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Abstract

The implementation of nematic liquid crystal optical devices, which exploit the
voltage dependent, optical path length modification of the electrical Freedrichsz
transition, is presented. By combining refractive elements in a diffractive zone
structure, efficient and flexible devices with relatively high refractive powers can
be constructed. Continuously variable optical properties can be achieved by scaling
the optical profile of the refractive elements and applying a phase correction to en-
sure that the transition between adjacent zones is an integral number of wavelength,
hence a continuous optical profile is constructed. Two such devices are postulated; a
variable deflection angle prism and a variable focal length lens, though the approach
may be extended to other devices.

The zones are addressed through combed electrode structures. The required
voltage profile is produced by dropping the applied voltages across a shaped con-
ductive strip. A sampling of the profile is transported along the length of the zone
via discrete electrodes. In order to produce the required scalability and independent
phase correction of the optical profile, it is necessary to restrict the design and op-
eration of the electrodes to the approximately linear region of the response curve.
Two-dimensional optical structures can either be achieved through the use of planar
earth plates, to mask connections to the centre of the device, or by cascading devices
with electrode structures open to connection at the edges.

In order to predict the optical profiles of these and other devices, a model was
constructed which describes the director orientation through a two-dimensional elec-
trode structure. The variational finite element method was employed to minimize
the electrical Gibbs free energy of a liquid crystal cell, in order to find the equilib-
rium director orientation. A preliminary version of this model is presented which is
restricted to rotation of the liquid crystal to within the plane of the solution.
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Chapter 1

Introduction

Nematic liquid crystal devices have been successfully employed as electronic displays
for many years. Consequently, the technology for the manufacture and development
of these devices is very well established, leading to low cost and good reliability.
Recently, interest has been generated in the extension of their application to voltage
controlled optical devices, which exploit the voltage modification of optical path
length through the device.

This thesis presents the possibility of implementing two such devices, a prism
with a voltage controllable deflection angle and a lens with a voltage controllable
focal length. In considering the possibility of constructing such devices, it became
apparent that the prediction of the optical profiles produced by a liquid crystal in
two-dimensional electrode structures would be extremely useful in development and
design of these devices. The development and subsequent construction of a model
which describes these optical profiles represents the main subject matter of this

thesis.

The properties of nematic liquid crystals exploited in these devices are described
in Chapter 2. The electrical and elastic properties of nematic liquid crystal are
introduced. The combination of these properties to form the electrical Freedrichsz
transition, which provides the voltage modification of the optical properties, is de-
scribed. The electrical Gibbs free energy is presented, which when minimized de-
scribes the equilibrium state of a nematic liquid crystal system. It is this expression

that will be used to describe the liquid crystal devices.



In order to minimize the electrical Gibbs free energy, the finite element method

is employed, this is described in Chapter 3.

In Chapter 4, the basic liquid crystal cell is described and existing implemen-
tations of optical nematic liquid crystal devices presented. Two approaches have
been employed to implement these devices; creating a diffractive phase structure or

refractive optical profile. Both these approaches were observed to have limitations.

The idea of combining of these two approaches, in order to overcome the lim-
itations of each, providing the possibility of constructing the variable prism and
lens, is presented in Chapter 5. The devices postulated are referred to as diffrac-

tive/refractive devices.

Consideration of how the voltage profiles, required for the implementation of the
diffractive/refractive devices can be produced is given in Chapter 6. The principle

concern being how to obtain piece-wise continuous, two dimensional optical profiles.

The presence of fringing fields in two-dimensional electrode structures and con-
sequent unpredictability of optical profile is brought to attention in Chapter 7. The
issues surrounding the electrode structures of the various types of device are then
discussed and the requirement for the model described in this thesis is then empha-

sised.

The use of the finite element method to find the optical profiles is presented in
Chapter 8 and its computer implementation described in Chapter 9. The behaviour
of the model in a variety of test situations is described in Chapter 10. The results
of the model and the implications they have on the design of further devices are
presented in Chapter 11. The conclusions of the project and suggestions of further

work are given in Chapter 12.



Chapter 2

Electro-Optical and Elastic Properties of
Nematic Liquid Crystal

2.1 Imtroduction

Thermotropic liquid crystals exist as a mesophase between the solid, crystalline
phase and the isotropic liquid phase (figure 2.1). The fluid properties, with residual
orientational ordering, are predominant in the liquid crystal phase. Unlike the posi-
tional ordering in the rigid crystalline phase the liquid crystal phase is depicted by
a statistical spread of orientations about a mean direction, the average of which is
defined as the director, m. The nematic liquid crystal phase is usually formed by rod-
shaped molecules which give rise to the orientational ordering, and the anisotropic
physical properties, which have been exploited in many devices. In addition to
nematic liquid crystals (figure 2.1), there also exist chiral nematic liquid crystals,
whose director has a continual tilt so describing a helical structure through the liquid
crystal (figure 2.2a). There also exist smectic phases which contain varying degrees
of positional ordering, in addition to the orientation ordering. In the smectic phases
the liquid crystals form layers, again there is a statistical spread of the centre of
gravity of the molecules about these layered structures. Two well known smectic
phases are the smectic A phase, where the director is perpendicular to the plane
of the layer, and the smectic C phase, where the director is at an angle other than
90° to the layer (figure 2.2b&c). This chapter deals exclusively with nematic liquid
crystal properties, which due to their high degree of symmetry are simpler in form

to describe, and are the type used in this research project.
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2.2 Electro-Optical Properties

2.2.1 Anisotropic Dielectric Properties of Nematic Liquid Crystals

Nematic liquid crystals are uniaxial anisotropic dielectrics exhibiting an ordinary and
extraordinary axis (figure 2.3). Each axis has a different susceptibility to induced
dipoles and this is reflected in the expression for the dispacement field, D;

D=ece, E (2.1)

where ¢ is the permittivity of free space, and E the applied electric field, and ¢, is
the relative permittivity tensor. If a local reference frame is considered, parallel to
the principle axis of the molecule, the relative permittivity can be expressed as a

diagonal matrix &;;

€, 0 0 100 Xo 0 0
ei1=|0 € 0|=]010|+}0 x, O (2.2)
0 0 e 001 0 0 «xe

where ¢, and ¢, are the ordinary and extraordinary relative permittivities, respec-
tively, and x, and x. are the ordinary and extraordinary susceptibilities. To express
the relative permittivity in a global reference frame the rotational matrix, R(9, ¢),

which relates the two reference frames, needs to be applied;
e, = RT(6,¢9) e, R(9, ¢) (2.3)

where 6 and ¢ represent the tilt and orientation of the liquid crystal (figure 2.4). A
third rotation of the ordinary axis about the director is unnecessary, as the uniaxial

symmetry ensures that the relative permittivities are invariant under such a rotation.

When an electric field is applied across the liquid crystal (figure 2.5), the com-
ponents of polarization, P, parallel and perpendicular to the extraordinary axis, are

related to the components of electric field through different values of susceptibility;

PC = €XeEe
PO = 6-XO‘EO

Consequently, the polarization is not parallel to the applied field, but shifted towards
the axis of greater susceptibility. This will create a torque, pulling the induced dipole



towards alignment with the field. The angle the director is rotated by the torque
is dependent on the relative values of x, and x.. In a positive dielectric, where
Xe > Xo the director is rotated towards alignment with the field, in a negative
dielectric, where x. < X, the director is rotated towards alignment normal to the

field. The liquid crystals considered in this thesis are positive dielectrics.

It can be seen that the free electrical energy density of the liquid crystal, in an
applied electric field;

fo= %D-E (2.4)

is dependent on the orientation of the director to the applied field.

2.2.2 Anisotropic Refractive Index

A direct consequence of the anisotropic dielectric property of nematic liquid crys-
tals is that the refractive index of liquid crystal is also anisotropic. The relative

permittivity tensor can be represented by an ellipsoid which is the solution to;
1 -1
D'E=ED'€T ‘D=1 (2.5)

this is called the optical indicatrix, and is plotted in displacement field (figure 2.3).
The refractive index n.g for light with a polarization parallel to D is simply the

radius of the indicatrix in that direction, and hence is given by;

o 1/4 dz (2.6)
f d Jo (coszf(z)_*.sinzg’ﬁ))% .

for light, appropriately polarized, passing through a depth d of liquid crystal, with
#(2) director orientation, and n, and n. ordinary and extraordinary refractive in-

dices, respectively.

If there is a change of orientation in the liquid crystal, brought about by the
application of an electric field, there is also a change in the effective refractive index
for light polarized along the axis of the director. This is unlike the Pockel’s effect
[8], a first order non-linear optical phenomena in solid uniaxial crystals, which is
due to the distortion of the refractive indicatrix, whereas the liquid crystal effect is

due to the molecular movement changing the orientation of the indicatrix.
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It is important to note that the frequencies of the applied electric field, applied to
rotate the liquid crystal, and the electro-magnetic field, of the light which interacts
with the indicatrix, are very different, typically ~ 1 kHz and ~ 10'% kHz respectively.
Even though both the rotation of the liquid crystal in an applied electric field and
the uniaxial indicatrix arise from the dielectric anisotropy of the liquid crystal, the
relative permittivities are frequency dependent and so take different values to the

applied field and the electro-magnetic frequencies.

2.3 [lastic Properties

The re-orientation promoted by the applied electric field is resisted by the elastic
properties of the liquid crystal, which try to maintain its characteristic, orienta-
tional ordering. The difference between these distortions and the distortions in solid
crystals is the absence of positional ordering, and hence the absence of translational
distortions. The elasticity of isotropic liquids arises from changes of density, and
whilst these are present in liquid crystals, the dominant distortions are those due to

variation of the director orientation.

The observable distortions of the director orientation have a minimum spatial
extent of the order of fractions of a micron, which greatly exceed the dimensions
of the molecules. Due to this, for the elastic properties, the liquid crystal can be
regarded as a continuum of smoothly varying director orientations, without reference

to the molecules.

If we consider a local reference frame, (0, ¢, x, A) located with the A-axis parallel
to the director m at the local origin 0, then there are three types of elementary
distortion; splay, twist and bend, with appropriate elastic constants, K;;, Kj; and
K33, respectively (figure 2.6). The use of these three elastic constants in the expres-
sion for the elastic free energy density can be derived from consideration of these

elementary distortions; a brief outline of the argument will be given.

The spatial components of the director can be expressed in terms of small, local

distortions;

n, = ait+ azk + azh + O(r?)
Ne = a4t + ask + agh + O(r?) (2.7)
ny = 1+ 0(7‘2)



where

on, o on, .

8, V ok °
are splay deformations,

on, - on, .

9x o
are twist deformations,

on, e on. _ .

a ax o~ °

are bend deformations, and O(r?) describes higher order terms.

Assuming Hooke’s Law, the density of additional free energy caused by an arbi-

trary distortion can written;
1 .
fK:ZK‘-a’"-’-EZKﬁaia’j; L] = 17276 (28)
3 1]

providing a total of 42 elastic constants. These can be reduced by considering the
following symmetries;

® The elasticity tensor, K, is a symmetrical tensor; K;; = Kj;.

@ The cylindrical symmetry of uniaxial liquid crystals implies that the energy of

the system is invariant to rotation about the A-axis.
® There is no difference in the direction of the director; n = —n.

® The molecules have mirror symmetry.

to four independent elastic constants; Ky, K22, K33 and Kpy. It has been shown
by Ericksen [9], using the divergence theorem, that K4 only contributes to the
surface energy of the system and therefore can be ignored when dealing with the
bulk properties of the material. The elastic energy density can then be expressed in

terms of elementary distortions;

1 on,  on.\’ dn, In.\’ on, .\’
- = o c N _ O Kaa [ 22 n _
I 2{Kll(a¢+an) +K22(3n aL) * 33(aA+aA) (2:9)
This equation can be written in vector notation for an arbitrary deformation;

_1
)

which is known as Frank’s equation [10], and is the principle equation in the con-

[k [Ku (V-n)?+ Kop(n-V xn)?+ Kg3 (0 x V x n)2] (2.10)

tinuum theory of liquid crystals.
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2.4 The Electrical Freedricksz Transition

2.4.1 The Homogeneously Aligned Cell

Consider a film of liquid crystal, sandwiched between two plates of glass (figure 2.7a).
The surfaces of the glass are treated in such a way that the liquid crystal lies nearly
flat to the surface, with a small pre-tilt angle, equal in size and sign on both surfaces,
which ensures the liquid crystal is homogeneously aligned. An electric field applied
across this cell will promote the re-orientation of the liquid crystal to align with the
field. This re-orientation will be resisted by the elastic ordering properties of the
liquid crystal. The resulting director distribution (figure 2.7b) will occur when the
electrical free energy gained by the change in orientation is balanced by the elastic
energy used in distorting the orientational ordering, and hence is the distribution

which minimizes the electrical Gibbs free energy (Appendix A) [11] of the system;
G, = /D(fK — f.)dD (2.11)

where D is the volume of the system, since the cell is held at a constant voltage.
This is the electrical equivalent to the thermodynamical system with its boundaries

held at constant temperature.

The effective refractive index, equation (2.6), for light polarized in the direction
of the director at the surface of the cell, is dependent on the resulting director

distribution. Liquid crystal cells of this type are the basis of the research in Durham.

2.4.2 Voltage Dependence

Examining the terms of the energy equation (2.11), the principle relationship of
the director distribution in the energy minimization can be established. The elastic
energy density, equation (2.9), is expressed in terms of the square of the gradients
of the director orientation. The electrical free energy density, equation (2.4), is in
terms of the dot product of the electric and displacement fields, both of which are
in terms of the gradient of the potential through space. This can be seen when

the electrical energy is expressed in terms of electrical potential V', in the local
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co-ordinate system, (0, ¢, %, ), parallel to the principle axes of the molecule;

av\? av\? v\’
fe= -;-{so (354_) + €, (_6—;:-) + €. (a) } (2.12)

Consequently, the director distribution m is dependent on the potential distribution

through the system, and not the applied electric field.

Consider the case of two cells, of different thicknesses but with the same applied
voltage. The electric fields through the cells will be different, but the orientation of
the liquid crystal will be the same (figure 2.8). The electrical free energy, promoting
the distortion, will be less in the thicker cell, as the fields will be scaled by the
difference in thicknesses. The director distortions will be over a larger distance,
thus scaling the elastic energy contribution as well. The thickness of the cell is

scaled out, leaving the liquid crystal cell as a voltage dependent device.

2.4.3 The Threshold Voltage

As a consequence of the voltage dependence, the voltage at which the electrical
forces overcome the elastic forces, and activation of the device begins, is a constant

of the material. This is known as the threshold voltage and is given by;

7('2K11

Vi = e(ee — €5)

(2.13)

for homogeneously aligned cells [12].

2.4.4 Switching

When considering the use of liquid crystal cells as devices, the switching times are
important. Liquid crystals are by their very nature viscous fluids, and their activa-
tion is through molecular rotation, which acts against the viscosity. The activation

of the cell is driven by the applied voltage, and the switch on time [12] is given by;

d2’71
Ton = 2.14
(V2 - Vi)e(ee — €o) (2.14)

where 7, is the liquid crystal twist viscosity, and d the cell thickness. The switch off

time is much slower as it is not driven by the applied voltage: this the relaxation
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time for the liquid crystal to return the inactive state, once the voltage has been

removed, and is given by [12];

Toﬁ = K117l'2 (2-15)

These switching times are derived for a liquid crystal cell in which the central director
is distorted by a low angle (<50°). The switching times for nematic liquid crystal

are very slow when compared to electro-optical effects of solid crystals.

2.5 Summary

The electro—éptica.l properties of nematic liquid crystals have been introduced. The
elastic properties have been shown to arise from three elementary types of distor-
tions of the director ordering, splay, twist and bend, which are expressed in the
elastic free energy density equations (2.9 & 2.10). The combination of these prop-
erties produce a voltage induced change in refractive index, equation (2.6), in a
homogeneously aligned cell. The resulting director configuration can be considered
as the distribution that minimizes the combination of elastic and electrical energies,
equation (2.11). This effect is voltage dependent, and has a characteristic threshold
voltage, equation (2.13). The switching times of liquid crystal devices are character-
istically slow and are predominantly governed by the liquid crystals twist viscosity,

equations (2.14 & 2.15).

This elementary, continuum theory view of nematic liquid crystal and the elec-
trical Freedricksz transition, in a homogeneously aligned cell, is the basis of this
research project, and the work in Durham, in the design of liquid crystal phase

devices for optical applications.

The view of liquid crystals presented in this chapter is not complete or compre-
hensive, it is written to provide the reader with a platform from which this thesis
and the research in Durham can be appreciated. Some important and central topics
for a more general understanding of liquid crystal have been omitted, some of these

topics are listed below:

e The chemical composition of the molecules, or mixtures of molecules which

form a liquid crystal.
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o The order parameters S and D which describe how well aligned the liquid
crystal molecules are with the director. In continuum theory S is considered

to be constant, and hence is ignored.

o The temperature dependence of liquid crystal properties and the phase changes

between liquid crystal states and the crystalline and isotropic liquid states.

o Molecular models of the liquid crystal, which are useful in determining the

temperature dependence of the liquid crystal properties and phases.

o The magneto-optical properties of liquid crystal, which are analogous to the

electro-optical properties.

o In depth dynamical considerations, especially viscosity and back-flow of liquid

crystal.
o Chiral nematic, smectic, discotic and polymer liquid crystals.
o The second order elastic distortions as included by Nehring and Saupe [13], in

the continuum theory.

Further information about these topics may be found in any liquid crystal text
1,23, 4, 5].
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Chapter 3

The Finite Blement Method

3.1 Introduction

In order to obtain the optical path profile of a liquid crystal device the director distri-
bution which minimizes the electrical Gibbs free energy of these systems is required.
The technique that will be employed for this task is the finite element method. This
chapter provides an introduction to the concepts and techniques used in this thesis,
further information is given in references [1-6]. The application of simple boundary
conditions are described and the error estimator used in the design of an automatic

adaptive mesh, which minimizes the errors expected in the calculation, is presented.

The finite element method originated in structural engineering; modelling struc-
tures comnsisting of discrete rods. The technique was then extended to continuous
structures and continuous functions of physical and engineering problems. The prin-

ciple features of the finite element method are:

o The physical region of the problem is subdivided into finite elements.

© One or more of the dependent variables are approximated in a polynomial
form over each element and hence over the whole domain. The parameters of

this approximation become the unknowns of the problem.

o Substitution of the approximations into the governing equations, or an alter-
native formularization of the system, yields a set of equations in terms of the
unknown parameters. The solution of these equations produce an approximate

solution to the problem.
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If the resulting equations are linear with respect to the unknown parameters a

computer implementation of a matrix inversion can be employed to solve them.

3.2 Principles of the Finite Element Method

3.2.1 Residual and Variatiomal Methods

An approximate solution to a field problem can be found by approximating the m
dependent variables ¥; (i = 1,...,m), by trial solutions ;. Methods of applying

such trial solutions fall into two groups; the residual and variational methods.

In residual methods the substitution of the trial solution into the governing field
equations;
G(¥:) = H(¥s) (3.1)
produces a residual error;
R =H($:) - 6(%:) (32)
which is required to be small for a good approximation. In general, a weighted

function of the residuals is required to obey a smallness criteria;

/ﬁ Wf(R)dD =0 (3.3)

where W is a weighting function, f(R) a function of the residuals such that f(R) = 0
when R = 0, and D is the problem domain. The Galerkin formulation is a residual

method.

In variational methods the solution is the form of ¢; which gives an extremum

value of a functional x(¥;), that is a function in the form of an integral;
O
)=/ L|z;,¢;, =— | dD .
X = [ £ (9 32) 4)
Substitution of the trial solution ; into the functional and the requirement that it
still satisfies the extremal condition leads to a set of equations from which ); can

be obtained.

In many cases variational calculus [1, 2, 7] (Appendix B.2) is used to relate
the governing field equations to a functional. The Ritz formulation is a variational

method.
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When both the Ritz and Galerkin formulations of a problem are possible the
resulting equations and obtained solutions are identical if the same trial solution is

used.

As the problem being considered is an energy minimization, it lends itself directly

to the variational method.

3.2.2 The Trial Solutions

In the finite element method the domain is split up into N finite elements. Nodes are
established, usually at the vertices of the elements and at strategic positions (mid-
sides, centroids etc.) in the interior or at the edges of the elements. Within a finite

element e the dependent variables 1); are approximated by continuous functions;
¥F = (2, 95) (3.5)

in terms of z; (j = 1,...,n) the independent variables and ¥, the nodal values of
; and their derivatives at the nodes (k=1,...,s) belonging to the element. The
simplest form of the approximate function is linear with respect to the nodal values,
Pir; )

¥ = Y Ni(zi)v (3.6)

k=1
where N§;, are Lagrangian shape functions. If the functions are linear in terms of the

nodal values and their derivatives then the shape functions are Hermitian, and the
trial functions have higher order continuity across the domain. The shape functions
are usually simple polynomials of the independent variables z;. They must have the
property of being zero at all the nodes of the element except the node it is associated
with, where it is unity;

1 g=k
0 qg#k

The trial functions ’@f behave as either Lagrangian or Hermitian interpolation func-

N (at node ¢q) = { (3.7)

tions of the nodal values for any point within the element.

The trial function of the whole domain becomes a linear combination of these

element functions;

N N s
$i=Y 9 =3 Y Ni(z;)da (3.8)

e=1 e=1 k=1
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It is important to note that strictly speaking the elements do not share any points,
but the nodal points where elements meet are made to have the same value, thus

imposing the required order of continuity in the trial function across the domain.

An important criterion in the choice of shape function for a successful finite
element formularization is completeness, that is the ability of the shape function to
successfully approximate the function and its derivatives required to construct the

functional.

The elements used in this thesis are some of the simplest conceivable for a two-
dimensional problem, which still have variable dimensions. The problem is divided
up into an irregular rectangular mesh, each rectangle is sub-divided into two right-
angled triangles (figure 3.1), which form the finite elements. A linear shape function

is used to describe the variation of the dependent variable across the element;
¥(z,y) = ag + 01T + gy (3.9)

which can be simply expressed in terms of the nodal values at the vertices of the of

the element;

Wew=[f-3-1 3+5 3+ @ (310)

W3
where b & c are the z & y dimensions of the element respectively, z & y being
measured locally from the centroid of the triangle. This has the form of the La-
grangian interpolant of equation (3.6). The choice of this element will be discussed

in Chapter 8.

3.2.3 The Functional

The problem concerning this thesis is an energy minimization which can be generally

x=/p£<w1~,w,———) dD+/ (m],w, ) (3.11)

with domain D and surface S. A system with a single dependent variable v is

written as;

being considered but the argument can be extended to a system with m dependent
variables 1;. The domain is broken down into N finite elements and trial functions

¢ applied to each element. The functional can then be expressed as the combination
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of all the elements;

X =2 x° (3.12)

Substituting in the trial functions ¢ into the functional gives an expression in terms
of the nodal values 15,. From variational calculus (Appendix B.1), the condition for
a function to be stationary is that its first derivative with respect to each nodal

value, separately, equals zero;
dx

.=

providing an independent equation for each of the nodal values required to describe

0 (3.13)

the approximate trial function over the M nodes (p = 1,..., M) of the system.

If the functional is quadretic-linear, containing only quadratic and linear terms,
with respect to the nodal values and their derivatives then the resulting equations
form a set of linear independent equations of the form;

ox _
0y,

where p and ¢ are system node numbers, and v, represent constant terms indepen-

kpq¥q +vp =0 (3.14)

dent of qu. As there are the same number of equations as unknown nodal values
of the trial function and their derivatives, required to describe the trial function,
the system is directly soluble. The matrix which describes the system is known as

the k-system matrix, k,y,. The contribution from each element can be expressed

separately;
8Xe e je e
-a_zz—z = kkld]l + vk (315)
where k and | are element node numbers, and added individually into the system
equation;
dx N 5ye
A = 3.16
53, ~ 1 0% (318)

The matrix which describes the element is known as the k-element matrix, k..
The finite element approximations ensure that the dependence of each nodal value
is local, dependent only on the nodes of the surrounding elements, hence the resulting
matrix is sparse, mainly containing zeros. The resulting matrix is also symmetrical,
kpq = kgp, and banded if the node numbering is appropriately ordered, the non-zero
elements are restricted to a narrow band about the diagonal, all these properties

are useful for reducing the calculation time required to solve the equations. The
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solution to the equations can be regarded as a matrix inversion;

kpag = ~7p (3.17)
by = —klv, (3.18)

By using the finite element method a system with an infinite number of degrees
of freedom has been reduced to an approximate system with a finite number of

degrees of freedom which can be solved as a set of linear independent equations.

3.2.4 Boundary Conditioms

The boundary conditions fall into two groups, principle and natural boundary condi-
tions. As a natural consequence of variational calculus the gradient of the dependent

variables normal to the boundary surface is zero;

oY

where s; are the directional cosines of the outward normals to surface S. This
extends to the gradient of the trial solution normal to the boundary and is the nat-
ural boundary condition of the system. Consequently, only the principle boundary
conditions need be applied.

The principle boundary conditions occur where the dependent varibles or its
normal derivatives to the boundary are prescribed. The most frequently encoun-
tered boundary conditions are the Dirichlet, Neumann and Cauchy types, in which
only the dependent variables and the first derivates, normal to the boundary are
involved. More comlpex boundary conditions involving higher derivatives can also

be constructed.

For the Dirichlet boundary condition, the dependent variable at the boundary is
prescribed;

Yp=¢€, P=DPi,...,Pr (3.20)

where p represents the r prescribed nodes on the boundary. For the Neumann

boundary condition, the normal derivatives on the boundary are prescribed;

oYy _
3s,; =€, P=DP1,..,Dr (3.21)

22



The Cauchy boundary condition occurs when there is a prescribed relationship be-
tween the dependent varible and its derivative at the boundary;

%%

55, T dyip, = 0 (3.22)

Only Dirichlet boundary conditions will be considered here.

A Dirichlet boundary condition may be directly applied by replacing some of the

system equations with the boundary equations (3.20). For example, if a system is
described by;

ki ke ki3 ki ks | | 1 Q1
kav ko kaz kos kos | | 42 Q2
ks ksz kss kas kas | | Y3 | = | @s
ka1 kaz ka3 kaa kas | | Y Q4
ksi ksa ks3 ks kss | | Vs Qs

with prescribed values;

"1;1 = €6
Vs = e
the prescribed values may be inserted into the matrix;

1 0 0 0 0 |[# e
ko kaz kas kos ka5 | | 9o Q-
k31 ka2 k33 ks ks | | s | = | Qs
0 0 0 1 0 || es
ksi ks2 ks3 ksa kss | | ¥s Qs

breaking the symmetry of the system matrix, the symmetry can be restored by

rearranging the terms associated with the prescribed nodes;

10 0 00 o €1
0 kaz ko O kas | | 92 Q2 — kare1 — kogey
0 ks2 ksz O kss | | ¥3 | = | Qa— karer — kaqeq
00 0 10 Uy e4
0 ksz ks O kss | | ¥s Qs — ksieq — ksaeq

The prescribed nodes can be removed completely from the system matrix, reducing

the size of the calculation;

ka2 kas kes | [ ¥ Q2 — kare; — kageq
ka2 kaz ka5 | | Y3 | = | @3 — kner — kageq
ksa ks3 kss Ps Qs — ksie1 — ksseq

These two boundary conditions are sufficient for the problem this thesis is concerned

with.
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3.3 [Error BEstimation and Adaptive Mesh Generation

The finite element method produces an approximate solution to the set of field
equations. The difference between the ezact and approzimate solution; for example

the error in the function or its mth derivative;
e = ™ — Hlm) (3.23)

decreases as the size of the finite elements, h, are reduced or the order of the poly-
nomial, p, in the trial function is increased. For a well defined element the error

should tend to disappear as the size of the element tends to zero; ¢ — 0 as h — 0.

In order to establish how accurate a given approximate solution is an estimate
of this error is required (an @ posteriori error estimate), to find the true error the
exact solution is required, which is not often available. With knowledge of the
estimated error it is possible to improve the approximations of the finite element
analysis, to achieve a specified accuracy economically with respect to computation.
This refinement may be achieved by either reducing the size of the finite elements,
h-adaption, increasing the order of the polynomial used in the trial functions, p-
adaption, or combining both techniques, hp-adaption. The method used in this
thesis is h-adaption, the reason for this choice will be discussed in Chapter 8.

This section will introduce the error norm used in this thesis and the convergence
rate of the function and its derivatives, followed by the method of error estimation

used and the adaptive mesh refinement strategy employed.

3.3.1 Error Norms and Convergence Rates

There are many error norms that can be used to quantify the difference between the
ezact and approzimate solutions, in this thesis the L, norm (3, Chapter 14| of the

first derivatives of the dependent variable will be used;

(6 = )" = dupa]’ (320

€|

o = [f@ -9~ der] (3.25)
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which can be constructed over the whole domain D, subdomains, or the individual

elements D,, and the squares of which combine additively;

N
e = 3 I (3.26)
e=1

These error norms will be compared to the norms of the first derivates of the func-

tions;
el = [/D zbfwde]% (3.27)
wl = [ viuan]’ (3.28)

which can be constructed and combined as the error norms.

The exact solution can be expressed as a Taylor expansion in the vicinity of any

point, (Z,7) in two-dimensions;
- - - 1- 1- -
Y(z,y) = ¥+ ¥.6° + P6¥ + 5@/}::(6’)2 + 5%(6?’)2 + 0, 0% + ... (3.29)

using notation 6* = ¢ — %, Y = y — § and ¢ = ¥(%,9), ¥. = 0¥(Z,7)/0z, etc..
Within an element of size h described by a trial function of polynomial of degree p,
the trial function can locally fit the Taylor expansion up to the same degree. The
error is then the size of the truncated part of the expansion, hence of order O(h?*1).
The error with respect to the mth derivative of the finite element solution is of order
O(h#*1~™). This provides the convergence rate of a finite element solution to the
exact solution. In the case of a linear element the function is of order O(h?) and
its first derivative O(h). A more mathematical argument for the convergence rate

is presented in reference [6, p 106].

3.3.2 Error Estimation

Normally, the exact solution is not available to compare with the finite element
solution to evaluate the error. A method of obtaining an a approximate solution,
3*, which is a higher order approximation of the exact solution, than that supplied
by the finite element method is required. The error can then be estimated by

comparing these two approximations;

€& R Y-, (3.30)
& R Y=Yy (3.31)



There are points in a finite element at which the convergence rate for the deriva-
tives are at an order, O(h), higher than the global convergence, these points are
known as stress points [6, p 151]. Reference [6, p 168-9] shows that the first deriva-
tives of the function are im error at ‘typical’ points within the element of order
O(h*~1), but the average error of the element is of order O(h?), suggesting that
the error must rapidly change sign in the element. With a priori knowledge of the
positions of these sign changes, a higher approximation of the derivatives can be
obtained. This property of improved accuracy is known as superconvergence, a brief

summary of which is given in reference [8].

The error estimator employed in this thesis relies on the knowledge of the super-
convergent points in linear triangular elements. It has been predicted [6, p 169] and
proved [9] that the tangential derivatives have exceptionally accurate values at the
midpoints of the element edge, but not the normal derivatives. An analysis of super-
convergent points based an the use of Taylor series expansions has been presented
[10], clearly demonstrating the improved accuracy of the tangential derivatives at
the midpoints of the edges of linear triangular elements. This analysis applied to lin-
ear triangles is presented in Appendix C and applied to the shape function employed
in this thesis (section 3.2.2).

Once these higher order values of the tangential derivatives at the edge midpoints
have been obtained a piece-wise linear approximation function of these derivatives
may be constructed by interpolation of the values to the nodal points of the elements.
These recovered gradient functions are clearly a higher order approximation than
the finite element approximation of the gradient, which is only a piece-wise constant
function. The recovered gradients contain information about the curvature of the
function, Y.z, Y.y & yy, which the linear finite element approximation cannot
contain. As the finite element solution cannot describe this curvature, this represents
the biggest error in the approximation. It is expedient to ensure that this error is
divided up equally among all the elements and kept below certain limits. The

strategy for achieving this is the topic of the next section.

The above argument is presented graphically for a one-dimensional situation in

figure 3.2. If a function is approximated in one-dimension by a linear approximation;
P(z) = P(Z) + Yu(2)6° (3.32)
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Figure 3.1: A Linear Right-Angled Triangular Element

<l

Figure 3.2: Gradient Recovery in a One-Dimensional Example
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the first derivative is described by a constant within each element;
bel(2) = ¥.(2) (3.33)
The projected gradient is described by a linear function within each element;
Yo () = ¥o(Z) + ¥2:(2)5° (3.34)

which includes a curvature term, ¥,,. The error in the finite element approximation

can be viewed in terms of this curvature;

€ =P — Py = Vg, ()6 (3.35)

which converges with order O(h) (or O(6%)) with respect to the first derivative of
the function.

This method provides a very direct and easily calculable estimation of the error

which is applicable to the model developed in this thesis.

3.3.3 Adaptive Mesh Refinement

Once an estimate of the local and global error has been made, knowledge of the
convergence rate can be employed to redesign the mesh in order to achieve a required
accuracy, optimally fulfilling any global and local error requirements. The strategy
used to achieve this is presented in reference {3, Chapter 14]. The consensus of what

accuracy 1is acceptable is between 5-10% for engineering problems.

The global requirement for an acceptable solution is that the error norm falls

below a specified percentage of the L; norm upon which it is based;

lel < nl¥| (3.36)

where 7 is the specified value of permissible relative global error. A global parameter,

€;, can be defined;
€]
& =

T iyl
where §; < 1 indicates satisfaction of the global requirement and ¢, > 1 that further

(3.37)

refinement is necessary.
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The local requirement for an acceptable solution is that the error is evenly dis-

tributed over all the elements, to ensure an optimal mesh;
lele = |l (3.38)

where e/, is the error norm of element e and |e|, is the ‘required’ element error norm.

A local error parameter can be defined;

(3.39)

where €, = 1 indicates an optimal element size, {, > 1 refinement is required and

€. < 1 mesh depletion is required.

The criterion of the required element error norm |e|, used in this thesis is that of
spreading the error evenly over all N elements, noting that the squares of the error
norms are additive;

=l
el = 5 (3.40)

where |¢| is the global error norm. Others can be used, such as the requirement that

the error is distributed evenly for every unit area of the elements [11];

D,\?
r = —_— 41
el = Iel (=) (3.41)
where D is the problem domain and D, the domain of the element.

Combining the global and local error requirements, a single element refinement
parameter can be constructed;
ellele _ Jel. VF
nl¥'[lel.  nld|

This parameter, combined with knowledge of the convergence rate of the system,

Ee = ge‘fg = (342)

can be used to determine the size of the elements in a new mesh which fulfills both
the global and local error requirements. It has been shown that the convergence
rate of the mth derivate of a function described by a polynomial of order p over an
element e of size h is O(RP*1~™) hence the new element size which fulfills the local
and global error requirements should be no larger than;

h

Ppew = — 3.43
¢ (3.43)

where
1

£=¢rm (3.44)
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An adaptive strategy based on this was employed in this thesis.

It was reported in reference [11] that a modification of this refinement is often

used;
¢ = (a&.)* (3.45)

where a is a relaxation constant and » a new exponent, which is taken as (p+1—m)
except adjacent to singularities where the strength of the singularity is taken, n = A.
It was also reported that the use of a = 1 and n = (p+1—m) led to inconsistent mesh
refinement, which oscillated between over-refinement and over-depletion of areas of

the domain in successive iterations of adaptive mesh refinement.

It was pointed out that the combination of £, and £, in equation (3.42) presumes
that the convergence rate of the error within each element is the same as the global

convergence rate;
le| ~ O(hP+~™) (3.46)

This however does not account for the effect of the change of the element size on its
contribution to the global error, remembering that the contribution of the squares

of the error norms are additive, the convergence rate of an element can be written;
1
el > O(RPHI"™)DZ ~ O(hPFI-m+4/2) (3.47)

This accounts for the ‘sharing out’ of the global convergence over elements of chang-
ing sizes, where d is the number of dimensions of the space considered. Consequently,

the correct refinement parameter is given by the combination;

¢, = EFFTI R (3.48)

The oscillations are reported to disappear with the use of the correct mesh refinement

parameter, £..
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3.4 Summary

The principle features of a finite element method have been introduced. Finite ele-
ment methods have been shown to fall into two groups, residual and variational, the
variational method is used in this thesis. The division of the problem domain into
finite elements, in which the dependent variables of the problem are approximated
by either Lagrangion or Hermitian interpolation functions, was described, and the
linear, right-angled triangular elements used in this thesis were provided for an ex-
ample. Following the variational method it was shown that the application of finite
element approximations to a functional, which is required to be extremal, provides
a set of independent equations, in terms of the nodal values of the dependent func-
tion. If the functional is quedratic-linear with respect to these nodal values then
the equations form a set of linear independent equations which can be solved by the
computer implementation of matrix inversion. Two types of boundary conditions
were considered; the naturael boundary conditions, which are fulfilled as a conse-
quence of variational calculus, and the principle (Dirichlet), prescribed boundary
conditions, which can be imposed by substitution into and rearrangement of the set

of system equations.

It was observed that the difference between the ezact and approzimate solution
decreases as the size of the elements, h, decreases or the order of the approximation
polynomial, p, increases. An error norm was introduced and the convergence rate of
the approximate function and its derivatives was discussed. An a posteriori method
of estimating the error of a finite element solution was described, exploiting the
superconvergence of the tangential derivatives at the midpoints of the edges of linear
triangular elements. The use of these estimates in the development of an optimal
mesh which fulfills global and local error criteria was described, and it was observed

that the adaptive mesh refinement strategy was inprecise and could be corrected.

The variational finite element method is directly applicable to the minimization
of the electrical Gibbs free energy described in Chapter 2. The motivation for solving
this energy minimization problem is described in Chapter 7. The use of the methods
and techniques described in this chapter is described in Chapter 8, in the context of

solving this problem.
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Chapter 4

Nematic Liquid Crystal Optical Devices

4.1 Introduction

Since the early 1970’s twisted nematic liquid crystal devices have been used as
electronic displays, initially in watches and calculators, and nowadays as flat panel
colour liquid crystal television displays. Consequently, the technology for the man-
ufacture and development of these devices is established, leading to low cost and
good reliability. Research at Durham has concentrated on exploring the potential
of using this existing technology to develop optical devices, exploiting the voltage
controlled phase modulation of homogeneously aligned cells described in Chapter 2.
By selectively applying voltages to regions of the liquid crystal, through designed
electrodes, a variety of optical devices may be realised, including the potential of

voltage controllability of the refractive index.

In this chapter a liquid crystal cell is described. A brief comparison is made
between the use of twisted nematic and homogeneously aligned liquid crystal devices
as optical devices. A general statement of the ideal requirements of the desirable
optical devices is made, followed by an introduction to already existing devices,

which fall into two groups, diffractive and refractive devices.

The possibility of cascading devices to create composite devices is mentioned.
Methods of extending the operation of these devices from a single polarization of
light to unpolarized light are presented. A summary is given of the techniques that

may be employed to enhance the switching speeds of these devices.
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4.2 The Liquid Crystal Cell

The liquid crystal cells investigated in Durham were constructed by various per-
sonnel at GEC-Marconi Hirst Research Centre laboratories. The following section

reproduces almost verbatim the form of the cell which is described by Williams [1].

4.2.1 Basic Cell Components

Optically flat (~ A/4) Indium Tin Oxide (ITO) coated glass slides are used as
the liquid crystal retaining bottle. Various thickness ITO coatings have been used,
especially 25nm (200€2/sq) and 125nm (30€/sq) thicknesses. The resistance per
square, o, is related to the resistivity of the material, p, by; o = p/t, where t is the
thickness of the conductor. A polyimide coating layer is added after the electrode
structures have been etched in a solution of hydrochloric acid, de-ionized water and

nitric acia (ITO etch). The purpose of this layer is twofold,;

o It acts as a planarizing layer, producing a flat even surface above the etched

electrode pattern ensuring a constant liquid crystal film thickness across the

cell.

® This layer is buffed or scratched in one particular direction, to introduce align-
ment constraints in the liquid crystal. It has long been acknowledged that the
rubbing of a surface induces uniform alignment of liquid crystals, with the

nematic director nearly parallel (<2°) to the substrate surface [2].

Glass fibre spacing rods are used to maintain a constant separation of the glass
slides. These are cylindrical in shape and very uniform in size. The liquid crystal
employed throughout this project was E44 (supplied by Merck Chemicals, formerly
BDH Ltd). It has a large, stable liquid crystal temperature range (-6°C to 106°C)
and a high optical birefringence (0.262 @ 589.6nm).
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4.2.2 Cell Operation

The model developed in this thesis assumes that the liquid crystal exists in an
electro-static environment. Consequently, throughout the majority of this thesis
the liquid crystal cells are described as being driven by a constant dc voltage, it is
important to note that this is not strictly true. In practice, a low frequency (~1kHz)
square wave is used, which prevents the electro-chemical breakdown of the liquid
crystal. This square wave also negates the effect of the molecules’ permanent dipole.
The frequency is too high for the molecules to response to the change in polarity of
the applied field, consequently they responds to the time average of the field, which
is zero. The use of a 1kHz square wave illustrates the slow response of the liquid
crystal, no switching could be expected on this time-scale. The electrically induced
dipoles are able to flip their polarity at a much faster time-scale, keeping pace with
the field’s polarity. The frequency is low enough for the system to be considered to
behave electro-statically. The dielectric properties are considered to be the driving
mechanism of the cell, as described in Chapter 2. This assumption is made in the

model developed in this thesis.

4.3 Twisted Nematic Ligquid Crystal Display Devices

Twisted nematic liquid crystal displays [3] are constructed with a 7 /2 twist between
the director at either surface of the cell (figure 4.1a). Polarisers are aligned with
the director on each side of the cell. Light entering the cell is polarized along the
director. The helix described by the director through the cell acts as a wave-guide,
rotating the plane of polarized light through 7/2. The second polarizer permits the
transmission of the rotated light. The application of a voltage across the cell will
cause the positive anisotropic liquid crystal to align with the field (figure 4.1b). The
helical wave-guiding properties are destroyed. The light then passes through the

cell, without alteration to its polarization, and is blocked by the second polarizer.

Displays are built up from small regions of the cell, which are addressed by
independent voltages. For simple displays, such as watches and calculators, the
elements are relatively large representing a segment of a digit, each digit being com-

posed of eight segments including the decimal point. Each of these segments could
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Figure 4.1: Twisted Nematic Liquid Crystal Cell
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be addressed individually by a single connection. For larger displays the required
connectivity becomes technologically impossible and time multiplexed addressing
techniques are used. The amount of time multiplexing is limited by the response
time of twisted nematic liquid crystal. The steep voltage response of supertwisted
nematic liquid crystal configurations allows for a higher degree of multiplexing in
non-grey scale display applications. For television applications where fast response,
high contrast, wide viewing and a large number of grey levels have to be achieved,
actively addressed twisted nematic liquid crystal displays which comprise an inte-
grated solid state driver in each pixel are required. This is technologically very
demanding. Therefore research presented in this thesis on liquid crystal optical de-
vices is concerned with systems consisting of very simple connectivity. In future, it
may be necessary to investigate more sophisticated and technologically demanding

addressing techniques.

Twisted nematic liquid crystal devices could be used as amplitude blocking holo-
graphic elements, but with greater resolution and precision than that used in simple
display devices [4]. Such devices have the immediate disadvantage over the phase
holographic equivalents, since blocking the light reduces the optical through-put of
the device by 50%, hence reducing its optical efficiency by four-fold.

Both twisted, and homogeneously aligned liquid crystal devices could be used as
spatial light modulators. In this application the light passing through the modulat-
ing elements propagates rectilinearly, hence the resolution requirements are not as
stringent as in holographic elements. To generate an array of spatial light modula-

tors, time multiplexed addressing techniques are required.

4.4 Optical Devices

By careful design of the electrodes and applied voltages, a spatially varying phase
surface may be produced in the plane of the cell. These voltages may be varied, so

modifying the phase surface with time.

In order to achieve a successful liquid crystal optical device, the performance of
that device should approach that of the solid state equivalent, or at least reach a level

of performance which is acceptable for its intended application. More importantly,
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there should be a justification for incorporating liquid crystalline materials into
the devices, as opposed to simply etching the required phase surface in a passive
medium. Hence, a useful voltage-dependent modification would be advantageous,
the simplest manifestation of this is the ability to switch the device on and off. The
performance requirement may be relaxed if a useful switchable effect is achieved

which could not otherwise be realised.

The use of liquid crystal materials in electro-optical components have some ad-
vantages over the faster switching, solid state uniaxial crystals. The liquid crystal
devices in question are activated by the application of relatively low voltages, typ-
ically a few volts. Consequently power consumption is very low. Liquid crystal
materials can also exhibit large values of birefringence (0.262 @ 589.6nm for E44
at 20°C). Therefore thin liquid crystal films (~10 pm) can introduce several wave-
lengths of change in the optical path length. This is several orders of magnitude
thinner than that required by solid crystals to produce only half a wavelength of
change at much higher voltages, of the order of kV. Liquid crystal display technology

is well established, providing good reliability and ease of manufacture.

Two approaches may be employed to implement an optical device in a liquid

crystal cell:

o A diffractive phase structure can be produced by activating regions of different

phase, incident light then diffracts about this structure.

e The phase surface may be varied spatially across the device to mimic the

optical path profile of a solid, refractive device, for example a lens or a prism.

4.5 Diffractive Devices

The simplest diffractive phase structures are binary, where selected regions produce
a phase change of 7. These can be achieved in a thin film of liquid crystal (~2um),
with the diffraction pattern etched onto one electrode and the other electrode left
as a planar earth plate. These devices can be driven by one or two different applied
voltages, making the addressing trivial. The diffractive properties are entirely de-

termined by the electrode structure, the voltage determining whether the device is
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switched on or off, or mix between the two states if a phase is applied which is not

an integer number 7. This makes these devices inflexible.

The diffraction pattern formed by any diffractive structure is scaled by the wave-
length of the illuminating light. Any optical properties depending on the diffraction
pattern will also be scaled. The change in scale across the visible spectrum can be

quantified by;
A(650nm) — A(450nm)
A(650nm)

hence any diffractive device will exhibit strong chromatic aberration.

x 100% ~ 30% (4.1)

The performance of such devices is determined by how faithfully the liquid crystal
reproduces the required phase surface, i.e. the contrast in phase between adjacent
regions of liquid crystal which are switched on and those which are off. The limit of
what scale these devices can be produced at is also important, the minimum feature
size and the resolution of the features achievable in this technology being critical

quantities.

Two examples of binary diffraction patterns are provided below;

o A diffraction grating, which relies on Fraunhofer, far field, diffraction.

o A Fresnel zone-plate lens, which relies on Fresnel, near field, diffraction.

4.5.1 Diffraction Gratings

The simplest holographic diffraction element is a diffraction grating. A voltage can
be applied to a periodically etched electrode, such that the liquid crystal retards
the phase of the light passing through by 7. Such a device can be switched on and
off. A development of this is the interlaced diffraction grating (figure 4.2), in which
two dependent grating electrodes are etched. These can be selectively switched,
changing the periodicity of the grating, so switching on and off various diffraction
orders (figure 4.3).

Considering the interlaced diffraction grating structure (figure 4.2), the prob-
lem of connectivity in simple electrodes structures is evident. This being a one-

dimensional pattern allows for the connecting of the grating lines at the top and
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Figure 4.3: Diffraction Patterns from Interlaced Diffraction Gratings
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bottom of the diffractive element. To implement a third switchable diffraction grat-
ing would require the independent addressing of each grating line. For a single layer
of ITO with a two-dimensional diffraction structure, the implementation of one fully

connected diffraction pattern is all that can be straightforwardly achieved.

The diffraction orders occur at angles of deflection given by;

sind = n—l)\— (4.2)

where n is the number of the diffraction order and [ the length of the grating period.
The deflection angles are dependent on the illuminating wavelength, A, hence the

gratings exhibit strong dispersion or chromatic aberration.

Equation (4.2) shows the limit of the diffraction patterns that can be achieved
in a liquid crystal device, the broadest diffraction pattern being produced when the
grating period is twice the minimum feature size that can be successfully incorpo-

rated in a hiquid crystal cell.

The diffraction patterns for this section were obtained by analytically solving

the one-dimensional Fraunhofer diffraction integral [6, section 11-3].

Devices consisting of six interlaced diffraction gratings, two geometries at three

different scales, were manufactured by GEC-Marconi and investigated in Durham

[5].

4.5.2 Fresnel Zone Plate Lenses

A binary, circular symmetric diffraction structure can be designed, which focuses
light to a point at a focal length, f, from a diffraction screen (figure 4.4). The
diffraction structure is based on Fresnel half-wavelength sub-divisions of a plane
wavefront, incident on the zone-plate, with respect to the focal point. The zone
boundaries occur when the optical path length from the zone-plate to the focus
changes by half a wavelength. It can be shown, using Pythagoras’s theorem, that
the circular zone radii are given by [7];

n2)\2

= A
R, nAf + y

(4.3)
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where A is the wavelength of light the zone-plate is designed for and = is the index

of the zone.

It can be shown [6, section 10-3] that the contribution from alternate zones are of
opposite sign, with a slowly diminishing magnitude, varying slowly with the obliquity
factor. The effect of consecutive zones is to nearly cancel each other out completely.
A focus can be formed by blocking alternative zones, allowing for the constructive
contribution of the remaining zones. This is known as an amplitude blocking, Fresnel

zone-plate, which has efficiency with respect to intensity of 100/72 % ~ 10%.

The low efficiency is partly due to the fact that half the incident light is being
blocked. The amplitude at the focus can be doubled by instead of blocking the
incident light from alternate zones, phase retarding it by =, so reversing its contri-
bution, thus increasing the efficiency with respect to intensity by four-fold. This
illustrates the‘ advantage of using phase-retardation instead of amplitude blocking

in diffractive components.

The reason that phase-retarding Fresnel zone plates are only ~ 40% efficient
can be seen by considering the diffraction of the incident light by the Fresnel zones
(figure 4.5). The zones behave as a diffraction grating of non-linear periodicity,
whose first diffraction order is designed to converge to a focus. There also exists a
diverging first order diffraction order, which corresponds to an imaginary focus, of
the same focal length, behind the lens. In addition the higher orders of diffraction
form additional foci, both converging and diverging, at the odd fractions of the focal

length, £f/3, £f/5, ..., are formed.

The geometry of the Fresnel zones are dependent on the design wavelength,

equation (4.3), which can be approximated by;

R, ~ \JnAf (4.4)

(B s

Consequently, a zone-plate illuminated with a different wavelength, X', behaves as

a lens of a different focal length;

with a relative error given by;

Y, (4.6)
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hence zone-plates exhibit strong chromatic aberration.

A study has been made of the chromatic aberration of liquid crystal devices, and
a poly-chromatic, binary Fresnel lens has been designed [8]. The radial zone period
of a binary Fresnel lens was varied in such a way as to allow different wavelengths
to couple into different axes of the lens. The resulting lens designs were shaped as
an oval, or a six pointed star (figure 4.6), depending on the period of the radial
variation. The result was a compromise between the bandwidth of light focused,

and the proportion of incident light focused from each wavelength.

The aperture size of a Fresnel zone-plate lens is determined by the minimum
feature size that can be achieved in the phase surface. As can be seen from the zone
radius equation (4.3), the zones become progressively narrower the further out from
the centre. The point where they can no longer be effectively implemented is an
important design limit, and limits the f-number of the lenses that can be fabricated.
It can be shown that this limit is given by;

f . ARmiN
2Ry~ A

(4.7)

using the approximation, equation (4.4), where Ry is the full radius of the lens and
AR n the minimum zone size that can successfully be implemented. The transition
between the active and inactive regions becomes more significant the narrower the
zones, as the proportion of the zone taken up by this transition becomes larger,

degrading the performance of the device.

Two such lenses, /20 and f/10, have been implemented as liquid crystal devices,
and have been characterized and investigated by Williams et al. [1], [9], ..., [14],

demonstrating spot sizes approaching the diffraction limit.

Recently, Tam et al. [4] have used a spatial light modulator with pixel size of
30um x 60um to produce an eight-phase-level f/140 Fresnel lens. The use of several
phase levels increases the efficiency of the device as the resulting optical path profile
more closely approximates that of an ideal lens. This idea will be explored further

in Chapter 5.
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4.8 Refractive Devices

The phase surface, produced by the liquid crystal, may be varied spatially across the
device to mimic the optical path profile of a solid, refractive device. The total optical
path change that can be achieved across the device is limited to the product of the
birefringence and the liquid crystal film thickness, And. Practical cell thicknesses
are limited to the order of 20pm, thick cells (>100um) suffer from poor liquid crystal
alignment {15]. Thicker cells also have the disadvantage of increasing the switching
times (equations (2.14 & 2.15)). So even with a highly birefringent liquid crystal,
such as E44, liquid crystal refactive devices are limited to having low refractive

powers.

It is important to note that even though the optical path length of And is
used throughout this chapter this full optical path length change cannot usually
be obtained, since the liquid crystal near the boundaries of the cell is never fully
rotated, even at high voltages. A more realistic quantity would be between 90-95%
of this value, but for the following discussion And is used for brevity.

To achieve a spatially varying optical path across the cell, a spatially varying
voltage distribution needs to be applied. Consequently, the voltage addressing is less
straightforward than in the binary, diffractive devices. Two alternative approaches

are provided in the devices below;

o the monolithic prism uses a single current carrying electrode, which provides

a continuous variation in voltage,

e the adaptive lens uses discrete electrodes, applying independent voltages, sup-

plying a sampling of the ideal voltage distribution.

The optical properties of these refractive devices are dependent on the applied
voltage, providing the attractive possibility of voltage controlled devices. Important
properties of the devices may be modified, such as; the pitch of a prism, or the focal

length and translational position of a lens.

Refractive devices do not have the disadvantage of strong chromatic aberration of

diffractive devices, but liquid crystals are dispersive media, that is the birefringence
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is wavelength dependent (An ~.0.33 @ 450nm and An ~ 0.25 @ 650nm, for E44 [16,
17, 18]). This will lead to chromatic aberration, as any optical path change across
the device using a proportion of the birefringence will vary with the birefringence.
The change in birefringence across the visible spectrum can be quantified by;

An(450nm) — An(650nm)
An(650nm)

x 100% ~ 30% (4.8)

Any optical property depending on the optical path length change across the device
will vary accordingly, causing significant chromatic aberration. The dispersion in
Crown Glass (n ~ 1.528 @ 434nm and n ~ 1.514 @ 656nm) would cause a variation
of ~3%. It is important to note that the chromatic aberation due to refraction is in

the opposite direction to that due to diffraction.

As in the diffractive devices, the performance is determined by the accuracy of
the phase surface produced. The required phase surfaces are in this case continuous

and smoothly varying.

4.6.1 Monolithic Prisms

A linear variation in voltage across the cell can be implemented by applying a
potential drop across a planar electrode. This continuous variation in potential
across the cell produces a continuous phase surface. Such a device can be used as
a low angle prism whose pitch, the angle light is deflected through, is continuously
variable with the applied voltages. The maximum deflection achievable by such a

device is given by;

And
{

where An is the birefringence of the liquid crystal, d the cell thickness and [ the

@ & arctan ( (4.9)

length of the prism electrode. Even with a short, fat cell (10mmx20 pm) of highly
birefringent E44 (An ~ 0.262 @ 589.6nm), only small deflection angles may be

achieved (< 2 arcminutes).

The optical path response of any nematic liquid crystal to an applied voltage is
non-linear. There is no response up to a threshold voltage (~0.9V), then there is an
approximately linear response up to a higher voltage (~1.8V) and for the high volt-

age region there is a reciprocal relationship (figure 4.7). The phase surface produced
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by a linear voltage distribution will reflect the non-linear phase response, degrading
the performance of the liquid crystal prism. The operation of the device could be
restricted to low voltages where the response is approximately linear, reducing the

maximum prism pitch which can be attained.

Dropping a voltage across the planar electrode, will cause the dissipation of
electrical energy to heat energy in the cell, at a rate of V2/R, where V is the applied
voltage and R the resistance of the electrode. As the conductor is sandwiched
between two plates of glass, which act as thermal insulators, there is a potential
problem in the heating up of the device, changing or destroying the liquid crystal
properties. Heating problems were observed in the first current carrying prism
constructed in Durham [19]. Consequently, it is important to keep the resistance of

such current carrying electrodes high.

Low angle, monolithic liquid crystal prisms of this type have been under investi-
gation for their potential application in the astronomical adaptive image correction
project, MARTINI, by Love et al. [16].

4.6.2 Adaptive Lenses

The cross-section of a lens can be approximated by applying an appropriate set of
voltages to a series of strip electrodes, producing a cylindrical lens [20]. A two-
dimensional, spherical lens can be produced using two one-dimensional, cylindrical
lenses (figure 4.8), with the strip electrodes orthogonally aligned [21]. The focal
length and translational lens position can be controlled by the applied voltages.

From geometrical optics, the optical path lengths of the rays converging on the
focus are the same, hence by comparing the optical path lengths of light passing
through the centre and the extreme edge of the lens, a limit on the minimum focal

length can be found [20];
RZ
'™ 3And

where R is the radius of the lens, this also limits the f-number attainable.

(4.10)

The use of strip electrodes to produce a one-dimensional phase surface illustrates

the connectivity problem, to produce a two-dimensional surface would be difficult to
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achieve by this method of direct addressing. The strip electrodes can only approx-
imate the required phase surface by providing a sampling of it. In addition there
are inter-electrode gaps, in which the required phase surface is not maintained.
The problem of obtaining the required phase surface is the opposite to that of the
diffractive devices. In the diffractive devices, a sharp transition is required between
the activated regions under the electrode and the unactivated regions in the inter-
electrode gaps. In these devices the phase surface is required to be smooth, and the

inter-electrode gap is required to take the phase of the surrounding electrodes.

Research of these liquid crystal adaptive lenses has been conducted by Kowel
et al. [20, 21, 15]. A lens constructed from 30um electrodes with 30um gaps, at
various thicknesses, 25um, 50um & 75um, with an aperture of 3.84mm, at two focal

lengths, 5m and 7m, have been reported [15].

4.7 Cascading Devices

The physical thickness of these liquid crystal devices is relatively narrow, the two
1mm thick layers of containing glass making up the majority of the width. Conse-
quently, several devices can be stacked in series, or cascaded, in very little space.
This space can be further reduced if a cascaded device is built up from layers of

liquid crystal separated by narrow layers of partitioning glass.

An example of the cascading of devices is the use of two cyliﬁdrical, adaptive lens
to behave as a spherical lens [21]. Another example has been presented [22]; three
binary Fresnel lenses where cascaded in series with a glass lens, in order to produce
a system which could switch between 2 focal lengths, by the application of three
independent voltages. Unfortunately, the low efficiency of the binary Fresnel lens
caused the intensity of the focus to be successively reduced to ~40% by each active
lens. In addition, the other orders of focus combined with each other, creating foci
of comparable intensity to the principle focus. It is important that the efficiency of

each component is high to avoid these successive losses.

50



Liquid Crystal Cell with
Components of Vertical Boudary Director
in-coming Light Orientation

A

Oanly the Vertical Component is
affected by the Liquid Crystal Cell

The Double Passage through the
Quarter Wave Plate rotates the
Polarization Components of the
Light
Quarter Reflective
/ Wave Plate Surface
n
i
-
/ .
The Second Passage '
through the Cell effects

the other Polarization

Figure 4.10: Using a Quarter-Wave Plate to Modulate Unpolarized Light with a
Single Liquid Crystal Device

51



4.8 Unpolarized Light

The voltage modulation of the optical path exhibited by the liquid crystal only af-
fects the component of the light parallel to the director orientation at the substrate
interface (figure 4.9). This leads to the use of these liquid crystal devices with plane
polarized light. The operation of these devices can be extended to unpolarized
light by cascading two identically designed devices, fabricated with orthogonally
aligned boundary director orientations. Each device operates on one of the orthog-
onal components of the incident light. The focusing of unpolarized light by liquid
crystal adaptive lenses [20] and liquid crystal binary Fresnel lenses [1, 10] have been
demonstrated using this technique.

A variation on this method using the double passage of a single liquid crystal cell
and a quarter wave plate has been developed (figure 4.10) [23]. The first passage
through the cell modulates the component of the unpolarized light parallel to the
boundary director orientation. The double passage of through the quarter wave
plate has the effect of rotating the orientation of the two component polarizations
through 7 /2. On the second passage, the previously uneffected component is then
appropriately orientated to be modulated by the liquid crystal cell and the previously
modulated component can pass through unmodulated. In this way a single cell can
be used for both components of the unpolarized light, thus avoiding any potential

problems in aligning two cascaded devices.

Another single device method has been proposed [24] for binary diffractive de-
vices. For the operation of a binary diffractive device only alternate zones need have
the refractive index dependent on the applied voltage, for a single polarization. By
aligning the boundary director of alternate zones to be orthogonal (figure 4.11a)
the refractive index of zone Z is dependent on the applied voltage and zone J is
independent, for vertically polarized light. The reverse is true for horizontally po-
larized light. Consequently, the required binary diffractive structure is present for
both components of arbitrarily polarized light in a single passage through the de-
vice, avoiding any alignment problems. Both polarizations are affected at the same
point along the optical path unlike the previous two methods in which the position
each polarization is affected is separated by the partitioning glass, and the double

passage through the quarter-wave plate in the second case.
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In such a device the zones are constructed by the boundary director orientation
instead of the electrode geometry, a planar electrode is used for these devices. Con-
sequently, the zone resolution is not limited by the restrictions of ITO wet-etching
(section 6.2) and there will be no fringing fields between the zones (Chapter 7). This

technique is however limited to binary diffractive devices.

In order to comstruct these devices the zone structures on both surfaces need to
be carefully aligned. This can be avoided by the use of homeotropic alignment on
the second surface, that is orientation of the molecules perpendicular to the surface
(figure 4.11b). This halves the maximum optical path change of the device, but as

only a phase change of 7 is required for operation this is not a serious problem.

4.9 Pixelated Devices

The practicalities and multiplexing considerations of pixelated optical devices are
beyond the scope of this thesis, some of the considerations relating mainly to display
applications may be found in [25, 26]. It is expected that requirements of high
resolution and the continuum of activation levels may require the presence of an

integrated solid state driver in each pixel.

It may appear that the use of a pixelated device may produce an extremely flex-
ible device as it can take any arbitrary diffractive or refractive device form. The
resolution of the pixels will determine the resolution of the optical path structure
that the device can display. The pixel structure may have the additional effect
of causing diffraction as a rectangular grating of the same period. A similar phe-
nomena was observed in a binary, diffractive Fresnel zone-plate whose zones where
approximated by rectangular regions of minimum dimension 20um, consequently the
curves contained ‘jaggies’ of 20um (figure 4.12). This caused significant scattering
into diffraction orders appropriate to a diffraction grating of period 20um [1, 10].
The same effect was also observed in the spatial light modulator implementation of
an eight-phase-level Fresnel lens [4]. It is clearly advantageous to reduce the pixel
size to increase the resolution and move the diffraction orders away from the pri-
mary beam. The limit to the effective resolution of the pixels is restricted by the
wet etching technique (section 6.2) to ~ 23umx2Zum, and the fringing fields which
will be discussed in Chapter 7.
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4.10 Switching Speeds

The switch on and switch off times of a liquid crystal cell at low central angle (<50°)
distortions are given by [27], (section 2.4.4);

d271
Ton = 4.11
V= V)e(e, =) (#11)

d271
’roﬁr = K117|'2 (4.12)

and are relatively slow, the order of milliseconds, switching times of the order of

microseconds are required for optical computing applications.

The equations ignore the effect of ‘backflow’, that is the movement of the centres
of gravity of the liquid crystal molecules as they rotate. These effects are more
dominant in the homogeneously aligned liquid crystal cells described in this thesis
than in w-cells, which are cells whose boundary director orientation are 7 different
on the opposite surfaces. In 7-cells the director distribution does not follow a 7 twist
through the cell, but remains parallel with the boundary directors (figure 4.13). The
m-cells achieve the above switching times the device may need to be implemented

as m-cells.

The switch on time is driven by the applied voltage, consequently faster switch
on times can be achieved by applying voltages very much larger than required to
achieve the on-state, to drive the cell quickly. When the on-state is reached a low
voltage can be applied to maintain it. In this way the initial, rapid part of the
activation to a high voltage state is used to obtain a lower voltage state at improved
switching times. The switch off or relaxation of the cell is undriven and so cannot
be improved in this way. It has been suggested that the cells could be driven off by
the application of lateral fields to the cell [28].

4.10.1 The Transient Nematic Effect

In some applications a switching of 7 phase change, or half a wavelength, is required.
Using the transient nematic effect improved switching speeds can be obtained for
such small optical path changes. A liquid crystal amplitude modulator with response

times of 1ms has been demonstrated [29, 30|, using this effect in a homogeneously
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aligned cell sandwiched between polarizers at 7/4 to the boundary director of the
cell. The cell is in a highly deformed on-state due to a large applied voltage. The
voltage is removed and the liquid crystal allowed to freely relax until the required
optical path change occurs, then an appropriate maintenance voltage is applied.
This can be seen as using the initial, rapid part of the full decay to obtain a faster
switching for a small part of the decay. This is different to the situation where
the voltage is switched to the maintenance voltage which is present throughout the
decay as this has the effect of providing an electrical breaking to the decay, thus

slowing the switching.

It has been shown and experimentally demonstrated [31] that the decay time is

A/’ﬂ' 1 ’)’1)\2 .
ty 1
0 <2m) (1= BV /V.)? K1nAn? (4.13)

where A is the phase change, o (=1.10+0.02 for E7) is a decay constant found by
experiment, 3 (220.60 for E7) is a constant of material and V; (~10-50V) the initial

given by;

voltage used. It is important to note that there is no dependence on cell thickness.
Using the transient nematic effect, thick cells can be used to achieve faster switching
between phases of odd and even multiples of 7 at a high levels of activation. The
transient nematic effect has been demonstrated in the operation of a binary Fresnel
lens [1].

4.10.2 Dual Frequency Addressing

An alternative method of driving off the liquid crystal is to exploit the dual frequency
effect of some liquid crystal materials. The extraordinary relative permittivity, e,
is frequency dependent and relaxes at high frequencies (the order of kHz) to values
less than the ordinary relative permittivity, ¢,, which remains about constant with
frequency [32]. Consequently, at high frequencies the dielectric anisotropy (e. — €,)

changes sign, and can be used to drive the cell to an off-state {33].

Using the above techniques, some significant improvements on the switching
times can be made. However, the achievement of switching times required for optical
computing appears unlikely. The switching times will prove to be a significant

limitation to the potential applications of the devices discussed in this thesis.
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4,11 Summary

The components of a homogeneously aligned liquid crystal cell have been described.
Its potential use as an optical device has been briefly compared to twisted nematic
devices. The requirements of ideal liquid crystal optical devices were outlined; good
optical performance, and the useful voltage modification of their optical character-

istics.

Already existing liquid crystal optical devices were introduced, these fell into
two groups; diffractive devices, including diffraction gratings and Fresnel lenses, and
refractive devices, including monolithic prisms and adaptive lenses. The diffractive
devices have been found to be inefficient, scattering light into several diffraction
orders and limited in the voltage controllability to switching the devices on and off.
The refractive devices were limited by the maximum optical path the device could
achieve, An d; the maximum prism pitch given by equation (4.9), and the f-number
of the lens limited by equation (4.10). The voltage controllability of refractive devices
is very flexible, allowing for the continuous variation of prism pitch or focal length

and the efficiency very high, theoretically approaching 100%.

The properties of devices based on diffraction vary with wavelength, which varies
by ~30% across the visible spectrum. The properties of devices based on refraction
suffer from the dispersive birefringence of liquid crystal, which varies by ~30% across

the visible spectrum for E44, but in the opposite sense.

Due to the physical thickness of these flat liquid crystal devices, ~2mm including
glass slides, several may be cascaded to produce a variety of composite devices. The
efficiency of each component device is important as any inefficiencies will combine

as each device is switched in.

The refractive index modulation of these devices only affects light polarized in
the plane of the boundary liquid crystal director orientation. The operation of these
devices can be extended to unpolarized light by cascading two identically designed
devices, fabricated with orthogonally aligned boundary directors, each device op-
erating on an orthogonal component of the incident light. A variation on this is
reflecting the light through a single device and a quarter wave plate. The double
passage through the latter has the effect of rotating the planes of the two com-
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ponent polarizations of light through /2, allowing the single liquid crystal device
to modulate a component of the light with each passage. A single passage, single
device method for binary devices has been proposed, in which alternate zones are
constructed with orthogonal, boundary director alignments. Each zone is only active
for one component of the incident light, together both components are modulated

on a single passage.

The use of pixelated devices, though potentially much more flexible than the
dedicated structures described, may suffer from diffraction about the pixels, and it

may be too impractical to obtain the required resolution.

The switching times of homogeneously aligned liquid crystal cells are relatively
slow. These could be improved by the use of 7-cells to reduce the effects of backflow,
the movement of the centres of gravity of the liquid crystal with rotation. The tran-
sient nematic effect, the initial rapid relaxation of the liquid crystal highly distorted
by large applied voltages, could be used to obtain fast switching between two highly
distorted states. The dual frequency effect, the changing of sign of the dielectric
anisotropy of some positive dielectric liquid crystals at high frequencies, could also
be used to drive off the devices. The employment of these techniques will improve
the switching off times, but it is not expected that they will be sufficient to produce

switching speeds for optical computing applications.
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Chapter 5

Diffractive/Refractive Nematic Liquid Crystal
Devices

5.1 Introduction

In Chapter 4 diffractive and refractive devices were presented with their limitations.
This chapter explores the ideas developed during this research project of the type
of optical path structures and device properties that might ideally be implemented
in a liquid crystal device.

The limit of, And, the change in optical path length was seen to be very restric-
tive in the implementation of refractive devices. The binary diffractive devices were
seen to be very inflexible with respect to the possibility of the voltage modification
of their optical structure. They also suffer from inefficiency, as light is lost to other
diffraction orders. By combining these two approaches some of these disadvantages
may be overcome in diffractive/refractive devices. The following discussion assumes

spatially and temporally coherent light sources.

5.2 Wavelength Sampling of a Refractive Structure

Consider the effect of a solid, refractive device, for example a prism or a lens, on an
incident plane wave of monochromatic light, wavelength ) (figure 5.1). The emerging
wavefront is formed where light, passing through the spatially varying optical path
of the device, has travelled the same optical path length. A prism forms a plane

wave deflected through an angle ¢, and a lens forms a converging spherical wave,
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collapsing to a focus, f. Following Huygen [1, Chapter 10], the emerging wavefront

can be constructed from the secondary expanding spherical wavelets;

ae—jkr

uy(r) = -

propagating through the device, where u, is the complex amplitude, a the initial
amplitude and r the distance propagated. The overall optical path traversed is not
crucial in the comnstruction of the emerging wavefront, it is the relative phase of
the emerging wavelets that must be constant. Consequently, a wavefront may be
constructed from light which has travelled optical path lengths with several whole-
wavelengths difference in length. Exploiting this, a condensed refractive structure
can be used to mimic the solid, refractive device by varying the optical path by the
appropriate fractional wavelengths required to produce the appropriate wavefront.
In other words, a Fresnel lens is produced as opposed to a Fresnel zone plate. In

order to implement this an optical path change of one wavelength is required;
And =~ A (5.1)
This can be achieved in relatively thin liquid crystal cells (~ 3um).

The resulting condensed refractive structures have a piece-wise continuous form,
split into zones which represent surfaces where the optical path length changes
by a whole-wavelength. The optical path is continuous within these zones and
discontinuous at the zone boundaries. The optical path length profile in the n-th

zone of a condensed prism is given by;
o(z) = ztanp — nA (5.2)

where n is such that g(z) < A, z is the position in the prism and ¢ is the optical
prism pitch (figure 5.2a). For a lens of focal length f the optical path depth of the

o(R) = /f2+ R?— f —nA (5.3)

where R is the radial position in the lens (figure 5.2b).

n-th zone is given by;

The efficiency of diffractive devices can be improved by blazing, that is the
shaping of each zone so that the incident light is deflected into a single diffraction

order, theoretically the efficiency of such devices can approach 100%.
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The condensed refractive structures are identical in form to blazed diffractive
structures. In the case of the condensed prism, the form of a blazed diffraction
grating is taken, whose blazing angle is set to deflect all the incident light into
the first diffraction order. This can be seen by considering the one-dimensional

Fraunhofer diffraction integral, for a repeated structure of N zones, period length {;
N-1 .(n+1)l
TOEDS L uo(z) exp(—jkz sin ¥)dz (5.4)
a=0

where u(?) is the complex amplitude in the far field image plane, at deflection angle,
#, and ug(z) is the complex amplitude at position z in the diffraction screen, for a

general blazed diffraction structure;

ug(z) = exp(jke(z))
g(a:) = (:z:—nl) tan g (55)

which produces the intensity distribution;

[ (sin(kl(sin ¥ — tan cp)/2))2 (sin((Nklsin z9)/2)> 2 (5.6)
k(sin ¥ — tan ¢)/2 sin((k! sin 4)/2)
The first term is a sinc® function, which has a central maxima at;
gind = tangp (5.7)
(¥ ~ ¢ for small angles), and a series of minima at;
[(sind — tanp) = nA (5.8)

where n is an integer. The second term is a comb function which has a series of
maxima at;

Isind = nA (5.9)

Consequently when;
ltanp = A (5.10)

the minima of the sinc¢® function coincide and hence cancel out the maxima of
the comb function, with the exception of the central maxima, producing a single

deflection angle.

In the case of the condensed lens, a blazed Fresnel lens is formed, with whole-

wavelength zones instead of the half-wavelength zones of the binary zone-plate.
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The blazing is such that all the incident light is deflected into the primary focus,
producing a theoretically efficiency approaching 100% compared to the Fresnel lens
which is approximately 40% efficient. This can be seen by considering the axial

symmetric Fresnel integral, over the whole lens;

u(2) = 27wa %_:1 0n(9) frnﬂ uo(r) exp(—jkr)dr (5.11)
7=0 Tn

where 7 is the distance from a position in the lens, to a point of distance 2 along
the optical axis and o, is the obliquity factor. The complex amplitude of the blazed
zone-plate is given by;

ug(r) = exp(jke(r))

By making a series of approximations, which are valid for relatively low refractive
power lens, and positions of z, compatible with the focal lengths of the low refractive

power lens assumption, the Fresnel integral can be expressed in a form analogous to

the blazed diffraction grating, Fraunhofer integral, equation (5.4):

o The radial position of the zones for a whole-wavelength zone-plate can be
approximated by;
R, &~ /2n)\f (5.12)
o The zone boundaries can be expressed in terms of the path length;
nAf

Th & 24+ T (5.13)

o The optical path surface of the zone-plate, equation (5.3), can be approximated
as a linear function of the optical path length, r;

o(r) ~ (T - P_’\_f) ve (5.14)

where v is a generalizing scaling factor, hence a spherical lens approximation

is used within each zone,

o The effect of the obliquity factor can be ignored.

The relative errors associated with these approximations are given by;

¢ ~ (%)2 (5.15)
¢~ (%)2 (5.16)
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The resulting intensity distribution is of the same form as the intensity of blazed
diffraction grating, equation (5.6);
2 /. 2 . 2
[= 2‘rrai sin(kA(f/z — v/A\)/2) su'1((Nk)\f/z)/2) (5.17)
z k(f/z—v/A)/2 sin((kAf/2)/2)

producing a single focus at z = f when v = A.

As can be seen, the condensing of thick refractive structures, to increase the
effective refractive power and the blazing of diffractive structures, to improve effi-
ciency by deflecting the incident light into only one diffraction order, lead to the

same diffractive/refractive structures.

A similar treatment of the Fresnel lens in terms of a phase surface has recently
been independently published [2].

5.2 Multiple Wavelength Optical Path Switching

If it is assumed that a dedicated electrode structure is used, the zone boundaries
will be reflected in this structure, restricting the possible voltage distributions that
can be applied to the device. On the surface this appears to restrict these diffrac-
tive/refractive devices to having one operating state, as the diffractive devices were,
with the only advantage over passive devices being that they can be switched on

and off. Fortunately, there is a little more flexibility built into these structures.

Consider a refractive structure which is similar in form to these previously consid-
ered (figure 5.3), scaled to ¢ times the thickness, where ¢ is an integer. A condensed
structure can be formed with the same zone boundaries, but with the optical path
of each zone scaled by 7 and i\ path length change at the boundaries. This can be
seen as increasing the blazing depth to deflect light into the higher diffraction orders
of the comb functions of equations (5.6 & 5.17). In the case of a condensed prism,

several possible prism pitches can be attained;

TA
@ = arctan (T) (5.18)

where [ is the length of the blazed prism element, or period length, and i is the
integer scaling factor. In the case of a condensed lens, several foci can be selected

between, of focal length f/i. The limit to the possible variations on the device
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is ‘given by the number of wavelengths change which can be obtained across the
devices;

m~ é;ﬁ (5.19)

where m is an integer, a 20um cell of E44 can obtain ~10 wavelengths.

By reversing the direction of the phase surface (figure 5.4), negative diffraction
orders can be selected. Hence, the pitch of the prism can be reversed, deflecting

light in the opposite direction, or the negative foci of the lens can be used.

5.4 Continuous Optical Path Modulation

The condensing of optical path surfaces to produce higher refractive power devices
has been shown to produce optical components which can be switched between a
limited number of discrete states. While this is an improvement on binary, diffrac-
tive devices, which could only operate at one state and off, the refractive devices
could operate at a continuous set of states. The refractive prism could be varied
through all the angles of deflection, from no deflection to its maximum angle of
deflection, equation (4.9). The adaptive lens could take any focal length down to
its minimum, equation (4.10). The question arises: is it possible to re-endow these

diffractive/refractive devices with the same flexibility as the refractive devices?

Consider a diffractive/refractive structure that has been activated to a state
lying between two integer or modular wavelength states (figure 5.5). Each individual
blazed element is of the correct form for deflection into an intermediate deflection
angle or focus. Unfortunately, the resulting phase surface is no longer continuous,
discontinuities occur at the zone boundaries. As a consequence, the zones are not
in phase with each other in order to constructively interfere at the intermediate
deflection angle or focus. The diffraction structures, caused by the zone boundaries,
diffract the incident light into the diffraction orders, the majority into the nearest
diffraction order. This can be seen in equations (5.6 & 5.17) as the shifted sinc?
minima no longer coincide with the stationary comb function diffraction orders,

consequently they are not cancelled out.
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In order to avoid this disruptive diffraction about the zone boundaries and allow
for the comstructive interference of the blazed zones into the intermediate deflec-
tion angle or focus, a phase correction is required for each zone (figure 5.6). This
phase correction is made in such a way as to ensure that the optical path change
between consecutive zones is a whole number of wavelengths, consequently a contin-
uous phase surface is constructed, making the zone boundaries ‘transparent’ to the
incident light. In this manner a continuous range of phase surfaces can be produced,

providing a continuous range of prism pitches or focal lengths.

In the case of the phase corrected, condensed prism, the optical path structure
becomes (figure 5.6a);
o(z) = xtanp — iA (5.20)

where ¢ is an arbitrary integer, the complex amplitude becomes;
ug(z) = exp(jk(z tan ¢ — 1)) = exp(jkz tan ¢) (5.21)

hence the intensity distribution is given by;

_ (sin(kl(sin? — tan ¢)/2) ? (sin(Nki(sin 9 — tan 0)/2)\?
I= ( k(sin ¥ — tan ©)/2 ) ( sin(ki(sin ¥ — tanp)/2) )

(5.22)

in which the comb function diffraction orders move with the sinc? function, and only

a single deflection angles produced;
sind = tangp
where ¢ is continuously variable.

Similarly, the condensed lens with phase correction has an optical path given by
(figure 5.6b);

o(r) = (r — Z)K—; — i (5.23)

the complex amplitude becomes;

vz

up = exp (jk ((r - z)/\—} . ZA)) = exp (jk(r - z);}‘—;) (5.24)

and the intensity distribution is given by;

_ ﬂ_ai 2 sln(kA(f/z—’U/)\)/2) 2 sxn(Nk/\(f/z_,v/A)/2) 2
I'(2 z) ( k(f/z—v/X)/2 ) (sin(k}\(f/z_v/)\)/2)) (5.25)
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again the diffraction orders of the comb function move with the sinc® function and
a single focus is produced at;
z2="— (5.26)

where v is continuously variable.

In order to facilitate this phase correction, a clearance of one wavelength is
required, this reduces the maximum optical path depth a diffractive/refractive device
can obtain in this continuous manner by one wavelength. The full refractive power
state can still be obtained as a discrete state, if desired. The addressing for such
devices is complicated, as the voltages for each zone must be individually determined

and addressed.

The ideas in this section have been considered exclusively in terms of a prism
or a lens. They can be extended to any general refractive object, or any piece-wise
continuous phase surface arrived at through either Fraunhofer or Fresnel diffraction

considerations. They have also been included in a British Patent [3].

5.5 Chromatic Aberration

It has been shown that the diffractive devices exhibit a high degree of chromatic
aberration; the deflection angle of the diffraction orders being proportional to the il-
luminating wavelength (equation (4.2)), and the focal length being inversely propor-
tional (equation (4.6)). The variation of the wavelength across the visible spectrum
was found to be ~30% (equation (4.1)). Refractive devices suffer from chromatic
aberration, due to the dispersive properties of the liquid crystal, again causing the
deflection angle and focal length to shift with wavelength (~30% for E44 across the
visible spectrum (equation (4.8))).

In the case of diffractive/refractive devices, the zone structure will cause diffrac-
tion of the illuminating light. This diffraction structure will have the same wave-
length dependence as the diffractive devices, hence the same chromatic aberration.
The refractive, blazing elements will also disperse with wavelength, but in the op-
posite direction to the dispersion caused by diffraction, exaggerating the phase dis-

continuities at the zone boundaries, promoting diffraction into all orders.
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Unless these sources of chromatic aberration are compensated for, the operation

of these devices is limited to monochromatic applications.

5.6 Cascading Devices

A cascaded device constructed of diffractive/refractive devices would overcome the
problems of cascading binary Fresnel lenses (section 4.7). The single state devices
could be combined to produce the desired 23 focal lengths, without the large loss in
intensity and the production of extra foci. The multiple state devices would provide
an even greater range of foci, as the different orders of focus are selected on each lens.
Combinations of the continuously variable devices could produce some very flexible
composite devices. For example, two prisms could produce two-dimensional beam
translation, which could in turn be combined with a variable focus lens, providing

three degrees of freedom for the position of the focus.

5.7 Summary

In Chapter 4 diffractive devices were found to be inefficient, scattering light into
several diffraction orders and limited in the voltage controllability to switching the
devices on and off. The refractive devices were limited by the maximum optical path
the device could achieve, And. The voltage controllability of refractive devices is
very flexible, allowing for the continuous variation of prism pitch or focal length and

the very high efficiency.

By combining these two approaches the high efficiency and voltage control flexi-
bility of refractive devices can be combined with the higher optical power of diffrac-
tive devices. The refractive power can be improved by including only the fractional
wavelength changes in optical path required to produce the desired emerging wave-
front, allowing a thin liquid crystal film to mimic the effect of an optically thick,
solid, refractive device. The efficiency of the diffractive devices can be improved
by blazing the structure to deflect all the incident light into one diffraction order.
These two approaches can be seen to produce identical diffractive/refractive struc-

tures, with high efficiency and high refractive power.
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By scaling the optical path structures by an integer, a series of discrete prism
pitches or focal lengths can be obtained from the same structure. This was shown
to be equivalent to increasing the height of the blazing to select higher diffraction
orders. By reversing the direction of the blazing, negative versions of the devices

could be produced.

It was shown that continuously variable versions of the devices can be obtained by
including an optical path variation to each region of the device to provide a phase
correction. The cascading of these devices could provide very flexible composite

devices.

Diffractive/refractive devices suffer chromatic aberration from both its diffractive
and refractive properties, consequently these liquid crystal devices are restricted to

monochromatic applications.
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Chapter 6

Addressing Diffractive/Refractive Devices

6.1 Introduction

In Chapter 5 the required optical path surfaces for the implementation of diffrac-
tive/refractive devices have been discussed without any consideration given to how
the voltage distributions are applied to obtain these surfaces. This chapter will
summarize the ideas developed during the research project concerning the voltage

addressing employed to obtain the required optical structures.

The voltages are applied through the etched ITO electrodes, the minimum fea-
ture size that these electrodes can be produced to is found to be limited. In the de-
vices discussed in Chapter 4 three addressing techniques have been described, these
will be summarized. The optical path surfaces required in the diffractive/refractive
devices are piece-wise continuous, in addition some of the required structures are
two-dimensional in form, the problems associated with obtaining such optical sur-
faces will be discussed in turn. The possible use of pixelated devices and reflective,
double passage devices will be mentioned and a comment made about the application

of switching speed enhancing techniques to these devices.

6.2 KElectrode Resolution

The electrode structure is etched into the ITO layer using a wet etching technique
(section 4.2). This technique is limited in the resolution of the electrode structure

that can be reliably etched to the scale of ~ 2% pm. Marginal improvements on this
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technique may be made by the successive refinement of each stage, but the limit of
this technique is close to being reached, and sub-micron etching is seen to be well
beyond this limit [1]. Moving to plasma etching is made difficult by the nature of
the chemicals needed to etch ITO [2].

This is an important design limitation to the resolution of the electrodes and
gaps that can be implemented. There are other, more dominant factors when the
resolution of the liquid crystal phase surface is considered, these will be discussed

in Chapter 7.

6.3 IExisting Addressing

Monolithic electrodes are the simplest form of electrode, requiring no etching. They
have been used in the implementation of low refractive prisms {3]. This structure is
limited to linear voltages drops. The complete phase response of the liquid crystal to
applied voltage is non-linear (figure 4.7), consequently the phase surface produced
by a monolithic electrode will reflect this non-linearity, unless operation is restricted
to the approximately linear region. There is also the potential problem of the liquid
crystal being <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>