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Abstract

The formalism for a helicity amplitude analysis of the exclusive semileptonic
decays of B mesons (B — DI and B — D*Iv for | = ¢, u and 1) is introduced.
In particular it is shown how measurements of the angular distribution of the sub-
sequent decay D* — D~ can fully determine the theoretically uncertain hadronic
(B — D, D*) matrix elements.

A spectator quark based model for the hadronic amplitudes is introduced, and
then compared to other existing models and with the presently available experi-
mental data, to extract the quark mixing matrix element |V;|. The extraction of

|Vs|, using exclusive models for b — u decays, is also discussed.

The predictions of the free-quark model of inclusive semileptonic B decays are
compared with those of the exclusive models, in an attempt to test the reliability

of the inclusive model’s predictions for |V ;| and |V,|.

A phenomenological analysis of experimental measurements of K% — K0 and
B° — BY mixing is made, incorporating the above determinations of the mixing
matrix elements, with a view to constraining the parameters of the standard model,

such as the mass of the top-quark.
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1 Introduction

I don’t pretend to understand the Universe - it’s a great
deal bigger than I am... People ought to be modester.
Thomas Carlyle, 1795-1881

1.1 The Standard Model

Elementary particle physics research is the study of the fundamental particles
and interactions of nature. The wealth of experimental data so far available is all
compatible with the so-called ‘Minimal Standard Model’ of Glashow [1], Salam
[2] and Weinberg [3]. Current experiments are designed to measure even more
accurately the parameters of the model in an effort to discover ‘new’ physics which

it cannot explain.

The fundamental matter particles of nature are believed to be fermions. Their
various interactions are predicted by combining the formalism of Lagrangian den-
sities with the theory of Lie groups. For each type of interaction the fermions are
assigned to representations of a Lie algebra, and the Lagrangian density is then
made invariant under local (i.e. position-dependent) Lie group transformations,
called gauge transformations. This procedure requires the introduction of one
‘gauge field’ for each group generator, and these fields describe the vector bosons
which mediate the force.

More explicitly, the standard model itself is based upon the Lie group
SU(3)C X SU(Z)L X U(l)y, (1.1)

where the three symmetries are known as Colour, Weak Isospin and Hypercharge
respectively. The strengths of the interactions are determined by three coupling
constants g,,g and g' associated with the three Lie groups of (1.1) respectively.
As it stands, the above theory describes only massless particles, because fermion
mass terms are not invariant under SU(2), symmetry transformations, and gauge
boson mass terms are not invariant under their respective gauge transformations.
However, in nature most of the fermions are massive, as are the gauge bosons as-
sociated with the weak interactions. For a long time this severe problem remained

unsolved, until it was discovered that it could be overcome by the introduction of
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scalar fields (called ‘Higgs’ fields, after their originator), which acquire a non-zero
vacuum expectation value and so break the SU(2); x U(1)y part of the symmetry
group, allowing mass terms to appear. The simplest (or ‘minimal’) possibility is
the introduction of one complex scalar SU(2); doublet Higgs field, which breaks
the symmetry

SU@3)¢ x SU(2)p x U(l)y — SUB)c x U1 (1.2)

so that the eight gluons of Quantum Chromodynamics (QCD) and the photon of
Quantum Electrodynamics (QED) remain massless. Amazingly, the Higgs doublet
is also able to generate masses for the fermions, although the actual values are not
predicted. Furthermore, three linear combinations of the original four generators
of SU(2); x U(1)y become just the massive gauge bosons W# and Z° that are

required by weak interaction phenomenology.

The matter fields, which, as we have mentioned, are fermions, are of two types,
quarks and leptons. Originally only one ‘family’ of fermions was known, made up
of two quarks, called up (u) and down (d), and two leptons, the electron (e) and
neutrino (v,). However, two further copies (or ‘generations’) of this family have
since been discovered, seeming to differ only in the particle masses. Each fermion
is described mathematically by a four-component Dirac spinor 1, which can be

split into two parts, called left- and right-handed, defined by

Yir= 3(1F 7). (13)

If the particles being described have zero mass, then left- and right-handed fermions
have negative and positive helicity respectively. It is important to note here that

the fermion mass terms in the Lagrangian are of the form

mpp = m(PYp + Yr¥r), (1.4)

and so require the existence of both left- and right-handed fields.

Of the four quarks of the second and third generations introduced above only
three ‘flavours’, strange (s), charm (c) and bottom (b), have so far been discovered.

T heséAa.ll short-lived and have to be manufactured in accelerators (or generated

2



by cosmic ray collisions). A sixth flavour, top (t), has yet to be detected, but
for many reasons is believed to exist. No evidence has yet been found for the
existence of any more flavours. Indeed, recent experiments with the new LEP
collider at CERN indicate that there may well be no more than three generations

of fermions. The three generations of quarks and their group representations can

u c t
J ! / (3’2)
(d)L (")L (b)L (1.5)

Up, d’R CRs S'R tR, bIR (3,1)

be summarised by

The numbers in brackets at the end of each line are the dimensions of the represen-
tations of the particles under SU(3); and SU(2); transformations respectively.
Under SU(3), transformations each quark is a triplet, but the relevant colour
index has been suppressed. Under SU(2); the left-handed fermions all transform
as doublets, while the right-handed fermions are singlets. The primes on the d,s,b
quarks refers to the fact that the mass and weak interaction eigenstates are not

necessarily the same, as will be explained in section 1.3.

The three generations of leptons, all of which have been detected, are

(7). (), (), oo
©/L R/ "L (1.6)

er KR TR (1,1)

where again the numbers in brackets are the dimensions of the SU(3) and SU(2);
representations. That the leptons are SU(3), singlets simply reflects the fact that
they do not have strong interactions. Note that the minimal standard model
contains no right-handed neutrino fields, with the result that all the neutrinos are

massless (see (1.4)).

The Lagrangian of the standard model is not completely determined by the
symmetry group, but includes 17 e priori free parameters (or 18 if one includes
the strong CP-violating parameter GQCD)- It is hoped that the discovery of an
underlying theory (of which the standard model might be just a part), or of some
other symmetry principles, will reduce this number, or maybe even determine
them all. However, at present, the following parameters all need to be determined

experimentally:



a) The 6 quark masses my, m,,my,m,,m_ & m,.

b) The 3 charged lepton masses m,,m, & m,.

c) The 3 symmetry group couplings g,,9 & ¢'.

d) The 4 Kobayashi-Maskawa (KM) matrix parameters.
e) The Higgs mass my.

This thesis is primarily concerned with the determination of some of the param-
eters that appear in the KM matrix, the origin and meaning of which is discussed

in section 1.3 below.

1.2 Quarks, the Strong Interaction and Hadrons

While leptons are detected as discrete particles in nature, no experiment has
yet managed to find an isolated quark. Most people now believe that it is impossi-
ble to do so, because the strong interactions of Quantum Chromodynamics (QCD),
as predicted by the SU(3), gauge group, predict that the coupling, g,, between the
quarks and gluons, increases rapidly with increasing distance (or equivalently with
decreasing energy). Thus quarks are ‘confined’ and form SU(3),-singlet bound-
states with other quarks, from which they cannot be isolated. These bound-states,
called hadrons, are found in two types; baryons, which contain three quarks (or

three anti-quarks) and mesons, which contain a quark and an antiquark.

Particle_physics calculations_are usually-either based upon perturbative ex-
pansions in the coupling constants (in those cases where such series are believed
to be reliable), or on ‘lattice’ QCD computations (although such methods are still
in their infancy). ‘Unfortunately, the above increase in the QCD coupling con-
stant means that hadronic physics is not well described by perturbation theory
at low energies, (i.e. the behaviour of quarks is dominated by ‘non-perturbative’
physics). Some non-lattice techniques have been found to give fairly good results
at low energies, such as chiral perturbation theory and current algebra, but in
contrast to perturbative QCD these only work well at low energies. It is hoped
that improvements in the techniques of lattice calculations, and in the computers
used to do them, will eventually give reliable results at these low energies. As

the masses of the quarks and hadrons being studied increase, it is expected that
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perturbative QCD will begin to give more reliable answers, and thus the behaviour

of such particles should be more easily understood.

In any calculations involving quarks, these non-perturbative effects produce
great uncertainty in the final results and even after many years of studying hadrons,
physicists have not been able to probe very deeply into their internal stucture and

behaviour.

1.3 The Fermion Eigenstates and the Kobayashi-Maskawa Matrix

The following discussion is carried out for the quarks, but all the arguments
can be used for the leptons also, with some simplifications, as will be discussed
at the end of the section. For notational simplicity it is convenient to divide the

quarks into two three-component column vectors in ‘generation’ space,

u d
U=|c D=| s |, (1.7)
t b

for the ‘up-type’ and ‘down-type’ quarks of (1.5) respectively, where each individ-

ual quark field is understood to be a four-component Dirac spinor.

In order to describe the origin of the KM matrix, it is necessary to extract
certain terms from the full standard-model Lagrangian. The first of these are
the quark mass terms, which arise from the Higgs mechanisin, as briefly outlined

above. The result, which is a generalisation of (1.4), is a mass term of the form

L

mass = UM"Ug + Dy M%Dp + h.c., (1.8)
where the mass matrices M* and M? are, in general, non-diagonal, non-hermitian
3 x 3 matrices in generation space, and the double primes allow for the fact that
the eigenstates in the original Lagrangian may not coincide with the physically

useful ones.

The other term in the standard model Lagrangian which we need to discuss

in some detail is that responsible for the charged-current weak interactions. It
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describes the interactions of the charged W* bosons with the matter fields, and is

L, = _%z-(w,m; + W Ish, (1.9)

where g is the coupling associated with the original SU(2); gauge group. The
charged current of (1.9), which involves only left-handed fields, is

JE =T y#(1 — ~5)D" (1.10)
= 2_U_Z—7"D2.

This interaction is responsible for processes such as nuclear S-decay, via the reac-
tion d - uW*~ — ul~¥ (where W*~ is a virtual (off-mass-shell) W~ boson), and

for the semileptonic decays that are the main focus of this thesis.

In order to find the mass (or propagation) eigenstates, we must diagonalise the
two mass matrices M* and M? of (1.8). This can be accomplished by means of a

biunitary transformation [4]. There exist unitary matrices S* and T such that
SYM*T* = m* = diag(m,,m_,m,) (1.11)

is a real diagonal matrix with non-negative elements. Similar matrices S¢ and T
can be found for M4. We can then define
Uy = s'tu;
L L (1.12)
Up =T"1U,
and similarly for the down-type quarks.
The quark mass terms then become
Lonass = UL S TMUT U + DS MUTIDp + h.c.
=Um"'Ug+ D, mDp +h.c. (1.13)
= Um"U + Dm*D.
Under the same transformation the charged current becomes
JE =20, S*y#SiD,
=2U, 7"V Dy
=Uy*(1-)VD
= UA*(1 — ;) D',

(1.14)
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where

D=|4|=VD (1.15)

are the weak interaction eigenstates originally given in (1.5), and where
V = s#gd (1.16)

is a 3 X 3 unitary matrix known as the Kobayashi-Maskawa mixing matrix, after
its originators (the 2 x 2 version of the above theory was originally proposed
by Cabibbo, so the matrix V is sometimes known as the Cabibbo-Kobayashi-
Maskawa matrix). In the last line of (1.14) it is conventional to define the up-type
mass and weak interaction eigenstates to be the same, and the down-type to be
different. The result of the mass and weak interaction eigenstates being different
is to allow flavour-changing quark decays of the type b — cW—, ¢ — sWT, with
rates proportional to |V, |2, |V,,|? respectively.

Note that it is possible to redefine the phases of the quark fields by the trans-
formations

U— P'U

1.17
D — P4D, (1.17)

where P*9 are diagonal matrices of phases, without affecting any terms except

the charged current. The KM matrix is transformed according to

V — prypdt or, equivalently, V. = Y P:V (P3)*. 1.18
ij ia "af\* jB
a,f

All observables of the KM matrix must, of course, be unchanged by such phase

transformations.

The same calculations can also be made in the leptonic sector. The addition
of right-handed neutrinos to the minimal standard model can give rise to neutrino
oscillations, where neutrinos, like quarks, can change from generation to genera-
tion. However, if neutrinos are massless (as must be the case if the v do not
exist), one can define the mass eigenstates to coincide with the weak interaction

eigenstates.



1.4 The Kobayashi-Maskawa Matrix

As explained in the previous section, the mass and weak interaction eigenstates
are related by the 3 x 3 unitary KM quark mixing matrix V. In general a 3 x 3
unitary matrix can be written in terms of 3 real parameters and 6 complex phases.
However, using the phase transformations (1.17) we can absorb 5 of these phases
into the definitions of the quark fields (1 phase remains, since an overall phase
change of all the quark fields leaves V unaffected). All possible parametrisations
of the KM matrix are related by phase transformations of the form (1.18). One
parametrisation, which is widely accepted now, is that of Chau and Keung [5],

based on work by Maiani [6] and Wolfenstein [7];

( Vud Vus Vub

V=1 Va Vo, Vo
\Vw Vie Va
/1 0 0 C13 0 sy5e % ¢l 32 0
=10 ¢y 893 0 1 0 —812 €9 O (1.19)
\0 —sy5 cp3/ \=sp5e® 0 e 1 0 0
/ €12€13 13812 813~
= "‘:2:’.-"‘12-012-"2?,-”1.3‘3'.‘s 012023_3123233136‘6 013323),
812823 — c12c23sl3e‘5 —C12823 — 023-912313‘"‘“s C13C23
where
8;; =sinéb;;
(1.20)
¢;; = cosb;;,

with 6;; being the mixing angle between the it* and j** generations. By suit-
able redefinitions of the phases of the quark fields (this time by factors 1), the

parameters may be made to lie in the ranges

OSG'J<7I'/2

(1.21)
0<6<2nm.

The moduli of all 9 matrix elements of the KM matrix are, in principle, ob-
servable, for example from semileptonic decays. Although the phase § is observ-

able, one cannot actually measure Im(V;;) directly, because it depends upon the
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parametrisation used. The observable J, defined by the relation [8]
JZ €iik€kim = Im(VyVi Vi ViD), (1.22)
k

is, however, a function of the phase §. J is an observable because changing the
quark phases has no effect, as can be shown by using (1.18). Any observable of the
KM matrix can thus be written as a function of the moduli of the matrix elements

and J. In the parametrisation (1.19) we find

= 2 3
J = €19€93€138198938,3 siné. (1.23)

1.5 The Discrete Symmetries C, P and T

Charge conjugation (C), Parity (P) and Time-Reversal (T) are discrete sym-
metries that play an important role in particle physics. Charge conjugation inter-
changes particles and antiparticles, Parity (space reflection) reverses all momenta,

but leaves spins unchanged, while Time-Reversal reverses both spins and momenta.

The famous CPT theorem tells us that the standard model is invariant under
the product of the three symmetries, taken in any order, but the transformation
properties under the three transformations separately depend upon the particular
terms in the Lagrangian. For instance the electromagnetic interaction is invariant

under all three transformations separately, but weak interactions are not.

Parity violation was first observed in the decay of the Cobalt-60 nucleus [9], and
is due to the fact that the weak interaction treats left-and right-handed fermions

differently, as is shown by the explicit forms of the charged current (1.10).

For many years it was thought that physics was invariant under the combined
operator CP, until the observation of the CP-violating decay K} — n*#~ [10] in
1964. The origin of this very small violation of CP is not fully understood, but one
explanation could be the existence of a complex phase in the KM matrix. In fact,
in 1973 Kobayashi and Maskawa [11] originally introduced the third generation of
quarks in (1.5) (even though only three quarks had been discovered) in order to
account for this phenomenon. With only two generations the mixing matrix can
be made real by redefinition of the quark phases, but with a third generation this

is no longer possible in general, and CP violation results.

9



In fact, for the KM matrix to describe CP-violation the following conditions

must be met:
1) The up-type quarks must have different masses,
2) The down-type quarks must have different masses
3) The parameter J of (1.22) must be non-zero.

A discussion of current attempts to determine the CP-violating angle § will be

given in Chapter 2.

1.6 Experimental Determination of the KM Matrix Elements

Recent reviews of the KM matrix can be found in [12] and [13]. The most
recent experimental determinations of the KM matrix elements are given in brief

below.
1) IVudl

Our knowledge of |V,;| comes from two sources. The most accurate determi-
nation is from a comparison of nuclear #-decay and muon decay [14], which was
greatly improved theoretically in 1987 [15], when more accurate calculations of the
radiative corrections brought predictions from the eight most commonly studied

nuclei into very good agreement. The value calculated from this method is

V.4 = 0.9744 £ 0.0010. " (1.24)

A less accurate determination comes from the comparison of the experimentally
measured decay rate 7+ — n%*v [16] with the theoretical rate calculated using
current algebra [17], updated by using a more recent measurement of the n+-7°

mass difference (18], yielding

[V.4l = 0.970 £ 0.020. (1.25)

The larger error here is predominantly the experimental error, which is an order

of magnitude larger than the theoretical error.
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2) [Vl

Here again there are two main sources for the determination of the matrix
element. The first is the semileptonic K,; decay (K — wev), analysed using chiral
perturbation theory in order to take into account flavour SU(3) breaking [19]. The

value extracted from the data is

|V,,| = 0.2196 + 0.0023 (1.26)

The second source is from hyperon B-decays. Originally these were analysed
assuming SU(3) flavour symmetry [20], leading to the value |V,,| = 0.231 4 0.003,
but a more recent analysis, using the quark model to include the flavour symmetry

breaking effects [21], and including the most recent data, gives [12]
|V,,| = 0.222 + 0.003. (1.27)
Averaging these two values gives a combined value

[V.,,| = 0.2205 + 0.0018. (1.28)

3) |Vedl

The matrix element |V,4| can be derived from neutrino and antineutrino pro-
-duction of-¢ quarks from d quarks in nucléons, followed by semileptonic decay of
the charmed quark, resulting in the production of oppositely charged muons

v+d—puc c—osuy

_ with (1.29)
v+d—pte T 3u"T.

These experiments have been performed by the CDHS group at the CERN SPS
collider [22] and at a recent Tevatron experiment at Fermilab [23]. Combining the
measurements of these two experiments, and using recent determinations of the

semileptonic branching fractions of charmed mesons [24], yields

V.4l = 0.204 + 0.017. (1.30)
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4) Vel

Again there are two main experimental sources for this matrix element. The
first is from the same experiments as in (1.29), but where the charmed quark is
produced from strange quarks in the parton sea, instead of valence d quarks. This
calculation is not very accurate, on account of the lack of knowledge of the strange

quark density, and the most conservative assumptions lead to a lower bound of
[12,22]

[V.,| > 0.66. (1.31)

The matrix element may also be extracted from an analysis of semileptonic

D-meson decays, analogously to the extraction of |V,,| from K,; decays above,
which leads to the result {12

|V.,| = 1.02+0.18. (1.32)

5) [Vl

This matrix element is extracted from analyses of semileptonic decays of bot-
tom mesons, and is the main topic of the analysis of Chapters 3 to 7. Taking into
account various models used for the hadronic interactions, the exclusive anal”{sis

of chapter 6 gives

V4] = 0.039 + 0.005. (1.33)

6) IVubl

The matrix element |V,;| is just recently coming within the reach of experi-
ments analysing charmless B-meson decays. Using the exclusive analysis described
in chapter 6 we find
Vs

ubl — 0.07+014. (1.34)
Veb

7) |V1d|7 |Vts|’ thbl

Since the top-quark has yet to be detected experimentally, there is no direct

measurement of any of the KM matrix elements related to it.
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1.7 Using Unitarity to Determine the KM Matrix Elements

Unitarity of the KM matrix is equivalent to the conditions

%=;mﬁ (1.35)
=) VuVi; (1.36)
k

By assuming that there are only three generations of quarks, there are two ways

to use these conditions.
a) To check that the conditions are satisfied if all the relevent elements are known.

b) To calculate the matrix elements that we either know with poor accuracy, or

cannot measure at all.

1) Vel

As mentioned above, the determination of |V,,| can be improved. Using the

unitarity condition (1.35), with i = 7 = ¢, we can write

= +/1— 2 _ 2
[Veul = /1= Veal? = Ve w3
= 0.978 £ 0.004.

We are now in a position to deduce the allowed ranges of the KM elements

|V;|, associated with the top quark.
2) |Vl

Using (1.36), with i = j = b, we find

V.l = 1-— 2 2
= 0.9992 £+ 0.0002,

so, ironically, the most accurately determined element is one that we cannot yet

measure experimentally.
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3) Vil

Using condition (1.36), with ¢ = 3,5 = b, we have

VsV + Ve, V.

V,, = —co_ch (1.39)
Vi

Now, using the results above, the first term in the numerator is negligible compared

to the second, so
VesVeb

c8

[Vi,| ~ = 0.038 + 0.005. (1.40)

th

4) |Vl

This element can be determined using (1.36) with i = d,j = b, which implies
that

v — _YeaVa + VaaVi
= -

- (1.41)
tb
To a good approximation we may set |Vy| = 1 and use the fact that Re(V,;) >
Im(V,,) in the parametrisation (1.19), so

V*
Vil = [Vip| [Veq + Vud'—Vub l, (1.42)
cb

resulting in

0.003 £ |V,y| < 0.02. (1.43)

Finally the results for the moduli-of the matrix elements, using both direct

experimental measurements and unitarity can be summarised as

0.9749 — 0.9758 0.2187 — 0.2223  0.001 — 0.009
IV,JI =] 0.2180 — 0.2225 0.9739 — 0.9753 0.034 — 0.044 |, (1.44)
0.0005 — 0.019  0.032 —0.045 0.9990 - 0.9994

corresponding to the following range of the mixing angles of (1.19)
815 = 0.2205 £ 0.0018 ¢, = 0.9754 £ 0.0004
855 = 0.039 £ 0.005 ¢g5 = 0.9992 £ 0.0002 (1.45)
813/893 = 0.071014 ¢13 > 0.9999.
Efforts to determine §, which are all by indirect methods, will be discussed in
Chapter 2.
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Figure 1.1 The KM triangle, which represents the less accurately
known KM matrix parameters of (1.47) graphically.

The less well-known parameters of the KM matrix can be summarised in the

following way: using (1.36) with ¢ = d,j = b leads to
VasVaa + Vi Vea + VigVia = 0, (1.46)
which can be rewritten, to a good approximation, in the form
Vasintyy = Vi + Vi, (1.47)

using (1.45) and the reality of V; in this parametrisation: This relationship is
represented digramatically in fig.1.1. '

1.8 Thesis Outline

Chapter 2 decribes how experimental measurements of K% — K9 and B — B0
mixing can be used to give indirect evidence of the values of the KM matrix

parameters (at present these give the best means of measuring §).

Chapter 3 reviews the experimental results on B meson decays, and the prob-

lems associated with their extraction from the raw data.

Chapters 4 to 6 describe theoretical studies of exclusive semileptonic meson

decays, which can be used both to measure the moduli of the KM matrix elements

15



and to probe non-perturbative effects. The formalism is introduced in chapter
4, the models of hadronic matrix elements are explained in chapter 5 and the

comparison with experimental data is presented in chapter 6.

Finally, chapter 7 gives a description of the inclusive study of semileptonic B
meson decays, including comparisons with the exclusive models of the preceding

chapters.
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2 K°-K9, B*-BY Mixing and CP Violation

By indirections find directions out.
William Shakespeare, 1564-1616

2.1 Introduction

In the previous chapter we discussed briefly the determination of the KM
matrix from ‘direct’ measurements, where the observed rates of processes are, to
a good approximation, calculable from Feynman diagrams that are tree-level in
the weak interactions. Such measurements therefore determine the square of the

moduli of KM matrix elements.

In this chapter we will discuss some ‘indirect’ measurements, where the quark
mixing effects come about from loop diagrams, and so the KM matrix elements
appear in the formulae in a more complicated way. By studying such processes
one can attempt to determine the CP-violating phase §, and also to try to improve
our knowledge of other less well-known Standard Model parameters, such as the

top-quark mass m, and |V;|.

2.2 Particle-Antiparticle Mixing

It has been known for many years that the mass eigenstates of the neutral
Kaons exist in the form Kg and K 0‘, which have unequal masses and lifetimes,
rather than the strong inf;ra;tién ;:igenstates K9 and K9, which would not. This
occurs because of AS = 2 interactions, such as the box-diagrams of fig.2.1, which
allow K° KO mixing. Such mixing has also been observed for neutral B mesons.
Although theoretically possible for D mesons, the mixing is expected to be highly
suppressed due to the internal quarks in the box diagrams being down-type rather

than up-type, coupled with fact that the KM matrix is dominantly diagonal.

Consider the general case of P%-P% mixing, where P? is a J = 0~ meson,
with CP transformation properties (in the meson rest-frame) defined to be
CP|P% = —|PY)
o (2.1)
CP|P% = —|PY.
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‘ Figure 2.1 The box diagrams relevant to K° — K9 mixing.
This corresponds to a quark basis
0\ — - DO\ — -
|P°) =lq;qy) and  |P%) =|qyTy), (2.2)

where ¢y and ¢; mean heavy and light quarks respectively, and has the advantage
that all phases appearing in matrix elements arise from the phase €' in the KM

matrix (1.19).

The time evolution of a general linear combination of the two states
[¥()) = A@®IP°) + B(t)|PY) (2.3)
is described by the Schrédinger equation
.0
i 1Y) = Herglb(2)), (2.4)

where H,;; is the effective Hamiltonian for the process. This gives the following

matrix equation for the coeficients A and B, |
A H, H A
1 I N , (2.5)
B H,, H,, B

H;; = (i|Hogzli), (2.6)

where

with [1) = |P®) and |2) = |PP), and where the state normalisation is given by
(ili) = &;;- (2.7)

Second-order perturbation theory enables us to express the matrix elements
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in the form [1]

1,
H'-J- = M‘J - E:I‘,-j. (2.8)
The first term in (2.8) is given by

(il Hw [n)(n|Hw|5)
mpo—m,

M;; = §;mpe + (i|Hyli) + > (2.9)

where the sum is over all possible intermediate states, and mpo is the ‘strong

interaction mass’ (Hg|P®) = m po|P?)). The second term of (2.8) is
Ti; = Y oglil Hw|f)(flHwli), (2.10)
f

where the sum is over all physical states into which the states i and j can both
decay, and p; is the phase-space density. By considering (2.9) and(2.10) it can be
seen that the matrices M;; and I';; are hermitian, on account of the hermiticity of
the strong and weak interaction Hamiltonians [1). Furthermore CPT invariance

implies that

As a result H i; can be written in the form

(g - (M- 3T My — 3Ty, 019
( IJ) - * 1:7e 1 ’ ( . )
My, — 3iT1, My — 5l

where M|, and T';; are real. If CP were not violated then the off-diagonal elements
would be equal '

My =My =Mj; and Ty =Ty =T}, (2.13)

Diagonalising the matrix H;; gives the eigenvalues

1
Mg =Hyy £ /HyHy =my,— —'Fl 2: (2.14)
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The masses and decay rates of the two eigenstates are thus given by

my,=mdk %Am = Re {Hn + \/H12H21}

1 -
It is convenient to define the two dimensionless parameters

Am ATl

z=— ad  y=op

for later use. The eigenstates of the effective Hamiltonian are

I 0

P{y) = ¢z_u—+'T—|T {@+mIP) £ (1 - )PY)}
\/IT'—F{] :;: +n|P:h}

where

0= VHyy —+/Hy
VHiy + VHyy’

and

1P2) = — {1P) % [P}

are CP eigenstates

CP|P}) = £|PY).

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

If CP were conserved then H,, = H,,, giving 7 = 0 from (2.18), and so |P{) would
be CP odd and |P?) would be CP even, using (2.17). Also the masses and decay

widths would be given by
myq= My, £ M,
Fjog=T T,

2.3 K%-K9 Mixing

(2.21)

In the neutral Kaon system the two strong interaction eigenstates are defined,
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as in (2.2), to be

K% =|ds) and |K9) = |sd). (2.22)

The two observed mass eigenstates for the K9-K? system are

1 _
KEs) = s {0+ K 2 -nED} 229

from (2.17), since we know that K} is very nearly CP even (since I'(K% — 27) >
I'(KJ — 3r)) and that K is very nearly CP odd (since I'(KJ — 37) > I'(K? —
2m)). From the latter we also know, since the K — 37 phase space is much smaller
that the K] — 2 phase space, that, in the above phase convention, |ng| < 1
from (2.23).

2.3.1 Asymmetry in the Semileptonic Decay K} — n*l~v

One experimental measurement of CP violation in the neutral Kaon system
that has been performed is a measurement of the decay asymmetry in a beam of
K. From the definitions of (2.22) it can be seen that the semileptonic decay of
K?° produces I1, while that of Ko produces [~, so that

_ K} - 1) -T(K) - 1)

bp =
KT S5 1)+ T(KS = 1-)
_ gl =1 —ngl?
11+ ngl? + |1 — ngl? (2.24)
RCT]K
1+ gl
~ 2Reng.

Experimental measurements of the asymmetry give 2]
b = (0.327 + 0.012)%, (2.25)

which yields

Reny = (1.65 £ 0.06) x 1073. (2.26)

2.9.2 The CP Violation Parameters € and €

The other common test of CP violation is from the experimental measurement
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of the amplitude ratios
(nO7° | Hy |K)
00 = w00 | Hyy [ KY)
(wtn~|Hy|K})
(m+a=|Hy|K)

(2.27)

4-=

To calculate these we note that the two-pion states may be rewritten in terms of

states of definite strong isospin I = 0,2 via [3]

(7% = ——(21r(I 0)| + V2 X (2n(I = 2)|
‘/3 (2.28)

(nta~| = V2 —{(2x(I = 0)| + 73 (21r(I = 2)|,

V3

using Clebsch-Gordan decomposition. We define the isospin amplitudes, A;, using

(2n(I)|Hy |K®) = A;es

— , (2.29)
(2m(I)| Hy |K®) = —Afe™s,

where §; are the strong interaction phase-shifts due to strong interactions between
the final-state pions, and the second amplitude is derived from the first using CPT

invariance.

It is convenient to define the three quantities

_ (an( = 0)|Hy |KY)

= @n(T = 0)|Hy [KY) (2:30)
., = 2n(I =2y |KD)

= En(T = O)[Hy |KY) (2.31)
_ (2n(I = )\ Hy|KY)

= BT = 0)[Hy IKY) (2:52)

Expanding the numerators and denominators, using (2.23) for the K%, s states,

and (2.29) for the resulting weak matrix elements, yields

nx + ity
= dxk T % 2.33
1+ingt (233)
2= 1 + 117Kt0 Rer )
1 + ,ﬂKt2 ReA2 i(6 bt o) (2'35)

1 + anto Rer

24



where

ImA,;
tj = —=. .36
1 ReAI (2 3 )
Experimental measurements of the w7 phase-shifts give [4]
8, — 8o + g = (48 £ 8)°. (2.37)

Then, using the definitions of the experimentally mealyfred quantities g, and
74— in (2.27), the Clebsh-Gordan decomposition of the #%7° and n*n~ states in
(2.28), and the definitions of (2.30)-(2.32), we find

€— /26, 0 4

Moo = =e€T A T4,
1—- /2w 1- /2w
v (2.38)
_ete/V2 €+ ¢
== T F w2 1+w/v2
where we have defined the new parameter
1
€ = —\-/3(62 - ew)
w (g tity g+t ) i(6,~6,)
= — . - = e"%2™% .
V2 (1 +ingty 1 +angty (2:39)
_iw (- nk)(ty — 1) (il =53)
V2 (1 +ingty)(1 +ingty)
Experimental measurements-of the KX — 2z-amplitudes give (4]
lw| & 0.045, (2.40)
so that, anticipating that |¢'| < |e|, we may write
7700 ~€e— 26, .
(2.41)

Ny Nete.

The experimental measurements of the ratios 19y and 5, _ of (2.27) are [2]

|m00] = (2-253 £ 0.024) x 1073

(2.42)
Iny_| = (2.268 £ 0.023) x 1073,
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with phases
¢00 = (48.5 :l: 3.1)°

(2.43)
¢, = (46.0 £ 1.2)°.
These give
le] = (2.263 £ 0.023) x 1073 (2.44)
Re (%) =(2.2+1.1) x 1073, (2.45)

The result for Re(€'/€) is, however, not very reliable, since the two high-precision

measurements, by the NA31 [5] and Chicago-Fermilab [6] collaborations, give
Re (%) =(3.3+1.1) x1073 (2.46)
and
€

¢ — (_ -3
Re( ) =(—0.4+1.5) x 10 (2.47)

respectively, which differ by about 30. The measurement of |¢| in (2.44) tells us
that ¢ « 1 and hence, from (2.33), that ¢{; < 1. Consideration of (2.39) then

means that ¢, < 1 also. Using these approximations we may now write (2.35) as

ReA4,
lwl ~ = e (2.48)
and (2.33) and (2.39) in the more familiar form
€~ U) e + ito
(2.49)

1 i6,-5
€~ \_/56'( 2 °+"/2)|w|(t2 — 1)

By considering the matrix elements I';, and M, for the neutral Kaon system
we will be able to make approximations in (2.18) which we will use in the calcula-
tion of € of (2.49). In order to calculate the quantity I';,, it is sufficient to include
only 27 states, since the decay rate for K 0, K9 — 27 is much larger than for any

other decay mode available to both the strong interaction eigenstates. Also, since
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lw| < 1, we can further simplify the expression by including only the I = 0 state.
Thus
T2 o (K°|Hy[2m(I = 0))(2x(I = 0)|Hy |KO)

(2.50)
= —A}?,
and so
Imr12 ~ 2ImA0ReA0 _ —Zto ~
Rel, = (Redy)? + (ImA4,)? 1+ 2o, (2:51)
which implies that
ImI';; <« Rel'y,. (2.52)
Then, knowing that |n| < 1, (2.18) implies that
IliZ 4 ReMlz- (2.53)

Thus the mass and decay rate differences between the long- and short-lived eigen-

states are given by

Ampg =mp — mg = 2Re\/H,,H,, ~ 2ReM,,

-4 (2.54)

The experimental results for the mass difference and decay rates are [2]

Amy = (3.522 £ 0.016) x 10712 MeV
Ig = (7.374 £ 0.017) x 10712 MeV (2.55)
I'; = (1.273 £ 0.010) x 10~ MeV,

which imply that the parameters of (2.16) are

= % — 095440006 and y= ik — 0996, (2.56)
K

The mixing parameter 7 of (2.18) is

Nk = vHys — Hy
VvVHyy + Hy
H,, — Hy,
= (2.57)
4\/HyHyy + (VH,, — VHy)?

. 1 -
AmK - ilAI‘K
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which may be rewritten, using (2.56), in the form

g = ~ SR

Amg 2'z Rel'},

Tz —iy
2.58
Tz —iy Amg z?
Hence € may be written as
€ =1k +ily
iz (ImM,, (2.59)
=z +1,).
z—iy \ Amg
Using the values of Amg, I's and I'; given above
iz z is
= 2.60
where
¢ = tan~!(—z/y) = (43.8 £ 0.2)°. (2.61)

The angle ¢ is usually approximated to 45°. Using Ree = Reny from (2.49), we
can now see that the measurement of 6 given in (2.25) is in good agreement with

the detemination of |¢| given in (2.44).

2.3.8 Theoretical Calculation of ny and €

In order to predict ¢ we will use a box diagram calculation for ImM;,. In
such a calculation, intermediate states such as 7, 2r and 7 are not included in
the second-order term of (2.9). Denoting the contribution from such intermediate

states as ‘soft’, we get
My =~ (Myp)P" + (Myy)*T". (2.62)
As argued by Hagelin [7], it is expected that, in a phase convention where A; is

real, (ImM,,)*/* will be negligible. On converting this back to the usual basis
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(2.22), this means that
(Iliz)aoft ~ —2to(ReM12)’°ﬂ, (2.63)

so that

ImM,, =~ (ImM,,)¥% — tgAm g + 2t,(ReM,; )%, (2.64)

using (2.54). Hence we find that

ER

iz (Iliz)boz (ReMlz)boz
z_iy( A — T My ). (2.65)

The calculation of M, is discussed in section 2.5 below. The second term, propor-
tional to ¢;, is very much smaller than the first, and so, even though it is included
in the phenomenological analysis discussed below, it will not be discussed here.

The expressions used for ¢, are from the 1/N analysis of [8].

2.3.4 Status of Re(€ [e)

The theoretical calculation of € from (2.49) requires the evaluation of ¢, and
t,, defined in (2.36). This is discussed in detail in ref. [8], using the 1/N expansion.

Neither the theoretical or experimental analyses are particularly reliable. The
evaluation of hadronic matrix elements is extremely difficult, and only in the 1/N
expansion can all the required matrix elements be evaluated [8]. Unfortunately, the

accuracy of the 1/N expansion is not well known. Furthermore, even in analyses

using other techniques, the results are highly dependent upon the strange quark
mass, which is not accurately determined. Finally the experimental results seemy
to be in some confusion also (see (2.46) and (2.47)), and so we will not include

any further analysis of Re(¢' /e).

2.4 B°-BY mixing

The neutral B meson strong interaction eigenstates are defined, using (2.2),

to be

|B®Y = |db) and  |BO) = |bd). (2.66)

Evaluation of the box diagrams for the B%-B0 system shows [7] that the dom-
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inant terms are

M;; « mf(thV&)z

(2.67)
Typ o mi(VypVia + Vo Vii)* = mp(Va Vi),

so that T, /M, = O(m?/m?) and that T}, and M, are nearly in-phase. Hence,
from (2.12) and (2.15), we can conclude that

ATl'p = 2[Ty,| €« AMp = 2| M}y, (2.68)

and from (2.18) that |1 + ng|/|1 — ng| = 1 (i.e. Reng < Imnpg).

Experimental studies of B%-B9 mixing have so far concentrated on effects that
are related not to CP violation, but just to mixing. Furthermore, the time depen-
dence of the mixing has not been studied, just the effects integrated over time.

The time evolution of the two mass eigenstates is given by
|BY 5(t)) = e~*12¥| BY 5(0)), (2.69)

so the time evolution of states originally produced as B? or BYis

IB(0) = 9, (O1B") + T2 (1)B")
(2.70)
14 _ c .
[BO(t)) = ,’;Bg_<t)|B°>+g+<t)|B°>
where
gi(t) = l(e—iklt + c—i;\,t)
2 (2.71)
— E(e—im,te—igr,t + e—imzte—ii-I‘,t)_
Given that
| ata. o = B (2% + Am} - 2ATY)
+ 2(T'% — LATZ)(T% + AmY) 4 (2.72)

r
/ Mo-OF = 2 —Tam ;3(1‘2 + amb)
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we can write the experimentally measureable quantities

. =1‘(B°._>1-)=|1—,732 z3 -y}
1T T(BYS1+)  |1+7p 2+ 23 —y2 (2.73)
= =I‘(§—°-—»l+)=l1+q32 zi — y}
T »1-) [1-np| 2+23 -4
with
_ Amp _ATp
rg = PB and Ya = ZPB (2.74)

defined in analogy with (2.16) (the subscript, which refers to the light quark in
the meson, is to avoid confusion with the equivalent quantities that occur in the

mixing of neutral B, mesons). Using |1 — ng|/|1 + 75| ® 1 and ATy < Amp we

can write
2
- T,
TR 2.75
Tad Td 2+ z?‘ > ( )
or .
21‘d
P~ . 2.76
TN T (2.76)

The experimental quantity that is actually measured is the ratio of like-sign

to unlike-sign lepton events

T(I+1+) + T(I-1-) -

R T(+)

If the B BO pair is produced from the T(4S) resonance then the two mesons are in
a P-wave state, which is odd under particle interchange, so the two mesons must
remain distinct. Once the first one decays the other behaves like a single B meson

and thus can change its form. Hence in this case

R = rd. (2.78)

Measurements of B%-B9 mixing are available from both ARGUS [9] and CLEO
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[10] collaborations, running at the Y(4S5) resonance, giving

rq = 0.21 + 0.08 z; =0.73 +0.18 ARGUS
= (2.79)
rq = 0.18 + 0.08 z,; = 0.66 +0.18 CLEO,

which give a combined result of

z4 = 0.70 + 0.13. | (2.80)

2.5 Effective Hamiltonians and QCD corrections

The calculation of the quantities ny, t; and Am g requires the use of effective
weak interaction Hamiltonians. This section is devoted to a brief discussion of their

origin and derivation (further details can be found in the references mentioned).

An effective weak Hamiltonian, as calculated from lowest order Feynman dia-
grams, describes the relevant weak interactions at scales p = O(rﬁw). However,
matrix elements must be evaluated at a much lower Sca.le, so this effective Hamil-
tonian must first be transformed into an effective low-energy Hamiltonian. The
techniques required to do this are discussed at length in the literature [8,11,12], so
we will give only a very brief outline here. The operators of the Hamiltonian are
evolved down in energy scale by the use of the Renormalisation Group Equation
(RGE) at leading log order, successively removing first the W-boson and top quark

(together, since their masses are of the same order), followed by the bottom quark,

and then (for Kaon physics) the charmed quark. During this process new opera-
tors, not present in the original Hamiltonian, may be introduced (for instance, in
the evolution of the AS = 1 Hamiltonian, which is relevant for the calculation of
iy and t,, the operators that give rise to the penguin diagrams of fig.2.2 are able
to mix with the original operators). Finally one obtains an effective low-energy

Hamiltonian of the form
Mopr =K Y Cim)Qi(w), (2.81)
i

where K is some known constant, the Q;(u) are the remaining operators at the
low-energy scale u, and C;(1) are known as Wilson coefficient functions, which give

the relative strengths of the operators Q;(u), and represent the QCD corrections.
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uct

Figure 2.2 The Penguin Diagrams, which occur in the analysis of the
AS = 1 effective Hamiltonian, used in the evaluation of ¢, and ¢,, which
are mainly used in the analysis of ¢'.

For different processes one starts with a different Hamiltoxﬁa.n, so the above
procedure must be recalculated each time. In the following discussions we will

require
a) The AS = 2 Hamiltonian for K°-K° mixing.

b) The AB = 2 Hamiltonian for B%-B% mixing.
2.5.1 Evaluation of My,

In order to calculate the CP-violating parameters ng and ¢ for the K-meson
system, and the mixing parameter z, for the B-meson system, we need to calculate
the matrix element M;,. To accomplish this we must find the AS =2(orAB=2)
effective Hamiltonian for the process. ‘Since this requires the use of Feynman
diagram calculations it is convenient to rewrite H;, of (2.6) in terms of states with
relativistically covariant normalisation and an effective Hamiltonian density M.
The off-diagonal elements, which are the only ones that need to be considered,

then become
1, 1 AS,B=2Dg
Hyy = Myy ~ 5ilyp = E(POIHCH | PO), (2.82)
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where the hermitian part of the Hamiltonian density gives M;,, and the anti-
hermitian part gives I';,. Calculations of both hermitian and anti-hermitian parts
have been performed [7], but we only require M,,, so only the hermitian part will
actually be included in the discussion below.

The effective Hamiltonian density is initially determined in the box-diagram
approximation, by a calculation of the diagrams of fig.2.1, and is then evolved to
the low energy scale required, as discussed briefly in the previous section. The
final result is of the form

2 2
AS,B=2 _ GrMy _ _
Peff” " = T6m2 '_J_;”"i'\jf‘u"ejd‘r“(l — 75)9d7,(1 — v5)g + hc,,

(2.83)

where ¢ = 8 or b for the relevant Hamiltonian, and
A.' = Viq ":1. (2.84)

The A;; originate from the integral over the internal loop momentum, and the 7;;

are QCD corrections calculated from the Wilson coefficient functions.

The matrix element (2.82) also requires the evaluation of a hadronic matrix

element, which is conventionally defined by
- - — 8
(P°ldv*(1 - 75)gd,(1 — 15)a| P°) = S Bpfpmbp, (2.85)

where fp is the meson decay constant, defined by the matrix element

(0[dv*(1 — ;)| PO(k)) = ifpk*, (2.86)

and the factor of 8/3 is used so that the normalisation factor Bp = 1 in the
‘vacuum-insertion’ approximation. In this case the factor 8/3 arises from the
colour factors associated with the four different ways of contracting the quark
operators with the meson states. Discussion of the theoretical values of Bp will

be left until section;2.6 and 2.7.

2.6 Calculation of 7 and € for the K-Meson System

In order to predict € we need to calculate the box-diagram for both ImM,,
and ReM,,. For the Kaon system, the box-diagrams can be evaluated in the limit
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where the masses and momenta of the external quarks are negligible compared

to the W boson. The resulting integrals over the loop momentum (as defined in
(2.83)) are

4—-8z.+ 2%\ logz; 3 1
A.. = 2.2 J J J , A P
13} zgz] { ( 4(1 — zj)2 ) ”j -z + (zJ > 2|) 4(1 _ 17")(1 _ IC))} (2 87)

3
T _ 4 —11z; + z? 3 z;
= i = () -3 (725) e

(2.88)

2.6.1 Calculation of (ImM,5)?? for the Kaon System

By considering the magnitude of Im();A;)A,;, using (2.87) and the KM matrix
elements given in (1.44), one can see that the terms involving an internal u-quark
in the box-diagram are negligible in comparison to those involving ¢ and ¢ quarks.

Hence we may write, using (2.83) and (2.85)

G%m?
1F27r2WBKf12‘mK Z Im(A;A;)Ay5m;5. (2.89)

i,J=c¢,t

(ImMm)l"’z s

2.6.2 Calculation of (ReM,,)** for the Kaon System
~ Given that #;, ~ 107, a consideration of the product -

shows that we may neglect all terms in (2.83) except that involving only charmed
quarks, and that even that will only give about a 1% correction to €. As a result
we may write

G}m%v
1272

(ReMl2)boz ~ BKf?(mKRe(’\z)Accncc' (2'91)

2.6.3 QCD Corrections to K° — K° Mizing

The calculation of the QCD corrections, 7;;, of (2.83), on the assumption that
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the quark masses are all much less than the W-boson mass, has been understood
for some time, from the formalism introduced by Gilman and Wise [12]. However,
we now know that the top-quark mass is of the same order as the W mass and
so the above analysis is no longer strictly valid. The calculation has b(;aredone
by two groups [13], and their calculations agree well but not exactly. However,
it turns out that using the simpler Gilman and Wise technique, but with the
top quark integrated out at the same time as the W boson, the results are very
similar [8]. Furthermore, over the top-quark mass range that will be considered
(50 GeV < m; < 250GeV), the QCD corrections do not vary significantly with
m,. The values used will be [8]

Nee =085  7,=036 7, =062 (2.92)

The formulae for these corrections depend upon Agcp, m, and m,, and while
n. and 7, are almost independent of these, 7,. does vary. However, this term
is actually about an order of magnitude smaller than the other terms, so this

variation can be neglected.

Evaluations of the factor By are numerous, ranging from the MIT bag model
calculation of By ~ —0.4 [14], to the Vacuum-Insertion value By = 1 given above.

More consistent recent values are

0.84 QCD sum rules [15]
By =~ ¢ 0.75+£0.15 1/N expansion [16] (2.93)
0.87 + 0.20 Lattice QCD calculation [17]. _ 7

2.7 B-B% mixing
For the B-meson system we need to calculate

Am
Ty = —P—é = 2|My,|7p, (2.94)

B
where the result of (2.68) has been used. In this case the long-distance effects are
expected to be small (unlike the K-meson system), so that both real and imaginary
parts of M;, should be calculable from the box-diagram inspired Hamiltonian.
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Unlike the K-meson system, it is no longer automatically justifiable to neglect
the masses and momenta of the external quarks, since they are not necessarily
negligible compared to the W mass. Calculations including these effects have
been done [18], but it actually turns out that, for m; 2, 50 GeV, the difference is
less that 3% for the dominant term, which thus gives

Gim}

“—““VZ‘BBfIZBmB"\?IAtt'lu, (2.95)

Ty =Tpg 61[‘2

with Ay, as in (2.87). The discussion of the QCD correction factor in the presence
of high m, is similar to that given for the K-meson system, and so we shall again

use the value calculated using the Gilman and Wise procedure, which gives [8]
Ny = 0.84, (2.96)

in this case. The main uncertainties in the calculation are in the calculation of the
factor By f% from the hadronic matrix element (2.85). The usual methods used
are QCD sum rules [19] and lattice gauge theory [20]. Both methods yield values
that range from Bpf} ~ (100MeV)? to Bgf} ~ (200MeV)? or more.

2.8 Phenomenological Analysis

2.8.1 Parameter Values

The following discussion is based upon the measurements of |¢| and z,, defined
in (2.30) and (2.74) respectively. For the analysis we use the following parameter

values:

i) For the less well-known KM matrix angles of (1.19) we use the values obtained
from the exlusive B decay analysis of chapter 6

Vub

[Vy| = 855 = 0.039 4 0.005  and
Veb

= 0.07H M (2.97)

although we will also study the effects of changing them to the inclusive B

decay values
[Vl =0.04740.004 and  |V,;/V,| = 0.1140.03 (2.98)

discussed in chapter 7 (the ratio is actually taken from ref. [21]).
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ii) For the By parameter that occurs in the theoretical expression for |¢| we use
By = 0.80 £0.15, (2.99)

which is between the 1/N expansion and lattice values of (2.93).

iii) For the combination Bgf%, which is probably the largest theoretical uncer-

tainty, we use two different representative ranges

Bpfp =(175£50)2MeV?  and  Bpfk = (140 £25)> MeV2. (2.100)

iv) Finally we use the recent determination of the top-quark mass m, [22], from

measurements of m;, mz/my, and sin® 8 (m )

m, = (137 + 40) GeV. (2.101)

2.8.2 Analysis of the Measurement of |e|

Since the measurements of the phases ¢oy and ¢, _, (2.43), of the two K® — 2x
decay amplitudes 7y, and 7, _, and the theoretical prediction of the phase of € in
(2.61) are in good agreement, the angle § of the KM matrix is restricted to lie in

the range 0 < § < 7.

__Fig.2.3 shows the x2 contours obtained by fitting to-the measured values of |¢|
and to the parameters |V, |V,;/V.;| and By for fixed § and m,. The first graph
shows the results of Buchalla et al. [8], who use a very restricted range of KM
angles:

Va
£}

C

[Vl =0.05010:002  and =0.100+3:912 (2.102)

and the 1/N expansion value of By = 0.75 £ 0.15. This may be compared to the
second graph, which shows the same fit, but to the exclusive B decay values of the
KM matrix elements given in (2.97), and the By range of (2.99). The excluded
region in fig.2.3(a) that does not occur in (b) is caused by the large values of
|V| and |V,;|. However, fig.2.3(a) does show one interesting feature, which will

reappear later, that for higher values of m, there are two distict regions allowed,
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Figure 2.3 x2 contour plot for the fit to ||, for fixed values of §
and m,. (a) shows the region found by Buchalla et al. [8], using the

parameters of (2.102), while (b) shows the results for the parameter
ranges given in (2.97) and (2.99). The contours are marked for y? =
1,2,4,8,16,32 and the region x? < 1 is shaded.

one for § < 90° and the other for § 2 90°. Although not visible in fig.2.3(b) this

does still occur, but to a much smaller extent.

Neither figure is able to rule out any values of § except very low and very high
ones, even for m, in the range (137 + 40) GeV. On the other hand, only very low
values of m, are excluded by this analysis.

2.8.3 Combined Analysis of € and z,

Following the recent indirect estimate of the top-quark mass given in section
2.8.1, and given the uncertainty in the determination of |V ;|, as discussed in
section 6.7, it is interesting to plot the x? contours for § vs. |V,;| instead of § vs.
my.

Fig.2.4(a) shows the x? contours for the fit to |e|, using the |V,;|, m, and B
values of (2.97), (2.99) and (2.101) in the §-|V,;| parameter space. For low |V;|
and extreme values of § the fit requires large values of all three of the variable
parameters. Conversely, the region an high |V,;] and § ~ 90° requires all three

parameters to be small.
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Vbl

0.005

0.000

Figure 2.4 x? contour plots, for fixed values of § and |V,,|. Using

~_the parameter ranges of (2.97)-(2.101), (a) shows the fit-to-|e}; while (b)- -
and (c) show the fits to z; for By f§ = (175 + 50) MeV? and By f} =
(140 == 25) MeV? respectively. The region x? < 1 is shaded.

Figs.2.4(b) and (c) show the x? contours for fits to z;, with the para.n;eters
|V,3| and m, as in (2.97) and (2.101) respectively, for the two ranges of B f3 given
in (2.100), again as a function of § and |V,;|. With the larger experimental errors
on z,; the allowed region is much larger than in the fit to |¢|. Note that z; increases
with §, m, and Bgf}. The excluded region at the left, with small §, thus requires
large m, and Bpf}, while the region to the top right of (b) requires small m, and
Bpfj-
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Figure 2.5 How the KM triangle is determined by the measurements
of z, and |e|. The region favoured by the data is indicated by the hatch-
ing, although another region, with lower é and higher |V,,| is also possi-
ble.

We now discuss the simultaneous fit to both |¢| and z;. First we reconsider the
KM triangle introduced in section 1.7. The length of the rightmost side, |Vy,]|, is
determined by z; o |V4|2. Hence for given |V,;|, m, and Bgf} the measurement of
z, defines an annulus, centred on the lower right corner of the triangle, as shown
in fig.2.5. Similarly the measurement of |¢| essentially determines the height of
the triangle, since the dominant term is Ielidc Im(1—’t:,2)ﬁ+ ee fig.2;5 also shows a
typical allowed region from the measurement of |¢|. From the diagram we see that,
in general, for fixed values of the other parameters, there are two allowed regions,

characterised by distinct values of § and |V;|.

Fig.2.6 shows the x? contours for the combined |¢| and z, fit, using both the
exclusive and inclusive B decay values of |V,;| and the two ranges of Bgfg of
(2.100). The two-region structure discussed above is just visible in the top two
graphs, but not in the lower two graphs, where the high-|V,;| region is off the
top of the scale. We are thus left with the ‘higher-§ — lower-|V,;|’ region, which
is indicated on the KM triangle plot of fig.2.5. The four figures also show the
best-fits to the data as a star (all four have x2 < 10~15),
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Figure 2.6  x? contour plots for the combined fit to |¢| and z,, using
_the_parameter_values.of (2.97)-(2.101). The-exclusive-B decay value-of -
|[V.s] = 0.039 £ 0.005 is used in (a) and (b), while the inclusive value
of |V,| = 0.047 & 0.004 is used in (c) and (d). Graphs (a) and (c)
use Bg fZ = (175 = 50)2 MeV2, while (b) and (d) use Bgf} = (140
25)2 MeV2, The shaded area shows the x? < 1 region, and the stars
show the overall best-fit.

In the end none of the contour plots put very strong constraints upon either é
or |V,;| except to exclude extreme values of § and very low values of |V,;|. Values
of |V,;| 2 0.01 are possible in the second region, off the plot, but are less likely
from the analysis of b — u decays. Using the value of |V,;| extracted from exclusive

B decays the x2 =1 contour for the region shown gives
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0.0025 X |V,;| £0.0075 and  60° <6 < 155° (2.103)
for Bpf} = (175 + 50)2 MeV?, and
0.0025 < |V,;l £0.01 and  105° < & < 160° (2.104)

for Bpf3 = (140 & 25)2 MeV2,

Finally fig.2.7 shows x%-m, profiles for the combined fit to |e| and z,, using
the two ranges of each of |V,|, Bpf§ and |V,;/V,;| given in section 2.8.1. These
graphs demonstrate the two-region structure discussed in section 2.8.2. The best-
fit follows the high-é branch of fig.2.3 up to a certain value of m, and then switches
to the low-§ branch, resulting in the sharp local maximum in the value of x2.
However, only for very tightly-constrained parameters is the m, region between

the minima actually excluded.

2.9 Conclusions

The above analysis still requires both experimental and theoretical improve-
ments. Experimentally we would like more accurate determinations of m, and z,,
and more data on b — u decays for the determination of |V,;|. Theoretically we
need to improve the analysis of the b —+ u measurements, and to constrain more
tightly the hadronic matrix element parameters By and Bpgf3, particularly the

latter.
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Figure 2.7 x? profiles, as functions of m,. The solid and dashed
lines show-the fits with-Bg f§-=-(1754 50)> MeV? and-Bg f3 =(140%
25)2 MeV? respectively. The exclusive B decay value of |V,,| = 0.039 &
0.005 is used in (a) and (b), while the inclusive value of |V,,| = 0.047 &
0.004 is used in (c) and (d). Graphs (a) and (c) use |V,,/V,,| = 0.0733:1%,
while (b) and (d) use [V,,/V,;| = 0.11 £0.03. o
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3 Semileptonic Decays

Thrice happy he who, not mistook,
Hath read in Nature’s mystic book.
Andrew Marvell, 1621-1678

3.1 Introduction

Nearly all hadrons are unstable and can, in general, decay via strong, weak or
electromagnetic interactions. Since hadrons are composed of quarks (and gluons)
there is considerable theoretical difficulty in calculating precise predictions for
these decays, because of the non-perturbative nature of QCD at low energies, as

discussed in section 1.2.

In order to allow the most precise tests of the standard model it is necessary
to reduce the non-perturbative element of the calculation to a minimum. To this
end it is simplest to study semileptonic decays. These are a type of weak decay
mediated by virtual W bosons and are described by the charged-current interaction
of (1.9). At the quark level the decay is of the form

Q — alv, (3.1)

involving one up-type and one down-type quark. The most well-known example

_of such a decay is nuclear 3-decay, where the underlying process.is d-— uev.

Such decays are simplest from a theoretical standpoint because the decay
W* — lv is well understood (since it does not involve QCD). From the exper-
imental side the emitted lepton is easy to detect, but the neutrino momentum

must be inferred from the other particles if required, as it cannot be seen.

Following the discussion of the KM matrix in chapter 1, we saw that it is the
analysis of such decays that is most often used to determine the moduli of the KM

matrix elements.

3.2 Four-Fermion Interactions

The semileptonic decay (3.1) involves two charged-current interactions (dis-
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cussed in section 1.3),
Q — gW* and W* = . (3.2)

At energies much less than the W mass, it is possible to combine the two inter-
actions into an effective four-fermion interaction term. For the b — ¢l case this

effective interaction is
G — —
Logy = =g Vaber" (L = 15)sBu a1 = 1), (3.3)

where G //2 = g?/8m}¥, and G is the Fermi coupling constant. The corrections

to this interaction are of order m,m;/m¥,.

3.3 Quarks and Hadrons

At the quark level the above decays (3.1) seem very simple. However, in nature
quarks are always bound inside hadrons, and it is the description of this that causes

problems.

As explained in section 1.2 it is expected that simple perturbative quark-model
calculations become more reliable as the mass of the quarks increase. For a decay
in which both initial and final quarks are ‘heavy’, such as those with an underlying

b — c¢ transition, we expect reasonable results from such a calculation.

For decays where both initial and final quarks are light, such as s — u and
d — u decays, we can use the low-energy techniques that have been developed, for
instance in the study of nuclear §-decay.

However, if the decay involves one heavy quark and one light quark, such as
in b — u and ¢ — 9 transitions, it is very hard to predict the hadronic behaviour,
as no reliable techniques have yet been developed for this purpose. It is noticeable
that D — K, K*lv decays are less well understood than B — D, D*lv decays for

this reason.

3.4 Methods of Studying Semileptonic Decays

Theoretical studies of semileptonic decays can be divided into two main strate-

gies; either considering all semileptonic decays simultaneously (inclusive), or choos-
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ing particular decay channels (exclusive). Since the following chapters are pre-
dominantly concerned with B meson decays, we will use them to illustrate the

important points. Experimental considerations are discussed in section 3.5 below.

3.4.1 Inclusive Semileptonic Decays

A study of inclusive semileptonic decays includes all processes of the form
B — Xlv, where X can be anything. By detecting the leptons emitted in the de-
cay one can measure the lepton energy spectrum, as shown by the CLEO data in
fig.3.1. Unfortunately, the detected leptons are not all produced by semileptonic B
decays (called ‘primary decays’). Many are from ‘secondary’ decays, where the B
meson decays hadronically, and one of its decay products then decays semileptoni-
cally. In order to remove the contribution from such decays, it would be necessary
to reconstruct every decay to see how the lepton was produced, so greatly reducing
the accuracy of the resulting spectrum. To overcome this problem two strategies
are adopted. Firstly, leptons from secondary decays give little contribution above
about 1.5 GeV so predictions for the inclusive spectrum can be fitted to the data
above this energy. The second method, attempted recently by the CLEO collab-
oration [1], is to try to predict the secondary decay spectrum by combining the
measured D meson momentum spectrum with a theoretical prediction for the D
meson’s semileptonic decay spectrum, allowing a combined fit of both primary and
secondary decays over the whole lepton energy range. Both methods give very sim-
ilar results. Once a fit has been made, the normalisation of the experimental data .
gives a prediction for the KM matrix element |V,,|, since the b — u contribution

is expected to be very small.

The traditional method used to predict the primary lepton spectrum for inclu-
sive decays is the method introduced by Altarelli et al. .[2], based on a perturbative
b quark decay calculation, diécussed in detail in chapter 7. This technique suffers
from some severe drawbacks, as emphasised by Isgur et al. [3]. Semileptonic B
decays are dominated by the two exclusive channels B — D and B — D*, which
means that a purely perturbative calculation, such as that outlined above, cannot
possibly reproduce the correct invariant-mass spectrum dI'/dm y, which should
exhibit sharp peaks at my = mp,mp.. Furthermore, since the high lepton en-
ergy region is dominated by low-mass final states, it is actually the D and D*
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Figure 3.1 Inclusive electron and muon energy spectra from CLEO
(1), after continuum subtraction. The dashed and dotted lines show the
CLEO fits for the primary and secondary lepton spectra respectively,
while the solid line shows the combined total.
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channels that have the greatest effect on the endpoint region where the fitting is
performed, making the prediction unreliable. For the b — u decay channel we do
not expect the corresponding exclusive channels to be so dominant, so it is hoped

that this inclusive approach would be more reasonable.

3.4.2 Ezclusive Semileptonic Decays

Many authors choose to use an exclusive approach, whereby the specific final
states are built into the model (see chapters 4 to 6). This immediately solves the
main problem of the above inclusive analysis, which was is its inability to predict
the D and D* exclusive channels. From an experimental point of view the data is
more difficult to extract, since it is necessary to reconstruct the decay completely

in order to detect the outgoing meson, so less data is available for the analysis.

Theoretically there is only one significant problem, which is that we need to
know the matrix elements of the quark charged-current of (1.10) between initial
and final meson states. Although not directly calculable it is possible to estimate
these hadronic matrix elements, and, more importantly, to test the hypotheses, as

described in chapter 5 and 6.

Theoretical predictions of B — Dlv and B — D*Ilv are nearly all in good
agreement, both with each other and with the experimental data. Predictions for
B — wlv and B — plv are considerably less consistent, for the reasons outlined in

section 3.3.

3.5 Experimental Data

The most accurate experimental measurements of B meson decays are made
by the CLEO collaboration, using the Cornell Electron Storage Ring (CESR)
at Cornell University, New York, and by the ARGUS collaboration, using the
DORIS II storage ring at DESY, in Hamburg. Both experiments operate on the
Y (4S) resonance, which is just above the threshold for producing BB pairs. Since
Mmy(s) ~ 10.58 GeV and mg =~ 5.28 GeV, the B mesons are produced almost, but
not exactly at rest (|pg| = 0.33 GeV'). Data taken just below the BB threshold is

used to remove the continuum contribution from the data.

The data given below is restated in chapters 6 and 7, where it is compared to
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the theoretical models. Before presenting the results, it is worthwhile to outline
some of the other procedures and assumptions used by the experimentalists in

their analyses.

3.5.1 Discussion of CLEO Ezperimental Data

The most recent CLEO analysis [4] has been done on a data sample with
integrated luminosity of 212pb~! on the Y(4S) and 102pb~! at an energy just
below the BB threshold (the continuum data sample). This data sample contains
about 480,000 B meson decays. The momentum resolution in the detector is given
by (8p/p)? = (0.23%p)? + (0.7%)2, which means the detector is accurate to better
than 1% for p < 2.5GeV.

There are several problems with the data that will be outlined here, and which
should be kept in mind in the following discussions. Firstly, it has conventionally
been assumed that the Y(4S5) decays to BB pairs with very nearly 100% branching
ratio. A recent analysis by the CLEO collaboration [5], however, indicates a
significant rate for the decay Y(4S) — ¥X. The measured branching ratio is
Br(Y(4S) — ¥X) = (0.22 £ 0.06 & 0.04)% for ¥’s with momenta greater than
2.0 GeV (above the endpoint for the decay B — % X). Since the branching ratio to
lower energy 1’s is unknown it is not yet possible to determine Br(Y(4S) — BB).
Furthermore, the ratio of charged to neutral BB pairs produced is also unknown,
although the near-equality of masses, |mpgo — mps| = 0.8 £ 0.5 MeV [6], indicates
that this ratio should be close to unity (see, for instance, the coupled channel
analysis of ref. [7]). The results are quoted below in terms of f,_ and fy, the-
branching fractions of Y(4S5) to charged and neutral BB pairs respectively, relative
to the values

fi_ = foo =0.5. (3.4)

In order to analyse the inclusive lepton spectrum of fig.3.1 the whole spectrum
is fitted by combining the primary decay spectrum predicted by the ACCMM [2]
or ISGW [3] models (discussed in more detail in chapters 7 and 5 respectively),
with the secondary decay spectrum predicted by folding the measured D meson
momentum spectrum with the theoretical prediction for the lepton spectrum from
D meson decay, after correcting for other possible sources of leptons. This can be

done for both electron and muon spectra, both of which are well measured.
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For the analysis of the exclusive decay channels a lower lepton energy cutoff at
E; =1.4GeV is used to suppress leptons which are not primary B decay products.
Also Dt momenta are required to be greater than 1.5 GeV, to reduce background
contributions. The CLEO analysis uses the ISGW model to extrapolate into these
cutoff regions when calculating branching ratios. Clearly a full analysis of any
model requires that the model being tested should be used in the extrapolation, but
the different models have very similar spectra shapes, so the above extrapolation
can be used reliably for all the models.

Finally, we must remember that the spectra of fig.3.1 are for leptons in the
laboratory frame. Since the exact direction of the B mesons in this frame is
unknown, a full analysis should include an isotropic boost from the B rest-frame
to the laboratory frame. Although the effect of this boost is small, it is noticeable
at high lepton momenta. For the exclusive analysis it is safe to neglect this effect at
present, due to the lack of precision in the data, but the more accurately measured

inclusive lepton spectrum requires its inclusion.

3.5.2 CLEO Results

(i) The inclusive semileptonic lepton energy spectra [1] for electrons and muons

are shown in fig.3.1.

(ii) The total semileptonic branching ratio, averaged over electrons and muons,

and using the models described above, is [1]

Br(B > Xlv)=(104401+02)% ACCMM

(3.5)
Br(B — Xlv) = (10.0 £ 0.1 + 0.2)% ISGW
(ili) The exclusive branching ratios, using the ISGW model, are [4]
Br(B~ — D% —(16:!:06:!:03)( )%
fiee
Br(B® - Dt v -(18:&06:&03)(f )%
00 (3.6)
Br(B~ — D**I"7) = (4.1 £ 0.8103) ( ) %
-
— . 0.5
Br(BY — D**l 7 (46:!:05:!:07)(f )‘7
00
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(iv) The vector to pseudoscalar (V/PS) ratio is

Br(B~ — D**I¥) _ Br(B® - D*+I-D)

R= = — R
Br(B~ — D%-¥)  Br(B® — D+I-7)

(3.7)

where the latter equality follows from isospin symmetry, which predicts that

I'(B~ — DI"%) =T(BY - D*I %

_ | (3.8)
(B~ — D*I"v) =T(B® — D**I 7).

Note that R is independent of the Y(4S) branching fractions f,_ and fy,.

Averaging over the different meson charges, gives [4]
R=2613%08 (3.9)

(v) CLEO has not published any exclusive E; or ¢? spectra.

(vi) The angular distribution of the D* — Dn decay products is proportional to
14 a cos? 6*, where 8* is the angle betwwen the pion and the decaying B meson
in the D* rest-frame (see chapter 4 for further details). The most recent CLEO

measurement is [8]

a = 0.65 + 0.66 + 0.25 (3.10)

(vii) The ratio of charged to neutral B lifetimes is calculated from the exclusive

rates given above using

7p:+ _ Br(B~ — Dlv) Br(B~ — D*'lv)
Tge  Br(B® —» D*lv) Br(B — D*+lp)’

(3.11)

again assuming isospin symmetry (3.8). Combining the branching ratios of
(3.6) gives [4]

IB* _ (0.89+0.19 £ 0.13) (-f"—") . (3.12)
Tgo f+._

3.5.8 Discussion of ARGUS Ezperimental Data

In general the ARGUS and CLEO experiments and problems are similar, so

only the differences are outlined here.
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ARGUS has now analysed data from about 150,000 BB pairs [9], correspond-
ing to an integrated luminosity of 172 pb~! at the Y(4S) resonance, with another
63 pb~! from below the BB threshold. The momentum resolution of the detector
is 6p/p = 0.012\/1—+;2-, where p is measured in GeV', which is just over 3% at
p=235 GeV.

As above the results are quoted here relative to the charged and neutral branch-
ing ratios f,_ = fyp = 0.5, although early ARGUS results used f, = 0.55 and
foo = 0.45. A lepton energy cutoff of E; > 1.0GeV, and a momentum cut of
Pp+ = 1.5GeV are included, as above. The ARGUS collaboration use the WSB
model to extrapolate their results into the cutoff region, but again this model has

very similar spectrum shapes to the other models.

3.5.4 ARGUS Results
(i) The inclusive lepton energy spectra for electrons and muons [10] are shown in
fig.3.2.

(ii) The total semileptonic branching ratio, averaged over electrons and muons,

and using the models described above, is [10]

Br(B — Xilv) = (10.2+£0.5+0.2)%  ACCMM

(3.13)
Br(B — Xlv) = (9.8 +£0.5)% ISGW

(iii) The exclusive branching ratios [9], corrected by a more recently measured value

of Br(D*~ —-D%x=) [11] are : B

Br(B® — D*I"v) = (1.7 £ 0.6 + 0.4) (‘;—5> %

0"; (3.14)
Br(B? — D**I"%) = (5.4 £0.9 £ 1.3) (———) %.
Joo
No results are yet published for B* decays.
(iv) The vector to pseudoscalar ratio [9] of (3.7) is
R=33%"1. (3.15)

(v) Tha ARGUS E; and ¢? spectra [12] for the decay B — D*I7 are shown later
in figs.6.10(d) and 6.11(d) respectively.
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Figure 3.2 Inclusive.electron and muon energy spectra from ARGUS,
after continuum subtraction, for the region E; > 1.4GeV, where the

secondary spectrum is expected to be small.

(vi) The D* decay angular distribution parameter a is measured to be [12]

a=0.7%0.9. (3.16)

(vii) The ratio of charged to neutral lifetimes, calculated by the same method as
the CLEO collaboration above, is [11]

B _ (1.0040.23 £ 0.14) (ﬂ) (3.17)
Tgo f+...

3.5.5 Charmless Semileptonic B Decays

The above experimental results are all concerned with b — cl7 decays. The
detection of charmless decays is also of great theoretical importance. In order for
the standard model to be able to describe CP violation it is vital that the KM
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matrix element |V,;| be non-zero, as discussed in section 1.5, and discovery of
such decays would prove this. While CLEO has not yet reported any completely
reconstructed exclusive decays, the ARGUS collaboration has recently done so [13].

They have found two such events, one B0 — 7t u~¥ and the other B~ — %~ 7.

Although the detection of these two events proves that |V, ;| # 0, it does not
yet allow a precise determination of the magnitude of the KM matrix element.
Eventually, when many more such decays are analysed, this will be possible. At
the present time the best method to calculate |V,;| is by considering the inclusive
lepton spectra of fig.3.1. The maximum lepton energy emitted by the charmed
decay of a B meson is 2.31 GeV in the B rest-frame (see chapter 4). After boosting
to the laboratory frame, as discussed briefly in section 3.5.1, and in more detail
in section 7.4, this becomes 2.47 GeV. For a charmless decay these become 2.64
and 2.82 GeV respectively. After subtracting the continuum contribution and all
known backgrounds from the observed lepton spectrum, any signal in the region

E; > 2.47GeV is thus expected to be from charmless decays.

The analysis of b — u decays is carried out both by fitting to the measured
lepton energy spectrum [10] and by comparing to the partial decay rate in par-
ticular energy ranges [14,15]. The second method gives smaller errors than the
first, but cannot test the models, while the first method can. The measurements
relevant to the second method are discussed below, while the results of the fit to

the spectrum will be given in chapter 7.

_Unfortunately CLEO.has again-performed-a model-dependent analysis on their
data [14], making the phenomenologist’s job more difficult. They measure the

number of events in two lepton anergy ranges,

Ay = (2.2 —2.4)GeV
(3.18)
A, = (2.4 — 2.6) GeV.

Events in the second region are expected to be almost entirely from b — u decays,
as the tail produced by the above boost is very small. In order to calculate the
b — u yield in the first region the b — c¢ contribution is removed by fitting
ACCMM and ISGW models to the spectrum in the region 1.5 GeV < E; £ 2.2GeV

and extrapolating up to 2.4 GeV. Combining their measurements with the total
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semileptonic branching ratio (3.5) they obtain the partial branching fractions

Br, (b — u,A,)=(1.5+0.7+£0.7)%

(3.19)
Br (b — u,A,) = (1.8 +£ 0.4 £ 0.3)%.
ARGUS considers the two lepton energy regions [15]
A, = (2.0 — 2.3) GeV
o = (3.20)

Ay = (2.3 — 2.6) GeV,

where the first region is expected to be dominated by b — ¢ decays. The result is

quoted in the form

Br,(A,)

Bro(A) = (4.7 £ 1.2)%. (3.21)

By using models for b — ¢ and b — u together in the above two regions it is

possible to extract a prediction for the ratio |V,;|/|V,|-

The analysis of these measurements is given in chapters 6 and 7.
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4 Form-Factor Description of Semileptonic B Decays

A beauty masked, like the sun in eclipse,
Gathers together more gazers than if it shined out.
William Wycherley, 16407-1716

4.1 Introduction

This chapter is devoted to the derivation of the formalism for exclusive semilep-
tonic B — MIv decays, where M = D, D*. The changes required to extend the
formalism to other decays will be discussed briefly in section 4.10.

4.2 Kinematics

The schematic diagram, fig.4.1, shows the decay B — MW* — Mly. The

four-momentum of the virtual W boson is

ga=pp—Py =P +p,- (4.1)

All distributions can be calculated as functions of two variables, which will be
taken to be either ¢? and z = p;.pg/m%, or g% and cos§;, the lepton angle in the

W* rest-frame.

The virtual W can be either spin-1, with helicities Ay, = £1, 0, or spin-0, with

other zero-helicity state). The M-meson is taken to be either a spin-O' D-meson,
with Ay, = 3, or a spin-1 D*-meson, with A;; = £1,0. By conservation of angular
momentum Ay = Ay, since the initial B-meson is spin-0 (note that ‘s=0’ is of
course included here). Finally, the massless antineutrino has A, = +%—, and the
charged lepton has \; = 3 (or \; = —% only, if it is massless). For decays to
electrons and muons we can safely neglect the effect of the lepton mass, but for
dd@ﬁys to 7 leptons the mass must be included.

Although most of the results will be expressed in a frame-independent manner
it is convenient to choose a frame for calculational purposes. The two frames
that will be used to evaluate the matrix elements are the W* and B rest-frames.

In both cases the M-meson is taken to move along the positive z-axis, with the
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Figure 4.1 The exclusive semileptonic decay B — MIv.

charged lepton in the z-z plane with positive momentum in the z-direction, as
shown in fig.4.2. The two frames are related by a simple boost along the z-axis.
Note that the helicity of the W* can be chosen to be unaffected by this boost, as

the direction of the W* is not reversed.

4.2.1 The W* Rest-Frame
The 4-momenta required in the W* rest-frame of ﬁg.4.2(a) are

p% = (EBv 07 OapB)a

q“—-(V9290 0 0),

q—m,q+

= 6;,0,cos §;) (4.2)
P 7 2,sm I ),
2\/ q
2 o oo
ph= ; ,_r_(l,—sinGI,O,—cosﬁl),
q2

where 0 < 6, < 7, and, using (4.1),

2\/¢}EEB = m2B —mi + q,
2V a*pp = \/Q+Q_, (43)
with
Qi = (mptmy)’ ~ ¢’ (4.4)
Note that

Q4Q_ = A(m},m}y, ¢%), (4.5)
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(a) W" rest frame. (b) B rest frame

X4 ) X
[ |

<l

Figure 4.2 The W* and B rest-frames used for the calculation of the

matrix elements and the phase-space factor.

the well-known triangle function A(a,b,c) = a? + b% + ¢? — 2(ab + bc + ca).

In this frame we can write, using (4.2), the invariant variable,

_ pepp _ (my —mly + )& +m}) - /Q,Q_(¢* — m})cos§,
my 4m2Bq2 :

(4.6)

4.2.2 The B Rest-Frame
The 4-momenta required-in the-B rest-frame of fig.4:2(b) are
P‘é = (mB’ 0,0,0),
P‘I‘u = (EM’ 0, O7PM),
¢ = (q0909 0, —PM), (4°7)
p; = (Ej, pysiny;, 0, p cos ¢y), .
p‘l: = (pv’ i Sin'/)y’ 0’py cos ¢y),

where, again using (4.1),

2mpEy = m}h + m}y — ¢4,

2mppy = 1/Q4+Q-; (4.8)

2mBq° = sz - m']"w + ¢*.

62



In this frame the variable z is proportional to the lepton energy,

=P8l _ B (4.9)

m¥ mpg

Finally, the leptonic variables are given by

p,=d" - E,
2 2 0
— 29"F
cosz/),=q +m 9 ’,
2o D1 (4.10)
2 _ 2 —24°
cosyp, = g e 9 p,,,
2PMpu

which can be expressed in terms of invariants by using (4.8) and (4.9).

4.3 Allowed Kinematic Region
The available phase-space is given simply in the W* rest-frame by

m} < ¢* < (mp—my)?, (4.11)
—1 < cosf; < 1.

These constraints can be rewritten in terms of the invariants ¢? and z using (4.6),

and the boundary of the physical region is

2 \2 2
b2 o LN o282 — 20 B2 e im0 2Y T
(1+d 21:)( 23) 2(a“b*=a“z + b*z ¥z =2z )_23 (4.12)

+ b%(—2a® + 2a%z + a* + 1 — 22 + b?) = 0,

where the constants a and b are
a= —% = —. (4.13)
The formula simplifies considerably in the case of massless leptons, reducing to
(1-2z)¢’ +2z(a? -1+22z)=0 or ¢’ =0. (4.14)

The regions are shown in fig.4.3 for M = D and | = e, s, 7 (the results for M = D*
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Figure 4.3 The boundaries of the physical region (Dalitz plot) in the
(z,q%) plane for the decay B — DIV for the three lepton types. The
coordinates-of -the points-A; B-and-C-are given in-the text, =~

are very similar). The coordinates (z,g?) of the three ‘corners’, A, B & C, are

o, 1—b—a?) ,
A. (b,—l_—b—mB

B: ((12"(—1")_2:;-*)-'33 (1- a)2m23) (4.15)

C: (%(1 —at+ b2),b2m"b) .
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4.4 Matrix Elements for the Decay B — Mly

The effective Lagrangian for the decay B — M7 is given by the four-fermion

interaction term

Gr

Lop=— 7 “Ey gty by + hCsy (4.16)

as discussed in section 3.2. The two charged currents are defined by (see (1.10))

W=, — ) and  Jh = P41 — 1) (4.17)

The matrix element for the decay to a meson of helicity A, and a charged lepton
of helicity A; is thus

My L (2,4") = - \/2"}»(' (s A)P(RITH10) (M(pag s Mg )T [ Blpp))-  (418)

The matrix element can be written in terms of helicity amplitudes by rewriting

the metric tensor in terms of the polarisation vectors of the W*, ey, = e(q, Ay ),

—gh = Z M, W EW s (4.19)
AVV

where the summation is over the helicity of the virtual W, Ay, = 1,0, s with the
metric 9y, =1y = -9, = 1.

The matrix element can now be written as
A ’\a— . - 4 90\
- M) =V Tm, 1} (4:20)

where the hadronic amplitude

H3™ (%) = €y, {M(pys, A )| 74| B(p) (4.21)

and the leptonic amplitude

A - —
L,\‘w(‘c, q2) = GWp(l (PI”\I)V(pu)IJI;‘IO)7 (4'22)

describe the decays B — MW?* and W* — I respectively. Because H and L are
Lorentz scalars they can be evaluated in different frames, provided that the W*
helicity is defined to be the same in both frames.
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4.5 Differential Decay Distributions

The rate for the decay B — M (A ul(A)7 is

dr) = 2m3 |.M l dd,. (4.23)

The Lorentz-invariant three-body phase-space factor d®; is most conveniently eval-

uated in the B rest-frame of section 4.2.2. In general it is given by

d®; = dpy, dpy dp, (27)*6*(pp — pre — P1 — P, ) (4.24)

where the invariant measure is defined to be

._ 1 dp
(21)3 2Edpdcos€d¢ (4.26)
= Gad's 87" - mH). (a21)

To evaluate (4.24), (4.26) is used for the M and ! integrals, and (4.27) for the T
integral. Noting that 8(pY) = 1, and that the argument of the remaining é-function

is
Pl =(q-m)? = +m] — 2zm} + 2(Ey E; — pyp; cospy), (4.28)

the phase space factor can be written

—_dp’dpM. (4.29)
M

Now, using (4.8) and (4.9), this can be re-expressed in terms of the invariants ¢*

and z as :
dQ:‘l = qu d:l?, (4.30)
or, using (4.6), as
2 _ a2
i3, = L —"OVPQ- g0 (4.31)
256w3myq?

in terms of the lepton angle in the virtual W rest-frame. The latter expression is

convenient in Monte-Carlo generation of events.
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4.6 Polarisation Vectors

For a spin-1 particle with 4-momentum p* = (E,p,,p,,p,) the polarisation

vectors can be chosen to be [1]

1
&(p,1)* = ——(0,p,P,, PP, —PF);

lplpr
1
e(p,2)* = —(0, _Py,pzao),
pPr
(0,0) E (p2 (4.32)
EP,O“‘—‘- TPz Pys P )1
lplv/p? E 7V
1 1
[ - — ({
e(p,s) = \/;2—17“ = \/?\E’pmpy’pz),
where
The transverse polarisation vectors are
1 .
e(p, £)* = W(:Fe(zi,l)" — ie(p, 2)*). (4.34)

Note that these satisfy (4.19), as any definition of polarisation vectors must. For
particles moving along the z-axis, we need to consider the limit p,,p, — 0, which
is not unique. In order to recover the usual forms for a particle moving in the
positive z-direction,

1

e(p, £)* = :F\/Z

(0,1,4i,0), - (4.35)

one takes the limit p, = 0 and p, — 07, and hence for a particle moving in the

opposite direction one must use p, = 0 and p, — 0%.

4.6.1 Polarisation Vectors in the W* Rest-Frame

Since only the leptonic matrix elements will be evaluated in this frame the

only polarisation vectors needed are those of the W*, which, using the definitions
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of (4.32)-(4.34), are simply

1 .
e(q’ :i:)“ = 4:72'(07 1,Fs, 0)’

¢(¢,0)* = (0,0,0,-1), (4.36)
e(q,8)* = ‘—\/I?q“ = (1,0,0,0).

4.6.2 Polarisation Vectors in the B Rest-Frame

Using the four-momenta defined in (4.7) and (4.32)-(4.34), the polarisation

vectors for the W*, moving along the negative z-axis, are
1 .
(g, ) = :F72°(0’ 1,¥4,0),

e(q, 0)“ = %(pM’ 0, 09 _qO), (437)

€q,8 ,00 ’
(q ) \/— \/—(q pM)

and for the D* meson, moving along the positive z-axis, are

1 .
e(PM’ i)” = :F:/_z'(ov 1,41, O)a
1 (4.38)
e(ppy,0) = —‘(PM’O’O’ Eyr).
my

The polarisation vector for the D meson (helicity Ay, = s) is proportional to its

4-momentum (see (4.32)), and so is not explicitly required.

4.7 Two-Component Spinor Notation

It is most convenient to evaluate the Leptonic and Hadronic matrix elements

of (4.20) using the chiral representation of the Dirac y-matrices [2]:
0 of -1 0
o + 5_ 4.39
v (d‘: 0 ) ’ Y ( 0 1) 3 ( )

ot = (1,+0;), (4.40)

where

and o; are the usual Pauli matrices. For the Dirac spinors we use a convention

based on that of ref. [2], but adapted so that the spinors satisfy the usual parity
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transformation properties [3],

7u(p; A) = u(p, ~N)

0 _ (4.41)
7 v(p,A) = —v(p,—A),

where

P = (E,psinfcos ¢, psinfsing,pcosf) = p, (4.42)

(with 0 < 8 < 7 and 0 < ¢ < 27), and A is the sign of the particle’s helicity. The

four-component spinors are written

u(p, '\)— 'v(p, ’\)—
u ,A = ’ v ,A = ] M
eo=(I00) = (M) e

where the two-component spinors are

u(pa ’\):}: = w(P):kAX(p))n v(p, ’\):i: = :i:w(p);,\¢(p),\, (4'44)

in terms of the chirality conserving/flipping factors

w(p)r =VE £p, (4.45)

<1
| _sx_nje 7
— cos %06‘4’

1

cos 50
sin -;-Oe“’ ’

The reason for defining spinors that satisfy the properties (4.41) is that the

and the helicity eigenspinors

cos %96""4’
x(p)y = | . %9 . #(p),. =

Y sin %Ge""’S
x(p)- = #(p)-

1
cos 70

(4.46)

for pa.fticles (x) and antiparticles (¢).

fermion annihilation and creation operators then obey simple parity transforma-

tion laws [3], such as

Pa,(p)P! = npa_,(p), (4.47)

with np the particle’s parity. Under the original spinor conventions of ref. [2],

there would be an additional phase factor, depending upon the azimuthal angle ¢
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of (4.42). When defining mesons of definite parity in the quark model, as will be
required for B, D and D* states, the simple properties of (4.41) are much easier

to work with. This mainly results from the fact that, with these conventions,

x(Phr=x(P)=r  &(P)r = #(5)-»> (4.48)

and so, in the |p| — 0 limit, fermions with opposite directions of motion and
opposite helicities have equal spinors, which is not the case for the spinors of ref.

[2] which were originally used in ref. [4].

4.8 Leptonic Amplitudes

The leptonic amplitudes for W — I¥ decays, (4.22),

L} (2,4%) = ew, (g, Aw ) (1o \)#(p,)| 74 [0}, (4.49)

can be calculated in any frame, provided that Ay, is defined to be the same as it
is in the hadronic amplitudes discussed below. Using the two-component spinor

notation (4.39)-(4.44) the matrix element can be written

(I(py, \)T(p, )14 [0) = T(py, A)Y*(X — 7 )v(p,, +)
= 2"’(1’1’ ’\I)t—al—‘-v(pw +)— (4’50)

= —2w(p1)_3,w(Pu)+X(Pl)f\,”ﬁ‘ﬁ(pv)'*"

4.8.1 Leptonic Amplitudes in the W* Rest-Frame

The leptonic amplitudes take a particularly simple form in the W* rest-frame,

because the lepton and neutrino angles are
6=r-29, H=0 ¢,=m. (4.51)

As a result the two-component eigenspinors of (4.46) become [4]

cos 14 —sinlg
X(P)s = 6(p,)4 = ( 2 ’) x(P)- = ( 2 ’) : (4.52)

sin 16, cos 36,
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and hence

x(P) o2 é(p,)4 = (0,— cos 6, —i,sin 6)), (4.53)
x(p)}oL#(p,); = (1, —5in 6,0, cos ).
Using the polarisation vectors of the W* in its rest-frame given in (4.36), the lep-
tonic matrix elements of (4.50) and the definitions of (4.7), the leptonic amplitudes

(4.49) become (only the sign of A; is shown in the superscripts)

Li(z,q%) = 2/ vd,

Ly (z,q*) = —2V/¢* vd, (4.54)
L7 (z,¢®)=0
and
Li(z,q%) = £V2mpd,
L} (2,q) = Vamy(d, - d_) (4.55)
L (z,%) = —2mp,
with
2
mi
v = -_ —q'z—
4. = 1+ cosé; (4.56)
+ = \/2
d, = siné,.

Note that the L* amplitudes with A; = % are suppressed by a factor of m;, due to
the V-A form of the charged current. The amplitude L] vanishes due to a.xvxglilaxl
momentum conservation (since the lepton and antineutrino helicities are parallel
in the W rest-frame, so the W must be spin-1). The lepton decay angle 6, in the
virtual W rest-frame is expressed in terms of the invariants ¢? and z = p;.pg/m},
using (4.6), as

2 N\ (m?2 — m? 2) _ 4m2 a2
cos ) = (g” + mi)(mp — mjy + ¢°) — dmpq z. (4.57)

(¢ —m})\/Q,Q_

4.8.2 Leptonic Amplitudes in the B Rest-Frame

In the B rest-frame, with the lepton azimuthal angles ¢;, ¢, as in (4.51), the
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required two-component eigenspinors are

_ [ cos %1/),
X(pl)+ = (sin %‘1/;") y

_ —sin %1/)1
X(pl)— - ( cos %',b’ ) ’

sin 1y,
¢(pv)+ = (COS 2%‘1.0,,) 9

and so

x(p)L o’ d(p,), = (cosy,,sing_, —ising,,cos_),
x(p)h ot é(p,); = (sinv,, — cos_,icos v, ,sinp_),

where
= _("/’l + !/J,,)

The leptonic amplitudes now become [5]

L;(z,q2) = 2w, /p,(siny, Fsiny_),

_ 2w
LO,a(z’ q2) = _ﬁ V 2pv(pM cos ¢+,— + q0 cos w—,+)’

and

Li(z,q*) = —Zw VB (cosp, Fcosy_),

L;)':s(x’qz) = _TV zpu(pM Sln¢+ + q siny_ +)a

where (see (4.45))

wy = w(py)g-

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

The variables given here can be written in terms of ¢? and z using (4.7) and (4.10).

Note that in the m; = 0 limit these amplitudes are the same as those calculated
in the W* rest-frame, since the lepton helicity is then unaffected by the frame

chosen, and so all the amplitudes L* vanish in this limit, as can also be seen from

the fact that w_ = 0.
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4.9 Hadronic Amplitudes

The hadronic amplitude for the B — MW* decay, (4.21), is

H ”(qz)—pr(M(PM,f\Mﬂ 4/B(pp))- (4.64)

We may write the weak current for the B — M transition in the form J A =
V4 — AL, in terms of vector and axial-vector currents. The most general forms of

the matrix elements of interest here are [4,6-8]

(D(pm)IV5IB(pp)) = f1(a*)(pp + Py )" + F_(*)(pp — Par)*

4.65
(D(pp)|A%|B(pg)) = 0 (4.65)

for B — D, and

(D‘l (pMa ’\M)I blB(pB)) = 'fl (qz)dwme‘}"lv(pB + Py )p(pB —DPyM )cr
(D*(par> An)|A%IB(pp)) = fo(a*)ey

+ (£35(*) e + pu)* + f1(2*)(PB — Par)*)(€hs-PB);
(4.66)

for B — D*. Here ¢); = €(pyps,Ap) is the polarisation vector of the D* meson,
as defined in (4.38) for the B rest-frame, and the form-factors f;(¢q?) are real

(neglecting very small CP- wola.tlon eﬁ'ects) Thus the hadronic matrix elements

of the cha.rged current

(D|J4|B) = (D|V|B)

(4.67)
(D*|J4|B) = (D*|V4|B) — (D*|A%4|B),

are given in terms of six form-factors f,.(¢?) and f;(¢?) with i = 1,2,3,4. In the

m; = 0 limit the form-factors f_(g?) and f,(¢?) do not contribute, because

(5 — 2a) {11 M)B(p, )| T4 |0) = 0, (4.68)

as shown by the fact that L] = 0 in the W* and B rest-frames.
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On substituting (4.65) and (4.66) into (4.21) and using (4.7), (4.8) and (4.37),
we find that the only non-zero B — D amplitudes are [4]

HY(¢?) = £,(¢) Y 2x 2=

(m‘z/qf i) (4.69)
H)(¢*) = f+(q2)—% + (W,

whereas for B — D* we have four amplitudes [4]

HE(¢®) = (2 F fi(d®)1/@.Q-

HY(?) = —m {(m} - ml — D@+ QL) (410

V@4+Q_
HY(¢") = - L= fa(d?) + (mh — mi) f3()) + 6 fu(d))} -
2mp Vg
In the m; = 0 limit H? and H? may be ignored, since L¥ = 0, showing again that
f; and f; do not contribute, leaving one hadronic amplitude describing B — DIy
decay and three for B — D*Iv.

4.10 Matrix Elements of Related Decays

There are other related decays to which the above formalism may be applied,
such as B - MIl*v, D — Mltv and D — MIy, which require slightly different

matrix elements gx}pte that the definitions of B and D mesons are slightly confusing -

~ a B meson is defined to contain a b quark, while a D meson contains a ¢ quark).

In the leptonic sector one must consider the two decays
W™ -1l"v & wt oIty (4.71)

In the latter case the matrix element is given by

(I (2 MV (P, = NT410) = —20(py)y w(p, )+ x(p,) ot d(m1)),

(4.72)
= —(l—(ﬁb —/\1)7(}5,,, +)|JVU‘ IO)

The last equality can be deduced either from the definitions of the two-component

eigenspinors or from the CP transformation properties of the matrix element. By
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comparing (4.72) with (4.50) it can be seen that, in the massless lepton limit, the
lepton spectra for the two processes of (4.71) may be obtained from each other by

interchanging lepton and neutrino, as expected.

The hadronic matrix elements are similarly related, with the result that the
distributions for B — MIv and B — MItv are exactly the same, provided helici-

ties are all reversed.

However, matrix elements for D decays are different, because they combine
hadronic amplitudes similar to those for B decays with leptonic amplitudes for
W+ decays. '

4.11 Experimental Determination of the Form-Factors and |V|

The six hadronic form-factors of (4.65) and (4.66) are difficult to calculate
accurately, on account of the non-perturbative nature of low-energy QCD. Chapter
5 describes some attempts to predict the g2-dependence and normalisation of these
functions. However, much can be learnt about them directly from experimental

observations.

For this section we will be concerned with the ¢g-dependence of the B — Mly
decays, and so will integrate the decay rates of (4.23) over the leptonic variable
z (actually the integration can be accomplished more simply by first changing
variables to cos §;, the lepton angle in the W* rest-frame). Accordingly we define
the theoretically calculable function

Lys,(@)) = / dz Ly (z,4%) L5, (z,4%)- (4.73)
The integration in (4.73) is over the allowed kinematic region (shown in fig.4.2),

but subject to any required experimental acceptance cuts.

4.11.1 ¢*-Dependence of B — DI Decays

In the massless lepton limit the differential decay rate for the process B — DIv
is

dr 1 G%" 2 2 212
g7 = Zonimg el Loold ) Ha(e)', (4.74)

after integration over the observable lepton energies, where Lyy(g?) is given by
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(4.73) and H§(g?) by (4.69). Hence measuring dT'/dq® determines |V,,|H(q?), or
equivalently |V|f,(q?), up to a sign. If £, (¢%) is known at any value of ¢ then
we can determine |V,,|, as well as the full functional dependence of f,. As will
be discussed in section 5.1 this normalisation can be predicted fairly reliably for
B — D, D* decays. Conversely, if |V,;| is known, then the normalisation of £, (g?)

can be measured.

Once accomplished the same can then be done for f_(q?), by measuring dT'/dg?
for the decay B — D717.

4.11.2 Angular Correlations for Decay B — D*1v — (Dr)lo

As above we will initially concentrate on the !l = e, decay modes and hence
neglect the lepton mass. As emphasised in refs. [4,9], the angular correlation of
the decay products in the decay B — D*I& — (D=)lv measures the individual
helicity amplitudes. Other analyses of the angular correlation [10] do not use an
amplitude analysis, which we find particularly illuminating.

The two-stage decay is described by an amplitude of the form

-G -
M3 o =2Va ) L HYYS, (4.75)
A

where A = Ay = Ay = 0,%1 is the helicity of the D*, and also that of the
virtual W~. The scalar component Ay, = s does not contribute in the limit
of massless leptons. The amplitudes H,, L) and Y} describe the decays B —
DsW;~, Wy~ — I"vand D} — Dr tespectively. The Feynman rules for the

decay of a spin-1 particle to two spin-0 particles give an amplitude of the form

YAI = 6“(pM9 A) (apry + prp) (4‘76)

for some a,b. For the décay of the D* it is simplest to evaluate the amplitude in
the D* rest-frame, as shown in fig.4.4, which can be obtained from the two frames
of fig.4.3 by a boost along the z-axis, and where the decay amplitudes are easily

seen to be the J =1 spherical harmonics

LI 3 . * ip* 3 .
Yi(6*,4%) = I{:‘/gr-smﬂ et Y6, ¢%) = \/4—1rcos0 : (4.77)
The angles 0 < 6* < 7w and 0 < ¢* < 2x are defined in fig.4.4. The azimuthal
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D* rest frame

Figure 4.4 The D* rest-frame, which defines the angular variables
used in the D* — Dr decay analysis. )

angle ¢* is the opening angle between the W* — [¥ decay plane and the D* — D=

decay plane.

In (4.75) we have omitted the D* propagator factor and its coupling to D.
These are effectively taken into account by including the branching-ratio factor
Br(D* — Dr) in the formula for the B — (D)l differential decay rate

2
2
dT = ;—gmbw Bx(D* — Dr) d®,dcos6* dg*.  (4.78)

) Ly HY}
A

The explicit D7 angular dependence is of the form

2
= LH 2 L H__)2 sin2 o*. 2(L HO 2(3082 o*
THI + + 2(Lg Mg
- (4.79)

8w
3

Y LyHYY)
A
+ V2(Lg H))(LZH= — L7H})sin 26" cos ¢*
—2(LZHZ)(L3H})sin? 6* cos 24,

where the hadronic amplitudes H :\\ are functions only of ¢g?. Note that the leptonic
decay amplitudes LY are all real in our conventions, and we assume that a basis
can be chosen in which the hadronic amplitudes H} are also all real (neglecting

possible very small CP-violating effects). Since the objective is to measure their g2
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dependence we integrate (4.78) over the experimentally detectable lepton energies
and obtain _
dr’ 3 G%‘ 2 *
dg?dcos6* d¢* 10247t mpyg |Vep|* Br(D* — Dr)
x Loo(q*)Ho(4%)? {1 + By(q?) sin® 6* (4.80)

+ By(q?) sin 26* cos ¢* + B5(g*) sin? 6* cos 2¢*},

where the angular coefficients are

2 2
L__ (HZ L., (H
2y _ - (H_ ++ (A4 _
we) =57 (g7) +a () 1
Ly. (HZ Lo, (HF
Ba(d?) = == ( ‘)— 0t ( +) (4.81)
3(e) V2Loy \H§ ) /2Lgy \ H}
L_, (H-\ (H?
2y _ _ L4 (- +
)=~ 7% (z7) (77)

in terms of the hadronic decay amplitudes H i‘(qz) and the known leptonic functions
Ly», (¢%) of (4.73). We choose to normalise relative to Hp, rather than the H ot
or H

—_—

because the the latter two both vanish at ¢ = 0. Note that integrating
over the full ranges of cos 8* and ¢* reproduces the differential decay rate

T _ L Shyp Y Ly@)E)e)? (4.82)
dg?  256m3mp °© 3o A ’

(except for the brt;.nclii;lg ratio factor), as expected.

Note that only two of the three 5;(¢?) are actually independent. Measurements
of the angular distibutions would determine f, , 3(¢%), and hence H3(q%)/HJ(g?).
If |V,,| is known then H{(q?) can be determined (up to a sign) from (4.80) and
hence so can H¥(¢?). If |V,;| is not known then the overall normalisation is not
fixed, but the relative normalisations are. From these three helicity amplitudes the
three form-factors f, , 3(¢%) can be determined, using (4.69), again up to an overall
normalisation. Conversely, a theoretical understanding of the normalisation of the

form-factors allows a determination of |V;| to be made.

In the absence of a huge amount of precisely analysed data it is not possible

to measure the decay distribution of (4.80). This means that we must integrate
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over some of the independent variables, and so lose the ability to determine the
form-factors individually. Current experimental measurements are of dI'/dg? and
dl'/d cos 6*, which can both be used to test the models of hadronic form-factors
described in chapter 5.

In analysing the cos §* distribution it is convenient to introduce the integrated

asymmetry parameters

5. — L 94’ Lon(a) H3(¢*)*Bi(a")
Y [d? Ly(e®)HY(¢?)?

(4.83)
which give the angular distribution

dr . 2 s . . . . 2o .

dcos 0 dp* {1+ B, sin® 6* + B, 5in 26" cos ¢* + By sin®6* cos24*}.  (4.84)

Integrating again, over ¢*, yields

T x(1+ea cos? 6*), (4.85)
where
B
a= —ﬂlj—l' (4.86)

This is the experimentally measured parameter introduced in section 3.5.

The fourth form-factor, f,(q?), can be determined from the ¢* dependence of
the decay B — D*7¥ once f) 4 3(¢?) are known.

4.12 7 Polarisation

The differential decay-rate for B — M7 (with M = D or D*) is

2

1 G% ., . N \
9Ty = 25623 m_ﬁ,lv'v"'| AZ ;n’\WL'\'wHI\: dg’ dz, (4.87)
M w

where \; = :!:% is the helicity of the 7, and Ay, = +1,0,s is the helicity of the
virtual W. Here Ay = s denotes the scalar polarisation of the virtual W, and the
metric factor 4 = ny = —n, = 1. For the D* meson Ay = +1,0, whereas for the

(zero helicity) D meson we again use the notation Ay, = s.
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The longitudinal polarisation of the 7 is [5]

Py(z, qz) = m,

(4.88)

with dT') given by (4.87). For massless leptons \; = —% and so P; = —1 always,
on account of the standard V—A form of the charged current. For a massive lepton

the helicity A;, and therefore also the polarisation P;, are frame-dependent.

To calculate the polarisation in a given frame we must evaluate the leptonic
amplitudes in the same frame. Using the leptonic amplitudes calculated in section

4.8 above, we can thus calculate the 7 polarisation in either the W or B rest-frames.

4.13 Conclusion

The above chapter describes the formalism we use for the analysis of semilep-
tonic B decays, as far is it can be taken without detailed models of the hadronic
form-factors. Such models are described next, in chapter 5, and their predictions

are given in chapter 6.

However, with sufficiently accurate experimental measurements of the g2 spec-
tra and angular decay distributions, it should be possible to determine the g2
dependence of all the form-factors, up to an overall normalisation, making form-
factor models unnecesary, except to test our understanding of the underlying
hadronic transition. Thus, eventually, it is only the accuracy of our predictions of

_this normalisation that-will limit the-accuracy of our determinationof |V|.
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5 Models of Hadronic Form-Factors

Heaven is for thee too high
To know what passes there; be lowly wise:
Think only what concerns thee and thy being.
John Milton, 1608-1674

5.1 Introduction

In order to predict the semileptonic decay distributions one must have a model
for the hadronic matrix elements, or equivalently for the form-factors. As more
data becomes available one should be able to distinguish between the models and
thus test the ideas upon which they are based.

In this chapter several models for the form-factors are described and com-
pared. There are some significant differences in theoretical input, but in the end
surprisingly little difference in their predictions for b — ¢ decays. For other decays,
involving light quarks, there are significant discrepancies, as might be expected,

since light quarks are less easy to quantify.

Most models begin with a quark-model calculation, in which the helicity struc-
ture of the B — M transition is matched to that of the fundamental b — ¢ quark
process (usually this is done at either maximum or minimum momentum trans-
fer, though it is unclear why the momentum-dependence of the helicity overlap
is not used). The momentum transfer, or ¢, dependence is then estimated by
mul—tjplymg the A;luark-;nodeldpredictions by some function F(g?) [1] to simulate
the non-perturbative QCD effects.

The most frequent choice for F(qz) is a single-pole-dominance form [2,3,4]

@) o —mP— (51)
m? — g2’

where the effective pole position m% is often chosen to correspond to the lowest-

lying vector-meson state in the ¢ = —q? channel, which is sz; in our example

(see fig.5.1(a)). This pole form-factor represents a non-perturbative transition of

the B meson to an on-shell M and a virtual vector-meson ‘P’, which then decays

to a lepton and neutrino, via a virtual W. In the determiMion of |V, it is
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Figure 5.1 Schematic diagrams showing the conceptual difference be-

tween (a) nearest pole dominance and (b) spatial wave-function overlap.

vital to know reliably the normalisation of the form-factor in (5.1), as discussed
in section 4.11. The normalisation of F(g?) is unclear in this picture, though the

conventional choice is
F(gk,;) ~1. (5.2)

Calculations of the matrix element by Wirbel et al. [4] (see section 5.3.5 below),
using infinite-momentum-frame techniques, indicate this to be the case. However,
the B} — W transition coupling (vector meson decay constant) can be estimated
in the non-relativistic potential model, and the constraint (5.2) would lead to a
very large value of the effective B} — B — (D, D*) coupling, g, of order g%/47 ~ 40
{6} Furthermore;-the level-spacing-of the B} states is-tiny on the scalemp, so
there is no reason why a single resonance should dominate the form-factor, and it is

probably better to regard m p as a free parameter to be determined by experiment.

A second model of the hadronic part of the decay is that the underlying b —
cW* transition is perturbative, and that F(g?) corresponds to the spatial overlap
of the initial and final meson wave functions [1] (see fig.5.1(b)). In this case
one would expect (5.2) to hold, since the mesons are expected to have the same
spatial dimensions, up to corrections from the difference in reduced masses ), =

mym,/(my + m,) and p, = mm,/(m,+m,), a difference which is of the order of

— m
Hp He ~ q (1 _ ﬁ{) (5.3)

Ky +pe  2m, my
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relative to unity. If we take m, = 0.3GeV, m, = 1.6GeV and m; = 5.0GeV
this is about a 6% effect. Isgur et al. [6] have used variational methods, based on

solutions of the non-relativistic harmonic oscillator equation to get

F(q*) = exp{~B(ghaz — ¢°)/2m}}, (5.4)

near ¢? = ¢2,,,, with 8 = 1.65, although for lack of any better alternative they
choose to use this form at all g2. The value of B extracted from the analysis is
actually 0.82, but the authors include a ‘relativistic correction’ after a comparison

with the pion form-factor [6].

Fortunately, as pointed out by Altomari and Wolfenstein [7], the two form-
factors of (5.1) and (5.4) do not differ significantly in the case of b — ¢ transitions.
In fact, by expanding the form-factors about ¢? = ¢2,,, one finds

( 2) Qrznaz — q2
F(g*)=1—"mez— 2 .. (5.5)
m%’ - qrznaz
for the pole form-factor, and
F(¢")=1- i2(qu —¢*) 4 (5.6)
2my

for the exponential form-factor. On comparing (5.5) and (5.6) we see that the two

parametrisations-approximately coincide when -

mh = Ghee + 5. (5.7
The slope 8 = 1.65 hence corresponds, at g2 = ¢2,,,, to a pole at mp = 6.74 GeV
for B — D and mp = 6.67GeV for B — D*. In fact this correspondence between
the two form-factors is true, to a good approximation, over the entire physical
range of ¢2, and at ¢ = 0 the two form-factors differ by at most only 4% in the
above case. If the pole mass is chosen to be mp = 6.34 GeV, as is the case with
several of the models discussed below, then the agreement between the exponential

and pole form-factors is even closer over the whole ¢? range (see fig.5.2).

84



B Exponential, §=1.65 .
: ........................... Pole, mp=6.67 GeV ]
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F(q®)

12

Figure 5.2 Comparison of the g2 dependence of the pole and expo-

nential wave-function overlaps F(g?) of (5.1) and (5.4), for some of the
" “parameter values discussed in the text. ST

5.2 Validity of the Spectator Quark Approach

The hadronic form-factor models described in section 5.3 below are all based
on the spectator quark approach, whereby the light quark in the meson has no
effect on the decay, other than through its spin. Before detailing the models it
is therefore necessary to discuss the validity of such an approach, which will be

illustrated using D and B meson decays.

Firstly, we must consider the ratio of charged to neutral meson lifetimes. In

the case of D mesons we have [8]

85



c 1'.d c > —> d
|
|
_y LW
|
—_— _ | —
d v,u u o < d

(a) | (b)

Figure 5.3 Annihilation and exchange diagrams contributing to (a)
Dt and (b) D° meson decays.

It _ 9591013 (5.8)

Tpo
The conventional qualitative explanation for the lifetimes being so unequal is that
non-spectator annihilation and particle exchange diagrams, such as those shown
in fig.5.3, are important. Such diagrams may contribute both constructively or
destructively with other mechanisms to produce the above lifetime ratio, showing
that not all D decays are well described by the spectator model. However, neither
of the diagrams of fig.5.3 can contribute to semileptonic D decay, so one might

still expect spectator models to be valid in that case.

Recent measurements of the K* — K= angular distribution, from K* mesons
produced in the semileptonic decay D — K*I*v, are in disagreement with the pre-
~dictions of spectator models [9]. 'We believe, however, that thisisa problem more
with the fact that the ¢ — s decay does not involve heavy quarks in both initial
and final states (as discussed in section 3.3), than with the spectator approach

itself.

in the case of B meson decays the current lifetime ratios, given in section 3.5,
are [10,11]

TB% _ (0.89 £0.19 £ 0.13) (&>

; CLEO
! - (52)
= (1.00 £ 0.23 4 0.14) (}_99_) - ARGUS,
“+ -

both compatible with a naive spectator approximation, which predicts roughly

equal lifetimes. The annihilation and exchange diagrams of fig.5.3 are now less
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important, because the relevant KM matrix elements are much smaller in the

b-quark case than the c-quark case above.

Secondly, as discussed in chapter 6, predictions of the D* — Dr angular
distribution, from D*s produced in semileptonic B decay, are in good agreement
with theoretical predictions (although the experimental errors are very large),
consistent with the belief that b — ¢ decays, involving heavy quarks in both initial
and final states, are well described by perturbatively-based calculations.

5.3 Models of hadronic form-factors.

5.8.1 Spectator Quark model

The meson states that occur in the hadronic amplitudes

A -_—
HyM = ey, (M(ppr, Ay )| T | B(pg)) (5.10)

are parity eigenstates, with quark spins, quantised in the z-direction, given by the

usual non-relativistic combinations

-\}2-(Tl — 1)  forspin0 (5.11)
and
(1)
Z(1L+11) forspint, (5.12)

V2
RSN
where the first spin is chosen to be that of the b quark and the second that of the

7 antiquark.

The spectator antiquark is taken to be unaffected by the decay of the heavy
quark, and the matrix element (5.10) is then evaluated by boosting to a frame
where the b quark is at rest and the ¢ quark is moving in the positive z-direction,
so that

py = (m,0,0,0),
p. = (E;,0,0,p,).

We can now choose the quark states to be helicity eigenstates, with spin 1 (}) corre-

(5.13)

sponding to helicity + (—), by choosing the b quark to be the zero three-momentum
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limit of a quark moving in the positive z-direction (although, as explained in sec-
tion 4.7, we could equally well reverse its 3-momentum and helicity and get exactly
the same results). The reason for choosing the spinors as in (4.41) is so that no ex-

tra phase factors appear in the definitions of the meson spin wave-functions (5.11)
and (5.12).

The two-component eigenspinors in the frame above are

x(Po)+ = x(Pe)y = ((1)) s x(p)- = x(p.)- = <(1]) , (5.14)

so that the four possible quark matrix elements (A), A\, = 1) are

(€(Pos A T4 1Py, Ap)) = TPy A)H(1 — 7°)u(pps Ay)
= 2u(pc’ ’\c).'—.a-’-‘-u(pb, Ab)— (515)

= 2(p) 3, @(P)_x X(Pe)] * X(p)n,-

In the spectator quark model the light quark is assumed to have no effect upon
the heavy quark decay, and its spin is assumed unchanged. Using the notation
“” to indicate that here D and D* are free quark-antiquark systems with the
correct spin wave-functions, but unconstrained invariant masses, we can form the

B — “D” matrix elements

(“Dp )" | 75/B(w5)) = 5 (el P11 +)) + {elpes A IB1, =)

V2m
= -—E\/T-';%(Ec +m,,0,0,p,.)

- V2
= Vo Ty b L)

(5.16)
where we have assumed non-relativistic S-wave spin-singlet wave-functions of of
(5.11) for both the B(bg) and “D(cg)” states. We form the B — “D*” matrix

elements in a similar way and find

(“D*(pa, )13 | B(pp)) = £+/2my(pc)%(0,1, ¥4, 0)

— V2m
(“D*(pM’O)”le;IB(pB)) = """E"’?'_J"T(pc’o’o’ E. + mc),

[ c

(5.17)
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which can be combined and rewritten covariantly as

(“D*(pp> A )" 195/ B(pB))

p | . (5.18)
= m%mrn—c(pb‘e‘p‘c‘ - (pb'Pc + mbmc)e‘“ - "e””pae:;pbppuf)’
where the € = ¢(p_, Ay, ) are explicitly given by
n 1 i
e(p,, 1) = ;72-(0,1,:1:1,0)
(5.19)

1
€(pc, 0)“ = _(pu 0,0, Ec),
m,

and so become the polarisation vectors of the D* meson when p, = pp,..

By comparing equations (5.16) and (4.65) we find, in the limit p, = pp and
P. = Py, that the spectator quark model gives B — D form-factors

fiQ(q2) — i(mB +my)

ver

and by comparing (5.18) and (4.66) that the B — D* form-factors are

(5.20)

£50qh = -£5Ue) = £ = \/12_+, BUM =\fer.  (s.21)

with Q. = (mp + my)? — ¢%. As emphasized by Suzuki [12] these form-factors

are intrinsic to the quark-model description of the spin wave-functions, and have
nothing to do with the form-factor F((q?) that arises from the mismatch of the

meson wavefunctions in coordinate space.

Many authors have ignored these spectator quark model ‘form-factors’, which
are intrinsic to the descriptidn of heavy mesons in terms of non-relativistic quarks,
since the non-relativistic quark model with weak binding is only applicable in the
vicinity of ¢> = ¢?,,,. However, it is natural to include the form-factors at all ¢
under the parton-like assumption that the binding has a negligible effect on the

spin properties of the quark-antiquark system.
The expressions of (5.20) and (5.21) have been used to check the formalism
described in chapter 4, by comparing the predictions for the total decay rate

89



against the well-known formula for the lowest order total free-quark decay rate [1]

2,5
GEm}

Lo =T(b—> clv) = 9273

[Vipl? {1 —8e? +8¢% — €® — 24e*Ine}, (5.22)

with € = m_/m,;, by choosing my = mg and m, = mp = mp.. Agreement is
expected in this limit, since summing over the helicity states of the D and D*

mesons is equivalent to spin-averaging in the free-quark decay.

Perturbative QCD corrections to the V), and A%, currents of (4.65) and (4.66)
have been calculated in ref. [13]. These introduce multiplicative factors

1+ %F}(e), (5.23)
with
Fy(e) = (:‘ i) Ine—2,  Fy(e) = Fy(e) g- (5.24)

For e = m /m; =~ 0.3 we have Fy, =~ 0.24 and F; ~ —0.43 and so the corrections

are less than 3%. Although small, these calculable short-distance contributions

should be included in a precise determination of |V,;|. However, since they are

much smaller than the other uncertainties, we have not actually done so.

5.8.2 KS model

The model of Kérner and Schuler [2] is based on matching at ¢> = 0. They
argue that this is the best region to perform the matching because of threshold

effects at ¢2,,,. The results are then continued to ¢> # 0 by assuming nearest-

crossed-channel b¢ states is so small. Thus the form-factors are given by
2 B
f.KS(qz) = f'SQ(O) x I x (_—2mp 2) ) 1= (+9 ) 172, 3’ 4) (5‘25)

where
I=0.7
mp = 6.34GeV
(5.26)
n; =1 fori=(+,—,2)
n; =2 for i = (1,3,4).
The factor I is included to take account of the wave-function overlap at ¢ = 0,

and the powers n; are taken from the power counting rules of QCD. In fact KS
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use slightly different conventions for the definitions of the form-factors, but their

formulae can be rewritten in the above form using our conventions.

Previously we noted [1] that choosing different powers of ¢? for different form-
factors effectively accounts for the power of Q@ difference between f;, f; and f, in
(5.21). The KS approach, however, leads to disagreement for the B — D transition
form-factor f,, which scales as f; and f; in the free quark model (cf. (5.21)),
whereas they assigned the same power n = 1 for f, and f,. Such a difference
in the relative behaviour of the form-factors leads to different predictions, e.g. of
Br(B — DIv)/Br(B — D*Iv).

5.8.3 AW model

The Altomari and Wolfenstein model [7] consists of a calculation of the matrix
elements at zero recoil (¢> = ¢2,,,) in the non-relativistic quark model, again
assuming that the light quark is just a spectator. By neglecting reduced mass
effects they are able to calculate the form-factors without needing to choose a

specific form for the meson wave-functions. Their results can be summarised as
FA(@®) = 27 (dhae) X F(@),  i=(+,-,1,2,3,9) (5.27)

where
AW ¢ 2 mp mpgFmp
= — {1 b ' i
f:h (Qmaz) mp ( + 2mc )
1 m
AW 2 — Do
_ Il _ _(Qmaz )‘ —_2mc ~ __ﬁB
F£" (Gnas) = V/Ampmp- (5.28)

awer y_ 1 (. mp(, mp.
137 (dmaz) = m(1+ (1 ))

ffw(qunaz) = \/4mlD_mB (1 _mp. (1 _ mp.)) ’

where they take m, = 1.8GeV. In their calculation AW find the derivation of
f3,4 to be doubtful, because they expect relativistic efects to be significant. They

suggest that these form-factors should be taken to be free parameters of the model,
to be fixed by experiment, but for the purposes of the discussion the form-factors
are taken as given above. They take a pole-dominance form for F(¢?), with pole

mass mp = 6.8 GeV, corresponding to their estimate of the B} resonance mass.
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Note that in the limit m, = m,, one finds that fA%(g2..) = f':SQ(q'zn“)’ a

correction of order 8% or less.

5.9.4 ISGW model

The model of Isgur, Scora, Grinstein and Wise [6,14,15] is based upon simi-
lar assumptions to the AW model, but with two main differences. Firstly, ISGW
choose a particular form for the meson wave-functions (they use variational tech-
nique with the solutions of the harmonic oscillator), which can be used to estimate
the reduced mass effects. Secondly, they use ‘weak-binding’ masses, g = my+m,
instead of meson masses, which introduces some uncertainty, since the quark

masses are much less well constrained than the meson masses.

The ISGW calculation actually includes matrix elements for decays to all the
low-lying (cg) mesons, rather than just D and D*, in an attempt to reproduce the
inclusive spectrum near the lepton energy endpoint. Their results for decays to D

and D* can be written in the form
5@ = 759 (qhae) X F(&®),  i=(+,-,1,2,3)  (5.29)

where

F(q*) = exp{—B(a},.; — ¢*)/2m%}. (5.30)

Using the parameters given in [6], we find

F15% (ghay) = 113

FISGW (g2 ) = —0.539

A% (qhas) = 0.163Gev™! (5.31)
FIS6W(g2,..) = 6.83GeV

fISEW (g2 )= —0.146 GeV 1,

(unfortunately, the form-factor f, is not given). As discussed in section 5.1 the
result of the variational calculation is the exponential form (5.30), with the pre-

diction of 8 = 1.65, after including a ‘relativistic correction’ factor.
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We can compare the naive SQ form-factors of (5.20) and (5.21) with the more
careful estimates of the overlap integrals of (5.31). At g% = ¢2,,, we find

flsew
3
£

= 1.00,1.06,1.05,0.95 (5.32)

for the four form-factors which contribute to the e¥ and ¥ decay modes (that is
i = + for B — DIy and i = 1,2,3 for B — D*I7 respectively), which gives a 5%
change in dT'/dg?.

5.3.5 WSB model

The model of Wirbel, Stech and Bauer [4] is based on nearest meson dominace
in the appropriate J¥ crossed channel, matched at ¢ = 0. Unlike the KS model,
WSB choose different pole masses for the different possible J® values of the ex-
changed mesons. When decomposing the hadronic matrix elements of (4.65) and
(4.66) the polarisation vectors corresponding to the different mesons are taken into

account. For instance, in the B — D transition this results in

@1B) = (o5 + o ~ P25 "0gr) Fio(a?) + (TR TR o) R
(5.33)
with F}_(0) = Fy4(0). The second term, corresponding to the emission of a 0%
meson, is thus proportional to the meson’s momentum ¢*,-while the 1~ meson
term is orthogonal to ¢# (angular momentum and parity conservation imply that
only 0% and 1~ mesons are possible in this case). The form-factors F;(q?) are

chosen to have the form

h; (5.34)

Fid") = m,

where the pole masses, determined by numerical estimates, are

m;- =6.34GeV  m,- =6.80GeV. (5.35)

The values of the form-factors at g> = 0 are obtained by describing the mesons as
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relativistic bound-states in the infinite-momentum frame, which yields

hl- = h0+ = 0.690- _ (5.36)

In terms of the form-factors f, we may write

£758(d") = Fi-(¢%)
m% — m? (5.37)
fKVSB(qz) = % (Fo+(‘12) - Fl-(qz)) .
Since the pole positions of the two WSB form-factors are close, there is rough
cancellation in fZVSB, with the result that it is much smaller than predicted in
. other models. However, matching at ¢ = 0 when there is a 1/¢? term in the
hadronic matrix element of (5.33) may well result is the omission of important

terms in the form-factors, making f_ and f, artificially small.

A similar matrix element decomposition for the B — D* matrix element can
also be made [4], with terms corresponding to 1=, 1* and 0~ spin-parities in the
be channel. The pole masses and h,’s are tabulated in ref. [16]. As with fS8

the form-factor fZV SB also turns out to be much smaller than in other models.

5.3.6 SP model

The final model we will take from the literature is that of Schoberl and Pietsch-
—mann [17]. This model, based-on a quark-model calculation;gives, without detailed

reasoning, the following form-factors

2 2 _ 2
sP; 2y _ |Mpt+mp—q

P =0 (5.38)
£7(a%) = J2(m} + mb. — ¢?)
5@ =0,

with no correction for the wave-function overlap. The basis of this model is unclear
and it is only really included for completeness, and to show that not all models

are in perfect agreement with experiment.
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5.3.7 FAC, MAX and MIN models

Except for SP the above models all extrapolate the hadronic form-factors from
the quark model form-factors fixed at one particular value of ¢. However, the
explicit forms for general ¢ given in (5.21) show that the form-factor ff ? has a
different behaviour to the other five form-factors and so it cannot be correct to

assume exactly the same ¢2-dependence for all of them.

There seems no reason to completely ignore this spixi-overla.p g*-dependence,

so we introduced the following factorisation ansatz [1,18,19] :

F40(g%) = £79(e%) x F(¢?). (5.39)

Such a factorisation of form-factors is motivated by the ‘parton model’ assumption
that the binding force does not affect the spin-structure of the valence quark-
antiquark pair; within the non-relativistic quark model this may be justified in
the vicinity of ¢> = ¢2,,,, where the correlation between the spin and spatial
wave-functions can be neglected and where the factor F(¢?) can be interpreted as
the overlap of the B and D (or D*) spatial wave-functions. Of course, as a non-
relativistic treatment may be questionable when dealing with mesons containing
a light quark there is no guarantee that the ansatz of (5.39) will work, even in the
vicinity of ¢ = ¢2,,,-

For the spatial wave-function overlap factor F((¢?) we may use either the ex-
ponential form (5.4) or the pole-dominated form (5.1), as there is no clear reason
to show one is_superior, as explained above. In-fact-we use the pole-dominance

form, with the same pole mass as KS, mp = 6.34 GeV'.

Two other variations of the FAC model are also of interest:

FMAX (%) = £79%qh.e) x F(d)

FMIN (g% = £79(0) x F(g%). (540

These incorporate the two philosophies of matching at ¢> = 0 and ¢? = ¢2,,,
respectively. Comparison of (5.40) and (5.39) shows that FAC agrees with MAX
at ¢? = g2, and with MIN at ¢g? = 0 (hence the names). The predictions of MAX
are thus similar to those of AW and ISGW, while those of MIN are similar to
those of KS and WSB. By comparing the predictions within these two groups it

is possible to see the effect of slight changes in normalisation of the form-factors.
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5.4 Comparison of models

The above discussions include the most commonly used form-factor models
(BSW, ISGW and KS), although one could be forgiven for thinking that their use
by CLEO and ARGUS stems from the geographical locations of the various insti-
tutions. We introduced the FAC model in order to include the full ¢2-dependence
predicted by the meson spins, and the MAX and MIN models to see the effect
of ignoring this dependence. The 9 models (SQ, FAC, MAX, MIN, KS, ISGW,
WSB, AW and SP) are derived from various different physical pictures, which we
will now compare. Firstly, the SP model is very different from any of the others.
Its physical basis is unclear, and it turns out to be incompatible with most of the

experimental data for b — ¢ decays (see chapter 6).

The WSB and KS models both use pole-dominance for calculating the g2-
dependence. The KS model also uses the spectator quark approach to calculate
the spin wave-function overlap at ¢> = 0, which seems to be self-contradictory,
as the two pictures, shown in fig.5.1, are very different views of the hadronic
transition. The WSB model is entirely based upon the vector-meson dominance
hypothesis of fig.5.1(a) but does seem to be unreliable in its prediction of the
two extra form-factors relevant to decays to 7 leptons, because of its matching at

g? = 0, as discussed above.

The remaining six models are all based upon the spectator quark approach, as
depicted in fig.5.1(b). The ¢g?-dependence of the form-factors is derived by assum-
‘ing_that the spin and spatial wave-function-overlaps-factorise when the outgoing
meson is at rest in the B rest-frame (i.e. at ¢> = ¢?,,,). Since the non-relativistic
quark model is only valid in this region, many models (ISGW, AW, MAX) ignore
the g?-dependence of the spectator quark model form-factors of (5.20) and (5.21),
and use a common ¢? variation for all of them. Howevér, under the ‘parton-model’
assumption that the binding force does not affect the spin-structure of the valence
quark-antiquark pair, it seems reasonable to use the full g>-dependence of the f,s Q,
Furthermore, as stated in section 5.3.7, in the vicinity of ¢,,,, the form-factor ff Q
behaves differently to the other form-factors, so making the assumption of equal
g*-dependence for all form-factors dubious. Both SQ and FAC models do include
this ‘full’ dependence. The MIN model, which uses matching at q> = 0 does not

really have a firm basis in this approach, which is only justifiable at ¢2,,,. However,
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it is included as a simplified version of KS (it does not have dipole form-factors).

The spatial overlap F(q?) for these spectator models is harder to determine.
Only the ISGW approach actually predicts it (the exponential form of (5.4)),
but the naive calculation is again only valid at ¢2,,,. However, by including the
‘relativistic correction factor’ as explained in section 5.1, and using the exponential
form-factor at all ¢2, good agreement with experiment is obtained. Since there is
little variation between the pole and exponential overlap functions, as shown in
fig.5.2, we choose to use the pole form in FAC, MAX and MIN, even though we
actually believe the hadronic transition does not involve an intermediate b¢ state.
Comparison of SQ and FAC allows us to see the overall effect of the spatial overlap
function F(¢?).

In section 4.11 it was shown how precise measurements of the ¢2 spectra and
angular correlations of decay products could be used to determine the form-factors.
If we assume a particular model, we can use the measurements to determine F(¢?)
instead, up to an overall normalisation. Since most of the models use a common
overlap there is no need to do the full angular analysis, as then dI'/dq® o |F(¢?)|?,
for decays to both D and D*.

A final point to note is that the models ISGW and SP do not give predictions

for the form-factor f,(¢?) and so cannot be used to predict the decay B — D* 7.

The most basic comparison of the models is given by their predictions of the six
form-factors, as shown in fig.5.4 (for B — D) and fig.5.5 (for B — D*). The most
striking feature of the graphs is that the SP model is very different from all the
others, due to f; and f; being zero, and the lack of any wave-function overlap. The
WSB model is only significantly different in its predictions for f_ and f,, which
are both much smaller than those of the other models. Clearly this can only affect
the preaictions for decays involving 7 leptons. The wave-function overlap F{(q?)
has a large effect, as can be seen by comparing the SQ and FAC models, which
are otherwise identical. For f,,f_ and f, the gradients of the ISGW and KS
predictions are very similar, as expected from the similarity of the exponential
and pole form-factors. However, this is clearly not true for f; and f;, where the
KS model uses dipole form-factors. A comparison of the slopes of the FAC and
ISGW predictions shows the effect of including the spin-overlap ¢?-dependence.

Comparison of the hadronic matrix elements shown in fig.5.6, which are just
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Figure 5.4 The hadronic form-factors f,(g?), of (4.65), which are
relevant for the decay B — DI, for six of the models discussed in the

text.

linear combinations of the six form-factors, as given by (4.69) and (4.70), show little
variation for the case B — D, in spite of the very low prediction for f_(q?) given
by WSB. The B — D* matrix elements show much greater spread, particularly in

the case of SP. Note that some of the scales have a suppressed zero.

Predictions for z and ¢ spectra, as given by five representative models, are
given in figs.5.7 and 5.8 respectively. These figures include the rates to the three
helicity states of the D* meson (even though not directly observable). Simple
kinematical arguments can be used to check some of the features of the graphs,
with reference to the Dalitz plot of fig.4.3, by considering the B meson rest-frame
of fig.4.2. Firstly, at high z (high lepton energy) we have ¢ ~ 0, which means,

from (4.8), that the outgoing meson is also highly energetic, and therefore moving
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Figure 5.5 The hadronic form-factors f;(g?) for i = 1,2, 3, 4, of (4.66),
which are required for the prediction of the decay B — D*!7.- The key
is given in fig.5.4.

in the opposite direction to the lepton, while the antineutrino has very low energy.

Since the decaying B meson was spin-0, and the lepton has negative helicity,

conservation of angular momentum tells us that the produced meson cannot be

right-handed, as demonstrated by the spectra of fig.5.7. Similarly, at low z we

again have g2 = 0, so the antineutrino and meson are back-to-back and the meson

cannot be left-handed, as again shown by fig.5.7. Finally, at ¢ = 0, where again

the outgoing meson has maximum energy, we expect both lepton and antineutrino

to be moving along the negative z-axis, so that the meson must have helicity zero

in the 2-direction, as shown by fig.5.8. This also demonstrates the point raised in
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section 4.11, that while HE(¢?) — 0 as ¢ — 0, H3(¢?) does not.

The prediction of SP for the decay to the helicity zero D* is huge. This is
because in all other models there is a rough cancellation in HJ of (4.70) since f, and
f3 are of opposite sign. Since f; = 0 in SP this cancellation does not occur, leading
to the large contribution from such decays. The effect is also noticeable in the
decay to positive helicity D*, although the effect is smaller since the cancellation
in H is less complete. Apart from this model all spectra are similar in shape and

relative size, and differ significantly only in overall normalisation.

Finally fig.5.9 shows the predictions for the angular distribution parameters
B;(¢?). Ideally the above figures would include the experimental cut on the lepton
momentum, but since the CLEO and ARGUS collaboration both insist on extrap-
olating to the whole momentum range this does not seem worthwhile. Note again
that the model predictions are very similar (with the exception of SP), which un-
fortunately means that distinguishing between models will be very difficult. The
predictions for FAC and SQ are identical, since the wave-function overlap factor
F(q?) cancels in the ratios of (4.81).

5.5 Conclusion

This chapter describes several models of the hadronic form-factors currently
in use. In general they are all in close agreement with each other numerically,
in spite of their different physical bases. This will unfortunately make it difficult
to test the physical ideas behind the models without very precise experimental

measurements, which are not yet available.

The determination of the form-factor normalisation at ¢2,,, is vital to the
accurate determination of the KM matrix element |V,;|. The comparison between
models seems to indicate that this is known to within a few percent, but the

problem deserves more careful study.
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6 Comparison of Exclusive Models with Experiment

and Determination of |V;| and |V,]

Our best is bad, nor bears Thy test;
Still, it should be our very best.
Robert Browning, 1812-1889

6.1 Introduction

Ideally we would like to perform the model-independent analysis described in
section 4.11, in order to extract the g2-dependence of the B —» D and B — D*
form-factors. Unfortunately, the semileptonic B decay data is not yet anywhere
near precise enough for this, or even to try to extract the g?>-dependence of the
spatial overlap of the initial and final meson wave-functions, as described in section
5.4. All we can do at present is try to determine which of the models are compat-
ible with experiment, and then extract the model predictions for the KM matrix
elements |V,,| and |V,;|. Of course, many of the models have variable parameters
in them, so disagreement with experiment will not immediately rule them out. As
will be seen below, the models are all in good agreement with experiment, except
for SP, so no adjustment of parameters is yet necessary. Further data is required

before the models can be seriously tested.

In the analysis below it will be assumed, for convenience, that the Y(45S5)

branching fractions to B¥ B~ and BYBO pairs, introduced in section 3.5.1, are

i = foo = 0.5. (6.1)

However, any changes to this assumption can easily be incorporated, since the

branching ratios are inversely proportional to the relevant branching fraction f.

6.2 Testing the Models

Before trying to predict the KM matrix elements, we will first compare the
models with the data given in chapter 3. For this purpose we can use the ratio R
of semileptonic B decays to vector (D*) and pseudoscalar (D) states, the E; and
q® spectra, and the angular asymmetry parameter a for B — D* — D decay (as
defined in (4.85)).
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6.2.1 The Vector to Pseudoscalar Ratio R

The vector to pseudoscalar (V/PS) ratio R of (3.7), which is indepéndent of
the T(4S) branching fractions, is measured to be [1,2]

I'(B — D*Ip)

R=— -~ = 2.6+1'1+1'0 CLEO

I(B — Div) —0.6-08 ( ) (6.2)
_ 3.g43 (ARGUS)
=99.11

Table 6.1 shows the model predictions for the total rates to D and D* mesons,
along with the V/PS ratio.

Model B - DIy B - D'l R
FAC 6.1 17.2 2.8
SQ 10.1 24.2 24
MAX 7.4 14.3 1.9
MIN 5.7 19.6 3.4
KS 5.5 17..3 3.1
ISGW 7.4 16.7 2.3
WSB 5.4 14.6 2.7
AW 8.3 15.6 1.9
SP 4.8 46.0 9.6

Table 6.1. Exclusive decay rates (to | = e,u) and the vector
to pseudoscalar ratio R of (6.2), as predicted by the models_de-
fined in ;ze;:;ion 5.3. All the decay rates are given in units of
10~ 13|V, |2 GeV.

Comparison of the predictions of R with the experimental values of (6.2) shows
that all models except SP are in good agreement with the data. However, the
predictions are far enoughv apart to give encouragement to the hope that they
might be distinguishable in time. It must be noted here that changing any of the
variable parameters of the models, such as mp of (5.1) or 8 of (5.4), will affect
the V/PS ratio R. The total rates all show reasonable agreement between models,
except for the spectator quark model (SQ), which is slightly high due to lack of
suppression by the spatial overlap, and the unmotivated SP model, which predicts

an enormous rate for decays to D* mesons.
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6.2.2 E; and ¢* Spectra

Unfortunately the only available spectra for exclusive B decays are the AR-
GUS E,; and ¢® spectra for the decay B — D*I%, which are shown in figs.6.1(d)
and 6.2(d) respectively. Since we are trying to determine |V,;| we do not know
the normalisation of the predictions, and can thus only test their shapes. With
enough data we will be able to determine the spatial wave-function overlap F(q?)
as discussed in section 5.4, if the data is made available without using the model-
dependent extrapolations currently employed. Figs.6.1 and 6.2 are organised as
follows: (a) and (b) show the spectra for B — DI, while (c) and (d) show those
for B — D*Iv. The curves of (b) and (d) are normalised by the total rate, to allow

comparison of the predicted shapes with the experimental data.

For the lepton energy spectra the predictions all have very similar shapes
(except for SP), and it is only the normalisations that differentiate between them
at present. For the ¢? spectra the predictions are again very similar in shape,
the only significant differences being the SQ and SP models. The great similarity
between most of the g2 spectra demonstrates how difficult it will be to distinguish
between models, except by extremely precise measurements. Comparison with the

ARGUS data shown in figs.6.1(d) and 6.2(d) shows that only SP is incompatible.

6.2.8 The D* Decay Angular Distribution Parameter a

The D* — Dn decay angular distribution parameter «, discussed in section
4.11, is measured to be [3,4]

a = 0.65 £ 0.66 + 0.25. CLEO (E;>1.0GeV)

(6.3)

a=0.710.9 ARGUS (E;>14GeV).
The decay angular spectra are given in refs. [3,4], but there is little point in
reproducing them here. Because the lepton energy cuts are not the same it is not

possible to combine the two measurements.

The predictions for the decay angular distribution parameter a are shown in
table 6.2, for the values of the lepton energy cut used in the experiments, and also

for no cut, for comparison.
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Figure 6.1 Lepton spectra for b — ¢ decays, for the six models shown
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Model | E;>00GeV | E;>1.0GeV | E; >14GeV
FAC 1.19 0.90 0.44

SQ 141 1.06 0.53
MAX 0.75 0.56 0.19
MIN 1.27 1.01 0.55

KS 1.06 0.80 0.36
ISGW 0.93 0.70 0 0.29
WSB 1.16 0.90 0.45
AW 0.82 0.58 0.19

SP 5.38 5.04 4.07
Expt. - 0.740.9 (3] 0.6510.71 [4)

Table 6.2. D* angular decay parameter o of (4.85), as predicted
by the models discussed in section 5.3, for various values of lepton

energy cutoff, appropriate to the experimental results.

The measured values of a have such large errors that they are still compatible
with zero, and with all the models (again except for SP). Again, changing the
spatial overlap function F(¢%) will change the prediction for a, as can be seen, for
instance, from the differences between the predictions of the FAC and SQ, which
differ only by F(g?).

6.2.4 ConglyiioE

Having compared the models with the existing data, we can, unfortunately,
only rule out the SP model. All the other models are easily compatible with the
tests that can be performed at the current level of accuracy, and we must wait
for more data before any precision tests can be carried out. Given the ability to
change F(g?) it will probably require a combination of all the above tests and
very precise experimental measurements to distinguish between any of the models

except SQ and SP, which have no free parameters.

6.3 Determination of |V |

Given that above tests only exclude the SP model, we can now turn our at-
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tention to the determination of |V;| from the exclusive branching ratios given in
chapter 3. The CLEO collaboration gives [1]

Br(B~ — DI"%) = (1.6 £ 0.6 £ 0.3)%
Br(BY — D*I"p) = (1.8 £ 0.6 + 0.3)%

(6.4)
Br(B~ — D*"p) = (4.1 £ 0.8305)%
Br(BY — D*tI"7) = (4.6 £ 0.5+ 0.7)%
while ARGUS quotes [2]
Br(BY —» D*I"7) = (1.7 £ 0.6 £+ 0.4)% ©5)
6.5

Br(B® — D**I"%) = (5.4 £ 0.9 + 1.3)%.

On adding the statistical and systematic errors in quadrature and then combining

the results of the two groups we obtain (assuming that 75+ = 70)

Br(B — DI"9) = (1.7 £ 0.4)%

_ (6.6)
Br(B — D*I"7) = (4.6 £ 0.6)%.

Assuming the compatability of the models with the above experimental con-
straints, the mean branching ratios may be combined with the measured B-meson
lifetime [5) 75 = (1.18 £ 0.11) x 10725, and the theoretical predictions of table
6.1, to predict the value of the KM matrix element |V;|, as shown in table 6.3.

Model B- DI'v B - Dl v
- FAC - 0.039-£ 0:007-- |- 0.039 £ 0.005
SQ 0.031 & 0.005 0.033 £ 0.004
MAX 0.036 £ 0.006 0.042 + 0.005
MIN 0.041 £ 0.007 0.036 + 0.004
KS 0.042 £+ 0.007 0.039 £ 0.005
ISGW 0.036 - 0.006 0.039 + 0.005
WSB 0.042 £ 0.007 0.042 £ 0.005
AW 0.034 £ 0.006 0.041 + 0.005
(SP 0.044 £ 0.007 | 0.024 + 0.003)

Table 6.3. Model values of |V,,|, using the experimental mean

branching ratios of (6.6).
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A simple averaging of the above models, omitting SQ and SP, yields the result
|V,5| = 0.039 + 0.004 + 0.003, (6.7)

where the first error is experimental, and the second represents the variation be-
tween the models as an estimate of the theoretical error. Note that this is of course
still dependent upon the above assumptions about the B9 and B~ lifetimes and

the production ratios fyy and f,_, and on the form-factor normalisation at ooz

At present we are not able to learn much about the physics occuring in the
hadronic transition. To do so we will need much more precise data than is cur-
rently available. For instance, with a sufficiently accurate determination of the ¢?
spectra, we should be able to determine the spatial overlap F(¢q?) well enough to
know whether the pole-dominated form of (5.1) is compatible with the data for a

reasonable value of the pole mass mp.

6.4 Model Dependence

In the previous section we used the difference between model predictions in
order to estimate the model-dependence. As an alternative to this we now consider
the effect of varying the parameter m p that appears in the spatial overlap function
F(q?) discussed in section 5.1, using the FAC model as an example. As the fitting
uses the ARGUS z and ¢? spectra of fig.6.1(d) and 6.2(d) we will use only the
ARGUS data, rather than the combined results used above.

The determination of [V,;| above has not used this fit to the data for several
reasons. Firstly, the data values used have been read from the graphs of ref. (3],
which introduces some error, particularly in the case of the 10.0GeV < ¢ <
12.0 GeV bin, where the experimental error is very small. Secondly, the quoted
errors for the other data points are still very large, and the value mp = 6.34 GeV
is easily compatible with the data (in fact we shall see that arbitrarily large values

of mp are possible).

The FAC model predictions for the total exclusive semileptonic rates, as a
function of m p are shown in fig.6.3(a), and the V/PS ratio is shown in figure.6.3(b),
with the ARGUS experimental result included. For each value of mp the r and ¢*
spectra are fitted to the ARGUS results, varying the normalisation (i.e. |V;]) to
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Figure 6.3 The results of the fit of the FAC model of section 5.3.7 to
‘the ARGUS B — D*I7 spectra of figs.6.1(d) and 6.2(d). Figs.6.3(a)and
(b) show the total rates for the decays B — D, D*Iv and the V/PS ratio
R of (6.2) as a function of mp, with the ARGUS experimental result for
the latter included. Fig.6.3(c) shows the x? variation, with the best-fit
(dashed lines) and 1o-limit (dotted lines). Finally, fig.6.3(d) shows the
corresponding fitted values of |V,;|, again with the central value and 1o

errors marked (the lower error corresponds to mp = oo).

114



minimise the x2. Fig.6.3(c) shows this x2? as a function of mp. The best fit occurs
at mp & 12.5 GeV, with x? = 6.72, although any larger value fits the data well (for
mp = oo, which is the same as the spectator quark model, the fit gives x2 = 6.84).
Considerably lower m p values are also compatible; taking Ax? = x2 —x2,;. = 2.30
(for two free parameters, mp and |V,|) as an estimate for the 1o variation, we
find that mp 2 5.7GeV.

The corresponding values for |V,;| are shown in fig.6.3(d). Using the above

range of 2 values, we find

|Ves| = 0.03625.503, (6.8)

with the upper limit corresponding to mp = 5.7 GeV, the central value to mp =
12.5GeV, and the lower limit to mp = oo. The lower limit is slightly artificial,
since the form of F(g?) used is a non-decreasing function of ¢2, as is expected
from its interpretation as the overlap of spatial wave-functions. The value m p=

6.34 GeV used previously also fits the data well, giving |V;| = 0.041.

The size of the upper error from this determination of |V_| is close to that
obtained by comparison of calculated rates and branching ratios above, but the
central value is different, mainly because only the ARGUS data is being used, and
the value of mp is different.

The V/PS ratio changes from 2.94 down to 2.39 over the given m p range, which
is well within the ARGUS errors quoted in (6.2). This demonstrates how important
it is to have measurements of the z and ¢? spectra, since the only other real test of
the models-is the V/PS ratio. The use of the-equivalent spectra for B — D decays
would also help greatly in determining the form of F(q?). Eventually a combined
fit to the z and g2 spectra of both B — DIv and B — D*Iv decays should give
the best determination of |V,|.

6.5 Predictions for Decay to 7 Leptons

Semileptonic B meson decays to 7-leptons have yet to be observed. However,
as discussed in section 4.11, they do offer the simplest way to study the two extra
hadronic form-factors, f_(g?) and f,(¢?), that are not involved significantly in
decays to the light leptons ! = e,u. Several groups have discussed predictions
[6,7,8].
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Table 6.4 gives the total rate predictions for the decays B — Dr¥ and B —
D‘Tfl-; and for the vector to pseudoscalar ratio R. As for the decays to ‘massless’

leptons the models are all in fair agreement with each other.

Model | B D*+w | B> D**7v | R
FAC 1.7 4.1 2.4
SQ 2.3 50 | 2.2
MAX 1.9 3.8 2.0
MIN 1.5 4.9 3.3
KS 14 4.3 3.1
ISGW 1.9 - -
WSB 1.6 3.6 2.2
AW 2.0 4.0 2.0
SP 1.5 - -

Table 6.4. Exclusive decay rates to 7 leptons and the vector to
pseudoscalar ratio R, as predicted by the models described in the

text. Decay rates are given in units of 10~ 12|V, |* GeV.

Figs.6.4 and 6.5 show the lepton energy and ¢? spectra for the models FAC, SQ
and WSB. In all three cases the predictions for the spectra shapes are very similar,

and only the normalisation offers any possibility for testing between models.

In contrast to the decays discussed prevnously the models can also, in theory, be
“tested by considering the pola.nsatxon of the 'r-lepton Th1s should be detectable
in an asymmetric B factory, since then the B mesons are not produced at rest
and so the decay vertices can be found by sufficiently accurate vertex detectors.
Although not directly measureable, it is interesting to calculate the longitudinal
polarisation of (4.88), which is shown in fig.6.6 as function of z and of ¢2, in the
B meson rest-frame (at an asymmetric B factory we would really need to use the

laboratory frame, but we use the meson rest-frame here as a demonstration).

For a very slowly moving 7, helicities A; = :!:% are equally likely, and hence

P, — 0as z — z,, At the other limit z — = that is the maximum

maz?
momentum of the lepton, we expect P; to be closer to —1; indeed if |p;| > m,;

were kinematically possible then P; =~ —1, which is indeed the case for electrons
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and muons.

At g2, Pj is close to —1 since again z = z,,;,. For the decay B — D7,
at ¢2,,, the B and W rest-frames coincide. As H(g2,,) = 0 (see (4.69)) only
a scalar W can be produced, and so, by angular momentum conservation, the 7

must have the same helicity as the 7, so Pr(g2,.) = 1.

6.6 Exclusive b — u Decays

The models described in the previous chapter are, for the most part, only
intended to be used for heavy quark to heavy quark decays, such as the b — ¢
decays discussed above. However, they are often also used for heavy to light quark
decays (such as b — u and ¢ — s). Since the produced quark is light the theoretical

reliability of the form-factor models is clearly suspect, but they can at least be
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used to give rough estimates of the exclusive decay rates, and hence for the KM

madtrix elements.

In this section we consider exclusive semileptonic decays of B mesons to the 0~
states m, 7 and n' and to the 1~ states p and w, which involve a b — u transition,
and so can be used to try to determine |V,;|. The definitions of these states in

terms of quarks are

0 = %(m —dd)
(6.9)

1, =
n—-:/—6(uu+dd—2§s)

1 —_
r_ — -
n = —\/3(uu + dd + 3s)

and
pt =du p- =1ud

1 =
p—ﬁ(uu—dd)
-1
_\/2

(we neglect the effects of mixing between the states). Thus we may write the

(6.10)
(Tu + dd)

w

neutral 0~ and 1~ states as
U= —7 +—n+— and Tu=—p"+ —w (6.11)

respectively. For the analysis we consider only the WSB, ISGW and FAC models
from chapter 5. Since only two exclusive b — u events have been observed, it
is not yet possible to test the models, and so they will not be discussed in great
detail. We will try, however, to identify the problems that occur, and how they
effect the reliability of the possible determination of |V,|.

Theoretical difficulties with such decays are numerous. Section 5.1 explains the
coupled-channel and spatial overlap pictures of the hadronic part of the decay, and
it was argued that for the b — c case the latter seems more reasonable. However,
for the decay b — u the coupled channel processes are probably important (indeed
Isgur and Wise, who are supporters of the spatial overlap approach for b — ¢ decays

have stressed the importance of the B* resonance in b — u decays [9]). The low
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masses of the mesons produced mean that the ¢? range is very much larger than
for B — D, D* decays, so that the form-factors display much greater variation
between models, and are much more sensitive to model parameters. Finally, in
the case of B — p decays, a precise prediction should include the effect of the large
width of the p meson (the decay widths of the other mesons are negligible).

The WSB form-factors are defined exactly as in section 5.3.5, with pole masses

and spatial overlaps given explicitly in ref. [10].

The ISGW model form-factors are easily calculable from the formulae given
in ref. [11], as was done for B — D, D* decays in section 5.3.4. We have not
included the effect of the B* resonance contribution mentioned above, as it is not
yet known whether it interferes constructively or destructively with the b — ¢W*
vertex. The exponential parameter of (5.4) is predicted in this case to be 8 = 6.52,
but unfortunately the results are very sensitive to it, on account of the large ¢2
range. For instance, reducing § by 5% increases the B — =, p rates by 18% and
9% respectively, whereas a similar change for B — D, D* decays produces only a
2% increase in the rates. The ISGW model also gives predictions for the decays to
low-mass resonances other than the 0~ and 1~ states, but these are not included

here.

The FAC model, using the form-factors of section 5.3.7, was not intended for
b — u decays, since it relies on both initial and final quarks being heavy. The
first problem is to decide what masses to use in the SQ model form-factors, which
originate from a quark level calculation. ISGW use ‘weak-binding’ meson masses,
determined by summing up the constituent quark masses, but as a comparison we
have chosen to use meson masses in the FAC predictions, as before. For B— D, D*
decays it was argued in section 5.1 that the spatial overlap could be normalised
by F(g%,.) = 1 due to the near-equal sizes of initial and final meson, but for
B — m,p decays this argument no longer holds. However, without .any definite
alternative we continue to use this normalisation. Finally, by predicting F(¢?) by
a pole-dominated form we introduce severe dependence on the value of the pole
mass mp for B — w decays. We use the measured value of mpg. = 5.33 GeV (5],
but even a slight change to mg. = 5.32GeV would decrease the rate by about
10%. This effect is not apparent in the WSB model, even though they use the
same extrapolation, since the ¢> = 0 region dominates their spectrum (see fig.6.7),

and that is where their form-factors are normalised.
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The lepton energy and ¢* spectra of the three models for the decays B —
7, p are shown in fig.6.7, and demonstrate the very large range of predictions in
the B — w case both in normalisation and shape. If the ¢? spectrum of this
decay is ever measured it should easily distinguish between the models. The
predictions for B — p are much closer in shape, thought still rather different in

overall normalisation, on account of its larger mass.

The total decay rates are given in table 6.5 below. Neglecting small effects
due to differences between charged and neutral meson mé.sses, the decay rates to
neutral 7 and p mesons are half those to the corresponding charged mesons, on
account of the factor 1/,/2 in (6.11). Similarly, the rates to 5, 7’ and w include
factors 1/6, 1/3 and 1/2 respectively. The table shows again that the greatest
variation between models occurs in the decays to pions, due to the very low pion
mass (the predictions for 7 and 7/, which differ only in the particle masses and in
the spatial overlap factors of WSB, are much closer). There are also significant

differences between the predictions for decays to the 1~ mesons.

Model | B #tly | B- =% | B-oqlv | B- - ¢l

FAC 04 0.2 0.4 14
ISGW 14 0.7 0.4 1.3
WSB 5.0 2.5 0.6 - 1.1

B ptly | B-—p%lv | B~ —uwilp

FAC 11.4 5.7 5.8
- ISGW 5.5 ' 2.7 2.7
WSB 17.5 8.7 8.6

Table 6.5. Exclusive decay rates for decays to 0~ (x, n and n') and
1~ (p and w) mesons, as predicted by the three models discussed

in the text. Decay rates are given in units of 10~12|V,,|2GeV.

6.7 Extraction of |V, ;| from the Inclusive Spectrum

These exclusive models are often used in an attempt to extract the KM matrix
element |V,;| from the inclusive spectra near the lepton endpoint [12,13,14] (the

experimental results were introduced in section 3.5.5).
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The analysis of the experimental data should, of course, be made using a
determination of the inclusive lepton spectrum for the b — ¢, ulv decays, but the
exclusive models can be used to give a rough estimate for the matrix element.
For b — c¢ decays we already know from the measured semileptonic branching
fractions of section 3.5 that (60 — 70)% of the inclusive spectrum comes from the
two exclusive channels B — D, D*. Furthermore, these two channels dominate the
lepton energy endpoint region to an even greater extent, since the most energetic
electrons are produced by the lowest mass final states. For b — u decays such
dominance by a few exclusive channels is no longer certain. There are many low-
mass states available, including multihadron states, which can produce sufficiently
energetic leptons. Thus using models that predict only the decay rates to 0~ and
1~ states may seriously underestimate the inclusive spectrum. The ISGW model
attempts to include all the single resonances that can contribute to the high-energy
lepton region, but rather then repeating their whole ca.lculatibn, we estimate the
effect by considering the relevant figure from ref. [11]. This shows that the extra
resonances considered increase the rate by a factor of about 2. Using the prediction
of the free-quark decay spectrum in the same figure as an upper limit, this factor

could increase to about 10.

The model predictions for the lepton spectrum are be boosted from the B rest-
frame to the Y(4S) frame as discussed in section 3.5.1, as this gives a significant
effect for high lepton energies. The boosted distribution is given by [15] (see

chapter 7 for discussion)

dT Ee dI' 1

where 2m gy = my(s), By = V7?2 -1, and
Ey
E_ =——""—
(14 8) (6.13)

E m%, — m?
E,_ =Min 1 __ B M}.
+ {7(1—ﬂ) 2mp
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6.7.1 Analysis of the ARGUS Result

The ARGUS result {13}, (3.21), is

_ Bry(4y) _
B= ﬁ,,i(l—:; = (4.7 £ 1.2)%, (6.14)

where the lepton energy ranges, originally defined in (3.20), are

A, = (2.0 - 2.3)GeV

(6.15)
Ay = (2.3 — 2.6) GeV.

In analysing this result the inclusive spectrum for b — ¢l decays is assumed to
be sufficiently well described by the B — D, D* contributions for E; > 2.0 GeV.
The inclusive b — ulv contribution is approximated by assuming that the Y(4S)
braching fractions are f,_ = fyo = 0.5 and summing over the 7% and p* channels
for the neutral B meson decays and the #%,7,%', p° and w channels for the charged
B decays. A factor ‘k’ is introduced to allow for the difference between this sum
of exclusive channels and the true inclusive spectrum. This factor depends on the
energy range under study, decreasing with increasing energy, but for simplicity,
and since the other uncertainties are large, k will be taken to be the same for
all E; > 2.0GeV. From the above discussion of the ISGW results, we will take
1 £ /k X 3 as a ‘most pessimistic’ assumption of the uncertainty. Most analyses

[12,13] just use k = 1.

Under these assumptions we may write

_VaPT (b = ¢, Ap) + [V IPTi(d — 6, Ay)

= = = 6.16
ValTalb = e, Bg) + Vol Eub = 1,8,)’ (619
where T'(b — ¢) = T'(b — q) /1V[?. On rearrangement this gives
2 -~ ~
k ﬁ ~ Pral(b ) Aa) — Fal(b -6 Ab) , (6.17)
Vi T,(b— u,A) — BT (b — u,A,)

where the decay rates are now understood to be sums over the relevant exclusive

states.
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Table 6.6 shows the relevant partial decay rates, summed over the above ex-
clusive channels, and the corresponding predictions for the ratio /k|V,;/V,;| and
for \/k|V,|, calculated using the model predictions for |V| given in table 6.3.
The errors quoted are derived solely from the experimental errors. The ISGW and

WSB predictions agree with those given in ref. [13] for k = 1.

Model L —-ecA,) (b — c,A;)
FAC 1.77 0.02
ISGW 1.87 0.02
WSB 1.49 0.01
Po—u,a,) | T —u,8y) | VEV/Val VAV
FAC 3.9 3.0 0.15 £ 0.03 0.006 + 0.002
ISGW 2.5 2.2 0.18 +0.03 0.007 £ 0.003
WSB 6.3 4.1 0.12+£0.02 0.005 £ 0.002

Table 6.6. Partial exclusive decay rates for decays to charmless
mesons, summed over the 0~ and 1~ states, as described in the
text, and the corresponding predictions for the KM matrix ele-
ments. The energy ranges, A,;, are defined in (6.15) and the decay

rates are given in units of 10~!3|V, |2 GeV.

An estimate of the theoretical uncertainty can be made from the variations
between the models and by allowing the factor /k to range from 1 to 3. Combining

these with the experimental errors, we can write

v,
0.03 < || < 0.21 (6.18)
Veb
and
0.001 £ |V,4] < 0.010. (6.19)

6.7.2 Analysis of the CLEO Result

In order to analyse the CLEO data [12], (3.19), we use the same assumptions

about the relative sizes of exclusive and inclusive rates as in the previous section.
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The CLEO partial branching ratios, (3.19), are

B, = Br(b— u,A;) =(1.5+ 0.7+ 0.7) x 10™*

(6.20)
B, = Br,(b — u,A,;) = (1.8 £ 0.4 £0.3) x 1074,
where the lepton energy intervals, first defined in (3.18), are
A, =(22-24)GeV
(6.21)

A, = (2.4 — 2.6) GeV.

Using the B meson lifetime 75 = 1.79 x 1012 GeV ~1, we can extract |V,,| directly,
via
B.

i (6.22)

E|V.,]? = = .
| ubl I‘(b — u,A,-)'rB

The predictions for the partial decay rates in the relevant lepton energy regions
are given in table 6.7 below. The region A, presumably gives the most reliable
of the two measurements, since it is expected that b — ¢l7 decays have negligible
effect there, and so the model-dependent subtraction of the b — ¢ contribution
used for A, is not required, resulting in smaller experimental errors. Table 6.7
also gives the model predictions for \/k|V,;| and /k|V,;/V,;| for the two regions,
again using the model predictions for |V ;| from table 6.3 for the latter.

Model | T'(b— u,4,) VIVl VEVu/ Vel
FAC 2.8 0.005+0.001 | 0.13+0.06
ISGW | 2.0 0.006 £0.002 | 0.17+0.09
WSB 4.2 0.004 +0.001 | 0.10+0.05
Model | T(b— u,A,) VIVl VEIVis/ Vel
FAC 1.6 0.008 + 0.001 | 0.21+0.06
ISGW 1.2 0.009 +0.001 | 0.24+0.07
WSB 2.1 0.00740.001 | 0.17+0.05

Table 6.7. Partial exclusive decay rates for decays to charmless
mesons, summed over the 0~ and 1~ states, as described in the
text, and the corresponding predictions for the KM matrix ele-
ments. The energy ranges, A, are defined in (6.21) and the decay

rates are given in units of 10-!2|V,,|* GeV.
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Despite measuring partial rates that are expected to be independent of |V,|
the CLEO analysis [12] does not predict |V,,;| directly. Instead they include in
the analysis the model predictions for the total semileptonic & — ¢ rate and the
measured semileptonic branching ratio and extract a value for |V,;/V,;|. This is
presumably in the hope that the errors introduced by approximating the inclusive
spectrum by summing exlusive channels are the same for b — ¢ and b — u calcula-
tions and so cancel. Since we introduced the factor k instead a direct comparison
with their results is difficult. Furthermoré, as stated before, we have not included
all possible resonances in the ISGW calculation.

The results of table 6.7 for the two energy regions are in slight disagreement,
but only at the 1o level. Since k is expected to decrease with increasing energy
they are, in fact, slightly further apart than they first appear. The limiting values

from the above table, allowing the same range of k as before, gives

0.001 < |V,;| < 0.010 (6.23)
and
Vub
0.02 < (%] <0.30 (6.24),
Va

in agreement with the ranges (6.18) and (6.19), deduced from the ARGUS data.

For the analysis of chapter 2 we take

Vub

Ve

= 0.0710-14, (6.25)

where the central value corresponds to k = 2 and the range to the more accurate

ARGUS result of (6.18).

6.8 Conclusion

As discussed in the previous chapter it is not yet possible to distinguish ex-
perimentally between the models of chapter 5, except for the SP model, which
is ruled out by the data. It is also not yet possible to attempt the experimental
measurement of the ¢? dependence of the form-factors. It is hoped that spectra
for the decay B — DIv will become available, and that the CLEO collaboration

will also publish exclusive spectra in addition to the branching ratios.
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Unfortunately, since there is no reliable determination of the branching ratio
of the T(4S) to non- BB final states, there is a large uncertainty about the charged
and neutral branching ratios f,__ and fy,. If these are reduced from the values
used above the predicted value of |V,;| rises accordingly. Since the changes could
be substantial it is very important that this problem be solved as soon as possible.
Also, as discussed briefly in chapter 5, the normalisation of the form-factor models

at ¢2,,, ne?\is to be investigated further, to ensure the reliability of the prediction
of [V |
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7 Inclusive Semileptonic B Meson Decays

Unasham’d, though foil’d he does the best he can.
John Dryden, 1631-1700

7.1 Introduction

As described in chapter 3, the inclusive lepton energy (E;) spectrum arising
from semileptonic B meson decays, B — X7, is composed of leptons from both
primary and secondary decays. Without the benefit of a prediction for the shape
of the secondary lepton spectrum it is necessary to fit predictions of the primary
lepton spectrum to just the high energy end of the measured data. This fit is
usually for data with E; > 1.5GeV. As explained in section 3.4.1, the maximum
lepton energy is 2.47 GeV for b — ¢ decays and 2.82 GeV for b — u decays. Given
that the contribution of b — u decays to the spectrum is very small, one can either
fit the spectrum from b — ¢ decays up to about 2.2 GeV, or, better, fit the sum

of the two contributions up to the b — u endpoint.

7.1.1 ‘Ezclusive’ Approzimations to ‘Inclusive’ Spectra

Many theoretical studies of the lepton energy spectrum arising from inclusive
decays use the exclusive models described in the previous chapters, on the pretext
that the spectrum is dominated by -the- D-and D* channels, particularly near
the endpoint. As previously explained, the ISGW model [1] also includes several
other low-mass resonances in order to approximate the inclusive spectrum more
accurately. All these models ignore non-resonant contributions, whose size is not
well known. Furthermore, since the predictions of the models for the relative
strength of the exclusive channels may be incorrect, the spectrum will also be
wrong (in fact the CLEO analysis [2], using the ISGW model, actually scales the

exclusive rates to agree with its exclusive analysis).

The most recent results for the KM matrix elements, obtained from the in-
clusive lepton spectrum, using the ISGW model predictions for both b — u and
b — c¢ decays, are as follows: The ARGUS collaboration [3], fitting to the lepton
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spectrum for E; > 1.5 GeV, obtain the values

[V.3| = 0.046 % 0.006

Yab| _ g.141005 (7.1)
Ve

Using, instead, the partial decay rates for specific lepton energy regions, as
discussed in section 3.5.5, ARGUS obtain [4]

Vub

= 0.18 + 0.02, (7.2)
Vb

while CLEO find [5]

Y

=0.113002  for E € A,

cb (7.3)

=0.191032  for E; € A,,

for the two energy regions A; = (2.2 — 2.4) GeV and A, = (2.4 — 2.6) GeV'.

7.1.2 The ACCMM Model of Inclusive Decays

The most common theoretical model of the inclusive spectrum is based on
the work of Altarelli et al. [6], called the ACCMM model. The model is based
upon a free quark model calculation of the lepton spectrum of the decay b — cl7,

including first order QCD corrections. The differential decay rate is

E:-_ dz

dr  dr 2a,
(l i G(:c,e)) , (7.4)

where dT'(%) /dz is the lowest order rate and G(z,¢), defined in ref. [7], contains
the first order corrections. The variables are z = 2E;/m; and € = m_/m;. The
function G(z, €) contains a logarithmic singularity at the maximum value of z. In
the case of decays to a charmed quark the effect of the singularity is negligible,
due to the vanishing of phase-space in this limit. However, for decays to a final u
quark this is no longer the case. The standard technique is to take the u quark
to be massless, which makes the singularity a double log, and to exponentiate this

singularity in the lepton energy distribution, as discussed in ref. [6].
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The quark decay is converted to the meson decay by treating the spectator

quark as a particle of definite mass, m,,, and the heavy quark as a virtual particle

ap?
whose invariant mass is given by

m? Em%+m3p—2m3\/mfp+p2, (7.5)

where p is the magnitude of the three-momentum of the two quarks in the B
meson rest-frame. The distribution of the three-momentum p is usually chosen
to be gaussian, with an adjustable width parameter pp (see section 7.4 below).
The resulting lepton distribution must then be boosted from the rest-frame of the
b quark to the rest-frame of the B meson, and then to the laboratory (i.e. the
Y(4S)) frame, in order to recreate the experimental situation. The parameters
of the fit are thus the gaussian width pj, the spectator quark mass m,, and the

charmed quark mass m,.

The results for the KM matrix elements, using the ACCMM model, are as
follows. Fitting to the spectrum (3], ARGUS find

|V.5] = 0.047 + 0.004

V. 7.6
e o
C
while using the partial decay rates given in section 3.5.5 they obtain [4],
Y| _ 0102001, (1.7)
Veb ,
Similarly CLEO [5] find
Z‘Lb. = 0.07t8'8§ for E; € A,
Vo ' (7.8)

=0.12+002 for B €4y

for the two energy regions. While the results for |V,;| are in good agreement with
those from the ISGW analysis of the inclusive spectrum, the results for |V,;| are
significantly smaller.

The main drawback of the ACCMM model is that it makes no attempt to

reproduce the correct invariant mass spectrum for the hadronic decay products.
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This perturbative calculation cannot reproduce the sharp peaks that would be
observed at the D and D* masses, and since these are dominant, especially at
high lepton energies, the predictions must be in doubt. The discussions below

attempt to model these resonances in order to improve the model.

A further drawback is that the gaussian width pp turns out to be very impor-
tant in the fit, and to have a significant effect on the total rate, and hence on the
determination of |V;|. Since the smearing of the quark momenta described above
is an ‘ad-hoc’ description of the quark dynamics, the large dependence upon pp is

unfortunate.
In ref. [8] the choice

mp=m, + map (7'9)

is made, reducing the number of free parameters to two, in order that the minimum
possible invariant mass takes the correct value, m y = mp. In fact this choice turns
out to ensure the correct endpoint in the E; and ¢? spectra also. Conversely, those
fits which do not use this choice do not have the correct endpoints, although the
fits tend to predict values of the quark masses that almost satisfy the constraint

(7.9), so no noticeable problems arise.

One final point that must be made here concerns the experimental verification
of the model. As was often stressed in the preceding chapters, the measurement
of the various exclusive spectra will allow the hadronic models of chapter 5 to be
tested. Such tests are not possible for the ACCMM model, since only the inclusive

lepton spectrum is measurable.

7.2 Possible improvements to the ACCMM model

Most of the remainder of this chapter is concerned with attempts to improve
upon the ACCMM model, essentially in an effort to fit both the lepton spectrum
and the invariant mass spectrum simultaneously. Rather than refitting to the data,
we instead use the experimentally determined parameters as the starting point in

the calculation, and then study the effects of the changes we make.

An attempt to fit the invariant mass spectrum has been made by Barger et
al. (BKP) [8]. However, rather than redoing the quark model calculation, as is
done below, their calculation is essentially the lowest order result scaled by the
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Figure 7.1 Lowest order Feynman diagram.

magnitude of the first order QCD corrections. This turns out to be a good approx-
imation to the more rigorous method used below, which considers the invariant

mass of the quark gluon system directly.

Having calculated the invariant mass distribution, BKP divide it into mass
regions designed to approximate the D and D* masses, and then fit to the experi-
mentally measured exclusive branching ratios for these two decays, in addition to
~ the inclusive lepton spectrum. Their results show that this additional fit to the
my spectrum does change the results slightly, but not significantly.

The following discussion includes all the first order QCD effects and then tests

the above model of the D and D* contributions.

7.3 Free Semileptonic Quark Decay

7.9.1 Matriz Elements

The lowest order matrix element for the decay b — clv is calculated from
the diagram of fig.7.1. The O(a,) contributions can be divided into virtual and
bremsstrahlung corrections. The virtual corrections, shown in fig.7.2, include those
diagrams where a gluon is emitted and reabsorbed, while the bremsstrahlung cor-
rections of fig.7.3 describe the process b — cgl, where a real gluon is emitted.
We define Y to denote the produced c or ¢ + g system, and X to denote the final

hadronic system, after the inclusion of the spectator quark.

The kinematics of the decay can be taken directly from the discussion of ex-
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Figure 7.2 First order virtual Feynman diagrams.

clusive processes. For the free quark decay this means we can use the kinematics
derived in chapter 4, providing we replace the B meson by the b quark and the M
meson by the ¢ (or ¢ + g) system, Y.

The squared matrix elements, averaged over initial spins and summed over
final spins, are given in ref. [9] (in fact that paper describes the decays of charge
+2/3 quarks to charge —1/3 quarks, which means that we must interchange the
lepton-and neutrinomomenta to recover the matrix elements required here). Thus,

in the notation of ref. [9)], the first order matrix element squared is

IMy|* = 64GE(p.-pi)(Ps-p)s (7.10)

and the bremsstrahlung term is

9 47, | By B,

2 _ -, “2 423
|M,|* = 512G} — 51+ Dot 3 (7.11)
where
D, = mg - 2py.p, D, = mz + 2p..p, (7.12)



Figure 7.3 First order bremsstrahlung Feynman diagrams.

and
B, = (p,-)l(p,-0,)(Pp-2,) + 2mip,-(Bg — Py) — M3 (py-p, )]
By = (p.-p1)[2(p,-py)(P5-Pc) — 2(Pc-P, )(P1-P,)
+ (Py-p, )(m) + 29,-(P. — Ps) — 4Pp-P)]
+ (pe-2s) [~ 2(p1-p,)(P3-P,) + mip,.pi]
+ (P1-Ps)[2(Pe-Py )(Py-Py) — Mypc-p,]
By = (py-1,)[2(p1-P,)(Pc-P,) — 2mipy-(Pe + Py) — M}P.-PI)-

(7.13)

The virtual term, M, is similarly defined, but for simplicity we do not reproduce
it here. The decay rate is then given by

I’ = ——2,:, {(IMo]? + My) d®4(b — clp) + |M,|*dB (b — cglm)} . (7.14)
B

The three-body phase-space factor can be conveniently split into two two-body

phase-space factors by

d¢3(b - CIF) = dﬁcdﬁldﬁu(2")464(pb —P.— P pu)
= dﬁcdﬁldﬁv(zw)464(pb —DPc— P — pu)
7.15
x dg*8(d - py) X Sowow —p—p,) )

2
= d®,(b — cW‘)dziﬂd%(W* - I7),

where the relations of (4.25)-(4.27) have been used for the four-momentum of the

virtual W (we know that 6(¢q°) = 1 since the lepton and antineutrino are on-shell).
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The four-body phase-space factor can be similarly split into three two-body
phase-space factors

d¢4(b - cglﬁ) = dﬁcdﬁgdﬁldﬁv(2")464(pb —Pc—Pg— P pu)
2 2 (7.16)
= d®,(b — YW*)didq>2(W* — zv)i"l"—tdcpz(y — cg),
27 27
where my is the invariant mass of the cg system, m%; =(p.+ pg)z. Note that this
mathematical splitting of the phase-space factor is possible even though the gluon
can be emitted by the b quark rather than the ¢ quark (see fig.7.3).

The virtual and bremsstrahlung terms are both infrared singular in the limit
of vanishing gluon energy. In order to regulate this singularity a gluon mass has
been introduced, as in ref. [9]. In the virtual term the singularity manifests itself
in the form In(m,/m,), while in the bremsstrahlung term it will turn out to be
essentially of the form 1/(m% — m?2) (see section 7.3.7 below). By the Kinoshita
theorem [10] these two divergences cancel order by order in the limit m, — 0.
Note also that in squaring the matrix elements we have dropped a term of O(a?)

coming from the square of the virtual diagram.

7.8.2 Kinematics

In order to calculate the phase-space integrals it is convenient to choose the
b-quark rest-frame, in analogy with the B-meson rest-frame of section 4.2.2, with
the charmed quark moving along the z-axis, and the lepton and neutrino in the
z-z plane, with lepton having positive momentum in the z-direction. Thus the

relevant four-momenta may be written, using (4.7)-(4.10), as
py = (m},0,0,0)
p‘{, = (EY’ 0, OapY)
q” = (qo, 0’ 0’ _pY)
p;‘ = EI(]" sin "h, 0, COs "pl)’

(7.17)

where
2myq° = m} — m} + ¢

py =4/(¢°)? - ¢ (7.18)

‘12 - 2qE)

O = B,
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The exclusive B decay rate was written in terms of two independent variables, g2
and z = p;.pg/m%. Here we will choose g2 and E, the lepton energy in the b quark
rest-frame. In addition to these variables the emission of the gluon introduces three
new independent variables, but of these we will retain only my, and integrate over

the other two, as they are unobservable, as discussed below.

7.8.8 The b —» YW* Phase-Space

In the b-quark rest-frame the b — Y W* phase-space factor can now be evalu-
ated

dBy(b — YW*) = dpydiy (27)*6*(py — py — pw)
1 dpy 2 2\ 4
= m?}gcﬂpwé(z)w — ¢°)8%(py — Py — Pw)
R (7.19)
- iy 2Ey
Py

T 4mm)’

dpy§(m} + m¥ — 2m,Ey — ¢*)

using (4.27). Recall that ¥ = ¢ for the lowest order and virtual terms, while
Y = c + g for the bremsstrahlung term.

7.8.4 The W* — I Phase-Space

'The two-body W* — I phase-space is also simply calculable in the b quark

rest-frame, giving

d®,(W* — I9) = dpdp,(27)*6* (¢ — p — p,)

1 dapl 2 2
= maf,“q —(p+p,)%)
! B, 2 . (7.20)
= 55 dEidcos §y8(q" — 2E((" + py cos ¥))
1
= Sopo dE,

for massless leptons.
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7.3.5 The Y — cg Phase-Space

The final phase-space calculation is

d®y(Y — cg) = dpdp,(2x)*6*(py — p. — p,)
1
= Zﬁ‘ﬁpca(l’g - mg)tﬂpg&(p: - m3)64(py — Pe —pg) (7.21)

1
'S0y 5, = (5~

Defining the gluon four-momentum to be

Py = (E,,p,sind, cos ¢, p, sinb, sin ¢, p, cosd,), (7.22)
and
M? =m} — m? + m?, (7.23)
we can write
d®,(Y — cg) = dE dpgdcos b,do, 6(E2 pg - mg)
x §(M* — 2EyE; — pyp, cos§,)) (7.24)
d
1 5 b,
8rpy 921

7.3.6 Integration over the ¢, and E, Degrees of Freedom
The differential decay rate may now be written in the form

1

R S d¢,
~ 256mim,

dE

{2+ 2, )28y - )+ My g dE, 2 | dgdE

(7.25)
Since the gluon energy, E,, and azimuthal angle, ¢,, are not observable we now
need to integrate over them, which will leave the decay rate as a distribution in E;,
¢* and m}.. These two integrations are performed analytically, using the algebraic
manipulation package FORM. The bremsstrahlung matrix element of (7.11) is a

function of the momenta p;, p., p, ,p; and p,.. Firstly, the p, dependence is replaced
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by py dependence, using p, = py — p,. The gluon momentum is then written in

the form
py = apy + 8py + prs (7.26)
where
pr = p,(0,5ind, cos ¢,,sin §, sin ¢, 0) (7.27)
so that
Py-Pr = 0 = py.pr. (7.28)

Substituting (7.26) into (7.28) we find

EyM? — 2E,;m}

a= 2m;p?
WPy (7.29)
5 2BvE, - M
2p§, )

Thus the ¢, dependence only remains in pr, which only occurs in | M,|? as pp.pr,
PP or pr.p,. The first of these is actually independent of ¢!'], since

mg =Pg-Pg = a’m} + 2a6myEy + 82m — |pr.pr. (7.30)

Thus we need to evaluate the following integrals

I= / 9, _ =1 (7.31)

IH = / ¢9 ph = (7.32)
and |
IWE/ 2¢”P%pr | (7.33)

(higher order terms do not occur). The first two integrals are both trivial, while
the third is evaluated as follows: using the definition of (7.27) we have

1 .
w = ElpT‘pTldm'g(O’l,l 0) (7.34)

1 Py P} Pypy ph Yy + Py p}
= —|pp. —g"" + B C D 7.35
2I1D:r prl |—9" + m? b+ m?, + mmy | (7.35)
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for some B, C and D. On comparison of (7.35) with (7.34), using the definitions
of (7.17), we find

B=c=-™ p_BEymy

7 Y

Finally we need to integrate over the gluon energy, for which we need to know

(7.36)
the integration range. The maximum and minimum gluon energies occur when
the ¢ quark and gluon are moving either parallel or antiparallel, which means that

E}=(Ey-E)* and p}=(py+p,) (7.37)

Eliminating the dependence on the charmed quark momentum yields the maximum

and minimum values

Ey M? & py/M* — 4m}m}

E
2mi,

g

, (7.38)

in terms of M? introduced in (7.23). The E, integral is now relatively easy to

do algebraically, since the numerator of |M,|? contains only powers of E,, while

D, = m%, — m? is independent of E, and

D, =m? - 2m,E,. (7.39)

The domain of integration for the three independent variables ¢2, E; and my

is given, as-in the-exclusive case, by (4:11), subject-also to

(m, +m,) < my < my,. (7.40)

7.8.7 The Massless Gluon Limit

We now take the limit m, — 0. Both the virtual and bremsstrahlung terms,
which are finite when m, # 0, become infinite. In the virtual case the singu-
larity manifests itself in the differential decay rate as a term proportional to
In(m,/m,)§(m}, — m?). In the bremsstrahlung case the singularity also occurs

at my = m,, but is not so simple. By considering the magnitude of the various
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terms in the bremsstrahlung matrix element in the limit my = m, + m, one can

set m;, = 0 in all but three terms, proportional to

\ /M4 — 4m§,m§
i)

(m} — m3)?
\/ M4 — 4m§,m3
M* + 4p}m?
1 EyM? + py\/M4 — dmi},m?

i)

(7.41)

iii) 2 2

(m§ —m?) EyM? — py\/M4 — dm¥m?

Integrating these three terms over my yields a logarithmic singularity that ex-
actly cancels the singularity in the virtual term. Since we wish to retain the
my dependence we cannot perform this integration, but must instead take the

m, — 0 limit in the numerical calculations by choosing a sufficiently small value,

g
so that the results are unaffected by changing it (typically this means choosing

m, ~ 1074 GeV).

The lowest order total rate calculated for the free quark decay is in agreement
with the analytic formula of (5.22), while the first order correction is in agreement

with the calculation given in ref. [9].

7.4 Fermi Smearing

The conversion of the above free quark decay to the meson decay is carried out
according to the model introduced by ACCMM [6], briefly described in section 7.1.

The spectator a.ntiﬁha.rk g is treated as a pé.rticle of definite mass m ap? while the
b quark is taken to be off-mass-shell. In the B meson rest-frame, with z-direction

chosen along the b quark direction, the four momenta are

p;,‘ = (Eba 0, Ovp)
p‘;p = (Eapvoa 0’ —p)’

with pp = p, + p,p- The invariant mass of the b quark is thus

mg = (pB - pcp)2 = sz + mfp —2mp V mzp +p2' (743)

The free quark total decay rate I' depends upon the fermi-momentum p through

(7.42)

the dependence of m; on p. The distribution of the three-momentum p is usually
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chosen to be gaussian

$(p) = e P IPr, (7.44)

1
(Vpp)?
which is normalised so that [ d3p¢(p) = 1. In terms of p = |p|, we can rewrite
this as

é(p) = \2’:} 7 Ik, (7.45)

so that [dpé(p) = 1. In fact the maximum value of p is not infinite, but is
determined by the bound m; > m, in (7.43), although p%,. > p% so this makes

no practical difference.

Since there is no correlation between the direction of p and the orientation
of the particles emitted in the quark decay, the b quark decay is isotropically
distributed in the b rest-frame, which is chosen as in fig.7.4 (this is just a rotation
of the frame originally chosen in section 7.3.2). Of the three angles shown, only
Y is determined by the decay, being given by (7.18), while the azimuthal angle ¢,
and cos 0y are uniformly distributed. The four-momenta of ¥ and the lepton in

the b frame are

py = (Ey,py sinfy,0, py cos by)
o} = E,b(l, sin 1 cos ¢, cos By + cos ¥ sin By, sin Y, sin ¢, (7.46)

— sin ¥; cos ¢; sin By + cos ¥ cos by ),

where the superscript on E," refers to the frame in which the energy is defined.

The invariant mass of the final hadronic system is
m%( = (pY + pap)z = m%' + mgp + Z(EYEap + Dy pcos oY)’ (7'47)

Boosting to the B rest-frame the lepton energy becomes

EP = EPy*(1 + B¥(cos 1, cos 8y, — sin ¢ cos ¢; sin y)), (7.48)
where
s=B g pp=r (7.49)
my my

Finally we need to include the boost to the laboratory (or Y(4S5)) frame. Choos-

ing the B frame as in fig.7.5, where the lepton direction is again isotropically
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Figure 7.4 The b quark rest-frame.

distributed, the lepton energy in the laboratory frame becomes
EY = EBB(1 + B8 cos ), (7.50)
where 8 is defined in the figure and

~+B é-"l and 888 = /4B2 1. (7.51)
B

i

We may use (7.50) to deduce the boost formula of ref. [6], used in section 6.7,

as follows: the lepton energy distribution in the laboratory frame is given by

-;E-I‘f=/dEB dr dcosa&(E;r—EF7B(1+BBCOSO))
1

VdEB 2
e / E, . T 1 (7.52)
" 2¢BBB [ "' JEPEP’
where E_. occur when cos § = F1, so that
ET
Ef=—pn—t 7.53
* 7 4B(1 ¥ BB) (7.53)
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Figure 7.5 The B meson rest-frame.

unless E, exceeds the maximum possible lepton energy in the B rest-frame,

mp —mb

Max(Ef) = , (7.54)

2mB

given by (4.15).

7.4.1 Numerical Calculation of Total Rate and Distributions

We are now left with integrals over E,b, q%, m%, p, cosfy, ¢; and cos§ (the
m} integral is trivial for the lowest orde;' and virtual terms on account of the
§-function). We require the E}r , ¢ and my distributions and the total rate T.
By using the Monte-Carlo integration routine VEGAS it is easy to calculate all of
these simultaneously. The program is used to calculate the total rate

dcos 8y dip;dcosb d3T
2 2r 2 dE}dgtdm?’

I'= / dE}’dqzdm% / dpé(p) (7.55)
but, by calculating EIT, ¢* and my during the function evaluations and adding
the function value to the appropriate ‘bin’, the three distributions are obtained
at the same time. The three angular integrations take place over the full ranges,

while the limits on E,b, g% and m}, are discussed in section 7.3.6 above.
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7.5 Inclusive Distributions

The predictions of the above model for the total decay rate and lepfon energy
distribution are exactly the same as those of the ACCMM and BKP models, since

those models are obtained by integrating the above model over ¢? and m .

The recent ARGUS analysis [3], using a fixed spectator mass m,, = 0.15GeV,
finds the parameters

pr=(0.26£0.06)GeV  and m,=(1.65+0.07)GeV, (7.56)

with a strong negative correlation. For the following discussions we use the central
values and 1o-limits of this fit, but with m,;, chosen to satisfy the constraint (7.9).
Using a, = 0.25, the total rates for these three sets of parameters are given in
table 7.1. The effect of the first order corrections is to decrease the decay rate by

just under 13% in each case.

(ppym,) r® r® +1®
[GeV] [0V 2 GeV] | [1071V4[2 GeV]
(0.02,1.72) 3.04 2.66
(0.26,1.65) 2.84 2.48
(0.32,1.58) 2.65 2.31

Table 7.1. Inclusive decay rates at lowest and first order, for the
standard_three sets of parameter values discussed in the text.

Fig.7.6 shows the lepton energy and invariant mass spectra predicted by the
inclusive model and the BKP approximation at leading and first order, for the
three sets of parameters (pp,m,) = (0.20,1.72), (0.26,1.65) and (0.32,1.58) GeV.
Considering first the E; spectrum we see that the effect of the first order corrections
is essentially just an overall normalisation change. This is because G(z, €) of (7.4)
is roughly constant, except very close to z = z,,,,, where there is a logarithmic
singularity. The effect of this singularity is washed out by the vanishing phase-
space and the fermi-smearing, as discussed in ref. [6]. The effect of increasing pp,
other than decreasing the overall normalisation, is to shift the distribution slightly

towards lower energies, decreasing the slope in the region E; 2, 1.7GeV.
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Figure 7.6 Lepton energy and invariant mass spectra predicted by the in-
clusive model of semileptonic ¥ — ¢ decays, using the models described in the
text, with the three sets of parameters (pp, m.) = (0.20,1.72), (0.26,1.65) and
(0.32,1.58) GeV. The solid and dotted lines show the lowest and first order QCD
results, while the dashed line shows the prediction of Barger et al. [8] for the
invariant mass spectrum.
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Fig.7.6 also shows the mx spectra for the three sets of parameters. The BKP
and first order predictions are slightly different, with the predictions of the free
quark model being shifted towards higher m y, and a correspondingly suppressed
peak. Given the large errors on the relative D and D* branching fractions this
would not cause a significant deviation from the BKP results, if we were to impose
their mass cuts as a constraint on the above model. Looking at the m y spectra
in fig.7.6 we see that the variation in parameters has a much more significant
effect than it did in the E; spectra. The larger values of py push the spectrum
towards the higher invariant mass region, since the initial quarks have higher

relative momenta.

7.6 Analysis of the Low-Mass Region

If we wish to include the invariant mass spectrum in the fit, as BKP have
attempted, then we should try to analyse how good a description of the physics

such models are.

For this purpose we consider two different sets of mass cuts. The first is that
used by BKP, where the spectrum is cut so that 1.87GeV < my < 1.94GeV
corresponds to the D meson, while 1.94 GeV < my < 2.08 GeV corresponds to
the D* meson. In order to see the effect of varying the cuts, the second set
uses narrower slices of the spectrum, in an attempt to model the narrow widths
of the mesons. For this we use 1.87GeV < my < 1.90GeV for the D, and
1.98GeV < my < 2.04GeV for the D*.

We now predict the E, andiqi spect;'a for the two ‘mesons’ in each case, with
the results shown in fig.7.7. The spectra have been scaled so that the central value
of the V/PS ratio (3.15), measured by ARGUS, is obeyed. The first point to note
is that the variation between the results predicted by two sets of cuts is very small,

so the predictions are stable to changes in the model.

However, comparing these figures with the exclusive model predictions shown
in figs.5.7 and 5.8 shows considerable disagreement. This is particularly notice-
able in the ¢? spectra for the B — DIv case, where the exclusive models predict a
monotonically decreasing spectrum, unlike those in fig.7.7 from the inclusive anal-
ysis. In order to reproduce the ¢? spectrum of fig.7.7 with the form-factor models

we would need to dramatically alter the spatial overlap function F(g?) of (5.1). A
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Figure 7.7 Predictions of the inclusive free quark decay for the ‘D’
and ‘D*’ slices of the invariant mass spectrum, as described in the text.
Figs. (a) and (B) are for the cuts recommended by Barger et al: -8}

while (c) and (d) are for the narrower ‘resonance-like’ cuts.

small, but important, change is also noticeable in the lepton spectra, where the

shapes are different. This can be seen most clearly in the position of the peaks.

The exclusive models predict peaks in the lepton spectrum for D and D* decays
at roughly (1.4 — 1.5) GeV and (1.7 — 1.75) GeV respectively, while the spectra of
fig.7.7 peak at about 1.7GeV and 1.65GeV. Assuming that the exclusive mod-

els are not dramatically wrong, this shows that we cannot model the D and D*

resonances in this way, since the fit to the lepton spectrum will be incorrect.

The main reason for the incorrect spectra is that no attempt has been made
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to impose the correct spin structure on the D and D* meson slices of the my
spectrum. The D and D* spectra are similar in shape because they both contain
contributions from similar averages over quark spins. To include the spin structure
at lowest order would essentially reproduce the spectator quark (SQ) model form-
factors of section 5.3.1, with the spatial overlap function F(¢q?) determined by the
fermi smearing, as discussed in section 7.7 below. Including first order corrections

to this would be very complicated.

7.7 Averaging over the Inclusive Invariant Mass Spectrum

One might regard the predictions of the inclusive model as an average over all
possible final states, as is done, for instance, in the calculation of the R,, - ratio
in e e_ annihilation. Using this interpretation we can use the inclusive calculation
to estimate the size of the QCD corrections to the exclusive models of chapter 5, to
calculate the inclusive model ‘prediction’ for the spatial overlap function F(¢?) of
section 5.1, and to find a reason for the difference between exclusive and inclusive

determinations of |V|.

Given that the total semileptonic branching ratio is about 10%, and that the
sum of the mean exclusive branching ratios to D and D* of (6.6) is about 6.5%,

we cut the above invariant mass spectrum at m X, where

1 [™xo

T Jm,

dm X% ~ 0.65, (7.57)

and assume that the integral over masses below my, -approximates-the sum of D
and D* resonances. The values of my found in the analysis below range from
about 0.1 to 0.25 GeV above the D* mass, and so are physically reasonable. The
predicted ¢? spectrum is then compared with the ¢ spectrum predicted by the
spectator quark (SQ) model of section 5.3.1, which has F(g?) = 1 by definition,

in order to extract the inclusive prediction

dT/dg*(my <my )

2\12

(7.58)

The QCD corrections calculated above to the free quark decay would actually
occur as corrections to the SQ model form-factors f,fg 2(g2) of (5.20) and (5.21).
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However, with the above averaging, the best we can achieve by this method is an
estimate of the overall correction to the spectra. Since the differential decay rate
is proportional to |F(g?)|> we can absorb the effects of this correction into the
spatial overlap, F(q?), changing both the ¢? dependence and the normalisation at
@24z Since the ¢* dependence will eventually be determined by experiment, it is
only the correction to the normalisation that affects the determination of |V;|.

The graphs of fig.7.8 show the predictions for F(¢?), with parameters taken
from the ARGUS best-fit and 1o limits of (7.56). For ¢ < 8GeV the predictioﬁs
are close to stright lines, while above this the‘ideviate considerably. This deviation
is caused by the failure of the averaging over the above mass region to reproduce
the correct D + D* spectrum at high values of g2, particularly for large pp. The
problem is exacerbated by the fact that the ¢ spectum for B — D* decays ends
about 1 GeV below that for B — D decays.

Given the problems with the high-¢* region we extrapolate the results from
lower ¢2 up to ¢2,,, = 11 GeV (a rough average over the D and D* enpoints). The
QCD corrections at ¢2,,, and ¢> = 0 vary very little with the parameters used,
being about 3.5% and 15% respectively. Since the determination of |V| relies
on the normalisation at g2,,, this means the QCD corrections would increase
the exclusive determination of the KM matrix element by about 3.5%, in close

agreement with the analytical result of ref. [11], discussed in section 5.3.1.

It is very noticeable that the inclusive model predictions for F(¢?) do not obey
the requirement F(g%,,) = 1, even after extrapolation from the lower-¢? region,
which is motivated by the belief that the B, D and D* meson wave functions are
very nearly the same size. The higher the value of pp, the lower the prediction.
This could explain why the inclusive model value of |V| of (7.6) is so much
higher than that determined from the exclusive models in section 6.3. Other than
this normalisation the slopes of the predictions in fig.7.8 are very similar to the
estimates of chapter 5, with the value at ¢> = 0 being about 70% of the value at

@2, for all three sets of parameters.

The fraction of the total semileptonic rate made up from D and D* decays is
experimentally uncertain. Including more of the high m y region does not affect the
high-¢? region, and just increases the predicted F(g?) at lower values. Conversely,

including less of the mx spectrum decreases F(g?) at low values of g2.
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Figure 7.8 Inclusive model predictions for the spatial overlap F(g?)
as defined in (7.58), for the parameter values shown. The solid and

dotted lines are the lowest and first order predictions.

7.8 Inclusive b — ulv Decays

The free quark decay model is expected to be more reliable for the prediction of
b — u decays than for b — ¢ decays, because the former spectrum is not expected

to be quite so dominated by a few exclusive channels.

Unfortunately the above fermi-smeared free-quark model cannot be used di-
rectly for the prediction of b — u decays, due to the smallness of the « quark mass.
For small but non-zero quark masses the single logarithmic singularity discussed

above has a very large effect, actually making the m y distribution negative at low

153



values of m x (this is possible because we have neglected the square of the virtual
diagram, since it is O(a?)). For zero quark mass the singularity can removed from
the lepton spectrum by exponentiation, as discussed in ref. [6], but this is much
more difficult to do for the combined E), ¢> and my distribution. Attempts by
the author and Jean-René Cudell to resum multiple soft gluon emission, which
should have the effect of softening, or even removing, this singularity have not
been entirely successful, mainly because the energy scale of the decay is not really

sufficiently large for such a perturbative calculation.

7.9 Conclusions

In this chapter we have investigated the ability of the ACCMM model to
reproduce the exclusive decay spectra derived in chapters 4 to 6, in order to test
the validity of its predictions for the KM matrix elements. The model is unable to
produce the correct D and D* spectra, which must have a serious effect upon the
accuracy of its determination of |V_;|. Unfortunately, the above naive discussion of
the invariant mass spectrum seems to be the only test of the inclusive model, given

that it is extremely difficult to measure either the g% or m x spectra experimentally.

As a result we feel that exclusive decay models must eventually, after thorough
testing against experimental data, give a more reliable determination of the KM

matrix elements than the ACCMM inclusive decay model.
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O! That a man might know
The end of this day’s business, ere it come;
But it sufficeth that the day will end,
And then the end is known.
William Shakespeare, 1564-1618



