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Blessed are those whose strength is in you,
who have set their hearts on pilgrimage.

As they pass through the Valley of Baca,
they make st a place of springs;
the autumn rains also cover it with pools.
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till each appears before God in Zion.
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MONTE CARLO SIMULATIONS OF
HOLE TRANSPORT AND RELAXATION IN THE
VALENCE BANDS OF A SEMICONDUCTOR QUANTUM WELL

ABSTRACT

This thesis describes the development, from first principles, of a set of Monte
Carlo programs to simulate the transport and relaxation of quantum confined
holes. We have examined the particular case of hole dynamics in a 100A
GaAs/AlAs single quantum well. Information on the valence band energy disper-
sions and hole wavefunctions in the quantum well is obtained from a 4-band k.p
calculation. We derive expressions for the quantum confined hdle-‘ph‘()ﬁon fiatrix
elements and scattering rates which incorporate the 4-band k.p bandstructure,
and present detailed results for intra- and inter-band scattering in the first four
valence subbands of the quantum well. We consider scattering by acoustic (defor-
mation potential), non-polar optical, polar optical and piezoelectric phonons. The
scattering matrix elements in all cases show marked variations with the wavevec-
tors of the scattering states, due to strong heavy - light hole mixing in the valence
subbands. The phonon scattering rates show additional structure related to the
regions of extremely large densities of states which exist in subband energy minima

located away from the Brillouin zone centre.

We have carried out simulations of steady state electric field heating of the
quantum confined holes. The structure in the scattering rates is reflected in the low
energy portions of the carrier energy distributions, and large carrier populations
are found in the off-zone-centre band minima. Using the high energy tails of these
distributions, we have been able to define effective temperatures for carriers in
each subband. The similarity of these temperatures indicates that intersubband
scattering is important in carrier thermalisation. We have obtained values for
the hole energy loss rates in the steady state, which we are able to compare with

experimental results.

We have also undertaken a detailed study of the transient cooling of quantum
confined holes, for a range of initial conditions. We use an approximate model
of inelastic acoustic scattering, and include, in our results, the time dependent
energy loss rates resolved into components due to intra- and inter-band scattering
by optical and acoustic phonons. The relative efficiency of cooling via different
numbers of subbands is compared, and the possibility of carrier trapping in the
subband energy minima is critically investigated. The influence of features peculiar
to the quantum well valence bandstructure, in particular, the presence of off-zone-

centre energy minima, is also examined.



Chapter 1

Chapter 2
2A

2B

2C

Chapter 3
3A

3B
3C

Chapter 4
4A
4B
4C

Chapter 5

5A
5B

5C

CONTENTS

Abstract
List of Symbols

Introduction

The Monte Carlo Method

Basic Monte Carlo Transport Simulation
2A.1 The Stochastic Model of Electronic Transport
2A.2 Monte Carlo Estimators
2A.3 Distribution Functions

Monte Carlo Algorithms
2B.1 Single Particle Algorithm
2B.2 Ensemble Algorithm

Further Refinements
2C.1 Improved Self Scattering Efficiency
2C.2 Variance Reduction

Carrier-Phonon Scattering in Bulk Semiconductors
Fundamental Electron-Phonon Scattering Theory

3A.1 Basic Principles

3A.2 Coupling Coefficients
Electron-Phonon Scattering in a Simple Parabolic Band

Hole-Phonon Scattering in the GaAs Valence Bands

Monte Carlo Simulations of Hole Transport in Bulk GaAs
77K Hole-Phonon Scattering Rates
Angular Dependence of the Scattering Rates
Simulations
4C.1 77K Simulations
4C.2 300K Simulations

Carrier-Phonon Scattering in Semiconductor Quantum
Wells

Electron-Phonon Scattering in Quasi-2D Systems

2D Electron-Phonon Scattering in the Confined Carrier /

Bulk Phonon Approximation

2D Hole-Phonon Scattering

o OUv Ov

10
12
12
13
18
18
21

23
23
24

42
43
45
49
49
50

52
52

54
58



Contents 313

5C.1  The Quantum Confined Valence Bandstructure 58
5C.2 2D Hole-Phonon Scattering Matrix Elements in the

4-Band k.p Scheme ' 59
5C.3 Calculation of the 2D Hole-Phonon Scattering Rates 62

Chapter 6 Quantum Confined Hole-Phonon Scattering

Matrix Elements 68

6A Introduction 68

6B Overlap Integrals 70

6C Matrix Elements 72

6C.1 Matrix Elements for Optical Phonon Scattering 72

6C.2 Matrix Elements for Acoustic Phonon Scatt_;ering 77

6D Angular Dependence of the Matrix Elements 80

6E Screening of the Polar Optical and Piezoelectric Interactions 83
Chapter 7 Quantum Confined Hole-Phonon Scattering Rates 84
7A Densities of States 84

7A.1 Densities of States as derived from the Band Dispersions 84

7A.2 Analysis of the Densities of States around the Critical Points 85

7A.3 Broadening of the Densities of States 86

7B Scattering Rates 90

7B.1 Scattering Rate Parameters 90

7B.2 Scattering Rate Results 92

7C Inelastic Acoustic Scattering 94

7C.1 The Average Phonon Energy Approximation 94

7C.2 Detailed Balancing of the Scattering Rates 95

Chapter 8 Monte Carlo Implementation 97
8A Preliminary Details of the Simulation Codes 97

8B Bandstructure Routines 99

8C Scattering Rate Routines 101

8D Self Scattering 104

8E Scattering Process Selection 105

8F Angular Dependences for Polar Optical and Piezoelectric Processes 108

8G General Program Specifications 109
Chapter @ Electric Field Heating of Quantum Confined Holes 111
9A Electric Field Dependence of the Basic Monte Carlo Estimators 112

9B Hole Energy Distributions 115



Contents v

9C Carrier Temperatures 118
9D Energy Loss Rates 120
9E Hole Distributions in the 2D Wavevector Plane 125
Chapter 10 Cooling of Quantum Confined Holes 128
10A Introduction 128
10B Transient Hole Cooling Simulations 131
10B.1 Prototype Hole Cooling Simulation 131
10B.2 Dependence of Hole Cooling on the Number of

Subbands present 135

10B.3 Cooling of Single- and Multi-band Heated Maxwellian
Distributions | 139

10B.4 Cooling of a Hole Population above the 2X fuw,, Threshold 142
10B.5 Cooling of Hole Populations generated in the Lower Bands 145
10B.6 Maxwellian Hole Distributions in the Acoustic Dominated

Cooling Regime 149

10B.7 Cooling of a Hole Population at the Lowest Optical Phonon
Emission Threshold 151
10C Summary 153
Chapter 11 Conclusions 156
Appendices 161
Appendix 1 Rejection Techniques for the generation of Stochastic Variates 161
Appendix 2 Valence Band Deformation Potentials 163
Appendix 3 Critical Points in the Valence Band Energy Dispersions 168

References 170



ain

aq, aly
A

AL, A4l 4l

A

b

b

bn’.n

B

B!, BI, B!

c, c

€11, €12, C44

Cgy CO

€ty Ct

Cq

d

dop

D(e)

Dop; Dop

Dn(k), Dale)

e

o

éq, €

Ek,¢)

Epc

Ey, E}, Eac,wiley
E\ o0y Expo,wiley
1(e)

f'(¢)

f(k)

fnle)

F

F(e, 0)

Fle, ), P(K)

Fii(ky, k), Fyi(ky, k)

F%(cos B)
£,9, gll,glla gz

g(z), g(cos B)
G(k',k)

Gj., (k)

h) htjjk

hig

LIST OF SYMBOLS

valence band deformation potential
label for k& > k,(0) region of quantum well valence subbands (Chapter 6)
lattice constant
coefficients for parabolic extrapolation of quantum well
valence bandstructure (Chapter 8)
phonon annihilation and creation operators
label for electronic state in quantum well (Chapter 5)
coefficients of bulk basis functions (Chapter 5)
area of quantum well plane
valence band deformation potential
label for k < ki, (0) region of quantum well valence subbands (Chapter 6)
effective length term in infinite square well phonon scattering rates (Chapter 5)
label for electronic state in quantum well {Chapter 5)
coefficients of bulk basis functions (Chapter 5)
quantum numbers for lattice (crystal) states
elements of the crystal elastic tensor
coefficients of Fourier expansions in reciprocal space; g = 0 coeflicient
bulk spherically averaged crystal elastic constants
coupling coeflicient for carrier-phonon scattering
valence band deformation potential
fundamental optical deformation potential
density of states
optical deformation potential constant
reduced density of states in the quantum confined valence subbands
electronic charge
effective charge
unit polarisation vector and Cartesian components
total energy of electron plus lattice system
valence band acoustic deformation potential used in this work
acoustic deformation potentials used by other authors (see Appendix 2)
optical deformation potentials used by other authors (see Appendix 2)
circularly symmetric carrier distribution function in 2D (Chapter 8)
2D as-sampled carrier energy distribution from Monte Carlo
simulations (Chapter 8)
3D carrier distribution function (Chapter 2)

coefficient of spherical harmonic expansion of 3D distribution function (Chapter 2)

electric field

3D carrier distribution function (Chapter 2)

2D carrier distribution function (Chapters 8,9)

integral terms in 3D scattering rate calculations (Chapter 3)

angular dependence of quantum confined hole-phonon scattering rates

3D reciprocal lattice vector and modulus; 2D in-plane vector and modulus,
and z-component.

approximating functions for probability distributions (Chapter 4, Appendix 1)

overlap integral

overlap integrals with zone centre states in quantum well (Chapter 6)

piezoelectric tensor and components

non-zero component of the piezoelectric tensor for cubic crystals,



Lsst of Symbols v

in symmetric notation

h reduced Planck’s constant
H,, electron-phonon interaction Hamiltonian
LI, I labels for well and barrier regions of quantum well {Chapter 5)
I(k', k) electronic part of carrier-phonon scattering matrix element
I(kpT.) remnant temperature dependence of steady state hole energy loss rate (Chapter 9)
Jn'n(4z), Jent kn(gz)  envelope function integrals (Chapter 5)
&k electron/hole wavevector and modulus
&y ky 2D in-plane electron/hole wavevector and modulus (Chapter 5 only)
kocr wavevectors of anticrossing points in the quantum confined valence bandstructure
kg Boltzmann constant
k.. (0) wavevectors of off-zone-centre minima in the quantum confined
valence bandstructure
K,y average electromechanical coupling constant
L quantum well width
L(e) Lorentzian broadening function (Chapter 7)
mg free electron mass
m* relative effective mass of electrons or holes
M lattice oscillator mass
My, M, atomic masses
M reduced mass of a diatomic unit cell
Meint kn quantum confined carrier-phonon scattering matrix element
n electron concentration
n,n’ quantum well subband indices
n fractional population
My ...74 fractional population of the quantum well subbands
o fractional population of bulk light hole band
Ngys total carrier population of system
N number of unit cells in crystal lattice
Ny, N normalisation coefficients for quantum confined carrier wavefunctions (Chapter 5)
Nens number of carriers in an ensemble Monte Carlo simulation
Nac, Nop thermal equilibrium populations of acoustic and optical phonons
Nyg thermal equilibrium population (occupation number) of phonon mode q
p hole concentration
P crystal momentum of electron or hole
P(k) carrier-phonon scattering rate
P(r), P; polarisation and Cartesian components
P,(cosf) Legendre polynomials
P(t) probability distribution of electronic free flights (Chapter 2)
.9, 9,9, 9= 3D phonon wavevector and modulus; 2D in-plane wavevector and modulus,
and z-component
qo0 reciprocal Debye screening length
Qq normal coordinate for lattice vibrations of mode q
r random number generated from an even distribution in the range [0,1]
r, T 3D real space position vector, and 2D in-plane vector
R, position vector of the ' lattice site
s(k) self scattering rate
S rP(k) or rT' (Chapters 2 and 8)
S, Sij strain tensor and components

Sk number of electronic states



List of Symbols wvis

Sk.c number of states in the electron/lattice system
t time
tobs time at which an observation is made in an ensemble Monte Carlo simulation
t, stochastic free flight time
toim total simulation time in a single particle (steady state) Monte Carlo simulation
tstep interval between successive observations in an ensemble simulation
T total duration of an electron *history’ (Chapter 2) (= tsim)
T. carrier temperature
T lattice temperature
up(r) periodic part of a zone-centre bulk Bloch function
Uge equivalent acoustic displacement for an optical vibration in a diatomic crystal
u (r) periodic part of a bulk Bloch function for state |k)
u(r) atomic displacement function in continuous lattice approxmation
w atomic displacement of lattice site ¢
Ulr) crystal potential
v, Ufj, U coefficients in plane wave expansions of bulk basis functions (Chapter 5)
Vg, Up electron velocity at the beginning and end of a free flight (Chapter 2)
UBens, YFBS estimates of the steady state carrier drift velocity obtained from
Monte Carlo simulations
V4, Vay carrier drift velocity; overall average drift velocity in 3D or 2D
Up, U bulk heavy and light hole drift velocities
Uq, UI, Ut sound velocity, and longitudinal and transverse values
72 mean square sound velocity
|4 crystal volume
Veen unit cell volume
"iIJ., V,-§-1, v coefficients in plane wave expansions of bulk basis functions (Chapter 5)
T,Y,2 space coordinates
Ty randomly generated value of a variate z
XY 2z stochastic parameters (Chapter 2)
o, op a = ag/m*, ag = h?/2my
B scattering angle (angle of k’ relative to k), polar angle in 2D wavevector plane
B Ct / Ct
B stochastically generated scattering angles (Chapter 4)
~ azimuthal angle of k' relative to k (3D only)
T total scattering rate in a Monte Carlo simulation, including self scattering
I values of I in a piecewise-constant (stepped) total scattering rate profile
§U carrier-phonon interaction energy
A determinant of second derivatives of 2D energy dispersion functions (Appendix 3)
A€ linewidth for Lorentzian broadening function
e(k), e(ky, n) electron/hole (kinetic) energy
€c energy of a critical point in the bandstructure
€n energies of the subband minima in a quantum well
€n(0) zone centre (k=0) energies
€ph; €ac phonon energy; fixed value acoustic phonon energy
€z €ay, €LC. second derivatives of e(k) with respect to the Cartesian components of the
2D wavevector k
€9 free space permittivity
€pol (1/&s — 1/€c0) ™
€oy Eoo static and high frequency dielectric constants

¢ energy term (Chapter 7)



8(e)

Ay By Am ,Bm
Ry y K7 Ky KBy

°

43

-
.

ﬂ_QﬁQl“b[n[Il[llt
- GO

TPOP

Tac

¢

$(r)
$q(Q)
Pi
Yi(r)

Wq
wLOo, WTO

Wop

List of Symbols wvits

energy term: /(e — €.)2 + (a€/2)? (Chapter 7)

angle between k and F (Chapter 2), angle between k and k, (Chapter 3),
scattering angle (Chapter 8) only

unit step function

(£) imaginary parts of complex wavevector components k, in barrier regions
of quantum well (Chapter 5)

lattice mobility of holes

deformation potential tensor and components

scalar deformation potential for electrons

‘effective’ valence band acoustic deformation potential (see Appendix 2)

crystal density

space charge density

standard deviation

direction cosines

azimuthal average of o109 in quantum well plane: crﬁ‘ = 8020% (Chapter 5)

scattering lifetime

average lifetime for scattering by polar optical phonons

effective lifetime for scattering by acoustic (deformation potential) phonons

azimuthal angle in 3D kspace

electrostatic potential

harmonic oscillator wavefunctions in the lattice

bulk basis functions for calculating carrier wavefunctions in the quantum well

one-electron wavefunction (Chapter 3), also quantum well carrier
wavefunction (Chapter 5)

phonon frequency

longitudinal and transverse optical phonon frequencies

optical phonon frequency in dispersionless, single frequency approximation



CHAPTER 1
INTRODUCTION

In recent years it has become possible to fabricate semiconductor devices which
include extremely narrow layers. Within these layers, charge carriers are subject to
quantum mechanical effects; their motion being restricted by confining potentials
at the layer interfaces (Dingle 1975). Transport in these so-called ‘quantum well’
devices is therefore termed two-dimensional (2D) or quasi-2D. A great deal of
research activity has been devoted to the properties of carriers in these devices,
most of which has concentrated on GaAs material systems; in particular, the
GaAs/Al;Gaj_;As family of quantum wells.

Interest in the transport properties of these devices has centered on the possi-
bility of creating a large carrier density in the active (GaAs) layer, by introducing
dopant atoms into the confining layers only (modulation doping). This means that
the carrier mobility is not reduced by ionised impurity scattering, as is the case in
extrinsic bulk semiconductors; and very high values for the 2D electron mobility
have been reported (Dingle et al. 1978). New transport effects, such as a negative
differential mobility due to real space transfer, where the carriers aquire sufficient
energy to surmount the potential barriers and escape into the confining layers,

have also been investigated (Hess et al. 1979).

More recently, a number of experiments have been designed to investigate the
relaxation or cooling properties of quantum confined carriers excited to high energy
states by optical or electrical means, using absorption or luminescence measure-
ments to probe the energy spectra of the excited carrier populations in both the
transient and steady state regimes (see, for example; Lyon 1986; Shah 1986). The
results of these observations can be used to deduce effective temperatures with
which to characterise the non-equilibrium carrier distributions, and the average

rates of energy loss from the carriers to the lattice.

In most of the work to date, attention has been primarily directed towards the
electrons; relatively little information is currently available on the properties of
quantum confined holes. It is clear that the effects of quantum confinement on the
valence band system of a semiconductor such as GaAs are much more complicated
than for the conduction band, since both heavy and light hole states are present,
and a considerable degree of mixing will occur between these states (Chang and
Schulman 1983). This will modify the form of the fundamental processes by which
holes are scattered in a quantum well, with consequent implications for all trans-

port and relaxation properties.

Theoretical studies of quantum confined carriers have, in general, used simple
approximations for both the energy band dispersions and carrier wavefunctions,
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and, in most cases, deal with only a single subband in the quantum well. This
description works reasonably well for electrons, but cannot be used with any con-

fidence for holes, for the reasons given above.

Therefore it is our aim, in this thesis, to describe the development of a model for
the investigation of quantum confined hole dynamics which includes the detailed
effects of confinement on the GaAs valence band system. We have chosen the spe-
cific case of a single lattice matched GaAs/AlAs quantum well; however, our results
will also be applicable, to a good approximation, to most of the GaAs/Al;Gaj_As
family of quantum wells, and the method is applicable to any materials system.

For the study of carrier transport and relaxation in a system of such complexity,
the traditional approach, invelving explicit solution-of the Boltzmann equation
(see, for example, Conwell (1967)), represents a formidable problem, and we have
chosen, instead, to use the Monte Carlo method. This method was first applied
to the study of electronic transport by Kurosawa (1966), and was subsequently
developed by Fawcett and co-workers (see Fawcett et al. 1970). The principal
advantages of the Monte Carlo method are that it allows a quite general description
of the carrier states, gives direct information on the carrier distribution function,

and can be used to study transient phenomena with little extra effort.

We have developed our own Monte Carlo simulations from first principles, and
we will begin discussion of our work in Chapter 2, by setting out the details of the

Monte Carlo method, with reference to these algorithms.

Essential to any study of carrier transport properties is an understanding of the
interaction between the carrier and lattice systems (carrier-phonon scattering). In
Chapter 3 we will briefly review the essential features of carrier-phonon scattering,
and give the derivations of expressions for the scattering of both electrons and holes
in GaAs by the principal phonon modes. Then, in Chapter 4 we will show some

results from our prototype simulation of hole transport in bulk GaAs.

In Chapter 5 we will consider the scattering of carriers by phonons in a quasi-
2D system, and will develop expressions for the scattering matrix elements and
rates for quantum confined hole-phonon scattering, based on a realistic (4 band
k.p) description of the valence bandstructure. Detailed results for the quantum
confined hole-phonon scattering matrix elements in a GaAs/AlAs quantum well
will be shown in Chapter 6. These results represent the database for our quantum
well Monte Carlo simulations. In Chapter 7 we will examine the form of the
densities of states in the GaAs quantum confined valence bands, which we will
use to obtain numerical results for hole-phonon scattering rates in the quantum
well. In Chapter 8 we will explain how we have modified our basic Monte Carlo
algorithms in order to incorporate the detailed model of the quantum well valence
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band system.

The results of our Monte Carlo simulations will be shown in chapters 9 and
10. In Chapter 9 we will consider the electric field heating of the quantum con-
fined holes, and will demonstrate the versatility of our Monte Carlo simulations
by examining a range transport parameters. In Chapter 10 we will describe a
systematic study of transient hole cooling in the GaAs quantum confined valence
band system, designed to provide a qualitative and quantitative understanding of

the influence of confinement effects on hole transport.

Finally, in Chapter 11 we will summarise the achievements of the work, discuss
some of the approximations involved, and offer some suggestions for future research
in this subject area. Much of the work described in this thesis is unpublished at
present. We will include, in the Appendix to the thesis, a paper (Kelsall et al.

1989) which constitutes a preliminary report of this research activity.



CHAPTER 2
THE MONTE CARLO METHOD

The Monte Carlo method is a general purpose computational tool for solving
problems associated with a wide variety of disciplines. Rather than solving the
problem using postulates and analytical methods, we model the ‘environment’ of
the problem and simulate the evolution of the relevant parameters in a manner

described by a set of random numbers.

The Monte Carlo method can be applied to probabilistic problems, in which
a particular ‘result’ is not, in general, repeatable on re-creation of the same en-
vironmental conditions. Examples include the simulation of military or business/
commercial environments, in which decisions made by key personnel are biased by
the current ‘state’ of the environment, but are never an inevitable consequence of

that given state.

The Monte Carlo method can also be used to solve problems of a deterministic
nature, in which a result is expected to be repeatable, and which can therefore be
described in a mathematical formulation. In this case, the Monte Carlo method is
implemented by developing a description of the problem in terms of a random, or
pseudorandom set of processes. The solution of problems of electronic transport

belongs in this latter category.

Detailed reviews of the Monte Carlo method as applied to electronic transport
can readily be found in the literature (e.g., Price (1979); Jacoboni and Reggiani
(1983)), and it is not intended to emulate these here. Rather, it is our intention to
set out the important features of the method, and also, to draw attention to some
details which are not commonly appreciated. In Section 2A we will describe the
constituent elements of a basic Monte Carlo transport simulation; in Section 2B,
we will discuss some of the key features of our Monte Carlo computer algorithms,
and finally, in Section 2C, we will consider some of the suggested refinements for

improving the computational efficiency of the method.



‘The Monte Carlo Method 5
24 BASIC MONTE CARLO TRANSPORT SIMULATION
2A.1: The Stochastic Model of Electronic ."JL‘ransp@rt' -
Let us consider the simplest case of electronic transport in a semiconductor;
i.e., that of an electron! 'squect to an aprplied.éleétric-ﬁéldF. Ina élé,ssical picture,
we would expect the electron to travel ballistically under the influence of the field,

until scattered, and we may write for the equation of motion:

dp . dk

where p is the crystal momentum of the electron, and k, its crystal wavevector.

This ballistic trajectory would be terminated, at some time ¢, due to scatter-
ing of the electron by some mechanism such as interaction with the la?;“t’ice, or
another charge carrier, or some defect or impurity. Upon scattering, the energy
and mor'nentum/wa.vevééto’r of the electron would, in‘general,; be changed, and
it. would subsequéhtly set off in some new direction to begin another period of
ballistic travel. We may imagine a typical electron path to consist of a continu-
ously repeated series of such events, as depicted in Fig. 2.1. In the steady state,
the combination of trajectories like this, for all the eleétrons, would give rise to a
resultant motion in the direction of the applied field, and a drift velocity vy may
be defined. Thus, we have satisfied the criterion stated above for the application
of the Monte Carlo method to a deterministic problem; namely that the electronic
transport phenomenon has been modelled by a set of random processes. We may
identify three basic elements of randomness associated with the trajecto’ry~shov;m
in Fig. 2.1, which, as we shall see, are all interdependent. The first element lies in
the duration of each ballistic portion of the electron trajectory, the so called “free
flight time’. The second element is concerned with the identity of the process by
which the electron is scattered at the end of each free flight, and the third lies in the
choice of the new wavevector k' after each scattering event. These three random
parameters each have an associated non-uniform probability distribution. We will
now discuss how values for each parameter may be obtained from a set of random
numbers r, evenly distributed in the range [0,1]. The parameter r represents the

fundamental random variate in the Monte Carlo algorithm.

Determination of the Free Flight Time

The probability that an electron will be scattered within a time interval dt
can be written as P(k(t))dt, where P(k(t)) is the total scattering rate in the
semiconductor crystal. Then, the probability that an electron which was last

t Whilst, in this chapter, we will talk of electron transport, our discussion will apply equally

well to (charge) carriers of either type — electrons or holes.
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Vd

Fig. 2.1 Schematic real-space trajectory of an electron in an electric field F.

vy Tepresents the resultant steady state drift velocity.
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scattered at time ¢ = O still remains unscattered after a time ¢ is given by
t :
exp [—/; P(k(t") dt'] ,

and the probability that this electron will next be scattered within an interval dt

around ¢ is y

P(t)dt = P(k(t)) exp [—/0 P(k(t") dt’] dt. (2.2)
The function P(t) therefore gives the probability distribution of the electronic free
flights.

Now, the so-called direct technique (see Jacoboni and Reggiani 1983) for the
generation of values of a stochastic variate z, according to a probability distribu-
tion f(z;) in an interval [a,b] is employed via the relation

_ i f(z)dz.
fi () dz

After evaluating the integrals, the equation must be inverted to obtain z, in terms

(2.3)

of r. However, unless the scattering rate P(k(t)) has a particularly simple form,
this approach leads to a very unwieldy relation between the stochastic flight time
tr and the random variate r, and, in many cases, the inversion of equation (2.3)
cannot be achieved at all. This difficulty has been very neatly circumvented by
the introduction of the self scattering scheme due to Rees (1968,1969).

Let the maximum value of P(k(t)) encountered in the Monte Carlo simulation
be I'. Then, an additional, fictitious scattering process is introduced, having a
scattering rate s(k) such that

P(k) +s(k) =T (2.4)

for all k. This process is termed ‘self scattering’, because its occurrence in the
simulation is not permitted to affect the current state of the electron, as will be

discussed later in this section.

The advantage of the self scattering scheme is that the new total scattering
rate I' is independent of ¢: hence the integrals in equations (2.2) and (2.3) can
readily be solved. We thus obtain, for the free flight distribution:

P(t) =T exp(-Tt), (2.5)
and for the stochastic free flight times;
t, = —-—Il;loge(l _1). (2.6)

Since r is evenly distributed in the interval [0,1], so too is the quantity (1—r), and
we may take
1
ty = —-floger. (2.7)
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Selection of a scattering process

At the end of each free flight, a scattering process must be selected from the
set included in the simulation. This is readily achieved by use of a second random
variate ro. If P(k) is the total scattering rate for an electron in state k, then we
should compare the product S = ryP(k) successively with the cumulative sru'ms of
the rates for one, two, three, etc. processes. If S < P;(k), then process 1 should
be selected; if Pi(k) < § < Py(k) + P(k), then process 2 should be selected, and
in general, if P, + Py +...P;_1 < S < Pi+ Py +...P;, then process ¢ should be
selected. This procedure is shown schematically in Fig. 2.2.

Of course, in the self scattering scheme, the total scattering rate is simply
I'. However, the self scattering rate s(k) must be included in these cumulative
sums, hence there exists a finite probabilitjr that the self scattering process will be

selected.

Chotce of the After-Scattering Flectron Wavevector

This choice is made by identifying the angular dependence of the particular
scattering process chosen. This can be represented in the form P(8,~), where
g and v are the polar and azimuthal angles of the after-scattering wavevector
k' with respect to the before-scattering wavevector k. In most cases of interest
the scattering probability is independent of «, and the angular dependence of the
process is given simply by P(8). Values for the stochastic 8, can be obtained from
a random variate r by the direct technique, or, if the form of P(8) precludes this,
by one of the so-called rejection techniques. In Chapter 4 we will describe the
generation of stochastic scattering angles 8, for specific hole-phonon scattering
processes, using both direct and rejection techniques. Details of the rejection
techniques are given in Appendix 1.

Values for the stochastic «, can be obtained simply from the formula ~, = 277,
and the magnitude of the after-scattering wavevector is given by energy conserva-

tion.

If a self scattering event is selected, then the energy and wavevector of the
electron are not changed; the electron commences its next phase of ballistic mo-
tion occupying exactly the same state. The only effect of the self scattering events
is therefore to subdivide the actual ballistic trajectories of an electron into a series
of shorter paths, the duration of which follow the probability distribution of equa-
tion (2.5). Fawcett et al. (1970) give a mathematical proof which shows that the
introduction of self scattering does not alter the distribution P(t) of the duration

of flights terminated by a real scattering event.

The disadvantage of the self scattering scheme is, of course, that the selection of

a self scattering process in the Monte Carlo simulation represents wasted computer
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Fig. 2.2 Schematic representation of the scattering process selection algo-

rithm in a Monte Carlo simulation.
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processing time. It is therefore desirable to use the lowest possible value of T, in
order to minimise'the- occurrence of such events. Where the proportion of self
scattering events in.a simulation is particularly large, further refinements can be

‘used to improve the computational efficiency, as will be discussed in Section 2C.

2A.2: Monte Carlo Estimators

To simulate electronic transport in the steady state, it is simply necessary to
repeat, a large number of times, the three steps described in the previous section.
The values of drift velocity, mean energy etc. deduced from this ‘history’ of a single
electron can then be taken as characteristic of the steady state values for the entire
carrier system. This is the so-called single particle Monte Carlo simulation. The
simulation time in this case is effectively a dummy parameter. If the study of time
(or space) dependent effects is desired, then it is necessary to simulate, in parallel,
the paths of a representative batch or ‘ensemble’ of electrons. This is known as an

ensemble Monte Carlo simulation.

In both types of simulation, data pertaining to the electron state is sampled
at frequent intervals, and this information is used to form expectation values of
macroscopic pararheters such as the electron drift velocity, mean energy ete. Such
quantities are known as estimator values, or estimators, and will be denoted here
by the use of angle brackets (). In this section, we will describe the methods
for obtaining estimator values in both ensemble and single particle simulations.
An important advantage of the Monte Carlo method over other approaches for
solving problems of electronic transport is that detailed information on the electron
distribution function in wavevector and energy space can be directly obtained.

This feature will also be discussed.

Ensemble Estimators

In an ensemble simulation, it is usually required to obtain estimator values at
regular time intervals At. The expectation value of a parameter z at a time t,,

is simply the ensemble average

Nena

(2(tobe)) = —— 3 Ti(tobs), (2.8)

Nens i=1

where the subscript ¢ indexes the electrons in the ensemble, and the total number

of electrons is Ngpg.

This approach can be used to obtain the electron drift velocity (v;), the mean
energy (¢), and, for a multiband system, the fractional population of a given band
(m). These three quantities represent the basic estimators used in our Monte Carlo

simulations.
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Steady State Estimators

There are two different approaches to calculating estimator values in a steady
state simulation. In the first approach, as exemplified by Fawcett et al. (1970), the
expectation value of a parameter z is obtained as a time average over the entire

set of free flights:
L= 13 [T ad 9
ERTE R S 09

where T is the duration of the electron ‘history’ and the sum is taken over all free

flights in the electron path.

Then, for the steady state drift velocity we may write

1 & tr Je
— oo [T d
(va) Tgh o Ok

eFT “ « Ok

1 & (9

= / 2 dx (2.10)
=17k

where € is the electron energy, k, and k;, are the electron wavevectors at the
beginning and end of each free flight, and we have used equation (2.1) to change

the variable of integration.

Irrespective of the form of the dispersion relation e(k), this expression reduces

to ,
(vg) = ﬁizl(eb — €), (2.11)
where ¢; and ¢, are the electron energies corresponding to the wavevectors k, and
k. The estimator (v,) as defined in equation (2.11) will be referred to as the FBS

drift velocity estimator (after Fawcett, Boardmann and Swain (1970)).

The second method of obtaining estimator values in a steady state simulation
is based on the so-called before-scattering-ensemble (B-ensemble) theorem of Price
(1968,1970) (see also Jacoboni and Reggiani (1983)). The theorem states that, in
the steady state, the before-scattering electron distribution fy(k) — defined as
the probability that an electron will be found in a state k immediately before a

scattering event — is related to the actual distribution f(k) according to

£(k) o f;;gg

(2.12)

This means that the distribution f(k), and indeed any other parameter, may be
obtained by sampling data at the end of each free flight and weighting the samples
by the scattering rate P(k). In particular, when self scattering is included the

total rate is ', which is independent of k, and hence

(k) o< fiy(k). (2.13)
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This. correlatlon between fb( ) and f(k) may be underétood by reference to
Fig. 2 3, which shows schematlc trajectofles for an ensemble of electrons rela-
tive to a common time origin. If a line AA’ is drawn through the time axes, to
represent the observation of the ensemble at some tlme Lobss then the dlstrlbutlon
of the lengths of the set of partial flights, each begmnmg on the lme AA" and each
terminating at some time ¢; > ¢, will be identical to the dlstrlbutlon of a set of
Nepng ordinary flights. Then, the average length of of the partial ﬂlghts to the RHS
of the line AA' willbe 7 =1/ P(k), and similarly, the average length of the partial
flights to the LHS of AA' will also be 7.

Now this shows that, in an ensemble simulation, when an observation is made
at any time t, the average time since an electron was last scattered is 7. In a single
particle simulation, we must éeenrately model the conditions which a:pply ina large
ensemble of electrons. This mearis[t'.hat the appropriate point for collecting data
is at the end of every free flight, because only this choice of points will reproduce
the value 7 as the average time elapsed between a scattering and a data collection

event.

Expectation values of any parameter may therefore be obtained by the B-
ensemble method using the simple formula

3>
== ) Iy, (2.14)
N t=1

where N is the total number of scatterings, and the z; are values of :z:"sa.mpled
immediately before each scattering event. The B-ensemble method is particularly
useful for generating distribution functions, since no time averaging procedure is

necessary.

2A.3: Distribution Functions

When an electric field is applied to a semiconductor, the electron distribution
can be represented by a function F(e,6), where 0 is the angle between the electron
wavevector k and the field direction. In a Monte Carlo simulation, the energy
distribution function can be obtained directly by setting up a mesh in energy space.
For a single particle simulation in the B-ensemble scheme, it is simply necessary
to increment a tally corresponding to the energy cell occupied by the electron (in
a given band) immediately before each scattering event. The distribution furction
can then be normalised at the end of the simulation by dividing the tally for each
cell by the total number of scattering events which occurred within the given band.
For an ensemble simulation, an identical energy mesh is used, but each distribution
function is compiled in its entirety by identifying the energy cell occupied by every

electron in the ensemble at the observation time #oy,.
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Fig. 2.3 Schematic trajectories of an ensemble of electrons, shown on a com-
mon time axis. The open circles represent scattering events, and
the line AA' represents an observation of the ensemble made at time

t = tops.
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This direct sampling approach entails (for 3D systems) an implicit integration

over cos @, and therefore yields an energy distribution of the form

fle) = /_11 F(e, ) D(€) d{cos ), (2.15)

where D(e) is the density of states, which, for a parabolic band in a bulk semicon-
ductor, is proportional to elf2,

Now, the distribution function F(e,8) may be expanded in a spherical har-

monic series (see Conwell 1967):

F(e,0) = E Jn(€) Pn(cos 6)

=fo( )+ fi(e )cos0+f2(re)%(3cos20—1)+--- (2.16)

where the P, (cos ) are Legendre polynomials.

It is possible to obtain any of the components f,(€¢) from the Monte Carlo

simulation. The orthogonality property of the Legendre polynomials gives

/_1  Pr(cos 0)F (¢, ) d(cos ) = i fule) /_1 Py (cos 8) Pa (cos 8) d{cos 6)

2m+ lfm( - (2.17)

Thus, comparison of the LHS of equation (2.17) and the RHS of equation (2.15)
shows that, if each tally increment in the Monte Carlo simulation is weighted,
firstly by 1/ €'/2 to remove the density of states contribution, and secondly by 1,
cosd, or (3cos? 6 — 1)/2, we should obtain the coefficients of the zeroth, first or
second spherical harmonics of the distribution function respectively. We have used
this method to successfully reproduce the results obtained by Fawcett and Rees
(1969) for the harmonic components of the electron distribution function in the T'
valley of GaAs (Fig. 2.4). In most cases however, only the zeroth, or spherically

symmetric component of the distribution function is of interest.
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Fig. 2.4 Coefficients of the first three harmonic components, fo(€), f1(€) and

fa2(€) of the electron distribution in the I' valley of GaAs at a field
of 15kVem ™' (after Fawcett and Rees 1969). The results were ob-
tained from a two valley steady state simulation including acoustic,
polar optical and intervalley scattering, at a lattice temperature of
300K.
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2B M@NTE CA\.RIL@ ALGORHTHMS
2B.1: Single ]P’artlc]le Alg@mﬂ;hm

We have used the prmc1ples descrxbed in the prev1ous section to write pro-
totype single particle and ensemble Monte Carlo programs to mmulate electromc
transport in a bulk semiconductor. Fig. 2.5 shows the flow diagram for our single
particle program. The program was written in,s_t,a'ndard,FORTRAN'? 7',, and thfe
appropriate, we have shown the names of FORTRAN s.ubrouti‘nes. We have also
shown the principal FORTRAN variables sent and réturned from the routines.
These include the ‘state variables’ of the electron — the energy € = EI, and the
wavevector components k; = VIX, ky = VIY and k, = VIZ. The suffix ‘¢ in
the FORTRAN variable names denotes quantities measured at the,beg_in_ﬁning of
a free flight, those measured at the end of a flight have ‘I’ replaced by“F ’ (e,
EF, VFX, VFY, VFZ). In a simulation involving more than one energy band (or
valley), the band index IBAND is also a state variable of the electron.

~ The main simulation loop contains the three stochastic elements of the Monte
Carlo algorithm, as described in section 2A.1. The free flight time and the energy
and wavevector ‘components at the end of the flight are calculated in the subrou-
tine DRIFT. A scattering process is then selected in subroutine SMECH, which, in
turn, calls the one of the subroutines K1, K2, or vK3, in which the after-scattering
wavevector is generated according to an angular probability distribution appro-
priate to the particular process. If self scattering is selected, then the subroutine
KSELF is called, which simply returns the same values for the after-scattering

state variables as those which pertained immediately before scattering.

The scattering rates are calculated for a wide range of energies at the initiali-
sation stage of the program; t.e., before the main simulation loop. This approach
makes for faster program execution time than if the relevant scattering rates were
to be calculated upon each call to the scattering process selection routine SMECH.
Also, it allows the code pertaining to the calculation of the scattering rates to be
contained within a separate set of subroutines, which can readily be modified, or

transferred to another program, without affecting the rest of the code.

In the process selection routine SMECH, it is not the scattering rates them-
selves, but the cumulative sums of the scattering rates for 1,2,3 ete., processes
which must be successively compared with the random variate rI', in order to
make a selection (see Fig. 2.2). Indeed, during the simulation the individual scat-
tering rates are never used; only these cumulative sums are required. Therefore
these sums are formed at the initialisation stage of the simulation and are stored
in a single 3D array SCLAD(M,J,K), where the index M gives the energy at which
the rates are calculated, K indexes the energy band, and J gives the number of
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Stochastically select scattering pro- | J
cess |
Call appropriate routine; 1
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Fig. 2.6 Flow diagram for single particle Monte Carlo program, showing princi-

pal FORTRAN subroutine and variable names. ‘—’ indicates variables

passed to routines; ‘—’ indicates variables for which new values are re-

turned.
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terms in theicun\lulyative_sum. J'V.I[‘he process sel_@ctio_n 'aléorithm‘depitted in Fig, 2.2
can-then be readily implemented as a. Ca,scade of IF.. THEN ..ELSE clauses, as
shown in Fig. 2.6. In this exainplé, the angular dep;endence of the first, second
and third scattering processes is contained within the subroutines K1, K2, and K3
respectively, and the third process is an interband transition.

Information on the current electronic state is collected by a subroutine EST,
which is called at the end of each free flight. We have used the method of Alberigi
Quaranta et al. (1971) in which the total simulation is divided into ‘subhistories’,
with estimator values obtained in each such period. At the end of the simulation,
the actual estimators are obtained as aVera.gés of these subhistory values. The
method enables evaluation of the statistical error in the final estimator values, as
deduced from the standard deviation of each set of subhistory "\;al‘ues, since, for
purely random fluctuations, the standard deviation decreases as 1/ V/N, where N
is the sample size. The subroutine EST1 is used to calculate subhistory values,
whenever a subhistory is complete, and these values are stored in arrays PARI1,
PAR2 and PAR3. At the end of the program, the final estimators are obtained
from the subhistory values by use of a subroutine EXPEC, which also gives the

estimated tolerance of each parameter.

Data for the compilation of an electron distribution function is also collected at
the end of each free flight (B-ensemble scheme). The subroutine DISTE increments
the appropridte element of an array representing the energy mesh. The increments
can be weighted to obtain the required harmonic component of the distribution

function.

The total simulation time in each energy band is obtained from the sum of
the subhistory durations. These quantities are used to calculate the fractional
population in each band, and to form averages of the estimator values over the

whole system.

2B.2: Ensemble Algorithm

In developing an ensemble Monte Carlo program, we may take advantage of
the features which are common to both single particle and ensemble simulations.
In particular, the subroutines associated with the calculation of scattering rates
may be transferred unmodified between the two programs, and, provided that
the calling subprogram is appropriately designed, the subroutines K1, K2, K3 and
KSELF will also be compatible with both types of simulation. This use of common
sets of subroutines for the single particle and ensemble simulations is an important

aid to program development.

In Fig. 2.7 we have shown the flow diagram for our prototype ensemble Monte

Carlo program. Obviously, the main differences between this program and the
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SUBROUTINE SMECH (EF,VFX,VFY,VFZ, ELVIX,VIY,VIZ)
IMPLICIT REAL*8 (A-H, O-Z)
DIMENSION SCLAD (0:1000,20,2)

COMMON /LADDER/SCLAD
COMMON /SIM/ GAM(2)
COMMON /VALP/ IBAND

IE = IDINT(EF*1000)
S = GAM(IBAND) * GOSCAF(1)

IF (S .LE. SCLAD(E, 1, IBAND) THEN
CALL KI1(VFX,VFY,VFZEF, VIX,VIY, VIZEI)
ELSEIF (§ .LE. SCLAD(IE, 2, IBAND) THEN
CALL K2(VFX,VFY,VFZEF, VIX,VIY,VIZEI)
ELSEIF (S .LE. SCLAD(IE, 3, IBAND) THEN
CALL K3(VFX,VFY,VFZEF, VIX,VIY,VIZ.EI)
IBAND =2
ELSEIF. ..

ELSE
CALL KSELF(VFX,VFY,VFZEF, VIX,VIY,VIZE])
ENDIF

RETURN
END

Fig. 2.6 FORTRAN code for an example version of the scattering process

selection subroutine SMECH in a single particle Monte Carlo pro-
gram. The function GO5CAF is the basic Numerical Algorithms
Group (NAG) random number generator (NAG 1987).
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Fig. 2.7 Flow diagram for ensemble Monte Carlo program using backdrifting

method (see text). Principal FORTRAN subroutine and variable names

are shown.
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éihgle particle program are, ﬁi‘stly, ﬂiat in the ensémBle case a large- nuinber
(Nens = NENS) of electron trajectorles are s1mulated in parallel’, and secondly,
that the simulation time is a real rather than a dummy variable. In certain
programmmg languages, such as APL, the inherent para,llellsm ‘of ‘the ensemble
Monte Carlo algorithm may be translated dlrectly into para.llel (vector) process-
1ng instructions. However, in FORTRAN only serial processing is available. This
means that the implementation of a p»articular .opefa{iiqn on-a whole ,B;a;tch of elec-.
trons must be achieved in the simulation either by a very large number of calls to
a subroutine which operates on just one electron, or by a single call to a routine
which contains a loop over the whole batch. The former approach is expensive in
computer processing time, since the subroutine CALL instruction entails a num-
ber of processing steps. Therefore, we have adopted the latter approach, using
what we will call ‘ensemble-handling’ routines, which we will label by the suffix
$. Thus, for example, the subroutine DRIFTS$ in Fig. 2.7 calculates the free flight
times and subsequent energies and wavevectors for a wholé batch of electrons, in
contrast to the routine DRIFT in Fig. 2.5, which performs the same operations on

a single electron.

The state variables of the ensemble of electrons are stored in a set of ensemble
(sized) arrays which are passed between the various ensemble-handling routines.
We have named these arrays EI, VIX, VIY, VIZ etc., corresponding to the state
variables in the single particle program. An ensemble array IBAND is used to
store the band indices of all the electrons.

In a single particle simulation, the state of the electron at the beginning of the
simulation is of no consequence; its effect on the final estimator values is negligible
due to the averages taken over the entire simulation duration. However, in an
ensemble simulation, the initial distribution of the ensemble of electrons represents
an important initial condition in the transient transport problem. Our ensemble
program allows the form of the initial electron distribution to be freely altered.
In Fig. 2.7 we have indicated, as an example, the use of a subroutine AMXWEL,
to generate a Maxwell-Boltzmann distribution of electrons at ¢t =0. However, in
Chapter 10 we describe simulations which use a variety of predetermined initial

carrier distributions.

Now, the main difficulty in the ensemble simulation is that, whilst the electrons
begin at a common time origin, as soon as the first set of free flights is generated
the simulation time (as given by the cumulative flight time) is different for each
electron, and this situation will prevail throughout the simulation. Therefore, a
separate record of the simulation time for each electron is stored in the elements of

an ensemble array TSIM. However, in an ensemble simulation it is usually required
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to obtain estlma,tor values at spec1ﬁc tlme 1ntervals whlch mvolves mterrogatlon
of the state vanables for each electron at the same observatlon time tobs = TOBS

relatlve to the common origin. There are two. ‘methods of achlevmg ‘this, which we

will refer to as backdrifting’ and forward- drlftmg.

In the backdrifting method (Kirton 1987), the simulation of each elécj;ian is
continued until its simulation time ezceeds the observat:i'oﬁ time fops. Therédfter,
the simulation of this electron is suspended until all electrons in the ensemble have
passed the observation time. This means that, whilst in the first-execution of the
simulation loop of Fig. 2.7 trajectories for the whole ensemble of electrons are
simulated, in subsequent loop executions some of the electrons will have exceeded
the current observation time, and so the-operand batch is-some remnant-sub-set
of the ensemble. The ensemble algorithm must determine not enly the size of this
‘sub-ensemble’ but also its exact composition; i.e., it is necessary to keep an exact
record of those electfoixs which still require further simulation. This is achieved by
use of an ensemble array INDEX and an associated inté‘ger variable NINDEX. The
electrons are indexed by an integer between 1 and NENS, and the array INDEX
contains the indices of those electrons still requiring further simulation in any‘g'iven
execution of the simulation loop. The variable NINDEX gives the total number
of such electrons, i.e., the current size of the sub-ensemble. Thus, most of the

ensemble-handling subroutines employ a loop of the form

DO 100 N = 1,NINDEX
NP = INDEX(N)

100 CONTINUE

In this loop, the index number NP of each electron in the sub-ensemble is
obtained in turn; this index can then be used to access the state variables of the
NPth electron from the ensemble arrays EI, VIX, VIY, VIZ, etc. The sub-ensemble,
as described by the array INDEX, is modified by the routine TCHEK$ (Fig. 2.8a)
which is called immediately following drifting of the ensemble. The sub-ensemble
size NINDEX is then tested, and, if this is zero, then the complete ensemble of
electrons have now passed the observation time ¢,,,. The ensemble is then drifted
back to the observation time by use of a subroutine TIMEQ$ (Fig. 2.8b). This
simply involves tracing back along the last ballistic trajectory of each electron for
a time period (TSIM(N) - TOBS), where TSIM(N) is the current simulation time
for the Nth electron in the ensemble. The state variables of the ensemble at the
observation time are stored in the arrays EOBS, VXOBS, VYOBS and VZOBS,
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SUBROUTINE TCHEK$

IMPLICIT REAL*8(A-H,0-Z)

DIMENSION TSIM(10000)

INTEGER*2 IBAND(10000), INDEX(10000)

COMMON /SIM/ GAM(2), TOBS, NENS,NINDEX, TSIM,IBAND,INDEX

NNEW =0 (a)
DO 10 N = 1,NINDEX
NP = INDEX(N)
IF (TSIM(NP) .GE. TOBS) GOTO 10
NNEW = NNEW + 1
INDEX(NNEW) = NP
10 CONTINUE

NINDEX = NNEW
RETURN
END

SUBROUTINE TIMEQS$(EF,VFX,VFY,VFZ, EOBS,VXOBS,VYOBS,VZOBS)
IMPLICIT REAL*8$(A-H,0-Z)
DIMENSION VEX(10000), VFY(10000), VFZ(10000), EF(10000),
* VXOBS(10000), VYOBS(16000), VZOBS(10000),
* EOBS(10000), TSIM(10000)
INTEGER*2 IBAND(10000), INDEX(10000)
COMMON /FUND/ ALPHAO, BLSTC, PI (b)
COMMON /SIM/  GAM(2), TOBS, NENS,NINDEX, TSIM,IBAND,INDEX
COMMON /MAT/ BM(2)

C  Variable ALPHAOQ = hbar*hbar/(2m0)
C  Variable BLSTC =F * hbar/e

DO 10 N = 1,NENS
IBN = IBAND(N)
VXOBS(N) = VFX(N)
VYOBS(N) = VFY(N)
VZOBS(N) = VFZ(N) + BLSTC*(TOBS-TSIM(N))
EOBS(N) = (VXOBS(N)*VXOBS(N) + VYOBS(N)*VYOBS(N)
* + VZOBS(N)*VZOBS(N)) * ALPHAQ / BM(IBN)
10 CONTINUE

RETURN
END

Fig. 2.8 FORTRAN code for subroutines TCHEKS (a), and TIMEQS$ (b) -
in the backdrifting ensemble Monte Carlo program. In subrou-
tine TIMEQS$, the electron energies EOBS(N) are calculated for
parabolic bands of effective masses BM(IBN); IBN = 1 or 2.
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which are subsequently used to calculate the estimator values in a subroutine
ENSA\V. Aftef the observatibn has been made, t_:hef,srubroutine‘RESET is called
-to refill the array INDEX with the complete set o»friellec'tron iﬂdices 1.. .NENS,
and to assign to NINDEX the value NENS. The observation time TOBS is é,lso
incremented.

However, even after the increment of TOBS, it is still possible that some of
the electrons have simulation times greater than this new observation time. The
simulation of these electrons must be suspended smmediately, before any scattering
takes place. Thus, an extra call to subroutine TCHEK$ is necessary following
the call to subroutine RESET (see Fig. 2.7). This is the main disadvantage of
the backdrifting method; s.e., that electrons are allowed to drift well beyond the

current observation time.

In the forward drifting method (Price 1979), the simulation times of individual
electrons are not allowed to exceed the current observation time; the electrons are
drifted, one by one, up to the time TOBS. This is achieved by the simulation loop
shown in Fig. 2.9. The subroutine FFT$ simply calculates free flight times for
the current sub-ensemble, and these are returned in the ensemble array TR. The
subroutine SIFT$ (Fig. 2.10) is essentially an amalgamation of the subroutines
DRIFT$, TCHEK$ and TIMEQS$ used in the backdrifting program. In this sub-
routine, the extrapolated simulation time for each electron (TSIM(NP)+TR(NP))
is compared with the observation time TOBS. If a free flight of duration TR(NP)
would take the NPth electron beyond TOBS, then it is simply drifted right up to
TOBS. The electron state at TOBS is stored, and the electron is removed from
the sub-ensemble. On the other hand, if the proposed free flight does not take the
electron beyond the observation time, then drifting is performed as normal, and
the electron is retained in the new sub-ensemble. In both cases, in the code shown
in Fig. 2.10, drifting is performed by calling a single-particle-handling subroutine
DRIFT. When NINDEX = 0, the estimator values can be obtained immediately by
a call to subroutine ENSAV, since the electron states at time TOBS have already
been determined for the whole ensemble. After the observation has been made,
the ensemble must once more be drifted. It is not valid to proceed by scattering
the electrons, since the time point TOBS does not represent the end point of a

free flight on any of the electron trajectories.

At first sight, it would seem necessary to store both the simulation times
TSIM(NP) for each electron at the end of the last complete free flight before
TOBS, and the free flight durations TR(NP) which take each electron across the
observation point, in order to continue the simulation, after the observation, using

the correct set of flight times. However, Price (1979) has pointed out that this is



The Monte Carlo Method

DO 100 M = 1, MSIM
CALL FFT$(TR)
CALL SIFT$(EL VIX,VIY,VIZ,TR, EF,VFX,VFY,VFZ,
* EOBS,VXOBS,VYOBS,VZOBS)

IF (NINDEX .EQ. 0) THEN
CALL ENSAV(EOBS,VXOBS,VYOBS,VZOBS)
CALL DISTE$(EOBS)
CALL WRMISC(M)
CALL RESET

IF (TOBS .GT. TEND) GOTO 200
ELSE

CALL SMECHS$(EF,VFEX,VFY,VFZ, ELVIX,VIY,VIZ)
ENDIF

100 CONTINUE
200 CONTINUE

Fig. 2.9 FORTRAN code for the main simulation loop of the forward drift-
ing ensemble Monte Carlo program. The definitions of subroutines

ENSAV, DISTE$, WRMISC, RESET AND SMECHS$ are as given
in Fig. 2.7. —
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not necessary. Rather, the simulation time of every electron can be set to TOBS,
and the simulation recommenced after the observation by generating a completely
new set of free flight times. The justification for this can be found in our discussion
of the B-ensemble principle in section 2A.2. We pointed out that the distribution of
the the set of remnant portions of free flights following an observation at time £,
is equivalent to the distribution of any normal set of randomly generated flight
times. Therefore, such a new set may be directly substituted for the remnant

portions, with no loss of statistical integrity in the simulation.

When the above simplification is utilised there is little to choose between the
forward and back-drifting methods. The back-drifting method makes for a more
elegant program architecture, and a faster execution time than the forward drift-
ing approach, due to the use of a single-particle-handling DRIFT routine in the
latter case. The forward drifting method may, however, be more convenient when
obtaining values for other estimators, such as the real space electron displacement,
where the extrapolation of sample data up to the observation time entails a more

complex dependence on time.

Finally, we should point out that in both cases the simulation is terminated
when the next observation time exceeds some preset value TEND. Therefore, in
contrast to the single particle simulation, the simulation loop variable M is a
dummy parameter; it is related neither to the timescales in the simulation, nor to
the number of scattering events. Its upper limit should be set sufficiently high so

that loop execution is not terminated before the time TEND is reached.
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SUBROUTINE SIFT$(EL VIX,VIY,VIZ TR, EF,VFX,VFY, VFZ
2 . EOBS,VXOBS,VYOBS,VZOBS)
IMPLICIT REAL*8(A-H.0-Z)
DIMENSION VIX(10000), VIY(10000), VIZ(10000),EI(10000). TR(10000),
% VFX(16000), VFY(10000), VFZ(10000), EF(10000), TSIM(10000),
o VXOBS(10000), VYOBS(10000), VZOBS(10000), EOBS(10000)
INTEGER*2 IBAND(10000), INDEX(10000)

COMMON /FUND/ ALPHAQ, BLSTC, PI
COMMON /SIM/ GAM(2), TOBS, NENS,NINDEX, TSIM,IBAND,INDEX
COMMON /VALP/ IBNP

NNEW =0

DO 10 N = 1,NINDEX
NP = INDEX(N)
IBNP = IBAND(NP)
TRNP = TR(NP)
TSIMNP = TSIM(NP)

IF (TSIMNP+TRNP .GE. TOBS) THEN
CALL DRIFT(TOBS-TSIMNP, VIX(NP),VIY(NP), VIZ(NP),

* EOBS(NP),VXOBS(NP),VYOBS(NP),VZOBS(NP))
C Set carrier simulation time to TOBS; P.J. Price method.
TSIM(NP) = TOBS
ELSE
CALL DRIFT(TRNP,VIX(NP),VIY(NP),VIZ(NP),
* EF(NP),VFX(NP),VFY (NP),VFZ(NP))

TSIM(NP) = TSIMNP + TRNP
NNEW = NNEW + 1
INDEX(NNEW) = NP
ENDIF
10 CONTINUE

NINDEX = NNEW
RETURN
END

Fig. 2.10 FORTRAN code for the subroutine SIFT$ in the forward drifting

ensemble Monte Carlo program.
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3C FURTHER REFINEMENTS
Having discussed, in the previous sectidns, the basic features of the Monte
Carlo simulation of electronic transport, we will now consider some of the ways
in which the algorithms can be improved. The simulations described suffer from
two main drawbacks: firstly, the proportion of self SCatﬁering events can be quite
lafge, representing inefficient use of computer processing time, and secondly, the
stochastic nature of the simulation can give rise to large fluctuations in the esti-
mator values. The first problem can be alleviated be using some modiﬁcation of
the self scattering scheme, as we will discuss in section 2C.1. The second problem
can be countered by some form of variance reduction, a possibility which we will
examine in section 2C.2.

2C.1: Improved Self Scattering Efficiency

Several methods have been proposed for reducing the proportion of self scat-
tering events in a Monte Carlo simulation; see, for example, Yorston (1986). All
these methods aim, in some way, to reduce the discrepancy between the total
scattering rate P(k) and the value of I' over various portions of the range of € or
k considered. The two most widely used methods are the stepped, or piecewise-
constant. gamma method (Borsari and Jacoboni 1972), and the iterative gamma
method (Hockney and Eastwood 1981)

Stepped Gamma Method

In this method, the constant term ' ( > P(k) for all k) is replaced by a
piecewise-constant (stepped) function, as shown in Fig. 2.11. The difference be-
tween the area under the stepped profile and that under the largest fixed value I'y,
in the figure represents the reduction in the proportion of self scattering events
achieved using this method. Now, if an electron begins a free flight with a wavevec-
tor of magnitude k, < k;, and ends it with a wavevector ky (kn—1 < ky < ky), a
stochastic flight time may be generated as follows.

From equations (2.2) and (2.3) it can be shown that, for a general form of
the scattering rate P(k), the free flight time ¢, is related to the random variate r

according to
tr
r=1—exp [—/(; P(k(t)) dt} , (2.18)

whence ,
—log,r = /o " P(k(t)) dt (2.19)

(where we have replaced (1 — r) with r as in section 2A.1). So, for a stepped

gamma profile we may write

t t tr
—logsr = [ "Tydt+ [ Tadt+ - [T Tadt, (2.20)
0 t1 tn-1 :
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Fig. 2.11 Schematic representation of the stepped gamma method. The bold
line represents the piecewise constant fit to the curve giving the

total real scattering rate P(k).
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where the 2; are- the times at which the €lectron passes the steps at: lcl, ks, - ete.
The free ﬂxght time is then obtained as '

ty = tn-1 — -»—»—{loger + 8T +Ta(tz —t1) + - Taci(ta-1 — ta-2)}.  (2:21)
1 .

For an electric field applied in the z direction, the times #; will be given from
equation (2.1) as

1
el
At first sight, it might be consi_dered sufficient to calculate the free flight time

ti = ——(ko, —ka)i oy = \Jki — (kZ + KE). (2.22)

using the value I'; appropriate to the initial wavevector k, and, if this gives rise to
a final electron wavevector ky, where kq—1 < kp < kn, then to recaleﬁlate the free
flight time using each of T'y, I';...I'; asin equation (2.21) above. However, since
all the subsequent values I'; ...T, will be greater than T';, the new free flight time
will be less than that originally calculated, and there is no gua,ranteevthat‘the new
value of k, will be greater than k,_;. Therefore, an algorithm must be employed in
which the free ﬂiéh’t time is calculated using one, two, three etc. values of gamma
until the final wavevector k; obtained corresponds to the upper value of gamma

used.

We have shown an exa.rﬁple of the implementation of the stepped gamma
method in Fig. 2.12. We have used a variable INGAM to index the step positions
VSTG, and the corresponding gamma values GAM for each energy band. The in-
dex INGAM must be made available to the scattering process selection subroutine
SMECH, which must be modified to ensure that the value of gamma appropriate
to the end-of-flight (before scattering) state is used in the selection algorithm. In
an ensemble simulation, a record of gamma indices must be maintained for the
entire ensemble, in which case the scalar variable INGAM must be replaced by an

ensemble array.

In a single particle simulation the use of a stepped gamma profile also affects
the calculation of B-ensemble estimator values. Equation (2.12) shows tﬁat, in
general, it is the quotient fy(k)/P(k), rather than merely f3(k) which is propor-
tional to the actual electron distribution. Therefore, it is necessary to weight
all the data samples for B-ensemble estimators by 1/T;, where I'; is the value of
gamma appropriate to the before-scattering electron state in each case. The esti-
mator value is then obtained at the end of the simulation by dividing the sum of
all such data samples by the quantity n,/T; +ng/ Lo+ ny /T n, where, in general,
n; represents the number of flights which ended in the range where the scattering
rate P(k) was approximated by I';. When calculating B-ensemble distribution
functions within the stepped gamma approach, this 1/T; weighting must-be used

in addition to any of the weighting factors described in section 2A.2.
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SUBROUTINE DRIFT6(EIL,VIX,VIY,VIZ, EF,VFX VFY VFZTFLT)
6-stepped Gamma -

IMPLICIT REAL*8(A-H,0-2)

COMMON /FUND/ ALPHAOQ, BLSTC, PI

COMMON /SIM/ INGAM

COMMON /MAT/  BM(2)

COMMON /STGAM/ VSTG(6,2), GAM(6,2), NSTEPS

COMMON /VALP/ IBNP

Find & record index of initial wavevector range, and select initial Gamma

V2PERP = VIY*VIY + VIZ*VIZ

VINIT = DSQRT(VIX*VIX + V2PERP)

IF (VINIT .LE. VSTG(1,IBNP)) THEN
INGAM =1

ELSEIF (VINIT .LE. VSTG(2,IBNP)) THEN
INGAM =2

ELSEIF (VINIT .LE. VSTG(3,IBNP)) THEN
INGAM =3

ELSEIF (VINIT .LE. VSTG(4,IBNP)) THEN
INGAM =4

ELSEIF (VINIT .LE. VSTG(S5,IBNP)) THEN
INGAM =5

ELSE
INGAM = NSTEPS

ENDIF

Calculate free flight time using initial value of Gamma.
(Variable BLSTC = F * hbar/e )

R1 = GOSCAF(1)

DLNR = DLOG(R1)

TFLT = -DLNR / GAM(INGAM,IBNP)

VEX = VXINIT + BLSTC*TFLT

VFY = VIY

VFZ=VIZ

VMOD = DSQRT(VX*VX + V2PERP)

IF (VMOD .GT. VSTG(INGAM,IBNP)) THEN
Set up iterative loop to calculate TFLT using 2,3 etc. values of Gamma.
TERM = DLNR
TINIT = VXINIT / BLSTC
TCURR = TINIT
CONTINUE
INGAM = INGAM + 1
VSTEP = VSTG(INGAM-1,IBNP)
VXSTP = DSQRT(VSTEP*VSTEP - V2PERP)
TLAST = TCURR
TCURR = VXSTP/BLSTC
TERM = TERM + GAM(INGAM-1,IBNP) * (TCURR-TLAST)
TFLT = TCURR - TINIT - TERM/GAM(INGAM,IBNP)
Recalculate final state.
VFX = VIX + BLSTC*TFLT
VMOD = DSQRT(VX*VX + V2PERP)
IF ((VMOD .GT. VSTG(INGAM,IBNP)) .AND. (INGAM .LT. NSTPS)) GOTO 10
ENDIF

EF = (VFX*VFX + V2PERP) * ALPHA(O / BM(IBNP)
RETURN
END

Fig. 2.12 FORTRAN code showing the implementation of the stepped gamma

method in a modified version of the single narticle toutine DRIFT.
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Iterative demaMétk‘qd | :
In this method, a free ﬂigﬁt time, ‘is'"ﬁ»rst calculated assuming a fixed value of

I'y = P(k,), where k, is the initial electron wavevector. Thus,

"k’éJ

T (2.23)

t7 =
The end-of-flight wavevector k; is then obtained, and, if I'y > P(kp) the flight time
t, is accepted, otherwise ¢, is recalculated using a new constant value 'y = mI'y,
where m is a multiplier ma‘,rg_,ina,lly greater than unity. This process is repeated
until a value T'; > P(ky) is obtained.

With this method, a new value of T' is used for each free flight. Yorston
(1986) points out that, whilst the scattering function used to generate free flight
times must not be modified by the occurrence of self scattering events, once a
real scattering has occurred the value of I may be freely altered. Whilst this fact
allows iteration of gamma between real scatterings, it would appear that if a self
scattering event is selected, it is not valid‘to obtain, by iteration, a new value of
gamma, in the calculation of the next free flight. It may be argued that, in the
iterative gamma, scheme, the probability of selecting a self scattering event is so
small that this discrepancy will not be of any consequence. This will be true if
the scattering rate is a monotonically increasing function of &k, whence the value
of gamma selected by iteration will always be very close to P(k). However, for
a general form of the scattering rate, the maximum value of P(k) may not occur
at the end of the free flight; hence the choice of I' > Ppax(k) may be significantly
larger than P(ks), with a consequent increased probability of self scattering.

A further concern over the iterative gamma method is that, in certain cir-
cumstances, the same value of ¢, can be obtained using two different values of T
(Yorston 1986). This means that the function I'(¢) is essentially double-valued
in certain time ranges, and this will distort the distribution of free flight times.
Again, it may be argued that this discrepancy will have only a minor effect on any
Monte Carlo simulation; however, it must be concluded that the iterative gamma
method gives only an approzimation (albeit a good one in most circumstances) to

the true free flight time distribution.

Rockett (1987) has proposed a so-called linear search technique for generating
stochastic free flight times, which is essentially a hybrid of the stepped gamma and
iterative gamma methods. This method is reported to give a very small proportion
of self scatterings, however, it will still contain the discrepancies associated with

the basic iterative gamma method.
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2C.2: Variance Reduétioﬁ |
Several general methods have been proposed for reducing the variance associ-
ated with parameter values estimated in stochastic simul'a,vtions, (see, for example,
Ham'méi'sley and Handscomb (1964), Law and Kelton (1982)) In this section we
will consider two such methods; those of antithetic and control variates.

Let X and Y Be two parameters which are a function of of a set of random

2, If no correlation exists between X

numbers r;, and have the same variance o
and Y, then the variance of each of the quantities X + Y and X — Y is the same
as that of X and Y alone. However, if a positive correlation exists between X and
Y, then the variance of X — Y will be less than that of X or Y, and, conversely,

if a negative correlation exists, then the variance of X + Y will be less than that
of X or Y alone.

In the antithetic variate method, we must look for a way of calculating the ex-
pectation value of the required parameter which involves the association of quanti-
ties having a degree of negative correlation. This approach is based on a theorem
(Hammersley and Morton 1956; Hammersley and Mauldon 1956) which states
that, to obtain an expectation value for the parameter X(ry,73,...7,) We may
freely rearrange the order of the random variates in the simulation, provided that
X(r1,72,...7a) = X1(r1) + Xa(r2) + ... Xu(rs). Therefore, we may group together
pairs of the terms X;(r;) between which a negative correlation exists: the variance
of the expectation value calculated from values for these grouped pairs will be less
than that deduced from the X;(r;) in isolation.

In the control variate method, the variance of a parameter X(ry,72,...75)
is reduced by identifying a second parameter Y (ry,rs,...7,) which is positively

correlated with X, and whose expectation value (Y) is exactly determined. Then
X'(r1,72y..10) = X (11,725 10) = Y(r1,72,...70) + () (2.24)

gives an estimate of (X) which will have a lower variance than that associated
with X(r1,72,...7s) alone.

For Monte Carlo simulations of electronic transport, one method of variance
reduction which has been cited several times in the literature is that due to Ham-
mar (1971). Hammar’s method is essentially an implementation of the antithetic
variate technique. He points out that the expectation value of the electron drift

velocity in a Monte Carlo simulation may be written as

(va) = L(vp — va) + (va), (2.25)

where v, and v are the electron velocities at the beginning and end of a free flight.
_Most of the statistical fluctuations in the drift velocity are contained within the
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term (va) To combat thls Hanunar suggests tha.t after ea.ch scattermg event
two- electron trajectorles are. s1mulated beglnmng w1th equa.l a.nd opp051te a.fter-
scatterlng wavevectors ka and —k The same random number is used to genera.te
the free flight txmes for both trajectorles and at the end of the ﬂlghts, one of the
electron states is chosen at random to continue the s1mulat10n Data, samples for
the Monte Carlo drift velocity estimator are taken from averages of the electron
states for each pair of trajectories (Price 1979): these averaged pairs should give
rise to a reduced variance for the final result, since the large fluctuations associated

with the quantity (v,) will be smoothed out.

The method is only applicable in the above form if the scattering processes
involved have no dependence on the scattering angle (¢ isotropic’ or ‘wavevector-
randomising’ scattering). If this is not the case, then the contribution to the drift
velocity estimator from trajectories with initial wavevectors k, and —k, must
be weighted according to the ratio of the scattering probabilities P(kq,k) and
P(—k,, k).

For the case of isotropic scattering, we have devised an alternative approach
for obtaining a reduced-variance estimate of the electron drift velocity, based on
the control variate method. Our approach has the advantage that the simulation
of extra flights, as described above, is not necessary.

If we collect data for the drift velocity estimator around real scattering events
only, then the expectation value of v, in equation (2.25) must be zero. From
the equation, it is clear that the statistical fluctuations in v, will be positively
correlated with those in vg; therefore, we can apply the control variate method to
calculate

(4} = (v — va) + (v) (2.26)
where (v;) = 0.

We have successfully used this method to reduce the variance associated with
both FBS and B-ensemble drift velocity estimators. Fig. 2.13 shows the correlation
between vpps, UBens and vg, and the effect of applying our control variate method,
in a simulation with isotropic scattering. It should be noted that when calculating
(VBens), since data is collected around real scattering events only, the sampled
values of before-scattering electron velocity must be weighted by the total real
scattering rate P(k), rather than T.

The restriction of this method to the case of isotropic scattering precludes
its use in the simulations of carrier transport in GaAs and GaAs quantum wells
described later in this thesis. However, it may find application in the study of
transport in non-polar semiconductors, where the principal scattering processes

can be treated in an isotropic (velocity randomising) approximation.
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Fig. 2.13 Application of the control variate variance reduction method in a

single particle simulation with isotropic scattering, in which data
is collected around real scattering events only. Plots (a) and (b)
represent the values of vpgg and vpens obtained without variance
reduction, as a function of the total number of scattering events in
the simulation. P_l‘ot:‘(c) gives the actual values of v, thaine‘d',‘ and
(d) gives the reduced v_ariaﬁce estimate of vgeng: (VBens — Va) + (va>,

where (vg) =0 — see text.



CHAPTER 3
CARR]IER=]P’H®N®N SCA’JFTIER]ING IIN BULK SEMICONDUCTORS

In thls chapter we will outline ‘some of the basm prmc1ples of the theory of
ca,rrler—phonon scattering in a semiconductor. We will derive expressions for the
scattering rates of electrons in a single parabolic band, and also for holes in the
heavy and light hole valence bands of a III-V semiconductor such as GaAs, for tihe
principal phonon scattering processes.

The purpose of this work is twofold. Firstly, it is necessary to gain an under-
standing of the physics of phonon scattering in bulk materials, before embarking
on any investigation of scattering in quantum corifined systems. Secondly, we will
use the scattering rate expresssions for holes, derived-in- Section -3C, to form the
basis of a preliminary Monte Carlo simulation of hole transport in bulk GaAs,

which we will describe in Chapter 4.

3A TFUNDAMENTAL ELECTRON-PHONON
SCATTERING THEORY

In this section, some of the fundamental ideas and assumptions of the theory
are outlined ( section 3A.1). It is then indicated how these can be used to create a
generalised phenomenological expression for the electron-phonon scattering rate,
in which the details of the interaction due to a particular process are contained
within a coupling coefficient term, C, (see Ridley 1988). In section 3A.2 we will
give general expressions for the coupling coefficients for scattering by four different

phonon processes:

(i) acoustic phonons via the deformation potential interaction, which we will refer

to simply as acoustic scattering,

(i) optical phonons via the deformation potential interaction, which we will refer

to as non-polar optical scattering,

(iii) optical phonons via the polar interaction, which we will call polar optical

scattering,

(iv) acoustic phonons via the piezoelectric interaction, which we will refer to as

piezoelectric scattering.

These four scattering processes will also be labelled by the abbreviations AC,
NPO, POP and PZ respectively. The expressions for the coupling coefficients for
these interactions can then be used in the derivation of the scattering rates for
electrons in a single parabolic band (Section 3B), and for holes in the heavy and
light hole valence bands of GaAs (Section 3C). The same coupling coefficients will
also be used in the work on quantum confined carrier-phonon scattering described
in Chapter 5.
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BA.1: Basic Prlnmp}ies | ﬂ
The adeabatsc approzzmateon

The scatterlng of electrons by phonons mvolves the 1nteract10n of a lattlce :
of ‘ions, ‘disturbed by some vibration, Wlth a gas of conduction electrons. The
adiabatic approximation is essentxal to-any practlcal treatment of th1s problem In
thls approximation, the electrons are assumed to respond almost msta.ntaneously
to any change in the lattice conﬁguratlon (Born and Huang 1954; mean 1960)» such
that the change in the electronic configuration is quasi-continuous, a."nd’ does not
involve transitions to new eigenstates. This means that an eigenvalue eduation
for the electrons can be solved‘. by aSSuming the lattice to be frozen in position
at any instant of time, in which éasé the Schrédiﬁger equationis separable and

wavefunctions can be separately defined for the electron and lattice systems.

The possibility of electron—.phonbn scatfe:ing can then be considered as a first
order correction to the adiébatic picture. A ﬁon—adiabatic (coupling) term can be
1dent1ﬁed in the Hamiltonian for the electron plus la.ttlce system, which operates
on both electronic and lattice wavefunctions. This can be regarded as a small per-
turbation, introducing transitions between states in both the electron and lattice

systems.

The transition rate can be obtained using Fermi’s. Golden Rule:

2T
Pk,c) = = / (K, /| Hoplk, ) P8 (E(K', ') — E(k,¢)) dSu,  (3.1)

where we have labelled the lattice part of the states by the quantum number ¢,
and the electronic part. by the electron wavevector k. The term E(k, ¢) represents
the total energy of the lattice plus electron system in the state |k, ¢). The final

states are denoted by primes, and the integral is taken over all final states Sy or.

The interaction Hamiltonian H,, is best described in the Bloch formulation (Zi-
man 1960; Sham and Ziman:1963), in which the effect on the electronic system of
a change in atomic displa,cément is simulated by a change 6U in the lattice energy,
which scatters the electrons into new states. In this formulation, the electronic
states appearing in the scattering matrix element can be taken as stationary states
of the undistorted lattice, which means that the particular ‘frozen’ configuration
of the lattice is unimportant.
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- The contmuous lattzce appmzzmatzon

For s1mple harmomc v1bra,t10ns of the lattlce, the atomic dlspla.cement operator‘ ,
at lattice site ¢ is given by (Kittel 1963)

u = ZT/F §q; &q (Qaexp(iaR;) + @} exp(—ia.Rs)) (3-2)

where N is the number of unit cells, R; is the position vector of the s*! site, @ is
the normal coordinate for vibrations of mode q, &, is the unit polarisation vector
for the mode, and the sum is taken over all modes q.

In all cases of interest, the perturbing potentlal 6U is proportlonal to the
atomic displacement or its derivative. Therefore, in the simplest ureatments,—the
lattice is assumed to be a continuous medium, so that U is dérived everywhere in
the lattice from a smooth, continuous diéplace}nent function u(r). u(r) is chosen
to coincide with the discrete atomic displacements u; at the lattice sites. That is

u(R;) = w (3.3)
and, for long wavelength excitations, it is a good approximation to take

ﬁ?éq (Qaexp(iqr) + Q; exp(~iq.r)) (3.4)

throughout the lattice. This idea is fundamental to the deformation potential
theorem of Bardeen and Shockley (1950), and is also a basic assumption of the
analysis of polar scattering by Frohlich (1937). In the continuous lattice approx-
imation, the Bloch formula for the interaction potential can be written as (Seitz
1948; Harrison 1956)

6U = u(r).VU(r), (3.5)

where U(r) is the unperturbed crystal potential.

Lattice part of the scattering matriz element

The normal coordinates Q4 can be expressed in terms of phonon annihilation

and creation operators, a, and a:fl:

Qq = +al), (36)

—\a

ZM,WQ ( q
where w, is the angular frequency of thelattice vibration (the phonon frequency).
M’ is-the mass of the unit harmonic oscillator in the lattice, which, in the following
cases, is either the atomic mass, or the reduced mass of the two different atoms in

the unit cell of a di@té’rﬁic semiconductor.
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Then’

u(r) = E‘; 844/ ZBM”%UZ (‘aq exﬁiz;q.r) T a]; exp(——iq.r))'. | (37)

The wavefunction for the lattice system can be written as a product of har-
monic oscillator wavefunctions ¢,(Q), in the normal mode representation. The
opératorsaq and afq each act on just one funct’iém in the product, changing the
occupation number N, of the lattice state '|.A/q)v by —1 or +1 respectively. Thus,

by the definition of a, and a};, the lattice part of the scattering matrix element is

(Ng = 1laq|Nq> = ﬁ;’ or (3.8a)
(No+1lal M) = /N + 1. (3:86)

Equation (3.8a) represents absorption, and (3.8b), emission, of a single phonon of
energy hw,. Note that, in equation (3.7) the annihilation (absorption) operator
a4 is associated with the factor exp(iq.r), and the creation (emission) operator a}

with exp(—iq.r).

Electronic part of the matriz element

The electronic wavefunction for the carrier system may be expressed as a
product of one electron wavefunctions ¥, (r). For all the cases of interest, the
term operating on these wavefunctions is just the plane wave factor exp(+iq.r) in
the interaction described by equations (3.4) and (3.5). Then, the electronic part

of the matrix element is given by

(', k) = /V i (r) exp(£iq.r) ¢ (r) dr, (3.9)

where V is the cavity (crystal) volume. The electron wavefunctions are Bloch

functions of the form

u(r) = 71_{,-% (r) exp(ik ) (3.10)
with the periodic parts u, (r) normalised to the unit cell volume. Thus
/ _ 1 * . '
I(k' k) = V/;/ upr (r)ur(r) exp (z(—k -k'x q).r) dr. (3.11)

The product u},(r)u,(r) in the above equation can be expanded as a Fourier series

over reciprocal lattice vectors g:

U () uk(r) = D cgexp(ig.r), (3.12)
8
where . . »
Cg = / ul (t)uy (r') exp(—ig.r') dr'. (3.13)
Vcell cell SR
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' IThe mtegral is evaluated over ‘the volume of a smgle umt cell, glven by Vceu ThlS
~ gives, for I(k/, k)é : _ ‘ .
I(k, k Zc 5k k,iq g ' (3.14)

In practice, the electron wavevectors k and k’, and»y the ph'()'non"waveirecfor' q
are usually much smaller»than the smallest-non-zero reciprocal lattice vectors g
Therefore, only the g = 0 term normally contributes to the sum in equation (314)
We thus obtain

I(kl, k) = 6k—k'ﬂ:q,0 G(k’, k), (3.15)
where
GK' k) = —— [ wtee)un(r) d, (3.16)
cell ce].l

the overlap integral.

The Kronecker delta imposes momentum conservation. It gives, for the phonon
absorption term:
k'=k+q, (3.17a)

and for the emission term;
k' =k —gq. (3.17b)

A phenomenological scattering rate formula

The expresssions derived above can now be collected together to give a phe-
nomenological expression for the scattering of carriers by interaction with phonons
of any mode. Substituting equations (3.7), (3.8), and (3.15) into equation (3.1),

we obtain, for the modulus squared of the scattering matrix element:

I(k'a Nq + 11|Heplks Nq)‘z = h [ Nq

:
—_— 2 20,1 _
2M'Nwg | Ny + 1] CeG (k’ak)akiq,t Wy (3.18)

taking at ¥, the upper case for absorption, and the lower case for emission. C, is the
coupling coefficient which contains the detailed form of the interaction Hamiltonian

for each particular scattering process. The scattering rate for a carrier in state |k)

is then
t
_ 27 4 Nq 2 23!
Pl =3 (27r)36“=‘="k'/ 2M'Nw, [Nq + 1] Ca@ (K, k)
x 6 (e(k") — e(k) F* hwg) di’, (3.19)

where €(k) and €(k') are the energies of the initial and final electron states, and
the the integral is taken over all final states [k').
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'?BAOZ:_ Coupllmg Coefﬁments
' 'A_couéta'c ( deformation potentml} scattefa'ng
The deformation potentlal theorem of Bardeen and Shockley (1950) states
that for long wavelength a.coustlc modes in semlconductors the interaction po-
tential 8U can be taken as '
8U(r) = Z:E{js.gj, (3.20)
6]

where S is the strain tensor, with components

1 (0u;  Ouy o
S; _2(ar',~+ar,-)’ (6,5 =1...3), (3.21)

and B is the so called deformation potential tensor.

Equation (3.20) is merely a variant of the Bloch formulation of equation (3.5).
The principal advantage of the theorem is that the deformation potentials E;; can
be identified with the rigid shifts in energy bands observed upon application of

uniaxial stress.

Substituting equations (3.7) and (3.21) into equation (3.20), we obtain

E ,qu 'Z]: Bij(eiq; + €jq:)

) a, exp(iq.r) — a:fl exp(—iq.r)) , (3.22)

where the e; and ¢; are Cartesian components of the polarisation vector and phonon

wavevector respectively.
Then, by comparison of equation (3.22) with equations (3.8), (3.15) and (3.18),
the details of the deformation potential interaction can be summarised in a cou-

pling coefficient (squared) of the form

2
1.
cj = (5 > EBiieiq; + ejq,-)) X (3.23)

J

Non-Polar Optical Scattering

In a semiconductor crystal lattice, there are two atoms per unit cell. When
the lattice vibrates in an optical mode, these atoms are displaced in opposite
directions. The optical displacement is defined as the relative displacement of the
two atoms. The oscillator mass M in this case is the reduced mass M of the unit

cell, which is given by

M= (_l_ + _L)_l (3.24)
B Ml Mz ’ ) i
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) where Ml and Mz are. the two a.tomlc masses.

" For mtravalley scattermg, q is restricted to small values, hence only long wave-
length modes are 1mportant ‘For such modes the 1nteract10n energy 6U can be
approxunated by (Seltz 1948; Harrison 1956 Meyer 1958)

8U(r) = Dop.u(s). BNCES)]

Dop is an optical deformation poteqtial-».constsnt, and is a vector, rather than a
second rank tensor, as in the case of acoustic scattering. There is, howev'er, some
inconsistency in the definition of D,y for diatomic crysta,ls Ridley (1988) suggests
that Doy should be regarded as the change of energy per unit equlvalent acoustic’

displacement uac, where u,c is defined as the dlsrplacement of the whole unit cell'A

having the same elastic energy as the optical displacement u: i.e.,

(My + My)ul; = Ma?. (3.26)
This gives
| ™
6U(K’) = m Dop.Ul(I‘), (3.27)

and this is the form of the non-polar interaction which we will adopt in this work.

The coupling coefficient for a mode travelling in a particular direction is then

M

C —
T M+ M,

Do, (3.28)

where o, is the direction cosine of the polarisation vector of the mode relative to
Dop.

Polar Optical Scattering A
In a polar crystal, the contrary displacement of adjacent, oppositely charged

atoms creates a polarisation, and hence an electric field, resulting in strong scat-
tering of electrons (Frohlich 1937; Callen 1949).

The polarisation in a unit cell is

(3.29)

where e* is an effective charge (see below).

The electrostatic potential ¢(r) due to the polarisation is obtained from Pois-

son’s equation:

Vig(r) = —2 (r), | (3.30)
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‘where ’-p( )i is, the space cha,rge densﬂ:y, SR

o) = —de( S | (3:31)
Thus | |
(]I’) . —.,‘,ie;* & _.C .;h.'__ (a ex" (z ‘IP) —_— aTreX (-——1, If')) (3 32)
P = Veell a4 a 2M'Nw, a SXpta-] qk’..“p' @ a .

The dot product indicates that only longitudinal modes will contribute to the
electrostatic potential. For such modes, this -potential is given by

e’ 1 7 |
" (s R SN
#lr) = EOVcell ? o\ 2 N, (3. exp(iar) — al exp(—iqr)) (8.33)

The interaction energy is give_‘n by

6U(r) = ed(r). (3.34)

Thus, by comparison of equations (3:33) and (3.34) with equations (3.8), (3.15)
and (3.18), the coupling coefficient (squared) can be written as

C? = ( £ )2 L (3.35)

eoVeen ) ¢*

The effective charge e* appearing in this expression was first defined by Callen
(1949) (see also Ehrenreich (1957)). Expressed in SI units, the effective charge is
given by

(€")? = MV,aqweo (-1- - l) , (3:36)

€00 €3
where €; and €, are the static and high frequency dielectric constants respectively.

Piezoelectric scattering

In a polar crystal with no inversion symmetry, a long wavelength acoustic vi-
bration produces an additional, second order polarisation. That is, P(r) is propor-
tional to acoustic strain, rather than displacement. The ¢*! Cartesian component
of P(r) is given by

Zhuks]ks (3.37)
S 4.k
where h is the piezoelectric tensor. h is symmetric, and is therefore usually writ-
ten in the reduced notation hyj; — hipm, m = 1...6. For zincblende crystals, h
has only three non-zero components, and these are all equal: hyy = has = hgg
(Mason 1950). This means that only shear strain components contribute to the
polarisation. Using equations (3.7) and (3.21) we obtain

h. ) ) -
YT t(ezqs + €392) (% exp(iq.r) — a,L exp(—zq.r)_) . (3.38)
qQ. L . -
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'Analagous expresswns can be wrltten for P2 and Ps. Then the space charge”

denSIty is given by

h .
— E X 2 (e1q293 + €2q103 + €3q1G2)

é(r) = —divlP(r) =
X (a,q exp(zq.r) — aJr exp( 1q. II’)) (3.39)

Solving Poisson’s equation gives the electrostatic potential, and hence the interac-

tion energy:
ehiq A 2
§U(x) =
(x) E0Es 2M'Nw, (CIQ2Q3 + e2q193 + €391¢3)
X (aq exp(iq.r) — afl exp(—iq.})) . (3.40)

Then, comparison with equations (3.8), (3.15) and (3.18) shows that the coupling

coefficient (squared) takes the form

2

eh1q\" 4 ,

Ci= (606 ) E;(elqws + €29143 + €3q142) . (3.41)
8

The piezoelectric interaction clearly has a complicated directional dependence
and most practical treatments have involved some averaging over direction. The
simplest approach is to separate the contributions from longitudinal and transverse
modes, and take a spherical average in each case (Hutson 1961; Zook 1964). The
appropriate values of the e; for each of the three modes of polarisation are obtained
by means of a transformation to a coordinate frame in which the z(3) axis lies
parallel to q (see Zook 1964; also Jones 1975). For longitudinal modes, the coupling

coefficient (squared) then reduces to

C?, = (e “) x 36030202 (3.42)

where the o; are the direction cosines of q. The coupling coefficient for the com-

bined effect of the two transverse modes is given by

eh
Cﬁ,t = (e 61:4) X 4(0102 + 0203 + 0301 90’10'2203) (3.43)
0&s

Taking spherical averages of these two quantities gives

eh 2
c? = 14 3.44
ol = 35 (eoes) ’ (3.440)

2
16 -(-eh
2 . 14
=—|—1. (3.44b
Cat =35 .(eoea) | (8440)
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If no screening effects are included, then the piezoelectric scattering expression
has a singularity at ¢ = 0 (see equation (3.68) in Section 3B), and a finite scattering
rate cannot be obtained (Rode 1970). The effect of screening by free carriers can

be included by writing

2 2

9" +4q 1

FP; ( 3 0) = — Zhijksjk (3.45)
q Es j,k

in place of equation (3.37), where go is the reciprocal Debye screening length

(Hutson 1961). The coupling coefficients (squared) then become

2

12 [eh 4

cl == (e “) o — (3.46a)
" 35 \eoes) (g2 + ¢d)

2

16 (eh 4

ct, == (e 14) . (3.46b)
J 35 \eoes ) (g + ¢6)
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3B ELECTRON-PHONON SCATTERING IN A
SIMPLE PARABOLIC BAND

Most common semiconductors have a bandstructure profile in which the lowest
valleys can be well approximated by a parabolic dispersion relation. In this section,
we will show how the results derived above can be used to write down scattering
rate expressions for electrons in such a parabolic band. We will also assume
that the band is isotropic in k-space, and furthermore, that the overlap integral
G%(k',k) can be taken as unity — as is a common approximation for electron
transport in the conduction band of a semiconductor. The results will therefore
be applicable to any of the T', L, or X valleys in GaAs (see Fawcett et al. 1970)
— except where a particular scattering process is forbidden. However, the main
purpose of presenting these expressions is to show the simplest case of carrier-
phonon scattering, for comparison with the results of Section 3C for holes in the
GaAs valence bands, and with those of Chapter 5 for scattering in two dimensional

systems.

We will write the energy dispersion relation in the form

e(k) = e(k) = ak?, (3.47)
where )
a=-2 and ag= h—, (3.48)
m* 2my

with mg the free electron mass and m* the relative effective mass in the band.

Acoustic (deformation poiential) scattering

If only dilational strains produce any shift in the energy band (as, for example,
in the T' valley of GaAs), then the coupling coefficient for acoustic scattering

becomes (from equation (3.23))

Il
(1]

C? = (Bé,.q)% = B¢ (3.49)

We will assume, as is usual for acoustic modes, that scattering is elastic, and that

the energy equipartition approximation is valid. This gives

kpTy ( hw )
No+H1= N, ~ , <1, 3.50
a a hwq kBTL ( )

where
1

o= exp(hwq/kpTL) — 1

and Ty, is the lattice temperature. The acoustic phonon frequency is given by

(3.51)

Wq = Vs, (3.52)
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-where vs is the approprna.te sound velocrty

The: osc1llator mass M' for acoustlc modes is equal to the total mass of the
umt cell “thus M ’N =V, where p 1s the. crystal den51ty Then, thh reference to
equatlon (3. 19) the sca.ttermg rate 1s g1ven by

P(e(k)) =2 x X T 2‘;)3 ’“fo‘};; [ Butaie 6(e(K) - e(k)) ax (3.53)

An extra factor of two has been included, compared to equation (3.19), to give the
combined rate for phonon absorption and emlssmn The remaining integral may

readily be evaluated to give, for the scatterlng rate:

kpTrE2e 2 (k) 5
BoLE m 3.54
2mhpv2 /2 (8.54)

P((k)) =

Non-Polar Optical scattering

We have seen, in equation (3.28), that the coupling coefficient for non-polar
optical phonon scattering is dependent on the direction of the polarisation vector
of the phonon mode. This means that the LO and TO modes, which have different
frequencies, ought to be considered separately. However, in most III-V semicon-
ductors, the difference between the ILO and TO phonon frequencies is relatively
small, and a single frequency approximation is usually adopted. The coupling
coefficient for the combination of the one LO and two TO modes is then given by

C? = M

2
3.55
a M, + MzD ( )

For optical modes, w, is only weakly dependent on q, and hence can be replaced
by a fixed frequency wop. The scattering rate, from equation (3.19), is then

27 V hDZ Nop
P(e(k)) = 3 @nps 2pvwop {Nop-r 1]

x / Bukayi 6 (€(K) — €(k) F hrvop) dK', (3.56)

where Nop = (exp(hwop/kpTr) — 1)™* and we have used M’ = M and (M; +
M;)N = pV. Evaluating the integral over k' gives the result
D2 Nop
P(e(k)) =

Ny 1 1] (e(k) & frwop) /2. (3.57)

47 pwop a3/ 2
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: ‘Polar Optscal scattermg N v ; ,
Using equatlons (3. 19) (3 35) and (3 36) we obtam for the polar optlcal scat- :

: termg rate:

, 2r V R Nop e Y
PUk) = 5 G 20 ooy [Nop+1] (E'OVM)

xMVceuwop—- [ it v 6 ((k') — (k) F hwap) i, (3.58)

where epo = (1/e00 — 1/€5)™! and woyp is again mdependent of g. M’ is equal to

the reduced mass M, as for non-polar optlcal scattering, and NV, = V. Then

Ple(k)) = —%ep [ N?Pf]

SWZEOEPOI Nop +1
1
X f 6kiq,kr?6(e(k')_— €(k) F huwop) dK. (3.59)
The integral over all final states can-be evaluated by writing

dk' = k"’ dk’ dcos 6 dg. (3.60)

If the direction of k is taken as the z direction, then the momentum conserving

Kronecker delta gives, for q:
¢ = k? + k' — 2kK' cos . (3.61)

Changing the variables in the delta function then gives
S(k' — ky)
n _ . h Sl S 3.6
6(e(k) e(k) F wop), ENET (3.62)
where, for a parabolic band

;;, =20k’ and k; = \/k?* hwep/a. (3.63)

Then, a little straightforward algebra leads to the result

e?wep Nop |1 k+k;
K) = ———— 1.=1 — 3.64
or "
2w N, 1 el/? 1 ¢t A
Ple(k — % op log A 3.65
(6( )) 87ra1/2€0€pol [Nop + 1] el/2 /2 e}/g ( 7 )
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Paezoelectrw scattermg

Wlthln the elastic. and eqmpartltlon approx1mat10ns described' above for
a.coustlc scattenng, the plezoelectrlc sca.ttermg rate for a glven polarlsatlon mode

may be ‘written as

Plelk) = i%;P&;flﬁf@“” mods 5 (c(k') — ¢(k)) dk',  (3.66)

where v, moge i the sound velocity for the particular mode (longitudinal or trans-
verse). Zook (1964) describes the derivation of spherically averaged elastic con-

stants ¢; and ¢;, where
pvilr =g, (3.674a)
pvf,t = ¢t. "~ (3.67b)
These qua,ntit.ies can be used to derive a combined rate for scattering via longitu-
dinal and transverse modes:

e*kpTy, ( K2,
8n2h \eoes

P(e(k) = ) [ etz (e - (8) e, (369

where K,y is the dimensionless so called average electromechanical coupling con-
stant (Ridley 1988);

h? 12 16
K — 14 i 3.69
av €o0cs \ 35¢; * 35¢; ( )

The integrals are evaluated as for polar optical scattering, by use of equa-
tions (3.60-61) and the final result, including a factor of 2 to account for both

absorption and emission processes, can be written as

HH=J@h(w)kx1F&@+fj—(4ﬁ'y (3.70)

drha \ €oes 2 4k? + ¢2)
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3@ HOLEJP’H@N@N SCATTERHNG I[N THE
’ GaAs VALENCE BA\.N]D)S

In this section ‘we will con51der the scattermg of holes in. the heavy and llght"
hole valence bands of GaAs by the four processes descrlbed in the prev1ous sectlons
»Whllst the valence bands in GaAs are. reasonably para,bohc near the zone centre,
their energy surfaces are known to be somewhat warped (Dresselhaus et al. 1955
see also Wiley 1975). However, as a first. approximation, we will assume both
heavy and light hole bands to be isotropic and parabolic. The energy dispersions
of the bands are then of the form e(k) = ozk?, where a; = do/m;-*"erid m; = mj,
or m; is the effective mass in the band. N

The p-type symmetry of the valence band wavefunctions means that the over-
lap integrals G(k',k) can no longer be taken as unity. Wiley (1971) has shown
that, for states |k) and |k!) which are both in the heavy hole, or both in the light
hole band, G2 (k’,X) can be approximated by

GEX', k) = %(1 +3cos? ), (3.71)

where § is the angle between k and k. When the two states are in different bands,
the corresponding result is

G (K, k) = %sinz 8. (3.72)

These modifications are important in any Monte Carlo model of hole transport,
since they affect not only the total scattering rate out of a given state, but also
the angular dependence of scattering, and therefore the stochastic selection of the
wavevector k' in the Monte Carlo algorithm. The angular dependences of the

hole-phonon scattering processes will be discussed in Section 4B.

Acoustic Scatlering

In the valence bands of GaAs, acoustic scattering occurs via both longitudinal
and transverse modes. The effect of acoustic strain is described by three deforma-
tion potentials @, b and d (Pikus and Bir 1960; Bir and Pikus 1961; Lawaetz 1968).
a is associated with dilational strain, giving the shift of the band edge on appli-
cation of hydrostatic pressure. b and d give the splitting of the heavy and light
hole bands due to uniaxial shear strains in the (100) and (111) directions respec-
tively. However, Lawaetz (1968) has shown that the effects of acoustic st‘,raiﬁ:in
the valence bands can be summarised, to a reasonable approximation, by a single
deformation potential parameter. Therefore, we will write the coupling coeﬁ"ieierit

(squared) in a similar form to that in Section 3B:

¢l = Eiod, (3.73)
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where F ¢ is a ‘phenomenological’ deformation potential whose derivation will be

discussed in Appendix 2.

For the sound velocity appearing in equation (3.52), we will take the mean

square of the longitudinal and transverse values:
v - 7% = L(vf + 20}). . (3.74)

Then, within the elastic and equipartition approximations, the acoustic scattering
rate, from equations (3.19), (3.50-51) and (3.73), is

P(e(k)) = E:ffBTL / / GH(!, k)8 (e(K') - e(k)) K ak' dcosBdg.  (3.75)

If we take the 2z direction of the coordinate frame for k' to be parallel to k, then
the scattering angle § becomes interchangeable with 8. The integral over # is then,

for intraband scattering,
1 r1 1
Z/_I(1+3c0820)dcosl9: 2 (3.76)
and, for interband scattering,
3 r1 1
:1-/—1 sin’fdcosf = 3 (3.77)

So, the effect of the overlap integral, in both cases, is to reduce the acoustic
scattering rate by a factor of two. Therefore, with reference to equation (3.54),

we can write the result for absorption plus emission immediately as

kpTLE2 o /2 (k)

4mhpv? ai/ 2

P(e(k)) = (3.78)
where a; = ap for scattering into the heavy hole band, and «; for scattering
into the light hole band. This result has been previously derived by Costato and
Reggiani (1973a).

Non-Polar Optical Scattering ,

As in Section 3B, we will consider NPO scattering of carriers by a combination
of LO and TO modes, assuming a common frequency for both, and hence using
a single deformation potential constant D,p which represents an average over op-
tical strains in all directions. Lawaetz (1968) has shown that such an averaged
deformation potential constant is given by

., 3d:

2 = (3.79)

Zao
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where ag is the lattice constant and dy is the ‘fundamental’ optical deformation
potential introduced by Bir and Pikus (1961).

As in the case of acoustic scattering, the only angular dependence in the NPO
rate is that due to the overlap integral G(k',k) which, again, serves to reduce the
total rate for both intra- and inter-band scattering by a factor of two. Hence we

can write, for NPO scattering in the heavy and light hole bands:

Nop

(0 R o

DZ
Plee) = ——2 |
81rpwopa f
where a; = a), or ¢ for scattering into the heavy or light hole band respectively.
This result was also given by Costato and Reggiani (1973a).

Polar Optical Scattering
From equations (3.19), (3.35) and (3.36), the polar optical scattering rate is

given as

P(eh) = o (L 1) [ Nop ]

8m2ep \€ Nop +1
G (K, k |
X / / / Sute, k,—(q—z—) 5 (e(K) — e(k) F hwop) d,  (3.81)

where G(k', k) is dependent only on the sca.ttering angle 8. We can write dk' =
k'dk' dcosf dp, and the Kronecker delta gives ¢ = k% + k' — 2kk' cos B. We
may again take the k, direction as being parallel to k, and hence identify 3 with
0. Then, the 1ntegral over ¢ gives a factor of 27, and the integral over k' can
be evaluated, as in previous cases, by changing the variables in the Dirac delta
function. We thus obtain
e2w, 1 1 No

P(e(k) = 2 (= - ) [Nop ' 1]

ki 1 G?(k;, k)

* 2ay J-1 (6 + K2 — 2k cos )

dcosd, (3.82)

where k; satisfies
ask} = ok® £ huwep (3.83)

and the subscripts ¢ and f denote the initial and final bands.

The remaining integral can be written in the form .

(1 + 31:
Fii(kg, k) ~ 4 / (a— bx) (3.84)

for intraband scattering, and

Fyilky,k) = % /_119_—‘7'2)@; o (3.85)
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for interband scattering: where a = k% + lc and b = 2kks. The evaluation of these

integrals is relatively straightforward, and leads to the results ,
L, 1 a\? a+b a ‘ ‘
Filky, k) = = [{1+3(b) }loge( I—b)‘ﬁ<3)]’ (380)
A 3 a\? a+b a ’ |
Frilky k) = = Hl -(3) }loge (ZTB) +2 (3)] . (3:81)

The polar optical scattermg rate is then obtained as
P(k) = S (=- ;1_) Nop
8mepa \€0o €5/ [ Nop +1]
1. 3(k% + k5?7
X— {1+ ——7=—}1
4k [{ T o,
for intraband scattering, and

Plk) = e (%, -1 [ Nop ]

. 8mepay Nop +1 L
3 (K2 + 592 |k+kf| (KE+ED)|
X T [{1 - ———4k2k}2- log, Kk, 2kk; (3.89)

for interband scattering. Similar results have been derived by Costato et al. (1972)

and

k+ k| 3(k+ K2
+hy| 36+ Dl (3s8)
k—kg| 2kk

and Costato and Reggiani (1973b), although the latter publication contains several
typographical errors.

Piezoelectric Scattering

From equation (3.68) it can be seen that the combined rate for scattering
via longitudinal'dn‘d transverse piezoelectric modes in the presence of free carriei‘

screening is glven within the elastic and equipartition approximations, by

ZkBTL (K2

7 -
_ 2 (1t no_ !
Ple(k) = S (52 | 6kiq,k/———( G ) 6 (e(K) - <) K,
_ o (3.90)
where GZ(k',k) is given by equations (3.71) and (3.72) for intra- and inter-band

processes respectively. We may write dk’ = k'’ dk' dcos 6 dp and proceed as for

EQEs

polar optical scattering, to obtam

e*kpTL [ K2,
8rhay \ €ogs

P(k) = ) ks F(ky,k) (3.91)
where, for intraband scattering, & f‘ =k, and for interband scattering, o;k% = o flcz,
with the subscripts ¢ and f denoting the initial and ﬁnal states. The term F (Ic 7. k)

is given by ‘
1! (a— bz)(l + 3z%) R '
Fy(kp, k) = Z/_l o (69
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for mtraba,nd scattermg, and

| ng(ch,k) ¥ / “'f’f_)(bi)_ ‘”),d;z; (3.99)

for interband scattering, with-a = k? + lcz, b= 2Iclc s and c=a ’-I-‘bqg

The evaluation of these mtegrals is. stralghtforward but lengthy The total
scattering rates, for absorption plus emission, are eventually obtamed in the form
€ I‘?BTL Ka.v
P(k) = — |
() drhea (6063
4k + 3¢2) [(4k® + 342 4k? 10k + 3
x( + %) ({ _+ qO)loge 1+— ( + qO) (3.94)
8k3 452 a5 (4k% + ¢2)

for intraband scattering, and

pk) = £kt (Kuw) | 3 3 [(*+K}+345)
~ 4mhas \eoes 8k kkg
((k2—k2)% + B(4k2+4K3+368)) (g3 + (k + k)?
— - log, | 2 = || (3.95)

for interband scattering. As far as we are aware, these results have not been
reported previously.

For interband scattering, the overlap integral G(k',k) acts to remove the sin-
gularity associated with the case ky = k in the unscreened piezoelectric scattering

rates. We obtain, for interband scattering in the limit g0 = O,
2kpTy, ( K2

47rhaf €0Es
CRCI et [
Sk kkf 2k2kf k— kf

Now, for elastic scattering at an energy ¢, we may write k? = me/ap and k% =
m}€/ao and substitute for k and k; in the above equation, to obtain

P(k):esz'fTL Ky
drhoay \€ots

1 1
mk+m* mr—m*)? mi? +mi2

3 (' fl)—(',‘;{)logef1 L. (397
8k | (mim})3 2mimy mi3 —mi2|

This expression shows clearly that, in the absence of screening, the effect of the
overlap integral G(k', k) is merely to introduce a constant multlplymg factor; hence
the rate is proportional to 1/k as for the unity overlap case (equatlon (3. 70)) This
means that a singularity still occurs at k = 0, and, for elastic intérband scattering,
this is the only case where k; = k. However, in any inelastic treatment of the
piezoelectric scattering of ﬂhol’es the ks = k transitions would occur aivay‘ from the
zone centre, and therefore the associated scatterlng rate would be ﬁnlte, even in

the a.bsence of screening.



CHAPTTTR 4L
MONTE CARILO S]IMU]LA’JI‘]IONS OF IHI@]LE TRANSF@R’E ]IN
BU]LK GaAs

In the previous chapter, we derived expressions for the scattermg of ‘holes in
a semiconductor by acoustic (deformatlon potential), non—polar optlca.l, polar -op-
tical and piezoelectric phonons. Prior to that, in Chapter 2, we set out the basic
principles of the Monte Carlo method for the simulation of electronic transport.
Therefore we may, in this chapter, take the opportunity to rép_o’rt on the _dével—
opment of a Monte Carlo simulation of hole transport in bulk GaAs, baiséd'_ on
the foregoing descriptions. This work is potentially very useful in its own r-ight,
as very few theoretical-studies-of hole-transport exist in the literature. However,
the main purpose of the simulation described here is to serve as a precursor of
the simulations of quantum confined hole dynamics which will be described in
chapters 8-10.

We will use a two band model of the GaAs valence ba,nd system, with both
the heavy and light hole bands assumed isotropic and parabolic, as described in
Section 3C. We have included intra- and inter-band scattering via the four phonon
modes, AC, NPO, POP and PZ, discussed in that section. Other processes, such
as impurity and carrier-carrier scattering, have not been included. This means
that the results from our simulations will represent the limiting case of a high

purity and low carrier density sample.

We will present results obtained at a lattice temperature of 77K, to enable
comparison with our subsequent work on quantum confined holes. At this tem-
perature, the elastic and equipartition approximations for acoustic (AC and PZ)
scattering still hold good. In addition, we will show hole drift velocities obtained
from simulations at 77, = 300K, to enable some comparison with other published
work. Only results for the steady state case (single particle simulation) will be

shown.

Before presenting these results (Section 4C), we will show firstly, in Section 4A,
the energy dependences of the hole-phonon scattering rates derived in the previous
chapter, for the case T, = 77K. Then, in Section 4B, we will discuss the angular
dependence of the various scattering processes, and the determination of stochastic
scattering angles in the Monte Carlo simulation.
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: 4A 77K HOLEuPH@NON SCA’IFT]ER]ING 7  TES : '
M,for GaAs to

be.used in the scatterlng ra.te expressmns of: Sectlon 3C Intp_,rtlcular, we have

In Table 4.1 we have shown values of the materlal paramA

used an-optical phonon energy Awop of 36: 4meV for both polar scattermg (LO
modes only) and non=polar scattering (LO and-: TO modes comblned) Thls value
corresponds to that for LO phonons for temperatures in the. range of Ty, = 7K.
Whilst the TO phonon-energy is somewhat less than the LO value&——— the Lyddane-
Sachs-Teller relation (wno/wro)? = €s/eco gives, for Gads, Awro ~ 0:.93AwLo —
the discrepancy is sufficiently small as to have very little efvfec,t‘ on hole tragspbrt.
The values of the deformation potentials Epc and D,y are our own, as discussed
in Appendix 2.

In Fig. 4.1 we have shown the acoustic scattering rates for heavy hole band —
heavy hole band (h-h), and heavy hole band - light hole band (h-1) transitions, as
a function of the energy of the initial state. The energy dependence is of the form
l/2 (eee equation (3.78)), corresponding to the 3D density of states function, and
the much lower value for (h-1) scattering is simply due to the smaller density of
states in the light hole band. We saw in Section 3C that, for acoustic scattering in
the elastic and equipartition approximations, the overlap integral term GZ%(k',k)
does not modify the form of the scattering rate, but merely contributes a constant
factor of 1/2. Since the rate is dependent only on the density of final states,
the (h-h) curve also gives the rate for (I-h) scattering, and the (h-I) curve also
corresponds to the (1-1) result.

Figs. 4.2 and 4.3 show the scattering rates for NPO phonon absorption and
emission respectively. The energy dependence again follows an €!/2 law, as for
acoustic scattering; the only differences being, of course, that the absorption rate
is non-zero at € =0, and the emission process has a threshold energy of fiwsp. The
large difference in the scales for the absorption and emission rates is due to the
small value of Nyp at 77K. In this case also, the overlap integral term G2(k’, k)
simply contributes a constant multiplying factor to the scattering rates, and the
comments made above concerning the equivalence of the (h-h) and (l-h), and (h-1)

and (I-1) rates also apply here.
Figs. 4.4 and 4.5 show the rates for POP absorption and emission. For polar

scattering, as demonstrated in Section 3C, the overlap integrals exert consider-
able influence on the energy dependence of the transition rates. In Fig. 4.6 we
have shown, for comparison, the POP emission rate for heavy holes calculated
with the exclusion of the G%(k’,k) term, as is the case for electrons in GaAs (see
equation 3.65).

of pagftiiéulé;r note is the fact that the dominant contribution is provided by
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hwep  36.4meV

my, 0.50

m} 0.068

ag 5.6533 A

p 5.32x10% kgm™3

v 4.7265x10%ms ™!
v 3.3436x10°ms™!
v 3.860x 103 ms™1!

Es 12.74

€00 10.94

hia 0.160 Cm—2"""

11 11.88 x 10!° Nm™2
c12 5.38 x 10'° Nm™2
Cas 5.94 x 101 Nm—2
¢ 14.032 x 101° Nm~—2°
¢t 4.864 x 10! Nm~2°
a 2.7eV?

b —1.7eVetd

d 4.55eV P

do 41.0 eV ®b:d

Eac 5.07eVe

Dop 8.88 x 100 eVm1°

Table 4.1: Values of the Material Parameters used

in the Simulations of Hole Transport in Bulk GaAs

Values unmarked, or marked a were taken from Landolt-Bérnstein (1982);
those marked b, from Adachi (1985); ¢, Rode (1970); d, Wiley (1970), and for
those ma,rked e, see Appendix 2.
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T = 77K

Rate (ps'l)

Fig. 4.1 Acoustic (AC) scattering rates for holes in the heavy (h) and light (1)
hole bands of GaAs at T, = 77K. — (h-h) and (I-h); - - - (h-])
and (1-1).
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Fig. 4.2 Scattering rates for NPO phonon absorption by holes in GaAs. —
(h-h) and (I-h); - - - (h-1) and (I-1).
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Fig. 4.3 Scattering rates for NPO phonon emission by holes in GaAs. —
(h-h) and (-h); - - - (h-1) and (I-1).
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Fig. 4.4 Scattering rates for POP phonon absorption by holes in GaAs.
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Fig. 4.5 Scattering rates for POP phonon emission by holes in GaAs.
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Fig. 4.6 Scattering rate for POP phonon emission by heavy holes in GaAs,

calculated excluding overlap integral effects.




Monte Carlo Simulations of Hole Transport in Bulk GaAs 44

the interband (l-h) rate, which is strongly peaked soon after threshold. This ,7

indicates that coupling of the valence bands is an important aspect of polar phonon |

- scattering. However, the (h-I) polar emission rate is much lower, due again to the_
~ smaller density of states in the light hole band. Costato and Reggiani (1973b) have
- also pomted out that, for interband scattering, the overlap integral term G?(k',k)
- serves to remove the smgula,rxtxes whlch would otherw1se occur at vertlcal (= 0)
| transrtmns ' , - ' o » R
In Flgs 4. 7—8 we have shown the rates for mtraband (h-h) and interband (1-h)
PZ scattermg, for a range of reciprocal screemng lengths q0- We have assumed
.that screening is due a non—degenerate popula.t1on of free carners a,t the lattice

temperature TL, in whlch case qo is related to the carrier dens1ty p by (see Rldley

1988) - | |

b Ty oW
For 1nterband scatterlng, we have also shown the unscreened go=20 case, whlch as
mentloned in the previous chapter, dlverges ase —-0. The curve for p = 1016cm -3
lies very close to that for 9 =0, and thus represents the case of relat1vely weak
screening, although we stlll expect to obta.m zero rate at- ¢ = 0 as w1th h1gher

values of p.

Figs. 4. 910 show the intraband (h—h) and mterband (l h) rates compa.red
with those calculated excluding overlap lntegral effects. For interband scattering,
at the upper end of the energy range shown the reduction in the rate due to overlap
1ntegral eﬁ'ects is” relatwely small, whereas for (l—h) scattering, this reduction is
close to a factor of two (cf AC a,nd NPO scattermg) for each of the. dlfferent values
of qo : e '

As the purpose of th1s chapter is to present only a representatrve rather than a
comprehensnve set of- results for bulk hole transport we will- report on s1rnulat10ns
using only one value of qo We will take the case: qo = 4.6266 x 10~ 34~ 1, appro-
- priate to p = 10'%cm™3, for the- sake. of consistency with our model of quantum

confined hole. transport descrlbed later in this thesis (see Section 6E). Fig. 4.11
shows the scattering rates for all four PZ processes ((h-h), (I-h), (1-1) and (h-1))
for the case p=10"%cm=3. The rates for sca.tterlng into the heavy hole band are
“again dommant but are stlll substantlally smaller than those for the correspond-.
ing AC processes. _ Fmally, in Fig. 4.12 we have shown the totel sca,ttermg rates for
holes in the heavy'a.nd light hole bands.. The llght'hole rate is'dominated by the
“ contrlbutxon from- (l—h) polar scattermg, gwmg much larger values nea.r the optlcal
' | phonon emission “threshold than for heavy holes with a peak value i in excess of
20ps~L. ’ ' ‘
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Fig. 4.7 Rates for (h-h) PZ scattering in GaAs, with free carrier screening.

(a) go = 4:6266x10™*A~" (p = 10M4em™3); (b) go = 1.4631x107°A~"
(p = 10%cm™3); (c) go = 4.6266x 1074~ (p = 10'%cm~3); (d)
do = 14631x 102471 (p = 10¥em~%); (e) qo = 4.6266x 10724~
(p= 1018cm%3)'. L
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Fig. 4.8 Rates for (I-h) PZ scattering in GaAs, with free carrier screening.

(a) go = 0; (b) go = 4.6266 x 10734 (p = 10'%m™3); (c) g0 =
1.4631x 1072471 (p = 107em™3); (d) go = 4.6266x 1072A~! (p =

1018cm_3) .
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Fig. 4.9 Rates for (h-h) PZ scattering in GaAs. — Full rates; - — - rates
calculated with the exclusion of overlap integral effects. (a) g0 =
4.6266x 107341 (p = 10%cm™3); (b) go = 1.4631 x1072A"! (p =

10em™3); (c) g0 = 4.6266x107A L, (p = 101%cm™?).
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Fig. 4.10 Rates for (I-h) PZ scattering in -GaAs. — Full rates; - — - rates

calculated with the exclusion of ovérla.p integral effects. (a) go =
4.6266x 10~3A~! (p = 10%cm™3);.(b) go = 1.4631x1072A ! (p =
1017cm™?); (c) o = 4.6266 % 1072471 (p= 108cm—3). '
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Fig. 4.11 PZ scattering rates for holes in GaAs: qo = 4.6266 X 1073A7! (p=

10%cm™3); T = T7K.
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Fig. 4.12 Total scattering rates for holes in the heavy (—) and light (- - )
hole bands of GaAs, including AC, NPO, POP and PZ processes.
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4B ANGUILAR DE]P]END]ENCE @IF‘ THE SCATTERING RATES

We have seen, in Chapter 2 that an 1mporta.nt aspect of any Monte Carlo sxm—
ulation of electronic transport is the computatlon of stochastlc scattermg angles
approprlate to each particular scattering process ThlS requlres the isolation of
the angular dependence P(#,¢) of the transition probablhty in each case. These
expresssions can then be used to generate scattering angles, and hence the com-
ponents of the after-scattering wavevector k' , by one of the techniquesdescribed

in section 2A.1 and Appendix 1.

AC and NPO scattering

The angular dependence of these processes is solely that of the overlap term
G*(k',k). Since, in the forms given in equations (3.71) and (3.72), G?(k/,k) is
a function of the scattering angle g -only, we may, from the outset, choose our
coordinate frame such that the polar angle # is identical to 8. Then, for intraband
scattering, the angular dependence of the fransition probability is given by

P(6,¢) — P(cosf) :%A(’l + 3cos? ), (4.2)

and, for interband scattering, by

P(6,4) — P(cos§) = %(1 — cos? ). (4.3)

It is possible to use these equations to obtain expressions for the stochastic scat-
tering angles 3, as a function of the random variate r. However, for both intra-
and inter-band scattering, the calculation entails solving a cubic equation in cos 8.
This is a rather tedious process; and the resulting expression involves exponentia-
tion operations which, when repeated a large number of times, will cause a notable
increase in the computer processing time required by the Monte Carlo simulation.
A more attractive and efficient approach is to use the basic rejection technique of
Appendix 1. It can readily be shown that the method yields an acceptance ratio of
50% for both intra- and inter-band scattering, and hence the amount of processing

time wasted in the simulation is relatively small.

Polar optical scattering

From equation (3.82), making use of the interchangeability of # and S, the
angular dependence of the intraband polar scattering rate can be obtained as

(1 + 3cos? B)
(k? + k% — 2kk cos B)

P(cos §) = % (4.4)

To obtain an expression for the stochastic 8, as a function of r by the direct

technique involves the integration of the above expression with respect to cos 3,
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and the subsequent inversion of Vthe,resAult (see section 2A.1). It is clear, from the
work in Section 3C, that the latter operation would not be feasible in the present

case. Therefore, a rejectioh technique must be used.

The function P(cos 8) may be rewritten in the form

1 (1+ 32%)

PE) = i)

(4.5)
where a = k% + k%, b = 2kks, and A = b/a, so that A < 1. The function P(z) is
obviously dominated by the behaviour of the denominator, giving a sharp increase
in P(z) as £ — 1, and, indeed, a singularity at z = 1 if A = 1, though this case
will not occur for intraband scattering.

To make use of the improved efficiency of the combined rejection technique,
as compared with the basic method (see Appendix 1), it is necessary to identify a
function which is similar in value, yet greater than P(z), throughout the allowed
range of z, and which is sufficiently simple in form to enable its use in the gener-
ation of random values of z by the direct technique. For z restricted to the range
[—1,1], the denominator of equation (4.5) has a minimum value when z =1, and

therefore we can take for the above described function:

1

g(z) = el =23 (4.6)

Now, with £ = cos 8, this function gives the angular dependence for polar optical
scattering of carriers assuming unity overlap integral, and it has been shown by
Fawcett et al. (1970) that, for this case, stochastic scattering angles §, can be

generated using the direct technique.

Writing
1 dz 1 dz
= /cosﬁr a(l — Az) //—1 a(l—Az)’ (4.7)

we obtain, for 3, derived from the random variate ry:

cos 3, = (1+F) =@ +2f)" (4.8)

f

where f = A\/(1—X) = 2kks/(k—kg)? (cf. Fawcett et al. 1970). Then, the selected
value of 8, is accepted if

r2g(cos By) < P(cos fB), (4.9)

where rq is a second random variate. Thus, the acceptance criterion is:

1
re < z(l + 3 cosB,). (4.10)
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For interband polar scattering, the angular dependence is given by (see equa-
tion (3.82)):
(1 — cos? B)

P =
(COS ﬂ) (kz + k} — Zkkf CcOs ﬂ) ’

(4.11)

where we have omitted the factor of 3/4 associated with the overlap integral term
G*(k',k). This equation can then be written in the form

— z?
P(z) = \2=%)

et (4.12)

with z = cos § and a, b and X defined as above.

We may proceed exactly as for intraband scattering; approximating P(z) by
the function g(z) of equation (4.6), from which stochastic scattering angles 83,
can be generated according to equation (4.8). Then, equation (4.9) gives the

acceptance criterion for the interband case as
o < 1— cos® B (4.13)

Since the angular dependence of the polar interaction in the unity overlap integral
case gives a bias to forward scattering (cos# — 1), the acceptance ratio for the
intraband case here can be expected to be very high, whilst that for interband

scattering will be considerably lower.

Piezoelectric scattering

The angular dependence of the screened piezoelectric interaction is given by

(see equation (3.90)):

q2

P(COSﬂ) = zq2+—qg)2

G*(cos f) (4.14)
where ¢% = k% + k‘% — 2kkjscos B and G?(cos B) is the overlap integral term, which
we shall normalise to a maximum value of unity; G?(cos 8) = 1/4(1 + 3 cos? §) for

intraband scattering, and (1 — cos? 8) for interband scattering.

The complexity of this function again precludes the use of the direct technique
for generating stochastic scattering angles 8, in a Monte Carlo simulation. Also,
because of the strongly peaked nature of the term ¢%/(q® + ¢2)?, use of the basic
rejection technique would lead to very a low acceptance ratio for the 8,. However,
it is possible to make use of the combined technique, in a similar manner to that

described for polar scattering.

Since, in equation (4.14), G%(cos 8) < 1, we may write

P(z) < ((:_;:;)5 (4.15)
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where £ = cosf, a = k* + k%, b = 2kk; and ¢ = a 4 ¢§. Then, since ¢ > q;

(a — bz) /(¢ — bz) < 1 for all z. Therefore

1
P(e) < (¢ — bz)

This result is analogous to that of equation (4.6). It is clear that we can generate

for all z. (4.16)

stochastic scattering angles §; from the function g(cos ) = 1/(¢c — bcos ) using

the direct technique. We again obtain

cos f, = (L+ f) —-;1 +2f)n (4.17)

where, in this case, f = b/(c —b) = 2kks/{(k — k;)?* + ¢§}. Then, from equa-

tion (4.9), the acceptance criterion is given by

(a — bcos By)

2 S .
(e —beos ) & (€05 (4.18)

re <

where G? (cos B;) takes one of the forms given above for intra- or inter-band scat-

tering.
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4C SIMULATIONS
4C.1: 77K Simulations o |
In’this section we will show the electric field dependence of the basic Monte
Carlo estimators; the drift velocity (v), mean energy (e) a_nd fractional population
(7), to demonstrate the operation of our simulation of hole transport in the heavy
and light valence bands of GaAs.

In Fig. 4.13 we have shown the drift velocities of heavy and light holes ({vy)
and (v;)), and the overall a,ve;vra.gerdrift velocity (v,y), as a function of an applied
electric field . The curves for ‘(é)m,‘) and (vh) lie very close together, since most
of the carriers occupy the heavy hole band, whilst the values for {(v;) are much
larger, due to the smaller effective mass in the light hole band.-

Fig. 4.14 shows the overall average drift velocity (v,y) for a larger range of
electric fields, estimated with and without the inclusion of piezoelectric scé;ttéring.
It is clear that, even at 77K, piezoelectric scattering has relatively little effect on
bulk hole transport; whereas Rode (1970) found this process to be quite 1mportant

in electron transport at similar temperatures.

In Fig. 4.15 we have shown the low field (ochmic) portion of the {v,y) vs. field
plot, from which we estimate a lattice mobility of pp = 9400cm?V~!s"1. This
compares well with experiinental estimates of u, for low doped samples at 77K.
Zschauer (1973) gives p, ~ 1.15 X 104cm2V‘I1s_1, whilst Mears and Stradling
(1971) give pp =~ 8000cm?V 1571, both for samples with carrier concentrations
p < 10%cm~3. '

Fig. 4.16 shows the mean energies of the heavy and light holes, and the overall
average energy. At low fields, the values in all three cases correspond to the
thermal equilibrium result (3/2)kpTr = 9.95meV at 77K for a parabolic band.
For fields greater than F' = ; 15kVem™! the mean energies. increase significantly.
This indicates the onset of the so called ‘polar runaway’ effect, whereby the rate of
energy dissipation to polar phonon modes decreases with increasing field, because
the scattering rates fall off. Hence, for sufficiently high fields, a steady state

situation cannot be attained.

In Fig. 4.17 we have shown the fraction of the carrier population occupying the
light hole band, (7;), as a function of electric field. The zero field result corresponds
closely to the ratio of the density of states in the light hole band to the total
density of states, a factor which reduces to (m})%/2/{(m})3/? + (m;)®/?} ~ 0.048
(¢f. Costato et al. 1972). At low fields, scattering from the light to the heavy hole
band is dominant, due to the larger density of states in the latter case, and to the
peak in the (I-h) POP emission rate for energies immediately above the threshold.

Also, because of the large density of states, most of the carriers in the heavy hole
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Fig. 4.13 Mean drift velocity of heavy (- — -) and light (- - -) holes, and the
overall average drift velocity (—) in GaAs, as a function of applied

electric field.
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Fig. 4.14 Overall average hole drift velocity in GaAs, vs. electric field. —

including PZ scattering; - — - excluding PZ scattering.
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Fig. 4.15 Overall average hole drift velocity in GaAs, vs. electric field in the
ohmic regime. The straight line fit gives a value for the low field
lattice mobility of uy = 9400cm?V~1s71,
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Fig. 4.16 Mean energies of heavy (- - -) and light (- - -) holes in GaAs, and

the overall average energy (—), as a function of electric field.
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band remain near the band edge, hfé}igé@(h-—l); scattering via'optical‘tphbn'cg'émlssmn
is :s’upp'ressed. TherefOré, the po’pulaﬁdn" of the light hole band Eefc’reases when the
electric field is initially turned on. H(}_weve_r, a m“ini'mum'ligﬁht hole pop'ula{tion.is
attained for F ~ 5kVcm™!, and for higher fields ‘(71771_): increases. This is 'pfii@Ciﬁé.lly
due to the fall off of the (}-h) POP emission rate at highér energies, and to the
heating of the large heavy hole population to energies. wﬁere (h=1) polar emission
scattering is effective. Thus, a transition from net (l—h) scattering to net (h-1)
scattering occurs. It would appear that this phenomenon has not been previously
reported.

4C.2: 300K Simulations

As mentioned at the beginning of this chapter, our main purpose in carrying
out simulations at T, = 300K was to obtain some comparison between our results
and those from the few other experimental and theoretical studies of hole trans-
port available. In calculating the hole-phonon scattering rates at 300K we have
assumed that the temperature dependence of the relevant material-parameters is
negligible, so that the values given in Table 4.1 can be used. The energy dépen—
dence of the scattering rates at 300K is broadly similar to that observed at 77K,
and therefore need not be shown here. We can expect optical phonon scattering
to be more important at 300K than at 77K: firstly, since a larger proportion of the
carrier population will lie above the phonon emission threshold, even at low fields,
and secondly, because the rates for optical phonon absorption are considerably

increased, due to the larger value of Np.

In Fig. 4.18 we have shown our results for the average hole drift velocity (vay),
compared with those obtained by other workers. We would expect our results to
be somewhat larger than the typical experimental values, due to our neglect of
any impurity scattering, However, whilst our results are significantly higher than
those of Holway et al. (1979), we obtain much closer correspondence with the
data of Dalal et al. (1971) measured on a p-type sample of carrier concentration
p = 10'%m~3. Of the three other sets of results obtained by Monte Carlo simu-
lation, those of Costato et al. (1972) were calculated with the inclusion of ‘pél'ar
scattering only, and hence are inevitably overestimates of the true values. The
simulation of Brennan and Hess (1984) is considerably more detailed, accounting
for the anisotropy and non-parabolicity of the valence bands by use of k.p band-
structure data. They also make use of the calculation of inelastic acoustic phonon
scattering described by Canali et al. (1975). Impurity scattering, however, is not
considered. Hinckley and Singh (1988) also incorporate a k.p description of the
valence bandstructure in their simulations, but treat acoustic scattering as elastic.

Neither pair of authors considers piezoelectric scattering, but its omission is not
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Fig. 4.18 Overall average hole drift velocity in GaAs at T, = 300K
* Our Monte Carlo simulations.
Experimental results:
A Dalal et al. (1971);
O Holway et al. (1979).
Other Monte Carlo simulations:
x Costato et al. (1972);
o Brennan and Hess (1984);
+ Hinckley and Singh (1988).
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expected to be noticeable at 300K.

We may conclude, from the results shown on Fig. 4.18, that, despite the sim-
plicity of our model, a reasonable description of hole transport can still be obtained.
Of the ai)proximatidns uséd, the negleét of the anisbtfbpy of the valence bands is
likely to lead to the largest discrepancies; the use of parabolic band dispersions,
and of the elastic and equipartition approximations for acoustic scattering should

lead to little error in the results, in the range of fields considered, at both 77K and
300K.



CHAPTER 5

CARRIER-PHONON SCATTERING IN

SEMICONDUCTOR QUANTUM WELLS
5A ELECTRON-PHONON SCATTERING IN QUASI-2D SYSTEMS
In a quantum well, confinement of the electronic states oécurs, and:the motion
of carriers becomes essentially two dimens'iénalv. The energy bands split into sets
of discrete subbands, and the density of states function assumes a step like form
in contrast to the smooth €3 dependence for the bulk material. The phonon states

are also modified by confinement effects.

The first reported calculations of electron-phonon scattering in a two dimen-
sional (2D) systemn included those by Ferry (1978) and Hess (1979), who considered
scattering within a spherical parabolic subband, assuming bulk-like phonon modes
and neglecting the effects of the quantum confined electron wavefunction envelopes
on the scattering matrix elemi‘an‘t. ‘Hess considered scattering by acoustic a.hd polar
optical phonons, whilst Ferry dealt with polar optical scattering only. Both au-
thors obtained rates which were inversely proportional to the quantum well width,
and slightly larger than the bulk rates.

These reports were followed by publications by Price (1981), Ridley (1982)
and Riddoch and Ridley (1983), in which the wavefunction envelopes were as-
sumed to have the sinusoidal form appropriate to a single band and an infinite
square potential well. This consideration modified the scattering matrix elements
and permitted resolution of intraband and interband scattering rates. (The sym-
metry of the zone centre Bloch states was assumed to be the same for the different
subbands.) Ridley, and Riddoch and Ridley considered \(.l'efor-ma,tion potential and
polar optical scattering, whilst Price additionally investigated (unscreened) piezo-
electric scattering. These works have become virtually a standard for use in Monte
Carlo simulations of 2D electron transport and for fits to experimental data. How-
ever the intense interest in, and considerable controversies arising from, work on
2D electron dynamics has demanded attempts at more sophisticated calculations

of electron-phonon scattering.

Mason and Das Sarma (1987) have calculated polar optical scattering rates
in quantum wells and heterojunctions using a many-body formalism in which the
scattering rate is obtained from the electronic self-energy. Their approach allows
screening and degeneracy effects to be included, andalso involves the more complex

variational type wavefunction encountered in a single heterostructure.

Several authors have endeavoured to relax the bulk-like phonon mode approx-
imation. Riddoch and Ridley (1985) calculated rates for polar optical scattering

via phonon modes appropriate to a thin ionic slab, finding that scattering was
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weakened, with the correction factor being largest for small slab widths. A con-
tinuum theory of phonon modes in quantum wells and superlattices developed by
Babiker and co-workers (Babiker 1986; Babiker and Ridley 1986; Chamberlain
1987; Babiker et. al. 1989) has yielded, for intersubband polar optical scattering,
a rate which increases with increasing well width, and the occurrence of resonance
peaks associated with the contribution of each new confined phonon mode to scat-
tering. Chamberlain (1987) reports that the intersubband scattering rate for a
GaAs/AlGaAs quantum well is about an order of magnitude lower than the bulk
GaAs rate, which is also true of the intersubband rate obtained using bulk-like
phonon modes; whilst Babiker et al. (1989) show an intrasubband scattering rate
around 60% of that obtained from the confined electron / bulk phonon model.
Their result was obtained for a short period (40A) superlattice, in which case the
discrepancy between bulk and confined phonon mode calculations is likely to be
greatest. Thus, the evidence currently available suggests that the bulk phonon
approximation will give a reasonable estimate of scattering rates in a quantum

well, provided that the well width is not too small.

In the following section (5B) we will set out the confined carrier / bulk phonon
model of 2D scattering, and its application to the case of electrons in an infinite
square potential well with parabolic subbands. Then in section 5C, we will turn our
attention to hole-phonon scattering; showing our calculation of scattering matrix
elements in a quantum well using a 4-band k.p scheme (section 5C.2), and the

derivation of associated scattering rates (section 5C.3).
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5B ZD ELECTRON=IP]HIONON SCATTERING IN THE
CONFINED CARRIER / BULK PHONON AIPJP’R@X]IMATI[@N

Following the treatment of carrier-phonon scattermg in bulk materials, pre-
sented in Chapter 3, we first obtain the scattering rate for an electron in state |k)

from Fermi’s Golden Rule (equation (3.1)):
P(k) = (K, ¢! | Hop [, 0} [2 6 (B (K, ') — E(k, ) dS,. (5.1)

Definitions for the symbols appearing in this and the following equations can be
found in Chapter 3. Since we are considering bulk phonon modes, the atomic

displacement is just the sum over plane waves given in equation (3.7):

Ze \/ZM’N (aq exp(iq.r) + al exp(—{q.r)) . (5.2

Then the scattering rate expression becomes

27 R N,
-5/ (ZM'Nw )C‘Z [N + 1] T, K)I 6 (e(k') — e(k) F en) dSu,
a q . q
(5.3)
where

(X', k) = / 2 () exp(£iq.r) gy (r) dr (5.4)
and C, is the coupling coefficient for the interaction. In equations (5.3) and (5.4)

the upper cases give the rate for phonon absorption, and the lower cases, the rate

for emission.

For an infinite square well, the carrier wavefunctions in a one-band model of

the semiconductor can be expressed as
2\%
bu(r) = (ﬂ) e (r) exp(iky.ry) sin(kn o2) (5.5)
where A is the area of the Well plane, L is the well width, 2z is the direction
perpendicular to the well plane, ky,. = nw /L with n the subband index, k), and r|

are 2-dimensional vectors in the plane of the well, and u(r) is the periodic part
of the bulk Bloch function.

This gives, for I(k',k):

I(k',k) = T%L. /‘u:: (r)uk (l‘) exp (Z(k” - kh + q").]{'")
sin(kp ,z) sin(kp,.2) exp(+ig,2) dr. (5.6)

We now expand u;,(r)u,(r) as a Fourier series over reciprocal lattice vectors:

ubi(r)ui(r) =D cg exp(ig.r) ~ (5.7)
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where

Cs = 7~ f uh (r ue(r'Yexp(—ig.r')dr'. (5.8)
cell Jcell : L ‘

‘Then, writing dr = dr"dz and integrating over r|i; we obtain

E ¢ 5(ku Ky +q+g)

X —L-/ sin(k, ,2) sin(kq ,2) exp (i(£q. + 9.)2) dz. (5.9)

We make the usual approximation that only the term with g = 0 contributes to
the sum over g (see Section 3A). This is quite reasonable since the smallest non
zero value of 8 will be much _greater than the values of k” and qy, hence the delta
function argument is only ever likely to be zero for the case g = 0. The scattering
rate is then obtained as

(Zvr)
4

where G(k', k) is the overlap integral;

6k — k) =& qll)l"n’,n(‘?z)lza (e(k') — (k) F 1) dSy{5.10)

S _ 1 £ 7N / ’
GO K) = 37— f () (5.11)

Ju n(gz) is the envelope function integral;

2 rL
ot n(22) = —I:/(; sin(kp »2) sin(ky, 22) exp(+ig,2) dz, (5.12)
and we ha.v_e used the fact that

= (—2:_—)2-5(1(” - k|,| + q"). | (513)

The wavevector delta function can be rewritten as a Kronecker delta

8% (kj — k| + q)

(2m)?

6(k” - khi q”) = 6l;||:l:q[[‘,ki| (5.14)

which selects a single value of q from the sum over phonon modes q for a given
absorption or emission prqéess. Thus momentum conservation is imposed in the
plane of the well. Hov_veve_f, ‘momentum is not conserved in the direction perpen-
dicular to the well ;pla.ne_. Whilst &/, is fixed for each specific transition, g, may

va’ry without restriction. Consequently

} . LA ' y :

£k (27r)3
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We assume tha.t the functlons Uy (r) can be approxunated by the zone centre Bloch
functions uo(r), and that these functions have the same symmetry for the different
‘subbands. Then the term IG(X', k)|? can be taken as unity for both intra- and
inter-subband scattering.

For acoustic (deformation potential) scattering we have, in the elastic equipar-

tition approximation (Section 3B)

kpT
Ngm Ny +1= hﬁ) (wq = vsq) (5.16)
q
and, from equation (3.49)
Ci =8¢, (5.17)
giving
kBT._,
n’yn( ”) 87T2hp1)2 / IJTL' qz l d(Iz/ak”iq“ k'6( (kh’ nl) - E(k",n)) dkl'l.
(5.18)

Since the scattering ra,te,c'ontains no dependence on q, it can be assumed that q
may take any value required to achieve momentum conservation, and hence the

Kronecker delta 6“"i““’kil need not be included in the scattering rate expression.

Following Price (1981) we write

v

/ o (4:) [2dgs = (5.19)

bn',n
where b, ,, = L/3 for n' = n, and L/2 otherwise. The integral over kfl simply
represents the density of final states in the 2D system, and gives (for a parabolic
subband)a factor of 7/ a, where o is defined in Section 3B.

Then, multiplying by two to give the total rate for absorption plus emission,
we obtain for acoustic scattering between subbands n' and n:

| 5.20
P, ,n(k”) 471'hp’U o (b"",n) ? ( )

which is the result obtained by both Price (1981) and Ridley (1982). The scattering
rate is independent of energy, since the 2D density of states is energy independent,
and is inversely proportional to the well width (through b, ,), as pointed out in
Section 5A.

For non-polar optical scattering, with C2 = MDZ /(M) + M) (equa-
tion (3.55)), and w, independent of q as in the bulk, we obtain

Py (ky) = Doy (W )[ Yo ] (5.21)

87rpw°pa n' Nop + ].
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The polar optical scattering case is rather more involvéd’. The coupling coefficient

takes the form given by equations (3.35-6):

cr= M p (L _1)
9 Veell€o P €00 €s

1
X =3, 5.22
= (5:22)

With w, independent of q the scattering rate becomes

ezwop 1 1 Nop
Pnln(kH) ~ 87lg (—E;o: B -E—s) [Nop + 1] (5.23)
IJn',n(Qz)[2 )
X [ W5k||iq",kfl5(€(kh, n') — G(k",n) F hwop) dk"dqz

where gf +4Z = ¢°. Riddoch and Ridley (1983) have given the result of the integra-
tion over ¢,; however the remaining integrations must be performed numerically.

Consideration of piezoelectric scattering in 2D will be deferred until our treat-

ment of quantum confined hole-phonon scattering in section 5C.3.

We have shown in Figs. 5.1 and 5.2 the energy dependence of the rates for
acoustic (deforination'potential) and non-polar optical scattering respectively; for
an electron in the lowest subband of a 100A quantum well, with material parame-
ters as for bulk GaAs. The rate for any given process is constant, and the total rate
displays an abrupt increment whenever a new subband contributes to scattering.
The bulk rates are also shown and it can be seen that the constant contributions
from different subbands accumulate to form a total rate of similar magnitude to
that in the bulk material.

Fig. 5.3 shows the total and intrasubband rates for polar optical scattering in
the lowest subband of a 100A quantum well (parameters as for bulk GaAs), with
the bulk rate shown for comparison. Clearly the main difference between the bulk
and 2D rates is that the 2D optica,l phohon emission threshold is abrupt, whereas
the bulk rate rises smoothly to a maximum beyond the threshold energy. Much has
been made of this abrupt optical emission threshold in terms of electronic trans-
port: specifically, the suggestions of a negative differential mobility arising purely
from scattering effects (Ridley 1982). It suffices to say here that the abruptness
of threshold, and the enhanced magnitude of the rate at threshold over that in
the bulk, are both logical consequences of the form of the 2D density of states.
At higher energies, where more subbands are involved in scattering, the total rate
comes very close to the bulk rate. It should also be noted that the intersubband

contributions shown are all considerably smaller than the intrasubband rate in
band 1.
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Fig. 5.1 Rates for acoustic deformation potential scattering (absorption plus

emission):

— electron in the lowest subband of a 100A GaAs

quantum well; - - - electron in bulk GaAs. E = 8.6eV; m* = 0.067.
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Fig. 5.2 Rates for non-polar optical scattering scattering (absorption plus
emission combined): — electron in the lowest subband of a 100A
GaAs quantum well; - - - electron in bulk GaAs (e.g. for non-
equivalent intervalley scattering into the I valley — I'-T" scattering
is forbidden by symmetry (Birman et al. 1966)). Dop = 101eVm™;
m* = 0.067; huwep = 36.4meV.
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Fig. 5.3 Rates for polar optical scattering scattering (absorption plus emis-
sion combined):
— electron in the lowest subband of a 100A GaAs quantum well;
. — . intrasubband rate in the lowest subband;
- - - electron in bulk GaAs. m* = 0.067; fiw,p = 36.4meV.
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5C 2D H@]LIELPH@N@N SCATTE]R]ING
5B.1 The Quantum Conﬁned Va]lence Bandstructure

In the valence band system-of a-quantum well subba.nds arise from sphttmg of
both light and heavy hole bands (the spin split off band is usually above the top of
the well, and its effects on transport cé_n be heglec'ted). A mixing of these confined
heavy and light hole states occurs (Chang and Schulman 1083, 1985; Sanders and
Chang 1985), such that a description of the wavefunctions by a-simple one band
effective mass model, as e'mplo’yéd above, is no lbhger possible. The mixing of
states also distorts the subband energy diépersioﬁs, with -repuVISiOn. effects evident
between bands. These repulsions result in so called anticrossihg features; regions
where an exchange of character occurs be@wgeh two adjacent subbands. In Fig. 5.4
we have shown the ih-plahe dispersion of the first fOui’ va,lencé subbands in a 100A
GaAs/AlAs quantum well. In this system, an anticrossing occurs between the
first and second subbands at k; ~ 0.02A“1, and between the third and fourth
subbands at k; ~ 0.0275A"1. The subbands are usually labelled according to
the character of the pure (unmixed) zone centre states. In Fig. 5.4 therefore, the
labelling HH1, HH2, LH1 and HH4 indicates that the first, second and fourth
subbands all have heavy hole character at the zone centre, with wavefunctions
appropriate to the ground, and first and second excited states respectively of the
quantum well. Similarly, the third subband is light hole like at the zone centre,
with a wavefunction corresponding to a ground state of the well. Beyond the
anticrossing regions, we expect both the two lower and the two upper subbands to
exchange character. This means that the third subband will become heavy hole
like at large k, and the fourth subband will become light hole like. In practice the
mixing is such that all states with k; >0 are a hybrid of zone centre states of all
neighbouring subbands. Therefore, no symmetry rules can be deduced for either
inter- or intra-subband phonon scattering — the matfix elements are dependent

on the specific nature of the initial and final states involved.

The energy dispersions and wavefunctions for quantum well valence band states
have been calculated by several different methods: tight binding (Schulman and
Chang 1985); pseudopotential (Ninno et al. 1986), and k.p perturbation (Schu-
urmans and t’Hooft 1985). For this work we have used the 4-band k.p scheme
described by Schuurmans and t’Hooft, and extended to include spin effects (Ep-
penga et al. 1987). Calculations of the subband energy dispersions were performed
by Wood (1987), who also supplied a computer program for calculation of the hole

wavefunctions.
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Fig. 5.4 In-plane energy dispersion of the first four valence subbands of a
100A GaAs/AlAs quantum well. The subbands are labelled ac-
cording to the character of the zone-centre states (see text). The
energy scale is shown inverted relative to its usual form: zero energy
corresponds to the base of the valence band quantum well, and en-
ergy is measured as positive in the direction of increasing subband

indices. This convention will be used throughout this thesis.
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5@;23 Z’D H@le=Ph@non Scatﬂ;ermg Matmx Elemenﬂ;s
in ﬂ;he 4=Bamd k P Scheme

Thls calculation was written down, in: prehmma.ry form, by Taylor (1987) for
use in this project. The. followmg isa completely rewritten and modlﬁed version
which can be used in the subsequent calculation of scattering rates (sgctlon 5C.3).

The quantum well wavefunctions ¥ are taken a;sfli‘x}_ear combinations of bulk

wavefunctions (;

Y= ZA-;’@- (5.24)

The ; are sums over plane waves

i = 3 Ujjexp(iks.r)u;(r) (5.25)
J
where the u;(r) are a basis set consisting of zone centre. Bloch states for the lowest
conductlon band, the heavy, llght and spm split off hole bands, for both spin
pa.rltles, ‘8 basis sta,tes in all. ' '

The.Schrodmger equation is solved for ¢ in the three regions of the quantum
well; [—oo; L/2], region I; [~ L/2, L/2], region II, and [L/2, o], region HI, with ¢
and 9y /32 matéhgd at the interfaces. Continuity of % means that k; must be the
same in all three’ fegions (k; is thus a good quantum number of the state), and

hence the quantum well wavefunction in region I can be written as

1(r) = exp(ik).ry) ZA iU (r)~exp_(ilc£-;iz). (5.26)

ij
¥y and Yy take exactly the same form, with the basis states u;(r) assumed to be
the same in both well and barrier reg1ons The ks are in general complex but k”

can be taken as real since evanescent solutlons are not expected in the plane of
the well.

Calculation of the phonon scattering matrix element requires first evaluating

the integral of equation (5.4):

— / ¢;‘,(r) exp(:i:z'q.l‘)'l/)k (r)dr. _ (5‘27)

We will include, in the calculation of I(k', k) interactions between the hole wave-
function and the phonon modes in the barrier regions I and I However, we. . dis-
sume that in all three regions, the wavefunction interacts with bulk GaAs phonon
modes. Thus I(k’ ,k) consists of three terms, It, Iy1 and Iy, each similar in form
to equation (5.27), but with the limits of integration defined by the boundaries of
regions I, II, and III as given above. |
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We will consider firstly the term IH, w1th initial and final states

z/;A qi(r) = exp(zk" r” YAI U (r) exp(zlcz,é’z), (5.28a)
¥pu(r) = exp(iki .r)) ZB, Vil ug(r) exp(zkf}‘z) (5.28b)
1k
Substituting equations (5.28a) and (5.28b) into equation (5.27) gives
z=L[2
Inpa =Y AMULBTV:T x / exp (i(kft — kjZ £ qp).1y)
ijlk =212
x uj(r)up (r) exp (i(k2Y — k27" + ¢,)2) dr. (5.29)
Let
uj(r)ui(r) = chak exp(ig.r) (5.30)

and make the approximation, as in Sectlon 5B, that only the term with g = 0
contributes. This term,

1
ok = Veell

/c L ui(F)uR(r) dr = s, (5.31)
since the bulk basis states form an orthogonal set.
We write dr = dr| dz and integrate over r| to obtain
B 77l paHyr«I1
Inpa = (27r)25-(],k|'|4 ~k” £q)) z; Ay U BV
i
L/2

x [ exp (it — k7 £ .)z2) dz. (5.32)
_1/2

Then, integrating over z gives the result
Inpa = L(27)%6(k{! - kﬁB +qy) > ATUL BTy
i i
sin(lc::-' k*B" +q,)L/2
(k2Y — k*BH +q,)L/2

(5.33)

Secondly, we will consider I;. The form of the wavefunctions is the same as
for Iy. However we know that the real parts of the wavevectors kfl’ and k,B T will
always be zero, since no oscillatory solutions are allowed in the barrier regions.
Furthermore, for region I, only those wavevectors with negative imaginary parts
are allowed (to ensure ¥ — 0 as 2 — oco0). Thus we can write the wavefunctions in
region I in the form

Ya1(r) = exp zkI .Iry) ZA exp(ch 2) (5.34a)

Y 1(r) = exp zk” x| zBlVlk ug(r) exp(fcf,}z), (5.34b)
lk
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where K‘,AI = S‘m(kAI) K, , = —&m(kBI), and the A}v_ and B] each represent a

subset of exactly half the bulk basis states in regién I.‘ We then obtain for I

Iupa = L(2n)?s(k{* — k12 + @) §“‘ A{U}J B!

k¥
A[ e ~B]. e NT
exp (— +1q,)L/2
« 1 &P G ( %) / ) (5.35)
2 ( +rc :}:zqz)L/Z

At kBm

24 will be zero, but this time

For region III, again the real parts of the k

only wavevectors with positive imaginary parts areva.llowed_ Thus
Impa = L(2r)*6(kf! —X;7 £ q)) 2 AW gLy
i
1 exp( ( Am _I_KBIII F 1q; )L/2)
2 (ICA"I + ,CBHI T zq )L/z

(5.36)

‘ Al _ e (AT By __ B
where ;' = Sm(k; ") and &, 1" = Sm(k,}").

Normalisation

.~ The 4-band k.p wavefunctions must be normalised to the form ‘/—%—111 4 Where
A

Ny = /'(ﬁjﬂ/)A dr. (5.37)

This gives, for |[Ig4|%:

2 = [I1,pa + In,pa + Il

I
54 NaNp

(5.38)

with
i 2
Ny= |II,AA + Imaa + IIII,AAL=0 . (5.39)

Thus N, and Np can be obtained from the same calculation as for Ig4. It should
be noted, however, that in calculating Iy; 44, the case k:}‘ = k;‘?“ should be

treated separately. The z integral of equation (5.32) becomes, for B = A and
q=0:

L/2 s (1A *A
sin(k2 — k24N L/2
R s e
—L/2 zi vzl
=L ~ for k2 = k4T,

(5.40)
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The integral over rjj in each of the three fermq in N A simply gives the normal-

isation area A, and hence we can write

or)? Ji BA(qz) + Ju,B4(¢z) + Jm BA(qz)
( ) 6(k iq")l NANB ’

[Ipal® = (5.41)

where J1,84(¢2), Ju,Ba(q:) and Jin,Ba(g:) are the g, dependent parts of IBa,
In,pa and Iir,Ba as given in equations (5.35), (5.33) and (5.36) respectively, and
N 4 = N4/ A. Finally we may write:

(2m)?

Tpal® = 22

=6k — X7 £ q))|Tpale:) (5.42)

where |Jpa(qz) |2 contains all the details of the mteractlon of the qua.ntum confined
hole states with the phonon mode in the z direction, (¢f. the function |Jur ,(gz)|?
of equation (5.10)).

5C.3: Calculation of the 2D Hole-Phonon Scattering Rates

We will consider phonon scattering via four different processes; acoustic (de-
formation potential) (AC), non-polar optical (NPO), polar optical (POP) and
piezoelectric (PZ) — as m Chapter 3. The case of piezoelectric scatterlng in 2D is
of particular interest; the detailed nature of the piezoelectric couphng coefficient

raises additional problems which have thus far not been mentioned.

We will assume that the quantum well valence subbands are isotropic in kj
space, so that the hole energy ¢(k) may be written as €(ky,n), with n the subband
index. For isotropic subbands, VJ&I,k (gz) will also be independent of the directions
of k| and k), and hence can be written as Jy n:,k”n(qg). Then, substituting equa-
tion (5.42) into equation (5.3) ard using equation (5.15), we obtain the general

expression

Py o(ky) = ZW V / / RS TE (ZMZVw ) [NN+ 1]02

x |Jk'n’ k”n(qz)l 6( (ku’ ) 6(kll’n) + 6}’h) dkildqz' (5'43)

Acoustic (deformation potential) scattering

For AC scattering, we will once again make use of the elastic and equipartition
approximations (see Section 3B) Equation (5.43), together with equations (5.16)
and (5.17) then gives

kpTE?2
Pro n(ley) = Swzhp:g /./ k| a)),k ||I k| ”"kll"(qé)lzé(e(klll’n') - e(k",n)) dkfldqz

(5.44)
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where E A(j'is the acoustic deférma;t'ion potential in the quantum well. The choice
of a suitable Vaiue for Eac _'will'bé di5cué§ed in Chapter 7. For v? we will take
the 'mean square of the 'longitli‘dina-l and transverse sound velocities, 7%, as-in
Séctibn 3C (equation (3.74)).

The above equation differs from equation (5.18) in that |Jk: ! k”n(‘k)l must be
included in the integration over ]k As mentloned in section 5B we may omit the
Kronecker delta 5k”iq" i since we have no interest in, and assume no dependence
of Py (k) on, the value which g takes in order to conserve momentum. We
now write dk" = k“dk"dﬂ, where f is the polar angle in the 2D k-space plane.
Integration over B merely gives a factor of 27r. We may now change the variables
in the energy delta function to find

/ / / |kt (22)] 26 (e(kf,n') — e(ky,n)) kjdkjdBdg,

| (k) ~ k) ,
— on / / |Jkl'|n',k|'n(q‘7)lz_'—aj# 1dkjdg.

= 2D (K]) / |Jkl,;n,ik"n(qz)|2 dg, (5.45)

where k[{ is the final state in-plane wavevector;

I

52/ ak“ (5.46)

Do (k) = ~

I}
Ki=ki

and 27_an:(k(, ) gives the density of final states in subband n!. We will call D, (klfl )
the reduced density of states. Then the AC scattering rate, for absorption plus

emission, is

ksTE}¢
Py k) = —2=2D, 5.47
L )"'(- ") 27rhp52 Dn ( )M ”nl k”n ( )
where
2
Mot = | iy 09I (548)
Hence the description of the 4-band k.p matrix element is contained within the
term .M2 . For isotropic subbands, the scattering rate has no angular depen-

n! k) n
|| [l
dence. This means that for most initial states |kj,n), for scattering into a given

subband n/, k" is uniquely defined (by energy conservatlon) However, some of
the valence subbands (such as the second and fourth subbands in Fig. 5.4), are
doubly valued in k for energies near the subband edge. For scattering into these
regions, two values of lgﬁ are possible for scattering from the 'same state |k, n).
Throughout this work, we will treat all such cases as two distinct processes, so
that Py , (k) always gives the scattering rate between initial and final states each

located on a single equi-energy circle in k| space.
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Non-’Po’ld;" Optical scattering
For NPO scattermg we' will adopt the same- approach as in Section 3C;
consuiermg scattering by a combination of bulk LO and TO phonons ‘assumed
to have a common frequency wop. - The couplmg coefﬁment is then glven by
Cq = MD?Z, /(M + My) (equation (3.55)), and, substituting into equation (5.43)
we obtain:

D2, Nop -
Pt o(fey) = 7 puny [ Nop +1 (5.49)

X / / oy | T n',kun(qg)]'—255(5(’%'!"”") — el ) F huop) dicjdgs

The analysis then proceeds exactly as for acoustic scattermg, giving

Dgp Nop
Pnl,n(kﬂ) 47rpwop [Nop + 1 Dn'( ”)'Mkfn' k”n" (5.50)
where k:”f satisfies
‘ e(kf ') = e(ky,n) £ Awop. (5.51)

Again kﬁ“ in subband n' will be uniquely defined for scattering out of state |lc|f , 1),

except for the special cases described above.

Polar Optscal scatters ng

For polar optlcal scattering we will take the coupling coefficient C? 2 from equa-
tion. (5.22). Then, substituting into equation (5.43), with w, independent of q, we
obtain

elw, 1 1 N
ro k = - P (— — ——) °p 5.5

[Tt n(qz)|2
: i e, 1N I

We may perform the integration over k | by using the delta functlon as for acoustic

scattering, to find:

e*w 1 1 N
Pr n(ky) = P (— - 1_5:) [ M l D"':(klfl)Mzﬁn',kll”, (5:53)

8m2ey \€oo Nop + 1
where ,
2 - 5 |J"ﬁ"""ll"'(q"’)I2 daod
kﬁ' o kn / _/ Ic":!:q",kﬁ i+ gzdp. (5.54)
The Kronecker delta § 7 requires q|2| = kﬁ =+ kﬁ 2_ 2k"k'fl cos 3, where kﬁ is the

k +q)i,k
in-plane wavevector of the" aillowed final states. The integration over 8 is actually
quite straightforward. The § integral is of the form

2 dp 27
o (a—bcosB) Va8

(5.55)
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with a¢ = lcff~+ kﬁz + qg,_ and b = 2k ks. Thus

5 Kl n',k"n(qz) i

=27

n’ ik » /
Vet

dgs. (5.56)

2, 2
+2(kf + {,)q§+(k,2,—zc,_’| )2

However, it is also desirable to examine the angular dependence of the scattering

rate. This is given by

I‘I_kﬁn:,k"n(qzﬂz

7 palcosB) = [ L dgz, 5.57
kﬁn',k”n( ﬂ) qﬁ: + qg 9= ( )
whence M2 Kby is given by
2 - 2
Mk‘l{n',k”n - / sk”:tq”,kﬁ fkﬁnl,k”n(cos ﬂ) ap. (558)

Piezoelectric scattering

The case of piezoelectric scattering in 2D must be examined with some care,
as the coupling coefﬁcient C, contains a detailed dependence on the direction of

the phonon wavevector q, as was shown in Section 3B.

Using the elastic, equipartition approximation we obtain, from equation (5.43):

/// q,mode
87r2hpvs mode kjak) T g2

x I‘Ikl’ln',k"n(q.t)l 6(. (k”a )_ (kll, )) k{]dkﬁdﬁdq.z- (5'59)

Py n(kll)

This expression gives the rate for scé,tte‘ring‘by either longitudinal or transverse
piezoelectric phi)nbns, with Vg,mode and 'C'q',mode taking appropriate values in each
case.

We have seen that when free carrier screening is included, the coupling coef-

ficients for the longitudinal and (the two combined) transverse modes are (from
equations (3.42-3)):

2 ezhii q* 2 2 2

C = X 36oj0:0 5.60a
q,long 5‘863 (q2+qg)2 1“2%3» ( )
2 32’7%4 ¢

Cq,tra.ns = > 3 X 4(0102 + 0203 + 0'301 9010203) (5.60b)

eae? (¢ + q2)
where hj4 is an element of the piezoelectric tensor, and o;, 02 and o3 are the

direction cosines of the phonon wavevector q; 01 = ¢z/q, 03 = ¢y/q and 03 = ¢, /q.

Since we are not concerned with orientation of q in the plane of the well we can take
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an average of 6103 over all azimuthal angles in‘the ¢, gy plane; finding o}o} = oi/8,

where ojj = g/¢. Then

4 .
2 _€hly ¢ 9, .
Calong = E0&.2 (¢ +q 2)2 7 X 5719 (5.61a)
2hw 94 .

1 |
x-=(off + 8olo} ~ 90j{o3). (5.61b)

c? : :
v T efel (2 +af)? 2

II

Nevertheless it is clear that the inclusion of these coupling coefficients in equation
(6.59) would render the triple integral quite intractable, given the complexity of
the envelope function term Jk: - k"n(‘h) Price (1981), in his treatment of electron
sca.ttermg by plezoelectrlc phonons in 2D, proceeded by om1tt1ng the envelope
pared to the other terms in the mtegrand and therefore could be taken as umty
This allowed him to perform the 1ntegrat10n over ¢, including the directional de-

pendence of C? and C’q trans: ThlS approach in the absence of screening, leads

q long
to an average electromechanlcal constant K,y (see section 3B) of the form

h2 9 13
K2 =14 | _— - | 5.62
av EQEs \ 3261 +'326t ( )

The first term gives the contribution from longitudinal modes, and the second,
smode: Lhis result differs
little from that for the bulk electromechanical constant (equation (3.69)), obtained

from the two sets of transverse modes, with ¢pode = pv?

by taking spherical averages of the directionally dependent parts of the piezoelec-
tric coupllng coefficients. Therefore we believe it a reasonable approximation, for
the quantum conﬁned holes calculation, to replace the d1rect1onally dependent

terms of C? and- C’q trans with the bulk spherical averages. This approach is

q,long
consnstent w1th the assumption-of bulk like phonon modes, and also with the fact
that the elastic constants ¢; and ¢; are themselves spherlcal averages over crystal
direction (Zook 1964). The 2D scattering rate, for longitudinal and transverse

modes combined, is then

Pn:,n(k") th (6063) //f k||:t<1||k l k"nl k||n(Qz)l (_ql?_*_qzz_*_qg)z

X J(G(ku,n) - e(k",n)) kydk,dBdq., (5.63)

with K2, given by (equation (3.69);

h? 12 16
K2 = 14 - ) 5.64
W ggeg \ 35¢; + 35¢ ( )

The integration over Icl'l is performed as above, by changing the variables in the
Dirac delta function. Multiplying by two to account for both absorption and
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emission processes, we obtain:

kT [ K2,
1 a(ky) = k) M2 (5.65
Pn m(k") A72H (5058 D ( ")Mk“n’ k“n ( )
where

2 2

gj +az
M2 =/]5 T, 2 AT g 5.66
Kt oy k“iq”,kﬁl kﬁn,k"n(qz” (a2 + g2 + ¢2)? Bdg. (5.66)

and the Kronecker delta gives qﬁ = klzl + k[{ 2 2k||lc|f cos f3.

If screening effects are omitted (by setting ¢o = 0), the matrix element has
the same form as that-for {(unscreened)-polar optical scattering (equatidn;,(5;54)~).
However, without screehing the RHS of equation (5.66) diverges as ¢; — 0 and
q — 0. This ineans that a finite rate cannot be obtained for intrasubband scat-
tering, since, w1thm the elastic approximation, ky = k” and so the case ¢ .= 0
always. contrlbutes The lack of momentum conservation in the z direction allows
for a form of screening due to g,. However, in most cases the envelope function

term |J. ;n, i n(qz)|2 was found to be peaked at ¢, = 0; thus a singularity i in the

unscreened go = 0 scattering rate is not avoided. Note also that screening may
readily be included in the polar optical scattering rate by taking, for M ki
’ II Il
in equation (5.53), the form given in equation (5.66) above, rather than that in
equation (5.54).

We can proceed, as for polar optical scattering, by solving the 8 integral. This

ié -of the form
2m (G—bCOSﬂ) B =2 (a’c_bz)

o (c—bcosB): = W(CZ — b2)3/2° (5.67)

) 2
where a '——:’Icﬁ + kﬁ +q b= Zkuklf'-, and ¢ = a + ¢3.
This result may be substituted into equation. (5.66) to give an expression for the

remaining integral over g¢,, which must be performed numerically. Alternatively,

the angular dependence of the scattering rate can be obtained in the form

2
q" +q;

72 S / , 2 -

e (©P) = | Wt (22)] (af + g2 + g3)*

: (5.68)
I

in which case M? Kt is given by equation (5.58).

Thatlke



CHAPTER i}
QUANTUM C@N]FI[NIED H@LEPHONON
SCATTERING MATRDQ ]EL]EMENTS

8A INTRODUCTION

In Chapter 5, a method of calculating matrix elements for the hole-phonon
interaction in a quantum well was described. In this chapter, detailed results of
these calculations will be presented: to demonstrate the influence of the quantum
confined valence bandstructure on phOnon’scattéfing,— and to form a database for

use in the Monte Carlo simulations of ZD’h_o‘le,_dS"hzimicsr described in later chapters.

We have studied the specific case of a 1004 lattice matched GaAs/AlAs single
quantum well. The in=plane valence bandstruéture—for' this system was shown in
Fig. 5.4, for the (100) direction. We will assume, as iﬁentibnéd in Chapter 5, that
the bandstructure is isotropic in ky-space. Aniso'tropy in this system is expected
to lead t6's:hifts of the order of 10% in the subband energies over the range of k;
concerned :(I‘c" < O.IZA;I).

The effect of aﬁisotropy on the scattering matrix elements is rather more dif-
ficult to estimate. The valence band wavefunctions-will always change with direc-
tion, due to their p-like symmetry. In bulk GaAs, this effect gives rise to overlap
integrals G(k',k) which exhibit a strong directional dependence (Wiley 1971),
and therefore the phonon scattering matrix elements are similarly affected (see
Section 3C). Preliminary work by Taylor (1987) indicates that, whilst the overlap
integrals of quantum confined hole states show some directional dependence, the
variation in G(k',k) is not, in general, as marked as in the bulk. Therefore, we
have decided not to consider anisotropy effects any further here; preferring to ex-
amine the basic influence of band mixing on hole-phonon scattering in a quantum
well. In any case, in any Monte-Carlo model of quantum confined hole dynamics,
the important parameters will be the scattering rates from a given state |k) into
all possible final states: in these quantities, any anisotropy effects will inevitably
be averaged out by integration over direction in the k-plane.

We will consider scattering between states in the first four subbands of the
well: four will serve as a sufficient number to give a representative picture of carrier
dynamics in a multisubband system. In Fig. 6.1 we have shown again the in-plane
dispersion of these subbands, which we will now label simply as bands 1-4. We will
also drop the || subscript on the hole wavevectors k; and k;; all vectors k and their
moduli k can henceforth be taken as 2D in-plane quantities. Marked on Fig. 6.1 are
the band minima and zone centre energies, the band minima wavevectors (bands
2 and 4 only), and the points of closest approach (anticrossings). Values for these

quantities can be found in Table 6.1. For kinetic energies less than the zone centre
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Fig. 6.1 In-plane energy dispersion of the first four valence subbands of a
100A GaAs/AlAs quantum well. The energy and wavevector points
marked are defined in Table 6.1.
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€ 7.18655meV
€2 23.0854meV
€3 31.5272meV
€4 62.73%94meV

Table 6.1a: Energies of the band minima relative to the

bottom of the quantum well

€2(0) 5.0563meV

€4(0) 1.0796meV

Table 6.1b: Band 2 and 4 zone centre energies relative to the band minima

k2(0) 0.01500A 1

k4(0) 0.02125A1

Table 8.1c: Wavevectors of the band 2 and 4 minima

bands: kacr
1/2 0.01975A 7!
3/4 0.02750A !

Table 6.1d: Points of closest approach (anticrossing points)
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energles ba.nds 2 and 4 are doubly valued in wavevector We w1ll refer to states
for which k& < k«(0) as ‘b’ states, and those for which & > k,(0 ) ‘a’ states ‘and

con81der scattermg 1nto states of each type separately

Before presentlng the scattermg matrix elements for thls system we w1ll exam—
ine, in Section 6B, the overlap integrals mvolvmg zone centre states. These give an
insight into the way in which the ch_aracter of the valence ba.nd states is ,modnﬁed
by band mixing effects for & >-0. In Section 6C, we wnll show the matrix ele-
ments for scattering by optical (non-polar and polef) and acoustic .(deformatien
potential and piezoelectric) phonons (sectlons 6C.1 and 6C. 2 respectlvely) We
will then examine the angular dependence of some of the polar optical and plezo—
electric processes-(Section 6D), and finally, we w11l.d1seuss the effect of screening

on polar sca,ttering»(Sectien 6E).
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6B OVERLAP INTEGRALS

We have calculated overlap integrals of the form
: 2
GH (' o) = | [ Wi () pn(e) ] (6.1)

which are obtained from the calculation of |1 BAIZ (equation (5.41)), with q = 0.
Specifically, we have considered the overlap of states |k, n) in a given-band », over a
range of k, with the zone centre states |0,n') of each of the four bands n' =1...4.
This shows the extent of mixing within a particular band, as described by the
pfoportions of zone centre states of neighbouring bands which constitute a state
at a given k.

Figs. 6.2-5 show these overlap intégrals (squared), which we will refer to as
G(Z)n, _(k), for bands 1 to 4 respectively. (We have used an offset of k = 107441
in lc;ca,ting the zone centre states to avoid the numerical difficulties associated
with the point £ = 0.) In each case, at the zone centre only the term ng,n (k)
contributes, having value unity. This confirms that the zone centre states are
unmixed, as we would expect by definition.

Fig. 6.2 shows that as k nears the region of anticrossing between bands 1 and 2
(k ~ 0.02A71), the character of band 1 becomes much less |0, 1) like, taking on the
character of |0,2) and |0,3). Beyond the anticrossing point the |0,1) contribution
is less than 25%, with the |0,3) contribution greatest. The |0,3) state is LH1 like
(see Fig. 5.4); hence, band 1 can be said to have assumed predominantly light
hole character beyond the anticrossing. The |0,4) contribution remains negligible

throughout the range of k.shown.

Figs. 6.3—4 show a strong degree of mixing between bands 2 and 3 even at
small wavevectors (k ~ 0.005A~1). This is clearly because the bands are so close
together at the zone centre. Indeed, if the quantum-well width were to be reduced
slightly, it would be expected that the character of the two bands at k = 0 would
be exchanged: i.e., |0,2) would become LH1 like; and |0,3), HH2 like (Eppenga
et al. 1987; Wood 1987). It can be seen from Fig. 6.3 that the character of band 2
is again exchanged on anticrossing with band 1. For k > 0.02A~! the band gains
substantial |0,1) character and loses virtually all of its |0,3) character. A small
contribution from |0, 4) is also visible at larger wavevectors.

Band 3 anticrosses with band 4 at k£ = 0.0275A~1. Fig. 6.4 shows, at this point,
a distinct exchange of |0,2) and |0,3) character for that of |0,4). In a similar
manner, the |0,4) content of states in band 4 falls sharply as k& — 0.0275A71,
Beyond the anticrossing region, the band 4 states consist of a fairly balanced

mixture of all four zone centre states considered, with no dominant contribution

from any one.
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Thus, by studying these overlap integrals alone, we can make some broad

predictions concerning scattering between states in the four bands.

We expect that intraband scattering between two states on opposite sides of
an anticrossing region will be low compared to scattering between states both
lying before, or both lying beyond, the anticrossing. This will lead to intraband
scattering matrix elements which vary markedly with k& as the anticrossing region

is traversed.

Where an exchange of character between two adjacent states is apparent, we
expect a complementary effect for interband scattering. For example, a large
scattering matrix element may be predicted for band 1 « 2 transitions which
straddle the band 1/2 anticrossing region; and similarly for 3 « 4 transitions

which straddle the band 3/4 anticrossing region.

We may also predict: especially weak scattering between band 1 and the zone
centre states of band 4, and between band 3 and the zone centre states of band 1;
and strong scattering between states near k = 0 in bands 2 and 3 (assuming such

processes are allowed).
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6C MATRIX ELEMENTS

The calculation of hole-phonon scat’ter‘in‘g atrix element‘s in the 4-band k.p
scheme involves the numerical evaluation of the terms M kinf bns 38 deﬁned in equa-
tions (5.48), (5 54) and (5:66) for the various scattering processes, This task
involves considerable computational effort, since the 4-band k.p wavefunctions
must be calculated in full for every pair of initial and final states considered. We
have used a modified version of Wood’s 4-band k.p wavefunction program (Wood
1987), together with programs written to evaluate the integrals over g, and a
program which determines the energies and wavevectors of the scattering states.
We have calculated matrix elements for all permutations of intra- and inter-band
scatterings, including separate transitions to e and b states in bands 2 and 4,
by acoustic (deformation potential) (AC); non polar op.tical_(NPO); polar optical
(POP), and piezoelectric (PZ) phonons. For the optical processes we have used a
fixed phonon energy of fiwop = 36:4meV (Landolt-Bornstein 1982), which is appro-
priate to scattering at a lattice temperature Ty, of 77K. For acoustic processes we
will take scattering to be elastic, selecting initial and final states of equal energy;
although we have also examined the effect on the matrix elements of introducing

an energy shift between the scattering states.

In Tables 6.2-4 we have shown the threshold energies and wavevectors for
optical and acoustic processes. For scatterings into b states (which will be termed
b processes) an upper limit is also imposed on the energy and wavevector of the
initial state, since the energy of the b state cannot exceed the zone centre energy.
These upper limits are also given in the tables. Where no upper limit is enforced on
k, we have restricted the value of the larger wavevector of k and k' to < 0.12A°1,
which is close to the upper limit (typically 10% of the Brillouin zone) beyond
which the k.p method ceases to be reliable.

8C.1: Matrix elements for optical phonon scattering

Figs. 6.6-9 show the matrix elements for optical phonon absorption (abs) pro-
cesses in bands 1-4 respectively. In each case, figures (a)—(d) show NPO matrix
elements, and (e)—(h), POP matrix elements. The quantity plotted for NPO pro-
cesses is the matrix element squared in dimensionless form, (L/4) M}t i 2nd
that for POP processes, (1/4L) M2,

prefactors are merely a by-product of the numerical integration process used, in

o o where L is the quantum well width. The
which ¢, was substituted for the dimensionless variable g,L/2. Thus, on the scales
shown in the figures, the matrix elements |, ,|? obtained by Price (1981) for AC
and NPO scattering in a 1-band infinite square well calculation would have values
L[4 x (n/by ») = m/2 and 37 /4 for inter- and intra-band transitions respectively,
where by, , is defined in Section 5B. It is important to note that the definition of
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Process Threshold w'?h;e;l:)—lg Max. Max.

(NPO/POP)| Kinetic Energy] Wavevector | Kinetic Energy | Wavevector
(meV) 107241 (meV) 1072A1
b processes only

1-4abs 19.15 4.978 20.23 5.145

2—-4abs 3.254 2.389 4.334 2.545
all 2b abs processes forbidden

3-4b abs and 4-4b abs forbidden
no restriction on remaining abs processes

Table 6.32: Energy Restrictions for Optical Phonon Absorption
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Process Threshold Threshold Max. Max.
(NPO/POP)| Kinetic Energy| Wavevector | Kinetic Energy | Wavevector
(meV) 1072471 (meV) 1072471
b processes only
1-lem 36.40 7.030
1-2em 52.30 8.380 57.36 8.758
1-3em 60.74 9.000
1-4em 91.95 . 10.958 -93.03 11.019
2-lem | 20.50 4.979
2-2em 36.40 7.359 |  41.46 7.918
2-3em 44.84 8.260
2—-4em 76.05 10.722 77.13 10.792
3-lem 12.06 1.477
3—2em 27.96 2.731 33.01 3.486
3-3em 36.40 4.082
3—-4em 67.61 9.035 68.69 9.159
4-lem
4-2em 1.802 2.702
4-3em 5.188 3.006
4—-4em 36.40 4.856 37.48 4,931

Table 6.3: Energy Restrictions for Optical Phonon Emission
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Process | Threshold Threshold Max. Max.
(Ac/PZ)| Kinetic Energy| Wavevector | Kinetic Energy | Wavevector
(meV) 107241 (meV) 107241
b processes only

1-1
1-2 15.90 4.406 26.95 5.251
1-3 24.34 5.712
1-4 55.55 8.625 56.63 8.705
2-1
2-2 5.056 2.645
2-3 8.442 3.096
24 39.65 7.726 40.73 7.842
3-1
3-2 3-2b forbidden
3-3
3-4 31.21 3.173 32.29 3.359
4-1
4-2 4-2b forbidden
4-3
44 1.080 2.592

Table 8.4: Energy Restrictions for Acoustic Processes
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. 8.6 Matrix elements for optical phonon absorption processes for a hole in
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Fig. 6.7 Matrix elements for optical phonon absorption processes for a hole in
state |k) in band 2.
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Fig. 6.8 Matrix elements for optical phonon absorption processes for a hole in

state |k) in band 3.
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Fig. 6.9 Matrix elements for optical phonon absorption processes for a hole in
state |k) in band 4.
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M2 ¥int ki, for POP. sca.tterlng (sectlon 5C.3) includes an integration over polar angle
8. Therefore, the plots for POP processes represent the cumulative effect of scat-
tering to.all final states on tlie energy conserving: circle in. 2D k-space. For NPO
scattering the matnx elemen_t has no angular dependence (in our model), and so
the NPO plots s,i,_mp’iy give the. matrix-elements for scattering between two states,
with integration over the energy conserving circle contributing a factor of 27 to
the results shown. For brevity, we shall refer to the plots of both (L/4)M% po and
(1/4L)M%pp simply as ‘matrix elements’, and will label both merely as ‘M?’ on
the figures shown in this chapter.

Looking at the intraband NPO matrix elements (Figs. 6.6a, 6.7b, 6.8¢c and
6.9d); we see that the 4-band k.p-results approach the infinite square well result
(37/4 ~ 2.36) at large wavevectors. However in all cases the matrix element
is considerablylsma,ller at small wavevectors. This is a clear manifestation of
the effect predi’cteidy in Section 6B. For small wavevectors, the final state |k',n)
lies beyond the anticrossing region in the given band n; hence the states |k, n)
and |k',n) have markedly different character and the matrix element is small.
As k approaches the anticrossing region (k = 0.0‘2A‘1 in bands 1 and 2, &k =
0.0275A7! in bands 3 and 4) the matrix element increases, since the initial state
loses the zone centre state character and becomes much more mixed. Beyond
anticrossing, the character of the states changes relatively little with k, and the
matrix element is large. According to this description, the k dependence of the
NPO 1-labs matrix element (Fig. 6.6a) may be regarded as the model case of
intraband scattering in a quantum confined valence band system. The NPO 2-
2abs matrix element (Fig 6.7b) is modified only by a minimum at small k£ which
reflects the turning point in energy in band 2. In band 3 (Fig. 6.8c), the effect is
not quite so dramatic, but is mamfested by a sharp kink in the matrix element at
k ~ 0.0275A1. Fig. 6.9d shows rather unpredictable behaviour in the NPO 4-
4abs matrix element, with a peak at k ~ 0.03A~! which corresponds to peaks in
the |0,2) and |0, 3) character in states near that point.

The corresponding POP intraband matrix elements (Figs. 6.6e, 6.7f, 6.8g and
6.9h) are modified only by the 1/¢? dependence of polar scattering, which is here
averaged out by integration over 8. This results in little change from the NPO case
for 1-1abs and 2-2abs. For 3-3abs however (Fig. 6.8g), we see an enhancement of
the matrix element at small k. This is due to the shape of band 3, which has a
large curvature at the zone centre, but is ‘bent, over’ by repulsion from band 4, and
so rises much less steeply for larger k. This means that for k near the zone centre
the minimum value of g (gmin = |k’ — k|) for optical processes is fairly small. As k

increases, g, must also increase, due to the change in band dispersion, in order
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to: mamtam a ﬁxed ener' y. separatlon hwop between the. scattermg states. Thus,
the 1/ q2 factor gives a la ,gér contribution to scattermg at: small %.

An éven more drastlc effect is:visible for POP 4—4abs (Fig. 6:9h). ‘Band 4 is
almost flat up. to the antxcrossmg point. Hence, gp;, for optljcal phonons.dgcreages
sharply to a minimum at & ~ 0:0275A~!. Thus, the peak which appears in the
NPO 4-4abs matrix element is significantly enhanced by 1/¢* weighting for po-
lar scattering. That the two effects should contribute at the safne wavevector is
ob\}iously no coincidence, since both are direct consequences of the anticrossing
between bands 3 and 4.

For interband N PO scattering we note that the matrix elements are, in general
smaller than those for intraband. tra,nsﬂ;lons, and that a w1de range » of magmtudes
is displayed. Firstly we will examine the case of NPO 1~2abs (Fig. 6. 6b) since this
represents the model case of scatterlng between two anticrossing bands as descrlbed
in-Section 6B. For small k the final state |k', n')-lies beyond the anticrossing reglon,
hence the’ initial'and. ﬁna,l states have similar character and the ma,tnx element is
large As k traverses. the antlcrossmg region the character of state |k;m) becomes
less like that of |k, ') until, at large k, the character of the two states is quite
dissimilar andthe niatrix element is small. A similar trend can be seen for NPO 2-
1abs, 3—4dbs, and 4-3abs(Figs. 6.7a,6.8d, and 6.9¢ respectively). The 2-1 process
is dominated by the exchange of |0, 3):character between bands 1 and 2 (see Figs.
6.2 and 6.3), which also accounts for the initial rise in the matrix element, as
band 2 rapidly gains |0,3) character at small k. The NPO 3-4abs matrix element
shows a reduced value a,'tv small k, becatise &' is still too close to the anticrossing
region for- the model description to apply. In the case of NPO 4—3a.bs, the ﬁnal
states in band 3 are so-far from the a,ntlcrossmg region that the form of the
matrix element reﬂects solely the. variation of character with & of states in band 4.
Comparing the matrix elements for these*four cases with those for the remaining
NPO processes, we see that the transitions between adjacent, anticrossing bands
(the ‘inter-anticrossing-band processes’) represent the principal form of interband
NPO scattering.

The matrix elements for inter-anticrossing-band POP transitions, 1-2, 2-1,
3-4 and 4-3abs, are shown in Figs. 6.6f, 6.7e, 6.8h and 6.9g. It can be seen
that the variation of each matrix element with & is very similar to that for the
corresponding NPO process. However, for POP phonons, the dominance of these
processes in interband scattering is lost. Whilst the POP 1-2abs matrix element
has approximately the same magnitude as the intraband POP matrix elements,
the 2-1 matrix element is rather smaller, the 4-3abs matrix element almost an

order of magnitude smaller, and the 3-4abs matrix element considerably larger
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tha.n the mtraband values. From the dlspersmn curves in Fig. 6.1 we see that the
initial. and ﬁnal states for POP 2—-1abs must be well separated-in k-space in order
to satxsfy energy conservation, and that those for POP 4-3abs must be still-further
apart. Consequently gy, is very large for POP 4-3abs for all k; diminishing the
matrix element considerably. Conversely, for POP 3-4abs at small %, both % and
k' are on portions of the band which rise very steeply with k, so that gm;, remains
small and the matrix element is enhanced. Indeed, this 1 /q2 coupling gives, for
POP 3-4abs, the largest of all the POP matrix elements.

The remaining matrix elements for optical phonon absorption need only be
discussed briefly. The 1 «— 3 and 2 — 3 matrix elements display considerable
oscillatory structure, due to interactions between strongly mixed. initial-and-final
states whose characters are not correlated in any simple way. A general point
concerning the POP matrix elements, compared with their NPO counterparts, is
that the former tend to show a steeper fall-off at large k. This is a consequence of
the integration over polar angle, which results in all values of g between gy, =
|k' — k| and gmax = k' + k contributing to the matrix element. For large k, qmax
will be very large, and, irrespective of the value of gy, this will tend to reduce

the value of the matrix element.

Figs. 6.10-13 show the matrix elements for optical phonon emission (em).
These contain no new information concerning the effect of the quantum confined
bandstructure on optical scattering, since the processes represented here involve
the same pairs of states for any given transition, but with their rdles as ‘initial’ and
‘final’ scattering states reversed. However, we show the optical phonon emission
matrix elements here: firstly, because POP emission is the dominant scattering
process in bulk GaAs, and so it is instructive to see how the matrix elements vary
with the wavevector of the emitting -(initial) state; and secondly, to demonstrate
that our 4-band k.p calculation is, indeed, invariant upon reversal of the scattering
states.

The complicated nature of the band dispersions does introduce significant dif-
ferences between the forms of the matrix elements when viewed as a function of the
wavevector of the upper (energy) state (as for emission), compared to their forms
when plotted against the lower state wavevector (as for absorption). For exam-
ple: the NPO and POP 1-lem matrix elements rise sharply immediately following
threshold (Figs. 6.10(a) and (d)); whereas the complementary (1-1abs) processes
change little between k = 0 and k ~ 0.01A~! (Figs. 6.6(a) and (e)). This is simply
because band 1 is flatter near the zone centre than at large k. A more emphatic
example is the case of the POP 4-4 processes. The POP 4-4a em matrix element
rises extremely rapidly to a maximum just beyond threshold (Fig 6.13h), whereas
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Fig. 6.10 Matrix elements for optical phonon emission processes for a hole in state
|k) in band 1.
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Fig. 6.11 Matrix elements for optical phonon emission processes for a hole in state
|k) in band 2.
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the POP 4-4abs matrix- elemcnt is relatlvely 1nvar1ant for k< 0. OISA —1 and’ does
not peak until & ~ 0:032A1 (Flg. 6.9h). The difference between. the two plots here
arises-because;-at the emission thr’eshbld the final state for both a and b processes
lies at the band 4 minimum (k = 0.02125A~ 1), Thus, the transitions represented
by the portion of the POP 4-4abs matrlx element plot for k& <0. OZILZSA -1 are, in
Flg 6.13h, represented by the POP 4-4b em-curve, which spans only a very small
range of wavevectors since the b region of band 4 1_sr_so flat. The same effect can be
observed for other processes where the lower energy state is in band 4. In the case
of POP 2-4 em (Fig. 6.11f), the near vertical line for 2~4b em represents the range
of transitions covered by the POP 4-2abs curve (Fig. 6.9f) for all k < 0.02125471.

These dispersion. effects.-have much. less influence on processes in which the
lower energy state is in band 2 (2b processes), since the b region of band 2 is not
nearly so flat. However, distinctive features also occur in these cases, as a result
of band mixing. The 1-2b, 2-2b, and 3-2b optical emission matrix elements all
show cup-like or inverted cup-like features (Figs. 6.10(b) and (e); 6.11(b) and (e);
6.12(b) and (f)). These appear because the matrix element changes rapidly, both
at threshold (due to the changing character of the final (2b) states near the band
minimum), and at the upper wavevector limit for the process (due to the changing
character of the 2b states near the zone centre). Thus, a general characteristic of

the b processes is that the matrix elements display rather abrupt features.

The matrix elements for all pairs of @ and b processes should coincide at thresh-
old, since the final (lower energy) state then lies at the band minimum, which
represents the intersection of the a and b regions of the band. In this sense, the
4-2b optical emission process is anomalous. The b process matrix element is small
throughout, and at no point meets the curve for the a process (Figs. 6.13(b) and
(f)). This is simply because there is no threshold. 4-2 optical emission is allowed
at £ = 0, but the @ and b final states are well separated in k-space. The b state
lies very close to the zone centre for all allowed initial k, and, because of the lack

of |0,4) character in this region, the 4-2b matrix element remains very small.
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6C.2: Matrix 'E]leme'nﬁ;s f@'r" Acoustic Ph'omn Seatt‘eriﬁ'g? o
The matnx elements for acoustic (AC and PZ) phonon scattermg -are shown
in Figs. 6. 14—17 The qua.ntlty plotted for AC processes is (L/4).M Fnf e as for
NPO scattering; and that for PZ (1 /4L)M k't i 85 for POP s_c_,a,ttermg The PZ
matrix elements include an integration over polar angle 8, from th;e definition of
M3, as was the case for the POP matrix elements.

We consider first the intraband AC matrix elements AC 1-1 and-AC 3-3 (Figs.
6.14a and 6.16c). The matrix elements are large (compared to the NPO ’result’é)_,
with values approaching the 1-band infinite square well result of 37r/4, 'a.,nd" are
relatively invariant with k. These features are to be expected, since here we are
considering matrix elements involving identical initial and final states” (wﬂ;hm the
approx1ma.t10n of elastic scattering). We will check whéther these features are

preserved on displacement of the scattering states later in this section.

For AC 2-2 and 44 scattering we have a;dopte‘d a slightly different convention.
Rather than plotting on one curve, the matrix element for sc‘a.tteri'rig into a states,
and on the o’tvhler:, that for scattering into b states; we have shown one curve for
‘identical state scattering’, and a second for ‘cross valley’ scattering. The ‘identical
state’ curve is analogous to the curves for the AC 1-1 and AC 3-3 processes; giving
the matrix element between states of the same energy and wavevector magﬁitude.
These states will be b type for k < k,(0) and a type for k > ky(0); hence the
1abelling ‘b-b & a-a’ on Figs. 6.15b and 6.17d. The ‘cross valley’ curve gives the
matrix element between states of the same energy in band 2 or 4, but lying on
opposite sides of the band minimum. Thus, the curve shows the matrix element
for b — a transitions for k < k,(0) and a — b transitions for k > k,(0). ‘The
upper energy limit for such processes is the zone centre energy, as for the other b
processes. This modified convention is preferable for-intraband acoustic scatter-
ing, since the identical state processes form a distinct set which should be shown
together. Similarly, the cross valley transitions represent another category, having

common prof)erties different from those of the identical state processes.

We see that for AC 2-2 and 44 identical state processes (Figs. 6.15b and
6.17d), the matrix elements are large and flat, as was found for AC 1-1 and 3-3
scattering. The cross valley matrix elements coincide with the identical state plots
at the wavevectors of the band minima, as expected. At this point, the cross valley
matrix elements are at a maximum value, and decrease as k either increases or
decreases; since the scattering states move in opposite directions along the band,
and become progressively less alike in character. The 4-4 cross valley process
actually remains quite large, away from the band minimum, because all states
below the band 4 zone centre energy retain substantial |0,4) character.
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Fig. 6.14 Matrix elements for acoustic scattering processes for a hole in state |k)
in band 1.
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Fig. 6.15 Matrix elements for acoustic scattering processes for a hole in state |k)

in band 2.
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Fig. 8.16 Matrix elements for acoustic scattering processes for a hole in state |k)
in band 3.
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_ For 1nterband sca,ttermg, wé'can recogmse severa,l t,ypes of feature whlch were
prev1ously observed in the optma,l phonon matrlx elements 'l[‘he mter-antlcrossmg-
band matrix. elements, AC 1-2, 2-1, 3-4, 4—3 (F1gs 6 14b, 6.15a, 6: 16d and.6. 17c)
all. show a distinctive fall-oﬁ' as either k or lc' tra.verses the a,ntlcrossmg region. In
this case of course, with scattemng taken as- elastlc, AC 1-2'and 2-1, and AC 3-
4 and 4-3, are actually complementary processes (i.e.; processes involving the
saimeé pairs of initial and final states). The differences in the‘ form of the matrix
elements are only dué to taking, in the the one case, ki in band =, and m the
other, k in band n', as the independent va.rla,ble in the graphs As in the case of
NPO scattering, these mter-antlcrossmg-band matrix elements are notably larger
than those for the remammg _processes. The only mterba,nd b process covering
a SIgmﬁca.nt wavevector range is AC 1—2b and this shows the inverted cup-like

shape prev1ously identified as typical for»a 2b process.

We have calculated PZ matrix elements in the presence of free carrier screening
(see section 5C.3) and have used a reciprocal screening length ¢o appropriate to a

free carrier density of 10'%cm™3. This choice will be discussed in section 6E.

The intraband PZ matrix elements (Figs. 6.14e, 6.15f, 6.16g, and 6.17h) are
all extremely large (over an order of magmtude larger than most of the interband
matrix elements), and are virtually identical in form. Clearly the matrix elements
are dominated by the 1/¢*® dependence of PZ scattering, which gives rise to the
characteristic fall-off as gmax increases with k. The size of the matrix elements is
largely dictated by the value of go, since, with no screening (go = 0), the intraband
PZ matrix elements would be infinite for all k. For PZ 2-2 and 44 scattering,
we have plotted matrix elements’ for identical state and cross valley transitions, as
described for the AC case. The identical state matrix elements clearly bear the
same characteristics as those for the 1-1 and 3-3 processes, whilst the cross valley
matrix elements are considerably smaller at small k& due to the non-zero value of
gmin- It is interesting to note that for both PZ 2-2 and 4-4 scattering, the cross
valley matrix element exceeds the identical state value for k& just beyond the band
minimum. This occurs because, at this point, gnax for the cross valley process

is actually less than that for identical state scattering (since in the former case,
k' < kq(0)).

Turning to the interband PZ matrix elements, we find that the dominance
of the inter-anticrossing-band processes PZ 1-2, 2-1, 3—4, 4-3 (Figs. 6.14f, 6.15¢,
6.16h, and 6.17g), survives in the presence of 1/q? weighting. This is because,
at small k, the (equal energy) scattering states are not widely separated in k-
space, as was found for optical scattering states. Therefore gmin remains small.

Indeed, for PZ 4-3 scattering, near the anticrossing point the scattering states
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are ve y close together, and thls serves’ to enhance»\: he IPZ 4=3 ma,tnx element

in thls ‘Tegion (Flg 6. 17g) (At large wavevectors the equal energy scatterlng‘
states in bands I and:2:are also ,very close together m k—space, but the consequent
reductlon in gpin 18 oversha.dowed by..the Iarge value of - qmax at- la.rge %, hence
the matrix element as: presented here remains small, ) As was: observed for POP
scattering, the 1/¢? dependence serves in general to dlmmlsh all the PZ matrix
elements. considerably at large k. For processes mvol_v,mg:,regnote bands, such as
PZ 1—4 and 4-1 (]Figs 6.14h and 6. 17e‘)' the se’paraﬁion o'f SCattering st"ates in
The PZ 1-4 a.nd 4—1 matrix elements are over-an order of magmtude less than the
inter-anticrossing-band matrix elements, and over two orders of magmtude less

than the intraband PZ matrix elements.

Energy Dissipation in Acoustic Processes

We commented earlier in this section that, for intraband acoustic (AC and PZ)
scattering, the-.;app:oximation-.of elastic scattering results in the selection of initial
and final states which are identical. Obviously this leads to very large matrix
elements as were shown in Figs_.’f:6.14—17. It would be instructive to ascertain
whether these large values survive when the scattering states are displaced by
typical-acoustic phonon energies.

The acoustic phonon energy in 3D is given by €pp = hiv,q. Here, we will assume
that €y, = hv,q), and therefore, that the maximum value of €, for a given k is
2hv.k. Taking v, =7 = 3. 860ms™1 (see'Table 4.1), we obtain €pp max =~ 50xkmeV,
for k in units of A1,

We have considered the case of AC 1-1 scattering, and calculated matrix el-
ements for several different values of %, with the final state displaced in energy
by e€ph max With respect to the initial state. The results of these-calculations are
shown in Table 6.5, and it is clear that the changes in the matrix elements intro-
duced are very small (typically 1%), especially when compared to the difference
in the size of the matrix elements for intra- and inter-band scattering.

It may be:concluded, therefore, that these large matrix elements represent a
genuine result for intraband acoustic scattering in the quantum confined valence
band system. The initial and final states for such scatterings will lie sufficiently
close together on the energy band that their characters will be very similar, giving
a large enhancement of the matrix elements over those for interband scattering.
This effect may also prevail when anisotropy of the bands is taken into account,
provided that the shift introduced in the band energies at different orientations is

of no greater order than the typical acoustic phonon energies discussed above.
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ki (3107241) | ¢; (meV) | ep (meV) | (L/4) M2
0.5 7.804 0.0 2.196
0.25 | 2.196

025 | 2.196

1.0 9.775 0.0 2.217
0.5 2.220

-0.5 2.212

1.5 12.63 0.0 2.243
0.75 2.233

-0.75 2.238

2.0 15.12 0.0 2.177
1.0 2.094

-1.0 2.165

2.5 16.76 0.0 2.079
1.25 2.017

7 -1.25 2.035

3.0 18.04 0.0 2.044
1.5 2.032

-1.5 1.999

4.0 21.22 0.0 2.068
2.0 2.081

-2.0 2.051

6.0 33.86 0.0 2.223
3.0 2.237

-3.0 2.207

Table 6.5: Matrix Elements for AC 1-1 scattering

The matrix elements are shown for elastic scattering (e, = 0), and for the
displacement of the scattering states by % (€ph max = 2hvsk;) — see text. k; and ¢,

give the wavevector and energy, respectively, of the initial state.
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6D ANGULAR DEPENDENCE OF THE MATRIX ELEMENTS
It was shown in section 5C.3 that, in the isotropic approximation, the AC and
NPO matrix elements were independerit of polar angle: B. For POP scattering, the
angular dependence of the matiix element is given by the. term ﬁ,n,’kn(cos B) of
equation (5.57):

J' ! 2
F ot kn(cos B) = / L’t"—l-k—;‘(qqi dq., (6.2)
2

where ¢f = k* + K? — 2kk' cos B.

Since, in the isotropic approximation, the envelope function term Jyry ks (4z)
contains no dependence on B3, the angular dependence of the POP scattering rate
arises-entirely from-the polar weighting factor 1/(gf +¢2). Therefore, we expect an
angular dependence akin to that derived from a 1/ ql’f law, but somewhat weakened
by the contribution from g., which is averaged over all g, without restriction.

In Fig. 6.18 we have shown the angular dependence, (1/ 4)L72 fnd, i (cOS ﬂ)
the POP 1-1abs scattering rate for a range of k. The dotted curves ‘show the
unmodified 1 /qk g dependence for scattering between the same states normalised to
the -‘?fk'n', kn'(cos B) curves at cos § = 1. The POP 1-1abs matrix element, integrated
over all polar angles, is small at small k-and large at large k — see Fig. 6.6e. This
is reflected by the ascending order of the curves with k at cos 8 = 1. The curves
for all values of k& fall off as § increases; however the reduction in ?k%n’,lcn (cos B)-is
much greater for the largest wavevector considered (k = 0.04&"1). This is simply
due to.the larger range of ¢, involved. The 1 /qﬁ curves show the same trends,
but as expected they give too strong a dependence on S, especially for the case
k = 0.04A71.

Fig. 6.19 shows the same information for the POP 1-2abs process. Here the
matrix element is large-at small ¥ and small at large k (Fig. 6.6f). This is again
reflected by the ordering of the curves at cos‘ﬂ = 1. The fall off of the curves with
increasing polar angle is much less marked than for POP 1-1abs, because at large
wavevectors the matrix element is small due to mixing, and at small wavevectors
the range of ¢ is small. Again the 1 /qﬁ curves show a similar trend, but with a
stronger dependence on cos # than -the 7 ,n, kn(c0s B). We may surmise that the
form of the angular dependence for the other POP processes could be reasonably
well approximated by the simple 1/ qﬁ response. It may also be concluded that the
intraband POP processes will exhibit the strongest angular dependence, since only
these have large matrix elements at large k. This is an important result, since we
have seen that the intraband matrix elements represent the dominant contribution
to polar scattering.

The angular dependence of the screened PZ scattering rate has been given by
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Fig. 6.18 Angular dependence of the POP 1-labs scattering rate. — full
4-band k.p result; (1/4L) 73, 4 (cosB). - - - 1/qf, normalised to

the full curves at cosg = 1. (a) k = 0.00A7Y; (b) 0.02A°1; (c)
0.03A-1; (d) 0.04A° 1.
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equation (5.68):

(g + ¢2) ;
(F+a2+q)

Font jn(c038) = [ itnt on(2)? (6.3)
where, as for POP scattering, only.g varies with cos 8. In Fig. 6.20 we have plotted
(1/4L) %1 4 (cos B), for intraband (1-1) scattering over a range of k values. The
striking feature of these curves is that the function is non-zero at g = 0, and
furthermore, that its value at this point is almost independent of k. This is a
consequence of the lack of momentum conservation in the z direction. When
B = 0, g = 0 also (for elastic scattering), but the contribution to scattering
from non-zero values of of ¢, gives a non-zero value for the matrix element. For
3D piezoelectric scattering, monientum conservation holds in all directions, giving
g = 0 at zero scattering angle (elastic case), and hence a zero valued matrix
element. The invariance of the 8 = 0 matrix element with k arises because, for
elastic intraband scattering involving identical states, the term |Jy kn(g)[? is
near-unity and changes little with k. Using this fact we can take the |J(gz)|? term
outside the integral of equation (6.3) and write, as an approximation for intraband
PZ scattering:

o (qf +g2)
F2 cos 3 oc/ I dq,. 6.4
kn,kn( ) oo (qﬁ_i_qg +qg)2 z (6.4)
This integral can readily be evaluated to give
2 2 + 2
Fk%n,kn(cosﬁ) x = ( 9 %) (6.5)

2 (qf + g3)%/*

This result reduces to 7/2¢p at ¢; = 0 (8 = 0) — a fixed (k-independent), non-
zero value, as required. In Fig. 6.20 we have compared this approximate angular
dependence with the full numierical result; finding good agreement for small k.
Fig. 6.21 shows (1/4L) 73, ;. (cos B) compared with the angular dependence for 3D
piezoelectric scattering; ¢2 /(g% + ¢2)?%, with ¢% = k% + k" —2kk! cos B (unity overlap
case; see Sections 3B and 4B). The curves for the 3D approximation are normalised
to the values of (1/4L) 77,/ ,.(cos B) at cos f = —1. Besides the difference in values
at § = 0, the 3D function has a large peak corresponding to the point ¢ = ¢,
which does not appear in the 2D case. In contrast, the approximate intraband
2D angular dependence (equation (6.5) above) has a maximum at g = ¢o/2 of
magnitude ~ 0.5447/qo; which represents only a small magnification of the gy =0
value. Thus the lack of z direction momentum conservation also serves to dampen
the ¢ =~ qo peak in screened PZ scattering. We may say that the contribution to
2D scattering from non-zero values of g, provides an extra degree of screéning of

the piezoelectric interaction.
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Fig. 6.21 Angular dependence of the PZ 1-labs scattering rate. — full
4-band k.p result, as in Fig. 6.20. - - - approximate 3D result;
gt /(af + g?)?, normalised to the full curves at cos § = —1. (a)-(e)
as for Fig. 6.20.
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Fig. 6.22 shows the angular dependence for interband (1-2) PZ scattering. For
interband processes g is non-zero at § = 0, and thus we find that the bulk-like
angular dependence ¢%/(g%+¢2)? (dotted curves) gives a reasonable approximation
t0 Finr 4o (cos B) of equation (6.3).
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6E SCREENING OF THE POLAR. OPTICAL AND
PIEZOELECTRIC INTERACTIONS

The matrix elements for .PZ_sca,tter'inglshbw_nr in Figs. 6.14-17 were calculated
assuming the presence of free carrier screening appgopriate to a carrier (iensity
of p = 10%m=3. Using equation (4:1), this value gives a reciprocal screening
length go = 4.6266 x 1073A~1, This form of screening was included in the PZ
calculation purely to allow a finite scattering rate to be obtained. i[n the Monte
Carlo simulations described in the following chapters the carrier density will be
assumed to be low: effects such as Pa.ﬁhéxclhsioh and phonon-plasmon coupling,
important at high carrier densities,i—wi_ll‘not be considered.

The choice-of p = 10'%cm™3was made on’jthe basis of our work on PZ scatter-
ing of electrons and holes in 3D (Chapters 3 and 4). In this work, PZ scattering
for carrier densities greater than 10%cm™2 was found to be significantly damp-
ened by screening (Figs. 4.7-10), to the extent that, at p = 108c¢cm™3, no peak
whatsbever was observed in the rate at low energies. Obviously, as p is reduced
below 10%cm 3, the scattering rate is further enhanced, since the forward scat-
tering contribution increases according to 1/43. Therefore, we took p = 1016¢m—3
as the highest free carrier density at which PZ scattering is not ‘heavily damped
by screening. This means that the p = 10®cm™2 matrix element is representa-
tive of the form of PZ scattering at low carrier densities, but is not magnified to

unrealistically large values.

At p = 10'%cm™3 it is assumed that POP scattering of holes is unaffected
by screening (Lyon 1986). We can readily test this assumption for the case of
quantum confined holes by introducing free carrier screening into some of the
POP matrix elements. Figs. 6.23-5 show the POP 1-1, 1-2, and 1-3abs matrix
elements respectively, with go = 0 and qo = 4.6266 x 1073A~!. For 1-1 and 1-
2abs, screening at p = 10%c¢m—3 introduces virtually no difference in the matrix
elements, and for 1-3abs, where the matrix element is much smailer, the difference

between unscreened and screened results is less than 10%.

The concern over a suitable choice of ¢g arises because, given the computational
intensity of the calculation of the 4-band k.p matrix elements, it is not feasible to
recalculate (or store) all the PZ matrix element data for a range of values of go.
Certainly, for the purposes of our Monte Carlo simulations, ¢o is not a sufficiently
important parameter to warrant such a multiplicity of matrix element calculations: |
the use of the single value go = 4.6266 x 10~3A~1 will prove quite adequate for

the work on quantum confined hole dynamics described in Chapters 9 and 10.
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CHAPTER 7
QUANTUM CONFINED HOLE-PHONON SCATTERING RATES

In the previous chapter, we pxje;sénted:detailed‘result's for the quantum con-
fined hole-phonon matrix elements, calculated within a 4¥b‘and klp schemé. These
results will form the basis of our deSinp,tion of scattering in, and hénc'e our Monte
Carlo model of, the quantum well valence band system. In this éhzipter,‘ we will
present numerical results for the principal phonon scattering rates: (Section 7B).
This first requires derivation of the density of states functions for the quantum con-
fined valence bands, which we will describe in Section 7A Finally, in Section 7C,
we will give details of a sch?e_mé by which énergy dissipation may be introduced
into our model of acoustic scattering. - |

7A DENSITIES OF STATES
7A.1: Densities of States as derived from the Band Dispersions

In the isotropic approximation to the quantum confined valénce bandstructure,
the energy dispersions €(k) in each'band (where k is a vector in the 2D wavevector
plane) become circularly symmetric functions, dependent only on the 2D radial
wavevector k. The reduced densities of states D, (k) also have circular symmetry
in the 2D wavevector plane, taking the form D,(k) = k/|Ge/dk| in each band
n. Thus, the derivation of the densities of states reduces to an essentially one-
dimensional problem, and values for d¢/dk, and hence D,(k), can be readily
obtained from the band dispersions of Fig. 6.1.

Figs. 7.1 and 7.2 show J¢/dk and D, (k) respectively, as a function of the radial
wavevector k, in each of the four bands. These results were obtained by forming
a cubic spline fit to the e(k) data for each band. A derivative of the spline curve
could then be obtained at any value of k. We identified as an optimum fit in each

case, a curve which closely matched the ¢(k) data, but did not give rise to any

spurious structure in the derivative function d¢/dk.

Fig. 7.1 is of interest in its own right, since 1/k(3¢/dk) gives the group velocity
of carriers in the given band. It can be seen that d¢/dk is negative in the b regions
of bands 2 and 4 (k < kn(0)). This, of course, is an expected result since these
regions have a curvature of the opposite sense to that normally found near the
zone centre in valence bands — these are the so called ‘negative effective mass’
regions. In bands 3 and 4, d¢/8k is significantly enhanced by band distortion near
the anticrossing region. At large wavevectors, the derivative curves become near-
linear in all four bands, indicating that the bands themselves become essentially

parabolic.

The reduced densities of states shown in Fig. 7.2 represent a substantial devi-
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ation from the case of a parabolic band, where D, (k) is independent of k. Similar
results have been published by Eppenga et al. (1987) and Colak et al. (1987) for
GaAs/AlGaAs quantum wells, though in neither case were the densities of states
of the individual bands shown. Fig. 7.2 shows a maximum in the band 1 density
of states at k = 0.03175A71; a very high density of states in the b region of band 4
(because |3¢/dk| is so small here), and singularities in the band 2 and band 4
densities of states at the band minima. The singularities arise, in our derivation of
Dy (k) from the isotropic €(k), simply from the zero value of 8¢/8k at these points.
However, it must be appreciated that, since the D, (k) are circularly symmetric
quantities in the 2D wavevector plane, the singularities in D;(k) and D4(k) shown
in Fig. 7.2 each represent a continuous ring of states (with k¥ = k,(0); n = 2 or
4) where the density of states is infinite. In Figs. 7.3a and b we have shown 3-
dimensional plots of ¢(k) and D, (k) for band 2, in the 2D k-space plane. Fig. 7.3a
shows the ring of states where d¢/dk = 0, and Fig. 7.3b shows the corresponding
ring around which the density of states exhibits singular behaviour. The form of

the function €(k) of Fig. 7.3a is examined further in Appendix 3.

7A.2:  Analysis of the Densities of States around the Critical Points

Points on a dispersion curve where V,(€e) = 0 are known as critical points
or Van Hove singularities (Van Hove 1953; Phillips 1956). In 2D systems these
have been shown to lead to discontinuities (steps) in the density of states, for
a maximum or minimum in €(k), or a logarithmic singularity in the density of
states, for a saddle point in e(k) (Van Hove 1953; Bassani and Parravicini 1975).
However, the continuous ring of critical points described above does not fit into
either category, and must be treated as a special case. Van Hove mentions such a
continuous family of critical points in relation to the case €z €yy —€zy€y; = 0, where
€zz etc. are second derivatives of e(k) with respect to the Cartesian components
of k, and this is exactly the condition which pertains here (see Appendix 3 for
more details). The behaviour of the density of states around a critical point may
be examined by expanding the energy to second order in k. Remembering that
€(k) is independent of the polar angle 3, and that the linear term in the expansion

must be zero, since d¢/dk = 0 at the critical point, we may write
e(k.) ~ €. + a(k ~ k), (7.1)
where k. is the (radial) wavevector of the ring of critical points, and €., their

energy. Then, the density of states Dy (k) around the whole ring is given by

21 kc+h
lim Dy (k. + h) = 0/ k/ 5(¢ — e(k)) kdkdB, (7.2)
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where ¢ — ¢, as h — 0. The-inte‘gratipn'over B simply contributes a factor of 2,
and, on substituting for e(k) from equation (7.1), we obtain:
‘ kc+h
lim Dy (k, + h) = 2n / 8(¢ — € — alk — ko)?) kdk. (7.3)
ke

We may now make the substitution ¢ = & — k. and change the variables in the

delta function, whereupon:

. h (ke +q)6(g. — q) .
}{1_1’1%) Dy(ke + h) = 271'/(; 20 dq (7.4)
where ¢, = /(¢ — ¢.)/a. Evaluating the final integral then gives
}Einé Dp(ke+h) = Tt Zmke (7.5)

The first term in this expression is the density of states appropriate to a parabolic
2D band. The second term diverges according to (¢ — ec)‘ll 2 as ¢ — €. Thisis
the behaviour expected of the density of states near a critical point in a 1D system
(Bassani and Parravicini 1975). The physical interpretation of our result is that,
sinice we have assumed the quantum well bandstructure to be isotropic, the energy
¢(k) is a function of only one variable, and therefore, we can expect the form of

the density of states around the critical points to be characteristic of a 1D system.

In reality, the quantum well valence band system will have a degree of
anisotropy, and this will cause both the wavevectors k,(0) and the energies ¢,
of the off-zone-centre minima to vary with angle 8. The critical points may then
be either minima or saddle points,.(iepending on the local topology of the function
¢(k). However, the critical points associated with an off-zone-centre minimum in
a given band will still form a continuous and closed loop. The overall effect of
anisotropy will thus be to produce a broadened annular region, of inner and outer
radii k = k,(0) — h and k = k,(0) + b (k — 0), within which the density of states

diverges.

7A.3: Broadening of the Densities of States

The inclusion, in a Monte Carlo simulation, of density of states data containing
divergent critical points clearly presents a problem. The infinities in the densities
of states cannot be represented in any computer code, and neither would this
represent a physically realistic situation. Irrespective of the anisotropy of the
band, the singularites in the densities of states will also be smeared out by lifetime
broadening effects. With these points in mind, we have chosen to modify the form

of the density of states around the critical points by the inclusion of a form of
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‘phenomenological’ broadening. This gives for the density of states, a well defined

function for all values of k.

We have taken, as our broadéning function, a Lorentzian:

A
L) = ————— 7.6
(€ €? + (ae/2)? (7.6)
where A is the linewidth (full width at half maximum) and A is a constant multi-
plier. The broadened density of states D) (¢) can now be obtained by forming the

convolution of Dy (e) with L(e):

P9 = [ °; Du(e — €)L(€') de', (7.7)

where, for this calculation, we have written the density of states as a function of
energy rather than wavevector (Dn(k(€)) — Dn(€)). The important property of
the convolution operation is that the product of the areas under the two functions
Drn(€) and L(e) is conserved. Thus, by defining £(€) to enclose unit area, we will
obtain, for D!(e), a function which encloses the same area as the unbroadened
Dyn(€). This definition requires that A = ae/27.

Our analysis of the density of states around the critical points at the off-

zone centre band minima has shown that D, (e) diverges as (¢ —¢)~'/2. We may
therefore write, as an approximation for Dy, (€) near a critical point e:
(e —¢

VE— €

where (e — ¢) is the unit step function and B is some constant prefactor. This

allows algebraic solution of the convolution integral, which now takes the form:

°°0(e—e¢—e) 1

w Ve @ () (ae/2)

Evaluation of this integral gives the result:

Dife—e) = —I?———V"\/gr, (7.10)

where n = \/(e — €)% + (a€/2)2. Since the critical points lie at the band minima,
€. = 0. Therefore, in our Monte Carlo simulations, we may take for the density of

Dl(e—e) = B— de'. (7.9)

states in bands 2 and 4: the Lorentzian broadened D, (e) at very small energies,
and the unbroadened D, (¢) elsewhere. The constant B is chosen to match up the

values of D} (e) and D,(€) at some small energy near the band minimum.

Figs. 7.4-5 show the broadened densities of states near ¢ = 0 in both the ¢ and

b regions of bands 2 and 4, with the unbroadened D, (¢) shown for comparison.
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We have taken Ae = 0.05meV, and matched the broadened and unbroadened
densities of states at € = 0.15meV in band 2, and € = 0.125meV in band 4. The
striking feature of the graphs is that the densities of states now extend below
the band minima. This is a consequence of using a broadenirg function which
is symmetrical about ¢ = 0. The effect is physically valid, since any lifetime (or
other) broadening of the densities of states will cause a loss in definition of the
band edge, allowing a tail of electronic states to penetrate into the energy gaps
between bands.

The linewidth associated with lifetime broadening is Ae ~ #/7, where 7.is the
average lifetime of a carrier in a given state. We will see in Section 7B that the
1

phonon. scattering-rates in-the band 2 and 4 minima are of the order of 1ps™" and

~1 respectively. If we derive values for Ae from the carrier lifetimes against

3ps
phonon scattering, we will obtain Ae¢ ~ 0.7meV in the band 2 minimum, and
A€ &~ 2.0meV in the band 4 minimum. However, if these linewidths are used in
equation (7.10), then the peaks in the densities of states are almost completely
removed. In particular, the value of 2.0meV for Ae in the band 4 minimum is
greater than the zone centre energy of the band. This means that the contribution
to the density of states at the band minimum would be redistributed right across
the b region. It is clearly undesirable to use such a strong degree of broadening in
the Monte Carlo simulation. We consider it preferable to use a value of linewidth
sufficiently small that the densities of states still display large peaks at the band 2
and 4 minima. After having investigated the effect on carrier dynamics of such
prominent structure in the densities of states, we could, if appropriate, increase Ae
and so reduce the peaks. It should be remembered that the primary motivation
for including broadening effects in the calculation of the densities of states in this
work was to avoid numerical difficulties in the Monte Carlo simulations. The choice
of Ac = 0.05meV represents, in this context, the optimum for the attainment of
density of states functions which are well behaved, but which are still strongly

peaked around the critical points.

It is not clear, from the experimental work published to date, whether such
structure in the densities of states at off-zone-centre valence band minima does, in
fact, survive the various broadening effects which may be operative. Sanders and
Chang (1987) have published calculated absorption spectra, which they compare
with the experimental results of Miller et al. (1985) and Miller and Kleinmann
(1985). Peaks in the spectra corresponding to transitions involving the off-zone-
centre minima are observed; but the band-band and exciton transition are not
resolved in the experimental data and the contribution of the densities of states
at the band minima cannot be isolated.
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It should be explained that, by applying the broadening prescription indepen-
dently to the densities of states in the a and b regions of each of bands 2 and 4, a
small discrepancy will arise in the values of the densities of states at ¢ = 0. This
does not lead to any major inconsistencies in the Monte Carlo simulations, since
the a and b regions are always treated as separate entities. There is no need to
match the a and b region densities of states at ¢ = 0. Further details of the im-
plementation of the density of states broadening scheme within the Monte Carlo

simulations will be given in Chapter 8.

Finally, we note that a method of introducing broadening effects into the
density of states around singular points has also been described by Briggs and
Leburton (1988), in their work on electronic transport in quantum well wires.
However, they considered a broadening of the phonon energies, in which case the
appropriate lifetime 7 is that of the phonons in the system. Any broadening of
the phonon energies will affect the form of the density of states only indirectly;
in particular, the density of states will not be seen to extend below the band
edge. We prefer our direct approach to broadening, considering it more physically

transparent, and physically defensible, than the Briggs-Leburton method.
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7B SCATTERING RATES
7B.1: Scattering Rate Parameters

We are now in a position to obtain numerical results for the quantum con-
fined hole-phonon scattering rates, as given by equations (5.47), (5.50), (5.53) and
(5.68). We will consider scattering at a lattice temperature of 77K, and will use,
for the values of the relevant material parameters, those quoted in Table 4.1 for
bulk GaAs. The use of the bulk values is, in most cases, the logical choice; however,
for the acoustic and optical deformation potentials, some degree of explanation is
necessary.

The acoustic deformation potential: E4c

When an acoustic phonon passes through the lattice, the energy perturbation
experienced by a given state |k) due to acoustic strain is, in general, a function of
k. However, if the valence bands are assumed to be isotropic and parabolic, then
the energy perturbation is given by the term E.g of equation (A.3) in Appendix 2,
which is simply an amalgamation of the rigid shifts in the bands prescribed by
the fundamental valence band deformation potentials a, b and d (Lawaetz 1968;
see Appendix 2 for more details). The deformation potentials @, b and d are also
valid for describing the response of the quantum confined valence band system to
strain. a gives the shift in the valence band edge upon application of hydrostatic
pressure (dilational strain), as in the bulk, and, whilst the heavy hole - light hole
degeneracy in the quantum well is already broken by band mixing effects, the
relative shift of the heavy and light hole subbands is still given by the deformation
potentials & and d. (Subbands of the same type (HH or LH) will not show any
shift relative to each other, since the symmetry of their zone centre states is the

same.)

Therefore, it seems entirely reasonable to use the approximation of a k inde-
pendent energy perturbation in our description of acoustic scattering in a quan-
tum well. Clearly, we do not wish our quantum well deformation potentials to
include any modifications due to overlap integral effects, since, in our calculations
in Chapter 5, such effects were entirely contained within the matrix element terms
M2

k'n! kn*
potential given in Appendix 2. Using equations (A.3) and (A.8-9), we obtain:

Therefore, we may make use of the derivation of the acoustic deformation

e @eren. o

where § = ¢;/¢;.
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Using the bulk spherically averaged elastic constants ¢; and ¢, we obtain
Eac = 5.07eV, as for bulk GaAs. There are very few experimental results with
which to compare this value. Leo, Riithle, and co-workers have deduced values of
Eac = 5.5¢V and 7.0eV for GaAs/AlGaAs quantum wells of width 200A and 90A
respectively (Leo et al. 1988): whilst an alternative report suggests Epc = 5.9eV
for both 50A and 90A wells (Riihle et al. 1988). These deductions were based on
effective mass model fits to hole cooling data, and therefore the resultant value
of Eac represents little more than a fitted parameter into which all the effects of

quantum confinement have been absorbed.

The Optical Deformation Potential Constant: D)

In Section 3C it was reported that the optical deformation potential constant

D, was related to the optical deformation potential dy by (equation 3.79):

3 d}

Di, = 55%. (7.12)
dy is a phenomenological term introduced in the original calculation of Bir and
Pikus (1961) to represent the energy shift of the valence bands at k = 0 due to
optical strain. As in the case of acoustic scattering, if anisotropy and nonparabol-
icity of the valence bands are neglected, then the energy perturbation experienced
by a state |k) upon interaction with a non-polar optical phonon is independent
of k. Consequently, we can again use the bulk value of the optical deformation
potential constant; Dy, = 8.88 x 101%¢Vm~! — calculated with the exclusion of
overlap integral effects (see Appendix 2). No experimentally deduced values for
Dop in quantum wells are available, presumably because resolution of the contri-
butions of polar and non-polar scattering to carrier dynamics is very difficult to

achieve.

For polar optical and piezoelectric scattering, the perturbation energy is re-
lated to polarisation rather than strain effects, and these are independent of the
details of the bandstructure. Hence, the calculation of both polar optical and
piezoelectric scattering rates requires no further approximations concerning the
nature of the quantum-confined valence band system, other than those set out in
Chapters 5 and 6.
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7B.3: Scattering Rate Results

In Figs. 7.6-9 we have shown the total rates for acoustic (deformation poten-
tial) (AC), non-polar optical tNPO),, polar optical (POP), and piezoelectric (PZ)
scatt‘eriné, via all intra- and inter-band processes for a carrier in state |k) in each
of bands 1-4 respectively. It is clear that POP scattering is the dominant process
throughout. The POP scattering rate is especially large in'band 1, as a result of a
large contribution from POP 1-lem scattering. An important feature concerning
POP 1-lem is that the scattering rate is relatively small (~ 1ps~!) at threshold

(k = 0.070A~1), but rises steeply to a maximum of around 16ps.

This steep
shoulder is due to the combined effect of increases in the POP 1-1lem matrix ele-
ment (Fig. 6.10d) and the density of final states. The peak in the scattering rate
at k = 0.081A~! corresponds to the density of states maximum at k = 0.032A-1
in band 1 (Fig. 7.2). Thus, whilst POP emission does not ‘switch on’ so suddenly
at threshold, as predicted for quantum confined electrons in the infinite square
well approximation (Section 5B), the valence band mixing effects give rise to a
very strong scattering rate for states of slightly larger wavevectors. The increase
in the rate is almost sharp enough to define a secondary ‘pseudo’ threshold for

POP 1-lem at k ~ 0.081471.

The structure in the POP rates at larger wavevectors corresponds to the
thresholds for 1-2, 1-3 and 1-4 optical emission. The densities of final states
for the 1-2 and 1-4 threshold processes are strongly peaked, as manifested by
the spike-like features on the graph. Below the (1-1) optical emission threshold
scattering is dominated by AC processes, with the PZ rates somewhat smaller
throughout. The contribution from optical phonon absorption processes is very
small, since Nop < 1.

In band 2, the first optical emission threshold is that for 2-1 scattering, at
k = 0.050A7'. The POP 2-lem scattering rate is largest at threshold (~ 2ps1),
and subsequently decays. This is due to the sharp decrease of the POP 2-lem
matrix element with k& (Fig. 6.11d). The key point to note is that there is no
large contribution apparent from the density of final (band 1) states. Its effect has
been almost completely negated by the fall-off in the matrix element. Thus, we
see here the converse of the phenomenon observed for POP 1-1lem. The strong
k dependences of the matrix element and the density of states, which arise from

band mixing, act to oppose, rather than reinforce each other.

The dominant structure in the POP rate in band 2 arises from 2-2em scatter-
ing. The spike at threshold (k = 0.074A~!) and the subsequent strong increase
in the rate both reflect the form of the band 2 density of states. The spike at
k = 0.107A7! marks the POP 2-4em threshold.
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Fig. 7.6 Total scattering rate for a hole in state |k) in band 1, via all possible
intra- and inter-band processes, resolved into components due to
scattering by POP, NPO, AC and PZ phonons. Ty = 77K.
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Fig. 7.7 Total scattering rate for a hole in state |k) in band 2, via all possible
intra- and inter-band processes, resolved into components due to
scattering by POP, NPO, AC and PZ phonons. T = 77K.
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Fig. 7.8 Total scattering rate for a hole in state |k) in band 3, via all possible
intra- and inter-band processes, resolved into components due to
scattering by POP, NPO, AC and PZ phonons. Ty, = 77K.
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Fig. 7.9 Total scattering rate for a hole in state |k) in band 4, via all possible
intra- and inter-band processes, resolved into components due to
scattering by POP, NPO, AC and PZ phonons. T = 77K.
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The band 3 scattermg rates are generally smaller than those for the other
bands As we have discussed in section 6C.1, the POP 3-1 and 3-2 matrix elements
are small, and the POP 3-3em scattering rate is low up to & =~ 0.08A~ 1 due to
the small density of final states. 7

In band 4, we note that the POP rate is unusually large (=~ 2.5ps™1) at k£ = 0.
This is because two emission processes, POP 4-lem and 4-2em, are allowed here.
More significant is the fact that the AC rate at k£ = 0 is comparable with the POP
rate, and the PZ rate is actually slightly larger. This is due to the'abnormally large
density of states at the band 4 zone centre :(Fig. 7.2), and also, for PZ scattering,
to an extremely large 4-4 matrix element (Fig. 6.17h). The AC and PZ rates also

exhibit spikes at k = 0.021A"! due to elastlc scattering in the band 4. minimum.
The contribution to POP scattering for k£ > 0.03A7! is due to POP 4-3em, which,
being an inter-anticrossing-band process (see section 6C.1), is relatively strong.
The 4—4 optical emission threshold is marked by the spike at & ='0.0v49A‘1.

" With reference to Figs. 5.1 and 5.2, we find that the POP rate for quantum
confined electrons in the infinite square well approximation is around 8-10ps™!.
Thus, our results predict larger POP scattering rates in bands 1 and 2, but smaller
rates in bands 3 and 4. The intraband POP emission rate for heavy holes in bulk
GaAs (Fig. 4.5) is around 9ps~!, whilst the light - heavy hole rate has a peak
value of = 18ps~—!. Thus, our 1-1 and 2-2 POP rates have values similar to that
for the principal bulk intraband rate. However, as was shown in Chapter 6, the
band mixing effects weaken interband scattering considerably. Consequently, none
of the quantum confined interband POP rates are of the same order as the light -

heavy hole bulk rate, except for scattering into the off-zone-centre band minima.
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7C I[N]E]LASTI[C AC@USTKC SCATTER]ING
7C.1: The Average Phonon Energy A]pprommatmn

Thus far we have considered acoustic (AC, and PZ) scatterlﬁg only withinthe
elastic and equ1part1t10n approximations. Wlth phonon energles typically of the
order of 1meV (see section 6C.2), these approx1mat1ons are.expected to be quite
reasonable at 77K (kpTy = 6.6meV). However, in Monte Carlo simulations of
carrier relaxation (cooling), with no electric field bias, it would be desirable to
include the effects of energy dissipation from acoustic phonon scattering; since
optical scattering can only dissipate large, fixed quantities of energy.

The acoustic phonon energy is proportional to the phonon wavevector; ey =
hvsg. If we substitute this result into the the general expression for 2D scattering
(equation (5.43)), we obtain:

P ,n 87!'2 // koK~ [N + 1] |Jk'n' kn(Qz)I
X é(e(k',n) — e(k,n) F hvsq) dk'dg,. (7.13)

This expression cannot be further simplified without introducing some approxi-
mation. Since ¢ appears in the energy delta fulf(:tion, the location of the final
scattering states, and hence the value of J (gz), are dependent on ¢. It is certainly
not feasible to recalculate the 4-band k.p envelope terms |J(g;)|? for every re-
quired value of phonon energy. Instead, we decided to use a single, average value
of €py, to model the typical energy dissipation occurring for each acoustic phonon
scattering. Altérnatively, we may say that we have located a point on the acoustic
phonon dispersion curve (w, vs. g) which represents the average value of ¢ involved
in acoustic scattering. The dominant contributions to the average value €, will
be made by phonon energies which are-small, compared to kpTr, and so both A
and N; + 1 can still be well approximated by kpTf/fivsq. It should be emphasised
that we do not write A; and Ny + 1 = kpTp/eac, since this would alter the ¢
dependence of the scattering rate expression. For the same reason, we will also
substitute for wq: vsq, rather than €,./f. This ensures that the linear form of the
dispersion curve is preserved. The substitution wg = €,./% would imply that the

dispersion curve is flat; an approximation which we do not wish to introduce.

Thus, equation (7.13) may now be simplified to obtain:

kpTyE?
Pn',n(k) - 8B7r2;;,p:20 // Jkﬂ:q",k' IJk'n' kn(qz
x 6(e(k',n") — €(k,n) F €ac) dk'dgs. (7.14)

The remaining integrals can be evaluated as described in section 5C.3, to give the
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scattering rate for absorptﬁi,onf or emission as:

abs kBTLE%C

em (k) = 47|—hpv2 Dnl(kf')Mzkfn',kn’ (7.15)
8

A
where k&7 = k(e =+ ec) and M3, , o 15 defined in equation (5.48).

- To reduce the amount of data needed for the Monte Carlo simulation, we
assume that the term |kan',kn(fk)| , and hence M2 kot ki €D be approx1mated
by values calculated for €, = 0, as in section 6C.2.. We have ‘seen- that this
approximation is very good for 1ntraband AC. scattermg, and, for' sma.ll phonon
energies, it is not expected to introduce any serious error in the rates for other

acoustxc processes.

The above expression is very. s1mllar to that obtained in the basic elastic and
equlpartltlon approx1mat10ns We have shown that it is also valid when an average,
non-zero phonon energy is assumed: however, further amendments aTe necessary
before this prescrlptlon for inelastic acoustic scattering can be included in a Monte
Carlo simulation.

7C.2: Detailed Balancing the Scattering Rates
Whilst equation (7.15) gives a good approximation to the rates for both absorp-

tion and emission of acoustic phonons, it cannot be used in a simulation involving
non-zero acoustic phonon energies. The equation yields the same scattering rate
for both absorption and emission processes, a result which will not achieve the
necessary detailed balance of these events. Irrespective of the accuracy of the
approximation used, the scattering rates for absorption and emission transitions
between two states must differ by a factor involving the ratio of the densities of
initial and final states, and the ratio Nac/(Nac + 1) = exp(—eac/kpTL), where
Mo =1/ (exp(éu JkpTr) — 1). The first term, giving the ratio of the numbers of
initial and final states available, is already accounted for in equation (7_.15) — pro-
vided that D, (k') is always evaluated at k/ = k(e £ €5c). The second term, which
gives the ratio of the probabilities of the phonon (lattice) system gaining or losing
‘energy €., must be explicitly introduced into the scattering expressions. This
requires modification of the absorption rate by a factor 2N,./(2Nac + 1), and the
emission rate by a factor 2(Nac +1)/(2Nac + 1). Consequently, using the definition

of Na. above, we obtain for inelastic AC scattering:

Zﬁf (k) — kBTLElz\C 1
"~ 27hpv?  |exp(ea/kpTL) +1

Dn'(kf)'Mgl,lcm (7'16)

n'.n

where the subscript ‘el’ indicates that we will take the value of M‘-i, appropriate

n! kn
to elastic scattering from the state |k, n).
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To illustrate the use of the inelastic acoustic phonon energy scheme we have
shown, in Figs. 7.10a and b, the total AC scattering rates for a carrier in state
|k) in bands 1 and 2 respectively, calculated for the case €,c = 1meV. The rates
obtained within the elastic and equipartition approximations (e, = OmeV) are
also shown for comparison. Clearly, there is little difference in the magnitudes
of the rates: the main point to note is that the spike features corresponding to
scattering into the band 2 and 4 minima are split into doublets for the ¢, = 1meV
case, showing the separate contributions from absorption and emission processes.
The value of €5 can be altered as desired; this will merely alter the separation of
the doublet spikes.

For PZ scattering, we may follow exactly the same argument as above. Using
an average phonon energy €,c, we obtain, in place of equation (5.65), the PZ rate

for absorption or emission:

abs eszTL K2 1
em () = av (kT Y M2 7.17
" ,n( ) dr2h (5053 eXP(ifac/kBTL) +1 D ( )'Mel,km ( )

where le,kn refers to the appropriate value of the term Mz, define in equa-

n! kn
tion (5.66), as calculated in the elastic approximation.

Finally, in Figs. 7.11-14 we have shown the total scattering rates for all pro-
cesses (AC, NPO, POP and PZ combined), in each of bands 1-4, with the AC
and PZ contributions calculated as described above, for the case €¢;c = 1meV.
These represent a typical set of scattering rate profiles for use in the Monte Carlo

simulations described in the following chapters.
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Fig. 7.10 Acoustic (deformation potential) scattering rates in bands 1 and 2, in-
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- fac == OIIIGV.



Quantum Confined Hole-Phonon Scattering Rates

20
Total Scattering Ratey
Band 1

15 +
a 10
®
©
(0%

5 ¢

0 +— | | = + — '

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
k (AT)

Fig. 7.11 Total phonon scattering rate for a hole in state |k) in band 1, in-
cluding all possible POP, NPO, AC and PZ processes. T = 77K;

€.c = 1.0meV,
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Fig. 7.12 Total phonon scattering rate for a hole in state |k) in band 2, in-
cluding all possible POP, NPO, AC and PZ processes. Ty = 7T7K;

€ac = 1.0meV.,
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Fig. 7.13 Total phonon scattering rate for a hole in state |k) in band 3, in-
cluding all possible POP, NPO, AC and PZ processes. T = 77K;

€,c = 1.0meV.
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Fig. 7.14 Total phonon scattering rate for a hole in state |k) in band 4, in-
cluding all possible POP, NPO, AC and PZ processes. T, = 77K

€2c = 1.0meV.



CHAPTER 8. _
MONTE CARLO IMPLEMENTATION

In Chapter 2 we described the basic principles of the Monte Carlo method
and gave some details of our prototype éimulqﬁibn, programs. In this chapter, we
will discuss some of the important additions and modifications necessary in order
to incorporate, in the simulation, the détailed model of the quantum well valence

band system as described in the previous three chapters.

- 8A PRELIMINARY DETAILS OF THE SIMULATION CODES

We have developed Monte Carlo programs for both :"sin'g’le pa:rfic‘le and ensemble
simulations of quantum confined hole dynamics. As discussed in Chapter 2, the
program design was such that the two simulations sharéjlé;x:ég*pgrt;';oné of ;:Ode, é_ﬁd
so it will not be necessary to discuss each program separately here. The programs
were written in standard FORTRANT77. It is not intended to include in this thesis
a complete listing of the source codes. Such a listing would occupy'an inordinate
amount of space, and would not, by -itself, prove very informative to the reader.
Rather, our objective is to set out the details of those key elements of the program
which were developed especially for the inclusion of the quantum confined valence
band model. Listings of individual portions of code are presented where this is
considered necessary, but the length and frequency of such listings has been kept
to a minimum. The reference to specific FORTRAN variable names in the text has
been similarly minimised, although the use of certain variable names is essential
in achieving clarity in explanation. In this chapter, we will use both ‘physical’
variables (e, k, etc.) and FORTRAN variable names, and will make clear the
equivalences between the two notations. We have not shown any flow diagrams
for the programs: whilst many new features are described here, the basic program

structures can still be represented by the flow diagrams given in Figs. 2.5 and 2.7.

In the simulations, hole transport is considered to be two dimensional, with the
effects on confinement in the third dimension described by the form of the quantum
confined hole wavefunctions. Transport in the plane of the well is assumed to be
classical. We can therefore identify a set of ‘state variables’ for the carriers in
the simulation. These are: the wavevector components k, = VIX, ky = VIY; the
modulus of k, VIMOD, and the energy ¢ = EI. As in Chapter 2, the suffix ‘I’ in
the FORTRAN variable names denotes quantities measured at the beginning of a
particle free flight, with those measured at the end of a flight having ‘I’ replaced
by ‘F’. A corresponding convention used in this chapter uses the suffices ‘BS’ and
‘AS’ to denote variables measured before and after a scattering event. Thus EBS

corresponds to EF, and EAS corresponds to EI.

The band index ( » = IBNP) is also a state variable and, in the ensemble
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simulation, so is the cumulative particle flight time TSIM(NP) for the carrier of
index NP.
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§B BANDSTRUCTURE ROUTINES
In the work described in Chapters 2-4, the energy bands occupied by the
carriers were taken to be parabdli;:. Thus, €, k, the carrier group velocity Vgp =
(1/A)Vye, and the density of states D(e) were all related by simple algebraic
formulae. However, in the quantum well valence band system no:simple relation
between these parameters exists, due to the irregular form of the band dispersions.
We chose to tabulate ¢, d¢/dk and D, = k/ |6e/ Ok| against k. This-data is loaded
into the simulation at its initial stage, and stored in a 3D array BSK(L,M,N). The
first index, L, gives the value of k, the second, M, the choice of para._r’het_er; k, e,
d¢/0k or D, and the third, N, the band index IBNP. This information is made
available to the various parts of the simulation via-a set-of subprograms-BSENGCY,
BSVGRP, BSWAVE and BSEDOS.

The subprograms BSENGY and BSVGRP (Fig. 8.1) are functions which return
the value of ¢ and vgp (strictly vgp/h = 0¢/0k) respectively, for a given value
of k in a given band. Within the range of the tabulated data, a simple linear
interpolatidn between datapoints is employed. Beyond the range of the data e(k)
is obtained by parabolic extrapolation, and vgp(k) by linear extrapolation. The
parameters a;, = A(LIBNP); I = 1...3 which define the extrapolation functions

are themselves defined at an earlier stage of simulation initialisation.

BSWAVE and BSEDOS (Figs. 8.2-3) are subroutines which return values for k
and D, respectively, for a given energy ¢ in a given band. Both operations involve a
search procedure through the energy (M = 2) column of the BSK array. The search
obtains the energy entry closest to the supplied value ¢, and the corresponding
value of k or Dy, (from column 1 or 4) is then returned.

The specification of BSWAVE and BSEDOS is complicated by the fact that,
in each of bands 2 and 4, two values of k and D, exist for energies below that of
the zone centre. When this condition occurs, two searches must be performed:
one through decreasing values of energy between the £ = 0 and k = ky(0) (see
Table 6.1c) entries in the BSK array, and the other through increasing values of
energy, from the £ = k,(0) entry upwards. These searches are implemented by
two subroutines SEARCH and DNSRCH, which have not been shown here. Both
subroutines use an algorithm which repeatedly halves the search interval, and both

employ linear interpolation between adjacent data points.

Thus, BSWAVE and BSEDOS each return two values, corresponding to k and
D, in the a and b regions of the given band. Where the supplied value of energy is
out of the range of the b region, the b-variable is set to zero. For supplied energy
values beyond the range of the tabulated data, the wavevector k is obtained by

taking the positive root of the extrapolation equation € = a;, + agnk + ag ok’
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DOUBLE PRECISION FUNCTION BSENGY(VMOD,IBNP)

IMPLICIT REAL*8(A-H, O-Z)

COMMON /BSTRUC/ BSK(0:409,4,4)

COMMON /MAT/ EOP, WOP, El, E2, E3, E4, E2K0, E4K0, DELK
COMMON /BSXPAR/ A(3.4), NMAX

VNORM = VMOD/DELK
IV = IDINT(VNORM)

IF IV .LT. 0) THEN (a)
BSENGY =0.0
ELSEIF (IV+1 .GT. NMAX) THEN
Use parabolic extrapolation.
BSENGY = A(1,IBNP) + A(2,IBNP)*VMOD + A(3,IBNP)*VMOD*VMOD
ELSE
ENGY1 = BSK(IV,2,IBNP)
ENGY2 = BSK(IV+1,2,IBNP)
BSENGY = ENGY1 + (VNORM - IV)*(ENGY2-ENGY1)
IF (BSENGY .LT. 1E-9) BSENGY = 0.0E00
ENDIF

RETURN
END

DOUBLE PRECISION FUNCTION BSVGRP(VMOD,IBNP)

IMPLICIT REAL*8(A-H, O-Z)

COMMON /BSTRUC/ BSK(0:409,4,4)

COMMON /MAT/ EOP, WOP, E1, E2, E3, E4, E2KO0, E4K0, DELK
COMMON /BSXPAR/ A(3,4), NMAX

VNORM = VMOD/DELK
IV = IDINT(VNORM)
[F IV .LT. 0) THEN {b)
BSVGRP = 0.0
ELSEIF (IV+1l .GT. NMAX) THEN
Use linear extrapolation
BSVGRP = A(2,IBNP) + 2.0*A(3,IBNP)*VMOD
ELSE
VEL1 = BSK(1V,3,IBNP)
VEL2 = BSK(IV+1,3,IBNP)
BSVGRP = VEL1 + (VNORM - IV)*(VEL2 - VEL1)
ENDIF
RETURN
END

Fig. 8.1 FORTRAN code for the functions BSENGY (a) and BSVGRP (b).
The variable NMAX gives the number of wavevector points in the
bandstructure database (contained within array BSK), and DELK

wrirme +hm varatratrartnr rneroreont hofuroaon adiacront veindc
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SUBROUTINE BSWAVE(E,IBNP, VA,VB)

IMPLICIT REAL*8(A-H, O-Z)

COMMON /BSTRUC/ BSK(0:409.4.4)

COMMON /MAT/ EOP, WOP, E1, E2, E3, E4, E2KO0, E4KO, DELK
COMMON /MAT2/  V2EQ, V4EO

COMMON /BSXPAR/ A(3.,4), NMAX

VB =0.0

IF (E .GT. BSK(NMAX,2,IBNP)) THEN

Use inverse parabolic extrapolation.

VA = (-AQ,IBNP) +
* DSQRT( A(2,IBNP)*A(2,IBNP) - 4.0*A(3,IBNP)*(A(1,IBNP)-E) ))
* /(2.0*A(3,IBNP))

ELSEIF (E .LT. 0.0E00) THEN
IF (IBNP .EQ. 2) THEN
VA = V2EQ
VB = V2E0
ELSEIF (IBNP .EQ. 4) THEN
VA = V4EQ
VB = V4EQ
ELSE
VA =0.0
ENDIF

Use of search routines; arguments 2 & 3 define subset of tabulated
data in which search is performed.

ICOL gives index of column from which data is returned.

Search operation is always performed on energy column (index 2).
ICOL=1

ELSEIF (IBNP .EQ. 2) THEN
IF (E .LT. E2K0) THEN
CALL DNSRCH(E,0,60,ICOL,IBNP, VB)
CALL SEARCH(E,60,106,ICOL,IBNP, VA)
ELSE :
CALL SEARCH(E,106,NMAX,ICOL,IBNP, VA)
ENDIF

ELSEIF (IBNP EQ. 4) THEN
IF (E .LT. E4K0) THEN
CALL DNSRCH(E,0,85,ICOL,IBNP, VB)
CALL SEARCH(E, 85,104, ICOL,IBNP, VA)
ELSE
CALL SEARCH(E,104 NMAX,ICOL,IBNP, VA)
ENDIF

ELSE
CALL SEARCH(E, 0 NMAX,ICOL,IBNP, VA)
ENDIF

RETURN
END

Fig. 8.2 FORTRAN code for the subroutine BSWAVE. Variables E2K0 and
E4KO give the zone-centre energies in bands 2 and 4 (¢2(0) and ¢4(0)
respectivelv). and V2EO0 and V4EQ give the wavevectors of the off-
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SUBROUTINE BSEDOS(E,IBNP, DOSA,DOSB)

IMPLICIT REAL*8(A-H,0-2)

COMMON /BSTRUC/ BSK(0:409,4,4)

COMMON /MAT/ EOP, WOP, E1, E2, E3, E4, E2K0, E4K0, DELK

COMMON /BSXPAR/ A(3,4), NMAX

COMMON /BROAD/ SCALA(4),SCALB(4),EMATCH(4), DELHF, ELOW, LBROAD
LOGICAL LBROAD

DOSB = 0.0E00

IF (E .GT. BSK(NMAX,2,IBNP)) THEN
Constant value extension for all bamds.
DOSA = BSK(NMAX,4,IBNP)

Use-of search routines; see BSWAVE,
ICOL =4

ELSEIF (IBNP .EQ. 2) THEN
IF (E .GT. E2K0) THEN
CALL SEARCH(E,106,NMAX,ICOL,IBNP, DOSA)
ELSE
IF (LBROAD) .AND. (E LT. EMATCH(IBNP))) THEN
CALL CONVOL(E,IBNP, DOSA,DOSB)
ELSE: '
CALL DNSRCH(E,0,60,ICOL,IBNP, DOSB)
CALL SEARCH(E,60,106,JCOL,IBNP, DOSA)
ENDIF
ENDIF

ELSEIF (IBNP .EQ. 4) THEN
IF (E .GT. E4K0) THEN
CALL SEARCH(E, 104 NMAX,ICOL,IBNP, DOSA)
ELSE
IF (LBROAD) .AND. (E LT. EMATCH(IBNP))) THEN
CALL CONVOL(E,IBNP, DOSA,DOSB)
ELSE
CALL DNSRCH(E,0,85,/COL,IBNP, DOSB)
CALL SEARCH(E,85,104,ICOL,IBNP, DOSA)
ENDIF
ENDIF

ELSE
Bands 1 & 3 only
IF(E .LT. 0.0E0Q0) THEN
DOSA =00
ELSE
CALL SEARCH(E,0,NMAX,ICOL IBNP, DOSA)
ENDIF
ENDIF

RETURN
END

Fig. 8.3 FORTRAN code for the subroutine BSEDOS. If the logical variable
LBROAD is assigned the value .TRUE. in the calling program, then
broadening of the densities of states around the off-zone-centre band

mintrma will ha nerffarmed
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The density of Statesf for out-of-range energies is again obtained by fixed value
extrapolation. » 7 | |

The subroutine BSEDOS also includes a clause which invokes 'broadening of
the density of Statés. As was discuésedﬁ in section 7B.3; the Lorentzian broadened
density of states around a criticé,lxpoint may be matched to the unbroadened den-
sity of states at sorﬂe.convenient value of energy. In the simulation, the matching
energies in ‘each of bands 2 and 4 (EMATCH(IBNP)) are set on initialisation. For
supplied values of energy within the _deﬁned range, the tabulated density of stateé
data is replaced by the function of equation (7.10), which is contained within the
subroutine CONVOL (not shown). ‘
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8C SCATTERING RATE ROUTINES
Indezing of the Matriz elements
The data._ba.seAvfér the 4—baﬁd k.p matrix elements consists of sets of datapoints
taken over a range of initial state wé,vé\}éctors k, for each ,scé.ttering process. Each
data set contains up to twénty values of k; however, the actual k values, and the
tdta.lf number of points, vary from process to process.- It is therefore ‘necessary to

make available to the simulation, information on the size and composition of the

wavevector set for every process.

To this end we have indexed the processes for scattering from a given band n
by a number between 1 and 48 (for the case of inelastic acoustic scattering). The
matrix element data can then be stored in three sets of arrays: »
ARMXA(1,J K), VSETA(I,J,K) and NVPTSA(J,K) for AC processes;
ARMXN(I,J.K), VSETN(LJ,K) and NVPTSN(J,K) for NPO processes, and
ARMXIP(LJ,K), VSETP(I,J',K) and NVPTSP(J,K) for POP and PZ processes.
(It would be quite possible to ,s_tnge the AC and NPO data together in one set of
arrays, as for the POP and PZ processes.) The index K -then gives the band index
n = IBNP = 1...4. J gives the process index (JPROC), and I gives the index of
the required datapoint for the process defined by J and K.

Then, the array element NVPTSA(J,K) gives the total number of datapoints in
the data set for an AC process defined by J,K. VSETA(I,J,K) gives the wavevector
of entry I in the data set for AC process J,K, and ARMXA(I,J ,K) gives the matrix
element evaluated at VSETA(I,J,K). Analogous definitions apply for the arrays for
NPO, and POP and PZ processes.

The contents of the matrix element database are loaded into these arrays at
the initialisation stage of the simulation, and made available to other subprograms
as-necessary via named COMMON blocks. _

Compilation of the Scattering Rate Data

A complete set of scattering rates is calculated at the initialisation stage of
the simulation, following the loading of bandstructure and matrix element data.
The wavevector independent prefactors to the scattering rates are calculated by
a short subroutine SCARR, after which the principal scattering rate subroutines
SRATE].. 4 are called from the main program.

The scattering rates are first stored in the form of a list of values for each
of the 48 processes, for each value of k. (The wavevector increment is given by
DELKSC = 10"4A“1.) The calculation of a particular scattering rate mimics the'
basic form of the scattering rate expressions of equations (5.47), (5,50), (5.53) and
(5.68). Fig. 8.4 shows extracts from subroutine SRATE1, from which it can be
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SUBROUTINE SRATEI(SCLIS1)

IMPLICIT REAL*8(A-H, 0-Z)

COMMON /MAT/ EOP, WOP, E1, E2, E3, E4, E2KO0, E4K0, WL, DELK
COMMON /LADPAR/ DELKSC, LADSIZ, LADROW

COMMON /SPREF/  P(8)

C ok koK% BAND] e donknd

DO 100 M = 0, LADROW
VMOD = DELKSC * FLOAT(M) + OFST
E = BSENGY(VMOD,1)

C 7,8: NPOabl1, POPabll

EAS = E+EOP

CALL BSEDOS(EAS,1, DOSA,DOSB)
SCLIS1(M,7) = P(2) * DOSA * FMXELN(VMOD,7,1)
SCLIS1(M,8) = P(3) * DOSA * FMXELP(VMOD8,1)

C 9,10: NPOem11, POPem11

EAS = E-EOP
IF (EAS .LT. 0.0) THEN
SCLIS1(M.9) = 0.0E00
SCLIS1(M, 10) = 0.0E00
ELSE
CALL BSEDOS(EAS,1, DOSA,DOSB)
SCLIS1(M,9) = P(6) * DOSA * FMXELN(VMOD,9,1)
SCLIS1(M,10) = P(7) * DOSA * FMXELP(VMOD,10,1)
ENDIF

Fig. 8.4 Extracts from the FORTRAN code for subroutine SRATE1, show-
ing the calculation of optical phonon (NPO and POP) scattering
rates for intraband processes in band 1. The array P contains the
wavevector-independent prefactors for the various scattering rates,

and the variable EOP gives the optical phonon energy hwqp.
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seen that the scattering rate consists of only three terms:
(i) the appropriate prefactor;
(ii) the density of final states, and
(iii) a function FMXEL#%(VMOD,J,K), where the suffix ‘*’ represents ‘A’, ‘N’ or

‘P’ as described in the previous section.

The functions FMXEL% merely give the value of the matrix element at
wavevector VMOD, for the process of index J in band K. The values are obtained
from the arrays ARMXx*, VSET* and NVPTS* described ab()i}"e,- with linear in-
terpolation between the datapoints. For wavevectors VMOD beyond the range
for a given process, fixed value extrapolation is used. Fig 8.5 shows the function
FMXELA; the functions FMXELN and FMXELP take exactly the same form.

The density of states is obtained by a call to subroutine BSEDOS, with. the
the appropriate after-scattering energy EAS as the supplied parameter.

The end product of the subroutines SRATEL ..4 is a set of 2D arrays
SCLI?SI..A(M,J), which contain the scattering rates for all processes (indexed
by J) for a regular set of initiai_ state wavevectors indexed by M (k = M x
DELKSCA™!). Following our discussion in section 2B.1, we define the 3D ar-
ray SCLAD(M,J ,K) in which to store the cumulative sums of the scattering rates
for 1,2,3 ete. processes (K represents the band index n). Then, for example, for

the scattering rates in band 1 we have:

SCLAD(M,J,1) = SCLIS1(M,1) + SCLIS1(M,2) + - --
.-+ SCLIS1(M,J—1) + SCLIS1(M,J). (8.1)

We refer to these sets of cumulative sums as scattering rate ‘ladders’.

l)e,tailed_Balanci'ng of the Acoustic Scattering Rates

As discussed in Section 7C, it was decided to adopt a scheme for acoustic
scattering in which the scattering states were displaced by a predetermined phonon
energy. The scattering rates, however, were to be calculated in the same manner
as that prescribed by the elastic and equipartition approximations, but would be
modified by a factor 2N,./(2N,c + 1) for absorption, and 2(Nac + 1)/(2NMac + 1)
for emission — where N, = 1/ (exp(€eac/kBTL) — 1) and €, is the phonon energy.
The density of states must be that appropriate to an energy € = €ps + €,c (where
€ps is the before-scattering energy), and this must be the value supplied in the call
to subroutine BSEDOS.

However, on running the simulation, these two precautions were not found
to be sufficient to achieve a detailed balance of acoustic phonon absorption and

emission processes. This loss of balance was ascribed to the use of different values
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DOUBLE PRECISION FUNCTION FMXELA(VMOD,IPROC,IBNP)
Gives values for Acoustic scattering matrix elements using

interpolation of envelope function data.

IMPLICIT REAL*8(A-H, O-Z)

COMMON /MXELA/ ARMXA(20,6,4), VSETA(20,6,4), NVPTSA(6,4)

NVPTS = NVPTSA(IPROC,IBNP)
Out of range cases.
IF (VMOD .GE. VSETA(NVPTS,IPROC,IBNP)) THEN
FMXELA = ARMXA(NVPTS,IPROC,IBNP)
ELSEIF (VMOD .LE. VSETA(1,IPROC,IBNP)) THEN
FMXELA = ARMXA(1,IPROC,IBNP)
ELSE
Repeated halving search, with linear interpolation.
NL=1
NTOP = NVPTS
CONTINUE
NU = (NL+NTOP)/2
VU = VSETA(NU,IPROC,IBNP)
IF (VMOD .LT. VU) THEN
[F (NU-NL .EQ. 1) THEN
VL = VSETA(NL,IPROC,IBNP)
DATU = ARMXA(NU,IPROC,IBNP)
DATL = ARMXA(NL,IPROC,IBNP)
FMXELA = DATL + (DATU - DATL)/(VU - VL)*(VMOD - VL)
GOTO 9
ENDIF
NTOP = NU
ELSE
IF (NTOP-NU .EQ. 1) THEN
VT = VSETA(NTOP,IPROC,IBNP)
DATT = ARMXA(NTOP,IPROC,IBNP)
DATU = ARMXA(NU,IPROC,IBNP)
FMXELA = DATU + (DATT - DATUY/(VT - VU)*(VMOD - VU)
GOTO 9
ENDIF
NL =NU
ENDIF
GOTO 1
CONTINUE
ENDIF

RETURN
END

Fig. 8.5 FORTRAN code for the function FMXELA, which returns a value
for the acoustic (AC) scattering matrix element for the process of
index IPROC, for a carrier of wavevector VMOD in band IBNP.



Monte Carlo Implementation 103

of matrix element to describe absorption an('ivemissic"m scatterings involving the
same palr of states. The problem is summarised in Fig. 8.6. For scattermg from
state |1°) to state |2%) by absorption of an acoustic phonon, the correct madtrix
element would be (2%|H|1°), for some Hamlltoman operator H. However, since our
matrix elements. are calculated in an elastic approximation, we would take, for the
transition from [1 ), the matrix element (2°|H|1°). For the complementary process
— scattering from |2%) to |1°) by acoustic phonon emission — the correct matrix
element is (1°|H|2%); whence |(1°|H|2)|? = |(2F]|H|1°))?, since H is Hermitian.
However, the matrix element selected in the subroutines SRATE]...4 would be
that for elastie scattering from state |27); i.e., (1T|H|2%).

~Whilst the difference between the matrix elements (2°|H|1°) and (1*|H|2¥) is
expected to be small, errors of this kind, when reproduced consistently. throughout
the simulation, proved sufficient to displace the simulation from the true eqhilib—
rium state, at least for the zero field case. The obvious solution of the problem is
to ensure ‘that, in the scattering rate subroutines, all the acoustic rates are defined
so that identical matrix elements are assigned to every pair of complementary
transitions. We have adopted the convention that, for an absorption process from
a state |1°), the matrix element used is that evaluated at the wavevector of state
|11); i.e., the matrix element (2¥|H|1"). For an emission process, the elastic
scattering matrix element appropriate to the given state is used, as before. This
matrix element is given by (11|H|2%) as above, and so the matrix elements for

complementary absorption and emission scatterings are now equal.

Special care must be taken for processes involving states in band 2 and 4 at
energies below the zone centre, since there are some transitions of this type to

which the general convention proposed above cannot be applied.
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elastic approx: em

Fig. 8.8 Schematic diagram to show the difference between the true location
of the after scattering states for interband acoustic processes, and

those deduced within the elastic approximation.
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8D SELF SCATTERING

Theé basic self. scattering scheme used_»fin a Morte: Carlo: simulation was de-
scribed in section 2A.1. It involves the dgﬁnition of a.fﬁ)(ed;;é_cat_@;éri‘ng rate T,
which is greater than the total real scattering=»rat€ P(k), for all values of k.

On examination of the quantum conﬁned hole—phonon scattermg rates of
Figs 7.11-14, it can be seen that, if a ﬁxed value of T were used for-each band, then
the percentage of self scatterings Qccurrmg in the Monte Carlo simulation would
be verir large. Clearly, the use of one of the methods described in section 2C.1, for
improving the efficiency of the self scattering approach is desuable The scatter-
ing rates shown in Figs. 7.11-14 are quite general in form; in particular, they do
not exhibit a monotonous 1ncrease~w1th-lc-. ‘We mentioned in-section 2C.1 that such
cases introduce complica.tions in the a.pplicati()n of 4ithe iterative gamma method.
Therefore, we-préferféd to adopt the stepped gamma'.gppmach.- We have used the
method: in its-simplest- fdrm,’deﬁning-gamma profiles in each band which include
a smgle step, located near the prmclpal optical phonon emission threshold. This
leads to a SIgmﬁcant reductlon in the proportion of self scattering events which
occur in the s;mulatlon, however, if the upper values of I' were set above the tops
of the spike features in the scattering rates, then the proportion of self scatterings
occurring would still be excessively large. To avoid this, we choose upper values of
I’ in each band whi(;h are less than these peak values, but greater thén the nearby
values of P(k). Such choices reduce t’he;pfoportion of self scatterings considerably,
but, in the absence of further intervention, would lead to a loss of the probability
flux associated with the scattering rate spikes. This flux is restored to the simula-
tion by the inclusion of a short clause, which compares the values of I' and P(k),
prior to the selection of a scattering process. If I' < P(k), then the value of T to be
used for the subfsequént selection is temporarily raised above P(k). This ensures
that all valid 'c0ﬁi;fAibutions to the scattering rate are present when the selection
is made. This clause appears at the Beginning of the process selection subroutine
SMECH (Fig. 8.7). The value of T' to be used for the current selection (given by
GAM(INGAM,IBNP); f. Fig. 2..12) is duplicated in the local variable GAMMA;

thus any change in this value is discarded on exit from the subroutine.

Of course, by using upper values of T less than the peak values of the scatter-
ing rate spikes, we will create a slight increase in the probability that a particle
will escape scattering on drifting through regions in k-space where the spikés oc-
cur. However, since the spikes are very narrow, the discrepancy introduced is not

expected to be serious.



10

a0

Monte Carlo Implementation

SUBROUTINE SMECH(EF,VFX,VFY, ELVIX,VIY)
IMPLICIT REAL*8(A-H,0-Z)

COMMON /SIM/ VMAX(4), VSTG(4), GAM(2,4), BLSTC, INGAM
COMMON /LADDER/ SCLAD

COMMON /LADPAR/ DELKSC, LADSIZ, LADROW

COMMON /MECHAR/ ECOL(48,4), KINDEX(48), NEWB(48)
COMMON /VALP/  IBNP, IBNEW

COMMON /COUNT/  NPUSH(2,4), NCOL(49,4), NCAP(4), NEG(4)

GAMMA = GAM(INGAM,IBNP)
JPROC =0

VFMOD = DSQRT(VFX*VFX + VFY*VEY)

W/v ceiling at VMAX

IF (VFMOD .GT. VMAX(IBNP)) CALL ENCAP(VFX,VFY ,VFMOD,EF)
Ist cell is index 0; V = 1.0E-4 A-1

IV = IDNINT(VFMOD/DELKSC)

Fixed value SCLAD extrapolation between top of ladder & VMAX.

IF IV .GT. LADROW) IV = LADROW

Temporary GAMMA 'push’.
TSCAT = SCLAD(IV,LADSIZ IBNP)
IF (GAMMA LT. TSCAT) THEN
GAMMA = TSCAT*1.001
NPUSH(INGAM,IBNP) = NPUSH(INGAM,IBNP) + 1
ENDIF
S = GAMMA * GO5CAF(1)

CONTINUE
JPROC =JPROC + 1
IF JPROC .GT. LADSIZ) THEN
"Top" of scatt. ladder had been reached; select self scattering.
Drop out of IF.. clause
CALL KQWSLF (VFX,VFY EF, VIX,VIY.E])

ELSEIF (S .LE. SCLAD(IV,JPROC,IBNP)) THEN
Process has been selected;
Drop out of IF.. clause after appropriate action.
EI = EF + ECOL(JPROC,IBNP)

IF (El .LT. 0.0) THEN
-ve energy caused by dos tails; discard JPROC & self scatter.
NEG(IBNP) = NEG(IBNP) + 1
JPROC =LADSIZ + 1
CALL KQWSLF (VFX,VFY,EF, VIX,VIY EI)
ELSE
Real scatt: use JPROC to retrieve new band & select K** call.
IBNEW = NEWB(JPROC)
IF (KINDEX(JPROC) .EQ. 1) THEN
CALL KQWISO (JPROC,VFX,VFY , VFMOD, VIX,VIY.EI)
ELSEIF (KINDEX(JPROC) .EQ. 2) THEN
CALL KQWPOP (JPROC,VFX,VFY ,VFMOD, VIX,VIY,EI)
ENDIF
ENDIF

Fig. 8.7 Continued overleaf ...
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ELSE

No process selected; loop back to top of IF.. clause.
GOTO 10
ENDIF

Final parameter update on exit from IF.. clause.

NCOL(JPROC,IBNP) = NCOL(JPROC,IBNP) + 1
IBNP = IBNEW

RETURN
END

Fig. 8.7 FORTRAN code for the scattering process selection subroutine
SMECH in the single particle Monte Carlo program.
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S8E SCATTERING PROCESS SELECTION
Loop Algorithm for Subroutine SMECH

In Chapter 2, we described the basic algorithm for the selectlon of a scat-
tering. process at the end of each free ﬂlght in the Monte Carlo sunulatlon We
suggested that such an algorithm could be 1mplemented as 2 51mple cascade of
IF...THEN...ELSE clauses. However, when the simulation includes such a large
number of scattering processes as is uSe;g;i here, this method bécomes ii'rr,_;_?iactical.

We have developed an alternative, loop algorithm for scattering process selec-
tion, which has the advantage of a high degree of flexibility, as wel‘l"é:s being much
more compact than the IF...THEN...ELSE cascade. The FORTRAN code for
this algorithm is shown in Fig.8.7. "

The loop variable in the code is the scattering process index JPROC. If this
exceeds the-total numbe’r of processes in a given band (the size of the scatt‘eriﬁg
ladder, LADSIZ), then a self scattering is selected. This is implemented by a
call to a subroutine KQWSLF which assigns to the after-scattering state variables
VIX, VIY and EI, the values of the before-scattering variables VFX, VFY and
EF. Otherwise, the random variate S = rI' (see section 2A.1) is compared with
the JPROCth step of the scattering ladder SCLAD, in band IBNP. If S is less than
the ladder entry, then the real process indexed by JPROC is selected.

At this point, three pieces of information are required before the after-

scattering wavevector can be determined:
(i) the amount of energy gained or lost upon scattering;
(ii) the band into which the particle is scattered, and
(iii) the method by which the scattering angle must be chosen.

This information is contained within three arrays; ECOL(JPROC;IBNP),
NEWB(J PROC) and KINDEX(JPROC), which are defined on initialisation.

The values of elements of array ECOL are simply given by the difference
between the band edge energies of the initial and final bands plus or minus an
optical or acoustic phonon energy. The first term ensures that the state variables
EI and EF always give the particle energy relative to the band minimum; ¢.e., EI
and EF are ‘kinetic’ energies in the current band.

The array elements NEWB(JPROC) give the band into which the particle is
scattered, for each process JPROC. For scattering into bands 2 or 4, the region of

the band, a or b, must be explicitly stated. To this end, the b regions of bands 2
and 4 are indexed by NEWB(JPROC) = 21 and 41 respectively.

The array elements KINDEX(JPROC) are indices for the routines which de-

termine the after-scattering wavevector. In this simulation, only two such routines



Monte Carlo Impl_err’ic‘ntatz'on 106

are required to cater for all real scatterings. These are: the subroutin’é' KQWISO
in which VIX and V]IY are chosen a,ssumlng an isotropic probablllty dlstrlbutlon
of- scatterlng angles, and the subroutme KQWPOP, in which an angular dlstrlbu-
tion is built up from a numerical data. set for each process concerned Subroutlne
KQWISO is used for AC and. NPO scattering, and is a.531gned index 1, whilst
subroutine KQWPOP is used for POP and PZ scattering, and is- asslgned index
2. Further details of subroutine KQWPOP are given in Section 8F.

The selection of either a self or a real scattering event causes program
control to pass to the end of sﬁbrout—ine SMECH, where the array elément
NCOL(JPROC,IBNP) is incremented. Array NCO'L thus contains the number
of scattering events, of each of the 49 types. (1 ncluding. self scattering)-in-each of
the four bands, which occur durmg the sunula,tlon If no process is selected, whlch
means that JPROC < LADSIZ and S > SCLAD(IV JPROC ,IBNP) (see Fig. 8.7),
then program control is passed back to the beginning of the loop, and JPROC is

incremented.

Thus we have coded, in relatively few FORTRAN statements, a rather de-
tailed algorithm involving a large number of possible paths and a variety of path-
dependent variables. The flexibility of the code lies in the use of the arrays ECOL,
NEWB and KINDEX to implement the choice of real scattering process. Processes
may be swapped, simply by redefining the appropriate elements of these arrays,
and new processes can be added by increasing the array sizes. Processes whose
angular dependences do not fit into either of the two existing categories described
above can be catered for by introducing new after-scattering wavevector determi-
nation subroutines, and indexing them by KINDEX(JPROC) = 3,4... etc.

Handling of Large k Values

The scattering ladders compiled during simulation initialisation extend to
k = 0.15A71. Beyond this limit, the subroutine SMECH‘provid,es for fixed value
extrapolation of all columns in the array SCLAD. An upper wavevector limit in
each band is imposed by the elements of the array VMAX. If the limit for the
current band is exceeded, then a subroutine ENCAP is called, which sets the state
variable VFMOD to the value of VMAX(IBNP), and resets VFX, VFY and EF
accordingly. A tally of ENCAP calls for each band is recorded; these should not
form a significant proportion of the total number of scattering events in the band.



Monte Carlo Implementatzon 107

Scattermy Process Selection in the Ensemble Semulatzon

In the ensemble program, scattering. process selectlon is implemented in a
subroutine SMECHS$ (Fig. 8.8). This is very similar in structure to the single
particle routine SMECH, but opv.erates on a complete batch (sﬁbnensemble) of
carriers during each invocation (see section 2B.2). Thus we see, in Fig 8.8", that
the entire algorithm is enclosed in a loop running up to the current sub-ensemble
size NINDEX. The array element ][NDEX(N)’ gives the index number of the N th
carrier to be scattered, and IBAND(NP) gives the current band for this carrier,
as described in section 2B.2. The ensemble array INGAM contains the curreht
values of the gamma indices (see section 2C.1) for the 'whole ensemble of carriers.
Thus, IGNP = INGAM(NP) gives the Gamma index for the next carrier to be
scattered, and GAMMA = GA-M(IGNP,IBNP)' gives its Gamma value.

SMECHS contains the same process selection loop algorithm as that descriBed
above for the single particle routiné SMECH. It involves calls to the same routines
KQWSLF, KQWISO and KQWPOP, the only difference bemg that the state vari-
ables passed to these routines are now the array elements VIX(NP), VIY(NP)
etc., for the carrier of index NP. Thus the routines SMECH and SMECH$ give
an excellent demonstration of the compatibility which exists between the single
particle and ensemble simulation codes. The use of essentially the same variables,
the same algorithm and the same (single particle handling) subroutines greatly in-
creases the versatility of the programs, and disguises the extra complexity inherent

in the ensemble code.
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SUBROUTINE SMECHS(EF,VEX,VFY, ELVIX,VIY)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION  VIX(20000), VIY(20000), EI(20000), TR(20000),

* VEX(20000), VFY (20000), EF(20000), TSIM(20000)
INTEGER*2 IBAND(20000), INDEX(20000), INGAM(20000), IBOLD(20000)

COMMON /SIMENS/ VMAX(4), TDISC,NENS,NINDEX, TSIM,IBAND,INDEX,INGAM
COMMON /STGAM/ VSTG(4),CAM(2,4)

COMMON /LADDER/ SCLAD

COMMON /LADPAR/ DELKSC, LADSIZ, LADROW

COMMON /MECHAR/ ECOL(484), KINDEX(48), NEWB(48)

COMMON /VALP/  IBNP,IBNEW

COMMON /COUNT/ NPUSH(2,4), NCOL(49,4), NCAP(4), NEG(4)

DO 100 N = 1,NINDEX
NP = INDEX(N)
IBNP = IBAND(NP)
IGNP = INGAM(NP)
GAMMA = GAM(IGNP,IBNP)
JPROC = 0

VFMOD = DSQRT(VFX(NP)*VFX(NP) + VFY(NP)*VFY(NP))

W/v ceiling at VMAX
IF (VFMOD .GT. VMAX(IBNP))

*  CALL ENCAP(VFX(NP),VFY (NP),VFMOD,EF(NP))
IV = IDNINT(VFMOD/DELKSC)

Fixed value SCLAD extrapolation between top of ladder & VMAX.
IF (IV .GT. LADROW) 1V = LADROW

Temporary GAMMA 'push’.
TSCAT = SCLAD(1V,LADSIZ,IBNP)
IF (GAMMA .LT. TSCAT) THEN
GAMMA = TSCAT*1.001
NPUSH(IGNP,IBNP) = NPUSH(IGNP,IBNP) + 1
ENDIF
S = GAMMA * GOSCAF(1)

Fig. 8.8 Continued overleaf ...
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10 CONTINUE
JPROC = JPROC + 1
IF (JPROC .GT. LADSIZ) THEN

C “Top" of scatt. ladder has been reached; select self scattering.
C Drop out of IF.. clause
CALL KQWSLF (VFX(NP),VFY(NP),EF(NP),
* VIX(NP),VIY(NP),EI(NP))
ELSEIF (S .LE. SCLAD(IV,JPROC,IBNP)) THEN
C Process has been selected;
C Drop out of IF.. clause after appropriate action

EI(NP) = EF(NP) + ECOL(JPROC,IBNP)

IF (EI(NP) .LT. 0.0) THEN
C -ve energy caused by dos tails; discard JPROC & seif scatter.
NEG(IBNP) = NEG(IBNP) + 1
JPROC =LADSIZ + 1
CALL KQWSLF (VEX(NP),VFY(NP),EE(NP),
* VIX(NP),VIY(NP),EI{NP))
ELSE
C Real scatt; use JPROC to retrieve new band & select K** call.
IBNEW = NEWB(JPROC)
IF (KINDEX(JPROC) .EQ. 1) THEN
CALL KQWISO (JPROC,VFX(NP),VFY(NP),VFMOD,
* VIX(NP),VIY(NP),EI(NP))
ELSEIF (KINDEX(JPROC) .EQ. 2) THEN
CALL KQWPOQP (JPROC,VFX(NP),VFY(NP),VFMOD,
* VIX(NP),VIY(NP),EI(NP))
ENDIF
IBAND(NP) = IBNEW
ENDIF

ELSE
C No process selected; loop back to top of IF.. clause.
GOTO 10
ENDIF

C Final parameter updates on exit from IF.. clause.
NCOL(JPROC,IBNP) = NCOL(JPROC,IBNP) + 1

100 CONTINUE
RETURN
END

Fig. 8.8 FORTRAN code for the scattering process selection subroutine
SMECHS in the ensemble Monte Carlo program.
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8F ANGULAR DEPENDENCES FOR POLAR OPTICAL
AND PIEZOELECTRIC PROCESSES

The séle'c_tion of a stochastic scattering dn'gle, and hence of the components
of after-scattering: wé,veVector, for POP and PZ processes, is ac"ébmplished by use
of the subroutine KQWPQOP (Fig. 8.9). Data on the angular depeﬁdence_s for all
the POP and PZ processes is contained within the 4D array PTHETA(L,][,J.,K).
Indices I, J, and K have the same meanings as given in Section 8C. Index L vgiv'es
the value of scattering angle 8§ = wL/12. Thus, each row of 'PTHETA(L,]I,J:,K),
L = 0...12 gives a set of 13 ordinates (values of 75 o(cos 8)) for the prdcess‘ of
index J in band K, at the wavevector given by index I.

The scattering angle selection algorithm begins by i’denvtiﬁca‘.'tiAon of the appro-
priate wavevector index NSELCT (Flg 8.93). A simple repeated inférv’al_-halvin'g
search is employed. Then, the stochastic scattering angiélﬂ is selected by a re-
jection technique using the probability distribution defined by the 13 ordinates
(Fig. '8.9b). This operation first reqﬁires the identification of the ‘la.rge:st ordinate
in the relevant set. A linear interpolation scheme is used in the rejection algorithm.
Finally, the s-ign of sin @ is generated at random, in order to obtain scattering onto
the full 2D k-plane, and the aft‘e'r‘-scattéri.ng wavevector components VIX and VIY

are resolved.

The routine is quite general, with no restrictions on the form of the angular de-
pendence or the numerical values used for the PTHETA entries. For convenience,
we have calculated PTHETA values for the same complete set of wavevectors
VSETP as those used in the tabulation of the matrix elements ARMXIP but, if
this were not possible, a new wavevector set “VSETP2’ could be defined, along
with a corresponding array to replace NVPTSP (see Section 8C).
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SUBROUTINE KQWPOP(JPROCF,VFX,VFY,VFMOD, VIX,VIY)

IMPLICIT REAL*8(A-H, O-Z)

COMMON /FUND/  PI

COMMON /VALP/  IBS,IAS

COMMON /KQEFLG/ IPEXEP

COMMON /MXELP/ PTHETA(0:12,20,36,4), ARMXIP(20,36,4),
* VSETP(20,36,4), NVPTSP(36,4)

C  Array NVPTSP gives no. of w/v points (& corresponding PTHETA ordinate sets)
C  for each process.
IVPTS = NVPTSP(JPROC,IBS)

€ 1: Obtain NSELCT; index of nearest w/v point to VFMQD
C 1a: Out-of-range cases.
IF (VFMOD .GE. VSETP(IVPTS,JPROC,IBS)) THEN
NSELCT = [VPTS
ELSEIF (VFMOD .LE. VSETP(1,JPROC,IBS)) THEN
NSELCT =1
ELSE ,
C 1b:  Repeated halving search (monotonically increasing data set), with
C resolation of nearest point.
NL=1
NTOP = IVPTS

1 CONTINUE
NU = (NL+NTOP)/2
IF (VFMOD .LT. VSETP(NU,JPROC,IBS)) THEN
IF (NU-NL .EQ. 1) THEN
UDIST = VSETP(NU,JPROC,IBS) - VFMOD
ALDIST = VFMOD - VSETP(NL,JPROC,IBS)
IF (UDIST .LE. ALDIST) THEN
NSELCT = NU
ELSE
NSELCT = NL
ENDIF
GOTO 9
ENDIF
NTOP = NU
ELSE
IF (NTOP-NU .EQ. 1) THEN
TDIST = VSETP(NTOP,JPROC,IBS) - VFMOD
UDIST = VFMOD - VSETP(NU JPROC,IBS)
IF (TDIST .LE. UDIST) THEN
NSELCT = NTOP
ELSE
NSELCT = NU
ENDIF
GOTO 9
ENDIF
NL = NU
ENDIF
GOTO 1
ENDIF -
9  CONTINUE

Fig. 8.9a FORTRAN code for the after-scattering wavevector determination
routine KQWPOP: identification of the wavevector index NSELCT.
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C 2: Obuain scattering angle using rejection technique based on a probability
C  distribution defined by the 13 ordinates corresponding to the selected w/v point

C 2a: Determine highest ordinate (always 0 ordinate for POP, but not
C necessarily so for PZ (esp. intraband for k=0))

ISCAN =0
PISC = PTHETA(ISCAN,NSELCT,JPROC IBS)
11 CONTINUE
PISCP1 = PTHETA(ISCAN+1,NSELCT,JPROC,IBS)
IF (PISC .GT. PISCP1) THEN
PMAX = PISC
ELSEIF (ISCAN .EQ. 11) THEN
PMAX = PISCP1
ELSE
ISCAN = ISCAN + 1
PISC = PISCP1
GOTO 11
ENDIF
IF (ISCAN .GT. 0) IPEXEP = IPEXEP + 1

21 CONTINUE
C 2b: Obtain co-ordinates of trial point.
RA = GOSCAF(Q1)
THINDX =RA * 12.0
ITH = IDINT(THINDX)
RP = GOSCAF(1) * PMAX

C 2c: Obtain theta ordinates.
PATITH = PTHETA(ITH,NSELCT,JPROC,IBS)
PATIPl = PTHETA(ITH+1,NSELCT,JPROC,IBS)

C 2d: Interpolate between ITH & ITH+! ordinates, & test.
PINTRP = PATITH + (PATIP1 - PATITH) * (THINDX - ITH)
IF (RP .GT. PINTRP) GOTO 21

29 CONTINUE

C 3: Continue; define THETA & resolve a/s w/v.
THETA = THINDX *PI/ 12.0
COSTA = DCOS(THETA)

C  Define sign associated with SINTA; The above process only defines THETA
C in [0..PI]; need to allow all values in [0..2*PI].

SIGN = 1.0E00

IF (GOSCAF(1) .LT. 0.5000) SIGN = -1.0E00

SINTA = SIGN*DSIN(THETA)

COSBS = VFX/VFMOD
SINBS = VFY/VFMOD
VIX = VIMOD * (COSBS*COSTA - SINBS*SINTA)
VIY = VIMOD * (SINBS*COSTA + COSBS*SINTA)

RETURN
END

Fig. 8.9b FORTRAN code for the subroutine KQWPOP: selection of a

stochastic scattering angle and resolution of the components of
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8G GENERAL PROGRAM SPECIFICATIONS
Single Bh’rt_a'cle Simulation "
Our single particle (steady state) Simula’tion;fbliowsfth;é basic form described
in Chapter 2, with the inclusion of all the features described in this chapter.
“The program produces expectation values for the carrier drift Ve‘lo‘c'ity (v&)f;by
two different methods; FBS and B-ensemble (see section ZA:ZE)‘, and the energy
expectation value (¢), for a supﬁlied'value of :in-plan'e‘ electric field. The simulation
is divided into subhistories, as described in sectibﬁ'~§B.1, so as-to obtain éstimates
of the expected tolerance on (vz) and (e) in each band. The f;actiénal population
(®) in each band is obtained as the fraction of the total simu,l'a,_tiibn time spent by
the particle-in-that band.
Energy distributions can also be obtained, for carriers in individual bands, and
for the 'éompléte four band system: The direct sampling technique described in
section 2A.3 yields, for the 2D 'system, a distribution

£'(9 = [ Fle p)D() a5, (82

where F(¢, ) = F(k) gives the probability of occupancy of a state [k) of energy
€, and wavevéctor k directed at an angle 3 relative to the k, direction. The direct
sampling approach involves, in the Monte Carlo simulation, an implicit integration
over the polar angle B (cf. the 3D case of section 2A.3). Thus the quantity f'(e)de
gives the proportion of carriers in the simulation with ener-gfes between € and €+de.

We will refer to f'(€) as the as-sampled energy distribution of the carriers.

When obtaining distributions in each band separately, it is possible to remove
the contribution from the density of states D(e), in order to obtain the distribution
function proper:

fle) = / F(e,8) dB. (8.3)

The distribution F(e, #) may be expanded in a Fourier series (by analogy with the
3D case of section 2A.3), whereupon it may be seen that the distribution function
f(¢€) of equation (8.3) corresponds to the circularly symmetric component of the
full 2D distribution. Higher moments of the distribution may also be obtained,
as in 3D, but these will not be considered further here. It should be noted that
the distribution function f(¢) only has meaning in the context of carriers in a
single band; no corresponding quantity can be defined for the complete four band
system.

It is also possible to look at the unmodified carrier distribution F(e,8) = F(k)
as a function of position in the 2D wavevector plane, and some of these ‘k-space’

distributions will be shown in Chapter 9.
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As mentioned in Section 8D, the simulation records a count of scattering events
of every type, in every band. This unusually detailed breakdown of scattering in
a Monte Carlo simulation is very useful in resolving the various contributions to

the carrier energy loss rates, as will be described in Chapters 9 and 10.

Ensemble Simulation

The ensemble program is based on the basic backdrifting algorithm described
in section 2B.2, with the inclusion of all the extensions described above. We
have written subroutines to generate a variety of initial carrier distributions, as
will be described in Chapter 10. Values for an in-plane electric field can also
be supplied (though in most of our work the field has been set to zero). The
simulation produces expectation values for drift velocity (vg) and mean energy
(€), in each band and for the complete system, at regular time intervals. The
fractional population (m) in each band is also given, as is a detailed breakdown of
scattering events. The carrier energy distributions can be obtained on a timestep
larger than that used for the expectation values, since these quantities are not

needed at such regular time intervals.

Finally, we have shown, in Table 8.1, a summary of the program specifications

for both the single particle and ensemble simulations.
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No. of bands 4
No. of scatt. processes in each band 48
No. of particles (ensemble program) | typical; 20000
max; 50000

Bandstructure:

€wvs. k tabulated; linear interpolation between adjacent points;

parabolic extrapolation

Vgp vS. k as above; linear extrapolation

Dpvs. k » ?  fixed value extrapolation

kuvs.e » ” inverse parabolic extrapolation

D, vs. € " ”  fixed value extrapolation

with broadening around band 2 and 4 minima

Matrix Elements:

AC, NPO, POP and PZ

tabulated, up to 20 wavevector points per process;
linear interpolation between adjacent points;

fixed value extrapolation beyond range of data.

Angular Dependences:

AC, NPO

isotropic (wavevector randomising)

POP, PZ

tabulated probability distributions for each process

Scattering Rates:

Optical phonon energies

single, fixed value — see Table 4.1

Acoustic phonon energies

single, operator-supplied value

Material parameters

see Table 4.1

No. of wavevector points in each band

1500

— fixed value extrapolation beyond range of stored data

Wayvevector increment

107441

Table 8.1: Simulation Specifications (part a)
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Gamma Profile

singly stepped for each band

Upper limit of simulation

typically k = 0.2A7! in each band

In-plane electric field (F)

operator supplied

Lattice Temperature (TT)

operator supplied

Quantum well width (L)

fixed; 100A

Steady state estimators

(vFBS)> (VBens), (€), (%)

Steady state carrier distributions

as-sampled energy distribution f'(¢) in each band
distribution function f(e€) in each band
as-sampled energy distribution for the complete system

distribution of carriers in 2D k-space, in each band

Ensemble estimators

(v), (¢) and (W) vs. time

Timestep

operator supplied; typically > 0.05ps

Simulation time

operator supplied; typically 1, 10, or 100ps

Ensemble distribution functions

f'(€) and f(e) in each band, at regular timesteps

['(¢) for the complete system, at regular timesteps

Timestep for distribution functions

operator supplied; typically 1/10 or 1/5 of simulation time

Table 8.1: Simulation Specifications (part b)




CHAPTER 9

ELECTRIC FIELD HEATING OF QUANTUM CONFINED HOLES

In the previous four chapters we have described various aspects of our model
of the quantum confined valence band system and its incorporation in our Monte
Carlo simulation programs. We are now in a position to present results obtained
from the simulations, and will begin, in this chapter, by examining the response
of quantum confined holes to an in-plane electric field. As far as we are aware, no
other theoretical work has been published on this subject, and the experimental
data thus far available on quantum confined hole dynamics contains very little
detail. Therefore, although the model described in this thesis includes several ap-
proximations — neglect of: carrier-carrier scattering; plasmon effects; disturbance
of the phonon population; degeneracy; real space transfer, and band anisotropy —
it nonetheless allows a unique insight into the way in which the complexities of the
quantum well valence bandstructure influence carrier dynamics. We will discuss

the significance of the above approximations in Chapter 11.

In all the simulations described, the lattice temperature chosen was 77K. This

value was preferred for three reasons:

(i) it is a temperature at which the elastic and equipartition approximations for

acoustic scattering are valid;

(ii) it is a temperature at which heating of the quantum confined hole population

can be readily observed, and

(iii) it is a commonly used temperature in experimental investigations, being the

liquefaction temperature of nitrogen.

It would be quite possible to use our program to simulate hole transport at
other lattice temperatures, within the range where the approximations stated in
(i) above are valid. However, in this Chapter, we preferred to demonstrate the
wide range of parameters which can be investigated by the Monte Carlo method

and, for that purpose, we chose to restrict our study to the case T7, = 77K only.
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9A ELECTRIC FIELD DEPENDENCE OF THE
BASIC MONTE CARLO ESTIMATORS

We have used our single particle Monte Carlo program to simulate the steady
state transport of holes in a 100A GaAs/AlAs quantum well, for a range of in-plane
electric fields. Figs. 9.1-3 show the expectatioh values of drift velocity (v4), mean
(kinetic) energy (e), and fractional population (%) in each band, as a function of
electric field F. Fig. 9.1 also shows the average drift velocity (vay) for the whole
system, and Fig. 9.2 also gives the overall average energy (e,y) for the system, s.e.,
the average of hole energies in all four bands relative to the energy of the band 1

minimum.

From Fig. 9.3, we can see that most of the carriersreside in band 1 (more than
80% for F < 10kVem™!). Consequently, the overall average drift velocity (v,y)
stays very close to the band 1 value (Fig. 9.1). On the other hand, the overall
average energy (€,y) deviates from the band 1 value at high fields (Fig. 9.2). This
is because the high energy carriers in band 1 may be transferred to the upper
bands via optical phonon emission (and acoustic phonon scattering), and hence
are much more likely to be scattered out of band 1 than are the low energy carriers,
which can only be transferred to higher bands via the very weak optical phonon
absorption processes. Thus the band 1 mean energy is suppressed, relative to the

overall average energy, at large fields.

Fig. 9.1 shows large values of drift velocity in bands 3 and 4, and a negative
differential mobility (NDM) effect in both bands for intermediate fields. The
large values in both cases are associated with unusually large group velocities for
carriers near the energy minima (see Fig. 7.1), and with regions of relatively weak
scattering in both bands (Figs. 7.13-14). The NDM effects are caused by the
subsequent reduction in carrier group velocities at higher wavevectors/energies,
and the eventual onset of stronger scattering in both bands. The NDM phenomena
cannot be considered significant for transport applications, since the populations

of bands 3 and 4 at intermediate fields are so small (Fig. 9.3).

In Fig. 9.2 it can be seen that, at low fields, the mean carrier energies in
bands 2 and 4 remain below those in bands 1 and 3. This is a consequence of the
extremely large densities of states at the minima of bands 2 and 4, which result in
large populations of carriers in these low energy states (see, for example, Figs. 9.8
and 9.10). This effect is particularly marked in band 4, since the density of states
is abnormally high throughout the b region of the band (see Fig. 7.2).

Carriers in band 3 have the highest mean energy for most of the field values
shown. This is because the density of states in band 3 is very small near-the zone

centre (Fig. 7.2), and because scattering in band 3 is relatively weak, as mentioned
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Fig 9.1 Mean drift velocities for holes in the first four valence bands of a
100A GaAs/AlAs quantum well, and the overall average hole drift

velocity, as a function of in-plane electric field. T, = TTK; €ac =

1meV.
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Fig. 9.2 Mean hole energies in bands 1-4 of a 100A GaAs/AlAs quantum
well, and the overall average energy, measured relative to the band 1
minimum, as a function of in-plane electric field. Ty = 7T7K; €5c =

1meV.
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Fig. 9.3 Fractional population of holes in each of bands 1-4, as a function

of in-plane electric field. Tf = 77K; €ac = lmeV.
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above. The band 4 mean carrier energy increases dramatically with field beyond
F =~ 2kVem™!. This can be attributed to-the region of low Ade:nsity of states
corresponding to the very steep portion of the band beyond the energy minimum
(see' Fig. 6.1), and, as for band 3, to a region of relétively weak scattering. In
particular, the mean carrier energies in bands 3 and 4 rise well above the optical
phonon energy fwop within the range of fields shown, indicating that, in both
cases, intraband optical emission scattering is weak at energies near its threshold
(see also Figs. 7.13-14). By contrast, the mean energies of carriers in bands 1

and 2 remain well below fiw,p for most of the field range shown.

The thermal equilibrium energy for carriers in a 2D parabolic band at 77K is
kpTr, = 6.6meV. This is lower than both the-band 1 mean-energy, (¢;) = 10.3meV,

and the overall average energy (e,y) = 11.93meV at zero field.

Fig. 9.3 shows a very peculiar response of the band 1 and 2 fractional popu-
lations to increasing electric field. After an initial decrease in population, band 1
experiences an anomalous repopulation, such that (@;) exceeds its zero field value
throughout the low field range. An explanation of this effect will be given in
Section 9E.

In Fig. 9.4 we have shown the overall average drift velocity of the quantum
confined holes, obtained using fixed acoustic phonon energies of €, = 2meV, 1meV
and OmeV (elastic acoustic scattering). We have also shown the drift velocity ob-
tained in the absence of piezoelectric scattering (for €,c = 1meV), and our result
for holes in bulk GaAs (from Section 4C). The bulk values exceed the 2D values
(by typically 30%) throughout the range of electric fields shown. Remembering
that bulk hole transport in GaAs is dominated by heavy holes (Section 4C), and
that transport in thé quantum confined system is dominated by the behaviour of
carriers in band 1 (see above), it is apparent that the difference in the 3D and 2D
drift velocities corresponds to the difference between the bulk heavy hole scatter-
ing rate (Fig. 4.12) and the quantum confined rate for holes in band 1 (Fig. 7.11).
The biggest difference between the two rates occurs just above the optical phonon
emission threshold, and this is exactly the region which will have the greatest
influence on carrier transport throughout most of the range of electric fields con-

sidered. Above the threshold, the 2D rate rises steeply to around 20ps~!

, whereas
the 3D rate displays a much slower, smoother increase, with none of the sharp
structure present in the 2D case. Thus, the features in the 2D rate in this region
will act to give a shorter average lifetime for phonon scattering for the quantum
confined holes as compared with holes in the bulk material, and consequently the
drift velocity and mobility will be reduced. The acoustic dominated scattering rate

below the optical emission threshold is also larger in the 2D case, and therefore
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the difference between the 2D and 3D drift velocities is preserved even at very low

fields.
We found that, whilst the 3D drift velocity has a clearly identifiable ohmic

(linear) region at low fields (see Fig. 4.15), it is much miore difficult to identify a
corresponding region on the 2D curve. This non-ohmic behaviour at low fields is
a consequence of the complicated energy/wavevector depehdencé of scattering in
the multiband quantum confined system, which results in a carrier lifetime which
is, in all cases, dependent on electric field. We have estimated the upper limit of
the quantum confined hole mobility in the GaAs/AlAs system to be approximately
5750cm?>V 157! (calculated at F = 0.01kVem™!). This is only around 60% of our
value of 9400cm?®V 1571 obtained for bulk holes at 77K (Section 4C). Our result
confirms the predictions of Stérmer et al. (1984) concerning the temperature de-
pendence of the mobility of 2D hole systems. Their results indicate that the hole
mobilities in modulation doped GaAs heterostructures are lower than those for
high purity, low doped p-type bulk samples for a wide range of lattice tempera-
tures, and they estimate 2D hole mobilities of the order of 4-6x10%cm?V~1s~! at
T, = 77K.

A comparison of the various 2D curves on Fig. 9.4 shows, firstly that the omis-
sion of piezoelectric scattering from the simulation leads to a small overestimate
of the drift velocity at all values of electric field. The discrepancy is around 10%
for fields of 1kVem™! and less, but diminishes below 5% for higher fields. Sec-
ondly, it can be seen that the effect, on the drift velocity, of changing the value
of acoustic phonon energy (€,c) supplied to the simulation is small — typically
1% discrepancy between the curves for €, = 2, 1, and OmeV. Fig. 9.5 shows the
overall average energy vs. electric field for the same four sets of 2D simulations.
For this quantity, the omission of piezoelectric scattering and the changing of e,

causes even less difference in the results.
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Fig. 9.5 Overall average hole energies in a 100A GaAs/AlAs quantum well,
measured relative to the band 1 minimum.
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9B HOLE ENERGY DISTRIBUTIONS
As described in Section 8G, we have used our single particle Monte Carlo
simulation to obtain the steady state as-sarripled distribution of carrier energies
f'(€), and the distribution function f(e), in each-of the four bands of the quantum
confined system. We have also obtained as-sampled distributions for the complete

four band system, which we shall refer to as ‘global’ distributions.

Fig. 9.6 shows global distributions of hole energies obtained for a range of
in-plane electric fields. Figs. 9.7-10 show the as-sampled energy distributions in
bands 1-4, for the same set of field values. The global distributions exhibit struc-
ture at energies of around 10meV, 16meV and 55meV. Moreover, the maximum
value of the distribution is not found at ¢ = 0 for any of the field values shown.
This feature is also seen in the band 1 as-sampled distributions (Fig. 9.7). It
is a consequence of the form of the density of states in band 1, which is small
at the band edge, and has a pronounced peak at € = 11.3meV (k = 0.032A;
see Fig. 7.2). This peak corresponds to the structure observed in the global and
band 1 distributions at around 10meV. The difference between the peak value of
the distributions at € ~ 10meV and the ¢ = 0 value increases with electric field.
The explanation for this phenomenon is that, because of the large density of states
at around 10meV in band 1, the depletion of carriers from this region upon electric
field heating is less marked than that from the band edge.

The structure on the global distributions at ¢ = 16meV represents the large
carrier population located in the band 2 minimum due to the very large density
of states in that region. This is clearly depicted in Fig. 9.8, which shows that
the as-sampled distributions of carriers in band 2 are significantly enhanced at
€ = 0 throughout the range of fields shown. A similar effect is observed in the
band 4 distributions of Fig. 9.10. The large carrier population in the band 4
minimum gives rise to the structure in the global distributions at ¢ ~ 55meV. A
similar degree of structure has been observed in the photoluminescence spectra

from p-type modulation doped GaAs quantum wells (Da Costa et al. 1987).
Figs. 9.11-14 show the distribution functions f(e) for the four bands, for the

same set of electric fields as in the previous figures. With the contribution from the
density of states removed, the functions f(e) are relatively smooth at low energies,
with the probability of state occupancy decreasing steadily from the ¢ = 0 value
in all cases. The remanent features of the curves are due to scattering effects.
In particular, we observe shoulders in the distribution functions for bands 1, 2,
and 3, corresponding to the principal optical phonon emission thresholds. In
band 1, a shoulder occurs at ¢ ~~ 40meV, corresponding to the threshold for 1-1
optical emission. In band 2, the shoulder is found at € ~ 20meV, due to 2-1 optical
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Fig. 9.6 Global hole energy distributions in a 100A GaAs/AlAs quantum
well for a range of in-plane electric fields: (a) F = 1kVem ™, (b)
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Fig. 9.7 Band 1 as-sampled hole energy distribution for in-plane elec-
tric fields of: (a) 1kVem™'; (b) 2.5kVem™; (c) 5kVem™'; (d)
10kVem™!, and (e) 20kVem™!. €y = 1meV.
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Fig. 9.8 Band 2 as-sampled hole energy distribution for in-plane elec-
tric fields of: (a) 1kVem™; (b) 2.5kVem™; (c) 5kVem™'; (d)
10kVem™!, and (e) 20kVem™!. €, = lmeV.
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Fig. 9.9 Band 3 as-sampled hole energy distribution for in-plane elec-
tric fields of: (a) 1kVem™!; (b) 2.5kVem™'; (c) 5kVem™; (d)
10kVem ™!, and (e) 20kVem ™. €,c = lmeV.
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Fig. 9.11 Band 1 hole distribution function for in-plane electric fields of: (a)
1kVem™; (b) 2.5kVem™!; (c) 5kVem™; (d) 10kVem ™, and (e)
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Fig. 9.14 Band 4 hole distribution function for in-plane electric fields of: (a)
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emission, and in band 3, the shoulder at € ~ 28meV corresponds to the 3-2 optical

emission threshold.

Whilst the shoulder in band 1 is particularly marked, its ppsitioﬁ is the least
well defined of the three cases listed above. The position of the shoulder actually
increases in energy as the electric field is increased. This is because the POP 1-
lem rate is relatively small at threshold, and only becomes dominant for scattering
from states of slightly higher energies (section 7B.2). Thus, as the field increases,
a large carrier population persists beyond the primary optical emission threshold
at Awsp = 36.4meV, up to the ‘pseudo’ threshold’ described in section 7B.2, which
occurs at k =~ 0.081A71; ¢ = 48meV.

In band 2, the 2-1 optical emission threshold is strong enough to cause carrier
depletion sufficient that the 2-2 optical emission threshold is not manifested in
the distribution functions. In band 3, the opposite effect occurs. POP 3-lem
scattering is so weak as to have no visible effect on the distribution functions of
Fig. 9.13. Consequently, the principal optical emission threshold for band 3 is
that for 3-2 optical phonon emission, even though this does not occur until higher

energies.

The only optical emission thresholds occurring in band 4 are those for 4-3
scattering, at 5meV, and 4-4 scattering, at 36meV (see Table 6.3). No structure
is observed in the distribution functions in Fig. 9.14 near the 4-3 optical emission
threshold, and, whilst we would expect some feature at ¢ ~ 36meV associated
with strong scattering into the band 4 minimum, the statistical fluctuations in the
band 4 distribution functions away from ¢ = 0 preclude the observation of any

structure at this energy.

Reconsidering the distribution of carriers in band 1, it should be noted that
both Figs. 9.7 and 9.11 show additional structure in the distribution at low fields
(F < 2.5kVem™!). To investigate this further, we have obtained carrier distribu-
tions for a set of very low field values, including the zero field case. Fig. 9.15 shows
the global distributions, Figs. 9.16-17, the as-sampled distributions for bands 1-2,
and Figs. 9.18-19, the distribution functions for bands 1-2.

Figs. 9.18-19 show that at zero field, the distribution functions in bands 1
and 2 are Maxwellian, with slopes corresponding to the lattice temperature T, =
77K. The linearity of the zero field distribution function is particularly exact in
the case of band 1, where the carrier population is largest. The attainment of
these Maxwellian zero field (thermal equilibrium) distribution functions confirms
that, despite all the complexities of phonon scattering in the quantum confined
valence bands, our Monte Carlo model accurately maintains a detailed balance of

absorption and emission scatterings for every process included (see Sections 7C
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Fig. 9.16 Band 1 as-sampled hole energy distribution for in-plane electric
fields of: — 0.0kVem™'; - - - 0.01kVem™; - - - 0.1kVem™'; -+-
0.5kVem™}, and — 1 NkVem™. €, = 1.0meV.
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Fig. 9.19 Band 2 hole distribution function for in-plane electric fields of: —
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and — 1.0kVem ™. €,c = 1.0meV.
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and 8C).

Fig. 9.18 shows that, as the electric field is turned on, the low energy states in
band 1 begin to deplete, and a distinct repopulation of states at energies approach-
ing the optical emission threshold occurs. For energies just above the ‘pseudo’
threshold at € ~ 48meV, the distribution function shows very little change with
electric field, but, at higher energies, a second repopulation phenomenon is visi-
ble. This region extends up to € x~ 48meV + fiw,p, which represents the energy at
which the total probability for scattering by the successive emission of two optical
phonons is at a maximum. Thus the feature is essentially a ‘phonon replica’ of the
pseudo-threshold at 48meV. Fig. 9.16 shows that the actual carrier population in
band 1 (as given by the as-sampled distribution) develops as described above, but
with the modifications associated with the density of states. It is interesting to
note that, at zero field, a minimum appears in the as-sampled distribution between
€ = 0 and the position of the density-of-states maximum. As the field is turned
on; the band edge population begins to deplete, and the position of the minimum
shifts towards € = 0.



Electric Field Heating of Quantum Confined Holes 118
9C CARRIER TEMPERATURES

Referring to the distribution functions of Figs. 9.11-14, we see that whilst the
low energy portions of the curves display various scattering-related features, at
higher energies the curves are almost linear. The slopes of these upper energy
tails decrease with increasing field; by measuring these slopes it should be possible
to define a carrier temperature T, in each band, where T, > T, (cf. Conwell 1967;
Shah 1978). Fig. 9.20 shows carrier temperatures derived from the distribution
functions for each of the four bands, for a range of electric fields, and also the
carrier temperatures derived from global distributions such as those in Fig. 9.6.
Obviously, the values for these temperatures, particularly those in the upper bands,
are subject to very large tolerances (probably £50% in band 4) but the general
trend of the data gives a useful insight into the equilibrium which is established

in the multiband system.

The temperatures for carriers in bands 1,2 and 4 are broadly similar, whilst the
band 3 temperatures are consistently lower throughout the range of fields shown.
Unfortunately, due to the large tolerances on the data, it is not clear whether the
reduced values in band 3 represent a physical effect, or are simply the consequence
of some systematic error in estimating the temperatures. It is interesting to note
that these results could not be predicted from the values of mean carrier energy
in each band. For a parabolic band in 2D, the carrier temperatures would be
given by T, = (€)/kp. For our simulations, this assumption would lead to the
prediction of higher temperatures in band 3 than in the other bands, and also of
high temperatures in band 4 for fields greater than 6kVem™!. Furthermore, all the
values predicted by the (¢)/kp approximation are considerably larger than those
of Fig. 9.20. In Fig. 9.21 we have shown carrier temperatures obtained from the
global distributions, compared with the overall average energy. (€,y)-expressed as a
temperature. Clearly the discrepancy is substantial, and worsens with increasing
field. Concerning the reliability of the T, values obtained from the distribution
functions in this context, it should be pointed out that these values are likely to be
overestimates, rather than underestimates, of the true values, since the distribution
functions include the effects of carrier drifting, as well as carrier heating. The
drifting of the carriers will tend to further reduce the slope of the high energy tails

of the distributions functions, leading to the prediction of higher temperatures.

Thus we may conclude that the values of (€¢)/kp cannot be used, in isolation,
to characterise the distribution functions of quantum confined holes. In particu-
lar, they lead to the suggeétion of markedly different carrier temperatures in the
different bands, and of especially large temperatures for carriers in band 3, neither

of which, from the results of Fig. 9.20, appears to be the case. The similarity of
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carrier temperatures in bands 1,2, and 4 depicted in Fig. 9.20 indicates that, de-
spite the general weakness of interband scattering in the quantum confined valence
band system, a fair degree of communication exists between the bands; such that
the carrier thermalisation process in any one band is not independent of that in
the neighbouring bands. This was also suggestedr by Da Costa et al. (1987). Fur-
thermore we may note that, at low fields (F < 2.5kVem™1), a temperature cannot
be defined for carriers in band 1 (See Fig. 9.11), but a carrier temperature may be
defined for the complete system (see Fig. 9.6). The high energy structure in the
low field band 1 distribution functions is related to optical phonon scattering, as
was discussed in the previous section. However, thermalisation of carriers across
the whole system is sufficiently effective as to compensate for this effect, and to

give rise to a global distribution which is near-Maxwellian at high energies.
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2D ENERGY LOSS RATES
The power supplied to the carrier population by the electric field is given by

eFvy per carrier. In the steady state, this is equivalent to the average rate of

energy loss per carrier due to scattering; s.e.,

<g}:—> = eFug (9.1)

(see, for example, Conwell, 1967). This formula can be used to obtain the energy
loss rate from the Monte Carlo simulations. However, an alternative and more
powerful method is available. The energy loss rate via a particular phonon emission

process is defined as:

<Be> Jo” hwP(e + hw) f(e + hw) D(e + hw) de (9.2)

At Jo° f(€)D(e) de ’

where P(¢) is the scattering rate for the given process, hw is the phonon energy,
f(€) is the carrier distribution function and D(e) is the density of states. (A similar
expression can be written for phonon absorption.) The denominator of the RHS
of this equation simply gives the total carrier population of the system, ngy,. For

a fixed phonon energy, the expression then reduces to:

e hw foo
) = / P(e + hw) f (e + hw) D(e + hw) de. (9.3)
ot ngys 0

The integral represents the weighted average of the scattering rate P(€) over the en-
tire region of the distribution within which the particular phonon emission process
is possible. This quantity is given in the single particle Monte Carlo simulations by
N/tgim, where N is the total number of scattering events via the given process and
tgim 1S the total simulation time. Then, the Monte Carlo estimate of the average

energy loss rate per carrier via a given phonon mode is simply

de hwN
— ) = . 9.4
< ot > tsim ( )

Since we have used a fixed phonon energy for the acoustic modes, we may obtain

the total energy loss rate per carrier by summing contributions of the above form

for all the phonon scattering processes included in the simulation. This gives

< g:) toim Z hwilN; (95)

where ?z is an index for the phonon modes. However, the power of the method

described above lies in its ability to resolve the total energy loss rate into all of its
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constituent components, made possible in practice by the detailed breakdown of

scattering events available from the Monte Carlo simulations.

Fig. 9.22 shows the energy loss rate per carrier due to POP, NPO, AC and PZ
processes, and the total enérgy loss rate, as a function of electric field. As in the
case of electrons in 2D, energy loss is dominated by POP scattering, with the NPO
rate around a factor of five lower. The AC and PZ rates are typically three orders
of magnitude below the POP rate, due to the much smaller phonon energy and
the smaller scattering rates. The PZ energy loss rate is typically a factor of two
lower than the AC rate. Fig. 9.23 shows the energy loss rates resolved into intra-
and inter-band components. We find, as expected, that the intraband components
dominate, with over an order of magnitude of difference between the intra- and

inter-band rates for each of the four classes of phonons.

For quantum confined electrons, the predominance of POP scattering leads to
a very simple dependence of the energy loss rate on carrier temperature. Assuming
that POP absorption is negligible, and that an average scattering lifetime rpop
may be defined:

1 _ J2 Ppop (€ + hwop) f (€ + Awop) D(€ + huwop) de

TPOP Jo° f(e+ hwop) D(€ + hw,p) de ’ 9
we may write;
e\ _ huwop [5° f(€ + hwop) D(e + hwop) de (9.7)
ot/  tpop Io° f(e)D(e) de .

(see Lyon 1986). The ratio of integrals simply represents the proportion of the
carrier population lying above the optical phonon emission threshold. For a

Maxwellian distribution of carriers at a carrier temperature 7., the energy loss

<%> = :}:::; exp (—kzuf;lp) I{kpT,.) (9.8)
where I(kpTe) = [ f(€)D(e + hwop) de/ [ f(€)D(e) de.

For a parabolic band in 2D, I = 1, since the density of states is independent

rate becomes

of energy. For the quantum confined valence bands I (kpT.) cannot be determined
algebraically; however, it is unlikely that this function will have a stronger tem-
perature dependence than the exponential term exp(—Ffwop/kpT.) for any of the
POP scattering processes considered. Thus, the total energy loss rate for quantum
confined holes may be expected to have an approximately exponential dependence
on carrier temperature, as observed for electrons in 2D. In Fig. 9.24 we have plot-
ted the total carrier energy loss rate on a logarithmic scale, as a function of 1/T¢,

using the values for T, presented in the previous section.
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It can be seen that, at high carrier temperatures (and therefore high electric
fields) the energy loss rate follows quite closely the éip’onential law predicted
above, with the datapoints asymptotic to the broken line of slope —hw/kp. There
are three likely reasons for this high field response. Firstly, more carriers will
be found in the higher energy states where the density of states varies relatively
weakly with energy. Secondly, the scattering rate for carriers in these states is also
nearly independent of energy, and thirdly, the high field distribution functions are

closer to the Maxwellian form for a wide range of carrier energies (see Figs. 9.6
and 9.11).

At lower carrier temperatures (lower fields) the energy loss rate departs from,
and is enhanced relative to the-exponential form predicted by simple theory. The
departure from the exponential law reflects the fvact' that, at low energies, the
densities of states in the quantum confined valence bands are strongly depen-
dent on energy. Also, at lower fields, the carrier distribufion is dominated by the
shoulder-like features caused by optical phonon scattering, so that the Maxwellian
approximation does not hold good for the large population of carriers immedi-
ately above the (1-1) optical emission threshold. The enhancement of the rate
relative to that for the simple model would appear to be due to the particularly
large POP scattering rate near the 1-1 threshold. For carriers in this region, the
average scattering time will be considerably shorter than that at higher energies.
The quantity rpop defined in equation (9.6) cannot, in this case, be regarded as
independent of carrier temperature. It is of interest to note that Shah et al. (1985)
have conducted experiments on the steady state electric field heating of holes in
a GaAs quantum well at T, = 1.8K. Their results also indicates an exponential
dependence of the hole energy loss rate on carrier temperature in the range of
T. where optical scattering is dominant. This trend would be expected to-carry
over to higher lattice temperatures, since the form and magnitude of the POP
scattering rate should remain much the same. That Shah et al. do not observe
any deviation from the exponential response of the energy loss rate in the low field
regime may be due to the effect of carrier-carrier scattering in their sample, which

will drive the carrier distribution towards the Maxwellian form.

Concerning the magnitude of the energy loss rate, the only relevant experimen-
tal data currently available is again that reported by Shah et al. (1985). The upper
limit of their results predicts an energy loss rate of 1.4 x 107°W = 9 x 10~3eVps ™!
at T, = 100K, which is very close to the low T, end of our 77K data. The correla-
tion between our results and those of Shah et al. confirms the common assumption
that 2D hole cooling is not significantly affected by such phenomena as phonon

reabsorption, which is supposed to reduce the cooling rate of electrons in 3D and
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2D.

For carriers in bulk semiconductors, Conwell (1967) has derived an expression
for the energy loss rate to polar phonon modes, assuming a Maxwellian carrier
distribution. The dotted curve on Fig. 9.24 shows the rate given by her theory for
heavy holes in GaAs, neglecting overlap integral effects. The values are close to,
but always greater than those obtained from our 2D simulation. The reduction in
energy loss rate in the 2D case may be attributed to the effects of band mixing on

the scattering matrix elements.

The AC and PZ rates of Fig. 9.22 show a relatively weak dependence on electric
field for most of the field range considered. This is probably a consequence of
the fixed phonon energy -approximation, which will lead to underestimates of the
energy loss rates to acoustic modes at high fields when €ph,max = 2Rvsk can be
quite large. For a 2D system, the rate of energy loss to acoustic (deformation
potential) modes has been shown to be proportional to (T, — Tp) in the range
of T, where the equipartition approximation is valid (Hess and Sah 1974; Ferry
1977; Price 1982). However, for our fixed acoustic phonon energy scheme, the net

energy loss rate due to a particular AC scattering process will be given by:

<-g{-> = €ac /(;oo (Pem-(f + €ac) Fl€ + €ac) D(€ + €ac)

-1

- Pun(£(D(A) dex [ [T f()D( de] . (99)
We now introduce the quantity P’(e), where

Pem(€) = P'(€)(Nac + 1), (9.10a)
Pabs(f) = P’(G) Nac, (9.106)

with Myc = 1/(exp(eac/kpTL) —1). Then, taking the carrier distribution to be

Maxwellian with a temperature T, we may write for small €ac:

<%> - (exP (;;;Z) (Nac +1) — Nac) X f?f;’(fe()z;%)(g(z de (o11)

Defining

1 Is° P'(€) f(e) D(e) de
Tac - f(;)o f(E)D(E) de (9'12)

in the same manner as for POP scattering, and taking N, ~ kpTy/€ac; we obtain

€Y _fac (y 2L :
<8t> Tac T. (9:13)

Thus, in our simulation, we may expect the energy loss rate due to the AC pro-

cesses to saturate at high T,. This is consistent with the very gradual increase of
the AC energy loss rate with electric field shown in Fig. 9.22.



Electric Field Heating of Quantum Confined Holes 124

The actual magnitude of the acoustic energy loss rates are found to be quite
strongly dependent on the value of phonon energy used. Fig. 9.25 shows the AC
energy loss rate as a function of carrier temperature, for €;,c = 1 and 2meV. The
2meV rate is around five times larger than that for ¢,c = 1meV. Obviously, a
twofold increase in the rates is expected, since the energy exchange per scattering
event has been doubled. The extra increase occurs because, as the phonon energy
is increased, the ratio of emission to absorption events also increases. Whilst
this increase is small, it is the difference between the numbers of emission and
absorption events which gives the energy loss rate. This difference is generally
much smaller than the actual number of scattering events for any given process,

and can therefore change quite considerably when ¢, is altered.

This susceptibility of the acoustic energy loss rates to changes in €,. means
that we cannot make any definite predictions concerning the effects of quantum
confinement on these quantities. Fig. 9.25 also shows the AC energy loss rate for
holes in a 2D parabolic band, obtained from the expression derived by Hess and Sah
(1974). The similarity between the range of values spanned by our results and those
predicted by the simple model indicate that the fixed phonon energy approximation
does give physically realistic values for the acoustic energy loss rates. At high fields,
the choice of €, = 2meV should give the better approximation to the true energy
loss rates, whilst, at low fields, the choice €;c = 1meV may be more appropriate.
It should be emphasised, of course, that had we adopted the usual elastic and
equipartition approximations for acoustic scattering in our simulations, we would

not have been able to obtain any information on the acoustic energy loss rates at
all.
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9F HOLE DISTRIBUTIONS IN THE 2D
WAVEVECTOR PLANE

The distribution of carriers in the 2D k-space plane, F(k) = F(e, 8), can be
readily obtained from the Monte Carlo simulations. Figs. 9.26(a-d) and 9.27(a-
d) show F'(k) for carriers in bands 1 and 2 respectively, for fields of 1, 5, 10 and
20kVem™!. The contours on each graph are lines of equal population density F(k),
and are each indexed by a number from 1 to 15. The values of F(k) represented by
these indices increase in a roughly logarithmic manner, with index 1 representing
the lowest value. The fluctuations on the low index contours are statistical in
origin, and occur, particularly in the band 2 distributions, because the the actual

carrier population at the periphery of the distribution is-so low.

In Fig. 9.26a it can be seen that, at F' = 1kVcm™! the distribution exhibits a
fair degree of circular symmetry, with only a small extent of drift in the field direc-
tion (+k;). However, a sharp fall-off in the carrier population is already visible at
k ~ 0.075A71, corresponding to the region of strong POP scattering beyond the
1-1 optica;l emission threshold. At F =5kVem™! the distribution hias been further
drifted in the field direction and shows a considerable degree of asymmetry. More-
over, the states on the low k side of the 1-1 optical emission threshold (in the +k,
half-plane) are now markedly overpopulated, and the decrease in population above
threshold is much steeper. These features correspond to the structure observed
on the band 1 energy distribution functions of Fig. 9.11. It is clear that carriers
passing the 1-1 optical emission threshold are subject to very efficient scattering
into low k states, with very few carriers found beyond the ‘pseudo’ threshold at
k ~ 0.081A~! (see section 7B.2). The ‘bunching’ (overpopulation) of carriers just
below the optical emission threshold is a consequence of the weakness of scattering
in this region. Fig. 7.11 shows that the total scattering rate here is smaller than

that for states of lower k.

In Figs. 9.26¢c and d it can be seen that the peak of the carrier distribution
moves little as the field is increased, and certainly does not pass beyond the 1-1
optical emission threshold, even at F = 20kVcm™!. However, at the higher fields,
the distribution spreads to larger wavevectors in all directions, and, in particular,
a significant proportion of carriers are now swept across the primary and pseudo-
1-1 optical emission thresholds to states of larger k in the +k; direction.

Fig. 9.28 shows the variation of the band 1 distribution F'(k) with k, along
a line through k = 0 and parallel to the k; axis. The ‘bunching’ effect at F' =
5kVem™! (and, to some extent, at F = 10kVecm™!) is manifested by the large peak
values of the distribution occurring for k just below the threshold at k ~ 0.07A°L,
At F = 20kVcm™! the peak value of the distribution is much smaller, and a
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significant carrier population is evident at larger wavevectors.

The twin protrusions on the trailing edge of the band 1 vdisti’_ibutions at large
|ky| — particularly evident for F = 20kVem™ — are a further consequénce of
the weakness of scattering just below the 1-1 optical emission threshold. These
features indicate that, in directions perpendicular to the electric field, where the
variation of F'(k) with & is not dominated by carrier drifting, the carrier population
immediately below threshold is actually larger than that for lower values of k. This
is a very weak form of the population inversion predicted by Fawcett et al. (1970),
for electrons in bulk GaAs at states just below the intervalley scattering threshold.

Figs. 9.27(a~d) show that, for band 2, the distribution F(k) retains a higher
degree of circular symmetry at all values of electric field considered. At F =
1kVem™!, a fall-off in the distribution is visible at k ~ 0.05A~!, corresponding
to the threshold for 2-1 optical phonon emission. However, since the POP 2-1em
scattering rate is relatively small, states above the threshold are well populated
even at low fields.

The difference between the response of the band 1 and band 2 k-space distri-
butions to electric field heating is the key to understanding the field dependence of
the band 1 and 2 fractional populations shown in Fig. 9.3. Table 6.3 and Fig. 7.6
show that the 1-2 optical emission threshold lies just beyond the pseudo-threshold
for 1-1 optical emission. Now, we have established that, at low fields, very few
carriers escape POP 1-lem scattering between the primary and pseudo-thresholds.
Therefore, very few carriers are available for scattering into band 2. The 1-2 op-
tical emission threshold is effectively ‘hidden’ by the region of strong 1-1 optical
emission scattering which immediately precedes it in k-space.

Conversely, Figs. 9.27a and b indicate that 2-1 optical emission, although
relatively weak, is-effective even at low fields, as soon as carriers are accelerated
up to the threshold at k ~ 0.05A~1. Hence a net repopulation of band 1, relative
to band 2 occurs. This repopulation persists until the field is high enough to sweep
carriers in band 1 across the 1-1 pseudo-threshold into states where 1-2 optical
emission is allowed. Thus, in Fig. 9.3, repopulation of band 1 is observed for fields
up to 3kVem™1, and the subsequent decrease in the band 1 population is very slow
for fields below 10-12kVem ™.

Finally, we have shown in Figs. 9.29 and 9.30, cross sections of F(k) in bands 1
and 2, along the k; axis, for the zero field case. Whilst the band 1 distribution
has a peak at k = 0, the plot for band 2 exhibits twin peaks, corresponding to
diametrically opposite points on the circle of minimum energy (see Fig. 7.3a). Note
that the occurrence of these peaks is not a density of states effect; rather, it arises

due to the form of the energy dispersion in band 2, and the Maxwellian nature of
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the energy distribution function established at zero field (Fig. 9.19).



CHAPTER. 10
COOLING OF QUANTUM CONFINED HOLES

10A INTRODUCTION

In Chapter 9 we used our Monte Carlo simulations to examine some of the
effects associated with the heating of holes in a GaAs quantum well by an in-plane
electric field. In this Chapter we will turn our attention to the problem of hole
cooling in a quantum well, and will investigate the time dependent relaxation of
a range of non-equilibrium hole distributions. There has been much recent work
on carrier cooling in low dimensional semiconductor systems, but in only very
few cases have the quantum conﬁned holes been considered. Whilst the cooling
of electrons in quantum wells is cominonl_y modelled as a single subband process,
hole cooling is clearly a multisubband phenomenon for all but the narrowest of
well widths. Our four band model of the GaAs/AlAs quantum well valence band
system will allow us to investigate the multisubband aspects of hole cooling. In

particular, we may seek answers to several general questions:

(i) How does the energy loss rate of hot holes depend on the number of subbands
involved in cooling?

(ii) How does the rate of depopulation of an upper subband depend on the number
of subbands beneath it?

Some experimental workers have recently been able to probe the intersubband
transitions of electrons in quantum wells. For wide (215A) GaAs/AlGaAs wells,
Oberli et al. (1987, 1988) deduced a lifetime in the order of several hundred pi-
coseconds for electrons in the second subband. This long lifetime is associated
with the restriction to interband scattering by acoustic phonons only, because the
separation of the first and second subbands is less than the optical phonon energy.
The same authors also reported much faster scattering in narrower (1164) wells,
where the separation of the first and second subbands exceeded the optical phonon
energy. Seilmeier et al. (1987) obtained lifetimes of the order of 10ps for electrons
in the second subband of narrow (47—51A) quantum wells. Following on from this
work, we niay use our four band model of the quantum well valence band system

to answer the additional questions, for the case of quantum confined holes:
(iii) is there any evidence of the ‘trapping’ of carriers in a subband energy minimum,
(iv) and if so, under what conditions does this occur?

rFurthermore, we may examine the influence of the peculiarities of the quantum

confined valence bandstructure on hole cooling; addressing questions such as:

(v) How do the modifications of the phonon scattering matrix elements caused by

band mixing affect hole cooling?
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(vi) What is the influence of the unusual features related to band: dis’p‘ersion; e.g.,
the presence of off-zone-centre band minima and the associated peaks in the

density of states?

In order to investigate these p_dints we have carried out time-dependent simu-

lations using three different types of initial conditions:

(a) A ‘6-function’ distribution. That is, all carriers occupy states of the same
energy in the same band at ¢ = 0. The carriers are randomly distributed

around a circle of constant energy in 2D k-space.

(b) A single-subband heated Maxwellian distribution. All carriers occupy the same
band, but have a Maxwellian distribution of energies characterised by a tem-
perature T; (> T} at ¢ = 0.

(c) A multisubband heated Maxwellian distribution. At ¢t=0 carriers are spread
over the whole four band system, but have a Maxwellian distribution of ener-

gies characterised by a temperature T, :

Case (a) can be regarded as an idealised model of the carrier distribution
resulting from the photoexcitation of free carriers by a suitably narrow-beamwidth
laser. In the limit of weak carrier-carrier scattering the distribution will remain

essentially monoenergetic until cooling proceeds via phonon scattering.

In a practical situation, carrier populations may be generated at any energy
point on the quantum well bandstructure, provided that the laser wavelength
can be appropriately tuned. However, for most incident wavelengths, because
of the multiplicity of conduction and valence subbands in the well, a number
of photoexcited transitions will be possible; thus free éarrier populations will be
simultaneously generated at several distinct points on the bandstructure. Since
the purpose of the work presented in this chapter is the attainment of a general
understanding of quantum confined hole cooling, rather than the modelling of a
specific set of experimental conditions, we have carried out simulations with just
one monoenergetic photoexcited populati'onv considered in each case. However,
these simulations can still be used to give information on more general forms of

the photoexcited distribution, as discussed below.

Case (b) can be regarded as a model of the carrier distribution resulting from
photoexcitation in the presence of strong intraband carrier-carrier scattering. This
scattering is assumed to occur sufficiently quickly after photoexcitation that the
carriers are thermalised, within a given band, after a time considerably shorter

than the carrier lifetime for phonon scattering.

Finally, case (c) can be regarded as a model of a photoexcited carrier distri-
bution in the presence of strong intra- and inter-band carrier-carrier scattering;
such that the photoexcited population forms a thermalised distribution across the
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whole four band system, at an elevated temperature T, well within the phonon

scattermg lifetime.

Regardmg case (a), we may also note that the carrier distribution f(e,¢,?)
at any time ¢, resulting from an initial §-function distribution at an- energy € is,
in a sense, a Greens’ function for the carrier cooling problem. That is, f(e, €, t)
gives, at time £, the response of the system in terms of the energy state occupancy,
to an influence at a single energy ¢’. Thus, it should, in principle, be possible to
obtain the time dependent distribution f(e,t) corresponding to an arbitrary initial
distribution g(€'), by evaluating the integral

flet) = [ ae)f(e,é,0) e (10.1)

This theorem is only true in the absence of carrier-carrier scattering, since this
process would destroy the superposition property of the distributions f(e; €,t).
We will not make any explicit use of this principle: however, we will draw on it
implicitly, .i’IIISOfa,I‘ as we will regard the cooling of the é-function distributions as
representative of t;he cooling of that portion‘ of any arbitfafy initial distribution
within which a large carrier population is concentrated around the correspdnd-ing
value of energy. |

In all three cases, the initial distributions in the Monte Carlo simulations rep-
resent ezcess carrier populations which, in practice, will be superposed on some
background carrier density. We will assume that this backgound population is
small, and that its effect -on carrier cooling can be neglected. 'Simul-ations.using
initial distributions of the types described at (a), (b) and (c) will be labelled by 6’
(6-function), ‘sM’ (single band Maxwellian), and ‘mM’ (multiband Maxwellian)
respectively. Goodnick and Lugli (1988), using a simple effective mass model of
ﬁuantﬁiﬁ confined heavy holes in a Monte Carlo simulation, ‘have suggested that
thermalisation of a photoexcited population via (intraband) carrier-carrier scat-
tering occurs within 50fs (for an injected hole density pi; ~ 10°cm™3). In a
previous paper (Lugli and Goodnick 1987), ‘the same authors éuggest that inter-
band electron-electron scattering in a GaAs quantum well is very weak ‘(for Ninj
typically 5 x 10'7cm—3). If the latter result is also true for the quantum confined
holes, then the simulations using initial distributions of type (b) above may give

the most representative picture of 2D hole cooling.
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10B TRANSIENT HOLE COOLING SIMULATIONS

In this section we will present results from the -, sM- and mM«simula,tions of
quantum confined hole cooling described above. We have carried out 6-simulations
using initial monoenergetic distributions located at a variety of significant energy
points on the quantum confined valence bandstructure, including the zone centre
energy minimum in band 3, and the off-zone-centre minima in bands 2 and 4.
Fig. 10.1 shows the position of the initial carrier energies for the various cases
on the band dispersion curves. For the sM- and mM-simulations we have taken,
for the most part, initial distributions with average energies corresponding to
those in the 6 cases, to facilitate a direct comparison of the carrier cooling rates.
Table 10.1 gives a summary of the exact conditions used in each simulation, for
all three categories 6, sM, and mM.

10B.1: Prototype Hole Cooling Simulation
Simulation 61: ¢€(t=0) = 0, band 4.

In this simulation, the initial carrier distribution is monoenergetic at the band
4 minimum. We will use this case as a first example of the é-category of simula-
tions, to illustrate some of the basic characteristics of hole cooling in the quantum
confined system. The example relates well to the photoexcitation picture described
in the previous section. For incident light of the appropriate wavelength, a large
population of holes will be created at the band 4 minimum, by direct electron
transitions to the first conduction subband. Transitions from the lower index va-
lence bands will also occur, but the hole populations thus created will be much
smaller than that at the band 4 minimum, because of the very large density of

states in that region.

We have carried out simulations using acoustic phonon energies €,. of 1 and
2meV. Figs. 10.2 and 10.3 show the time dependence of the fractional populations
(=) and mean energies (€) in each band, for €, = 1meV, and Figs. 10.4 and 10.5

show the same parameters for the ¢, = 2meV case.

Fig. 10.2 shows that the majority of the carriers are scattered out of band 4
within the first picosecond after excitation, and that depletion of the band is
virtually complete after 2ps. Bands 1 and 2 show significant repopulation on the
1ps timescale. The dominant scattering processes during this period are POP 4-1
and 4-2em, and the larger population of band 1 at early times reflects the higher
4-1 scattering rate from states in the band 4 minimum. Band 3 repopulates only
very slightly, since the threshold for 4-3 optical emission is some 5meV above the

band 4 minimum.

At t ~ 2ps we see on Fig. 10.2 that the repopulation of bands 1 and 2 virtually

ceases. Kventually, a very slow increase in the band 1 population is observed,
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Fig 10.1 In-plane energy dispersion of bands 1.. .4, showing the locations of

the initial monoenergetic carrier distributions used in simulations
61...10, and the positions of the single and double optical phonon

emission thresholds relative to the band 1 minimum.
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Simulation | Initial |€;(¢=0) meV| €,y (¢=0) meV Comments
Band (7) relative to band 1

61 4 0.00 55.55 Band 4 minimum
62 4 7.20 62.75 POP 4-3em threshold + ¢,
63 3 38.41 62.75
64 2 46.85 62.75
65 1 62.75 62.75
56 4 21.25 76.80 2hwop + 2€ac
67 3 0.00 24.34 Band 3 minimum
68 2 8.44 24.34
69 2 0.00 15.90 Band 2 minimum
610 3 14.10 38.44 hwop + €ac

Table 10.1a: Key to é-Simulations

Simulation | Initial | T.(t=0) K| ¢;(¢=0) meV| €5y (t=0) meV Comments
Band (z) relative to band 1
sM1 4 132 7.20 62.75 €av as for 62-5
sM2 4 222 21.25 76.80 €av as for 66
sM3 3 56 6.10 30.44
mM1 475 62.75 €av as for 62-5
mM2 173 24.34 €av as for 67

Table 10.1b: Key to sM- and mM-Simulations
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with a corresponding decrease in the band 2 population. These trends persist
through to ¢ = 100ps and beyond. Fig. 10.4 shows that, in the €;,c = 2meV case,
the depopulation of band 2 commences immediately after the maximum in (ﬁz)
at t = 2ps. The steady state values of (7;) = 0.87, (@;) = 0.13 at zero field (as

obtained from our single particle simulation) are almost attained by ¢ = 100ps.

The marked change in 3(%)/8t at t = 2ps in both bands 1 and 2 indicates
a transition from 4-1 and 4-2 (POP) scattering to 2-1 scattering. The latter
must procede via acoustic phonon modes, since carriers which have scattered from
band 4 by the emission of an optical phonon will now lie below the threshold for
optical scattering into the band 1 minimum. The slow rate of change of population
in bands 1 and 2 exhibited in Figs. 10.2-and 10.4 for all ¢ > 2ps is consistent with
the activity of interband acoustic modes, which have relatively low scattering rates.
Thus we have, already, evidence for the formation of a bottleneck of carriers at
a band minimum. Since the threshold for 2-1 optical phonon emission is some
20meV above the band 2 minimum (Table 6.3), carriers scattered from band 4
into low energy states in band 2 cannot escape sufficiently quickly, via the weak
acoustic modes, to prevent a significant overpopulation of the band relative to the

thermal equilibrium situation.

It is interesting to find that 8(%)/dt in bands 1 and 2 is so clearly dependent
on the value of €,. used in the simulation. There are two reasons for this. Firstly,
for €ac = 2meV the probability of carriers returning to band 2 via AC 1-2abs
is reduced, and the strength of the competing AC 1-lem process is increased.
Secondly, with the higher acoustic phonon energy, that proportion of the carriers
scattered out of band 2 by AC 2-lem which still have sufficient energy to be
scattered back into the band by AC 1-2em is reduced. In reality, with the acoustic
phonon energy continuously variable, the true rates of change of population in
bands 1 and 2 are likely to lie somewhere between those depicted in Figs. 10.2 and
10.4. For all the following sets of simulations we have taken ¢, = 2meV, which
more clearly demonstrates the réle of acoustic scattering in hole cooling, although
we accept that the rates of de-/re-population and the energy loss rates may, in

some circumstances, be overestimates of the true values.

Fig. 10.3 shows that after around 5ps the band 3 mean energy begins to desta-
bilise; falling from the hitherto constant value of ¢ ~ 32meV (consistent with
scattering of carriers from band 4 by acoustic phonon absorption). This relatively
large drop in mean energy is indicative of scattering of carriers to low energy states
in band 3 by optical phonon emission. The time delay of 5ps endured before op-
tical scattering takes effect represents the time taken for carriers to migrate up to

the optical emission threshold by successive absorption of acoustic phonons. For
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€a2c = 2meV, Fig. 10.5 shows that this time déIay is reduced to arcund 1ps, in which
case a significant proportion of the population formed in the band 3 minimum will
have been scattered directly from band 4. In both Figs. 10.3 and 10.5, the overall
average energy becomes asym;}totic to the band 1 mean energy after around 2ps.
This indicates that within {=2ps almost all of the carriers have emitted one optical

phonon, giving an average energy for the system close to €ay (t=0) — fiwop.

The energy loss rate in an ensemble simulation may be obtained in a similar
manner to that described in Section 9D for the steady state case. A record can
be obtained, from the simulation, of the number of scattering events of each type
occurring during each timestep. If this number is N(t) for a particular process,

then the energy loss rate per carrier due to this process at a time t = #' is given

by
de hwN (t')
— = — 10.1
< ot >t=t' Nens tstep ( )

where Neys is the ensemble size and tgep is the timestep duration. A practical
complication arises when estimating the energy loss rates in an ensemble simula-
tion; namely that, for short timesteps, the number of scattering events via certain
modes may be so low that the rates obtained from the above equation are subject
to large statistical fluctuations. It is for this reason that we have used such a large
ensemble size (Neng = 50000) in these simulations; reasonably accurate results for
the basic time dependent Monte Carlo estimators (e(t)) and (%(t)) can be obtained

using an ensemble of no more than 20000 particles.

Fig. 10.6 shows the average energy loss rate of the carriers as a function of
time, resolved into components for intra- and inter-band scattering via optical
and acoustic modes. Only the ¢, = 2meV case is shown. The t=0 energy loss rate
is approximately 6 X 10~2eVps~! which corresponds to the steady state rate for
F ~ 8kVem™! (T, ~ 190K). As discussed a,bov;,, energy loss in the first 2-3ps is
dominated by interband optical phonon scattering. However, at ¢t ~ 3ps a crossover
occurs, with energy loss dominated by intraband acoustic scattering thereafter.
This acoustic scattering is principally AC 1-1 em (with some PZ 1-lem), as the
large population formed in band 1 shifts towards the band minimum. The acoustic
energy loss rate here has a maximum value of approximately 2 x 10~ 4eVps™!;
around twice that observed in the steady state simulations. This confirms that,
after the initial phase of carrier scattering out of band 4, the carrier distribution,
though far from equilibrium, is concentrated at energies below the lowest (1-1)
optical emission threshold. The steep fall-off in the optical energy loss rates over
the 2—4ps timescale indicates that, whatever the true values of the acoustic energy
loss rates (see Section 9D), these will still form the dominant contribution to the

total rate at all later times.
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Fig 10.6 Simulation 1. Time dependence of the total hole energy loss rate
and the component rates due to intraband (it) and interband (sj)

scattering via optical and acoustic modes. T = 77K; €;c = 2meV.
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At t = 100ps the total energy loss rate is very low, indicating that thermal
equilibrium has almost been attained. The lack of any contribution to the energy
loss rate from the intraband acoustic modes at early times (¢ < 0.3ps) is a con-
sequence of using an initial distribution in which all the carriers occupy states at
the band minimum. Initially, intraband acoustic scattering can only proceed via

phonon absorption; hence the corresponding energy loss rate is actually negative.
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: H@BZ Deépendence of.Hole Cooling on the |
' Number of Subbands pms‘leﬁ,t

In this:section we will investigate the changes in hole cooling in the quantum
well valence band system introduced by varying the number of subbands involved
in the cooling process from four down to one. To this end, we liave used four sets of
sitnulations, which we will label §2-5. These simulations all have a monoenergetic
carrier distribution at ¢ = 0, with carriers having the same energy relative to

the band 1 minimum in all four cases, but located in bands 4,3,2 and 1 for 62-5
respectively (see Fig. 10.1 and Table 10.1 for details).

Ssmulation 62: €(t=0) = 7.2meV, band 4; €,y = 62.75meV.

The initial energy for this simulatidn was chosen so that the carrier population
in band 4 was located above the threshold for 4-3 scattering via optical phonon
emission. The consequent opportunity for strong scattering of carriers into band 3
ensures that 'é‘o’blin‘g in the 62 simulations occurs via all four subbands. We will
firstly ascertaiﬁ low this modifies the cooling process with respéct to the 61 case.

Fig. 10.7 shows (7i(t)), and Fig. 10.8, (¢(t)) for the four bands. The principal
difference between the 61 and 62 simulations is that, in the latter éase, band 3
aquires a very large population within the first picosecond after photoexcitation,
and the populations of bands 1 and 2 during this period are correspondingly re-
duced. The size of the band 3 population at t = 1ps reflects the strength of POP
4-3em scattering which, being an inter-anticrossing-band process, has a particu-
larly large matrix element (see section 6C.1). We see on Fig. 10.8 that the mean
energy in band 3 is near zero even at the earliest times shown, in contrast to its
response in the 61 case. This again indicates the rapidity of 4-3 optical scattering.
Conversely, the extent of 4-2 optical scattering is considerably reduced. The large
valué of (¢;) near =0 indicates thiat most of the carriers in the band occupy high
energy states, having been scattered from band 4 via acoustic modes. The overall
average energy falls gradually during the first picosecond as the number of carriers

which have entered the low energy states via optical scattering increases.

Now, carriers near the band 3 minimum cannot emit an optical phonon: thus,
the rate of decay of the large band 3 population after ¢ = 1ps is expected to be
slow. This can be seen on the 10ps timescale of Fig. 10.7. Furthermore, band 2
also experiences overpopulation, but the effect occurs on a much longer timescale
than in the 61 simulations. We may conclude that band 3, which initially diverts
carriers from band 2, subsequently feeds this band, giving rise to the successive
occurrence of carrier bottlenecks in the two bands. As a consequence, the fractional
populations of the bands have still not converged to their thermal equilibrium
values by ¢t = 100ps.
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Fig 10.9 Simulation §2. Time dependence of the hole energy loss rates.
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Fig. 10.9 shows the energy loss rate plot for the §2 simulations. It can be
seen that the total rate is larger than that for the 61 case at early times — due
to the strong POP 4-3em scattering — however the rate falls off more quickly.
The disappearance of the intraband optical contrib_ution to the energy loss rate
between ¢ = 2 and 8ps is due to net phonon absorption in band 3 during this
period. With reference to Fig. 6.16 we can see that the 3-1 and 3-2 acoustic
processes are very weak; hence depopulation of the band 3 minimum must also
involve POP 3-3abs. Most of the carriers scattered in this way are subsequeﬁtly
scattered into band 1, where their excess energy is dissipated via POP 1-lem.
We may conclude that, after the initial period of fast optical phonon emission,
energy loss is delayed due to the accumulation of a large population of carriers
in the band 3 minimum where the scattering rate is low. Fig. 10.9 shows that
energy dissipation is still measurable at ¢ = 100ps, again indicating that thermal

equilibrium has not yet been attained.

Simulations 63-5: €(t=0) = 38.41meV, band 3; ¢ = 46.85meV, band 2;
€ = 62.75meV, band 1; e;y = 62.75meV throughout.

In Figs. 10.10-12 we have shown the time dependence of the fractional popu-
lations and, in Figs. 10.13-15, the energy loss rate plots for the three cases §3-5.
Also, in Table 10.2 we have given the values of overall average energy at various
times for all four cases 62-5. Referring to this table, in conjunction with the
energy loss plots, it is clear that in the first 2ps of the simulations when optical
scattering is dominant, carrier cooling is fastest for 65, then 64, 62 and lastly, 63.
However at ¢t = 10ps, well within the acoustic dominated cooling regime, whilst
carrier cooling in the 65 case is still the fastest, the extent of cooling is now very
similar for 62 and 63, with the 64 simulation now exhibiting the slowest cooling.

This general-trend remains unchanged after 100ps.

The period of very fast cooling at early times in the 65 case is due to strong
POP 1-lem. The t = 0.1ps energy loss rate is in excess of 10~'eVps™?, corre-
sponding to the power dissipation of a carrier distribution heated to 7, > 400K
in the steady state (see Fig. 9.24). A high initial cooling rate is also obtained
in the 64 simulation due to strong intraband (2-2) POP scattering. In contrast,
energy loss in the 63 case is initially slow, because both intra- and inter-band
optical scattering in band 3 are relatively weak. Comparing the four energy loss
rate plots (Figs. 10.6 and 10.13-15), we can see that the transition from acoustic
to optical phonon dominated cooling occurs after the shortest time (only =~ 0.7ps)
in the 65 simulation. However, the intraband acoustic energy loss rate is large
(around 2 x 10~4eVps~! — see comment in previous section) throughout the first
10ps of the simulation, due to the strong AC and PZ 1-1em scattering of the large
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t(ps) €ay (meV)
652 63 64 65 | sM1 | mM1

0.0 [62.75|62.75|62.75|62.75 [ 62.76 | 62.77

0.5 |36.80}39.85|30.78|26.58 | 35.80 | 31.78

1.0 {29.40|31.55}27.12|26.35]|27.40| 24.63

1.5 [ 27.48(28.43|26.69(26.23 | 24.28 | 21.84

2.0 | 26.71]27.18|26.53|26.11| 22.84 | 20.42

2.5 [26.53126.65(26.5226.03|22.01|19.59

5.0 |25.91125.99(26.29|25.38|20.29| 17.68

7.5 |25.35]25.43)|25.88|24.69|19.31|16.81

10.0 |24.7224.73|25.32| 24.07| 18.53 | 16.21

100.0} 12.75|12.77 | 12.87 | 12.66 | 12.29 | 12.04

thermal equilibrium value: 11.93meV

Table 10.2: Energy Relaxation in the 62-5, sM1 and mM1 Simulations
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band 1 population. Hence the total energy loss rate remains higher than that for
62—4 within the intermediate (1-10ps) time range. In contrast, the total rate for
the 64 simulation falls very low during this time interval .(Fig. 10.14). This can be
ascribed to the relative weakness of AC 2-2em scattering (away from the band 2
minimum), compared with AC 1-1em. Comparing the fractional population plots
for the four cases (Figs. 10.4 and 10.10-12), it can be seen that, in the 1-10ps
range, by far the lowest band 1 population is obtained in the 64 case. This implies
that the energy loss rate in the acoustic dominated regime (¢ > 1-3ps) is broadly
dependent on the number of carriers present in band 1, since the largest acoustic
scattering rates are found here. The remarkably low rate of depopulation of band 2
in the 64 case is due to the competition between POP 2-1 and 2-2em, of which
the latter is the stronger process. In the 63 cé,se, depopulation of band 3 is faster,
because intraband optical phonon emission is considerably weaker; however, the
depopulation rate is still significantly slower than 9(74) /9t for the 62 simulation,
where the total optical scattering rate out of the band- 4 initial states is consid-
erably larger. Overshoot of the band 2 population can be observed in the 62, §3
and 65 simulations. However, it is clear that carrier trapping (bottlenecking) in
band 2 is worst in the 64 case, since, after the initial phase of optical scattering,
some 90% of the excess carrier population is located in states below the lowest
optical emission threshold in band 2. Indeed, because of the relative ineffective-
ness of the POP 2-1lem process, it could be said that even the high energy t=0
population is essentially trapped within the band (though this does not affect the
initial phase of power dissipation).

We may conclude, from this study of hole cooling via different numbers of
subbands, that cooling via just one band is the most efficient route. This is the
logical result, since we have seen that the highest scattering rates in the quan-
tum confined valence band system are generally those for the intraband processes
for both optical and acoustic modes. For band 1, the principal intraband rates,
POP 1-1lem and AC 1-lem, are both particularly large for a wide range of en-
ergies/wavevectors, compared with those in other bands. Also, in the one band
case, cooling is not expected to be inhibited by carrier trapping effects, although
a small transient overshoot of the band 2 population in the 65 simulation was
observed. Concerning multisubband cooling, we found that the overall power loss
for cooling via four and three subbands was much the same, due to the extremely
fast depopulation of band 4 in the former case. Evidence for carrier trapping in
low energy states in bands 3 and 2 was observed in both these cases. Whilst we
argued, earlier in this section, that carrier trapping in band 3 formed the larger
barrier to the relaxation of the carrier population to thermal equilibrium, because

of the small scattering rate near the band minimum: we now find that cai'rier
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trapping is more detrimental to the relaxation rates! when the carrier population
is initially generated in band 2, since intraband optical scattering acts to retain the
population within the band. It is also clear that, because of the strong intraband
acoustic scattering in band 1, the overall energy loss rate for a nonequilibrium
carrier population generated in any of the upper bands of the quantum confined
system will be governed, to a fair extent, by the efficiency with which carriers can

be transferred into band 1, irrespective of the number of intervening bands.

Finally, we may note that, for simulations 63-5, in which the initial carrier
populations were generated in bands of index 3 or lower, the rdle of the higher
index band (4) in carrier relaxation was negligible. This confirms that the neglect
of bands of index greater than 4 in simulations such as 61 and 62 is an entirely

reasonable approximation.

t i.¢., both the energy loss rates and the rates of de-/re-population of the various bands
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10B.3: Cooling of Single- and Multi-band
Heated Maxwellian Distributions
Simulation sMi: T, = 132K, band 4.

In this simulation, all carriers were initially located in band 4, having a
Maxwellian distribution of energies characterised by a carrier temperature of 132K.
This value was chosen to give an initial mean energy for the carriers as close as
possible to that for the simulations §2-5. Figs. 10.16-17 show the time dependence
of the fractional populations and mean energies for the simulation, and Fig. 10.18
gives the energy loss rates.

The initial (¢ = 0.1ps) energy loss rate is approximately 7.5 x 10_2eVps_1,

which is greater than that for simulations-§1-3, but less-than that for 64-5. The
general form of the energy loss plot bears most resemblance to that for the 61
simulation. Energy loss at early times is dominated by interband optical scattering;
the relative sizes of (), (7y) and (@3) after 1ps (Fig. 10.16) reflect the relative
strengths of POP 4—1, 4-2 and 4-3em, averaged over the band 4 Maxwellian
distribution. We see that POP 4-lem is dominant, as in 61, with POP 4-3em
relatively weak. This is because the majority of carriers in the initial distribution
lie below the 4-3 optical emission threshold. The rate of depletion of band 4 over
the first picosecond of the simulation is slightly faster than that for the 61 and 62

cases.

Fig. 10.19 shows the time evolution of the as-sampled carrier distribution in
band 4, within the first picosecond of the simulation. The t=0 distribution is a
combination of the T, = 132K Maxwellian distribution of energies, and the density
of states function in band 4. This distribution is rapidly erodéd within ¢t = 1ps,
with much scattering of carriers out of the upper energy states. The shoulder
which develops at € ~ 36meV corresponds to the 4-4 optical emission threshold.
A large population is retained in the band 4 minimum; due to the large density
of states there, and also as a result of the weaker scattering below the 4-3 optical
emission threshold. This could be construed as a carrier trapping phenomenon
in band 4; however, it would only have any significant effect on carrier cooling if
all interband scattering was dominated by optical, rather than acoustic phonon
modes. This will be the case for quantum wells of sufficiently narrow width, as we

will discuss in Section 10C.

An important difference between sM1 and the é-simulations is that, in the
former case, optical phonon mediated cooling persists to much later times. A
crossover from optical to acoustic phonon dominated cooling occurs at ¢ =~ 6ps in
sM1, but both intra- and inter-band optical modes continue to contribute to energy

loss beyond this time. Consequently, the overall average energy falls notably faster,
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over the first 10ps of theéimul,&tion, than that for 5 — the fastest ¢ooling of the

four comparative cases 62-5. Values of (€av(?)) for simulation sM1 at various times

are given. in Table 10.2.

Referring to Fig. 10.16, we find that overshoot of the band 2 and 3.populations
still occurs, and is on a timescale consistent with that for 61, rather than 62 (¢f.
Figs. 10.4 and ‘10;7). A consequence of the spread of energies in. the initial sM1
distribution is that part of the carrier population created in band 2 at early times
lies above the 2-1 optical emission threshold. Therefore, (3) is suppressed at
early times, relative to (1), due to POP 2-1lem. Hence, only part of the band 2
population is ‘trapped’. This is one of the origins of the prolonged contribution of

interband optical scattering to the total energy loss rate.

Stmulatson mM1: T, = 475K

In this simulation, at ¢ = 0 carriers were spread over all four bands in a
Maxwellian distribution of energies characterised by T, = 475K. The carrier tem-
perature was chosen to give an initial distribution with the same overall average
energy as that for the simulations §2-5 and sM1. The initial average energy corre-
sponds to a temperature of (€,y)/kp = T28K; thus, even in the absence of carrier
drifting, the carrier temperatures for non-equilibrium Maxwellian distributions in
the quantum well valence band system differ substantially from those expected for
a simple 2D band (see Section 9C).

The initial distribution is. stochastically generated at the beginning of the
Monte Carlo simulation by first allocating carrier energies (relative to the band 1
minimum) according to the Maxwellian probability distribution, and then dis-
tributing the carriers between the four bands, in a manner determined by the
ratios of the densities of states in each band, at each Value of eriergy concerned.
Figs. 10.20 and 10.21 show the time dependénce of the fractional populations and
méan energies in the four bands, including the initial values. At t=0, the fractional
populations decrease with increasing band index; thus, no population inversion ex-
ists, contrary to the initial conditions for sM1 and 61-4. Fig. 10.21 shows that
the mean energies in bands 3 and 4 at t =0 are rather high. This unexpected
result can be understood by examining the form of the initial carrier distributions.
Figs. 10:22-25 show the as-sampled distributions in bands 1-4 respectively, within
thé first picosecond of the simulation, The t=0 distributions show that the carrier
populations in bands 3 and 4, whilst being smaller than the populations in the
lower bands, are nevertheless spread right across the 100meV energy range shown.
This is a consequence of the larger densities of states in bands 3 and 4 at high
energies, which give rise to population inversion within both bands.
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Fig. 10.22 Simulation mM1. Time evolution of the as-sampled hole energy distribution in band 1.
t = 0.0-0.8ps; Tr = T7K; €3c = 2meV.
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The four sets of carrier distributions give a very clear picture of the ther-
malisation process which takes place immediately following the formation of the
hot Maxwellian distribution. From Figs. 10.22-24 it may be deduced that strong
optical scattering occurs in all the first three bands. The band 1 distribution is
significantly modified by POP I-lem, even after 0.2ps. In band 2, shoulders form
in the distribution at approximately 20 and 36meV, corresponding to POP 2-1
and 2—2em respectively. The accumulation of carriers which develops at around
€ = 36meV within ¢ = 1ps is created by POP 2-2abs scattering of carriers from the
band 2 minimum. This feature is effectively a ‘phonon replica’ of the extremely
large € =0 population. Fig. 10.24 depicts the development of a shoulder in the
band 3 carrier distribution corresponding to the threshold for successive 3-3 plus
3-2 optical phonon emission, although much depletion of states slightly higher in

energy occurs by successive 3-3 optical emission events.

Fig. 10.26 shows the energy loss plot for the mM1 simulation. The initial
(t = 0.1ps) cooling rate is greater than that for the sM1 simulation, but still less
than that for the 64 and 65 cases. Unlike sM1, the initial phase of cooling here is
dominated by the intraband optical modes; principally POP 1-lem. A crossover
of the intra- and inter-band optical energy loss rates occurs at ¢t ~ 0.6ps, which
we attribute to a decay in the intensity of POP 1-lem scattering. The acoustic
energy loss rates are low, compared to the previous cases investigated, and decrease
with time. Thus, no optical/acoustic crossover is observed; the optical modes
remain dominant in power dissipation throughout the timescale shown. Apart
from these points, the mM1 energy loss response is broadly similar to that for the
sM1 simulation. The strength of intraband optical scattering at early times means
that, for ¢ = 1ps and beyond, cooling of the mM]1 initial distribution is faster than
that for both sM1 and 65. Values of (€. (t)) are given in Table 10.2.

Looking at the fractional population response of Fig. 10.20, it can be seen
that no overshoot of the band 2 population occurs, as has been observed in most
of the previous cases. This is principally because the carrier population is more
evenly distributed between the bands, with no unusually high concentration at
any single location in energy space from which strong interband optical scattering
into band 2 may occur. Obviously, the elimination of the carrier ‘bottleneck’ at
the band 2 minimum contributes to the increased efficiency of energy loss in the
mM1 simulation. However, it may be argued that, whilst the average energy of
the carrier population at ¢t =0 is the same as for simulations sM1 and 62-5, the
initial distribution of the carriers across the four bands represents a situation less
far removed from thermal equilibrium than those cases in which the carriers are

initially confined to a single band.
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10B.4: Cooling of a Hole Population above the 2 X hw,, Threshold
Simulation 66: €(t=0) = 21.25meV, band 4.

The energy of the initial monoenergetic carrier distribution in this simulation
was chosen to be just greater than the threshold energy for scattering into the
band 1 minimum by the successive emission of two optical phonons. In this case,
energy loss, and repopulation of band 1 are expected to be faster than observed
for simulations such as 61 and 62. Figs. 10.27-28 show the time dependence of the
fractional populations and mean energies for the simulation, and Figs. 10.29-30

show the energy loss response.

As expected, the energy loss rate is high (> 10_1eVps_1) in the initial phase
of cooling, and is predominantly due to interband optical scattering. Fig. 10.27
shows that depletion of the initial band 4 population is almost complete after 1ps,
representing a considerably faster depletion rate than observed in the previous
simulations. The population of band 3 rapidly becomes very large ((723)max = 0.55
at t = 0.7ps), due to strong POP 4-3em (see section 10B.2). Fig. 10.28 shows the
band 3 mean energy virtually fixed at 17meV throughout the 1ps timescale. This
value corresponds to €(t=0) — hw,p; hence carriers in band 3 at this stage can still
scatter out of the band by further optical phonon emission. However, the band 3

population is slow to decay, since the POP 3—-1 and 3-2 processes are quite weak.

Conversely, the population in band 2 grows to no more than (%;) = 0.16, just
greater than the thermal equilibrium value, before decreasing after only 0.45ps.
The detailed breakdown of scattering events for the simulation shows that, within
the first picosecond, 4-2 optical emission is more prevalent than 4-1 optical emis-
sion, and that there is a good deal of 2-1 optical scattering. Thus, we may conclude
that band 2 is initially re-populated by POP 4-2em, and then rapidly de-populated
by. POP 2-lem. This serves as an important route by which band 1 is initially
repopulated. Fig. 10.28 shows that (€;) decreases rapidly from around #Aw,p at
t = 0.05ps to below 10meV after 1ps, indicating that most of the carriers in

band 1 have emitted two optical phonons by this time.

Looking at the 10 and 100ps timescales on Figs. 10.27-28, it is clear that the
population in band 1 rises too high, and that in band 2 falls too low. (7;) reaches
a maximum value at ¢ = 15ps, and then begins to relax. Also, the mean energy in
band 1, and the overall average energy fall below their thermal equilibrium values,
reaching minimum values at ¢ = 4.5ps and t = 15ps respectively. Clearly, optical
scattering into the low energy states in band 1 is too strong to allow a monotonic
relaxation of the system towards thermal equilibrium, and a transient ‘overcooling’,
or ‘supercooling’ effect occurs. This phenomenon is vividly demonstrated on the

energy loss plots of Figs. 10.29-30. The total energy loss rate falls sharply from its
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initial value, and becomes negative for ¢ > 15ps. This means that, at all later times,
the carrier system is actually absorbing energy from the lattice system. Fig. 10.30
shows the negative portion of the energy loss response. It can be seen that a
net absorption of energy from the intraband acoustic phonon modes commences
shortly after ¢ = Ips. This corresponds to AC I-labs, as the large population

created near the band 1 minimum begins to spread upwards in energy.

To complete cur understanding of this simulation, we need to know by which
route band 2 is repopulated on the 100ps timescale. The breakdown of scattering
events produced by the simulation indicates a net amount of AC 1-2abs scattering
present for ¢ > 3.5ps. This is consistent with the decrease in the band 2 energy
observed beyond this time. We can deduce that, whilst the upper energy states
in band 2 are still being depleted by optical scattering, the low energy states are
experiencing repopulation by acoustic scattering of carriers immediately above the

AC 1-2abs threshold in band 1.

A final point of interest concerning this simulation is that the population of
band 2 at ¢ = 100ps is, for the second time, in excess of its thermal equilibrium
value. This rather surprising result signifies the extent of the earlier overpopulation
of the low energy states in band 1, and reflects the slowness of the response of the
system in the acoustic scattering regime. The subsequent return to the equilibrium
population distribution will proceed via AC 2-1 scattering, in which case the
equilibrium state may not be attained for a further hundred picoseconds. It should
be noted, however, that the energy loss plots of Figs. 10.29-30 show that after
100ps the total energy loss rate is very small, indicating that the system energy
is already very close to equilibrium ({€ay) = 12.20meV compared to the thermal

equilibrium value of 11.93meV).

Sitmulation sM2: T, = 222K, band 4.

To complete our study of the cooling of carriers above the 2 X fuw,p, thresh-
old, we used a simulation having an initial Maxwellian distribution of carriers in
band 4, with a mean energy equivalent to that in simulation 66. Fig.10.31 shows
the energy loss response for this simulation, and Fig. 10.32, the time dependence
of the fractional populations. It is clear from Fig. 10.31 that none of the unusual
features characterising the 66 simulation appear in the present case. The energy
loss response is very similar to that of both the sM1 and mM1 simulations, with
the optical energy loss components significant for at least 40ps, and no negative
contribution to energy loss present. The transient response of the fractional pop-
ulations is also much the same as in the sM1 and 61-2 cases. Overpopulation
of band 1 is not observed, and the rate of depopulation of band 1 is somewhat

slower than in simulation §10. All these observations are not especially surprising,
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Fig 10.31 Simulation sM2. Time dependence of the hole energy loss rates.
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since, in the Maxwellian distribution, the majority of carriers wili occupy low en-
ergy states in band 4, with a rather smaller proportion lying above the 2 X fiwep
threshold. We may conclude that the transient ‘supercooling’ effects described
earlier in this section will only be observed when a large population of carriers is
concentrated in states close to the relevant optical threshold. A second example

of such superccoling will be described in section 10B.7.
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10B.%5: Cooling of Hole Populations generated in the Lower Bands
Having established that trapping of carriers does occur in states in bands 2
and 3 below the lowest optical phonon emission threshold, we will now proceed to

examine, in further detail, the relaxation of carrier populations generated in these

regions.

Stmulation 67: €(t=0) = 0, band 8; €5y = 24.34meV.

In this simulation, the initial monoenergetic distribution of carriers was located
at the band 3 minimum. Figs. 10.33-34 show the time dependence of the fractional
populations and mean energies for the simulation, and Figs. 10.35-36 show the

positive and negative portions of the energy loss rates.

Fig. 10.33 shows a rather slow decay of the band 3 population. Indeed, com-
parison of the 10ps timescale plot with the 1ps plots for simulations 61 and 62
indicates that the rate of depletion of the low energy states in band 3 is approxi-
mately a factor of ten slower than that of low energy states in band 4. Fig. 10.34
shows that (e3) increases steadily over the first 10ps of the simulation, and that
the overall average energy (e,,) also increases, within the first picosecond. Cor-
respondingly, the total energy loss rate is negative, for ¢ < 1ps. Fig. 10.36 shows
that the negative components in the energy loss rate are those due to the inter-
band optical and intraband acoustic modes. The intraband acoustic contribu-
tion represents 3-3 acoustic phonon absorption, and this involves predominantly
piezoelectric coupling, since the intraband PZ matrix elements are so large (see
section 6C.2). The interband optical contribution to energy absorption is given by
POP 3-1abs scattering, which is of comparable strength to the interband acoustic
modes in band 3. Carriers scattered into band 1 by POP 3-1labs very quickly
re-emit an optical phonon (POP 1-lem), creating a population in band 1 at an

energy equivalent to that of the band 3 minimum.

In the latter part of the simulation, energy loss is dominated by intraband
acoustic (AC 1-lem) scattering, as the band 1 population thermalises. The in-
traband acoustic component of the energy loss rate reaches a maximum value of

1 comparable with the highest values observed for

approximately 2 x 107 %eVps™
the previous é-simulations. On Fig. 10.33, a transient overshoot of the band 2
population is observed, with a maximum value occurring at ¢ = 20ps. This is a
surprising result, since 3-2 scattering in this simulation is very weak. The break-
down of scattering events obtained from the simulation shows net 1-2 acoustic
scattering for t < 20ps, and net 2-1 acoustic scattering for ¢ > 20ps. Therefore,
we may deduce that the overpopulation of band 2 is a consequence of the forma-
tion of a large population of carriers localised within a very small range of energies

in band 1. Such a population develops because the principal routes for scattering
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out of band 3 will all direct carriers to the same regicn in band 1. If the total
rate of scattering into this region exceeds the total intraband acoustic rate, then
the population will be forced to relax by the scattering of carriers to other bands.
In this case, we would expect the effect to disappear in the presence of intraband
carrier-carrier scattering, which would act to thermalise the band 1 population

much more efficiently than the intraband acoustic phonon modes.

Stmulation §8: €(t=0) = 8.44meV, band 2; ¢y = 24.34meV.

The initial energy, relative to the band 1 minimum, of the carrier distribution
in this simulation was chosen to be the same as that for the previous case, 67.
This will enable us to compare the cooling of carriers in states below the lowest
optical phonon emission threshold in bands 2 and 3. We might suspect that cooling
would be slower in the band 3 case, since here there are two band minima in which

carriers can be trapped.

Fig. 10.37 shows (7(t)) for each band, and Figs. 10.38-39 show the energy
loss rates. In the first picosecond of the simulation, Fig. 10.38 depicts energy
loss from the carriers to intraband acoustic phonon modes. This is due to 2-2
acoustic scattering (both AC and PZ) as the carriers relax within band 2. However,
there is still a net gain of energy by the carrier system from the lattice (phonon)
system over this period. Fig. 10.35 shows that both the intra- and inter-band
components of the energy loss rate are initially negative; however, the interband
component is significantly smaller than in the §7 case. We may also note that the
interband acoustic component of the energy loss rate is too small to be shown on
Fig. 10.38. It appears that 2-1 acoustic scattering is suppressed by the stronger
2-2 scattering. Consequently, the rates of de-/re-population in the simulation are
very slow. Comparing Figs. 10.33 and 10.37 indicates that the depopulation rate
of band 2 in the present case is over a factor of ten slower than that of band 3
in simulation 67. Thus, contrary to our previous supposition, carrier trapping in
the 68 case is much more severe than for §7. Table 10.3 gives values of the overall
average energy at various times for the simulations 67 and 68, from which it is

clear that cooling is slower in the latter case.

Simulation 69: €(t=0) = 0, band 2.

Having found that carrier trapping in low energy states in band 2 is so effective,
we will now proceed by examining the cooling of a carrier population generated
at the energy minimum, where the trapping effect might be expected to be even
stronger. Figs. 10.40-41 show the time dependence of the fractional populations

and mean energies for this case, and Figs. 10.42-43, the energy loss response.

We see immediately that carrier trapping is not as severe as in the 68 case. De-
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t(ps) €ay (meV)
o7 68 | mM2

0.0 | 24.34 | 24.34 | 24.34

0.5 | 24.74 | 24.64 | 19.22

1.0 | 24.87| 24.68| 17.87

1.5 24.89 | 24.66 | 17.22

2.0 24.81 | 24.63 | 16.79

2.5 | 24.76 | 24.57 | 16.43

5.0 | 24.11 | 24.26 | 15.65

7.5 | 23.47| 23.82| 15.22

10.0 | 22.87 | 23.32 | 14.90

95.0 | 12.69 | 12.89 | 12.00

Table 10.3: Energy Relaxation in the §7, 68 and mM2 Simulations
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population of band 2 in the §9 simulation occurs on a 10ps timescale (Fig. 10.40),
rather than 100ps as in 68 (Fig. 10.37). Although the rate of depopulation of
band 2 in the 69 simulation is slower than that of band 3 for 67, the band 1
population after 10ps is actually greater in the former case, since the population

relaxation process involves only two, rather than three bands.

On Fig. 10.43 it can be seen that the contributions to the energy loss rate from
the intraband acoustic, and intra- and inter-band optical modes are all negative
at early times. These contributions represent AC/PZ 2-2abs, and POP 2-2 and
2-labs respectively. Also, on Fig. 10.42, it can be seen that the interband acoustic
energy loss rate is large from the outset of the simulation. This represents AC 2—
lem scattering, which was not observed in the 68 case. Its appearance here is due to
the much larger matrix element for scattering from states near the band minimum
(see Fig. 6.152). This scattering, together with the POP 2-1abs scattering, provide
two effective means of depopulation of band 2 which were not prominent in the
68 case. The AC 2-1lem scattering persists until ¢ = 10ps, and Fig. 10.42 shows a
significant contribution to energy loss from intraband optical modes from ¢t = 0.3ps

onwards, representing optical phonon re-emission by carriers scattered into band 1
by POP 2-1abs.

The initial mean energy of carriers in band 2 is less than the thermal equilib-
rium value for the band. Therefore, a quantity of carriers equivalent to the thermal
equilibrium population ({%z3) = 0.13) must gain energy by acoustic phonon absorp-
tion. This phenomenon can be seen on Fig. 10.41, with the mean energy in band 2
rising over the 100ps timescale, whilst the overall average energy falls. The per-
sistence of AC/PZ 2-2abs also explains the long delay observed before the onset
of a net energy loss to intraband acoustic modes, compared to the 67 simulation,

and the relatively low value of this energy loss component thereafter.

We may summarise the results obtained in this section by saying that carrier
trapping, in terms of both reduced energy loss rates and slower population relax-
ation, is more severe for carriers in the band 3 energy minimum than for carriers
in the band 2 minimum. Depopulation of the initially occupied band occurs via
interband optical absorption and interband acoustic scattering in both cases, but
is more effective for carriers located at the band 2 minimum due to the larger
matrix elements for the relevant processes. The population relaxation of carri-
ers initially located in band 3 is also hampered by a transient overpopulation of
band 2. However, carrier trapping in band 2 becomes considerably worse if the
initial carrier population is located at an energy away from the band minimum,
but still below the lowest optical emission threshold. This is due to smaller ma-

trix elements for the key interband scattering processes, and their suppression by
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Fig 10.40 Simulation §9. Time dependence of the fractional populations in bands 1-4. Tp = 77K;

€2c = 2meV.
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strong AC/PZ 2-2em scattering into the region of large density of states around

the band minimum.
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10B.6: Maxwellian Hole Distributions in the
Acoustic Dominated Cooling Regime
Stmulation sM3: T, = 56K, band 3.

The carrier temperature for the initial distribution in this simulation was cho-
sen to give a mean energy in band 3 midway between the band minimum and
the lowest optical emission threshold at ¢ = 12meV. Obviously this represents an
unusual situation, since the temperature characterising a carrier distribution is
expected to be greater than or equal to the lattice temperature, which, in this
case, is 77K. However, the distribution used in the sM3 simulation can still be
regarded as a model of that resulting from photoexcitation of carriers in band 3
in the presence of a degree of intraband carrier-carrier scattering, which will serve
to distribute carriers across a range of energies. We deliberately chose such a low
carrier temperature in order to restrict the range of carrier energies to the acoustic

dominated cooling regime.

The energy loss plot for the sM3 simulation is shown in Fig. 10.44. The
energy loss rate is, at all times, positive, in contrast to the rates for the §7-9
simulations. However, the intraband optical component is still negative during
the first picosecond, indicating that optical phonon absorption by carriers near
the band 3 minimum still occurs, as in the 67 simulation. The large contribution
of the interband optical modes to energy loss suggests that some carriers do reach
the lowest optical emission threshold in band 3: however, the maximum energy
loss rate in this simulation is around a factor of 100 less than that for simulations

in which cooling of the entire carrier population is dominated by optical scattering.

The time dependences of the fractional populations for the simulation are
shown in Fig. 10.45. Depopulation of band 3 occurs over approximately the same
timescale as for the 67 case, suggesting that the number of carriers reaching the 3-
1 optical emission threshold is, indeed, small. Transient overpopulation of band 2
is observed at around 20ps, consistent with the result for 67. We may conclude
that, whilst several similarities exist between carrier cooling in the 67 and sM3
simulations, both energy loss and the return of the fractional populations to their
equilibrium values are faster in the latter case, due to POP 3-1lem scattering of

the small number of carriers which are able to reach the threshold.

Simulation mM2: T, = 173K

The carrier temperature for the initial multiband Maxwellian distribution in
this simulation was chosen to give an overall average carrier energy equivalent to
that in the simulations 67 and 68. Fig. 10.46 shows the energy loss rates for the
simulation, and Fig. 10.47, the fractional population of each of the four bands. The
band 1 population at t=0 is high ((%1) &~ 0.67), and therefore the simulation cannot
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T = T7K; €3¢ = 2meV.
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be expected to bear much resemblance to the 67 or 68 cases. Population relaxation
is quite monotonic, with no overshoot effects, and the fractional populations have
virtually attained their thermal equilibrium values within 100ps. Energy loss is
dominated by optical scattering, indicating that a fair proportion of the carrier
population lies above the lowest optical emission threshold in each of bands 1-
3. Indeed, the mM2 energy loss plot is very similar in form to the plots for the
sM1 and mM1 simulations, although the initial energy loss rate here is almost
a factor of ten smaller. A breakdown of the scattering events occurring in the
simulation reveals that the principal scattering processes, in the early stage of the
simulation, are (in order of decreasing strength) POP 2-1em, 1-lem and 2-2em.
Fig. 10.46 also shows intraband acoustic scattering (principally AC 1-1lem) present
throughout the simulation, with a weak optical/acoustic energy loss crossover at

around 10ps.

Table 10.3 gives values of (e,y) at various times in the simulation, for compar-
ison with those for simulations 67 and 8. We may conclude that carrier cooling,
in terms of both energy loss and population relaxation, is significantly faster for
the mM2 case. This is mainly due to the large carrier population already present
in band 1 at early times, and to the substantial population of carriers in states
above the optical emission thresholds in the latter case. Consequently, despite the
equivalence of initial average energies for the 67, 68 and mM2 simulations, the
latter is distinct from the two former cases in that energy loss is clearly dominated

by optical, rather than acoustic phonon modes.
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10B.7: Cooling of a Hole Population at the
Lowest Optical Phonon Emission Threshold
Simulation 610: ¢(t=0) = 14.1meV, band 3; €,y = 38.44meV

The energy of the initial monoenergetic carrier distribution in this simulation
was chosen to be just above (one acoustic phonon energy above) the lowest optical
emission threshold in band 3. This will enable us to examine the cooling processes
experienced by carriers excited above the threshold. Figs. 10.48-49 show the time
dependence of the fractional populations and mean energies for this simulation,

and Figs. 10.50-51 show the energy loss rates.

Fig. 10.50 shows that energy loss in the early part of the simulation is almost
entirely due to interband optical scattering (POP 3-lem). However, the initial
(t = 0.1ps) rate is over an order of magnitude lower than that in simulations such
as 61-5, since the POP 3-lem scattering rate is rather small. Fig. 10.48 shows that
the population in band 3 decays somewhat more quickly than in simulation §7:
however, the rate of depletion of band 3 in the present case is still almost a factor
of ten slower than that of band 4 in the 61 and 62 simulations. The population
of band 2 remains small throughout the first 10ps of the §10 simulation; carriers
by-pass the band due to the prevalence of 3-1 optical scattering. Consequently,
an overpopulation of band 1 occurs, with a maximum value of (7;) attained at
t = 15ps. This is the same kind of response as was observed in the 66 simulation,
for the cooling of a carrier population generated above the 2 X hwyp threshold.
Fig. 10.49 shows that the overall average energy falls quite briskly; reaching a
minimum va._lue, beiow that of thermal equilibrium, at ¢ =~ 15ps. The band 1
mean energy also falls below its thermal equilibrium value. Clearly, POP 3-lem
scattering acts to repopulate the low energy states in band 1 at a rate faster than
that at which thermalisation can be achieved by intraband acoustic scattering:
thus, as in the 66 case, a transient ‘supercooling’ of the carrier system occurs.
Correspondingly, the total energy loss rate becomes negative after around 15ps
(Figs. 10.50-51). Fig. 10.51 shows that the carrier system is absorbing energy
from both intraband acoustic (AC 1-1abs) and intraband optical (POP 1-labs)
phonon modes.

A surprising feature of the energy loss response is the negative contribution
from intraband optical modes during the first 0.5ps of the simulation. This rep-
resents POP 3-3abs scattering, which indicates that this process is stronger than
the various acoustic processes in this region of band 3. Subsequent 3-1 acoustic
scattering leads to the formation of a carrier population in the high energy states
in band 1, where POP 1-lem, and, to a lesser extent, POP 1-2em are strong.

The former process accounts for the large contribution to energy loss from the
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intraband optical modes after ¢ = 0.5ps.

Repopulation of band 2 proceeds via net 1-2 acoustic scattering, and POP
1-2em (represented by the residual contribution of the interband optical modes to
energy loss for ¢ > 15ps). Although the return of the band 1 and 2 populations
and energies to their thermal equilibrium values is somewhat slower than in the 66
case, the population of band 2 still rises above its thermal equilibrium value after
100ps, and we predict a shift from net 1-2 to 2-1 acoustic scattering to complete

the relaxation process.
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10C SUMMARY

Having described, in some detail, simulations of the cooling of a range of quan-
tum confined hole distributions, we are now in a position to take a general overview

of our results, and to offer some answers to the questions posed in Section 10A.

Concerning our question (i) of Section 10A, we have seen that hole cooling
in the quantum confined valence band system is fastest for an initial distribution
located in the lowest band (section 10B.2). In the early phase of cooling (¢ < 1ps),
the intraband optical scattering is important, giving faster energy loss for carrier
populations generated in both bands 1 and 2, compared to that for equal energy

populations in the upper bands, 3 and 4.

However, a crossover from optical to acoustic dominated energy loss was ob-
served in the cooling of the high energy, monoenergetic carrier distributions in all
the simulations 61-5, occurring between ¢ = 0.7 and 3.0ps. The importance of
acoustic scattering at such early times is not a feature associated with the cooling
of electrons in quantum wells. It occurs here, firstly, because the optical modes are
sufficiently strong as to scatter carriers below the lowest optical phonon emission
threshold within a very short time, and secondly, because the intraband acous-
tic (AC and PZ) scattering rates for the quantum confined holes are also large

compared to those for electrons.

Beyond the crossover point, cooling was dominated by AC 1-lem in all cases,
and thus was still fastest in the 65 simulation, where the carrier population was
located in band 1 at t=0. We commented in section 10B.2, that an important factor
controlling the overall energy loss rate for any non-equilibrium carrier distribution
will be the efficiency with which carriers can be scattered into band 1. For this
reason, cooling of populations generated in band 4 is relatively fast, since interband

optical scattering is quite strong.

Regarding the issue of population relaxation (question (ii) in Section 10A), we
observed by far the fastest rates of depopulation in band 4. Assuming the decay
of the band 4 populations in simulations 61 and 62 to be exponential, during the
first picosecond, we may deduce lifetimes for interband scattering of 7 = 0.37 and
0.42ps respectively. These values are considerably smaller than those reported
by Seilmeier et al. (1987) for the lifetimes of quantum confined electrons against
intersubband optical phonon scattering. We found that the rate of depopulation
of band 3 was typically ten times slower than for band 4, and that for band 2,
lesser by a further factor of ten. This was predominantly due to the trapping
of carriers in states below the lowest optical emission threshold in both bands 2
and 3 (see questions (iii) and (iv) in Section 10A). The trapping was augmented,

in band 3, by the particularly small scattering rates near the band minimum, and
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in band 2, by strong intraband scattering (via both optical and acoustic modes).
The latter is associated with the large matrix elements for the POP 2-2em and
AC 2-2em processes, and also with the extremely large density of states at the
band minimum (see questions (v) and (vi) of Section 10A). Indeed, we remarked
in section 10B.2, that even high energy populations in band 2 were subject to a

carrier trapping effect, due to the suppression of 2-1 optical scattering by strong
POP 2-2em.

Obviously, carrier trapping phenomena influence both population relaxation
and the energy loss rates. We observed delayed energy loss in the 62, compared
to the 61 simulation, due to the accumulation of a large population in the band 3
minimum in the former case. Also, the bottleneck of carriers which formed in the
band 2 minimum in the §4 simulation led to particularly low energy loss rates

immediately following the optical/acoustic energy loss crossover.

The formation of a residual carrier population around the band 4 minimum
was also observed (section 10B.4), due to the large density of states in this region.
However, this population has a relatively short lifetime, since interband scattering

via optical modes is allowed.

We may conclude that the trapping of carriers is generally associated with
the exclusion of interband optical scattering in the various band minima, and
this is consistent with the observations of Oberli et al. (1987,1988) for quantum
confined electrons (see Section 10A). However, for the quantum confined valence
band system, carrier trapping is enhanced by features related to band mixing; in
particular, the existence of regions of extremely large densities of states at off-

zone-centre band minima.

For the cooling of a Maxwellian distribution of carriers (the sM- and mM-
simulations), we found that some of the distinctive features observed in the 6
cases were somewhat ‘smeared out’, as we might have expected. Cooling was
dominated by optical modes for almost the entire duration of the return to thermal
equilibrium; giving rise to faster cooling rates for all but the very early phase of
the simulations. Carrier trapping was still observed in the sM-simulations, but

not in the mM cases, where most of the carriers are located in band 1 at ¢=0.

When a large population of carriers was initially located just above an optical
phonon emission threshold, we observed the development of an excessively large
population in the low energy states in band 1, with a consequent undershoot of
both the band 1 mean energy and the overall average energy below their thermal
equilibrium values. We described this phenomenon as a transient supercooling
of the carrier system. The effect was only observed in the §-simulations, since,

for the sM and mM cases, the spread of carrier energies is too large, with a large
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proportion of the initial population located below the relevant threshold. However,
for any circumstance in which a large population did develop around an optical
emission threshold, the supercooling effect should survive even in the presence
of intraband carrier-carrier scattering, since this process is elastic, and therefore
could not excite the low energy overpopulation in band 1 to higher energy states.
Of course, we have not considered Pauli exclusion, which will tend to restrict the

extent of overpopulation of any localised range of energy states.

Many of the effects discussed will be dependent on the quantum well width L.
Although we have only presented results for one particular width (L = IOOA), we
may use these results to make same general predictions concerning hole cooling
in wells of different sizes. Obviously, if the well width is increased, then the band
edges will shift downwards in energy (towards the base of the well). Therefore,
for a sufficiently wide well, the band 4 minimum will lie below the lowest optical
phonon emission threshold, and carrier trapping will then occur in this band also.
As mentioned above, this effect will be enhanced by the large density of states
at the band 4 minimum (and throughout the b region of the band), leading to
the possibility of even larger carrier lifetimes against interband scattering than in
either of bands 2 or 3.

Conversely, if the well width is reduced sufficiently, then, firstly band 3, and
subsequently band 2 will rise above the lowest optical emission threshold, thus
eliminating carrier trapping effects in these bands. Also, as the well width is re-
duced, the bands will move further apart in energy; hence the effects of mixing will
be diminished. This will eventually shift the minima in bands 2 and 4 back to the
zone centre, thus removing the large peaks in the density of states in these regions.
Furthermore, the magnitudes of the inter-anticrossing-band matrix elements (see
section 6C.1) are likely to be reduced; hence, although interband optical scatter-
ing will be more prevalent in cooling, the principal scattering rates will be smaller
than for the 1004 case.



CHAPTER 11
CONCLUSIONS

In this chapter, we will first consider the achievements of the work described
in this thesis. Secondly, we will discuss some of the approximations involved, and

finally, we will make some suggestions for future work.

We have developed, from first principles, a set of Monte Carlo programs to
simulate the transport and relaxation of quantum confined holes. As a first exam-
ple, we considered the specific case of a 100A GaAs/AlAs lattice matched single
quantum well. We have used a 4-band k.p scheme to describe the detailed effects
of valence band mixing in the quantum well on the energy band dispersions and
hole wavefunctions, and hence on the matrix elements and transition rates for
the principal hole-phonon scattering processes. In Chapter 5, we showed how the
4-band k.p scheme could be incorporated in a calculation of the quantum con-
fined hole-phonon scattering rates. In Chapter 6, we presented a comprehensive
set of results for the quantum confined hole-phonon scattering matrix elements for
acoustic (deformation potential), non-polar optical, polar optical, and piezoelectric
phonon modes. We found that, in general, the matrix elements varied markedly
with the wavevector of the scattering states, especially for those states located
near the so-called anticrossing regions of the bands, whose character is susceptible
to the most rapid variation with wavevector. We noted the overall dominance of
the intraband matrix elements, especially for acoustic scattering; and for optical
phonons, the strength of the transitions between adjacent and anticrossing bands,
in which the character of the scattering states showed the closest correlation.

In Chapter 7, we presented results for the quantum confined hole-phonon scat-
tering rates in the first four valence subbands of the GaAs/AlAs quantum well.
The rates exhibited distinctive spike-like features, due to the singularities in the
density of states at off-zone-centre energy minima in certain subbands. The princi-
pal optical phonon emission threshold was not found to be so abrupt as in the case
of quantum confined electrons in a parabolic band, but, due to the structure in the
density of states, a large polar optical scattering rate was obtained for scattering
from states just above the threshold energy. This rate was found to be larger than
the principal intraband (heavy hole - heavy hole) polar optical scattering rate for

holes in bulk GaAs at the same lattice temperature (Chapter 4).

In Chapter 8, we described some of the computational details of our model,
and in Chapter 9, we reported its use in the simulation of the steady state electric
field heating of quantum confined holes at a lattice temperature of 77K. We ob-
served a reduction in both the hole drift velocity and the low field hole mobility,
compared to the results obtained for bulk GaAs (Chapter 4). This corresponds
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to the differences in the 2D and 3D scattering rates described above, and is also
in accordance with the experimental predictions of Stormer et al. (1984). We ob-
tained energy distributions of holes in the first four subbands of the quantum well.
In all cases, the low energy portion of the distribution was modified by structure
associated with the density of states, and large carrier populations were observed
in the off-zone-centre band minima. Similar structure has also been observed in
photoluminescence spectra, such as that of Da Costa et al. (1987). Using the high
energy tails of the carrier distribution functions, we were able to deduce effective
carrier temperatures for holes in each of the four bands. The temperatures in
three of the bands were found to be very similar for any given electric field, in-
dicating the importance of interband scattering in carrier thermalisation. In the
remaining case (band 3), consistently lower carrier temperatures were observed,
although this may be a consequence of the numerical uncertainties associated with
the derivation of these temperatures. In all cases, the carrier temperatures were
found to be much lower than the values of (e,y)/kp appropriate to carriers in a

parabolic band in 2D.

The steady state energy loss rate for the quantum confined holes showed a
temperature dependence similar to that predicted for polar optical dominated
scattering in a simple 2D band, in accordance with the trend also observed ex-
perimentally by Shah et al. (1985). Our results deviated from the exponential
dependence at low carrier temperatures, due to extremely strong polar optical
scattering near its threshold, and due to the non-Maxwellian form of the carrier

distribution at low energies.

We also reported, in Chapter 9, the observation of an anomalous repopulation
of the lowest subband on electric field heating in the steady state, due to the

dissipation of carrier energies by strong intraband polar optical scattering.

In Chapter 10 we studied, in some detail, the cooling of a multisubband system
of quantum confined holes of various initial energy distributions. We were able to
use our ensemble Monte Carlo program to resolve the energy loss rate into any
number of constituent components; in particular we showed, for each simulation,
the time dependence of the energy loss rates due to intra- and inter-band scattering

by both optical and acoustic phonons.

We observed a number of features: the dominance of intraband scattering;
the existence, in many cases, of a crossover between optical and acoustic phonon
dominated energy loss after a certain time interval, and the large magnitude of the
acoustic energy loss rates compared to those in the steady state. We found evidence
for the trapping of carriers in the subband minima — particularly those lying

below the optical phonon emission threshold — and saw that this phenomenon
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was enhanced by features related to band mixing; especially, the presence of off-

zone-centre band minima where the density of states is extremely large.

A transient supercooling of the carrier population was also observed, whenever
the initial distribution was concentrated just above an optical phonon emission
threshold.

Approzsmations

Our principal goal of including, in our Monte Carlo simulations, a realistic
description of the quantum confined bandstructure and scattering matrix elements
has been achieved at the expense of a number of approximations. Firstly, we have
assumed the quantum confined bandstructure to be isotropic in the 2D wavevector
plane. This approximation was discussed in Chapter 6, and, whilst we would
expect some variation in both the band energy dispersions and the scattering
matrix elements with direction in k-space, the effects on the results summarised
above are not expected to be significant. Secondly, we have assumed, as described
in Chapter 5, that the phonon modes in the quantum well have the same form as
in the bulk. Whilst this is not the case, the approximation is commonly used; the

derivation of quantum confined phonon modes being a major calculation in itself.

Our simulations do not include any form of carrier-carrier scattering. This
means that our results will be most appropriate to low carrier density samples.
The effects of carrier-carrier scattering were considered in our study of transient
hole cooling in Chapter 10, where we described the use of three different categories
of initial carrier distributions which we related to the cases of weak carrier-carrier
scattering, strong intraband carrier-carrier scattering, and strong intra- and inter-
band carrier-carrier scattering. In our simulations of steady state electric field
heating, the principal effect of strong carrier-carrier scattering would be to smooth
out the structure in the carrier energy distributions, giving a response closer to

the Maxwellian form for all values of electric field.

In our simulations we have included neither Pauli exclusion (degeneracy) ef-
fects, nor coupled phonon-plasmon scattering. These are, again, both high carrier
density effects. We mentioned, in Chapter 10, that the effect of Pauli exclusion
would be to inhibit the formation of large carrier populations at localised regions in

energy; particularly those associated with the transient supercooling phenomena.

At high carrier densities, the polarisation waves of the lattice become coupled
phonon-plasmon modes, rather than simple polar optical phonons. The effect of
such modes can be included by the use of a frequency and wavevector dependent
dielectric constant with which to screen the polar optical interaction (dynamic
screening; see, for example, Shah (1986) and references therein). Such a calculation

was considered beyond the scope of this work.
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We have not allowed, in our simulations, for any disturbance of the phonon
population from its equilibrium value. The generation of non-equilibrium pop-
ulations of phonons, and subsequent phonon reabsorption by the carriers (hot
phonon effects), are phenomena commonly associated with the reduction of the
energy loss rate of electrons in both 3D and 2D systems. It has been pointed
out that holes, due to their larger effective mass, can interact with phonons of a
larger range of wavevectors than can electrons; s.e., the holes can interact with
more phonon modes, and hence the probability of a particular mode becoming
‘hot’ is correspondingly reduced (Shah et al. 1985; see also Lyon 1986). The corre-
lation between our results and the experimental results of Shah et al. (1985) (even
given the difference in the lattice temperatures used) would appear to confirm this

suggestion.

We have not allowed for the possibility of real space transfer of holes from
the GaAs layer to the AlAs barrier layers. The quantum well barrier height in
the valence band is, of course, dependent on the values taken for the band off-
sets. Assuming that the valence band takes up 40% of the difference between the
GaAs and AlAs direct band gaps (Miller et al. 1984), the barrier height is around
650meV at T,=77K (Landolt-Bérnstein 1982). In this case, real space transfer
should certainly not have any effect on the hole cooling simulations described in
Chapter 10, and, for the range of electric fields used, it is unlikely to be significant

in the work on electric field heating presented in Chapter 9.

Future Work

As mentioned in Chapter 9, it would be quite possible to use our programs,
without modification, to investigate quantum confined hole dynamics at lattice
temperatures cther than Tp =77K. Of particular interest, however, would be the
study of hole cooling at temperatures in the liquid helium range (T = 4.2K), since
these are used in a number of experiments on quasi-2D systems. This would require
use of the zero-point, rather than the elastic and equipartition approximations, in

the calculation of acoustic scattering rates.

The 4-band k.p scheme can readily be modified to include strain effects. There-
fore, by recalculating the scattering matrix elements, it would be possible to use
the same Monte Carlo programs to study hole dynamics in strained layer systems.
Similarly, the investigation of hole transport and relaxation in quantum wells of
different widths or of different materials systems would also be quite straightfor-

ward.

It would certainly be desirable to include some form of carrier-carrier scattering
in the simulations. This would allow us to examine the validity of the results

presented in Chapters 9 and 10, for a range of carrier densities. It would also be
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of interest to enable the disturbance of the phonon populations in the simulations
from their equilibrium values. This would allow us to investigate further the
suggestion that hot phonon effects are not important for hole energy loss in the
steady state. Furthermore, the possible existence of a transient hot phonon effect,
as proposed by Kash et al. (1985) for the case of photoexcited quantum confined

hole cooling, could also be investigated.

Finally, we may note that, having developed a relatively detailed model with
which to describe quantum confined hole dynamics, it would not be so difficult a
task to incorporate, in the same set of programs, a description of the quantum
confined electron system; thus forming a uniquely realistic model for the simulation

of carrier photoexcitation and subsequent cooling in a quantum well.



APPENDIX 1
REJECTION TECHNIQUES FOR THE GENERATION OF
STOCHASTIC VARIATES

A fundamental feature of the Monte Carlo method is the generation of stochas-
tic variates z according to some specific non-uniform probability distribution P(z).
We saw, in Chapter 2, that such a set of stochastic variates could be obtained
directly from an algebraic relation involving the random variates », which were
evenly distributed in the range [0,1]. However, in many cases the form of the
distribution P(z) is too complicated to allow an algebraic determination of the
variates z, and one of the so-called rejection techniques must be used instead. In
this appendix we will describe two such techniques; the basic rejection technique,
and the combined (direct/rejection) technique. Both these methods are discussed

in the review article by Jacoboni and Reggiani (1983).

Basic Rejection Technique

Let C be the upper limit of the probability function P(z) in the range of inter-
est [a,b]. If r; and r| are two random numbers obtained from a uniform distribution

over [0,1], then a pair of stochastic co-ordinates (z1,y1) may be generated, where

zy =a+ (b—a)ry, (A.1a)
y1 = C. (A.1b)

If the point (z1,y1) lies below the curve P(z), then z; is accepted as a valid
choice for z: however, if (z1,y1) lies above P(z), then z; is rejected, and another
pair of co-ordinates (z2,y2) are generated. This process is repeated until a point
(zi,y;) is obtained which lies below the curve. The method is shown graphically
in Fig. A.la. Clearly, the probability of accepting any value z; is proportional to
P(z;), as required. In Fig. A.1la, the ratio of the area under the curve P(z) to the
total area (b— a)C gives a measure of the efficiency of the technique. If this ratio is
small, a large percentage of the co-ordinates (z;,y;) will be rejected, representing
wasted computer processing time. In such cases, the combined technique described

below may be used.

Combined (direct/rejection) Technique

In this method, a function g(z) is identified which has values near to, but
greater than the probability distribution P(z), everywhere in the required range
[a,b]. Furthermore, the functional form of g(z) must be sufficiently simple that
stochastic values z;, distributed according to g(z), can be generated by the direct

technique described in Chapter 2. Then, the values z; are accepted as valid choices
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Fig. A.1 (a) Basic rejection technique, and (b), combined (direct/rejection) tech-
nique for the generation of stochastic variates z according to a probabil-
ity distribution P(z). In each rase, the randomly generated co-ordinate
(z1,71C) will be rejected, but (ry,72C) will be accepted; thus the value

Ty is a valid choice for z.
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for the stochastic z (required to be distributed according to P(z)), if
rig(zi) < P(zi). (A4.2)

This process is represented in Fig. A.1b. As before, only the points (z;, r;g(z;))
which lie below the curve P(z) give valid choices of z;. However, in this case all the
points generated lie below the curve g(z) by definition; hence only those falling in
the hatched area on Fig. A.1b are rejected. For a judicious choice of the function
g(z), this can result in a substantial improvement in the efficiency of the method

over that for the basic rejection technique.



APPENDIX 2
YALENCE BAND DEFORMATION POTENTIALS

Currently, there exist in the literature, several different methods for defining
the deformation potentials associated with phonon scattering in the valence bands
of Group IV and III-V semiconductors. Unfortunately, the precise definition of
each parameter has not always been made clear, and consequently a degree of
confusion over the matter has arisen. In particular, some authors (e.g., Wiley
1975) have preferred to include the effects of the valence band overlap integrals
in the definition of the deformation potentials, whereas others (e.g., Costato and

Reggiani 1973a) have excluded these effects in their definitions.

In this appendix, we will briefly review some of the definitions of deformation
potentials found in the literature, and will give values for the acoustic and optical

deformation potentials used in this work, under clearly defined conditions.

Acoustic deformation potentials

As mentioned in Section 3C, in the valence bands of a semiconductor both
dilational and shear strains contribute to the acoustic interaction energy, and
their effects are properly described by three deformation potentials a, b, and d.
However, Lawaetz (1968) has shown that, on taking an average over all directions,
a single effective deformation potential E.¢ can be defined:

d2
82 =a? + (ﬂ) (b2 + 7) : (A.3)

Ct

where ¢; and ¢; are the spherically averaged crystal elastic constants;

and the ¢;; are elements of the elastic tensor.

Thus, it appears that Eg is defined to represent the interaction of a carrier with
an effective longitudinal mode having the same strength as the actual combination
of longitudinal and transverse modes. As such, Ezﬁ is intended to be used in
conjunction with the longitudinal sound velocity v;. Therefore, if the mean square
sound velocity v2 = (v?+2v2)/3 is used in the calculation of the acoustic scattering

rate, then the corresponding deformation potential (squared) should be:

2 V 2
Epc = —5Eeq- (A.5)
]
This is the form suggested by Lawaetz to Wiley (see Wiley 1970), for use in con-

junction with his previous work on hole transport (Wiley and DiDomenico 1970).
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Costato and Reggiani (1973a), in their calculations of hole-phonon scattering, in-
troduce an acoustic deformation potential E, the definition of which also reduces

to the above form.

However, in Wiley’s paper (Wiley 1970), we also find the relation

2 B+2)
Exc,wiley = (fgﬂf‘) et (A.6)
where § = ¢;/ct. This represents the introduction of an extra factor of 1/2,

compared to the definition given in equation (A.5). Equation (A.6) also appears
in Wiley’s later review of hole transport (Wiley 1975), and is quoted by Adachi

(1985) in his survey of material parameters for GaAs and related materials.

Now, Wiley (1975) does say that the deformation potentials described in his
review are phenomenological parameters which include the effects of the overlap
integral G(k', k). We saw, in Section 3C, that the effect of these overlap integrals in
AC and NPO scattering is to reduce the total scattering rates by a factor of two.
Thus, the deformation potential Fsc introduced in Section 3C, which does not
include any contribution from the overlap integral G(k',k), is related to Wiley’s
deformation potential by

Eic = 2EXc,wiley- (A.7)
It would therefore seem that the appearance of the contradictory equations (A.5)
and (A.6) in Wiley’s original paper (Wiley 1970) is the result either of some
typographical error, or of the omission of any reference to the overlap integral

contribution.

Costato and Reggiani (1973a) clearly treat the overlap integral term separately
in their scattering rate calculation, and this is consistent with the definition of their

deformation potential E;.

In a later paper (Costato et al. 1974), yet another form for the valence
band acoustic deformation potential is introduced. Costato et al. report that
this new parameter, EY, is related to Wiley’s deformation potential according to
E?z = (9v1/20) EX¢ wiley> and further, that E?z corresponds to (9/4)E?, where
E; is a deformation potential ‘in the formalism of Conwell’. (However, closer in-
spection shows that, in order to obtain the same expressions for the hole/acoustic
phonon scattering matrix element, the true relation between E? and E pc,wiley
must be: E?z = (9v}/2*) E}G wiley-) Now, Conwell (1967) uses the term E; in
her expression for the acoustic scattering of electrons in Ge, where the overlap
integral is unity, and only longitudinal modes contribute. We may eliminate E?
from the two expressions given by Costato et al. (making use of our amendment
detailed above) to find that EX wiey = (v2/2v})E%. The factor (9%/v?) is as-

sociated with the conversion from the case of longitudinal modes only, to that
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where a combination of both longitudinal and transverse modes is considered: the
remaining factor of 1/2 then reflects the inclusion of the overlap integral G(k', k)
in Wiley’s deformation potential. Thus, the work of Costato et al. (1974) lends
further support to our hypothesis of equation (A.7).

Of course, the advantage of defining a deformation potential which includes
the effect of the overlap integral term is that it can be directly compared with the
values deduced from experiment. However, the definition of such a deformation
potential is clearly not helpful when considering the acoustic scattering of holes
in quantum confined systems, where the effect of the carrier wavefunctions on the

Scattering matrix element cannot be so readily quantified.

We will conclude this discussion of the valence band acoustic deformation
potentials by obtaining a value for the parameter Faq, defined in Chapter 3,

which ezcludes any contribution from the overlap integral. We thus define

=2

v —
Efc= 'v_z"'zgff (A.8)
l
B+2)_
= (Tﬂ_ ke (A.9)

where 8 = ¢;/c:. To obtain a value for E g, we refer to equations (A.3) and (A.4).
Using values given by Adachi (1985) (also Landolt-Bérnstein 1982) for ¢;1, ¢13 and
c44 We obtain, for GaAs, ¢; = 14.032 x 10'° Nm ™2 and ¢; = 4.864 x 10! Nm™2. For
the deformation potentials a, b and d, Adachi (1985) gives values 2.7eV, -1.7eV
and 4.55eV respectively, from which we obtain Eg = 6.75¢V. Then, equation (A.9)
gives Epc = 5.07eV, the value used throughout this work.

Dividing this result by v/2 gives a value for Eac,wiley of 3.59eV, in good agree-
ment with the values given by Wiley (1970, 1975) and Adachi (1985) for GaAs.

Optical deformation potential

The fundamental optical deformation potential is the parameter dy derived by
Bir and Pikus (1961). It was mentioned in Section 3C that Lawaetz (1968), on
averaging the effects of optical strain over all directions, defined a deformation
potential constant D,p, where

. _sd

=gt (A.10)

This is the form used by Reggiani et al. (1977) and Ridley (1988). However,
the expression given by Costato and Reggiani (1973a) for the optical deformation

potential constant (equation (7) of that reference) does not reduce to the above

form.



Appendsz 2 166

The matrix element obtained by Lawaetz (1968) for non-polar optical scatter-

ing takes the form

hD} N
' 2 _ op op
(i = oo | ] (A1)

This is in agreement with the result given by Conwell (1967), with Do, equivalent
to her parameter D; K. Whilst both these workers used for the harmonic oscillator

mass M' (see section 3A.1), the total mass of the unit cell, the same result can be
deduced from the work of Ridley (1988), who uses the reduced mass M.

Conwell (1967) also defines an optical deformation potential in a manner anal-
ogous to that for acoustic scattering, by writing
B hwop B} [ Nop }
b

K\H- k)2 = 1,0p
( | Opl >| Nop'*'l

A.12
2va,2 ( )

where Ef | = (v} /w2 )(D:K)?2.
Similarly, Wiley and DiDomenico (1970) make use of a phenomenological con-

stant EnNpo,wiley in their calculation of an NPO scattering rate for holes. Their

expression for the scattering rate reduces to that of equation (3.80) if

E{po,Wiley = FD?)})’ (A.13)

and this conclusion is explicitly confirmed in the work of Costato et al. (1974). The
substitution of o2 for v? in equation (A.13) reflects the fact that Costato et al. are
considering hole scattering, whereas Conwell’s work deals with the scattering of
conduction electrons, where only longitudinal modes are associated with acoustic

scattering.

In his letter concerning the valence band deformation potentials, Wiley (1970)

gives the relation

M, + M; (c:(ﬂ+2))% 4 (A.14)

E . =
NPO,Wiley 2\/M—1]\7[; 2pwc2,pa§ﬁ

where 8 = ¢;/¢; and M; and M; are the atomic masses. This reduces to equa-
tion (A.13) for the case M; = My, i.e., for elemental semiconductors only. For
compound materials, such as GaAs, it is not clear how the above expression relates

to any of the other published work.

However, it is clear from the preceding discussion that the term Enpo, wiley, un-
like Eac,wiley, does not include any contribution from the overlap integral G(k', k).
This is apparent from the definitions of Expo,wiley in equations (A.13) and (A.14),

and their consistency with the expression given by Conwell for the conduction band
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case, where the overlap integral is taken as unity. This discovery becomes even
more surprising on noting that equation (A.14) also appears in Wiley’s review
(1975), where he clearly states that his phenomenological deformation potentials
already contain the effects of the term G(k', k).

In our treatment of NPO scattering in Section 3C there seemed no merit
in using any such deformation potential of the form given in equation (A.13).
Rather, we preferred to retain the parameter D,y as defined in equation (A.10), in
a calculation which, as for acoustic scattering, explicitly treats the overlap integral

term separately.

Then, taking do = 41eV (Wiley 1970; Adachi 1985) we obtain, for GaAs,
D,, = 8.88 x 101%Vm™!, the value used throughout this work.



APPENDIX 3
CRITICAL POINTS IN THE VALENCE BAND
ENERGY DISPERSIONS

The 2D energy dispersion functions for the quantum confined valence bands
may be written in the form e(k) = €(kz, ky). Critical points occur in €(kg, ky)
when Ve = 0. These can be maxima, minima or saddle points. The behaviour of
€(kz, ky) around a critical point may be examined by expanding the function in a

Taylor series, to second order, around the point (kz, ky). This gives

o ad
E(kz + S,ky -+ t) = e(kz,lcy) + (Sa_kz + tac;) E(kz,ky)

1( @ 8\’
+ 5 <58kz + ta_ky') E(kz, ky)- (A.15)

Remembering that de/dk, and d¢/dk, are both zero at the critical point (kg, ky),

we obtain, after a little algebra, the familiar result (see, for example, Stephenson
(1973)):

clks + 5, by +1) = ellka, ky) ~ 2 [(s + fﬁt) + —A;] , (A.16)

where A = €556yy — €gy€yz and €5, = 0%¢/Ok2, €5y = 0%€/k, 0k, etc.

For A > 0, the term multiplying €;; on the RHS of equation (A.16) is positive
for all s and ¢. Hence, the point (k;, k) is a maximum for €;, < 0, and a minimum
for €;; > 0. If A < 0, then the sign of the RHS of equation (A.16) will depend on
the values of s and t; this case represents a saddle point in e(kz, ky).

In the isotropic approximation to the quantum confined valence bandstructure,
the term A may be readily evaluated. With €(k;, ky) independent of the polar angle
B in 2D k-space, d¢/00 = 0. Hence the first derivatives of €(k;, k,) are simply:

o3 O¢
ok~ ok cos f3, (A.17q)
de de
— = — sl A.17b
EPSE AL (A.175)

where k is the 2D radial wavevector, cos # = dk/0k, and sin § = 9k/dk,.
The second derivatives of €(kz,ky) are then:

8% Ok  Be Ik

= geox A.18
€t = Bk0k Ok, | Ok OkE (4.18a)
0% 0Ok de 9%k
_ O Ok A.18%
““V = Bk,0k Ok, ' Ok OkzOk,’ (4.188)
Y Y
9% ok de d%
= ge 9k A.18
V% = Phyok Ok, | Ok OkyOks (A.18¢)
8% Ok de 9%k (A.184)

W = 3k, 0k dk,

+ éza—k;
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At a critical point, d¢/3k = 0, and so the second terms on the RHS of each of

equations (A.18a~d) will be zero. The second derivatives then reduce to:

82

€23 = 573 COS 2B, (A.19q)
aZ

€2y = 313 sin f#cos 3, (A.19b)
32

€y = 55 sin § cos f, (A.19¢)
32

€yy = ak; sin? 8, (A.19d)

from which it can be seen that A = 0. This condition holds for all values of §
in the expressions for €;;, €zy etc. above; hence, for k; # 0, ky # 0, we have a

continuous ring of critical points, with A = 0 throughout (see Van Hove 1953).

Before referring to equation (A.16), we must check the individual values of
€2z, €zy etc., since, if these were all simultaneously zero at a critical point, the
equation could not be used and the inclusion of higher order terms in the expansion
of €(kz,ky) would be necessary. However, on examining equations (A.19a-d) we
find that the four second derivatives are never simultaneously zero. We may then
conclude that, since €;, > O for all 3, equation (A.16) indicates that the behaviour
of €(kz,ky) resembles that around a minimum at every point on the ring (see
also Fig. 7.3). In section 7A.2 we have conducted a further examination of the

behaviour of the density of states around such a continuous ring of critical points.
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HOLE TRANSPORT AND RELAXATION IN THE VALENCE
BANDS OF A GaAs/AlAs QUANTUM WELL
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South Road,
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We have developed a new Monte Carlo model of hole transport and relaxation in the
valence bands of a GaAs/AlAs quantum well. The model includes realistic energy bands
and phonon scattering matrix elements calculated using a 4-band k.p scheme. We
demonstrate the use of the model in the investigation of the steady state electric field
heating, and transient energy relaxation of a two dimensional hole gas.

1. Introduction

There has been much recent interest in the dy-
namics of electrons in GaAs based semiconductor het-
erostructures. Advanced MOCVD and MBE fabrica-
tion techniques have enabled the growth of high qual-
ity quantum well and superlattice devices, whilst the

development of sub-picosecond lasers has -enabled de-

tailed spectroscopic studies of fast transient transport
and relaxation. However, there has, as yet, been lit-
tle attention directed towards the behaviour of holes
in these devices. The effect of quantum confinement
on the valence band system is clearly much more com-
plicated than for the conduction band, and the con-
sequences for hole transport are not yet understood.
Most theoretical models of quasi two dimensional (2D)
transport in semiconductors are based on a single, pa-
rabolic subband model, but neither the assumption
of parabolicity, nor that of single subband occupancy
holds good for the case of holes. The purpose of this
paper is to describe a realistic Monte Carlo model of
2D hole transport and relaxation. We have consid-
ered the particular case of 2 100A GaAs/AlAs lattice
matched single quantum well, and we have chosen a
4-band k.p model! to describe the quantum confined

* Present address; Plessey Research Caswell Lim-
ited, Allen Clark Research Centre, Towcester, North-
ants., UK.

0749-6036/89/020207 + 05 $02.00/0

valence band system. This method gives accurate re-
sults for the energies and wavefunctions of the valence
band states, but involves much less computational ef-
fort than the more usual pseudopotential or variational
bandstructure calculations.

2. Bandstructure

In 2 quantum well, considerable mixing of heavy
and light hole states occurs. This gives rise to o set of
valence subbands which have markedly non parabolic
energy dispersions in the plane of the well. We have
used the 4-band k.p scheme to obtain energies for the
first four subbands in a 100A GaAs/AlAs quantum
well. Fig. 1 shows the valence bandstructure in the
plane of the well. Anisotropy was found to be rel
atively small (less than 10% in band 1 in the range
of the figure), and the bandstructure was treated as
isotropic throughout the work described. Repulsion
(anticrossing) effects between adjacent bands can be
clearly seen. These are accompanied by an exchange of
character of the associated states. In particular, bands
2 and 4 have regions of negative effective mass near
the zone centre, with energy minima at non zero val-
ues of in-plane wavevector. The densities of states of
these bands diverge at the energy minima, though the
effect is expected to be damped somewhat by band
anisotropy.

© 1989 Academic Press Limited
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Fig. 1 Energy dispersion of the first four valence subbands
in the (100) direction of a 100A GaAs/AlAs quantum
well. The growth direction is (001).

3-Matrix Elements-

A method for calculating the matrix elements for
the ccattering of electrons by phonons in a quantum
well has been deccribed by Price? nnd Ridley®, where
it ¥ csgumed that the electronic wavefunctions can
be written 03 the product of o single Bloch function
and & sinusoidal envelope function. However the hole
waovefunctions in the quantum well, for any non-zero
in-plane wavevector, contain significant contributions
from o number of bulk states, and cannot be accurately
represented in such a simple form. We have used the
4-band k.p method to calculate realistic hole wave-
functions for the first four valence subbands, and used
theae to calculate the matrix clements for hole-phonon
scattering.

The matrix elements are given by terms like

Facld) = [ A@lUne(@das (1)

where

Inmalq) = / Ut (2) v (7)ezp(iq.r)dr )

with-m and n the subband-indices,
q is the phonon wavevector and ¢, its component in
the well direction.

Alq) =1 for deformation potential and non
polar optical scattering,
Alq) = :115 for unscreened polar optical and

piézoelectric scattering, and

2
Alq) = (@ +a)
and piezoelectric scattering, with go the reciprocal scr-

eening length.

for screened polar optical

Fig. 2a shows the matrix elements obtained for in-
traband (1-1) and interband (1-2) polar optical phonon
absorption, compared with that given by a simple 1-
band effective mass calculation. It can be seen that the
mixed character of the quantum well valence states has
an important effect on scattering. For the intraband
process, for small wavevectors, the initial and final hole
states lie on opposite sides of the anticrossing region of
the band. The small & initial states are heavy hole
like, whilst the large & final states are light hole like,
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Fig. 2(a) Matrix elements for polar optical phonon scattering,
integrated over all scattering angles, and shown in di-
mensionless form  f 2% FmadB. The full curves are
the results of 4-band k.p calculations for band 1-
band 1 and band 1-band 2 scattering, whilst the bro-
ken curve shows simple 1-band effective mass results
for the same two cases.

hence the matrix element is small. As the wavevector
of the initial state traverses the anticrossing region, the
state becomes increasingly light hole like, so the ma-
trix element increases. For the interband process, the
converse is true. The large & states in band 2 are heavy

hole like, and for scattering from the small & band 1_

states, the matrix element is large. As the wavevector
of the band 1 state passes the anticrossing region, the
matrix element decreases. The result for the 1-band
model shows only the variation in matrix element due
to the 1/¢? dependence.

P(K)ase = C / / K dk'df—

i A8

Fig. 2b shows intraband and interband matrix el-
ements obtained for deformation potential scattering.
These are calculated in an isotropic, elastic approxi-
mation (assuming that initial and final states have the
same wavevector). This means that the wavefunctions
of initial and final states for intraband scattering are
virtually identical, and the matrix elements are always
much larger than for interband scattering. This re-
mains true even when the initial and final states are
displaced by a typical acoustic phonon energy. The 1-
band calculation gives, in the elastic approximation, a
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Fig. 2(b) Matrix elements for deformation potential scattering
in dimensionless form, L/4 Frna(g) . Full curves, 4-
band k.p calculations; broken curve, 1-band eflective
mass results, for band 1-band 1 and band 2- band 1
scattering.

result which is independent of wavevector, and repre-
sents an upper limit for the 4-band matrix elements.

4. Scattering Rates

The scattering rates are calculated from Fermi’s
Golden Rule -- :

2n
Pip= ﬂZ} |M*5(E; - E;) (3)
states

and are of the form

Frnn(9)81 k1081 E (k') — E (k) F hwy] (4)

where N, is the phonon occupation number, ¢ =
k2 + &'® —2kk'cosB, k and k' are the wavevectors of the
initial and final states, and 3 is the scattering angle.

For optical phonon scattering, w is assumed inde-
pendent of ¢, and the phonon energy hw is taken as
35.4meV for both LO and TO phonons. The acoustic
rates are calculated in the elastic and energy equipar-
tition appraximations, which give a very good approx-
imation to the total (absorption + emission) rate at
77K, the lattice temperature concerned. For unscreen-
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ed piezoelectric scattering, a finite result cannot be ob-
tained for the scattering rate, since the matrix element
containg a term in 1/¢?, which always leads to a diver-
gence. Therefore, the matrix elements for piezoelectric
scattering were calculated assuming weak screening,
with a screening length appropriate to a free hole den-
sity of 5x 10'® ¢cm™3. Under these conditions, the effect
of screening on the polar optical scattering rates is ex-
pected to be negligible, and these rates were calculated
for the unscreened case.

Scattering rates were calculated for intraband and
interband polar optical, non-polar optical, deformation
potential and piezoelectric processes in and between all
four bands. For scattering into bands 2 and 4, .there is
a range of energies in which the final state for scatter-
ing has two possible values of &/. These cases must be
treated separately, giving a total of 144 possible scat-
tering processes.

5. Monte Carlo Model

We have developed both steady state and ensem-
ble Monte Carlo programs to simulate 2D hole dy-
namics. The valence band system is modelled by the
four subband dispersion curves, as described in sec-
tion 2, with the derived group velocities and densities
of states. These, and the matrix elements for the 144
scattering processes, are tabulated against wavevector
and are loaded into the simulation as data. For po-
lar optical and piezoelectric scattering the matrix el-
ements are also tabulated against scattering angle, to

enable the stochastic scattering angles generated in the

Monte Carlo algorithm to be chosen from the correct
distribution for each process. An energy dissipation
scheme is included for acoustic (deformation poten-
tial and piezoelectric) scattering, in which a stochastic
phonon wavevector, ¢, and energy, Av,q, are generated
upon each scattering event, and the ratio of absorp-
tion to emission events weighted according to the ratio
Ng/Ng+1.

The steady state program simulates 500,000 scat-
tering events (including self scatterings), and the en-
semble program simulates 20,000 electrons in parallel.
In both programs, an electric field can be applied in
the plane of the quantum well.

6. Results

Steady state Monte Carlo simulations were perfor-
med for a range of electric fields, at a lattice temper-
ature of T7K. In all cases, most of the holes (80-80%)
were located in band 1, with very few (< 0.5% for
F <10 kVem™!) in band 4. Fig. 3 shows the steady
state distribution of hole energies over all four bands,

Superlattices and Microstructures, Vol. 5, No. 2, 1989
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Fig. 3 Steady state distribution of hole energies over all four
bands, for in plane electric fields of (a) 1.0, (b) 2.5,
(c) 5.0, (d) 10.0, and (e) 20.0 kVem™! Energies are
measured relative to the band 1 minimum.

for five values of electric field. At low energies, the dis-
tribution is dominated by the form of the density of
states in band 1, and the structure at 16meV repre-
sents the contribution from the large density of states
at the band 2 minima. For low fields, the distribution
has a definite shoulder at the optical phonon energy
(35meV), which becomes less prominent as the distri-
bution is heated. At high energies, the distribution is

o',
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Fig. 4 Energy loss rate per hole vs. 1/T¢, as calculated from

steady state Monte Carlo simulations. The dottel
line indicates a fit to the points with slope hw,p.
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Fig. 5 Time evolution of the hole energy distribution, F =
0.0, Ty = 77K. The initial distribution of energies is
Maxwellian, with Tc = 500K.

Maxwellian for all the cases shown, and a carrier tem-
perature can readily be defined. For a Maxwellian dis-
tribution of carriers in a simple 2D band, the carrier
temperature is given by E/kp, where E is the mean
energy. In this system however, the obtained values
of E/kp were typically a factor of two larger than the
carrier temperatures, T, derived from the energy dis-
tributions, indicating the influence of non-parabolicity
and multiple band occupancy. The power supplied by
the electric field is e Fvg, where vg is the average drift
velocity, and in the steady state, this is equivalent to
the energy loss rate per hole. In Fig. 4, we have plotted
this energy loss rate against the inverse carrier tem-
perature. For a single, parabolic, 2D band, the rate of
energy loss due to optical phonon emission is expected
to depend on® ezp(—hw,p/kpTc). Despite the com-
plexities of the valence band system, our data appear
to follow this trend, with the dotted line of slope fiw,,
showing a good fit to the points. This result is in con-
cordance with experimental work® on hot holes in 2D,
in which the energy loss rate was also found to follow
a simple exponential law®.

An ensemble Monte Carlo simulation was perform-
ed, at 77K, in which the supplied initial distribution of
energies was Maxwellian, with a carrier temperature
of 500K. Fig. 5 shows the time evolution of this dis-
tribution, with zero applied field. Again, the density
of states structure is clearly reflected in the form of
the distribution at low energies, but with significant
repopulation of states in the band 1 energy minima as
the distribution cools. The graphs show the develop-
ment of three shoulders in the distribution, at 35meV,
51meV, and 60meV, due to optical emission into bands
1,2, and 3, respectively. Consequently, the high energy
tails of these distributions do not appear Maxwellian,

and it is not clear whether a single carrier temperature
can be defined.

7. Conclusion

We have demonstrated the use of a detailed Monte
Carlo model, based on a 4-band k.p bandstructure
scheme, to simulate hole transport and relaxation in
a quantum well. The complicated nature of the 2D
valence band system is reflected in the hole energy dis-
tributions obtained in both steady state electric field
and transient relaxation simulations. The results show
the importance of using a realistic model to describe 2D
hole dynamics, and also allow its description in terms
of simple experimental parameters.
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