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ABSTRACT

This thesis 1is concerned with the use of L-squared or
square integrable functions in electron atom scattering at
intermediate energies, and tests the success of various
L-squared approximations in model problems of electron
hydrogen atom scattering. The representation of part or all
of the wave and Green's functions by a set of L-squared
pseudostates, and the associated occurrence of unphysical
pseudoresonances at the pseudostate thresholds is discussed.

The original work of this thesis is in two parts. In
the first, a model coupled channel problem is considered 1in
which an L-squared optical potential is used to represent
the effect of additional (Q space) channels on the first (P
space) channel. A method of Bransden and Stelbovics used
successfully for a two channel problem is extended to the
case of several channels. Numerical results are presented
for the cases of two and three channels and the success of
the procedure 1is assessed. The rest of the research
presented here concerns the use of the Schwinger variational
method in a restricted model of electron hydrogen atom
scattering in which all states are assumed to be spherically
symmetric. The method is used successfully to solve coupled
channel problems using L-squared pseudostates to represent
the s-wave continuum. The origins of the pseudoresonances
that occur 1in these problems are investigated and a method
of removing pseudoresonances before T matrix elements are

calculated is considered.

The limitations and instabilities of the Schwinger
method when applied to the full model problem with different
representations of hydrogen states in the trial and Green's
functions are investigated, and various modifications are
considered in attempts to stabilise results where necessary
in these more general cases.
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CHAPTER ONE

INTRODUCTION AND BACKGROUND THEORY

1.1 Introduction

This thesis 1is concerned with the study of L-squared

methods in electron atom scattering theory at intermediate

energies. @ Intermediate energies are considered to be the

range of incident electron energies starting at the
threshold for ionisation of the atom and continuing until
the first Born approximation (described in section 1.2) is

applicable. For the present purposes the lower part of this

in which simplifying assumptions made at higher

range,
energies cannot be applied, 1is considered, and the
discussion is restricted to elastic scattering and

excitation to low lying levels. The approximate methods

under consideration are tested in simplified model problems,
based on electron hydrogen atom scattering, for which exact
solutions are known. "L-squared methods" refer to methods
making use of L-squared or square integrable functions. For

example, an L-squared or Lebesque square integrable function

in coordinate space 96 (r) obeys:

gab_[' ' @(f)lt is bounded

(r1.1)




A finite set of L-squared functions is wused to
diagonalise an operator L which may model part of or all of

an atomic or molecular Hamiltonian
SO(,nf Qm LQ,\, = En 8mn.

n = dimension of the space, E,. is an eigenvalue.

(1.1. 2)

In these methods the L-squared functions wused are
usually real for simplicity, and obey, for example, the
atomic bbundary conditions at r -=>» 0. The L-squared
functions are then used to model the atomic/molecular
solutions which do not necessarily vanish as r » o0, over a
finite range of coordinate space.

In the rest of this <chapter, the -main features of
electron hydrogen atom scattering theory are introduced,
along with various topics and methods that are referred to
in the rest of the thesis. An indication of the extension
of the theory to many electron atoms is given. Various low
energy methods for calculating scattering data are briefly
mentioned as L-squared methods in the guise of pseudo-atomic
states and optical potentials are used successfully in this
energy region, and extension of these ideas to intermediate
energies together with necessary modifications of resulting
unphysical behaviour forﬁ the motive for the work of this
thesis. A review of work published onllow energy and higher
intermediate energy methods is, however, not attempted.

In chapter two, the L-squared discretisation of

electronic continua 1is discussed in more detail, and the



ideas are applied to a model coupled channel problem in
chapter three, wusing an L-squared optical potential. The
rest of the thesis 1is concerned with the wuse of the
Schwinger variational method in a model problem of electron
hydrogen atom scattering, referred to throughout as the
"Poet" problem. The model is a restricted one in which all
non zero angular momentum terms are ignored: the system is
considered to be spherically symmetric and is equivalent to
using only s waves in the expansions of the wavefunction and
the electron interaction potential. The model was
considered by Burke and Mitchell (1973) and solved exactly
by Poet (1978). The Schwinger principle is wused to solve
pseudostate coupled channel problems using purely L-squared
trial functions, and its flexibility is used in attempts to
remove unphysical structure introduced by the use of
(L-squared) pseudostates. The Schwinger variational
principle is introduced in chapter four, which also contains
a short summary of aspects of the Poet problem not discussed
in other contexts. Chapter five details the present work
using the Schwinger principle, which was carried out in
collaboration with Mr. R. Hewitt. The more general theory
described in chapters one and two is discussed in detail as
it 1is applied to the specific model problems considered in

chapters three and five. Possible future work is considered

in chapter six.



1.2 Electron Atom scattering

1.2A Introductory Theory

We consider electron hydrogen atom scattering, treating
the proton as infinitely massive. Relativistic effects are
not considered as they are negligible at the energies under
consideration. Atomic units are wused throughout, the

following quantities being unity:

/ /

h=m, = e = -1
/

c1.2.1)
m, = mass of electron
e = electronic charge (e = e*/ fir¢, ; e* in S.I,units)
a, = first Bohr orbit of hydrogen atom.

-4

The fine structure constant « = (137.0388)

Cross sections in chapters three and five are given in

units of war.

We consider time independent wavefunctions: time
dependence is discussed for example by Bransden (1983). We
describe initial and final states of the scattering system
for a given total energy E in terms of reaction channels.
For example, the initial state may consist of a free

electron and a (neutral) hydrogen atom in a ls state, with



no interaction between them: the 1s channel. After the
collision, the final state may be the same, in which case
elastic scattering has occurred, or the hydrogen atom may
have been excited to a different state, in which case
inelastic scattering has occurred, the final channel being
labelled by the state of the hydrogen atom. The labelling
also describes the final state (direction) of the scattering
electron although this is often kept implicit for simplicity
of notation. Energetically accessible channels are
described as open, the rest as closed. If ionisation occurs
the channel labelling is performed as if the two electrons
were distinguishable. The work of this thesis does not
concern ionisation, but excitation at energies where
ionisation is possible. The generalised experimental setup
by which this scattering may be realised 1is described by
Bransden (1983) and for example, may consist of a low
density collimated electron beam incident on a 1low density
atomic target, the assumptions being that the beam electrons
do not interact with themselves, and that only one collision
occurs per scattering electron (the actual experimental
conditions for electron hydrogen scattering are more
complex, but do not concern us here).

The Schrdédinger equation for the electronic system is:

(H*E)}p‘.i(_r.,,r:) = O

€1.2.2)

’ .
f@ signifies the outward scattering solution and



corresponds to an incident channel i and outgoing waves in
all channels: jg’ describes the scattering system and in the
time dependent formulation corresponds to the incident
channel at times well before the collision. ff corresponds
to an incident channel i and incoming waves in all channels:
in the time dependent formulation fr corresponds to a final
channel i at times long after the collision. The ionisation
threshold is at E = O,

The probability of finding the state j in the

+
state Yf is the scattering matrix element S; .

- ’
Sii : < SLJ, [ SV; > (integration over coordinate space)

Soo- &, + 2T,

3 ¢
(.1.3)

The delta function part of Sy corresponds to no

interaction, and the scattering 1is described by the T

matrix:

:I:" = 'TTg(E;'EJ')TM

(1.2.4)

E; here is the total energy in each channel. The $ function
ensures energy conservation and the energy labelling will
therefore now be dropped. The reaction partial cross
section 6y may be written:

c = L E (an, | T.01

g bt
(1.2.5)



ikf is the energy of the scattered electron in channel i:

"l‘lk:'('E =ik;+E‘-):E

2 i

(1.2.8)

€; is the hydrogen atom energy level in channel j.

In terms of the beam experiment, the cross section is
the total number of electrons scattered per unit incident
flux (the wave function is normalised such that dqwaﬁjis a
particle density). The differential cross section
dey /df; giving the number of electrons scattered at a
particular solid angle is proportional to the square of the
T matrix element. This emphasizes the fact that the
labelling j here includes angular information about the
final direction of the scattered electron as well as the
quantum numbers of the target atom. Electrons are spin %
fermions and the system has different spin states: symmetric
s = 1 (triplet) and antisymmetric s = O (singlet). For an
unpolarised beam, cross sections are averaged over initial

states and summed over final states:

N CLR R AT R AP

Jt 4
(1.2.7)
The wave function obeys the relation (1.2.8), as
described by Bransden (1983).
+¥ }p/'
F o wiyn,n) = L (kiyon)
(1.1.3)



1.2B Structure of The Wave Function

The Hamiltonian H for the systemis symmetric

H

"

‘i'vxz “%sz +\/¢,(|~,')+V,,(11) +v{in-ri)

(1.2.9)
V, (r) = -1/r : Coulomb interaction between an electron and
the proton.
| ! | < [RK\n
h-n):= —— = - = = (..‘.)
v( i _1) I6-nl . n "Z‘o r P/‘((/O"Seu)

v(r|z) is the Coulomb repulsion between the electrons.

(r<); (lesser)
(r>)1s the (greater) r, and r, .

€©,, is the angle between r, and r,
P, (x) are Legendre polynomials as described by, for
example, Abramowitz and Stequn (1972)
For elastic scattering and excitation, it 1is useful to

rewrite the Hamiltonian as in (1.2.10)

F1 = Ho N \/('5, r)
Ho= -5V + Vi -4V

(1.2.10)

H_is the hydrogen atom Hamiltonian for r,, together with a

o

free particle Hamiltonian for g,



V(r,,r,) =V, (r,) + v(r,) : a short range potential as [>,
For distinguishable particles, this identifies the particle
with coordinates L as the scattering particle. The
Hamiltonian may also be written symmetrically in terms of
two Coulomb Hamiltonians and a long range interaction
potential v(r,, ), as discussed by Peterkop (1977) and

Geltman (1969).

(-LV* + V> - € ) @.(c) = 0

(l.?..“a,)
Z' D, ) @ffc') = §(c-r")
" (r.1.11%)

The ¢L are hydrogen functions and the prime on the sum
indicates that integration over the positive energy
continuum is included. "n" used here is a shorthand way to
represent all three quantum numbers n 1 m for the bound
states, and the vector k for the continuum states.

3

LB NGu> = S
<R PPy y = 8 (h-K) g = R

In the continuum, ;ﬁ* are diverging or converging Coulomb

(1.1.11¢)

functions. The ¢":) form a complete set.
[3
Because of the Pauli principle, Yy' must be either
symmetric or antisymmetric, according to the total spin of

the electrons (since electrons are fermions, the overall

wavefunction must be antisymmetric):

) Cs)
ﬁpztéiﬂ,l} (; ) EL;*(ila

(1.2.12)



This symmetry/antisymmetry may be included explicitly or

t(s) 3
implicitly. j? may be expanded in terms of the 95 .

[4

pro. T i 5 5 e B Bl
) : €20* (Etie-¢,-¢,)
n m

(3

(1.2.13)

This is a unique expansion with the a,, determined by the
Schrodinger equation (1.2.2). jZ?‘ here corresponds to the
initial channel, a bound hydrogen state times a positive
Coulomb function then symmetrised/antisymmetrised. The a,,
here are symmetric/antisymmetric in m and n. Peterkop
(1977) showed that for pure Coulomb interactions the a,,
include a logarithmically diverging phase due to the long
range potentials. For the present purposes it will be
assumed that at large distances the potentials are screened
by the other atoms in the target and experimental set up,
and the a,, are well behaved. The exact Coulomb case is
considered by Peterkop (1977). The -expansion (1.2.13) is
mainly used for determining the singular properties of other
expansions which can be more easily approximated
practically. The continuum functions ;D‘ are chosen for
3%16) as converging waves do not contribute to the
asymptotic form of the continuum integral for the scattering
amplitudes §' (to be defined), as discussed by Bransden

- (1)
(1983) and Peterkop (1977), and vice versa for 9% .



¢(s)
The boundary conditions on }z (x,,r.) are:

s kot

2 (s)

lim &ﬁ(r.,r; = Q(g) Chon +Z@{r)3(b()h§,
o0 .

) sq(hyr
v (oo B700,5) £ e 10

,G
rR¢h

1=

..1\(‘0

(1.2.04q)

There is a similar expression, multiplied by (—1)’, for

r,ve, It is assumed in (1.2.14a) that ionisation is
) ¢s) . .
possible, The ffés (£,) are scattering amplitudes for

excitation into each channel: the spherical waves vanish for

closed channels.

o3 k Hs) ls)
O;(___;gn'u = Z"{ ol (")] J T = 'ZTLJ[ (r)
oL 52, :

(1.2.14b)
There is an additional phase factor in the ionisation

channels: in the pure Coulomb case this is logarithmic. 1In
the screened case it does not occur. The first term is the
unperturbed incident channel for (1.2.10).

There are three main practical ways of expanding the
wave function. In the first, the symmetry/antisymmetry is

kept implicit.

¢ (5) +¢
P enn) = 2 B @y
“ (1.1.15)

The F9 may be expressed in terms of the a,, by

n

comparison with (1.2.13). For excitation:



AINY 6 'bkqﬂ
lim, F:*(G:) - { 6!\2 60-4 Tt ULA:, ’."1;) 2 KPR E
hveo 277 w

0O e >k
(r.2.1¢)

(The boundary conditions are similar for the ionisation
channels when E > O to give (1.2.14a)).

lim gy - S""Fg:{’-"lf‘)ﬁtéﬂé’»ﬁ)

27 00 (1.2.17)

The bound state terms vanish as r,-» oo, The F'ﬂg',;l)
contain singularities which combined with the choice of
diverging/converging wave preserve the correct boundary
conditions. For non-singular F!* the @7 become highly
oscillatory as fbse0 and the integral vanishes.

The other two expansions used practically are chosen so
that singularities do not so appear and the boundary
conditions are included straightforwardly. The first of
these finds a solution to (1.2.2) treating the electrons as
distinguishable and adds the symmetrised/antisymmetrised

solution afterwards: this takes advantage of the symmetry of

the Hamiltonian .

LE€)) s s ¢
o = w60 Fe )

(H-E)#* ey = O

(1.2.18)

. + b_ r 'ull,.r: A
n @ ey 2 Bomye Tt v 2 B, et £
f,<)e0 . PR 72 " ne
v Sk @‘(L’,r;),%e.”(."r')'z)f:,,‘lﬁ)
wek TN
- 12 -



Lku
R ACERE

ALY
boSdk gr) tef “23;,,;(5)

boek

lom, 90 (n,0)

M7 00

Y

C1.2.19%)

The g& are exchange scattering amplitudes where the atomic
and scattering electrons have swapped over. Rather than use
an expansion of the type (1.2.15) for S?t and achieve
(1.2.19b) through singular terms, an expansion of the form

(1.2.20) is used:

%./t(f\,ﬂ Z' ( Fre)y @7y + Gorx) D))
(1.2.20)

The F.! and G} are not wuniquely defined by (1.2.20). As
described by Peterkop (1977), a unique choice is made by
requiring the F' and G! to be orthogonal to all
states ¢f of lower energy. In terms of the equivalent
equation to (1.2.13), where here the a, ~ are not

symmetric/antisymmetric in m and n

F—t(r) = 5( o+ m ! Bmn K @"‘1(5_)

n e " e £ (E-gaenid)
P 2
(;.t(r) = lom I_EILLEZSLE)
noT £50" £— (E - £, - € tu)
£.2 €
" (r.2.)

Thus for continuum energies €, discrete singularities do not

appear in Ff (r ) or G:(g) and asymptotic behaviour of



(1.2.20) is restricted to Ff(g,) as 20 and G:(gt) as r oo,

We then have the boundary conditions for the excitation

amplitudes :
N 5 ei;&-.lg J[i ~ eb‘lll’.
F = y - ne * I B = ; e,k
LY f,
9 .
0 . €. YE
(1.1.200)

t e "R :
G/ — { 3 (1) R

...704
e v E

(1.1.22%)
Similarly, all the ionisation channel boundary conditions
are contained in the F} ,(r,) for r,-e and Gi,(;l) for

¢
r, 20 . Taking the complete solution f%JS’, we have:

e m) - 2 By (Flm 0y 6in)
tED DYy (i + () Gj(.r.))}

(1.2.2%)
The scattering amplitudes are:

f5% < LBy + D g
f1.2.2%)

The third expansion 1is to include exchange effects

explicitly in the problem and define solutions (1.2.25).

£(s) / : 7 ‘s
ey = 2 (R @lmy + ()@ m) )

(1.2.15)



Fim(r) - Firy « 1) G.()

n -
€1.2.26a)

th(r) —> gn.b A (S
n - r-r o0 ¢
(1.2.16}4)

Although (1.2.26a) relates the solutions, F* and G}! are not
considered separately in practical calculations. The F %)
should of course, be orthogonal to all states_¢f of lower
energy, so that all asymptotic behaviour is contained in
F:“‘ . (1.2.25) forms the basis of the approximate
expansions used in the work of this thesis as the boundary
conditions for F:{” (r) are most simply adapted into the
Green's function methods used. 1In chapter three and parts
of chapter five the exchange processes are ignored for

simplicity while various methods are tested.

1.2C The Lippmann Schwinger Equation

Writing the Hamiltonian as in (1.2.10) we can find
unperturbed solutions for H,:

(H.-E) @, n) et L o

(1.2.17)

We define

k;_‘[;

XiCr,n) = @.(c)ye-

The Green's function for H, may be constructed:

(1.2.274)

(E-H,) G,t(f';\; r‘,gj_r.,;') < §n-r’) Sn-n) fhe-

(1.2.284)



8

I .
G i ( "'L’ LR !-h[;/) = 3—3 0{.3!!' @:(5) @:@w et(‘g"‘(!}'f‘-)
2o T L (2(E-g,) -k tig)

©

) @ (r,)@(r' 3 tholn-r’]

4

m I I; - !;I l
(i.2.29b)

In (1.2.28b) and henceforth throughout the limit as
£ > 0" is assumed wherever E + 1€& occurs. The formal

. t&
solution for 9? is then

+s) i k ,
Py = Doaye ™« gobro( G, (k,5.050")
Ve, e') 8 e

(1.1.28¢)
Using the Green's function in operator form

i.S.D:”> - l‘xc> N G°tvi§ya$m> ’ G’: :(E.t:('Ho)

(1.2.28d)
. . . . . tn
This 1is the Lippmann Schwinger equation for ﬁz
The Lippmann Schwinger equation 1is the basis for the
Schwinger variational method, introduced in chapter four and

used extensively in chapter five.

The boundary conditions for %”a)as r,» oo are built

in, most obviously for excitation:



lim 6;kmlg-5’l e‘okm(n-n’mé)

\

h e
n

) L In-n'l
(r, fmﬂl) €1.2.21)

© is the angle between r, and r'.
By considering (1.2.28c,d) as r,-~>e , the excitation

scattering amplitudes are:

5y

165) A ~ ¥ ik I
fo' < - B lfendr Bl € Vi) Ko

(1.2.30)

k). has magnitude k, and points in the direction of g, .
Geltmann (1969) points out that the integrand of
(1.2.30) is a sharply vanishing function of r' as r'-»>o ,
justifying the wuse of (1.2.29). For closed channels k,
becomes imaginary and the terms become exponentially
vanishing functions of r,. The ionisation amplitudes appear

in a similar way although (1.2.29) is not directly

applicable, as described by Geltman (1969). In terms of the

T matrix
1] (s
T sl e LXK VI
(1-1.31)
Using (1.2.28d) the t operator t | X;> = vl :m3 may be
defined.
+(5)
—T;; = <:'):m[ t[ J<;:>
L= Ve VGt
|
t .ot -
- v +VG v P (1 -(E*it-H)
(1.2.32)




As r, 2 oo , the exchange terms 1in yz““ ensure that the
boundary conditions are obeyed, as discussed by Geltman
(1969), although this is not obvious from inspection. It is
necessary to include the continuum terms in the
representation of the Green's function, as these are the
only terms that do not automatically vanish as r; 9 oo . In
chapter five, a different form of the Lippmann Schwinger

equation is used:

syiilss(ng) - g,“’(r.,ﬁ) . (_[) @ t(;;;)r‘
2 5 _
B, .5 - TE6) B

(1.2.3%

 1£3)

ey = By e v ffdrde Gl ne)
{(V(_.’,t_:') -CY¥(e-HA) (ﬁ,' ,)}

(1.2.33D
A interchanges r ' and r,

() 2 v . ) _ ik,
:fn;, (L) = "43 gf’(_ﬁ al’__r, @m([;.,) €
{( V(r 5) FY(E-H)A) *((;) r )}

(1.1.33¢)

This is identical to (1.2.30) for exact wavefunctions

Xx, xy).
(.UT\ ¢'tfs)
Eade L) = O (1.2:33)
The importance of keeping the continuum terms in the

representation of the Green's function is now to improve the



accuracy of the wave function. An alternative Green's
function, not discussed here, uses a sum of two Coulomb
Hamiltonians as the unperturbed state, and can be useful for
discussions of ionisation, although the resultant scattering
amplitudes cannot be used to represent elastic scattering,
as the contribution to this from electron proton interaction
is included in the homogeneous term. As discussed by
Geltman (1969), for electron hydrogen atom scattering, in
other respects the simplest case of electron atom
scattering, (1.2.30) contains an undefined integral over r/
in the threshold limit k, = O due to the degeneracy of
hydrogen atom energy levels. This does not occur for more
complex atoms or in the case of the Poet model problem

considered in chapter five as there is no such degeneracy.

Brief Summary Of The Born Series And Approximation,

Following Bransden (1983).

The Lippmann-Schwinger equation may be extended by

substitution within itself. (1.2.28d) may be rewritten:

(125 = (X, >« GVIX 7 + GIVGEIVIE™

(1.1.3%a)

| #5905 = {1 eS (VI H XY G187

341
(1.2.34b)

= ( l + Gtv) ( x; >
oo . (1.2.345)
Gt = 2(GEVGE = (1-GrV)'GE  (Esie-H)

KPS (1135)
- 19 -



(1.2.35) is the Born series for the Green's function Gt, and
(1.2.34c) 1is the Born series for the wave function. The
convergence of (1.2.35) is not guaranteed (for bound states
of a system for example it diverges). The successive Born
approximations are to truncate the Born series at successive
terms, starting with l?%“ﬁ> » | X;>. The results are used
in the T matrix elements (1.2.31). the first Born
approximation substitutes |X,> for l_f?m> and is justified
at high energies as the second term in the Lippmann
Schwinger equation involves integrating over a rapidly

oscillating function and tends to vanish.

1.3 Brief Review of Scattering Methods

1.3A Low Energy Methods

The functional I defined by (1.3.1) is stationary about
the solutions ?f“‘ and the errors 1in the scattering
amplitudes are to second order in AY¥ if I = O, provided
trial functions with the correct form of boundary conditions

(1.3.2) are used, as may be shown to follow from the work of

Kohn (1948).

T L PelH-EIET 720
(13.1)

) 161
Trial functions SZ; = Yf + A¥ are used.
(I.}.ll.)

5”/13 Hl;.r', 1 '.,‘t,\r, sy
& (o,h) = ¢ ="~ @;('_'l) +nz r, e Q.(‘})f,;(ﬁ)

f,=2 00
{(1.3.18)

- 20 -



(e.<E)

§n:m(§) + Afm.([;)

R
e
-~
Ty
Ll
u

(1.3.1¢)
The trial functions are appropriately
symmetrised/antisymmetrised. In (1.3.2b) it is assumed

ionisation is not possible for simplicity. For the exact
solution when ionisation is possible the ionisation boundary
conditions should be included. Setting I = O then gives a

variational method for the scattering amplitudes. Using an

expansion of the form (1.2.25) with unknown . functions
En(n (£,) reduces (1.3.1) to an infinite set of coupled

integro differential equations for the E:’ :

(L5 @iy (H-6) Y - 0

(1.3.3}

(1.3.3) may, of course, be obtained straightforwardly from
the Schrddinger equation for the exact solutions. For 1low
energy scattering where only a few channels are open the
close coupling method may be applied, or Kohn and Hulthen
type variational calculations may be performed on (1.3.1).
These variational calculations and the types of trial
functions used are described in detail by Nesbet (1980), and
a brief description of the Kohn method for single channel
scattering is given at the end of this section. A review of
variational methods is also given by Callaway (1978). With
appropriate trial functions these methods are equivalent to
the close coupling methods summarised below.

The close coupling method for low energy electron atom



scattering is based on the fact that §I = O to first order
in A¥Y provided conditions (1.3.2) are obeyed. The basic

form of the close coupling method uses a truncated expansion

(3]

of the form (1.2.25) as 7”,,,- :

N
Vi,ny = (146 Z A £
¢ Nzo
(1.3.4)

(1.3.3) then becomes

Sol"r“@ {r)(H E—)K n,) = @) 5N O'I""’N(z.zs)
Integrating over the angular variables leaves a series of
radial equations. The system is in an eigenstate of total
orbital angular momentum L and component M, spin S and
parity M. The Hamiltonian and T matrix are diagonal in
these quantities. The angular momentum quantum numbers of
the target and the scattering electron in channel i are
respectively 1; ,m; and L;, M;. The angular parts of the

expansions (1.3.4) are grouped as in (1.3.6)

%/n

1]

PooreeyA)Z R, n F

J‘ 7 Jl

f n,,L,,LJ
(J'orN) LM
X >‘/iuL5 (6,)@,)9”@1)
(1.3.4)
antj is a radial hydrogen function ,

ymm is a simultaneous eigenfunction of the total

orbital angular momentum and component, and the orbital

angular momentum of the target and scattered electrons.

YU T Ll Mom LM Y 8. MY, (6,4)

(r.3.7)
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Y,,n, ~are spherical harmonics and the coefficients are
Clebsch Gordan coefficients, as described by Bransden (1983)

for example.

[L- 4] ¢ Licl+b

Li+ !
T = 64) ‘ is conserved.
(1.3.8)

(1.3.8) places restrictions on the L;. Using the expansion

in (1.2.9) for the potential V(r, ), the equations (1.3.5)

become
N pa—
(Lo _ LD g2 JEAGEE Z{ij(r) ey
2 d‘.x 1'-1. z %o - - k
+ E) 5*’ Ky (e B S
. (1.3.9)
- i
In (1.3.9) F_, € E\L,L;J (r). The direct and exchange

kernal potentials W and K, are of short range: details

are given by Percival and Seaton (1957).

F—:.(r) —~~ 0

e 5o
y Lws l(hnf'LgF)(
f. M o K"{SM sin( kyr - l}ﬁ) + _’;_,L.,L,,LC TR
" 00 o) ; €.7E
(1.3.10)
The radial expansions of wunperturbed solutions ettt
using Bessel functions and Legendre polynomials are
described by Bransden (1983) and Joachain (1983). The

boundary conditions are correct to within a constant in each
Lng

angular momentum channel. The T, | i.; sum (with



appropriate angular factors) to give the T,_., as described

by Percival and Seaton (1957). The individual radial T

. ) Lty . . .
matrix elements Tnmt.w-.L may be defined using the Lippmann

Schwinger equations for the F,. in a similar way as
described in section 1.2B, to within appropriate factors of

according to the normalisation adopted. This is done

k k;

n/ v

for the Poet model problem in chapter five. In many

practical calculations, real solutions are defined:

— -y . . s
F )y «» kmigmsw\(k-‘r. ‘--r'}) N K ers ( R,.T - L_.._n)}; £, <€
my r- o0 S Y
(r340bd
Lius S
The : }C‘,s: - form the elements of the
m,

reaction or K matrix, from which the T matrix and the
(unitary by definition) S matrix may be formed (see for
example Bransden 1983). Calculations are now all real, but
K-matrix elements for all the open channels are needed to
form the complex and unitary S matrix. The direct numerical
solution of (1.3.9) has been discussed by Burke and Seaton
(1971), Crees et al. (1978) and Rowntree et al. (1976). The
R matrix method which matches logarithmic derivatives of a
trial function of <convenient form and the asymptotic
function, as discussed by Burke and Robb (1975), or a
variational method with algebraic trial function described
by Callaway (1978, 1980), can be used.

The most straightforward close coupling calculations
use only open channels in the expansion (1.3.4): the "static
exchange" model for example includes only the hydrogen

ground state for elastic scattering. These are feasible



calculations for low energies when only a few channels are
open and are accurate for interactions in which the included
channels contribute the bulk of the scattering amplitudes,
but can converge slowly as more closed channels are added to
(1.3.4). For example, 18% of the hydrogen atom dipole
polarisability comes from continuum p states and will not be
accounted for as the number of bound states included is
increased. The method 1is improved by the addition of
L-squared pseudostates to the expansion to represent the
closed channels. These may be non—hydrogenié functions plus
additional scattering functions, the target pseudo-functions

-—

R,, diagonalising the target Hamiltonian:

LR, [ 880 LR, 5 5L

a.3.a)

These functions have energies gnL > €, by the Rayleigh
Ritz principle, which may be negative or positive. The
representation of continuum functions by L-squared functions
is discussed in chapter two. A few well chosen pseudostates
of this form can improve low energy close coupling results
greatly: an example is the work of Burke et al. (1969) on
accurate results for the elastic differential cross section
for electron hydrogen scattering. The more general form of
practical low energy expansion includes the open channels
explicitly and uses algebraic L-squared functions to

represent the closed channels: details are given by Nesbet

(1980).



N M
50(" = (| « (OPA) 2 @ ) by +_ZC2"@{(5;Q)
te L nso Ll
(1.390)
The *©! should be orthogonal to the open channel space or
can be made so (Burke and Taylor 1966). Using the Kohn
variational principle, as described by Gailitis (1965) and
Burke and Taylor (1966), (1.3.1) becomes a mixed set of
integro-differential and algebraic equations. A projection
operator formalism due to Feshbach (1958, 1962) may be
employed to reduce (1.3.1) using (1.3.12) to a finite series
of coupled equations, using an optical potential. This is
discussed for a model problem in chapter three. The
projection operafor P projects out the open channel space

PE™ = (1 +VA)Z 8.6 fis)

rt

P*<P : @=\|-°P

(I.3.|34,)

For example, for N = O

P ¥y = By (dory 86y i,

B,cc) Sder Besy V4 (w5)

Pz. spsff.,[ﬂ

P="Ff<«f -fR

As shown in chapter three, the Schrodinger equation becomes

(PHP +V, -E)FP ¥ -0

(1.3.31)

- -PUQ 1+ _ QHP
Ve Q(U-DA
(13.04)



The closed space is represented by the optical potential V,
and (1.3.9) is solved with additional potential terms due to
Ve. V, is represented approximately by diagonalising the Q
space Hamiltonian OQHQ on the basis *©} , determining the c;
and giving an L-squared representation of the Q space
Green's function. This is discussed in chapter two and is
valid for low energy scattering where the Q space is all
closed. A general survey of these methods and low energy
scattering in general has been given by McDowell (1976). As
incident energies increase, more and more channels become
open, {1.3.9) becomes more cumbersome, and some of the
difficulties arising in the intermediate energy region

discussed in sections 1.3B appear; although the continuum

remains closed.

Kohn Variational Principle (Single Channel), following

Bransden (1983).

We define IL£1 = § £, L:;:(r) dr
¢ (1.3.18)

= 0_(;_1 C(tH) T
L drt - —r'T - U(r) + L

:;L(r) = JCL(!') + Af,(r) ) J(,, the true solution.

J.m o sinler-tE) K, e Chr-tx) o K =K +AK
The real K matrix problem is illustrated for a single
channel problem. The Kato identity is:

T(£1 - TLAf) = -kRAK,

(1.3.14)



Thus O (I + kK,) = O to first order in Af, .

- & _
JC‘(ﬂ = Z C, Y"(r) +5;ﬁ'\(&r-(’{.t) J-I(Lm(kr_(%t)
- (1.3.17)
c; and RL are unknown.

The Y, are L-squared functions which vanish at infinity.

The Kohn variational principle (Kohn 1948) sets:

b__:.[ = O ’ (‘, = {
)C;
(1.3182)
I - -k
K, €1.3.18b)
Applying the Kato identity to the result, an improved

approximation to K, is

K = L (T +K,)

(1.3.19)
The Hulthen (Hulthen 1944) principle replaces (1.3.18b) by

T061 =0 (1.3.20)
This also sets AK, = O to first order, Spurious numerical
singularities <can occur with the Kohn principle, as the c;
may become infinite for certain values of k°. The inverse
Kohn principle uses the boundary conditions (1.3.21) and may

be used if the Kohn principle does not converge.

;?,_ ~ oot §, \Sl'm(eruiF) + c{s(hr-@;’c)

(1.3.1))

Ways of predicting and avoiding spurious singularities have

been discussed by Takatsuka and Fueno (1979).



More Complex Atoms

The general methods outlined so far in this chapter can
be applied in principle to electron scattering by more
complex atoms containing M electrons. However, spatial and
spin components of the wave function do not conveniently

break up into separate symmetrical/antisymmetrical types.

Overall antisymetric sums of products of various
spatial/spin functions must be formed. . Atomic wave
functions (see for example Condon and Odabasi 1980)

ﬂz\(l,z...,M), fully antisymetric and including spin terms
are used in expansions instead of hydrogen functions for the
P space channels, and each combination of a ﬁ& and a
function F, (M+1), which includes the spin dependence of the
scattering electron, 1is then fully antisymmetrised. The Q
space part of the expansion may be represented by similar

sums of closed channels and pseudostates, or by the linear

combination (1.3.22).

No
Q¥ - Z c, "61 Ci,2,..., M)
e (1.3.22)
The HO{ are predetermined fully antisymmetrical (M+1)

electron wave functions, orthogonal to the P space. They
can be expressed as combinations of Slater determinants of
one particle orbitals. These "configurations" can then be

used to diagonalise the Q-space Hamiltonian, a process also



known as a configuration interaction calculation. A
systematic procedure for determining the *X allowing for the
distortion of the target due to the perturbing effect of the
scattering electron has been described by Mittleman (1966)

and further developed by Nesbet (1975, 1980).

1.3B Intermediate Energies

The intermediate energy range is considered to start at
the ionisation threshold (E = 0; 0.5 au or 13.605 eV incident
electron energy for atomic hydrogen) and continue to
energies where the first Born approximation is valid. These
energies vary from system to system and cannot be specified
quantitatively. Also, the convergence at the Born series to
its first term at high energies has not been proved
analytically for atomic systems. The Born approximation
cannot give inelastic differential cross sections at large
angles and elastic differential cross sections in the
forward direction.

For the lower end of the intermediate energy range, it
is desirable to extend the methods of section 1.3A, with

suitable modifications, to calculate elastic and excitation

cross sections, as the higher energy approximations
mentioned at the end of this section are not wvalid. The
disadvantage, apart from increased complexity of the

equations and potentials W_ 6 K,, , 1is that not all open

channels can be represented explicitly so that the boundary



conditions (1.3.2) guaranteeing first order accuracy are not
all fulfilled. Straightforward close coupling results are
likely to be poor as no contributions from the continuum
(part of which is open) are included. For example, Kingston
et al. (1976) calculated 1s-2s-2p close coupling cross
sections for electron hydrogen atom scattering at energies
up to 300eV. The elastic cross section was given badly as
long range contributions from the continuum were missing.
However, for higher energies the long range 1s-2p coupling
was fully taken into account and 2s-2p terms were also
reasonable. For these cross sections results were poor up
to 50eV but improved at higher energies, although angular
correlation between the scattered electron and subsequently
emitted photon after 1ls-2p excitation was not well
represented (Williams 1981).

The use of pseudostates can, as before, improve
results, but judicious choice must be made as convergence
with additional pseudostates is not regular. Burke and Webb
(1970) carried out close coupling calculations on electron
hydrogen atom scattering for incident energies up to 50eV
with 1s-2s-2p states and additional 3s,/}§ pseudostates with
eigenenergies at the ionisation threshold. The pseudostates
changed results (improved them) dramatically, but the
convergence with respect to choice and additional numbers of
pseudostates was not investigated. Burke and Mitchell later
investigated fhis for the "Poet" model problem (see chapter

four) and found wunphysical structure appeared in the T



matrix elements around each pseudostate threshold.
Subsequent work by Callaway et al. (1976) for incident
energies up to 54eV with eight pseudostates agreed well with
experiment away from the pseudothresholds. Fon and
coworkers (1981) calculated elastic scattering cross
sections for electron-hydrogen, helium and neon scattering
using a pseudostate expansion and the R-matrix method.
Pseudoresonances occurred at pseudothresholds, which were
removed by a T matrix averaging process of Burke, Berrington
and Sukumar (1981) discussed in later chapters, The
generalised pseudostate and optical potential methods have
similar problems, as part of the Q-space is open, and the
discrete L-squared Green's function gives rise to false
resonances at the pseudostate eigenvalues.

The investigation of methods of removing false
pseudo-structure whether from "pseudo-atomic" states ﬁnL or
optical potentials diagonalised on an L-squared basis, to
allow the systematic but manageable extension of the series
expansion techniques to intermediate (up to 54eV) incident
energy excitation studies, together with the use of the
Schwinger variational method to try and circumvent these
problems, makes up the discussion and work of this thesis.
Methods discussed in chapter two where the whole wave
function rather than just Q-space has been replaced by an
L-squared diagonalisation have achieved success for elastic

scattering but are numerically wunstable for inelastic

scattering.

=D



Higher Intermediate Energies

At incident electron energies above 54eV various
methods have been used successfully in electron atom
scattering. These have been reviewed by Bransden and
McDowell (1976) and a few examples are given here. The
optical potential method has been used with only channels of
interest for excitation retained in P space, and the Q space
Green's function expanded in terms of a Born series of free
particle Green's functions, only one or two terms being
retained. At higher energies, exchange kernals may be
neglected (Mittleman and Pu 1962, Bransden and Coleman 1972)
and the "second order potential" is simplified. The closure
approximation replaces the integral over the continuum in
this second order optical potential by an average value,
further simplifying the problem. Cross sections have been
calculated for elastic scattering of electron by hydrogen
and helium by Winters et al. (1973, 1974), comparable with
the eikonal-Born series work of Byron and Joachain (1973,
1974, 1977). Other methods wused with success for higher
intermediate energies include extensions of the first Born
approximation, semiclassical methods, and distorted wave
methods (in which increasingly sophisticated uncoupled
solutions of the elastic scattering equation are used in the
equations for inelastic scattering to get aproximate
solutions: see for example Bransden 1983). The use of many

body theory applied to electron atom scattering has been

described by Bransden and McDowell (1976).



CHAPTER TWO

THE L-SQUARED DISCRETISATION OF ELECTRONIC CONTINUA

2.1 Introduction

2.1A General Introduction

L-squared representations of wave functions and
associated spectral resolutions have been used to avoid, to
differing extents, part or all of the usual specifications
of channels and asymptotic forms in scattering problems and
photoabsorption studies. In this chapter, theoretical
methods of L-squared discretisation and equivalent
quadrature are introduced. In section 2.2, certain cases of
one particle Hamiltonians for which finite basis approximate
L-squared solutions can be directly related to the exact
solutions are discussed. Sections 2.3 and 2.4 give examples
of how the methods are applied 1in cases where the exact
solutions are not known and the L-squared discretisation is
applied numerically, the methods of section 2.3 being
directly relevant to the work of this thesis. It should be
noted that while the exact cases of section 2.2 treat
relatively simple one particle Hamiltonians and use
systematic series of well known basis functions to give

reasonably straightforward analytic analyses, the general
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L-squared wave functions used to discretise many electron
atomic and molecular continua in the cases discussed in the
latter sections are usually the results of configuration
interaction calculations, using Slater determinants composed
of atomic/molecular orbitals expanded in the L-squared
basis, with additional functions included to represent,
where applicable, polarisation and other relevant effects.
These more complex cases do not always give single smooth
quadratures. Section 2.4 describes one method of extracting
physical information in these cases, and in chapter three a
method of forming systematic quadratures from the initial

discretisation is investigated.

2.1B Theoretical Introduction Following Reinhardt (1979)

The eigenfunctions of an electronic Hamiltonian H form

a complete set, allowing H to be expressed in terms of its
spectral resolution or eigenfunction expansion (within a

subspace defined by a single non-degenerate symmetry) :

H = ZIEOE<®] « (& Herr<#en]

]ﬁ'> are orthonormal bound state eigenfunctions and [ (E')>

(2.0.1)

are orthonormal continuum eigenfunctions. The continuum is

assumed to start at E' = 0 for convenience.

HI% > - E,le> S <%ley- s,

(2.1.24)
HH”(E)> - E | ¥YEYY < ey YEDY - SCE-E')
C2.0.2))



The normalisation is such that

21>y + fat€’!$”(6')>< el - |
t ) (2.1.1)

The exact wavefunction for a system may be written in

terms of the eigenfunctions l%’> and [¥F(E')>.

(H-E)|Pey> = 0O
| Pleyy = S1¢ > Peyy + et ey <Henl fre

(2.1.3)

A finite L-squared calculation with basis QZ L =1, N

diagonalises the matrix representation il

-
-

of H yielding a
set of approximate eigenfunctions [%f”> with eigenvalues

') .
E- ;7 J=1,...,N

1 m}.q = LB AHIB Y 5 ijs L., N

AN %J.M(ﬂ\;? S oie L2 N

T2

n_{ %

Bt’u\—%ﬁu\ : Egm ;gfm : zj_j!mj 3 W

-

3

o M
LY -
(2.1.%)
Within the subspace defined by the L-squared basis, the
spectral resolution of i may be written as:

Ho=e 5 1My Erd g™ « 5 1"y

N 7
€0 E;"‘>o

(2.1.§)
We expect the first sum to correspond to the bound



state sum in (2.1.1) and the second sum to approximate the
continuum integral in some way: the continuum is considered
to have been discretised by the use of the L-squared basis,
hence the term "L-squared discretisation". As the size of
the basis 1is increased to infinity, the representation
becomes complete for functions with the correct boundary
conditions. The second sum in (2.1.5) is interpreted as a
numerical quadrature of the continuum integral. For

example, for an arbitrary function 13X >, the matrix element

<Y|H|X> may be formed:
CXIHIXY « 2 LXIEYELHIXY + <3(l§d£'lS”(E’)>E’<S”(E')1x>
‘ ° (1.1.6)

The continuum part of (2.1.6) may be evaluated

numerically:

<x &wt VErSECHENX Y = <X1Y w, [YEDE LU X >

]
(1.1.7)

w; and E; are appropriate weights and abscisae. If 1X> is
well represented in the finite L-squared basis, an

approximation to the continuum part of (2.1.5) would be

‘N)

E; >0

¢x A veneECcrE Ny = <x1 2 1E7YEPCETIX
) (1.1.8)

The use of the L-squared basis can be considered as a

(w)

numerical "equivalent gquadrature" with abscissae Ey and

weights w?‘ (eq) defined such that (2.1.9) is obeyed.



<X TP D] = (W%p) 1< I Pe)y)
(2.1.9)

Over a limited range of coordinate space depending on
the size and complexity of the basis [|@;>, we expect
(2.1.10) to hold, as exemplified by the work of Hazi and
Taylor (1970) for some model potentials, with numerically

integrated exact solutions, and Bassichis et al. (1975).

| 47 = (i)™ | PCE) 7

(2.1.10)

2.2 The Exact L-squared Treatment

For certain Hamiltonians, detailed comparison between
exact continuum scattering solutions and finite L-squared
basis approximate solutions is possible. Heller, Yamani,
Reinhardt and co-workers (1973, 1974, 1975) wused a
systematic approach to illustrate the mathematical sense in
which the square integrable functions approximate the
scattering solutions, and Broad (1978, 1982, 1983) has
further developed and refined their methods. Stelbovics and
Slim (1986) have also performed a detailed analysis of a
model problem involving a separable potential. The crux of
the analysis in each case is that an L-squared basis must be
found in which the infinite matrik representation of the
Hamiltonian H is tridiagonal, 1leading to an analytically

soluble three term recursion relation. Finding such a basis



is tantamount to solving the original Schrodinger equation
exactly, and indeed the specific examples for which the
analysis has been carried out are all Hamiltonians with
known solutions. These Hamiltonians together with the
corresponding basis sets and polynomial solutions of the
recursion relations are shown in table 2.1. However, the
fact that the 1links between the approximate finite basis
solutions and the exact solutions are so direct helps
justify and gives confidence in the use of.finite L-squared
bases in situations where the exact solution is not known.
On a slightly different track, the "J matrix" method (to be
discussed in section 2.4) of Heller and Yamani (1974),
further developed by Broad (1978, 1982), gives exact
solutions of model problems that uniformly approximate the
physical Hamiltonians under consideration.

The following discussion is generalised and assumes the
L-squared basis functions to be orthogonal. This condition
may be relaxed in certain cases to tridiagonal overlap, as
in the case of the Laguerre/Slater basis used for the
kinetic and Coulomb Hamiltonians, and the Stelbovics and
Slim (1986) model problem. In these cases, a mapping taking
the continuum from (0,*) in energy E to (-1,1) in a variable
x(E) leads to a recursion relation of the form found more
directly below, with off diagonal energy dependence factored
out. Appendix 1 summarises the principles of Gaussian
quadrature relevant to the discussion, and Appendix 2

reproduces the main points of the analysis for the



TABLE 2.1

Examples of solved Hamiltonians (bases are given to within a
normalisation constant).

(a) Radial kinetic energy (Heller and Yamani 1974,
Yamani and Fishman 1974)

H- -4 &, un

- R ‘Z;x 2rt

(#1 = XCLasD)
2

(i) Qﬁn ;(Ar) I L_A (W) sme0L... ¢ giz;:r / Laguerre
The p are Gegenbauer polynomials.
n
ot (Ll+%)

et -2
(ii) Qén s (Xr) e = L_" ( 2r?) ,he0,LL,... : Oscillator basis

The p are laguerre polynomials.
n

(b) Coulomb lamiltonian (Yamani and Fishman 1974
Yamani and Reinhardt 1975)

H - IR O 145D S
S Tde a2t r

The Slater / Laguerre basis is used.
The p are Pollaczec polynomials (Z > 0)
n "Extended Pollaczec polynomials” (Z < 0)

(c) Radial Harmonic Oscillator (Broud 1982)

The oscillator basis i1s used.

(d) Morse Oscillator (Broad 1982)

A Stater / Laguerre basis is used after a coordinate
transformation. Broad expressed the p for (c) and

n
(d) in terms of hypergeometric functions.

(e) Model With Separable Potential (Stelbovics and Slim 1986)

. .l o £ . « o X

H z 2 afl" + [lL) a'[ v <r’d7 e 7

The Slater / Laguerre basis is used. The p are linear
n

combinations of Chebyschev polynomials (all polynomials

are described in the references and by Abramowitz and

Stegun (1972)).



particular example of the s-wave kinetic Hamiltonian and the
Laguerre/Slater basis, as this type of basis is used in

later chapters.

2.27A Exact Regular L-sgquared Solution

An infinite L-squared basis {ﬁﬂ} is complete for
functions regular at the origin, so the regular solution
of the Schrodinger equation (2.2.1) may be expressed in the
form (2.2.2).

(H-E) P (") =0 s e =0

(2.1.1)

Pe,r) =S Ye)@.m

Ao

€1.2.2)

Equation (2.2.1) is solved as:

S‘if @mi (HU-E) f'(E) er) =0 m:ont..,=

hee €1.1.3)

Due to the tridiagonal nature of the Hamiltonian matrix
(2.2.4), equation (2.2.3) 1is reduced to the tridiagonal

recursion relation (2.2.5)

H, = {4 g, HO0

(2.2.%)

H ¥y « (H,, -E)Fle) « H,, ¥®e-o

M, M} M-t
€2.2.52)

&y =0

(1.1.5b)

Equation (2.2.5b) is the boundary condition choosing the



¢+ +
solution 27 . The m dependent parts of the 5g(E) are thus
the Sturm sequence orthogonal polynomials p.(E) generated by

(2.2.5) as described by Wilkinson (1965) and in Appendix 1.

Yey - ¥E)pale)

p., (E) = 0; p,(E) = constant, chosen for convenience to be

(2.2.4)

unity.

For Hamiltonians which do not support bound states (for
example the radial kinetic energy, the repulsive Coulomb
Hamiltonian), the normalisation of Y:wE,r) can be defined

in terms of the requirement (2.2.7)
+ ¢
SaLE Pyl e ) = §Cr-r)

In terms of the infinite basis, this may be rewritten as

(2.2.7)

(2.2.8) which, on taking matrix elements becomes (2.2.9)

0o

Z @, (rn B, foCE [ ¥ pa)pulE) = §Crr)

LYY LPPY
(1.1.8)

[~ -]

CLE | ©E palE) polE) = Spu

° (2.2.9)
The positive weight function @ (E) for the P.(E) on the
integral (0,%) obeying (2.2.9) may thus be related to ¥'(E),
and the normalisation of g and the p.(E) is fixed by (2.2.9)

+ 2
e®) = [ ¥ E)

(2.1.10)
In the Slater/Laguerre case, the interval is (-1,1) and the
recursion relation for the ¢& must be made use of. (2.2.9)

and (2.2.10) are replaced as described in Appendix Two.



If the Hamiltonian supports bound states (for example
the attractive Coulomb Hamiltonian) the continuum states can
be analysed separately in the same way. Yamani and
Reinhardt (1975) have extended the analysis to cover the
bound states in the Coulomb case, and Broad (1982, 1983)
generalised the method to all attractive tridiagonal

Hamiltonians. With bound states V:(r), equation (2.2.7)

becomes

> %{r) %(r') * v(aLE #e,e) ?f’(e,r) = §(r-r’)
b .

¥ Le @icen) ENer) = St

(2.2.10)
The terms in the bound state sum are -2mi times the residues

+ (¥}
of the integrand ?Z(E,r) fZ(E,r’), which consists _of poles
at the bound state energies €, in the negative energy

region. In terms of the L-squared expansion, (2.2.11)

becomes

S dE V)P ey pale) pulE) = S,

(2.2.12) is the replacement for (2.2.9).

(1.2.12)

The interval has been extended to include the bound
state energies, and the extended negative energy weight '
function consists of poles at these energies. The
sign i indicates that =-2mi times the sum of the residues
at these ©poles 1is taken. As described by Yamani and

Reinhardt (1975) and Stelbovics and Slim (1986), in

particular cases the coupling strength of the attractive



potential term places restrictions on the magnitude of the
otherwise arbitrary L-squared scaling parameter A when bound

states are included, in order for the weight function to

remain positive definite.

2.2B Approximate (Finite Basis) Regular Solution

Using an L-squared basis of N terms to represent the
\ I+
wave function fﬁ' by a pseudostate Yi" corresponds to

truncating the Hamiltonian matrix at H,, ., .

-1

N
Ny + (N1
L(en = 2 ¥ go
fAzo

' (2.1.13)

§o(1r' B (H-E) > ¥'tey B

1"

O ; mao,. Nl

€2.1.16a)
In a finite basis, limiting the Hamiltonian to tridiagonal
form is no great restriction: the standard method of
diagonalising a hermitian matrix is to employ a Householder
tridiagonalisation as the first step, as described by

Wilkinson (1963). (2.2.14a) is an N x N matrix eigenvalue

problem:
1+

("-E1) P -0 s (¥Rl < 1

C1-2.14))

The truncation implies the additional boundary condition

(2.2.15)

(H

(VY4

)R ¢ B s 0

N, N
(2.1.16)
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The %{ (E) may therefore still be written in terms of the
p.(E) provided (2.2.16) holds:

F~(E) = 0

(2.2.1¢)

Thus the N eigenvalues of the H’

are the zeros of the
orthogonal polynomial of degree N generated by (2.2.16).
For Hamiltonians that do not support bound states, these

energies are the abscissae of an N point Gaussian quadrature

with weight function @ (E) and Gaussian weights

)+
w?) , j=1,...,N. The pseudostates ?i“ (EY" ,r) are
orthogonal:
N+ 4 vy
{ vy
sun CE;”) = C(EJ)FA(Ei)
C2.1.17)
< () AL 7 <
N+ [1TAR4 TR * W) ly\ [ T2
Cae P cem e) Fev o) = cCeP) D) D pal) pulE])
Nie
t -1
= Su e w)
(1.1.18)
The Christoffel formula, as described by Szegd (1967)
was used in (2.2.18). If the pseudostates are normalised to

unity, we may write:

(ny+ wi\ 'h )
Frlem) = (W) pCED) .
2.7.14

The equivalent equation to (2.2.7) is the unity operator

within the finite L-squared subspace

= INY 4 p vy t
Zog e B e, )
J<1 '
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[

A0 plzq

N-t
N NN /N0d

fse (2.2.20)
((2.2.18) and (2.2.20) are modified in the non-orthogonal
case: see Appendix Two).

Broad (1982) _ has generalised these results for
Hamiltonians that support bound states in analogy with
Weyl's (1910) theory on the finite interval, also described
by Brandas and co-workers (1975). Following the work of
Atkinson (1964), he introduces an angular parameter 8 into
the truncation boundary condition and defines a non
decreasing weight function cfr(E), which may be used over
the energy range (-®,»0), in terms of partial sums of the
positive Christoffel weights IN?”(@). Given certain
conditions, these weight functions converge with increasing
N to a unique € independant weight function (2.2.21), and
the negative energy eigenvalues Er;'1 (8 ) and corresponding
steps in the o™ (E) converge to the bound state

¢

eigenvalues &, , and steps in the weight function & (E).

£
x(E) = i-dﬁ/g(él)
(2.2.11)

The step-like CX?%E) and negative energy solutions
(wyt ] ,

Y; (E?:r’) provide a representation of the negative energy

spectral resolution. The rest of this discussion will

assume this occurs for simplicity and will continue to be



based on positive energies, the @ specification being
suppressed.
The exact continuum solution and the pseudostate
solution may be compared.
= +
i + w (M
y: (e¥, r) = 2 ¥ (€) pal€S") B, (r)
fizo
™) = !
+ _ Iy (A
yL: CEIN\ r) z 2 (W:u‘) P" (EG ) @'\ (r)

]
R=a

Llenn - & gmem ) 5 Bienpen) g

— )
(w*)4m ~ R ! n Nt
J

(P lEY) =0)
(1.2,27)
If, as is usually the case, the fi(r) are only large at
large r for 1large n, the pseudostate 1is equal to the
continuum state multiplied by a normalisation constant
within a limited range of coordinate space of interest
(specifically within the space of the first N éﬁ(r)),
demonstrating the experience of Hazi and Taylor (1970) and
Bassichis et al. (1975). Thus a matrix element M, may be

represented by a spectral decomposition followed by a

quadrature representation.

M, - <FLOMIe7

€2.7.234)

L EdE 1 El@> 06 £ievii >
€2.1.13b)
= <f12 w1 Z cerPoen < EI el i >
“” e (€7)

€2.2.23¢)



(2.2.23c) is exact for <FIf{E)>0(E) L & ()N i>/p(E) is a

polynomial in E of degree 2N-1 or less.

My = <§122 g2 ¥ e Ten Ol

(2.2.234)

(2.2.23c) and (2.2.23d) are exactly equal if 1f> and 1i> are

expressgible entirely in the finite L* basis. The equivalent

(»
i

quadrature weights w (eq) are given by (2.2.24).

Y vy
Wy tegy = Wi
e(e)
Ny + e ¥ / * ke
Flcemn i (eney 2wl Fesn 7 tene)

(2.2.14)

(2.2.23), (2.2.24) hold for the tridiagonal Slater/Laguerre
basis.

An immediate application of these results 1is the
photoionisation cross section of atomic hydrogen, for a
dipole (ﬂ ) transition between a ground state f&.and a
continuum state. (The S{WE?") here are solutions of the

Coulomb Hamiltonian)

(2.2.25)



Results can be very accurate as le@) spans a finite range
of electron configuration space. Yamani and Reinhardt
(1975) produced cross sections correct to 6 significant
figures using a 15 state basis.

Thus, for smooth operators O(H) the finite L-squared
approximation yields a Gauss quadrature approximation to My,
for 1£>, 1i> contained within the basis, and an
approximation to the quadrature for more general functions
1f>, 1i>. For scattering purposes, a representation of the
Green's function is required. Unfortunately the Green's
operator O(z,H) 1is not smooth. The pseudostate/quadrature

representation yields (2.2.26).

{1 Cz-HY' iy & <FI1z-H")" 1>

1

N an (1
Z LELE e em iy
o (2 - €7

€2.2.26)

The bound state poles and positive branch cuts have
been replaced by a set of N poles, which give unphysical
pseudoresonances in, for example, T matrix elements at
positive energies =z <close to the E?” . There are various
ways of removing the positive energy poles and putting back
the continuous structure, and discussion will be deferred
until consideration of the soluble exact case has been

concluded. It is assumed that if the energy region of



interest contains bound states, the basis is large enough to

represent these to the desired accuracy.

2.2C A Second Solution and The Exact Green's function

Since the Qa are regular at the origin, the irregular
solution ?f to (2.2.1) 1is not expandable in the basis.
Instead, a regular solution of the inhomogeneous equation

(2.2.27) is formed.

(H-€)7'(e,r)

fn
o<
A
?

<8,18.7

For an orthogonal basis é& = ¢k. ¥ is determined by

"
QN
]
-
~

(2.2.17)

-

requiring ?Z to asymptotically tend to Y?, using the Green's

function (2.2.28).

G(E rr) - 2 () F(E )
Ay W(W;JY{:)

(2.2.18)
W(¥,¥) is the Wronskian of the regular and irregular

solutions. r ¢ is the (lesser)

]
N (greater)Of r and r'.

ACO RN i—}‘{ AT B AT R AT ﬂ'(e,r')@r':}

. LW
ks
2 % (E) (2.2.29)
In terms of the infinite L-squared basis:
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(2.2.30)

o+
The K obey the same recursion relation as the 5”:, with a

different boundary condition:

—

Hy oo 226 + (M, -E) P6) +H, ., 7.0E)-
;my |
(2.2.31a)

H, ¥e) + (m,-E) ¥ - ¥

(2.2. 315)
Broad (1978,1982,1983) wrote the m dependent parts qn,(E) of

- ¢
the ¥ (E) in the form (2.2.32)

q «E) - P%&E o(€) paE")
(e’-8)

(2.2.32)

P stands for a principal value integral over the positive
energies E'.

He then used the fact that (p.(E') - p,.(E))/(E'-E) is a
polynomial in E' of degree less than n to write g, (E) in
terms of a quadrature:

(E’-E) (E E)

%nm)

A\

pelE)( PEaE €Y s Wi )

(E-E) Gt (€¥-E)

paE)( quB) - ¢V(E))

1"

(2.7.3%3%)



The fact that p,(E;"" ) = 0 has been used.

The Green's function may be written in terms of the

infinite series of L-squared functions:

GHE ) = Um e @en P ler)

g0 (Eric -€E)

t

18]

Z S5 ¢m@(r)i4£ Wie) Pl

(€ ht-E)

= ZZ @(r)ﬁ,,,(f')G (na E)
nio Mo (1.2.36)

The Green's function G*(n,n',E) may be written in terms of

its spectral decomposition as in (2.2.34) or in terms of the

—

+
%’and ¢ using a greater than, less than prescription, as

described by Heller (1975) and Broad (1978,1982,1983).

G'm€) = 2 ¥R FE) i ()

n>
(1.2.35)

This form avoids the problems of singularities inherent in a

quadrature representation of (2.2.34) and has been wused by
Heller (1975) to calculate atomic (hydrogen)
polarizabilities, for example, the ground state
polarizability (2.2.36):
*r = < Bl 2 Genn,e)z| B,
2 < rees @ (2.1.3¢)

The spectral decomposition form of the Green's function does

require knowledge of the Wronskian W and has been given

1983)

not

an exact quadrature representation by Broad (1982,

G E) = iaLE’e(E’)pn(E’)pn'Ce')

(€ +tg - E")

(1.1.37)
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(2.2.37) is modified by multiplication by a function of E in
the non-orthogonal case: see Appendix Two.

The principél part of the integral can be written in
terms of a quadrature of degree N where N > n,n'. For
continuum energies E, the singularity may be subtracted off

leaving a correction term proportional to Sz?E):

Re Glean,€)  4E/EI(RERE - pEE)
! (e - €)

+ P YdE eED p.(E) po )

CE-€)
N e
- w? _pa(EM P E) 4 Pn(E)PA'(E){P dEglED -5 W
i (E -e?) : (E-€) .. (E-€F

. G™VeamE) - REPE) (o ey Loty

P (&)

G™ (aw,g) - P& PrE) q.(€)
Pn(E)

The positive energy pseudoresonances in G*“’ (n,n',E)

( .
near E = E:) are removed by the subtraction term. At
points far away from the E{’ , the subtraction term is much
less important as g, (E) and q."? (E) become closer. This is

the basis of one of the methods of removing false

singularities discussed in section 2.3.

The exact Green's function in this form 1is obviously



most useful in practical calculations in which, by suitable
choice of the L-squared basis scaling parameters, only a few
terms in the n,n' expansion need be retained, the rest being
orthogonal to the states 1f>, 1i> in the matrix elements:
Heller's calculations of ground state hydrogen
polarizabilities only needed a few terms retained; when he
added a polarisation potential a larger number was needed.

In (2.2.38) the number N must be greater than both n
and n' for G*(n,n',E) to be exact. A truncated series for
the Green's function may be identified with the finite basis
Green's function if the number of terms N retained is used
for the quadrature in all the G'(n,n'E); O<n,n'<N-1.

Re {f1G(qrE)i> = P LECEI ey Bl i >
I (e-E")

' € e .
- idfl(\fl‘{ | Grens <Benl- S | Kers (Kol i
( E-€")

+ <f)%’@)§(%‘[€){L>P AE’&,) :E>Q
@) (c-e) ’

i A AR IR A NS ACIEN D
T . (E-EX) o®) PutE)

(12.0.3)
The quadrature is exact for 1f>, 1i> contained within
the finite basis. Other subtractions for E>0 are possible,

and can be useful in the more general case when the exact



solutions are not known and the finite basis eigenfunctions

are found numerically. Two examples are presented.

jde' AR A AR R A S A
(E-€)

Re < FIE-HY'1LY

‘ !
+ Pio(E £ CS”E(E)E>)<$”(E)IL7
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F4T e :
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€(2.2.40)
The principol value integral will require a cutoff.

This method has been used by Winick and Reinhardt (1978). A

subtraction wused by Bransden and Stelbovics (1984) and

Bransden and Plummer (1986 and chapter three) leaves an

analytic form for the principal value integral.

M s ¢ ) -
£ > g™eeniy - w; ,( )(flfﬂ'g))(p,e,m
Re LFIE-H)MY = Z (é - E{“:) e

‘. J
Jst

+ <f15”(51><$”'(é , >P§(x‘ ')

(x =Je)

(1.2.41)

In the cases where the exact solution is not known, it

is assumed that the basis is large enough to represent the

+
1f>, 1i> states, and quantities involving ?i(E, r) are

calculated by interpolation from the pseudostates

?“m'( E® ,r). This requires information about the



(unknown) equivalent weights: methods of finding these
weights, of "refining" initial discretisations in complex
calculations, and of making use of the unsubtracted Green's
function in energy regions where it is valid are considered

in the rest of this chapter.

2.3 Exact Solution Not Known I

The direct relationships between the pseudostate and
exact solutions in section 2.2, together with the numerical
findings of Hazi and Taylor (1970) and Bassichis et al.
(1975), are used to justify the application of equivalent
quadrature ideas in the general case as described in section
2.1B. Without knowledge of the equivalent weights, however,
the discretised spectral resolution of the Hamiltonian is
restricted to the approximate evaluation of matrix elements
of the form (2.3.1), where 1i> and 1f> are well represented

in the finite basis and O(E) is a smooth function of energy,

i

M, = < $I54E (467 06 < 6] 07

]

(1.3.]4)

N
e o (ny+ )
M, 2 <F12 Bremy o€7) < Kemli7
L ! (2.3.1b)
The accuracy of (2.3.1b) can be tested by checking

convergence with increased basis size N, and with varied

input parameters in the L-squared functions. In this



section a methqd of finding the equivalent weights
numerically which is used in the next chapter is described,
together with extrapolation methods designed to extract
useful information from the unsubtracted finite basis
L-squared Green's function. In particular, the T-matrix
averaging technique of Burke, Berrington and Sukumar (1981)
is described : attempts to find systematic alternatives
which remove false structure in the formulation of the
scattering problem rather than after the on-shell T-matrix
elements have been constructed form the bulk of the work of
this thesis. In section 2.4, other L-squared techniques are
briefly reviewed. The method of moments allows physical
data to be extracted from L-squared discretisations of
complex many electron Hamiltonians which are not smooth
enough for reliable equivalent weights to be found directly,
and the J-Matrix method is an extension of the work of
section 2.2 allowing additional model potentials to be added
to the soluble Hamiltonians. These soluble problems can be
extended to multichannel scattering, with separate
discretisations in each channel.

Another wuse of L-squared discretisations not discussed
here is the rotated coordinate method (McCurdy and Rescigno
1980), whereby a coordinate rotation into the complex plane
shifts the positive pseudostate poles from the real axis,
allowing use of the wunsubtracted approximate Green's
function at real energies. This has been applied to the

calculation of bound free (photoabsorbtion) transition



amplitudes by, for example, Johnson and Reinhardt (1983).

2.3A Heller Derivative Method

In his thesis, Heller (1973) suggested that the

equivalent weights wjn (eq) = w?” /Q(E?‘ ) for an L-squared

discretisation could be directly calculated by considering a

¢
function j:"u {) which smoothly interpolates the ordered

(5}

(increasing) abscissae E; (or x?’ if a coordinate

transformation has been made) in the sense (2.3.2).
f(N)( ) E(N)
{ (= =
In terms of the £™ ({), Heller's conjecture is:
W(;”(%B z 0_{__5_{2({)
A1 I‘i (2.3.3)

A first orientation to understanding this is gained 1if

(1.3.2)

we suppose the abscissae E?” are the mesh points of a
trapezoidal rule, in which case the corresponding equivalent

weights are, apart from the first and last, given by (2.3.4)

™ ) oy,
w¥e = B - BT = AETGHY
AJ (1.3.4)

The conjecture (2.3.3) may be demonstrated explicitly
for the Chebyschev polynomials resulting from the s wave
radial kinetic energy diagonalisation (see for example
Appendix Two), as they exhibit a simple closed relationship
interpolating the abscissae as functions of their number.

Yamani and Reinhardt (1975) have demonstrated the validity



of the conjecture numerically for several known weight
functions. Broad (1978, 1982) has shown that the rule holds
asymptotically at large N for all the classical orthogonal
polynomials, and by a reasoned argument proposed a
particular functional form for the fm] in terms of the
functions p,(E) and g,(E), Heller's original conjecture not
uniquely defining the interpolating function. For cases
where the exact solutions are not known, provided the
numerically obtained abscissae vary reasonably smoothly,
numerical differentiation may be used to find the equivalent
weights, which provide the normalisation factors relating
the L-squared pseudostates to the unknown continuum
solutions over the coordinate space range covered by the
L-squared Dbasis. The subtraction terms in the expressions
(2.2.40, 2.2.41) for the L-squared Green's function may then

be calculated by interpolation. This method 1is used

extensively in the next chapter. Another numerical method

for calculating equivalent weights, Stieltjes imaging, is

discussed in section 2.4A in the context of the method of

moments.

2.3B Extrapolation Methods and T Matrix Averaging

An alternative to making use of exact or inexact

knowledge of the quadrature weights to remove unphysical

poles in the Green's function is to make use of the fact

that at energies away from these poles the unsubtracted



L-squared sum should be a reasonable approximation. Methods
making use of this fact were developed by Schlessinger and
Schwartz (1966, 1968), and McDonald and Nuttall (1969) and
Doolen et al. (1971), for elastic scattering.
= lm | TCE +i¢)
T () = M <k [k
(1.3.6a)
T(EY = Um Tzy . T(n) = V+VGV

z9E
€2.3.54)

[Py > < Elienl . N [ Py C P Pemn]
- P f,{,g’ 23 & oA H J
IRQ, (7(1.) (?_-E') Z (z-e'.:")

Jot (1.3.5)
Here T, (E+ie¢) 1is the off shell T matrix element for
elastic scattering at energy E. V is the full potential for
the scattering system including exchange where relevant.
The on shell element is the limit as E = tk'. 1k> is the
unperturbed state with scattering particle incident
energy %k*. 1 QZO(E')> are the regular solutions for the
whole scattering system, fully discretised to give the
approximate pseudostate Green's function, with false poles
at continuum energies E?“ ; by the use of versions of the
Kohn wvariational principle. For s wave elastic electron
hydrogen scattering (the "Poet" problem), Schlessinger
(1968) calculated elements (2.3.5a) below the elastic
scattering threshold where there were no false poles and
used a square root uniformisation and numerical rational
fraction analytic continuation to the appropriate on shell E

+ i€ limit. Schlessinger was unable to calculate amplitudes



above the ionisation threshold because of numerical
instabilities in the rational fraction continuation,
although more sophisticated techniques have since been
proposed by Reinhardt (1973). The McDonald/Nuttall/Doolen
method, applied to the equivalent problem in elastic
positron hydrogen scattering was to take values of T,(z) at
complex energies z close to the desired scattering energies
but far enough away from the spurious poles of the
approximate Green's function. Extrapolation to the real
axis was then achieved by fitting to a polynomial. S wave
elastic scattering amplitudes were successfully calculated
by Doolen et al. (1971) but further work by Winick (1976)
showed that for higher partial waves. the errors introduced
by the extrapolation rapidly became larger than the T matrix
amplitudes. 1In each of these cases, separate extrapolations
have to be made for each on shell incident energy ik*.
Burke, Berrington and Sukumar (1981) introduced an
averaging technique for the on shell T matrix element. They
performed elastic scattering calculations on a two channel
model, both exactly and by representing the effect of the
second channel on the first by an optical potential (to be
discussed in chapter three) involving an unsubtracted
L-squared discretised second channel Green's function. The
method wused for solution was the R matrix expansion method
described for example by Burke and Robb (1975), which
allowed scattering solutions at complex energies. The real

and imaginary parts of the on shell T matrix elements were



fitted to polynomials at various positive values of Im(ik?),
and these "average" curves were extrapolated back to the
real axis. The pseudoresonances introduced by the false
poles in the Green's function became noticeably smaller and
tended to vanish as Im(k%k*) was increased, as expected and
the fitting process could be unambiguously applied. This
averaging technique gave very close results to the exact
case, and Burke, Berrington and Sukumar showed that in the
limit of the number of L squared functions becoming infinite
the complex energy averaging process led directly to the
correct real axis on shell T matrix elements. They also
found that averaging T matrix values calculated on the
real %k* axis gave reliable estimates of the correct
values, despite the much greater pseudo-resonant structure
and ambiguity in where to fit the polynomials. They then
suggested that this real axis averaging could be extended to
problems where calculating complex energy on shell T matrix
elements 1is difficult, and presented some calculations for
electron scattering from CIII in which channels of interest
had been retained and the rest of the continuum had been

diagonalised on an L-squared basis. This real axis

averaging process provides a blanket method of removing

unphysical structure from an on shell T matrix calculation,
whatever the cause of the unphysical structure provided
where it occurs is known, with only one real and imaginary T
matrix fitting for all of the incident energy range. It is

somewhat arbitrary in that, if the pseudothresholds



reasonably span the energy range of interest, it assumes
that very short energy ranges of the wunaveraged T matrix
element between pseudostate thresholds; or at either end of
a group of them, are accurate enough to fit the averaging
polynomial. Burke's, Berrington's and Sukamar's theoretical
justification in the limit of infinite L-squared functions
also strictly applies to averaging above the real axis.
However, their final results were smooth and accurate, and
in further applications by Callaway and Oza (1983) it gave
smooth and reasonably accurate results. Callaway and Oza
solved the s-wave electron hydrogen scattering "Poet"
problem, diagonalising the target electron spectrum on a
finite basis, and treating the resulting pseudostates as
scattering channels. This gave rise in the spin zero case
to unphysical pseudoresonances in the on shell T matrix
elements at the pseudostate threshold energies. T matrix
fitting to polynomials was performed away from these
energies. The accuracy of their averaged results depended
somewhat on a judicious choice of pseudostates, but overall
they achieved accuracy of 3% for elastic scattering and 8%
for inelastic (l1s-2s) scattering compared to Poet's (1978)
exact results, although the wrong choice of basis and
averaging polynomials can give worse results. In chapter
three, the Heller derivative method is shown to be an
efficient and systematic method of removing pseudoresonances
in Burke's, Berrington's and Sukumar's two channel model,

and extension of the method to more channels is considered.



In chapter five, systematic methods of removing
pseudoresonances in the formulation of the pseudostate Poet
problem are considered: although subtractions smooth the
individual channel Green's functions, the use of
pseudostates as scattering channels gives rise to threshold

structure which is not so easily removed.

2.4 Exact Solution Not Known II

2.4A The Method of Moments

The method of moments makes use of the fact that
L-squared approximations (2.3.1b) to matrix elements of the
kind (2.3.1a) may be calculated to a required convergence
and then uses these reliable elements to form a new smoother
quadrature to which the Heller principle or Stieltjes
imaging (discussed below) may be applied to extract new
equivalent weights. The method has been successfully
.applied to the calculation of photoionisation cross sections
and photoabsorption dispersion profiles for various atoms

v

1] . .
and molecules, for example He , Ne , H,, Ar, , writing the

full electronic wavefunctions in L-squared bases, as

reviewed by Reinhardt (1979). All these calculations depend

on knowing the oscillator strength distribution (2.4.1).

o £(€) - Z £ $E-g) + 3(E) dE

fo= 26 1< pl O
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]gfgr> is the ground state and ¥ is the dipole operator.
As H@¢§r> spans a finite range of configuration space, it
can be well represented by an adequate L-squared basis.
Moments (2.4.2) of the distribgtion (2.4.1) are calculated

using the finite L-squared distributon (2.4.3),

SR - Srio[(ED ER s k=o,1,2,.
(2.4.2)

LFe) - = £ 5E-€)

Yer
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(2.4.3)
(l;ggr> is the approximation to the ground state used.)
Negative moments are taken as only two positive moments
exist, although Johnson et al. (1977) proposed a method
involving positive moments which may in certain cases be
less cumbersome than the present method. The stability of
the low order moments can be checked with respect to varying
L-squared basis parameters and against various dipole sum
rules that can be stated in terms of the moments. For
example, S(-2) =o{(0), the static dipole polarizability, and
S(0) is equal to the number of electrons in the absorbing
system. 2n moments are extracted, where usually 2n << N,
the size of the L-squared basis: if 2n-?N the original

discretisation 1is recovered. These are then used to find



the weights w;” and abscissae E{" of a basis independent n
point Gauss quadrature exact for polynomials of degree less
than (2n-1) in | /E, with positive definite weight
function EJ(E) = df(E) /dE. Langhoff and co-workers (1973,
1974, 1976, 1977) have extensively developed the technique
of Stieltjes imaging to extract accurate oscillator strength
distributions from the integral (2.4.4)

§dse - > wp

yat (1.4.9.)
Stieltjes imaging wuses the boundary property (2.4.5) to

interpolate the weight function (2.4.6) from the histogram

representation (2.4.4) of S(0).

noL E Nooi ( m
E fn o m <
Z W_;‘n $ j 0(' f(E) s Wj ) ’ Ehb ¢ E N Enuu
jo i:1

(1.6.5)

§
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RY L322 1}
(2.4.6)

The Stieltjes technique has been refined with the use
of continuous (Chebyschev) distributions by Langhoff, Sims
et al. (1976) and Langhoff and Corcoran (1976).

Where only small numbers of moments are available, fine
resonant structure cannot be built in, as the moment process
is a smoothing operation. However resonance widths can be

calculated directly using a moment technique, as pointed out

by Hazi (1978).



R s 2
<(Eaes) = 2n{<%“‘H-E[$°U >IE‘En.ss
(1.9.7)
15%; > is the L-squared resonant wavefunction and 1 ¥’ > is
the full scattering solution for the background continuum.
Hazi used the fact that good approximations to 1 %$ > and

E may be obtained from stabilisation calculations as

RES
described by Hazi and Taylor (1970). Diagonalisation of the
projected Hamiltonian with projection operator (2.4.8)

yields a set of pseudostates with a width strength

distribution (2.4.9).

P - 1€ S

RES
¢ 1.4.8)

1

T (e™) = 2 l< %:;[H'E[ﬁmfﬂew?’

€2.6.9)
Moments of this distribution may be taken, and basis
independent quadrature weights and abscissae found, the

Stieltjes or Heller method then being used to extract the

distribution \ (E).

Moment Technique Applied to Scattering

Winick and Reinhardt (1978) have calculated elastic
scattering amplitudes for positron hydrogen atom scattering
using the moment technique. Rather than use the L-squared
unsubtracted Green's function in the expression for the off
shell T matrix element (2.3.5), they use the moment

technique to extract the positive definite weight function



(2.4.10).

T2y = <RIVEVGEVIRY

<RIV GZYW IR - io(.E(f___’:_%_).)

oulE) = I<RIVIZE)> ]

(2.4.10)

Aproximate moments of gnjE) were formed using the L-squared

basis:

Sery = 2 G Cem)(E) "

j

G ER) = [<CRIVIE™ cewm]”
(2.4.11)

2n converged moments were used to generate a Gauss
quadrature with weights w?‘ and abscissae E?’ . In the
case of scattering it was found that the cumulative
distribution irw!” varied by several orders of magnitude
over a smallg range of energy, and the Stieltjes technique
was not reliable. The Heller method was successfully used
to extract g Uﬂ?‘ ) (the abscissae are by definition evenly
spaced in the interpolation variable j and wére found to be
reasonably smooth). The new basis independent quadrature
was used to represent the Green's function, knowledge of the
equivalent weights allowing singularities to be subtracted
off, by interpolation of the e(EZ” )

o .S W L€ S Wi
[RC lh(Eﬂ,tB = <’°~l\/’k> (_T + e"(E){Pi(E':’E/) .Iz-l (—E-—E-:")}

(2-%.124)
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The principal value integral was taken to a cutoff

E Calculations of s,p,d,f partial cross sections in the

MAX
intermediate energy rangeup to 34eV were made, giving a
converged elastic cross section, although the total cross
section was less well converged. For each partial wave,
Winick and Reinhardt made calculations with between 40 and
100 basis functions, from which « 16 moments were extracted.
The disadvantage of the method of moments applied to
scattering is that the w;"' and E;" are dependent on the on
shell energy #k*, so that for every scattering calculation a
new set of moments needs to be constructed and analysed,
which is a time consuming procedure. For applications to

inelastic scattering, the positive definiteness of the

weight function g (E) is not guaranteed.

2.4B The J-Matrix Method and Multichannel Scattering

The J-Matrix method was introduced by Heller and Yamani
(1974) to extend their exact L-squared representation of the
kinetic Hamiltonian to include model potentials, extended by
Yamani and Fishman (1974) to cope with angular momentum and
Coulomb scattering, and may be used to extend all soluble

Hamiltonians. Starting from the solved Hamiltonian H,_ ,



successive approximations to a Hamiltonian H are obtained by

solving for the model Hamiltonian H":

H-H,+V
HY - H, + V"
S 134 g IVIg L d,]

0,0’z 0 (2..4.13)

The model problem can be shown to have a real solution
of the general form (2.4.14):
Nt oo ' haid -4
Pen -2 &) o 2 Kode ¢2 Pierde
Y fzo n NeN

=N
C2.4.14)

The problem becomes an (N+1)x(N+1l) matrix equation for the
unknowns a,, t, which in some way uniformly approaches the
exact problem as N is increased. Heller (1975) and Broad
(1978) have found Green's functions and quadratures for the
solution of the HY problem. Broad (1982) has also noted
that the L-squared matrix of HY can be brought into infinite
tridiagonal form (for finite N) by applying a Householder
reduction, described by Wilkinson (1965), in reverse order,
so that the results of section 2.2 apply. He also noted
that information about the phaseshift due to the model
potential may be extracted from finite basis representations

of u" using his spacing functions for Heller's derivative

rule.

The infinite L-squared basis method can be extended to
the treatment of multichannel close coupling problems, as

considered by Heller and Yamani (1974) and Broad and



Reinhardt (1976). Formally, the wave function in the
scattering coordinate is written in terms of an L-squared
sum for each target channel. Heller and Yamani wused the
same’ type of L-squared basis for diagonalising the target
Hamiltonian and for the scattering function expansions in an
electron hydrogen scattering calculation, the finite number
of channels and target pseudostates N defining the
truncation | limit for the channel potentials.
Pseudoresonances appeared at the target pseudostate
thresholds, but became smaller as N was increased. Broad
and Reinhardt (1976) extended these schemes to the general
LS coupled electron atom collision problem using
configuration interaction numerical diagonalisations for the
target pseudostates, and calculated H™ photodetachment cross
sections. The Laguerre/Slater one particle Coulomb
Hamiltonian equivalent quadrature was wused to give an
approximation to the electron photodetachment cross section.
Broad (1985) has applied this quadrature to calculations of
two photon ionisation of hydrogen, extrapolating finite
basis calculations to the complete basis limit. All these

calculations involve using either an infinite basis or an

equivalent quadrature representation for each channel. The
possibilities of extending equivalent gquadrature ideas to

cover more than one channel are considered in the next

chapter.



CHAPTER THREE

OPTICAL POTENTIALS IN AN L-SQUARED APPROACH TO THE SOLUTION

OF COUPLED CHANNEL SCATTERING EQUATIONS

3.1 Introduction

The use of an optical potential is a means of
including the effect of ignored channels in a coupled
channel scattering calculation. Following Feshbach (1958,
1962), a projection operator P is introduced to project out
the channels of interest from the full wave function . P

and the associated operator Q are defined such that (3.1.1.)

holds:

a =1-P , QP :=PQ=0

(.1.1)
In practical calculations where the wave function
is expanded in terms of a truncated set of target states
multiplied by scattering functions and a set of L-squared
pseudostates, and P projects onto the target
state/scattering function expansion, these conditions may
still be imposed, as described by Burke and Taylor (1966).

The Schrddinger equation (3.1.2) may be written in

the form (3.1.3):

(H-E)(P+a) ¥ - O

(3.1.2)



-PHQ ¥
-QHPY

1]

-P(H-E)Q ¥
- Q(H-E)PY

P(H-E)P ¥
Q(H-E)QY¥

U]
\1}

(3.1.3a)

PLH-PHR_L__aqHP -E]P¥-0
Q(H-E)d _ (3.1.3b)

The problem is reduéed to one in the projected

space with the optical potential (3.1.4) representing the

rest of the space

\APt = -PHQ l QHP
Q(H-B)Q

z tQ
PHA G GHP (3.1.4)

G*® is the Q-space Green's function.

Ge . ﬁig’lﬁ"mx g °(e")
(E +1¢ -E")
(QHQR -E) | d% 1y = 0o €3.1.5)
The ‘Q?ﬁE')> are within the Q space and are

normalised to a Kronecker delta or a Dirac delta function
according to whether they are bound or continuum states. To

expression for G*a, the Q space Hamiltonian may be
Yy

find an
diagonalised in terms of a set of L-squared functions. The
initial representation of the Green's function is then
" (i )
— N) mw
Ak Z:lea S|
= J J
m)
J:' ( E - E:) )
(3.'.‘&)
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Following from the discussion of the previous
chapter, G*® may be interpreted as a quadrature

*® if all the continuum Q space channels

representation of G
are closed. If some of the Q space continuum channels are
open, spurious poles must be removed (it is assumed that any
bound states within the energy region of interest are well
represented by the L-squared pseudostates). The fundamental
reason for employing an optical potential formalism is that
a substantial part of the cross section is due to direct
coupling between the channels of interest. It follows that
the Green's function representing the Q subspace need be
calculated to a lower degree of accuracy than would be the
case if the total space were being approximated by an
L-squared expansion or otherwise. Burke, Berrington and
Sukumar (1981) introduced their T matrix averaging technique
described in section 2.3B to deal with Q space poles. This
chapter describes an alternative approach which is not based
on calculation of elements away from the real axis, and
attempts to wuse the equivalent quadrature ideas of chapter
two to remove poles directly from the Q space Green's
function. Section 3.2 contains a resumé of the work of
Bransden and Stelbovics (1984) on Burke's, Berrington's and

Sukumar's two channel model and details further



investigation by myself of equivalent gquadrature techniques
applied to this model. Section 3.3 considers the case where
the Q space involves more than one channel, and the initial
diagonalisation of its Hamiltonian does not, as noted in

chapter two, lead to a straightforward smooth quadrature.

3.2 The Two Channel Model Problem

3.2A Theory, and the Work of Bransden and Stelbovics (1984)

The problem posed by Burke et al. (1981) is that
of two coupled s-channels in which the first channel is
treated explicitly (P-space) and the second (Q-space)
channel is described by an optical potential represented on

an L* basis. The channel functions F; (r) satisfy (3.2.1)

V,l(r') E(r)

1"

(£ Vo +k) Froy
df"

¢3.2.1a)

VNG! F oy

"W

(3.2.1b)

(& -V, k) Fe
d['l

The notation of Burke et al. (1981) is used and

the equations are written in configuration space. However

in specific numerical calculations the corresponding

momentum~-space formalism (see for example, Bransden 1983)

was employed and the coupled-channel or single-channel

T-matrix equations were solved using the programme package

developed by McCarthy and Stelbovics (1983).



In this package the momentum space Lippmann Schwinger
equations for the t operator (described in section 1.2C) are
converted into matrix equations by representing the integrals
as numerical quadratures, and the on shell values of the T
matrix elements are taken after solution, as detailed by
McCarthy and Stelbovics (1983).

The potentials V; are of short range and V, = V, .

The inelastic threshold is taken to be at kf = A, so that

2
R - kD -D
(3.2.2)

Representing the effect of the second channel on the first
through the optical potential W(r,r'), we find F, (r)
satisfies
(.4
( f.‘ -V (ry + kY) Fey = goll” Wcr,e) F
r
° 32.3)

with the boundary condition

Firy = sinkr + §(k) 3Lh'r

(3.2.4)

and both the elastic and inelastic cross sections can be

obtained from the amplitude f(k,) as indicated in chapter

one. The optical potential can be expressed in terms of the

Green's function G%, by

(3.2.5)

Weery = Ve GO GRE v e) Vo
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(3.2.54)

2 . s

k, 1is expressed in terms of kr through (3.2.2). The
functions Q‘(r) and ﬁ(s,r) are bound state and continuum
solutions, respectively, of the homogeneous equation,

obtained from (3.2.1k) by setting the right-hand side zero:-

(jjiz “Vu® v st B, = 0

(3.2.£)
with, for s* > o,
Bls,r) ~  (LsY ™ sin(sr+b.)
r=e0
(3.2.7)
The normalisation is:
Pyl @Yy = §(s*-57)
G@ - [
(k7 2, v, i)
- (3.2.8)

The bound state functions ﬂ&, corresponding to eigenenergies
-S; vanish at 1large values of r, exponentially. For
convehience in what follows, potentials V,, which do not
support a bound state are considered, but no problems are
encountered if bound‘ states Z& exist. In the absence of

bound states the Green's function Go becomes:
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(3.2.9a)

Re GQ(k:'J l;r’)

P gisl Dcs,n @(s,r’)

(kY- s?)

(3.2.9%)

The identity

NI
(k) - s*)
° ' (3.2.10)
is used to write Re G® as, for k, >A, k, > O
RGOk o) = (480 8o b B0 Buae)
[ A 777 N
° ( IL; - 5‘)

EXRIY

while for k' <A, kS < O, we retain Re G® in the
unsubtracted form (3.2.9b).

AThe numerical evalution of the exact expression
(3.2.9b) for k' <&, or (3.2.11) for k' >A proceeds by the
introduction of mesh points s and corresponding integration

weights w,* , so that with N points and weights the

unsubtracted form (3.2.9b) becomes

N

{Ke G&C,lz,l',r, r’) z Z W‘."Z @(.s.-,r) ﬁ(.s;,r’) : sz 0
Y (k: - 5;1)
(3.1.122)
The subtracted form (3.2.11) becomes
o k.
R G (kisnr) = ) wee Bl BGsuen - 3 Bbu) 00,r)

, CkE-s;)

sl
¢5.2.2b)



The function ﬁ(s,r) is approximated over a finite
region of r by linear combinations of N normalisable
functions (for example Slater functions, Gaussian functions

and so on) U‘-(r)° Taking the linear combinations

v
@;(ﬂ = Z Cii U,z(r) ooy L2, N

(3.2.3)
the coefficients c¢;; can be found by requiring that the
Hamiltonian

H = ?—L: - Vu.(ﬂ
2 e
(3.2.14)
is diagonal on the finite basis of functions
(24
(ro,mH, 8.0 - 55,
¢ LJ
° (».2.15)
We order the eigenvalues so that §;,, > s, , all i. The
normalisation of the functions é%(r) is
° €3.1.16)

For a sufficiently large set of functions U; , the
function Q represents the function @(s,r) over a finite
range of r, in the sense that

D (5,0 B NeE) ©:m) (3.2.17)
where N is a normalisation factor, (Bassichis et al. 1975,
1978; Hazi and Taylor 1970). .

Since only one channel has been diagonalised in

the L-squared basis, it is assumed that the equivalent



quadrature ideas can be applied directly to the problem, and
that the §' vary smoothly with i so that the Heller
derivative method can be used to give the equivalent weights

wl ., We set

o

\
Nl: = (W:%) ‘
(3.1.18)

The spectral resolution of Re G% on the finite
basis of the N functions 6 is then

N
Re GO (R, ) = Z 8. B;r)
oot ( ki i Sit) €3.2.19)

To calculate Im G® from (3.2.9a) and Re G% from
(3.2.11) the function ¢50<1,r) is required. This 1is
calculated approximately by interpolation from the set of
quantities ﬁz = (1/JG3 )Q. which are known at the points s;.

Thus (3.2.11) becomes

3
r e‘;(f") - Wau; @A(hl,r)QA([z,,f') J-k:>0

N
& O:l
R'inr) = :
Re G°( "") Z (R _sr)

(3.2.10

and (3.2.9a) becomes

Im CTG( lql‘-,r,r') = -T @A(kur) QA(hz;r/) S l!;: >O'

€3.2.10b)



The w®® are calculated numerically, treating i as

a smooth variable:

2
w4 - 35, . 15,9
b2A

(3.2.21)

The calcuated Green's functions are smooth and
contain no poles.

Bransden and Stelbovics (1984) presented cross
sections for this model «calculated exactly and in the
L-squared formulation. They used various non-orthogonal
bases for the U; (r), and found no particular advantage
attached to any of them. They presented results for a
Slater basis (3.2.22), optimising thé exponential parameter
below the inelastic threshold where the phase shifts obey a

minimum principle, as described by Bransden (1983), although

the variation with this parameter was not great.

U. ) = rie- =r
J (3.2.72)

They found that the elastic (P-space) results were
given to good accuracy by the L-squared method, as expected
since the optical potential is only contributing to a small
proportion of the cross éection. The reaction Cross
sections for transitions from P space to Q space, the
totality of which are derived from the optical potential,

were of lesser but reasonable accuracy. The results

converged slowly with basis size, and the Heller

prescription removed pseudoresonances.



3.2B Further Investigation of The Two Channel Model

My initial task was to repeat the work of Bransden
and Stelbovics (1984) wusing an orthogonal basis. This
simplifies the numerical diagonalisation of the Hamiltonian

from the form (3.2.23a) to the form (3.2.23Db).

n_1-
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€3.2.134)

n_x
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-

(3.2.25b)

= < un’ Hu{un’>

nn’ = ( un l un,>

is the ith eigenvector of basis function coefficients.

The basis chosen was the Slater/Laguerre basis (3.2.24)

-adr

'y - (1
) Ar e ? L;.‘(a(r) CoyEh N

Uj(rﬂ = (

1§+D
(3.2.1%4)
{

-L?j'(x) is an associated Laguerre polynomial as described in

Appendix Two and by Abramowitz and Stegun (1972).

So(f uJ{r‘) UJ-:(H = SJJI

€3.2.2645)



This basis is a linear combination of Slater terms
and should result in identical eigenvectors to those found
by Bransden and Stelbovics (1984) after diagonalisation of
the Hamiltonian. The numerical work involved construction
of the Hamiltonian matrix in the basis (the kinetic part is
done  analytically : see Appendix Two) and subsequent
diagonalisation to form eigenvalues and vectors, and
construction of Heller weights and (analytic) momentum space
matrix elements of the P-space and optical potentials to run
in a version of the McCarthy and Stelbovics (1983) coupled
channel programme. The weights w* were calculated using
both prescriptions in (3.2.21), the latter form proving the

most stable. The potentials examined are shown in equation
(3.2.25)
_r
\/"(r) ..Vu(r) = -[.5¢e /r

Vo® = VoM = -015e "

(3.2.15)

The parameter « was optimised below the inelastic threshold
at a value o = 2 and results for the L-squared method are
shown in table 3.1. As expected, they are the same as those
of Bransden and Stelbovics (1984). Convergence with
increased basis size was slow, as eigenvalues tended to
cluster below the inelastic threshold and high above it,
with very few eigenvalues in the intermediate energy range
‘of interest; samples of eigenvalues are given in table 3.2,

A refinement to the method above the inelastic

threshold was then considered. The Green's integral



TABLE 3.1

Elastic (E) and reaction (R) cross sections computed from
Equations (3.2.1). The models employed are defined in the text.

K**2 Exact Results L-Squared Method

N=235 N = 10 N =15

E R* E R* E R* E R*
0.2 13.87 - 13.87 - 13.87 - 13.87 -
0.4 6.271 - 6.271 - 6.271 - 6.271 -
0.6 3.875 - 3.875 - 3.87S - 3.875 -
0.8 2.534 1.441 2.515 1.587 2.522 1.453 2.522 1.457
1.0 1.925 0.609 1.929 0.634 1.926 0.625 1.926 0.615
1.2 1.527 0.384 1.527 0.435 1.528 0.397 1.928 0.390
1.4 1.250 0.272 1.248 0.231 1.251 0.282 1.251 0.276
1.6 1.049 0.204 1.047 0.231 1.050 0.212 1.050 0.209
1.8 0.8969 0.160 0.8966 0.169 0.8981 0.169 0.8979 0.164
2.0 0.7787 0.129 0.7796 0.129 0.7797 0.136 0.7795 0.133
2.2 0.6844 0.107 0.6861 0.103 0.6856 0.110 0.6851 0.108
2.4 0.6079 0.091 0.6099 0.087 0.6087 0.099 0.6086 0.095
2.6 0.5448 0.077 0.5467 0.077 0.5457 0.083 0.5454 0.080
2.8 0.4919 0.066 0.4934 0.069 0.4927 0.074 0.4924 0.069
3.0 0.4471 0.058 0.4482 0.063 0.4476 0.065 0.4476 0.060
3.2 0.4086 0.051 0.4095 0.057 0.4090 0.057 0.4091 0.053
3.4 0.3754 0.045 0.3761 0.052 0.3758 0.049 0.3759 0.048
3.6 0.3464 0.041 0.3470 0.047 0.3469 0.043 0.3468 0.044
3.8 0.3210 0.037 0.3214 0.043 0.3216 0.038 0.3213 0.039
4.0 0.2985 0.033 0.2988 0.039 0.2992 0.034 0.2987 0.036
R* : Reaction cross sections are *10

Atomic units (detailed in chapter 1) are used throughout.



TABLE 3.2

2
Eigenvalues s for the Green’s function (3.2.19/20)

i

N=235 N =10 N = 15
0.0335 0.0113 0.0059
0.0283

0.0599 0.0726

0.1631 0.1433

0.2259 0.3426 0.2470
0.3947

0.7584 0.6428 0.6042
0.9057

1.1589 1.3523

2.2325 2.1187 2.0451
4.1764 3.1942

5.2979

10.6225 9.9615 9.7982
41.504 22.573

92.579

Units are as in table 3.1. Eigenvalues are given
to four decimal places. The models and parameters

used are given in the text.



(3.2.11, 3.2.20a) was transformed using a variable x:

_ (k- )\)
X = ‘R -A .kt e N +x) . ¢
(k‘ +>\\) J ——((-Jﬂ) ; [SJC"

(3.2.26)

With respect to x the new eigenfunctions are:

B s - OGo[E) fau Bes,n) Brs,er = Str-r

(3.2.17)
“ (n Yy =
B, = (WA)" Dx, )
(3.1.27b)
1

T (53 -2) WM . QX

[ (5‘_'. + )l) v -)Z
(3.2.17¢)

Formally there 1is no difference between the two
2
methods, but suitable choice of the parameter A might allow

for more stable numerical differentiation and interpolation.

Equation (3.2.21) may then be rewritten as

Z (-x)(0:) B:6 - W 5 ﬁf,’i}m o « De,0 Bla,e)

Re G (k‘ i) (R =X - (ke D))

=l

Jm GACREre) = -0 Blhe,r) Blu,r) k>0

(3.2.18)

The momentum space matrix elements of Im G® and the

subtraction term are interpolated as:



6 ( Xy, r) O ( xey,r) ("‘(X(i.))t)

r) @k, = W
¢(kv ¢ 1 1\ W) X6 > X,
x, = B-X)
(k:*)t) (J.l.‘lﬂ)

Representative results are shown in table 3.3 for
the case A\ = k:. This has the advantage of placing ﬁ(kl,r)
in the middle of the interpolation range, although a
different value of A  should be used to calculate cross
sections at energies just above threshold where X - 0.
Results are as good as before, and slightly better in the
range k= 2.0 - 4.0. Calculated weights Pl 2k, /(1-x;%)
were slightly different to those calculated as w®*, showing

the limitations of the numerical differentiation, but

remained constant as k,” varied.

A final test was to use the values of elements of
5 (x;,r) with a standard numerical integration programme.
This method in effect tests the smoothness of the equivalent
quadrature as further interpolation is required for values
of ég(x,r) at the points needed by the routine. No
particular advantage arose, the number of points and
interpoiations required making the programme longer to run
than wusing the direct L-squared sum. Some representative

results are shown in table 3.4.

3.3 More Than One Q-Space Channel

The work of this section has been published by

Bransden and Plummer (1986). There is no difficulty in



K**2

Elastic
equations

Exact

E

13.87

6.271

3.875

2.534

0.

1.925
1.527
1.250

1.049

. 8969
L1787
.6844
.6079
.5448
.4919
.4471
.4086
L3754
.3464
3210

.2685

R*

Units

Reaction cross sections are

are as

TABLE 3.3

(E) and
(3.2.1). The models
Results
N

R* E

- 13.87

- 6.271

- 3.875
1.441 2.492
0.609 1.931
0.384 1.523
0.272 1.248
0.204 1.047
0.160 0.8973
0.129 0.7803
0.107 0.6865
0.091 0.6098
0.077 0.5462
0.066 0.4928
0.058 0.4473
0.051 0.4084
0.045 0.3750
0.041 0.3459
0.037 0.3205
0.033 0.2980

in Table 3.1

0.

0.

0.

0.

reaction (R) cross
employed are defined

R*

.659

651

.423

.295

209

.150

.074
.067
.061
.0585
. 049
.043
.038

.034

sections computed from

L-Squared Method

0.

0.

0.

0.

*10

.536
.924
.527
.250

.049

.8973

7790

.6851

.6086

5453

.4923

4472

4088

.3756
.3468
.3214

.2984

10

R¥*

.272
.206
.161
.130
.105

.088

.065

.056

.048

.044

the

.875
.526
.926
.528

.250

.8970

L7791

.6848

.6081

.5448

.4921

.4472

.4087

.3755

.3465

.3210

.2985

text.

0.

0.

.407

.593

374

076
L0635
.0S87
.050
.045
.040
.036

.033



Elastic (E)
Equations (3.2.1).
K**2 Exact Results
E R*
0.2 13.87 -
0.4 6.271 -
0.6 3.875 -
0.8 2.534 1.441
1.0 1.925 0.609
1.2 1.527 0.384
1.4 1.250 0.272
1.6 1.049 0.204
1.8 0.8969 0.160
2.0 0.7787 0.129
2.2 0.6844 0.107
2.4 0.6079 0.091
2.6 0.5448 0.077
2.8 0.4919 0.066
3.0 0.4471 0.058
3.2 0.4086 0.051
3.4 0.3754 0.045
3.6 0.3464 0.041
3.8 0.3210 - 0.037
4.0 0.2985 0.033
R* : Reaction cross

Units are as

TABLE 3.

1

0.

sections are

in Table 3.1

4

reaction (R) cross
The models

.257
.056

9041

.7861
.6918
.6150
.5516
.4981
.4530
.4140
.3806
.3516
.3256

. 3025

*10

L-Squared Method

0.

0.

0.

sections
employed are defined

R*

.486
.636
.397

.279

209

.161

128

.105

090

.077
.067
.059
.048

.040

.034

.031

computed from
in the

N

13.87
6.273
3.876
2.536
1.929
1.528
1.252
1.050
0.8981
0.7799
0.6852
0.6088
0.5454

0.4928

0.4480

0.4096

0.3765
0.3475
0.3221

0.2990

text.

15

R*

.440
.599
.388
.270
.207
.160
.129
.109
.092
.078
.066
.057
.051
.045
.040
.038

.036



extending the L-squared method to the case in which (N-1)

th channel

coupled channels are treated explicitly and the N
is taken into account by a matrix optical potential, but
considerable difficulties arise if it is desired to account
for more than one channel implicitly through the optical
potential. We now describe these difficulties and explore

an example in which two channels contribute to the optical

potential acting in a third channel.

3.3A The theoretical model

The optical potential

We consider the system of coupled channel

equations (3.3.20) for the case N > 2.

(:%" F(r3 = Z \/.,J(r)r(r) ;J: [,2,.-,N
(33.1)
The potentials V;; are again of short range with
Vi = V.. . The inelastic thresholds are at
k= 4,,8,,..., A,H , with &, >A;' , so that:

k?=k7'5é-l y ad

(3.3.2)
The optical potential W(r,r') which represents in channel 1

the effect of the remaining (N-1) channels can be

represented as



| o
W (e, e = ZZ Vie (1) G?&(h,l;r,r’) \/“(r’)

i:z Ex)
/ (3.3.3)

where ge is the outgoing Green's function for the

Hamiltonian Ee, with elements

e .
H — (& . aé-.) 8;5 - V;J () Gj= 3. ,N
J drt

(3.3.%)
The channel function F, (r) is determined from the optical

potential as the solution of the equation

:(L’f, ¥ k'l - Vu("))p.-(f‘) = gWCr,r’)E(r’) dr’

(3.5.5)

subject to the boundary condition

. Lk,
Fry -« sinkhr + £R) 2
(3.3.6)
The Green's function ge can be constructed from the

solutions of the Q space Schrodinger equation

()
R 1
+ =
=2 (3.3.7)
These solutions can be classified as follows with respect to

the energy, s*:

(a) s* < A,
All channels j > 2 are closed. Bounded solutions

QZ(sn,r) may exist at energies s* = Sp °

(b) A, > s* > D,

Channel 2 is open and the remainder are closed.



There is a unique regular solution such that

Q(SJ,—) “ J}.‘-l;.; 5EJL(S,_F+5) ; ﬁj(s‘,r)«053>,3

2

(3.3.9)
where
2 : o
s; = §*- by i Jz2
(3.3.9)
with the normalisation
N (-]
> { gendEnd o §es)
sz °
(3.3.10)
(c) Al'd) s? >A3'
In this energy interval the J channels from j = 2
to j = J + 1 are open, correspondingly there are J

n

independent regular solutions ﬂaf(s,r) of equations (3.3.7)
with n = 1,2...J. The boundary conditions can be
conveniently specified in terms of eigenphaseshifts 5“, n =
1,2,...J and a real orthogonal J x J matrix an(s), as

follows:

T S ,
¢-, (s,ry - anf,;gd_ s (s;r+80) 5 s 2,3,.., T+

Tn
P s,r) = 0 ;> T4
(3.3.11)
Ta ‘
Writing the independent solutions Qz (s,r) as column
JIn

vectors, (s,r) and using the orthogonality relations

T

na
"

RRT - T

—
—

1!

(3.3.12)

where BT is the transpose of R, the normalisation conditions



are found to be

Y T Tm
50(/1" (@'¢sy0) @ s,

énm S (5% 5"

(3.3.13)

The solutions g?snare, of course, orthogonal to the bounded
solutions and the solutions in each of the other energy
intervals.

The Green's function Gg is then easily written
down in terms of these solutions. We have

a,
G Q (hl'i e r/) - Z @im(r‘) Q‘, m(rl) N &IM\ dj’ ¢‘.(SJ‘_3 @Jﬁ’ rl)
X ? Y _—_

Ev0

mo (R - 51y B, (k) +ig -5*)
Dy 2
2n in
+ Um SOLSIZ @i (s,r) Q; Cs,¢) bt
&E=20 o h:- . o et
&, ne ( hee s )

) s -l Cw-1)n (w-n
4 lim 50(5‘2 L (550 @3 (s,r)
net (k! +ig -st)

(3.3.14)
This expression is the generalisation of equation (3.2.5b).

The imaginary part of ga at an energy between the thresholds

at Ay and Am is of the form

| 7
n Ja
T ch (h:;r,r') z —TIZ @j(!z,,r‘) ﬁ; (&, r')

(3.3.18)



and contains a contribution from each of the J degenerate

solutions.

The L? representation of G

To 1illustrate the problems that arise in
~attempting to  represent geﬁ in a finite basis of L'
functions, it is sufficient to consider two Q space channels

and to employ potentials which do not support Q space bound

states, in which case

G.f(k,‘;r, - Pg,is ﬁ(sr)@(sn")
J ( kI -s)

: pZ S B, B,
st Dy (&,' S‘)

(3.3.1¢)

n

O " R h

z - Tt @L(hur) ﬁj(kur’) ) A'<Il'l<Az

C TS G B ) B

ner (3.3.17)

In GQJ CTAD

In evaluating the real part of the ge numerically

-

subtractions can be made to avoid the singularities. For

example if /A, < k; <A, the first integral on the right hand

side of (3.3.16) can be expressed as



g st @;(s,r) @,-(s,r') - é" ﬁ‘-(&“r) @J(k,,r')
(kY -s?)

(k,+J3.)(k,-Jp,
+ @‘:(hur) gj(kurb h('(ﬁ:ﬁg(k,*f&i

)

and when k: >, the second integral in (3.3.16) can be

€3.3.18)

treated in a similar way.

As in section 3.2 the Q space Hamiltonian can be
diagonalised on a finite basis of functions, @,L. In the

present case these functions have two components E%d(r);

j = 2,3 and
3 oo
Q e
z g”u' en,j(r)H@;.@m-b(f‘) = =S5y Oam ; mmasl2. N
ia:)‘].

(3.3.11)

The discrete eigenvalues s} are non-degenerate and the

(unsubtracted) real part of the Green's function is

approximated by

\Y]
0..0 6,
e kd e n,)
IR€ G%(}l.,v‘,r’)— Z (h,I-S,‘l)

(3.3.20)

In the single channel case, the eigenvalues s> formed a

smooth sequence in terms of n.
In the two channel case, they no longer form this

smooth sequence. The reason for this can be seen as



follows. We introduce a parameter A by replacing Vg in

(3.3.4) by

Vij(}\Jr) = \/03(") g;j + (t' S;J-U\V;j(r)

€3.3.21)

When A = 0 the coupling between the channels in (3.3.4) is
removed. In this <case, each of the Q space channels
contributes independently to the optical potential (3.3.3),
and each contribution can be calculated as in section 2.2.
This means that (for A = 0) the sequence of eigenvalues s,

in the two channel case splits into two, each of which is a

¢
smooth function of n. The first sequence sx spans the
interval starting at the 1lower inelastic threshold,
A, < s* <o while the second sequence s’ starts at the

second threshold and spans the interval A, < s* <o . The
. . . ()] [£3] s
corresponding eigenfunctions €iﬂ and emj approximate the

elastic scattering wave functions 1in the two Q space
fn

channels, and each has one component: 9"‘1 +# 0,
(€} (@8] (3}
‘ -'e,n = OI 8“)1_ = OI e“ll # 0-

The association of the sequences of eigenvalues
with one or other of the inelastic cuts along the real axis
persists as A is increased from zero, provided A is small
enough so that AV;; (i # j) can be treated as a small
perturbation. In fact the eigenvalues siw r B = 1,2 vary
smoothly with A and for finite A each sequence s’ and s7

remains a smoothly varying function of the index n. This

suggests that, for not too large A , one sequence can be



associated with the integration along the cut from A, toe
and the other with the integration along that from A, to oo ,
with corresponding o approximate weights

wh = 2™ 2(s™ )/¥n. If this is the case, the Green's

function can be approximated by

A
2‘ 0.2 08 1y Wi A,,«,@ U0 B, U6k

(lzl' 'F)!')

Re G2 (kin) - 2

-l
(3.3.11)

Ta GQ (s, 6) '“Z B (k) B by €, (k)

(3.3.115)

2

where € (k) =1, k, >AF ° P(kl) = 0 otherwise, and where
A
¢(k| +r) 1is interpolated from the set of functions @(s"n ,T)

= Nn(srr ) éaxg(r), where the renormalisation factor N, is
given by

N,\(Sfﬂ) = (W?:,)'I/z

(3.3.23)

The expressions (3.3.21) and (3.3.23) reduce exactly to the
approximation of section 3.2 when A = 0, and should be
accurate for sufficiently small A\. As in the single channel
case the subtractions ensure that no spurious resonances are
encountered, without having to continue into the complex

energy plane.

3.3B Numerical Examples

As a numerical example, the potentials in three



coupled channels were taken to be

V, =-2.0e /r; v, =V, =-0.25¢e;
Vi = Vg =-0,125 e~ "

V,, = -1.5¢""/r; V,, = -1.0 e "/

V,, =V, =-X1.5e7 %77, 0 ¢h ¢l

(3.3.2¢)

The thresholds were chosen to be A, = 0.75 and A, = 1.0.
There is nothing significant in the particular strengths and

ranges chosen; similar results are obtained with different

strengths and ranges.

To form the discrete basis of functions the

functions ézl(r) were represented as
’] .

in
ea,i(r) - 2 C:,i ul,z(r)
z:l

(3.3.15)
with
o< \'k A
U =( : ) of: ) (0
1 g(g+V) (=, & L“f” e )
(3.3.24)
and
LUy [ Uiy 7 = 04
(3.3>.27)
The scale parameters «; were chosen, so that on

diagonalising g@ the eigenvalues spanned the energy interval
of interest, which was taken to be 0.2 < kf < 4.0.

In principle, the size of the basis set should be

increased until convergence is obtained. In practice we



employed bases of 10,15 or 20 functions, which we know to be
adequate for the uncoupled Q space problem with A = 0.

A great many numerical experiments were carried
out, varying the scale parameters «; and testing varous
methods of numerical interpolation to obtain the
functions Q.A"and w? . The results are illustrated in tables
3.5 to 3.7, where a comparison is made with the direct
numerical solution of the equations using the programme of
McCarthy and Stelbovics (1983).

In table 3.5 we show the results of the uncoupled
Q space problem (A = 0). As expected from section 3.2,
accurate results were obtained for the elastic scattering
cross section and for the reaction cross section. 1In tables
3.6 and 3.7 A has been increased to 0.3 and to 1.0
respectively. It is seen that even for A = 1 the results
are good over all of the energy range for elastic
scattering, but the more sensitive reaction cross section is
given poorly near to kf = 1.0 and also near to kf =1.6 ,

Although these results are encouraging, the chief
defect of the procedure 1is a certain lack of stability
against varying the scale parameter. This can be seen by
comparing the results of tables 3.7 and 3.8. The results of
table 3.8 differ from those of table 3.7 in that two scale
parameters were used, one in each channel, chosen so that
the sets of eigenvalues s': and sﬁ: overlapped as little
as possible. The resulting reaction cross section is given

well for energies up to the threshold &,, but poorly for



Elastic (E) and
(3.3.1).

Equations

(A= 0.0,

K1**2

3.0

R*

Units are as

oA

3.0)

Reaction

reaction (R) cross

TABLE 3.5

The models

Bas

is o

sections

computed from
the text.

employed are defined in

f 15 vectors

Exact Results

19.97

1.

1

.479
.950
.536
.766
.480
.040
.718
.474

.283

131

.007

0.9042

0.8177

0.7445

Cross

in Table

3.1

R*

.568
.354
. 301
.227
177
. 145
122
.100
.086
.075
.067

.060

sections are

*10

L-Squared Method

19.97

1.

1

.480

.951

.766
.480
. 040
.718

.475

.007

0.9049

0.8187

0.7452

R*

.566
.355
.303
.232
.180
.146
.123
.106
.092
.078
.068

.062



TABLE 3.6

Elastic (E) and reaction (R) cross sections computed from
FEquations (3.3.1), The models employed are defined in the text.

(XN= 0.3, of = 3.0) Basis of 15 vectors
K1**2 Exact Results L-Squared Method
E R* E R*
0.2 19.98 - 19.98 -
0.4 9.498 - 9.498 -
0.6 5.981 - 5.980 -
0.7 5.047 - 5.045
0.9 3.50S5 0.666 3.514 0.673
1.0 3.099 0.461 3.108 0.459
1.1 2.754 0.400 2.767 0.365
1.2 2.470 0.338 2.480 0.325
1.4 2.033 0.252 2.033 0.286
1.6 1.713 0.195 1.713 0.213
1.8 1.471 0.157 1.475 0.152
2.0 1.281 0.129 1.283 0.136
2.2 . 1.129 0.109 1.130 0.117
2.4 1.005 0.094 1.008 0.097
2.6 0.9031 0.081 0.9045 0.084
2.8 0.8171 0.070 0.8180 0.075
3.0 0.7440 0.061 0.7444 0.068
3.2 0.6812 0.05S 0.6814 0.060
3.4 0.6269 0.049 0.6270 0.052
3.6 0.5793 0.044 0.5796 0.046
3.8 0.5375 0.040 0.5379 0.040
4.0 0.5005 0.037 0.5010 0.036
R* : Reaction cross sections are *10

Units are as in Table 3.1



Elastic

Equations

(E) and
(3.3.1).

= 1.0, & =2.7)

R*

Units

2

9.

1

1

1

0.

Reaction cro

are as

in Ta

Bas

Exac

E
0.00
829
. 741
.861
.097
.523
.080
. 742
.460
.02S5
.707
.465
.276
.126
.003

9005

.8147
.7419
.6796
.6254
.5781
.5364

.4995

TABLE 3.

1S

employed

of

7

reaction (R) cross
The models

sections
are def

15 vectors

t Results

R*

.456

. 521

.510

.398

.342

.260

.203

.166

.097

.084

.075

.067

.057

.051

.046

.042

.038

ss sections

ble

3.1

are

computed from
the text.

ined in

L-Squared Method

20.00
9.829
5.742
4.862
4.085

3.522

2.771
2.467
2.019

1.717

1.128

1.003

0.9013

0.8158

0.7427

0.6803

0.6262

0.5788

0.5369

0.4997

*10

0.

0.

0.

0.

R*

.498
.515
. 324

. 405

288
274
140

165

. 127

.102
.087
.075
.067
.058
.051
.046
.043

.040



TABLE 3.8

Elastic (E) and reaction (R) cross sections computed from
Equations (3.3.1). The models employed are defined in the text.

(A=1.0, &,=1.0, ofy=2.4) Basis of 15 vectors
K1**2 Exact Results L-squared Method
E R* E R*
0.7566 4.435 0.208 4.433 0.205
0.7688 4.337 0.319 4.335 0.319
0.7857 4.198 0.413 4.198 0.411
0.8123 4.016 0.480 4.019 0.476
0.8504 3.785 0.518 3.791 0.509
0.9049 3.499 0.520 3.508 0.519
0.9773 3.175 0.503 3.212 0.385
1.025 2.991 0.460 3.051 0.598
1.057 2.880 0.430 2.864 0.598
1.122 2.677 0.384 2.652 0.538
1.181 2.508 0.352 2.474 0.526
1.260 . 2.314 0.315 2.308 0.319
1.376 2.069 0.270 2.087 0.285
1.478 1.890 0.234 1.877 0.363
1.656 1.632 0.191 1.636 0.177
1.829 1.435 0.162 1.454 0.188
2.019 1.261 0.136 1.257 0.184
2.396 1.005 0.098 1.010 0.092
R* : Reaction cross sections are *10

Units are as in Table 3.1



higher energies. In principle, whatever the scale
parameters (in reason) the basis set could be increased to
obtain convergence. However, numerical problems were
encountered in diagonalising ga for much larger sets and
although, no doubt, these numerical problems could be
overcome, the method 1loses 1its simplicity, and makes an

extension to realistic problems more difficult.



CHAPTER FOUR

THE SCHWINGER VARIATIONAL METHOD AND THE POET MODEL

PROBLEM

4.1 The Schwinger Variational Method

This section introduces the Schwinger variationél
method in terms of one particle radial single channel
scattering, for simplicity. The method depends on the use
of the Lippmann Schwinger equation (see section 1.2C) to
provide different expreséions for T matrix elements, and
formally may be generalised straightforwardly to many
coordinate problems where target coordinate(s) and angular
momentum have not been integrated over, using adequately
complex trial functions and full enough representation of
the required Green's functions. The work of chapter five on
the use of the method for the Poet model problem and its
coupled channel approximations exemplifies these
generalisations. The Schwinger variational method is
discussed by Joachain (1983), Bransden (1983) and in more
detail by Nesbet (1980). We consider a Hamiltonian H(r)
made up of an unperturbed Hamiltonian H,(r) with known
solutions, and a short range potential V(r), which may
include implied integration over a symmetric exchange
kernel. The regular solutions ¥/+ and %" obey the

Lippman Schwinger equations (4.1.1)



| Vi), - 1 BEY S« GEVIF R
(4.1.1)

The asymptotic boundary conditions for outward (+) and
inward (-) scattering are included in the Green's functions
as described in section 1.2C. The regular unperturbed

radial solutions ﬁ(E) are real.

HI ¥¥e)y - E| PIEYY
H L ge)yr =E| 27

(4.1.24)
(E -H.) G(E,nr) = §Crr)

(4.1.20)
G (g, nr) = (G ce, o))

((}.I.Z.c)

Grle,nr)s —2 P 8.6n) i e, n)
W(¢) ¢I)

(4.1.24)
Q(E,r) is the irregular solution of the unperturbed
Schrodinger equation. W 1is the Wronskian ofﬁand ¢;
The ¢, Q may be normalised such that W = -1 for

convenience. The T matrix element may be written

1T = - P IVIPER)Y - -R

n

4.1.3a)

Using (4.1.1) and (4.1.2c) the T matrix element may be



rewritten as in (4.1.3b,c)

LT ¥ -V + VG VIYEYS - T

(6.1.3b)

LYEIVIGE> < -

(4.1.3¢)

The expressions (4.1.3) are hermitian. They imply

Y%y = Ble,r) +T (B« 0(e,r))

-2 00

(6L%)
The Schwinger variational principle in its bilinear form is
written
¥ -
LT . gBIVIEES - T IV gE)D
Y- V+VGE V] YOS
(4.1.5)

Variation of |¥") and {¥°1 about the exact values leads

to the expression (4.1.6) to first order in 5?".

§(ET) = - BIVISF> - L SYIVIgS
- LWV RVEIVI @ty -GV LVVGE VYT

- S§YTIVR IS - G-GHVILYT Y
- Bl 2@ty -vany v s¥TS

= 0O 4.1.6)
The Lippmann Schwinger equation is reproduced and § (:T) = 0

for variation about the exact wave functions 19”’7. The



Schwinger variational principle may also be stated in

fractional form:

LT o LY¥TIVIg>LFIVIZD

. Y1V + VGV I ¢t
(4.1.7)

This form may be achieved by replacing lVﬁ > > Ail %> in
(4.1.5) and varying with respect to the A*. It may also be
seen to be stationary by varying [¥*> in (4.1.7).

There are various advantages 1in wusing the Schwinger
principle rather than, for instance, the Kohn principle.
The asymptotic boundary conditions for the problem are built
into the Green's function G! , and the trial wave
functions I¢2,> need not include them: the trial functions
always occur matched against the short range potential V,
and may be expressed in terms of L-squared functions which
adequately represent the |¥?> over the range of V once the
stationary value has been found. The fractional form
(4.1.7) is also independent of the normalisation of the
trial function. We now illustrate the method wused in

chapter five for finding the stationary value. We write:

Hy,:> = 2 Cz’%>

N

LY =D, ¥

s (4.1.8)

| .7 are real L-squared functions.



- +
In this single channel radial case %’(E,r) = ?/(E,r). In

more general problems variation of [¢g> and [W;> is
performed separately. For multichannel problems the c; are
also 1labelled by channel as will be described in section

5.2.

1T w F o= Rie) Sy 3¢y, < ¢

Ty (4.1.9)

3 o S IR, R S - Rey S 3T@ . o - ey N

a¢; Ty ¢ Tic) 3¢ (Teen)?* ¢ )
C4.1.10

Since the normalisation of l?’t> is arbitrary we may impose
o Yy p

a limitation on (4.1.10). We may require
-R = -5 =T
CARD)
= }—-g + a—§ - }j: = Q ; L='JZ/"‘JN
dC; a¢; Q¢ .
¢ ¢ (4.1.128)
(4.1.12a) may be rewritten:
N
V< BIVIEY + Z i <PV VEVIE >}
d:l
N t
e cpivias« 3 LYV VE VTGS
=
-0 ;oeel,2, N (4.1.01b)

The two halves of this expression are identical (in the more
general case (4.1.12b) splits into two separate equations
for the two sets of constants g!). In matrix form, we have
(4.1.12c).

R+Dc =0

- = - (¢.1.02¢)
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<HIVIG>

"

{RY,

D}, = <#l-vsvatvigy - DY,

j

The matrix problem (4.1.12c) is soluble for non singular D

c=-D"R
- (6.1.)3)

F = R*D'R

—
- -—
-

(6.1.14)

T LBINIE YD <AV

For the more general case, the equivalent results are

Ro+De=0 o R +)D =g

Fo= RID'R.

ba o

{BJ}Q = <EIVIg, > 4.115)

a and b label the channels and the T process includes

complex conjugation.

Not imposing (4.1.11) 1is equivalent to choosing the
value of one of the c¢;. For example (4.1.12c) becomes

R- «yDe =0 ; «t& = B
€' De
-1
%) c= DR (41.16)

Choosing a value of c, fixes &{(c) and the factor 1/«

This then cancels

appears in the expressions for the c,.
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out in the expression (4.1.9) which reduces to (4.1.14) as
the approximation to #T. The linear method chooses o = -1
and is more straightforward to use as F = -R = -§ = -T after
the matrix inversion has been accomplished.

The stationary value found using l *> is equivalent to
finding the exact T matrix element for a Hamiltonian H = H,

+ V, as 'described for example by Adhikari and Sloan (1975).

Z VIU>1d" CHIY

{dy, = <LIVIES

This may be seen as the t operator for F may be written:

C

(4.117)

-LglEld>

o~
\

Z Vg7 CHIY

(4.1.18d
t obeys (4.1.18b) which is the exact t operator equation for

the Hamiltonian H

Ce.118b)

VeUGit = V- 2 VIS o lva vIg "5, <Y1V

11}
<
t
‘M
<
LR
A4
~
?-
~—
o
+
(P
Kl
~
A
l|w'
~
<
=

C4e.1.18¢)

We also have V I% > =V l% >. As the basis extends to
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completeness V-5 V. 1In various tests of one dimensional
problems solved approximately in a restricted space using a
finite set of L-squared basis functions, either expanding
the full Green's function or the potential in the basis,
Schneider (1985) found the Schwinger method (i.e. solving
for a model separable potential V) to be the most reliable
giving results closest to the exact solution.

The disadvantages of the Schwinger variational
principle are that it is not a minimum principle (although
neither for example, is the Kohn principle) and that the
method requires calculation of Green's function matrix
elements, which <can be time consuming. For physical
problems, this 1is especially problematical as continuum
states need to be included in the Green's function. This is
investigated in terms of the Poet model problem in chapter
five. For single channel scattering, Takatsuka, Luchesse
and McKoy (1981) have related the Schwinger variational
principle to the Kohn variational principle when the same
trial function is used in both: the Schwinger principle
gives a more accurate result corresponding to the Kohn
principle combining the basic trial function with the higher
order function resulting from one iteration of the Lippmann
Schwinger equation. The Schwinger principle also appears
ostensibly more flexible as the choice of trial function
does not imply a particular approximation to the Green's

function for the problem, although complications arise which

are discussed in chapter five.
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Relationship With The Second Born Approximation

If the unperturbed wave function ¢5is used as a trial

function the expression for the T matrix element is

1T o LEIVIg>LpIvis>
: LBI-V +VGtVI 3>

(¢.1.14)

o _<@[Vlﬂ>(l+<¢lVG:Vlﬂ)+_._)
LEIvIpy

M-

¢4.1.19b)

Thus the Schwinger principle is equivalent to the second
Born approximation at this level of accuracy. (4.1.19%a) in
general is often more accurate than the second Born
approximation though this 1is not guaranteed. Altshuler
(1953) performed tests of the Schwinger method for the
static s-wave hydrogen potential (i.e. no exchange), using
the full method in one dimension and (4.1.19b) in three
dimensions, finding ‘(4.1.19b) superior to the second Born
approximation. Moise%yitsch (1973) for example, has related AU

the Schwinger principle to the theory of Padé approximants.

Applications Of The Schwinger Principle

Maleki and Macek (1980) formulated the Schwinger
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principle for electron ion scattering and applied it
successfully to a single channel model problem involving a
Yukawa potential (the wave functions for which have been
used as trial functions in configuration interaction
calculations incorporating screened potentials). A great
deal of work has been performed by McKoy (M), Watson (W),
Luchesse (Lu), Takatsuka (T), Lee (Le), Marco (Ma), Gibson
(G), Lima (Li), and Rescigno (R). The Schwinger method has
been applied with success to low energy electron-atom, ion
and molecule scattering in the static exchange approximation
(WM 1979, W Lu M R 1980, Lu M 1979, 1980, Lu W M 1980,
Maleki 1984) and, wusing a modified form of the Schwinger
principle discussed in section 5.6, electron-atom and
molecule scattering beyond the static exchange approximation
but still at low energies as all open channels need to be
included in the Green's function for the problem (T M 1981,
1984, Li G T M 1984, G Li Ma T M 1984).

Luchesse, Takatsuka and McKoy (1986) have presented a
review detailing their use of the Schwinger principle and
various variational principles derived from it in electron
molecule collisions and molecular photoionisation. L W M
(1980) presented an iterative approach in which the basis
set in the Schwinger trial function was augmented by the
solutions to the model problem H, producing a higher order
model t operator for which solutions were found. This
process could’ be continued until convergence was achieved,

but was somewhat time consuming, involving a variational
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stationary value calculation for each iteration. T M (1980)
and Li T M (198l1), presented a series of variational
functionals ("C" functionals) related to the Schwinger
principle, some of which had also been suggested by Kolsrud
(1958) and Moe and Saxon (1958), which were also applied to
the static exchange approximation for electron molecule
scattering. Moiseiwitsch (1982, 1983) has related the
Schwinger variational principle to a 1linear algebraic
equations method developed by Eisner and Seaton (1972): the
Green's integral in the Lippmann Schwinger equation is
written as a numerical quadrature, resulting in a set of
linear equations, equivalent to using the Schwinger
variational principle with an appropriate trial function.
The method was applied to static exchange and 1ls - 2s close
coupling cross sections for electron hydrogen atom
scattering. Luchesse (1986) compared a Kohn type
variational method with the Schwinger and "C" functional
methods in a coupled channel model problem due to Huck
(1957) and modified by Fels and Hazi (1972). The model
involves two distinguishable particles, one moving in an
infinite square well, and the other free, interacting with
separable potentials in two or three channels, with only
s-wave scattering included. Other channels were represented
by an L-squared optical potential and the testing energy was
kept low enough' for these channels to be closed. The
Schwinger type methods gave faster convergence than the Kohn

type method, with little to choose between the Schwinger and
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"C" functional methods. The tests did not include
indistinguishability. Finally Brendle et al. (1983) have
applied the Schwinger method to heavy particle scattering.
All these applications involve a limited number of exact.
open channels and calculations at low energies. In chapter
five the Schwinger method is applied to excitation above the

ionisation threshold in the Poet model problem.

4.2 The Poet Problem

The Poet problem was introduced in chapter one and is
considered theoretically in the next chapter. The model
ignores angular momentum and the degeneracy of the hydrogen
atom energy levels, but retains an infinite series of
discrete bound states and an ionisation continuum. Thus,
ways of modelling continuum effects for intermediate
scattering energies may be investigated in this less complex

case, in particular the use of pseudostates.

Poet's Aproach

The approach used by Poet (1978) is radically different
to the methods considered so far, and is similar to that of

Temkin (1965). The restriction to s states replaces the

electron interaction potential with the first term in its

Legendre polynomial expansion, and Poet solved the resulting

separable partial differential equations wusing sums (and
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integrals) over known free particle and Coulomb functions,

e . A} . 2 C (s)
— — - - z . r;)r;
(df‘\' At r, )SZ/(GJFL> 0 Y 7
ol A 2 _F (s) - N
AR R AR
143 s (s)
ARG R
(4.2.1)

The boundary conditions as r, . r1—7{o%} and those
defined by the symmetry/antisymmetry of ¢ at r, = r,
allow the coefficients in the sums to be calculated using an
interpolation method. Essentially exact results for elastic
and ls - 2s scattering were presented for 1low and
intermediate incident energies up to - 30eV.

The generalisation of this approach to more complex
systems (for example, including angular momentum states,
complex atoms) was considered by Poet (1980) who attempted
to solve the same model problem using a coupled partial
differential equations approach, as a starting point to
include angular momentum. The method produced results close
to the exact ones but as the size of the problem increases
with each electron the method is limited to cases with up to
two or at most three active electrons. Further work by Poet
(1981) on the same model, using a coupled channel approach
in which continuum functions were treated numerically over a
finite region of configuration space where exchange is

important, and solutions were matched to asymptotic
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(exchange free) solutions, gave rise to pseudoresonances at
the discretised "continuum" energies.

Callaway and Oza (1984) extended Poet's (1978) method
to calculate the total cross section for the model, and
approximate ionisation cross sections calculated from
pseudostate calculations compared favourably with bounds

given by the exact method.

Pseudostates and The Poet Problem

Burke and Mitchell (1973) added pseudostates gg, 5;, 5s
to a 1s-2s basis and produced elastic and 1s-2s singlet
scattering cross section in the incident energy range 10 -
30eV. Pseudoresonances appeared at each pseudothreshold,
fairly broad especially for inelastic scattering, with
structure below and above the threshold. Burke and Mitchell
noted that away from the pseudoresonances the results
converged quickly with added pseudostates, and that cross
sections averaged over the pseudothresholds exhibited an
oscillatory convergence. On later comparison with Poet's
results, the pseudostate calculations were seen to be a good
improvement on 1ls-2s-3s close coupling calculations away
from pseudoresonances: for elastic cross sections where
pseudoresonances were less pronounced the calculations with
positive pseudostates were very close to the exact results
away from the thresholds. The further work of Callaway and
(1983), using the algebraic variatonal method (Callaway

Oza
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1978) to solve the coupled equations has been described in
the discussion of T matrix averaging in chapter two. Their
conclusions are considered in the next chapter. Increasing
the basis size (Oza 1984) narrowed the pseudoresonances and
gave converging results, although a judicious choice of
pseudostates, to represent short range behaviour, and the
averaging polynomial had the most effect in improving
accuracy. In the next chapter we attempt, wusing the
Schwinger principle, to remove pseudoresonant behaviour in a

systematic way before the calculation of T matrix elements.
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CHAPTER FIVE

The Schwinger Variational Method Applied to The "Poet"

Model Problem

5.1 Introduction

The problem conéidered is a restricted model of
electron hydrogen atom scattering in which it 1is assumed
that the coordinate wavefunction is spherically symmetric
with respect to both projectile and target electron
positions. Thus all non zero angular momentum terms are

ignored: the target electron occupies "s" states only, and
the Coulomb interaction between the electrons is replaced by
the leading term in its Legendre polynomial expansion. We

may write the Schrddinger equation for the system as
~ =S
H ‘ c rl 3 rl) = O A
(s.1.1)

where

H = E +1 éit + L éi‘ - Vile) -V - v.(e,n)

E is the energy of the system

V) = T

L .
v.(h,) s F ¢ : is the Jreater ¢,

and r, .
! lesser ' 1

i denotes the incident channel and s denotes the total
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electron spin.
We include the spatial symmetry/antisymmetry of the solution

explicitly and write

s s s i+ 5
AN AR R RS D
(§.1.24)
)5 / ~)s
ﬁ. (r,,r,) = 2 Bon (1) 3(».;('7)
¢ m
(5.1.2b)
The ¢L are hydrogenic states ( Qa(r) =r x R, (r)) with

associated energies &,, and the prime denotes that the sum
includes integration over the continuum. The scattering

\s
solutions j:i have boundary conditions:

Flm = 0
me r<o

! - s hop
:F,:zs(ﬂ I::Z k" SULL\ar. 6;,,‘ t Tml e" " ;E>€m

0O ; ECE,
k;=J2(E-€)
(5.1.3)
The ;ﬁssshould also obey certain orthogonality conditions as
considered by Peterkop (1977) and in chapter one to give a
unique solution.

In practical calculations it is usually assumed that
the trial functions are flexible enough for these conditions
to be modelled by the variational procedure and arise
"automatically" in the determination of the wave function

coefficients. The matter is considered and tested 1in
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section 5,.5A.

The problem may now be rewritten as

H By = (Vern) S CFAA) :(\r,s,r;)

(5.1.4)

where

Vie,n)y = V) « V()

A interchanges r, and r, .

Equation (5.1.4) has a formal solution:

Cha s Kcony » ([dode G )
x{(V( ﬂ)-(l) HA) Qs.mcsr’r; }

(5.1.5)

~

1 .
X, (m,R) = Qﬁa013 k.SMﬂk;ﬁ , the unperturbed solution.

GT is the Green's function for the unperturbed Hamiltonian H,

GM(E i,0 Z @ ) @ %) j,‘,j (€;n,57)

(5.1.72)
3:: (El r‘Jr;I) = & gou’\' sinkin sinkor
T ( 2CE - g)sic-n")
= '.%- SIIV\LLMQ e)“'hmr’
Re (5.1.76)
~ g} ,
H, G, (E;nr ) = 8 ) §¢h-r7)
(s.1.8)



Substituting (5.1.7) into (5.1.6), letting r, =»°° and

comparing with (5.1.2b) and (5.1.3), we see that the
T-matrix element T:; may be written:
s

T. = -2 ﬁdﬁalc X, e (Vi) -6’ AA) @, e

My

2L K IV -CHALST Y

- R,

"

5.1 .1-)

(3] (B3 4
Using (5.1.5) and the fact that G, = (G, ) we may also

s
express T, as:

T! - -1 { < @I V-LVHAL G )
R TN RCRALTAY

= T

¢
(5.1.9% )

T5 L < BV - HA X

m,

- ‘Sml
€5.1.9)

The expression TJ, = R Sm,
Tt
€S.1.10)

for T’ when

L J

gives the Schwinger variational functional
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(8§
955 (r,, r;) is replaced by an L squared trial function and

the stationary value found.

With the definition of the T matrix (5.1.3), the cross

section (without spin factor # or §) is

g(.n _ 4_?_0‘( T‘:,?/l

m (€1n)
Using an alternate real K matrix formulation, (5.1.3)
becomes
)53
a0

r<o

Dc. 2
m;,( 90

- S
oY { kil J(}/\‘lil’ 62,:\ ¥ Kmi C‘D'S‘l;r' , E >€m
O ; B < g,

(s.1.12)

Schwinger expressions may be found for K;., using the

. . . e (8] .
principle value Green's function G, = R,G,. Over a matrix

of open channels

(5.113)
Our investigation concerns the use of different trial

(3]

functions and approximations to the Green's function G, in

the Schwinger principle. Section 5.2 details our successful
use of the principle to solve the coupled channel problems
with pseudostates of Burke and Mitchell (1973) and Callaway
and Oza (1983). Section 5.3 describes our attempts to

remove the pseudoresonances inherent in these problems by

modification of the Green's function, and how the success of
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this procedure is masked by the instabilities encountered
when the Schwinger principle is applied to the full Poet
problem without explicit £full representation of the
continuum, The latter sections describe our investigations
of these instabilities and our attempts to remove them by

varous modifications of the principle.

5.2 The Pseudostate Coupled Channel Problem

5.2.A Theory

In this further restricted model the infinite number of
bound and continuum hydrogenic states of the target electron
is replaced by a finite set of L-squared functions, after
the manner described in chapters one and two. A set of
target pseudostates may be found by selecting M component

Slater functions 73 and constructing

M
Ry = 2 950 ay,
3=

Qa(r) = rLJ €~ ijr ; L]?’JL)O
(s.2.1
The a;,, are determined by the requirements
SOL(,— R (M ( _:‘%1 + Va(r)) R = 3,,,\, Ep
° (5.1.2)
Sol,r R, (r R“,(r) z SM,
o (5.1.14)
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The first N of these functions may be chosen as the
target basis. Proper choice of the qﬂr) allows the lowest
hydrogen eigenstates to be included exactly, while the
positive energy states represent the continuum as considered
in chapter two and by Hazi and Taylor (1970) and Bassichis
et al. (1975).

The coupled channel wavefunction is then defined as

GE; Ziors

N
(r,r) = Z Ra) 3, (0
M

(5.1.3)
s
rn -

'“'6( o 0
cu T T* pikal _
=ier s ,9\- SW\.h;r gém + ~i e ; E > &
:)C (= ‘ _
M r-¢o -
| O cECE,

k, = J1(£-E)

The incident channel i should be included in the

(5.1.6)

“Lms .
pseudostate sum. Qi' must obey the equations

goLd; Rm(m(ﬁ “(—IY HA) :H(’r.,r,,) = 0 ;m=4L1,.,N

($-1.§)

Equations (5.2.5) are a set of coupled equations for the

(et -8) - 7 ( e R,(rrf Ve, VAR i}

]
@zt °

;s L1, N
(5.2.54)
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They may be solved using the Green's functions

i?(En;ﬂ)‘ % y&QJ%brshbﬂ

(2(E-,)*ic - k")

T o W
= =L Sinkr e
Ra
(5.2.¢)
(€ + ii%t -£) g0 (E;nr) = §ree
(5.2.7)
Formally
N
s df’ m/E r r/ ou.:R )
f"." (lﬂ = S"L ts 2 Bptls

Mey

[ 1}

v { (Veey) -6 ARVR,6 £ f"?r.')}

, n=L2 N

14 /

(5.2.8)
nd
In terms of 95”

@(H‘(r‘)r‘) ] X;(ﬁ;r‘) g]dr’df/ G’)(E. n,h G,;)(V(r |’ -¢) Hﬂ)ﬁw

(she’)

(5.2.1)

ST ARD Z R R (57 9. (€ 6,17)

(s.2.10)
The coupled channel T matrix element T

.. may thus be written
s X TV-CEA B
(s.2.11)
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5;; only has physical meaning as an approximation to T;z

when the target states in <channels m and i are exact
hydrogen functions, and as discussed by Burke and Mitchell
(1973) and Callaway and Oza (1983), away from the
pseudothresholds. As in the general Poet case, a Schwinger
variational principle for f;; may be formed using equations
(5.2.11) and (5.2.9). This principle is a restricted form
of the general principle (5.1.10) in which G.' is replaced by

E? in the denominator, and the trial function is of the form

NTR

gw (o) = 2 2 R, (1) ¢, O,ulr)

m s| :,g]
(s.2.12)

The NTR scattering trial functions &,, in each channel

wis
represent the f . As discussed in chapter four, one

mi
advantage of the Schwinger principle is that they may be

L-squared functions and need not obey the long distance

boundary condition for the f:’o

The method requires construction of the following

matrix elements:

2 < Ryt Q| V- CIFHA | R,e) sink i 2

Y
: numerator elements

€5.2.134)

<R | V LY HA [ R0 8,00 2

: non Green's denominator elements

(5.2.13b)
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- Z A im % < R 60 IV'H)SQMRm(r{)JU\Ean Y R wisink,_g [V-61 AR [Rif) .05

)

A —{l :E>§m
m- 0o :E(Em

imaginary Green's matrix elements
(5.2.13¢)

The real Green's elements are most easily constructed

using the spectral form of the Green's function g®

oo
Zwi plak < R jS(r.)lV~él)5ﬁAlerr,)mk'q>(R,,,/mu;\h'r|{v-{-n‘ﬁ,(}l{i,(q)e‘.,i,(r.y
- 1
SRR
(s.2.13d)
(P represents a principal value integral.)

As well as using the Schwinger variational principle to
solve for the complex T matrix elements, we also solved for
the real K matrix elements by ignoring the imaginary terms.
A T matrix was then constructed from the K matrix of open
channels (including elements K,_,; for unphysical open
channels). 1In the coupled channel problem £he two methods
gave identical results. An S matrix of open channels formed

using the complex method was always unitary to within 4-5

decimal places.

5.2.B Initial Investigations : 1s-2s-3s Close Coupling

We initially considered the 1ls-1ls static exchange case
discussed by Moiseiwitsch (1983) and the 1ls-2s and 1ls-2s-3s
coupled channel results of Burke and Mitchell (1973) in

order to test the basic method and also different ways of
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representing the Green's functions 65\ . Matrix elements

(5.2.13) were formed analytically apart from the energy
integral in each Green's function which was performed wusing
standard Gaussian quadrature rules and also by the use of an
L-squared equivalent quadrature on the Slater-Laguerre basis
described in chapter two and Appendix Two. The principal
value integrals for the open channels were effected by a
subtraction of the kind discussed in chapter three.

(i) Numerical Method

For open channels:

Re g; (E;r,rz) e % S.Jj{ [Jil\,k; JE‘,,krl b:j)‘m E.r 5,‘,\50,./) ; E‘,\>O

This may be rewritten:

(5.2.144)

R 3. (E;nr) = o k, Sotx. (sin, ke sin ke - sinkar sinkar')
[ L) 1

— ( Ri\l = ‘U}c\ )

!
' i " ZR" S‘ d'x (J.w‘ hl(x)r 5-(‘.'_\ h'(x)rl il 'S.m\knr S;A'\Enr')
" (-2 Chy - kG )

-\

(§.2.144)

The integral is split into two, from (O, E&) and from

(Eh,a’), and the following transformations used:
khexy = 1k, (l+x) . 0<¢k <k,
R'lxy = an : E,\s h’soo
(1 -x) . |
-lex g (5.2.15)

A Gauss Legendre quadrature is then used for the

integrals. An advantage of this method is that, taken on
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its own, the subtraction part of the integral sums exactly
to zero if the same rule is used for both integrals, since
Gauss Legendre quadrature ab scissae are evenly distributed

and the corresponding weights are symmetric about x = 0,

o,

! i

{En foa.:—i"‘“”‘l * §ﬁn oo 1
T -

I
ﬂ Lp
\

f:‘ ( =

Re(1-300) 7 20 RO- &)

- 3& F § J}44M
T En S ( 9-3¢) (1 -x%)

(¢.2.14)

For closed channels (k: < 0) the subtraction is not
required. A channel independent transformation for the

whole range was used, and a Gauss Legendre guadrature

performed .
kgk('_:_%) 0L h¢oo , ol ¢x ¢
(1-%) (5.2.17)
A was chosen to give a reasonable range of k values: a

maximum Gaussian k value of k = 77.5 (ik* = 3000) was

generally used.

(ii) L-sgquared Method

As detailed in chapter +two and Appendix Two, the
kinetic Hamiltonian is exactly soluble in an infinite series
of Slater-Laguerre functions, and the equivalent quadrature
representation with a finite basis has known
weights/normalisation constants. The Green's function g}

was represented by such a sum of N, basis functions, the
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subtraction terms in the open channels being interpolated
from the matrix elements equivalent to (5.2.13) of the
L-squared eigenfunctions Q&(r) (these functions should not

be confused with the hydrogenic functions Qﬂ(r)).

lkc, g::’(E;r,r’) o Z @(r)@(r) ;E:<0

2
i e TR

N, E [@(P,() @[ )}
Re 7:(Esnr) 3 Z 0,0 B - & | s Je i

" Clay - &) -

; ky>0
(5-2.18)

(iii) Comparison

In comparing the results for static exchange, 1s-2s,

and 1s-2s-3s scattering using the two representations of the
Green's function, the numerical method was most stable.
Examining Green's matrix elements (5.12.13d), convergent
results were obtained using 40-60 points in the Gauss
quadrature for each integral. For the equivalent quadrature
method to give comparable results a greater number of
L-squared functions were required and no advantage was
gained. It was initially hoped that the number of L-squared
functions required would be relatively small, so that this
method would be more efficient. For the infinité series

with eigenvalue k (see Appendix Two for precise’

definitions):

n

Sinkr N 2 k) X,,\(F)

(S.I-HL')
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Xn(r) is a Slater-Laguerre basis function.

For the finite series:

N
| “- :
= ORGEE N(mz Colk) X (M) = sk rcr
» =
met (5.2.19%)
The higher order functions X, (r) are only large for large r.

Depending on the potential parameters (determining how fast
the potentials decayed) and the scaling parameter in the
Slater-Laguerre functions, different large numbers (between
50-150) of L-squared functions were needed to give
convergent Green's matrix elements, and the L-squared method
was dropped in favour of the numerical method.

Using the numerical method, the Moiseiwitsch (1983)
static exchange, and 1ls-2s and 1s-2s-3s coupled channel
results of Burke and Mitchell (1973) were reproduced.
Diagonalisations were carried out using a complex
eigenproblem routine in the ©NAG library. We achieved

converged cross sections using trial functions of the form

)
-
._a
o
&

@ﬁ(ﬂ = ej[r) i ) ;omsl A0 ;124 -NR
€5.1.20)

and NTR > 10. Table 5.1 compares our converged 1ls-2s-3s

results with those of Burke and Mitchell. We then

investigated the use of the Schwinger method for the coupled

channel approximation to the Poet problem with positive

pseudostates, as considered by Callaway and Oza (1983).
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ENERGY

0.605
0.72
0.85
1.0

1.125

BM

SCH

Atomic units
sections
shown are

Cross

Energies

0.

0.

Present Work

TABLE 5.1

15-28-3S CLOSE COUPLING

0.

0.

0.

1S-18
BM
.3052 0
.2034 0
.1432
1133
L0959
0873 0

Burke & Mitchell

include

inc

CROSS SECTIONS (SINGLET S$=0)

SCH

.3068
.2035
1442
1137
0964

.0877

(1973

(as described

the
ident

1S§-28S
BM
0.0419 0
0.0584 O
0.0511 O
0.0396 0O
0.0297 O
0.0238
)

in chapter one) are used
statistical

appropriate

SCH

.0419
.0585
.0513
.0398

L0297

electron energies.

1S-3S

BM SCH
0.0146 0.0146
0.0184 0.0184
0.0151 0.0151
0.0114 0.0114
0.0084 0.0084
0.0066 0.0066

in all tables.

spin factor.



5.2.C The Positive Energy Pseudostate Problem

The form and pseudostate energies of two bases of
Callaway and Oza (1983) that we examined are shown in table
5.2, Basis B includes the 1ls and 2s states exactly, and two
further short range orbitals are added. This basis gave
Callaway and Oza the most accurate 1ls-1s and 1ls-2s cross
sections of those they considered, after T-matrix fitting.
The unfitted results contain a pseudoresonance
approximately in the middle of the incident energy range we
are considering, making it useful for further investigation.

Basis D contains the 1s, 2s and 3s states exactly, and has
also been previously used by Huck (1957). Also shown in
table 5.2 is an eleven state basis used in section 5.5.

"It was found that the Slater functions 93 were not
sufficiently flexible to give converged results in this
problem: the large numbers (NTR « 20) " required meant that
the resulting N'x NTR* matrix was too large to be accurately
diagonalised. The addition to the -expansion in the open

channels of asymptotic terms (5.2.21) improved the results

considerably.
y= NTR+[ © Oy () = suxzir
y= NTR+Z . Qg () = ("edir)ml’:zf ; %20
(5.2.21)

Converged results with NTR -~ 13, or 15 trial functions per
open channel were found. Since the Schwinger principle does

not require the trial function to have the correct
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TABLE 5.2

PARAMETERS AND ENERGIES OF THREE PSEUDOSTATE BASIS SETS

BASIS SET j 1 T e (e + 0.5)
] ] ] J
B 1 1 1.0 -0.5000 0.0000
2 1 0.5 -0.1250 0.3750
3 2 0.5 -0.0261 0.4739
4 2 1.0 0.3405 0.8405
5 1 1.5 3.1337 3.5337
D 1 1 1.0 -0.5000 0.0000
2 1 0.5 -0.1250 0.3750
3 2 0.5 -0.0556 0.4444
4 1 1/3 -0.0312 0.4688
5 2 1/3 -0.0086 0.4914
6 3 1/3 0.0979 0.5979
7 1 0.2 1.0198 1.5198
G 1 1 1.0 -0.5000 0.0000
M = 12) 2 1 0.5 -0.1250 0.3750
(N = 11) 3 2 0.5 -0.0556 0.4444
4 1 1/3 -0.0312 0.4688
5 2 1/3 -0.0197 0.4803
6 3 1/3 -0.0122 0.4878
7 1 1.5 0.0210 0.5210
8 2 1.5 0.1213 0.6213
9 3 1.5 0.3800 0.8800
10 4 1.5 1.0562 1.5562
11 1 0.1 3.1989 3.6989
12 2 0.1 (15.76)

Units and symbols are as described in table 5.1 and in

the text. Energies were calculated accurately to eight
significant figures and are shown to four decimal places
for convenience. The last column shows the pseudothresholds
in terms of the incident electron energy, for reference to

later figures.



asymptotic form, it was decided that the improvement was due
to the use of oscillatory functions. More flexible trial
functions (5.2.22) were introduced, all matrix elements

still being formed analytically with the exception of the

Green's integral.

R.. - ,
O, = g me © je 2., NTR

n.

it

> | . 22”0

3 M) { .su\("\’;;l[;(r‘)

(A’S(d,';’—b:‘.lf)
(s.2.11)
It was found that Callaway and Oza's results were reproduced
using 10-12 or more such functions per channel over a wide
choice of input parameters.

For solving the coupled channel problem this would seem
satisfactory, but for our further investigation into
possible removal of pseudoresonances before construction of
the T matrix, the explicit inclusion of pseudochannel energy
dependence in the E%a resulting in matrix elements (5.2.13)
that are intrinsically not smooth over the pseudoenergies
with respect to incident electron energy, is self defeating.

Further investigation showed that efficiently converged
results were possible as long as oscillatory functions were
used in the physical channels. Since we are concerned with

excitation in the intermediate energy region, we kept the
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oscillating functions for the negative energy channels and
used Slater trial functions for the positive pseudostates,
choosing cosine functions for the ¢;; with d; = 0. Results
were not affected by further suppression of pseudochannel
dependence of input parameters, resulting in the form

(5.2.23) ¢
- - DY _
O =4 " s (ulkde) e T g o

E- >0

4 [3

rmog FT

A,Mmy %l s XN ;5 0
(5.2.23)

11-14 such functions per channel produced converged results.
Table 5.3 compares our results with Callaway's and Oza's,
and figure 5.1 shows elastic and 1ls-2s cross sections before
and after T matrix fitting for basis B in the spin zero
case. As described by Callaway and Oza, the coupled channel
method gives results indistiguishable from Poet's (1978) in
the spin one case, but gives rise to visible
pseudoresonances in the spin zero case.

The triplet case may be expected to be simpler to solve
than the singlet case, as the antisymmetry of the spatial
wave function restricts the strength of the interaction
between the electrons, and associated distortion and
excitation processes, as they are kept apart g; the Pauli
principle. After T-matrix fitting, all of the Callaway and
Oza bases gave elastic cross sections correct to within 3%

and ls-2s cross sections correct to within 8% of Poet's
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TABLE 5.3

1 Data (Basis D)

(i) S =
Cross
Energy 1s-1s
CO SCH
0.605 2.3005 2.300S5
0.72 1.8336 1.8336
0.85 1.4607 1.4607
1.0 1.1587 1.1587
1.125 0.9750 0.9750
1.25 0.8330 0.8331
1.5 0.6310 0.6310
1.75 0.4972 0.4972
2.0 0.4037 0.4037
Energy 1s-3s
(*10E-2)
CO SCH
0.60S5 0.024 0.024
0.72 0.052 0.052
0.85 0.076 0.076
1.0 0.092 0.090
1.125 0.098 0.099
1.25 0.101 0.098
1.5 0.100 0.099
1.75 0.093 0.093
2.0 0.084 0.084
CO : Callaway and Oza (1984)

SCH : Present Work

Units are as

Where indicated,
by the appropriate factor of 10.

in table 5.1.

cross sections

Sections

.013 0.

should be multiplied

1s-2s
(*10E-1)
CO SCH
.035 0.035
.048 0.048
.055 0.055
.058 0.058
.087 0.057
.056 0.055
.051 0.051
.046 0.046
.041 0.041
2s-3s
CO SCH
. 134 0.134
.102 0.102
073 0.073
.052 0.052
.041 0.041
.033 0.032
.022 0.022
.016 0.016
013



TABLE 5.3
(ii) S = 0 Data (Basis B)

Cross Sections

ENERGY 1s-1s 1s-2s
(*10E-1)

Cco SCH (60) SCH
0.605 0.2501 0.2501 - 0.307
0.63 - 0.2320 0.247 0.247
0.72 0.1926 0.1926 - 0.307
0.85 0.1724  0.1724 0.149 0.149
1.0 0.1340 0.1340 0.147 0.147
1.125 0.1131 0.1131 - 0.140
1.25 - 0.1001 0.123 0.123
1.5 0.0866 0.0866 0.083 0.084
1.75 0.0772 0.0776 0.055 0.055

CO : Callaway and Oza (1984)
SCH : Present Work
Units are as in table 5.1.

Where indicated, cross sections should be multiplied
by the appropriate factor of 10.
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FIGURE 5.1
CROSS SECTIONS AGAINST INCIDENT ELECTRON ENERGY FOR BASIS B.

Models are as described in the text. Units are as described in
Table 5.1.

(ii) 1S - 2S Cross Sections
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results for the singlet case, although basis B gave better
results, the elastic cross section being indistinguishable
from Poet's and the ls-2s cross section being good to within
3%, As noted by Oza (1984), the pseudothreshold structure
gets narrower as more positive pseudostates are used in the
basis. Having found the Schwinger method a good one for the
coupled channel problem, our further work concerns the

attempted elimination of pseudoresonances for the singlet

case.
5.3 Beyond The Coupled Equations : Elimination of
Pseudoresonances

We <can consider the coupled channel problems as
Schwinger variational principles for the Poet problem in
which the pseudostates used in the trial function and the
approximation to the Green's function G?]coincide : our
original aim in wusing the principle was to expand the
representation of the Green's function and investigate the
origin of the pseudoresonances. We hoped to remove
pseudoresonances by smoothing out the matrix elements
(5.2.13) with respect to incident electron energy before
solving for the T-matrix elements. Since our choice of
trial function ensured that in the energy region of interest
the numerator and non Green's denominator elements were
smooth as required, this 1involved smoothing the Green's

elements: although the Green's function G} is continuous
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with respect to incident energy as it passes across a
threshold, its derivatives are not, as detailed in figure

5.2. This is to be contrasted with the smooth behaviour of

(o?
] o

G One possibility that was considered was to apply a
fitting procedure to the matrix elements (5.2.13d) away from
the thresholds, and comparison tests between matrix elements
containing G. and d? are detailed below. Investigation of
the effect on the cross sections of this approach was
hampered by an unexpected phenomenon that has severely
limited our use of the Schwinger principle beyond the
coupled channel problem. The resulting T-matrix elements
contain false resonances that are not related to the Green's
function but occur numerically in the solution of the
stationary value problem. These resonances appear and
disappear as different trial functions are used, and badly
affect the convergence of the T matrix. They seem to occur
in more complicated problems: there are no false resonances
in the coupled channel case which 1is essentially a one
coordinate problem with all target electron information
supplied, and in the more general problems they do not occur
if electron exchange is ignored except in a few very complex
cases. In the exchange case, these resonances do not appear
if the +trial function target expansion contains all of the
states used in the Green's function. Illustrative results
appear below and in section 5.4.

In the rest of this chapter, the results displayed were

obtained by the complex T matrix method unless explicitly
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FIGURE 5.2
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described as otherwise. The K matrix method was always more
unstable, containing false resonances in virtually all
cases, and giving unconverged results whether a matrix of
open trial function channels or of channels common to both
the trial function and Green's function was used. This
might be expected as T matrix elements formed wusing the K
matrix method require solution of the stationary value
problem for several channel combinations, and numerical
errors are compounded. Similarly. the open channel S matrix
formed using the complex method was generally only unitary

to within about a factor of ten in these more general

problems.

A, Illustration of false resonances

Our first tests beyond the coupled channel problem
involved wusing different pseudostate expansions in the
Green's function and trial function, in the hope that
pseudoresonances would be suppressed. It was found that
results did not quickly converge, as false resonances were
introducéd. This is illustrated in figure 5.3 where the
elastic cross section for a basis B trial function and basis
D Green's function is shown for various values of NTR.
Basis D pseudoresonances appear just outside the range of
energies shown. A false resonance with NTR = 10 vanishes
for NTR = 12 and a smooth cross section results. However,

increasing NTR to 14 brings in further false resonances
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Models and symbols are as described in the text. Units are
as described in Table S5.1.
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marked (see Table 5.2).




which upset the convergence. Further increase and variation
of input parameters did not recover the smooth curve which
would appear to be due to a fortuitous choice of trial
function. The 1s-2s cross section remained unstable and
unphysical for all values of NTR. Other tests with a basis
B Green's - function and basis D trial function gave
unconverged inelastic cross sections and elastic cross
sections with false resonances although there was a vague
resemblance to the basis B close coupling results. The
false resonances did not occur in the non exchange case
where results were convergent. Figure 5.4 shows cross
sections without exchange for basis B close coupling and for
a basis D trial, basis B Green's function. The similarity
between the two sets of results suggests if the trial
function approximately "contains" the Green's function, then
additional terms are "ignored" by the method and the close
coupling results are reproduced. This 1is investigated
further in section 5.4 and also appears true for the
exchange case when the Green's function is exactly contained
in the trial function. The case of a basis B trial function
and basis D Green's function without exchange also produced
convergent results, with basis D pseudoresonances still

present, but smaller in size.
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FIGURE 5.4
CROSS SECTIONS AGAINST INCIDENT ELECTRON ENERGY : NO EXCHANGE

Models and bases employed are as described in the text. Units are
as in Table 5.1.
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B. Removal of Pseudoresonances : Use of Exact Green's

Function

The rest of this section considers the removal of
pseudothreshold structure from matrix elements (5.2.13d) of
the basis B 'coupled channel problem. The éubsequent
automatic removal of pseudoresonances from the resulting
cross sections is displayed in terms of the non-exchange
case, which is in general not susceptible to the appearance
of false resonances as exemplified above.

(i) Matrix Elements

Our first test was to replace the imaginary part of the

Green's function E?’with the imaginary part of G, .

3
G\
!

No )
—Z?_E{' Ry R sinkr, sink,n’ £, <E<E,

z=l

R
+ | . .
m G, = -2 KF(l F 1) o= SUN IV SN IR KO
= JdKF(K,R) (K,rk)r——-—(w—‘(\) Jesor sinJiex
(5.3.1)
(E is assumed positive, F(K,r, ) are standard Coulomb

functions.)

Above the ionisation threshold, a smooth change in the
Green's function G4 with increasing incident electron
energy is replaced in 6? by a series of continuous but not
smooth steps as each positive channel becomes open. For

Im G:’ we used seven negative energy hydrogen states and

- 132 -



performed the continuum integral numerically using a 40
point Gauss quadrature and a routine of Bardin et al. (1972)
for the Coulomb functions. A selection of sample matrix
elements of the form (5.2.13d) for both cases are shown in
figure 5.5. Although the two sets of matrix elements are
similar away from the pseudoresonance, they are not in a
uniform manner that is easily modelled. This means that a
fitting process applied to the pseudostate matrix elements
away from threshold would seem to be at least as arbitrary
as one applied to the T-matrix elements, and probably more
so, as the fitting has to be done for a 1large number of
matrix elements which cannot all be examined graphically to
achieve the best fit.

We then considered matrix elements for a ls-2s-3s trial
function and the "complete" Green's function G?, taken to be
made up of seven negative energy s states and a numerically
integrated 36 point continuum with a cutoff above the range
of incident energies of interest. Open channel 5::
integrals were performed as a series of quadratures between
the continuum integration points, with up to 90 points in
total. Closed channel g.. integrals were performed as
before. Sample elements for the non exchange case are shown
in figure 5.6, with similar conclusions to be drawn about
the possibilities of a fitting process. However, as noted
by Oza (1984) as the number of positive pseudostates
increases the pseudoresonances become narrower, and a

fitting procedure might seem more appropriate with a larger
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Models, symbols and bases used are as described in the text. Units
are as in Table S5.1.

Basis B sample imaginary elements: i.},i',jJ" = n,1,n,1 ; n = 1,-,
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FIGURE 5.6

MATRIX ELEMENTS (5.2.13D) AGAINST INCIDENT ELECTRON ENERGY
Models, symbols and bases used are as described in the text. Units
are as in Table S5.1.
I1s-2s-3s trial function, full / B Green's function (the positive
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FIGURE 5.6

MATRIX ELEMENTS (5.2.13D) AGAINST INCIDENT ELECTRON ENERGY

Models, symbols and bases used are as described in the text. Units
are as in Table 5.1.
1s-2s-3s trial function, full / B Green's function (the positive
basis B pseudothreshold in the range is marked).
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basis (the full Green's function used here is in effect
equivalent to a pseudostate basis too 1large for practical
application, and gives smooth results), although conversely
more matrix elements would need to be averaged. We did not
pursue this matter as our attention was diverted by the
problem of false resonances, but the cross sections for the
non exchange case discussed below show that the use of a
smoothed Green's function removes pseudoresonances in
principle. At the time of writing, McCarthy, Hewitt and
Bransden are applying these ideas to adapt a coupled
channels with distorted waves momentum space method of
McCarthy, Mitroy and Stelbovics (1986) solving the
Lippmann-Schwinger integral equation for the Poet problem.

(ii) Cross sections

In figures 5.7 and 5.8 we present results without
exchange. Figure 5.7 shows the effect on the basis B
coupled channel <cross sections of using the full imaginary
Green's function. Figure 5.8 shows a calculation wusing a
ls-2s-3s trial basis and the full Green's function GT,
together with a calculation using the same +trial function
and a basis B Green's function G.. Here the cross sections
are completely smooth, and the idea of a smoothing process
seems Jjustified. Unfortunately, Poet did not provide exact
non-exchange cross sections for comparison. Table 5.4
indicates variation with increased numbers of scattering

trial functions G%i for this case,

Although these results show that smoothing the Green's
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FIGURE 5.7
CROSS SECTIONS AGAINST INCIDENT ELECTRON ENERGY : NO EXCHANGE

Models and bases used are as described in the text. Units are as
in Table 5.1.

(ii) 1S - 2S Cross Sections
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FIGURE 5.8
CROSS SECTIONS AGAINST INCIDENT ELECTRON ENERGY : NO EXCHANGE

Models and bases used are as described in the text. Units are as
in Table §.1.

(i) 1S - 1S Cross Sections
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TABLE 5.4
CONVERGENCE TESTS: 1S8-2S-3S TRIAL BASIS WITH
"FULL” NUMERICAL GREEN’S FUNCTION (EXCHANGE
1S NOT INCLUDED IN THE CALCULATION)
ENERGY = 0.7

CROSS SECTIONS

NTR 15-18 15-28

(*10E-1)
10 0.4145 0.0978
11 0.4177 0.0935
12 0.4186 0.0941
13 0.4184 0.0937
14 0.4186 0.0936
15 0.4184 0.0933
16 0.4178 0.0933

ENERGY = 1.3

CROSS SECTIONS

NTR 1S-18 15-25S
(*10E-1)
10 0.1836 0.0353
11 0.1843 0.0350
12 0.1843 0.0350
14 0.1843 0.0350
16 0.1843 0.0350

(Units and symbols are as described in table 5.1

and in the text. Where indicated, cross sections

should be multiplied by the appropriate factor of
10.)




"FIGURE 5.9
CROSS SECTIONS AND MATRIX ELEMENTS (5.2.13D) AGAINST INCIDENT ENERGY

Models, matrix elements and symbols are as described in the text.

Units are as in Table 5.1.
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function removes pseudoresonances, it 1is not a practical
process in conjunction with the Schwinger method, due to the
problem of false resonances. Using a basis B trial function
complicates the problem enough to introduce false resonances
and non-convergence in the non-exchange case, and in the
exchange case false resonances obscure the smoothing process
entirely. Figure 5.9 shows sample results with exchange for
the full Green's function and a single channel ls trial
function.

In this and other exchange cases, smooth matrix
elements do not 1lead to smooth cross sections. The false
resonance structure varied with the number and input

parameters of the eﬁ, used.

5.4 Investigation of False Resonances

5.4A Occurrence of False Resonances and some limitatiors of

the Schwinger Method

In order to avoid confusion with pseudoresonances,
several tests were made of the Schwinger method with a
Green's function containing exact negative hydrogen
functions; 1ls-2s ... ns, n £ 7, and various trial bases.

Without exchange, smoothly decaying cross sections were
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found. With exchange, the following rule emerged: false
resonances occurred if the Green's function basis contained
more information than or different information from the
trial function basis. If the trial function contained all
the states included in the Green's function, the results
converged on the coupled channel results for that Green's
function, as suggested in section 5.3A. An example shown in
figure 5.10a is for a 1ls-2s-3s Green's function with a basis
D trial function, superimposed on 1ls-2s-3s close coupling
results. Also shown are two cases of false resonance.
Figure 5.10b shows the combination of 4 single channel 1s
trial function and a 1s-2s Green's function, and figure
5.10c shows sample results for a 7 state Green's function
and a 1s-2s-3s trial function. 1In each case the position of
the false resonance varied with the number and input
parameters of functions E%L used. Sample matrix elements of
the form (5.2.13) were smooth in all cases .

On a different track, investigations (performed by R.
Hewitt) of close coupling Schwinger calculations using up to
seven s states gave results that converged at values close
to the 1s-2s-3s results (section 5.2B, Burke and Mitchell
1973). This shows the importance of representing the
continuum states, as these results are not close to the
exact results (Poet 1978), and also indicates that seven s
states are adequate to represent the negative energy part of
the Green's function G:’ as 1in section 5.3. Also, some

investigation by R. Hewitt at low incident energies showed
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FIGURE 5.10A
CROSS SECTIONS AGAINST INCIDENT ELECTRON ENERGY

Models and bases employed are as described in the text. Units are
as in Table 5.1.

(i) 1S - 1S Cross Sections
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CROSS SECTIONS AGAINST INCIDENT ELECTRON

ENERGY

Models and bases employed are as described in the text. Units are
as in Table S5.1.
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FIGURE 5.10B
CROSS SECTIONS AGAINST INCIDENT ELECTRON ENERGY

Models and symbols are as described in the text.
Units are as in Table 5.1.

Elastic Cross Sections: 1s trial basis, 1s-2s Green's function.
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FIGURE 5.10C

CROSS SECTIONS AGAINST

Models and symbols are

Units are as
1s--3s

(i)

Elastic Cross Sections: tr
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FIGURE 5.10C
CROSS SECTIONS AGAINST INCIDENT ENERGY

Models and symbols are as described in the text.
Units are as in Table S5.1.

1s-2s Cross Sections: 1s--3s trial basis, 1s--7s Green’'s function.
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that false resonances did not seem to occur below the

inelastic threshold, and that the K matrix method gave the

same results as the T matrix method in this region, although

this behaviour was not investigated fully as we were
concerned with the intermediate energy range. The rest of

this section concerns our analysis of a possible method of

removing false structure.

5.4B "t" Variational Principle

In an attempt to remove the false resonant structure

from the T matrix, we considered a method proposed by
Takatsuka and McKoy (1981) which was claimed to remove
spurious poles from Schwinger-type principles. In our
principle the final approximation to the T matrix element

may be written:

- gwbrv‘uo(g")ﬁ%lvrxa?

1 1Y
lqu,

(5.6.1)

Vo= V-CIYHA
| ¥ > represents the trial function Rm(rz)éiqha), i running

over both indices m and n

{ DY, = <#4I1-V+VGVI¥>

G?’ stands here for either the Poet Green's function or

the

approximation used for it.

Following Takatsuka and McKoy, we introduced a
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parameter t and found the stationary value for the
functional (5.4.2) requiring equality of the three terms at

the stationary value.

< @pIVIXFLKIVIGH>
L Bwl-T V6T + U <XV} gy

(5.4.2)

@y s
The exact wave function |§{Hﬂ> obeys equations (5.4.3)

%)s
and differs from the Poet wave function lgt_> by a constant

factor X,

1% > <X, Y +J TG + eV IXIK T >

a

(5.4.3¢)
| Bler- 18770 (V- e,V @27 ))
(5.4.3b)
x, = (| - <X Vg >N
(5.4.3¢)

We note also:

LG = [ By (1 vt <XV )

a
(5.6.34)

x, = | +e<X VD Wy

(5.4.32)

In the original "t" principle, the T matrix element is

rewritten in terms of the new stationary value
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X IVIEE

=~
—a
n

LXKV By
Cl+t<X,IV ] 8%

A ?u
(1-tF)
(5.4.4)
Fo= 2 <XITI¥2B2), < #IVIX, >
Di. = D + 6 R.R{ 5 { RS, = <#ITIXNY
(5.4.5)

Takatsuka and McKoy also presented a generalised "t" method
in which Q was channel independent. The following arguments
also apply to this model (details are in Appendix Three).
Our tests showed that the t-method gave exactly the same
results as the basic Schwinger method, and mathematically we
find the two expressions for the T matrix to be identical.
Further consultation of the literature showed that the same
conclusions had already been drawn by Abdel-Raouf (1984),
but the following analysis was performed independently.

We wish to show that:

F@ ; émfgé

\U

X = Feo 2 X(0)
(Féag
(§.6.4)
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..
.
—
s
¥ )
.
A
SN—

(5.4.7)
E t RS-t _ + -
e o d (R DLR.) = Ri(, DLk,
db A
(5.4.8)
Since -léh fg_';'“ = 1
(5.¢.9)
_ _ _ —
‘ZL_ l=>l-<. = - D;‘ ("-L— ch) QL‘
dt = dk -
_ g + = ot
- - QLH. .R_Q. Eb _Qba.
(§.4.10)
(5.4.8) becomes
J? + ol + Rl 2
J—LBQ = - EL Qu P_ﬁt gb ___D,h g.t = - Flu
(5.¢.11)
Thus for ﬁs; #1/t,
X&) = X0) = Fi.,
(5.4.02)
The case Eu = 1/t corresponds to Fbaa © , and applies

when singularities appear in the calculated T matrix
elements. These may be genuine resonances, or, as argued by
Abdel-Raouf (1984), spurious singularities related to those
obtained by the corresponding Kohn variational principle.

Our false resonances are not singular and their structure is
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in any case preserved in the "t"-method as our analysis
shows.

In their reply to Abdel-Raouf, Takatsuka and McKoy
(1984) suggest an alternative expression for x, which, due
to the inexactness of the variational method, may not be
zero at ﬁm = | /t, and thus may eliminate some spurious
singularities. This does not help our work as our false
resonances are not singular, and once again the expression

for the T matrix elements remains independent of t away

from the singularities. In terms of the Schwinger method,

we may write:

TINY {1V - U607 - e VIXCKIT I Gl

(5.4.13)

< XMV -VaRVIZ% > - <X IVIXO(1+ €K1V 20 )
(5.8.16)

s

<X V-VGVIZE>
<Xl VIR (€.4.15)

Xt

The alternative approximation to the T-matrix element

is
7 L, 2 X[ - Foa Si
G, DR,
(5.4.1¢)
Se. = <X JAVIX >
1GY. = < ZIV-VGETVIX>
Again,
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(5.4.17)
The two t methods only differ from the t = O cases at
singularities in X(t) and X, (t). Thus they are not wuseful
in removing false structure in X(0) and X, (0), as the only
different results they can give are singularities.
The use of (5.4.18) as an expression for ;T  was

tested as (5.4.19) only holds formally for the exact

L]
wavefunction | g&>.

X, [0) = k. S

—————

G B'R,
- (5. 64.18)
LKAV IXY = <XAV-VEVIE™ > .

However, in all tests wusing the T matrix method, the
expression U, = sbw/(gig"gq) was very close (within three
to four figures in both real and imaginary parts) to unity
for the 1s-1ls and 1s-2s T matrix elements over all the
energy range, and did not affect the cross sections. For

the higher channels, agreement was not always so good, and
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TABLE 5.5

SAMPLE VALUES OF U

ba

BASIS B CLOSE COUPLING (NTR = 14)
ENERGY b a Re(U ) mu )

ba ba
0.6 1 1 1.0 : 7 . 10E-8
0.6 2 1 1.0 : 6 10E-6
0.85 1 1 1.0 : 5 10E-5
0.85 2 1 ‘ 1.0 : 4 10E-3
1.3 1 1 1.0 : 5 10E-6
1.3 2 1 1.0 : 5 10E-5

BASIS B TRIAL, BASIS D GREENS (NTR = 14)

ENERGY b a Re(U ) m(u )
ba ba
0.6 1 1 1.0 : 4 10E-5
0.6 2 1 1.0 : 3 10E-3
0.96 1 1 1.0 : 4 10E-6
0.96* 2 1 1.0 : 4 10E-3
1.25¢% 1 1 1.0 : 4 10E-4
1.25 2 1 1.0 = 3 10E-4
Re(U ) : The number of decimal places to which the
o value 1s exactly 1.0 is shown.
T;?G;_7> : The modulus of the value rounded up to the
a

next power of 10 is shown.
* : A false resonance occurs at this energy
with the basis functions used.

Energies are shown as described in table 5.1. Other units
are dimensionless. Symbols are as described in the text.



the K matrix method for the coupled channel problem was
slightly destabilised here. Tests were made on the coupled
channel problem, the ls trial, 1s-2s Green's problem of
figure 5.10b, and on problems using combinations of bases B
and D for trial bases and the Green's function. Some sample

values of Ubu for the T matrix method are shown in table

5050

5.5 Modifications of the Schwinger Method

The rest of this chapter concerns various modifications
we made to the Schwinger principle in order to try and
improve on results beyond the coupled channel problem. In
this section, two methods of limited success are detailed.
Section 5.6 applies a variational principle wused with

success at low energies to the present intermediate energy

problem.

5.5A Use of an Orthogonalised Trial Function

(€)s
The trial functions W(r,,r&) we have used so far

retain a degree of non-uniqueness, as there 1is the
possibility of them containing the rearranged system which
we include explicitly in the exchange terms. As described
by Peterkop (1977) and in chapter one, double counting may

s
be avoided by making the scattering functions j; orthogonal

to all hydrogen functions ﬂz with energy €, < & . In the
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case of our method, we have so far assumed that this would
occur "automatically" as the coefficients C i were
determined, provided a reasonable variety of trial functions
were used, and in the coupled equations case convergent
results were obtained. As the more general case was not so
convergent, owing to the false resonances, we thought it
worthwhile approximating the orthogonality condition more
explicitly. We changed the form of the scattering trial

functions so that they were orthogonal +to all the trial

function target pseudostates of lower energy.

O, > O, - Z < R.16, 7R,

(5.5.1)
R,(r) = trial function hydrogen/pseudo state.

This would not eliminate false resonanc ; entirely, as
shown by the most simple case of a single channel 1ls trial
function and a 1s-2s Green's function, which would be
unaffected by the process.

In practice, we found that energy independent sine and
cosine type trial functions were required in the positive
pseudochannels, as purely S.T.0. based trial functions were
reduced to =zero by the subtraction process. The close
coupled results were not seriously affected by the change,
and some comparisons of convergence for basis B are shown in
table 5.6. More general tests showed that false resonances

were not eliminated by this procedure, which made 1little
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TABLE 5.6

CONVERGENCE COMPARISON: STANDARD METHOD 5.2 (S)
AND METHOD 5.5A (P) FOR BASIS B CLOSE COUPLING

ENERGY = 0.7

CROSS SECTIONS

NTR 1$-1S 15-28
S P : S P

(*10E-1)
7 0.207 0.195 0.259 0.277
8 0.206 0.188 0.271 0.258
9 0.206 0.206 0.272 0.266
10 0.206 0.206 0.271 0.271
11 0.206 0.206 0.272 0.272
12 0.206 0.206 0.272 0.272

ENERGY = 1.3
CROSS SECTIONS

NTR 15-18S 1S-25$
S P S P
(*10E-1) (*10E-1)
7 0.972 0.805 0.103 0.107
8 0.959 0.913 0.117 0.106
9 0.961 0.960 0.115 0.119
10 0.960 0.961 0.116 0.119
11 0.968 0.965 0.114 0.115
12 0.964 0.965 0.115 0.115
13 0.964 0.965 0.115 0.115
14 0.965 0.965 0.115 0.115

(Units and symbols are as described in table 5.1 and
in the text. Where indicated, cross sections should
be multiplied by the appropriate factor of 10.)



difference to the results, but were sometimes narrowed or
appeared in different places. Shown in figure 5.11 are
cross sections with and without orthogonalisation for a
1s-2s-3s Green's function and a 1s-2s trial function.
Convergence was not affected, being good away from false
resonances but unreliable owing to the possibility of them
appearing. Also shown in figure 5.11 are results using a
basis B trial function and a ls-2s-3s Green's function using
both methods. The results are smooth apart from a very
narrow false resonance, and follow fairly closely the 1ls-2s
close coupling results. Further tests, with m £ i in
(5.5.1) gave unstable results for NTR § 16 as if too much

information had been removed from the trial function.

5.5B Method of R. Hewitt

This method attempts to relate the positive channel
pseudostates R, (r) ( Eh> 0) to the Coulomb functions F(K ,r)
and modify the Green's function 5:’ to relate it to the Poet
Green's function G , hopefully removing pseudoresonances in
the process. Following the discussion of chapter two, we

may write, over a limited range of coordinate space:

F(Km,r) A Nm P\m(r) ; I K:\ * &€, , N a constant.

/ N

This method supposes that the real continuum part of the

. i)
Green's function G,

3 3 = ; 7 ’
Re G = & (uxFexn)Flke) Pldg gignsing
6 Ga> RI § } } ; Aﬂ( Z(E'tkt) "Z‘) (s.s 3@)
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FIGURE $5.11A
CROSS SECTIONS AGAINST INCIDENT ELECTRON ENERGY

Models and bases employed are as described in the text. Units are
as in Table S5.1.
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may be written as
Kaoslm &
Gﬂn o~ 8 K F(K )F(Y\ r/)P ol,lsfn?/- singr'
Re G, & Z = ) A N —_ Y L ;E50
- R J2(e-4%%)-¢

-
2

25 3Ny R @) R0 )y singe dngr §,(E,p) 20

™m

(5.5.3h)

P represents a principal value ingegral. We have assumed

F(K,r) does not vary greatly over the range A%.

tha-;b{n
S (Eq)= Plax —
™ e B (2€-¢)- X
Ko -8 Ka"én
_ 1 [hm"(.”‘ z )-L‘m(___‘_} ) 2E¢qt
CEYY T (¢16
I R
(Km* %“) (Km-%m) / ZE:ZL

{ ((1€-g)"+8n) _ K2
QE-¢0% | ((re-g*-om) - K

,187Y
(5.5.64)
The integral over g is then performed numerically using
a single Gaussian quadrature transformation of the form
(5.2.17). [Sm is found as follows. In our pseudostate
"target" expansion, we have replaced the continuous spectrum

(5.5.5a) with the sum (5.5.5b)
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S ;’,{ | Flk)> & FIKI] A (+K')
’ (5.5 5a)

n > SR,
%/P\ 7< j (5.5.5b)

Thus we may require in the present method:

Z g;x 2Py
K- 8
’ I(F‘#ga
=S 2WNIIRDLR,] §ax
m Kﬂ-%q

I

> IR.7<R,, | ;€0

m

(5.5.64)

2
/n = 7._2_1,“

(5.5.¢h)

using the Coulomb function

We found N, numerically

generator routine mentioned in section 5.3 and requiring:

o (e Ry i) - fde (F Ok’

(5.6.7)

for example (5.5.7b), gave

Similar numerical equalities,

consistent results.

r -]
(5.5.7b)

The positive imaginary part of the Green's function is
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treated in a similar manner to the positive real part:

&
[£2] Q , ..
Im Ge) = 'T"[‘SJ.K F(K)ra) F(KlrL ) sun, idi‘“‘-K‘)n JZA?\ J(h:‘.K’)'T/ ) il’}=£
o J(k‘-ls‘)

x,,e-§m
= -% AR FOLRYF (6,0 sundlaid o im i g7
m’ Kerba Jie_ 19
= -4 N R R .ir’y sim R n R
E m’ ! 1..) ml(r;,) Sun mlr; Sih km:ql &m’(E)
ml
; 0 E,.¢E
(5.5.8)
Ka'}‘g”
Pk —
Q(e) - S
Kqvbm
- s Ka* %"‘) - sin” ELQL‘>
= R k
(5.5.9)

The bar over /A, is there because in the uppermost
imaginary pseudochannel ( K_,+ 8,/2) is replaced by k if
(R +B/2) > k. The final result is to replace (k.. Yd with
z&fQ(E) in the positive channels in the expression for Im
Gﬁ’ . The negative energy Green's channels remain the same
as in 6? for both real and imaginary parts.

Results for the method were disappointing. Sample
matrix elements were still found to have discontinuous
derivatives with respect to incident electron energy at the
pseudostateAthresholds, and‘pseudoresonances still appeared

in the cross sections despite being "hidden" in the

formalism. With exchange, false resonances appeared in all
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cases and distorted the curves further. Shown in figure
5.12 are cross sections without exchange wusing a basis B
trial and Green's function. Also shown are cross sections
found using an eleven pseudostate Green's function basis G
(see table 5.2) and a 1s-2s-3s trial function, where
pseudoresonances are much smaller and narrower. This agrees
with the findings of Oza (1984) and our own work in section
5.3 that pseudoresonances become less apparent as the number

of pseudostates in the Green's function increases.

5.6 Method of Luchesse and McKoy

The major drawbacks in applying the Schwinger principle
to the Poet problem are that firstly, the continuum states
of the hydrogen atom need to be represented in the Green's
function, and secondly, false resonances obscure the results
if the Green's function contains more information than the
trial function. Luchesse and McKoy (1979) and Takatsuka and
McKoy (1984) in their work on low energy electron atom
scattering and electron molecule scattering, proposed a new
principle which avoided this problem at low energies. This
principle can be adapted into our formalism to be tested at
intermediate energies, both in the general case and in the
pseudostate coupled channel problem where it can be applied
exactly.

A projection operator (different in form to the

Feshbach projection operators mentioned in chapter three) is
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FIGURE §5.12B

CROSS SECTIONS AGAINST INCIDENT ELECTRON ENERGY: NO EXCHANGE

Models and symbols as described in the text. Units as

in Table §5.1.
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defined as

oS 10,0, PP

et (5.¢.1)

P projects onto the target coordinate (r,) and contains the

incident channel.

We operate with P on the Lippmann Schwinger equation

(5.6.2)
g > = 1y« GO (V- fA) gy
(£.4.1)
PIE™> = (X, 7 + GV -e A &7 >
(€.6.3)
( Ne
G'T = D gy L B
Mzl (s.6.4)

(5.6.3) implies the T matrix elements may be rewritten:

"

i T < @7 V-enhh x>

"W

G W AP >
- BN -y AR G (- B 87

(5.6.%)

As it stands, this term cannot replace (5.1.9b) in the

Schwinger principle as the first term is not hermitian, and

ys
variation of ﬁﬁi does not  recover the  projected
Lippmann-Schwinger equation. To recover the unprojected
part of Gﬁ), the following Schrodinger equations are

considered.
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Pﬁplgiﬂs > = P(V—QYQAH V@?“} - PVPI‘@‘M’>

(5.¢.¢)

(1-aP) (AR (=P B« —ali-P)(Aotrlinel g >

(.6.7)

(5.6.7) may be rewritten:

[Ree AL -afPOR-OYAL «(Rucriklp} T g >

—a (H +CY AP 8% >

1}

o (V-QYRARP I F > - U, Pl gy

aly - ARNPI G > - POV -V AN B>

¢35.4.8)

The identity Pﬁo = ﬁaP has been used.
(5.6.1)

Using (5.6.8), the T matrix element may be written:
LT = KB AV - ARP - POy -L)A))
- LL PO e AR (A +CYHAYPS

A s A PR WP /v FYH3
+1-‘; (A« HA) -lv -0 A0 G (v-t'HY) IQ’. 7
(5. 6.10)

Choosing the parameter a =1!, recovers the original

functional when P = 1, and (5.6.10) may be used as the

denominator in a Schwinger type variational principle.
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This method was tested using the Schwinger principle

for the coupled channel problem, with (5.6.1) replaced by
No

P=2 IR, S>LR,]
sy (5.6.11)
G" is replaced by G¥, and trial functions of the form

o

(5.2.12) are used. Equation (5.6.9) is replaced by

(5.6.12):

CRPA IR Y = < r IHPIR,>

(5.6.12)

It should be noted that in manipulating the equivalent of
equations (5.6.6-8) multiplication on the left by a function
< R,| is implicit. It was found that as long as P contained
all the open channels for the problem, the new principle
gave correct converged results. That 1is to say, for a
particular N_,, the Luchesse-McKoy principle gave correct
results, including "below threshold threshold structure”,
~for incident energies up to the threshold for the (N, + 1)
channel. Above this energy (i.e. not all open channels are
included in P) the results did not converge and were
inaccurate. Sample results for basis B are shown in figure
5.13 and table 5.7. The first three states are included in
P. Both T matrix and K matrix (using a matrix of channels
common to the trial function and 6?* ) methods give the same
results. Table 5.7 shows that convergence below the
threshold is slightly faster in the full Schwinger method,

and that above threshold the new method does not converge.
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FIGURE 5.13
CROSS SECTIONS AGAINST INCIDENT ELECTRON ENERGY FOR BASIS B.

Models are as described in the text. Units are as described in
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FIGURE 5.13
CROSS SECTIONS AGAINST INCIDENT ELECTRON ENERGY FOR BASIS B.

Models are as described in the text. Units are as described in
Table S5.1.
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TABLE 5.7

CONVERGENCE COMPARISON: STANDARD METHOD 5.2 (S)
AND METHOD 5.6 (M) FOR BASIS B CLOSE COUPLING

ENERGY = 0.7

CROSS SECTIONS

NTR 1S-18 1S-28
S M S M

(*10E-1)
7 0.207 0.224 0.259 0.130
8 0.206 0.204 0.271 0.281
9 0.206 0.207 0.272 0.264
10 0.206 0.206 0.271 0.271
11 0.206 0.206 0.272 0.271
12 0.206 0.206 0.272 0.271

ENERGY = 1.3
CROSS SECTIONS
NTR 1S-18
S M S M

(*10E-1) (*10E-1)
7 0.972 0.695 0.103 0.279
8 0.959 1.18 0.117 0.098
9 0.961 0.879 0.115 0.150
10 0.960 0.888 0.116 0.145
11 0.968 0.819 0.114 0.160
12 0.964 0.786 0.115 0.169
13 0.964 0.809 0.115 0.163
14 0.965 0.694 0.115 0.193
(Units and symbols are as described in table 5.1 and
in the text. Where indicated, sections should

be multiplied by the appropriate factor of 10.)



This 1is perhaps to be expected, as if not all the open
channels are contained in G.', a complex term is being
replaced by a real term and information is lost. As a check
on this, we tried including the full imaginary part of G
above the fourth threshold. This also gave unstable
results, equivalent to the K matrix method when a matrix of
the four open channels was formed. This matrix is
inherently wrong, as the modified Lippmann Schwinger
equation from which the elements are formed does not include
the fourth channel. However, for energies below the (N,+1)
threshold, the method is a good one, and also time saving,
as fewer matrix eleﬁents (5.2.13d) need to be calculated
and, as shown in figure 5.14, several of the matrix elements
equivalent to (5.2.13c) vanish. This is obviously useful if
the basis has some high energy pseudostates, like for
example, the fifth state of basis B, which is above the
energy range of interest.

We also performed tests on this method for the full
Poet problem, using a projected Green's function of up to
seven exact s states. The above results suggested the
method was likely to be unstable in the intermediate energy
range where some continuum channels are open, and this
proved to be the case for the inelastic cross section and
the K-matrix method generally. Judicious choice of the
combination of trial function and N, did give reasonable
results for the elastic cross section at lower energies

using the T matrix method. Fiqure 5.15 shows the elastic
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FIGURE 5.14

Matrix Elements For The Method of Section 5.6

Notation is as in the text.

We consider matrix elements:
< Rf) B | 4 {0 - 6P RRIP + PCU-E1)FIR) - PCR+E0AR) - (A +ry Bp)P)
+ R fA TRL6) Gpptn D

= L R.(5)B,, M ] lff, 3 PA+HP) -V +(PV +YP)
FEOSCAR - PR - HAP) 1R, 0) Byt >

(a) If m, m < N P =1 and the original matrix element is

0

recovered.

(0) If mgeN . m >N, then CRLIP = LR | ; PIR D=0

(8] o

The element is:

< Raw) 054 £ Ho I Rot) B,,,,10) >

2 < Gl (BBt E 0 S

- 0O since m # m’.

We have:

< R0) B0 | H TRy 6) 8,017 - < Raf) 6,00 [V -V PAIR 08,

= < 8.l (E -2R+%ﬂ)(9&,m,> S = < Rl By V-6 AR ) B, i) Y



cross section found using a basis B trial function and N, =
4. The convergence at lower energies, though not as good as
in the coupled <channel case, is to two figures. However,
given a particular trial function, the number N, must be
large enough to give reasonable results above the ionisation
threshold but not so 1large that the "projected" Green's
function contains much more information thén the trial
function; for example, with a basis B trial function, N, = 3
and N, = 7 gave unphysical, unconverged results throughout.
Basis D with N, = 6 and 7 gave reasonable elastic cross
sections up to an incident electron energy of 0.75 a.u.
We conclude that the method would be a useful one at low
energies when only a few channels are open, as found by
Luchesse, Takatsuka and McKoy, but has limited applicability
in the intermediate energy range as too much information is

lost from the Green's function and not replaced.
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FIGURE 5.15
CROSS SECTIONS AGAINST INCIDENT ELECTRON ENERGY
Models and symbols as in the text, units as in Table S5.1.

Elastic Cross Sections: the points are results for the projection
operator method, the lines are the exact results
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CHAPTER SIX

FUTURE WORK

Notation in sections 6.1 and 6.2 is as in chapters

three and five respectively.

6.1 The L-Squared Optical Potential

The perturbation approach used in section 3.3 in the
three channel problem gives stable results for the elastic
channel, for which the optical potential only contributes to
a small proportion of the cross section. However, for
inelastic scattering the equivalent quadrature is
numerically wunstable, with respect to varying input
parameters, as a representation of open Q space channels,
although a fortuitious choice can give reasonable results,
as exemplified in table 3.7. Some extra points to note
about the wide range of tests of the method carried out are
that results tended to be more stable at higher incident
energies (k* 2 3.2), and that, as exemplified in table 3.8,
if parameters were chosen so that a reasonable number of
eigenvectors lay in the range A, > k: <O, (where there is
no "splitting" of equivalent quadrature) stable inelastic
results were given reasonably accurately up to the threshold

where both Q space channels became open.
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I mention these points at this later stage as they
corroborate work by Stelbovics and Slim (1987), who, after
reading the present work (Bransden and Plummer 1986),
extended their (1986) separable potential model problem to
two channels and compared an approximate finite basis
L-squared solution with the exact infinite basis solution.
They found that if the channels were coupled the equivalent
quadrature gave accurate converged results for energies up
to the threshold where both channels became open: above this
enerqgy, rather than the finite basis eigenvectors splitting
into two sets, each eigenvector represented a weighted
average of the two solutions Qﬂ, n =1,2 at that energy, and
not knowing these weights, they failed to get converged
results. Thus, in this energy range the finite bésis
requires two weights at each eigenvalue to relate it to the
exact solution, rather than one as we had assumed, the extra
degree of freedom hopefully explaining the numerical
instability. Stelbovics and Slim also found that at higher
energies the coupling became less important and their finite
basis results showed better convergence. Possible future
work on our three channel model problem would be to verify
these points more exactly and, although testing with several
different routines and forms of interpolation has already
been carried out, use a more sophisticated numerical
differentiation and interpolation routine, such as that of
De Blase et al. (1985) to +try and separate numerical

instability from the theoretical instability predicted by
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Stelbovics and Slim. If the equivalent quadrature optical
potential model is to be extended to cover several channels,
more investigation of the "double equivalent quadrature"
found by Stelbovics and Slim, and presumably higher order
such quadratures is needed to give accurate open Q space
results. However, as noted in section 3.3, the wusefulness
of the optical potential procedure 1is its relative
simplicity which 1is 1lost 1if complicated procedures are
needed to extract the equivalent weights (for example the
method of moments is inappropriate for the present
calculation as, for each energy, separate moment
calculations would have to be performed for each discretised
momentum space potential matrix element, these elements
also not necessarily being ‘positive definite). The method
as it stands is, though, good enough to represent the effect
of the Q space channels on P-space channels, in the present

model giving reliable elastic cross sections over all the

energy range.

6.2 The Schwinger Method

We have shown the Schwinger variational method to be a
useful one for calculating coupled channel cross sections at
incident energies up to -« 54 eV or more. The programmes as
we used them take about 200 - 300 seconds of c.p.u. time for
a. 5 channel (e.g. basis B) calculation and up to 1000 -

1400 seconds for a 7 - 9 channel calculation on the Durham
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University Amdahl 470/V8 computer, the main time consuming
part being calculation of the Green's matrix elements of the
type (5.2.134). The programmes have not been fully
optimised, and repeat certain operations as they assume the
Green's and trial function bases to be different: with
suitable modifications together with the use of the method
of section 5.6 the c.p.u. time required can be reduced. For
calculations with, say, nine or more channels investigation
of an alternative, more stable matrix inversion routine
would prove useful. Our further investigations have shown
up the limitations of the extended Schwinger method: further
investigation of the 1links between the Kohn principle and
the Schwinger principle with trial functions as used here in
multichannel formulations is required if "false" resonances
are to be made predictable in terms of Kohn principle false
resonances. The work of section 5.3 shows that smoothing
unphysical structure from a pseudostate Green's function can
lead to a smooth T matrix element, and although the
Schwinger method is not at present a practical one to
investigate this further, Hewitt, McCarthy and Bransden are,
at the time of writing, adapting the momentum space
formulation of the coupled channel Lippmann Schwinger
equations for the T matrix to extend this work without
bringing in false resonances, as mentioned earlier. In
gengral, the T.matrix averaging process remains at present the
most straightforward way of removing pseudoresonant

structure. This process assumes pseudostructure to be
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localiged and distinct so that fitting may be done away from
regions where it occurs, and accuracy is basis dependent.
Callaway (1985) has presented excitation cross sections for
the full electron hydrogen atom scattering problem using an
eleven state basis with seven pseudostates and T matrix
averaging over pseudoresonances, which need experimental
verification to test the procedure. T matrix averaging does
not indicate how the pseudostate model gives rise to false
structure. Investigations of the kind described here are
important in leading to a greater wunderstanding of the
problem, and desirable because removing unphysical structure
"at source" should, once perfected, give a better
description of the processes occurring and also be more

reliable.
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APPENDIX ONE

Brief Summary of Gauss Quadrature, and Orthogonal

Polynomials

The = properties of orthogonal polynomials are described
in detail and proved by Szegdo (1967). A system of
polynomials p, (x) of degree n in x is orthogonal on the

interval (a,b) with respect to a positive weight function

Q(X)> o if
b xeb
SO(JC Q(L) P,\OC) Pm(’o = S Ot(d(m) P,,bc)P,,,(x) = 0 ; m¥n

Xzd
a

e = d ooy
doc call)
The moments p; must exist:

b .
= J‘-‘ 1< 0,1 1,..
My = Qdex Q(JC) I ' (AL.2)
The weight function €>(x) determines the p, (x) up to a
constant factor in each polynomial. For suitably

standardised polynomials as detailed by Abramowitz and

Stegun (1972)

wl

b
gaLJC Px) pa'tx) = h, Palc) = kyx" ¢ L X

a .

S ha k>0 (AL.3)
For the purposes of chapter two, the normalisation is as
considered by Szegd (1967) and h, is set to 1 for each
polynomial (requiring p, (x) = 1 then defines the

normalisation of the weight function). The polynomials have
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the "Sturm sequence property" and obey a three term

recurrence relation.

Pan®) = ( Ayx +8.) pate) + Copanl®) 5 px) =0

{
A“ a &9' , 9” = Aﬂ ( Eﬁﬂ - E’n) , Cn - hﬂ‘“ kﬂ-, hR
hn hﬁ0| kﬁ hl h
* e CALLG)
The n zeros of p,(x) are in the interval (a,b). If these
are denoted by x¥ , i =1, ...n and x?' < x® <. < X?

L [,

, then

n

b
gobc 0(x) ey = Z W 3((35?))

cel

CALS)

In (Al.5), f(x) is a polynomial of degree less than or equal

to 2n-1. The Christoffel weights w?'are positive, and

-1 :
(W;M) - Z Pj (x(?)
J3o

(ALG)

The quadrature may be used to approximate integrals when
f(x) is not a polynomial.

The p,(x) may be found from the weight function e(x) to
within a constant by orthogonalising the non negative powers
of x with respect to it. The weights and abscissae (zeros
of p.(x)) for an n point quadrature may also be found from

the first 2n moments M -

b R .

M {) J ‘
I-A:J - SoL.)C. ch) JCJ = Z W;M(JC’;‘) ; J: OJ’,,..) 20-'
a fet CALLY)

The analysis in section 2.2 requires finding suitable weight

functions e(x) from the Sturm sequence recursion relations.
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APPENDIX TWO

Laguerre/Slater L-Squared Treatment

Of The S Wave Kinetic Hamiltonian

(E ‘H) %(E,r) ; %(E)r) :70 0

H= -&
2d4r* (Az.1)
We use the basis

RS S
@G> = A e” T 00

, h=0,1,12
('\+I) AN (AZ.?.)
Lmn (x) are standard generalised Laguerre polynomials, as

described by Abramowitz and Stegun (1972).

LX) = > en” ("M)

(on

Mo (A2.3a)
_ ) ()
S,,Lxe Fxt e o0 = SM'M

. n. CAZ.3b)

[£3] A

(r\+l) L L) = (2n+q+! -.x.) L‘:(ﬁ) - (N+4) Ln_
CA2.3e)

A () «

x o+ (asl =)L)+ n LTy = 0

(A1.3d)

The Q‘have tridiagonal overlap, following from properties

(A2, 3bc) .

< ¢n] ¢n'> i -)l: ( L Snn’ ) 57\,1\’-1 - Sn,n’fl)

(A2.64)
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We write the Schrodinger equation in the form:

gou Q‘(r\(E-H)Z (D @m("l_ = 0 5 n=0,1,2,...

(A1.5)
Using (A2.3db), we have
- Az _ ) ~1
< B 1L ElBy: <BIB(XE) -,
(AL.€)
-t )
Z A {(E+§)( zsvm\_ Sn,m-l- Sn.mﬂ) i 'i:l Smn} K[E) =0 , 0,42,
Mzo (A1.7Q)
2 xu(E +%‘-) ( lx Sam - Sﬂ;m*| = Sﬁ,ca*l) SUM(E) =0 ; h=0, 1.
mse (A2.7L)
N\ .
x__;(E 5) ',E:A(l"‘)‘)
(E ¥ %‘) 8 (\-x)
-1¢ x ¢ |
(AL.8)
Writing ¥ (E) as ()'Ua(x) we have
lx ‘5”“(;0 - Sﬁ”(x) - 9:-‘(,:) =0 ,n=0,0,7,....
(A1.44)
& =0
cA2.4%)
This is the recurrence relationship for the Gegenbauer
polynomials C&ﬁ (x) with o« = 1 in this case. C’”n (x) = U,

(x), a Chebyschev polynomial of the second kind. The

relationship (A2.9a) is also  obeyed by Chebyschev
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polynomials of the first kind but (A2.9b) is not: these are
used as direct representatives of the solutions q, (x)
described in section 2.2, Details of these polynomials are

in Abramowitz and Stegun (1972). The standard polynomials U

(x) are:

wn (ne1)O
u'\(x") b :S_%‘____)_ J me = X
T (A2.10a)
1
SJJJC <l - \I.L)v‘ u,\(I.) u“l(x) = 7';(:- Snnl
1 (AL.10b)
The weight function Q(x) may thus be written
. [}
e - (o)
T (A1.10¢)

The solution ?;(E,r) may be shown to be

%CE,r) J:’-: r Z&m(m()e g ; ik k- E

(AL.0g)

f ey U 00 P ¥ 6 -J;;l; $in O

P (R2.115)
From (A2.10c), we have

|l = eoo(dz)™
33

The orthogonality relations are

el $EY> = SE-ED

(A1.12)

tA1.1%a)

S&E Ve, o) Yk, - Z g, g, ("’)fd«x e [4€ ) U s ey = Slr-r)
o Mhzo
(A1.13b)

(A2.13a) follows from the completeness relation for the
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orthogonal polynomials Un(Xx):

Z Q‘,‘*(m QV‘(x.') U, U, e
Az0

= §(x-x')
CAL.14)
(A2.13b) may be seen to be true by multiplying by
ngr)QZxr') and integrating over r and r'. ( éa(r) = (m+1)

Dalr) /1)

We now consider the finite basis approximate solution
N-t

o (Y w! w ) y
Preemn) = 2 Elam By Py - Cbellp
Rao

(AL.15)
We require U (x ) = 0. Thus:
sin(w)8Y =0 isL,.,N
(A2.18a)
™ - L L™ o L Ay
el - T'C(l (NN S 03 (ﬁ)§
CA2.160)
For a normalised solution
< 3” (E("’) ?u (E'"’ y> = SLJ
L w) @ n
(v (7] 0 )
2 Z £ @\ D7 Un(x;’)um(xs) %(xz )T, (™)
Ao Mz,

)\

- 2 (l- (w) 5” m) (IVO (xrm) Z u (.)Ch\)u (’u)) S bl

(A2.17)
Reference to the Christoffel Darbaux relation appropriate to

the Gegenbauer/Chebyschev polynomials (Szegd 1967) shows

[2

Z U, & Uy &) = (W) s,

(A1.18)
The w?' are weights for an N point quadrature over (-1,1)
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with weight function e(x) and abscissae x?' . From (A2.18)
we may write
v,
| Pl = w (4]
¢ dx x:x':‘)
(AL.13)
Multiplication by QQ}r)ﬁZ}r') and integration over r and

r' shows that (A2.20) is the unit operator in the finite

L-squared subspace:

N-1 WN-1
7 e e < 21 gl mZ S wniye
1= Acp a':o .mx

¢Ar.20)
Comparing exact and approximate solutions:

Y (ere) - BED @Uenn) v 2 P U o
W(J"Jm) ne Nel

(A1.21)
For matrix elements with functions <fl contained within the
finite basis, the exact solution 1is proportional to the

approximate solution.

b
9”0“"(&(::“) _ W/Ev\ J E

J

¥ ooxt e(xy) dx

= h)
JC" JC:'

n

w C W:‘U)(C{E)

x= Xy (A1.22)

“”(ex( x)

We also note the following expression for the Green's
function:

GnnE) - §0L£ AR AP

® <E tig -€7)

]
e’ o Geryh€ Ve Untxy Unlx
S e )t e
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11}

l
/ ’ A ’) ,6(:') E’(_____Jc#ﬁ—.)t-') .
S‘LJF Qo) 2 (1- 1) Upor U, ¢ cl-xdcn-so&

-1
I

2 (1-x) S‘o{x, o0c") U alae) Upt¥)

(A

( 1 - X7
S X i - %) (A2.23)
The unsubtracted finite basis Green's function is
Vet
[} N
G (EJr/r’.) = 22 @n(r‘) ¢I\'(r,) C (nln’JE)
Mo l\':g
N Y 4 Y, f @
G CMwE) s 5 wiEY ] Uat) Ut
4= ARl lxedt (€ L g
N
201 -x) Z w UL U
- e ittt J ——'@l)——
A J=t (x ~x3") CA2.264)

Heller's principle (see section 2.3A) may be proved for the

case of the s-wave radial kinetic Hamiltonian,

()
W(;n(ei:x) z W,
Qx®™
- T .oaY
= (_;‘Tl) SW\e:‘) (AI.ZS)
We also have
x.‘nn - m( I‘N‘R)I
v Nt 1
dx (&
| e ()|
AT g Ve e Lty
(AL.16)
We note
WZ"\(%:E) = UL._.E W“"( ) = L E (™)
Llgeyo e .
" ol{ M:.J
(A2.27)



The general Coulomb case including angular momentum is dealt
with as referenced on table 2.1. Board (1983) +treats the

Coulomb Green's function.

Kinetic Hamiltonian Using Basis of Chapter Three

T I-1
(v-1 (v\/
vy .
L:-l(x) = Z L - (XB ’ LI Z
(A2.18)
Using the basis (3.2.24a),(3.3.26) the kinetic Hamiltonian

matrix elements

<u31-§rl}u3,>

n
—
£

N iggen ) J
Slu’ ¢ (J(q ‘61 (1“[) (o)

;ied
/<Jr+|))z’ / ] ®
it L Ly+]) [(-4*)
= [ 4 g.');\' S(JCJH) !
INIERE
(A2.29)
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APPENDIX THREE

The Generalised "t" Method

Notation 1is as used in section 5.4.B. This method was
stated by Takatsuka and McKoy (1981) in terms of their "C"
functional formulation. The method is stated here in terms
of the Schwinger principle, but the analysis applies to the "C"

functional methods.

A basis [X, >, (¢f3 is formed by unitary transformation
of the physical channels | X, >, | ¢'?”>. The basis

diagonalises the operator (V-vVG'V): -

KENV -VEVIB> = §.<8, IV-V6"11 827>

(A3.1)
The Schrodinger equation for gﬁ"then implies
XNV IGy = §, XNV IO
\7<a( 8 7 - dg < o
(A3.1)
The generalised t operator X is formed
¢ X =t VIXOSXUN =62 VIX, ¥V
) ‘ (A3.3)
For the exact functions,
—_ . - 31 AT a1
VIB™y = Vixy « VGV 185
€ A3.4)

VIE™s o8 = VIKy L VGV
(1- 65 T 1E0))

CA3.41)
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s

xt = (| - <X AV I B>

CAY 6)

(A3.4b) is rewritten
VIgr > <t = VIix.y +VGNVIZN> !

HEV XSV I et

VB> = VI «VGVIGT Y + ¢X | Gl
C1B%a >y = [ F> xt )
(A3.5)
In forming (A3.5) property (A3.2) was used.
A diagonal functional 1is then formed which is
stationary about | gﬁfft)>,
¢ Z — . Er-! —
Guw = 2 <AJAVIE S (A, < 1T IX,
‘)
t ]
Gas = Su Gad
(Ad.6)
(D), = < #l-V +VGrU «ex1¥>
= A ¢ (A3.7)

Gi‘ is found by diagonalisation of the physical channel

functional g,

3

9o = 2 <XNVIE S CEIT X,

i
CA3.8)

The unitary matrix transforming |X; >, lgﬁ“> into X, y,
| #;*> is the matrix of eigenvectors of g/, , and the G:,
are the eigenvalues, as described by Takatsuka and McKoy
(1981). We then have as our approximation to <X,V | g3'>
G
(1-¢ G5

- LXKV > o 26)

(A).Q)
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The T matrix elements are found wusing the wunitary
transformation. We now show that this method 1is also

independent of t.

d ) - s (L6 LG
fr (ZM(“) (1-¢t GE) A (A3.10)

Gl o= L (RVAIR)
M oLE = 4

- (REML (&7 IRY)

+ 2 , L S .
: - (Gdﬁ) ‘since G 1is diagonal.
Thus Z4 s« 1is independent of t.
° —

{BA}; = <¢{IV(X4> (A3.12)
We assume the unitary transformation is independent of t, as
the condition for the unitary transformation (A3.1) does not
involve t.

Numerically, the wunitary matrix is calculated by
diagonalising g; . Although the eigenvalues G:J will depend
on t, the matrix of eigenvectors should be t independent;

any t dependance is a measure of numerical inaccuracy.
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3:‘: <D<a.( f(é)lXL>

h

RS AR,

lj(o(> = cha{x¢> , Cuq # function of t.
[ 7

(A3.13)
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