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Abstract of Thesis for Ph.D.,
“A Theoretical Study of Spectroscopic Properties of van der Waals Trimers.”

Adam Cooper, Durham University, 26 September 1992.

A method for performing calculations on the lower bound states of van der Waals
trimers is developed, which models atom-atom-diatom trimers with basis functions in
all five degrees of freedom. Spherical harmonic and distributed Gaussian functions and
solutions of one-dimensional adiabatic Hamiltonians are used as basis functions. Arg
was examined as a precursor system. No spectroscopy has been perfdrmed on Arg, nor
is this currently feasible. For the systems considered, most experimental data exists for
vicl = 0 ArpHCI so this is the main target of the work. Predictions are made for Ar,DCI,
for vycy = 1 AryHCI, and for vgr = 0,1 Ar, HF ; experiments are currently in progress

on some of these systems.

The current state of knowledge of the pair potentials of the Ar-Ar, and Ar-HF/Cl
systems is summarised. Physical models for important three-body potential terms are
suggested; these arise from dipoles induced on the argon atoms, dispersion effects, orbital
deformation and the Ar; overlap-induced field. The parameters in the models come from

the literature, where possible, and otherwise from a fit to some ab-initio data points for

the Ars and Ar,HCI trimers (Chalasinski et al.).

Calculations on Arg with various two- and three-body potentials are presented and
discussed in the context of earlier work. For AryHCI a comparison is made with earlier,
approximate, work (Hutson, Halberstadt and Beswick). The possible effects of Hamilto-
nian approximations are discussed before addressing the effects of individual three-body
components. Two sets of three-body parameters are assessed, and indicate that the
physical models used are substantially appropriate, although deficient in detail; agree-
ment with experiment is good, with changes in frequencies of about 1.5cm™? arising from
the best three-body model. The most important three-body component is found to be
the interaction of the overlap-induced field with the HCl permanent multipoles, with the

dispersion effects slightly less important and other terms much less so.
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1: Introduction.

This thesis is divided into ten chapters. Following the introductory remarks of this
chapter, chapters 2 to 4 describe the basis-set methods which have been used, chapters
5 and 6 discuss intermolecular potential models, and chapters 7 to 9 set out and discuss

the results obtained. A summary of the main conclusions is given in chapter 10.

I shall now briefly discuss the factors which influenced the methods employed and
motivated the work presented in the following chapters. In particular, I shall indicate
the significance of examining van der Waals trimers, the extent of the experimental data

available, and the current knowledge of pertinent intermolecular forces.

Much of the subtlety of Chemistry, Physics and Biology cannot be understood with-
out an understanding of intermolecular potentials. Reaction kinetics, phase behaviour,
crystal structure, thermodynamic properties of matter, transport kinetics and much more
besides are all important potential dependent phenomena. In addition, the theoretical
determination of accurate intermolecular potentials by fitting calculations to known ex-
perimental results may allow the prediction of behaviour under conditions inaccessible to

experiment, for example in the interstellar medium.

Spectroscopy of the vibrations of molecules, clusters, or solids provides an important
method of measuring the effects of intermolecular forces; it is not possible to directly
measure these forces. The aim of this thesis is to explore theoretical methods for the study
of the vibrations of trimeric van der Waals systems, and hence to perform calculations

on such systems.

Weakly bound molecules, such as the ones I have investigated, are important because
they exhibit large amplitude motions and tunnelling effects in the vibrations; much of
the potential surface affects the vibrational energy levels. Thus we can obtain a potential
energy surface for a wide range of geometries. The wide range of a potential surface may
allow the different contributions to the intermolecular potential to. be separated out since
each will have its own form of coordinate dependence. The physics of large amplitude

motion has motivated a substantial experimental [1] [2] [3] [4] [5] and theoretical [6] effort
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to determine complete intermolecular potentials. Before about ten years ago bulk gas
properties were the common source of data for determining intermolecular potentials,
but, following progress in experimental methods, spectroscopic and scattering results
are currently used to greater effect. Classical bulk gas properties, such as viscosity and
second virial coefficients, provide the least information as their interpretation usually
leads only to a radial distribution function, which is in some sense averaged over angular
orientation. Transport properties can sometimes give more information, particularly for
molecular systems, where the Senftleben-Beenakker effect can be used to gain information
on anisotropic interactions. Within the framework of this thesis these methods are of
historical interest only, and are reviewed in the literature [7] [8]. The previous two
references also survey a substantial body of knowledge on the subject of intermolecular

forces, the formalisms of which are dealt with more rigorously by Grey and Gubbins [9)].

In some special cases scattering experiments in molecular beams can lead to ‘good’
intermolecular potentials (‘good’ implies that the results allow a wide range of proper-
ties to be accurately calculated). Following the development of laser technology and of
spectroscopy, measurements of the rotation-vibration spectra of complexes have been of
greater utility, and it is the comparison of these with the calculated rotation-vibration
energy levels of weakly bound molecules that forms the basis for the analysis of my results.
This is done for trial potentials, which are assessed by the correlation of the calculated
quantities with the spectroscopic transitions and properties that are measured. A re-
view of the determination of intermolecular forces from spectroscopy of van der Waals

molecules has been published by Hutson [10].

Van der Waals (VDW) molecules are a common example of weakly bound species,
which therefore execute wide amplitude motion, although all molecules in highly excited
states execute wide amplitude motion similar to VDW molecules [11]. VDW molecules
are a preferred system of study, however, because wide amplitude motion occurs for
small numbers of vibrational quanta. Large amplitude dynamical behaviour is not as
easily modelled as the more rigid vibrations of most chemically bound molecules; many
alternative formulations of the theory of floppy molecules are to be found in the litera-

ture [12] [13] [14]. The classical normal mode approach, while appropriate for everyday
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molecules like water in all but their highest vibrational states, becomes increasingly in-
appropriate as the amplitudes of motion get larger. For instance, a bending mode of a
rigid molecule becomes almost an intra—molecular rotation when the amplitude of the
motion is large so that a completely different description of the motion is required. The
traditional practice of assigning normal mode quantum numbers to vib-rotational eigen-
states, while justifiable in a rigid molecule régime can become meaningless as floppyness
increases; a different set of quantum numbers becomes appropriate. This can often be
seen by inspection of the computed eigenvectors of a basis-set calculation. However, sin-
gle quantum excitations in a floppy molecule often display motion similar to a normal
mode. Large amplitude motions also preclude the analysis of spectroscopic results using
the static equilibrium molecular geometry as a model for physical observables [15]. Sub-
stantial differences exist between, for example, a rotational constant predicted from the
molecular geometry at the intermolecular potential minimum and that which is actually
observed. Instead a rotational constant should be predicted by the expectation value of

an element of the inverted inertia tensor of the complex.

The coupled channel propagator method and full basis-set matrix method form two
distinct ways of solving the vib-rotational problem. The propagator method has been
developed over a number of years [16] into a very efficient method of solution that is quick
and does not require excessive computer memory [17]. The disadvantage of the propagator
method is that it does not give explicit wavefunctions so that many observables cannot be
extracted in a straightforward manner [18], such as spectral line intensities and moments
of inertia. Since I wish to pursue such properties I will concentrate on full basis-set

methods.

Ar,HCI has been the subject of recent spectroscopic investigations in the microwave
region by pulsed nozzle FT spectroscopy [19] and in the far infrared using a continuous
supersonic jet with a tunable probe [20]. Previous theoretical calculations [21] have
shown that Ar,HCI is a system with spectroscopic observables which show sensitivity to
non-additive forces. That treatment involved fixing the two argon atoms and performing
calculations on the dynamics of HCl in their field using the BOUND program [17]to solve

the coupled equations. This approximation has been shown to be too drastic by the more
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recent far infrared work.

Ar;HF has also been studied in both the microwave [22] and far infrared experiments

are in progress by the Nesbitt group.

Several more complicated Ar,,HX species have also been spectroscopically observed
by the microwave work of the Gutowsky group: ArsHCI [23], ArsHF [24] and Ar4HF [25).
Ar HF complexes have also been studied in the near infrared [26). Species with more
than two argon atoms in the cluster are rather too complicated for the current state of

theoretical methods, other than qualitative treatments.

Reliable intermolecular potentials are known for Ar-Ar, Ar-HCl and for Ar-HF
interactions. In all cases, the potential surface is supported by accurate modelling of
physical and spectroscopic parameters. Both of the Ar, HX molecules are floppy so that
the complex dynamics sample a large part of the potential hypersurface; this is essential

if meaningful information relating to intermolecular forces is to be elucidated.

In general, the intermolecular potential between more than two atoms or molecules
is not simply the sum of interactions between all pairs [27]. This arises from the fact that
each monomer affects the electron distribution in all the others. For example, only half
of the third virial coefficient of argon arises from two-body interactions. The properties

of condensed media are therefore poorly modelled by pairwise sum potentials.

Currently, very little is known about real three-body forces, despite considerable
effort on the part of ab-initio theoreticians. Supermolecule calculations are notoriously
inaccurate, while the application of perturbative methods allows various contributions to
be calculated. The calculations are still computationally very expensive and there ma;y be
many significant terms in third and fourth order perturbative corrections. Developments
in the ab-initio field are current. The sensitivity of spectroscopic parameters to the
intermolecular potential can, in principle, be used to refine a potential which is based

upon ab-initio calculations.

In my work basis-set methods are used with argon motions included to model the
cluster dynamics more accurately than previously, when argon motions were neglected.

Using a model which has full dynamical freedom, the effect of changes in the intermolec-
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ular potential is investigated, particularly with focus on plausible three-body effects. The
quality of agreement between theoretical and spectroscopic observables allows an assess-
ment of the accuracy of the intermolecular potential and by having a potential function

with terms based on physical effects can give insight into these effects.

The objective of the work to be described is to assess the magnitude and effect of
realistic three-body forces by studying model systems, such as Arz, Ar,HCl and Ar,HF,

and comparing with experiment, where possible.

1: Introduction.
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Basis-set Methods For Modelling Molecular Motions

2.1

In this chapter I assess the suitability of a variety of choices of basis-function types
for describing wide-amplitude motion. The applicability of a basis-set of distributed
Gaussians is reviewed, and calculations are performed using three possible candidates
for modelling angular motions with differing rigidity. The background terminology and
algebra, which is built upon in the following two chapters, is laid out in the first half of
this chapter.

Basis-set methods have been dominated by the Rayleigh-Ritz variational principle
[28], although other methods have been used [29]. If an exact wavefunction, ¥ is ap-
proximated by a basis-set expansion ¥,,, = va ® ci¢; then we need to solve the secular

equations:

> ci(pil H — Eappldps) = 0. (1)

7

In matrix form the secular equations are of the form
(H—- EppS)c =0, (2)

where H is a matrix of elements H;; = (¢:|H |¢;) and S is an overlap matrix with elements
Sij = (#ild;)-

The quality of the approximation depends on the suitability of the ¢; to describe the
system and Ny; N4 may be smaller as the ¢; are made more like the real wavefunction

and may have no sensible value if the ¢; are not physically suitable.

Choice of Basis Function

In the field of interest the basis functions commonly used are Legendre Polynomials
and distributed Gaussians. Legendre Polynomials are suitable for wide amplitude bending
coordinates since these functions are rotational eigenfunctions. Distributed Gaussians are
suitable for wide amplitude stretching type coordinates. Harmoﬁic oscillator functions
are of less utility, for van der Waals complexes, since they rely on the existence of a well

defined equilibrium structure about which small vibrations are executed, but they may
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find use where this is the case. Legendre Polynomials suffer from not being a very flexible
basis-set; they have no variational parameters. An extension of the Legendre function is
the Jacobi function, which is as a special case identical to the Legendre function. The
Jacobi function has two parameters, which can be fitted to place basis function emphasis
at the angle required and to control its width. Jacobi polynomials have been little used

so far, perhaps due to the existence of simpler functions. They have been successfully

applied to excited states in water [30].

The distributed Gaussian basis (DGB) method models a function in one coordinate
by a number of Gaussians with centres distributed on that coordinate. There is a co-
efficient in the exponential chosen, or varied, to optimise the solution. There are also
various ways of spacing the Gaussian centres. One limitation of this method is that a
function which extends over an infinite space can only be flexibly defined over the finite
range of the distribution; points outside this are forced to have function values given only
by the ‘tails’ of the Gaussians. The DGB does, however, posses a great deal of flexibility
over the range of the distribution, and moreover the degree of flexibility is controllable

by the size of the basis.

Harmonic oscillator and Legendre functions and the DGB all have the advantage
that the kinetic energy terms in the coordinate of the function can be analytic, whereas
quadrature integration is required for Jacobi polynomials. All of these, except the DGB,
are orthogonal polynomials, over the range (-1,+1) for Jacobi and Legendre, whereas
the DGB set is never orthogonal, although the overlap integrals are analytic. Since the
DGB is used in secular equation methods of solution, non-orthogonality slows down the
eigenvalue-finding step since the non-unit overlap matrix must be decomposed and the
Hamiltonian matrix transformed [31]. The use of distributed Gaussians has in some ways
revolutionised the field since it eases the direct calculation of eigenfunctions as well as
eigenvalues. The DGB approach is substantially documented in the literature, having
been applied to Morse potentials approximating C-H and H-H bonds [32] [33], but was
popularised by Ba¢ié, Hamilton, Light and coworkers [34], and app.lied to LICN/LiNC [35]
and HCN/HNC [36]. The DGB method has been variously extended to other systems,

and has been used to also model an angular coordinate in Ar—CO; [37]. In some of these

2: Basis-set Methods For Modelling Molecular Motions
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calculations [35](38] a discrete variable representation (DVR) of the angular motion has
been used where angular and radial motions are strongly coupled. In contrast I shall use

a conventional finite basis representation (FBR).

The Distributed Gaussian Basis (DGB).

The use of a Gaussian basis has the advantage that kinetic energy and overlap
integrals are analytic. Defining the distributed Gaussian basis as a set of real Gaussians
on (—o0 < z < 400) ,

pi(z) = (2;1‘

) : exp [~4i(z — 2i)?], (3)

we need to choose the centres z; and scaling factors 4;. If we define the following terms,

for a pair of Gaussians,

AR+ Ao R
Pu’ - A:’ +Ail ’ (4)
1
44;A, \ *
- (*5) (5)
Q2 = VA& + Az, (6)
A; Ay
Q3 - m:: (7)
Qs = Qs(R; — Ra)?, (8)
and
N;p = Q]E_Q‘, (9)

then the overlap matrix elements are:

Siiv = Nii'ﬁ, (10)
Q>

and the kinetic energy matrix elements are:

2

h
Ky = Nﬁ'IQa(l —2Q4)Siir. (11)

Hamilton and Light [39] showed that the exact method used for finding the A; is not

critical and give the prescription:

4c? c? c?
A; = i A= —/—mm—; ANy = 12).
($i+1 - 3{—1)2 ! (2’2 - 21)2 N (zN - $N—1)2 ( )

2: Basis-set Methods For Modelling Molecular Motions
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I shall use this throughout. The parameter c is still a variable, and needs to be small
enough that the basis-set adequately covers the space of the function the DGB is mod-
elling, yet large enough to describe sharply changing parts of a wavefunction. The value
of ¢ may be found according to the variational principle.

Hamilton and Light [39]proposed that the z; are best determined by finding the
positions of the N —1 nodes of a function ¥ . They did this semi-classically by satisfying

the conditions:

7 p(z)dz = % Tp(m)dz =, (13)

where Tpi, is the inner classical turning point for the highest energy of interest and
p(z) is the classical momentum. However, other workers have elected to use equally
spaced Gaussian functions [40] [41]. An equally-spaced DGB needs to be slightly larger
than following [42] for high accuracy but can offer substantial savings in matrix element

calculations, and is the preferred method in my calculations.

A Comparison Of Some Angular Basis Functions

The choice of basis function is determined by the shape of the potential. Comparisons
are made for potentials of the form V(8) = ). V;Pi(cosf), where P;(z) is a Legendre
polynomial and the sum over ¢ is very short. In terms of an atom-diatom system, the
coeflicients in this potential provide a measure of the angular rigidity of the potential.
The computational effort involved in the calculations of a matrix element for different
types of basis functions is quite different (table 1), and in marginal cases may lead to
choosing a basis type which requires a slightly larger basis-set size. The great speed of
the Legendre basis matrix setup in this example is due to the fact that the potential
is modelled in terms of Legendre polynomials, making the matrix elements completely
analytic 3—j symbols [43]. A longer expansion of V() would increase the times for this
method by a greater proportion than for the others, more so for a realistic potential.
A realistic potential would either have matrix elements evaluated by quadrature, or the
coeflicients in a polynomial expansion of the potential would be evaluated by quadrature;
both of these tasks are of similar computational effort to the calculation of H.O. matrix

integrals. A real system would have similar setup times for H.O. and Legendre basis-sets

2: Basis-set Methods For Modelling Molecular Motions
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of the same size.

Table 1. Some approximate timings for a SUN 3/60 (timed to limited precision).

H.O. Setup |Legendre Setup |Jacobi Setup | Diagonalise
Basis Size Time/s Time/s Time/s Time/s
10 0.06 0.003 0.30 0.06
20 0.24 0.008 1.4 0.25
30 0.6 0.013 4.0 0.65
40 1.4 0.022 8.5 14
50 2.9 0.026 16.0 24

The matrix setup for a Jacobi function basis-set is seen (table 1) to take between
five and six times as long as the H.O. function case (or for Legendre functions in a real
system). This great time discrepancy is due to extensive recursion relationships necessary
to evaluate the function and its derivatives, which are required to calculate the (non-
analytic) Jacobi function kinetic matrix elements. Bearing in mind the diagonalisation
times given it will not be worth using Jacobi functions unless an incredibly smaller basis-

set is required if time, rather than storage, is a restricting computational factor.

Legendre Polynomial Basis and Hamiltonian Matrix Elements.

For the set of basis functions, P, which are Legendre polynomials normalised on

(_]-a l)s
2k +1

o Py (cos 8), (14)

Pi(cos ) =

the atom-diatom bender Hamiltonian for J = 0 is written:
H= 52 + V(9), (15)

where the rotational constant of the molecular complex is

h2
b= : (16)
2uRZ,

It is preferred to scale the Hamiltonian to measure the degree of bender localisation by

a single variable equal to V2 /b, giving:

m=ﬁ+%ame (17)

2: Basis-set Methods For Modelling Molecular Motions
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where the potential expansion V() is taken only to a single term for simplicity.

The matrix elements between basis functions are simple:

(m|Haln) = (m?|n) + =2 (m| Po(cos 6)}n) (18)
where
(mli*[n) = bpmn(n +1) (19)

and the final integral evaluates as a 3—j symbol [43]:

(mle(cos0)|n):\/(2m+1)(2n+1)(1g : :) (20)

The form of the 3—j symbol leads to non—zero matrix elements only for cases where

(m + n + 2) is even and (m,n,2) satisfy a triangle relationship.

Harmonic Oscillator Basis and Hamiltonian Matrix Elements.
A harmonic oscillator basis function in cosf, for an equilibrium at cosf = 0, is
defined as
¢o(cos 8) = N, H,(v? cosf)exp (—% cos? 0) , (21)

where H,(z) is a Hermite Polynomial and N, a normalisation factor,

() ()

and v is the H.O. scale factor. Defining p = cos 8, and using the single term potential

N

expansion, the b-scaled Hamiltonian for J = 0 is written,. with 72 expressed explicitly, as:
. 0 o WV
= ——(1— p?)— + =P 8). 2
H’ a#( © )6# + b Z(COS ) ( 3)

The solutions of the harmonic oscillator equation (i.e. with a kinetic term bd?/du?), with
potential V = V, cos? 8, have v = \/m. Thus an estimate of 4 can be made by ap-
proximating the potential as quadratic and assuming that the kinetic term is numerically
similar. This estimate is poor, and in practice < is a variational parameter. If the first;
kinetic, term in H, is denoted K, there are matrix elements:

2

(m| K |n) = —<m|5‘9;2-1n> — (20 — 1)y (mla?In) + v (miu? In)+

2: Basis-set Methods For Modelling Molecular Motions
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2<mm%|n>, (24)

where the identity [44]
2

g;Fq(—§>HAﬂJ=—@n+1—ﬁkn(~%>HAﬂ (25)

has been used. If the integral range of cos 8 of (—1,1) is approximated as (—o0, +00) then
we have a kinetic energy term with known analytic integrals [45]. This approximation is
clearly valid only if the potential is strongly anisotropic. Since the H.O. basis functions
are solutions for small amplitude motion, this approximation is not expected to be the

limit on the quality of the solutions.

The potential integrals must be evaluated by Gauss—Hermite quadrature. Gauss-
Hermite quadrature is not limited to the range (—1,+1) so similar restrictions apply to
the potential anisotropy as for the kinetic term if the potential integral is to be meaning-
ful. The position of the extreme quadrature points should be monitored and a judgement
made as to whether the integration is good, inaccurate to some degree, or invalid (quadra-
ture points with cos§ outside (—1,1)).

In a highly anisotropic system, the Hamiltonian may be approximated by setting
(1 —p?) = 1 in the classically allowed region. I call this the ‘Highly Rigid’ approximation.
If the potential is separated into a quadratic part and a residual the matrix element,

evaluation of

7 62 Va oni
m=—mf+hf“#+mmm (26)

is simplified since the first two terms are the harmonic oscillator operator equation. The

matrix elements are then just integrals over the residual potential plus the harmonic

oscillator energies,

Vimrmonic (27)

E,,=2(v+-;-) 5 ,

which appear in diagonal matrix elements only due to the orthogonality of the basis.

Such an approximation finds little validity in Van der Waals molecular complexes since

they are not rigid enough to justify it.

2: Basis-set Methods For Modelling Molecular Motions
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2.6 Jacobi Polynomial Basis and Hamiltonian Matrix Elements.

The Jacobi polynomials, Pna'ﬂ)(:c),- are a set of orthogonal polynomials on (—1,1)
which can be considered to be an extension of Legendre Polynomials insomuch as they
contain the Legendre Polynomials as a special set, when a = 0 and 8 = 0. Orthogonality

is obtained through a weight function:
1
/(1 — 2)*(1 + z)P PL2P)(2) PP (g)dz = 0; n#m and a,0>-1. (28)
-1

The Jacobi basis functions are therefore defined to be
BEO() = (1 - 2)*/7(1 + 2)P Pl (), (29)

The parameters a and § are varied so as to make the basis functions appropriate for
the potential. Estimates of these parameters can be made by consulting plots of the
basis functions, but the variational principle is the best way to determine their values.
This adds an additional computation time over Legendre and H.O. bases with zero and
one variational parameters respectively. However, in a multidimensional problem these
parameters may be evaluated for a single degree of freedom and hence can add little
to the total computational effort. An inspection of the form of the weighted Jacobi
polynomials, depicted in figure 1, indicates their suitability for wide amplitude motions

with equilibrium geometries of arbitrary angle.

The spread of these functions is controlled by the size of a and 3 and the equilibrium
position by their ratio.

For the same Hamiltonian as for the harmonic oscillator basis, a set of nine basic
integrals for the kinetic energy operator are obtained (i.e. integrals with simple operators
such as z"ﬂ—mm), which do not seem to have analytic solutions in the general case despite
much effort to this end. The explicit form of Jacobi polynomials is cumbersome, so not
amenable to efficient computation, and numerically difficult to calculate accurately. It
is therefore necessary to use a recursion relation in n for Bs.a'ﬂ)(z) and for derivatives

dm(B,(,a’ﬂ )(z)) /dz™ to perform the quadrature. This makes the evaluation of Jacobi basis

matrix elements quite time-consuming relative to the harmonic oscillator and Legendre
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Fig. 1. Weighted Jacobi Polynomials for Three Choices of a and 3; o = 20,8 = 20[1],
a=20,=25,a=20,=30 A forn =0 and n = 2.
cases. In some potentials however, as already mentioned, these other two basis-sets may

not converge for sensible basis-sizes.
Comparative Results for Angular Basis Functions.

When Is the ‘Highly Rigid’ Approximation Good?

The ground state energy for varying rigidity of the angular potential is shown in
figure 2, where A and B are for the ‘Highly Rigid’ Approximation and C for the exact

Hamiltonian; A and C are for an eight function basis and B for a ten function one.

From figure 2 it is clear that the error due to approximating the Hamiltonian is much
larger than any convergence error. From the graph there is observed to be an approx-
imately inverse relationship between the relative energy and V,/b. Extrapolating to
greater anisotropy leads to the conclusion that the approximate curve will only have
reached 1 x 10~ from the abscissa for V2/b ~ 8 x 10°, which represents a highly rigid
system. For states higher than the ground state the error will become progressively worse,

so that the ‘Highly Rigid’ approximation is not valid.
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Fig. 2. Comparison of ‘Highly Rigid’ vs. Exact Hamiltonian Ground State Energies.

Harmonic Oscillator or Legendre Polynomial?

Calculations were performed for the potential V' (8) = V; Py(cos §). Convergence of a
H.O. basis is depicted graphically (figure 3) and compared with an unconverged Legendre
polynomial basis.

The inadequacies of each type of basis function at low V,/b for H.0. and high V, /b for
Legendre are clearly seen, larger basis-sets being required in these limits. H.O. results for
lower V,/b are not calculable since the quadrature scheme starts to place points outside
the valid range of integration, a caution mentioned earlier. For equal basis-sizes of 15

functions, the ‘crossover’ point in accuracy for the ground state is at V5/b = 90.
The graph (figure 4) for the n = 2 eigenvalue does not show an appreciable change
in the location of the ‘crossover’ point, indicating that the n = 0 and n = 2 state are of
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Fig. 3. Results of H.O. Basis Calculation with 7 (1), 10 (®) and 15 (A) Functions
and Legendre Basis with 15 Functions (+) for the Ground State, Relative to a
Converged Calculation.

similar rigidity.

Although care should be exercised in extending observations from a fictional system
to real ones, it is apparent thét for anisotropies V2 /b less than about 100 the Legendre
basis is more compact, and above this an H.O. basis is better. This is lower than might be
estimated by arguments about small displacements being required for the H.O. basis to
be appropriate. In these calculations it is apparent that at the ‘crossover’ point there is
still quite a large difference between the results from the two basis-set calculations. Thus
there will be some systems which fall into the region where neither basis-set provides
a good description, for limited basis-sizes. Such cases nﬁght be better described using

a Jacobi polynomial basis. Additionally, the results presented may give a misleading
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Fig. 4. The n = 2 Eigenvalue for 15 Basis Functions for H.O. (1) and Legendre (0)

bases.

impression about the suitability of H.O. basis functions in real potentials which do not
have a quadratic-looking potential. In such cases, small ﬁumbérs of H.O. functions may
no longer provide reasonable approximations to the wavefunction, even when the motion
is sufficiently localised that we might otherwise expect them to. This may arise since
H.O’s are the eigenfunctions of a quadratic potential, admittedly with a slightly different

kinetic energy term. This qualification would need to be tested for a real system.

Legendre or Jacobi Polynomial?

To evaluate the advantages of the Jacobi basis a potential V = Vi Pi(cosf) +
V2 Py(cos 0) was used, with the V, coefficient fixed. In addition to examining the ex-

pression of wavefunctions for arbitrary equilibrium angle in this section, calculations
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described in the previous section showed the need for a basis-set which has an angular

range which is suitable for the potential. Jacobi basis functions should satisfy both of

these requirements.
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Fig. 5. Difference Between n = 2 Eigenvalue for 15 Legendre and Jacobi Basis Func-

tions.

From the plot of the difference between resultslfor Legendre and Jacobi polynomial
basis functions (figure 5) it can be seen that for V2/b ~~ 100 there is less than 107°
difference, indicating that the Jacobi basis is not able to improve on the errors relative
to a H.O basis in the previous section. Comparing the graphs indicates that the Jacobi
basis becomes better as the anisotropy increases, and is always at least as good as the
Legendre. This progressive improvement, with V; /b, parallels an increase in the opi’.imal

values of the parameters o and 3; the smaller the parameter, the more the function looks
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like a Legendre polynomial. The values for @ and § are determined variationally for each
different basis-set size, although the values obtained for small basis-set size are generally
adequate for large sets. For values of V2 /b in the region of a few hundred, the optimal
parameters lead to functions which are sufficiently similar to Legendre polynomials and
change the ground state energy sufficiently slowly that finding the minimum of this with
respect to the parameters is quite hard. Computationally the NAG algorithm E04JAF is
often unable to locate a minimum. Consequently I choose to perform calculations with
Vo /b = 1500 when I vary V;/b and conclude that in the ‘crossover’ region noted in the

previous section Jacobi basis functions are not able to bridge the gap between H.O and

Legendre functions.

Three graphs (figure 7) are reproduced for V2/b = 1500 which compare Legendre
and Jacobi bases relative to a Jacobi -basis-set which is converged to better than 107
(V2/b reduced units) for the lowest 10 eigenvalues. All three of the basis-sets presented
have ground states identical to better than 10~7. The reasons for the greater number
of Legendre basis functions were discussed in the previous section. It can be seen (table
2) that the movement of the potential minimum affects the Jacobi parameters in the
expected way; the parameters listed move the function centre from very close to 90° to

about 95°.

Table 2. The effect on optimal o and 8 of varying V; /b for ten Jacobi polynomials and

Va /b = 1500.

Vi/b B

50.0 40.300 39.600
100.0 40.394 39.629
150.0 40.394 39.629
200.0 41.694 38.343
250.0 41.694 38.343
300.0 43.735 36.317

The Jacobi results are clearly rather good , certainly being comparable to the H.O.

basis discussed previously. The oscillating behaviour of the results for Legendre poly-

2: Basis-set Methods For Modelling Molecular Motions



20

NORMALISED POLYNOMIAL VALUE

T T T T LN S S B B B S
0.0 0.25 05 0.75 10

COS(THETA)

Fig. 6. The Legendre Polynomials of Small Order.

nomial basis-sets is due to the potential minimum moving through points where there
are either zeroes or stationary points in the Legendre polynomials. Where a stationary
point coincides with the potential minimum even-order wavefunctions (i.e. those with a
maximum value at the potential minimum) will be better expressed than odd-order ones,
and vice-versa. Such a case appears to occur at V;/b =~ 200. The reason for the great
improvement obtained by using Jacobi polynomials over Legendre ones for expressing
localised wavefunctions is easily seen from plots of the Legendre functions (figure 6), by

comparison with the previously presented plots of Jacobi functions.
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Fig. 7. Results Using Jacobi Bases of size 10 [1] and 15 (T) and a Legendre basis of

size 30 A for the n = 3, n = 5 and n = 8 eigenstates.
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Some Theoretical Methods for Floppy Triatomics.

Using the groundwork laid out in the preceding chapter, I now formulate a number
of three-dimensional models, and apply them to Ars in chapter 8. The methods which
I describe are designed for floppy triatomics; much earlier work has been published for
more rigid systems [46] [47]. The Ar; system is a suitable prototype trimer as it is one
step below Ar,HX, for which experimental data are available, on the conceptual and
computational ladder. Forward references to Ar,HCl (chapter 4) are made to indicate

some of the areas where extensions to the trimer models will be required.

I have investigated three methods of calculating triatomic eigenstates as applied to
Ars. Two of these use a Jacobi coordinate system and so treat the system in the Cyp,(M)
subgroup of its full molecular symmetry, D3,(M) (since it has an equilateral triangle
equilibrium geometry). The full D3, symmetry is used in a normal mode treatment us-
ing harmonic oscillator functions (H.O’s) as a basis. All three methods perform J = 0
(rotationless) calculations. In purely vibrational calculations it is appropriate to clas-
sify the molecular symmetry by the nuclear permutation groups S; and S3 rather than
C2,(M) and D3,(M). This is done for one method which uses Jacobi coordinates. The
Jacobi coordinates appropriate are as described for Ar,HX except that § and ¢ are no
longer relevant since the HX is ‘reduced’ to an Ar atom. This leaves a conceptual atom
pair with separation p and a centre of mass R away from the third atom. The angle

between R and p is defined as x. Figure 8 shows the coordinate system graphically.

Both Jacobi methods use a DGB for the R coordinate but differ in the p and x
functions used and in the use of symmetrisation of basis functions in Method II. Calcula-
tions using hyperspherical coordinates in a coupled channel method (48] are available for
comparison. Results of other methods utilising hyperspherical coordinates with different
potentials [49] [50] may also be compared with mine. The suitability of the methods
described below, ranked in terms of degree of molecular floppiness goes: normal mode -

Jacobi schemes — hyperspherical.

The normal mode method assumes that the system is rigid enough that all displace-
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Fig. 8. The Triatomic Jacobi Coordinates.

ments are small, and is likely to provide poor solutions to the Ars problem, the errors
increasing rapidly with increasing eigenstate energy. The Jacobi methods are more suit-
able for non-rigid systems as they permit limited large amplitude motion. The first Jacobi
method (‘Method I') uses H.O.’s in p and x and is of debatable validity: inspection of
the potential plots (see appendix A) indicates that the use of H.O. functions in p is
possibly unwise. Indeed, it is found that many more functions are required in p than x
for convergence. More specialised functions in p than x are used in the second Jacobi
method (‘Method II’) and it is found that much fewer functions in p and x are needed.
In addition, in Method II, the same number of functions in p as in x are required, a good
indicator that the tailored functions are effective. All of these methods are unsuitable
for cases where the amplitudes of motion are sufficient to ‘rearrange’ a molecule. This
is because the basis functions are inappropriate for describing this type of motion in the
coordinate systems used. This places a limit of ¥ = +90° on the range of rotation of
the ‘diatom’. Hyperspherical methods allow naturally for such mo'tions, but I am limited
to calculating eigenstates which do not extend into such a régime. The implementation

of a hyperspherical method for trimeric species to give exact results via a close coupling
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calculation has been described for Hi, (H;)s and Nes [48]and has also been applied to

Ary by the same authors [51].

Methods of Solution — Normal Coordinate Method

The lower energy levels of a chemically bound triatomic molecule would usually be
obtained from a normal-mode calculation. However, this method has several potential
disadvantages for a floppy molecule such as Arj; the vibrations are highly anharmonic,
requiring a large basis set to represent them, and there are configurations that can be
represented by more than one set of normal coordinate values. Nevertheless, it is iﬁter-
esting to investigate how well a normal mode calculation can manage in practice for a

molecule of this type.

The normal coordinates for a D3, molecule may be derived from symmetry rules in
the traditional manner [52). They have symmetries A; and E. The transformation from
normal coordinates, @;, to an z-y plane of cartesian atomic displacements in the plane
of the molecule, {Az;, Ay;} is:

Qs — Q1+ Q2 (30)

Az, = ,——3m, Ay, B ’

_ V3(Q1-Q2) — Qs . @1+Q:—-v3Qs
A:1:2 - 2\/3? ’ Ay2 - 2\/3? ) (31)
Azaz_ﬁ(Ql—Q2)+Q3 Ay __Q1+Q2+\/§Q3. (32)

2v/3m ’ T 2v/3m

Mass scaling results in the factors (3m)'%, where m is the atomic mass. ); represents

the totally symmetric vibration; ), and ()3 represent the E orthogonal degenerate pair.

The vibrational wavefunction is expanded in an unsymmetrised product basis:

N N N

U(Q1,Q2,Q3) = D D) cijedi(@1)8x(Q2)b1(Qs), (33)
i k1

where the ¢ are normalised harmonic oscillator functions:
1 1
$;(@:) = N;iH; (v} Qi) exp (—;n@?) : (34)

Here j is the quantum number and 7 labels the mode so that H;(z) is a Hermite Polyno-
mial and N;; a normalisation factor,

w- (i)' ()"
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The 4; are scale factors and determine the units of the @;, Az; and Ay;. The values
of the scale factors are determined by a variational calculation using a single function,
minimising the ground state energy for each normal coordinate with a one-dimensional
Hamiltonian using NAG routine E04JAF,

~ h2 o?
H; = 2 an + (Qt) (36)

The potential function V(Q;) is the full system potential evaluated with the other normal

coordinates set equal to zero. The full vibrational Hamiltonian
h
H zan +V QlaQZ)QS) (37)

may then be diagonalised, in the basis described, using the above transformations to

evaluate the potential.

A Hamiltonian matrix is set up in the orthodox manner. The potential integrals are
evaluated by Gauss-Hermite quadrature using NAG routine DO1BBF, and the kinetic

energy integrals are analytic [53]:

($:(Q1)0;(Q2)bx(@s)| — Z 3Qz 7165(@1)85 (Q2)w (@s)) =
(G4 3m = 3V Dimbiama — 3T+ Db ) S bus
+ ((J' + %)72 - %\/J"(J’Tl)“/ﬁﬁ'—z - %m‘725j;i'+2) biir bichr
+ ((k + %)73 - %\/’m—)‘n«?kk'—z - %\/l"(T'*'_l)_735kk’+2) birbjy.  (38)

3.2 Jacobi Coordinate Method 1.

The Hamiltonian in Jacobi coordinates is:

A R? [ 62 R
e () re S

2uR \ OR? My.p
-3 \ a3z 5 (J —Jar V(R, p,
g (774 Gurtd ~ 0+ V(B
where _ .
2MA, ~2 a 2 a )
= = — - 40
# 3 and  Ja. dcosx ((1 €08 X)Bcosx ’ (40)
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i.e. the reduced mass, g, is that of the ‘atom-diatom’ complex.

The basis-set used is a product basis of a DGB in R and H.O. functions in cos x and

N, Ny Ng

U(cosx,p, R) = z Z Z cijepi(cos x)dj(p — po)¥r(R), 1+ J < gmax; (41)

1=0 j=0 k=0
the sum being restricted in this way allows a more size efficient basis. The ¢ are nor-
malised harmonic oscillator functions, as previously described, having three variable pa-
rameters, pg, 7, and 7, The H.O. point of zero displacement in the real coordinates is pq,
and may be approximately determined from the minimum on the potenfia.l energy sur-
face. Since the potential is not symmetric this is not the optimum value, as for the ground
state (p) is greater than the value of p at the potential minimum. The optimal value of py
may be determined variationally. The potential is symmetric in x, with an equilibriuxﬁ at
cosx = 0, so that there is no choice in the function centre. The DGB consists of equally

spaced functions ¥(R), with parameters determined as discussed earlier.

The problem is solved in two stages. First, it is necessary to determine good values
for the harmonic oscillator scale factors, v, and v,, and maybe the zero—point of the p
function, po. This is done by freezing R at its equilibrium value and diagonalising the

Hamiltonian matrix with the basis
\I’H.O.(COSXaP) = Z Z cij¢i(c°s X)¢j(p - PO), 1 +] S Amax (42)
i :

varying the parameters to minimise the ground state energy using the NAG routine

E04JAF. Once these parameteérs are determined, the full Hamiltonian is diagonalised in

the basis ¥.

Jacobi Coordinate Method II.

This method is a simplification of the theoretical method used for ArHX trimers;
only the triatom-specific details are given here. |
Functions are chosen to model the motion in each coordinate according to the extent

of freedom and boundary conditions.
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o A set of gaussians v¥;(R) distributed equally on R (i.e. a DGB) is used to model
the large amplitude stretch. The spread of each gaussian is calculated in terms of a

variational parameter, ‘c’, and the range of distribution is convergence determined.

e Orthonormal one-dimensional functions T, (p) and ®,(cosx), determined as eigen-
functions of effective potentials, are used for the p and x degrees of freedom. The

method of calculating these functions is described later.

The basis function is now:
Y, = 1/7,-(R)<I>,,(cos X)Tw(P)a (43)

the collection of the index 7 and the quantum numbers {v,w} are denoted a. The basis-
set is described by the DGB size, Npgg > ¢ > 1, and the quantum nurl;ber restrictions
Umax > v > 0, w > 0 and gmax > v + w. Symmetrisation following the method described
in the section dealing with Ar,HX theory is applied. In contrast to ArHX, where the
alternating symmetry of the HX rotational functions with respect to space inversion, E*,
allows for both values of the parity, €, vibrational wavefunctions of triatomic complexes
must have e even. That is to say E* is only a symmetry operation on an Arg ro-vibrational
wavefunction; here only the vibrational wavefunction is determined, so that symmetry
group is the permutation group, S, rather than C2,(M). Hence the symmetry labels are
A' and A"; A; and B; in C5, map to A' and A" in S, respectively. The symmetry with
respect to argon permutation, 7, is found to impose the restriction that (v 4+ n) must be

even; symmetry separates calculations with odd and even functions in x vibrations.

For Arjs, the exchange of two particles must leave the sign of the total wavefunction
unchanged, since Ar nuclei are bosons. Rotational functions alternate in symmetry with
respect to argon permutation. This may be shown by noting that the D;\’;K rotational
functions transform with character (—1)¥ under (12) permutation, hence vibrational
states with a given  will only exist if (—1)7 = (—1)* since the argon nuclei are spinless,
and hence must have a symmetric nuclear spin wavefunction. Since I am calculating
vibrational, rather than J = 0 states I require both values of to be used (I distinguish
between a J = 0 and vibrational calculation since I calculate 7 = 1 states, which do not

exist for J = 0). States which are symmetric under (12) permutation have n = 0 and are
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labelled A' and states which are antisymmetric have = 1 and are labelled A". The 4,
label in Dy, (M) maps to A' in Sz, while the E pair are formed from the representation

A'@® A". The energetic difference between the two components of the E pair will indicate

the degree of convergence of the basis-set.

The Calculation of T,(p) and &,(cos x)

Tw(p) and ®,(cosx) are calculated as eigenstates of a part of the Hamiltonian
operator which relates to the coordinate of interest. This contains an one-dimensional
effective potential V.g which is a cut on the full potential energy surface. This is an
adiabatic Hamiltonian. Some criteria are required to determine appropriate values for
the coordinates of the cut. It is important to examine the forms of trimer potentials in
general to get some indication of the relative importance of any coordinate by itself. In
particular, we do not wish to use a cut which unduly restricts T or ® nor one which

gives them too great a spread. Some numerical results of the method described here are

presented in chapter 7.

Examination of potential cuts for triangular trimers (plots for Ar; and Ar,HCI/F
are given in appendices A, B and C) shows that there is strong dependence of V(x) with
respect to R. To pick a value of R.,; as being that for equilibrium is clearly unsuitable
as ®(cosx) will be too restricted. We wish to allow freedom in x in the presence of
excitation in R and so select Ry, = (R);, where (R); is the expectation value of R for
the first state excited in R of a calculation with p and x clamped at their equilibrium
values. p.y; = (p); is used, where (p); is the expectation value of p of T1(p). The choice

of pcut is likely to be less critical due to the rather square appearance p versus cosx

potentials.

For V(p), cos xcut = 0 is used as the only rational choice. An inspection of p versus
R plane cuts on the potentials of interest shows that there is a minimum for Ry below
which T(p) will be too restricted, in general. Using the same recipe as for ®(cos x) will

avoid this and should provide a suitable value on the basis of the same arguments.
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The one-dimensional adiabatic Hamiltonians are simply:

X K (9
HlD:P == Marp (W)p + V(R‘:ut,p,COS Xcut) (44)
and
H A + Y + V(R ) (45)
= cuty Pcuty COS .
1D MArme 2/"R3ut Tas b Peut X

The Matrix Elements.

The vibrational Hamiltonian is as above for the Jacobi I method, with J = 0, since
it is only coordinate-dependent. Much of the kinetic part of the Hamiltonian, H, can
be evaluated analytically, whereas the potential part must be evaluated using numerical

methods. It is appropriate to rearrange H by defining:

. X . K? 0?
Kp:Kp,0+Kp,r:_M—A;;(a_I)2)p, (46)
X i X K? R: O\ .
KX = KX,O + K = (MAIP2 + 2#R2>]ir (47)
and
V(R,p,x) = Vo(p) + Vo(x) + V+(R, p, X) (48)
such that:
(Kpo + Va(p) — EL)Tu(p) =0 (49)
and
(Kx,0 + Vo(x) — E3)®u(cos x) = 0. (50)

That is ﬁlD,p = Kp,o + Vo(p) and ﬁlD,x =K 0 + Vo(x). The Hamiltonian is now:

A R %
H = Y (W) R+ V.(R,p,x)+

vao + f(p,,- + IA{XvO + K 1 + %(p) + %(X)' (51)

Thus only the residual potential V, need be integrated over since we have the EY and

E? and T,, and &, are orthonormal functions. This is an advantage since less precision

is demanded of the integration in p and cos .
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We can also make savings in the R part of the potential integral evaluation. For an
equally spaced DGB, products of pairs of DGB basis functions have centres at or exactly
in between one of the basis function centres. If, at each of these 2Npgg — 1 centres, the

potential in R is expanded as a Taylor series V(z) = ) Cnz™ we obtain an integral of

form:
/md’i'(R)V(R)z,b,-(R)dR = Z Can /°° zzne_“zzdz, (52)
0 ~ —oo

where £ = R — Rcentrey Reentre 1S the centre of a product of two DGB basis functions and

a is twice the DGB exponent. The integral is a well-known analytic one:

(53)

> 22n —az? (2n—1)(2n— ) 1
/ e dz (2a)

&,

_—0

The Taylor expansion only needs to be carried out at 2Npgp — 1 points and can be
performed from a grid of a small number points covering the whole range of R. I used a

variant on CACM algorithm 416 [54] for this.

The analytic DGB basis-function overlap-integral is defined as
Sei= [ o (RIG(R)AR = e sRR2, (54)
0
where g is the DGB exponent, and the R kinetic term is defined as

o [0 (kg )RR = 2 Susalt — o(Re = Rl (65)

The kinetic energy term in cos x is analytic if the $,(cos x) are expressed as an expansion

of harmonic oscillators. It can be shown that if

N G . d
K= 6cosx(1 s X)Bcosx (56)

then integrals between harmonic oscillator functions,

onl2) = (2) % (2,,1,,!) Bt exp(~12*/2), (57)

where H,(y) is a Hermite polynomial, are:

n(n+1)+3

) | 1
(n|Kln) = —y(n + 5) + = 7
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(n +2lK1n) = 1 (m +21)(" + 2)
(n+ 4R n) = _\/(n+ 1)(n+i)(n+3)(n+4). (58)

If &,(cosx) =D, cg:’)t,aﬁ(cos x) then
=) Y Y m K [n). (59)

The symmetry of the ®,(cos x) and the properties of the (m|K|n) ensure that KX, =0

unless v — v’ is even. This is also guaranteed by the basis-set symmetrisation used.

The numerically evaluated terms are defined by

Th = I / vom ey man, (60)
R [ 1
T =g /0 o (R) o $i(R)R (61)
and
5 e (PPas — p)
Uy = To(p) et —2)x (p)dp. 62
- / (LT o) (62)

The Hamiltonian matrix element is then:

Hyy = 6yry [5,,,,, (K,.’?,. + Sy:(E2 + EY )) - T},,.Kg‘,,,] — S U K%, +

/ dR/ dp/ d(cos x)¥i (R)Pv (cos X)L (p)V(R,p,x)¢,(R) v(cos X) T (p).
(63)

3.4 A Note on the Symmetries of Overtone States of Arj.

Overtone levels of a doubly degenerate state have degeneracy v + 1, where v is the
sum of quantum numbers in each component of the pair. For example, there is a set of

degenerate wavefunctions W3 o, ¥2 1, W12 and ¥g 3 for a total of three quanta.

The procedure for establishing the symmetry labels of these overtones is well estab-
lished [53] and is expounded below. If the degenerate pair of fuﬁctions are denoted Q,
and Q;, a operator R will transform among this pair:’ R(Qa) = R,aQ. + R,bQ, and
R(Qs) = RyaQ. + RybQs. Using a set of normal coordinates it is possible to arrange for
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ﬁ(Qa) = R,Q. and R(Q:) = RysQp since the character under a transformation is not
coordinate dependent. Hence the character of a degenerate set of states with v quanta

under the application of R w times, xv+(R"), can be written:

for v = 2 we have

R(QX) = RIQ:, (64)
R(QaQs) = RaRsQu Qs (65)
and
R(Q}) = R}Q3, (66)
giving
x2(R) = R2 + R, R, + R? (67)
and for v = 3 we have
R(Q3) = R3@Q3, (68)
R(QiQs) = RIRQ:Qs, (69)
R(QaQ}) = RaR}Q.Q} (70)
and
R(Q}) = Ry @3, (71)
giving
x2(R) = R3 + R2Ry + R, R? +'R§. (72)

Since x;(RY) = RY + Ry, we can write x2(R) = %—[X1(R)X2(R) +x1(R?)], and generalise
to:

Xe(B) = 2 (R)xe-1(R) + xa(R*)) (73)

This equation gives the character of any overtone of a doubly degenerate fundamental
under an arbitrary operation R.

Using the equation for the character of an overtone, with the character table for
symmetry group Dsy, it can be shown that for two quanta in an F fundamental x,(E) =

x2(or) = 3, x2(Cs) = x2(Ss3) = 0 and x2(C2) = x2(0,) = 1; i.e. the overtone has
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The character table for Dgy:

E 2C; 3C, o 2S5 30,
4, 1 1 1 1 1 1
A1 1 -1 1 1 -1
E 2 -1 0 2 -1 0
A1 1 1 -1 -1 -1

1

2

Ay
EI

1 -1 -1 -1 1
-1 0 -2 1 0

symmetry A; @ E. The three quantum overtone has x3(E) = x3(or) = 4, x3(Cs) =
x3(S3) = 1 and x3(C2) = x3(0») = 0 and has symmetry A; & A2 @ E.

The above has repercussions in the S; symmetrised treatment since E maps to
A' ® A" and A, also maps to A”. Hence for three quanta there will be two states of A’

symmetry (an = 0 calculation) and two states of A" symmetry (n = 1); correlation of

these results with Dj, labels will not be trivial.
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The Theory Used to Model the Dynamics of Ar,HX Systems.

4.1

Building on the Jacobi II method, which was described in the previous chapter, and
found to be the most efficient method tested in chapter 8, I now describe in detail the
method which is used to calculate the lower bound-states of ArHX trimers in chapter
9. The coordinate system is first described followed by the Hamiltonian operator in this
coordinate system. Some angular momentum terms are neglected from the Hamitonian
in order to make the resulting matrix of tractable size. Using previously described basis
functions, a symmetrised basis-set is written down and the algebra involved in the cal-
culation of matrix elements between these functions is explicitly laid out. The methods
which have been used to improve the efficiency of matrix element evaluation are also
explained. The method by which relative band intensities were calculated, using analytic
integrals, is also described. Finally, the simplifications arising from clamping the argon

atoms are summarised.

The Coordinate System.

As is commonplace in the study of the dynamics of weakly bound complexes, body-
fixed Jacobi coordinates are extended. The Jacobi coordinates consist of the separation,
p, of the two argon atoms, the distance between the Ar; centre-of-mass and the HX
centre-of-mass, R, and the angle between the vectors along p and R. Extension of these
coordinates is necessary to account for the structure of the HX; two angles, # and ¢, are
defined in the convention of spherical-polar coordinates. # is the angle between the vector
along R and the HX bond-vector, with # = 0 defined at the geometry when the H atom
is closer to the Ar, centre-of-mass than X is. ¢ orientates the HX about the vector along
R, for a given 8§, and is defined as a multiple of # when the HX bond-vector lies in the

same plane as the Ar; nuclei. This coordinate system is illustrated in figure 9.

A full consideration of the ro-vibrational dynamics would then describe the orientation
of the complex in space by three (Euler) orientation angles [55] [43]. This approach is

complicated since it would almost fully quantise internal angular momentum on the Ar;
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Ar

Fig. 9. The Body-fixed Jacobi-type coordinates for Ar,HX.

to HX axis, while the complex is a near symmetric top with its top axis perpendicular
to the molecular plane. The complications which arise in the consideration of angular

momentum coupling are bypassed in this work by considering the purely vibrational

problem. This does not preclude comparison of results with spectroscopy and so is

not a drastic measure; rotational constants may be estimated from expectation value

calculations.

The Hamiltonian.
The vibrational Hamiltonian in Jacobi coordinates, treating HX as a rigid rotor with

rotational constant byx, is [21]:

. B2 62 2 h? 2
Hyp, =— 2R (a—R;)R + buxjax + m]m

2 /s 52 . | (74)
T Map (b—‘;;)P + 2R (Jux +jar)® + V(R,p,x,6, ¢),
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where . = 2Mp, Mux /(2M4a, + Myux) is the collisional reduced mass of the complex,
M, is the argon atomic mass and jgx and ja, are the body fixed angular momentum
operators for HX and Ar, motions respectively.

V(R,p,x,0,¢) is the trimer intermolecular potential averaged over the HX internal
vibration. This potential depends, at least in principle, on the HX vibrational quantum
number.

The coupling of the angular motions of the Ar, and the HX through the cross term

JHX"JAr is neglected, giving the Hamiltonian:

. R: [ 82 K? R? R,
H = — —_ )32 -2
2uR <6R2)R " (be " ZuRz)JHx " (Mmp2 * 2uR2)“'

R? 8?
- Ma.p <5’;{>P + V(Raan:ead’)'

(75)

The Basis Functions Used.

Functions are chosen to model the motion in each coordinate according to the extent
of freedom and boundary conditions.

o Spherical harmonics Y;(6,¢) in the phase convention of Condon and Shortley [56]
are rotational eigenfunctions in free space and are chosen as a basis-set for HX motion
since this is only weakly hindered.

o A set of gaussians 1;(R) distributed equally on R (i.e. a DGB) is used to model

the large amplitude stretch. The spread of each gaussian is calculated in terms of a

variational parameter, ‘c’, and the range of distribution is determined by convergence.

o Orthonormal one-dimensional functions T,,(p) and ®,(cosx), determined as eigen-
functions of effective potentials, are used for the p and x degrees of freedom. The

method of calculating these functions was described in the section on triatomic the-
ory.
Symmetrised basis functions arising from a restricted direct product of functions in

each body-fixed coordinate are used.
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Ar,HX has the molecular symmetry (MS) group C3,(M) [57]. Under the primitive

symmetry operations of argon permutation, (12) and space fixed inversion, E*, we have

the character table:

E (12) E* (12)

[ V)
— P e
Pt
|
ot
|
[y

In the Ar,HX vibration-only problem, unlike Arz, E* symmetrically transforms the
vibrational wavefunction so that the character table of the ro-vibrational molecular sym-
metry group still applies. When considering the symmetry of the complete wavefunction,
it must be borne in mind that rotational functions alternate in symmetry with respect

to E*.

The effect of each symmetry operation on the basis functions may be found from
the transformation properties of the coordinates in them. With the coordinate system

described above we may write:

(12)(07 d’aX) —’(0,77 + ¢,7I' - X);
E*(Ba ¢’X) _)(0’ _¢aX); (76)

(12)*(0a ¢aX) _’(07 -T = (,b,‘l'l' - X)a

from which it is possible to deduce the function transformation properties:

E ®,(cos x) Yi(6,4)
(12) [ (—)"®u(cosx) (-)*Y;r(6,¢)
E* | ®y(cosx) (-)*Y;-x(6,9)

(12)" [(=)°®@o(cosx)  Yj—x(d,9)

With this information the primitive functions can be projected out to give sym-

metrised basis functions:
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1
RREET A

[Y5e(6,8) + (=) <Y;_4(6, ¢)],

®,(cos x) Tw(p)X
(77)

where the symbols € and 7 determine the symmetry label which applies to the function:

(—1)¢ gives the character with respect to space inversion, E*, and (—1)7 the character
with respect to permutation, (12).

The collection of the index ¢, the quantum numbers {v,w,j,k} and the symbols €
and 7 is denoted a. The basis-set is described by the DGB size, Npgp >t > 1, and the
quantum number restrictions v > v 2 0, w > 0, gmax > ¥V + W, Jmax > J > 0. Two
restrictions apply to k. Physically, j > k > 0 but the basis-set may be reduced by only
using low & for high j.

Some quantum number combinations are eliminated by symmetry, so reducing the
basis-set size; (7 + v + k) must be even and k = 0 functions are only included if € = 0.

Argon nuclei are bosons, however, so (12) permutation must not change the total
wavefunction sign. In addition, argon nuclei are spinless, so that the nuclear spin part of
the total wavefunction is symmetric, so that (12) permutation must not change the sign
of the vibrational-rotational wavefunction. This symmetry restriction is not absolute,
however, since the rotational functions alternate in symmetry under the operations (12)
and E*; all vibrational symmetries are represented in a ro-vibrational spectrum. Hence
(vibration only) calculations should be performed for both values of 7 and the K selection

borne in mind.

The Matrix Elements.

Much of the kinetic part of the Hamiltonian, H, can be evaluated analytically,

whereas the potential part must be evaluated using numerical methods. It is appropriate

to rearrange H by defining:

. . . h2 62 .
K, =Ko+ K, = —m 6_p2 P (78)
R . A 52 ‘hz ) ‘
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and
V(R,p,x,8,¢) = Va(p) + Vo(x) + Vo(R, p, , 6, 9) (80)
such that:
(Koo + Volp) — E)Tu(p) =0 (81)
and
(Kx0 + Vo(x) — Ey)@s(cos x) = 0. (82)

That is ng,p = IA(,,,O + Vo(p) and ﬁ1D,x = IA(X,O + Vo(x). The Hamiltonian is now:

- R [ 8 RN\,
"= " 2uR (bﬁ)R+ (bﬁx + 2;AR2>]HX+

Vi(R,p,x,0,4) + KP,O + RP,T + f(x,o + Rx,r + Va(p) + Vo(x). (83)

Thus only the residual potential V, need be integrated over since we have the EX and
E? and T, and ®, are orthonormal functions. This is an advantage since less precision
is demanded of the integration in p and cosx.

Efficient evaluation of potential matrix elements is possible by expanding the resid-
ual potential as a series of spherical harmonics in § and ¢ at a given (R, p, cos x) point.
We may then take advantage of the analytic properties of an integral of three spheri-
cal harmonics. The potential is symmetric about ¢ = 0 so that the expansion can be

symmetrised:

{
Vo(R,0,%0:8,8) = 3 O Fim(R, 0, x)[Yim(8,) + (~1)"Yiim(8,@)]/2.  (84)

I m=0
Since spherical harmonics are orthogonal, the coefficients F;4 are evaluated by multiplying

both sides of the expression for the series by Y (8, $) and integrating:
2 27 g
Foq(R,p,x) = ——/ dd)/ sin§d0 Y, (8, 9)Vr(R,p,x,0, ). (85)
(14 840) Jo 0

Having reduced the potential to such a series, the (8, ¢) integrals reduce to sets of

integrals which can be expressed in terms of 3-j symbols [43]:

2w T . — ] . . .
: (25" +1)@I+1)(25+1) (5" 1 5 ) (.’l’ lj
d ikt Xim Y ik = .
/0 ¢/o sin 0d8 Y Yim Yjk \/ ym wmk)\ 000 (86)
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If this integral is denoted

il
[fc'mk}’ (87)

the properties of 3-j symbols give:
l' . |' .
b 2 I O L A
[k'mk] B [—k’ -m —k}’ (88)

T
[i, 2}:0 unless k'+m+k=0 and j +1+7j iseven. (89)
m

The following numerically evaluated terms are also defined:

/ ¢‘ )( cut t )‘gb,(R) (90)
R: [ 1
Toi= g / i (R) 2 9 R)dR (91)
and
— (pcut )
Vura = = [ 1w B ) (92)

The Hamiltonian matrix element is:
Hyq = 6j; [5,“ [5,,,,,,, [5,,,,, <K,.’,‘,. + Sioi(bucj(j + 1) + EX + ED)+
T,-:,-j(j + 1)) - TifiK;c’v:l — S{I;Uw'wKZ,(,v]J'i‘
dR/ dp/ d(cos x) Fim(R,p,x)(-)*
(1+5k0 (1+6k'0)’ / Zn;)

(¥ |2 ]+ )k“'[i:;_jk]+[_j,;:,fzﬂ.+(‘)‘+k[_j;r,ijk})- (93)

Calculation of Band Intensities.

It is important to calculate transition intensities for comparison with experiment and
to predict which other bands might be observable. The intensity of a transition between
two vibrational states a and b,i.e. a band intensity, is proportional by a state-independent

factor to:

Iab = IIob,—llz + lIab,0|2 + IIab,llzv . (94)

where

Topq = <a|qulb>- (95)
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Parallel (a-type) transitions are identified by I +1 = 0; conversely perpendicular tran-

sitions have I3 o = 0. The vibration-only basis function is:

! ! . Cos
\I’wwjk \/ﬁd)i(R)@v( X)‘rw(p)x
[Y5x(6, 6) + (=)*<Y;-x(6, 8)]. (96)

If cS::,j,): is an eigenvector component for a vibrational eigenfunction a, which has the

given €,7, then:

)* JSasen) (ie'n') o 1 7. 5)
ajen) (bie'n e+1f €'+
a.b,q Z Z 14+ 5k0 (1 + 51:’0) tvak 1.vw_1’k'S‘ ‘FJJ’kk’ ’ (97)

twvjk i ’k’
where analytic expressions for integrals of the spherical harmonics Y}, previously defined

give us:
8,8 1 jl .7 1 .7 J 1 j’ ! J 1 j'
I\( ) ), — 7 _\s __\&+s .
ji'kk',g — l:_qul]-’_( ) [ —k! +( ) qu, +( ) kq—k’ (98)
This provides a compact and efficient method of evaluating band intensities.

The Theory Used for Clamped Ar; Calculations.

In the same nomenclature as previously, the clamped Ar, Hamiltonian is:

. K2 6? 1 2
Hgy = —2/1.R (6R2)R+ (be + 2 R2>]Hx + V(R, 0a¢;Pﬁx,Xﬁx)' (99)

V(R, 8, ¢; psix, Xfix) now depends parametrically on pgy and xsy. For cases where y * 3
the symmetry of the system is lower than the full dynamics case so that only E* is a

symmetry operation. The symmetrised basis functions are, following the same treatment

as before:

= (R)Y;a(6,6) + ()Y a(6,4). (100)

¥a V2(1 + ko)

Now the only symmetry restriction is that £ = 0 basis functions are excluded if € is odd.

In the same nomenclature as the full dynamics case the Hamiltonian matrix element

is then:

Hyg = b1 [51:'1: ((K,-I?,- + Siri(buxi(F +1)) + Tisg (5 + 1))] +
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oo i
! A dRE Z Flm(Rﬂxvpﬁvaﬁx)(_l)k'x

(1 + 6xo)¥(1 + br0)? T =0
A R A M EAT e EAEN
This formalism is used to calculate the values of R.,: which are required in the calcu-
lation of T and & (see chapter 3 for a description of the scheme for determining T and &
basis-sets, and chapter 7 for some results). The coupling of motion in different coordinates
could, in principle, also be examined through a clamped Ar; calculation; calculations for

non-equilibrium values of p and x would be performed, and the perturbations to the

stretch mode and HX bending states examined.
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5: The Pair Intermolecular Potentials.

In this chapter I review the forms of some well-established pair potentials which are
relevant to the trimers considered in this thesis; the pair potentials for Ar, and ArHX

have been the subject of much previous study.

Rare gas atom interactions were probably the first to be studied quantitatively and a
plethora of functional forms have been suggested, many being reviewed by Aziz [58]. The
interactions of RgHX complexes other than ArHCl have been less extensively studied,
although the methodology developed for one member of this group may, in principle, be

extended routinely to the others.

5.1 The Argon-Argon Potential.

Aziz and Chen developed the variation on the Hartree-Fock Dispersion (HFD) po-
tential, termed HFD-C [59], which I use; the HFD approach originates from the work of
Scoles and coworkers [60] [61]. The HFD-C potential satisfactorily reproduces physical
properties including the second virial coefficient, viscosity, thermal conductivity, diffu-
sion, differential cross-sections, total cross-sections and dimer spectroscopic results. In

addition the HFD-C potential has a simple form which can be physically interpreted.

VHFD—C(P) = 1fl-e];mlsive(P) + Vattractive(P) (102)
v;epulsive(P) = E*A*z‘ye—a'z (103)
j=2 c
* 2j+6
Va’ttractive(P) = —€ F(z) Z #—Q—G- (104)
i=0

F(z) =exp(—{§ - 1}2) z <D

F(z)=1 z2>D

, (105)

where ¢ = ;& and the parameters appear in table 3, where €* is the well depth.

Viepulsive(p) is a modified Born-Mayer type potential and includes the effects of ex-

change repulsion and SCF deformation. V,iiractive(p) is a dispersion energy with the sum
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taken to include dipole-dipole, dipole-quadrupole and quadrupole-quadrupole terms. At
intermediate and short ranges orbital overlap reduces correlation and the dispersion en-

ergy is damped; F(z) fulfills this réole.
A variant on the HFD-C potential, termed HFD-B2, has been developed more re-

cently by Aziz and Slaman [62]. It has
V;epulsive(P) = EtA*e—a‘z-}-ﬁ‘zz, (106)

and slightly modified coefficients. The HFD-B2 potential is also improved at long range,
compared to the HFD-C. Comparison of the lowest few bound states of Ar; shows very

little effect of the improvement of HFD-B2 over HFD-C.

Table 3. Parameters of the HFD-C and HFD-B2 potentials for Ar-Ar.

HFD-C HFD-B2
e*/kgK 143.224 143.224
rm/A 3.759 3.7565
a* 16.345655 10.77874743
B* - -1.8122004
Y 2 -
A*  9.502720 x 10% 2.26210716 x 10°
ce 1.0914254 1.10785136
cs 0.6002595 0.56072459
€10 0.3700113 0.34602794
D . 1.4 1.36

5.2 The Argon-HX Potential.

The Ar-HCIl potential has only been accurately determined much more recently than
Ar,, since much more sophisticated experimental techniques must be applied; typically
individual clusters in a molecular beam must be spectroscopically probed in the infrared.
The potential has largely been developed by Hutson and Howard [63] [64] and more
recently refined by Hutson giving the H6(3) [65] and H6(4,3,0) potentials [66].
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The same methods of parameterisation have also been applied to other Rg-HX com-
plexes [67] [68].
As with the HFD-C potential the H6(3) potential is based on physically comprehen-

sible contributions:

VHG(x)(Ra 0) = I/short(}?vaa) + ‘/ind(R, 0) + Vdisp(R) 0), (107)
with exchange repulsion and SCF deformation modelled by
Vibort(R, 0) = A(9)e PR, (108)

induction modelled by single centre dipole plus quadrupole on the HX polarising the

argon

I/ind(}za 0) = - aAry'%IX[l + Pz(COS 0)]R_6

109
— 6aarpux Oux cosd 9R™7 ( )

and dispersion interactions described by

8
Vdisp(R’o) = - Z Cn(o)Dn(R)R_ni (110)
n=6
where
_sr\~ (BR)™
Dn(R)=1-¢PR)" — (111)
m=0

is a Tang and Toennies damping function [69] and is implicitly a function of  through
the dependence of 8 on 4.

The fitted parameters in the H6(3) potential are the Legendre co-efficients of the
three functions # and the angular dependence of well depth, () and radial minimum

position, R, (6), for example:
€(8) = Z exPr(cosb). (112)
A

The other unknown parameters, such as A(6), are calculated to reproduce the given well

depth and radial minimum position.

More recent work, on ArHF [70], has lead to an improvement of the precision, utility

and parameterisation of the functional form. The improved potential parameterisation

5: The Pair Intermolecular Potentials.



46

is known as H6(4,3,2) for ArHF and has also been applied to ArHCl [66], when it is
called H6(4,3,0); the parénthetica.l numbers give the maximum order, A, of the Legendre
expansion for increasing power, k, of 7. The H6(3) and H6(4,3,);) potentials are quite
similar, H6(4,3,X;) having dependence on the HX vibrational state included by a short
power series in the Legendre expansions of the angular dependence of well depth and
radial minimum position and g, for example:

€(6,7) = Y _ exxPa(cosb)n*. (113)
Iy

The parameter 7 is the mass reduced vibrational quantum number of the HX,
1
n=(v+ 5)/(#Hx)1/2- (114)

Electrical properties, such as HX dipole and dispersion coefficients are written as a three

term power series in 7.

The modified potential terms are:

Vibort(R, 6,7) = A(6,7)e PR, (115)
10
Vdisp(Ra 0177) = - Z C‘n.(B,n)Dn(R)R—n, (116)
n=6
and more strikingly
1
Vind(Rvovn) = —§aArIFI27 (117)

where F' is the electric field at the Ar atom due to a ‘point charge plus quadrupole’
(PCQ) charge distribution on the HX. The PCQ model compactly describes the field by
placing charges on both of the nuclear centres and a quadrupole on the halide; higher
order multipoles are implicitly accounted for so that the PCQ model is superior to a
single centre dipole plus quadrupole model.

Plots of the two-body potentials for the trimers Ars, Ar,HCl and Ar,HF are given

in appendices A, B and C.
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A Discussion of Relevant Three-body Effects.

6.1

The current state of knowledge on the subject of three-body forces, which are relevant
to Ars and ArpHX systems, is rather poor, and mostly consists of suggestions, rather than

broadly accepted fact.

Firstly, some recent work using ab-initio methods is described, in order to define
terms used in the comparison of ab-initio and model data. A division of the most impor-
tant three-body effects into four physical effects is made and the mathematical forms of

these components is described. The four terms described arise from:
1. dispersion effects consisting of triple-dipole and higher order terms,
2. the interaction of dipoles induced on the argon atoms by HX permanent multipoles,
3. orbital deformation due to exchange and overlap repulsion,

and

4. the interaction of HX permanent multipoles with the electrostatic field which results

from the overlap effects of the two argon atoms.

The parameters introduced in the mathematical models of the three-body effects are
determined on the basis of monomer physical properties wherever possible, or varied to
match model to ab-initio values. The comparison of the model three-body potential with
the ab-initio data for both Ars and Ar HCI forms the content of the last two sections of

this chapter.

The ab-initio Perspective.

Ab-initio methods can take two routes to a determination of intermolecular forces;
either a supermolecule approach or a perturbative approach may be used. The su-
permolecule method obtains the interaction energy as a difference between the sum of
monomer energies and the energy of the complex. These two nufnbers are substantially
greater than their difference and even when the monomer energies are evaluated using

numerically consistent methods (e.g. Boys and Bernardi counterpoise method [71]) there
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may be errors in the large energies of the same order as the interaction energy. In addition
to this serious drawback the supermolecule method does not break down the components
of the interaction, a desirable feature from the point of view of understanding intermolec-

ular interactions.

A perturbative method to deal with calculations of intermolecular forces known
as Intermolecular Mgller-Plesset Perturbation Theory (IMMPT) has been developed by
Warszawa theoreticians [72] [73]. Further work by Chalasinski et al. has firmly established
the value this approach [74] [75] and it has been applied to a number of systems: Arj;
and Arq4 [76], (HF), [75], AtNH; [77], (HF)3 and (HCl); [78] and Ar,HCI [79).

In brief, the IMMPT method partitions the supermolecule hamiltonian to separate
out the monomer terms. Both the interaction and electron correlation terms are treated

as perturbations; that is we have a double perturbation expansion:
H=H+Wy.+V. (118)

H° is the unperturbed hamiltonian and is a sum of Fock operators for the monomers; that

is Aa. sum of energy operators at the SCF level of theory, consisting of kinetic, Coulomb
and exchange terms, which act on spin-orbit functions. Vi’imm is a sum of ‘fluctuation
potentials’ for the monomers and handles the correlation effects and V is the interaction
operator of the monomers. The intermolecular interaction energy corrections, €(*), may

then be categorised in terms of the order of perturbation with respect to W}ntm, j, and

V, 1. Hence (*% is a correction term corresponding to the interaction of Hartree-Fock
(i.e. uncorrelated) molecules at k** order in V and e(*" is the correction to (*%) arising

from changes intramolecular correlation at I*" order in Wigya.

Defining AE(™) as being the correction due to n'® order of IMMPT, the interaction

energy for a trimer may be decomposed as follows:
®
AESCF = AE(®) + AEQY) = AEHL 4 A ESCF—def (119)
AEHL is the Heitler-London interaction energy between undeformed SCF monomers.

AESCF~def {5 due to relaxation of the molecular orbitals in the electrostatic field
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caused by the other particles, subject to the Pauli principle. We may further decom-
pose AEHL;

AERL = {19 JL . (0 (10 4 AL 4 Aw. (120)

exc €exch

The terms Ay and Aw are small zeroth order exchange terms by which the egg%

of IMMPT differs from €L, ; no physical meaning is attributed to them. They
account for the appearance of AE(%) in the expression for AESCF above. Ap is
zero for a complete basis and Aw is generally negligibly small. The e( % term is of
electrostatic origin and is additive. Non-additivity arises from €, , which is always
short-range and decays as e %P asymptotically, and from AESCF—d¢f which for
complexes containing a molecule with a permanent multipole has an R™™ asymptotic

limit due to interactions of permanent with orbital deformation induced multipoles.

An e *E asymptotic limit for AESC¥~9¢f applies in systems which do not contain a

permanent multipole.

AE® = G2 + i) + g’ + Wi+ W (121)

The electrostatic interaction of relaxed orbitals (i.e. trimer, rather than monomer,

(20)

disp? 8T€ additive whereas the induc-

SCF orbitals), 5&; i), and the dispersion energy, €

tion interaction, e(nd) , the intermolecular correlation correction to the SCF deforma-

(2)

tion energy, W,_; and the correlation energy correction allowing for exchange effects,
W(xc)h are not. The ei(:g) term contains both straight-forward induced multipole-
permanent multipole energies and terms arising from overlap effects. In the cases
where e( d) does not form the leading term, systems containing a permanent mul-
tipole moment will have non-additivity of AE(?) dominated at long range by the
W§e2 term. Whichever of fi(:g) or W‘g:f) dominates, a R~" long range character is
expected. In the absence of a permanent moment ei(:do) does not exist and both W(2)

components asymptotically follow an exponential decay. The exchange component

always dominates at very short-range.

AE® = 2 + ) + ciiap + chna’ + Wia + Wikl (122)
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Here non-additivity arises from the W(®) terms and the €(3%) terms. eg:g is dominated
by the triple-dipole dispersion energy at long range, so decays as R~? in this limit,
but includes all three-body dispersion terms. The higher multipole dispersion terms

have R™" behaviour with n > 9 and so become more important as R is decreased.

All other terms behave as do the analogous terms of lower perturbation order.

6.2 Dispersion Forces.

The importance of many-body potentials has been apparent for many years; work
to resolve the failure of additive potentials to account for the lattice sums for rare gas
solids was the first to address many-body effects. The first functional form was developed
to describe three-body dispersion effects in such systems [80], the triple-dipole (Axilrod-

Teller) term:

v , (3 cos @, cos P, cos 3 + 1)
ddd = V123
R}, R}, R}, ’

where ®; is the angle subtended by vectors from particle 7 to the other two and R;; is

(123)

the 7 — j interparticle separation (see figure 10).

Fig. 10. Three Atom Coordinate System.

During the early 1970s much work was done on investigating the contribution of
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higher multipole-order dispersion forces [81] [82]. This work found that although the

triple-dipole term was dominant the dipole-dipole-quadrupole term,

P OK 3 [(9cos 3 — 25 cos 3Ps3) + 6 cos(®; — P2)(3 + 5cos 2fI>3)]

Yada = Zaq 16 R}, Ris Ry (124)

accounted for about 20 % of the three-body dispersion energy for the rare gas lattices
from Neon to Xenon. Higher terms than this amounted to only a few percent of the total
when summed. The same conclusions are presented in the review of Meath & Koulis [83].
Note that the expression given is for a quadrupole on one of the atoms. The total energy
is therefore a sum of three terms with permuted atom labels. Bell and Zucker [81}have
summarised some double perturbation theory results for rare gas trimers, from which the
values required for Ars are vy33 = 3Z§321 = 3.786 x 10° cm~1A® and Zc(iz)q = 1.352 x 10°
cm~1AL,

More recently, using complex tensor representations of the various orders of polar-
isability and perturbation theory to high order, general equations for dispersion forces
between any number of arbitrary molecules including hyperpolarisability effects have been
derived [84] [85] [86]. The generality of these expressions hides the physics behind the

interactions.

If the foundations upon which these derivations are built are used with the methods
and symbolism of Buckingham [87], one can write expressions for three bodies for any
order of dispersion multipole. Expressions already exist for the triple-dipole potential,
Vbop [88] [89], where the upper case ‘D’ indicates that the equation describes a molecular,

rather than an atomic (‘d’), system.

VoD = g 35 oz (Lap)is (Lay i Lp)mn (e )ib () 3m (2 i (125)

where the suffices a, 3, denote the three bodies, T is an orientation tensor (symmetric)

[87],

3 Ra Ra - 5;
(Taﬂ)u ( ﬂl) I(Z ﬂlll 2 ’ (126)
af

where (Raﬂ),- is the i*® component of a particle to particle unit vector, a is a polarisability

tensor and vy33 is a grouping of parameters that depend only on the molecules.
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The explicit form of this expression simplifies slightly when it is made specific to the

atom-atom-molecule case:

Qatom 0 0
gatom = 0 Qatom 0 ) (127)
0 0 Qatom

oy + Agsin®fcos? ¢ Agsin’fsingcosd  Agsinf cosf cos ¢
= Agsin’@singcosd ay + Agsin®fsin®’d Agsinfcosfsing |,
Ay sinfcosfcos ¢ A, sinfcosfsin ¢ a) + A, cos? 8
(128)

Qs xialmolecule

where Ay = @) — a1, and 6 and ¢ are as defined for the molecular complex.

Hence the anisotropic triple-dipole energy may be evaluated by finding the tensor
elements and evaluating the sums in the equation for Vppp.

Literature values for polarisabilities are available. I used those summarised by Bu-
lanin et al. [90], listed in table 4. The low anisotropy of the HCl polarisability suggests
that to a first approximation an Axilrod-Teller term may correctly represent the triple-
dipole potential for Ar,HCl. The validity of such an expression is investigated later. The
hydrogen fluoride molecule is less than a quarter as polarisable, so three-body dispersion

effects in AroHF will be correspondingly less significant, although more anisotropic.

Table 4. Relevant polarisabilities in A% (Bulanin et al.).

apr  1.6421
agcrL 2.284
apoy  2.554
ayr; 0.638
agr 0.831

The principal features of a triple-dipole dispersion term are that it is repulsive for
(equilateral) triangular geometries and attractive for linear geometries; electron correla-
tion between particle pairs interferes for triangular geometries.

Kumar and Meath have evaluated isotropic dispersion energy coefficients for a wide
range of combinations of rare gas and hydrogen halide systems [91]‘. They have a method
which uses dipole oscillator strength distributions to obtain v;,5 = 3.7015 x 105cm_1A9

for Ars, vi2s = 5.4155 x 105cm~1A° for Ar,HCI and 1125 = 2.7774 x 105cm~1A° for
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ArpHF. This is an isotropic coeflicient so strictly is not the only parameter actually
required for the Ar,HX systems, but is the best estimate available. It does however
represent a good starting point, which may be refined if necessary. Plots of V44 and
Vopp for Ars and Ar;HCl may be found in appendices A (Ars) and B (Ar,HCI).

As for pairwise dispersion, exchange effects lead to a damping at short range. Tang
and Toennies have investigated functional forms of two-body damping functions and
conclude that a single form, D,(R), which has well-defined and physically reasonable

behaviour, is of universal applicability [92].
Dn(R) =1—¢ PR Z wR) . (129)

The value of § here is assumed to be the same as to the exponent in the Born-Mayer
term.

I propose that the form of the damping function for a three-centre problem is can
be synthesised as a product of D, functions in each inter-particle distance, although this
is an extension which Tang and Toennies did not propose. For a triple-dipole potential
D3 functions are of the correct order in R, and we synthesise the triple-dipole damping

function, D333, where:
Dimn = DI(R12)Dm(R13)Dn(R23)- (130)

The values of (3;; are taken as the exponent in the short-range terms of the two-body
potentials. For the HFD-C Ar—Ar potential the exponent in the repulsive term evaluates
as a*/p;m = 4.34887". The isotropic value of the exponent for the H6(3) potential
(3.5771&—1 for ArHCl)) is used for B in the remaining two D3 functions, irrespective of
the whether the H6(3) or H6(4,3,0) potential is used. The importance of the damping
term is investigated in calculations presented below. Analogous terms may be written by

simple extension for higher order dispersion multipoles.

Electrostatic Induction Effects.

There is also a three-body energy arising from the interaction of multipoles induced

on the argon atoms by the permanent multipoles on the HX. It has been found [90]that

6: A Discussion of Relevant Three-body Effects.



54

a single-centre multipole expansion up to hexadecapole satisfactorily accounts for the
dipole moment functions of the Ar-HX. van ‘der Waals complexes. The single-centre
multipoles used are given in table 5. Although the more modern ab-initio technique of
Distributed Multipole Analysis provides a more accurate description of the electrostatic
field by distributing multipoles, the single centre expansion is good enough for the current

application.

Table 5. HCl and HF centre-of-mass located multipoles.

Moment for

Multipole HCI HF
Q@:/D  1.0930 1.8022
Q./DA  3.445 2.273
Qs/DA? 2446 1.699
Q4/DA® 4.704 1.804

The potential at a point (r,8) from the origin of a set of multipoles of a linear

molecule is given by the expression:
V(r,6) = E =Lp 6 131
(r,6) : 7.1;+1 1(cos 8), ( )

where @); is the magnitude of the multipole with rank I, P(z) is a Legendre polynomial,

and the coordinates are defined in figure 11.

The electric field vector, E, at (r,8) induces a dipole vector, y, in a particle (with

polarisability tensor a) at that point:
E(r,0) = -VV(r,0), u(r,8) = aE(r,0). (132)

Since spherically symmetric systems have an 4 tensor with all elements zero there is no
dipole component due to field gradient at a rare gas atom and no quadrupole induced by
a uniform field. The small effects due to hyperpolarisabilities are neglected.

If the operator V is applied through the chain rule, and E resolved into cartesian

components, the following expressions are obtained:

E, = Z ,,.g-lz sin 8 cos ¢ P, (cos 8), (133)
i
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AL
molecular axis \_/ \/

A HX Molecule

Fig. 11. Coordinates for Field Due to a Multipole.

E, = Z % sin  sin ¢ P] {(cos §), (134)
l
E, = z ;?—_:; (P,'_H(cos 6) cos 8 — Pj(cos 0)), (135)
]
where [44]
dP(x )
Fi(z) = P2 _ (P (e) ~ 2Py(a)). (136)

Induced dipoles have an interaction potential given by:
1 . .
Vaa = —;;(3(P ~p#a)(p - pB) — pa - BB), (137)

where A and B label induction centres (argon atoms) and p is the unit vector from A to
B. This is the three-body component of induction energy which is due to the electrostatic

field of the HX. Plots of V 4 for ArHCI may be found in appendix B.

8.4 Ab-initio Calculations on Ar; Overlap Multipoles.

The electronic interaction of two argon atoms will result in displacement of the

electron distribution from the atomic case: multipoles will be induced. For a homonuclear
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pair of atoms, symmetry dictates that the lowest order multipole induced will be an axially
symmetric quadrupole. There will be multipoles of higher order, however, and the electric
field should properly be described by a Distributed Multipole Analysis [93].

An ab-initio analysis of the Ar, overlap multipoles was undertaken to determine
both the scale and possible simple representations of the created field. A 26s/16p even
tempered (no contraction) basis-set was obtained, with the Gaussian exponents, (; i,

generated according to [94]:
Inln B = b;In M + b}, (138)

where M is the number of Gaussians to be used with angular quantum number !,
lna; = aq; 111(,31 - 1) + a;, (139)

and

Gi=af  i=1,2,3..M, (140)

Values for a; and b are given by Schmidt & Ruedenberg and extended to d and f functions

by Wells [95]; these generating parameters are given in table 6.

Table 6. Parameters for generating an even tempered (2N)s/(N +3)p + Nad + N¢f basis-

set for argon.

I= 0 1 2 3
ar| 0.5262 0.9930 1.4598 1.9266
a! [ -2.6897 -3.3397 -3.9897 —4.6396
by | ~0.5428 —0.5086 —0.4744 —0.4402
b | 1.4224 1.1239 0.8254 0.5269

—

Using these parameters the tabulated 26s/16p even tempered basis-set was generated

(table 7).
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Table 7. 26s/16p even tempered basis-set for Ar.

s Functions
Primitive = Exponents

1 0.139832

2 0.283692

3 0.575554

4 1.167685

5 2.369001

6 4.806234

7 9.750897

8 19.782639

9 40.135056
10 81.426077

11 165.197379
12 335.152755
13 679.958543
14 1379.501179
15 2798.734601
16 5678.078052
17 11519.695491
18 23371.180000
19 47415.494186
20 96196.644284
21 195163.933865
22 395948.958149
23 803301.995168
24 1629740.607120
25 3306420.826128
26 6708072.825634

p Functions
Primitive Exponents
27 0.084019
28 0.178062
29 0.377366
30 0.799750
31 1.694905
32 3.592003
33 7.612514
34 16.133161
35 34.190924
36 72.460645
37 153.565464
38 325.450483
39 689.725499
40 1461.731628
41 3097.840164
42 6565.236395

57

With this basis-set, the CADPAC [96] program was used to perform a SCF cal-

culation and Distributed Multipole Analysis [93]for four Ar-Ar internuclear distances.

Multipole sites on the centre-of-mass, the nuclei, or all of the centre-of-mass and nulcei

were used. The moments calculated for each of these schemes were calculated for an

internuclear separation p = 6.5a9, and are listed in table 8.
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Table 8. DMA description of Ar, for p = 6.5a9, with three choices of multipole sites.

Multipole moments are in atomic units.

Multipole| C.O.M. Only Nuclear Sites Only Nuclear Sites and C.0.M.
Rank Nucleus at —z Nucleus at +2z | Nucleus at —2 Nucleus at 4z Origin
0 0.00000000 0.00000000 0.00000000 -0.00566599  -0.00566599  0.0113319’
1 0.00000000 0.01418851 -0.01418851 -0.00155434  0.00155434 0.0000000¢
2 -0.11890593 | 0.03277238 0.03277238 -0.00694488  -0.00694488 -0.0055286
3 0.00000000 0.09794836 -0.09794835 0.00663051  -0.00663051  0.0000000(
4 -1.91979847 | 0.18474037 0.18474037 0.00674475 0.00674475 -0.0432253'
5 -0.00000015 | 0.20219612 -0.20219612 0.00566530  —0.00566530  0.0000000(
6 -37.16806442 | -0.64003759  -0.64003759 0.00268010 0.00268010 —0.1500113!

The single-centre multipoles only represent the field properly at long range whereas

multiple sites will decrease the radius outside which the multipole series converges the

field; high-order multipoles are implicitly described by lower order moments on a number

of sites. In order to assess how many multipole centres, and how many moments, are

required to model the field correctly for configurations of interest, a variety of multipole

distributions were examined. An equilateral triangular geometry with side p = 6.5a¢ was

used with argon atoms on two corners and the field evaluated at the third corner; the

inner turning point of Ar; is close to p = 6.5a,.

Table 9.

6: A Discussion of Relevant Three-body Effects.

Potential and field at the third corner of an equilateral triangle, table and en-

ergies in atomic units, described through various multipole distributions, for

Arg .

Multipole Arrangement

Potential

Field

Up to rank 6 on Nuclear Sites and C.0.M.
Up to rank 6 on Nuclear Sites Only
Up to rank 2 on Nuclear Sites and C.0.M.
Up to rank 1 on Nuclear Sites and C.0.M.
Up to rank 2 on Nuclear Sites Only
Rank 1 on Nuclear Sites Only
Rank 2 on C.0.M. Only

2.486 x 107* 1.122 x 10~
2.484 x 107* 1.128 x 10~*
2.547 x 10™* 1.164 x 10~*
3.064 x 107 1.400 x 10~*
3.056 x 10~* 1.462 x 10~¢
3.358 x 107 1.342 x 10~*
3.333 x 10~* 1.776 x 10~*
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Table 9 gives the potential and field at the third corner, and shows that multipoles
up to rank 2 on all three sites are required to get close to the converged field at this
geometry; multipoles up to rank 6 on all three sites give a nearly converged field. Further
reductions in the complexity of the multipole arrangement lead to rather larger errors.
If a compact representation of the field is sought, the siting of dipole moments on the
nuclear centres seems to offer the best trade-off between economy and precision. A single
quadrupole is only 50% in error for the field and will be expected to be a better model
for a small increase in p from the value given, which is close to the inner turning-point.
Either nucleus centred dipoles or a centre-of-mass located quadrupole only require one

multipole moment as a function of p to be known.
A model, which uses a single Gaussian effective electron in its derivation, for the
quadrupole induced by overlap effects is known [97]:

2

_ P
(')def - 2(1 _ eﬁzpz/z) ’ (141)

where the value of 8 = 1.08A~! has been suggested for a pair of Argon atoms [98]. In
view of the existence of this equation I will compare its results with abd-initio results using
the basis-set given above with a view to using it as a simple model for the Ar, overlap

field.

Table 10. ‘Ab-initio and model values for Ar, (single centre) overlap quadrupole in atomic

units.
plag| Ab-initio Qy(c) Oger Model Oder Model
with 26s/16p Basis with 8 = 1.084~1 with 8 = 0.936A !
5.8 -0.291 -0.0695 -0.276
6.5 -0.119 -0.0595 -0.119
7.0 -0.0598 -0.0082 ~0.0602
7.7 ~0.0209 -0.0019 -0.0206

If the centre-of-mass quadrupole moments (table 10) calculated using CADPAC are
used and a plot of In(1 — p?/2Q;(.)) vs. p? is made, where Qy(.) is the value of the single

centre quadrupole, the ab-initio points are seen to lie close to the model and a value of
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g = 0.936A7" is obtained. This is rather smaller than the value of B = 1.08471, which
was based on calculations of Ar-Kr collision induced dipoles: but rather larger than the
value originally suggested by Jansen [97]. The ratio of quadrupole moments between
these two choices of 8 ranges from about four to ten, for the range of p calculated, so it

is clearly important to use the revised value of 8 in the current work.

The modelling of the overlap field of a pair of argon atoms will be important in

three-body effects in Ar,HX and the calculation of transition dipole moments in Arj.

Short Range Effects.

Three-body components also arise in short-range parts of potentials due to ex-
change, €L, + 3% >l Wé:c)h, an overlap component of ei(:g) and SCF orbital deformation,
AESCF_d°f+Zn> 1 Wé:f). In molecular systems permanent multipoles produce long range
effects due to SCF deformation, however. More ab-initio results are required to assess the
validity of proposed mathematical models for short-range three-body effects, particularly
in view of the importance of the three-body SCF deformation term, which is about twice
tlnllat of the exchange repulsion term for Ar,HCI in the vicinity of the equilibrium geome-
try [79]). This is in contrast to atomic systems where three-body terms in €k, dominate.
The non-additive contribution to AESCF~4¢f for an atomic system arises from coopera-
tive or contra-operative orbital displacement and so is negative for a triangular geometry
and positive for a linear geometry; the presence of a permanent multipole moment will

introduce a term, of either sign, which is due to interaction of permanent multipoles with

multipoles induced on a pair of other particles by SCF deformation.

For Ar,HX, an inspection of the multipole moments of HX and a pair of argon atoms,
and the multipole-quadrupole interaction equations [99] suggests that limiting consider-
ation to the interactions of the deformation quadrupole with the permanent dipole and
quadrupole moments on the HX will be adequate. A model for the quadrupole induced

by overlap effects was introduced in the previous section:

Ouct/DA = 4.8032082—P/ Ay (142)

(1 — Po-aee?’/2)’
where the factor 4.8032082 arises from unit conversion.
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Table 11. The overlap-induced quadrupole and interaction energy for varying argon sepa-

ration for selected Bo_ger (for Ar HCL, R = 3.5A, cosx = 0, cos = 1, ¢ = 0).

p/A Oqer/DA Vo_detu/cm™ Vo_geto/cm™!
Bo—aet/A™ = 0.936 0.965 1.000 1.080 ( 0.965 )
3.0 -0.428 -0.332 -0.243 -0.114 18.273 32.911
3.1 -0.348 -0.266 -0.191 -0.085 14.632 26.353
3.2 -0.280 -0.211 -0.148 -0.063 11.593 20.880
3.3 -0.224 -0.165 -0.113 -0.046 9.089 16.370
3.4 -0.177 -0.128 -0.086 -0.033 7.051 12.699
3.5 -0.138 -0.098 -0.064 -0.023 5.412 9.747
3.6 —-0.107 -0.075 -0.048 -0.016 4.110 7.402
3.7 -0.082 -0.056 -0.035 -0.011 3.088 5.562
3.8 -0.062 -0.042 -0.025 -0.008 2.296 4.136
3.9 -0.047 -0.031 -0.018 -0.005 1.689 3.042
4.0 -0.035 -0.022 -0.013 -0.003 1.230 2.215
4.1 -0.026 -0.016 —0.009 -0.002 0.886 1.596
4.2 -0.019 -0.011 -0.006 -0.001 0.632 1.138
4.3 -0.013 -0.008 -0.004 -0.001 0.446 0.803
4.4 -0.010 -0.006 -0.003 -0.001 0.311 0.560

The interaction energy of @4.r and an HX dipole, p, is given by [87]

3®defp’

Vo_defy = SR [cos 6(3 cos® x — 1) + 2sin 6 cos ¢ cos x sin x] (143)

and for an HX quadrupole, 9, is

Vo_deteo = 32;;;@ [1 — 5(cos? x + cos® 8) + 17 cos® x cos® 6+

2sin? x sin? 6 cos? ¢ 4 16 sin x sin 8 cos x cos 6 cos ¢). (144)

Plots of Vo _dery and Vo_gere for ArHCI may be found in appendix B.

Table 11 lists values of the overlap-induced quadrupole for four choices of B _der, as
well as the interaction energy between the quadrupole and the HCl (multipole moments

as quoted elsewhere). The value of the induced quadrupole is seen to be rather sensitive
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to the value of fo—der. The quadrupole moment should be compared with a value of

3.445DA for the HCl quadrupole.

Three-body deformation energetics which do not arise from the interaction of HX
multipoles with overlap-induced multipoles are not accessible in such physically intelli-
gible forms as the above potentials. Some ab-initio calculations have been performed,
however [100]. Previous work on the exchange repulsion term has suggested that to a
good approximation the potential is proportional to sums of the squares of terms similar
to orbital overlap integrals [101] [102]. This approach does not lead to useful mathemat-
ical functions and instead I use the expressions of Jansen [97]. Jansen used a Gaussian
effective-electron method and analytic perturbation Hamiltonian expressions to derive
the three-body contribution to the interaction of three atoms at first and second-order
perturbation including the effects of electron exchange. The second-order terms are very

complicated and are not considered here.

Table 12. Integrals used in Gaussian electron calculations.

Integral Value for Gaussian functions

A, exp(—(*R2,/2)

A exp(—A*R}./2)

AL exp(—A2 R}, /2)

A%, A, + A% + AL — 280pA6cA0c
Gaa(s) = Ghi(a) (28//7)F(B*RZ,)
Gab(a) = Gab(s) (28/v/T)AasF(B2R2,/4)

Gc(a) (28/v/m) A F(B* R 4.)

Gac(h) (28/Vm) A F(B* Ry )

Aabab B(2/)'/*F(B*RZ,/2)

Aaabs B(2/m) 2 AL,

Agbac ,3(2/7")1/2Ach(ﬂzRi(bc)/z)

Aabeb B(2/m)'? BacF(B R}, y/2)

Aaabe B(2/m)! /1 AuyAacF(B* RS, /8)

Agsbe B(2/m) '/ Aap Ay F(B*RE,/8)

Labelling the atoms a, b and ¢, several analytic integrals arise in the Gaussian electron
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description; these are quoted in table 12, using the abbreviations:
1 [ /(7) erfz
F(z*) = 5/ exp(—y*)dy = —\/g )——, (145)
0 T

and Ry(ac) is a Jacobi vector length.

If E; denotes the energy of the first-order Hamiltonian between the zeroth-order
(anti-symmetrised Gaussian) wavefunction of an arbitrary triplet of atoms, and Ego) the
same for the sum of the three isolated pairs then we are interested in the three-body
energy, E; — Ego) . The three particle perturbation Hamiltonian is expressible as a sum

of pair Hamiltonians so that:
E, = E{(ab) + E{(ac) + E}(bc), (146)

and expressions for E] are related to each other by permutation of indices.

8= S e 2 et B
+2Aai : iaz:CAbc Gab(a) t+ A"; : ig:cAbc Gac(s)
Ab; : i%:cAac Giroay + Aa;a—b—_Agll:abb
_I_Aac(xiajbz gb:‘labcb) + Abc(‘iaibcA E;‘labac)), (147)

where Sjansen 18 a factor, introduced in this work, which may be used to scale the energy
to ab-initio, or other, data.

The first-order two-body energy of a—b (i.e. the energy when cis removed to infinity)
is:

1 1
R,, 1-—A2

abe

E;(O)(ﬂ-b) = SJansen ( [2Gaa(b) - 2AabGab(a) - Aabab + Aaabb]) . (148)

The energy correction due to three-body effects for three atoms is, therefore:
Viansen = E! (ab) — EX®(ab) + E!(ac) — E!®(ac) + E!(bc) — E{O(be). (149)

A molecular system is somewhat more complicated to treat by this method. Instead

of treating the electron distribution of the Ar,HX in the Gaussian electron approximation,
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a crude adjustment is made which is applicable to the Ar, HCI system only. Since the HCI
molecule is isoelectronic with the Ar atox:ﬁ, the dipole-independent short-range effects are
modelled assuming that the HCI electron distribution is identical to that of argon, but
displaced a distance japsen from the HCl centre of mass, towards the H atom. The
potential derived using this adjustment is denoted f}Jansen. The HF analogue is not so

simple to deal with.

The parameters Sjansen, BJansen a0d 6jansen for AraHCI are are empirical. If the
first-order energy for Ar; is the target then Sjyspgen = 1.2 X 10°Acm™! and the value
of Bjansen should be close to that applicable to the induced quadrupole case. Since the
Gaussian electron model is rather artificial, the value of 3 need not be the same in different
applications; the model will be differently deficient depending upon the phenomenon
which it is describes. In the Ar, HCI case there is not the same guide for a suitable value
for Sjansen because of the introduction of the displacement éjapsen- In addition, 8 may
be expected to be significantly different since it must approximate electron distributions
for both Ar and HCl. The Argon trimer value is still a good point to start a fit, however.
83ansen must be determined with only physical commonsense as a guideline; §5ap5en Will
be much less than half the HCI internuclear distance.

Although it must be stressed that the equations presented above are for a first-
order perturbative hamiltonian and that the form of the second-order term is different,
there is value in attempting to fit the functions to ab-initio sums of first and second-
order energy corrections. In such cases the a priori estimates of the parameters become
less appropriate. The view that the sum of first- and second-order ab-initio terms rha.y
be modelled by a first-order equation is supported, for the argon trimer in linear to
triangular configurations, by the results of Jansen which show similar behaviour for first

and second-order terms.

Plots of Vi pgen for Ars and thsen for Ar,HCl may be found in appendices A and
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6.6 Model and ab-initio Values for Ar; Three-body Potentials.

The ab-initio results presented in this section are from Chalasifiski el al. [76], the

breakdown of which appears in table 13.

Table 13. Breakdown of three-body ab-initio energies (in cm™!) for various equilateral
triangular configurations of side p. (Including the effect of neglecting BSSE [t]

and including f polarisation functions [}].)

p/A &

exch

AEJF AESCF AE® = W® AE® W® {7 5 56)_ 1) AE®

2.646 -603.34 -30.51 -633.84 95.69 36.65 —46.97 83.62 -501.5  -585.1 -14.49
3.175 -46.73 -3.95 -50.68 15.49 12.58 -4.78 17.36 -22.61 -39.97 -3.47

3.704 -3.20 -0.31 -3.51 2.02 3.88 —0.42 4.30 2.46 -1.84  -1.08
3.704t - - 0.29 5.75 3.5 - - 981 - -1.93
3.704t - - -3.47 2.37 4.78 - - 3.69 - -1.38
4233 -0.20 -0.02 -0.22 0.24 1.21 -0.04 1.25 1.23 -0.02 -0.35

Using the ab-initio data, listed above, it is possible to assess some of the model

three-body potential terms.

The damped sum of the dispersion terms ngi:;del) = Viaa D333 + VaaqDss4 should be

compared with eg?:g (see table 14). Discrepancies of both sign occur between these two

quantities. If the undamped sum of the dispersion terms V3gq and V3qq is compared with

e((i?:g, greater deviations from the ab-initio values are observed. Damping is thus seen to

be important at the shorter ranges quoted. The discrepancy between ng;;del) and eg?:g

is greater at short-range, where either higher order R™™ terms or greater damping than

is modelled may account for the difference.

Table 14. Comparison of three-Body ab-initio and model dispersion terms.

p/A I/ddd D333 Vddq D344 zgli:;del) 651?:3

2.646 81.80 0.990 9.78 0.975 90.52 83.62
3.175 15.87 0.998 1.32 0.995 17.15 17.36
3.704 3.97 1.000 0.24 0.999 4.21 4.30
4.233 1.19 1.000 0.06 1.000 1.25 1.25
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Since there are no physical parameters Viansen, the results of using three pairs of
parameters, Sjansen and Bansen, are shown. The parameters in Vja,4en Were chosen to
approximately model three sets of ab-initio data. From left to right, in table 15, the

model potential is designed to describe AESCF, AESCF 4 AE®) and £0G) - 5&?:3-

Deviations of the three model potentials from the corresponding ab-tnitio term occur
due to the inadequacy of the equation for Viapsen, which is clearly of slightly the wrong
shape. As stated earlier, the Jansen equations are only meant to model the first-order
term, AESCF. However, we know that the second-order effects predicted by Jansen have
the same behaviour as the first-order ones so we may fit the first-order equations to
AESCF + AE®) with good reason. However, caution should be taken with regard to the
fit to (4 — eg?:g since the behaviour of the third order terms is not known; the agreement

between so few data-points is not enough to support such an extension.

Table 15. Comparison of three-body ab-initio and model short-range (Jansen) terms.

p/A ab-initio Viansen
S/Aecm™! = 4.3 x 10° 7.5 x 10° 8.0 x 10°
AESCF AESCF L AE@ £(®) - )| g/A-1= 1230 1310  1.305
2.646 | -633.84  -538.15 ~585.1 -571.69 -525.77 -584.72
3.175 | -50.68 ~35.19 ~39.97 -55.34 -36.00 —40.93
3.704| -3.51 ~1.49 ~1.84 -3.26 -1.43  -1.67
4.233| -0.22 0.02 ~0.02 012 -0.03  -0.04

Wells [95]has calculated three-body energies for Arg at the Hartree-Fock level for
an equilateral triangular geometry and some isosceles distortions. Table 16 shows the
comparison of Viansen (S/Acm™! = 4.3 x 10° and 4/A~! = 1.230) with the Wells results.
The equilateral geometry energy is consistent with the results of Chalasinski el al., so
Viansen agrees also. The change in sign of both model and ab-initio data occurs at about
the same distortion, although the magnitude of the model effect is much greater in this
region. How much this disagreement is due to model inadequacy and how much to ab-
inilio errors is not known; the effect of basis-set superposition makes small energies of low

reliability, while the model for Viapnsen is based on rather simplistic assumptions. Without
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disregarding the discrepancies, the results of Wells support the use of Viansen-

Table 16. Comparison of three-body ab-initio (due to Wells) and model short range

(Jansen) terms for isosceles distortions, showing the effect of function coun-

terpoise (FC).

Hartree-Fock Interaction in cm™?

R/A p/A|No FC Site-site FC Model

3.253 3.756{ —2.56 -2.66 -2.40
2.656 5.311{ 0.0081 -0.0419 -0.435
1.878 6.506( 0.0937  0.0599 0.347
0.0 7.512 0.142 0.141 0.377

More ab-initio data is really required for Ars, for geometries other than equilateral
triangular at shorter range than Wells used, to verify that the Jansen equations have

the correct behaviour. Contour plots of the model three-body potential with parameters

based on matching with ab-initio points are given in appendix A.

6.7 Model and ab-initio Values for Ar,HCl Three-body Potentials.

The ab-initio results given are unpublished results by Chalasinski et al. [79]; tables

17 and 18 give a breakdown of the ab-tnitio components.

Table 18. Breakdown of three-body ab-initio energies (in cm™?) for varied HCI orientation

(R = 3.509A, p = 3.861A, ¢ = 0° cos x = 0).

6/° | ly AESSF €2 W® AESCF AE® AE® ) + W) €))) )

exch in

10| 0.89 215 -1.96 3.72 3.04 1.76 5.57 -0.89 6.46 10.37
20047 119 -1.60 3.20 1.66 1.60 5.05 -0.74 5.79 8.32
30 (-0.13 0.18 -1.11 2.54 0.04 1.43 4.39 -0.55 4.94 5.86
40 (-0.81 -0.50 -0.65 1.97 -1.32 1.32 3.75 -0.41 4.16 3.75
50 |-1.54 -0.75 -0.27 1.61 -2.28 1.34 3.29 -0.32 3.61 2.35

The model potentials use the mathematical models described elsewhere is this chap-

ter with the parameters documented in the appropriate section of text, except the vari-
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Table 17. Breakdown of three-body ab-initio energies (in cm™!) for various triangular

configurations (¢ = 0°, cos x = 0).

R/A p/A cost| ey ABSF 2 W AESCF AE® AE® ) + W {9 5O
3.6403.175 1 |15.18 5.84 -159923.81 21.01 7.82 9.05 -3.18  12.23 37.88
3.6053.332 1 |9.27 5.04 -10.1815.91 14.31 573 825  -2.40  10.64 28.28
3.4723.861 1 |1.04 252 -2.10 3.92 3.57 1.82 577 -0.95  6.72 11.16
3.2904.458 1 [-0.19 117 -0.33 0.79 099 045 3.63  -0.34  3.97 5.7
3.0835.021 1 |-0.08 0.66 -0.05 0.18 0.58 013 221  -013 234 2.92
27955664 1 | 004 035 000 003 039 003 113 -0.04 116 1.55
2.869 5.664 -1 | 0.05 0.3 0.00 005 007 0.05 08 000 082 0.97
3.1575.021 -1 [0.02 0.05 000 014 007 014 142  -0.03 146 1.57
3.546 3.861 -1 |-0.04 0.2 -0.18 0.70 0.08 051 320 -0.19 3.39 3.79

able parameters: Bo_get = 0.965A7, Blansen = 1.24A71, Siinsen = 200000cm !4
and 8jansen = 0.15A. The set of parameters, fo—def; BJansens OJansen and 8Jansen
will be called “Model # 1” when the whole set is to be referred to. These pa-
rameters were chosen to match the model potential to the ab-initio points, the sum
y(model) %ansen + Vo—dety + Vo—dete + Vad correlating with the sum AESCF L AE®),
Although the AE®) term is seen to be of similar magnitude to the AE(® term this was
not included in the values fitted to. This approach was used since the model used covers
only effects taken into account in the sum AESCF 4+ AE(?),'with the same justifications
supporting the use of fi_yansen as applied to Af;;. The value of Bg_ger is slightly larger
than that which was obtained from an analysis of the ab-initio multipole field for Ary,
and appears to underestimate the induced quadrupole (see earlier table) by about 25%.
It should be noted, however, that the value of 0.965A ! was obtained by ﬁtting the effect

of the overlap induced field to a model quadrupole and therefore implicitly averages the

effects of higher order moments which were neglected in the model.

The model parameters were chosen by manual variation to giire an approximate fit.
Clearly the model is sensibly describing the features of the ab-initio data, but leaves

noticeable gaps (see tables 20 and 21). It was quite easy to fit either the set of points
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with cosd = 1 or the set with fixed R, but much harder to fit to the complete set;
this is probably related to a deficiency in the 8 dependence of ﬁ]ansen. The breakdown
of the sum which was matched with the ab-initio data shows components with sensible
magnitudes. In addition, the dispersion coefficient quoted from the literature earlier, and
used for Vgqq and Vppp, appears to be giving energies too small by a factor of about
two, when compared with the ab-initio results (table 19). This is surprising, especially
since the Arz dispersion was so closely modeled, and surely cannot imply that only 50%
of the three-body dispersion effect is due to the triple-dipole (this certainly was not the
finding for Arg). Contour plots of the model three-body potential with parameters based

on matching with ab-initio points are given in appendix B.

Table 19. Model three-body dispersion (in cm™!) with 1,3 = 5.4155 x 10° cm“lAg, com-

pared with ab-initio, for various triangular configurations (¢ = 0°, cos x = 0).

R/A p/A cos8| Vaaa Vopp Efi?:;;).

3.640 3.175 1 |5.722 6.278]12.23
3.605 3.332 1 |5.008 5.494]10.64
3.472 3.861 1 |3.289 3.610| 6.72
3.200 4.458 1 |2.095 2.310| 3.97
3.083 5.021 1 |1.346 1.498| 2.34
2.795 5.664 1 |0.736 0.843] 1.16

2.869 5.664 -1 [0.708 0.806| 0.82
3.157 5.021 -1 |1.254 1.393| 1.46
3.546 3.861 -1 [2.981 3.271| 3.39
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Table 20. Model and ab-initio energies (in cm™!) for varied HCI orientation (R = 3.5094,
p = 3.8614, ¢ = 0°, cosx = 0).

0/°| Viansen Vo—detu Vo—deto Vaa X9 Viga Vopp | AESCF AE®) AESCF 4 AE®) EE{:
10|-0.482 1.876 3.248 1.687 6.329 3.165 3.456] 3.04 1.76 4.80 6.
201-0.470 1.790 2.727 1.124 5.171 3.165 3.405{ 1.66 1.60 3.26 5.
30|-0.451 1.649 1.929 0.468 3.595 3.165 3.327| 0.04 1.43 1.47 4.
40|-0.428 1.459 0.950 -0.048 1.933 3.165 3.232| -1.32 1.32 0.00 4.
50]-0.401 1.224 -0.092 -0.314 0.417 3.165 3.130{ -2.28 1.34 -0.94 3.4

Table 21. Model three-body potentials (in cm™!), compared with ab-initio, for various

triangular configurations (¢ = 0°, cos x = 0).

R/A  p/A cos8| Viensen Vo—dety Vo—dete Via E(m04)| AESCF AE(2) AESCF L AE(?)
3.640 3.175 1 |-4.872 10.514 18.209 3.847 27.697 | 21.01 7.82 28.83
3.605 3.332 1 |[-2.692 7.454 13.034 3.294 21.090| 14.31 5.73 20.04
3.472 3.861 1 |[-0.538 1.969 3.574 1.996 7.000 | 3.57 1.82 5.39
3.290 4.458 1 [-0.261 0.322 0.617 1.150 1.828 | 0.99 0.45 1.44
3.083 5.021 1 |-0.155 0.044 0.090 0.672 0.651 | 0.58 0.13 0.71
2.795 5.664 1 [-0.058 0.003 0.008 0.342 0.295 | 0.39 0.03 0.42
2.869 5.664 -1 [-0.019 -0.003 0.007 0.020 0.004 | 0.07 0.05 0.12
3.157 5.021 -1 [-0.033 -0.040 0.080 0.019 0.026 [ 0.07 0.14 0.21
3.546 3.861 -1 [-0.181 -1.809 3.217 0.022 1.248. 0.08 0.51 0.59
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7: Calculation of T and & - Results.

In the chapters on the theory and method used for Arg and Ar; HX complexes,the use
of basis functions T (p) and ®,(cos x), eigenfunctions of an adiabatic one-dimensional
potential, was described. The purpose of this chapter is to summarise the variation in
T and ¢ between the different trimers considered, to justify the method used in their

determination, and to set out some operational details.

The functions T,,(p) and ®,(cos x) which are used are constructed as an expansion
in harmonic oscillator functions. This allows the evaluation of kinetic energy terms by
analytic methods in the final calculations, while the potential function is integrated using
a pointwise representation. It is found that 16 harmonic oscillator functions are required
to model YT and ® adequately. The computational effort in the full 5-dimensional calcula-
tion is but little influenced by this size. As a consequence of the use of harmonic oscillator
functions, there are three variational parameters: two for the basis-set for T and one for
®. These parameters are identical to those described for the Jacobi Method I (Ar;). In
this context, however, the effect of minimising a sum of some of the lowest eigenva.lueé
in the automatic numerical determination of the variational parameters, rather than just

the ground state, is explored.

Although the variational principle strictly applies only to the ground state, it is
empirically observed that all of the eigenstates which are well described by that basis lower
in energy as the quality of the wavefunction is improved. To test this quantitatively, sets
of calculations were performed where the variational parameters were selected on the basis
of automatic (numerical) minimisation of the energy of each of the lowest four eigenvalues
of Ar; and of sums of these energies. The difference between the lowest eigenvalue of a
given index n, and those generated by the other minimisation sums is presented in figure

12.

From these results is is seen that finding the basis-set parameters by minimising
the ground state energy only, while clearly the best for the ground state, giveg poor

results for the n = 2 and n = 3 levels. By minimising a sum of energies it is possible
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Fig. 12. Energy Level Errors for Ar; for Various Methods of Determining the Variational

Parameters in T and &.

to bring successively higher levels down in energy without deteriorating the ground state
unacceptably. On the basis of this observation, the basis-set parameters for T and &

were determined by minimising the sum of the lowest four eigenvalues.

From the plots of the lowest energy T (figure 13), it is apparent that the presence
of a third body significantly, but not greatly, affects the shape of the Ar, stretching
wavefunction in a progressive manner: Arp<Ar3<Ar;HCl<Ar,HF. For the & functions
there is seen to be very little difference between the Ar; and ArpHF functions: whereas
the Ar, HCI functions are more localised. This must be due to variation in the Ar-third-
body repulsion which will vary with x as a function of the equilibrium values of R and p

and the third body size.

It is interesting to note the variation in the energy level spacing: i.e. the anharmonic-
ity of the potential cuts. The spacings are depicted graphically (figures 14 and 15) and
essentially show that all of the systems considered behave similarly. The trimeric systems
show a weaker anharmonicity in the stretching potential than Ar, itself, primarily due to
a deepening of the potential well by the presence of the third body such that the disso-
ciative tail is much higher than the energy of the fifth calculated level. The discontinuity

in the Ar, curve arises from a poor description of a near-dissociative eigenstate by the
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basis-set used. In contrast to the stretching potential, where the real potential gets wider
than an harmonic approximation for increasing energy, the Ar, bending potential is seen
to get narrower. This is probably over-emphasised in these ca.lcula;tions since R is frozen
and cannot, therefore, increase as bending occurs. Some degree of coupling along these

lines is expected in the real systems.
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It is necessary to justify the recipe for determining the value of R.,;. A graphical
representation of the frequencies of a fully dynamical calculation (figures 16 and 17)
shows that the recipe for determining the value of R.,., discussed in chapter 3, is close

to optimal. Table 22 lists expectation values of p and R for all the systems considered;
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these are the relevant points on the graphs at which to assess the recipe. To perform
calculations for atom-atom-diatom trimers similar to those presented for Arg would be

rather expensive and I am content to extend the results to the more complex systems.

Table 22. Expectation values of R and p in A from one-dimensional calculations.

potential{ Leitner HFD-C HFD-B2 HFD-C/H6(4,3,0) HFD-C/H6(4,3,0) HFD-C/H6(4,3,2)I
Arsg Ar,HCI Ar,DCl Ar, HF
(R)o/A | 338 330 3.30 3.50 3.50 2.97
(R)y1/A | 349 340 3.39 3.55 3.58 3.08
(R)2/A | 361 351 350 3.64 - 3.20
(p)o/A | 3.86 3.718  3.78 3.76 3.75 3.69
(p)1/A | 400 392 3.91 3.87 3.86 3.79
(p)2/A | 417 4.06  4.06 3.99 3.98 3.90
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Triatom Calculations — Ar;.

The Arjy system is a suitable prototype trimer as it is one step below Ar,HX on the

conceptual and computational ladder.

The first half of this chapter applies three different methods of calculating triatomic
eigenstates, which were detailed in chapter 3, to Arz. Two of these methods use a Jacobi
coordinate system and so treat the system in less than its full symmetry, which is Dgy
since it has an equilateral triangle equilibrium geometry, which is used in a normal mode
treatment. The results of these three methods are compared among themselves and to

calculations using hyperspherical coordinates [48].

The second half of the chapter describes calculations on a variety of two- and three-
body potentials; there are other calculations using different methods, in hyperspherical
coordinates, which use a variety of two-body potentials [50][49][48]. Estimates of transi-
tion dipole moments for Arj are also made. Finally, the symmetries of overtone states

are briefly derived.

The HFD-C Ar-Ar potential, described in chapter 5, is used unless stated otherwise.
From plots of the trimer potential, which may be found in appendix A, it is apparent
that there is only quite a low barrier to either of two inversion modes. One involves the
passage of an atom through the centre of the other pair and the other the rotation of a
pair of atoms through 180°. The profiles of these two modes are illustrated (figure 18)
with the conjugate coordinates adjusted to the minimum on the plane defined by the

given coordinate; i.e. these are plots along the inversion path.

These inversion plots allow information on the absolute classical limits on any coor-
dinate for an eigenvalue of given energy, and with conventional contour :plots are useful
for détermining whether the molecule is stiﬁf or ﬂoppy in a particular coordinate, and
for estimating limits of the DGB 1n R in two of the methods The 1nversxon energy of

~ —=20lcm™! flags an energy regxon Where care needs to be taken since inversion cannot
be propetly described using J acobi or norma.l coordmates It is not true that this is a

rigorous limit. Vlbratxonal modes w1th excxtatxon a.long the inversion coordinate will have

8 Tnatom Ca.Icu]atlons - Ar3
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Fig. 18. Potential Plots for Ar; Inversion Modes.
tails extending out to the saddle point for energies below this due to tunneling; whereas
a highly excited breathing mode, for example, may have an energy greatly above —-201

cm™! and is model-limited only by the dissociation limit.

Convergence — Normal Coordinate Method

Using the method described in chapter 3, the scale factors for masses expressed in

atomic mass units for the three normal modes were found to be:
—1 _1
y1 =1.20387%, y; =3 =0.850A7 7. (150)

Finding these parameters by solving a one dimensional problem with only one function
is believed to lead to these parameters being near to optimal, and is in keeping with the
general ethos of the method. The calculations themselves are now very straightforward,
the only parameters being the size of the H.O. basis in each mode. Since there is no
justification for having different numbers of functions from each mode, they are é.lwa.ys
equally sized.

It is quite apparent, from table 23, that the eigenvalues are Eonverging slowly, but
are providing reasonable approxima