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AFFINE TODA SOLITONS

AND

FUSING RULES

by

Richard Andrew Hall B.Sc.

Abstract

This thesis is concerned with various soliton solutions to some of the affine Toda field
theories. These are field theories in 1+1 dimensions that possess a rich underlying Lie alge-
braic structure and they are known to be integrable. The soliton solutions occur as a result
of the multi-vacua that appear in the field theory when the coupling constant is taken to be

purely imaginary.

In chapter one a review of the affine Toda field theories is undertaken. This is meant to be
a relatively complete and exhaustive survey of the literature that has appeared on the sub-
ject in recent years. A brief introduction to the theory of solitons and the methods of obtain-
ing such solutions in field theory is given in chapter two, resulting in the construction of the

relevant machinery for the Toda theories.

in chapter three, Hirota's method is used to construct single and double soliton solutions to
these theories. As a consequence of these explicit formulae the fusing structure of the soli-
tons may be investigated and shown to be equivalent to that found in the classical particle
regime, supplemented by further 'annihilations’ of 'soliton-antisoliton'. The calculations of
the double soliton soiutions are claimed to be original in this context. The fusing has also
been examined by Olive, Turok and Underwood!"® through an abstract group-theoretical ap-
proach to the affine Toda field theories, however very few explicit formulae are given by

them, and hence all the solutions given here are important in their own right.



An algebra-independent anatysis of such phenomena is undertaken in chapter four where a
vertex operator construction is given for the relevant interaction functions. Some properties
of these functions are noted; (some of these facts correspond with those in [16] concerning

the fusing structure of the solitons).
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1. A REVIEW OF AFFINE TODA FIELD THEORY

1.1 Introduction

In recent years one of the most dominant problems in the study of quantum field theories
has been that of the renormalisation group flow on the space of quantum field theories. This
has primarily manifested itself in the study of critical phenomena in two-dimensional Euclid-
ean quantum field theory. This is unique in the sense that the fixed points of the renorma-
lisation group have an 'infinite dimensional' conformal group associated with them, and

hence the symmetry may well prove to be powerful enough to solve the theory exactly.

There is a large class of two-dimensional quantum field theories associated with each of
these points and each of these theories can be associated with a representation of the

conformai algebra, more precisely that of the Virasoro algebra,

2.1
[Ln,l-m]=(n"m)Ln+m+9n(_qz—)'8n+m,0 (1.01)

which is a central extension of the Lie algebra of conformal transformations and the L, are

the generators of the algebra. A complete classification of conformal field theories, how-

ever does not exist at present.

‘When these systems are shifted away from criticality the situation is by no means so well
understood, but the field theories that correspond to the renormalisation group flow away

from a fixed point, can be considered as a conformal field theory 'perturbed' by some oper-

ator.

Pioneering work into this area was undertaken by A.B. Zamolodchikov!", who argued that
certain relevant deformations away from criticality would preserve integrability and hence,
the massive theory that resulted from the perturbation would have an infinite number of con-
served quantities associated with it. By calculating and conjecturing the spins of these 'inte-
grals of motion' he was able to conjecture the form of the relevant S-matrices for these
perturbed field theories once an initial mass-ratio and coupling had been introduced. The

'natural’ description of the field theories in terms of their S-matrices resulted in a renewal of



interest in S-matrices for integrable two-dimensional systems in general. Because of the
connection between the original work on perturbed conformal field theories and Toda field
theories a flurry of activity soon developed around the construction of S-matrices for affine
Toda theories based on various Lie algebras. This connection resulted from the fact that
the integrals of motion in the P.C.F.T. had spin values that were labelled by the exponents
of the Lie algebra e, modulo its Coxeter number and that the subsequent mass-ratios were
equivalent. The Toda theories are a series of relativistic quantum field theories connected
to the set of simple Lie algebras through their potential terms. If the root system of the Lie
algebra is simply-laced, the quantum field theory is uniquely associated to that root system
for all values of the coupling constant. Whereas for the non-simply-laced algebras a more
complicated situation arises, where a single quantum field theory is associated with a dual

pair of the algebras through the coupling. The field theories based on the finite-dimensional

Lie algebras exhibit conformal invariance in the sense that their Lagrangians are scale in- '

variant in light cone co-ordinates and hence, are massless. Those associated with the infi-

nite-dimensional affine algebras have a well defined ground state and hence, are massive

field theories.

It has been conjectured that Toda field theories at specific values of the coupling constant
correspond to conformal field theories in the minimal series of the Virasoro algebra,
extended to a W-algebra based on a Lie algebra®. In particular, the statistical system the
Ising model, which corresponds to a ¢ =1/2 conformai field theory can be described by both
an e, and a, Toda field theory. The affine versions of these theories then represent the
perturbations of the statistical system away from crificality. The magnetic perturbation is
described by the affine e, Toda field theory, whereas the affine a, theory is a
representation of the thermal perturbation. Braaten, Curtright, Ghandour and Thom'®

calculated the value of the central charge that may be associated with the Toda field theory:

c=r[1+h(h+1)(%+ 5)2} (1.02)

4n

where r, h are the rank and Coxeter numbers of the Lie algebra under question, and p is a

coupling constant. So it can be seen that taking f to be purely imaginary allows the possi-



bility of values of c less than one, and hence representations of the discrete unitary series
of conformal field the:ories. The construction of S-matrices for affine Toda theories based
on the simply-laced Lie algebras a,”, d, and e,"", e,"", e, was successfully carried out a
couple of years ago by a series of authors!*HeU7e - Only recently, however, has the answer
been discovered for the non-simply-laced algebras, since a more generalised method of at-
tack was required®. Furthermore, the construction of the scattering matrices for Toda
theories based on Lie super-algebras has been initiated". It appears as though only the
minimal part of the S-matrix formulae that have been conjectured for the simply-laced
A.T.F.T's are relevant to the discussion of a connection with the perturbed conformal field
theory. This is because it is possible to compute the central charge of the ultraviolet limit of
a theory solely from its scattering matrix, and only the minimal parts give rise to the charges
of the relevant coset constructions of conformal field theories!"!. Moreover, the question of
unitarity, in the field theory sense, is still not fully understood, since the potential terms in.

the Toda theories are in general not hermitian. This fact also is discussed in Klassen and

Melzer"l,

Many of the puzzling features that were inherent in the initial studies of classical and quan-
tum affine Toda field theory have now been given a much clearer understanding by the
gradual application of detailed group theory to the quantum field theories. Specifically such
questions as those of, the universal coupling formulae for simply-laced algebras, why the
conserved quantities appeared as eigenvectors for the relevant Cartan matrix and the
Clebsch-Gordon property of couplings have all been answered by utilisation of Lie algebra
theory. Moreover, for example in the last case, the relevant algebraic theory had only been
proved as recently ago as 1988 but had been conjectured to be true twenty years eartier.
An important aspect in gaining this knowiedge has been the Coxeter element of the Lie
algebra since it has turned up in connections with a general formula for the S-matrices, the
coupling rule conjectured by Dorey!"!*! and the conserved charge spectrum, all which will

be expanded upon later in this review chapter.



Following recent work by T.J. Hollowood!", the A.T.F.T's with imaginary coupling constant
have been shown to possess soliton solutions due to the existence of multi-vacua. Roughly
speaking, solitons are complex 'lump-like' solutions of non-linear equations which are loca-
lised in space and move at constant speed with little or no change in shape. They exist be-
cause the dispersion effects are exactly balanced by the non-linearity of the equations of
motion and they interpolate between the vacuum states of the theory. This is quite unlike
the case of real coupling affine Toda field theories where oscillations about the ground state
only give rise to particle states. Therefore, the extension of the coupling into the complex
regime, must complicate the S-matrices even more - Hollowood has conjectured S-matrices

for the 'soliton states' in the a,(" series of A.T.F.T's and these involve representations of

gquantum groups.

Using techniques developed by Hirota!", Hollowood managed to construct single soliton.
solutions for the a " theories and wrote down a generalisation for n-solitons. He therefore

extended the case of g=a{", that is the sine-Gordon equation, which has been well studied

in the past, and was manifestly the réle model for study in this field.

This is the area this thesis will be concerned with - the subject of solitons in A T.F.T.. Spe-
cifically, single soliton solutions have been constructed by the author for some of the re-
maining simply-laced Lie algebras - namely /", e, and moreover, double solitons for all
the simply-laced Lie algebras. As a consequence, their fusing relationships have been ana-
lysed which h_ave produced a coupling rule similar to that found in the real coupling regime,
but augmented slightly by further 'annihilation' couplings. An initial study of the interaction
terms has also been undertaken and it is shown how the leading order terms may be con-
structed in terms of the underlying algebraic theory. An abstract approach to the solutions
has been constructed by Olive, Turok and Underwood!'®, in a manifestly group - theoretical
way, but they give very few explicit results. Other approaches to this problem have also in-
cluded the construction of Béckiund transformations!'”, but here there appears to be diffi-

culties with regard to generalising it beyond the a," series of algebras.




1.2 Classical Affine Toda Field Theory.
The affine Toda theories associated with the affine untwisted Ka&-Moody algebras § are

massive two-dimensional bosonic field theories represented by the Lagrangians of the form:

L= %apcbaua) —’g‘—: Z:; niePed. (1.03)
Here, r denotes the rank of the respective finite Lie algebra g and @ is a vector of the real
scalar fields, which takes values in the Cartan subalgebra and describes r massive particles.
B is a coupling constant and the {o,} are the simple roots of g augmented by the 'negative’ of
the highest root in the adjoint representation for the untwisted algebra. The inner products

amongst these vectors are described by the affine Dynkin diagram. The Kat labels for this

algebra (or 'marks') n, are such that,
r
z nijo,i =0
i=0

and the mark corresponding to o, is normalised to unity; m sets the mass - scale for the field
theory. (For the case of Lie super algebras - which will not be mentioned again - the set of
roots is divided into bosonic and fermionic ones, and the Lagrangians contain fermions as

well).

The exponential term involving o, can be .regarded as a perturbing term to the potential of
the ordinary Toda field theory. It has the effect of breaking the conformal invariance that is
manifest in the original Toda Lagrangian when the light-cone co-ordinates are transformed
by

xt - xF = f®(x?)
and the fields by

600 = ¢/(x) = $(X) - % In(3, fHo_f)y.

Here 5= }: A and li are the fundamental weights, defined by A; '-ziljz =8;. (S0,d8-ai=1
fori= 1,.I.:.1,r and the Lagrangian is scaled by the product a,f“)a_f(l'o;;. Hence, the A.T.F.T.
can be regarded in this sense as a 'perturbed conformal field theory' and as such the extra
potential term has the effect of stabilising the vacuum of the conformal field theory so that

massive particle excitations exist around the minimum of the potential. The perturbing
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piece in the Lagrangian also has the property of maintaining the integrability of the
equations, which results from the existence of a Lax pair, infinitely many conserved
quantities and exact solvability™. The infinite set of currents J&" of increasing spin s+1
are labelled by the exponents 's' of the Lie algebra g modulo its Coxeter number (the first of

which is the stress-tensor). These are conserved by virtue of the Toda field equations

derived from the Lagrangian:
m2 ¥
oMo = B > niaePoi®, (1.04)
i=0

Hence, the Lagrangian may admit an infinite number of symmetries described by the
corresponding conserved currents.  Quantum mechanically, the existence of these
symmetries has a profound effect on the structure of the scattering matrices of these
theories, implying that the n-particle matrix must factorise into a product of elastic

two-particle ones. This will be described later in this review.

The infinitely many conserved charges Q, (that are in involution) are similarly labelled by

their spins since they transform under two-dimensional Lorentz transformations (x* —» A*x*)

as

Qs > 25Qs.

The Lagrangian for A.T.F.T. can be expanded about the minimum at ®=0, in order to
perturbatively extract such data as the mass matrix and three point couplings. For the

potential part it is found that,

2 r 2 r 2 r
V(®) = mT 3o +-m7 > niafalorob +-me—[3 D niclolal OO + ...
i=0 i=0 =0

and so the mass matrix and couplings are given by (neglecting combinatorial factors):

r r
M2=m? Y nolal ., c®=pm? Y niefalal (1.05)
i=0 i=0

The calculations of the mass eigenstates were initiated by Arinshtein et al.' when they
obtained those for the a " series of Toda models. Contributions by a multitude of authors
have resulted in all such quantities (together with the couplings between them) for the

Simply-laced cases, and a complete list of them may be found, for example, in!*. It tums



out that these two pieces of data contain the key to the quantum S-matrix for the

simply-laced Lie algebras.

A point worth noting is that the data for the non-simply-laced cases (untwisted and twisted
theories) can be obtained, as it were ‘free’, from the simply-laced cases. This follows from
the fact that the Dynkin diagrams for each of these theories may be obtained by "folding”
one and only one of the untwisted simply-laced diagrams as explained by Olive and
Turok®. A reduction using a symmetry of the finite algebra's diagram results in an
untwisted non-simply-laced case, whereas using any additional symmetry of the extended

Dynkin diagram yields affine Toda theories based on the twisted affine Dynkin diagrams.

However, when analysed carefully enough there appears to be an inherent difference
between the field theories derived from the two classes of foldings. In the case of foldings .
leading to untwisted theories, degeneracies in the mass spectrum are removed, resulting in
non-mass-degenerate fields that are linear combinations of the original degenerate fields
from the parent theory. Attempting to derive S-matrices in this manner, however, reveals
that they are not diagonal in this new basis of states which is invariant under the
automorphism of the Dynkin diagram. Hence the non-simply-laced quantum theory will
violate unitarity when restricted to these states. Therefore, already there is a definite
distinction between the simply-laced and non-simply-laced based Toda theories. By
comparison, foldings which lead to twisted theories leave some particles unchanged whilst

removing others outright. The particles left merely form a subset of the three-point

couplings.

Once all the masses were known, it soon became evident!''?' that (apart from in the twisted
cases) they constituted the components of the Perron-Frobenius eigenvector of the Cartan

matrix, associated with the finite dimensional Lie algebra g. Setting

it was noticed that,

Cm=AminM = (4Sin221h)r_n,



where

(A generalisation of this result occurs in the quantum theory, where it is found that the
values of the conserved charges of the theory are proportional to the entries of the other
eigenvectors of the Cartan matrix)l'". The particles can then be unambiguously assigned to
the spots of the Dynkin diagram, so a particle of mass m, could be assigned to a
fundamental representation with the highest weight A,. A'Iist of the diagrams with particle

labels attached to them may be found in [6] or [12]..

Any mass degeneracy corresponds to a symmetry of the Dynkin diagram. However the
mass-degenerate particles are different, not only because they have different

representations of the Lie algebra associated with them, but because the other conserved

quantities distinguish them.

A proof however, of this 'Perron-Frobenius' fact was not immediately forthcoming, and it was
not until the application of more algebraic theory®®! that the veil shrouding these

observations was lifted. This will be explained later in this chapter (section 1.3.3).

Once the masses were known, other curiosities were noticed when the couplings between
the mass eigenstates were calculated. For example, it transpired that the magnitude of the

coupling satisfied a universal rule. Namely that the non-zero, three-point couplings obey

the 'area rule'

Cijk = Eijk%%Aijk
where i =1, h is the Coxeter number of the Lie algebra and A, is the area of the triangle
with sides m, m;, and m,. (Modified slightly in the case of the non-simply laced algebras; if
the length? of the highest root is denoted by ¥2 then \/% ejk always has the value 11
unless all three particles correspond to short roots, in which case it is J_r% for b, ", ¢, f "

and 172_3— for g,”). It did not appear sufficient that the masses had to make a triangle for

there to be a non-zero coupling, since the angles in the triangle were also required to be in
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integer multiples of ﬁ Moreover, a curious fact was noted''"?"), that the assignment of
representations to the particles was also reflected in the couplings, but not in the most
obvious manner. Namely that a necessary (although not always sufficient) condition for c;
to be non-zero was that the irreducible decomposition of the tensor product of

representations associated with a, b, ¢, should contain the trivial representation. That is:

cac =0 = (@)RDd)R@E) > (1) (1.06)

which became known as the Clebsch-Gordon property of A.T.F.T., for obvious reasons.

It was not until the conjecture (and case-by-case proof) by Dorey!"? and its subsequent Lie
algebraic proof by Olive, Liao and Fring™, that these problems were finally put to rest and
established firmly on a more group theoretical foathold. The rule that Dorey proposed

specified precisely which couplings were non-vanishing and took the form:

"A non-zero three point coupling c,,. exists if there are integersr, s such that,

ety 057 =0" (1.07)

where o is a Coxeter element for the Lie algebra, that is, a product of the Weyl reflections
in the simple roots of g. The simple roots have been pre-multiplied by the colour index
c(i) =1, which comes from any bicolouration of the Dynkin diagram (i.e. adjoining spots

possess opposite colour), to give y; =c(i)a;-

Alternative forms for the rule which have proved to be just as useful may be found in'**,

where the simple roots a,, o,, a, are replaced by their respective fundamental weights, or

the ‘alternative roots', ¢, = (1 - ") A, Using one of the alternative forms of the rule, i.e.

Li+tohj+ohk=0oCi =0

the Clebsch-Gordon property is proved by showing that VO‘?) is an irreducible component
of V(1j))®V(Ly), where V() denotes the irreducible representation with highest weight ;.

The PRV conjecture’®, proved in #"}, specifies that for any element o in the Weyl group of g
and highest weights A, p; V(A+op)must occur in the irreducible decomposition of

V() ® V(1) , where the brackets denote the dominant weight conjugate to the argument.
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Hence, since [-o™SA;]=[-1i]=A-, the Clebsch-Gordon property appears as an immediate
I

consequence of the Dorey-rule and the A.T.F.T's have been shown to possess this at the

classical level. The apparent 'holes' in the Clebsch-Gordon correspondence, where a

classically vanishing coupling is allowed, occur due to the fact that the PRV result is less

restrictive, in a sense, than that required by the Dorey-rule.

For example, in the algebra D;; V(h2) < V(A2)®V(k2) where V(L) is the adjoint rep, but

Cy2=0. Here Az +®3k2 = (0a,®Gas®az®ay)r2 Which is not of the relevant form for a

coupling since the product of Wey! reflections is not a power of the Coxeter element.

It is also possible to show!™ for the simply-laced (and even the twisted non-simply-laced)
field theories, that each particle has h-2 non-vanishing couplings, that is Cjj = 0 for a fixed i
and (j, k) an ordered pair. This fact is slightly altered for the untwisted non-simply-laced

cases!®.

Expanding the potential term in (1.03) further, questionsAmay be asked conceming the
nature of the n-point couplings with n >4. However, nothing new 'in a sense' occurs, since
Fring® has shown that, by expanding upon the work in”®l, all these couplings can be

completely determined in terms of the massés and the three-point couplings. Furthermore,
he has produced a general fusing rule, formulated in the root space of the Lie algebra for

the couplings which, therefore generalises the three-point couplings rule of Dorey.

Specifically, a generating function, for all of the couplings, is given by the compact form:
C|1 ..... Ci, =(—)""’1 E ZN[1 X1oeo Xt m,erB;M,n

where the x, for each particular t are given either in terms of the three-point couplings, or the
masses, and

C i
pvk
X1, ... X2(t+1)-n = 2.,

=m2 &§—
2 y X2(+3_n,...,X1—m|v6|v|p
ko M

Here Z denotes the sum over all possible permutations of the x, and the factor X, takes

X
care of the overcounting of permutations of any symmetric terms. Explicitly,

Ny =@2t+2-n)l(n-t-2)!
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A proper understanding of this n-point coupling is necessary when the knowledge of the field

theory is extended off-shell in order to compute form factors®.

The generalised fusing rule is as follows: 'C,..., for n>4 is non-zero if, and only if, there

exist n roots in Q, fori=1,...,n which sum to zero, that is,

n .
Z 080y =0
i=1

where y, are again the pre-multiplied simple roots and ), denotes the orbit of v, under the
Coxeter element. This occurs together with the extra following constraints:

Q)“:(1)Y1 +(D§(2)'Y2 = (Dé(i‘))’h

mg(i1)'yi1 + mﬁ(s)-Y3 = (0562)-}/?2

wgan—3)yin—3 + mé(n‘1 )yn_1 = mé(")-yn'

such that

vi, € Qi forsome i=0,....T.

That is, another n-2 triangles exist, which can be used to triangulate the resulting n-gon
when the generalised fusing equation is projected onto any ‘Coxeter invariant' subspace in
the root space. Hence, the fusing rules which give a 'non-vanishing n-point coupling rule’,

are again based on the fundamental three-point coupling rule of Dorey.

Many of the results of classical affine Toda field theory are carried through into the quantum
regime. Specifically, those associated with the simply-laced algebras appear to follow
through with little or no change. It is the classical data in these cases that enables
construction of the scattering matrices through meticulous use of a 'bootstrap principle' and
the fact that the renormalised masses appear to be in the same ratio as the classical ones,
as suggested by one loop calculations®. The cllassical couplings then appear as fusing
relations at imaginary rapidity values and no such fusings occur which are not present as
three-point couplings in the classical theory when all pénicles are on their mass-shell. The
account for theories based on the non-simply-laced algebras is much more subtle and will

be expanded upon in section 1.3.2. It will suffice to say, at the moment, that the classical
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masses do not renormalise in the same way and the pole residues in the S-matrices display
a different pattern. In fact a single quantum field theory is not associated with each of these
theories, but with 'pairs' in the sense that algebras that are dual give rise to one quantum
field theory. (The exception is a,® which is self-dual). This quantum field theory then
interpolates between the 'dual pair' as the coupling constant varies, the masses lying

between the masses of the two non-simply-laced theories.

1.3 Quantum Affine Toda Field Theory.

The basic objects in the quantum field theory are the fields and the multi-particle states, the
jatter being labelled by the momenta and species of the particles. In two dimensions the
momentum can be written in terms of a rapidity angle 6,, and hence there exist states

Ip(a1)'p(32), >

where p@ =ma(ch(8a),sh(8a)). These states are seen to be on-shell and are well defined

when each particle is spatially well separated.

The over-riding aim in the quantum theory is to calculate the scattering matrices and hence,
the probability of a particular outcome of an event given some initial conditions, or states.
Of course, the outcome is certain in all such integrable theories. Nevertheless S-matrices

contain a great deal of information about the field theory, for example the fusing rules.

Classically, the integrability of affine Toda field theory implies the existence of an infinite
number of conserved charges associated with the theory. By assuming these remain so
when considered in the quantum theory, then the scattering picture is considerably simpler.
As it is possible to show? that there can be no annihilation or production of particles in any

physical final state and that the momenta must be preserved individually.

For the Toda theories with a real coupling constant and associated with the simply-laced Lie
algebras, the particles that appear in the quantum theory are just those that are manifest in
the Lagrangian and nothing new appears - quite unlike the case of imaginary coupling

where solitonic states also exist. The conservation of charges also enables a factorisation
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of any n-particle S-matrix into a product of %n(n—1) two-particle S-matrices, elegantly
portrayed in [19] by consideration of their effect on the wave functions of the states.” The
fact that the momenta are individually preserved implies that the interaction must be a
phase:

Ip(a), p(b)>out = Sab(@))lp(a), p(b))'_n 1@ =0,-0, (1 08)

Because of Lorentz invariance, the scattering phase is only a function of the rapidity
difference of the two interacting particles. Each S-matrix element is not trivial, since it can
be, and generally is, a meromorphic function of ®. The two-particle S-matrix also has to

satisfy the conditions of unitarity and crossing, after analytic continuations have been made.
As a consequence of these two facts, all S-matrix elements are invariant under the shift

® 5> ®+2ni and hence, may be expressed in terms of products of hyperbolic functions.
The other key factor, and arguably most important concept in the generation of the
S-matrices, is that of fusing and the 'bootstrap’. Simply put, the S-matrices may have
bound state poles at purely imaginary values of © in the range 0<Im(®) <, which has
been given the name 'the physical strip'. Two particles a,b can 'fuse’ to a third ¢ when their
S-matrix contains this pole; odd poles only appear to correspond to bound states. Hence,
in considering a forward channel process, theAbound state particle ¢ will have momentum?
equal to the Mandelstam quantity 's' and the pole occurs in the amplitude when T is on
shell. The rapidity difference 8, -6, =i05, where 6%, is given the name ‘the fusing angle'
and the bootstrap hypothesis is that any bound state is itself one of the possibie asymptotic

states of the fieid theory.

Hence, m2 =(pa +Pp)2 =mZ+mZ +2mamy cosos,
for,
a
c
eab c
b

which therefore, has the dual diagram,
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When the Lagrangian is considered perturbatively, the pole can be traced to a Feynman

diagram containing this vertex, and for the bound state to occur there has to be a non-zero

three-point coupling ..

Poles in © on the physical strip correspond to s-channel or t-channel bound states according
to the sign of the residue (+1,-1 respectively). The idea behind the bootstrap equations is

that near the rapidity difference © =i6%,, the two particle state |p®(8.), p®(6s)) should be
dominated by the one particle state |p©(©z)), where 6:=6a +i(n-05%), fixed by’
conservation of momentum. The immediate consequence of this is that the following

'scattering' pictures may be equated,

to yield the bootstrap equations:

S4e(®) = S4a(® - 185)Sw(© +105,),  B=m-6 (1.09)

These allow the generation of some candidates for the S-matrices in the quantum field

theory, given some suitable starting point, normally associated with the lightest particle(s).
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These equations are an over-determined set of equations, but the solution to them is not

unique.

Before progressing, it would be worth while noting briefly the difference in the bootstrap
equations which can be used for the simply-laced and non-simply-laced algebras. For the
simply-laced cases these equations are applicable to any odd order pole with positive
residue in the physical strip, and these poles do not move since the mass ratios are
renormalisation invariant. In the non-simply-laced cases (other than a,,@), the poles depend
on a parameter whose range lies between the relevant pairs of Coxeter numbers of dual
pairs of algebras. It has been proposed™ that only those poles which ‘float’ within the
physical strip, with positive coefficients throughout this range, should participate in the
bootstrap.  Therefore, a more 'generalised’ bootstrap has been suggested for the

non-simply-laced algebras.

The Yang-Baxter equation which appears due to a permutation of .three two-particle
S-matrix elements is trivially satisfied in A.T.F.T. because of the facts that there is no
particle production in the theory and the particles are uniquely distinguished by the

conserved quantities (that is, the S-matrices are diagonal).

The conditions on the S-matrices that have discussed above are not the only pieces of
information that the bootstrap yields, since another by-product is the fact that it places

conditions on the conserved quantities in the quantum theory as well.

Classically the existence of a Lax-pair implies the existence of an infinite set of conserved
quantities as has already been mentioned. If they persist quantum mechanically then they
will represent a set of mutually commuting operators whose eigenstates are the particle

states and may be sufficient to define a form of quantum integrability.

It is conjectured

Qs|p@)=q2 . g0 |p(a))
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where the rapidity dependence is a consequence of the corect Lorentz transformation
property for Q. It is also easily seen that the charge q,* corresponding to spin 1 is purely
the mass, m, of the particle state. The charge acts additively on multi-particie states for
obvious asymptotic reasons. Again, the one-particie domination effect near © = i6S, places
restrictions on the conserved quantity eigenvalues since Qs [p®,p® )~ Qs |p®) gives a set

of relations for the quantum numbers of any three particles involved in a 'fusing".

qae®the +q - €™ =g, (1.10)

These are known as the charge bootstrap equations.

As has already been mentioned in the classical theory, the masses calculated from the
mass matrix, form an eigenvector of the Cartan matrix, associated with the lowest
eigenvalue. There is in fact a generalisation of this in the quantum theory, for the
simply-laced cases (and a,®). Using the classically allowed angles derived from theA
non-zero, three-point couplings, Klassen and Melzer verified originally on a case-by-case
basis, that the eigenvalues of the conserved charges for a given spin s solved the charge

bootstrap equations and could be assembled into a single vector,

g_=(as,....93)

such that this was an eigenvector of the Cartan matrix:

Cq =usg us =4sin?3% (1.11)
q = K9 2h

This should not be surprising and in essence may be considered a classical fact for the
simply-laced cases, because here the mass ratios do not renormalise (at least to one loop)

and so the fusing angles do not move away from their respective classical values.

it should be noted that equation (1.11) is only a statement about the ratios of the

eigenvalues of the conserved charges and the actual eigenvalues will be scaled by an

unknown function of s and the coupling constant j.

Details with regard to the conserved charges associated with the non-simply-laced cases

may be found in [19], where it is described how the folding of the Dynkin diagram gives rise
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to the relevant reduced set of spins, for the untwisted and twisted cases, again these are the

exponents of the respective Lie algebras.

1.3.1 The S-matrices for the Simply-Laced Affine Toda Field Theories

For these cases the classical data appears to be sufficient to generate a solution to the
S-matrix bootstrap which satisfies the additional constraints of unitarity and crossing. What
is not so obvious however, is how these S-matrix elements could possibly be created from
first principles, starting with the Lagrangian (1.03) and this still remains an open question.
Perturbation theory is manifestly inadequate for such a task and so a new approach is

required, maybe in the direction of quantum inverse scattering (also referred to as the

Quantum Inverse Spectral method).

Firstly, the conjectured S-matrix elements will merely be listed and then a brief description’
of their immediate properties will be given. Their explicit construction can be found in many

papers“EUIENT - They are,

a+b-1

a:  sa@= ]

Ja-b|+1
step 2

a+b-1

d:  sa@= ] tx3{h-x;

ja-b|+1
step 2
h-1
Ses(®)=5,.© =[x
1

step 4

h-3

Sss(®) = [ ] {x}
ste%A
2a-2
Sw(@®=8,,@=][[{n-a+x) a=1,2,..,n-2
0
step 2

and for e "); consult [19].

The S-matrices for the ADE algebras are, as can be seen, constructed from a universal

building block,

_ X+ 1)(x-1)
X =TT Byx-1+B) (1.12)
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sinh($ + &

where = : (1.13)
H [S]
sinh( - —'2":“) ‘

and B=B(B); {x} has the foliowing properties: (0y={h} =1, {x£2h}={x}, {-x}={x}~".
The object (x) is a unitary block that contains no implicit dependence on the coupling

constant .

Deletion of all the 'unitary' blocks that contain dependence on B through B, results in
another solution to the bootstrap and S-matrix constraints, known as the 'minimal' matrix. In
fact this minimal S-matrix was what was initially constructed by certain groups, for example
[5], using the classical data and the dependence on B added later, since classically the
coupling plays no rdle at all. The dependence is added in such a way, that taking the limit
B — 0 a free field theory is obtained and so the S-matrix elements will tend to unity. It must
also be such that no further poles are added in the physical strip and the residues of the oddA

order poles of the scattering matrices are consistent with perturbation theory. The postulate

B(B) = 2B2(B?% +4m)™ (1.14)
due to Arinshtein, Fateev and Zamolodchikov* for the a,’-series over a decade ago,
appears to be true for d  and the simply-laced exceptional algebras also, as suggested by

low order perturbation theory®'.,

Clearly {x}g={Xx}2-g and, coupled with the fact that B(4—“)=2—B(B), this implies the

p
property,

S(©;B)=S(©; %) (1.15)

and hence, there is a clear symmetry between weak and strong coupling, which is exactly
what would be expected if A.T.F.T's were to describe perturbed conformal field theories,

since the central charge in (1.02) exhibits this exact same symmetry as well.

For the d ("-series, it is manifest that for n even, all of the S-matrices are crossing
symmetric representing the fact that all the particles are self conjugate. Whereas, in the
case of n odd, S, and S interchange under the crossing relation, since (s', s) are regarded

as the anti-particles of one another, that is, as a conjugate pair. Similar properties hold for
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the other algebras; in the cases of aﬁ”, the particles labelled (a,n+1—-a) are a conjugate
pair; only e/” from the exceptional algebras has any such pairs. Another major fact which
becomes apparent upon examination of these scattering matrices, is that upon closing the
bootstrap, poles of order higher than one have been produced in many of the formulae, in
addition to those higher order poles corresponding to fusings. However, it is proposed that
all these may be explained away purely on the basis of perturbation theory and a detailed
example of this concerning d,"" may be found in [5], where the double and fourth order
poles occur at values of rapidity not corresponding to a particle mass. The mechanism for
all double and triple poles of the simply-laced cases may be found in[6]. Examination of all
simply-laced cases shows that this is true for all double order poles in the conjectured
S-matrices, which gives some credence towards the fact that the bootstrap principle is

consistent when only the odd order poles are considered.

The Clebsch-Gordon property also appears to hold when Feynman diagrams at higher order
are considered, since they cancel when all the particles are taken on-shell, in all the cases

that have been examined.

1.3.2 The S-matrices for the Non-Simply-Laced Affine Toda Field Theories

Initial investigations into the structure of the S-matrices in these cases portrayed a distinct
difference between those associated with the simply-laced algebras. For a stant, the fact
that the mass ratios were not renormalization invariant meant that the field theory
connection was problematical. A purely formal solution to the bootstrap was presented in
[5], but in all cases it appeared as though little, if in fact any, of the muiltipole structure could
be explained within perturbation theory based on the affine Toda Lagrangian. A distinct
difference was noted between the twisted and the untwisted cases, since in the cases arising
from folding using the extra symmetry of the affine diagram, "the S-matrix is a subset of the
parent theory, closing under the bootstrap to form a sort of subalgebra”, but there again the
pole structure appeared inexplicable on the reduced set of particles. It could have been
suggested that the classical integrability broke down at the quantum level in these models
due to anomalies and hence, factorizable, elastic S-matrices did not exist for these Toda

theories. However, this was not the case as Delius, Grisaru and Zanon®? were able to
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construct higher spin conserved currents at the quantum level, for both the simply-laced and
non-simply-laced Toda theories, and so the difficulties in constructing S-matrices for the

non-simply-laced cases were not because of such anomalies.

The insightful jump that was required to solve this problem was provided again by this
group'®, based upon the speculation that one merely had to give up the idea that the blocks
(x) which determined the pole positions satisfied the bootstrap independently of (x+B) and
inherited instead an implicit p dependence. Therefore, there should be no ‘minimal’ B -
independent S-matrix associated with thesé models. A new 'hybrid' block was the key which
could take care of such things as the mass distortion and multipole structure. In fact, the
existence of coupling constant dependent quantum corrections particular to each mass
ratio, should have pointed the way to coupling constant dependent poles in the numerator

M M L@ d(z) M

blocks. A consistent construction for the S-matrices for bn”’, cn’, @3, 4, dpyy and g;° was

given in [9], with the remaining algebras d%’, e, and f’ dealt with later by different
groups™. The conclusion Delius et al. came to was that the construction could be achieved
with blocks very similar to the (x) used previously, but with one important difference; the
Coxeter number which appeared in the mass formulae and blocks, was to be substituted by
a coupling constant dependent Coxeter number H(B). In fact, what was really happening
was that coupled with a renormalisation of the mass scale (to take account of the divergent
tadpole diagrams which also occur in the simply-laced cases), in order to have a finite
quantum theory, there is also a shift in the vacuum expectation values of the fields, which
leads to a renormalisation of the Ka& labels. The bare forms of the mass scale and Kac¢
labels are taken in order that the quantum Lagrangian coincide with the classical Lagrangian
(and with normal ordered exponentials of course). Grisaru et al. constructed the S-matrices
by similar routes as those used in the simply-laced cases, but with two manifest differences:
the S-matrix had simple particle poles at positions shifted away from the classical mass
values by radiative corrections and the bootstrap principle was altered since a few of the
simple poles were 'shifted’ away from their respective single particle positions due to

anomalous Landau singularities. (Feynman diagrams in two-dimensions that have all

internal propagators on-shell).
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In [9] a very explicit example is given, the case of a(22,3_1 and the authors show how after

having satisfied crossing symmetry, S(©,p=0)=1, tree level amplitudes and no additional
poles on the physical strip, the large number of extra poles that have been produced (in the
sense that they can not be explained in perturbation theory) may be avoided by cancelling
the relevant blocks to obtain a minimal number for the S-matrix. This is achieved by
choosing constraints for the functions of B involved in the bootstrap generated matrices.
After the cancellations, the simple poles correspond to the correct fusings at the B -
dependent angles (obtained by consideration of the Mandelstam quantities) in the s, u

channels; moreover, there are several double poles which can all be explained by the

Landau diagrams.

The manipulation of notation allows the S-matrices for the a(zz,,)_1 case to be written in terms

of:
(X =DHX+ DK _sh(g+2
Xin= x-1+B)n(x+1-B)H & Oous= sh(%—izl";;

where H=h+%, such that B=—2h?i_s and the renormalised mass conjecture has been

taken as,

Ma =2 sin(ah—"m +e(B) =2 sin(?_l—")
So, it can be seen that the renormalised masses have the equivalent classical mass form,
but h > H(p), that is, the Coxeter number of the Lie algebra has been replaced by the

‘coupling constant dependent Coxeter number'.

Subsequent perturbation theory on the respective classical Lagrangian was able to check
agreement with such considerations as coupling constant dependence, pole coefficients,
tree level-agreements and that for corrections to the masses at loop-level. The conjecture
B(B) = 2p2(B2 +4m)~! was again consistent with Delius's results, achieved by comparing a
specific residue from the exact S-matrix to the respective one loop calculation of the

residue of a single particle pole and hence, the 'universal' simply-laced coupling constant

dependence was manifestly evident here as well.
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Similar results were found in all the cases that were examined by Grisaru et al., apart from

the appearance of the S-matrices for g,'”, which could not be written in terms of the block

{x}, but (x) only.

However, this was not quite the end of the story for the field theories based on

non-simply-laced algebras. As was well known, the S-matrices for the simply-laced theories

exhibit an invariance under the so-called 'weak-coupling, strong-coupling' exchange p — %"

. since (x-1+B)(x+1-B) is invariant, if B(8) is as conjectured. The transformation in this
context should produce something altogether different though, since (x) has an implicit

dependence. Examination of the a2, 'renormalised’ Coxeter number showed that it

transformed

- B 2-B _ B_
}"la(zzn)_1 —2n—1+§—>2n—1+ 2 —ZH—E—Hbg)

to that of the 'renormalised' Coxeter number associated with the algebra b,". Moreover,

2) )
"' 5 ShY and hence, because of the fact that all the other elements are generated

through the bootstrap, this showed that the a(zz,,)_1 and by’ S-matrices switched under

o 3Z similarly, ¢t and d?, also switched and at p2=4n are equivalent. So what in

B

effect was occuring was that the low B coupling aspect of one non-simply-laced theory

became that corresponding to the high § coupling for another ‘dual’ theory and vice versa.

Following the work of Watts and Weston*, Cho, Koh and Kim®, it became clear that this
'duality’ property was very fundamental. The word 'duality’ refers to the fact that the
non-simply-laced affine root systems fall into dual pairs under the transformation
o = &= ﬁx‘—z. namely, (b, a2, (ct”.d2)), (@%",dP)and (", ed), excepting the case

n+1
o

of a(zz,,’ which is self dual, as are all the simply-laced systems.

Hence generalising, what in effect existed was that for each dual pair of root lattices there
existed a parameterized set of quantum field theories (the parameter lying between the
Coxeter numbers of the dual pair, since B(0)=0, B(w)=2). The masses of the Q.F.T's

‘float’ between the classical masses in each dual pair, as B changes and the ‘two
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conjectured S-matrices' are just manifestations of the S-matrix for this parameterised field

theory. [S(B=0)=S(H=hM)=8S(H=h@)=SP=wx)=1].

FoI.Iowing on this, Corrigan et al.®® provided the missing (f,'"”, e,?) case and proposed a
'generalised bootstrap principle’. This principle gave a restriction on the poles of the
S-matrix which could be used in the bootstrap. The conjecture was that only odd order
poles in the physical strip with positive coefficients throughout the parameter range could
participate. This was consistent with all the S-matrices and, furthermore, all other
singularities were explained by them, ‘at least in principle', to be variations upon the theme
of a Coleman-Thun mechanism™. The latter first appeared in the literature in order to
explain the double poles in the breather scattering matrix elements of the sine-Gordon
model, (a," - Toda field theory with imaginary coupling constant). The introduction of a

new, more generalised form of block:

_ (x=vB-1)(x+VvB+1)
{x}v_(x+vB+B—1)(x—vB—B+1) (1.16)

allowed the 'dual-pair’ S-matrices to be written in a form more akin to that of the self-dual
cases. However, the drawback was that the new block did not possess such an easy
manipulation with respect to the bootstrap. Furthermore, the new notation helped with the
problem that many ‘zero / pole' cancellations were hidden in the older way of writing the
matrices. It can be briefly noted that the case of a(z":,) fits in exactly with all that has gone
before, even though it is a non-simply-laced algebra, the classical and quantum mass ratios

are equivalent” and ‘floating' due to uneven renormalisation does not occur®.

The Coleman-Thun mechanism and the generalisations which have been found, can as
already stated, at least provide examples of how all the semi-positive simple, (double) and
cubic poles, arise in terms of the field theory and are given at the end of [33]. It will suffice
to say that it is the 'floating' zeros of the S-matrix elements that provide the crux of an
explanation for the eventual 'many-signed' poles in these matrices. As noted, the fact that
these zeros have a role is tantamount to exaggerating the non-perturbative nature of all
these mechanisms. The scattering matrices for the dual pairs are in some respects similar

to those of the sine-Gordon S-matrices for breathers. Perturbation theory would have to be
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extrapolated to a very high order in order to see the full effect of the 'floating' over its
Coxeter bounded range, quite unlike the case of the self-dual theories. There, the existence

of fixed position multi-poles is explicable in standard perturbation theory and the coefficients

of the poles calculated to any finite order in f.

Nevertheless, it should be pointed out that despite the differences, the common ground for
all the Toda theories is that the bootstrap can be performed on those odd order poles that
possess a unique sign in the physical strip and leads in a consistent way to candidate

S-matrices.

The question may well be posed as to whether it is possible to find any other 'related
features' between these two superficially very different classes of scattering matrix
élements. in fact, a recent publication by Dorey™! has made some headway into resolving -
this problem. A 'naturally dual' notation is introduced, which enables both types of S-matrix
to be written in terms of a new 'interpolating' block. Simultaneously a generalisation of the
'simply-laced' B(B) is noted to be appropriate in the context of these blocks and for theories

based on a general semi-simple Lie algebra as a whole.

The way the new function of p has been introduced, has been to define a function specific to
each Lie algebra that satisfies the same two boundary conditions as B, that is, B(0)=0,
B(wo) =2, but supplemented by the fact that all the poles and zeros in the S-matrices
corresponding to that Lie algebra, must depend linearly on this new function. Since the
poles 'float' with B, then it is sufficient to check a single pole to fix this new B and it turns

out that for all cases the function is given by:
BISI(B) = 262 - (B2 + 4ty | (117
where h' denotes the dual Coxeter number. This function satisfies the new dual property
BlEl(B)=2- B[gvl(iﬁli).
The interpolating block is defined to be:

<Xy> = <(2-B)%+(B)§":—v> (1.18)
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sh(g +2)
where < X>= — & e
shz-32)
so that as p =0, <x,y >~ (X)n and as B — o, <X,y >~ (Y)nv. In order for the correspondence
with the classical data to hold, the two indices x and y will labei integer values since the
pole positions should tend to integer multiples of %‘and 'lh£v respectively. A new building

block for the S-matrix elements can then be defined (which is akin to the block {x} in the

simply-laced cases),

<x-1,y-1><x+1,y+1> (1.19)

Xy} = <x-1,y+1><x+1,y-1>

For the self-dual cases it merely reduces to {x,x} = {x}. As in the case of the old building

block, {x,y} — | as either p >0 orp —» .

Dorey succeeds in showing how the canceliations between superfluous physical-strip zeros
and poles may then occur in terms of these blocks, resulting in a generalised objectvwith the.
same number of poles and zeros as the new building block,

<x-a,y-b><x+a,y+b>
<x-a,y+b><x+a,y-b>" (1.20)

a{X,¥}b=
As has already been stated, but repeated here to emphasise the point; for the
non-simply-laced cases (bar a(zzn) ) the zeros and poles are not independent, but go through
the bootstrap as it were, 'hand-in-hand' and hence, a minimal 'B-independent' S-matrix
cannot be defined here. In the simply-laced cases they are independent and therefore,
there is a minimal S-matrix. All of the S-matrix elements for all 'simply-laced and
non-simply-laced' affine Toda field theories can then be written either as a product of these
new building blocks {x,y} on their own, or, after the cancellations, in terms of the more
sophisticated blocks a{x,y}». So there exists a unified way of looking at the scattering
matrices for all affine Toda field theories and hence it has become evident that the
non-simply-faced S-matrices have a great deal more in common with those of the

simply-laced cases than was realised when these objects were first analysed.

The duality of these blocks works very simply and comes as a direct consequence of the

dual property noted before given to B! From this it can be seen that the elements for the
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dual theory are transcribed from those of the original blocks by simply interchanging the
labels x and y and any other suffices, hence

a{X,¥}b <= b{¥.X}a
Since there now exists some common ground for the S-matrices, it would be an interesting
investigation to see if the new formulae could be 'recast' in a more group theoretical or
algebraic way, as has already been done for those of the simply-laced cases!'®, and which
will be covered in the following section. As was hinted at by Dorey, the way forward may lie

in a geometrical interpretation.

1.3.3 Further Developments in the Quantum Regime

It has already been mentioned in the section on classical theory (section 1.2) that the
masses in one of the 'untwisted' A.T.F.T's can be ordered such that they form an
eigenvector of the corresponding Cartan matrix. It turns out that in the quantum field
theory, a generalisation of this occurs for the simply-laced algebras, and the higher
conserved charges q,° become components of vectors which mimic the remaining

eigenvectors of this matrix. That is Capq2 = Asq2, where Ls =2-2cos 7;]—5“”"‘9“2”.

At least for the simply-laced cases, Dorey's rule for the three point couplings becomes
quantum mechanically equivalent to the bootstrap equations and for fusings obeying this
rule, it can be shown that these bootstrap equations are automatically satisfied by the
eigenvectors of the Cartan matrix!'?. Hence, the components of these vectors become
candidates for the set of conserved charges; both the eigenvectors and the spins of the
charges being labelled by the exponents of the relevant Lie algebra modulo the Coxeter
number. This is achieved by defining vectors as= Y, qs'&i, bs=2q5‘f&;, for se{

exponents of g} where again the bicolouration is used, (such that the q, are the components

|3l = Ibdl
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of the eigenvector corresponding to X, and {&i,ﬁj}is the dual basis to the simple roots)

which span a 2-plane in %" that the dihedral group <Ilo;, [l > acts 'naturally’ on, in the

sense that @ acts as a rotation through an angle 2—"1‘—5 in each subspace, from a to b,. It is

clear that the period of o is the Coxeter number (using s=1). The aftermath of this is that
the projections of the simple roots into this 's™ subspace have components that are

proportional to the q,', that is the components of the eigenvectors of the Cartan Matrix,

Pe(o) =08 -8 & Ps(-Bp=qs -bs
noting that it is the 'signed' simple roots that are important in this context and that {és,—f)s}

are vectors dual to {a,, b} in the 2-plane.

Hence, the overall result is that the projections Ps(@Po;) and Ps(co"(—ﬁj)) lie on the rotation
of s, Ds respectively, by 2ihp§ for each s. The case s =1 where h-gons are obtained fixed
in circles of radii given by the masses of the particles, allows the conclusion that.
{oPyi; p=0,....h—1; i=1,...,r} gives the set of all roots @ of g. Generally, there exists a
complete description of the projections of all the roots into the o-invariant subspaces and
the fact that o™2(-a) and & have a common projection onto every invariant subspace is

sufficient information to define charge conjugation for the particles.

This rule which corresponds with the couplings®!” in the field theory, then gives a solution -
to the bootstrap equations since the closing of a 'root-triangle' (o'y; +wly; +@*yy = 0) in R
projects to a closed triangle in each subspace. Noting that the charge bootstrap equations

(1.10) can be rewritten as:

qg +qg eisU:b +q(s; eis(Ugb+Ugc) =0

where U are the fusing angles, they can be equated with the projections (since true for s =1
), to give the required solution to the bootstrap in terms of the relevant eigenvector of the
Cartan Matrix. Moreover, this bootstrap is solved for all non-vanishing couplings

simultaneously since the charge attributed to each particle is independent of the others.

The coupling rule answers many more questions however, that have been raised following a

purely calculational approach to the models. For example, it allows the fusing angles for
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each coupling to be calculated in terms of the indices that the Coxeter element is raised to
in each coupling. Moreover, as a by-product of the fact that roots corresponding to different
colours are projected onto different axes in the 2-planes (and the intervening angle being an
odd multiple of 1h§), it is easily seen that, irrespective of the bound state particle produced,
two particles of the same colour must fuse at an even multiple of % and those of opposite

colour at an odd muitiple of ﬁ- Hence, this verifies the so-called 'brick wall' observation'*!

that in all S-matrix elements $,(©), all the simple poles, which correspond to bound state

formation, are spaced by even multiples of the basic angle ﬁ

Dorey's fusing rule has also been analysed in a thorough manner by Fring and Olive'!, who
give a more detailed analysis of the structure of the rule, alternative solutions and
formulations, and naturally the relation to the quantum conservation laws. Emphasis is
placed upon the fact that given one solution to the fusing, there always exists another

inequivalent solution, namely,
c(ty-cli)
Y, 0T )y = Y of®.y =0 (1.21)

t=a,b,c t=a,b,c
where, c(i) is arbitrary, and where (£(a), &(b),&(c)) is the triplet of Coxeter element integer
powers for the first equivalence class. This can then be shown to lead to a contradiction if
the two classes are equated and hence, they must be different. (T he properties used in

0]
deriving this are simply the identity ociocg=0" 2 ,cpYj==Yj and ocHo” =0 Pog).

These two versions of the fusing rule, together with the ones used in -proving the
Clebsch-Gordon property of the coupling, 0= 2 @‘i’“)-h and 0= Z o5V . % where
t=a,b,c tzabec '

the A's are the fundamental weights of the Lie algebra associated with the particles, all play

a crucial role in establishing properties of a hypothetical 'general' S-matrix to be reviewed

shortly.

Fring and Olive's analysis of the connection with the conservation laws, though much less
geometrically orientated, results in exactly the statement that Dorey made. This appears

by expanding the eigenvector of the Coxeter element in terms of those of the Cartan matrix:

2zis
OX =€ h X (1.22)



29

where < %) +e ™ (X qZ‘ai)] (1.23)

T - [

s J2sin6s\ T
and again s is an exponent of the algebra. Taking the scalar product of this with the fusing
eqhation then yields the equations which can be regarded as conservation laws for the three
particle process allowed by the coupling c,.. Where their discussion then differs is in
pointing out that only r (the rank) linearly independent conservation laws appear as a result
of the three particle process. They are therefore, manifestly inadequate for representing the
integrability of the theory. The conservation laws for the negative exponents are linearly
related to the ones for positive exponents. Those of any spin equal to an exponent mod h
are proportional to one of the 'r' fundamental equations when considering a three particle
process; so there exists a curtailed system of conservation laws to that probably expected.
The conservation laws are re-interpreted as componenis of a generalised energy
momentum conservation for the process a+b+c— 0 allowed by the fusing rule. Viewing.
this geometrically (as Olive™ did) it is then obvious that there are two, and only two,
equivalence class solutions when the coupling is non-zero, since there are only two triangles

which may be constructed from three lengths of a given magnitude in an orientated

manner.

(s=1)

Another by-product of the fusing rule is, given the fact that the three masses of the coupling
particles must form a closed triangle, then by the triangle inequality it is evident that any one
of these particle will be stable with respect to the decay into the other two antiparticles
permitted by the coupling. This is simply because its mass is less than the sum of the other
two, and hence, will be disallowed on the grounds of the kinematics involved. Until [12]
appeared, the S-matrices for the simply-laced A.T.F.T's had been coﬁstructed on a

case-by-case basis, and even though certain notation had been introduced which gave them
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all a common ground, there had been no breakthrough in writing them in an
algebra-independent way. That is, in such a manner that only depended on the much more
abstract root systems and representation theory of the underlying Lie algebra. The first
attempt (as far as is known) that resulted in general expressions for the S-matrix elements
for any simply-laced A.T.F.T. was established in a 'colour’ dependent way. It was then
demonstrated that they satisfied the bootstrap equations, the colour dependence being
inherent because of the form the fusing equations took. The proposed expressions for the
general S-matrix element in the ADE scattering theories again had a manifest dependence
upon the action of the Coxeter element in the space of roots of a Lie algebra, which had
already occurred in describing ihe coupling rule in a more group theoretical way. The
properties that the S-matrix elements had to satisfy, unitarity, crossing etc., are then

reduced to identities satisfied by the inner products associated with the root and weight

lattices, such as,

(G, 0Poy) = (&), 0Poti) = —(&i, 0P~ Tat) |
(i, —0PB)) = (Bj, 0Pati) = —(&i, ~o~PB)) b (1.24)
(Bi, —oPBj) = (Bj, PP = —(Bi, —o P*1B)) J

where o, p denotes the bicolouration; o, B, the simple roots; aj, fii the dual roots (they are
fundamental weights for the simply-laced algebras) and @ the Coxeter element. Merely the
fact that the conjectures satisfied the bootstrap however, gave no evidence towards
establishing that the correct physical pole structure was reproduced. The checks that were
made with the previously calculated ADE S-matrix formulae centred on showing that the
expansion of the supposed Coxeter element in terms of inner products in a basis of the
simple roots was consistent with the properties which were supposed to hold. That is oh=1
. and that the characteristic polynomials of the matrices were in agreement with those of the
known Coxeter element®. It was not until the conjectured formulae were written in one
encompassing way that the physical pole structure was eventually elucidated. In [13],[38]
general formulae for the purely elastic S-matrices were proposed which resulted in a

derivation of many of the properties of the ADE matrices in a universal manner. Curiously,
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it was noted that the crossing and bootstrap conditions could be verified in a general way
which were valid for any Lie algebra, whether simply-laced, untwisted non-simply-laced or
twisted, but the property of analyticity required the extra condition that restricted analysis
solely to the simply-laced algebras. More importantly, attention was paid to the structure
and positions of the poles in the proposed formulae and it was shown that the poles of odd
order were the relevant ones to indicate bound states in the quantum theory. Furthermore,
they possessed residues with fixed signature. Various universally observed features of the

S-matrices were in effect, simple consequences of the properties of the root systems.

Moreover™ a new labelling of the orbits of the Coxeter element based on the work of
Kostant'®! was utilized by Dorey. The main result was that if T, labels the orbit of ‘the
alternative roots' ¢, under <o>, then the I's are disjoint, each having h elements and thus
their totality is the set of all roots @, of magnitude rh = (dimg)-r. (The fundamental weight.

A, corresponding to the simple root o, can then be seen to be related by ¢; =(1 - MAp).

Using these facts together with some convenient manipulation of the fundamental building
block, the expression for the two-particle S-matrix that had been introduced before (albeit in
a colour dependent way), can be rewritten compactly as
= (Aa,0Pp)
Sab= [ [{2p+1+u} > "% (1.25)
p=O
Here the block,

sh(2-Z(xx-B+1)sh(§ - E(x+B-1)

sh($ - Zx+1)sh($ - F(x- 1))

{(x}-={x):"=

is used for convenience in the discussion of the pole structure in the S-matrix formulae;
uij = u($i, ¢;) is defined such that Eh§.Uij gives the (signed) angle between the projections of
the roots ¢, ,¢, into the »° eigenspace of the Coxeter element. Unitarity is then checked
using (A, 0P¢j) = —(Ai, 0P *Uig;) and symmetry via (Ai,0P¢;) = (Aj, 0P 1i¢;) . (The coupling

dependent part plays no rdle in the analysis of the pole structure).
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The fact that the formulae satisfy the S-matrix bootstrap is most easily seen by rewriting the
bootstrap in a more succinct way. The crossing and unitarity identities allow it to be
transformed to

S4a(©®)Sab(® +i6%,)Sde(® — i88) = 1 (1.26)

which has a pictorial representation:

d_—>"

a b c a b c
(and is analogous to the rewritten conserved charge bootstrap equations).

By defining (t,f)(®)=f(©+ %), the bootstrap may be written as

(Tu(¢d.a.(a))sda)('tu(¢d ,u(b))sdb)(T u(¢¢,a(c))sdc) =1

where the ag, € [} such that o +aw +ue=0. (The fusing relation). The bootstrap
equations in this form are then seen to be immediately satisfied, from the properties of the

block {x}-, the fact that the scattering matrix element can again be rewritten as,

Sap= [ (uba,am)+ 1" (1.27)

a(b)Erb

and given that the fusing relation holds.

The S-matrix formula (1.27) is readily open to a detailed examination of the physical pole
structure and has been forthcoming in providing algebraic answers to questions that were
left 'in situ' after study of the case-by-case calculations. For example, when the S-matrix
elements were pictorially represented by 'blocks""?), it became apparent that the positions of
expected forward or crossed channel poles precisely corresponded to the downhill or uphill
sections of the wall, which portrayed a very-well-established hypothesis between the fusing
structure and value of pole residue. This was that the poles of odd order always have an

interpretation in terms of the production of a bound state, the downhill poles with a '+i'

residue being forward channel, whereas uphill with '-i' residue being crossed channel. (The
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nomenclature 'residue’ referring to the coefficient of the most singular part). Moreover,
examination of the ADE elements in the case-by-case style made it apparent that the height
of the wall never changed by more that one unit; excepting the points 0, in of the physical

strip, where the S-matrix is analytic and change is from 1 — 1.

All these facts possess an explanation within the context of the conjectured general S-matrix
formula (1.27) and the properties of the simply-laced root systems. Furthermore, a total

examination of the analytic structure is possible.

As o, funs through I, the quantity u(¢,, o) lies between 0 and h, and given the definition

of the block, S,, may have poles such that lr'lﬂ < an U(da, o)) < in+iﬁ’5. However, algebraic

analysis has shown that any possible pole must lie inside the physical strip (0 <Im(®) <),

since all the blocks contributing poles to locations outside this strip have zero exponents.

The relevant parts of the S-matrix that contribute to a pole at 'Fn(‘ba,a(b)) =0, are,

Sap=-+- {U(da, 0OL(p)) + 1 }Ravam) (y(dq, o)) + 1 } Ra) (using the full block)
. (Aa, @) . (Aaoyp))
~ e (@ +('9 b) © (G——Z'BT,) (b) (to the highest order of pole).
—VUa —Va

Hence, given that (La,op)) — (Aa,0owm)) = ((1 -0 MAa, ap) = ($a,ap)) . the change in wall
height at this relative rapidity is 8h = (¢a, b)), and the use of simple algebraic arguments
gives the result required. That is 3h=-1<« a bound state in the forward channel, similarly
3h=+1< a bound state in the crossed channel and &h =12 implies ¢a =+ ) hence, a

relative rapidity of 0 or ir. Similarly, the residue is a positive real multiple of i(¢a%®) and
accordingly gives residues that are proportional to + or —i for forward or crossed channel

poles.

The fact that the wall height is always positive in the physical strip can also be explained in
terms of this new ‘language' and refers to the fact that traversing each of the orbits T',, it is
the positive roots which correspond to the region bounded by 0 and in rapidity values, hence
any inner product with a fundamental weight will obviously be positive. Similar results have

been found by others’®, whose starting point was notationally slightly different. In that case
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also, very detailed checks were made to ensure symmetry in the indices, the crossing
property held and that the bootstrap was satisfied. Again this was all based on properties of
the block and identities satisfied by the Coxeter element. This group aiso noted the
interesting fact, already briefly mentioned, that all the properties - apart from meromorphy -
held equally well when the algebra under concemn is non-simply-laced. The breakdown
appearing from the fact that in the non-simply-laced cases, the powers to which the blocks
are raised are not all integers, simply because of the variation in root length. Furthermore,
they prove the equivalence between their conjectured formulae and that which appears in a

vertex operator construction of the scattering matrix, due to Corrigan and Dorey®,

h _ Aa-w 9
Sa@ =11 {2q +1+ c(—a)—?_c(—m} ’ (1.28)

q=1
As already briefly mentioned, at the end of section (1.2) the vertex oberators are
constructed to provide a representation of the exchange relation which contains the S-matrix
of a real-coupling simply-laced affine Toda theory. The S-matrix is found to be the ratio of
the factors that are left over after normal ordering of the pairs of vertex operators has taken
place in the usual manner. Here again, the Coxeter element is found to play a very
important rdle in the sense that it ‘twists’ the annihilation part of one of the vertex operators,
which results in the destruction of all conformal character and hence, the eventual outcome

of the non-trivial braiding relation.

For the Toda theories a suitable operator has been found to take the form:
V3(8a, Ba) = VA2(82) VP2 (B2)WH (020 W Ba)
wheré the exchange of the V's provides a representation of one of the analytic continuations
of the minimal S-matrix (off the ®=-© submanifold) and the exchange of the W's is
required in order to produce the extra coupling constant dependent part inherent inATF.T..
VA(@©) = eX@)eX®)
V@) = e X2®)e X ®)
The V's have the above form, illustrating the placement of o, which acts on the weight in

the 'stringy' field X to shift the rapidity by % similarly W.
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Another feature borne out of the use of the vertex operators in this manner was that the
bootstrap relations for the S-matrices followed as a direct consequence of those for the

conserved quantities, the 'delocalisation’ having no effect in the sense that it was

independent of particle type.

Interestingly, it was noted that the construction of classical soliton solutions for other field
theories in terms of t-functions involved the use of vertex operators with a similar
structure*’*?, |t does turn out that a basic 'building block' in the interaction terms for
solitons associated with the Toda theories can be constructed using operators that are
slightly different to the ones mentioned. This will be shown in section (4.3) and is claimed to
be original in such a context. The 'full' answer to the problem of constructing such operators
that create soliton solutions to the affine Toda field theory equations may be found in [16]

and [56].
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2. SOLITON THEORY

2.1 Solitons and Methods of Solution in Classical Field Theory.

Classical soliton theory deals with the study of localised 'lump-like' solutions of 'special
non-linear partial differential equations. Just to obtain a specific solution of a non-linear
system is in general very difficult to do and so these soliton solutions are indeed special.
There are equations that have become popular nowadays that exhibit chaotic properties in
the sense that infinitesimal changes in any initial data propagate over a short period of time

into wildly divergent evolutions.

Very few non-linear wave equations exhibit soliton solutions since the inherent dispersion
effects would dissipate the lump solution eventually, but in the few equations where the
dispersion effects are exactly balanced by the non-linearity there is the possibility of soliton

solutions that do not collapse.

If, for the moment, the linear wave equation in two dimensions is considered,

a“ap¢=0

then this has the solution
¢=0¢1(x—c)+2(x+ct)

and, imposing boundary conditions of |¢] >0 as |x| >, any localised wave packet
travelling with uniform velocity will satisfy these conditions. The wave packet will not

disperse since all plane wave solutions to the wave equation have the same phase velocity

%:c and of course, the packet can be Fourier expanded in such a complete set.

Solitons are in a sense the equivalent of these wave packets for non-linear equations and,
as such, also possess interaction properties ( in the linear case due to the principle of linear
superposition). Specifically, in considering classical relativistic field theories, the solutions
in Minkowski space-time will possess finite energy with a localised energy density that does
not disperse with time, and moreover, propagate with uniform velocity with littie or no

change in shape. In this sense the solitons are very much akin to particles, but are in fact
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solutions to non-linear wave equations. It was this fact that led Skyrme to use relativistic

solitons in a model of the nucleus of an atom™®.

The vast majority of the soliton solutions are non-perturbative, in the sense that they are not
obtained by considering the exact solutions to the associated linear problem and then the
non-linear parts in some perturbative scenario, but are usually constructed by some totally
different method. The last twenty-five years has seen a rapid growth in the study of soiitary
wave-like phenomena and as such there are now many very powerful methods and
techniques available for the analysis of these equations. Most notably ‘the inverse

scattering transform"®l, Hirota's method™® and the use of the Backlund transformations'.

The inverse scattering transform was deveioped after study of the Korteweg-de Vries (KdV)
equation and its related conservation laws, and is in essence a form of non-linear analogue.

of the Fourier transform. (The conservation laws are of course derived from the result that

there is an associated current in the theory
+
Oujt = 00Q=0 Q=I jedx

where for simplification the example of 1+1 dimensions is given and a suitable boundary

condition on the spatial part of the current is assumed).

The KdV equation has an infinite number of conserved quantities”®. This is implied by the
crux of the transform's mechanism, i.e. the fact that the equation can be written as the

compatibility condition for an overdetermined set of linear equations - the Lax pair:

BY=06¥ |
b = 8.L-[B,L]. =82
LY=1-9

where B, L are differential operators, A the so-called spectral parameter and [,}. a
commutator bracket, d,A vanishes if and only if the equations of motion are satisfied. The
Lax system controls the time development of some associated initial scattering data which
may then be transformed back into a solution of the original equation at time t, (at least in

the cases were there is a discrete set of data that appears in the spectrum of L). Hence, the
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inverse method solves the initial value problem in principle. Among the set of these

solutions are the solitons.

The fact that a field equation can be written as the compatibility condition for a Lax pair
defines, essentially, what it means for the theory to be ‘integrable’ classically - as it goes

hand-in-hand, that this theory then possesses an infinite number of conserved quantities

and has exact solubility.

However, the point that a field equation may be integrable does not immediately imply the
constructibility of soliton solutions, even though it should be possible in principle. This is
portrayed by the fact that there exist many integrable hierarchies with equations associated

with any number of dimensions and generalised Lax systems, but very few exact soliton

solutions have been constructed explicitly in more than 1+1 dimensions because of many .

technical mathematical details.

The subject of Bécklund transformations constitutes a transformation theory that in essence
relates soliton solutions at some fixed time in their evolution through the use of recursion
relationships. For the sine-Gordon equation (which will be analysed in detail in section
(2.3)) the actual transformations were worked out a long time ago'® and arose in the context
of differential geometry rather than soliton theory®. The transformations have been an
active subject of research in the theory of solitons since the discovery by Estabrook and
Wahlquist*”! of the relevant transformations for the KdV equation, resulting recently in the

construction of Backlund transformations for some of the affine Toda field theories!'.

One of the most interesting results of this transformation theory is that it culminates in a
simple superposition formula - the theorem of permutability - which allows the construction
of multi-solitons from single (or even no) solitons by purely algebraic methods, given some

appropriate boundary conditions. This is illustrated quite simply using the following diagram:
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Initial Solution —> Uy i

where a,, a, are the parameters of the Backlund transformations. Denoting B(a) to be the
transformation associated to a, then B(a,)(B(a,)u,) is equated with B(a,)(B(a,)u,) to obtain an
expression for u, in terms of u,, u,, u, by algebraic means, without having to solve any of the

initial differential equations. The action of B(a) adds a soliton to an already known solution.

Having mentioned the sine-Gordon equation it may be appropriate, at this point, to note that
it turns out in some field theories that the solitons may also possess a ‘topological number’,
which is a consequence of the asymptotic behaviour of these solutions. For solitons this-
number turns out to be a conserved quantity, which later, hopefully, can be used to label the
quantum state of the soliton if a way to quantize the classical field theory has been found.
Referred to as ‘topological charge' in the context of A.T.F.T. with imaginary coupling and
taking values in the weight lattice of the associated Lie algebra. The way to calculate these
quantities is far less understood in these field theories. Only recently has progress been
made on a general understanding of these topological quantities for the solitons associated
with the simplest of the series, that is those related to a,” . The topological quantity is
defined in (1+1) dimensions as:

Q o« P(X =+w) — P(X = ~0) (2.01)
with an associated conserved current,

j* o eWO @ (2.02)
Hence, it is just proportional to the difference in asymptotic values of the field. It can be
shown, for example in Rajaraman'®®, that for a single scalar field in two dimensions,
non-trivial static solutions are necessarily topological - in the sense that Q=0 for all such
solutions. Moreover, these static solutions mustinterpolate between neighbouring minima

of the potentials for such systems with multi-vacua where the potential is real.
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Before giving a detailed examination of the sine-Gordon model however, a review of the
Hirota method will be undertaken since it is a method central to constructing explicit soliton

solutions for the A.T.F.T.'s.

2.2 Hirota's Method

Initially, Hirota constructed his 'direct method' in 1972 as a means of obtaining the N-soliton
solution to the KdV equation and, after manipulation, it gave exactly the same determinantal
solution as calculated from the inverse scattering method by Gardner et al.. The method is
direct in the sense that no reference is made to an associated 'simpler’ system such as

those that occur in the scattering problem and the Béacklund transformations.

Although primarily ad-hoc, the method has been abstracted to a deep algebraic setting by
the Kyoto school, that is Sato, Date, Jimbo, Miwa and Kashiwara'“?*®".  This has involved
the use of many areas of mathematics such as infinite dimensional GraBmannian

manifolds, vertex operators and Kac-Moody algebras.

The crux of the Hirota method is the ability to find a substitution for the field variable such

that the equations of motion can be written in the 'Hirota bilinear form'.

That is, a substitution

Ox, t) = D(r1(X, 1), ..., Ta(X, 1) (2.03)
is made where the t's are the tau functions for the transformation, one for each of the
independent fields that constitute the system. The non-linear evolution equation takes the
form:

F(Di,Dx)t-t=0, (2.04)
where F is a polynomial or exponential function of the operators D, and D,, known as the

Hirota derivatives. These Hirota derivatives are defined by:

™ o_oY(o_oY)
D; Djx T T= (a - -67) (—a; - 5X_/) ‘E(t, X)‘C(t/, X/)i:;// =0 (205)

For example,

2
D; f-g= (% - ‘a%) f(x)g(x/)l)(:x/
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= /(x)g(x) - 2(f'(x)g’ (x)) + f(x)a” (x)

A comprehensive list of properties of such operators may be found, for example, in [51].

If this is possible, then by expressing the 7, in a power series in say ¢ and recursively
obtaining the terms in the expansion, it may also be possible to consistently truncate the
expansion after a finite number of terms. Therefore the problem of summing an infinite
series to resurrect 7, in a closed form does not arise. It has been shown by Hirota that if F
satisfies the conditions:

F©0,0)=0
and F(Dt, Dx) = F(-Dt,-Dx)
then the equation will possess at least a two-soliton solution (and usually N-soliton
solutions). This is also true in more than one spatial dimension. In the original solution to
the KdV equation, for example, it is possible to truncate at order one to obtain a one-soliton .
solution which takes the form,

® =2(log )xx

where

1=1+rexp(kx-k3) A, k constants.
Addition of more single solitons to give an N-soliton solution can then be achieved
consistently by truncating at order N:

N N
=2, exp(X ADpipy + 2 wit)

=01 i i=1

where
exp&; = A exp(kix — k3t)

and )
exp AW = (k; — kj)2/(ki +kj)?

1 1 1 N
(Y isshorthand for >, Y. ... 3. and Y, denotes the sum over all ordered pairs).
p=0,1 p1=0 u=0  un=0 i>j
In the sense that if it is possible to write an evolution equation in a bilinear way, then the
truncation is possible to obtain a compact form for soliton solutions, there is a certain
amount of mystery surrounding the Hirota method. However, its use as a computational tool

was immediately obvious and exploited to obtain exact N-soliton solutions to an ever
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increasing number of non-linear P.D.E's and difference equations, including - as will be seen
- the affine Toda field theories. However, in all the cases (bar a,”) a subtle massage of the
method is required in order to obtain soliton soiutions since the equations of motion do not

strictly take the bilinear form of Hirota after the proposed substitution has been made.

2.3 A specific example of a soliton system - the sine-Gordon equation

The sine-Gordon equation (or a," affine Toda field theory with imaginary coupling) arises in
several areas of physics. For example it arises in the Josephson junction in
superconductivity where itdescribes the motion of magnetic flux in the system. It also
appears in two-dimensional models of elementary particles such as the Skyrme model of
the nucleon. It even arises in a very simple mechanical model. The system consists of a

single scalar field ®(x,t) in (1+1) dimensions with an action:
S(®, 3+ @) = J ’ dzxa—i[%(auq)auqa) +22(cos D — 1)] (2.06)
where A,u are constants.

Hence, considering the usual Euler Lagrange equations for a stationary point of the action

oL, _al _,

H —_—
*Gip) " 50

the equation of motion is obtained:

Mo, @ =-A%sin® (2.07)

that is, the sine-Gordon equation.

By Taylor expansion it is obvious that the equation is a non-linear continuation of the

Klein-Gordon equation, which is presumably how the name was obtained"“®.

Examination of the energy,
17 a1 2.1 2.92(1- }
E j_w dx ax[z(a@) +2(61(D) +A4(1-cosd) (2.08)

reveals that the sine-Gordon system has a discrete infinity of degenerate minima, given by,

& =2xrN NeZ

which also satisfy the equation of motion These are the trivial solutions ® =constant. As

already stated, in section (2.1), any non-trivial static solution (in the sense of a single
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soliton) must interpolate between neighbouring minima and so (working mod 2n) will have
to interpolate between 0 and +2n, or vice versa. Being a relativistic equation the moving

soliton can then be obtained from the static solution by a Lorentz boost.

The Lagrangian and field equation also possess the discrete symmetries ® <>-® and

@« O+2Nn and as before the topological index can be defined for the sine-Gordon

equation to be given by
-1 j * x2
Q= ) dx X (2.09)
The static single soliton solutions to equation (2.07) are given by:
d(x) = +4tan! (expA(X - Xo))

and have index +1 respectively and hence, are denoted the soliton and antisoliton. The

moving soliton is then just the Lorentz boost of this:
®(x) = 4tan~’ [expk' [1-—)(0—_—“-]] (2.10)
1-v2
the antisoliton is related to this by the symmetry ® « —-®. Calculations of the single soliton

energy (2.08) and momentum (both of which are conserved)

n b= BV
E= , P=—J dx’/9g®d1 D =
[1-v2 8nJ o 0 ! 1-v2
give
EZ_pZ_:uZ

which is in total accordance with the interpreta{ion of the soliton as a relativistic particle of

rest mass p and, gives weight to the idea of modelling elementary particles by solitons.

There is in fact a third type of soliton solution to the equation of motion commonly denoted

the breather. It occurs in the analysis of a specific soliton - antisoliton pair, whose

scattering solution is given by:

sinh(vt//1-v2) @.11)
vcosh(x/J1-v2) . '

Dsa(x)=4 tan“[
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- +
Asymptotically (i.e. as t —» ) it can be shown, using tan-'x+tan-'y =tan-" 1x__

Y } that
Fxy
this solution is equivalent to that of the superposition of a single soliton and antisoliton that

are approaching or leaving one another with relative velocity 15_‘(’2. However, the final

configuration t — +oo has the second soliton shifted by an extra amount dx=+(vZ-1)logv
relative to the first. This is a by-product of the collision that has taken place at finite t and
related to the non-linearity of the equation. This fact may be interpreted as an attractive
force acting between the soliton and antisoliton that manifests itself when they are in local
vicinity of one another. This system is an example of a solution that has an overall

topological index of zero, but of course it does not correspond to one that can be brought to

rest in any frame.

The breather solution which also satisfies the equations of motion, is obtained from this by
setting v = iu (u real) and again results in a real solution,

sin(ut/{1+u?)
. (2.12)
ucosh(x/J1+u2)

However, this corresponds to a 'bound’ pair in the sense that the solution is periodic in t with

2n /1 +u?

period ————, and moreover the energy of the breather is less than 2u. The soliton and

®pi(X) = 4tan‘1{

antisoliton oscillate about some centre of mass with this period and hence, are totally

consistent with the notion of an attractive force at work, since they cannot separate past

some finite distance.

Similarly, there exist soliton-soliton, antisoliton-antisoliton solutions ®ss, ©an = —Pss Which

belong to the class of solutions with Q =2,-2 respectively, but having no associated bound

states.

The general N-soliton solutions have been constructed using the inverse-scattering method
by Ablowitz et al.® and hence, all solutions of the time dependent equations are at least in
practice known, even if difficult to write down. They may be generated recursively using the
Backlund transformations which are the following first order coupled (partial) differential

equations
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1 1 i U=V

§(u+v)§=x~a ! Sin(=5)

1 ~%.a-sin4tY

2(u—v),,_k a-sin( > }
where 'a' is the parameter; £, n = %(xtt) are light-cone co-ordinates and u, v solutions of the
sine-Gordon equation. The elegance of this method lies in the fact that only first order

equations need to be solved rather than the original second order equation. |t provides a

simple way of obtaining the double soliton solutions above.

The single soliton solution (2.10) can be rewritten in several ways; one of these (using a

slightly different normalisation of the fields)

2 . A(X—Xg ~ Vi) . A(X—Xg — Vi)
@ = £| log(1 +iexp ———) —log(1 —iexp ——) 2.13
il 0 J1-v2 1-v2 @13

gives one clue to the correct substitution in order to obtain soliton solutions to affine Toda
field theory by Hirota's method. However, it is not immediately obvious that there should be
such solutions since the potential terms for general A.T.F.T. with imaginary coupling - unlike
the case of a,” Toda here - are complex. Therefore they are inherently difficult to interpret,

- but this will be discussed further later.

2.4 Hirota's Method for Solitons in Affine Toda Field Theory

As has been shown, the sine-Gordon equation (which after rescaling the fields corresponds
to a,'" Toda field theory) has a vacuum configuration that is manifestly degenerate. This is
ultimately responsible for the topological soliton solutions that can be found in the field
theory, given that there also exists an infinite number of conserved quantities associated

with the system.

Similarly, if the coupling constant B is taken to be purely imaginary in the classical Toda

Lagrangian (1.03), then the potential term takes the form:

2 « )
V() = (Ll'”y)_z > nje® (2.14)
=0

‘where p has been replaced by iy; where y e R.
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It is immediately apparent that with such a coupling the potential term is left invariant under

the shift in fields @ —><D+%,’5k where A € Ay, the co-weight lattice of g. Moreover, unlike

the case of real coupling where the potential is minimized by a unique value @ =0, the

potential is now zero whenever d):%’lx and hence, there is a countable infinity of

degenerate vacua in the field theory.

Again the topological charge for the field ® can be defined to be:
=—Y—r°°axq>dxs(d>|tm—a>| ). L (2.15)
27 J Xl 2n ’

and hence, if the field interpolates between two of the degenerate vacuum states then the
topological charge is the différence of two weights, so from the underlying construction of a
lattice, is also an element of Ay,. [f the weights happen to be in the same representation of
the Lie algebra then the charge t € Ar - the root lattice of g; a sublattice of Aj,. Itis now

easily seen that the infinity of vacua in the sine-Gordon equation just corresponds to the'

weight lattice of su(2).

The fact that there exist such degenerate vacua in a general A.T.F.T. (putting aside for the
moment the questions concerning the complex nature of the potential terms and
non-unitarity of the theory), prompted Hollowood'" to investigate the existence of solitonic
solutions that interpolate these vacua. Guided by the Hirota substitution for the Téda lattice
equations and sine-Gordon model the following substitution was conjectured:

r i

@ =—% 2 ojlogT, E':? 2 ajlog (T—’J) (2.16)

i=0 =1 To
(This has been generalised slightly in®*, but the impfovement is irrelevant for the case of
the simply-laced Lie aigebras, which is all that will be required here, since it reduces to the
above formula. Moreover, some solutions for the non-simply-laced cases may be obtained

from folding the single soliton solutions of the simply-laced algebras).

The question may be asked as to why there are r+1 tau functions in the substitution
compared with the fact that the number of fields present is r. Aratyn et al.* note that it is a

remnant of the fact that the affine Toda field theory can be embedded in a larger field theory
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(through the introduction of two extra fields m, v) that possesses a form of conformal
invariance. The extra tau function can then be traced back to the field v in this "conformal

affine Toda system” (C.A.T.).

Substitution of (2.16) into the equations of motion (2.14), where p has been replaced by iy

then gives

r r r X
> aj(@*aulogt) = 2 ogm?n; [T v ). @17)
j=0 =0 p=0 i

This may be decoupled to give the set of equations

T
(031 - %)+ (O11))? - (Bor)? =m2ny([ | <M ~1P) (2.18)
p=0

for j=0,...r (where A, is the adjacency matrix for g defined to be 23 o). These then

take the Hirota form:
r
(D2 D2y -y =2m?ny([ | " - 7). 2.19)
p=0

A.
Strictly, if [Ttp" = 1Ty then the bilinear form of Hirota is obtained, however this only occurs
for all j, when the affine algebras a," are considered. Fortunately, all is not lost and
consistent series expansions of the t's can be found that truncate after a finite number of

terms.

Each tau function is expanded in a power series of a dummy variable 'e' which is later set to

unity, or similarly rescaled into the exponential terms:

(M

2
=141 e+t 2+

and the terms are equated order by order after substitution into the equations of motion.

Using the minimal ansatz that to=1+e¥.g?, where ¥=c(x-vt)+&, the system of

equations has a closed solution which takes the form

1 (nj) .
=1+t ety e (2.20)

where n; is the Kac label of the Dynkin spot j and
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W=l ekt 5 e vie (0,1 ke 1,1}, (2.21)

It is also required that o2(1-v?)=Am?2, where A is an eigenvalue of the matrix Kj = nja; - o} .
As has been noticed previously?", the eigenvalues of this matrix are the same as those of
i

Mab=£:1niaaaib and hence, correspond to the classical particle masses? of the relevant
affine Toda field theory with real coupling constant. The fact that the expansion of each tau
function terminates at the exponent corresponding to the Kac label can also be seen by
examining the second form of the Hirota substitution for @, (2.16). The fields are required
to be finite as x =, and as has been discussed, must correspond to an element of the
coweight lattice. If o is taken to be positive then @l =0 trivially and only the +wo limit

becomes important. Hence the numerator in each 7, must terminate at the n™ power of e

for this finite property to hold.

Expansion of the equations of motion for the 1's to order e*, then gives:

r

2,..2 S _ 2 (1) Jw 28,~0tj-aL 2

o2(v2-1)8" =m 'n.-[H(ku ce¥ .. ) Bk k—r,}
k=0

r
~(1
=m?. n;- [—2 o -akb{( )J
k=0

and hence, 6}1’is an eigenvector of the matrix Kj(i,je {0,...,r}) corresponding to
eigenvalue o2(1-v?)m-2 = , that is the classical particle mass®. So there are r non-trivial
distinct classes' of soliton which can be associated to the relevant spots of the Dynkin
diagram in just the same way as the classical particles can be attached via the
Perron-Frobenius eigenvector. The trivial solution is just a manifestation of the fact that the

extended Cartan matrix éij has a right eigenvector (corresponding to zero eigenvaiue) of a

vector comprising the Kac labels,

Jnj: ijef0,...n)

implying tau functions of the form tj = (1 +e¥)" and hence, a zero field.

I
When A = 0 it can be seen that ‘):0621’ =0 from the sum over 'i' in: nia?afz‘s}” ="
i=
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The association of the soliton solutions to the spots on the Dynkin diagram also goes
hand-in-hand with the fact that the topological charges of these solutions lie amongst the set
of weights corresponding to those fundamental representations. (Although not ail the
weights are found for the single solitons, e.g. see [48]) . Moreover, the solitons having
such a charge attached to a specific representation are degenerate in mass, this mass is

proportional to the classical particle mass.

Firstly, however, an important distinction must be noted between the solutions to the field
theory based on a general Lie algebra and that of the sine-Gordon model. This is that the
soliton solutions are real in the latter case, but manifestly complex in the former. The
guestion then immediately arises concerning the nature of the masses of such objects since

the Hamiltonian and momentum densities :

2 , '
H= %((50@2 +(019)%) - T—z 2 nj-eh® (2.22)
j=0

P =—~(30D)01D). (2.23)

are complex-valued.

Initial computations of the masses on a case-by-case basis'"*"® suggested that they were
real and moreover, proportional to those of the classical particles, the constant of
proportionality being [23—2 Hollowood!"*! has argued that this is because it is possible to
construct classical conservation equations for the solitons analogous to the quantum charge
bootstrap equations and which possess precisely the same form. Since the solutions are
unique given the spectrum of conserved charges for the algebra, then the integrals of

motion are proportional up to an overall scale factor independent of particle type, as

portrayed by the calculations of masses for the simply-laced cases.

Subsequent rigorous proofs of such facts have been given from a variety of directions of
attack. Namely, via the use of Backlund transformations!'”; from consideration of the
conformal affine Toda field theory!®** and by utilization of a generalised Leznov-Savaliev
solution for the affine Toda models!'®*¢), The latter is ultimately linked to a construction of a

vertex operator formalism for such theories and the representation theory of the Kat Moody
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algebras in general. The relevant Backlund transformations were found only for a,™ and

d,"; those corresponding to the a,"” series were, in fact, essentially those discovered over a

decade ago by Fordy and Gibbons®”,

a+(¢n —$n) = LA[eiB@n"j‘nH) - eiﬁ($n-1'¢ﬂ):| : ¢n = ((D)n
J2p
d-(bn—Fn1) = M _A-1 [eiwn—&n) — eiB(@n1-Fn-1 )]
J2p
where x* denote the light-cone co-ordinates %Q and A is the Backiund parameter.

When these are satisfied, the energy and momentum densities become total divergences
leading to 'real' topological surface terms'' and hence, the reality of the stress energy
tensor. It is also conjectured to be true for all affine Toda theories but the relevant
Bicklund transformations have been hard to uncover; notably for d,", the equations
corresponding to the outer spots of the Dynkin diagram are aigebraic, whereas the equation
corresponding to the central point has a square root associated with it. As in the a (" cases,
the transformations can be integrated to givé single soliton solutions from the vacuum.
Moreover, the exponential of the single soliton field takes the form of a ratio of functions
akin to the tau functions, in total analogy with the Hirota substitution (2.16),. after a specific

representation of the simple roots has been taken, thatis o =€ —¢
X =57t

-+

. such that the gi are
orthonormal vectors, i=0,...,rin ®™', and the physical fields ® lie in an 'r' dimensional

subspace.

The 'N' soliton solution then takes a particularly neat form for the a " series in this

language. Using the Backlund transformations, it can be shown that,

(det 713N

(det T, %)

where for example,

1,2

detTj_1J_2 = T;_1Tj2_2 _Tj2—1Tj1-2
and the T' are exactly equivalent to the i single soliton tau functions. In such a compact
form, this can be compared favourably to the series solution found by Hollowood"™, which is .

similar in structure to that of the KdV solution.
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The method of Aratyn et al.® again involves the observation that all contributions to the
soliton masses in the affine Toda models come from terms that can be written as a total

divergence, but differing from the previous method in that they involve the Conformal affine

Toda field v. Specifically the momentum equations gives

+00 r
Msol'(1—_\\//—2)’175=yj dxax()t(z $j+h-v)
o 5

=y-0Q, dj+h- w2

j=1
and hence, the masses of the solitons can be calculated given the asymptotic nature of the
v field®. This is not so surprising given the fact that the affine Toda equations appear in
some 'gauge-fixed' sense from the conformally invariant C.A.T. ones, a residual appearance

of such a field in the mass term may be expected.

So, despite the non-unitary form of the Lagrangian, what has appeared is that the classical
solitons possess real energy and momenta. However, it is also possible to show more than

this, namely that the solitons are stable with respect to small perturbations around their

solutions'®®!.

Denoting y to be the perturbation around any static solution @, then for small deviations

around & equation (1.04) gives

r .
Budy +m2 D njoi(a - 1)e™i®=0. (2.24)
j=0

Therefore, only considering the asymptotic behaviour of y i.e as x —» 1o, the above gives

T
BudMy+m2 Y njoy(cj ) =0 (2.25)
=0

which is simply equivalent to the linear classical equation of motion around the vacuum

configuration.

There are r linearly independent solutions to (2.25) since y and & lie in a vector space with

dimension given by the rank of the Lie algebra and possess the asymptotic behaviour

f
X H i
xa(x¥) > eilontiea) 3 gl a=1,..r
: -
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such that the frequency is given by:

v2=k? +m3

in accordance with the Toda fundamental particie modes. Consideration of double-soliton
solutions then gives the exact form of the solution. However, the fundamental point to note
is that the solitons are classically stable since there are no modes with imaginary frequency.
As has been discussed, this is expected in the sine-Gordon model since the potential terms
are real for a,'” Toda, however, it is not at all obvious for the more general complex valued
potential terms for a,” (n>1) and the other affine algebras. Coupled with the fact that the
2-momenta of the solitons are real it may ultimately be expiained by the discovery that there

is a unitary theory somehow embedded in a non-unitary field theory.

The proof by Olive et al."® of the energy-momentum reality and positivity again involves
consideration of the fact that affine Toda can be embedded in the higher conformal system
and not only do they show such properties for the single soliton, but for the n-soliton solution
in general. Arguably, their approach is the most systematic and powerful way of
constructing such solutions for the Toda models since it involves the application of the
representation theory of the simply-laced Ka¢-Moody algebras incorporated into a general
solution for the affine models. This is akin to the Leznov-Saveliev solution to the Toda

equations of motion and it takes the form,

e Prido, i=1,...r

e B - <AiIA(X+)B(X')|Ai)
(Ao|AxH B |Ao)

Here A, B are chiral fields; A,,....,A, the highest weights of the fundamental representations
of the Ka¢-Moody algebra; @, is a free field (set to zero or one of the degenerate vacua for
the case of imaginary coupling soliton solutions) and the m, are the Kat labels. However,
the theory is complicated, and for the sake of constructing single and double solitons
‘explicitly’, the Hirota method may be considered preferable, though the inherent lack of any
deep Lie algebraic theory associated with the method curtails explanation of many of the
phenomena that appear in the multi-soliton solutions. Nevertheless, a certain amount of
headway can be made after case-by-case consideration and formulae conjectured that go

part of the way to describing the interaction pieces that appear in the simply-laced cases.



53

Ultimately, a full explanation must lie in the domain of the underlying group theory, as

elucidated in [16),[56].
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3. THE SINGLE / DOUBLE SOLITONS AND FUSING RULES FOR
SIMPLY-LACED AFFINE TODA FIELD THEORY.

3.1 Introduction

The Hirota method is used to construct explicit expressions for the single and double soliton
solutions for all the simply-laced cases of affine Toda field theory. The solutions portray
well the subtle form of non-linear superposition principle that is inherent in the method.
However, the fact that only the a,(" series of affine Toda models can be written in the strict
'Hirota - bilinear' form disturbs the principle somewhat, in a way that is only understood in
this method via explicit calculation. (A group-theoretical understanding may be necessary

to answer such questions fully).

The doubie soliton solutions possess a natural physical interpretation in which two objects”
scatter as time evolves (when both velocities are taken to be real). This interpretation

generalises to the n-soliton case, for ali n>1.

Slightly more rigorously, it can be supposed that Re(%1) < Re(&2), v1 > vz and as usual, the
size parameters ; >0, i=1,2. Then in the limit t - —c, examination of the solution in the
proximity of the first soliton such that x=vit—-c~1.Re(&,) leads to the conclusion that the

solution is given approximately by the single soliton tau functions:

- (1 () | (2 (1) (U] g
T °°’z1+6}1)e““ RIS U

where
y) = c1(X-vit)+&4,

which is what would, be naively expected in comparing this system to two 'non-interacting’
isolated solitons. However, as will be seen, in taking the limit t - +ooand again focusing on

the region of x above, the solution in all simply-laced cases takes the approximate form,

(nj) w(2) . . . . (n;) ()
rf*‘”’zsjz’ -e"*"” + {interaction parts involving 5;,’ .ent?)

nj) p(2) (n;) ap(1 X
=35, -e"? .[1+51€1‘).ev<‘>.A(12)+...+5h! etV . (A1)

(n) g2 a(—0)
J.enj‘i‘ 'T} r

=0j,



55

Here, A"? is a 'basic' interaction block associated with the extra spot on the affine Dynkin

diagram in such a way that the ansatz

1 2 1), w(2
15=1+e¥? +e¥® L A2 ¥ V¥ (3.01)

is given for the double soliton tau function attached to this point. This then gives the full set

of tau functions from the appropriate equations of motion.

(This interaction piece implicitly depends on the rapidity difference © of the two constituent
solitons, however, for brevity in this chapter, this will not be explicitly portrayed, and only the

other 'less fundamental' interaction terms will be written with such explicit dependence).

Hence, comparing the limits t —» o for one of the solitons, it can be seen that the
interaction causes the soliton to be displaced in such a way that t; — 7;, which is equivalent
to Re(f1) > Re(t1)+log|A(?|. The size parameter, o, and velocity, v, of the soliton
remain unchanged after the interaction, a refiection of the fact that there exists an infinite
number of conservation laws associated with the soliton. So, in effect the resuit of the

interaction is merely to shift the soliton along the x-axis by the amount log ]A(‘2>| .

The single soliton solutions for the both the a, and d,”” (and n-solitons for a,") were first
written down by Hollowood!"*), following the discovery of the relevant Hirota substitution. His
methods were generalised slightly, resulting in all the single solitons for the simply-laced Lie
algebras, by the author (see following reference), MacKay and McGhee™! and Aratyn et

al o)

The calculations of the double solitons are claimed to be original and will be used to show
that the classical fusing rule of Dorey, in the case of particle excitations, also holds for the
solitons but supplemented by some extra 'annihilation’ couplings for the soliton and
antisoliton. The fusing has been examined by Olive et al." in the context of their
group-theorectical approach and gives exactly the same results as found here in the process

of explicit calculation of the double soliton solutions.
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The fusing structure may be revealed by shifting the arguments of the exponential terms in

the tau functions (i.e. a rescaling) and by considering the poles in the interaction quantities
AU, The shift is taken to be
¥ > - Liog [A02)] (3.02)

for each i, and it transpires that the solitons possess a fusing structure which occurs at the
classical level, that is, in most part, identical to that of the real coupling particle fusing. The
fusing that occurs in the real coupling regime, however, is manifestly different in the sense
that it occurs at tree level in the quantum field theory. The values of rapidity difference at
which all objects fuse are of course complex for on-shell physics, which is a reflection of
the integrable structure of the field equations. The fact that the fusing angles are equivalent
for the particles and solitons goes hand-in-hand with the proposal by Hollowood that there
exist classical conservation equations for the solitons exactly the same as the quantum
charge bootstrap equations (1.10). However, there is also another piece of information that
is associated with the solitons, that is their topological charge. It turns out that the fusing of
the solitons' charges reflects the Clebsch-Gordon property of the classical particles, that is
taking Xa, € Aa,, Xa, € Aay, Aay € Aa; WNEre La,a,a; are the topological charges of

particles a,, a,, a, respectively and Aa, a,.a; the fundamental representations, then:
Cajazas # 0= Aa; CAa, ®Aq,

The equivalence of the a " 'fusings’ for the solitons and the fundamental particles was first
discovered by Hollowood™ through explicit calculation. The check of -all the remaining
simply-laced cases is also carried out here in an explicit manner and claimed as original in

such a context.

An investigation into the terms that appear in the double soliton sofutions which are
interpretable as the interaction terms (since they depend upon the rapidity difference of the
two constituent solitons) will begin in the following chapter. However, the introduction of
some relevant notation is advantageous here, for writing the leading terms of the tau
functions in a compact manner. It is this notation that will lead to the association of these -

particular terms to the orbits of the simple roots, associated with the solitons, under the
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Coxeter element, that will play a prominent part in chapter four, where objects similar to the
vertex operators that appear in the construction of the Toda S-matrix'®® will be shown to

produce these highest order terms upon normal ordering.

3.2 Solitons for the a (" Series.

The soliton solutions associated to this series of Kat-Moody algebras are by far the simplest
in the sense that the Hirota form of the equations of motion takes its true bilinear nature.
The 'n' soliton tau functions then take the standard form (c.f. section (2.2) in the case of the
KdV equation) such that the interaction parameter becomes a covariant function of the

respective rapidity difference.

For these algebras all the Kac¢ labels n, are unity, hence Kij=¢jj, the extended Cartan

matrix. The eigenvalues are:

a=(25in1h‘3)2 a=0,...n

where the Coxeter number h=n+1 for the a, series. The Dynkin diagram for the affine

A "

0.1 (1.2 an_‘l (X.n

algebra a,'" is given by:

Given that all labeis are understood to be taken mod h, due to the cyclic symmetry of the

Dynkin diagram, the equations of motion are:

f(1j) = M2(tj1 i1 — 1) j=0,...,n (3.03)
where the operator f is defined by,

T~ tj”)'cj - "cjz +‘rj/2 = f(1).
These can be solved to give thg single soliton solutions!™! (using the specific choice

=1 +e‘*‘):

d akp ¥
O@w=-1 3 o log (3—’*—‘°—L) (3.04)
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where o is an 'r+1' th root of unity and the dispersion relation 2(1~v2) =%, -m? holds.
There is obviously a non-trivial solution for each a € {1,...,n}, which may be associated to
the respective spot on the Dynkin diagram. As has already been mentioned in section (2.4)
each of the @a) may also be connected to the a™ fundamental representation corresponding
to the spot through their topological charge. The topological charge manifests itself as a

weight in the representation, the actual weight being dependent on the imaginary part of £
and only recently has a thorough understanding of the charges emerged*’. The single
soliton charges do not fill all the fundamental representations, but only through excessive

combinations of the single solitons (i.e. multi-soliton solutions) can all the weights be found.

The double soliton solutions result from terminating the tau function expansion at a higher
power of the expansion parameter. As has been stated, a simple form of non-linear
superposition principle pervades in these cases since the tau functions obey proper bilinear

equations and in fact, the whole argument easily generalises to the N-soliton case.

By defining, )

+1
where o, v, Re(Sq). Im(£q), denote the size parameter, velocity, position, offset and
topological parameter of the q" soliton respectively. Then after the expansion parameter
has been absorbed into the exponential terms, the double soliton tau functions take the

following form:

M \*,(2)
=1+e’l +e’l

1), (2
LA . ¥ Y] j=0,....n. (3.05)
The function A‘™® may be written in several equivalent ways:

2 _m2
A2 = (P1-p2) —m:1_a2 (3.06)
(p1 +p2)2 ‘“ma1+a2

p—(c ("V') ||l—2llISIII(——Jn )
1 b Y h } n 1

which allows the relativistic invariance of the interaction parameter to be self-evident.

Alternatively it can be re-written as,
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A(12) = F(o1—-02,01V1—02V2,81—2a2) (3.07)
F(c1+062,01v1+02V2,81+4a2) ’

where

F(a,b,c)=a?-b?-m3
such that each single soliton's set of data {cj, vi,&i, @i} satisfies F(s;,oivi,a;)=0.
Introduction of the rapidity variable, 6, such that the soliton's assbciated two-momentum can

be written as, ma(cosh 8, sinh@) allows the interaction to take the form,

A(12)_cosh@ cos(-5(a1 - ay)) 3.08
cosh® — cos(n+1(a1+az)) 509

. ®  in(ai-a2) in(a1-as)
= smh(f 2(n+1) )smh( 2(n+1) ) (3 09)
T ainhr© , mM@i+ag) in(aq+az) :
sinh(Z + )] )smh(;- et )
where ® =641-0,. This is equivalent to,
ai-ay Bk ok
1-0"7 e®)1-0""7 'e®) (3.10)
(1—-c0 )e@)(1 _otEE % g0)

The interaction function as a product of sinh functions has been known for a long time to
possess a vertex operator construction, especialiy in the case of the sine-Gordon equation,

see, for example, Skyrme'®®,

It turns out that not only the a," series, but all simply-laced series possess this character,
that is, that the leading terms of the 'interaction' (multi-soliton) tau functions can be
expressed as quotients of sinh functions. With such a point in mind it would be hoped that a
vertex operator construction of such general objects would be possible within the frame
work of the Lie algebra structure. As will'be seen this can be done and involves the use of
the simple roots and Coxeter element in a way very akin to that of the construction of the
minimal S-matrix®. It must be borne in mind, however, that this construction is only for the

leading terms and not for the soliton solution as a whole.

More generally, the N-soliton solution is given by the following, where the sums are

equivalent to those in the KdV example:

N
(
1= Z exp(z Hp\l"jp)+ 2 Hphq log AtP@)
k=01 p=1 1<p<q<N
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in addition to these scattering double solitons there also exist 'breathing solutions', i.e
generalisations of the breather of a,” affine Toda theory and moreover, there are static
configurations of double solitons which only exist for pairs associated to different spots on
the affine Dynkin diagram. Such static double solitons are another artifact borrowed from
the case of a real potential in two dimensional physics. It is possible to show [for example,
Rajaraman!*] that it is impossible to have identically static solitons which interpolate
non-adjacent minima of the potential. In A.T.F.T. the situation is much more subtle since
the potential terms are complex, and moreover, any of the solitons that possess topological
charge in the same fundamental representation are taken to be ‘identical. From (3.08) it
can be seen that this definition of 'identical' for a static solution would result in a zero value

for A2,

Taking v4 = v, in (3.05), so that with respect to some frame both solitons are stationary, the .

tau functions take the form:

1j=1+02 . exp(¥) +o2 exp( (‘P £1)+82) +

[oF] +Gz

A2, @'a1+az)j exp(( )‘{/+( 2)§1 +&2)

where,
n(aq 32)2
(61 -02)% —(2msin ——*=)
A“2)=—{ n:l and ¥Y=o1x+&1.

aq+a
(61 +02)2 —(2msin = n‘; T8i22)y2

As has been noted by Aratyn et al. (but from a different point of view, involving the

_ Mg,
non-trivial kernel of an operator), when = Tay 2 eZ* (using the dispersion relation) then
such double soliton solutions appear naturaily in the Hirota formalism. Apart from the trivial

case when the Z, symmetry of the Dynkin diagram for a, is considered, such a condition

only arises for aﬁp_1 -su(6p), when {sm( ) sm(azn)} c {1,—1,-12-.—%).

For example: ai+az=n+1=h, gives

2msin(2-(n+1-2ay)) naq \? 1
12) _ +1 - 1 .__1_ =1--m
A )—{ } 201 } - (sm + ) =1 2

and the static double soliton takes the form; (after a shift in ')

1j=1+0%.e5 . e¥ o tet2e? +et1*t2(1 - %mﬁ1 ye?¥.
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It is easily seen that if either £; or&; — —o then these tau functions revert to those

corresponding to the single soliton since the other soliton has been forced away to infinity.

3.2.1 Fusing fora, "

For the case n = 1, that is, the sine-Gordon model the phenomenum known as fusing does
not occur. This is a reflection of the fact that the solitons (antisolitons) have a topological
index £1 (in units of 2n). For a complete discussion of the cases n> 2, see [14], however, a

brief outline will be given below.

“The fusing occurs when a two soliton solution reduces to that of a single soliton at a rapidity
difference taking a non-physical, complex value. Consider the double soliton solution
(3.05), a simple rescaling & — & - 1logA('? gives the new tau functions

172 @ ORI
)1 ¥ ¥+ (311)

1 =1+A12 -(e‘*’lm+e iy+eti Y
It can be seen that a pole in A"? removes the middle pair of terms, leaving a tau function '
appropriate to a single soliton. From the equivalent forms of A"?, the pole is seen to exist
ét rapidity difference ® when

ch(®) =cos((a + az)-g—).
Hence, restricting analysis to the physical strip, that is the region of the complex plane
0< Im(O) <=, the fusing 'angles' 6,4, are given by:

[(a1 +32)B7£ ifai+az<h

83132 = {

{(2h - a1 —az)ﬁ ifaj+az>h

These are exactly equivalent to the three-point particle couplings for the classical Toda
particles but here correspond to the closing of the soliton mass triangle since the masses

are proportional to those in the real coupling case.

At these fusing values the solution (3.11) reduces to

()
i 3 1
Tj =1+e"i :‘I’} )= ‘P} )+‘I’}2)

a single soliton tau function. The solution possesses mass, May-a;, MomMentum, pa, +pPa,,

and topological charge Aa; = Aa, +Xa,, SUCh that A, € At31r3zmodns1),
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3.3 Solitons for the d," series.

Because of the extra symmetry involved in the Dynkin diagram for d,” when compared with
the rest of the d,"-series for values of n>5, these cases will be treated separately. The
extra symmetry which gives rise to a triple degeneracy in the mass spectrum for the case
d," also results in an equation of motion of a type not found in the higher 'n' cases. As will
be seen, the equations of motion for all these affine algebras do not fit into the category of
'Hirota bilinear type’, but it is nevertheless consistently possible to obtain a solution to the
equations, as mentioned in the previous chapter (section 2.4). The fact that such a 'bili-
nearization' does not appear also complicates the structure of the multi-soliton solutions in

comparison to the a," cases.

in a similar fashion to the method used for obtaining double solitons for the a " series, the
tau function associated with the extra spot on the affine diagram is conjectured to take the-

form

1 2 1 2
to=1+e¥" +e¥@ L A2 ¥V ® (3.12)

and the remaining tau functions to have exponential terms possessing orders up to
;- (¥M+¥®@), where n, is the associated Kac label to spot j. All interaction terms then
manifest themselves as polynominals in A'2) with coefficients that are functions of the

rapidity difference of the two constituent solitons.

Again, it is found that in all cases the quantity A", which will be refered to as the basic
block, can be written as a product of hyperbolic functions, moreover a new notation is intro-

duced in order to write this quantity in a more compact manner.

33.1 d, "
With respect to the rank of the affine Lie algebra this is the smallest of the d (" series, but is

unique in the sense that it possesses a form of symmetry that the other members of the
series do not possess. All the Kac labels corresponding to the outer spots of the Dynkin
diagram (the spinor or antispinor and vector representations of the algebra) are unity,

whereas that of the inner spot (the adjoint representation) takes the value two. The Dynkin

diagram can be labelled:
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o4

(11 (1.2
This is in fact a different labelling to the standard one used in the literature, for example
Goddard and Olive™®™ and is used for convenience when considering the equations of motion

and the matrix Ku'-

The eigenvalues of the matrix K, are A =0,2,2,2,6 which reflects the triple degeneracy of

the diagram corresponding to the finite dimensional Lie algebra.

With such a labelling of the extended root system, the equations of motion for this algebra

take the form,

f(z) =1-m3(t4-17) je{0,...,3} ]

3 b (3.13)
fa)=2-m2(] ] 5j-). ]

j=0

These may be solved using the minimal ansatz that was mentioned in chapter two, to give

single soliton solutions which take the form

A=2: w=1+e? A=6: 10_1.2_3=1+e“’ ]
T123=1ze¥ ta=1-4e¥+e?¥ | (3.14)
t4=1+e2‘*’, : J

with the restriction that in the degenerate case 2,5, =4 and hence, that there are three
0
distinct solutions - one for each of the degenerate )'s. These non-trivial solutions can again

be associated with the Dynkin diagram in the manner which by now must be familiar.

In considering the double soliton solutions it was found advantageous to separate the

solutions into four distinct classes (a),...,(d) as follows:
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C) (b) © (@)

Here the pictorial representation is quite readily explained, since an arrow connecting any

two points of the Dynkin diagram denotes a double soliton whose constituents are asso-

ciated with the two spots - one from either spot.

it is also convenient to use the notation [, I', I"; h with reference to the points 1,...;4 respect-

ively, to denote the light and heavy mass structure associated with them.

A basic point to note is that in calculating the solutions it is also required that each solution
should appear as the two single solitons when these objects are widely separated. There-

fore, part of the structure of the double soliton is immediately laid down 'a priori'.

The substitution of the general ansatz

=148 - f+5\)

i i T2 +W;(@)ff; je{1,2,3}

ta=1+84) -1+ +84) -2 +3 +X(©) - fif2 + YN(©) - 12 + YO©) - 13 + 2(©) - 1313

into the equations of motion (3.13), where the 1, substitution (3.12) has been used and the
s are given by coefficients from (3.14), reveals a certain amount of symmetry in the
double soliton tau functions. Here f, denotes e®i*i%*% and the comment above has been

kept in mind, that is, x ~ vit - &; gives the single soliton approximation.

What is found after the substitution (keeping in mind mf:ki and the fact that

parameterization with respect to the rapidity variable ® can be utilized) is that in all cases

the interaction quantities W, Y, Z are given simply by the products of the 5”'s and powers of

A2 Indeed, they take the form that might be guessed naively, if such a solution was to be

attempted. The tau functions take the form:
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’to=1+f1+f2 +A<12)-f1f2 ) ]

M £ 4501, +6160 L AMD £, t(3.15)

1y =1 +81(1) i@ i, i)

ta= 1430 fr+ 480 - 4134 X(©) - fifar |

B AD. 62480 L AD 2 s AT 122
The remaining interaction term X(©) which is the coefficient of the f.f, piece of the tau
function associated with the centre spot of the Dynkin diagram is in all cases given by the
following formula

X(©) = (2= (p1+p2)?)- A0 +(2—(p1 - p2)?)

=f_(®).- A2 +f (©®) (3.16)
where
fi(®)=(2—x—x’¢2./w ch(@®) . 3.17)

[For the case of |, I', that is (d), it was found more convenient to use the ansatz that the tau
functions were given by T =1+(=)Pi-f1 +(=)% . f2 +(-)" - AUDf4f, for the outer spots, with
the obvious constraints on the sums of the quantities p, and q, respectively. The equations of

motion then give (-)Pi*%i*i = 1, as above)].

The basic blocks A"'? and the quantities X(©) derived from them may now be listed using

(3.16),(3.17) for each of the separate cases (a),...,(d):

16(ch® - g)(che) + f—

a1 @ (CNO— H(che-1) X(©) < 7z 2
(ch® +2)(ch® +1) (ch® +3)(ch© +1)
®) (ch© - @) 0
(ch®+ izg—)
© (ch®+ 3)(che-1) 2

" (ch®@-3)(che +1)

@ (ch®-3)
(che®+3)

" (ch@- I)(che +1)

=0

As in the a (" series, the interaction pieces AU'? that appear as the leading terms in the
multisoliton solutions can now be written in terms of products of hyperbolic trigonometric

functions. One way of achieving this is to use the fact that
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© © _ v = ch2(Dveh2(x) — ch2(©)sh2
sh(2 +x)sh(2 X)=sh (2)ch (X)—ch (2)sh (X)
and hence that,
sh(% + ix)sh(% —ix) = shz(%)cosz(x) + chz(—?») sin?(x). (3.18)

Then the basic interaction blocks may be written in the following way,

sh(3 +20)sh(§ - Esh(3)sh(3)

A2 @ )
sh(Z+ ""‘)sh(——“‘—")sh(2 +25)sh(g - 22
e
® ;:1((%)f lsﬂ;z:i__ﬁ b (3.19)
©  shg+Ehsh§ - Shsh($sh3) |
sh(2+Zhsh(§ - Zsh(§ + Zhsh(G - 30
© sh(2 + Z)sh($ - Z1) |

sh(§+%5)sh(3 - ';—;‘)

One immediate fact to notice from these formulae is that on bicolouration of the Dynkin dia--
gram then the A“? interaction term corresponding to a white - black configuration is con-

mx) whereas, those

structed from sinh functions with an odd argument x in sh(%—
corresponding to the same colour all have even values for x; a similar fact has been noted
and shown to be true in the scattering matrices and was discussed in the review chapter

(section 1.3.3).

Another fact to note is that in A“z)and A(m there are double poles in © corresponding to a
rapidity value of 'ir’. In the formulae given above this is simply a consequence of the fact

that sinh is anti-periodic in in.

A new notation could be further introduced at this stage that will compactify the expressions
for these blocks and prove to be very useful later when the simply-laced exceptional alge-

bras are considered.

2ni
Denoting @ =e " , then on taking
(1-0%e®)Y = (06 = (X", (3.20)
the quantities A'"? simply become the following in this new notation:

) (@)

A2 2 (0)2(1)12) 1 3)2(4) 1 (5)" 1
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) 4By 1,71, 1101
= @D b (3.21)
2 0)2(1)@)'(3) 2 ' (5)! |
QD@ @G J

3.3.2 The Fusing Rules ford,
Again the fusing rules mimic those for the real coupling particles that may be found, for

example, in Braden et al.”®, but here they are supplement by some ‘annihilation' couplings

that always occur at rapidity difference © =in. The shift ¥ a%log A2 again reveals that
the fusing occurs at the poles of the interaction block A"'?, as is true in all the simply-laced
cases. As the Dynkin diagram has been labelled slightly differently from the aforemen-

tioned paper, the notation will not be borrowed, but a re-labelling gives exactly the same re-

sults as were found in that paper.

3.3.2() h,h
This case will be covered in slightly more detail and then the others should be self

explanatory. From (3.19) it can be seen that the poles of A occur at rapidity differences

which lie in the physical strip at values il and in. After the shift in the arguments of the

h
exponential terms and 'evaluation at a pole' then the coefficient of f.f, in the tau function

associated with the inner spot of the Dynkin diagram becomes

a2 16(ch® - ;%)(ch@ + 2—‘[;—
X(@)A02)7 = =42
© pole (ch®-)che - 1)

@z%,in

respectively. Hence, the following fusings hh — h and hh —trivial, occur at rapidity values

e= % in repectively, since the following tau functions are obtained:

=1+ ief{0,...,3}

t4=1+(-4, 2)-f1f2 + £33
This is in complete accordance with'®, but in addition there is an ‘annihilation' coupling
where presumably all quantum numbers cancel in the fusion to give the zero field. in this

situation the topological charges must correspond to +3 and -8 where B € Ar, since this

spot of the Dynkin diagram corresponds to the adjoint representation.
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3.3.2¢i)) 1, h

From (3.19) it can be seen that the pole of A"? occurs in the physical strip at @:%.

Moreover, the coefficient of f.f, in t;is found to be zero:

X.- A0 — g

5mi

hence, the fusing 1h — | is obtained at rapidity difference © = e as is found in the classical

particle regime.

3.3.2¢i) 41
Again, from (3.19) the poles of the interaction block A can be seen to occur at rapidity

differences @:2—"1‘1,ni respectively, in the physical strip. Following the shift in the
exponential terms of the tau functions the new coefficients of the fused soliton can then be

obtained:

X(©)- AU | ge= 2 =-4,+2
© PP (che + 1)che - 1)

@zz—:i.in
respectively, which gives the fusings I,1—»h and |, I >trivial solution, at rapidity values

®= %:L' ir. So, in the similar manner to that of case (i) it is again found that an 'in’ pole has

resulted in an 'annihilation’ of the two constituent solitons after fusing.

3.3.2(iv) I'Y1

4ni
h v

a direct consequence of the more general ansatz that was commented on above, it can eas-

Here, the fusing angle is found to be at © = and again trivially X- A7 =0. Hence, as
ily be seen that I,V —1” at the rapidity difference stated above. That is, the fact that
(-)P*9iti = +1 where, for example, (-)Pi was the coefficient of the leading term for the i" tau
function (ie {0,1,2,3}) of one of the single soliton solutions). Here, I, I', I" all lie in different
fundamental representations of the Lie algebra d,; corresponding to the outer spots of the d,

Dynkin diagram. The topological charge of the fused soliton is a representation of the fact

that Aiv c A/ ® Ay
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333 d" (n=5)
As in the d,” case, none of these algebras give rise to equations of motion for the tau
functions which take the true bilinear form, but again it is possible to obtain solutions using

the conjecture (2.20) which builds upon the minimal ansatz of 1o = 1 +e?,

Again in all these cases the Kac¢ labels associated with the outer spots of the affine Dynkin
diagram are unity, whereas all the labels corresponding to the inner arm of the diagram are

two and the affine diagram is labelled as follows:

The non-zero eigenvalues of the matrix K;; = Nig, - are given by
~ J

2=8sin%0, (1<as<n-2), Ap1=An=2 (3.22)

an___an

h ~2;m-1)
fact that A,_, and A, are equal is again a reflection of the degeneracy in the classical particle

where the angle is defined as 8. = for this series of affine Lie algebras. The

masses associated with the spinor and anti-spinor representations of these algebras. With
such a labelling of the extended root system (on this occasion, corresponding with’®”) the
equations of motion (2.18) take the form:

f(ri) = 1m?(t2 -2 i=0,1 )

f(t2) = 2mM2(101173 —15) ‘

f(zj) = 2M2 (T Tjsr = T7) j=3,.....,n=3 b (3.23)

f(Tn-2) = 2M2(TnTa-1Tn-3 — T4 3) |

f(ti) = 1M%(tn2 = 12) k=n-1,n. J
This set of equations may be consistently solved to all orders, using the technique
mentioned briefly above, to give the following set of single soliton solutions'**.

7\.=7\,a:

~(1 (1 1 ~(1
sh =8 =1, & =5 =()m, !
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U 2cos((2j-1)8a)

@ _ . _
o cos6a 8=+ forje{2,..,n-2} |

where the angle 6, is defined as above, and true for ali values of n whether odd or even.
A=2: P (3.24)
550 =-3{" =1
5"=0, 8= forje{2,...n-2) |

5" =—8t) =41, (n even); 5 =" = i, (n odd). J

(These will be used in constructing part of the double soliton tau functions, and may be

attached to the Dynkin diagram in the foresaid manner:)

Again, a general tau function can be conjectured for the double soliton solution such that
the ansatz (3.01) holds and that the other tau functions possess interaction terms with
orders of the exponential terms up to n;(¥'D +¥@). Similarly, it will be required that such
functions approximate the single soliton tau functions when the constituent solitons are
widely separated and the local proximity of-one of them examined. The substitution of such
a general solution into the equations of motion (2.18) again gives rise to tau functions of a

similar type to those that appeared in d,"":

10 =1+f4 +f2 + AUDf4f,

s s <M 2 A (12)
=1 +01mf1 +81(2)fz +01(1)01(2)A fqifs

Mg . x@g2  sMe L s@e2 v oy,
j(1)f1 +bj(1)f1 +Oj(2)f2 +bj(2)f2 +X](6) f1f2+

(M 2(2) a12)f, 2 L sV 22 A (12)62 @D s@) p12)2  §2¢2°
4‘6](1) . bj(2)A f1f2 +bj(2) 01(1)A f1f2 +61(1)b‘(2)A f1f2

‘tj=1+5

_ ~(1) «(1 (1) (N (12)
Tno1 =1 +3,4 ,,f1 +8n-15,f2 +801,4, 010 A fif,

1 1 ~(1 (1
=1 +5$|(3)f1 +6$|(;)f2 +O(n(3)0(n(;)A(12)f1 f2

Here, all the 61‘”'5 are those that appear in the relevant single soliton solutions (two
paragraphs above) and again, X,(6) is given by the formula (3.16). So it can be seen that all

the members of the d ("-Toda field theories have common features when considering the

form of their tau functions.
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The double solitons can be separated into distinct classes, in particular they can be taken to
be (&, A7) =(ka,%b), (Aa,2) and (2,2). Parameterization with respect to © is again utilized
and also the quantity 8}1’ (2<j<n-2) for %=, is given the iabel nj““’ in order to shorten the
expressions in the interaction quantities. The calculations to obtain the interaction pieces in
each of the three cases wili be given in elaborate detail since they require the solution of
difference equations which have particularly interesting properties. It will suffice to say that
such properties allow relatively simple expressions for the remaining interaction pieces in

the double soliton solutions to be obtained as will now be seen.

3.3.3() (h, Ay)
After the substitution of the double soliton ansatz into the equations of motion, consistency

requires that the basic block A"? must take the form:

A(12) - (P1:P2)%+(p1-p2)A+B
(P1-P2)2-(p1-p2)A+B

and B=—gn5"ng” - (4-p3 -p3)-4nSnS)

which, after a somewhat lengthy trigonometric manipulation and parameterization, with
respect to rapidity difference, gives the interaction piece as:

ch2® + ch®(=25sin 0, SiNBp) + (1 — sin%8, — sin6y)

Al12) =
ch2® + ch@(+25in 0, SinBp) + (1 - sin20, — sin0)
_ (ch® +cos(Ba +0p))(ch® — cos(Ba —6y)) (3.25)
~ (ch® - c05(0a +6p))(Ch® +€cos(0a — 0p)) ’
- . (12) -~ in(a+b)
Hence, it is easily seen that the poles of A"» occur at rapidity values of © =Tand

ﬂtha:Q, which, before going any further, may be noted to correspond to the fusing
values of rapidity difference for the real coupling particles.

The calculation of the remaining interaction pieces, that is, the X,(®)'s involves the solution
of a difference equation which can then be matched with the boundary conditions X, and X,
(X, is obtained, as it were, backwards through the difference equation involving X,, X,, and

is utilised because of its simpler form when compared with the form of X,).

The difference equation takes the following form and at first sight appears formidable:
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2Xpe1 +2Xp1 —f)(0a,0p,0) - Xn =
N0 - f)(0a,85,0) = 2 M + Nimyie) (3.26)
Where
fi1) = (4 - 85in%0, - 85in?0), £ 16 5in 6, sinO,ChO). (3.27)
Fortunately, this inhomogeneous equation can be solved relatively easily by rewriting the
inhomogeneous part using several trigonometric identities. After much reshuffling it can be

written in the form:

2c0s((2n - 1)(04.p)) - {16tan 6, tan6,(ch® — CoS(Oa-b)) }+ (3.28)
2¢0s((2n — 1)(Ba-p)) - {16tan 6, tano,(ch® + CoS(Basp))} .

Hence, a particular solution to the difference equation which has the form
an = a.(6a, 6, ) - cOS((2n — 1)(Basp)) +a-(6a, B, ©) - COS((2n - 1)(Ba-p)) (3.29)

may be sought, which gives

(ch® ¥ cos(8a +6p) (3.30)

3: =25eC0aSeChy e oS0, £6p) -

However, in the full solution to the inhomogeneous difference equation (3.26), it is found
that the homogeneous part can not be written in a closed form purely involving a function of
the form ch(k®). Fortunately, however, an extremely lucky fact occurs, since a comparison
with the boundary conditions X;(©) = 2A('? +2 and X,(®) (equation (3.16)), reveals that the

solution to the homogeneous part plays no réle in the final solution of the difference

“equation and that the functions Xy(®) = ax(6a,6,,0) foralik € {2,...,n-2}.

Re-examining the basic block A", it can again be seen that the function can be written as a

quotient of sinh functions:

Sh(% i(a— b)n)sh(2 l(a—b)ﬂ)sh( |(h+a+b)—n)sh(2 |(h+a+b)1t)

A(12) = |a+b)1r (h a-| b)n i(h a—b
)sh($ - Z2E)sh(g + )sh($ - L2

(3.31)

i( a+b)1|

sh(g +

where the Coxeter number h=2(n-1) for d,. Again this may be written in terms of the

_2ni_ piil
new notation with e =eZr~N =g'h -

A = () (2p2) () () (2 () (e52) " (242) " 032
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Similarly, it can easily be seen that the arguments of such functions are integers if a, b are
both even or both odd (or equivalently coloured the same), or they are half integers.

3.3.3(i)) (A, 2)

This case is by far the simplest of the three, since substitution of the general ansatz into the
equations of motion (2.18) merely results in consistency at all orders if X(®)=0 for

k € {2,...,n—2} and the basic interaction block A2 js given by the following:

A1) = ch® -sinBa
ch® +sind,

) sh(+Z@Mm-1)+a)-sh(§ - FB(n-1)+a)

sh(G+&n-1+ aysh(g - Zn-1+a)

(g (epermpen o

Hence, the question as to whether the arguments of the (x) blocks are integers or
half-integers depends on the algebra and also which point of the Dynkin diagram is being

considered.

3.3.3(ii)) (A=2,1'=2)
Again, in this case the determination of the X,(©)'s requires the solution of a difference
equation. However, here the equation is homogeneous and the solution to it may also be
written in a neat closed form. The difference equation under consideration is given by:

Xie1 +(P1-P2)Xk + Xk-1 =0
which may be solved in the standard manner. Rewriting in terms of the rapidity difference
and using the hyperbolic version of De Moivre's thedrem,

(ch® £ sh®)k = ch(k®) £ sh(k®)
results (after comparison with the boundary conditions X,(®), X,(®) as above) in the

interaction pieces,

(shiZhe)) | ch((ﬂ‘-l)@)\}
(3.34)

xk(@)=2(—)"“-{A(12)'L sh(®) J—L Ch(z% J

a formula which is true whether n is odd or even.
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Finally, the calculation of the basic interaction piece A" reveals that it is dependent not

only on the value of n, but also on 5", and 5. This may then be substituted into (3.34).

What is found is that the functions are given by:

-t e
A _ SMGIOKG) (3.352)

sh(&hHe)ch($)

for (n odd, 34755 =+1; n even, 85,85, =-1)

h(&1e)sh(
a2 SHETIOBNG) (3.35b)
ch((%- )®)Ch( )
for (n odd, 55084 =—1; n even, 855k, =+1).
Hence, they give rise to the following interaction pieces:
sh((3Z1e) He
Xis1(©) = 2(—)*{ ———2—— nodd, 55)5% =+1;...etc...) (3.36a

h(( 2k+2—n )@)

ch((%- )@)ch( )} (n odd, 31)38f; = ~1;...etc..)  (3.36D)

X1(®) = 2(-)k’q{

Therefore, all the rapidity dependent interaction pieces have been found in order to form a

consistent double soliton solution to the equations of motion.

Before examining the fusings it may be noted that the pole structure of the A®?'s in this case
is a little more delicate than may first appear, due to a couple of cancellations in the
numerator and denominator of these functions. Ih case (a) the ® = 0 pole and zero cancel
for all values of n and is supplemented in the 'n even' case by the cancellation of the ‘i’
pole. For n odd, an 'in' double pole remains. All the poles at their respective rapidity

differences may be listed as follows:

®= 4—;‘1, %’]‘—', ...... ,(im) x 2, .for n odd
=2(n-1 a)"FI where a=0,2,4,....n-3 (n odd, a even);
~4ni 8ni  200-2) :

= hoho '2n=1) :for n even

where a=1,3,5,...,

n-3 (neven, a odd).
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in case (b), the reverse of the above occurs in the sense that the 'in' pole cancels with an
equivalent zero for n odd, whereas in the case n even a double 'in’ pole persists. The poles

exist at rapidity difference:

ETRIRRE 20-1) :for n odd
52(n—1—a)%i where a=1,3,5,...,n-2  (n odd, a odd);
®=%,§%’, ...... (im)x 2 :for n even
=2(n-1 —a)"Fi where a=0,2,...,n-2 (n even, a even).

Hence, (3.35a) may be written in the following manner (with similar expressions holding for

(3.35b)) the proof of the equivalence of the formulae being completed by induction:

03 sh(2-E(n-2-a)sh@+LEn-2-a)

A2 = 2 h . forneven (3.37a
%;,[2 sh(Z-En-1-apsh(3+Fn-1-a)) ( )
step

n-3 sh(g - iﬁ(n -2- a))sh(% +Z(n-2-a)

- 24 |
a0, sh(@~2(n-1-aysh@+Zn-1-a))
step

for n odd (3.37b)

Hence, as in all previous cases, the interaction piece can be written as the product of sinh
functions. The double pole in 'ix' in the second expression has been disguised again using

the periodicity property of the sinh function.

For the sake of clarity at this point, it may be prudent to give a simple example - specifically
that of the affine algebra d,” with 34} 85) =-+1. From (3.37b) the interaction block A" may

be seen to be written as,

ch(2@)sh(3)

A(12) = —
sh(2©)ch(2)

This may then be rearranged systematically (since n is comparatively small in this context)

using the facts that chX=i1Tsh(x1‘—2’1) and sh2x =2shxchx. Alternatively, the above

formula for general n (with n=5, h=8) gives,

sh(g+§sh(g - Frsh(3 + Fosh(§ - )

sh(2+Dsh($ - Bysh($ - Lysh(2 -2y -

AU2) = (-
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3.3.4 The Fusing Rules ford ", (n > 5)

The fusings of the solitons again correspond with those of the real coupling particles and
may be treated on a case-by-case basis. Additional 'in' poles always appear in the soliton /

antisoliton AU? interaction functions.

3.3.4(i) (ha,rp)
From (3.31) it can be seen that the poles occur at rapidity differences © =i(a +b)ﬁ and
icth +a—b)ﬁ in the physical strip. Following the shift in the arguments of the exponential

terms the coefficient of the f.f, term in ¢ for 2<k <n-2 becomes,

_ 2008((2k = 1)(Va:p)) | { ch® + €05 a-p) )
=7 c0s0,C050,  \Ch®+c05(Bab)/

XW(@)A!D!

,2005((2k— 1)(0a-p))  (ChO - COS(Basb) )
T 0562086,  \Ch®-c0S(0ap)/

Hence, evaluation of this quantity at the rapidity values i(a+b)Z, ith+a-b)% gives n™™
h h Nk

and n}:‘*a’b’ respectively. Therefore, the fusing of the double soliton solution corresponding
to (A, A,) results in the single solitons corresponding to (.., *,.,) at the respective
imaginary rapidity differences above. If a=b there is an ‘i’ pole in A", this corresponds to

an annihilation of the soliton and antisoliton (since 'a’ is self-conjugate) resulting in a trivial

solution.
3.3.4(i)) (ha,2)

This case is by far the simplest because of the nature of the interaction terms. The

interaction block A'"? possesses poles at ch(—):sin(ea+n)=cos(%+ea), that is at the

rapidity difference, © = iFn(n -1+a).

Since X«(©®)=0 for 2<k<n-2 it can be seen that the fusing results in tau functions of the

form,
to=1+f3, t11=1-f3

Te=1+()k-f2 2<ksn-2

(1)
o1 =148, (-)?-fi
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th=1+80-(=)2 - f3

where

f3 = e\y(1)+\y(2)

Examination of the cases n even, n odd, then reveals exactly the same fusing structure that

is found, for example, in Braden et al.”™ for the real coupling particles.

3.3.4(iii) A=2,'=2)

The pole structure of the two cases of Al"*? that appear through the calculations has already

been dealt with, but summarizing, the poles occur at e@=2(n-1 -a)%i where,
a=024,..n-3 (nodd, 855 =+1); a=1,3,5,...,n-3 (neven, 508k =-1);

a=0,2,4,...n-2 (neven, 35 =+1);, a=1,3,5,..,n-2 (nodd, 5055 =-1).

From (3.34) it may be seen that for all n and values of 8,

sh((z—“z‘—‘)z(n -1- a)(%‘))

Xk(®)A(12)-1 Ipole = 2(—)k_1 .
sh(Zm )

which again may be re-written using some trigonometric identities as

2(=)1(=)%1 i ch((2k - 1)éa) 2cos((2k—1Ba) _
i- Ch(éa) Cc0Ss6,

where the notation 8, =9, has been adopted.

From consideration of the individual cases that arise in this example, it is apparent that
8‘1)8(1)-( -)® and hence, the following fusing rules are obtained using the notation of [5].
For n odd "s’ =8", and for n even "s=5§,s’/=s’" (that is, they are both self-conjugate) it is
again seen that the fusings of the real coupling case are supplemented by 'soliton and

antisoliton' annihilations.

nodd (s’ =3), . neven(s=%) where, for n odd: 558% = +1 =ss’
ss' ss, s's' ss, §'s' ss' 5(1’892) =-1=ss,s’s’
e® | \ » \: )
aeven aodd aeven aodd neven: 35,55 =+1=ss,s’s’
: : BB =-1 =

{0} {0}
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3.4 Solitons for e "

For this algebra, the affine Dynkin diagram has been labelled with respect to the extended

root system in the following manner,

?%(1}

(? og{2}

e

ST TR FIR TR TR ]

and correspondingly, the Kat labels associated with these roots have been bracketed next
to the root labels. The non-zero eigenvalues of K; for this exceptional Lie algebra again
reflect the symmetry embedded in the unextended diagram corresponding to the finite.
algebra and are given by A1=As=3~/3, A2=14=3+/3, 23=2(3+/3) and finally,

A6 =2(3- J3). With such a labelling of the root system, the equations of motion for this

algebra are,
f(z0) = M2(ts - 75), f(te) = 2M2(tot3 - 13), )
f(z1) =m?(12 -9, f(t2) = 2m3(11713 - 13), b (3.38)
f(ts) = m2(t4 —13), f(ta)=2m2(1s13—-13), & f(13)=3m(127416 - 73), )

and display the threefold symmetry of the extended diagram. The Coxeter number h=12
for e,. The equations of motion may be solved consistently to all orders to give the single

soliton solutions of the form (2.20) which, as usual, can be associated with the spots on the

Dynkin diagram through 3",

A=3%/3: A=612/3 :
w=1+e¥ o 19=1+e?
i =1+0-e?¥ ti=1+e?
2=1+2-VNo-e¥ +0?.e?¥ 2=1+@2-2)e¥+e?¥
Ta=1+e% 13=1+3(A-3)e¥ +3(L - 3)e?¥ +e3¥
q=1+2-Vo? . e¥+0-e?¥ 14=1+2-2)e? +e??
s=1+02-e¥ s=1+e?

g=1+2-1e¥ +e??, wg=1+2-1)e? +e2¥,
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The other two solutions corresponding to the eigenvalues A=3+ /3 are obtained through

the exchange symmetry, © & @2, where o is defined to be the primitive third root of unity.

As in the previous algebras a general tau function can be conjectured for the double soliton
solution with the premiss that the ansatz (3.01) holds and that the tau functions are required
to take the approximate form of the single soliton tau functions when the widely separated
double solitons are observed locally. The substitution of the general form into (2.18)
similarly gives rise to tau functions with a form of symmetry when the Sj‘i"s are taken to be
the coefficients that occur in the single soliton solutions. Specifically, double soliton tau

functions of the following form are obtained,

_ m m M (1) 12) ,
‘t1—1+81(1) f1 +51(2) f2+51(1) 1(2) <A f1f2

m 2 2, <M 2 ¢2
T2 =1 +62(1) 'f1 +82(1) 'f1 +82(2) 'f2+82(2) 'f2 +X2(®)'f1f2+

M 5@  a(12). 52 sV a(12) g2 (2) «(2)  A(12)2 252
2(1) 2(2) A ff 2(1) 2(2) A ff2+82(1)82(2) A f1f2

M (@ ¢2_,¢3 (1) (2) g2 43
13 = 1 +83(1) - f1 +83(1) . f1 +f1 +63(2) . fz +83(2) . fz +f2 +X3(®) 'f1fz+

+Y3(@)(f$fz +f4 f§) +X3(0)- A 12 4550 - ATD.fi3 +5g‘(;) A2 36,4

+55) - AUD? . 1263 +55 A7 132 4 AC12° L £3£3

1, .7, Similar form to <, with 8(2'()” 823) 883‘) and X, — X4, Xs respectively.

(]

1,, 1,7 similar form to =, with 8§ — 85 , 86 , such that 85} =1 is understood.

5¢' “0g)

Hence, the tau functions display the characteristic three-fold symmetry of the extended

Dynkin diagram.

Only one interaction term is required for the f f? terms in t,. This fact follows via the equa-

M _

tions of motion, as a direct consequence of the fact that 53 = (2’ for each single soliton

tau function.

Again, the.double solitons can be separated into classes in order to list the interaction func-
tions, in fact these may be taken to be, (A\,A/)=(6+2,/3,6+2/3), (6+2/3,3%/3) and
(3+ /3,31 /3) respectively. The interaction terms X3(®), Y3(©) are expressible in terms

of AU?, but these expressions are of no apparent importance and will be omitted; only the
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explicit form of these functions will be given in each case. Of course, all the expressions
could have been collectively left in terms of ch®, A, 1" in each case, but because of the fact
that the number of subcases is comparatively small for this algebra when compared with the
other two simply-laced exceptional algebras, the explicit expressions for all the interaction

terms for all cases will be given.

3.4.0() (A=6+2/3,A/=6%2/3)

AN

The interaction terms for consistency at all orders of the equations of motion were found to

be given by the following (where the fact that %(kz -6\ +6)=3(L-3) proved to be of great

use):
(@) A=A=6+2/3:
(12)_ (ch® - 1)(2ch® - 1)(2ch© ¥ /3)
® 7 (ch®@+1)2ch© +1)2ch0 + V3 )’
Xy, (©) = (28 £ 16 /3 )ch®(4ch2@ +(2%3,/3))
e (ch®+1)(2ch® +1)(2ch@ £ J3 )
= X4(¢) ©), Xs(t) ©)
3 2
and X3(,_t)(®) - :tg[A(i)Ch ®+ B(i-)Ch O+ C(ﬂCh@ + D(t)] ,
(ch® +1)(2ch® + 1)(2ch®  J/3)
Ys ©) = j_—Q[A(i)Ch 30 - B(J_,)ch2® + C(i)Ch@ - D(i)]
® (ch® +1)(2ch® + 1)(2ch® £ /3 )
where

Aw)=12(43 £7), B =2(19/3 £33), Cx)=-33,/3 ¥58, D) =-25,3 744

It may be noted that there exists the symmetry 3 & —./3 in all the above expressions when

A=6+2/3 &>A1=6-2/3.

(b) r=6+2/3, 1/ =6-2/3 :

12 2J/2che-(1+3)2/2¢cho+(1- /3))
@J2che+(1+/3))@2J2Zche-(1-/3)’
)= 32ch?@ -40
2J2che+(1+/3)2J2che-(1-3)’

A

X2(@
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Ach20+Bch®+C J

d X3(©)=18
an () ((Zﬁch®+(1+ﬁ))(2ﬁch®-(1—ﬁ))

Ach2© - Bch® +C J

Y3(©)=18
_3() [(2J7cn®+(1+./§))(2,/§cn®—(1-,/’3'))

where A=-12, B=-2/6, C=5.
Again X2(0) = X4(®) = Xg(®) in this case.

3.4.00i) (»=6+2/3, 1 =31/3).

Here it is found that many of the interaction terms disappear when consistency at all orders
is required, specifically that both functions X3(©) =Y3(@)=0. It was also found advantage-
ous to introduce the notation used in® | with respect to the masses of the particles and util-

ized in the classification of the double soliton interaction terms. This was not necessarily

required but is used to emphasise the degeneracy of the A =3+ J3 solitons. The equations

of motion for the algebra also reveal that Xz((-))=8(21(1)8(21(;)-xs(®) and

X4(®) =8‘42)8f,1(:) . Xg(®). Hence, these quantities are merely, (o/0?)Xs(©) , where the coeffi-

cient is subcase dependent.

(@ A=6+2/3,3=3+/3:

AU _ (12 _ (J2ch®-1)2,/2 che-(1+/3))
Hh — R T i
(J2ch®+1)2/2 ch®+(1+/3))

4(10+6 /3 )(ch?0-(5- /3))

Xe(©) = ,
° (J2ch®+1)2J2ch®+(1+/3))

(b) r=6-2/3,1=3+/3:

2ch®- /3

A(12)=A(1_2)___ , Xa(®

th Lt 2che+ /3 5
(© r=6+2/3,1=3-/3:

Al12) _ p(12) _ 2€hO - f3

MU S Ay = o

2ch®+ /3

_2@ J3 -2)che
2che+ /3

2(-2-2/3)ch®
2che+ /3

Xe(®) =

d r=6-2/3,1=3-/3:
A2 Z A0 _ (J2che-1)R2/2che-(1-3))
HOTTU T (J2che+1)@2yZ cho+(1-3))
Xg(@) = —X10-6/3)(ch?O-(5+/3))
(J2ch®+1)(2/2 che+(1-J3))

(That is, these are obtained by J3 ——J3 inthe case, A=6+2/3, A’ =3+ /3).
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3.4.00%) (=323, =32/3)

This set of calculations may be split into two sub-sections, those that have. 8(11(:) =6(11(;) and

€]

12 where A denotes the complex conjugate of A. These double soliton

; (M _
those with 814, =
solutions may be pictorially represented by the following, where the number label represents
the spot of the Dynkin diagram with which the soliton is associated and the 'mass notation' is

given below. Any line joining two such points represents a possible double soliton in each

case:
1) _ M
(a) 51(,, ‘51(2)
1 2 4 5
)
[
1 2 5
( h 1)
M _<h
(b) 81y, =B1g,
1 2 4 5
1 2 4 5

Again, X2(@) =55, -85 Xs(®) and X4(©) =84, -84 X6(©) in all of these cases where X,(©)
is given by the expression (?). The interaction terms can now be merely listed using the
mass notation. All these terms again appear as polynomials in the basic block A"? with

coefficients that are functions of the rapidity variable, that is, more precisely, 'ch@®'.



(a) Al A(_152) ___ 4chehe-1) ,
(2ch® +1)(2ch® + /3)
(12 12 4ch®(ch® -1
AP =AfP = ( )

(2ch® +1)(2ch® - /3 )’

(that is /3 — -J/3in the above expression),

(ch® + —f:

J3
2J_))

ch® - -
AU _ A(;Z) ( 2 )

ih =
(ch® + (& j_s )(Ch® +(

and

From these are obtained,

4(4+2J")ch2@+2(1+f)cn@ 2(3+2/3)

Xe(®)ph =X (@)
ot hn =78 (2ch® + 1)(2ch@ + /3)

X6(@) = Xs(®)ji = [/3 — -3 in the above],
- f"))(ch@+(f3'+J—

-2(ch® + (=—— ))
Xs(@)i = Xs(®)f = JJ__ = Wz
(che+ &L i )(ch® + (W‘_»

finally,

X3(@) =0 for all pairs (h,h), (A, By, (.1, @1, d.h), d,h).
and

18+9/3
Y3 @)=Y
3O =Y s O = S 1y2che+ /3)

Y3 = Y3@)j=[J/3 ->-/3 inthe above]
-18
2J2che+(1+J3)R2J2Zche+(/3 -1)

(b) The interaction terms are given by the foliowing:

Y3(@)n =Y3(O)f =

A (2ch® - 1)(2ch® - J/3)
B 4ch®(ch® +1) !

A(12)-[./_—> J3 in the above],

1+/3 A1
A(12) Afsz) (ch® - (ZJ_ WCh® — (=— ,/_ )
(ch® - T_—)(chG) + ,/_ —)

and from these are obtained

e __(4+2,/'3_)ch2®+(—%—-‘/—2§-)ch®+(—%—ﬁ)
s(©)f = cheche +1)

83
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X6(®)=[J/3 —-J3 in the above]

~2eh0 - (E Ly ene - (2

Xe(®) 5 =Xe(O)j = 3 ;
(ch® - —‘E—)(ch@ + F)

and finally,

Y3(®) =0 for all pairs (h, ), (,1), (,h), and (I, h)

18+9/3

X3k = ZchoEhe + 1)

X3(©);=[/3 —-/3 in the above]
-9
2(J2ch@-1)(J2ch®+1)

X3(®)f = Y3(@O), =

Hence, it can be seen that there is a substantial amount of symmetry displayed between the
interaction quantities of the two subcases. Namely, there are (-) sign shifts in the odd
powers of (ch@) in the numerators of the interaction pieces X,(®) and slightly different to the
previous cases, the numerators of the two sets of interaction terms X,(®), Y,(©) are
swapped between subcases (this is similar to the Coxeter rotated simple roots using the

symmetry of the Dynkin diagram - see Appendix A).

All the interaction terms Al'? that appear in cases (i),(ii) and (iii) may be written as products
of sinh functions, as has occurred in all the other cases so far. Since these expressions are
quite lengthy and not of direct importance (other than their existence) the quantities A"'?
shall only be listed in terms of the notation (x) where » is now taken to be e%i Ee%i and not
to be confused with the third root of unity used in the single soliton solutions. They will be

listed in an appendix to this chapter.

3.4.1 The Fusing Rules for e,"

All the fusions possible for the double solitons either correspond to those appearing as three
point couplings in the real coupling classical particle theory or, those that do not, can be ex-
plained away as 'annihilation' couplings of soliton - antisoliton. The latter always occur at
rapidity difference 'in’. Namely there are HH, LL, I, hh annihilations, the first two of these

due to the fact that the particles/solitons are self conjugate in the classical theory. The fus-
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merely result in the production of the trivial field associated with the zeroth spot of the

extended Dynkin diagram.

3.4.2 Appendix

Here is the list of interaction quantities A" for e ", written in terms of the notation (x):

®

(ii)

(iii)(a)

(iii)(b)

AL? = (1)) (@)1(5)™ (6)2(1)71(8) 1 (10)*1(1)#1(12)+2 )

ALY = DG DG ) @) &)+
12 + + - - - - + +
A =" @A &)@ (&)

Hh,HR

A = ALD = (1) 1(5) (@) (1) l

AL =@ G @D D@D |

Aty = (02(3)" (@) (5)(7)1(8)" (9)*" b (3.39)
AT = (0)2(1)(3)*1 (@)1 (&) (9 (1) |

At =7 G @A Q) (1@ &y
AR =)@ 3)©)720) (101 (1)
AP = (2)*1(3)1(5)"1(6) (7 (9) 1 (10)*! '
A =@ O DTGB |

Ih,lh

3.5 Solitons for e,

The extended Dynkin diagram corresponding to this affine algebra is given by the following

(where again the Kac labels associated with the extended root system have been bracketed

after the root labeis):

I o7 {2}
O0—o0

Oq 0y 0y o Oy ' g Og

n & & 4 & @ O



86

The non-zero eigenvalues of the matrix K, are given in this case by:

Aq =83 sin (%) sin (%’5) Ag= 8sin2(i".91‘.) & A =8$in2(§) =6
A3 =83 sin (Z—’B‘) sin (%") he = Bsinz(g)
A5 =83 sin (%) sin (g) Ay = Ssmz(%n)

With such a labelling of the extended root system, the equations of motion take the form:

f(tg)=1- m2(t4 —tg), f(te)=1-m3(ts —tg) ]

f(11)=2-m3(tot2 - 1), f(t5)=2-M2(t416 - T2) |

f(t2) = 3-m2(1173 - 13), f(14)=3-m?(1315 - 12) b (3.40)
and l

f(x3) = 4 - m3(121417 - 13), f(t7)=2-m3(13-12) J

The symmetry of the affine diagram is manifestly portrayed in the first six of these

equations under the substitution, 0 6, 15, 2+ 4. The equations may be solved to

all orders to give single soliton solutions for each eigenvalue. These take the following

form:

Ay
‘to=‘ts=1+f, ‘t1=1:5=1?7=1—4f+f2
T2=14=(1 +f)3, '53=(1 +f)4

A’1,3,5:
10=16=1+f, T1=Is=1+(2—7\,)f+f2, 17=1+2(A-2)f +f2
to=14=1 +%(x2 -6x+6)f+%(x2 —BL+6)f2+13
13=1—(A2—6A +8)f + 2(2A2 - 91 + 9)f2 — (A2 —6) + 8)f3 + ¢

)\'4,6,7:

10=1+f, te=1-f
1 =1+@-0)f+2, 15=1-(2-A)f+f2
12=1 +%(x2 -6x+6)f+%(x2 _EA+B)f2 413
T4=1 -%(x2-6x+6)f+%(x2 —6A+6)f2 -3
13= 1420 -2+

t7=1-12
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and display the characteristic symmetry of the soliton solutions which appears due to a re-

(1) ~(2)

scaling of the fields. That is, if ny=3 then 5\’ =45, &=

+5 and if ny=4 then

{1 <(3 +(0 L4
8 =3y, &y =8y .

All the non-trivial eigenvalues satisfy cubic polynomial constraints which are given by:

A3-12.22+36-1-24=0 for  Ae {is ke A7) (3.41a)
A3—18.22+72.4-72=0 for  he{h1, 3, A5} (3.41b)

These characteristic polynomials are essential in simplifying the otherwise unwieldy ex-

pressions that appear for the 5s which result from the order-by-order check.

For this affine ailgebra the double soliton tau functions take the following form; again this
results from the substitution of a general ansatz into the equations of motion. (The 5”s are

similarly the coefficients that appear in the single soliton solutions.)

U () s A(12).

_ (N, 2) g2, s @ | M 5@ 1 2

M @ aA(12) f2 @) s p(12)2 5242
1(2) 1(1) A f f2+8 (1)6 (2) A f f

_ M (2) 2 . s(3) 3 (M (2) 2 23 ¢3
T2 = 1 +52(1) f +8 f1 +62(1) 'f1 +82(2) 'f2 +62(2) . fz +82(2) 'fz +A2(®)f1f2+

B(21)(@)f2f2 + B(z)(®)f1 f% +C2(®) - A1), f2f2+

M 5@ A(12) £ £3 L 52 5@ 2 2.3 <(3) o1
821920 A AlI2).f4f3 +3; 102 AUDER + 5() (2<)) A0 35,4

3 2 2 3
B3B3y AY 13 +85) 550 AD? 363,

_ m (2) g2 | s(3) £3 | ¢4 (1) (2) £2 , <(3) £3 | ¢4
T3 = 1 +83(1)f1 +83(1)f1 +63(1)f1 +f1 3(2)f2 +63(2)f2 +83(2)f2 +f2 +A3(®)f1f2+

BS(©)f3f; + B (@)f113 + C3(@)f313 + D3(@).(F3f + f13)+
BY AR + B (@ATDF + Ay@)AIDP R 4 85, AUDE 2+
6(2) A(12)2f2f4 + 6(3) A(12)3f3f4 +6(1) A(12)f‘11f2 + 822(;)A“2)2f‘1‘f§+
85, AUD’FIf3 + AR £ifd

1,: similar form to , with 6‘2", — 38} and Az(®), BY(©), C2(8) » A4(©), BY(©), C4(©).

5 (1)

1, T,: Similar form to t, with 8('_ -85,

(7?]) and A4(©) - As(©), A7(®) respectively.

M _ 50

1, Similar form to 1, with 8% Bey,

where the following constraints also hold:
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1 «(1 M (M)
5
As(@) = 3 A @) =50 5" L A1@),  As@) = =022 a,@)=50 50 . Ax@),

() <(1 6(1) 6(2> (1) o(H (1) 6<2)
1" 12 2(1)" 2
and similarly,
(2) 21) : 21) 2)
(1 41742 () M g @Dy ) %0 p@ay (D) a@)
By (©)= ‘_—“‘(2) ) By (@)= 66(2) 2 (@), B4 ©®) =5 ‘B3 (@)=56(1)-52 (©y,
21" 2 2172
also,
(22) (2) (2) (2)
1 2@ 1) 42 1) (1
Ca©)= =222 Ax@)=A2(0)  Cal©) = T2 As(O) =85 860, Au(©) = A2(©).
21y 2 41) 42

Hence, the set of tau functions display the two-fold symmetry associated with the affine

Dynkin diagram. (As they should do, being solutions to the series of equations (3.40)).

The remaining interaction functions may now be listed in a case-by-case manner, where the
separate cases refer to the 'groupings’ of the eigenvalues A, which were utilised in the single

soliton solutions.

An interesting pure-mathematical problem concerning the subject of finite field extensions
arose in the derivation of the quantity A"? for the case of A,A’ € {A1,A3,A5}. This has

been commented upon in the following listings.

In all the cases where A=A/ any degeneracy reflected by the presence of an upper index

disappears and hence, accordingly, such functions will only be noted once. For example,

(1)(@) = (2)(9) will be written as B3(©).

Moreover, a specific pattern occurs throughout particular interaction terms in the soliton sol-
utiohs, and this is true in all cases. (This is also true in the case of e, but is restricted to
the solutions involving one or more of the self conjugate spots of the Dynkin diagram). This
will be commented on further in chapter four, when its connection to the Lie algebra struc-

ture underlying part of the tau functions solutions is illuminated.
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If n, denotes the Kac label corresponding to the k™ tau function then as has been mentioned
already, there is a symmetry of 5" =8, in the single soliton solutions. Taking the nu-
Nk

merator of the interacton coefficient for the term 3f3 (0 <a< —2—) to have the form:

ap-ChP@+ap 1-chP'®+a, ;- chP20+ap3-chP30@+ .,
then the numerator of the f;¥ °f2, f2f,"* coefficients can be seen to be the function
ap-chP®-ap 1-chP'®+a, ;- -chP20-ap3-ChP3O@ +.- ...

Hence, when n, is even (that is ny = 2t where t € Z"), the numerator of the coefficient for the
f‘,f’2 term is either a function of purely odd or purely even powers of ch®. This is found to

be true in all explicit calculations.

In all cases, the term A2 will be given first, followed by the numerators of all the remaining
interaction pieces. These all possess the same denominator as the fundamental interaction
block, apart from the C,(®) term where the denominator is squared. Again all the funda-
mental interaction pieces A"? will be given in terms of the notation (x) in an appendix, after

the full list of interaction terms.

350() A=A =Xk
This is manifestly the simplest case of the double soliton solutions. The fundamental inter-
action term is given by

2ch2@ - 3che+1 _ (€@ =) (che-1)

A2 = =
2ch20+3ch®+1  (che + %)(ch@ +1)

and the numerators of the remaining interaction terms are as follows, (the denominators are

as already stated, the same as that of A" - apart from the function C,(®) where it is
squared):

A1(©) =A7(0) =4(8ch?@ - 5)

A(©) =9(2ch?2@ +ch® + 1)
B,(©) =9(2ch?@ -ch® + 1)

A3(©) = 8(4ch?® +3ch® +2)



D3(®) = 8(4ch?0 - 3¢ch® + 2)
B3(©) =24(2ch?@ +1)
| C4(©) = 36(4ch*® +ch2© +1).

3.5.0(i) A=has7, A =h2
8ch2@-2/6X% ch®+(A—2)

A2 = ,
8ch20@ +2,/61 ch®+(L-2)

and the other interaction numerators are given by the functions:

A4(®) =32(A-2)ch20 +2(A +4)2- 1)
A2(©®) =0 Ch?@ +p ch®+y
B2(®) =a.ch?@-p ch®+y

where a=12(02 61 +6), p=(A2—BL+6)/6L , y=3(-2A% +151-18)

A3(©) =BP(©)=D3(©)=A7(©)=0

and finally,

B("(@) =64(A- 1)ch?©+8(2-1)(1 +2))
C3(©) = T68(A — 1)ch*© +86(4 + 31— 312)ch? + 12(68 - 92+ 231%).

3.5.0() A=Mas M =)z

4C3-6)-C2+3(A2-12)C+9M6-1)
4C3+6L-C2+3(A2-12)C -9 (6-1)

A(12) =

where C has been defined to be J6X ch®. The remaining numerators are given by:
A1(©) = -5 - A1(©) = 160~ 2)C% +48(-3+ 64~ 2.7)C
Az(®)=a-C3+B-C2+y-C+8
By(@) =a-C3-B-C2+y-C-3

where
a=6(A2-61+6), p=18(2A2-11A+12),
y=27(-1 7>.2 +961-108), &= 27(-107)2 +582). - 648).

A3(®)=pu-C3+v-C2+0-C+p
D3(@)=p-C3-v.C?+6.C-p

90
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where
w=—-16(12 -6} +8), v=48(-3)2+161~18),
6 =48(10A2 —631+78), p=144(351%— 1921 +216).
and
B{"(©) = 32(21% — 91 +9)C3 + 72(-5912 + 3007 - 324)C
BP(©) =—24(12 —6) +8)C3 +72(2512 - 144). + 168)C

C3(®) =192(2A% - 97 + 9)C® + 1296(—4112 + 208} — 224)C4+
3888(337A2 - 1746A + 1896)C2 +209954(14212 - 7331 +794).

3.5.0(iv) A=A13s, A =267

This case is found to divide into three particular subcases. Namely that the fundamental in-
teraction block takes the form of a quotient of cubic polynomials in 'ch®' for the double soli-
tons associated with the pairs (1, 7), (3, 4) & (5, 6); whereas this function factorizes further
in the remaining cases, to give a quadratic function for (1, 6), (3, 7) & (5, 4) and ultimately a
linear function for (1, 4), (3, 6) & (5, 7). This information may be neatly summarized by the
following table, where the entry refers to the degree of the polynomial associated with the

fundamental interaction piece.

Second Soliton

First Soliton 3 3 1 2

Another feature which can be noted is that all of the interaction functions without an upper
index are invariant under L & A/. This is not apparent at first sight and has occured due to
the simplification of such quantities through meticulous use of the constraints involving A.

Obviously, B(”(@) o B(z)(®) under such a transformation.
3 3

In all of the subcases

A3(©) =B{(©) =D3(®) =A7(©) =0.
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(@ (1.4),.(3.6). (5. 7)

A(12) = 4C—AAS
4C+MA/

A1(©)=4(2-1)(2-1")C,

A @) =aC+P
B2(@)=aC-p
where,
o =2 -61+6)A/2—6L +6)
B = (121 +361/ — 122 —36A/2 - 510/ + 24020/ + 3940/ - 112.20/%)
and

B (©) =-8(\' - 1)(A2 - 61+8)C
C3(®) =64(A - 1)(2A2 - 91+ 9)C2+
4(25920 + 250561, + 44928 A’ — 535212 — 18216 1”2 — 43056 1.1+
90362217 +17208 A7 - 3503 121 2)

b (1.6).(3.7.(54)

The fundamental interaction term is given by:

a2 _aC2+BC+y

A aC2-BC+y

where

a=16, f=-4A\/,

y=(144 -96(A +17) + 12(A2 +1/2) + 48AL/ - B(A2A/ +AA"2) +A2A%2).
The remaining numerators are,

A1(©)=16(2-1)2-A)C?% +
16(~108 + 84A + 661/ — 1542 — 12172 — 45017 + 9A2A/ + 9AA2 — 2020 72)

A2(®)=aC?+BC+y,
B2(®)=aC2-BC+y,
where
a = 4(A2 -BL+6)(A2 -6)’ +6),
B =4(432- 3481 -396)/ +6012 + 72172 + 30941’ - 54120
~57A02 +10A2072)
y=3(144 -48A + 1584 A/ + 1212 - 46812 - 1560 A1/ + 294 A2}/
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Finally,
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+450 12 —-85AA"2)

BP(@)=-32(( - 1)(\2 -61+8)C? +
8(4032— 3648\ — 8976/ + 70812 + 2484172 + 817241/ ~ 158422
_2256 0172 +437 A2A72)

C3(®)=1024(\' - 1)(2 2 -9 +9)C* +
64(1054944 — 972576 1. — 14368321 +1 8782412 + 335808172
+1324656 A1/ — 255816121/ — 309588 AL "2 +59779A21/2)C"2 +
576(25453728 — 23468376 . — 34596576 1/ + 4533180 A2
+8140476 12 + 3189810041’ - 6161480121/ - 7505532172
+14497791.20.72).

© (1.7.(3.4).(5.6)

In this example the coefficients f(A, 1) of the polynomials in 'C' may be further reduced

through use of the constraint:

AN —6L—6)"+24=0

This then gives the following set of interaction functions [numerators]. The leading coeffi-

cients however, have been left in their original state in order to emphasise their explicit na-

ture.

where

aC3+pC%2+yC+d
aC3-pC2+yC-95

A2 =

a=4

p=6(4-A-1")

y=3(-36 +4A +4)/ +12 +17)
§=3(108— 181 - 121/ - 202 -3)72).

A1(©) =4(2-1)(2-1/)C3 +12(156 - 8L~ 140/ + 812 -70"2)C,

A2(®)=puC3 +vC2+oC+p
By(®)=puC3-vC2+5C-p

p=(A2-6A+6)(A'2-61'+6),
v=6(-348+591+331 +7A2+12172)
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o =3(4644 - 204 ). - 6721/ ~ 23912 - 141172)
§=9(13932-1178%— 16801/ - 58212 -4731/2)
and
BY(©) =-8(A - 1)(A2 —~6A +8)C3 +48(-864+ 72 +1211/ +53 A2+300/9C
C3(®) =64(\ - 1)(212 -91+9)C®
+48(44040 - 33721 - 193712 - 5256/ - 15391/2)C*

+144(-1115496 + 1209301 + 4028312 + 1175221/ + 406051 2)C?
+432(7250688 — 754230 A - 2696032 — 779856 A — 261906 A/ %),

3.5.0(v) A=%467, A =hase7

In a sense nothing 'abnormal' occurs here with respect to the subject of finite field
extensions - see following case. Both fundamental blocks A" for A = A' and A = A' are
quotients of cubic polynomials in ch® and moreover, the restriction of A = A’ applied to that
for L = A' gives the respective interaction terms. This was noted from direct calculation of
both cases and, hence, it is only necessary to give the case A # A" with the proviso that C =
A.ch® when the restriction is made, and that (3.41a) may be utilised to reduce the degree of

the coefficients.

aC?®+pC2+yC+3d

A2 =
aC3-pC2+yC-3

where
o=16
B=-410
y= (<96 +96( +A/) — 12002 +1/ 2) - 10801 + 120020/ + A0/ %) - A20/2)
5=(192 —216(A +A/) +24(12 +1/2) + 240 AN
—24(A20 +AA2) +202072).
The numerators of the other interaction terms are:

A1(©) =16(2-1)(2~1)C3 +12A0/ (-4 +2(A +A)-aANC,

A2(®)=uC3+vC2+0C+p
B,(®)=uC3-vC2+0C-p

where-
p=4(A2-6A+6)(A/2-61/+6)
v=12(16 = 20(A+ M) +4(A% + A/2) + 252
-5(A2N/ + AA/2)+ AZN2)
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6 =3(-480+592(A+ A~ 116(A2 + L/2)~T724 1)/
+140(A2 A + A A/2)-2722072)

p=6(-576 +756( A+ L'y~ 160(12 + 1/2) - 992 AL/
+210(A2 0 + L A12)-45)2)/2),

A3(®)=xC+¢
B3(©)=«C —¢,
A7(©)=—x
where
k=96(16-20(L+ M) +4 (A2 + A/2)+ 250/
“5(A2A7+ AN 2+ A2002)
£ =48(128 - 168(1+ A7) +36(A2 + A/2) + 220 A1/
—47(220 + A0/ 2)+ 10A21/2)
By’ ©) =BY©)=0
and finally,

C3=1024(1~ 1)(A -~ 1)C® +192(-128 + 128() + 1/) - 12000/ — 400207 + 012
+AZA2)C4 +384(-528 + 1044(). +1/) — 462(A2 +A"2) — 182231
+685(2.2 +A1"2) - 188 A2A"2)C2 + 768(46032
—-63780(A +A/) + 15567 (L2 +A/2) + 88290 AL/
—-21483(A21/ +10/2) +5173A2)72)

3.5.0(vi) A=A135,A" =A135,

This is quite unlike the previous case, where the 'naive' restriction of L = A' in the funda-
mental interaction block for A = A' gave the required block for A = A'. In this case the fact
that the coefficients of the polynomials involved are elements of finite field extensions
comes into play. Uitimately, it results in a quotient of quartics for A = A’ and a quotient of
quadratics for A = A'. Naturally, this is highly counter-intuitive and just does not occur when
fields of characteristic zero are being considered. To see how such a factorisation occurs it
may be deemed prudent to give a simple example, since it is only the essence of how such

an event occurs that is important.

Therefore, let A take the values a, b, ¢, then it is required to show that

ch® +f(A, 1))
ch® +g(x, 1)
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is non-trivial when A = A', but trivial when A = A'. That is equivalent to finding f(, 1) &

g(r, A") such that f = g when A =2/, and f = g when . = A".

Hence, taking f = g + h, it is required that
h(.,A)=0 when A = 2!

=0 when Az A'.

it can easily be seen that®'!
h(h, &)= (A +A) - (@+b) (L +A) - (@+c) (L +21/)—-(b+c))

satisfies such conditions when a, b, ¢ are all unequal.

Having seen - at least in principle - how it is possible to obtain a factorisation of the required
design, the interaction terms may now be given for both cases.
(@) A=A

a-C4+pC3+yC2+8C +¢
o-C4-pC3+yC2-3C +¢

A12 —

where
a=4,

p=-22,

y=144 1381 +25A2,
§=-972+8821- 16212,
£=2160- 19801+ 37812,

A1(®) =4(2-1)(2-1)C* +4(-684 +636 1 — 1251.2)C?2
+72(-1392 + 12821, - 247 2.2),

A(@®)=xC*+uC3+vC2+0C+p
B2(®)=xC*-uC3®+vC2-cC+p

where
k=(A2-61+6)2=12(39-361+712),

b =3(2160 - 19927 + 3851.2),
v=27(-1824 + 16821 - 3251.2),

o = 54(-15810+ 145791 — 2817 A2),
p=162(—11064 + 102021 — 197122).



97

A3(©)=EC*+¢C3+yC2+nC+n
D3(©®)=£C*-$C3+yC2-nC+m

where
§=4(k2 -6A+8)2=32(62-571+11 A2),

$=32(1269- 11704 +2261.2),

v = 64(-369 + 3391 -65 A2),

n =72(-63864 +58882). - 11373 22,
n=144(-157548 + 145262 A - 28059 A%)

B3(®) =-8(A2 -61+8)(2A2-9A+ 9)C4 +144(14370 - 13249 +2559 22)C?
+864(-125670 + 115869 A - 22381 A2y,

A7(©) =16(h - 2)(A—2)C* +16(-1386 + 1284 A - 25112)C? + 72(15384
141861 +274112)

and
C3(®)=64(212-9%+ 9)2C8+

144(-530076 + 488754 1.~ 9441512)C6+
32(384137802 - 354181329+ 6841397712)C4+
11664(~72374812+ 66730652 — 12889703 A2)C2+
93312(223443942 - 206018625 + 3979458512).

(b) A=A’

The fundamental block is given by a quotient of quadratics:

A(12) = 48C2-(12AM)NC +AN (N -12)
T 48C2+(12AM)C + M (WA - 12)

and the numerator terms by,

A1(©) =48(2-2)(2-21/)C2 +4(-36(A% +1/2) - 120"+
420020 + A0 2 - 1TA202),

A20)=aC2+BC+y
B2(®)=aCZ-BC+y
where
a=12(02 -6A+6)(A/ 2 -61’ +6)
B =36(144 — 132(L+ 1)+ 24(A2 + 1) + 12100/
22002\ +)A/2) + 4A2N/2)
y=9(~6912+6480(A + 1) - 1248(A2 +1/2) - 6060AL'+
+1164(A2A/ +AA12) - 2232.20.72)

A3(©)=8C?+eC+k

D3(©)=8C%-eC+x . __
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5=48(A\2-6A+8)(A'2-61'+8),

& = 96(324 — 288(L + A1) + 54(A2 +1/2) + 256 A1/~
480021 + AN 2)+9AZN/2),

x = 16(—49896 + 45800( + A/) —8856(A2 +A/2) - 422221/ +
814502\ +A\/2) - 1571 02072).

BY(©) =-96(212 - 91 +9)(\2 -6/ +8)C2+
144(-26208 + 24312 A+ 24084 1/ — 472812 —46201/2 - 22344 11/
+434612)/ +4287A0/2 ~ 83422072

Bg”«a) 1 (L &2/ as above)

A7(®) = 192(A - 2)(\' —2)C?
+4(12960 — 11664(A + A1) +2124(\2 +1/2) + 1042830/~
1884(121 +AA/2) + 337420/ 2)
and finally,

C3(0)=9216(2A2 - 94 +9)(21/2 -9/ +9)C*
+5184(—625728 + 577728(L+ A7) — 111944(A2? + 1/2) - 53341610/
+103360(1.207 +AA/2) - 20029121/ 2)C?
+31104(15032520 — 13892316( + 1) + 2678646(12 +1/2)
+12783206 A1/ - 2470127(A20/ +AA/2) +47730812172).

3.5.1 The Fusing Rules for e,"”

All the ( non-' in' ) fusings for this affine algebra were calculated numerically to arbitrary
precis}on and found to agree with [5]; the ' in' self-conjugate fusings corresponded to an
annihilation of the constituent solitons. The numerical computations were carried out using

Mathematica.

3.5.2 Appendix

The interaction terms A" for e, are again listed in terms of the notation (x) :

O OM OO G 1(8)1(9)2(10)1(12)1 (13)1 (14)" (15)1 (1T) (18)2
AR =SB (15)”(”) 11 @& &S

ASD= () 1(4)*1(5) @) (10 (13T (14 (1)

AP =D E NS

ASD =21 @) (5 (7)1 (1) (13)*1(14) 7 (16)*
N GG M C S RICIRIC ORI C ORI COM
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ASD = &1 DA E TGS

AYP = (3)*1(6)(92(12) 1 (15)"1(18)

ALD = H 1D & GG TSNS

ALY = (1)@ (M@ (10T (1) (18)* 1 (17)*
AR =" DSBS S G P SD

ALY =@ @B ()T A1) (13)*(14) (16) !

A2 = (1)+1(4)1(5)71(8) (1011 (13)7"(14)*1(17)*!

ALD = ()7 @) E) (@) (9)2(10) (1) (127 (151 (16)1 (17)+ (18) 2
AY = OO &G &) EHY R &

ALY =@ D@ (101 (1) (16) 1 (17) !

AGD = (B 1E) B

A =D D@ & @S
AL = (2 @B (D)@ 2(1) 1 (13)7(14)*1(16)*1(18)+2
AP =D DA E G DM
ALY = (1))@ ®) ' (N1(B) (10 (1)1 (12)1(15)+1 (18) ' (17)!

ASP = ()3 @)1 (5)*1 (@)1 ®) 1 (10)71(12)71(13) 1 (14) 1 (15)1 (17)*!
AL? = (2131 (@)*1(5)1(6) (7)1 (9 2(11)1 (12) (13) 1 (14)* (15)* (16) " (18)
A2 = H S DA DT E SN

A =&

AR = (1) @*1(5) ' ®)*(92(10) (13) 1 (141 (17) " (18)2
AT =@ @) @G @ (DA (12*1(13)71(14)1 (15) 7 (16)*

ASP = (1)@ (1) (8)1(9) (10 (11)1(18)*1(17)1(18)*2

3.6 Solitons for e,

The affine Dynkin diagram for e,"" (including the Kat labels) is given by the following:

T 8 {3}
0—0——0—0——0——0——0—0

1 2 3 4 5 6 7 0

22 “ ®& & @ & & {1

The eigenvalues of the matrix K; (using the above labelling of the extended root system)

may be listed as:
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32,/—sm( 30)SINGE )cosz( Ly
r2=8/3 sin(%)sin(—ﬂ)

)»3—512,/§sm(30)sm( )cos2( )cos“( z)

13n

rse=8/3 sin(55°)sin¢ 5)

rs=8/3 sm(“")sm( 2
_ iy ain Ty (o 20 T
A6 —32J§51n(30)5|n(5)cos (35
_ in(-ZEygin( X
r7=8/3 sin(3g)sin(g)

}»8—128,/:_5'sm( )sm( Iycos?(Z )cosz( 30)

where a slight correction regarding 4, has been made, see [53]. These eigenvalues may

further be split into two sets and shown to satisfy the following crucial constraints:

A€ {X, 3, e Ag} - 14 =30A%-240A2+7202-720
he{ha,hg, A5, A7)~ A4 =3023-30012+1080A-720.
Thses constraints appear from the factorization of the characteristic polynomial of the matrix

5
K,

The equations of motion reduce to the set of equations for the tau functions of:

f(t1) = 2m2(zz - 1%), ]
f(12) =4 m?(ty13-13), |
f(t3) = 6 M2(127418 — 12), l
f(t4) = 5m2(1315 - 13), . l
f(ts) = 4mM2(1416 - 12), t o (3.42)
f(te) = 3m2(1s17 —12), |
f(t7) = 2m2(1610 - 72), I
f(to) = 1m2(t7 - 13), l

f(tg) = 3m2(13 - 13) J

This set of equations exhibits the fact that there is no symmetry in the affine diagram.

The single soliton solutions to the field theory were first written down by Mc Ghee and ap-

pear in [53], although they will be given here for completeness.
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The minimal ansatz to = 1+f (where f denotes e¥ = exp(c(x - vt) +£)) gives the following set
of tau functions which satisfy (3.42) at all orders of 'f. The structure of the tau functions is
apparent under rescaling and shifts in \P'.

16 =1+f

11 =1+Af+f?

12 =1+Bf+Cf2+Bf3+f4 '

13=1+Df+Ef2+Ff3+Ef4+Df5+ 6

14=1+Gf+Hf2+Hf3 + G4 +f°

t5=1+1f+Jf2+If3+14

16 =1+KFf+Kf2+f3

t7=1+Lf+f?

18 =1+Mf+Mf2+f3
where for & € {A1,A3,A6,A8}

A=-%(x3—24xz+132x-192),

=103-8r2+20),
C=§(5x3—60x2 +2253 - 261),
D=-%(x—2)(x2—6x+6),
E = (643 — 66812 + 2214, — 2325),
F =—(3033— 318612 + 10614 A~ 11180),
G=%(x3-12x2+48x—60),
H =%(11 A3~ 11612 + 3844 — 400),
|=-%(x3—1212 +362.-24),
J=%(713—78x2 +288 -324),

K=1n2-61+6),

2
L=2-),
M=-}(x3—18k2+84X—108).

Similarly for A € {A2,A4,As5,A7}
A=-13-(7»3—21 A2 +114X-84),

B =-%(‘5x3—102x2 +540 - 384),
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C=-20:3-24)2 +1351-99),
D=(2-91+6),
E = (3A3—50A2+234 ) - 165),
F=-2(3x3—54x2 +267 A—190),
G=%(k3—18k2+84k—60),

=%(x-é)(3x2-2ex+20),
|=—%(x3—1212 +36A—24),

=%(7x3-108x2 +468) - 324),

=%(k2—6x+6),

L=2-A),
M=}(x3~—24x2+144x-108).

As with the case of the algebra e,(", the spots of the Dynkin diagram are self-conjugate in
the sense that the fundamental representations associated with them and hence, particles/
solitons attached to them, are self-conjugate. In the previous case this led to tau functions
that had an intrinsic pattern connected with them (also notable for the self-conjugate cases
for the other affine algebras). What is found here is that this pattemn is repeated for the tau
functions and expanded upon in an obvious manner for those functions connected with the
spots with Ka¢ labels five and six. However, before a discussion of this is undertaken the

problems associated with constructing the explicit double soliton solutions will be men-

tioned.

The interaction function AC?(®) which appears in the ansatz (3.01) may be found by equat-
ing the nine simultaneous equations appearing at order f.f, in the nine tau function equa-
tions (3.42). The remaining interaction terms can then be systematically constructed and all
equations can be shown to be consistent at all orders f,'f} for 0 <i, j<ny: the Kac label of

spot 'K'.

However, it was found that the factorization of the object A'?(®) (which appears as a quo-

tient of polynomials of degree nine in 'ch®' with coefficients that are elements of the finite
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field extension Q[A, A1) proved to require too much memory space when using "Mathemati-

ca" or "Maple V" on the Sparc systems at Durham.

Construction of this ‘factorised quantity' backwards (using the data from Appendix 'A" and
the fusing information in [5]) again proved to require too much memory for algebraic (that is
exact) calculation, and moreover, was only possible in the simplest set of self-interacting
cases, using a floating-point numerical calculation from "Maple V". This invoived the inver-

sion of a 12 x 12 matrix whose elements were products of up to four dozen trigonometric

quantities.

The numerical algorithm in "Maple V" appears to breakdown for the other set of the self- in-
teractions where the matrix involved is of the order 20 x 20. [The numerical routines in "Ma-

thematica” ran out of memory in all cases.]

Nevertheless, this set of double soliton solutions is sufficient to display the afore mentioned
pattern in the tau functions and this will be discussed now. The explicit interaction terms
will be relegated to an appendix since they are very lengthy and only their existence is of
any importance. However, it will be noted that the term A“2(©) for A € {A2, A4,A5,A7} may

be written as a quotient of sinh functions in each case.

aC4+pC3+yC2+8C+¢
aC4-pC3+yC2-8C +¢

A(2(@) =

where
o=4
p=-22
y=3(-20+30A-10A2+13)
5=-15(-132+1921 - 4612 +313)
£=30(-264 + 3781 — 8412 +513)
and C=Xch®. Using t/he notation (x) they may be written as:
AR, = @G D @)1(10)1(12)71(15)2(18) 1 (20)71(22)*1(23)1(25)*1(27)*'(30)2 )
AL, = @7(3)"(5)*(10)1(12) (13)71(15)2(17)-"(18)1(20)"(25)*'(27)*(28)*1(30)*? |

A2, = @"(5)*®)'(9)*(10)1(11)~"(15)2(19)~(20)"(21)*" (24)-4(25)*1(26)*' 30)*2  }
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ALZ = (1)7(5)1(6)71(9)*1(10) 1 (14)*1(15)2(16)*1(20)1(21)*"(24)™"(25)*'(29) ' 30)? ]

(3.43)
3.6.1 The general tau function pattern for self-conjugate solitons.

The internal tau function structure for the case e, generalizes all the self-conjugate double
soliton tau function structure that has appeared before. The functions corresponding to the
Dynkin spots with labels 2, 3, and 6 may be graphically given as follows, where the
interpolation from 3 to 6 should be immediate from the figures and accompanying
information. Also, for simplicity, the leading order 3 -term of the single soliton tau function

has beeri taken to be one:

(@) T : Kat label 2"

.
8§(11)) fa 6J'((12)) f2
fi Ai©) f
AlD x 51((12))f3f2 8}21))f 1f2
ACx 163
®) T7: Kac label '3'
]
sn o
Sf(z:)) f2 Aj©)f1f2 81((22)) f2
f2 Bi(©)f3f2 B;(®)f1f; f3
A02x 5 £31; A©)fif3 5" 12
A0 x 52 1313 52 1263

12

3 3¢3
A(12) X f1 fz
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[where in (b), if the numerator of the interaction term A(®) is given by

Aj(©) = ap(h, A)ChPO +ap-1(h, AY)chP '@+ ap 5(A, A/)ChP2@ + ...

then

B;(©) = ap(L, 1/)chP® —a, 1 (A, A/)ChP'® +a, 5 (A, A/)chP2O - ... 1.

(© 7 : Kat label 6’

The structure of the tau function is shown on the following page.

The relationships between the numerator of the interaction terms on the diagonal lines in
this graphic description of the tau function, generalises that found for 7, (n, = 3) in a straight

forward way.

[Interchange of the superscript (1) < (2) corresponds to the replacement of & < A'in the

relevant formulae.]

It was found that,

) A(©) Bl@®), C(®), E(®) and G(©) are linear polynomials in AY2(@). Moreover, the
numerators of the interaction pairs (A,(®), G(®)) and similarily (B/(®), E/(©)) are related by
the polynomial coefficient signature pattern (+ + ++ ... It N ) that occured in the

previous case. This goes hand-in-hand with the fact that the numerator of Cji(e) was found

to be a function of only odd or even powers of ch®.

iy D,(®), F/(®) and H,(®) are quadratic polynomials in A"?(@). The pair (D,(©), H,©)) has
numerators related by the above sign pattern extended to 2p+1 terms (rather than p+1 in
the previous case). Again F;(e) is a function of only odd or even powers of ch®.

iii) 1(®©) is a cubic polynomial in AY"2(@) and its numerator is again a function of only odd or
even powers of che.

Hence the interaction coefficient of f'f,) may be expressed as a polynomial in A‘?(®) of de-

gree min(i.j) with coefficients that are functions of the rapidity difference.
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3.6.2 The Fusing Rules for e,"

The fusings for the few solutions that were explicitly found were again in accordance with [5]
supplemented by an 'ir' annihilation. As with the case of e, , these were carried out nu-

merically (to high precision) using Mathematica.
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4. AN ALGEBRA-INDEPENDENT APPROACH

4.1 Introduction

Following the explicit construction of the double soliton solutions for the simply-laced Lie
algebras via Hirota's method, an immediate question to be addressed is that of what the in-
teraction terms have in common. Moreover how these features are related to the underlying

Lie algebraic structure.

As has been seen, the ansatz (3.01) leads to interaction functions (in all cases) that are
polynomials in the basic interaction piece 'AU2* with coefficients that are functions of the rap-
idity difference ©. Much more importantly, the function AY? can always be written as a
product of hyperbolic trigonometric functions. This fact in tumn hints at the possibility of an

all-encompassing construction of such quantities in terms of vertex operators.

The purpose of this chapter is to show how this can be achieved for the case of the quan-
tities A2, fundamental in the fact that these are the entities upon which all the rest of the in-
teraction functions are based. Moreover, this construction is achieved as a consequence of
noting that these 'fundamental’ quantities may be written in an algebra-independent manner.
Geometry can again be said to play a major role here in the sense that the orbits of the
simple roots under the Coxeter element are crucial to the description of these objects. A

few obvious properties of the term A"® will be noted given such a description.

The vertex operator construction may in effect only be regarded as a piece of mathematics
since it only goes partway to achieving the representation of the soliton phenomena in terms
of such entities. However it is interesting solely in it's own right and resembles very closely
that of the operator construction for the minimal part of the scattering matrix that has ap-

peared in [25].

Before proceeding it must also be noted that such operators have since appeared indepen-
dently elsewhere in the literature (though written slightly diffently in [62]). In Olive, Turok &

Underwood!™ they appear as part of a 'thorough' analysis of the soliton solutions for imagin-
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ary coupling affine Toda field theory, through the application of the representation theory of

the Kat-Moody algebras to a generalised Leznov-Saveliev solution.

4.2 The Fundamental Function A'?(@)

Central to the construction of the double soliton solutions was the ansatz for the tau function
associated with the 'affine' spot of the extended Dynkin diagram. This took the form (3.01)
and hence gave rise to leading coefficients for the remaining tau functions that were powers
of the fundamental function, up to a trivial factor. These powers are exactly the marks of
the Dynkin diagram. in turn the quantity A“'? was found to be expressible - in all cases - in
terms of a quotient of sinh functions, and hence the quantities (x). A comparison of the
equations (3.19a,b,c.d) for d,", (3.43) for e,”, and the appendices 3.4.2, 3.5.2 for e,", e,1",

with the tables of inner products in appendix A, gave rise to the conjecture that

c(ife(iXoewPoy) :
) (4.01)

h .
A% (@) = H (1 _(DpeE"*(c(i“c(j))zﬂ—l:I
p=1
(This was first pointed out to me for the case d,” by E.Corrigan®). Here o .0 are taken to
be the p™ root of unity and the Coxeter element, respectively. The bracketed superscripts

1,2 (denoting the first and second soliton) have been replaced by their respective associated

simple roots.

To show that this is also true for the infinite sets of simply-laced Lie algebras, i.e. a (" and
d" is manifestly more invoived, and the route is to expand the inner product in another

basis and then directly calculate through known results.

The more rigorous proof is achieved by expanding the simple roots in terms of one of the

complex bases for the eigenvectors of the Coxeter element, which has the properties:

2mnis

o(es)=€ " @5, €se€yg =sis/p (4.02)

where the label s is one of the (r rank) exponents of the Lie algebra. The following repre-

sentation of the eigenvectors may be taken:
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es= 2 (@ -enan) (4.03)

where for example &(® = Eq‘s’a. = £q;*%; for the simply-laced algebras. These can then
lce

be seen to satisfy (4.02) provided that the eigenvectors of the Cartan matrix have unit

length and satisfy the conditions:

Q¥ =cia"™, g eq =50 (4.04)

Given this, the inner product of an eigenvector with a simple root gives

1—C1|))in_k ik

O‘-I'ek'_-c(l)ﬁe( 2 /nq

(4.05)

and hence the inner product (o e©Paj) may be written in terms of the eigenvectors of the

Cartan matrix via (4.05).

2nipn
(o0 0Paj) = E (xj®en)(cjoennle b
n

CO)'C(I)) inn

= 2¢()c(j) E o5

hq " (4.06)

Here the sum is taken over the exponents of the relevant algebra. Explicit values for such
eigenvectors may be found for all the simply-laced Lie algebras in [12] and hence the inner

product can be explicitly evaluated.

For example, taking the a " series, the normalised eigenvectors are given by

q}s’_ ‘/_sm('"s) and the exponents s are 1,2,3........ ,h-1. Therefore the term above
becomes:

h-1 ( cu)—c(l;)i,,_n innl —inni innj —innj
ZTC(DC(J)G 2 /h(eh —eh Yeh —eh)
n=1

which gives zero unless (2p+i*2EQ +1xj) « h. Explicit calculation determines that

%) = O —0'7e®)(1 -0 2e)

= = (4.07)
(1-0'2e®)(1-0"2e0)

in accordance with (3.10), irrespective Qf colour and ordering. Similar results give the inter-

action pieces for d,".
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4.3 The Operator Construction
Given (4.01) and its equivalence to a quotient of sinh functions, the question begs as to

whether it is possible to obtain such a quantity through the usual normal ordering procedure

of vertex operators.

In order to achieve this, a variation on Corrigan & Dorey” is used, and a string-like rapidity

dependent field is defined for each simple root via the formula:

Xi(8;) = Z _rrl er(eﬁc(i)%)ﬁhfs).dr (4.08)
r=s+kh

The summation is taken over the exponents s of the algebra and all integers k; h denotes

the relevant Coxeter number. Here, the quantity y, denotes the i" signed simple root c(j),
resulting from a bicolouration of the Dynkin diagram, and c(i) can be taken to be '+1' if 'i' is
black, -1' if 'i' is white, as in [12]. The superscript denotes the (h-s)" component of an object

expanded in a complex basis of the eigenvectors of the Coxeter element. That is

wi=Y Ve =Y (wieens) (4.09)
S s

The operators d, satisfy the commutation relations

l_dr,dr/]— hr‘r/O (410)

and it is implicitly assumed that there exists a 'ground state' annihilated by all d,, r> 0. ltis
easily seen that the X*(0) are 2ri-periodic in & and moreover that the field is ‘twisted' in the
sense that a Coxeter rotation of the root shifts the rapidity by the value 2ni/h:

7(IS
/=Y @F) ez @) (@ =er o

Then the commututation relation involving the creation and annihilation parts of such

operators X*(6) may be calculated,

. (s, - /(o+e()i: ) (h-s’
[xi‘i(ei),x"ﬂ(ej)] Z h +c(|)2h h s)dr ’ %er ( J+c(J)2h)YJ§h s )dr/

>0 />0

_ Z “)he ®+(C(l)*C(J))2”,:)Yi(h—s)yj(h-s) (4.11)
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where (4.10) has been utilised and © has been defined to be 6-0,, that is the rapidity differ-

ence. This expression is equivalent to

( Y e e
_th 2 1TX,J Y(h )Yj(h ) (4.12)

s r=s(mod h)

where X is taken to be er(®+(°(i>‘°(j”%). This is further simplified using the summation formula

h
Y gt =(—)% 2 o™Bin(-o't (4.13)

n=s(mod h) 1=1

to give,

h
Z (E Y(h S)(D_IS (h s)j In(1-o 'X) :Re(®)<0

1=1
Noting that @™4{" > = c(j)(@ ® &)™ , the commutator is easily seen to be equivalent to

h
> (C(i)c(j)(ai -g"aj)) In(1 - P X). (4.14)
p=1

Hence defining a vertex operator to be the normal ordered exponential of such a field:

Y®i(©;)= :expX%(®;): = epr‘ii(ei)epr‘ii(ei)

then the product of two such operators can be normal ordered using the
Baker-Campbell-Hausdorf formula to give an extra rapidity dependent factor.
Y%i(0;)Y% )= A%%(@) : Y(B;)Y% ©)):

where
A%i% (@) = exp [X‘f ©), X‘f"(ei)]

h )co)c(j)mi-gpap 4.15)

c(i}-c()
11 (1 o e

p=1

which is the required interaction function.

Before proceeding into a discussion of the aspects of such a function, it could be noted that
the vertex operators that appear here are 'conformal’ in the sense that they give rise to a

trivial braiding relation. There is no need to perturb them in any way (compare [25}) since
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this is all that is required. It will be seen however, that the interaction function satisfies

some similar properties as the scattering matrices.

4.4 Properties of the function A'(e)

As has already been mentioned in section 4.1, the ,eading order coefficient of a doubie soli-
ton tau function must be trivially proportional to (A‘11 0‘2((9)) nj. Hence this function governs
the fusing proceedure for the classical solitons. A thorough analysis of this phenomenon
may be undertaken thrdugh the use of (4.01), where the function is written in an algebra-in-

dependent form.

The fusings occur when the leading term has a pole in © and hence when c(i)c(j)(o;, @)
takes a negative value. Since wfo, is a root of a simply-laced algebra, this value can only
either be -1 or -2. Ultilising the fact that the orbits of y, are distinct, then the value of -2 is
obtained only when y, = -oPy, i.e. when v, lies in the Coxeter orbit of -y, . Comparison with the

fact that

(_E.,, c(i);c(i))

yr=-@ 2 i . (4.16)

i.e the conjugate 'signed’ root lies in the same Coxeter orbit as the negative of the same
'signed' root, requests i and j to be a conjugate pair, and p to take the value corresponding
to the power of @, since all the orbits are disjoint. [This exponent is easily seen to lie in the

integers since c(i)c(1)=(-)"]. Hence the pole occurs at the value of ® when

0=1 —m(mw).e@ =1 —m(_%).ec" =1-e&im

that is, at ®=in. This fact was borne out in all cases of conjugate pairs.

The remaining case, when (y; e oPy;) = -1, implies that y; + Py; = @ %y« since the Weyi reflec-
tion of any root in a simple root must be another root, and then this is also expressible as

the Coxeter rotation of one of the y;. Therefore

Yi+ePyj+o'yg=0
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where r=q+§—2@‘;—@, which is Dorey's rule for the three-point couplings in the real
-coupling regime of affine Toda field theory.

Hence it has been shown that in the imaginary coupling regime (specifically with soliton

solutions in mind) Dorey's rule is augmented further by soliton-antisoliton fusings
(annihilations) at rapidity difference in, purely using the algebraic construction of the leading
order term.

It is also possible to note via (4.16) that when a root is self-conjugate, Q%a; =-aj, and hence

the interaction function takes the form:

iny iny inyn n
sh(% z 1)sh(———2—h‘-) ..................... sh(%+ - )sh(%—";‘,’])
e  inx inx @ , inxXn © _imxn
sh(; ’)sh(——z—h’) ..................... sh(3+ o )sh(f—";:)
where y,=x+h (mod 2h) and the pcles of A'? occur at ®=—’ This is equivalent to the form
(Ch® +C0SB1)......cuuuuue...... (ch® +cosBp)
(ch®-CoSO1)..ccccvrvunnen. (ch® - cos @) (4.17)

for the function A"? | which is ultimately responsible for the phenomena noted in section
3.6.1 through expressions derived from the equations of motion for the relevant interaction

terms.

Given that the interaction piece appears naturally through a similar vertex operator con-
struction as the minimal S-matrix, it might be considered that such a function would possess
some properties akin to those held by the scattering matrix. This proposition is in fact true
since it is easily shown that if particles (solitons) a,b fuse to a third, ¢ say, then the function

A2 satisfies the same 'bootstrap' property as that of the scattering matrices, i.e. (1.09).

Ad(@ - i(n~08,)) A®(@ +i(m~-08,))

h [p+___°“”‘°‘a)_u_'a’c) Gaea®rs) (q +.c<d>-c<b)+“§cj (ra2Pre)
=H 1-w 2 2 ) g® H 1-o 3 2) g0
p=1

=1

oo BBe_corem s YBe ooy
/+C<d>-c(c)) )(Yd'g 2 4 yatw 2 4
e
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LT (1o )

p=1
=A%) (4.18)
where,
g&_w _E;g_C(c)—c(b)
Ye=@ 2 T ya+@ 2 4 .y (4.19)

and hence is equivalent to Dorey's fusing rule,

In the process of the calculation, the U's were defined by 83, = £.U3, and the fact that 0,0

were periodic in h allowed the appropriate relabelling to be carried out:
_ c(c)yc(a) Ula’
p/ == +p- Tc el
_ c(o)-o(b) U
S e— +q+ 2 e 2
Another property of this 'leading order' function which is quite readily proved is that

(Ai@-mAT@+E) =1 (4.20)

©=in
when 'i' is taken to correspond to any self-conjugate spot on the Dynkin diagram. From (4.01)

it is easily seen that the L.H.S. of (4.20) is equivalent to

h c_(._)ﬂ) (rieaPyy)
H(1+m2(w 4 )

p=1
and hence by taking q= p_g+°_<i:4sil e Z after substituting the expression (4.16) for y;,

the above becomes:

ﬁ (1 +m2(q+%)) -(ti*2%;) _ ﬁ (1 +m2q) ~(fie0%;)

q=1 g=1
Comparing the two formulae it can be seen that (4.20) must hold when 'i' is self-conjugate.
For example, taking the case of the Lie algebras a,'", the fundemental interaction function is

given by the expression (4.07), and hence

Ali@-2AT©+3)

(141002 00) 1410059, 2) (-1 09) 1108 e0)
(1 +im(%) .e@) (1 fim-(%) .e@) (1 —im(%) .e@) (1 -~ ico_(%) .e@)
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(1 +m2‘.e®) (1 + m""‘.e@)

(1 +e@) (1 +e®)

Therefore (A‘7(®—%).A‘7(®+‘3")) L0 undefined unless i=T =2 when it is equivalent to
=IT

unity. This property holds for all the relevant simply-laced double soliton solutions.
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5 CONCLUSION AND OUTLOOK

This thesis has been concerned with the explicit construction of single and double soliton
solutioﬁs to the set of field theories known as the simply-laced affine Toda field theories.
Given these solutions, a thorough analysAi,s of the fusing structure of such classical objects
has been undertaken and has also been abstracted into the setting of the underlying Lie

algebraic structure. A few basic properties of the functions involved have been noted and

were commented upon.

A decade ago™®! it was found that taking the coupling constant to be purely imaginary led
to representations of the unitary minimal series of conformal field theories in the form of
quantized Toda field theories. In the context of their associated affine models, it leads to
the equally important phenomena of topological soliton solutions interpolating the weight
lattice of the finite Lie algebra. This appears through the infinite number of degenerate

minima that occur in the potential terms.

Even though the Hamiltonian is non-Hermitian, the explicit single soliton solutions possess
real energy and momenta. It is, therefore, hoped that a unitary field theory is somehow
embedded in this larger non-unitary system. These single solitons can be taken pairwise
and scattered classically and their resulting interactions can be analysed. To this end,
double soliton solutions were constructed explicitly using Hirota’s method for all the
simply-laced theories, although it was found that the tau function substitutional ansatz
involved, only led to 'proper bilinear equations for the simpler a (" - series of algebras. The
finite expansion of the tau functions found is considered to be a manifestation of the

integrability of the underlying field theory.

The double soliton solutions reveal the existence of the 'hidden' Lie algebraic framework
through their leading order tau function behaviour. As also discovered in the real-coupling
regime of affine Toda theory, the Coxeter orbits of the simple roots are found to be a crucial
element in the analysis of the relevant interaction terms. These solutions are in essence

fundamental, since the N-soliton scattering matrices should factorize into products of
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two-soliton scatterings because of the presence of the infinite number of conserved charges
associated with the system. Only those corresponding to the a " series of algebras have,
however, been conjectured and these have involvied aspects of the theory of quantum
groups!™. Hence, this is an obvious area for immediate further research, since an extension

to the other simply-laced and non-simply-laced theories is required.

The leading order tau function behaviour reveals a great deal more information. Namely,
the topological nature of such solutions via the single solitons (not discussed here), and their
fusing relationships when double soliton solutions are considered. It was found that these
classically allowed fusings occur at precisely the same rapidity differences that appear for
the three point couplings [in the real-coupling affine Toda field theory], but in all

simply-laced cases were supplemented by soliton-antisoliton annihilations.

Given that the topological charges of the single solitons classically do not appear to fill out
the whole of the weight systems of the fundamental representations (except for a,", a,""), it
would be an interesting investigation to determine whether a 'breathing' solution couid be
constructed with such a property. More exotic breathers may be expected in the higher rank
algebras when compared with the sine-Gordon model, given the extra dimensions of the

weight lattices associated with such theories.

Moreover, given the difficulties with constructing the e, " double soliton solutions , it would
be instructive to determine the level of complexity involved in producing these from the
generalised Leznov-Saveliev solution (or vertex operator formalism) introduced by Olive,
Turok and Underwood®. Certainly the Hirota method is tedious for all the exceptional

algebras however it may be deemed preferential for generating explicit solutions.
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APPENDIX A

The inner products for the orbits of the simple roots under the Coxeter element are given
here for the algebras d,, e, €, and e,.
d,:
Taking |, I', I" & h to correspond with the outer and inner spots of the Dynkin diagram, then
the following values for the scalar products are obtained:

(oh, ®Pop) =(+1,-1,-2,-1,+1,+2)

(o, @Pap)=( 0,+1,+1, 0,-1,-1)

(o, @Po) =(-1,+1,-2,+1,-1,42)

(, @Po) = (+1,-1, 0,-1,+1, 0)

where p takes the values from 1,..,6 respectively. The label 'I' corresponds to any of the de-

generate 'light' spots, and the labels L' refer to any non-equal pair from the set of such

spots.

Invariance of the inner products under the symmetry @ >0, 0P > o' may be noted
for equally-coloured, unequally-coloured simple roots respectively, after the Dynkin diagram
has been bicoloured as mentioned in chapter four. More precisely there is an invariance
under p —>—p+$1)—5—cﬂ, where c(1), ¢(2) refer to the colour indices of the first, second

simple roots in the inner product. This is true for all the algebras.

e,
With the labelling of the simple roots taken to be that corresponding to the subdiagram of
the affine Dynkin diagram on page '85', they may be represented by the vectors:
=€ — €1, ag=(a,a,a,a+1,0t+1,u+1)
where i =1,...,5 and the {e, } denotes the standard orthonormal basis for R®. The constant o
also satisfies the equation
602 +60.+1=0
if all the simple roots possess a normalisation of two. Then the Coxeter element in this

basis can be given by:
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=00

—s—o

o o, o o )

= (0) e =05 =03=0aq

—0g—0g4—02

(1-02 -a? -a? -op  —af -ap )
-a? 1-0?2 -a? -af -apf -ap
| a2 —a? 1-a? -ap  -af  -of
| -wp -ap  -op 1-p2 -2 P2
-af  -ap  -ap  -p? 1-p2  -p?
_043 *OLB —Otﬂ _BZ _ﬁz 1- [32
(100000) (010000
001000 100000
010000 000100
“loooo10 | |o0o1000
000100 0 000 O01
0 00O0OI"1 000010
[ o2 1-q2 —-af  -a? -af —of )
-2 -a? -ap 1-0® -—of -op
| 1-a? —a® —of -o? -af -op
| B -op P2 —ap  —p2 1-p2
- -afp 1-B2 -af -p2 -p2
-af  -of -p*  -ap 1-p2 -p2

where B =a+1. [This construction easily generalises for e, and e,.]

Using (4.16) and the fact that the symmetry of the e, Dynkin diagram implies c(i) = ¢(i), then
h h
Q%ai =-aj. Therefore w201 =-as5, @202 = -0y and for the self-conjugate simple roots o, ,

h
@20 =0,

R

6
Hence, as a result of these facts, it is merely sufficient to calculate each (g, ,@Poy) from '1' to
g (= 6) in order to possess the relevant information to construct the inner product tables for

the whole of the Coxeter orbits. These scalars (for p=1,...,6) are now listed:

(1, 0P001)=(-1, 0,+1,-1, 0, 0)
(o2, @Pa)=(-1,+1,-1, 0,+1, 0)
(a3, @Paq)=(+1, 0, 0, 0,+1, 0)
(s, 0Pa1)=( 0,-1, 0,+1,-1,+1)
(as,0Pa1)=( 0,+1,-1, 0,+1,-2)

(og, @Pay)=( 0,-1,+1,-1,+1, 0);
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(a1, @Pa)=(+1,-1, 0,+1, 0, 0)
(a2, @Pa2)=( 0, 0,+1,-1,-1, 0)
(a3, @Paz)=(-1, 0, 0,+1,+1,+1)
(o4, @Po2) =(+1,+1,-1, 0, 0,-2)
(as,gpa£)=(—1, 0,+1,-1,+1,+1)

(aslo_Jpaz)=(+1i 0) ol 01_11 0);

(21, @Pa3)=(+1, 0, 0, 0,-1, 0)
(a2, @Pa3)=(-1,-1, 0, 0,+1,+1)
(a3, 0Paz) = (+1,+1, 0,-1,-1,-2)
(g, 0Paz)=(-1,-1, 0, 0,+1,+1)
(as,@Paz)=(+1, 0, 0, 0,-1, 0)

(g, @Paz)=(-1, 0,-1,+1, 0,+1);

(a1, @Pag) =(-1, 0,+1,-1,+1,+1)
(o2, 0Paq) =(+1,+1,-1, 0, 0,-2)
(a3, ®Pag)=(-1, 0, 0,+1,+1,41)
(oug,0P0g)=( 0, 0,+1,-1,-1, 0)
(a5, @Pag)=(+1,-1, 0,+1, 0, 0)

(QG-Qpa4)=(+1y 0, 01 01_11 O)a

(a1, 0Pas)=( 0,+1,-1, 0,+1,-2)
(ag,@Pas)=( 0,-1, 0,+1,-1,+1)
(a3, 0Pas)=(+1, 0, 0, 0,-1, 0)
(g, @Pas)=(-1,+1,-1, 0,+1, 0)
(as,0Pas)=(-1, 0,+1,-1, 0, 0)

(ag, @Pas)=( 0,-1,+1,-1,+1, 0);

(x1,0Pag)=(-1,+1,-1,+1, 0, 0)
(o2, @Pog) = (+1, 0, 0 0-1, 0
(a3, 0Pag)=( 0,-1,+1, 0,+1,+1)

(g, 0Pa6)=(+1, 0, O, 0,-1, 0
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(a5, @Pog) =(-1,+1,-1,+1, 0, 0)

(o, @Pog) =(-1,+1, 0,-1,+1,-2).
e,:
Unlike the case of the algebra e,, the Dynkin diagram for e, is devoid of symmetry and

h
hence all the simple roots are self-conjugate and satisfy w2a;=-ai. (This is also true for

the case e, ). Therefore, only the values for p=1,....,% = 9 need to be calculated, the others

coming as-it-were 'gratis’.

(21,0Pa1)=(-1, 0,+1,-1,+1,-1, 0,+1,-2)
(02, 0Py)=(-1,+1,-1, 0, 0, 0,+1,-1,+1)
(a3, @Pay)=(+1, 0, 0,+1,-1, 0, 0,-1, 0)
(x4, 0Pa)=( 0,-1, 0, 0, 0, 0, 0,+1, 0)
(s, ®Paq)=( 0,+1, 0,-1,+1, 0,-1, 0, 0)
(xe,0P)=( 0, 0,-1,+1, 0,-1,+1, 0, 0)

(a7,0Pa9)=( 0,-1,+1,-1, 0,+1,-1,+1, 0);

(1, @Paz) =(+1,-1, 0, 0, 0,+1,-1,+1,+1)
(o2, 0Pa2)=( 0, 0,41, 0, 0,-1, 0, 0,-2)
(a3, 0Po2) = (-1, 0,1, 0,+1, 0,+1,+1,+1)
(oq, @Pa2) =(+1,+1, 0O, 0, 0, 0,-1,-1, 0)
(as,gpa2)=(—1,—-1,+1, 0,-1,+1,+1, 0, 0)
(g, @Paz) =( 0,+1, 0,-1,+1, 0,-1, 0, 0)

(a7,0Pa2) =(+1, 0, 0,+1,-1, 0, 0,-1, 0);

(xq,@Pa3)=(+1, 0, 0,+1,-1, 0, 0,-1, O)
(a2, @Pa3)=(-1,-1, 0,1, 0,+1, 0,+1,+1)
(a3, 0Paz)=(+1,+1,+1, 0, 0,-1,-1-1,-2)
(as,0Pa3)=(-1,-1,-1, 0, 0, 0,+1,+1,+1)
(s, 0Paz)=(+1,+1, 0, 0, 0, 0,-1,-1, 0)
(o, @Pa3)=( 0,-1, 0, 0, 0, 0, 0,+1, 0)

(a7,0Pa3)=(-1, 0,-1, 0, 0, 0,+1, 0,+1);
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(w1, @Poq)=(-1, 0, 0, 0, O, 0,+1,.0, 0)
(a2, @Paq)=(+1,+1, 0, 0, 0, 0,-1,-1, 0)
(3, 0@Pag)=(-1,-1, 0, 0, 0,+1,+1,+1,+1)
(x4, 0Pas)=( 0,+1, 0,+1,-1, 0,-1, 0,-2)
(o5, @Pag)=( 0, 0,-1, 0,+1, 0, 0,+1,+1)
(o6, @Pag) = (+1,-1,+1, 0, 0,-1,+1,-1, 0)

(o7, @Pag) = (+1, 0,+1,-1,+1,-1, 0,-1, 0);

(a1, @Pas)=( 0,+1, 0,-1,+1, 0,-1, 0, 0)
(az,0Pas)=( 0,-1,-1,+1, 0,-1,+1,+1, 0)
(a3, @Pa5)=(+1,+1, 0, 0, 0, 0,-1,-1, 0)
(ag,0Pas5)=(-1, 0, 0,-1, 0,+1, 0, 0,+1)
(as,0Pas)=( 0,-1,+1,+1,-1,-1,+1, 0,-2)
(o6, @Pas)=(-1,+1, 0,-1, 0,+1, 0,-1,+1)

(a7, 0Pas5)=( 0,-1, 0, O, 0, 0, 0,+1, 0);

(ax1,@Pag)=( 0,-1,+1, 0,-1,+1, 0, 0, 0)
(o2, @Pa6)=( 0,+1, 0,-1,+1, 0,-1, 0, 0)
(a3, 0Pag)=(-1, 0, 0, 0, 0, 0,+1, 0, 0)
(o4,0P06)=(+1,-1,+1, 0, 0,-1,+1,-1, 0)
(as,@Pag)=(+1, 0,~1, 0,+1, 0,-1,+1,+1)
(as,gpas);(—t 0, 0,+1,-1, 0, 0,+1,-2)

(a7,0Pag)=( 0,+1,-1,+1,-1,+1,-1, 0, 0);

(a4, 0Pa7)=(-1,+1,-1, 0,+1,-1,+1, 0, 0)
(az,@Pa7)=(+1, 0, 0,+1,-1, 0, 0,-1, 0)
(a3, @Pa7)=( 0,-1, 0, 0, 0,+1, 0,+1,+1)
(a4, 0Par)=(+1, 0,+1,-1,+1,-1, 0,-1, 0)
(as,0Pa7)=(-1, 0, 0, 0, 0, 0,+1, 0, O)
(g, @Pa7)=( 0,+1,-1,+1,-1,+41,-1, 0, 0)

(a7,0Pa7)=(-1,+1, 0, 0, 0, 0,-1,+1,-2).
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Again, all the simple roots are 'self-conjugate.’ The Coxeter number h = 30 for this finite

algebra and therefore only the values for p = 1,.....,15 may be given..

(o1, @) =(-1, 0,+1,-1,+1, 0,-1,+1, 0,-1,+1,-1, 0,+1,-2)
(o2, @Paq)=(-1,+1,-1, 0, 0,-1,+1, 0,-1,+1, 0, 0,+1,-1,+1)
(a3, 0P1)=(+1, 0, 0,+1, 0, 0, 0, 0, 0, 0,-1, O, 0,-1, 0)
(g, @Paq)=( 0,-1, 0, 0,-1,+1,-1, 0,+1,-1,+1, 0, 0,+1, 0)
(a5, 0Paq)=( 0,+1, 0, 0, 0, 0,+1,-1, 0, 0, 0, 0,-1, 0, 0)
(s, @P1)=( 0, 0,-1, 0,+1,-1, 0, 0, 0,+1,-1, 0,+1, 0, 0)
(@7,0Pa4)=( 0, 0,+1,-1, 0,+1,-1,41,-1, 0,+1,-1, 0, 0, 0)

(g, @Paq)=( 0,-1,+1,-1, 0, 0, 0, 0, O, 0, 0,+1,-1,+1, 0);

(a1, @0Po2)=(+1,-1, 0, 0,-1,+1, 0,-1,+1, 0, 0,+1,-1,+1,+1)
(a2, @Pa2)=( 0, 0,+1, 0,+1, 0,-1,+1, 0,-1, 0,-1, 0, 0,-2)
(a3, @Pa2)=(-1, 0,-1,-1, 0, 0, 0, 0, O,+1,+1, 0,+1,+1,+1)
(oq,@Pap)=(+1,+1, 0,+1, 0, 0,+1,-1, 0, 0,-1, 0,-1,-1, Q)
(as,0Paz)=(-1,-1, 0, 0, 0,-1, 0,+1, 0, 0, 0,+1,+1, 0, 0)
(og, @Pa2) =( 0,+1,+1,-1, 0,+1, 0, 0,-1, 0,+1,-1,-1, 0, 0)
(a7,@Pa2)=( 0,-1, 0,+1,-1, 0, 0, 0,+1,-1, 0,+1, 0, 0, 0)

(as,@Pa2)=(+1, 0, 0,+1, 0, 0, 0, 0, 0, 0,-1, O, 0,1, 0);

| (a1,99a3)=(+1, 0, 0,41, 0, 0,0, 0,0 0-1,0, 0,1, 0
(2, 0Pa3)=(~1,-1, 0,-1,-1, 0, 0, 0, 0, 0,+1,+1, 0,+1,+1)
(o3, @Poz) = (+1,+1,+1,+1,+1, 0, 0, O, 0,-1,-1,-1,-1,-1,-2)
(04, @Pa3) =(~-1,-1,-1,-1, 0,-1, 0, 0, 0,+1, 0,+1,+1,+1,+1)
(o5, 0Pa3) = (+1,+1,+1, 0, 0,+1, 0, 0,-1, 0, 0,-1,-1,-1, 0)
(o6, @Pa3)=( 0,-1,-1, 0, 0, 0,-1, 0,+1, 0, 0, 0,+1,+1, O)
(x7.0Pa3)=( 0,+1, 0, 0, 0, 0,+1,-1, 0, 0, 0, 0,-1, 0, O)

(g, 0Pa3)=(-1, 0,-1, 0,-1, 0, 0, 0, 0, O0,+1, 0,+1, 0,+1);
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(o1, 0Pag)=(-1, 0, 0,-1,+1,-1, 0,+1,-1,+1, 0, 0,+1, 0, 0)
(a2, 0Paq) = (+1,+1, 0,+1, 0, 0,+1,-1, 0, 0,-1, 0,-1,-1, 0)
(a3, 0Paq) =(-1,-1,-1, 0,-1, 0, 0, 0,+1, 0,+1,+1,+1,+1,+1)
(s, 0Paq)=( 0,+1,+1, 0,+1, 0, 0, 0, 0,-1, 0,-1,-1, 0,-2)
(as,0Pag)=( 0,-1, 0,1, 0, 0, 0, 0, 0,+1, 0,+1, 0,+1,+1)
(a6, 0Pag)=(+1, 0, 0,41, 0, 0, 0, 0, 0, 0,-1, O, 0,-1, 0)
(a7,0P04)=(-1,+1,-1, 0, 0, 0, 0, 0, O, 0,+1,-1,+1, 0, 0)

(g, @Pag) =(+1, 0,41, O, 0,+1,-1,+1,-1, 0, 0,-1, 0,-1, 0);

(x1,0Pas5)=( 0,+1, 0, 0, 0, 0,+1,-1, 0, 0, 0, 0,-1, 0, 0)
(22, 0Pa5)=( 0,-1,-1, 0, 0, 0,-1, 0,+1, 0, O, 0,+1,+1, 0)
(23, 0Pas)=(+1,+1,+1, 0, 0,+1, 0, 0,-1, 0, 0,-1,-1,-1, 0)
(x4, 0Pas)=(-1, 0,-1, 0,-1, 0, 0, O, O, 0,+1, 0,+1, 0,+1)
(x5, @Pas)=( 0, 0, 0,+1,+1,-1, 0, 0,+1,-1,-1, 0, 0, 0,-2)
(xg, @Pas)=(-1, 0,+1,-1,-1, 0,+1, 0,-1, 0,+1,+1,-1, 0,+1)
(a7,0Pas)=(+1,-1, 0,+1, 0, 0,-1,+1, 0, 0,-1, 0,+1,-1, 0)

(g, @Pas)=( 0,+1, 0,-1,+1,-1, 0, 0, 0,+1,-1,+1, 0,+1, O);

(@1,@Pag)=( 0,-1, 0,+1,-1, 0, 0, 0,+1,-1, 0,+1, 0, 0, 0)
(o2, 0Pa6)=( 0,+1,+1,-1, 0,+1, 0, 0,1, 0,+1,-1,-1, 0, 0)
(3, 0Pag)=(-1,-1, 0, 0, 0,-1, 0,+1, 0, 0, 0,+1,+1, 0, 0)
(x4, 0Pag)=(+1, 0, 0,+1, 0, 0, 0, 0, 0, 0,-1, 0, 0,-1, 0)
(a5, 0Pag) =( 0,+1,-1,-1, 0,+1, 0,-1, 0,+1,+1,-1, 0,+1,+1)
(o6, @Pag) =( 0,-1, 0,+1,+1,-1,-1,+1,+1,-1,-1, 0,+1, 0,-2)
(w7, 0Pae)=(+1, 0, 0,-1, 0,+1, 0,1, 0,+1, 0, 0,-1,+1,+1)

(xs, @Pag)=( 0,+1, 0, 0, 0, 0,+1,-1, 0, 0, 0, 0,-1, 0, 0);
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(@q,0Pa7)=( 0, 0,+1,-1, 0,+1,-1,+1,-1, 0,+1,-1, 0, 0, 0)
(x2,@Pa7)=( 0, 0,-1, 0,+1,-1, 0, 0, 0,+1,-1, 0,+1, 0, 0)
(23, 0Pa7)=( 0,+1, 0, 0, 0, 0,+1,-1, 0, O, 0, 0,.—1, 0, 0)
(%4, 0Pa7)=( 0,-1,+1,-1, 0, 0, 0, 0, 0, 0, 0,+1,-1,+1, 0)
(a5, 0Pa7)=(+1,-1, 0,+1, 0, 0,-1,+1, 0, 0,-1, 0,+1,-1, 0)
(o, @Pa7) =(-1,+1, 0, 0,-1, 0,+1, 0,-1, 0,+1, 0, 0,-1,+1)
(@7,0Pa7)=(-1, 0, 0, 0,+1,-1, 0, 0,+1,-1, 0, 0, 0,+1,-2)

(g, @Pa7)=( 0, 0,-1,+1,-1,+1,-1, 0,+1,-1,+1,-1,+1, 0, 0);

(a1,0Pog) =(-1,+1,-1, 0, 0, 0, 0, 0, 0, 0,+1,-1,+1, 0, 0
(o2, 0Pag)=(+1, 0, 0,+1, 0, 0, 0, 0, O, 0,-1, O, 0,-1, 0)
(o3, 0Pag)=( 0,-1, 0,-1, 0, 0, 0, 0, 0,+1, 0,+1, 0,+1,+1)
(x4, 0Pag)=(+1, 0,+1, 0, 0,+1,-1,+1,-1, 0, 0,-1, 0,-1, 0)
(as,@Pag)=(-1, 0,-1,+1,-1, 0, 0, 0,+1,-1,+1, 0,+1, 0, 0
(o, @Pog)=( 0,+1, 0, 0, 0, 0,+1,-1, 0, 0, O, 0,-1, 0, 0)
(27, @Pag) =( 0,~1,+1,-1,+1,-1, 0,+1,-1,+1,-1,+1, 0, 0, 0

(g, @Pag)=(-1,-1, 0, 0,+1,-1,+1,-1,+1,-1, 0, 0,-1,-1,-2).
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