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You stay at home, important work to do.

Unroll the ancient parchments of your theories,
And range the elements of life in series,

Relating them together, as you ponder.

Reflect on what, still more on how and why;,

And while in sundry foreign parts I wander

I may unearth the dot upon the “I°.

Then is fulfilled the mighty aim:

Renown for such high toil will not desert you:
You have your due reward, your gold, your fame,

Your wealth of knowledge and—perhaps—of virtue.

Johann Wolfgang von Goethe, Faust Part II.

To Nessie,
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ABSTRACT

This work is principally concerned with the operator approach to the orbifold com-
pactification of the bosonic string. Of particular importance to an operator formalism is
the conformal structure and the operator product expansion. These are introduced and
discussed in detail. The Frenkel-Kac-Segal mechanism is then examined and is shown
to be a consequence of the duality of dimension one operators of an analytic bosonic
string compactified on a certain torus. Possible generalizations to higher dimension op-
erators are discussed, this includes the cross—bracket algebra which plays a central role
in the vertex operator representation of Griess’s algebra, and hence the Fischer-Griess

Monster Group.

The mechanism of compactification is then extended to orbifolds. The exposition
includes a detailed account of the twisted sectors, especially of the zero-modes and the
twisted operator cocycles. The conformal structure, veftex operators and correlation
functions for twisted strings are then introduced. This leads to a discussion of the
vertex operators which represent the emission of untwisted states. It is shown how these
operators generate Kac—Moody algebras in the twisted sectors. The vertex operators
which insert twisted states are then constructed, and their réle as intertwining operators
is explained. Of particular importance in this discussion is the role of the operator
cocycles, which are seen to be crucial for the correct working of the twisted string

emission vertices.

The previously established formalism is then applied in detail to the reflection twist.
This includes an explicit representation of the twisted operator cocycles by elements of
an appropriate Clifford algebra and the elucidation of the operator algebra of the twisted
emission vertices, for the ground and first excited states in the twisted sector. This mo-
tivates the ‘enhancement mechanism’, a generalization of the Frenkel-Kac-Segal mech-
anism. involving twisted string emission vertices, in dimensions 8, 16 and 24. associated
with rank 8 Lie algebras, rank 16 Lie algebras and the cross-bracket algebra for the
Leech lattice, respectively. Some of the relevant characters of the ‘enhanced’ modules
are determined, and the connection of the cross—bracket algebra to the phenomenon of
‘Monstrous Moonshine’ and the Monster Group is explained. Algebra enhancement is
then discussed from the greatly simplified shifted picture and extensions to higher order

twists are considered.

Finally, a comparison of this work with other recent research is given. In particular,



the connection with the path integral formalism and the extension to general asymmetric
orbifolds is discussed. The possibility of reformulating the moonshine module in a

‘covariant’ twenty—six dimensional setting is also considered.
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1. INTRODUCTION.

String theory is still, more than 20 years after its conception, rather a nebulous
subject. However, to its adherents it offers the realistic hope of being a consistent
quantum theory of gravity which incorporates gauge symmetries in a natural way. If one
can point to a unifying principle underlying string theory then it would be the conformal
structure, at least for the first quantized formalism. Viewing the first quantized string
as a two dimensional conformal field theory yields considerable rewards of insight and
systematization. Such theories are highly restrictive in nature, almost all the relevant
information being encoded in the conformal dimensions of the fields and their operator
product expansion [7-9]. Most of the ‘new formalism’, based on conformal field theory,
1s a re—couching of results obtained in the dual model, the previous incarnation of string
theory. However, one can recognize a number of important advances. For example
the BRST quantization has been elucidated for both the bosonic and superstring [9].
Introducing Fadeev-Popov ghosts has led to considerable simplifications, especially with
regard to the superstring. Considerable advances have also been accomplished with
the technique of bosonization. Indeed in the recent four dimensional string models,
based on the covariant lattice approach, all the internal fermionic degrees of freedom
are bosonized [10]. The first quantized theory in a flat background is as a result of
these advances well understood, although one short coming is the absence of a proof of
finiteness. This work proposes to tackle another problem posed by the string, that of
dimensional reduction. Rather than be an encumbrance the extra dimensions, over and
above the four dimensions of space-time, aliow the string to have non-abelian gauge
symmetries by compactification on tori via the Frenkel-Kac-Segal mechanism [11-14].

We will consider generalizations of this mechanisin to orbifold backgrounds.

Even if string theory fails to achieve the lofty goal of being the ultimate theory of
the universe, from an abstract point of view it is rich in structure and one sees many
nascent connections with previously unrelated branches of pure mathematics. Perhaps
the most important area of overlap is the theory of affine Lie (or Kac—Moody) algebras.
After the rebirth of the string in the early 1980’s, and particularly after the invention
of the heterotic string, there has been an explosion of interest in such algebras. In fact
the string seems to be particularly adept at representing many symmetry structures in-
cluding affine Lie algebras and their supersymmetric generalizations, general coordinate
invariance (supergravity) and finite groups. There is even recent evidence that Jordan

algebras can be included in this list [15-18]. This work proposes to investigate the




connection between certain (twisted) string models and representations of Kac-Moody
algebras. Before we describe the program in detail it is worthwhile reviewing in a his-
torical context the appearance of twisted strings and the corresponding developments

in the theory of Kac-Moody algebras.

Half-integrally moded string fields first appeared in the literature as early as 1971 in
attempts to generalize the dual model [19,20]. Later these half-integrally moded fields
appeared in one attempt to describe off-shell amplitudes in the dual model from an
operator point of view [21]. This old application of twisted strings has recently been
revived in refs.[22,23], where evidence was found that a careful treatment of the BRST
ghosts remedies the major difficulties of the old off-shell model: namely its critical
dimension of sixteen which is in conflict with the on-shell critical dimension of twenty—

SIX.

While string theory underwent something of a hibernation, mathematicians were be-
ginning to discover that affine Lie algebras could be represented by operators which were
basically vertex operators of the dual model built from non—integrally moded string fields
[24]. These constructions actually predated the Frenkel-Kac-Segal mechanism [13,14],
which was a construction of untwisted algebras of type A1), D(1) and E!) in terms
of conventional untwisted vertex operators. The connection between the untwisted and
twisted approaches was elucidated to a certain exteﬁt in ref.[25]), where the role of the
underlying automorphism was emphasized. To bring events full circle. refs.[26-28] dis-
cussed a model based on a certain refiection automorphisit whose vertex operators were
identical to the operators appearing in the off-shell model, except for the zero-mode
operator cocycle pieces which are absent in the off-shell formalism. Subsequently all
the vertex operator constructions have been unified and elucidated by Lepowsky [3].
Almost simultaneously, string theory was being revived as a possible unified theory of
all the known interactions. The main achievement at this time was the construction of
the heterotic string {11,12], which is formed from the left-moving degrees of freedom
of the closed bosonic string in twenty-six dimensions and the right-moving degrees of
freedom of the closed superstring in ten dimensions. The sixteen internal mismatched
dimensions are used to generate a rank 16 gauge group via the Frenkel-Kac-Segal mech-
anism. In this picture the internal degrees of freedom are viewed as resulting from the
compactification of a closed purely left-moving bosonic string on the torus formed by

quotienting flat space by a lattice. To avoid global diffeomorphism anomalies the lattice



lattice has to be the root lattice of g+ Eg or spin(32)/ ZQT , the resulting theory having
a gauge group of Eg x Eg or SO(32).

Although the heterotic string has many desirable features (e.g. supersymmetry and
a non-abelian gauge group), it is nevertheless a ten dimensional theory. The obvious
way to reconcile this with four dimensional space-time is to invoke compactification.
In the first attempt to compactify the heterotic string {29], the vacuum configuration
of the ten dimensional space-time was taken to be My x K, where Ady is four dimen-
sional Minkowski space and K is some compact six dimensional manifold. Requiring
a realistic gauge group and an unbroken N = 1 supersymmetry, consistent with string
propagation, pinned K down as a Calaubi—Yau manifold. Although these early attempts
were encouraging they were not inherently ‘stringy’. Due to the complicated nature of
Calaubi-Yau manifolds only the effective field theory of the massless sector could be
considered. The introduction of orbifolds allowed the construction of ‘realistic’ models
in four dimensions from an inherently stringy compactification [1,2,30]. The theory of
a string on an orbifold naturally leads to non-integrally moded fields, and some of the
vertex operators which appear are precisely the objects discovered by mathematicians

in the theory of affine Lie algebras.

The heterotic construction has since been generalized following the seminal work of
Narain [31], who found that by mixing the internal sixteen dimensions and the other
six dimensions one could construct four dimensional models in a unified way. Further
generalizations of this idea have been attempted based on the bosonization of the su-
perstring {10|. In fact the number of consistent four dimensional models seems to be
embarrassingly enormous. The quintessential feature of these models is an underly-
ing lattice which defines a torus in a sort of enlarged Frenkel-Kac—-Segal mechanism.
The nice feature about these models is that modular invariance only constrains the lat-
tice to have certain generic features. Twisted generalizations of these models involving

asymmetric orbifolds have also been considered (32].

From a conformal field theory point of view orbifold models now represent a whole
class of theories which are completely solvable, at least in principle. Twisted string
correlation functions have been considered in refs.[33,34]. These functions exhibit non-
perturbative instanton effects from the two dimensional point of view. One of the

conclusions of this work is the recognition that these non-perturbative contributions

t The spin(32)/Z: lattice is the root lattice of Dq appended with one of the spinor weight cosets.



come from the operator cocycles in the operator formalism. We now outline the content

of this work in more detail.

Chapter 2 is mainly a review of bosonic string theory, which is not intended to be
didactic but rather its aim is to highlight some important concepts which underlie the
rest of the work. Of particular importance is the role of conformal invariance. Following
[7-9] we discuss the bosonic string as a paradigm of two dimensional conformal field
theory. Special emphasis is placed on the operator product expansion of the fields; it is
shown how this relates to the properties of correlation functions, in particular duality.
We show how the requirements of duality and locality place restrictions on the structure
constants of the operator algebra. The operator algebra can be written in an equivalent
commutator form, and so the (analytic) vertex operators generate an infinite Lie algebra.
The problem of compactifying the string on a flat torus is considered. By taking the
dimension one operators of the analytic sector in isolation one is led to the Frenkel-
Kac-Segal construction. We then consider how the mechanism can be generalized to
higher dimension operators, and find an infinite series of algebras. The algebra defined
on operators of dimension < 2 is just the cross-bracket algebra of refs.[26-28], which is
a key ingredient in the construction of the ‘Moonshine Module’, and hence the Fischer—

Griess Monster group , as we explain in a later chapter.

In chapter 3 we introduce the concept of an orbifold, as a way of generalizing toroidal
compactifications. A detailed discussion of the boundary conditions and classical mo-
tion of a closed bosonic string moving on such a space is developed. We place particular
empnasis on ihe possibiiliy ot ‘iwisied’ buundary counditiviis. The theory is then quan-
tized following [2], and the Hilbert space structure is elucidated. We then consider the
conformal structure of twisted string models, showing how the ground states of the
twisted sectors have a non—zero conformal weight. Generic features of vertex operators
and correlation functions are then considered. The importance of the twist projection,
as a way to restore locality, is highlighted. The structure of the zero-mode space in the
twisted sectors is alluded to. following the more dctailed analysis presented in ref.[4]. In
order to make contact with the vertex operator representations of Kac-Moody algebras
the vertices which emit untwisted states are constructed and their operator algebra is

worked out in detail.
Building on the formalism established in chapter 3, in chapter 4 we construct the

vertices which emit twisted states from untwisted strings [5]. The oscillator contributions

to these vertices turn out to be a fairly simple generalization of part of the old off-shell



vertex [21]. However, one of the most important conclusions from this section is the
realization that the zero-mode operator cocycle contribution to the vertex is crucial
for its correct working. We also highlight the intertwining property of these vertices,
originally studied in refs.[35,36], in fact this property is actually used as a guide for
constructing the vertices. There follows an evaluation of the operator product expansion
of a twisted string emission vertex with an untwisted string emission vertex. We conclude

the chapter with some comments on the conformal properties of the vertex.

Chapters 5 and 6 are an investigation into the Zg reflection twist. In chapter 5 the
twisted operator cocycles are evaluated in terms of an appropriate Clifford algebra for
all the simply-laced Lie algebras as well as for the spin(32)/Z, lattice and the Leech lat-
tice. Chapter 6 is devoted to a detailed discussion of the operator algebra of the twisted
string emission vertices. It is found that two twisted vertices factorize onto untwisted
vertices, furthermore the results are consistent with the conformal structure of the the-
ory in the sense that the structure constants are nothing but the 3—point functions. The
calculation in the untwisted sector is relatively straightforward, whereas the calculation
in the twisted sector, which amounts to an evaluation of the four twisted string correla-
tion function, is quite lengthy. One important conclusion emerges, that is, the operator
algebra is only well defined if the dual of the underlying lattice is ‘integra]’T . These
calculations suggest that the Frenkel-Kac-Segal mechanism could be generalized with
twisted vertices. We investigate this hypothesis in chapter 7. When the operator algebra
is well defined and there exist twisted emission vertices with conformal dimension one,
enerated in the untwisted and twisted sectors separately is
enhanced by the twisted vertices which mix the two sectors. Such level matching occurs
for rank 8 and rank 16 algebras. For certain algebras in these dimensions enhancement
occurs. This mechanism allows us to discuss the relationship between the two original
heterotic string theories, previously established in the fermionic picture [2,37.38]. We
also show that enhancement occurs for the cross-bracket algebra based defined on the
Leech lattice. This is essentially the construction of the ‘Moonshine Module’ discovered
by Frenkel Lepowsky and Meurman [26-28]. We now have an explicit operator repre-

sentation of Griess’s algebra. whose automorphism group is the Fischer-Griess Monster
group.

We then consider the case when the twist is an inner automorphism of the underlying

1 By ‘integral” we mean that all the vectors have an integral squared length. in contrast to the usual
terminology.



algebra. In these cases it is possible tn reconstruct the theory in terms of shifted vertex
operators. This has the advantage of considerably simplifying the operator algebra of the
twisted emission vertices. The algebra enhancement mechanism in the shifted picture is
then elucidated, giving a more simplified perspective on the phenomenon. We conclude
the chapter with some comments concerning generalizations of algebra enhancement
to higher order twists. In particular we consider a third order twist in Fg and Ejg as

examples [6].

In the last chapter the extension of the formalism to asymmetric orbifolds is exam-
ined. For a symmetric orbifold we show how the twisted operator cocycles have a very
simple geometrical interpretation. The four twisted string interaction, which was calcu-
lated in chapter 6 for the reflection twist, is then considered. We compare our expression
with other work on twisted string interactions [33,34]. In particular we discover that
from an operator point of view the classical instanton contribution of the path integral

formalism comes from the twisted operator cocycles.

To conclude the last chapter we consider shifting and twisting theories in twenty-
four dimensions with the Niemeier lattices. The question as to whether the Moonshine
Module can be imbedded in a covariant 26 dimensional framework, in analogy with the

bosonic string, is briefly addressed.



2. THE STRING AND CONFORMAL FIELD THEORY.

In this chapter we give a brief introduction to the bosonic string from the two dimen-
sional conformal field theory perspective. The operator algebra, which is a consequence
of the operator product expansion, is highlighted and discussed in some detail because
it forms the central theme for the rest of the material. We place particular emphasis on
a discussion of the factorization and.duality of closed strings because these properties
lie at the heart of the appearance of the Frenkel-Kac-Segal (FKS) mechanism in string
theory. After this, we consider a closed string compactified on a flat torus, which leads
to the concept of an analytic string and the FKS mechanism. The cross—bracket algebra
is then introduced, since it seems to be the central object underlying the ‘Moonshine

Module’, an infinite Z-graded representation of the Fischer-Griess Monster group.

2.1 - FIRST QUANTIZED STRING THEORY.

The first quantized theory of the bosonic string is a two—dimensional field theory of
the map X (¢), from the world-sheet of the string M, £ € M. into space-time §. The
geometry of S is specified a priori, although hopefully in a consistent second quantized
theory it would be determined dynamically. We will only consider cases where S is

locally ﬂatT . The dynamics of the first quantized theory are determined by the action:

1

5 =3

/ 26/59" 8, X 9, X, (21)

where £* = (7,0) and ¢g**. the intrinsic metric of M, is treated as an auxiliary field. In

evaluating the path integral over surfaces
Z= / DguyDX &Sl

one must be careful to account for the gauge invariances of S. which arise from the
invariance of M under diffeomorphisms (reparameterizations). and Weyl rescaling of the
metric g. The most suitable way to deal with the gauge invariance is to set g,;, = €* g,
where §,; is some fixed reference metric. For tree-level contributions to the partition
function g, is most conveniently chosen to be the flat metric diag(—1,1). The scaling
field ¢ can be successfully decoupled from the theory if the dimension of the background

space-time is twenty-six [39], the critical dimension of the bosonic string.

t Except. perhaps. at a finite number of points when Orbifolds are considered.



If we continue to Euclidean space (7,0) — (T = i7,0) then the world-sheet, which
at the tree—level has the topology $2, can he parameterized by the complex coordinates

z(Z) = exp(T £ io), in which case
S = /a’2z 0X.0X, (2.2)

where the integral ranges over the complex plane for closed strings, and the upper half

plane for open strings.

The gauge fixing procedure leaves as a residual invariance analytic and anti-analytic
conformal transformations. = — f(z) (£ — f(Z)). This residual conformal invariance
plays a crucial réle in the theory, since it ensures that ghost states decouple from physical
amplitudes. The conformal transformations are generated by the stress—energy tensor,
which being automatically traceless has just two components. one analytic the other

anti-analytic [7-9]:

T(z) = —‘lax.ax,
B f_ ~ (2.3)
T(z) = -30X.3X.

The classical equation of motion is just Laplace’s equation in two dimensions,
86X = 0,
which is readily solved by
A(zz) = A(2)+ A(3).

Before we go on to set up the first quantized theory we pause to discuss two dimen-
sional Conformal field theories (2d-CFT) in general; of which the bosonic string is

but one example.

2.2 Two DIMENSIONAL CONFORMAL FIELD THEORIES.

The local fields {¢;} of a 2-d CFT are characterized by their conformal scaling

dimension [7-9]; under = — Az
di(z) — A gi(Az).

For the moment we will concentrate on the analytic sector of the theory, a parallel

treatment can be given for the anti-analytic sector.



The quintessential property of 2-d CFTs is that virtually all the structure of the
theory is encoded in the spectrum of fields and their Operator Product Expansions

(OPEs). The OPE describes the short distance behaviour of two fields on the complex

plane:
A'— [ k’ .
$i(2)oj(w) = > (2 —w) e Mgy (w). (2.4)
k
The structure constants of the operator algebra, c,l-jk, satisfy a set of non-linear

constraints (the bootstrap constraints) which result from the associativity of the OPE
7).
The operators can be represented in an appropriate Hilbert space and each is in

one-to—one correspondence with a state such that
|4) = ¢:(0) ] 0), (2.5)

where | 0) is the vacuum state, to be defined below. Recall that conformal transfor-
mations are generated by the stress—energy tensor T'(z). The field T(z), along with the

unit operator, generate the Conformal or Virasoro algebra,

c/2 . 2T (w) +8T(w)

(z—-w) (z-w)? :-w

T(z)T(w) = + Reg. (2.6)

Here, ‘Reg’ indicates the existence of terms which are regular as = — w. c is the central
charge which characterizes the particular theory. In common with most OPEs, as we
shall show later, the algebra can be written in an equivalent commutator form [7',8]t :
We define the moments ot a generic neld @;(z) by the Laurent expansion:

¢i(z) = el (2.7)

ned
T(z) has scaling dimension 2 and so its moments, L,,, are defined via
T(z) = ZL,,;—"‘_Q.
neZ

The equivalent conmmutator form of the Virasoro algebra is

in(nz - 1)6n+m.0~ (2‘8)

L”,L,,, = - -Ln m
[ ] (n—m)L.4 +12

This is precisely the Lie algebra of conformal transformations. with an anomaly term

parameterized by the central charge. The subalgebra {L+;, Lo} generates the Lie al-

1 This is appropriate for the bosonic theories we are considering.



gebra si(2,C) without anomaly, and it can therefore be exponentiated to the group of
projective transformations, SL(2,C):
az+b

z —— ——— ad — bc = 1.

cz+d’

This group plays an important réle in the construction of scattering amplitudes.

The vacuum state can now be defined as the state annihilated by the semi-infinite

subalgebra {L, |n > —1}.

L,|0)=0 n>-1 (2.9)

An important class of fields are the primary, or highest weight, fields {,}, which

transform in a simple way under the conformal algebra:

Aa"pa(w) + 61/"(1(‘-‘))

2.

T(:z)ga(w) =

or equivalently

(L. ¥q(2)] = 2"(280 + Au(n + 1))¢a(2). (2.11)
These fields correspond to highest weight states of a Verma module, which satisfy

0 n>0
Ln | a) - {/\ (212)

~

All other fields in the theory, which fill out the Verma modules, are descended from the

primary fields in the sense that the states to which they correspond are of the form [7]

2.3 THE STRING AS A CONFORMAL FIELD THEORY.

The string field X (=) itself does not have a well defined scaling dimension and hence
is not a conformal field. However, the basic fields of the theory are all built out of
the fields exp(ia.X(z)). of dimension a?/2, and 9" X (z) (90" X (z) = d"/dz"X(z)) with

n > 0, of dimension n.

10



The conformal algebra in the analytic sector is generated by the stress-energy tensor

T(z) = ——;— 1 0X(2).0X(=) :,

where @ !’
In fact
0X"(2)0X"(w) = 4 Reg.
(z —w)?
therefore
T(:) = -lli_rg {OX(z).aX(w) + (_d—)g

The solution to the classical equation of motion on flat space-time is

S 1, _
fYopcn(st) = E(AX(Z)“-X(Z))
for open strings, and for closed strings
- 1 /=
X/:loscd(‘z,;) = §(X(Z)+X(Z))

where X (z) and X(Z) are the Fubini-Veneziano fields:

an .y,
‘

X(z) =g—iplnz+i) —:
n
neZ
nyu

Canonical quantization leads to the following non-zero commutation relations

f_

la,p] = 1, ' =q,p =p.

[am anl.] = n6n+1n,.0, ajl = Q_y.

[_a_'n.,am] = 'n~6n+m..0’ a:‘, =Q_y.

(2.13)

implies normal ordering; that is, the singular part of the OPE is subtracted.

(2.14)

(2.15)

(2.17)

For closed strings, with which we are exclusively interested, the analytic and anti-

analytic sectors are, apart from the zero-modes, effectively decoupled and we can treat

them separately. Later. we shall find that for compactified closed strings, even the

zero-modes are decoupled.
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The Hilbert space has a decomposition

H=FQRFQRP, (2.18)

where F(F) is the Fock-space spanned by the identity and the creation operators
a_p(@-p), n > 0, and P is a complex span of momentum states, i.e states of the

form

]a)ze'i"'q|0), pla) = ala).

The field corresponding to the state

N
| ¢) = Hq.a_,,, | a).
=1

in the analytic sector. is

N . o .
V(g,2) = H———“(na _)igf)em-x‘:' 3 (2.19)

i=1.

where Ay = o?/2 + Z}zl n;. At the level of the oscillators normal ordering is defined

as
QpQyp m>n
CQnQyyy L =
QmyQy m<n
Ppq = 4qp.

In string theory the conformal field V'(¢, ) is frequently called a Vertex Operator,
since it represents the insertion of the state | ¢) at the point z on the world—sheet. We

shall sometimes represent the vertex operators diagrammatically:

| )

The vertex operator which represents the emission of the state | ¢) is

V(g,z) = z—m"(V(qb,l/E))f.
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Ly grades the Hilbert space H:

H = @H[n], (2.20)

where the grade of a state is its conformal weight (eigenvalue of Lg), or equivalently
the dimension of the vertex operator to which it corresponds. This allows us to introduce

the partition function or character for the analytic sector:

x(q) =Tr (qL”) |
=S (614" | o). (2.21)
|#)

This function plays an important réle in the construction of one-loop amplitudes and
in the discussion of global diffeomorphism anomalies and modular invariance, in string

theory [40].

2.4 CORRELATION FUNCTIONS, FACTORIZATION AND DUALITY.

In order to construct scattering amplitudes for strings we need to evaluate auxiliary

objects in the 2-d CFT, known as correlation functions:

N
Fn = [DxDg e [Louz), (2.22)

i=1

where the {¢;} are arbitrary fields. Alternatively, we may evaluate a correlation function

as a time ordered expectation value in the Hilbert space:

N
Fn =(0|T {H¢i(2-,:)} | 0). (2.23)
1=1

Since z = exp(T + i0), time ordering is equivalent to radial ordering on the complex

plane. Conventionally, the insertion ¢;(z) (¢#(z)) is interpreted as absorbing (emitting)

13



the state | 7) on the world—sheet:

| V)

The correlation function Fy is a meromorphic function of the z;’s, with poles as z; — z;;
this is the property factorization. At an operator level it is simply a consequence of

the OPE

Gi(2i)#i(2) ~ (2 — Zj)A"_A’_A’C,-jk¢k(Zj),

and corresponds (conformally) to the configuration where there is a narrow tube sepa-

rating strings ¢ and j from the rest of the world—sheet:

The narrow tube is indicative of on—shell intermediate string states which give rise to
the poles in the correlation function. It is apparent that the structure constants of the
operator algebra are related to the 3—-point functions, we will make this correspondence

more precise below.

Consider factorization in more detail. We can associate a particular ordering of the

correlation function. say

Fu(aiioan) = (0] @u(20) - Bus(20x) 10)y [ 200y 2] 20, |,

14



with the dual diagram:

These functions exhibit poles in all possible planar channels. A planar channel corre-
sponds to a partition of by,...., by into two sets [by, ..... b;][bj41,...., by], where by, ... by
is any cyclic permutation of ay, ....,ay. Planar factorization implies that if we analyti-

cally continue Fy — f"N to cover the whole complex plane then
Fnlat,...,an) = Fu(by,.....bx).
We call this planar duality, since for the four point function we have
Fi(1,2,3,4) = F4(2,3,4,1),

which exhibits the usual ‘duality’ between the s and t channels. At the level of the

operator algebra this implies that the structure constants satisfy the cyclic identity
ko j _ i
c;i = €z’ = c—. (2.24)

Planar duality is characteristic of open string correlation functions, where the inserted
states have a given order along the string boundary, invariant under cyclic permutation.
For closed strings we demand a much stronger form of ‘duality’, which we call exchange
duality. It arises from the fact that for closed strings. where the insertions are made
anywhere on the world—sheet, it would be unacceptable for Fx to have discontinuities

t

at places where time—ordering caused a re-ordering of operators' . This occurs when

1 For fermionic operators. on the contrary. we would expect a change of sign on re-ordering.



any z; moves from | z; [>] zj | to | 2 |<]| zj |;

For closed strings, where we have both analytic and anti-analytic degrees of freedom.
exchange duality implies at the level of the operator algebra
k — (_)A,‘+AJ’—AL-—Z.'-K}+Kk k (225)

(%]
where A; and A, are the analytic and anti-analytic scaling dimensions of the operator
¢i(z,Z), respectively. If we consider just the analytic sector in isolation, which we do

t

when we introduce analytic strings™ , then exchange duality implies

ko_ A+Aj-A k
¢t = (=)AHBimA K (2.26)
This constraint on the structure constants of the operator algebra is important for a
correct understanding of the FKS mechanism, as we shall see. We will sometimes express

exchange duality by the relation

dual

¢i(2)¢j(w) — ¢j(w)oi(z).

What is meant by this is that there exists a meromorphic operator function S(z,w).
such that
¢i(z)¢j(w) 2 |>w
S(ew) = (2)¢; |
¢j(w)gi(z)  fw|>]z].

The connection between the structure constants and the 3—point functions can be

1 Such constructions arc used for the internal space of the heterotic string. for example.
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made explicit by considering the factorization of Fy in the [ij] channel:

fN(Z,]) = ZfN—l(~-~k---)C,~jk(2g _ zj)Al'—Al_Aj.
k

In terms of dual diagrams we have

The structure constants are nothing but the SL(2, C) invariant 3—-point functions

¢t = Fali ki)(zy — 2)H (2 — zj)lRA (2 - )0,

where [ij, k] = A+ A; — Ay, SL(2,C) invariance can now be used to send (zj, z, z;) —
(00,1,0):
¢t = (G 1¢p(1) |4). (2.27)

A knowledge of the 3-point functions is therefore enough to determine the operator

algebra, and by successive application of the OPE any correlation function.

2.5 THE OPERATOR ALGEBRA.

The operator algebra can be written in an equivalent commutator form, as we have
already remarked. when exchange duality holds. Exchange duality, between two opera-

tors, implies that there exists a meromorphic function ¢;(z)¢;(w), such that

¢i(2)¢;(w) |z > w]

¢i(z)pj({w) = {qu(w)cbi(»”) |w[>]z],

i.e. pi(2)pj(w) = T{di(z)pj(w)}. We now define the ‘o’ product [41]

doV(w) = }{%@(:)‘P(w), (2.28)

where ® and ¥ are arbitrary products of fields and meromorphic functions, and the
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contour surrounds the point w, but no other possible poles. We also define the residue

Res(® }{ §7r—z®(

where the contour surrounds z = 0, but no other possible poles. Consider the ordered

product

27 271
0 C

Res(®)Res(¥) = y{d—w,%gﬁﬂz)@(w),
where on C | z |>| w |. The product with opposite ordering is

Res(¥)Res(®) = § 52 § SEBGIT(),

2m J 2m
0 ol
where on C' | z |<| w |. Therefore
i N I dw dZ dZ — a7
[Res(®), Res(¥)] = %27!’2' %27”, }’1{27‘_2_ &(2)¥(w).
0 C C'

Now the effective difference between the two integrals in curly brackets is an integration
around the point z = w only; this is the standard ‘contour deformation argument’

[41,42):

Therefore the operators have a natural Lie algebra structure:
[Res(®),Res(¥)] = Res(® o ¥). (2.29)
Notice that the antisymmetric nature of the commutator implies
Res(®o ¥ + ¥ o d) = 0. (2.30)

In general we can take the field ®(:z) to be a linear combination of conformal fields with

18



coefficients in the space of meromorphic functions:

o(z) = Z ai(z)oi(=).

By suitably choosing the a;(z) we can write the commutator in terms of the moments

of ¢i(z), which were defined in equation (2.7),
b5 = R (70 10(2).

To calculate fo; o g¢;, we use the OPE

2n

foi © gd)](w) = Z cijkg(w)¢kz(w) % Ef(l)(z — w)_[ij-l"]_
k

From this we deduce
S 1 n+A; -1 m+ A; -1 ko k
i — z _ .. 2.31
o eil = 2 (i)~ () peotebom 23

which is equivalent to the operator algebra in the short distance expansion form.

There is a neat way to calculate the operator algebra of a given set of operators
in closed form, based on the work of ref.[43], and developed in ref.[44]. The idea is to
extend the definition of a field, ¢;(z) = ¢(] 7),z) corresponding to the state | i), by

linearity

¢la]i) +b]7),2) = aoi(=) + boj(2).

In particular. we can consider operators of the form
¢ (#i(z) | 7). w)-
The other fact we need is that
et19(]4),0)e 1 = o(]4),2),

so that



Considering the time-ordered product, | z |>] w |.

$i(2)¢j(w) | 0) = di(z)e<E-1 | j)
=t igi(z —w) | )

=¢(¢i(z —w) | j),w) | 0),

by linearity. But ¢;(z —w) = ) ¢! (2 — w)‘”’"“", so the OPE can be expressed as

i(2)¢i(w) = Y (2= w) "2 (e | 1), w). (2.32)

n.

The sum is well defined because in general there exists an N such that ¢!, | j) = 0 for

n > N, and the expansion only has a finite number of poles.

2.6 COMPACTIFIED CLOSED STRINGS.

In this section we will consider in detail the motion of a closed string on a torus
[45-47]. This exercise will form an important preliminary to orbifold compactification,

which we discuss in later chapters.

For the moment we consider compactifications on tori formed by quotienting flat

space by some d dimensional lattice A:

R:I
r= 2rA°

Later we will generalize the discussion to asymmetric tori. The solution to the classical

equations of motion for closed strings is

1 t "woun{r— a-n i
Xetosed(o,T) = X+§PT+L0+§ E {%e (r=0) 4 _n_en.(r-%cr)}) (2.33)
=/ ’
#U

where the winding vector L € A, to ensure that the string is indeed closed on 7. The
zero-modes present us with a subtlety; we must introduce a variable @ canonically

conjugate to L, which does not appear in the mode expansion. After quantization the
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zero—modes satisfy the following non-zero commutation relations

X,P] =i, [Q.I] =i

When constructing the Hilbert space we must ensure that it is invariant under the lift

of the abelian group A, generated by

e2m}\.P, A € A.

This constrains the eigenvalues of P to lie on the dual lattice A*, i.e.

Pe A", L e A

In this situation the analytic and anti-analytic, or left and right moving, sectors com-

pletely decouple, including the zero—modes:

, _ L .. /= .
-Xclosed(z:z) = '2"(4\(3)+X(Z)), (2.34)
where
a
X(z) = qg—1 s +1 iyl
() = g~ ipln +z§n , o
= (2.35)

J— a7 __
X(3) = 6—iﬁ1n?+i2—7—l—'z

In the above g = X +3Q, 3= X -43Q, p =3P+ L and p = 3P — L, so that all
barred operators commute with all unbarred operators. The vertex operators are also
completely decoupled [45]. For example, the operator wich represents the absorption of

a state with momentum k and winding number [ is

wl

V(ia,@,2,%z) =: gl X(z) ea"T(E) : Ca, @),

where a = %k—{—l and a = %k—l. Cla,a) = e"9t"IC(a, @) is an operator on the zero—
mode space which must be included to ensure exchange duality. These operators are

variously known as operator cocycles or generalized Klein factors in the literature.
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We will adopt the former terminology. By interchanging two vertex operators with

momenta and winding numbers (k,!) and (k'.1') (or (a,&) and (83, 3)) we deduce that

Cle,@)C(8,B) = (=)""PC(B,B)C(a, ). (2.36)
With the hindsight of Narain [31] we can see that it is advantageous to introduce the

Lorentzian lattice I':
(1 1 .
I' = {A: (—k+l,;2-k—l) | k€A, lEA},

4. T is in fact an even lattice, since for

of dimension 2d and metric diag((+)%,(-)
A=(a,3) €T

AA = ol -a% = 2kl € 27Z.

It is also integral
AB =af-apB =kl +k.1l€Z,

futhermore it can be shown to be self-dual. The operator cocycles can now be written

in terms of the vectors in I'. Equation (2.36) becomes

~ ~ ~

C(A)C(B) = (-)*BC(B)C(A).

At this point we notice that since the left and right movers are completely decoupled
there is no a priori reason why they should not move on different tori, with not even
necessarily the same dimension, i.e. we can take I' = (A, Ap). This is essentially the
generalization considered in ref.[31]. A stringy interpretation is in some senses lost,
however. we do not need to consider these tori as being ‘real’, we view them as simply
being the internal degrees of freedom of the lower dimensional uncompactified theory.
We could go to the extreme and consider just the left-movers or analytic sector in
isolation. This case is discussed in the next section because it forms an integral part of

the heterotic string and leads to the Frenkel-Kac-Segal mechanism.

Narain showed that modular invariance requires I' to be an even self-dual lattice
with respect to the Lorentzian metric. It is important to realize that the Lorentzian
character of I' has nothing to do with the Euclid.ean space underlying the construction,
it is purely a convenience. These toroidal models can also be coupled to a background

antisymmetric tensor field, which can be interpreted as rotations of the lattice [46.47].
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2.7 THE FRENKEL-KAC-SEGAL MECHANISM.

For a purely analytic model the Hilbert space has a decomposition
H = F & P(A), (2.37)

where F is the Fock space spanned by the.identity and the operators a_,,, n > 0. and
P(A) is the complex span of momentum eigenstates on the lattice A. If the operator
algebra of the model is to be local, that is having no branch point singularities, then A
must be an even lattice, this implies that A» C A, the vectors of length squared two,

is the root system of a simply-laced Lie algebra, g.

Ly grades H:

x

H = @B H(n, (2.38)
n=0

where the grade of a state is

1

A= Za’+ N,
2 +

Here o is the momentum of the state and .V is its occupation number. The even
condition on the lattice A ensures that states have integral conformal weight. which

implies that the operator algebra is local.
The vertex operator corresponding to the state

N

18) = > cay, |a),

=1
12, ‘X' . (
H l( 3 uv.X(») . C(a) (239)
-1 nl - 1 .

Notice that this differs from (2.19) by the addition of the operator cocycle factor

C(a). If we define C'(a) = e'"C(a), then to ensure exchange duality we require
Cla)C(B) = Qa.3)C(B)C(a), (2.40)

where the symmetry factor is
Qa,B) = (=) (2.41)
In order that the operator algebra closés, the operators C'(a) must also generate a
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projective representation of A:

C(a)C(B) = £(a.3)C(a + ), (2.42)

A0D) . fa,p). | (2.43)

The associativity of the operator algebra implies that ¢ forms a 2-cocycle map ¢ :

AxA— {£1}:

e(e, B+ 7)e(B,7) = (o, Ble(a+ B,7),

which is the cocycle corresponding to the central extension of A by Zs ~ {£1}:
1 — {#1} — A — A — 1,
where an element & € A is (¢,a), ¢ € {+1}. and A has a product
dod = ((('e(a.a’),a +a).

caﬁ7 = £(a.f)ba+p.y is effectively the structure constant of the operator algebra of the

momentum fields.

It is not necessary to increase the size of the Hilbert space to accommodate the

operators C(a), they have a natural action on P(A) [13,14,48]:
Cla): |8) — <(a,f)|a+0),
realized by
Cla) = D c(a.3)|a+pB)B]. (2.44)
The operator algebra is a map
W, xW,, — W1,

where W, is the space of conformal fields of dimension at most n. Notice immediately

that a closed subalgebra is generated by W,. the operators of dimension 0 and 1. For
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the analytic string these are

V{a,z) a € A
1e.0X (2)

1, (the unit operator).

Here, A, is set of vectors defined by
Ap={a €A | o =ph (2.45)

The operator algebra of these operators is easily deduced,

deBly (o + 8,w) af=-1
V{a.:)V(B,w) = (14 (2 - w)ia.dX(w)) a+B=0
0 therwi
| 0 otherwise (2.46)
1€.0X(:)V(a,w) = V(ia,w)
z2—w
. : €.
lé&X(Z)lT]&X(w) = (:V_—TL)z,

modulo regular terms. We have taken ¢(a, —a) = 1. This algebra is in fact the affiniza-
tion, g. of the finite Lie algebra g, the algebra whose root system is A3. The affinization
of a finite Lie algebra is the central extension of the loop algebra of g. In the algebra
above the unit operator plays the role of the extension. § is in fact the untwisted
Kac-Moody algebra associated with g. which is usually denoted g!! to distinguish
it from the other twisted algebras, ¢'™) 7 = 2,3, which can exist for certain g {49]. g

1s more recognizable in its commutator form:

S(a‘ ,'3)"";n+111(a + ﬁ) a.ﬁ = -1
[‘/n(a), ‘/IH(/B)] = (a.an+"l + n&,,_+,"|()) [0 + ﬂ o 0
0 otherwise (2.47)

[f-a1u ‘/m(a)] = f-a"fn-f-m(a)

[€~an, 77-0771.] = (E-"'])nén-{-m.ﬂ-

With Lg playing the rdle of the derivatiom this corresponds to the homogeneous
gradation of g{!) [49]. In this case the horizontal algebra, the subalgebra commuting
with the derivation, is simply g itself. The structure constants of the operator algebra,

restricted to Ay x Ag, are identified with the structure constants of g.

(3]
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H = F @ P(A) is the level-one basic g{!)~-module. We would have obtained the
other possible level-one g'!)-modules by taking the momenta of the zero-mode space

to lie in a different coset of A*/A, i.e.
HY = FRP(A+ 1), (2.48)

where A is a minimal weight of g. The number of inequivalent level-one modules is

equal to the order of the centre of g {48.49]. The character of the module H is:

Z q%(a-b\)z
— €A ‘
xMq) = M : (2.49)
[1(1-q")¢
n=1

where the factor g~%/%* is conventional.

H[1] is an adjoint representation of g in the sense that there exists a map g — H|[1],
given by

r € g —|z) = V(z)]0),

and the following action of g on H[1]:
Vo(y) [ =) = [z, 9])-

Vertex operator representations of Kac-Moody algebras have been extensively stud-
ied in the literature, for example they are discussed in refs.[42,48-50]. Their appearance
in string theory was precipitated by the discovery of the heterotic string [11.12], where
the FKS mechanism is responsible for the appearance of non-abelian gauge symmetries.
The FKS mechanism has now also been extended to non—simply laced Lie algebras, using

fermionic fields [51].
2.8 THE CROSS—-BRACKET ALGEBRA AND ITS GENERALIZATIONS.

It is pertinent to investigate whether there exist other algebras which close on higher

dimension operators. The problem is that the operator algebra as it stands maps
Wu X \\-m - Wll.+1]l.-—17

and so when n,m > 1 the operator algebra does not close. Consider for the moment,

the case when n = m = 2. In order to cancel the operators of dimension 3 Frenkel,
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Lepowsky and Meurman (FLM) [26-28,52], were led to consider the cross—bracket

algebra, which we define via the cross—product:

(A x B)(w) = %{(:A) o (w™'B) - (z"14) o (wB)}, (2.50)

for A and B € Wy, i.e. for operators of the form

> ai(2)ei(2),

Ay<2

where the a;(2) are meromorphic functions. This product closes on W,. To see this,
take A = f(2)¢(z) and B = g(z)¥(z), where ¢ and 9 are conformal fields of dimension
2. We compute

Ax Bw) = (9078 (fw) - wi®(fu ™)) 0°(w)
+ 7 (0019 (fw) - gwd (1)) ©}(w)

+3 (gu8(fw) - gwd(fu™)) 0%(c)

+ %(gf - f9)0%(w),

for generic fields ©°, ', ©2 and ©3, of dimension 0, 1, 2 and 3, respectively. Notice
that the dimension three piece is cancelled in this product. We can now define the

commutative, non—associative, cross-bracket algebra:
[Res(A) x Res(B)] = Res(A x B). (2.51)
Commutativity follows from
Res(Ax B— B x A) = 0,

due to equation (2.30).

A further generalization of this is possible. For A and B in W,, we define the

n—cross—product by expressing it in terms of the (n — 1)-product
1 _ _
A xy, B(w) = 2 {(zA) Xp-1 (W 'B) — (2 14) xpy (wB)} . (2.52)

This product maps W, x W, — W,. From this we construct the following algebras,
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[Res(A) x,, Res(B)] = Res(4 x,,B), A, Be W,. (2.53)

H; is the familiar Lie algebra, while Hy is the cross—bracket algebra. For general n, H,,

is antisymmetric for n odd and symmetric for n even.

2.9 THE LEECH LATTICE AND MONSTROUS MOONSHINE.

The cross-bracket algebra seems to be particularly relevant to the Leech lattice,
which is the unique Euclidean even self-dual lattice in d = 24 for which A9 is empty.
The significance of this is that the cross-bracket algebra, which we call S, is spanned

by the dimension 2 operators and the unit operator

V(a,z). a € Ay
Vie,n,2) = —:€0X(2)n.0X(2):

02X (z)

1.

As it stands we must also include the dimension one operators iu.0X(z) in order that
the algebra closes. If we ignore these dimension one operators then S can be viewed as
the affinization of the finite algebra §; in analogy with the Lie algebra case. Later we
shall show how these awkward dimension one operators are removed. The S-module

H = F @ P(AL) has character

> g
~1 €AL
x(g) = ¢ 1=

(- g

n=1

This character is related to the famous normalized modular function J(g):

x(q) = J(q) +24.

Notice that the existence of dimension one operators is directly related to the mismatch
between x(q) and J(q). It was pointed out by McKay that the coefficients of J(q) are
in fact simple linear combinations of dimensions of the irreducible representations of
the Fischer—Griess Monster group, Fj, the largest sporadic group in the classification

of finite groups. This led to the speculation that there exists an infinite dimensional
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Z—graded Fj-module with character J(q). This conjecture was given even more weight
by Conway and Norton [53]. in their paper ‘Monstrous Moonshine™. and was elucidated
when FLM actually constructed the natural module for F;. Their construction is based

on the cross-bracket algeba 5. in a way we will explain more fully in chapter 7.
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3. STRINGS ON ORBIFOLDS.

For our purposes, an orbifold is constructed by taking a manifold and quotienting
it by some discrete symmetry group which does not act freely, i.e. the orbifold has a

set of points at which its curvature is ill-defined.

Orbifolds were first introduced into string theory as an alternative to Calabi-Yau
manifolds, for the compactification of the heterotic String [1,2). Now they stand in
their own right as consistent background spaces for string propagation. More generally,
they give rise to a whole class of solvable conformal field theories. The question which
we pose in this and the following chapters is: what is the structure of the conformal
field theory and, in particular, what are the vertex operators for strings propagating on
orbifolds? These questions have been partially answered in refs.[33,34), where a path
integral approach was followed. On the contrary, we will take an operator approach
(also considered in refs.[55,56]), because this picture is particularly appropriate for dis-
cussing the symmetries and algebras which result from orbifold models. Omne of the
crucial features of string propagation on orbifolds is the existence of the twisted sectors,
t.e. strings which wind around the curvature singularities. These sectors ensure the
consistency of theory and they couple in a non—trivial way to the normal (untwisted)
sector; we will discuss these special string states in detail. At the fundamental level,
the consistency of such theories is questionable, based as they are on such singular ob-
jects. However, perturbatively at least, the string seems to be able to propagate quite

consistently on orbifolds.

From a mathematical point of view, twisted strings have turned up in generalizations
of vertex operator representations of Kac-Moody algebras [3,24]. We will show how such
algebras arise from considering the operator algebra of vertex operators for strings on
orbifolds. This will involve the vertex which inserts untwisted states. In later chapters

we will also construct the vertices that insert twisted states and consider their algebra.

In this chapter we shall be concerned with just the analytic degrees of freedom
of the string. We shall briefly consider orbifold models which have both analytic and

anti—analytic degrees of freedom in chapter 9.
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3.1 ORBIFOLDS.

The orbifolds that we will consider have the form

Rd

O =
G’

where G is some space group with the semi—direct product form

G = (2nA) x W.

In the above, A is a lattice and W, the ‘twist’, is a point group which must have a well
defined action on A; i.e. W is a subgroup of the automorphism group of A which leaves

the origin fixed.

An element ¢ = (a,u) € G, a € A u € W, has the following action on a vector

r € R%
g(z) = u(z) + 27a.
To form the orbifold we now identify all points in R? that lie on an orbit of G. Equiva-

lently, and more suitably for our exposition, we may construct the orbifold by identifying

all points on the torus

Rd
T = ——. .2
2TA7 (3.2)
that lie in an orbit of ¥},
T
Q= —. 3.3
wf ( )

In general W does not act freely on T, in other words, there will be points fixed by the
action of an element of B'. At these points the curvature of Q is ill-defined. Defining

the set

M, ={z e R"| (1-uwz e 2rA}.

allows us to define the set of fixed point singularities as

M, = —%. (3.4)



Let us consider this in more detail. If z corresponds to a fixed point then
(1-u)r = 2ra, a € A.

Next we define the set

K, = (1 - P,)RYNA, (3.5)

where P, is the projection operator onto the u-invariant subspace:

1 N,-1
P, = — uf, 3.6
ps 39

(N, is the order of u). We see that since
(1-P)(1-wz = (1 -u)r,

implies a € K, and
M, = 2x(1 - u,) 1K, + P,(RY).

Here, u, means the restriction of u to Ky, that is u, = (1 — P, )u. Therefore, in general

the fixed point singularities are dim(P,(R?)) dimensional and there are

of them. This is in fact equal to [4,32]

K.,

F = |2t
‘(1 — u)A

! = det(1l — u.). (3.7)
In what follows we will sometimes be concerned with the situation where each u € W
(u # e, the identity) leaves no directions fixed, i.e. det(1 — u) # 0. We shall adopt the
convention of [4], and call these cases No Fixed Point Automorphisms (NFPAs).
These fixed points should not be confused with the fixed point singularities of the
orbifold itself.



3.2 THE CLASSICAL STRING ON AN ORBIFOLD.

The possible boundary conditions of a closed string moving on the covering space T’

are

Xu(ze¥™) = uX,(z) modA, u € W. (3.8)

To discuss the solutions to the classical equations of motion it is expedient to introduce

the complexification V' of RY, since we can diagonalize u in V:

= diag ( 27”’\‘ ..... , 627”/\") )

In general 0 < A\; < 1 andif A# O or 3 l , then the e?™"’s come in conjugate pairs. If u

has order N, then we can decompose V into the following eigenspaces

u_l

= @ Vum

where
Vi = {¢ eV |ux)= ez’”’\r}.

To go along with each eigenspace V) we introduce a set of basis vectors {e}}, a =

.,dim(V}), such that

“w _
e)‘.e” =

) {5&'} Atpei

0 otherwise.

In the above basis we can easily solve the classical cquations of motion. Splitting

the string field X (=) into its zero-mode and oscillator pieces
Xu(2) = XVz)+ X2(2).

we have

X0z) = ¢* —ip“lIn:

. , al)t _,
e/\/;lt:'l E ‘——'( 1) = ’. (39)
r€Z 4 r
#0

The boundary condition (3.8) requires
(1-u)g" =27(p" +a), a €A
(3.10)
(1 —u)p” = 0.

First of all consider the allowed momenta. Recall for toroidal compactifications that we
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had the constraint p € A*, which was required so that the states were invariant under

exp(2mia.p), a € A. Define the subspace of vectors invariant under u:
I, = {a € Al(1-u)a = 0}. (3.11)
This subspace is not affected by the ‘twisting’ so we demand that the states are invariant

under exp(2mia.p*). a € I,. This implies that the eigenvalues of p* lie in I = P,(A*).

We now choose a particular coset, generalizing what we did for untwisted analytic

strings:
p* € A%, (3.12)
where A" is the projected lattice:
1 N,-1
AY = P,(A) = = — wa, a€ Ay, 3.13
uw(A) 71 N, g ( )

For a NFPA p* = 0. Now consider the other boundary condition. Let ¢* = ¢§ + ¢f.

where gy = Py(q"). Clearly g is not constrained, i.e. gy € P,(R%). g7 satisfies
(1 —u)g = 2n(a+ p“).
Therefore
a+p* € (1-P)RYN(A+pY),

and we deduce that

; _ -1 _ d s u
o e 27(1 - u)™ ((1 APu.)R N(A+pY) + P, (Rd) (3.14)

Comparing this with our discussion of the fixed point singularities of the orbifold shows

that there is an inequivalent ¢" for each singularity.
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3.3 THE QUANTUM STRING ON AN ORBIFOLD.

The first task in setting up the quantum theory is to construct the Hilbert space

Hq. This involves a number of steps [2].

(1). The Hilbert space, Hr, for the theory on the covering space T is constructed. In

constructing Hr we must allow the string to have the non-trivial boundary conditions
of equation (3.8). because such twisted strings are closed on 2. This gives rise to the

twisted sectors and we write

MHr = € Ha. (3.15)
ueW

‘H. is conventionally known as the untwisted sector: we call H, the u—twisted sector.
(2). Construct a lift of W into the Hilbert space Hr; we call it W.

(3). Finally we identify Hq as the W invariant subspace of Hr:

— 1
Ho = Hr = + > a(Hr). (3.16)

Here N is the order of WT .

If W is non-abelian then the action of W will in general mix states in sectors
corresponding to conjugate elements [1,2]. For example, under the action of v € W a

u-twisted string becomes a vuv~!-twisted string:

U,Xq,(:ez"i) =vuX,(z)

= (vur He Xy (2).

This implies
v: Hy — Hyyr-t- (3.17)

Notice that if v lies in the centralizer (or little group) of u, that is the subgroup
G, = {veWwW|[ur] =0},

then v : H, — H,.

t When elements of W leave subspaces of T fixed. it is possible that the order of W is twice the order
of W [3.54].



Before we go on to describe the W projection let us make the following definitions:

1. Let {u;}.7i=1,..., M, be the set of conjugacy classes of W, each represented by

an element u;.

2. Consider the right cosets W/G,,, and label representatives of these cosets v..

a=1......m,.

To realize the W projection we must first project each H,, onto its éu,- invariant
subspace ﬁu,. and then sum over all states in different 7'~iv, with v conjugate to u;. By

this we mean form
Ha, = @9 (ﬁu) (3.18)
Finally we have

M
Hy = @ﬁu,- (3.19)
i=1

So in this sense there is a sector for each conjugacy class of W.

The identity element of W, e, is in a conjugacy class of its own, therefore

If W is abelian then every element is in a conjugacy class of its own, in this case

HSZ = @ﬁu-

ueW

After quantization, the string field X,(:) becomes an operator on the Hilbert space
H., and canonical quantization gives the following non-zero commutation relations for

the oscillators,

()" (a)'] = ré™ &1, (3.20)

where r,5s € Z + A, Z — A, respectively, and a,b = 1.....,dim(V)). The hermiticity of the

oscillators is (a*)! = a*,.
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The Hilbert subspaces have a decomposition
Hy = Fu @ Vy, (321)

where F,, is the Fock space spanned by the unit operator and the creation operators a},

7 < 0, and Vy is the zero—mode space. V, has a further decomposition
Vu = P(A") 2 V0, (3.22)

where P(\") is a complex span of momentum states which take values in the projected
lattice A¥. and V0 is a finite dimensional vector space. One would guess that V is a
space of position eigenstates corresponding to the fixed point singularities of 2. In fact
we shall discover that this guess is naive and V¥ should properly be understood as the
representation space for the twisted operator cocycles; in this sense the space of fixed
points is reducible. However, for models which include both left and right (analytic and
anti-analytic) degrees of freedom the zero-mode space can indeed be identified with the

fixed point singularities. We expand upon this point in chapter 9.

To make the connection with the path integral formulation we calculate the propa-

gator in the u-twisted sector:

U(O l e‘f_/\.BXu(z)e’,{.BXu(w)] | D)U
_ (1=, [(1 = A)z — Aw]

-—_ T 4

abh
Cowpr 0 (3.23)

= - {(—z—:l—;)? + %/\(1 -0z 4 0(: —w)}é“’b.

Notice that the twisted propagator is not the same as the untwisted propagator: they
differ by a term which is finite as = — w. This fact will have important consequences

for the conformal structure of twisted strings. as we shall see in the next section.

3.4 CONFORMAL PROPERTIES OF TWISTED STRINGS.

To determine the physical states and to form vertex operators, and hence scattering
amplitudes. we must elucidate the conformal structure of twisted strings. As before we

shall focus on the analytic sector of the string.
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Initially it is convenient to work in the covering space T. In view of this it is
advantageous to introduce some notation to handle operators on Hy. Let {E,}, u € W,
be a basis for Hy, with inner product (E,, E,) = 8,4, so that any vector, | ®) € Hr,

can be written

|®) = D | ®)uEu. | D)y € Ha.

It is also convenient to introduce the matrices I,,,, with a ‘one’ in position uv and zeros

elsewhere. so that

E, = I, F, (no summation).
The stress—energy tensor T(z) is diagonal
T(z) = ) T"(2)luu,
U
where the components have the canonical form

TU(z) = _% lim faxu(;).axu(w)qf —1—3} (3.24)

w—z (z - w)

It 1s important to realize that the normal ordering in the above definition is not the
same as normal ordering with respect to the twisted oscillators a¥. The difference is
a finite term which showed up earlier in the propagator, equation (3.23). This has the

crucial consequence that

{01 T"2)|0), = O"272, (3.25)

where
d

o' = %E Ai(1 - ).

=1
This means that the ground state in the u—twisted sector has conformal weight ©" [57],
1.e. it is not an SL(2,C) singlet.
T(:z) generates a canonical copy of the Virasoro algebra, with central charge ¢ = d.
In OPE language:
c/2 2T (w) N OT(w)
-w)

Many of the results concerning conformal field theories are valid here. However. we

+ Reg.

(2 — w)? Z—w

shall discover that for certain models the conformal fields have certain pathological
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problems. This will become clear in the examples that are discussed in later chapters.

For the moment we will ignore such subtleties and consider only general features.

¢ introduces a natural gradation on the Hilbert space H,y:

Ho= B Hunl (3.26)

nEZ/N,+0O"

The character, or partition function, defined in equation (2.21), can easily be computed

[58]:
S g2

DY —¢ €A ‘
Xu(q) — q() 1/24 ’7 ’ (327)

1 11
IT(1— g% )d
n=1

where d;, = dim (V/n, wod Nu)) -

The canonical SL(2,C) invariant vacuum state (the state annihilated by L,, n >

-1)is

|0) =] 0).E.. (3.28)

For each state | ®) € Hp we introduce a conformal field, or vertex operator, such that
| &) = V(9,0)]|0). (3.29)

The vertex operator V(@, z) is interpreted as the insertion of the state | ®) at the point
z on the world-sheet, in the usual way. The absorption of a u-twisted state, o,. can be
viewed as the emission of its charge conjugate state, ¢{,. This state must be in H,-1;

charge conjugation must therefore map H,, — H,-:.

In terms of its components

V(®,z) = EV“““)(@,:)L.,,

w.r

| (ﬁ) = Z ""("'C)(Q,O) | 0)(:E1:'

The component vertex operators of the form V(%*)(® z), and their conjugate<. play an
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important role in what follows so it is worthwhile introducing some notation:

V(®,:) = VI“(D,2)
W(®.:) = VIuI(g,2) (3.30)
W( = View(@, ).

K

~

e

St
I

The conformal dimensions are defined as before; each of the components is a gener-
alized conformal field in the sense that for a highest weight state | ®). i.e. one for

which

L,|®) =0, n>1

(3.31)
Lo | ) = A|9),
we have
L2VEW(@ 2) - V(@ 2 LY = (20 + Aln + 1)V (D, 2). (3.32)
The moments of V(®, z) are defined by the expansion
V(®,z) = Y Vp(d) "8 (3.33)

ne€zZ/N

It is important to realize that in general ¥V(®, z) is non-integrally moded and has non-

integer dimension. This means that the theory on T is non—local, i.e. the operator

s as well as poles. We shall discover

that locality is restored by the projection T — 2, in much the same way that locality is
restored in the NSR Spinning string by the Gliozzi-Olive-Scherk (GSO) projection [59].
The operator algebra (assuming that it is well-defined) is expected to have the generic

form:

V(®,2)V(® w) ~ (z—w)? 883, &, ") V(d",w),

where, due to the fact that the A’s are in general (1/N)xinteger, there are branch point

singularities.

The fact that the conformal fields have 1/N-branch cuts at z = 0 is a natural
feature of vertex operators in twisted string models. The fields are multi-valued on the
world—-sheet M. One way to approach this feature is to work on the covering space M,

on which fields are single valued. For an arbitrary amplitude and for general W the
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covering space will have a complicated topology, however, it is still a Riemann surface
[34]. W acts on M as a group of automorphisms (which preserve the complex structure)
and
M
M= —.
w

M is actually an orbifold itself, where the singularities correspond to the branch points
where the insertions are made. It is a unique feature of these two—dimensional surfaces
that these singularities do not need to be ‘blown up’ in order to obtain a Riemann
surface. It has been conjectured that this is ultimately the reason why the string can
propagate consistently on an orbifold [34]. If one could find a representation for M
then in principle it would be possible to determine all the functions of interest for M.
The problem is that representations for M are only known for simple cases. for example
when W ~ Zx [34]. For the most part, we shall concentrate on the properties of the
fields themselves and leave aside questions about the global properties of the Riemann

surface on which they live.

Correlation functions are constructed by taking a time—ordered expectation value in

the Hilbert space in the usual way:

N
(0] T{HV(@i,zi)} | 0). (3.34)
=1

It turns out that many of the contributions to this correlation function are in fact zero.
This is due to the twist selection rule, which states that a correlation function is only
non-vanishing if the product of group elements corresponding to the inserted states,
taken in a time ordered fashion, i1s the identity. This is indicative of the fact that the

component vertex operator V(") (o,. z), which we can associate with the diagram
|
]
‘/r(v.’u)(qsw’:) : "’
1
|
!
]

is identically zero unless v = wu. In particular, this implies that the structure constants
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of the operator algebra c(¢y, @..0u ) are only non-zero when w = wur. The operator

algebra is then a statement of the factorization:

S S [ S RN S S

To ensure that the resulting theory is local, we must now inquire about exchange duality.
The problem here is that when W~ is non-abelian the interchange of two vertex operators
representing the insertion of states | ¢), and | v¥), generally results in a vanishing
correlation function by the twist selection rule, unless [u,v] = 0. So it seems that the
correlation functions would in general have disastrous and unacceptable discontinuities.
However, this unwelcome feature is not apparent once we have performed the projection

T — Q. To see this consider the two vertices

I ¢)u l ¢>v
: |
] |
4 \'4
] i
] 1
' 1
R D U
this can be ‘dual’ to either
l }'b>“”“_l | o>" ! d))v | é)v"uv
' | 1
] ]
! ! I :
v v or v v
1 : ! !
] ]
IS I S

where | ¥)ypu-1 = @ | ¥)» and | O)p-14y = 97} | ¢)u. The point is when we perform
the W projection we sum over all images of a state in the same conjugacy class, and
so for the projected vertex operators exchange duality would indeed hold. In this sense
the theory ‘knows’ that it should be projected in order that the correlation functions

represent a local theory.
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Exchange duality has some immediate consequences for the operators we defined in

(3.30). Firstly,

VY, )W (9,w) &5 Wp,w)V (9, 2). (3.35)

This intertwining property will play a central réle when we come to construct the W

operators explicitly. The intertwining property is a consequence of the factorization

¢ ¢ AN v
R S
y : :
A S S —

where we have indicated a twisted state by a broken line to distinguish it from an

untwisted state. In addition from considering

6 v 6 @ v 0
: ' s K ! :
A L
! ! : :
I . L
we conjecture
W ¢, )W (¢, w) L8 W (9, )W (4, 2), (3.36)

and similarly for WW . Implicit in these arguments is the fact that the fields close under
OPE, generically
VUH‘.’U - W’u, W‘UV N Wu

. . (3.37)
W'W* — V, W'W" — v~ '

In a later chapter we will present a detailed discussion of this algebra for the reflection

twist.
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Of particular importance in our discussion is the vertex operator for the insertion

of an untwisted state:
V(io.z) = V(d,z) @V, 2)D........

These operators have been found to play an important role in the representation theory
of Kac-Moody algebras [3]|. generalizing the homogeneous FKS construction that we

reviewed in chapter 2.

3.5 THE UNTWISTED VERTICES IN THE TWISTED PICTURE.

In this section we construct the component vertex operators V'%(¢,z), and discuss
the locality restoring projection. In the following section we go on to consider their

operator algebra, showing how the FKS mechanism can be generalized.

When u = e, the identity. the vertex operator is simply the expression given in
equation (2.39). The expression for V*(¢,2), u # e, has the same form as V(¢, z),
with X (z) replaced by the twisted field X,(z), and an overall factor of 2=(@)*/2 which

ensures that V"(¢, 2) behaves in the same way with respect to the conformal algebra as

V¢, 2):

N -
1, 2 1‘.(9”'/\'“ z s
Vi(p,z) = z7Fm) . Hzf———i—)e“ Xu2) L Cy(a). (3.38)

i=1

Here, af is the projection of a perpendicular to the directions fixed by u, that is

The twisted operator cocycle, C’u(a) = eird” C.(a), is included to ensure exchange
duality which is guaranteed if the operators generate a projective representation of A,

1.e.
Cu(@)Cu(B) = cul(a, B)Cula + B), (3.39)

with a 2-cocycle factor set satisfying

Qua,3) = fula. B) _ Nﬁl (_6_%’—})"""’-‘} >
LASRAR S',Y(B7 a) q=0 | |

This phase exactly cancels the phase resulting from the interchange the order of two

vertex operators. Notice that Q.(a,3) = (=)™, which we recall is the untwisted
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expression. It is important for what follows that the two factor sets ¢ (= ¢.) and &, can

be related by a bilinear function 7, (3]:

f(ﬂf,ﬁ) = Uu(a,ﬂ)fu(a,ﬁ), (341)
where
N,-1 . .
nla.8) = [ (1-e=)~ 17 (3.42)
g=1

Proof : We need to show that

cu(a, B)nu(a, B) _ (_)a-ﬁ
su(ﬁ,a)nu(ﬁ’a)
N.-1 o\ auif—pula
LHS =0u(a,f) [ (1-¢%) e
q=1
Nﬁl( M)a.u"ﬂ
:Qu(aa ) —€ Nu
q=1
= Qu(a, B)(~a, B)(~)""
:(—)""'Ij = RHS.

3.5.1. The zero—mode space.

We have already indicated that the zero-mode space is to be understood as the
representation space for the twisted operator cocycles, here we shall expand and discuss

this in more detail. Recall that V, has a decomposition
V. = P(A*) @ VY, (3.43)

where P(A") is a complex span of momentum states on the lattice A", the projection
of A onto the subspace fixed by u. V! is a finite dimensional vector space, which for an

irreducible representation of the operator cocycles has dimension {3,32,58]

ST

K.

(1-u)A*NA (3.44)

= |

For certain types of twist, where u is an inner automorphism of the algebra g (whose



root system is Ay), the degeneracy can also be written [58]:

1/2 VOl(Au)

¢y = |det(1 — u,)| vol(A)

The fact that the degeneracy c, is an integer, which is not obvious from the above
formulae, is discussed in ref.[32]. The naive guess for VY, a complex span of position
eigenstates corresponding to the singularities of the orbifold, is in fact reducible into a
number of copies of the irreducible representation with dimension ¢, [32]. Representa-
tions of the operator cocycles have been found explicitly in ref.[4], based on the original
work of Lepowsky [3], here we will limit our discussion to a few points which will be

relevant for what follows.

Let us define the set
Ay = {a]| Wla,pB)=1, V3 € A}, (3.45)

t.e. A, is the maximal set of commuting operator cocycles. A, is not in fact unique,
however, all choices are equivalent. It follows from its definition that the operator
cocycles on A, are diagonal. For an irreducible representation VS is in fact isomorphic

to the coset space
K.

Vo 2 e, =

3.46
A’ ( )

The fact that ¢, is equal to the alternative definitions, in equation (3.44), is discussed
in ref.[{4]. If we label a coset by a representative n;, i = 1,.....cy, then the operator

cocycles have the following action on a state in Vy:

Cule) | BY)® | i)

_ tula —a—B—n;,a+ B8+ ni)e,la,B+ n;) . . | (3.47)
B g’lt(—a+a+,@+1’li’a—a_ﬁ_ni) g“(a')la[) +ﬁ0)®|n]>

where n; =n;+ a+a mod;\/Ku, a € Ay, and 3 € A/K, such that 3y = P,(3). In the

above g,(a) is a one dimensional projective representation on A4y:

gu(a)gu(j) = Su(an@)gu(a'i",@)a Va,B € Ay,

The fact that such a one dimensional representation exists is because on A, the operator

cocycles commute, i.e. g,{a.3) = €,(3, a).
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Notice that Cy(a), a € Ay, is diagonal on VY as claimed
Cula) | 88)€ | ni) = Qule, B+ ni)gu(e) | aff + 35)8 | ni). (3.48)

Later when we consider the transformation properties of the éu(a)s under @ we will

need to know their representation on a subset of A,, defined by

By = {a|a = (1-u)g, 8 € A}. (3.49)

For a € B,
(e, f) = e ge A
Qu(a,n;) =1, since n; € Ky,

/

where a = (u — 1)a’. Notice that (a);.8 is unique, for a given a, up to an integer.

From the above we deduce that the operator cocycles on B, are
Cula) = gula)e 2 i"y (3.50)

where 1 is the unit operator on V0.

3.5.2. The lift of W.

To be able to implement the projection Hy — H), we must find the lift of W onto
Hr.

The untwisted sector: To specify the action of & € W we must consider how the

operators X(z) and C(a), which are used to build up the vertex operators, transform:

€X(z) — we. X(z2)

[~}

(3.51)

-

t: Cla) — u,,(:‘(ua).

Notice that, due to the presence of the phases u,, the automorphism group is realized
projectively on the Hilbert space. For consistency W must be an automorphism group

of the operator algebra, this constrains the phases u, to satisfy

£(a,B)
UplUyy = ——————1U,,
“* e(ua, uf) +
Ugty = 1 (3.52)
Uy, = U—q,

44

where the last two constraints follows from our conventions for hermiticity C't(a) =

C(—-a), ¢(a,—a) =1 and C'(0) = 1. For the cases where u is not a NFPA, it is possible
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to choose u, = 1 whenever ua = «, due to the freedom to make trivial automorphisms.

This point is discussed in [54].

The twisted sectors: Recall that an element & € W in general mapped H, —

Hyvu-1. Let us consider just the action of the centralizer G, on H,. Since @ : V¥ (¢, z) —
V®(u¢, z), and we have determined above how | ¢) € H, transforms, for consistency we
require the twisted operators to transform in the same way:

i eXy(z) — ueXo(2) (3.53)

-

4: Cyla) — uné,.(ua),
where u, is the same phase as the one that appears in (3.51). Due to the fact that

so(a,8) _ _e(e,B)

= , f ,
eo(ua, uf) e(ua, uf) or u € Gy

i € Gy is also an automorphism of the operator algebra of the twisted fields {V*(¢, z)}.

Our main requirement of the projected theory is that it is local. This is achieved by

demanding

a: V¢, z) — V¥o,ze 2™). (3.54)

Locality now follows because (@) (the cyclic group generated by 4) is a subgroup of
G, and so the projection of M, onto its G, invariant subspace, ﬁu, projects also onto
the (4) invariant subspace and hence integer graded oscillators. Equation (3.54) follows
partly as a consequence of the iwisied boundary condiiion for the oscillator paris of
Xu(z2):
u(e). XE(z) =eu 1 XE(2)
=e.XE(ze7?™).

The zero-mode piece is more subtle and requires that the twisted operator cocycle must

satisfy

~ ~ woH

w2 _ |
uaCy(ua) = Cu(a)em(n,l —2wiay.p , (3.55)
so that
u: CA'."(a)z_é(“;‘)2‘*‘0(:41" —_ Cu(a)(56_2"i)—%(a;')2+("3'7"‘.

We give the rather uninspiring proof of this property of the twisted operator cocycles

in appendix B.
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3.6 TWISTED STRINGS AND KAC-MOODY ALGEBRAS.

In the last chapter we found that when we considered an analytic string moving on
the torus RY/27A, where A was the root lattice of a simply-laced Lie algebra g, then

the operator algebra generated by

V(a,z) a € Ay, 1€.0X(2), 1,

was the untwisted Kac-moody algebrarfi ~ ¢!, The question to which we address
ourselves in this section is: what are the algebras, g*, generated by the corresponding

operators
Vi a,z) a € Ay, ie.0X,(z), 1,
in the u—twisted sector? This question has been answered in a mathematical context

by Lepowsky in ref.[3], in what follows we shall relate these results to our string model

vertex operators.

Let us define the projections
1 N,-1
_ =2miga/N, ~ -
X[u,] = —]-V,-: I_ZO e miga/ uq(.\ ) 0 S a< Nu,

for a generic operator or vector X. In this basis the untwisted operator algebra. g.

becomes

V(a7 :)[a] ",v(jtf"")[l)]

i —omia/Nay qy ElauiF) .
Y %: e e
oulpp=—
1 — 97t . 6:1. ).0 o iau b aX(UJ)
+ < Z e”? ’/N“(u’)/f{ (:'_UL,")QZWL [t]_w (3.56)
u atuifi=0 * ~
) i . €] -
i€q) - 0X (2)V(a.w)p = :[_]wV(a,w)[lm,]
€[a]-T

ie[u,] 6X(Z)”7[b] 8‘¥(:) = méu+b.0 wodZ>

modulo regular terms. Under i, g decomnposes:

N,-1

i= B aulu]. (3.57)

a=0

The d-invariant component generates a subalgebra. gg[u] C §. From the point of view

of the finite Lie algebra g, @ restricted to Ay (the root system), is an automorphism.
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that is, a one—to—one mapping of g onto itself that preserves the commutation relations,

t.e 4: g — g such that

i(fz,y)) = [a(z).a(y)). Vz,y € 4.
Automorphisms of finite Lie algebras fall into two distinct classes. Inner automorphisms
can be generated by the action of an element of the compact group G associated with

g, t.e if 4 1s inner then its action can be written as
a(z) = UzU™!, U € G.

All other automorphisms are outer. The only simple simply-laced Lie algebras which
admit outer automorphisms are A,,, D, and Eg. Outer automorphisms can be under-

stood in terms of Dynkin diagram symmetries [48.49].

The distinction between inner and outer automorphisms plays an important role in

determining the algebras ¢". In fact, it is well known [48,49] that

where 7 = 1 for an inner automorphism, and 7 = 2,3 for an outer automorphism; i.e. if
4 is an inner automorphism then the algebra generated in the twisted sector is actually
tsomorphic to the algebra generated in the untwisted sector. This is manifest in the
shifted picture, where 4 is represented as a “shift’ in the Cartan subalgebra; we shall
discuss this aiternative way to formuiaie twisted modeis for inner automorphisms in
chapter 8. On the contrary, if ¢ is an outer automorphism then the algebra generated

in the twisted sector is one of the twisted Kac—Moody algebras associated with g.

The calculation of the algebra §" proceeds in a similar way to the untwisted case.

First we ‘normal order’ the product

I l _hiquy2 Lo m2
V“(a,z)[u)‘/ u(ﬁ,u})[b] = mw AR S(evy) X
uw
_\A.u—l N.—1 , . '
T 4 ‘ - i Tir (u"=1)u"f
{ E e_TZ{T(”]-’-F"‘I)(Z _ w)u’ BRI (:TT _ ef\—“wﬁ)u o yu'y
P"J:O r=(0

x :e'i.u"n.X,,(z)+.i,u"/i.xn(w) . (u"),,(u"),r,;*u(ul"a,uqﬁ) ,'u,(u"a + uq/B)}.

We now shift ¢ — ¢ + p and then use the fact that the phases (u”), satisfy equation



(3.52), to show
(4) o) 0 (0P, P 9B) = (8)rurp (6 gEuler, 95).

The product has a simple pole when a.uf = —1, i.e. a+ uIf € Az, and a double pole

when a + u98 = 0. To aid the evaluation of the residues we now prove that

2 3(eD) 3 (Y NHI (z W — e’s;'wﬁ)"‘(“'*"““”
=1
_ { w_%(ahﬁr)gnu(a, uwiB) + O(z — w) aulf = -1
- w_%(""ﬁ'ﬁr)znu(a,uqﬁ) + 0(z — w)? a+uif=0.

Proof : Expanding the above expression to O(z — w) we find that it equals

~3(a})*~3(8})*+a.fy 0.8 H (1—62”"> o (v —1)up

N"—l (" —1)uip
x{l—f—(z—w)w"l(—— (e}) FZ 1_62”"/1\, )-i—O(z—w)z}.

=

(3.58)

Recall that

Nﬂl (1 ~ 8213::)0,(1; -1)u’8 _ nu(a, ‘u,qﬁ),

r=1

w
'3
(oW

afy —apf = —af.ff.

When a 4+ u93 = 0 the term O(z — w) in round brackets in expression (3.58) is in fact

zero. To see this consider

Ny—1
3
1 4
No—1 - 2 a(u —1)e Ny, €2Z +1
1 a.(v" —1)a _ Ne =~ ¢
Nu pre 1_821rw/N Huc2

i a (v —1la-— 1%2; N, € 22,

where we used the fact that

1 1

1 — e2mir/N. + 1 — e—27ir/N, =1
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If N, is odd

&12—_1 1N"_1 1
> a(u - 1a =5 > awfa = (N —1)a’
r=1 r=1
N,
= —Z—U(a af — a?)
N,
= - el
while if NV, is even
Su=2 L Nel
a.(u” —1)a - a? =3 Z au"a— =(N, — 1)a?
r=1 r=1
N,
= 7”(0 ag - a2)
Y .
- - 2u(0.'1)2,

Substituting these results into (3.58) when a + u%3 = 0 completes the proof.

It is now a straightforward exercise to extract the singular terms and evaluate the

other relevant OPEs:
Vu(av z )[a] vvu,(ﬂ) w)[b]
1 i e(a.udld)_ .,
— _]V_ z e 2n q/Nu(UQ)'B_(__‘V (a + uqlg’w)[a+b]

v auiff=-1 z-w
1 i 6(1 1.0 nmioc 144 'a-X'u. w
4+ Z e——21rtq/N.,(uq)H{ (1:!.0 u"zlz " [a+b] ( )}
i (v-{-—'u.q/j:() L —w) 2 — W
. u E'U'] & .
16[0_].8.)(-11(:)‘- (a,‘JJ)[b} = z———'u—)v (a,(.l))[”‘_*_h]

. . . €(a] T
Ze[u]-axu(:}zn[b]-axu(z) = Cg‘w_)‘?5u+h.0 modZ -

A
(4

Compare ¢. in the @ diagonal basis, with ¢g* above. It is immediately apparent that
locally the OPEs are isomorphic. Globally, however, V*(a, z), is a/N, + Z graded.
while V(a. 2){q] 18, of course, integrally graded.

The invariant generators are integer graded in both sectors, and so we have the

following isomorphism:
dolu] ~ 4¢- (3.60)

In particular. the horizontal algebra, in the twisted sector (the subalgebra commuting

with L{). is isomorphic to gglu].

o
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Consider the action of the horizontal algebra on the ground state in the u—twisted

sector

Via) | 0)® ¢ = {LO> 2 Cula)p ac K,

otherwise.

where | 0) ® ¢ € V,. Therefore the subalgebra defined on a € K, (a? = 2), must be
generated by the operator cocycles themselves. This generalizes statements made in
ref.[60]. V0 is an irreducible representation of this subalgebra of dimension ¢,. We can
determine the weights of the representation because the Cartan subalgebra, spanned by

the maximal set of commuting operator cocycles, is identified with

1 A~ AznAu
Cufa), a € 2204 (3.61)
gl " (@
The weights follow from equation (3.48)
A= (Qlan, i), Qulag, ng), .. ), (3.62)

where a; € AgN A,/ (u).



4. THE TWISTED STRING EMISSION VERTEX.

In this chapter we will construct and examine the twist fields that emit. or absorb,
twisted states from an untwisted string; we shall call them twisted string emission

vertices (TSEVs) [5].

The effect of a TSEV on a correlation function is to ‘open up’ a cut at the point on
the world—sheet where the twisted state is inserted. The resulting cut must terminate
at some other point, or points, where other twisted states are emitted or absorbed. This
is just another manifestation of the twist selection rule. From an operator point of view
the TSEV, W(¢, z), intertwines the two Hilbert spaces H, and H,. In fact, fields of this
sort have been known for a long time. The TSEV, appropriate to the reflection twist
(a — —a, W ~ Zj), without the zero-mode pieces, was first constructed in the context
of off—shell amplitudes for the bosonic st.ring.in ref.[21]. These vertices were further
studied in refs.[35,36], where their intertwining nature was highlighted. In addition, it
was realized that the Neveu-Schwarz-Ramond (NSR) spinning string model, could also
be viewed as a Zy twisted fermionic string; in this picture the fermion emission vertex
plays the réle of the TSEV [61-65]. The correspondence between the fermion emission
vertex and part of the off-shell vertex, has also been exploited in ref.[66]. Against this
background, we will construct the TSEV for an arbitrary twist u. The oscillator pieces
turn out to be a simple generalization of the off-shell vertex; the zero-mode piece, on
the contrary, turns out to be rather subtle. One of the main conclusions from this
chapter is the recognition that the operator cocycles are crucial for the correct working
of the I'SEV. They are not optional. 'I'his may be contrasted with similar recent work
[67,68]. The authors of these references do not discuss the zero-mode contribution and
their vertices cannot intertwine vertex operators corresponding to winding states. We

will have more to say about this in the last chapter.

4.1 CONSTRUCTION OF THE TSEV.

We have already established two crucial properties of the TSEV:

| 8) = W*(6.0) ] 0), (4.1)

where | 0) is the SL(2, C) invariant vacuum state, and
L I dual -
VU, w)W"'(d, ) — W™, 2)V(¥,w). (4.2)
It is clear that the right hand side of equation (4.2) cannot be equal to the left, since
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V¥(¥',w) is non-integer moded. Recall that the correspondence ‘dual’ means that there

exists an operator function S(w, z) such that

S(w,2z) = Vi )W™(g,2) 1 1 w[>]z]
) ‘/V“(é_.:)"-(d)’w) II: | z |>| w | .

We can extract what we call the ‘Intertwining Relation’ by analytically continuing
Vi, w)W* e, z) into region 111, | w — =z |>| z |, by factoring out by the SL(2,C)

group element exp(zL"):
Vi, w)W¢,2) — etV (¢h,w - 2)e "W (g, 2).

The right hand side is now well defined in region III, so in the overlap 11 N III we

deduce

Vith,w — 2)I*(0.2) = I'(¢,2)V(¥,w), (4.3)

where we have defined

I*(¢,2) = e *F W9, 2).

We illustrate the overlap region, where the intertwining relation is valid, below.

/b. 3 :
— ,
/ > l__

~ -

L4
-

The consistency of equation (4.3) is ensured in the overlap region because when

| zi> | w|, V*(¢,w — z) has an integer expansion in w.

Below we shall conjecture an expression for W*(¢, z), and then show that the in-
tertwining relation is satisfied for the momentum vertex, V(a, z). Generalizations to an
arbitrary vertex then follow in an obvious way. It is worth pointing out that much of the
discussion mirrors very closely the analogous discussion of the fermion emission vertex,
which intertwines the Neveu-Schwarz and Ramond sectors of the spinning string, we

refer in particular to refs.[64,65].



Our conjectured expression is
W ¢,z) = 32L2:<’—' |: exp (Au(z) + Bu(2)) 1| )u, (4.4)

where

Au(z) = —1% dz dy 10X (z). Au(z,y, 2)10X (y)

2) (27i)?
C
B.(z) = By (z) + B}{(2)
- dz dy . _ _
B, (z) = ‘% (‘Zm')z 10X (z).B, (z,y,2)i0X,(y) (4.5)
dr dy . ‘
Bf(z) = *]{ (qmﬁ, 10X (z).Bf (z,y,2)i0X,(y).
Cs '

(v, is a special sum of momentum states:

(w]= (8] fu(B)Cu(B) (4.6)

SEA
where f,(a) is the function
N,-1 1
u 2mig sa{l—u?) )
ful@) = JT (1-€5)° | (4.7)
q=0

The generating functions A, and B, are defined to be

2mey
A (r u 2) = \ (l—ll\lnf(y—g ﬁ—f\u (z—7\7\'17l
wy T /7 é '\ 7 l\ 7/ A Vi J
ll:()

N.,-1 . \L“
B, (z,y,2) = E u"ln{l — e (my ~) } (4.8)

Bj(x,y,z) = - E u’ln {(.’E — 3)+.. —e .\‘,'.'y.\'n
q=0

and the contours C;, Cy and (3 are
C :|zland |y| < |2}
Cy |z <]|z| |yl>|z-2z]| (4.9)
Gy olal<lz] lyl<lz—z].

It is relatively straightforward to evaluate the integrals in equations (4.8). and hence get

an explicit expression for the TSEV in terms of the oscillators. The function A, (z,vy, )

56



has also appeared in ref.[43], where the authors use it in the evaluation of commutators

of twisted vertex operators (the 1'%(¢, z)’s).

Now that we have established our conjecture we can begin to examine its properties.
Notice immediately that W"(¢, z) contains only annihilation operators in the untwisted

Fock space, so the first requirement. equation (4.1), follows trivially.

As promised we now prove equation (4.3) for the momentum vertex
Via,z) =:exp(ia.X(z)) : Ca).

The general strategy we follow, is to commute this vertex through the TSEV, making
judicious use of the Cambell-Baker—Hausdorff formula and keeping careful track of the
residual factors which are left over. The calculation proceeds through the following

steps.

1. Consider the product I%(¢. )V (a,w). The creation pieces of V{a.w),
exp (ia.(g+ X~ (w))),

does not commute with By(z) or 4,(z). When we move this term through the vertex

from left to right, we pick up exponentials of the following commutators

[BI(z),ia.(q + X ()] = app"In(w - 2) + z'a.XjL'(w —z)

(4.10)
[B; (2),ia(g + X ()] = ia Xy (w— 2)
and
[Au(2),ia(g+ X7 (w))] = = %f{d—x (a.Ay(w, z,2)i0X (1)
& 2me (4.11)

+ 10X (z).Au(z,w, z)a).

In addition, we pick up the double commutator from the expA,(z) term, since it is

quadratic in the untwisted field. This gives another term which is the exponential of
——:;a.Au(w,w, z)a.

The factor exp(ia. X, (w)) gives unity on the state (v |. These manipulations are only

valid in region II, where | z |>| w |.



2. We can rewrite equation (4.11), by using the fact that

a.Ay(w,z,2)i0X (z) =i0X(z). Au(z,w, 2)a
N,-1
: 270 4.12
+i0X(z). z (1 - u?)aln (—e'-‘_'ua> ( )

Y=o

so that
[Au(2),i0.(¢+ X (w %—137( Az, w, 2)a
(4.13)

——p E l—uqaln( ez::n).

q=0

3. The oscillator pieces of V¥(a,w — z),
exp (ia. X, (w — z)) exp (ia. X (v - 2)) .

can now be pulled out to the left of the TSEV, if we commute exp(ia. X, (w — z)) past
the term expB; (z), which produces the exponential of

B (2),ia. X} (w - 2)] = —f (d;:)y 10X(z).By(z,w — z,2)a. (4.14)

&)

4,

=

he remaining dependence on the untwisted field is contained within the expo-

nential of

f?? i0X(z). (Au(z,w,2) + By(z,w — z,2)) a + ia. X T (w).
0

We can now simplify this using the fact that in region II], |w — z |>] z |

N.-1
: 1 &
Ay(z,w,z) + By(z,w — z,z) = In(w - z) — In(w — z)—AT- E ud. (4.15)
u q=

In addition

f———za 0X(z)In(w — z) = ia. X (w),



so that the exponential of the above factor yields the term

(w— 2y,

5. The diagonal element of A, is given by

N"_l 27t
Ag(w,w,2) = (1= P~ ) + 3 (1-u)n (1- )
q=0

Therefore the contribution from this term is

The first term is exactly the factor needed for V¥(a,w — z).

6. Collecting all the remaining zero-mode terms together we have the messy looking

expression
N,-1

A u g 271 % Au?'-1a
(v] Cla)(w - ) g a)t T (_e-ﬂ“) g , (4.16)

(1:(}

which has to be simplified. However, noting that

> (B flBCU3IC(a) = Y (B - a|e(a,B - a)ful(8)CulB)

BeA PEA

= N (8 lela,B) fula + BYCoula + B)
p A
BeA

(4.17)

and

N,—1 2miy 2/1(11" 1} fu fu( )
fula+8) TT (-e%) - ,,((L 3
g=o

where 7, is the function which relates ¢ and ¢,, we find that expression (4.16) simplifies

to

E(ﬁ | f1t<3)€u(a,ﬂ)éu(a + ﬂ)(w _ z)n[,'.(p“+],)

BeA

Where, in addition, we used the fact that

éu(ﬁ)(w _ z)(v:,'.p" — (w _ :)rv:;.(p"—[i)éu(ﬁ)‘

59



So, carefully putting all the pieces together we obtain precisely the intertwining relation:
Vi a.w — 2)I*(¢,2) = I"'(¢,2)V(a,w),

with the proviso that it is only valid in the overlap II N III.

The statement that W"¥(¢,z) is an intertwining operator is now clarified. It is
straightforward to go on and show that W*(#, z) intertwines the fields €.0" X,(z) and
€.0"X(z); in fact for these operators the cocycle contribution to the vertex plays no
role, which explains why they were not encountered in ref.[67]. By putting together an
arbitrary vertex from the building blocks €.0"X(z) and V' (a, z). one can show that the

intertwining relation is valid for any V (¢, z).

In our notation, W¥(¢, =) causes the absorption of the state | ¢), by an untwisted

string:

Wh(e,z):

----.<.___ ~e,

The conjugate vertex

2N\ yeru s JENN
2TTCWY(e,1/Z),

where A is the conformal weight of the state | )., represents the emission of the state

| ¢>u

S ST

~—
e

_— e e e - -

From the conjugate vertex we define the vertex

W—u—l(gb, Z) — Z—ZAwu._l (¢(." 1/E)T ,
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which represents the absorption of | ¢),, by a u~!-twisted string:

Ll

—~—
-
=

4.2 THE TwISTED-UNTWISTED OPERATOR PRODUCT.

In. this section we evaluate the OPE of a TSEV with an untwisted string vertex.

In the last section we showed (at least for the momentum vertex) that in the overlap

of region II and region I11
Vi w—2)I%,2) = I'(¢,2)V(¢Y,w).

We now show that there exists a function S’, which satisfies

Slwrsy = | (b G 1T (4.18)
TN 1M, )V (9, w) IT. '

but is, in addition, well defined in the neighbourhood of w = z. where
S'w,z) = I'"(V¥¥,w — 2) | ¢)u, 2). (4.19)

The right hand side is the vertex operator corresponding to a generalized coherent state,

which is defined in the spirit of our discussion at the end of section 2.5.

As in the last section. for simplicity of explanation, we shall only prove the above
statement for the momentum vertex. Starting with V*(a,w — 2)I%(9, z), in the overlap

region II NI, there are four stages to the proof.
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1. Commute exp(ia. X} (w — z)) past exp(B; (z)), this produces a term

dr . -
exp{%%zaX(m).Bu (z,w — :.,z)a}.
0

2. Commute exp(ia. X, (w — 2)) past exp(B]}(z)), producing a term

exp{f Eu'?X(ac)B;(a:,w -2z, z)o:}.

271
0

3. Now consider the zero-modes. We have to move Cy(a )(w — )" through (v |.

Consider the term in the sum with momentum £3:

~ ~

Cul@)(w = =)W Cy(B) = Cu(B)Cula)Qu(a, B)(w — 2)8- W HH),

4. The first two contributions can be summed in the overlap region, where | z |[>| w |,

Nu-1 |
B (z,w~2,2)+ Bl (z,w — z.2) = =P, In(w — 2) - Z «ln (_e—‘"‘Tu“)_
q=0

Therefore the residual factor left over from 1 and 2, is simply
(w— z)—"5'7'Qu(a,ﬁ)—1.

This expression cancels the residual term left over from 3, and so we have succeeded in

proving

S'w,z) = I"(VHa,w = 2) | d)u. 2). (4.20)
It is not difficult to extend this proof to an arbitrary untwisted state, in much the same
way as the intertwining relation itself generalizes.

Effectively what we have evaluated is the OPE, in the form we introduced in section

2.5, that is

Vi, w)W™(¢,2) = Y (w=2)" "2 W (V@) | @), 2). (4.21)

"

As it stands, this OPE has branch cut singularities because n € Z/N,. This, however,

can be remedied by considering the #-invariant vertex operators V (¢, z) which are
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integer graded. Having done this we can calculate the generalized commutators. For

example when a? = 2
Vi (@)W 10,2) — W¥(¢, 2)Va(a) = WH(Vg'(a) | d)u, 2). (4.22)
This encodes how the TSEV transforms under the invariant algebra gg[u].

4.3 CONFORMAL PROPERTIES OF THE TSEV.

From the OPE we evaluated in the last section, we can easily deduce the fact that

W™(#, z) is a conformal field of dimension
_ l uy\2 I u
A = 2(00) + N + 0%,

where af is the momentum and N is the occupation number of the state | ¢),. For

example, if | @), is a highest weight state,

Lylé)y =0 n > 1
8|¢)U:A|é>ua

then the OPE of T%(:). the stress—energy tensor, with W"(¢, z) is

Tu(z)wvu(qs’w) — Z(: _ w)—n.-—Zu/u(L_;t 1 ¢>u’w)

u 1 e 13 u
:'—'—'EW (¢’w)+-——_—zw (L—l l¢>1L,CU) +R€g
But L*, is the generator of translations, in fact one can easilv show
LY | é)u = linluan””((j),w) | 0).
w—

and so the OPE assumes the canonical form for a highest weight field:

AW (pw) | OW"(0.w)

(z —w)? I —w

T )W (p,w) = + Reg. (4.23)
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5. THE REFLECTION TWIST I.

In this chapter we shall consider in detail the vertex operators and algebras for the

reflection twist. This is the twist for which
W = (e,0) ~ Zy, (5.1)

where o(a) = —a. Historically this was the first example where the concept of twisting
was applied to the bosonic string [19-21]. It was discussed essentially because of its
simple form, and also because it generalized to the bosonic string some of the more
obvious features of the NSR spinning string model; that is, two sectors corresponding

to the mixed boundary conditions
P(ze™) = +i(z).

In fact, this resemblance has already been exploited in a rather elegant group theoretical
way [66] for calculating some of the more complicated expressions involved in multi-

fermion scattering amplitudes [69,70].

It has already been mentioned that the reflection twist appears to play a fundamental
role in the off-shell formalism of the string. The authors of ref.[21] discovered that a
Green’s function representing the scattering of one off-shell string with many on-shell
strings could be written as an expectation value in a twisted Fock space. This work
turned out to coincide an earlier proposal of Schwarz who adopted a quite different
starting point based on the dual model gauge conditions [71,72]. The twisted expectation
value was then factorized in an appropriate channel, in order to isolate the bilocal off-

shell vertex operator:

Z(

L]
£
>~
~
I
S|
1
S’
mﬁs
>~
=
=
—
£
N

The fields W and W turn out to be identical to the twist fields we have already con-
structed, appropriate to the reflection twist, without the zero-mode pieces. In retro-
spect, it is not too surprising that the off-shell vertex operator involves twist fields. In
orbifold models a cut in a correlation function, between two TSEVs on the world—sheet,
accommodates a twisted boundary condition, whereas in the off-shell model it repre-
sents the boundary of a string in space-time which terminates at a finite time. In order

to decouple non—physical states, the operators W and W have to be highest-weight
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conformal fields of unit dimension. For the reflection twist these operators have dimen-
sion © = d/16. This exposes the unsatisfactory feature of the old off—shell model; it has
critical dimension 16! Recently this apparent obstacle has been removed by including
the BRST ghost contribution to the vertex [22,23]. The on-shell critical dimension of 26
is then restored. In the modern arena we are not confined to d = 26. We can consider

the orbifolds as being ingredients in a larger framework.

In this chapter, as a preliminary to an investigation of the operator algebra generated
by the fields of a reflection twisted string model, we consider the invariant algebras and
the twisted operator cocycles. In the following chapters, we elucidate the operator
algebra generated by the fields and then, drawing on the results that we establish, we
shall be led to a generalization of the FKS mechanism involving TSEVs, as well as an

explicit representation of Griess’s algebra, along the lines developed in refs.[27,28].

5.1 THE TwiST INVARIANT SUBALGEBRAS.

The twist invariant subalgebras gg for the reflection twist have been evaluated before
(see refs.[49,73] for example). By counting the invariant elements of g, the dimension of

go 1s easily determined to be
. 1, .. 1.
dim(gp) = §(d1m(g) -d) = -2-d1m(A2),

where d = rank(g). Later, it will be shown that the rank of gy equals the dimension
of ihe maximal set of orthogonal posiiive roots of g. In addiiion if ¢ is inner then
rank(gg) = rank(g). Below we list the simply-laced simple Lie algebras and their twist

invariant subalgebras; we also indicate whether the twist is inner or outer.

g g0

‘4211 Bn. Ouler
Asgg1r  Dupr Outer
Dy, D, + D, Inner
Dyy1 B, + B, Outer
Eg Cy Outer
E; A7 Inner
Eg Dy Inner




When we consider the Leech lattice (d = 24), the appropriate algebra is the cross—

bracket algebra S with its twist invariant algebra Sy.

The affinizations of the invariant algebras are generated by the combinations'
=~ 1 .
Via,z) = 5 (V(a,z) + o4V (—a, z)),
-~ 1 -
VIia,z2) = 5 (VT(a,z) + a’,.VT(—a,z)) (5.2)
— 1 ;T -Ty 2w
= 2(V (a,2)+ ¥V (a, ze )),

in each sector. respectively, where a € Ay for the Lie algebra cases and a € A4 for
the cross—bracket algebra case. In addition for the latter model we have to include the

invariant generators

V(e,n,2) =:1e.0X(z).in.0X(z) ., (5.3)
in both sectors. i.e.
2 1
dim(Sp) = -—:ﬁg“ + §dim(A4).

Each level in the twisted Hilbert space Hy[n + d/16] transforms as a gy representa-

tion, which we call R,,.

5.2 THE TSEV.

It is convenient to introduce the following twisted oscillators:

cr = %07, T€Z+%>0,
cop =l = %a‘l,..
so that
[er.cl] = 6r.e.

In terms of these oscillators the TSEV is

Wi(¢,z) = e"’LI‘(v |: exp(A + B) :| ¢), (5.4)

t In what follows the sub/super -seript “T7 is used to label objects associated with the twisted sector.
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with

! -
A(Z,) = E E an“lnm(z)anu (‘3-’3)
wan>0
and
BX(z) = Y anBi(z)ctr (5.6)
5

Here, a, = an/yn, a—y, = a_,/v/n and ay = ag = p. The matrices A and B are
defined by the generating functions in equation (4.8). Explicitly

AL -1 -1 —n—m

N+ ( ‘11.2) ( 71?) (_’:) n, n,m # 0

-471.177.(3) - A (_51') (_3)‘7'-, n # 0’ m=0 (37)
—In(-4z), n=m=0,

and
[FVE(T) =5 n o

Bt (:) =
I :F%(_z)q:r’ n=0.

nr (%) (5.8)

W(¢, z) forms one of the off-diagonal components of the conformal field of dimension

d/16 + N, where N is the occupation number of the state. The full vertex is
V(¢):) == VV( )S)Idt + W(¢’ Z)I(:U)

which we can write more succinctly in matrix form. as

Here, W (o. =) is the conjugate field:
W(g,z) = :" ¥« (W (o 1/3).

We shall consider charge conjugation in detail in the next section.
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5.3 THE TWISTED OPERATOR COCYCLES.

It is convenient to define

-

Cr(a) = 27 C,(a).

For the reflection twist n(a,3) = 4™ and Q(a.3) = (=)™, and so with the above
choice the twisted operator cocycles can be chosen to generate the same projective

representation as the untwisted operators:
Cr(a)Cr(B) = e(a. 3)Cr(a + B). (5.10)

We will choose both C'(a) and C'7(a) to have the following hermiticity

This implies that
e(—a,-B) = =(3.a). (5.12)
The phases in the transformations

o CT(a) a— JGCT(_Q)’

§: Cla) — 0,C(-a),
must satisfv equations (3.52), i.e

oaope(—a,=8) = o,43¢(a, B)
0n0_n = 1

*

o = a,.

oy

Using (5.12; the first equation above becomes

£(a, ) i
On0;4 = c(—,;)arv-#/f = (*)”" Tt 3y
~ ]
so with our conventions
01? - ('—)_l.s

Furthermore. the twisted operator cocycles are invariant under ¢. Summarizing. we
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have

Cha) = Cp(-a) = (=) Cp(a). (5.13)

In the twisted sector the operator cocycles are just finite matrices of dimension

[N

A

A
(2A*)NA

n (5.14)

cr =

For the reflection twist, A is the set of vectors in A for which (=)*# = 1, for all a
and § in A. Below, we shall calculate the cosets A/A explicitly for each of the simple
simply-laced Lie algebras, and hence evaluate the ground state degeneracy (or defect
[58]) cr. It is worth repeating that the choice for A is not unique, but all choices are
equivalent. Both the Leech lattice and the Ejg root lattices are self-dual, 7.e. A* = A.

in these cases we may apply (5.14) directly:
er = 242, (AT = A).
Since VOT(a) does not annihilate the ground state (a € A)
7i(a) 0@ ¢ =|0) & {Cr(a)s. (5.15)

Therefore, the twisted operator cocycles must themselves generate gy, on the positive

roots of g:
2¢(a, B)Cp(a + 3) a.f=-1
[Cr(a),Cr(B)] = § —2¢(a.-B)Crla—B) af=1
0 otherwise.

This is the gg representation which we have called Ry. In particular, the maximal set

of commuting operators generate the Cartan Subalgebra of gy. This is the set
Cr(a), a € AT NA. (5.16)

Notice that .A] N A is just the maximal set of orthogonal positive roots of g, which

explains our earlier statement about the rank of gg.
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For the reflection twist, the twisted operator cocycles may be constructed rather
concisely from elements of an appropriate Clifford algebra [6,42]. Let C(N) be the
Clifford algebra generated by the unit matrix and the elementary, hermitian gamma

matrices, ' i = 1,...., N, which satisfy the anticommutation relations
(v, v} =269, (3))" = AL
The algebra C(.V) is then spanned by the 2V antisymmetric products

Yyl S
including ~' and 1, the unit matrix. The gamma matrices in an irreducible representa-
tion are 2¥/? x 2¥/2 dimensional (we are taking .\ to be even only). It is useful to notice
that if the number of labels of an antisymmetric product is either 4Z or 4Z + 1 then the

product is hermitian, otherwise it is antihermitian. As usual we define the product

N
SN = H_),i’

i=1
with
{,7N+1’,7i} -0

The even(odd) elements of C(N) are those which (anti-)commute with yV+1.

The rationale for constructing a representation of the twisted operator cocycles.
involves identifving a set of independent elements of an appropriate Clifford algebra
with a set of basis vectors for A (a;, i = 1,....,d). Let us suppose that we have managed

to assign products 4 to the basis vectors a;, so that
34 = Qai, a;)37 5"
The operator cocycles for the whole lattice are then built up using the projective group
property (3.39). For a vector a = )_ n;a; we have
d

CT(Q) = (o H (:li)”‘ s

1=1

—_—
(S]]
[u—
-1

~—

where the phase (, is determined by the hermiticity constraint in equation (5.13).
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One advantage of constructing the twisted operator cocycles out of gamma matrices
is that the charge conjugation operation has a well known representation in the Clifford

algebra. The charge conjugate of a state is
¢" = Clo", (5.18)

where C is the charge conjugation matrix appropriate to the Clifford algebra in which

the operator cocycles lie. C has the following action on the algebra
NeCir(a) = CCr(a)C7}, (5.19)

where 7, 1s £1 depending on whether (, is real or complex, respectively. The Clifford
algebras we use are all appropriate to a Euclidean space, in the sense that 6" is a

Euclidean metric, in this case [59]
cCl = C'C = 1, and CC* = ¢ (5.20)

where € = 1 if N is 8Z or 8Z + 2, otherwise ¢ = —1. The significance of ¢ is that

We now give a case by case construction for all the situations that interest us. When
A is the root lattice of a simply-laced Lie algebra it is expedient to choose the a;’s to
be the simple roots; the assignment of elements of the Clifford algebra can then be

illustrated on the Dynkin diagram.

When evaluating the cosets A/A, it is useful to notice that the set B, for the reflection
twist, is precisely 2A. We will label the cosets A/A4 by a representative n;, 1 =1, ..... cT.

and we will introduce the notation
[B1:32. s Bu] = {0,8:+Bi(i £ 9).Bi+ 3+ Brli # 3 # k), .01 + ...+ B} .

for arbitrary vectors ;. This set has dimension 2".

1:A=Agp(An_1)




(i) .V is even.
A mod B = [a).a3....,a§_1],
n; € [@2.ay.....,an_3),
AﬂA;' = {aj.a3,.....,ay-1}.

rank(go) =} AN AJ |= N/2, which is consistent with gy = Dpyys, and

er =|AJA|=] o2, a4, ....ay_g] |= 2 VD/2
After this preliminary, we now go on to assign elements of the Clifford algebra C(N)

to the simple roots.

,},1,72 72,),3 ,73,74 'YN—I'YN

The dimension of this representation is 2¥/2. i.e. the representation is a reducible

S—H:.I

elements of the Clifford algebra are generated. As expected we can consistently take

On the roots the set {y'y7} is generated, while on the whole lattice all the even

an irreducible spinor representation of dimension ¢y = 2¥/2-1, by imposing a chiral

projection on the representation space:

Mo = ¢.

(i1) N is odd.
AmodB = [0).a3.....,aNx-3),
n; € [ar.ay......,an_1],
ANAY = {a).a3.....,an_s}.

rank(g,) = (N — 1)/2, which is consistent with gy = B(n_1)/, and c7 = 2N-11/2

The appropriate Clifford algebra is C'(.V — 1):
O O——O— .. —O—0

712 v2y3 oyt CyNIyN

where ( is a phase chosen so that Cr(ay_1) is antihermitian, i.e. ( =i when N = 4Z+3,
and is 1 otherwise. The representation is a spinor of B(y_1)/s, of dimension 20N -11/2,
On the roots the set {7i'yj,7’:'ylv} is generated. while on the whole lattice it is the entire

Clifford algebra.

1 In our notation s is a spinor. while ¢ is the spinor of opposite chirality.

-1
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2: A =ARp(Dn)

(i) 2V is even.

AmodB = [o1,03,....,aN-3,ax _1,aN],
n; € [az,aq,....,aN_3),

AQA; = {O(l,a;’,,....,aN_3,QN_1,aN)
N-2
aj +2 Z ai+ay_y+ay, 1<j<N-3, j€2Z+1}.
i=j+1

rank(go) = N, which is consistent with g9 = Dy/y + Dyys, and cr = gN/2-1

The appropriate Clifford algebra is C(/N). One possible assignment is

C7N_1'7N7N+1

The dimension of this representation is 2%/2; a reducible (s,1) + (1,s) of go. The
phase ( is chosen to ensure that C(7N'17N7N+1) is antihermitian, z.e. { = t. when
N =47 + 2, and is 1 otherwise. On the roots the set {'yi’yj,'yi'yj’yN+l} of elements of
C(N) is generated, whilst on the lattice all the even elements are generated. In view of
this, as before, we can impose a chiral projection to end up with an irreducible (s, 1)
of go. with dimension c7. To see this explicitly let us identify the two Dy/o algebras,
which we can do as follows. In terms of an orthogonal basis e;, 1 = 1, ...., N, the roots of
Dy are *e; t ej, (i # j). Splitting the positive roots into the two mutually orthogonal
sets, {a;;} = {e;—e;} and {a;;} = {e;+¢;}. the two Dp/y are identified with the zeroth
moments of
Vi(a,:j,z) = %'y’ﬁj (VT(a,-j, z)+ 7N+1VT(d.,jj,z)) ,

where we have written the operator cocycles explicitly. It is now apparent that Vi (aij)
annihilates the chiral spinor, consequently the irreducible representation is a singlet of

one of the Dyy’s.



(ii) N is odd.

AmodB = [ag,a4,...,ax_3.aN_1,an],

n; € lag,a3,...,ax_2],
ADA-{ = {02,a4,....,Q.\'_"},QN-],QN,
N-2
a; +2 2 a;+av-1+ay, 2<j<N-2 jE‘ZZ}.
i=j+1

rank(go) = IV — 1, which is consistent with go = B(y_1)/2+B(n-1)/2, and ¢ = oN-1)/2,

The appropriate Clifford algebra is C'(N + 1). One possible assignment is
CyN=1, N V42

71\’—17N

The dimension of this representation is 2(N*+1)/2 4 reducible (s,1) + (1,s) of gy. The
phase ( is ¢, when N = 4Z + 1, and 1 otherwise. On the roots the set {7/, y'47yV+2},
with i,5 # N + 1, is generated, whilst on the lattice a subset of the even elements is
generated. By imposing a chiral projection the representation becomes an irreducible
(s.1) as before, but notice that the set generated on the lattice is not complete, even in

the restricted sense of all the even elements.

3: A= Ap(Es)

A mod B = [aq,a3,a5].
n; € [az,ay,agl.
A.ﬂ A;r = {a1,03,a5.a1 + 2a3 + 3a3 + 2a4 + a5 + 206} .
rank(gg) = 4, which is consistent with gy = Cy4, and cr = 8.

The appropriate Clifford algebra is ('(6), and one possible assignment is

,\"17273
O —(O— {Tf -O——O

—/

,),1,72 7273 7374 ,74,75 7576

The dimension of the representation is 8; an irreducible 8 of Cy. On the roots the

74



set {’yi77,7i7j’y"’,77} is generated. whilst on the lattice the entire Clifford algebra is

generated.

4: A= Agr(E7)

A mod B = [ay,ay.aq, a7,
n; € [ai,as,as),
AﬂA;’ = {ag,a4.ag,a7,a2 + 2a3 + a4 + a7,
ar + 2a3 + 2a4 + 2a5 + ag + d7,
201 + 3a2 + 4a3 + 3a4 + 205 + ag + 2017}.

rank(gg) = 7, which is consistent with gg = A7, and ¢y = 8.

The appropriate Clifford algebra is C(6), and one possible assignment is

414243
O—C i 0
,71,72 ,72,73 .1,3,74 ,),475 ,75,76 i’76‘77

The representation is an irreducible 8 of A7. On the roots, the whole Clifford algebra,

except for 1, is generated, whilst on the whole lattice the entire Clifford algebra is

generated.

6: A= Ap(Es)

A mod B = [a1,a3.a;5.a7],
ni € [a2, a4.a¢.as),
AOA; = {al,as.a:,-a‘?,
a) + 2a2 + 3a3 + 2a4 + a5 + 2ag,
a) + 2a9 + 3a3 + 2a4 + 2ar, + 206 + a7 + 2ag,
ay + 2az + 4a3 + 4a4 + 3an + 2a6 + a7 + 2as,

201 + dao + dajz + day + 3ap + 206 + a7 + 2018}.

rank(gg) = 8, which is consistent with gy = Dg, and ¢ = 16.



The appropriate Clifford algebra is C'(8), and one possible assignment is

,71,7273
-O0—O——O—-=O——O0—0
,),1,72 ,),2 ’3 7374 ,),4,.),5 ,75,),6 7677 ,77,),8

The dimension of the representation is 16; an irreducible 18, (vector) of Dg. The
set {’y""yj,'y":yj'yg,7i7j7k,7i79} is generated on the roots, in fact all the antihermitian
elements of C(8). On the lattice the entire Clifford algebra is generated.

7: A= A(spin(32)/Z,)

The spin(32)/Z+ lattice is the union of the root lattice of D1 with one of the spinor
cosets of AL(Djg). It is, in fact. one of the two self-dual lattices in sixteen dimensions,
the other being the root lattice of Eg+ Eg [11,74]. Since the spinor weights have length
squared 4, Ay is the same as that for Ap(D;6) and so g = Dig. We may apply equation
(5.14) directly to calculate

cr = 28

We take the following basis for the lattice:

=1

a;, (1 =1...,15), A=

1
2 azi-1+ :2-016,
=

[

where {a;} are the simple roots of D), and A is a spinor weight. The reason why this

forms a bona-fide basis for A is due to the fact that we can express ajg in terms of it:

.
aie = 2X - ZQZ:I—I-
i=1

We have already assigned elements of the Clifford algebra C(16) to the simple roots a;,

t=1,....,15, of Dyg, so our task is to select an element for A, consistent with the inner
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products
Aa; = 1, 0<i1 <14

)\.0115 = 0.

One possible choice for Cp(A) is

8
Cr(A) = (H%H) 7',
i=1

This clearly anticommutes with Cr(a;), ¢ = 1,....,14, but commutes with Cr(a;s), as
the inner products require. It is also hermitian as required by (5.13). Cr()) is an
“odd element of C(16), i.e. it anticommutes with v!7, this has the consequence that
the whole Clifford algebra is generated on the lattice, in contrast to the Djg case, and
one cannot impose the chiral projection. The ground state in the twisted sector is a

reducible (128,,1) + (1,128;) of gg, with dimension cr = 28.
8: A=A
In order to discuss the Leech lattice it is convenient to consider its relationship to

the unique even self-dual Lorentzian lf,ttice I1%-1 in R?>1 This lattice can be defined
as the set of vectors {z} in R*"! for which [42,75]: '

1. z€Z% orz — 1€ Z%* 1 and
2. zl e Z,
where | = (1/2,1/2,....;1/2), and the appropriate metric is diag((+)*°, (-)).

To construct the Leech lattice consider the light-like vector
k= (0,1,2,...,24;70) € II%1,

Form the sublattice 11,35'1 C II?1 orthogonal to k (this includes the subspace K
spanned by k itself). The quotient IIES']/K defines an even self-dual 24 dimensional

Euclidean lattice, which with our choice of k is isomorphic to the Leech lattice.

We will now use the fact that it is relatively easy to assign a set of gamma matrices
from C(26) to each vector in 112!, consistent with the symmetry factor (—)*¥, to infer
a set for the Leech lattice. This representation is in fact 2!® dimensional. However, on
the subspace II,:');‘F"1 the operator cocycle Cp(k) commutes with all the Cp(a)’s, and so
the representation is reducible. To show this explicitly it is more convenient to work

with C(24) ® C'(2) rather than C(26).



Introducing a set of unit orthogonal vectors in R*!, {e;}, i = 1, ....,26:
eie; = diag((+)%,(-)),

it is easily verified that the following vectors form a basis for 177!,

a; = €49 —e€i43 1=1,....,23
azy = -l
az; = €25 + ey

asxg = k.

To simplify matters we have deliberately included & in our basis.

Let C(24) and C(2) be spanned by products of the elementary gamma matrices
{y},i=1,...,24 and {0*}. i = 1,2, respectively. It is now a relatively straightforward

matter to assign operator cocycles to the above basis. One consistent choice is:

= vyt ®e? i=1,..,22

i)
CT(C”S) — 28 24®1
24)

— 724720 ® 0.

Cr(as) = yBy¥y% 91

CT(CI'_)(;) = 1®0’ .

Notice that Cp(k) = 1@0c!, therefore on the sublattice Ilf:‘r"1 the operator cocycles are of
the form A®(a!)*, for A € C(24). This exposes the reducibility explicitly: the operator
cocycles on the quotient IIES'I/K are simply given by the C(24) piece. Therefore we
have succeeded in assigning eleménts of C(24) to the Leech lattice consistent with the
symmetry factor (—)"”. In fact our construction can be generalized to the other 23
even self-dual Euclidean (Niemeier) lattices which can be generated from I12%! via
other (inequivalent) light-like vectors in an analogous fashion. We shall discuss these

other lattices and their relationship to the Leech lattice in the last chapter.
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6. THE REFLECTION TWIST II.

In this chapter we continue our investigation of the reflection twist, by evaluating
the operator algebra of the TSEVs for the ground and first excited states in the twisted

sector.
6.1 THE TwWISTED-UNTWISTED OPERATOR PRODUCT EXPANSION.

The cases of interest are when the TSEVs have unit conformal dimension for the

Lie algebras, and dimension two for the cross—bracket algebra. i.e.
1. d = 16, in which case the ground state has unit dimension.
2. d = 8, in which case the first excited state has unit dimension.
3. d = 24, in which case the first excited state has dimension two.

The VW OPE has been computed in section 4.2. To use the expression there, we

must calculate

~ 1
VIiia)|®), withn>1- §a2.

For the Lie algebra cases a € As.

1l.d=16

Vi) [0)@¢ = {

~ — 2(e. . 1|0 lC =0
VIiia)ec 1 |0)8 0 = (e = 2e.a)a) -3 10)®3Cr(a)g  n

: 0 n>1,
For the cross-bracket algebra case @ € A4. In addition, we do not need to know the

simple pole in the expansion. in other words, we do need to calculate the n = —1 term.

(e —2(ea)a)c_1 |0)® 274Cr(a)p n=0
0 n > 1.

o~

V,,T(a)e.c_% [0)g o = {

From these results we deduce the QPEs
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a € Ay

W(,2)T (a.w) = Tlt/%W(CT(a)¢,w)+Reg
_ - (6.1)
Wie,¢,z)V(a,w) = ——1-_111—— (e — 2(e.a)a,CT(a)d,w) + Reg.
a €Ay
5 -4
Wie, ¢,2)V(a,w) = (72_—w)2W(e —2(e.a)a,Cr(a)g.w) + O(z —w)™ L. (6.2)

In addition, for the cross—bracket algebra we also require the operator product of the

TSEV with V(e,n, 2). From

Va(emec_y | 0) @ ¢ = %((e‘n)eﬁ- (e.e)n).c_% 0@ n=0
n\€, €L ) . L
we deduce
1/2 , B
Wie, ¢,2)V(e,n.w) = mw ((e.n)e + (e.€)n, ¢, w) + O(z —w)™". (6.3)

OPEs involving W follow from the above OPEs by conjugation. For example

V(o W(9,2) = ~LoW(Crla),w) + Reg.

~

6.2 'THE TwISTED-TWISTED OPERATOR PRODUCT EXPANSION.

In this section we will establish, and to some extent verify, the OPE of a pair of

TSEVs, for the reflection twist. There are two expansions that must be considered,
(a) F = W(¥,2)W(®,w) (6.4)

and

(b) F =W, )W w). (6.5)

with the followiﬁg states
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(1) d = 16, ¥ and ® are both ground states, A = 1:

|¥) =[0)®Yy, [®) =]|0)& 0.

(2)d = 8 and 24. ¥ and P are both first excited states with A = 1 and 2, respectively:

[9) = ecy [0)8Y, |8) = fey 080

In the later case when d = 24, as we remarked before. we will not require the simple

pole, which does not contribute to the cross—bracket algebra.

We have not discovered a way to evaluate the OPEs directly, due to the complicated
form of the operators, however, a direct attack is likely to benefit from the formalism
developed in refs.[35.36]. Our route will be more circuitous, and we shall only be able
to infer the OPEs. Nevertheless, our final answers are those which are expected from
the factorization of two twisted strings onto an untwisted string, and this corroborates

our conclusions.

For (a) we evaluate the product with a vacuum state on the right, this greatly
simplifies the manipulation and allows us to extract the expansion. For product (b), all
we have been able to do is to calculate its expectation value between two twisted ground
states. From the expectation value, one is able to isolate the poles and hence infer the
OPE. This calculation is far from trivial, and is interesting because, as we shall see,
it will place some restrictions on the lattice in order that the operator algebra be well
defined. The calculation of a four twist correlation function, for the reflection twist, has
been done in refs.[33.34], from a path integral approach; we shall compare the results of

our operator approach in chapter 9.

Product (a). The technique we use is essentially a generalization of that described in

section 2.5. Consider

(0, 2)W(D,w) | 0) =W (T, z)e“E51 | @)
=l W(. - —w) | ).

In the above, we used the fact that W and W are generalized conformal fields. The
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problem is now reduced to that of evaluating

W(W,e)|®), e=:-w.

Case 1 :
W(w,e)|¢) = e 2> {9TCCHa)p} A0/ | a).

€A

Since
1 £\ 32
exp (§Q2A()()(1/E)T) = (—Z) ’

the only singular terms come from o = 0 or a € Az. Using the hermiticity of the

operator cocycle, we find

Wb,e)| o) = e { Tc¢}go IE{ TCCr(a }|a)+R€g. (6.6)

aeAs

Wie.v,) | £,¢) =51 5 {47 CCh(a)s ) AV

acA
x (0 | e.cy : eBUA fe_y |0) | ).

The twisted expectation value can easily be evaluated:

X
<0 | | 0) = e.f + Z (e.a_,,)P,,,,,,,(f.a_,,,,),
nan=(
where we have introduced the matrix P,,,,,
_ pt =\ B =\
Pum —B“l(l/g) _12_(1/6).
1 1
( -9 /“ —2 (f) E)1l.+m n’m#_o
1
_ -2 —_— -
.y 2n,(7'2)( €) n#0, m=90
1
2y (1) (=o)" n=0, mA0
. —2 n=m= 0 :

d = 8 : In this case there is a double pole and a single pole, coming from a = 0 and
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a € Ag, respectively.

W(e,,e) | f.0) = <2 {47Co} (e.f)10)
+ 57 5 {97 CCr(@)8) (e f - Aea)(f.2)) | @) + Re.

a€l,

(6.7)

d = 24 : Our sole interest in d = 24 is when A is the Leech lattice, so A2 is empty. Using

exp (A(1/2)7) | 0) = (1+1-2<a L) +0() 0

= t -_— _E I~
exp (4(1/9)1) a) = ( 4) (1+0(€)) |a), a€ Ay,
it is relatively straightforward to calculate

W(e,,e) | £.0) = e~ {¥7Co} (e.f) | 0)

-—2{{¢Tc¢} (i%(e.f)(a_l.a_l) + -;—(e.a_l)(f.a_l)> | 0) (6.3)

M 116 = {#7CC(a)8} (e.f - 2c a)(f.0)) | a>} + 0.
a€Ay

Now that we have evaluated W (¥, ¢) | ®) in all the cases of interest, we can extract

the OPEs. Using the fact that
ZL..1 . 4 - i
e | ¢) = V(g 2) | 0),

enables us to restore the vacuum to the right hand side of equations (6.6), (6.7) and
(6.8). Since Cp(—a) = (—_)”2/2CT(01), it is clear that the products only factorize onto

twist invariant untwisted states. Summarizing

d=16

Fio = 2 {yTopl +et Y % {wTCCr(a)p} V(a,w) + Reg. (6.9)
nGA;

F§ =2 {-L'TC(:’)}(e.f)
= Y {97 CCr(@)s ) (e.f — 2e.a)(f @)V (@w) + Reg,

rvEA+

(6.10)
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F3t =e7 {eTCpl (e f) + 5—2{{¢TC¢}
X (——1—(e.f) :0X.0X(w): —% (. 0X)(f.0X)(w) :) (6.11)

+ T g{#cen@s} s - 2earsanTian | +oE),

ag ‘\+

Product (b). This computation is less straightforward and quite lengthy. The idea is
to compute the expectation value of F' between two twisted ground states (u | and | A).

where, o and A refer to vectors in the zero-mode space.

First of all we use the conformal properties of the fields W and W, to write the

expectation value more symmetrically in terms of u = w/z.

(F) = (20)™%(u | W(T,1/Vu)W(&,vu) | A). (6.12)

LIT and Lzl annthilate to the right and left, respectively. At this point it is advantageous

to introduce some notation. First of all, we define the matrices
A = Apn(1/Va), N = nb,,.. M = NY2ZAN"2Z (6.13)
where n,m € [1. 0], and secondly we introduce the vectors

X = AnO(l/\/;Z)’ y = B:;(l/\/l;) v = %Nl/zx’

1 .
= V, a = a”’ a = a_,.
¢ 1-M

(6.14)

where again n € [1,00]. Our definitions of M, £ and v, agree with those of Schwarz and

u [72].
We now consider cases 1 and 2 separately.
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Case 1.

Here the quantities B¥, in each of the vertices, disappear, and we are left with

w-d/S Z {/’LTCT(Q)#"} {@TCC’}‘(Q)’\} e(VzA()o(I/ﬁ)G(ax, CIX),

v

where we have defined the function
G(w,w') = (0] ei* Aata’wialda’+alw' | gy (6.15)

The techniques for computing such an expectation value are well known [66,72], in fact

1 A
G(w,w') =det(1 - A2)_d/2exp{3wT1 —Qa "
| - . (6.16)
1T / T !
oW T AtV 1—A2w}’
so that
G(ax,ax) = det(l - Az)_d/:’exp{a2 (le le> }
We now draw on the results of Schwarz and Wu. who calculated
Au) = det(l — A?) = det(l — M?) = EK(\/E)(I — )/, (6.17)
and
1 1 7 K'(Vu)
T
T I LN G0N 6.
X qgTpx = (ﬁ) 2K (V) (6.18)

In the above K(4/u) is the complete elliptic integral of the first kind {76,77]. and
K'(Vu) = K(V/1 - u). '
In the operator product expansion, we are interested in the behaviour as : — «. i.e.

u — 1. To facilitate the discussion it is useful to define the variable g¢:

_ TV (?Z)Q, JITu = (ﬂé)2

lnq = T
A(\/E) 63 , 03 (6.19)
K(Va) = gog, K(WI—u) = ——f‘z—qeg,



where the 8; are as usual [76,77] given by

61 = 2qq° [ (1 - )’
n
92 = 2(]0qi_ M (1 -+ q2n)2

03 — QUH _n l
0y = (IUH g" )

and

@ = JJ01-4¢").

Inserting (6.16) into (6.15), we finally obtain

- y
(F1) = wifs (Z {uTCT(a)'Kl’} {QgTC‘C}(a)/\} q%a ) 2_1@—(%)’%,

a4

Case 2.

For this case the following twisted expectation values are required:

(0| eB+e.c_'_1, |0) = ealy + e.pBJ’l
< 2

+yi =
(0] f.c%e(B Yoy = f.a'y-i—f.pBJr%

Using the above we find

(Fa) = w8~ 12{ e }{d)TCC;(a)/\}e"QA“”

€A

(6.20)

(6.21)

{(0 I e—aTAa-fwa X(e a y +e. QBUl (f.aTy + f'aB(‘)f'%)e%aan'+nafx l 0)}

(6.23)

We now leave the main thread of the calculation to evaluate the quantity in the large

braces above. This quantity can he expressed in terms of G(w,w') using the auxiliary
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variables o and 7:

{} = (8% + (e.a)Bg'%) (5{%— + (f.a)Bg’%) Glax +oey,ax+71fy)| _ o

Using the expression for G in equation (6.16) we find that this equals

G(ax,ax){yT y(e.f) + (yl _1Ax + B(;f%)2 (e.a)(f.a)}. (6.24)

1— A2

Our problem is now reduced to that of evaluating

1) y' _1 5y

(i) First of all let us make contact with the notation of ref.[72], by rewriting the

expression in terms of M and v.

1 1
T _ T
yl_ 2y-—4w(v1_M2Nv>

where z = /u. Now

therefore

1 d
=+ — + M
iQmTr (d In(1 ))

I

1 d
=+ -—z— M)).
+ 5% In (det(1 £ M))

If we define A4 = det(1 £ M), so that A = A; A_, then we may write

1 1 1 d
T .
—2¢ [ 2v - —r— .
Yy 5y :c(._ ] MNV 5T lnA)

Now we follow a manipulation which appears in ref.[69] for the matrices associated with

the fermion emission vertex (although these matrices are actually different from ours).
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to show that the identity

MN + NM = 2Nvv7,

implies
T 1 _ VTNf

VIe™M T T+ 2vTe

where £ = (1 — M)~ lv, in the notation of ref.[72]. Our problem is now reduced to the

evaluation of vI'N¢ and vT¢, which we have relegated to appendix C. The results are

ng = l ?l:_ B -1 ’
2 201 - )3 K (V)

and
VTNE = mﬁ
16(1 — w)TK(va)
Therefore
1 u? d
Y T a2 1—u+ u duan(ﬁ)' (6.25)

(i1) This quantity can be rewritten in terms of a known expression:

yT—x = - 2V3(~z)ivTe

:_\/5— u% 7: -1,
(=va) {‘2(1—u)5K(\/ﬂ) }

so that

2 2ub
) - —2u . (6.26)

(1 - u) (2K (v))’

1
+
(y] AX+B0%

Returning to the main thread of the calculation, we substitute all the expressions

we have evaluated into (6.23), and introduce the variable g as before,

(Fo) = w81 S {uter(aye } {87 @)} g2

a€A
%0 —d 1 d
* {?1 —3(:))'1/8 (_(1 — u) +4@11193(61)) (e.f) (6.27)

1
2uz

- mmes(Q)_(l_4(e'a)(f-a)}~

88



Now two problems face us. Firstly, both (6.22) and (6.27) are expressed in a form
manifestly good for small ¢ (or u — 0). However, on the contrary, we require the
behaviour as ¢ — 1 (v — 1). The other obstacle is that we actually require a sum
of terms of the form wTCCT(a)qS, and not the ‘crossed’ form apparent in both (6.22)
and (6.27). A hint as to how these two problems remedy each other is contained in the
work of ref.[69], where an analogous problem was encountered with the fermion emission
vertex. There the duality transformation, needed to cross the four fermion amplitude,
induces a Fierz transformation of just the right type to cross the spinors associated
with the four fermions. In that case the sums were finite. Here however, they run over
the whole lattice A. Remarkably, we shall find that the modular transformation of
the variable ¢, which crosses the amplitude over to the dual region, causes a Fierz-like

rearrangement of the ground state vectors of just the right kind.

As in the fermion emission vertex case, an important ingredient in the calculation
is the completeness relation for the twisted operator cocycles. It is crucial that the set
of elements of the Clifford algebra generated on the lattice is complete, at least in some
restricted sense. By restricted we mean all the even elements, say. For the moment let
us suppose that there exists such a set Ay C A of vectors (not necessarily having the

same length), with dimAg = CQT, such that
prelt o= erbabji. (6.28)
TEAU

When we consider the case where Ay is complete only in the sense of all the even
elements of the Clifford algebra C(NN), one should really append projection operators
%(1 +~¥%1) to the right hand side of the above completeness relation. We shall consider

them implicit.

Using the completeness relation we may rearrange the inner products in equations

(6.22) and (6.27), giving
{WCr(ar} {¢Tcch(a)n]
_ CTZ{ teh(r) }{ATC}(Q)CTCT(T)CT(aM} (6.29)

= cTZ{ tehnie) {ATCTCrin)g b (-) ()3,

where we have made use of the properties of the properties of the charge conjugation

matrix, equation (5.19), and the twisted operator cocycles, equations (5.10) and (5.13).
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The dependence on «a is now manageably contained in the partition-like functions

I-\l(q) — Z (_q)%n?(—)n.T
oeA (6.30)

La(g) = Y (=) (—)""(e.a)(f.q).

€A

We are now ready to perform the duality transformation. The appropriate transforma-

tion is in fact a variant of the Jacobi Imaginary Transformation. Since

7K (V1 — u)

K(Vu) '

it i1s apparent that the relevant transformation is

Ing= -

Inglng = =%, (6.31)

so that

,  nK(/a)
e = T

and ¢ — 1 becomes ¢’ — 0. In appendix D we demonstrate that under this transforma-

tion:

X

nd\ Y2
I'i(q) = (—)%’(] q’) Ti(q), (6.32)

and

% %8 T

L2 . N\ 4241 N 4242
La(q) = (—)77 {Q <1—n—q—) i)+ (l“—q> Fz(q')}, (6.33)

for any lattice vector 7, provided that the dual lattice A* is ‘integral’, in the sense that
each vector in A* has integer length squared’ . We recall that the theta function pieces

also transform conveniently:

83(q")- (6.34)

)

=N

S

Il
TN
=
=]
H
N——
(BB

Before we put all the pieces together it is worth tidying up the cocycle contribution.

One of the effects of the modular transformation is to produce the factor (—)72/2. This

T Warning: this is actually an abuse of the nsual use of the terw éntegral as applied to lattices.
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factor can be used to reverse the quantity

2

2 T

i

= v CT(T)CA(-)
=T CCp(T)A.

ATCT Cr(ry(-)2"

We now use the completeness property again, noticing that the effect of the extra factor

(—)72/2 is to swop ¥ « A, and replace C by its transpose CT. Therefore we end up with
{6TCTChaye} {miCr(n}

Finally the ¢— inner product can be reversed using equations (5.13) and (5.19).
oTCTClayy = vTCCr(a)e. (6.35)

So we end up with exactly the desired term.

Coliecting all the results together we have:

ase 1.
The potentially embarrassing factors of In ¢’ and ¢ cancel, to leave

i1a? 03(ql)_d

(F1) = S {yTccr(a)s} {u'Cr(a)r} (¢)

aCA

Case 2.

First let us deal with the derivative term:

d _dq' d In g’ z ,

1o (=4
qo3(‘1) 1 d '
- _ —_

(1 — u) {‘Zq’lnq’ + dq’ nés(q) (.

where we have used the fact that

d  ¢'03(¢')*
du  u(l-u)’
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Therefore

1

{= (ur aaata) [ g m0n(e) + g | ) )
+ 2le) (o (e) + (ealfa) |

(Fa) =w™ 515" {yTCCr(a)p} {uiCr(a)n] (q’)%“z(i)‘%%
agh

The magic now unfolds; the two offending terms with factors of Ing’ cancel! Also
(i)=%2 = 1 for d = 8 and 24. The derivative of a theta function is evaluated in ref.[77]
(page 470),

x 1271 1

"d
.d_ n03 E 1+q12n 1)2 (637)

n.l

G(q) =

oo [

We have managed to work (F;) and (F) into a form suitable for expanding in

powers of z — w. One can easily verify that

! 1 1 2 3
= —(1-u)— —(1-u 1-

d = 21— )~ 51— +0(1 - w)
03(¢)* = 1 + 2aq' + 2a(a - l)q'2 + O(q')s.

Using these results we calculate:

Case 1.

w—d/80 1 —d
(1 — :L()(III/)S = (: _1‘)(1/8(1 + O(l — ‘U,)2)-

So that when d = 16 we have

_ T -l
(F}G) = (v CoHu A} + T6e E {L'TCCT(Q)¢} {pTCT(a)A} + Reg. (6.38)

2
€A
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Case 2.

We now prove the identity

1/2
w_d/s_l——um—les(d)—d (u+883(¢')*Glq")
— 1 2d 4+ 16 (8.39)
= oo (1 (- u)’ + O(1 - u)3) :
Proof: Writing (2 — w)¥8+1xLHS in terms of the 8;(¢')’s;
[85(¢)04(¢)) ™72 (61(¢)* + 8G(4)
=(1+(2d +8)¢"” + O(¢'))(1 +8¢” + O(¢)*)
= (14 (2d + 16)¢” + O(¢")*)
2d + 16
= (1 + (- u)? + O(1 —u)3> .
When d = 8:
F = {t‘TCO}iéM}(e-f)
-1 (6.40)
- Toe Z {1,/JTCCT(Q)¢} {,uTCT(o)A} (e.f — 2(e.a)(f.a)) + Reg.
T €A,
When d = 24. and A3 is empty:
=16, _ {vTCo}{p'A}(e.f)
(F2 > = e
1 (w? -
+ —{% > {vTCCri@e) {WCrap}(e.f - 2Aealfa) (6.1

~2
+ T A e + 0T

After these tortuous calculations let us take stock of the results. For the terms we

have evaluated it is true that in the three cases
F~F. (6.42)

i.e. the W and WW OPEs are isomorphic. Although we emphasize, this is only

true when .\™ is an ‘integral’ lattice, i.e. all the vectors in A* have an integer squared
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length, otherwise the WW OPE is ill-defined. For cases 1 and 2, with d = 16 and 8,
respectively, the isomorphism is manifest. For case 2, d = 24, we can quickly convince

ourselves of its truth by recalling the normal ordering subtlety from section 3.3,

(0 |: {—1—16(e.f)6XT.6XT(w) — ée.é‘XTf.aXT(w)} | 0)

() e
1 )

= Z(e.f)u;-', if d = 24.

This accounts for the last term in the large braces of equation (6.41).

Now that we have evaluated the structure constants of the operator algebra, we can
go on to 1nvestigate the their duality properties. The OPEs that we have calculated

correspond to the following factorizations:

w @ w\ I¢
_ ! ! 3 J
W(¥)W(®): L —

A4 <7

1 '

d____1

. L \&\ A-’

W ()W () : — ‘]'

g -
Lo -
&
=y

Notice that our expressions are consistent with factorization, in the sense that the struc-

ture constants indeed are just the SL(2,C) invariant 3-point functions. For example:
¥TCCr(a)p = (6" [ V(- 1) | 9),
for d = 16. and
{#Tcer(a)p} (e.f - 2e.a)sa)) = (£,6° | VI(=a,1) | e, ),

for d = & These results are only valid when C = C7T, which holds in d = 0,2 mod 8.

In addition the structure constants are consistent with exchange duality when d =
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0,2 mod §:
$TCCr(a)p =6 CF(a)CTy
=oTCTCl(a)y
= ()" ¢TCCr(a)y.
Here, the phase (—)"2/'2 matches the phase resulting from interchanging the order of the
two operators in the OPE. '

All these facts suggest that, in certain cases, we can generalize the FKS mechanism

with TSEVs. We shall investigate this possibility in the next chapter.



7. THE ALGEBRA ENHANCEMENT MECHANISM.

In this chapter we build on the remarks made in the last chapter, and investigate
the possibility of generalizing the Frenkel-Kac—Segal mechanism, and the cross-bracket
algebra, by involving the twisted string emission vertices in the operator algebra. A
generalization is clearly a possibility if there exist TSEVs with dimension one and two,
for the Lie and cross—bracket algebras, respectively. For the reflection twist such level
matching can occur in d = 0 mod 8. In particular, when d = 8 the first excited state
in the twisted sector has unit dimension. whereas in d = 16 it is the ground state. The

relevant state in d = 24 is the first excited state, which has dimension two.

In these special dimensions, and if the OPEs of the TSEVs are well defined, z.e.
A* is "integral’, then the TSEVs act as additional generators which intertwine between
the untwisted and twisted sectors. The twist invariant subalgebras gy and So become
enhanced. We will call the enhanced algebras §" and $% following the notation of
ref.[28]. Compare this situation with the NSR spinning string in which the fermion
emission vertex (at zero momentum) becomes the generator of supersymmetry [9,78-
81]. What we will describe is essentially a purely bosonic analogue of this phenomenon.
Our formalism illuminates some of the statements made in the literature about the
relationship between the Fg x Eg and spin(32)/Z, heterotic strings [2,31,37.38]. We will
also find a explicit operator representation of the algebra discovered by Frenkel Lepowsky
and Meurman [27,28], which is related to Griess’s algebra [82], whose automorphism

group is the Fischer—Griess Monster group [83].

7.1 THE ENHANCED ALGEBRA.

We will assume for the moment that the OPEs for all the TSEVs are well defined.
In the last chapter we evaluated all the OPEs relevant to the enhanced algebra. Recall

that the twist invariant algebras gy and S, are generated by the diagonal operators
V(a, z) 0
V(a,z) = ~ V] (7.1)

where a € A; and Aj, .respective]y. In addition Sy also includes the generators

—  (e.0X)(n.8X)(z) : 0 )

Vien z) = ( 0 - (e.0X7)(n.0XT)(2) :
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The TSEVs contribute the off-diagonal generators

V(®,2) — 0 W(®,2)
7) = W(®, :) 0 ’

which have the effect of mixing states in the two sectors.

The additional generators contribute the following commutators/cross—brackets to

the algebras:

d=38
V(e 8), Vin(f, )] = % > (sTCCr(a)p)(e.f — 2(e.a)(f.0)) Vyym(a)
a€A}
+ n(¢TC¢)(e'f)6rl.+1n.O (72)

[Val(e, 8), Vin(a)] = %V,H,m(e _ 9e.a)a, Cr(a)s).

d=16

Va(8), V(@) = 5 3 (67CCr(@)$)Varm(@) + n(67C8)busmo
a€A} (73)
[Vn.(d’)yvm(a)] = ivnﬁ-m.(CT(a)‘p)-

d = 24 (Cross~bracket algebra)

1

[V,,(e,qb) x Vul(f, w)] = g E (QSTCC’T(a)d’)(e.f - 2(6-0‘)(f~a))vn+m(a)
(!EAI

1 2
- + (¢TC¢)(%VH+7)L(61 f)+ g(e'f)ILn+m + %"(e-f)én+m.0)

[Vn(e,¢) x V()] = 2_4V,l+‘,,,‘(e - 2(e.a)a, Cr(a)d)
[Vn(e’ @) x Vm(fan)] = %Vnﬂn((&’?)f + (€~€)77,¢)-
(7.4)

These expressions for the cross-bracket algebra are identical with the results obtained
in refs.[27,28].

For the Lie algebra cases, we can determine ¢! by considering its decomposition

under gg C g7 The relevant twisted states transform as a representation Rq (R,) of gq,
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for d = 16 (d = 8). So the gy content of g is

adjoint (gh) = adjoint (go) + Ro(R1). (7.5)

In particular this implies

di =16
dim (gh) = im{gu) + er i=1 (7.6)
dim(go) + 8cr d = 8.

Similarly for the cross—bracket algebra defined by the Leech lattice:
dim (sb) = dim (Sp) + 24.212. (7.7)
The only difficulty is to find how the twisted states transform under gg. The weights of

Ry were determined in equation (3.62). Recall for an inner automorphism the Cartan

subalgebra, in the twisted sector, is generated by
Vi (8:),
where {8} = A; N A, is a set of d mutually orthogonal positive roots of g which we

found in chapter 5 for each of the relevant algebras. The twisted operator cocycles are

diagonal on {f3;}. Suppose the eigenstates are ¢, p = 1,...., cT, so that
Vi (8)10)® 8 = X,10) ® 8.

The vectors A . are simply the weights of Ry. Since the symmetry factor for the reflection

twist is (—)* ™, we deduce from equation (3.62)
t JERR TN
/\/t, - (_) ’

where the n,’s are the representatives of the cosets A/A, p = 1,....,cr. These repre-
sentatives were determined in chapter 5. The weights A(,,;) of the first excited state are

most efficiently determined by choosing the ‘polarisation vectors’ from the set {3;}, in

98



which case

Vi (B)Bj-c_1 | 0) @ ¢ = (B; — 2(8:.8)B:)-c_1 | 0) ® N
= A (1 - 46:)Bj.c_3 1 0) ® ¢y,

so that the weights of R; are simply

/\i

() = /\j‘(l — 461']'). (7.8)

When g = g' + g% + .... is not simple the ground state representation is

Ro(g) = (Ro(g'), Ro(g?),-..)
where the 7zo(gi)’s are the representations for each of the component algebras g°.

7.2 SCOPE FOR ENHANCEMENT.

In order to ensure that the WW OPE is well-defined, we require:
1. All the vectors in the dual lattice to A have integer squared length.

2. The operator cocycles on A are complete, in the sense that they span the whole

Clifford algebra, or the subalgebra of even elements.

7.2.1. Lie Algebras.

D

a

The only simple simply-laced Lie algebras with weight lattices whose vectors all

have integral squared length and rank< 16 are:
Eg, D4, Ds, D1z, Dig.

In addition to these root lattices we can also consider the spin(32)/Z2 lattice which is
even and self-dual. The equivalent lattice in 8 dimensions is just the Eg root lattice,
because the spinor weights of Dg have length squared two. The twisted operator co-
cycles corresponding to these algebras are also complete, in the sense required for the
calculation of the WW OPE, see section 6.2. In particular, for Eg and spin(32)/Z, the
twisted operator cocycles generate the whole Clifford algebra on the root lattice, whilst

it is the set of even elements for Dy, Dg, D12 and Dig. In these latter cases we must
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take the twisted ground state to be an irreducible representation of gg, i.e. the chiral

projection on the twisted zero-mode space is imposed. In this case we have:

Ro(Fs) = 18, of Dg

(27-1,1) n>2 of Do+ D

Ro(D2n) = : "
(2,1,1,1) n=2 of A%

Using these results we can determine the gy content of adjoint(gb) and hence deduce g"

uniquely. The relevant branching rules are taken from ref.[85]. Below we list the only

cases where Lie algebra enhancement can occur for the reflection twist.

d=28
Eg Ds D4+ Dy
d=16
Ey + Eg Es + Dg Es+ Dy+ Dy
D1 Dia + Dy Dg + Ds

Ds+Ds+ Dy  Dsy+Ds+Ds+ Dy spin(32)/2Zy
We now give a case-by—case discussion for each of the above algebras.

d=16

A [

S

{1
\l
The twist invariant algebra is Dg + Dg. The ground state, in the twisted sector, is

a (16,,16,) of gy. Therefore the gy content of gu 1s
(120,1) + (1,120) + (16, 18,),

this is Dyg. We conclude
(Es + Es)' = D
Later, we will find that the §%°~module is in fact isomorphic to the untwisted spin(32)/Z
module. This case is relevant to the original heterotic string model [11,12].
(2) Esg + Ds
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The twist invariant algebra is Dg 4+ D4+ Dy4. The ground state in the twisted sector
is a (16,,8;,1) of go. The relevant branching rule is ad(Dy2) = ad(Dg + D4)+(18,,8;).

Therefore the gy content of ¢! implies

(Es + Dg)h = Dys + Dy.

(3) Eg + Dy + Dy

The twist invariant algebra is Dg + A?. The ground state in the twisted sector is a
(16,,2,1,1,1,2,1,1,1) of go. The relevant branching rule is ad(Djp) = ad(Ds + A%) +
(16,,2,2). Therefore

(Es + D4 + Dqt)h = Dy + A(li.

(4) D16

The twist invariant subalgebra is Dg + Dg. The ground state is an irreducible
(1284, 1) of gg. The relevant branching rule is ad(Es) = ad(Ds) + 128,. Therefore

(D16)' = Es + Ds.

(5) Dqa + Dy

The twist invariant subalgebra is D} + A}. The ground state is a (32.,1,2,1,1,1)
of go. The relevant branching rule is ad(E7) = ad(Dg + A1) + (325, 2). Therefore

(D12 + Dy)! = Eq+ Dg + A},

(6) Dg + Dg

The twist invariant subalgebra is Dg. The ground state is a (8,,1,8,,1) of gg. The
relevant branching ruleis ad(Dg) = ad(Dy4 + Dy) + (84,8,). Therefore

(Ds + Dg)! = Dg + Dy + Da.

(7) Ds + Dy + Dy




The twist invariant subalgebra is Dy + Dy + A}. The ground state in the twisted
sector is a (8,,1,2,1,1,1,2,1,1,1) of go. The relevant branching rule is ad(Dsg) =
ad(Dg + A1 + A1) + (84, 2,2). Therefore

(Dg + Dy + Dy)* = Dg+ Dy + AS.

(8) D4+D4+D4+D4

The twist invariant algebra is A1%. The ground state is a 2 of four of the A;’s and
a singlet of the others. The relevant branching rule is ad(D4) = ad(A}) + (2,2,2,2).
Therefore

(Dy + Dy + Dy + Dy)* = Dy + AL

(9) spin(32)/Z3, g = Dis

The twist invariant subalgebra is Dg + Dg. Recall that the ground state of the
twisted sector had to be a reducible (128,,1) + (1,128;) of go. Therefore

(spin(32)/Zs)" = Eg + Es.

Before we go on to discuss the d = 8 cases, we pause to remark upon the significance
of two of the above results for the heterotic string. It has previously been noted, in the
fermionic construction of the gauge degrees of freedom, that the two original heterotic
string theories [11,12], based on the Eg + Eg and spin(32)/Z2 lattices, are twisted
versions of one another [2,31,37,38]. We have managed to show this correspondence in
the bosonic picture by constructing the algebras explicitly. The characters, or partition
functions, of the Eg + Eg and spin(32)/Zs theories are in fact equal, and modular
invariant. Later in this chapter we will compute the twisted characters to show that
the (Eg + E3)" and spin(32)/Z2" modules also have the same character as the untwisted
theories, and hence lead to modular invariant theories. It is remarkable that a theory

constructed on an ordinary torus can be equivalent to one constructed on an orbifold
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d=38

(1) Eg

The twist invariant subalgebra is Dg. The ground state in the twisted sector is a
vector 18 of Dg. We must now determine how the first excited state transforms under
go. Since o is an inner automorphism for Eg, we can identify the Cartan subalgebra
with 8 mutually orthogonal positive roots {8;}. The suitably normalized weights of the

ground state representation Rg can be extracted from equation (3.62):

: 1 3
X, = S
By using the explicit form for the sets {81} and {n,}, which we wrote down in chapter 5,
we find that these weights form 8 orthogonal vectors, which along with their negatives,
are the weights of the vector representation of Dg. Using equation (7.8), the 120 weights
of the first excited state R are
A = 1 Binu(] _ ..
(pg) — 5(“) ( - 1])’
which have squared length two. In fact, the inner products of these weight vectors are
consistent with one of the spinor representations of Dg. Later we shall discover that it

is the spinor (c), if the original Eg was formed from the spinor (s). Therefore
(Es) = Es.

The fact that the reflection twisted Egx model allows the construction of another Eg which
mixes the sectors, was first pointed out by Frenkel, Lepowsky and Meurman [26-28];
we now have an explicit operator representation of their construction. The importance
of this phenomenon is that it gives a simple analogue to the more complicated cross—

bracket algebra case, based on the Leech lattice.
(2) Ds

The twist invariant algebra is Dy + D4. The ground state in the twisted sector is
an (8,,1) of gg. Recall that the two Dy’s, in the twisted sector, were identified with the

zeroth moments of
1, ~
Vi(a,-,-,z) =37 ~/ (VT(aij,Z) + ’ygVT(a,-j,z)) ,

where the positive roots have been split into the two mutually orthogonal sets {a;;} =

{ei — e;}. {aij} = {ei + ¢}, 4, =1,....,8. The ground state is a chiral spinor with
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129 = ¢, therefore
Vit(ay) [0)®@ ¢ = |0) ® 17/ ¢
Vo (@) [0)®@ ¢ =0,
which confirms that Ry = (84,1). The Cartan subalgebra of gg can be identified with

the 8 mutually orthogonal roots e; +e;41,t =1, 3, 5, 7. On the first excited state we

calculate:
+ 1 ~ \x i
VO (aij)e.c_é l 0) Q¢ = {;2(1 t1)e— (e.aij)a,-j F (e.aij)aij}.c_% I 0) ® vy 0.

Choosing e from the set {a;;,a;;}, ¢ = 1, 3, 5, 7, allows us to calculate the weights

efficiently. The factor in braces takes the following values for V* and V™~ respectively:

e #a;j, Qi e, 0
e :aU — €, —2e
€ :&,-,j — €, 2e.

Studying these factors shows that the weights of R, are those of a (8,,8,) of D4y + Dj.
Therefore

(Ds)" = Ds.

Notice that the new Dg has a different gy content than the original Dg, but nevertheless

it is equivalent due to the triality of the v, s and ¢ representations of D,.

2\ N. . N,
\v) &4 T o4

The twist invariant subalgebra is A{. The Cartan subalgebra is spanned by Cr(/3;),

where the (3;’s are 8 orthogonal positive roots of Dy + Dy:
Bi € {al,ag,a4,al + 2a9 + a3 + a4,a'1,ag,af;,a'1 + 20/2 + aé + ag} .
The suitably normalized weights of the ground state are

( _ )/1,- Ly ,

Sl

where

n, € {0,a2,0y,as + ay}.
The ground state is therefore a (2,1,1,1,2,1,1,1) of gg. The weights of the first excited

104



state are
1

Py, 1—61" ‘
These weights have length squared 2, and when examined in detail imply
Ri =1(1,2,2,2,2,1,1,1)+(2,1,1,1,1,2, 2, 2),

of go. Therefore we deduce

(D4 + D4)h = D4+ Dy.

7.2.2. The Cross—Bracket Algebra.

. The enhanced module for the d = 24 theory based on the Leech lattice, is constructed

by taking the twist invariant untwisted space and the integer graded twisted space:
H = M} @ HrlZ],

This is the ‘moonshine module’ of Frenkel, Lepowsky and Meurman (FLM). The char-
acter of H? turns out to be almost the same as the untwisted module H,, the important

difference is the constant term 24 is not present, t.e.

x*(q) = J(q).

This yields the clue that H! is the natural (hence the use of the ‘4’ label) graded Fj-
module. In a series of rewarkable papers FLM showed thai ilis is indeed the case [26-
28]. In fact, the cross—bracket algebra B = SUis not isomorphic to the untwisted algebra
S, unlike the Lie algebra example involving Eg. The commutative non-associative
horizontal algebra B, the zero-graded subalgebra of B, has dimension 196884, and is

precisely Griess’s original algebra [82], with an adjoined identity (= Lo):
B = Byd1.

With an explicit construction of By, in terms of vertex operators acting on an infinite
dimensional Fock space, some aspects of the phenomenon of ‘monstrous moonshine’
are rather elegantly explained. The Fischer—Griess Monster group [83] is identified as
the automorphism group of By. Each level in the Fock space H! will therefore be a
representation of F; the fact which launched the ‘monstrous game’ in the first place

[53].
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To identify the monster group explicitly the automorphisms of By must be de-
termined. For completeness we now explain the nature of F; = Aut(By) following

refs.[27,28].

The automorphism group of S, the untwisted algebra, is, in analogy with the Lie
algebra examples, the lift of Aut(Az) = -0 into the Hilbert space. -0, the group of
automorphisms of the Leech lattice which leave the origin fixed, is known as the Conway
group. Aut(S) as isomorphic to the automorphism group Cy of Ar. Recall that Ag is
the central extension of Ay by {£1}, with product

dof = (§a)o(¢,B) = (E¢e(a, B),a+ B).
Cy has the following action on Ag:
2 €Cy: (€ a) — (Euq,u(a)).

where uy € {£1} and u € -0. To ensure that Cj is a group of automorphisms we require:

This implies equation (3.52):
uatgs(ua, uf) = u,qps(a, 3).

Cp 1s the extension of -0 by the abelian group X ~ Z%“. An element of the subgroup X

is of the form: -

T€EX: (§a) — (Euq,a).
For such an element, the phases satisfy
UnUp = Unyp3-

Notice that Cy is not a central extension of -0, as X does not commute with -0.
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Now consider the ‘covering’ theory M. ® Hy. We have to discover how Cy acts in
the twisted sector. The twisted operator cocycles generate a projective representation

of Ay, 1.e.
Cr(a)Cr(B8) = &(a, B)Cr(a + B),

corresponding to the central extension of Ay by {1}, as in the untwisted sector. Ac-
tually the situation in the twisted sector is somewhat different. Equation (3.50) implies

that with suitable normalization
Cr(a) =1, VYa€e B=2A;.

Therefore to be more precise the twisted operator cocycles generate a projective rep-
resentation of the 2-group Y = Ap/2Ap ~ Z§4. This representation derives from the
central extension of Ay /2Af by {+1}:

1 — {£1} — E — Ar/2A; — 1.

FE' is an extra-special group, and is usually denoted 2?’24. The twisted operator cocycles

generate a representation 7 of E over AL/ZAL:

™ (& = (&a)) = £Cr(a), (7.9)

of dimension 2'2. In chapter 5 this representation was constructed in terms of gamma
matrices (see ref.[84] for a discussion of the connection between extra-special groups

and Clifford algebras).

Cp induces automorphisms of 2£r+24:

¢: U+ ur

ar: w(a) — 7w (a(a)).

We denote these induced automorphisms @ to show that they act in the twisted sector.

In fact these induced automorphisms are generated by matrices:
w(a(@)) = Mr(a) M,
where M € GL(2'%). Cy has a diagonal action on H, @ "HT:
u 0
(o )
Under the homomorphism ¢ the subgroup X of Cjy is isomorphic to the subgroup ¥V =
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Ap/2Ap of 2?24, where the action of Y on 25_"’24 1s given by
(&) — Cp(B)r(a)Cr(B)™', BeAL/2A;L.

To see the isomorphism X ~ Y explicitly, we compute:

Cr(B)m(€,a)Cr(8)~} (e(B,0)e(a + B, —B)¢, a)
(_

(7%

= n(&(a)), &€ X.

™
=T

where we have taken e(a,0) = ¢(a,—a) = 1.

In addition to these automorphisms there is also an involution g that assigns twisted

1 0
B O—IT’

where 1 is the identity of Cy. g commutes with Cy. Let us define C to be the central

states —1 and untwisted states 1:

extension of Cy by the Zs group generated by g.

Now we perform the projection
H.®Hr — H' =H @ H[Z],
by demanding that states be invariant under &, the reflection twist. Clearly the Zs
g 0
(o o)

which we denote Z, acts trivially on H!. Let C be the quotient of C' which acts faithfully
on HI:

subgroup of C generated by

C=0C/z.

C is the extension of -1 by the extra-special group 2%, Here -1 = -0/{1, 0} is intu-

itively the automorphism group of the Leech lattice with & ~ —a. An element of the
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subgroup 21{"24 C C has a form

where

r(B)w(a)r(B)7 = 7 (&(a)).
C 1s the centre of the involution g in F}. Notice that the automorphism group C
preserves the sector. To complete the description of the Monster group it is necessary

to consider an additional involution which mixes the twisted and untwisted sectors:

0 h
h o)
The construction of this additional involution is described in refs.[27,28].

The question as to whether this construction can be incorporated in a physically
realistic string model remains a rather distant whim [88], although it is possible to
construct a heterotic string model in two dimensions, with a 24 dimensional internal

space which is the Zs orbifold:
R24
ZQXAAL' -

The resulting theory has no continuous gauge symmetries, since there are no dimension

one operators, however, it does have a discrete F; symmetry [30].

1

NHANCED MODULE C

TJ

HARACTERS.

[VE]
b

In this section we shall compute some of the character functions associated with the

enhanced algebras to verify that the whole representation spaces are in fact §! modules.

Recall that H. is the level one basic g—-module. We have already written down its

character in equation (2.4y):

—d Oa(q
Xo(q) = q ’/24—;;-—)———,

Iie- ")
where the label ‘0’=basic, and
Oalg) = D g¢" %

€A

For the rest of the discussion it is useful to use the theta functions defined in equation
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6.20), however, in this cha ter we put g — q'/2, so that o
( p put ¢

xX
02(q) = 2¢"n(q) JJ(1 +¢")’
n=1

etc, where 7(q) is the Dedekind function:

X

n(q) = ¢ [J(1-q").

n=1

In this notation

Xo(a) = n(q)”"0a(q).

Under the reflection twist the untwisted space decomposes:

where HZ are level one jg-modules, with characters
1 _1,d/2
+ — 0 1
xg(q) = E{xyfc (267 ") }
The twisted sector is also a direct sum of two gop—modules:
Hr = HrlZ] ® 'HT[Z + 1/'2],

with characters
Xy
The enhanced module is
HY = H} @ HrlZ).

We now turn our attention to the evaluation of the character

Xi(a) = x}(q) + x2(q),

for a number of examples.
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Eg

Using the character formulae of ref.[89] the authors of ref.[26] show that H}, H_,
Hr|Z) and Hr(Z + 1/2] are the level one D(Bl)—modules, basic (0), spinor (s), spinor (c)

and vector (v), respectively. Since

they conclude that xz (¢) = x%s, this means
0 4 4 (n—4 —4 -4
XE(q) = 20" (6,7 — 657 +6,7)

and implies that
k — 0 -
Xz, (9) = xE,(9)- (7.15)

The enhanced space indeed has the character of the basic level one Eél)—module. Notice,
however, that the original Fg was built from a spinor of Dg while the ‘enhanced’ Ey is

built from a spinor.

The character of the enhanced module is

X, (@) =xb,(a) + xb,(a)
=2"y" (407" - 05 +07%) + 20" (67 - 657)
=2%q" (205 - 65 + 67*)

0
= XDB(Q))

so the enhanced space has the character of the basic level one Dgl)—module.
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Dy + Dy

Equating

gives

Xpi(q) = 20" (487 ~ 63 +077) .
the character of the enhanced module is

Xp:(a) = 20" (807 — 03¢ +67%) + 20 (6% - 65)
= X%ﬁ(Q)v
so the enhanced space has the character of the basic level one (D4 + D4)(1)—module.

Es + Eg and spin(32)/Z

H. is the sum of two basic level one Egl) modules, therefore

XEot E5(9) = (X%S(Q))z- | -

We now pause to prove that

Z 3 5. % Z | o4 4p-4
XE+E(9) = 2XE, (XES + 27070, ) )

Proof :
2 . —4\2
2 (@)’ =2 o5 - o5 f
=2"n" (63 - 2656, + 65°),
and
2oy ixE, = 20" (65 - 057) 637,
therefore

- -4
2x%. (X%‘s + 2'nte; 4) = % , g + 20" (820585)7 (65 — 63 — 63) .
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The use of the ‘aequatio identico satis abstrusa’ of Jacobi:
03 + 03 = 63,

completes the proof.

The enhanced character is
L0322, 088081 \ 0. % (.2 | ob dg—4
XhEa-#-Es = -—2-{(XE5) +2 n 02 } + 2XE8 (XE'S +2 n 02 ) 3

but from (7.14) we have

1 _
XE, = 5 (Xk - 2'n'67%),

therefore
2
XhEH—Ea(q) = (X%S(Q)) = X(l)':'s+E'5(Q)' (716)

We have already discovered that
(Es + Es)' = D,

which together with the above result implies that the enhanced module is actually a
reducible basic+spinor of D{Y. That is the madnle associated with the spin(32)/Z
lattice. The result relies on the fact that the characters of the Eg + Eg and spin(32)/Z
theories are in fact equal [11}]. Since this is true we do not need to repeat the character
analysis for spin(32)/Zy. We have already remarked that the two possible algebras in
the original heterotic string models are related by the reflection twist, we have now

shown that the whole spectra are consistently related.

It is straightforward to complete the character analysis for the other cases we have

not considered.
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8. THE SHIFTED PICTURE AND
HIGHER ORDER TWISTS.

There is an alternative way to set up the Hilbert space and calculate correlation
functions of twisted emission vertices for certain classes of lattices and twists. In effect,
one can ‘rebosonize’ the theory in such a way that the TSEVs become simple expo-
nentials of free fields. The idea relies on the fact that when A is the root lattice of a
simply-laced Lie algebra g and W is a cyclic group of order N, generated by an inner
automorphism of the a.lgébra g, then it is possible to represent W as a shift on the

maximal torus of g [49,58]. This means W : g — g such that for & € W:

i E" . e??r'u‘),,.HE"e—QWM,,.H

— eQTrib,,.(vE”
@: Hv+—— H,
t.e. u is represented by the shift operator:
eZm’b},.H_

We call this representation the shi—fted picture. This rebosonization of the twisted
model is analogous to the bosonization of the NSR spinning string, which has the ad-
vantage that the fermion emission vertex becomes a simple exponential of the bosonizing
field [8]. The benefit of dealiug wiih exponeniials of free fields is that the correlation
functions are easily calculated. The phenomenon of algebra enhancement, in the shifted
perspective, is also greatly simplified. The isomorphism between the shifted and twisted
pictures has also been exploited to determine the twist invariant algebras gy and ground

state degeneracies ¢, for inner automorphisms of all the simply-laced exceptional Lie

algebras [4,54].

In this chapter we also discuss the possibility of algebra enhancement for higher

order twists, concentrating on a third order in Eg and Eg.

Before we go on to discuss shifting we find it convenient to pause and consider the

regrading of the basic g'1’~-module we constructed in chapter 2 via the FKS mechanism.
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8.1 REGRADINGS OF gi!!.

In section 2.7 we showed how the untwisted sector was a g!!-module. With Lg
as the derivation, we had the homogeneous gradaticn of g!!)| characterized by the
horizontal algebra g. Other gradings of ¢g'!) can be formed by choosing new derivations
d. Picking a new derivation corresponds to the freedom of shifting Ly by an element of

the Cartan subalgebra:

d=Ly+Ap.

This corresponds to a new stress—energy tensor

3

1
T(:) = —5 1 0X(2).0X(2) ; —iX\.82X(2)
which satisfies the Virasoro algebra with central charge
c=d—12)%

The shifting of T'(z) is an important feature of the bosonization of the reparameterization

ghosts in the bosonic string, and the super-conformal ghosts in the spinning string [9].

The fields have their dimension altered due to the shift. For example the highest

weight momentum field V(a, z) satisfies

2
TA W (aw) = L2702y 0 o)

(z — w)? z-w

0V(a,w) + Reg,
i.e. 1ts new dimension is
AY = A+ al

This leads to a regrading of the fields:

Viez) = Y VMa)™8 (8.1)

n€h—o A

Since V(a, z) has an integral expansion, n € Z — a.A and

V::\(O‘) = Vigaa(a).

To sum up, with derivation d = Ly + A.p the {V}a)}, n € Z — a.) and a € As, along

with a,, + ), generate a regraded representation of g''). In particular, the horizontal
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finite Lie algebra g[)\], generated by

is a subalgebra of g.

8.2 THE SHIFTED PICTURE.

As we remarked in the introduction to this chapter when
1. A is the root lattice of a simply—laced Lie algebra g, and
2. W ~ Zy, the cyclic group generated by an inner automorphism of g

then we can represent @ € W by

- 627”:{’"']}. (82)
For u to be a non-trivial automorphism the shift vector must be of the form:

1 .
0y = Ewua wy € A -
where, as usual, NV, i1s the order of 4. This ensures that (ﬁ)N" = 1, the identity, up to

a trivial automorphism. Notice that §/ and 6, are equivalent if 8, — é, € A*.

The untwisted sector is constructed as before, except the lift W into H, is now given
by (8.2). The difference occurs in the twisted sectors, which now have a much simpler

construction in terms of a shifted lattice:

where F is the conventional untwisted Fock space. The equivalence of the twisted and
shifted pictures, for inner automorphisms, is embodied in the equality of the characters
[2,49,58]:

q%0r(q)  Bass(q)

oy ~

[H(1=g/Nyt (1= q)t

n=1 n=1

(8.4)

In particular the equality of the conformal weight of the ground state implies 62 /2 = @,

for suitable §,,.
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In the shifted picture the vertices which insert a twisted state are simply normal un-
twisted vertices but with momenta lying on the shifted lattices A + 4,,. The complicated
matrix structure of the operators is replaced by a much simpler structure: each operator
has just one canonical representation in all sectors. The effect of changing sectors is
simply to regrade the operators. In particular the algebra generated by the untwisted
operators in a twisted sector is a regrading of the algebra generated in the untwisted
sector:

Vi a,2) | bu) =V(a,2) | 6u)
=exp (ia.X " (2) + ta.q) 201 6,)
= T Va6,

n€Z—a.b,
The operators V*(a,2) and ie.0X(z) generate an algebra isomorphic to a regraded
representation of g!!), explicitly

Via) ~ VM(a), neZ-abd,

n

a, ~ o, + 6u7 n € Z,

i.e. the algebra generated by the untwisted operators V(a,z), a € Ag, and ie.0X(z), is
g'V in all sectors; the twisted sectors being regraded g!!’-modules. The twist invariant

horizontal subalgebra go[u] is generated by

. (Vola) «b, €Z
golu| ~ i
p.

golu] ~ g[b4] is actually rather easily determined from the extended Dynkin diagram by
a process of ‘knocking out spots’ [4,49]. We now consider this in more detail. It has
been shown by Kac [49] that all possible finite inner automorphisms of a Lie algebra are
given by labelling the Dynkin diagram of its corresponding Kac-Moody algebra (the
extended diagram) with coprime integers. Let s = (sq,s1,...., 84) be the sequence of

non-negative relatively prime integers (‘0’ refers to the extra spot). Set

d
N =5 kisi,
=0

where the indices k; are the Kac labels, which are given by the decomposition of the
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highest root ag of g:

d
ag = Zkiai, kg = 1.

i=1

The particular automorphism is now described by the shift vector

d
1
§ = -j—vf;siw.;, (8.5)

where the {w;} are the fundamental weights. This é defines a unique automorphism of
g of order V. Furthermore, such a choice of § is dominant as it lies in, or along, the wall
of the fundamental Weyl Chamber, and it is the shortest vector in the equivalence class
(' ~ &6 if & — 6 € A*). The subalgebra left invariant by this automorphism is simply
obtained by knocking out the spots of the extended Dynkin diagram corresponding to

non-zero s;’s, and adding enough u(1)’s to preserve the rank.

Since all the vertex operators in the theory have a simple form the operator algebra
is rather straightforward to elucidate. If W is generated by @ then the NV, sectors are
based on the lattices A + né,, 0 < n < N,. The operator algebra has the following

action on the sectors:

H:::u X H:‘m — H:’vn+m- (86)

If the operator algebra is to close then we require
Nud, € Al (6()

In general N,6, € A*, so the above condition is not always guaranteed. For the reflection
twist we will find that the above constraint seems to play an analogous réle in the shifted
picture that A* having to be ‘integral’ played in the twisted picture. We conjecture
that this statement generalizes to arbitrary twists. The conclusion is that the operator
algebra is ill-defined, in the sense that it does not close, unless (8.7) is satisfied. Let us

consider this in more detail for the inner reflection twists.

D21u ned

The appropriate shift vector is



where the {w;} are the fundamental weights. In terms of the simple rocts:

n-1 2n—2

{zpap"‘n z ap a?n—l+a2n)}‘

1)_ p=n

N | =

Notice that 26 € A only when n € 2Z, but this is precisely the cases when A* is

‘integra,l’]L :

E7

The appropriate shift vector is

In terms of the simple roots:

1 9 7
6 = 5{2a1 + 4ag + 6ag + 5 + 3as + gae + §a7},

so 26 ¢ A, which matches the fact that A* is not ‘integral’.

Eg -

The appropriate shift vector is
5 = .-—(1)1.
In terms of the simple roots:
1
6 = 5{401 + Tas + 10a3 + 8ay + 6ay + 4a6 + 2a7 + 508},

so that 26 € A, which matches the fact that A" is ‘integral’. In fact for Fg all automor-

phisms satisfy the constraint (8.6) because A* = A.

t Recall that the spinors of Ds,, have length squared n/2.
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8.3 ALGEBRA ENHANCEMENT IN THE SHIFTED PICTURE.

We turn our attention to the operator algebra for the reflection twist in the shifted
picture to investigate algebra enhancement. We have already established that the shifted
operator algebra is only defined for Dy, n € Z, and Fg. We will be led to a simple
explanation of why, for the rank 8 cases, Eg, Dg and Dy + D4, the enhanced algebra is
always equal to the original algebra g. The discussion of the rank 16 cases requires a

more detailed analysis.

Rank 8

Choosing é to be primitive, for rank 8 we have:
§ =1,

which matches © = 1/2 in the twisted picture. Also it is useful to note that a.§ €
{0,+1/2,£1} for a € A9. The invariant algebra g is generated by

. V(a,2) a.b € {0,£1}, a € Ay
90 1€.0X(z).

The TSEVs which contribute to the enhanced algebra are those of the form:

Vie+6,z) (a+6)? =2

(@]
<
u
L
c
8
£
a
=
e
M
oY
Xy
c
=

2 all U | toa et ot at saoab o el Alife o Voaalan
11ie cruclad pollit LU HULICE 1D tiHdL LIIE VECLOLD> UL LT SUILIEd jduuice
2 are in one-to-one correspondence with the vectors a € Ay with a.6 = +£1/2. The

correspondence being given by
a — a— 2(a.b)é.

Notice that

(a — 2(a.6)6)? = a?,
since 62 = 1, so that the invariant generators can equally well be written as
Via—2(a.b)b,z), adb =0,%£1, a€ Ay,

which is consistent because 26 € A. The enhanced algebra is therefore spanned by the
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generators:

g V(a - 2(a.6)d,z) a € Ay
1€.0X(z).
Since 62 = 1 the generators of g% are defined on the root system of g Weyl-reflected in

the vector 26. It is therefore manifest that g% = g for these cases.
For the rank 16 cases 62 = 2 and we cannot interpret the shift as a Weyl reflection,

“however, we can evaluate the shifted lattices explicitly. Below we consider the Fg, Ds,
Eg + Eg, Eg + Dg, D1g, Dg + Dg, spin(32)/Zy cases in detail.

In general under the shift A decomposes:

A=AYUAT,
where generically
AT €Z
1
A6 €Z + -
€4+ 5

The shifted lattice decomposes into vectors of even and odd length

A = A+6 = A°UA°.

_ or equivalently
{ AtU(A=+6) rank8
AR =

A*U (At +6) rank 16.
In what follows we shall use the following notation for the cosets A*/A of D,,:

A = (0) A + vector = (v)

A + spinor = (s) A+ spinor = (c).

In general the shift vectors are weights of gy.
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The Eg root lattice can be written in terms of Dg weight lattice cosets as

A = (0)U(s).

The shift vector § = w1 /2 in the orthogonal basis (see appendix A for notation) is

b = —e1 = wy,

t.e. 0 is a vector weight of Dg. Using the fact that

(0) +wy =(v)
() +wy =(0),
we deduce
A" = (v)U(e),
and therefore ]
AY = (0)U (¢)

For the other cases we simply quote the relevant results.

Ds (go = Dy + Dy)

=1
A = (0,0)U(v,v)
A" = (5,0)U(c,)
AT = (0,0)U (c,v).

Because of the triality of the v, s and c representations of Dy this is the root lattice of

Dg, but with a different gy decomposition.
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Es+ Eg (90 = Ds+ Dg)

= A(spin(32)/Z,).

Es + Dsg (go = Dg + Dy + Dy)

6 = (wy,ws,0)
A = (0,0,0)U (s,0,0) U (0,v,v)U(s',v,v)
A% = (¥,5,0)U(c,s,0)U (v, c,v)U(c,c,v)
A" = (0,0,0)U (s',v,v) U (v),5,0) U (c,¢,v)
= A(D12 + D4) U (As(D12), Au(Dy)) - -

In this case the enhanced module is in fact a reducible representation of §, being a
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Dg+ Ds (g0 = Ds+ Dy + Dy + Dy)

6 = (ws,0,w,,0)
0,0,0,0) U(v,v,0,0)U(0,0,v,v)U (v,v,v,v)

Al

I

A=
A" = (5,0,5,0)U(c,v,5,0)U(s,0,¢,9) U (c,v,c,v)
(0,0,0,0) U(v,v,v,v)U(s,0,5,0)U(c,v,e,v)
= A(Ds + Dyg + Ds) U (Au(Ds), Au(Ds), Au(Dy)).

In this case the enhanced module is in fact a reducible representation of § composed

of basic+(vector, vector, vector).

spin(32)/Zy (go = Dg + Dg)

6 = (vwswo)
A = (0,0)U(v,v)U(s,s)U(c,c)
AP

(5,0) U (c,v)U (0,s) U (v,c)
A = (0,0)U(0,s)U(s,0)U(s,s)
= A(Eg+E8).

The other cases that we have not considered here can be analysed in a similar way.

8.4 ALGEBRA ENHANCEMENT AND OTHER TWISTS.

An interesting question to pose at this point 1s: does algebra enhancement occur
for other higher order twists? We will not attempt a systematic investigation of this
question here, since when automorphisms which are not NFPAs are included the number
of possibilities to consider is quite large [4,54,90]. Rather we shall concentrate on a
couple of examples, both of third order. A quick glance at equation (3.25) shows that the
conformal weight of the twisted ground state is © = d/18, where d is the effective number
of dimensions that the twist acts in. This shows that the relevant dimensions are 6, 12
and 18, for a NFPA. The simply—laced Lie algebras which admit such an automorphism
are Az, D4, Fg and Eg [4,90]. The twist invariant subalgebras are u(1) + u(1), Aa,
Ag + A9 + Ag and Ag, respectively. Out of the g simple examples only Fg has a suitable
rank. We shall consider this case in detail. As an example of a non—-NFPA we shall also
consider the third order twist in Eg which has gy = Fg + Az with © = 1/3, and so is

also a suitable candidate for enhancement.
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8.4.1. Eg in the Twisted Picture.

It is advantageous to discuss Eg in terms of D, weights. The roots of Eg are

conveniently written as

(,0) (s, %az)

(v, £ay) (¢, ta3),
where a is any root of Dy; v, s and c¢ are any of the vector or two kinds of spinor weights,
respectively. a;, ay and a3 = —(ay+az) are the roots of an A; scaled to have unit length.

In this basis the inner automorphism we are concerned with has a decomposition:
o = (01,02),

where o) is one of the third order NFPAs of D4 which takes v — s — ¢ [90], and 03 is a
120° rotation in the scaled Aj subspace, permuting {a,a2,a3}. In the orthogonal basis

(see appendix A for notation) oy is explicitly:

-1 1 1 1
1l -1 -1 -1 1 (8.5)
gy = = . .
21 -1 1 -1 -1

-1 -1 1 -1

There are in fact three cubic automorphisms of D4 (up to conjugation), one of which is
(8.8) and is outer, the other two are like the ones discussed in ref.[15], with one inner

and one outer [90].

There are 24 orbits of roots under o, portraying the fact that gy = A%. In order to
represent the twist invariant algebra in the two twisted sectors we have to construct the
operator cocycles, which are just finite matrices. From section 3.5.1 and using the fact

that o is inner we deduce

1

s = |det(1 — o)|"/? ——
c |det(1 — o)| vol(A)’

which we can compute directly because vol(A) = V3, and ¢ has three sets of conjugate

eigenvalues exp(+27i/3). We find
¢y = 3.
This will be the ground state degeneracy in both twisted sectors.
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Since © = 1/3 the TSEVs with unit dimension correspond to the states:

C(i2/3 l 0) ® ¢J C(.f.l/,'_‘)ch_l/g l O) ® (bv

where a,b = 1,2,3. There are in fact 27 of these states in each of the two twisted sectors.
These 54 states combine with the 24 invariant states of unit dimension in the untwisted
sector to give 78 states in all. Therefore we suspect that g% is Eg again. Later we shall
find from the shifted point of view that this is indeed the case. Unfortunately in the
twisted picture the algebra of the TSEVs is very complicated and we have not managed
to elucidate it fully, however, we can at least verify that g% has the correct gy content to
be Eg. To accomplish this we need to know how gy is generated in the twisted sectors,

this requires us to construct the twisted operator cocycles.

Recall that the twisted operator cocycles are invariant under o, t.e

in addition we have
C',,(—a) = éa(a)~1
éaz(a) = éa(a)*.
Therefore we need only consider each orbit in one of the sectors. The 24 orbits may be

labelled by the representatives:

Q-li' = (43170)
Q,+ = (ieiaal)

Q- = (ieiy “a‘l)v

t

where ¢ = 1,2,3,4, and their negatives. In the above 3; = (a3, a4, ay,a;) where the
{a;} are simple roots of Dy and ag is the highest root of D4. Our problem is to
assign 3 x 3 matrices to these orbits consistent with the symmetry factor Q,(a,3). The
labelling of the {3;} was done deliberately so that vectors from orbits QY QF and Q7

are in fact orthogonal, so it is consistent to take
Co(Q)) = Co(QF) = Co(9).

We have reduced the problem to assigning matrices to just four of the orbits, say Q(,)
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Explicit calculation gives

1 w? 2

w 1 2 2
Qo(ﬁlaﬁ_j) = 2 w 1 2 )

woow  w 1

where w = €2™/3, Therefore we may take

Co(Br) = h Co(B2) = gh
Cy(B3) = hg™! ColBs) =g

where

1 0 0 0 0 1

g=1{0 w 0], h=]1 0 0],

0 0 w? 010

and
gh = whg
The three Aq’s are generated by )
1
v(QY) = g(Vo(Q?) OO + 0™ R(9]), (8.9)

and their hermitian conjugates. Here n = 0.1,2, so (8.9) does indeed define three
mutually commuting sets of eight generators. The Cartan subalgebra is generated by

V™(99), and its conjugate, therefore on the ground state:

(1 +U.)” +w2n) g¢?

Lol -

Vi 0@ =]0)®

from which we deduce that the ground state is a (3,1,1) of go.

Now consider the first excited state. First of all let us define the projections

e[n] = (e +w'oe + wz”’aze).

Q| k=

A convenient basis for Vy,, /3 (see section 3.2) is provided by €[n] where € € {(9%,f .9}
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Using this basis we compute
1 .
Vo(a)e[l].c_i/310) @ ¢ = 5{6[1] - 3(6[1]-0[2])0[1]}~C—1/3 | 0) ® Co(a)d.
By taking a = Qf we can extract the weights of the first excited state. For ¢ =
Qg,QI,QI we find weights

1 .
_3_ (_2 +w” + w2n., 1-— 2w™ + w2", 1+ W — 2%)211)97

showing that the first excited states transform as a (1,3, 3) of go.

The computation for the second excited state is quite tedious and we omit some of

the details. The relevant slice of the calculation is:
Vo(a)el].c_y/a7(l].c_1y3 1 0) @ ¢

= {3 - sl o) - st ot ) s

+ 2(elt] af2)(r[1) af2]) ((af1)-c-ys)? + Baf2] c_ys } 10)® Cola),

-

and

Vo(a)A[2].c_qy3 | 0) ® ¢
= {2 (v - §(A[2].a[1])a[2]).c ~ 202 al1))(al1] c )2 10) @ Co(a)g.
3 5 ~2/3 =~ 5(A2]- ~1/3 o
The only obstacle io caiculating ihe weighis is ihai staies of the {orm
2
(6[1]-0—1/3) 10)® o
€[2.c_2/310) ® ¢,

become mixed and need to be diagonalized with respect to V4(029). This is fairly easily
accomplished and the weights extracted. The conclusion is that the second excited state

transforms as a (3,3,3) of gg. The other twisted sector will contribute the conjugate
representation (3,3, 3).

The go content of ¢! is therefore
adjoint (A43) + (3,3,3) + (3,3,3).

This is Eg again, but with a different gy content than the original Eg.
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8.4.2. Fg and Fg in the Shifted Picture.

As with the reflection twist, this enhancement looks much simpler in the shifted

picture. The relevant shift vector is

1

60 = 5(.03 = —(2a; + 4ag + 6as + day + 2a5 + 3ag),

| —

with 62 = 2/3 = 20. Notice that 36 € A so the operator algebra is well defined. We
can interpret the enhanced algbera as a Weyl reflection in 8, as for the rank 8 reflection

twists. The generators of §! are

4 Vi - 3(a.6)b,z) a€ A
1€.0X(z).

The TSEVs correspond to generators for which a.6 € {£1/3,+2/3}, and §g is generated
on the subset of vertices for which .6 € Z.

This argument is perfectly general and holds for any third order automorphism for
which 62 = 2/3. In particular, it means that the third order automorphism of Eg, with
go = Eg + A2 and 6% = 2/3 [54], has ¢! = Eg. We will now consider these two cases in

more detail.

Eg

The Eg root lattice has a Ag decomposition:
A = (0,0,0)U(3,3,3)U (3,3,3).
The shift vector is a weight of gy:
) 1
0 = w3 = (Ag,0,0),
3
where Az is a weight of the 3 of one of the Ay’s, therefore

Ah- = (E)an) U (03373) U (3’5’5)
A* = (3,0,0)U(3,3,3) U(0,3,3).

The enhanced lattice consists of the invariant sublattice of A and the even sublattices

of A* and A%

A" = (0,0,0)U(3,3,3)U(3,3,3),
which is the root lattice of Eg.
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The Ejg root lattice can be written in terms of Eg + Ay cosets as
A = (0,0)U(27,3) U (27,3).
The shift vector is a weight of gy:

1
6 = W6 = (0, As),

where Az is a weight of the 3 representation of As. The shifted lattices are therefore

The enhanced lattice is

A" = (0,0) U (27,3) U (27,3),

which is the root lattice of Eg again.
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9. FINAL COMMENTS AND COMPARISONS.

In this final chapter we wish to consider generalizations of the formalism which we
have developed in the preceding chapters, and also we want to make contact with other
recent research in the field. In particular we will discuss asymmetric orbifolds [32],
which include both left and right movers (analytic and anti—analytic degrees of freedom)
propagating on two, possibly different, orbifolds. These models subsume symmetric
orbifold models on which both left and right movers move on the same orbifold, and
the totally asymmetric models we have been considering in the previous chapters. The
reason why it is consistent to consider an asymmetric orbifold is because the analytic and
anti-analytic sectors are completely decoupled, as we mentioned in chapter 2 for toroidal
compactifications. For symmetric orbifolds we will find that the zero—-mode space in the
twisted sectors can indeed be identified with the singularities of the orbifold, and the
twisted operator cocycles have a nice geometrical interpretation. We then go on to
consider interactions. In particular, we compare our expression for the four twisted

string interaction for the reflection twist with the work of refs.[33,34].

As an instructive and amusing exercise we apply the twisting/shifting formalism
to the analytic toroidal models generated by the even self-dual Euclidean lattices in
twenty—four dimensions. It is hoped that such considerations may eventually lead to a
more complete understanding of the moonshine module. The main unsolved problem
in this context is the question of the existence of a twenty-six dimensional niche for
the FLM Fj construction: surely it cannot be a coincidence that the bosonic string is

anomaly free preciseiy in this dimension”
9.1 ASYMMETRIC ORBIFOLDS.

We saw in chapter 2 how an asymmetric toroidal compactification involved the
even self-dual Lorentzian lattice ' = (Ay,Ap), with metric diag((+)”,(—)Y), where

p =dim(Ar) and ¢ = dim(ApR). An orbifold generalization follows in an obvious way:

Ry
= —— 9.1
T 2rl x W 0-1)

where the twist now acts separately on the left and right sectors:
W = (W, Wg). (9.2)
Although we are dealing with a Lorentzian lattice most of the analysis of chapter 3 is
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valid. Applying equation (3.44) and the self-duality of A we deduce that the zero-mode
space in the U = (uy,uR) twisted sector will have dimension:

Ky 1/2

cy = 'm (9.3)

In addition equation (3.7) gives the number of singularities of T as
Fy = c&.

At this point we remark that the requirement of modular invariance also determines
the degeneracy ¢y [32]. It is a remarkable unexplained ‘coincidence’ why the required
degeneracy is exactly the same as (9.3) above. This hints of a deep connection between
modular invariance and the irreducibility of the operator algebra which has yet to be

understood.

Notice that for a symmetric model ¢y is simply the number of fixed point singular-
ities on the single orbifold on which both the left and right degrees of freedom move:
in this case the zero-mode space is just a set of position eigenstates corresponding to
the fixed points singularities. For a symmetric model the twisted operator cocycles also
have a neat geometrical interpretation as we now show. Consider a U-twisted string at
a fixed point ¢; absorbing an untwisted string which has a winding vector [ on the torus

A. Classically the initial twisted sting satisfies the boundary condition
Xp(27) = UXy(0) + 2may,

where
(1-U)q = 271y, a1 € A.

The untwisted string satisfies the boundary condition X(27) = X(0)+ 2n{, where [ € A.
On interacting X(0) = Xy (27) and so in the final state we have a U-twisted string at

a fixed point g2, where
(L-U)gz = 2m(a1 +1),
so the fixed point has been flipped from '
g — @ = q+2r(1-U)"1,

i.e. winding states couple twisted strings moving around different fixed points. From an

t For simplicity we assume that U is a NFPA.
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operator point of view the twisted operator cocycle Cul(k, 1), where k is the momentum

of the state, is responsible for this:
Cy(k, )| qu) | g2) =|qu +2m(1 = U)™"). (9.4)

Pictorially:

Notice that pure momentum states do not change the fixed point, i.e. C’U(k,O) should
be diagonal. This is in fact the case; vectors of the form (k,0), which are light-like
from the point of view of I' (see section 2.6), are in the set Ay (on which the operator

cocycles are diagonal, see section 3.5.1), because
/ LN
2y ((£,0),(#,0)) = 1.

The twisted operator cocycles, although essential for the consistency of the theory,
appear to have been included in a somewhat ad-hoc manner. However recently, for a
symmetric orbifold, they have been shown to arise from a proper canonical quantization
of the string degrees of freedom taking particular care of the constraints involved [91].

In this picture they have the following action on the fixed point position eigenstates:
Cu(k,1) | q) = e*tm1=070 o 4 on(1 — U)~10). (9.5)

The zero-modes of orbifold models have also been considered in ref.[94].
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9.2 GENERALIZED VERTEX OPERATORS.

The vertices which insert untwisted momentum states in a twisted sector are just

generalizations of (3.38). We write them in terms of the lattice I':
VU(A,z) = 2~ 2@/ :exp(ia.XuL(z) +ia.YuR('z)) L Cy(4),  (9.6)
where A = (a,a) € ['. The operator cocycles define a 2—cocycle on I':
Cu(A)Cy(B) = ey(A, B)Cy(A + B),

where

i
I

Qu(A,B)

The twisted string emission vertices also generalize in an obvious way. The oscillator
pieces are as before, except that now there is an anti—analytic contribution. The zero—
mode dependence is contained in the sum over momentum/winding states, written in
terms of the lattice I':

(v|— > (B|Cu(B).

Ber

9.3 THE FOUR TWISTED STRING INTERACTION.

In chapter 6 we calculated the four twisted ground state string correlation function
for the reflection twist. We now use these results to discuss the interaction of four
twisted ground state strings, and compare with refs.[33,34] who perform the calculation
from a path integral point of view. To make contact with these other works, we suppose
that the vertices have momenta in some uncompactified space, i.e. the twisted vertices

are of the form:

Wi(z2,Z) =: e KiY(z3) Wi, 2,7),

where to avoid confusion we have labelled the string field in the uncompactified dimen-

sion by Y(z,%Z). The twisted string emission vertex has analytic and anti-analytic pieces
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which are a generalization of (5.4). The vertices are on shell, <. e. they have unit analytic

and anti-analytic conformal dimensions:

The scattering amplitude for four twisted strings is constructed in the usual way from

the correlation function [40]:
4 - —
Ay = /HdQE'i VOI(SL(21C)) (0] Wi(21,21)Wa(22,79)W3(23,23)Wy(24,Z4) | 0).
=1

We take the SL(2,C) volume element to be

d?z; d%z9 d% 24

l:1—22|2|31—24[2|32—24

Vol(S'L(‘Z,C)> = 5

and (311227 23,24) - (001 172:70) giving
A4 — /d2$ l 1 - IL2k3/2| T lkl.kg/Q F(I,E),

where F(z,T) is an expectation value of the type calculated in chapter 6, now with an

anti-analytic contribution. Generalizing equation (6.22) in just such a way gives:

F(z,%) =|z(1~z) |/
x [ 05(q) 72 3 {WTCr(k g | { &1 Ch(k, DA} g1 /2120772,

rea”
len

The vectors p, ¥, ¢ and A now correspond to the fixed point singularities of the Zo—
orbifold.

The partition—like function in the amplitude can be written as a sum over the lattice
. Putting ¢ = ¢™(29~1 as we are required to do if we want to check the duality of the

amplitude, the sum becomes (for an arbitrary twist)

Za =Y {w'Cu(a)p} {o!Cl(a)a] emir-ad, (9.7)

AeT

Since I is even and self-dual I'* is ‘integral’ and so we expect the analysis of chapter

6 to be valid, at least for the reflection twist, i.e. the amplitude has poles as z — 1,
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corresponding to the crossed channel, and hence the correct duality properties. To make
contact with refs.[33,34] we use the representation of the operator cocycle in ref.[91],
which we wrote down in equation (9.5). Let the fixed points represented by u, ¥, ¢ and

A be g1, g2, q3 and ¢4, respectively. For an arbitrary twist we find:

uféy(k,l)w = e’ik'("2+"(l"U)—ll)(q1 | g2 + 27(1 — U)”ll)
= e“"'('lz'*'(q’—'h)/?)ﬁ,\ (q1 - q - 2m(l — U)—ll),

and similarly
B Ch (kDA = ehlictlo=e /25y (g — gy —2m(1 - U)7N),
where 65(v) = 1 when v € A and is 0 otherwise. For a non-zero contribution we deduce

q1—q2+q3—q4 € A,

The sum becomes

2, = E etk l4r=ta) qU/ 2+ 25k /2= [2 (9.8)

kEA”
tes!

where A’ is a sublattice of A defined as follows:
N = (1-0) (o - @)+ A).
27
The final answer in this form is exactly the same as the amplitudes computed in
refs.[33,34]. In their approach, via the path integral, Z,; is the classical instanton con-
tribution to the amplitude. computed hy evalunating the classical contribution to the
partition function from ‘stretched string states’. In the operator formalism the zero-
modes keep track of these classical contributions automatically. It is comforting to find
that the operator and path integral formalisms are in complete agreement, at least for

the reflection twist.

The generalization of the four twisted ground state string interaction to arbitrary
twists has been given in ref.[33]. We have already considered the classical instanton
contribution for an arbitrary twist, the other factors in the amplitude generalize as
follows:

| 2(1 - 2) " — [ 2(1 - 2) [T
Ne—1 .
05(q) — "I_I;) 9 F (/—\7(;,1 - }\%j—, 1;3:)‘1“11(1/,./_\[-)/2’

where 2Fj(a,b,c;z) is a hypergeometric function (see appendix C for its definition).
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9.4 SHIFTING AND TWwISTING IN 24 DIMENSIONS.

Even self-dual Euclidean lattices only exist in dimensions which are a multiple of
8. In 24 dimensions they were classified by Niemeier {95]. There are in fact 24 such
lattices. Below we review their construction [96,97]. One of the lattices is unique in the
sense that Ay = 0. This is the Leech lattice. All the other (Niemeier) lattices contain
the root system (A2) of a semi-simple simply-laced Lie algebra g. In fact the 23 lattices
correspond precisely to the possible semi-simple simply-laced Lie algebras of rank 24,

whose component subalgebras all have equal Cozeter number h. Suppose

m
g = Ga.
u=1
Let {w?} be the set of fundamental weights of the a'* component and AX(g,) be the
corresponding coset of A*(g,)/A(ga) which contains w. The Niemeier lattice Ax(g) is
constructed by taking the root lattice of g together with certain combinations of weight

lattice cosets from the different components:

An(9) = | fiin (A5 (91) @ .. @ A], (9)) U Alg). (9.9)
feg

The glue vectors f;,.. i, generate the glue code G. A list of the 23 lattices together with

wlm

their glue codes is given in refs.[96,97].

Fach of the 23 Niemeier lattices defines an analyvtic conformal field theory based on

the torus

in the way we described in chapter 2. [t is a remarkable fact that by shifting or twisting
each of these theories in a particular way we arrive at the theory defined by the Leech

lattice.

Consider the shifted picture first. The appropriate shift vector which maps the
theory defined on the Niemeier lattice H(R?*/Ay) to the theory defined on the Leech
lattice H(R2*/A 1) is given by

5= 1 > wt, (9.10)

where h is the Coxeter number of the component subalgebras and w¢ are the fundamental
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weights as before. ¢ can also be written as

An important result for what follows is the Freudenthal-de Vries ‘Strange Formula’

which states

6‘.

d, (9.11)

12h
where d is the rank of g (=24 in this case). The shift § obviously has order A.

Let us define the following subsets of Ay:
AY = {a €Ay | a.6=1i/h modZ}.

To construct the shifted theory we must project onto the invariant sublattice ASS) and
add in the even components of the shifted lattices Ay + né, 1 < n < h — 1. Consider
the length squared of the vector a + né:

h+1
(o + n5)2 = a’ +2na.f + 2n2(—:2,

where we used the ‘Strange Formula’. So a + né only has even length squared length if
a.6 = —n/h modZ, i.e. a € A(1\71l)' The new (enhanced) theory is therefore based on a

lattice

h—-1
Al [ (A(") v

A\N — 7

——
w0
o
\™}

~—

\
} .

n=0
We now prove that Aly is an even self-dual lattice itself.

Proof : Suppose v = a — né and w = B — mé, where a € Ax,") and 3 € A(m),

respectively. Consider the inner product

h+1
vaw = a.ﬂ—n%—m?%ﬁznmg—i-—) modZ € Z.
)

Therefore Ay is an integral lattice. In addition
v? = a’ + 2n% — 2 x integer € 22,

so it is also an even lattice. Furthermore A'N is self-dual because it contains the same

density of points in R2* as Ay, i.e. the volumes of the unit cells are equal.
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It is a remarkable result of Conway and Sloane [97] that for each of the 23 Niemeier
lattices Aly is a copy of the Leech lattice. The proof of this result involves showing that
(Ay)e = 0.

The shift can also be realized as a twist of order h. The relevant twist o, is known
as the Coxeter element [98]. In order to describe o, we introduce the notion of the Weyl
reflection of a vector 3 in the root a:

B
ro(8) = 8 — 2%—'2—01.

The Coxeter element is defined in terms of a product of Weyl reflections. The simple
roots of g are first decomposed into two sets (ai,....,an),(e], ..., al,) with a;.a; = 0 if

t # 7 and similarly for the second set. The Coxeter element is then given by

0. = (Tay. - Ta,) (T(v’l'--'rnrﬂ,,) : (9.13)
It can be shown that the ordering in (9.13) is not relevant; different ordering are conju-

gate.

Of course in the twisted picture the fact that the resulting theory is equivalent to
one based on the Leech lattice is not manifest. Schematically we have the following

isomorpnism bDeiween ineories:

R24 R24 R24
Hl— )| ~H|——= | 2 H|——< |,
<AL) (ANXZ,]:> (ANXZ;?)

where Z;{‘S is the cyclic group generated by the Coxeter twist/shift. Notice, in going
from An(g) to Ay the Kac-Moody algebra is broken from g'!) to (u(1)?4)1),

If we argued in analogy with the bosonic string then we might be temped to suppose
that the 24 dimensional theories are in some senses the ‘physical’ or light-cone degrees
of freedom of some 26 dimensional Lorentzian model. Experience with the bosonic
string shows ‘that there are many advantages in dealing with the 26 dimensional theory
directly. For instance Lorentz invariance is manifest. The drawback is the Hilbert space

contains negative norm ghost states. In the bosonic string these states do not couple

139



singly to physical states and can therefore be projected out the theory via the Virasoro

conditions:
0 n>1

L, | ph =
| phys) {|phys> "

A further advance has been the development of a BRST formalism using Fadeev—Popov
ghosts to enlarge the Hilbert space. The physical subspace is identified as the equivalence
class of states in the kernel of the BRST charge @, where two states are equivalent if
there difference lies in the image of (). For consistency @ must be nilpotent, which

requires the dimension of space-time to be 26.

Can the 24 dimensional torus models be imbedded in some Lorentzian model in
26 dimensions? We have already mentioned that all the 24 dimensional even self-dual
Euclidean lattices are sublattices of the unique even self-dual lattice in R2>1. It is

natural, therefore, to start with a theory based on the torus

r

RZ-}.I
[]2.'3.1 ’

The zero-modes of the dimension one operators of the resulting theory Hy will generate a
rank 26 representation of a Lorentzian Lie algebra. This algebra is called the monster
Lie algebra and is denoted L, see refs.[42,99]. The lattice 112! has an infinite
number of roots, i.e. vectors of length squared 2, however, it is remarkable that the

analogues of the simple roots (the so—called ‘Leech’ roots) are related to the Leech

{‘I‘ € 1125'1 l rr = 2, 1A = 1},

Here, A is the light-like vector which picks out the Leech lattice in /72!, The Leech

roots are related to the Leech lattice via
r = a+(1 —a2/2)A+Z, a€Ap,

where A = 0, A.A = 1. The Dynkin diagram for L. consequently has a spot for each

vector in the Leech lattice.

L has 23 subalgebras corresponding to the affinizations of the 23 finite Lie algebras

associated to the Niemeier lattices. These affinizations are not the same as those which

140



have been considered in previous chapters. In these affinizations, which we denote gy,

the root lattice of g is enlarged by a light-like vector k. The two types of affinization
are in fact isomorphic. The isomorphism g;, ~ § is given by
Vo(a +nk) — Vi(e)

(9.14)

Vo(pazy [ nk)) — pa,
1 n=20

W(k.a-1 | nk)) — {0 n#0.

In the above equation p is any vector in the real span of the root space of g.

An important ingredient in showing that gy C L, and for considering connections

with the moonshine module, is the fact that the 2-cocycle 96 defined on I7%! can be

factorized in 24 different ways:
€26 — £€24€92,

corresponding to [/%! = A @ II'"' where A is the Leech lattice or any one of the

Niemeier lattices.
Consider this in more detail. The 2-cocycle ¢9¢ defines the central extension of

I11%1 by {£1}. When the symmetry factor is specified it is unique up to coboundaries

[13], i.e. multiplication by
u(r)u(s)

u(r +s)’

for some function u : [7%>! — {£1}. Here, we require

Consider the decomposition 172! = A @ IT!"'. Since A and II'! are integral lattices

we can define two 2-cocycles €94 and £ with symmetry factors (—)** and (—)*¥, for

a,f € A and z,y € IT"'!, respectively. The product

c(a, B)ea(z, y)

is clearly a 2-cocycle with a symmetry factor

(__ )n.ﬂ+r.y - (_ )(n+z).(/i+!l),
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since a.y = B.z = 0. By uniqueness ¢94¢9 must differ from e96 by a coboundary:

u(la + z)u(B + y)

wa 1B oy H@hey) (9.15)

easla+z,8+y) =

We conclude that there are 24 ways of factorizing 2 corresponding to the decomposition

of I1%! into each of the even self~dual Euclidean lattices in 24 dimensions.

For each of the I7!'! sublattices we can choose
ea(nik + nok, mik + mak) = (=)M""2,
so that e9(nk, mk) = 1. The algebra L is generated by vertex operators of the form
Vola—1 [ A),  Vo(r = a + nk + mk),
where rZ = 2 and A% = 0. The subalgebra g; is spanned by the generators
Vo(waot | nk)),  u(a +nk) Vol + k),

where @ € A2, n € Z and p is in the real span of A. The ph_a.se u ensures that the

structure constants are simply e24(a,3) and do not involve k.

In a similar way, by considering the orbifold

R?u‘l
Zz X AL,

where the twist is generated by the reflection:

a+nA+mA — —a+ nA+mA,
the affine algebra Ba ~ B, associated with the moonshine module, can be imbedded in

a larger cross-bracket algebra. However, this construction does not give any additional

insights into the role of the monster group.
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9.5 DIiSCUSSION.

The string for all its interesting features still remains remote from a description of
‘low energy’ four dimensional physics. However, it is only by investigating as many
ways as possible to deal with the extra dimensions that a more complete understanding
of the generation of four dimensional models will emerge. Orbifolds are only one such
attempt to increase the class of theories available. Conformal field theory on orbifolds
is a rewarding structure in its own right, providing many links with mathematics, as we
have illuminated in this work. For example it is remarkable that the Moonshine Module
and the Monster Group are directly related to string theory on a particular Zs—orbifold.
In the theory of affine Lie algebras, we have seen that certain orbifold models lead to
~ new representations of the algebras, involving mixing between the twisted sectors. It
is not yet clear whether this algebra enhancement mechanism plays any réle in string

models, apart from connecting the two original heterotic models. - - -

One of the main omissions from this work is the construction of the component
vertex operators V'"**(®,, z) for u,v,vu # e. Such operators intertwine two twisted
sectors, and presumably will have a form similar to the three ‘Reggeon’ vertex [92,93],
involving the three twisted Fock spaces H,, H, and H,,. However, the 3—point functions
for arbitrary twists follow from a factorization of the four twisted string interaction that

we discussed in the last section. This factorization has been carried out in ref.[33].

Another omission is the extension of these ideas to the superstring, this has been
dealt with to some extent elsewhere l2’33734}
to construct four dimensional models have relied on the bosonization of the internal
fermionic degrees of freedom [10]. This construction revolves around a non-Euclidean
lattice. A question immediately arises: can twisted versions of this ‘covariant lattice’

construction be considered?

Another intriguing gap in this work is the failure to synthesize a twenty-six dimen-
sional setting for the moonshine module. It may be that the search for this construction

is itself a moonshine, however, it appears that many pieces of the jigsaw are there.

Even though the string is a long way off from being the theory of everything, it is
encouraging to find that it is establishing bridges between many diverse areas of physics
and mathematics. The concept of twisting the string is but one example of such a

connection, and seems to have an interesting future ahead of it.
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APPENDIX A

In this appendix we establish our notation for the roots of the simply-laced Lie

algebras.
Ay
231 a2 Qp—1 Qn
D,
Qn-1
ai (3] Q-2 Qg

We will also have the occasion to use the orthogonal basis, which defines the roots in

terms of the orthogonal set {e;}, with e;.e; = §;;:

te; +e; 1 <1<y <n

The simple roots can be chosen to be:

a; = e —et; 1 <1 <n-1, a,=eyp1+en
Eq
ag
aj a2 as a4 a5
Ez
ay
O—O—O—0—0—0
ay as ag ay @5 a6
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ag
o] Q9 a3 4 ar, ag ay
APPENDIX B

In this appendix we prove that equation (3.55):

uacu(ua) _ Cu(a)ewi(a;')2_21rin:,'.p", (Bl)

1s consistent with the properties of the twisted operator cocycles.

From the projective representation (3.39) we have
Cul@)Cul(x - D) = cula (u— 1)a)Cu(u). (B2)
Recall, from equation (3.50), that . .
Cullu - Vo) = gul(u — Da)e=2mioi#"1, (B3)
where ¢,(/3) is a one dimensional projective representation on Ay { By C Ay):
9u(B)gu(7) = cu(B.7)gu(B+7), 8,7 € Au. (B4)

Substituting (B3) into (B2), we find:

A u(,g},,,((u. - l)a) 2 —2mial.p*
aCu = ae Ty .p .
uqCy(ua) eulo (u = l)a)c (a)e

Comparing the above with equation (B1) shows that we need to prove that

S'n(aa (u - 1)a)ei1r((v'1‘)2
Uy

gul(u - 1)a) =

is consistent with (B4). This is proved by making judicious use of the 2—cocycle property

of €y, and the equations relating the phases {u,}, (3.52).
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In the following o’ = (u — 1)a and 8’ = (u — 1)3. Consider

- ' '
gu(al)gu(ﬁ’) — tu(a)a )5u(/6>ﬁ )ei‘lr((.!;')z-i-iw(ﬁ{')"’
Ul
_ eu(ua, uBlen(a, o’)eu(B, ﬁ')em(a;’)2+m(ﬂ{* )2
ua-{»—ﬁeu(a, 6)
£u(Q, QI)EH(UC' + ﬂ,/.?’)eu(ua,ﬁ) 'iar(a{‘)2+i1r(ﬂ,“)2‘

= e
u(!-Hj Su(aa IB)

We now use the fact

eu(ua, B) = Qu(ua, B)eyu (B8, ua),

and the 2-cocycle property again to get:

ua + 3, 8)eu(a + B, ' )eu(B, Q) in(al P Hin(By)?

eu
Qu(ua, 8) ua+ﬂ€U(a’ﬁ)

Now we use the fact that

(B, @)
eu(a, B)

= Qu(ﬂ’a) = Qu(-arﬁ)’
and

Qu(ua,ﬂ)Qu(_a’g) — Q(a',,B) - 621ria'1‘./31’“
Finally, making use of the 2-cocycle property once more we obtain:

gu(a)gu(F') = eu(a, BNeu(a + 8,0 + ﬁl)evri(ai'ﬂi{‘)z
u(t+/f

= 511(0,7,6’)911.(0!, + ﬁ’),

this completes the proof.
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APPENDIX C

In this appendix we compute the quantities v7¢ and vTNE. Central to the calcula-

tions is the result of Schwarz and Wu [72]

(tz)" dt
n = 19 C].
nl) 4\/_1( L (1 = (1 - ta?)]? (1)

where z = /u and the contour C encircles the cut from 0 to 1,

v is explicitly

wle) = 2= (77) (-or (c2)

Using these two definitions we can perform the infinite sums and so evaluate v7¢ and

vINE explicity. Doing v7¢ first,

ST - ] =~ (-1 (—tz?)" dt
¢ = 8K () E( n )Cf[t(l —t)(1 - ta?)]2

n=1

B 1 f dt
T 8K(z) t7(1 — t)2(1 — tx?) J -1 1—tz2)]z

We recognise the last term in the braces as 4K (z), where K(x) is the complete elliptic
integral of the first kind [76]. To evaluate the first term we find it convenient to introduce

the hypergeometric function [100]

2F1(a,b,c;a:2) = b;—‘(c ) fdttb l ) b- 1(1 th)"“.
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In terms of this we may write

N~

1
3 1
T 2 2
= F (1,—,1; \) —
Vi8S k@ b
Making use of the well known Euler identity for hypergeometric functions:

zFl(a,b,c;xz) = (l—xz)"_“_b gFl(c—a,c—b,c;xQ),

1
9 Fy (0, > 1;:1:2) .

gFl(O,%,1;$2) is in fact independent of z, and is easily shown to be WF(I)/F(%)z.
Therefore

we deduce

N

1
2Fl (1~§717$2) = (1 - 332)_

VT =l il —
3 2{2(1_752)%}{(:8) 1}. (C3)

Essentially the same procedure is followed in the evaluation of vI N¢,

TN = L - . -1 (=tz?)™ dt
N = 8K(I)‘Z (n )j[t(l—t)(l—x%)]%

1

z? dttz
16K (z) J (1-t)3(1 — 22t)2

at
2 T(3yr(i
T T (3)I(3) 2y-3 L 2
1 - 10 2
2F1(0, %, 2; .1:2) is independent of z, and is in fact equal to 1. Therefore
rz?

vINg = (C4)

16(1 — 22): K ()
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APPENDIX D

Here we prove the transformation properties of the partition functions encountered

in chapter 6, equations (6.32) and (6.33).
Let us first introduce the auxiliary partition function:

F(Qa ¢, T) = E(——q)%"z*{«”(_)a.f.

€A

Recall the fundamental relation relating a lattice sum to its dual:

|A| Y e = N 68— a). (D1)

weA* €A

where | A | is the volume of the unit cell of A. Multiplying each side by e 2mip s ==

and integrating over all 3 yields:

ﬁ (g)dl,? E e—wz(w—/i')Q/z — Xe—Qwia./i'e—azz. (D?)

wEA" aEA

Now, writing z = —ing, 8/ = %7’ — (o and ¢ = ™27~ we recognise the right hand

side of (D2) to be N

D= ()™ = T(g (7). (D3)
acA
Next, define o', ¢’ via,
o = 1_0203 g = em(2o’+1)1
then
Inglng = -7%20 —1)(20' +1) = =2,

which represents the transformation we are trying to achieve.

Consider

g ¢r) = ()" exp{ n(a’ +20.0)1 }

a€A
d/.. 2 !
1 1+ 20 1+ 20
- {_” (v=3reer) 5 }’

using (D2). Provided A* is an ‘integer’ lattice, (in the sense that each vector in A* has
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an integer squared length), we notice

621'“(“)—%7')2 — e2iﬂ'(u2~w.r+}72) - (_)%72,
therefore,
/2 .
1 1+ 20 i T 1
I'(g,¢, 1) = 1 gim¢ia'=a)(_yar expd ——(w — =7 + (')},
@6 = o () T e Fle - g eo)
w

and we can use equation (D2) again to get

N\ /2 L o,
F(q,(,T) = (‘il + 20 ) (_)5T (_.io-’)d/QeZWUUC

o
X E exp (o 2y 2¢.a)o'}
€A
-1+ 201)(1/2(__)-.i;‘rze?iraa'(zr(q/, ¢, 7).

Firstly, if we take ( = 0 then we arrive at

lnq' d/2 1.2
Ii(q) = (—) (). (D)

(X

This is precisely equivalent to (6.32). Secondly, if we act on (D4) with

(+3¢) (13¢).

and evaluate the resulting expression at { = 0 we get

2

—Lt’/TQUQFQ(q) — (1 +2U,)d‘/2( \)%‘r
x {4mioo’(e.f)T1(¢') — 47°(0')’T2(q)} .

o'fo = 1+20 = ——-lnq,
i

we find

T

e I\ d/2+1 I\ 4242
Ly(g) = (-)F" {—Wf(';’) ) + () Fz(Q’)}- (Ds)

This is precisely equation (6.33).

It is interesting that the arguments seem to be perfectly good even if A is not self-
dual. Both the Fierz rearrangement and the modular transformation require two stages,

the dual lattice only occurring at an intermediate step.
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