a n g l e i t s e l f a l s o does n o t v a r y . E q u a t i o n 7.1 may bo 

r e - w r i t t e n as f o l l o w s : 

dV z _ _ t a n a 

dr r d r 

rV„ d ( t a n iy) + r t a n a dV„ V„ t a n « 
d r 

I n s e r t i n g d__(tan o')= 0 and r e a r r a n g i n g g i v e s 
d r 

dV z 

d r 

d r 

1 + t a n cv - V z t a n d 

V z s i n a 

D i v i d i n g by V z: 

d (Cn V 7 ) . 2 
s i n Qi 

d r 
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I n t e g r a t i n g f r o m r = r a t o r = r b , n o t i n g t h a t s i n a i s c o n s t a n t w i t h 

r a d i u s : 

tn V z b - in V ? a = - s i n a ( tn r b - t n r R ) 

s i n o/ 

3 / 

V V a za Z ! ) 

13 . . . ( 7 . 3 ) 

A d i m e n s i o n l e s s p l o t o f e q u a t i o n 7.3 i s g i v e n i n F i g u r e 7.3, where 

f o r d i f f e r e n t v a l u e s o f k t h e v a r i a t i o n o f a x i a l v e l o c i t y r a t i o w i t h 

r a d i u s r a t i o i s shown. The datum v a l u e f o r v e l o c i t y i s t a k e n a t t h e 

same p l a c e as t h a t f o r r a d i u s ; t h e mid-span i s used. 

7.4 An g l e P i s t r i b u t i o n t a n # = k r / r ^ 

For t h i s case e q u a t i o n 7.1 becomes 

dV, 

d r r d d r 

T 2 r 2 d v 

k r 2 V z 

r d 
r 1 2 

d r 

V z d ( r ) 

d r 

dV z 

dr 

1 dV, 

1 + / k \ 2 r 2 

-2 / k \ 

= - 2 k 

r d 

rV„ 

V z d r 
1 + / k „2 

d ( t n V z ) 

d r 2 _2 1 +/ k 

\ r d / 

To i n t e g r a t e ' f r o m r - r a t o r = r ^ , a r e s u J t g i v e n by P e t i t Hois (1961) 

may be used: 

f n d r 
- l -!-/ k \ r 2 / k 

^ r d 

1 + / k \ 2
 r

2 

+ c o n s t a n t , 
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Thus tn V . - £n V„„ = tn 
Z D 

V z h "' V z a 

l + / k \ r 2 

c l 

- /, \ 2 2 

L l d J 

+ / k \ r. ̂  
D 

. ( 7 . 4 ) 

A graph of e q u a t i o n 7.4 i s p r e s e n t e d i n F i g u r e 7.4 i n a s i m i l a r 

manner t o F i g u r e 7.3, f o r comparison. 

1 
1 +/ k 

' r d , 

7.5 N u m e r i c a l T r i a l s 

An a n n u l a r d u c t of t h e t y p e shown i n F i g u r e 7.1 was d e s i g n e d , w i t h 

t h e hub and t i p r a d i i s i m i l a r t o t h o s e on t h e t e s t r i g o f O x f o r d ( 1 9 6 5 ) 

and Gregory-Smith ( 1 9 7 0 ) . For ease o f a n a l y s i s t h e t e s t r i g r a d i i o f 

1 f t and 2.5 f t were rounded t o S . I . e q u i v a l e n t s o f 0.3 m and 0.75 m, 

the s e m a i n t a i n i n g t h e same h u b : t i p r a t i o o f 0.4. Chapter 8 d e s c r i b e s 

t h e computer s i m u l a t i o n o f Gregory-Smith's (1970) e x p e r i m e n t a l r e s u l t s , 

when t h e a p p a r a t u s was m o d e l l e d a c c u r a t e l y . 

Tn t h e p r e s e n t l y - c o n s i d e r e d t e s t cases, t h e d i s t a n c e between t h e 

d u c t i n l e t and the c a l c u l a t i o n s t a t i o n ' f a r ' downstream was s e t a t 

10 m, w i t h t h e mid-c h o r d of t h e s t a t o r b l a d e row p o s i t i o n e d 2.5m f r o m 

t h e d u c t i n l e t . The p o i n t o f i n t e r e s t i n t h e b l a d e row d e s i g n was t h e 

f l u i d e x i t a n g l e d i s t r i b u t i o n , w h i c h was v a r i e d f r o m t e s t t o t e s t t o 

produce t h e v a r i o u s t y p e s o f s w i r l d e s c r i b e d i n S e c t i o n s 7.2 t o 7.4. 

S e v e r a l parameters were h e l d c o n s t a n t f o r a i l b l a d e d e s i g n s , v i z : 

Sweopback: None 

I n l e t Blade A n g l e : 0° a t a l l r a d i i 

AxiaJ. Chord l e n g t h : 0.7 m a t a l l r a d i i 

A e r o f o i l t y p o : C4 on p a r a b o l i c camber l i n e ; 

a/c = 0.4 . 

Number o f Bla d e s : N o t i o n a l l y z e r o 
(see below) 
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The l o n g a x i a l c h o r d l e n g t h a l l o w e d f o r r a p i d convergence o f 
c a l c u l a t i o n s ( S e c t i o n 6.7) and a l s o f o r more g e n t l e s t r e a m l i n e s l o p e s 
t h a n w o u l d appear w i t h i n s h o r t e r b l a d e s . S e t t i n g t h e number o f b l a d e s 
t o z e r o was a programming ' f i x ' t o e l i m i n a t e v a r y i n g b l a d e b l o c k a g e as 
a cause o f i n t r a b l a d e s t r e a m l i n e s h i f t i n g . For t h i s case, w i t h b l a d e 
p i t c h u n d e f i n e d , t h e p i t c h : chord r a t i o was t a k e n as u n i t y i n u s i n g 
H o w e l l ' s d e v i a t i o n c o r r e l a t i o n (Appendix D ) . 

An example of each t y p e o f f l o w a n g l e v a r i a t i o n d e s c r i b e d i n 

S e c t i o n s 7.2 t o 7.4 was a p p l i e d a t e x i t f r o m t h e s t a t o r row, v i z : 

t a n a = 0.5 r m i d s p a n 

r 

t a n c-' = 0.5 

t a n o' - 0.5 r 

r m i d s p a n 

For t h e d e s i g n e d d u c t , ^ / r ^ ^ s p E ^ v a r i e d f r o m 0.57 a t t h e hub t o 

1.43 a t t h e t i p c a s i n g , and over t h i s r a d i u s range t h e c h o i c e k = 0.5 

i n e q u a t i o n s 7.6 and 7.7 g i v e s t h e modest r a d i a l g r a d i e n t s o f v e l o c i t y 

m entioned i n S e c t i o n 7.1 as d e s i r a b l e f o r t h e s e t e s t s . T h i s may be seen 

f r o m F i g u r e s 7.3 and 7.4. E q u a t i o n 7 05 cor r e s p o n d s t o e q u a t i o n 7.2 

w h i c h i n d i c a t e s f l o w w i t h u n i f o r m a x i a l v e l o c i t y f o r a l l v a l u e s o f k, 

though k - 0.5 was s e l e c t e d f o r c o n s i s t e n c y w i t h e q u a t i o n s 7.6 and 7.7. 

A f u r t h e r example was m o d e l l e d w i t h i n c r e a s e d k, 

t a n a = 1 . . . ( 7 . 8 ) 

t o observe t h e i n c r e a s i n g d e p a r t u r e f r o m t h e v e l o c i t y p r o f i l e 

p r e d i c t e d i n S e c t i o n 7.3. 

Two s p e c i f i c a t i o n s f o r t h e f l u i d p a s s i n g t h r o u g h t h e d u c t were 

used. One m o d e l l e d c o m p r e s s i b l e a i r , w i t h Cp = 1005 J/kg/K and 

v = 1.4; t h e o t h e r assumed an i n c o m p r e s s i b l e f l u i d , a g a i n w i t h 

0 - 1005 J/kg/K, but an e f f e c t i v e v a l u e o f i n f i n i t y f o r y. (The 

. . . ( 7 . 5 ) 

. . . ( 7 . 6 ) 

. . . ( 7 . 7 ) 
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computer program was w r i t t e n t o t r e a t as i n c o m p r e s s i b l e any f l u i d w i t h 
a s u p p l i e d v a l u e o f Y e x c e e d i n g 1 0 ) . For a l l cases, t h e f l o w e n t e r e d 
t h e d u c t a t a t e m p e r a t u r e of 300 K and a v e l o c i t y o f 100 rn/s, w i t h no 
s w i r l . 

7.G R e s u l t s of T r i a l s 

F i g u r e 7,5 shows t h e r e s u l t f a r downstream o f a p p l y i n g a t b l a d e 

e x i t t h e f l o w a n g l e v a r i a t i o n d e f i n e d by e q u a t i o n 7.5. The g r a p h 

c o n t a i n s p l o t s o f t h e a n a l y t i c a l s o l u t i o n ( V z - c o n s t a n t ) and o f t h e 

d i m e n s i o n l e s s v e l o c i t y p r o f i l e s produced by t h e program f o r t h e compres­

s i b l e and i n c o m p r e s s i b l e f l o w cases. A l l t h r e e c u r v e s a r c n o n - d i m e n s i o n a l i z e d 

w i t h r e s p e c t t o t h e mid-span v e l o c i t y . The v e r t i c a l a x i s s c a l e i s lOO t i m e s 

as l a r g o as t h a t o f t h e h o r i z o n t a l a x i s t o show t h e e r r o r s i n c u r r e d , w h i c h 

a r e s m a l l ; they a r e t a b u l a t e d i n F i g u r e 7.9. These e r r o r s a r i s e because 

w i t h i n t h e b l a d e row t h e f l o w i s n o t h e l d t o t h e f r e e v o r t e x p a t t e r n , 

and so s t r e a m l i n e s l e a v i n g t h e s t a t o r a r e s l i g h t l y i n c l i n e d , c h a n g i n g 

t h e e f f e c t i v e f l o w a n g l e p,, and t h e y undergo some r e d i s t r i b u t i o n down­

strea m as t h e i r m e r i d i o n a l c u r v a t u r e d i s a p p e a r s . 

The a x i a l v e l o c i t y upstream of t h e b l a d e row b e i n g 100 m/s, 

i n c o m p r e s s i b l e f l o w may be e x p e c t e d t o t r a v e l a t t h e same a x i a l v e l o c i t y 

i n t h e downstream end o f t h e d u c t . As F i g u r e 7.5 shows, t h e v e l o c i t y 

p r o f i l e g e n e r a t e d by t h e program was n o t p e r f e c t l y u n i f o r m , and t h e 

r e s u l t i n g mid-span a x i a l v e l o c i t y , g i v e n i n F i g u r e 7.9 was 99.9965 m/s. 

The e f f e c t of p e r f o r m i n g t h e c a l c u l a t i o n s f o r t h e c o m p r e s s i b l e f l u i d 

was t h a t t h e a x i a l v e l o c i t y p r o f i l e produced remained n e a r l y u n i f o r m , 

but t h e c e n t r a l a x i a l v e l o c i t y was r a i s e d t o 101.28 m/s. The i n t r o d u c ­

t i o n of s w i r l i n t o t h e f l o w i n c r e a s e d t h e magnitude of t h e v e l o c i t y 

v e c t o r V, and t h u s t h e s t a t i c d e n s i t y was r e d u c e d . T h i s i n t u r n caused 

a f u r t h e r i n c r e a s e i n V, i n i t s a x i a l component, t o m a i n t a i n t h e mass 

f l o w r a t o i n the downstream p a r t o f t h e d u c t . 
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F i g u r e s 7.6 t o 7.8 show r e s u l t s o f t r i a l s u s i n g t h e b l a d e e x i t f l o w 

a n g l e d i s t r i b u t i o n s f r o m e q u a t i o n s 7.6 t o 7.8 r e s p e c t i v e l y . D i f f e r e n c e s 

f r o m t h e l a y o u t of F i g u r e 7.5 a r e t h a t t h e v e l o c i t y r a t i o axes c o v e r 

a much i a r g e r range t h a n t h a t of F i g u r e 7.5, and t h a t t h e a n a l y t i c a l 

v e l o c i t y r a t i o i s assumed t o be h e l d a c c u r a t e l y a t t h e hub, n o t a t t h e 

mid-span o f the d u c t . The r e a s o n i n g f o r t h i s i s t h a t t h e d i s c r e p a n c y 

between t h e computed and t h e a n a l y t i c a l v e l o c i t y p r o f i l e s i s l e a s t a t 

t h e d u c t edges, because o n l y t h e r e does no r a d i a l s h i f t o f s t r e a m l i n e s 

o c c u r , as d e s c r i b e d i n S e c t i o n 7.1, t o a l t e r t h e c i r c u m f e r e n t i a l component 

of t h e v e l o c i t y as t h e f l o w passes downstream o f t h e b l a d e s . The c o n d i ­

t i o n s a t t h e o u t e r , t i p , c a s i n g c o u l d e q u a l l y w e l l be used as the b a s i s 

f o r c o mparison. I n t e s t s w i t h c o m p r e s s i b l e f l o w , changes i n d e n s i t y , 

as d e s c r i b e d above, a d d i t i o n a l l y cause a x i a l v e l o c i t y changes w h i c h a r e 

n o t r e a d i l y d e t e r m i n e d and so away f r o m t h e d u c t w a l l s b o t h t h e a x i a l 

and c i r c u m f e r e n t i a l v e l o c i t y components may be a l t e r e d . W i t h t h e 

v e l o c i t y p r o f i l e s n o r m a l i s e d on t h e hub v a l u e , Vz/^Zmidspan c i o e s n o' t 

appeal- as e x a c t l y u n i t y a t t h e d u c t c e n t r e . 

R e f e r r i n g t o F i g u r e s 7.6, 7.7 and 7.8, t h e d e p a r t u r e o f t h e 

di m e n s i o n l e s s v e l o c i t y p r o f i l e s f r o m t h e a n a l y t i c a l Simple R a d i a l 

E q u i l i b r i u m s o l u t i o n s i s n o t e x c e s s i v e and t h e d i f f e r e n c e between t h e 

r e s p e c t i v e curves f o r c o m p r e s s i b l e and i n c o m p r e s s i b l e f l o w a r c n e a r l y 

everywhere so s m a l l t h a t t h e y do n o t show on t h e graphs; t h e d i f f e r e n c e s 

a r e p r e s e n t e d i n t a b u l a r f o r m i n F i g u r e 7.9. 

F i g u r e s 7.6 and 7.8, f o r f l o w a n g l e c o n s t a n t w i t h r a d i u s , appear 

t o j u s t i f y t h e use of t h e hub v e l o c i t y as t h e base f o r comparison o f 

th e program r e s u l t s , s i n c e a l t h o u g h t h e d i s c r e p a n c y between t h e a n a l y t i c a l 

and t h e m o d e l l e d f l o w r i s e s f r o m hub t o mid-span, i t decreases c o n s i d e r ­

a b l y between t h e mid-span and t h e t i p . The e r r o r s a t t h e d u c t c e n t r e 

f o r k - 1 a r c a p p r o x i m a t e l y d o u b l e t h o s e f o r k = 0.5. 
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F i g u r e 7.7 shows c l o s e m a t c h i n g o f r e s u l t s o v e r a l m o s t t h e whole 
r a d i u s range, e x c e p t a t t h e t i p . 

7.7 S t r e a m l i n e Paths 

I n t h e f o r e g o i n g p a r t s o f t h i s Chapter t h e r a d i a l r e p o s i t i o n i n g 

o f t h e s t r e a m l i n e s w i t h i n t h e b l a d e row and o u t s i d e i t proved t o be a 

h i n d r a n c e i n e s t a b l i s h i n g i n t h e downstream f l o w a p r e - d e t e r m i n e d a n g l e 

d i s t r i b u t i o n . The computer program i n c l u d e s w i t h i n i t s o u t p u t t h e 

s t r e a m f u n c t i o n v a l u e s s t o r e d a t each g r i d p o i n t i n t h e c a l c u l a t i o n 

mesh, and from t h e s e i t i s p o s s i b l e t o p l o t s t r e a m l i n e l o c i t o q u a n t i f y 

the r a d i a l movement i n v o l v e d and observe t h e p r o p a g a t i o n o f e f f e c t s f r o m 

t h e b l a d e row i n t o f l o w upstream and downstream. 

F i g u r e 7.10 shows t h e m e r i d i o n a l p r o j e c t i o n o f t h e stream l i n e f o r 

ijl = 0.5 m (m b e i n g t h e e n t i r e mass f l o w r a t e ) drawn f r o m t h e t e s t o f 

e q u a t i o n 7.8 f o r i n c o m p r e s s i b l e f l o w , t h e t e s t w h i c h produced t h e 

g r e a t e s t a x i a l shear i n t h e downstream f l o w . The r a d i a l p o s i t i o n 

e xpressed as a p r o p o r t i o n o f t h e d u c t span for m s t h e v e r t i c a l a x i s ; I t s 

s c a l e i s l a r g e t o make v i s i b l e t h e s t r e a m l i n e s h i f t . The o v e r a l l r a d i a l 

s h i f t i s n e a r l y 5% o f t h e span. 

The r e s u l t s d e p i c t e d i n F i g u r e 7.8 were o b t a i n e d u s i n g a convergence 

c r i t e r i o n o f 1% on t h e g r e a t e s t m e r i d i o n a l v e l o c i t y change between 

s u c c e s s i v e marches ( S e c t i o n 6.6). The t h r e e - s t a g e program a p p l i c a t i o n 

d e s c r i b e d i n S e c t i o n 6.9 was used, w i t h t h e check on s l o p e c o m p a t i b i l i t y 

i n t h e t h i r d p a r t s e t s u f f i c i e n t l y s l a c k t h a t no more i t e r a t i o n s were 

r e q u i r e d once t h e v e l o c i t y a d j u s t m e n t c r i t e r i o n had been s a t i s f i e d . 

The s l o p e s w i t h i n t h e b l a d e row f o r t h e p l o t t e d s t r e a m l i n e a r e g i v e n 

i n F i g u r e 7.11, t o g e t h e r w i t h t h e g r e a t e s t t a n e i n c o m p a t i b i l i t y i n t h e 

f l o w f i e l d . T h i s was f o u n d a t t h e t r a i l i n g edge o f t h e b l a d e , and i s 

seen t o t r a n s l a t e t o an a n g u l a r e r r o r t h e r e o f t h e same o r d e r o f 

magnitude as t h e c a l c u l a t e d s l o p e . 
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For comparison t h e c a l c u l a t i o n s were r e - r u n demanding convergence 

t o a much s m a l l e r i n c o m p a t i b i l i t y on t a n e. The \|i = 0.5 m s t r e a m l i n e 

f r o m these extended c a l c u l a t i o n s was n e g l i g i b l y d i f f e r e n t f r o m t h e p l o t 

or; F i g u r e 7.10, b u t t h e s l o p e v a l u e s t h r o u g h t h e b l a d e row were a l t e r e d 

and a r e l i s t e d i n F i g u r e 1 1 . Far downstream t h e mid-span a x i a l v e l o c i t y 

was reduced by 0.4%. 

A t t h e b l a d e t r a i l i n g edge, where t h e g r e a t e s t e r r o r s i n s t r e a m l i n e 

s l o p e c o m p a t i b i l i t y were d e t e c t e d , t h e change i n t h e s l o p e e f f e c t e d by 

p e r f o r m i n g t h e e x t r a i t e r a t i o n s was o n l y one q u a r t e r of t h e s l o p e e r r o r 

i n d i c a t e d a t t h e end o f t h e c a l c u l a t i o n s f o r F i g u r e 7.8, y e t t h e e r r o r 

now diagnosed was s m a l l e r t h a n t h e f o r m e r e s t i m a t e d by a f a c t o r o f more 

t h a n t e n . I t w o uld appear t h a t t h e s l o p e i n c o m p a t i b i l i t y t e s t may g i v e 

p e s s i m i s t i c r e s u l t s , and t h a t as c a l c u l a t i o n s a r e c o n t i n u e d , s t r e a m l i n e 

s l o p e convergence may o c c u r sooner t h a n t h e t e s t w o u l d i n d i c a t e , s i n c e 

b o t h t h e s t r e a m f u n c t i o n f i e l d and t h e s l o p e d i s t r i b u t i o n s approach each 

o t h e r . 

I n s p e c t i o n o f F i g u r e 7.10 r e v e a l s t h a t t h e f l o w e f f e c t s o f t h e 

b l a d e row e x t e n d a bout two c h o r d - l e n g t h s upstream and two downstream, 

w h i c h i s o f t h e o r d e r o f magnitude f o u n d i n p r a c t i c e . 

7.8 F l a r e d Ducts and Non-Radial C a l c u l a t i o n S t a t i o n s 

The examples c o n s i d e r e d i n S e c t i o n s 7.2 t o 7.7 have a l l 

i n v o l v e d c y l i n d r i c a l a n n u l a r d u c t s , and were m o d e l l e d on t h e computer 

w i t h a l l c a l c u l a t i o n s t a t i o n s s e t r a d i a l . H i r s c h (1976) p r e s e n t s an 

example, w i t h r e s u l t s , i n w h i c h i n c o m p r e s s i b l e f l u i d passes w i t h no 

l o s s e s a l o n g an a x i s y m m e t r i c d u c t c o m p r i s i n g two c y l i n d r i c a l a n n u l i o f 

d i f f e r e n t r a d i i , connected by a c u r v i n g t r a n s i t i o n p i e c e - a 'swan-

necked' d u c t . 

A t i n l e t t h e hub r a d i u s i s 0.25 m and t h e t i p r a d i u s 0.35 m. A t 

e x i t t h e r e s p e c t i v e r a d i i a r c 0.1 m and 0.2 m. The e x i t f l o w p a t t e r n 
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appears t o bo independent o f t h e shape of t h e t r a n s i t i o n l e n g t h , b u t 

a d e s i g n s i m i l a r t o t h a t d e p i c t e d by H i r s c h (1976) was used. 

The i n l e t f l o w has u n i f o r m a x i a l v e l o c i t y ; by i n t e g r a t i n g H i r s c h ' s 

(1976) r e s u l t f o r t h e e x i t a x i a l v e l o c i t y p r o f i l e , t h e u n i f o r m i n l e t a x i a l 

v e l o c i t y t o pass t h e same mass f l o w was f o u n d t o be 44.24 m/s. H i r s c h 

does n o t s p e c i f y t h e f l u i d , b u t assuming i t t o be a i r a t ambient c o n d i ­

t i o n s - a t e m p e r a t u r e o f 300 K and a p r e s s u r e o f about 1 atmosphere 

(105 kPa) - g i v e s c l o s e agreement w i t h t h e mass f l o w r a t e f i g u r e o f 

10 kg/s g i v e n by H i r s c h . 

The c i r c u m f e r e n t i a l v e l o c i t y a t i n l e t i s i n t h e f o r m o f a s o l i d 

body r o t a t i o n . D e n o t i n g t h e f l u i d r o t a t i o n a l speed by fi, t h e c i r c u m f e r e n ­

t i a l v e l o c i t y a t any r a d i u s i s g i v e n by 

v u = o r (n = 100 s - 1 ) . 

T h i s t y p e o f s w i r l i n g f l o w , e n t e r i n g a l o n g s t r a i g h t p a r a l l e l s t r e a m l i n e s , 

may be shown by Simple R a d i a l E q u i l i b r i u m c o n s i d e r a t i o n s t o e x h i b i t a 

r a d i a l p r e s s u r e g r a d i e n t a t i n l e t , as f o l l o w s : 
2 v,,2 cf 

p 5-r r 

I n t e g r a t i n g r a d i a l l y : 
2 2 

p = 2 p Q r + k 

where k i s a c o n s t a n t . 

For i n c o m p r e s s i b l e f l o w , 
p 0 = P + i p < v z

2 + v u 2 ) 

u 2 1 J- 2 

P - P D - 2 p V Z - 5 P Q r 

k > ;; o -:2 r 2 

p 0 = k + h p V z
2 + p Q 2 r 2 . 

V z, p , 0 a r>d k a r e a l l c o n s t a n t W i t h r a d i u s . 

Then f o r t h e d a t a g i v e n i n t h i s example, t h e i n l e t t o t a l p r e s s u r e 

i s 731 Pa h i g h e r a t t h e t i p t h a n a t t h e hub, a s m a l l v a r i a t i o n o f 0.7% 
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on t h e a t m o s p h e r i c p r e s s u r e . F u r t h e r i m p l i c a t i o n s a r e d i s c u s s e d i n 
S e c t i o n 7.9, where i t i s shown t h a t t o t a l t e m p e r a t u r e does n o t v a r y 
r a d i a l l y . 

The d u c t geometry was s u p p l i e d t o t h e computer program w i t h r a d i a l l y 

i n c l i n e d c a l c u l a t i o n s t a t i o n s a l o n g t h e c u r v e d p a r t . The r e s u l t s o b t a i n e d 

a t e x i t f o r t h e a x i a l and c i r c u m f e r e n t i a l v e l o c i t y d i s t r i b u t i o n s matched 

t h e g r a p h i c a l r e s u l t s p r e s e n t e d by H i r s c h (1976) t o t h e a c c u r a c y t o 

w h i c h h i s graphs c o u l d be r e a d ; t h e p r i n t i n g of t h e graphs was such t h a t 

t h e axes were not p e r p e n d i c u l a r , so t h a t i n t e r p r e t a t i o n e r r o r s were 

e x p e c t e d . 

Convergence t o l e s s t h a n 1 % change i n m e r i d i o n a l v e l o c i t y anywhere 

was a c h i e v e d i n 9 f l o w f i e l d marches, and a r e q u i r e m e n t t h a t t h e s l o p e 

i n c o m p a t i b i l i t y (^ t a n e ) be l e s s t h a n 0.001 was s a t i s f i e d a f t e r 2 more 

marches. Trie g r e a t e s t s t r e a m l i n e s l o p e s i n t h e t r a n s i t i o n d u c t were 

about 4 5°. 

7.9 E n t h a l p y and E n t r o p y i n Flow W i t h S o l i d - B o d y R o t a t i o n 

The a n a l y s i s p r e s e n t e d i n S e c t i o n 7.8 was r e q u i r e d t o d e t e r m i n e 

t h e r a d i a l v a r i a t i o n o f t o t a l p r e s s u r e i n f l o w w i t h s o l i d - b o d y r o t a t i o n . 

The t e s t r i g o f O x f o r d ( 1 9 6 5 ) , d i s c u s s e d i n Chapter 8, was b u i l t t o 

produce f l o w o f t h i s t y p e . A i r i s drawn i n t o t h e a n n u l a r w i n d t u n n e l 

w i t h u n i f o r m t o t a l p r e s s u r e , b u t i s t h e n passed t h r o u g h s e v e r a l a n n u l a r 

w i r e gauzes, a l l e x t e n d i n g r a d i a l l y outwards f r o m t h e hub w a l l , b u t 

t e r m i n a t i n g a t d i f f e r e n t r a d i i , so t h a t f l o w l o s s e s a r e i n c u r r e d , 

v a r y i n g w i t h r a d i u s , t o produce t h e t o t a l p r e s s u r e p r o f i l e r e q u i r e d . 

Downstream o f t h e gauzes t h e a x i a l v e l o c i t y i s a l s o n o n - u n i f o r m , b u t 

w i t h subsequent t u r n i n g t h r o u g h a b l a d e row, f l o w r e s u l t s w i t h s o l i d -

body r o t a t i o n and w i t h u n i f o r m a x i a l v e l o c i t y . 
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The f l o w t h r o u g h t h e gauzes may be c o n s i d e r e d a d i a b a t i c , and t h e 

t o t a l e n t h a l p y i s unchanged (and hence t o t a l t e m p e r a t u r e ) , "out s i n c e 

t h e f l o w i s i r r e v e r s i b l e , i t i s n o t i s e n t r o p i c , and so r a d i a l e n t r o p y 

g r a d i e n t s a r e c r e a t e d i n accordance w i t h t h e e q u a t i o n ; 

T o ^ s
 = ~^ho _ 1 ^£o 

dr 3r p d r 
° ah 

For a d i a b a t i c f l o w f r o m a plenum o f u n i f o r m e n t h a l p y , _̂  n = 0. 

S u b s t i t u t i n g f o r p D and p f r o m t h e r e s u l t i n S e c t i o n 7.8, 

os _ - R (2 o n 2 r ) 
Pr 

?,s -2R p 

~ p v z
z + p 7 ? ^ 

Thus f o r t h e example of S e c t i o n 7.8, t h e computer program must s e t up 

a r a d i a l e n t r o p y g r a d i e n t a t i n l e t , t o be c o n s i s t e n t w i t h t h e s p e c i f i e d 

d a t a t h e r e . 

7.10 C o n c l u s i o n s 

S e v e r a l p r e d i c t a b l e f l o w p a t t e r n s have been c l o s e l y r e a l i s e d by 

t n e computer program. S m a l l d e v i a t i o n s f r o m t n e c a l c u l a t e d v e l o c i t y 

p r o f i x e s a r e due t o r a d i a l r e d i s t r i b u t i o n of t n e f l o w a n g l e between 

tn e plane a t w n i c n t n e f l o w a n g l e was d e f i n e d , and t n e m e a s u r i n g p l a n e , 

wnere a l l s t r e a m l i n e s were c o n s t r a i n e d t o be s t r a i g h t and p a r a l l e l . 

C o m p r e s s i b l e f l o w i s a l t e r e d i n d e n s i t y as t h e s w i r l component of i t s 

v e l o c i t y cnanges, and so produces downstream f l o w w i t h a x i a l v e l o c i t y 

d i f f e r e n t f r o m t n a t f o r t n e c o m p a r a t i v e t e s t w i t h an i n c o m p r e s s i b l e f l o w 

model. However, t n e n o n - d i m e n s i o n a l i s e d a x i a l v e l o c i t y p r o f i l e s produced 

f o r these two f l o w t y p e s were f o u n d t o be r e m a r k a b l y s i m i l a r t o each 

o t h e r . 

A s t u d y o f m e r i d i o n a l s t r e a m l i n e p a t n s f o r t h e most s e v e r e l y 

sheared example r e v e a l e d t h a t t n e r a d i a l p o s i t i o n s o f t n e s t r e a m l i n e s 
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downstream ma\ bo d i f f e r e n t f r o m t h e upstream p o s i t i o n s by up t o 5% of 

tne d u c t span. Flow e f f e c t s caused by t n e blade row a r e p r o p a g a t e d t o 

r e a l i s t i c d i s t a n c e s i n t o t h e f r e e d u c t . 

D e s p i t e ttu> a p p l i c a t i o n o f r e l a x a t i o n f a c t o r s i n t h e program such 

m a t d i s c r e p a n c i e s appear between t h e f l o w f i e l d s tream f u n c t i o n v a l u e s 

and t h e i n d i c a t e d s t r e a m l i n e s l o p e s , checks on t h e i n c o m p a t i b i l i t y may 

g i v e p e s s i m i s t i c r e s u l t s , and convergence t o f i n e r c r i t e r i a causes o n l y 

m i n i m a l r e d e f i n i t i o n of s t r e a m l i n e s . 

C a l c u l a t i o n s p e r f o r m e d on g r i d s w i t h n o n - r e c t u a n g u i a r geometry 

wore snown t o g i v e r e l i a b l e r e s u l t s . 
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CHAPTER 8 

Comparisons W i t h Two E x p e r i m e n t a l Examples 

S e c t i o n s 8.1 t o 8.3 d e s c r i b e t r i e computer m o d e l l i n g of an a n n u l a r 

row of I n l e t Guide Vanes, designed by O x f o r d ( 1 9 6 5 ) , b u t as used by 

G r e g o r y - S m i t h ( 1 9 7 0 ) . I n S e c t i o n s 8.4 t o 8.6, r e s u l t s a r e p r e s e n t e d 

from t h e computer- s i m u l a t i o n o f t r i e f l o w t n r o u g h t r i e g u i d e vanes, model­

l i n g G regory-Smitn's e x p e r i m e n t s . 

A t h r e e - r o w a x i a l compressor t e s t e d by Fahmi (1968) i s d i s c u s s e d 

i n S e c t i o n s 8.7 t o 8.10, as a t e s t example o f a m u l t i - r o w macnine. 

Computed p r o f i l e s of a x i a l v e l o c i t y a t e x i t f r o m each b l a d e row a r e 

compared w i t h t r i e e x p e r i m e n t a l d a t a . 

8.1 The T e s t R i g of O x f o r d and of G r e g o r y - S m i t h 

A l a r g e a n n u l a r w i n d t u n n e l was c o n s t r u c t e d i n t h e Department o f 

E n g i n e e r i n g a t Cambridge U n i v e r s i t y i n t h e 1960's t o s t u d y f l o w w i t h 

' s o l i d - b o d y ' r o t a t i o n . Such f l o w t r a v e l s w i t h r a d i a l l y - u n i f o r m a x i a l 

v e l o c i t y , b u t w i t h s w i r l v e l o c i t y v a r y i n g so t h a t a l l t h e f l o w r e v o l v e s 

around t h e a n n u l u s a x i s a t u n i f o r m a n g u l a r v e l o c i t y . There i s t h u s n e i t n e r 

a x i a l nor c i r c u m f e r e n t i a l s h e a r . 

A s e t of i n l e t g u i d e vanes and gauzes was d e s i g n e d by O x f o r d (1965) 

t o produce sucn f l o w f r o m an a p p r o a c h i n g u n s w i r l e d f l o w . To p r o v i d e 

a u n i f o r m a x i a l v e l o c i t y p r o f i l e downstream of t h e b l a d e row, t h e 

upstream a x i a l v e l o c i t y had t o be c o n s t r a i n e d t o e n t e r t h e g u i d e vanes 

w i t h a p a r t i c u l a r a x i a l shear, w h i c h O x f o r d a c h i e v e d by p l a c i n g i n t h e 

upstream f l o w a s e t of a n n u l a r gauzes. These gauzes extended f r o m t h e 

w i n d t u n n e l hub a c r o s s t o v a r i o u s r a d i i , g i v i n g a r a d i a l v a r i a t i o n o f 

f l o w r e s i s t a n c e , and so c r e a t i n g t h e r e q u i r e d p r o f i l e o f upstream 

a n n u l a r v e l o c i t y . 

O x f o r d a l s o d e s i g n e d an e x p e r i m e n t a l r o t o r w h i c h c o u l d be i n s t a l l e d 

i n t h e tunnp . 1 . Jones (1969) per f o r m e d e x p e r i m e n t s on t b e f l o w t h r o u g h 
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t h e I n l e t g u i d e vanes w i t h o u t t h e gauzes or t h e r o t o r b e i n g p r e s e n t . 

Gregory-Smitn (1970) used t h e a p p a r a t u s t o s t u d y boundary l a y e r s on 

t h e a n n u l u s w a l l s , u s i n g t h e g u i d e vanes and t n e r o t o r s e p a r a t e l y . He 

to o o p e r a t e d the r i g w i t h t h e gauzes removed, and t h e g u i d e vane t e s t s 

were conducted w i t h t h e vanes r o t a t e d t o g i v e 6° o f i n l e t i n c i d e n c e , 

a c o n f i g u r a t i o n t e s t e d by Jones ( 1 9 6 9 ) . 

Tne p r e s e n t work does n o t i n c l u d e m o d e l l i n g of boundary l a y e r s , 

e x c e p t i n s o f a r as s u i t a b l e p r e s s u r e l o s s v a l u e s may be s p e c i f i e d near 

d u c t w a i l s , b u t Gregory-Smith (1970) produced p l o t s o f a x i a l v e l o c i t y 

a c r o s s t n e e n t i r e d u c t span w h i c h a r e u s e f u l as t e s t d a t a f o r t h e 

p r e s e n t l y - d e v e l o p e d computer program. 

The b l a d e d e s i g n p r o c e d u r e may a l s o be t e s t e d i n a t t e m p t i n g t o 

r e p l i c a t e O x ford's (1965) i n l e t g u i d e vane d e s i g n , as used i n t h e 

a p p l i c a t i o n o f Jones (1969) and Gregory-Smith ( 1 9 7 0 ) . 

8.2 Design of I n l e t Guide Vanes 

Ox f o r d (1965) d e s i g n e d t h e i n l e t g u i d e vanes t o t h e f o l l o w i n g 

s p e c i f i c a t i o n : 

I n n e r r a d i u s 1 f t (.3048 m) 

Outer r a d i u s 2.5 f t (.7620 m) 

A x i a l chord 5.351 i n c h a t a i l r a d i i 

True chord-hub 5.675 i n c h 

midspan 6.183 i n c h 

t i p 6.734 i n c h 

I n l e t b l a d e 
a n g l e 0° a t a i l r a d i i 

O u t l e t f l o w 
a n g l e 
(deduced) 

f o l l o w s 
t a n a = .5022 r ( r i n f e e t ) 

= 1.6476 r ( r i n m e t r e s ) 

Camber l i n e 
sha pe 

p a r a b o l i c 

a/c 0.4 
0.1 max/ c 
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T h i c k n e s s p r o f i l e t y p e C4 

Number o f b l a d e s 31 

D e v i a t i o n r u l e used 
i n d e s i g n C a r t e r (1950) 

The a x i a l chord l e n g t h l i s t e d above i s drawn f r o m Oxford's (1965) 

Appendix X I ; i n t n e main t e x t he b r i e f l y m entions a 6 i n c h t o t a l c h o r d 

l e n g t n , though f r o m t h e t a b l e above i t i s seen t h a t o n l y a t one r a d i u s 

i s t h e cho r d e x a c t l y 6 i n c h e s , and t h i s r a d i a l p o s i t i o n appears t o be 

of no s i g n i f i c a n c e . Gregory-Smith (1970) l i s t s t h e a x i a l c h o r d as 

6 i n c h e s , and t h e camber l i n e shape as b e i n g a c i r c u l a r a r c , two d e t a i l s 

w h i c h a r e t r u e o f Oxf o r d ' s (1965) r o t o r b l a d e d e s i g n , and so perhaps 

m i s a p p l i e d here t o t h e i n l e t g u i d e vanes. 

A l t h o u g h t h e a x i a l c h o r d l e n g t h (5.357 i n c h was assumed t o be t h e 

c o r r e c t f i g u r e ) i s c o n s t a n t a t a l l r a d i i i n t h e d e s i g n p o s i t i o n , 

r o t a t i o n of t h e bla d e s t h r o u g h 6°, as i n Gregory-Smith's ( 1 9 7 0 ) e x p e r i ­

ments a l t e r s t h e a x i a l p r o j e c t i o n o f t n e c n o r d by an amount dependent 

a t any r a d i u s upon t h e l o c a l s t a g g e r a n g l e . Consequently i t was more 

s t r a i g h t f o r w a r d , i n c o m p i l i n g d a t a f o r t h e computer program d e s i g n 

p r o c e d u r e , t o s u p p l y t h e d i f f e r i n g t r u e c h o r d l e n g t h s a t t h e hub, 

midspan and t i p ; t h e program c o n t a i n s o p t i o n s whereby e i t h e r t h e t r u e 

c h o r d l e n g t h o r t h e m e r i d i o n a l p r o j e c t i o n ( i n t h i s case t h e same as t h e 

a x i a l component) may be e n t e r e d . 

The b l a d e d e s i g n p e r f o r m e d by t h e computer program was f o r t h e 

blad e s i n t h e i r r o t a t e d p o s i t i o n , u s i n g t h e e x i t f l o w a n g l e d i s t r i b u t i o n 

f o r t h i s arrangement g i v e n by Gre g o r y - S m i t h ( 1 9 7 0 ) as shown on F i g u r e 8.1 

The source o f t h e s e d a t a i s t h o u g h t t o be t n e work o f Jones. I d e a l l y 

t h e b l a d e geometry produced f r o m t h e c a l c u l a t i o n s s h o u l d match t h e 

known d e s i g n o f O x f o r d ( 1 9 6 5 ) , r o t a t e d by 6°, b u t t h e r e s p e c t i v e b l a d e 

a n g l e p l o t s snown on F i g u r e 8.1 show some d i s c r e p a n c y . 
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Oxford's Blade Design w i t h 6° i n l e t incidence 

Gregory-Smith's experimental Flow Angle 

Computed Blade Design - no secondary flow considerations 

Computed Blade Design - secondary flow considered 
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The cause of t h i s discrepancy has been traced t o the e s t i m a t i o n of 
d e v i a t i o n angle. Howell's d e v i a t i o n c o r r e l a t i o n ( r e f e r e n c e : Dixon 
(1975) ) was used i n the present work, but i n h i s o r i g i n a l blade design 
Oxford (1965) used t h a t due t o Carter. Both these r u l e s were formulated 
s i m i l a r l y f o r the design of compressor cascades, wherein f l u i d i s 
decelerated, though they include d i f f e r e n t m o d i f i c a t i o n s t o t h e i r 
formulae t o allow the c a l c u l a t i o n of d e v i a t i o n i n guide vane nozzles, 
such as the present a p p l i c a t i o n , and t u r b i n e cascades. 

Oxford a p p l i e d Carter's method t o the design of the i n l e t guide 

vanes, and the d e v i a t i o n values he obtained may be contrasted w i t h 

those f o r the 'nominal' d e v i a t i o n of Howell, v i z : 

Howell, 6* Carter, 5 (from Oxford (1965)) 

Hub 2.265° 1.183° 

Mean 5.712° 2.700° 

T i p 9.462° 4.183° 

The d e v i a t i o n angles p r e d i c t e d by Howell's r u l e may not be 

meaningfully adjusted f o r the departure from nominal o p e r a t i n g condi­

t i o n s , because t h i s aspect of the method i s a p p l i c a b l e only t o cascades 

which reduce the s w i r l angle and decelerate the f l o w , such as compressor 

cascades. 

Figure 8.2 shows the d e v i a t i o n angles t a b u l a t e d above, a p p l i e d 

to the guide vane e x i t angle i n the r o t a t e d p o s i t i o n used by Gregory-

Smith (1970). Also p l o t t e d i s a smoothed p r o f i l e f o r the experimental 

e x i t flow angle given by Gregory-Smith. I t i s seen t h a t n e i t h e r r u l e 

has p r e d i c t e d the a c t u a l d e v i a t i o n a c c u r a t e l y ; Carter's method under­

estimates i t , and Howell's gives an over-estimate. The discrepancy 

between the a c t u a l and the computed blade e x i t angle p l o t s on Figure 8.1 

(and Figure 8.6) i s caused by the i n a b i l i t y of Howell's d e v i a t i o n r u l e 
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Oxford's Blade Design w i t h 6° i n l e t incidence 

Gregory-Smith's experimental f l o w angle (smoothed) 

Flow Angle p r e d i c t e d w i t h Carter's d e v i a t i o n r u l e 

Flow Angle p r e d i c t e d w i t h Howell's d e v i a t i o n r u l e 
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FIGURE 8.2: FLOW DEVIATION CALCULATIONS 



- 118 -

to p r e d i c t the angular d i f f e r e n c e between the blade e x i t angle and 

the experimental flow angle. 

The uneven p a t t e r n i n the flow angle between the hub and midspan 

i n d i c a t e s tnat the experimental data may be considerably i n e r r o r , and 

the unevenness i s r e f l e c t e d i n the computed blade e x i t angle d i s t r i b u ­

t i o n . Figure 8.6 shows a blade design assuming a smoothed flow angle 

p r o f i l e . 

I t i s worth n o t i n g t h a t the d e v i a t i o n r u l e s of both Howell and 

Carter are formulated f o r l i n e a r cascades. The secondary flow e f f e c t s 

which occur i n annular cascades (Glynn and Marsh (1980) ), may be found 

using a computer program developed by Gregory-Smith (1977), once an 

i n i t i a l blade shape has been designed and flow f i e l d c a l c u l a t i o n s have 

been performed. For the example modelled here subsequent secondary 

flow c a l c u l a t i o n s i n d i c a t e d a c o n t r i b u t i o n to the flow angle of over 

+1° at the hub, passing through zero t o about -.8° at the t i p . Since 

the flow angles used t o reconstruct the blade shape were experimental 

r e s u l t s , they must already contain these secondary f l o w e f f e c t s , which 

are not considered i n the usual d e v i a t i o n r u l e s . Thus a more r e a l i s t i c 

blade p r o f i l e may be designed by removing th e secondary flow c o n t r i b u ­

t i o n from the flow angle d i s t r i b u t i o n and then redesigning the blade, 

c a l c u l a t i n g the d e v i a t i o n as i f f o r a l i n e a r cascade. This second-

generation blade geometry i s also shown i n Figure 8.1. For the e x i t 

angle p r o f i l e , the d i f f e r e n c e from Oxford's (1965) blade design i s 

now small ( l e s s than 1°) a t the hub, but the secondary flow allowance 

enhances the discrepancy towards the t i p , where i t i s nearly 5°, w i t h 

an estimated d e v i a t i o n of 11° t h e r e . 

The computer program used the method described i n Section 5.4 t o 

stack the various a e r o f o i l sections designed. Oxford's guide vanes 

wore constructed t o nave a s t r a i g h t , though not r a d i a l , t r a i l i n g edge, 

and w i t h a constant a x i a l chord q_n the? design o r i e n t a t i c j n . 
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8.3 Downstream A x i a l V e l o c i t y P r o f i l e s 

By performing aerodynamic c a l c u l a t i o n s on the i n l e t guide vanes, 

the operation of the computer program was checked against Gregory-Smith's 

(.1970) gr a p h i c a l p l o t s of experimental a x i a l v e l o c i t y p r o f i l e s a t d i s ­

tances of 0.5 inch and 11.2 inch downstream of the i n l e t guide vanes. 

The upstream a i r f l o w was uniform and n o n - s w i r l i n g ; the a x i a l v o l o c i 

tnero was not given, and so i t was estimated by g r a p h i c a l l y i n t e g r a t i n g 

the downstream v e l o c i t y p r o f i l e s . Small m o d i f i c a t i o n s were necessary 

a f t e r the f i r s t attempts a t reproducing the v e l o c i t y p r o f i l e s because 

the o r i g i n a l i n t e g r a t i o n took no account of varying a i r d e n s i t y . W i t h i n 

the accuracy of t h i s procedure, the upstream a x i a l v e l o c i t y was found 

to be 20.0 m/s, which may be a f o r t u i t o u s l y round number since the o r i g i n a l 

experiments were measured i n i m p e r i a l u n i t s . 

Given t h a t one c a l c u l a t i o n s t a t i o n i s set on the blade t r a i l i n g 

edge, the p o s i t i o n i n g of another 0.5 inch behind i t i n the 18 inch span 

duct would give a l o c a l g r i d aspect r a t i o of 36. Relaxation f a c t o r s 

generated there would be small (Section 6.8) and the c a l c u l a t i o n s 

would t h e r e f o r e r e q u i r e many i t e r a t i o n s . The i n t r a b l a d e a x i a l g r i d 

spacing f o r a blade of about 6 inch a x i a l chord would be around 0.6 

inch, w i t h 10% spacing, but f o r the f i r s t and second parts of the 

three-stage s o l u t i o n scheme (Section 6.9) not a l l of the i n t r a b l a d e 

s t a t i o n s are used, g i v i n g correspondingly l a r g e r aspect r a t i o s . A 

s i m i l a r treatment could be developed f o r the duct g r i d , but i n i t s 

absence the easier s o l u t i o n was t o r e l o c a t e the close downstream s t a t i o n 

permanently a l i t t l e f u r t h e r away, and then i n t e r p o l a t e r e s u l t s t h e re 

and at the blade t r a i l i n g edge t o estimate the v e l o c i t y p r o f i l e 0.5 

inch behind the blade. The s t a t i o n was set 1.8 inches (about 0.3 chord 

lengths) downstream, g i v i n g an aspect r a t i o of 10. 

The blade e x i t flow angle v a r i a t i o n was knownab i n i t i o , and so 

despite the questionable blade design r e s u l t s the mean stream surface 
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f l o w treatment could be performed a c c u r a t e l y i n the aerodynamic 
c a l c u l a t i o n s ; furthermore there was no need to c o r r e c t the flow angle 
f o r secondary flow e f f e c t s r e t r o s p e c t i v e l y . 

Tne loss inodnl i n the theory comes i n t o i t s own i n a m u l t i - s t a g e 

machine where appreciable r a d i a l gradients of entropy are developed 

over several stages. Although annuius w a i l boundary layers were studied 

by Gregory-Smith (1970), no loss data are presented f o r the i n l e t guide 

vanes. The computed v e l o c i t y p r o f i l e s were t h e r e f o r e produced assuming 

lossless f l o w . 

Figures 8.3 and 8.4 show, a t 0.5 inch and 11.2 inch downstream 

r e s p e c t i v e l y , the comparisons of the computed a x i a l v e l o c i t y p r o f i l e s 

w i t h Gregory-Smitn's ( 1970) experimental r e s u l t s . The j o g g l e centred 

a t about 30% span i n the computed p r o f i l e immediately behind the blade 

would appear to match the uneven flow angle v a r i a t i o n a t t h a t p o i n t i n 

Gregory-Smith's (1970) blade e x i t f low angle data, shown i n Figure 8.1. 

Other than t h i s e f f e c t , the c a l c u l a t e d r e s u l t f o l l o w s the experimental 

data c l o s e l y over most of the span. The greatest e r r o r , 4%, occurs 

near the hub. 

For the s t a t i o n f u r t h e r downstream the computed p r o f i l e again crosses 

the l i n e of experimental data at about 30% span, w i t h the predicted 

v e l o c i t y less than the experimental a t r a d i i i n s i d e t h i s p o i n t and 

greater than the experimental at l a r g e r r a d i i . The r e d u c t i o n of the 

experimental a x i a l v e l o c i t y over the outermost 15% of the span i s not 

apparent i n the computed r e s u l t . 

More accurate v e l o c i t y d i s t r i b u t i o n s were computed f o l l o w i n g smooth­

i n g of the o r i g i n a l blade e x i t f low angle data from Gregory—Smith (1970). 

These are considered i n Section 8.5, but one more aspect of the c a l c u l a ­

t i o n method was i n v e s t i g a t e d d u r i n g the above-described t r i a l s , and an 

account of t h i s i s f i r s t given below. 
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Computed V e l o c i t y P r o f i l e 

^ Gregory-Smith's (1S70) experimental V e l o c i t y P r o f i l e 
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URE 8.3: AXIAL VELOCITY 0.5 INCH DOWNSTREAM OF INLET GUIDE VANES, USING 
EXIT FLOW ANGLE DISTRIBUTION OF GREGORY-SMITH (1570) 
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_ Computed V e l o c i t y P r o f i l e 

« Gregory-Smith's (1970) experimental v e l o c i t y p r o f i l e 
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FIGURE 8.4: AXIAL VELOCITY 11.2 INCH DOWNSTREAM OF INLET GUIDE VANES, 
USING EXIT FLOW ANGLE DISTRIBUTION OF GREGORY-SMITH (1970) 
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8.4 E f f e c t s of Relocating the Relaxation Factors 

As discussed i n Section 6.7 the r e l a x a t i o n f a c t o r s are u s u a l l y 

a p plied t o tne c a l c u l a t i o n of stream f u n c t i o n values from the v e l o c i t y 

p r o f i l e s , though they could a l t e r n a t i v e l y be used i n the subsequent 

c a l c u l a t i o n s of streamline slope or of the radius of curvature of the 

streamlines. Comparative t r i a l s were conducted t o perform the c a l c u l a ­

t i o n s described i n Section 8.3 w i t h Stow's (1971) r e l a x a t i o n f a c t o r s 

a p p l i e d i n each of two ways: f i r s t l y the usual a p p l i c a t i o n of the 

f a c t o r s i n the stream f u n c t i o n c a l c u l a t i o n , and secondly using them 

instead i n the determination of slope values. I n both cases the t h r e e -

stage scheme of Section 6.9 was used f o r i n t r a b l a d e a n a l y s i s , demand­

i n g f o r convergence a t each stage t h a t the greatest m e r i d i o n a l v e l o c i t y 

change be less than 1%. During these t r i a l s the cos^ g r e l a x a t i o n on 

changes i n the term L ( r ) of equation 6.1 was being applied only w i t h i n 

blade rows - subsequently i t s use was extended t o duct c a l c u l a t i o n s as 

w e l l . The comparative run times, i n terms of the number of flow f i e l d 

marches r e q u i r e d , are t a b u l a t e d i n Figure 8.5. 

For t h i s example the t r a n s f e r of the r e l a x a t i o n f a c t o r s t o the 

slope c a l c u l a t i o n reduced the amount of c a l c u l a t i o n required by over 

30% and produced very s i m i l a r r e s u l t s . The number of i t e r a t i o n s t o 

convergence f o r Stage 3 w i t h the r e l a x a t i o n imposed on the stream 

f u n c t i o n c a l c u l a t i o n s was not determined p r o p e r l y because the r e s t r i c ­

t i o n on the changes i n the v e l o c i t y p r o f i l e (Section 6.4) was being 

invoked i n the Stage 3 c a l c u l a t i o n s : the maximum allowed change, which 

was reduced as the number of i t e r a t i o n s performed increased, dropped 

below the convergence c r i t e r i o n ( l % o ) , g i v i n g a f a l s e i n d i c a t i o n of a 

converged s o l u t i o n . This procedure was modified subsequently t o avoid 

such s i t u a t i o n s , but other changes t o the program had by then been made, 

and a d i r e c t comparison w i t h the other data i n Figure 8.5 was no longer 

p o s s i b l e . 
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8.5 Smoothed Flow Angle Data 

The uneven d i s t r i b u t i o n of blade e x i t f low angle between the hub 

and midspan i n Gregory-Smith's (1970) t a b u l a t e d data (Figure 8.1) was 

thought t o tae the cause of the s i m i l a r l y - p l a c e d disturbances on the 

computed blade e x i t angle p r o f i l e (Figure 8.1) and the downstream a x i a l 

v e l o c i t y d i s t r i b u t i o n (Figures 8.3 and 8.4). 

The blade design and aerodynamic a n a l y s i s were repeated using the 

s u b j e c t i v e l y smoothed blade e x i t f low angle p r o f i l e depicted i n 

Figure 8.6. The blade angle v a r i a t i o n s shown on t h i s Figure appear 

w i t h the r i p p l e smoothed out, though the o v e r a l l design s t i l l shows 

the departure from Oxford's (1965) o r i g i n a l a t t r i b u t e d t o the methods 

of e s t i m a t i n g d e v i a t i o n . 

Compared w i t h Figure 8.3, Figure 8.7 shows much b e t t e r s i m u l a t i o n , 

near the hub, of Gregory-Smith's (1970) experimental a x i a l v e l o c i t y 

r e s u l t s , and Figure 8.8 shows a smoother v e l o c i t y p r o f i l e than Figure 

8.4, though the e r r o r s a t the hub and t i p are almost i d e n t i c a l t o those 

p r e v i o u s l y produced. Boundary layers on the annuius w a l l s developed 

i n p r a c t i c e and by t h i s p o i n t they had increased t o thicknesses of 

approximately 1 inch on each w a l l , so t h a t about 10% of the duct span 

was a f f e c t e d . The e f f e c t i v e narrowing of the usable duct may be 

responsible f o r the steeper experimental r a d i a l gradient of v e l o c i t y . 

These r e s u l t s were produced using the program w i t h the r e l a x a t i o n 

f a c t o r s a p p l i e d t o the slope c a l c u l a t i o n , and convergence times t o 1% 

on meridional v e l o c i t y were now a l i t t l e f a s t e r than those using the 

o r i g i n a l data. Figure 8.5 shows the number of flow f i e l d marches 

re q u i r e d , f o r comparison w i t h the t e s t s using unsmoothed f l o w angle 

data. 
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Oxford's Blade Design w i t h 6° i n l e t incidence 

^ Gregory-Smith's experimental Flow Angle (smoothed) 

Computed Blade Design - no secondary f l o w c o n s i d e r a t i o n 
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FIGURE 8.6: BLADE REDESIGN WITH SMOOTHED FLOW ANGLE DATA 
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_ Computed V e l o c i t y P r o f i l e 

X Gregory-Smith's (1970) Experimental V e l o c i t y P r o f i l e 
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FIGURE 8.7: AXIAL VELOCITY 0.5 INCH DOWNSTREAM OF INLET GUIDE VANES, 
USING SMOOTHED EXIT FLOW ANGLE DISTRIBUTION 
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Computed V e l o c i t y P r o f i l e 

Gregory-Smith's (1970) Experimental V e l o c i t y P r o f i l e 
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FIGURE 8.8: AXIAL VELOCITY 11.2 INCH DOWNSTREAM OF INLET GUIDE VANES, 
USING SMOOTHED EXIT FLOW ANGLE DISTRIBUTION 
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8.6 Conclusions From Modelling the Rig of Oxford and of Gregory-Smith 

The geometry of a set of i n l e t guide vanes was reconstructed using 

experimental flow angle data. Several parameters, such as the system 

of s t a c k i n g d i f f e r e n t a e r o f o i l s e c t i o n s , may have been d i f f e r e n t i n 

the o r i g i n a l design by Oxford (1965), but a discrepancy of up t o 5° i n 

the blade e x i t angle between the r e a l and the computer-modelled blades 

i s a t t r i b u t e d t o the e s t i m a t i o n of the e x i t f low d e v i a t i o n from methods 

developed f o r compressor cascade design. 

Good agreement was obtained 'between experimental a x i a l v e l o c i t y 

data and computed values across the duct span at two l o c a t i o n s down­

stream of the row of blades, one close to the t r a i l i n g edge, the other 

some distance away. The comparison of the r e s u l t s was improved by 

smoothing a r i p p l e i n some basic data, the blade e x i t flow angle 

d i s t r i b u t i o n given by Gregory-Smith (1970). 

Faster convergence was obtained by a p p l y i n g the r e l a x a t i o n f a c t o r s 

t o the slope c a l c u l a t i o n s r a t h e r than t o the determination of the stream 

f u n c t i o n , the more conventional approach. 

8.7 The Compressor of Fahmi 

As i s also noted i n Section 10.6.2, there i s l i t t l e m a t e r i a l 

published i n the open l i t e r a t u r e on m u l t i - s t a g e machines which a l s o 

contains s u f f i c i e n t i n f o r m a t i o n t o t e s t a computer program of the 

ki n d developed i n the present work. The work of Fahmi (1968) includes 

reasonably f u l l d e f i n i t i o n s of the blade design, and a l s o some flow loss 

data, i n a d d i t i o n t o experimental v e l o c i t y p r o f i l e s , Fahmi t e s t e d a 

low-speed a x i a l - f l o w compressor c o n t a i n i n g only three blade rows: i n l e t 

guide vanes, r o t o r and s t a t o r . He conducted experiments w i t h sots of 

blades of 3 incn and of 6 inch chord, t o vary the blade aspect r a t i o , 

and also v a r i e d the a i r f l o w r a t e . 
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The selected t e s t case modelled w i t h the present computer program 

was t h a t w i t n the blade rows of longer chord operating a t t h e i r design 

f l o w r a t e . For each of the three blade rows, the t r u e chord was 6 inches 

a t a l l r a d i i , but the a x i a l component of the chord v a r i e d because of 

the blade t w i s t . The hub and t i p r a d i i of the p a r a l l e l - w a l l e d duct were 

18 inches and 24 inches r e s p e c t i v e l y , g i v i n g blade aspect r a t i o s of the 

order of u n i t y . The f i n e s t i n t r a b l a d e g r i d used i n the computations 

would t h e r e f o r e have an aspect r a t i o of t e n , or not much l a r g e r , a value 

not expected t o cause convergence problems by demanding very small r e l a x ­

a t i o n f a c t o r s (Section 6.8). 

I n l e t and o u t l e t blade angles, the number of blades and the p r o f i l e 

types ( a l l C4) were a l l supplied i n Fahmi's (1968) data. The experimental 

blades incorporated c i r c u l a r arc camber l i n e s ; the present computer 

program was capable of generating only p a r a b o l i c camber l i n e s but a 

reasonably t r u e shape was produced by s p e c i f y i n g the r a t i o a/c = 0.5. 

The designed cross-sections of the a c t u a l i n l e t guide vanes were stacked 

r a d i a l l y a t the leading edge, and the r o t o r and s t a t o r cross-sections 

were stacked r a d i a l l y a t the mid-chord. Although each blade row could 

be r e p l i c a t e d as viewed i n an ( r , z) plane, only one o p t i o n was a v a i l a b l e 

i n the computer program f o r the r e l a t i v e c i r c u m f e r e n t i a l p o s i t i o n i n g of 

a e r o f o i l cross-sections : the centres of mass of a l l the sections of a 

blade were set t o l i e a t the same c i r c u m f e r e n t i a l co-ordinate. The 

computed values of the lean angle \ were thus u n r e a l i s t i c . 

I n the absence of more d e t a i l e d i n f o r m a t i o n , the maximum blade 

thickness was entered as 0.1 chord lengths at a l l r a d i i f o r a l l blades. 

8.8 A x i a l V e l o c i t y P r o f i l e s F ollowing Each Blade Row 

Upstream of the guide vanes, the a x i a l v e l o c i t y p r o f i l e adopted f o r 

the aerodynamic c a l c u l a t i o n s was not uniform, but was based on the 
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e x p e r i m e n t a l f o r m g i v e n by Fahmi ( 1 9 6 8 ) , w i t h reduced v e l o c i t y near t h e 
w a l l s . The computer program c o u l d n o t h a n d l e s t a t i o n a r y f l o w and so 
t h e a x i a l v e l o c i t y a t t h e w a l l s was n o t p r e s c r i b e d as z e r o . The s m a l l 
e x p e r i m e n t a l s w i r l component was i n c l u d e d i n t h e f l o w d a t a f o r t h e com­
p u t e r program. Assuming no m e r i d i o n a l c u r v a t u r e or s l o p e o f t h e f l o w 
a t t h e i n l e t c a l c u l a t i o n s t a t i o n , t h e s t a t i c p r e s s u r e t h e r e i s v e r y n e a r l y 
c o n s t a n t w i t h r a d i u s ; t h e s w i r l component o f v e l o c i t y i n t n i s example has 
v e r y l i t t l e c e n t r i p e t a l e f f e c t . However, t h e t o t a l p r e s s u r e p r o f i l e con­
t a i n s a r a d i a l v a r i a t i o n t o match t h e v a r y i n g dynamic head o f t h e f l o w . 

B lade row l o s s d a t a p r o v i d e d by Fahmi (1 9 6 8 ) i n c l u d e b o t h t h e o r e t i c a l 

and e x p e r i m e n t a l v a l u e s . No e x p e r i m e n t a l d a t a a r e g i v e n f o r t h e i n l e t 

g u i d e vanes, and t h o s e f o r t h e r o t o r i n d i c a t e an u n r e a l i s t i c n e g l i g i b l e 

l o s s a t t h e c o n d i t i o n m o d e l l e d h e r e , so t h e t h e o r e t i c a l p r e d i c t i o n s were 

employed i n t h e computed s i m u l a t i o n . 

F i g u r e 8.9 shows r a d i a l d i s t r i b u t i o n s o f a x i a l v e l o c i t y f o l l o w i n g 

each b l a d e row. The r e s u l t s a t e x i t f r o m t h e r o t o r and f r o m t h e s t a t o r 

a r e i n f a i r l y good agreement w i t h Fahmi's (1968) t e s t d a t a , b u t t h e 

p r o f i l e a t e x i t f r o m t h e g u i d e vanes does n o t f o l l o w t h e t e s t p o i n t s a t 

a l l w e l l . However, e x a m i n a t i o n o f t h e computed i n t r a b l a d e r e s u l t s a t 

t h e r o t o r l e a d i n g edge shows a p r e d i c t e d a x i a l v e l o c i t y i n c r e a s i n g con­

s i d e r a b l y w i t h r a d i u s . The a x i a l v e l o c i t y p r o f i l e o b t a i n e d b e h i n d t h e 

g u i d e vane e x i t i s i n f l u e n c e d by t h e upstream p r o p a g a t i o n o f such 

e f f e c t s t h r o u g h t h e s h o r t i n t e r - r o w space and i n t o t h e g u i d e vanes. 

The program would appear t o p r e d i c t a more s e n s i t i v e r e a c t i o n t h a n t h a t 

observed i n p r a c t i c e . 

F i g u r e 8.10 shows t h e computed e x i t f l o w a n g l e s r e l a t i v e t o each 

b l a d e row, w h i c h a l l a c c o r d w e l l w i t h t h e d e s i g n v a l u e s of Fahmi ( 1 9 6 8 ) , 

though no secondary f l o w c a l c u l a t i o n s were u n d e r t a k e n i n t h i s a p p l i c a t i o n 

of t h e computer program. For t h e i n l e t g u i d e vanes, t h e measured f l o w 
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a n g l e s near t h e hub a r e h i g h e r t h a n e x p e c t e d , and r a t h e r l o w e r t h a n 
e x p e c t e d t o w a r d s t h e t i p . From mid-span t o t i p t h e e x p e r i m e n t a l f l o w 
a n g l e v a r i a t i o n f o l l o w s c l o s e l y a ' f r e e - v o r t e x ' d i s t r i b u t i o n . 

The computed a x i a l v e l o c i t y p r o f i l e s f o l l o w i n g t h e r o t o r and t h e 

s t a t o r ( F i g u r e 8.9) a r e n o t as g r e a t l y i n c l i n e d as t h e e x p e r i m e n t a l 

d a t a , b u t t h e measured f l o w a n g l e s do d i f f e r f r o m t h e d e s i g n p r e d i c t i o n s , 

by up t o 6° i n t h e case of t h e r o t o r . 

8.9 N u m e r i c a l C o n s i d e r a t i o n s 

The computer program r e q u i r e s a d u c t c a l c u l a t i o n s t a t i o n j u s t 

upstream o f each b l a d e row and a n o t h e r f o l l o w i n g each row. They i n d i c a t e 

t h e presence o f a b l a d e row and i t s t y p e ( s t a t o r o r r o t o r ) . F or t h e 

example used h e r e t h i s r e s u l t e d i n two c l o s e l y - s p a c e d c a l c u l a t i o n s t a t i o n s 

b e i n g p l a c e d i n t h e h a l f - i n c h d u c t l e n g t h between each p a i r o f b l a d e rows. 

I t was t h e s e s t a t i o n s , r a t h e r t h a n t h e i n t r a b l a d e s t a t i o n s , w h i c h produced 

t h e s m a l l e s t r e l a x a t i o n f a c t o r s i n t h e s o l u t i o n p r o c e s s . By e x t e n d i n g 

t h e i n t e r - r o w s p a c i n g t o 50 nun, f a s t e r convergence c o u l d be o b t a i n e d . 

I n p l a c e o f such u n d e s i r a b l e m o d i f i c a t i o n s t o t h e geometry of t h e problem 

b e i n g c o n s i d e r e d , t h e program s h o u l d be improved by e l i m i n a t i n g t h e 

n e c e s s i t y f o r such d u c t c a l c u l a t i o n s t a t i o n s . 

C a l c u l a t i o n s assuming a u n i f o r m v e l o c i t y p r o f i l e a t i n l e t t o t h e 

compressor converged i n l i t t l e o ver a q u a r t e r o f t h e number o f i t e r a t i o n s 

r e q u i r e d f o r t h e s o l u t i o n w i t h t h e e x p e r i m e n t a l p r o f i l e . D i f f i c u l t i e s 

had been e n c o u n t e r e d w i t h t h e s h a r p changes i n p r o p e r t i e s near t h e d u c t 

w a i l s , a s s o c i a t e d w i t h t h e l o w e r i n g o f t h e a x i a l v e l o c i t y t h e r e . 

One problem a r o s e i n t h e i n t e r p o l a t i o n o f p r o p e r t y v a l u e s f r o m up­

s t r e a m d a t a , f o r example i n t r a c i n g t o t a l p r e s s u r e v a l u e s a l o n g a l o s s ­

l e s s s t r e a m l i n e . R e f e r r i n g t o F i g u r e 8.11, t h e d a t a p o i n t s A, B, C and 

D show t h e t o t a l p r e s s u r e and d i m e n s i o n l e s s s t r e a m f u n c t i o n v a l u e s h e l d 
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a t f o u r g r i d p o i n t s e q u a l l y spaced r a d i a l l y a t t h e i n l e t c a l c u l a t i o n 

s t a t i o n , where f l o w c o n d i t i o n s must be d e f i n e d by t h e u s e r . P o i n t A 

i s on t h e hub w a l l o f t h e d u c t ; t h e low t o t a l p r e s s u r e t h e r e i s i n d i c a ­

t i v e o f t h e low speed f l o w a l o n g t h e w a l l . 

Because of t h e p r o x i m i t y o f a b l a d e row downstream, f o r example, 

some r e d i s t r i b u t i o n of t h e f l o w o c c u r s between t h e i n l e t and t h e second 

s t a t i o n s , so t h a t a t t h e g r i d p o i n t s on t h e second s t a t i o n d i f f e r e n t 

s t r e a m f u n c t i o n v a l u e s w i l l be s t o r e d f r o m t h o s e a t t h e f i r s t s t a t i o n . 

An i n t e r p o l a t i o n scheme was used i n t h e computer program f o r e v a l u a t i n g 

c e r t a i n f l u i d p r o p e r t i e s f r o m t h e i r v a l u e s upstream on t h e same s t r e a m ­

l i n e s , i . e . by f o l l o w i n g stream f u n c t i o n v a l u e s . For a g r i d p o i n t where 

t h e stream f u n c t i o n v a l u e i s t h a t o f I and I ' on F i g u r e 8.11, a p a r a b o l a 

i s c o n s t r u c t e d t h r o u g h p o i n t s A, B and C, and t h e i n t e r p o l a t e d t o t a l 

p r e s s u r e v a l u e i s t a k e n as t h a t a t I , w h i c h f o r t h e case d e p i c t e d l i e s 

above t h e t o t a l p r e s s u r e a t B and C, and i n d e e d above t h e maximum i n l e t 

s t a t i o n t o t a l p r e s s u r e , a t t h e d u c t mid-span. Erroneous v a l u e s o f 
~̂ s e n t r o p y and of the t e r m — a r e s u b s e q u e n t l y f o u n d a t I , a f f e c t i n g t h e ?>r 

p r e d i c t e d v e l o c i t y p r o f i l e over t h e i n n e r m o s t p a r t o f t h e span. 

For such i l l - c o n d i t i o n e d cases where t h e i n t e r p o l a t e d p o i n t I l i e s 

o u t s i d e t h e range of B and C, a s i m p l e l i n e a r i n t e r p o l a t i o n i s t i s e d , 

r e s u l t i n g f o r t h e example shown i n t h e t o t a l p r e s s u r e v a l u e a t I ' . 

However, a b e t t e r a l t e r n a t i v e or a d d i t i o n a l method would be t o i n t r o d u c e 

a c a l c u l a t i o n g r i d whose r a d i a l d i s t r i b u t i o n may be d e f i n e d by t h e u s e r , 

t o a l l o w more g r i d p o i n t s t o be p l a c e d i n r e g i o n s o f g r e a t change o f 

f l u i d b e h a v i o u r , such as near t h e d u c t w a l l s , whereby i n f o r m a t i o n may 

be s t o r e d i n more d e t a i l . 

The f o r m a t i o n o f t h e m e r i d i o n a l v e l o c i t y p r o f i l e a t each c a l c u l a t i o n 

s t a t i o n ( S e c t i o n 6.4) i s begun a t t h e mid-span and p r o g r e s s i v e l y e x t r a ­

p o l a t e d t o w a r d s t h e d u c t w a l l s , u s i n g t h e r a d i a l g r a d i e n t o f 
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v e l o c i t y d e t e r m i n e d a t t h e l a t e s t completed g r i d p o i n t . Thus a s e v e r e 

d r o p - o f f i n v e l o c i t y near t h e w a l l s i s n o t re p r o d u c e d u n l e s s t h e c a l c u ­

l a t i o n p r o c e d u r e senses t h e h i g h g r a d i e n t t h e r e ; t h i s may be a c h i e v e d 

by a g a i n i n c o r p o r a t i n g a r a d i a l l y a d j u s t a b l e c a l c u l a t i o n g r i d . 

The average c a l c u l a t i o n t i m e f o r t h i s t e s t example was 0.15 second 

per c a l c u l a t i o n s t a t i o n ( i n c l u d i n g i n t r a b l a d e s t a t i o n s ) p e r f l o w f i e l d 

march, on an IBM 370/168 computer. 

8.10 C o n c l u s i o n s f r o m M o d e l l i n g Fahmi's Compressor 

The f l o w t h r o u g h a t h r e e - r o w a x i a l compressor has been m o d e l l e d 

w i t h a degree of success. The o r i g i n a l b l a d e d e s i g n s c o u l d n o t be 

re p r o d u c e d e x a c t l y as t h e r e a r e i n s u f f i c i e n t o p t i o n s i n t h e d e s i g n 

p r o c e d u r e s i n t h e computer program. The a x i a l v e l o c i t y p r o f i l e down­

stream of t h e i n l e t g u i d e vanes was n o t w e l l r e p r o d u c e d . 

M u l t i s t a g e machines may be m o d e l l e d by t h e program, b u t some 

improvements may u s e f u l l y be made: t h e e l i m i n a t i o n o f t h e need f o r 

d u c t c a l c u l a t i o n s t a t i o n s a d j a c e n t t o e v e r y b l a d e row; and t h e i n t r o ­

d u c t i o n o f a c a l c u l a t i o n g r i d w i t h a u s e r - d e f i n e d r a d i a l d i s t r i b u t i o n . 



- 133 -

CHAPTER 9 
T h r e e - D i m e n s i o n a l Flow 

9.1 I n t r o d u c t i o n 

I n t h e i n i t i a l p a r t of h i s a n a l y s i s , Wu (1952) i n c l u d e s t h e v a r i a t i o n s 

of f l u i d p r o p e r t i e s w i t h b o t h c i r c u m f e r e n t i a l p o s i t i o n and w i t h t i m e , 

though i n p r e s e n t i n g a c a l c u l a t i o n p r o c e d u r e he e l i m i n a t e s t h e t i m e 

v a r i a b l e and c o n s i d e r s o n l y s t e a d y f l o w . 

The a s s u m p t i o n o f a x i s y m m e t r i c f l o w i n t r o d u c e d i n Chapter 2 of t h i s 

t h e s i s i m p l i e s t h a t no f l o w v a r i a t i o n s e x i s t w i t h r e s p e c t t o t h e circum­

f e r e n t i a l c o - o r d i n a t e , and i n t h e case of a t u r b o m a c h i n e w i t h r e l a t i v e 

m o t i o n of t h e b l a d e rows, no v a r i a t i o n w i t h t i m e e i t h e r . 

Turbomachine f l o w models s u i t a b l e f o r co m p u t i n g have i n c r e a s e d i n 

c o m p l e x i t y over r e c e n t years as computers have become f a s t e r and l a r g e r , 

and c o n s i d e r a b l e p r o g r e s s has been made i n r e m o v i n g the commonly-made 

a s s u m p t i o n o f a x i s y m m e t r i c f l o w . I n t h e c o n t e x t of t h i s Chapter the 

asymmetry c o n s i d e r e d i s t h a t o c c u r r i n g i n each c i r c u m f e r e n t i a l passage 

f r o m t h e s u c t i o n s u r f a c e o f one b l a d e t o t h e p r e s s u r e s u r f a c e o f i t s n e i g h ­

b o u r , r a t h e r t h a n uneven d i s t r i b u t i o n o f f l o w around the a n n u l u s as a 

w h o l e . 

F u l l t h r e e - d i m e n s i o n a l c a l c u l a t i o n s p e r f o r m e d f o l l o w i n g Wu's (1952) 

approach r e q u i r e f a m i l i e s o f i n t r a b l a d e s t r e a m s u r f a c e s , t y p e s S I and 

S2, w h i c h were d e s c r i b e d i n S e c t i o n 2.6; t h e a x i s y m m e t r i c s o l u t i o n used 

j u s t one r e p r e s e n t a t i v e S2 s u r f a c e . The c a l c u l a t i o n s t o produce the 

a x i s y m m e t r i c s o l u t i o n r e p r e s e n t o n l y one i t e r a t i o n i n a l o n g e r procedure 

i n w h i c h t h e f a m i l i e s o f S I and S2 s u r f a c e s must be a l l o w e d t o i n t e r a c t 

t o f i n d a converged t h r e e - d i m e n s i o n a l r e s u l t . 

The two b l a d e s u r f a c e s b o u n d i n g t h e i n t r a b l a d e flow passage g e n e r a l l y 

d i f f e r i n shape, and t h u s t h e f a m i l y of S2 s t r e a m s u r f a c e s between them 

must f o r m a t r a n s i t i o n f r o m one s u r f a c e shape t o t h o o t h e r . The f l u i d 
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p r o p e r t i e s and v e l o c i t i e s a l s o v a r y c i r c u m f e r e n t i a l l y , and so the S I 

s t r e a m s u r f a c e s a r e t w i s t e d , and n o t s u r f a c e s of r e v o l u t i o n . 

9.2 A Survey o f E x i s t i n g C a l c u l a t i o n Methods 

Kriraerman and A d l e r (1978) r e p o r t complete t h r e e - d i m e n s i o n a l 

c a l c u l a t i o n s f o r c e n t r i f u g a l f l o w i m p e l l e r s , u s i n g a l o s s l e s s s u b s o n i c 

model i n a f i n i t e element t e c h n i q u e . The a n a l y s i s o f such s i n g l e - r o t o r 

macnines i s a s u i t a b l e a p p l i c a t i o n o f a t h r e e - d i m e n s i o n a l f l o w c a l c u l a t i o n 

method, b u t t h e computing t i m e t o a n a l y s e a m u l t i - s t a g e a x i a l f l o w machine 

would be v e r y c o n s i d e r a b l e . F u r t h e r m o r e , t h e c i r c u m f e r e n t i a l l y - v a r y i n g 

f l o w f r o m t h e e x i t of one a x i a l b l a d e row i s u s u a l l y d i r e c t e d i n t o a sub­

sequent row w h i c h i s r o t a t i n g r e l a t i v e t o t h e f i r s t . To an o b s e r v e r on 

t h e second row o f b l a d e s , such a p p r o a c h i n g f l o w appears t o v a r y w i t h t i m e , 

an e f f e c t w h i c h i s n o t b e i n g c o n s i d e r e d h e r e , and so t h e a s s u m p t i o n must 

be made t h a t between a d j a c e n t b l a d e rows c i r c u m f e r e n t i a l v a r i a t i o n s i n the 

f l o w a r c mixed o u t , and t h e f l o w a t any b l a d e e n t r y i s a x i s y m m c t r i c . T h i s 

means t h a t t h e S I s u r f a c e s a t b l a d e e n t r y appear as chords o f c i r c l e s con­

c e n t r i c w i t h t h e machine a x i s . W i t h i n t h e b l a d e row, b e h i n d t h e l e a d i n g 

edge, t h e S I s u r f a c e s may become t w i s t e d . 

Many a u t h o r s a p p r o x i m a t e t h e e n t i r e S I s u r f a c e s to s u r f a c e s of 

r e v o l u t i o n , and n o t j u s t a t t h e b l a d e l e a d i n g edges. Bosman and 

E l - S h a a r a w i ( 1 9 7 7 ) , Novak and Hearsey ( 1 9 7 7 ) , V e u i l l o t ( 1 9 7 7 ) , H i r s c h and 

Warzee (1978) and Spurr (1980) f o l l o w t h i s approach, u s u a l l y w i t h a mean S2 

s t r e a m s u r f a c e guessed i n i t i a l l y f r o m c o n s i d e r a t i o n s o f b l a d e geometry, b u t 

m o d i f i e d as th e c a l c u l a t i o n s p r o c e e d , w i t h t h e i n t e r a c t i o n o f d a t a f r o m 

S I and S2 s u r f a c e c a l c u l a t i o n s . T h i s t y p e o f p r o c e d u r e i s commonly known 

as t h e Q u a s i - T h r o c - D i m e n s i o n a l s o l u t i o n . 

V a r i o u s c h o i c e s o f t h e i n i t i a l 'mean' strea m s u r f a c e appear i n t h e 

works of Bosman and E i - S h a a r a w i ( 1 9 7 7 ) , Novak and Hearsey (1977) and 

V e u i l l o t ( 1 9 7 7 ) , b u t H o r l o c k and Marsh (1971) c o n c l u d e t h a t a l t h o u g h 
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an a x i s y m m e t r i c f l o w model can r e p r e s e n t o v e r a l l f l o w changes t h r o u g h a 
b l a d e row, averaged p r o p e r t i e s w i t h i n t h e b l a d e row cannot a l l be matched 
l o c a l l y by o n l y one, mean .stream s u r f a c e . 

H i r s c h and Warzee (1978) s e t o u t a method w h i c h , as t h e y say, i s 

r e s t r i c t e d t o t b e use o f s u r f a c e s o f r e v o l u t i o n f o r t h e S i s u r f a c e s , 

u n l e s s extended by p e r f o r m i n g secondary f l o w c a l c u l a t i o n s . They d e r i v e 

averaged e q u a t i o n s of m o t i o n f o r w h i c h no S2 s u r f a c e c h o i c e i s r e q u i r e d , 

by s p e c i f y i n g t h a t t h e d a t a used f o r each t e r m o f t h e e q u a t i o n s must be 

a 'mass-averaged' v a l u e a c r o s s t h e b l a d e - t o - b l a d e passage. D e n o t i n g t h e 

averaged v a l u e o f a v a r i a b l e q o v e r t h e passage w i d t h by a bar super­

s c r i p t , H i r s c h and Warzee (1978) d e f i n e a 'mass-average' v a l u e , d e n o t e d 

by a t i l d a s u p e r s c r i p t , as 

q = 0 q / -

When s e v e r a l mass-averaged v a l u e s a r e m u l t i p l i e d t o g e t h e r t o p r o d u c e 

each t e r m of t h e main e q u a t i o n , e x t r a t e r m s a r e i n c l u d e d t o a l l o w f o r 

th e d i f f e r e n c e s between t h e p r o d u c t s of mass-averages and mass-averages 

of p r o d u c t s . These e x t r a t e r m s , c a l l e d ' i n t e r a c t i o n ' t e r m s , a r e s i m p l e r 

t h a n t h o s e o b t a i n e d f r o m w o r k i n g w i t h passage-averaged terms o n l y . 

However, t h e mass p a s s i n g any p o i n t i n t h e f l o w f i e l d i s dependent 

n o t o n l y upon t h e l o c a l f l u i d d e n s i t y , b u t a l s o on t h e a x i a l v e l o c i t y 

and, w i t h i n a bj.ade row, on t h e l o c a l b l o c k a g e f a c t o r . Thus t h e 'mass-

ave r a g e d ' v a l u e of q s h o u l d be d e f i n e d as 

q = (pBV zq) / ( p B V z ) 

wh i c h may g i v e a d i f f e r e n t s e t o f i n t e r a c t i o n t e r m s . 

S m i t h (1966) o r i g i n a t e d a s i m i l a r p r o c e d u r e assuming a l i n e a r 

p i t c h w i s e v a r i a t i o n o f e v e r y p r o p e r t y , and i n t r o d u c e d a s e r i e s o f e x t r a 

terms c a l l e d G - f u n c t i o n s i n t h e r a d i a l e q u a t i o n o f m o t i o n . 

H i r s c h and Warzee (1978) use a f i n i t e element c a l c u l a t i o n method. 

Bosnian and E l - S h a a r a w i (1977) i n c o r p o r a t e t h e C o n s i s t e n t Loss Model o f 
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Chapter 3 and o f Bosnian and Marsh ( 1 9 7 4 ) , b u t i n a f i n i t e d i f f e r e n c e 

M a t r i x T h r o u g n f l o w s o l u t i o n . The Time-Marching methods o f V e u i l l o t (1977) 

and S p u r r (1980) a l l o w t r a n s o n i c f l o w , b u t t h e models used a r e l o s s l e s s . 

Spun- (1980) acknowledges t h e s e r i o u s d i s a d v a n t a g e i n assuming the 

S I s u r f a c e s t o be s u r f a c e s o f r e v o l u t i o n , and Novak and Hearsey (1977) 

d i s c u s s t h e i n c o r p o r a t i o n o f t w i s t e d b l a d e - t o - b l a d e s u r f a c e s through 

the r e l a t i o n between ^ and t h e streamwise v o r t i c i t y . 

9.3 Wu's Power S e r i e s A n a l y s i s , and V o r t i c i t y 

Wu (1952) o u t l i n e s a method by w h i c h t h e c i r c u m f e r e n t i a l v a r i a t i o n 

of f l u i d p r o p e r t i e s w i t h i n a b l a d e row may be d e t e r m i n e d w i t h o u t r e c o u r s e 

t o any ass u m p t i o n about t h e shapes o f S I str e a m s u r f a c e s . Given t h e flow 

p a t t e r n and t h e v a l u e o f some g e n e r a l p r o p e r t y q ( 9 m ) o n t n e mean S2 

s t r e a m s u r f a c e , t h e n t h e v a l u e q ( 6 ) of t h e p r o p e r t y a s h o r t a n g u l a r 

d i s t a n c e away can be o b t a i n e d by a T a y l o r S e r i e s : 

Z 3 

Wu r e p o r t s t h a t o n l y t h e f i r s t few terms o f t h e s e r i e s need be f o u n d to 

g i v e a c c u r a t e r e s u l t s , b u t t h i s does r e q u i r e c a l c u l a t i o n o f t h e 0 - d e r i v a t i v e s 

o f q. 

S t a r t i n g f r o m t h e d e f i n i t i o n s o f t h e r , 0 and z components of v o r t i c i t y , 

Wu (1952) d e r i v e s e q u a t i o n s f o r t h e c i r c u m f e r e n t i a l g r a d i e n t s of the 

v e l o c i t y components, u s i n g t h e s p e c i a l d e r i v a t i v e s f o l l o w i n g t h e mean 

str e a m s u r f a c e w h i c h a r e r e a d i l y f o u n d f r o m t h e a x i s y m m e t r i c s o l u t i o n : 

I 5Ul _ Fj 
F„r 2r F„r 2Z t t F. * F^ £ 

..(?. 

} ( r l O -t £ + Fz i ^ . . . (9.2) 

t~ T£ — v- * f w r TV 
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I n e q u a t i o n 9.1, t h e t e r m 

2)t — ^ 

The r a t i o s of t h e body f o r c e components i n e q u a t i o n s 9.1 t o 9.3 

may a l l be expressed as f u n c t i o n s o f t h e f l o w a n g l e s \ and | j , , b u t t h e 

fo r m o f t h e i r b l a d e - t o - b l a d e v a r i a t i o n must be assumed i n some way. 

Wu (1952) proposed t h a t t h e a n a l y s i s be a p p l i e d t o f l o w w i t h z e r o 

a b s o l u t e v o r t i c i t y o n l y , and i t i s known t h a t e q u a t i o n s l i k e 9.1 t o 

9.3 have been used a t R o l l s - R o y c e t o e s t i m a t e c i r c u m f e r e n t i a l v a r i a t i o n , 

i g n o r i n g t h e v o r t i c i t y t e r m s . Came and Marsh (1974) a n a l y s e t h e second­

a r y f l o w i n l i n e a r cascades, a p p l y i n g K e l v i n ' s c i r c u l a t i o n theorem to 

d e t e r m i n e t h e v o r t i c i t y w i t h i n t h e b l a d e row fr o m known upstream v a l u e s 

of b o t h t h e str e a m w i s e and p e r p e n d i c u l a r v o r t i c i t y components. Glynn and 

Marsh (1980) e x t e n d t h e method t o a n n u l a r cascades. K e l v i n ' s c i r c u l a t i o n 

theorem as a p p l i e d i n t h e s e papers s h o u l d s t r i c t l y be l i m i t e d t o r e v e r s ­

i b l e i n c o m p r e s s i b l e f l o w , b u t i s g e n e r a l l y a good a p p r o x i m a t i o n f o r 

o t h e r a p p l i c a t i o n s ; t h e e f f e c t o f c o m p r e s s i b i l i t y i s c o n s i d e r e d by 

Marsh ( 1 9 7 6 ) . A s i m p l e n u m e r i c a l example f o l l o w i n g Glynn and Marsh 

(1980) t o d e t e r m i n e t h e i n t r a b l a d e secondary v o r t i c i t y y i e l d e d v a l u e s 

o f t h e v o r t i c i t y components i n e q u a t i o n s 9.1 t o 9.3 w h i c h were i n s i g n i f ­

i c a n t compared t o o t h e r t e r m s . However, secondary f l o w e f f e c t s can a f f e c t 

t h e f l o w a n g l e a t e x i t f r o m a b l a d e row, as d i s c u s s e d i n c o n n e c t i o n w i t h 

t h e b l a d e d e s i g n o f S e c t i o n 8.2. 

9.4 The Problem o f Flow D e v i a t i o n 

The c a l c u l a t i o n method proposed by Wu (1952) has n o t been d e s c r i b e d 

i n m a t h e m a t i c a l d e t a i l because a l t h o u g h i t would p r o v i d e s u f f i c i e n t l y 

a cr.urato bIadr - t o - b lade f low v a r i a t i o n s v e r y r a p i d l y w i t h o u t some of the 

s t r e a m .surface c o n s t r a i n t s o f o t h e r methods, t h e r e appears t o be a funda­

m e n t a l p r oblem c o n c e r n i n g t h e c i r c u m f e r e n t i a l d i s t r i b u t i o n o f t h e flow 
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a n g l e u, ( r e l a t e d t o |5), w h i c h appears i n e q u a t i o n s 9.1 t o 9.3 as 
a body f o r c e r a t i o . 

The f l o w a n g l e i n g e n e r a l v a r i e s f r o m g a on one b l a d e s u r f a c e 

t o p D on t h e o t h e r a c r o s s t h e b l a d e passage, about a mean v a l u e 8, as 

d i s c u s s e d by H o r l o c k and Marsh (1971) and shown i n F i g u r e 9.1. I n t h e 

many-bladed cascade model, fta and g^ a r e v e r y n e a r l y i d e n t i c a l , b u t t h e 

p i t c h w i s e p r o f i l e of F i g u r e 9.1 s t i l l e x i s t s , f a l l i n g below 8 towa r d s 

t h e m i d - p i t c h . 

The v a l u e t a n g i s used f o r t h e a x i s y m m e t r i c a n a l y s i s and because 

of f l o w a n g l e d e v i a t i o n i t need n o t l i e between t h e v a l u e s on t h e b l a d e 

s u r f a c e s , t a n p a and t a n 3^. Wu (1952) s u g g e s t s t h a t t h e Power S e r i e s 

method may be used t o e x t e n d t h e f l o w f i e l d outwards f r o m t h e mean s t r e a m 

s u r f a c e , b u t i t i s c l e a r f r o m F i g u r e 9.1 t h a t t h e t h r e e a n g l e s p, fla 

q p r o v i d e i n s u f f i c i e n t d a t a t o d e t e r m i n e t h e c u r v e j o i n i n g g a and p b 

a c r o s s t h e passage. 

Novak and Hearsey (1977) r e a l i s e t h a t t h e T a y l o r S e r i e s t y p e o f 

b i a d e - t o - b i a d e t e c h n i q u e cannot r e c o g n i s e t h e o f f - c a s c a d e momentum 

change w h i c h o c c u r s on t h e mean s t r e a m l i n e t o w a r d s t h e l e a d i n g and 

t r a i l i n g edges, b u t o b t a i n s u r p r i s i n g l y r e a l i s t i c i n f o r m a t i o n f o r 

c e n t r i f u g a l i m p e l l e r s . The e x p e r i m e n t a l d e v i a t i o n i s c o n s i d e r a b l e , as 

i n d i c a t e d i n F i g u r e 8.1 by t h e d e p a r t u r e o f t h e mixed-out downstream f l o w 

a n g l e f r o m t h e b l a d e e x i t a n g l e f o r O x f o r d ' s (1965) i n l e t g u i d e vanes. 

T h i s suggests t h a t f o r a x i a l f l o w cascades, w h i c h have h i g h p i t c h : c h o r d 

r a t i o s , compared w i t h t h e e q u i v a l e n t t i p s p a c i n g : c h a n n e l l e n g t h o f 

c e n t r i f u g a l i m p e l l e r s , b l a d e - t o - b i a d e f l o w v a r i a t i o n s may n o t be f o u n d 

r e a l i s t i c a l l y by e x t e n d i n g c a l c u l a t i o n s c i r c u m f e r e n t i a l l y f r o m t h e moan 

stream s u r f a<-.e . 

The f o r m o f mean stream s u r f a c e d e v e l o p e d i n Chapter 4 f o r i n t r a -

b l a d c a n a l y s i s a l l o w s t h e p r o g r e s s i v e a p p l i c a t i o n o f c i r c u m f e r e n t i a l 

c u r v a t u r e a l o n g t h e s t r e a m l i n e p a t h , and i s c o n s i d e r e d t o be an improvement 
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FIGURE 9.1: BLADE-TO-BIADE VARIATION OF FLOW ANGLE 
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over many i n t r a b l a d e a n a l y s e s u s i n g mean s t r e a m s u r f a c e s based on t h e 
b l a d e geometry o n l y , s i n c e these were shown t o i n d i c a t e sudden r a d i a l 
r e d i s t r i b u t i o n of t h e f l o w . Bosnian and E l - S h a a r a w i (1977) use a 
g e o m e t r i c a l l y - d e f i n e d i n i t i a l guess f o r t h e mean S2 s u r f a c e , and 
i t e r a t e between p r o d u c i n g improved S I and S2 s o l u t i o n s , r e t a i n i n g 
s u r f a c e s of r e v o l u t i o n f o r t h e S I shapes t h r o u g h o u t . They remark t h a t 
t h e major change i n t h e S2 s u r f a c e o c c u r s i n t h e f i r s t i n t e r a c t i o n w i t h 
t h e S i s u r f a c e s ; i t would be o f i n t e r e s t t o d i s c o v e r w h e t h e r t h e 
reshaped S2 s u r f a c e i s a t a l l l i k e t h a t produced by t h e c o n s i d e r a t i o n s 
of Chapter 4. 

9.5 C o n e l u s i o n s 

The q u a s i - t h r e e - d i m e n s i o n a l t e c h n i q u e s o f o t h e r w o r k e r s i n v o l v e t h e 

c a l c u l a t i o n of t h e f l u i d f l o w on a s e r i e s o f S I s u r f a c e s , w h i c h a r e h e l d 

t o be s u r f a c e s o f r e v o l u t i o n . A t t e m p t s t o r e l a x t h i s c o n d i t i o n , by 

a p p l y i n g t o an a x i s y m m e t r i c s o l u t i o n Wu's (1952) c i r c u m f e r e n t i a l e x t e n ­

s i o n o f t h e f l o w f i e l d v i a a T a y l o r S e r i e s , would appear t o be u n s u i t a b l e 

f o r a x i a l - f l o w machines because o f t h e uneven d i s t r i b u t i o n a c r o s s t h e 

b i a d c - t o - b l a d e passage of t h e a n g u l a r momentum i m p a r t e d t o t h e f l u i d ; 

t h i s appears as a c o n s i d e r a b l e p i t c h w i s e v a r i a t i o n o f f l o w a n g l e . 

A more p r o m i s i n g method o f removing t h e r e s t r i c t i o n on S I shape 

may be t o use t h e q u a s i - t h r e e - d i m e n s i o n a l s o l u t i o n as a s t a r t i n g p o i n t 

f o r secondary f l o w c a l c u l a t i o n s , as mentioned by Novak and Hearsey ( 1 9 7 7 ) 

and H i r s c h and Warzee ( 1 9 7 8 ) . The t i m e - m a r c h i n g method dev e l o p e d by 

Spurr (1980) f o r q u a s i - t h r e e - d i m e n s i o n a l c a l c u l a t i o n s i n a x i a l f l o w 

steam t u r b i n e s p r e s e n t s an a l t e r n a t i v e p a t h . 

F u l l t h r e e - d i m e n s i o n a l c a l c u l a t i o n s w i l l become f e a s i b l e i n m u l t i ­

s t a g e a x i a l machines as computers a r e de v e l o p e d w h i c h a r e b o t h f a s t e r 

and w i t h s u f f i c i e n t s t o r a g e , b u t such an a p p l i c a t i o n t o t u r b o m a c h i n e s 
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w i t h r e l a t i v e m o t i o n o f t h e b l a d e rows i s o f d u b i o u s v a l u e u n l e s s t h e 
v a r i a t i o n o f f l o w w i t h t i m e can a l s o be i n c o r p o r a t e d . R e s u l t s produced 
may t h e n become d i f f i c u l t t o u n d e r s t a n d m e a n i n g f u l l y . 
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CHAPTER 10 

CONCLUSIONS, AND RECOMMENDATIONS FOR FUTURE WORK 

10.1 Theory 

The l o s s model proposed by H o r l o c k ( 1 9 7 1 ) has been s u c c e s s f u l l y 

i n c o r p o r a t e d i n t o t h o e q u a t i o n s o f m o t i o n f o r a x i s y m m e t r i c f l o w . The 

p r i n c i p a l e q u a t i o n of m o t i o n i s p r e s e n t e d i n a f o r m p r o v i d i n g f o r easy 

m o d i f i c a t i o n o f S t r e a m l i n e C u r v a t u r e c a l c u l a t i o n methods based on t h e 

f o r m e r a n a l y s i s of Marsh ( 1 9 7 0 ) . The m o d i f i c a t i o n i s a c h i e v e d by r e p l a c 

i n g f o u r terms i n t h e c o n v e n t i o n a l r a d i a l e q u a t i o n o f m o t i o n by f o u r 

new terms w h i c h t r a n s f o r m t h e e q u a t i o n t o t h a t i n t h e N - d i r e c t i o n w i t h 

t h e c o n s i s t e n t l o s s model i n c l u d e d . The v e r s i o n f o r use w i t h i n b l a d e 

rows i s expressed i n terms o f t h e s p e c i a l d e r i v a t i v e s a l o n g t h e mean 

st r e a m s u r f a c e , and t h e s e d e r i v a t i v e s , t o g e t h e r w i t h body f o r c e s a p p l i e d 

t o t h e f l u i d t o r e p r e s e n t t h e b l a d e row t o r q u e and t h e f r i c t i o n a l f l o w 

l o s s , account f o r a l l t h e c i r c u m f e r e n t i a l d e r i v a t i v e s of v e l o c i t y appear 

i n g i n t h e i n i t i a l f o r m u l a t i o n o f t h e e q u a t i o n s of m o t i o n , e q u a t i o n s 3.2 

The b a s i c assumptions made i n Chapter 3 about t h e f l u i d and t h e 

system a n a l y s e d a r e : 

( i ) The f l u i d i s a p e r f e c t gas 

( i i ) l o s s e s may be m o d e l l e d by a f o r c e o p p o s i n g t h e r e l a t i v e 

f l o w v e l o c i t y v e c t o r , so i n t h e sense t h a t no r h e o l o g i c a l 

t e n s o r c r o s s - c o u p l i n g terms a r e c o n s i d e r e d , t h e f l u i d i s 

assumed t o be Newtonian 

( i i i ) t h e f l o w i s s t e a d y r e l a t i v e t o each b l a d e row 

( i v ) t u c f l o w i s a x i s y m m e t r i c 

( v ) r o t o r s r o t a t e w i t h c o n s t a n t a n g u l a r v e l o c i t y 

( v i ) t h e f l o w i s a d i a b a t i c , i . e . 

( a ) no energy i s t r a n s f e r r e d by heat t o o r f r o m t h e 

env i r o n m e n t 

( b ) t h e r e i s no i n t e r - s t r e a m l i n e e n e r g y m i g r a t i o n . 
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Assumptions ( i i ) and ( v i , b ) a r e made t o s a t i s f y c r i t i c i s m s r a i s e d 

by Hong (1980) c o n c e r n i n g t h e l o s s model used h e r e . 

E q u a t i o n s 3.15 and 3.18 p r o v i d e t h e r a d i a l g r a d i e n t s o f t h e m e r i d i o n a l 

v e l o c i t y . A r e d i s t r i b u t e d v e l o c i t y p r o f i l e i n d i c a t e s a r e p o s i t i o n i n g 

of t h e s t r e a m l i n e s , and so terms w i t h i n t h e s e e q u a t i o n s cannot change 

v a l u e i n s t a n t a n e o u s l y . T h i s c o n d i t i o n a p p l i e s e q u a l l y t o t h o s e t e r m s 

w h i c h a r e d e r i v a t i v e s o f f l u i d p r o p e r t i e s so t h a t , f o r t h e s e , n o t o n l y 

t h e p r o p e r t y v a l u e b u t a l s o i t s f i r s t d e r i v a t i v e must be c o n t i n u o u s w i t h 

s t r e a m l i n e p a t h l e n g t h . The terms — , — and ^ — ^ r ^ u ^ a p p e a r i n g i n 

e q u a t i o n 3.15 must g e n e r a l l y a l l be c o n t i n u o u s , u n l e s s t h e i r m u l t i p l y i n g 

f a c t o r s a r c z e r o , and t h i s c o n t i n u i t y must be observed p a r t i c u l a r l y a t 
d ( r V ) b l a d e e n t r y and e x i t . The t e r m -— u was f o u n d t o be s u f f i c i e n t l y dm 

i n f l u e n t i a l t h a t a t t e n t i o n was r e q u i r e d t o ensure t h a t a t b l a d e e n t r y 

and e x i t t h e c i r c u m f e r e n t i a l c u r v a t u r e o f t h e s t r e a m l i n e s was n o t changed 

s u d d e n l y , as o t h e r w i s e s h a r p changes were p r e d i c t e d i n t h e r a d i a l p o s i ­

t i o n o f s t r e a m l i n e s . The s t r e a m l i n e p a t h t h r o u g h a b l a d e row viewed 

i n t h e ( 6 , z ) p l a n e was m o d i f i e d by an e m p i r i c a l l y - d e v e l o p e d method t o 

c r e a t e t r a n s i t i o n c urves w i t h i n t h e b l a d e . 

For t h e examples a n a l y s e d , t h e e f f e c t s o f a b r u p t changes i n ̂  and 

were n o t t r o u b l e s o m e . The l e a d i n g and t r a i l i n g edge cusps e x t e n d i n g 
gm 

up- and down-stream a p p l i e d t o b l a d e rows i n t h e t e c h n i q u e s o f some 

a u t h o r s may o b v i a t e problems f r o m t h e g r a d i e n t of b l o c k a g e t e r m . The 

e n t r o p y changes t h r o u g h a b l a d e row a r e r e l a t e d t o t h e f l o w l o s s e s , and 

th e d i s t r i b u t i o n u n d o u b t e d l y v a r i e s f r o m one a p p l i c a t i o n t o a n o t h e r , i n 

a manner n o t w e l l d e f i n e d . 

10.2 Blade Design 

Tnt! p r o c e d u r e s f o r d e s i g n i n g b l a d e geometry a r o s e f r o m a need t o 

d e t e r m i n e t h e blocka g e f a c t o r B w i t h i n b l a d e passages, and a r c s u f f i c i e n t 
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f o r t h e purposes of d e m o n s t r a t i n g t h e accompanying aerodynamic a n a l y s i s 
but as was f o u n d i n Chapter 8 t h e c a l c u l a t i o n o f f l o w d e v i a t i o n a n g l e 
i s n o t s u f f i c i e n t l y r e f i n e d . For t h e a p p l i c a t i o n s p r e s e n t e d , t h e use 
of c o n i c a l d e s i g n s u r f a c e s f o r t h e a e r o f o i l c r o s s - s e c t i o n s i s r e a s o n a b l e , 
though methods o f t r a n s f o r m a t i o n f r o m l i n e a r cascades o n t o more g e n e r a l l y -
shaped s u r f a c e s of r e v o l u t i o n a r e a v a i l a b l e (Bez (1978) ) . Only one 
o p t i o n f o r t h e s t a c k i n g of t h e b l a d e c r o s s - s e c t i o n s i s a v a i l a b l e i n the 
computer program. A e r o f o i l t h i c k n e s s d a t a a r e a p p l i e d t o t h e camber l i n e s 
t o f i n d n o t o n l y t h e b l o c k a g e f a c t o r B, b u t a l s o the b l a d e s u r f a c e d i s ­
t r i b u t i o n s of t h e a n g l e s U ) and \. 

C a l c u l a t i o n s t a t i o n s a r e r e q u i r e d i n t h e d u c t i m m e d i a t e l y upstream 

and downstream of t h e b l a d e row. T h i s r e s u l t s i n c l o s e a x i a l s p a c i n g 

of t h e s t a t i o n s i f t h e i n t e r - r o w d i s t a n c e i s s h o r t . The program may 

be m o d i f i e d t o e l i m i n a t e t h e r e q u i r e m e n t f o r some or a l l of t h e s e s t a t i o n s , 

w h i c h as p r e s e n t l y used cause s m a l l l o c a l r e l a x a t i o n f a c t o r s t o be genera­

t e d , and c o n s e q u e n t l y many f l o w f i e l d marches a r e r e q u i r e d t o reach 

converged f l o w s o l u t i o n s . 

10,3 N u m e r i c a l Techniques 

A computer program has been developed i n t h e PL/1 language by which 

a x i s y m m e t r i c s u b s o n i c f l o w f i e l d s o l u t i o n s may be found u s i n g a develop­

ment o f t h e u s u a l s t r e a m l i n e c u r v a t u r e metnod o f r e p e a t e d l y s o l v i n g the 

p r i n c i p a l e q u a t i o n s o f m o t i o n . P r o f i l e s o f the m e r i d i o n a l v e l o c i t y a r e 

computed a l o n g each of s e v e r a l c a l c u l a t i o n s t a t i o n s s p a n n i n g t h e duct 

f r o m t h e hub t o t h e t i p w a l l by i n t e g r a t i n g e q u a t i o n 3.15 or 3.18 from 

t h e mid-span t o t h e hub and t i p w a l l s . Using the form of e q u a t i o n 6,1, 

t h e f u n c t i o n s K ( r ) and L ( r ) a r e e v a l u a t e d from p r e v i o u s r e s u l t s and h e l d 

c o n s t a n t w h i l e s u c c e s s i v e values of m e r i d i o n a l v e l o c i t y a t the duct 

c e n t r e a r e t r i e d u n t i l the c a l c u l a t e d mass f l o w r a t e p a s t the c a l c u l a t i o n 

s t a t i o n matches t h a t a t the duct i n l e t . 
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The g r e a t e s t e r r o r s i n t h e v e l o c i t y p r o f i l e may be e x p e c t e d t o w a r d s 
t h e edges of t h e span because of t h e c u m u l a t i v e i n a c c u r a c y i n t h e n u m e r i ­
c a l i n t e g r a t i o n p e r f o r m e d a l o n g t h e c a l c u l a t i o n s t a t i o n . The v e l o c i t y 
d i s t r i b u t i o n b e i n g c o n s t r u c t e d by e x t r a p o l a t i o n f r o m t h e l a t e s t known 
g r i d p o i n t , u s i n g t h e r a d i a l g r a d i e n t c a l c u l a t e d t h e r e , some d e t a i l i s 
l o s t a t t h e d u c t w a l l s i f t h e f l o w p a t t e r n i n t h e i n p u t d a t a changes 
r a p i d l y c l o s e t o w a l l s ; t h e m o d e l l i n g o f t h e low speed f l o w i n boundary 
l a y e r s i s a case i n p o i n t . The r a d i a l s p a c i n g o f t h e c a l c u l a t i o n g r i d 
s h o u l d be made a d j u s t a b l e so t h a t c l o s e l y - s p a c e d g r i d p o i n t s may be used 
t o r e t a i n such f l o w d e t a i l . 

For t h e e n t i r e f l o w f i e l d b e i n g a n a l y s e d , t h e m e r i d i o n a l v e l o c i t y 

v a l u e a t each g r i d p o i n t i s s t o r e d . D u r i n g t h e n e x t c a l c u l a t i o n march 

t h r o u g h t h e f l o w f i e l d , each m e r i d i o n a l v e l o c i t y v a l u e i s n o t a l l o w e d 

t o change by more t h a n a c e r t a i n p r o p o r t i o n , t o a v o i d problems o f w i l d l y 

o s c i l l a t i n g v e l o c i t y p r o f i l e s d u r i n g t h e f i r s t few marches w h i c h may 

even i n c l u d e n e g a t i v e v e l o c i t i e s , i . e . r e g i o n s o f r e v e r s e f l o w . 

Sweptback c a l c u l a t i o n s t a t i o n s i n d u c t f l o w and i n t r a b l a d e s t a t i o n s 

g e n e r a l l y c u r v e d i n t h e m e r i d i o n a l p l a n e may be used, s i n c e t h e s t a t i o n 

v e l o c i t y p r o f i l e i s formed c o n s i d e r i n g l o c a l v e l o c i t y g r a d i e n t s b o t h 

r a d i a l l y and a x i a l l y . The mass f l o w r a t e c a l c u l a t i o n a l l o w s f o r t h e l o c a l 

g e o m e t r i c a l e f f e c t s o f n o n - r a d i a l s t a t i o n s and n o n - a x i a l s t r e a m l i n e s . 

S t r e a m l i n e s l o p e i s d e t e r m i n e d f r o m t h e ch a n g i n g d i s t r i b u t i o n of 

s t r e a m f u n c t i o n between s u c c e s s i v e c a l c u l a t i o n s t a t i o n s , and t h e c u r v a ­

t u r e of t h e s t r e a m l i n e s i s s u b s e q u e n t l y f o u n d f r o m t h e c h a n g i n g s l o p e s . 

The s l o p e v a l u e s were f o u n d by a s i m p l e q u a d r a t i c f i t t h r o u g h p o i n t s of 

e q u a l s t r e a m f u n c t i o n on t h r e e a d j a c e n t c a l c u l a t i o n s t a t i o n s , f o l l o w i n g 

t h e method of Denton ( 1 9 7 8 ) . The c u r v a t u r e s were e v a l u a t e d i n a s i m i l a r 

manner but u s i n g t h e s l o p e v a l u e s as d a t a f o r t h e c u r v e f i t . T h i s d e t a i l 

was i n s p i r e d by t h e methods of Shaalan and Daneshyar ( 1 9 7 2 ) and g i v e s a 
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s i m p l e c u r v e f i t w i t h some w e i g h t i n g of the o r i g i n a l s t r e a m f u n c t i o n data 

as f a r as two c a l c u l a t i o n s t a t i o n s upstream and two downstream. 

To m a i n t a i n s t a b i l i t y o f t h e c o n v e r g i n g o v e r a l l s o l u t i o n , i t i s 

u s u a l t o a p p l y r e l a x a t i o n f a c t o r s t o t h e c a l c u l a t i o n of stream f u n c t i o n 

d i s t r i b u t i o n s f r o m t h e mass f l o w r a t e p r o f i l e s , whereby o n l y a p r o p o r t i o n 

o f t h e i n d i c a t e d change i n stream f u n c t i o n between one f l o w f i e l d march 

and t h e n e x t i s a p p l i e d . I t was f o u n d however t h a t s o l u t i o n convergence 

was a c c e l e r a t e d i f t h e same r e l a x a t i o n f a c t o r s were a p p l i e d n o t t o the 

d e t e r m i n a t i o n o f strea m f u n c t i o n v a l u e s f r o m mass f l o w r a t e , b u t to the 

n e x t s t e p i n t h e c a l c u l a t i o n sequence, t h e c a l c u l a t i o n o f s t r e a m l i n e 

s l o p e s f r o m t h e s t r e a m f u n c t i o n d i s t r i b u t i o n s . A d d i t i o n a l l y i t proved 

h e l p f u l t o r e l a x , by a f a c t o r r e l a t e d t o t h e f l o w s w i r l , t h e changes 

f r o m march t o march of t h e f u n c t i o n L ( r ) i n t h e p r i n c i p a l e q u a t i o n s i n 

a manner s i m i l a r t o t h a t used by Denton ( 1 9 7 8 ) . 

The optimum r e l a x a t i o n f a c t o r v a l u e s a r e dependent on t h e a s p e c t 

r a t i o of t h e c a l c u l a t i o n g r i d , and become s m a l l i n t h e c l o s e l y - s p a c e d 

i n t r a b l a d e g r i d s g e n e r a t e d by t h e program. Very l o n g t i m e s t o c o n v e r ­

gence may be ex p e c t e d i f a l l t h e c a l c u l a t i o n s t a t i o n s w i t h i n a blade 

row a r e used f r o m t h e s t a r t , and so a t h r e e - s t a g e s o l u t i o n t e c h n i q u e 

was developed i n w h i c h b l a d e rows a r e t r e a t e d w i t h s u c c e s s i v e l y f i n e r 

g r i d s , t h e s o l u t i o n o f each p r e v i o u s s t a g e p r o v i d i n g i n i t i a l e s t i m a t e s 

of t h e f l o w a t t h e n e w l y - i n t r o d u c e d e x t r a c a l c u l a t i o n s t a t i o n s . 

Secondary f l o w s w i t h i n b l a d e passages a r e n o t computed by the pro­

gram d e v e l o p e d ; Gregory-Smith's (1977) program may be used f o r t h i s 

p u r p o s e . The s w i r l a n g l e changes i t i n d i c a t e s may be s t o r e d , and 

a p p l i e d b e f o r e e n t r y t o t h e f i n a l s t a g e o f t h e t h r e e p a r t s o l u t i o n 

d e s c r i b e d . The magnitude o f t h e s e changes i s of t h e order o f a few 

d e g r e e s . 
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The s m a l l r e l a x a t i o n f a c t o r s g e n e r a t e d i n h i g h a s p e c t r a t i o g r i d s 

may produce o n l y s m a l l f l o w f i e l d changes, even when t h e s o l u t i o n i s 

f a r f r o m converged. At t h e p o i n t i n t h e c a l c u l a t i o n s where t h e r e l a x a ­

t i o n f a c t o r s a r e a p p l i e d , t h e d i s c r e p a n c y a r i s i n g i s checked, s i n c e o n l y 

when a t r u l y converged s o l u t i o n i s a c h i e v e d w i l l t h e u n r e l a x e d and 

t h e s t o r e d v a l u e s of s l o p e agree c l o s e l y . T e s t cases i n d i c a t e t h a t 

t h e e r r o r d e t e c t e d i n an unconverged s o l u t i o n may be p e s s i m i s t i c com­

pared w i t h t h e o v e r a l l subsequent s l o p e changes a p p l i e d f r o m t h e n u n t i l 

a s u f f i c i e n t l y converged s o l u t i o n i s produced. 

10.4 A p p l i c a t i o n s 

Examples o f f l o w were used f o r t e s t i n g t h e computer program f o r 

w h i c h t h e r a d i a l d i s t r i b u t i o n of a x i a l v e l o c i t y was p r e d i c t a b l e . I n 

each case, u n i f o r m u n s w i r l e d upstream f l o w was passed t h r o u g h a s t a t o r 

b l a d e row w i t h i n a c y l i n d r i c a l - w a l l e d d u c t t o produce f l o w w i t h a s w i r l 

a n g l e d i s t r i b u t e d a c c o r d i n g t o some s i m p l e f u n c t i o n of r a d i u s . The 

a n a l y t i c a l a x i a l v e l o c i t y p r o f i l e s were r e p r o d u c e d t o good a c c u r a c y i n 

t h e f a r downstream f l o w , where m e r i d i o n a l s t r e a m l i n e s l o p e and c u r v a ­

t u r e had s e t t l e d t o z e r o . S m a l l e r r o r s a r e a t t r i b u t e d t o t h e r a d i a l 

r e p o s i t i o n i n g o f s t r e a m l i n e s a f t e r e x i t f r o m t h e b l a d e row, and t h e s e 

e r r o r s were g r e a t e r f o r cases m o d e l l i n g c o m p r e s s i b l e f l o w t h a n f o r t h o s e 

assuming i n c o m p r e s s i b l e f l o w . 

A t e s t example g i v e n by H i r s c h (1976) of i n c o m p r e s s i b l e f l o w 

w i t h i n a 'swan-necked' t r a n s i t i o n d u c t was s u c c e s s f u l l y m o d e l l e d t o 

show t h a t t h e program c o u l d h a n d l e problems w i t h f l a r e d w a l l d u c t 

geometry and w i t h sweptback c a l c u l a t i o n s t a t i o n s . 

E x p e r i m e n t a l d a t a were o b t a i n e d f r o m t h e works of O x f o r d (1965) anfJ 

G r e g o r y - S m i t h ( 1 9 7 0 ) , u s i n g t h e same a p p a r a t u s , and of Fahmi ( 1 9 6 8 ) . A 

b l a d e d e s i g n based on Gregory-Smith's e x p e r i m e n t a l g u i d e vane e x i t flow 
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angle f i g u r e s was not an exact reproduction of the a c t u a l blades used, 
designed by Oxford; the d i s c r e p a n c y i n blade e x i t angle was as much as 
5° near the t i p . T h i s was because the programmed method of c a l c u l a t i n g 
flow d e v i a t i o n over-estimated the d e v i a t i o n found i n p r a c t i c e , and 
Oxford's o r i g i n a l design used d i f f e r e n t d e v i a t i o n c a l c u l a t i o n s , which 
under-estimated the e f f e c t . The a x i a l v e l o c i t y p r o f i l e c l o s e behind 
the blade t r a i l i n g edges was si m u l a t e d w e l l , a f t e r smoothing the o r i g i n a l 
flow angle data used (Gregory-Smith (1970) ) . The computed v e l o c i t y 
p r o f i l e f u r t h e r downstream departed from the experimental p r o f i l e near 
the duct edges, but t h i s i s a t t r i b u t a b l e t o the c o n s i d e r a b l e t h i c k n e s s 
of the annulus w a l l boundary l a y e r by t h i s d i s t a n c e downstream, an e f f e c t 
not modelled i n the program. 

The three-row compressor of Fahmi (1968) was modelled to demonstrate 

the a b i l i t y t o perform multi-row c a l c u l a t i o n s . The a x i a l v e l o c i t y pro­

f i l e f o l l o w i n g the i n l e t guide vanes was not w e l l reproduced, but the 

p r e d i c t e d v e l o c i t y d i s t r i b u t i o n s behind the r o t o r and s t a t o r agree r a t h e r 

b e t t e r w i t h experimental r e s u l t s . The flow e n t e r i n g the compressor was 

non-uniform, as found i n p r a c t i c e , and the flow through the blade rows 

was assumed to be i r r e v e r s i b l e , f o l l o w i n g l o s s p r e d i c t i o n s by Fahmi 

( 1 9 6 8 ) . The numerical inadequacies i n the computer program r e g a r d i n g 

the treatment of h i g h l y non-uniform p o r t i o n s of v e l o c i t y p r o f i l e s have 

been mentioned i n S e c t i o n s 8.9 and 10.3. 

10.5 Three-Dimensional Flow 

No f i r m proposals a r e put forward concerning the c a l c u l a t i o n of 

the blade-to-blade property v a r i a t i o n s i n a x i a l flow turbomachines. 

The f u l l t h r e e - d i m e n s i o nal methods r e c e n t l y a p p l i e d to c e n t r i f u g a l 

i m p e l l e r s a r e not s u i t a b l e f o r m u l t i - s t a g e a x i a l machines as present 

computer running times would be e x c e s s i v e . The mean f l u i d flow from 

an a x i a l blade row i n c u r s c o n s i d e r a b l e flow angle d e v i a t i o n , i n d i c a t i n g 
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t h a t s i m p l e premises about t h e f o r m o f t h e b l a d e - t o - b l a d e v a r i a t i o n s 
a r e u n s u i t a b l e , e.g. Smith's (1966) as s u m p t i o n o f l i n e a r v a r i a t i o n 
a c r o s s t h e passage of each f l u i d p r o p e r t y . 

Methods i n v o l v i n g q u a s i - t h r e e - d i m e n s i o n a l c a l c u l a t i o n s u s i n g S I 

s u r f a c e s w h i c h a r e c o n s t r a i n e d t o be s u r f a c e s o f r e v o l u t i o n a r e proposed 

by s e v e r a l a u t h o r s , e.g. Bosman and E l - S h a a r a w i ( 1 9 7 7 ) , Novak and Hearsey 

( 1 9 7 7 ) , Spurr ( 1 9 8 0 ) . I n a machine w i t h b l a d e rows moving r e l a t i v e t o 

one a n o t h e r i t i s ne c e s s a r y t o assume a x i s y m m e t r i c f l o w and c i r c u l a r 

a r c S I s u r f a c e shapes a t e n t r y t o e v e r y b l a d e row ( u n l e s s t i m e - v a r i a t i o n 

of t h e f l o w i s a l l o w e d ) , b u t t h e l o c a l f l o w b e h a v i o u r w i t h i n t h e b l a d e 

row w o u l d be b e t t e r d e t e r m i n e d i f t h e S I s u r f a c e s were a l l o w e d t o t w i s t 

i n shape. 

Wu (1952) a n a l y s e s a method o f o b t a i n i n g b l a d e - t o - b l a d e p r o p e r t y 

v a r i a t i o n s w i t h o u t n e e d i n g t o d e f i n e any S I s u r f a c e shape. A power 

s e r i e s i s formed w i t h t h e f i r s t , second, e t c . , 9 - d e r i v a t i v e s o f each 

p r o p e r t y , and t h e s e i n t u r n a r e f o u n d f r o m r a d i a l and a x i a l g r a d i e n t s 

upon t h e mean S2 s u r f a c e . The ©-derivatives o f v e l o c i t y a r e d e t e r m i n e d 

f r o m an a n a l y s i s based on v o r t i c i t y d e f i n i t i o n s . The v o r t i c i t y terms 

w h i c h appear i n t h e r e s u l t i n g e q u a t i o n s f o r t h e b l a d e - t o - b l a d e v e l o c i t y 

g r a d i e n t s a r e t y p i c a l l y s m a l l compared w i t h o t h e r t e r m s , and may even 

be n e g l e c t e d . However, Wu (1952) e n v i s a g e s t h e mean S2 s o l u t i o n as t h e 

s t a r t i n g p o i n t f o r e x t e n d i n g t h e f l o w f i e l d o u t w a r d s , and t h i s r e t u r n s 

t h e p roblem t o t h a t o f d e f i n i n g t h e b l a d e - t o - b l a d e v a r i a t i o n o f t h e f l o w 

a n g l e s , t h e mean S2 s u r f a c e n o t b e i n g r e p r e s e n t a t i v e o f t h e mid-passage 

f l o w . 

10.6 F u t u r e Work 

10.6.1 I n t r o d u c t i o n 

Recommendations made here f o r f u t u r e s t u d y i n t h e f i e l d o f t u r b o -

machine f l o w c a l c u l a t i o n methods a r i s e f r o m two s o u r c e s : t h o s e t o p i c s 



- 155 -

i n c l u d e d i n t h e o r i g i n a l w i d e b r i e f a t t h e s t a r t o f t h e p r e s e n t work, 
but i n c o m p l e t e l y covered or n o t touched upon; and t h o s e a r i s i n g f r o m t h e 
a n a l y t i c a l and c o m p u t a t i o n a l work p r e s e n t e d h e r e . 
10.6.2 Coverage of O r i g i n a l B r i e f 

I t was i n t e n d e d t h a t t h e r e s e a r c h programme c o u l d c o v e r : 

( i ) Improvements i n t h e s t r e a m l i n e c u r v a t u r e method by e x a m i n i n g t h e 

p o s s i b i l i t y o f i n c l u d i n g : 

( a ) t h e e f f e c t s o f t h e c i r c u m f e r e n t i a l v a r i a t i o n s i n f l o w and 

f l u i d p r o p e r t i e s , 

( b ) a model f o r t h e an n u l u s w a l l boundary l a y e r , 

( c ) secondary f l o w , u s i n g t h e new approach developed a t Durham, 

( d ) m i x i n g o f wakes 

( e ) improved l o s s models. 

( i i ) A r e - e x a m i n a t i o n o f a l t e r n a t i v e approaches t o t u r b o m a c h i n e r y f l o w 

c a l c u l a t i o n s , i n c l u d i n g t i m e m a r c h i n g t h r o u g h - f l o w and McCune's 

work on t r a n s o n i c f l o w . 

P r e l i m i n a r y r e q u i r e m e n t s f o r p a r t ( i ) ( a ) have been e x t e n s i v e l y 

covered, w i t h t h e development of a method o f i n t r a b l a d e a x i s y m m e t r i c 

f l o w c a l c u l a t i o n , i n c l u d i n g a mean S2 s u r f a c e shape w h i c h conforms t o 

t h e b l a d e l o a d i n g r e q u i r e m e n t s a t t h e l e a d i n g and t r a i l i n g edges. The 

b l a d e d e s i g n p r o c e d u r e s a l s o d e t e r m i n e t h e s u r f a c e shapes o f t h e b l a d e s . 

The e x t e n s i o n t o b l a d e - t o - b l a d e p r o p e r t y c a l c u l a t i o n s has n o t been 

a c h i e v e d , beyond t h e acceptance o f p r e s e n t q u a s i - t h r e e - d i m e n s i o n a l 

t e c h n i q u e s w i t h t h e i r l i m i t a t i o n s , and t h e i m p o r t a n t problem t o be f a c e d 

appears t o be t h e d e t e r m i n a t i o n o f t h e f o r m o f t h e f l o w a n g l e v a r i a t i o n s 

a c r o s s t h e b l a d e passage, i n view o f t h e c o n s i d e r a b l e mean f l o w d e v i a t i o n 

p r e s e n t i n a x i a l b l a d e rows. 

The a n n u l u s w a l l boundary l a y e r , ( i ) ( b ) , has n o t been c o n s i d e r e d 

i n t h e development o f a f l o w model, though t h e work o f Gregor y - S m i t h (1970) 
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i n d i c a t e s t h a t i t may become s i g n i f i c a n t l y t h i c k and a f f e c t t h e main­
strea m f l o w b e h a v i o u r . H o r l o c k (1968) examines t h e e x p e r i m e n t a l l y -
observed r e s u l t t h a t w i t h i n a m u l t i - s t a g e a x i a l compressor t h e boundary 
l a y e r g r o w t h docs n o t c o n t i n u e beyond about t h e second s t a g e , b u t 
reaches a s t e a d y s t a t e . 

Secondary f l o w c a l c u l a t i o n s have been p e r f o r m e d u s i n g a computer 

program of G r e g o r y - S m i t h ( 1 9 7 7 ) ; i t would be advantageous t o i n c l u d e such 

c a l c u l a t i o n s a u t o m a t i c a l l y w i t h i n t h e s t r e a m l i n e c u r v a t u r e t e c h n i q u e , 

even f o r t n e a x i s y m m e t r i c s o l u t i o n , as b l a d e f l o w a n g l e s may be changed 

n o t i c e a b l y . The v o r t i c i t y components f o u n d i n t h e p r o c e s s would be 

needed i n Wu's (1952) p r o p o s a l s f o r b l a d e - t o - b l a d e c a l c u l a t i o n s . 

P a r t ( i ) ( d ) , t h e m i x i n g o f wakes i n t h e d u c t downstream o f a row 

of b l a d e s , has been a l l u d e d t o i n t h e c o n t e x t o f r e - f o r m i n g a x i s y m m e t r i c 

f l o w b e f o r e e n t r y t o t h e n e x t b l a d e row. The v o r t i c i t y components 

w h i c h appear i n t h e b l a d e wake, t h e t r a i l i n g shed and t r a i l i n g f i l a m e n t 

v o r t i c i t i e s , a r e a n a l y s e d by Came and Marsh (1974) f o r l i n e a r cascades, 

and s h o u l d be d e r i v e d f o r a n n u l a r cascades as a development o f t h a t 

paper and of t h e work o f Glynn and Marsh (1980) on i n t r a b l a d e secondary 

f l o w i n a n n u l a r cascades. I n t h e wake b e h i n d a b l a d e row, t h e m i x i n g 

may be c o n s i d e r e d t o be t h a t o f t h e d i s t r i b u t e d secondary v o r t i c i t y w i t h 

t h e t r a i l i n g shed and t r a i l i n g f i l a m e n t v o r t i c i t i e s , b u t t h e m i x i n g l e n g t h 

i s e x p e c t e d t o be an e m p i r i c a l r e s u l t based on e x p e r i m e n t a l o b s e r v a t i o n s . 

From such c o n s i d e r a t i o n s may be e s t i m a t e d t h e t i m e v a r i a t i o n of f l o w 

e n t e r i n g downstream b l a d e rows. 

The C o n s i s t e n t Loss Model forms a major c o n t r i b u t i o n o f t h e p r e s e n t 

work, and i s shown t o produce u s a b l e e q u a t i o n s f o r t h e S t r e a m l i n e 

C u r v a t u r e c a l c u l a t i o n method. However, t h e use o f t h e l o s s model i s 

b e s t i l l u s t r a t e d by a n a l y s i n g t h e f l o w i n m u l t i - s t a g e machines w i t h 

p r e s s u r e l o s s d a t a a v a i l a b l e ; s i g n i f i c a n t r a d i a l g r a d i e n t s of e n t r o p y 

may be e x p e c t e d i n t h e l a t t e r s t a g e s and t h e use o f t h e new l o s s model 
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w i l l p r e d i c t a d i f f e r e n t f l o w p a t t e r n t h e r e f r o m o t h e r a n a l y s e s . S u i t a b l e 
p u b l i s h e d e x p e r i m e n t a l d a t a a r e s p a r s e ; Chauvin and Weyer (1976) comment 
on t h e r e l u c t a n c e o f r e s e a r c h o r g a n i s a t i o n s t o p u b l i s h r e s u l t s . The 
r e q u i r e m e n t i s f o r d e t a i l e d d a t a on i n t r a b l a d e l o s s e s , and t h e e f f e c t s 
on t h e b e h a v i o u r of m u l t i - s t a g e machines. The t h r e e - r o w a x i a l compressor 
used as a t e s t case i n t h e p r e s e n t work does n o t f u l l y t e s t t h e l o s s 
model i n c o r p o r a t e d . 

R e g a r d i n g p a r t ( i i ) , r e s e a r c h on Time-Marching T h r o u g h - f l o w methods, 

w i t h b l a d e - t o - b l a d e c a l c u l a t i o n s , has been conducted by S p u r r ( 1 9 8 0 ) , 

o v e r l a p p i n g i n t i m e w i t h t h e p r e s e n t s t u d i e s w h i c h have c o n c e n t r a t e d 

on t h e a p p l i c a t i o n o f t h e S t r e a m l i n e C u r v a t u r e a p p r o a c h . S p u r r shows 

t h a t t h e p a r t i a l d i f f e r e n t i a l e q u a t i o n s used i n t h e s t r e a m l i n e C u r v a t u r e 

a n a l y s i s a r e e l l i p t i c f o r s u b s o n i c f l o w s o l u t i o n s , b u t h y p e r b o l i c f o r 

s u p e r s o n i c s o l u t i o n s . The Time-Marching approach a l l o w s t r a n s o n i c 

c a l c u l a t i o n s by i n t r o d u c i n g i n t o t h e f l o w u n s t e a d i n e s s w i t h t i m e , t o g i v e 

t h e same, h y p e r b o l i c , f o r m t o t h e e q u a t i o n s i n b o t h s u b s o n i c and s u p e r ­

s o n i c a p p l i c a t i o n s . The c a l c u l a t i o n method i s c o n c e i v e d as s t e p p i n g 

f o r w a r d i n t i m e f r o m an o r i g i n a l f l o w f i e l d e s t i m a t e . The method i s 

l o s s l e s s , and so more s u i t e d t o m o d e l l i n g t u r b i n e s , w h i c h a r e l e s s 

s e n s i t i v e t o i r r e v e r s i b l i t i e s t h a n a r e compressors, b u t i t may be a 

p r o m i s i n g p a t h t o pursue f o r t h e purposes o f t h r e e - d i m e n s i o n a l 

c a l c u l a t i o n s . 

10.6.3 A s p e c t s of t h e P r e s e n t Work 

T h e o r e t i c a l s t u d i e s may be p o s s i b l e t o p r e d i c t t h e e x t e n t o f i n t e r 

s t r e a m l i n e energy m i g r a t i o n i n i r r e v e r s i b l e f l o w s , and t o e x p r e s s t h i s 

i n terms of t h e e n t r o p y l o s s and t h e change i n t o t a l e n t h a l p y ( o r 

r o t h a l p y ) a l o n g a s t r e a m l i n e . 

The t r a n s i t i o n c u r v e s imposed on t h e i n t r a b l a d e mean s t r e a m s u r f a c e 

shape a t b l a d e e n t r y and e x i t w a r r a n t f u r t h e r i n v e s t i g a t i o n because 
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t h e i r use i m p l i e s t h a t t h e m e c h a n i c a l b l a d e l o a d i n g i s c o n s i d e r a b l y h i g h e r 

i n some r e g i o n s and lower i n o t h e r s t h a n o t h e r w i s e assumed. I t may be 

p o s s i b l e t o deduce t h e l o a d i n g p a t t e r n e x p e r i m e n t a l l y f r o m cascades o f 

b l a d e s i n s t r u m e n t e d f o r s u r f a c e p r e s s u r e measurement, or c o n s t r u c t e d w i t h 

a segmented b l a d e so t h a t t h e l o a d i n g on each segment may be measured. 

The b l a d e d e s i g n p r o c e d u r e can be b e t t e r e d by a l l o w i n g more 

g e n e r a l d e s i g n s u r f a c e shapes, r e q u i r i n g i t e r a t i o n w i t h t h e aerodynamic 

a n a l y s i s t o f o l l o w t r u e s t r e a m l i n e s . Flow d e v i a t i o n a n g l e s need t o be 

e s t i m a t e d more a c c u r a t e l y , p a r t i c u l a r l y f o r b l a d e rows w h i c h a c c e l e r a t e 

t h e f l o w such as i n l e t g u i d e vanes, f o r w h i c h t h e d e p a r t u r e f r o m H o w e l l ' s 

n o m i n a l o p e r a t i n g c o n d i t i o n cannot be e s t i m a t e d by h i s d e v i a t i o n method. 

The r e q u i r e m e n t i n t h e program o f d u c t c a l c u l a t i o n s t a t i o n s a d j a c e n t t o 

b l a d e rows s h o u l d be removed. 

F u r t h e r a n a l y s i s i s r e q u i r e d on t h e s t a b i l i t y and convergence o f 

t h e n u m e r i c a l t e c h n i q u e s propounded h e r e . The a p p l i c a t i o n o f t h e r e l a x a ­

t i o n p rocess t o t h e s l o p e c a l c u l a t i o n may n o t y e t be t h e optimum method 

and t h e r e l a x a t i o n f a c t o r s t h e m s e l v e s need t o be r e - a n a l y s e d f o r use i n 

t h e i r new l o c a t i o n . The c a l c u l a t i o n g r i d s h o u l d be improved so t h a t t h e 

r a d i a l d i s t r i b u t i o n o f g r i d p o i n t s a t each s t a t i o n i s d e f i n e d by t h e 

u s e r , and n o t l i m i t e d t o b e i n g u n i f o r m l y spaced a c r o s s t h e d u c t span. 

I t s h o u l d be a s t r a i g h t f o r w a r d m a t t e r t o i n c o r p o r a t e t h e secondary 

f l o w a n a l y s i s i n t o t h e S t r e a m l i n e C u r v a t u r e program t o e s t i m a t e i n t r a ­

b l a d e f l o w a n g l e a d j u s t m e n t s . 

The program needs t o be p r o v e d more f u l l y i n r e g i o n s o f h i g h l o s s 

and i n m u l t i - s t a g e a p p l i c a t i o n s . The l a c k o f s u i t a b l e . t e s t d a t a has 

been mentioned i n S e c t i o n 10.6.2. 

The best approach t o t h r e e - d i m e n s i o n a l developments may be t o p l a n 

f o r t h e i n t r o d u c t i o n o f computers s u f f i c i e n t l y f a s t t h a t f u l l t h r e e -

d i m e n s i o n a l c a l c u l a t i o n s may be p e r f o r m e d , w i t h t h e i n l e t f l o w t o each 

b l a d e row assumed a x i s y m m e t r i c . Beyond t h i s , t h e u n d e r s t a n d i n g must 
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be advanced o f t h e f l u i d mechanics i n v o l v e d i n u n s t e a d y f l o w , boundary 

l a y e r s , f l o w l o s s e s and b l a d e wakes, so t h a t r e a l i s m o f t h e f l o w models 

may be improved; t h e c o m p l e x i t y o f a v a i l a b l e c a l c u l a t i o n methods w i l l 

t h e n be j u s t i f i e d , and t h e e x p e c t e d computing power w i l l be f u l l y 

u t i l i s e d „ 
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APPENDIX A 

The C a l c u l a t i o n o f S t a g n a t i o n ( T o t a l ) P r o p e r t y Values 

A. 1 I n t r o d u c t i o n 

The s t a g n a t i o n v a l u e o f a f l u i d p r o p e r t y i s i t s v a l u e i f b r o u g h t t o 

r e s t r e v e r s i b l y and a d i a b a t i c a l l y , i . e . i s e n t r o p i c a l l y , r e l a t i v e t o an 

o b s e r v e r , and i f i n a f o r c e f i e l d , r e l a t i v e a l s o t o some datum f o r p o t e n ­

t i a l e nergy l e v e l . Thus t h e s t a g n a t i o n v a l u e i s t h e sum o f t h e thermo­

dynamic v a l u e ( i n d e p e n d e n t o f an o b s e r v e r ' s v e l o c i t y o r p o s i t i o n ) and 

t h e components due t o t h e r e l a t i v e k i n e t i c and p o t e n t i a l e n e r g i e s . 

A.2 E n t r o p y 

Since by d e f i n i t i o n t h e f l u i d i s assumed t o be b r o u g h t t o r e s t 

i s e n t r o p i c a l l y , t h e s t a g n a t i o n e n t r o p y has t h e same v a l u e as t h e p r o p e r t y 

s t a t i c e n t r o p y , i r r e s p e c t i v e o f an o b s e r v e r ' s v e l o c i t y o r p o s i t i o n , o r 

t h e s t r e n g t h o f any f o r c e f i e l d . 

A.3 E n t h a l p y 

For a f l u i d f l o w i n g s t e a d i l y and c h a n g i n g f r o m s t a t e 1 t o s t a t e 2, 

t h e s t e a d y - f l o w energy e q u a t i o n , p e r u n i t mass o f f l u i d , may be w r i t t e n 

i n t h e f o l l o w i n g manner: 

Energy t r a n s f e r by: Changes i n : 

Heat Work E n t h a l p y K i n e t i c Energy P o t e n t i a l Energy 

Q w 
x 

x 
+ 4(W 2 J dx 

where Q i s r a t e o f energy t r a n s f e r by h e a t 

W i s r a t e o f energy t r a n s f e r by work 

x i s d i s p l a c e m e n t f r o m some datum w i t h i n a f o r c e f i e l d 

J i s a f u n c t i o n d e n o t i n g s t r e n g t h o f a f o r c e f i e l d a c t i n g upon t h e 

f l u i d , + ve J a c t i n g i n t h e +ve x d i r e c t i o n . 
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I f t h e p r o c e s s 1 * 2 be t h a t which b r i n g s an element of f l u i d t o 
r e s t r e v e r s i b l y and a d i a b a t i c a l l y a t t h e datum l e v e l , t h e n 

Q = 0; Wx = 0. 

When a t r e s t , 

W2 = 0; x 2 = 0. 

Hence t h e change i n e n t h a l p y 
2 P ° h 2 - h x = j Wj + \ J dx. 

J * l 

A.3.1 S t a t i o n a r y Observer 

To an o b s e r v e r s t a t i o n a r y on t h e e a r t h , t h e J f o r c e ( p e r u n i t mass) 

i s t h e a c c e l e r a t i o n due t o t h e e a r t h ' s g r a v i t y , denoted g, and t a k i n g x 

as i n c r e a s i n g w i t h v e r t i c a l d i s t a n c e above t h e e a r t h , 

J = ~ g . 

g may be t a k e n as c o n s t a n t o v e r t h e s m a l l changes o f h e i g h t f r o m the 

b o t t o m t o t h e t o p o f a t y p i c a l j e t e n g i n e . Thus u s i n g s u f f i x o to denote 

s t a g n a t i o n v a l u e s , 

h D = h + f V 2 + g x, 

where V i s t h e f l u i d v e l o c i t y r e l a t i v e t o t h e s t a t i o n a r y o b s e r v e r . 

F u r t h e r m o r e f o r t h e purposes of t h i s t h e s i s , changes i n gx 

e n c o u n t e r e d a r e s m a l l compared t o o t h e r t e r m s , and t h e p o t e n t i a l energy 

change i n t h e g r a v i t y f i e l d i s n e g l e c t e d i n t h e a s s u m p t i o n o f a x i a l 

symmetry o f f l o w p r o p e r t i e s . Thus i n s t a t i o n a r y b l a d e rows and i n 

d u c t s , 

h Q = h + t V 2. 

A.3.2 Observer R o t a t i n g a t A n g u l a r V e l o c i t y (JO 

An o b s e r v e r on a b l a d e row r o t a t i n g a t u n i f o r m a n g u l a r v e l o c i t y 

(jo e x p e r i e n c e s a c e n t r i p e t a l a c c e l e r a t i o n and t h e f u n c t i o n J i s i n the 

f o r m o f an a c c e l e r a t i o n (- o j 2 r ) i n t h e r d i r e c t i o n , whose magnitude v a r i e s 

w i t h r a d i u s . 
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Thus t h e p o t e n t i a l energy o f a f l u i d e l e m e n t , t a k i n g t h e a x i s o f 
r o t a t i o n as z e r o datum, i s 

^ rao 2 d r = - 2 t u 2 r 2 

I f t h e f l u i d v e l o c i t y be W r e l a t i v e t o t h e r o t a t i n g o b s e r v e r , t h e 

s t a g n a t i o n e n t h a l p y r e l a t i v e t o him, termed t h e r o t h a l p y I , i s 

I = h 1- s W2 - I a ) 2 r 2 . 

D e n o t i n g r a d i a l , c i r c u m f e r e n t i a l and a x i a l components o f V and W by t h e 

s u f f i c e s r , u and z r e s p e c t i v e l y , 

W = V r r 

Wu = V u - w r 

W = V z z 

Thus I = h + I ( V r
2 + (V„ - c u r ) 2 + V z

2 - cu2 r 2 ) 

+ * v 2 u)rV„. 

I = h Q - u j r V u . 

C l e a r l y when uo = 0, I = h Q . 

For any s t e a d y a d i a b a t i c f l o w , even i f i r r e v e r s i b l e t h e summation 

of s t a g n a t i o n e n t h a l p y over t h e e n t i r e mass f l o w r a t e p a s s i n g any a x i a l 

l o c a t i o n i s t h e same as a t any o t h e r l o c a t i o n . Where work t r a n s f e r 

o c c u r s , i . e . w i t h i n r o t o r s , i t i s t h e i n t e g r a l o f r o t h a l p y w h i c h remains 

c o n s t a n t . I n r e v e r s i b l e f l o w , o r i r r e v e r s i b l e f l o w w i t h no neat t r a n s f e r 

w i t h i n t h e f l u i d i t s e l f , t h e v a l u e o f s t a g n a t i o n e n t h a l p y ( o r o f r o t h a l p y ) 

i s c o n s t a n t a l o n g i n d i v i d u a l s t r e a m l i n e s , and t h e n 

D t l ° = 0 (D u c t s and s t a t o r s ) 

Dt 

° r ^ = 0 ( R o t o r s ) 

Dt J . . . A . l 

I n i r r e v e r s i b l e h e a t - c o n d u c t i n g f l o w w h i c h i s s h e a r i n g , f l u i d 

f r i c t i o n t r a n s f e r s energy by h e a t f r o m one s t r e a m l i n e t o a n o t h e r , and 

though t h e o v e r a l l s t a g n a t i o n e n t h a l p y ( o r r o t h a l p y ) l e v e l o f t h e w o r k i n g 
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f l u i d i s unc h a n g i n g , e q u a t i o n s A . l no l o n g e r h o l d . T h i s e f f e c t i s 
r e f e r r e d t o by Chauvin and Weyer (1976) as ' i n t e r - s t r e a m l i n o energy 
m i g r a t i o n ' . I n assuming e q u a t i o n s A . l t o be v a l i d a l o n g i r r e v e r s i b l e 
s t r e a m l i n e s , Bosnian and Marsh (1974) and H o r l o c k (1971) must a l s o assume 
t n a t no energy i s t r a n s f e r r e d by h e a t w i t h i n t h e f l u i d . Few r e a l f l u i d s 
e x h i b i t t n i s b e h a v i o u r and Hong (1980) o b j e c t s t o such a p p l i c a t i o n s o f 
e q u a t i o n s A . l , b u t concedes t h a t t o do o t h e r w i s e r a i s e s d i f f i c u l t i e s 
w h i c h a r e p r e s e n t l y i n s u r m o u n t a b l e . 

A .4 Temperature 

Assuming t h a t t h e w o r k i n g f l u i d i s a p e r f e c t gas, C p and C y may 

v a r y w i t h t e m p e r a t u r e , b u t t h e d i f f e r e n c e i s c o n s t a n t , t h e gas 

c o n s t a n t R: 

C p " C v = R. 

F u r t h e r assuming t h a t C p i s c o n s t a n t over t h e range o f t e m p e r a t u r e o f 

i n t e r e s t , t h e n f r o m i t s d e f i n i t i o n , i . e . 

C p = / 9 h 

\3T 

th e r e l a t i o n s h i p between t e m p e r a t u r e changes and e n t h a l p y changes may 

be o b t a i n e d : 

AT = Ah/Cp 

I f t h e datum f o r t e m p e r a t u r e changes i s chosen as a b s o l u t e z e r o , 

T = h/Cp. 

S i m i l a r l y f o r s t a g n a t i o n t e m p e r a t u r e s : 

( i ) i n t h e s t a t i o n a r y frame o f r e f e r e n c e 

To = ho/Cp ; 

( i i ) r e l a t i v e t o a r o t o r 

T°rol = I / C P -
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T h i s l a s t e q u a t i o n uses t h e d e f i n i t i o n of t h e s t a g n a t i o n c o n d i t i o n 
as b e i n g t h e f l u i d a t r e s t and on t h e a x i s o f r o t a t i o n . The t e m p e r a t u r e 
measured by a r o t a t i n g o b s e r v e r a t t h e r a d i u s o f t h e o r i g i n a l s t r e a m ­
l i n e , denoted T

0 ' r e i > i s 

T ' = ( h + W 2/2)/C , 
u r e l F 

w h i c h does n o t i n c l u d e t h e e f f e c t of t h e r a d i a l s h i f t t h r o u g h t h e 

c e n t r i p e t a l f o r c e f i e l d . 

A. 5 P r e s s u r e 

For a c o m p r e s s i b l e gas, t h e s i m p l e f o r m o f B e r n o u l l i ' s e q u a t i o n 

does n o t h o l d , b u t s t a g n a t i o n v a l u e s o f p r e s s u r e , p Q , may be found f r o m 

t h e t e m p e r a t u r e v a l u e s , as f o l l o w s . 

C o n sider t h e f o l l o w i n g e q u a t i o n f o r e n t r o p y : 

s Q - s - I t ) . 
For t h e i s e n t r o p i c process used t o d e f i n e s t a g n a t i o n p r o p e r t y v a l u e s 

s D - s = 0 . 

[n / p \ C„ in IT. 
R Vt 

Now 

Thus 

'P = 
R 

A.6 D e n s i t y 

D e n s i t y v a l u e s a r e e a s i l y f o u n d f r o m t h e p e r f e c t gas e q u a t i o n 

P = P 
J 

RT 

o r f o r s t a g n a t i o n v a l u e s 

p = Po 
r o 

RTn 
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APPENDIX B 
C o - o r d i n a t e Systems 

B.1 r , 8, z C o - o r d i n a t e s 

The c o - o r d i n a t e s r , 9, z r e p r e s e n t t h e u s u a l r a d i a l , c i r c u m f e r e n t i a l 

and a x i a l c y l i n d r i c a l c o - o r d i n a t e s shown i n F i g u r e B . l . 

r i s t a k e n as z e r o a t t h e a x i s o f r o t a t i o n and i n c r e a s e s w i t h d i s t a n c e s 

away f r o m t h i s c e n t r e . I t has u n i t s o f l e n g t h . 

9 has an a r b i t r a r y z e r o , and i n c r e a s e s i n t h e d i r e c t i o n o f r o t a t i o n 

of r o t o r s . I t s u n i t s a r e d i m e n s i o n l e s s a n g l e s , so t h a t c i r c u m f e r ­

e n t i a l d i s t a n c e i s t h e p r o d u c t r 8 . 

z has an a r b i t r a r y z e r o p o s i t i o n , and i n c r e a s e s p a r a l l e l t o t h e 

machine a x i s i n t h e d i r e c t i o n o f o v e r a l l f l u i d f l o w . 

B.2 m C o - o r d i n a t e 

The m e r i d i o n a l d i r e c t i o n , c o - o r d i n a t e m, i s t h e s t r e a m l i n e p a t h 

p r o j e c t e d o n t o a ( r , z ) p l a n e o f c o n s t a n t 9 as i n F i g u r e B.2, so t h a t 

f o r example 

w m
2 = w r

2 + w z
2. 

There i s no component o f c i r c u m f e r e n t i a l v e l o c i t y i n Ŵ . 

For t h e g e n e r a l p r o p e r t y q, t h e s p e c i a l d e r i v a t i v e s (Appendix C) 

a r e r e l a t e d by 

wm ^ = Wr + Wz 

3m g r gz 

Components of q u a n t i t i e s such as v e l o c i t y , Mach Number, o r v o r t i c i t y , 

a r e denoted by t h e s u f f i x e s r , u, z o r m and t a k e n as p o s i t i v e i n t h e 

same sense as t h e c o - o r d i n a t e s . 

B.3 N ,n, S C o - o r d i n a t e s 

The steamwise c o - o r d i n a t e S i s a l i g n e d t o t h e r e l a t i v e v e l o c i t y 

v e c t o r W. 
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FIGURE B . l 
r , 9, z CO-ORDINATES 

W 

m 

W 

FIGURE B.2: MERIDIONAL CO-ORDINATE 
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L y i n g i n the"same type '2' stream s u r f a c e i s the N co-ordinate, 

normal t o the flow. 

The co-ordinate n i s p e r p e n d i c u l a r to the stream s u r f a c e , and i 

thus normal t o both S and N c o - o r d i n a t e s . 

N, n and S a l l have u n i t s of length and a r e shown i n F i g u r e B.3. 

The p o s i t i v e d i r e c t i o n s of N, n and S are a r b i t r a r y , but i t i s 

convenient to s e t them such t h a t 

Bz dr 

are a l l p o s i t i v e . 
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N 

n 

FIGURE B.3: N,n,S CO-ORDINATES 
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APPENDIX C 
The Use of t h e S p e c i a l D e r i v a t i v e 

C. 1 S p e c i a l D e r i v a t i v e s on a Stream S u r f a c e 

Let a strea m s u r f a c e be d e f i n e d by 

f ( r , 6 , z ) = 0. 

I f v i s t h e u n i t v e c t o r normal t o t h i s s u r f a c e , t h e n 

y„ - y~ - Vz 

I f , f o r some p r o p e r t y q, ^ and ̂  a r e p a r t i a l d e r i v i a t i e s t a k e n a l o n g 

t n e s t r e a m s u r f a c e , t h e n 

and 1* - ~ 2 i i i . -
dZ ~ c>Z d9 

The s p e c i a l d e r i v a t i v e ^ i s t h e r a t e o f change o f q w i t h r on t h e 
or 

stream s u r f a c e a t c o n s t a n t z, whereas i s t h e r a t e o f change o f q w i t h 
?jr 

r a t c o n s t a n t z and 9. 

The v e c t o r s v and F b o t h a c t i n t h e n - d i r e c t i o n i n t h e N,n,S 

c o - o r d i n a t e system, so t h a t t h e components o f v a r e p r o p o r t i o n a l t o t h e 

r e s p e c t i v e components o f F. 

C.2 The I n t r o d u c t i o n o f S p e c i a l D e r i v a t i v e s i n Forming E q u a t i o n s 3.3 

No assumptions about a xisymmetry have been made i n o b t a i n i n g 

e q u a t i o n s 3.3 f r o m e q u a t i o n s 3„2. T h i s may be d e m o n s t r a t e d as f o l l o w s , 

f i r s t r e - a n a l y s i n g t h e 8 - d e r i v a t i v e o f p r e s s u r e , 

dp _ dh - Tds 

P 

and dh = d l - d (w^ - \ 
\2 2 / 
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2 

U i s t h e b l a d e speed, so ^ = 0. 

1^2 - T ^ s - H/* H/ r •+ l/l/ z H4 
^<9 W 

F o l l o w i n g Wu (1952, e q u a t i o n s 67 and 6 8 ) , ^ and ^ may be r e p l a c e d 
c)o do 

t o g i v e 

-hWJMM-rC -+ F z 

5 z *" 
E v a l u a t i n g t h e s p e c i a l d e r i v a t i v e s , 

l i e -T$s_ -

J" ; (az 9& 

$ 0 
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From t h e d e f i n i t i o n s o f v o r t i c i t y o f Wu ( 1 9 5 2 ) , 

P d9 9 © 

1 ^ w 

7>r 
73 ^0 *~ 7>e 

T h i s i s t h e d e s i r e d f o r m f o r t h e c i r c u m f e r e n t i a l p r e s s u r e g r a d i e n t . 

The body f o r c e F i s d e f i n e d by 

so t h a t i t s components a r e 

,0 r V w F> $ 
£ - _L 1 

F - c3D 

and 

E q u a t i o n s 3.2 may be a n a l y s e d u s i n g t h e r e s u l t s f o r ̂  a n (3 f ° r 

t h e components o f F, t o produce e q u a t i o n s 3.3. The p r o c e d u r e i s s i m i l a r 

f o r each e q u a t i o n ; e q u a t i o n 3.2a i s t a k e n as an example: 

__ T i l - r $ £ . 

-_2v ^ 

r-
1R) - ̂  ̂  3fc 

_ 

U s i n g s p e c i a l d e r i v a t i v e s g i v e s 

- v i / z 

1? + J i I I ~ T 

9>- ryu Z9 
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- X -t r_2^ ^ s 

r x B(9 
The c o n t e n t s o f square b r a c k e t on t h e r i g h t hand s i d e become 

- V r 

— 
"5© $0 

(7 "7 

4 ^ 
az a*7 

c»-

w h i c h i s e q u a t i o n 3.3a. 
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APPENDIX D 

Blade Geometry 

D.1 Blade Nomenclature 

Angles marked i n F i g u r e D . l a r e p o s i t i v e f o r r o t o r r o t a t i o n t o 

t h e l e f t . 

n ' l = f l u i d i n l e t a n g l e 

011' = b l a d e i n l e t a n g l e 

a2 = f l u i d o u t l e t a n g l e 

°2' = b l a d e o u t l e t a n g l e 

i = i n l e t i n c i d e n c e a n g l e , ot\ ~ 0' ' 

6 = f l o w d e v i a t i o n a n g l e , ~ ^2 ' 

X = s t a g g e r a n g l e 

U = b l a d e camber a n g l e , ' ~ ' 

N = number o f bla d e s 

s = p i t c h o f b l a d e s , 2nr/N 

c = ch o r d l e n g t h 

b = maximum camber 

a = l o c a t i o n o f maximum camber a l o n g c h o r d l i n e 

t = b l a d e t h i c k n e s s p e r p e n d i c u l a r t o cho r d l i n e 

D.2 H o w e l l ' s D e v i a t i o n Rule 

The d e v i a t i o n , 6, i s i n t r o d u c e d i n Chapter 4. Given a r e q u i r e d 

f l u i d o u t l e t f l o w a n g l e , i t i s ne c e s s a r y t o f i n d t h e d e v i a t i o n b e f o r e 

t h e b l a d e e x i t a n g l e may be d e t e r m i n e d . U s i n g t h e s t a r s u p e r s c r i p t t o 

denote H o w e l l ' s 'nominal' o p e r a t i n g c o n d i t i o n s , 
n (5 m o 

whore f o r compressor cascades: n = 0.5, m = 0.23 + i!Z2j 
500 

(o?2 i n d e g r e e s ) 



03 

a 
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and f o r i n l e t g u i d e vanes and t u r b i n e cascades: n = 0.1, m = 0.19 . 

'a' i s t h e d i s t a n c e a l o n g t h e c h o r d l i n e t o t h e p o i n t o f maximum camber. 

For c i r c u l a r a r c camber l i n e s —- = 0.5; f o r p a r a b o l i c camber l i n e s 
c 

0.25 <- — < 0.75, b u t i s n o r m a l l y s e t a t about 0.4. 
c 

H o w e l l ' s b l a d e d e s i g n method p r o v i d e s g r a p h i c a l a d j u s t m e n t s t o 

t h e d e v i a t i o n f o r o p e r a t i n g c o n d i t i o n s o t h e r t h a n t h e ' n o m i n a l ' , but 

because t h e f l o w i n c i d e n c e i s i n c l u d e d as a v a r i a b l e , t h e n o m i n a l c o n d i ­

t i o n s may be s a t i s f i e d by a range of cambers and a s s o c i a t e d s t a g g e r s ; 

t h e judgement o f t h e d e s i g n e r i s c a l l e d f o r h e r e . The computer program 

must be g i v e n t h e b l a d e i n l e t a n g l e . 

The s i g n of t h e c a l c u l a t e d d e v i a t i o n i s i n s p e c t e d t o a s c e r t a i n t h a t 

t h e e f f e c t o f a p p l y i n g t h e d e v i a t i o n w i l l be t o l e s s e n t h e t u r n i n g caused 

by t h e b l a d e s . 
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APPENDIX E 
Blade D e s i g n 

E.1 P a r a b o l i c Camber L i n e D e s ign 

The b l a d e i n l e t and e x i t a n g l e s w h i c h must be matched i n d e s i g n i n g 

a b l a d e camber l i n e , a r e g i v e n as a n g l e s f r o m t h e a x i a l d i r e c t i o n . A 

p a r a b o l i c camber l i n e c o n s t r u c t e d u s i n g t h e 7] and £ d i r e c t i o n s ( S e c t i o n 

5.5) as t h e c o - o r d i n a t e axes w i l l be p a r t o f a p a r a b o l a s y m m e t r i c a l 

about t h e 7] or r a x i s . The a l t e r n a t i v e s a v a i l a b l e f r o m such geometry 

may n o t be s u i t a b l e f o r p r a c t i c a l b l a d e d e s i g n ; f o r example, F i g u r e E . l 

shows a p a r a b o l i c camber l i n e f o r a b l a d e row w h e r e i n t h e s w i r l i s t o 

be reduced t o z e r o . 

There i s h i g h e r c u r v a t u r e towards t h e t r a i l i n g edge t h a n a t t h e 

l e a d i n g edge, making t h e b l a d e row s u s c e p t i b l e t o f l o w s e p a r a t i o n f r o m 

i t s convex s u r f a c e . 

By s p e c i f y i n g t h e r a t i o a/c (Appendix D ) , t h e r e l a t i v e c u r v a t u r e s 

near t h e ends may be c o n t r o l l e d i n t h e d e s i g n , b u t t h i s e x t r a p a rameter 

r e d e f i n e s t h e d i r e c t i o n i n t h e (T], £) p l a n e of t h e a x i s of symmetry o f 

t h e p a r a b o l a . 

The camber l i n e may be d e s i g n e d by f i r s t c o n s t r u c t i n g i t on a 

p a r a b o l a s y m m e t r i c a l about t h e 7] a x i s , m a t c h i n g t h e r a t i o a/c and 

o n l y t h e d i f f e r e n c e between t h e b l a d e i n l e t and e x i t a n g l e s , i . e . t h e 

camber a n g l e u. The whole c o n s t r u c t i o n i s t h e n r o t a t e d i n t h e (T|, £) 

pl a n e so t h a t t h e b l a d e a n g l e s themselves a r e c o r r e c t . 

F i g u r e E.2 shows t h e p r o c e s s d i a g r a m a t i c a l l y . A n g l e s A and B a r e 

subtended between t h e ends o f t h e camber l i n e and t h e s t r a i g h t c h o r d 

l i n e . C l e a r l y , 

CT1 ~ CT2 = u = A " B. 

F i g u r e E.3 shows a c o n s t r u c t i o n o f R o l l s - R o y c e ( u n d a t e d ) t o d e t e r ­

mine A and B and hence t h e r o t a t i o n r e q u i r e d t o produce t h e d e s i g n 

camber l i n e . 
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Camnei 
L i n e Chord 

L i n e 

f low 

FIGURE E.l UNSUITABLE PARABOLIC CAMBER LINE 
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°2 

Requirement f o r 
b l a d e shape 

r o t a t i o n 

C o n s t r u c t i o n on 
p a r a b o l a 

2 
Coc T] 

FIGURE E.2: CAMBER LINE DETERMINATION 
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leading 
edge 

Point of maximum camber 

2 b 

A B 1 t r a i l i n g 
edge 

c/2 c/2 
"=3 

FIGURE E.3: SETTING a/c 

camber l i n e 

chord 
normal 

blade chord surface 

T 

CT 

FIGURE E.4: APPLICATION OF BLADE THICKNESS 

FIGURE E.5 
CIRCUMFERENTIAL COMPONENT 
OF BLADE THICKNESS 

9 

t/cos a 

q 
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From the geometry of Figure E.3, 

wncrc C — /a„<V //«„V V C ;( c / 

R e f e r r i n g t o Figure E.2, po i n t s "Hi) and (^2> ^2^ a r e f ° u n t l 

as ends of the chord l i n e . I n determining intermediate l o c i on the 

camber l i n e , e.g. poi n t F, the corresponding value a t f on the symmet­

r i c a l parabola i s more e a s i l y found. Values on the s t r a i g h t chord l i n e s 

e and E are also simply found. The lengths ef and EF being equal, the 

displacement at F can be c a l c u l a t e d . 

E.2 The A p p l i c a t i o n of A e r o f o i l Thickness D i s t r i b u t i o n Data t o the 

Transformed A e r o f o i l 

The s p e c i f i c a t i o n of an a e r o f o i l p r o f i l e includes the v a r i a t i o n 

of the m a t e r i a l thickness w i t h distance along the chord l i n e . The 

maximum thickness, t m a x , i s given as a p r o p o r t i o n of the chord l i n e 

l e n g t h , e.g. = 0.1, and the value of t / t m a x i s given every few 

per cent of chord l i n e l e n g t h . 

I f Q i s the mapped q value of a g r i d p o i n t a t which the thickness 

i s desired, then t / t m a x must be found, not a t £ = C j , but at some other 

value £ , where the chord-normal, through £i on the camber l i n e , 

i n t e r s e c t s the chord. Figure E.4 shows t h i s c o n s t r u c t i o n . 

The length EF being known from the considerations of Section E . l , 

C* - C } j _ - EF s i n T COS T . 

Figure E.5 shows t h a t i f the l o c a l blade angle i s a, then the 

c i r c u m f e r e n t i a l component of thickness i s t/cos a. For a row of N 

blades, the "Blockage Factor" B, a t radius r i s then 

B = 1 - Nt/cos q 
2nr 
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