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GROUP-THEORETIC QUANTISATION AND CENTRAL EXTENSIONS
by

HISHAMUDDIN ZAINUDDIN
Ph.D. Thesis, 1990

Abstract

This work is concerned with the applications of Isham’s group-theoretic quantisation
programme to simple systems which involve central extensions of some symmetry group.
Of particular interest are those systems with a ‘Wess-Zumino’-like term in their actions

where other nontrivial modifications are necessary.

In Chapters 1 and 2, a review of the necessary tools used in this work as well as
outlines of the group-theoretic quantisation programme are given to facilitate a smooth
discussion in the latter chapters. The programme is first exemplified by the normal
quantum mechanics on R"™. This example also involves central extensions but of a slightly

different nature from those which arise from systems with a ‘Wess-Zumino’-like term.

Chapter 3 forms the core of the whole work. The discussions there provide the basis
for further examples. It is concerned with the group-theoretic quantisation of the system
of a particle moving on the two-torus in a constant magnetic field with quantised flux.
The case without the magnetic field is also given for comparison. The canonical group for
the case with the magnetic field is required to be the central extension of the universal
cover of the canonical group for the case without the magnetic field. These results are

then generalised to the corresponding systems on the n-torus.

Chapter 4 is a digression from the main topic of quantisation and central extensions
to the discussions of o-models with Wess-Zumino term. The main purpose of this chapter
is to provide a parallel between these o-models and the systems of a particle moving in
a magnetic field (as in Chapter 3). The general construction of a Wess-Zumino term is
given along with the discussion of an Abelian gauge symmetry that the term provides for
the o-models. The o-models can be interpreted as systems of a ‘particle’ moving on an
infinite-dimensional configuration space in a background ‘functional magnetic field’. This
interpretation is further reinforced by the discussions of Noether’s theorem and topological

effects.



Finally in Chapter 5, a review of Isham’s work on the group-theoretic quantisation of
strings on the tori is given. The inclusion of an antisymmetric tensor field into the system
arising from the Wess-Zumino term is then considered. This results in a similar effect to
the inclusion of the magnetic field considered in Chapter 3 namely the canonical group

acquires a central extension. Other effects particular to strings are also discussed.
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Introduction 1

Chapter 1

Introduction

1.1 General Introduction

Both mathematicians and physicists have kept a continual interest in quantum theory
ever since its birth. Much of the interest is probably due to its (initial) imprecise formu-
lation and the significance it carries. A simple example would be the idea of ‘quantising’
a classical system. Even at this level, one finds intriguing questions and the implica-
tions that they can bring may be far reaching and physically relevant in further devel-
opments of theoretical physics (e.g. see {1]). Various quantisation schemes have been set
up to make the procedure of quantising a classical system more ‘well-defined’ e.g. Feyn-

5)

man path integra.ls,tz] quantisation by *-products.” geometric qua.ntisation,[" stochastic

quantisationfsl C*-algebra quantisation™

etc. These procedures mostly differ in their
starting points. To many physicists, the starting point would seem to be the imposition

of the canonical commutation relations (CCR)

[g°, ps] = ihéy (1.1)

on the position variables ¢® of the configuration space of the system studied and their
corresponding conjugate momenta p,. This is normally known as the canonical quantisa-
tion procedure. For the other schemes, they usually have the CCR built in as an outcome
at a later stage of the procedure. However, the CCR may be inappropriate as a basis
for quantising classical systems on say, nonlinear configuration spaces. Thus one requires
some other guiding principles to serve as a basis for quantisation. A natural ingredient
would be the consideration of symmetries of the system to be quantised. One particular

scheme that uses symmetry is Isham’s group-theoretic quantisation programme.m

The group-theoretic quantisation programme grew out of Isham'’s attempt to quantise
[9) . [10]

gravity.” It has also recently been applied to strings on tori. © The basic idea of the

programme is first to identify the symmetry group of the classical phase space of the system
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studied and to modify it, if necessary. Quantisations of the system are then given by
irreducible unitary representations of the group. The main advantage of this programme
is that it addresses symmetry at a fundamental level of the quantisation procedure. Such a
consideration is useful for understanding the quantum mechanical symmetries of a system
in comparison to their classical counterparts and in particular, it might lead to possible
insights on the subject of anomalies. The other main advantage of the programme is
that it uses geometrical notions, and deals specifically with the question of whether the
objects defined on the system studied are globally well-defined. These geometrical aspects
in fact allow one to study the well-known topological effects of quantum mechanics (e.g.
Aharonov-Bohm effect and charge quantisation) in a group-theoretical context. These
are but a few of the intriguing aspects of the programme, intertwining global structure
of the system studied with the properties of the group describing its symmetries. The

12) 14}

geometrical tools are mainly symplectic geometry[n' and fibre bundle techniques,m'

used in a similar way as in the geometric quantisation scheme; while the group-theoretical

aspects rely very heavily on Mackey’s techniques of induced representations.[u'm]

In discussions of symmetries in a quantum mechanical system, one often finds the idea
of central extensions!'” in which the group describing the classical symmetries of a system
can be centrally extended to describe the corresponding quantum mechanical systems.
In some cases, such simple extensions cannot be achieved; nontrivial modifications of
the group are necessary.m] Central extensions find a natural place in quantum theory
since it is known that the axioms that build up a quantum mechanical system form

f19]

a projective geometry. A classical theorem of Wignerm]

states that the symmetry
group of a quantum system must be realised by either unitary or anti-unitary projective
representations. These projective representations may then be lifted to representations
of an extension of the original group. These extensions can also be thought of as a
consequence of an (Abelian) gauge symmetry in the system.m] The main concern of this
thesis is to investigate simple examples of central extensions that arise from applying the
group-theoretical programme to systems in an external background field. Of particular
interest will be those with a Wess-Zumino-like term in the action. These terms will induce
a line bundle structure over the (possibly infinite-dimensional) configuration space of the
system studied. This line bundle structure is very much connected to the Abelian gauge

structure mentioned earlier.
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Organisation
The organisation of the thesis will be as follows.

Chapter 1: The rest of this chapter will review topics from symplectic geometry, fibre
bundles and induced representations. The reviews will only be brief introductions to the
essential tools that are needed for the rest of the chapters. They also serve the purpose
of setting up the appropriate notation contained in this thesis. Most proofs of theorems

etc. will not be given, they can be found elsewhere in the literature.

Chapter 2 The second chapter will introduce the basic outlines of Isham’s group-theoretic
quantisation programme, with some elaborations. The standard example of quantum
mechanics on R" will be given according to this scheme. This example will also be the
first example that mentions central extension, even though it is of a slightly different

nature from the examples of prime concern in this work.

Chapter 3: The third chapter initially discusses the application of the programme to the
system of a particle on the two-torus. This example leads naturally to the study of the
simplest example of quantisation of a particle moving on a nonlinear configuration space
(T?) in a constant background magnetic field. Here is the first encounter of a ‘Wess-
Zumino’-like term 1.e. the field strength of the magnetic field with quantised flux. This
term significantly changes the symmetry group of the case without the magnetic field
to one which also includes some form of central extension. Finally, the results for the

two-torus are then generalised to the case of the n-torus in a latticised form.

Chapter 4: Here, the discussion digresses into a slightly different topic, namely nonlinear
o-models with Wess-Zumino term. The Wess-Zumino term provides an analogue of an
external background ‘magnetic field’ in the configuration space of fields of the model and
hence furnishes these theories with an Abelian gauge symmetry. This allows one to treat
them as systems of a particle moving on an infinite-dimensional configuration space with
a magnetic field which provides a parallel with the example studied in Chapter 3. This
analogy is brought closer by looking into Noether’s theorem which will be modified in
the presence of an external field. Some examples of such theories are given along with a

discussion of possible topological effects and global problems.

Chapter 5: The final chapter make use of the results of the previous two chapters to discuss
the quantisation of strings on the tori. First, a review of Isham’s results of quantisation

of a string on circle/torus for the case without the Wess-Zumino term is given. This is
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followed by the consideration of the case with Wess-Zumino term.

1.2 Symplectic Geometry

Quantisation schemes have always been built around familiar concepts of classical me-
chanics. This is in particular true for Isham’s group-theoretic quantisation programme.
It makes use of the modern geometrical approach to classical mechanics based on sym-
plectic manifolds™"*” A symplectic manifold is a manifold & whose space is modelled on
R?™. The coordinates of S corresponds to some state space of a particle moving on an
n-dimensional configuration space @J. A structure defined along with S is a two-form w

on S such that
(a) w is closed; dw = 0, and
(b) foreach z € S, w; : T;S x TS — R is nondegenerate;

wy and TS is the two-form w and the tangent space respectively at . The two-form w
is called the symplectic form (structure) and the pair (S,w) is a symplectic manifold. To
make the connection with classical mechanics more transparent, we work with a concrete
example of S. The state space in classical mechanics is determined by the positions and
velocities (or momenta) of the particle. An appropriate model space for the state space
would be the tangent bundle T'Q of the configuration space of the particle. Alternatively
one can use the dual to T'Q i.e. the cotangent bundle 7*Q. Let the coordinates of @ be
denoted by {¢‘} (i runs from 1 to n = dim Q). The tangent bundle is then coordinatised
by {¢*,dg¢’} := {¢',¢'} while the cotangent bundle is coordinatised by {¢‘,8/0¢'} :=
{q}, p,-}.m] Some explanatory notes are necessary for this notation. The symbols dg* and
8/8q" are really coordinate functions on T'Q and T*Q respectively such that when they
act on ¢9/8¢’ € T,Q and p;dg’ € T;Q (g € Q) (implicitly summed),

. .8 .
dgi (¢ ) = §
5 99’ (1.2)
KV N,

aqi(Pqu ) pbi

they reproduce the corresponding fibre coordinates. The coordinate ¢* is considered to be
the velocity coordinate defining the state space and by abuse of notation, it is identified

with the coordinate function dg*. Similarly for p; and 8/8q* where p; is the momentum
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coordinate of the phase space.[The notation is useful when discussing systems on a lattice
e.g. see Section 3.4.] We will now only use (the phase space) T*Q as the state space since
it is more convenient to deal with forms than vector fields, and also T*Q is endowed with

a natural symplectic form which is constructed as follows.

Let T(T*Q) be the tangent bundle to T*Q and consider the commutative diagram

() 2% TgQ
Tr-Q | L mg (1.3)
AQ

T — Q ,

where the maps are defined as

no: (¢hd) €TQm ¢ €Q
M (dhp)eT Q¢ €Q

e o (14)
mr-q : (¢%,pisdg’ dpi) € T(T"Q) = (¢, i) € T'Q
g (¢, pisdg’, dp;) € T(T*Q) = (¢',dg") € TQ
There is a dual to the upper line in (1.3) v.e.
,\T
T(T*Q) = TQ
dual | | dual (1.5)
(AQ)"
T*(T*Q) — T*Q
Consider now the following
ay =0 dg' € T;Q
(1.6)

ia * 0 *
£aq =& E{g +£i api € Taq(T Q)

[The subscript ¢ will be dropped to denote the one-form and the vector field respectively

in contrast to the tangent vector and covector above.] One has then the identity
M) da=tad (M) e =Eai | (1.7)

where u denotes the contraction between appropriate vectors and one-forms. Using the
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dual map (Ag)*, one can now construct the following one-form on T*Q:
6:=()5)'a e THT*Q) . (1.8)
From (1.7), 6 can be written as
8 = p; dg* (1.9)

since p;(a) = a;. Thus, the symplectic form on T*Q can now be defined as
w:=—df = dg' Adp; . (1.10)

For this reason, 8 is sometimes called the symplectic potential (or canonical one-form).
Note that w is obviously closed and nondegenerate. Hence, the pair (S,w), where § =

T*Q, is a symplectic manifold.

One property of the symplectic structure is that it behaves like a skew-symmetric met-
ric. An isomorphism between the vector fields and one-forms on T*@Q can be established
using the symplectic form via the contraction operation. For example, if ¢, is given by

(1.6) then the one-form that corresponds to &, is
fodw=Edp; — £ldg' . (1.11)
In a similar way, if 8 is a one-form on T*Q given by
B := Pidg' + B*dp; (1.12)
then a vector field that corresponds to § is

* 0 __?_
§p=20 50 ﬁ'ap.- : (1.13)

A special case is when 8 is the exact form df where f € C*°(S, R); its corresponding

vector field is

of o of 0
= - 14
Opi 8¢ 0Oq¢'Op; ' (1.14)
obtained from the relation
ff Jw=df . (1.15)

This vector field is called Hamiltonian. If f is the Hamiltonian function H on &, the
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Hamiltonian vector field is then

OH 8 OH 8
H = G 5g 34 m (1.16)
The integral curves of {g are given by solutions to the Hamilton’s equations
dgt dp; 7,
d _oH . dpi _ _OH (1.17)

dt Op; ' dt o

where ¢t is the time evolution parameter parametrising the curves. This gives the usual
connection to Hamiltonian mechanics. Another important relation which can be obtained
by further contractions with the symplectic form is the following. If £, §; are two Hamil-

tonian vector fields corresponding to functions f and g respectively, then

§g &5 dw = w(és, &)
_0/% _9f9

) (1.18)
_'a_q,ap'—apzaq,_{f’g} ’

which is the well-known Poisson bracket. If [-, -] is the Lie bracket for two vector fields, it

1s not difficult to check that

€r:&0] = —€(5.9) - (1.19)

This establishes an antihomomorphism of the commutator algebra of vector fields with
the Poisson bracket algebra of functions, both on S. It is one of the key relations in the
quantisation procedure. [Note that the observables that are to be quantised are given by
functions on S.] It provides the first step of representing the Poisson bracket algebra as

an operator algebra.

As mentioned in the introduction, one of the first major steps in the quantisation
programme is to identify the symmetry group G of the classical phase space. These group
transformations should preserve the equations of motion and the Poisson bracket algebra.
This amounts to finding transformations that preserve the symplectic structure. Consider
then a local flow ¢f : I x @ — @ to a vector field £ where I is some interval in R. This

satisfies

$5(9)=q forallgeQ (1.20)
85(¢5(q)) = 85y, forallt,s,(t+s)el . (1.21)
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This generates a (local) one-parameter group of diffeomorphisms of Q. For a symmetry

transformation, the local flow is given by

45 (q) := qexp(—tA) (1.22)

where A is a generator of the Lie algebra £(G) of some symmetry group G and the vector
field ¢4 is given by

(N =L (gexp(~14) o (1.23)

Note that the right hand side of (1.22) is a right translation of the point ¢ € Q by an
element of G. This group of diffeomorphisms is said to be generating symplectomorphisms

or canonical transformations if

# = w (1.24)

which is required of the symmetry group G. The condition (1.24) is in fact equivalent to

the condition

£EAUJ =0 (1.25)

on &4 where £ ¢4 denotes the Lie derivative in the direction of ¢4. For a Hamiltonian

vector field £, this is always true since

.Cg,u; = d(fz .lw) + ff Jdw

i@ (1.26)

where we have used the homotopy formula £¢(-) = d({ 4-) + £ 4 d(-) and (1.15). It is also
possible to have a vector field ¢4 such that (1.25) holds without the property of (1.15).
Such vector fields are said to be only locally Hamiltonian. However, they will not be of

much use in the quantisation programme for reasons to be discussed later.

Finally, it is important to note that the discussions above have their generalisations
or modifications to the case of infinite-dimensional symplectic manifolds®™ We shall not
discuss them here, but a mention will be made when any such necessary modifications or

related technical points arise.
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1.3 Fibre Bundles

Before going into ideas of group theory and induced representations which form the
core of Isham’s quantisation programme, it is helpful to delve into some general notions
of fibre bundles/**! In particular, fibre bundles have been very useful in providing the
framework of induced representa.tions.[u'zs] They have also been used in the formulation
of gauge theories and o-models in physics.m‘m A fibre bundle, intuitively, looks like
a product R™ x R™ but maybe glued together in a nontrivial way globally. Tangent
(cotangent) bundles encountered in the last section are familiar examples of fibre bundles,
given by the product of the given configuration space with its tangent (cotangent) spaces.

Formal definitions of fibre bundles and related concepts will now be given below.

A fibre bundle F — E — X is a triple of manifolds £, X and F with a smooth pro-
jection map 7 from E onto X. At each point z € X, the set 7~1(z) =: F; is diffeomorphic
to F and is called the fibre at . The space F is called the total space and for simplicity,
it will be interchangeably referred to as the bundle itself. A section of the bundle E is
a map s : X — E such that 7 o s = idy, the identity map on X. A trivial bundle is a
bundle whose total space is the product X x F (globally) with a natural projection map
onto X. A bundle is therefore always trivialisable locally. Consider the cover {U,} of X.

On each Uy, there is the commutative diagram

N Us) <~ Usx F
| | pry, (1.27)
v, 4x  p
where pry;, is the natural projection onto U, and s, is the local trivialisation of E given
by the diffeomorphism U, x F — 7~ 1(U,). This trivialisation serves as a local chart for
the bundle. Thus, a section s(z) of E may now be given a pair of coordinates (namely

that of the base space X and that of the fibre F') using the local trivialisation map s, :

s(z) = sa(z, f) =t (z,f) , (1.28)

where f is the fibre coordinate and = € U,. Note that such a coordinatisation depends on
the local chart U,. In order to see the coordinatisation in other (overlapping) charts and

how the bundle is glued together from such local charts, consider two neighbourhoods U,
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and Up of z. On the overlap U, N Uy, one can define the transition function

Quw:U,NU,— Dif F
1 (1.29)
Qap(z) := 57" 0 sp(z)

where the parenthesised z on the right hand side of (1.29) denotes the evaluation of s; 1os;
at z. In most physical examples, Diff F is realised by a much smaller symmetry group G
through the monomorphism p: G — Diff F,

Qap = PO gdab (1.30)

where gq : Uy, N Up — G obeying relations

gaa(z) =€ Ve € U,
gab(m)gba(z) =€ Vz € Ug N Ub (1.31)
9ab(2)gbc(2)gca(z) = ¢  Vz €U, NUN U,

where e is the identity in G. The bundle E is then called a G-bundle and the group G
is said to be the structure group of E. Note that under change of local charts from that

determined by U, to that of U, the coordinatisation of the section changes as

sp(z, ) = salz, f)Qap(z)

1.32
= (2,93 (2)f) (132

[the symbol p has been dropped for simplicity; F now has an effective G-action.]
Equipped with the above definitions, one has the following theorem.

Theorem 1.1: Given the spaces X and F, a covering {U,}, transition functions {g3}
satisfying (1.31), there exists a G-bundle F — E — X over X determined up to an

isomorphism. O

Isomorphic G-bundles over X form equivalence classes. The following proposition gives

one condition when an isomorphism between G-bundles can be established.

Proposition 1.2: Let {gq} and {g/,} be two sets of transition functions defined on the
covering {U,} on X. They define isomorphic G-bundles over X if and only if there exist
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functions A\, : Us — G such that

Gab = Xagatds . O (1.33)

Note that from Theorem 1.1 and Proposition 1.2, the isomorphic G-bundles over X fall
into the same set of equivalence classes irrespective of the fibre F'. It will be enough to
consider one representative of the fibre spaces F' to demonstrate the necessary properties
of the G-bundles. One fibre space that has a natural G-action on it, both from the left and
the right, is the group G itself. The G-bundle that has G as its fibre is called a principal
G-bundle (G — P — X ) where its total space is now denoted by P. The group G is
often called the gauge group (as in the context of gauge theories). The (local) section o
of P is trivialised by

o(z) := (z, ga) relU, . (1.34)

There is a natural right G-action on the bundle P defined by
rgo(z) 1= (x, gag) zelUs, g€G . (1.35)

This gives an automorphism of P which maps each fibre to itself :

G — P — P
N / | (1.36)

Such automorphisms are called gauge transformations of P.

Associated to the bundle P are various other G-bundles built out of different fibre
spaces, depending on the structure that is required of F. The construction of such bundle

is given by first defining a right G-action on P x F by

19(p,¥) = (rgp,U(g " )Y(z)) g€G, peP , (1.37)

where 9 is a function of z = 7(p) taking values in F and U(g~?) is the representation of

g~ ! on F. The associated bundle E to P with fibre F' then has the total space taken to
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be the quotient of P x F with respect to the G-action (1.37) i.e.
E=(PxF)/G=:PxgF . (1.38)

The projection map g from E to X is obtained by the following commutative diagram

pxrF P2 p

x 1 = (1.39)
E I

where x is the projection map of P x F to the set of equivalence classes under (1.37) and
thus

me(x(p ¥)) = =(p) . (1.40)

A section ¥ of E is given by
¥(z) := [o(z), ¥(z)] (1.41)

where [+, -] denotes the equivalence class of P x F under the equivalence relation
[o(2), %(2)] = [rgo(z),U(g™ )¥(2)] - (1.42)
Note under the change of (local) sections o3(z) = 04(2)Qgp(z) for £ € Uy N Uy, one finds

¥(z) = [0a(z), Ya(2)] = [on(), ¥()]
= [0a(z)Qab(2), ¥5(z)] (1.43)
= [0a(z), Qap(z)9s(x)]

where ¥,(z) and y¥(z) are the functions ¢ on U, and U, respectively, and p in (1.30) is

now given by U. Hence the function 3 obeys the relation
Ya(z) = Qap(z)¥p(z) - (1.44)

To close this section, we shall briefly look into the notion of liftings associated to
the structure of fibre bundles. A lifting is said to be considered if the objects or specific

properties defined on the base space are extended or generalised to corresponding objects
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or properties defined on the whole bundle. One important consequence of liftings consid-
ered in this work is central extensions of a symmetry group. In view of this main aim of
studying central extensions, the relevant topic of lifting to be discussed is that of a group

~" Consider the bundle F — E — X where X has a G-action 76 defined on

action'™
it. The action 7 is said to be lifted to E if there exists a G-action 7}, on E such that the

following diagram commutes

GxE e, E
(idg,m) | |7 (1.45)
GxX s, X

The G-action 7/, satisfies the right action identity

T!;z °© Tng = Tg;1gz g1, 92 € G . (146)

Below are some useful results on lifting group actions.

Proposition 1.3: Let P be a principal fibre bundle with base space G, a topological
group. Let 7: G x G — G be the group action on G i.e. 7,91 = 9192, then the action 7
can be lifted if and only if P is a trivial bundle. O

An advantage of constructing associated bundles in the way described above is that one

can immediately see that the following proposition is true.

Proposition 1.4: If a G-action 7¢ on X has a lifting in a principal bundle P over X,
then 7g has also a lift in every bundle associated to P. O

Proposition 1.5: If the G-action 7¢ on X has a lifting in a principal K-bundle P over
X, then there is a naturally defined action of G x K on P [This action could be that of
a semidirect product between G and K|. If 7g is transitive (free) then the newly defined

action of G x K on P will also be transitive (free). 0

This proposition hints towards the result that central extensions of a symmetry group
can be established in the presence of a line bundle structure as indicated in the general
introduction. Finally, one can prove via isomorphism of fibre bundles over a given space

X the following theorem.

Theorem 1.6: A lifted G-action on a bundle E over X is only unique up to a bundle

equivalence. O
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1.4 Group Representations

The problem of quantisation to some in the end boils down to finding unitary repre-
sentations of some symmetry group. Group representation theory' ™" has always occupy
an important position in mathematics with its wide ranging connections with other ar-
eas, and it has been developed at a very technical level. It will be very useful to give a
brief exposition of the relevant tools needed in the forecoming chapters. We begin this
section by introducing the basic ideas forming representation theory and then continue
with Mackey’s induced representation techniques and other topics involving semidirect

products and group extensions.
Basic Ideas

A representation p of a group G on a representation space V is a homomorphism of

G into invertible (linear) maps of V into itself such that the resulting map (action)
p:GxV —V (1.47)

is continuous. An tnvariant subspace for p is a vector subspace U of V such that p(g)(U) C
U Vg € G. The representation p is then said to be trreducible if it has no invariant subspace
other than 0 and V. Otherwise p is reducible. The representation p is unitary if p(g) is

unitary t.e.
p1(9)p(9) = p(g)pt(9) =1 VgeG (1.48)

where t denotes the hermitian conjugation and 1 is the identity homomorphism. Two
representations of G, p on V and ¢/ on V' are (unitarily) eguivalent if there is a unitary

operator 2 : V — V' such that
Q(g) = p(9)2 VgeG . (1.49)

The operator  is called an intertwining operator. Thus, among the representations
of G, the main objects of interest are the equivalence classes of (unitary) irreducible
representations. Later, these objects would correspond to different quantisations of a
system with the symmetry group G. One important problem of representation theory
is to classify representations of G according to these equivalence classes. To do so, the

function that labels each equivalence class should be independent of the representations
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that constitute the equivalence class i.e. it should be an invariant of the equivalence class.

For a finite-dimensional representation p, it is easily defined as

Xp(9) :=Trplg) VgeG . (1.50)

These functions are called characters. For an infinite-dimensional representation, there are
technical difficulties in defining (1.50) though they can be circumvented (e.g. see Atiyah
in [33] and [32]). For our purposes, it is sufficient to consider characters as ‘generalised
functions’ from G to €. These characters are said to form a dual space to G, Char(G).

One now has the following theorem.

Theorem 1.7: An irreducible representation p is defined by its character up to an

equivalence. a

One distinguishing feature for the Abelian groups is that the dual space forms a topological
(dual) group. First, note that by Schur’s Lemma the irreducible representations p of an
Abelian group G are always one-dimensional. The character of G is a continuous function

x : G — C satisfying

x(9192) = x(g91)x(92) 91, 92€G (1.51)
Ix(g)=1 VgeG . (1.52)

Hence, from (1.51) and (1.52) we have

x(e)=1 , (1.53)
x(g™) = x(g) =x"(9) - (1.54)
Therefore the character is a one-dimensional unitary representation of G, and hence

Char(G) is an Abelian group itself. Char(G) sometimes denoted G is called the Pon-
tryagin dual of G. An important theorem due to Pontryagin follows.

Theorem 1.8: The dual space G of G is topologically isomorphic to G i.e.

O

G 0 (1.55)

Below are some useful results concerning dual groups:

R=R, U)=2Z, Z=U(1), Za=Zn . (1.56)
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Induced Representations

A standard technique of obtaining irreducible representations has always been the
induction method. This is to to say that given a known irreducible representation of
a subgroup H of G, an irreducible representation of G may be constructed out of this
known representation of H. The machinery that underlies the technique involves a deep
and technical theory of measures. This is ignored in this review for the sake of simplicity;
their reviews may be found instead in Mackey’s work in {15, 16, 33} and also of others
in [19, 32, 34]. Here, we focus more on the surface of the useful techniques and related

results involved.

Let H be a closed subgroup of G and h — L(h) be a unitary representation of h € H
on a Hilbert space H. Let HL be the set of functions ¢ : G — H such that

(1) ¥(gh) = L(h~')¥(g) VheH, g€G;

(4) the inner product (1(g),¥(g))r on HE is ‘measurable’ for which

[ @) w@)n du< o0
G/H
where dy is a measure on the quotient space G/H (invariant under G-action),

then

(U (a1)¥)(92) = ¥(g201) 91,92 €G (1.57)

defines a unitary representation of G in HZ which is called the induced representation of
G by L.

Lemma 1.9: The space HL is isomorphic to the Hilbert space L%(G/H, u, H) of square

integrable functions with domain in G/H and values in H via relation
¥(g) = L(hg)¥'(gH) g€G (1.58)

where hg is the factor of subgroup H in g and ¢’ € LYG/H, u,H). a.

This lemma allows one to construct the above induced representation naturally on a bundle

associated to the bundle H — G — G/ H. The construction is as follows. Associated to
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the ‘master’ bundle G over G/H, is a principal U(n)-bundle
Un)— G xpU(n)— G/H (1.59)
The equivalence relation defining this bundle is given by
[9,U]) = [gh, L(A"HU] heH, UeU(n) , (1.60)

where L(h~1) above is an irreducible unitary representation of H. The appropriate bundle
to build the induced representations from is the associated vector bundle to the above

principal U(n)-bundle,

C"—Gx,C"—G/H . (1.61)

The cross section ¥ of this bundle is given by

Y(g):=[9,%(9)] 9€G , (1.62)

where 9 is a square-integrable C"-valued function of G which obeys

¥(gh) = L(h™")¥(g) (1.63)

from (1.60). The function ¥ does in fact form the induced representation of G by L as in
(1.57).

It is obvious that the equivalence class of irreducible representations of H will somehow
determine that of the induced representations of G. To make the statement more precise,
it is necessary to look into the G-actions on characters of H i.e. the G-orbits of H. Let
H, denote the stabiliser group of x € H which includes H itself. [A stabiliser group of

1

x is a subgroup of G whose elements g obey gxg~* = x.] For every x € H, there is a

continuous one-to-one map

gHy — gx (1.64)

of G/H, onto the G-orbit O of .
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Theorem 1.10: Let H be a closed normal Abelian subgroup of G and O, the G-orbit
of x € H. Let V(x) be the set of elements V in H, such that V(h) :=< x,h > 1 where
h € H and < -,- > denotes the inner product between elements of H with their duals.
Then the map

v—UY (VeVx) (1.65)

is a one-to-one map of V(x) onto G|o (the elements in ( associated to @). O

This theorem effectively gives a specific correspondence between characters of H with those
of G and hence a correspondence between their equivalence classes of representations. A
special case of the above theorem is when O itself is a one-element orbit {1}. Then the
elements of G correspond to the equivalence classes of irreducible unitary representations
of G lifted from those of G/H i.e.those of the form

g— U(gH) (1.66)

where U is an irreducible unitary representation of G/H.
Semi-direct Products

The theory of induced representations and their orbital analysis takes a more definite form
when the group G is that of a semi-direct product. First, we define what a semi-direct
product is. Consider two (Lie) groups K and H. K is said to act on H by automorphism if
a smooth map 7 : K x H — H is specified such that r(k,-) (k € K) is a homomorphism
of K into the automorphism group of H. The semi-direct product group of K and H
denoted G := K b< H is constructed by the pair (K, H) whose group multiplication is

(k1, ha)(k2, ho) := (krka, (k3 h1)ha) (ki € K, hi € H) (1.67)
and the inverse elements are given by
(k,h)™ = (k7Y 7(k,h"Y)) (k€ K, he H) . (1.68)

Note that one sometimes write G as K o< H where a specific action 7 is already assumed.
The notation H > K may also be used for G. It is easy to check from (1.67) and (1.68)
that H is a normal subgroup of G.
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To study the irreducible unitary representations U of G, it is convenient to introduce

the notation
L(h) :=U(e,h), T(k):=U(k,e) (ke K, he H) , (1.69)

where e is the identity in the respective subgroups. L and T are the irreducible unitary

representations of subgroups H and K respectively such that
U(k,h) =T(k)L(h) . (1.70)
They satisfy the relation

T(kl)L(hl)T(kz)L(hz) = T(kl)T(kz)L(T(k;l, h1))L(h2) (ks € K, hy e H) , (1.71)

which reduces to

T} (ko) L(h)T(k2) = L(7(k3', b)) . (1.72)

The relation (1.72) induces a K-action on x € H via
x— kx; <hkx>=<k thk,x> (ke K, he H) . (1.73)

Let O be a K-orbit on H and x € @. Given an irreducible representation V of the
stability subgroup K of K, one can define the irreducible representation Vix of K, < H
by

Vx(k, k) := x(M)V (k) . (1.74)

Theorem 1.11: Given the irreducible representation Vx of K, < H, one can construct
the induced representation UYX of G which is irreducible. If @' is a K-orbit on H with
x' € @' and V' is an irreducible representation of K,:, then U VX is equivalent to UV'X" if
the orbits O and O’ coincide. O

The corollary to Theorem 1.10 when G is the semi-direct product K v< H is given by the

following theorem.
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Theorem 1.12: Let H be a closed normal Abelian subgroup of G = Ko< H. Let O
be a G-orbit in H with x € O. For each V in (KN H,), let Vx € H, be given by
(Vx)(k,h) :=< h,x > V(k) (k€ KnH,, h€ H) then the map

V—UYx (1.75)

is a one-to-one map of (K N Hy) onto Glo. a

Equipped with these theorems, one can now simply construct all the irreducible represen-
tations of G by first determining the characters of H and classifying their orbits under G
(or K).

Group Extensions

To end, we direct our discussions to the ‘central’ theme of the thesis i.e. central exten-
sions and how it connects with everything we have just mentioned. The connection with

projective representations (and hence projective geometry) will also be briefly illustrated.

An extension of the group G by A is the short exact sequence
0—ASG-5G—0 (1.76)

of groups where ¢ is the inclusion map and 7 is the projection map. [An ezact sequence is
a sequence of maps between objects of which the kernel of one map is equal to the image
of the preceding map.] The sequence (1.76) is said to split if there is a (local) section o

such that o o 7 = idg. The sequence splits if it is isomorphic to the sequence
0—A— A>G—G—0 (1.77)

i.e. the following diagram commutes

A — G —_ G

idg | L L idg (1.78)
A — A><G — G

where 7 is an isomorphism of G into A > G. The extension (1.76) is central if ¢(A) lies in

the centre of G (i.e. gag~! = a Vg € G, a € A).
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Given the machinery of induced representations of semi-direct product groups, one
can construct irreducible unitary representations of G induced by an irreducible unitary
representation of A. Suppose that A is a central Abelian subgroup and x € A. Let
g € G and a; be the factor of A in §, then an irreducible unitary representation of G on
L*G/A, u, H) may be given by

(UX(@2)9)(@14) := x(ag )(1524)  §i € G, v € L*(G/A, n,H) . (1.79)
Let g; be the factor of G in g; and writing the above equation (1.79) as

(UX(g2)¥)(91) := x(91,92)¥(9192) (1.80)

defines a projective (multiplier) representation where x(g1,g2) is called a multiplier. The

multiplier obeys the cocycle identity

x(91, 9293) = x(91,92)x(9192, 93) (1.81)

and
x(g1,e)=1 . (1.82)

[This implies extensions may be classified by cohomology of groups (see e.g. {19,35]).]
Thus this establishes the correspondence between central extensions and projective rep-

resentations.
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Chapter 2

Group-Theoretic Quantisation

2.1 Quantum Theory

Quantum theory took shape in the early 1900’s and went through several phases
of development (see [1] for a pedagogical introduction to the subject developed along
historical lines). Today, its conventional formulation rests more or less on the following

postulates.

Postulate 1: The (pure) states of a physical system are represented by vectors in a complex

(projective) Hilbert space H in which probabilistic information of the system are encoded.

Postulate 2: Physical quantities known as observables O are represented by self-adjoint

operators O defined on H.
Postulate 3 Result of a measurement of an observable O in a state represented by the

vector 9 is given by the expectation value

<¥,09 >

<> (2.1)

<O>¢:=

where < -,- > denotes the inner product on H.

Postulate {: In a physical system with no external influence, states 13, iy at corresponding

different times t and t' are unitarily related by
Py = Ut — )iy (2.2)
where U is a unitary operator given by
U(t) := exp(—itH/R) . (2.3)

The operator H is said to be the generator of time translations and is called the Hamil-
tonian of the system. It may be added here that the operator p corresponding to the

momentum observable, generates space translations.
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[2

The future discussions of Isham’s group-theoretic quantisation programme ! will assume

these four postulates to hold. Other schemes may want to add these further two postulates.

Postulate 5: Self-adjoint operators ¢ and p of position and momentum observables respec-

tively obey the canonical commutation relation (CCR)

[4,5] = i1 . (2.4)

Postulate 6: A quantum mechanical state vector ¥ € H is symmetric under the permuta-

tion of identical bosons and antisymmetric under the permutation of identical fermions.

Earlier in Chapter 1, it has been mentioned that Postulate 5 might be undesirable for
quantisation on nonlinear configuration spaces. In fact, the CCR only holds for systems
with underlying linear configuration spaces in the group-theoretic quantisation scheme.
The scheme being based on the correct symmetries of the phase space, disallows the CCR
for configuration spaces other than the linear ones. Later in the chapter, the example of
configuration space @ = R" will be given showing how the CCR arises from the symmetry
group of the system’s corresponding phase space. Postulate 6, though concerns with a
kind of symmetry related to spin and statistics, it is of a different level and will not be

discussed here at all.

It is Postulate 2 that poses the main problem of quantisation. It was once hoped that

the quantisation map

=

fL1f (2.5)
mapping the observable f (a function of the state space) to a self-adjoint operator % f on
a Hilbert space H obeys

() (f +9) > +d)
(i) M D 10f, AeR;
(i) {f,9} = ~1f.4)
(iv) 125 11;
(v) §* and p; act irreducibly on H.

This is known as the Dirac problem. It is now known that this is not possible by

Groenwald-Van Hove Theorem (see [3] p. 434 and [4] for a more modern discussion).
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It turned out that there is a quantisation which respects (i) - (iv) only when the ‘mul-
tiplicity’ of the representation of the p's and ¢’s is infinite. Alternatively, one can select
only a subclass of the observables for the qua.ntfsa.tion process. A key observation to be
made in the above problem is that not all observables generate flows globally on the state
space studied”™ Those which generate only local flows are not expected to have good
quantum counterparts and should then be discounted. Such a consideration is one of the
global aims of the group-theoretic quantisation programme' The observables considered
in the programme are those whose vector fields are strictly Hamiltonian, generating a
global group of symplectomorphisms on the phase space. The outlines of the programme

will now be given below in Section 2.2.

2.2 Group-Theoretic Quantisation Programme

The programme, as the name suggests, rests heavily on a group which describes
the symmetry of the phase space § = T*Q; @ being the configuration space of the
particle/string considered. This symmetry group is called the canonical group. Once it
is identified, the quantisation of the system will then be given by finding its irreducible
unitary representations. The programme may be summarised (following Isham™® ) in the

four main steps below.

Step I: Identify a Lie group G of symplectomorphisms of S. FEach element A of the
Lie algebra £(G) of G will generate a one-parameter family of symplectomorphisms s —
sexp(tA), s € S. The induced vector field (1.23)

) = Lisexp(-ta)mo [ €CX(S,R), s€ S

is Hamiltonian whose flow is globally defined on S. Such vector fields are the homomorphic
image of £(G). It is an isomorphic image if the G-action on S is almost effective (i.e. if

only a discrete subgroup of G acts trivially).

Step 2: To each ¢4 there will be an observable f4 € C>(S,R) such that ¢4 Jw = df4
where w is a given symplectic structure on S. Thus, on forming the Poisson bracket
algebra of these observables, it is hoped that this algebra will be isomorphic to £(G).
Otherwise an extension of G is required to achieve an isomorphism of its Lie algebra with

the Poisson bracket algebra of the observables.
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Step 3 Once Step 2 is achieved, a canonical group G has then been established in which
its Lie algebra is represented faithfully by the Poisson bracket algebra of a preferred set of
observables {f4 | A € £L(G)} =: O. Theset O is called the canonical observables. They are
then required to be large enough to generate every other observable in C>*(S,R). Given
a basis {A;} of £(G), the continuity of the map s —{f“'} may require the embedding

of S into some vector space R* where k > dimS.

Step 4: Given G, the quantisation of the system is then given by a state space represented
by the Hilbert space of an irreducible unitary representation of G. Inequivalent represen-
tations provide different quantisations of the system. The set {f4 | A € £(G)} =: O of
self-adjoint generators of £(G) provide the quantisation of the corresponding observables

in O and hence also give an operator representation of the Poisson bracket algebra.

It must be said at this point that while there is a relation between the choice of
canonical observables and the canonical group, it is not clear what really determines the
correct choice for each ). A position of trial and error is needed. For this reason, the
programme may be applied in a slightly different order than presented above to some cases
depending on convenience. For example, one could equally well start with the canonical
observables and work backwards to obtain the canonical group. Another point that is
worth mentioning regarding the choice of the canonical group is the possibility of having
different canonical groups equally acting on S as required in Step 1. They amount to
giving significantly different quantisations of the system. An example of such a case will
be given in Chapter 3. In this section, we shall continue to elaborate some aspects involved

in each step of the programme.
Step 1

The task of finding G as mentioned above is far from obvious and hence it will be useful
to know what type of symmetry group is needed. The first condition that one requires of G
is that its action on § must be transitive. The reason for this requirement comes from its
aforementioned connection with the canonical observables from which other observables
of the system are to be generated. The details of the explanation shall be deferred to the
discussion of Step 3. One group that acts transitively on @ is the diffeomorphism group
Diff Q itself. To have a canonical group acting transitively on the whole of § = T*@Q,
one needs to supplement Diff @ with a group acting along the fibres of T*Q. This group
can be shown to be the Abelian group C*°(Q,R) and the full canonical group will be
Diff Q< C(Q, R)™ Note that this group is infinite-dimensional even when dim @ < oo.



Group-Theoretic Quantisation 28

While it is possible to quantise using this group, one encounters several difficulties in
giving the resultant theory a physical interpretation, not to mention the technical ones.
A more modest and sensible attempt would be to find finite-dimensional subgroups of
both Diff @ and C>*(Q, R) that would work as a canonical group.

Once a candidate for the canonical group G is found, the generators A of its Lie algebra

L(G) generate one-parameter subgroups of symplectomorphisms
s — sexp(—tA) seS,teR . (2.6)
The tangent vector to the flow (2.6) then defines the vector field
A df o0
§°(f) = y(sexp(=tA))l=0  f€CT(S,R) . (2.7)

A homomorphism A — &4 between L(G) and the commutator algebra of these vector

fields is obtained by the relation
[e4, ¢4 = gl A 4y 45 € £(G) . (2.8)
An isomorphism can be achieved if and only if there is no element A € £(G) such that
s = sexp(tA) VseS (2.9)
near t = 0. Hence the additional condition on G is that its action is almost effective i.e.
sg=s VseS8 =>g€D (2.10)

where D is a discrete subgroup of G. By definition, the Lie derivative of the symplectic

form w on S with respect to vector fields (2.7) is
££Aw =0 . (2.11)

Equation (2.11) immediately implies that the ¢4’s are locally Hamiltonian vector fields.
The programme however requires that these vector fields are strictly Hamiltonian in order

to get globally well-defined observables via relation
¢Aow=dff feC®S,R) . (2.12)

This will be related to the question of embedding/immersion in Step 3.
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Step 2
The relation (2.12) ({4 2w = df) from Step 1 establishes the homomorphism
C%(S,R) 1 Ham V F(S)
[ =&

between observables and Hamiltonian vector fields on §. The minus sign on 4 comes

(2.13)

from the fact that
€5,6) = ~¢159y 9 €C™(S,R) . (2.14)

Thus with each A € £(G) one has the map F,
AL fA e c=(S,R) (2.15)

called the momentum map. From relations (2.12) - (2.15) together with (2.8), a homo-
morphism between L£(G) and the Poisson bracket algebra may now be established. It is
now important to note that this homomorphism may fail to be an isomorphism. This is
because the homomorphism (2.13) is unique only up to the addition of constant functions
to f. Thus if the constant functions are included as observables on &, the homomorphism
of £(G) with the Poisson bracket algebra is not an isomorphism. To summarise the whole

situation, one has the following exact sequence/commutative diagram

0 — R - C*S,R) - HamVFS) — 0
F\\ / (2.16)
£(9)

For F to be a Lie algebra isomorphism, it is required that
{4 By = 4Bl A BeL(G) . (2.17)
But so far only the relation
{74, fB} = fIABl 1 2(4,B) (2.18)
where z(A, B) is a constant, follows. The constant z(A, B) can be shown to obey

2(A,B) = —2(B,A) ; (2.19)

2(4,[B,C]) + 2(B, |C, A]) + 2(C, [A, B)) = 0 . (2.20)

The functions z : £{(G) x £(§) — R is in fact a two-cocycle of £L(G). If z(A, B) is of the
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form

(A, B) =< a, |4, B] > (2.21)

for some o € £(G)* then it is called a two-coboundary. The space of two-cocycles modulo
two-coboundaries of £(G) are said to form the second cohomology group H2(£(G); R) of
L(G)* Thus to guarantee that there is an isomorphism between L(G) and the Poisson
bracket algebra, H2(L£(G); R) has to be trivial. Otherwise, an extension of the algebra
and hence of G itself is required (see Section 1.4). The new extended Lie algebra £(G)+ R
is defined by the following Lie bracket relations

[(4,7), (B, s)] := (|4, B, 2(4, B)) (2.22)

where A, B € £(G) and r,s € R. Its new isomorphic Poisson bracket algebra are given
by

{f(A,r)’f(B,a)} = {fA, fB} = f[A.-Bl + 2(A,B) = f([A’B]’z(A’B)) . (2.23)

Step 3

Once the Lie algebra £(G) is realised by the Poisson bracket of the observables, it
remains to be seen that the canonical observables generate a ‘sufficiently large’ set of
other observables. One way to ensure that they do generate these other observables is to

employ the local generating principle.m

Local Generating Principle: Let {F;, i =1,...,k} be a basis of £(G). Consider an open
neighbourhood U of s € §. Given any f € C*(S, R) whose support is contained in U,
there exists a function Fy € C>®(R*, R) such that for all s € U,,

f(s) = Fp(Fa(s) -+ Fe(s) . O (2.24)
This implies a local embedding 7: § — R* i.e.
() := (Fa(s), - - -, Fi(s)) (2.25)

whose rank is k. Thus, the map 7 is an immersion and hence the corresponding induced

map J« : 1sS ——->TJ(8)]R’”' is injective. The transitive action of G on S then guarantees
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or overspan (if £ > 2n) the tangent space TS for each point s € S. For if G is not acting
transitively on S, there would be at least one direction in which there is no one-parameter
subgroup of G to translate points of S along that direction and hence k£ must be less than
2n. Thus the local generating principle would not hold in that case. Given that G is

transitive, consider an arbitrary vector field p € T'S and the relation
patAaw=w(d p)=<dfip> . (2.26)

The non-degenerate property of w then implies that the one-forms {df4, A € L(G)} span
or overspan every cotangent space 7, S. This implies that the canonical observables do

generate other observables as required.

In another perspective, the continuity of map 7 ensures that the observables are glob-
ally well-defined on S. This is very desirable since it avoids any possible obstruction in
carrying out the quantisation map of the observables. This question sheds light in the

subject of anomalies for the quantum mechanical system' (see Section 3.3).
Step 4

Finally, the quantisation process involves finding irreducible unitary representations
of G on a Hilbert space H, The irreducibility aspect of the representation is desirable since
any self-adjoint operator on H is then always a function of the operator representation of
the canonical observables, reflecting the classical picture of any observable being written
in terms of the canonical ones. The use of the unitary operators help to ease the techni-
cal aspects of the programme since they are bounded. The representations considered in
this work are those realisable on the cross-sections of the bundles over the configuration
spaces Q. This leads to the idea of twisted wavefunctions on Q' These representations
are constructed using the induced representation techniques introduced in Section 1.4. In
particular, the technique involving semi-direct products will be often used to find repre-
sentations of the canonical group which is a semi-direct product, Gv< K; G and K being
the subgroups of Diff @ and C*(S, R). With regards to other possible representations on
other spaces, it has been pointed out that they may be equally important 9 but they

will not be considered here.

Once the representations are found, the quantisation map (2.5) can now be obtained by

the correspondence between the self-adjoint generators { fA} of £(G) and the observables
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{f4} on S (A € L(G)) i.e.
AL A Aer(g) . (2.27)

An important result that one seeks from the representation theory is an analogue of the
Stone-Von Neumann uniqueness theorem in the case of quantum mechanics say on R".
This theorem tells us that after fixing some physical scale, there is only one possible
quantisation of the system on IR™. Since the possible quantisations of a system are
given by inequivalent irreducible representations of G, it is only necessary to classify
the irreducible representations and hence obtain some general version of the Stone-Von

Neumann theorem. This is done by using the orbital analysis discussed in Section 1.4.

2.3 Quantisation on ¢ = R"

There is no better example to demonstrate the application of group-theoretic quanti-
sation programme than quantum mechanics on R"™. The well-known results of quantum
mechanics serve as a comparison and a guideline to the programme’s performance. Also,
from the point of view of this work, it is the first simple example that demonstrates the
idea of central extensions. The steps mentioned in the previous section shall be followed
closely for the group-theoretic quantisation of the system of a particle moving on the

configuration space @ = R".

The phase space of the system is given by the cotangent bundle & = T*Q = R™ x
R™ = R" x R™. The bundle being trivial and a product of two linear spaces, has globally
well-defined coordinates; {¢}, i = 1,...,n} for @ and {p;, i = 1,...,n} for the fibres. It
can be said at this stage that these globally well-defined coordinate functions serve well
as (part of) the set of canonical observables. The natural symplectic form on § is given

by
w = dg* A dp; (2.28)
(implicit sum over repeated indices is assumed). An obvious candidate of the canonical

group is the Abelian group ¢ = R™ x R", acting as the group of translations on S. The
Lie algebra of G is R™ @ R™ and its exponential map from the algebra to the group is
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given by

exp(4*, B;) = (a, b;) (2.29)
where (A*, B;) is the corresponding Lie algebra element to (a?, b;) € R" x IR™. [The use
of capital letters for the elements of the algebra is adopted to differentiate them from the
elements of the group.] Consider then the one-parameter subgroup generated by (Ai, B;)
from the map t — (ta’,tb;). The induced vector field from this one-parameter subgroup
is

; . 0 0
(A%B) = gt _ g— .
¢ d¢* Opi (2:30)

The vector field (2.30) is Hamiltonian and its corresponding observable is

fAB) = Aip + Big' (2.31)

Equation (2.31) then gives the desired momentum map (A}, B;) — f (4".B:) The Poisson
bracket algebra of the observables (2.31) is given by

{fAB) fANBDY - gAY BlAT (2.32)
Note however that the group R™ x R™ is Abelian and hence
(4%, B), (A", B)) =0 . (2.33)

This implies that the Poisson bracket algebra is not isomorphic to £(G). The disagreement

lies in the nontrivial cocycle
Z((A%, B;), (A", BY)) := B;A" — BlA* (2.34)

of £(G) in (2.32). A way out of this problem is to extend the Lie algebra L£(G) to
R"® R™ ® R as described in Step 2 of the programme. The extended algebra has the

Lie bracket relation
[(4%, B, C), (4", B}, C")] := (0,0, B;A" - B}A’) ' (2.35)

where C and C' are the elements of the central subalgebra R. The new extended canonical
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group G corresponding to algebra (2.35) is the Heisenberg-Weyl group,
G=R"<(R"xR) . (2.36)
Its group product law is given by
(a*,bi, c)(a", b}, ) := (a' + a't, b + by c + ¢ + 3(bia"t - bla')) . (2.37)
The new momentum map is given by

(Ai, Bi, C) —_ f(AisBi,C) :

,- . | (2.38)
f(A .Bi.C) = Atpi'*' tht_l_c

Note that the local generating principle still holds in the extended case since the G-action
on § is still transitive though it is not (almost) effective. [The non-effective action is not
a problem since the prime interest here is more in achieving the isomorphism between
the Poisson bracket algebra and £(G) rather than with the commutator algebra of the

Hamiltonian vector fields. See also related remark at the end of this section.]

To study the irreducible unitary representations U of the Heisenberg-Weyl group, the
following notation is introduced. Let U and V be the unitary representations of the two
R" subgroups which are defined by

U(a') :=U(a',0,0), V(b;):=U(0,b,0) . (2.39)
The central subgroup R is unitarily represented by the one-dimensional representation

U(0,0,c) := e € (2.40)

where y is a real parameter. From (2.37), the operator (2.39) satisfy the relations

U(a))U(a") = U(a’ + o") . (2.41)
V(o)V(b) = V(b +b)) (2.42)
U(a))V (b;) = V(Bi)U(a')e#A'B: (2.43)
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which are called the Weyl commutation relations. If the generators of U and V' are written

as p; and §* respectively i.e.

U(a') := e~*4% | (2.44)
V(b)) = e B9 (2.45)

then the relation (2.43) produces the desired CCR
(¢, B5) = iub; . (2.46)

The representation of the full Heisenberg-Weyl group is probably best realised by what is

10 . . . .
U9 which is a representation induced by a

now known as the Schroedinger representation
unitary representation of the subgroup R™ x R. The Hilbert space of this representation
is given by L?(R"), the square-integrable functions of R™. The representation U is given

by
U(a')(q") :=(¢' —a') (2.47)

and V is the character representation
V(b)w(g') := e B (gt (2.48)

where 9 € L2(R"™). The central subgroup is still represented by the multiplicative oper-
ator (2.40). The full representation U of the Heisenberg-Weyl group is then given by the
induced representation UX by the characters x of R" x R from (2.48) and (2.40). With
the above class of representation and the techniques of orbital analysis in Section 1.4, one

can arrive to the following famous theorem.

Stone-Von Neumann Theorem: Let U(a', b;, c) be an irreducible unitary representation of
(a*, b;, ¢) of the Heisenberg-Weyl group on a Hilbert space M such that 2/(0,0,c) = e~*#C
for some u € R. Then U is unitarily equivalent to the induced representation X by

character x of R™ X R i.e. the Schroedinger representation given above. O

At this point, it is important to note that there is a whole family of CCR parametrised by
. The contact with physics is when  is identified with %. This intuitively means fixing
the physical scale of the theory. Note that the Stone-Von Neumann uniqueness theorem

is only applied after such physical scale is determined.
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Finally, a brief explanation of the connection of the central extension with a line
bundle structure for this case is appropriate. The line bundle structure is actually implied
when it is noted earlier that the G fails to be (almost) effective. This failure also means
the failure of the isomorphism of the commutator algebra of the Hamiltonian vector fields
on § with £(G). The isomorphism however can be restored if there is another degree of
freedom added to S in order to define a ‘new Hamiltonian vector field’ corresponding to
the constant functions™” This degree of freedom is provided by the fibres of a line bundle
over 8. This line bundle structure has been known to be the quantisation bundle in the
geometric quantisation school "% and the bundle is characterised by its curvature which
is given by the symplectic form. This example is to be contrasted with the example that
will be given in Section 3.3 where the central extension in that example arises from a
specific line bundle (up to equivalence) over the configuration space itself rather than the

phase space.
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Chapter 3

Quantisation of a Particle
on the Torus

3.1 Introduction

In the previous chapter, the outlines of Isham’s group-theoretic quantisation pro-
gramme were discussed and then exemplified by quantisation of a system of a particle
moving on the configuration space @ = R”". This example, however, does not fully
demonstrate the advantages of this programme, owing to the linearity of the configura-
tion space. Here, the coordinates of the phase space § = R"™ x R", namely {¢°%, p.}
readily serve as part of the required set of globally well-defined canonical observables. In
a nonlinear configuration space, this is not possible, as the coordinates are no longer glob-
ally well-defined. The choice of globally well-defined canonical observables necessitates
the embedding of the phase space S in some vector space R™, mentioned in Step 3 of
the programme, where m > dimS. Hence the nonlinearity of the configuration space is
being taken into account from the beginning of the quantisation programme, by choosing
some canonical variables (¢f. {¢,p} in @ = R) intrinsic to Q. For example, take the
simplest case of Q = S whose coordinate is the angle ¢. Here one requires m = 3, as the
canonical observables are cos ¢, sin ¢, and the momentum coordinate J. Note that cos ¢
is a well-defined continuous function on S! while ¢ is not; the observable sin ¢ is then

needed to close the Poisson bracket algebra of the observables.

The above modification of the choice of observables then leads to an underlying canon-
ical group for quantisation involving nonlinear spaces, different from the usual Heisenberg-
Weyl group. This in turn disallows the use of the usual canonical commutation relations
(CCR) [¢%, ps] = ih6p. Such relations, as pointed out earlier, assume the linearity of the
configuration space. The appropriate canonical group obtained by the above consideration
should then very well describe the symmetries of the underlying nonlinear spaces. This

is the basic advantage of this programme. The usual erroneous attempt using the CCR
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is now ‘corrected’ by taking into account the symmetries of the underlying phase space.
Various such examples leading to different commutation relations have been discussed in

Isham’s Les Houches lectures'

In this chapter, we shall be discussing another example: namely quantisation of a
system of a particle moving on the two-torus (Q = T?). This example is simply a
straightforward generalisation of the case of @ = S, which has been discussed in de-
tail by Isham™ The reason why this example is discussed here is to enable us to discuss
next the simplest example of quantisation of a system of a particle moving in an external
background magnetic field on a nonlinear configuration space. Here, the presence of the
background field modifies the natural symplectic form. This leads to a nontrivial modifi-
cation of the canonical group itself. It is found that one has to use the central extension
of the universal cover of the canonical group found for the case without the background
field. This example extends Isham’s programme to include nontrivial quantisation bun-
dles on the configuration space, as opposed to only bundles with flat connections”' The
different possible quantisations for the example are then discussed by looking at inequiv-
alent representations of the new canonical group. Finally, all the above discussions will
be generalised to the case of the general n-torus (@ = T") but now formulated in the
language of lattices. This will facilitate the discussions of quantisation of strings on the

tori in the final chapter.

3.2 Quantisation on Q = T?

In this section, we shall proceed in a slightly different way from the example of @ = R"
in Chapter 2. Instead of guessing what the canonical group is, we first identify the
canonical observables and then proceed to find the appropriate group from them. In this
way, the methods used in this section can easily be carried over to the next section when
discussing the case with the magnetic field. This suits our main purpose of finding the
global structure of the canonical group G. In this section and the next, the indices a, b, , ...
will take values 1 and 2 and they are not summed over repeated indices unless there is an

explicit summation sign.
Canonical Group G = E; x E,

Consider a particle moving on the configuration space Q = T? coordinatised by the

angles ¢°. The phase space S is given by the cotangent bundle T*T? = T? x R? which is
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endowed with the natural symplectic form
w=>Y"d¢"NdJ, (3.1)

where J, are the coordinates of the fibres R2. As in the case of S! mentioned in the

introduction, one chooses the following set of well-defined functions on T*T?2,
u® =cos¢®, v*=sing®*, J, , (3.2)

as the canonical observables. The Hamiltonian vector fields corresponding to these ob-
servables are obtained by the relation £; 4 w = df, where f is the observable and ¢y, its

vector field. They are given by

€2 =sing 3L (3.3)
£y = —cos ¢* 3%, (3.4)
0
§Ja = Er (3.5)
The Poisson bracket algebra of these observables is

{Jb, u“} = w(fjb, f:) = vaag , (3.6)

{Jb, v*} = w(ln, &)= —u'sy (3.7)

{v*, '} =0={Ja, &} . (38)

It is important to note that the commutator algebra of these Hamiltonian vector fields
is isomorphic to the Poisson bracket algebra above. This implies that these vector fields
can be identified with the generators of the canonical group of symplectomorphisms on

S. Denote the exponential mapping of the vector fields by

mg := exp(M,€2) (3.9)
ng 1= exp(Nay) (3.10)
n® = exp(H%Ja) : (3.11)

where M,, N, and H® are parameters associated to the Lie algebra of the canonical group.

The terms on the left hand side are the group elements whose action on the points of S
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(on the right) are given by evaluating the corresponding terms on the right hand side on

those points. The group action on & may now be given by

T(ma,na,q")(d’aa Ja)

(3.12)
:= ((¢® + n°) mod 27, J, + mg sin(¢* + 9°) — ng cos(¢® + 1))

for each a. This is the action of the Euclidean group Ej. Thus, the canonical group is
G =E; x By = (R?*>450(2)) x (R2><S50(2)) . (3.13)

The elements (m,, ng) and 7° belong respectively to the R? and SO(2) subgroups of
(E2)e — the a-th Euclidean group. The group law is given by

(maa Na, na)(m:u nla’ 77“,) = (m:zlv n::’ (77“ +77al) mod 27r) (3'14)
where
m' m cosn® —sinn® m!
b I S P K a (3.15)
ny, Na sinn® cosp® n,
for each a.

It is also possible to use the universal cover of G as the canonical group. The group
action on § is the same, and much of what follows can be easily generalised for the covering
group. The only difference is in the discussion of its ‘nontrivial’ representations, which

will be given later.
Representations of G

Given that the canonical group is § = E; x E,, the next step of the programme

involves finding irreducible unitary representations
(m1,n1,7';m2, na,n%) = U(my, n1,n'sma, n2, n’)
of G on some Hilbert space H. At this stage, it is convenient to define the operators

V(m1,n1) := U(m1,n1,0;0,0,0) (3.16)
U(n') := u(0,0,7%0,0,0) |, (3.17)
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etc. which satisfy the relations

VA U(™) = U((n® +1*') mod 2r) (3.18)

V(ma, na)V(myg, ng) = V(mg 4+ my, na+n,) (3.19)
Un")U(n*) = U(0,0,7%0,0,9%) = U(nHU(7") , (3-20)
V(mq,n1)V(mg,n2) = U(mi,nq,0;mg,n2,0) = V(mg,na)V(my,ny) , (3.21)
U(n')V(mg,ng) = V(ma,n2)U(n") (3.22)
U(n*)V(ma,na) = V(mg,ng)U(n%) , (3.23)

etc., where _
m/! cosn® —sinp? m
3 a a
ng, sinn® cosy g
Suppose that the generators of U(%) and V(mq, ng) are given by J,, 4® and 9* i.e.

U(®) = e (3.25)

V(mg, ng) = Med®+Na?®) (3.26)

then from (3.18) - (3.23), we obtain the following quantum commutators

[@, ) =0=1[Jo, Ji) , (3.27)
[y, @%) = it%8¢ (3.28)
[Jy, ©%] = —ia®6F . (3.29)

An obvious representation of G is on the space of square-integrable functions on T?

itself. This is given by

(U*)$)(¢',6) := $((¢' + &n®) mod 2, (¢* + §;n°) mod 27) ,  (3.30)
(V(ma,na)p)(¢",¢%) 1= e'Macosd™tesindy g1, g2) (3.31)

and these correspond to

.0
—

1 4,2
5V (@) (3.32)

(Jat)(4',¢%) = —
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(8°9)(¢', ¢%) = cos $°(4', 6°) (3.33)
(°9)(4', ¢°) = sin ¢°9(¢', ¢%) . (3.34)

There are, however, other inequivalent representations and hence quantisations of the
system on this representation space. They are characterised by using Mackey’s orbital
techniques in the theory of representations of semi-direct products[m] (see Theorem 1.12).
Here, each of the E; subgroups of G may be treated separately for this analysis. With
respect to the above representation space, this simply implies the restriction of wavefunc-

tions v to functions of only one of the angular variables while keeping the other fixed.

In the group Es, the SO(2) subgroup acts on the R? subgroup as in (3.24). This
induces an action of SO(2) on Char(R?) by using the isomorphism between Char(R?)
with the dual space IR?* and the natural identification of R?* with R2. So, if a character
of R%, xu, is given by

Xw(v) = e (3.35)

where w € R?** (~ R?), v € R? and w.v is the inner product between them, then the

) € SO(2) on Xw(=: X(w,,w)) 18

cosny —siny
sinn  cos?

action Tp of R = (

TRXw = X{(w: cos n—wa sin 9,w siny+wzcosq) — XRw - (3'36)

Thus the orbits of the SO(2)-action in Char(R?) are circles of radius A :
S} = {(w1,w2) € R* | wy? + wy? = A%} . (3.37)

Note that the isotropy group of any point on S} is trivial. Hence associated to each X is
only one irreducible representation of E2. Returning to the representation of the whole of
G, there will then be two parameters )., each associated to an E3 subgroup, characterising

the representations of G. These representations are given by (3.30) and

(V) (my, n1;ma, n2)) (', ¢2)

i1 (M cos ' + Ny sin ¢')+ida (Ma cos ¢2+N, sin ¢2){l/)(¢1 ¢2) (338)

=€
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Lifting Actions and Universal Cover of G

From above, we have seen how representations of G are realisable on the space of
square-integrable functions on T2. This can be further generalised in a very geometrical

manner using the space of sections of a line bundle over T?2.

Consider the trivial principal U(1)-bundle over T?, P = T% x U(1). On the base space,
there is the transitive action rg of G = SO(2) x SO(2). This action r¢ has a trivial lift"

e onto P making the following diagram commutative

.1
vl — P &

l l (3.39)
T2 & T2

Let (¢!, ¢%; U) be the (smooth) trivialisation of a section (¢!, ¢?) of P. Given that the
action r(y p2) on T2 (', 7?) € G) is

T(nl,n2)(¢l, ¢%) = ((¢* + ') mod 27, (6% + ?) mod 27) (3.40)
then the trivial lift rEn’ y2) 8 P is simply

rznl,nz)a(‘?sl, ¢2) = (r(nl,n2)(¢1, ¢2); U)

L o (3.41)
= ((¢* + 7 ) mod 27, (¢* + n°) mod 2m; U)

This induces a (trivial) lifted G-action 7} on the associated line bundle E = P xy ) C.
If the trivialisation of the section ¥(¢!, #?) of E is given by

(8!, ¢%) == [o(¢*, 6°); ¥(4, 8%)] (3.42)

where 1 is a complex-valued function on T? and [- ;-] denotes equivalence classes under
p q

U(1)-action, then T(’ﬂ, 5) 18 defined by

T(‘,,x ’nz)‘I’(¢lv ¢2) = [7'(1,,1 ,,72)0'(¢1a ¢2); ¢(r(n1,n2)(¢1’ ¢2))]
= [0((¢* + 7*) mod 27, (4% + 5?) mod 2; (3.43)
¥((¢' +7') mod 2, (¢* + %) mod 27)] .

This reproduces the representation (3.30) when the above function % is identified with
that of (3.30).
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In a similar way, one can construct inequivalent representations analogous to (3.30)
((3.43)) but they are now representations of the covering group of G and they are generated
by different liftings of the group action. Let us consider first an arbitrary lift of an action
of an arbitrary group K (be that of G or its universal cover) on P. An action r (k € K)
is lifted to r} by

rio(¢l, 8%) = (re(8', ¢%); f(k; (6", $*)U) (3.44)

where f is a (smooth) mapping from K x T? to U(1). The induced lifted action on E will
then be given by

TU(¢', ¢%) = [rio(¢, ¢%); (re(¢, ¢°))] (3.05)
= [o(re(¢',8%)); F(k; (8", #)(ra(¢', 6]

where the last equality in (3.45) follows from the property of the equivalence class. Strictly

speaking one should use a unitary representation of f(k; (¢!, $?)) in (3.45) on the repre-

sentation space of functions (4!, $%) rather than f itself. However, here we will always

use the identity representation. Note that f obeys the cocycle condition,

Fkika; (81, 8%) = f(ka; (8%, %)) Fk1;ra, (61, 4%) (3.46)

where k;,ky € K. One can in fact define equivalent lifts through f by noting that under
change of sections o'(¢?, ¢?) = o(¢!, $2)Q2(#!, $*) where Q2 : T — U(1), f is transformed
to

Flle; (81, 6%) = Qri(8", 60) 7 (ks (8, 62))4, ¢7) . (3.47)

Such f and f' are said to be cohomologous and the liftings generated by them are equiva-
lent. Note that if one equates f(k; (¢!, ¢2)) with the identity (i.e. the trivial lift) in (3.47)
we find

fi(k; (8, 0%) = Q(ri(¢',6)) 7108, 6%)) : (3.48)

Such functions f' are then called coboundaries and they generate lifts equivalent to the

trivial one.
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Returning to the group G = SO(2) x SO(2), one may define the following cocycle for
this group

(R T O ) EE G (3.49)

as an attempt to define a nontrivial lift of G-action on P, where (7!, 712) € G and the a,’s
are parameters which are required to be integers to ensure periodicity of f(®) under the

transformation % — 7® + 27. However, one can define
Q@)1 ¢2) = il +oag®) (3.50)
and find that
£ n?); (81, 6%) = Q¢ +7', 6% +77)71 (g, 67) . (3.51)

Hence (3.49) would only generate a lift equivalent to the trivial one. In order to get a
nontrivial lift one should consider instead the universal cover of G, i.e. R X R in the

canonical group. In this case the cocycle (3.49) is changed to
FO((n',n2); (¢, ¢%)) = 'O +6am) (3.52)

where (n!,7%) now belongs to R x R and the ,’s are real parameters. An attempt similar
to (3.50) would no longer work as the corresponding function is no longer a continuous
map from T? to U (1) unless the 8,’s are integers. With this nontrivial lift, one can now

obtain inequivalent representations to (3.30), now parametrised by 6,, i.e.

U 7" )@, ¢)

= . (3.53)
= (010" +621 ),/,((4,1 + ,71) mod 2, (q&2 + 7;2) mod 27)

For the complete representations of the new canonical group (i.e. the universal cover of
G), the representation (3.53) is supplemented by (3.38). It is worth pointing out that
the phase factors involving the 6,’s are simply the phase factors that give the usual 6-
structure in quantum theory® arising from Hom(m1(Q), U(1))!" One can in fact show
that the representations (3.53) can be obtained by considering 71(T?) — R x R — T2

as a ‘master bundle’ which carries the desired lift of a group action naturally!’ Also, the
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parameters 8, can be considered as components of a flat connection on P. This can be

seen from the generator of (3.53) (¢f. (3.32)) which is

R .0
Uab)#',8) = =i (81,8°) + 0u(8', ) (3.54)
This is to be compared with the minimal coupling rule of electromagnetism. The signifi-

cance of this interpretation will be much more evident in the next section.
Contraction of £(§)

Finally in this section, we shall turn briefly to another interesting topic, namely that
of contraction of the Lie algebra of the canonical group. Contraction involves taking
a limiting process for a particular parameter which parametrises the Lie (sub-) algebra
in question. It is often discussed within a physical context I in which the parameter
will be some ‘external’ physical parameter of the system studied. Here, contraction of
L(G) relates quantisation of a particle on T? to the ordinary quantum mechanics on R2.
Physically, this is welcomed, as the quantum system on T? should locally resemble that
of R%. The relevant physical parameters that should be considered here are the radii p,
of the generating cycles of T? embedded in IR3. Taking the limit of these radii to infinity
would then in effect gives the local character of the quantum system on T2. In order to see
how these radii would parametrise £(G), we first observe that locally in a neighbourhood
of ¢* = 0, the canonical observables u®, v® behave like 1, ¢® respectively. Thus in this
neighbourhood, the quantity p,¢* would serve as the ‘canonical coordinate’ z% in R2. In a
similar dimensional argument, the quantity p;!J, would be the ‘momentum’ p, conjugate
to . Given this local parametrisation of the observables, it is easily deduced that the

required Lie algebra parametrisation is the following homomorphism of £(G) into itself
Ap: {a%, 9%, Jo} — {ﬁap)’i}(ap)’ ja(p)} = {ﬁa’paﬁavp;lja} ) (3.55)

where the subscript p is just a label to denote the corresponding quantity depends on the

parameters p,. This replaces the commutator relations (3.27) - (3.29) by

o @) = 47" ooy 8] = in2°0%67 (3.56)
s 8%y 1= A5 () 0] = —8%85 (3.57)

[Iaaa 6b](p) =0= [jaa jb](p) . (358)
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Taking the limit p, — oo reduces the relations to

by %) (00) = (8%, 8*)(c0) = [Ja, Jpl(o0) =0 (3.59)
[For 9%) (o) = —i%6F . (3.60)

To illuminate these relations further, one should consider the unitary map of representa-
tion spaces,

dzldz?

deldg?
. 72/m2 2 —
W, : L*(T*, ™= ) — L*(I; x Iz’47r2p1p2) , (3.61)
where I, is the interval [0, 27p,] and
(Woy) (2}, 2%) := p(p7 't p5 12?) (3.62)

where ¢ € L*(T?) and ¥, € L2(I; x I). Under such a map, the operators ja(p), ﬁ?p), ﬁ?p)

have the following form:

. 0

(Wodo(nW, ") (z!,2%) = —i a’f;’(zl,xz) , (3.63)
(Woal,y W, '9,)(a!, 2%) = A% cos(p7 2% ), (at, 2%) (3.64)
(Wedl,y W, ' p)(z', 2%) = X pasin(pg e )y(a', 2%) (3.65)

where A\* are the parameters mentioned in (3.38). Thus as p — oo, 4°® tends to A* and

hence (3.60) is given by
[Jby 9%)(e0) = —iA°6F (3.66)

which is precisely a multiple of the CCR. This justifies the earlier claim that the quantum

system on T? locally resembles normal quantum mechanics on R2.

3.3 Quantisation on Q = T? with a Constant Magnetic Field

The quantisation of a particle on Q = T? in the previous section serves the purpose
of setting up the necessary ideas needed to discuss the case of the same system but now
with the inclusion of a background constant magnetic field. It also enables us to make
comparisons between the two cases. Many of the points raised in the last section have
either their analogues or their generalisations for the case with the magnetic field discussed

. N . 10
in this section™®
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Canonical Group G = E;v<(E; x U(1))

The framework for the system of a particle moving on T? in a constant magnetic field
is very much the same as the last section. The phase space § is the cotangent bundle

T*T? but now the symplectic structure is changed from (3.1) to
wpi=w+F | (3.67)
where F is the field strength two-form

F:=) 1F,; d¢°*ndg® . (3.68)

a,b
The Fgp’s are the constant coinponents of the magnetic field introduced into the system.
With the same set of observables (3.2), one can use wg to find the corresponding new

Hamiltonian vector fields to the observables. It is only (3.5) that is changed to

0 0
é.]a = a¢a + ;Fab'a_']b' ) (369)

the vector fields (3.3) and (3.4) remain the same. This new set of vector fields along with

wr form a new Poisson bracket algebra. It is found that it no longer closes because

{Jo, b} = wr(€1a,€0) = ~Fap - (3.70)

However, the vector fields still obey the same commutator algebra as in the last section,
with [£74,€75) = 0. Thus, there is no isomorphism between the Poisson bracket algebra
and the Lie algebra of G. One possible way out might be to add constants to the observ-
ables (which does not affect the Hamiltonian vector fields), in the hope of restoring the

isomorphism. But adding constants to J, leaves {J,, J;} unchanged, and so we cannot
change (3.70).

What one therefore has to do is to replace the Lie algebra of G by its central extension.
This is done by replacing the commutator [J,,J;] = 0 by the ‘quantum commutator’

corresponding to (3.70), namely
[Ja, J) = —iFgpl ‘ (3.71)

here F,; are the central elements of the new Lie algebra and 1 is the identity operator.

Thus one is required to replace (3.69) with some other operator, to generate the new



Particle on Torus 50

algebra. At this stage, it is helpful to look at the problem in a different way. The
insertion of a magnetic field suggests that one has a U(1)-gauge theory on T2. Hence,
a natural thing to do is to employ the minimal coupling rule, replacing —:0/0¢* as the

operator representation for J, with the corresponding gauge covariant one, namely

2 : . 0
Ja -— _ZDa o —Za¢a

+ Ad(6', %) (3.72)
where A, (¢!, ¢?) is the connection (gauge potential for F,;) on the U(1)-bundle over T?.
This automatically gives the required commutator (3.71). It is useful to note that there
is a Dirac quantisation condition on the total flux of the magnetic field (see Appendix);

the field strength two-form is given by
_ m 1 2
F = ——27rd¢ Ade® (3.73)

where the magnetic charge m is an integer. For calculational convenience, we will choose
the gauge

Mg ¢h) =0, Ax(¢h¢")i= ¢ . (3.74)
Given the explicit representation of J, (3.72) with the above gauge choice, one can now
construct the new extended canonical group by exponentiating the generators of the new
algebra. For simplicity, let us just consider only the generators J, of (SO(2))s. These
generators act on sections of a line bundle over T2. These sections is in one-to-one corre-

spondence with the complex-valued functions ¥ = (¢!, ¢*) which satisfy the appropriate

boundary conditions given in the Appendix.

Exponentiating the action of J, on the sections gives

exp(iH'J1)(4', 6°)
exp(iH2J2 )9 (4", 4%)

P((¢" + n') mod 2, 4*) (3.75)
emH /27y (41 (42 4 n?) mod 27) (3.76)

where H® € R is a coordinate for the Lie algebra of (SO(2)), while ® is a coordinate
on the corresponding group (SO(2)),. Of particular interest are the following products
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of exponentiated actions of Ja

exp(i H'Jy) exp(i H2J2)y(¢?, 4%)

o A (3.77
— eth ¢ /21reth H /21r¢((¢1 + 7)1) mod 27‘., (¢2 + ,’72) mod 271.) , )

exp(iH? Jp) exp(iH' J1 )y(4*, ¢?)
(3.78)

= ™A' 27y (1 + p1) mod 2, (42 + 7%) mod 27)

Parametrise the central extension of SO(2) x SO(2) by (n! mod 27,7n? mod 27, €*™),

where €™ is the central element. So the exponential mapping may be denoted by
exp(H%,0,0) := (n! mod 27,0,1) (3.79)
exp(0, H%,0) := (0,%% mod 27,1) (3.80)
exp(0,0,7) := (0,0, e™/?7) (3.81)

Hence, (3.77) and (3.78) give

(n* mod 2,0, 1)(0,7)2 mod 27,1) = (* mod 27, 7% mod 27,1) (3.82)
(0,7% mod 2m,1)(n* mod 27,0,1) = (' mod 27, 7% mod 2, e‘mH1H2/2") , (3.83)

from which the following general product law is deduced,

(' mod 27, 7% mod 27, €"™/?7)(¢! mod 27, ¢? mod 2, €¥™*/?7)

1 1 2 2 im(H'Z%4r+38) /27 (3'84)
((n' + ¢') mod 2m, (n° + ¢°) mod 27, '™ trde)/imy

where Z° are the Lie algebra parameters corresponding to group element (®. However,
as 7° and (® are only defined mod 2, the product H1Z?2 in (3.84) is not well-defined. A
solution to this problem is to use the covering group Saé) = R of SO(2) as the group
generated by J,, instead of SO(2). Hence (3.79), (3.80) and (3.84) are defined without
the ‘mod 27’. This will change the group product (3.84) to

(,,71’ ,’72, eimr/21r)(cl, <2, eims/21r)

= (! + (1 P + (2, U Erra)fom (3.85)

which is well-defined. This is the product law of the group G = S'?)TZ) ><(SE(2) x U(1)).
One may check that the other properties of a group holds with (3.85); the identity is
(0,0,1) and the inverse of (7', n?, ™2 is (—pl, —n?, e‘m(HIHZ")/z").
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Combining the results of section 3.2 for the other observables u* and v* (see (3.33)
and (3.34)) with those above, one has now found the new canonical group G describing

the symmetries of the new system (§,wr), namely
G = Ey<(Ea x U(1)) (3.86)

where E5 denotes the covering group R < R? of E;. Having found this, we must now
find (other) unitary inequivalent representations of ¢ and classify them. Before doing
so, a useful observation to make is that the abstract group G is independent of m for
m # 0, as one can rescale one of the S‘é*(’?) Lie algebra parameters by X and still have
the same group product law. The factor m will then be dropped for this reason. One can
make further simplification of notation by identifying the central group element with the

element of its algebra

(Ul,nz,eimdzw) ~ (’71,"72’7‘) . (387)

Representations of G

We will now reconstruct the representations (3.75) and (3.76) of G in a more geo-
metrical and condensed form analogous to that given in the previous section. Consider a
nontrivial U(1)-bundle over T?, U(1) — P, — T?, where the subscript m on Py, is just
to differentiate it from the trivial U(1)-bundle P in Section 3.2, implying the existence of
a magnetic field (nonvanishing curvature). Locally, its (measurable) section oy, is given
by (¢!, 4%;U). A right G-action on T? is given by

7‘(”1,,72,,)(¢1, ¢2) = ((¢1 + 771) mod 27", (¢2 + 7]2) mod 277) 3 (388)

where the U(1) subgroup has a trivial action on T2. This action has a nontrivial lift to

P, given by
rip (@585 U) = (8 + 1') mod 2m, (¢ + n?) mod 2m; #4027y (3.89)
This action can be seen to satisfy the required right-action identity

rEn‘,n",r)TEC’-C2,s) = TEC‘ £2,8)(ntm2,r) : (3.90)

This action induces a lifted G-action on the associated line bundle to P, Epy = P X v C
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i.e.
T(Tn‘,ﬂ’,f)q""(d)l’ #)
t= [l g Om (81, 6% (7t 2.0 (67, 67))]
= [om((¢' +n') mod 2, (¢ + 7°) mod 27);
e H #4127y (g1 + ') mod 2, (¢* + 77) mod 2m)]

(3.91)

where U,,(#', #%) is the local section of En, trivialised by [om(8?, ¢2);¥(¢!, ¢?)] and 2
being a complex-valued function defined only locally on T? (or alternatively it obeys the
boundary conditions given in the Appendix, but we will not need this information in this
construction). Note that the G-action gives rise to an action of the U(1)-structure group

of Py, and E,, on the fibres. It does leave the inner product on the fibres of Ey, invariant:

< T Tt ¥ Zr @) =< ¥ > (3.92)

where the inner product is given by

< >i= / (61, 21 (8, %) ddlde? fan? | (3.93)
T2

giving the required Hilbert space structure.

Equation (3.91) reproduces the representations (3.75) and (3.76) on the space of sec-

tions of Eyy,:

W', n?,r)e) (4, ¢°)

o (3.94)
— NH ¢ +T)/27'¢((¢1 + nl) mod 27, (qb2 + 1}2) mod 27)

This is in fact a representation of G induced by a unitary representation of its U (1)-
subgroup manifested by the structure group of E;. One now looks for other inequivalent
representations of (¢ for quantisation on Q = T?, if they exist, and tries to classify them.
This is done by looking at G-orbits on the space of characters Char(U(1)) of U(1)™ A
character of U(1) is given by

xk(w) := ¢ ikw/2n , » (3.95)

where x; € Char(U(1)) and w € U(1) with the parameter k required to be integer. Using
the isomorphism between Char(U(1)) and the dual objects to elements of U(1), the action
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of G on x4 is given by
T2 )Xk = Xk (3.96)

i.e. the G-orbits in Char(U/(1)) is just trivial. Hence, by a theorem of Mackey (see Theorem
1.12"" ), there is a one-to-one correspondence between Char(G) and Char(U(1)). This
means that k characterises the inequivalent irreducible unitary representations of . This
is what one expects physically - interpreting k as the magnetic charge m which labels the

different physical systems on (S,wp). In general, the representation of G on sections of

E,, will be

Ut n*,r)e) (¢, ¢%)

v (3.97)
- e1m(H ¢ +r)/21r,(/)((¢1 + 771) mod 2, ((/)2 + 772) mod 27!‘) s

where m is the magnetic charge. It is important to note that there exist other inequivalent
representations of G, induced by representations of the subgroup R x U(1). However,
they seem physically irrelevant to our problem of quantisation on Q = T? as they involve
functions of only one variable.

To obtain the representation of the whole canonical group G, one employs again

Mackey’s theory on semidirect products™'*™

and note that the central U(1)-subgroup of
G does not act on the (]R2),, subgroups of G. In fact, the analysis for the representations
V in Section 3.2 follows here and one simply complements the representation (3.97) with

the representations of R? x R? subgroup of Ey x Ey given by

(VW (my, n1; ma, na)) (41, 62)

— M1 (M1cosg’+Ny sin ¢')+iA(Mz cos ¢* +n2 sin ¢2)'¢(¢1 , %) 399

’

where (mq,n,) and (M,,N,) are respectively elements of the group (R?%), and its Lie
algebra, while )\, is the parameter characterising the (E;), orbit in Char(R?),. One
easily checks that these representations do obey the required boundary conditions (see

Appendix).

This completes the study of possible quantisations on (S,wr) (modulo #-angles - see
below).
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Related Remarks on Lifting Actions

From above, we have seen the modification of the symplectic form to include an
external magnetic field into the physical system significantly changes the canonical group
of the case without the field to the central extension of its universal cover. Here, the central
extension arises differently from the example of @ = IR". It arises from the nontrivial line
bundle structure over the configuration space, rather than the phase space as in @ = R
The change to the universal cover is expected due to the nontrivial lifting of the G-action
on T? (to that of G) as in Section 3.2. However, in this case the change is necessary since
it is known that the SO(2) x SO(2)-action on T? has only a lift on the product bundle!”
Passing to the covering group is also desirable as it is related to the possibility of §-states
(see Section 3.2), given that there is now a magnetic field in the physical system. This

arises when we add a constant potential to (3.74) i.e.
Ay =mb/2r |, Ay =£(¢'+62) , (3.99)

for some constants 8; and 6;. This will generalise the representation (3.97) to

U n?,r)¥) (¢, ¢%)
- eim(H’01+H202+H’¢‘+r)/21r¢((¢1 +11) mod 27, (42 + 7?) mod 2r)

(3.100)

It is important to note that the semidirect product structure in G seems to suggest
that one of the generating cycles of T? is preferred over the other. However, this is only
artificial since one can find another lift of G-action on P,, which would suggest a different
preference of the cycles, but this lift is only cohomologous to the lift (3.89). Consider
the cocycle f((n!,n2,1); (4!, 4%)) := ei(H? ¢ +r)/2m given by the lift (3.89) where the cycle
coordinatised by the angle ¢! is being preferred. Define a map 2 : T? — U (1) locally by

(¢, ¢2) := ' 4 /2m (3.101)

Note that Q being globally ill-defined is consistent with the fact that ¢ can only be given
locally by the trivialisation ¥,, (alternatively, impose the same boundary conditions on

Q2 as for 9). Using (3.47), one can define a new cocycle f' by

(' n?,r); (8%, 67) 1 = Qrig (8, 6) 72 F((0h, 0%, 7); (81, 6))Q( 4T, ¢7)

—i(H'¢*+H'H*—r)/2x (3.102)

=€

The cocycle f' then defines an equivalent lifting of G-action to (3.89) but now the ‘pre-
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ferred’ cycle is coordinatised by the angle ¢?. This actually follows from a theorem which
states that the lifted action of G is unique up to bundle equivalence (see Theorem 1.6" ).
One can also understand the above problem in another way by noting that the represen-
tations of G given by f and f’ are equivalent in the sense of locally operating (or vector

14
®4 where

bundle) representations.[w] This originates from the idea of gauge equivalence
in the above problem, it will involve performing a singular gauge transformation to (3.74)

in order to get the new representation given by cocyle f'.

~

Contraction of £(G)

In the last section we have also looked into the contraction of £(G). It will be of
interest to us how the new Lie algebra £(G) will contract and how it relates to a local
picture of quantum mechanics. Consider the previous homomorphism A, (3.55), but now
the generators 2,9, J, will be of (subalgebra of) £(G). We only need to know how the
generator 1 of the centre of £(G) is mapped under an extension A, of A,. Again, one
should consider the physical context of the problem. Earlier, from (3.71), one observes
that the central element corresponds to the field strength tensor F. Hence its generator

should carry the same dimension as F, which is (length)~2 in natural units. Thus we

define A,, as

~

Ap {80, 0%, Ja, 1} = {if,), 58, Jaoyr ()} 7= {8%,pa®®, p3 1 a, (p1p2) 1} . (3.108)

The new commutator algebra defined by A, is the same as (3.56) - (3.58) apart from the

last relation, which is replaced by
as (o) = A a(e)s o) = Fapl - (3.104)
Taking p, — oo, will give the new contracted algebra which is:
[, By = Fasl (3.105)
together with (3.59) and (3.60). These relations then give the correct commutator algebra

for the system of a particle moving on IR? in a constant magnetic field. This is consistent

from the intuitive picture that we had earlier in Section 3.2.
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‘Anomalous’ Constants of Motion

Finally, it is interesting to note a particular feature of this example of quantisation
on (S,wr). The quantum mechanical system of a particle on T? in a magnetic field has
been described"” to exhibit a kind of anomaly in which the expectation value of J, is not
conserved although it does commute with the Hamiltonian (in the canonical quantisation

scheme). It has been shown"®

that such phenomenon can be attributed to the fact
that the momentum operator does not preserve the domain on which the Hamiltonian
is hermitian. One way of understanding this problem is to realise that the canonical
quantisation scheme does not respect the symmetries of the phase space. A similar kind
of ‘domain problem’ has also been commented on by Isham™ in one of his arguments for
the group-theoretic quantisation programme (see also [17]). We shall now consider the

problem in the context of this programme.

The Hamiltonian operator of this system is given by
H:=31Y JJ*=-4> D,D* , (3.106)
a a

where D, is the covariant derivative operator representation of J, (3.72). Its commutator

with jb is

[H,J))=—i> J. F§ (3.107)
a
and hence
d: . - .
b =ilH, 3] = za:.f,, Fe£0 . (3.108)

Thus an anomalous situation such as in [16] does not arise. However, the fact that one
cannot find a conserved momentum remains. Suppose that one attempts to redefine the
operator Jy such that its commutator with H vanishes and hence obtains a new generalised

momentum which is a constant of motion. This ‘can’ be done by defining
Jy=Jdy+ ) Fud® (3.109)
c
where <2>° is the multiplicative position operator on T2. This will commute with H ,
(J,H =0 . ' (3.110)

However, the operator ¢° corresponding to observable ¢¢ is not well-defined and has

already been ruled out by the quantisation programme. The fact that ¢* is not globally
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well-defined, has in fact been considered"® to be the origin of the domain problem
mentioned earlier. Hence, in this example, one cannot find a generalised momentum
which is a constant of motion. This is to be contrasted with the case Q = R? where the
position operator #* is a well-defined operator and hence p!, defined in a similar way to
(3.109) is a constant of motion. The idea of ill-defined (classical) constants of motion as
in the above example leads to an interesting question whether it has any generalisation
to field theory and thus possible field-theoretic ‘anomalies’. This will be discussed in the

next chapter on o-models with Wess-Zumino term.

3.4 Quantisation on @ = T"

This section deals with the generalisation of the results of the previous sections for
the n-torus (n > 2). The generalisation is straightforward, but the treatment given here
will involve the language of lattices. The motivation of introducing this slightly different
treatment is that it follows from the usual lattice construction of string in the string
literature (see e.g. [19]). Thus the results given here will be of use in the discussion of

quantisation of strings on tori ®9 in Chapter 5.
The Case Without the Magnetic Field

Consider T", expressed as the quotient space W/2xA where W is an n-dimensional

real vector space and A C W is the lattice
n . .
A={> n'Ai|n'ez} ; (3.111)
1=1

here {A;, 1=1,...,n} =: E is the set of basis vectors for W. The dual vector space W*
has the basis E* := {B', i =1,...,n} such that < B‘,Aj >= 5; Thus, given that the
configuration space for a particle moving freely on T™ is being expressed as Q) = W/2xA,
the phase space is § = T*Q = W* x W/2nA. The set of fibre coordinates {J4 | A € E}
serves as a part of the canonical observables for this system of a particle on T". Note that
the basis of W labels the fibre coordinates on W* (¢f. the notation in Section 1.2). For
other observables, the example of Q = T? suggests the following construction adapted to

the lattice structure.

As outlined in the introduction, the nonlinearity of () necessitates its embedding in

some vector space V to obtain globally well-defined 2n variables intrinsic to @ (¢f. @ =
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T?). An element v of V shall be given by the components v(B) := (vz(B), vy(B)) € R?
in the direction of B € E*. The relevant observables are then given by functions of &

taking values in V i.e.
v(#)(B) = (Vg)e(B)s v()y(B)) = (7 (2, [9]),v%(2, [¢])) ; (3.112)

uB(®,[4]) :=cos< B,¢> , vB(®,[¢]):=sin<B,¢> , (3.113)

where ® € W* and (@] € W/2xA is the equivalence class of ¢ € W modulo 27 A (¢f. the
‘angle’ ¢* with the locally defined coordinate function ¢® on T?). The natural symplectic

structure on the phase space S is given by

w= S deP adly, (3.114)

where qSBi is the coordinate of W in the A;-direction (dual to the B'-direction). Note
- that dd)B‘ is a well-defined one-form on W/2xA. Thus, the Poisson bracket algebra of
observables (3.113) and J4 is

B0y =0, {JguP}=<B,A>v8, {Js,vB}==-<B A>u? | (3.115)

where A € E and B, B' € E*. From this algebra, the canonical group G that acts on @Q
is W/2xA itself, and the full canonical group is the direct product

G=EyxEyx---xEy (3.116)

n times

where E; is the Euclidean group in two dimensions, built out of V and W/2xA. The

subgroup W/2rA acts on V as an automorphism group in the following way:

cos < B,np> —sin< B,p> vz(B)
av(B) = | , (3.117)
sin< B,n> cos< B,n> vy(B)
where [7] € W/27A and v € V. The full canonical group G acts on S by
Ty (81 I) = ([¢ + 1), T + V2 (v (6))y — Vo(Tm)Vi9))z) (3.118)

where [¢],[n] € W/27A, J € W* and v,v(4) € V.
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The quantisation of the system involves finding irreducible unitary representations of

G and hence the Hermitian representation of the algebra (3.115):
[@B,98 =0, [Jgd@P]=i<B,A>4B, [J4,0P]=-i<B,A>4P . (3.119)

This is done in a similar way to that of Section 3.2. The classification of the representa-
tions also follows directly from that section, now involving n parameters A; (i = 1,...,n)
parametrising the W/2rA-orbit on V. It is important to note that the group actions
(3.117) and (3.118) also allows the use of the cover W of W/2r A for the canonical group.
Similar remarks on the universal cover also follow from Section 3.2, leading to the possi-

bility of 0-states with n parameters 6;.
The Case With the Magnetic Field

For the system of a particle moving on T" in a constant magnetic field, the main
g g

difference from what is given above, lies in the usage of a modified symplectic form for S:

n . . .
wp = Y _(d¢® AdJa, + F(Ai, Aj)de® A dgP’) (3.120)
i,j=1

where F can be thought as a skew-symmetric bilinear form on W/2mA such that F(A4;, A;)
are the components of the constant magnetic field in the direction of A; and A; of E.

Using the same set of canonical observables, the Poisson bracket algebra then changes to
{Ja,Ja} = -F(AA) (AA €E) (3.121)

together with relations (3.115). The previous canonical group will now no longer work but
a larger extended group is needed. Analogous to the construction in Section 3.3, one can
find the global structure of the new canonical group by exponentiating the action of an
operator representation of J4 on sections of a line bundle over T™ where these operators

obey the ‘quantum commutator’ corresponding to (3.121) i.e.
[Ja,Ja) = —iF(A, AT . (3.122)

The sections can be given by complex-valued wavefunctions 3(,) obeying the boundary

conditions given in the Appendix (cf. @ = T2). The appropriate canonical group acting
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on W/2rA is then
G = (Wo1)o<(Wo(2)p<(- - - 0<(Wo(m) x U(1))--4)) (3.123)

where o(7) is the ith element in the permutation ¢ of (12...n) and Wj is the jth com-
ponent of W. The order of the permutation in G does not matter as they correspond to
taking a particular representation within an equivalence class of bundle representations

(cf. Section 3.3). The group product of @ is given by

("11, 772’ Tty ﬂn, eir)(Cl, sz Tty Cnv eia)

i(r+8+z:.k=l‘(j<k) ‘nlijjZk)

(3.124)
=(771+Cl,7lz+c2,"',nn+fn,e ) )

where 77(n") € W;, and H(H") are the corresponding Lie algebra parameters while
the exponential terms belong to the central U(1)-subgroup. The parameters mj; are
the %n(n — 1) integers that labels the bundle representation of G over T". They corre-
spond to the quantised flux of the constant magnetic field through closed two-dimensional

submanifolds of T™. The full canonical group is
G = Eyv<(Bav<(---o<(E x U(1))-4)) (3.125)

where E is the universal cover of E3. The representations of the subgroup V of G are

still labelled by the aforementioned );'s.

3.5 Summary

This chapter has examined the application of group-theoretic quantisation programme
to systems of a particle moving on a torus, for both cases of with and without an external
background constant magnetic field. The example of T2 is given with some elaborations.
The inclusion of a magnetic field brings about significant changes to the quantisation of
the system. In particular the canonical group that is used as the basis for the quantisation
of the system without the magnetic field has to be changed to the central extension of its
universal cover. This change can be largely understood in terms of lifting group actions
from T2 onto the line bundle over T? which is considered as the representation space. The

inequivalent unitary representations of this new canonical group in fact correspond to the
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known physical systems characterised by the inequivalent bundles over T2. Other results

on how the Lie algebra of the canonical group contracts to give the algebra that describes

ordinary quantum mechanics on R? (for both cases), and the possibility of ‘anomalous’

constants of motion are also given. Some of these results are then generalised for the

n-torus T™ adapted to a lattice structure.

Below is a summary of the main results of this chapter:

(£)

(i)

(i)

The canonical group G for the system of a particle moving on T? without the
magnetic field is the direct product of two Euclidean groups i.e. G = Eg x Es.
The different quantisations of the system are given by the inequivalent irreducible
unitary representations of G which are parametrised by positive real parameters
Aa (@ = 1,2) associated to the SO(2)-orbits of Char(R?) for each Ej subgroup.
The group G can also be replaced by its universal cover giving rise to two extra

parameters 8, known as the f-angles.

For the case of the particle in a magnetic field, the canonical group has to be
changed to the central extension of its universal cover i.e. G = Egp<(Ey x U(1)).
The use of the universal cover is necessary in order to generate a nontrivial lift of

the group action on T2 to a nontrivial line bundle over TZ.

The abstract group G is independent of the magnetic charge m. The different
quantisations of the system are however given by the magnetic charge as well as

the other parameters A, and 6, mentioned in (i) above.

The use of globally well-defined canonical observables cos ¢* and sin ¢* eliminates
the possibility of anomalous constants of motion though the theory is still ‘anoma-

lous’ in not possessing a conserved generalised momentum.

For the general case of a particle moving freely on T", the canonical group is simply
the direct product of n Euclidean groups i.e. G = F9 X Eg X - -+ x E9. Associated

to each irreducible unitary representations of G are n parameters A; (i = 1,...,n).

The canonical group G for the general case of a particle moving on T" with
a magnetic field is G = Epv<(Ey---b<(Ey x U(1))---)). The representations
of G are labelled by %—n(n - 1) integers m;; (i,j = 2,...,n) which denotes the
quantised flux of the magnetic field over closed two-dimensional surfaces of T".

Other parameters are the aforementioned ); and also the #-angles 0;.
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Appendix: Dirac Quantisation on the Torus.
(i) Two-torus T?

Consider the set of functions 1 of the angular variables of (¢!, ¢?) of T2. One imposes

the following boundary conditions on these wavefunctions:

P(¢*,27) = ¥(41,0)
p(2, ¢%) = g(¢%, 6*)9(0, ¢%)

where g(¢!, ¢?) := exp(—im@?). One requires that the covariant derivative D, := s +iAq
acting on the wavefunctions obey the same conditions, in order to keep the theory gauge-

invariant 7.e.
(Da¥)(8',27) = (Da¥)(4',0)
(Da¥)(2m, ¢%) = g(¢*, 6*)(Da®)(0, ¢%)

This implies that the connection must satisfy the boundary conditions

Aq(9!,21) = Aq(4%,0)
Ag(2m,8%) = Aq(0, ¢%) + i(Bag)g !

A compatible gauge choice that corresponds to a constant gauge field strength is

Ai(¢', %) =0
Ax(¢?, 9?) := £ ¢!

The magnetic charge is
= / F=4 / dA=m |,
T T?

and this has to be an integer, in order that the gauge transformation function g should

be well-defined.
(ii) n-torus T"

The above quantisation condition is easily generalised to the general n-torus T". One

uses instead the wavefunctions 1, of angular variables ¢* (a = 1,...,n) of T" whose
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boundary conditions are

¢(n)(¢1’ S ¢'n.—l, 27!') = w(n)(¢1’ Tt ¢n—1, 0) ’
'd}(n)(¢17 ee,2m, ¢n) = e—im2"¢"¢(n)(¢l> 0, ¢n) ’
: 2 ose n —
'ﬂl’(n)(27", e d)n—l, d)n) = g Hma2¢"+-+mand ),(1)(‘”)(0, A 1, d’n)

where m;; (i,j = 2,...,n) are the %n(n — 1) integers generating the second homology

group Ha(T™) of T™. The connection then obeys
Aa(¢1,-~-,¢n_1,2‘ﬂ’) = Aa(¢1""a¢n_l,0) )
Aa(¢1, STy 27r7 ¢".) = Aa(¢13 e 703 ¢n) + m2n6a'n. [}
Aa(27ra Tty ¢n-—l, ¢”) = Aa(oa Tty ¢n—1’ ¢”) + (mn26a2 +---+ mnnfsan)

A suitable gauge choice would then be

A1(¢1a"')¢n) =0 s
Ag(gl, -+, 9") 1= kmyee! |

An(@l,--+,0") 1= (mund’ + - + mang™)

The quantisation condition is then

where X is any generating 2-surface of T".
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Chapter 4

Abelian Gauge Symmetry
in Sigma-Models with Wess-Zumino Term

4.1 Introduction

A relevant topic for future discussions is the Abelian gauge symmetry in nonlinear
symmetry in nonlinear sigma- (0-) models arising from the inclusion of a ‘topological term’
now known as the Wess-Zumino term! This chapter will digress from the main topic
of group-theoretic quantisation and central extensions to look into this Abelian gauge
symmetry in more detail with the motivation of setting up a parallel between these o-
models and the system of a particle moving in a constant magnetic field. This will be
given along with a preceding discussion of the general construction of a Wess-Zumino term
in a two-dimensional Minkowskian space-time. An investigation of Noether’s theorem for

" is included to elaborate the close analogy

the o-models with the Wess-Zumino term
with the case of a particle in a magnetic field. Associated global problems will also be

discussed.

Sigma-models have been frequently studied in theoretical physics in various ways. It
was originally studied as an effective theory of scalar mesons (see e.g. Chapter 5 of [3]).
The o-models however are much more frequently exploited as model field theories exhibit-
ing rich geometrical structures' In particular their supersymmetric versions have in fact

® and

been used as ‘mathematical tools’, for example in improving Morse inequalities
rederiving index theorems'*™ Today, their uses are often directed to the study of confor-
mal field theories and string theories®™" In these theories, the inclusion of Wess-Zumino
terms have found to be crucial. The term has been used to cure anomalies’” estab-
lish equivalence between bosonic theories and fermionic theories and restore conformal

. . 8 .
mvarla.nce,[ l among other things.
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A sigma-model is defined as a set of fields {®'} mapping a (d + 1)-dimensional
(Minkowskian) space-time into a Riemannian manifold M (i = 1,...,dim M). The nor-

mal kinetic energy Lagrangian density is given by
Lo := %B“Qia"@jg;j(q)) . (4.1)

(Sum over repeated indices is assumed.) Note that the Greek indices are the space-time
indices and the indices %, j,... belong to the manifold M. For the purpose of this work,
the space-time is assumed to be flat and of (1 4+ 1) dimensions with space coordinate z
and time coordinate t. The nonlinearity of the theory comes from the ®-dependence of
the metric g that describes the geometry of M. It is important to observe that Ly is

independent of the coordinate patches on M i.e.
[é) @'3"@’g,, (®) = <I>"6“<I>’7g,J (@) , (4.2)

where
8%t 9ot

@It @IJ (43)

9:;(®") = 911(®)

In usual discussions of the o-model, the following boundary condition is normally imposed

on &:

® — PpeM as |z| — oo (4.4)

for ®p, a point on M. This implies that ® is basically the map
¢:8' — M (4.5)

where S! is space with a distinguished point mapped to ®;. The configuration space of
the fields is then the loop space QM e e. loops in M with basepoint $g. Having defined
the (normal) o-model above, one can go on to construct its Wess-Zumino term in the next

section.
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Fig.1 : Joining of loops in M.

4.2 Wess-Zumino Term

A Wess-Zumino term is a topological term added to the normal kinetic energy action
(Lagrangian density) of the o-model. It is topological in the sense that the physically
relevant quantities derived from it are independent of deformations of the fields. In a
general (d + 1) dimensions of space-time, the Wess-Zumino action consists of a (d + 2)-
form on M integrated over (d + 2)-chains of M. One example would be the field strength

two-form of a Dirac monopole on T? in the previous chapter, where d = 0 and M = T?.

Before constructing the Wess-Zumino term, it is useful to look into the maps @ (4.5)
more closely. Its image, which shall also be called ®, are said to be one-cycles of M and

they can be decomposed in terms of fundamental cycles of M as
o .= znaCa +8¢ (4.6)
a

where C’a is a set of nontrivial loops generated by 71 (M) (the first homotopy group of M)

with nonzero winding numbers n,, and the map é is the extension
6 : D) — M (4.7)

of the map

¢ =04 : 85— M , (4.8)

where p is the boundary operator such that 8D? = S! (with the distinguished point).
Basically, ¢ is a map which is homotopic to the constant map. The ‘+’ symbol in (4.6)
means the joining of oriented loops at the basepoint as in the discussion of the group

property of the fundamental group.["'m (See Fig. 1.)
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In general, this (group) operation may be non-Abelian. In such a case one considers only
the Abelianized version of the group. However the examples of M that shall be considered
here will all have Abelian fundamental group and thus the discussion will not be pursued

any further.

The time-dependence of the fields @ is introduced by considering a family of maps
®; : S' x {t} — M, parametrised by t € I = [to,?1] C R. The whole family of maps
will be denoted by

®; : SIxI—M | (4.9)

with

& =Y nCra+ @)1 , (4.10)

where
1 : D?°xI— M

4.11
¢r=0¢) : STxI— M 1)

Note that one could take ¢; to be (3¢;) where there will be an extra contribution from
the endpoints of I. This amounts only to a total time derivative in the action and hence
can be ignored. [Further explanations can be found in note 1 below and the discussion of

gauge symmetry in the next section.]

The relevant differential form on M for the construction of the Wess-Zumino term is

the three-form,

Q+dA (4.12)

where ) is a generator of the third cohomology group H3(M) of M, and A is some two
form on M. The Wess-Zumino action can now be formed from (4.12) together with the

decomposition (4.10) by the following functionals:
T[®1):= Y naT(Cra] + T((0)1] + T'[@1] (4.13)

where

riedn= [ #n (4.14)
D2x]



Gauge Symmetry in 0-Models 70

and

I'[®g) := /(I)}A ) (4.15)
SixI

The asterisk in (4.14) and (4.15) denotes the pullback of the forms §2 and A by the maps
é1 and ®; respectively. The first term in equation (4.13) is an arbitrary fixed real number
given by the following construction of Krichever et al " This is done by first realising
that C, is a class of homologous one-cycles. Denote two cycles in the class by C, and C..
Consider a pair (N2, x,;) where N? is a two-dimensional topological space whose boundary
is SIU(—Sl’). Here, S is a ‘different’ circle from S? and is mapped by C] to image of
C! with the same basepoint as that of C;,. The map x, is the mapping

Xa : NN— M | (4.16)

such that
Xa ISI = Ca ’ (4-17)
Xa Lgx' = C:, . (4.18)

The pair (N2, x,) can now be used to construct I'[Cy,] globally by definin
g

T[Crd] = / K (4.19)
N2x]I

where xj, is simply the mapping
Xla : N®*xI— M . (4.20)

It is now important to note the following:

1. The form §) has been assumed to be closed. This is necessary to make the func-
tional (4.14) a topological action i.e. to be independent of the way in which ¢
is extended to ¢. This can be seen as follows. (The same can be done for the

functional (4.19) simply by replacing ¢ and ¢ by C, and x. respectively.) Let ¢;
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and ‘ZII be two different extensions of ¢7. If 72(M) = 0, then a homotopy
h:D¥xI—M (4.21)

from ¢1 to ¢} always exists where D? is a 3-disk (see Fig. 2) and

hlsxi=dr (4.22)
hlvxr=dr (4.23)
hlexr = o1 - (4.24)

Fig. 2 : D3 (a solid ball) divided by equator E giving two hemispheres N and S.

If Q is closed, then

0= / h*d§2

D3xI

= / K (4.25)
a(D*xI)

- / dra - / 50 + / B*Q Jics, ~ / B Jimse

NxI SxI D? D3

Note that the last two terms combine to give a total time derivative under inte-
gral [dt. Thus they may be ignored as they do not contribute to the dynamics.
(Equivalently one may use the gauge freedom discussed in Section 4.3 to gauge
them away.) Hence the Wess-Zumino action is independent of extensions ¢; (or
XIa) modulo endpoint contributions and thus is well-defined as a part of a physi-

cal action. For those manifolds M with (M) # 0, there is an ambiguity in the
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possible extensions of ¢; (or Cy,). The illustration above then implies the exten-
sions ¢; and d~5'1 are no longer homotopic to each other and hence are inequivalent.
To resolve this problem one requires an extra datum to make the Wess-Zumino
action well-defined. An example of such a case is given in Section 4.6 but the
discussion concerning the ambiguity however shall be deferred to Section 4.7 for

ease of explanation.

2. Most of the time the attention is drawn only to the functional (4.14) of the whole
Wess-Zumino action. This functional in fact corresponds to the usual definition of
the Wess-Zumino action which is independent of any deformations of ¢; in M. The
functional (4.15) is uninteresting since it can be written consistently and globally
as an integral over space-time without any difficulty. With this term in mind,
one can always add further exact forms to 0 with their integrals contributing
only to integral (4.15). Hence to define (4.14) one uses only the generators of
the third cohomology group H 3(M) of M. Thus there are b3(M) = dim H3(M)
independent Wess-Zumino actions from this functional. The functional I'[C,] will
be treated as fixed numbers given by (4.19). The contributions from the fields C,

shall in fact be ignored later.

3. This construction of the Wess-Zumino action is different from its usual construc-
tion e.g. that of Braaten et al*™ Here, the normal construction involving Eu-
clideanised space-time is avoided by using a time-parametrised family of maps ®.
An important consequence is that the fields ®; need no longer be cycles of M but

are general two-chains on M.

To write the functionals (4.14) and (4.19) in the usual fashion of the integral of the

. . . 14 . .
Lagrangian density, we use the Poincare Lemma"* to write ) as an exact form in some

local patch of M,

Q=dw . - (4.26)

The integral (4.14) may now be written as
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riod = [ ddo
DxlI
= / Prw + {total time derivatives} (4.27)
SixI
_ /dt dz{e” B, 830, 85wn(4)}
SixI

where w(¢) has singularities in ¢. For the integral (4.19) there seems to be no consistent
way of writing it locally. This is due to the problem associated with the gauge transfor-
mations belonging only to trivial winding number sector of the fields ® (see next section).

To avoid a cumbersome notation, the subscript I will be dropped from now on.

4.3 Abelian Gauge Symmetry

It has long been noted that there are similarities between the system of a particle in
the presence of Dirac monopole and the o-model which includes the topological Wess-

Zumino term™ ™" The similarity in terms of the presence of a line bundle structure

over the configuration space is also well-known™ The Abelian gauge symmetry in the
o-model with a Wess-Zumino term is first observed explicitly by Wu and Zee"" through
this analogy with the particle case. Here, the symmetry is made much more explicit by
the interpretation of the o-model as a system of a particle moving in a constant magnetic

field on an infinite-dimensional configuration space {}M.

First, consider the kinetic energy Lagrangian from Lp in (4.1),

Ly = / d2{10,8'0"®7g;;(®)} . (4.28)
51

One can make simplifications to Ly when one realises that the fields C, are linear func-
tions of  (generating the nontrivial winding numbers). Furthermore it may be made
independent of ¢ owing to the topological nature of the fields C,. Thus derivatives of
the fields C, in the kinetic term merely add constants to the kinetic term involving ¢’s
(the cross terms in (4.28) may be integrated out) and therefore the contributions from

the fields C, will be ignored for the rest of this chapter. Equations (4.28) together with
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(4.27) form the total Lagrangian density (modulo constants)

L =3(8,8")(8"6*)9;k(8) + € (84" )(Bu 8" wik(4) - (4.29)

The correspondence between the o-model and the system of a particle in a magnetic field"™
can be observed by first writing down the conjugate momenta to ¢’(z) from equation
(4.29) :

6L

e ¢* (2)gjk(4) + 20:6° (2)win(4) - (4.30)

wi(z) =

Note that the second term provides an analogue of the gauge potential A; (cf. p; =

¢; + A;(g)) in the space of field configurations QM ¢i.e.
Aj = 20:4"* (z)wir(4) - (4.31)

To relate A; to topological properties of the configuration space, one must write it as a
differential form on QM (cf. A = Ajdz?). It is then useful to digress briefly and describe

the relevant ideas of differential geometry on QM.

A vector field on 2M is intuitively given by an infinitesimal deformation of based-
point loops in M. Thus the set of basis vectors at each point of QM may be denoted by
{6¢j } To describe a one-form on QM, it is convenient to observe that §¢’ evaluated at
z gives a real number 6§¢/(z). Thus 6¢7(z) is likened to be an object that sends 64’ to
the real numbers which is precisely the definition of a one-form. Hence denote the basis
of one-forms on M as {é6¢’ (a:)}.m'm These objects anticommute (resembling the wedge

product of ordinary one-forms), i.e.
54 (2)64*(a') = —84* ()68’ (z) . (4.32)
The exterior derivative is denoted by 6 and it obeys
=0 . | (4.33)

The object ¢?(z) is considered to be the zero-form that sends the function ¢’ to the
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number ¢’(z) for each z. This implies that ¢’(z) is a closed one-form, i.e. it obeys

6(64'(z)) =0 . (4.34)¢

A general k-form K may be written as

K:= [dzD [ d=® ... [dz®Kiy, 4, (¢(:c(1)), e ¢(x(k)))5¢i1(x(1)) ... 6% (z(®))
(4.35)

where the bracketed indices on the z’s are just labels for different z’s and K,;,. i, is
a functional of ¢ at the various points. Note that apart from the usual summation
convention over the indices 11, 22,...., 73, there is also a ‘surnmation’ over the different
z’s denoted by the integral sign, showing the infinite dimension of QM. It is important
to note that the forms that are to be considered here is only a subclass of such general
forms namely those in which the functional K;,;,. i, is a functional of ¢ at one point z.
This is because such functionals will be appearing in the Lagrangian for the theory and
hence required to be local. Lastly, given a vector §¢/ = v/ on M, its contraction with

K is given by

vaK = Z/dm(l) /d:z:(z) - /dx(k)vifng,;,,_,gk6¢i‘ (:z:(l)) . .@(x(j)) . .6¢i*(z(k))

iJ’ s1 S1 St
(4.36)

where the careted symbol is missing from the given expression.

Returning to the discussion of A;, it can now be understood as the components of

the gauge potential one-form

Al : = / dz {20, ¢* (z)w;k(4)6¢7 (<)}

o (4.37)

- / dz{ Aj(4(2))6¢ (z)}

S1

The field strength two-form on QM (¢f. F = dA) can be obtained by applying the exterior
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derivative é at point z, i.e.

Fl6¢',6¢) : = 8(A[64'])[6¢]

= / dz{2(8:6¢% (z))w;ié ¢’ (z) + 2(0: 4" )wir 184 (2)64 (z) }
A (4.38)

=/d:c{3(3z¢k)wjk,15¢'(x)5¢j($)} ,

S1

where w;i ; denotes the derivative of wj; with respect to the field #'. In deriving equation

(4.38), the periodicity of #’ in = and the following symmetries of w have been used:
Wik = —Wkj ; Wikl = —Wjlk - (4.39)

Note that F corresponds to a constant gauge field strength on QM where for each indices
3,k,1 as well as ‘2’ in (4.38) there is an assigned ‘constant’. The Wess-Zumino action can

now be written in terms of forms on QM:
riod = [ a / 4o {24 (2)(0a 4" (2))ws2(9))}
- / dt / de{# (2)A;(8))}
= / /dt{ o 4, ()} (4.40)
/ d / 569 (2)A4;(9)
Ja
where v is the ‘path traversed’ in M. A more useful form will be
riodn = [add O (aa

treating é as a vector at each point of QM and contracting it with A (cf. [ dtA;zt).
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In order to describe the gauge symmetry, one must obtain the analogue of a gauge

transformation of A i.e.

A— A =A+64 (4.42)

for some zero-form A on M, and check that the objects defined on M have the correct
gauge symmetry properties. From the form of the Wess-Zumino Lagrangian, 64 is required
to be

6A = /dm{2az¢kak,j6q}i(m)} , (4.43)
St

for some functional one-form a(¢) on M. This implies that

4= [ @l @an®) (4.44)
SI

In deriving equation (4.44) from (4.43), it is necessary that A is a functional of fields only
from the trivial sector, namely ¢7(z). This means that the gauge transformation for the
whole action comes from the trivial sector. This is precisely the reason why (4.19) cannot
be put in a Lagrangian form, as it depends on the choice of functional w(Cy) (i.e. it is
no longer gauge (quasi-) invariant). It is easy to check that F stays invariant under the

transformation (4.42) :

F— F' = /dx{?’(wjk,l + ar,j1)(0:4%)64' ()64 (<) }
Sl

_ / dz{3w;.1(0:8%)64! (2)6¢7 (2)} = F
St

(4.45)

The Wess-Zumino action is also well-defined under transformation (4.42) as it changes by

a total time derivative given by

/ dt / de{ 3,80, ;) = / d / dz{B,(" 0ud a;))
o % | (4.46)
= /dt a(—/dz{azcﬁjaj}) |

Sl
(cf. Iipg = [ dt(Aiz') — Ly + [ dt(GiA @) = Ly, + [ dt 98). This can be ignored as it

does not contribute to the dynamics of the theory.
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4.4 Noether’s Theorem and Constants of Motion

With the results of the previous section, the Wess-Zumino action can be clearly inter-
preted as the interacting part of a total action for a ‘particle’ in a background ‘magnetic
field’ on QM exhibiting the appropriate gauge symmetries. In this section, the space-
time symmetries of the o-model will be examined. Like any other system in an external
background gauge field, one expects that the Noether’s theorem gives constants of motion
modified by a contribution from the ‘background field’™ This further elaborates the

particle analogy.

Consider the previous Lagrangian density (4.29) as

L=L+Lwz ,
where
Lo = 1(8,¢7)(0"¢")gju(8) (4.47)
Lyz = (8,8 )(8,8")wjr(4) . (4.48)
Let ¢’ transform as
¢ — ¢+,
with 67 = : (4.49)

First, let £y be invariant under this transformation

6L = %(3pvj3”¢kgjk + 3u¢jaﬂvkgjk + 6p¢jaﬂ¢kgjk,lvl)
= $(8u¢'0"8*)(v" 19k + v 1915 + g gv’) = 0

This implies

vj,lgjk + vj,kgtj + g’ =0 ' (4.50)

i.e. v must be a Killing vector on (M, g).
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To see how Ly responds to transformations (4.49) and in particular to see when
they are symmetry transformations, it is important to recall that the Wess-Zumino action
may be written in terms of a gauge potential one-form (see (4.41)). Interpreting 6¢’ as
a vector field on M, the gauge potential one-form A transforms under (4.49) in a way

given by its Lie derivative with respect to é¢ = v, i.e.
A—A=A+L£,A4 . (4.51)

Thus to make Lyyyz invariant one can impose £,4 = 0, but note that we can use the

gauge freedom to modify this into
£,A=W,(8) , (4.52)

for some scalar W, (#) on M. From equation (4.46) this is equivalent to the condition
that Ly may change by a total time derivative. The change in Lz under transformation

(4.49) is explicitly given by

§Lwz = 26" (8uv?)(By ¥ )wjk + € (0’ ) (B 8F w10

v(a 4 k ! ! (4.53)
=t (8,,¢’)(6,,¢ )(2w1kv j T Wik )
This can be set to equal the total derivative
(e ¢ (8, 8" ) (2wt ; + wik0')) (4.54)
provided that the following condition holds (cf. [27]):
28[mwk],v’,j + a[mwk]ijl =0 . (4.55)

By using symmetries in (4.39) and from equation (4.46), a sufficient condition for equation

(4.52) to hold is then

Orm (2w’ ; + wijw') =0 . (4.56)

Note that in general, condition (4.56) is not true. For such cases it is necessary to treat
equation (4.53) case by case for different M and w (one such case is our second example
in Section 4.6). For simplicity, we shall assume equation (4.56) in order to illustrate the

point of the modified constants of motion.
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Now the Lie derivative of A can also be expressed formally using the homotopy formula

Lo(-) :=8(v4-)+vaé(), in particular

LyA=6(va1 A)+vI(6A)

(4.57)
=§(Ap])+vaF
Comparing equation (4.57) with equation (4.52) implies a new condition :
vdF =8¢, |, (4.58)
for some scalar ¥, on QM with
W, = Av] — ¢, (4.59)

(cf. equation (1.8) in [26]). Of relevance to the discussions on constants of motion is the
gauge invariant object ¥,. From equation (4.58) note that v, is globally well-defined only
if v 4 F is exact. Note that v 4 F is necessarily closed since F, being gauge invariant,

must be invariant under the symmetry transformation (4.49) , i.e.
Ly F =6(waF)=0 . (4.60)

Thus v 4 F belongs to the first cohomology class of M. A sufficient condition for a
globally well-defined %, is then

HY(QM)=0 . (4.61)
This is always the case for simply connected configuration spaces, i.e.
WI(QM) = 7T2(M) =0 . (462)

For other spaces, however, there is the possibility of v 2 F being closed but nonexact and

thus equation (4.58) is only true locally.

In addition to equation (4.58), one can also obtain another equation for #,, involving

further contraction of F with v = [w, u] for some vector fields w, u on M, namely
Plw,u) = Fw, u] (4.63)

(¢f. equation (1.145) in [26]).
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Proof : Consider the following identity
LwLyA— LyLywA = Ly A=Wy 4

The left-hand side of equation (4.64) gives

£0(6Wy) = £4(6Wy) = 6(w 1 6W,) — 8(u 1 6W,,)
= §(LoWu — £4W0)

The right-hand side of equation (4.64) with equation (4.65) gives the identity
W[w,u] = £qu - £uWw

Using equation (4.59) in equation (4.66) one can obtain

.A[[w, u]] — Plwu) = LwAlu] — Loty — LuAlw] + £uw

= w(Au]) — (4 6h) — u(Afw]) + (u 1 &)
Thus,
d’[w,u] = u('A[w]) - w('A[u])+‘A[[w’ u]]
—ud(6hy) + w2 (89u)
Using equation (4.59) with the identity
Flu, w] = u(Alw]) — w(Alu]) + Af[w,4]] ,

in equation (4.67) will now give the desired identity,

Pw,u] = Flu, w] + Flw,u] — Flu, w] = Flw, u]

A useful computation is that of £,.4 using equations (4.57) and (4.37) :

LA = / dz{6(2(0:¢%)wikv?) + 3(05 8% wjk 10'6¢ (z) — 3(8x9 )wjk 1v7 64! ()}

S]
= / dz {28 (6¢F (2)wjrv’) — 264 (x)wjt 10" (8:4") — 26¢% (z)wjnv’ (8. ")
Sl

+2(0: 4% wipt’ 188 (z) + 4(8p 8% Yuwjn 1068 ()}
= ] dz{2wjrv’ (64} (2)Bug" — 66" ()0:¢') + 2(8a 8" Jwijr, '8¢ (2)}
Sl

- / do{ (02464 (2) — 644 ()0 ') 2wjav? , + wirjo7)} .
S]

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)
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This is, in fact, consistent with the change in Lz when the action is written in terms of

A
/ dz 6Lwz = £.A[9)
S]

= /dm{(¢13z¢k - ¢k3z¢')(2wjkvj,, +w;v7)}

SI
- / dz{e8,4'8, 4" 2w | + win jo7))
Sl

Given the above results one can now discuss conserved currents and hence the asso-

ciated constants of motion with respect to the symmetry transformations (4.49). For

completeness, the following standard discussion of Noether’s theorem is included. A

Lagrangian density L£(¢,0,¢) under the transformation (4.49) changes (without using

equations of motion) as
L— L =L+8,K"

for some K*#. With the equations of motion, it transforms as
- oL (6L
L— L' ~L+ 8,6 ( .)+6 (—)
W8 \5@wn) 0¥ 55

. 6L
= 5’ '
‘*m(¢amw0

Thus a conserved current can be constructed from the identity

. 6L
OulE? = O (“"W) !

namely,
oLC
8(0ud?)

From the total Lagrangian density, (4.47) with (4.48), K*# is given by

JH = 6 - K*

K* = " ¢ (8,4%) Qwnv’ ; + wjp v')

(see (4.53)). Hence the current J* is

J# = "¢ gir($)0* + 26" 8, * wip’
- e“"¢j(3u¢k)(2”',jwlk + wjrv')

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)
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One can verify using the equations of motion that
OuJ* =0

Hence one can construct constants of motion C,, out of the time component of J# such

that
oC, aJl
9t / / o 5
Sl

Computation of Cy from equation (4.75) gives

C, = / do{ g’ + 20,8 wjp0’ — ¢ (0,8%) (20 jumk +wip o)} (4.76)
sl

The main point now is to understand what the terms in equation (4.76) mean. First,

compute the exterior derivative of the last term:
[ de{8(@ 0.0 ok + i)
Sl

= /dm{(quj(a:)(az(ﬁk)(?UI,jwlk + wjk,zvl) + ¢j(az5¢k(x))(2vl,jwlk + wjk,lvl)
Sl
+ ¢ (8:6%)0m (20" jwik + wjr,v')66™ () }

= / dz {847 (2)(0:4%) (20" jwn + wjkv') + 8z (¢ 86% (2) (20! jwu + wikv'))
st
— (0:¢7)84* (2) (20" jwi + wik,v') — #1645 (2)0m (20" jwi + wj1v')(8:6™)}

= /dm{(2vl,jw1k + wjk,zvl)(6¢j(x)6z¢k - 5¢k(x)azd>j)}

= LyA
(4.77)

where equations (4.56) and (4.69) and the fact that ¢’’s are periodic functions of z have
been used. Hence equations (4.77) and (4.56) imply that the third term in (4.76) is simply

W, = / da{ ¢ (8:4F) (20 jus + wipt))} @)
Sl

The second term in (4.76) is straightforwardly given by .A[v], while the first term is just
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the normal contribution from the kinetic term. Writing the first term as C,,, one has

Cy = Cyy + Alv] = W,

4.79
= Cvu + Py ( )

Thus one finds that the normal constant of motion C,, is supplemented by ,, the contrac-
tion of the field strength F with the Killing vector field v. This justifies the earlier claim
that Noether’s theorem gives a modified constant of motion which includes a contribution

from the background field.

Having obtained these results, specific examples of o-models with Wess-Zumino term

will now be used to illustrate the above results on modified constants of motion.

4.5 o-Model on M = T?

The first example is the o-model on target manifold M = T3. Here, all the results
derived in the previous two sections hold. They will be made more explicit for this

particular model.

From the construction of the Wess-Zumino action (in the usual sense), there is only
one independent action given by the (integral of the) generator of H3(T3), which is the

volume form

Q:=d¢' Adp? Ade® (4.80)

where ¢* (i = 1,2,3) are the angular (field) variables of 3. Q can be represented locally

as the exterior derivative (d) of the two-form
w = tendtde? AdgF (4.81)
Given such an w, the gauge potential one-form (4.37) is simply

A= / dz{ie;ixd'0:0% 64 (z)} (4.82)
St
while the field strength two-form (4.38) is

F= / dr{}€ijr0:4"8¢'(z)64' (x)} (4.83)
Sl
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The Lagrangian density of this model may now be written as
L=130,80"¢ nx + 1 eijud 0ud’ Dug® (4.84)

where 7 is the flat metric on T3.

The Killing vectors on (73,7%) that will generate the symmetry transformations are

just the vectors v generating translations, so that

_v13+26+v36
TV TV 852 TV g8

v: (4.85)

where v'’s are constants. The induced vector field on the configuration space QT3 is

obtained by Lie-dragging the coordinate functions by the vector field v, i.e.
6 = £, =07 . (4.86)

Under this symmetry transformation, the Lagrangian density (4.84) changes by a total
derivative as in (4.53) (note that w and v satisfy condition (4.56)) :

§C = 8,K*

where
K* = %e””e,‘jkvi(ﬁjap(ﬁk . (4.87)

Thus the conserved current J# (4.73) is simply given by
Jt = vjauquk'r]jk + %6“"6,‘jkvi¢jay¢k . (4.88)
The constant of motion associated with the above current is then

Cy = /deO
Sl

(4.89)
= /dx{vqukﬂjk + 36k ¢ 0,67}

S
Note that the second term can be written as the contraction of the field strength two-form
(4.83) with ¢ and v, i.e. F[¢,v] (with an abuse of notation; ¢ is not a vector on QT3).
This can be compared with the case of a particle in magnetic field in which the analogous

term is F. jkxj vk (27 is the coordinate function of the configuration space)™
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Being preoccupied with global questions in this work, it is not inappropriate to address
the possibility of the constants of motion being ill-defined. In [28], it is noted that for
the case of a particle on T in a magnetic field, the term F. jk:z:j v* is not globally defined,
owing to the multiple-valued coordinate function z’ on the nonsimply-connected space
T™. In the present example, however, this problem does not occur. As the field variable

¢’ (z) undergoes a translation of its period, 2,

#(z) — () + 27 (4.90)
the change in C, is trivial :
AC, = /dx{eijkrvjaz¢k} =0 , (4.91)
Sl

as the function ¢* is periodic in z. This is consistent with the fact that the configuration

space is now a loop space, T3, of T2 and is simply connected, i.e.
mQT} =m(T3) =0 . (4.92)

In fact, ¥y = F[¢,v] must be globally defined as a consequence of this (see the remarks
after equation (4.61)).

Thus to find any possible phenomena of ‘anomalous’ constants of motion, one must
first require that m2(M) is nontrivial. Such an example will be discussed in the next

section.

46 o-Model on M = §? x St

This is a more interesting example than the previous one as the target manifold
M = 52 x $! has a nontrivial second homotopy group, which means that the space of
field configurations is no longer simply connected. However this also means that one
encounters an ambiguity in the construction of the Wess-Zumino action (see Note 1 in
Section 4.2). We will nevertheless proceed as in Section 4.5. A comment regarding the

ambiguity will be made in the next section.
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The Wess-Zumino action is constructed from the one generator of H3(S% x S§!) which

is given by the volume form :
Q := sin ¢'d¢* Ad¢* Adg® | (4.93)

where ¢! and ¢? are now the spherical coordinates on 52 and ¢° is the angular coordinate

on S!. Locally this is given by Q = dw where
= —(cos ¢! F 1)d¢® Adg® . (4.94)
With the metric of S2 x S! given by

ds: = gjkdqﬁj ® d¢*

(4.95)
= (d¢')* +sin” ¢'(dg")" + (d¢°)°
the total Lagrangian density of the o-model is
= 30,870 ¢* g;1(¢) — € 0,4%0,4(cos $* F1) . (4.96)
The gauge potentials computed from the above Lagrangian density are given by
Ay = / dz{—(cos ¢! — 1)(0:¢°6¢%(z) — 0:9%64°(z))} (4.97)
S1
Ag = / dz{—(cos ¢ + 1)(0,6%84%(c) — B:8%64%(2))} . (4.98)
S1
Note that these are only well-defined locally in the regions
={(¢1,4%)|10< ' <Z+e,0< ¢’ <27} , (4.99)
={¢1¢"’|’r e<¢' <7, 0<% <2n) (4.100)

of S? respectively (¢ > 0). A gauge potential which is well-defined on the whole of $2
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(and hence of M) can then be given by

AN on N,
A= { (4.101)
Ag on S,
with the observation that Ay and Ag are gauge related on (N, N S¢) by
£:=As— Ay =-2 / dz{0:¢°6¢%(z) — 8,4°6¢%(z)} . (4.102)
St
Note that this is an exact one-form
{=de (4.103)
where e is the zero-form
e = —2 / dz{(0:¢%)4* (=) } (4.104)

Sl
(e is well defined under translations ¢' — @' + 2x for : = 2,3). The field strength F is
simply given by

F= / dz{1sin ¢' ;30,4484 (2)6 ()} . (4.105)
Sl

For this model, the symmetry transformations are generated by the following Killing

vectors on S2 x S! :

v(q) = sin ¢23%1 + cot ¢! cos ¢23£¢2 : (4.106)
v(g) = a%f , (4.107)
v(3) = 3%3 , (4.108)
v(a) := —(cos ¢26i¢1 — cot ¢! sin ¢25%§) : (4.109)

Here, the bracketed indices are just labels denoting different Killing vectors. One can now
construct the associated constants of motion for each of the symmetry transformations
given by 6¢7 = v(‘?.) (t=1,...,4). It is important to note that the condition (4.56) does
not hold for these cases and one has to repeat any necessary computations of Section 4.4

which assume this condition.
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t=1

The vector field on QM is given by
6¢’ = sin ¢26’! + cot ¢! cos ¢%67 (4.110)

where 6 on the right hand side is the Kronecker delta. The change in Lagrangian density

by such a transformation is a total derivative, i.e. £ = 0, K 5) where

Kf}y = —¢"(csc ¢! F cot ') cos °9,4° . (4.111)

Hence the associated constant of motion constructed from transformation (4.110) will be

Copy = /dz{q.SI sin ¢® + ¢ sin ¢! cos ¢! cos ¢ + (9:4%) sin ¢! cos ¢2} . (4.112)
Sl

Here the contribution from the field strength F,

¢’v(1) = /dm{sin P! cosdwzazd)a} , (4.113)
Sl

is no longer as transparent as 1, in Section 3. However if we take the exterior derivative

6 of 1y, we find

Euy = / dz{cos ¢ cos $*(0,4°69' (z) — 0,464 ()

St
4.114
+ sin ¢! sin ¢*(8,4%6¢%(z) — 0:4°6¢%(z))} (4.114)
=-yy4F ,
thus confirming the previous results.
1=2
The vector field on @M induced by v(3) is simply given by
s =62 (4.115)

and hence the change in Lagrangian density, 6L, is trivial. The constant of motion is
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then,

Cogy = / dz{4?sin® ¢! — (8;4°) cos ¢' )
St
= Luyz)0 + ¢v(2)

(Cyzyo is the normal kinetic term contribution). As before, we find that
Sy = / dz {sin ¢'(0:4°6¢' () — 0:4'6¢%(z)) }

s
= —'()(2) a4 F

Similar calculations for this case produce the following results :

§¢f =63

Cv(s) = /d.’c{qés + (ax¢2) cos ¢1}
S1
= Cua0 + Yus)

Sy, = / dz {sin ¢'(0:4'6¢°(z) — 0, 4°6¢'(z)) }
S1
=—v@) L F

1 =4

(4.116)

(4.117)

(4.118)

(4.119)

(4.120)

One could proceed for this case with similar calculations to the above; however we

will instead make use of the observation that

v(a) = [va), ve2)]

(4.121)

Using equation (4.63), one finds the field strength contribution to the constant of motion
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associated with the symmetry transformation §¢/ = v{ %) to be

";bv(q = F[v(l)a '0(2)]
= /da:{sin ¢’ sin ¢26,-,¢3} . (4.122)
Sl

One finds again that

)

6y, = / dz{cos ¢' sin ¢(0,¢°64 (z) — 6¢°(x)0:4")
SI

+ sin ¢! cos ¢2(a,;¢36¢2(2:) _ 6,¢26¢3(z))} (4.123)

=g F

Having constructed the constants of motion, it is interesting to check whether the
Yy, s are globally well-defined or not. As discussed earlier, possible obstructions may
occur when 71(2M) is nontrivial. Thus it is natural to look at a noncontractible loop
in the configuration space which is generated by this homotopy group. One such loop is

shown in Fig. 3 below.

Fig. 3: Evolution of a loop around S% of M (S' not shown) giving a resultant noncon-

tractible loop of (M.

The reason why such a loop can give a possible obstruction to a well-defined constant
of motion, can be seen as follows. Consider the loop on S? in Fig. 3 as given by the map
¢. In defining the Wess-Zumino action, the map ¢ has to be extended to ¢ (see Section
4.2). Replacing the loop given by the map ¢ in Fig. 3 by the image of ( a particular)

extension ¢ gives the corresponding Fig. 4. This figure shows that the Wess-Zumino
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Fig. 4: The corresponding evolution of the image of the extension J> of ¢.

action changes value as ¢ evolves under such noncontractible loop. Thus constants of
motion derived from such action can also change values under such evolution of ¢ and

hence are ill-defined. One has to check this explicitly.

A construction of one such noncontractible loop in QM is given as follows. First, the

submanifold S? of M is embedded in R3 with a triplet of coordinate functions z;’s :

= (zla T2, $3)

(4.124)
= (sin #" cos ¢%, sin ¢! sin ¢%, cos )

which satisfies 7 - i = 1 (¢''s are coordinates on M). The loop may now be constructed

via such a triplet of functions where they now map [0,7] x S! to 52, i.e.
fi ;= (sin Asinz, sin® A cos & + cos? ), sin Acos A(cosz — 1)) (4.125)

where A € [0, 7] is some parameter and = € S! is the coordinate of space. The vector 7

has all the properties required of a noncontractible loop in QM :
(3. a-A=1.
(22). For fixed x,
% |x=0= 17 [x=1= (0, 1, 0) ,
is a fixed point through which the one-parameter family of loops (parametrised
by )) appear on the submanifold S?. The map (4.125) actually describes the

intersection of a plane with the two-sphere of unit radius as shown in the figure

below.
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b Jomm—mp %y

(0,0,0)

tan \ = 2=l
zi

Fig. 5: The intersection of a plane with S? in the z9-z3 plane.

This map possesses the required loop-like property in 252 as A goes from 0

to w.

(222). It has a topological winding number one. This can be seen by noting that with

the coordinate functions (4.124), the volume form of S? is given by
Q= ékgide; Adoy . (4.126)
For the map (4.125), the volume form is
N =sinA(l —cosz)dA Adz . (4.127)

Integrating (4.127) gives the winding number multiplied by the volume :

x

27
/d)\/d::: sin \(1 —cosz) =4~
0

0
Hence the winding number is one.

Having obtained the map (4.125), it is now easily verified that the constants of motion

are globally well-defined (with respect to function (4.125)),

A'pv(.') = ¢v(i) |(A=1r) —"pv(i) I(;\=0)= 0 (t=1,---,4) . (4'128)

In fact, one finds that v(;) 4 F is an’exact form for each ¢ = 1,---,4 (using the triplet of
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coordinate functions), i.e.

vy F = / dz6{—210:4°} , (4.129)
&

v I F = / dz6{z30;4°} (4.130)
&

vz A F = / dzé{-z10:6"} , (4.131)
&

vy F = / dzé{—220;4°} . (4.132)
&

This brings us to the conclusion that while the requirement of QM is nonsimply-connected

is necessary for the existence of ‘anomalous’ constants of motion, it is not sufficient.

4.7 Topological m;(2M) Effects

In the previous sections, the correspondence between o-models with a Wess-Zumino
term and the system of a particle in a magnetic field has been made closer through
discussions of both the gauge symmetries and the space-time symmetries. One other
possible similarity between the two systems is that of a topological effect. In the second
example of o-model on M = S2 x S, the possibility of an anomalous constant of motion
due to the nonsimply-connectedness of the configuration space was investigated, though
such a constant of motion is not found. There is another topological effect that arises from
nonsimply connected space, namely the Aharonov-Bohm effect from the background gauge
field. It is possible to demonstrate this effect for the example of o-model on 5% x S1. But
prior to this, some comments on the ambiguity in the construction of the Wess-Zumino

action associated with the nontrivial 7o(M) (see Note 1 of Section 4.2) are necessary.

Consider the o-model on M = 5? x S of the previous section with ¢ mapping space
$1 into the submanifold S? of M. This map has different extensions ¢ which are not
deformable to each other due to the ‘obstruction’ from S$% of M. For example, the map ¢

that sends S? to the equator of S? e.g.

=2 , =z, ¢=t, (4.133)
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have extensions

=2t ., Fi=z , =t (4.134)

and

Fi=Zqnl-rr , =z, =t , (4.135)

where 7 € [0, 1] is the radial coordinate of the two-dimensional disk D? (8D? = S') and
n is a positive integer The integer n is actually the number of times the map (4.134)

together with map (4.135) winds around S? of M.

Fig. 6: The shaded regions are the image of different extensions of ¢ (4.133) given by
(4.134) and (4.135) (with n = 1) respectively.

These extensions in fact give different values to the Wess-Zumino action i.e.

40
DixI
= / e*VP sin 513,,513.,&23‘,4.53 rdrdzdt
DixI (4.136)

= /dt 7dzjdr{rsin(—’% +n(l-r)m)}
I 0 0

(=nmalf  (en=lp, 2 . (2n—D)r
_(2n_1){cos( 5 ) (2n—1)1rsm( 5 )}

where I is the length of the time interval and n takes values from 0,1;2,... (n=0
corresponds to extension (4.134)). Thus to resolve the ambiguity of the extensions, one

needs to specify this ‘winding number’ n which then gives a unique Wess-Zumino action.
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Having done this, one can now discuss the ‘Aharonov-Bohm effect’ in QM. An es-
sential ingredient in this topological effect is that one can obtain a different gauge A’ by

performing a singular gauge transformation on AP Consider then

Ay = / dz{—(cos ¢' — 1)(8,4°6¢*(z) — 02¢°6¢%(x))} (4.137)

S

from the last section. One can perform a singular gauge transformation on Ay by the

(nonexact) one-form

¢ / dz6[—(cos ! — 1)¢%(8s4? — By ")] (4.138)
I3

to give the gauge potential

Ay = [ da{*sin ¢1(0.6%!(z) — 0,6'8¢%(c)
& (4.139)

+ (cos # — 1)(3:¢15¢3($) - 6::97535451(‘5))}

Similarly one can do the same for Ag to get

= / dz{¢’ sin ¢ (8:6°8¢' (x) - 0,4 8¢" (=)
J (4.140)

+ (cos ¢' +1)(8:4'84%(z) — B:4°6¢ (2))}

Both Ay and A)g can now be ‘patched’ up in the same way as Ay and Ag in the
last section to obtain the desired new gauge potential A’ on QM which gives the same
F (4.105). In the Aharonov-Bohm effect however the relevant physical quantity to be

determined is the phase factor™

exp i f A) (4.141)

where § denotes an integral over a noncontractible closed path in QM.

Thus one only needs to obtain different holonomies § A giving different phase factors,

to demonstrate the existence of Aharonov-Bohm effect in QM. Here, they are easily
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Fig. 7: A schematic diagram of a noncontractible loop in QM with the shaded region
being Int(S?) x S1.

given by the two gauges A and A’. To show that this is the case we shall use a particular
mapping ¢ namely, that given by (4.125) i.e.

n = (sintsinz, sin?t cosz + cos’t, sintcost(cosz — 1)) (4.142)

and

¢ =1 (a constant mapping) . (4.143)

The parameter ¢ in 2 now denotes the time which parametrizes the noncontractible closed
path traversed in QM. Using this set of functions, one finds that the holonomy of Ais
just trivial :

fa-

27

dt/d:z:{—(cos ¢1 - 1)(az¢3¢'52 - 3z¢2‘i73)}
0

S — ot

T 27 . . (4.144)
+ /dt/dw{——(cos ¢! +1)(8:93¢% — az¢2¢3)}
0

x

as ¢3 = 0;¢° = 0. For A, the computation of its holonomy,

}{ A= / dt / do{4% sin 818, 8°¢1 — 0,6'41)} (4.145)
0 0
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is messy. The integral is done numerically and it gives
]{ A= —04159 #£0 (o 4 dec. pl) . (4.146)

These two results, (4.144) and (4.146), then give different phase factors and hence imply
the significance of the gauge potentials themselves (as in normal Aharonov-Bohm effect).
It is now important to note that the use of a different gauge potential A’ implies the use
of a different local expression of the Wess-Zumino Lagrangian density from that of (4.96)

namely,
Lwz = " (¢%sin ¢16u¢13,,¢2 + (cos ¢! £ 1)0,9%9,¢') . (4.147)

Thus the Aharonov-Bohm effect in M would then imply that the local expression for
the Wess-Zumino Lagrangian density has a physical significance. At this point, it is
interesting to see whether there is any relation between the ambiguity of the extensions
for the construction of the Wess-Zumino action (which comes from 73(M) # 0) and
this Aharonov-Bohm effect (which comes from 71(QM) # 0). First, observe that the
extensions are labelled by integral winding numbers while the Aharonov-Bohm effect is
labelled by a continuous parameter, say A € IR, given by the holonomy of A+ (1—-A)A".
A possible relation would be that A, or more precisely the holonomy characterises the
representation of 71 ({2M) (the ‘winding number’) on U(1) in the same way as in the normal
Aharonov-Bohm effect from the representations of Hom(ry(Q), U(1))*"** However, such

a relation would be obscured by the functional character of the holonomy.

4.8 Summary

The main purpose of this chapter has been to show how close is the analogy between
the o-models with Wess-Zumino term and the system of a particle in a constant magnetic
field in various aspects. The motivation underlying this purpose is that it is hoped that
one can use the particle analogy in applying group-theoretic quantisation to strings/o-
models with Wess-Zumino term in the next chapter in the same way as in Chapter 3. We

conclude this chapter by summarising the main results of this chapter in this respect:

(1) A o-model with a Wess-Zumino term can be treated as a system of a particle in
a background magnetic field on the configuration space M. The Wess-Zumino
term provides an analogue of the gauge potential on M which then gives the

Lagrangian of the o-model a gauge symmetry.
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(7) Like other systems in a background gauge field, the constants of motion associated

to the symmetry transformations of the system are modified by a contribution from
the gauge field F on QM.

(#47) There is no ‘anomalous’ phenomenon of ill-defined constants of motion for o-
modelson M = T3 and M = S%x S!. The second example shows that w1 (QM) # 0

is not a sufficient condition for such a phenomena.

(iv) For nonsimply connected configuration spaces M, there is a functional analogue
of the Aharonov-Bohm effect in @M. The holonomy of the gauge potential A has
to be specified to obtain a unique theory. This implies that the local expression of
the Wess-Zumino Lagrangian density has a physical significance. In addition to
this, one has to specify the ‘winding number’ n to have a well-defined Wess-Zumino

action.
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Chapter 5

Quantisation of Strings on Tori

5.1 Introduction

) provides a suitable framework in which gravity can be incorporated

String theory"”
successfully in quantum theory. It has been so far the most popular among the unification
theories. However the theory has developed in a rather haphazard manner (see e.g. [3]).
Together with all the sophisticated machinery associated with the theory, it is not an easy
subject to follow. One way to put the theory at a more coherent level is to provide it a
geometrical framework. Among the attempts to do so, the group-theoretic quantisation
programmem has mdnaged to address some of its basic issues in a geometrical and group-

' Below, a review of such a work by Isham and Linden"

theoretical consistent way.ls'6
on the quantisation of strings on the tori will be given. At the end of this chapter, the
quantisation of strings in the presence of a background antisymmetric tensor field arising

from a Wess-Zumino term will also be considered.

The action of a string can be generally given as
S = / dzdt{18,8°00 B8 goy(B) + M wap()8,8°6,8°) (5.1)

where z € S! is the string parameter and t parametrises its evolution; the indices y, v
refers to these two parameters. The fields {®“} denote the map from the world-sheet swept
out by the string into space-time whose metric is given by {go3} (@, 8 are the space-time
indices). The fields w,g is a background antisymmetric tenéor field (with possible singu-
larities) introduced into the system which couples to oriented string surfaces”” and e#” is
the usual alternating tensor. The antisymmetric tensor field w,g plays several important
roles in string theory namely cancellation of anomalies® string compactiﬁcations,lg] and
other topological effects””” The space-time considered here is of the form Ly x M where
Lg4 is the d-dimensional Minkowski space-time and M is a compact n-maniféld. The fields

9op and wqg are assumed to have nontrivial components only in the compactified direc-

tions. We will ignore the action that arises from L, since the quantisation associated with
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this action can always be done using the normal field-theoretic Heisenberg-Weyl group.
We will only be concerned with M. One particular M which is of prime interest to string
theory is the n-torus T"®*" The part of the action (5.1) which is on T" can be written

as

S = / dzdt {18,804 Biny; + ¥y, ()9, 378, 8%} (5.2)

where 7 is the flat metric on T" and indices 4, j, k, . .. belong to T". This is precisely the
action of a o-model with a Wess-Zumino term on T" (cf. (4.29)). [There may be a difficulty
in defining the second term of (5.2) for fields with nonzero winding number (see Section
4.2) but it can be overcome (see Section 5.4).] However note that the target manifold M
is now the (compactified part of) space-time and the domain of the fields is the parameter
space of the world-sheet. At this stage it is important to note that the configuration space
is now the free loop space LT" instead of the based-point loop space QT" considered in

Chapter 4. One can however express LT" as the semidirect product”**”

LT" ~ T o< QT" . (5.3)

For other relations between o-models and strings see e.g. {14,15]. The second term in

(5.2) provides an analogue of a gauge potential one-form A (see Section 4.3) on LT",

A= /dm{Z(asz)wjk(Q)ééj(m)} (5.4)
St

where its corresponding field strength two-form F is

F= / do{3(8,8" wsn(8)604 ()68 (z)} . (5.5)
Sl

[Note that w;; denotes the derivative of w;; with respect to @' and it forms the compo-
nents of a well-defined three-form Q on M.] However we will first ignore the ‘interaction
term’ with the antisymmetric tensor field and reproduce the results of Isham and Linden ts
of quantisation of strings on a circle in Section 5.2 and their generalisation to T" in Sec-
tion 5.3. They will serve as a comparison for the case with the antisymmetﬁc tensor field

and facilitate the discussions in Section 5.4.
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5.2 Quantisation of String on a Circle

The configuration space Q of a string moving on a circle T! is the infinite-dimensional
loop space @ = C(81, T!) =: LT!. The phase space S is then given by S = T*(LT}) ~
L(T*T!). There are various subtleties involved in considering infinite-dimensional mani-
folds and structures defined on them*™™ We will assume that whatever is given below

will be well-defined in some form or another. Let the ‘coordinate functions’ of S be given
by ®(z) and J(z) (z € S). The natural symplectic form on L(T*T!) is"*"

o= / dz{68(z)6J(z)} . (5.6)
st

Note that we have changed the notation for the symplectic form in the infinite-dimensional
case from w to o to avoid the confusion with the antisymmetric tensor field w;;(®). One
can also decompose the ‘fields’ ®(z) as in Chapter 4 into fields with nonzero winding
number (C(z)) and fields with zero winding number (¢(z)) but we will only do so when
it is necessary. As in the case of particle on S!!* the canonical group for the system can

be taken as

G = LEy ~ LR2>aLS0O(2) . (5.7)

The canonical observables on LT? can be obtained by embedding the target space T! in
R? ie.

ve(z) := (u(z),v(z)) = (cos (z),sin®(z)) ze€S! . (5.8)

Together with J(z), they form the set of canonical observables on S. Note that LT! is
disconnected i.e. mo(LT?) ~ m1(T!) = Z where the integer is given by the winding number

w(®) = — /dw{u-; —vb (5.9)

as indicated by the decomposition of the fields. The decomposition is also reflected in
the transformation group LSO(2) of LT! i.e. my(LSO(2)) =~ m1(U(1)) = Z. One can
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decompose the loop group LU(1) as
LU(1) ~ (LU(1))o~<Z (5.10)

and the pair (¢,n) € (LU(1))o><Z (where ¢ has winding number zero) corresponds to

the loop with winding number n via the map
z — ¢(z)e™ . (5.11)
Similarly L E» is decomposed as

LE; ~ (LE3)o><Z ~ (LR?>LSO(2))o <Z . (5.12)

14

With the symplectic form (5.6), one can obtain the following Poisson bracket algebra
which corresponds to the Lie algebra (L Ej3)p:

{J(z),u(z")} = v(z)b(z — 2') (5.13)
{J(2),v(z")} = —u(z)é(z — ') , (5.14)
{u(a), o(&)} = 0 = {J(2), ()} (515)

where u(z) and v(z) are now cos ¢(z) and sin ¢(z) respectively.

To quantise the system, one must find the irreducible unitary representations of G
and hence the self-adjoint representations of £(G) on a Hilbert space H. It is convenient

to smear the J(z) operator with a test function h € C>*(S1, R) i.e.

Jh) = - / do{J(z)h(z)} (5.16)

in order to allow us to write the quantum commutator algebra corresponding to (5.13) -

(5.15) (i.e. L(LE2)p) as

[J(h), 4(z)] = ih(z)d(z) |, : (5.17)
[J(h),(z)] = ~ih(z)i(z) , (5.18)
[i(z), 3(2)] = 0 = [J(h), J(R)] (5.19)
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wher A’ is another test function. In addition to this algebra, one must find the represen-
tation of the discrete subgroup Z of G. It will involve the family {Uy | n € Z} of unitary

operators satisfying
UlUm=Upsm ; Ul=U_p (n,meZ) (5.20)

and they intertwine with the other generators J(h), i(z) and 9(z) as

U J(RUTY = J(h) (5.21)
Upi(z)U! = e~ ™q(z) (5.22)
Und(z)U;7! = e7"%5(z) . (5.23)
Note that
a®(z) + 9%(z) = R? (5.24)

is a Casimir operator for G where R is a constant (cf. particle on S'™ ).
Left-Right Split

An interesting problem of quantisation of strings is obtaining and maintaining the
independence of the left and right moving modes of the strings. The usual approach in
the string literature is to associate the winding number with one half of a canonical set

f‘[22‘23]

of operators and use U,, to generate the other hal A much more systematic and

consistent approach is to use the symmetry group that respects the global structure of
the phase space for the left-right split. First, consider the winding number w (5.9) with

the operator status
1 do di ’
W / de{a— — H— (5.25)

where R? is given by the Casimir operator (5.24). Its commutation relations with the
operators i(z), #(z), J(h) and U, are

W, 4(z)] = [W,d(z)] = [W, J(h)] =0 , (5.26)

[W,Uy] = =nUy, . . (5.27)

Note that the relations (5.26) imply that the Hilbert space H decomposes into the direct

sum @®,H, where H,, is the eigenspace of W with eigenvalue n. The irreducibility of the
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representation is restored by the intertwining relation (5.27). If the aim is to obtain two
independent sets of operators that will correspond to the left and right moving modes
of the string, then the relations (5.26) suggest that W belongs to the set different from
that containing i(z), ©(z) and J(z). Also observe that W has a discrete spectrum like
the angular momentum operator and hence one expects that the set of operators that w
belongs to, form a representation of £L(F3). One can in fact construct the analogues of

@(z) and 9(z) for this new Ey group by defining

u:= %(U_l +U1) , (5.28)
Vi=g(Ua-0h) . (5.29)
They satisfy the relations
(W, @] =iv (5.30)
W, V] = —ia , (5.31)
[@,v]=0 , (5.32)

which are precisely the commutation relations of E2. The corresponding Casimir operator

@l + v2 has a fixed value i.e.

a4 = U2+ Ua+2)- YU+ U2 -2)=1 . (5.33)

One can construct the representations of this topological F; group on a ‘configuration
space’ which is effectively a circle. First, note that U,, maps the eigenspace H, of w
isomorphically onto Hy,—,, from the relation (5.27). Hence one can write any vector
¥ € H in terms of vectors belonging to the set ¥ = {U_, ¥y, | m € Z} where ¥,;, € Hj.

One can write the action of the operators U,, on Hy by

One can then construct the isomorphismi : H — L2(Sl, Hp) defined by

({(¥)(®) := Z exp(ind)¥(9) ¥ €M, ¥, € Hy, 9 € St (5.35)

n=—oc

where S! is the effective ‘topological’ circle. The operators Uy, acting on L2(Sl, Hp) have
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the effect

(Ua®)(¥) = exp(—ind)¥(9) ¥ e L3S, Hpy) . (5.36)

Thus on this representation space we find the operators 9, v and W are represented by

the operators

(a¥)(F) = cosIV(I) (5.37)
(VO)(Y) = sin9¥(9) (5.38)
(W)(9) = -id%\p(zs) . (5.39)

Having constructed the topological E2 group, one must now show that this new set
of generators to this group is indeed ‘independent’ from the set {i(z),9(z), J(k)}.
is important to note that 4(z) and ¥(z) do not commute with @ and Vv because of the
relations (5.22) and (5.23). One can however use the relation (5.27) to remove the ‘winding

mode’ from %(z) and 9(z) by redefining them to be

(z) := exp(iwz)u(z) (5.40)
'(z) := exp(iwz)d(z) (5.41)

respectively. These new operators with J(k) still form the Lie algebra of (LEz)p but now
with the desired property of commuting with the generators of the topological Ey group.
To get the appropriate splitting of the phase space, one must first construct an E2 group
out of (LE3)p associated with the ‘constant loops’ to pair with the topological E3. The

momentum generator for the constant loops is given by
1 27
J:=J(1) = = / (z)dz . (5.42)
0

The operators @ and ¢ conjugate to J are to be picked out arbitrarily from the set
of operators {@/(z)} and {9'(z)} respectively. The arbitrary choice corresponds to the

arbitrariness of the embedding of the submanifold of constant loops T! in LT!. Given
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that such a choice is made, the generators (i, 9, J) then satisfy the condensed relation

[J,a) = —a (5.43)
where
d:=4—10 . (5.44)
These are to be paired with
[W,a] = -a ; (5.45)
a=ua—-1v=0; (5.46)

from the topological Ej.

A further redefinition of the generators of the two Ey groups can now give the ‘left’
and ‘right’ set of generators which is consistent with the dynamical evolution of the left
and right moving modes; the solutions of the string equations of motion are functions of

t—zandt+z respectively.m] They are given by

Jpi=J5(J+W) |, ap-idp=a:=Jpaa (5.47)
Jp = 71§(j —W) , fGp-—ibgp=adp:= -\}—iafa . (5.48)

It is easy to check that they reproduce the (condensed) commutation relations of the two

Ey groups i.e.

Jr,ar) = -éar (5.49)
[Jr,ar) = —ér , (5.50)

and the two sets are independent of each other:

(Ji,4r] =0 , (5.51)
[Jr,ar] =0 . . (5.52)

Thus it is now established that the canonical left-right split of the phase space is built in

within the canonical group describing the symmetries of the phase space.
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5.3 Quantisation of String on T"

One can now generalise the results obtained for T! in the previous section to the
case of the n-torus T". But as in Section 3.4, it will be done by expressing T" as
the quotient space W/2rA where A := {}.7.;n'4; | n* € Z} and {A,} =: E is the
basis of W. [The dual lattice has the basis E* := {B'}.] Hence the configuration
space of the system is @ = L(W/2rA) and the phase space is S & LW* x L(W/2rA).
Before going further, it is useful to rephrase the description of @ being disconnected
and the ‘winding number’ that classifies the disconnected classes in terms of the lattice
structure. Given that W is contractible, the exact homotopy sequence of the bundle
A — W — T" implies the relation mo(LT") = m(T") ~ mo(A) ~ A" Thus there is
a preferred element ¢ of H!(T"; A) corresponding to the identity map from A to A since
HYT™ A) ~ Hom(m(T"),A) ~ Hom(A,A). One can now express the winding number
of the fields {®Z | B € E*} as the element of H!(S!;A) ~ A given by the pull-back
®B*(.) (« € HY(T" A)). Given any string configuration ® : S! — W/27A, one can

[25)

always lift the map ® to ® on the space
PW :={® € C*(R,W) | ®(y+27) - ®(y) €A Vy € R} (5.53)

where its ‘winding number’ is given by
w(®) := ($(27) — ®(0)/2r €A . (5.54)

One can in fact express L(W/2wA) as PW/27A.

The canonical observables on @ can be given by (cf. (3.113) and (5.8))

uB(z)(®) := cos < B, &(z) > , (5.55)
vB(z)(®) := sin < B, ®(z) > (5.56)

where B € E*. One can now form the basic set of generators for the connected component
of the canonical group G = (LE; x LE; x --- x LEj;), namely {uB(z),vB(z), J(h)} where

n times
J(h) (h € LW) is the smeared generator of L(LT")o. With the natural symplectic form,

the Poisson bracket of these observables are

{J(h),uB(2)} =< B, h(z) > vB(z) , (5.57)
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{J(h),vB(2)} = - < B, h(z) > uB(z) , (5.58)
{uP(2), 0% (z')} = 0 = {J(h), (")} (5.59)

where B, B' € E* and h,h' € LW. The corresponding quantum commutators can be
simply given by

[J(h),aB(z)] = - < B, h(z) > aP(z) , (5.60)
[@B(z),aF (z')] = 0 (5.61)

where
a8 (z) := @B(z) - iB(z) . (5.62)

One must also include a unitary representation U),, A € A of the disconnected part of G;
mo(G) ~ mo(LT") ~ m1(W/2wrA) ~ A. It intertwines with the other operators as

UraB(z)U;! = exp(—i < B, > z) aP(z) (5.63)
UrJ(WU = J(h) . (5.64)

To discuss the left-right split for this system, we proceed in the same way as in Section

5.2 by first giving an operator status to the ‘winding number’ w?(®) :=< B, w(®) >.

B

The resultant set of Hermitian operators W~ intertwine with the representation Uy of A

as
UwWwPU =wPt < BA> 1 . (5.65)

B

The pair of operators conjugate to W~ can be obtained from the operators {U,} in a

similar way to (5.28) and (5.29). They are

g :=3U_a+Us) , (5.66)
Va=%U-a—-Uas) , (5.67)

where A € E. They give the commutation relations

W8 i) =i< B,A> ¥4 (5.68)

W8, ¥4l =—i<B,A> 1, , : (5.69)

(B € E*, A € E). Thus one has obtain the topological E3 x E3 X - - - E3 (n copies of Ey).
The other Fy x E3 x --- Eg group is constructed out of (LEg x --- x LEy)p associated
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with the constant loops. Its generators are given by 42, 2 and Ja where Jy is given by
J(h) with h(z):= A € E.

To obtain the desired split, (5.47) and (5.48) suggest that the operators J4 and w?
should be added/subtracted. This is no longer possible in this case since these operators
are labelled by the different spaces i.e. E and E* respectively. One needs to add a further
structure in order to proceed to get the appropriate split. The metric g;; = g(4;, 4;) on

W is introduced to induce an isomorphism between W and W* i.e.
W — W < y(A),A >:=g(A,A") AAew . (5.70)

The components of the metric are required to be integers so that ¢(A) C A*. The analogues
of (5.47) and (5.48) can now be given as

K¥ :=71§(jn(3)+€v3) . ara 7=a,‘(A : (5.71)
RE = 25(Jup) - WP) ; apa:i= Jpahatd | (5.72)

where A € E, B € E* and « is the inverse of « (k : W* — W). Note that this construction
is invertible only if x(A*) C A. This implies that the lattice A must be self-dual.

5.4 Quantisation of String in a Background Antisymmetric Tensor Field

Having done quantisation of strings moving freely on T" in the previous section, one
can now generalise the situation to include a background antisymmetric tensor field. This

has the effect of modifying the natural symplectic form on T" to

ori= Y / dz (685" ()84, (z) + F(As, A;)50P (2)605 (z)) (5.73)
L] §1

(cf. Section 3.3). The bilinear form F(A;, A;) on L(W/27A) gives the components of the
field strength two-form in (5.5) (adapted to the lattice structure) i.e.

F(Ai, Aj) Zacp Q4 (®) (5.74)

where () is a closed nonexact three-form on T" i.e. a generator of the third cohomology

group of T" (€, denotes the components of 1 along the directions A;, A; and Ay).
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Note that one does not have a difficulty in defining o for fields with nontrivial winding
numbers unlike the Lagrangian formulation in Chapter 4 since 2 is a globally well-defined
three-form on T™. Let us first concentrate on the trivial sector namely the fields ¢ that
generate the constant loops. With (5.73), the Poisson bracket algebra of the observables
{uB(z),vB(z), J(h)} (h € LW) is given by

{J(h),vB(z)} =< B, h(z) > vB(z) , (5.75)
{J(R),vB(2)} = - < B,h(z) > vB(z) , (5.76)
{uB(z),vB'(m')} =0 , (5.77)
{J(h), J(K)} = =F(h,h) , (5.78)

where B,B' € E* and h,h' € LW (cf. Section 3.4). They form a representation of the
Lie algebra of the subgroup of the canonical group G of the system that corresponds to

the constant loops. Their corresponding quantum commutators are

[J(h),4B(2)] = i < B,h(z) > 98(z) , (5.79)
[J(h), 8B (z)] = —i < B, h(z) > @B(z) , (5.80)
[aB(z),9% (z') =0 , (5.81)
[J(R), J(R))] = —iF (R, KD . (5.82)

The above relations suggest that the canonical group G which acts on L(W/27A) is
given by

é = LWp(l) D((LWP(2) D-(( .. X(LWP(",) X U(l)) . ')) (583)
(cf. Section 3.4) where LW; is the jth component of LW and p(i) is the ith element in
the permutation p of (12---n). Note that the use of the universal cover of L(W/27A) is

necessary for the canonical group to be centrally extended. It is important to note that

at this stage that the resultant full canonical group
G := LEyo<(LEgo<(- - -o<(LEy x U(1))--)) | (5.84)

is not disconnected. However one can still adopt the decomposition (5.11) to decompose

G (and hence G) into Gy >aW where Gy is the subgroup that generates the constant loops
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and W generates the analogue of the operators that intertwine the constant loops with

the other ‘winding modes’. The generators of W can be given by the unitary operators

Uy := ZriUAi ; = ZriA,' eEW (AieE) . (5.85)
1

i

They satisfy the relations
UUs=Uprs ; Ul=Uy rseW (5.86)

and intertwine with the ‘winding number’ operators w? (B € E*) in the same way as in
(5.65) i.e.

UwPU = wPt < Bir>1 . (5.87)

Note that the ‘winding numbers’ are no longer separated by integers and hence the ‘wind-
ing numbers’ are no longer necessarily integers. This rather peculiar effect may however

turn out to be desirable as pointed out in [5] as it leads to left-right asymmetry.

Before discussing the left-right split, it is interesting to note that there is a somewhat
surprising new result for this case with the antisymmetric tensor field. The ‘winding

number’ operators are required to satisfy the commutation relation
w8, wF| = —iF(x(B),s(B')I B,B'€E* (5.88)

where £ is the map x : W* — W mentioned in the previous section (cf. (5.82)). Later we
will find that this relation is necessary to obtain the desired canonical left-right split. The
relation (5.88) implies that the central subgroup of § also intertwines with the winding
modes of the fields. Note that the peculiar feature of the (eigen-) values of the ‘winding
number’ operator being nonintegral is probably due to the presence of the line bundle
structure associated to this central subgroup in the sense that it ‘opens up’ the winding
modes in the quantum theory. [Compare this feature with the effect of adding a gauge
potential to the momentum operator J .] However it is not clear what kind of physical

situation such phenomenon corresponds to and why it is so.

Given these results, one can proceed in almost a similar way to Section 5.3 to obtain

the canonical left-right split. First, we construct the operators ii4 and ¥4 as in (5.66) and
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(5.67) and obtain the topological Ego<(Eyp<(---<(E2 x U(1))---)) group. The same is
done for the constant loops to get the other Eyp<(E2p<(---p<(Ey x U(1))---)) group to
pair with the topological one. The desired canonical let-right split is then obtained in the
same way as in the previous section by defining the operators K f . K g , ar4 and agg
(see (5.71) and (5.72)). But now they have the new relations

(KB, K| = -iF(x(B),x(B")) , (5.89)
(KB, RE | = —iF(x(B),x(B")) . (5.90)

Note also that
[f(kaR'] =0 , (5'91)

ensuring the independence of the left and right moving modes of the string. Finally, we
note that the use of the universal cover of E3 in the paired groups above leads to two sets
of #-angles in the quantum sector (one for each group). These sets could be different from
each other which then implies a left-right asymmetry associated to the definitions of K f
and K g (as mentioned earlier on). Such a situation is of relevance to the construction of

the heterotic strings.[”]

5.5 Summary and Outlook

We have now observed how Isham’s group-theoretic quantisation programme is able
to describe bosonic strings in a framework that respects the global structure of the phase
space. The usual splitting of the phase space into sectors corresponding to the left and
right moving modes of the string is intrinsic in the description of the canonical group
in both cases of with and without the background antisymmetric tensor field. However
in the case of string in the background field, a new feature arises from the centrally
extended canonical group. It is found that the ‘winding number’ operators have noninte-
ger (eigen) values and these operators do not commute. Here is a specific example of how
this quantisation programme’s global concerns are found to be advantageous in finding
new (intrinsic) features of the theory. It will be interesting to see what kind of impact

this would bring to the understanding of string theory.

To close this work, it must be said that the aims of the study here have been rather

modest despite the potential of the group-theoretic quantisation programme. Nevertheless
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it is useful to bring out the simple aspects of the programme in relation to central exten-
sions as described in this work. One hopes that the results found here are of significance
in any future work. There are many possibilities for future areas of study in the context

of this programme. Of particular interest will be the study of the Wess-Zumino-Witten

{26—28) (29)

models and also theories with Chern-Simons term ~ they share many of the

properties of the examples discussed in this work in relation to central extensions.
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