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To the memory of Fuan Squires



Abstract

This thesis investigates the problems within quantum mechanics for the Bohm
model caused by Lorentz invariance and the existence of photons. A model describing
the electromagnetic interactions of fermions is produced which does not use photons
and avoids these problems. It is then shown how these techniques can be extended to
linearised gravitational interactions. Finally semi-classical gravity and the possibility
of gravitationally induced collapse are considered.

In the first part of the thesis two modifications to the Bohm model are proposed.
One takes account of Lorentz invariance, and the other is capable of describing
photons. The main part of the thesis is devoted to describing interactions in a way
which does not need extra gauge particles, and so is in the same spirit as the Bohm
model.

Electromagnetic interactions are formed using a 4-potential operator which is
calculated directly, without imposing commutation relations on the 4-potential. This
leads to an expression for the 4-potential in terms of the Dirac field, and results in
there being no photon states. There are various ways of constructing the theory
and the scattering matrix of standard QED is compared to the scattering matrix of
the version which appears to be most similar. Considering only the matrix elements
between fermion states, they are found to be in agreement at the order e?, but
disagree at the order e. It follows that this model, which otherwise appears to be a
self consistent theory of QED, cannot agree with experiment.

The same techniques can be used to quantise General Relativity when it is lin-
earised about the Minkowski metric. The metric operator is calculated in terms of
the Dirac field. The interaction is similar to that of electrodynamics, being of order

4 in the Dirac field. Finally issues relating to gravitational collapse are discussed.
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Chapter 1

Introduction

1.1 Quantum Mechanics and its Early Successes

Around the beginning of the century it was concluded that classical mechanics was
not adequate for describing all physical phenomena. For instance classical electrody-
namics predicts all atoms are unstable, and this is clearly contradicted by observation.
This led to the birth of quantum mechanics. It was a radical theory and its concepts
were very different.

A quantum mechanical system is described using observables which are linear
operators, and a state vector |®#>. Observables include position Z and momentum

p. If a system is such that an observable O has the definite value o' then
00> = 019>, (1.1)

For instance we can use the state |z'> to describe a particle that is at a position 2’

and this state obeys

flz'> = z'1z’>. (1.2)
This notation allows states which do not correspond to a definite position such as
lz'> 412">, (1.3)

where ' # z”. Similarly particles do not have to have a definite momentum. The

position and momentum operators in a one dimensional system Z and p obey the




commutation relations

(£, p] = ik (1.4)

This means that a particle cannot have a definite position and a definite momentum
simultaneously.

The motion of particles can be described in two different ways. In the Schrédinger
picture the dynamical variable is a state vector |®,¢> and the operators representing
position and momentum remain constant. The state |®,¢> obeys the Schrédinger

equation,

ih%@,b = Hi®,t>, (1.5)

where H is the Hamiltonian operator which represents the energy of the system. In
the Heisenberg picture the dynamical variables are the observables, such as position
and momentum, and the states remain constant. FEach observable O obeys the

Heisenberg equation

L9
ih-0 = [0, H) (1.6)

Amongst the first successes of quantum mechanics was the description of the
energy levels of the hydrogen atom. The hydrogen atom can be modelled using the

Schrodinger equation and predicts the energy levels with reasonable accuracy.

1.2 The Predictions and Limitations of the Dirac
Equation

At a similar time the theory of special relativity was being developed by Einstein
and this describes large fast moving particles very accurately. The principles of
relativity can be extended to quantum mechanics and a single relativistic particle
can be described by either the Klein-Gordon equation or the Dirac equation. The
predictions of the Dirac equation for the energy levels of the hydrogen atom are much
more accurate than that of the Schrodinger or the Klein-Gordon equations. They

nevertheless do not completely agree with experiment.



The Dirac equation can be written in the form

L0
Zha‘ll(a)(x,t) = H(ag)\Il(ﬁ)(x,t), (1.7)

where x € R®. The Dirac particle Hamiltonian His a 4 x 4 matrix operator, with
H.p) its matrix elements. The object ¥,(x,t) is a 4 component spinor and Dirac
particles, that is spin % particles, come in 4 varieties. Each particle has a positive or
negative energy, and an up or down spin. Dirac concluded that the observed vacuum
state was a sea of negative energy particles and that the observed particles were
positive energy particles and anti-particles, which are the lack of a negative energy
particle in the sea. The existence of anti-particles and of particles with different
spins has been experimentally verified.

The great success of the Dirac equation did come at a price. Its interpreta-
tion is even less easy that of the Schrodinger equation. It is also far from obvious
how to describe interacting spin % particles. When the hydrogen atom is modelled
with the Dirac equation, the model is really one of a single particle, whose mass is
the reduced mass of the electron and proton, in a background electromagnetic field
which is the field produced classically by a stationary charged particle. In reality
a hydrogen atom contains two charged particles, one electron and one proton, un-
dergoing electromagnetic interactions. These two systems are not exactly equivalent
and this is one reason why the energy levels calculated using the Dirac equation are
not those experimentally observed. It is also less than obvious how to introduce full

electromagnetic interactions into quantum mechanics.

1.3 Quantum Electrodynamics

In order to handle genuine interactions Quantum Electrodynamics (QED) was de-
vised. QED is a field theory and is based on different premises to normal quantum
mechanics. Field theory takes quantum mechanics one step further and performs
what is often called second quantisation. To see the differences we can briefly con-

sider a scalar field theory. This is described with the field ¢(x,t), which is initially
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treated as a wave-function and obeys the Klein-Gordon equation. The field ¢(x, t)
is a dynamical variable and has a conjugate momentum, which is denoted by 7 (x,t).
An analogy is drawn between position and momentum, and ¢(x,t) and 7 (x,?), and

the commutation relations
[(x,t), (X', t)] = 1h63(x — X'), [$(x,1), d(x',1)] = 0, (1.8)

are imposed.

QED contains two fields, a Dirac field #(x,t) which is a spinor and a photon
field A*(x,t). It views electrodynamics as the interactions between Dirac particles
and photons. This is very unlike what is imagined classically, where photons do not
exist. A brief introduction to QED can be found in section 6.2.

QED gives many predictions and these agree remarkably accurately with exper-
iment, one of which is the corrections to the energy levels of the hydrogen atom,
known as the Lamb shift. From scattering theory it can be deduced that the elec-
tromagnetic field produced by a bound state is not that calculated from the obvious
classical analogy, but contains small corrections. The energy levels calculated with
the single particle Dirac equation using the corrected field as a background field are

found to be much more accurate.

1.4 A Brief Overview of the Thesis

This thesis investigates the problems within quantum mechanics caused by Lorentz
invariance, the Bohm model and the existence of photons (gravitons). Chapter 2 is
a review of the evolution equations of quantum mechanics. Chapter 3 proposes two
modifications of the Bohm model, one which takes account of Lorentz invariance,
and another which is compatible with the existence of photons. The main part of
the thesis is concerned with a description of the interactions of Dirac particles which
do not need gauge particles.

A method of quantising the electromagnetic field is developed, using only stan-

dard quantum mechanics, and which contains no photons. There are different ways
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of formulating the theory. The scattering matrix is calculated for one particular for-
mulation, which appears to be the most similar to QED, and it is compared to the
scattering matrix of QED. Considering only the elements of the scattering matrices
between fermion states, they are found to be in agreement up to the order of e? but
do not agree at the order of e*.

It is then shown how the techniques used to describe electromagnetic interactions
can be successfully adapted to linear gravity. This produces a theory whose interac-
tion Hamiltonian is of order 4 in the Dirac field, and which is of a similar form to
the previous theory of electromagnetism.

Finally issues relating to quantum state reduction are discussed.

1.5 The Wave Function Description of Quantum
Mechanics

Chapter 2 considers the wave function description of quantum mechanics and parti-
cles in background fields. Many Dirac particles can be described by spinors where
each particle has its own spinor index, so for instance n Dirac particles can be de-
scribed by ¥(a,..a,). How to write down the equation(s) of motion is not obvious.
Bell [3] suggested that to allow for the time translation produced by Lorentz invari-

ance, a two particle wave-function @ should have two times and obey two equations

of the form

L 0 . 0
Zha—tlé = H1®, Zhé‘E@ = HQ@ (19)

This thesis starts by describing a system of Dirac particles by giving each particle

its own space-time variable and its own equation. If there are n particles then the

equation for particle k is

0

ihé‘t;q;n(al...ak_lakak+1...an)(mla v ,:Cn) = Hk(ozkﬁ)qln(al...ak_lﬁozk+1...an)($la .o amn)-

(1.10)



Hy(.p) are the matrix elements of the Dirac Hamiltonian for particle & which can
contain background electromagnetic and/or gravitational fields. In any frame the
space-time variable zj contains its own time ¢; meaning that ¥, has many times.
It will be shown that for such an n particle system we can deduce the single time

equation

e, .
Zhg\pn(al...an)(xh <v o3 Xn, t) = Hl(alﬁ)wn(ﬁ...an)(xh ooy Xny t)

+... +Hn(anﬁ)‘I’n(al...ﬁ)(Xl,---,Xn,t)- (1.11)

This equation has been proposed by Bohm and Hiley. Here x denotes a spatial
position and z = (x,t) a position in space-time. When we attempt to describe inter-
acting systems using the original set of many Dirac equations as in Eq.(1.10), we find
that the equations are not compatible. Eq.(1.11) however has no such compatibility
problems. It is thus postulated that Dirac particles in a background electromagnetic

and/or gravitational field obey Eq.(1.11).

1.6 The Bohm Model

Our experience of the world is that objects have a precise position. Indeed any
measurement will give a result that is definite (even if it is not accurate). In Quantum
mechanics everything seems ‘fuzzy’. Particles occupy a distribution of positions,
rather than a single value. How is it possible to interpret quantum mechanics in a
way which is consistent with experience?

One of the most successful explanations is that of Bohm [4]. It gives each par-
ticle a trajectory in a way which preserves the statistical predictions of quantum
mechanics. Can the Bohm model be made compatible with theories such as QED?

Since the work of Bell [5], it has been known that any hidden-variable model
of quantum theory must be non-local. That it must also violate Lorentz-invariance
was shown by Hardy [6] (see also [7]). The Bohm model can be modified so that it

takes account of Lorentz invariance [8]. Clearly this modified model, which we call



the Retarded Bohm Model, will violate quantum theory. It is not clear, however,
whether it violates the results of any actual experiments.

The first part of chapter 3 shows how the Retarded Bohm Model evades the
Hardy proof of the lack of Lorentz-invariance of hidden-variable models. Another
possible test of the retarded model is also revealed.

QED contains photons as well as fermions and it is possible to describe photons
using the Bohm model. The second part of Chapter 3 proposes a version of the
Bohm model which is suitable when there are particles present which do not have

trajectories, such as photons.

1.7 Electromagnetic Interactions

The remainder of the thesis discusses a method of producing both non-relativistic and
relativistic interactions. This is done in a way which does not use extra particles and
is consistent with the spirit of the Bohm model in that it only has particles where the
Bohm model has trajectories. Chapter 4 describes non-relativistic scalar particles.
An operator field ¢(x) is introduced which can be compared to the operator field in

scalar field theory, and which obeys the commutation relations

[6(x), ¢'(x)N) = &*(x —x),  [$(x),4(x)] =0. (1.12)

¢1(x) creates a particle at a position x in space. The motivation behind the commu-
tation relations is that they lead to standard normalisations of bosons (see section
4.2). No analogy is drawn between the ¢(x) field and a wave-function, it is merely a
set of operators that annihilate particles. The ¢(x) operators are used to construct
other operators and from them the equation of motion for the state |®,1> is built.
Field theory in a similar context is discussed by Schweber [11] and Lawrie [12].
The advantage of this notation is it allows the simple and rigorous construction of
physical fields and interactions. The theory of quantum electrostatics is considered

in detail and it is shown that the theory can be constructed so that self interactions



are either included or excluded. It is then shown how relativistic interactions can be
formed.

Chapter 5 shows how this notation can be extended to Dirac particles. There
are four types of Dirac particle and so we use 4 corresponding operator fields ¥,(x)

which obey the anti-commutation relations

{$l(x), ¥p(x)} = bapf®(x = X),  {dha(x),¥5(x)} = 0. (1.13)
It is shown that the n-particle components of the equation

ih%w,» = [ Ex$Lx) Heopbs (¥, >, (1.14)

are Eq.(1.11), where |U,t> is expanded in terms of the wave-functions ¥,. The
H in Eq.(1.14) is the Hamiltonian of each single particle and is dependent on x
and its derivatives. The particles in Eq.(1.14) are identical. The Hj in Eq.(1.11) is
the Hamiltonian of particle (), and is formed from H by replacing x with x;. This
implies that Eq.(1.14) can be used to describe the evolution of the state vector | ¥, >
through time.

At the moment, the Hamiltonian H contains only background fields. To produce
electromagnetic interactions we must replace the background electromagnetic field in
Eq.(1.14) with the correct electromagnetic field operator. It can be argued that the
differences between the description of Dirac particles here and in standard field theory
are only philosophical, and that mathematically the theories are equivalent. The
description of electromagnetic interactions however is genuinely different. Classically
the electromagnetic field can be expressed by the electromagnetic field tensor F*¥
which obeys

0, F*" = 3%, (1.15)
where 7 is the 4-current vector. QED describes interactions by imposing commu-
tation relations on the electromagnetic field operator. It regards photons as real
particles. The system described here forms electromagnetic interactions by impos-

ing an operator version of Eq.(1.15). This equation can be solved and we gain an
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expression for the electromagnetic field operator in terms of the 1,(x) fields. The
electromagnetic field operator is analogous to the classical electromagnetic field and
photons do not have an independent existence.

Many experiments have been performed which handle individual photons and
there is much evidence claimed for their existence. Unless these photons existed at
the beginning of time they always come from a source, and their characteristics are
determined by this source. An atom can be made to jump to a higher energy level by
a photon of the correct frequency, so it is said. However this photon must have orig-
inated somewhere and the jump can be considered merely as an interaction between
the source and the atom, which will proceed if the energy lost by the source is the
same as the energy gained by the atom. Experiments have also been performed using
superpositions of photon states. This can be considered as merely a superposition of
the states of the source.

The success of such a theory can only be determined by its experimental predic-
tions, and how closely it agrees with standard QED. There is a choice of possible
4-potential operators, and the one which appears to give the best results is chosen. In
chapter 6 the scattering matrix is calculated for this 4-potential, and it is compared
to the scattering matrix of standard QED. The matrix elements between fermion
states are found to be in agreement for the terms of the order of e? but do not agree

at the order of e*.

1.8 Quantum Gravity

The failure of these techniques to produce an accurate theory of electromagnetism
does not automatically mean that they will fail with gravity. It is well known that
there are many difficulties in constructing a theory of quantum gravity in the conven-
tional way, so this alternative method is worth trying. A theory of quantum linear

gravity can be constructed and it may be possible to generalise this to non-linear

gravity.



Dirac particles in a background gravitational field can be described using an equa-
tion of the form of Eq.(1.11). As before this is equivalent to the state vector equation
Eq.(1.14). To form gravitational interactions we simply replace the background met-
ric in Eq.(1.14) with a metric operator. In linear gravity the metric operator obeys
an operator version of the linearised Einstein’s equation, an equation which can be
solved. The un-linearised Einstein’s equation in general is not solvable and it is un-
certain as to whether these techniques can be extended to a full theory of quantum
gravity. Chapter 7 discusses the metric operator. Chapter 8 is a detailed discussion
of Quantum Linear Gravity. The interaction Hamiltonian is of order 4 in the Dirac
field and it is shown how to calculate a scattering matrix for this theory.

Penrose [13] argues that any theory of quantum gravity must necessarily lead to
quantum state reduction. His arguments are based upon the assumption that part of
the state represents the gravitational field (i.e. the assumption that gravitons exist).
This assumption is violated by the theory developed in chapters 7 and 8 and indeed
they do not involve quantum state reduction.

Nevertheless his arguments should not be dismissed. There is no evidence either
way as to whether gravitons actually do exist. Penrose argues that the collapse time
of a superposition of states is related to its gravitational self energy. The theory of
semi-classical gravity is investigated and it is shown that this energy appears within
it. However the mechanism for collapse is unclear. In semi-classical gravity this self
energy acts as an attractive force between superposed states, and there is no such

collapse in semi classical gravity.
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Chapter 2

The Wave Function Description

| 2.1 Introduction

This chapter concentrates on the wave function description of quantum mechanics
and the motion of particles in background fields. A brief review of non-relativistic
quantum mechanics and the Schrodinger equation is given before relativistic wave
equations are considered. A single relativistic scalar particle can be described by
the Klein-Gordon equation and a single particle of spin—% by the Dirac equation.
Electrons are spin—% and the Dirac equation has given successful experimental pre-
dictions. Many body relativistic systems which contain interactions are much more
difficult to describe and there are a number of possible approaches. The method
chosen here involves sacrificing manifest Lorentz invariance, and this leads to the
many body Dirac equation proposed by Bohm and Hiley [14].

The motion of Dirac particles in background electromagnetic and gravitational
fields is reviewed. We are particularly interested in linear gravity. The metric caused
by a space-time containing a single fixed particle is found within the context of linear
gravity. The motion of Dirac particles in this space-time is discussed and it is shown

how it is in agreement with Newtonian gravity.
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2.2 Non-relativistic Particles

Classically a single non-relativistic particle of momentum p and mass m moving in

a force field with potential V(x) obeys the energy equation

2

E= 1y, (2.1)

2m
where x,p € R5. ‘The energy F of the system is a constant.
Quantum systems are described by a state vector |®,¢>. The state x> repre-
sents a particle in an eigen-state of position with eigenvalue x, which is normalised
according to

<xly >=88&(x—y). (2.2)

A general state of a single particle can be expanded as
1®,t> = /d3x B(x,t)x>, (2.3)
where using Eq.(2.2) the wave-function is,
d(x,t) =< x1®,t > . (2.4)

Note that we differentiate between the concepts of ‘wave-function’ and ‘state’. An
analogy can be drawn between quantum mechanics and vectors on R%. We can

expand a general point as

3]
= ae; + a2€9, (25)
G2

where e; and e, are the basis vectors of R? and a; and a, are numbers. The a;
are the co-ordinates of the vector but not the vector itself, and are analagous to the
wave-function. Eq.(2.5) itself is a vector and analogous to the state.

We see that the quantum state is completely determined by its expansion in the
position basis. We postulate that the state which represents a particle of momentum
p is

Ip> = (2wh)‘%/d3x exp ii(h'—plx>. (2.6)

12



Since

— 1AV exp ? = pexp %, (2.7)

the momentum operator, that is the operator p which obeys
pip’> = pip’>, (2.8)
is
b= /d3x|x> (—ihV) < xI. (2.9)

We also postulate that the operator ih% represents the total energy of the system.
The equation of motion of a single non-relativistic particle is formed from Eq.(2.1).

We perform the substitution

E— iﬁ%, p — —ihV, (2.10)
and ®(x,t) obeys
d R*V?
h— = — . .
¢ at<I>(x,t) 5 ®(x,t) + V(x)®(x,1) (2.11)

This can be easily extended to larger numbers of particles. Cla,ssica,lly a system of

n non-interacting particles moving in an external force with a potential V' (x) obeys

p P; Pl

Each particle (7) is at the spatial position x;, has a momentum of p; and has a mass

m.

The state |x1;Xs; . ..; X,> represents n identifiable particles, each of which is an
eigenstate of position with the eigenvalue of particle (j) being x;. This state is

normalised according to
< X13X2} - 3 Xnl Y1 Y2 Yn >= 83(x1 — ¥1)83 (X — ¥2) - - 62 (Xn — Ya)-  (2.13)
A general state of a n particles can be expanded as
1D, t> = /d3x1...d3xn O(X1,y. -y Xn, U)IX15 .- -3 X0 >, (2.14)
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where using Eq.(2.13) the wave-function is,
O(X1,. ..y Xpyt) =< X135, X 1D, E > . (2.15)

Again the state is entirely determined by the its expansion in the position basis. The

state which represents n particles with momenta p4, ..., p, is
IP1;.. ;P> = (27rh)_§2§/d3x1 . d3%, expi (X1-p1 + h + Xn-pn) 1X15. .3 X >
(2.16)
We see that
and the momentum operator for particle () is thus
P; = /d3X1 . dBXn|X1; oy Xp > (—th]) < Xp5..003Xp . (218)

Here V; refers to differentiation with respect to x;.
The equation of motion for a system of n non-relativistic particles in an external

force, each of mass m, is formed from Eq.(2.12) by performing the substitution

0
E— Zha, P; — —thJ (219)
The n particle wave-function ®(xy,Xs,...,Xy,,t) obeys
0 \%i Vi AV
TR AT Y oY iymle @
zhatq) 5 T V(xi)—h 5 T V(x2) + k 5 T V(x,)| ®. (2.20)

Consider the case where the external force is caused by a particle of charge e
fixed at the origin, and where each of the particles described by Eq.(2.20) also has

charge e. The potential obeys
V2V (x) = —ep(x), (2.21)

where p(x) is the charge density field. Here and throughout the thesis we use
Heaviside’s units. The particle fixed at the spatial origin has a charge density of

p(x) = e6*(x). We see that the solution of Eq.(2.21) which vanishes at infinity is

62

= x|’

V(x) (2.22)
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and Eq.(2.20) can be written explicity as

nlo=| iy & p¥a, ¢ Ve, €

ot om | Arlxy|  2m | 4wlxy| | 2m ' Ar|x,]

0. (2.23)

We can also produce equations of motion for interacting particles in a similar manner.

We discuss interactions later in section 4.3.

2.3 Relativistic Particles

Classically a free single relativistic particle of mass m obeys
p’ =m?, (2.24)

where p € R* and we are using the Minkowski metric with a (+1,—1,—1,—1) sig-
nature. This system can be quantised in a similar manner to the previous section.

We replace p, with the operator —ihd, and obtain the Klein-Gordon equation
— h*049,9(z) = m*®(z), (2.25)

where € R*. To describe a single particle of charge e in an electromagnetic field
given by the 4-potential A*(z) we perform the substitution —¢%d, — —ihd, + €A,

and its wave function ®(z) obeys
(—tho* + eA*(2))*®(z) = m?®(z). (2.26)

The question of how to describe two relativistic particles is less easy to answer.

In a background electromagnetic field A*(z) we would expect to use
(ihd} — eA*(21))*®(z1,22) = m2®(zy, z2),
(1hOY — eA*(22)) 2 ®(z1,22) = m?® (21, z2), (2.27)

where 0% = af, . There are two major problems here. The first is that since there
n

are two space-time variables z; and x4, in any frame there are two times ¢; and ¢,.

It is not at all obvious how to interpret this situation. The second problem arises
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when we try to include interactions. The electromagnetic field is now dependent on
the position of both particles, A¥(x;,%2). The second problem is that in general
the equations of the interacting system are not compatible with each other. Much
has been written on this subject and how to alter these equations so that they are
compatible. See for instance Komar [15][16], Horwitz and Rohrlich [17], Crater and
Van Alstine [18], Sazdjian [19] [20], and Horwitz and Rotbart [21]. In this thesis a
different route shall be followed.

The method can best be explained in terms of spin—% particles. A single free

Dirac particle can be described by a spinor W(x,¢) which obeys

.0
zﬁalll =HY. (2.28)
The Hamiltonian is
H =17 (=ity’d; + m). (2.29)

J sums from 1 to 3, and the v* are 4 X 4 matrices obeying the anti-commutation
relations

{v*, 4"} = 2r*. (2.30)
In writing the Dirac equation in this manner a particular frame has been selected.
Within this frame we use x € R3 to denote spatial co-ordinates, ¢ is the time and
z = (x,t) is a point of space-time. To emphasise that H is a matrix operator and

that ¥ is a spinor we write Eq.(2.28) in component form,

o,
ih U(a) = Hiap) V(o) (2.31)

This equation has two types of solution. One is

— 2 2 ;
ialy +hm TP (),  T=1,2, (2.32)

U(x,t) = exp

which represents a positive energy particle of spatial momentum p. u;(p) and u,(p)
are the usual 4 component spinors for positive energy particles. The exact expression

is dependent upon the basis being used. The second type is

/o T mZ — ix.
“vPp J”; XP o (p), =34, (2:33)

U(x,t) = exp
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which represents a negative energy particle of spatial momentum p. v;(p) and v.(p)
are the usual 4-component spinors for negative energy particles. In order to express

these solutions in one equation we define the object «, by

1 7=1,2,
K, = (2.34)
-1 7=3,4.

The solutions Eqs.(2.32,2.33) can now be written as the single equation

Ky (—it\/m + ix.p)
h

U(x,t) = exp u,(p). (2.35)

Here we use the notation uz(p) = vi1(p) and us(p) = vo(p), and this is continued

throughout the thesis. We see that Eq.(2.28) is an energy equation,

d Ky (—itm + z'x.p)

Zh& exp > Ur(a)(P)
Ky | —tt/p? + m? +1x.p
= H(ap) exp ( > ) ur(g)(P) (2.36)
kr (—tv/P? + m? +ix.p
= k.1/p? + m2exp ( ; )uq.(o,)(p),

where u.()(p) denotes the o component of u,(p).

Several free Dirac particles can be described by multiple Dirac equations. The
wave-function of n free particles is now a multiple spinor Wy (a,a,...an)(Z1, Z25 - - -, Tn)-
Each particle has its own space-time position, its own spinor index and its own

equation. This means that

L0
Zha_tk\pn(al~~~ak—1ak0’k+1u~an) = Hk(ak,@)\Iln(al...ak_lﬁak+1...n)a (237)

for each k where 1 < k < n. Hj is the Hamiltonian in Eq.(2.29) with each of the
variables z substituted by z, so that Hj is the Hamiltonian for particle (k).

To avoid confusion over indices we consider the two particle case, where there are

two equations

G, . 0
thoVaep) = HienVaep),  thg-Vaap) = Hapr)Vaer).  (238)
) Bt
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Adding these equations together gives

0 0
uh qj?(aﬁ) Hl(oz*r)lp2(‘rﬁ) + HZ(ﬂT)lIIZ(OtT)' (239)
6t1 at

Consider (%1, ;) space and the line parameterised by ¢, given by ¢t = ¢; = t,. On this

line
0 0 9,
—= 2.40
o= ot o (2:40)
and so on the surface of configuration space-time in which ¢; = t;, we can replace
Eq.(2.39) by
., 0
Zhg\ljﬂaﬁ) = Hl(a,‘r)\p2('rﬁ) + H2(ﬁ’r)l1}2(a7)- (241)

In replacing two equations by a single equation we have clearly lost some information.
Eq.(2.41) only applies to the surface t; = ¢,. Eqs.(2.38) applies over all ¢; and ¢,.
This result extends to the many particle case. If we add each of the Eqgs.(2.37),

then we obtain

9 0
(atl + ...+ a ) \I;(Oll worn) = kz:Hk akﬁ)qln(al og_1080g41..0m)" (242)
1
On the path in (¢1,...,%,) space, t = {; = ... = t,, which is parameterised by t we
have
0 J 0
—=—+4+...4+ — 2.43
ot 8t1+ +atn’ (2.43)

and on this path

0

Zha ‘I, Ot1 an Z Hk akﬁ al...ak_lﬁak+1...an)- (2'44)

This equation was proposed by Bohm and Hiley [14] to describe multiple Dirac

particles. A solution to this equation, without using components, is the multiple

Kry (—z’t\/p% +m?+ z'xl.p1>

h

spinor

U, (X1, ... Xn,t) = €xp

Korm (—it,/pg +m? + ixn-pn)

> Ury (P2) - - Urn(Pn), (2.45)

X ... X exp
where &, is given by Eq.(2.34).

18



In order to produce Eq.(2.44) a frame has to be selected. Eq.(2.44) only de-
scribes a small part of the configuration space of Eqs.(2.37,2.42) and is not mani-
festly Lorentz invariant. Eqs.(2.37,2.42) are manifestly Lorentz invariant, since the
original Dirac equation is Lorentz invariant. A Lorentz transformation of Eq.(2.42)
will cause the surface t =%, = ... =1, to mo.ve.

To describe a single Dirac particle with an electric charge e in an electromagnetic
field given by the 4-potential A#(z) we again perform the ‘substitution —ikd, —

—1hd, + eA,. The evolution of a single Dirac particle in an electromagnetic field A*

is given by
. 0
Zhgt'lpl = H‘I’l, (24:6)
where
H = eA®+7° (v (—ihd; + eA;) + m) . (2.47)

The previous discussion holds in a background electromagnetic field, where we re-
place the free particle Hamiltonian with the new Hamiltonian. We could choose to
describe many particles in a background electromagnetic field with Eq.(2.37). This
is equivalent to Eq.(2.44) along the surface t =t; = ... = t,.

Background fields are useful for constructing theories. However we have no reason
to believe that they actually occur in reality. As far as is known all physical fields
are caused by particles. Consider a system of two particles which are moving in
the electromagnetic field caused by each other. We might expect we could describe
this system by using an electromagnetic field which is not a function of a single
position, but which is dependent on the positions of both particles, A*(xy,X2,1).
Using A*(x1,X2,t) leads to interactions, though at the moment we have no way of
calculating this field. The question that we wish to ask at the moment is not how to
calculate this field, but given a 4-potential A*(x;,X2,t), which equation of motion
should be used?

We could choose to describe two Dirac particles with Egs.(2.38). If the particles
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are interacting then we cannot assume that [Hi, Hy] = 0. If [Hy, Hy] # 0 then

0? 0?
m% # 5t—;a—tl\112, (2.48)
and Eqs.(2.38) are incompatible. Eq.(2.41) has no such compatability problems.
It should be remembered that Eqs.(2.38) are manifestly Lorentz invariant whereas
Eq.(2.41) is not. This does not mean that we should completely discount multi-time
quantum mechanics, and the possibility of manifest Lorentz invariance. Eq.(2.39)
has no compatability problems, and is manifestly Lorentz invariant. However for the
purposes of this thesis it is postulated that Dirac particles can be described by the

single time equation

L 0 -
Zh'a—tq}(al,_,an) = Z Hk(ak,@)q’(al...ak_lﬂak+1...an)a (249)
k=1

where Hy is the Hamiltonian for particle k.
To gain an intuitive insight as the motion of Dirac particles in a background

electromagnetic field we take the slow speed approximation. We write

o
\Ill = 1y (250)
Y

where X and Y are two-component spinors and use the explicit representation of the

~+* matrices given by

. I 0 : 0 o
Y= ) v = . . (2.51)
0 —I -0 0

I is the unit 2 x 2 unit matrix and ¢’ are the Pauli matrices. In the slow speed

approximation it can be shown that

)¢
i = HX, (2.52)

where
-1
2m

A* = (A° A) and B is the magnetic field. This is the Pauli equation. A derivation

0
H=—(hV —ieA)’ + 57%0.3 + (A% +m), (2.53)

can be found in Itzykson and Zuber [22]. The first term on the right hand side is a

20




kinetic energy term. The second term is a spin term. The third term is the potential
energy, which is the sum of the mass energy and the electrostatic potential A°.
Eq.(2.52) is

0 :
Zha\pl(j) = H(jl)\pl(l), J = 1,2, (254)

where [ sums over 1 and 2, and is an equation only involving the first two components

of the spinor. This equation generalises to many particles,

0
Zhg‘lﬁ(]’l...jn) = HiGiyVa(tega) + - - + Hoay ¥y, (2.55)

where each of the j; are 1 or 2 and [ sums over 1 and 2.

2.4 A Background Gravitational field

The Dirac equation for a single particle in a background curved space-time can be
written as

(ehy*(%,8)D, — m) ¥ = 0. (2.56)
where again j sums from 1 to 3 but now the v#(x,t) are 4 x 4 matrix fields obeying

the anti-commutation relations
{7*(x,1),7"(x, 1)} = 2¢"(x, 1). (2.57)

Spinors have their own special transformation properties, and D, is the spinor co-
variant derivative corresponding to d,. This is discussed in Weinberg [23]. In order
to find the covariant derivative at a point X of space-time a locally inertial set of

co-ordinates {% are used. The matrix

Ve (X) = (‘956%6 (f)LX (2.58)

transforms vectors from the basis of the z# co-ordinates, to the basis of the £ co-
ordinates. Weinberg shows that the co-variant derivative which corresponds to the

derivative Va”% can be written in the form

A [% + I‘,L(x,t)] , (2.59)
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where the I, are each 4 x4 matrices. The exact form of I', can be found in Weinberg.

We thus deduce that the covariant derivative which corresponds to the derivative %
is
0
Dﬂ = %; + FM(X,t). (260)

It should be noted that this is not the notation that is adopted in Weinberg.
In order to form an equation of motion for an arbitrary number of particles in a

background gravitational field we must write Eq.(2.56) in the form

L 0
iho ¥ = H, (2.61)

where H a Hamiltonian operator. If we write
H = (1)) (=il (x,8)D; + m) — ihTo, (2.62)

then Eq.(2.61) is equivalent to Eq.(2.56). Using the results of the previous section
we can describe many Dirac particles with the analogue of Eq.(2.49). Each particle
has a Hamiltonian of the form of Eq.(2.62) and Hj is produced by substituting x
with xi.

We now consider the gravitational field produced by a fixed particle at the origin.
This thesis is mainly concerned with weak gravitational fields and linear gravity,
and in order to help future results we consider only gravity linearised about the

Minkowski metric.

We assume that space-time is topologically equivalent to Minkowski space. On

each point of R* is placed a metric
I (%) = T + € (X, 1), (2.63)

where it is assumed €,,(x, t) is small. Linear gravity carries out calculations to lowest

order in €,,(x,t). For instance to this order the inverse metric is
g (x,t) = " — e (x,1). (2.64)

Also, if we write

1
Ew(X,t) = €w(X,1) = 5Twes(x,2), (2.65)
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then Einstein’s tensor is found to be

G (x,t) = —%8”’875;“,()(, t)+ 0708, (%,t) + 0708, (x, 1) — %7'#1,870”570()(, t).
(2.66)
Any space-time manifold M can be described by a large number of different
metric fields. If g,,(x,t) and g,,(x,t) are two such metric fields then there is a

gauge transformation which transforms g,,(x,t) into g, (x,1),
I (X, 1) = g, (X, 2). (2.67)

In linearised gravity we limit the metric fields to those which are perturbed about
T by €u,(x,t) where €,,(x,t) is small. This removes much of the gauge freedom.

However linearised gravity still has the gauge freedom generated by a vector field

a(x,1),
o (55,8) = euu(58) + 0,60 (5 2) + Db, 1) (2.69)

This is closely analagous to the gauge freedom of electromagnetism, A, — A, +J,.x.

It is possible to make a gauge transformation to obtain
0"€ 0 (x,t) = 0, (2.69)

which is the analogue of the Lorentz gauge condition. In this gauge, the expression

for the Einstein tensor simplifies to become
Loun
Gu(x,t) = —-2-8 0.8 (X, 1), (2.70)
and the linearised Einstein equation 1s
0.0"g,,(x,t) = =167 GT,.(x,1). (2.71)

A more detailed derivation is contained in Wald [24].

In Minkowski space the stress-energy tensor of a particle of mass m stationary at

the spatial origin is

T,0() = { o) w=v=0 (2.72)

0 otherwise.
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We extend the overline notation to general tensors,

1

A=A, — EWA:, (2.73)
and so
— 1
T = §m53(x)6w. (2.74)
Now
T = —Tu, (2.75)
and so
- 1
(X, 1) = Eu(x,t) + 57‘”,,51()(,1&) = eu(x,1). (2.76)
Hence _
0%, (x,t) = —=167GT . (x, 1), (2.77)
and in the leading order of ¢,,(x, 1),
0% (%, 1) = —871mG&3(x)6,,,. (2.78)
The solution which vanishes asymptotically is
8,.,2mG
e (X, 1) = — -2 |XT|"’ , (2.79)

where |x| denotes the Cartesian length of the spatial co-ordinates x,

x| = /2% + 2} + 23, (2.80)

and

2 o
ds® = (1 - %f) dt* — (1 + zli?) dz’dz’. (2.81)

If we transfer to (r, 0, ¢) co-ordinates given by

¢! =rsinfsing, z2=rsinfcosé, 2°=rcosb, (2.82)

the metric Eq.(2.81) can be written as

r r

ds? = (1 _ 2mG) dt? — <1 + ZmG) (dr2 + r2df* + r?sin® 0d¢2) (2.83)
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2 -1
= (1 — mG) dt? — <1 — 2mG> (dr2 + r2d0? + r?sin® 0d¢2) +0 (%) . (2.84)
r

r r

According to full general relativity, the metric caused by a particle of mass m sta-

tionary at the spatial origin is the Schwarzschild metric,

-1
ds? = (1 _ 2’”G> di — (1 _ sz) dr? — r2d6° — 2 sin? 0dg’.  (2.85)

r r

The difference between Eq.(2.83) and the Schwarzschild metric is caused by the
linearisation. '

We now find a linear approximation to the Hamiltonian Eq.(2.62) in terms of
e"(x,t). We are most interested in the principles underlying a theory of gravity, and
not of producing exact results which take account of all the subtle effects of spin.
It is first shown that for a first approximation the I', part of the spinor covariant
derivatives has a very small contribution and for a can be safely ignored. Consider
a spinor ¥(x,t) describing a single particle moving with a velocity of magnitude v.

We then have
WD,V =14k (0, +I',) ¥ =140, ¥ + O(R)¥ ~ thd, V. (2.86)

The derivative part :%0, ¥V dominates the expression because ¢hd, is the momentum

operator. For y = 1,2,3 it is of the order of mv¥ and for x = 0 it is of the order

m+/1 + v2U. Each of the T, are small because it is assumed the perturbation €, (x, )

about the Minkowski metric is small. We can thus approximate the Hamiltonian
Eq.(2.62) by

H=("(x,1)) " (=ihyi(x,0)8; + m) . (2.87)

The next task is to find an expression for the matrix fields v#(x,t). Let v*' be

4 x 4 matrices which obey

Iy} = 2, (2.88)

We perturb the v#(x,t) about v*' and put

7%, 8) = 4 + 4" el (%, 1), (2.89)

25



where it is assumed o%(x,t) is small. Up to linear order in a#(x,t)

29" (%, 1) = {7*(x, 1), 7" (x,t)} = {¥*", "'} + 22 (x,t){7"",7¥"'} = 2r™ + 4" (x, 1),

(2.90)
and so
o (x,1) = —%e‘“’(x,t). (2.91)
We also have
(70(x,t)) T =%+ sy(x t)y" (2.92)

up to linear order in e*/(x, t) and so the approximate Hamiltonian Eq.(2.87) becomes

o= (70’ + lsg(x,t)'y”> (—ih (7 _ %6’ (%, 8)y ) 9 + m) (2.93)

~ We are interested in the motion of a particle in the background gravitational
field produced by a particle fixed at the origin. The Hamiltonian of such a particle
in the linear approximation is provided by substituting the metric Eq.(2.81) into the
Hamiltonian Eq.(2.93) and this gives

H =" (1 - %?) (—z’h ( | Cf) 79; + m) (2.94)

In order to gain insight into this motion we take the slow speed approximation, using

the same techniques that led to the Pauli equation. We write

)
U, = , (2.95)
Y

where X and Y are two-component spinors and use the explicit representation

of I 0 y 0 o
v = ; v = , ; (2.96)
0 —I —g? 0

where again o7 are the Pauli matrices. The Dirac equation can be written as

0X

ihr = —ih(1+ V0,0, +m(1+ V)X, (2.97)
) S 2
Zﬁa = —Zh (1 -|— V) O'ja]'X - m (1 + V) Y, (298)

26



where V = —%{% For low velocities and positive energies Y <« X, ih%—’t/ is small and

_ Zﬁ(l + V)O'jan

Y Y (2.99)
Putting Eq.(2.99) into Eq.(2.97) we find
2 1 . 2
ih?ﬁ _ _RKojor(1 +V)0;(1 + V)*0 X +m(l+V)X. (2.100)
ot m
If we let
. 2 _ . 2
g_ _Foo(1+V)[6;(1+V) ]@c, (2.101)
m
then
2 1 39.
i 0X _ _Poiol+VI0,0.X | vy 4 sx (2.102)

ot m

SX contains terms dependent on spin, is analogous to the spin terms in the Pauli

equation, and is of the order O(vk). Now
1 1
00 = §{Uj,0k}+§[0j,0'k], (2103)

and since 0;0 is symmetric in j and &

1 1 1
Ujakajak = g{aj,a'k}ajak = §5jkajak = 5610] (2.104)
Hence
3
ox B (1-78)9,0, m?G
h— = — X - . -
th T 5 +m ] X+5X (2.105)
The first term is the kinetic energy term. The factor of ( — m)-(g)3 is due to the

lengthening of the spatial part of the metric and the shortening of the time-like
part. The second term is the mass energy m and the gravitational potential energy
—"II;—IG. The final term is of magnitude O(%) and is dependent on spin. If the original

Hamiltonian Eq.(2.62) had been used then there would have been further spin terms.
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Chapter 3

Two Modified Bohm Models

3.1 Introduction

If we want to use the Bohm model in conjunction with theories such as QED then
there are major problems. The first is that QED is, or at least appears to be, Lorentz
invariant. Yet it has been shown by Hardy [6] (see also [7]) that any hidden variable
interpretation of quantum mechanics must violate Lorentz invariance. Secondly it is
impossible to describe bosons, and in particular photons, using the Bohm model.
This chapter discusses two modifications to the Bohm model. The first is the
Retarded Bohm Model [8] which is an attempt to make a model which is local and
Lorentz-invariant. This model must disagree with quantum mechanics, but this does
not necessarily imply that it disagrees with experiment. It is shown how this model
evades the Hardy pfoof of lack of Lorentz invariance of hidden variable models, and
another experimental test is discussed. The second modification gives a model which

can be used when particles which do not have trajectories, such as photons, are

present.
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3.2 The Standard Bohm Model

Unlike classical mechanics, the interpretation of quantum mechanics is far from easy.
If a wave-function ®(x,y,t) describes the motion of two particles then what are these
particles doing? If we look at them then what do we see? The wave-function gives
a probability distribution |®(x,y,t)|* of the likelihood of our observing particle (1)
at the position x and particle (2) position y, but does not tell us exactly where they
will be. This leaves room for a variety of interpretations.
One of the more successful is that of Bohm. Imagine there are is a fluid flowing
on configuration space (x,y). This fluid flows so that the density at any point (x,y)
is
p(x,y,t) = |0(x,y,1)|% (3.1)

At the point (x,y) the velocity of the fluid is given by

x = Re (

Returning back to the original system of 2 particles, we can use Eq.(3.2) as guidance

equations, which determine trajectories x(¢), y(t) of the two particles. The Bohm

model states that all observations are determined by observations of position, and

the observed positions are given by x(¢) and y(t). This model gives results which
statistically agree with those of quantum theory.

This naturally generalises to any number of particles and can also be generalised

to Dirac particles. Indeed it is tempting to imagine the whole observed universe to

be determined in this way.

3.3 The Bohm Model and Lorentz Invariance

3.3.1 The Mach-Zehnder interferometer

The important features of the Mach-Zehnder interferometer are shown in fig. 3.1.

A particle enters at point A and encounters a beam splitter, which separates the
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Figure 3.1: A Mach-Zehnder type interferometer

wave-packet into two parts of equal magnitude:

U> — %(I’Lm) + |'Uo>). (33)

The wave-function then evolves with time according to
U,> = ! (lue> +1v>) (3.4)
e — u 'U y .
! \/5 ¢ t

until either it is observed by the detectors, U or V, or the wave-packets reach region
B. Here there is a second beam splitter. This again splits the incident beam into two

parts. In fact it can be arranged that:

1
lug> — ﬁ(lct> +1d¢>) (3.5) ‘

and

(lee> —1di>), (3.6)

1
V> — —

t \/§
where path 1¢> will cause the C detector to fire and path {d> will cause the D

detector to fire.
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Hence, if detectors U and V are missing, we have for ¢t > T', where T is the time

when the wave packets reach the beam splitter:
We> =l¢>. (3.7

On the other hand, if the U(V) detector is present, it will either register the particle,

in which case

l\I’t> = 0, (38)

or it will fail to register, leading to

> = %(Ict> + 1d;>). (3.9)

It is possible to describe the interferometer in one space and one time dimension.
Essentially this means taking time as the vertical axis in fig.3.1 and distance as the
horizontal. The beam-splitter at z = 0 can be modelled by a potential V(z) =
%Qé(m) A wave-packet travels towards the potential, and interacts with it at ¢ = 0.
This produces two wave-packets leaving A in opposite directions. Mirrors are placed
at kz = +27n, where n € Z, and completely reflect the two parts of the wave-
function back towards z = 0.

The solution of the scattering problem for plane waves is

e*fT 4 Re=r 1 <0

U(z) = 4 (3.10)
Tetk:z: z> 07
where
Q% + kO k? — ik§)

A wave-packet whose momenta peaks sharply at k£ = ) will be half transmitted and

half reflected as required. For k = Q the above solution becomes
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d,

A,

Figure 3.2: The Hardy Experiment with two overlapping interferometers

ez’kz _ 1_+ie-—ikz z<0
W(z) = : (3.12)

It eihe z > 0.

Here Schrédinger’s equation is invariant under ¢ — —z and ¥ — ¥*. Hence

IT‘He“”' <0
U(z) = (3.13)
ik 1—i —ik
et — Ste™™ >0
is also a solution.
The reflection of —%’ie‘““’ in the left mirror leads to 17“6”“ and the reflection

of lgieikx in the right to —IT_ie‘ikz. Hence, when the two wave-packets meet again
at = = 0, they will combine constructively for z > 0 and destructively for z < 0.
Thus a single wave-packet will leave z = 0 heading in the direction 2 — +oc0. In

other words, the reflected direction corresponds to the d-path, and with the single

interferometer no particles will be observed on it.

3.3.2 The Hardy Experiment

Here we have two overlapping interferometers, one for electrons and one for positrons,
labelled (1) and (2) respectively. This means the state will exist in 3-dimensional
configuration space, with ¥ = U(zy,z2,t). The interferometers are made to overlap
as in fig.3.2 so that, if the electron and positron are in the states ju;> and |uy>, they

will annihilate each other with probability 1. The quantum evolution then depends
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on the sign of (71 — T3) where T, T are the times when the particles reach the
respective interference regions By, B;. We have, after the annihilation region has

been passed,

U —  ugvg + v1ug + v1v; t<Tiandt<T; (a)
U1Cy — u1d2 + 2v1¢9 Ty <t<T (b)

. (3.14)
ClUug — dl’LI,g + 2¢1v, T1 <t< T2 (C)

— 3cicp —cady —cpdy —didy t>Tyand t > T, (d)

If the regions where the two |u;> and |v;> meet, By and B;, are arranged to have
a space-like separation, then the description of the experiment depends on the choice
of a particular time coordinate, i.e., on a particular foliation of space-time by a series
of space-like hypersurfaces, each labelled by a time coordinate. Clearly it is possible
for (Ty — T3) to have either sign, according to the choice of foliation, and hence for
either (b) or (c) of Eq.(3.14) to be appropriate.

To see how this leads to the Hardy contradiction with Lorentz-invariance we note
first that, according to Eq.(3.14(d)), there is a probability of - that both particles
will end up at the dark detectors, i.e., along the paths d;, d;. The standard Bohm

model has trajectories given by

. pi\p(mlam%s)
1 3 )S = R 1.7 o\
ilonon8) *mU(ay,25,9)

where S is the hypersurface t = constant, ¢t being the time variable in some Lorentz

(3.15)

frame. The model is designed to give exactly the statistical predictions of orthodox
quantum theory and so must contain trajectories going along these paths. Let us
consider such trajectories from the point of view of a Lorentz frame in which 7} < Ts.
Then, from Eq.(3.14(c)), it is clear that a path along d; requires that particle 2 is
on the uy path. Hence, in this frame we have a unique description of the event:
particle 2 went along uy and particle 1 went along v;. It could not have gone along
uy, otherwise it would have been annihilated.

However, it is clear that from a different Lorentz frame in which T, < T, we

have exactly the opposite description: particle 1 went along u; and particle 2 along
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v2. In the Bohm model the paths actually exist, so only one of the descriptions can
correspond to what actually happened. Hence there is a preferred frame of reference,
in clear violation of Lorentz-invariance.

It should be noted that this proof has been challenged by Berndl and Goldstein
[9]. They question some of Hardy’s assumptions, and state that multi-time theories

can serve as a counter example.

3.3.3 The Retarded Model

In [8] Squires introduces the Retarded Bohm model. This is a version of the Bohm
model where, instead of each particle reacting according to the spatial positions of
the other particles on the surfaces t = const, each particle reacts according to where
the other particles are on its backward light-cone.

The retarded Bohm model is governed by a similar expression to that in Eq.(3.15)
except that we replace the space-like surfaces S, by the backward light-cone from the
" particle. This introduces the assumption that such a generalised wave-function
exists. In a relativistic universe its existence might be expected, but cannot be
known.

Since B; and B, have a space-like separation each particle will react as though it
reached the area of interference first. Thus, using Eq.(3.14(c)), when B is reached
by-particle 1 it will go along ¢; or d; on the basis of whether particle 2 was along
ug or vy. In particular, it can go along dy only if particle 2 is on the path u,. (Note
that the time when the wave-packets reach the annihilation region is inside the
backward light-cones from the times when the particles reach the respective regions
B). Likewise, using now Eq.(3.14(b)), particle 2 can go along d only if particle 1
is on path u;. Hence, for both particles to end up in the dark detectors, D, and
D, they have to have followed the u; and u, paths, respectively. Since this is not
possible, for they would then have annihilated, we conclude that in the retarded
model there are no such events.

It follows that the Hardy proof of a lack of Lorentz-invariance cannot be used.
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Of course the reason why we have been able to evade the Hardy Theorem is that we
have violated one of the assumptions, namely that the hidden variable model should
in all cases give the results of orthodox quantum theory. The retarded model fails in
this respect, so it can in principle be distinguished from orthodox quantum theory

by experiment. One possible such experiment is discussed in the next section.

3.3.4 Experimental Tests

The previous section suggests a very clear experimental test of the retarded Bohm
model (see [8] [10] for other tests). If the Hardy Experiment could actually be
performed then any event in which Dy and D, record particles would immediately
rule out the retarded model.

Unfortunately such experiments are not 100% efficient and it is necessary to see
what happens if the annihilation mechanism is not perfect. Perhaps surprisingly it
turns out that an imperfect annihilation mechanism (which of course reduces the
di, d, probability in the quantum theory case) increases it from zero in the retarded
model. To see this suppose the probability of a |ujus> state not being annihilated is

a?. Then, according to orthodox quantum mechanics, we have, after the annihilation

region has been passed,

U — aquius + u1vg 4+ v1ug + v10, t<Thandt<T> (a)
(1 + @)ures — (1 — @)urdy + 2v;c2 T, <t<Ty (b) (3.16)
(1 + a)c1u2 - (1 - a)d1u2 + 201‘1)2 Tl <t< Tz. (C)

These equations replace the previous Eqgs.(3.14(a,b,c)). The important point to
note now is that in the retarded Bohm model the path taken by particle 2 at the
second beam splitter is determined by Eq.(3.16(b)). Thus it will go along d; only if

particle 1 is on u; and then with probability

(1-oa)? _(-o

Q+al+(l—a)? 20+a2) (3.17)
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A similar argument holds for particle 1. Thus the probability of obtaining d; and d,

in the retarded model is given by

PR(dldz) = ll((lT;—Z%% P(u1u2)
a?(1—a)t

43+ a?)(1 4+ a?)?’

(3.18)

where the P(ujus) is the probability of uyuy paths calculated from Eq.(3.16(a)).
We want to compare this with the result of orthodox quantum theory. From the

result
v — (3+a)clc2—(1—a)cldg—(l—a)dlcg—(l—a)dldg t> T] and ¢ > T2, (319)

we see that the probability of obtaining d; and d; in standard quantum theory is

given by
(1-a)
Ps(didy) = ——. 2
s(dds) 13+ o) (3.20)
It is clear that Ps(didy) > Pr(dids). In fact:
P 203(a—1)3
R ofa—l) (3.21)

Ps ~ (1+a?)(a?+2a —1)
which reaches a maximum value of (12 + 8\/5)‘1 ~ 0.0429 at o = V2 — 1 =~ 0.414.
This maximum value of « corresponds to the case where it is hardest to distinguish
between the retarded and standard models. Hence, so long as the efficiency o is

known, the two results can easily be distinguished.

3.4 The Bohm Model and Fermion-Boson Cor-

relations

In most versions of the Bohm hidden-variable model, there are trajectories for
fermions, the particles of matter, but not for photons (see for example refs [25],
[26], [27]). Bohm himself has devised an ontological model for photons, but this

regards their wave function as a wave functional ¥(...¢(x,t)...) over photon fields
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[28]. The principle reason there are no trajectories for photons is that there is no
natural definition of a positive probability current for relativistic bosons. In many
situations the apparent existence of photon trajectories, e.g. the detection of a pho-
ton at only one point as in the experiments of Aspect and Grangier [29], follows
simply from the existence of fermion trajectories. We give an example at the end
of this section. However the usual guidance equation for the fermion trajectories
cannot in general be adequate if there are no bosons trajectories.

To see this we consider a correlated system of a fermion, with position variable
x, and a boson, with position variable y. Then the Bohm model guidance equation

for the fermion position is

x = Re (%I’((Xiyy—))) , (3.22)

where W is the wave-function of the correlated system, and p, denotes the momentum
operator of the fermion. Clearly, in such an expression there is no unique fermion
trajectory unless we have a value of y.

In order to obtain a suitable replacement for this equation, i.e. one that does
have a well-defined fermion trajectory, we recall that it can be derived by demanding
that a distribution of positions corresponding to |¥|? at some initial time ¢, retains
this property at future times, with ¥ varying according to the Schrodinger equation.
If there are no boson trajectories, then we require this same result to hold when the
boson positions are ‘not observed’; i.e. when we average over boson positions. Then

the fermion distribution is given by
px) = [ Eywix,y)l (3.23)

In order to preserve this distribution for all times we require the fermions to have a

velocity given by

V. (p%) = %ft’-. (3.24)

Using Eq.(3.23) and the Schrédinger equation for ¥ we readily find

Op _ ik

=V, / Ly (VY0 — UV, T*). (3.25)

37



Comparing the last two equations we have the solution

, [ ByV*p, ¥
=R —_— . .
x e(mfd3y\Il*‘I/ (3.26)

The solution of Eq.(3.24) is clearly not unique, any more than in the standard Bohm
model; we have here taken the simplest solution analagous to Eq.(3.22).

It is proposed that Eq.(3.26) should be used instead of Eq.(3.22) in cases where
there are particles which do not have trajectories. Essentially the same equation
was considered in [25] as an alternative to the Bohm formula (Eq.(3.22)), with the
apparent advantage that it did not involve a quantum potential in the configuration
space. However, as pointed out by Holland, [25] such a procedure is not in general
correct because it does not take into account the observable effects of one trajectory
on another. It is important therefore to emphasise that the suggestion made here is
different: we propose that Eq.(3.26) should be used only when there is no trajectory
for the y-particle. Hence we are not proposing an alternative to the usual Bohm
model, but an extension of the model where the usual form does not apply. In
general of course we can let the vector x represent the position of all the particles
with trajectories, and similarly let y represent the remaining positions.

Since we are considering a model in which all observations are measurements of
fermion positions, the model is guaranteed to give correct answers, in exactly the
same way as the standard Bohm model. Nevertheless, it is instructive to see how
it works in practice, and to this end we consider the simple measurement situation
situation used by Squires [8]. We work in one space-time dimension and suppose that
a photon is emitted from the origin in two wave-packets, ®1(y) travelling to the left,
and ®r(z), travelling to the right. We consider the simplest case, where these have
equal amplitudes. For detectors we use free particles, initially in stationary Gaussian
wave-packets centred at %/, respectively. Their wave-functions are given by

a

Urpp= (;) : exp [—%a(mL,R + 1)2] . (3.27)

We suppose that the photon interacts with the L, R detector by giving it a momentum

Fp, with p > 0. Hence, after the interaction, the complete state of the system has
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the form

Vo =275(01(y) V5 (1) VR(zR) + ®r(y) Vi (zr) Vi(ar)), (3.28)

where the U*P represent the moving wave-packets, e.g.

- : t) 1 2%
U P(z) = 2 exp |¢ $Lp+£—' —alzp+1+ ). (3.29)
T 2m 2 m

For simplicity we have here, as in [27], ignored the quantum spreading of the wave-

function.

When we use Eq.(3.26) to calculate the trajectories we obtain

SR s 3L Ty )
|CRPIYL? + PRI PL]? ’
and
S . U S .
|WR[[YLP2 + [Ph[?[VL|? ’

where polf  are the momentum operators for the particles in the L, R detectors respec-
tively. Note that the cross terms, which appear when the wave-function of Eq.(3.28)
is squared, vanish when the y-integral is performed because we can assume there is

no overlap between the left and right moving photon wave-packets. Using Eq.(3.29),

we find
2

—pexp [——a(:cR -0)?-a (mL +1+ %t) ]

mip = 2 2]
exp [—a(:z:R -D?2—a (acL +1+ fn—t) ] + exp [—a(:z:L +0%?—a (a:R —1- f;—:) ]
(3.32)

and

pexp [—a(xL +1)2—a (acR ~1- %)2]
m:iZR = o7

€Xp [——a(:vR -2 —a (CUL + 1+ %)2] + exp [—a(wL +10)2—a (:cR -1 - %t) ]
(3.33)

We can simplify these equations if we choose units in which @ =1 and £ =1, and

introduce u and v defined by

u=zp—1, (3.34)

and

v=—(z +1). (3.35)
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Then we find

i = ! (3.36)
1+ exp[2t(v —u))’ '
and
5 = ! 3.37)
T 1+ exp[~2t(v —u)] (3.
Adding these equations immediately gives « +v = 1, or
u+v="1t+ug+ v, (3.38)

where ug and vy give the initial positions of the detector particles and we have
assumed the instantaneous interaction happens at time zero. From Eq.(3.38) we see
that at least one of u or v must go to infinity as ¢ goes to infinity. Hence, at least one
of the detectors will ‘see’ the photon. To rule out the possibility that both might,
we divide Eq.(3.37) by Eq.(3.36) to obtain

g—z = exp[2t(v — u)], (3.39)

or by eliminating ¢ using Eq.(3.38),

0 1 2 1 2
8—2 = €Xp (2 l:’U - 5(’()0 - 'U,o)] -2 [u - 5(’00 + Uo)] ) . (340)
This separates to give
(vo—ug)/2 v—(vo—up)/2
/ T s exp(—2s?) = / T s exp(—2s?), (3.41)
~(vo—ug)/2 u—(vo—up)/2

which clearly shows that, except in the special case where ug = vo, v and v cannot
both become large. Explicity, if vo > ug then the right hand side is positive, so it is
v that becomes large, and conversely if uo > vo. These results are identical to those
obtained in the model used in [8] where the photon was assumed to be absorbed in
the interaction. They give again the expected agreement with quantum theory. In
particular, although there is no photon position, a single photon will be recorded at
one place, the actual place being determined by the hidden variables (positions) of

the detector particles.
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Chapter 4

Non-Relativistic Bosons

4.1 Introduction

In chapter 3 we saw how the Bohm model naturally treats fermions and bosons in
a different way. The fermions, the particles of matter, are like classical particles in
that they follow trajectories. On the other hand there are no trajectories for bosons,
which are the particles of the gauge fields.

In the remainder of the thesis we shall see whether we can remove the idea of
bosons entirely from the formulation of quantum theory. This chapter serves as an
introduction, and discusses non-relativistic particles. Subsequent chapters discuss
relativistic particles.

A powerful notation is introduced which allows the discussion of gauge fields,
and through them non-relativistic and relativistic interactions, without the need for
extra gauge particles. This notation used is that of field theory, but this is within a
framework which is no more than standard quantum mechanics. Field theory in a

similar context is discussed by Schweber [11] and Lawrie [12].
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4.2 Operators and States

First we consider non-relativistic scalar bosons. Let ¢(x) be an operator field which

obeys the commutation relations
[6(x), '(x)] = 8 (x = %), [g(x), ¢(x)] =0, (4.1)

that is for each X, #(x) is an independent annihilation operator. ¢!(x) and ¢(x)

create and annihilate particles. Let the vacuum state |0> be a state that obeys
#(x)10> =0, (4.2)
for every x, and which is normalised according to
<010 >=1. (4.3)

It is not assumed that 10> is unique, and there may be another vacuum state |0">

obeying the same conditions. Define x> by
x> = ¢(x)10>. (4.4)

This is a single particle in an eigenstate of position. Two particle boson states are

formed in the same way

!

X1, X2> = X2, X1> = ¢1(%7) B! (x)10>, (4.5)

and similarly

< X, X2 =< X9, X1 =< Olé(xl)(ﬁ(){g) (46)

We see that the two particles are not identifiable and that the particles are bosons.

The commutation relations Eqgs.(4.1) and the normalisation Eq.(4.3) give
< X11Xg >= 53(}(1 - X2), (47)
and

< X1, X31X3,Xq >= 63(x1 — x3)6%(%0 — X4q) + 63(x1 — x4)6%(x2 — X3). (4.8)
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This equation should be compared to Eq.(2.13), the equation giving the normalisation

of identifiable particles.

Now let
a(p) = (2rh)~3 / Px exp _Z;:'Xqﬁ(x). (4.9)
We can then deduce
la(p),a'(p)] = 6*(p - '),  [a(p),a(p’)] =0. (4.10)

a(p) is the annihilation operator for a particle of momentum p. We define Ip> =
al(p)0> and Ipy, p2> = al(p1)al(p2)i0>. In particular, acting with the adjoint of

Eq.(4.9) on the vacuum state gives
ip.X

p> = (27rh)'%/d3pexp F;i x>, (4.11)

which is Eq.(2.6), that is the relationship between position and momentum is the
same here as in the standard description of quantum mechanics.

From the commutation relations Eq.(4.1) we find
[61(x)¢(x"), ¢ (x)] = 8(x — x)¢! (x), (4.12)
and so
A (x)$(X)x1, X2, - . -, Xn>
= (00— %) + 8K = X) .+ (% — %)) 1X1, X2, .., Xe>. (4:13)
We thus see that
[ ExF)6T )60 s, 00>

= (f(Xl) + f(XQ) +...+ f(Xn))lxl,X2, <y Xn >, (4'14)

for any function f(x). In particular we can define a position operator

x? = /d3x o (x)x¢(x), (4.15)
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and this obeys the eigenvalue equation

[
XPIX1, Xgy ooy X > = (X1 4 ...+ X)) X1, X, - -«

Now let
(x2)op = /d3x ¢ (x)x%¢(x).

Then

2\ %" {2 2
X IX1y.0 0, Xn> = | X]+ ...+ X, )Xy, ...

The position operator squared obeys

(XOP)2IX1’ ey Xp> = (Xl +...+ Xn)2|X1, .

from Eq.(4.16), and we note that (x2)% # (x°)2.

y Xn>. (4.16)
(4.17)

, X > (4.18)
 Xn>, (4.19)

This can be generalised to operators which are not straight forward functions of

position. The single particle momentum operator is —¢AV in the position basis. We

now define a momentum operator for an arbitrary number of particles,

p? = —z'h/d3x ¢ (x)Vh(x). (4.20)
This obeys the eigen-value equation
P7IP1, . P> = (P14 ... 4 Pn)IP1,- -, P> (4.21)
We also define the momentum-squared operator as
(pZ)OP = —hz/d3x ¢'(x)V2é(x), (4.22)
which obeys the eigen-value equation
(02)"1p1, -, Pu> = (P2 + ... +D2)IP1,. .., P> (4.23)

If we assume that the vacuum state 0> is unique then a general state of scalar

bosons can be expanded as

1B, 1> = Op(2)0>
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1
+/d3x1 @y (x1,1)B1(x1)10> + 5 /d3X1d3x'2 By (x1, X2, 1) (x1) BT (x2)10> + . ..
1
+ / Bx1 . By (X1, X, )T (X1) L DT (XANO> + . (4.24)

where each @, is completely symmetric in each of the spatial variables. The state has
wave functions for each number of particles. For instance the n particle wave-function

is the ¢f(x1)¢(x2) ... #1(x,)0> component of ¥, ¢>, that is
< X1y, X 19,8 >= @p(Xq,. .., Xp, T). (4.25)

The Hamiltonian of a single non-relativistic particle in an external potential V(x)

is

+ V(x). (4.26)
We now write the equation of motion for non-relativistic bosons in an external po-

tential V(x) as

ih%l@,t> = /d3x o (x)Hp(x)D,t>. (4.27)
Taking the |x,,...,%,> component we obtain
ih%cbn =[Hi+ ...+ H,] ®n, (4.28)

where Hj, is H with each x replaced by x;, that is Hj is the Hamiltonian of particle

k. This i1s the equation of motion for n non-relativistic particles given in chapter 2.

4.3 Quantum Electrostatics

This section examines quantum electrostatics in detail. The method we shall employ
to produce the electrostatic interaction can be generalised to electromagnetism and

quantum linear gravity.

~ Consider a non-relativistic one particle wave function ®(x,t). This has charge
density p(x,t) = e®*(x,t)®(x,t), where e is the charge of the particle. We postu-
late that the charge density operator is the equivalent operator formed by replacing

®(x,t) by ¢(x), that is e¢!(x)¢(x). This operator obeys the eigen-value equation
ed' (X)Xt ..., Xn> = € (8331 — %) + ...+ (%0 — %)) X1, Xn>. (4:29)
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We see that the eigen-value is the value of the charge density at the point x caused
by point particles at the positions xy, ..., X,, each with charge e. The potential
energy operator obeys

VIV (x) = —e?¢'(x)p(x). (4.30)

The solution of this equation which vanishes at infinity is

Vi) = & =[x Rl I (4.31)

4z |x —x'| ’
representing the case where there is no external field. This operator obeys the eigen-
value equation

e’ e?

V(x)ix1,...,X,> = ( )le,...,xn>. (4.32)

m +...+ m
The eigen-value is the value of the electrostatic potential energy at x caused by
particles at x1, ... X,.

V(x) is the potential energy at a particular point (that is at x). What about the
total potential energy of the system? Classically the energy of an electromagnetic

field B(x) = —VV(x) is given by

- % / Ex E(x).E(x), (4.33)
(in Heaviside’s units) and integrating by parts gives

_ % [ ExV(x)0(x). (4.34)

The V(x) used here is the total electrostatic potential of the field independent of the
charge of any particle moving in that field. It corresponds to V(x)/e where V(x) is
the total potential energy of a particle of charge e in the field. This result extends
to the quantum system. Remembering that the quantum charge density operator is
ed!(x)¢(x) we define the interaction Hamiltonian,

/d3Xd3 /¢'( ) ( )¢(Xl)¢(xl). (435)

|x — x|

Hyew = /dsx ¢T V(X)¢(X
We thus write the equation of motion for particles interacting through electro-

statics by

éh%@,b = [Ho + Hieo]1®, t>, (4.36)
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where Hj is the total free particle Hamiltonian,
h?
Ho = —— [ x 4!(x)V*¢(x), (4.37)

and Hje, is the total interaction Hamiltonian given by Eq.(4.35). Remembering that

particles are bosons and normalised according to Eq.(4.8), we find for example

X1, X2> <X1,X2'l e?
X3, X4> =

1X3,X4>.

(4.38)

2
e
Hreplxs,x4> = 3r /d3X1d3X2

|x1 — X2 47|x3 — X4|

Taking the |x;,X2> component of Eq.(4.36) we obtain the two particle equation,

1th—®,; =

9 B2V V2 2
g {— 120 © o, (4.39)

2m 2m  4A7|x; — Xa
where @, is given by Eq.(4.25).
The equation excludes self interactions. Generalising Eq.(4.38) to an arbitrary

number of particles we find

n 62
HI@:L‘IXIJ"')X’IL> :2_ _z: .mlxl,...,xn>. (440)
J=12<7 7 7

The eigen-value is the value of the total electrostatic potential energy caused by
particles at positions X, Xa, . .. , X5, with each of the self interactions terms excluded.

In particular we see that

Hie x> = 0. (4.41)

The term on the right of Hj., is an annihilation operator and so V(x) acts on the
vacuum state (0>, giving it a ‘value’ of zero.

If we wish to znclude self interactions we have to use a different interaction Hamil-
tonian, one in which the potential operator V(x) given by Eq.(4.31) is not between

a creation and annihilation operator,
1
Hie = 5 [ @ ¢1(08(V (). (442)

This interaction Hamiltonian obeys

n 2

e
H[in|X1,...,Xn> :i ; 'm|xl,...,xn>. (443)
W=1,<y J J
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With this new interaction Hamiltonian the equation of motion cannot be written in

the form of Eq.(4.27). In order to re-express the motion note that

1) = [ dy M(a,5)1(), (4.44)

where M(z,y) = —%5(3] — ). Since M(z,y) = —M(y, z) we can write

2 p(@) = [ dy M(@,9)f0) =~ [ dy »)M(y,2) = 1(z) (—a%)f. (4.45)
This means
Hy = / &Px P (x)V2(x / Px qsf [ ) (V) ] (4.46)

Since V(x) is Hermitian, the equation of motion which includes self interactions can

be written as

iﬁ%l@,ib = /d3x #t(x) [¢(X)H*] 1P, t>, (4.47)

where

H=H;+ Hp. (4.48)

These self interactions do not actually alter the motion of the particles. The sys-
tem which includes self interactions is really equivalent to the system which excludes

self interactions. To see this we redefine Hyin and Hep so that
Him = / PxVin () (x)$(x),  Hrew = / Px ¢ (X)Via(x)$(x).  (4.49)

where V;,,(x) and V.;(x) obey
V() = ()80, VValx) = —H(0)d(x).  (450)

This allows Vj,,(x) and V.;(x) to obey different boundary conditions. The solutions

we choose are

e? HxVe(x! e? e? Hx)p(x!
Vin(x) = E/dax'¢( J$(x) _ Vez (%) = E/df‘x"ﬁ'g(—,)ﬂ—). (4.51)

|x! — x| 4rlel’ — x|

Vin(x) and V,;(x) differ by the constant ;5 I B and so their physical interpretation is

exactly the same. We now see that
Hrow = [ @xVer(2)8'(000) + [ ' [¢'(0), Vialo0)] #().  (452)
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Noting that

|61(x), Veo()] = e (x) (4.53)

4nle|

where we take the limit ¢ — 0, and using Eq.(4.51) we see

Hie = [ @5 V(981 06)60 + 752 [ xdx)800—e [ &x ¢ff‘|,| (4.54)

Hence by setting € = ¢ before taking the limit we can arrange that
Hlin = HIex- (455)

The fact that self interactions produce no observable effects is only a feature of
this example. In later chapters we shall discuss systems where the introduction of
self-interactions does alter the motion. In particular the final chapter discusses semi-

classical gravity, where the interaction is non-linear and where self-interactions have

an enormous effect.

4.4 Introduction to Relativistic Interactions

The equations of motion produced in this chapter all describe non-relativistic parti-
cles. The interactions described within this thesis are all the result of physical fields.
Relativistic fields can be formed whether the motion is relativistic or not. This sec-
tion is an introduction to a theory of relativistic interactions. It describes how we

can model a quantum analogue of a classical field A.(z) obeying
0 A(z) = plz), (4.56)

where p(z) is the charge density.
We consider states |®,¢> which are evolving according to an equation of motion

linear in |®,¢>. There then exists a linear operator U(t,,t;) such that
1D, 8,> = Uy, to)| D, t,>. (4.57)
This operator must obey
Ute, to)U(ta, te) = U(tarts),  Ulta,ts) = U™ (to ta). (4.58)
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We consider the case where U(%,, %) is unitary. We make no other assumptions about
the nature of the motion. The following holds for all such evolving states, whether
interacting or non-interacting, and every theory mentioned in this thesis obeys these

assumptions.
Let the state
lxl;ta;tb> = U(ta,tb)|X1>, (459)

denote a single particle solution to the equation of motion which at time ¢, was in an
eigenstate of position with eigen-value x; and has now evolved to a time ¢, according

to the equation of motion. Also let the state
|X1,X2;ta;tb> = U(ta,tb)lxl,X2>, (460)

denote a two particle solution to the equation of motion. At time ¢, each particle
was in an eigen-state of position with eigen-values x; and x; and the state has now

evolved to a time t,. We now define
8 (x,t) = UT(0,1)¢! (x)U(0, 1), (4.61)

which is an operator in the Heisenberg picture. ¢'(x) is a particle creation operator
introduced in section 4.2. This operator creates a particle which was in the eigen-
state x of position at time ¢ and which has continued evolving according to the

equation of motion to the time zero. If we also have
U(ts,ta)I0> = 10> (4.62)
for every time ¢, and t3, i.e. 10> is a solution to the equation of motion, then
1%; 150> = ¢lr(x, £)10>, (4.63)

and

|X1,X2;t;0> = ¢}I(X1,t)d)}_{(){2,t)|0>. (464)

We have seen that the charge density operator is edf(x)#(x). Let the quantum

operator A(x,t) obey the equation
0% < &, HA(X, 1)IDg, 1> =< By, ted!(x)p(x) Dy, >, (4.65)
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which holds for every solution to the equation of motion |®,,¢> and |®,,1>. The
Schrodinger picture is being used here. The operator on the right hand side is
constant and it is the states that are evolving. Similarly we would expect the operator
on the left hand side A(x,?) to be constant over time, though we do not assume this.
The time derivative in 02 acts on < ®;,#| and |®3,#>. To put the motion into the

operator we move to the Heisenberg picture. First we write Eq.(4.65) as

0% < ®;,01U7(0,) A(x, t)U(0, )B4, 0> =< &;,01U7(0,t)ed! (x)d(x)U(0,1)1®,,0>.

(4.66)
In the Heisenberg picture the operator equivalent to A(x,t) is
Ag(x,t) = UN(0,8)A(x, )U(0,1). (4.67)
and so Eq.(4.66) is
D? < &y, 0145 (x, )Pz, 0> =< &1, 0ledl(x, 1) du(x, 1) @y, 0>. (4.68)

Eq.(4.68) holds for every < ‘<I)1, 01 and 1®,,0> and since these are both constants
O*An(x,1) = eply(x, ) pu(x,1). (4.69)

This is the direct quantum equivalent of Eq.(4.56), since in the Heisenberg picture
the motion is in the operators. The right hand side of Eq.(4.69) is a function of

(x,t), and we can solve this equation. One possible solution is
An(x,1) = e / & Gror(x — Xt — )l (', ) (X, 1), (4.70)

in which

Gr(x,8) = %5@(2 _ £3)9(—1), (4.71)

s

the retarded Green’s function of O%. Since
U(O,t)¢L(x’,t')¢H(x',t')UT(O,t) = U(O,t)UT(O,t')¢*(x’)¢(x’)U(0,t')UT(O,t)

= Ul(t,t)' (x)p(x)U(t, 1), (4.72)
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returning to the Schrodinger picture,
Ax,8) = e / B2 Gre(x — X't — YU (t, ) (X)) (XU (2, 1) (4.73)

The operator A(x,t) is dependent on U(¢,, 1), and thus cannot be formed unless the
equation of motion is known. If the equation of motion is coupled to A(x,?) then
this leads to two very difficult simultaneous equations.

This technique can be extended to electromagnetism and gravity. The field op-
erators produced (i.e. the electromagnetic field operator and metric field operator)
are direct analogues of the equivalent classical fields. The electromagnetic field op-
erator used in QED is produced in a very different way. Is it possible that a theory

equivalent to QED can be formed using these methods?
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Chapter 5

Dirac Particles and

Electromagnetism

5.1 Introduction

This chapter shows how the techniques developed in the previous section can be
extended to describe Dirac particles. Section 5.2 shows how the equation of motion
describing Dirac particles which was postulated in chapter 2 can be easily and nat-
urally written using particle creation and annihilation operators. The advantage of
this description is that it can be extended to electromagnetically interacting systems,
by replacing the background electromagnetic 4-potential with a 4-potential operator.

Section 5.3 discusses electromagnetic interactions.

5.2 Operators and States

To describe scalar particles we used a single field which was used to create a particle
at a particular point in space. This was defined through its commutation relations,
and this resulted in the particles being bosons. Dirac particles are fermions, and

come in 4 different types. To describe these we introduce 4 operator fields 1, (x)
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where o = 1,2, 3,4 which obey the anti-commutation relations
{a(x), (X} = ap8®(x = X'),  {$a(),%0(x)} = 0. (5.1)
The vacuum state is defined as the state that obeys
Yo (x)0> =0, (5.2)

for every x € R® and a = 1,2,3,4, and is normalised according to < 010 >= 1. We
do not assume that {0> is unique. The 1,(x) operators annihilate particles at the

spatial position x. We also define the operators

—ip.X

co(p) = (27h "%/d3xexp (), a=1,234, (5.3)

which each annihilate a particle of momentum p. From Eq.(5.1) we can deduce
that the momentum creation and annihilation operators obey the anti-commutation
relations

{ca(P), ch(P)} = 6ap8°(P — '), {ca(P),cs(p’)} =0. (5.4)
Similarly 1,(X) can be expanded in terms of ¢, (p),

X

pa(x) = (27)F [ Ppexp B¥eo(p) (5.5)

It should be noted that this is not the standard expression for the Dirac field. The
reason behind this will become apparent in chapter 6.

In Chapter 2 an n Dirac particle system was described with a wave-function

\Iln(ozl...ozn) (Xla <oy X, t) (56)

oy, ..., oy are spinor indices and X, ..., X, are the positions of each of the particles.

This wave-function obeys an equation of the form

L 0 e
Zha\pn(al...an) - Z Hk(akﬁ)\Dn(al...ak_lﬁak.(_l...an)- (57)
k=1

Hj, is the Hamiltonian of particle £ and is a 4 x 4 matrix operator which is dependent

on x; and the derivatives with respect to x;. In chapter 2 this Hamiltonian referred
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to free particles or to particles in the presence of background electromagnetic fields;
there are no interactions.

The first result that is needed is to show that the description of Dirac particles in
chapter 2 can be easily and naturally written using the Dirac particle creation and
annihilation operators. On the assumption that the vacuum state |0> is unique we
can expand a general state of an arbitrary number of particles as

4
0,1 = T(1)0> + 3 / %1 Wy o) (31, )01, (31)10>

a1=1

1 4
+5 2 / B x18°%2 W 00 (X1, X2, )L (x0)1, (210> + ..

ay,02=1

4
+= 3 /d3x1 e P Wy (K0 - X, )L (361) - ()10
C O] yeeny oan=1
(5.8)
where each of the wave-functions ¥ are anti-symmetric in their spatial variables. Let

H(x,V) be a 4 x 4 matrix operator which can be expressed as
H(x,V) = f(x) + ¢’ (x)9;, (5.9)

where f(x) and each of the g’(x) are matrices which are arbitrary functions of x,
and we sum over j. Also let Hp)(x,V), flap) and g{aﬁ) denote their (o, f) matrix
element. The result that is required is a general one, and no explicit expression for

H(x,V) is given. Finally let 1)(x) be the column matrix (or spinor) operator

h1(x)
P(x) = va(x) : (5.10)

P3(x)

tha(x)

so we can write
P (X)H(x, V)ib(x) = $1(x) Hiap) (X, V)bp(x). (5.11)
Under these definitions and assumptions, if | ¥, ¢> obeys

ih%l\ll,t> = /dsx Y x)H(x, V)b(x)T, 1>, (5.12)
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then the wave-functions obey

0

ihgzlpn(al...an) = Z H(akﬂ) (Xk7 Vk)\pn(al...ak_lﬂak+1...an)a (513)
k=1

for every positive integer n. Eq.(5.13) is Eq.(5.7) written using a different notation.
H(xk,Vy) in Eq.(5.13) corresponds to Hjy in Eq.(5.7), as both are 4 x 4 matrix
operators dependent on x; and its derivatives. This means that we can use Eq.(5.12)
to describe the evolution of a state vector | ¥, ¢>, where each particle has Hamiltonian
H(x,V). Appendix A shows that the 1}, (x1)...%} (x,)0> component of Eq.(5.12)
is Eq.(5.13).

A free Dirac particle has Hamiltonian

H = ° (—ikyid; + m), (5.14)
where
{7, 7"} =2r". (5.15)
Now let
Hy, = /d3x Pi(x)y° (—i?i*yjaj + m) H(x). (5.16)
The equation
ih%l\l},b = Hol¥,t>, (5.17)

describes a system of free particles.
We now wish to find solutions to Eq.(5.17). First consider single particle solutions.

The free particle Dirac equation 1s

0

iha U (%,1) = 77 (=ihy70; 4+ m) Ua(x, 1), (5.18)
and this has solutions
u‘r(l)(p)
—itk/p? + m? (27rh)‘%m% ikp.x | Ur2)(P)
Uy(x,t) = exp > ey exp —
p U’T(S)(p)
u'r(4)(p)

56




—itk,/pE + m? (20h)"2m? 1K,P.X

= exp : oo exp — u-(p), (5.19)
where k., 1s again given by
1 =12,
K, = (5.20)
-1 7=3,4.

Using the above result we see that a single particle solution to Eq.(5.17) is

4
W,¢> =Y /d?’x\Ill(a)(x, )l (x)0>
a=1

u,1)(P) Pi(x)

—itk,/p? + m? (27rh)‘%m% 3 ik, px | Ur2)(P) %(X)
= exp - Jor T /d Xexp— 10>.
p*+m Ur(3)(P) Yi(x)
r()(P) ‘/’I(X)
(5.21)
We now define the single particle momentum state
— m%CL(KTP)uT(O‘)(p)=O> (522)

PO =
where we sum over . The index 7 which is 1,2,3 or 4 denotes the type of particle

being described. From the adjoint of Eq.(5.3) we see

ct(k,p) = (27B)73 /daxexp m%p'xzpl(x), (5.23)
and so
a
Ur(1)(P) $1(x)
3 1 . T
(2mh)"2ms3 3 1K P.X Uf(z)(p) P3(x)
Ip(T)> = s =—= [ d'xexp 10>, (5.24)
pT+m h Ur(3)(P) zb;(x)
Ur(2)(P) pi(x)
Hence
. /o7 T2
|1W,t> = exp 1 ;) tm Ip(7)>, (5.25)
which is Eq.(5.21) is a solution to Eq.(5.17), that is the free particle equation. Since
N
ub(p)ur(p) = B (5.26)
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where there is no sum over 7, the one particle states are normalised according to

< p1(n)1P2(72) >= 67,7,6%(P1 — P2)- (5.27)

This means |p(7)> provides an orthonormal basis of the space of one particle states
each of which represents a particle of a particular momentum.

Similarly we define the many particle momentum states
1 1
IP1(71), - Pr(Tn)> = m2cl, (fn P1)n(e)(P1) M2, (K7 Pn)trm(an)(Pn)

where each of the a; sum from 1 to 4. The state

—itkn\/PE+m? — ... — itk /P2 + m?
1 IP1(71), ... Pa(T0)>, (5.29)

h

10>,

(5.28)

exp

is a solution to the free particle equation Eq.(5.17). Together with the vacuum state,

these momentum states provide an orthonormal basis of the space of all states.

5.3 Electromagnetic Interactions

We now examine electromagnetic interactions using the technique that was developed
in chapter 4. Let (U, ¢> be a state evolving according to an equation of motion linear

in |, ¢>. There then exists an operator U(t,,t;) such that for every time ¢, and t;
U, 8> = U(ta, to)| ¥, 1> (5.30)

For consistency
Ulta,ts) = Ulte, t)U(tas te), Ulta,ts) = U™ (1, 1a), (5.31)

must hold. We make no other assumptions about the nature of U(t,,1s) except that

it is unitary. As before the following discussion of the electromagnetic field holds for

all such motions. We also define

bre(X,t) = UN(0,).(x)U(0,1), (5.32)
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and

Yu(x,t) = UN0,t)(x)U(0,1), (5.33)

which are both operators in the Heisenberg picture.

The conserved 4-current of a spinor ¥(x,t) obeying the one particle Dirac equa-
tion in an arbitrary background electromagnetic field is Ui(x,#)y%y*¥(x,t). We
postulate that the 4-current operator in the Schrodinger picture for a Dirac particle
of charge e is

(%, 1) = e (x)y " (). (5.34)

Classically the electromagnetic field obeys

0, F* (x,t) = 7%(x,1), (5.35)
where
Fu=0,A,—9,A,, (5.36)
and we consider
O FE (x,t) = 55 (x,1), (5.37)

an equation in the Heisenberg picture, where the 4-current operator in the Heisenberg

picture is
Ta(%,1) = el (x, 7"y bu(x, 1). (5.38)
In the Lorentz gauge this equation becomes

O A% (x, 1) = ey (x, )7 ° 7" (x, 1), (5.39)

which can be solved in terms of Green’s functions.

Green’s functions of 0% can be expressed in the form of

G(e) = 271r)4 / d“pe;pz, (5.40)

where the po integral is performed along different contours in the complex plane. -p%

has two poles, one at po = ++/p? + m? and the other at py = —/p? + m?2. There are
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two possible ways of integrating around each contour, and this leads to 4 independent

Green’s functions. These include the retarded Green’s function

1 [ e
ele) = ogs | =i 4y

the advanced Green’s function

/ &, e (5.42)

Ga(w) = Do + t€)? — p?

1
(2m)*
and Feynman’s Green’s function

—ipz

Gr(z) = (2711_)4 /d4pp§ T (5.43)

Each of these have € > 0 and involve integrating along real p.

There is very little indication as to which Green’s function should be chosen.
Our classical instincts might expect the retarded Green’s function to be used, but
it is by no means certain that this choice is correct. Our objective is to produce
a theory which is equivalent, or failing that, as close as possible to standard QED.

QED uses Feynman’s Green’s functions and so these are selected here. The solution

of Eq.(5.39) we choose is
AR (x,1) = ¢ / B Gr(x' — x,1' — ol (X, )y b (X, 1), (5.44)
A% (x,t) is an operator in the Heisenberg picture. Since
U(0,t)pu(x, ¢ U(0,1)
=U(0,)U,0)p(x)Ut (', 00Ut (0,t) = U(t', t)b(x)UT (', 1), (5.45)
the electromagnetic 4-potential operator in the Schrédinger picture is
A*(x,t)=e / d*2'Gp(x' — x,t' — YU, )T (X )y b (X U 1). (5.46)

How do we write the equation of motion? The Hamiltonian of a single Dirac

particle in a background electromagnetic field A#(x,t) is
H = Ao(x,t) +1° (v (—ihd; + eAj(x,1)) +m) . (5.47)
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If we use this Hamiltonian then

ih%l\ll,t> = /d3x¢f(x)Hz/)(x)|\I',t> (5.48)

describes the motion of Dirac particles in a background electromagnetic field A#(x, t).

We can rewrite Eq.(5.48) as

0
ih%nl!,b = [Ho + Hi ()Y, t>, (5.49)

where Hy is given by Eq.(5.16) and Hj(t) is given by
Hi(t) = e / Pxip (x)70, (%) A4(x, £). (5.50)

Here H(t) is independent of the ordering of A*(x,1).

Now consider a system of Dirac particles interacting through electromagnetism.
Here A*(x,t) is now given by Eq.(5.46). In the non-relativistic example discussed
in chapter 4 the operator ordering decided whether self interactions were included
or excluded. Here the position of A¥(x,t) in H;(t) is very important and leads to
much more subtle differences. Which ordering do we choose? As has been stated,
our objective is to produce a theory which is equivalent, or failing that, as close as
possible to standard QED. The best results are obtained by using a time ordered

equivalent of Eq.(5.50), which remembering Eq.(5.46) is
i
Hi(t) = ) /d3xd4:c'Gp(x' - x,t' — 1)

T [ () b(x), U (¢, ) (P (U, 1)] . (5.51)
T**[A, B is a time ordered product given by
T*[A, B] = 6(t — t')AB + 0(t' — t)BA. (5.52)

This formulation includes self interactions. It should also be noted that a factor of %
has been introduced into the interaction Hamiltonian. This corresponds to the factor

of % in Eq.(4.35), and is introduced for the same reasons as it was in electrostatics.
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The 4-potential operator is dependent on U(t,, ). The equation of motion, which
leads to an expression for U(t,,1;), is dependent on A*(x,t). Whichever formulation
is used we are left with very complicated simultaneous equations.

We now find the slow speed approximation of this system. This removes the
dependence of A*(x,t) on U(t,,t;), and greatly simplifies the equations. Consider a
classical electromagnetic field which is produced by a system of slow moving particles.
Away from each particle we have

2

6 0 2
A0, 1) = 0(v?). (5.53)

This motivates the assumption that in the slow speed approximation,

2

d
—aﬁA%(x,t) =0. (5.54)

It is assumed that the magnetic field is negligible, and A% (x,t) = 0. In this approx-

imation we postulate the operator A°(x,t) obeys
VEAR(x, 1) = —j%(x,1) = —ephi(x)pu(x), (5.55)
which is equivalent to
VEA(x,t) = —j°(x) = —ep!(x)9(x), (5.56)

in the Schrodinger picture. A possible solution is

AO(X,t) — i/d3xl¢1(xl)t)¢(x,7t) _|_ 07 (557)

47 Ix — x|
where C' is an arbitrary constant. eA%(x,t) is exactly analogous to the electrostatic
potential operator used in chapter 4. Since it is assumed that A'(x,t) = 0, the

equation of motion we use is

e, "
zﬁal\lf,t> = /d3x Pi(x)y° (—zh*y”aj + m) (XN, t>

+ 2 [ @xpl(x)(x) A%x, 109, .
(5.58)
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The issues involved in operator ordering are exactly the same as those in electro-
statics, namely self interactions can be either included or excluded. Self interactions
were included in the formulation of electrodynamics chosen above, and so they are
included in this approximation. There can be no time ordering operator since the
Green’s function in A%(x,t) used here introduces no extra time variable. The inter-

action term obeys

[ e (0 x) A%, () xa()>

2 2

+ 5 4+4c %1 (), x2(B)>, (5.59)

- 4r|x; — Xo|  4me

e

where we take the limit € — 0. This contains an interaction between particle (1) and

particle (2), a self interaction term, and the term ‘4C’. If we let
C=—-—— (5.60)

before we take the limit € — 0 then

€

6/d3X P (x)3p(x) A°(x, t)ixa (@), x2(8)> Ix1(a), %2(8)>,  (5.61)

- 47T|X1 — XQI

and so taking the Ix;(a),x2(8)> component of Eq.(5.58) we have

ihgmp(aﬂ) = [° (—ihy70y; + m)]

(ar)
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+ [1° (—ihy 8y + m)] y Yan) + aB)- (5.62)

e
(8 47‘(")(1 - X2I

Using the techniques of the Pauli approximation we can deduce

0 [ B2 B2 e?

B P,y = |- 72 \7? - (VP .63
Zhc’?t\I}(ﬂC) 2mvl 2mv2+2m+47r|X1—X2|+O(vh)} Gk (5 )

where j,k = 1,2, and O(vh) are the spin terms which for the purposes of this

calculation are negligible.

5.4 Conclusions

This chapter has shown a way in which electromagnetically interacting spin-% parti-

cles can be described using a field theory notation, and how this can be related back
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to ordinary quantum mechanics. In doing so no mention has been made of anti-
particles, or of the creation and annihilation of particle/anti-particle pairs, which
standard field theory so accurately describes. Neither has there been much mention
of divergencies. This section discusses where within the interpretation used here, all
of these concepts are found, and how they are very much related to each other.

The infinity encountered in the previous calculation, which was due to the self
interactions of each of the Dirac particles, was easily dealt with. This calculation
dealt only with positive and negative energy particles, and not particles and anti-
particles. In Dirac’s hole theory a system with a finite number of anti-particles is
a system with an infinite number of negative energy particles, and it is this infinity
which leads to most of the divergencies in the scattering matrix. How or if these
divergencies can be removed is not considered.

What about the creation and annihilation of particles? For instance Eq.(5.63)
involves only two particles. Whether particles can change from having a positive
energy to having a negative energy will depend very much on the equation of motion
and the exact definition of what constitutes a ‘positive energy particle’ or a ‘negative
energy particle’, but it cannot be ruled out. However whatever the definition the

total number cannot change and in general
[Number of positive energy particles]

+[Number of negative energy particles] = constant. (5.64)

Experimentally we observe anti-particles, which is a hole in the sea of negative energy

particles. A system of particles and anti-particles obey
[Number of particles] — [Number of anti-particles] = constant. (5.65)

Creation and annihilation of these particles similarly cannot be ruled out. A positive
energy particle changing into a negative energy particle is equivalent to the anni-
hilation of a particle/anti-particle pair. A negative energy particle changing into a

positive energy particle is equivalent to the creation of a particle/anti-particle pair.
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Chapter 6

Scattering Theory and QED

6.1 Introduction

Both the electromagnetic and Dirac fields have been introduced in a very different
manner to that of standard field theory. This chapter shows that in Minkowski space
the difference in the Dirac fields is only one of representation, and in a different
representation the standard expression for the Dirac field can be used (see section
6.2). The difference in the electromagnetic field is more serious. The scattering
matrix of the theory without photons and that of standard QED are compared. It is

shown that the matrix entries between fermion states agree only up to the order e?.

6.2 The Standard Formulation of QED

QED is a quantum field theory. Quantum field theory takes quantum mechanics
one step further and performs what is often called second quantisation. QED is
constructed from an interacting Dirac %(z) and photon A*(z) field.

The Lagrangian density for a free Dirac field is
£67 = (@) [ihy"8, — m] P(z), (6.1)

where ¥(z) = ¥(z)7°. This Lagrangian implies that the conjugate field to (z) is
7(z) = ikl (z). (6.2)
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We draw an analogy between the position and momentum operators, and the fields
(z) and 7(z), and since Dirac particles are fermions postulate the equal time anti-

commutation relations

{B(x,0),9'(x, 1)} = ih8®(x = x'),  {#(x,1),%(x,1)} = 0. (63)

From the Lagrangian Eq.(6.1) we derive the equation of motion
ihy*0u(z) — myp(z) = 0. (6.4)

The general solution to the free Dirac equation can be expressed as

mzdPk —ikz ikz
pixt) = [ oty |9 e S + e e 5 |
(6.5)

If we let the coeflicients c,(k) be operators that obey the anti-commutation relations
{ca(k), ch(k)} = 8ap8®(k = K'),  {ea(k), ca(K)} =0, (6.6)

then the field 1 (x,t) will obey the anti-commutation relations Eq.(6.3).
The Lagrangian density for the photon field A#(z) is

\

£3 = (0,4, (2))(0* 4" (2)). (6.7

The field conjugate to A*(z) is %ﬂ and we postulate the commutation relations

w0, 0), PO et ) (69
Eq.(6.7) gives the equation of motion
02A* =0, (6.9)

and from this and the commutation relations Eq.(6.8) we deduce
[4%(2), A"(&")] = DL (2 — o', (6.10)

where
oy dik 6—ikx

(2r)t) k*+ie

D (z) = (6.11)
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Also the photon and Dirac fields commute,
[¥(z), A*(2")] = 0. (6.12)

QED itself has the Lagrangian density,
L(x) = £5 (@) + L3(2) + Li(2), (6.13)

where £8+’6_(:c) is the free Dirac field Lagrangian, £] is the free photon field La-

grangian, and £;(z) is the interaction Lagrangian density given by

£1(2) = —eF(@)r Auh(a) (6.14)
Correspondingly the total Hamiltonian Hz of the system can be split into the free
field Hamiltonian Hy and the Interaction Hamiltonian Hj,
Hr =Hy+ Hj. (6.15)
The interaction Hamiltonian is given by
Hi(t) = e / Px(x, 1y A (x, ) (x, 1). (6.16)
Experimental predictions are made using scattering theory, and this is considered in

section 6.6.
The fact that QED contains photons and the theory presented in this thesis does

not, i1s more than a surface detail. The commutation relation
AP )t (x, 1) = oi(x, 1) A*(x, t') (6.17)

shows that the operator A#(x,t) is unaffected by the existence of fermions. States
should be written as

IU>IA* > (6.18)
which involve Dirac particles and photons. This is contrary to the theory of electro-
magnetism in chapter 4. Here A*(x,t) is expressible in terms of the ¥(x) field (see
Eq.(5.46)), and [A*(x',t),%(x)] is very complicated and not identically zero. The
states are written as

¥>, (6.19)

and they contain only fermions.
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6.3 The QED Representation

The expression for the field ¥(x) Eq.(5.5) is very different from that which is usually
given, Eq.(6.5). This difference is merely one of representation.

Previously the Schrodinger and Heisenberg pictures have been discussed and sec-
tion 6.5 discusses the Interaction picture. The word picture is to differentiate each
of these from the two representations which we introduce now. The concept behind
‘pictures’ and ‘representations’ are however exactly the same.

To see what constitutes a picture or representation we consider the Schrodinger
and Heisenberg pictures. In the Schrédinger picture the states evolve through time,
and the operators are constant. States evolve according to a unitary operator U(t,, ;)
such that

1, ty> = U(te, 81, £, (6.20)

Here U(t,, ) is a general evolution operator. No particular motion is being discussed.

At a time t we can write a particular state and operator as
1w, 1>, A, (6.21)

respectively. In the Heisenberg picture it is the states that are constant and the
operators that evolve though time. In the Heisenberg picture the state and operator

which correspond to those in Eq.(6.21) are
Ut 0,9, >, Ut 0,t)AU(0, ). (6.22)

The unitary operator U?(0,t) provides a map between the two representations. Most
importantly the matrix elements of an operator between states in the same repre-

sentation is independent of representation,
< Wy, t1U(0, 1)U (0, ) AU(0,)UT(0, )Wy, t> =< Uy, 11 ATy, t>. (6.23)

This section produces a time independent unitary operator O, which is analagous
to U1(0,t), and which provides a change of representation to what we call the ‘QED

representation’. When we move to this representation, to the interaction picture and
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then finally redefine the vacuum state, the operator field 1(x) can be replaced by
the standard expression, Eq.(6.5).

First however we consider states. The physical predictions of QED are made
through the matrix elements of the scattering matrix. The matrix elements are the
elements between states of incoming and outgoing particles which are typically in an
eigen-state of momentum. Such states include ¢! (p;)I0> and ¢! (p;)ch(p2)I0>. These
states are very different to the freely evolving Dirac states which have been discussed

earlier. We define

iple]> = cl(p)I0>. (6.24)

From the expansion of ¢;(p1), Eq.(5.3), we see

1) [ #®)
3 0 I(x
Ip[l]> = 27k _5/d3xexp I;X y2(x) 10>, (6.25)
01 | %
0) \ %)
and so the state |p[1]> can be represented by the spinor
1
ipx | 0
B(x) = (27h) 7% exp (6.26)
Polo
0

This is clearly not the same as the description of Dirac particles used earlier. The

same particle was described by

T
Ul(l)(P) I(x)
1.
2 2 u X
(247r712) m2 Oy exp Z}:;LX 12)(P) d’i( ) 0>, (6.27)
P +m u1(3)(P) 3(x)
u1(4)(p) I(X)
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which can be represented by the spinor

u1(1)(P)
(27h)~5m> ip.x | u1(2)(P) (2rh)"2m2 ip.X
U(x) = = — exp Ve — exp ui1(p). (6.28)
prm Pl () p*t+m h
u1(4)(P)

U(x) can be used to form solutions to the free Dirac equation, such as

Ay
exp —h——\IJ

(x). (6.29)

We cannot form such solutions to the Dirac equation with ¥(x) given in Eq.(6.26)

for every value of p. This is because

S o O

has no momentum dependence and so is not a suitable candidate for one of the u;(p)
spinors in any representation of the y* matrices.
The states Ip[a]> and |p(a)> both provide an orthonormal basis for all one

particle states with
< prfen]ipales] >=< pi(en)ipa(@z) >= 6°(P1 — P2)desar- (6.30)
This means there is a unitary transformation O between one particle states such that
Ip[a]> = Oip(a)>. (6.31)

Ip[e]> and |p(a)> describe the same particle using a different representation. The
operator O provides a map between the two representations. We call ip(a)> a
state in the ‘wave-function representation’ because this representation allows the easy
production of wave equations. We call [p[a]> a state in the ‘QED representation’.

In the QED representation scattering matrices are most easily calculated.
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For general particle numbers the momentum states in the wave-function repre-

sentation are

1 1
m:2 c]:-l (K‘al pl)uoq(ﬁ) (pl) m?2 cj—n (Kanpn)uan(rn) (pn)

Ipi(e1), .. Palan)> =

We use square brackets to denote states in the QED representation and define its

1

10>.

(6.32)

momentum states as

prlaa], .., Palan]> = ¢l (p1). .. L, (Pn)i0>. (6.33)

The momentum states in the wave-function representation together with the vacuum
state, and the momentum states in the QED representation together with the vacuum
state, each form a orthonormal basis for the space of all states. Hence we can extend

O to a unitary transformation over the space of all states such that
p1lar]; - - -, Pulan]> = Op1(e1), - - ., Polan)>, 10> = O10>. (6.34)

As well as using different states QED also uses different operators. Comparing
Eqs.(5.5,5.10) with Eq.(6.5) we see that the operator 1(z) used in QED and the
operator ¥ (x) used in chapter 4 are very different. In particular the QED version
contains the u,(p) spinors whereas the version in chapter 5 does not. For general
particle numbers the position operators in the wave-function representation t,(x)

can be expanded in terms of the momentum annihilation operators to give

Yo (x) = (27rh)_%/d3p exp E?ca(p), a=1,2,3,4. (6.35)

We can also define another set of 4 operator fields,

m%d‘)’p tKop.X

balx) = (270) 7 [ e exp =5 ua(P)ea(P)

a=1,2,34, (6.36)

which contain the spinors u.(p). These are annihilation operators in the QED rep-

resentation. We also let

P(x) = (%) + (%) + P3(x) + Pa(x). (6.37)
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While this definition looks very different to the definition of ¥(x), Eq.(5.10), both
@(x) and %(x) are spinor operators.

We now define the two operator fields, p(x) and p(x), by
px) =PI (x)B(x),  p(x) = YL (%) Baps(x) = $1(x)By(x), (6.38)

where a and f sum from 1 to 4. B is a general 4 x 4 matrix which is dependent on

x and its derivatives. These operators obey

< pi(a1); - - Palen)1p()iqa(Br); - - G (Brr)>

=< pilai], - - - Palan]lp(X)Qi[B1]; - . - Qe [Bur]>, (6.39)

and

< 01p(x)10> =< 01p(x)I0> = 0. (6.40)

Eq.(6.39) is proved in appendix B. Since the momentum states in the wave-function
representation together with the vacuum state, and the momentum states in the

QED representation together with the vacuum state, each form a basis for the space

of all states we have

p(x) = Op(x)O". (6.41)

We are now in a position to state the following conclusion. Consider the state

and operator in the wave-function representation

IP1(ea), -, Palan)>,  p(x). (6.42)
The equivalent state and operator in the QED representation is

Ipifen], .-, Palon]>, (). (6.43)

The equations of motion can now be re-expressed in the QED representation.

The equation of motion for free Dirac particles is given by

ih%\l},b = Hyl¥,t>, (6.44)
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where
Hy = / Pxpt(x)7° (~ihy?d; 4+ m) (x), (6.45)
and 7 sums from 1 to 3. Now let

Hy = /d3x Pt(x)y° (—ihfyjaj + m) Ph(x). (6.46)

An alternative equation of motion for Dirac particles can be written as

ihgl\ll,t>' = HyW,t>". (6.47)
ot
If we let
p(x) = P (x)7° (—ity’d; +m) $(x), (6.48)

then Eq.(6.44) can be expressed as

L9 ;
ho U, t> = /d X (), t>. (6.49)

Eq.(6.47) is the equivalent equation constructed by replacing p(x) with the respective
p(x). Let U, ¢> be a solution to Eq.(6.44). Then |U,t>" = O1¥,¢> is a solution to
Eq.(6.47). For instance we have seen that

—itho \/P? + M2 — ... — 1tKa, /P2 + M2
L p1(1), - .-, Pu(@n)>, (6.50)

h

W, t> = exp

is a solution to Eq.(6.44). This means that the state

—ithoy\/P? + Mm% — ... — ilKkg, /P2 + m?

R P1lail, - ., Palan]>, (6.51)

W, t>" = exp

is a solution to Eq.(6.47). These states both represent, in different representations,
the same free particles evolving through time.

Now we consider electromagnetically interacting particles. The equation of mo-
tion is

ih%|\1!,t> = [Ho + Hi ()19, t>, (6.52)

where the interaction Hamiltonian is
' e
Hi(t) = £ [ dx ' (xn np(x)4%(x, 1)
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= -‘;/dBX/d‘*x' Gr(x' = x,t' — 1)
T [$H )7 v (%), U, ) () () UM, 1)] . (6.53)
If we put
PH(x) = $T(x) "4 (x), (6.54)

then the interaction Hamiltonian can be re-expressed as
2
Hi(t) = = / &Px / da'Gp(x' —x, ' — )T [p*(x), U(t, )p,(x)UH(t',1)] . (6.55)

We wish to write this equation in the QED representation. In this representation

states evolve according to

10, 15> = Ulte, ty) ¥, t,>, (6.56)
where
U(te,ts) = OU(t,,4,)O1. (6.57)
Consider the equation
z'h%ll!,b' = [Ho + Hi|17,t>, (6.58)
where
Hi(t) = %2 / &x / d*z' Gp(x' — x,t — 1)
T () b(x), T, 0 )y ()0 (E, )] . (6.59)
If we write
p(x) = 1 (x)7°y*(x), (6.60)
then

Hy(t) = ‘;—2 / Px / 7Gx’ —x,t' — )T [5(x), U(¥, )5, (x)UT(,1)] . (6.61)

Eq.(6.61) is equivalent to Eq.(6.55), but is constructed by replacing each operator
in the wave function representation with the equivalent operator in the QED repre-

sentation. If (¥, > is a solution to Eq.(6.52), then |¥,¢>" = O1U, > is a solution to

Eq.(6.58).
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6.4 Anti-particles

We see from Eq.(5.28) that the operator used to create a positive or negative energy

particle of momentum p in the wave-function representation is

m%CI(KTp)Ua(T)(P) (6 62)
VpTtm? |

where 7 is summed from 1 to 4. Here « is one of 1, 2, 3 or 4, and corresponds to the

type of particle being described. In the QED representation we see from Eq.(6.33)

that the operator used to create the equivalent particle is simply

ci(p)- (6.63)

The rest of this chapter uses the QED representation. The particles observed exper-
imentally are anti-particles, rather than negative energy particles. An anti-particle
is simply the lack of a negative energy particle. The operator which creates an anti-
particle is the operator which annihilates a negative energy particle. To reverse this
we redefine the creation and annihilation operators cg(p), ¢c3(p) and cZ(p), ca(p),
swapping creation with annihilation. Similarly we redefine 93(x) and t4(x) so that
now

dPpm? exp —ip.X
VP +m? h

and use these redefinitions in all the operators that they form. In particular we now

[N

Pi(x) = (2mh)” ua(p)eh(p), =34, (6.64)

have
p(x) = Pr(x) + (%) + PI(x) + PI(x). (6.65)

We then define a new vacuum state which contains no anti-particles,

10new> = ] ca(p)ea(p)I0>, (6.66)

PER3
where the c3(p) and cy(p) are now anti-particle annihilation operators. |0,ey,> is
the observed vacuum state. Anti-particle states are thus formed by acting the old

negative energy annihilation operators that is the new anti-particle creation operators

on the new vacuum.
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A physical system which contains a finite number of particles and anti-particles
will contain an infinite number of negative energy particles. This infinity causes the
equation describing electromagnetically interacting Dirac particles to develop many

infinite quantities.

6.5 The Interaction Picture and the Standard
Expression for ¢(x)

This section shows that in the interaction picture and also in the QED representation
the Dirac operator field is given by the standard expression Eq.(6.5).

To produce the interaction picture we write the total Hamiltonian as
Hr = Hy + Hi, (6.67)

where Hy is the free particle Hamiltonian, and Hj is the interaction Hamiltonian. To
keep this section general we make no assumption about the nature of H;. We consider
only operators in the QED representation. Let f/(t) be the evolution operator for

free particles, that is

V(t) = exp(—itHp). (6.68)
Here we are using units in which 2 = 1, and this is continued until the end of the

chapter. In the interaction picture operators evolve according to

Ami(t) = V() AV (1), (6.69)

where A is an operator in the Schrddinger picture and A,-nt(t) is the equivalent
operator in the interaction picture. States evolve according to an evolution operator
W (ta,ts)

|\I/int>tb> = W(ta,tb)l \I}mt,ta>. (670)

We must ensure that the matrix elements between operators and states is the same

in the interaction picture as in, say, the Schrodinger picture, and so
< \Ill,inta tblliint(tb)l \1}2,int7 > =< lpl; tb|A~J \112; tb>) (671)
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for every operator A and every state | ¥y, ¢,> and |Us,¢,>. This gives
< Ut Wit 1) VI(ty — 1) AV (ty — to) W (te, 81T, 14>
=< U, 1,10 (to, ts) AU (ta, ts 10, £, > (6.72)
for every A, |1¥q,t>, and |¥,,¢> and so
V(ty — L)W (ta, ts) = Ulta, ty). (6.73)

W (ta, ) itself evolves according to

.0 - - .
Zét—bw(ta,tb) = H],int(tb)W(ta,tb). (674)

This equation can be solved to give

o a ty ~ t - tho1 .
W(ta, tb) = Z(—Z)n . dtlﬂf,int(tl) /t dtgH]y,‘nt(tg) o e ; H[1{nt(tn)dtn. (675)
n=0 a a a

A general free particle state in which each particle is in an eigen-state of momen-

tum evolves according to

V(t)el, (p1) ... el (Pn)iOnew> (6.76)

in the Schrodinger picture and QED representation. A particle or anti-particle of
momentum p has an energy of v/p? + m?. Removing a particle or anti-particle of

momentum p removes an energy of /p? + m? and we see that

V() ea(p)V1(#)) = exp <it',/p2 g ca(p)> . (6.77)

Since V1(t') = V(—t) substituting t = —t' gives

71(t)ca(p)V(t) = exp (—m/p2 +m? ca(p)> . (6.78)

This is an expression of c,(p) in the interaction picture and QED representation.
The expression for ¢,(p) in the interaction picture and wave-function representation
is much more complicated (note that V() # V(t)). It is this simple result that is the

reason why scattering theory is most easily performed in the QED representation.
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In the QED representation we have

. s T d3 .
Pa(x) = (27)73 %e’p-xmmca(p), 2, (6.79)

and
. s 43
t = (271)" 2 _m2ap
Bl = ot [

Hence in the interaction picture we can write

—ip.X

ua(p)cl(p), a=3,4. (6.80)

~ 3 m% d3 . .
Payint (X, 1) = (27)72 ﬁexl} <zp.x —it\/p? + m2) us(p)ea(p), a=1,2,
(6.81)

and

NI

1
- _ m2 d°p . .
¢L,int(xﬁ t) = (27r) W €xp (—zp.x +at \V p2 + m2) ua(p)cl(p)a a=3,4.

(6.82)

To simplify notation we write ¢(z) = tins(x,t) where z = (x,t) and so

lb("ﬂ) = Q;l,int(xa t) + "])2,int(x7 t) + &g,z'nt(xa t) + ZZ;r,int(xa t)' (683)

On substituting Eqs.(6.81,6.82) we obtain the standard expansion for the Dirac field
$(2), Ba.(65).

6.6 Comparison of Scattering Matrices

This section compares the matrix elements between fermion states of the scattering
matrices of the theory where the electromagnetic field was calculated directly, and of
and standard QED. It is shown that they agree for the term of order e?, but disagree

at the order e?.

We first consider standard QED. Here the interaction Hamiltonian is given by
Hi(t) = e / Pt (x, )7OH A (x, )b (x, 1) (6.84)

where 1(z) is the fermion field given by Eq.(6.5) and A,(z) is the electromagnetic

field described in section 6.2. The predictions of QED are made through its scattering
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matrix S. We wish to compare QED which contains photon states to the theory
which contains no photon states, and so only consider the the matrix elements of
S between fermion states. The only terms that contribute are those where all the
fermions are in propagators, and in particular the terms with an odd number of H;

do not contribute. Considering only matrix elements between fermion states

(o] ’ 3]
S=1- /_ dty Hy(1) /_ dtyH(ts)

[ele ty io t3
+ /_ dirHi(t) /_ diz Hr(t3) /_ dis Hi(13) /_ dt Hi(ts) + ...

=1—¢° /th:oo dizy /:Ftl d'zy D (21 — 22)Y (@17 1, (1) 91 (22) 107, ¥ (22)

1=—0C0 2=—00

t1=00 to=11 t3=to ty=t3

+e* /tl=—oo d*z, /t2=—oo d*z, /t;:wo d*z; /t4=_oo d*z4[ DY (21 — z9) DF (23 — 4)
+ D% (21 — 23)DF (2 — z4) + D& (21 — 24) DY (22 — 73)]

P (21)7 78 (21)8 1 (22)7 1 ¥ (22)8 (23)7 1 (23)0b T (20) 0o o (ma) + ... (6.85)

Since in the Lorentz gauge
WDE (21 — 22) = Gp(z1 — z9)r", (6.86)
we have

S =1-—1ie? /tt1=oo d*z, /ttzztl d4$2GF(IL‘1 - $2)¢1($1),),0,),#1/)($1)¢1($2)707u1/)($2)

1 =—00 2=—00

4 [P52 4 =t o=t W=t v, 10
—e / d xl/ d 372/ d zg/ d*z4 [Gr(z1 — 22)Gr(z3 — T4)7 ™7
t t i i

1=—00 2=~00 3=—00 4=—00

+Gr(z1 — 3)Gr(ze — x)r*7r" 4+ Gr(z1 — 24)Gr(ze — T3)7*1"7]

1 (21)7 70 (1) (@2)7 07 (22) 8 (23)7 1 ¥ (23) 9 (24} Yo tb(2a) + ... (6.87)

We now consider the theory where the electromagnetic field is calculated di-
rectly. This is described by the equation Eq.(6.58). In the QED representation and

Schrodinger picture the interaction Hamiltonian is

Hi(t) = ;—z/dSX/d“m’ Gr(x' —x,t' —t)
Tt [J;T(x)yo»y”i;(X), ﬁ(t,at)i/;T(X')’yo’yu?,Z(X/)ﬁT(t',t)] . (6.88)
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From Eq.(6.73)
Ut',t) =Vt —tW(t,t), (6.89)

<<t

ViU V() = V(=t)V(t — YW, )V (') = VIE)W (¢, )V (). (6.90)

Hence in the interaction picture
Hi it /d3 /d‘*x'a (x' —x,1' — )

T [t (e, )y b (%, 8), VI YW () V() (), )Py (), ) V)W, )T ()]

(6.91)
The first three terms in the expansion of W (t,,t;) are
~ b .,
Wtayts) =1 =i | Hygm(t2)dts - | ® ()t / dtoHlpima(ts) + ... (6.92)
This gives
tl—tb =00
W(ta,tb =1- —/ / d*z, Gr(z2 — 71)
t1=ta to=—00
T [} (21)7°71b(@1), VI(E2)W (t2, 21)V (£2)9 1 (22)1 1t (w2) VE (b2) W (£, 1) V (22)]
et rtisty ty=00 3=t t4=00
——/ d4.'1,'1/ d4$2 / d4$[33/ d4$4 GF((Ez - $1)GF(.’E4 — 333)
4 Ji=t, to=—00 ta=tq ti=—oo

Ttz [¢ (1111)’)’ yi(ze),V (tl)W(tl,tg)‘N/(h)¢T($2)707u¢($2)VT(t1)WT(t1>t2)‘~/(t1)]
Ptasts [¢T($3)707V¢(x3), f/’f(t3)W(t3,t4)V(t3)¢T(CE4)7O’Yu¢($4)f/f(ts)WT(taat4)f/(t3)]
+... (6.93)

We now write

W (ta,ts) = 1+ Wi(ta,ts) + Walta, o) + . .. (6.94)

where W;(t4, ) is of order 47 in (z). Since W (t4,1;) is unitary

Wt ts) = Wl (ta, 1) = 1 — Wi(ta, ts) — ... (6.95)
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If we substitute Eqs.(6.94, 6.95) into Eq.(6.93) we can solve Eqs.(6.93) by perturba-

tion theory. Taking terms of order 4 in ¥(z),

Wl (ta7 tb)

el pti=ty ta=co
-l d4$1/t d*zy Gp(zy—z,)THH [¢T($1)7O7“¢($1)>¢T($2)7°7u¢($2)]

—7 t1=1qa 2=—00
g [FB =t t 0 0
= —ie? [ e [T d'ea Gilaa — 218! (o111 0 (o) (@)1 0t (22).
1=%a 2=—00
(6.96)
The scattering matrix is W(t,, t), where we take the limits ¢, — —oco and t, — +co.

We can see straight away that up to order 2 in e,

S=1-i [ e [T desGrler — ) e ble ) )y 1 (w)
(6.97)

It is clear this is identical to the terms of order e? in Eq.(6.87), and the scattering

matrices agree at least up to the order e?.

The terms of order 8 in ¥ (z) are

W2 (ta) tb)

el 1=t ty=oco . . ~
= re ’ d4$1l d4$4Ttl’t2 [’l!)T(Ibl)’)’O’)’M’(/)(ZIIl), Vf(t4)W1(t4,t1)V(t4)]

2 Ju=t, =00

P (24)7°7u0 (24)Gr(zs — 21)

t1=t ta=00
+ie—/t bd4$1/t oo T [t (2172 (1), 1 (22)7 "7 (2)

Vf(tz)wl(tg,tl)‘?(tz)] GF(.’IZQ — 1121)

e t1=1p " ip=o0 4 3=t 4 tg=o00 4
d (El/ d SL'Q/ d CL'3/t d :II4GF(.’172 — $1)GF(11I4 - £L'3)
12 i

4 t1=tq 2=—00 3=ta 4=—00

T4 [I/JT(:m)’YO’YWJ(x1)¢1($2)70%¢($2)] T [W(wsho’r"’/’(%)"/’1(5‘34)707"‘/’(‘”4)] '
(6.98)

We note that

t1=typ to=t1

V(L) Wi (L, 1)V (ta) = —ie? / die, /t deyCr(zs—21)

t1=tg 2=—00
bl (%1, 1 4 )Yy 0 (X1, tr + ta )T (Xo, by + )Y v b (X2, t2 + t4)
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. 9 ti=tp+ta 4 tr=t;+ta 4
= —ie? [ Tty [ d'a G — w9 (010 (e a)r Py o),
(6.99)

This means that it is possible to express Wy (t,,1;) in the form
Wg(ta,tb) = 64/d4.7,'1/d41132/d4CL‘3/d4$4A“VTU($1,CL'2,CL'3,$4)

Pl (@)Y 7t (1) (22)7 1 (22) 9T (23) Y70 (23)8 T (24) 7Y * 9 o (24), (6.100)

where A*°7T is a real, that is not an operator. The expression for A#*“" is finite
but very complicated, and must take account of the limits on the integrals and
time ordering, as well as the Green’s functions. It is clear from an examination of
Eqgs.(6.98,6.99) that it is not dependent on G(z; — 23)G(z2 — z4). Hence the term in
the scattering matrix of order 4 in e is not dependent on G(zy — 23)G(z2 — z4). Now
look at Eq.(6.87), the scattering matrix for QED. The term of order 4 is written in
a similar manner and explicitly contains G(z1 — z3)G(z2 — z4). The two terms are
clearly not equal.

It 1s concluded that the two theories have different scattering matrices, and so are
not equivalent. There are other possible ways to write the interaction Hamiltonian,

but it appears that none give equivalent scattering matrices to QED.
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Chapter 7

The Metric Operator

7.1 Do Gravitons Exist?

We have seen that there are two possible ways to quantise electromagnetism, and
through their experimental predictions one can be eliminated. It might be expected
that the successful method can be generalised to gravity, which like electromagnetism
is a gauge theory. This however cannot be assumed. No evidence exists for any
quantum effects of gravity.

Standard QED contains Dirac particles and photons. The motion of a state (o>

of free fermions is governed by the Lagrangian density
£3(z) = '(2)7° (ih7"0, — m) P (). (7.1)

This provides mass-energy and kinetic energy for the fermions. Similarly the motion

of a state | A*> of free photons is governed by the Lagrangian of free photons, which

can be written as

L= %(aﬂAy) (0" A7), (7.2)

This contains no mass terms and photons are massless.

If a similar view is taken of gravity, then a theory of quantum gravity will contain

Dirac particles and gravitons. States can be written as

IU>1Gy>. (7.3)
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Classically general relativity has the Lagrangian density

L£§ = R/ =y, (7.4)
away from any boundary. R is the scalar curvature and g is the determinant of the
metric. If this Lagrangian density is used to form a graviton propagator then we are
left with an unrenormalisable theory. There is a big conceptual problem. How do you
describe the motion of particles which themselves form the shape of the universe:?
The commutation relations that should be imposed on ¢#*(z) are not obvious either
since the positions of the light cones are themselves dependent on the metric.

The method employed in Chapter 5 to produce a theory of electrodynamics how-
ever appears to provide a more promising basis in which to describe gravitational
interactions. There are no gravitons, and so we do not need to worry about a graviton
propagator. Neither are commutation relations imposed. Instead we impose an op-
erator version of Einstein’s equation on the metric operator. This chapter considers

this approach to quantum gravity.

7.2 Linear Gravity and the Choice of Gauge

Before we examine gravity we look at another gauge theory, electromagnetism. When
performing a calculation in electromagnetism, I always choose a particular gauge in
which to work. To work in a general gauge is pointless, and it is always possible
to perform a gauge transformation later and move to any other gauge. Maxwell’s

equations can be summarised by the single equation
9 I (z) = 5% (2), (7.5)

where ¢ € R* and

Fu, = 8,4, — 8,A,. (7.6)
It is not obvious how to solve Eq.(7.5) in general. If we choose to work in the Lorentz

gauge then the equation can be replaced by
0% A¥(z) = j4(z), (7.7)
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and this can be solved using Green’s functions. One solution is
AM(z) = / 42/ Gre(z' — 2)j* (). (7.8)

Given sufficient boundary conditions Eq.(7.7) has a unique solution whereas Eq.(7.5)
has many possible solutions for A#, one of which is provided by Eq.(7.8). The physical
aspect of the electromagnetic field is the same for each of the solutions of Eq.(7.5),
and nothing of the theory is lost by selecting only one such solution. Moreover the
momentum operator of a quantum state is dependent on A*, so we cannot attempt
an interpretation of a quantum state without knowing the particular 4-potential that

is being used.

When performing calculations in quantum gravity here a similar attitude is taken,
and we work in a particular gauge. In order to demonstrate this we consider a system
of a small gravitating particle of mass m and the Earth of mass M. We work in linear

gravity and write the metric operator in the Schrodinger picture as

G (X) = 7 + €0 (X), (7.9)

where now ¢,,(x) is an operator. This is time-independent because it is in the
Schrodinger picture. Classically there is a gauge in which Einstein’s equation can be

written as

0%, (x,t) = —167GT,,(x,1), (7.10)

where

1
e (x,t) = e"(x,t) — 57‘“”53(x,t). (7.11)

We use the slow speed approximation, where classically %5#,, (x,t) is negligible, and

postulate the operator equation

V2, (x) = 167GT,,(x). (7.12)
Since €,,(x) = €,,(x) this equation is equivalent to

Ve, (x) = 167GT ,,(x). (7.13)
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In order to solve this equation we need an expression for the stress-energy tensor
operator, T},,(x). The system in which we are interested consists of a small gravi-
tating particle of mass m and the Earth of mass M. We choose to limit the gauge
further so that in the co-ordinate system used the Earth is stationary at the spatial

origin, and write the mass density operator as
p(x) = mix> < xi + M6 (x). (7.14)

This treats both particles as point particles, which is purely for ease of calculation.
The Earth is a ‘background’ particle fixed at the origin and the state x> represents

the Earth at the origin and the other particle at the position x. It is clear that
pYIX'> = (m8%(x — x') + M&%(x)) 1x'>. (7.15)
This is an eigenvalue equation. The eigenvalue is the value of the mass density at

the point x caused by two point particles, one of mass M at the origin and the other

of mass m at x’. For slow moving particles the stress energy operator can be written

as
p(x) 0 0 0
0 000
T.(x) = , (7.16)
0 000
0 000
and so
- 1
T (x) = §p(x)5tw' (7.17)
The solution of Eq.(7.13) which vanishes at infinity is
_ 1y L 25,/3’ p(X) 7.1
£ (X 4G/d o X,| Gouw [ X (7.18)
and the metric operator obeys the eigen-value equation
2MG 2mG
gm,(X)|X,> = (7'#,, — W(Sw, - |X’ril_/|6’w) IXI> (719)

The eigen-value is the value of the metric at x produced by a particle of mass M

at the origin, and a particle of mass m at x', calculated according to classical linear

gravity.
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At this point it is useful to consider more carefully what is meant by the term
‘gauge’. With electromagnetism, given sufficient boundary conditions, it provides us
with a map from each 4-current vector field j#(z) to a unique 4-vector potential field
A#(z). Einstein’s equation can be considered as a map from each physically valid
stress-energy tensor field on the co-ordinate system to a set of all possible metrics.
If we want to practically solve a problem then we will have to make some choice over
the topology, boundary conditions, and/or any other conditions needed. The choice
of gauge now allows us to treat Einstein’s equation as a map from each physically
valid stress-energy tensor field, to a unique metric field.

The state provides information of the position of the particle over the co-ordinate
system. The interpretation of this state is gauge dependent, just as the interpretation
of the state in electromagnetism is gauge dependent. From this state we can deduce
the stress-energy tensor at each point, and using Einstein’s equation, a metric at

each point.

7.3 Superpositions of States

It has been argued by Penrose [13] that there are fundamental problems in the
description of superpositions of states (see section 9.1). His arguments are based on

the assumption that states are of the form
IU>1Gy>, (7.20)

that is they consist of a matter state and a state of the gravitational field. The
problems that occur are due to |Gy>. The description used here violates this as-
sumption. Only the matter state exists. In any given gauge the gravitational field
can be deduced from the matter state. Superpositions can be described just as in
quantum electrostatics. To illustrate this we return to the system of a small particle

moving in the background field of the Earth. Let the states |¥,t> and 1.X,¢> each
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represent this particle at alternative locations. The state
W, t> +1X,t>, (7.21)

is the equivalent of a superposition of states in electrostatics. Acting the metric

operator on this state we obtain
g, (X, 0, > + g%, (x, )X, 1> (7.22)

We assume the states each represents the particle at reasonably definite positions and
so g%,(x,t) and g¥, (X, t) are definite metrics and not operators. The metric operator
is in the Schrodinger picture and so is time independent. The time dependency of the
metrics g% (x,t) and g%, (x,t) comes from the time dependency of the states |¥,t>
and | X, 1>.

The superposition does not cause any problems with co-ordinate transformations.
There are two types of transformation that must be considered for the quantum
system. The first is a simple co-ordinate transformation. Is it reasonable to expect
the system to be invariant under co-ordinate changes that mix space and time?
The states we have been using involve only a single time whereas a many particle
configuration space contains many spatial variables. Clearly Eq.(7.22) is invariant
under a general spatial co-ordinate transformation and also a general transformation
of time.

The other transformation is the more general gauge transformation, in the sense
described in the previous section. The metrics g¥,(x,¢) and g%, (x,t) describe two
space-times within a particular gauge. Each point on the y space-time is identified
with a point on the 1 space-time, but only because we have made a choice of gauge.
A gauge transformation in general will transform the co-ordinates on each space-time
differently. In ¢ space we will have (x,t) — (x/,¢') and in x space (x,t) — (x",t").

Similarly the metrics transform as
g (x,t) = gl (K1), gh(x60) - g8 (Kt (7.23)

This means that each point in x space-time will now be identified with a different

point of the 1 space-time. The fact that there are two co-ordinate transformations
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does not lead to any contradictions. |¥,¢> +|X,¢> will have to be transformed so
that the position of the x particle is transformed according to the x transformation,
and the position of the 9 particle will have to be transformed according to the
transformation. The physical interpretation of the system is not altered by this

change of gauge.

7.4 High Velocities and Non-linear Gravity

The calculation Eqgs.(7.12-7.19) is an example of how the metric operator can be
calculated, but is only an approximation. Consider classical linear gravity in a par-
ticular co-ordinate system (x,t). The metric in classical linear gravity is governed by
Eq.(7.10). If this metric is caused by slow moving particles then %ew(x, t) ~ 0, but
if it is caused by fast moving particles then g—;ew(x, t) can become large. Eq.(7.12)
contains no time derivatives, and so cannot be used for high velocities. Instead we

use the more sophisticated equation,
O%8mu (X, t) = ~167GTH,, (X, 1), (7.24)

that is the operator version of Eq.(7.10) in the Heisenberg picture, which takes into
account the time evolution of the metric.

The results so far are only applicable to linear gravity and it is in no way proposed
that the true theory of gravity is linear. To form a full theory of quantum gravity
we would like to impose an operator version of Einstein’s equation in the Heisenberg
picture,

G (x,t) = 87GTH (X, t). (7.25)
However it is far from obvious whether this equation has any solutions. The normal
Einstein’s equation is a non-linear equation which has no solutions for a general
stress-energy tensor T#”. Eq.(7.25) is also dependent on the evolution operator, and
so all the complications that occur with electromagnetic interactions occur here as
well. No attempt is made to solve this equation in general, though we now examine

an approximation which demonstrates it.
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We calculate the single particle eigen-values of the metric operator in the slow
speed approximation. The slow speed approximation of linear gravity was calculated

using the operator equation
V2%, (x,t) = 160GT* (x, 1). (7.26)

This is an equation for the metric operator in the Schrodinger picture, and since the

metric operator is a constant through time it is equivalent to
0%, (x,t) = ~167GT* (x,1), (7.27)

the operator version of the linearised Einstein’s equation in the Schrodinger picture.
We thus postulate that in the slow speed approximation of non-linear quantum grav-

ity we impose the operator version of Einstein’s equation in the Schrodinger picture,
Gu(x,t) = 87GT,, (x,1). (7.28)

It is clear that when x # X/, IX'> is an eigen-state of T*(x) with eigen-value 0.

Acting x> on Eq.(7.28) we obtain
G (x, x> =0, X # %', (7.29)

for every t or

G, (x,t) =0, X # X/, (7.30)
where G, (x,t) is the eigen-value of the operator G, (x,t) with eigen-state |x'>.
Let g,,(x,t) be the eigen-value of the metric operator g,,(x,t) with eigen-state |x'>.
Eq.(7.30) can thus be treated as a classical problem of a 4-manifold M’ with Einstein
tensor ), and metric g,,. If we impose the boundary condition on the metric opera-
tor that all the space-times it represents are spherically symmetric and asymptotically
Minkowski then this problem is equivalent to the classical problem of a mass m at the
spatial origin of a spherically symmetric and asymptotically Minkowski space-time.
We can thus deduce that g, describes a space-time equivalent to the one described
by the Schwarzschild metric centred at x’, and so
(1 _ QT’ZG) di? — <1 _ Z"ZG)_I dr? — r2df? — r? sin? 0dg?| 1x'>,

(7.31)

dsiix'> =
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where r =0 corresponds to the position x = x'.
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Chapter 8

Linearised Gravitational

Interactions

8.1 Introduction

This chapter discusses the evolution of states subject to linearised gravitational in-
teractions. The metric operator is calculated directly, and this leads to a theory of
linear gravitational interactions whose interaction Hamiltonian is of order 4 in ¥(z).

Renormalisation is not considered.

8.2 A Background Space-Time

In standard field theory in Minkowski space a scalar field ¢(z) obeys the Klein-

Gordon equation,

R20%¢ 4+ mPp =0, (8.1)

and the equal-time commutation relation
[#(x, 1), 7(x', )] = :hé*(x — x), (8.2)

where 7(x,t) is the conjugate momenta to ¢(x,t). When this is extended to a curved

space-time we obtain standard Quantum Field Theory in Curved Space-Time. Here
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the quantum field #(z) in a background space-time given by the metric g, (z) obeys
the Klein-Gordon equation Eq.(8.1) where O is the Laplacian operator for the space-
time with this metric . In Quantum Field Theory in Curved Space-Time there is no
unique vacuum state, and this leads to such effects as Hawking radiation.

This thesis takes a very different view of quantum fields. In Minkowski space the
Dirac field %4(x) is initially defined as the annihilation operator for a spinor com-
ponent, and the field 1(x) as the annihilation operator for all spinor components.
When we move into the QED representation and the interaction representation and
finally exchange the vacuum 10> with the observed vacuum |0,,.,,>> we gain the stan-
dard expression for the Dirac field. In these representations the Dirac field 1 (z) does
obey the Dirac equation, but this is a deduction rather than an axiom.

The view this thesis takes of Dirac particles can be naturally extended to a back-
ground space-time. It may be true that having gone through all the procedures that
obtained the standard expression for the Dirac field in Minkowski space, Quantum
Field Theory in Curved Space-Time can be reproduced in a curved space-time. If
this is true then the results of Quantum Field Theory in Curved Space-Time apply.
It must be pointed out that the vacuum state that is not unique is the observed
vacuum |0ype, >, that is the vacuum which contains a sea of negative energy particles.
No such problems exist with the original vacuum [0>.

Chapter 3 discussed the evolution of Dirac particle wave-functions Wy a,. a,) in a
background space-time given by the metric g, (x,t). There are two ways of describing
the motion. The first method gives each particle its own space and time variable,
and the wave-functions obey an equation for each particle. In an n particle system

there are n equations, of which the one for particle k is

L0
Zhgkqln(m...om) = Hk(akﬁ)\pn(al‘..ak_lﬁakﬁ,,,an). (83)

Here Hj, is the Hamiltonian for particle k£, which is given by
0 -1 . J .
Hk = (7 (Xk,tk)) (——Zh’y (Xk,tk)ij + m) - Zhrko, (84)
where Dy, is the covariant derivative with respect to the k component of z#, T'yo is
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the connection associated with Dyg and the y#(x,t) matrices obey

{r(x, 1), 7" (x,t)} = 29" (x, 1). (8.5)

Under a general transformation of space-time (x,t) — (x/,#) each of the co-

ordinates of the particles transform as
(x1,81) = (X, 8;) (X f2) = (x5,85) o (Xota) = (X5,1). (8.6)

This leads to further transformations of W,(q4,..an), guv (X, t), 7#(x, 1), and Hy, so that

in this new co-ordinate system Eq.(8.3) becomes

9 o

Zha_t;c nleq...an) = Hllc(akﬂ)\p/ (87)

n(al .‘.ak_lﬁak.‘_l...ozn) "

We see that in this system the concept of the particle is well defined. Eq‘.(8.3) and
Eq.(8.7) both describe the same n particles in a background space-time. In Eq.(8.3)
particle (k) has the co-ordinates (xx,%¢t), and in Eq.(8.7) it has the co-ordinates
(x4, ).

On the equal time surface t = t; = t, = ... = ¢, in configuration space-time the

system of equations Eq.(8.3) is equivalent to

ih%q}n(al...an) = kz—; Hi(a,8)Yn(as ..o _1Bargy1..cm)- (8.8)
This is an evolution equation through a single time, but where each of the particles
has its own spatial variable. This equation has a much more limited invariance than
those of Eq.(8.3), and is only invariant under separate transformations of space and
time

X — X', t— . (8.9)

The concept of a particle is also well defined in this system, since it is well defined
in the multi-time system.

Chapter 5 demonstrated how Dirac particles could be described with creation and
annihilation operators. States are formed by acting 4 independent creation operators

¥l (x) on the vacuum state. These operators obey

{9a(x), h(x)} = 8ap®(x — x),  {¥a(x),%5(x)} =0, (8.10)
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relations which are independent of the metric. From them we can deduce the normal-
isation of states (for scalar particles this is shown in section 4.2) which are certainly

independent of the metric. States evolve through time according to an equation
. 8 3 T
Zhallllﬂb = /d x P (x)Hp(x)1¥, >, (8.11)

where each particle has a Hamiltonian H. The n-particle components of Eq.(8.11) are
Eq.(8.8). Since particles are well defined with the description provided by Eq.(8.8),
they are also well defined with Eq.(8.11).

It can also be demonstrated that a co-ordinate transformation does not alter the
vacuum state without referring to the wave-functions Vr(ar..an)- The vacuum state

is defined as a state which obeys
ho(x)0> = 0, <010 >=1, (8.12)

for every x € R® and o = 1,2,3,4. It is not assumed that the vacuum state is
unique. The system treats time separately to the spatial co-ordinates. Indeed the
operators 1,(x) are dependent only on the spatial position and we consider purely

spatial transformations. Under the spatial co-ordinate mapping

X — x/, (8.13)

we have
Ya(X) = (X)), (8.14)
and the definition of the vacuum state under this co-ordinate system is

Yo (x')10'> = 0, < 010" >=1. (8.15)

This i1s however the definition of the old vacuum state and so the two co-ordinate

systems share the same vacuum states. If the original vacuum state is unique then
10> =10>. (8.16)

What about the non-uniqueness of the observed vacuum 10,.,>7 Consider first

Quantum Field Theory in Curved Space-Time. On a curved Manifold M a scalar
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field obeys
(R?0% +m?) ¢ =0, (8.17)

where D? is the Laplacian on M. We define a scalar product

(41,82) = =it [ 61(=) T, g3(@)]—gu(e)F a2, (818)

where d¥* = n*d¥, with n* a future-directed unit vector orthogonal to the space-like
hypersurface ¥ and dX is the volume element in ¥. It is possible to find a complete

set of mode solutions u;(z) of Eq.(8.17) satisfying

(wiyuj) = &g,  (uf,u]) = =6y,  (wiuj) =0. (8.19)

19 Yy

We can also find another complete set of mode solutions %;(z) satisfying

(ﬂ,‘,ﬂ—j) = 61'1', (U* ﬂ*) = —-5,']', (_ﬁ:,ﬂj) =0. (820)

19 Yy

Since both sets of solutions are complete we can expand %;(z) in terms of the old

solutions

u; = Z (aj,-ui + ,Bﬂu:‘) . (821)

1

In general f;; # 0. From this it can be shown that the vacuum state in Quantum
Field Theory in Curved Space-Time is not unique. Further details can be found in
Birrell and Davies [30].

Eq.(8.19) provides a successful global definition of positive and negative energy
solutions to Eq.(8.17). The u;(z) are the positive energy solutions, and the u}(z)
are the negative energy solutions. What has been shown is that in general a purely
positive energy solution in one basis has a negative energy part in another basis. This
means that we cannot split the space of all solutions into a space of positive energy
solutions and a space of negative energy solutions in a way that is independent
of basis. Now consider the description of Dirac particles in this thesis. [0,¢,> is
the state which contains no positive energy particles and a ‘sea’ of negative energy
particles. What we describe as a negative energy particle is dependent on the basis

of solutions being used, and so |0,.,, > is similarly dependent on the basis.
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8.3 The Stress-Energy Tensor Operator in Min-
kowski Space

The first task is to find an expression for the stress-energy operator. Because of
the separation of space and time the construction of a stress-energy tensor even in

Minkowski space is not obvious. A state of free Dirac particles evolve according to

ih%llll,t> = /d3xzp*(x)H¢(x)l\Il,t>, (8.22)

where the Hamiltonian is given by
H =" (=ily’d; + m). (8.23)

One solution is

—ity/m? + p? — it\/m? + p3
v lh \/ “1p1(1), pa(1)>, (8.24)

exp

which represents two positive energy free particles. We define the total momentum

operator for Dirac particles as
p”? = —z’h/d3x (%) Vib(x). (8.25)
This obeys the eigen-value equation
PV, t> = (p1 + p2)1V, 1>, (8.26)
We might naively think that the total energy operator can be written as
: 3. 17y 0
ih / Lxp!(x) b (x). (8.27)

This is not the case. Eq.(8.22) is an energy equation. The total energy operator can

be written in two ways:

ih%, / Pxpt(x) Hp(x), (8.28)

and we see that

L 0
zhgt—l\ll,t> = /d3x YU (X)) Hp(x), t> = (\/p'{’ +m2+ \/pg + m"") 10, >, (8.29)
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The operator which sums the squares of the energy is

[ Ex i) (x), (8.30)
and
/d3x P (x)H* (X)), t> = (pf +m?+p2+ mz) 0, t>. (8.31)
We cannot construct this operator using zhat, since
- ﬁllll t> = </d X ) (x)Hzp(x)) U,t> = <\/p%+m2 + \/p§ +m2) v, >,

(8.32)
(see Eqs.(4.15-4.19)). We see that time derivatives do not form operators in the
manner expected of other operators.

We now consider the stress-energy operator in Minkowski space-time. A one
particle spinor, U, obeying the one particle free Dirac equation has a stress-energy
tensor of

TH(x,t) = %\Iﬁ(x,t) (7°90” + (8*)19°7*) W(x, ). (8.33)
This is examined by Schweber [11] P.201. This formula contains 0° which is a time
derivative. From the previous paragraph we see that naively substituting W(x,1)

with 1 (x) would not produce an operator which behaves as we would wish. Instead

define

O(—ihy70; + m =0,
in, = (Zihy0 m) g (8.34)
th0, p=12,3,

and we postulate that the stress-energy operator for Minkowski space-time in the

Schrodinger representation is

T (x,1) = Sp() (29" + (6")1 1) (). (8.35)

8.4 The Equations of Motion for Quantum Lin-
ear Gravity.

Section 2.4 discussed the evolution of Dirac wave-functions through background

space-times. It was shown that if we were prepared to ignore the more subtle effects
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of spin the Hamiltonian for a single Dirac particle was given by
-1 i
H=(y"(x,1))" (~ity/(x,1)9; +m). (8.36)

Continuing with this approximation, in a background gravitational field given by the

metric g, (x,t) a state | ¥, ¢> of Dirac particles obeys

m%\p,b - / Pxpi(x) [(70()(,75))_1 (—ihfyj(x,t)aj+m)]ll)(x)llll,b, (8.37)

where
{7(x,1), v (%, 1)} = 29" (x, 1). (8.38)
Since —ikd, f(x) = f(x)(—ikd;)" for an arbitrary function f(x), Eq.(8.37) can be

rewritten as

] W, t>,
(8.39)

m%w,» = [ @xulx) [qpﬁ(x) [(70(x,t))—1 (=it (x,8)0; + m)]:aﬂ)

It is proposed that in order to describe Dirac particles subject to linearised grav-
itational interactions we replace the field v#(x,t) with an operator field y*(x,t)
obeying Eq.(8.38) where g,,(x,t) is now the metric operator. There are other pos-
sible equations that could be used and the choice is made for simplicity. With this
formulation self interactions are included. Since we are considering linear gravity we

write the metric operator as
9w (X, 1) = 1 + emm(X, 1), (8-40)

in the Heisenberg representation, where we assume e, (%, t) is small. It is proposed
that the metric operator obeys the operator version of the linearised Einstein’s equa-

tion. In the gauge equivalent to the Lorentz gauge of electromagnetism this is
0% 0B ru(x,t) = =167 GTH (X, 1), (8.41)

where

1
Eaw(X,t) = egm(x,t) — ET'MUE%IQ(X,t). (8.42)
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These equations can be replaced by a single equation. Since &y (x,t) = ek (x,1),
we have

0%k (x,t) = —167GT 5 (X, ). (8.43)
It is assumed that &4/ (x,t) is small and so the stress-energy operator can be ap-
proximated by the Minkowski stress-energy operator Eq.(8.35). Hence in the leading
order of e, (X, 1),
O (x,1) = ~8mihGh(x, ) (770" + (0™) 7"y

1 1
5T = S (D)) (), (8.4

This equation can be solved using a Green’s function. It is not clear which Green’s

function should be used and the arbitrary choice of the retarded Green’s function is

made. When there is no external field
e (x,t) = —87TihG/ d4x,Gret(X’—X,t/—t)U(t',t)d)T(xl) (70/7#“8/71/ n (‘6”“)* 70/7,,,

1
%7' W'YOI’YQI‘a”a 57_MU(‘a,,a)T7017a,> ¢(XI)L T(tl,t)a (8'45)
2.

where ' = :

From Eq.(2.91) we see that up to linear order in €*/(x,t) we can write
p w_ 1 vi
7'(x%,1) =7 = geu(x. ", (8.46)
where v*/ are constant matrices obeying
{y, 7"} =2 (8.47)
This means up to linear order in ¢,,(x, 1)

o, [ ot
zhallll,lb _/d x ] (x)

s [ (3 + 207 (=it (3 ) - 3o ed ) 0y )] e
(8.48)

To obtain a single equation Eq.(8.45) is substituted.
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8.5 The Slow Speed Approximation

We now find the slow speed approximation of positive energy particles interacting

through linear gravity. In this approximation the energy operator is
it / PxpH(x) P o(x) = m / Pxpt(x)h(x) + O(v?). (8.49)

Similarly the spatial momentum operator has components

ik / Px it (x) @ ap(x) = O(v). (8.50)
Assuming the limit v — 0, we can approximate Eq.(8.44) by performing the
substitution
th‘'dg — m, —ih‘d’; — 0, (8.51)
and obtain
D%e (X, t) = =6, 8TGmibu(x,t)Yu(x,t). (8.52)

Also in the slow speed approximation
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BacHw(x1) =0 (v?). (8.53)
Eq.(8.52) simplifies further
V25 (%, 1) = 8,,8TmGL(x, t)da(x,1), (8.54)
which is equivalent to
V2e,(%,1) = 8, 8mmGp(x)3h(x), (8.55)

an equation in the Schrédinger representation. A solution to this is

t(<! !
ew(x,t) = —(5‘“,2777,G/d3x'ﬂ,—izc_)—i(,}l{—2 + 2mGCé,,, (8.56)

where C' is an arbitrary constant, and so

G (X) = Ty — 6,0,2mG / #x L) 60, (8.57)

x —x'|




The metric operator’s eigen-states are those where all particles are in an eigen-

state of position. For instance, using the eigen-states of position defined in Eq.(A.1)

gW(X, t)|xl(a)7 X2(ﬂ)>

| 2m@G 2mG
= |1, —06

-4
% — x| W|x—x2|

+ ZmGC(SW} |X1(C¥),X2(ﬂ)>. (858)

We wish to obtain an equation of motion for two slow moving scalar particles
interacting though linear gravity. We see from Eq.(8.48) that each particle has

Hamiltonian
o’ 1 0 af . i/ 1 al .
H= <7 + 5ea(%,1)7 ) (—zh (71 — 37 6£(X,t)> J; +m>, (8.59)
where j sums from 1 to 3. Since €,,(x,¢) = 0 if ¢ # v, this Hamiltonian is

=" (14 %eg(x,t)> (iny" (1 - %s;(x,t)) o +m),  (860)

where again j sums from 1 to 3. Now

+ C) 1x1(c),x2(B)>, (8.61)

1 1
eun(X1, x1(@), %2(8)> = —2mG (z -l

where we take the limit € — 0 and we do not sum over . This equation contains an

infinite constant, and we can use the arbitrary constant to cancel it out. If we put

O =—= (8.62)

€
before the limit is taken then

—2mG

= m|xl(a)7x2(ﬂ)>, (863)

Eun(X1, 1) x1(a), x2(B)>

where again we do not sum over y. Hence the |x;(t), x2(8)> component of Eq.(8.48)

1s

0 / mG . mG y
th—Us = |7 [1 = ——— —zh(l—————) ’6-+m)] U,
at ( ﬁ) l:’)/ ( |X1 _ X2|> ( le . X2| 7 17 (a,,-) ( :3)

n [,yo’ (1 _ mG ) (——ifi (1 - LG_> 71’32]. + m)j' ¥ (ar)- (8.64)
X1 — | X1 — o (67)
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The Pauli-style approximation Eqs.(2.95-2.105) gave an intuitive insight into the
behaviour of Dirac particles in a background gravitational field. A similar approxi-

mation gives,
., 0
Zhaqj(]k) =

3 2 2
mG h h 2m2G
1= =) eV - DV Wy 4 fom - |
( s - le) [ 2m - 2m 2] wr [ " P T OCM] Yow
(8.65)
where 7,k = 1,2 and O(vh) are spin terms. The leading interaction in the motion is

the potential
2m2G
%1 — X3’

(8.66)

and each particle is subjected to twice the Newtonian force.
This in fact is not surprising. Returning to electrostatics we have seen that in a

background field the total potential is

/ Pxt(x)$(x)V (x). (8.67)
However when V(x) is the potential operator the total potential is

% [ #x8(x)0V (). (8.68)

Both of these terms give the expected classical result. Eq.(8.68) was obtained by

examining the energy of the electrostatic field. The gravitational field is much more

intimate than the electrostatic field. Clearly the potential energy term —I)flm_zg I

has twice the required value, but what about the factor that effects the spatial
derivatives? Any analysis of the gravitational energy will not answer this question.
For the rest of the thesis it is assumed that the potential term should be halved with
the rest of the equation being left unaffected. It cannot be emphasised too much

that this is only an assumption.
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8.6 Scattering Theory

This section shows how the scattering matrix for quantum linear gravity may be
calculated. The matrix elements are not evaluated and renormalisation is not con-
sidered.

We consider particles to be moving in a background Minkowski space, subject to
an interaction which contains the remainder of the terms in the equation. This is
very similar to the way electromagnetic interactions were handled, and all the results
of the Dirac field transfer over to linear gravity.

Scattering theory is much more easily performed in the QED representation. In

this representation

~ m%d3p 1KoP-X

bolx) = (2mh)F [ T exp = ta(p)ca(P),

a=1,2,3,4, (8.69)

where the ¢,(p) are those used in Minkowski space-time. We also put

P(x) = P1(%) + Pa(x) + (%) + Pa(x). (8.70)

The vacuum state is then redefined. This involves exchanging each ¢s(p) with cl(p)
and each ¢4(p) with ch(p). We similarly redefine 1hs(x) and 1h4(x) for each x. The
new vacuum state is defined as before
10new> =[] cs(p)ca(p)iO>, (8.71)
peR3
where the ¢3(p) and c4(p) are now anti-particle annihilation operators. Since we are
considering particles to be moving in a background Minkowski space-time there are
no problems in defining |0,.,> uniquely.
Scattering theory is performed in the interaction representation. In order to use
the interaction representation the total Hamiltonian must be written as the sum of

the free particle and interaction Hamiltonians. We express the evolution equation

Eq.(8.48) in the form of

.0 -
iU 1> = [Ho + Hy| 19, t>, (8.72)
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where from now on we use units in which & = 1. Hp is the free particle Hamiltonian

in the Schrodinger picture and QED representations,
/ Px P (x)1° [~iri8; + m] P(x). (8.73)

H; is the interaction Hamiltonian in the Schrodinger picture which contains the

remainder of the terms. Up to linear order in £,,(x, t),
;) 1 15 0 o ot j 7
i) = 5 [ e OB (7™ | =779 + ] dx)

— 2 [ @xe e 8"y 0, ), (8.74)

and €,,(x,t) is given by
& (x,1) = —8inG / '/ Graa(x' ~ %, = )T (', )1 (x) (Y29 0™ + (0™ 4%y’

1 1 Y
5T = S () ) )T ). (875)
The halving of the energy term is responsible for the factor of 1, changing m to -

Let V(t) be the free particle evolution operator

V =exp (—iffot) . (8.76)

In the interaction picture states evolve according to an evolution operator W(ta, ts),
‘and operators evolve according to

Ami(t) = VI)AV (1), (8.77)

where A is the equivalent operator in the Schrodinger picture. In particular in the

interaction picture 1 (z) is given by the standard expression,

m3 d°k
Vo= | ot i 2,

In the interaction picture the interaction Hamiltonian is

[ca ua(K)e™ + oo (K)uasa(K)e™?] . (8.78)

HI mt /dSX €a, mt(x t)¢ (X t)70 70” [ iVj,aj + %] ¢(X)t)
2 [ o 0, 07 By, 1), (8.79)
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Since

ViR, ov(r) = Ve W, nv), (8-80)

we have
Em(z) = —8irG / d'2'Gro(z' — 2) V)W (', )V ()01 (2)) (70',),;1':3/’1/

1 1
4+ (calau)’f 70/7W _ 57.;11/70’701/48/,& _ 27 uv ala 1’ o/ al) Wf(t t)V(t )
(8.81)
W(ta, t;) can be expanded in terms of g]int(t),

the1

- ty .
W(ta, tb) = HI -mt dt / HI Jint tZ)dtZ HI,int(t'n.)- (882)

n—-O ta a

In order to solve this equation we first substitute Eqs.(8.79,8.82). We then express
W (ta,ts) as
W(ta,ts) =1+ > Walta, 1), (8.83)

n=1

where W, (tq,13) is of order 4n in t(z). This allows Eq.(8.82) to be solved term by

term for each W,,(t,,1t). For instance

Wl(ta,tb) = —471—0 d4 /d4 ,GTet(x — $)¢T($l) (70,70/‘6”a 1 (‘8”0)1’)’0/70/

t=tq

1 ! ! /9y 1 [Za'4] ! ! ! of 7 =
3 270 SAPE 570a(0 6)"° 7ﬁ)¢(x Wi n™y [ o 5] ¥

—4inG /d 2'G Tet 2 — x)¢f( ) (70/7]'/‘8/,0{ + (:a/’j)T’yo/’yQ/
t=tq
1 ! 'earn /) ! ’ 1/ ! ot
3B = SO ) S @ (), (884)

Wo(ta,ts) can now be calculated in terms of W(t,,1;), and so on for each n.

It is not proposed that the true theory of gravity is linear and so it is unlikely
that any useful predictions can be made from this theory. The operator version of
Einstein’s equation

Gruw(x,t) = 8rGTH (X, 1), (8.85)

may have solutions for certain evolution operators U(¢,,1;), and so it may be possible
to form a theory of quantum gravity this way. Alternatively it may be possible to

form a theory by modifying Einstein’s equation.
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Chapter 9

Semi-Classical Gravity and

Quantum State Reduction

9.1 Introduction

In the paper On Gravity’s Role in Quantum State Reduction [13], Penrose argues
that the definition of the time-translation operator for superposed space-times in-
volves an inherent ill-definedness. This leads to an uncertainty in the energy of the
superposed state, and means that the superposition is unstable. He argues that this
uncertainty is proportional to the gravitational self-energy A of the difference of the
mass distributions. A is related to a fundamental energy uncertainty Ea of the
superposition of space-times, and he suggests a life-time of the order of T' = i/ F,.
This chapter examines the motion of particles subject to a semi-classical gravita-
tional interaction. It is shown that the gravitational self energy proposed by Penrose

occurs in semi-classical gravity. It is however not clear how such a collapse can

happen.
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9.2 Quantum State Reduction

Previously it has been supposed that states are of the form
o>, (9.1)

that is they contain only a matter part, and no part relating to the gravitational

field. Penrose assumes that states are of the form
U>1Gy>, (9.2)

that is the gravitational field is part of the state. This assumption is central to his
conclusions.

Penrose considers the system discussed in chapter 7, that of a single gravitating
particle moving in the background field of the Earth. He considers the situation when
this particle is in a superposition of two locations, which he thinks of as two lumps.
Let the states |W> and | X > each represent this particle at alternative locations, i.e.
each represent a lump. In chapter 7 the system would have been described by the

state

> 4+ 1X>. (9.3)

Penrose uses

U>IGy> +1X >G>, (9.4)

which contains two superposed gravitational fields. He argues that there are inherent
difficulties in deécribing superposed space-times. These difficulties are related to the
fact that any pointwise identification between two different space-times is co-ordinate
dependent and there is no natural such identification. This leads to an inherent
instability in the superposed state which results in quantum state reduction.

In order to measure the effect of quantum state reduction, Penrose considers the
Newtonian approximation of gravity. He writes the acceleration at the point x of

space caused by each of the lumps as f(x) and f'(x) respectively. The scalar quantity

(F(x) = £'(x))" = (f(x) - £'(x))- (£(x) - £'(x)), (9.5)
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is taken as a measure of the incompatibility of the pointwise identification of the two
space-times. Since the Newtonian approximation is being used the acceleration field

of the first lump can be described using a potential,
f=-Vo, (9.6)

where @ obeys
V20 = —4nG)p, (9.7)

and p is the mass density of the first lump. Similarly the quantities ® and p’ apply

to the second lump. It is shown that if we define A by

A= / Px (f — ), (9.8)
then
= 106 [ ity L= 00) =) 99)

Penrose argues that the quantity A is related to a fundamental energy uncertainty of
the superposition of the particles Ea, and that this gives superposed state a life-time
of the order T' = A/ FEx.

Penrose is very interested in the origins of consciousness and argues in [31] that
quantum theory and quantum state reduction is necessary for consciousness. The
brain contains large numbers of tubulins and there is good evidence that links these
with cognitive function. These can be pictured very much like a telephone receiver,
two spheres connected by a ‘handle’. Penrose considers the tubulins in two states,
one which has a slightly longer ‘handle’ than the other. Let 2r be the difference in
the length of the ‘handle’ (so each sphere is offset by r) and @ be the radius of the
spheres. We approximate the tubulins by the two spheres (i.e. assume there is no

mass in the handle), and consider the case where » < a. Under these conditions the

formula

2 3 5
o T 3r r
A=ml (ﬁ T T6at T 160a6) ’ (9.10)

is quoted for the Penrose self energy of two of the spheres. The self energy of the

superposed state is twice this value.
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The purpose of this chapter is to show the relation between Penrose’s self energy
and the self energy which occurs in semi-classical gravity. In particular we see how

Egs.(9.9,9.10) can be replicated in the context of semi-classical gravity.

9.3 Semi-Classical Gravity

In Semi-classical gravity Einstein’s tensor is equated to the expectation value of the

stress-energy operator,
Gu(x,t) = 8rG< U, 1T, (%, )T, t>, (9.11)

where it 1s assumed that |¥,¢> is normalised. This means that states can be ex-

pressed in the form

i, t>. (9.12)

They do not contain a part which refers to the gravitational field. The metric g,,(x,t)
is also not an operator but has a single definite value, and is the metric used in
classical general relativity.

We now consider the motion of particles interacting through semi-classical gravity.
To define such a system of particles we use a system of equations very similar to those
used in the previous chapter. The state obeys the evolution equation Eq.(8.37), where
the v#(x,t) matrices are given by Eq.(8.38). Finally the metric, which is now not an
operator, is given by Eq.(9.11). The matter equation Eq.(8.37) at first sight appears
linear in the state |¥,¢>. However the metric is now dependent upon |¥,¢>, and
this destroys the linearity.

The equations of motion are very complicated. As we have seen it is not clear that
the direct operator version of Einstein’s equation is solvable in general. In fact it is
not clear that Eq.(9.11) is solvable in general either. There are also other problems.

For instance

< 01T (x,t)0> =0, (9.13)
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where 10> is the mathematical vacuum state, that is the state where there are no

positive or negative energy particles. However
new< 01T (X, 110> ey (9.14)

is divergent, where |0>,., is the observed vacuum state, that is the state which
contains no particles or anti-particles. The successful results of General Relativity,
such as the Schwarzschild solution, are calculated using a stress energy tensor which
is zero where there are no observed particles. In order to reproduce these results we
must remove this divergence.

However the purpose of this chapter is not to discuss these difficulties. Instead

we concentrate on the Newtonian approximation.

9.4 The Newtonian Approximation

This non-linearity of semi-classical gravity has a profound impact upon the motion.
We first note that a linear equation which has two solutions | ¥y, ¢> and [U,, t> also

has the solution

Wy, t> +1W,, t>. (9.15)

The two states |Wy,¢> and |U,, 1> have no effect on the other’s motion in the su-
perposition. In semi-classical gravity this is not the case. In order to see the exact
effect we use the Newtonian approximation.

The Newtonian approximation of semi-classical gravity can be formed using a
Schrodinger equation in which particles are moving in a gravitational potential. The

gravitational potential energy obeys
V2V (x) = 4mmG < U, t1p(x)| ¥, t>. (9.16)

For simplicity we consider scalar particles. Using the creation and annihilation op-

erators introduced in chapter 4 the mass density operator is

p(x) = @' (x)g(x). (9.17)
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Let I¥> be an n particle state given by

1 3 3
U> = ﬁ/d X1 . ../d X (X1, - X)Xty - ey X, (9.18)
where W(xy,...,X,) is symmetric in all its variables. We see that
< U ip(x) > = mZ/dB)q e P85 — )T (x1, -, %) (9.19)
7=1
Remember xy,...,%x,> is a state representing n bosons, particles which are not

identifiable, and are normalised in the manner of the states in Chapter 2 (see
Eqs(4.7,4.8)). The factor of ﬁ in Eq.(9.18) is to take account of this. Eq.(9.16)

now has a solution

Uip(x)o>

n 2
V(x) = —mG/d3x’<— = —m2GZ/d3x1 P O Xa)
7=1

Ix — x;

|x —x/|
(9.20)

In order to see how this effects the motion of particles we consider two states
|W.> and |¥;>, and their superposition, % (1T:> +1Uy>). We let the states ¥ >
and |¥,> each represent the same macroscopic object in different positions. This
object consists of a large number of much smaller particles which are each centred
around a single point in space with a very small spread.

In order to define these states precisely we let x(x) be the Gaussian function

x(x) = (azﬂ')_% exp = (9.21)

2a2 "
a 1s a number which approximates the width of the wave-packet. Before the calcula-

tions are started we must first note three mathematical properties of x(x). The first

is that the Gaussian is normalised to unity
/ Ex|x(x)|? = 1. (9.22)

Since |x(x)|? is peaked at x = 0, is approximately zero for |x| > |a| and obeys

Eq.(9.22), it approximates §3(x). In particular

[ dxix(x— o) fx) = f(c), (9.23)
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for any function f(x) which is ‘reasonably constant’ around the region |x| < |a|. We

also note that if |c — d| > |a| then
x(x —¢)x(x—d) =0, /d3x x(x —¢)x(x —d) ~ 0. (9.24)

We can now define the states |¥,> and |¥;>. This is done by defining their

wave-functions as

U (X1y-n 0y Xn) = Zﬁlx(xj—cj), y(xy,. .., ZHX , (9.25)

where the summation denotes symmetrisation. These represent a macroscopic object
which consists of n small particles. The first has the particles at positions cy, ...,

., and the second at dy, ..., d,. 1¥.> and |U;> are their respective states i.e.

1
|\I/C> = -\/—_'/de’xl . ../d3xnlllc(x1,...xn)lxl,...,xn>,
n.

1
W = ﬁ/d%cl.../d?'xn\pd(xl,...xn)ncl,...,xn>. (9.26)
n.

We use < p(x) >, and < p(x) >4 to denote the expectation value of the mass

density field for the ¢ and d states respectively. From Eq.(9.19),

< p(x) > —mZIXX—cJ L <) seEmd k- (927)

i=1
Each state has its own potential which is real valued (i.e. is not an operator). The

potential associated with (¥ > is
d3

and using Eq.(9.23) with f(x) = b(’lT)q

i 1
Vi(x) ~ —mZG; m—— (9.29)
This 1s the Newtonian potential at x caused by particles at the positions ¢y, ..., c,.
Now consider the state
> = L (19> +1T04>). (9.30)

V2
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Using Eqs.(9.19,9.24) we see that as long as one of the particles that make up the
states |¥.> and |¥y4> are in separate places, that is |c; — di| > |a| for every k and

at least one value of 5!,

< Welp(x)¥g> ~ 0. (9.31)

This means that

1 1 m
STIPONY> = 5 < p3) >e 3 <) o= 5 3 [IxCx =) +Ixx = )P,

(9.32)
and the potential of the state |W> is given by
miG & 1 1
Vepd(x) = — [ + J 9.33
' 4wl Tl (03

This is half the potential which is caused classically by 2n particles at the positions
C1,...,Cpand dy, ..., dy.

This demonstrates directly the non-linearity of the theory. The states |Uy> and
|U.> evolve through time with each particle being attracted by the other n — 1
particles. However the state |W> evolves through time so that each particle is at-
tracted to the 2n points occupied by the n particles in ¥, and the n particles in
U,;. We use the notation |¥,%> to denote the evolution of the state (¥> through
time so that |¥,0> = |U>. Although by definition |¥> = |W.> +|¥;>, in general
U, 2> 410, t> + 1y, t>.

Semi-classical gravity leads to some very bizarre results. For instance we can
use states in which the number of particles is very large and where |¥.> and 19>
represent a galaxy. Since the size galaxies is so large we can assume that the wave-
packets act very much like classical particles. The state |¥.> + |W¥y> will evolve so
that each of the wave-packets orbits the other. When such a system is observed with

light we would see a single galaxy orbiting nothing.

lremember the particles are not identifiable so one of the ¢; has to be away from all the dj
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9.5 Gravitational Self-Energy

This section discusses the self energy of the macroscopic particle introduced in the
previous section in its superposed state. It is shown that the self-energy expression
proposed by Penrose occurs in semi-classical gravity in the Newtonian approximation.

The total potential energy of a state |¥> is half the sum of the potential energy
at the point of each of the particles. This is easy to calculate for (¥.> the state with

n particles at positions ¢y, ..., ¢,, and is

1
lc; — k|

Vo(ej) = —m*G )]

1 7,k=1,3<k

1
5 (9.34)

J

The ‘total potential’ operator in chapter 4 (now denoted by Vr) was written as

1 1
Vo= 5 [ x4 )e)V(x) = 5 [ X p(x)V(x), (9.35)
and since
V(x) = —mG / S PX) > (9.36)
x — x|
the expectation value of the ‘total potential’ operator < Vp > is
< p(x) >< p(y) >
-G [ dxd . 9.37

From Eq.(9.32) we see that for the state |[U> = % (1¥:> +1¥4>) this expectation

value can be written as

(< p(x) >c + < p(x) >a) (< p(y) >c + < ply) >a)
Ix -yl

)

G
<VT>-——8/dxdy
(9.38)

which is the gravitational self energy caused by the sum of the expectation values of

the mass distributions. We use the notation
< Vr >.=< U VP>, < Vr >q=< UiV ¥y>, (9.39)

define

< p(x) >c — < p(x) >a) (< p(y) >c — < p(y) >4) (9.40)
Ix -yl L

A = —4xG / Pxdy L
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and note that
(x) >c< p(y) >a

A
S e Ve >+ < Vi >y +G/d3xd3y< P (9.41)
8 Ix —yl
Using Eq.(9.38) and Eq.(9.41) we conclude
1 1
<Vr>==<Vr>.+= < Vr>y —E/d3xd3y<p(x) >e< plY) >
4 4 4 Ix—y|
1 1 A
=-<Wr>+-<V - :
2< T > -I-2< T >d 3o (9.42)

We see that < Vp > is half the sum of the expectation values of the total energy
operator of the ¢ and d particles, and an additional term —A/32x. This additional
term is a self energy term and results from the interaction of the two superposed
parts (that is |¥,> and |¥;>) within the total state {[¥>. This is a direct result of

the non-linearity of the theory. If we equate
(%) =< p(x) > P(X) =< p(x) >, (9.43)

then A is given by Eq.(9.9), that is it is Penrose’s self energy.

9.6 Self Energy and Consciousness

This section performs a calculation discussed by Penrose which obtains an approxi-
mate expression for the Penrose self energy of a tubulin. Penrose argues that this is
related to consciousness. The calculation Penrose actually discusses is the self energy
of a displaced sphere, where the displacement is less than the sphere’s radius. The
self energy obtained is half the self energy of a superposition of tubulin states.

We let a be the radius of the spheres and r be their displacement, where r < a.
We treat these spheres in the same way as the macroscopic objects of the previous
section, that is they are made up of a large number of smaller particles each localised
about a point. We assume these particles are evenly distributed about the sphere,
and take the continuum limit. If each of the spheres occupy a volume A and B then

the Penrose self energy is given by the double integral

A = —4xGp? [/Ad3x_/Bd3x] /Adsy—/Bd3y] [x-l—yl
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=—47er2/ d3x/ Py ! —47er2/ d3x/ >y !
A 4 T x-y|. B B " |x-—y|

+87er2/Ad3x/I; d’y

1
Ix—yl’
where p is the density of the spheres. Since the spheres A and B are of the same

(9.44)

volume,

A 1 1
~—=G2/d3/d3 _ 2/d3/d3 . .
8 PR y|x—y| G PR y|x—y| (9.45)

We take the two terms on the right hand side of Eq.(9.45) separately, and first

consider

1
2 d3 3 . )
Gp/A X/de|x_y| (9.46)

One of the integrals can be done straight away. Remembering

_ 4pra’

m 5 (9.47)
we note that
/ = { R e (9.48)
p = .
vl<a [x =] m x| > a.

If we consider co-ordinates in which B is centred at the origin then y in Eq.(9.48)
integrates over B and we can turn Eq.(9.46) into a single integral in which x integrates
over A.

We divide A up into 3 sections, K, L, M, as shown in fig.(9.1). We use the natural
spherical polar co-ordinates of the sphere A, (R, 0, $). We define d as the distance

from the centre of sphere A to the circumference of sphere B, which is given by

d=rcosf+ Vr2cos? + a2 — r2. (9.49)

r

We also note that the values of § dividing the sections K and L obey cosf = o-.

The contribution from section K is

3 R w o rh e 3 R
mGp/dee’(%—%g):mp/o d¢/_1 dcos@/0 RZdR(£—ﬁ>’

2 3 5
=2 L . 9.5
mmGp ( 5 10 6 8 240a3) (9.50)




Sphere A Sphere B

Figure 9.1: Diagram displaying spheres A and B and the three sections of sphere A.
The contribution from section L is
3 R? 27 1 a 3 R?
G/d3 AN :/ d/d 0/dRR2 2t
) X<2a 2a3) 0 ¢ = 7)o 2¢  2a%)°
2 2
= 2rmGp (% - E) . (9.51)

5
Finally, the contribution from M is

d®x o L d 3ar — r?
mc;p/M7 :/0 dq&/%dcosﬁ/a dRR = 27rmGp( - ) (9.52)

The details of these calculations are contained in appendix C. Summing the three

terms gives

— rd r3 +r2 r 442 gy rd 3r3 N r? 6
TP\ 94063  8a ' 3 8a 5 ) 7 \160a6  16a* ' 243 54/

(9.53)

The other term in Eq.(9.45) is

1
2 3 3
. .54
G /Adx/Adylx—y| (9:54)

Using Eq.(9.48) this can be evaluated directly, and is

Im  mx? 2 1 a 3 R? 6m?
3 _ — Z [ = —.
mpG/Ad X ( % 2a3) mGp/o d¢/_1 Cose/o iR (2(1 2a3) 5

(9.55)
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Hence, summing these two integrals we find

A 9 r? 3r3 r®
gr ™l (ﬁ " T6at T 16025 ) (9.56)

Comparing this with Eq.(9.10), we see the formula quoted by Penrose is the right

hand side of Eq.(9.56) and the two answers differ by a factor of 8. The reason for

this discrepancy is unclear, since Penrose does not give the details of his calculation.
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Chapter 10

Conclusions

This thesis has discussed the problems within quantum mechanics caused by Lorentz
invariance, the Bohm model and the existence of photons (gravitons).

Two modifications of the Bohm model were proposed, one which takes account of
Lorentz invariance, and another which is compatible with the existence of photons.
The main part of the thesis was concerned with a description of the interactions of
Dirac pérticles which do not need gauge particles, and so is in the spirit of the Bohm
model. A method of quantising the electromagnetic field was developed which con-
tains no photons. This leads to a self consistent theory of quantum electromagnetism
that it is not equivalent to standard QED. These techniques can be successfully ex-
tended to linear gravity. A theory of quantum linear gravity was produced which
contains no gr&vitohs. Finally issues relating to quantum state reduction were dis-
cussed.

The thesis started by considering wave equations of Dirac particles. Many Dirac
particles can be described by spinors where each particle has its own spinor index, so
for instance n Dirac particles can be described by ¥4, a,)(X1,X2...,Xn,t). Exactly
how many Dirac particles should be described is not obvious. The equation which

was found to be most useful is the single-time equation

., 0
’lha\yn(alman)(xl, e ,Xn,t) = Hl(alﬁ)\p(ﬁman)(xl, e ,Xn,t)

+... 4+ Hn(anﬁ)\pn(al..ﬂ)(xl, ey X, b). (10.1)
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Hy(op) are the matrix elements of the Dirac Hamiltonian for particle k& which can
contain background electromagnetic and/or gravitational fields. This equation has
been proposed by Bohm and Hiley.

The description of Dirac particles using field theory notation was then discussed.
The are 4 different types of Dirac particles and 4 independent operator fields 1,(x)

are introduced which obey the anti-commutation relations

{a(x), Wh(x')} = 6ap8®(x = X),  {a(x),5(x)} = 0. (10.2)

This notation can be used to express the motion of Dirac particles. It was shown

that the n-particle components of the equation
L0 3. 1
i, £ = / Ex P (x) Hiapythp (X)1 T, >, (10.3)

are 15q.(10.1), where |¥,t> is expanded in terms of the wave-functions ¥,. The
H in Eq.(10.3) is the Hamiltonian of each single particle and is dependent on x
and its derivatives. The particles in Eq.(10.3) are identical. The Hy in Eq.(10.1)
is the Hamiltonian of particle (k), and is formed from H by replacing x with x.
This implies that Eq.(10.3) can be used to describe the evolution of the state vector
U, 4> through time. The advantage of Eq.(10.3) is that it allows us to describe
interactions, whereas Eq.(10.1) admits only background fields.

To produce electromagnetic interactions we must find an electromagnetic field op-
erator. Classically the electromagnetic field can be expressed by the electromagnetic

field tensor F'*” which obeys

0, F™ = v, (10.4)

where 7¥ is the 4-current vector. QED describes interactions by imposing commu-
tation relations on the electromagnetic field operator. It regards photons as real
particles. The system discussed in this thesis forms electromagnetic interactions by

imposing an operator version of Eq.(10.4) in the Heisenberg representation,

0L (%,1) = gg(x, 1), (10.5)
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This equation can be solved and we gain an expression for the electromagnetic field
operator in terms of the 1,(x) fields. The electromagnetic field operator is analo-
gous to the classical electromagnetic field and photons do not have an independent
existence.

The success of such a theory can only be determined by its experimental predic-
tions, and how closely it agrees with standard QED. There is a choice of possible
4-potential operators, and the one which appears to give the best results is chosen.
The scattering matrix is calculated for this 4-potential, and it is compared to the
scattering matrix of standard QED. The matrix elements between fermion states are
found to be in agreement for the terms of the order of €? but do not agree at the
order of e*.

The reason the theory does not agree with standard QED is because the electro-
magnetic field is treated very differently. The Dirac field is also introduced in a very

different way. The Dirac field 1,(x) defined in this thesis can be expressed as

(%) = (27rh)_% /d3p exp %ca(p), a=1,2,34. (10.6)

In the standard theory the Dirac field is given by

m? d®k —ikz ikz
P(x,t) = / T a§2 lca(k)ua(k) exp — + ¢ pa(k)va(k) exp - |-
(10.7)

It has been shown that the difference of these fields is effectively only one of repre-
sentation. It is expected that this treatment of the Dirac field can be combined with
the standard photon field, and that a theory of QED can be defined based around
an evolution equation of the form of Eq.(10.3), and that such a theory would give
the same experimental predictions as standard QED.

The failure to produce an accurate theory of electromagnetism by solving the
field equations explicitly does not automatically mean that the same techniques will
fail with gravity. It is well known that there are many difficulties in constructing

a theory of quantum gravity in the conventional way, so this alternative method is

worth trying.
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Dirac particles in a background gravitational field given by a metric g,,(x,t) can
be described using an equation of the form of Eq.(10.1). As before this is equivalent
to the state vector equation Eq.(10.3). To form gravitational interactions we simply
replace the background metric in Eq.(10.3) with a metric operator. In linear gravity
the metric operator obeys an operator version of the linearised Einstein’s equation,
an equation which can be solved in general. The unlinearised Einstein’s equation
in general is not solvable and it is uncertain as to whether these techniques can be
extended to a full theory of quantum gravity.

Penrose [13] argues that any theory of quantum gravity must necessarily lead
to quantum state reduction. His arguments are based upon the assumption that
part of the state represents the gravitational field (i.e. the assumption that gravitons
exist). This assumption is violated by the theory developed here and indeed they
do not involve quantum state reduction. Nevertheless his arguments should not be
dismissed. There is no evidence either way as to whether gravitons actually do exist.
Penrose argues that the collapse time of a superposition of states is related to its
gravitational self energy. It is shown that this self energy occurs in semi-classical
gravity. In semi-classical gravity this self energy acts as an attractive force between
superposed states, and there is no such collapse in semi-classical gravity. It is unclear

how the mechanism for collapse might occur in a full theory of quantum gravity.
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Appendix A

The Equivalence of the Two

Descriptions of Dirac Particles

This appendix shows that from the description of Dirac particles involving creation
and annihilation operators, Eq.(5.13), contains the wave equations, Eq.(5.12).

Let a general state of position be denoted by

1%1(c1), X2(02), - - ., Xn(an)> = YL, (x1)¥L, (x2) . . . 9], (% )10>. (A.1)

The indices a4, which are 1, 2, 3 or 4, denote the type of each particle and correspond

to spinor components. From Eq.(5.1) we can deduce the commutation relation
[5()% (%), YL (x)] = $h(x)b7a6>(x — x). (A.2)

Commuting each of the 14, (Xx), from which the state is built, with the 7,/)},(X)1/}T(x)

we find

1/)23(X)’K/)T(X)|X1(al),Xg(ag),...,Xn(an)> |

n

=3 6%(x — xp)baprx1(01), - . -, Xko1(@ro1), X(B), Xpg1(@ra1), - - -, Xn(@n)>. (A.3)

k=1
We also need results which include ;. By differentiating Eq.(5.1) we can deduce the

commutation relation

[$5(x)95%r (x), 5 (x')] = ¥} (x)bpa0i8° (x — x'). (A4)
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From this we find
¢g(x)aj¢7(x)lxl(a1)7 x2(a2)’ s >Xn(an)>

= 3 [0i6%(x — xi)] Sagrixa(0r), - -« Xma (ot ) X(B), Xt (@htn) - - -y Xn() >
k=1
(A.5)
We see from Eqgs.(A.3,A.5) and remembering the the notation in Eq.(5.11)

$1(x) [£() + ¢ (x)8;] (x)ixa(n), Xa(@2), -, Xn(tn) >
= (%) [fon) (%) + 95 (%)35] o ()11 (01), X5(012), .. ., Xn(tn) >
5 [(Fion () + glon(30 ) 8(x = x)] e
Ix1(a1),. ., Xeo1(@k-1), X(B), Xkp1(Qkt1), - - - s Xn(0n)>.
5 (it ) + Gy (3085) 6°(x = )

Ix1(e1), .-y Xkt (@r=1), X(B), Xpt1(Ckt1), -« - Xn(@n)>. (A.6)

This means that the projection of
[ Ex(x) [£) + 67 ()] p(xn ¥, > (A7)
onto the n particle Hilbert space is

/d3xd3x1 A%, ¢E(x) (f(ﬁq- (x) + g(ﬁT (x)0 ) Yr(X)Wn(ay..an) (X1, - - - s Xn)

|x1(a1),x2(a2),...,xn(an)>
= [dxdx ... xni [(Fipa) (%) + Gl (3)85) (% — %6)] Uiy .com)(X1, - - -, Xn)

k=1
le(al), N ,Xk_l(ak_l), X(ﬁ), Xk+1(ak+1), e ,Xn(C!n)>. (A8)
Here each of the variables a4, ..., and also # are summed from 1 to 4. Hence we
see that the Ix3(e), X2(2), ..., Xn(an)> component of Eq.(A.7) is
n 4
> Z / Px [ (flas) (%) + Gl 5y (%) 045) 6 (3 — X)]

k=10

lIl'n.(oq...ozk_lﬁozk_l.l...oz,,)(xl, vy Xpe1, Xy X1y - - - X, t)) (Ag)
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where O; denotes the derivative with respect to the j component of x;. This step

involves exchanging x and X, and 8 and «;. Now since
akj63(xk - X) = —8j63(xk — X), (AlO)
Eq.(A.9) is

Zn: ) / % | ( Flo(Xk) — ey (X1)05 ) 63(xk — x)]

k=1 p=1

LIl'n(ozl...ork_u@ozk_,,l...oz,,)(xla cee s Xp—1, Xy Xkg1, - -0 Xy t) (All)

and by integrating by parts we obtain

Xn: > / % 6% (x4 —%) [ flanws) (xe) + i) (X£)05

k=1 (=1

\I;n(al...ak_lﬂo:k_,_l...an)(xl) ceey Xp-1, X, Xk+17 cooy X, t)

n 4
= Z Z [fakﬁ Xk + gakﬁ(xk)ak_]] n(ay..ax-180k41...0n) (x17 - Xn, t) (A12)
k=1 (=1

Hence the Ix;(c), ..., Xn(en)> component of Eq.(5.13) is Eq.(5.12).
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Appendix B

Proof of Eq.(6.39)

This appendix proves

< pi(@1), ... Palan) Ip(X)a1(B1), - - - Qu(Brr)>

=< pl[al]a e pn[an]lﬁ(x)lql[ﬂlla <o qn’[ﬂn']>'

(B.1)

We first evaluate the right hand side. The momentum states in the QED repre-

sentation are

IPilea), -y Prlan]> = ¢l (P1) ... ¢l (Pn)I0>. (B.2)
We can also expand p(x) in the momentum basis, using Eq.(6.36), to give
. 1, T .
SN s [ B3 —1k,x.p cH(p)ul(p) Lus(Q)co(q) = ikoXx.q
p(x) = (27h) m/d pd°q exp h vprim? B TR T T
(B.3)
where we sum over 7 and o. Since
uo(a)es(a) 3, n| _ 8%(a—aq)us(q)
= B4
{ W >Cﬁ(q ) W ’ ( )
- : va(Q)ea(q) 2 A\
anti-commuting ot with each of the c5(q') we see that
uo(9)¢s(9)
qul[ﬁlL sy Qe [1871’]>
o s 5 s)UB, s —r101
= Z( 1 +1 (q d ) ﬁV(q )iql[ﬂl],- -aqn'{ﬁn’]aqs[ﬁs]> (BS)
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The notation q,(8,) denotes that qs(8;) is excluded from previous list. Hence the
right hand side of Eq.(B.1) is

(2rh)~ 3 Xn: i 'r+s —1Kq, X-Pr qu(pT)Buﬁs(qs) exp 1Kg,X.qs
r=1 s=1 h \‘7p3+m2\4/q§+m2 h

< pl[al], ey pn[an], pr[aT]lql[ﬂl]a e aqn’[ﬂn']’m > (BG)

Now we evaluate the left hand side. The momentum states in the wave-function

representation are

1 1

_ mici] (K;al pl)uo’l('rl)(pl) micin(K’Olnpn)uan(Tn)(pn)lO>

Ip1(c1),- .. pulan)> = .
VPl +m? yPa +m?

(B.7)
We also expand p(x) in the momentum basis
o) = (@)™ [ Epda exp Lol (p) Buoes (@ exp 5, (B
where we sum over 7 and o. Since
Net ! 53(q — ’ ’
e(a) upe)(4)ca(kpd) | _ 6°(d = £pq)up()(q) (B.9)

we see

Ca(CI)ICh(,Bl)v ) qn’(ﬁn’)>

= S (cypn LA A Q) gy qu(Ba), Gl

s=1 a2+ m?

(B.10)
Hence the left hand side of Eq.(B.1) is
' . 1 .
L Pr Ys (r rB'rausa s X.Qs
(27h)" mzz r+s —lRa, X.Pr Yoy ( )(p ) (ra)¥Bs( )(q ) ex tKp.X.q
s=1r=1 ki \4/p$+m2</q§+m2 h

< pi(e), ..., Pulan), Pr(ar)iai(Br),; - - - Qn(Bnr), As(Bs) > (B'll)
Since
< pi(ea), .-, Palan), Pr(ar)1ai(B), - - Qw (Br), as(Bs) >
=< pl[al]’ s pn[an]a pr[ar]lql[ﬂl]a SR ,Qn’[ﬁn’],q.s_[ﬂ:]_ >, (B12)

we see that the left hand side and right hand side of Eq.(B.1) are equal.
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Appendix C

The integrals over Sphere 4

This appendix contains a maple session which helped evaluated the 3 integrals over
regions of Sphere A in chapter 9. The calculation was complicated by the fact that
the expression for d contains a positive square root, and maple, being unaware of the
condition r < a, sometimes took the negative value. In order to overcome this some
of the expressions were explicitly evaluated by hand and typed in again.

The session calculates values for K, L, and M, and their sum. The ¢ integral is

ignored since it only results in a constant factor of 2.
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>
> d:=solve(a”2=r"2+R"2-2*r*R*c,r) [2];

d=Rc+ /R202+aZ-R2

> K_l:=int(3*a"2*r"2/2-r*4/2,r=0..4);
1

1 8 1 1 1
K 1 :=Rca4-5R3caz—gRscs-E%IS/Z-ERSC-ER“C“ [%1 —R2c2%13’2+5a2%13'2

3
+5412R2c2 %1 +2 R &3
%1 :=R%c*+ad%- R?

>
> K_2:=collect(simplify(int(X_1,c)),c);

4 4 T s 1 1 (176 RS (%1 +64 a2 [%1 R®) 3
K2:=_—PR5c5-—R* |91 65+—R5c4+—( 0 as |7 )c

- 15 15 480 R
1 (-120 R* @ + 240 R? a* - 120 RF) ¢2
" 480 R
1 (1440 [%1 R3-48 RS [%1 + 1924 [%1 R)
" 480 R
, L 105° In(R) + 135 R a? In(R) - 225 R a* In(R) - 15 R In(R)
480 R

%1 :=R?c* + a? - R?

>

> K:=-gsubs(c=-1,K_2)+subs(c=R/2/a,-4/15*R"5*c"6-4/15*R"4* (a-R"2
/a/2)*c"5+R*"5*c"4/2+c"*3/480/R* (a~-R"2/a/2)*(64*a~2*R"3+176*R"5
)+c”2/480/R* (-120*R"4*a”~2+240*R"2*a”4-120*R"6)+1/480* (a-R"2/2
/a)* (192*a”~4*R-48*R"5-144*a"2*R"3)*c/R+(105*a~6*1n(R)+135*R"4
*a”2*1n(R)-225*R"2*a”4*1n(R)-15*R"6*1n(R))/R/480) ;

7 4 1 176 R°a+ 64 a3 R3 1 -120R*a?+240R*a*- 120 RS

R -—Ra+ -
30 15 480 R 480 R

K:=-

1 R?

R9 a-——
1 -144a3R*-48RSa+1924°R 1 RU 1 2 a +1 R
+ - - ——
480 R 240 a¢ 120 a’ 32 a*




1 R?
R*|a-—— |(64 & R3+ 176 R)
1 2 1 R(-120 R* a + 240 R? a* - 120 R®)

a
+ +
3840 a3 © 1920 a?
1 R?
a-—— [(192a*R-48 R’ - 144 a*> R3)
1 2 a
+
960 a
> gsimplify (K);
1 1 1 2
-—R-—RP+-CR-—a*R+-4a°
240 6 8 10 5
>
> L:=int (int(3/2*a"2*r"2-r~4/2,r=0..a),c=R/2/a..1);
2 1
L=—a>-—a*R
5 5

>
> M l:=int(r*a”3,r=a..d);

1 2 1
M_I :=5a3(Rc+ /R2c2+a2-R2) -EaS

> M 2:=simplify(int(M_1,c));
1
M2=-a
6

2RA+2 (R A+a*-RRA+2(RA+d-R a*-2 (R +a - R R2—3R3c)

/R
M:=subs(c=1,M_2)-subs(c=R/2/a,a”3/6/R* (2*R"3*c"3+(a-R"2/2/a)*
(2*R"2*c™2+42%a”2-2*R"2)}-3*R"3*c) ) ;

3 1 RO IR 1R 5 3R
aAdl-——+|a-——||-—+2a%-2R? |-——
. _1_a3(—R3+2a3) l 4 43 2 a J\2a? 2 a

R 6 R

\%

> simplify (M) ;

1
ga3R(-R+3a)

>

> simplify (K+L+M) ;
4 1 1 1
- R —R+-2 R
5 3 240 8

>
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