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"If you want to learn about nature, to appreciate nature,

it is necessary to understand the language that she speaks
1"

in,

R.P.Feynman, The Character of Physical Law
(1964 Messenger Lectures)
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ABSTRACT

Multi—insténton solutions of four dimensional E{Pl models are
sought, and a singular two insténzisolution in flat Euclidean space-
time is constructed. Non-singular multi-instanton solutionscan be
constructed if a gravitational fiéld is introduced{ as first pointed
out by Glrsey et al ;' Their method iskdeveloped, and in the process
a formalism for the construction of an (anti) self-dual SU(2) Yang-
Mills field tensér in curved space-times is exhibited. Demanding
that a potential for the SU(2) field exists implies that, for a space
of non-zero scalar curvature, Einstein's field equations must be
satisfied, and conditions on the Weyl tensor are found. It is shown
how the formalism relateé to the work of Charap and Duff . Finally
the method is applied to the four dimensional complex projective space

and the four dimensional manifold consisting of the outer product of

two two spheres.
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CHAPTER 1

INTRODUCTION | /

hae

At least three of)four forces of nature presently known,
electromagnetism and the strong and weak nuclear forces, seem to be
described by gauge theories, of the type first enunciated by Yang

and Millébgland Shangl Gauge theories of the fourth force, gravity

have also been developed, Utiyaméeo% Kibblégjl In particular the
symmetry of the strong nuclear force is widely believed to be SU(3) -
chromodynamics, The evidence for SU(3) of colour is manifold,
though indirecélil The most compelling evidence is,

(i) The ratio R, of the amplitudes for ¢ e~ —>(hadrons) over
ete~ —> (leptons), depends on the numbefofquafksandtheircharges.
For energies below charmed threshéld, with only three flavours of
quark, i = 1,2,3 with charges ei,

> 2/3, no colour v
eréb-%/’ @

i h 2, three colours,
Experiment favours the coloured case,
(ii) The rate for the T~ to decay into two photons, again

depends on the number of quarks in the pion, their charges and the

direction of their isopins in isopin space. The amplitude is proportional

to
1/6, no colour
The' = % /6, 2
Wtk 1/2,three colours
Experiment favours the coloured case,
(iii) With only one type of quark for each flavour, the Pauli

exclusion principle forbids three quarks of the same flavour to be in

the same state, Thus the Lr+ should not exist. However, if each
o Univeps, -

‘i ™
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2,

quark can come in three different colour states, they can all have the

same spin without violating the exdusion principle.

Thus, in any attempt to understand the colour force, it is very impoxrtant

to analyse the Yang-Mills equations for a non—abe;ign SU(3) gauge theory.
Unfortunately, explicit solutions are difficult to f£ind, though
Atiyah et aﬂglhave given a procedure for .implicitly constructing all
solutions for which the field tensor is (anti) self-dual -, These
solutions are topologically non-trivial, a fact which owes its existence
to the four dimensional nature of the world in which we live. Since
the topological charge density can be written as a total divergence,
itdependsonly on the valﬁe of the gauge fields at very large distances
from the origin, i.e. on the "surface at infinity", SS. The topological
charge is the winding number of the map from 83 to the gauge group, given
by the fields at infinity. It is a remarkable fact, that for any
simple lie group G

™, (&) & Z (3)
Thus the maps fall into topologically inequivalent classes, labelled
by the,integers,ZLH{

In order to try and understand Sﬁ(S) better, it is useful to
examine the case of SU(2). Here, explicit solutions are knowr[;e;’é,%qc'J
the 'tHooft solutions. These éolutions are localised in both
Eucli&ean'space and time, and so are called "instantons'", Since
ihstantons have non-zero action, they will contribute to the quantum
mechanical functional integral for the Yang-Mills fields and it has
been suggested that they may provide a mechanism for the confinement
of quarkél4q Indeed, for a simplified, two dimensional U(l) gauge

theory, <EP1, the functional integral can be explicitly evaluated and

a logarithmic, confining potential between "instanton quarks" has been
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demonstratedrlg’zoq To try and extend this to SU(2) in four dimensions,

it is a very compelling step to consider quaternionic fields, and this
S - 0, 38 4 3

approach has been considered by a number of authorsYS ? » 45, 6’52.

In particular Gﬁrse§36lhas suggested an extension of Einstein's work

on a generalised theory of gravﬂatioézg’sgz

Einstein considered a
complex, Hermitian, metric whose real part was the usual %¢v of
four dimensional curved space-time and whose purely imaginary part was
an electroﬁagnetic field tensor, FP”. He showed that, with certain
conditions on the Christoffel symbols, the field equations for
electrodynamics in a curved space-time were automatically satisfied.
Gﬁrseggejhas proposed that this approach could be extended to SU(2)
Yang-Mills in curved space—~time by considering a quaternionic,
ﬁefmitién metric whose real part is the metric of space-time and
whose purely quaternionic part is a SU(2) Yang-Mills field tensor.
From a completely different point of view, Charap and Duféls]and
Atiyah et afS)have considered SU(2) Yang-Mills in a curved space-time,

fe0]

by taking Utiyama's 0(4) gauge theory of gravity and performing

the decomposition 0(4) &= SU(2) x SU(2). They show that, provided
.Rﬂ” = 0, the 0(4) field tensor decomposes into a self-dual and an
anti-self-dual SU(2) field, Other authors who have considered SU(2)

Yang~-Mills in curved space-times are Boutaleb-Joutei et af8—13!

132]

5
and Yuille 5-)ancl Gibbons and Pope

Pope

In this work a method of implementing Gﬁrsey'svsuggestion is
developed, and it is shown that it is intimately related to the
construction of Charap and Duff, In chapter 2, cp” models in two
dimensions and their extension to SU(2) invariant models in four
dimensions,lHPn models, are reviewed, and a singular, two instanton

1
configuration in E{Pl is constructed, In chapter 3, P  is coupled




to gravity, via GUrsey's quaternionic metric, and the non-singular,
' . . " I3

0(4) symmetric, multi-instanton solutions of Gursey et al 7]are

extended beyond the 0(4) symmetric case, In the process, a method

is developed for the construction of a gquaternionic metric, whose

purely quaternionic part automatically satisfies the Yang-Mills

equations in the curved space~time described by its real part, This
requires the introduction of quaternionic Vierbeins.. In chapter 4,
the methods developed for]PlP; are extended to SU(2) Yang-Mills,  and
it is shown that the existence of a potential for the self-dual field
constfucted from the quaternionic Vierbeins, actually implies that
Eintein's field equations, with a cosmological constant, are satisfied,
provided the curvature scalar is non-zero, Further conditions on

the Weyl tensor are also derived and it is shown that the construction
is the same as that of Charap -and Duf%lSJexcept that R+*O0, In chapter
5, the method is applied tO‘IPz, a gravitational instanton, to yield

a self~dual SU(2) field with non-integral topological charge and an

anti-self-dual electromagnetic instanton,  as in[§'32!

In chapter 6,
U(l) fields over SZ X 52 are considered from the same point of view
and "dyons'" are constructéd. Finally, in chapter 7, the main results
are summarised and the possible extension to the SU(3) of nature is
dicussed,

Appendix A sets up notation, by way of a review of quaternions
and their relationship to SU(2), and appendix B contains the explicit
evaluation of some integrals encountered in chapter 2.

All references are collected together at the end, in alphabeticalf
order, and are referred to in the text by superscript, e.g.[51
Equations appearing in current chapters are referred to by their numbers
in round brackets, e,g.(42), while equations appearing in remote chapters
‘are denoted by round brackets with the chapter number, followed by the

equation number in that chapter, e.g. (3.42), means equation 42 of

chaptexr 3.




CHAPTER 2

PROJECTIVE SPACE MODELS IN TWO AND FOUR DIMENSIONS

The complex projective space, CPn, is the space of all complex

lines passing through a point (e.g. the origin) of e, 1t can

be represented by identifying some of the points of ¢n+l in the

following manner

Let

'z = .1 (1)

. n+l . .
be a complex vector in ¢ ,:ZAie T, 4=0,...,0, The complex line

through the origin is given by ¢z for some z and all ¢ = |,c|ei°‘ ,
where « € R. Then all the points on thé same line are identified,
and we can represent each such line by a subset of its points, We
choose to normalise the representatives of each line so that
2tz = i Z:z, = A

Y (2)
(here Z; denotes complex conjugate on any complex number, and t denotes
Hermitian conjugate on any matrix i.e, transpose followed by complex
conjugation).

Given the normalisation (2), there is still a phase degeneracy in
the choice of 3, Any 2 € ¢n+1 which obeys (2) is in the same complex
line through the origin of d:n+l as é"‘z’ (whereo is real) which also
satisfies (2), and thus must be identified. with 2 for the construction
of CPn.

Thus CPn can be thought of as the set of all complex (n+l)-plets,
z, satisfying (2) such that, any two (n+1)—p1et§-differing by an overall

U(1l) factor are identified, To calculate the dimension of CPn, we
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note that z has 2(nt+l) degrees of freedom. v'Equation (2) reméveé one
degree of freedom and the identification of zfs differing by an overall U(l)
factor remo&es another, giving <£Pn a real dimension of 2n,

cP" can also be thought of as the coset space SU(n+1l)/(SU(n)xU(1))
where SU(n+)is the special, unitary group, which can be represented by
the set of all (n+l) X.(n+1) complex matrices, M, for which Mt M = l(n+1) % (1)
and det M =1. This can be seen by thinking of the elements of

SU(n) as being n x n submatrices (the dotted submatrix below) embedded

in the matrix representation of SU(n+l)

—\A-ou Wot -« Waom T
: .
Wi :\N\\ \A-\m:
M = | ’ %
| |
|
I '
! :
| el 2 W

(3)

Taking the coset space SU(n#l)/SU(n) means that all elements of
SU(n+l) which differ "solely by a SU(n) submatrix, as shown, are identified.
The (0,0) component of the unitarity condition MTM =1 is equation (2),
if we take z, =u, . The u ., components are fixed, since givenu,

i io oi io
and any element of SU(n), uoi are given by the unitarity condition,
Factoring out a U(l) component from Zi then gives CPn. As a check on
the dimensions, note that the real dimension of SU/(n) is nzrl, S0

SU(n+1)/(SU(n) x U(1l)) has dimension

e -l - @) +1] = am (4)

as before.




We now construct a field theory in two dimensions, where the
27]

fields are an valued functions ofng? (as first developed by Eichenherr

and Golo and Perelom09345.
2
2 : R — CP
The‘U(l) freedom in the representation of z will be used as a

gauge freedom,

Define
+) ‘
= —~ \Z
Da = 2= (2 )T (5)
where’%*= %;f_, 93\are co—~ordinates on the underlying space]};z, Y’= 1,2,

Then take the Lagrangian density to be

1-
A (%) = %(DMZ) D,z (6)

where the summation convention is used over repeated indices, p. Note
that, in Euclidean space~time, there is no distinction between covariant
and contravariant indices.

Since, atleach point of“&z, Zz is only defined up to a U(l) factor,

we can perform the local phase (gauge) transformation,

Lottt )
Zlmx) — 2 Z (%% ) (7)

vwhere<i(“w*1)is a real function of E&z.
Note that p»? is covariant and fL(mbma) is invariant under such
a phase transformation.

For the action
' ! c}le (D ‘Z.)T D.z
= -~ M
S= 3 S - (8)
to be finite, z must be a constant vector (to within a, possibly
direction dependent, phase factor) as .1%|—s oo This phase'factor

gives a mapping from the circle at infinity into U(1).




The winding number of this map is given by

Q= S (‘;‘“) %s‘ (Z',.2) 3y (9

[EAE XS
where the integral is taken round the circle, radius '*\ , centred on
the origin.

Using Stokes's theorem, this is

- +
QU= -2 Sdfoc €y omZ A,z

) (10)
— S.(,}o‘-_ i‘pv L-DM‘ZA Dyz

ar
where Lo1= = €6 =1 is the antigymmetric tensor in two dimensions,
Note in passing that the action, (8), is invariant as a functional under
conformal transformations of the variables ( *,,%;), and so the
equations of motion and the field theory as a whole are invariant under
such transformations, Thus we can equally well take the two dimensional
space~time to be S2 (conformally compactified'E;z) and (10) is the

winding number of the map

%2
‘Zislﬂ c?

The equations of motion that one obtains by varying z in (8) are
—.D",_-.D,_.,‘Z + 2i(.9‘-93%,)‘2 = O (11)

and it is well know§27’34]

that these are satisfied by taking z to

. Py T .
be of the form z; = %’45\,where 10\ =-% ﬁ 2 V=S ™  with J%;(x)
analytic,except for isolated poles, in the complex variable x = o, +ix,

Such forms of z automatically saturate the lower bound on S

S > wiQl | (12)




For example, in CPl write
W
7 = _._i___[‘

T (W (13)

where & is a single, complex function of position, Then the solutions
. ' th

with winding number k are given by taking w to be a ratio of k degree
polynomials in x (all the roots of one polynomial must be different
from all the roots of the other, though multiple roots may occur within

each polynomial)

A ) s T\‘ e ‘:’;) (14)

where o5 and b , 5<h.w R, are comp‘lex constants, A solution with
winding number (-k) may be obtained from (14) by replacing x with
X, (14) is the R instanton solution of c?l. It has 4k-1 parameters
(the -1 is due to global gauge freedom), For CPI‘ this exhausts all
the solutions of the equations of motion (11).

For cf’n (nz72), solutions to the equations of motion have been

21 22]

found which do not saturate the inequality (12) For such

solutions, the action is stationary, though it is not a minimum, but

21,22)

a saddle point. The solutions found in exhaust all the solutions
of Q:'an.

0(3) & ~ model in two dimensions

The 0(3) o~ model in two dimensions, is a field theory in which

the fields are represented by real, three vectors of unit magnitude,

which rotate ° under global 0(3) rotations in field space.
¢| T
P (x,x,) = P, <b ¢ = 1
Py | (15)

(here <PT denotes the transpose of $).
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_’The Lagrangian density is taken to be,

: i (%) = ';._‘-'): }M <pT o, ¢ (N = real coﬁstant) (16)

with the constraint ¢ ¢=1. While the topological charge density is

] o b ©
'«)L’J‘-l,:"-z) = 8—_"_ Eobc SMV QM‘P )'v(p $ (17

where €ub. is the completely antisymmetric tensor in three indices,
< = .
123 1l etc
As for the ¢P" models, the action obtained by integrating (16)
over space-time is invariant as a functional under conformal transformations
of (xl,xz), and so we can take the space-time to be 82 rather than Rz.
2
Thus ¢: S -—982 and the integral of (17) is just the winding number
of this map.
[19) 1

It is well known ™ , that this model is equivalent to the <P

model described above if we make the identifications
. + S'O'Z
¢ = Z (18)

where O , a= 1,2,3 are the Pauli matrices.

Then
o Rewr A L Temw 3 O=ar &)
<b‘= O+ W) ¢ = GRS P G ) (19)
e Prve
(+ ¢2) (20)

In terms of mrrzawvpiw,, the Lagrangian density for CPl is

'i, —_ _L QMW bMW (21)
Q~ war\l
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which, with (20) is identical to (16), with A =4,

In terms of w, the topological charge density of ¢P1 is

“ I dy s

‘.'3‘\71‘1) = —_— — —— e
* 2T Y )

PR )‘wl

dak

i

(22)
(\+ W«Tr)m

|
A PYRICR }xwz
Writing (17) as ‘
PR I
gk | ), ¢ Le ¢
)\ ¢3 >7~9—5 ¢1

|

(G STP e = —_

A{) D) :L) 4’” (23)
we find that (23) is identical to (22) using (19) and (20), Thus

the OW3) &= model in two dimensions corresponds to the (EPl model,

with the identifications (19).

lI-IPn Models in Four Dimensions

»

The quaternionic projective space, lI-IPn, is defined in the same
way as the complex projective space, G:Pn, with "complex" replaced
"~ with "quaternionic". (For a summary of the properties of quaternions,

38]

see appendix A and ref_erence[ . i) Pn is the space of all quaternionic
lines passing through a point (e.g. the origin) in Hn+1, where a-
quaternionic line through the origin is the set L h:Vhel] 13 for

some <& ™Y Given any such line we choose an element of unit

norm to represent it

o
4= (24)
Un
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where q .el , i=o...n and

" +
) = o 2T Ca) - L

)
20 =0 v (25)

<

(here, and throughoult this work, quaternions are thoughtof as being
represented by 2x2 matrices - see appendi;i A),

The choice of a unit norm ukrto‘ represent a line is not unique,
since q,% will also do, where % is a quaternion of unit magnitude

ek

(it can be represented as g = e S“where Ao, *=h%3 are real). %
is thus an element of SU(2). Thus there is a SU(2) phase (gauge)
freedom in our choice of 4L has 4(n+l) degrees of freedom, (25)
removes one and the phase freedom removes another three, giving .[[-IPn
a real dimension of 4n,

Just as for G;Pn, JI-IPI1 caﬁ be thought of as the Grassmanian
Sp(n+1)/(Sp(n)xSp(1)) where Sp(n+l) is the group of all (n+l)x(n+l)

quaternionic matrices, N , for which NTN = Linyxams) + The dimension

of Sp(n) is n(2n+l), so the dimension of Sp{n+l)/(Sp(n)xSp(l)) is

(re)Latnr) +1] = Dlame) + 37 = fm (26)

in agreement with the previous analysis. The Sp(l) factor is the
SU(2) gauge freedom, Sp(l)=SU(2).

We now construct a field theory in four dimensions where the fields

138
are II—IPn valued functions on 34(.&5 in ref - -])
q,: R — HP o ' (27
Define : |
3 AR |
Doq, = 2wt = LR 0y | (28)
and
U DoV D
F, = (Dey) Do =~ Pes ) Dy | (29)

My
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note that Y%ins covariant under local SU(2) gauge transformations
P 4 3 and that Fﬂw‘*g—levg under such gauge transformations,
Also, FFV = =F ;V is purely quaterionic.

Then we can set up a field theory using the Liagrangian density

-T
j.U\) = LCL T F}v«\z Fy\/ ) (30)

This Lagrangian density integrates up to give an action whose functional
form is conformally invariant, and so is a natural choice, Other

candidates would be

4 ) = (PuDdyq) D.Dyq, (31)

or
1= [(Duqa) DAVQM\*DAAEDAS D.q, \o-mv%bh»u]mz}
where we sum over a,b:o,..f,n, which label the components of the vector qv.
However, we choose to analyse (30), since it proves to be analogous to
the SU(2) Yang-Mills Lagrangian density.
Define
GM=~%ﬂ_= {d»% | (33)
then (30) is the Lagrangian density for a SU(2) Yang-Mills theory
with
F o= 2ufAy =0 AL+ [an Ayl (34)
(the Yang-Mills coupling constant is set equal to one),
The }{Pn fields, for a given n,'therefore form a subset of the
possible SU(2) Yang-Mills fields i.,e, those that can be written in the

form (33),

The topological charge density is taken to be

x
o) = = L (Fuy Flay) (35)
where
* -
Fav = 3 Emvps Tps (36)

is the dual of FIM . Qb*vfc is the totally antisymmetric tensor in
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four indices.

The topological charge is the normalised integral over R4 of

p(x), ¥
- ! S d&d_ Tr\— KF}AV P»V)

TS (37

For the action to be finite, q must tend to a constant to within

a, possibly direction dependent, SU(2) phase factor as |xl— oo

T rvond U 18- R (38)

\ e\ oo

. Where 9, is a constant vector,
[}

In this instance, the topological charge can be expressed as a

16l

surface integral

, o + +
R S ), T B @ W) p W ),t\,)»r% CRRRICRISHITY )yc\,ﬂ (39

Q=- LT ‘
BN I RN N A T MACR R CR R R AR SIS

L..’h‘ \zxl-d>a
where 83 is the sphere with radius |%x| centred on the origin, n}l is

the unit outward normal to this sphere and d36' is its volume element.

Since C\:ré,,.f\r - %~|ép% as \*\=-» =0 this becomes

- o(p)’ ..l -\ -\
Q= B — S‘ &5 € o T L0y % éﬂ% }*%]- (40)

o0 AL §

2
As g € SUW) & S , this is the winding number of the map

3 3 '
g ST — 5.

n . . . L4]

The HHP construction is exactly the form used by At:iyah et al
in constructing self-dual solutions of SU(2) Yang-Mills, Their
construction exhausts all the self-dual solutions, but is however

implicit, taking the form of conditions on q, - Explicit solutions

have been given by 'tHooft and, subsequently conformally extended by

Jackiw, Nohl and Re'bbimér:‘ They show that the lower bound
%
S » 3w \Q) (a1)

where the action, S, is the integral of (30), is saturated by c\r’s of the

form : ¥ ~1
(% 4+ o
Vo= I~ L D emees) )
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where .5, 559 are the components of 9,0 X is the quaternion labelling
position (see appendix A) f% is real and

M

X
st f5 | (43)

\'v) o= 2 \o;"+°s\a'
is a normilisation factor, These are n instanton configurations. Anti-
instantons are obtained by sending x'—>x. The form (42), however, does

not exhaust all possible self-dual configurations.

The H Pl Model

To examine the properties of these models, let us first of all
restrict ourselves to the simplest case, that of HPl, where the
R
field g is simply a two component quaternion unit vector [1'7] .

Writing this as

SR ] IR A
vl v, ) Iasi . (44)

where " has any magnitude, \wv\= -i"'* T , we can use the SU(2)

freedom to rotate vy so' that it is real at every point x (the gauge

is now fixed) so that

Vv, 1 1
= 1 - = KA (45)
e ,'\r;"& 1T W) |V J \ '\r;"_i_’\‘«k'\r“"\r.} '/,u;
where ~r, is now real, but v, is still quaterionic,
Let u=uiei = f\r;"v-, be a single gquaternionic function of position,

then

1 1

A JVrwwg u (46)
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and now in terms of u

—\-
uT e - W

= 1
A (47)
and
S \:3\,\&—}\,\3 é,,u\
‘:)M, = fasd —
. v+ Wiy ) (159
Thus
Py
SR T R TR VSRR IO TRVE)
TR T O Wy (29)

The equations of motion forlHP1 are obtained by varying'i;with
respect to u, They are most easily obtained by writing u out in its

components, then

2
4 = ol D, Iy = W b”uﬂ\
(+ by wg VY

(50)

and, varying ui, we find that
T g Qe Y0u01) - dptit b, JpW g = 33, g D o = D dpuy Dy

— e 2P g ) Yo = D Dy s}

G+ugug)

ARedel S \Qképu;éw')\k— QuuphvYy = O | (51)
k\‘f’\*m\)—b

The 0(5) & - Model in Four Dimensions

[P . . ' :
Just as for € P in two dimensions, where there is a correspondence

with the 0(3) & +~model, there is a similar correspondence between E%[Pl
. 301
in four dimensions and. the 0(5) o -model . .- The 0(5) < ~model has

fields which are real, five component unit vectors, jz(“QwﬁNﬂ with ¢T¢= 1.

The ¢ . rotate . under global O(5) rotations, and the Lagrangian density

takes the following form,
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L= L (3 0 dy 8,2y 80, o)
(52)

where 9o ,a=0,..,4 are the components of gand [ and b are summed

over, The topological charge density is

J()\'ﬂ = é Cobeda E—Mv(m' B»(Po,}v ¢19 B(a b \éc"Pdu Do (53)

6. oo da ]

! WAL

Lt

- _—

3 ci),+ 5<v‘l)¢‘--- §'-;¢u

If we make the following identifications, for q € IHPl
+
, +(° &"‘) _ _#(v o
d)\"‘o\, &Q‘\.‘o Q, ¢h-‘ A o~\5% (54)

where i=0,...,3 and the entries in the 2x2 matrices are themselves 2x2

complex matrices, then

2 W, U+ Wi WY
b= Trom U=
! V=g (55)
b; — 0
Wy, = v u.)“&: \ P \+U\'>u'é =
i+ b, L+ @, b+ @

where again i=o,...3,o0nly, and

>, i
Qua= Y g oty (56)
Vi oy YO g\t

Now substitution of (55) and (54) into the !I-IP1 L.agrangian density,
.
together with $;¢; = 1-¢, = 9w &=~ H3.9, i=o,...3, shows that these

Lagrangians are identimal, with )\ =4,
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Similarly, writing the II—IPl topological charge density as

bp\{r dy\ ép\;éu‘* ]

L wing )4

P = = e [Sw("’

bN\}LO...\aTU\-o
S W LA W I
('\-\-U.;,U'b\b . (37)
}M\A.&A..)gun;

one finds, using fhe properties of determinants, that this is identical
to the 0(5) o~ model topological charge density. Thus the S[—",[P1 model
corresponds to the O(5) o~ model in a similar fashion to the way (I:Pl

corresponds to the 0(3) &~ model.

Instantons in I Pl

In the light of CPl models, where solutions are given byw'(xl,xz)

being a function of either x_+ix or x put not both, with

12 1 e
isolated poles and zeros, one's first guess for solutions of I[—IPl might
be T

P (58)
where x = Xiei is a quaternion, labelling position, and /3 is a real
constant, with dimensions of length, Indeed, this satisfies the

equations of motion (51). It is in fact a self-dual solution, since

)

-\.
)»u' = 7{ 2, W =013 30 (48) gives

+ +
= o= Ly "Ryl
y\) - R Ky 2
P v+ Iot-l/(,z) (59)
. o
= My o

PR S————]
eﬂ& \ + \a_\q./P’_ 31
when “\m: is the self-dual 'tHooft tensor (see Appendix A).
)h

A more general solution is

~1
W = 5(9(-\."’“13(-0("‘-1'0'“‘\

(60)
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where al and a2 are constant gquaternions, with dimensions of length, and

s is a real dimensionless constant. This is also self-dual, since

~1
duw = (8-W) 42.1 (=T ran)
(61)
% us M Q,T )L’l.r'i- Ong_Y-' \s_w\l
o S AL AN (200 =2y i
g O+ waw ) > |
(62) ‘

which is again manifestly self-dual, It has the same topological

charge and action as (58) since it is merely a conformal transformation

of (58).

The topological charge of (58) (and so of (60)) is one, since

o b b ' |
Q = Jﬂ.Ség 'w[rmyvﬁzvgmw ]
Lar pH !
() + \'Jf-l"/{)z )

Ky 3 "Le .
g [<%) w gv R e M‘P
= . &9\ ap

(63)

= 1

- 4
where we have used polar co-ordinates (R,0,%,VY ) on R~, with Rz = le2

Equation (60) is, in fact, the single instanton in Jackiw, Nohl and

.y . f44) . e . . 1
Rebbi's. construction” ") and, noting that if u(x) is a solution of I[P,

—1 .

then u " (x) gives exactly the same L.agrangian density and topological
charge density and so is an equivaient configuration, (58) is seen to
be simply the 'tHooft single instanton.

Again, guided by the CIPl model, a natural choice for a possible

two instanton solution might be

T‘L
X
W = /f)l (64)
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However, we f£ind that this does not give a self-dual field, nor
indeed does it even satisfy the equations of motion (51).

A more general configuration would be

w= = L'x*+o\)(9u++\o) (65)

with a and b constant quaterhions. One can try varying the values

of a, b and p to see if there are any values for which they make the

action stationary. Without loss of generality, we can move the origin

to (atb)2 and rotate the time axis so that it passes through a and b.
Then.a= ~b is real, Now 1et us see.how the action varies as a function

of the dimensionless parameter a/P, and how it compares with the topological
charge.,

With (65) and a = -b, real,

! Tt ot
O = F“M&M"%‘”) (66)
giving
+ Ty .
_,\O(ol.) = - T [E}"’PW LAMW B\,\A->PU\. s 3 ‘l
' QYR
. 3 £t et
A o
P e Ittt e T -
% * 2 A
where T =%e , A =2, + Xy + Ao | Then
OH, L) 0 . S’W S'X’T\' -\;L("\‘.'LJ;"(Q'\
T ‘ e \ambal \ & ¢ )
Q ‘98 'h"' g~jt So 8 o {\J, Jél-y[.Q‘tﬂk\i'“"kly_kt'“\z.).nrﬁ].&

= 19 had 603‘, 'hk'vlkt"vr’")
— : ~ 2 aqlH
- N e
°

(68)




(for details of the integral, see appendix B)

The value of the Lagrangian density'is

N
it YOy w - duwd,w )X
U+ wing ) &

4] = —;’_‘\‘—«-‘:

. ~7 L;.
el = ~ T (69)
f ®+?[umfhﬁuuﬂn«]}

giving

~

~
§ LL%&\H%‘H@-M”‘@@;“ (70).

S = b+ X g:"& g:a,:;

""P , a="'/P are dimensionless, (For details of (69)

where t=%p 5=
see appendix B).

Upon performing one integration in (70) (see appendix B) we obtain

©o >
g = b 4+ gor” S a5 e )
o [(’v—'&"‘\"-m]""‘ [ov+ &) 2

which was evaluated numerically, see graph on the next page
A measure of how close the configuration (65) is to a solution of

the equations of motion is given by

I (&) = SLaY) - \6T"
(72)

~ . ~ 2
with self-duality for I(O\k)=0. The graph of I(® ) as a function of

~2
& is shown on the next page

We see that the action mongonically approaches its lower bound in
~
the two instanton sector as * e, Furthermore, it approaches this
~N
limit very rapidly, being within 0,7% of it for &=\ , Thus we have

a two instanton solution, only in certain limits:
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(i) F fixed, @ —soco 1l.e., the instantons are of finite size, but
I ( 31) represents a repulsive interaction which sehds them infinitely
far apart.

(ii) o fixed, P->9 i.e. the instantons are at a finite separation,
but thei? size shrinks to zero,
Case (i ) has been analysed, in a slightly different form, by Neinast and
St%c£52} I am grateful to Werner Nahm for pointing 6ut the interpretation(ii),
Nahm has coined the phrase "virtual stationary points" for such
configurationéslq

One expects that such configurations would contribute to functional
integfa}s, since the action is finite, and therefore must be taken into
account in any attempt to quantise SU(Z) Yang-Mills theory. However,
it has not proved possible to perform the functional integral, using
(65) with @~ , as a stationary_point,vdue to the singular nature of
the fields,

Indeed, for any finite integer 8> , the configuration

T\h
\"=L’x)/(>& (73)

has finite action and topological charge k, and so»such cohfigurations

will contribute to functional integrals. The action and topological

charge are most easily calculated using spherical polar coordinates.

N = RLesD + B §) (74)

: ' a ] ) )

where ?~=x»I»)and ﬁ}: o0 Pyt ien PRy, + M P ARy and
O<LR<Leo, 0O LT, 0P &£, o W¥s AW,
, we have de Moivre's theorem for quaternions,

2
Since R =~ A, ,,

o RE (s hO v A NS (75)
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Then, with (73)

2 > (?%th“ A
Fas = ~ BT e X
ProLir @y
1h~o_
FR¢ T - Di\' UZIP) M%Q' mh@@ + MQ"SJ«\W)
I [\+&?~/f,)*ﬁ]"‘ T e b
-t
= 1t P) e kO . -
F e = —_p‘é. r)1 e (e RO Ay - Alen O 94 )
D+k/f,\ 1
(76)
LH
Foos 1o () aimnd ks ko
(L A "E‘wp ~ ——__f_\
[\+L‘L/fy‘.h}l o~ '\b‘>
?y\l%' .
Eoo_ 2k () ambee (i . N
o T (B RO Rt cod O e P A
v %
. 0 ) ™1 S i 9 A
P T T
A%
Y\"‘k?'/()\ \
where Rg= g%ﬁ} ete.
With (75) one obtains the action and topological charge
ia,
9 L 2% c by
=2r-“—_1 %L-\-Q_%Lt'i"“‘ J:ww?\e d\e
° ?*{"L '”go o0 ; (77)

Q= %

The action is manifestly finite, for finite k, since the integrand
in the last term is bounded in the finite region of integration. However,

the only one of these configurations which is self-dual is k=1. It seems
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probable that a similar situation will arise for k>2 as did for k =2
i,e. that self-duality will be achieved in the limit of the instantons
becominginfinitelyfarapart. The calculation has not been performed
for general k, however, due to the complications arising from the
quaternionic nature of the variables. Configurations of topological
charge -~k are obtained by sending x— xT or indeed changing the sign
of any odd number of the components of x, All of these configurations,
therefore will contribute to the functional integral, though it is hot
clear how to perform the calculation,

Excluding the singular configurations, it appears that ‘E{Pl does
not have the rich topological structure of ¢:P1. However, Gursey et

45) l46] +k

(371 [
al 7, Jafarizadeh et al — and Kafiev " have shown that, for u(x)=x,,,

coupling E{Pl to gravity, with the metric

« T«[Bpm?‘é\,mw"ﬁ-?vﬁl alal
Fpv = 1}’1*'1 [\ +'f>%n(3‘-")a@”‘ ¥ .

gives a self-dual solution of E{Pl, in the curved space -time described
by (73%), with winding number k, In the next chapter, it is shown
that this can be done for any quaternionic polynomial of degree Kk,
and in the process a method is developed for constructing a self-dual

‘8U(2) Yang-Mills field over any space-time with a given metric.
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CHAPTER 3

MULTI~INSTANTON SOLUTIONS OF IEIPl IN CURVED SPACE-TIMES

The problem of finding multi-instanton solutions to ‘EiPl, as
exemplified in the last chapter, has been circumvented by Gursey
et af373 Jafarizadeh et al.f45land Kafieé46! These authors extend
the conformal invariance of the Lagrangian (2,49) to invariance under
géneral co-oxrdinate transfommations by introducing a metric,
and constructing IEIPl in a curved space-time, In this way they
construct spherically symmetric, k‘instanton,EiPl configurations, In
this chapter, their method is extended to more'general, non~-spherically
symmetric configurations,

The lagrangian density for I[—IPl in curved space—time, with metric

'%)N , is taken to be (in naturalised units,%{ﬁwl ).

4 (1)

5 = LK I3 (R-2N) ~§J§“Lrg%>“ %("’T:NPFWWS

where

)y_u,‘\- B\)U- - >'v \)“_‘->V‘\L

Fw = (2)

O+ waup )t

Here /\. is a cosmological constant and W =4wG, while G is the

gravitational constant, R is the curvature scalar obtained from % pv

41]

(the conventions are those of referencg except that here the metric :

has signature (++++)), and g = det 8y

By varying themetric in3v, we obtain Einstein's field equations,

1 =
RW—E%NVQ‘R-LA) = LR, (3)
where the energy momentum tensor for the field FMV is T»v’ given by

- L AB_PO
T)J‘\) = L —D\’Q‘ F)‘A?\‘u)\%f RZ,_ %N\) % P%f F"(F\‘r&'a‘} (4)
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Since the énergy momentum tensor is traceless (gvVTVV=O), it
is necessary that R= 4 [\ in order that equation (3) be satisfied,
Thus, if the IiPl are the only fields present, apart from gravity, a
cosmological constant is necessary in order to satisfy Einstein's
equations (unless the metric is such that R=0),

The expressions for the dual of Fyv’ the !EiPl action and the
topological charge are modified from the flat space-time definitions,

Define
+1 for any even permutation of 0123
(o3
e < -1 for any odd permutation of 0123 (5)

0 otherwise

Ve
for any curvilinear co-ordinate system. Then E)) ¢ is not a tensor,

but a tensor density of weight -1. The correct tensor is ﬁ; g VAL
kj
Thus the dual of F*° becomes

. v [

= i -~

So the E{Iﬂ'action and topological charge become, respectively,

S?‘i%“&"w"’”’ﬂ?“x 7

Q"‘"‘L"a. ~ *FuFVN rﬂé\,h'f)(.
oW ST g— » 75% (8)

Here the integration is over the manifold described by g and all Greek
)A\)
indices are raised and lowered with the metric.
Writing the'E{Pl field temsor (2) as a Yang-Mills field, derivable

from a potential, as in (2.34) we again define

A NERVOD SRTRED FTL KV (9)
P (e ww) |
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i.e. (2.47) is unchanged by the introduction of a metric. The Euler-

Lagrange equations obtained from (1) by varying Ap‘ are now

B»QWFMu% = g Y.bFMva Aml

(10)
By restricting ourselves to A of the form (9), any solution of (10)
e
is a solution of EE—IPl.
{37, 45, 46 +
The authors in references '’ ! ].Show explicitly that w = k“‘/(o»?"
is a solution of (l0), with topological charge k, provided that the
metric is of the form
'1'
+ FURN X\ b
x\h x \r = ) (=
‘j’% '{;—{3»-&7,) év(p)+>vkp) [ P)z
T T T (11)

Tie 2 PG

wheref) is a constant, with dimensions of length (ir[137’45 and 46}

p= o
This metric describes S4 wrapped round itself k times, and the resulting
field, F)w is spherically lsymmetricA. In what follows, this result will

be extended to field configurations which are not spherically symmetric,

Consider the metric

)o'x T C byu-é\,\.\ﬁ)

> Qrwyey Y

cb’yv =

12)

where u is any quaternionic function of x, which is differentiable,so
as to give a non-singular, continuously differentiable metric, %’}»v .

The requirement of non-singularity of the metric excludes the meron

[21

configurations of de Alfaro, Fubini and Furlan™ “in which

+
W = m/\%l : (13)
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gives a meron via (9) (though their space-time is S4 not that given
by (12)). To see why this is excluded, write x in spherical polars,

as in (2,74), giving

w = C»o‘b\9~ '{(:_\_.va.e (-14)
S0 $py= O for all v and det g = O everywhere,
For well-behaved u(x), ﬁetric (12) and potential (9), equation

(10) can be simplified in the following manner. Construct Vierbeins

for the metric (9)

i = P W (15)
v O+ wjug)
in terms of which
M s . (16
cé'y«\). = Q‘L}AQ’\\.\) . %\‘—\JVQA} Sm& )

Here, as in everything that follows, Greek indices represent curvilinear
co-ordinates  and must be raised and lowered using the metric, while
- Roman indices label loqally flat co-ordinates, Since the metric has
signatpre (++++) there is no distinction between co-variant and
contravariant Roman indices,
Now construct the quaternions

o = L | (17)

Thus

A= i\} Culd- Kow) (18)
+ -x
F = -r\?l LQ"'M‘Q\V_—%'\)Q‘MB

e (19)

Using the properties of quaternions, given in appendix A, (18) and (19)

can be written as

- 1 & _t=lo g, (20)
HV‘ = ?mc— "\»gé U‘LQ‘)»
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. AL * (e
F})\’ = F’J: ve WL’U& ‘e‘i}pg‘}'\) (21)

Then, using the commutation properties of thewv symbols (A.13) and (16)

the left hand side of (10) becomes
Ly v

CE™ 8,7 = %; 5.:;.%(:‘.7.6 &'“u'}

-3 ok
<A (22)

f

. Now consider the ' left hand side of equation (10)
+
T PP 9T Op T = 3T W) (v

3, 14T 970q T puT Ak L ~ o fg YT dnte i)
G ¥ W v)

3 }Mg‘&; %M(:%vo‘ kbe\;‘-ésw—}du* )()“v; B E F\MJ__\ (23)
(Irwny ) {’9' %

where (15), (16) and (21) have been used. Thus we see a remarkable
cancellation between the non-abelian term in the equations of motion

(10) and the derivative of the denominator of va’ reducing (10) to

)MQ@ g Mg’ L}(,\n*§5v~——b°.m+ a(,u)g -5

: r61) (24)
now, use the identity (see e.g. ref 5
) v v
B wiF Py B, (25)
v .
for any anti-symmetric tensor By = -BVPZ . Here a semi-colon denotes

co~variant differentiation with the connection induced by the metric,

Hence (24) becomes

%VdLéo\V‘?)vw')V“’-} qu).w = O (26)

since the metric is covariantly constant.
The Christoffel symbols induced by the metric are

’\_‘r}: = 2+ %pd‘(%dr,s * Yas,p %‘w,‘*) 20
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L —— et -

St
_ }féoa\)»,, \.\\J’L L (%%(:- U_;u}o_u'»-y %)::U“L> W — %()O_u-“ éuu.\)
O g g e -

Then, writing (26) as

S0 et : el :
Q"La‘d"vt\?‘.k %p {bﬂ“ (.ngq,}v\)é) —T;E: b(,w}\,ub— \\’M ),,‘\A\‘) )P“A} (28)

= O

it is straightforward to check, using (15, (16) and (27), that (28) is
identically satisfied. Thus any u(x), provided it gives a continuous,

differentiable, invertible metric, via (1l2), will satisfy equation (10),

£37,45) - " [46)
nd

a where only

This is an extension of the work of references

-i-
the special cases u = (4§')ﬁ

p

(10), using spherical polar co-ordinates, In the more general case,

, for integral k, were proved to satisfy

however u(x) could, for example, be a quaternionic polynomial in x of

the form

W) = eyt (o) L (- ag) By 4 X ) (29)

where ai, bi i=1,...,k are quaternionic constants with dimension of

length ande(xf ) is a polynomial in xT  of degree less than or equal
+
to k~1. Polynomials of the form (29) are homotopic to C%?»h as has

28]

T
been shown by Eilenberg and Niven
In fact, one can go much further and prove that the above construction
for F v in the metric (12) is (anti) self-dual, The proof is quite

simple and proceeds as follows, We have, by definition

b0 PV
* F)) = -'9\_‘ QL—A‘_—_‘— F(Jo‘

¥ (30)
L Lo eV e

Py i

'Qr»;,(;%'}c‘
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using (21), Now, from the properties of determinants

S ghvpe p %
= + — - Mo D 3 8
o R R SR N (31)

& = M(Q\;}h) = [MW\'\}A}}—\ = +

Ty (32)
and the sign ambiguity emerges because (16) only determines det-%ww
up to a sign, Now, putting (31) into (30) and using (16) yields
*Fs %?: o Tk SRS N .
= I FN\)

since »{i;" is anti-self-dual in (i,j ). 1If, instead of (19), ¥ had

been defined as

—_—

= - L T R
F oy = Flw},ﬁw Ny O )

(34)
- e ® W

the role of the (+) sign in (33) would have been interchanged, since
u?: is self-dual. Using similar methods, involving the properties
v

of the m symbols and contraction of Vierbein indices, the action (7)

and topological charge (8) are found to be

5 = - i U TR - B TR

- L  &e ¢la
) FL* iy qu y (Q‘WQ‘S\)Q\?LW‘; ) e
(35)
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H

Q= T4 9= 7 & ((otuma }apeatins) (40

Note, in passing, that the analysis from equation (30) through to (36)
does not depend on the Vierbeins,%xw, being of the form (15), and will
hold for any metric,<3Mv, not just those of the form (1l2), provided
F N is of the form (21). The potential A}Lwill not be given by (18)
)J\
in the general case, Thus, given any metric,<%Pv, an (anti) self-dual
SU(2) field tensor can be constructed using (34) (self-dual if det(&;y)
>0), The only degree of freedom between cyyvand Eﬁv is that of p, a
scale. This is only to be expected since Yang-Mills is scale invariant,
whereas gravity is not, In general, however, the existence of a
potential, AP’ for a field of the form (34) is a more complicated
question, and will be deferred until the next chapter, For the moment,
let us restrict ourselves to E{Pl, where the Vierbeins are of the
form (15) for which the potential is given by (9).

To calculate the topological charge of the configuration (29)
use will be made of the theorem of Eilenberg and Nivegzsjthat the

. <\
polynomial given by (29) is homotopic to & %) . Since Q is a
topological invariant it is invariant under homotopic deformations
. o0\ .

of the fields and it suffices to calculate Q for w = P\ and this
will be the same as that of a general kth degree polynomial. The

calculation proceeds as for chapter one, except that now the metric

must also be included, Write (c,.f(2.74)).

= cod® + A N §
x R C ) (37)

Then the metric (1ll) is diagonal and is given by
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p— Qv I
R O
Ahen
j{ 2 2
Y = ‘ /f’3 MR i (38)
D'* L@/(ﬂ“%t]i R e b0
O R il b0 pi P
hf-1
&& f?) &’\2/?) .
lé«ﬂ'%% = Mo 50 i ¢
Y\ A+ (\2/‘0\*?&}4 (39)

In order to see what space this metric describes, let us make use of
the invariance under general co-ordinate transformations of the action
obtained by integrating (1). Since the whole of the above construction
is invariant under general co-ordinate transformations, let us simply

~t ‘
choose co-ordinates »&F') :=u, then the metric (12) is, locally, just
the standard metric on S4, obtained by embedding S4 in R S and

using the standard, flat metric in R 5, except that now,

’ ’ ‘ (40)
where
e R (d s 2 e )
(41)

7/ I . ! / !
4\_\_.= cad @ 2y + arm P WV‘Q.,_*‘M‘)&IMV.Q’.S
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Thus aﬁ:hg , and S4 is wrapped round itself k times. Thus the simple
interpretation of (38) is that it is a metric for S4 wrapped round itself
k times. This space, however, is not a manifold, and if one believes
that the space-time in which we live is a four dimensional manifold
(which may, or may not, be the case) the physical significance of

these configurations is obscure,

The topological charge, (36), is

-0

L M B B i P

kT~
5 o0 T s Sg‘—“ : %f (R/(Jy l
'Trx/o

deS QKBSMD *¥

Q= ; mu'

(42)

= K.

The sign is positive, since with u afunction of x-r only, deth <o,

The k anti-instanton configuration would be obtained by taking u to
bezyfunction of x only, whence detﬁ:>c$(or, alternatively, use (34) rather
thanb(19)). This is exactly the séme value for @ as was obtained for

similar forms of u, but in flat space-time, in chapter two. In curved

space~times, however, the action is given by
+ 3
S= X837 Q (43)

since EPV is (anti)self-dual,and so does not depend upon the parameters
in u(x).
Fox thé two instanton case, @ can be evaluated explicitiy,
without relying on homotopy arguments, As‘in chapter two take
W= F‘% ()=o) (44)
where a is real, Qith dimensions of length,
Then

T S TR
a,»u' = ?kx"Q’M'\'D’y‘%) (45)
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by 1 L 2
and using co-ordinates (1,+v, ®, ¥ ) where ~ = (% +X2+% ) ywith

=~ <t 40,0 <eo, 0L P LT, OV LKATN, = 1482 | the metric is

diagonal
r‘t°'+'\-"" ]
L \ et O
Ca, == T, 2
pv 5)0. L [(t*m\"+fr"f§ZLt~Q\ 2] %"- P (46)
O e @
L _
So 4 ¢ is easily evaluated to be
Vo ) B i $
% = 7S X 2% % A L*'
I§ &H ClE+e) e 2 L (- Vot e 1/()‘53
(47)
Putting (45) into (36), with a positive sign, since (44) gives a self~
dual field, yields
ge % 0° O T ) e e d
Q= —,;r-a. S dA SM &9\ d S. "'+[Lt*rq‘)"wr"][(‘t“u\%"ﬂ]}q- (48)
~DO Q © [ f

This is identical to the topological charge for the field configuration
(44) in a flat space time, which was evaluated in chapter two (2.68),
and appendix B, There it was shown that Q = 2, In the presence of
gravity, however, the interaction between the instantons, I(&z) in
equation (2,72), is exactly balanced by the gravitational field,

~ 2.
represented by the metric, making S independent of & = “‘/f so S=16t]

]
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To summarise so far:

Although

B wdw-duwiou
2 O+ g ) (49)

does not solve the equations of motion in flat space-time, for u(x)
an arbitrary function of x or xT , it does if we introduce a gravitational

field .
-\_
)JVV 2’ (\_*_ \A"P“"L)Q‘

In particular, taking u to be a RU1 degree polynomial in XT (or x)
yields a self-dual (antiﬁseli—duai) field configuration, with topological
charge +k.

Once the space—time is chosen, i.e. the metric (50) is given, there
is only one degree of freedom in our choice of va’ that of the scale
P. It is natural to ask whether or not it is possible to extend the

above idea to a more general F)A , €.8. 1f we take

—_— 3

2 TG )

and, F}M}of the form (49), with u an arbitrary, k?h degree polynomial,

% ‘ o Ok ) ab) (51)
P :

then is Fyv self-dual in the space described by (51)?
In general this could be a difficult question to answer, so let
us first of all consider the simpler case of the instantons being

strung out along the time axis,

W= (o) X)) (52)
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where ai,i=l...,k ‘are real constants ( for simplicity, P has been set
! H
equal to unity). Let us use a co-ordinate system with x =xk, so that

the metric and SU(2) field tensor take the simple form,

/ S»\,
YW T | . (53)
&\_‘_ \%1\‘)- ‘)9-
=L };ku'\-);w*)\/,\f);u
MV T O+ Wi \x (54)
LB&I’ Y %© ké@w Yok = 3y u QFU\)
- B'JLIN\ )’Jv L\+ WL\ u\
> ! S
(here Bf’ RV )? = S ). Because of the form of the metric,

(53), the self-duality conditions are the same as the flat space-time self-

duality conditions and take the form

1 yvfc}u bu *) o~ é\ATL b\;\‘;- W
SolP Sy Ly P YTERRERY (55)

1

In order to eliminate confusing minus signs, we have used the motation

k&-\‘fu—:«ai _u,‘e:i s W EWwe,= U‘-% in (55). This enables us to work with x
+ . - . G .
rather than x . Contracting both sides of (55) with = 2 gives
. *
the following condition on the form that u+ can take
yvpc‘ 5\)\5_ b“ B\A; %I& B\.\T 5\;‘5
¢ 'o' e + Em}&&,
;L > wl e X0 Jre
(56)
4
- )\A%‘ bU\ N é_&&. }:l-\-% + {b %zx é—\i} )U\)
}.}’P‘ }—_ﬂy }'&IM }D‘-,v } lM }
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Equations (56) represent nine differential equations which u+ must satisfy

for (54) to be self~dual,

To check whether or not (52) satisfies (56), rewrite u+

as
¥ L o b
Ww = % ~+ By ...+ 'L+ \70 (57)
where
= S Yo (V& < B
bh‘* i\§§~-.<'\lw vt \ ) (58)
b%~= A
“i.e. b

- is the symmetric product of r afs (br real), Using spherical
polar co-ordinates

= Q+R pin B
we have
w = % b,,’»i"kmfrm‘iu:imme) (60)
<20 .
Thus
U-: = % br\— ’P\"—mﬂre
+ h ~o-
W, = o> P z_'t. \ONTLMWG
R b o (61)
Wy, T AP cod ) Z;o\o,ﬂl Jene O
+ . . ﬁ ~
Wy = v @ a0 B i ©
34,: ?ﬁlccé%~9
] % .
Xy = cod B RO
Y P A 2O (62)
Ay = AP codV A

L = A g A 2 in b0
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|
DUCT T GCTA G EUS PR bl

/
— 1 ; Ko
o = ry 11\
?L . L"‘ +y_‘ +.3L,‘ +:Xq )

ol T
§D= arcreed [____——__————T;_”q_’l (63)
(?_ -\~'Ju)_, ot

Y= oreet i gad

-—"""-(
qu,‘*’i- 7’\'7'

Now it is a straightforward, though tedious,application of the chain rule

to check equations (56). One finds, using (61), (62) and (63),

-‘
2 o T Koo )
A% %'& o
Bi\ = 2 et S_'jr\—b R eoslh~) § +A{3—?&9 2,\, b,v?:/v'mrv@
Bll\ &pﬂl-
D Wy

0 W codl~-~) O
oy T g Ay e W
w0
= | 28 2o .0
3

—_—

— = o ot o~ R«- HA-~\O

(™ cot i ien? ) ST b, R en e O

o o—_— 2 ok > b,?f,w}n ©
. YT Leod cpmV+er)§ o~
L cor $ T b, K tienUie) ©
}‘m‘/ - —};fo - a?\_&_ = -~ VYN ‘K
B\AQ b\:q‘ 1 . o
A T Ty Y RIS LD LR S P NI YRR Y
Yol P ﬁ’ﬁ‘ ~
3“0 )\)15
h = - - = AJW'\ -

PYEA A fx?ﬁ t(»»m{rz b B i (o) ©
MW DN i e g el ~ (o Ao -D
—_—,F 7 = ® - ) © ~ 2T
Vi »F Z b 1§ et mw% (64)

+ +
R L D & I b f{imt’h~ﬂ\9-m"‘sl‘
W IR 2% - b YR
ous - PYYLA

Uy w -Mi‘pm““vw“\’ZLVfiiw&-ﬂﬁ-M
A o = ® T 89
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It is convenient at this point to define the three quantities

C&Lbb')g)ﬁ) = ?l.L %q‘\oﬂ_’\i\— c,c-ol_%b-v\@
| h -
g%_glo;)tl,e} = %_ E‘,\, b B At} © (65)
2 ~ A ~D
T Wit 0)= Nl
T (PR )= S b BT X

<=1\

Now let us put (64) into the nine equations (56). For example, consider
(56) for the case p-<o, v=1,f=0,%=t (the analysis for the other eight

cases proceeds in a similar fashion). In this case (56) gives

2t 3wl dudowd w,i IR AP LR T S YT
3 3x  O%i axh \m’- 334 e k3 ch
66
= O. (66)
Using (64) and a little trigonometry, (66) becomes
[ s L 2 2
T (Cg= TSy )em9=o
a % % (67)
&> Cp-Tg+5, = ©
Using the forms for Ck, Tk and Sk in (65), (67) is
?1 %— e ’ Nr\_l} - - 19
N 9 \rJ,‘.\O,r/ "L* {P\"'f C<)-¢9-(:’V 5] _ m,,,,f’\—elmq— 'g =0 (68)
= ~'=y 'ek e %.9

Since (68) must be satisfied for all values of R and B, each term must
vanish separately, giving

bn—b,"' [\'\"'\’IML&S %‘5(_’9—‘\") 9 —'&1%«\9%«-’\9] = O
(69)
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for all 9 and r,rl=l,...,k. This can only be satisfied if br=o}r=1...,

k-1, b0 is thus the only arbitrary constant, since b, was fixed to unity.

k

(Changing b, amounts to changing the scale, i.e. changinglp ). The only

k
function u(x) of the form (52) that is allowed is thus identical to the
function used in forming the metric (51) modulo an additive constant.

The freedom between ?ﬂv and 38»v carried by bo amounts simply to a
translation of the origin of the x' co-ordinates, In general, a full
conformal transformation of x' will leave va self-dual, i.e, take

v =(au +b) (cu +d3)—1, where a, b, ¢ and d are constant guaternions,
then va of the form (49), with u replaced by v will be (anti)self-dual
in the metric (50). But this is the only freedom between va and %,

We cannot perform conformal transformations on the original, unprimed x .

L
In this chapter, the work of reference337’ 45 and 46]o

n E{Pl models

in curved space-times has been extended from 0(4) symmetric solutions,

u = C???X& , to solutions with no particular symmetry, u(x+) any

polynomial in x+. On the way, an interesting result was uncovered,

the self-duality of FPV of the form (34), in the background metric (16).

This result is in no way dependent on theIPiPl structure of the fields and

is a general result for any sU(2) Yang~ Mills field. However the existence
of a potential for FRY constructed from (34) is, in general, a tricky problem,
In the remaining part of this work,JPiPl models are abandoned, ana the

more interesting problem of SU(2) Yang-Mills in curved space-time will

be examined. The analysis will be based on equation (34).
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CHAPTER FOUR

SELF-DUAL SU(2) FIELDS IN CURVED SPACE-TIMES

In the previous chapter,“ﬂ’?|fields in curved space-times were
considered. These fields are a special case of SU(2) fields,lnamely
SU(2) fields of the form (3.2) and (3.9). In this chapter (3.2) and
(3.9) will not be assumed, but more general SU(2) fields will be
examined, in the presence of a gravitational field. First let us
summarise the salient formulae for SU(2) Yang-Mills coupled to
gravity (3.1), (3.3), (3,4), (3.6), (3.7), (3.8) and (3.10). The

[15)

action is

S= i %n"\k“ﬁﬁﬂm* N Sf%@ AP D)

The quantities are as in chapter three, except that e, the Yang-Mills
coupling constant is no longer taken to betunity. The integrals are
over the whole manifold, ™M , endowed with the metric,‘}Nv. The surface
term is only‘present if the manifold has a boundary, or is non-compact

1B,

(for details, see reference In what follows, only compact
manifolds, without boundary will be considered, and so the surface

term will not be present,

By varying the metric in (1) we obtain Einstein's equations

v

'RPV-.Q{%WQ?\JJ\\: 9_'KT},W (2)

where the energy momentum tensor, T).w’ is

- ¢ _ 2 x(
Ty = 2R (F R0 La  FaF ) .
F is defivable from a potential (A  =-104. A% )
PV W M
F}AV = BFWAV - Bv(qm.+ Y:Q}A)G\V] . (4)
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Varying A,, in (1) gives
. oMY v
B)"%@ I } = '\I%‘ Y_FP jgv__] » (5)

The topological charge for the Yang-Mills field is

= - e e
Q‘"\ﬁlgﬁmkp s ) g dhc (6)
If F,, is (anti) self-dual
XS -
M= i?'v <M FPJ 7)
'J—“\
?

the Yang-Mills equations are automatically satisfied, due to the

Bianchi identities for F If (7) holds, then T>W = 0 and so, from

-
4
(2) RF” =JX}3MH which is the definition of an Einstein spacer5 q

It was shown in the last chapter (3.33) how, given any metric (not
necessarily Einstein), provided it is non-singular, a self-dual Yang—-Mills

field tensor can be constructed from the Vierbeins 4KP5=%QMQ£ (dethvyo )

via

)

= SE ZQ%M%tkgv%;)
2

M (8)
‘A is a real constant with dimensions of (1ength)—2 (= ﬁi in the notation
+
of chapter 3). The superscript ¢ denotes -self-duality, as opposed to

(=)

anti~self-duality, which will be represented by the superscript .
Anti-self-dual fields may be obtained either by switching the T from
the second to the first factors on the right hand side (8) or by choosing
the Vierbeins with the opposite orientation (Jdet <O ), As in equation

(3.36), the topological charge of the configuration (8) is

&
3N
= -_t = q "_‘\o\l"
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The above construction is, however, of no use unless a potential
satisfying (4) can be found. For a general manifold M, which admits
a Riemannian metric, a potential, Ay, need not necessarily exist.

In chapter three, énly fields of the form (3.2), were considered,

since for thessa potential can easily be found,(3.9). In this chapter,
we face the more difficult question, what conditions must the metric
satisfy in general for an va of the form (8) to be derivable from a
potential? To find these conditions let us assume that én Ap
satisfying (5) exists and see what this impiies about the metric,

From (5)

y«S\ g+);m) '} - \r;%—\ ig:? i F\‘*W‘V]

. @)c Mg .V - . (*‘)\9 \4)0\ v
& Lﬂ'Li,'} é»i%'?‘i, &‘}% = 9“1‘%\'?‘ W\- } Q\ ’Q\ (10)

cab +)e Mg - +b e R N
© < {'LL:} %‘%vbmx_’?ftg\\,%)\'}g = l%g\q\fzﬁ ﬁk) Y U"* L)b!}\ )S

+) b
multiplying both sides of (10) by “t ag and using the properties of

the M symbols, this becomes

[CIX-N u—) N

Ly [N
M %M'W_M Sip T Mgy 8 Ty Sy ) Ry QR BMEY)

RN be  Utlc (11
- %‘p‘ P g g gobe who g M
4 %y "y A '
Using the middle line of (10) to eliminate the second term with A“Hb
on the right hand side of (11) and contracting with%&ffinally yields
w“ mm o, Ha Wa wm L%&y%y
=gy S g S ) S8 Mgy By =My &ﬂ;%\ 00 )(12)

LA
In quaternion notation, this is

¢t)

e = 5 A0, w)—m %*M]w(,\, [P0 -0,
4 0L~ W) e Lh, Out ] (13)



dudek B
dax
by use of the identity &w Aﬁt?xqw= Tr &ﬂLQ\%M

. oy e
Here, a term proportional to ( -ery m*y ) has been dropped

As an éxample of the use of (13), consider the simple case of

the four dimensional sphere, S4, where

S v
Y v = >

©L
()+\1413
(the dimensions are set to unity). Then h : can be taken to be
i
/Q\\l - SL),A.
Mo Q)
giving
g\‘ = .Q‘P- —Q\‘M: (\1‘\1\—\’1‘) 'ef),\_

Mo Qo)
Voo, R
N "
Then the first term of (13) vanishes (as it must, since it is
conformally invariant and S4 is conformally flat) and the last two

terms reinforce, giving

cr) . (TN
A - L e T
¢ PP Q+er)
From which
. (YN
Fros 00 mv
- SRR ALt
L‘—
thus A= 2 in equation (8). A similar result holds true for F)$$.

The topological charge of (17) is found from (6) to be Q = 1. The

configuration (16), (17) is, in fact, the single instanton of

£67

Belavin et al .
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(14)

(15)

(16)

(17)

Equation (13) can be expressed succintly in the following manner.

Consider the second and third terms on the right hand side of (13) and

ot o
use o = C&“ ‘9\},; to find
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%F oy [T =0 + GRPRL ~ 5 02) Ra (g 0, 07F)

SERISWCVEIUR Lo B R0 ) R (o 3 )

TS VA E VR M e VRN R NCSA T AL

Since %VP‘BM%W(:“QP%V? cz*”" and R‘e(Q\PQAZ) =°},F°‘ , the last two terms

on the right hand side of (18) reinforce to give
o&fw LMW1, ) Qmwl A @\Mg\;‘,_g\vg\wf) Py @\P }»9\\/ +)

D= ,QNM BMQ\+€ “@»Q\(J\Q\M++ QQ\”Q’\V+~%\V3\MT> R (.Q,\(,QMQ.\:) ) o)
: 19
Ca U R R udvp

Now, the last term on the right hand side of (19) is
+
RN SO NI I ERN

— LL%\M Q\,V-f" 9\,'\) g\M-\-) T‘)A)VP . (20)

Where
T - T
#vp = e g (21)
141])

ol
and _\1\,‘, are the usual Christoffel symbols for O}fﬂwon M. Equation

(19) can be further simplified, since
LQ'»M%«\)+* Q\,\‘ Q"'MT)A}*%“’P = L%MQ\\)TN Q\V-Q\_V“') BM LQ“\N Q"“P )

= G2 QW0 A + LR %; - OB R (22)

SR ) R 0y ) R T A - 0,0 )T

Where, in the first step, use has been made of %UQ\W = e} . So
the first two terms on the right hand side of (19) are of the same
form as the third, reducing (19) to

o TR 3 AT BRI T - AT = Ry ) Re Ung Bk T)

vt M (23)
= (Mt - % %,,XTV(, ,
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)

Putting (23) into the expression for ArJ (13), one finds

o)

- t 1 '
Ao = S TTA R CRIRLT + Chu ™ we\;mﬁ*ﬁy (24)
Denoting covariant differentiation of a contravariant tensor by

W = AT e gy
P i . (25)
W)
the following, beautifully simple, form emerges for AP ,

) ¥
A = TR U - R 0

_‘-
b LL» b W‘MBP3

(26)

Where, in the second step, we have used Tu.i%V*U%H*§= 0, since ch*ﬁ
is covariantly constant.

Now demanding than an F;z of the form (8) comes from (26) via (4)
will produce a set of second order, partial differential equations for
_the Vierbeins which must be satisfied for a potential to exist. Not
all manifolds will admit a metric which factorises into Vierbeins which
meet these conditions.

Before applying (4) to find these conditions, it is instructive
to stop and examine what is happening from the point of view of group

theory. In terms of the™ symbols, (26) and the correspong?équation for

anti-self-dual fields, can be written as

(%) 2, o Wa
- ~= o “ S &'?’\_ M .
Now the spin connection for a manifold, viewing the curvature from
the point of view of an 0(4) gauge theory, is defined as (see WeinbergmrJ
6

p 370 and Utiyama L 0])

T - _\ S . S)‘.“M .

\f - Q. 'L}'Q"‘»)»-& py \)P (28)
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Where«sij = —crii are the generators of 0(4), satisfying the following

o

commutation relations,
[0_’3}35’6.1,_1 = Si}_ 6‘}@,_ + S)?L 6-3.9. - S\;& a‘jéj_- Sbl ‘S_-L%_ (29)

Since 0(4) &~ SU(2) x'SU(Z) as a group, so that the algebras decompose
as OW) = FUMN@EUTW)  ype 4 x 4 matricesa‘ij can be decomposed
into the direct sum of two 2 x 2 matrices, A faithful 4 x 4
representation of SU(2) x SU(2) is given by

% G—Q’\eié @)
o7 = 2
B I T a X e 0
S Lé
where each entry in (30) is a 2 x 2 submatrix., That (30) satisfies
(29) can be checked by direct substitution, using the properties of
the™ symbols. Note that (30) are complex matrices, and so, strictly
speaking, form a representation of SU(2) x SU(2) rather than 0(4).
Using (30) as the generators for an SU(2) x SU(2) gauge theory with
spin connection (28), we see that

A o

T, = P (31)
£ ° HH

—

Which expresses the fact that the (anti) self-dual SU(2) potential (26)
is simply the spin connection, restricted to one of its SU(2) subgroups.
Equation (31) is identical to the starting point of Charap and Duff
[15) . . : . C .
, though they restrict themselves to manifolds, M, for which the Ricci
tensor vanishes, in order that Einsteins equations (2) be satisfied,
without a cosmological constant, and the Riemann tensor is double self-
1491
ual )

d . In this work, this restriction has not been made, and SU(2)

fields in an arbitrary %3n,are being considered to see what restrictions
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Y v must satisfy in order that a SU(2) connection, derived
from (8) exists., We shall consider Einstein's equations later.

A note on gauge transformations may usefully be inserted here.
The decomposition of <,,, into Vierbeins, eqﬁation (3.16), is not

unique, but only defined up to a local 0(4) gauge transformation

hip'—} Q’ithp where OiJG 0(4)(or S0(4) if we restrict ourselves to deth>0), and

Oi‘] can depend on position. A different choice of Vierbeins merely
+
(v) ~ obtained from (8) by a. SU(2) gauge transformation
F(+) -1
Wy

alters F

+ J
F ( ) — g where g e.SU(2), the SU(2) element obtained from Oi

Y
via the decomposition (30),

Now we shall proceed to derive a set of second order, partial,
differential equations which the Vierbeins must satisfy in order that an

SU(2) potential derived from equation (8) exists. From (4), (8) and (26),

one finds that

A pt
Fu) = 1‘1‘{ Bp(g\f dy SUH) + BN k&‘?%‘f*> T.(’v +,g\7\,0“ é«"‘v{"?\\;

)/\\)
-9 (‘?\P QMQ\C*) RN K%‘mg\f >T\gp - 2")‘?'\(” bv T‘r?}, (32)
RS RTR AL VO WX BT A VRS AR

5 LR AT g el e e

The commutators can be evaluated using the properties of the ™, Ssymbols

(here the notation Vee &Q\l%}\ =?‘-\¥\,}\2\F—2\(!}\:‘X3 " is used - see appendix A)

. + . abe Ha +
§ DR300, 800 it Y w‘&&;f P ) b W

= 3 e {0 R DR O, )R- A 85 Oy i )

0 ?: \ P (3o (33)
- f 'XL »2\3, ) v'?sl )‘S

T'f»['e‘f’ 240" og\ag‘ﬁ]

. ) (34)
=~ _1 Scabc _Wa _wlbh

6 Uiy Rip Gubil) B 8,

e - + - t 5
= 5L ADAT £ 9P O -0,0,)0 - 9008
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¢ _obe Wo b

e g N\.L} M Bi Q\L')\Q\)(’ Q\&;Q\.

b e RFTo S AT 9000 Y

Pl VOARN Y A I

(35)

3 P’H'

= -\&e¥ S?'&

Inserting (33), (34) and (35) into (32) gives (after some algebral!)
)

F)"V = \L"ffg_‘g\ Q\S’* [ép v T(:i*'?ujh-r{;: AN —.6 -]}

+
=1 20 P (36)
LA R
A similar equation, deduced from F»s-) can be combined with (36) into

the single equation,

C’.‘) n e d)u\ &
F o= A ™9 .9 F
wo TR g BB ey
. (37)
. : . . .. Te0]
Again, we make contact with Utiyama's 0(4) gauge theory of gravity
and the work of Charap and Dufftlsl Utiyama defined an 0(4) Lie

Algebra valued tensor

Y ) TPy
)
_ ‘F?NV © (38)
B «)
o F»v

Which decomposes under 0(4) & SU(2) x SU(2) into two SU(2) Lie Algebra
' . [1s) s
valued tensors as shown in (38). Charap and Duff use the decomposition

(38) and, in addition demand that Tlsppv is double self-dual, so as to
(+)

make F) (anti) self~-dual as an SU(2) field. In this work, constraints

on R’?MV have been derived, via (8) and (37) simply by requiring that a
(+)

potential exist for va . These constraints take the form (from (8) and (37))

~)m | -)u
')\ %\ Q\}-\) = "A ‘Qn ‘Q\ P Ra-‘)y\) (39)
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The Riemann tensor can of course be written out in terms of the
Vierbeins and their first and second derivatives, yielding a set of second
order, partial differential equations for hi

Cbntracting the left hand side of (39) with both sides of (39)

yields

e (Ha
v
WWL‘%LJL vy W%‘?u )
(L8 L-\ox

= -L"_'*Lw .Q,\ R P%%MQ\ ‘7\"'(’)/‘\’

S A CBRS5 ~SuS T Ting ) DR (40)

C (S Si L5l < .
[ \S\‘%_S}& SLLS}?’. X EL}QL&}’Q’\LGQ\';PQLQL»%\L\’ ?‘6'(7]\)\\)

&

>
1l
17

Where the Cyclicity of R has been used to set " PR =0

)AVPQ‘ ’ pvpos
Thus the length scale, A , is dictated by the curvature scalar,R,

A not unexpected result. This also ..implies, however, that the scalar

curvature must be a constant. So (8) can be written,

My

w 4
F = ’PL;.J Voc KQ«\}AQ\\,_\ (41)

Yet more information can be gleaned from (39). Contracting both sides

with themselves gives

%
™ Yo . Blen
%—G”L i oy a0y
- e (o sq P o p Po
T e RN R P
a v 5o
& E = 4 '\lo‘m\w ’\LZTPM Y Q‘__—P—(} ’Rf{’)"v Ro(pnv
E 1%
(42)
2O N r('»’XI' WY
& E = 4 {’\L;ﬂw T ié’f’*? QP ')Sg o\ e + i_____ B %
S Q,;—c; afy
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This is indeed a strongrestriction on the Riemann tensor for the
manifold, and it all follows from (8) and the assumption that a
potential exists)

Note that, if R = 0, (8) tells us nothing, since (40) shows
that \ must vanish., Thus if we try and use (8) to construct a.
SU(2) field over a manifold with vanishing curvature scalar, (8)
merely gives us F v = 0. If R = 0, (26) must be used as a starting
point, and this ié the approach of Charap;amiDuffflsq

The Riemann tensor can be decomposed into R, RW and the Weyl

o
tensor, C , in the usual way,
pp

’P\()o‘)\w = CF‘T)“ “+ a’-(%f,y\’\lrv + Fov P\(’M—%{W ?\‘7/«)-_%3‘}»‘2(’”.)

~ (43)
BN T Tl T Y
where Cb’p& enjoys the same symmetries as Rpawv but, in addition,
contains no vestige of the Ricci tensor i.e.,
() _ .
C cr!.)v = O.
(44)

Using (43), (42) becomes
R Ry, R

VA v
- (C,»\API 1 ‘E%i)_o-x vao-yxcv Pi{f?\fd?cy 4(3)” (45)
ki

There is onemore quadratic invariant in R which has not yet been

MVPO’
[49)

<

used, and that is

\ -i)w(xr Ed@?\’\c
bR o e R
Y e (46)

We can derive an equation involving this quantity from(39)and the

+
duality properties of F;») . Writing (39) as

g
o=

b )po
po T2 F 7

Rf")“’ (47)
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(anti) self-duality implies

+ f)o"o((}
Flo = +3 ¢ <*)
TR e e
= + '8 ‘EPO—"(P @)
IS R
9 gfTp E,'M:Yg & (48)
R e

J%\ ' J_:‘c; Fxs _R?f‘f“(?' Rf""}*"-

Now, contracting both sides of (48) with F(j) yields
Fﬁ-‘:( Ypv _ 31 < PP Emws_\?\ n Fm me
MR g e e s

.Ro. l i(;o-otp E’A?XS' 2 GO W N
o pu—,a@ A oo AT Yy :
« ?—% - T‘#{ E"" - LW)R‘M«#P RPO’)A\» X i(’ 9;__ EXSFVR}T“(B Rf"w}
T g o iy iy
PoEl Ay
RS gL T e pop
= ~(: “'“Y. Ly F?)_‘ . T’b "-)\'m:ap Rpowv i?i L

My
'5%‘ R{)J}JV RNP

Following Lanczos (49]

(but beware of the factor of 3 missing in equation

(2.4) of that reference) define the following five quadratic invariants

- ne
1= Ry R (50)
.
T, =¥
(51)
1= R“'@}“ R’“‘PPV
3 v
(52)
T g TR R,
53 (53)
_ Ep\)(){ Ec(@'\??\
Kf; T L o ey ’\z)*va,(’.\\ ps YA

(54)
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Then (42) and (49) can be written

t L= Tox Kk, (59

]
- = + K
(,)IQ,' Ko & ! (56)
respectively. Subtracting (55) from (56) gives
1.= K,.
(57)
Now the relation between the five quadratic invariants derived by
. 491 . .
Lanczos in (equation (5.5) of that reference) is
Ko = 13"l+x\4‘xm
(58)
which is true for any manifold which admits a Riemannian metric.
Equation (57) is equivalenttethe statement that the Riemann tensor
is double~self-dual. Inserting (57) into (58) yields,
- = O
Lo~ b1, (59)

which, in terms of the Ricci tensor and curvature scalar,(51) and (50),

is
Yil" h~xloq3’?:&p =0,

(60)

Equation (60), for a positive definite metric is true if andonly if the

Y54B. This can be seen most easily by

metric is Einstein (Petrov

writing (60) as

v w_ R -
(& *I\—Z—%Mv“’\l\' “TFSVMB o.

> [ (61)

Equation (61) must be satisfied at each point of space-time. At
any point, we can choose the metric to be diagonal (though, of course,

this cannot be done globally.) and, since the signature of the metric
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is (++++), each term in the sum on the left hand side of (61) is a
perfect square with positive sign, therefore each term must vanish

individually. Thus
= R
Ryv " 7_1°?va (62)

Equation (62) and the constraint that R is constant ,(40), are the
defining conditions for an Einstein metric., Not all manifolds admit
54]

' L
an Einstein metric, but those that do are called Einstein spaces .

With (62), equation (45) gives a condition on the Weyl tensor

‘ PV NP
(Cpvnp 3 4 Saper o ) F 1 'E‘E_P@Cwap\m- (63)
% ¥

The same reasoning that was applied to (61) tells us that, for positive

definite metrics, with R # O,

C).WAF = ¥ 11?:“ c)w“'2r (64)
)

The upper (lower) sign applies for instantons (anti-instantons) constructed

using (8). Thus, if R # 0, we have

For a self-dual field to exist, the Weyl tensor must be anti-
self-dual

For an anti-self-dual field to exist the Weyl tensor must be

self-dual
Thus for R # O, the only manifolds that will admit both instantons and
anti~instantons via equation: (8) are conformally flat spaces.
For R = 0, equation (8) cannot be used, but one can use (31) and (38)
. . . [15]
as a starting point as in reference .

The topological charge of the field (8) can be expressed in terms

of the topological invariants of the manifold, the Euler Characteristic)(,
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and the Hirze. bruch signature U , which, for a compact manifold

. . 1267
without boundary are given by ’

- grYPS 7 |
X 128 " Sn ) .EF'{ RNV“PRI"’”E&&:’L (65)
Y = ladad
96" Sn 5 RPV“P?‘P‘W@ S (66)

Using (43) and (60), these can be re-expressed, for an Einstein space,

as
| MY po kS
X = —— S C ooe © B\ Jo gk (67)
32} m( peps A e
' [ MYVPE
= ot 4B
° 96" Sn Y Cpap Cpo Ig b (68)

Together with (64), these give

1‘),
LXEBY = L ke (69)
96 m

Thus the topological charge is, from (9), (40) and (69)

Q=i%+%% (70)

where the upper (lower) sign is for instantons (anti-instantons).

For R = O this result can still be obtained, using (38) and (6), without

assuming (8).E323
The results of this chapter so far can be summarised as follows.

Starting from equation (8) (or its anti-self-dual counterpart) for

a manifold with R # O, a self-dual (anti-self-dual) potential exists

only if the metric, gHy, satisfies the following conditions;

a) The metric is Einstein

b) The Weyl tensor is (anti) self-dual
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The topological charge of the configuration is given by equation (70)
Note that condition (a) implies that, since va vanishes for an (anti)

self-dual field configuration., ZEinstein's equations with a cosmological

constant (2) must be satisfied for a potential to exist. Thus the very

existence of a SU(2) potential implies that Einstein's equations are
satisfied. This is in contrast fo the R = O case, where consistency
with Einstein's equations is an extra condition whiéh must be put
separately (Charap and DufftlS%.

The above analysis can be formulated quite neatly in terms of
quaternions, by introducing a quaternionic metric[361 and taking the
real part of the metric to be gpv and the pure quaternionic part to be
an SU(2) E“V. This is reminiscent of Einstein's work on a generalised
theory of gravitation, where _he considered a complex metric and took
- the real part to be gYN and the purely imaginafyl part to be a

29, 39)

U(1), electromagnetic Fw We construct the quaternionic metric..

as follows, Given a metric which satisfies both a) and b) above,

choose Vierﬁeins,'%i (dhh>0) for the metric, which can be considered

)J\-

as four quaternions hﬁ = eihip' Thén construct the quaternionic metric

Mo = Q“MQ:W (71)
and take
Gy = Ra Hyy
= = B (72)

py =7 Nae Py

where the factor R is necessary on purely dimensional grounds. Then;

FVV is automatically self-dual in the metric ng. Assuming that a

SU(2) potential, Ap’ exists for va gives

"—)w = = Pe '\7\(35-),‘\, . (73)

5
R~
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Using the cyclicity property of the Riemann tensor
Rpopy = Ropey = Roppy (74

(73) can be written as

€L &
F oy = LA w07 2 oV
gl R P (75)
Then, using (72), equation (36) and condition a) can be written as
~ pe
\/M \"\Fv = _’{i \Lﬁc H ’RPPGV (76)
e W= X o W
| '™y 4 PPy 77

The potential for va is given by (26)

HP_: %’_’e\v &Qﬂv.}\);»_ (78)

From the definition of the Weyl tensor (43), we see that (76) gives
2P —

which, together with CP}APV = 0, can be written

£ -
H Copoy = O, (80)

Equation (80) is the quaternionic form of condition b).

In general, the task of classifying all four dimensional Einstein

54, 43
spaces is a fascinating, but unsolved, problem)'- ! ] Some known

[7, 43, 54) g% g2 2 2 3 2
2

examples of such spaces are , S x 87, T4, CPZ# CP , K ,CP .

4 4
Of these spaces S and T are conformally flatrs’ 7-"amd so (64) is

automatically satisfied. Thus both instantons and anti-instantons exist

4 . . 4
over ‘S, though all Einstein metrics on T are flat, as can be seen
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4 171 1 3

from equation (67) and the fact that X = O for T S™ x 8% is-

also conformally flat, but it is known not to admit an Einstein
. T43] 2 . . . . . .
metric . CP admits an Einstein metric with non zero R and its
Weyl tensor is either self-dual or anti-self-dual, depending on the
Iy
orientation of the metric 5? Thus either instantons or anti—-instantons
2, —2 . . .
may be constructed, but not both., €P # CP admits an Einstein metric
. 1531 . . .
with non-zero R but the Weyl tensor is neither self-dual.mor anti-
self-dual and so it will not admit an instanton structure via equation (8).
2 2 :
S x 8" has an Einstein metric with non-vanishing scalar curvature,
Its Weyl tensor does not satisfy equation (64), but the manifold has
other interesting properties which make it worthy of further study,
and it will be considered in chapter six, K3, Kummer's surface,has
vanishing Ricci tensor and so is Einstein with vanishing scalar
curvature, It has (anti) self-dual (depending on the orientation
£51

3
chosen) Riemann and Weyl tensors, . A metric for K has not been

explicitly constructed, though implicit and approximate constructions

3
have been given[ 35 48?
2 2 3 2 . . .
Ths spaces S x S, K and ©P are of spacial interest since
1 3 1" 1" . [4O]
they constitute the space-time "foam" of Hawking . In that

reference it is conjectured that, since the gravitational action
contains a dimensionful constant, large fluctuations in the topology
of space=time will produce only small changes in the gravitational
action, provided the fluctuations occur over distances small compared
to the natural length of the action, the Planck length,

= %\_CT - - ~33 |

(o
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and thus would be expected to give important contributions to the
gravitational action in any functional integral approach to quantum
. . . 1507
gravity, These ideas are closely allied to those of Wheeler .
Hawking's foam is made up of a topological sum of four dimensional
1" " . . 2 _'2 2 . . . .
bubbles" consisting of C€P , CP° ( €P° with the opposite orientation),
82 b4 Sz and KS. The topological sum of two n dimensional manifolds is
formed‘by removing an n dimensional ball from each and then gluing them

together along the S n-1 boundaries of the resulting holes, In two

dimensions one can draw a picture as shown

) @ 0§ @ )
==
==

This picture represents the sum of two tori to form a pretzel. This

operation is written as

M, 3 Mo = My (82)

(here X means isomorphic to). Note that

M, % S a Y,
(83)

i.e., adding spheres changes nothing. From this point of view, it is
. . . . 2 2 3
interesting to find out as much as possible about €P, S x S and K .

3 :
A metric for K 1is not explicitly known, and so it will not be considered
. ) 2 2 2 . . .
in this work, €P and S x S will be considered in chapters five and

six respectively.
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CHAPTER 5

SU(2) AND U(1) F¥ELDS IN ¢P2

in this chapter the formalism of chapter four will be applied to
CPz, a four dimensional Einstein space with constant scalar curvature.
The question of SU(2) Yang-Mills overa‘P2 has also been considered by
‘Atiyah et alrssand_Gibbons and Poperszq In chapter two,(EPnAmodels
were considered in which the fields were cp’ valued, and the space-time
was a two dimensional sphere. 1In this chapter the space-time'is four
dimensional ¢P2 and the fields will be SU(2) (or U(l)) Yang-Mills fields.
Considerations of the geometry of CP2 are greatly simplified by the use
of complex co-ordinates and, for this reason, a brief diversion will be
made to explain the concept of a complex, Kahler manifold (of which CPZ

is an example)rs" 641

Locally, a n—dimensional, complex manifold is a 2n-dimensional,
real manifold, parameterised by n complex co-ordinates, Let Q?d”}

B = Y,.m2n be real co-ordinates and {Z“}’u =1,...,n be complex

co-ordinates. Then a real line element on the manifold is given by

é\“im = %NV d\g(_”' daV
‘ (1)
-t = - _
= ?4(513*7-“5‘1(; + %aﬁ*’- 220 4 beip a2 gzl 4 %ap¢z*¢zﬁ .

For d52 to be real, the complex metric must satisfy

Gb'otp’-‘ %sz %*fs = ;37’((3 (2)
If it is possible to find a complex co-ordinate system for which
05,0((3:%;{6 =Q , then (2) implies that oéfﬂ@ is Hermitian, as an n x n
complex matrix., In this case the manifold itself is said to be Hermitian.

1
€P is such a manifold. In a Hermitian co-ordinate system (1) reduces

to

ds

L 2z P
= ’L%O‘P 2™ dz (3)
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-—

P

where we have adopted the notation EP:”Z One can think of {zd)za}
. S 2 .
as 2n complex co-ordinates for a larger space and £ =2 1is then a
condition which restricts us to lie in a; n dimensional complex subspace.
Contravariant and covariant tensors.can be defined on a Hermitian
manifold in the usual manner, and indices raised and lowered using

%dﬁ' Note that barred indices become unbarred upon raising or lowering

and vice versa, since %“P=’%Rﬁ =0 . Now let us define the 2-form

K= - % b dzin ozl (4)

This is real, since %d@ is Hermitian. If it so happens that the

exterior derivative of K vanishes (i,e, K is a closed 2-form)

rK = w()x%«@—Bucm;)a»z*;\e\z“;\a\z(‘
~2 (95 Y@ =~ 9 Yus) he' N AN G20 (5)
= 0
then the manifold is called a Kahler manifold and K is called the
Kahler or fundamental 2-form. Condition (5) is equivalent to saying

that the curl of the metric vanishes

)v?dﬁ—->a%y@= o

i (6)
D% % 4p -3 %4y ©
and so the metric can be derived from a potential
- E p) 2,2
%do S 53 EE @L’). &)

2 .
@ is called the Kahler potential, € P 1is a Kahler manifold.
As a consequence of (7), the usual expressions for the Christoffel

symbols and Riemann tensor simplify to,

N B B 83
Tor = 97 %% Tay T % Fsy
Wop¥s = =335 oy e 8 'R ¥ @)
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all other components vanish, due to (6). In particular, the cyclicity

of the Riemann tensor is expressed as

Rapy3 = B5¥p -

since ™y 3‘:5 vanishes.

The Ricci tensor also simplifies nicely, using the identity

'\—'fp = }iﬁc%cmem) (10)

one finds

'P\Ye(;‘(s = p\d@ =~}u\>(3 %%Qw%xg)

(1)
This elegant machinery can now be applied to &Pz.
The general construction for GZPn was given in chapter two,
(I_'P2 can be considered as the space obtained by identifying all the
points of €3 which aiffer only by a scalar multiple
C2Ze,20,20) ~ ClZo,2,,22) (12)

Where ¢ is a complex scalar. Hence the name, "projective space".
The points of ¢P2 away from 2z, = O, can be parameterised by two complex

variables of any magnitude

z = %2
W= S, Mg = "7,

(13)
% b
The points (ul, u2) also parameterise € * " ., The remaining points,
. 2 3
zg = 0, are those which are obtained by identifying points in € « &

which differ only by a scalar multiple

(Zi,22) ~ €lZy,1,) (14)

. . . ‘n ot 2
These points constitute the manifold ®P&S" . Thus €P° can be thought
4 . ps . 2 P .
of asR~, compactified by adding a S” at infinity (in the same way
as 84 can be thought of asB4 compactified by adding a single point

2
at infinity.) €P has been proposed as a gravitational instantonmz’ 25],



64,

because it can be given a metric which satisfies Einstein's equations,

(R = AN% pv> 4\ a constant) and it has finite gravitational action,

51 32
References S and 3 ]also consider SU(2) Yang-Mills over €P .
o .  [26] '
The metric is the Fubini-Study metric =,

%"(E = E,&(-)ﬂmgw Wi e wWat) 15)

In the form (15), 8 is manifestly

(the scale has been set to unity.)

a Kahler metric, with Kahler potential

O =tm( e 1)
(16)
where \'x\z ='u11—11+u2,1_1? Let ul= v, u2 = 7, then (15) is
\+27 -Qz
%, T K 2\ L 17)

A _ ‘ _ (™)

-4z \+\3\g
where o labels the rows and '(‘5 the columns. The inverse of (17) is
_ %Y B2
A -
%P = (+xa*) - ;b(”‘ (18)
a\ﬁ V123 :
Now we can use equations (18) to find the Christoffel symbols
— 1 -
T—‘\é 2—_—9\\3 —Y;z: __—_17- rY
Yy O+ \og\z) (L +1x%)
T LTy 3 TEeTS s % 9
K 2% Uit % O +1i?)
] ™
Tz-z. B ki) O

and their Hermitian conjugatés. All others vanish,

For the Riemammtensor,
-\t
- 9,(,\+7_i)a‘ Ronos = — L)
Tmw = - T 7 ST
. 2) Y = o = ROHYHIYE
= 7 = 9. (+22) Y2 'P\zzzxa =
49 U+ 12l (1 + vz ) & (20)

LRI Rggys = Mygne

T 4924 bl
A L+ 1o )

O+ 1)

i}
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R+ 22) + 422 o

P\\ﬂﬁ T AT S b i == \33
R yiug 9. (1+23)25 Ragez = 2 yy)yz
kX U+ vxr) b AEIEALRL
: 2
/\7\'\—6':1.1,33. = _ 'li:}’"z,l KZ_\%Z% = _ AR \97.
Q) (ot )b (20) contd.
L Gemegg) sy
R -2 - 1+ 232 ‘ Sus
W2=h) Gram) e Ragy
- . = MUeyg\hz . 222 u2
’ll\,b-l.iz \3 - R 2\5%\6 = \3
. Qe at ) Qi) b

.other components either can be found from the symmetries of the
Riemann tensor (8), or they vanish., Note the interesting factorisation
Roaprs = = CBE Bt a3 %)
(21)
(the ordering of the indices in (21) is crucial). This factorisation
is not a general property of Kahler manifolds, but its form simplifies
the calculations for ¢P2.

The Ricci tensor is, from (21),

Y
Rouz = - R 3= 3 3
A% A ¥ ¥ «p (22)

showing that (17) is indeed an Einstein metric, with cosmological
constant, /A= 3. (22) could also have been obtained directly from (1),

since det ??dﬁz (1+)x|2)-3. From (22) the curvature scalar is

R o= Rat o B3 =g
(23)

In the light of (23), note the similarity ( and also the difference!)

between (21) and the Riemann tensor for S4,

w
= = = ( -
\ pype % Inp Fve %MG‘%VP)- (24)
The Weyl tensor is defined by equation (4,43), in any co-ordinate

system, and so in our complex co-ordinates we find, using (22)
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and (23)
Copri = = Fap Fv3
- - = (25)
Carpl = Y3 FvpE~ bap ¥¥3 .

Y . ¥y .
Note that C «r§ * C 4§53 = 0, as it should be.

To examine the duality properties of (25), define four real

2 .
co-ordinates >}, p = 0, ..., 3, for CP" via

- 3 ° v l: L 2
= A~ *o= 2% %) x= g 2ri)
N o4 (T Yoy (23
5 = 1‘1._‘,1’0(" = %_&'\'8 '\6\ x T }ikl 2) (26)

N R T D T
S N S
27
Bﬁ% - _ }:“3 _ )_E‘l - )2(,' _ :L/
Yy ¥ )2 PR ¥

For example, the Weyl tensor transforms as

R T i P A S P
S O AR TRV Cpvps
(28)
2 = 2 3 dxP Yo
R A YO B LS

Hence the (anti) self-duality equations for the Weyl tensor in real

co-ordinates

v N Epvdp

Cappn
= O 29,

) TG
become, in complex co-ordinates (note that, since ca,,w = 9 %dﬁ b}gmb&v ,
XA

we have Wg' = Jduzk.%v = )_‘_o\ajc,%ﬂq-@),

)I‘
C\?Z 0«_(3 = + C\zfl..dp CZ%O@ = + Qz\%b\fz
Oak Sy 5 k< y§
_ Gz .
C"?fz “p = — <oz 6\@— C\? 25 - I Qbazol(s—
Sk 4y dek & 5 (30)
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Whereat‘3=\,1 . With (25) and (17), the lower signs hold in (30),
Thus, in these co-ordinates, the Weyl tensor is anti-self-dual and
we will proceed to construct a:self-dual Yang—-Mills field in ¢P2,
using the methods of chapter 4. First look for Vierbeins for the

metric (17)

% o‘@ == K‘Q\.‘Q\TS D((S

(31)
By inspection, h has the fofm
|~ 22 2 %9
Vit i
s = A (32)
& ) = Craxt®)
V8 \-v'ed
Lol 1%
then (31) gives (17). Here, and henceforth, a,b,..., a, 5,... label

locally flat complex co-ordinates, i,j,... will label locally flat
real co—ordinates,q)pwva,@,“. label curvilinear complex co-ordinates
and u,v,... label curvilinear real co-ordim tes,

From (4.8), a self-dual SU(2) Yang-Mills field is given by

— — ] + - +

ryv - R_k%w&w %V&P.) (33)
wQereT{ = 12,\ = ;E, have been used. The recipe for constructing
h. is given in chapter four. Converting (33) into complex co-ordinates

requires some care, however. From (27) and (33)

Fyz = 4 {Foa Fo +ilFort Faadl = o W0 fotihy W & +a0h) = Lhe +1% )T +i QI
. t .ot . + . 54

Fgz = 4 Foa Famn (Forr Fan)y =y L(Beths Wk &) - Grami® )05 -3 W)

Fge= £{Far Py 1 (Fo=Faaly = 1 (et WAL+ 41 ) - Grarid ) -3 )
Fyz = 18 Foar Pt (For~Faally= & §(horndhall fa = i) = (ot NG #1485 )
b Fae = UReR R WG RS ) om R WD R3]

VP = L Qe Bl SR - (hat R b 48

Pl

Fua =
WM (34)
F.3 =

G
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In (34) h = h, %. where h, are veal and . are quaternions (2x2
n ipTi ip i

matrices).. Guided by (27) define

J&x\ﬁ = é(%\aﬂfkg)‘ &7_ = -,L(Qw'#i%.)

(35)
%“3 = 1 (he-iha) foz = x (ha-ifh))

Note that ‘?\Ca # L{\%\T and {}L\‘?f U{\%\Tis not real. Then (34) become
-‘.

Fyz = 4 {50 - 20g) ) - - (Fg2)
Fub,i = t{&\\tkkz\*— ‘Q\i(,&’\:pﬂx = _@F\‘jz
Fyy = %rSL stﬁ @\\é?— %\QL’%;’)\T% (36)

SR SEICVLE SAUCR IR 8

\T

Now, let us define a basis of complex quaternions,
‘8\ = i(-&.°+'1.Q.3) bg\_ = %(’QQ.'(‘-LD—l)

. Y . 37)
75 tlee-ies) Vo= 4 (Ra-ie) (37

In the ensuing calculations, the following multiplication table will be -

useful,
T 3 .
Gy el G0 Ga)
.éq ‘)‘\ ")'i i (@] O
. . . 1
du ¥ M o O
bt o ! Woo=da
il o Of
Now

ha= V2 0ot 3 Ra = 07 hba (38)

Where ap 1s given by (32), X labels rows b collimns, and %d’{, = E b

The factor {7 is inserted in (38) because of thenormalisation of (37)
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Tﬁi&\ k}-\i\?.__ ‘/Q' etc, With these definitions

A NP LIE eV

(39)
and
9\\3 = O S_U'xl—'\,zi)}-, + '17-‘% Ya, "jﬂwm—\’*)ld«l '
JG\\—@ = Jq XU%I 322 )}, — vVZ Y }175%\.‘_\%\")\%! (40)
e = YR {42y 4 + &\xuqﬂ)}ﬂ/wmx) VLl
Rz = @ Q-iz% Yo+ Umayg) .}Q'q)/(mx\"\ 24
Using (40) and (36) one finds, for the self-dual field
Fy2= Fgz = o
F‘ﬁ‘@ B :),(\+\\oc\‘>-)t\9<-\9-gi‘9‘3 [12&13‘—?'22) —1*] L §a 2 (2Z+iim)
—2jz2flzE-nen]
| : e C =
Fa = m‘x%ﬂ% [ (22 )=12* ] + 2 Jayz (4 -in) (41)

—2 352G (G +r )}
Fas © — r \ S N gy 2 G L22-yT 4 20031
A 9 (™R 4
~ 2ya2Bygreitrimigg-=3)] & 2 1 2GR
It is straightforward to check that F.*(; given by (41) is self-dual
in the sense of equations (30). The calculation of a potential for

the field (41) proceeds via (4.26). The algebra is somewhat tedious,

but eventually one arrives at -the following expressions,

/ 2 {3 3 Coan
Ay = - Rgl = 4 U{(»,\lifﬁ YR )2

Vit ) (42)
A, = — KH:L)T = —%‘L‘k: \x\'z)g_\,a. 7-(0“6‘3\*\-}“\3‘29‘ "')ﬁ,\g(“'\ﬂ )}

As a check one can put (42) into

F,gf; = },(Q(‘b— é(gﬁ,( + E_go(){'\@] (43)
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to recover (41) (again, after some work!.)

The topological charge of this configuration can be evaluated

using (4.9)
Q = 1,. S :J?S o
3 " (44)
-3
Since $%‘=I+QH\*9) , this integral can easily be evaluated, using
polar co-ordinates y = q,elsﬂ z = %:elgt,
3 2% A *0 bt \
Q = = S a8 S c\.@a_S el ~adva Vg e2)?
T o o ° o (Vv 4 ory (45)

= 3/4_

The topological charge is not an integer. This agrees with the
derivation in chapter four of the topological charge in terms of the
Euler characteristic and the Hirzebruch Signature (4.70). For CPZ,
ugzand't can be calculated from (20) using (4.67) and (4.68) and are
found to be 3 and -1 respectively (7T would have the opposite sign if

the metric were chosen with the opposite orientation.. This would cause
the -Weyl tensor to be self-dual, and then only ‘the anti-self-dual

field would have a potential.,) From (4,70)

) G SN
Q=12 +3%

A (46)

which gives Q = 3/4 for the self~dual field (upper-sign) and thus
confirms (45), .The‘fractional value of Q is due to the fact that it

is not possible to put a SU(2) Yang-Mills field onto CP2 in a

globally consistent manner, though (41) and (42) are perfectly
satisfactory for a Yang~Mills field locally. For example, start at the
origin and consider Ae(spreading out over ¢P2. Equation (42) constrains
the form of Aﬂ. But ¢P2 is a compact mani:fold, and as we go towards

I1X| 200 , We are left the problem of matching up A« on the S2 at
infinity. It cannot be .done without having a discontinuous jump in A%.

An exactly analogous problem exists for fermion fields on ¢P2.
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For fermions, one possible solution is to couple the spinor fields
. . . . [427] .
to a vector field, forming a generalised spin structure . This
will be discussed later.
. For the SU{(2) field above, we can make Q into an integer by

using a trick similar to that which was used to construct multi-

. . -l 37, 45, 46
instantons in the FIP" model of chapter three,[ ! ! 1 Let
u? = (du)z, i.e.
ﬂ?f/— "31 2= 2
47)
and consider the metric
'Yty
%%’(’3/ = B,(/3(-3/%v\(\+u W )
(48)

2
which is, locally, that of €CP parameterised by y' and z°. Everything

' ’ R PR
proceeds as before, except that y = r/ < » 2 = rot

where 0 < §, &L
and C>$9; <477 , and globally the space is@PZ wrapped round itsetf four
times. The integral in (45) is increased fourfold and Q = 3. However,
the same criticism applies here as in chapter three, that the space
described by (48) is not a manifold, but only a topological space,
and the physical significance of this is not clear,

Atiyah et alfs]and Gibbons and Popgszjboth make the point that
‘the anti-sélf—dual field constructed over GPZ obtained from the |

Christoffel connection reducestoalU(l) field, With this point in mind,

let us examine the anti-self-dual field,

il

Fap %; L K%ﬂw*(‘z - \Q\(S hal (49)

(Since we know, from chapter four, that no SU(2)) potential exists for

this field, no restrictions have been put on A). One finds, using
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(40), |
AQ+23) o= ALY

}__'\6‘% = _____(\—‘.\OL\‘L):L'LQ.';. F k\+\9"\x\1 2
Fus = - 2% .. oo QA Q=) |
v Tt Ty T T B 50

= _ Az . — __ A )
g, b e, gr o= ALY d

O+ vy U V™)

It is straightforward to show that the field (50) is anti-selif~dual
in the sense of (30). Note that only the components F%@z = - (F%; T

prevent the field from being abelian. Let us, therefore, consider

the abelian configuration

F\ﬁi =z - XZ’LB’ F_‘_,,_:;3 = 7\\6‘2
O+ v AR St (51)
Fygs A=2) Faz = AUeuy)
Q0+ 1r ) Q+ i )*
Fy. = Fgz = O.
By inspection, a U (1) potential exists for this field and is of the
form
A% NV SN, S S v
Y Aaman EETPET LS B TR TTCR P IUPIC TN (52)
In fact FN@ is a multiple of the Kahler 2-form for ¢P2
— — s
ro((:) = 7\ é"kéﬁ L k\‘\‘\x\ ) (53)

This is a general feature of Kahler manifolds, Since the Kahler 2-form
is closed, it satisfies Maxwell's equations. This point is noted in

referencetsz-.S The topological charge of (51), as a U(l) field is

= ! ¥ Y b A
Quu)‘ l?h""g = \:}’“’\[%\A'DL = Y
n (54)

and the field has integral topological charge if N is plus or minus

the square root of twice a positive integer. The freedom to rescale
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Fd@ by an arbitrary real factor is not present in the SU(2) case
due to the noen-linear nature of Fq@ , equation (43)., The U(1)

2
bundle, with gauge field (53), overCP is in fact topologically S5.

It is the Hopf fibration of 85 tsz, 57!
. ra2) .

It has been noted, by Hawking and Pope , that a U(l) field
on ¢P2 can cure the problem of putting spinor fields on CPZ
mentioned earlier, To see how this can happen, we need the index
theorem for the Dirac operator on a compact manifold, without boundary,
. . L2467 . .
in the presence of a U{(l) gauge field . With no gauge fields
present, the index theorem tells us that the number -of positive
helicity solutions (V,) of the Dirac equation minus the number of

negative helicity solutions (V_) is related to the curvature of the

mani fold by

(55)

For <EP2, with the chosen orientation, & = -1 and so the might hand
side of (55) is not an integer. This is a reflection of the fact
that spinor fields cannot be defined on <CP2 and may be taken as a
proof of that statement. In the presence of a U(l) or SU(2) gauge

‘field, hovever, (55) is modified to

I »
WV )y = ~ == gn*?\wdp Ruvap V9 4% + — Sn Y Foy 15 dlbox

68 T L% e
(56)
= - (\’_/8 + Quwy
_ } ] p.vo\() N _ -L. % MV
QW =V-Vguay = \ﬂl%%gnR Rwﬁfﬁn'x uv“S;R(F ﬁw\ﬁxﬂ
= -rtQF+'ClsuOJ (57)

respectively (the generators of Su(2) are normalised so that 'Fr(Q;tﬂ=—1S;§,
For the self-dual SU(2) field derived earlier (41), Qua) = qu

and (57) becomes

QV+‘V—\gum\ = A (58)
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Thus, putting a SU(Z) field on the manifold enables spinors to
be defined on tCPz in a consistent fashion. However, we are still
left with the problem of non-integral Q i.e. the gauge field does
not match up.

For a U(l) field, (56) becomes, with (54)

A
Ve V=) gy = g ~ Mo (59)

so that a judicious choice of "\ will 1ead to a consistent definition
of spinor fields e.g. \ = 3/2 will do.

It is also possible to make 1%_—'v; in (55) an integer without
introducing gauge fields at all, using the method mentioned previously
(47), (48), e.g. taking y/ = yé, z' = z4 increases all integrals over
the épace‘ by a faéfor of sixteen, making'ﬁk —’V~ an integer.

Again, however, we are no longer dealing with a manifold.

In this chapter, the methods of chapter four have been applied
to <EP2, a four dimensional, compact, Einstein space, with non-zero
scalar curvature. With the orientation on CPZ chosen so that the
Weyl tensor is anti-self-dual, SU(2) Yang-Mills fields have been
explicitly constructed, with topological charge 3/4, indicating a
global obstruction to the field. The anti-self-dual field reduces to
a U(D field, and it has been demonstrated how this can cure the problem
of putting spinors on <EP2.

In the next chapter, the analysis of chapter four will be applied
to another Einstein space with non-zero scalar curvature, S2 X Sz.
The Weyl tensor for 82 p:4 S2 is neifher self-dual nor anti-self-dual,

2 . .
however S2 X S 1is a Kahler mawnifold and as such is worth studying

from the point of view of . U(l) fields.
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CHAPTER SIX

U(1) INSTANTONS IN SZXaS2

In this chapter, U(l) instantons over Szx Sz will be constructed,
Szx 82 is a compact, Einstein manifold with non-zero scalar curvature,
The Weyl tensor is neither self-dual nor anti-self-dual and so SU(2)
fields will not be considered. However, & Kahler metric exists for
Szx 52 and so the Kahler 2-form gives a non-trivial Maxwell field,
as pointed out in the last chapter.

2 2 .
To construct an Einstein metric on 8 x S , we simply take the direct

2 2
sum of two S metrics, The invariant line element on S is

ast = &0+ mim*O L H

(1)
where 048%W, o<d 42N (the radius of the sphere is set to unity.)
2 2 .
On S x S we take the line element to be
% PRI 2 a0% 4 Aim> 6 &07)
ds¥ = (AN T+ e A IV + L + -

where O SXLMT, O<VLAT, © <0< and © €$ €27 . That this
. . . 2
is a Kahler metric can be seen by parameterising each S by a complex

co-ordinate

It

’\/5,

2

\w\&w = am
Com

]

& =
12y Y xSV (3)
a

Then (2) becomes

L oz _ Y =
&9 4§ "&\2}\ &%A\{Y 4+ (w23) T dz z'% "

In the form of equation (4), the metric is manifestly Kahler, since it

is derivable from the Kahler potential

Yo = dudp B = 2ads L Inlongreasily, )
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C . ; 2
This is a particular example of a more general result. S

is a Kahler mainfold with complex dimensiohlone, and each term in

(4) is a Kahler metric for a;Pl. The outer product of two Kahler
manifolds is again a Kahler manifold, with Kahler metric the direct
sum of the two Kahler metrics on the original two manifolds. The
Kahler potential is just the sum of the two original Kahler potentials.
(32, 26] is

The form of (2) most commonly found in the literature

obtained by setting ~r=-<e®X , then

W
st = Uen™ a4 goY a0 s’
Q™) (6)

where -\&~ <\ oses'w) 0L 9 s‘m)o SV <2, The form (2) will be
used in what follows.

The Christoffel symbols obtained from (2) are

v v ¢ 9
- - eoh ™% _
—Y"\‘\!"X~ T:’C'IP'" ’7(. 6¢- T-‘(OO ':Q-(r’te
' (7
S . M) .
?v"\": — A A edL T¢¢:~Am8%9

all others vanishing. The Riemann tensor is found to have the following

non—zero components

v 7 _—
R v T 1 090
9 2 (8)
® Y = e 9
B apxy = Ams K LR AL :
From (8), the Einstein property of the metric (2) is obvious
Tlp\) = Ypv (9)

thus R = 4, The Weyl tensor takes the form,

bW <X a .2
Coxway = FAX Cogop= FHm 6
l:‘—\—l- ol * C = ~..l. ot
C"S'\lfe'\\f ,5)2.»m.. ) KPNP _5)>Mm X

Coppup T ~frdran® Cbre =g (10)
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plus components obtained by symmetry operations, all others
vanishing. (Note that, as a consistency check C»VPP = 0). The
Weyl tensor (10) is neither self-dual nor anti-self-dual, and so the
method developed in chapter 4 will not yield a . SU(2) field.
However, the Kahler nature of the manifold makes it worthwhile to
study U(l) fields in the metric (2).

Consider the Vierbeins

Q\W:M%"QQ %\,X:Q.\ 'Q’\-$=J1‘.\~\.GQ'L Q\Q=Q.'5

(11)
If we try and construct a 8U(2) field, as in (4.26), it reduces
to a U(l) field as follows,
Let
- +
HV“ T..SLQ‘VQ“ ‘w'k (12)
then one finds, using (11) and (7) that
K
A%=O Ay = —?%—-% Ag =0 A¢:-'T§Q‘ (13)
which gives a self-dual field tensor,
A% —~ _ A
Fay = S0 Tee = TRy
(14)

Fxp = Fae = Fyp = Fopg = 0.

An anti-self-dual field may be obtained by qhanging the relative

sign of Fyyand V4 (or equivalently Ay. and A ¢ ). This can be

achieved by transferring the (1) in (12) from the second to the

first factor on the right hand side. An alternative method of

constructing an anti-self-dual field is to change the orientation
2

2 2
of one of the S factors of S x S . This amounts to changing the

relative sign of the terms in brackets in equation (2).
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The topological charge of the field (14) is (with the generator

of U(1l) normalised so that e? = -1)
| W Mo N M
Q= Qo S Smeo\egw FyF
TR et D R s MY (15)
= 1.

However, since Fyv is linear in the potential A the whole

).h L
configuration (13) and (14) can be multiplied by an arbitrary, real

factor, n, and it remains self-dual. If we also perform a gauge

transformation

prﬁ RM+BM¢ | (16)

where

- T
o T Q_VVW ¢) )

we obtain the field configuration
thg\gf: o) Ptqy= 1;:(\~CW'K\Q_. qu,'-‘ %&\—W@)Q_,

(18)

Fxg= Fro™ Fyo = Fayrg =0,

2
This configuration has topological charge Q = n ., The potential on
2 . .
each 8 1is like a Dirac monopole potential, for a monopole of charge
2
n. It becomes singular on the south pole of each S which can be

2
seen by embedding each S in IR3 as follows. Let

,\r:r‘_we Z =z <)
N (‘_Mg Cu’?'\\"' X = ’\‘M\-%%")'\lf (19)
W e iy ‘ 1} = N X oYy
where
9L
\A«"+ Aty Wl = %1+\J&"+2 = o~ = 4
(20)

since the spheres are both taken to be of unit radius. Writing. the

potential as a one-form, one finds (dropping the el)
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A= Apda = ,%(\—uﬁx)ck'\\f-t T U-<28)d @

—- N {md’\? "6"}‘“”& % W du — wdhur (215

2.+ g+
Which is singular at z = =1 (X =17r ) and u = =1 (9=7"), the south -
poles of the two spheres. This is the familiar Dirac string singularity,
except that, in this case, they are not strings, since the spheres are

: . . ’ . o [62]
of fixed radius. As is well known the singularity is illusory ,

and can be avoided by splitting the ptential up into two parts on

each sphere

L M, - & U AU — LA ur
AT < T T L g :HA [

=y (22)
= ”;_‘: (£ = coox) &b 4 ’L;(t\—w@)ck‘ﬁ

A+ is well defined away from the south pole of both spheres and A is

well defined away from the north pole of both spheres. Furthermore, A+

is related to A (away from both north poles and both south poles)

by a gauge transfiormation

AT = A+ v &~¢). (23)
At the north pole of one sphere, but the south pole of the other, a
non-singular potential is def.ilned' by taking the upper sign in one term
and the lower sign in the other in (22), which is again related to Ai- by
a gauge transformation. Thus four co-ordinate patches afe needed in all
to define a non-singular potential.

If we think of Y as é compactified time co—ordinate and X as a
compactified radial co-ordinate (via + =% ) then (18) is like a
"dyon" in that F.N,can be thought of as an electric monopole and Fgg
as a magnetic monopole. For the field to be self-dual the electric
and magnetic monopoles must have the same charge, n, Then Q:f\nfL

is like the Dirac quantisation condition in four dimensions.
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We have now examined two compact Einstein manifolds with non-zero
2 2 2 . :
scalar curvature, €P and 8 xS . There is one other solution of
Einstein's equations with positive, non-zero, scalar curvature which
. 2, ——=als3
is explicitly known, and that is the Page metric on TP R CP ].
This however, has neither self-dual nor anti-self-dual Weyl tensor,

nor is it a Kahler manifold, and therefore will not be considered in

this work.
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CHAPTER SEVEN

CONCLUSION

. 1 .
In attempting to generalise U(l) invariantCP models in two
n . . .
dimensions, one is led, naturally, to HP models in four dimensions,

381

which have SU(2) invariance[ This has led to the consideration

of SU(2) Yang-Mills in curved space-times, viewed from a similar
. . . . . . . [36]

point of view to that of Einstein's generalised theory of gravitation
A method was developed in chapter three for the construction of a
Hermitian, quaternionic metrici; which automatically yields a SU(2)
Yang-Mills field tensor which is self-dual in the space described by
the real part of the quaternionic metric (provided R#0). 1In chapter
four, it was shown that the very existence of a potential for the
Yang-Mills field implies that Einstein's equations, with a cosmological
constant, must be satisfied. Further, the relationship of the method
to the SU(2) x SU(2) decomposition of Utiyama's 0(4) gauge theory of

.. L0} [151 .
gravity , as developed by Charap and Duff ', was established. It was
shown that, for ¥ O, a self-dual (anti-self-dual) Yang-Mills field
required anti-self-dual (self-dual) Weyl tensor.

2

In chapter five, the construction was applied to €P , an important
. . . . ' . [40) .
ingredient in Hawkings space-time foam , to yield a self-dual
Yang~Mills field with topological charge 3/4. U(l) fields were also
discussed, from the point of view of Kahler geometry. Finally, U(1)

2 2 . . . .
fields over S x 8  were discussed, yielding "dyon" type solutions.
4 .
For the case of S, an analysis of the metric and spin connection
L

yields the single instanton of Belavin et aleé and this has generalisations

. 4144 .
to multi-instantons over S L .{ the 't Hooft solutions and their conformal

Ls 8
extension., It is intriguing to ask whether or nothimilar extension might

2
exist for C€P . This question merits further investigation, though, if

the answer is in the affirmative,
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it will not be easy to find. Compare the complexity of the single
instanton over ¢P2 (5.41) to that of S4 (4.17).

Another important question is, how to extend this construction
to the real gauge symmetry of the strong interactions, SU(3), since
this was our motivation for studying 8U(2) in the first place - to
obtain a better understanding of SU{3). "The work so far has
depended crucially on the'relationship of quaternions to SU(2) and the
fact that 0(4) * SU(2) x SU{2), the later being an accident of low
dimensional Lie group theory. SU(3) is not a sub-group of 0(4), so it
is not obvious that the same methods will work for SU(3). However,
there is another accident of group theory, which could prove useful,
and that is 0(6) & SU(4) D SU(3). An 0O( 6) gauge theory could be
used to describe the curvature of a six dimensional manifold. The
simpleSt, compact, six dimensional manifold is the sphere S6, which
is also an Einstein spagce. Thus one could gonsider a- 8U(4) gauge
theory over SG, whose connection is simply the spin connection of SG,
and try reducing this to a field over S4 by projecting out or compac-
tifying two of the dimensioné.

Aimetric for 86 is

= MY
%’M\: —_—, (L)
O+ = ™)
2 b
where p, v =1, ..., 6 -, x"= :J,z\mpo

A choice of Vierbeins is
Y
%‘w» = W (2)
A+ a?)

(A = Loy 6 ).
The Christoffel symbols resulting from (1) are

hW
T)’JPO‘ = m’: kg’f,-’lu__gv‘(,la —%MG JL(:> . (3)
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Thus the spin connection is

v ' i
Tz sk ()

))‘
. i 4
Qo4 )
where &y = - &4 are the generators of 0(6).
The 0(6) field tensor is
_ %G %SVSLP - %'H,\Si,v3 SR
Fi = " 3 (5)
A M)

The configuration (4) and (5) can be considered as a SU(4) field

6 . . . ;
over S, with cij being (possibly complex) generators of SU(4).
The concept of self-duality does not apply in six dimensions,
but it is easy to check that, if one takes the six dimensional action

to be

= J "
S= =i (T (Fu PR o 6) |
S \

\
and varies the potential to obtain the six dimensional Yang-Mills ]
|
|

equations

38 FE L g [T, P = o )

then (4) and (5) satisfy (7).
Unfortunately, it does not seem possible to obtain a SU(4) field
over S4 from (4) and (5) in any simple way. If one tries to project
4 ‘
down onto S , or integrate over two of the co-ordinates so as to
eliminate them, one finds that nine of the generators are eliminated
4
also, leaving an 0(4) or SU(2) x SU(2) configuration over S, which
. . {6} . .
is exactly that of Belavin et al [ Thus it remains unclear how to

extend this formalism to SU(3),

Another field of study, which has not been touched upon in this
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thesis, is that of Yang-Mills - Higgs monopoles in curved space-times.

T16, 18)

Much work has been done on this’subject and though the topic

was investigated for this thesis, no further progress was made,.



APPENDIX A - QUATERNIONS

Quaternions, or Hypercomplex numbers, were first considered

-

by Sir William Hamilton. in 1843 in attempting to understand the
algebra of rotations. The quaternions have three basis elements

e , e

1 1 ©

9 which satisfy the algebra

3
e =e, =e  =e e,e., = -1 (A.1)

A matrix representation for such an algebra is given by the Pauli

matrices,

o
f

-3 Ry = ~- = -
) 2 v o Ly=- (A.2)

it is thus identical to the algebra of SU(2). This representation is
+ .
anti-hermitian <; < —~ 23, "\,3where (T) means transpose followed by
complex conjugation. If we supplement (A.2) with the unit 2 x 2 matrix
Rg = j—kxx , then a general quaternion can be written as a linear

combination of the four matrices § €o,e,,ea %

P= Py
(A.3)
where Y, | i=0,..,%3 are real numbers. The set of all such p form
a skew symmetric field, the field of quaternions, denoted by H.
The magnitude of p is defined by .
\ \q,_ \ '1') .0
PY= 5 &UlPP) = Pifi (A.4)

The set of quaternions of unit magnitude is identical to the group
su(2).
It is sometimes convenient to break quaternions up into their

real and pure quaternionic parts (denoted by _Ra,p and \se P respectively).




Rep = Pols Vac P = Pt Patat Paes (A.5)

Where there is no possibility of confusion, the unit matrix is omitted
and we write Raf =P, .,

Note that

—Y
Noep Ve = Naep. (A.6)

Any p obeys its own characteristic equation

2 . '
P - XpPP + PP = © (A.7)
A useful property of the basis §ei}§ i=0,..,3 is the following (anti)

self-duality property

+ + t +
Renlomy = Ly = ?i Commres L Qa%g~ 2% x )
(A.8)
T -+ * ¥
Cm®m = L& & - '%_iww\.frs (&R Qﬁe"")
Where Enhwms is the totally antisymmetric tensor (‘Eb‘zb = +1),
[
Equations (A(8) can be written, using the symbols introduced by't Hooft
+ + G
EY + N [ (A.g)
'e'rm. Lon — 'Q-N\ Lo = o lﬂm"'l. L
Where the Euclidean ™M symbols are given by
(RN
mym = 94,3 4 &= \\...)-5)‘

The " symbols have the following useful properties

(CATY e

ST IR FURIVIE R PR TS S SN 11 (A.11)

59]




(1) ot )b e
M Py m b T abe M s + gdb%m% (A.12)
b e o @)
Cabe M NI by © M “QSMQ,_ -\-"’Lm(:b_ Smﬁ, (A.13)

Clya

=My Sk = U St

o

e
= + Wa PRS0
o Tl S iy Sem g " g LY (A.14)

In addition, the following properties sometimes prove useful

+ 1 T
2, Py = P‘?_-L - - lp (A.15)

T o+ o _ u
e Py T ep Py T L Reps 2Lprp ) (A.16)

(A.17)

Finally we note that points in four dimensional Euclidean space-time
can be labelled by a single quaternion

o= XLy T Ne-1r S.%
: (A.18)

For further details of quaternions and quaternionic valued functions

3 I5
see referencest 8-land 8}




APPENDIX B - EVALUATION OF TWO INTEGRALS

In calculating the topological charge and action of the
<4 @ +
W= (’;z raxx'vb) configuration, equation (2.65) in chapter two,

the following integrals were encountered

%) o~ [ Y t‘). S
1- ?g Sod\.tg°6~'\'- lt ~ L :*1)][@_“1”1]}4 (2.68)
;\ + ?)kf_(,h-hﬂ e .
Lo e 6
L= 5 (et S dre ~
(o v o v ?‘,“[Lt+¢\‘+~‘*]y_kt~a\"+~‘ﬁ b (2.70)

First of all, absorb the factors of P, so as to make everything
dimensionless by defining t=t'IP , v :"'/P , and subsequently drop the

tildes. This is achieved simply by setting p = 1 in (2.68) and (2.70).

Consider Ir , with the following change of variables
% % a
R W=t~ (B.1)
where O £v <0 ~_r € WSV,

)

Then, the Jacobian for the change of variables is

B_.__L..t. ) \ L =i,
- - . 2
173 @, w) L (s wh) (B.2)
and
X e \ % q.
Erl= fvi-w?) (8.3)
Hence
v Vo
I‘: L%Ooé\v% dur vr-w?) T v .
te Jo A [+ (vied) o 2wa?] (B.4)

Now, make the further change

= W/ - 2 <
Z = L4z < | (B.5)



and define

@Q’u’\ = 1 Qevtiak) (B.6)
Lot v
then
I v Sw¢v'8‘k“2?ft$2
VTl (et voJ [(50\;)—7.]“‘ (B.7)

Consider, L 2 =:<',o-o9>

%' a-22)"% bz = Nin® 9 40
T o EEE——
NG ° ((B-ces®)Y (B.8)

We have the standard integral (RéfFSS]No, 331, 89b)
%"f i 0 &0 L
= s S ——
o K(“' V<o 0)3 2 L(b’“—\o"‘) = (B.9)
provided (39">b7' , which can be verified, for all v, from (B.6).
Differentiating (B.9) with respect to (5 , with b =-1, gives
T
An"040 a3
°© (Poees®) R (Fyea (8.10)
Substituting (B.10) into (B.7) yields
&0
T = KI S De+o*) 4r2] > g
1 5
% o [u¥iali-ad)v?se O+ dh)"]b‘/z (B.11)

Let 92¢ =qs¥ , and this splits up into

80

X
I S x A o dx
: %V_ So ]519.+U+°\ ) g

2 —ak 2 P T O o
2 p e =a*) e+ (L rak) a4 21~ o
L o Il (B.12)

[35)

which again is a standard form (ref, No.” 213 5a and 5b)



giving, finally

T, = s | (B.13)
3.7

Note that I, contains no dependence on a.

For 12 (2.70) make the same substitutions, (B.l) leads to

5[1 -
v ) (vt we)
I :lg""o\ Sa«, e
T3 )Y A Diaviaok— 2 wol 1% (B.14)

and (B.5) gives

—3o2 )
T. = g Av.(s (=-2)"2 (1+2)
2 3 1 &1“1) b a\-

Lpe)- z]‘* (B.15)
. . L35] ‘ . .
The z integration can be performed (ref, No. 131 4 ), yielding
1 ' 512, \““2 ks € l)
% N L\_z) (\+z 9 B L1y 4
2 =
-t CP-2\* Q@-l)"l e+ (B.16)
2
provided (BUU\ -1 > O which is again the case. Thus, 12 has
been forced into the form,
T .- QY viaw
* Lev-d)® 417 [lwsa®) ] e (B.17)

An expression for this integral can be obtained in terms of derivatives
of elliptic functions, but for the considerations of chapter two,
a numerical evaluation proves to be more illuminating. 12 is found

to be monotonically decreasing with a, see graph between pages 21 and 22,

Chapter 2.



10,

11,

12,

13.

14,
15,
16,

17,

18.
19,
20,
21,

22,

23,

~ REFERENCES

Actor A,, Rev. Mod, Phys. 51 (1978) 461,

‘de Alfaro V., Fubini S., and Furlan G., Nuovo Cimento 50A (1978) 523

Alvarez-Gaumé L,, and Freedman D,Z., Stony Brook pre-print (1980)
ITP-SB80-31, "A Simple Introduction to Complex Manifolds"

Atiyah M,¥,, Drinfeld V.G., Hitchin N,J. and Manin Yu. I., Phys,Létt.
65A (1978)185 v

Atiyah M,F,, Hitchin N.J., and Slnger I.M., Proc,Roy.Soc,London A
362 (1978) 425

Belavin A,A,, Polyakov A.M.,Schwartz A.,S., and Tyupkin Yu,S.,
Phys.Lett,59B, (1975) 85

Berger M., Metz Conference Report (1979) Analyse Sur Les Varietes,
"Rapport Sur Les Varietes d'Einstein" Societe Mathematique
de France

Boutaleb~Joutei, H,, Chakrabati A., and Comptet A,, Phys.Rev.D19
(1979) 457

Boutaleb-Joutei H., Chakrebati A,, and Comptet A., Phys Rev.D,20
(1979) 1884

Boutaleb-Joutei H,, Chakrabati A,, and Comptet A,, Phys Rev,D,20
' (1979) 1894

Boutaleb-Joutei H., Chakrabati A., and Comptet A,, Phys Rev.D,21
(1980) 979

Boutaleb-Joutei H.,, Chabrabati.A., and Comptet A,, Phys,Rev,D21
(1980) 2280

Boutaleb-~Joutei H.,, Chakrabati A., and Comptet A,, Phys.Rev, D21
(1980) 2285

Callan C,G., Dashen R,, and Gross D.J., Phys,Rev.D17 (1978) 2717
Charap J.M., and Duff M.J., Phys.Lett.69B (1977) 445
Cho Y.M,, and Freund P.G.0., Phys.Rev, D1l (1975) 2692

Close F,E.,, An Introduction to Quarks and Partons, (1979) Academic
Press

Comptet A,, Ann,Inst. Henri Poincard, 23 (1980) 283

D'Adda A,, Di Vecchia P.,, and Luscher M., Nucl,Phys,Bl46 (1978) 63
D'Adda A,, Di Vecchia P,, and Luscher M., Nucl.Phys.B152 (1979) 125
Din A,M., and Zakrzewski W,, Nucl,Phys.B174 (1980) 397

Din A.M., and Zekrzowski W., Phys.Lett.95B (1980) 419

Dolan B.P., J.of Phys.A. Math.Gen, 14 (1981) 1205




24,

25.

26,

217.

28,

29,

30,

31,

32,

33.

34,

35.

36.

37,

38,

39.

40,

a1,

42,
43,
44,

45,

46,
47,

48,

Dolan B.P., Durham University pre-print (1981), "Quaternionic Metrics
and SU(2) Yang-Mills"

Eguchi T,, -and FreundﬁP.G.O., Phys,.Rev.Lett., 37 (1976) 1251
Eguchi T,, Gilkey P,B,, and Hanson A;J., Phys.Rep.66 (1980) 213
Eichenherr H,, chl.Phys. Bl46 (1978) 215

Eilenberg S;, and Niven J., Bull.Am,Math.Soc, 50 (1944) 246
Einstein A,, Rev, Mod.Phys. 20 (1945) 35

Felsager B,, and Leimaaé J.M. Phys.Lett. 945 (1980) 192

Gibbons G.W., and Hawking S.W., Phys.Rev,D15 (1977) 2752
Gibbons G.W., and Pope C,N,, Comm-Math,Phys.61l (1978) 239
Gibbons G.W., and Pope C.N., Comm.Math,Phys.66 (1979) 267

Golo V.L, and Perelomov A.,M, Phys.Lett,79B (1978) 112

Grebner W,.,, and Hofreiter N,, Integraltafel, Bestimmte Integrale
‘ (1961), Springer-Verlag

Glrsey F., Yale University pre-print YTP 79-07 (1979), "Geometvisation
’ of Unified Fields"

Glirsey F., Jafarizadeh'M;A., and Tze H.C., Phys.,Lett.88B (1979) 282
Gursey 'F,, and Tze H.C,, Yale University pre-print YTP 79-02 (1979)
' "Complex and Quaternionic Analyticity in Chixral and

Gauge Theoriess '

Haivaty V., Geometry of Einstein's Unified Field Theory (1957)
' Noordhoff Ltd,

Hawking S,W., Nucl. Phys, Bl44 (1978) 349

Hawking S,W., and Ellis‘G.F.R., The Large Scale Structure of Space-
Time (1973), Cambridge University Press,

Hawking S.W., and Pope C.N., Phys.Lett. 73B (1978).42
T

Hitchin N.J,, J,of Diff.Geom, 9 (1974) 435

Jackiw R., Nohl C., and Rebbi C., Phys.Rev.D15 (1977) 1642

Jafarizadeh M,A,, Snyder H., and Tze H.C.,, Yale University pre-print
YTP 80-~08 (1980), '"Quaternionic Multi-S4 Instantons in
General Co-variant SU(2) Yang-Mills and HP® - models"

Kafiev Yu,N,, Nucl.Phys, B178 (1981) 177

Kibble T.W.B., J.Math.Phys. 2(1961) 212

Kodaira K., Am. J. of Math. 86 (1964) 751




SRR,

49,

50,

S1.

52,

S3.
54,
35,

56,

57,
58,
59.
60,
61,
62.
63,

64.

Lanczos C., Ann, -of Maths., 39 (1938) 842

Misner C.W., Thorne K.S,, and Wheeler J.A., Gravitation (1970),
p.1190, Freedman and Co.

Nahm W,., CERN pre-print TH-2901-CERN (1980)

Neinast R.A., and Stack J.D., Illinois pre-print I11-(TH)-80-6 (1980)
"Non-Abebian Gauge Theory and snr< models”

Page D.N., Phys, Lett.79B (1978) 235

Petrov A.7Z., Einstein Spaces (1969), Pergammon Press

Pope C,N., and Yuille A.L,, Phys.Lett. 78B (1978) 424

Shaw R., "The Problem of Particle Types and Other Contributions to
the Theory of Elementary Particles'. Cambridge University
Ph.D. Thesis,

Steenrod, N., The Topology of Fibre Bundles (1951), Princeton University
Press

Sudbury A,, Math.Proc. Camb, Phil.Soc., 85 (1979) 199

'tHooft G., Phys.Rev.Lett 37 (1976) 8

Utiyama R., Phys. Rev.101 (1956) 1597

Weinberg S., Gravitation and Cosmology (1972), Wiley

Wu T.T. and Yang C.N., Phys.Rev. D12 (1975) 3845

Yang C.,N., and Mills R,L. Phys.Rev, 96 (1954) 191

Yano K., Differential Geometry on Complex and Almost Complex Surfaces
(1965), Pergammon Press

T
e

720 Ml "
(T




