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ABSTRACT

The Schrodinger Representation for ¢* theory
and the O(NN) o-model

Jiannis Pachos

In this work we apply the field theoretical Schrodinger representation
to the massive ¢* theory and the O(N) o model in 1 + 1 dimensions.
The Schrédinger equation for the ¢* theory is reviewed and then solved
classically and semiclassically, to obtain the vacuum functional as an ex-
pansion of local functionals. These results are compared with equivalent
ones derived from the path integral formulation to prove their agreement
with the conventional field theoretical methods.

For the O(IN) o0 model we construct the functional Laplacian, which is
the principal ingredient of the corresponding Schrodinger equation. This
result is used to construct the generalised Virasoro operators for this
model and study their algebra.
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Chapter 1

Introduction

In this work we study the Schrodinger Representation in Quantum Field Theory [1]-[8], ap-
plied to the ¢* interacting theory and the O(N) o model. Our interest in the Schrodinger
representation is due to its usefulness for working out non-perturbative features of the
field theories. While the high energy sector of quantum chromodynamics (QCD) is well
set in terms of the path integrals and semiclassical expansion, the Schrodinger equation
can provide a natural way to study low energy behaviour. Ultimately this may help us
understand major problems in particle physics like confinement, chiral symmetry breaking

and quantisation of gravity ([9], [10], [11]).

For fields that vary slowly on the scale of the lightest mass it was shown by Mansfield [12]
that the logarithm of the vacuum functional can be expanded as a sum of local functionals.
However, this expansion does not satisfy the obvious form of the Schrodinger equation.
We construct the appropriate equation for the ¢* theory, where the basic features of the
local expansion are revealed. We are also interested in the O(N) o model, which apart

from its usefulness as a simplified gravitational model, has many features in common with

Yang-Mills theory.

In Chapter 2 we present the field theoretical Schrodinger representation as a generalisation
of Quantum mechanics. The Schrodinger equation is constructed for the free massive

scalar field and for the ¢* interactive case.

In Chapter 3 we study the renormalisation of the Schrédinger representation for the ¢*



interactive theory in 3 + 1 and 1 + 1 dimensions. In 3 + 1 dimensions, apart from the
usual renormalisation procedure needed for the infinitely extended space-time, we face
the problem of the “boundary” singularities, connected with the quantisation surface.

For the ¢* theory in 1 + 1 dimensions no similar singularities appear as this model is

super-renormalisable [13].

In Chapter 4 we review the construction of the Schrodinger equation, which the local
expansion of the vacuum functional has to satisfy, for the ¢* theory in 1 + 1 dimensions.

Then we proceed in solving it classically and semiclassically.

In Chapter 5 we construct and calculate the connected Feynman diagrams with propaga-
tors on the boundary, for which the logarithm of the vacuum functional can be viewed as
their generating functional. This provides a test of comparison of the results we get by

solving the Schrédinger equation with the ones we get by using path integrals.

In Chapter 6 we study the O(N) o model’s Schrédinger equation, the principal ingredient
of which is the regulated functional Laplacian. We construct the Laplacian to the leading
and next to the leading order, acting on local functionals. It is determined by imposing

rotational invariance in the internal space together with closure of the Poincaré algebra.

In Chapter 7 it is shown that it is not possible to construct a Laplacian for a general

curved manifold with the requirements set in the previous chapter.

In Chapter 8 is presented a way to construct the modified Virasoro algebra for the O(NV)
o model. As this model is not conformal invariant after its quantisation, the algebra is
expected to have operator-like terms in place of the usual central charge. The functional

formalism provides a natural way to perform such a calculation.

In Chapter 9 we present the conclusions of the thesis and some directions for further work.

Finally, in one of the Appendices is presented a computer program performing certain

functional calculations in Maple prégramming language.



Chapter 2

The Field Theoretical Schrodinger

Representation

2.1 Introduction

Quantum Field Theory, is a generalisation of Quantum Mechanics to a theory with an
infinite number of degrees of freedom. There are two ways to approach the problem of
quantising of a field theory. The usual one is to calculate cross-sections using the path
integral formalism. This has the advantage of a well established mathematical framework,
which includes the perturbation expansion. Another way of quantising field theories is by
the Hamiltonian formalism. Familiar in Quantum Mechanics, this method is not much
studied in field theory. It has the advantage of being able to describe operators and their
eigenvalues without the need for perturbation. Hence, we can calculate physical quantities
which would be difficult or impossible to consider under a perturbative approach. The
main disadvantage is the difficulty in manipulating such a theory in some situations, which

are more easily resolved by path integral formulation.

We will try to construct the Hamiltonian formalism for the Field Theory. Attempting
to apply the Schrédinger representation from Quantum Mechanics, the basic idea is to
have a “diagonalisation” of the field analogous to the diagonalisation of the position
operator in Quantum Mechanics. Additionally, the canonical commutation relations with

its conjugate momentum have to be satisfied. In the following we will see how it is possible



to build up such a consistent theory, with the above requirements.

2.2 Quantum Mechanics and Quantum Field Theory

Quantum Mechanics describes the small scale world with a particle-wave character. To
study a particle of mass m in a D + 1 space-time with a time independent potential V(z),
one can find its Schrodinger wave function W¥(z,?) which contains all the information
about the particle. Let us build up the equation W satisfies. The non-relativistic energy

conservation of the particle is
2

B= - +V(a). (2.1)

The wave character can be given by replacing the variables z, p with operators z, p which
satisfy the commutation relation

[z, p] = th. (2.2)

This gives the basic physical observation of the uncertainty principle. Moreover, the

Schrodinger representation is declared by asking the position operator to be diagonalised;

that is to act multiplicatively on the wave function 2¥(z,t) = z¥(z,t). From (2.2) the

momentum operator can be chosen to be

pY¥(z,t) = —z’h%\ll(x,t). (2.3)
U can be found by solving the Schrodinger equation
L 0U(z,t) _ R? 0%V (z,t)
lhT = H\I’(-'L',t) = *5,”—1 52 + V(:B)\Il(x,t) (2.4)

which is a combination of the energy conservation (2.1) and the operator representation
of « and p so that we get a wave equation. It can be solved by separation of variables

and finding the eigenstates and eigenvalues of the Hamiltonian.

In Quantum Field Theory we describe the particle with a wave functional ¥, where the
variables we are interested in are not the position and time of the particle but rather the
configuration of the function-field ¢(z,t) through space-time. The wave functionals give
rise to a Hilbert space H on which the field ¢(z,t) and its conjugate momentum = (z,t)
act. We need to bear in mind the implications of the diagonalisation of the fields ¢ given

by
¢(z,0)¥[p] = o(z)¥[] (2.5)

8



where ¢ = 0 is the quantisation surface on which the field has a specific configuration. We
have conventionally chosen the time ¢ = 0 for the diagonalisation. Commutation relations
read
[¢(z,2), 7 (@', )]y = hE(z — 2'),
(50,7 (s )l g = 180 1), 82, )| g = 0 (26)
From (2.5) and (2.6) we see that we can choose, as in (2.3), the momentum operator to

be
7(z,0)¥[p] = —ih

Ul 2.7
sl 1)
The Hamiltonian can be constructed using the relations (2.5) and (2.7), and the dynamics

of the system is given by the Schrodinger equation
4 0
HU,[p] = Zha‘l’t[@] (2.8)

We have chosen for the diagonalisation of the field operator ¢(z,t) the time ¢t = 0 so that
the equal time commutation relations (2.6) is defined also on the surface ¢ = 0. This leads

the momentum operator, «, as well as the Hamiltonian, H, to be defined on the same

surface.

In addition to the operator formalism already discussed, we can use functional integrals.
By using the basic definitions of path integrals in field theory, the Schrodinger wave
functional can be interpreted as the generating functional of certain Feynman Diagrams
on the half plane ¢ > 0. This is due to the definition of the Schrodinger functional as
the matrix element of the Euclidean time evolution operator between the eigenkets of the
field

(@'le™ ) = [ Dge~Ss1 (2.9)
where Sg is the Euclidean action for the 1+ 1 dimensional volume bounded by space-like

surfaces a time ¢ apart and ¢(z,0) = o(z), ¢(z,t) = ¢'(z).

In the limiting case of ¢ — oo the above definition gives the vacuum functional for a field

#. This can be seen in the following way: from (2.9) we have

@l o) = 32 (@' ) (nle™ ) (mp) (2.10)

m=0n=0

where |n) and |m) are elements of the orthonormal eigenstates of the energy, i.e. of the

Hamiltonian H. Thus (2.10) becomes

5 St ) nlem Bl mly) = 3 nhe ) e.11)



The inner product (p|n) is equal to the wave functional ¥,[¢], of the field » with energy

E,. We can extract the vacuum wave functional ¥o[¢'] from (2.11)

(¢'le™ )~ Wolg|W5lple™ | (2.12)

t—

If we normalise the vacuum energy to zero we are left with only the ground state Woly/]

up to a normalisation factor.

2.3 Scalar Field

If we study the case of a real scalar free field with mass m in 1+1 dimensions, the classical

Hamiltonian will read

1 1 1
i = [de{ge + 5 (Vo) + gms?)

where V = 0/0z. By using the relations (2.5) and (2.7) and setting & = 1, we get the
quantised equation

52
dpbp

HVo[p] = —%/dx Tole] + %/dw((V@)Z + m*p* ) Wolp] = Eo¥o[y] (2.13)

where Wy[p] is the vacuum functional. We can guess a form for Wy[¢]
1
Uolp] = exp <—§ /dxgoFgo) (2.14)
which when substituted into (2.13) gives

] = (5 [ de(—oT% + (Vo) + ) + e (1)) W] (2.15)

In order for ¥g to be an eigenstate of the Hamiltonian, the right hand side of (2.15) has
to be constant. This happens for I' = +4/—V?2 + m2. In order for the functional to be nor-
malisable we choose the positive sign, so that finally ¥o[p] = exp (—% f da:(,o\/——wmgo),
which is an eigenstate of the Hamiltonian belonging to the eigenvalue, Ey, proportional
to the functional trace of I'. The latter is a divergent quantity and its renormalisation

will be given in the next Chapter, as the ¢ = 0 limit of the interacting theory.
Turning to the interacting theory, the Hamiltonian H for the ¢* theory is given by
H= /d:v {LrQ + l(Vgﬁ)Q + l7712<]52 + lgqﬁ‘i} (2.16)
2 2 2 4! ' '

10



so that the Hamiltonian operator reads

H= —%A + /dm {-;—(Vgo)z + %m2c,92 + %gs@‘i} (2.17)
where A stands for the two functional differentiations inserted from the conjugate mo-
mentum. An interesting characteristic of the Hamiltonian is that it depends only on the
space coordinate, while the time one does not appear for a time independent potential.
In other words the Hamiltonian exist on the ¢ = 0 surface where its eigen-value problem

is solved. The Schrodinger equation is

0 -
Za%[@] = H¥[y]

where H is given by (2.17).

In Quantum Mechanics |¥(z,t)|? is the probability of finding a particle at time ¢ at the
point z (i.e. Z(¢) is diagonal), while in Quantum Field Theory |¥[p]|? is the probability
that the field ¢(z,t) takes the value p(z) at time t = 0 (i.e. the field ¢ is diagonal).
©(z) has three interpretations. First, as the boundary value of the field ¢(z,t) for ¢t = 0.
Second, it is the variable for the Hamiltonian in the Schrodinger equation. Thirdly, it
plays the role of the source in the Feynman diagram expansion of ¥. We are going to study
the last characteristic after considering the regularisation and renormalisation of the field
theory Schrodinger Representation. Finally we see that the Schrédinger equation is the
relation the wave functional has to satisfy when the boundary sources are varied, that is,
it describes the dynamics of the field in relation to the boundary. However, after finding
its solution the boundary takes the form of the quantisation surface ¢ = 0 from where the

solution can be uniquely defined on the whole plane with the use of the evolution operator

B_ZHt.

11



Chapter 3

Renormalisation of the Schrodinger

Representation

3.1 Introduction

In this chapter we study the renormalisation of the Schrodinger representation through
the path integral formulation where the Green functions are the constructing elements.

In this way another perception of the theory will appear.

The renormalisation of the theory is essential to prove its existence and finiteness. Symanzik
studied the Schrodinger representation, [13], for the ¢* theory in 3 + 1 dimensions using
perturbation theory. We will outline the basic features of his arguments on renormalisa-

tion based on [14], [15] and [16].

Apart from the usual renormalisation involving the mass, coupling and field renormalisa-
tion constants, the @3, , interacting theory needs additional counter-terms to renormalise
new ultraviolet divergences. This is the basic point Symanzik made in order to prove the
existence of the Schrodinger representation in renormalisable field theories. He showed
that field operators which are diagonalisable in the sense of the Schrodinger representa-
tion differ from the usual renormalised field operators by (in perturbation theory, loga-
rithmically) divergent factors, in a similar manner to the way renormalised field operators

themselves differ by such factors from the “bare” ones, in the usual sense canonical, field

12



theory. For example in some renormalisation scheme the Green’s functions will appear
to diverge as one of their arguments approach the boundary where the diagonalisation is

defined.

Also from (2.13) we see two functional derivatives acting at the same point which even-
tually give a delta function evaluated at zero when, for example, they act on local func-
tionals. Therefore, we need to split the two arguments of the functional derivatives, as
is necessary also in the free case. Super-renormalisable theories, such as the ¢* in 1 +1

dimensions, only need, in addition to the usual renormalisation, a procedure to regularise

the Laplacian appearing in (2.13).

In field theory the Lagrangian is constructed so that the corresponding generating func-
tional will give the desirable dynamics of the system under consideration. In the Schrédinger
Representation we are seeking to construct the wave functional which will satisfy the
Schrédinger equation. This quantity can be interpreted as the generating functional for

Feynman Diagrams in space-time with boundaries.

3.2 Free Field

Let us consider the free scalar field in 3 + 1 dimensions. The Euclidean Lagrangian is

given by
1 1
L= iauqﬁ@uqﬁ + 57712(152. (3.1)

The diagonalisation of the field ¢ given in relation (2.5), is effected by a boundary term
added to L. We can define I' to be the half space ¢ > 0, so that its boundary OI" is the

plane ¢ = 0, while its complement, I", is given by ¢t < 0. Consider now the additional

term in the Lagrangian (3.1):

We can see the effect of Lsp, — L on the Green functions, by taking the functional integral

of the Lagrangian Lsr, with source J [13]. It will give

/D¢6XP [—/Lar+/J¢] =
const. exp [%/F/FJGDJ—}-% F,/F, JGnJ+

13



o o - |, o] o

In (3.3) Gp are the Dirichlet Green functions, which are constrained in I', and they satisfy

the relations

(m? — 0*)Gp(z,2') = §(x —2'), z, 2" € T,
Gp(z,2)=0,z € 0l',and 2’ € T (3.4)
and Gy are the Neumann ones in [”| satisfying
(m? — 0*)Gn(z,2") = é(z — 2'), z,2’ € T
0:Gn(z,2')=0,2 € 9T, and 2’ € T" (3.5)

There does not appear any correlation between the two regions I' and I, as any Green

function with one argument in I' and another in IV will be zero.

We see that relation (3.3) factorises into Dirichlet and Neumann parts. This is because
the functional integration in ¢ takes on average the specific value ¢(z) on the ¢ = 0 plane,
as is required by the term (3.2) in the Lagrangian. This does not allow any fluctuations
of the field for ¢ = 0, by which a propagator could cross the boundary. This property also

holds in the interacting theory.

3.3 Interacting Theory

Adding the interaction term —%gqf)‘1 in the Lagrangian produces unrenormalised Feynman
diagrams. Adopting dimensional regularisation, we can work in 1 time and 3 — € space

dimensions and give the appropriate counter-terms.

Away from the boundary the required counter-terms are the usual ones

AL = 312-(23 —1)0,80,0 + %(Z2 ~ DmZgt+

1 1
+§m%OZ3¢2 + E(Zl —1)g¢*

for the coupling, mass and field regularisation. We choose for the constants Z;, Z, and

Z3 the “minimal” form
Zi(g,€) =1+ ¢ fulg) + € falg) + - (3.6)

14



so that the Green’s functions exist for ¢ — 0.

The boundary terms (3.2), added to the interacting Lagrangian, need additional regular-
isation as there are new divergences in the Green’s functions when one or more legs are

attached to the boundary. As seen in [14] the necessary counter-terms are

ALyr, = —(Z4 — 1)6(1)p0sd + (Zs — 1)6(t) 00—
a1 A6(t)d* — csA6(t)pd — c5A5(t)$02. (3.7)

A is a new cut-off as the terms with c-numbers cannot be written in dimensional regular-

isation. Z4 and Zs can be expressed in the same way as in (3.6) and one finds
Zy—1=(167¢)" g + O(4¢*)

Zs — 1= —(321%) " g + O(¢*)

up to the first order in g. Using the Lagrangian with the inhomogeneous boundary con-
dition and the equivalent counter-terms we find the functional integral of its exponential
to be ¥(p|J) = Upi(p|J) - Uneu(|J). The first factor depends only on J restricted to
t > 0 and the second only on J restricted to ¢ < 0, as in the free case. We will restrict
our interest to Wp;,, as Wy, fails to retain the Neumann property after renormalisation
even at the first order in g, because of the presence of the ¢; term in (3.7), as can been

seen with a variation of the action with the boundary and counter terms included.

3.4 Green Functions Attached on the Boundary

Under this renormalisation the inhomogeneous Dirichlet condition takes the modified

form?!

lim {a(g, pt,mt)$(zt)|0)} = |¢)p()

where |@) is the eigenstate of the renormalised field ¢(at)|=0 With eigenvalue o(z),

a(g, pt,mt) = 1 — gz In(ut) +0(¢*) and p is the normalised mass entering with the

coupling constant g dimensionless in 1 + 3 — € dimensions in the combination gpu‘.

tsee [13].

15



J(x) Iy)

2
Figure 3.1: The free propagator between the sources J(z) and J(y).

The renormalisation of 0:¢(xt) as t approaches the boundary, makes it necessary to use

the (now normalised) functional derivative:

iny el i, )bt o)} = sl (9)

where

c(g,pt,mt) =1+ [In(ut) + 1] + O(¢?) (3.9)

32 2
Relations (3.8) and (3.9) reflect the way the Green functions approach the boundary. In

the free theory the diagram (3.1) has an amplitude given by
/J (z —y)J(y)d*zd'y

where J(z) is a smooth source. The Green’s function G(z — y) is a finite quantity. When

we insert a boundary at t = 0, then an additional type of free theory diagram results,

with legs attached on the boundary.

As seen from (3.3) we may consider ¢(z) to be a source on JI', and 8,G(z — y)|,_, to
be a Green’s function with one leg on the boundary. In Symanzik’s words “an external
leg of G is upon normal differentiation bent to the boundary”, which also holds for the
normalised interacting ¢* theory [13]. A Green’s function with both legs on the boundary
has the form 0;0,G(x —y)|,_y—o- The amplitude for this diagram is

0*Gplz
5 )o@ 2 ptmary
The relation
d 0 , 0 / /
0 D (T 8(a")8(x) = T (a) od(z) — 6(¢ ~ 1)5(&’ ~ 2) (3.10)

shows this procedure, as the free two point function is (0|7'¢(z)¢(z')|0), while the two
point function with both legs on the boundary t = 0 is (0|T 0;¢(x)|,_q Furd(2’)|,i_q |0)-
However, the two point amplitude produced (first term on the r.h.s.) is accompanied by

a divergence as the arguments are approaching the boundary t =¢' =

In the interacting case viewing ln U(p|J) as the generating functional for both kinds of

connected diagrams mentioned, then

16




In ¥ p,, (¢]J) :E Z

=0 "* n=0

1 l
—-H/dz]gozj H/d:c,/ dt;J (zit;) X
1=1

n!

G(z1...z11z1t1... Tl i, g, )

for z; € OI' and we can extract them by functional differentiation

l

G(z1...z1lz1t..nly) H H o) In¥(p|J)

w=J=0
where the connected Green functions G(z1...2z1|z1t1...2,t,) are non-zero only if n + [ is an

even number as the sources J and ¢ come in pairs®. As
Upir(ip|) = (| T exp / dt / dzJ (xt)$(2t)]0)
0
we can calculate from (3.8) and (3.9) that *

lim {a(t)G(z1...z21]ztz1ty. .. T0ts) } = 8116n06(T — 21)

t—0

and

lim § ¢(t) [&G(zl...zl|xt:c1t1...mntn) — bn0bné(z — 21)0,G (O|Ot)]}

t—0

G(2y...21T| 1ty .. Tuly) (3.11)

Symanzik’s statement can now be expressed with formulas (3.11), where the arguments
standing on the left of the bar are on the boundary and the ones on the right are in the
half plane ¢ > 0. G(0]0t) is the Fourier transform of the corresponding Green’s function
and its purpose is to subtract the divergences arising from 0;G(z1...z1|ztz1t1...Tuty) as

t — 0. In the free case, G is substituted by the delta function of time as seen in (3.10).

3.5 Renormalisation of ¢* in 14+ 1 Dimensions

The ¢* theory in 1 + 1 dimensions is a super-renormalisable theory. This means that the
divergent diagrams are finite in number. In particular, the only divergence comes from a
self-contraction of the field at the same space-time point. Therefore renormalisation can
be done, at least within perturbation theory, via normal ordering, using Wick’s theorem

and subtracting the infinite terms appearing. This involves expanding powers of ¢ as a

2See relation (5.7) in Chapter 5.
8See [13].
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sum of normal-ordered terms with more and more self-contractions. In this way we can
separate the convergent terms (with no contraction) from the divergent ones (with at
least one contraction). Renormalisation then, is applied by subtracting the divergences

by equal and opposite counter-terms.

Since we want to use a momentum cut-off, s, we are going to compare the normal-ordered

Hamiltonian
o= [do: (G + 06 - M) + 56 (3.12)
with the operator Hy, constructed from momentum cut off fields
T, = [do [ (3(70+ 82+ M) + L6t - 05)) (3.13)

where
= [dyG (.02, (@) = [ dyGule,n)F ()

and the kernel

dp i (o
Gs(z,2') = / P ginte=) (3.14)

p2<1/s 2
implements the momentum cut-off. The Hamiltonian H has been normal ordered with
respect to oscillators with finite mass M,. The coupling constant is also finite. There
are no divergences appearing due to the boundaries which would need further field renor-
malisation as our theory is super-renormalisable [14]. Our aim is to define the divergent
quantities M(s) and E(s) so that lim,_o H,¥ = HU. We start with (3.13), trying to

express the various terms in a normal ordered form. Rewriting it as

T, = [do (S + @2+ M2G2) + (M) - MG+ L% — £())
we can normal-order the first bracket as we do for the free field in terms of the creation and
annihilation operators as(k) = \/%_;[wktﬁs(k) + i7s(k)] and af (k) = ﬁ[wk@s(k) —175(k)]

where w; = V&2 + m?. The commutation relation [a,(k),af (k)] = G.(k — k'), gives for
ﬁs()) the free field Hamiltonian

1
L(M2(s) — M2 ~4 15
A= fao (s Basty [, fhos j000) - M)+ S0t -£))  @15)

Now we can use Wick’s theorem to normal order @2 and @? as their vacuum to vacuum
amplitude is evaluated at the same space-time point and will diverge. Labelling T; as the

vacuum to vacuum amplitude (0|@,(z)@s(z)|0) we can write
oy =1 @ +Ts
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and
@t =@t 46T, : @2 : +3T7

Expression (3.15) becomes

— - 1 dp
Hs:/d:c (: HSO:+3/<1/5 271' 2(M2( s) — MZ)( -+T)+

SPL 6T, 3 13T0) - £(3)) =
/ ( ’ 2 /2<1/s 2 wp ¥ (M2( )= M2)(: @7 +T,)+
ZF(GTS He: 43T) — 5(3)) (3.16)

where : f{\s = Aso : +g/4! . ¢ ;. In order that all except the first term on the 1.h.s.

vanish we require

M? — M?(s) = gTs (3.17)
and
1 dp 1
() =5 [, SPwp+ 5 (M (s) = M} 2 3.
(8) 2 <1/s 27_er + 2( ( ) )T + 8T5 (3 18)
T, from its definition as the propagator with coinciding points has the analytic form
1

T,= - —
2 Jp2<i/s 21 /p? + m?

so that (3.17) and (3.18) become
1

dp
M?*(s) = M? — g/ S 3.
() "4 Jprcays 2w /p? + m? (3.19)

and
1 dp dp 1
& = —/ 2 / e .
=2 fpap2a VP T t5 o <1/s 21 JpE T 2 (3-20)

These divergences refer to the free space-time diagrams. They come from a loop expansion
in the propagator, with both ends coinciding. As we know, each loop is accompanied by
a factor of i which in our case makes the mass correction in (3.19) proportional to A as

well as in (3.20) the first term being of order & and the second of £”.

3.6 Time and Energy

When we want to interpret the creation of a non-charged particle, described by the real

scalar field ¢ at the point (z,t), and its annihilation at the point (2’,t'), we can write the
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corresponding amplitude as the “two point function”
(016(t" — t)o(a", ') ¢(x, 1)|0) (3.21)
for t' > t. For t’ <t it takes the form
(016t — #)6(e, 1)8(=", )]0 (3.22)
The sum of the two amplitudes is the Dyson’s time ordered product
(0IT'¢(a", ") $(x, 2)|0) = (016(t" — t)p(a", t')p(x, 1) + O(t — t')¢(x, ) $(z",2)0).  (3.23)

The operators which occur under the 7' symbol are arranged from right to left with

increasing times. This leads to the relation

9’ ) _ 9” 1oy ' !
8—t/§T¢(x Pz, t) = Tat”(b(x gz, t) + 6( — t)é(2' — ) (3.24)

where the delta function with respect to time comes from the derivative of the theta

function through the relation

9
0(t) = 6(1).

(3.24) is the relation we used to attach the two legs of the free propagator on the boundary
t = 0 (see (3.10)). The sources are restricted on the ¢ = 0 surface, generating propagators
with both legs on the boundary for which the delta function of (3.24) becomes infinite,
whereas the conventional field theory spreads its sources over the whole plane without a
similar divergent ambiguity appearing. Alternatively, as can been seen from (2.12), the
vacuum functional is
U = ($|Fo) = (Dle' o™ | By)

where 7 :(;5, so 7 is represented in the functional integral by é plus terms coming from
0/0t acting on the T-ordering, because the functional integral interpretation of ¥ repre-
sents T-ordered products. This demands the use of the relation (3.24) which at the points

t =t' = 0 gives an infinity.

With boundary conditions which are not sharp in space-time, but are spread with a
probability function, this infinity gets a finite value (see {17]). This phenomenon comes

directly from the uncertainty principle for time and energy
1
AtAE > §h
where for At = 0 (for sharp time boundaries) the energy becomes infinite.
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Chapter 4

The Wave Functional for Slowly

Varying Fields

4.1 Introduction

In this chapter we study the behaviour of the vacuum functional. As the method used
aims at the non-perturbative construction of this functional a different kind of expansion
has to be used. We will restrict our interest to slowly varying fields on the scale of the
lightest mass. This enables the vacuum functional to be expanded in terms of the fields
derivatives. In particular, we are going to see that its logarithm can be expanded as a
sum of local functionals and satisfies a modified form of the Schrédinger Equation [12].
This procedure which can be generalised to any kind of massive fields will be performed

here for the free and the ¢* theory.

4.2 Expansion of the Wave Functional

As we have seen, the vacuum wave functional U[p] can be derived from the Schrodinger
wave functional

(@'le™ o)~ uae[ @105, le0]

t—o0
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for large time ¢, which by the relation
(@'le™ ) = [ Do

for ¢(z,0) = () and ¢(z,t) = ¢'(z), suggests ¥ could be interpreted as a generating
functional for certain Feynman Diagrams on the half plane ¢ > 0. In particular, the
expansion of its logarithm can be represented as a sum of connected Feynman diagrams.
Additionally, the existence of a non-zero mass generates an exponentially damped factor in
the propagators at large distances. In two Euclidean dimensions (1, z3), this is expressed
by the asymptotic expansion of the Green function, G, of the operator

0? 0?

2
S _|_m
dz?  Ox?

which is for r = |z — y|

Gz, ) e . 1 N 9
zT,y)=———=|1— — .
Y 2 2rmr 8mr  128(mr)?
The mass does not let the field propagate very far. This enables as to conclude that these
diagrams reduce to local functionals for slowly varying fields. The arguments hold for the

free, as well as for the interacting, theory.

In order to treat the scaling of the distance in a uniform way we introduce a scale factor

5. This allows us to perform scaling transformations on the field ¢(z) as

(@) = (%)

For small s the argument of the right hand side is large, forcing the scaled field to take
the value ¢ at infinity except for & = 0 where ¢*(z) = ¢(0). For large s the field varies
slowly in space as it gets the value ¢*(z) & ¢(0). This will help us to study the behaviour

of W[p?] for small and large s and to find a connection between the two regions.

For the free massive case we found that for W{p] = In ¥[¢p] we have
1
Wle] = —-2—/dxc,ov—v2 + m?p.

For a slowly varying field ¢ (i.e. with Fourier transform which vanishes for momentum,

ko, greater than the mass, m), this can be expanded as

/da:< o +E(W)2 16 (V%) + .. ) (4.1)
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With the argument as ¢° the functional becomes W(¢*] = —1 [ dzp/—V? + sm2p, hav-
ing the following expansion

m © e 1 _ 1
Wie') = = [da (512067 + 572 (V) = TP (P ) (12)

4m 16m3

For s = 1 we get W{p] from W[p®]. We will demonstrate how from a series like (4.2) we
can obtain the value of W] from large s. A truncated expansion of (4.2), is a better
approximation to the full functional when s is large. This generalised to the interacting
theory will enable us to calculate the wave functional up to a certain order in its local

expansion (valid for large s) and hence to get the desirable small s behaviour.

We will try to establish this method by studying first the vacuum energy and then the
vacuum functional itself. A regularisation of the Laplacian could be achieved with a

momentum cut-off like

A _/ dp 6?
T Jie<ays 2m 65(p)6E(—p)’

where @(p) = (1/27) [ dep(z) exp(—ipz). This will be a regularisation of the eigenvalue

of the energy, given as the trace of the I' operator. That is the vacuum energy density

€ = E/V is given by the cut-off dependent relation

1 1 dp 1 ;L1
E = —WASW[go] = 5/})20/5 %\/p +m el 0. (4.3)

On the other hand, doing the same calculation by using the local expansion of W we get

~ AWl = / dp (% -2 fé’%a) -y ——(m?;z“/? (4.4)

2V p2<l/s 27 ne0

where a, = 1/(47)m?*T'(3/2)/(I'(3/2 — n)T'(n 4+ 1)(1 + 2n)). As we can see this is a large
s expansion of the original quantity —1/(2V)A,W whereas to get its proper behaviour
for the cut-off dependence we are interested in its small s expansion to let s — 0. There
are ways to get the small s behaviour from the large s expansion. First we need to define

the continuation of the vacuum energy' to complex s plane by

_ ! d
E(S)—W/p2<lg m +p/3

This is analytic throughout the complex s-plane with the negative real axis removed {due

to a cut of the square root).

1 As we will see, this procedure can be applied to several well behaved functions with physical interest.
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Figure 4.1: The contour of integration

For |s|m? > 1 this has the large s expansion of (4.4). Let C be the key-hole shaped
contour of figure (4.1). The integral

1 ds
10) =5 [ Ze .
=g [ et (4.5)
which could be defined as the action of the re-summation operator R(s) = 1/(271)

[ds/s ¢ on £(s), may be evaluated using the expansion (4.4). We can find in the
mathematical literature (e.g. [19]) that

/ e’z"dz = —21sinnm n!
C

for n non-negative-integer, where C is the contour of (4.1). If n is negative, for n = —m,

where m > 0, the integral takes the form

/C © ds = % sin(—mr) (—m)! =

Z’m
. Tm
2esinmnm ——
sinmm m/!
as
Tm
ml(—m)t = =
sin mm
so that finally we have
e* 2me 1 e* 1
—dz = —— = — | —dz = ——
/c zm (m—1! " 27t Jc 2™ I'(m)

For m = n+ 1+ 1/2 as is needed to calculate (4.5) we evaluate

The value of the integral will not change if we collapse the contour C to a small circle

(4.6)

centered on s = 0 and a contour that just surrounds the real negative axis. By taking
A to be positive and very large, the contribution from the negative real axis becomes

exponentially suppressed away from the neighbourhood of the origin and hence the integral
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small large

Figure 4.2: I(\) with the large and small s expansion for the energy density.

is determined by E(s) for small s. We can see that from (4.5), where for negative real s
the exponential is suppressed for large A while the only point which survives is for s = 0.
This is a way to get the small s behaviour out of a large s expansion. In the diagram
(4.2) we see that the energy density, given by (4.5) where £(s) is taken from (4.3) and
from (4.4) respectively, has the same pattern in the sense that in the large-s expansion

there is still the information of the small s.

We can follow similar steps to extract the small s behaviour of W{p] out of its local
expansion (see [18]). Since we are interested for the value s = 1, let us make the expansion

Wp®] around infinity expressed in terms of s — 1. This will have the form

N

Using the re-summation operator R(s), with the circle of the contour now centered at

s = 1 as seen in Figure (4.3) we get

L/c DDy =

271 s—1

__i I'(3/2) /dm v / ds —
2 0Fn+1F32 v 7n2 14 - ”+1/2

4 wi(n_vnjj/;ﬂ/dw(l——) © (4.7)

0
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4
Y.

Figure 4.3: The contour of integration with the circle centered at 1

Because of the factor n! the sum converges for any value of A and of the integral which
depends upon the momentum cut-off, ko, of the field ¢. If we expand the exponentials in

the expression

= %/dw (%e-m-w/m?) + /0A dx\/iye”’“-vz/m ) (1 - ZL—Z)) b= (48)
o (B Fa S -5
el e -2 il (-3)

m I & (-0, VA" -1/2
Zﬁ/duo\/xnz:% n! A (1-777,2) n—1/2

which is equal to (4.7), we can rewrite (4.8) as

m 1 _ —2 /2 A 1 N2 m V2
g e (e ‘”'—“ﬁe e (1= 5)) e s
——m—/dw (_1_6 (1-92/m?) / AN e X(1-92/m?) (1 _ V_2> _
27 VA m2

’ 27,2 02
’ —)\ -V4/m
/ ‘“ / )(1——W))90‘—

1 m o0 1 ' 2 /2
— = N v 2 / -A(1-V2/m?)
5 /dxt,m/ V2 + m2p + 4ﬁ/d:z:go (//\ dA /\/36 ) © (4.9)

since for a > 0

e _VT
Ve oo Ve

As X grows large, (4.9) approaches W/|yp] with its form easily read off and with an error

in approximating W[p] with the series (4.7) exponentially suppressed. As this series 1s

alternating, truncating it at some order A will result an error smaller than the first term
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neglected. We see then, that we can have an acceptable knowledge of W{y] from a local
truncated series of the form (4.7) or (4.2) with an error which depends on how large is =,

the truncating order, and the size of A relative to n.

The previous arguments apply to the case of a free field where we know the analytic
form of W. In the interacting case we want to calculate an expansion of the wave func-
tional as the full solution seems to be a too difficult if not impossible problem. As the
functional dependence of W on ¢ can be very well defined by the linear combination of

local functionals of ¢, we are left with the task of evaluating the coefficients of these

combinations.

A local expansion for W for the interacting theory could be
Wle] = /daf (a160? + a2(&')? + asp™(¢)2 + ..
or in terms of ¢°
Wie’) = / dz (19" + ax(0”)? + asp*(p”)? + ) =

[ = (al\/gcf + aQ%(tp')? + %WZ(@')Z + ) (4.10)
Using (4.10) we can expand the wave functional ¥[¢°] = "'l in inverse powers of s — 1,
with coefficients that depend on the original configuration ¢, ¥{p®] ~ > (s — 1) ",[¢].
As it will be shown later if analytically continued to the complex plane ¥[e®] will have
cuts and poles along the negative real axis. Now we can use the re-summation operator
R(s) to get
I(A) = R(s)V[¢"] =

1 / d_s.__ek(s—l)q;[@s]
c

2nt Je s — 1
where the contour C is taken to be key-hole shaped as shown in the Figure (4.3). If we

take so to be large then we can compute the integral using the local expansion for W

shown in (4.10) from which we can compute the coefficients ¥, [¢]. Finally we have

=255

We can also evaluate the integral I(\) by collapsing the contour C' until it breaks into
two disconnected pieces: a small circle centered on s = 1 and a contour that surrounds

the negative real axis. The integral over the circle gives U[gp]. By taking A to be real,
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positive and very large the contribution from the negative real axis will be exponentially
suppressed, (provided it is not singular, as we check using perturbation theory in following

sections), so that for large A,

(] “Z?(nd)—l[(i]) (4.11)

which provides a re-summation of the local expansion. As 1, depends only on terms of

order up to s™™ in (4.10) we believe that we can obtain an approximation by truncating

(4.11) at some order in A.

In order to understand the kind of poles and cuts of the functions we will use have, we
need to see in more detail their s dependence. Our main interest lies in the s behaviour
of the action of the Laplacian A, on the wave functional ¥[p]. As the representations

7(z) = —16/6p(x) and ¥[p] = (¢|0) hold (at time ¢t = 0) we can use bra and ket formalism
(el (2, t)7(<",1]0) (4.12)

with ¢t = ¢/ = 0 and then we integrate against Gs(z, 2') in order to get A,¥. Expressing this
in terms of ¢ under the formalism of functional integrals will exhibit a linear divergence,
the meaning and renormalisation of which we have seen in section (3.5). So (4.12) up to

additional delta functions is equal to

~ [ Dpeselif = E 5 (2,0) § (1) (4.13)

We now set t =t = 0. In order to be able to treat this we rotate co-ordinates so that the
distance of the points (z,0) and (2’,0) lies along the time axis with difference 7 = |z — 2|,

The new form that (4.13) takes is
/ DG, 5o+ 4 510 1)@ (0, 0) (4.14)

where the variable of the functional integral @, is defined on the rotated half plane z > 0.
This can be interpreted as the time-ordered vacuum expectation value of fields that evolve
in Euclidean time with a Hamiltonian H defined on the half line ¢ > 0. Turning back to

the bra-ket formalism we have
Ti(0,|e] 220G (0, 7)F'(0,0)/0,) (4.15)

which is written in terms of the vacuum |0,) corresponding to the rotated Hamiltonian.
One way to study this is to look at the terms appearing in the expansion of the exponential.

We have to take care of the time-ordering which puts the quantities with smaller time
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variable on the right. As we have the freedom to break the ¢ integration which goes from
—o0o to +oo, into smaller intervals, we make sure that the terms in the expansion have
the integration variable varying in such a way that the integrand is time ordered for the

whole range of its corresponding t integration variable. Thus we get

oo tn ip.{.] T tq+1 0 t2
/ dt, / dtns... / dt, /0 dtyi... / dt, / dtyy... / dtro(t)...o(t)
T T T 0 —00 ~co

(0 IA/ - tn tn— 1)90,- _e—f{(tp—f)@/e—ﬁ(r—tp_l)@/”‘e—fltq@/eﬁtq_l@/me th ~t1) IO > (4.16)

where we have also ordered the integral variables dt;. The vacuum state |0), is time-
invariant. Note that the time interval (—oco, 00) has been broken in three pieces (—o0,0),
(0,7) and (7,00). This is due to the points where the @’ operators appearing in (4.15)

are defined. The Fourier decomposition of the functions go( ;) is
1
vis

We can picture the result. By inserting a basis of eigenstates of H between each operator
we do the time integrations. After the performing the intermediate ¢; integrations we are
left with a last ¢ integration which runs from minus infinity to plus infinity, appearing only
in the exponentials of the k; Fourier variable and as a result it will give a delta function
for the conservation of the total momentum 3 k;. From the other ¢; integrations we have,
for i > p, the insertions of (E; — Y k;)~! whereas for 7 < ¢ it gives (E; +¢X_k;)™*. Here
S™k; includes only some of the k;’s whereas Y k; is the sum over all momentum. From
the remaining ¢-integrations we get a sum of products of energy denominators of the form
(E; — i3 k;)~! multiplied by exponentials of 7 of the form exp —(E; — ¢ k;)7, so that

we have the 7 dependence explicit as a sum of integrals over the spectrum of H
/ dBdky ...dkp(ky).. 5k )6(3" k) (po + pre®r™ + paet®rR)T 4 )emET

To obtain A,¥ we integrate these terms against G, to get a sum of terms of the form
p] E klv ak )
dEdk;...dk,p(ky) k;)
/<s—17r/ v ?lk) 1o z E—i(p+Xk)
As our purpose is to see the s dependence of A,U explicitly, we set p = ¢//s and
substitute ¢ with ¢*(z) = ¢(z/+/3), or in momentum space p(k) with 7°(k+/s)y/s, and
take @°(k) to vanish outside |k| < £ << 1. This enables us to scale the k; integrals to

obtain

dq ; -y PJ (£ kl""’k")
/qz<1 ?/dﬂdkl.--dknw (k1) (k)56 (3 ki) Z i(q + ki)
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The functions p; acquire a dependence on s via the energy denominators which can be

written as 1/(E — i(X k)/+/s) after scaling of k;.

We can conclude that our initial expression, (A;¥)[p?], originally a function of real posi-
tive s, can be continued as an analytic function on the whole complex s-plane, excluding
the negative real axis because of the half integer power of s. This is a result which we

proved order by order in powers of ¢° and this is the way we are going to work in the

following.

In the following we will need to find what kind of expansion in large s we get when we
expand the coeflicients of connected Feynman diagrams. These diagrams appear in W as
a sum of certain local functionals of the form [ dz[]; a; where a; is ¢ with 2 derivatives
taken with respect to z and raised to a power u;, i.e. a; = ™. Substituting ¢ = ¢* =

w(z/\/3) in W we get terms of the form

/dx[;[afz/dm\/ﬂ:[ (%)mai: \-ﬁ—ﬁ/dx[ila,-

As we are dealing with the scalar ¢* theory we may assume that it is invariant under
parity transformations z — —z which reflects to the restriction on W' to be built up from
local functionals which have an even overall number of « derivatives. That is >, 2u; — 1
is odd. So finally W[p®] is constructed from terms which have a coeflicient 1/s in half
odd integer power. By applying the Laplacian A; to W[®] only integer powers of 1/s
will multiply 1/ \/EZiiui_l because the half integer ones will be cancelled by symmetry
2. 9o the Feynman diagrams constructed this way will include a large s series with terms
of the form 1/s™? where n is odd. This function of s is the one we need to treat with

re-summation in order to extract its value at s = 0 to calculate the various quantum

corrections.

2The Kernel G in the Laplacian is symmetric with respect to its two arguments z and ¢’ and actually depends
on their defference. An odd number of derivatives of the one argument acting on it will result an odd function.
By the symmetry our expression has with respect to z and z' it will make the odd derivative terms to pair, so

that they cancel each other. These are the ones which could contribute a half integer power of 1/s coming from

the Kernel.
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4.3 Re-summation Procedures

It will be very important to be able to discover small s behaviour from the large with as
much accuracy as possible. What we have is a function f(s) with cuts and poles on the

negative real axis. Expanding it for small s will give®
F(s) & F(0) + a1v/5 + azs + as/s° + ags® + ... (4.17)

where a,’s are some numbers which can be calculated for specific f(s). The large s

expansion of f(s) will be*
bo | b b
S) R —= f e e
IO~ G St U
Relation (4.18) has, for certain b,’s, finite limit for s — co. We can define the operator

R(s) to be

(4.18)

R(s) = —— / 4 s (4.19)

2me S
while the integral is taken after the integrand is multiplied with a desired function of s.
R(s) applied to (4.17) gives f(0) up to the half integer powers of s, which now becomes
1/, with modified coefficients (the integer powers will give zero). R(s) applied to (4.18)
will give another series of half integer powers of A. It will have similar behaviour up to
exponentially suppressed terms due to the integration contour around the negative real
axis. But still we need f(0) which we get from the small s series up to the terms added

to f(0) (see (4.17)). To get around to this error of approximation we can use one of the

following methods.

First we can linearly combine terms of the form
A" R(s)s"™ f(s)

so that we cancel out some of the additional terms appearing in (4.17) next to f(0). The

action of R(s) on s* is

As ‘o b
R(s)s" = L/c E skds = 1 sm Mr(k -1)!

2T s LI

which is zero for integer k.

3This is the general way the functions, we are going to use, expand as it will be seen in Chapter 5.

% As shown at the end of the previous section.

31



We can then calculate, for example, the linear combination R(s)f(s) +2AR(s)sf(s) to be
1

37372 \3/2

FO)+0+0+as
as well as the combination R(s)f(s) + 4AR(s)sf(s) + 4/3A2R(s)s>f(s) gives

f(0)+04+0+0+0+as + ...

2 1
NZSUE
In this way we eliminate the most influential corrections to f(0). The disadvantage of

this method is that the coefficient of the first non-zero term might get larger than its

corresponding one in the R(s)f(s) series, increasing the error.

Another way could be to substitute ¢? for s in f(s). This will move the cuts of the complex

s-plane from the negative real axis to the imaginary axis of the t-plane. The expansion
(4.18) will become
bo b b

2 oY — J— —_—
f(t*) ~ " toa gt (4.20)

We can observe that putting ¢? instead of s moves the cuts on the imaginary ¢ axis. To

understand better the procedure let us take an example. The function
fs)=Vs+1-+/s
which is well behaved for s — 0 and s — oo takes the form
VI 41—t

If we want to make the small ¢ expansion then we expand the square root. Expanding it

as

VT = J(t 40/t —1)

we observe that the cuts are for the first square root in the interval (—oco,—:) and for
the second in the interval (—oo,%) as is seen in figure (4.4). Asking the behaviour of this
function under ¢ — —t transformations in the ¢ plane we should calculate the argument
the function has for the two points A and A’. The first square root has an argument
—¢1/2 while the second ¢3/2 and their product (¢; — ¢1)/2. On the other hand, taking
into account the position of the cuts, the argument of A’ is (7 + ¢,)/2 and (7 — ¢1)/2
respectively for the two square roots. Eventually for V12 + 1 we have

IR .

arg A =
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where the two arguments differ by x. This reveals the odd character of /12 + 1 with the
specific cuts we chose in Figure (4.4). In addition computing the arguments for the points
B and B’ we get that /t2 4+ 1 can be continued in the region (—%, c0) leaving the cuts in

the finite limits interval (—1,¢).

Figure 4.4: The cuts are overlapping.

To make the large ¢ expansion then we can expand

) =t/1+ tl? —t (4.21)

in powers of ¢, which is odd in ¢. This function has cuts for ¢ € (—¢,%) a region which

Figure 4.5: The cuts are defined in the interval (—1,%).

allows the large ¢ expansion to be well defined (see Figure (4.5)). These characteristics

are similar to the functions we are going to use.

The result from the action of R(t) upon a function f(t) can be represented in a general
way. The expansion (4.20) is odd in ¢. This odd behaviour can be extended in the small ¢
region as seen in the previous example. The contour C in (4.19) is a circle centered on the
origin with large radius. Because we are able to make a large ¢ expansion, we can assume

that our function, in a form similar to (4.21), has cuts and poles in a closed interval of
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Figure 4.6: The cuts are in the interval (—ta,ia).

the imaginary axis, say ¢t € (—te,ta). The existence of such a finite a relies upon the
fact that our theory is massive, which allows us to make a large s expansion and get well
behaved series like (4.18). C can be collapsed around this interval as seen in Figure (4.6).

The integral takes the form

e f o) =
_/a ﬁ%e“e“y)f(e +iy) + Z%e“‘f“y)f (—e+1y) =
_/a %@GA(EHy)JC(e + iy) __/a ﬁex\(—e—iy)f(_e —iy) =
/a dy‘ {e/\(6+iy) _ e—/\(e+iy)} _
J ety
/a %Sin(ky)f(eﬂy) (4.22)

The ratio sin(A\y)/y eventually will extract the value f(0) up to an error depending on
how large we can make A. This error is equivalent to the exponentially suppressed term
we get with the previous method with the additional error from the sin function, which
will appear in our diagrams as an undulation (oscillation) upon the value we want to

determine®.

In the interacting theory we are only able to compute a finite number of terms for the
expansions (4.17) or (4.18). As they are alternating series we can take A up to certain
value, above which the last term of the series becomes dominant causing the series to

jump to infinity. The more the terms we take the larger the value of A we can use and

®Phenomenon [20], where the oscillations there, can be suppressed drastically by the use of Lanczos convergence

factors.
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the less the error of approximation of the original function with its truncated expansion.

In what follows we will use the re-summation operator given by (4.19).

In Appendix A we see a straightforward way, in how the two series (4.17) and (4.18) are

connected.

4.4 ¢* Theory

Here we study the re-summation techniques for the ¢* theory in 1 + 1 dimensions (which
is super-renormalisable). There are no extra divergences in the Schrédinger functional
due to the boundaries. The only divergence comes from those Feynman diagrams which
have both ends of the propagator contracted at the same point as in the usual treatment

without boundaries. As we have seen, the Hamiltonian in terms of the momentum cut-off

reads

H, = /d:z:( (72 4+ 67+ M*(s)p )+5A3—5(3)>
where

= [dyGu(z.0)80), Fule)= [ dyGule,0)F(v)

(Gs(x,y) given in (3.14)). We have shown previously that lim,_.o HY = HU if

2
1 dp
&(s) = §/p2<1/s 2 P’ (/ 27 p -}—]\/[2) (4.23)

and

M? = (4.24)

I Lo T
4 2<1/327r p? + M?

so that the Schrodinger equation for the vacuum is just lims—o(@|H,|0) = E{|0) or
lim <—1A + /d:z: <1 ((p' (z)% 4+ M*(s)p (:1:)2) + —g—-go (z)* - 5(3))) 1\
510 277 2 \"* ° 417

= lil’l(l) (-%As +V)¥ = lin% H,U = FEV
where

V= dx( o) + M ()pu(0)) + Spu(a)" —5(3)). (4.25)
If we evaluate this expression for a ¢ that has no Fourier modes with momentum greater

than 1/s we can replace @, in this expression by ¢ itself.
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4.5 Solving the Schrodinger Equation

We have seen that the action of the Laplacian on the vacuum functional, (A, ¥)[p,], with
regulator s, can be continued as a function of s from real and positive to the whole complex
s-plane excluding the negative real axis. In the same way the Schrédinger equation of the
¢* theory for the ground state wave functional, ((H; — E)W)[p;], extends to an analytic
function of s with singularities over the negative real axis. Eventually its value for s = 0
can be obtained from a contour integral with radius arbitrarily large (see Figure (4.1)).

Using the operator R(s) we obtain

Jim R(S)(H, ~ E)¥)ip) = 0= (429
Jim o [ S - BYle =0 (4.7

where
R(s) = 2—175/0%6“, (4.29)

V, is given by (4.25) and E is the energy eigenvalue. Taking ¥ = ", (4.27) becomes

1 ds oW W
T 2 oAs | AW dzdyG,(z, s] =
Jim o [ Ze (2( + [ dstiG ey s s ))*V E)“” 0

where for £ << 1 (see page 29) we can replace G;(z,y) by a delta function, so that

1 ds 1 sw o\’
— [ —e* |-z | AW dr | —— V. — FE | 0] = ,
,\h_g)lo 271 /c s © ( 2 ( +/ ! <690(:E)> ) + ) lpe] =0 (+29)

Treating W as the generating functional for the connected Feynman diagrams we assume

that an expansion in powers of ¢ is possible, that is

© rdky kg
Wigl = 3 [ 55k @lsn)6(X k)b, - han).

The functions ', (k1, -..k2,,) can be expanded in positive powers of k;’s for small momenta,
so W can be written in terms of local functionals. In a similar way, if we apply A; to
Wip] we get

dp &y [k db
A W[ / 2 ; n a9 ( k?n Z]b —D, k3,...k2n)

Substituting ¢ = ¢, into W we can expand for large s in positive powers of p as well
as in the rest of the momenta k;’s. Again a local expansion is obtained which actually

coincides with the action of Ay on the local expansion of W followed by the substitution
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© = @s. Taking advantage of this we can take a linear combination of local functionals
for W and reduce the eigenvalue problem of the Hamiltonian to the problem of solving

an algebraic set of equations for the coeflicients of the linear combinations.

The most general ansatz for the local functionals of W is [ dz ¥ (¢")" ... (™) where
v, and n are non-negative integers. Since integration by parts gives linear relations
between terms in the local expansion, it can be verified that one should take v, (the
power of the highest derivative) to be greater than or equal to two (see Appendix C).
This ensures linear independence. Moreover, an even number of ¢’s assures that ¢ — —¢p
is an unbroken symmetry of the lagrangian, while parity invariance leads us to take only
an even number of derivatives. Consequently, the local expansion for W) can be written

as

Wy = /d:c< (bo + cow?) + @ (b + c1¢® + d1¢™?)
+Zso (bn + cn” + dn@” + enp” + ..)

Aot + i+ S +) + ) (4.30)

where the coefficients b;, ¢;, .. are determined via the Schrodinger equation and, since ¥ is

finite, they ought to be finite as A — oo.

Inserting (4.30) back into (4.29) we can show that

[ do ((25(/\)+25+%(450+\/_Zp b An))

VA (1200 + Zp ) €n A”))

n=1

— 4
+902 (—Mz(/\) + ‘\/—7—1_-()3 + —

4 \/X n
+@ ( 4'\/— +Tboco+—(30f0+:;1l’ fn)‘))

2 16 A deg A
+¢' ? (_—\/—— + \/_—bobl + —\/—- (‘)61 +2d1 A + C2 ))

+
(32 96
+%p" (ﬁbocl + :/—7—(5100 +— 12f1 )
2bob 1652 A di ) A
/2(3 o2 + 1+\/_(c2+ 1 _62_+...))
3/

9 3
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)2 Abmbnm VA [2en  2d, — en)AE
(™) (n; e TR (W+—(3(n+1;! +))

( 4 kzlagalé = —n)(n+1)+\/7X(2(k+1)(2k+1)a§+zp,(n) & ,\"))

n=1

+---=0. (4.31)

where p(n) = 2/(I(n + $)(2n + 1), #/(n) = 2/(T(n + 1)(2n + 1)), T°(\) = VA7)
1/y/sM?*(s) and E(X) = R(s)E(s). Also we have substituted ¢ for ¢, for s = 1/A. The
coefficient of ¢?*(k > 3) above is such that a is the coefficient of the subset

/d:l;ZaZ = (’ (4.32)

of Wy, ie.,a®=0b;,al =¢ ,a? = f;, etc. Setting the coefficient of each element of the

basis to vanish yields an infinite set of algebraic equations.

4.6 Classical Equations

In order to study an expansion in A we are initially interested in the classical description
of our model. This is given by the Hamilton-Jacobi classical equation of motion. In 1 +1
dimensions the classical field theory has a FEuclidean Action Sg given in terms of the

Euclidean Lagrangian density Lg by
S = [ daLs

where we assume that Lg is a function of the scalar field, ¢, and its first derivative with

respect to time, gb Its conjugate momentum is defined by

r(e) = DLp_ 850
~ 0¢(z)  8¢()

The Hamilton-Jacobi equation for a time-independent potential is

65k
¢

For the ¢* theory the Lagrangian Lz has the form

H(r,¢) = 0= H(—=,¢) = (4.33)

_1'2 ” 122 9 4
—2(¢ +¢)+2m¢ +4!¢
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so that the Hamiltonian is

- 1, 1, 1 1
Hg=7n¢—Lp= §7T2 - §¢2 - 57712452 - %¢4 = §7T2 — Vetass(9)
so that (4.33) becomes
155’E2 L 1 95 9 4
5(%) Tt e gt ==
1 (658
5 (W) — Vitass(¢) = 0 (4.34)

We can obtain the set of the classical equations from the full set of algebraic equations, as
the zeroth order approximation of equation (4.31) in %. It is necessary to recover % factors
in (4.26) and expand W in ¥q = eWasW =3,_oh" 'W,. Also, Ex = Egess +hE1 + - --

so that the classical equation becomes

R(s) {%/dz (%)2 - vl} = 0. (4.35)

In the equation above
yelass — / do L (€12 + M20?) + 20t + Eutgns
S 2 S T 5 4! S

Eoluss 18 zero because the Hamiltonian has been constructed to match the normal ordered
Hamiltonian : H : with zero eigenvalue. There are no contributions from the mass or the
energy renormalisation as both counter-terms are of order % or higher®. Comparing (4.34)
and (4.35) we deduce that —W_ .5/ can be represented by Sg. We see, that the on-shell
Euclidean action, Sg, is the classical approximation to W the logarithm of the vacuum
functional, satisfying the Minkowski Hamiltonian. R(s) leads to an equivalent equation
and in this case redefines the field ¢, accordion to its scaling properties. We can also

arrive at the classical equations by setting A = 0 in (4.31).

2
It is possible to calculate the term [ dz (%) for the specific subset of local vectors

of the form [ ¢*™¢(™? quite easily. In this way we can evaluate the coefficients of their

linear combination in W,j.ss. This will be done in the next section.

5The mass and energy divergencies are quantum effects and they do not appear in the classical level.

39



4.6.1 Analytic Computation of the Classical Equations

We can compute the classical equations of the coefficients a™ of [ #*™¢(™? in a general
way. In Appendix C we see that the classical equations produced by this set are complete

to determine a™, without insertions of coefficients of other types of local functionals of

n?

3 2
W. If we say that the term f¢2m¢(”)2 comes from the product My, » iy, = [2E127) ¢2k16‘f;02) )
3 2
e e2T) ¢2k25202) ). then the number of ¢’s and the number of o derivatives should be the same.

That is:
and
But we have )2
§( kA _ 2 .
/ e 52 ) kg g 4 (1) \2(g ) (438)

so that for M having the variables ki, A1, k2, Ay it will be

My akane =

4[’“1k2¢2m-2¢“1>2¢“2>2+

(/\2 ”' /\2+T)+

(1) 2771 60 ( )
(-1t 37 (1) () gones
(_1)n§: (/\1> (¢2k1)(’\1 r) (A+7) Z ( ) ( 2k2>(/\2—w) QS(/\ﬁ_w)]

r=0

Finally the classical equations will be
Z MklAl(m_kl)(n_)‘l)azllazl_—/\kll — Vetass = 0 (4.39)
Ak
as the relations (4.36) and (4.37) are imposed. Vigss is composed of functionals of the
form [ ¢*™¢™*. We can calculate My, »k,», by distinguishing the following cases:
1. The first term is k1k2¢2m“2¢(’\1)2¢(/\2)2 and it will contribute only if Ay = 0 or Ay =

n = Ay = 0. Then, it will become

ki ko g?m ()’ (4.40)
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2. The second and third terms are similar:
A1
VAL A2k—1 ()2 Ay 2k, Y A1) ()
Fa(—1) g1 g0 ;}(T)((ﬁ ) (4.41)

If we take A; # 0 the only contribution can come from A, = n where (4.41) becomes
WL Ok (4.42)
On the other hand if Ay = 0 then (4.41) becomes
(-1 3 () ()" 0 (1.9)
r=0
which if r # n then

(-1t S (”) ()" g0 =
r=0 \"

kz(—l)”ni:1 (n) (—1) 2k > (¢<n>)2

=0 \T
while when r =n

k2(_1)n¢2k2+1¢2k1 ¢(2n) —

The overall contributions from (4.41) are going to be

n—1

Ba(—1)" Y (”) (=1) 2k 6 (47 + ka(2m + 1)g*™ () (4.44)

r=0
for Ay =0, and for Ay = n it is
kyd?™ ™2, (4.45)

3. The last term in (4.6.1) will make contributions according to the various values of A\,

as:

a) for Ay = 0 it is

b) for Ay =n it is

=2k (—1)" ni (:) (1) ¢*™ (¢(”)>2 + (2m+ 1) (M)’ (4.47)

r=0

¢) for 0 < Ay < n the only contribution is of the form ¥ (™2
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Because it is hard to keep track of all these cases it is useful to create a program which
can generate the classical equations for the various values of m and n. This can be done

easily in Maple programing language (see also Appendix E) with the following program:

clser:=proc(m,n)
local M,s,NN,k,NNN,ki,MM,1,11,N,MMM, ss;
if m=0 and n=1 then ss:=1 else ss:=0 fi;
if n=1 then s:=0 else s:=1 fi;
if n<>0 then
NN[O0] :=0;
NNN[0] :=0;
k:=0;
for k1 from 0 to m do
k:=k+1;
MM[n-1] :=s*sum(alki] [11]*a[m-k1] [n-11],11=1..n-1);
N[k1] :=al[k1] [0]*a[m~-k1] [n]* (ki*(m-k1)+(ki+1)*(2+k1+1)+m-k1)+
alk1] [n]*alm-k1] [0]* (k1% (m-k1)+(m-ki1+1)*(2*m+1-2%k1)+kl);
NN [k] :=NN[k-1]+N[k1]+MM[n-1];
NNN [k] : =NNN[k-1]+NN[k] -ss*1/4;
od;
MMM [m,n] :=NULL;
elif n=0 then
if m=0 then
MMM [m,n] :=-1+4*sum(alk1] [0]*a[m-k1] [0]*(k1*(m-k1)+m+1) ,k1=0..m);
elif m=1 then
MMM [m,n] :=-1/12+4*sum(a[k1] [0]*a[m-k1] [0]* (k1*(m-k1)+m+1) ,k1=0..m);
elif m=2 then
MMM [m,n] :=4*sum(alk1] [0]*a[m-k1] [0]*(k1*(m-k1)+m+1) ,k1=0..m);
else
MMM [m,n] :=4*sum(alk1] [0]*a[m-k1] [0]*(k1*(m-k1)+m+1) ,k1=0..m);
fi;
NNN (k] :=NULL;
fi;
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RETURN (NNN[k] ,MMM[m,n]) ;

end;

This program provides the defining classical equation for the coefficient a[m][n] = a™ of
the basis vector [ $?™¢(M?2. After “reading” the program in a Maple worksheet one can
execute it by the command clser(m,n); where m and n denote the corresponding indices

in ¢*" ™2 for which we want to find its coefficient equation. For computational ease we

have set M, =1 and g = 1.

In Appendix D we see that a closed set of equations for the coeflicients b;, c;, fi’, etc, can
be determined owing to the symmetry properties of the subset W' of W (see equation
(4.32)): the equations which classically determine the coeflicients in W' are such that in

order to calculate a7 we need to know only a% with ¢ < m and j < n. It can be shown®

that
1/1/2
b0=—1/2, b1:—1/4, bnz——(/)f07"n:2,3,4,... 5
2\ n
12(-1)"
Co = —1/96, Cp = 60602—n(l)75—+)1‘d6t Bn fOT n = 1,2,. ..
where
bh by ... b1 b,
2bp by ... bp_g b1
B, = 0 2bp ... bp_z by_o|. (4.48)
0 0 ... 2b b

Similar and more complicated formulae for the other af ’s can be computed. We can solve

these equations by using the following computer program:

cleqn:=proc(m,n)

local inpl,inp2,inp3,inp4,inp33,inp44,inpll,i,inpS,ian,j,inp?;
inp5[-1] :=NULL;

inp6[-1] :=NULL;

for j from 0 to m do

inpi[-1] :=NULL;

"The letters b, ¢ and f stand for the first terms of afi]fj] for i equal to zero, one and two equivalently.

8See Appendix D.
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inp11[-1] :=NULL;
inp44[-1] :=NULL;
for 1 from 0 to n do
inpi[i]:=inp1[i-1],clser(j,1);
od;
inp2:={inp1[nl};
for 1 from 0 to n do
inp11[i]:=inp11[i-1],aljI[i];
od;
inp5[j]:=inp6[j-1],inp1[n];
inp6[j]:=inp6[j-1],inp11[n];
od;
inp7:=solve({inp5[ml},{inp6[m]l});
RETURN (op (2, [inp71));

end;

Executing this program with the command clegn(m,n);, we get all the coeflicients a;- with

t<mand j <n.

4.7 Semiclassical Calculations

Now let us turn our attention to solving the equations (4.31) by the semi-classical proce-

dure, that is, up to order % in Minkowski space. In order %, (4.26) becomes

h (R(s) (%ASWO + / dz 56—?6;? - vﬁ)) (] =0 (4.49)

In the equation above

vi= [ de %5M?(s)¢§ _ EMs)—EM,

where
dp 1
§MP(s) = M*(s) — M? = —3/ S 4.50
() (s) ! 4 Jprcafs 2w [p2 4 M2 (4.50)
and
1 dp
i _ et 2 2

8@_24mﬁﬁdp+M; (4.51)
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are of order 1 °. If we write Wy = [(bli¢? +clé? 4 -- ), we can iteratively compute correc-
tions to the classical coefficients bo, co, etc. of Wy = [(bo@* + cod? + ...) by substituting
the leading order solutions into A;W, and solving the O(h) equation for the corrections
bE, ck,... . These will be given as functions of A\. But from what we have said above,
W) as a solution of equation (4.31) approximates the exact vacuum state’s logarithm.
This approximation is refined when more terms of the Laplacian expansion are included,
such that A can be taken to greater value. Of course an alternating series, such as the
expansion of the Laplacian acting on W, which has been truncated at a certain order, will
have the same behaviour as the full series up to a certain value of A\. Beyond this value
the last term will dominate causing the truncated series to jump to infinity. A clearer
understanding of this is achieved by plotting the alternating series and reading from it

the value it tends to, which should be a finite constant.

From the Maple programs of the previous section we can construct the classical equations,
solve them and then substitute the values in the Laplacian part of the equation. Let us

see how the different re-summation techniques influence the outcome of the Laplacian.

In Chapter 5 we will calculate the Feynman diagrams corresponding to the first order
quantum corrections of the constants b’s, ¢’s and so on. They can give us the exact values
of the % corrections. For those few cases we can compare the results with what we get by

applying the Laplacian on the truncated classical Wj.
Some terms of the semiclassical equation are
A
/dx ((25’1( )+ 26" + A (
\/_
\/X (

4bo+\/_2p ) bn, /\”)>+

n=1

12¢5 + Zp n) ¢ A")) +

n=1

2 <_5M2(A) +%bob§

7 8 \/X 4(2/\
o 2( \/7 \/_(bobﬁ+bﬁbl)+—(201+2d1)\+ 32 +...)>+
VA

(bich + bico) + 712f1 + - ) +

4
252 (216 (el 4 i) + 22

o (17 NG

®See Chapter 3.
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" (16(bob§ + bliby) + 16b%D,

sy Aoty )

+
(™) (Z 2(bm b e ++1Z;2)n —m) ‘/?_ (Qﬁ + 2(dn — en)A? 4 )) +
+

Z (aga” g™ 7" + " §ag™' ") (k — n)(n + 1)+

2(k +1)(2k + Daf + Y p'(n) o /\"))+

n=1

=0 (4.52)

where k > 3, M (A) = VA/V/TR(s)1//36M?(s), EX(\) = R(s)E"(s) and the other
symbols are the same as in equation (4.31). For simplicity we will refer to the Laplacian
term with b,’s, as the b-series, with ¢,’s, as the c-series and with f,’s, as the f-series,
which also apply to the truncated parts of them, up to a certain order. Since we know the
value of the classical coefficients from the previous section, we can calculate one by one

their first order corrections starting from the top of equation (4.52). The first equation

(2871()+25h+%<4bo+\/_2,0 ) bn /\”)):0

n=1
gives, after substituting'® b, = _1/(2Mr2n_1)<17<2) and the expansion of E*(\) = 1/2R(s)
p2<1/s dp/(27r)\/m given by
1

E 7= S P(m, M)A, (4.53)

7‘- m=0

where
(-1

(2m + 1)2(2m — 1)I'(m + 1) M2V’

that £" is equal to zero. This holds for any power of A as the b-series cancels order by

P(m,M,) =

order in A the E-series, reflecting the normal ordering condition of the Hamiltonian. This

demonstrates a way to find the renormalisation subtractions; something also true for the

mass counter-term as shown below.

In graph'! (4.7) we have taken the expansion (4.53) with m = 11 and 21. We see that

by taking more terms, the alternating series describes the exact function for larger values

198ee Appendix D.
"1n the following diagrams we set M, = g = 1 {or simplicity.
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Figure 4.7: The Energy graphs, for 11 and 21 terms.

of A\. We have seen at the beginning of this chapter that the energy is proportional to
the inverse of s. In the diagram we see that the energy tends to be proportional to the

regulator A which agrees with the previous result'? for A = 1/s.

The second equation reads

— 6M2(A) + %bobg + g (1200 + i p(n) ¢, /\”) =0 (4.54)

The expansion of 6M_2(A), as given in (4.50), is

5
M,

n=1

SN = - (

- L (L2 5 M)
4 ot

where

B L(2m + 2)(=1)m+
H(m,M,) = 22741 (2m, + 3)[(m + 1)T(m + 2)2 M2m+2

while its diagram is given in Figure (4.8)

The ¢ series diagram is given in (4.9) and their subtraction in (4.10), which has a finite

value for A in an appropriate region. Diagrams (4.8) and (4.9) have been taken with 22

123¢e Section (4.2).

47



-0.04-

-0.061

—§M(N))

-0.08T

-0.1+

-0.12T

0.08

0.064

c-series

0.04+

0.02+

Figure 4.8: The Mass graph for 22 terms. It is logarithmically divergent.

Figure 4.9: The c series graph for 22 terms.
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Figure 4.10: The ¢ minus the mass series graphs for 22, 32 and 42 terms.

terms of the expansion while (4.10) has been taken with 22, 32 and 42 terms. From these

we can read within a margin of error the value of the Laplacian acting on the ¢ series and

calculate the first order correction, b%, from equation (4.54).

To deduce this equation, as well as the other equations in (4.52), we have used the scaled
field ¢,, which contributes additional /s factors. With the application of the operator
R(s) the equations change from the form with the unscaled field, but they lead to an
equivalent equation which results in the same values for the quantum corrections. In the
following we give values for the Laplacian term with the s terms from the scaled field, ¢,

included, as well as the values from the Laplacian acting on the ansatz, W, constructed

out of the unscaled field, ¢ 3. The second kind of series are of the form (4.18) and

the techniques of re-summation mentioned in section (4.3) are applied here. The error
depends on where we truncate the series. The following diagrams show how this value

changes as we include more terms, as well as using different re-summation procedures.

For the f-series we have the diagram (4.14), constructed for 12, 22, 32 and 42 terms,

13The two values are connected as can been checked from the small s expansion (4.17)
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Figure 4.11: The ¢ minus the mass series graphs with R(s) + 2AR(s)s re-summation operator

for 22, 32 and 42 terms.

which eventually gives the value 0.001793.

We can plot the result and read off the value to which the series tends. From the diagrams
(4.10) and (4.14), we can get the suggested values for the “plateau” in each one. We will
distinguish the cases where there are even numbers of terms in the series, where the desired
value is the maximum of the diagram, and an odd number of terms, where the value can
be read of as its turning point (see Figure (4.13)). As we can see from the following tables
the percentage error for the odd number of terms of the series approximating the actual
value is smaller than the corresponding one for neighbouring even number of terms. This
is because the series approaches the actual value from “below” and the turning point of a
graph, like in (4.13), has a larger value than the maximum of the neighboring series with

even number of terms.

For various number of terms we obtain the following Table for the Laplacian term as it is

50




0.08- 2 <
0.06
%_
i
|
i
! !
0.04+
!
0.02+F/ E
;
: ‘z
: . - X .
0% 10 15 20 25

Figure 4.12: The ¢ minus the mass series graphs with the s — ¢? re-summation technique for 2,

4, 8, 14, 24 and 34 terms.

0.08T . |
|
|
J
; !
|
{
§ i
H H
] {
0.061 I I
{
{ /
i
/
/
/
s
I A—— e =
o.0a1+ T
,//
-
/
0.02+/
;
i
;
0% 2 4 6 8 10 12 14 16 18

Figure 4.13: The ¢ minus the mass series graphs for 11, 21, 31 and 41 terms.

51




given in relation (4.54).

Table 1

# Even % # 0Odd %

2 0.030629 31.7782 3 0.037381 16.7410
4 0.036346 19.0455 5 0.038613 13.9962
6 0.038993 13.1500 7 0.039999 10.9093
8 0.040483 9.8302 9 0.040984 8.7143
10 0.041413 7.7596 11 0.041677 7.1722
12 0.042035 6.3737 13 0.042177 6.0588
14 0.042475 5.3939 15 0.042549 5.2284
16 0.042800 4.6700 17 0.042836 4.5900
18 0.043049 4.1156 19 0.043062 4.0857
20 0.043245 3.6781 21 0.043245 3.6783
22 0.043404 3.3244 23 0.043396 3.3426
24 0.043049 3.0326 25 0.043522 3.0616
26 0.043645 2.7878 27 0.043629 2.8230
28 0.043739 2.5794 29 0.043721 2.6180
30 0.043819 2.3999 31 0.043801 2.4401
32 0.043889 2.2438 33 0.043871 2.2844

The first column denotes the number of terms of the series, the second the actual value
of the Laplacian acting on the ¢ terms of Wy and the third is the percentage error of the
truncated series with respect to the correct value, 1/(47%2) = 0.044897, read off from
Chapter 5. The percentages have been given by the computer allowing more digits to be
taken into account. From equation (4.54) and the above value which is inserted with a
negative sign we get the first order correction b} = —1/8x. For the linear combination
R(s) + 2AR(s)s of the re-summation operator acting on the c series we get Table 2.
This combination has been taken to act on the Laplacian term constructed from the
unscaled field ¢. The scaled field, ¢;, provides /s terms combined in the expression, on
which R(s) acts. From this procedure we get Tables 1, 2 and 3. Tables 2, 4 and 6 are
produced from the unscaled field expressions. In Table 2 the value we want to approach
is 1/(4w) = 0.079577; it is connected with the one from the previous Table with the
relation R(s)\/sA = A//7. Here A represents the value we get from the combination
R(s)+2AR(s)s acting on an equivalent equation to (4.54) with the unscaled field, . This
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differs from the scaled field case, which contributes the factor /s as
[ dogi(@) = [ dag?(e/v/5) = V5 [ dog?(o)

Equivalent relations can be deduced for ¢?, ¢/ etc.

Table 2

# Even % # 0dd %

2 0.059862 24.7747 3 0.073508 7.6275
4 0.071004 10.7732 5 0.075483 5.1450
6 0.075459 5.1757 7 0.077330 2.8245
8 0.077509 2.5994 9 0.078371 1.5159
10 0.078511 1.3396 11 0.078930 0.8131
12 0.079019 0.7021 13 0.079230 0.4378
14 0.079281 0.3725 15 0.079389 0.2369
16 0.079418 0.1995 17 0.079475 0.1287
18 0.079492 0.1076 19 0.079522 0.0702
20 0.079531 0.0583 21 0.079547 0.0384
22 0.079552 0.0318 23 0.079561 0.0211
24 0.079564 0.0174 25 0.079568 0.0116
26 0.079570 0.0095 27 0.079572 0.0064
28 0.079573 0.0053 29 0.079575 0.0035
30 0.079575 0.0029 31 0.079576 0.0020
32 0.079576 0.0016 33 0.079566 0.0011

Table 3 gives a similar result for the f series as we obtain from (4.52) with the value
of convergence 0.001793. Taking account this value, equation (4.52) gives the quantum

correction ¢ = —0.020868.
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Table 3

# Even % # 0dd %

2 0.001224 31.7718 3 0.001488 17.0305
4 0.001445 19.4046 5 0.001533 14.5415
6 0.001551 13.5380 7 0.001589 11.3784
8 0.001612 10.091 9 0.001632 9.0054
10 0.001653 7.8492 11 0.001663 7.2688
12 0.001680 6.2952 13 0.001686 5.9778
14 0.001701 5.1692 15 0.001704 4.9975
16 0.001716 4.3253 17 0.001717 4.2376
18 0.001727 3.6754 19 0.001728 3.6375
20 0.001737 3.1637 21 0.001737 3.1558
22 0.001737 2.7333 23 0.001744 2.7635
24 0.001750 2.4189 25 0.001750 2.4398
26 0.001755 2.1426 27 0.001754 2.1697
28 0.001759 1.9116 29 0.001758 1.9420
30 0.001763 1.7164 31 0.001762 1.7483
32 0.001765 1.5500 33 0.001765 1.5821
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while the linear combination R(s) 4+ 2AR(s)s gives

Table 4

# Even % # 0dd %

2 0.002391 24.7676 3 0.002930 7.8330

4 0.002830 10.9659 5 0.003009 5.3387

6 0.003015 5.1444 7 0.003094 2.6743

8 0.003108 2.2148 9 0.003147 0.9856

10 0.003159 0.6207 11 0.003180 —0.0385
12 0.003187 —0.2824 13 0.003199 —0.6547
14 0.003204 -—0.8032 15 0.003211 -1.0217
16 0.003214 -—1.1031 17 0.003218 —1.2349
18 0.003219 -1.2715 19 0.003221 -—1.3519
20 0.003222 -—-1.3606 21 0.003223 —1.4083
22 0.003223 —-1.4020 23 0.003224 —1.4264
24 0.003224 —1.4166 25 0.003224 —1.4203
26 0.003224 -—-1.4166 27 0.003223 —1.3994
28 0.003224 -—1.4166 29 0.003222 —1.3697
30 0.003224 —-1.4166 31 0.003222 —1.3357
32 0.003224 -—1.4166 33 0.003221 -—1.3007

Table 4 gives negative valued percentages corresponding to Figure (4.15). This is due to
the fact that the re-summation operator R(s) + 2AR(s)s eliminates the next significant
term to the actual value in the small s expansion, but changes the coefficients of the

following terms. This causes the series to jump above the actual value.

In Figures (4.12), (4.16), (4.18) we adopted the second re-summation technique studied in
section (4.3), based on the substitution s — t*. In these figures the oscillation character

we deduced theoretically is revealed (see relation (4.22)).

For the next series, which is the Laplacian-part of the coefficient of the ¢'? term, the con-
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vergence value is 0.014956. This gives from (4.52) the quantum correction b = —0.473478.

Table 5

# Even % # 0dd %

2 0.013263 43.5810 3 0.015462 34.2279
4 0.015168 35.4759 5 0.015655 33.4070
6 0.016268 30.7977 7 0.016344 30.4723
8 0.017074 27.3697 9 0.017002 27.6770
10 0.017717 24.6321 11 0.017582 25.2093
12 0.018254 22.3479 13 0.018090 23.0459
14 0.018715 20.3895 15 0.018539 21.1385
16 0.019117 18.6785 17 0.018937 19.4431
18 0.019473 17.1625 19 0.019294 17.9238
20 0.019793 15.8044 21 0.019617 16.5523
22 0.020081 14.5767 23 0.019910 15.3057
24 0.020344 13.4585 25 0.020178 14.1660
26 0.020585 12.4337 27 0.020424 13.1184
28 0.020807 11.4893 29 0.020651 12.1510
30 0.021013 10.6148 31 0.020862 11.2538
32 0.021204 9.8016 33 0.021059 10.4186
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while the linear combination R(s) + AR(s)s gives Table 6.

Table 6

# Even % # 0dd %

2 0.018329 30.9011 3 0.022349 15.7477
4 0.021707 18.1663 5 0.023049 13.1059
6 0.023274 12.2574 7 0.023873 10.0026
8 0.024165 8.9013 9 0.024466 7.7656
10 0.024724 6,7934 11 0.024885 6.1839
12 0.025099 5.3795 13 0.025188 5.0424
14 0.025363 4.3839 15 0.025413 4.1967
16 0.025556 3.6552 17 0.025583 3.5542
18 0.025702 3.1049 19 0.025715 3.0550
20 0.025815 2.6783 21 0.025820 2.6591
22 0.025905 2.3401 23 0.025905 2.3397
24 0.025978 2.0670 25 0.025975 2.0779
26 0.026037 1.8427 27 0.026032 1.8605
28 0.026087 1.6560 29 0.026081 1.6778
30 0.026128 1.4986 31 0.026122 1.5225
32 0.026164 1.3646 33 0.026157 1.3893

In the same way we can find the first order correction for all the coefficients. We can see
from the diagrams that the classical value of the coeflicients, as well as their first order
quantum correction decreases as the number of derivatives or the number of ¢’s increases.
Practically, we need only to calculate the first terms of the expansion of the vacuum

functional’s logarithm up to the point of sufficient approximation for our purpose.

4.8 Conclusions

In this Chapter we studied the different ways in which we can extract the small s behaviour
from the large one, by using different techniques in order to minimise the approximation

error.

In general we wish to extract the value that the series tends to, with the least number of

terms. Here we were able to calculate as many classical values for the ¢’s and find the first
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order correction for by with as great a degree of accuracy as we determine. However, this
will not be generally possible. When we want to consider the equations as a set, without
considering any sort of perturbation expansion in the Planck constant % or the coupling g,
we need the fewest possible terms and combined equations to solve, since its complexity
and difficulty increases rapidly when more terms are incorporated. By studying the tables
above we conclude that the operator R(s) + 2A\R(s)s gives better values than the simple
application of R(s) on the scaled fields. However, if we have many terms in the series
we can use the second re-summation technique, which apart from the strong oscillation

for small A, gives the correct values to a higher degree of accuracy (see Figures (4.17),

(4.18)).

By using these results we can choose the appropriate resummation method when we want

to solve the Schrodinger equation for various models and in various ways (semiclassically

or non-perturbatively).
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Chapter 5

Feynman Diagrams

5.1 Introduction

Field theory has been studied through the path integral formalism, with which, one can
construct the generating functional, the propagators, and then be able to treat inter-
actions with the help of perturbation. In this way you can calculate the desired cross
sections without the need of solving a dynamical equation. A great simplification to these
steps has been achieved by the Feynman diagrams and rules. These provide a pictorial

representation of the physical process with a symbolic calculational meaning.

As we have calculated the first order corrections of the ¢* theory with the use of the

Schrodinger representation, we proceed to verify these results with equivalent calculations

of Feynman Diagrams.

5.2 Feynman Rules on the Plane

Let us take the case of a free scalar field ¢(z) on the whole 2-dimensional plane z, with its

source J(z). The vacuum to vacuum transition amplitude of the field ¢ in the presence

of the source J is

ZolJ] = /Dqﬁexp {/dzx (—LE(¢) + J(l)¢($)]} x< 0,00[0, —oc0 >’
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where Lg is the Euclidean Klein-Gordon Lagrangian
£r = L(0u)0u9) + 2
After using functional integral techniques we find
Zo[J] = N exp [—%/J(:c)Ap(:c —y)J(y)dzdy (5.1)
where N is a constant which will be absorbed in the normalisation, Ap(z — y) satisfies
(O +mM)Ap(z) = —8%(z)

which is called the Feynman propagator. Its analytic form is

1 ) e—ik:z:
e = g g

written in Euclidean space, where k% = k¥ + k3. We can expand expression (5.1) as

Zald1= N {1+ = [ J@)n(a — u) I (y)dody

w2 (G0 [ F@ar(e - )tz
v (5 [ srte - at)ieas] + . 62)

This expansion has a suggestive pictorial interpretation. The second term in the curly
brackets can be illustrated by the diagram of a particle generated by the source J at the
point z, then propagated from z to y and then absorbed by another source at the point y.
The other terms in the expansion, which are the n-th powers of the same integral, can be
represented by n particles propagating between these sources as the one described. The
factors in front of the integrals should be inserted as symmetry factors of the diagrams.
From (5.2) a further important characteristic arises. By asking for a normalised Z as

Z|J = 0] =1, Zy[J] becomes
Zold) = exp [~ [ J(@)Ar(z ~ y)I(u)dedy]

and can be interpreted as the generating functional of the n point Green functions

B 6" Zo[J]
T(T1, .0y Tn) = §J(z1)...6J (zn)

J=0
For example we get

7(z)=0
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m(z,y) = —Ap(z —y).
(z,y,2) =0
(21, 22, 23, 24) = [Ap(21 — T9)Ap(z3 — 24)
FAR(21 — 25)Ap(zs — 22) + Ax(er — 24)Ar(s — 23)]

By construction, Z is the vacuum-to-vacuum transition amplitude in the presence of a

source J. That is
(0T (¢(1)..4(n))[0) = 5J(;fl)%?([5?($n) _

0

which suggests

T(Z1,y ey Tn) = (0|T((21)...6(25))|0)

Interactions can be included in a similar way. For example we can use the Lagrangian

1 1
£ = 50,80,6 + 56" + 24" = Lo+Lin (5.3)

where the last term is the interaction. The generating functional for a general interacting
Lagrangian is

Z[J] = N/Dgé exp <— /(£0+£int — chS)d:v)
where N is a factor which normalises Z[0] to be one. After some algebra it can take the

more tractable form

Z[J] = Nexp [—/L’m (6—,]6(z_)> dz} exp [—%/J(:p)AF(m — y)J(y)dmdy]
which by expanding the exponentials can give perturbations in ¢ and in A. For example
L is proportional to g, so by expanding the first exponential we get a perturbation
series with respect to the coupling. The expansion with respect to A will be revealed as
we act with the interaction term upon the second exponential, and is equivalent to a loop

expansion of the constructed diagrams [21]. For example the 2-point function for (5.3) is
given by
§27[J)

(21, 22) =

J=0

—Ap(zy — 29) — %AF(O)/dzAF(z — 21)Ar(z — 23) + O(¢?)

while the 4-point function is

§42[J]

(T, T2, T3, T4) =

J=0
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3Ap(21 — 22)Ap(z3 — 24) — 39AFR(0) / dzAp(z — 21)Ap(z — 22) Ap(z3 — 24)
—g/dzAF(xl — 2)Ap(zy — 2)Ap(zs — 2)Ap(z4 — 2)

Here the Green’s function Af is given again by

1 e k (x_y) 2
Ar(z=y) = 5.7 |

and it represents the free propagator of the theory.

5.3 Feynman Rules on the Half Plane

In this case the Feynman Diagrams can be separated into two categories. If we call surface
propagator the one which has at least one leg on the boundary we can distinguish the
Feynmam Diagrams into the free space ones and the remainder, which involves the surface
propagator at least once. Thus, the connected graphs are either free-space ones, if they

involve free-space propagators only, or surface ones.

Normalising the generating functional of Feynman Diagrams, is equivalent to subtracting
all the vacuum diagrams with no legs on the boundary. This is a true statement to
all orders in perturbation theory, and is a general prdperty of normalised generating
functionals [22]. Hence, we have only to worry about the Feynman Diagrams with legs

on the boundary, which we are going to study below.

To construct the generating functional for the half plane it will be helpful to use the
vector bra-ket formalism. We will use the ¢ > 0 region, which will call I' with boundary
0T, defined by ¢ = 0. Let us define the state (| so that the field ¢ and its conjugate

momentum 7 have the following action on it
(1216(2,0) = (pl(2) (54)

and

(pl7(2.0) = =iz (ol

The bra (| which satisfies these relations can be analytically given by

(ip] = (D]e] ==V
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where (D] is a state which is annihilated by ngS, that is it satisfies the homogeneous Dirichlet

boundary condition <D|<;A5(x, 0) = 0. We will be interested in the inner product
(ele™" i) = (Dle] 72e~ eI 7| D) (5:5)

from which we will get the generating functional. Turning to the path integral picture,

relation (5.5) can be written as

/ Dé eﬁ:o dx#o—ft:T oy’ ~Spg

for which the boundary conditions ¢(z,0) = ¢(z,T) = 0 hold, as the functional integral
has been constructed with respect to the (D| states. Taking T' to infinity and assuming

that ¢’ vanishes there, we get the generating functional for the boundary diagrams
(pl0,00) = [ D ef debe=si
where |0, o) stands for the vacuum state at infinity and Sg is the Euclidean action
1 I 5
Sy = / dudt <-au¢au¢ +om?g? + ,cm> (5.6)
>0 2 2

In (5.6) 0,40, denotes 97¢ + 024 and L;; stands for the interacting term. In an equiva-
lent way to the treatment of the “whole plane” we can find that the generating functional,

Z[J, ], for the interacting theory on the half plane will be [13]

6 2
Z[J7 LIQ] - Nexp I:_/[-:mt(m)d :v] X
1 1 —
wolbf [0 L [ [T [ [soon] o7

' —
where (_0—75/ means that the time derivative acts on the left, 0;Gp 0 4 is equal to 9,Gp(z, ')

Ft/ for z(or 2')€ IT and z'(or 2)— OI' from I'. The Dirichlet propagator G is given by
Gp(z,y) = Ap(z,y) — Ar(Z,y)

where z = (2°,21),y = (3°,y"') and & = (—2°,2'), and Ap(z,y) = G(z,y) is the Feynman
propagator we used in the previous section. Now the logarithm of Z[J, ¢], is the generating
functional of the connected Feynman Diagrams. Z[J,¢]|,_,, as defined in (5.5), is also,
the vacuum functional, which satisfies the Schrodinger equation. In equation (4.31), what
we want to calculate, is the coefficients of the expansion of the logarithm of Z[J, ¢]|;_, in
local functionals. They can be determined from the connected diagrams calculated from

W(J,¢] = In Z[J,¢]. We can choose these diagrams from the general ones generated from
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(5.7). Calculating their amplitude without setting ¢ = 0 will provide us with terms of
the functional W10, ¢).

Some of the Feynman diagrams with legs on the boundary are presented in Figures (5.1),

(5.2), (5.3).

Figure 5.3: Six legged boundary diagrams.

We can calculate the energy density from the diagram (5.1). Its amplitude is

8%Gp(,7)
| elee) =55 (5.8)

We can see that the Dirichlet Green function in (5.8) can be written in terms of the usual

Green function as it has legs on the boundary. This gives

9Gp(,y) _ 0(G(#,7) - G(&,7) _ 0G(E,§) _ 9G((¢1,29), (=91,92)) _

8371 - 8;[31 N 8$1 81171
0G(%,9)  0G((—z1,22), (y1,42)) _
85131 a371 a
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0G(2,7) | 0G((—z1,72), (y1,92))
o + T = (5.9)
0G(z,y)  0G((x1,z2),(y1,92))
+ ey
(9301 85151
9G(2,7)
2= (5.10)
Hence
PGED) _ [ dp PR i
/:I;zy2 (,9(.’132)%0(:1/2) 8$18y1 - </a:2y2 (277)2 QO(.’EQ)SD(yQ)Z pO(_pO)p2 + m2 -
&p z-y)p
., fsetenetont .1y

As both legs of the propagator are on the boundary it is z; = y; = 0. Acting on it with

s=[] 5 e ) (5:12)

!y q2<—

the Laplacian

we get
aQGD(EEa?//\) .
As | p(z2)e(y2) Terdy

Z2Y2

2 i(z'-y") (g +p2) 2 2 2
_/ / e D1 d /d ' / p21 dpldq —
2 g2<1/s -I-m2 27i' q?2<1/s q2+p1 + m?

2 g% +m?
— 11— ————|dpd
27 /q2<1/s ( p? + ¢ +m? P14

The first term in the brackets is going to give infinity after the p; integration. We can

cancel it with a counter-term in the Lagrangian of the form —¢?6(0) (see section (3.6)).

The second term, after p; integration gives

/ / dg\/q* + m? (5.13)
g2<1/s

which is the energy density! we got in relation (4.3). The expansion of (5.11) will reveal

the b series included in W.

We can calculate also, the amplitude of the diagram (5.2). It is

. ~ ~ ~ aGD(’U) u) 6GD(:E ﬂ) OGD(Q, A) 6GD(2 17)
A=y _ (D) (2)e(7)e(2) o 9z, B, 9 (5.14)

w2,T2,Y2,22,U%

IWe see that from this diagram we get two different kinds of infinities. The one due to the boundary and the
other due to the contraction of the two legs of the boundary propagator, which gives the divergent energy density,

similarly to the theory without boundaries.
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As all the propagators have one leg on the boundary we can substitute instead of the

Dirichlet Green functions, the usual ones as (5.10) suggests. This is

0G(w,u) 0G(Z,u) 0G(y, ) 0G(Z, ) _

—~ o~

A = 16¢ _p(0)e(Z)p(Y)e(2)

W ,T2,Y2,22,U awl 8331 ayl 821
169/ _p(0)e(2)e()e(2) /MAApl‘Jl?’lth
W2,%2,Y2,22,U Pyq,75t

o~

G- GE-DT - iE-R)

07 ) (g7 ) (7 2) (7 4 ) 19

where [ = [ %. Because one leg of each propagator is on the boundary wy, = 27 =
y; = z; = 0. The @ integration goes for u; from —oo to 0 and for w, from —oo to co.
But the integrations of the momentum have limits —oco and oo so that with a change of
variables we can substitute in the above integral [5° du;... = 1 [ du;.... Now we can
perform the u; and u, integrations which will give us the delta functions 6(p; + ¢ +71 +11)
and §(p2 + g2 + 72 + t2). Putting these back in (5.15) we get

g (@) p(@) @) 0(?) |1

w2,22,Y2,22,U P:q,7

(—‘1)271(]17’1(]71 +q+ 7,1) ei (w2p2tz2g2+y2rat22(—p2 —g2—72))
77 3) (¢ & m02) (72 & m02) ((ps 41 & 7o )° F (pa 42 + 72+ 707))

Now we can make p;, ¢; and r; integrations to get

o _ew)ele)e)el=) |

p2,92,72

(_1) 73 et (wep2+z2924y2ra+z2(—p2—g92—-72))

(5.16)
Va4 m? G+ m? o frd 4+ mE 4 f(pr + @2+ r2)? + m?
Acting on (5.16) with the Laplacian given in (5.12) we get
et(za—wa)qz
(5.17)

o [ [, Lotereter | e
wo JIT2 92,72 q +m2+m

pi<t

From this amplitude we can calculate the coefficients of the terms go(”)(:v)Q. What we

have to do is to expand the ((z2) function in (5.17), in its variable z;, so that it gives

6g / /w2 L2 p(ws) (%(WZ) + ..+ %ig;ﬁ@(m(wz) + ) X

p2<g

ei($2—w2)qz
/ ' (5.18)
q2,72 /qg +m2 + /p2 +m2
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where the odd terms become a total deferential and vanish under the integral. The first
term we get is the coefficient of ¢?(z). It has the form

dp 1

27 m? + /p* + m?

pr<;
For s — 0 the integral diverges, as it needs the mass counter-term (see [12]). In short,

the finite term is going to be

/ dp 1 1
2 \m?P 4 /PP +m? o /pt+m?

P2<;

The general term includes derivatives of a delta function

) 1 2n
/($2 _ w2)2nez(m2—w2)qzdm2 _ / 9 e1(r2—w2)42dx2 —

g2n 8271,(]2

1 o 1 fom
7'2'n. 8271 6(q2) = Z_né( )(Q2)
Also in (5.18) the fields term becomes
/ w(ws) ’LU2 Ydw, = / " dw2

so finally by substituting back to (5.18) we get

65Y [ ¢"(a)’ / é) (5.19)

iV E p2<1/s 27r \/p +m? 4+ /g% + m?

We can calculate all the coefficients of the corrections of the semiclassical approach for
the terms 99(“)2 in the W{e] local expansion. This is done by expanding (5.19) for each

n in the large s region. For example, for n = 0 we get from (5.19)

60 [ ¢*(z) [ w1 (5.20)

z p2<1/s 27 /P2 +m2 +m
Expanding the integrand for small p and performing the p integration we get a similar
expression with the one obtained from the action of the Laplacian on the 3, ¢, [ p2p(™ 2
terms by substituting the values of ¢,’s and collecting the coefficients of [ ¢? as in (5.20).
As we have seen in section (4.7) this is divergent for s — 0 and it needs the mass counter-
term subtraction to give the desired finite result. The form of the mass counter-term is

given in (4.50) and combined with (5.20) gives

6 / 2( / i ! ! (5.21)
) :

I x(p 2<1/s o Vp? Tmi+m Vp? + m?

Expression (5.21) gives us the possibility to calculate the exact value of the limiting case

s — 0. By expanding (5.21) for small p we can perform the p integration with integration
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limits —oo to co, i.e. for s = 0. By fixing the appropriate factor in order the expansion of
(5.21) is identical to the c-series minus the mass counter-term we find the value 1/(4x).

Similar treatment for the coefficient of [ ' results the value 0.014956.

Let us turn our attention to the diagram of Figure (5.3). To calculate the Laplacian terms
of the Schrodinger equation with four ¢’s we need to calculate the sum of the amplitude
of the second and third topologically distinct diagrams presented in (5.3), which are
produced from the action of the Laplacian on the first, bearing in mind their symmetry
factors. The amplitude of the first diagram in Figure (5.3) is

¢ [ _ela)e(ba)p(er)e(da)plea)el f2)x

2,b2,¢2,d2,e2,f2,k,
dGp (G k)
5c1 =0
0Gp(d,D)|  8GpED|  0Go(f,])
8d1 dy=0 861 afl f1=0
The application of the Laplacian on (5.22) will produce the other two diagrams and finally

dGp(b, k)
9by bi=

~

dGp(a, k) (b, D) x

8(11 ag =0

[=]

)

(5.22)

. 61:0

will result for the ¢* term

2 4 dp VPP 4144
¢ [ (“’")/pm/sﬂ(\/p? T+ D) FI+2) (5.23)

whereas for [ ¢%p'? it reads

_i/ (2) (o) | 6p° +28 +22Vp" T 1+ p*V/p7 F1
16 J. ¥ Y p<ifs (VPP + 1422 (VpP+1+1)3

In both relations m is set equal to 1. After adjusting an appropriate factor in (5.23) to

(5.24)

match the corresponding f series we obtain the value for the limit s — 0 to be 0.003178.

By developing these analytic expansions of the diagrams we achieve to show the validity
of the results obtained from the modified Schrédinger equation (4.31). Additionally we
are able to see for these few cases the s dependence of the functions we have to re-sum.
They are analytic for any complex valued s apart from the real negative axis. It will be
interesting to study the s dependent term of expression (5.20). It reads for m =1

Vs —+/1—s+arcsinh (i))

1
dp———— =2
/pz<1/s p\/p2+1+1 ( Vs

with the small s expansion

1 1 1 1
—2—|—21n2+1n;+2\/§—§3+1—632—ESB+...
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From there we see the logarithmic divergence which is subtracted by the mass counter-
term. Also, in this expansion apart from In1/s and /s terms the rest are integer powers
of s, which will be eliminated if we act with the re-summation operator R(s). Acting with
the operator R(s) + 2AR(s)s on the renormalised series (with the logarithmic divergence
subtracted) we eliminate additionally the square root term and we are left with the con-
stant value —2. However, this will not be true for the coefficients of (™ ? with n > 1

as the delta function derivatives in (5.19) will produce higher half integer powers of s.
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Chapter 6

The O(N) ¢ Model

6.1 Introduction

In the following chapters we are going to study the 1 + 1 dimensional O(/N) ¢ model.
Our interest in the O(N) o model relies upon the fact that apart from its usefulness
as a simplified gravitational model, shares many features with Yang-Mills theory. They
are both conformally invariant in the classical level, but they generate mass quantum
mechanically which breaks their conformal invariance. Also, they are renormalisable
[23], asymptotically free, and have large-N expansions [24]. However, the ¢ model is
much simpler to work with so that, features like the mass generation can be explicitly

demonstrated within the large-N expansion, as we will see in the following.

In [12], a new method is proposed for solving the eigenvalue problem for the Hamiltonian
of massive quantum field theories that are classically massless. It is based on the version
of the Schrodinger equation we studied in Chapter 4. As we have seen, the equation
acts directly on a local expansion of the vacuum functional. In the following we will see
the construction of the O(N) ¢ model Laplacian, which is the principal ingredient in the

Schrodinger representation approach, acting on local functionals.
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6.2 Geometrical View

Through studying the Harmonic Maps of C. Misner [25] a better understanding of the
geometrical concepts of the o model as well as other nonlinear theories can be obtained.
The most important objects in these theories are the two manifolds where the mapping
is taking place. Let us name them M and M’. The first structure we demand for them
is that they be pseudo-Riemannian manifolds; that is, they admit a pseudo-Riemannian

metric g that satisfies the following axioms at each point p of the manifold

(Z) gp(U, V) = gp(va U)

(e2) if g,(U,V) = 0 for every U € T,M then V =0

We can construct related coordinate systems for each one. If z* parametrises the manifold
M and ¢* parametrises the manifold M’ and we define M’ to be generated from the set

of all possible values of some field ¢, then the map is

¢: M — M, 2" — ¢*(a*) = ¢4

We require the field to be smooth and infinitely differentiable. The metric of each manifold

will give rise to the invariant lengths
ds® = g,,(z)dz*dz" for M (6.1)

dL? = G 4p(¢)d¢"d¢? for M. (6.2)

Usually M is given the flat Minkowski or Euclidean space with the metric ¢ having the
appropriate form. However, if we ask manifold M’ to be curved then the metric G has a
nontrivial form which corresponds to a nonlinearity for the field ¢. In terms of relation
(6.2) this is expressed through the fact that there is no reparametrised metric G for which
the infinitesimal element dL? could be reduced in linear parts, for a linear combination
of fields ¢;1¢1 + cy¢, taking the place of the field ¢ in (6.2). These maps will be called
Harmonic Maps providing they satisfy the Euler-Lagrange equations of the variational

principle 1 = 0 for the action

1 d¢" ¢
I = 5/\/|—g‘|d";(;gl“’(1:) 83 8?;” GAB(¢) (63)

I is the action we are going to use with g, a 1 + 1 dimensional Minkowski metric.
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In the following section we will see how this framework will help us to understand some

physical consequences of the short and large wavelength cases.

6.3 Short-Large Wavelength

The model described above has a very interesting structure when it is quantised. Because
of its non-linearity it gives characteristics similar to the ones we have in Yang-Mills or the
Einstein cases. What we ask for, is that the quantum theory of a field ¢ be defined on a
two dimensional Minkowski space, with values on a compact Riemannian symmetric space
of positive sectional curvature which for simplicity we will choose to be an N dimensional

sphere.

To see how this model behaves for short and large wavelength let us make a lattice in the
spatial Minkowski direction with sites z,, where its nearest neighbours will be called z,

and are set at distance A = Az apart. We can write the action (6.3) in the form

1= /dt{”c/dx(— —||v¢1|)}

10¢]]* = Gap(4)0¢* 04"

where

When this action is approximated on a lattice this becomes
1 ke 8¢, |I* 9
[= /dt{ LZZ ( 2A22”¢n %!l)}

ot
We have to give an interpretation for ||¢1 — ¢2||. An obvious one is the least geodesic

distance between these points on the Riemannian space, i.e.

61 — ball = d(¢1, 62)

However, we have to have in mind that the target manifold is a compact one, so that it
has a finite volume or finite diameter. This makes the lattice interpretation of the spatial
derivative of the field ¢ finite as can be seen in figure (6.1). The maximum distance that
the field ¢ can map to the lattice distance A is the diameter of the target manifold, let

us name it d. As the mapping is continuous, taking smaller distances on the lattice will
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Figure 6.1: The mapping from the lattice to the sphere.

result in mapping fractions of the distance d. Hence

[¢1 — ol < d (6.4)

But the uncertainty principle transforms (6.4) to a lower bound for the conjugate mo-

mentum of the field ¢, which is defined by

Lo
pn_h8¢n7

where £ is the Lagrangian of the action I, and satisfies the commutation relation [¢n, pm] =

48,m. The Hamiltonian corresponding to (6.3) is

L2\
(ZE) Hpnl|2 + %Z | fnr — ¢n”2:| .

fic
Approximating even further, by considering the nearest neighbours interactions significant

(as the others behave like free field modes) it becomes

B L2\’
Hyy = (L—§A> (E) ||P||2 + ||¢ - d)o“?}

where ¢ is fixed (close neighbours in the Minkowski space does not mean necessarily

close mappings in the Riemannian space). Since ||¢ — ¢o||® is bounded, the behaviour of
the quantum system (i.e. the pattern of the eigenvalues) depends upon the dimensionless
number J? = A?/L% Two limiting cases have great interest. The J? >> 1 and J? << 1
or equivalently A%2/L? >> 1 and A%/L? << 1. For all modes with A?/L? << 1 the
interaction term can be neglected, since the space derivative terms in the action are
negligible and our system has strong quantum effects. But for A?/L* >> 1 the free field
behaviour results (large momentum). The case A?/L? << 1 can be interpreted as a slowly
moving field due to its large wavelength. This makes, as mentioned, the spatial derivatives
small or negligible and our theory behaves as an ultralocal in first approximation (that

is the eigenstates are only functions of the co-ordinate z and the field ¢); no spatial
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derivatives appear, only time derivatives. In a better approximation one can construct a
local theory which takes into account eigenstates which are a local expansion of spatial

derivatives of the field ¢ up to a certain order. The following chapters are involved with

local expansions of the field ¢.

6.4 Mass Generation

The O(N) o model is conformal invariant at the classical level (see Chapter 8). However,
it generates mass when it is quantised. This shared feature between O(N) ¢ model and
Yang-Mills theory is one of their similarities. We are going to construct this procedure

for the simple case of the two dimensional nonlinear O(N) ¢ model.

The action Of thlS model iS
S———/do-dT (',u.'l/ I Iz/) ( )
2 guu zZ"z zZz 65

z is a field with N components, which depends on o and 7, the space and time coordinates
respectively. It is constrained by z-z = a? which retains the O(/V) symmetry in the target
manifold. The summation convention z - z = z#z,, where g runs from 1 to NV, is used also

in the following. The generating functional Z can be written as

Z = /Dz(x) (1;[ §(2(z)? — a2)) exp (—%/dzm 8iz"8i2#> (6.6)

where the constraint has been inserted as a delta function, which with the application of

the Lagrange multiplier A, introduced as:

]_;I(S(z(:zc)2 —a*) = E[/C(j(:o d\ emp{/\(z(:c)2 — a2)} = /D)\ exp {/dQ:v/\(z(:lzf - a2)}
(6.7)

makes Z to be
Cico 1 2 ‘ 2 2
7 = D/\/Dz(:v)e:cp (—Z—/d x0;2"0'z, + Mz(z)" — a )) (6.8)
C—ico «
where A is a function of space and time coordinates. This is the elementary scalar field
which will break our symmetry, that is the conformal symmetry of the o model, by

acquiring a non-zero expectation value.
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We can perform the z functional integration, which is a standard Gaussian integral, and
will result

Z oA { ! /d2 r? = Niogd t]| — 8* + Aa® } 6.9
= erpy —— : - = -
C—i00 P 2¢ vAd 2 ogae +Aa ” ( ' )

The logarithm of the determinant can be represented by the Feynman graphs of Figure
(6.2) where the dashed lines correspond to the A field (like interaction) and the z field is

0O Q : Q

Figure 6.2: Diagrammatical expansion of log det|| — 8% + Aa?||.

represented by the solid line. The propagator of z is 1 / p*. While the infrared divergence

appearing in, is taken care by the theory itself, we have to insert a cut off for the ultraviolet

one.

Passing to the momentum representation we expand the A field around zero momentum
or in other words, we approximate the above integral around the saddle point of the A
field. At this point we will demand our theory to be well behaved for large N. This

reflects, as we will see, in making the X field to have a finite expectation value.

From the graph (6.2) it is obvious that the derivative of the logarithm of the determinant

with respect to A is the Green function

2

N N
S Gle,@ ) = log det|| — 92 + Aa?|| = g—a (6.10)

N 46
2 6)\(z)
where the second equation defines the saddle point of relation (6.9). As can be seen by

the mathematical identity *
§logdet A= 6Trlog A=Tr A 6A (6.11)
the Green function evaluated at two different points z and 2’ is

G(z,z'; )) = (z]|(=8* + Aa?) 7 |2) (6.12)

and in momentum space '
d2p 6zp(a:—z’)

Gz, 2 \) = / B i (6.13)

lor from Figure (6.2)
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so that equation (6.13) becomes for z = 2’

Na Na d*p 1
—a—QG(a:,x,/\) a2 /(27)2;72 + Aa? (6.14)

which after the insertion of a cut off A we finally have

A= —eap (- ¥ a) (6.15)

where ) is the saddle point value of the field A(z). The square root of A can be interpreted

as the mass which is generated via the A field. The 1 / « factor in front of the action is the
coupling and a is the radius. They are connected as a ratio (i.e. for large radius -small
coupling and via-versa) a connection which can be also read from the action (6.5). But
the product « times N is constant as IV goes to infinity so that expression (6.9) is totally
proportional to N. That is, the saddle point equation demands the part of the action

proportional to N to be zero so that we have a good behaviour of the expansion for large

N.

6.5 O(N) o Model and Schrodinger Representation

We can construct the Schrodinger representation for the O(N) o model as a generalisation
of its quantum mechanical analog (see [26]). Consider a non-relativistic particle of mass,
m, moving on the N-dimensional sphere with co-ordinates z(7) at time 7. For g,, the met-
ric of the sphere with radius @ we can define the particle’s action as S = m/2 [ drg,, z*2"
which is invariant under the rotation transformations on the sphere. The correspond-
ing Hamiltonian in the Schrodinger representation is H = —1/(2m)A, where A is the

Laplacian on the sphere with eigenfunctions the spherical harmonics.

Considering the generalisation of this quantum mechanical case in field theory, we insert
another spatial dimension o, which can be thought as parametrising a curve on the sphere.
This curve takes the place of the particle in quantum mechanics. The O(N) o model is
then defined as the infinite dimensional theory of a particle on an N dimensional sphere
parametrised by the function z#(c, 7) as the variable 7 varies. We ask the (o, 7) space to
be Minkowskian. The action of the theory has to be a scalar with respect to the Lorentz

transformations and also to the reparametrisations on the sphere. So we can choose it to

78



be
1
§= — / dodrg,, (43" — 5#2%) (6.16)
2ar
where ' and - denote differentiations with respect o and 7 respectively, and « is a coupling

constant.

Turning to the Schrédinger Representation we take z(o,7) to be diagonalised at 7 = 0
satisfying the relation

2(0,0)¥[z] = 2#(0)¥

for ¥ the Schrodinger wave functional and its conjugate momentum (o, 7) to be at 7 =0
7, (0)¥ = iaD,(0)¥ (6.17)

so that the equal time commutation relation
[2*(0), m,(c")] = 1a626(0, 07) (6.18)

is satisfied. In (6.17) the differential operator is defined with respect to a covariant
differentiation whose meaning and structure will be given later on. Though, as z* is a
scalar D, (o) takes the usual functional derivative form, §/6z(c). From (6.16) we can

read the Hamailtonian

ot 1
¢ ‘1 gv
H = 2A+ 2a/dang z (6.19)

where A is now the Laplacian constructed from an inner product on variations of the
co-ordinates

(62,62) = /dagwéz“(Sz“
The type of tensor we deal with are the ones with indices the finite valued g, v and the
infinite valued o. Because of the different o variables appearing in our expression, as in
(6.18), we need to make the distinction between the infinite component tensors (denoted
in the following as bold-faced), which are used for the description of the ¢ model, and

the ordinary tensors on S. Then g, ,.,(01,02) = g, (2(01))6(01 — 02) where we can

treat the pair (p1,01) as a single index, as well as (u2,0,). Hence, g can be considered
as a two-indexed tensor. Its inverse is gt#2(gq,00) = ¢*#2(2(01))6(01 — 02) so their

contraction gives

[ d78unu(01,0)8"(0,02) = 628(0n — 72) = T2 (01, 2)
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where 1#2(01, 09) is the infinite dimensional Kronecker delta and it is also equal to the

functional derivative of 2#2(¢3) with respect to 2" (oy)

[2*(c), m,(c")] = iad’(a,0") (6.20)

A total Riemannian geometrical interpretation of this infinite dimensional model would
ask for a covariant transformation of g and I under the general co-ordinate transformations
z"* — Z"(o) where Z is a functional of z, i.e. it depends on the entire curve z = z(o).
However, the utility of this for quantum field theory is not clear. But we can restrict
ourselves to the rotation transformations in the internal space. Invariance of the theory
with respect to them underpins its renormalisability [23]. These are rigid co-ordinate
transformations, for which the shape of the curve is not important. So we can take z#(o)
to be a function of z¥(o) i.e. depending on a specific point of o on the curve. Under
this restricted class of transformations a finite dimensional vector V#(z) on S may be

thought of as an infinite dimensional vector V¥#(o) = V#(z(0)).

6.6 Operators on SV

The momentum operator we used in the commutation relation (6.20) has to be covariant.
It is also needed for the Laplacian appearing in (6.19). Given the infinite dimensional
metric we can follow the usual construction of the Lewvi-Civita connection, D, which will
transform covariantly under general co-ordinate transformations and therefore under their
restricted class of rotations. Thus, if it acts on a scalar will reduce to the usual functional

derivative. For an infinite dimensional vector V¥ (o) we get

oV (o
D,,(02)V*(0q) = Eﬁ + /dO’g e (01,09, 03) V¥ (03) (6.21)

where the infinite dimensional Christoffel symbol is related to that on SN by

' (01,02,03) = 6(01 — 03) 6(02 — 03) T2, (2(01)) (6.22)

243

If we apply this to a vector that depends on ¢ and z(¢) but not on its derivatives (i.e. it

is ultra local), then it is straightforward to compute

DM(GZ)VM (01) = (Dltg Vm)lz(al) 6(01 - 02), (623)
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where D is the covariant derivative on S%. Similarly we can compute the covariant

It

derivative of z'# as

D,,(02) 2" (01) = 812 6'(01 — 02) + (T%,2”) |s(on) 6(01 — 02) (6.24)

with T' the finite dimensional Christoffel symbol. We can define a finite dimensional
intrinsic derivative D = d/do + 2’*D, which maps finite dimensional vectors to finite

dimensional vectors. Hence we can use it to define new infinite component vectors as
D|,V¥(o) = (DV)"].(0) (6.25)

The tensor I/ (o1, 03) is an element of the product of the tangent space at z(o;) and the

co-tangent space at z(og). The intrinsic derivative with respect to o; acts only on the

(p1,01) index, so it gives
Do, 14 (01, 09) = 622 8 (01 = 02) + (I%2,2") |u(an) 6(01 — 02) = D, (02) 2" (o). (6.26)
Similarly the intrinsic derivative with respect to o3 acts only on the (u2, 03) index to give
Do, It (01,02) = =Dy, (02) 2" (o1) (6.27)

Since z'* = Dz*(o) this implies that [D,D]z* = 0, so that this commutator also annihi-
lates any ultra-local scalar. For the following it will be useful to evaluate this commutator

when it acts on vectors. If V# is ultra-local then the commutator [D,, (c1), D|,,] V#2(02)

becomes
[Dy,(01), Dlo,] V2 (02) =
ad ) d '
Dy, (V2 (o) + DLV o()) = 5 (D V) = 24D, (D V() =
80’2 802
0 , , 0
D, 7—V"(02) + 8'(02 — 01) Dy, V¥ (02) + 2D, D, V¥ (02) — Dy 52—V () -
80'2 80’2
§'(o2 — 01) Dy, V¥ (02) — 2D, D, V2 (02) =
Z¥ (D (01)D,V*(02) — DDy, (01)V*(02)) =
2 (D, D,V — DDy, Vuz)|z(al) 6(o1 —03) =
P (s D V¥ g0y (01 = 02) = 2% (R, *V?)| 801 = 02) =
D, (91), Dloy] V*2(02) = (1) (R "2 V?) Lifor) 601 — 02) (6.28)

where R is the finite dimensional Riemann tensor given by [D,, D)] VP = R/\upﬁV”. On
the sphere S7 it takes the form Rypys = (garygss — 9p~9as)/a* while the Ricci tensor is
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Rps = g°"Ropys = N—a;—lgﬁg = kggs. For the vector V¥ = 2z the previous expression

becomes

[DMI (01)> Dld'z] 7" (02) = Z,p(al)Z,A(al) Rmﬁf;\2 |z(01) 6(01 - 02)' (6‘29)

The Laplacian given in (6.19) as
A = [ doydo, g% (01,02) D, (9)Dyo(02) = [ do ¢ D,y (0)Djle) (630

is not well defined because the two functional derivatives act at the same point o. Also
the determinant of the infinite dimensional metric g is ill-defined as the integral on its
diagonal o1 = o, gives infinity. We can get around this problem by defining the Laplacian

to have the regulated expression
A, = / dovdoy GH1%2 (01, 03) D,y (01)D,, (02)- (6.31)

The Kernel, G, can be determined by a number of physical requirements. We will see
that this is possible at least to leading and next to leading order, when the Laplacian acts
on local functionals. Firstly we require that it is a regularisation of the inverse metric, so

we will assume that it depends on a cut-off parameter, s, with the dimensions of squared

length, and takes the form
G*M#2 (g, 09) = Gs(o1 — 02) K"M2(01,09; ) (6.32)

where G,(0y—02) — 8(o1—02) as s — 0, and K is expandable as a power series in positive
integer powers of s so that it has a finite limit as s goes to zero. Thus K = } 77 K,s"

and Ko*'*?(c,0) = ¢"1#2(2(0)) so that

lim G*1#2 (g, 09) = g"*?(01)6(01 — 02).

5s—0
To preserve the invariance of the theory under internal rotational symmetry the kernel,
G, must be a second rank tensor under the restricted class of co-ordinate transforma-
tions. Finally, since we work in the Hamiltonian formalism, Poincaré invariance must be

imposed, by demanding that the generators of these transformations satisfy the Poincaré

algebra.

6.6.1 Poincaré Algebra

Let us study the Poincaré algebra by ignoring the problem of regularisation for the time

being. The Poincaré generators are the Hamiltonian, given in (6.19) which generates time,
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T, translations, the momentum P = [doz*D,(0) which generates space, o, translation

and the Lorentz generator L = —M + N, where
1 1
M = E/da og"*? D, (0)D,,(0), N = 5/(10 O Gy g2 1 2" (6.33)

which generates Lorentz transformations in the (o, 7) Minkowski space-time. Formally,

operators L, H and P satisfy the Poincaré algebra
[P,H|=0, [L,P]=H, [L,H]=P (6.34)

We require that this algebra holds for the regularised operators. The momentum operator
does not need to be regulated. From the regularised Laplacian (6.31) the Hamiltonian
acquires a cut-off dependence, H,. We have seen in Chapter 4 that for the scalar ¢*
theory (see also Symanzik [13]) the Schrédinger representation wave-functionals have a
finite limit as the regulator is removed, and since the Hamiltonian generates displacements
in 7 it has a finite action on these wave-functionals. Thus the limit as s — 0 of H, ¥ exists
and is what we mean by the Hamiltonian applied to ¥. We assume that this property
of the Hamiltonian also holds for the O(N) ¢ model once we have made the radius, «,
depend appropriately on the cut-off, s. Similarly the cut-off dependent Lorentz operator,
L, should have a finite limit when applied to the physical states. The commutator
[L, P] = H implies that L should be regulated with the same kernel as H, so we replace

in (6.33) the operator M by
/ dodoy 2 ;“ T2 GH#2(gy,07) Dy, (01)D,, (02) = M, (6.35)

The regularised versions of the relations (6.34) impose conditions on the Kernel when
acting on local functionals F'. For example the regularised version of ([L, H| — P)F =0
is

1

7 [maM., + "N, —aA,, +a”'V]| F = PF

as s1,89 — 0. We demand that this equation holds order by order in 1/s up to order zero.
These are the terms that, in the absence of a regulator, involve two functional derivatives
at the same point on a single local functional. The terms with positive powers of s will
disappear at the limit s — 0. They are equivalent to the O(s™) terms with n > 0 in
expansion (4.17), which we treated with the various re-summation procedures in order to
extract the desired zeroth order term. Thus, by requiring [M;, As)F = 0, as a restriction
for the Kernel, and by ignoring the positive powers of s in the intermediate steps of the

calculation we obtain a better approximation for the first term of the expansion (4.17).

Also we demand M,V =0 and A;,N =0
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6.6.2 Local Expansion

As we have seen in Chapter 4 we are interested in constructing the Schrédinger equation for
slowly varying fields. This allows us to expand the vacuum functional in local functionals.
For the O(N) o model they are integrals of functions of o, z(¢) and a finite number of
its derivatives at the point o. In order to construct the kernel G, we will consider the
conditions that arise from applying the regularised form of (6.34) to such test functionals.
It will be convenient to order them according to the powers of D. If we consider the result
of the action of the two functional derivatives from A (or M) on a local test functional as
a differential operator of o acting on a delta function, then the order of the operator, that
is the biggest number of covariant o derivatives acting on the delta function, depends on
the highest number of differentiations on the z’s used to construct the local functional.
This operator acting on one of the ¢ arguments of the Kernel, via integration by parts and
setting its two arguments equal to each other, with the application of the delta function,
will demand the use of more terms of the Kernel expansion with respect to s, depending

on the order of the operator?.

In section (4.2) we showed that for a scalar field theory a special form of the Schrédinger
equation is required to be applied to the expansion of the vacuum functional, in terms
of local functionals, as the local expansion does not have the proper cut-off dependence
for the subtraction of the appearing singularities. However, by studying the analyticity
properties of the Laplacian it was shown how to re-sum the cut-off dependence of A,V so

as to be able to get the correct small-s behaviour. We assume that such a re-summation

may be performed here.

6.6.3 First Order Calculations

The first kind of local functionals we are going to use are of the form F, = [do
f(2(0),0)uy.p 2*1...2"*" where f is ultra-local. When A; is acted upon F; its two
functional derivatives will act on the z#1...2'#" to generate a second order differential op-

erator acting on §(o; — 02). We can express then A F},, in terms of the second derivatives

2and in conclusion op the order of the test functional.
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of the Kernel evaluated at co-inciding points. We treat F, as a scalar so that

OF,
D,(o)F, = —2_ =
M(U) 62“(0’)

/ 45 {Dpfpr. o2t 2P8(5 — o) +
N for.on Dl ]ﬁl(g _ U)z’p2...2'p”} _
(Duful...unzlul T nD(fW2munzluzmzlun)),a
which is an infinite component co-vector. Using the commutator (6.28) we get
Aan - /da (Guu(o-7 U)(DﬂDprl~..pn - TLRHPIV /\f,\pg.,,pn) lel...Z/pn +
n [ do (DI, + D1,)G (0,0 lymss Dufors.pu? 20

a(n = 1) [ do (DI, D0ps 60,0,y Srvmn 272)  (630)

Having in mind the transformation properties (rotation invariance) of G and its dimension

inverse length) we can set
g

1
G*(0,0) = —\Ebgg‘“’ (6.37)
so that
1
(DL + D)6 (o), = D Fotho ) =0 (6.39)
up to zeroth order in s and
1
(D], DI, 6" (0,0, = —F(bég‘“’ + sbigr, 22 g" + sbyz2") (6.39)
S

where 69, b3, b1, b}, ... are dimensionless constants. 5§ and b; are determined by our choice

of regularisation of the delta-function, Gj
B = /3G,(0), b =+/5G"(0)

What we want is to relate them to the remaining coefficients by imposing the closure of

the Poincaré algebra. Using these expressions we can write A F,, as

’I’l(TL — 1)b(1) i p 1p 1 / ! '
=—— /- v s 2P 4 —— [ do(J, 2P (6.40
Aanl \/3-3 /dO'g f#l/psu-/)nz z + \/g U(J f)pl---PnZ Z ( )

where

(Jaf)oroon = bggw(DuDUfpl---pn + an(pz.-.anpl)uu /\)_

n(n - 1)(b%gwfw(ps--~pngm92) + b%fp:\--»pn)
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The bracket means symmetrisation of the enclosed indices.

In a similar way we can calculate M F),, in which instead of G we have QJ%ZG, so that
there is an additional piece coming from the second integral on the r.h.s. of (6.36). That
18

nn

( —1)b1 v n 1 /
M,F, = ——\/ETO/CZJ O G" fruvps..pn? 2" + %/daa(Jnf)plmpnz""...z ny

0
nby

+2 / do D[y, o 27220, (6.41)

As we have already seen, by imposing the closure of the Poincaré algebra relations

[M,,, A, 1F, = 0, M,V = 0 and A, N = 0 have to hold. We can use the results

above repeatedly to compute
(May, AP = (53757 = 53°s 7 %)2m(n — 1)ty ¢
(kb + (N — 1)b) + (4n — 6)(b] + b3))—

kb

271(71 — 1)58(3132)—1/2/d0 ((b% + m) D(pz (tr f)P3~~~Pn)+

1 kbg Iz 1p2 1pn
by — N1 D" fropson | 2.2 (6.42)
where (tt f)ps..on = 9" fuvps...on- Relation (6.42) will vanish, as demanded, for any n by
taking
kb3 b3
1 0 0
b%:—b2:—N_1:g5 (6.43)
Also from (6.40) and (6.41) the conditions M,V =0 and A;N = 0 take the form

2
NG

which give identical relations as in (6.43), while the ill-defined integral [ doo vanishes as

9N b,
M,V = A,N = —T/—_S—O/daa _ (kW4 NB b;)/do—ang’ﬂz'" =0
S

the integrand is odd.

Having these information we can built G up to first order. Substituting (6.43) into (6.37)
and (6.39) we get
G"(o,0) = G,(0)g""

and
(D, DI, G*(0,0")|,_,, = =G (0)g" + G,(0)R* " ,2"2"

To this we can add the condition (D], G*(0,0"))|,_,, = 0, which follows from dimen-

sional analysis and rotational invariance.
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6.6.4 Second Order Calculations

In the same way we may assume that for the next order the constraint equations resulting
from the closure of the Poincaré algebra, will be independent of the general form of
the test functional, as soon as the differential operator is of order four. We can apply
the Laplacian on [do f(2(¢),0),.,Dz#*Dz"" = F, where f is ultra-local. Then, the two
functional derivatives in the Laplacian will generate a fourth order differential operator
acting on 6(oy; — 03). Integrating by parts allows this operator to act on one of the
o arguments of the kernel, whilst the delta-function sets both arguments equal. The
consequence of this is that A;F now depends on the fourth derivative of the Kernel
evaluated at co-incident points. Demanding the closure of the Poincaré algebra acting
on F' will constrain this quantity. F' is the lowest order functional of the general form

Jdofy. . Dz'".. D" that gives a constraint to this order.

To simplify the calculations we notice that the part of the result of the operation of
the Lorentz operator on a general functional, which will contribute to the commutation
relations of the Poincaré algebra, is the non-homogenous one in . To prove it let us

consider a test functional A and the action of A, and M; on it. They can be generally

written as

Ah = /daAsh (6.44)

and

M,h = / dooAsh + / doh (6.45)

where h is a new functional not linearly dependent on o and A, is the density of the

operator A, with respect to the variable o. Thus

M,Ah = / doo Ay (A,h) + / doASh (6.46)
and
A;Mh = /doaﬁs(ﬁsh) + /daﬁsﬁ (6.47)
so that
(AM, — M,A)h = / doAh - / doAh (6.48)

which means that in our calculations, only the inhomogeneous terms of (6.46) and (6.47)

will be needed.
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We treat F' as a scalar so that

OF

D#(O')F = W

— D# f,i,\'DZmDZ/)‘ + 2D2(fu,\DZ//\) + zfn,\ ZliZIjRMjRDZI'\ (649)

which is an infinite component co-vector. Using again the commutators of D and D

worked out above we can show that

wprv

MF = [ d50G™(0,0) (DD fonen + 2R, frn) D" D2
2fplp2RVi1pi12 l‘jf§2 Z,il Z/iz lel Z,jz + 4Dufplszuifilg Z,il Z%DZIM) +
4/da o D, G(o, al)l  (Dufup, D7 + fou RO 227+

i
=g’ *

Z/daa DiG*(a,0")

o=o' fp,z/“*'

4 / do G*(0,0) frpy RO, 2 D2 (6.50)
Using relations (6.37), (6.38), (6.39) and the additional
1

P \/ES

-|-82b§ (g/\pzl/\zlp)Q g;w + SQbZ g/\pzl)\zlp z'“z'”

(D::G‘“’(a, 0')) (b g™ + sb? g,\pz'Az"’ g + sbE 2"
+520E D2 D2 + %0k g\, D2 D2 g
+SQb$ Zl(p.DZZIu) + 52b§ g/\pzl(/\DZz/p)g;w )
+ O(V/s) (6.51)

we can write M F' in terms of the constants b; Because of the property

DF|,G* (o, ")

= - DH,G*(0,0)

4+ 0(/3) (6.52)

og=0 =0

for k£ an odd integer, and the symmetry of A, and M, in o, ¢’ there will not be any odd
number of intrinsic derivatives acting on G in our final expressions so we will not need

their expansions in terms of the &’s.
After substituting into (6.50) we have
M, | d&6f,,D"*Dz" = [ d 2b2”
s | 46 fuDz*Dz" = [ doo ﬁofﬂ'

1 : o o
ﬁ(élb(l)l)"ﬁ,p2 D" + 4by fu RY; V227 + 208 f) gis 2" 2" + 265 fuvz'2" )+

1 T. 7 / 7 / v
—ﬁ((JQf)uuDZ/MZIV + (J4f)uum\zmzlyzmz A + (']3f)uuz (“DZZ ))> —+
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[do \/_bo N D2

where
(J_Qf) = bOAf#,, + 2b0R fl, + 2b2f,“, + 202 S G

0 0

- b b
(J‘lf);wm\ = 2(552), - _?l)f;/))g(uugm\) + 2(bz21 + a_?l)f(’“’g"/\)
(']_Bf) - 2b$fuu + 2b fﬁguu

We can easily read of the action of A, from above (terms proportional to ¢). In order to

compute the commutator of M; and A on [ f,,Dz"*Dz", we need the following relations:

5 1 / «

Ms/f,iDz - ..+/d02_—\/§bgR§fpzW (6.53)
M /fﬂ)‘pzlnzl)\pzlp _ +/d0 _'\_/,_b(l) 1/ I)\) (654)
M /fn I(HD2 /)\ +/d0’3 le fm/ (655)
M, [ fuze =+ [ da—;bgD“ Fup?” (6.56)

-
A, / farz" Dz = / da( B 2 + be(Asz N )e ”‘Dz“’) (6.57)

where .., represents the homogenous part of the action of M, on the specific functional.

Using relations (6.53) to (6.57) we can derive the action of the operators M, A, and A M,
on [ f,.Dz'""Dz". They are given by

M,A, / fu D D2 =

- N
A+ [do ( (40T OA S, 4 UORY i + 22 f e+ 2R G,) D

b bO v Ik 1 v
4bg D (2(65 — —2) 7 g<uu9m>+2(b + D fwgen)? 2+ M, (J3f) w2 “D*2™))
(4blb° ND”fV,,-HLbOb2 D, fr + 4b3b2D* £, ,+
S
blbO
60503 D" fup + 6B5ERD, [ + 4= (2D, i — 2D fl,p))z"’>

and

A M, / fW_Dz'#Dz'V _

1
BT RE
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1 1-N
+S—24b8726c1)D”fp1,2/p)

M, is the density of M, with respect to o integration. The O(1/s®) order does not
contribute to the commutator. The O(1/s?) order can be factorised with coefficients the

various z combinations. The resulting equations for the b’s are

bO
B=—b2=-2 and 2=02=b=H =0 (6.58)

ot
The O(1/s) order contributes the following relations

1
~4b(1)bg§ + 26903 + 3bgb: = 0

1
4 bybg— + 26563 + 3bgb3 = 0
o
Which with the use of (6.43) they become

1
- 21%; +b2=0 (6.59)

1
21’35 +6=0 (6.60)

We can see that from these relations the b’s needed up to this order in the Kernel are
completely determined. We can assume that if the theory is consistent these b’s are the
same for every test functional we use with the same number of o derivatives, acting on z,

in F.
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Chapter 7

The Laplacian on a General Curved

Manifold

7.1 Introduction

We have seen how the Laplacian can be constructed on an N-dimensional sphere up to
the second order. However, when we attempt to construct the Laplacian for a general
manifold with metric g, (X (o)), difficulties arise. We will see that such a construction is
not possible because we ﬁsed a Kernel to split the functional derivatives of the Laplacian.
A Kernel is able to approximate the physical object we constructed within a small region
around a definite point o. Trying to describe a general manifold with a tool like this will
fail. Though, it is possible to approximate a positive curvature manifold in a small region
to first order by a sphere for which we have already constructed the Laplacian. In the
following section we see how we can construct an ansatz for the Laplacian on a general
manifold by using geometrical means and thereafter proceed to how this object fails to

satisfy the Poincaré algebra by using a first order test functional.

7.2 Construction of the Kernel

In Chapter 6 we saw that for a curved manifold (sphere), the Kernel G**(o,0’), which

we used to split the action of the two functional derivatives, can be defined by deter-
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mining its various derivatives at the point ¢’ = 0. We can discover a general ansatz for
them, from dimensional demands and symmetry properties. The Kernel has dimensions
of inverse length of o and zero in length of z, and it is a second rank covariant tensor.
On the manifold, the only “intrinsic” geometrical objects we have are the metric g,,, the
Riemannian Curvature R™, ,,, with its contractions, and the vector z’#(o) with its higher

derivatives. Using these properties we have for

G*(o,0") = Gs(o — ') K*(0,0';5) (7.1)
the following decomposition
6"(0,0) = =g &
D*G* (0,0) = —\;?(cégw + s(ciR 22" + ER™ gox 22" + AR g ger2™2"+
g™ Ry 22 + ci’R"H”/\z”‘z"\ + ch(“ |Klz“’)z"‘)) (7.3)

where ¢§ and ¢ are determined by our choice of regularisation of the delta function, G,
as

¢ = V/5G,(0), ¢ = /3°G"(0) (7.4)
and the constants c; are functions of s. We see that for the curvature of a sphere the

Kernel reduces to the same expansion we used in (6.37), (6.38) and (6.39).

7.3 Poincaré Algebra

We can proceed, as before, to calculate the action of the Laplacian and the Lorentz
opefator on a first order test functional [dof,,  ,.2""..2"*». This is a generalisation of

the formulae we had for the sphere

M, / do fy 2012 =

/daa{G‘“’DuD,,fpl“pn 22+ G TR, P fopypa? 2
n(n — 1)D G™ fuups.pn? .27 1+
/donG“”D,,fM,Q__pnz"”“”" (7.5)
and substituting (7.3) and (7.2) in (7.5) we have

Ms/dafplnpnz"’l.‘z”’" =
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o [n(n-=1),, , . e
/da 475{ 2s cof vpgopn? 22" 4 (Jn f)(pl pn) &2 }+

/da

(Jnf)(m'.pn) = CgAfpl--Pn + nch?,H f|p|p2..pn)—

0 v 1p2 1p
COD Jopp.pn2 P22

where

—n(n — 1)(cinp1--pn + B fur(os..on9p102) T
chngw(pa--pngpl p2) + gwf;w(ps..anppo)‘l'

cSR# (”1‘/ p2f"“’|p3“”") + ch?pl f!ulm.-pn))

Now we can calculate the inhomogeneous part, arising from the action of the successive

applications of M and A, or A, and M, on the test functional. This will give

/ n (TZ - 1)(” - 2) v oK Ipy I
AsMs/do'.fpl...pnzpl--zlp" =.+ /d04ﬂ_568{ 9 ch v np4..pnzp SEA

(J’n—lDypr2..pn)(pg..pn)z/pz"Z/pn}

and

MSAS/de,,lmpnz’pl.. 'pn +/da e ( )co(n—Q)D" Vs om 2P Py
nD* (Juf)(wpz.pn) 2?2}

so that

(AM, — M,A,) / dofy o 2P0 2Pm =

/dO’——{ lD fVPQ Pn)(ﬁ2 Pn) DV(Jnf)(upg..pn)}lez..le"

In order to simplify the calculations we will take n = 2. The results derived from this

special case will enforce the same restrictions as for a general n. So we have

(BM, = MyA,) [ dofp02 27 =

/ da%{cg[—mm Dafur + B Dy fr—
Dpfrp, — DsB**  Frp, — DgR**  fun]+
ARE, D fup = 280" (Riyy folon)) + 260 (Rfurs ), + 263 (R* fin)ipr +
23 (RFE) 00 + 2¢5(Rupy 1), +

268DV(R?V|K |p2)ftm) + 2C0( u]fulpz ) "}z i (7.6)
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We can use the Bianchi identity which the Riemannian Curvature R, satisfies

R)\

nlvp;o)

=0
which for the A = o contraction gives

R Rull;p - Rup;l/

17177759 S
By contracting further the g and p indices, we get

1 1
RY, =¢g™Ry=-R"
A 29 iA 9%

With the help of these identities we can simplify expression (7.6) by grouping terms, like

(AM, — M,A,) / dof,,,, 272" =

/da—{fﬂ,\ ~COR“’\ T 2(:3R“A + 2cgg“’\R;p2+
cOR"m; + cog“’\R;,,2 + 2cg(—R“p2;’\ + R”’\m)]-l—
f,,sz;"(2c(1J + %cg)—

200 R, furg + 26", , + 26 R Fuip+

2C0Rf + 2CgRVp2 ':‘,;l/ + QCSRuynpzfllﬁ;V + CS(R‘WfILPQ;V + Rupg fu,u; U)}Z,p2

Kip2

We can decompose the Riemannian Curvature in terms of trace-free parts

1
REBX = Cuﬁ/\p2 + 5 (gu/\Rﬁm _ 5up2Rﬂ/\ _ gﬁ/\Rupz + 6ﬁp2R’“\) _

R
u/\(gﬁ _ ﬁ/\5u

(N —1)(N —2) (928, = 978",,)
where C#8* ,, is the Weyl tensor. Finally the commutator becomes

(A M, — M,A,) / do f,,,, 7% 2% =

23
[ do 2 ful(=cb + 265 + 2R, + (265 + €3)0" Ry + (e = 265) R, ]+

1
Jvpa R;U[ZC(I) + —cg]—i—

2
QCuﬁ)\pg qu;ﬁ[_cg + CS}-I—
f [(—2M +cg) R + (2 R Y RO
P22l N—2 ' (N—1(N—2)
'—CO _I_CS . —CO ‘I‘ 65 .
an;ﬁ[(QTO_—zg +2¢5)g™ R, + (—Q—NO_—QO + )9 R",, 1+
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—cg+ ¢ -+ e
N_2 (N—1)(N —2)

In order for this to be zero for general f and R, each set of ¢ combinations has to be zero.

+ 2c2)R* 4 (=2 + 2¢3)Rg**} "2 = 0 (7.7)

fu/\;pz [(2

For the third term of the r.h.s. we have two options. Either C*** =0 or —c] + ¢§ = 0.

If we chose ¢§ = ¢ then we have the following set of equations

(ch +2e3) R, + (265 + c)g" Ry, + (e — 2)B*,,* =0 (78)
2ch + %cg =0 (7.9)

SR 126 Rg = 0 (7.10)

2¢3g™ R, + 59" R",, = 0 (7.11)

2c3R"’\ i 2chg“A -0 (7.12)

With (7.9), equation (7.10) becomes
1
R = §Rgﬁ’\ (7.13)
Substituting (7.13) into (7.8) we obtain

1
[5(co +260) + (265 + )l Rops + (e — 20) R6%,, = 0

For u # p; we get ¢"*R.,, = 0 = R,, = 0 for general p and A. This implies only the
metric of a sphere with a positive or negative sign. We have studied this case above. So

we are left with the option of the coeflicients being zero:
S+ 2d) + (263 + ) =0 (7.14)
S -2 =0 (7.15)
Now substituting (7.13) into (7.11) we have
259" 8" , + g9 6", =0 (7.16)

which means for 8 # p2 = gmé“m = 0 or equivalently, ¢*® = 0, for x = p; and for any
choice of A and B (for any value of #). This of course is not an option at all, so we have
to consider the case of having their coefficients equal to zero. That is ¢§ = 0. But this
again is in contrast with (7.15), where cj is different from zero as demanded from relation
(7.4). We can conclude that the set of equations (7.8)-(7.12) does not allow any manifold
other than the sphere.
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The second case, C'*PA ,, = 0, makes expression (7.7) produce the following equations

k 4
g2 =0 (7.17)
_NL—“LCSZ0 (7.18)
(N — 1)]<&N " 26 =0 (7.19)
(%+QC§)RNA+(_(N—1)(N—2) +93)Rg* = 0 (7.20)
2c + %Cg =0 (7.21)

(—co + 2c5 + cg)R"A oy T (2¢3 + cg)g“AR;p2 + (e — ZCS)R“,)?; A= (7.22)
where k& = 2(—c§ + ¢§) # 0. The first two equations follow from a parallel argument to

equation (7.16). Now from (7.18), (7.19) and (7.21) we get
k 1k

TN -2 TN 2

This fixes the dimension of the manifold to three. From equation (7.20), assuming that

ﬁ +2¢% # 0, we can get a simplified expression R** = ARg** where A = (—m-i-

=0=>N=3

2¢3)/ (7 + 2¢3) is assumed not to be zero. Substituting into (7.22) we get
(—cd + 26§ + o) Ag" Ryp, + (265 + ¢5)9" Rypy + (¢ — 2¢5)A6*,, R} = 0
which implies ¢§ — 2¢5 = 0. This together with (7.18) gives
—(—20 +2c5) + 25 =0= g =0

which is contrary to with the normalisation of the Kernel (see relation (7.4)).

7.4 Conclusions

From this treatment we see that for the proposed Kernel we cannot construct a Lapla-
cian for a general manifold other than the sphere. This could be a product of the strong
constraint of demanding the vanishing of the commutator when acting on a general test
function. What we really need is that the commutator vanishes when it acts on eigen-
states of the Hamiltonian as the cut-off is removed. However, we cannot construct the
Hamiltonian with this method without calculating the Kernel first. This weakens the
theory. Still, as has been mentioned in the introduction that the Kernel for the sphere

can be used as a local approximation for a general manifold with positive curvature.
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Chapter 8

Virasoro Algebra and O(N) ¢ Model

8.1 Introduction

During the last twenty years a great deal of work has been done on conformally sym-
metric theories. Importantly, they can be exactly solved to give critical exponents of
two dimensional theories, aiding their classification. Moreover, their conformal symmetry
enables the association of strongly interacting fields with weakly coupled ones, which are
easy to elaborate. To make physically interesting theories out of them it is necessary to
incorporate interactions (e.g. curvature) in the free case. The cases of interacting fields
which preserve the conformal symmetry in a stronger or a weaker sense have been studied
in the literature [27], as well as theories where their interactions destroy this symmetry.

One of the latter is the non-linear O(N) o model®.

A considerable amount of interest is concentrated on the cylindrical space-time R x S,
which shares many features with string theory [28]. We will face one of them, the Virasoro
algebra, which has been previously studied through different quantisation procedures, by

using the functional formalism.

Our aim is to set up a general formalism for the study of a modified form of the Vira-
soro algebra for the O(N) ¢ model. Instead of the usual central charge term we expect

operator-like terms as a quantum anomaly extension of this algebra.

In Chapter 6 we have seen how the O(N) symmetry generates a mass term in the quantum level, which

destroys the classical conformal symmetry of the model.
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8.2 Conformal Symmetry

Firstly, a brief review of the conformal transformations. They are defined on an N di-

mensional Riemannian manifold with coordinates z*, p =1, .., N and metric g with
ds® = g,,(z)dz"dz".
For general coordinate transformations
" — *(z)

which change the metric
~ Oz Oz”
g,\p(ﬂ?) = guu(x(m))@ail)

and for Weyl transformations

(x)gzw (33)

guv (7) = €”
that is, a scaling of the metric with the coordinates unchanged, we can find in some

theories coordinate transformations which compensate a Weyl transformation. In other

words
~ ~ - ax” aw" - - P
r0(F) = 9 (2()) 55 5= = 9() = e

gm/(i)

holds for an appropriate ¢(Z). The conformal transformations are the ones which are a
combination of these coordinate transformations followed by a compensating Weyl trans-
formation. Their basic characteristic is that they lead to a representation of coordinates
and metric for which to the point  is attached a metric similar to the one existing in

coordinates

gm,(:E) - gw(i)~

Usually we construct theories which are classically general coordinate invariant. So to
guaranty that they are conformally invariant we only need to check their Weyl invariance.

For example we can consider the two dimensional o model action
1
5= / o /g(2)g" ()0, X ()8, X (x) (8.1)

for X(z) being a scalar field. Clearly S is conformal invariant. Though, these transfor-

mations change X (z) to X(z). Infinitesimally we have

X(z) = X(z) = X(z — e(z)) = X(z) - 6i($)a§£f)
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For a flat target space of X, the quantisation leads to an action which still preserves

conformal invariance. The generators of the conformal transformations are
L[ = / do e(o): (P + X')?: (8.2)
which are called Virasoro operators. They give infinitesimally

8. X = —€ 0X = [1L]¢], X]

However, quantisation of (8.1) with ¢, a non-flat metric, generates a mass term which
destroys the Weyl invariance. This is shown in section (6.4), where for the O(N) ¢ model
a mass has been generated quantum mechanically. So even if conformal symmetry exists

at the classical level, it is broken by the quantisation procedure.

8.3 Virasoro Algebra

We can have a string on a manifold parametrised by X* while the string spans a 1 41
dimensional Minkowski world sheet with coordinates ¢ and 7. The position of the string
on the manifold is given by the functions X#(o, 7). The string can be open or closed. In
the second case we demand X(o,7) to be periodic in ¢, which we assume runs around

the string in the interval [—m, 7]. The action of the string can be written
1
S=—5 / dodr P9, X - 95X (8.3)
s

which is the action for a ¢ model, now chosen to be in a flat background manifold. From

0 62

The solutions of (8.4) for the closed string are

it we get the wave equation

11 i1 o
Xp(o,7) = 5;z:“ + 5]3“(7’ —0)+ 5 > ;aﬁe_m(” )
n#0

and
1 1
Xi(o,1)=za* + zp*(t+0)+ = Z Gre2nlo+)
2 2 n;éo
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while for the open string we have the standing waves
: |
Xt =a"+p't+1) —ake ™ cosno
n
n#0

where « and & are arbitrary constants.

At the quantum level the action (8.3) is accompanied by the commutation relations
[X*(a), P,(c")] = i66(0 — o) (8.5)
where P = X (- stands for a derivative with respect to time).

For the case of the closed string there are two oscillating modes going “left” and “right”.

These modes can be generated by the Virasoro operators

1 7 —ino
L, = ZL_/da (P~ XY (P — X1) e

- 1 7 .
Ln=7 / do - (P* 4 X'™)(P, + X) : €™

for m and n integers different in general, that is the two modes are independent from each

other. The operators

(83

S®

= % [ doe (PH(0) ~ X*(o)

and

& = % [ doe (PH(0) + X*(o)

play the role of the creation operators for n < 0 and the annihilation ones for n > 0 with

respect to the vacuum state |0). « and & satisfy the commutation relations
[as @) = 0" 1m0 = [Gn, a7]
o, @] =0
following from (8.5). We can re-write the Virasoro operators as
1 P
L, = 5 PDRR- AN W (8.6)
and

.1 e
L, = 5 DR I (8.7)
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where now the meaning of the normal ordering symbol :: is clearly defined with respect
to the operators a and &. It is actually needed only for the case n = 0, as Lo + Lo + 2
represents the Hamiltonian of the closed string and needs renormalisation of the vacuum
energy (performed here by normal ordering). We can check that the renormalised Virasoro

operators satisfy the well-known Virasoro algebra

N

— 3 —
125n,_m(n n). (8.8)

[Ln> Lm] = (n - m)Ln+m +

The same algebra is also satisfied by the L operators.

8.4 The Vacuum State of the String

We can construct the wave functional (X|0), that represents the vacuum state |0), explic-

itly by using the annihilation relations
ak|0) =0
for n > 0. The equation it has to satisfy is

an,(X|0) =0 =
%/doe‘i”" (—Z(SX%(U) - X;(a)) (X[0) = 0=

/ doe™ime (—z ; Xf o inXu(a)) (X[0) = 0 (8.9)

From (8.9) we see that the vacuum state will have a Gaussian localised form. Let us take

(X1]0) = exp </ dodo'X*(c)H o, al)Xﬂ(a')>

where H(c,0') is a symmetric function of ¢ and o', to be calculated. As all the points on

the closed string are equivalent, H should be a function of the difference ¢ — ¢’. So its

decomposition in modes will be

H(o,0'Y=H(e—0o")y= ) H™eimo=7")

m=—00

where H™ are the Fourier components of H(co,c’). After substituting into (8.9) we obtain




for m > 0. As H(o,0’) is symmetric in its arguments we finally have

m]

H™ = — ,
47

for every m.

So the vacuum functional has the form

(X]0) = exp ( [ dodo'x(0)H o, a’)Xu(a’)> (8.10)
with

8.5 Virasoro Algebra

To calculate the central charge term of the Virasoro algebra, as is given in (8.8), we can

apply the algebra to the vacuum state. Let us assume it has the form
[Lny Lin] = (n—m)Lpgm + A(n)0mtn0

that is, being the classical algebra, extended by the term A(n) existing only when m+n =

0, as only then the operator Lo appears on the r.h.s. with a quantum ambiguity. Taking

m = —n we get

LoL_n(X]0) = A(n)(X]0)

as L_, L,{X|0) = 0 and Lo(X|0) = 0 (the operators have been normal ordered). Succes-

sive application of the operators L_, and L, on the vacuum state will give us the value

of A(n),i.e
1 / ! ino e
Lo(X]0) = £ / (P*(0) - X"(0)(Pu(o) - X, (o))" do{X[0) =
3 [(PH0) = XM (@)(B) - X, (0))ei™ 2—eimle=7") ddo’( X|0)

4 g # 27

But
/(PM(O'/) - X;(U'))e_imaldo'<X|O) = —Zivn/X“(a')e‘im”'(X|O) for m <0
=0 form>0  (8.11)

as it can be easily verified, so that

L_n(X|0) = Z / (0))e™+m dg (—2im / X*(o")e™ ™" do' (X ]0) =

m<0
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1 —n

— Y m(m+n) / X#(o")e ™ do / X#(o)e v da(X|0)  (8.12)

m=-1

If we apply L, on (8.12) and take into account relation (8.11) we get zero for its action
on the vacuum functional, while when the two functional derivatives act on the other
multiplicative terms they give

Nn(n2 -1
2

Ll (X]0) = -gi m = n)(X[0) = ) x0) (8.13)

which is the central charge term for the open or closed string.

In [8] we can see a way to extract the central charge term with the use of the commutation
relations of the creation and annihilation operators a, for n > 0 or n < 0 respectively.
We have proceeded through the functional calculus in order to get an insight into the
structure of the algebra, aiming to calculate the commutator of the Virasoro operators

with the use of another renormalisation procedure.

In Appendix F we see how the Virasoro algebra constructed with the Virasoro operators

of the form
Llu] = —i / dodo'u(o, ") K" (0,0")(P.(o) — X;(O’))(PU(O'I) - X/ (o") (8.14)

holds applied on the vacuum state. In (8.14) K**(o,0’) is a Kernel to point split the dou-
ble action of the functional differentiations, satisfying the condition lim,_o K**(c,0’) =
7" 8(a,0’), u(o,a’) is the component of a vector field on the circle, S*, on which X (o)
is defined and is symmetric in o and ¢’. For u(o,¢’) = 1 we get the divergent quantity
L[1], which is equivalent to the divergency present in the unrenormalised Hamiltonian of

the string.

The Virasoro algebra has the form

[L[u], L[v]] = —iL[[u,v]] + C(u,v)

where
1
C(u,v) = 2\/_7r /daaa a,0)v(o, U)S
N o°
~ o /da o)v(o,0)— m/daﬁu(a, o)v(o,0) (8.15)

The first term in C is linearly divergent as s — 0, if the antisymmetrisation of the term

[ doZu(o,0)v(0,0) with respect to u and v is not zero. When we regularise the Virasoro
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operators by the use of the Kernel in (F.5) we face a problem only for the L[1], as we
have already said. The divergence appearing there (see relation (F.3)) is the same as in
relation (8.15). That is, the renormalisation of the operator L[1] makes automatically the
Virasoro algebra renormalised. The linear divergence coming from L[1], is connected with
the vacuum energy divergence, which is equivalent to the linear divergence we faced in

relation (4.3) for the scalar field.

8.6 Applications to the O(N) ¢ Model

A similar treatment can be applied to the O(N) o model, where we expect the corre-
sponding algebra to differ from the Virasoro algebra, because the g function is nonzero.
We will use the form (8.14) for our generalised Virasoro operators, where here the co-
ordinates X (o) = z(o) represent a manifold with O(N) symmetry. We can work with
operators which have similar form to the Hamiltonian, Lorentz and momentum operator.
By studying their algebra we can connect them with the generalised Virasoro operators
and deduce the algebra the latter satisfy. Instead of a general vector u(c), we can use

powers of the o variable (i.e. 0%, k > 0). Let us make the following definitions

D
— _ N ’g4 / 5 — _ 7
= z/dada K*(0,0")gunz Doro) = z/dO‘P(U)

1 D
— ! 17wy / l/,L v —
H = 2 [—/dada]( (O’,O’)DZ#( )Dz" +/d09;w z ] = /dU'H

1 oc+o D D
k = |= d ! (u,u /
L 2 [ /da 7 ( 2 ) : (U’U)Dz“(a) Dz”(o’)+

o+o'\" 1
! v | — = k
/dada ( 5 ) gu(0)z"z ] = 2/daa H

B= /dagw(a)z"‘z”’ and B = /doakgw(a)z"‘z”’

where B could be described with two o integrations connected by the Kernel K instead
of the metric ¢ and the term o* written as (o +¢')*/2. However, this will only differ from
the given expression by terms of order O(s") with n > 0, which will vanish when the limit

s — 0 is taken. Now if we take the commutator of H and L* we have

[ / doH, / daakH] v =
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[/MA )+ B, — /w +ﬂw_
[—/daﬁ,—/do—aﬂ] w4 [B,—/daa‘A] Ut [—/daA,E’] \1; (8.16)
The second term becomes
[B,/daak_lﬁ] U=

DD
- [ doo* (AB)\I}+2K“ S )

0
—k(k — 1)%N/daak_2 - 2N\—/_%/daak—

_/dadcr' (U+UI

while the third

k
v / I D\I}
) 2‘[(“ (0-7 g ) <_g’7’#2pz ’Y)|g DZU(O’/)

[—/daA,B'] U=

DB D\IJ}

—/d lIJ 2K ——
/a[ + Dzt Dzv

DV
Dzv(o")

0— /dada'ZK“"(a, a') (—QngJk_lz” - 2g,w0'k'DZ’7)
The second and third terms together give

k(k—1) by k-2 2N b k k-1
——4—7_;N/daa - — /d oo \Il—i-/daka P(o)¥ (8.17)

/ dakak_lp(a)\ll

as the first and second terms of (8.17) vanish under the antisymmetry of the commutator

between (“z"/)k and 1. The previous results are independent of the choice of the func-
tional U. However, the first term depends on the specific form of U. We can take U, as
in the previous section, to be the wave vacuum functional. Working in the lowest order
of approximation for slowly varying fields the vacuum functional becomes ¥ = e Surhz
where f,, is an ultra-local function, which can be determined from the Schrodinger equa-
tion. The following calculations will be done up to two derivatives with respect to o. For

example, the action of the two functional derivatives on W gives

§2 e _ 52 ffwzmzlu ef P n 5ffm,z’“2’" 6ffm,2/#z/y effuuZ"‘z

6z(0)éz(a") — bz(0)62(0) 6z(o) 6z(0")

from which we only consider the first term, as the second involves four derivatives with

respect to 0. So we only need to consider the [ f,,z'#2" functional in the expansion of

the exponential ¥. For this case we have

Lk/fw 2 =
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1 -
[ oot {(npuz + b + [ dokot 128D 2+ da—k(k4 D ko209
also
ALk/f,“,z"‘z”' =
klk —
.+ /dakak_12b8(J1D"fl,)uz"‘ +/d0’%0’k—2b82((]0]“;)
and

LkA/f#,,z"‘z“' —
ot / doka™ 1202 D" (Jo f)uuz™ + / dok(k —1)0""262(J2f)",
Taking the identities
(tr Jnf)p3~~pn - (']n—Ztr ogon =10
(D ’ Jnf) - Jn—l(D ’ f))p2~-pn =0

from the previous, when we asked for the Poincaré algebra to be satisfied (k = 1), we get

ALk~ FA] / fun?2" =0

So altogether for the vacuum functional ¥ = ef 7v?"2" he commutator becomes
1
2 [ / do'H, / daakﬁ] U= / doka™1PU (8.18)

No additional term results. This could be derived, more easily, by substituting f,., = agp.
which is the most general form the first term could have, in the expansion of the logarithm
of the vacuum functional, for an appropriate constant a. From (8.18) we deduce that in
addition to the vacuum state, all the exited states will not contribute in the commutator
(8.16) at the first order. But this will not be the case for higher order terms. The way an
additional term in (8.18) would adjust in the algebra of the generalised Virasoro operators

is shown in the next section.

8.7 Modification of the Central Charge Term

Let us define the generalised Virasoro operators as

Ifu] = % [ wlo) (PP + XX, = X"P, — PRX,)do

-1
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- 1 7
Ilul=; / u(—0)(P*P, + XX + X"P, + P*X")do

where the operator L is the same with L but o replaced with —o. The fields X (o) satisfy

the O(N) symmetry. Using these definitions we can express H, Ly and P in terms of L

and L as
~ 1
L]+ L1 = 5/(13“13# +XmX) = H

L) = I[1] = 2/ (X"P, —§X’“P) _P
Lio] + L[o] = —/UX’“PN - —/0—73
Llo] — Llo] = %/O'(P“Pu +X"X)) = Lo

Using these identifications we can see how an extension to the algebra (8.18), produced
from another functional than [ f,, 22", will be placed in the modified Virasoro algebra.

Let us extend the algebra with the additional term A, as
[L01], o] = =L [[1,6"]] + A

where

[u,v] = wv’ — u'v = [1,0%] = ko*!

and
1), Lio"] = =L [[1,0%] + 4

We separate two cases: for k = 2{ and for £ = 2/ + 1. Then
L[JZ[] — 2/0_21(P2+X/2 _X/P__PX/)
E[Uﬂ] — _E/U2I(P2 +X/2 +X’P+PXI)

so that
L[O'ZI] —{-f/[a?l] _ %/UZI(P:Z—FXQ) _ /0217'(

and similarly

L[O_ZH-I] — 111/0_2l+1(P2 +X12 _ X/P _ PX/)
L[ 2!+1 4/ 214+1 P2+X,2+XP+PX)
so that

L{o?+] - Lo+ = %/021+1(P2 X7 = /021+1H
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For the first case we have
[/ ”>/ 0’”74 = [Z[1) + L], L[o¥] + L]o¥)| =
0[]+ A= o] + A=
2l/ffw'lX“PM +A+A

while for the second

o] ot B - 4]

—L [[1,021+1]] +A+L [[1,021“]] — A=
(204 1) / GUXPP, 4 A— A

If we compare the outcome of the commutator [ fH, [ akH] acting on a general functional,

then we can identify the quantities A and A. Tor the functional ¥ = eJ =" iy gives

A=A=0.

Finally, we note that the central charge we arrived at in section (8.5) was a result of the
non locality of the vacuum state. This is described by the function H(o,o’), which in
contrast to the usual delta function (appearing when we use local functionals), brings in
the non-local character of the vacuum. As we have seen in (8.13), the function H(o,0”)
is the one which gives the specific form to the central charge term. However, we expect

to get operator-like terms for the central charge of the algebra on SN,
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Chapter 9

Conclusions

In this thesis we developed techniques for applying the Schrodinger representation to the
#* theory and the O(/N) o model. Having set this framework one can proceed in applying
our techniques to more realistic theories like QCD as it shares many features with these
models. Solving the Schrodinger equation in the low energy region (local expansion)
provides a natural way for approaching problems of QCD like confinement and chiral
symmetry breaking. The Schrédinger representation has the advantage of giving analytic
results compared with the numerical ones from the lattice formulation, which in addition

has an ambiguity in the transition from the discrete to the continous limit.

For the ¢* theory we constructed the Schrédinger equation, which a local expansion of
the logarithm of the vacuum functional has to satisfy, and then compared its semiclassical
solution with similar results, derived from the standard path integral approach. As we
have seen in Chapter 5, these two results are in complete agreement with each other,
showing the correctness of the local expansion method. Also, the different resummation
methods proposed in Section 4.7 provide a choice in the way we can extract the ultraviolet
behaviour out of the infrared one, enabling us to select the best possible resummation

method for the various ways with which we can solve the Schrodinger equation (e.g.

non-perturbatively).

For the O(N) ¢ model we constructed the functional Laplacian, which is the principal
ingredient of the corresponding Schrédinger equation. The Poincaré algebra proposed to

hold when acting on local functionals enabled us to determine the Laplacian up to the
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second order. Though, for a general manifold rather than the sphere it is not possible
to find a Kernel for the Laplacian satisfying this demand. The form of the Laplacian
for the O(N) o model can be used to solve the equation, as a further work. Also, we
took advantage of the functional calculus already used to study the modified form of the

Virasoro algebra for the non-conformal O(N) ¢ model.

Finally, a computer program is presented in the appendices, which helps in the construc-
tion of the vacuum functional for the ¢* theory, in the Schrodinger representation. It has
been used extensively for checking the validity of our results, as it provides an easy way
to get the solution of the Schrédinger equation semiclassically, once the determining the

order of truncation of the local expansion has been determined.
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Appendix A

Re-summation procedure

Let us look at the problem of re-summation from a more mathematical point of view. We

have a function f(s) which can be expanded for small and large s like
f(s) =D ans” (A1)
n=0

and

fz) = i b (A.2)

for certain a, and b,,. What we want is to find a way to express a,,’s in terms of b,’s. Also,
let us assume that the limits s — 0 and s — oo exist and that there is a path connecting
these two points (e.g. the positive real axis) where the function f has no divergences or
cuts. We will try with repetitive expansions and re-summations to go from (A.2) to (A.1).
The point of expansion of (A.2) can be changed in a limiting process, from infinity to a

large number N, which at the end is meant to be sent to infinity. Defining y and w as

N —=z 1 v
Y= andw:Nﬂ
so that
I 1 N-=z 1/N I
ST TNYNT TN T4 G-MN N
1 vy r 1
"Ny TN VTN

and substituting into (A.2) we get
Z — Z w + N

m=0 Z m=0
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m=0 k=0
k
i T (m 1 1
b, Ntk [ gy —
mz=:o kzz;)(k) (Nyl—y)
if [y] < 1 and k # 0 then
S > (TN (1 Y
m= k=0 k g=0 k-1

which by changing the variables of the sums becomes

S(Esu() (i)

which has the form of (A.1). So we can read the coefficients ar,, which eventually will be
independent of N. But if we have only a finite number of b,’s then we get an approximated
value for the a,,’s which will be read for large N. N is similar to A we got in the re-

summation procedures already mentioned in the main text.
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Appendix B

The “Tadpole” Diagram

Figure B.1: Tadpole and counter-term diagrams.

Here we are going to calculate the value of 6} (i.e. the order % correction) in another way
than the one we used in the main text. Rather than using the structure of the Schrodinger
equation with the application of the Laplacian, we try to find the renormalised value of
bt as it can be given by the two diagrams in figure (B.1). The value of the counter-
term diagram is given by the demand that it cancels exactly the divergences appearing
in the “tadpole” diagram. The mass counter-term is the only one needed in the 1 + 1-
dimensional ¢* theory to make it renormalised. This is the natural way to calculate the
quantum corrections from Feynman diagrams. The disadvantage of this method with the
one we use in Chapter 5 is that here we cannot reduce the Dirichlet Green functions to

ordinary ones, which makes the calculations more complicated.

Using the Dirichlet propagator we calculate the amplitude of the “mass correction”
1 R 0Gp(d,e 0Gp(b,¢
gg/daz/dbg/dc ¢(a2)¢(b2) gc(ll ) gél )

where Gp(d,¢) = G(@,¢) — G(a,c), @ = (—a1,a2), G(a,¢) = [, (@9 /(p? + m?) and

— [d?p/(27)?. After evaluating the integrals in (B.1) and subtracting the infinity

Gp(,0) (B.1)

bl =0

1=0
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appearing in (mass counter-term), we find, for ¢ = 1, the value 1/(87), which is the first
order quantum correction to by and consists the 7.96% of its classical value. This result is

in agreement with the one we find by solving the Schrodinger equation, or by calculating

the equivalent correction diagrams in Chapter 5.
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Appendix C

The Space of Local Functionals

C.1 Definition of the Functional Space

We can define the space of local functionals as the one with elements linear combinations
of
A= /da IT (6)" (C.1)
i=0
where ¢ is an analytic function of o which is zero at the limits of integration, u; is a

non-negative integer and (¢) means differentiating : times with respect to 0. We also

impose that the total number of ¢’s and the number of derivatives are even, that is

Z u; and Z 1u; are even numbers. (C.2)

i i
In this space we have as the main ‘procedure’ the integration by parts. With it we can
define a set of basis vectors (b.v.’s) for our space as the vectors of the form above for
which u,, is greater than or equal to 2. That is we will prove that any vector of the form
A can be reduced, using integrations by parts, to a linear combination of basis vectors,

and no basis vector can be written as a linear combination of other b.v.’s
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C.2 Reduction to Basis Vectors

A general vector like A will be a non b.v. if the last power u, is equal to one. Then it

will have the form
A= [dog (@) (1) g

To reduce A to a basis vector we can use the following procedure which holds for wu,_,

greater or equal to zero

!

(;S(n_l))un_l +1

(1) g0 ( (C.3)

Up-1 + 1

so that after integration by parts the overall derivative will produce a vector with the
last term to the power u,_q + 1 > 1. If u,_1 is not zero then we have a basis vector.
Otherwise, if it is equal to zero we continue this procedure until we get a term previous

to the last one with a non-zero power. This is the only way to decompose a vector.

If you try to integrate by parts derivatives different than the ones from the last ¢ then
terms with higher derivatives will be produced, which will lead to the necessity to integrate
them by parts in order to produce a b.v., that is a vector with the final term in power

two or higher. For a j with j <n, and u, > 2, we have
/ dod™ (#) () ($9)" () ()" =

—/da Gy (69)77 () (8)™
() = 1) (¢(j))”f'—2 PUHD(..) (¢(n))“"
() (¢(j))“1‘1 () (¢(n)>“"

A\ Ui—1 n Un—1 n -

+ () (d)(])) T (¢( )) $n 1)) gl 1)> (C.4)
where (---) stands for whatever is on the left or on the right of (¢(j))uj respectively. Now
we either can continue partial integrations of derivatives from terms like j, which will lead
even further from the construction of a b.v., or we can take care of the last term of the
equation, which is the only non-b.v., using the method described above. It will generate
terms which cancel exactly the right hand side of (C.4) plus the vector we started with.

This means that we cannot generate other b.v.’s from b.v.’s or reduce vectors to b.v. from

using a middle term labeled by j. We can conclude then, that the b.v.’s we defined are
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linearly independent under the procedure of partial integration, because of the previous
argument for u, > 2. Also, any vector can be reduced to a linear combination of b.v.’s
using the methods described in the beginning. So our space of local functionals with its

basis is well defined.

C.3 A Subspace of Functionals

Let us represent a functional vector with A. Then it could be A = [[[%,a’ where a' is
#, ¢ times differentiated with respect to o, to some power. If A is not a b.v. then you
can decompose it to basis vectors by integrating by parts the ¢ with the highest number
of derivatives and only that. This in general will produce vectors constructed by a'’s
with none or more derivatives higher than the ones in the original vector A. Clearly you
cannot construct a b.v. out of A, say A’ (after a total decomposition) with an element
a” (0 < 4 < n) with less number of derivatives on it than a*. In this sense if you want
to determine from the classical equations a specific coeflicient of a vector A, then you
can choose the ones whose their product, after they have been functionally differentiated,
have the same or greater number of ¢’s without derivative (a®), as well as the next term,
and so on. For example you cannot get rid of the derivatives on ¢¢” - -+ or ¢'*- - in order

to get a basis vector with the first term of the form ¢? - --.

An interesting subspace of the full local functional space is the one which is produced by
B™ = [ ¢™ ¢(m)2 b.v.’s. Let us claim and prove that in the classical definition equations
of their coefficients, the only vectors which contribute are the ones of the same form BJ'.
That is we can construct the classical equations out of b.v.’s of this form without need to
use all the b.v.’s that could contribute as long as the numbers of ¢’s and "’s are preserved.
If W is a linear combination of all b.v.’s then the classical equations are defined to be

(see Hamilton-Jacobi Equation (4.35)):

14 ’ class __
O.E.:/da<6¢(a)) _ pelass —

Let us name W the linear combination of vectors of the form B™ in W. Then our claim

can be expressed in the following way: if we take the difference

Jo () - (st) -
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Jo (50 ()

then (C.5) cannot be reduced to b.v. of the form By W — W can be written in terms of
b.v.’s not of type B, while W + W contains all b.v.’s. For this let us take two general
vectors in W — W and W + W and see the product of their functional derivatives if it can

be reduced to B b.v.’s. We only need to check E; and R,

K
By = [ (4"
1=0
k2
Ry = [ TL(s")
1=0
where at least one of them is not of the form B*. Their functional derivative (f.d.) is
going to be
SR K. izl A !
==Y [Ty 189 T (49) (C6)
6¢ 7=0 a=0 b=3+1

where the o dependence as a variable has been omitted. The overall number of ¢’s and
the overall number of o derivatives of the product (%l)(%z) have to be the same as in

B™. So we deduce the relations
w4 Y ju;=2m (C.7)
1 J

it Y uj=2n+4 (C.8)
d J

The various terms produced in relation (C.5) could be candidates for the form of B*. We
can distinguish four types. Writing 7; and j, for the two vectors R; and R; in analogy to
7 in (C.6) for R, we have that the overall number of ¢’s with no derivatives on them, let

us call it k, is going to be the most! equal to

vo+ up — 2 for j; =0 and jo =0 (C.9)
vo+uo— 1 for j; #0 and j, =0 (C.10)
vo+ug—11for jy =0 and j, #0 (C.11)

vo + uo for Jj; # 0 and j, # 0 (C.12)

We consider three cases. (a) k < 2n. Then it is impossible to reduce it to B}, as we

did before. ? (b) k = 2n. Then there are four ¢’s left to carry derivatives. If they are

! After reduction to b.v. in (C.5) the number of ¢’s without derivatives on them will be actually smaller, but
this is a subcase which falls in the cases we are going to study.

2See beginning of this chapter.
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separated between the two vectors R; and R; like 2 + 2 then each two for the same vector
should have the same number of derivatives on them, i.e. [ ¢“°q§(k)2, so both are going to
be of the form of B, and it is not the case we want to consider. If the ¢’s are separated
like 3+ 1, then clearly one of them is not a b.v.. Finally the case 0+ 4 cannot be reduced
to a b.v. after taking the f.d. and then their product, as we have too many ¢’s with
derivatives to get a vector with two only o-differentiated ¢’s. (c¢) k& > 2n then because
of (C.8) we can only have the following cases of the relations (C.9)-(C.12). If (C.9) then
there are two possibilities, vg + up = 2n + 3 or vg + ug = 2n + 4. If vg + ug = 2n + 3 then
one of them has only one ¢ with derivatives and this is not a b.v.. If vg +ug = 2n + 4
it means that there are no ¢’s with derivatives at all and this gives again vectors of the
form B™. If (C.10) or (C.11) we can have vo + up = 2n + 2 or vo +ug = 2n + 3 or
vo +ug = 2n +4, which do not contribute as we have seen. If (C.12) then vo+up = 2n +2
or vg + ug = 2n + 1. The second (the only one which could contribute) suggests the two

following b.v.’s

Ry = / % and R, = / g0 (1) g(k2)? (C.13)

This is the only case we have to consider. In it vg + ug = 2n + 1 and k1 is even. After

going through the f.d. and taking their product we get only one interesting part of the

result

RS /U0¢v0+u0_1 <(_1)k1 (¢k22> (k1) + 2(_1) (¢(k1)¢(k2))(k2)> (0_14)

We can use Leibnitz rule
n

D"(wo) = (

r=0

n) D™ "uD"v (C.15)

r
where here D stands for o differentiation. If we take w = ¢*?), v = ¢*?) and n = k1 then
k1 k1 o ot o K112 k1 k1 K,

Z ( )¢(k2+k1 )¢(L2+ ) — </>(1°2+ 5 ) Z ( (-1)7 (C.16)
r=0 \ T r=0 \

whereas if u = ¢V v = ¢*?) and n = k2 then
k2 k9 _, . K1\ 2 k2 k2 K,
3 (12 guamnngan _ grar (M) s (1)
r=0 r r=0 r

But ¢ <krl)(—1)kz_1‘r =0 as well as %2, (kf)(—l)k?_l‘r = 0. So we conclude that there

are no contributions to the classical equations of B[ from b.v.’s with form different from

B

T
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We can rename by and cg as by — %bo and cg — éco so that the equations can be written

as
boCl + blco =0
boca + bici + baco =0
bocs + bica + bacy + bsco =0
or

LY
L[e
Ry
N
s,
\__/
It
™
il
5|2
S“ o
R
~—

by by .. by,
bo b .. b
—1)" 0 1 n—1
Cp = bOCO(—bg':)i— 0 bo .. bn—?
0 0 bo b
for n = 1,2,3,.. where || means determinant. Substituting back the original by and ¢y we
have
by by .. br,
200 b . br—1
12 1"
Cp = 2—”6000(1)8'—'*-)1 0 2b0 .. bn_g

0 0 26 b
Some of the first ¢’s are ¢; = 1/64, ¢; = —1/128, ¢3 = 5/1024.

In a similar way we can find the f series. The equations read
2¢2 + 3foby =0

16¢ocr + 6bo f1 + 3061 fo =0
16cocy + Cf + 6bofz + b1 f1 + 3062 fo =0

16cocs + 2¢1¢y + 6bo f3 + 2by fo + 2by f1 + 30b3 fo = 0
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We can write these equations, but the first one, in terms of a power series after substituting

bo — 1/3bg, co — 1/8¢co and fo — 1/15f,. Then

[ee] 2 (e o0
(Z Cizi) +2 (Z bkzk> (Z flzl> = ¢ + 2bo fo
1=0 k=0 =0
where fo = —2c¢2/(3bo). From this equation we deduce

=0

2% bkzk)

= - (& + 200o) (i@‘l)w’“) 3 (i(CQb—l)izi) N

__1 2 -1 1 27-1 - —
fo= 2 (Co +Qbof0) (67 )n — 5(0 b7 )n forn =1,2,3,..

and by substituting back the original by, ¢o and fo we have
1 2 -1 LT .
fa=3 (64¢3 + 90bofo) (b7") — 5@ forn=1,23,.

where b~! and ¢Zb™! can be found easily using the formulas for the inverse and the product
of power series (see e.g. [29]). Finally we can derive the first few f’s: fo = 1/6912,
f1=—17/13824, f, = 269/331776.

2
Similar treatment can give the other classical coefficients of the functional [ *" (go(m)) .

122



Appendix E

Maple Programming

Maple is a powerful tool which can be used by everybody who deals with mathemati-
cal calculations [30]. It is especially useful for symbolic computations as that was the
purpose of its construction at the University of Waterloo in Ontario, Canada [31]. Its
basic features as elementary data structures, input/output, arithmetic with numbers and
elementary simplification are coded in a systems programming language for describing
algebraic algorithms. They consist of a relatively small core program, programed in C
[32], and it is accompanied by a large number of libraries and routines which are mainly
developed using Maple’s own language. With this language the user can build additional

libraries and routines to match his/hers calculational needs.

The main advantage of programing in Maple is that a large number of functions like the
permutation function and “natural” simplifications like factorisation are already present
in the main library. This makes the programing, which is in a high level programing
language, much easier and faster. At the same time there are the basic disadvantages
of memory inefficiency and lack of speed at some stages in comparison with ordinary
programing languages. In addition Maple gives in a few cases “strange” results, that
is, wrong answers in algebraic or other computations, which should prevent us from a

“blind” trust in Maple. For our purpose we will see that Maple can be proved useful up

to a certain point.

Let us have a look at some basic input/output operations [33]. Maple procedures, sessions
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or variables can be read into Maple using the read command:

read
Definition : read ‘filename[.ms|*
Usage : read variables, procedures or whole sessions.
Ezample : read ‘MyFile.ms;

This is used to read codes written in a text editor and executed in the Maple worksheet.
These codes can be named with an extension *.ms. These procedures can also been saved

into the main library with the use of the command save in place of read.

Another useful procedure is simplify:

simplify
Definition : simplify expression, (identity)
Usage : simplification using standard or defined identities
Ezample :  simplify(sin® z 4 cos® z); simplify(a + b + 2¢, {a + b+ ¢ = 0});

With it you can do mathematical simplifications or to impose defined identities in certain

expressions.

Two very important functions in Maple are the op and nops, which make it possible to

pick out certain sub-terms or sub-expressions from structured expressions or indices of an

indexed type variable:

op, nops
Definition : op(integer,expression); nops(expression);
Usage : pick out and determine the number of subexpressions

in expression
Ezample:  op(l,a+b)=a nops(a+b)=2

To see in what elements of an expression A and in which order the op function puts them
we can evaluate op(A) which will return us ordered the primary components of A. Then

we can extract them by using op in the initial way or we can decompose further composed

components.

The command subs has the following properties:

subs
De finition : subs(variablel=expressionl,expression2);
Usage : substitude expressionl for every occurance

of variablel in expression?

Ezample:  subs(a=c*d,a+b)=c*d+b

and proves to be very useful tool. Maple attributes on each object (expressions and

variables) with a type. The function type offers the possibility to check if an expression
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is of a specific type:

type
De finition :  type(expression,expression-type)
Usage : returns true or false if the type of expression

is given by expression-type or not
Ezample:  type(A[d],indexed)=true

These are a few examples of the functions in Maple library. We can define new procedures

or executable programs by using the following format:

ProcedureName:=proc(Variablel,Variable2,...)
local LVariablel, LVariable2,...;
<commands>

RETURN(RVariable);

end;

A more extended discussion of procedures in Maple can be found in [34].

One of the procedures we are going to use is the functional differentiation of an expression.

Some basic features of it are the following

) 12 = _9f () (2 —
Wf (z) = =2f'(z)¢"(z — y)

These procedures can be done by Maple by using the modified operator D:
D

Definition : functional differentiation
Usage : gives the functionally differentiation of an expression
with respect to a given function f with variable 2

Ezample:  D(f(z)) = Dirac(z —y), D(dif f(f(z),z)) = Dirac(l,z —y)

The function Dirac(n,z—y) represents the n-th z-derivative of the delta function é(z—y).

To define the symbol D we have to use the code

fdiff:=proc(F,X,n)
local 1i;

D(X)=0;
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D(F(X)) :=Dirac(X-y);
for 1 from 1 to n do
D(diff(F(X),X$1)) :=Dirac(i,X-y);
D(z[i]):=0;
od;
RETURN(FDifferentiation_defined);

end;

This code will define D to be able to act upon given functions F' with variable X giving
the expected functional differentiation while acting upon X or z[z] will give zero. We must
be careful, though, because initially D has a specific structure of a differential operator

in Maple libraries, obeying the relations
D(f +9) = D(f) + D(g)

D(f*g)=D(f)xg+ f*D(g)
D(f@g) = D(f)Q@g + D(g)

and so forth, where @ is the composition of functions symbol. What we did is to extend

its initial definition suitably for our purpose.

Another useful example is the production of the b series (see section (4.6)). If we set
g =1 and M = 1 in the classical equations of the b’s then the following program gives

the Laplacian part of the field independent term in equation (4.31).

bees:=proc(n)
local inpl,inp2,inp3,eqn,vars,sols,b,1l,1,j,h,t,ser;
1:=1;
h([1]:=NULL;
inp2[1] :=NULL;
for i from 2 to n do
1:=1+1;
inp1[i]:=sum(b[jl*b[i-j1,j=0..1);
inp2[1] :=inp2[1-1],inp1[il;
h[1):=h[1-1],b[i];

126



od;

eqns:=inp2[n],b[0]"2-1/4, 2%b[0]*b[1]-1/4;

vars:=h[n],b[0],b[1];

sols:=[solve(eqns,vars)];

for t from 0 to n do

inp3[t] :=subs(sols[2],b[t]);

od;
ser:=2*sum(x"(1/2)*inp3[r]*x"r/(GAMMA(r+1)*(2*r+1)*(Pi)),r=0..n);
RETURN (ser) ;

end;

The number n gives the order where the series is truncated. After executing this program
we can obtain the behaviour of the divergence of the energy, which is renormalised with

the use of the term £()), as seen in section (4.7).

A general way to produce the classical equations of basic vectors through Maple pro-
graming has been shown in section (4.6). Another code has been presented there which
solves the equations so that finally we get the classical value of the coefficients of the basic
vectors. The basic elements of these programs is to find, after a theoretical study,the
general equations in way accepted by Maple taking care of all the subcases. Then using

the command solve Maple is able to solve our system of equations for any number of them.

In the previous we used Maple to reproduce formulas we already know their general
form, and then solve them. We can ask for something more ambitious. We can make a
program which for given local functionals it can reproduce the corresponding terms in the
Schrodinger equation. Then, by taking a big and “complete” set of local functionals we

can have a closed set of algebraic equations to solve generated as in (4.31).

In general, what we are asking for is a program which initially generates this “complete”
set of basic vectors. Then we want these vectors to be functionally differentiated to
produce the Laplacian term and the squared term shown in the Schrodinger equation.
These terms, to be used for the algebraic equations, should be decomposed to basic

vectors (see Appendix C). We can do that, also, with another program, as we can see

in the following.
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Let us have a look at the code which gives the action of the Laplacian upon a given basis
vector, reduced also to a basis vector. The main difficulty lies on how can we make the
program recognise b.v.’s. For this purpose we use a way to translate the conventionally

written vectors as

/ dzg®... (M v (E.1)

to a more approachable way for the program, like
[[0, wo], [1, va], .., [72, un]] (E-2)

where in each square bracket appears the number of derivatives and the power for each

é.

The following program is a composition of small programs, each one serving a specific
purpose. At first we define the functional differentiation with the appropriate variables.
Then, the Laplacian is acted upon the test functionals and we get a linear combination
of b.v.’s and non-basis vectors with coefficients depending on s. Each one of them is
translated in the form (E.2). Then, the non-b.v.’s are picked and reduced to b.v.’s and

the overall result is presented. Let us see the program with a few explanations inserted

for the various steps.

THIS IS A PROCEDURE TO EVALUATE THE ACTION OF THE LAPLACIAN UPON
THE ANSATZ W. THE FIRST STEP IS TO DEFINE A FUNCTIONAL DIFFEREN-

TIATION PROCEDURE UPON [ F(¢(a), ¢'(a),..)da.

diffy:= proc(F,X,Z)
local 1i;
D(X) :=0;
D(F(X)) := Dirac(X-Z);
for i from 1 to 20 do
D(diff (F(X),X$i)):= Dirac(i,X-Z);

D(z1[i]):=0;
D(z2[1i]) :=0;
D(z3[i]):=0;
D(z4[i]) :=0;
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D(z5[1i]) :=0;
od;
RETURN(FDifferentiation_defined);

end;

GE 1S THE INPUT FUNCTIONAL. LAPL INITIATES THE PROCEDURE OF THE
DIFFERENTIATIONS. G IS ITS FIRST FUNCTIONAL DERIVATIVE AND D(G)
THE SECOND. PI IS THE REGULARISED ACTION OF THE LAPLACIAN ON THE
FUNCTIONAL WITH A MOMENTUM CUTOFF 1/s. FWTINIIS A SUBROUTINE
WHICH TAKES PI THROUGH THE NECESSARY ROUTINES OF DECOMPOSING
THE OUTCOMING FUNCTIONALS IN BASIC VECTOR ONES COMBINED WITH
COEFFICIENTS DEPENDING ON THE CUTOFF s OR RE-SUMMED, TO DEPEND

ON A

lapl:= proc(GE)
local j,aux1l,dfxim,result,final,k,PI,RPI,in2,
rrr,in3,rrrr,G,inp2,r,inp3,rr,FWT;
fdiffy(f,a,y);
in2[15] :=D(GE) ;
for rrr from 15 by -1 to 1 do
in2[rrr-1] :=subs(diff (f(a) ,arrr)=gglrrr] (a),in2[rrrl);
od;
in3[0] :=int (in2[0],a=-infinity..infinity);
for rrrr from 1 to 15 do
in3[rrrr] :=subs(gglrrrr] (y)=diff (£(y) ,yrrrr),in3[rrrr-1]);

od;

fdiffy (f,y,x);
G:=in3[16];
inp2[35] :=expand (D(G) *exp (I*p*(x-y)));
for r from 35 by -1 to 1 do
inp2[r-1] :=subs(diff (£ (y) ,yr)=glr] (y) ,inp2[r]);
od;
inp3[0] :=int (inp2[0],y=-infinity..infinity);
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for rr from 1 to 35 do
inp3[rrl :=subs(glrr] (x)=diff (f(x),xrr),inp3[rr-1]);
od;
PI:=expand(int (inp3[35],p=-s"(-1/2).57(-1/2)));
FWT:=fwtini(PI);
RETURN (FWT) ;

end;

*kik*k*x AUXILIARY ROUTINES *#¥**

MASTER

MASTERIS A ROUTINE TO TRANSLATE A VECTORS FROM THE FORM (E.1)
TO THE FORM (E.2). FAFF READS THE NUMBER OF DERIVATIVES ON EACH
INDIVIDUAL ¢ WHILE POW READS ITS POWER.

master:=proc(inpi,n)
local imnp2,1il;
inp2:=NULL;
if type(inpil, ‘+‘) then
for il to nops(inpl) do
inp2:=inp2, [pow(op(il,inpl) ,n)];
od; |
elif type(inpl, ‘*‘) then inp2:=[pow(inpi,n)];
elif type(inpi, ‘**‘) then
inp2:=[faff(op(1,inpl),n),op(2,inp1)];
elif type(inpl, ‘numeric‘) then inp2:=[[inpl, ‘number‘]];
elif type(inpl, ‘function‘) then inp2:=[faff(inpi,n),1];
else ERROR( ‘Wrong format for us'‘);
fi;
RETURN([inp2]) ;

end;

faff:=proc(q,n)
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local inpl,inp2,inp3,1,1i;
1:=0;
inp2[0] :=NULL;
for i from 1 to n do
1:=1+1;
if q=diff(£(t),ti) then
inpi[i]:=1i;
else inpi[i]:=NULL;
fi;
inp2(1] :=inp2[1-1],inp1[i];
od;
if inp2[n]=NULL and q=f(t) then
inp3:=0 elif inp2[n]=NULL and type(q,indexed then
inp3:=q;
else inp3:=inp2[n]
fi;
RETURN (inp3);

end;

pow:=proc(q,n)
local inpil,inp2,inp3,ind2,1,J,1,k;
1:=0;
k:=0;
inp2[0] :=NULL;
if type(op(l,q),numeric) and nops(q)<>1 then
if nops(q)=2 and type(op(2,q), ‘**) then
inp2[nops(q)-1]:=[faff (op(1,0p(2,9)),n),op(2,0p(2,9))]
elif type((q/(op(1,9))), *‘) then
for i from 2 to nops(q) do
1:=1+41;
if type(op(i,q), ‘**‘) then
inp1[i]:=(faff(op(1,0p(i,q)),n),op(2,0p(i,q)));
else inpi[i]:=(faff(op(i,q),n),1);
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fi;
np2[1] :=inp2[1-1], [inp1[i]];
od;
else inp2[nops(q)-1]:=[faff(op(2,q),n),1];
fi;
inp3:=(Lop(1,q), ‘number ‘] ,inp2[nops(q)-11);
elif nops(q)=1 and type(q,numeric) then
inp3:=([q, ‘number‘]); else if type(q, " ‘) then
inp2[nops(q)]:=[faff(op(1l,q),n),op(2,q)]
elif type(q, ‘*‘) then
for j from 1 to nops(q) do
k:=k+1;
if
type(op(j,q), ‘**‘) then
inp1[j]:=(faff(op(1,0p(j,q)),n),op(2,0p(j,q)));
else inp1[jl:=(faff(op(j,q),n),1);
fi;
inp2[k] :=inp2[k-1], [inp1[j]1];
od;
else inp2[nops(q)]:=[faff(q,n),1];
fi;
inp3:=inp2[nops(q)]
fi;
RETURN (inp3) ;

end;

COMPARE

COMPARE SEPARATES THE BASIS VECTORS FROM THE NON B.V’S IN A
GIVEN EXPRESSION.

compare:=proc(inpl)
local varO,vari,var2,var3,var4,varb,varil,il,l,sas,11,kl,

vari3,varld,varl2,ill,vari5,vari6,varl?;
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1:=0;
var3[0] :=NULL;
var11[0] :=NULL;
if nops(inp1)=1 and nops(op(l,inp1))=1 and
nops(op(1,0p(1,inpl)))=2
and op(2,op(1,op(1,inpl)))=number then
vard :=‘Number‘;
var5:=op(1,op(l,op(l,inp1)));
elif nops(inpl)=1 then
if nops(op(1,inpl))=1 and
type(op(2,0p(1,0p(1,inpl))), ‘numeric‘) then
if op(2,op(1,0p(1,inp1)))=1 and
type(op(l,0op(1l,0p(1,inpl))), ‘numeric‘) then
vard:=‘It is 1¢; var5:=op(l,inpl);
else var4:=‘It is not 1°;
var5:=op(1,inpl);
fi;
elif nops(op(1,inp1))>1 and
op(2,op(nops(op(1,inp1)),op(1,inp1)))=1 and
type(op(1,op(nops(op(l,inp1)),op(l,inpl))), ‘numeric*)
then var4:=‘It is 1°;
var5:=op(1l,inpl);
else var4:=‘It is not 1°;
var5:=op(1l,inpl);
fi;
elif nops(inp1)>1 then
for i1 from 1 to
nops(inpl) do
1:=1+1;
if nops(op(il,inp1))=1 and nops(op(1,op(il,inpl)))=2
and op(2,op(1,op(il,inp1)))=number then
var2[i1] :=‘Number;

vari[i1]:=op(il,inpl);
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elif nops(op(il,inp1))=1 and nops(op(l,op(il,inpl)))=2
and type(op(2,op(1,0op(il,inpl))), ‘numeric‘) then
if op(2,0p(1,0op(il,inp1)))=1 and
type(op(l,0op(1,0p(il,inpl1))), ‘numeric‘) then
var2[i1]:=‘It is 1°;
vari[i1]:=op(il,inpl);
else var2[il]:=‘It is not 1°;
vari[i1]:=op(il,inpl);
fi;
elif op(2,op(nops(op(il,inpl)),op(il,inpl)))=1 and
type(op(1,op(nops(op(il,inp1)),op(il,inpl1))), ‘numeric‘) then
var2[i1]:=‘It is 1¢; vari[il]:=op(il,inpl);
else var2[il1]:=‘It is not 1°;
vari[i1] :=op(il,inpl)
fi;
var3[1]:=var3[1-1],var2[il];
vari1[1]:=svar11[1-1],vari[il];
od;
vard:=var3[1];
var5:=var11[1];
fi;
sas:=[[var4], [var5]];
11:=0;
k1:=0;
var13[0] :=NULL;
var14[0] :=NULL;
varll:=op(1,sas);
varl2:=op(2,sas);
for i1l from 1 to nops(varil) do
if op(ill,varl1)=‘It is 1° then
11:=11+1;
var13[11] :=svar13[11-1],op(ill,vari2);

elif op(ill,varil)=‘It is not 1° then
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kil:=ki+1;
varl4[k1] :=var14([ki-1],op(ill,vari2);
fi;
od;
varl5:=vari13[11];
varl6:=var14[ki];
vari17:=[[vari5], [var16]];
RETURN (vari?);

end;

MASA

MASA RE-EXPRESSES VECTORS OF THE FORM (E.2) TO THE FORM (E.1).

masal:=proc(inpl)
local varO,varl,i0,1;
1:=0;
var1[0] :=0;
if nops(inp1)<>1 then
for i0 from 1 to nops(inpl) do
1:=1+1;
vari[1] :=var1[1-1]+masa(op(i0,inpl));
od;
var0:=NULL;
elif nops(inp1)=1 then
var0:=masa(op(l,inpl));
var1[0] :=NULL;
fi;
RETURN (varO,var1[1]);

end;

dif:=proc(inpi,n)
local vari;

if n=0 then

135




varl:=inpl;
elif n<>0 and type(n,numeric) then
varl:=diff (inpl,t$n);

elif type(n,indexed) then

varl:=n;
fi;
RETURN(varl);
end;

masa:=proc(inpl)
local varl,l,var0,i;
1:=0;
vari[1]:=1;
if nops(inpi)=1 then
if op(2,0p(1,inpl))=number then
var0:=op(1,0(1,inpl));
else var0:=dif (f(t),op(1,op(1,inp1))) op(2,0p(1,inpl));
fi;
varl[1] :=NULL;
elif nops(inp1)<>1 and
op(2,0p(1,inpl))=number then
for i from 2 to nops(inpl) do
1:=1+1;
vari[1] :=op(1,0p(1,inpl));
vari[1+1] :=vari[1]*dif (£ (t) ,op(1,0p(i,inp1))) ~op(2,0p(i,inpl));
od;
var0:=NULL;
elif nops(inp1)<>1 and
type(op(2,0p(l;inp1)) ,numeric) then
for i from 1 to nops(inpil) do
1:=1+1;
var1[1+1] :=var1 [1]*dif(£(t),op(1l,op(i,inpl))) ~op(2,0p(i,inpl));
od;
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var0:=NULL;
fi,;
RETURN(var0O,vari[1+1]);

end;

MEGA

MEGA REDUCES THE NON-B.V.’S TO B.V."S FROM A GIVEN EXPRESSION.

mega:=proc(A)
local q,p,up,uq,varl,var2,11,var3,var00,T72,1,var11,T73,T,B,TM,T4,T5;

B:=A;
with(student);
11:=0;
var3[0]:=0;

while B<>0 do
if type(B, ‘+‘) then

T:=op(1,B);
else T:=B;
fi;

TM:=op(1,master(T,20));
1:=0;
var2[0] :=NULL;
q:=TM[nops(TM)1[1];
p:=TM[nops(TM)-1][1];
uq:=TM[nops(TM)1[2];
up:=TM[nops(TM)-1][2];
if gq=p+1 then
var00:=-diff (product (’op(j,T)’,’j’=1..(nops(T)-2)),t)*
diff (£f(t),tp)}" (up+1)/(uptl);
varli:=sorte(expand(var00),15);
11:=11+1;
var3[11] :=var3[1l1-1]+varii;
B:=B-T;

137



else
T2:=intparts(Int(T,t),product(op(j,T),j=1..(nops(T)-1)))
-op(1,intparts(Int(T,t),product(op(j,T),j=1..(nops(T)-1))));
T3:=-sorte(expand(sorte(op(1,-T2),15)),15);
T4:=compare(master(T3,20));
if op(2,T4)<>NULL then
11:=11+1;
var3[11] :=var3[1l1-1]+masal(op(2,T4));
fi;
T5:=masal(op(1,T4));
B:=B-T+T5;
fi;
od;
RETURN(var3[11]);

end;

SORTE

SORTE]SfXUSEFULIKNKHNE\NHKH{PUTSTHE¢ININCREASHK}ORDER
OF THEIR DERIVATIVES.

sorte:=proc(inpi,n)

loca li,var2,varl;

var2[0] :=f(t);

for 1 from 1 to n do
var2[i] :=var2[i-1],diff(£(t),t$1);
od;

vari:=sort(inpl, [var2[n]]);

RETURN(varil);

end;

A END OF AUXILIARY ROUTINESH*#%*

ELE
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ELE CONNECTS THE PREVIOUS SUBROUTINES TOGETHER SO THAT WE GET
THE DESIRED RESULT.

ele:=proc(QQ)

local QQ1,EE,RR,WW,AA,FINAL;
WW:=master(expand(QQ),15);
EE:=compare(WW) ;
RR:=masal((op(1,EE)));
AA:=mega(RR);
FINAL:=AA+masal(op(2,EE));
RETURN (FINAL);

RETURN (WW) ;

end;

FWTINI
FWTINIIS AROUTINE TO PERFORM THE RE-SUMMATION PROCEDURE AND

INTRODUCES THE CUTOFF PARAMETER A.

fwtini:=proc(inpl)

local 1,varl,var2,var3,var4,varb,var6,var7,var8,1i,inpll,var22;

1:=0;
var7[0] :=0;
elen(0) :=0;

inpll:=sorte(inpl,15);
varl:=subs(s=1/LL"2,1inpl);
var2:=subs(1/sqrt(Pi)=1,varl);
var22:=simplify(subs(x=t,var2));
var3:=subs(csgn(conjugate(LL))=1,sorte(collect(var22,LL),15));
for i from 0 to nops(inpii)-1 do

1:=1+1;

vard[i] :=coeff(var3,LL"(2*i+1));

var5[i] :=elen(sorte(var4[i],15));

var6[i] :=var5[il*1/s" ((2*i+1)/2);
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var7[1] :=var7[1-1]+var6[i];
var8[1] :=var8[1-1],var5[i];
od;
RETURN(var7[1]);

end;

This program generates the Laplacian term of equation (4.31). After reading the program
in a Maple worksheet we can produce the outcome of the laplacian acting on an expression
G, by using the command ele(G);. The (§W/ép)?* term is generated by a similar procedure,

which uses the same basic elements of the previous one.
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Appendix F

Functional Method for the Central

Charge Term

We can define the regularised Virasoro operators as
1 ,
L) = ; [ dodo’u(o,0 K (0,0")(Po(o) = X, (a))(Pulo) = XL(0")) =

i—/dada’u(a, o' YR, (o) R, (c")

where K**(co,0') is a Kernel to point split the double action of the functional differentia-
tions, satisfying the condition limy_,o K#*(c,0") = n**6(0,0"), Ru(0) = (Pu(o) — X, (),
u(o, 0" is the component of a vector field on the circle, S*, on which X (o) is defined and

is symmetric in ¢ and o”.

We will calculate the commutator [L[u], L[v]] acting on the vacuum state (X|0) given in

(8.10). We have
[L[u], L[]} (X]0) =

11—6 / dodo'dods"u(a, o' )o(5,5") K™ (0, 0"\ K™ (5,5") %
[Ru(0)Ro(0"), Re(a)Ba(0")] (X]0) =
—i / dodo'd5ds'u(o, 0')v(7,5") K" (0,0 K™(5,5") x
Mus6'(0,) {R,(0") BA(8) + Ba(0) R (o) } (X]0). (F.1)

(F.1) results after applying the relation [R,(¢), R.(d)] = —2i6'(0, o)1, and re-arranging

the o variables as well as the indices. By commuting R, (') and R, (¢’) and integrating

141



by parts, we get

[Llw], L[] (X[0) =

. / dodo’ { o")o(0, o) aa KM (0, 0")+

g

0
50

where the rest of the terms give zero, as they are symmetric in v and v or include the

u(o, o v(o,0)K* (o, a')} R,(c")Rx(0)(X|0) (F.2)

quantity LK (0,0 )‘ . which is zero'. Applying the combination R, (¢’)Ry(c) on the
vacuum state (X|0), the only term with singularity coming out will be from the two

functional derivatives. That is

) 6

5Xn(07) 5X°(0) 1) =

[4 [ H(o',a") X, (0" do" [ H(e,0") X, (o")do" + 2H(5, Y, | (X10) (F.3)

As the Kernel acts on (F.3) the only divergency will come from the last term in the curly
brackets. The other terms will be combined as in the normal ordered case to give the

normalised Virasoro operator sitting on the r.h.s. of the algebra. Let us study the term
. / d Av
T = —z/dada u(c, 0")v(o, a)a—K (o,0")+
o
5}

do
We can take the Kernel to be of the form

u(c,a’)v(o, o) K* (o, U')} mwH(o,a'). (F.4)

e—(a—a')2/4s

K*¥(c,0') = n*Gs(0,0") = p ——F——. (F.5)
273
where
e—(a—a')2/4s
lim ———— = (0 — o).
5—0 271-3

Expression (F.4) can be symmetrised with respect to ¢ and ¢’ so that the summation in
H can be re-written as

1 [o]

H(U,U/)——Zl—wmzz—:oolmle (‘7 ‘7) N
2 o0 . ’ 1 e 0 . B 1 a 1
_ im(o-o’) . _ _— Y imle-oy _ _ = Z (—)
BT mzzl " 2me m; do° omi Do \1 — eilo=")

1See Chapter 6.
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Substituting this into (F.4) we get
92

a 2g (07 al)_

T = —zN/dada {—u(a a')v(o,0)

E , 2 =1 1
a—o_—Qu(O',O' )’U(O’,O’)gs(O',O' )} %Tei‘(a__a,) (F6)
By expanding
1 2 I
= +=-——(c=-0)+..

1—¢lo=) o—0 2 12
the first term of (F.6) gives

d? o 1 1
_zN/dadauaa)(aa)a -Gs(o, )%m:

, [0 , ) N ,
__zN/dada {é;u(a,a)v(a,a)a—ags(a,a)Qm(a_U, + 7 1—2(0—0)+ )=

, 0 1 ? ?
__u(0'70')’0(0',0')8 gs(O' G)QWZ(—m_E+)} (F?)
We can set £ = ¢ — ¢’. As the exponential damps all contributions for large z we can

extend the integration of  from —oo to +o0o. Hence (F.7) becomes

e~ 1 5 1 4

: 0 , 2z
—2N/dada: {8—Uu(a,a Yu(o, a)(—m)ﬁ%(; to -t )=

T —z2 /45 i
—u(o,0)v(o, U)(_élj—\/g)——\/iﬁ(_a? -1+ )} =

(1) e~/ | a2

: 0
_zN/dad:n {%u(a,a)v(a, o) PR (5\/5 + 23\/§x — 2125.\/§ +

e~ 1 1
U(U,J)U(U,U)ﬁm%(—;—lljﬁ-...)

We can use the relations

_$2/4s e~ % 2/4s
/ dr / d:v / da:

/ dzze /% =0, / dz z2e™% /% = 2/ dz se™ 1%,

e~ % /45

/ dz e 1% = 2\/s\/7

to get

1) e T4 2
_zN/dada:{aaa (o, )v(a,a)( le) NGES (3\/5_ 122\/§+...)+0} (F.8)

where the second term in the curly brackets in (F.8) is zero because of its symmetry in u

and v. Up to zeroth order in s we obtain

~z?/4s

iN d e
—W/dad:cb—gu(a,a)v(a,a)s\/%_s—
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-2 /4s

N 0 e
2 dods— A
ﬁ/ odz u(a,a)v(a,a)12 T

—1'2/43

47r\/2_7r/dadar ,o)v(o,0) 7 24ﬂ_/dad’z: ,0)v(o, )\/%

e~ 2/4s
- \/_ / dad:c 0)(0,0) = = 5 / dos—u(o,0)o(0,0)  (F9)

for s — 0.

Treating in the same way the second term in T', we get altogether

dod 6—12/45
/ 7 :z: ( )3\/27r5_
247r /da——u 2477/610 (o) (F.10)

We can see that the rest of the terms of (F.2), apart from 7', construct the renormalised

part of
i / a ! jirg ! / S
: / dodo' 5~u(0,0")o(, 0) K**(0,0") Ru(0') Ra() (X]0)

and as we can antisymmetrise in u and v we have
i/dada' {%u(a, o Yv(o,o) — u(a,a)aa—av(a, a')} X
K*(o,0")R,(c")R:\(0)(X]0) =
~1L[[u, v]]{X0)

for [u,u] = uv’ — v'v. This is the desired result as it is calculated in [36] with another

method. For u = e~ and v = ™™™ it gives the result we obtained in (8.8).
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