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To my Mother and in memory of my Father



On Breathers in Affine Toda Theories
by

 Alexander Agustinus Popo Iskandar

Abstract

Oscillating solitonic solutions, the breathers, of affine Toda theory are studied. These
breather solutions are constructed from two solitons of the same mass with velocity opposite
of each other; by analytically continuing its velocity or rapidity to a complex value, the
resulting solution becomes a periodic solution. Generally, the parameters in the soliton
solutions are restricted to a certain range of definition. In particular, it is shown for a(!)

- and df,l) cases, these restrictions can be calculated explicitly.

To some cases of ag) theories, one can show that there are sine-Gordon embedded solitons

which give rise to a sine-Gordon breather.

Furthermore, these breather solutions carry topological charges. These topological charges
are calculated and it is found that they are exactly the same as the topological charges
of some single soliton cases. Moreover, for the non-zero topological charges, one can show
they belong to the irreducible fundamental representation component of the tensor prod-
uct of two fundamental representations associated with the constituent solitons. This
Clebsch-Gordan decomposition property is in agreement with the fusing rule of soliton
which in turn is similar to the fusing rule of the fundamental Toda particles. One can also
make a conjecture that the zero topological charge is always carried by a breather whose
constituent solitons are associated with either conjugate or self-conjugate fundamental rep-
resentations. Although it is not possible to know the individual topological charge carried
by the constituent solitons in a breather, nevertheless using the crossing symmetry similar
to that of the crossing symmetry of the S-matrix, one can perform a superficial calculation

to determine the constituent soliton’s topological charges.

Attempts to understand the exact scattering matrices of the sine-Gordon solitons and

breathers from a root space point of view is also discussed. This study tries to mimic the



exact S-matrix construction of the real coupling regime affine Toda theory from the root
space by Dorey. In this study, one replaces the ordinary Coxeter element, which plays-an
important role in the real coupling regime, with other transformations to incorporate the
infinite product nature of the sine-Gordon soliton scattering matrix. However, the desired

consistent construction seems to elude the author in this study.
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Introduction
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Edward Kennedy Ellington
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This thesis is a study of some aspects of the complex Affine Toda theories. A particular

attention is given to the a{l) series of the theory.

The affine Toda theories became an interest of the author because of the various algebraic
properties which have been discovered recently. The introduction of affine Toda theories
to the author was the series of classic papers of Olive-Turok [3, 4] and the more recent
papers on its S-matrices by Braden-Corrigan-Dorey-Sasaki [8, 9]. it was the work of Dorey
[21, 23] which motivated the author to the study of the algebraic techniques in affine Toda
theories. In these works, the ordinary Coxeter element plays an important réle in the real
coupling regime. This has led the author to the study of a general Coxeter element of the
Weyl group, the affine Coxeter element. It was hoped that this natural generalization of
the ordinary Coxeter element will shed a new light to the imaginary coupling regime of
the theories. In particular, on the relation of its soliton solutions and the root space. This
study, in someway, is a speculative study, as the comiplex nature of the Hamiltonian is
not well understood, especially the question of the existence of its quantum theory is not

settled (in the sense of the soliton spectrum and its mass corrections (33, 34]).

The known classical soliton spectrum [11, 12, 13, 15, 35] carries topological charges which
lie in the fundamental representation associated with each soliton. Generally, the soliton
spectrum does not fill the whole space of its fundamental representation space. On the
other hand, the quantum states are conjectured to fill the whole fundamental representation
space [14]. Thus, one is led to find additional soliton solutions. One posibility is oscillating
soliton solutions, the breathers. In a collaboration with U. Harder and W. McGhee, the
author has found the breather solutions made up of two solitons in the a{}) theories [47].
It has been shown by the author that to have a non singular breather solution, one has to
restrict the displacement parameter and the oscillating velocity (rapidity). Furthermore,
from the two possible ways to build this breather, the author has shown that the breather
topological charges always fall in the irreducible component of the tensor product of the
fundamental representations associated with the constituent solitons. Moreover, it is found
that some of the zero topological charge breathers are a sine-Gordon embedded breather.
The non-zero topological charges were found to be exactly the same as topological charges

of a single soliton. Thus, these breathers do not create any new topological charges such
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that the fundamental representation .space is filled up. Calculations on other theories
- (in particular the dff) theory) show a similar pattern of results. That is, the non zero
topological charges carried by a breather is exactly the same as the topological charge of a
certain single soliton case. The understanding of the discrepancy between the classical and

quantum states of this imaginary coupling regime of the affine Toda theories is far from

complete.

In general, this thesis results from these somewhat parallel studies of the relation of the
sine-Gordon soliton and breather spectrum with root space and the breather spectrum of

the affine Toda theories.
Organisation of this thesis is as follows.

Chapter Two provides a review of the Affine Toda field theories. A brief account of two-
dimensional field theory will be given. Integrability of a two-dimensional theory enables
one to solve the theory exactly. Selection rules of processes obtained from the integrability
lead to the factorization of an N-body process into a product of 2-body processes. In the
quantum theory of two-dimensional field theories, the S-matrix factorises. An example
of an integrable two-dimensional field theory is the affine Toda field theory. The classical
aspect of affine Toda theories will be presented followed by its quantum theory and the
S-matrices. In the imaginary coupling parameter regime, the affine Toda theories will give
rise to soliton solutions which carry topological charges. Thus they come in a degenerate
state. Because of this degeneracy, to calculate the S-matrix, one has to solve the Yang-

Baxter equation. This chapter is closed with a detailed discussion on several methods to

obtain the soliton solutions.

Having shown how to construct the soliton solutions of affine Toda theories, Chapter Three
discussés a special type of soliton solution in the affine Toda theories. "These soliton solu-
tions are periodic in time and it is customary to call them breathers. The sine-Gordon case
will be presented as a guiding prescription in the construction of the breather solutions.
Taking the sine-Gordon prescription and applying to the a'l) series, one obtains breather
solutions of the associated theory. The breather solutions are shown to be of two types.
Type A breathers have constituent solitons of the same species whereas type B breathers

have constituent solitons of opposite species. The topological charges of these breathers
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are then determined and shown to lie in an irreducible component of the tensor product
of fundamental representation associated with the constituent solitons. Further examina-
tion shows that some of the type A breathers are sine-Gordon embedded breathers. A
crossing of one of the constituent solitons in a breather results in the crossing of a type
A breather into a type B breather and vice versa. In particular, it will be shown that
this crossing symmetry can be used to superficially calculate the topological charge of the
constituent solitons. Breathers in other theories are also discussed, in particular breathers
of dff) theory are calculated in detail using the algebraic 7-function. Examination of the
representation where the topological charges of these breathers lie shows the same pattern
of result, i.e. the non zero topological charges always lie in the irreducible fundamental rep-
‘resentation component of the tensor product of the fundamental representations associated
to the constituent solitons. This Clebsch-Gordan decomposition property is in agreement
with and gives a further support to the fusing of solitons. The zero topological charges are
also carried by a breather with constituent solitons which come from conjugate (or self-

_conjugate) fundamental representations, such that in the Clebsch-Gordan decomposition

there is a trivial singlet component.

Chapter Four reviews the interesting relation between root space of the underlying simple
Lie algebra of the affine Toda theories and the S-matrix structure of the real coupling
parameter regime of the theory [21, 23]. This relation hinges on the structure of the
Coxeter element of the Weyl group. The distinct Coxeter orbits of roots leads to the fusing
rule of the Toda fundamental particles. Using data obtained from these Coxeter orbits, the
S-matrices of fundamental Toda particles can be written down from an S-matrix building
block. These .S-matrices are finite products of periodic functions. The main part of this
chapter is devoted to the Coxeter element and some of its properties. An account of the
Coxeter element in the simple Lie algebras and the affine Kac-Moody algebras will open
the chapter. It is then followed with a review of the S-matrix construction via the Coxeter

element for the real coupling parameter Toda theories.

From the established result of the S-matrices for the sine-Gordon theory solitons and
its breathers [1], one tries to follow Dorey’s algebraic construction of the S-matrices in

Chapter Five. Several observations lead to the idea behind this work. First, there is a



5

natural extension of the Coxeter element, which has a finite order, into the aﬁ'ibne Coxeter
element which has aﬁ infinite order. Secondly, root triangles in the affine root space can
also be constructed from the affine Coxeter orbits. Finally, as discussed in Chapter Three,
the imaginaryA coupling parameter regime has a richer solution. So, one is led to speculate
that the affine Coxeter element can play the same réle in the complex coupling regime as
the ordinary Coxeter element will play in the real coupling regime. However, subsequent
calculations show that associating the soliton and breather spectrum with the orbits of the

affine Coxeter transformation is too naive.
Conclusion and an outlook is given in Chapter Siz.

Having in mind a self-contained thesis, some algebraic materials are provided in the Appen-
dices. In particular, Appendiz A contains an exposition on several basis of the Kac-Moody
algebra and its root space. It is complemented with a short review on Quantum groups.

Appendiz B explains the reciprocal polynomial which is used in the discussion on the order

of the affine Coxeter transformation.



Chaptér 2

Aspects of Affine Toda Field Theory
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Two dimensional field theory has been the subject of a vast amount of research interest.
This is due to the richness of the two dimensional theory, such as integrability and conformal
invariance. Conformal invariance results from a sjmmetry under the genera,'l coordinate
transformation. Due to its integr‘ability, a two dimensional theory has an exact solution

[1]. Toda theories [2] are examples of integrable two dimensional field theories.

The Conformal Toda theories [3, 4] are a class of massless scalar field theories with ex-
ponential interaction between the scalar fields. This interaction term is specified by the
simple roots of the underlying Lie algebra for the Toda theory. The addition of a mass

term to the Lagrangian will break the conformal invariance.

A perturbation of conformal Toda theories which retains their integrability will result in
a massive scalar field theory [5]. This massive field theory is achieved by introducing a
perturbation term in the Lagrangian in the form of the exponential interaction term. The
perturbation term depends on the extended root which together with the simple roots of the
associated Lie algebra constitute the simple roots system of an affine Kac-Moody algebra.
In particular, for the untwisted Kac-Moody algebras, the extended root is the negative of
highest root of the associated Lie algebra [6, 7]. Thus, the resulting field theories are called
the Affine Toda theories 8, 9].

Conformal invariance of the affine Toda theories can be restored by the addition of an
auxiliary field {10, 12, 13]. These integrable and conformally invariant massive field theories

are known as the Conformal Affine Toda theories.

In the affine and the conformal affine Toda theories, one can take a purely imaginary cou-
pling parameter [11, 12]. The potentials of these complezr theories have multiple vacua.
There exist complex soliton solutions which have real energy and momentum which inter-
polate between these vacua. Further examination reveals that these complex theories also

have oscillating soliton solutions, the breathers, which will be discussed in Chapter Three.

- Although most parts of this chapter are applicable to the simply-laced affine Toda theories,
only the results of a(!) series will be presented. This chapter provides a review on some of
the structure of a two dimensional field theory [1]. It is then followed by a review of classical

affine Toda theories and a brief account of the quantum theories in the real coupling regime
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[8, 9]. The quantum theory of the imaginary coupling regime is different compared with
the real coupling regime. In this imaginary coupling regime, the classical Toda solitons
are degenerate in mass, hence scattering processes can be non-diagonal [1, 14]; Several
methods to the construction of the soliton solutions namely the Hirota’s method [11, 15],

the algebraic method [12, 13] and the Backlund transformation [16] for the a{!) theories

will be presented.

2.1 Two-dimensional Quantum Field Theory

The momentum of a particle a in two-dimensional space-time is denoted in terms of the
rapidity variable, 0,, as

P. = ma(COSh 0a, sinh ‘90.)1

such that the velocity of a particle is given by v, = tanhf,. Let @, denote a locally

conserved operator. Under the Lorentz transformation L, (), transforms as a rank s tensor,

[L, QS] = 5Q)s.

Q. is called a spin s conserved operator. Integrability of a field theory implies an infinite
number of locally conserved commuting operators. In an integrable theory, a single particle
state must be represented by the simultaneous eigenvectors of these operators with eigen-

values ¢%(6), called the spin s conserved quantity. Thus, for a particle @ with momentum

Y2
Qslpa(g) > = q:(a)lpa(a) >

Under a Lorentz transformation the rapidity 6 of the one particle state, |p,(6) >, changes

by the parameter ¢ of the Lorentz transformation,
e pa(0) > = Ipa(0 + ) > .

Thus, Lorentz covariance of the one particle state fixes the following dependence on rapidity

6 and spin s of the conserved quantities g2(6),

£(0) = 2. (2.1.1)
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Consider a multiparticle in-state denoted by |p1,ps,...,pn > and an out-state denoted by
|p}, Py - - -, Ph >. By the locality nature of the conserved operators, it acts additively on
a multiparticle state. Hence conservation laws for conserved quantities of spin s are given
as, , -

> wm)= X @)
i=1, in i=1, out

The existence of infinite conservation laws such as above, leads to a strict selection rule

(1],
e The number of particles with mass m, in the in-state and out-state are the same.

e The set of momenta of incoming and outgoing particles are the same.

Thus, in a scattering process there is no particle production. In fact, these selection rules

lead to the factorization of the S-matrix . There are several arguments for this, one of

them will be presented below.

In a massive theory, the interaction between particles happen in a finite range, R. Consider
the position configuration phase space of a three-body scattering. A typical coordinate in
this configuration space will be (1, z,, 3), where z; corresponds to the position of particle
i. If the particles are far apart, the wave function of this state in the configuration space
will be a linear combination of three-dimensional plane wave functions permitted by the
selection rule above. The in-state and out-state of scattered particles are represented by an
extrapolation of these plane waves. The task to extrapolate within the interaction range
is very complicated. But, one can consider an extrapolation of wave functions when only
two of the particles are within the interaction range. For example, suppose particles 1
and 2 come close together while particle 3 is far. In the configuration space, scattering of
particles 1 and 2 happen on the plane z; = z5. The extrapolation of wave functions can
be done Quantum mechanically by inserting the interaction potential which starts at the
distance % normal to the plane z; = z,. In the interpolation, the z3-component of the
wave function is fixed. The extrapolation of the in-state and out-state wave functions of

an N-body scattering can be done by considering interactions of two particles at a time.

This means that any N-body scattering can be written as a product of two-body scattering
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processes. This is the wave function argument of the Zamolodchikovs, [1]. Besides this
argument, there is also the wave packet (also known as the particle displacement) argument
by Shaﬁkar and Witten, [17]. A rigorous axiomatic argument can be found in the works
of Tagolnitzer, [18]. In S-matrix language, it is said that the S-matrix factorizes into a

product of two-particle S-matrices.

Furthermore, since the S-matrix factorizes, the two-particle S-matrix has to satisfy a

cubic equation. This cubic equation results from examining the processes depicted in the

‘ following figure.

CAu(0s) An(0:)  An(0)  Au(6s) An(B) A (6)

A (01) A (02)  Ai(0s) A (61) Ay (02) Aig(65)

-Figure 2.1: Factorization of S-matrix.

These two processes must describe an identical scattering prbcess. It is easy to see this
using the particle displacement argument, see [17, 19]. This argument states that, when
acting on a localized wave packet, the conserved operator will only shift the. position of
the wave packet peak. Since the conserved operator commutes with the Hamiltonian, the
action of a conserved operator will not change the scattering process. Hence one can shift
any wave packet without changing the S-matrix. From the figure, we can read off the

Yang-Baxter equation or also known as the Factorization equation of the S-matrices as
follows,

Skil2 (012) S5 (013) S5 (023) = STt (612) Siis (013) 512" (623) (2.1.2)

1142 k1i3
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where, 6., = 6, — 0. Thus only' two-body scattering is needed. Write the two-particle
S-matrix with the particles labelled A; and parametrised by its rapidity 6 as,

|Ai(61), Aj(82) >in = SE (61 — 02)| Ar(61), Ai(62) >out - (2.1.3)

In the above expression, summation runs through all possible states allowed by the selection

rules.

Note that a theory in which the particle spectrum contains no mass degenerate multiplets,
the Yang-Baxter equation becomes trivial. Moreover, there is no summation in equation
(2.1.3) above, and the S-matrix is just a phase factor. In this case, one does not need to
solve the Yang-Baxter equation, and the form of the S-matrices are guessed. However,
this S-matrices have to satisfy the following constraints: unitarity, crossing symmetry
properties, and the bootstrap principle (see below). This is the case of affine Toda field

theory with real coupling parameter.

The rapidity  can be exchanged with the Mandelstam variable s,
5= (pa+ Pb)2 = m?2 + m} + 2m,my cosh b,

o s —m? —m?

6,, = cosh™! Q—mZnTb_

Analytic continuation of the S-matrix to the complex s-plane, yields two square root branch
cuts at (m,2my)% As a function of the rapidity difference 6, the S-matrix admits several
poles. Only those poles which lie in the physical strip 0 < 6, < ¢7 correspond to physical

processes.

The S-matrix as a function of (complex) rapidity has the following unitarity and crossing

symmetry properties.

o Unitarity

The total probability that an initial state evolves into a final state is, of course, unity.

But, since there can only be 2 — 2 processes, then unitarity of the S-matrix is given

as,

Su(0) S5 (=0) = 683, (2.14)
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e Crossing symmetry
Ina scdttering of a+b — c+d (see figure 2.2), an s-channel or ¢-channel process can

take place. So the S-matrix has to be symmetric under the interchange of s « ¢, or

0 « (ir —0),
Ss4(8) = Sy(im —0), (2.1.5)

where antiparticles are denoted by bars.

t—»

Figure 2.2: s and ¢ channel.

Suppose the energy of the incoming particles, s = (p, + ps)?, equals the mass? of a third
particle with mass less than (m, + my), i.e.

s=m?i=m?+m}+2m,mycosh @, (2.1.6)

Thus, it is implied that the angle ©¢, = 165, is purely imaginary so that m, < m, + m,.

Figure 2.3: Mass triangle.

It is said that, particles @ and b may fuse into particle ¢, a + b — ¢. And the coupling of

these three particles is non-vanishing. The S-matrix for particles a and b will have a pole
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at Oq = 20°;. It is also possible for particles b and ¢ to fuse into @, b+ c — @, and particles
¢ and a to fuse into b, ¢ + a — b. From this, the mass triangle relation is obtained by

interchanging the labels a,b and ¢ in equation (2.1.6) in a cyclic manner.
In figure 2.8, 6, = m — 65,, thus

0°, + 0> + 07 =2r.

From conservation of energy and momentum in a fusing process, one gets the following

relations,
0, = 0.+ 140",
L (2.1.7)
0y, =0, —20;..

Figure 2.4: Bootstrap Relation.

In a bootstrap principle, the possibility of a particle species appearing as a pole in the
S-matrix, is restricted to some set of previously determined particles which are contained
in the theory. Consider the purely elastic scattering process of particles a and b. If their
S-matrix has a pole at position 6¢,, then a bound state particle ¢ can appear for some time
during the process. If preceding the scattering of particles a and b with particle d, a bound

state of particle ¢ appears for a short time, see figure 2.4, then by the particle displacément
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argument, the product of scatterings before the apperance of the bound state ¢ has to be

the same as the S-matrix of particles ¢ and d,
Sy (0) Sda.( 0 )Sdb(a + szc) (2.1.8)

this is called the S-matriz bootstrap.

If one writes the fusing of @ + b — ¢ as, |[A,Ay > =~ |Az >. Then applying the conserved
charge operator, and remembering its additive property and the form of equation (2.1.1),

one has the conserved charge bootstrap,
¢ = qiePe 4 ghem o0, (2.1.9)
On the other hand, the fusing @ + ¢ — b yields
| gs = gie% 4 qce”"
Substituting ¢° and remembering that

026 + HZC + abc =T,

one obtains a relation of the conseived quantities of particle ¢ with its conjugate a, ¢2 =

(—1)**1g®. Thus, equation (2.1.9) can be written as,

qs n qg 1565, 1 qc is(05,+05.) — 0. (2110)

For spin s = 1, ¢¢ = m, and the conserved charge bootstrap yields the mass triangle.

2.2 Real Coupling Affine Toda Theories

The affine Toda theory is an integrable two dimensional field theory which is described by
the following Lagrangian density [2, 5, 8, 9],

£ = 5(0,8)(0"6) - Tg— Z(M - 1), (2.2.1)

where ¢ is an n-dimensional scalar field, m and f are the mass and coupling parameters

respectively. The vectors a; with j = 1,2,...,n are the simple roots of the Lie algebra g of
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rank n associated with the theory. And «p is chosen such that the set {ap, «j} represents
the affine Dynkin diagram of an affine Kac-Moody algebras. For the simply-laced Kac-
Moody algebras, ag is the negative of the highest root ¢ = 3°%_; n;a;; in particular, for
the a{!) series, n; = 1 for all j. The constants n; are inserted into the potential term so

that ¢ = 0 is a solution to the minima of the potential.

Expanding the potential term yields,

m2n

; p? ik

V(¢) = ;Zm Bloj-9) + (- )"+ (g 8+ ]
J=0

The order B~! term vanishes by the linear dependence relation between ap and the simple

roots o; for j =1,2,...,n. The second and the third term are the mass-squared and the

three particle interaction terms respectively,

(M) =m?> njatal, (2.2.2)
=0
22 n
cobe == mTﬂ Z nja‘;agaj. ' (2.2.3)
=0

Higher terms are N particle interaction terms. Coupling of interacting particles in the
higher interaction terms can be obtained from the three particle coupling [20]. It was noted
independently by Dorey [21] and Freeman [22] that non-vanishing three-point couplings are
related to orbits of the Coxeter element of the associated Weyl group. But it was Dorey
[21, 23] who provided the rigordus expvosition of this fusing phenomena. Other related
results are also due to Fring and Olive [24]. It was realised by Dorey that the non-vanishing
three-point couplings are related to a root triangle made from elements of three Coxeter
orbits. Upon projection of this root triangle to a two-dimensional eigenplane of the Coxeter
element, the resulting equation resembles the conserved quantity boostrap (2.1.10), (this

subject is discussed in more detail in Chapter Four).

The mass-squared matrix (2.2.2) can be diagonalized to obtain the masses of the funda-
mental Toda particles. A curious fact was noted in [9] that, if these masses are arranged as
the n-component of a vector m, then m is an eigenvector of the Cartan matrix with eigen-

value 2 —2cos(¥). In fact, a further examination [21, 25] shows that the conserved charges
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q® can be arranged into the eigenvectors of the Cartan matrix defined by Cix = z—af—‘i,
Cqs = (2 — 2cos(,))qs, (2.2.4)

where 0, = 3T and s is an exponent of the underlying Lie algebra.

When a three particle coupling is non-vanishing it was noted [9] that the absolute value of
this coupling is proportional to the area of triangle whose sides have lengths equal to the

masses of the interacting particles,

.98 :
|Cebe| = —ﬂmamb sin 65, (2.2.5)

vh

where h is the Coxeter number of the underlying Lie algebra and 65, is the fusing angle

which give the mass triangle relation of (2.1.6).

These curious facts, lead to the assignment of the particles to each node of the Dynkin
diagram of the underlying Lie algebra. An algebraic proof of (2.2.4) for s = 1 (the mass
eigenvector) and (2.2.5) has been provided by several authors [22, 26].

In particular, for the a{!) series the masses of the fundamental particles are (9],
me = 2m sin(%r) a=1,2,...,n, (2.2.6)
in the above, the Coxeter number of a(!) is A = n + 1. And the three-particle coupling is
non-vanishing when a mass triangle (2.1.6) can be formed from particles a, b and ¢ which
satisfies a 4+ b + ¢ = 0 mod k and the fusing angles are given by,
{ atbp a+b+c=h,

2-%)r  a+b+c=2kh

(2.2.7)

The S-matrix for affine Toda theories are obtained in the following way. First note that
although there are mass degeneracies between particles associated with automorphisms of
the Dynkin diagram, each particle is uniquely labelled by the higher conserved charges.
Thus in this real coupling parameter regime, the fundamental Toda particles do not develop
a particle multiplet with mass degeneracy. And, as a consequence of this faét, the Yang-
Bazter equation (2.1.2) is trivial. The S-matrices can be ’determined’ using the unitarity

and crossing symmetry conditions derived from (2.1.4) and (2.1.5) respectively as follows,

Sup(0)Sas(—0) = 1, (2.2.8)
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Sap(im — 0) = Spa(0). (2.2.9)
Secondly, as there are many solutions to the above constraint. These S-matrices are fixed
by the requirement that it develops a set of poles coresponding to the set of fusing angles
given from the mass triangles or the non-vanishing three particle coupling. Finally, one

has make sure that these eract S-matrices agree with perturbation theory.

One starts with the S-matrix of the lightest particle and then using the boostrap relation

(2.1.8) to obtain the complete set of S-matrix components.

An algebraic construction of the S-matrices of the simply-laced theories and its relation

with Dorey’s Rule will be illuminated in the review section of the second part of this thesis

(Chapter Four).

In particular, the S-matrix element of the a{!) series are given as follows [9],
a+b—-1

Sw= 1[I {r}, (2.2.10)

|a—b]+1
in the above expression, the product are taken in step of two, and the notation for the
S-matrix building block is the following,

_ (@+)@E-1)

with, . ;
sinh( + 22) 3 1 p?
(=) sinh(§ — %) (8) 14 & ( )

Having obtained the expression for the S-matrices, one can then examine the pole struc-
tures of the S-matrix. The existence of multiple poles of the simply-laced cases has been

explained using perturbation theory (8, 27].

Renormalising the simply-laced theory yields the quantum mass correction which has been
calculated to the lowest order. It turns out that all the masses of the fundamental particles
are renormalised by a universal factor [8, 9, 27]. And hence, the classical mass ratio of
the fundamental particles are preserved in the quantum theory. A quantum calculation of

higher conserved charges have been provided by Niedermaier [28].

More recently, results on the non-simply-laced affine Toda theories show a fascinating

" feature of duality between dual-pairs of the underlying algebra [29)].
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2.3 Imaginary Coupling Affine Toda Theories

In the lagrangian (2.2.1), one can change the coupling parameter £ into a purely imaginary

coupling parameter 18 [11]. The resulting theory will have the following potential term,

V———an(wa’ )

This potential term now has a multiple vacua given by the solution,

_T
*=7

where )Y is an element of the coweight lattice. The existence of these vacua signals a

possibility of topological solitonic solutions which interpolate between them.

Although the hamiltonian of this theory is complex, nevertheless the energy and momentum
of soliton solutions are real as shown by Hollowood [11] for a{!) series and generally by Olive
et.al. [12]. Continuing the results of [12, 13], Freeman [30] has provided the calculation of

higher conserved charges for the soliton solutions. It is shown that these conserved charges

are also real.

The equation of motion can be derived easily from (2.2.1) upon substitution of the imagi-

nary coupling parameter,
2 n
0%¢ = —Tin—ﬁ > njojexp(ifa; - 4). (2:3.1)
§=0

Soliton solutions to the above equation of motion can be constructed using several methods
[11, 12, 13, 15, 16]; a comparison of these will be discussed in detail in the following section.
Each soliton solution is assdciated with a node on the Dynkin diagram of the underlying
Lie algebra. Masses of these soliton solutions have been calculated [11, 12, 15]. For the

simply-laced cases the single soliton of species a has a mass,

2mh
M, = 7\/2, | (2.3.2)
where h is the Coxeter number of the underlying Lie algebra and A, is the eigenvalue of

the matrix NC where C is the affine Cartan matrix and N = diag(no,n1,...,n,). In

particular the mass of al!) single soliton of species a is,

4hm . [(ma 2h
M, = 7 sin (T) 62ma, ' N (2.3.3)
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where m, is the mass of the fundamental affine Toda particle, c.f. (2.2.6). The quantum
correction of the soliton mass is calculated in a different fashion compared with the quantum
correction of the mass of the fundamental particles. Following the semiclassical approach
of Dashen et.al. [31], Hollowood [32] has calculated the mass correction for the a{!) solitons.
This mass correction was calculated via a small perturbation around the classical solution.
It was found that for the a{!) solitons the quantum correction is again a universal factor,
and hence the classical mass ratios of the solitons are preserved in the quantum theory.

The corrections for other theories are still not completely determined [33, 34].

These soliton solutions are topological solitons, their topological charges are calculated

from the following definition, .

o= [7(0.9)ds. (2.3.4)

S S
It has been found that each species of soliton associated with a node of the Dynkin diagram
of the underlying Lie algebra can have several topological charges [11, 35, 36]. These
topological charges lie in the highest weight representation space of the fundamental weight
associated with each single soliton species. Thus, there is a mass degenerate multiplet for

each species of solitons.

Due to this mass degenerate multiplet associated with each fundamental representation,
scattering of solitons can be non-diagonal. Hence, in the calculation of scattering matrix the
Yang-Baxter equation becomes non-trivial. The earliest result in solving the Yang-Baxter
equation for the complex affine Toda theories were the S-matrices of the sine-Gordon
solitons [1]. Although the solutions to the Yang-Baxter equation for various algebraic cases
have long been known [39, 40], one still has to impose additional restrictions to extract the
S-matrix. Namely unitarity, crossing symmetry and bootstrap. Several methods has been
sﬁggested for these calculations. Bernard and Leclair [41] noted that the symmetry of the
non-local conserved currents is a quantum symmetry of a quantum group. This symmetry
leads to a possible way of extracting the S-matrix from the solution of the Yang-Baxter
equation. However, there exist very few explicit example of these S-matrix calculations.
Hollowood [14], using the relation between the representation of the ¢-Hecke algebra with
the representation of the quantum group Sl (n), provides an alternative way of calculating

the S-matrix. The a{!) series, for which the sine-Gordon theory is the simplest case, has
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been provided in [14]. This will be disscused in detail in the following. Recently, the

quantum bound states exact S-matrices of the agl) theory have been calculated [42].

Let a particle multiplet with degenerate mass M, be denoted by the irreducible repre-
sentation vector space V,1 of the Lie algebra [14, 40]. Representations of the in-state and
out-state of a scattering of two particles are then written as tensor product representations,
and the Yang-Baxter equation is evaluated as a triple tensor product space [37, 40]. Solu-
tions to the Yang-Baxter equation, denoted by R-matrices, are found without imposing the
unitarity and crossing symmetry conditions [14, 41]. These conditions are imposed only

when extracting the S-matrix from the R-matrix solution of the Yang-Baxter equation.

The Yang-Baxter equation in terms of these R-matrices is given in the following form [37],

(RV2V3($) ® 1)(1 ® RVlvs(wy))(RVle(y) ® 1)
= (1 ® Rvv,(v))(Rvwa(zy) ® 1)(1 ® Ry,v, (). (2.3.5)

In the above, Ry,v,(z) is the invertible element of a quasitriangular Hopf algebra [37, 40, 43).
It acts on the tensor product vector spaces V; @Vs, i.e. B = Ry, ® Ry,. Where R}, and Ry,
is an element of the first and the second copy of the Hopf algebra in a quasitriangular Hopf
algebra respectively (see Appendiz A). By deﬁnition Ry,v, maps Vi ®@ Vo — V,®V;. Hence,
the left hand side and right hand side of equation (2.3.5) maps V1@ V,®@ Vs — V3@ V2@ .

These R-matrices can be determined up to an overall scaling [14, 40], this freedom of scale

is used to convert an R-matrixinto an S-matrix. For this reason, it is convenient to use,
Ry, (z) = 0 Ry, (2), (2.3.6)

. where o(v; ® v;) = (v; ® v;) and v; € V;. Hence Ry,y, maps V1 ® V2 — V1 ® V2, and the

Yang-Baxter equation becomes,
Rv,v, (w)RVIVS (my)RV1V2 (y) = RV1V2(y)RV1V3 (xy)RV2V3($)1 (2'3'7)

where it is understood that Ry,y; acts on the vector spaces V; and V; of V®3, Now, the
. right and left hand sides is an End(V; ® V; ® V3). This last relation is similar to the

factorization equation for the S-matrices, c.f. equation (2.1.2).
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Jimbo [38] proposed the solution of the Yang-Baxter equation (2.3.5) for the Uy(SI(n)) qua-
tum group using the g-deformed permutation group called the Hecke algebra, H,,. Elements
of the Hecke algebra, {T,, a =1,2,...,m — 1} with T, € End(V®™), satisfy
(Ta - q_l)(Ta +¢)=0,
TaTa+1Ta = Ta+1TaTa+1, - (238)
[Ta,Tb] = 0, |a - b| 2 2.
In the above, ¢ is the deformation parameter. T, permutes the a* and (a + 1) space in
the tensor product space V®™. In general, one can label the elements of the Hecke algebra

by T, € Hn with w € S, where Sy, is the permutation group of m objects. Such that
T = T T, if [(ww') = l(w) + {(w'), where I(w) is the length of w.

With {e;, 1 =1,2,...,n} as basis of V, let T € En'd(V®2) be defined as [38, 14],

‘1(e,-®e,~) if i =3,
T(ei®e) =19 (7' —q)(e:®ej) +(e;®ei) ife >, (2.3.9)
(e; ® e;) ife<y.

Then the solution to equation (2.3.5) is given by

R(z) = 2T7' - z7'T. (2.3.10)

To prove this solution, one can simplify the notation by dropping the tensor product sign

since T already signifies which vector space it acts on. Using the Hecke algebra properties

one can write,
T?—q¢'T+qT—1=0 or T—qgl4qg-T" =0,

and one can use these relations to change for example (Ty Ty ' Ty =T ' T2y ) into (TR 17 ' To—
T; Ty T; ). Then equation (2.3.10) can be proved to satisfy relation (2.3.5).

Furthermore, these R—matrices satisfy the following fusion procedure [38, 14],
B¥e(a) = (1 B (- IR (-0 0T} (23.1)
In particular one can easily show the following

Ra b( Rba H g (a+b 2i— 2]+2)/2]I®I (2312)

1,j=1
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with the scalar function g(z) = (z¢7! — z7'q)(z71¢™! — zq).

The generators of Hecke algebra can also be used in the g-analogue of the full symmetriser
and antisymmetriser [38],

q:Em(m—l)/2
st =t 3 (£97¥T,, (2.3.13)
[m]! WESm

where [m] = Q%Iq_Tm— and [m]! = [m][m —1]...[1]. For example,

1 1

m(q +T), 83 = m(q_l = 1)

Thus, (2.3.10) can also be written as,

+
S9

R(z) = (zqg—z7"'q7)s§ + (27 g —zq7")s;. (2.3.14)

As in’the representation theory of Si(n), one can project out the representation space V,

from the a-fold tensor product V;2* using the full antisymmetriser above,
Vo 2257 (V).
In the following discussion, V; will be Written as V with basis {e;, 1 =1,2,...,n}.
The S-matrix can be constructed from the R-matrix by the following [14],
545(0) = S&° (0)v(8) R**(z(6), q). (2.3.15)

Where S () is the minimal (coupling parameter independent) solution to the unitarity
condition (2.2.8), crossing symmetry (2.2.9) and the bootstrap relation (2.1.8). The scalar
function v() is inserted to ensure unitarity and crossing symmetry. Thus, the full S-matrix

is a mapping of tensor product spaces due to the R-matrix,
SV, @V - V@ V..

Furthermore it satisfies the following conditions,

o Unitarity _
5eb()S**(—0) = I, ® I,
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e Crossing symmetry

§0) = (I®Ca) - o S(ir = 0)]" -0 (Ca® ). (2.3.16)

e S-matriz Bootstrap

54e(8) = [T ® S**(8 — ifh,)| [*(0 + i) ® 1] .
While the Yang-Baxter equation is now given as,

[1® 520(8:)] [S°(6: + 0;) ® 1] [I ® 5*(63)]
= [$(02) ® 1] [1 ® $™“(61 + 0)] [S**(61) ®T] . (2.3.17)

Explanations of the notations used above are as follows. I, is the identity of the vector
space V,. The charge conjugation operator C, is defined as a mapping Cy : Vo — Vo,
thus one would expect that the action of C, on V, would be proportional to s;_,(V&"~¢).
So, defining the dual basis of V as {e}} where ¢; - €] = é;;, yields C, explicitly as
Co=ks Y. (=)W D(e;,, ®ei, ®...Qei)(ef, @€}, ®...Q€l),
{i;}€Pn
where P, is the set of permutation of (1,2,...,n) and k, some constant. For a fixed set of

labels (41,12, .. .,%.), Ca can be written as

Clid=k, 3 (—q)Ulalaliovest ( Y () I(e,,, ®... 0 ein)) (ef ®...Q¢€]),
{ia}EPa. {’ia}EPa
(2.3.18)

where 1({(32)(45)})iowest is the lowest length of permutation of two cycle {(¢.)(¢5)} for a
fixed set of (¢,). The constant k, is determined by requiring that C;C, = I,. As these
charge conjugation operators are always used in pairs in the crossing symmetry condition
of the S-matrix, one only needs to know the value of kzk,. For any choice of the fixed

labels (i,) one obtains the following relation,

kaka( Z (_q)1({(ia)(ia)})lowest+l({iﬂ})) ( Z (_q)l({(’:a)(ia)})lowest+1({iﬁ})) =1. (2.3.19)

{’ia}EPa {ia}GPa
The crossing symmetry equation (2.3.16) can be viewed as follows. The left hand side is

a mapping from V; ® V4 into V, ® V;. Thus, reading off from the right, the right hand
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side of the same equation give o - C:D(Va® W) =V, ®V,. Applying o - 5% on
this tensor product space results in V;, ® V,. But note, that the conjugate operator will
always give the basis vector of the conjugate vector space in a reverse ordering. If e,(-a) for
i=1,2,...,(dimV,) is the basis of the vector space V, and e\ for i = 1,2, ..., (dim V,) is
the basis of the vector space V;, then C’a(ega)) = egmva) +1_;+ Thus, one needs to transpose
the second space of o - S, denoted by [0 - $>¢]%2, before applying it to ¥, ® V,. Finally,

one needs to take a conjugate of the vector space V,, one more time.

Comparing the Yang-Baxter equation of the S-matrices (2.3.17) with that of the R-
matrices, one immediately see that z = e*+Y By the unitarity condition and equation

(2.3.12), one can deduce that A’ = 0.

Generally, the S-matrix S*(8) will have a pole at § = S, (from the minimal part)
corresponding to particle ¢ = a + bmod h at the direct channel. Thus, 524(8) must be
proportional to the full antisymmetriser s;,, at the pole. For the complex afll_)l affine Toda

theories, the minimal S-matrix is given by [9],
(a+b)

Smin(0) =TI (»
p=|a—b|
where the product above is taken in step 2 and (p) is the S-matrix building block (2.2.12)
with Coxeter number A = n. With the pole of S,ln’,ln(a) at 0 = Z’T" one can deduce from
ho

(2.3.14) that z = (—¢) 2.
The simplest example of the a{!) complex affine Toda theories is the Sine-Gordon theory
which is based on the affine algebra agl). Thus one has to consider the quantum group

S1,(2) with the vector space V is considered to be a doublet space with basis {e1, ez}

Hence T' can be-written as the following matrix,

e1® e gt 0 0 0 e1® e
e1 @ ez 0 0 1 0 e1® es
T = . (2.3.20)
ez ® e 0 1 (¢—¢q) O ez ® e
es ® e 0 0 0 g7t e; ® ez

Unitarity condition yields the following condition on the scalar function v(z)
1 A
(zg™! —27¢)(z71q™! — zq)’

v(z)v(z™!) =
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or, with ¢ = —e™"* and z = e one can write this condition in terms of I'-functions
Lo 19 1P 20
”1———F—Z— A1+ —-—2A - :
ozola™) = — T (=2 4 NI+ 22 - N2 4 D = T2 ). (232)

One can easily see that the R-matrix for SI,(2) is crossing symmetric. Thus crossing

symmetry restricts the function'scalar v(z) by the following condition,

1

v(z) = v(—;—q—). (2.3.22)
The solution which satisfies the unitarity condition (2.3.21) and crossing property (2.3.22)
can be found by an iterative method. One starts from the simplest solution to the unitarity
condition, by adding extra terms on this solution one can satisfy the crossing symmetry.
But the resulting solution will not satisfy unitarity, so one adds some more extra terms in
order to satisfy the unitarity condition. Now the crossing symmetry is again spoiled. Thus,
this iterative process can be continued infinitely many times to produce an infinite product
of some function. There are several solutions which satisfies these conditions. One has to
fix these solutions using the known particle spectrum and non-zero three-point coupling,
i.e. from the mass triangle one obtains the value of fusing angles which are the poles of
the S—fnatrices. For the sine-Gordon theory, one finds that v(z) is given by the following
infinite product of I'-functions (note that this is different from Bernard-Leclair solution
[41], their solution seems to have incorrect pole positions),

_ 1 ﬁ T(22 4 26MP(2 + 14+ 2(k - 1)))

2 D(—22 4 2kNT(—2 + 14 2(k — 1))

k=1

T(—2 4 (2k — DAD(—2 +1 + (2k — 3)))

T2 + (2k+ DAL +14 (2 - 1)) (2:3.23)

and, together with the minimal S-matrix solution and equations (2.3.10) and (2.3.20), one
has all the doublet state S-matrices of the Sine-Gordon theory. In this solution, the basis

e;1 can be interpreted as a soliton with e; as an antisoliton, or vice-versa.

In the sine-Gordon soliton and anti-soliton scattering, one can have a transmision or re-
flection, thus one can write Se,@e, e;0¢, as the transmision element of the S-matrix, S;, and
Se,@er,e1@e; @S the reflection element of the scattering matrix, S,. Scattering element of

identical soliton Se,ge,.e;0e O Ses®es,cr@e; 18 Written as S. After some I-function algebra,
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one can reproduce the matrix elements of Zamolodchikovs [1] as follows,

o TG +1+ 390G +1+57)

S =]

B TR AICE S

26

(2.3.24)

(2.3.25)

(2.3.26)

(2.3.27)

forn =1,2,...,[\] where [\] means the largest integer less than A. These poles correspond

to the direct channel production of the soliton - anti-soliton bound states, the breathers,

where the mass of the nt* breather is given by

nm

M, = 2M sin( 2/\),

and M is the soliton mass given with the first quantum correction as [32],

M=2—m-/\.
.o

Comparing these results with the known facts from a semi-classical calculation of Dashen

et.al. [31], one finds the relations between the coupling parameter 4 and the parameter A

as follows,
1 1 B

X arl -
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The physical poles of the matrix element S correspond to the cross channel process of
soliton-antisoliton scattering.

Note that contrary to the S-matrices of the real coupling regime affine Toda theories, these

S-matrix elements are not products of pertodic functions.

To calculate the soliton-breather and breather-breather scatterings, one uses the S-matrix
bootstrap principle. In writing down the S-matrix bootstrap, one has to keep in mind that
the allowed S-matrix in this equation has to yield a purely elastic process. This means,

that only S and S, will be used, since S, is not purely elastic.

Denoting the soliton as A,.the anti-soliton as A and the nt* breather as B,, then the fusing
angle of AAB, is given from equation (2.3.27),

This value of fusing angle will be used in the following boostrap relations. The soliton-

breather S-matrix is obtained from
San(6) = S(6 = i0,.5)5:(0 + 183y,
and the breather-breather S-matrix is obtained from
Sum(8) = Sna(6 —04,,)S,4(0 +16%,,).

After some I'-function algebra, one obtains the soliton-breather S-matrix element as fol-

lows,

2)0(y + 5 + 25572)

=~

n 0 41
S H 2m +4+ 4/\ 27
A" i_}_g_*_ k— )I‘(li._l 2k2'n,)
k=1 27 4 27 14X

10 + +2k n) ( ;fr+3+2k—2—'n)
;fr_l_ +2k2n) (_%_I_ +2k n)l

e

(2.3.28)

:/‘\ /’j\ﬁ

Multlplylng with a unity term, for example the followmg
0 F(;fr-l_ +2knr(;i+ +2k2n)

1T

)
ey TL+ 2+ Zsm(E — 1 4 Zdon)
1°—°[ F(;fr + 3 4 AR _ 1y 2k=Zin)
=1 F(;_fr+i+ 2k+n)1'\(;_+i 2k— 2+n)’
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the finite product in equation (2.3.28) can easily be rewritten as an infinite product,

o F(io +1 +2k;n)r(_%+ + Zh=2on)
SA" H I ﬁ__+2k -2- ")I‘(_i_*_ +2k n)
k=1 2w 2T

)

2k—n
2k—-24+n _ 16 2k+'n.
4) )F( 2m + +

)

-

B BT 4 T )
:)
)

2k+

+ 2k-2+n)F(

4

k4i+n)1‘\(

10

+
i (2.3.29)
% +342 ,

+ =
w

The breather-breather scattering matrix element is as follows,

F( 0 + 2k+n m)F( ;fr_l_l 2k+n—m)

_kzl T _;'_%_‘k:t‘;”/'\ m)P( ;i+1+2k+n m)

16 2k=24n—-m _ 18 2k~ 2+'n. —-m
+ 4\ )P( 27 +1-

r o)
0 2k—2+n—m)r\(_% +14 2k— 2+n m)
=)

T 4

Zkt&_m)F(;i _|_ + 2k—n—-m n m

k—47/t\—m)]:\( ;fr + + 2k n m)

|3
_|_ e
NI .
+ DO =
ol |

(2.3.30)

_z_1r+%—2k_—2z;\t@)r(;fr+ +2k2nm)
F(;_ﬂ.‘I' % _ 2k—24—/\n—m)1‘\( ;fr + + 2k— 2 'n. m)

F( ;fr + + 2k+n F(_;_fr_l_ 1 + 2k— 244;‘71. m)

=)
I\(_zzfr + 2k— 24-{;\n m)F(—%—}-l-{- 2k-}:1n/i—m)
o)
A

F(zzfr +1+ 2k+n —-m F(;_fr+ Zk—Z‘:\n—m)

0 1 _ k;tnm 16 1 2k—24n—m
F(;W-{-Z 4 )P 21r+2+ 4 )

F( 16 +1+2k—n—m)11( 16 +2k 24)‘n m)
I'\(__;_d;;_i_ +2knm)1'\( ;fr+ +2k2nm)

(2.3.31)

These S-matrices, San, and Sy, can also be written as a finite product of the sinh-function

[1). Thus, in contrast to the S-matrices for soliton-antisoliton scattering, the S-matrices
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involving the breathers have a 2ir-periodicity. In the physical strip, the only meaningful
poles of S4,(6) are
T InT
0= —4+ — J.
5 + o (2.3.32)

where the positive and negative sign correspond to the antisoliton poles in the s- and

t-channel respectively. While in' Sy, (8), the only physical poles are

_dlndm)r . diln+m)r

6 = T TR . (2.3.33)
which correspond to the (n + m)™ breather in the s- and t-channel respectively. Other
poles in the physical strip are double poles which do not correspond to any physical bound

states [1]. The existence of these double poles may be explained by the Coleman-Thun

mechanism [44].

2.4 Soliton Solutions

As mentioned in the previous section, soliton solutions to the complex affine Toda theo-
ries have been calculated by several authors. Namely using the Hirota’s method [11, 15],
construction by algebraic methods [12, 13] and for the a{!) series using the Backlund trans-
formation [16]. This section provides a comparison study of these constructions. A partic-

ular attention is given to the two soliton solutions as they will be explored further in the

following chapter.

2.4.1 Hirota’s Method

Soliton solutions to the affine Toda théory equation of motion, (2.3.1), can be derived using

Hirota’s method [45]. An ansatz for the soliton solutions of the affine Toda theories [11, 15]

is the following,

7: n
gb: Eanaj IIIT]', _ (241)
J=0

where, 7; = %. Thus for a(!) series, n; = 1 for all j.
J
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In Hirota’s method, the 7-functions are a power series expansion in an arbitrary parameter

¢ which will be set to 1 at the end of the construction,
r=1+el 4P 4 (2.4.2)

_ In the above expression, ¢; is a function of (z,t). The equation of motion is solved order by
order in the arbitrary parameter €. Inserting the ansatz (2.4.1) into the equation of motion
written as a Hirota bilinear form [15, 46], one can solve the soliton solution by restricting
¢ to have a finite value at its asymptote. In particular for the all) series, an N soliton

~ solution is calculated by setting tg-a) = 0 for ¢ > N in the 7-function.

For a{!) series, inserting (2.4.1) into the equation of motion (2.3.1), and assuming that the

set of h = n + 1 equations of motion decouple, results in the following,
Firp — 7 — T 4 7 = mP (T T — 7)) §=0,1,...,m, (2.4.3)

where the subscript of the 7-functions are labelled modulo the Coxeter number A = n + 1.

The single soliton solution is obtained as

78 =1 + exp[Qa + pa + 150 (2.4.4)

where,
2ra

0, = oa(z — ugt), Pa - Ne + &, 0, = - (2.4.5)
Oayta,Nay Ea € IR. The parameter o, and the velocity u, are related by,

o2(1 — u?) = 4m? sin® 7;—“ (2.4.6)

In the rest of this thesis, all o is taken to have positive real values. The superscript of the
r-function (2.4.4) indicates the species of the soliton. One can also write the 7-functions

with an explicit dependence on the lightcone coordinates, z+ = %(t:l:m), thus §2, becomes,

Qo =62, —6Pa_,

with,
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A two soliton solution is obtained by solving the equation of motion (2.4.3) after inserting

the expansion of the 7-function up to second order in €. The two soliton solution for species

a and b is,

T]-(ab) = 1+ exp[Qa + po +50a] + exp[ + po + 1704]
+Aexp[Qq + Qb + pa + po + 15 (02 + 65)), (2.4.7)

which can be compactly written as,
=14 (7( 1)+ (P - 1)+ AP - 1) - 1), (2.4.8)

The interaction coefficient in the above expression is given by,

(0 — 03)% — (0auq — opup)? — 4m? sin®(

(04 + 03)% — (0gUa + opup)? — 4m? sin?(

(a —b))
1) (2.4.9)

If the rapidity variable © is defined through the velocity u as, u, = tanh©,, then the

A=—

R N

interaction coefficient can @ls-o be written in terms of rapidity difference © = @, — Oy,

sin (9 + l(%,:—bl) sin (% - ﬂa—_bl)

— 2 2k
A= sin (% + ﬂf:_bz) sin (% _ ﬂﬁw) : (2.4.10)

As the case for two soliton solutions, a multi-soliton solution can be constructed from a
collection of single soliton solutions [11]. The interaction between the solitons is pair-wise,

with the interaction coefficient as given above.

Following [12], the energy-momentum tensor of soliton solutions can be written as,
T = (0% — 8,0,)C. o (2.4.11)
Or in terms of the lightcone componenfs,
Ti- = 040-C, (2.4.12) .

Tiyx = —8iC. (2.4.13)

Notice that T'_ is actually the trace of the energy-momentum tensor, then (2.4.12) be-

comes,

o0 = 2 (e —1). (2.4.14)
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Using the soliton solutions in the energy-momentum tensor, leads to the following solution

for C up to linear functions of only z, or z_ variables,

C=-— Zln 7. (2.4.15)

The mass of the soliton solution can be calculated as follows. The energy and momentum
density is given in terms of components of the energy-momentum density as, £ = Too and

P = Tyo. Consider instead, the lightcone energy-momentum density,

E+P '
pE_ 2.4.16
7 | )

Thus, using (2.4.11), the components of the lightcone energy-momentum are given by,
( a'*'C’):c——oo’ (a—C)x——oo (2417)

For the single soliton solution (2.4.4), one finds that
n 6:|: (‘1) 1)

9:C = ¥ z

(2.4.18)

(a)
In the limit as £ — —oo the ratios (—(—7—)- vanish, and in the limit  — oo all the ratios tend

to 1. Recall the constraint (2.4.6) and write the rapidity of the soliton as ©, = 1 In (H‘z )

then the lightcone energy-momentum of a single soliton is given by

4 0.\ '
Pt = \/_];—7;23111 ( ; ) eFO, (2.4.19)

and its mass is calculated to be

0,\\’
M?=2ptpP- = ( 42;” sin( )) o (2.4.20)

Note, that the mass of the species a soliton is proportional to the mass of the fundamental

particle of the a(l) affine Toda ﬁeld theory, m, = 2m sm(o“)

For a multi-soliton solution the calculation above can be performed in the same way. In

particular a two soliton solution of species a and b yields,

V2PE = M,e¥% 4+ M,eT®. (2.4.21)

As seen from the example of the a{!) series, the Hirota’s method is useful in performing ex-
plicit calculations such as in determining the topological charges [35] or in the construction

of oscillating soliton solutions, the breathers [47] (see Chapter Three).
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2.4.2 Backlund Transformation

Solitons of the a{!) series can also be constructed using the Backlund transformation [16].
The essence of a Backlund transformation is to relate different solutions of the equation of
motion one to the other by two coupled first order differential equations. These first order
differential equations are relatively easier to solve. One starts with a vacuum solution and
using the Backlund transformation one obtains a single soliton solution. To construct a two
soliton solution, one has to do four steps transformations. First from a vacuum solution
using two different parameters, one can create the single soliton solutions of species a and
b. Secondly, transforming these single soliton solutions with the opposite parameter will
give two solutions for a double soliton. Finally, one has to match the parameters of these

double soliton solutions such that it is compatible with the single soliton solutions.

One can write the extended simple roots system of a{!) Kac-Moody algebra as o; = e;—e;j1,
where {ej, €3, ..,€n, ent1 = €o} are orthonormal basis of IR™*?! vector space. The field ¢
is an n-dimensional scalar field in the vector space span by the simple roots of the Lie
algebra A,. Thus it can be written as ¢ = >°7_; €;¢; such that ¢; = ;- ¢ and Y0 ®i=0.
Using these extended simple roots representation the component of the equation of motion

(2.3.1) becomes,
Fi() = %, — i%{exp[iﬂ_(dy )] — expliB(i— )} = 0. (24.22)

Let ¢ and ¢ be vector fields orthogonal to 230 €; which satisfy the following Backlund

transformation in the form of a coupled first order differential equation,

m

04(¢; = ¢3) = ﬁﬂA{eXP[iﬂ(@ = ¢i11)] —expliB($i-1 — ¢5)]},  (2.4.23)

0-(85 = dia) = ez ATH{explif(9; = i)l - expli(dioa = di-0)l}, (24.24)

where A is the parameter of the Bicklund transformation. Taking the derivative of (2.4.23)

with respect to z_ and the derivative of (2.4.24) with respect to z results in,
Fi($) = Fi(9),  Fi(¢) = Fia(9), (2.4.25)
which are true for all 7 and hence all the functions F' are equal. Furthermore,

F(8) = (3 = —= L F=0,

3=0
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these are the equations of motion of a,(zl) series for fields ¢ and gz~5 This statement means
that the n + 1 equations of motion decouple. Thus, the Backlund transformations (2.4.23)

and (2.4.24) map one solution, &, into another, ¢.

One starts with the trivial solution ¢ = 0 to obtain the single soliton solution by solving

(2.4.23) and (2.4.24). With ¢ = 0, write
Bj = A_l exp(zﬂ(bj), (2426)

from (2.4.23) and (2.4.24) one obtains,

dd; = TZB[BJJI—B;W, (2.4.27)
a_¢j == f—zﬂ[Bj—Bj_l]. (2428)

A further substitution yield the equations (2.4.23) and (2.4.24) in terms of B,
m
V2

Assume that the soliton is at rest, i.e. 0;¢ = 0, one obtains the relation,

0, Bj = —=(B;}\B; —1) = 0_-Bj},. (2.4.29)

Bl + Bj=c, (2.4.30)
which is true for all = 0,1,...,n for some constant c. This relation is useful as it relates

different B;. Hence knowing one B for a particular j all other Bs are also known. The

quantities Bs has the following property which can be proved by induction,
B1B2 [ Bk = akBk — ap_1.

In the above equation, a; are solved from the recurrence relation: ax41 = car — ax—1, with

initial condition a; = 1 and a; = ¢. A further observation shows that the consistency

condition a,4; = 0 is also needed, this yields the solution ¢ = 2cos(%) where 6 = Z%

Using (2.4.30) in (2.4.29) yields,

dB; . i0 R
o = —miBi —exp(F)][B; —exp(=)]; (2.4.31)
which can be integrated directly to give,
. . Q R _ 0 = 1
B, = exp(ﬂ)Qexp[me sm(?) —;— i(7 - 1)6] . (2.4.32)
2 Q exp[2mez sin(Z) +1436] — 1
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In the above @ is the complex integration constant which will determine the topological

charges of the soliton solution.

To obtain a moving single soliton solution, one only has to Lorentz boost (2.4.32). The
rapidity variable is defined as u = tanh © or © = 1 In({%), such that coordinates transform

as 'y = e¥9z4. Define the elementary T-function as,

T, = exp(~j0 - i1 {exp(iif)Qexplem s sin()] - 1), (2.4.33)
then B can be written,
T,
B; T (2.4.34)

The above single soliton solution is easily compared with the solution obtained from Hi-

rota’s method. Recall the ansatz (2.4.1) for a{!) series, one can write ¢ = 37 e;¢; with

: (a)

i
¢l = ~In . (2.4.35)
3 3 Tj(—)l .
On the other hand, choosing @ = exp(i7 + p) in (2.4.33) gives,
Tj(a) = —e_j@“wa_%{l + Wl exploa(z — ust) + p]}, (2.4.36)
where,
( %Nra ) 2m sin %)
W, = €eX 5 Op = ———7—
P+l 1 —u?
Then (2.4.26) gives,
i ()
¢§a) —’ln A;le—@awa 2 .Za) ’
ﬂ Tj—l

and Tj(a) is given as (2.4.4).

As stated earlier, a two soliton solution is obtained by successive applications of Backlund
transformations. One starts with a vacuum solution and uses two different transformation

parameters in (2.4.23) and (2.4.24) to obtain two single soliton solutions. Inserting again
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this single soliton solution into (2.4.23) and (2.4.24) with the opposite transformation

parameter will give a two soliton solution. This procedure can be depicted in the following

diagram.

\¢(b)
/

Figure 2.5: Backlund Transformation for two soliton solution.

qs@/
\

Equating the four Bicklund transformations corresponding with 8, yields,
fioa expl=i86) - f;expl=iBdS] = g1 — g5 (2437
And transformati‘ons corresponding with J_ yields,
95 exp[iBd] — gia expliBe\iD] = fi — fi-1- (2.4.38)
Where the functions f and g are defined as follows,

fi = Ayexplifdl] — A, expliBel),
g = Acexp[—ifgl] — Ayexpl-i184\")].

Eliminating ngibl) terms from (2.4.37) and (2.4.38) results in a quadratic equation of ¢§ab),

%} {exp[ig¢§“b>] gl o ff} = 0. (2.4.39)

——
j g; — Gj+1

The first solution of the above quadratic equation was given in [16],

BJ('ab) = A;lA,,_lexp(iﬂ¢§ab))
a b a
(@) p®) T'(-)lTj(—)2

J—1-5-2 J

= . : 2.4.40)
() () 7®)(a) (
R B S B B

With (2.4.36) and recalling (2.4.4) one obtains the following,

1
s = 1 ewf {7l — eOuud ) 70 (2.4.41)
P S U ) (b) &
b 'j—-1"5-2
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Write the 7-functions (2.4.4) as,
W =1 4 Wit (2.4.42)

Then rescaling ¢, and ¢, by the following,

L -1
- e®w? — €%, ?

ta = 1 i ta,
e®ow? — e%aw?
) ee"w;% _ (a2 |
ty = T 1 tba
e®rw? — e
one can write (2.4.41) as
. (ab)
b) 2 7-]'
¢.§a = _hl ab)?
5
where,
Tj(ab) =14+ wg?f_a + wgfb + A(wawb)jia{b, (2.4.43)

with A given in (2.4.10). Thus, contrary to the Hirota’s methods, the single soliton -
function produced by a Béacklund transformation cannot be directly used to construct the

two soliton 7-function (compare (2.4.42) and (2.4.43) with (2.4.4) and (2.4.8)).

Using the Backlund transformations (2.4.27) one can show that the energy and momentum
densities afe surface terms which can be integrated over all space yielding real energy and
momentum. However, subtleties arises if one tries to use the same methods in calculating
the energy and momentum of multi-soliton solutions. The methods used in [16] do not

generalize easily to multi-soliton solutions.

One can conclude that the construction of soliton solutions and the calculations of their
energies and momenta using the Backlund transformations is not practical. Moreover, this

method does not generalize and so far only the Bicklund transformation of the a{*) series

is known.

2.4.3 Algebraic Method

A more elegant constructions of soliton solutions is the group-algebraic constructions pro-
vided by Olive et.al [12, 13]. This algebraic approach is a generalization of the Leznov-

Saveliev solution of the conformal Toda theory [48] where the simplest affine case, i.e. the
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sine-Gordon theory, has been discussed in [49]. The Leznov-Saveliev solutions are given
in term of the fundamental weight expectation value of a certain group element. The key
generalization of Olive et.al. is to use an alternative basis for the affine Kac-Moody algebra
which ad-diagonalises, and replacing the fundamental weights of the Lie algebras with the
fundamental weight of the associated affine Kac-Moody algebras. As a result of these, the

reality of energy and momentum was proved in an algebra-independent way.

One starts with the generalization of the Leznov-Saveliev solution for the conformal affine

Toda theories,
ePRI® = o=BASo o AT (2, )V (22)|A; >, (2.4.44)

where A; is the affine fundamental weight defined by E;{—" = 0. For the untwisted cases,
the affine simple roots are related to the ordinary simple roots of the rank-r Lie algebra
as ap = (—%,0,1) and a; = (e;,0,0) with j = 1,2,...,r. Thus, Ag = (0, $%?,0) and
Aj = (Xj,3m;?,0), and the constant m;’s are given by m; = n,%zl The field ® has
components (@, 7, ) where the extra fields 7 and ¢ correspond to the additional generators
of the Cartan subalgebra, the generators d and k respectively. The affine Toda theories
are obtained from the conformal affine Toda theories by setting the the field 7 = 0, this is
called the conformal gauge [10, 12]. The quantities U(z4) and V(z_) satisfy the following
differential equations [12], |

Oy U = —p {eﬁfﬁé-Ho (Z N E{’°) =% 'HO} U, (2.4.45)

i=1

OV =—uV { ¢ ~P%o Ho (Z fm; By * + E:{“’) eP%o ‘HO} . (2.4.46)

7=1
_ Here, the generators are written in the modified Cartan-Weyl basis (actually in the fol-
lowing discussion, one will freely change from this basis to the Chevalley basis or the

alternative basis as explained in the Appendiz A) normalized to the Chevalley basis, i.e.

2(1_7 Ho

(Eg, By ™) = [E%, E~] = by hi=12.,m

J

The parameter  is related to the mass parameter m as m? = ¢2 , and the field components

do = b3 + ¢5 of ®y provide a free field solution. The auxiliary field £ can be eliminated
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from equation (2.4.44) by dividing through by e=#4® to obtain,

XNib — =BAjdo < Aj|U(z4)V(2-)[A; >
oAb — o—BAjd <AolU(w+J)r Ve lhe S . (2.447)

Furthermore, given two highest weight states |A; > and |A; >, one can construct a third

highest weight state defined as,
Ay +A2 > = |A; > QA >
Where action of any group element factorises,
< A1+ Aslg|Ar + Ag > = < Ar]g|Ar >< AqlglAz > .

Therefore, for any dominant weight A = (A,0,7) with level p one has the same relation as

(2.4.47), V(e V(e
—ga —ona, < AlU(z A>
BA-b _ =BAdo < AOIU(:I::)V(:E Ao 57 _ (2.4.48)

€

Recall that the action of E~% on the highest weight state |Ax > is given by,
E_aj|Ak > = 5jk|Ak —ag > .

Then, using (2.4.47) one obtain,
< 2Aj — aleV|2Aj —a; >

- - ;- = 2,8¢0-a;
POL0-(5 - 9) = —we M T OVIA, 2
4,2 .Bdo-ao < 2Ag — aolUV|2A0 — ao >
:u’ € m] < Ao'UVlAQ >2 )
where |2A; — a; > is defined as
|24, — —_(1A; > ®|A; — a; > —|A; — a; > ®|A; >),

j o=

. \/_
and it is a dominant weight of level 2m;. Then, upon a further substitution of (2.4.48)
and setting %% = 2, one finally see that indeed (2.4.47) solves the affine Toda equation

of motion. Note, that up until this stage one has not specified the value of the coupling

parameter, i.e. it can be real or imaginary.

The generators,

By =3 /AGEs™ + Efpo = Z,/—Eﬂ: (2.4.49)
Jj=1
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are known as elements of the Heisenberg subalgebra of §, which plays the role of a new
Cartan subalgebra of the alternative basis. The complete alternative basis of § consist of
the generators Fiyp where M = [M] + mkh is the exponent of § (m € Z), i.e. [M] and
are the exponent and Coxeter number of g respectively; and the step operators I3 ,’V where
N = [N] + nh, n € Z. The formal power series expansion of Fi,

Fi(z) = i 2N, (2.4.50)

N=-—c0

will ad-diagonalised By Their commutation relations are given by the following,
[EM,EN] = Méminpz, (2.4.51)

[Ea, £9(2)] = ;- (M) F(2), (2.4.52)
where z (or alternatively also denoted by k) is the central element of §, ¢([M]) is an
eigenvector of the Coxeter element w of the Weyl group of g, i.e. w(q([M])) = e&ry\_ﬂq([M])
with the following orthogonality and completeness properties

a([M]) - ([M'))" = hépnypen, [Z]q([M]) q([M])* = R,

where g(h — [M]) = ¢([M])* and 7; = ¢(j)o; where ¢(j) = 1 or —1 depending on the
simple roots «; of g is black or white according to the bicolouring of the Dynkin diagram

(see Chapter Four).' A short review on the construction of the alternative basis of g is given

in Appendiz A.

As already noted in the previous discussions, taking an imaginary coupling parameter
results in the existence of degenerate vacua, ¢ € %Aw(g“) where A, (g") is the coweight
lattice. Thus, the soliton solution is obtained from (2.4.47) by taking ¢F = %Aw(g") and
assuming that § is imaginary. One readily obtains a very simple version of (2.4.45) and

(2.4.46),
O.U = —pknU, .V = —uVE_,.

Which can be integrated directly to yield,

U=erBiog (0), V=g (0
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Thus,
UV = e_“E”c.*g(O)e_“E‘l”‘, (2.4.53)

where ¢g(0) = ¢4+(0)g-(0) is a group valued integration constant. The time development

operators in (2.4.53) can be eliminated by defining a normal ordered time development

operator,
V(t) = exp(pli_1z_) exp(—pFhzy), (2.4.54)
and,
g(t) = V(t)g(OV()™. (2.4.55)
Such that,

< Ailg(t)|A; >= e 5435 < AjlemHBiz g(0)e B A >

Suppose that g(0) is a group element generated by EN, these expression can be normal

ordered such that for N > 0, EN will annihilate |A; >. Thus, the soliton solution can be

written as, 1000
—one < Ajlg(®)|A; >
e = , 2.4.56
< Aolg(t)IAo >y ( )

and the group valued integration constant will only depend on the step operators I 1(2;),

9(0) = eQiF7(23) QQuF*(z) (2.4.57)

”~

From (2.4.55) one realises that g(t) is given by g(0) with each step operator Fi(z;) replaced

with the following expression,
Fi(z;) — exp(—pas; - al[1))2 + pa—; - g 5) (). (2.4.58)

Furthermore, to this solution one can perform a Lorentz boost with rapidity © to a rest

frame, 1 — z+e*®, such that the parameter z takes the value,

| a([M]))
P ()

Hence one can choose the parameter z to be,

o= dMD] o (2.4.59)

vi-q(M])
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Using this value of z, one finally obtains

g(t) = eWi@i)QUFI () WO @) (2.4.60)

where
W;(0;) = expltuly; - g([M])](1e% — z_e™)]. (2.4.61)

It turns out that the element F k(z;) is nilpotent. Hence, in the expansion of g(t), the
product of F*(z;) terminates at a certain finite value which depends on the level of the

fundamental representation. To calculate the soliton solutions explicitly, one needs to know

the expectation value of F k(zk),
Fj = < Aj|E*(z)|Aj > (2.4.62)

Recall that the positive and negative grading of F* (zx) are linear combinations of positive
and negative grading of the modified Cartan-Weyl step operators, respectively. Thus, only

the zero grade of F**(z;) will contribute in (2.4.62). Then one can write,
Féc = Z thjk-
7=0
The matrix Fj; can be made into a square matrix by adding a zeroth column given by the

central element z, °(z) =  such that Fjo = m;.

Taking the expectation value of the commutation relation [El, [E_l, Fok]] one obtains,

A e - g(D*F3 K #0,
m;Cs Fop = 2.4.63
21: gV iilik { 0 k=0. ( )
Thus, the columns of Fj; are eigenvectors of the matrix m;Cji, where Cj; = 2—“(11;& is

the affine Cartan matrix, with eigenvalues proportional to the mass? of the fundamental

particle, :
e = V2ul7a - q(1)].

For the a{!) series, the fundamental mass is given by (2.2.6). One can easily solve for the

matrix Fj of a(!) series to obtain,

ij = 6¥jk. (2.4.64)
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The next task is to know the expectation value of a product of several step operators
Fk (2). Confining oneself to the level one representation of simply-laced cases, one can

represent F'¥(z;) with the vertex operator on the irreducible representation with highest

weight A; as,

. -g{IN a ~qg(|N])* .

i) = Bpoxp (X 20D ) g (- 50 2otz ) ot
N>0 N>0

This vertex operator has the same commutation relation with Enr as (2.4.52) and the right

expectation value with respect to |A; > as (2.4.62).

The operator product of two vertex operators are normal ordered, i.e. moving all positive

grade operatbrs to the right of negative grade operators. The resulting normal ordering
gives, ’

A .

p(F(23))p(F*(24)) = Xii(23,26) = p(F9(2))p(F* (1)) (2.4.66)

and the interaction coefficient is given by,

h
Xjk(zj, zk) = H(Zj — C—pzk)wp(vj)"w‘, (2.4.67)
p=1
where ( is a primitive h-root of unity and w is the Coxeter element. The interaction
coefficient is symmetric under the interchange of its indices and its arguments, X;x(z;, 2x) =
Xkj(zk, z;). Recall that the simple roots of g can be bicoloured (black and white) into two
sets of orthogonal simple roots, the Coxeter element can written as w = wy,w(o} where

wye} and wyoy is product of reflections with respect to the black and white simple roots

respectively. Then the symmetry property can be shown using the following identities,

h
yi = w B ) — UL, and Y peP() = —hwtHON(y),

p=1

such that ;- Yk, pwP(v;) € hZ.

From this interaction coefficient, one can immediately see the nilpotency of the level one

vertex operator,

A

Fi(2;)Fi(z) = 0. (2.4.68)



2.4. Soliton Solutions 44

Generalization to products of more than two vertex operators can be done in the same way
resulting in the following,

P () p(F*(z)) =TI Xy (s 2i0) 2 p(F3 (1)) p(F7%(23,) 3,

1<p<q<k

and the expectation value with respect to |A; > gives,

. A . P k
< Ale“ (zil) o sz(zik)lAJ' >= H Xipiq(zip’ziq) H Fjip'

1<p<g<k p=1

Thus it is readily seen that the interaction coefficient factorises.

Generalization to vertex operators of higher level is done by recalling that the irreducible

representations of simply-laced § of level one are labelled as follows,
|[Ag >= 11,0 > ; |A; >= |1, > .

Thus, higher level will also be labelled by the same fundamental weight A; of g. It is
expected that the level z irreducible representation of § occur in the decomposition of

representation as [13],
D(l»)‘j) ® D(I,O) Q... R D(l,O),

where in the above, the irreducible representation D9 appears (z — 1) times. Hence, a

vertex operator on the level z can be defined using the vertex operator of the level one as,

Fi)=Fi(2)91®...01+10F (2)®...01+...+101®...0 F/(2). (2.4.69)
Then,
Fi2)* =2l (2) @ F(2) ® ... ® Fi(2),

such that in virtue of (2.4.68) one obtains the nilpotency of a level z vertex operator as

follows,

Fi(z)** = 0. (2.4.70)

Using the above informations one can now construct the soliton solution explicitly. Writing

the expectation value of the group element g(t) as 7; = < Aj|g(t)|A; >, one has

a

e_ﬁ)‘j"b = ———Tj

(To)™
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Or, to put it in the familiar Hirota’s 7-function solution, one has

1 % 1
b= - mayln i = -2 Y naln,
B G = B

where 7; = fg,@b?:Z and ng = mgy = 1.
7

Specializing on the a{!) series, one obtain the following results. The single soliton 7-function

which is created by g(t) = " @F",

#HY = <A+ WQE)|A; >

2

= 1+er%QW.

A two soliton solution 7-function created by eWaQaF® and Wh@F" i given by,

f](ab) = < Ajl(l + WaQbﬁ‘a)(l + Wbeﬁb)]AJ‘ >
= 1+ e¥anaWa + 6¥ijbWb + Xop(2a, Zb)e%(a“)an.QbWaWb-

Where Ws are given by (2.4.61) and the complex quantity ) will determine the topological

charges of these soliton solutions.

In [12], it is also shown that the energy-momentum tensor of the general solution to the

affine Toda theories (2.4.44) splits into two parts,
Ty =0u+Cu, : (2.4.71)
where the improvement term is given by,
Cuw = (10 — 8,0,)C, (2.4.72)

and the improved energy-momentum tensor is forced to be traceless, ©4 = 20,_ = 0.

Defining a dominant weight S as,

2
agA;
— 0 "t
5=y 8
1=0 z
the non-zero improved energy-momentum tensor components are,

2
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where ( , ) is defined as,

s 2 . .,
(0:9,0:0) = 3 T2 210, 40. 6.
ij=0 %%

The explanation of [12] is straightforward; inserting the general solution (2.4.44) to the

above equation one obtains,
2
B

i.e. the improved part only depends on the free solution. For the soliton solutions, one

Osx = (0290, 9+ B0) — 01(S - Do),

chooses ¢g € zg—wAw(g“), éo = 0 and no = 0, which results in the vanishing of the improved
energy-momentum tensor, ©11 = 0. Thus the energy-momentum tensor is given by the

function C' which is found from the following equation,
2 n

4 4
820 — LZ Z ni[eﬁa. ® 1]
'B. =0
The solution for C is easily found to be
2 2h '
C= —ES P — 57 TiT_. (2.4.73)
Inserting the soliton solution (2.4.44) into (2.4.73) yields
2
C = Eln < Slg(t)|S > . (2.4.74)

Then the lightcone energy-momentum component is given as (2.4.17).

The mass of a single soliton can be determined from the lightcone energy-momentum

component. As an example consider a two soliton solution, where g(t) is given by,

g(t) —_ eWaQaFa eWbeﬁb_

It is already known that the expansion of the argument of g(t) terminates at a finite
number. Introduce a short hand notation g, = v2u|y, - ¢(1)| and £, = £1 depending on
the choice of sign of W in (2.4.61). Then the expectation value can be written as,
(WaQaF")”“ (Wbeﬁb)pb
< Slg®)]S> = <95 Z——'— Z—' IS >
pa=0 . Pa: Py=0 Py

< S| Z e(apataltsinh(®a)+z cosh(a)))

PasPb

o
e(ewm[tsinh(@mxcosh(em)%‘@( ey ﬁb)m) 1S > . (2.4.75)
' Dp!
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It follows directly that in the limit z — foo, the value of ig—@f&% is a constant and

does not depend on the choice of €. Thus one obtains

th po o, A0 i zo,
ez T B2

Pt =—

Further development using this algebraic method has also been done [50, 51]. Finally, one
can conclude that although this algebraic method is elegant, in fact to perform an explicit

calculation one has to calculate the same 7-functions as in Hirota’s method.



Chapter 3

Breather Solutions of Affine Toda
Theories

Body and Soul
Charlie Parker

48



49

As it has been discussed in detail in the previous chapter, the imaginary coupling regime of
the affine Toda theories admits soliton solutions interpolating the degenerate vacua of the
affine Toda potential. The sine-Gordon t.heory is the simplest example of the a{!) series,
i.e. the agl) Toda field theory. Besides soliton and antisoliton solutions of the sine-Gordon
theory, there also exist oscillating solitonic solutions, the breathers. These breathers are
bound states of the sine-Gordon soliton and antisoliton pair. Since the a{!) affine Toda
theories are a generalization of the sine-Gordon theory, it is natural to ask if such breather
solutions also exist for these théories, and indeed if such breather solutions exist for all
affine Toda theories. Much has been conjectured about the breathers of the affine Toda
field theory [11, 12, 13, 51]. Calculation of the scattering processes of the a() affine Toda

solitons [14] also points to the existence of these breathers, since there are poles in the

soliton S-matrix which correspond to bound states of soliton pairs.

Furﬁhermore, generally the spectrum of topological charges carried by the single soliton
solutions do not fill up the coresponding fundamental representation space [35, 36]. Thus,

it is hope that the missing topological charges are carried by these breathers.
For the agl) Toda field theory, which is the sine-Gordon theory, the singlé soliton solution
Z\/§ (1 _ 60(x—ut)+p
é= 5 In el (3.0.1)

with the constraint o?(1 — v?) = 4m?.. The parameter p = 1 + ¢ is comple);, and its

is given by,

imaginary part determines the topological charge of the soliton. In this case, there are
two possibilities, the soliton and the antisoliton, which have the same mass equal to &
It is well known (see for instance Rajaraman [52]) that the oscillating solitonic solutions,
or breathers, of the sine-Gordon theory can be constructed from two approaching soliton
solutions by changing the vélocity v into v,

4 iVv2
¢breathe'r - ,3

(3.0.2)

| (1 _ ea(:z:-—ivt)+p1 _ ea(:c+ivt)+p2 _ v2620z+(p1+p2)>
niy .

1 + eo‘(z—i‘ut)+p1 + ea(z+ivt)+p2 _ ,v2620:z:+(p1+p2)

Taking &, = —¢, = —Z and 7y = 7, = 1), yields a soliton solution oscillating about the point

l—nj%);"ﬂ. As it is constructed from a soliton-antisoliton pair, this sine-Gordon breather has

zero topological charge; its mass is equal to ﬁzwﬁ.
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Following the prescription of analytically continuing the real velocity into imaginary ve-
locity, the breathers created from two solitons of the a{!) affine Toda theories can be
constructed [47]. It turns out that in order for the energy of the breathers built from two
solitons to be real, the constituent solitons must be of the same mass and moving with op-
posite imaginary velocity, resulting in a stationary breather. To obtain a moving breather,
one can apply the usual Lorentz boost to the breather solution. The condition for the
reality of the energy also produces an expression for the masses of these breathers which is
less than the sum of the constituent solitons. One type of breather can carry topological
charge which coincides with the topological éharge of a certain single soliton, while the
other type has zero topological charge. It will be shown also that these topological charges
lie in a fundamental representation which is a subset of a tensor product representation
of the fundamental representations which are associated to the topological charges of the
constituent solitons. Moreover, these topological charges are analogous to the single soliton
“case [35, 36]. Thus, only particular combinations of the constituent solitons are permitted,
such that the sum of their topological charges is the appropriate topological charge of the
breather. However, the topological charges of the constituent solitons cannot be calculated
explicitly. As the complex a{l) Toda theories is a direct generalization of the sine-Gordon
theory, it is possible that some linear combination of the components of the solution will
remain invariant under a certain automorphism of the Dynkin diagram. This led to the
embedding of the sine-Gordon solution in some cases of the a)) family. The crossing of
one of the constituent soliton in the breather solution can be used to superficially calculate
the topological charges of the constituent solitons. Finally, breathers in the dgl) theory will

be discussed and the breathers of the other theories will be briefly commented on.

One has to point out that a recent result on the exact S-matrices for bound states in the

agl) theory [42] agrees with the classical breathers considered in this chapter.

3.1 Breathers of alV) Theories

n

As discussed in the previous chapter, in performing explicit calculations one has to consider

the 7-function expressions. Thus, in what follows, Hirota’s 7-function of the a{!) solitons
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will be used.

To obtain an oscillating solitonic solution which is constructed from two solitons, one
follows the sine-Gordon prescription of changing the velocity into an imaginary velocity,
i.e. changing v into v in the 7-functions (2.4.7). Care must be taken in the analytic
continuation of u — v such that the energy and momentum are real, although the energy

and momentum densities generally are complex.

Further, one assumes that in order to have a stable classical bound state of solitons
(breather), there must exist a rest frame in which the constituent solitons of the breather
oscillate about a fixed point in space. In this rest frame the energy of the breather is

localised and time independent, although the energy density is time dependent.

Changing v into ¢v also means changing a real rapidity into an imaginary rapidity, with
a relation between velocity v and rapidity © becomes v = tan(0©), ® = —i0. From
the lightcone energy-momentum of the two soliton solution (2.4.21), a real energy and
momentum can be achieved provided that the two solitons forming a breather are of the
same mass and moving towards to each other with the same velocity giving a stationary
breather. One can make an oséillating solution from solitons of two different masses, but
the energy and momentum of this solution will not be real. Generally, one can add a real

rapidity ©g as a phase in the energy-momentum tensor, which acts as a Lorentz boost to

the breather solution. Thus, from (2.4.21) one obtains,

Pb:feather = \/_T,B2 COS((:'ja)e:FGO, (311)

77, above is the mass of the fundamental particles of the a(!) affine Toda theory. For

simplicity, in what follows only stationary breathers are considered. Hence (3.1.1) becomes,

4h Mg

pZ = — 3.1.2
breather \/552\/1—4-07 ( )
then the mass of a bre@ther 1s calculated to be
2M, 4hm,
= (3.1.3)

M reather = 2 = .
preath V1+v:  f2V/1 4 vl
It is obvious that the mass of a breather is less than the sum of its constituent solitons. This

result generalizes the sine-Gordon case, i.e. taking h = 2 gives the mass of the sine-Gordon

breather. This result was also noted in [13].
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The masses m, of the fundamental particles of ag) series are degenerate with respect to the
Z, symmetry of the A, Dynkin diagram, i.e. m, = m,_,. Hence, there are two possibilities
of forming a breather. Either the two constituent solitons are of the same species, these
breathers will be called type A breathers or, the two constituent solitonAs are of opposite
species, type B breathers. Exceptions to this classification are the breathers constructed
from solitons of speciés (n + 1) of the a§1,3+1 theories. These breathers are sine-Gordon

embedded breathers which belong to both type A and B as will be explained in Section
Three of this chapter.

Looking back at the 7-function of a two soliton solution of the same constituent mass,

choosing u, = —uy, = ¢v yields the breather 7-function,

TJ-(ab) = 1+ explo.(z —tvt) + po + 270a] + explos(z + tvt) + py + 2704
+explosr + A+ py +1504], (3.1.4)

the interaction coefficient is written as A = e* with A = ¢ + 46, where (,6 € IR and -
or =0, £ 0y, P+ = pa £ ps, 0y =0, %0,

Nt = Na T M, €t =& &, /

recalling (2.4.5). Note that for solitons of the same mass, o, = 5. By the ansatz (2.4.1),
it is clear that in order to have a well-defined sohition, each ¢; component of the solution
‘¢ must be well defined. Thus, for each j, the ratio % must not become zero or infinite.
Evaluation of the behaviour of the 7-function can be done easily by writing the real and
imaginary part.of (3.1.4) explicitly. It turns out that to avoid the real and imaginary part
of (3.1.4) becoming zero simultaneously at the same point, the parameters {4 and 7_ are

restricted to a certain range of definition.

Moreover, for type A and B breathers, the interaction coefficient can have either positive
or negative value. The critical velocity when the interaction coefficient changes sign is, for

a type A breather
. . Oa
oA = tan(;), (3.1.5)

and for a type B breather,
- 1

!
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For breathers with constituent solitons of species a = %, the interaction coeflicient never

changes sign.

With o, = o3 = o, when the interaction coefficient is negative, i.e. § = 7, the breather

7-function (3.1.4) can be written as,
a 1 : :
= 2exp (20w 4+ + s +i(8+ & +504)]
1 ! .
X {(— cosh -2—[203: + { + n4]sin §[£+ +704]
5., 1 1 :
—e”2 sinh 5[77_] sin 5[20'015 — (€~ +50- )]>
.1 1 .
+1 (smh 5[20:5 + { + 4] cos 5[54_ +704]
1 1 '
—e™% cosh 5[77_] cos 5[20vt - (- + ]0_)]>} . (3.1.7)

While for positive interaction coefficient, i.e. § = 0, the breather 7-function (3.1.4) be-

comes,
= Dexpo{20w 4 CH iy +i(6+En +500)
{ (cosh 3202 + ¢ + 74T con 56 + 5841
" +e~ % cosh %[77_] cos %[QUUt — (- + 30_)]>
i (sinh %[203: 4 ¢ +ny]sin %[@r +i0,]

_e$ sinh %[n_] sin %[20vt ~(e+ jo_)])} . (318)

Thus, one only needs to examine the béhaviour of the real and imaginary part of the curly

bracket of (3.1.7) or (3.1.8) since in the 7-function ratio 7 the prefactor of the curly bracket

is just a phase.

3.1.1 Type A Breathers

The breathers with constituent solitons of the same species will have a negative interaction
" coefficient, A < 0, when v? < v{@? (see figure 8.1). In the following one will deduce the

restriction on the parameters n and ¢ such that the breather solution is well behaved.
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Figure 3.1: The graph shows the behaviour of the interaction coefficient for the type
A breather solution. The interaction A’ is given by A’ = Acos(0,/2), the velocity as
z = v?/v?. As mentioned in Subsection 3.1.1 there is an upper bound for the velocity.
This has not been marked in the graph.
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Suppose at coordinate (to,zo) the real and imaginary part of the curly bracket of (3.1.7)

becomes zero simultaneously, i.e.

cosh g = —cysin Ag and  sinhTy = ¢y cos Ay, (3.1.9)
where,
1 £
F0:0$0+§(C+77—)7 -AOZUUtO-"‘é"
e sinh 1= e cosh I=
C 2 Cy = 2

YT sin (6 +564) cos 3 (€4 +704)
provided sin —,‘1;(54_ +j64) is not zero. When cos (¢4 + jﬂ.,.) is zero, one can readily avoid
the singularity at (¢, o) by setting 7- = 0. Squaring and subtracting (3.1.9) yields the

conditions
a>1 and e

Obviously, in order that in the whole space-time there are no sets of points (to, z0), i.€. to
have a well behaved solution, one has to demand that ¢} < 1 or
N2 - . 2
s1nh(—2-) < |A|sm(§(§+ +304))". (3.1.10)
Thus, to have a well behaved solution the parameter £; must not take the following values,
£y = (27 — j04) mod 27, 7=0,...,n. (3.1.11)

This divides the range of £,. into several regions which will determine the topological charge

of the breather.

Furthermore, the upper bound of (3.1.10) will give the maximum distance of separation of

the parameter 7 between the two constituent solitons which is restricted as follows,

— min(p?) < 7_ < min(y?), (3.1.12)
N 3
where,
. 1
n? = arcosh [2]A| sin’ §(§+ +704)+1],
with = 0,...,n. Each n/ above will restrict 7; such that it will never be zero. Hence, for

all 7-functions to avoid zero, the minimum value of 7 is taken as the limit on the rangé of

/-
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For breathers of type A with positive interaction coefficient (as well as type B breathers)
one can perform a similar evaluation as above. In the case of type A breather with positive

-interaction coefficient, from the 7-function (3.1.7) one finds that the parameter ¢, must

not have the following values,
€y = (7 —j04) mod 2, j=0,...,n. (3.1.13)
The separation distance of parameter 7 is restricted as above with,

- 1
nl = arcosh [2/1 cos® 5(@, +504)—11.

As 5! are defined through an arcosh-function, one has to satisfy the following restriction
1 . '
14COS2 §(€+ +]0+) Z 1. (3114)

Thus 77 in turn will restrict the allowed velocity of the constituent solitons. Generally,

not all v? > v{4)? are allowed. In fact all velocities with absolute value greater than the
absolute value of the critical velocity are allowed if for all j the following is true,

[1 _ oo %(5+0+ j0+)] <0.
cos?()

Otherwise, the velocity is bounded from above by,
o4

el He )|
cos?( 9—4'*'-)

oA < < (3.1.15)

max
3

3.1.2 Type B Breathers

The constituent solitons of type B breathers are of opposite species. The negative interac-
tion coefficient regime is accomplished with v? > v(B)2 In this case, to have a well behaved

solution the parameter £, must not take the following values

£, = 0 mod 27, (3.1.16)

i.e. the parameter £, must not be an integer multiple of 27. For each 7; to avoid zero, the

separation of parameter ns is limited to take values between,

—min(y?) < - < min(n}),
J J
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where,
: : 1
n? = arcosh [QIAI sin’ §(§+ +704)+ 1],
with j = 0,...,n. As for type A breathers, each 7; has its own 5, and the smallest of

these is taken as the limit.

For positive interaction coefficient, one obtains the restriction that £; must not take the
following values,

&+ = 7 mod 27.
Furthermore, if one considers the restriction (3.1.14) then the following has to be fulfilled

1
cos?(%) cos? § (€4 +j04)]

vE<oB’ |1 -

which can never be satisfied. Thus, contrary to the type A breathers, it is not possible to
have type B breathers with positive interaction coefficient, or to have velocity v? < v(B)2,
Since the 7-functions would necessarily pass the origin of the complex plane and this would

lead to a solution which is not well-defined.

3.2 Properties of the a{l) Breather Solutions

Having found the breather solutions of a(!) series, one can proceed further by examining

some of their properties. Namely, the interaction coeflicient and their topological charges.

3.2.1 The Interaction Coefficient

The interaction coefficient A has properties similar to the properties of the S-matrix of the
fundamental Toda particles. Recall the expressions for A from (2.4.9) and (2.4.10). The

interaction term of the type A breathers is,
2

v :
Aaa, = 3 3.2.1
(14 v?)cos?(%) -1 ( )

or in terms of rapidity difference © = —:0,

sinz(%)

_ 3.2.2
sin($ + %) sin( ( )

Aaa =
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And for type B breathers,
2
Aga = (1 4% cosz(g) —v?, : (3.2.3)

in terms of rapidity difference © = —10,

4, = G eos(3 -3 (3.2.4)
: COSZ(%)

Similarly to the case of S-matrices of fundamental Toda particles, these interaction coeffi-

cients admit a pole. For type A breathers,

v = o) or, O = i%Ta (3.2.5)
and, for type B breathers,
v — 00 or, 0 =i7. (3.2.6)

It is readily seen that the pole of A,, is exactly the fusing angle related to the process
a + a — (h — 2a) of the fundamental particles [9]. Hollowood noted that the same fusing
rule also applies to soliton fusings in a{!) theories [11]. In fact, the fusing rule of fundamental
particles applies also to all simply laced affine Toda-solitons [12, 46]. The fusing of two
solitons of species a into (A — 2a) hinted that the topological charge of type A breathers

has to be found in the same representation as the topological charges of (A — 2a) single

solitons.

It is not surprising that at the pole of the interaction coefficient, the breathers fail to exist.
Using the breather 7-function, (3.1.4), with the interaction coefficient approaching its pole,
the interaction term dominates. Hence, the solution falls into one of the vacuum solutions

of the complex affine Toda potential,
J
p=—=> jab,. (3.2.7)
=t

On the other hand, if the positions of the constituent solitons are simultaneously shifted

by —%, i.e. changing n — n— %, then from (3.1.4), as the interaction coefficient approaches

its pole one obtains,

rj(“b) = 1+exployz + 04 + (6 + &4 +504)).
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Thus the breather turns into a static solution as the interaction coefficient approaches its
pole.

When the interaction coefficient approches its zero, there is no interaction between the
constituent solitons. In this case, the 7-functions do not give a well defined solution, as the

r-functions will vanish at a particular point in space-time. This is quite obvious, since the

breathers are bound states of soliton pairs and therefore a breather interaction coefficient

cannot be zero.

Furthermore, the interaction coefficient A has the following general properties some of

which are similar to but not the same as the properties of the S-matrix,

o Crossing symmetry

Aaal(v) = A;;(%) or,  Aw(0)=AZN(O—7). (3.2.8)
o FEvenness
A(v) = A(—v) or, A(O) = A(-0). (3.2.9)
o Symmetry
Auz(v) = Aza(v) or, Aa(0) = Az (0). (3.2.10)
o Periodicity
A(©) = A(O +2n). (3.2.11)

3.2.2 The Topological Charges

The topological charges of a soliton solution is a conserved quantity of zero spin. For the

a(l) series, topological charges of the single and multi-soliton solutions have been calculated

[35, 36]. This calculation can be outlined as follows.

The topological charge q of a solution ¢ is defined by (c.f. (2.3.4))

= B[ —#B—— im (¢(z ‘-— -z
a=g- [ dupde = 1~ lim (9(,1) ~ (~7,1)). (3.212)
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Writing the solution ¢ in terms of the breather 7-functions, defining f; = % fory=1...n
and making use of the definition of the logarithm of a complex number, (3.2.12) can be

recast as

4= -o=> a lim{ln|fi(z,8)~In|f(-zt)

2w
71=1
+ iarg(f;(z,t)) + 2ink’ —iarg(f;(—z,t)) — 2irk"}, (3.2.13)

where k', k" € Z. A simplification of (3.2.13) results from the fact that limjg—e | fj(z, )| =
1, thus

0= 5= Sy Jim fere((a,1)) - ag(fi(—2,0) + 2k} (3.2.14)

with £ = k' — k”. The number k determines the curve f; in the complex plane, and in
particular, how often and in what direction it winds around the origin. The topological

charge is therefore determined by the change in the argument of f; as |z| goes to infinity.

In the soliton solutions cases, the parameter ¢ is also divided into several allowed sectors
which constitutes the number of distinct topological charges. For the single soliton, the
change of argument above can be easily evaluated by examining the behaviour of the 7-
function near to the excluded values of the parameter {. This will also give the direction
traced by the curve of the ratio of the r-function as = goes from —oo to oo, hence the
change of argument. In the multi-soliton case, one can confine each of these solitons by
sending the other solitons far away from it such that the soliton in question receives a
negligible interaction. Then, the topological charge of this multi-soliton system is just the

sum of the topological charges of its constituent solitons.

As seen from the construction of the breather solutions in the pre\./ious section, the two
solitons constituting the breather can only separate out to a finite ’distance’ from each
other. Recall that n_ is restricted. Thus, the line of calculation for the topological charges

of a multi-soliton solution, as explained above, is not applicable for the breather case.

The topological charges of the breather solutions can also be determined in a similar way,
but instead of sending the constituent solitons away from each other, one can evaluate the

r-function near the pole of the interaction coefficent. This will significantly simplify the

calculations.
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For the type A breather it is not too difficult to deduce the number of distinct topological
charges in the fashion of [35]. The number of the topological charges is determined by the
number of sectors of allowed values of ;. From the expression for forbidden £, s, (3.1.11)

or (3.1.13), it follows that one looks for the smallest number p for which

22_1’ _ kwithp, k € IN. - (3.2.15)

Here a is the species of the constituent solitons and & is the Coxeter number.

With 2a = gcd(22aa,h)’ h= g?i(gT,hj then (3.2.15) can be rewritten as
2ip = hk. (3.2.16)

Because 2@ and h are coprime it follows that p = h and k = 2&. Thus the range of the
allowed values for £, is divided into h sectors. This leads to the following formula for the

maximum number of topological charges of type A breather with constituent solitons of

species a

.k

h= ———.
gcd(2a, h)

This argument holds independently of the sign of the interaction coefficient. The argument

(3.2.17)

of f;(z,t) can only change when f;(z,t) is undefined or zero, hence the topological charge
within each sector is constant. It turns out that in each of these sectors, the topological
charges take a different unique value. These topological charges are related by permuta-
tion of the roots a; for j = 0,...,n. The topological charge of a specific sector will be
determined first, and is called the highest charge [35]. Then it will be shown that in all
other sectors, the topological charges will be different. This means that h is indeed the

number of topological charges associated with a breather.

In the following, a calculation of the highest charge will be performed for a type A breather
with negative interaction coeflicient. The calculation for positive interaction coefficient is
the same and will not be presented here. To calculate the highest topological charge, one
has to employ a little trick first to simplify the breather 7-function. The type A breather

7-function is given by

Tj(aa)

= 1+ exploa(z + 1vt) + p +150.) + exploa(z — 1vt) + p' + 150,]
—exp[¢ + 20,7 + py + 2150,).
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First choose ¢t = 0 because the topological charge does not depend on the time. Secondly
choose p = —(/2 + p and p' = —(/2 + p’. This corresponds to a simultaneous shift of the
constituent solitons to the left. By this shifting, the last term in the breather 7-function

will not depend on the interaction coefficient A,
Tj(’m) =1+ exp(0,z + 70, — (/2)(e? + €') — exp(2042 + fy + 2i56,).

With p.(27) = 4—’;;11 mod 27, the limits |z]| — oo of f; will give

Lm f; = e,
lim f; = L | (3.2.18)

Moreover one can take the limit ( approaching +oo, this corresponds to choosing the
velocity v very near to v(4). As long as v is not equal to v{) the breather solution is

well-defined by construction. Write y = €2°¢%, then provided one does not take the limit

& — 00, the y'/? term can be dropped,

0 = 14y P exp(i6. — (/2)(¢f + ) — yexp(py + 2i50.)
= 1—yexp(ps +14a(25)). (3-2.19)

By splitting the ratio f; into its real and imaginary part one can now easily show that f;
traces out a clockwise curve in the complex plane, i.e. the winding number k is zero. To

see this take p = p’ = i(m — §) where ¢ is a real, positive and infinitesimal parameter,

7 =1 — yexp(i(a(2)) — €))-

Then the ratio f; can be written as

o= [~ y(cos(ua(25) — €) + cos(e)) + u7 cos(ua(24)

L= yerT

+i{—y(sin(ua(25) — €) + sin(e)) + y” sin(ua(25))}].

The only zeros for the imaginary part occur when y = 0 and

_ sin(ua(2) =€) + sinfe)
sinlua@)
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with p,(27) # 0 or m. For small € this is

1 — cos(ta(24))
sin(q(27))

Now inserting (3.2.20) into the real part of f; results in,

I webelt) — 6.1—cos(,ua(2j))
Re(fill —ye™ ) = =2e— oo

One should also observe that in the small € regime the imaginary part behaves for small y

like

y=1+¢ + O(%). (3.2.20)

+ O(e?).

Sm(fill — ye*|?) = —ysin(pa(25)) + ...

So, for 0 < u.(25) < w, the curve starts at (1,0) with a negative imaginary part and crosses
the negative part of the real line. For m < pq(25) < 2w, it starts at (1,0) with a positive
imaginary part and crosses the positive part of the real line. When p,(27) = 0 then f; = 1,
this does not contribute to the topological charge. Whereas when ,(2j) = 7 the change
of argument is 7. In any case, it winds around the origin in the clockwise sense. Thus,
the change of argument of f; is given by pq(2j) — 2. The explicit formula for the highest
topological charge is therefore determined by (3.2.14)

n 9u(h - j) mod h
¢V=3 “l jh) T . (3.2.21)

§=0

In the summation above, the extended root ay is included for convenience in the permuta-
tion of the simple roots and ag. As mentioned previously, this result does not depend on

the sign of the interaction coefficient.

From this highest charge, one can obtain all the other charges as follows. Suppose initially
the value of £, is chosen. Then, making a shift of %2 on this £, amounts to sending the
breather solution to a different sector of £, . Successive applications of this shift will bring
the breather solution to every allowed sector of £;. With the hth application it will return
to the original sector. However, note that the resulting sectors in successive shift are not
necessarily adjacent to each other. Recall that with (3.2.19) the breather solution is given

by,

¢ = —;—Zaj In(1 — wXyeft).
7=0
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Making the shift £, — £, — %22 in the above solution results in lowering the power of w,

3
by one, 1.e.
i i . Y ira Z n . N
¢ = E Zaj ln(l - U_)ijep-l-_%h ) = E Z a]+1 ln(l — wzjyep‘*').
Jj=0 =0 n
Thus, this shifting is the same as cyclically permuting the roots «; for all y = 0,...,n.

And hence, each shifting results to a different topological charge. Since the maximum
number one can shift £, is h times, then A is exactly the number of topological charges of
the breather solution. The expression for all the topological charges is
“. 2a(h — j) mod h -
qg_k) = Z ( Jh) a(j+k_1), k = 1, 2, ceey h, (3222)

J=0

where the roots «; dre labelled modulo A.

This is analogous to the one soliton case [35]. Furthermore, all these topological charges
lie in the same representation because they are related by a Weyl transformation as will
be shown in the next subsection. Interestingly, the fundamental representation space in

which ‘these topological charges lie is the irreducible component of the Clebsch-Gordan

decomposition of a tensor product representation.

For the t};pe B breather it has been determined in a preceding calculation (subsect. 3.1.2)
that there is only one sector of allowed values for {,. The only possible way for the
topological charge to change is whenever the ratio f; is not well-defined, i.e {; changes
from one sector to another. So, in this case there cannot be a change in the topological
charge. The only open question now is what value the topological charge takes. To
determine this one simply follows the previous prescription [35]. The 7-functions for the

type B breather are given by

T}aa) = 1+ exploa(z +ivt) + p +1j6,] + exploa(z — tvt) + p' — 176,]
— exp[¢ + 20, + p4],

where @ = h — a. Because the topological charge is time independent, one can set ¢ = 0.
Also, one can substitute exp(o,z) = z, p = p' = i(r + §) with ¢ € R and infinitesimal.
The 7-function is then given in the compact form

£

Tj(aa) =1 — 2z cos(jf,)e's — zetTe.
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Let f; be defined as before. The start and end point of the curve traced out by f; as z goes
from —oo to oo are in this case the same, f;(z = £oo) = 1. Solving an equation for the
imaginary part of f; one finds that these are also the only points for which the imaginary
part vanishes. Therefore the winding number k is zero, because the curve cannot wrap
around the origin. Moreover, since the change of arguments.of f; as z goes from —oo to
oo is zero, the topological charge of any type B breather is deduced to be zero. In a sense,
type B breathers are sine-Gordon like breathers. The constituent solitons are of opposite
topological charges such that the resulting breather has zero topological charge. In fact,

as will be discussed in the next section, type B breathers do not come from a sine-Gordon

embedding in the theory.

Note however, that individual topological charges of the constituent solitons cannot be
calculated explicitly since this topological charges is determined by {4, i.e. individual £
loses its importance. Nevertheless, using crossing symmetry, one can perform a superficial

calculation for these individual topological charges.

3.2.3 Topological Charge and Representation Space

It is natural to expeét that the topological charges which have been derived in the previ-
ous calculation lie in the tensor product representation of the fundamental representation
associated with the topological charges of the constituent solitons. In fact, for the type A
breather, with the exception for breathers built from species (n + 1) in the a§;)+1 cases,
the topological charges lie in the fundamental representation which is a component of the
Clebsch-Gordan decomposition of the tensor product representation. For type B breathers
and the exceptional cases above, the topological charge (which is zero) lies in the sin-

glet representation component of the Clebsch-Gordan decomposition of the tensor product

representation.

For the non-zero highest topological charge, the first step is to show that it lies in the
Rgumoq, Tundamental representation. This will be shown using a combination of Weyl
transformations [35]. Then, the second step is to show the other topological charges are

related to the highest charge by a special Coxeter element of the Weyl group.



8.2. Properties of the a{!) Breather Solutions 66

It is convenient to write the highest charge (3.2.21) as

", by mod h
M=y 2222, (3.2.23)
— h
J
where b = h — (2a mod k). Because of the Z, symmetry of the simple roots, it is necessary
to consider only the case b < [g] The notation [z] means the largest integer less or equal

to z. Hence, for h even, [%] = %, and for A odd, [%] = i;—l Furthermore, (3.2.23) can be

rewritten in terms of the fundamental weights A; defined by %goi = d;1, as follows,
k

¢V = %{Z[b mod k] — [2b mod R} A; + %{2[bn mod A] — [b(n — 1) mod A]} ),
+ nz—jl %{Q[bj mod k] — [6(j — 1) mod h] — [b(j + 1) mod A]}A;. (3.2.24)

7=1

Then the following can be demonstrated easily,

1 J=n,

¢W.oa;={ 0or —1 j=n-1, (3.2.25)

Qor —lorl 1<3<n—-1
" The part ¢V a; = —1forj <n-—1 will be demonstrated in the following. Let, bj = ch+d
where d < b and ¢ > 0, thus j = 1 is excluded. Then with (3.2.24) one finds that,

1
¢V .a; = +{2[bj mod h]—[b(j — 1) mod &] — [b(j + 1) mod &]}
= H{2d=(d=b+h)—(d+D)} =1

There are (b — 1) terms of ¢V - a; = —1 for j < n — 1, since this happens only when
d < b. Furthermore, using a similar procedure as above, it is straightforward to see that
forl<j<n-—1 v
| oW .oy = 1= ¢V ajy =1 (3.2.26)

a

Thus, if the scalar products of ¢{!) with the simple roots {e;} is written as a row vector,

it has the entry 1 at n® position and there are (b — 1) pairs of (1, —1) to the left of it,
¢V {e;} = (0,...,0,1,-1,0,...,1,-1,1,-1,...,0,1),

the j** entry of the row vector on the right-hand side is ¢ - ;. With this presentation,

action of a certain element of the Weyl group becomes clear as can be seen in what follows.
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It is elementary to see the following. Suppose a weight v; has a scalar product with the
simple roots as 71 - {e;} = (0,...,0,1,—1,0,...,0). Consider the Weyl reflection r with
respect to the simple root oy where 41 - ¢ = —1. The action of r on 7y, will shift the pair

(1,—1) in 71 - {e;} one step to the right, i.e. r : vy, — 41 with
¥ {a;} = (0,...,0,0,1,—1,...,0).

For a weight v, which has v2-{e;} = (0,...,0,1,—1,1,...,0), consider the Weyl reflection
r’ with respect to the simple root ay where 73 - o = —1. The action of ' on v will give

v4 where,
v, {e;} = (0,...,0,0,1,0,...,0).

So, using a combination of these Weyl transformations, ¢{!) can be transformed into a

fundamental weight, ¢{Y) — X, where
A-{a;} = (0,...,0,1,0,...,0).

Since there are (b—1) pairs of (1, —1) in ¢{V- {e;} row vector, then after these combination
of Weyl transformations the entry 1 will appear at the position n —.(b — 1) = 2a mod .

Hence the highest topological charge !V lies in the fundamental representation R, qs-

Recall that the rest of the topological charges are obtained by cyclically permuting the

simple roots and ap, (3.2.22). This cyclic permutation is the same as the action of the

following Coxeter element of the Weyl group on ¢V,

Wie = T1T2...Tn, (3.2.27)

where r; is a Weyl reflection with respect to the simple root «;. Then, the topological

charges are related to the highest charge by,

¢ = Wil

gM. (3.2.28)

Note that the ordering of Weyl reflections above is special, other orderings do not neces-

sarily relate one topological charge to another. The relation (3.2.28) is straightforward to

see using the fact that,

wie(ey) = ajp forj=0,1,...,n , (3.2.29)



8.2. Properties of the a(!) Breather Solutions 68

the simple roots and «q are labelled modulo h. Further examination of (3.2.22) shows that

the set of topological charges {¢{¥)} coincides with the topological charges of the species

2a mod h single solitons.

The next task is to show that R,,, .., is a component of the Clebsch-Gordan decomposition
of Ry, ® Ry,. This will be shown using a conjecture attributed to Parthasarathy, Ranga
- Rao and Varadarajan [53]. The PRV conjecture may be stated as follows: let 4 be a unique
dominant weight of the Weyl orbit of vy = A 4wy for any w in the Weyl group and A, p are
highest weights, then Ry appears with multiplicity of at least one in the decomposition of
Ry ®R,, where Ry and R, are finite dimensional irreducible representations with highest
weights A and p respectively. This conjecture has been proved recently [54]; it was first

used in the context of affine Toda theories by Braden [55].

For convenience of calculation, one can write the fundamental weights of the Lie algebra

A, as follows,

Ty . .

Aa =), (—hL)]aj + ) &h—]laj. (3.2.30)
7=0 j=a+1

By the Z, symmetry of the simple roots of A,, one has to consider only the case a < [’5']

Choose w to be the Coxeter element defined in (3.2.27). Then, remembering the action of

this Coxeter element on the simple roots, c.f. (3.2.29), it is easy to show that
Ao + 02 e = Aga. (3.2.31)

It is obvious that )y, is a unique dominant weight of the Weyl orbit. Thus by PRV
conjecture Ry,, ... C Ra, @ Ra,.

This completes the claim that all the topological charges lie in the same fundamental

representation Ry, _,, which is an irreducible component of Ry, ® R,,; i.e.
{qtg.k)} € 7?’/\2a.modh, C 7e’)\a ® R)‘a' (3232)

Note that 2¢ mod h = (h — 2a). Hence, (3.2.32) suggest that the fusing rule of the con-
stituent solitons [12, 46] and the representation space to which the topogical charge of the
breather belongs, as shown by the Clebsch-Gordan component, are related. Furthermore,

as noted in the previous calculation, the numbef of topological charges is h = g?i'(gT,h—)
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which is generally less than the dimension of Ry, ... S0, the topological charges of type
A breathers, normally do not fill the fundamental representation R»,, ... Only partic-
ular combinations of the topological charges of the constituent solitons can make up a
breather. A special case of the type A breather is when the constituent solitons come from
the fundamental representation R, which is self-conjugate, this happens for R, in the

representation of Az,y1. This breather belongs to both type A and B.

For the type B breathers and the exceptional case above, the fundamental representations
of their constituent solitons are conjugates of each other (or self-conjugate). Thus, the
topological charges of these breathers will lie in the tensor product Ry, ® R,_,. Using

the PRV conjecture as before, it can be shown that
Ao + wiAp—q = 0. (3.2.33)

Hence, the trivial singlet representation appears in the Clebsch-Gordan decomposition of

this tensor product. It is in this singlet representation that the topological charge lies.

Examples of the calculation of the topological charges for agl) and agl) cases can be found

in [47].

3.3 Sine-Gordon Embedding

Automorphisms of the Dynkin diagram can be used to reduce an affine Toda theory to
another affine Toda theory with fewer scalar fields [3]. Using this reduction method, Sasaki
noted that in the a{!) affine Toda theories with a real coupling parameter, there are ways
to reduce some members of fhe all) family to the agl) theory, i.e. the sinh-Gordon theory
[56). The same procedure can be applied in the case of complex Toda theories. Define the

solution to the equation of motion (2.3.1) as,
¢ = pip, (3.3.1)

where p is some vector to be determined. Then (2.3.1) becomes,

pd*(B) = 1m? > o (eiﬁaf‘f“/* - e*’ﬁaow) : (3.3.2)
=1
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The aim is to reduce (3.3.2) above into the sine-Gordon equation of motion by choosing a

suitable p, .
10 (B) = im’p (eiﬁ’/’ - e‘iﬁ‘z’) = —2m?usin(By). (3.3.3)

There are two k_inds of reductions. A direct reduction results when several nodes of the

affine Dynkin diagram which do not have a direct link are identified. When linked nodes

are transposed, this results in a non-direct reduction.

One can reduce the a&) +1 theories to agl) theory using a direct reduction by choosing p as

follows [56],
H1 = 01 +as3+... + a1 + Aon41- (334)

The vector p; is an invariant vector under the Z,4, symmetry which identifies a; — .
Projecting the simple roots of aS}H to py subspace gives the simple roots of agl) with
multiplicity (n' + 1),

o pp =2o0r —2,
for 7 odd or even respectively. A non-direct reduction is a two step reduction: first agl)_l
1)

can be reduced to the three dimensional subspace of agl) then agl) can be reduced to a;

[56]. There are two choices of y for this non-direct reduction,

=1+ ayt+as+as+...+ Q-3+ Qan—2, (3.3.5)
s =as+az+ag+ar+...+ Qup-2 + Qan-1, (3.3.6)

in the abové, p3 is obtained from p, by cyclically permuting the simple roots of afj}_l once.

Together with the vector yi, these three vectors are invariant under the Z, symmetry
which identifies o; — ;4. The simple roots of afj)_l can be projected to u, or ps giving

the simple roots of agl) with multiplicity 2n.

In terms of the single soliton 7-functions (2.4.4), direct reduction forces some 7-functions

to be equal leaving only two different 7-functions,

Téa) = 72(“) =...= Téz) and Tl(a)

= Téa) =...= 7'2(;)_1, (3.3.7)

with,
Tj(a) =1+ wlel@t?),
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Since w! = exp(g’%j), it is clear that for the a&)ﬂ theories, only solitons of species
a = (n + 1) are the true sine-Gordon solitons embedded in the theory. For the non-direct

reductions, one has to have the following conditions for the 7-functions. Using u; yields,
T I N

(a) (a)

(a) _ (o) _ (a) _ _ — (e
Ty =Ty =T5 = ... = Typ 3 = Tgp—2;

and for the choice ps,

O
=)l == ey =l

These conditions on the 7-functions of aﬁ}}_l will never be satisfied. This is because for

h = 4n, the factor w? cannot be equal to wl*! since j and (j + 1) are coprime.

Thus, the solitons associated with middle spot of the Asn4; Dynkin diagram are the only
sine-Gordon solitons embedded in the agl) 11 affine Toda theories. Hence, these solitons can
bind together resulting in sine-Gordon breathers, i.e. type A breathers with zero topological

charge. Note also that type B breathers by the above definitions are not formed from any

sine-Gordon embedded solitons.

3.4 Soliton Crossing and Breather

Recall that in previous construction of multi-soliton and breather solutions, one always
takes the parameter o to be positive. Replacing o by —o turns a single soliton of species
a into its anti-species @; in particular for the a{!) series, @ = h —a. Kneipp and Olive
[50] have shown that this crossing can be viewed in an almost similar manner to S-matrix

crossing, i.e. analytic continuation of rapidity © into © — ir.

Under the crossing transformation, ¢ — —o, the parameters 7 and £ transform in a simple
" way, while the interaction coefficient A is inverted as already noted in the interaction
coefficient of the breather (3.2.8). Since the topological charges of the soliton solutions are

determined from the parameter £, one will see that crossing will necessary invert the sign

of the original topological charge.
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In the a{!) breather case, crossing of one of its constituent solitons will result in the crossing
from type A breathers into type B breathers and vice versa-as one would expect. One
already noted from the construction of the breather solutions, that the topological charge
of a breather is determined by £,. Thus, individual £ of the constituent solitons loses its
importance. From previous calculation one can only determine the total topological charge
of the breather solution without knowing the constituent topological charges. However,
by exémining the crossing of breathers with negative interaction coefficient and assuming
that each parameter ¢ of the constituent solitons will determine the topological charges
of constituent solitons, one can find an exact relation between the constituent topological
charges in a breather solution. In other words, given a constituent topological charge of a

breather, one can directly know the second constituent topological charge.

3.4.1 Crossing Transformation

As stated earlier, there are two ways of making a crossing from a soliton into an anti-

soliton. The first way is to replace the species index a with @ = h — a. If one takes the

positive square root of (2.4.6),

v -

oay\/1 —u2=2m sin(02—a-),

making the mentioned replacement one obtains,

og\/1 —uZ =2m sin(g) = —2m sin(?a).

With u, = uz, one has ; = —a,. The second alternative is an analytic continuation of the
soliton rapidity from @, into ©, + iw. One can see this crossing by writing £, of (2.4.5)

in terms of rapidity using the relation ©, = %ln (}f—Z;) to have,
. 0,
Q. = V2mo, s1n(§-)(a:+e®“ —z_e™ %),

Replacing ©, with ©, + i7 will give an overall negative sign. Thus, crossing is achieved by

replacing o with —o. In what follows ¢ is always taken to be positive.

To derive the crossing transformations of parameters n and ¢, one starts from the crossed

version of the 7-function and rewrites it in terms of positive o.
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The single soliton case is quite trivial, recall that 0; = 2r — 0,, then
—(a) _ —0oa(z—u 7+i(E+704
1 = 1+e (z=ut)+7+i(+36a) _

— e—aa(z-ut)+ﬁ+i(€+j0a){1 + eUa(l’—ut)+"l+i(f+j9¢‘z)} — (fj(a) _ 1)7](6)’ (3.4.1)

where the parameters 7 and £ transform into,
n=-7 and {=-¢

For the double-soliton case, one performs a crossing of the species b constituent soliton,

7—_](ab) = 1 + efolz-uat)Hati(Catifa) | gmov(z—ust)+ivti(fs+is)
+Aabe(aa—a’b).z‘—(a'aua—abub)t+ﬁ+ +i(§_+ +764)
e—db(m—ubi)+ﬁb+i(5_b+jeb){1 + eva(x—uat)+na+i(€a+j0a) + eab(z—ubt)+775+i(€z,+j95)
+A Ee(oa+ab)$—(0aUa+abub)i+n++i(E++j(9a+95))}

e—ab(x-ubt)+ﬁb+i(fb+jeb)7j(a’3)_ (3.4.2)

It is straightforward to see by direct replacement of o, with —oy in (2.4.9) that,
Agp = (Ag)™t = 1. (3.4.3)

Moreover, note that the interaction coefficient of a multi-soliton, Aq, is always positive

[35], i.e. § = 0. Then from the above, one sees that the parameters transform as follows,

Na = 1a+¢ and €& = f_a, (3.4.4)
=~ and & = —b. (3.4.5)

From this last result, one can generalize the crossing transformation (3.4.4) and (3.4.5)

into the N-soliton solution as was shown in [50].

In the breather case, the interaction coefficient for type A breathers can have positive or
negative value while for type B breathers only negative values are allowed. Crossing of one

of its constituent soliton yield the following transformation of the parameters,

Mo =Ta+( and (e =&+, (3.4.6)
M= "M and G=-6 ' (3.4.7)
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As is visible from (3.4.2), a type A breather will be crossed into a type B breather and
vice-versa. From the crossed version 7-function of the breathers (replacing v, = —up = w
in (3.4.2)), one can evaluate the restrictions on parameters 7j and £ and the allowed velocity

v in the same manner as shown in Section 3.1.

From the above mentioned evaluation, one obtains the restrictions on the parameters (£_ +
8) and (73 + () as oppose to the original uncrossed case with restrictions on the parameters
&, and n_, respectively. For example, in the case of the crossed version of type A breather
with negative interaction coefficient, v? > cot(%)?, FJ-(aa) will be non-singular provided
(é_ 4 ) never takes the values of (3.1.16) and (74 + C) is bounded by a similar expression
as (3.1.12) with an appropriate 7. The positive interaction case is always found to be
singular. A non-singular solutién for the crossed version of type B breather yields the
same restriction as the ordinary type A breather, eqns. (3.1.11), (3.1.13) and (3.1.12),
with its appropriate 77 and bounds on the allowed velocity (3.1.15).

Furthermore, one can calculate the topological charge carried by these crossed version
breathers. It is indeed found that the crossed version of type A breathers always have
zero topological charge, hence it correspoﬁd to the ordinary type B breathers. Whereas
the crossed version of type B b‘rea,thers have k different topological charges, depending on

the value of £_, and it is given by (3.2.22), thus these are exactly the ordinary type A

breathers.

Finally, one can also imagine crossing both constituent solitons in a breather solution. The
type of breathers is not changed by this crossing, but the constituent solitons now belongs
to their anti-species, i.e. f}ab) ~ TJ(EE). As a result, the topological charges of the double
crossed version of type A breather calculated from 7"}'”) is given by (3.2.22) with a replaced
by h — a. Hence the topological charge of the double crossed version of type A breather
of species a will now lie in the fundamental representation R»,,,. .., instead of Rrzamodn
While the topological charge of the double crossed version of type B breather remains in the
trivial representation space, i.e. the singlet component of the tensor product of conjugate

fundamental representations. However, a recent result from considering the breather S-

matrices [42] shows a different double crossing behaviour for the quantum bound states

corresponding to the type B breather.
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3.4.2 Crossing and Topological Charges

The crossing transformation o — —o can be viewed as a space inversion,  — —z. Thus,
since the asymptotic values of the solution are now interchanged, the sign of the topological
charge calculated from this asymptotic value will be inverted. An alternative way of looking
at this inversion of sign is through the transformation of parameter ¢, which determines
the topological charges. It can be shown that this transformation of parameter ¢ yields

the desired inversion of sign on the topological charge.

Single Soliton and Multi-soliton

Consider first the crossing of a single soliton solution (3.4.1). Writing,

_ T T .=
FO = =i = i @)
J 7__éa) _ 7_(ga.) J

then a crossed single soliton solution is given by,

Za, In f{ = 52 Z (Inw? + In £,

Thus, it is readily seen that the set of topological charges of the crossed species a single

soliton is equal to the set of topological charges of the species a single soliton,
s Za] (arg( f( )) = ¢a- (3.4.8)

This analysis can be made precise when one considers the result of replacing £ by —&; in
7}, as will be discussed shortly, to show the claim that the mentioned transformation of &;

also inverts the sign of the topological charge of the crossed version of the single soliton of

species a.

Note that the asymptotic behaviour of f}a) are as follows,

f"a) _J gm0 |f(a)| =1 and arg(f )) 0,
! T — —00 : |f(a)|—1 and arg(f ) ,u()
where ,uga) = j6, mod 2r. Performing the same analysis of [35] on f](a) with £, = 7 — ¢,
where € is a positive infinitesimal parameter, one finds that the complex function f}a) traces
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out a counter-clockwise curve in the complex plane of Re( f}a)) and Smy( f](a)), and it only
crosses the real axis once. The change of argument of fj(a) as z evolve from —o0 to oo is,

a(h —j,)l mod h) |

2ray

A(arg( —]-(a))) = (27 ) mod 2% = 27 (

Hence, the highest topological charge of the crossed species a single soliton is given by,

i a(h —_]) mOd h (1)

(_7((11) = - Z A a; = —q, 7 (349)
=0 »
and by cyclically permuting the simple roots and oo one obtains g*) = —g{¥) with k =
1,2,...,ks. Thus, crossing inverts the sign of the single soliton’s topolégical charge.

Although it is obvious from (3.4.8) that the set of topological charges {¢(¥'} is the same
as the set of topological charges {qék)}, one can make this claim more precise by showing

that with é; = —&,, the solution ¢* ~ ¢® does indeed have a topological charge which is .
a member of the set of topological charges {¢{")} calculated from uncrossed ¢*. From [35]

one knows that the set of species a single soliton’s topological charges is,

", aj mod h
M = > ]—h—aj—1+k- (3.4.10)
3=0
If one replaces £, = m — e with —¢, in the analysis of f](a) in determining the highest charge
as performed in [35], one finds that the complex function f_}a) traces out a counter-clockwise
curve in the complex plane of Re( f](a)) and Sm( f}a)) which only crosses the real axis once.
- The resulting set of topological charges of the species @ single soliton (denoted by s to
differentiate with ¢z in (3.4.10)) is
e " (h—a)j mod h
@ = 3 )}JZ . (3.4.11)

i=0

With p = gcd(h, a) there exists a 7,1 <7 < (h—1), such that (k — a)j mod A = (h — p).
Then setting ¥’ = h + 1'— j, by rewriting (3.4.11), one can show that

) & ajmod h
@ =y T =g, S (3412)

i=0

where qg) is given by (3.4.10). Thus the set {tjék’) }, derived above, is equal to the set

a

(g™}, derived in [35], with &' = h + k — .
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To summarize, in this single soliton case, one has shown that crossing of ¢ — —o inverts
the sign of the topological charge, i.e. g¥) = —g{F). Further, this inversion of sign can also
be seen as a result of taking —&; instead of £; in the evaluation of the topological charge of

#?. This is because one has the above exact relation between the two derivations resulting

from the two choices of &;.

In the multi-soliton case, the generalization is straightforward. In the crossed version of a
multi-soliton solution, for each uncrossed constituent soliton, the topological charge remains
the same because the parameters transform as &, = £,. For the crossed constituent soliton,
its topological charge changes sign since the parameter £; transforms to —¢,. Because
there is no static multi-soliton solution (if the constituent solitons are of the same species),
one can imagine taking a snap-shot of this system of multi-solitons when each constituent
soliton is at some distance from the others, such that each constituent soliton does not feel
the presence of the others, then the total topological charge of this system is just the sum

of the topological charges of the constituent solitons. Hence after crossing, the topological

charge of the system changes.

Breather

+ . Contrary to the multi-soliton case, in the breather case the parameter ¢ of each constituent
soliton loses its importance in determining the topological charge of the breather. Instead,
it is the parameter £, = £, + & which holds the information of the topological charge.
And, as seen from Section 3.2, a'consequence of this is that one can only know the total
topological charge of a breather without knowing what are the topological charge of its
constituent solitons. Thus, a similar crossing evaluation of the topological charges, as done
in the multi-soliton case above, cannot be performed. However, some information can still
be extracted from the breather with negative interaction coefficient if one assumes that the

individual ¢ carry the information of constituent charges and ignore the importance of £ .

One begins with the examination of crossed type B breather, ?j(a&) ~ T}alaz) witha = a; =
ay, which has the topological charge given by,
' ”. 2a(h — j) mod h

_qﬁ’;’ =Y ( Jh) k-1 = q®. (3.4.13)

=0
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Recall that in a single soliton case of species a, for each topological charge ¢{¥) the parameter

¢, lie in the k** sector [35],
2 5 .
£, e I = (7r — ﬁ—w{[&(k —1) mod hy]+ 1}, 7 — ;—W[&(k — 1) mod ha]) , (3.4.14)

a

~ a
where @ = T

Under the crossing of 0; — —03, the parameter f—a transforms as,

€a2 = _é.ﬁ
From the discussion of previous subsection this transformation yields an inversion of the
sign of the topological charge of constituent soliton @, go, = —¢a. Let s = [%J = % — 6,

where 8§, = 0 if h is even and 6, = 21—a if h is odd and assume that a < [%J Then the
- transformation of £, can be seen as a shifting of sector from where £, originally lay,
- - 2ma - 27ma 2ma
bo=lemm=bm g =t et

If §, # 0, then the extra shift of %6, = m-c—:;—(m will be maximum when ged(h,a) = 1.

When the range (—x, ) of parameter ¢ is divided into even number of sectors, kg is even,
then £, € I® is shifted into &, = £, — m € I**+3). On the otherhand, when there are
odd possibilities of the constituent soliton’s topological charges, then the final sector after
shifting will depend on where originally &, lay in I(®). -Suppose &, is in the upper-half of
I e

£ e (W _ %{2[&@ — 1) mod ha] + 1},7 - %—j[&(k ~ 1) mod Ea]) .

Then the shift of —r on €, amounts to shifting the sector from IC(L’“) into Iék‘*s). This
is because the extra shift cause by ”Taés will only result in placing &, = & — 7 in the

lower-half of sector I{++9),
27 .. = T i~ =
€, € (7‘(’ - il—{[a(k +s—1) mod h,} + 1}, 7 — Z—{Q[a(k + s —1) mod h,] + 1}) .

Whereas, if originally £, is in the lower-half of sector I (k) then one can view the transfor-

mation of §, as a shift of 7 instead, and this will bring &, = &, + 7 into the upper-half of

sector I{=).
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Thus one can summarize the transformation of the constituent topological charges of type

B breather under the crossing, i.e. 7(28) — 7(e8)  7la102)

¢ — gl =gt or g,

a

— g = gl = ¢,

g
since g{f1) + qg”) = 0. Thus one of the topological charges changes sign while the other is
shifted such that the total topological charge of the system takes one of the values given

by (3.4.13).

For cases with a > [%], the transformation of constituent topological charges are as above

with s being replaced by 5 = — [%]

From this result, one can show explicitly that qz(llfi) + qgfé) is the topological charge of type

A breather. Suppose that ¢, is in the upper-half of sector I*) and a < [%J, then after

crossing one has (remember that a = a1 = a5)

" a(h —j) mod h
q((zﬁ) = Z ( }z Qjtk-1
J
"5 q(h—j+s)modh .
i+ = : = h ) Qjpk-1-
j=s

Write a(h — 7) as follows a(h — j) = ¢; + hd; where d; € IN, ¢; < h and co = 0. Then
a(h — j) mod h = ¢; and

h
a(h—j3+s)mod h=¢;+ [gl,
where,
5 C; if C; < [%] s
¢ = . A
c;—h if ¢ > [5]
Hence, 2a(h — j) mod h = ¢j + ¢;. Then one can write,
h/2 " ¢+ [h/2 ¢+ [h/2
Q,SIIH-S) — [ / ]a0+2 9 [ / ]aj+k—1 + Z 7 [ / ]aj+k—1
h = h Pl h
Zn: ~j h—i—s é]
= —=Qjtk-1 + k-1
gl o B

Qjtk—1-

I
>

<
il
-
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Summing with ¢{¥) one obtains

) " et G " 2a(h — j) mod h
7 o) = 3 By = 5O R g

Thus, now one knows what are the constituent topological charges of a type A breather

“individually, namely ¢{**+*) and ¢(¥).
The evaluation of the topological charge transformation of the crossed type A breather
with negative interaction coefficient, rla1a2) _y 7(ma2) o 7(98) with ¢ = @; = ay, can be

performed in a similar manner to give

¢ — ) = g+,
k+s - (k4 S
o)y ) = gk

which give a total of zero topological charge.

However a similar evaluation is not possible when the interaction coefficient is positive.
This is as would be expected, because the shifting of one of the topological charges is due
precisely to the presence of the extra 7 in the transformation of £ arising from the crossing.

In the positive interaction case there is no extra .

To this end, one has to bear in mind that ¢ of constituent solitons do not play a rdle in
determing the topological charges of a breather. Instead, it is the value of £, which will
determine the topological charge of a breather. The crossing treatment of the topological

charges of a breather, just discussed, is just a superficial way of evaluating the constituent

topological charges.

3.5 Breathers in other Theories

In this section the breathers in the dff) affine Toda theory will be determined. This calcu-
lation provide an example for the general calculation of breathers in other Toda theories.
One will use Olive et.al.’s algebraic method to construct the 7-functions. As expected,

these 7-functions are the same as 7-functions derived using the Hirota’s method.

Having obtained the breather solutions, one proceeds further to determine its topological

charges. It turns out that for breathers with constituent solitons coming from the heavy
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sbliton, i.e. the middle spot of dfll) Dynkin diagram, the topological charges of certain
breather solutions do not come from the sum of known topological charges of its constituent
solitons. Furthermore, it is found that the topological charges of all possible dgl) breathers
are exactly the same as the topological charges of certain single soliton solutions. Thus,

these breather solutions do not produce new topological charges.

Finally, a short remark on the breathers of other theories will also be given.

3.5.1 Algebraic 7-function of dfil) Theory

To construct the algebraic 7-function, one has to be able to evaluate all expectation values
of the terms in the expansion of (2.4.57) in (2.4.56). For a given fundamental representation

|A; >, one has to calculate the expectation value of the operator Fe,
Fja =< Ajlpa|Aj > .

When |A; > is of level 1, Fjj, can be calculated using the fact that the set of automorphism
of the affine Dynkin diagram which do not have fixed nodes, Wy(g), is isomorphic with the
centre, Z(g) (for details see [13, 57]). It is found that

Fi = e(a,j) = e 2, (3.5.1)

If |A; > is of level higher than 1, one can write a representation of this fundamental weight

as a tensor product of level 1 representations.

Figure 3.2: Numbering and Colouring of the Dynkin diagram of D.

An example of this is the level 2 fundamental weight of dfll) given in [13],
1

V2

|Ag > (filA; > ®|A; > — |A; > ®f;|A; >)
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1 /- .
= 5 (Boala; > ®IA; > — [A; > @EL|A; >), (3.5.2)

where |A; > is the level 1 representation for the outer nodes of dgl) Dynkin diagram (see

figure 8.2). Using this representation, one obtains the following expectation values,

0 fora=1,3,4
F = (3.5.3)
—4 fora=2.

With this information, one can write down the r-function defined by,
i =< Ajlg(t)|A; >, : (3.5.4)

with g(t) is given by (2.4.60). The algebraic 7-functions for single solitons of the dV theory
have been written down in [13] and coincide with Hirota’s 7-function [15]. In writing down
these T-functions, one uses the fact that for the representatioﬁ |A; > of level m;, the highest

non-vanishing power of step-operators F* can be written as a vertex operator [13, 50],

1 [na Mj _—2irAj-Aayevia
' mil (F (za)) = e WTYNYEYE, (3.5.5)
where,
a” N r
Yy = exp (:F Y l—g[:F—lszEiN) , (3.5.6)
N>0 N

with 44, g[£N] as discussed in Subsection 2.4.8 and z, is given in (2.4.59).

The two soliton 7-function can be calculated in the same manner. For |A; > representation

of level 1, one obtains a generé,l expression for the 7-function as follows,

TJ-(ab) = < Ajlexp(QaWaﬁ"‘)exp(QbWbﬁ’b)lAj >
= < Aj|(1 +QuWLF*)(1 + QWLE®)|A; >
= < A1+ QuWoF® + QuWLE® + X, pQuQuWaW, : FoF®:)|A; >
= 14¢(a,5)QWa + (b, 7)QsWs + €(a, 5)e(b, 1) Xa pQaQoWo W. (3.5.7)

In the above, the parameter @, = exp(7, + 1£.) determines the position of the soliton and
its topological charge. Further with m, being the mass of the a** fundamental particle,

W, is given by
W,(0,) = exp[mq(z cosh O, — tsinh ©,)]. (3.5.8)
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The general interaction coefficient X, is given as in (2.4.67), or after some algebra

(3.5.9)

X (@ @ ) — ﬁ (Sinh %[@ + %(2}) + .‘%'Eb. _ 1)] Ao-wP(p)
T T T G Usinh 1[0 + Tr(2p + 2§22 4 1) ’

p=1
with © = O, — O, is the rapidity difference and ¢, is the colour factor of the simple roots.
For |A; >, which is a level 2 representation, one has the following 7-function,
a [a 1 ) 7 1 [
= < Al(L+ QWL + S QIWI(F))(1+ QuWLF® + SQIWI(F)?)|As >
= 1+ F2QuWa + FuQsW, + (a,2) QW] + ¢(6,2) QW
+ 6(&, Z)FQaXa,bQZQbeWb + E(ba 2)F2bXa,anQ§WaWb2
+ Z0pQa QW W, + €(a,2)e(b,2)(Xop) QZQEWI WS (3.5.10)

In the derivation above, one has used the following identity relation [51]
YeRY = X, FPYe, FPY® = X, VoI,
The interaction coefficient Z,; above is calculated to be

Zup(©) = < Ao|F2FP|A; >
= (Z-Xop+ Z4)e(a,5)e(b, ), (3.5.11)

where
Zs =27 (1% = |- q[1]* £ 2]7a - ql1]]]7 - g[1][ cosh ©.

These results are exactly the same as results derived from Hirota’s method [46].

3.5.2 Breathers in dgl) Theory

For this d‘(tl) theory, the fundamental particles associated to the outer nodes of the Dynkin
diagram are degenerate in mass, M, = m+/2. And the fundamental particle associated
with the middle node is heavier, iy = m+/6. So, there are 3 possible combinations of two
soliton solutions which can make a breather: 22-breathers, aa-breathers and ab-breathers
where a,b = 1,3 or 4. These breather solutions are obtained by analytic continuation into

complex rapidity, setting @, = —0; = 0. Then, the masses of these breathers are given as



3.5. Breathers in other Theories ' - 84

in (3.1.3), which is always smaller than the sum of the mass of its constituent solitons. For
each possible two soliton combination mentioned above, one would like to find the magic
recipe of all the parameters involved in the breather solution. However, subtleties arises
in the 22-breather 7-function, as one has to solve two quartic equations of transcendental

functions. For the other cases, one can derive the complete restrictions of parameters 7, £

and the rapidity ©.

22-breathers

In this case, the X-interaction coefficient and the Z-interaction coefficient are given by the

following B _
_ [c0s(20) — 1][cos(20) — 3]
22 = [cos(20) T 1][cos(20) 1 1]’ (3:512)
5(20) + Y19 [cos(20) — YL
Zpg = 1610529 & 5 Jleos(20) — *57] (3.5.13)

_ [cos(20) + 1][cos(20) + 3] |
Although the range of definition of the rapidity is from 0 to 7 (recall that the velocity and
rapidity are related by v = tan ©). In figure 3.9, only the rapidity range from 0 to % is
drawn.

The behaviour of the 7-function on level 1 representation can be evaluated in a similar
manner as the a{!) breather cases done in Section 3.1. Separating the real and imaginary
part of the 7-function, and -evaluating the behaviour of these parts such that there is no
point in space time which will give a simultaneous zero for the real and imaginary part

yields a restriction on the parameter 5 and the ‘rapidity. With the notation,
X =¢betibe - 7 = bt where  (.,(:,65,6. € R,
without difficulties one finds that
=M, <= <7y (3.5.14)

where,
1 .
7. = arcosh{2¢% cos —2—(£+ +6,)% — '), (3.5.15)
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Figure 3.3: The graph shows the behaviour of the interaction coefficients X (20) (full line)
and Z(20) (dotted line) for the 22-breather of d{") in the rapidity range 0 to 3- The
horizontal axis is chosen in terms of the parameter z = ?. Note that both interaction
coefficients become singular at z = % or © = 3
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Furthermore, from the above definition of 7! it is clear that all values of rapidity for which

X < 0 are allowed, while in the region where X > 0 the rapidity is restricted by,

G <6<,
3
where
3 —3 —3cos(%)? + E5)1 1 34cos(E)? + 1
Oy = lavr(:cos ( cos( ) CO:( 2) cos( 2 ) . (3.5.16)
2 4cos(%) — 1]
Also, the parameters ¢ are restricted not to take the following values,
+ =0 mod 27 for X <0, (3.5.17)
&4 = 7 mod 27 for X > 0. (3.5.18)

Up to a complex phase, the 7-function on the level 2 representation can be written as

follows

Ty ~ ef’“cxﬂ(&z'&’) + 2cosh[T® + (€, + 6,)] + 2¢ %= cosh[iA®) —7_]
1 - 1 1
_16e~3(¢aid2) cogh 5[Z'A@) — 5_] cosh 5[Fm + (€4 + 65)], (3.5.19)

where,
@ = 2,z cos © + 1y + (e, AC) = 27m,tsin@® — £_. (3.5.20)

Suppose one examines the case when X > 0 and Z < 0, and assumes that there exist

(z0,%0) such that the real and imaginary parts of (3.5.19) are zero simultaneously, i.e.

‘ 2 2 2\ ? @)

~ el — el &) ( &+ Lo ), o (Do
Re(72) et — 2e [cos ( 2) sin 2) } [cosh( 5 + sinh 5

-\* , . . (1-\" :
-2 [cosh (—2—) + sinh (—§-> l 5

(2) (2)

Sz £+ - Ag I
+16e [cos(Q)cosh<2)cos(2)cosh(2)

B A(2) F(2)

+ sin (%i) sinh (92—) sin (—ZL) sinh (% =0,
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Sm(r) ~ 8e Si;l (%).C"S (%) b (%ﬁ) = (F;))
—8¢% sinh (%) cosh (%) sin (_A—Qgi)) cos (ﬁ)
_16e% [sm (%’) cosh <7—7§"—) cos (%) sinh (?)
s (f;) ok ( : )m_(%@) cosh (?)J = 0.

So, the idea is to eliminate A((,Z) or I‘((f) using the above relations, and from there one

and,

tries to find a further restriction for the parameters 5. Unfortunately, as seen from the
above, these involve manipulation of a transcendental function which in turn gives rise to
subtleties in the evaluation. Thus, one resorts to a simplified restriction and further shows

that indeed with this simplified restriction on 5 there exist solutions.

Setting n_ = 0, from the imaginary relation above one obtains the following relations
1 Il « 1 1
cos E(A(()z)) = -2—6%— cos 5(&_) cosh 5(F82)). (3.5.21)

Inserting this into the real part, one sees that in order that there exist non-singular solu-

tions, i.e. no (zo,%o) exist such that the real and imaginary parts are zero simultaneously,

the following must hold,
1 _
9(0,¢,) = <2ecz[1 — 2cos 5({ )?] — e — 2) <0  for % <0< %

It is straightforward to see that this inequality indeed is fulfilled. Furthermore, in deriving
(3.5.21) one has assumed that sinh 1 ( ?)) 0 and sin 1(é+) # 0. But, one can show that
even taking sinh %( ) = 0, the real part will never vanish. Further, choosing sin 1(£;) =0

will always give a singular solution, thus the parameters ¢ are chosen such that £, never

takes the values,
¢4 = 0 mod 27. (3.5.22)

Thus, combining with the results of the 7-function of the level 1 representations, one has

succeeded in proving that with n_ = 0, there exist non-singular solutions with X > 0 for
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rapidities @9 < © < I where O is given in (3.5.16). Moreover from (3.5.18) and (3.5.22),

the parameters £ are chosen so that £, will not take the following values,

¢+ = 0,7 mod 2. (3.5.23)

One can perform the same evaluation for cases of X < 0. However, due to the behaviour
of a similar function as the function g(©, £, ) above, one cannot say quite clearly that there
exist or does not exist non-singular solutions for rapidity value between % < 0 < 2. Thisis
because there are regions of (0, &, ) where this function has negative values while in other
regions it has positive values. Nevertheless, for rapidity values 0 < 0 < % one can show
that there exist non-singular solutions, with parameters ¢ are chosen such that ¢, never

takes the values,
£+ = 0 mod 27. _ (3.5.24)

At special values of rapidities, these breather solutions fail to exist. In particular at rapidity
O=0 it becomes an obvious static solution, at © = % singularity always occur, and rapidity
of © = 2 or 7 will lead to a static single soliton solution or a vacuum solution. This last
phenomena was also noted in the two soliton case in [46].

aa-breathers .

These are breathers with constituent solitons coming from 2 of the lighter solitons of d‘(il)
associated with the same species (node of the Dynkin diagram). The interaction coefficients
are calculated to be (see figure 3.4),

) — 1][cos(20) +
) + 1][cos(20) —

2
Zaa = [cos(20) + 1][cos(20) + 1]’

X, = [cos(

20 ]
5 7 (3.5.25)

(SIS DT

[cos(

(3.5.26)

The 7-functions of level 1 representations has the same restriction as that of the 22-
breathers, relations (3.5.14) and (3.5.15). And as before, the case of X > 0 yields further

restriction on the rapidity,

g — —
— < 0 <0y,
6 >~ Vo
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Figure 3.4: The graph shows the behaviour of the interaction coefficients X (20) (dotted
line) and Z(20) (full line) for the aa-breather of df}) in the rapidity range 0 to 7- The
horizontal axis is chosen in terms of the parameter z = ?. Note that both interaction
coefficients become singular at z = % or 0= Zandatz=1or 0= z
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where

(3.5.27)

_ 1 -1 - coS(%)2 + \/9 cos(%i)‘* — 14 COS(%V 19
®¢ = — arccos ¢ '
2 4[1 — cos(*4)]

And, the parameters ¢ are restricted as (3.5.17) and (3.5.18).

Furthermore, for this case one has a much simplified 7-function for the level 2 represen-
tation, since Fy, = 0. And as a result, a detailed restriction on the parameter  can be
found. The evaluation method for this 7-function is similar to the evaluation done in the
al!) cases. The results can be cited here as follows. In order that 7 never vanishes, the

parameters 7 have to be chosen such that its difference is bounded as in (3.5.14), i.e.

t

—Ne < N= < ey
with
| ne = arcosh{2e%* + %= cos(&4 + 6.)}. (3.5.28)
Also, the parameters ¢ have to be chosen such that for rapidity values between 0 < © < %

and % < O < Oy, &, never takes the values

£y = 0,7 mod 27, ' (3.5.29)

and for rapidity values between § < 0 < %, {4 may not take the following values

£+ = 0 mod 2. (3.5.30)

Thus to summarise the results, an aa-breather can be constructed provided one choses the
parameter 7_ to between the bounds of the smallest of 7. or 7. and parameters £ are chosen
such that (3.5.29) is not fulfilled for rapidity values between 0 < 0 < zand ¥ < 6 <06,
or (3.5.30) is not fulfilled for rapidity values between I < © < Z.

At special values of rapidities, these breather solutions fail to exist. At rdpidity O =0, the
solution become a static solution, i.e. not a breather. For rapidity © = 2, there always
exist (zo,to) such that the real and imaginary parts of 7;, with j = 1,3 or 4, becomes zero
simultaneously. While at the pole rapidities, the breather solution becomes a static single

soliton solution at © = g— or a vacuum solution at © = % These last results are similar to

the two soliton fusing results of Hall [46].
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ab-breathers

From all dgl) breathers, this type of breather are the easiest to evaluate, since its interaction

coeflicients are as follows,

B [cos(20) — 1]
Xap = [cos(20) + 1}’
Zop=0. (3.5.32)

(3.5.31)

N [ =00 =

And with F,; = 0 for a,b = 1,3 or 4, all the 7-functions are similar to that of the all) series.
Thus, evaluation procedure of these 7-functions are the same as in type B of a{l) cases. It
turns out that it is not possible to construct a breather solution for X > 0,0 < 0 < % and
z< 0 < %, since zeros always appear simultaneously in the real and imaginary parts of
the 7-function. However, for the X < 0 case, the rapidities between ©p < © < % will give
a valid breather solution, where

L1 (1feos(En)] =1
O = Ea,rccos (Elcos(§+)| m 1) . (3.5.33)

Further, the parameter  has to be chosen such that
e < N- < TNey

where 7. is the smallest of the following,
arcosh{2e% sin 1(¢;)? + 1},
ne = { arcosh{2e% cos 3(£4)* + 1}, _ (3.5.34)
arcosh{e‘| cos(¢4)]}-

And, the parameters ¢ are chosen such that their sum do not take the following values,

3
& =0, g, T, '21 mod 27. (3.5.35)

'3.5.3 The Topological Charges of dgl) Breathers

The topological charges are calculated from the asymptotic value of the breather solutions
¢ at ¢ — -+o0o. However, since the solution involves a logarithm of a complex function,

the solution traces a curve in the complex plane. The asymptotic values depends on the
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argument difference at £ — Foo, winding number and the direction of winding. Exami-

nation of the topological charges of the dgl) breathers follows the same steps as in Section

As an example, the topological charges of 22-breather will be determined in what follows.
The «a;-component of the topological charge for j = 1,3 and 4, is determined from the
ratio f; = % = 1 for all region of definition. Thus, the aj-component of the topological

charge is zero. For the ay-component, one notes from the previous calculation that there

_are two different cases.

The first case is when X < 0, from (3.5.23) one sees that there is only one type of topological
charge for this case. Note that the asymptotic value of the ratio f, = g7 1s again equal
to 1 at £ — £oo. Set all s equal to zero, and choose all {s equal to 7 and further
choose © = %arccos (@) such that Z = 0. Explicit numerical evaluation of the real and
imaginary parts of the ratio f; = (—;2)7 shows that f, never winds around the origin of the

complex plane. Thus, the az-component for this case is zero.

The second case when X < 0, from (3.5.24) one sees that there can be 2 type of topological
charge for this case. The asymptotic value of the ratio f; = (—;2)7 is again equal to 1 at
£ — Zo0o. Performing a similar trick as in Section 3.2, i.e. shifting the position of the
breather such that at rapidity near the pole several terms drops out as they are negligible.
Choose both ¢ to be £ where € > 0 and infinitesimal. Shift n = 7 — %’, and set @ — (%)
such that,

Clim e =4,  lim e =0.
8—(%)- 6—()-

Then, one can easily see that f, starts off from (1,0) of the complex plane with negative
imaginary part at + — —oo, and winds around the origin in a clockwise manner back to
(1,0) as z — oo. While choosing € < 0 yields the opposite winding, i.e. a counter-clockwise

manner. Thus, the az-component for this case is £1.

To summarize the 22—b{eather topological charges, one has

= 0 for O < O < % (3.5.36)

@@= +a,  for0<O< % (3.5.37)
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where O is given in (3.5.16).

Topological charges of the aa-breathers and ab-breathers are calculated in a similar way

and one finds the following,

¢ = +a, for 0 < O < % % <8< (3.5.38)
g = 0 for g <B< g (3.5.39)
where Oy is given in (3.5.27), and
. ) . ,
¢ = +5 (0 + ), E(ar + 5(0a + w)). (3.5.40)

Next, as in the a{!) series, one can check that the non-zero topological charges lie in the
irreducible corﬁponent of the Clebsch-Gordan decomposition of the tensor product of two
~ fundamental representations associated with the constituent solitons. In order to do this,
one uses the PRV conjecture. Consider the Coxeter element of the Weyl group given as
follows,

W = T T3T4T2, (3.5.41)

where the Weyl reflections with respect to the simple roots has been ordered in bicolour
manner. A direct check of the Coxeter orbit of A\, shows that 4o are elements of this

orbit. Also, the weights {1(as + ), (2 + (e + ))} are elements of the Coxeter
orbit of A, with a, b and c being different labels chosen from 1,3 or 4. This means that the

non-zero topological charges of ¢(??), ¢(*®) and ¢ above lie in the following fundamental

representations,

{q(22)}’{q(aa)} € Rz\z)
{q(ab)} e R)\c'

Moreover, using the Coxeter element above, one can show for example

)‘2 + w2/\2 = Qy,

and since a, Hes in the Coxeter orbit of A, then by PRV conjecture Ry, C Ry, ® R»,.

Also,
/\a + WAa = /\2a



3.5. Breathers in other Theories 94

thus directly one sees that Ry, C Ry, ® R»,. Finally,
Ao +w*hy = %(Ola + ),

but it is already found that %.(aa + ap) is an element of the Coxeter orbit of A, thus
Ry, C Ry, ® Ry,. Furthermore, the zero topological charges are in fact belonging to the

singlet component of this Clebsch-Gordan decomposition, since
A +wih =0 for y =1,2,3,4.

However, note that the choice of Coxeter element (3.5.41) is not unique, for example one

can also use the natural ordering of the Coxeter element and still be able to prove the

Clebsch-Gordan decomposition property.

.To summarize, the representation space where these topological charges lie is as follows,

{d®} € Ry, C Ry, @Ry,
{¢"} € Ry, C R\ ®Ry,, (3.5.42)
(gD} € Ri. C Ry @Ry,

In fact, the non-zero topological charges are exactly same as those of the topological charges
of single solitons associated with the fundamental representation in the irreducible compo-
nent above. Furthermore, these Clebsch-Gordan decomposition property are in agreement

with the fusing rule of solitons [13, 46].

The fact that these non-zero topological charges and its fundamental representation agrees
with the soliton fusing, explains the results that the non-zero topological charges of the
22—breathérsv are not a simple sum of the topological charges of its constituent solitons.
To be precise, these non-zero topological charges are actually the topological charges of
the single soliton associated with the middle node of the Dynkin diagram. Furthermore,
it was noted that the soliton associated with the middle node of the Dynkin diagram
can coupled to itself. Thus, this phenomena leads one to think of the non-zero topological
charge 22-breather as an excited single soliton with mass (energy) higher than the ordinary
single soliton. All other non-zero topological charge breathers can be thought as an excited

single soliton of the appropriate species determined by the Clebsch-Gordan decomposition

or fusing rule above.
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) theory.

Finally, one also finds that there are no sine-Gordon embedded solitons in the df,‘
This agrees with the fact that there is no reduction of d to o [56]. On the other hand,
the zero topological charge breathers can be thought as a sine-Gordon like breathers as the

type B breathers of ag). series.

3.5.4 Remarks on Other Theories

As seen in previous calculations of ag). a,nd_dgl) breathers, one can only construct breather
solutions provided the parameters 5, ¢ and rapidity © are restricted to certain ranges of
definition. To obtain these restrictions, one has to evaluate the complete 7-function and
not only looks at its asymptotic behaviour.” Thus, one needs to know the two soliton 7-

functions, these can be derived using Hirota’s methods or alternatively using Olive et.al.’s

algebraic construction.

In the algebraic construction of the 7-functions, the crucial step is in writing down the
higher level representation as a tensor product of level 1 representations or its descendent.
The example of (3.5.2) will be sufficient for all fundamental representation of level 2 associ-
ated with the nodes in the Dynkin diagram which are next to the end nodes. In particular,
the dgl) case can also be calculated using (3.5.2). For other theories, these tensor product

representations of level 1 fundamental representations may not easily be found.

From the two soliton 7-function, one makes an analytic continua,tion of the real rapidity into
a complex rapidity (or from real velocity into a complex velocity) to obtain the breather
7-function. The evaluation of the behaviour of the 7-functions is performed by separating
out the real part and imaginary part explicitly. However, as the treatment of dff) breathers
has shown, these evaluations are not readily calculable. Thus, one may make a concession
by opting to a simplified restriction such as setting n_ = 0. With this choice, one can find
the range of definition for the allowed rapidities. Although the restriction on individual
parameter ¢ of the constituent solitons are not known, the topological charge parameters
&4 are restricted into a rdnge of definition which is divided into several sectors, hence giving

the number of different topological charge of the breather solution.

Finally, the topological charges carried by these breather solutions can be calculated using
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the same procedure as already shown for the previous a{!) and df,l) cases. It is expected

that the Clebsch-Gordan decomposition or, specifically, the fusing rule will agree with
the fundamental representation space where these topological charges lie. And thus, will
give a further support to the soliton fusing and the existence of an excited soliton, i.e.
single soliton with higher mass (energy) such that its starts to vibrate, some call this the
breathing solitons. It can be conjectured also that the breathers whose constituent solitons
are associated with conjugate (or self conjugate) fundamental representation space always
carry zero topological charge as well as the possible non-zero topological charges permitted
by the fusing rule. Examples of this conjecture are the type A breathers of a§13+1 series
with constituent solitons coming from the (n + 1) fundamental representations, the type
B breathers of a(!) series and jj-breathers of dil) theory (where j = 1,2,3,4). Since the
longest Weyl word which sends a positive weight to a negative weight always exists, then
this can be used to show the singlet component of the Clebsch-Gordan decomposition.

Thus, the above conjecture is in line with the PRV conjecture which is used in previous

calculations.
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Dorey in [21, 23] has shown that, all the proposed S-matrices of the simply-laced affine
Toda theories of [8, 9] can be constructed using information extracted from the root space
of the underlying Lie algebra. Some related results can also be found in [24]. In this
algebraic construction of the S—mitrix, a special element of the Weyl group plays a major
role, namely the Coxeter element (sometimes also called Coxeter transformation). This
chapter is a review of the algebraic S-matrix of Dorey, preceded by a review of the general

Coxeter transformation which constitutes the main part of this chapter.

A Coxeter transformation is a product of all reflections. which form the basis of a Weyl
group. In the Lie algebra cases, the basis of the associated Weyl Group is just the set of
Weyl reflections with respect to the simple roots. As a linear transformation, the Coxeter
element has a finite order h, where h is commonly named the Coxeter number. Acting on
roots, the Coxeter transformation yields rank-r distinct orbits which consist of h elements
[58]. In the case of affine algebras, one can also construct an affine Coxeter transformation
as the product of all reflections with respect to the simple roots of the associated affine
Kac-Moody algebra. Thus, the affine Coxeter transformation is just the ordinary Coxeter
transformation for the simple Lie algebra g, augmented by a reflection with respect to the
extended simple root of the affine Kac-Moody algebra ¢g. But the resulting transformation
has very different properties compared with those of the ordinary Coxeter transformation.
Some of these properties will be discussed in this chapter. As an affine Coxeter transfor-
mation is more general than the ordinary Coxeter transformation, the main discussion of
this chapter will concentrate on the affine cases and almost all results are also applicable

to the ordinary Coxeter transformation of the Weyl group of a simple Lie algebra unless

stated otherwise.

After the introduction of the relation between the Coxeter transformation with the Killing
matrix, the eigenvalue spectrum of ‘the affine Coxeter transformation and its exponents is
discussed. It will also be shown that the eigenvectors of the affine Coxeter transformation
are related. to the eigenvectors of the affine Cartan matrix. The order of affine Coxeter
transformation is found to be infinite. Restricting oneself on the algebras with bicolouring

of its affine Dynkin diagram, orbits of the affine Coxeter transformation are explored.

The discussion of the affine Coxeter transformation follows the work of Coleman [59} which
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is applicable to any Kac-Moody algebra, while the work of Berman et.al. [60], is restricted

to algebras which have bicolouring of their simple roots, i.e. excluding the agln) series.

4.1 Coxeter Transformation and Killing Matrix

For an arbitrary Coxeter transformation one can define a Killing Matriz through compo-
nents of the associated Cartan matrix. As a result of this relation, the spectrum of the

Coxeter transformation will be given by the characteristic equation of the Killing matrix.

4.1.1 Preliminaries

This preliminary section explains the terms used in the following discussions. Let C be an
(r +1) x (r + 1) matrix of zero or positive determinant with integer matrix elements c;;

and with diagonal entries 2. A non-zero off-diagonal entry implies that its transpose entry

is also non-zero.

G5 € Z, Ci; = 2,
Ifi#tj, c;#0&¢i #0,a; <0, (4.1.1)
IC| > 0.

Thus, the affine Cartan matrix defined by

A 2a; -
Cik = ok (4.1.2)

2 ?
a]

is a subset of the above general matrix C. Note that this definiton of Cartan matrix is
the transpose of the Cartan matrix used in the algebraic soliton solutions of Section 2.4.

Henceforth, in the remaining of the thesis, definition (4.1.2) will be used.

Let the matrix C be partitioned as,
C=C_+Co+Cy, (4.1.3)

where Cq = 2I is the diagonal and C_ and C, are the lower and the upper triangular

parts, respectively.
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For a non-symmetric affine Cartan matrix, there is a diagonal matrix D, with non-zero

diagonal entries given by
(D)ij = a’?‘sija

such that DC = B where B is a symmietric matrix.

For obvious reasons, a Dynkin diagram is called a cycle or a tree if it does or does not
contain a cycle respectively. Thus, Dynkin diagram of a simple Lie algebra is always a tree.
The ordering of the labels on the nodes in any of the Dynkin diagrams can be arbitrary,

i.e. labels of the n nodes of a Dynkin diagram can be taken from any permutation of the
integefs 1,2,...,n. |

To a node % in a tree Dynkin diagram, one can assign two intégers u; and v; sugh that
u; +v; = 1. (4.1.4)
And if ¢ and j are adjacent nodes, then |
u;+v;=0 or 2 ’ _ (4.1.5)

when the labels going from i to j is falling or rising respectively. Examples of the labelling

for the tree Dynkin diagram are given in figure 4.1.

(1,0) (-3,4) (1,0) (1,0

(1,0) (-3,4) (1,0) (1,0)

Figure 4.1: Affine Dynkin diagrams of dgl) with two different labellings denoted by the
bold numbers. The pairs of numbers denote (u;, v;).

In a cycle Dynkin diagram, i.e. the a{!) affine Kac-Moody algebra cases, one can chose any
two adjacent nodes, say ¢ and j, and call the link between them the special link. Removing

this special link yields a tree Dynkin diagram of the A,y Lie algebra. Assign to this tree
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Dynkin diagram, the integers u; and v; starting from the node j. Count the rises and falls
of the labels starting from the label j going around the cycle towards the label ¢ and back

to label j again. Let v denote the difference between these falls and rises, then

uit+v;=v or v+2 (4.1.6)

according to a fall or rise of the labels 7 to j respectively. Examples are given in figure 4.2.

(3,-2) (1,0)

_ 0 0
2 3 2 3
1 4 1 4

2-1) 1o (3-2 (2-1) (01 (-12) (-2,3) (-3,9)

.1/=3 @ -1) v=-3

(2,-1) (1,0) (2,-1) (1,0)

v=-1

Figure 4.2: Affine Dynkin diagrams of agl) with two different labellings denoted by the
bold numbers. For clarity, the special link has been removed. The pairs of numbers denote
(ui,v;) and are calculated in the direction of the arrows. :

4.1.2 Relation of Coxeter Transformation and Killing Matrix

Consider an (r + 1)-dimensional root vector space with basis a;. A Weyl reflection of a;

with respect to the basis a; is defined by,
ria]- = a'j —_ cijai7 ‘ (417)
with ¢;; is the Cartan matrix element. For an arbitrary vector x = 3_; z’a;, one obtains

"X =X— Cij:C]a,',
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where summation over j is implied. Thus, only the a; component of x changes by 3, ci;jzl.
From the affine Cartan matrix one can define the matrix (C;)k; = dixcij, 1.e. everywhere is

zero except the i-th row. Then by writing x as a column vector, one can write the Weyl

_reflection as a matrix transformation operator,

rix = (I — C)x. (4.1.8)

An affine Coxeter transformation is defined as the product of all Weyl reflections with
respect to the simple roots of the associated affine Kac-Moody algebra g,
o= I - (4.1.9)
all simple roots .

The ordering sequence of this product can be arbitrary, just like the arbitrariness in the
labels of an affine Dynkin diagram. In the affine cases, this ordering may lead to different
spectrum of eigenvalues. Consider an ordering which corresponds to the natural ordering
of the affine Dynkin diagram, i.e. labelling the nodes from 0 to r in consecutive manner.
Thus, the affine Coxeter transformation is given as,

W = Hr,- =7Tori...Tp. (4.1.10)

=0

In finding the spectrum of an affine Coxeter transformation, one needs to solve the char-
acteristic equation of w,

&(p) = pul — . | (4.1.11)
which is obtained by setting the determinant of &(u) equal to zero, |&(x)| = 0. Writing
equation (4.1.10) in matrix form yields,

O = (I-C)I-Ch)...(I-C,)
= I—ZCH— Z Ci10i2 — Z C,'IC,'.L,C,'S (4.1.12)
=0

11 <12 11 <i2<13

+...+(-1)CiC,. .. Cr
Let the matrix C;,C;, ... C;, be written as B;,;,.i,- Then it is not difficult to see that,

C—}-Bilig...’

ip

C+BOI2...7' = 07

Bli,~1)irig..ip T Bliz—2)irip..ip T - - - T Boiyig..ips
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where C is the upper triangular matrix of the affine Cartan matrix. Define the Killing

matrix K(u), and the T matrix by,
K(p) = pCi+(u+1)I+C- (4.1.13)
T = I+C4. (4.1.14)
Then the relation between the eigenvalue problem of the Coxeter transformation (4.1.11)
and the Killing matrix is as folllows,

To(p) = u(I+Cy) + 1+ C_ = K(u). (4.1.15)

By definition, the determinant of the matrix T is equal to one, |T| = 1. Thus, setting
the characteristic equation of the Killing matrix equals to zero is the same as setting the

characteristic equation of the affine Coxeter transformation equals to zero,

|K(p)| =0 = |w(p)| =0. ’ (4.1.16)
Hence, solving the characteristic equation of the Killing matrix, which is much easier to
construct by the definition (4.1.13), gives the spectrum of the affine Coxeter transformation.

If the affine Cartan is symmetric, i.e. ¢ = C* then C* = C,. From equation (4.1.13) one

has,

pK(p™') = Cr + (1 +p) + pC-.
And taking the determinant of the above equation yields,

WK ()] = [Ch+ (14 )+ uC-] = K (W), (.1.17)
where the last equality is evaluated by taking a transpose. This means that the charac-
teristic function |K(u)| is reciprocal (see Appendiz B). If ¢ is symmetrisable by D, i.e.
DC = B, then

DK(p)=pB+ +(1+p)D + B_.
Using the same argument as above, one sees that [ DK (p)| is also a reciprocal polynomial.

And since |D| # 0 then |K ()| = 0 is a reciprocal equation. Thus,
for all Lie algebras and affine Kac-Moody algebras, |K ()| is reciprocal.

The fact that |K(u)] is reciprocal will be used to show that the order of the corresponding

affine Coxeter transformation is infinite.
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4.2 The Spectrum and Exponents

The eigenvalues of an ordinary Coxeter transformation and of an affine Coxeter trans-
formation are found to be some power of a root of unity; these' powers are called the
ezponents of the Coxeter transformation. Further, it is easily shown that the eigenvectors
of the Coxetér transformation (at least for the tree cases) are related to the eigenvectors of
the corresponding Cartan matrix. But, as mentioned in the previous section, the ordering
sequence of Weyl reflections in an affine Coxeter transformation can be arbitrary. This

arbitrariness may lead to several different spectra of the affine Coxeter transformation.

Starting from the natural ordering of the affine Dynkin diagram, consider a permutation

o~1 of the labels. And from equation (4.1.9), @’ is meant to denote the following affine

Coxeter transformation
W’ = H ra'l(i)- (421)
1=0

Define, ¢f; = ¢,-1(;)0-1(;) such that Co = (cZ;)=C?+21 + C{. Then, equation (4.1.15)
becomes: T7&° (p) = K°(p).

Permutatidn of the natural ordering labels of the affine Dynkin diagram by o' results in
the following assignment for the pairs of numbers (u;,v;). Let ¢ = o(a), j = o(b), then for

the tree Dynkin diagram,

uptvp =1 for all b
U, +vp =0  if o(a) > o(b) : (4.2.2)
ug+vp =2 if o(a) < o(b)
and in a cycle with difference of rises and falls equals to v, one also has for the nodes link
by the special link
Uy + Vp =V if o(a) > o(b)
ug +vp=v+2 if o(a) < o(b). , (4.2.3)
Write the Killing matrix as [K(p)]i; = kij, so that
ki; = pei; for: <y

ki]‘ = G forz >3
ki=p+1
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Set (2y = 1, and define diagonal matrices U = (ug) and V = (va) as
Uab = Cua abs Vab = Cuaéab- (424)

To examine the possibility of several spectral classes, one utilizes the following F?(()

matrix,

[Fo(Q)ii = f5; = [U K (s)V°]ij = Uaakabvs- (4.2.5)

As will be seen shortly, the advantage of using the F'7({) matrix is that for a tree Dynkin

diagram the matrix F°({) has a dependence on ¢ only in the diagonal.

4.2.1 The Trees

Consider first the cases when the affine Dynkin diagram is a tree, i.e. all cases of affine

Kac-Moody algebras excluding a{!) cases. With equation (4.2.2), F(() in terms of its -

components is given as,

i<j o ola)<o(d) = f5=Copd =
i>j o olg)>alb) = f5=c (4.2.6)
i=3 or o(a)=0(b) = [ C—}-C‘

It is clear that changing K°(u) into F?(() results to a dependence on y or ¢ only in the

diagonal.

Note that from equations (4.2.2) and (4.2.4) one has UV = U°V? = (I. By definition
~ of the Killing matrix, equation (4.1.13), and the characteristic equation |K(u)| = 0, one
notice that u cannot be equal to zero, hence ( is finite and ¢ # 0. Thus, the characteristic

equations of F?({) and K?(x) imply each other,
[F7 ()] =0 & |K°(u)| = 0. (4.2.7)
But, F?(¢) can be obtained from F({) by permuting the rows and columns using 0. There-

fore there is a permutation matrix P such that F7(¢) = PF({)P!, i.e. F?(() is similar
to F(¢), thus the zeros of |F?(()| and |F(()| are the same. Hence,

all permutation of reflections in Cozeter transformation of a tree Dynkin dia-

gram have the same spectrum.
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Since for a tree, C is symmetrisable, then ¢ and C? Wili give the same characteristic
equation of K (u). Thus, dual-pairs of affine Kac-Moody algebras (a,nd simple Lie algebras)
will have the same characteristic equation of K(x). For the case a2n, the affine Cartan
matrix is obtained from the affine Cartan matrix of c{!) case by interchanging two rows

()

and two columns. Hence the characteristic equation of K(u) for a3, cases is the same as

for c(!) cases, since the negative factor multiplying the determinant comes in twice.

The characteristic functions K (u) for tree cases of the Kac-Moody algebras are listed in
Table 4.1, which is repréduced from Coleman [59]. And for the simple Lie algebras are
listed in Table 4.2.

Algebras Characteristic functions Exponents
bV, al?) (u? — 1)(p"~t = 1) 0,2,4,...,2(n—1),(n—1)

o . 0,1,2,...,(n~1),25%

D, d®, dP (p-nEr-1) 0,1,2,...,n
i (D@ -DE2-1)  0,1,2,...,(n—2),%52, 552

. - 0,2,4,...,2(n—2),(n—2),(n—2)

eV (p+ 1) - 1)? | 0,2,2,3,4,4,6

(1) (:u’ + 1)(#3 - 1)(/1'4 - 1) 0a3)4a6767839, 12

(1) (1 + 1) — 1)(p® = 1) 0,6,10,12,15, 18,20, 24, 30
f(” (- -1) 0,2,3,4,6

e d“’) (o —1)(p? - 1) - 0,1,2

Table 4.1: Characteristic functions of K(¢) and exponents for tree cases of affine Kac-
Moody algebras (in b(!) and d(1) series the first sets of exponents are for n even and the

second set are for n odd).

Looking at the tables above, one sees that x is a root of unity. This means that it can be

written as,

[ts = €XP [27:7!’%] ‘ (4.2.8)

where s,m € Z (for the simple Lie algebra cases m is denoted differently by 4, the Coxeter
number). The integers s are called the ezponents of the Coxeter transformation. For the
affine Kac-moody algebra cases, m is the largest number in the list of exponents in Table

4.1. But contrary to the affine cases, in the simple Lie algebra cases u = 1 is not an
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eigenvalue of the Coxeter transfromation, thus 0 is not an exponent. Further, k is always

one more than the highest ekponent.

Algebras Characteristic functions Exponents h

A, (W +pm T4t ) 1,2,3,...,n (n+1)
B.,C, (" +1) 1,3,5,...,(2n— 1) 2n

D, (B +pm 1+ p+1) 1,3,5,...,(2n—3),(n—1) 2n-2
Es W+ ps -+ p+1) 1,4,5,7,8;11 12

E; (W +pb—pt -+ p+1) 1,5,7,9,11,13,17 18

Es (W4 pu" —pb —pt—p3+p+1) 1,7,11,13,17,19,23,29 30

Fy (pt—p?+1) 1,5,7,11 12

G» (B —p+1) 1,5 6

Table 4.2: Characteristic functions of K(u), exponents and Coxeter number for simple Lie

algebras.

A further examination shows that, there is no straightforward relation between theA expo-
nents of the affine Coxeter t.ra,nsformation and the exponents of the Coxeter transformation.
This relation may come from the relation of the characteristic equation of the Killing ma-
trix for the simple Lie algebra g, K9(u), and the characteristic equation of the Killing

matrix for the associated affine algebra g, K9(u). Generally one has,
(K3 (u)] = (i + DIK ()] + 3o(=1)+ peiol K, (4.2.9)
=1

where the extended root is assigned to ag, cio is the entry of the affine Cartan matrix at

row ¢ and column 0; 113,%1 denotes the minor of Kfo.

A relation between the eigenvalues and eigenvectors of the affine Coxeter transformation

and the eigenvalues and eigenvectors of the affine Cartan matrix can be established using

the following incidence matrix,

M°=2I- (7 =-C% - C3. (4.2.10)

~

Hence with X = ¢ 4 (71, equation (4.2.6) becomes

Fo(¢) = XI— M°. (4.2.11)
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From elementary matrix algebra, one knows that |K?(u)| = 0 implies that there are non-

trivial solutions for the following,
K (ps)ns = 0, ' (4.2.12)

for all p satisfying |K°(p)| = 0. Let g, be the null-vector for F°(¢), F?(()gs = 0, then with
equation (4.2.5) and using the relation of the Killing matrix and the eigenvalue problem

of the Coxeter tra,nsformatioﬁ, one has V7¢; as an eigenvector of W with eigenvalue g,

57 (Voq) = w(V74s).  (213)

Let, 7, = V¢, from (4.2.11) with ¢ + {~' = 2a one has,

M’q; = 2aq,

or,

_ C%q = (2 — 2a)qg,. | (4.2.14)

For each p there are two possibilities ¢ and —(, by the relation . = (2. This means that,

for each p there are a pair of eigenvalues, 2a and —2a, of M. Thus eigenvalues of c°
come 1n pairs,

C"’qs = 2(1 — cos(72))gs
and (4.2.15)
C?Gs = 2(1 + cos(72))ds, '
with ¢, = V()™ 'ns and §s = V(={)"'ns.
Since the values of s are always less than m, then the angles in equation (4.2.15) lie in the
first and second quadrant. Thus, one can write equation (4.2.15) compactly as,
Ny s

?gs = 4sin’(7—)¢s. 2.
C% sin (Qm)q (4.2.16)

As already noted, the eigenvectors ¢, of é"’, equation (4.2.14), and the eigenvectors 7, of
@°, equation (4.2.13), are related by the matrix V7,

ns = VIgs. : (4.2.17)
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In the simple Lie algebra cases, inserting 4 = 1 in equation (4.1.13) yields the Cartan
matrix, K9(1) = C. But it is well known that |C| > 0, thus z = 1 cannot be an eigenvalue
of the Coxeter transformation. In other words, there is no vector invariant under the
Coxeter transformation. Furthermore, the relations between eigenvalues and eigenvectors
of the Coxeter transformation w’, and the eigenvalues and eigenvectors of the Cartan

matrix C?, are the same as in the affine cases above.

In these tree cases, the affine Dynkin diagram can always be bicoloured, i.e. the nodes
of affine Dynkin diagram can be coloured black and white such that the set of simple
roots corresponding to black and whité nodes are orthogonal in each sets. Berman et.al.
[60], use this bicolouring to obtain the sets of exponents of affine Coxeter transformations

and the relation between eigenvalues of an affine Cartan matrix and an affine Coxeter

transformation.

- 4.2.2 The Cycle

Next, one considers the a{l) case which is a cycle. Labelling the nodes of the affine Dynkin
diagram in a consecutive manner (natural ordering), the difference between falls and rises
of the labels is v = —(n — 1). Reversing the order one gets v = (n — 1), while changing
the order of two adjacent nodes will result in v changing by 2 (see for example figure 4.2).
So the value of v lies between —(n—1) < v < (n—1) although not all the integers in this

range are valid possibilities for v.

As before, set i = o(a), j = a(b) and (*p = 1, for the special nodes  and j, ¢ < j; using

equation (4.2.3) one has

o __ pfu+2 o _ VO ’
o= el = (e (4.2.18)
Since u, + v, = 2 + v and for all b, up + vy = 1, then u, + v, = —v, hence,
7=C""ch ’ (4.2.19)

If the special nodes are i > j, all the signs of v are inverted (since the ordering is reversed).
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So one gets the dependence of F° ?(¢) on ¢ only in the diagonal and the special nodes,
diagonal ((+ ¢t

(¢,7) position :(¢cf; or (7¥c;

For a certain permutation o, changing into permutation o~! is the same as relabelling the
nodes of affine Dynkin diagram backwards, so v(a) = —v(o™!), further &° changes into
(0?)~1. Due to the fact that for this cases C is symmetric then, |K(u)] is reciprocal and
henc;a ¢ and (7! can be interchange. Under the interchange of ( to ¢ -1 Fo(¢) becomes
Fo(¢7Y) = F°7(¢). Thus,

e (@) and (&°)~! have the same spectrum (by (4.1.16) and (4.2.7)), and

o (&) corresponding to v and —v also have the same spectrum.

However, in general, F?({) with different value of v will lead to distinct spectrum.

For an arbitrary v, one starts with natural ordering from node 0 to (¥ — 1) and relabels
the node k = (n — v + 1)/2 with n and the following nodes in decreasing manner from

n. Calculating the resulting determinant of the Killing matrix one obtains the following

characteristic function [59],
(p — L)(pm7 — 1). where 2) = v+n + 1. (4.2.20)

In the following, two most obvious cases will be examined.

Bicolouring, v =0

This case can only occur when n is odd. The characteristic function of the Killing matrix

becomes,
(L —1)% (4.2.21)
And the exponents are,
1
. 0,1,1,2,2,...,(”?2r ).

Since v = 0, then there is no dependence on ( in the off-diagonal entry of the matrix

F7(¢). Hence this is exactly like the tree cases, thus the relation between eigenvalues and
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eigenvectors of the affine Coxeter transformation and the affine Cartan matrix are also

given by equations (4.2.13), (4.2.15-4.2.17). These are the cases considered by Berman
et.al. [60].

Natural Ordering, v =n —1

The characteristic function of the Killing matrix for this case is,
(b =1)(p" - 1), (4.2.22)

with the following exponénts,
0,1,2,...,n.

The dependence on (*” in the off-diagonal entry of F°(() gives rise to subtleties in relating
the eigenvalues and eigenvectors of the affine Coxeter transformation with eigenvalues and
eigenvectors of the affine Cartan matrix. However, the affine Cartan matrices C and C°
are related by some permutation matrix P, Co = PC’P‘I; hence the eigenvalues of A are
the same with any other ordering with different v.

(2)

() and as

4.2.3 Special cases aj

The characteristic function of the Killing matrix for these two very simple cases can be

directly calculated from their affine Cartan matrix. These characteristic equations happen

to be the same,
(n—1)%, (4.2.23)

and the exponents are 0, 1.

4.3 Order of Affine Coxeter Transformation

From the last discussion in Section 4.1, one knows that for all affine Kac-Moody algebras,
the characteristic function of the Killing matrix, |K(u)|, is reciprocal (see also Appendiz

B). Moreover, setting y equals to one in equation (4.1.13), one obtains K(u = 1) = C. It
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is also known that the affine Cartan matrix of an affine Kac-Moody algebra has nullity one
[6, 7], i.e. it has one null-vector, Cx = 0. Multiplying the vector x to the Killing matrix

at ¢ = 1 one has k;;(1)z? = 0. Since 27 are coefficients of a linearly independent basis for

x, one can write for each ¢,
kij(p)e’ = (p —Dh;,

for some function h;. Thus, (¢ — 1) must divide the reciprocal polynomial |K(p)|. From
Appendiz B, one knows that the zeros of a reciprocal polynomial which are equal to 1 must

have even multiplicity. Hence, taking the lowest even multiplicity, one can write | K (p)] as,
|K (1) = (n—1)"¢(n), (4.3.24)

where ¢(1) is a reciprocal polynomial of order (n — 1), as (u — 1)* is reciprocal.

Inserting p = 1 to the defining relation between an affine Coxeter transformation and the
Killing matrix, equation (4.1.15), one sees that the affine Coxeter transformation &, has
only one eigenvector corresponding to eigenvalue 1. This eigenvector is the null-vector of
the affine Cartan matrix. But, by equation (4.3.24), ¢ = 1 has to have at least multiplicity
of two. Hence, one does not have enough eigenvectors to diagonalize @. Or in other words,
in the Jordan canonical form of & there is a block with dimension greater than one. Thus,

there is no m € Z such that @™ = I.
An affine Coxzeter transformation, W, has an infinite order.

For the bicoloured cases, one can show explicitly using the eigenvectors of the affine Cartan

matrix that, the eigenvalue 1 of & has only one eigenvector.

In contrast to the affine cases, in the simple Lie algebra cases the Coxeter transformation
“has a finite order, h. To see this, one notes that the only possible degenerate eigenvalues
of w® are in the D,, series which correspond to the exponents equal to (2n — 1), these
are doublet degeneracies. Examining the Killing matrix, equatioﬁ (4.1.13), Wilth p=-1
corresponding to these degenerate eigenvalues, yields the nullity of K9(—1) exactly two.

Thus, there are enough eigenvectors to diagonalize w’.
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4.4 Orbits of Affine Coxeter Transformation

Only the cases of bicolpﬁred affine Dynkin diagram will be considered in this section. Split
the simple roots of § into two sets. Elements in each sets are simple roots which are
orthogoﬁal to each other. This is the bicolouring procedure of the affine Dynkin diagram,
i.e. nodes are coloured black and white alternatingly. Label the simple roots as follows,
o =1{0,1,2,...,k} and o = {k+1,...,r}. With an abuse of notation, e, e’ and o, o will

also be used as indices of the simple roots of black or white type. Thus,
de - Ayt =0 = a, - aor. |
Let the affine Coxeter transformation be written as,
O = W{eW{o} ' (4.4.25)

where wie} = [Lics v and w(o} = [lico i are products of reflections with respect to black
and white simple roots respectively. Note that the ordering of reflections in wye} or we}

can be arbitrary since within each set these reflections commute with each other.

Because of the orthogonality of the simple roots in each of the sets, {a,} and {a.}, one

has the following

w{.}a; = —Q, W{o}lo = —0o,

w{.}ao = Uy — Z C’.oa., w{o}a. = de — Z C’o.ao,

and,
1€ 0 L:)a,i = —a; — Z éjiaj + Z .CA'ijA’jiak, (4426)
J€o j€okEe
1€0 wa; = —a; + Zéjiaj. ' (4427)

‘jee
These relations are also valid for the ordinary Coxeter transformation of simple Lie algebra.

Since in the simple Lie algébra cases, the simple roots can always be bicoloured.

Remember that ¢;; < 0 for ¢ # j. Suppose that after p > 0 applications of affine Coxeter

transformations on a affine simple root a; produce the following,

oPa; = b=(8,0,k) (4.4.28)
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where b is some arbitrary affine root, § is a member of the root system of the associated
simple Lie algebra and k € IR (see Appendiz A for notation of the affine simple roots in
terms-of the ordinary simple roots and the imaginary roots). Then using (4.4.26) and

(4.4.27), one sees that

k>0forz€e and k<O0for:€o,

i.e. the imaginary root-component of a black (white) simple root always goes to positive
(negative) direction.

As in the simple Lie algebra cases, one can introduce a generalization of Kostant’s repre-
sentation of simple roots [58],

Gi = TpTr_1...Tip1G;. (4.4.29)

Although ¢; is not always a simple root, nevertheless the r + 1 vectors ¢; are linearly
independent, thus it can be thought of as basis of the root space. Then one can see that
the orbits of these representation of simple roots are distinct from each other. To see this,
one can utilize the trick by Dorey [21, 23]. Recall that for the fundamental weight A;

2a;-A
defined by =47% = §;;, one has
J
’l"jAk = Ak - 5jkaj,

then,
¢; = (1 -0 HA;. (4.4.30)

Now suppose that &P¢; = ¢, then one has,

WPA; = Ay,
which is not true since all fundamental weights are dominant highest weight which are not
related by any Weyl element to each other [61].

Looking back at equation (4.2.8), one suspects that after m rotations, the simple root will
come back to itself. But actually, it is only the euclidean part of the root which returns

to itself, i.e. m applications of affine Coxeter transformations on the affine simple root a;

(see Appendiz A for notation of the affine simple roots). yields

dzma,- = (ai,O, k), ke lR. (4.4.31)
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Because the imaginary-direction always grows, one obtains an infinite orbit, although the
euclidean-part has a finite order, m. The finite order of the euclidean-part of the affine

root was proved by Steinberg [62], which can be stated as the following.

_ The euclidean part of & is,
© = TyTol. (4.4.32)

Let B be the fork node in an affine Dynkin diagram, i.e. the node correspond to the long
simple root which has multiple links or the (n + 1) node in the agl)ﬂ cases. Further, if
D(g) is the Dynkin diagram of the simple Lie algebra g associated with the Kac-Moody
algebra g, then deleting the node § from D(g) will yield a disconnected Dynkin diagram
of Ds(g). The Coxeter transformation @p associated with the Weyl group of Ds(g) can be

obtained from @,
Wp = oo™, (4.4.33)

where o is an element of the Weyl group which sends the longest root of g to — 8,
o = —B. (4.4.34)

Obviously, &g has a finite order since it is a Coxeter element of disconnected A, type Dynkin
diagrams. Moreover, following Steinberg [62], one can show that the order of wg is exactly

m as listed in Table 4.1. Thus, the euclidean part of the affine Coxeter transformation w,

has a finite order of m.

Next, one can also show that the action of t, = rory is a translation in the imaginary

direction § = (0,0,1),

2a0- 2¢ -z 2% -z 2a0 - Y
t = = z- — . 4.4.35
T TOT$ T z a2 ao e 1/) + e 2 ao ( )
With sz = ——2‘:%"” and 2‘2"?"¢ = —2, one obtains
2t - x
t¢,.’1) = — ¢2 0. (4436)
Thus with z = (7,0, k) after m applications of affine Coxeter transformation w one has,
Wb -
ALY (4.4.37)

o™z = (v,0,k — 7
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As an example, one looks at the agl) case which has only two simple roots {ag,a:} =

{(=,0,1),(,0,0)}. The imaginary root § is given by é = ag+ a1, and the affine Coxeter

transformation constructed from these simple roots is,
w = rory,

and its action on the simple roots and the imaginary root are,

wPag = (—a,0,1 + 2p), WPa; = (a, 0, —2p), wPné = né, (4.4.38)
for any p € Z.
)
@lag 1) 9
® W la; e o W0 12aq
wap ¢ J? )
. @ O lay ¢
aop ¢ ® o
—a | ay 2aq . o
W lag § —ag 0
(] : E way §
W 2%ag § o
o &) @?a; § ¢ 020,
@ %a0 § ® <;

Figure 4.3: Orbits of the roots ag, a1 and 2a;. The imaginary roots né are invariant,
denoted by a circle on each né.

Thus, as mentioned above, it is clear that the orbit of the simple roots are infinite in the

imaginary direction, while the euclidean part does not change, i.e. the finite order for the
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euclidean part is one. The jump in imaginary direction for each application of & is two
steps. The imaginary roots themselves are invariant under the applications of the affine
Coxeter transformation. Furthermore, to cover the whole root subspaces of ap and a;, one
needs two orbits for each subspace. For the root subspace of ag, the orbit of the root —a; is
also needed. And by changing the sign one gets the root subspace of a;. One can visualize

these orbits as in figure 4.3.

4.5 Affine Toda S-matrices and Root Space

It was found that, for a simply-laced affine Toda field theory, a root triangle constructed
from elements of three Cozeter orbits of a representation of the simple roots, i.e. a triangle
in IR", can be projected to another triangle in a two-dimensional plane of the conserved
charge, ¢,. This conserved charges triangle is exactly the conserved charge bootstrap
relation, equation (2.1.10). This leads to Dorey’s Fusing Rule [21] which states that, a
three-point coupling is non-vanishing if and only if there exists a root triangle assoctated
with the three particles. Information of the fusing angle can be obtained from the root
triangle and the Cbxeter orbit. Inserting the value of these fusing angles into an S-matrix

building block yields the correct S-matrix.

There is more information which can be extracted from the root space and two of these
features will be explained briefly in this paragraph. Firstly, in a purely elastic process,
the selection rule forbids a non-diagonal scattering. This selection rule is related to the
flipping of the mass quadrilateral, see [19] and [8]. The existence of the flipping of the
mass quadrilateral can also be explained in terms of two root triangles having one common
side, see [21]. Secondly, for the simply-laced affine Toda theories, the forward-channel (s-
channel) poles are always an odd-order pole with residue of +7 times a positive factor, [8].
These S-matrices are built by stacking the S-matrix building block with an appropriate
power which depend on the root representation of the particles. The possible ways of
stacking these building blocks, in order to obtain an odd-order pole, can be explained in

terms of the root representations, see [23, 24]. Some related results can also be found in

[24].
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In what follows, a short review of the algebraic construction of the simply-laced S-matrices

[21, 23] will be considered.

It is well known that the conserved charges of the simply-laced affine Toda field theory are
eigenvectors of the Cartan matrix A of the associated Lie algebra g [8, 9, 22, 26]. If one
writes the conserved charge vector as q, = {q},q2,...,q’}, then the following eigenvalue
relation holds, c.f. equation (4.2.16),

S:4'2E s . 5.
Cq, = 4sin’(5)ds, (4.5.1)

where s and A are the exponents and Coxeter number of the Lie algebra, respectively. This
fact leads one to assign to the a* node in the Dynkin diagram of the Lie algebra, the a'®
particle of the affine Toda field theory. However, from [21, 22] one realizes that actually

one should associate a fundamental particle of the affine Toda theory with a Coxeter orbit,

as discussed below.

Let r; repiesent a Weyl reflection corresponding to the simple root ;. It is convenient to

use the equivalent ‘representation of the simple roots as in (4.4.29), i.e.
Gi = TpTro1 ... Tig10.
The Coxeter transformation is defined as (4.4.25), i.e. -
| W = W{e}W{o},
where @ = 1,2,...,k and o = (k+1),...,r. Thus,

g = wiei(a) = wiepwp(—a) = wi(-a), (4.5.2)
¢o = Qo. (453)
The Coxeter orbit of the robts & deﬁoted by T'; are disjoint set. Since the Coxeter trans-

formation has a finite order h, then each orbit I'; has r elements, see [58, 63]. This means

that the union of all orbits, JI., T;, yields the set of all Ar elements of the roots of g.

Consider the eigenspace of the Coxeter transformation w, i.e. the space spanned by 7,

where 7, is an eigenvector of w with eigenvalue exp( 2’;“), (cf. equation (4.2.13)) i.e.

wns = e%@'ns, | (4.5.4)
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where 7, and ¢, are related by, (c.f. equation (4.2.17)),
ns = Vqs. ‘ (4.5.5)

Here the diagonal matrix V, (c.f. equation (4.2.4)), is obtained from the assigment of

integers (u:, v;) to the nodes of the Dynkin diagram. Setting all black nodes on the Dynkin
diagram to have v, = —1, one has ‘ ‘

ins
€h 600',
Vij = 5
oo’

- An example for the above assignment of the integers (u;,v;) in a Dynkin diagram can be

found in figure 4.4 in which the bicolouring of the A4 Dynkin diagram is considered.

1 3 2 4
® O ® O
2,-1) (1,00  (2,-1) (1,0)

Figure 4.4: Bicolouring of the A4 Dynkin diagram. The pairs of numbers denote (u;, v;).

Thus, from the above eigenvector relation, it seems that it is more accurate to associate

a particle of the affine Toda theory with a Coxeter orbit instead of associating a particle

with a simple root.

Consider the two-dimensional eigens-pace of w for each s with the basis,
as =Y 7Mida,
b, = 277:&0-
In the above, ;. with ¢ € @ or ¢ € o is the :** component of 7, and & are the dual roots of

the simple roots ¢ defined as

;- Oy = 5,']'.

Using the complex coordinate representation of equations (4.5.5) and (4.5.6), it is readily

seen that the angle between a; and b, is % =0, = s6; with 6, = 3,1—’ Also, from equation
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(4.5.4), one sees that the Coxeter transformation w rotates the basis a, and b, by the angle

2‘:3 = 250, (see also [21] and [63]).

Define a linear mapping from the IR" root space into this two-dimensional eigenspace as,

Py(a) = -8 = —e*h1g?,
(4.5.6)

with linear property,
Plwt(s)] = " 55 (45

Let o, § and « be any three roots which satisty,

a+p+v=0.

Write each of o, 8 and « as a Coxeter transformation of a simple root. Then the mapping

P, from IR" root space into the two-dimensional eigenspace of s yields,
gee” +qfe” + qle” =0,
which has a form of the conserved charge bootstrap relation, c.f. equation (2.1.10).

Let Cijx be the three-point coupling of particles %, j and k. Then the following is always
true for simply-laced affine Toda field theory. Dorey’s Fusing Rule, [21] |

Cijr # 0 iff I roots apy € T, agy € Tj and oy € Ty such that,
a) t o) +aw =0
In the above, ay;) is any element of the Coxeter orbit I';. For example, suppose one has a
root triangle from three white orbits as
oy + o) + oy = WP () + WP (az) + W™ (en) = 0,

where o;, o; and ay are white simple roots. Then, upon projection to the two-dimensional

eigenplane one obtains,

qi 4 qieiZS(Pj‘Pi)el + qfeﬂs(pk—m)al = 0. (4.5.8)
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Which is a triangle of three coplanar vectors, written in complex coordinates. Comparison
with the conserved charge bootstrap of particles i, j and k, equation (2.1.10), leads to the

identification of the fusing angles as follows,

0% = 2(p; — pi)bs, 0% = 2(px — p;)01, 0%; = 2(pi — p1)b1.

From the above relations, one sees that fusing of particles belonging to the same type (in
terms of the type of their simple roots representation, black or white), always has a fusing
angle which is an even multiple 6f 6. If one had started with two white simple roots and
a black simple root, one would have fo.und that the fusing of particles corresponding to

different type of simple roots has a fusing angle which is an odd multiple of 6;.

Introduce the following notation. Define a non-commutative * product of two unit vectors

of the projection P, (written in complex coordinate) as follows,

P, [wp(a)] x Pwi(B)] = 2i5p01 o —2isqb:

(e2isq91 e—2isp01 )—l

(Pe[w*(B)] * Polw(@)]) 7, (4.5.9)

with identity is given as,

Py(a) * Py(a) = ud.

Let the bracket < f, * g; > be defined on a * product of two functions as,

<forg>= % In(f; * gs)- (4.5.10)

Define the integers u(e, ) mod 2h as
u(a, B) = < Ps(a) * P(B) > . _ (4.5.11)

Thus, it is obvious that u(e, ) counts the angle, in multiple of 6;, between the projection

of the roots  and B, in the eigenspace s of w. Moreover, using equation (4.5.11) one has
the following properties,
u(aa B) = —U(,B, a))
u(wPa, B) = 2p + u(e, B), (4.5.12)
u(a, B) 4+ u(B,7) +u(y,a) =0 for any roots &, §,7.
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For the black and white roots one has,
u(a, o) = 0 = u(a, o),
u(de, $or) = 0 = u(go, $or), (4.5.13)
u(ge, do) = —1.

And, since u(a, a;) is a signed integer, one has

ko

lu(agy, i)l

>3

With these integers as data obtained purely from group-algebraic consideration, one can

write down the S-matrices of the simply-laced affine Toda field theory as follows (either
case of building blocks yields the same results) [23],
)\,“Ol 7
Sy = I {u(di,ap) +1}77, (4.5.14)
a(s)el’s
where ); is the ¢** fundamental weight and the building blocks {z}+ and its properties are
given as follows,
(z)3 = sinh(§ + £2),

_ z—1 z+1
{zhs = (r—(1+B;i§r+1)—+B)+’

{z}- = {=}7, | (4.5.15)

e} =5 = oo
{z}+ = {z £ 2h}4,
where, N
~ 1 B2
B(f) = ———. (4.5.16)
r14+ &

This S-matrix expression of equation (4.5.14) is consistent with the S-matrix bootstrap

principle. From equation (218) one has the S-matrix bootstrap relation as follows,
S,;(G) = S;,-(H - za—,"])Slk(H + Ze_fk)

Applying the unitarity and crossing symmetry conditions, and remembering that the affine

Toda S-matrices are 2im-periodic functions, yields

Sii(0)S1;(0 + 30%) S (8 — i6%,) = 1. (4.5.17)
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The above S-matrix bootstrap relation has a very compelling similarity with the conserved

charge bootstrap. Define the matrix T [9, 19] as,

d
Tab = Zl'g In Sab,
then equation (4.5.17).gives,
T(0) 4 Ti;(8 + 40%) + Ti(6 — i6,) = 0. (4.5.18)

Since S,4(8) is a 2i7-periodic function, then T5;(0) is also a 2:im-periodic function. Hence,

T.4(0) can be expanded as a Fourier series in 26,
Ta(8) = Z tobetel
00
Thus a consequence of equation (4.5.18), is that for each s one has
#h tzsjeisa,’;. + tlske-iso{k — 0,

which resembles the conserved charge bootstrap, equation (2.1.10). Although in the above

s is not necessary be an exponent of the Lie algebra.

To follow on the bootstrap, introduce the shift operator 7, [19], which acts distributively

on products of functions, as
Y

7,5(0) = 50+ Z2).

Then it is easily seen that,

Tz} ={z ty}s
T{z}-={z -y}~

Hence, equation (4.5.17) can be written as,
(S1) (Tatagsyraiy)St) Tutagsy o)) (0) = 1.
Applying Tu(s,a) and remembering that 7 acts distributively yields,

(Ta(briogey) ) (Tubuagy) Sti) Tutsrapy) S ) (0) = 1, (4.5.19)
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where one has use equation (4.5.12) and a) + oj) + oqx) = 0. It is now easy to see that the
building blocks of equation (4.5.14) is consistent with the bootstrap. Insert the S-matrix
in terms of the {z}_ building blocks (the positive building blocks yield the same result) to

equation (4.5.19), one obtains

/\z-w_”a(;)

h—1
1:[ {u(dr,w™Paw) — u(di, an) + 132

MrwTPag;)

x{u(én,w™Pa) — u(di, ) + 11

w"’a(k)

—p Ap
x{u(¢r,w Paw) — u(dr, aw) + 13-
h—
p=0
In the above derivation, the properties in equation (4.5.12) and ag) + o) + ) = 0 have

been used again.
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This chapter reports on attempts to construct the sine-Gordon soliton and breather S-
matrices from the root space which mimics Dorey’s S-matrix construction for real coupling
affine Toda theories. As in the real coupling regime, one wants to associate the soliton
and breather specfrum of the sine-Gordon theory with an orbit of a Weyl transformation
in the root space. However, after several calculations, it seems that the naive thought of
associating the soliton and breather spectrum of the sine-Gordon model to the affine roots
of agl) Kac-Moody algebra does not yield a consistent way of extracting the necessary data

from the root space to construct the S-matrix.

5.1 Preliminary Observations

As seen in Chapter Four, the S-matrices of the simply-laced affine Toda theories in the
real coupling regime can be constructed by taking a product of the building block factor to
some power which depends on the orbit of the Coxeter transformation of a black or white
simple roots representation. Furthermore, since the orbit of a Coxeter transformation is

finite, then the S-matrices are written as a finite product of the building block.

For the sine—Cordon theory, as well as the a{!) affine Toda field theory with complex
coupling parameter [14], the soliton scattering matrices involve an infinite product of I'-
functions. Thus, one wants to relate the sine-Gordon spectrum with a root orbit under a
certain transformation in root space. Furthermore, this linear transformation has to have
an infinite order to be able to produce the infinite product in the S-matrix expression. In
other words one needs to replace the Coxeter transformation with a new transformation

which will naturally have an infinite orbit.

As the affine root system has more feature by the inclusion of the imaginary root §, and
as already seen in the previous chapter that an affine Coxeter transformation is a natural
generalization of the Coxeter transformation, it is worthwhile to examine the possibility

of using these affine systems for the algebraic construction of the soliton and breather
S-matrices.

By considering the affine root system instead of the Euclidean root system one might

speculate the following,
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Cijr # 0 iff 3 affine roots a(;) € I, agjy € [; and agy € I'; such that,

agy +ag) +aw =0, agy, a(j), G(k) 1S NON-zero

where I'; is some orbit of root a(;) with respect to a certain linear transformation. One will
then try to find an appropriate linear mapping from the root space, i.e. linear mapping of
the orbits, to the conserved charge space. Using this mapping one wants to reproduce the

conserved charge bootstrap, i.e. conserved charge triangle, from a root triangle.

In the sine-Gordon theory, the only non-vanishing three-point couplings are Cy3, and

Cram(n+m)- And the conserved charge bootstraps which one will compare with, are the

mass triangles:

M + Met™5) 4 oM sin(%)e(aél'?_;) =0, (5.1.1)
for soliton—antisoliton-nt*-breather coupling, and
Moim + Mne(i“'%) + Mme(i”?_;) =0. (5.1.2)

for three-breathers coupling. Both equations can be rescaled by dividing with M , the mass
of the soliton. The fusing angles which one wants to recover are given in equations (2.3.27),

(2.3.32) and (2.3.33),

inmT
o = e T
1074 1 T .)\
Yy I mr
"nd 2 T o
nd i(n+m)m
9n+m —

5.2 Attempt Using Affine Coxeter Transformation

Looking at the affine Coxeter orbits of the simple roots of the agl) affine algebra, one sees
that a root triangle can also be constructed, although not in the Euclidean sense since
the affine root space is actually of a Minkowskian type (this will be explained in the next

section). One visualizes an example of the root triangle in figure 5.1.
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@(ao)

ag 25
V\ _ a1 a

|-

Figure 5.1: Root triangle of &(ao) + &(a;) — 36 = 0.

Let & be the affine Coxeter transformation defined as the product of Weyl reflections with
respect to the simple roots of agl): {ao,a;1}. In this section, the imaginary root é will be

set to

§=(0,0,2).

Then for the example in figure 5.1, one has a the root triangle given as

1
L:)(ao) +(.:)(G,1) — 56 =

Applying any number of affine Coxeter transformations to the root triangle does not alter

the nature of the root triangle since an imaginary root is invariant under w,

1
pr(ao) -+ L:)p((ll) — 56 =0.

This suggest that, from the affine Coxeter orbit an infinite number of of triangles with the
same 14 as one of its side can be constructed. Other root triangles with common imaginary
side can also be constructed using two different orbits. Thus, one is lead to take the affine

Coxeter orbit of the simple root a; as a representation of a soliton, the affine Coxeter orbit
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of —a; as a representation of an antisoliton and the n'*-breather is proportional to the

imaginary root nd.
With the affine fundamental weight Ay = (§,1,0), see 7], define the vectors,

u = qhAy, 4= ¢ tay, (5.2.1)
such 4tha,t,

t-u=1, a - u=q, ' (5.2.2)

where ¢ is a coupling parameter dependent factor. The vector # is a special case of the
vector @ of [21]. It is straightforward to see that under @, 4 is rotated by the angle 27 and

the imaginary component increases by 2¢~'.

Following [21] one defines the mapping from the root space into the u-space as,
Plaa] = ¢d, (5.2.3)

such that, the image of this mapping has the same behaviour as the root a, i.e. Plai)-u = gq.
Note that the projection space is actually the root space again, this is because the simplicity

of the the simple roots of agl) algebra.

One defines the mapping under repeated applications of w as

Plo*(a)] = ge 74
Plok(—ar)] = —ge¥ 4 (5.2.4)
- qei7r+2ikq'1,&. '

Further, define the mapping of the imaginary root é as

1

Plné] = gleT g, (5.2.5)~

for some quantity ¢®. In the above, one can drop the direction vector, %, and using ¢ = %,

one can write down the conserved charge bootstrap relations of the soliton, antisoliton and
the nt*-breather. But, as it is directly seen from the definition above, equations (5.2.4-
5.2.5), although an imaginary root can be written as a combination of two root orbits, the
mapping of these two root orbits does not satisfy tnhe definition given in equation (5.2.5).

Hence, the mapping P is not well defined and not linear. Thus, this is misconstruction.
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Using the complex coordinate representation for the projection as done in Section 4.5, only
one 7 will be obtained, since the eigenvalues of & are degenerate with only one eigenvector.
~ Proceeding as in Section 4.5, one finds that the projection P, is again not well defined,

since the projection of the imaginary roots is

P;(né) # nPy(6).

A digression of What has been learned so far is as follows. One needs a coupling parameter
dependent factor with increasing power as more and more rotations are applied. A coupling
parameter dependence on the power is needed to reproduce a mass triangle, written in
complex coordinate, c.f. equations (5.1.1) and (5.1.2). This dependence cannot be achieved
by &, although one has a freedom in adding a free parameter in the eigenvector, n = ().
In fact, compared with ordinary Coxeter transformation which is a coplanar rotation, the
affine Coxeter transformation causes a spiral rotation. Furthermore, it is desirable that
this coupling parameter dependent transformation to act on the root space, instead of a
coupling parameter dependent mapping from the root space to the conserved quantities

space. Thus, to overcome this one may have to define an additional transformation.

5.3 Attempts Using the Imaginary Roots ¢ and ¢

Since the length of an imaginary root § is zero, associating the breather with this imaginary
root alone seems to be incorrect. Because one cannot make a mass triangle in an Euclidean

sense. But one can take into account the second imaginary root, namely
6’ =(0,1,0).

From this section onwards, the imaginary root § is set to be (0,0,1).

Using these imaginary roots one can construct two combinations of imaginary roots which

have non-zero length, .
A1:5+6, and A2:5—6I

with (A;)? > 0 and (Ag)? < 0, i.e. Ay is a space-like vector while A, is a time-like vector,

borrowing the terminology in the Minkowski space.
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5.3.1 Combining & with § and &

Write the affine Coxeter transformations on the simple roots ap and a; as follows, c.f.

equation (4.4.38),
wP(ag) = (2p + 1)ao + 2pay
P(ay) = —2pag — (2p — 1)as.
Moreover, the affine Coxeter transformation on an arbitrary root of the following form,

B = aa + b8 + c8,

is given by
&P (B) = B — p(pb + 2a)ao — p((p — 1)b + 2a)as. (5.3.1)

Next, one tries to construct a root triangle using the roots A = o + k8’ + d§, A = —A

and B, having in mind to associate A with a soliton, A with an antisoliton and B with a

breather,

&P(A) + &9(A) + &"(B) = 0.

Equating the coefficients, one finds that the coeflicients ¢ will depend on p and ¢, b is equal

to zero, and ¢ will also depend on r,
a=(q—pk, b=0, c=2ra+ (p* — ¢*)k.

If p and ¢ are both odd or even, then ¢ has to be an integer multiple of 2(¢ — p)k since r

has to be an integer. If, p and ¢ are of different type, then ¢ has to be an integer multiple
of (¢ — p)k.

On the other hand, if one wants to associate the breathers with the space-like imaginary
root Ay, one finds that the coefficient k£ and d will depend on p and g. Which is undesirable,

since one is free to choose A without the knowledge of the root triangle relation above. -

As seen from the discussion above, the affine Coxeter transformation used on these roots
failed to produce a coupling parameter dependent transformation. Even if one takes the

coeficients @ and ¢ to be dependent to the coupling parameter, one still lacks the exponent

behaviour.
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5.3.2 Defining New Transformation 1

From the results above, it seems that one needs a new operation in the root space. On the
other hand, one wants to keep the picture that a soliton is associated to an affine root which
has a non-zero Euclidean component and breathers are associated with purely imaginary
roots. So that a root triangle similar to figure 5.1 can be drawn. Then a possibility of a
new transformation on the root space can be achieved when the transformation has a finite
order in the Euclidean part of an affine root a. Furthermore it has to be defined such that

when acting on an imaginary root it will give rise to a factor dependent on the coupling

parameter, A.

Suppose one defines a new transformation, R, on the root space as follows,
Rk (@) = w¥(a)
R*(8') = ¢*&' (5.3.2)
RE(6) = ¢7,

where w is just the ordinary Weyl reflection with respect to the root o which in this case

is also the Coxeter transformation. Consider the following combinations of roots,

A = a+¢
A = —a+é (5.3.3)
Bm+n. = _qﬂ;ﬂ(& + 6,)

The most general root triangle constructed from the above roots is,
R™A) + R™™(A) + R (Bmin) = 0, ' (5.3.4)

with m and n are both odd or even integers. This restriction on n and m comes from the

last term, since it does not make any sense to have a fractional application of R.

Next one needs a linear mapping P, defined on the components root, which brings this root
triangle into a mass triangle. But such linear map will automatically cancel contributions

from the imaginary roots. And one is left with,
Plw™(@)] = Plw™(a)] = 0.

This will not give the mass triangle.
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So, instead of defining a mapping which act on components root, one define a mapping,
from the root space into a ¢-space, which acts on A, A and B, as,
PR*A)]=q¢™"

PIRAA) = ¢, (5:3%)

and by definition (5.3.3), one has

ol

Bn, = —q (6" + 6) = —R%(A) - R%(A).

One immediately sees that the above relation is only true for n even. Furthermore, if
one continues to take a mapping of B,, using equations (5.3.5), a triviallity will again be
obtained. Moreover one sees that, although R"(A) # —R™(A), its mapping is the same,

PIR"(A)] = P[-R™(A)]-
Restricting to the Bgen breathers, one can revise the transformation given in equation
(5.3.2) to be
R*(a) = wk(a)
RE(&) = g¥I§’ (5.3.6)
R*(6) = ¢~ ™5,

then the mappings, equations (5.3.5), become

P[R¥(A)] = ¢~ IH
P%&gzzwu (531
with the restriction that k£ # 0.
If m,ln > 0, from equation (5.3.4) one has the following root triangle,
CR™(A) + RMA) + R (—R™2(A) — R (A)) = 0, (5.3.8)
which upon the projections (5.3.7) yields,
1+ €mg™™ + €™ 4 ¢ =0, (5.3.9)

this is the scaled mass triangle of soliton, antisoliton and the (m + n)™-breathers if one

identifies ¢ = e . But, somehow this does not seem to be right, since there is a sense of
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triviality in equation '(5.3.8). Moreover one is restricted to Beyen breathers. Changing the

combinations for the roots A and A will still give a restriction t0 Beyen Or B,gq only.

As mentioned in the previous section, the affine Coxeter transformation cannot give an
“increasing power to coupling dependent factor which one is free to introduce. In fact, if
one rescaled the imaginary root with the coupling dependent factor ¢, ¢é, each application
of the affine Coxeter transformation will on increase or decrease the imaginary component
8 by 2¢é. On the other hand, one wants to keep the affine Coxeter transformation such

that a nice root triangle can be constructed as in figure 5.1.

Thus, one tries to combine the affine Coxeter transformation with a scaling transformation

on the imaginary root 8. Define the scaling transformation as,

THE) = ¢56 ' (5.3.10)

~
=
2

i

a. | (5.3.11)

R =T, (5.3.12)

such that,
Rk(a) = o —2k¢"é
REE) = ¢F6.

Thus, basically the transformation R above is the same as in equation (5.3.6), with w
replaced by w.

Let A=ay, A= —ay and B, = 4né, then a root triangle can be constructed as follows,
R™(A) + R™(A) + R*(Bn) = 0.

But, there is no non-trivial mapping from this root triangle which can reproduce the

soliton—antisoliton—nt*-breather mass triangle.
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5.3.3 Defining New Transformation 2

Looking carefully at the affine root space generated by the simple roots ap and a;, one sees

that this basis can be exchanged with the basis a and . One will try to mimic the affine

Coxeter transformation using this new basis.

Thus, define a reflection with respect to the imaginary root ¢ as,
z-8

ws(z) =2 — 26 5 qé. - (5.3.13)
Such that, -
ws(a) = «a
ws(¢*6) = "6 — 2416
- Note, when ¢ — 1, ws is a Weyl reflection, as ws(§) = —6. Now, define the transformation
R as,

R = wsw, (5.3.14)

where w is the Weyl reflection with respect to . The result of repeated application of the
transformation R has a polynomial of g as the coefficient of the imaginary root 6. This is

undesirable, since one cannot construct a root triangle.

5.4 Restriction from Root and Mass Triangles

If one had demanded that the root triangle and the mass triangle must be related by a
mapping, then these triangles will give a restriction on the representation of solitons and

breathers in terms of roots. Furthermore, this restriction will give constraint on the orbit

transformation.
One wants a transformation R such that the following root triangle can be satisfied,
R(A) + RY(A) + R°(B,) =0. - (5.4.1)

This transformation must give the dependence on ¢ but still be a linear transformation.

On the other hand, one also wants a mapping P which will give the correct mass triangle,

P[R*(A)] + P[R*(A)] + P[R(Ba)]
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= 1+ei7rqn+ei7r+qn

— qa + eiﬂ'q—b + (eiﬂqa + q—b)’ (542) .
where g = e~ , and suppose that n = —a — b. Hence, equation (5.4.2) implies that,
RY(B,) = R7°(A) + R*(A). (5.4.3)

This relation togeéher with equation (5.4.1) leaves two possibilities,
RY(A) = —R7°(A) and R7°(A) = -R*(A) (5.4.4)

or

R(A) = —R*(A) and R7°(A) = -R7°(A). (5.4.5)

Thus, one has to find such a transformation R which satisfies either of the above restriction.

And then one can define a suitable mapping P which will give the mass triangle.

So far, the following transformations have been examined and do not yield the desired
results:

e R =& and P[R*(a;)] = ¢7*, this mapping is not linear.

e R = T& where 7 (a) = o and T#(6) = ¢*8, root triangle can not be constructed.

e R = Tw where 7T is defined as above, and w is the ordinary Coxeter transformation,

i.e. reflection with respect to the simple root «, root triangle cannot be constructed.

o All the transformation discussed in Section 5.5.




| Chapter 6

Conclusion and Outlook

So What
Miles Davis

137



138

This chapter concludes the report presented in this thesis and an outlook of future research

is also given.

The first part of this thesis reports on the classical oscillating solitonic solutions of the

affine Toda theories.

As a well established fact, the (topological) spectrum of classical soliton solutions of the
affine Toda theories do not fill up the associated representation space. This is contrary to
the quantum states, in which the associated representation spaces are conjectured to be
filled up. Thus one is led to find new classical solitonic solutions to fill up the associated

representation space. A possible new solution is the oscillating two soliton solution, the

breather.

One has seen that a classical oscillating solitonic solution of the afﬁne Toda theories can
be constructed. By analytically changing the real velocity u (rapidity ©) into purely
imagina,ry velocity v (imaginary rapidity 10), one obtains a periodic two soliton solution.
In order to have a real energy and momentum for this periodic two soliton'solution, the
constituent solitons have to be degenerate in mass. Further, to have a well defined solution,
one has to examine the behaviour of the breather solution which is given as a logarithm
of complex functions. Due to this, the ‘displacement parameter 7, the topological charge
parameter ¢ and the velocity v (rapidity ©) are restricted to a certain range of definition.
These restrictions are obtained by examining the real and imaginary parts of the solutions.

Examples which have been presented in this thesis are the cases of al!) and dgl) breathers.

The exercise of constructing the breather solutions in other theories can be.performed in

a similar fashion.

In the a(!) series, breathers constructed from two solitons of the same species (type A
breathers) carry non-zero topological charge; b;‘eathers constructed from two solitons of
anti-species of each other carry zero topological charge. In the dﬁ” case, the above arrange-
ment yields different results. In particular, breathers constructed with constituent solitons
associated to the same fundamental representation can‘ca,rry zero and non-zero topological
charges. While the breathers constructed from the solitons associated with two different

outer nodes of the df}) case only carry non-zero topological charges.
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These topological charges lie in the fundamental representation which is the irreducible
component (or the trivial singlet representation) of the Clebsch-Gordan decomposition
of the tensor product of the fundamental representations associated with the constituent
solitons. It turns out that these topological charges are the same as the topological charges
of the single soliton cases. Thus it seems that these breather solutions do not give additional
states in the representation space. Furthermore, the topological charges of the constituent
solitons cannot be determined individually. Due to the fact that this topological charge
quantum number differentiates the solitons of the same species (and for some cases, the
solitons in a mass degenerate multiplets), then one does not know which solitons have been

taken to make this oscillating solution.

Furthermore, the Clebsch-Gordan decomposition property of the representation spa;,ce of
the topological charges and the fusing rule of solitons [13, 46], which are similar the same
as the fusing rule of the fundamental Toda particle [9, 21], are in agreement with each
other. This gives a further support to the soliton fusing and for the existence of an excited
soliton; a breathing soliton, which is a single soliton with higher mass (energy) because it has
started to vibrate. Moreover, one can make a conjecture that the breathers with constituent
| solitons associated with conjugate (or self conjugate) fundamental representation spaces
carry zero topological charge as well as the possible non-zero topological charges permitted
by the fusing rule. Examples of this conjecture are the type A breathers of agl)ﬂ series
with constituent solitons coming from the (n + 1) fundamental representations, the type B
| breathers of a{!) series and jj-breathers of dgl) theory (where j = 1,2,3,4). This conjecture

is in line with the PRV conjecture used in determining the Clebsch-Gordan property of the

tensor product of the fundamental representations associated with the constituent solitons.

One can examine these breather solutions more deeply. First, one can show thqt not all
zero-topological charge breathers result from an embedded sine-Gordon breather. Secondly,
it has been shown for the a{!) series that crossing transformation of one of the constituent
soliton can be achieved by replacing the parameter o by —o or replacing the rapidity ¢
by © + ir. This crossing transformation sends a type A breather into a type B breather
and vice-versa. As a by product of this crossing symmetry, one can superficially calculate

the topological charges of the constituent solitons in the breather solution.
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Several future lines of research can be mentioned at this stage. First, it might be possible
to calculate the quantum corrections of the breather masses in the same spirit as the
quantum corrections of the soliton masses [32, 33, 34]. Secondly, one might be able to
calculate the classical non-zero three-point coupling (fusing) of the soliton and breather
solutions in a similar prescription as done in [13, 46]. As a possible guiding principle, the
non-zero three-point coupling of the quantum solitons and soliton bound states of the agl)
theory has -bee'n given in [42]. Finally, one can further ask if multi-soliton breathers can

also be constructed. Of course, the original problem of filling up the representation space

associated to the classical solitons is still unanswered.

The second part of this thesis reports on attempts to associate the sine-Gordon sélitons
and breathers to a root space. "This is done by associating the spectrum of the sine-
Gordon soliton and brea;ther4 with the orbits of an affine Coxeter transformation. However,
it seems that the naive thought of generalizing the Coxeter transformation, which plays
a central role in the real coupling regime of affine Toda theories, into an affine Coxeter

. transformation does not lead to a consistent result.

On this point one may need to reflect more carefully on the symmetry group associated to
the imaginary coupling regime of the affine Toda theories. One has seen that at classical
level of the soliton solutions, the symmetry group is the simple Lie group, as hinted by
the Coxeter transformation of the dssociated Weyl group which plays a significant role.
However, for the quantum theory as seen by the construction of its exact S-matrices
(14, 41, 42], the symmetry group is provided by a quantum group. These different symmetry
groups may be the reason for the discrepancy between the classical and quantum states
of the soliton solutions. Furthermore, the determination of the exact scattering matrix
elements of all affine Toda solitons are still an open problem at this moment. Two most
recent attempts can be mentioned. The first is the realization of exchange operator which
has as its symmetry group the quantum affine Heisenberg algebra [67], this work continues
previous results of Corrigan and Dorey [66]. When exchanged these operators give rise to
~ the scattering mdtrix, thus it is hoped that at least in the diagonal processes of soliton
scattering can be calculated using this exchange operators. The second recent result is

the calculation of a new R-matrix solution to the Yang-Baxter equation for the quantumb
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affine algebra cases. These new R-matrices possess non-rigid pole structure [68]. Since the
S-matrices can be extracted from the R-matrices, this result may provide the S-matrices
for the complex affine Toda theory which has floating poles, mirroring the floating poles of

the exact S-matrix of the non-simply-laced affine Toda theories in the real coupling regime.
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A.1 Affine Kac-Moody Algebras and Root System

This is a brief review of the untwisted affine Kac-Moody algebras and the root space related

to it [6, 7, 64].

Let {H!, E*} be the modified Cartan-Weyl basis of a Lie algebra g of rank r. That is, H
withi =1,2,...,r are the maximal set of commuting Hermitian generators, and £* is the
step operator corresponding to the root a. From this algebra, one can make a loop algebra,
i.e. an infinite dimensional complex Lie algebra, by adding a spectral parameter A to the
generators. For any v € g define v,, = _)\m ® 7, with commutation relation between 4, and
v, is given by,

A" ©%, A" ®1]=2A"" @ [v,7]. (A.L1)

The Kac-Moody algebra can be viewed as a central extension of this loop algebra with the

central element k, and the commutation relation (A.1.1) is amended to be,
A" @7, A" ® 7] =A™ ® [1,7] + Smtno(y, ¥)mE, (A.1.2)

where (, ) is the Killing form on g. Further, the elements of the Kac-Moody algebra are
graded by the derivation operator d which has the property,

[\ ®4] = mA™ ® 7. (A.1.3)

This gradation of the Kac-Moody algebra is called the homogeneous gradation. With the
modified Cartan Weyl basis, the untwisted affine Kac-Moody algebra § based on a simple
Lie algebra g of rank r is given by the following commutation relations:

[H:  HI] = kmb96, _,

[H:‘n’ Es] = aiEfrIz+n

e(a, ,B)E,O,’Lia if (@ + B) is a root

E3,58) = 1 Ala- Hupn tbmb ] fa=—p e
0 g otherwise

k,E2] = [kH,] = [kd] =0

[d,E;] = nEx

[d, Hi] = nH,_"l
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The index ¢ and j runs from 1 to r and m,n € Z. The vectors a and 3 are roots of g. The
constant €(«, B) is antisymmetricin « and 3, and can be calculated from the normalization
of the roots a and f. Let 1 = 3"j_; nja; be the highest root of the simple Lie algebra g.
Then, the central element which commutes with all generators is given by

%, H
k:Emj_aJQ 0)
=0

@

where m; is related to n; as,
2

Q;

@5.

To construct the root system, one needs to look for a Cartan Subalgebra (CSA) of the Kac-

mj = mn;

Moody algebra. One might take the CSA to consist of Hj and k. Then the commutation

relations of the CSA with the step operators yields,
H E?] = o'Eg,
s, 5] (A.1.5)
[k,Eg] = 0,

with (r + 1)-dimensional roots («,0), where a € ®, and @ is the root system of g. These

roots are infinitely degenerate. Moreover, the CSA is not a maximal abelian subalgebra
since for any n

| [Hg, Hi) = 0.
To overcome this, one has to include the derivation operator d in the CSA. Thus, the CSA
consists of HE, k and d with 1 <7 < r. The step operators and their corresponding roots
are as follows,

| E2 corresponds to the root a = (,0,n),

H, ne€Z, n#0, corresponds to the root § = (0,0,n).

Thus, the basis roots of the untwisted Kac-Moody algebra § can be taken as

a; = (a;,0,0), 1<e <,
' (A.1.6)
ag = (ao,O,l),
where «; are the simple roots of g and ap = —3. The root lattice is generated by these

simple roots. An arbitrary root can be written as a linear combination of these simple

roots,

a = Zk,’ai (A'1'7)

1=0
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with k; € Z and all k; < 0 or k; > 0. The scalar product of two roots a = (e, k,d) and
b= (B,k,d) is defined as, ' _
a-b=a-B+kd +d¥. (A.1.8)

With this definition, one can calculate the length of a root. Since §2 = 0, henceforth the

root 6 will be called the imaginary root.

‘The affine Cartan matrix becomes

0<4,j<r ' (A.1.9)

i.e. it is the Cartan matrix of ¢ with an additional row and column. Furthermore, defining
mo = 1, then the (r + 1)-vector with components m; is the right null-vector of the affine

Cartan matrix, i.e.

Z éjkmk = O

k=0
From this affine Cartan matrix, we can draw the corresponding affine Dynkin diagrams,

which are the ordinary Dynkin diagrams augmented with a node corresponding to the root

ag. For a list of affine Dynkin diagrams see [6, 7, 64].

The Kac-Moody algebras can equivalently be represented in the Chevalley basis by the

generators {hj, ej, fi} where j runs from 0 to r with the following commutation relations

[6],

[hj, k) = 0,

h'v = CA’ 3

(B, ei] S (A.1.10)
(i, fx] = —Chjfr,

lejs fi] = kb,

together with the Serre relations (5 # k),

(ad €)' Oiex = 0,

(ad f;)1"%% fi = 0,
This basis is supplemented by a gradation which is provided by the element d’ = hd + T3,

[d,) ej] = €, [dl’ hJ] = O’| [d,>fj] = —fj' (Alll)
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This is called the principal gradation, and T2 is defined to be A\° ® T where T; generates

the maximal subalgebra of g,

1 28 -H
such that,
[T5, E] = height(a)E®. (A.1.13)

One can see that the last commutation relation comes from the following [61, 65]. An
arbitrary root 3 of g can expressed as a linear combination of the simple roots o € A,
B=) kaa,
_ aEA
with k, are all positive or all negative. Thus, the root space of g can be decomposed into
positive roots and negative roots, ® = &, + ®_. Further, the height of a root is defined as
height () = ko
a€A
Let « € A and B € &, — {a} so that B = X e kyy (ky € Zy). A Weyl reflection of
B with respect to the simple root e, re = B — 2“2ﬁa, changes the coefficient of a in 3.
Since B is not proportional to « (the only roots proportional to « are *c), then after
reflection r, some k, of 8 will remain positive and hence all k., will remain positive. Thus,

ro € ®, — {a}, i.e. r, permutes the positive roots other than c.

Set 6 = %Zﬁ>o B3, then since r, leaves § — %a invariant, one has r,6 = § — a. From this

one notices that with o € A,
200 6 2 6
<~

a=60—« " = 1.

5 —

o2
Hence, for the simply-laced cases one can calculate the height of any root vy from the

following, .
= height(y). ' (A.1.14)

2 B>0

Thus, using (A.1.14) and (A.1.4) one can show that the commutation relation (A.1.13)
holds.

Further, the fundamental weights of a Kac-Moody algebra are defined by the relation,
20 M _ 5 (A.1.15)

2
aj;
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Thus, with the simple roots given by (A.1.6), the fundamental weights are calculated to
be

1

A; = (/\j,§mj¢2,0), 1=12,...7, (A.1.16)
1

AO = (0,51/)2,0), (A117)

where A; are the fundamental weights of the corresponding simple Li¢ algebra. The repre-
sentation of a Kac-Moody algebra is built up from these fundamental weights. In particular,

the action of the generators Hy and k on a weight vector |A > are as follows,

H)IA> = ADA> (A.1.18)
2a; - A
hle} = a;z A > . (A.1.19)

J

A.2 Alternative Basis of the Affine Kac-Moody Al-
gebra

In the algebraic construction of the solution to the affine Toda equation, one uses a special
basis of the Kac-Moody algebra. The step operators of this basis create the soliton solu-
" tions. One starts with the alternative basis of the simple Lie algebra g, and by affinization

this basis becomes the alternative basis of the Kac-Moody algebra g.

A.2.1 Alternative basis of g

Let the generators of the simple Lie algebra g be graded by S = e Ts as follows,
Sg,871 = ey, (A21)
where v is an exponent of g, such that
9=90Dg D... D gr-1.
In particular,

go = H = CSA of g in Cartan-Weyl basis,
g = {EY,E™}, o €A
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It is claimed in [4] that the following generators provides g with a new Cartan subalgebra

in apposition (see also [58]),
E, E G? + ZGU r=q(v (A.2.2)
where GY € g, and q(v) is the eigenvectqr of the Coxeter element w, i.e
w(g(v)) = FVq(v). (A23)
Their orthogonality and completeness relations aré as follows,

g(v)-q(v') = héyu (A.2.4)
> q(v)gw)* = hI, (A.2.5)

where ¢(h — v) = q(v)*.
One can evaluate the commutation relations of these generators using the known commu-

tation relations of the old CSA. In particular,

Ei= Y m;E% +E™Y, (A.2.6)

a; €A

has the following commutation relation,

[El, E_l] = 0

The step operators F'? corresponding to the root § in the old basis are defined through the

following commutation relation,
[E,, FP] = q(v) - BF*. (A.2.7)

These step operators can be calculated using the known commutation relations in the old
basis, since one can expand F into its graded components [12],
h-1
F%=3%"F}, (A.2.8)
v=0
with SFIS-! = e VFi, and v; = c(j)a; with ¢(j) = 1 if @; is a black simple root
or ¢(j) = —1if a; is a white simple root. Alternatively, one notes that the following

commutation relation,

(B, SFPS™Y] = q(v) - w(B)SF®S™, (A.2.9)
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yields SF#S~1 = F«“(#), Thus, one can consider the following operators [26],
A= = zh: F i), (A.2.10)
vVhig

this means that one is considering the combination of step operators in a certain Coxeter

orbit. Then,
| SA;S7! = A

i.e. A; € go = H. With this relation and the appropriate commutation relations one can

find the expression for F?.

The alternative CSA are normalized and they are orthogonal to step operators,

(E,,E,s) = hp-u, | (A.2.11)
(E,,F}) = 0. (A.2.12)

Next, taking the conjugation of the commutation relation [E,, ] with respect to S and
comparing coefficient of graded components one obtains,
[E,, Fi]=q(v)- Vit pymodn- - (A.2.13)

From conjugation of F* with respect to S, one notes that all F* # of the same Coxeter orbit
are linear combinations of the same set {FJ,...,FJ_,}. Thus, as the set {E,, F*} span

the simple Lie algebra of g, so is the following set

E, Fi:j=1,2,...,r,0< u < (h—1), vis an exponent}.
y,’] /’['

A.2.2 Alternative basis of §

Affinization of the alternative basis of ¢ just discussed is done by considering the loop

algebra extension of this basis [12].

The affinization of operator FE, with principal grade M = v + mh is

Ev=2"QE,, (A.2.14)




A.2. Alternative Basis of the Affine Kac-Moody Algebra 150

such that,
| [, B = MEy.

Further, contrary to the commutation relation of the alternative CSA of g, i.e. [E,, E,] =

0, one would expect that the commutation relation of the alternative CSA of g to be

proportional to the central.element k. Recall that the scalar. product of two élements of ¢

provided by the Killing form has to be invariant under the action of the Lie group G, i.e.

it has the following property [7],

(X,IY,Z]) = (X,Y],Z) XY, Zeg (A.2.15)

Furthermore, the scalar product of the derivation operator of a Kac-Moody algebra is
defined to be,

(d, k) =1, (d, anything) = 0, (A.2.16)
and the scalar product of 7% with k is zero. The alternative CSA of § is normalised by its

scalar product,
| (B, En) = héprano- (A.2.17)

Using this information, one can evaluate the commutation relation of two elements of the

alternative basis to find its proportionality to the central element in the following way,

[Ear, En) = MESprano. (A.2.18)

The affinization of operator F? with principal grade M = v + mh is
Fi = ® F3, - (A.2.19)
such that,
[d, Fi) = MF},.
And, this affinization changes the commutation relation (A.2.13) into,
[Brs ] = a(IM)) - i Fir s, (A.2.20)

where M = [M] + mh and N = [N] + nk with [M] and [N] are exponents of g. How-
ever, taking the scalar product of the derivative operator with the commutation relation
[Eag, E 4] forces one to amend the affinization of F to be,

1

FI=)QF - E(T3,Fg)k, (A.2.21)
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| recall that,
()\m & 7, A" ® 7,) = m+n,0(777,)-

Consider the following formal power series expansion in a complex variable z,

Fi(zy= Y 2NFY, (A.2.22)
N=-00

where F! fv is recovered by the usual contour integral,

» N+,
B = f —f(2)de. (A.2.23)
Then the commutation relation of the alternative CSA with F7(z) is given by,
[Bu, F9(2)] = q([M]) - 52" F(2), (A.2.24)

i.e. the alternative CSA ad-diagonalises £ (z).

A.3 Quantum Group

This section contains a brief discussion on Quantum Groups. A detailed introduction
can be found in [43, 69, 70]. There are two algebraic structures which will be introduce,
the first one is the deformation of a universal enveloping algebra and the second is the
quasitriangular Hopf algebra structure. A solution to the quantum Yang-Bazter equation

can be constructed from the elements of this quasitriangular Hopf algebra.

A.3.1 Quantized Universal Enveloping Algebra

Let g be a Lie algebra of rank r with elements given by the Chevalley basis {H;, E;, Fi},
where ¢ = 1,2,...,r. Let ¢;; be the entries of the Cartan matrix. Consider the Universal
Enbeloping algebra of g, U(g). A deformation of this algebraic structure called a quantized
Universal Enveloping Algebra, U,(g), or also known as Quantum Groups, is given by the

following relations,

[Hi, E;] = cykE;j,

[Hi, F;] = —cijFj, (A.3.1)
H; _,—H;
[Ei’ F]] = 6’.7 q—q—l ?
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e
5
I

Hi®l+1Q H;, ‘
AE) = E®q? +¢ 7 QL (A.3.2)

e(H)) = e(E) = e(F;) =0, ¢(1) =1 (A.3.3)
S(H;)) = —-H,,
S(E:) = —qF; (A.3.4)
S(F) = —¢'F

The parameter q is called the deformation parameter. The operation A is called a coproduct,
which is a mapping A : U — U @ U, compare this with the product in a Lie algebra which
is a mapping m : U ® U — U. The inverse operation is given by the antipode mapping
S:U — U. And, ¢ is called the couni‘t, which is a mapping ¢ : U — (€, compare this with
the unit mapping 7 : € — U. Thes structures satisfy the Hopf algebra axioms,

mim®1l) = m(l®m), associativity

m(l1®n) = mn®l) = id,
(A®id)A = (1d®A)A, coassociativity (A.3.5)
1eed = (814,

m(S@id)A = m(id®S)A = 7-c.
It is the fact that A is an algebra homomorphism,
Aab) = Ala)A(B),

allows one to calculate the commutation relation equation (A.3.1), i.e. one uses A([a, b]) =
[A(a), A(b)]. To calcutate A is more tedious, the form of A is restricted by the constraint
that A has to become a coproduct structure of a Universal Enveloping Algebra, U(g), as
g — 1. Also, A has to be coassociative, and A has to satisfy a further requirement relating

it with a co-Poisson structure, see Tjin [70] for details.
If one takes the deformation parameter ¢ — 1, then U,(g) — U(g). Also, the commutation
relations (A.3.1) become the usual commutation relation of g in Chevalley basis, i.e. the

only one that changes is
[E,', FJ] = 26,'jHi.
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A.3.2 Quasitriangular Hopf Algebra

Let A be a Hopf algebra, namely an algebra with coproduct, counit and antipode structures
which satisfy axioms (A.3.5). Let R be an invertible element of A®-A, then the pair (A, R)

is called a quasitriangular Hopf algebra if the following are satisfied,

7-A(a) = RA(a)R™', (A.3.6)
(A®1)R = RishRys, (A.3.7)
(1® A)R = RysRy,. , (A.3.8)
Here 7(a ® b) = (b® a) and
R=RY®RY, (A.3.9)

summation is implied), where R is an element of the first copy of the Hopf al ebra A
: | g

and RZ(-Z) is an element of the second copy. Thus, for example in the equations (A.3.7) and

(A.3.8), Ry3 is given as Rz(-l) ®R1R® R,(-2).

This quasitriangular Hopf algebra has an important property. Namely, if Vi and V, are
representation spaces, then V3 ®V; is isomorphic with Vo®V;. This isomorphism is provided
by R, i.e. equation (A.3.6). This follows because A relates to the tensor product space
Vi ® V3, while 7 - A relates to V2 @ 1. '

- The elements R of a quasitriangular Hopf algebra satisfy the quantum Yang-Bazter equa-

tion,

RisRisRs3 = RisRisRia. (A.3.10)

To see this, one needs to calculate (1 ® A")R in 2 different ways, where A’ = 7 - A. First,

one has
(1®A)R = RMeAR?
= RY @ RA(R®P)R™!
= (1eR)(E e ARD)1®R™)
= Ry(19A)RR;}

= RysRysRi Ry, (A.3.11)
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and secondly, one can also calculate (1® AR as

1®A)R = (1@7)(1®A)R

= (1®7)RisRi2

= R12R13. (A312)

Combining equations (A.3.11) and (A.3.12) yields (A.3.10).
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A polynomial P(z) of degree p is called a reciprocal polynomial if the following holds
T P(2) = 2PP(z7Y).

Or, writing P(z) as
P(z) = ap + a1z + a22° + ... + a2, (B.0.1)

-it is a reciprocal polynomial if a; = a,_; for all ¢ and a; € IR. A first degree reciprocal
polynomial is always of the form (1 + z). Any even degree reciprocal polynomial, p = 2n,

can be written as,
n

P(z)=[](z* + biz + 1)

1

with,
a
L C(n-2k,0) Z biy - .- by + C(n—2k+2,1) Z biy + - biny
Qo o #iz?ﬁ...i% 1Fi2# . i2p—2
+ Cln-2k+4,2) > biy . iy s + oo+ Clzp—1) Y biphi,
11 Fi2F 2k 11#12
' n
+C(n,k)a k:1727"'a[§])
" ,
2L = C(n—-2k-—1,0) Z biy - .. bi2k+1 + O(’ﬂ—2k+1y1) Z bil T bi?"—l
Qo i1 #i2FE ok g1 f1i2 7 dak_1
+ Cla-2kt32) D biy. . biyy oot Clacaper) . S bisbiybig
i1 ## 2k —3 t1#02#1

n—1
+ Cln=1,6) O_ biy E=0,1,...,[ 5 ].

11

In the above equations, [z] means zero or largest ihtegers less than or‘equa,l to z, and the

coefficients C(n ) are combinatorial coefficients, i.e.

n!

Clnr) = (

n—r)lrl

An odd degree reciprocal polynomial, p = 2n + 1, can be written as,
P(z) = ao(1+ 2"+ arz(1 + 277") + a2 (1 + 2*7%)

+... .+ a,2"(1 + 2).
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Since (1 + z) divide any term of the form (1 + z?**'), then
P(z) = ao(1 + Z)[Z2n +ez ™ —I—\c222 +cz+1]

where,

1 2k ]
ek = — > (-1)Tai—-1, k=1,2,...,[=],
(474} i—1 2

1 2k-1 i + 1
Cok—1 = —Z(—l)lai-}‘l, k:1,2,...,[n ]
ao i—1 2

Thus any reciprocal polynomial can be written as,
P(z) = a(z+ 1)*T](z* + 2biz + 1) (B.0.2)

where a,b; € IR and the integer d is odd if the degree of P(z) is odd. Note that if one or
more of the b;s are equal to —1, then z = 1 is a root of the reciprocal equation with even
multiplicity.

If P(z) is a reciprocal polynomial, then the equation P(z) = 0 is called a reciprocal

equation.

A speciﬁc type of reciprocal equation used in the discussions‘of Chapter Four is the recip-
rocal equation with roots in the form of mt* root of unity. Consider a reciprocal equation
of degree two, (2% 4 2b;z + 1) = 0. Suppose that this reciprocal equation has roots in the
form of €, then the coefficient b; has to lie in the range of =1 < b; < 1. Now consider
the general reciprocal equation (B.0.1), and suppose that all the coeflicients a; equal to +1
or 0. Then, when written in the form of equation (B.0.2), all the coefficients b; lie in the

range of —1 < b; < 1. Hence, the roots of this reciprocal equation are roots of unity.
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