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Abstract

On the Dynamics of Topological Solitons, J.M. Speight.

This thesis investigates the dynamics of lump-like objects in non-integrable field the-
ories, whose stability is due to topological considerations. The work concerns three
different low dimensional ((1 + 1)- and (2 + 1)-dimensional) systems and addresses
the questions of how the topology and metric structure of physical space, the quan-
tum mechanics of the basic field quanta and intersoliton interactions affect soliton
dynamics.

In chapter 2 a sine-Gordon system in discrete space, but with continuous time, is
presented. This has some novel features, namely a topological lower bound on the
energy of a kink and an explicit static kink which saturates this bound. Kink dynamics
in this model is studied using a geodesic approximation which, on comparison with
numerical simulations, is found to work well for moderately low kink speeds. At higher
speeds the dynamics becomes significantly dissipative, and the approximation fails.
Some of the dissipative phenomena observed are explained by means of a dispersion
relation for phonons on the spatial lattice. Chapter 3 goes on to quantize the kink
sector of this model. A quantum induced potential called the kink Casimir energy is
computed numerically in the weak coupling approximation by quantizing the lattice
phonons. The effect of this potential on classical kink dynamics is discussed. Chapter
4 presents a study of the low-energy dynamics of a CP' lump on the two-sphere in

the geodesic approximation. By considering the isometry group inherited from global




symmetries of the model, the structure of the induced metric on the unit-charge
moduli space is so restricted that the metric can be calculated explicitly. Some
totally geodesic submanifolds are found, and the qualitative features of motion on
| these described. The moduli space is found to be geodesically incomplete. Finally,
chapter 5 contains an analysis of long range intervortex forces in the abelian Higgs
model, a massive field theory, extending a point source approximation previously only
used in massless theories. The static intervortex potential is rederived from a new
viewpoint and used to model type II vortex scattering. Velocity dependent forces
are then calculated, providing a model of critical vortex scattering, and leading to a

conjecture for the analytic asymptotic form of the metric on the two-vortex moduli

space.
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Chapter 1

Introduction

1.1 Context

Topological solitons may provide the key to understanding phenomena observ.ed in
a diverse range of physical systems. Their applications span the length scale, from
the structure of the atomic nucleus to cosmological matter distribution, taking in
aspects of condensed matter physics (superconductivity for example) and biophysics
in between. Théy are an inherently nonlinear phenorenon, so the study of their
properties is a difficult but fascinating mathematical challengé.

The word “soliton” means different things to different people, a less than ideal
situation for a mathematical term to find itself in. There are essentially two kinds,
integrable and topological, the latter being the objects of study here. There is some
common ground: all solitons are spatially localized, stable, lump-like solutions of
nonlinear partial differential equations. Equally, there are some marked differences.
Integrable solitons owe their stability to local details of the evolution equation. There
is a trade-off between dispersive and nonlinear sharpening terms, allowing lumps
which neither spread out nor collapse. This balance is quite delicate in the sense that
perturbing the evolution equation by adding some arbitrary term will almost certainly

destroy it. So integrable systems are very special and comparatively rare. They have




been intensely studied, and a rich if rather obscure mathematical structure has been
found. Infinitely many independent quantities conserved under the time evolution
can be constructed, and for each system there is a nonlinear analogue of the Fourier
Transform, called the Inverse Scattering Transform, by means of which the initial
value problem can, at least in principle, be solved. Consequently, a great number
of nontrivial solutions are known explicitly, exactly. Unfortunately, all such exact
solutions reveal very simple soliton dynamics. For exafnple, on collision two solitons
always scatter gléstically, essentially suffering no more than a phase shift. Such
solitons are of very limited relevance to particle theory because their behaviour is over-
simple, but also, more importantly, because integrability appears incompatible with
Special Relativity except in the very restrictive case of a one-dimensional Universe
(that is (14 1)-dimensional space-time). In fact there are no known Lorentz invariant
integrable field theories in higher dimensions.

All this should be contrasted with the generic properties of topological solitons.
These owe their stability to the most global aspects of the system - its topology.
When the conditions that the field (the dependent variable of the partial differential
equation) be single-valued and have finite energy are imposed, we obtain restrictions
on its boundary behaviour which imply that there must be a solitonic lump somewhere
in space. Stability tends to be very robust and does not depend critically on the
field’s self interaction. Consequently, it is much easier to find systems possessing
observed symmetries of nature, and in particular there is a wealth of relativistic
models which have topological solitons in any number of dimensions. The price paid
for this freedom is the loss of the rich mathematical structure f(;und in integrable
systems. There are only a few conserved quantities (energy, momentum, angular
momentum — all those observed in nature) and no Inverse Scattering Transform. As
a result, exact solutions are rather more scarce, usually restricted to static solutions
and Lorentz transformations thereof. Often even the static problem cannot be solved

exactly. Soliton dynamics can usually only be studied using numerical simulation and




ana.lytic approximation techniques, but these reveal a richer diversity of behaviour
than that exhibited by integrable solitons, as one would expect. |

So, although they are harder to calculate with, topolbgical solitons are substan-
tially more relevant to particle theory than are integrable solitons, and it is this which
motivates us to attempt to understand their underlying mathematics. They have two
main areas of application. First, the Standard Model is a gauge theory with gauge
group SU (3) x SU(2) x U(1). An essential ingredient of the model is the Higgs
mechanism [4] whereby one postulates the existence of Scalar‘bosons whose vacua are
continuously degenerate and constitute a nontrivial gauge orbit (no such particles
have yet been observed). At low energies, the Higgs bosons must choose a particular
vacuum, leaving the system invariant only under the U(1) stabiliser of electromag-
netism, a subgroup of the SU(2) x U(1) electroweak gauge group. This process is
called spontaneous symmetry breaking, and is necessary in order to introduce masses
for the weak gauge bosons (W#*,Z°%), because gauge symmetry is ostensibly incom-
patible with massive gauge quanta, and also for the fermions of the theory, because
the electroweak gauge group acts chirally on the fermion fields. At high tempera-
tures, thermal fluctuations produce a single effective vacuum, often called the “false
vacuum,” of the Higgs Abosons, which is itself a completely degenerate gauge orbit,
so that full gauge symmetry is recovered. The idea is, then, that as the Universe
expanded and cooled it underwent a phase transition (the electroweak transition)
from the hot symmetric phase to the cold asymmetric phase we now observe. Such a
phase transition may be preceded by another where some Grand Unified gauge group
is broken to the SU(3) x SU(2) x U(1) of the Standard Model. If so, this GUT
transition would occur at different times in different regions of space, causing bubbles
of true vacuum to expand in the false vacuum. Assuming the vacuum in each bubble
is chosen randomly,” where several bubbles meet the Higgs field may wind its way
around the space of degenerate vacua in some topologically nontrivial way, forming a

topological defect (soliton) and trapping substantial amounts of energy. This process



is called the Kibble mechanism [5] and can lead to the formation of domain walls,
cosmic strings and monopoles, depending on the details of the symmetry breaking.
Such large conglomerations of energy would have very siéniﬁcant gravitational ef-
fects, providing a natural mechanism for the formation of large scale inhomogeneities
in the cosmological 'matter distribution, as are observed, for example, in the cosmic
microwave background.

The above is an example of an application where topological solitons were found in
a system already proposed for quite independent reasons. On the other hand, topolog-
ical solitons behave in such a particle-like fashion that it is natural to attempt to use
them to model particle interactions directly, by construction. They have a conserved
topological charge, which may be identified, for example, with baryon number, and
there exist antisolitons with negative charges, the images of solitons under the par-
ity transformation. A soliton-antisoliton pair may annihilate emitting an oscillating
~ wavetrain, often called radiation, a process -highly reminiscent of particle-antiparticle
annihilation. Solitons undergo nontrivial scattering and may form bound states. All
this behaviour is preseﬁt at the level of classical field theory. Following standard pro-
cedure, small amplitude travelling waves become, on quantization, the basic particle
quanta of the system. The solitons then represent new particle degrees of freedom,
beyond the reach of perturbation theory. Skyrme’s bold idea (which actually predates
the Higgs mechanism) was that protons and neutrons are solitons in a field theory
whose basic field quanta are pions (7%, 7°), carriers of the strong nuclear force [6].
This is the second area of application, nuclear physics. Although the Skyrme model’s
predictions are in imperfect agreement with experimental data, it has one great ad-
vantage over more phenomenological approaches: its all embracing predictive nature.
With only two free parameters it attempts to model all nucleon interactions. The last
few years have seen a revival in the Skyrme model’s fortunes due to the observation
that it may well emerge as a low energy effective formulation of QCD [7]. Skyrme’s

idea represents a belief that topological solitons are to be found as real particles in
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nature, that the particle-like properties constitute more than just an analogy. Of
course, the term soliton was coined precisely because of these properties, in analogy
with the fundamental particles (proton, electron etc.). Many mathematicians regard
elastic scattering as a defining characteristic of solitons, thereby restricting its use
to the integrable type. Lumps which scatter inela,st.ically are then called “solitary
waves.” There is a certain irony in this terminology: the objects called solitons often
" do not possess key particlé—like characteristics (antisolitons, pair annihilation etc.)
but do describe wave phenomena (ultrashort optical pulses in fibre optic cables and
water waves in shallow channels for example) while the objects called waves can be
distinctly particle-like, and not behave remotely like waves (which do not tend to
bind together, for instance). So this distinction is rather ﬁnhelpful from a particle
theory standpoint, and henceforth will not be made.

Topological solitons are, then, relevant to real physics. However, as already ex-
plained, their dynamics is very difficult to study because modern techniques developed
for solving nonlinéar partial. differential equations require the property of integrabil-
ity, not present in the systems of interest. Even numerical simulation of the field
equations of realistic models in (3 + 1)-dimensions is extremely difficult and costly
in computer time. One is therefore led to study simpler systems which have the key
topological features of more physical models, in the hope of understanding the under-
lying mechanisms involved in soliton motion and interaction. Skyrme himself studied
the sine-Gordon model as a warm-up for the full Skyrme model [8]. In this spirit,
this thesis addresses, by looking at tractable exarripies, a number of mathematical

questions regarding the dynamics of topological solitons:

1. How does changing the metric structure and topology of physical space affect
the motion of a soliton? In chapter 2 we study a solitonic system defined on a
space consisting of a discrete collection of points Z, while in chapter 4 physical

space is a two-sphere S2.
2. How does the quantum mechanics of the basic particle quanta of a model affect
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its solitons (chapter 3)?

3. How can one analyze the interaction of well separated solitons when even the

static soliton solution is not available (chapter 5)?

Of course, these questions are not new, and it is hard to imagine ever obtaining
complete answers to them. The work concerns three different systems. In each case
we are interested in the system purely for its mathematical properties, so possible

physical applications receive minimal discussion.

1.2 Basic concepts

Each model considered will be defined using the Lagrangian formalism of classical
field theory, so that the field equatiohs may be generated from an action principle,
and symmetries of the system are manifest. There is a canonical energy functional,
the Noether charge associated with time translation invariance, which gives the field
immediate physical signiﬁéance. One can define canonical field momenta and trans-
form to the Hamiltonian formalism, the standard starting point for quantizing the
model. So once the action is specified there are well defined procedures for extracting
the physical content of the model. Not all nonlinear partial differential equations can
be derived from an action principle, but in the absence of such a principle it is un-
clear how to invest the dependent variable (the “field”) with physical meaning. Such
equations are not of interest to us, and we do not regard them as field equations in

any meaningful sense.

We take this opportunity to define some of the terms which will recur throughout

this thesis. Denote physical space X, and a general point in space z €X , so that

space-time is X X R, and a space-time event is denoted (x,t). Then a configuration
is a map from physical space to ®, some target space, ¢ : X — @, while a field
is a continuous time sequence of configurations, that is, a map from space-time to

the target space, ¢* : X x R — ®. So we imagine the time evolution of a field as
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a smooth progression through a sequence of configurations. The action S is a real
valued functional.on the space of all fields, and the field equations (Euler-Lagrange
equations) are obtained by demanding that ¢* be a local extremal of this functional,
§S/6¢* = 0. All systems of interest are time translation invariant. Explicitly, if¢g*isa
field and ¢* is its image under an active time translation by 7, ¢(z,t) := ¢*(z,t +7),
then S[¢*] = S[¢F] V ¢*, 7. This continuous symmetry leads, by Noether’s theorem,
to a conserved quantity canonically identified with energy, E. Let ¢* be the time
derivative of ¢*, a map from X X R to the tangent bundle of <I>,'a,nd ¢: and ¢; be
¢* and ¢* evaluated on the ¢ time slice. Then the energy is a real valued, positive
definite functional F[g¢;, qbt], and is conserved in the sense that it is independent of
t provided ¢* is a solﬁtion of the field equations (a local extremal of S). In some
field theories, £ depends on higher time derivatives of ¢*, but such systems are not
relevant to our considerations. From the energy one can extract the potential energy,
a functional on the space of configurations, V[¢] = E[¢,0], and the kinetic energy,
Tl¢, 4] = E[8, 4] — V[4].

We finally arrive at the primary object of interest, configuration space @, defined
to be the space of configurations with finite potential energy. Each finite energy con-
figuration is a point in this space and a solution of the field equations is a continuous
sequence of such configurations, that is, a trajectory in Q. The time evolution gener-
ated by the field eqﬁations cannot lead the field to leave configuration space because,
kinetic energy being positive definite, this would inevitably violate conservation of
energy. The functional V [¢] may be thought of as defining a potential relief on con-
figuration space. More subtly, the kinetic energy T is, for each ¢ € Q, a bilinear map
from TyQ x T4Q to the positive real numbers (where Ty @ is the tangent space of Q
at @), and so defines a metric on @, at least formally (this metric is not always well
defined). Our picture of field dynamics is that of a notional point particle describing
a trajectory in an infinite dimensional configuration space under the influence of a

potential V' and a metric inherited from T'. Let us summarize what we have so far:
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e Physical space X.
o Target space @.

e Potential energy V, a functional on the space of all maps ¢ : X — &.
o Configuration space @ = {¢|V[¢]finite}.

It is the topology of @) which is crucial to the existence of solitons, iﬁ particular,
whether @ is a connected space. To go further it is helpful to be a little more specific
about X. For the purpose of discussion, let it be the d-dimensional Euclidean space
R?. Then the functional V is an integral over R? of some function of ¢ and its space

derivatives V¢ called the potential energy density V(¢, V¢),
Visl = [ d'xV(,v9) (1)

For a configuration ¢ to have finite energy (and hence be an element of @), V must
vanish on the boundary of space, denoted X, otherwise this integral will diverge!. .
This places restrictions on ¢ which, depending on V, may lead to the existence of
solitons. This can happen in two ways.

Let the vacuum manifold ® be the subspace of ® on which V(¢,0) attains its
absolute minimum, always normalized to zero. Any constant map ¢(x) = @o € ®q is
a trivial static solution of the model with vanishing energy, called a vacuum. Then
the first way that solitons can arise is if ® has a nontrivial (d — 1)-th homotopy
group, m4—1(®g). The m-th homotopy group of a connected topological space Y is
defined [9] as the set of equivalence classes of maps y : S™ — Y, where two maps
y1 and y; are equivalent if one is continuously deformable into the other, that is, if

there exists a continuous map y12 : S™ x [0,1] — Y (called a homotopy) such that

y12(0) = y1 and y12(1) = y2. The only exception is mo(Y") which concerns maps from

1Strictly, this is only true if one demands that the configuration should have a well-defined limit
as |x| — oo. We will henceforth always assume that this regularity condition is satisfied.
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the space consisting of a single point {0} to Y, rather than from S°, which would
more naturally be defined as Z; = {—1,1}. The group composition law is induced
by the composition of maps, but the group structure shall not concern us. A trivial
homotopy group consists of a single class so that ali maps are deformable to the trivial
map where the whole m-sphere is mapped to a single point in Y (precisely which point
is irrelevant since Y is connected). In particular, 7o of any connected space is trivial
and so, again exceptionally, we extend its definition to disconnected spaces. Now, the
boundary of space 9X is homeomorphic to the (d — 1)-sphere, and finite V demands
that V vanishes on X, so any finite energy conﬁgﬁration ¢ defines a map from §¢-1
to ®y. If 7rd_1(<I)0) is nontrivial then @ is partitioned into disjoint sectors, one for
each homotopy class. A configuration in one sector can never be deformed to one in
another sector by any continuous process (time evolution, for example). Most field
theories have trivial 74-1(®o), but some have m4_1(®o) = Z, and these are particularly
interesting from our viewpoint. To see that this leads to the existence of solitons, that
is, localized lumps of energy, we introduce a radial coordinate r € Ry, the positive real
line (including 0) and decompose X as X & R, x S%°!. Then the map $%! — &,
defined by a finite energy configuration ¢ is ¢ := lim,_ ¢. Consider the case
where ¢ does not lie in the trivial homotopy class (is not deformable to the trivial
constant map). Then there is no way for ¢ to remain on ®, throughout X because
if it did, since ¢ is single valued at r = 0, the radial dependence of ¢ would define
a homotopy between the map ¢., and the constant map ¢|,-o, lying in a different
homotopy class, a contradiction. Hence ¢ must leave @ at least in some region of X,
and this generically will result in a lump, or a number of lumps. Such lumps might
not be static solutions, they may expand indefinitely or collapse inwards whereupon a
singularity forms. However, there are many systems in which there are stable lumps,
the abelian Higgs and Yang-Mills-Higgs systems being examples.

The other way topology can lead to the existence of lumps arises as follows. It

could be that in order for V[¢] to be finite, ¢ must tend to the same value in ® on all
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dX. This could happen if ® consists of a discrete set of points and 9X is connected,
or at the opposite extreme, if ®; = ®, that is the vacuum manifold is the entire
target space, but the V¢ dependence of V (such a V is necessarily ¢ independent of
course) forces V¢ to vanish as r — o0o. Since ¢ takes a single constant value on 39X,
it may be regarded as a map from the one point compactification R?U {o0} = 54
to @, that is, one may identify the whole boundary of space as a single point {oo}.
The critical homotopy group is now m4(®). Each finite energy map must lie in one of
its classes and once again, a configuration is trapped within its class by continuity of
time evolution. If ¢ does not lie in the trivial homotopy class, it is not deformable to
a constant map, so V¢ # 0 at least in some region of X and in that region V > 0,
leading to a lump or lumps. In addition, if ®q is discrete, ¢ must also leave g
somewhere in X, also contributing to V. The same caveat applies: such lumps might
not be stable static solutions, but stable examples can be found (Skyrmions, CP!
lumps etc.).

Condensed matter theorists are careful to distinguish bétween these two types o.f
topological defect. Those which owe their existence to the nontriviality of mz_1(®)
they call monopoles while those due to nontrivial 74(®) they call textures. The
distinction seems a useful one. In-both cases the key feature is that finite energy
configurations have a well defined degree (also called topological charge), the degree of
the map ¢ : 1 — @ for monopoles and the degree of the map ¢ : R?U {0} — @
for textures. Configuration space @ is a disjoint union of homotopy classes @, labelled
by this degree, an integer n, so that mo(Q) = Z. Configurations homotopic to the
vacuum (or vacua) have zero degree, and @) is called the vacuum sector of the theory.
By; convention @, is called the soliton sector and ()_, the antisoliton sector.

There is one final space of interest to us, the moduli space M, a subspace of
@. This is the space of minimals of the potential energy functional V[¢]. The field
variational problem reduces to the variational problem for V in the case of static

fields, so M is the space of (perhaps marginally) stable static solutions of the field
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equations. Since M C @, it too is a disoint union of homotopy classes M, each one
the equipotential surface of minimum energy in @),,, so that M, is a finite dimensional
subspace df the infinite dimensional charge n sector. Note that My, are non-empty
if stable solitons exist, but it is possible that M, = 0 if |n| > 1 even so. Given one
static solution ¢ € M,, one can generate a continuous family of other such solutions
by acting on ¢ with continuous symmetries of the model (translations, rotations and
internal symmetrieé) since these leave V invariant and, being continuous, cannot lead
out of M,. (Discrete symmetries, by contrast, may generate new static solutions
outside M,,. An example is the parity transformation which maps M, onto M_,.)
Such a symmetry orbit will usually? exhaust My, but often will not exhaust higher
moduli spaces. So there are often zero modes (tangent vectors to M) not associated
with any symmetry of the model, a theoretically very interesting situation. Thiﬁking
of V as providing @), with a pofential relief, M, is the ﬁﬁite dimensional flat valley
floor on which V takes its absolute minimum value on @,. Considér the initial
value problem with ¢(0) € M, and ¢(0) € Ty M, with small norm, that is low
kinetic energy. The subsequent trajectory in (), representing the solution of the field
equatioﬁs must remain close to M,, because departure from the moduli space entails
climbing the valley walls which costs kinetic energy, of which there is little. In the
geodesic approximation [10], ¢ is confined to M, for all time by cons.truction, and
the time evolution of the field consists of adiabatic progression through a succession
of static solutions. The number of degrees of freedom is reduced from infinity (the
dimension of @),,) to the finite dimension of M,. Since M, is an equipotential surface,
the trajectory is determined solely by the metric on M, induced by that on s, the
kinetic energy functional. The evolution equations are simply the geodesic equations
with respect to this induced metric, hence the name of the approximation. Studying
low-energy field dynamics using this approach is still a nontrivial task, the main

_difficulty being evaluation of the induced metric on M,. Nevertheless, the geodesic

2There are exceptions: see chapter 2 for example
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approximation is more amenable to analytic effort than is the original field variational

problem and, more importantly, leads to significant qualitative insight into soliton

dynamics.

1.3 A pedagogical example: the sine-Gordon
model

The summary contained in the last section is rather dense, so the reasoning in favour
of the existence of topological solitons will be outlined again for each systém studied as
it arises. It is also useful to see how the argument develops in the context of a simple,
concrete example. The sfa.nda.rd choice for such an exercise is the sine-Gordoﬁ model,
a pa.rticula.rlyb convenient choice for our purposes since it will also provide relevant
background information for the discrete version of the model, studied in chapters 2
and 3. The model is rather special because although the solitons are topologically
stable, the field equation is integrable (so the classification of solitons described in
section 1.1 does not define an equivalence relation!). The integrability of the model
has been well studied [11] but is not relevant here, so we restrict ourselves to the
model’s topological aspects [12].

Both physical space X and target space @ are the real line R, and space-time is
(1 + 1)-dimensional Minkowski space with metric (g,,) = diag(1, —1), the convention
being that z° = t, ' = z. The field is denoted ¥(z,t). Definition of the model is

completed by the action,
1 2
S = Z/dt dz [0,4%0" — F*(3)], (1.2)

where F(¢) = sint. (The model is more usually defined in terms of a rescaled field
é = 2¢, but the above form is more convenient in this context.) The field equation

follows immediately, by the calculus of variations, from demanding that ¥ be a local
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extremal of S,

8,0%p + FF =0, (1.3)

where F' = dF'/dy. Note that the action is manifestly invariant under rigid space-
time translations since these may be absorbed into a redefinition of the dummy inte-

gration variables ¢ and z. This observation leads us, via Noether’s theorem [13}, to

the conserved stress-energy tensor,
afl 1 o ﬂ-' 1 afs / 2
T8 = Lg% — 19 (000" — F?). (1.4)
Conservation is easily checked:

using the field equation (1.3) This tensor therefore defines two conserved currents, T
associated with time translation invariance, and T°! associated with space translation
invariance. These in turn define two conserved charges, the spatial integrals of 7%

and T, canonically identified with the field’s energy and momentum respectively.

The energy is, explicitly,
E = [daT®
1 AN AN
-/d — — F?
1/ [(Bt) +(3m i
From this we extract the potential and kinetic energies,
1 aw\®
Vo= 4/d”“ [(6:1:) tF
T = l/d 6_¢ ‘ | (1.7
= 7/ @= {5 - 1)
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The potential energy density is

IRRICA%
V_Z[(%) + F?

Note that the action may be written as the time integral of T — V/, motivating the

. ‘ (1.8)

definition of Lagrangian L := T — V in analogy with Lagrangian mechanics. The
spatial integrals may then be thought of as sums over a continuous internal index
z € X, rather like sums over particle degrees of freedom in ordinary mechanics. This
is one way of arriving at the picture of field dynamics as the motion of a notional
particle in an infinite dimensional space.

If a configuration t(z) is to have finite energy, V must vanish as z — Foo. Thus
7 must tend to a constant at each end of space (0y/0z — 0) and this constant must
be a root of F' = sin, a vacuum of the theory (¢ = mm, m € Z). It is not necessary

for 1 to tend to the same constant at both ends however. So, finite V implies

- .n+7r T — 00 (19)
n.m T — —00

both ny and n_ being integers. The action S is manifestly invariant under the
transformation ¢(z,t) — ¥(z,t) — n_7, so we may assume without loss of generality
that n_ = 0. Dropping the + subscript, we define n to be the topological charge of
the configuration, a constant which cannot change under any continuous deformation
of 7 preserving finiteness of V, that is, remaining on configuration space ). Thus
Q is partitioned into disjoint sectors @n,. The n = 1 sector is called the kink sector,
topological solitons in one dimension conventionally being called kinks. Looked at
from this viewpoint the partition of @ is due to the nontriviality of m4-1(®o), since
®y=ZCR=9,and d =1 (that is 74-1(®o) = m0(Z) = Z), so the kink is classified

as a monopole. This is a somewhat degenerate case, because §X and @, are discrete.

In particular, n cannot be identified with the degree of the map %o, : X — @ since
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this degree is undefined.

Alternatively, given the symmetry of S just noted (under ¢ +— 3 + mr, m € Z)
we could perfectly well regard as an angular variable, identifying 1 values differing
by mm, and think of target space as S?, the circle, rather than R. In this language,
all the vacua 3 = mr are identified as one single vacuum on S, 1 = 0. The finite
energy condition then requires that 1 tends to the same point in ® on all X, that
is, both ends of space. So finite energy configurations are effectively maps from the
one point compactification RU {oo} = S! to ® = S, and such maps fall into disjoint
homotopy classes because m,(S') = Z, each class being labelled by its topological
charge n. We arrive at the same conclusion, that @) is partitioned into disjoint sectors
@x, but from this viewpoint thé partition is due to the nontriviality of m4(®), and
the kink is classified as a texture. The winding number n is the degree of the map
P : XU{oo} — @, so this line of argument is less degenerate and rather more natural
than the previous one. It was as the lowest dimensional analogue possible of the
Skyrmion (a texture) that Skyrme studied the sine-Gordon kink.

Having established that 7o(Q) = Z, the next task is to solve the field equation
for the static kink solution. Substituting 1) = 0 into (1.3) the sine-Gordon equation
reduces to a second order nonlinear ordinary differential equation for ¥ (z),

d*p

- da?

+FF =0. (1.10)

This equation is quite straightforward to solve with kink boundary conditions. How-
ever, the problem of finding the static soliton can be simplified still further by means
of an ingenious argument of a kind which will repeatedly occur in subsequent chap-
ters, called the Bogomol'nyi argument [14]. The analogous argument can always be
made for kink bearing (one dimensional solitonic) models, but is a feature of only a
few special higher-dimensional models. Recall that the static field variational prob-
lem is equivalent to extremizing V[t], and that stable static solutions are minimals

of V. For any static field () satisfyng the kink boundary conditions 3(—o00) = 0,
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1(o0) = m, we start from the trivial inequality

0 < i/dw (%—siny}) (1.11)
= V[¢¥]- %/dm%sinv,b
= VIgl+ 3 [eos ()]
- vil-1

= V[ .> 1, - (1.12)

that is, the functional V[¢] is bounded below by 1 on @;. Moreover, in order for 1

to saturate this bound the integrand of (1.11) must vanish for all z,

Vg]=1¢ j—f = siny. (1.13)

Equation (1.13) is called the Bogomol’nyi equation. Note that it is a first order

nonlinear ordinary differential equation. Its general solution is
¥ =2tan"le*®, (1.14)

where b is an arbitrary real constant of integration, which does indeédA satisfy kink
boundary conditions, the only other solution being ¢ = 0, the vacuum. We could
have arrived at (1.13) by multiplying the static field equation (1.10) by di¢/dz and
integrating, but the procedure above gives us, without further calculation, the static
kink energy and the information that (1.14) is a global minimal of V on Q, and thus

is stable. One can repeat the Bogomol’'nyi argument with

(d—f +sin¢) (1.15)

as the integrand in (1.11) and antikink boundary conditions on ¢ (¥(—o00) = 0,
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Figure 1.1: The static kink solution %(z) and its potential energy density V(z).

¥(00) = —m) to obtain the same bound V[¢)] > 1 on Q_;, the antikink sector. The

Bogomol’'nyi equation is then

% = —siny, (1.16)

and we see immediately that the antikink is the image of the kink under the parity
transformation z — —z.

The b = 0 kink is plotted along with its energy density V(¥(z)) in figure 1.1.
Changing b merely translates the kink along physical space, so it is natural to regard
b, the point at which ¥ = 7 /2, as the kink’s position. Thinking of ® as S!, a
general winding n (assumed positive) configuration must pass through ¢ = 7/2 at
least n times, but m.ay pass through more times if it winds back on itself. Let it
pass through 7 /2 nj times with positive dip/dz and ng times with negative di/dz, so
that n = ng — ng. The configuration is naturally interpreted as containing n, kinks
and ny antikinks located at the points where ¥(z) = 7/2. Given the form of V, such

" points will coincide with lumps of potential energy. If n is negative, the interpretation
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is still valid, but antikinks outnumber the kinks. The existence of the zero mode3
b is inevitable because of the model’s translation invariance: the translation orbit
of aﬁy configuration must be an equipotential curve in Q. In the case of the static
kink, the Bogomol’nyi argument tells us that this equipotential curve is the absolute
minimum of V on ()1, the one dimensional valley floor of the potential relief, twisting
through @;. This is the unit charge moduli space M;. A static kink set in motion by
a small Galilean boqst has a trajectory in @, starting at some point on M, with a
small initial velocity tangential to M; (where small in the second sense means small
with respect to the metric on )y, the kinetic energy). Such a trajectory must always
stay close to M; by energetic considerations. The geodesic approximation to kink
dynamics consists of confining the field for all time to move in this single dimension

in accordance with the Lagrangian inherited from the full field theory. Explicitly, let
bin (1.14) be time dependent b(t). Then

i = —bsech(z — b), _ (1.17)

and so

. "
T = %/dxsech?(m —-b) = v da

4 J cosh?z

b 1.
= —Z [ta,nh m]?oo = §b2, (1.18)

while V = 1 since the Bogomol’'nyi bound remains saturated. Note that T is the
kinetic energy of a point particle moving geodesically on M; = R with a flat metric.
Of course, since M; is one dimensional, it is inevitably intrinsically flat, but the key
point is that the induced metricis flat when expressed in terms of b, the kink position.

We are interested in the geometry of M; as a surface embedded in @); viewed from

3Strictly speaking it is 8¢/0b, as a function of z calculated from the static kink solution, which is
the zero mode rather than b itself, but little confusion can arise from treating the two interchangeably.
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“outside” M,. So, the inherited Lagrangian is
1.,
L=zi-1, (1.19)

that of a nonrelativistic free particle of unit mass (the static kink energy). The
solution of the equation of motion generated by (1.19) is b(t) = vt+bo, where 5(0) = by,
and b(O) = v. The kink travels along at constant speed, and the approximate field

solution is

¥(z,t) = 2tan~t "0, 4 (1.20)

In this case, the geodesic approximation is a complicated way of deriving some-
thing simple. Note that the action is Lorentz invariant if ¢ transforms as a Lorentz
scalar. Hence from the static solution (1.14) we can generate moving kink solutions

with arbitrary speed simply by performing a Lorentz boost:

~ 1
t—t = 1_v2(t——v:r)
- I = L (z — vt)
R A
¢(.Z‘,t) = ¢(‘7"’ t) = ¢(%a Z) (1'21)

This yields the exact solution

zovs b") (1.22)

W(z,t) = 2tan™! exp (—\/1—___—1)—2
which agrees with (1.20) for small v. The trajectory corresponding to (1.22) is again a
translation orbit in Q1, travelled along at constant speed, and hence an equipotential
curve, but with V' > 1 because the relativistic contraction of the kink profile by
(1~ 'v2)"% pgshes the whole trajectory up the valley walls, away from M;. Thereis a
force pulling the notional particle towards the valley floor, but this is balanced by the

inertial force due to the valley’s twisting through Q;. The geodesic approximation
y g g g PP
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is more useful when one is studying dynamics in higher moduli spaces, or when the
ofiginal mode] is not Lorentz (or Galilei) invariant. In the simple case of the sine-
Gordon model, however, all the higher moduli spaces are empty, as we shall shortly
see, SO there is no nontrivial demonstration of the approxima,tion available in this
system.

The model has some ungeneric properties, which we should point out. First,
. applying winding number n boundary conditions to the Bogomol’nyi aréument (1.11)

one obtains

%4 2 %| cos ¢(m) — cos Yp(—o0)| = [n| mod 2, (1.23)
while the lower bound for V on @, so obtained is generically proportional to |n| (the
constant of proportionality being the single soliton energy). One can use the n =1
Bogomol’nyi bound to find an optimal lower bound for V on @, as follows: if Y
has winding n then, by continuity, it must consist of a sequence of n unit winding
sections (assuming n > 1); apply the n = 1 Bogomol'nyi argument piecewise to each
of these sections in turn, yielding V > n. The inequality must be stric'; because if ¥
were to saturate it, it would satisfy the Bogomol’'nyi equation independently on each
finite (or, at most, only semi-infinite) section, which is impossible given the general
solution (1.14). The bound is optimal however since a winding n configuration can get
arbitrarily close to it by spreading its n subkinks arbitrarily far apart. This suggests
that kinks tend to repel one another, so one would suspect that there are no static
n-kink solutions. This turns out to be true because, not only is a solution of the
Bogomol’'nyi equatioﬁ a solution of the static field equation, the reverse is also true:
all static solutions must satisfy either (1.13) or (1.16), so the only static solutions are
kinks, antikinks and the vacuum. This statement can be seen to hold quite generally
for Poincaré invariant sytems in one dimension. Consider the conservation law 8,71,

arising from symmetry under spatial translations, in the case of a static field 3(z),

dTll
9. T =0 = = 0
dz
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d [(d\ .| _ .
2 .
= (j—f) -F* = (C, (1.24)

where C is some constant, which, given finite energy boundary conditions, must be

zero. Hence all static finite energy solutions must satisfy
= +F, (1.25)

the Bogomol’'nyi equation. This holds for all F(¢/). Now, the Bogomol’nyi equation
has no solutions with winding |n| > 1, so while M4, = R, all the higher moduli spaces
are empty, M, = 0, [n] > 1. This does not generalize to higher dimensions. A higher
dimensional system may or may not have a Bogomol'nyi bound, and a first order
Bogomol’nyi equation for configurations saturaﬁing that bound. If it does, the bound
may or may not be attainable, that is, the Bogomol’nyi equation‘ may or may not have
solutions with the cdrrect boundary behaviour. However, if the bound is attainable
in one topological sector then it is generically attéinable in all sectors. So if a system
has static single-soliton solutions saturating a Bogomol'nyi bound, it generically has
‘static n-soliton solutions also, and moreover, the constituent solitons of such solutions
can generically occupy any and all positions in X. One interprets this as meaning
that such solitons do not exert any forces on one another when at rest. This contrasts
with the kinks described above which always repel one another. Another aspect which
does not generalize to systems in higher dimensions is the two—Way equivalence of the
Bogomol’nyi and static field equations. That is, there exist models with finite energy
static solutions which do not satisfy the Bogomol’nyi equation, in the same topological
sector as those that do. Such solutions cannot globally minimize the potential energy
functional within their sector, and are generically saddle points rather than local

minimals of V.

This concludes the introductory material, and the thesis proper begins in chapter
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2. A spatially discrete system is presented which has topological properties closely
related to those of its continuum limit, the sine-Gordon model, discussed above. We
study the dynamics of a single kink propagating through space at both low and high
speeds, using the geodesic approximation and numerical simulations. In chapter 3
we go on to quantize the kink sector of the discreté sine-Gordon system in the weak
coupling approximation, and compute numerically a quantum induced potential called
the kink Casimir energy. We return to the classical dynamics of a single soliton in
cﬁapter 4. This concerns the low-energy dynamics of a CP! lump on the two-sphere.
The induced metric on the unit charge moduli space (a six dimensional manifold,
(5% x R%)/Z;) is found explicitly, and the qualitative features of motion on totally
geodesic submanifolds are described. Finally, chapter 5 presents an analysis of long
range intervortex forces in the abelian Higgs model. A point source approximation is
used to rederive the static intervortex potential from a new viewpoint, then velocity
dependent forces are found by extending the method of linear retarded potentials.
The results are used to study type II and critical vortex scattering, and to conjecture
an analytic asymptotic form for the metric on the two-vortex moduli space. All of

these chapters are self contained, so concluding remarks are presented at the end of

each.
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Chapter 2

A topological discrete sine-Gordon

system

2.1 Introduction

There are two main reasons why solitons in discrete spaces (lattices) are of interest.
First, many of the applications of topological solitons are in condensed matter and bio-
physics where the systems under study (a macroscopic sample of some solid material
or a molecule of DNA for example) really do have a lattice structure. Much theoret-
ical analysis of such systems has been carried out using continuum solitons, ignoring
the discreteness of space, rna,inly'a,s a matter of calculational convenience. However,
it has become incréasingly recognized that discreteness does introduce significant new
effects into soliton dynamics, and that these have important phenomenological impli-
cations. Second, although solitons relevant to particle theory usually occur in models
defined on a continuum, one must often resort to numerical simulations to study
their dynamics. This inevitably leads to a fictitious discretization of space, because
all mathematics on digital computers is inherently discrete. If one is to attempt to
deduce facts about the behaviour of real continuum solitons from numerical simula-

tions, one must be able to distinguish which of the effects seen are truly physical and
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which are introduced by the fictitious discretization. By judicious choice of the means
of discretization (inevitably rather arbitrary), one might then hope to partially elim-
inate the latter. In either case, one is motivated to try to understand the dynamics
of solitons on lattices, and, as a first case, the dynamics of kinks on one dimensional
lattices in particular.

This chapter deals with a discrete version of the sine-Gordon ﬁodel, reviewed
"in section 1.3. We use the same notation (3 for the field, T and V for kinetic and
potential energies, L for.La,granlgian etc.) but from now on z becomes a discrete
variable taking values on a regular lattice of spacing A including the point z = 0, for
brevity, z € hZ. A subscript + on a function f(z) denotes forward shift on the lattice,
f+(z) := f(z + k), and similarly f_(z) := f(z — k). The forward difference operator
is denoted A and defined such that Af = (f; — f)/h. Spatial integrals are replaced
by sums over z. By a discrete sine-Gordon (DSG) system, we mean a Lagrangian
system defined on this lattice whose continuum limit is the usual sine-Gordon model,
already described. Note that the discretization process is highly non-unique: there
are infinitely many inequivalent lattice systems all with the same continuum limit.

The conventional choice for discretizing the sine-Gordon model is simply to replace
the partial derivative v /0z by the forward difference Ay, yielding the Frenkel-

Kontorova model,

LFK— - Y 7 — (Ap)? ~sin’ ). (2.1)
thZ

The equation of motion generated from this, by extremizing the action Spx =
Jdt Lk, is a second order differential-difference equation, of which no nontrivial
solutions are known (the vacua ¥ = nm persist of course). The system has been
extensively studied [15, 16, 17, 18, 19] using both numerical and perturbative tech-
-niques, and the qualitative features of kink dynamics are well known. There are two
static kink solutions, modulo discrete translations (z — z + nh, n € Z, manifestly a
symmetry of Lgg), one with the kink located directly on a lattice site and one with a

kink located halfway between two lattice sites. As before, by kink location we mean
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the point at which 3 = 7/2, defined by linear interpolation between lattice sites if
necessary. So the kink position takes values in R, the real line containing the lattice,
for a general configuration, but is restricted to the discrete subset z € (h/2)Z for
static kink solutions.” Of these two static kinks, the one located at z = nh has higher
potential energy than the one located at z = (n+ ). The former is a saddle point of
the potential and is an unstable solution, while the latter is a minimum and hence sta-
ble. The difference between the two static kink energies is called the Peierls-Nabarro
barrier and has a crucial effect on kink dynamics. If a moving kink has insufficient
kinetic energy, it cannot surmount the barrier and gets trapped between two lattice
sites, a process called “pinning.” It oscillates and emits radiation, settling down into
the potential well. The motion of a soliton oﬁ the lattice is dissipative, there being
no continuous translation symmetry to force momentum conservation. Thus a kink
which starts off with enough kinetic energy to surmount the Peierls-Nabarro bar-
rier and travel along the lattice dissipates its energy as radiation, slows down and
eventually becomes trapped.

Such dynamics rﬁay make the model interesting from a physical viewpoint if analo-
gous effects are seen in real condensed matter or biophysical systems, but is obviously
radically different from the continuum dynamics, s0 the Frenkel-Kontorova model rep-
resents a bad choice for fictitious discretization. In the next section we will present
an alternative discretization, specifically designed to preserve the topological (more
precisely, the Bogomol’'nyi) properties of the continuum model. There is a topolog-
ical lower bouﬁd on the kink energy and a first order difference equation for kinks
saturating this bound. These static solutions may be found explicitly. There is no
Peierls-Nabarro barrier and consequently kink dynamics in this topological discrete

sine-Gordon (TDSG) system is quite different from that in the Frenkel-Kontorova

model.
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2.2 Topological discretization

We wish to find D and F, lattice versions of dv/dz and siny respectively (that is,
D — 0v/0z and F — sin in the limit A — 0) such that their product is

DF = —A cos 1. - (22)

For then, defining the potential energy to be

h
v=21Y [0+ FY, (2.3)
rehZ

which has the correct continuum limit, we have a lattice version of the Bogomol’nyi

| argument. Let 9(z) have kink boundary conditions, 3(—oc) = 0, 3)(c0) = 7. Then,

0 < %Z(D—F)2 ' (2.4)
= V- LY DF
= V+ % ) ~(cospy — cos )
= V-1
>V > L (2.5)

Once again, the energy of a kink configuration is bounded below by 1, and can attain

this bound if and only if D = F' Vz € hZ, the lattice Bogomol’nyi equation.

Such a factorization of A cos 1 is possible. The most natural choice is

D = %éin%(%_ — 1)

F o= sing(s+9) (26)

although D := D/a(h) and F := a(h)F would do just as well provided a is a strictly
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positive, smooth function with a(0) = 1. Rearranging the Bogomol’nyi.equation,

. ¢+_2+h 4 ’
tan 5 = 2_htan2, (2.7

we see that if A > 2 any solutions are inevitably oscillatory, which is incompatible with
with kink boundary conditions. We therefore restrict h to the range (0,2). This upper
bound on % could be eliminated by using the modified quantities D and F choosing a
such that ha?(h) < 2 Vh (for example, @ = e™*), because the Bogomol’'nyi equation

D = F then becomes
4 _ 2+ a?h Y

tan 2 5 oZh tang,

(2.8)

so no oscillatory behaviour can occur. There is no clear advantage in this, so we do
not pursue it but choose the simplest version (2.6).

Given that A € (0,2) the solution of (2.7) is

¥(z) = 2tan~! =), (2.9)
where ‘ .
1 2+ h ‘

and bis an arbitrary real constant. This does indeed satisfy kink boundary conditions.
Note that a(h) is a monotonically increasing function on (0,2) and that @ — 1 as
h — 0, while a is unbéunded as h — 2. The static kink is therefore a sharpened
version of the continuum kink (1.14) “sampled” on the lattice z € hZ. The sharpening
factor disappears in the continuum limit and becomes infinite in the anticontinuum
limit A — 2. The potential energy of a kink is correspondingly highly localized. If
b = 0 then the proportion of the energy (normalized to unity with our conventions)
contributed by the two central links (—A,0) and (0,%) is 4h/(4 + R?). If b = 1,
this is 80% while in the limit A — 2 it tends to 100%. The h = 1 static kink is

plotted in figure 2.1. Perhaps the most surprising feature of (2.9) is the existence of
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Figure 2.1: The static kink solution for A = 1 with b = 0.

the continuous zero mode b, which is not due to any symmetry of the model. Given
that the model has only discrete translation symmetry, one would naively expect the
static kink to be located either on the lattice AZ or h(Z+ 1), but it turns out that the
kink can take any position relatfive to the lattice. It follows'that; this system has no
Peierls-Nabarro potential, and one would expect kink dynamics to be coﬁsequently
much simpler than in the Frenkel-Kontorova model.

Since the configuration (2.9) satisfies D = F, it globally minimizes V within the
class of configurations with kink boundary conditions (the kink sector) and hence is
a stable static solution. Applying antikink boundary conditions and starting with
summand (D + F)? in (24) we obtain the antikink Bogomol’nyi bound, V > 1,
V =1& D = —F, so as one would expect, there are stable static antikinks, obtained
from the kinks by mapping z — —z. So if 9 is a solution of D = £ F, it must be a
solution of the static field equation. It is interesting to consider the possibility of other
nontrivial static solutions such as double kinks and kink-antikink pairs. Both exist
in the Frenkel-Kontorova model because of the Peierls-Nabarro barrier: at long range

kink-kink repulsion and kink-antikink attraction are not strong enough to overcome
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the pinning force which traps the constituent kinks and antikinks of a configuration
between lattice sites. It follows that there are static solutions consisting of well
separated kinks and /or antikinks in stable equilibrium. Given the absence of a Peierls-
Nabarro barrier in the TDSG system, one would expect no such solutions to exist.
Recall that in the continuum model, nonexistence followed from Noether’s theorem
and translation invariance (equations (1.24) and (1.25)), by means of which we proved
that all static solutions must satisfy the Bogomol’'nyi equation. Remarkably, this
result almost survives on the lattice, despite the loss of translation symmetry. From

the explicit expression for the potential,

V= Z—Z [% sin -('Q/)+ — ) +sin —(¢+ + 1/))] (2.11)

r

we derive the static field equation, dV/dy = 0, where

5~ W [sm (6~ v- )cos1(¢—¢_)—sin1(¢+—¢)cos1(¢+—¢)]

Fsin S + ) cos 5 + - )+sm S + ) cos (s +9)
= —%[sin(z/)+—z/;)+sm( )+ 5 lsin(ps + ) + sin( + )
= —sin (b~ 2+ 9 )cosl(w—?/) )
i (s + 26+ p) os Sy — )
= —cos 5(ths — )[:2sm (¢+—2¢+¢)

2
—sin ~ (¢+ + 2 + )] (2.12)

So each triple of lattice sites {¥_,%,%4} must satisfy either

cos %(1/)4. —_)=0 (2.13)
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or
4.1 1
o sin - (1/)+ — 2% +_) —sin §(¢+ +2¢%+9_)=0. (2.14)
Note that if {¢-,, ¥} satisfies (2.13) then ¢y — ¢ = 7 mod 27 but 3 is uncon-
strained, and that if the solution is to satisfy regular finite-energy boundary condi-
tions, then (2.13) cannot hold for all z, but, at fnost, at a finite number of isolated
sites. Along the rest of the lattice (2.14) must hold. Now, motivated by the continuum

model, we consider the quantity A(D? — F?):

[A(D? - F?).
= ;; [sm (4 — ) —sin 1( - 1/))] [sin %(¢+ — ) +sin %(zﬁ- - z/))]
~ [sin 5 (s +9) - sin 5(¢- +9)] [sin 5 ¢+ +9)+sin (- + ¢,)]
= 2D cos 1y — 2+ $o)sing (r — o) sin (s — 20+ ) cos 1 (e — $)

~tcos (s + 2 + Yo sin {(hy — o) sin (¢++2¢+¢ )cos (%4 — 9-)

- sing<¢+-—¢_>[ism (s — 2+ §2) = sin (s +2 + 9 >] (2.15)

Comparing (2.15) and (2.14) we see that if (2.14) holds everywhere, then A(D? —
F?) = 0 and, applying finite energy boundary conditions, D = +F. We cannot,
however, claim that there are no non-Bogomolnyi static solutions, because there may
be isolated points where 1(z) satisfies (2.13) rather than (2.14). -1t is quite diffi-
cult to find such solutions without spoiling the finite-energy boundary behaviour.
Nevertheless, they do exist, as mayv be illustrated by example.

* Consider the configuration

| ¢k(z—b) <0
v = { Yr(@—b—2h)+7 z2>h, (2.16)

where i (z) is the kink located at zero, ¥k (z) = 2tan~' exp(az), and b € R. This is
a static solution. Each of the triples {¢_(z), ¥ (z),¥+(x)} for z < —h satisfies (2.14)
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because both pairs {¢_,%} and {t, .} satisfy the Bogomol’nyi equation. The same
holds for the triples centred on & > 2h. So this configuration satisfies (2.14) for all =
except z = 0 and z = h. However, at both these points (2.13) holds, by construction.
Hence dV/dy =0 Vaz, and (2.16) is a static solution. This is a double kink, but the
same method could be used to put more dislocations® in the lattice and produce a
n-kink static solution. Note that the construction works for any value of b, and with
the dislocation between any pair of neighbouring lattice sites - 2 = 0 and z = h were
chosen in this case. The static double kink and its energy distribution are plotted
for four different values of b in figure 2.2. In each case there is a lump of energy
spread over approximately fdur lattice sites caused by the kink, and a one-site spike
caused by the dislocation, though when b = —0.5 they coincide. Since b can take
any value there is a one-parameter curve of these solutions in configuration space Q.
This should be an equipotenﬁal curve, since any variation of V along it would be in
contradiction with the éssertion that (2.16) is a static solution for all 4. It is not hard
to calculate V because the Bogomol’nyi argument gives the energies of the left and
right hand tails (z < 0 and & > &), so one merely has to add the energy of the link
(0, h), the dislocation spike. The result is,

V=1- %[cos ¥(0) + cosAzp(h)] + %(D2 +FY . (2.17)

=0
After much algebra, this reduces to

(2+2)?

V="

(2.18)
which is indeed independent of b. Note that V' > 2 Vh € (0,2) leading us to
conjecture that the solutions are saddle points of the potential: it is energetically

favourable for the configuration to evolve into a conventional kink-kink pair arbitrarily

1This terminology is perhaps a little unfortunate since discrete kinks themselves are often used
to model crystal dislocations. However, no apt alternative suggests itself.
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Figure 2.2: The static two-kink solution on the A = 1 lattice. The circles represent
(z)/m while the solid line represents the energy distribution. The energy should be
thought of as located in the links between lattice sites.

far apart so as to approach V = 2. One would suspect that any static n-kink solution
constructed similarly would also be a saddle point of V on @),,. Note also that V — oo
as b — 0 so that the solution is lost in the continuum limit. In summary then,
the static field equation implies the Bogomol’nyi equation, except in some rather
pathological cases where 1(z) jumps by 7 mod 27 in a short interval. By exploiting
this possibility one can construct unstable static n-kink solutions. It is unlikely that
any stable non-Bogomol’nyi solutions exist.

So far we have only considered the static model. The dynamics is completed by
defining the kinetic energy T'. Again there is much freedom in this, the only constraint

being that the continuum limit of T’ must be 1 [ dz (9% /0t)?. The simplest and most
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physical choice is

h o
T=— > %, (2.19)
4
rGhZ

where ’l/) = dip/dt. This is the kinetic energy of infinitely many identical point particles
moving in one dimension (the lattice picture), or equally, of a single particle moving
in an infinite dimensional Euclidean space (the configuration space picture). The
equations of motion are obtained from the Lagrangian L = T — V in the standard

way. After rearranging, one obtains

. 4—h? - 4+h%
WP = —gT cos P(singpy +sine_) — 4_;2 siny(costhy + cosp_), (2.20)

a second order differential-difference equation. No exact time-dependent solutions of
(2.20) are known. In particular, given the static kink solution, there is no Lorentz
or Galilei symmetry by means of which one can generate kink solutions in uniform
motion. (It is interesting to note, however, that with a different choice of T, one can
generate equations of motion which do have an exact travelling kink solution, at least
for one chosen velocity [20]. This velocity becomes, along with h, a parameter of the
model.) Nevertheless, we do have a continuous moduli space of static kink solutions,
so we can calculate a geodesic approximation to low speed kink dynamics. At higher

speeds we must perform numerical simulations.

2.3 A geodesic approximation

Just as in the continuum model, t.he kink moduli space in the TDSG system is the real
line parametrized by kink position b, M; = R, contrary to one’s naive expectation
of a lattice model, M; = Z. The.Bogomol’nyi argument shows that V attains its
topological minimum value on M;, which is thus a level valley bottom twisting through
the kink sector (J;. We obtain the geodesic approximation to low speed kink dynamics

by restricting ¥ to My by construction, but allowing its position on M; to vary with

39




time. The number of degrees of freedom is thus drastically cut, from infinity to
one. The potential is constant, so the dynamics is determined by the metric g,(b)
induced by the kinetic energy (the subscript is to emphasise the metric’s parametric
dependence on the lattice spacing). In contrast with the continuum model, we expect
the metric to depend periodically on b, but not be constant. This will introduce new
features into the slow motion of kinks.
Explicitly, let
| W(x,t) = 2tan™t e2@=00), (2.21)

Then V =1 V¢, and 9 = —absecha(z — b(t)), so

T = %gh(b)éz, (2.22)
where
a’h 9
gn(b) = 5 Z sech®a(z — b) (2.23)
:z'GhZ

is interpreted as a metricon M,. The reduced Lagrangian is Ly, = %gh(b)l.)2 —1, from
which the derived equation of motion is simply the geodesic equation for (M, g).
Note that gx(b) is periodic with period A, is even, has a local maximum at b = 0
and a local minimum at b = h/2. Graphs of gx(b) for various values of h are shown
in figure 2.3. One way to solve the geodesic equation is to transform b — B} to a

coordinate on M; with respect to which the metric is constant. In this case

b By := /Obda«’%};%, (2.24)

1 : ‘
Lyeo = Egh(O)B,f - 1. (2.25)

so that

If the initial data are b=0, b = v (implying B = 0, By = v) the solution is By = vt.
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Figure 2.3: The metric gn(b).

g(b)

To find the trajectory b(t), one inverts the transformation (2.24),

b(t) = B;'(vt). (2.26)

So, in this approximation, finding the moving kink solution is reduced to evaluat-
ing the function Bj(b) of equation (2.24). Note that this function is strictly increasing,

and that
Bh(b + nh) = Bh(b) + 'th(h) (2.27)

for all integers n owing to the periodicity of gx(b), so it suffices to know By over a
single period, b € [0,h]. The integral in (2.24) is easily evaluated numerically, and
one may then piot By, (b) = vt against b to obtain kink trajectories for different values
of h (see figure 2.4). The main feature is that the kink wobbles as it moves through
the lattice. This wobble is a dynamical effect: there is no potential (such as Peierls-
Nabarro) causing it. Thinking of g,(b) as a position dependent kink mass, the kink is
lightest between lattice sites (b € A(Z+ 1)) and heaviest on lattice sites (b € AZ), and
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Figure 2.4: The trajectory b(t) over one wobble period for A =1 and h = 1.8

consequently, for a given conserved kinetic energy (3ga(0)v?), fastest between sites
and slowest exactly on sites, when it moves with speed v. The time taken for the

kink to travel from z = 0 to z = h (the wobble period) is .

r=5 ’;fh) , (2.28)

and By(h)/h < 1, approaching the upper bound. in the continuum limit & — 0. So
the kink travels faster by a factor h/Bj(h) than would be naively suggested by the
initial velocity v. A graph of By(h)/h shows that discreteness effects are small for
h <1, but grow large as h approaches 2 (see figure 2.5).

The accuracy of the approximation has been tested numerically using a fully-
explicit fourth-order Runge-Kutta algorithm with fixed time-step 0.01. The initial
condition was a Galilean-boosted static kink profile with initial velocity 0.01 lattice
sites per unit time (v = 0.014). Simulations of duration 1000 time units were per-
formed for A = 1,1.2,1.4,1.6 and 1.8. In every case the kink moves freely, without

pinning, undergoing motion of the predicted periodicity. Furthermore, inspection of
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Figure 2.5: Effect of discreteness on the wobble period, the function Bj(h)/h.

the kink velocity over a single period reveals close agreement with b(t) calculated
from (2.26) (see figure 2.6), although for & = 1.2, numerical errors rather swamp the
very small theoretical wobble (note the scale on the velocity axis).
Collective-variable analyses of the Frenkel-Kontorova modelA (cf [19]) have intro-
duced the kink position as an extra variable, accompanied by a constraint. But since
the dynamics is much more complicated, all the degrees of freedom have to be kept
in order to obtain accurate results. A truncation to one degree of freedom, as in the

present case, does not work.

2.4 Fast-moving kinks

The geodesic approximation is expected to fail at high velocities. This is observed
in the simulations as a graduallonset of kink deceleration as the initial velocity is
increased. Failure occurs at lower velocities for coarser lattices—around v = 0.02 for
h = 1.8 compared with v = 0.15 for A = 1. The kink energy is dissipated in the

form of small amplitude oscillations (“radiation” or “phonons”) emitted in its wake,
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Figure 2.6: Kink velocity over a single wobble period.
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Figure 2.7: Radiation by a fast-moving kink.

propagating backwards (see figure 2.7).

The effect of this radiation on the kink velocity over a long time-scale can be seen in
figure 2.8. The data were produced by the above-mentioned Runge-Kutta algorithm,
run for 16000 time units with a time-step of 0.01. The initial configuration was a
static kink Galilean-boosted to speed v = 0.3, on a lattice of unit spacing (h = 1).
To cut reflexion of radiation from the fixed left-hand boundary, the first five lattice
sites were damped. After an initial velocity drop of 0.02 in 10 time units as the kink
assumes a more appropriate shape, it decelerates more slowly. The modulation of the
amplitude of velocity oscillations is due to the velocity sampling (once every 10 time
units) falling in and out of phase with the periodic wobble of the kink as it passes
lattice sites. '

The most interesting feature of figure 2.8 is the existence of a threshold velocity,

v &~ 0.16, below which deceleration, and hence radiation, is much reduced. Some
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Figure 2.8: Radiative kink deceleration.

understanding of this phenomenon may be gained by an analysis (motivated by [18])

of the linearized equation of motion,

. 4 —h? 4+ h? .
Y= (e ) - snz Y- (2.29)

From this one derives a dispersion relation for small-amplitude travelling waves,

namely,
w2___4+h2 4R

572 57 08 kh, (2.30)

where k is the wave-number. The angular frequency w ranges between 1 and 2/h, the
lower bound being responsible for the threshold velocity. As the kink travels along the
lattice, it hits lattice sites with frequency v/h sites per unit time. Provided v > h /2w,
the kink can excite radiation of the same frequency, that is w = 27v/h. However,
if v < h/27, then w < 1, and the lattice cannot support such radiation. The kink
can only excite higher harmonics, so the rate of energy dissipation is suddenly cut
and the kink velocity becomes “quasi-stable.” For h = 1, this threshold occurs at

v = 1/2r ~ 0.159, in good agreement with the numerical data (figure 2.8).
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We can use the dispersion relation (2.30) to find an upper bound on the group
velocity v, := dw/dk of radiation of the lattice. It is convenient to use rescaled

variables x := hk and  := hw/\/2 — h?/2, and to define the constant vy := (4 +
h?)/(4 — h?) > 1, so that the dispersion relation becomes

0% = 4 — cosk. (2.31)
Differentiation with respect to « (denoted by a prime) yields
20Q' = sin, (2.32)

and repeating gives

200" + 2(Q')? = cos &. (2.33)
At turning points of v,(k), (k) = 0, so

(V)2 = = cos k. (2.34)

N | —

Note that this equation holds only at turning points of ' « vy, so that extremizing

(2.34) to get .. = 1/2 is spurious. Returning to (2.32), we find that
sn2 .2 '
oSt stk -
({¥) 402 4(y —cosk) (2.35)

using (2.31). Thus, when « satisfies

d {_22“_} =0, | (2.36)

d_n_ ~ — COS K

) = 0 (and hence v, = 0) or " = 0 and v, is extremized. A little algebra gives three
sets of roots of (2.36):

1. sink =0 = ' =0from (2.32), =>v,=0
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2. cosk = %j_'—: > 1, false-roots

3. cosk =22 = (#0from (232), =0"=0.

Since 2 = 0 in the third case, we can use (2.34) to find (€)%, whence, taking the

rescalings into account, we find that

mar __ 1 __
g =1

(2.37)

S

v

In the continuum limit, v[*** — 1, the speed of light, while in the anticontinuum
limit v}**® — 0 suggesting that radiation cannot travel along the lattice at all. In
all the numerical simulations, the envelope of the radiative wake appeared to move
with precisely this maximum speed. For example, the simulation depicted in figure
2.7 was performed on a lattice with A = 1, and thus v]*** = 1/2. Close inspection
reveals that the wake travels 50 length units baci(wards at apparently constant speed

in 100 time units.

A theoretical understanding of the specific shape of the graph is more elusive. We
make the ad-hoc assumption (motivated by figure 7 of [18]) that the energy AE lost

by a kink in traversing a single lattice cell at speed v obeys an exponential law:
AFE = P79 (2.38)

where p and q are positive constants, properties of the lattice. We further assume

that the kinetic energy of the kink is
Ex = -cv (2.39)

where ¢ is approximiately constant provided & is not too large, as suggested by the re-

sults of section 3 (fig. 2). These two equations imply a first order differential equation
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for v(t), easily solved to give

v(t) = v(0) — Alog(Bt + 1), (2.40)
where
il
p
B = L0 (2.41)

The dashed curve in figure 2.8 is a fit of this formula to the numerical data, taking
A = 0.032,B = 0.004365,v(0) = 0.28. Estimating ¢ = 1.0986 by averaging the
function f(b) for h =1, one deduces that p = 31.3, and ¢ = 17.5. The fit is good for

velocities greater than the radiation threshold at v = 0.159.

2.5 Conclusion

By preserving the Bogomol’nyi argument, one can find a discretization of the sine-
Gordon model whose kink dynamics is significantly simpler than that of the Frenkel-
Kontorova model. The Peierls-Nabarro barrier is eliminated, and although the dy-
namics is dissipative, so moving kinks suffer radiative deceleration, kinks are never
pinned however slowly they travel. We conjecture that there are no nontrivial stable
static solutions with regular 'ﬁhite-energy boundary conditions beyond those satisfy-
ing the Bogomol'nyi equation (kinks and antikinks). This is a first order difference
equation whose solutions can be explicitly written down.

Several interesting questions remain. The existence of breathers (spatially local-
ized, time periodic solutions) is comparatively rare in continuum field theories, and
appears to be a property of integrable systems. This is not true of discrete systems:
Aubry and -MacKay [23] have proved the existence of breathers in a very wide class

of one dimensional lattice models, at least in a neighbourhood of the anti-continuum
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limit. The TDSG system does not fall inside this wide class due to its unconventional
difference operator D (Aubry and MacKay essentially assume A, as in the Frenkel-
Kontorova model). However the TDSG system does have the essential features needed
for the proof, in particular, a trivial breather in the anti-continuum limit (b — 2 in

this case). Substituting k = 2 into the field equation (2.20), one obtains
. 1. -
P = ~5 sin P(coshy + cos ). (2.42)

This supports a breather located at a single site, since a field of the form

B 0 z#0
P(z,t) = { 9t =0 (2.4_3)

satisfies (2.42) provided '
§ +sind =0, (2.44)

that is, ¥(t) satisfies the pendulum equation. One might therefore be able to extend
the proof of [23] to this case.

One should be able to generalize “topological” discretization to any continuum
model which has kinks. An example is the ¢* model, also popular in condensed

matter physics. The potential functional is

V = i/dx {(%)2 +(1- ¢2)2] , (2.45)

so the model has two degenerate vacua ¢ = %1, and a kink interpolating between

them. If we define

i _ ¢+ - QS h—0 ?ii)'
d = A¢= h o Oz
foi=1- %(qﬁi + 1o+ 6%) 51— g2, (2.46)
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then

1
df = —A (§¢3 - ¢) . (2.47)
The lattice potential energy is
V= Z— S (@ + )8y, (2.48)

a:EhZ

as in the TDSG system. The Bogomol'nyi argument for kink configurations (boundary

conditions limy_, 1., ¢ = *1) follows immediately:

0 < Ay gy
h 1,
NSNS
>V >

and V = & d=f. (2.49)

Wit o

Unfortunately there is no explicit solution of the Bogomol’nyi equation d = f (an
ansatz of ¢(z) = tanha(z — b) motivated by the continuum model does not work).
1t is therefore less easy to decide whether, as one might expect, the Peierls-Nabarro
barrier has been eliminated. Recall that in the TDSG system this conclusion was
reached when a continuous translation parameter was found in the kink solution.
The essential point is that there exists a solution of D = F satisfying kink boundary
conditions for each ¥(0) € (0, 7r), that is, with the zeroth lattice site taking any value
between the two vacua. The one-parameter curve in (); covered by the solution v as
¥(0) moves along the interval (0,7) may then be defined to be the kink translation
orbit. The analogous result can be shown to hold in the TD¢* system described above,
provided & < 1, using the boundedness and monotonicity properties of the iteration
é4+(¢) derived from d = f. That is, there exists a unique monotonic solution of

d = f satisfying limz— 10 ¢ = £1 for each ¢(0) € (—1,1). Given the absence of a
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Peierls-Nabarro barrier, one would expect that there are no stable static multikink
or kink-antikink solutions, but this is not certain. It is not clear whether there is any
connexion between 8V/d¢ = 0 and A(d? — f2) = 0; to answer this question requires
the factorization of a quartic polynomial in three variables.

Generalizing topological discretization to higher dimensions is rather more dif-
ficult. In one dimension, continuum models have important discrete features even
before discretization: the vacuum “manifold” and the boundary of space are both
discrete, and consequently the Bogomol’nyi argument is é,lready discrete. This is
not so in higher dimensions. For example, it seems impossible to formulate a lattice
O(3) sigma model with a saturable Bogomol’nyi bound. One must be~slightly less
ambitious, and aim to find a model with as nearly saturable a bound as possible [24].
This will hopefully minimize, but not completely eliminate the Peierls-Nabarro bar-
rier. The aim is to find lattice systems whose solitons closely mimic their continuum
counterparts even on very coarse lattices, thereby sé,ving considerable computational

cost in numerical sirnulations.

52




Chapter 3

Some quantum aspects of the

topological discrete sine-Gordon

system

3.1 Introduction — the kink Casimir enérgy

Classically, a topologically stable field configuration may be regarded as lying in a
potential well in an infinite dimensional configuration space. Two solutions in differ-
ent sectors are separated by an infinite potential barrier by virtue of the topology.
Quantum mechanically, a particle cannot sit at the bottom of a well: it always pos-
sesses a zero point energy dependent on the shape of the well bottom. The analogous
situation applies to fields also.

We wish to find the zero point energy associated with a kink configuration in the
discrete sine-Gordon system described in chapter 2. The calculation is performed in
the weak coupling approximation, by performing a Taylor expansion of the potential
about the kink configuration, truncating the expansion at quadratic order. We then
find the normal modes of the truncated system, reducing the problem to that of an

infinite set of decoupled harmonic oscillators. On quantization, each contributes a
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zero point energy. Summing over all oscillators gives an infinite total. -

If we similarly approximate the vacuum well-bottom we can derive the zero point
energy associated with the trivial vacuum. This is also infinite. The “physical”
quantity required is the energy difference between the kink and the vacuum, since
we can always define the vacuum energy to be zero. This quantity, analogous to
the Casimir energy of Quantum Electrodynamics [25], turns out to be finite and
less than the classical energy of the kink. Since the model possesses only discrete

“translation symmetry, the normal mode frequencies, and hence the Casimir energy
depend periodically on the kink position.

Calculation of the normal mode frequencies amounts to finding the eigenvalues
of an infinite-order, tridiagonal, symmetric matrix. In practice this is not possible
and the system must be truncated symmetrically about the kink centre, ignoring the
large |z| degrees of freedom. It is possible to show that the resulting quantum energy
correction must be negative, for any size of truncated system. The correction may be
calculated numerically. |

Since we propose a perturbative quantum calculation we must introduce an explicit
mass parameter m and a dimensionless coupling constant A into the model. It is also
convenient to change notation from ¥(z), z taking discrete values, to %;, the index j

taking all integer values. In this notation the Lagrangian is

3 . 4 LA 2,
L=~ 3 [?l),z ~ Y252 sin? 5 (ir1 = ¥5) - % sin” 5 (Yis1 + ¢j)] , (3.1)

J€

where h is the lattice spacing just as before. Taking the A — 0 limit one recovers the

standard sine-Gordon model:

oL (2 () _m
}lll_r'%Lzz‘/_ood:v [(W) —(—a—x—> ~ 5z i )\z/)}, (3.2)

where z = hj.

Let us briefly recapitulate the salient features of this TDSG system, using the new
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notation. The model has an infinite set of discrete potential minima,

where n € Z, and a static kink interpolating between neighbouring minima, which
may be derived using a Bogomol’'nyi argument. The energy of a static configuration

is just the potential V, and

0 < - Z ( sin (¢]+1 ¥;) — Zsins (¢J+1 + ¢J))2
= Vot g3 (008 s — cos )
SV > % - (3.4)
when kink boundary conditions are imposed. This (the Bogomol’'nyi) bound is satu-

rated if and only if

sin 3 (1 — ) = hmsin 3 (Y41 + ). (35)

The first order difference equation, (3.5), is called the Bogomol’nyi equation and,

remarkably, has an explicit kink solution:

2 2+ hm "/
Y= -/-\-tan'1 {(2 t hZ) J . (3.6)

The dimensionless parameter Am € (0,2) for sensible solutions. The arbitrary con-

stant b may take any real value — the kink energy is not position dependent. The
right hand side of (3.4) may be iﬁterpreted as the classical kink mass, M. Small veloc-
ity kink dynamics can then be approximated by geodesic motion of a point particle,

mass M, on the manifold generated by b translation, with a natural induced metric.
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3.2 The weak coupling approximation

We follow the method outlined in [12] adapted for the infinite lattice. We work in
natural units, effectively having absorbed a factor v/% into A so that, by the standard
argument, the weak coupling criterion A € 1 yields a semi-classical approximation.

The momentum conjugate to ¥; is

oL h

T = 6—1/)—1— = 57,/)] | (3.7)

Thus, the TDSG Hamiltonian is

e
H=3 7+V({) (3.8)
j
where
h 4 m?
= Z Z A2h2 sin’ ¢J+1 ¢J) + ~ sin® ("r/)j+1 + '(/)_7) (39)
3

Let % be a static configuration giving a local (in configuration space) minimum of

the potential, V' (y). We treat motion about this stable configuration in the small A

approximation by Taylor expansion of V:

Vi)=V(®) + — ZWGk — ;) (b — ) + -+ (3.10)

hk

where
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1 oV .
m 8'1/)j3¢k .

hm = = i
= — (5 {(h 7 [COS At — Pr-1) + cos A(Whrgr — ¢k)]

+ % [cos A(¢k + ¢k—1) + cos /\('/;Hl + 'J)")]}

+6; k-1 [—'(-};‘fn—); cos A($x — Pr-1) + % cos Ay + 1/~)k—1):|

+6jk+1 [—(—h‘i—)g cos A(r41 — Pr) + %COS Mesr + zﬁk)D . (3.11)

Note that W is a real, symmetric, tridiagonal matrix. Note also that the next term
in the expansion is

PV

5 3 0,00

1,7,k

and that the three derivatives with respect to ¢ introduce a factor of A3, leaving an
overall factor of A after cancelling the 1/A? of V(3). Thus, higher corrections are at
least of order A, which is why one can truncate the series in the small A limit.

Owing to the symmetry of the W matrix, there exists an orthogonal transforma-

tion R such that
Wit =3 RO Uim Rk (3.13)
Im

where U is a diagonal matrix. We may reduce the system to a sequence of decoupled

harmonic oscillators by transforming to the rotated coordinates (normal coordinates)

&= Ri(vhx — ¥x), (3.14)
k
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which have conjugate momenta

n; =D Rixm. (3.15)

k
Then,
h 5 1 2, hm o
B} (H - V(l/l)) = 5; (77]' + TQ]' j) ) (3.16)

where 2} are the eigenvalues of the W matrix, none of which can be negative since
% locally minimizes the potential.
We now quantize in standard canonical fashion, taking ¥ to be first the vacuum,

then the kink located at z = b. The vacuum ground state energy is

o _ _ M 0
B}y = \/Qh_mgjjnj. (3.17)
The kink, by virtue of the zero mode b of (3.6) lies not in a potential well, but
in a level-bottomed valley meandering through configuration space. One of the nor-
mal modes is locally tangential to the valley bottom and consequently has vanishing
corresponding eigenvalue (zero frequency). We shall treat this translation mode, b,
classically because in the weak coupling approximation it is much hea,vier than the
orthogonal modes (mass m/A\? compared with m).

While the translation érbit of the static kink (3.6) is an equipotential curve, neigh-
bouring orbits are not: the potential varies periodically along them. So the eigenvalues
of the W matrix ()% will be b dependent with period h. The ground state energy
of a kink at b is

B (b) = }’f_; + -—\/;:m gjjnf(b). C(3.18)

where the sum may be taken over all eigenvalues since the one we wish to omit is zero
anyway.

There is no reason to expect either Eff,(b) or Efy, to converge to a finite sum but
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one would expect finite Casimir energy

; m

8 = Ef\(’)}(b) —_ E‘?O} - < (319)

22

since the lattice spacing h has effectively cut off the ultra violet divergence problems
of the continuum model. We must still take care when manipulating the divergent
sums of (3.19) that they are suitably regulated before being combined. The method
of regulation is determined by practical considerations: we calculate E{’B}(b) and E‘{’O}
on a finite lattice, compute £ and then allow the lattice size to grow large. In practice
we must truncate the lattice to finite size anyway in order to solve the kink matrix

eigenvalue problem.

3.3 The eigenvalue problem

We now address the problem of finding the eigenvalues of the vacuum and kink W

matrices, W° and W¥. Let us first consider the vacuum matrix, obtained from (3.11)
by substituting ¥ = 0:

s hm 4 ' 2 1
S (D R (o AT

This is a very simple matrix. All the diagonal entries are equal, as are all the upper
and lower diagonal entries. Consequently, the spectrum of the truncated matrix of

order N is known exactly (see, for example, [26]):

Thm Thm (3:21)

o 4 +h*m? 4 — h*m? T
- NES)

j =1,2,...,N. In the N — oc limit this is strikingly similar to the dispersion
relation for phonons on the lattice (2.30) because the normal modes of oscillation

about the vacuum are phonons.
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The question of making sense of the N — oo limit of }°; 2} is irrelevant because
there is no hope of finding the exact spectrum of the kink W matrix, W¥. Substituting
(3.6) into (3.11) we obtain an explicit expression for W*(b). Since the kink is highly
localized (provided hm .is not too small), at large |j| the kink configuration rapidly
approaches neighbouring vacuum minima so that Wj(b) tend to W7}, away from the
matrix centre. The suggestion, then, is that we truncate the lattice, pinning all
the large |j| degrees of freedom, for which the kink and vacuum configurations are
essentially identical, to their classical values. The resulting finite problem may be
solved numerically.

One can prove that, whatever the order, N (an odd integer), of the symmetrically
truncated system (that is, truncated symmetrically about the lattice site j = 0), the

Casimir energy must be negative. The proof rests on the observation that, truncated

to order N = 2n + 1,

W*=W°'+B+C, (3.22)
where B is the symmetric, tridiagonal matrix,
[ _5.. b. 0 )
b—n _ﬂ—n+1 b—n+1
0 b—-n+1 _ﬂ—n+2
B = , (3.23)
—ﬂn—2 bn—l 0
bn—l _ﬂn-—l bn
\ 0 bn  —Bn
b, = hm (1 — cos A(h; + 1;1-_1)) + QhLm (1 — cos A(¥; — z/;j_l)) (3.24)
2 0,
Bi = bj+bin, (3.25)
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and C is the diagonal matrix with elements,
hm . ~ . -
C,'j = (5,‘1‘—4— [COS A(l/)]‘.*.l + 1/)]) + cos )\(Z,b] + ’t/)j_l) - 2] . (326)

Now, C manifestly has negative semi-definite eigenvalues, and B is a special case of a
class of matrices whose spectra are known to be negative semi-definite [27]. Regarding
B and C as perturbations to the matrix W°, we apply a corollary of the minimax

theorem [28]:

Theorem: If ©, T, T are symmetric N X N matrices with eigenvalues

0,,vs,7: (all sets arranged in non-increasing order), and
O=T+T,
then

arsvr'*")'l

forall P =1,2,...,N.

Thus the eigenvalues of W° + B are shifted down relative to those of W° (the
greatest eigenvalue of B is negative or zero), and similarly, the eigenvalues of W° +

B + C = W¥ are shifted down relative td those of W° + B. Hence,
o0 (b) <309, (3.27)
7 2

and, substituting into (3.19),
| £(b) <0, (3.28)

the quantum mechanical effect must be to lower the kink energy.

We have assufned, on physical grounds, that

En(b) = \/;%n_ > (o m) - o), (3.29)
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Figure 3.1: Convergence of the Casimir energy.

the Casimir energy of the order N truncated systeﬁl converges to a constant value
as N grows large. Numerical evidence for this is presented in figure 3.1, a graph of
N against Ex(0)/m for various values of hm. Convergence is very fast for large hAm
(the hm = 1.9 curve is essentially flat for N > 3) but much slower for small hm. Of
course, this happens because the more finely space is discretized, the more degrees of
freedom the kink structure is spread over. There is also a much smaller exacerbating
effect due to the hm dependence in the kink solution, (3.6) — large Am kinks are
sharper in “real” z space than small Am kinks. Note that, as proved above, the
Casimir energy is always negative and that its magnitude grows large for small hm as
we expect from consideration of the unrenormalized continuum model [29]. Although
b = 0 was chosen for these data, the rates of convergence are virtually independent
of be [-h/2,h/2).

The Casimir energy of suitably truncated systems is plotted as a function of kink
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Casimir energy, E(b)/m
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Figure 3.2: Position dependence of the Casimir energy.
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Figure 3.3: Sinusoidal fit to the Am = 1.8 Casimir energy.

position b in figure 3.2. It attains its maxima where the kink is located exactly on a
lattice site and its minima where the kink is halfway between two sites. For large hm
the resemblance to a sinusoidal curve is remarkable: figure 3.3 shows a sinusoidal fit
for hm = 1.8. The resemblence deteriorates as hm decreases because numerical er-
rors become relatively large as the Casimir energy barrier [£(0)—&£(h/2)]/m decreases
(figure 3.4). The Casimir energy is probably not truly sinusoidal, however, because
strong anharmonicity has been found to develop as hm approaches the anti-continuum
limit (hm — 2) very closely'. If one were to use £(b) in a phenomenological calcula-
tion, taking a truncated Fourier series would seem to be a convenient and justifiable
approximation.

It is the Casimir energy barrier (figure 3.4) which is physically most relevant

and which will directly affect classical kink dynamics. In the continuum limit full

T am grateful to Adrian Kent for pointing this out to me
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Figure 3.4: The effect of discreteness on the Casimir energy barrier.
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continuous translation symmetry is recovered, so the barrier should disappear, as is
i_ndicated by the plot. In fact, in common with other (classical kinetic) discreteness
veffects of the TDSG system, the barrier is very small for all Am < 1. If £(b)/m for
a given b/h is a strictly increasing function of hm € (0,2), as it appears to be, then
given that £(b) < 0,-the barrier should approach a finite value in the Am — 2 limit.

Numerical evidence suggests that it does and that this value is around 0.17.

3.4 Concluding remarks

We have seen that quantum fluctuations around the kink configuration spoil the level
kink valley bottom by introducing a Casimir energy which depends periodically on
the (classical) kink position. This energy has been computed numerically in the
weak coupling approximation and found to be approximately sinusoidal, maximum
when b = 0, £k, £2h,... and minimum when b = £h/2,4+3h/2, £54/2,..., the dif-
ference between these extrema being large for large Am but rapidly vanishing in the
continuum limit. It is superficially similar to the Peierls-Nabarro potential of the
Frenkel-Kontorova model [18], but is entirely different in origin, being a purely quan-
tum effect. Since the Casimir effect is a genuine physical phenomenon, experimentally
verified in the context of Quantum ,Electrodynamics, we are led to the conclusion that
classical kinks in this lattice model may be “pinned” by the quantum mechanics of

the orthogonal modes.
Finally, following a suggestion by Gibbons and Manton [30] we could attempt
to include the effect of variation of orthogonal mode frequencies on the quantized

geodesic approximation of kink motion by including the Casimir energy as an extra

potential term in the Hamiltonian:
= 1
where A is the covariant Laplacian on the submanifold of static kinks. Given the
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periodic nature of E, we would then expect band stfucture in the kink spectrum.
There are two objections to this. First, the kink kinetic terms are of order A? (due
to the large kink mass), while the potential was expanded only up to order A°, so
the perturbative expansion is not consistent. Second, picking out the —JA kinetic
term at order A? is also not consistent because there are several other kinetic terms at
this order neglected in equation (3.30). This may be seen by reéxpressing the kinetic

Hamiltonian of the full quantum field theory,

oo~ 1 9 :
T=-Y =, 3.31
%557 @30

=

(an infinite dimensional Laplacian) in terms of the kink translation mode b and the
orthogonal modes ¢;. The resulting formula is very messy, and includes order A? cross
terms with derivatives 9%/9¢;0b and 0%/9¢;0é, in addition to the terms included
in‘(3.30). The analogous expression in the continuum model [12] can be greatly
simplified by boosting to the kink’s rest frame, but this trick is not available to us
here. These considerations cast doubt on the suggested procedure, at least in this case.
.However, one should note that a naive expansion of the Hamiltonian in A may not
be the most physically relevant procedure when considering quantum kink dynamics.
For example, one could imagine making the demand that the kink’s “speed” (in an
appropriate quantum sense) be of order A°. Given the kink’s large mass in the weak
coupling approximation, one would then expect the kink kinetic term to dominate
the Hamiltonian. So the legitimacy of the suggested procedure remains an open and

somewhat controversial question.
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Chapter 4

The dynamics of a CP! lump on

the sphere

4.1 Introduction

Sigma models have long been popular objects of study among theoretical physicists.
They emerge as low energy effective theories of nuclear and particle physics and have
applications in condensed matter physics. They also provide a useful testing ground
for ideas whose eventual objectivg may concern more complicated theories. Probably
the most studied sigma model is the CP! model in (2+1) dimensions. In this case the
problem of soliton dynamics can only be attempted analytically using the geodesic
approximation. However, as we shall see, the model defined on flat space suffers from
singularities in this approximation which is thus ill-defined. So we are motivated to
consider the model defined on the two-sphere. Soliton dynamics in curved space is,
in any case, an interesting subject. |

The CP! model in flat space is a scalar field theory whose configuration space @
consists of finite energy maps from Euclidean R? to the complex projective space CP?,
the energy functional being constructed naturally from the Riemannian structures of

the base and target spaces (that is, the model is a pure sigma model in the broad
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sense). The requirement of finite energy imposes a boundary condition at spatial
infinity, that the field approaches the same constant value, independent of direction
in R?, so that the field may be regarded as a fnap from the one point compactification
R? U {oo} = §2 to CP! . Since CP' & §? also, finite energy configurations are
effectively maps S? — S2, the homotopy theory of which is well understood, and
the configuration space is seen to consist of disconnnected sectors @, labelled by an

integer n, the “topological charge” (degree),

Q= U @ - @
’ 'nEZ

Each configuration is trapped within its own sector because time evolution is contin-
uous. | |

The Lorentz invariant, time-dependent model is not integrable but complete solu-
tion of the static problem has been achieved by means of a Bogomol’nyi argument and
the general charge n moduli space, the space of charge-n static solutions M,, C @y, is
known (that all static, finite energy solutions of the CP' model saturate the Bogo-
mol’nyi bound is a non-trivial result [31]). Each static solution within the charge-n
sector has the same energy (minimum within that sector and proportioqa.l to n), and
M,, is parametrized by 4n + 2 parameters (the moduli), so such a moduli space may
be thought of as the (4n+ 2)-dimensional level bottom of a potential vﬁlley defined on
the infinite dimensional charge-n sector, @,,. Low energy dynamics may be approx-
imated by motion restricted to this valley bottom, a manifold embedded in the full
configuration space, and thus inheriting from it a non-trivial metric induced by the ki-
netic energy functional. The approximate dynamic problem is reduced to the geodesic
problem with this metric, and has been investigated by several authors [32, 33]. In the
unit-charge sector one here encounters a difficulty: certain components of the metric
are singular and the approximation is ill defined. For example, unit-charge static

solutions are localized lumps of energy with arbitrary spatial scale, so one of the six
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moduli of M; is A scale parameter. Motion which changes this parameter is impeded
by infinite inertia in the geodesic approximation, a result in conflict with numerical
evidence which suggests that lumps collapse under scaling perturbation [34].

This problem should not-be present in the model defined on a compact two di-
mensional physical space. The obvious choice is the 2-sphere because the homotopic
partition of the configuration space carries throﬁgh unchanged. Also, S? wif.h the
standard metric is conformally equivalent to Euclidean R?U {oo}, and the static CP*
model energy functional is éonformally invariant, so the whole flat space static anal-
ysis is still valid and all the moduli spaces are known. However, the kinetic energy
functional does change and induces a new, well defined metric on the unit-charge
moduli space. By means of the isometry group derived {rom the spatial and internal
symmetries of the full field theory we can place restrictions on the possible structure
of this metric, greatly simplifying its evaluation. The' geodesic problém is still too
complicated to be solved analytically in general, but by identifying totally geodesic
submanifolds, it is possible to obtain the qualitative features of a number of interest-
ing solutions. In particular, the possibilities for lumps travelling around the sphere

are found to be unexpectedly varied.

4.2 The CP! model on 5?2

The CP* model on the 2-sphere is defined by the Lagrangian

w)= [ ds VoW . (4.2)

s (L+[W[?)?

where W is a complex valued field, dS is the invariant S? measure and 7" are the

components of the inverse of the Lorentzian metric

n = dt* — d*Q (4.3)
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on R(time)xS?(space), d2§) being the natural metric on S%. Although the langua.ée
of the CP! model is analytically convenient, the homotopic classification and physical
meaning of the field configurations are more easily visualized if we expléit fhe well
known equivalence to the O(3) sigma model [35, 36]. In the latter, the scalar field is
a three dimensional isovector ¢ constrained to have unit length with respect to the
Euclidean R® norm (¢ - ¢ = 1), that is, the target space is the 2-sphere of unit radius

with its natural metric, which we will denote S? for clarity. (The suffix refers to

“isospace” in analogy with the internal space of nuclear physics models.) The CP!
field W is then thought of as the stereographic image of ¢ in the equatorial plane,

projected from the North pole, (0,0,1). Explicitly,

_(W+W W-W W1
¢= (1 TR W) 1 |W|2> (44)
and | '
i tidy
W= (4.5)
Then
LW)= Lel6) = [, 4500+ 260" (46)

the familiar O(3) sigma model Lagrangian. A W configuration, then, may be visual-
ized as a distribution of unit length arrows over the surface of the physical 2-sphere
Sfp. Each smooth map S2—S52 falls into one of a discrete infinity of disjoint homo-
topy classes, each class associated with a unique integer which may be thought of as
the topological degree of the map (sée, for example [9]), so homotopic partition of the

configuration space is built in to the model from the start.

We also choose stereographic coordinates (z,y) on S2, in terms of which
g ? y 3p ?

: ~1 -1
(7u) = diag (1, T 03 7'2)2) (4.7)

where r = 22+ 52, (z,y) takes all values in R? and 2% = ¢, 2! = z, 2> = y. The
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radius of S2 has been normalized to unity. The invariant measure is,

dx dy

" dS = dudy \/[det(n)] = e (4.8)
and so,
W]=/d:rdy ! 22( |Wl222—6W2—>—2). (4.9)
AT wEE \Tirer |oz| | oy
We identify kinetic energy, |
W= | G 10

and potential energy

1 2 2
VW] =/dxdy TR ( al ,3y ) (4.11)

Note that the potential energy is identical to that for flat space by virtue of the
conformal invariance of the static model (stereographic projection is a conformal
transformation). Thus the familiar Bogomol’'nyi argument [12] follows immediately

and (¢, 7, k run over 1,2 and X represents the R® vector product in ¢ space):
) p p

0 < / dzdy (0i¢p £ €;j¢p X 0;¢) - (0ip £ €irp X Orp)
= 9 / dz dy [0:p - i F €ii(0ih x B;h) - @],
3/ dz dy 8¢ - Bicp |

= VW] ‘
’/ dz' dy (é@ x ?-‘é) ¢‘ = 2r|n], (4.12)

v

where W is in the degree n homotopy class, equality holding if and only if

0ip = Fei;¢ X 9;¢, (4.13)
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which, on substitution of (4.4) becomes the Cauchy-Riemann condition for W to be
an analytic function of z = z + ¢y (upper sign) or z = z — 1y (lower sign). The former
(latter) case corresponds to static solutions of positive (negative) degree, and if W is
single valued with finite degree n, then it must be a rational map of degree n in z if
n 2> 0orin z if n < 0. We shall deal with the unit charge moduli space, consisting of
all rational maps of degree 1 in z. Since the configuration space and moduli spaces
of the flat space and spherical space models are diffeomorphic, we shall use the same

notation (@, Qn,Mn etc.) in both cases.

4.3 The unit-charge moduli space

The simplest static unit-charge solution is
’ W(z) =2z : (4.14)

which we shall call the symmetric hedgehog because its ¢ field points radially out-
wards at all points on S2.. Its energy density is uniformly distributed, so it is not
really a lump. Since the static model is conformally invariant, any configuration ob-
tained from this by a Mdbius transformation must be another point on the moduli
space. In fact the orbit of W = 2 under the Mébius group s the space of degree 1
rational maps, each map being generated by one and only one group element. Thus
we may identify the moduli space with-the parameter space of the Mobius group.
There is a well known matrix representation of Mdbius transformations {37] which

we denote thus:

az+b a b
W(z) o g ®.z Oz (4.15)

where M € GL(2,C) so.that det M # 0. The last condition ensures the invertibilty
of the transformation and fixes the degree of W at 1. The Mdbius group product
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becomes matrix multiplication,
M, © (M0 z2)=(MM;) O 2 (4.16)

where the left hand side means

a(M; ©2)+ by
co(M; ©2) +d;

M,® (M ®2) = (4.17)

in obvious notation. All matrices differing by a constant factor yield the same config-
uration, and det M # 0 so when we divide by this scaling equivalence we can choose
a unimodular matrix as the representative for each equivalence cldss. There are two
such matrices possible for each distinct configuration because in M 1is unimodular, so
is —M. Thus SL(2,C) is a double cover of the moduli space, which we recover by
dividing out the equivalence M’ ~ M & M’ = £ M: the moduli space is SL(2,C)/Z,.

Coincidentally, SL(2, C) is also a double cover of the proper orthochronous Lorentz
group. The statement that any Lorentz transformation may be formed by a unique
composition of a boost then a rotation (or vice versa) translates to the existence, for
all M € SL(2,C), of U € SU(2) and H, a positive definite, unimodular, Hermitian
2 x 2 matrix (call this set H), satisfying

M=UH (4.18)

both U and H being unique [38]. It follows that the space SL(2,C) is locally a
product of S® (the group manifold of SU(2)) and R® (the parameter space of H), a

result which generalizes globally, SL(2,C) = §° x _Ra.
We may choose local coordinates on SL(2,C) by defining the standard Euler
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angles (a,8,7) on 52,

~ cos 2eiB+1)/2 sin 2eiE-/2

U= (4.19)

—sin Se7HF-N/2 cos 2e~HA+)/2

and expanding H in terms of Pauli matrices T,

A+ A3 )\1—‘i)\2) (4.20)

H=Al+A 7=
A+t A—A5

A(X) being chosen to ensure the unimodular and postive definite properties:
A=+V1+ X (4.21)

The 3-vector A (modulus |A| = )) takes all values in R?, while 8 € [0,47), v € [0, 2]
and « € [0, 7]. These ranges allow M to take all values in the double cover SL(2,C).
In analyzing the structure of the metric, it is convenient to work with SL(2,C),
checking that the metric is single valued under the identification of M with —M.
The true moduli space SL(2,C)/Z, is charted by the same coordinates but with
lying in the reduced range [0, 27], for U is then restricted to the “upper half” of S3.
The chart has a coordinate singularity at a = 0 and at @ = . The explicit connexion

between a point in M; and the corresponding static solution will be made in section

4.5, below.

4.4 The induced metric and its isometry group

Field dynamics of the CP! model may be visualized as the dynamics of a point par-
ticle with “position” W : $2 — S2 moving in an infinite-dimensional configuration

space. A solution W(t,z,y) of the field equations is thought of as a trajectory in this
‘space, motion on which is determined by metric T[W] and potential V{W]. In the

75




unit-charge sector, the Bogomol’nyi argument shows that there is a six-dimensional
subspace on which the potential achieves its topological minimum value of 27, and
that any perturbation departing from this subspace must involve increasing V. If a
configuration sitting at the bottom of this potential valley is given a small velocity
tangential to it then we expect the ensuing time-evolved field to stay close to the val-
ley bottom, for departure from it entails climbing up the valley walls. In the geodesic
approximation [10] we restrict motion to the valley bottom, assuming that orthogonal
modes are insignificant. ‘

. Thus, at all times W (t,z,y) is a solution of the static model, but we allow the
moduli {X,a, 3,7}, denoted collectively by {g' : ¢ = 1...6}, to vary with time in

accordance with the inherited action principle. So,

V= %q‘, (4.22)

dg*
and the Lagrangian is

dedy OWOW .,

L=T-V=| Gy o ag it (4.23)
Defining the induced metric,
, Py dzdy OWOW . . .
9(q) = gi;(q) dg’dq’ = 2 / T+ ) 0 9 dq* dg’ (4.24)

and ignoring the irrelevant constant, the Lagrangian is recast as that of a free particle

moving on a Riemannian manifold with metric g:

s 1 vid
L = 59:i(9)¢'¢- _ (4.25)

The equations of motion are the geodesic equations. In principle all we need do is
evaluate the integrals of (4.24), but these are 21 functions of 6 variables so as it stands

this is intractable in practice. It is profitable to take a more circumspect approach,

76



using symmetries of the model to place restric.tiops on the structure of g.

Consider the rotation group SO(3) acting on 52 and S2,. The former is the group
- of spatial rotations (under which W, or equivalently ¢, transforms as a scalar) while
the latter is the group of global internal rotations (henceforth called “isorotations”)
of the ¢ field of which W is the stereographic image. Any such transformation T
leaves invariant (a) the topological charge, so T is a bijection 7 : Q,, — @, (b) the
potential energy, so within @), static solutions are mapped to other static solutions,
T : M, — M,, and (c) the kinetic energy, which induces the fnetric on M,,. Hence
7 is an isometry of (M;,g). The SU(2) subgroup of the Mobius group’s double
cover, SL(2,C), acting via the operation ® defined by equation (4.15) is the double
cover of the group of rotations of the 2-sphere [37] considered a,s‘operations on the
projective plane (spatial or internal, ie acting on z = z +iy or W). Thus we find that

(L,R € SU(2), M € SL(2,C)),

M LM = W(z)— Lo (W(2)) (4.26)

produces an isorotation of the. configuration W(z) = M @ z, while
M- MR=W(z)» W(RO=2) , (4.27)

produces a spatial rotation, both isometries of the induced metric.

The action of the isorotation on the moduli space is simple:

M=UH — LUH (4.28)
U - LU
H — H.

The isometry takes the SU(2) left multiplication action on $3/Z, while leaving the

R? moduli A unchanged. Using a technique standard in the analysis of isometries in
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general relativity [39], we change from the coordinate basis on S3/Z,, {da,dB,dv}, to
a non-coordinate basis, in this case the left-invariant 1-forms of the Lie group SU(2).
These may be found by expanding the left-invariant 1-form U~'dU in terms of a

convenient basis of the Lie algebra su(2), for example i7/2. Explicitly,
U'dU = o - (%T) (4.29)
where

01 = —sinvyda+ cosvysinadf (4.30)
oy = cos*yda + sinysinadf

" o3 = cosadf+dy.

If we evaluate the metric at one particular point on $3/Z,, for all possible X € R?, we
can obtain the metric at all other points on $*/Z; because S®/Z, is the isorotation
orbit of our base point, and isorotation is an isometry, so the metric must remain
constant (for each A) over the entire orbit. “Constant” means unchanging when
considered as a geomet‘ric object, not that the components with respect to the original

coordinate basis are constant, because the basis vectors themselves transform non-

trivially. The basis of (4.30) is invariant however, so the metric must be of the form
9 = pab(A)0a0s + Vab(A)0ads + Tas(A)dAad)s, (4.31)

where a,b=1,2,3 and each of the component functions is independent of (a, 8,7).

Let us now consider the spatial rotations:

M=UH -~ MR=URR'HR (4.32)
=U — UR
H — R'HRcH.
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The latter in terms of coordinates is
H=V1+XI+XA -7 V1+A0+R{(A-T)R. (4.33)

The action of conjugation of the Hermitian, traceless matrix A-7 by a unitary matrix

R is well known [40] - it is equivalent to a SO(3) rotation of A:

RA-T)R=(RA)-T (4.34)

where R € SO(3) with components R, = %tr(%aRT'rbR). The action on the left-

invariant 1-forms o is similar. Under U — UR,

U™'dU ~ RNU'dU)R (4.35)
L 'Rl o- PR = LHRe -
= 20- T - 2R (o-7T)R Q(RO' T)

=0 — Ro

where R is the same SO(3) matrix defined above. Thus both A and o transform as
3-vectors under spatial rotations and as scalars under isorotations.
The metric must be invariant under spatial rotations also, so the task is to con-

struct from A, dA and o the most general possible (0,2) tensor which is scalar under

these rotations. This is

g = Adx-dX+BA-dA\)?+Co -0+ DA-a)? (4.36)
YEo-dA+ F(A-dA)(A-0)+ G x o) - dA

A—G being 7 unknown functions of A = |A| only.
The metric may be restricted still further on consideration of a discrete isometry.
The kinetic energy is invariant under the discrete “parity” transformations P, : z — z

and Py : W — W. However, neither is an isometry of the moduli space because
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each reverses the sign of the topological charge, mapping lumps to anti-lumps. The

composite transformation Py o P, is an isometry. Using the configuration of (4.15),

p, aZ+5b Pw 62+E —
— =

W= Zrd ™ ayd - Mo=

In terms of the moduli, M — M is the transformation,

o = (01,02,03) g (_'0'170.27—03)

= (’\17 A27 ’\3) — (Al, _)‘2a /\3)
This isometry removes two of the terms in (4.36) because under it,
o-d\— —0o-d],

and

(A-dA)A-0)—~ —(A-dA)(A- )

so that E(A) = F()) =0.

(4.37)

(4.38)

(4.39)

(4.40)

The remaining five functions of A are evaluated by choosing convenient orientations

for A, positions on $%/Z, and tangent vectors (velocities), then calculating the kinetic

energy and comparing with (4.36). Repeating this four times it is possible to extract

the following (see figure 4.1):

A = 471'52()()
47 4
B = V[WSl(X)_S;)(X)]
Cc = g—%sl(x)
T 1
D= %les00-3
G = A
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A

Figure 4.1: The metric functions A, B,C and D.

where,

oL YIEX 4
X() - ’1+A2—'/\
2

(4.42)

S1(x) Q(XQX—_l)g [(* + 1) log x* — 2x* + 2]
S2(x) = (—x%l_)“’ [x4—2x210gx2—1]-

Note that x is a strictly increasing function of A, and that x : [0,00) — [1,00).
There appear to be divergences of the functions A—D at A = 0, but these are in fact
removable singularities, so all the limits of vanishing A exist. Although B and D are
negative it is straightforward to show that this metric is positive definite, as of course

it must be. In summary then, the metric is

g=AdA-dA+B(A-dA\)’+Co-0+DA-a)* + AXA x ) -dA. (4.43)
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4.5 Some totally geodesic submanifolds

Before discussing geodesics of the metric (4.43) we must describe the connexion be-
tween a point on the moduli space (5%/Z;) x R® and its corresponding field configura-
tion. Consider first the 3-dimensional submanifold defined by U = I, parametrized by
A € R®. Any point in this subspace may be written as A = RA’ where X’ = (0,0, A),
A > 0and R € SO(3). The lump represented by A’ is

W(z)=A -T)0z= (—\/—i—%:\\z—i_;) z = x(A)=. (4.44)

This is a distorted hedgehog with the arrows pulled towards the North pole. The
larger A is, so the larger x is and the greater is the distortion. Although it is usual to
define the position of a lump as the position of maximum energy density, we shall refer
to this as a lump of sharpness A located at X = (0,0,1), the antipodal point to the
energy density peak which occurs where the arrows are stretched apart. Obviously the
motion of any point is trivially mirrored by its antipodal image, so this terminology

makes sense. The lump represented by A is

W(z) = (RN -1)0z=[R'(N-T)Rl®2 (4.45)
= [R'(N-7)0(RO2) =R 0 [W (RO 2).

This configuration is formed by first performing a spatial rotation — taking the ¢
arrow at the old pbint z and placing it at the new point R ® z without changing
its orientation — then performing the inverse isorotation. The result looks like the
arrows have been fixed to 52 which has then been rotated by R which, as defined,
has the action on S? equivalent to Rf, not R, acting on CP! via ®. That is, if we
define P to be stereographic projection, P : $2 —CP! so that P : ¢ +— W, then
P:R¢ — Rt ©W. So the lump at the North pole is shifted to X = RX.

All other points on the moduli space are on the isorotation orbit of this subman-
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ifold, and isorotation, while changing the internal orientation of the lump, does not
move the lump around on physical space. Thus we can always interpret X as the
lump’s position, and A as parametrizing its sharpness. The symmetric hedgehog has
A = 0, and large A lumps have taller, narrower energy density peaks than small A
lumps.

One way of attacking the geodesic problem is to reduce its dimension by iden-
tifying totally geodesic submanifolds, that is, choosing initial value problems whose
solution is simplified by some symmetry. The easiest method for identifying such
submanifolds is to find fixed point sets of discrete groups of isometries. Any isometry
maps geodesics to geodesics, so if there were a geodesic starting off in tﬁe fixed point

set of the isometry and subsequently deviating from it, this would be mapped under

the isometry to another geodesic, identical to the first throughout its length in the
fixed point set, but deviating from the set in a different direction. This violates the
uniqueness of solutions of ordinary differential equations, so no such geodesic may
exist. If the initial data are a point on the fixed point set and a velocity tangential
to it, then the geodesic must remain on the fixed point set for all subsequent time.

Examining (4.43) we see that A - —Aisan isometry. Its fixed point set is $3/Z,,

the isorotation orbit of the symmetric hedgehog, on which the metric is

(4.46)

)

It
=
)
Q

The kinetic energy is the rotational energy of a totally symmetric rigid body, moment
of inertia 7/6. The solutions are just isorotations of the symmetric hedgehog at
constant frequency about some fixed axis. In this case isorotation is equivalent to
spatial rotation because A=0=> H =1

A less trivial geodesic submanifold is the fixed point set of the parity transforma-
tion described above, M — M. This is a 3-dimensional manifold, the product of the
plane A; = 0 in R? with the circle {a € [0,7],8=7 =0} U {a € [0,7],8=v =7}

in §3/Z;,. The circle is more conveniently parametrized if we temporarily allow o the
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domain [0,27], for it is then {a € [0,27],8 = v = 0}. This space contains lumps
of arbitrary sharpness located on a great circle through the poles. of S2, each lump
having an internal phase, so certain of its geodesics may be candidates for “travelling

lumps.” Introducing spherical polar coordinates for A,
A = A(sin 6 cos ¢, sin @ sin ¢, cos §), (4.47)

the plane A, = 0 is parametrized by (A, ) where 8 € [0,27], again gluing two semi-
circles together and extending the domain of § to cover the whole circle in one go.

The metric on this geodesic submanifold is
g=(A+ANB)d\? + N2 Ad0® + Cdo* — N2 Adb da. (4.48)

So the kinetic energy is

— 1 2 12 pgc pa(Poz +P0)
T=5|(A+XBIWH 3e —veajsy ¥ C- xean (4.49)

where we have used the cyclicity of 8 and a to eliminate § and & in favour of their

constant, canonically conjugate momenta,

pp = AA (0 - 50:) (4.50)
Pa = C’d——%X"AG’.
Note that constant pg (po) does not imply constant 6 (c:), nor does py = 0 (pa = 0)
imply § = 0 (& = 0). |
This system can be visualized as a point particle of position dependent mass

(A+ A\*B) moving in a potential. It is the form of the potential which determines the
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0.3
0

~ Figure 4.2: The potential functions Vp()) and V,(2A).

broad qualitative features of its behaviour:
V() = pVe(A) + Pa(Pa + Po)Va(A). (4.51)

As can be seen from figure 4.2 while Vy()) is monotonically decreasing, V,(A) is
monotonically increasing. This allows the possibility of potential minima where the
forces —p3V;()) outwards (in the sense of increasing A) and p, (po + ps) V. (A) inwards
are in stable equilibrium. It certainly is not possible if p,(ps + ps) < 0, for then
V(A) as a whole is monotonically decreasing. This region in the (p,,ps) plane is
shown shaded in figure 4.3. Whatever the initial conditions on X, the lump always
moves towards infinite A without passing through A = 0 (which would correspond
to the lump swapping hemispheres), reaching the singularity A = oo, an infinitely
tall, sharp spike, in finite time. Thus (My, g) is geodesically incomplete. This result
follows from the rapid vanishing of the inertia to sharpening, A + A?B, in the large A
limit (see figure 4.4). For example, consider the simple case p, = pg = 0 and let A(0)
and /\(0) be strictly positive. It is easily seen that ¢, the time taken to reach the
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Pa

Figure 4.3: The (pa,po) plane. The instability region is shaded and includes boundaries.

singular spike is proportional to the following integral:

oo A :) dr /A + N B(). (4.52)

The integrand is finite over the integration range (even if A(0) = 0), so if t, diverges
it can only be due to the large A behaviour. But the integrand vanishes like (log A)/\?
at large A, fast enough to ensure convergence. The inclusion of repulsive potentials
can only make mattérs.worse, so this singular behaviour extends to the rest of the
shaded area.

In the unshaded region, one can define the positive constant k = p3/ (pg + Paps)

such that A
| V(A) = pa(pa + po) (£Ve(A) + Va(A)) . (4.53)

Then the forms of the functions —V; and V!, (see figure 4.5) suggest that for each A,

there is one (and only one) value of & (call it &) for which ¥ has a minimum at A.
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A+A’B

o 1 ’ 2 3 4 5
A

Figure 4.4: The inertia to sharpening, A + \*B.
The equilibrium condition is V() = 0, so

Va(A)

= -355

(4.54)
Inverting the definition of x we find that there are two distinct values of p,/ps for
each &. If po/ps takes one of these and A(0) = 0 then A will not subsequently change
and hence & and 6 will also remain constant, allowing the lump to travel around a

great circleon S? with constant speed and shape while undergoing constant frequency

isorotation. The two values are

(V) = —%i‘/43+—§(17). (4.55)

Substituting (4.50) we can find the corresponding pair of stable ratios é/# as functions

of A,
_ AAQ) @2ue(M) +1)
Wy

T 2C(\) + NAN)we (V) (4.5)

(see figure 4.6). Thus, for any lump sharpness A and travel speed 0 there are two
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.| shrinking force

1.2¢

0.8F
0.6
spreading force

0.4

0.2F

Figure 4.5: The outward (shrinking) force, —Vj(A) and the inward (spreading) force,
V! (A). The vertical scales of the two curves are different. :

possible isorotation frequencies & which allow stable, uniform travel and these two
stability “branches” never coincide. It is interesting to note that limy_e wy4(A) =1
meaning that very tall, sharp lumps can travel uniformly with & = 6. Motion with
constant A and & = 4 is simply constant speed spatial rotation carrying the lump
around a great circle. So when the extent of the lump’s structure is negligible relative
to the radius of curvature of S2, it can travel in analogous fashion to a flat-space
CP! lump [32].

Since K(A) takes all positive values, whatever value x takes there is an equilibrium
A. If A(0) is near this value, then (assuming |A(0)] is not too large) the shape of the
lump will osciliate periodically about the preferred sharpness, and its speed of travel
round the sphere will vary with the same period. If |)\(0)| is too large, or the lump
is initially much too spread out for its «, then it will escape to the singular spike in
finite time.

Let us examine the concrete example ps = p,. Figure 4.7 shows the potential

V with its minimum and the lump travel speed § as functions of . We imagine a
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Figure 4.6: The stable frequency ratios, ¢/ = wx()). The upper curve w_()) tends to
infinity at large A. -
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Po case: potential V and speed 6.

Figure 4.7: The pg
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particle of position dependent mass moving in this potential and for simplicity take
A(0) = 0. Clearly, if we release the particle with A(0) < A4 ~ 0.626, it will move off to
infinity, the last case mentioned above. But if A(0) > A4, oscillatory motion ensues.
Even here there are two qualitatively different cases, because () has an absolute
minimum at A¢ & 2.096, a turning point which is only reached if A(0) < Ag ~ 0.789
(or A(0) > A¢). If Ag < A(0) < A¢ then the speed of travel oscillates in simple phase
with the lump sharpness, going from fast, spread-out lump to slow, sharp lump and
back again. But if Ay < A(0) < Ag or A(0) >A Ac the speed undergoes an extra wobble
during the middle of the sharpness cycle, speeding up then sldwing down again as it
passes through its maximum sharpness. This case corresponds to lumps whose shape

oscillates more acutely.

Other interesting geodesic submanifolds are generated by computing the fixed
point sets Xq of the isometries M — (ir,)IM(in), simultaneous isorotation and

spatial rotation by 7 about the a and b axes respéctively:

U - (iTa)fU(in),
H — (in)TH(i'rb)

Ae c=Db
=> A , (4.57)
X ¢#b

Thus if ¢ € Yes A must point along the b-axis. On Y, U = exp(i3h7/2) where
Y € [0,2l7r], whereas if ¢ = b4 1 mod 3 then U = exp(tint./4) exp(iz/zré,/?) where
¢ =bF1 mod 3. It follows that o alAso points along the b-axis, independent of a. The
a # b submanifolds are the images of £ under +/2 isorotations about the three
axes, so it suffices to solve the geodesic problem on X, - geodesics on ¥,a # b,
are then obtained by acting with thé appropriate isometry. The choice of b doesn’t
matter,' and we Chbose to study the cylinder X33 & S! x R consisting of lumps of
every sharpness located at the North (South) pole if A3 > 0 (A3 < 0), arbitrarily
rotated about the North-South axis. Note that [U, H] = 0 on X33 so “isorotated” and
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Figure 4.8: Potential, Vy(X3).

“spatially rotated” mean the same thing in this case.

The kinetic energy on X33 is

1 . p?
T=-|(A+XNB)\2 4+ —% )
g (AT XB C+ D (4.58)

~ where once again py is the momentum conjugate to 1,
ps = (C +MD)9, (4.59)

and is constant by virtue of the cyclicity of ¥. This looks like a particle in one

dimension moving in a potential

2
2 — Py — l 7
PyVy = 3C 1 XD 5Pu¥ | (4.60)

with postion dependent mass. From the potential (figure 4.8) we see that all motion
is oscillatory and that Az periodi;:ally changes sign. Thus a lump set spinning about

its own axis will spread out, its rotation slowing, until it is uniformly spread over
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s=p

Figure 4.9: A sketch of the geodesic submanifold £33 embedded as a surface of revolution
in R%.

the sphere, whereupon it will shrink to its mirror image in the opposite hemisphere,
regaining its original spin speed as it does so. The process then reverses and the lump
“bounces” between antipodal points indefinitely.

Defining the new coordinate

s0a) = [ dpJAGR) + 12 B(w) (4.61)

which takes values in a finite open interval (—p, p) symmetric about s = 0, the metric

on Y33 becomes

g = ds* + H*(s)dy? (4.62)

where H? (s(X3)) = C(A3) + A3D()3). Since |dH/ds| < 1 Vs, the manifold may

be embedded as a surface of revolution in R® and geodesics on it can be visualized
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directly. Figure 4.9 is a sketch of the embedded surface, which is of finite length
and sausage-shaped with its ends pinched to infinitely sharp spikes, the tips of which
are the points A3 = oo and so are missing. The coordinates (s,1) are geodesic
orthogonal coordinates: a curve of constant % is a geodesic along the length of the
cylinder, lying in a plane containing the cylinder’s axis, parametrized by arc length
s, while a curve of constant s is a circle of radius H(s), lying in a plane orthogonal
to the cylinder’s axis. Two such curves always intersect at right a.nglés.

The spinning geodesics described above wind around the cylinder, never reaching
the ends (this would violate conservation of “angular momentum”) but winding back
and forth between two circles s = +p, p < p which they touch tangentially. The
angle ¢ at which the geodesic intersects the circle s = 0 determines p. When ¢ = 0
the geodesic stays on the circle, 5 = 0 (a spinning symmetric hedgehog) and p(y)
monotonically increases, tending to the supremum.p as ¢ tends to 7/2 (¢ = 7/2 is
an irrotational geodesic between antipodal singular spikes). Note that the geodesic
incompleteness already mentioned appears again, this time characterized by the finite

length of the cylinder and the missing points s = +p (A3 = Lo0).

4.6 Concluding remarks

The behaviour of isolated topological solitons in flat space is generally rather trivial,
whereas, as we have seen, despite the homogeneity of S?, the motion of a single lump
on the sphere is surprisingly complicated. It does travel on great circles, but while
doing so its shape may oscillate in phase with its speed, whose periodic variation is
of one of two types depending on the violence of the shape oscillations, or it may
collapse to an infinitely tall, thin spike in finite time. A lump sent spinning about its
own axis spreads out then re-forms in the opposite hemisphere, endlessly commuting

between antipodal points.

The infinities in the unit-charge metric in flat space can be attributed to the
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lumps’ polynomial tail-off: the kinetic energy needed to rigidly spin or scale-deform a
lump diverges because such motions involve changing the field at spatial infinity. The
CP?! model on any compact space should be free of this problem because the kinetic
energy, being an integral over a space of finite volume, must be finite provided the
kinetic energy density is non-singular. Conversely, one would expect the singularity
to persist in the model defined on hyperbolic space.

The flat-space CP! model can be made more “physical” by adding a (2 + 1)-
dimensional version of the Skyrme term to stabilize against lump collapse, and a
potential to stabilize against spread. The Bogomol’nyi bound remains valid but un-
saturable. The potential is somewhat arbitrary, but one interesting possibility [41]
gives a mass to small amplitude travelling waves of the ¢ field, termed pions in analogy
with the Skyrme model, and gi;les the lump an exponential rather than polynomial
tail. This allows the lump to rotate, a problem if one attempts a collective coordinate
approximation to low-energy dynamics along the lines recently proposed in [42, 43].
The idea is to restrict the field to the “Bogomo’nyi regime” moduli space (in this case
the space of static CP! solutions), introducing a potential and a perturbed metric
~ (in [42] but not [43]) to account for the new interactions, which are assumed to be
weak. There seems little hope of perturbing the singular flat-space metric such that
rotations become possible, but the problem does not arise on the sphere.

The geodesic approximation could be used to investigate the interaction of two
lumps moving on S?. Right angle scattering in head on collisions emerges naturally
from the geodesic approximation of many flat-space models as a consequence of the
classical indistinguishability of topological solitons. It would be interesting to see
if there is some analogous behaviour on the sphere. However, evaluating the two-
lump metric could be difficult since the action of the isometry group on the charge-2
moduli space is far less accessible than in the present case. Even in flat space [33],

the scattering problem is sufficiently complicated to require considerable numerical

effort.
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Chapter 5

Intervortex forces

5.1 Introduction

The abelian Higgs model is a field theory in (2 + 1) dimensional Minkowski space
consisting of a complex-valued scalar field ¢, coupled to a U(1) gauge field A,. The
scalar field is given a Higgs symfnetry breaking self-interaction which allows topo-
logically stable solitons, called vortices, to exist. This symmetry breaking property
is of great interest to cosmologists, who study gauge symmetries (Grand Unified or
electroweak) which are broken as the Universe undergoes a phase transition during
expansion and cooling. The abelian Higgs model in (3 + 1) dimensions provides the
simplest example of a broken symmetry yielding cosmic strings, which may explain
the inhomogeneity of large-scale cosmological matter distribution. The study below
concerns vortices in the (2 + 1) dimensional theory, which may be thought of as a
cross-sectional slice through parallel, straight strings in the larger space. The model
also has applications in superconductivity theory. We, however, shall treat vortices
purely as solitons in their own right, independently of any applications.

Let us review the salient features of the abelian Higgs model [4, 44, 45]. We adopt
the standard conventions for Minkowski space. Spacetime coordinates are written

z* (collectively z), where p (as any other Greek index) runs over 0,1,2; time is the
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zeroth component, z° = ¢, and we will often write the spatial pair (z!, z*) as a 2-vector
x; (0,) = (8/9z*) = (8/3t,V). Indices are raised and lowered by contraction with
- the Minkowski metric, (5,,) = diag(1,—1,—1). The summation convention a,pf)lies

throughout. The Lagrangian density is
1 TP yB 2
L= —Q—DuqﬂD#qS - ZF""F” - —8—-(|¢| - 1)5 (5.1)

where D, ¢ is the gauge covariant derivative,

Du¢ = (6/1 + iA,,)(fJ, (5'2)
and F,, is the field strength tensor,
F., =08,A, — 0,A,. (5.3)

Note that that the electric charge and the vacuum magnitude of the Higgs field have
been normalized to unity, leaving one parameter y, the Higgs mass. The Lagrangian

density is symmetric under U(1l) gauge transformations as follows: let x be any

smooth, real function on Minkowski space, x : R**! — R; then the transformation

¢ — €%
A, —» A,—-0.x (5.4)

locally redefines the phase of ¢, and maps

Du¢ = eixDu(ﬁ
F, —» F,
¢l — 4], (5.5)

so that £ — L. This symmetry group is vast — the space of all smooth maps from
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Minkowski space to the circle, R**? - S

The Euler-Lagrange equations derived from L are a set of coupled, nonlinear,
hyperbolic partial differential equations, of which no nontrivial solutions are known.
To make progress we must dismantle the relativistic framework and concentrate on E,

the energy rather than action functional. The kinetic and potential energy functionals

are, respectively,

T = é/d2x (1P +1AP) (5.6)

1 1
vV = 5[ Do (Do) + Fy+ zu (ol - 1? (57)

where gauge freedom has been used to set Ay = 0, leaving only time independent
transformations available (D¢ denotes the 2-vector part of the covector D, ¢, so D¢ =
V¢ —iA¢; note the minus sign). The variational problem with action fd®z(T—-V)is
then the same as that with action [ d*z L, provided we also impose the Euler-Lagrange

equation associated with A, as a constraint:
N D
V- A+ (44"~ ¢7¢) = 0. (5.8)

For a configuration (¢,A) to have finite total energy, the integrand of (5.7) must
vanish at large r = |x|. This imposes the following boundary conditions at spatial

infinity:

¢l — 1 (5-9)

D¢y - 0=A— —?f. ' (5.10)

1

Introducing angular coordinate 6, we can rewrite (5.9),

¢oo(0) = rl.l..r& d’(r: 0) = ei’y(a)a (5'11)
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that is, ¢oo : ST — S*. Single Valuedﬁess of ¢ demands that 7(0) = v(27)+2nm,n € Z.,
and the winding number n is invariant under any continuous deformation of ¢o. It
follows that each finite energy configuration has associated with it a winding number
n, invariant under any continuous deformation preserving finiteness of energy (time
evolution, for example). Thus configuration space is a disjoint union of sectors, each

labelled by an integer n.

The winding number has very direct physical significance. We introduce a ficti-
tious third spatial dimension orthogonal to physical R?, with unit vector k. Then
Fik = —(0 A —-32A1)12 = —curlA, so we define B := —F.k and call it the magnetic
field. (In fact, the only reason for introducing k is to allow the definition of the vector
product between R? vectors; it may be regarded as a purely algebraic device.) Con-

tinuing the analogy, we can define the magnetic flux through the physical R? plane,

denoted P,
@::/Pds-B:/Pds-curlA=}gPds-A, (5.12)

using Stokes’ theorem. Substitute (5.11) into (5.10), the second finite energy condi-

tion:
lim rf - A = 7'(f). (5.13)
Thus,
o = Ii /”da 9-A /2"d0 "8) =2 5.14
= rg - A = = 2nm. .
lim [ [*" abv(6) = 20 (5.14)

So the magnetic flux is quantized in multiples of 27, and the winding number of a
configuration is .the number of ﬂu;( quanta associated with it, a topologically conserved
quantity.

By continuity, a configuration with winding n must have exactly n zeros (of the
Higgs field) in the plane, counted with multiplicity. A zero x; € R? (so that ¢(x1) = 0)
has multiplicity n; if on completing an infinitesimally small loop encircling x; the
Higgs field acquires a phase of 2n;m. Once again, single valuedness of ¢ requires that

ny € Z. A configuration with n = 1, and with this winding centred on only one
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Figure 5.1: The Higgs symmetry breaking potential. Note that ¢ = 0 is a local maximum.

simple zero, is called a vortex, and the n = 1 sector of configuration space is called
the vortex sector. The image of a vortex under the parity bijection (a symmetry
of the model) z! — z',z2 — —a? is the analogous n = —1 configuration, called
an antivortex. In fact entire negative winding sectors are paired with their positive
winding counterparts in this way, so we may (and henceforth will), without loss of
generality, consider only the n > 0 sectors. Examining the symmetry breaking po-
tential (figure 5.1) we see that a zero of ¢ is likely to be a local maximum, or close
to a local maximum, of the conﬂguration’s potential energy density (the integrand of
(5.7)). So, a vortex has an energy lump located at its single zero, and is topologically
stable — it is a soliton. It is natural to identify the zero as the vortex position. For
more general conﬁgura,tions, a multiplicity n, zero, X, is regarded as n; coincident
vortices (antivortices if ny < 0). In this way any configuration can be assigned a
vortex number and an antivortex number, and interpreted as a collection of vortices
and antivortices located at its zeros. During time evolution the loci of these zeros are
(anti-)vortex trajectories: where vortex meets antivortex they may unwind, annihi-
lating and releasing their pent-up energy; where two vortices meet they may coalesce,

forming a bound state, or undergo scattering. It is this last phenomenon which we

will atterﬁpt to analyze.
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Numerical experiments [46] show that vortex dynamics splits into three regimes,
depending on the value of u. If g < 1 (the so-called type I case), vortices attract
and the only static n-vortex solution is n coincident vortices. By contrast, if g > 1
(type II) vortices repel. Again, the only static solution is n coincident vortices,
but it is unstable unless n = 1. The critical case p = 1 is mathematically most
interesting. Static vortices neither attract nor repel, and static solutions exist for
all vortex positions. The link between vortex position and zero of ¢ has a precise
expression in Taubes’ theorem, which establishes a bijection between sets of zeros in
physical R? and static solutions.

Crucial to this analysis is the Bogomol’nyi argument [14]. Let (¢, A) be a static
configuration. Since ¢ = 0,A = 0, the constraint (5.8) is trivially satisfied and
T = 0, so the field variational problem reduces to extremizing (in fact, minimizing)
>the potential energy functional. The minimals within each sector can be found using
a Bogomol'nyi argument somewhat more subtle than in the sine-Gordon and CP!

models. Assuming positive winding, we start from the trivial inequality,

0 < -l-/dzx {lD1¢+iD2¢|2+ [—F12+%(I¢I2-1)] }

= E+- /aﬂ  (D:6D16 ~ D16D2g) — Fra(J9 - 1)), (5.15)
since E = V for static fields. Now,

D:¢Di¢ — D1¢D2¢ = 02¢D1¢ — 816D26 + i¢(A2D16 — A1 D, @)
— 3,(4T9) - 6:(¢D29)
—$(0,Dh¢p — O\ Dyp — 1A D1+ 1A1D,¢)
= 3:(¢pD1¢) — D1(¢D29) + ¢(D1D2¢ — Dy D1 )"
= %(¢D9) - 0:(¢D29) — ilg[*Fia (5.16)

since [D,, D,] = iF,,. Note that the first two terms of (5.16), above, may be written
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in R? language as —k - curl(¢Dg). Substituting into (5.15),

0 < E~—/dS curl(¢D@) + /dan

= E-— 5 ) ds-(¢D§) - 5@ (5.17)

using Stokes’ theorem. Finite energy requires that D¢ = 0 on 9P, so the boundary

integral vanishes. Hence, by flux quantization (5.14),
E > nnr, : (5.18)
equality holding if and only if

(Dl +1iDp)¢p = 0,

Of course, the bound is valid for time-varying fields also since kinetic energy cannot
be negative, but it can only be saturated by static fields. Once again, the Bogomol’nyi
equations are first order, in contrast with the Euler-Lagrange equations, which are
second order.

No explicit, nontrivial solutions of the Bogomol’nyi equations are known. However,
Taubes has proved [47] that for each unordered set of n points in the physical plane
{x1,Xa,...,X,} there exists a solution, unique modulo gauge transformations, of the
pair (5.19) with the correct boundary behaviour, and ¢(x;) = 0,7 = 1,2,...,n, ¢
vanishing nowhere else in R%. If a point X, appears in the set n, times, then the
solution has a zero of multiplicity n, at x,. So, static critical vortices exert no net
forces on each other, although vortices set off in relative motion do exert velocity
dependent forces, causing deviation from straight-line motion, and scattering.

As an aside, it is interesting to note that the critical coupling Bogomol’nyi bound

(5.18) can be used to place topological lower bounds on the energy of the system
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at general coupling. Denote by E,: the static energy functional of the model with
Higgs mass g, evaluated at a point in the winding n > 1 sector of configuration space
(¢,A). So Ey is the critical energy functional and £, > nw. First consider the type
II case, u2 = 1 + |¢| > 1. Then from (5.7),

B = B+ L [ @x(1gf ~ 17 > nr, (5.20)

the inequality now being strict, and hence the bound unsaturable, because the van-

ishing of the integral above is incompatible with non-zero winding. Turning now to

type I, 4% = 1/(1 +|el) < 1,

E1 ‘6'

Ep +
2(1 + e

“T T4

) / &*x D¢ -D§ + Fp| > pnr. (5.21)

Again, the inequality is strict: the integral cannot vanish, because the configuration
has non-zero total magnetic flux, so F, cannot be everywhere zero. Numerical work
[48] shows that the bounds (5.20), (5.21) are, further than unsaturable, not optimal.
That is, u?nm for u? < 1 and nx for u? > 1 are neither minima nor infima of the
energy functional E,» evaluated on the winding n sector.

We return now to the main object of our study: the two-vortex scattering problem
at arbitrary coupling. The starting point of our calculation is the assertion that the
essentials of soiiton dynamics are in the soliton degrees of freedom (vortex positions
in this case) which constitute a finite subset of the infinitely many field degrees of
freedom. We wish to find a Lagrangian mechanical system whose coordinates are
the vortex positions and which describes, in a low energy approximation, two-vortex
séattering. We seek to deduce this mechanical system from the field equations, then
compare its predictions with numerical simulations.

Several techniques have been developed to achieve this. Most notable is the
geodesic approximation, already described in previous chapters. This is valid when

~ one has a saturable Bogomol’nyi bound, and has been successfully used [49] to analyze
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vortex scattering at critical coupling. Another technique, first used to describe long
range interactions of monopoles of the Yang-Mills-Higgs-system in the BPS limit,. is
the method of linear retarded potentials. Far from a monopole’s core, its fields are
indistinguishable from those induced by a point (Dirac) monopole in a linear field
theory. If physics is to be model independent, long range BPS monopole interactions
should be the same as Dirac monopole interactions in the linear theory. Analyzing
the latter system, Manton [50] re-derived the asymptotic form of the Atiyah-Hitchin
metric [51, 52]. The assumed model independence is observed and has a precise
mathematical expression. A similar approach is to use a field superposition ansatz
for two-soliton configurations, patching together two well-separated, single solitons.
This was the method used by Bettencourt and Rivers [53] to find static intervortex
forces at arbitrary coupling. In fact, this and the method of linear retarded poten-
tials are really two different ways of organizing the same calculations, as demonstrated
explicitly for the case of Skyrmions (in the Skyrme model with massless pions) by
Schroers [54]. We prefer the latter viewpoint over the superposition ansatz approach
because the calculations are more compact, and at each stage there is contact with a
concrete physical interpretation.

In outline then, the programme is:
1. Find the asymptotic expression for a single, static vortex solution.
2. Derive the linear field theory associated with the abelian Higgs model.

3. Identify the point source which replicates the vortex asymptotics in the linear

theory.

4. Study intervortex forces by calculating an interaction Lagrangian for the point

sources in the framework of the linear theory.

The novelty of the calculation is twofold: we will find velocity dependent forces (be-

yond the static analysis of [53]) in a massive theory. All previous applications of the
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method have been to systems whose associated linear theories are massless - BPS
monopoles [50], maximally charged black holes [55] and Skyrmions [54]. These have
the simplifying feature that field disturbances travel uniformly at the speed of light
and one may use retarded potentials to calculate intersource forces. In the vortex
case, as in many other cases of physical interest, the linear theory is massive, so

conventional retarded potentials are not available to us.

5.2 Asymptotics of the field equations

The first task is to find the asymptotic behaviour of vortex solutions at large r. It is
convenient to obtain the Euler-Lagrange equations in general curvilinear coordinates,
in terms of which the Minkowski metric is g,, and has (modulus of) determinant g.

The action is
1 3 uwTy L 1 po v 1 2/ 77 2
S[e, A} = §/d z\/9 [Du¢g D¢ — Zg 9" FuFag — Zﬂ (o9 —1) ] . (5:22)

Variation with respect to ¢ and A, yields, respectively,

0, [VaD.#g") + V3 [iAg Dub ~ 5o )] =0, (529)
and,
- 0, [Vag 0 Fug] ~ Vg™ [5(6055 - 0a9) + 18045 =0, (520

if (¢, A) is an extremal of S[¢, A]. The most natural coordinates in the vortex sector

are plane polar. The Minkowski inverse metric is

00 . Or 09 1 0 0
(gﬂu) — grO grr gr9 — 0 —1 0 , (525)
geﬁ or a6 0 0 - ,-—12'



so that ¢ = r?. Substituting the ansatz (o € R)

¢ = o(r)e”,
(Ao, Ary Ag) = (0,0, —a(r)), _ (5.26)
the field equations reduce to
fo  ldo 1 A
E‘;;-I-;E—ﬁa(l—a) — gk o(c°—-1)=0 (5.27)
and
d*a 1lda )
W rdr + (1 —a)o® =0, (5.28)

the equations for Ag and A, being trivially satisfied. Note that this ansatz has unit

winding by construction. The finite energy conditions (5.9),(5.10) become

| > 1 = o—-1,

Dsp =0 = (05 —ia)e® 5 0=a—1, (5.29)

as r — oo. In addition, regularity demands that o(0) = a(0) = 0. No explicit,
exact solutions of (5.27),(5.28) with these boundary conditions are known. Numerical
solutions suggest that both o and a rise monotonically from 0 to 1 as r covers [0, 00),
so x = 0 is the only zero of ¢, and (o, a) truly represents a static vortex solution.
We are only interested in the asymptotic forms of o and a, and for these analytic

expressions do exist. Define the functions a and 8 such that

or) = 1+a(r),
a(r) = 14 8(r). (5.30)

At large 7, (5.29) implies that o and 3 are small, so we substitute (5.30) into
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(5.27),(5.28) and linearize in a and f:

c_l2_a ld_a 2 = 0
dr? t r dr po =
d*8  1dB
F—;E;_ = 0. (5.31)

These equations hold asymptotically as r — oo. Now define 7 := pr and 8 := ﬂ/r
Rewriting the pair (5.31),

fa  lda
T Fer ¢ T
2B 1dp 1\~
T -(1+3)8 =0, | (5.32)

we obtain the modified Bessel’s equations of zeroth and first order respectively. It

follows that

a o~ %Kg(pr)
8 ~ Q%rKl(r) (5.33)

at large r, where K,,n = 0,1 is the n-th modified Bessel’s function of the second
kind [56]. Note that Ky(r) = —K{(r). Since we have linearized the field equations,
the asymptotic solutions contain unknown scale constants g and m which can only
be fixed by solving (5.27), (5.28) numerically. It is the asymptotic behaviour, (5.33),

that we shall replicate with appropriate sources in the associated linear field theory.

5.3 The point sources

As will be shown below, the linear theory associated with (5.1) consists of two uncou-
pled fields — a real scalar field with mass g, and a real vector field of unit mass. The
latter is not a gauge field, because the mass term breaks gauge invariance. We obtain

a real scalar field by making a gauge choice. Since the scalar field is real, there is no
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sense in which it can have winding at infinity. The winding number of a configuration
of the nonlinear model is gauge invariant. Consider any smooth gauge transforma-
tion, U(r,0) = exp(ix(r,d)). For each value of r this is a map from the circle at r,
parametrized by 8, to U(1) = S*. If this transformation changes the winding number
n of ¢, then U(0co,6) must itself have non-zero winding. But if the transformation is
to be single valued at the origin, x(0, 8) ﬁlust be a constant, so U/(0, §) must have zero
winding. Then the r dependence of x defines a homotopy between two maps S* — S1,
U(0,6) and U(oo,8), which lie in different homotopy sectors, a contradiction. Hence
no such gauge transformation exists — n is gauge invariant. How, then, are we to
make the comparison between a vortex, which has unit winding, and a solution of the
linear theory, which has none? A key ingredient in the above argument is the demand
of regularity at the origin, the vortex centre. However, we only require comparison
at large r, well away from the origin, so for our purposes we can weaken this demand
to regularity on R?\{0}. There exist gauge transformations regular on R*\{0} which
change the winding of a configuration. Applying one of these to the vortex, it can be
unwound and compared with a linear theory conﬁguratioﬁ. Since we will introduce a
singular point source into the linear theory, this is, from the outset, regular only on
R?\{0}, not all R*. _

Take the Lagrangian density (5.1) with gauge chosen so that ¢ € R (such a gauge
choice is singular at vortex and antivortex positions, as described above). The vacuum
is then ¢ = 1, so we define ¢ such that ¢ = 1 + ¢, substitute into (5.1) and neglect
terms of higher than quadratic order in ¢ and A,, yielding

1 1 1 1
Efree = _aﬂ¢6u¢ - _/‘2/‘#2 - _FuuFuU + —A“A“. (534)
2 2 4 2
Including the external source Lagrangian,

Lsource - ,0¢ - juAu (535)
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with scalar density p and vector current j,, we obtain the following massive wave

equations for ¢ and A,

O+ = p (5.36)
DA, —0,(0,4") + Ay = Jy, | | (5.37)

where O = 0,0", the d’Alembertian operator. Taking the divergence of (5.37), one
finds
0, A% = 0,5", (5.38)

a fact which would usually lead to the conclusion d,A* = 0, and the simplification
of (5.37) to the Proca equation. In this case there is no global U(1) symmetry of
Lree with whose Noether current we can identify j, (because % is real), so there is

no reason to assume that j, is a conserved current, On substitution of (5.38), (5.37)

becomes

(0 + 1)A, = j, +8,(8.43"). (5.39)

The vortex ansatz has ¢ = o(r)e”, so the gauge choice ¢ € R requires a singular

gauge transformation with x(r,8) = —6. The unwound vortex Higgs field is
b=o(r)=14a(r)~1+ -2%1(0(,”«). (5.40)

The gauge field transforms Aﬂ' — A, — O,x, s0 Ag > Ao, Ay — Ar, Ag — Ag+ 1.

That is, the unwound vector field is
m ..
Ag=1—a(r)=—-p(r)~ —grkl(r), (5.41)

while A, = Ag = 0. In terms of the 2-vector field A, the unwound asymptotic

behaviour is

M tee = Mg
A~ —T-Ky(r)8 =~k x VEo(r). (5.42)
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So, we need to find p such that the solution of (5.36) is
¢ = L Ko(ur) (5.43)
2r ’ :
and j, such that the solution of (5.39) is
m ~
The static Klein-Gordon equation in two dimensions has Green’s function K,
(—A + p?) Ko(pr) = 2m6(x), (5.45)

where A = V - V, the Laplacian on R?. Substituting (5.43) into (5.36), and using
(6.45), one finds

©+1) (LKalpr)) = A (=B+ u)Kour) = g8(x)
=>p = ¢b(x). (5.46)

Similarly, substitution of (5.44) into (5.39) yieldsv

@+¢K_%vam@»==—£ﬁxva+nmuy>m&xva@
= j-V(V-j) = —mkx Véx). ' (5.47)

Taking the divergence of (5.47), one sees that V - j must be a solution of the homo-
geneous static Klein-Gordon equation, so if j is a localized point source, V -j = 0.

Thus, the unique point source satisfying (5.47) is
j=—mk x Vé(x), ‘ (5.48)
which does indeed have the property that V -j = 0. Since A° = 0, we take j° = 0.
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The physical interpretation of these expressions for p and j is that the point source
consists of a scalar charge ¢ and a magnetic dipole of moment m. We refer to this
composite source as a point vortex. The monotonicity properties of o and a, noted
above, lead to the es(pectation that bofh g and m are negative. This is perhaps a
little surprising in the case of m, because the magnetic field of a vortex points in the
+k direction on all R?, in the opposite sense to the point vortex’s magnetic dipole.
This is a peculiarity of massive electrodynamics in (2 + 1) dimensions. If the photon
mass, here normalized to unity, was zero, there would be no magnetic field away from
x = 0 at all. This is most easily seen by imagining the system embedded in R? with
translation symmetry along the k direction. The source (5.48) then represents an
infinitely long, thin solenoid perpendicular to the (2!, z?) plane, piercing it at x = 0.
We know that the magnetic flux induced by such a solenoid is confined entirely within
the solenoid, that is, the line ' = 2? = 0, so that B = 0 except on this line. The
sense of B on the line is given by the right hand screw rule. Extending this picture to
the case with non-zero photon mass is dangerous. In fact, although the source (5.48)
represents (for m < 0) a vanishingly small clockwise current loop, the resulting B

field in the massive theory points in the +k direction on all R*\{0},

_ m «~ _|m] -~
A = _2—7rk x VK()(T) = —gv X (Kg(’l")k)
o e bl
=>B = VxA= o AKy(r)k = o Ko(r)k, (5.49)

using (5.45) with x # 0. So, somewhat unexpectedly, we need a clockwise current
loop in the linear theory to reproduce the correct asymptotic behavioﬁr. One should
also note an important difference between the present endeavour and the analogous
analysis for BPS monopoles [50]. Both systems (abelian Higgs and Yang—Mills-Higgs)
have topologically quantized magnetic flux ®. In the monopole calculation, the Dirac
monopole charge is assumed to hzﬁe precisely the topological value, while we must fix

the dipolé moment of the point vortex by numerical solution of the field equations.
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The difference lies in the fact that monopoles exist in R®, where magnetic flux is
defined as flux through a spherical shell of large radius centred on the monopole — an
asymptotic quantity, whereas vortices exist in R?, where & is flux through the whole
plane, including the vortex interior. Such a quantity is not asymptotic, and so is not
reflected in the properties of the point vortex.

The final stage in the identification of the point sources is determination of the
numerical values of g and m. To do this one must numerically solve (5.27), (5.28) at

each value of y? required, and evaluate

.. o(r)—1

1= A ( ff’ozw‘) ) ’ .

m = lim 27 (%‘(I?l—(:‘)l) , (5.50)
approximately. Rather than solving the boundary value problem o(0) = a(0) =
0,0(00) = a(o0) = 1, we solve the initial value problem o(0) = a(0) = 0,0'(0) =
£,a'(0) = (, using a fourth-order Runge-Kutta algorithm, where the constants £ and
¢ must be adjusted until the solution has the correct behaviour at large r, that is,
until o(re) = a(reo) = 1, the “effective infinity” ro being some large but finite
radius (in this case, 10 or 8 depending on p2). The main difficulty with this shooting
method is that there are two shooting parameters, £ and (, to be adjusted. Shooting
with only one parameter is much easier because if one finds a pair of parameter
values one of which shoots too high, the other too low, then the true value must lie
between them (barring unforeseen singular behaviour). We must aim for the point
(0(To0), @(T0)) = (1,1) in R?, so the terms “too high” and “too low” have no meaning.
The only systematic approach is to discretize shooting parameter space (call this space
R3), (£,¢) taking values on a lattice. We start with a coarse 10 x 10 lattice covering
a large square in R2, outputing (0(rs), a(re)) for each point (&,() on the lattice.
Contour plots of 0(re) and a(re) give the o0(re) = 1 and a(re) = 1 contours in Rj.

These intersect at a unique point in RZ, which we take as the central point of our
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2
M q m e Ts

04 -7.54 |-14.92 | 4.23 | 3.05
0.6 -8.71 |-12.61 | 3.75 | 2.73
0.8 -9.70 |-11.31 | 3.43 | 2.53
0.9 |-10.14 | -10.89 | 3.22 | 2.45
1.0 [ -10.58 | -10.57 | - |2.39
1.1]-10.98 | -10.31 | 2.98 | 2.34
1.2 | -11.43 | -10.06 | 3.07 | 2.29
1.3]-11.80 | -9.85 |2.96 | 2.25
1.4 -12.23 | -9.66 | 2.95 | 2.21
1.6 | -13.04 | -9.34 | 2.88 | 2.15
1.8 1-13.97 | -9.09 | 2.87 | 2.10
2.0 (-14.50 | -8.86 | 2.72 [ 2.04

Table 5.1: Numerical values of vortex scalar charge g and magnetic dipole moment m.
The other data are critical radii: equilibrium separation r. of the static intervortex potential
and the metric singularity 7, at which the signature of the metric on moduli space changes.

new, finer lattice, still 10 x 10, but concentrated on a square of one hundredth the
area. The procedure is repeated so that we “zoom in” on the correct parameter values
(&,¢), eventually searching a tiny area of R2 with a very fine lattice. This allows us
to determine (£,() to the considerable number of figures required for the numerical
solution to behave as specified at large 7. Searching all of R} (i.e. the original guess
patch) so finely would be prohibitively costly in computation time.

The results of this procedure may be seen in table 5.1 (the rightmost two columns
will be explained in subsequent sections). They should be treated with some caution:
at large r, the field equations (5.27), (5.28) collapse to Bessel’s equations (5.32)
which each have two independent solutions: one exponentially decaying, the other
exponentially growing. We seek to pick out the former and completely exclude the
latter, an impossible task. All numerical solutions blow up at large r, so, particularly
when p? is far from 1, ro must be smaller than one would like (10 or 8). Comparison
with the asymptotic forms must be made where the solution is barely asymptotic.

Nevertheless, certain interesting features can be discerned. First, when p = 1, the
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case of critical coupling, ¢ & m. In fact one can prove that ¢ = m, because the p =1
vortex satisfies the first order Bogomol’'nyi equations (5.19), which one can use to
derive the asymptotic behaviour of a from that of o. Substituting the vortex ansatz

into (5.19) yields,

rd_”_(l_a)(,— = 0,. (5.51)

dr
2 da 9
I +(e*-1) = 0. (5.52)

Define a and 3 as before, substitute into (5.51) and linearize:

da
ﬂ = —’r"(—i;. (553)
Thus,
-9 -1
a= QWKO(T) = 27r’I‘K1 (r), (5.54)

and so m = ¢. To find ¢ when g = 1, we can replace (5.51), (5.52) by a single second
order ordinary differential equation in o alone, then perform a one parameter (namely
¢) shooting method; a relatively simple task, as explained above. The correct value
of ( is fixed by £, so the point (§,() € R2 for u? = 1.can be determined without the
* complicated lattice procedure. This point is placed at the centre of our initial lattice
for the u? = 1.1 calculation. Similarly, the correct (€,¢) for u* = 1.1 is placed at the
centre of the initial u? = 1.2 lattice, and so on. In this way, we work piecemeal away
from u? = 1 into both the type I ;':md type II regimes.

The second striking feature of table 5.1 is that ¢ increases monotonically, while m
decreases monotonically with u?. We shall see that this behaviour leads to unexpected
critical points of the type I and type II static intervortex potentials. Notice also
that although ¢ = m when p? = 1, ¢/m varies between 0.50 and 1.64 as u? covers
[0.4,2.0]. So the assumption that ¢ = m away from critical coupling, made in [53],

seerns suspect.
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5.4 Static intervortex forces

Having found the scalar charge and magnetic dipole moment carried by a point vortex,
it is straightfofward to calculate the force between two such vortices held at rest, in
the framework of the linear theory. We begin by finding the interaction Lagrangian
for two arbitrary (possibly time dependernt) sources (p1,j(1)) and (p2,j(z)). Consider

first the scalar interaction. The scalar Lagrangian is
2, [1 M 122
Lol,ol = [ dx [50,00%0 — 5u™ + o). (5.55)

Let the field due to source p; be ;. Since the theory is linear, it obeys the superposi-
tion principle, so the field due to the combined source py + p3 is ¥; + ¢3. Evaluating

Ls[1 + 12, p1 + p2] we identify the cross terms as the interaction Lagrangian, Ly,

Ly, := Ls[ +¥2,pm + Pé]»— Ls[p1, p1] — Ls[ipz, po]
=[x [0u18 % — wPrba + i+ po]
=[x [1(@,0"b2 + H) + prtha + ]
= /d2x [—t1p2 + p13p2 + p2tn]
- [ &% puss, (5.56)

using integration by parts and the inhomogeneous Klein-Gordon eqﬁation for .

Turning to the vector interaction, we find a similar expression. The vector Lagrangian
is
1 1 :
Ly = [ & [—5(8,1/1”3‘%" — BuA, 0 )+ S AN - ],,A“] . (5.57)
Again the superposition principle applies. Writing A for the field due to j(;), the

interaction Lagrangian is

Ly := Lv[Aqy + A, Ja) + i@ — Lv[A@),Jo)] — Lv[A@), J@2)]
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- / d*x A<1>(a 9" Al — 0" Am + Afy) — ]( ) Al — ]<2)Am]

= - [dxjPap, v (5.58)

using the field equation for Ay).
We may now specialize to the case of two static point vortices. Let vortex 1 be at

Yy, vortex 2 be at z. Then the scalar source for 1 is p(;) = q5 (x — y), while the scalar

field due to source p; is ¥, = ¢Ko(u|x — 2|)/27. So,

2

2
Y N Y =1 _
Ly = [dx Lo(x— y)Ko(ulx — 2l) = 2= Ko(uly — =) (5.59)

The magnetic interaction is similar. Substituting j@, =0, jo) = —mk x Vé(x — Y)
A% =0, A = —mk x VKq(|y — 2|)/2r into (5.58), we find

Ly = [d x 5[k x V6(x = y)] - [k x VEo([x - 2))
2
— ——g%/d2x6(x— V)AK(|x — 2|)
m2
= —5-AyKo(ly —z)

2
m
= *Q—ﬂ_Ko(ly —zl), (5.60)

- using (5.45) with y # 2. The total interaction Lagrangian is L4 + Ly, =: —. Since
this is a function of the positions y and z only, we interpret ¢ as the potential energy

of the interaction,

U= 51; [m*Ko(r) - ¢* KO(,{ET)] , (5.61)

having defined r to be the vortex displacement vector, r := y — z, so that r = [r| is
the vortex separation. This is the same potential as found in [53], but we arrived at

it via a different route.

Note that (5.61) is consistent with the partition into type I, critical and type II
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regimes. The (cen;cral) force due to U is

~ U onlm?Ko(r) — g K ()] (5.62)

If p < 1 then Ky(r) — 0 at large r faster than K;(ur), so that scalar attraction
dominates over magnetic repulsion, and the force is negative, indicating vortex at-
traction. In the critical case g = 1, we have proved that m= g, implying that ¢« = 0,
so there is no net force at all. When g > 1, magnetic repulsion dominates over scalar
attraction at large r (because Ky(ur) vanishes more quickly than Ki(r)) and type
II behaviour emerges. This consistency at large r happens regardless of the specific
values of ¢ and m, and can be attributed to the inverse relationship between a field’s
mass and its range. However, the p dependence of ¢/m greatly affects the qualitative
nature of U at small to moderate values of r. Let us derive conditions on the function
s(y) := q(u)/m(u) for there to exist critical points of the potential U. If r. is a
critical point, then, from (5.62),

(1) = e (5.63)

Using the properties of Bessel’s functions [56], one sees that the right hand side
of (5.63) is a monotonically decreasing function (of r.) with range (0,1) if p < 1,
and a monotonically increasing function with range (1,00) if 4 > 1. It follows that
there exists a unique critical point r.(u) of the potential for all x4 # 1 if and only
if k(p) < 1/\/1 when p < 1 and &(p) > 1/,/p when u > 1. We have proved that
k(1) = 1, and our numerical work suggests tﬁa,t k() is-a monotonically increasing
function, so the actual values of k easily pass these criteria. The results of solving
(5.63) numerically for the critical radius r.(u) are presented in table 5.1. Potentials
for p = 0.4 (typeI) and g = 2.0 (type II) are plotted in figure 5.2. Rebbi and Jacobs
[48] have found approximate static intervortex potentials by numerically minimizing

the potential energy functional (5.7) subject to the constraint that ¢ has two simple
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Figure 5.2: The potential function U(r) for p? = 0.4 and p? = 2.0.

zeros separated by a given distance d, for a range of values of d. In the type I case,
they find that .the dominance of scalar attraction over magnetic repulsion subsides
as the vortex separation gets small, but not to the extent of produbing a stable
equilibrium at non-zeéro d. Similarly, they find that magnetic repulsion of type II
vortices is increasingly counteracted by scalar attraction (though they do not use this
terminology) as d becomes small. It would appear that U is in broad agreement with
their results when r > r., but that the asymptotic approximation breaks down for
r < r.. Of course, this is to be expected — vortices are not point particles, as in our
picture, and when they approach one another closely enough their overlap produces

significant effects.

5.5 Type II vortex scattering

The interaction potential &/ provides a very simple model of two-vortex dynamics:
the dynamics of two point particles each of mass M (the energy of a single vortex

at rest, a u? dependent quantity) interacting via the potential (5.61). Ignoring the
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(trivial) centre of mass motion, the Lagrangian of such a mechanical system is

1
L = ;M- U(r)

_ iM(i'"" +29%) —U(r), (5.64)

since the reduced mass of the system is M/2. This is a manifestly bad model if ;z =1,
because it would predict that there is no scattering at all, in conflict with the results of
numerical simulations [46] and the geodesic approximation [49]. Away from critical
coupling, one might expect the potential I to dominate over velocity dependent
corrections, at least at moderately low speeds, so the above model, although simple,
may give a good quantitative account of vortex interactions. We choose to study
type II vortices because these provide a simple, clear-cut dynamic problem: vortex
scattering. Type I dynamics is slightly more complicated in that vortices can scatter
or form bound states depending on the initial conditions. The coupling chosen for the
type II numerical simulations of [46] is u? = .2, a choice which we follow for purposes
of cofnparison. In the Lagrangian (5.64), the constants ¢ and m are already known
for pu? =2, but the vortex mass M is not. Rather than attempt to calculate M from
our numerical solution, we use the careful numerical analysis of Rebbi and Jacobs
[48]. Unfortunately, they found M for each of a regular sequence of y values, rather
than p? values, so the u = v/2 value is not quoted. However, a graph of u against M
is very nearly linear, so we use linear interpolation to estimate the p = 1.41421...
mass from the g = 1.4 and g = 1.5 masses given. The result is M = 1.512307 (note
that this is consistent with the type II topological lower bound £ > 7 derived in
section 5.1). The potential for this coupling is plotted in figure 5.2.

The problem we seek to solve is elefnentary and common in mechanics: the motion
of a (notional) point particle of mass M/2 in the (central) potential (r). From the
plot of U(r) we see that all trajectories which do not encroach on the interior region

r <'r. (in which the model is not valid) are scattering trajectories, that is as ¢ — +oo,
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r — 0o0. At some point on the trajectory, the particle achieves its closest approach
ro to the origin. By time-translation and rotational symmetries, we can, without loss
of generality, take this point to lie on the ¥ = 0 ray and occur at time ¢ = 0. So, we
wish to solve the equations of motion derived from (5.64) subject to initial conditions
" r(0) = 1o, 9(0) = 0, #(0) = 0, #(0) = Jo. The conserved energy associated with
(5.64) is 1

2r2’

_le 2
&= 5" + MU(T)+ (5.65)

where the cyclicity of ¥ has been used to eliminate § in favour of the conserved
angular momentum J = r*9. Note that £ and J are determined by (ro,ﬂ), or, as is
more useful in practice, € and ¥ are determined by (ro,J): substituting the initial

data into (5.65),

2 J?
g(’f‘g, J) = MU(TO) + ﬁ (566)

and ¥(ro, J) = J/r2 from the definition of J. Equating the right hand sides of (5.65)
and (5.66), we can solve for 7 and reduce the time evolution r(t) to quadratures.
However, we are more interested in the geometry of scattering (see figure 5.3), that

is the deflection angle © := m — 2(o0), where #(00) = lims—. #(t). Now,

dr r r?

b _d_ S [% (U(re) —U(r)) + J* (7% - i)] K

S (o) = /,wﬁ[ijf;(u(ra—y(rnw (%—7,%)]_%, (5.67)

0 7o

so the scattering problem is reduced to evaluating the above integral for all required
initial conditions (ro, J).

The scattering simulations described in [46] were 'parametrized not by (rq,J) as
is natural for the mechanical analysis above, but by (b,vs) where b is the impact
parameter and vy, is the impact speed (the speed when ¢t — —o0). (Note that b and
Voo are asymptotic quantities, defined when the vortices are infinitely remote from

one another, and that they provide a convenient parametrization of real scattering
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Figure 5.3: The geometry of vortex scattering.

events since they are natural experimental variables.) Four different values of v, were
chosen (v, = 0.1,0.2,0.3,0.4) and for each v, scattering was simulated at a range

of impact parameters in the interval [0.5,4]. We execute the following procedure:

1. Choose a value of Voo, One of the four above. This determines £ because as

r — oo the energy is purely kinetic, £ = v% /2.

2. Find a lower limit, rpi,, on ro. This corresponds to head on scattering (b = 0)

for which J = 0, so we find it by solving (5.66) with J = 0,

1 2

9o = A/_Iu(rmin)- (568)

In practice this must be done numerically.

3. Find an upper limit, rp,q., on rg. This corresponds to scattering with b = 4,

which, since b is defined such that J = 2v,,b implies J = 8ve,. Thus rmq, is the
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solution of (5.66) with J = 8v,

! 2 3202
50 = U (rme) + . (5.69)

max

Again this must be done numerically.

4. Calculate ¥(oo) for a range of fo values in the interval [rpin, Tmaz). For each ro,

the corresponding J? (giving the correct vo;,). is found from (5.66),

1 2
T(ro, va0) = 22 (5ng _ Mu(ro)) . (5.70)

In this way we calculate © for fixed v, and a range of values of ry, this range
being chosen to cover the impact parameter interval [0,4]. For each (ro,vs), we
also calculate b = J(ro,v0)/2000. We then plot b against ©. One might worry that
at high speeds and low J, the vortices will penetrate the r < r. zone and become
(unrealistically) captured. In fact the speed required for this is gréater than 0.4, so
it is not a problem. |

Steps 2 and 3 of the above procedure are, as noted, numerically implemented. Not
susurpris.ingly7 given the form of U(r), the integration to evaluate ¥(oo) in step 4 is
also necessarily numerical. Note the (r —rg)~2 singularity of the integrand of (5.67) at
r = rqg. This presents no problem in principle because of the integration with respect
to r, but must be treated carefully in any numerical algorithm. Schematically, we

handle the integral as follows,

. 1‘0+6 A Q0
doo) = [+ +
0 ro+6 A

¥ + Vpap + Va, (5.71)

Q

where § is small (6§ = 0.1) and A is large (A = 15). The contribution ¥5 is calculated
by Taylor expansion of the integrand about r = 7o, while 4, is evaluated using

the trapezium rule. At large r the potential falls off exponentially, so for r > A we
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Figure 5.4: The scattering of % = 2 (type ll) vortices: deflection angle © versus impact
parameter b at four different impact speeds. The solid curves were produced using the
point source approximation, the crosses by numerical simulation of the full field equations

[46].

set U = 0 and calculate J, in the free vortex approximation. The results of this
algorithm are shown in figure 5.4. The fit to the numerical simulations of [46] could
be improved by adjusting the values of ¢ and m. Given the warning attached to these
charges in section 5.3, this may well be justified. However, such adjustment corrupts

the deductive nature of the model, so we prefer not to make it.

5.6 Velocity dependent forces

We next augment the very simple model described above by including velocity de-
pendent corrections. In the case of critical coupling these corrections are leading,

because Y = 0, so they give the simplest model of critical vortex scattering in the
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point source formalism. In the type II regime, the inclusion of velocity dependent
corrections should improve on the scattering data of figure 5.4. The calculation is
performed a prioriin the centre of mass frame, so that z = —y for all ¢. The first task
is to find expressions for the sources p and j for a point vortex moving on some arbi-
trary trajectory y(t). We employ a quasi-adiabatic approximation: we assume that
at each point y(t), the source is a static point vortex Lorentz boosted with velocity
y. (An adiabatic approximation would be to assume that the point vortex always
has the static form, and simply translates along the trajectory y(t).) The strategy is
then to expand this moving source in powers of |y|, truncating at order |y|?, calculate
the time dependent fields it induces, truncating similarly, then use these to find an

interaction Lagrangian.

5.6.1 Moving sources

We seek expressidns for the scalar charge density p and vector current j of a point
vortex moving along some curve y(t) in R%. At time ¢t = 0, let the point vortex be
at x = 0, moving with velocity u. Introduce rest frame coordinates 7*, related to

laboratory coordinates z* by a Lorentz boost (on z) with velocity u. Explicitly,

7’ = (u)(®—u-x)=-qu-x
7" = y(u)(@" - ua?) = 72!
nt = z* _ (5.72)

at time t = 0 = z°, where y(u) = (1 — u?)~%. The spacelike components 7" and
n* can be combined into a single 2-vector equation for (x) by decomposing 1 into

parallel and perpendicular components:

e
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= x+-(x-u)u+t... (5.73)

where the ellipsis denotes discarded terms of order u* or greater (we shall not persist
in so noting these discarded terms; henceforth an ellipsis will only be included where
we have discarded further negligible terms in deriving the given expression). Now
generalize to the sitﬁation of a point vortex located at y(t) moving:'f-With velocity
¥(t). The rest frame coordinates of a general point x on the x? = ¢ time-like surface

are

mltx) = x—y + [ ~) 3 (5.14)

by mapping x — X —y(t), u — y(t) in equation (5.73).
We must now transform the sources, applying Lorentz boosts with velocity —y to
the rest frame distributions p() and jo). Consider first the scalar distribution, which,

from previous work, in the rest frame has the form

p)(m) = ¢6(m). (5.75)

Since p transforms as a Lorentz scalar, p(z) = p)(n(x)) in the lab frame. Now,

F(x)8(n) (5.76)

[ #x sy = [ an| 3

where |0x/07| is the determinant of the Jacobian of the transformation x — 7. From

(5.74),

on 1. .

Y o4z

ox +2y®y
=>a—x = 11—1'®'+
P on = 5Y®Y+. ..
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ox

:>a17

1.

Substituting into (5.76),

[ ssmy = (1= 35152) [ Enss(a)

- O—gﬂﬁﬂmuﬂ -

= (1-361) /) (5.79)

since =0 = x =Y. Thus,
sm). = (1-55F) 6 -) | (5.79)
= o) = (1= 351) ablx—y), (5.80)

The term scalar charge for ¢ is something of a misnomer since, as shown by (5.80)
it is not a scalar! A plate of area C' in its rest frame, carrying uniform scalar charge
density p has total scalar charge ¢ = Cp. Looked at from a boosted frame, the
plate is squashed along the boost direction by a factor 1/ due to Lorentz-Fitzgerald
contraction, so the area of the plate in this frame is C/y = (1 — v*/2)C. The charge
density is invariant, so the total scalar charge is ¢’ = (1 — u?/2)q in agreement with
the calcﬁlation above.

The moving magnetic dipole is rather more complicated, because j# transforms

as a vector itself. The rest frame source is
iy =0, i) =-mkx V,8(n). (5.81)
Again, we perform a Lorentz l;oost on this with velocity —y, that is
7#(z) = A3 (n()), (5.82)
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where

@) = 15hilyn@) =Y o) + ..
M) = Aty = (1+357) o) +
jH(z) = J(o)(’)(w))-‘

Repeating the algebraic trick of (5.73),

i = LI, [y GE) 9]

P 57
= §o@) + 3lw() 35 +

Now,

o - (2)s
. .
= (H—§y®y+)v

1. .

so, using (5.79), we find that
() = —mk x V,6(n)

=k x [V - 359 [(1 - 5197) x - )]
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(5.83)

(5.84)

(5.85)

(5.86)

(5.87)




- -m (1 - %|y|2) k x Vé(x—y)

+%m(f< XYy Vé(x—y)+... | (5.88)

Substituting (5.88) into (5.86) and (5.84),

j(e) = —m (1= 3I37) K x V(x-)
gm [k x3) Vax—y)+(kx3)5 - VEx-y)|,  (589)
7%z) =m(k x ¥) - Vé(x ~ y), (5.90)

the final result. One should note that

L9
9,4" = gt— +V-j=mk x§) Vé(x—y), (5.91)

so that 9,7* # 0 unless y = 0 (in which case the rest frame is inertial and 9,5* = 0
follows from the vanishing of V - j for a static point vortex). If y = O the current is
conserved, so we can -visualize thp current density of a vortex moving with constant
velocity as a standard electric current. In analogy with ordinary electrodynamics, we
identify j° = o as the electric charge density of the distribution. From (5.90) we see
that ¢ # 0 for a moving magneti.c dipole, but that g corresponds to an electric dipole
of moment —mk x y = |m[k x y. It is helpful to think of the magnetic dipole at
rest as a small clockwise current loop consisting of interpervading gases of oppositely
charged current carriers confined to a circle in R?, travelling in opposite senses, as in
figure 5.5, so that the whole has p = 0 everywhere. Consider such an object viewed in
a frame in which it is moving with constant velocity y. In the figure, the positive gas
in the upper half experiences greater Lorentz-Fitzgerald contraction than the negative
due to its velocity of circulation (it is charge not charge density which'is scalar here),
and vice-versa in the lower half. Thus the upper half acquires a net positive charge

density, while the lower half acquires an equal net negative charge density, this charge
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Figure 5.5: A moving current loop. The unit vector k is directed out of the page. The
left hand picture shows the senses of circulation of the charge carriers, while the right
hand picture depicts the electric charge density as seen from the laboratory frame.

splitting being the origin of our electric dipole g. Note the agreement of orientation.
Turning now to the current density j, the first term of (5.89) represents a current loop,
while the second and third represent anisotropies due to the aforementioned charge
splitting. The transport of the net positive charge (upper half) and net negative
charge (lower half) with velocity y produces the current represented by the second
term in (5.89). Also, as the loop moves along, the charge must split in front of the
loop and recombine behind it in order to create the electric dipole. The current due

to this process is represented by the final term.

5.6.2 Interaction Lagrangians

In order to compute the interaction Lagrangians Ly and Lj4 in the case of arbitrarily
moving vortices, one must find the fields ¢ and A induced by time varying sources
p and j. Were the linear theory massless, this would involve the use of retarded
potentials, since disturbances of the fields due to time varying sources would propagate
uniformly at the speed of light. For example, the potential induced by a moving point
charge in classical electrodynamics has been well studied, and explicit formulae can
be found in the literature [57]. Not surprisingly, the analogous problem in massive
electrodynamics (or scalar field theory) has not received such attention: the only

fundamental physical force transmitted by massive quanta is the weak force, which
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has no role to play in the classical dynamics of point particles. Motivated by a
technique used in the study of pion-nucleon models [58], we handle the problem by
introducing formal temporal Fourier transforms, as follows. Let t(,x) be the field
induced by time-varying source p(t, x), according to the inhomogeneous Klein-Gordon

equation. Define Fourier transforms % and j with variable w dual to ¢. That is,

ptx) = [ dweifw,x)

| p(t,x) =: /_o:o dwe™ p(w, x). ' (5.92)
Then,
@+u') = p (5.93)
> (~' A+ = b
= [-A+ (- = 5, (5.94)

S0 zZ(w,x) satisfies the static inhomogeneous Klein-Gordon equation with squared
mass p? — w? and source p(w,x). Equation (5.94) is solved (at least formally) by

convolution of 5 with the Green’s function Ko(v/p? — w?|x — x/[)/2m,

P(w,x) = % [ ! Koo/ =l = X, ). (5.95)

Now expand the Green’s function in w/g, truncating at order w?/u?,

1 w?

Ko(\p? —wix —x']) = Ko(p(l - szt x =)
= Ko(ulx —x'|)
w2 ' 1 I
—ﬁ|x—x|Ko(p|x—x|)+--~ (5.96)
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so that substitution into (5.95) yields

Blew,x) = o [ @3 Kofulx — e, x)

w? , .
- [ XU - D), 690

whence we obtain ¥(t,x) by (5.92),
gftn) = % et [ X Kofulx X i, X)
i / " dwwte [ di!|x - x| Ky(ulx — X}, x)
= g/dZX' Ko(plx —x'|)[_ood<uei“’tﬁ(w,x') |
b [ = XK = X [ dae )
= 2% / &% Ko(plx — x')p(t, X')

i [ e = XU e = X %), (5.98)

Note that truncating the expansion in w is, in effect, the same as neglecting higher
time derivatives of p in general, eventually acting on y(t) in our application. No claim
of rigour is attached to the above Fourier transform manoeuvre. One should regard
it as a convenient algebraic short-hand for obtaining a perturbative ansatz for (5.93).
Substitution of (5.98) into (5.93) explicitly verifies that 1 is indeed a solution, up to

higher derivative terms (d°p/dt> etc.).
Using this procedure, we find ¢, , the field induced by time varying source ps.

The interaction of such a field with another time varying source p; is given by (5.56),

L¢ = /d2xp1¢2
o i/ dzxd2x'K( Ix — x'[)p1(t, x)pa(t, x")

T / Pxd*x' |x — x| K (ulx — xpr (&, X)pa(t, X)), (5.99)
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where a total time derivative has been discarded. The vector field calculation is

essentially identical, yielding interaction Lagrangian

1 ) .
La = 5 [ @ Kallx — Xt x0T (%)

1 2 o 11t /aj(l) ;£
+E/dxd2x |x — x'| Ky(|]x — x'|) 5 (2,%) 5 (t,x"), (5.100)

the only new feature being that one of the sources includes the “fictitious current”
due to non-conservation of j,(f). That is, the field equation for A, with source j,
(5.39) looks like the Proca equation (a triplet of Klein-Gordon equations) with source
Ju+04(0,5%), so we ‘deﬁne the pseudocurrent.

JP =50 1+ 8,8, ) (5.101)

and it is this source which appears in the algebra ana,logoﬁsly to p2 in the scalar
calculation above. There is an apparent asymmetry in (5.100)- it looks asymmetric
under the interchange of sources 1 & 2 - but this is easily remmoved, given the form of
the pseudocurrent (5.101), by integration by parts; taking the first integral of (5.100),

the extra term due to the fictitious current is (9, denotes 9/dz")

1 : ' (o
—5 / d*x d*x' Ko(|x — x’|)J(“1)(~’v) 5,'1(52](2)(37/

1 -
= -2—7—;/d2xd2x ](1) ﬂKga,,](z)

1 2 2.7 sl v
=5 / d“x d*x ]f‘l) 9uKo 3, j(3) .

1 ’ ] . fh /
=_§;/d2xd2x Ko(lx—xDauJ(l)( )87(2)( )

(5.102)

t'=t

where, as usual, all boundary integrals have vanished. A simi_la,r calculation for the

second integral yields the extra term

/ ! 1 a
—/d2xd2 |z — x'|Kg(|x — Xl)atapj 1)( )6t’8”](2)( z')
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so that 1 «» 2 symmetry is recovered. Recall from (5.91) that a;-, J* is of order |y]|, so
neither term (5.102) nor (5.103) makes any contribution to L4 at the order to which

we are calculating. We may thus discard them and work with the formula

1 3 .
LA = —g/ d2xd2X'I(0(|X—X’l)jﬁ)(t,x).}‘(?)(t,xl)
ajt: 9;®@ :
+217F/ d*x d*x' [x — x| Kq(|x — x'|) é‘t‘)(t,x) g‘; (&%) (5.104)

It remains to substitute the point vortex sources into (5.99) and (5.104) and
evaluate the integrals, a rather lengthy calculation the details of which we present in
appendix A. It is convenient to define the function T : a — aKgy(a). We eventually

find that

Lo = £ [Kutzuty) - SR Eouyl) — 59T, (5105)
while
Lo = 3 [ty + i (2EED Sy
#5797 (sKo2iy) + 1y~ EED) | 6.100)

We can now formulate a more refined mechanical model of two-vortex dynamics.
As in section 5.4, let r := 2y = r(cos¥,sind) and M be the single vortex mass at
coupling 2. Also, it is henceforth implicit that a Bessel’s function written without an
argument is evaluated at r, unless it has a x superscript, in which case it is evaluated

at ur. The Lagrangian of the model is

1My
L= (7) 72 + Ly + La. (5.107)
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Substituting Ly from (5.105) and L, from (5.106) and collecting terms yields

L= % (%) (G(r) + r2H(r)d?) — U(r), (5.108)

where

1 K
G(r) = 14 — [m2 (5Ko - Ky + 8r—1) - ¢*(3K; — W'Kf)]

8T M
1 8K .
H(r) = 1 ~ S [m2 (BKO + Tl) + 3q2Ko]
1
Ur) = 5-(m*Ko—q'K3). (5.109)

Note that Z(r) is simply the static intervortex potential already found (5.61). We
interpret this system as representing a particle of mass M/2 moving on a manifold
(call it M) with metric '

g = G(r)dr® + r*H(r)d$* (5.110)

under the influence of a potential ¢ (r). Vortices are not classically distinguishable,
that is,.—r does not correspond to a configuration of vortices which is physically
distinguishable from that corresponding to r, so the points r and —r should be iden-
tified. Accordingly, ¥ € [0,7], # = 0 and 9 = 7 being identified, and g is a metric
on the cone R?/ ~, where ~ is the equivalence relation r ~ r' & r = +r'. Let us
examine this metric more closely. Both G(r) and H(r) approach 1 exponentially fast
as r grows large, so g is asymptotically flat. It is clear that H(r) is a monontonically
increasing function approaching 1 from below, and, given the blow-up of Ky and K
at small r, that H(r) —» —oo as r — 0, so H(r) is negative for r < r, this critical
radius depending on p?. The function H(r) must behave in this way, regardless of
q(¢?) and m(p?), provided m and q never simultaneously vanish, which would be
somewhat bizarre. We cannot be so definite about G(r). Using the approximate
values for q(p?) and m(p?) found in table 5.1, and a piecewise linear interpolant of

the data quoted in [48] for M(u?), we can investigate its properties. It seems that
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G > 1 for all r, that G — oo as r — 0 and that G(r) is a monotonically decreasing
function. So the only singular radius is r,, at which the signature of g flips from
Euclidean (r > r;) to Lorentzian (r < rs). This singularity is completely unphysi-
cal, and we make no attempt to interpret it (a similar singularity occurs in the BPS
monopole calculation [50]). Given approximate (g,m,M) we can numerically solve
H(r,) = 0 to find r,(u?). The results form the rightmost column of table 5.1. Note
that r,(u?) is a monotonically decreasing function, and that r,(p?) < r.(4?) for all
u? (except p? = 1 for which r. is not defined, there being no static potential). The
singularity is therefore inside the “core region” and beyond the range of validity of

the approximation.

The equations of motion derived from (5.108) are

. i eied au

™+ Dyr'r? +C7—7‘i =0 (5.111)
where 7%, i = 1,2 are some coordinates on M (for example r! = r, r> = ¥, the polar
coordinates used above), and T is the Levi-Civita connexion derived from g. Consider

the case of critical coupling u? = 1. Then U = 0, so if 7*(¢).is a solution of (5.111) it

follows that
= —Th 'k, (5.112)

and |F| is of order [f|? for all ¢. Differentiating (5.112) with respect to time, one sees

that for each integer n > 2, there exists a set of (position dependent) coefficients

Q(")i . such that

J1J2.dn

I _ QWi i e (5.113)

dtn J1J2+0n

so that |d"r/dt"| is of order |F|". This provides a posteriori justification for truncating
the expansion in time derivatives of (p,j), in effect y(¢). That is, although the
assumption that higher time derivatives are negligible may turn out to be bad for
real vortex dynamics, it is at: least self consistent. Unfortunately, this is a property of

purely geodesic motion and does not extend to off critical dynamics. Were the linear
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theory massless, both /{ and g would fall off polynomially at large r, as is found in
the case of Skyrmions [54]. Then (5.111) can be used to show self consistency of the
expansion, provided one makes the extra assumption that |r| is always large (this is,
after all, a long-range approximation). In our case, both U and g fall off éxponentia.lly,
as do all their derivatives, so the situation is less clear. This problem will.a.fﬂict any
attempt to find a mechanical model for soliton dynamics in a massive field theory.
The approximation must then be vie“}ed as one assuming smoofh motion, rather than
low speed. We can still use (5.108) to model type II two-vortex dynamics, but the
results may break the assumptions used to derive it. In fact, the Lagrangian (5.108)
does lead to a very slight improvement in the scattering data presented in figure 5.4,
derived using only the static interaction, but the improvement does not warrant the
great complication introduced into the calculation of O(b,vs) by the metric g, so we
will not present these results here. Reither, we will concentrate on the case of critical
coupling, comparing our results with those obtained by Samols [49] using the geodesic

approximation.

5.7 Critical vortex scattering

A static vortex of the model at critical coupling saturates the Bogomol’'nyi bound
(5.18), so its mass is M = 7. Substituting p =1 and ¢ = m into (5.109) produces a
great simplification in the metric g = Gdr? + Hr?dd*:

' 2
q Kl)
G(r) + 4r (KO * T
Hry = 1-L ( 1"_1)
H(r) = 1-3=(3Ko+4="). (5.114)
Samols [49] regards physical space as the complex plane C 2 R?, and parametrizes

the n-vortex moduli space by the n zeros of the Higgs field 2y, 2o, . . ., z,. He then goes

on to prove, using properties of the Bogomol’nyi equations, that these are the natural
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complex coordinates in which to describe the induced metric structure on the moduli
space, in the sense ,t_hat the metric is Hermitian in terms of them. The two-vortex
moduli space is C x M, where C is the space of centre of mass positions, and M is
the space of relative positions (corresponding to M in our work). Defining relative

coordinates (o, ) such that

; 1
o’ = §(z1 —~ 23), : (5.115)

rotation and parity symmetries are sufficient to restrict the metric on M to the form
fo(0)do?® + fs(o)o’db?, (5.116)

while Hermiticity provides the extra restriction that f,(¢) = fs(0) =: F2(0o), so that
gs = F2(o)(do® + o%d9?). (5.117)

Samols then goes on to compute F(o) numerically, and solve the scattering problem.
We would like to identify our radial coordinate r with 2o, but this would make (5.114)
incompatible with (5.117). That is, given that H # G, our metric cannot be Hermi-
tian in the complex coordinate re”. It follows that our vortex positions +y do not
coincide with zeros of the Higgs field in the nonlinear theory, although coincidence
is recovered asymptotically. Defining soliton positions is always somewhat arbitrary
because solitons can really only be considered independent particles when they are
infinitely remote from one anotlrller.. For example, one could define vortex positions as
local maxima of the potential energy density, which would only asymptotically coin-
cide with zeros of ¢. With hindsight, then, one cannot demand that the identification
of r with 20 should work for finite r, but the failure to do so is an unwelcome feature
not seen in previoué applications of the method. It might therefore be connected with
the massive nature of the linear theory.

Nonetheless, this failing does not disqualify g from being the asymptotic form of

gs (or rather 4gs, given the different normalizations used). We can always construct
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a radial coordinate s in terms of which g does take the Hermitian form. In comparing
the metrics, we wish to discard the Lorentzian part of M, that is the disc r < 7, so
let g, be the metric g restricted to M, = (R?*\D)/ ~ where D is the disc of radius
rq > T35, €xcluding boundary, centred on r = 0. Wé seek a coordinate transformation

on M, mapping r + s(r) and leaving ¥ unchanged, such that there exists some

* function F(s) satisfying

0o = G(r)dr? 4 r2H(r)dd? = 4F(s)(ds? + s*d?)
= 2sF(s) =r\/H(r), and 2F(3)Z_: — \/(%
= g;[log s = - G((:)) (5.118)

r\ H
= logs(r) —logsqs = /r: gﬂi IC-;IET;;
= s(r) = sgexp [/r: gq IC;E::))} (5.119)

where sg := s(ry). Note that if we take ry = r, there is a (7 — r,)~2 singularity

in the integrand of (5.119) which, whilst no problem in principle, complicates the
numerical evaluation of the integral, so for later convenience we choose to exclude
a slightly larger disc D than is strictly necessary. It remains to choose the constant

s4. Since we wish to identify s with Samols’ o, this is fixed by the requirement that

lim, o s(r)/r = 1/2:
s¢ = lim -;:exp [— /r: §4 %] . (5.120) -

Given the exponential fall off of G and H, we know that this limit exists, although

we cannot calculate it exactly. Since G(r) > H(r) Vr,

_/r’ ﬁ] _Td (5.121)

a T

lim "
8¢ < lim 5 €XP
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So s(r)/r is a function on [rg, 0o0) with value s4/ry < 1/2 at r4 and tending to 1/2 as

r — o0o. Does it have any turning points? Assume that such a point exists, r = r,.

Then

1 s(ry)
R =
= Ed;logs(r) . = ';1:, (5.122)
but from (5.118) the left hand side is
1 |G(re) _ 1
- ) > m (5.123)

since G > H Vr, so no such r, exists. Thus, s(r)/r monotonically increases from
minimum sq/rg < 1/2 to supremum 1/2. It follows that a given point (r,d) €
M, represents a two vortex configuration with inter-zero distance less than r, the

difference vanishing exponentially at large r.

The key numerical task is the evaluation of the function
d\ | G())
= |l 1
109 = [ 5\ 70 (5.124)
in the domain [ry, 7o), Where r, is some large value, the effective infinity. Then

Sq R %oe'f("”), (5.125)

and
s(r) = sqef0), (5.126)

We choose ry = 2.5, 1o, = 52.5 and use the trapezium rule, yielding sq4 ~ 0.94.

Having calculated s(r) we can plot it against F(s(r)) = r\/H(r)/2s(r) and compare

the results with Samols’ numerically determined metric function Fs(o), as presented
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Figure 5.6: The metric profile function F(s) of the metric g. in Hermitian form (solid
curve) compared with Samols’ [49] numerically determined function (dashed curve).

in figure 5.6. We see that it is certainly plausible that g. is the asymptotic form
of 4gs. Given the metric functions G and H it is straightforward to check that the

curvature

1 d(1d
K:—m% (mﬁ(r\/ﬁ)) (5.127)

is always .positive‘ on M,, and rapidly vanishes as r — oo. Thus we can interpret
(M., g.) as a rounded cone with its cap cut off, where the missing cap represents the
forbidden core region in which our approximation breaks down.

The main object of this section is to model critical vortex scattering. To do this we
must solve the geodesic problem on (M,, g.). We could use g, in its Hermitian form,
but this would introduce an extra layer of numerical approximation (the coodinate
transformation r — s(r)), so we choose instead to use g, in the original coordinates.
The scattering problem is defined in terms of asymptotic parameters in any case:
impact parameter b and impact speed vy, both of which are defined on the part of
configuration space in Which the term “vortex position” is unambiguous. In fact the

geometry of geodesics does not depend on initial velocity, as may be seen by rescaling
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the time variable in (5.112), so deflection angle O is independent of v,,. This property
is found to hold approximately for low to moderate v, in numerical simulations of
vortex scattering, but breaks down at very high speeds. So the scattering data ©(b)
provide a coordinate independent characterization of the metric structure on M,.
The kinetic energy associated with g, is
2

£=3 (G(r)#’ + #(r)) (5.128)
where, once again, the cyclicity of ¥ has been used to eliminate 3 in favour of the
conserved angular momentum J = r?H (r)19 Without loss of generality, we can solve
the initial value problem r(0) = ro, #(0) = 0, #(0) = 0, 9(0) = d, essentially
parametrized by (ro,J). Substituting the initial data into (5.128) we see that the
pair (7o, J) fixes &, so that

J? = r)r? ———J2
rgH(rg) = G(r) +r2H(r)
. 1 11
"= ’J ) (raH(ro) r?H(r>)
49 1 1 1 1 -3
& T PH) [Gm (ramm)‘r?ﬂ(r))l (3129

=) = [ g -[aé«) (raﬂl(rofﬂhlr(r))]_%’ (5130

Note that the absence of J in (5.129) implies that the geodesic 9¥(r) is independent of
initial speed, as claimed. It remains to find the connexion between ro and b. Recall

that J = 2vb, so evaluating £ at rg and oo and equating expressions gives

5.0 1,
r2H(ro) g Voo
1
= b(T()) = 57‘0 H(To). (5131)
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Figure 5.7: Critical vortex scattering: deflection angle © versus impact parameter b.
The results of the point source approximation (solid curve) should be compared with the
results of the numerically implemented geodesic approximation (dashed curve), which is
in good agreement with numerical simulations of the full field theory [49].

We evaluate #(co) for a range of rq in the interval [rg, rmez), Where 7pmqp is chosen
so that the upper limit of the b range is 3, that is, it is a numerical solution of
rmaz\/H_(r,;x—) = 6. Once again, the integrand of (5.130) has a (r — 'I‘g)_% singular-
ity. The numerical integration is performed in the same way as described in section
5.5, equation (5.71). Figure 5.7 shows b(rg) plotted against ©(rq) = 7 — 24(c0),
in comparison with Samols’ scattering data [49] (see [49] also for a comparison of
the geodesic approximation with numerical simulations). The fit is fairly good, and
might be improved by adjusting ¢, a procedure which we eschew on grounds of prin-
ciple. As one would expect, failure of agreement becomes more marked as b becomes

small. Small b collisions probe the small r region of M, where the point particle

approximation breaks down.
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5.8 Conclusion

The essentials of vortex phenomenology in the abelian Higgs model have been known
for many years. The qualitative behaviour of vortices depends on a single parameter
in the model (g in our conventions) and splits into three regimes: type I (4 < 1)
vortices attract, type II (4 > 1) vortices repel and critical vortices neither attract nor
repel. The physical origin of this splitting has also been long known. We may regard
p as the ratio of the Higgs mass to the photon mass (such terminology is, strictly
speaking, only appropriate in the quantum, rather than classical, field theory, but
its use in this context is widespread) so that the various regimes are seen to arise
from the relative ranges of the scalar attraction, transmitted by the Higgs field, and
magnetic repulsion, transmitted by the photon field. Using asymptotic properties of
the vortex solution, Bettencourt and Rivers [53] found an analytic expression for the
intervortex potential at long range. In the present work, this result was rederived
from a different viewpoint, a viewpoint which provides a useful physical picture of
static vortex interactions. From afar, the vortex looks like a classical point particle
carrying both scalar charge ¢ and magnetic dipole moment m in a linear field theory
consisting of a real Klein-Gordon field of mass y and a free vector field of unit mass.
The constants ¢ and m were determined numerically for a brange of u? values, and
it was found that an assumption made about the analogous constants in [53] is ill
justified. As an application, the potential was uséd to formulate a very simple model
of type II vortex scattering, the predictions of which were found to be in reasonable
agreement with numerical simulations [46], although the model does not do so well
as Shah’s perturbed moduli space approximation [42].

Velocity dependent corrections to the static interaction were then found by adapt-
ing the method of linear retarded potentials originally developed by Manton for the
study of BPS monopoles [50]. The difficulty of calculating the induced massive fields
due to time varying sources was overcome by means of a formal Fourier transform

manoeuvre. The resulting corrections were found to add little of value to the very
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simple model of type II scattering already considered, but provided a good quan-
titative account of critical vortex scattering at modest to large impact parameters.
The u = 1 velocity dependent interaction Lagrangian was reinterpreted in terms of
the geodesic problem on a certain manifold M with metric g, and compared with
Samols’ metric on the two-vortex moduli space [49]. Here an unfortunate feature
was encountered: the natural coordinates for our point source approximation coin-
cide only asymptotically with zeros of the Higgs field, the natural coordinates for
the geodesic approximation. This problem has not afflicted previous applications of
the method, and so the masses of the linear théory may be responsible. An explicit
coordinate transformation was constructed to reduce g to Samols’ form, whereupon
good asymptotic agreement between the two metrics was found. It is worth pointing
out thé,t, compared with other studies of vortex dynamics [46, 49, 42], our calculation
required only very lightweight numerical work. The most sophisticated technique was
a fourth order Runge-Kutta method to solve an ordinary differential equation, albeit
used in a two-parameter shooting algorithm. In fact, if we restrict ourselves to the
case of critical coupling, we need only use a one-parameter shooting method. The
only other numerical wofk consisted of the approximate evaluation of integrals on the
half line using the trapezium rule. Of course, the price paid for this simplicity was a
lengthy and rather messy calculation in section 5.6.2.

A recent development in the study of low energy soliton dynamics is the gener-
ation of moduli spaces by computing instanton holonomies [59]. In this approach
one explicitly constructs the field configurations from instantons of some Euclidean
- theory in a space of dimension greater than that of the original soliton theory. The
moduli space so generated inherits a potential function (the restriction of the field
theoretic potential functional) and a metric induced by the kinetic energy functional.
Generically, this metric must be evaluated numerically from first principles, that is,
by calculating the £? inner products of every (unordered) pair of tangent vectors, at

each configuration. This is a very intensive procedure. The computational cost would
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be significantly reduced if the need for such numerical work could be contained within
a relatively small core region of moduli space where the solitons are close together -
if, for example, the asymptotic form of the metric could be found analytically from
a point source approximation, a technique employed in [60] in the context of the
Skyrme model without pion mass. The present work develops in a simple setting a
possible way of doing this when the linearized theory is massive. However, one should
note that the unfortunate mismatch of moduli space coordinates encountered in the
abelian Higgs model could cause major problems if it occurs generically. We were
able to construct a coordinate transformation quite easily, but this was on a two di-
mensional manifold with rotational symmetry. For higher dimensional moduli spaces
(if the field theory is defined on R***, or the solitons have orientations or internal de-
grees of freedorﬁ for example) the transformation may be far more complicated. Even
so, it would be interesting to find éuch asymptotic metrics, if only for the aesthetic

reason that a formula is always preferable to a collection of numerical data.

145



Appendix A

Derivation of the Vélocity

dependent interaction Lagrangians

In this appendix we present the detailed derivation of the velocity dependent inter-

action Lagrangians L, and L4 quoted in section 5.6.2. Recall that we defined the

function T : a — aKj(a). Beginning with the scalar interaction,

1 1
Ly=—5-—
v ! 4ru?

S.
27 o

where

Si = [ dxdx Kolulx - X|)pi(t, )pa(t, X)
S = [ dxdx T(ulx —xXpn(t, )palt, X

Recall that source 1 is at y(t) while source 2 is at —y(t), so from (5.80),

p(tx) = a(1-3HF)éx-y)

patx) = q(1-31) 86c+y(0).
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Thus,

51

while

Sy =

PP [ dx i Ko(ulx = X8(x = y)6(x +y) + -
(1 - [y Koulyl), (A.4)

q2/ EPxd®x" T(plx - x')(=y - Vé(x — Y-V +y)+-
q2/d2xy - V6(x ~ y)/d2X’Sf VT (plx — x']) §(x' + )

¢ [ dx cot V(x - Y)Y VX (ulx +y))

¢ [ dx8(x—y)y - V(- VyT(ulx +y)

(5 - v, 1 uly) | (A5)

Let w :=2uy. Then

Substituting into (A.1),

as quoted.

Ly =—
11)'27r

S2

q2

T (i V., (wkKy(w))

4

%-w  Vo[W - (WKL (w) + WK (w)]

qzzv'v - V(W - w Ko(w))

L (ko) + ¥ - w Ky(w)®)

12q* (|9 Ko(2uly)) + (3 - 9)* Y (2uly])] - (A-6)
[o(zaly) - SBPKof2uly) - 56 -99Y@ulyD], (A

The magnetic interaction Lagrangian, L4, while considerably more complicated
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is evaluated in similar fashion. So,
L= —2(8—8)+—8 (A8
4= =52(93 = 04) T 705, .8)
where

S, = / P d?x Ko(|x — x|)j8(t X)5%(t, x)

Sy = fd2Xd2x'Kg(|x—x'|)j(1)(t,x)'j(z)(t,x')
i 9;

)
S at%x)&

(t,x"). (A.9)

/ d*x &*x' T(|x — x'|)

Source 1 is given explicitly in (5.89), (5.90), while source 2 is obtained from this by

mapping y — —y (= ¥ — —¥). Substituting these expressions into S3 and Sy,

Sy = —m? ] EPxd*x' Ko(|x — x|k xy)- Vé(x~y) (k x y) - V'§(x' +y)
2 ~
= Tk x¥) -V, Ko(2lyl). (A.10)
Sy = m2/ d*x d*x" Ko(|x — x)).

1 2
- - o —
” ~ 7 ~

(1~ 2R x V(x~y) ~ (K x 3)y - Vé(x )

3

”~

TP N
—5¥(kxy)- Vé(x~y)

1.’\ 1cr 4 L~ 1. 10 !
o |(1 =k x V6(x' +y) = 5(k xy)y - V'6(x' +)

mror— -

1 2

1.~ .
~§y&xy%Vﬂf+y)

-

3

= m2zz Sisy (A.11)
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where

| 1A% = "
Su = [ dxdx Ko(lx X)) (1 _ §|y|2) (k x Vé(x —y))- (k x V'§(x' +y))

= (1= 5P) [ dx ™ Koljx = X} V8(x —y)- V'6(x' +¥) + -

= (- 3P)ViKol2ly)) - (A12)
S = — [ Exdx Kolx - xX&x Vo(x =) € x 3)3 - V(' +3)+

- _%/ Px ! Ko(jx - X)) ¥ - V8(x - y) ¥ - V6(x' + y)

= 3 V. Ka(2ly), | (A13)
Sy = —%/ P! K% — X)(E x V8(x—y)) -5 (K x §) - V(' +y) 4 +--

= 5 [ dxdx Kolx =Xk x ¥) - VoGx—y) (kx 3)- V(' +)

= Lk x9)- VLK), o (A19)

Si; with't # 1, j # 1 is of negligible order, and, by construction,
Sii = Sijly—-y»
which, given the above expressions, implies Si2 = S31, Siz = Sa;. Thus,

Sq .= m2(511 + 28512+ 2553+ -+ )
m2

= — [~ - PViKo(@ly) + (3 - Vi) Ko(2ly))
~[(k x 3) - Vi) Ko(2ly])] (A.15)

Now consider the integral Ss. Recall that j?1) =y jay+--,s0

-8
S = =[x T = x) B0 ) B0 3 4
= —m2/ d2xd2x'T(|x—x'l).

(kx V(- Vyb(x—y)))- (k x V(- V,6(x' +¥)))

ot
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m2

16

(v - Vo) V2T (2ly])- | (A.16)

After evaluating the differentials in (A.10), (A.15) and (A.16) — an exercise in ma-
nipulating Bessel’s functions — and substituting .53, 54 and S into (A.8), we finally
find that

’ 2K,5(2ly|)

Lo = 5 [Kotzvp 13 (D - Sty

ly| 2

+- 9 (452l + Ty - flilij'i'))] ~ (A7)
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