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Abstract

We study the small-z limit of the structure functions for deep inelastic scat-
tering in Quantum Chromodynamics. The standard approach to this process,
based on the DGLAP equations, runs into difficulties in the small-z region due
to the higher order corrections becoming large. As an attempt to overcome
these obstacles we reinterpret the small-z limit in terms of high energy asymp-
totics. The relevant high energy formalism is developed in terms of Reggeon
Field Theory, which leads to the BFKL equation for the scattering amplitude.

These results are reviewed fully, for completeness.

We then apply the resulting formalism to structure functions at small-z to
determine the phenomenological implications of this high energy resummation.
The DESY electron-proton collider HERA is presently exploring the region of
the structure functions for z <1073, Q2 ~ 10 GeV?, and the results of these

experiments are compared with our theoretical analysis.

The structure functions are a very inclusive measurement; so in order to try
and focus on some cleaner indication of the BFKL behaviour we then turn to
an analysis of dijet production in deep inélastic scattering. The results of the
BFKL formalism are compared with standard analysis in terms of the DGLAP

equations.
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Deep Inelastic Scattering.

1.1: Introduction.

Our modern theory of hadronic structure is based upon the concept of a nonabelian
gauge theory of quarks and gluons — Quantum Chromodynamics (QCD) — which has
scored notable experimental successes in predicting and explaining hadronic phenomena.
The outstanding property of QCD, on which the validity of its perturbative analysis relies,
is that the theory is ‘asymptotically free’: that is, at asymptotically small distance scales
the fundamental field quanta behave as quasi-free particles. At larger distance scales
the effective interaction strength grows stronger and stronger, and so offers a plausible
mechanism for the formation of the experimentally observed hadrons, which in this picture
are composites of quarks and gluons. Let us briefly review some of the observations which

pointed towards QCD as a theory of hadronic structure [1, 2J:

Quarks : From the time of the fifties onwards, the particle accelerators of the
day were regularly producing ‘new’ hadrons and hadronic resonances. As the number
of these hadronic ‘particles’ grew, so also did the conviction that they could not all be
fundamental. As the experiments collected data on the properties and quantum numbers
of these resonances, it became clear that many of the hadrons could be arranged into
families of particles with similar properties. It was noted by Gell-Man and Zweig (3] that
the quantum numbers within these families followed naturally from the assumption that
hadrons were composites of quarks, fractionally charged particles with spin—%. Initially
these quarks were used as simply a book-keeping device, since the experiments showed no

sign of free quarks existing outside of hadrons.

Colour : The first indication that quarks may carry an extra quantum number over

1



1: Deep Inelastic Scattering.

and above the hypercharge, isospin and strangeness that they were introduced with came
from the A*™ resonance. This has spin %, angular momentum zero, and is made of three
u quarks. This means, that if the quarks are regarded as particles then they seem to vio-
late the usual Fermi exclusion principle, since the above state is symmetric in spin, space
and flavour. One way around this problem is to postulate that the quarks carry an extra
quantum number — colour -— taking three values. The A** state can then maintain the
exclusion principle by being antisymmetric in its colour wavefunction. Hadrons in this
scheme are ‘colourless’ — singlets under the colour symmetry group.

Further evidence for colour comes from the ratio of hadronic final states to electromag-
netic final states in the ete™ annihilation processes: here there is clear evidence for a

threefold multiplicity of quarks of each flavour.

Asymptotic Freedom : Following on in the tradition of the Rutherford experiment
which discovered the nucleus, experimenters at SLAC during the sixties performed high
energy electron-proton scattering, smashing the proton into pieces in an attempt to see

what it was made from. They measured the cross section for the inclusive process
Electron (k) + Proton (p) — Electron (k') + Anything

as a function of the electron variables, namely the momentum transfer Q? = —(k—k')? and
energy loss in the lab frame v = ky — k. Their data for this process showed the intriguing
property of scaling: instead of depending on Q* and v alone, to a good approximation their 7
data depended only on the combination of these given by the scaling variable r = -2—1%%; It
was pointed out by Feynman that this observation arises very naturally in a simple model
in which the proton is considered as a conglomerate of free, pointlike particles he dubbed
partons. Ultimately, these partons became identified with the quarks and gluons of QCD,

and the approximate scaling is interpreted as a consequence of asymptotic freedom.

1.2: Deep Inelastic scattering in QCD.

1.2.1: Introduction.

Historically, the inelastic scattering of leptons off hadrons was one of the first processes

to which a perturbative analysis was applied. The following figure sets out the kinematics

2



1: Deep Inelastic Scattering.

and event topology of this process.

Lepton

Figure 1.1: The kinematics of the process Ip — I’ X, where X stands for any hadronic final state.

This thesis will be concerned only with neutral current processes at moderate values of Q?,
for which we can to good accuracy ignore the exchange of the electroweak Z boson and
simply work within the framework of QED. To lowest order in the electromagnetic coupling
the cross section can be calculated from the graph shown in figure 1.2, in which we have
introduced a ‘cut’ notation whereby we represent, on the same diagram, the amplitude

and its complex conjugate.

Figure 1.2: The Feynman graph from which the deep inelastic scattering cross section may be

calculated, to lowest order in «,,,,.

For the spin-averaged inelastic cross section we arrange our normalisation of the various

3



1: Deep Inelastic Scattering,

factors such that(4]

11 1 ronz QK
do =% 3 Z;I.é;;/d@xm(ep_,e)\n T
e¥le (1.1)
2 wyy  CF
:;I( ) W 5

with L*¥ given as the polarisation factor from the Lepton vertex,

1 2
Lﬂu — ZTr[(‘é + me),yu(k/ + me)7V] — kluku + kuklu + (%_) gp.u

and W _, given by

1137

XA,
21,, diye %Z (Pl ()7, (0)ip), (1.3)
Ap

and illustrated diagrammatically in figure 1.3.

Wi =2z 2 2

Ao

Figure 1.3: Diagrammatic representation of the hadronic tensor W,,(p,q) governing the cross sec-

tion for spin averaged deep inelastic scattering.

The tensor W, contains all the information about the hadronic side of the process: the rest
is purely from QED. From Lorentz invariance, the tensor W,, depends only on the scalar

products which can be made from the four momenta p,q. Traditionally, the independent

4




1: Deep Inelastic Scattering.

variables are taken as the momentum transfer Q2 = —¢? and the Bjorken scaling variable

xr

Qz
2p.q’

which in the basic parton model has a neat interpretation as the fraction of the proton’s
longitudinal momentum carried by the struck parton in that frame in which the momentum

of the proton is very large [5].

It is useful to decompose the tensor W, in terms of a set of basis tensors which respect
the current conservation and symmetries of QED. These requirements reduce the number
of independent functionsin W, down to just two, which we define here to be the transverse

(F7) and longitudinal (¥} ) structure functions. That is, we expand

W,.(p,q) = Pl T 4Py 4 pﬂpqu Fi(z, Q%)
v\ p.q q2 (P-Q)Z T
2 2 (1.4)
pﬂp,,q pru + qlzpu FT(‘T) Q )
+ v — 2 + ‘
(p.q) pq z

So far we have made no assumptions about the hadronic structure: the analysis has
simply involved QED. Let us now proceed to show how this process is analysed within
QCD. Firstly, we note that the classic kinematic régime for which QCD has been applied
to deep inelastic scattering is that region where both Q% and the mass of the hadronic final
state, W2 = (p + ¢)?, tend to infinity in such a way that W?2/Q? ~ 1, so that no large
logarithms log(W?/Q?) can develop. This limits the analysis in the first instance to that

region of z neither too large nor too small, thus

log(1/z) ~log(1/(1 — z)) ~ 1.

At small z, we will find in fact that large logarithms log(W?/Q?) will develop and spoil
our analysis; but we will ignore that for the present in order to introduce the standard

formulation of the problem.



1: Deep Inelastic Scattering.

1.2.2: The operator product expansion.

Equation (1.3) can be rewritten
woo= 2 [ ghyeir L PRI .
w =5 | d'ye 5;@! [7,(¥),3,(0)]Ip}, (1.5)
p

since it is possible to show that the extra term in the commutator does not contribute
to the process[4]. If we examine which regions of integration are important in the above
formula, we find that the integrand vanishes for y? < 0 through microcausality and is
dominated by the region y?> ~ 0. Generally speaking the product of two operators in
quantum field theory tends to be singular as their spacetime separation y2 — 0; a simple
example would be the singular form of the Feynman propagator of a scalar field ¢,
dk e—iky

(27)t k2 — m? + i€

—i{0IT 3(y)B(0)[0) = Ap(y) =

i
T 4x2(y? —ie)

(1.6)
+ O(m*y?) as y* — 0.

To pick out the dominant behaviour in the limit Q> — co we need only to determine the
most singular terms as y> — 0 of the current commutator appearing in (1.5): the less
singular pieces are suppressed by a power of @2. In order to perform this task we appeal
to the operator product expansion (OPE). Firstly we can rewrite the current commutator

in terms of a bilocal operator as [4, 6]

[‘;u(z),ju’(zl)] = (aital,/ - guua'a,) OL(Zv z’)

0.9, +4g,,0,0 — 0.9 9)02(z, # ¢
+ JurYp u+gpu w9 — 9urdpnY- _guua,\ p 02 (Z,Z)-i—"'

where we have dropped terms which are antisymmetric under the interchange p¢ < v, which
do not contribute to the unpolarised structure functions. This equation is essentially
the expression of (1.4) in coordinate space, after introducing a new structure function

F, = Fr+ F;. We can then make the general expansion of these bilocal operators, writing

. . . . Al . z+z'
OL(Z’ZI) = Z ClL,n(yz)yl}l T y‘ " O[[t]ln‘"l‘n ( 2 ) ,

i,n

AA y 2 Al A 2 + 2,
ng(z, ZI) — Z C?l"”(y()) yﬂl N y“n O!:;]I‘lﬂ”‘un < 2 )
1n

(1.8)

6




1: Deep Inelastic Scattering.

where y = z—2' and the sum is over all the local operators of the theory, their products, and
their derivatives. Equation (1.8) basically states that any quantum state can be generated
through some combination of the local operators. The coefficient functions C, contain all
the singularities for y* — 0. Let us arrange our operators as a series of definite spin, where
a spin-n operator O"" is symmetric and traceless in all its n Lorentz indices. In the deep
inelastic limit, for a given spin we keep only those terms with the most singular coefficient
functions C, ,, as y? — 0. For a free field theory, the strength of the singularity of C; , can

be estimated simply on the basis of dimensional arguments: if d;, and d; are the naive

mass dimensions of the operators O"" and j then we have from (1.7) and (1.8) that
Cin~(Vy? )d"'“"_"—gdi [Modulo logarithms]

for y? — 0. The leading behaviour therefore comes from those operators of the lowest

value of ‘twist’ 7, where

Ti,n = di,n —n. (19)

In QCD, the fermion fields %, and also the gauge field Fyy all have twist one, while a
derivative D, has twist zero; thus the leading twist operators which contribute to deep
inelastic scattering are those with the minimum number of fundamental fields, subject to
the constraint that the overall quantum numbers of the operator coincide with those of

the product j,()7,(0). So the leading twist operators have 7 = 2 and are given by

hti) n—1 n ]
OI“I‘Z’Q'"”’n = zn S ¢7“1Du2 T Dﬂnttl/)’

AF,n _ n—-1 7 .

O”’l“f"l‘n =t S T’b‘yl"lDI‘Q ’Dﬂnd)’ (1'10)
AAn __ amn—2 . v

Oﬂlﬂz"'ﬂn =2 S .7-'”11,’Du2 D"”n—lfun.

The operator § denotes symmetrisation in the lorentz indices p; - - p,,.

Within an interacting, renormalisable theory, the dimension of these operators recieve
a correction to their canonical free field values — the anomalous dimension. These cor-
rections, and similarly those to the coefficient functions, are computable in perturbation

theory and are responsible for scaling violations in structure functions. Let us consider the

7



1: Deep Inelastic Scattering.

contribution of a non-singlet operator given by
O ~i" 'S t'y, D, - D, P (1.11)
From (1.8) its coeflicient function is then of the form,
Ci(y) = Ca(yP)y"s - -yhn. (1.12)

The matrix element of (1.11) between proton states after averaging over spin can only take

the form,

%Z (pIS ¥ ', D, - Dy $lp) = An(#?) Py P, Pa» (1.13)

’\P

plus terms proportional to ng#.- ", and suchlike; we neglect these under the assumption
that p? = Mﬁ & p.q. However, there have been recent calculations attempting to generate
parton distributions in the proton by starting from a valence-like input at a very small
scale Q2 ~ A? and then evolving, simply using the usual renormalisation group equations
to next-to-leading order [7]. Quite apart from the fact that the perturbative expansion is
liable to be badly behaved, these calculations neglect the target mass corrections associated
with the terms proportional to ]\4’;2 above. At scales Q2 < Mg, these mass terms alter the

entire structure of the formalism, so it seems impossible to take such calculations seriously.

The contribution of the operator OAi,n to a structure function F, is given by, after the

fourier integral in (1.5),
Fife.0") =+ Fi(@) = () i@ /i) 4300, (114)

This particular contribution to Fi(a;,QZ) can be isolated by appealing to a dispersion

relation in z; the outcome of this being the result

Q) = [ Zar P e (1.15)

In (1.14) we have assumed that the scale u? introduced in regularising and renormalising

the theory is the only mass scale in the Lagrangian, and we neglect possible fermion masses.

8



1: Deep Inelastic Scattering.

1.2.3: The renormalisation group analysis.

We have arrived at the following representation for the moments of structure functions

in QCD,

Fy(@) = 3 A:(12)Ci (@21, 4% () (116)

The apparent dependence upon p? must cancel between the two terms on the right hand
side, since F}, is an observable. As a result of this we can derive the renormalisation group
equation for the coefficient function [4, 6], which for a nonsinglet contribution takes the

form
e+ 8(0) 5 = Tan| Cin (@, 6%(12)) = 0. (117
8,u. ag 1,n ,n ’
The resulting solution to this equation as we change Q? gives

9 9 9 9 g(QZ) d ! I}
Cin(@ /1%, g% (1%) = exp {— / S in(6")
g

(n?

x C; . (Q%/1* =1,5%(Q%) (1.18)

with g being the solution to

#Z—z — 8(9). (1.19)

For Q2 large we can expand!
g p

B(G) = —Byd® — B13° — -

from which we can integrate equation (1.19) to give §2(Q?) as the implicit solution to

1By Bod* _ A2 A2
(_—2+Elog X %:g,_, = [y log(Q"/A%).

This equation is conventionally expanded in powers of 1/log Q? to give (with a slight

1 We use the conventions of reference [4].



- 1: Deep Inelastic Scattering.

change in definition of A ~ A')

1
Bo log(Q?/A"?)

7 (Q)[l—ﬂ

_ fy log (log(Q*/A"))
Ay log(Q?/A")

g, (Qz)log(log(Qz/A'z))]

g (Q*) ~

(1.20)

Function gZL(QQ) is the leading order expression for the coupling,

1
By log(Q?/A”2)’

i (@) = (1.21)

and the term in square brackets represents the NLO correction.

Equation (1.18) gives for F;

,n

. 3(Q%)
F‘i,n(Qz) = Ai,n exp |:_ /g 56291)71 n(g )] X C‘l n(]‘ g2(Q2)) (122)

The leading log formula for F;, then comes from expanding (1.22) to leading order in
1/log(Q?/A%), thus if we denote the expansions of anomalous dimension and coefficient

functions as

© 2, (1) 4

7l n = F)x ng + 7 g +
) (1) (1.23)
Ci,n Cz n + Cz nd B
then to leading logarithmic order we get
| NO) NG,
FEHQY) = A, 00 (8@ = 4,00 (6, lon(@2/an) . (124)

This exhibits two free parameters: the constant ‘Zii,n characterises the nonperturbative

structure of the proton; and we have traded off the parameters ¢, u? of the QCD Lagrangian

for a single dimensionful parameter A. These parameters can be fixed by experiment, if

we measure the structure function F, at two large values of Q? = @3, Q% Thus
(0)
o (1og(@F /AN T
RN = R@ x (B T 1.25
| ( 1 1 (Q]/Az) ( )

If we only need to know the structure function in a limited region of Q?, we can expand

10



1: Deep Inelastic Scattering.

(1.25) as
i (0)
LL 2y 2 Yin o log(Qz/Az)] .
Fn (Q ) — Fn(Ql) 1- 2,30 1 |:10g(Q2/A2) +-
- L (0) - (1.26)

which will be a good approximation provided the evolution length is small, log(Q?/Q?) <«

log(Q?/A?); however equation (1.25) as it stands is accurate for arbitrarily large values of
Q> Q1.
The next-to-leading log results come from expanding (1.18) to keep further terms of

order 1/ log(Q?/A?) relative to (1.24), giving [4]

)
FNLQ?) = 4;, [Bylog(@*/A%)]) ™ [ C) + (8, log(Q*/A%) ™' x
(1.27)

C(l) l(,?l,)ﬁl 'Y.(ln) _ '7.((:1) C(O)ﬂl7:11,)
,n 2ﬁ0 ﬂl /60 ,n 2160

1 glog(Qz/Az)} +

The explicit next to leading log calculations of C1) and v(1) are to be found in [8].

The above formal expressions in moment space can be expressed in more physical
terms if we interpret (1.15) as a Mellin transform in £ — n. This integral transform has

the standard inversion

i A2y 7 i l1—n i,y A2
B, @)= [ =" F(Q) (1.28)
og—i100 ~

where the contour integral is along a line parallel to the imaginary axis in the n plane,
to the right of all the singularities of ;. We can write the general non-singlet structure

function as a sum over contributions from definite quark flavour, ¢, thus [6]

B(g")
11

3(Q%) !
RI@) =364 exp[ [ -d-"—ﬁ%')} NS (@2 nt =1,34@Y) (1.29)



1: Deep Inelastic Scattering.

with the 6‘?/ S some known coefficient. Defining an effective quark density fé’v 5 by

i(Q%) g4

quS(”aQ2) = A} éxp [“/ m

™ S(g')] (1:30)
then the factorisation in (1.29) becomes

FSMQY) = 3 85 £ (n, @1C0 (7(@)

q

which in z-space is, from (1.28),
FY5(,Q%) =) 6%z [ dx—quC’fls(x/x',gz(Q%)f;vs(m',Q2).» (1.31)
q
In particular, to lowest order C, , is constant, thus C (z) ~ €28(1— z), and we have simply
Fe,@) =Y 8%zl £'5(=,Q%)
g

which has the same form as the simple parton model expression for the structure func-
tions, but with Q2 dependent parton distributions. Indeed, the evolution equations can be
derived in terms of this partonic language [9, 10, 11, 12], and this allows the parton-like
factorisation to be extended to other processes, such as Drell-Yan production of lepton

pairs in hadron-hadron scattering.
1.3: The small-x region.

Within the standard application of the factorisation theorem, presented above, it is
assumed to be valid to calculate -, C, to just one- or two- loop order. This is a valid line
of approach provided that the higher order terms which are neglected are of much lesser
significance than the first terms. For moderate z (correspondingto n > 1 but not too large)
this is acceptable since the coeflicients in the perturbative expansion, C,(,m),'y,(,m) ~ 1 and

. . 9 E . .
so the naive expectation that the extra powers of §° makes these terms subdominant is

reasonable.

12




1: Deep Inelastic Scattering.

However, in the region of small-z (or equivalently n — 1), this need not be the case.

Explicit calculation of the one-loop singlet splitting functions for z — 0 gives [13]

C
P(z) ~ =4, (1.32)
C
0 F
pg(q)(z) ~ =k, (1.33)
Pq(g)(z) ~ Constant, (1.34)
Pq(g)(z) ~ Constant for z — 0. (1.35)

The 1/z singularities translate through to poles ~ 1/(n — 1) in moment space. The
splitting function calculation can be carried through to higher order, when one encounters
now the complication that beyond the leading order there is no longer an unambigous
definition of the coefficient functions and anomalous dimensions, but rather that there is
some freedom in defining these quantities. Therefore, beyond leading order one has to fix
some factorisation convention, that is, some separation of the coefficient and anomalous
dimension terms. Two such schemes are frequently used: firstly, there is the DIS scheme,
in which the quark distribution is defined in such a way that the naive parton model result

for the structure functions is still valid, that is

Fy(z,Q%) = ) ejafy(z,Q")

q DIS

A disadvantage of this scheme is that it is geared very much towards F, in deep inelas-
tic scattering, and it turns out that the coefficient functions for other hard subprocesses

become quite complex.

The second, and most common, factorisation scheme is that given by the so-called M S
scheme. This has the advantage of being more easily ‘portable’ from one hard subprocess
to another. Within the M S scheme, the leading behaviour of the NLO contribution to the

singlet splitting functions in the region z — 0 are given as [13]

40C o N,T
40C yNpT
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1: Deep Inelastic Scattering.

Py(;)(z) ~ QCACF - 4OCFNFTR +

9z
P{(2) ~

(1.38)

12CpNpTp —46C 4 NyThy n (1.39)
9z

and on comparison with the leading order splitting functions we see in particular that for
P, and P the higher order term P() will actually dominate for sufficiently small z < o 5
In even higher orders, we find in fact that the leading behaviour of P(®) can be as high as

n—1
P(n)(z) ~ lOg (1/2:)

z

in which case the higher order corrections are becoming more and more important as z

becomes small.

In fact it may be remarked that the result given in (1.27) is not exactly the expres-
sion which is presently used for NLO phenomenology of structure functions. Rather, the
analysis takes (1.31) as the starting point, fixing the parton distribution f;(z,@?*) at some
Q*=Q3 ~ 4GeV?, and then evolving this distribution using the equation

Af; (1” N dm ~20 2 2

with P(z/z') being the anomalous dimension 7, transformed through to z space, to next-

to-leading order accuracy, thus

P(z/2') = 3%, (B)PO(2/') + 5 (1?)PD(a/2").

One problem with this approach however is that the NLO anomalous dimension %(11) is
in principle entirely arbitrary — we can shift terms between 7( ) and 01(11) by a different
convention for the factorisation scheme. This will lead to a factorisation scheme dependence
of the structure functions. Explicitly, this prescription corresponds in moment space to

the representation for a nonsinglet structure function

Q? 40"
FNS E5NSfNS n Qo)e\p [ - QQ,o g (le) [’75\% n (le)')’NSn]]

< (il + a2, @)
(1.40)

and since the anomalous dimension piece is exponentiated, this gives rise to terms which are

arbitrarily far down in inverse powers of log Q% by comparison with (1.27). This is not to

14



1: Deep Inelastic Scattering.

say that the formula is any less accurate, in the sense that the corrections to (1.27) beyond
NLQO are arbitrary anyway, and if they are unimportant in (1.27) then they ought to be
unimportant in (1.40) too. However, for n — 1 we know that the higher order corrections
to the (singlet) structure functions will be enhanced, by powers of 1/(n — 1), so to be
consistent it may be important to keep track of exactly which terms are being summed.
The analysis of the following chapter can be thought of as an all-orders resummation of the
singlet anomalous dimension and coefficient function [14], summing all the leading singular

terms of the form

00 m+1
7,1,C,I~ZA$:")< %s ) : (1.41)

n—1
m=0

This resummation is carried out by the BFKL equation, which takes the form of an integral

equation for the scattering amplitude.

There is a further, serious problem which will crop up as £ — 0. The fact is, that
the factorisation theorem we write down for F), in terms of coefficient functions and distri-
bution functions is valid only to leading order in 1/Q?. We have truncated the sum over
operators which appears in the OPE to keep only the lowest twist operators, which are
those whose coefficient functions are would seem to be most singular on the light cone, by
naive dimensional counting. However, we know that within an interacting field theory an
operator in general receives a deviation from its naive scaling dimension owing to quan-
tum effects (the anomalous dimension). It can in principle happen that the anomalous
dimension becomes sufficiently large to overcome the intrinsic 1/Q? suppression and make
the higher-twist contributions as important as the lowest twist. Such an occurence hap-
pens in deep inelastic scattering in fact, at the extreme edges of phase space. For z — 1,
the anomalous dimension of the leading twist operator becomes sufficient to suppress the
leading twist contribution to F, so that for any fixed @? there is some value of z ~ 1 for

which the higher twist contributions become important [15].

Similarly, on taking 2 — 0 at fixed Q? one ultimately faces up to the problem that
the anomalous dimension of higher twist operators can become so large that they compete
on an even footing with the lowest twist. In more physical language this means that the
virtual photon no longer interacts with each parton incoherently, and that there may be

multiple scattering off several partons. An estimate of the probability of any one gluon to
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The high energy limit of QCD.

We should take care not to make the intellect our God;
it has, of course, powerful muscles, but no personality.

Albert Einstein

2.1: Preamble.

We have seen that at small-z the standard approach to QCD faces difficulties due to
large higher order corrections and higher twist effects. In the present chapter we would
like to look at the subject from a slightly different viewpoint, in order to gain some insight

into the physical situation at small-z.

Our starting point is to recast the small-z limit of DIS in terms of high energy asymp-

totics. The invariant mass of the hadronic final state in DIS is given by

W2=(p+a)=S(1-2)+ Mp~ = (2.1)

for small . We are thus led to the conclusion that structure functions in the limit z — 0
for fixed Q? give simply the high-energy limit of the total cross section for a proton in-
teracting with a photon of fixed virtuality. Back in the days prior to QCD, when it was
not clear that hadronic interactions might be amenable to a perturbative analysis, a great
deal of work in particle physics focussed on exactly this topic of high energy asymptotics.
Powerful machinery was developed in order to try to understand this subject through non-
perturbative methods based on very general principles like unitarity, Lorentz invariance,

analyticity and such like. In particular, the concept of an analytic continuation in angular

18



2: The high energy limit of QCD.
momentum, which forms the basis of Regge theory, was especially fruitful. It is in terms of

these esoteric formalisms that the results of QCD perturbation theory in the high energy

limit have their simplest representation and interpretation.

In fact there are now alternative derivations of the BFKL equation which do not require .
the arcane knowledge of Regge theory [1,2], however the original logic is quite elegant and
sufficient for this thesis, which focusses on quite inclusive quantities. For less inclusive
quantities such as the associated distributions and multiplicities it may be necessary to

account more carefully for coherence effects within the parton cascade [3].
2.2: General results in the high energy limit.

As our starting point we consider the simplified situation of the scattering of two

spinless particles of mass m. The scattering amplitude is a function of the Lorentz scalars

s = (p1+p),
t=(p _Pg)za (2.2)
w=(p — )"

Only two of these quantities are independent, which we generally take to be s and ¢; u is

then fixed by the relation

s+t+u=4m? (2.3)

In a very abbreviated style we now list some of the key properties which we would expect

this scattering amplitude to possess [4, 5]:

e Analyticity : We regard the variables s,¢,u as complex, and the scattering am-
plitude A(s,t,u) as a real analytic function of its arguments, with only such singularities
as are required by unitarity. Generally speaking, the amplitude function A(s,t) will be
discontinous across the real axis; so in the s-channel physical region we define the physical

amplitude as the limit as we approach from above the real axis

Aphys(s’ t) = (EI})1+ A(s + i¢,1). (2.4)

¢ Crossing : The same function A(s,t,«) describes the amplitude for all processes

142 —>34+4,14+3 —24+4,14+4 — 2+ 3 and suchlike, analytically continued to the
19



2: The high energy limit of QCD.

appropriate physical region of the variables. The s-channel physical region, that is the
region in which the process 1 + 2 — 3 + 4 can genuinely occur with physical momenta, is

given by

s>4m? am? —s<t<0,u=4m?—s—t. (2.5)

and similar relationships hold for the other physical regions.

e Unitarity : We assume that the S-matrix conserves probability and so is unitary,
that is S'5 = 1. This translates through to a nonlinear restriction on the scattering
amplitude, which gives us some information about its singularity structure. If we write

S =1+:T, we have

S1S=1=T-T"=4TT. (2.6)

Sandwiching this relation between 2 — 2 particle scattering states we get
(FIT) = (7 =i 3 [ d, (71T )l (.1
n

where the n-particle intermediate states contain physical, on-shell particles, and the in-
tegral d®, is over the full phase space of this intermediate state subject to momentum

conservation. Denoting A(s,t) = (f|T|:) and suchlike this equation gives
D,(s,t) = z:Z/dq),,Af(n — f)A(E — n) (2.8)

where the function D(s,t) — the discontinuity of the scattering amplitude — is defined

here as
D,(s,t) = Disc, A(s, t) = A(s,t) — AT(s,t) = lim (A(s +ie,t) — A(s —ie,1). (29)

Expression (2.8) shows that unitarity requires the scattering amplitude to have cut singu-
larities along the real axis, with the endpoints of these cuts being the threshold momenta
for n-particle production, s,, = (2m)*.(3m)?,(4m)?---. The discontinuity across each of

these cuts is given in terms of n-particle production amplitudes by (2.8).

These properties of the scattering amplitude we take for granted for the rest of the thesis.
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2.2.1: Partial Wave expansions.

The s-channel centre of mass scattering angle is given by

2t

2550059321+m.

(2.10)

In the standard way we can decompose the amplitude in terms of s-channel angular mo-
mentum; this can be useful, since angular momentum 1s a conserved quantum number.

Thus we write,

AGs,8) = 3 (21 + DA(S) Pz,), (2.11)
=0
with
1
Ao =3 [ dzP(E)A(s s,2). (2.12)

For small energies s, this representation is extremely useful since only a small number of
angular momenta contribute to the right hand side of (2.11). However we are really more

interested in the asymptotic Regge limit, for which

8
- — 00,

. (2.13)
t ~m~ kept fixed.
In this kinematical region, a great many angular momenta can contribute, and represen-

tation (2.11) is of less obvious value.

The key observation though is that we still have ¢ ~ m?; so we may be able to find
a more manageable representation of A(s,t) on the basis of ¢ channel partial waves. This
idea is one of the central elements of Regge theory. In the ¢t channel physical region then

we expand

o0

A(s,t) =) (21 + 1)A(H)Py(z,) (2.14)
=0

with A, z, given similarly to (2.12) and (2.10) but with s < t. We need some means
of analytically continuing the expansion in (2.14) into the s-channel physical region: as
it stands, this expression diverges long before we reach the Regge limit in which we are

interested.

21



2: The high energy limit of QCD.

Firstly then we rewrite A(s,t) in terms of its singularities through a dispersion integral;

the procedure is sketched in the following figure.

Im s’ Im S’
ZS e Si,
# RS
C, -
She,  elemo s
~~~~~ . Res’ e
u'=4nt u'=n? m?  4nP SRR K 3 %

Figure 2.1: The contour integral from which the dispersion integral is derived. The crosses denote
pole singularitites of the scattering amplitude at s’ (resp. u')= m? and the endpoints

of cut singularities at s’ (resp. u') = 4m?. (With u’ defined by v’ = 4m? — s’ — ).
By Cauchy’s theorem, if A(s,t) is analytic within the region enclosed by C;, then

!
As,t) = — § &

2mi Jo, 8' —s

A(s' 1)

and provided that the behaviour at infinity is sufficiently tame we can open up this contour

into that given by C,, thus

A(s,1) = oo }{ _d_s’_sA(s,,tH G () , Gut)

2mi Jo, 8" — m2—s m?-u
— Gs(t) + Gu(t) (215)
m2—s m?-—u
1 o ds 1 ° du
+ — i D (s',t) + — ,—uDu(u’,t)

271 Jymz 8' — s 271 Jymz v —u

where the functions D,(s,t) and D, (u,t) represent the discontinuity of the scattering
amplitude across its right and left hand cuts in the s-plane, defined similarly to (2.9).
If the scattering amplitude does not vanish sufficiently fast as s — oo we may need to
introduce subtractions into this dispérsion integral, but the basic reasoning remains the

same [4,6]. Equation (2.15) can be rewritten as an integral over the t channel scattering
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2: The high energy limit of QCD.

angle as (dropping the pole terms for simplicity)

ee) / —oo / )
A(s,t) = ! / ,dz . D,(s'(2,t),t) + —1—/ dz D, (v'(Z,t),1), (2.16)
z t

2w 2mi J_, 2 — 2z
R L

with zp = 2z,(s = 4m?,t), —z; = z,(u = 4m?,t).

If we insert this representation into the analogous expression to equation (2.12) we get

the Froissart-Gribov projection,

1 —00

A(t) = — ” dz' D,(s'(Z',t),t) Qi(z") + %/ dz' D, (u'(2',t),t) Q(2")  (2.17)

27t zg —zy

where the Legendre function of the second kind @;(2) is defined for positive integral vales

of I through the Neumann relation

Py(2")

zl — 2

1
e =3 [

<

: (2.18)

For these integral values of I, Q,(—z) = (—=1)"*1Q,(z) so we can rewrite equation (2.17) as

At) = -:21?2 /°° dz' [Ds(s'(z',t),t) + (—l)lDu'(u'(—z',t),t)] Q,(2") (2.19)

where z,,;, = min[z, zg].

For technical reasons [4,6] it is necessary to introduce signatured amplitudes in order to

analytically continue the scattering amplitude to complex I. These amplitudes are defined

by
A% = A(z,,t) + A(—2,, 1) (2.20)
and the physical amplitude A(s,t) can be written in terms of these amplitudes by
1 1
o . + +7 = — L A—(_ 99
As,t) = 5 (A (2,,1) + A*( zt,t)) +5 (A (2,) — A~ zt,t)). (2.21)

The analogous equation to (2.19) for these functions is

Ali(t) = 2—17;/ d2' [D,(s'(<,t),t) £ D, (u'(—2',t),t)] Qi(2"). (2.22)

min

We can take the equation (2.22) as defining AF(t) for arbitrary (complex) values of

. The analogous inversion of the partial wave expansion to (2.11) can, now that we are
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2: The high energy limit of QCD.

thinking of ! as complex, be converted to a contour integral through the Sommerfeld-
Watson transform,

+ -1 (20 + 1) P(—2,)Af(2)
A% (s,t) = o }[C di e (2.23)

where the contour of integration is shown on diagram (a) of the following figure

,” ----------- kS
Pl ~
Im ! b Im! A
a .
N A
.
\
r‘x r" \\
. . 4’ \
” )
- '/‘
. 4 \
”, ’
. X e ® !
’ ’, 1
P . 3 \
-
. C - '
1 ’ '
> - - . Rel ' Rel
% X X- 3. % 3 3. 1 % 3% X 3¢ 3¢ X | B
* ¥ \ x* % X ¥* 3 Y 3 ¥* ¥ ¥ ¥ 7
<" ~"=="===-=" < !
’
¢
’
C ‘
’
’
’
F 4

_____

Figure 2.2: The contour of integration in the inversion of the Sommerfeld-Watson transform

Crosses denote singularities (poles, and the endpoint of a cut) of the integrand

If we make the hypothesis that A;t(t) has only isolated singularities in the complex [ plane,

then we can deform the contour of integration to that shown in diagram2.2(b)

Say one of the signatured partial wave amplitudes Ali(t) has just a single isolated pole
in the region Rel > —%—, that is

AE(t) ~ % (2.24)

then we can see that the contour integral in figure2.2(b) is, explicitly,
1 P(-z,) Poy(—2)
Ais,t:—j{dl 21 + 1) A (1) 2L — 7(2a(t) + 1)B(t) —A——= 2.25
Bovt) = 5 41 LD AFO L — (e + DA TS, (029

The [, (the ‘background integral’) is taken along the line Rel =

—5 in the I-plane.
In the Regge asymptotic limit, we can generally throw away this contribution as being

insignificant compared to the pole term.
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2: The high energy limit of QCD.
From (2.21), the corresponding pole contribution to the physical scattering amplitude
1s

) Palt —z,)+ Pa 2
Ap(s,t) = —7m(2a(t) + 1)B(2) [ (=% ,(t)( t)]

2sin (ra(t)) (2.26)
s
~ _5(20(” + l)ﬁ(t)C::(t)Pa(t)(_zt)
where the signature factor Cf(t) 1s given by
1+ eira(t)

+
Calt) =

sin ma(t)

and controls the phase of the amplitude.

Equation (2.26) is the famous Regge pole form of a scattering amplitude; if we take
into account that z, ~ 2s/t and that the leading term of Pj(z,) ~ z' we see that (2.26)

gives the characteristic Regge pole behaviour,

A(S7t) ~ (2a(t) + 1)1612—>34(t)C::(t)30(t) (227)

for s/t — oo. Moreover, we can show that the residue function must factorise, that is

Bia—3a(t) = :613(t)- Baa(t)

where ;3 depends only on particles 1,3; and similarly function f§,, depends only on

particles 2,4.

2.2.2: Reggeon Calculus.

Originally it was hoped that the only singularities of A;(t) would be the simple poles
(Regge poles) of the previous section. This is the case in potential scattering for a wide
class of potentials; however it was soon realised that a relativistic field theory amplitude
could have a much more complex singularity structure. Thus, for example, there is no
reason in principle why a Reggeon should not be exchanged more than once in the same

amplitude, as in the following diagram.
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2; The high energy limit of QCD.

(b)

Figure 2.3: Contributions to the scattering amplitude from

(a) One-Reggeon exchange,

(b) Two-Reggeon exchange.

The jagged line denotes the exchange of a simple Regge pole with trajectory a(t = —¢'2) =
oy — o'q’%, which we might think of as a phenomenologically motivated model for the soft

pomeron (7]. Thus the diagram in figure2.3(a) gives a contribution to the amplitude of
Al(s,t) ~ By(§)s% ™7 B,(T). (2.28)

where we have explicitly shown the factorised form of the residue function and have intro-
duced a notation in which we make explicit the number of pomerons coupling to particles
A and B. The importance of additional pomeron exchange now depends upon the value
of ay, the pomeron intercept. The total cross section is related by the optical theorem to

the forward scattering amplitude, such that

1
o =_—ImA(s+iet=0)~ %!
2s

TOT

so we see that the pomeron intercept is the crucial factor in the behaviour of the total cross
section for s — oco: for o < 1 all cross sections must vanish asymptotically as a power
of energy. It is also the crucial factor in determining whether multiple pomeron exchange
will be important asymptotically. This we can see from the diagram in figure2.3(b), which

has the asymptotic behaviour

A3~ 7! / &g By, T T (3. (2:29)
If we Mellin transform this, then we get a cut singularity in the j plane with its branch
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2: The high energy limit of QCD,

point at j = oy + (ap — 1) and extending back towards j ~ —oo. If oy < 1, then this
singularity lies to the left of the one-pomeron amplitude and is suppressed relative to it;
however as oy — 1 the two terms can be of comparable importance. In fact the point
oy = 1 is something of a specialty and is given a special name — the critical pomeron
— since at this point all the cuts corresponding to multiple pomeron exchange converge
around the point j = 1. This is in analogy to mass singularities as m — 0, where all the

multi-particle threshold singularities in the scattering amplitude pile up at s = 0.

We must further allow for the possibility of the Reggeons interacting with each other,
as well as coupling to the external particles. These multiple exchanges of Reggeons can be
accounted for through the Regge calculus.! The basic idea is to set up an effective field
theory in which these Reggeons are the fundamental units, with couplings to each other
and to external states. The theory is formulated as a 2+1 dimensional nonrelativistic field
theory; two transverse dimensions plus a third (‘time’) dimension parameterised by the
Mellin transform variable j. It turns out that the results of the leading log calculations

of the remainder of the chapter have a very direct correspondence with this old fashioned

Reggeon Field Theory (RFT).

1 A review of the subject is given in [8]; and for a selection of reprints of important

articles in this area see [9].
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2: The high energy limit of QCD.

2.3: Preliminaries to the QCD analysis.

Some of the key early papers on this subject date back to the mid-70’s and were writ-
ten by Balitsky, Fadin, Kuraev and Lipatov; hence the results we describe are generally
attributed to them [10, 11, 12, 13]. In particular the final integral equation for the scatter-
ing amplitude is known as the BFKL equation, named after these authors. The following
treatment of it draws upon a mixture of sources, using ideas from the original Feynman
gauge analysis mixed with later work carried out in the Coulomb gauge, in which certain
results can be derived much more simply. We consider gluon-gluon scattering in the limit
5 > t. The important Feynman rules which are necessary for our calculation are shown in

the following figure [14].
k

wrAy = 87 By (k)
K+ie
=%ﬂq§f‘f+%§§+%§
OV
é - [l abc] g gllp (p+p,)v
b

Vv
Figure 2.4: The Feynman rules which are needed in the calculation of gg — gg scattering in the
multi-Regge limit. The polarisation sumn P,, (k) depends upon the gauge; for example,
in the Feynman gauge we have P,, = ¢,,,. It is useful to calculate the colour factor and
spacetime factor seperately for each diagram, so let us define [if,, ] as the appropriate

colour factor for the vertex and the rest as the spacetime factor.
These Feynman rules must be supplemented by the integration measure

d*k
(27)44

for each closed loop.
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2: The high energy limit of QCD.

The gluon momenta, polarisation vectors and colour indices are labelled as p;, p;, and

a; respectively with : = 1---4 and the labelling is as shown in figure2.5.

t

Figure 2.5: Labelling of particles for the scattering process gg — gg.

We need to decompose the scattering amplitude in terms of the t-channel quantum

number exchange, that is
.A{a"’\"}(s;t) = I‘({)a‘}A({))“}(s,t) + Fi{—;a")Az{-;A‘}(s,t) + higher colour spins. .. (2.30)

where T'; are colour tensors of different colour spin in the t-channel. Explicitly, these are

given for the colour singlet and colour octet channels (0 and 8 respectively) as

F[{)ai} = 60.1(1360,20.4 (2'31)
T8 = (i, g0 )(ifaa,e) (2.32)

with f,;. the structure constants for SU(3). We shall find that the scattering amplitude
displays markedly different behaviour between the two different channels 0 and 8. In
particular, the behaviour of Ag is quite simple, while that for the vacuum (colour singlet)

channel A; will be very much more complex.

Some general properties of the two amplitudes A; and Az come from the requirement
that the full amplitude A(s,t) be symmetric under the interchange of particles 1 & 2. In
particular this consideration shows that Az(s,t) = —Ag(u,t) (odd signature in octet chan-
nel) and Ay(s,t) = +A4,(u,t) (even signature in singlet channel). In the Regge asymptotic

regime u ~ —s so A, and Az are effectively odd and even in s.
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2: The high energy limit of QCD.

Let us work in the centre-of-momentum frame of the two incoming gluons, and define
their momenta as lying along the z-axis. It is useful to decompose four-momenta in a light-
cone basis. For the following chapter we will do this in two ways, depending on whichever

is most convenient at the time. Firstly we have the typical decomposition,
¢ =d¢+ed +4)

where g% (¢%) is a lightlike vector along the incident momentum of particle 1 (2), and g is
a two-dimensional spacelike vector in the z,y plane transverse to the incoming momenta.

Choosing ¢, = —=(qy £ ¢3) we normalise the scalar product such that
89+ = 5\ T 43

“ !

" =qd +edi+di.d, =q,d +ad -3F

where from here on we define vectors ¢, ¢’ transverse to the incoming momenta and such
that they have a positive inner product rather than the negative one appropriate for space-

like vectors; thus 2 = —q_"L.qJ_” and such like.

Alternatively we may scale the vectors ¢, ¢_ to be explicitly proportional to the inci-

dent particle momenta, thus
¢" = apf £ Bph + 4}

A general scalar product of two of these momenta is then given by
oo ! ! Lot
q ‘q[l. - i(aﬁ + /Ba )pl -P2 + q_]_"]_L;t
and the Jacobian for the change of variables is

d*q" = |p,.p,|dadBd?q,.
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2: The high energy limit of QCD.

2.4: The colour octet amplitude.

To order g%, we have the following diagrams for the g¢g — g¢g amplitude.

LK K

(i) (iii) @iv)

Figure 2.6: Feynman graphs contributing to the process gg — gg at tree level.

The dominant diagram in Regge kinematics is that of ¢-channel gluon exchange, diagram
(1) of the set above. The other contributions are suppressed by a power of s relative to this
one and are not important. Thus we have that for gluon-gluon scattering at Born level in

the leading approximation and the Feynman gauge
A; 2 Ay Ag* A,
AP (s,8) = g2 T9(py, =0, =P3) D (9) Tty (Pr—Par @) i e
A({,/\‘}(s,t) = 0.
Again to the leading power of energy, we can approximate the 3-gluon vertices as

I¥s(py, —q, —p3) =~ g#1#s 2p]
y (2.33)
Fu'pzm(pl’ —4q, _pS) = gu2p4 (—21)2)

which gives rise to the suppression of helicity-flip amplitudes at high energies, since we get

the factor
A, * A t
6;:.2 g"‘”“ Gp,i ~ —6/\1/\3 [1 + (@ (;)] (234)

and a similar factor from the lower vertex. Bearing this in mind we drop the A indices on

A, and Az from now on. So finally, to order g2, we have:

—2s
AP, ) = ¢ == (=6,0,) (=63, (235)
A 1) = o0. (2.36)

Consider now the one-loop corrections of the type shown in figure2.7:
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2: The high energy limit of QCD,

(1)

Figure 2.7: Two graphs for gg — gg at one loop, giving logarithms in the Feynman gauge but not

the Coulomb gauge.

The amplitude corresponding to graph (i) above is, in the Feynman gauge,

M =~ / &% (o - k)o‘g“l"x g”11‘3(2p1 — k- q)ﬂ (2p2 + k)agﬂzlfzgvam (2py + k + Q)ﬂ

3(2m)t k2 (py — k) (py + k)2 (K — q)?
X e;\Li 6;\; eﬁi *e;\,: *(9)* x [Colour Structure]

4 2
N g o s [dadBd¥, 1
~ (=6y 2 N A5,\2,\4)7(4P1-P2) 3/ eEmE k2(p; — k)2(p, + k)2(k — q)?

x [Colour Structure]

(2.37)

where we have approximated the vertices to the leading power in energy as before, for
which the tensor structure simplifies dramatically. We have also changed to an integration
over the Sudakov variables, expanding k = ap; — fp, + k. The Jacobian for this change
of variables is s/2. The crucial region of integration has both «,f <« 1 and this has
been taken into account to allow the numerator to be simplified. The various propagators

become, in terms of the Sudakov variables,

(P2 + k) = a(1 — B)s — k°
(p, —k)2+ie:(1—a),33—lz'.2+ie

We now perform the integral over § by circling around the pole in the (p; — k) + ie
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2: The high energy limit of QCD.

propagator, thus giving

—2mi [ dad?k) 1
(2m)* k2(as — k2)(k — q)? (2.38)
x [Colour Structure].

g* 2 8
M =~ (—5A,A3)(—5A2,\,)7(25) 5

The logarithm comes from the integral over o in that region for which k%/s < o <« 1 for
which the t—channel propagators are essentially transverse, so that ultimately we have for

the first graph in figure2.7,

N —9g g2t d2tek
M ~ (92 T(—5A1A3)(—5A2A4)) <(27r)3 / ,;‘2(;;:_5)2) (log s) (2.39)

x [Colour Structure].

Notice that we have here introduced dimensional regularisation to tame the infrared diver-
gence in the transverse momentum integration. The most systematic procedure would be
to generate masses for the gluon through the Higgs mechanism, and later to take the limit
as this mass goes to zero if desired. This, indeed, was the method used by the original
BFKL authors {10, 11, 12]. For the purposes of the present discussion though the use of
dimensional regularisation seems adequate, and simpler. We know, too, that the integral
equation for the vacuum amplitude which will be the end result of our analysis is infrared

finite, at least when coupled to colourless bound states like hadrons {13, 15].

It is very simple to get the corresponding amplitude for graph (ii) of the above pair.
It is basically the same, except for a relative minus sign owing to the lower propagator
becoming here spacelike rather than timelike, and the different colour structure. The
appropriate colour algebra is most easily carried out by diagrammatic methods making
use of the Jacobi identity, a diagrammatic representation of which is portrayed in figure
2.8[16). The fact that the overall colour structure is dependent only upon the Jacobi
identity makes it clear that all scattering processes (g9 — g9, 99 — 94, q¢ — qq...) pick
up the same overall factor relative to the Born term on calculating the one-loop correction.

This is a crucial requirement for the Reggeisation of the ¢-channel gluon.
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2: The high energy limit of QCD.

o

Figure 2.8: A diagrammatic representation of the Jacobi identity, which relates the colour structure
of different diagrams. The C by each diagram means that the Feynman rules associated
with each vertex are only those corresponding to the colour degrees of freedom, that is

the colour factors if,;  of SU(3).

Having carried out the colour algebra one picks up a factor NV,/2 times the colour octet
tensor defined in (2.32). Thus the full order g* contibution to the colour-octet amplitude
to LL(s) is,

2 24es
[4] . 42 [ 9Nt / d*rk
A~ A7 (2 eyl T log s (2.40)
= Agl]w(t)log s, (2.41)
with
_ ¢°Nt d?tek
olt) = F5 / e (2.42)

We stress again that equations (2.41) and (2.42) are independent of the particular particles

(gluons or quarks) which undergo the scattering process.

The above calculation was performed in the Feynman gauge. The scattering amplitude,
of course, should not depend on our gauge fixing condition; however, experience with the
derivation of the DGLAP evolution equations from within perturbative QCD has shown
that a careful choice of gauge can simplify the classes of diagrams which contribute to a
given process to leading logarithmic accuracy. It turns out that a similar simplification
occurs in the analysis of the Regge limit scattering amplitude, if one is content to dispense

with explicit Lorentz invariance by introducing the noncovariant Coulomb gauge. The
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2: The high energy limit of QCD.

‘advantage of this gauge over the fully Lorentz covariant gauges lies in the structure of the
graphs which give logarithms in higher orders of perturbation theory. In particular, for the

colour octet channel these noncovariant gauges allow for a very simple analysis [17, 18].

The Coulomb gauge corresponds to the classical gauge fixing condition,
V.A% =0,
or in a different notation,
2,AL — (N, 0") (N, AL) =0
where N, = (1,0,0,0) and a = 1... N2 — 1. This gives rise to the propagator,

Pu,,(k)tﬁ“" sab k.N(k,N,+k,N,)—k,k,

ab
k) = = —
Duk) = e = Toge [ (k.N)E = k2

(2.43)

From here we can see how our desired simplification can arise. If we consider the exchange
of a gluon across a large rapidity gap such that the polarisation sum of the exchanged gluon
is dominated by its +— component simple algebra shows that the relevant propagator (2.43)

is well approximated by
1

D_ (k) ———
—+(F) (N.k)?2 — k%’
corresponding to an instantaneous Coulomb exchange across the rapidity gap. A large flow
of + momentum down such a line will now be suppressed relative to similar cases in the
Feynman gauge, since

1
O

in Coulomb gauge

which is reduced by a power of kt over

1
D ~ - in Feynman gauge.
Tt (@ktk- - k?) YRR BT

Thus the logarithm which appears in the graphs in figure2.7 for the Feynman gauge will
be absent here because a large flow of + momentum down line k and back up line k — ¢

makes these propagators ‘hard’ and kills the logarithmic integral over a.
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2: The high energy limit of QCD.

We know that the amplitude does not depend on the choice of gauge, so the logarithms
in the Coulomb gauge must show up in some other form of graph. The relevant graphs are

vertex corrections, an example of which i1s given in figure2.9:

1

kY 7 k-q

Figure 2.9: A vertex correction type of graph which contributes a leading logarithm in the Coulomb

gauge, but not the Feynman gauge.

In a covariant gauge this could not give a logarithm of s, since it could only depend on
scalar products of momenta at the top vertex which are all of order ¢; but here it can also
“be a function of p;./N, with N the timelike vector used in defining the Coulomb gauge.
Consequently the graph in figure2.9 gives a contribution

dk+dk—d*k "(p )
4| o 4 1 ;L n 1
AAl ~ g /——W—(Qpl L)agulu mg“"”a(gm — k- q)ﬂ

Ps.s(k — q) (k) q) v e Agx Age
X (kﬂ_ﬂq)2+zeg g’ k') (‘)I" ) ( ( 2 Py — ) 61‘16“26/‘3 I‘i .

x [Colour Structure]

The colour algebra is again easily performed through use of the Jacobi identity and again

gives N./2 times the colour tensor (2.32). Then, using

+ 2
1t p
281 Puas(R)g™ Byl = 02 = 4 (25) kb9
this becomes

Al ~ ( 6y 2, )(~ m)—

§ / dk+dk=d%k | 4( )2 k.(k - q) 1 (—4k*py)
(27)* kt/ Kk —q)? (py— k) +ie &

36




2: The high energy limit of QCD.

We do the integral over k™ by picking up the pole from the propagator

k% +ie
A + [ 1.—
= 2 (- )

to give

+- P et 2bel K (F— &
4| 274PPy s 1\22 2/1dk d**tk k.(k—q)
Adg” = |g"—— (b, ) ,\2,\4)} X =529 s Ty (2.44)

with ¢ some lower limit to the integral over k. The apparent ultraviolet divergencev in
(2.44) from the transverse momentum integration cancels out when we account for the
other vertex correction and external wavefunction renormalisation graphs. For the present

we can simply assume the standard rule in dimensional regularisation that

dZre;
e
kp

and throw away the divergent term. On changing variables from E—k'=Fk-~ ¢/2 the

remaining transverse integral then becomes

PYE (B de)g =@ (PR
@m) (k' —q/2)2 (k' +q/22 2 ) @m)Pk2(k-q)2

so that finally we have
+
AAM =~ AP x o) log (’%) . (2.45)

Lorentz covariance is preserved once the relevant contribution from the p, — p, — g vertex

correction is included, since this gives 45 ~ log(p{) + log(p; ) ~ log(s).

Generally speaking then, multiple gluon exchange across a large rapidity gap does not
generate logarithms, in the Coulomb gauge [17, 18]. Therefore the general leading diagram
in Coulomb gauge is as shown in figure 2.10 in which the blobs represent full vertices
calculated to all orders at leading logarithmic accuracy, and also include wavefunction

renormalisation factors for the external legs.
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2: The high energy limit of QCD.

Figure 2.10: The general leading diagram for the colour-octet amplitude in the Coulomb gauge. The

blobs represent full vertices calculated to leading logarithmic accuracy.

It is now very easy to show that the full vertices must exponentiate. We can simply ap-

ply the requirement of Lorentz invariance of the full scattering amplitude [17]. Taking into

account helicity conservation of the scattered gluons we can write the leading logarithmic

p; — q — p3 vertex as

¥ (¢, q) = "% 2p] 11(¢,q)

+

where ¢ = log (p_;lf) Similarly, the p, — py — ¢ vertex we can write as

Tt (5, q) = g'+" (—2py)" 72(n,q)

with n = log (%‘i) The amplitude in figure2.10 is then

L 1)—25
AP = 9"~ (=62)(=0,0,) MG )m(n, ).

(2.46)

From Lorentz invariance under a boost in the z-direction, we know that the amplitude

cannot depend upon ( and 7 independently, but only in the combination ( + n = logs.

That is,
(¢ D)r2(n,9) = F(C+n,q)

hence the vertex factors v necessarily exponentiate,

(¢ q) = Ag) exp (w(q)¢)),
Y2(n,9) = B(q) exp (w(q)n).

With the convention adopted for our definition of the vertex factors, a comparison with
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2: The high energy limit of QCD,

the Born term shows that A(q) = B(g) = 1 and so finally

w(t)
A AP (%) . (2.47)

If we apply a Mellin transform to this amplitude, defining

. . 1 Oods’ S’ —j [LL] f
Fl.t) = / S (5) A (2.48)

then we get

f(@)

POt =510

which, in the language of Regge theory, means that the colour octet amplitude is described
by a simple Regge pole with a trajectory given by a(t) = 1 + w(t). It merely remains to
calculate the trajectory function w(t), which can be found very simply from a one-loop

calculation. In fact from our Feynman gauge considerations we already know the trajectory

function, from (2.42).
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2: The high energy limit of QCD.

2.5: The vacuum channel.

We shall find that the behaviour in the vacuum channel is not. nearly so straightforward
as for the colour octet case. In fact the amplitude A will not turn out to be a simple Regge
pole, but rather a fixed cut in the angular momentum plane corresponding to the exchange
of a ‘bound state’ of two interacting reggeised gluons. We shall attack the problem along

the following chain of logic, as used by the BFKL authors and Bartels [11, 12, 15]:

o We use the results on the reggeisation of the gluon plus general principles of
analyticity of the S-matrix to write down the 2 — (24 n) amplitudes to all orders,

at leading logarithmic accuracy.

e These amplitudes are inserted into the unitarity equations in order to cal-

culate the absorptive part of the scattering amplitude in the vacuum channel,

Disc,Ay(s, t).

o Owing to the fact that the absorptive part of A; is dominated to our accuracy
by diagrams with only two reggeons in the t-channel a recurrence relation can be
written down which links n gluon emission with (n—1) gluon emission. This recur-
rence relation takes the form of an integral equation for the scattering amplitude:

the BFKL equation itself.

e In principle, a dispersion integral can be written to get the full amplitude from
its absorptive part. Here, however, we are really more interested in the absorptive
part itself, so will not carry the analysis through to its conclusion. In fact, the
real part of the vacuum amplitude coming from the dispersion integral is formally
nonleading, being down by a powef of log s relative to the imaginary (absorptive)
part. This is shown easily by expanding the general log” s term of the expansion
for the vacuum amplitude, —slog™(—s) — ulog™(—u) ~ innlog" '(s) + ---. Here
as always we interpret log(—s) = logs — im when we approach physical s from

above the real axis.
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2: The high energy limit of QCD.

2.5.1: The phase space for extra gluon emission.

As we set out above, our analysis of the vacuum channel will require the amplitude
for 2 — (2 + n) gluons to leading logarithmic accuracy. It may seem perverse to look at
the 2 — (2 + n) amplitudes when one is in fact interested in just the 2 — 2 scattering
amplitude in the vacuum channel; however, this approach is actually a simplification in
that the 2 — (2 + n) amplitude to leading accuracy can be written down purely in terms
of colour octet exchanges, which are relatively simple. The appropriate starting point is to

introduce the variables by which a production amplitude is described. These are defined

R

va\/\k
v9;
NN K
q
oAk,

in the figure2.11.

VaVaVaVaVau '
‘l’qnﬂ

Figure 2.11: The definitions of external particle momenta and momentum transfers for the

2¢ — (2 + n)g production process.

The (2 + n)-particle phase space is, as usual,

n d4 k n+41

H 2m6(k3)O(KY),

or equivalently

2m8(k;)O(k]).

It is useful to decompose the various momentum transfers ¢; in terms of Sudakov param-
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2: The high energy limit of QCD.
eters,
g = a;ply — Biply +af)-
The phase space then becomes

1n,+1 dev: d,@ do(j.l n41 )
Ay, = 25" [[ =505 B H §((e; — a1 1)(Bj11 — By)s — k7 ),
1=1

with the definitions oy = 8, ,, = 1. To avoid double counting, we choose a specific labelling

of the final state particles such that they are ordered in rapidity y, where y is defined as

= é—log <§> : (2.49)

and so we number the momenta such that

Ynt1 > Yp > > Y2 > Yy (250)

With this understanding, we need no symmetry factor to account for the identical particles

in the final state since we have prevented any double counting from the outset.

The variables o and # are limited from above by 1 and from below by something of the
order of u?/s with u? some scale (much less than s) at which the transverse momentum
integrals are dominated, typically u? ~ |¢?| ~ m? in the Regge limit of a massive theory.

Thus rapidity y varies roughly from

¢ 1 K s ¢
2= ~"log{ — y< 1 = 4=,
2 2 °8 1 T g8 u? +2

and integrals over rapidity give rise to logarithms of energy owing to the large area of
phase space which is available. To leading logarithmic accuracy, we can make a stronger
statement than (2.50) and assume that the gluons are distributed in the so-called multi-

Regge kinematics, so that in fact
Y41 > Un > > Ya > Yi- (251)

In doing this we understand that our resulting amplitude will be a poor approximation

for any configuration for which two gludns are closer in rapidity than some fixed interval
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2: The high energy limit of QCD.

Ay = € say; however, this is irrelevant to a leading log calculation, since
Yn—¢€ Y, —¢€ Cn
[y [ e [ =S o (2) ]
=

so to leading log we can set € = 0. In terms of the « and § variables the strong ordering

in rapidity means that

q
13>y > ay 3> > oy > 5,

2 (2.51)
1>>ﬂn+l>>ﬂn>>"'>>ﬂ1§'s—'

With our strong ordering approximation then, and after using the é functions to fix
each f; and also a,,, (from which we get the lower bounds on « and § used above) we

find our phase space measure to be [11]

27r da; s, 2
1
d®y, = H H 2(27:)3 (2.52)
Equivalently, we can change variables to rapidity,
dy; = doy
&
so that
o7 n n+1 dZ(Ti_L
4y, = — [] dui ] TEmER (2.53)
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2: The high energy limit of QCD.

2.5.2: 2 to 3 amplitude at tree level.

Let us consider first of all the production of just one extra gluon, and at tree level

only. The appropriate graphs which contribute to leading power of energy in the Feynman

gauge are as shown in figure2.12.

(ii) (iii) (iv) W)

Figure 2.12: Graphs contributing to the 2— 3 amplitude to LL(s) accuracy in the Feynman gauge.

Firstly we deal with graph (i) of the above set. We can make the usual approximations
for the upper and lower vertices, which as always are dominated by a single tensor structure,
but at the central vertex we must take into account all polarisation flows. Thus we have,

leaving the colour structure aside,

Aa Ag Ag* Ayx A+ 3 1 1
Ay = €ulCupeuy €y €ny 9 gll””“(sz)p?FPW’(le—Qz,—kl)q—zg'lBﬂz(—QPB)”.
i 2

Then with

PPW‘x(ql, —(qs, ._kl) = (_‘11 — qz)lhgp'l + (kl + ql)')gplh + (q2 — kl)ﬂgﬂﬂl

>~ (—apg+ Bopp — G110 — 921)" 9" + 2a,p7 g7 — 28,09

we find that
1 “’l 1 ,\
Ay = =25 (=00, )9 g2l ba— Bapp — (@11 + 921) ¢z 9(=bx0,) € -
! 2

Now for the ‘Bremsstrahlung’ type diagram in graph (ii) of the above set. The corre-
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sponding amplitude for this reads as

2
Ay = 9(=0x 3, )(2p4) g—(p—/l)? 7 9(=2pp) (=65 5,) €’ x [Colour structure]

(kg + &
. 2
= —25 g(—6, , )i2 g[—ql—(2pA)] l iz g(—65 ) e,,‘* x [Colour structure]
A% ql ﬂzs qz B2 1

Diagram (iii) gives exactly the same contribution apart from a minus sign and a different
colour structure. By making use of our favourite colour relation (the Jacobi identity) it
is clear that on summing graphs (ii) and (iii) the colour algebra gives an amplitude with
the same colour structure as graph (i). Lipatov and collaborators make use of this fact to
write the sum of diagrams (ii) and (iii) as an effective graph of type (i) with a production

vertex for gluon k,; given by [10]
a
Vi = D (o g,
,825 ( A)

The same consideration applies to the pair of graphs (iv) and (v), which when combined

give an effective graph with production vertex
2
4 L
Vi = == (=2ppg).
s (—2pp)

So, the amplitude we get from summing over all the graphs in figure2.12 can represented

in the factorised form,

3 1 L 1 Ay *
A[zls = —2s g(—6),),) (‘1'%‘ 91" (g1, 92) q_% 9(=bx,x,) €u} (2.54)

with the colour structure corresponding to graph (i). The BFKL effective vertex I'*1 is,

' 2q 23\ 4,
FI 1(ql» q2) = =L p - ﬁz + _2 P% - (qu 4+ QQ_L)”l, (255)
S 2q " S 2q2
= ( 2L l)pil - ( Al + )pB — (g1 +a0)"™ (2.56)
S SA1 s Sp1

Thus we have the nice result that the full amplitude for 2 — 3 gluons at Born level and
leading logarithmic accuracy may be represented by the single diagram in figure2.13, with

a suitably defined vertex given by (2.55).
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Figure 2.13: A diagrammatic representation of the BFKL form of the g¢g — ggg production ampli-
tude at Born level. The colour structure for the figure is given by the usual colour rules
for the respective vertices; however vertex I', is an effective vertex taking into account

graphs with a different topology to the one shown.

As a check of the gauge invariance of the final amplitude, one can show that to the extent

to which
ky >~ oypy+ Baopp + (411 — 21)
then

kiTp((h,%)‘: 0

as required. This allows us to use the metric tensor (—g, ,) as the spin sum for the
intermediate gluon k; when we insert the squared amplitude into the unitarity equations.
For the product of two of these effective vertices we get,

i ! S92 (@ = O + &G — 0
I (Qiaqi+l)(—guiy§)ri (¢; — G941 — q)=2 G =T )?
q; q1+1

- 272 (2.57)

This is independent of the « variables, so when we insert this amplitude into the phase

space measure (2.52) it gives rise to a logarithmic integration over o;.
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2: The high energy limit of QCD.

2.5.3: 2 to (2+n) amplitudes at tree level.

The analysis of production amplitudes can be easily extended to the production of a
greater number of gluons. In fact, the Born amplitude turns out to be a trivial generali-
sation of (2.54). This result was derived by Lipatov et al in such an elegant manner [11]
that I feel compelled to include their analysis here. To tree level at leading logarithmic
accuracy they found that the amplitude for 2 — (2 4+ n) gluons in Multi Regge kinematics

1s

1 A+ 1 PV |
Ay ogn = —28 g(—‘SAA/\o) —5 9" (g1, 4,) fui* = 91" (0 ) €, —-
1 7 1 (2.58)
AL+ 1 .
X oo gl‘ﬂn ((In? qn+l) €, 2 g(—é'\y’\n+1 )’
qn+1

with the colour structure appropriate to the following figure:

AN

ky

Figure 2.14: The BFKL form of the tree level production

amplitude, to leading logarithmic accuracy.

It is relatively easy to show that this is correct. Let us work in the Feynman gauge
and partition the Feynman graphs corresponding to the 2 — (2 + n) production process
into sets, which have poles in the internal momentum transfers 1/g?. That is, we define

sets {p,} such that

(o) {The set of all leading tree level Feynman graphs for the}
Pis = .

process 29 — (2 + n)g having a pole in qi?

All the leading graphs have at least one pole in the momentum transfers; otherwise the

graphs are suppressed by a power of one or more of the subenergies between emitted
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partons. Thus the sets of graphs {p;} contain all information about the full amplitude to

this accuracy, and the complete set of graphs which must be summed is given by

{Set of graphs giving the full amplitude} = {p;} U {p} U {p3} - U {pps11}-

Consider those graphs which have a pole in ¢2,. The general form of these graphs are

as displayed pictorially in figure2.15:

e

NNk
uvyvvﬂg

~ A
2
v km

NNV K2
NNV K Bom ™
N kg

A

Figure 2.15: The general structure of that class of tree graphs for the amplitude gg — (2 + n)g

which have a pole ~ 1/¢2,.

We can think of the upper blob, to which are connected gluon lines p,, —q,, and k; ... k,,,_4,

as being essentially the amplitude for a gluon of momentum p, and one of momentum
—¢q,, ~ B,,pp (and polarisation also proportional to pg) scattering to produce the m gluon
system kg ...k, _;. A similar consideration applies to the lower box, to which are connected
gluons ¢,,,pg and k... k, ;. Thus the amplitude in figure2.15, which corresponds to the

sum of amplitudes from each of the graphs in {p,,}, is given by

av

g
M{pm} = Ma'(pA’ lepB - I“'O st km-—l)'_q_g_'Mu(ampA’pB - km oo kn+l)

m

2.59
21)‘1’3132 M ( )

D
Sqm,
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in which we have used the light cone decomposition of the metric tensor,

o = Pi’w]”zj +pp‘{;p2 g7,
A¥B

There is now the possibility of an inductive proof of (2.58). By using the fact that those
parts of the amplitude which have poles in the internal momentum transfers essentially
factorise into products of smaller production amplitudes we can see that if the factorised
form holds for the n values n = 0...n, then it must also hold for n = ny+ 1, since it is the
only form of the amplitude consistent with the requirement that the relevant pole terms
coincide with (2.59). We have seen that (2.58) holds for n = 0 and n = 1; so we can prove
that (2.58) holds for all integers n =0... co.

One might worry about the gauge invariance of this argument; however the coefficients
of the pole terms in 1/g? are fixed through g;-channel unitarity and so are necessarily gauge
invariant quantities. In fact, the true method of Lipatov et ¢l makes this point explicit by

appealing to unitarity and dispérsion relations in the momentum transfers ¢;[11].
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2.5.4: Loop corrections to production amplitudes.

Equation (2.58) shows that the amplitude for gluon production in multi Regge kine-
matics takes on a very simple form indeed, at the Born level. In fact, the simple factorised
form in (2.58) is only slightly modified on accounting for loop corrections: instead of hav-
ing simple gluons exchanged in the various ¢; channels, the radiative corrections have the

effect of transforming these gluons into Reggeons, as we shall now show.

We know from general considerations of analyticity of the S-matrix something about
the singularity structure of production amplitudes"[.S]. For example, we know that in the
physical region the amplitude can have multiple discontinuities only in non-overlapping
channels. We say that two channels are overlapping if each channel has one or more mo-
mentum in common, while no channel is entirely contained within the other. Let us restrict
our discussion here to the 2 — 3 amplitude, for which the relevant kinematics are displayed

in figure2.16 below.

Figure 2.16: The kinematic variables for the 2 — 3 production process. The energies s, sy, , 5,5 are
all greater than zero and so there may be singularities in these variables. The sets of
channels {sg,, s}, {519, s} are non-overlapping, whereas {sg,,s;,} overlap and cannot

have simultaneous singularities in the physical region.
The production amplitude depends upon scalar products of the various momenta,
_ L2 2
Ay_g = Ay_3(8,501,512: 91, 92)-

Our analyticity requirement precludes a simultaneous discontinuity in channels s, and
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2: The high energy limit of QCD.

s15. The full amplitude is made up of a sum of terms having the maximal number of
simultaneous discontinuities consistent with the requirement for no overlapping channels.

The form of this discontinuity structure is shown diagrammatically in figure 2.17.

Figure 2.17: The allowable multiple discontinuities of the 2 — 3 production amplitude. Thick lines

indicate those channels in which a discontinuity can be present.

It was shown a long time ago (see, eg. [19]) that in the region of multi Regge kinematics
the following general representation of a production amplitude holds, which is analogous
to the usual decomposition in (complex) angular momentum of a simple 2 — 2 scattering

amplitude:

2
—1 e |y J2d Se 2 2
Ay_3 = (‘;{;) /d]ldJQ [51]3122 l(lejzleIZ(Jl).h;QI’Q2,77)

jp J177 .. 2 2
+ 57257} ]2C,-2C,~,,-2F01(11,12;ql,qg,n)]-

(2.60)

The two terms in the representation correspond to the two sets of multiple discontinuities
shown in figure2.17 together with the crossed channels corresponding to these (s;; — u;;
and suchlike). In the multi-Regge regime in which u;; > —s;; the effect of these crossed
channels is simply to symmetrise or antisymmetrise the amplitude in s;; — —s;; depending
on the signature associated with each ( factor. These ( functions are analogous to the

signature factor which gives the phase to a 2 — 2 scattering amplitude. Explicitly, they

have the form

e—iﬂ'(l’ + T
S 2.61
Car sinTae , ( )
—ir(o;—a,)
_ e + 7T
Caya, = 2, (2.62)

sinm(a; — ay)
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2: The high energy limit of QCD.

and contain all the phase structure of the amplitude: functions F,, and F}, are real analytic
in their arguments. The Toller variable 7 is defined as
— 501512

] 2alﬂ28=k—:2+m2.

So far the representation has been given in its general form. For amplitudes which are
dominated by the exchange of a simple Regge pole in each of the ¢;-channels the functions

F,, and F}, become

1

2
2 1
. . 2 2 . . 2
For1201 0 63, 05,m) = <;) g(ql)———j _a(qz)V0]’12(Jla]2;q1aq%1n)—j e )g(qg)
1 1

_ 2
2 2

whereon we get

2 a,—o o 2
A2—>3 = g(ql ) [30131’3 lCa,Cazalvm + 5023011 zcazcalaZVOI}g(q2)’

or equivalently

A2-——3 = g(q%)sgll [77_01V12C01C02a1 + n—QZVOICtngalaQ]S(S’g(q% .

with a; = o;(qlz).

Now we can make contact with our previous result on the Reggeisation of the gluon.
We found that the octet channel was dominated, to leading log accuracy, by a simple Regge
pole of negative signature (r = —1) with a(q*) = 1 + w(¢?). Now, remembering that n
remains finite in the multi Regge limit (n ~ k 2), then to the accuracy we need we can set

r'_a = 77—'(1+w) ~ 1]—1 + .-

and also the { factors simplify,

e—ir(]+w) -1 N 2
sinm(l +w) ~ 7w’
e_i”(“’2_“’1) +1 2

sinm(wy —wy) ~ m(wy —wy)’
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2: The high energy limit of QCD.

and so we get

Sp1 S 2 2 2 2 w
A, . = S w;[ Vi — v ] 2 (2
23 - 24(q )s01 Ty 1(wy — wy) 127 T(wy — wy) 01]$129(92)

2\? @ Vor+ Vi) w, , 2
—-(;;) sg(q}) s (W s129(q3).

By redefinitions of the various components of the amplitude this can be cast into a neat

factorising form,

‘(‘]’1(‘11) ‘;’2(‘12)
Ay 3= _23FA(‘11) 3 Fl(ql"h)TrB(qz) (2.63)
1 2

which should be compared with the Born result (2.54), from which we can pick out the

various vertex factors.

By induction we can demonstrate that this factorised form of the amplitude generalises
to the production of greater numbers of particles. We thus find that the amplitude for the

29 — (2 + n)g process in the multi Regge limit and weak coupling approximation is given
by([11]

“’3
A 99— (2+n)g —2sg(— 6,\ Ao ) 01 gF" ((Ilaq7)6ﬂ1 _22‘9Fﬂ2(qZ7Q3)5u2 izs
q3 q3
it (2.64)
nF Cn,n
. gF““(Qn’qn-}-l)eﬂn (_ A An_“)'

n+1

This is a remarkably simple result, considering the complexity of the Feynman graphs
which contribute to this process! Evidently there are huge cancellations occuring between
the various graphs. The nature of these cancellations can be made clear by an appeal to

the Ward identities, as the discussion in reference [20] shows.

The result (2.64) is displayed diagrammatically in the following figure.
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2: The high energy limit of QCD,

Figure 2.18:
The amplitude for the production process 29 — (2+n)g in the multi Regge
limit. The colour structure follows the usual colour rules for the diagram,
vertices I'; are the BFKL effective vertices defined in (2.55), and the jagged
lines in the g;-channels correspond to the exchahge of a reggeised gluon;

thus exchange g; is associated with a factor

w(g;)

i—1,8

qf

~
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2: The high energy limit of QCD.

2.5.5: BFKL equation for the scattering amplitude.

Having now found the production amplitudes to leading logarithmic accuracy, we can
insert them into the unitarity equations to calculate the discontinuity of the scattering
amplitude. Taking into account the form of the production amplitude given in (2.64) this

can be represented diagrammatically as in figure2.19:

Figure 2.19: The discontinuity of the scattering amplitude written in terms of the amplitudes for

the production of multiple gluons, to leading logarithmic accuracy.

This is a representation of the BFKL equation in terms of ladder diagrams, although it
should be borne in mind that this is only an effective representation for the huge numbers of

Feynman graphs which actually contribute to the process to leading logarithmic accuracy.
Explicitly, from (2.53) and (2.64) we find that figure2.19 corresponds to

n+l1

~Dise, A(s, t)—287rs/del/H9(2ﬂ
n=0
S # q] +w(q1‘q) L ’
x g°T 4Ty oo/ 2()q — 9* T8 (015 ) (=9, )TF (01 — 4502 — @) -+
1

(8n n41 [ p2)? Gn41)F0(Tny1 =)

q‘n2+l (q_‘n-i-l - q_‘)2

! 2
g2F;(qn’ qu-}—l)(_guu’ )F:Il ((In ~ 441 — Q) g I‘BI"B

x Colour structure.

(2.65)

Now equation (2.65) as it stands mixes the contributions of the colour octet and singlet
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2: The high energy limit of QCD.

channels to the full scattering amplitude. We need to seperate out the various contributions
explicitly, factoring off the overall colour structure as in (2.30). This is easily done using
the orthogonality of the various colour tensors and gives for the colour factors with n gluon

emission

n JVCQ n n
e = (FCZTT) (V)" = PN,

n Nc Nc " n
o' =% (F) =coen

(2.66)

so we can associate a factor A\; N, with each emitted gluon, defining A\; =1 and Ay =1/2.

Let us simplify our notations for the following formal manipulations by defining
&; = (@) + (@ - T, (2.67)
and

’C}(‘Tiﬂ,(fi, (T) = (92/\[Nc) Pt'ti(qi, (1,'+1)(—9,4'.,;;)Ff"(‘1i — 4941 — Q)
G- D+ 3G - (2.68)
— — 2 - 2(] -
(‘1:‘ - ‘Ii+1)

= (9*\/N,) [2

In terms of the rapidity variables y; the various subenergies become

Si-1,i O‘i—lﬂi+13> |
1 = log | —=Lli41”
Og( 2 ) og( p? (2.69)

YT Yia

So, all the factors in (2.65) which depend upon energy become simply

% Yn y'Z n+l _
w2 [y [ty [ [Lemnn. (2.70)
2 2

_< :
2 1=1

with ¢ = log(s/p?). After changing variables from the rapidities y; to the rapidity differ-

ences A; = y; — y,_;, this can be rewritten as

n+l o0 n+1
pe ] / dA; B § (Z A; — c) (2.71)
i=1 70 i=1
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2: The high energy limit of QCD.

It is convenient to Mellin transform this expression, similarly to (2.48). Using

B8 Ge) e e

then the Mellin transform of (2.71) can be trivially performed to give

n+1 n+l
1

1

LT e@ - @ -0

We see that for every two-Reggeon state in the t-channel of figure2.19 we can associate
the factor
1 _ 1 1
D(3,q,q) 7 —1-wild) - w(d — ) GX G — ¥

This is a familiar kind of result from the Reggeon calculus ideas of the sixties and seven-

ties[9].

So, we have that

n+1
1
_Dlsc AI(],t)—Z&rC /H ) t ZFA IC D s IQZPBFIB
n+
0] n+1 r) n+1
2 2 !
_st, /H Zw)é, [2(% (Zk)}gl",‘l" o HD ¢’T gl
m=1

If we rewrite this in the form shown in the second line of figure2.19, then

lDisc A;(5,t) = 8WC[O]§: dz‘TA dg‘TB g2F T
i g < I\U» 1 2(27!‘)3 2(27!')3 A+ A

1

0 d*q &g -
=8r C}) 2(2733/9(9 8 " T 4T G1(Tn, 05, 3:7) 9T BT

Km
I 1} ¢’rply  (2.73)

where G;, which can be interpreted as essentially a two reggeon— two reggeon Green’s
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2: The high energy limit of QCD.

function in the old language of the Regge calculus|[21], is given by

G1(Ta, 05, Ti) = Y G Udn, 05, T:4) (2.74)

n=0

with the index n refering to the (2 + n) gluons in the intermediate state in figure 2.19.

Comparing (2.74) with (2.73), we get

O~ ~ . _ 2(27)*6%(34 — dp) 1 o
and for the higher g}"]
n . 1 n
[n] /H 2(2 s 2(2m)%8? (Z ki — G4+ ‘TB) H
Dy 25
(2.76)

:/ &g, ICI(qB,qn,q) /"Hl 1 Y OKp
2(2m)? 2(2n)? D, 11D,

Equation (2.76) shows that the higher gE”] satisfy a recursion relation, due to the ladder

structure of figure2.19. In fact equation (2.76) reads as

‘)—o[
n} > n—1} - -
G (dardp,6J) = D, /2(‘, )3/C1(q3,q' DGy U ga 7', 39)
(2.77)

1 [n—-1]
—K
Dy 10G;
forn=1...00, with ® standing symbolically for the convolution in transverse momentum
q'. Equation (2.77) means that the full G; must satisfy an integral equation, in the form
of a Bethe-Salpeter equation for the two-Reggeon — two-Reggeon Green’s function, which

is given by

1
G =6"+ 5-K100;. (2.78)
B

This equation is portrayed in figure 2.20, and is the BFKL equation for the scattering

amplitude which embodies all leadiﬁg logarithmic corrections[11, 12, 18, 20].
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[l
“WWw~
V\M/W\z

Il
“WW~
MWW

Figure 2.20: Diagrammatic representation of equations (2.74) and (2.78) for the

two reggeon— two reggeon Green’s function G;.

As equation (2.78) stands, it is not clear that the infrared divergences corresponding to
real and virtual emission cancel out. This does however happen for the vacuum channel, as
we can show by rewriting this equation in a slightly different form. We start by reshuffling

terms to give

1—-w
G1(3a,0p,47) = 91 Ngur 5,3 7) (——-—2)
7—1
24 ’Cz(qB 7', q) ©p (2.79)
f—ol 9 — fod B T — — - -
2(2#)3(] — 1) /d (qB “)2g1(qA’q ’Qa])+ J _ 1gI(qAan7Q1])'

Now, we have that

w( _‘) B _92]\]6('1-'2 d2+c(j‘l
VT | 7T -9

2 —2 2+c-'l
_ 9°Ng /H d { !, 1 } (2.80)
2(27)3 q’2+(q—q')2 '? (- q")?

92N, § d*reg! 1
Y e
(27r)3 / (7= (T—-q")?
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so our equation can be rewritten as[11]

L. 2027038, — §g) 1
G(d4,05.4:7) = . —
14 j—1 72(ds — 7)*
f Nt [ e 22, (4 BT = P+ T U~ T qﬁ> G1(ds, ", 4)
2(27)3(5 - 1) (dp — (1')2 q2(qp - q)?
—2( =T s 5 z)gz(qA,qB,q 7)
7*+(dp —q' ) (dp —
(7 — 7)* 1 )
-2 = LB Y —; G449, T
(q’2+(q3—q— N2 (g -7—q)° MON LI
and finally
- ~_ 2(27)38%(d4 — qB) 1
g q" ’q )q_‘;J - - - — —
da,05:4:7) i=1 q5(dp—q)*
+ ]ch2 d2+f(jol 2/\1 (q_'BQ((T’ — (7)2 + 6‘/2(6‘3 — q—')Z _ q*2> g[(q—‘Aaq—‘laq_.;j)
2(27)3(5 — 1) (4 — q")? i (dp — 7)*

(2.81)

-2
—2(4 = Gi(T4,08,4:7)
"+ (dg - )2 (0 -7 )? N
(@8 — 7)* 1 ) o o
2 = — G(d4,0B-0:7) ¢-
((q’—q)2+(qa—<1’)2((1B—q’)2 A8

For the colour singlet channel, for which Aj=1, any potential divergence as ¢’ — g

now explicitly cancels out between the real and virtual emission terms, so we can now
safely take the limit ¢ — 0%. For the colour octet channel, for which A\ = %, we must
find that equation (2.79) reproduces our original result that the gluon lies on a Regge

trajectory, in order for the whole analysis to be consistent. If we introduce the function ¢

such that

")+€ —

9@ q3) =" - §) /d(2 )391(%, N

then equation (2.79) becomes

— —~ _ ]'
9(dB,4:7) = <]._1>

L Mg /d2+c‘7' [ @@, (-9 9(d", 4 5)
1) 3y (PG -7 7 TP @ -7y o - o) ST

_ N,g® /dw‘f [ a5 + (7 — 7)° 9(4p, 45 7)
i—=1J 227 |G —4¢") ¢ ig—-T-7")° ’
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2; The high energy limit of QCD.

which has a solution ¢(¢p, ¢} j) = ¢(q}j) independent of ¢p, and given by

1

g(fﬁj)=m

with w(q) defined exactly as before. This is a highly nontrivial check of the gluon’s

Reggeisation and demonstrates the self consistency of the formalism(11, 15].

2.6: The model for small-x processes.

2.6.1: Scattering of bound states.

The analysis of the previous sections was devoted to the scattering of the fundamental
particles of QCD — quarks and gluons — whereas in reality we deal with initial and final
states which are colourless composites of these basic constituents. We shall need further
phenomenological assumptions in order to apply the results of the previous sections to

these processes.

As always in perturbative QCD, our starting point will be to allow ourselves (the luxury
of) a Fock state decomposition of the incoming hadrons into the fundamental fields. Such
a decomposition would be valid for the scattering of stable, heavy quark bound states
— so called “Onium” states — with mass M2 > A? [2]. The characteristic length scale
associated with these bound states is much smaller than that associated with lighter states
like the proton, R ~ 1/M < R,, and hence these states essentially decouple from gluons
of small transverse momenta k2 ~ AZ. (In physical terms, such gluons can only resolve
the net colour charge of the whole Onium state — that is, zero). Another process would
be the scattering of some high energy photon coupling through a very heavy, stable quark-

antiquark pair[13]. This is an even cleaner situation since the Q) wavefunction can here

be calculated through the pointlike coupling of the photon to the QQ pair.

We shall outline the treatment of vy scattering here since it is of direct relevance to
the deep inelastic scattering process. As in section 2.5 we determine the total cross section

for chOT('y'y — X ) mediated by heavy quarks by summing over the production amplitudes,

o (= X) =" |4 gy - QQ +ng + Q@

TOoT
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2: The high energy limit of QCD.

The crucial observation is that to leading logarithmic accuracy a reggeon couples to
only one of the partons in the photon [13] (cf. the coulomb gauge analysis in which
gluon reggeisation was explicitly due to vertex corrections only). This allows us to apply
the BFKL formalism to these processes with only a very minor modification: the full

amplitude for n gluon production simply factorises into a product of independent pieces

AUy - QQ+ng+Q QN = Y Y 0o, AN 5 ij 4 ng)
i=Q,Q j=Q',Q’

with ¥, ¥; being the amplitudes to find parton i, inside the two photons, and AE]LL]
being the fundamental production amplitude calculated in section 2.5. This equation is

depicted in the following diagram.

Figure 2.21: Factorisation of the vy — QQ + ng + Q'Q’ amplitude to leading logarithmic accuracy.

On squaring this amplitude and summing over the number of produced gluons we

find that we can write the following expression for the Mellin transformed discontinuity,
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2: The high energy limit of QCD.

similarly to (2.73),

I‘A(é‘/h ‘j‘) .7) go(q_.A, q—.Ba q_: .7) FB(q—.Ba ‘T;])
(2.82)
where the ‘impact factors’ I'y (I'g) will now depend on ¢,7 and ¢4 (¢5) due to the fact

L o o [ &34 / d’qy
?DISCSA('Y'Y'_"T'Y)_ 87 Cy /2(2@3 2(2m)3

that the incoming photons are not seen as pointlike in QCD.

Figure 2.22: Equation (2.82) for the discontinuity of the yy scattering amplitude to leading loga-

rithmic accuracy.

2.6.2: Application to Deep Inelastic scattering.

We assume that the factorisation in (2.82) can be applied to the situation in which one
of the photons is replaced by a proton, in which case we get information on the small-z

limit of deep inelastic scattering. Inverting (2.82) through to z space we get

1 ‘ 21 1 27
0% ~ grCl [ E dk/dxo d’k,
Frals @) ~ 876 ]z :L'",/2(27r)3 = T J 2(2m)3 (2.83)
x F’}g]lz(l/rl’ E* Qg)go(l"ta EO') q= O;fE'/xo)fp(:Eo, EO) ‘
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2: The high energy limit of QCD.

with 7, and F}g ]L being the impact factors corresponding to the proton and photon re-
spectively. We note that the transverse momentum integrations run over all areas of phase
space, including the area of very small transverse momenta. There are no infrared diver-
gences associated with these integrals though; although G, is singular as l_c‘o — 0 (E — 0)
these singularities are compensated by corresponding zeroes in F, and Fp, 1, corresponding

to the fact that the proton and photon are globally colourless[13, 15].

There may be no infrared divergence in (2.83), but we see that there will be a con-
tribution to the structure functions from the region of small virtualities where we have
no faith in the validity of perturbative QCD. The function F,(z,, k2) corresponds to some
‘non-perturbative’ input distribution of gluons before perturbative leading logarithmic cor-
rections have been accounted for. We might expect it therefore to have a large component
in the infrared region Eg ~ A?. Indeed, in the phenomenology which follows we shall see

that the infrared uncertainties associated with (2.83) can be very significant.

Usually equation (2.83) is rewritten in terms of a new function f, defined up to nu-

merical factors by

Ly [Vdzy [ Pk
Fla, k) ~ k4f mi()o/ s Go(E, By, @ = 0;.2/30) T, (20, Fo)- (2.84)

In terms of this function f the factorisation formula takes the form [22]

Fr (2, Q?) = / de’ / F (o/', F, Q) f(a', F), (2.85)

with the unintegrated gluon distribution f(x,E) satisfying the BFKL equation at zero

momentum transfer; which, from equation (2.81), is given by

| Moy 1 &R k2 - k?
f(@oR) = fola ) / / (F — k)2 (f( )@_f(x’k)k"w(l}'—l?)?))'
(2.86)
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2.6.3: Unitarisation corrections : the GLR equation.

The leading logarithmic approximation of the previous section leads to a very steep

behaviour of f(z, 1;), and hence also Fy(z,Q?), of the form[12]

.’L'—'\

flz, k) ~ —e—. 2.87
(z, k) D) (2.87)
This is in contradiction with the Froissart bound on total cross sections, which means that
cross sections cannot grow more rapidly than
2
O or ™ log” s
in the limit s — oo. Of course, strictly speaking our leading logarithmic analysis has
assumed that g2logs ~ 1, and in naively taking the limit s — oo with g? fixed we violate

this requirement.

One simple model to tame the power law growth in (2.87) is set out in [20]. The
motivation of the model again seems to lie with Regge calculus ideas. We note that there
is no reason in principle why a reggeon cannot be exchanged twice in the same amplitude
— indeed, unitarity requires such contributions to exist. So, for example, we must allow
for multiple exchange of the BFKL ladders if we are to satisfy unitarity. These multiple
exchanges of Reggeons can be accounted for through the Regge calculus, in which the

input reggeons and their interactions are derived from QCD by explicit calculations.

The authors of [20] treated the BFKL pomeron of the previous sections as the fun-
damental, ‘input’ Reggeon of the theory — by analogy with the ideas in subsection 2.2.2
— and proceeded to compute the triple pomeron coupling. However, we have seen that
the ‘pomeron’ in QCD is not a fundamental object; and in consequence it is not a moving
Regge pole but rather corresponds to a fixed cut in the angular momentum plane. Futher-
more, it is supercritical in the sense that the tip of this singularity lies to the right of unity.
The theoretical basis of the GLR equation is therefore open to doubt, and in recent papers
it has been shown that the approximation of treating the BFKL pomeron as an entity
in itself with no Reggeon substructure does overlook some contributions which are of the
same order, formally [23]. It may however be a good first approximation to the unitarity

corrections.
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2: The high energy limit of QCD.

To derive the GLR equation we consider the deep inelastic scattering process in the
limit Q%2 — oo, W2/Q? — oo; a doubly logarithmic limit. The first observation we can
make is the dominance of the triple pomeron coupling arising as a consequence of the idea
of enhancement [24, 20]. This idea first arose in connection with models of the old ‘soft’
pomeron as a critical Regge pole with trajectory a(7) ~ 1—a'q’2. We note that the crucial
region of importance in these models is the region j ~ 1, where the branch points due to

many-pomeron exchange coalesce. Consider the relative contributions of the diagrams in

figure 2.23.

k1\‘\ ,'/ q-k

kl\‘\ ll/ q- kl
:Lq

2 /': \‘\q -k,

:C>: kaf' Wk

(a) (b)

Figure 2.23: Graphs in pomeron field theory, involving
(a) A fundamental four-pomeron vertex,

{b) Three-pomeron vertices.

The contribution from figure2.23(a) is given by

- - g 1
d*k /dsz ki, q - -
/ 1 2Va(ky q)j—1+a’k12+a’(kl—<j‘)2

— — 1
PP =
X vpp (k1 kg G = =
PP( 12 ™2 )] 1 +Ol’k22+01’(k2 _(1,)2

(2.88)

Ny(ky, )

In the region j — 1, the pomeron propagators give large factors ~ 1/(j—1). This being the
case, we can see why the three-pomeron coupling should have a special status as we show

on the next diagram 2.23(b). This gives rise to a contribution to the scattering amplitude
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of

’YII;P(kl " (T)
- 1

S — pp(ks, §)
. — 7 _,’q . o - —
j—1+alg2 PP j=14+a'k}+a'(k, ~q)

- - - ‘ 1
/dzklfdzkzNz(kutf) = =
s 17.2 Wk, — g)2

2 NZ(EZ’ q‘)

which contains an extra pomeron propagator compared to (2.88), and so is enhanced

provided that the three pomeron coupling is not anomalously small.

In fact, in the asymmetric limit we are taking, in which Q* — oo, we can simplify
the situation further by realising that a single orientation of the three pomeron vertex
dominates in this limit, namely 7II:P > ‘ng. Thus if we write the general expansion of

the cross section in terms of pomeron Green’s functions

a(s) ~ > Np(ky k@ = 0)G(ky -+ i Iy -+ L3 7= OIN (I -+ ;4= 0)  (2.90)

n,m=1

we can truncate to just those contributions with a single pomeron coupling to the photon,
a(s) ~ > Ny(k;§=0)Ga(k; Iy -+ ;T = OWN,(T} - - 15§ = 0) (2.91)

where the Green’s function G! is constructed through a sequence of elementary 1 — 2 bare

pomeron branchings with vertex factor 'yII:P. These are the so-called fan diagrams of [20].

Figure 2.24: The representation of the scattering amplitude in terms of pomeron Green’s functions
in Reggeon Field Theory. The GLR equation sums the fan di'a_qrams constructed purely

from the triple-pomeron vertex 711:13: as shown.
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We can rewrite the summation in (2.91) as shown in diagram 2.25.

™
@-

[l

+
M
.,

I
+

Figure 2.25: The equation for the ‘full pomeron’. Broken lines denote the ‘bare’ pomeron propaga-

tor; Full lines denote the ‘full’ pomeron, defined as shown.

The equation summing these diagrams, along with the BFKL resummation, is given

by [20, 25, 26]

. v Na [Ydz' re &2k o k2 - )
z, k) = folz, k +_c_3;/ ' = g k)= — f(z', k)= I
f( ) fO( ) 7r2 . z' 0 (k . kI)Z (f( )klz f(z )klz + (k _ k')z)

47T3 asNC 2 1 1 dz' 12 ~(2) (.0 12
- — [ = o F
o () w [ et )

(2.92)

where the two-gluon distribution G(*) is given for a nucleon target by

— 1 3R =912 9 ~9.12

(2,0 122N ~ vt 1122 — r o2

CHOES PR o' B = o o B (2.93)
with, to doubly logarithmic accuracy,
aE? -

09(e,Q0) = [ S, (2.94)

The parameter R in (2.93) is the effective transverse radius within which the gluons

are distributed in the nucleon. If they are distributed homogeneously across the whole
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of the proton, we should have R >~ 5 GeV~!; however there are arguments [27] that the
gluons may be concentrated in a smaller region than this, in which case the effective value

of R can be smaller, R ~ 2 GeV™L.

If we take equation (2.92) at face value, we find that the nonlinear term will tame the
power-law growth as z — 0; in fact, ultimately the equation predicts that the unintegrated

gluon density will saturate, reaching a limiting value independent of z, that is

. L2 p2
- sat(kg)N L R

0 a,

fla,BD)| (2.95)

However, in reality further corrections beyond (2.92) will have to be considered long before

we reach this limiting region.
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Implications of the BFKL
formalism for structure functions.

3.1: Introduction

With the advent of the DESY electron-proton collider HERA, attention has been fo-
cussed upon the behaviour of the structure functions Fy(z, @Q?) for deep inelastic scattering
in the small-z region, typically z ~ 1073 and Q> ~ 10 GeV2. This is a region hitherto
unexplored by experiment in which novel effects may be expected to occur. Perturba-
tive QCD predicts, via a leading log(1/z) summation of multiple soft gluon emissions,
that the structure functions will have a singular z=* behaviour at small z, with A possi-
bly as large as 0.5. The summation is carried out by the BFKL equation [1-10] and the
resulting behaviour is therefore said to arise from the BFKL (or bare QCD) pomeron,
which has intercept ap = 1 + A considerably above unity. Ultimately, with decreasing =,
the singular behaviour must be suppressed by shadowing corrections and eventually by

non-perturbative effects.

Prior to the results from HERA, with experiment not having imparted its guidance, the
behaviour as £ — 0 had been the subject of much speculation. Parton distributions had
to be extrapolated towards small z in various ways depending on the prevailing theoretical
prejudice. Figure 3.1 gives some indication of the wide range of behaviour which had to be
considered in sets of parton distributions available before HERA came on line [11]. In line
with Regge phenomenology of total hadronic cross sections, the D set of partons showed
a fairly ‘flat’ behaviour, Fy(z, Q2) ~ 7998 for Q2 of a few GeV?2. By contrast the D_ set
of partons displayed the very steep behaviour Fy(z, Q%) ~ z7%° motivated by the BFKL

formalism. Both sets of partons D_, D; described the whole range of existing precise deep
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3: Implications of the BFKL formalism for structure functions.

inelastic data equally well.

3 T T T
0.
\ F,(x,0% = 20Gev?)
\
\
2+ \ MRS partons i
\
\
R \
o\ _D-(shad:R=5]
AN
\\\ N\ ~ D-(shad:R=2)
1r A .
D, =N\
o I | |
10" 10° 10~ 1" 1
X

Figure 3.1: Extrapolations of F, at @* = 20 GeV? to small z based on MRS partons [11]. Sets
D_ and Dy have zg,zq,,, “starting” distributions (that is at Q3 = 4 GeV?) which

behave respectively as z=% and z° at small z. The dashed curves show the effect of
conventional parton shadowing with R = 5 GeV~! together with the more extreme

“hot spot” shadowing with R = 2 GeV~!.

The dashed curves in figure 3.1, obtained from steep parton distributions which contain
shadowing corrections, show that the screening effects were expected to be small in this z
region if the gluons are distributed evenly across the proton. We emphasize that the small
z predictions shown in figure3.1 are simply extrapolations of parametric forms determined
from data which, apart from one or two measurements, populate the 2 0.05 region. A
missing ingredient is any constraint on the size of the BFKL component. The gluon
distribution has not been required to satisfy the BFKL equation at small z; simply a
leading 2~% behaviour has been imposed on the “starting” distribution at some Q% = @3,
and also on the sea quark distributions which are themselves driven by the gluon. We
~ should add, though, that it was subsequently shown that the form of the gluon was quite
compatible with that obtained by numerical solution of the BFKL equation [12].
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“3: Implications of the BFKL formalism for structure functions.

Here we present more quantitative predictions of the behaviour of F,(z,Q?), and the
longitudinal structure function Fy(z,Q?), as z — 0. In the previous chapter we outlined
a theoretical framework to analyse this limit. We found that the leading logarithmic con-
tribution can be represented in the form of effective ladder diagrams, with the virtual
radiative corrections leading to gluon Reggeisation [1- 6] (or equivalently to the introduc-
tion of a non-Sudakov form factor [7- 9]). These ladder diagrams are a universal feature of
all small-z processes driven by the gluon. For instance they occur in the perturbative QCD
description of the structure functions F, and F, heavy quark-pair and J/4 production,
prompt photon production, deep inelastic diffraction and deep inelastic events containing
an identified forward jet. As a result of this BFKL resummation, the gluon distribution
develops a sharp £~ growth as z decreases, with A ~ 0.5. This singular behaviour of
the gluon should manifest itself in all the processes listed above since they incorporate the
universal gluon ladder. In particular, since the density of gluons increases rapidly with de-
creasing z the sea quark distributions are increasingly driven by the gluon distribution, via
g — qq. This component may be calculated in perturbative QCD. The relevant diagram

is shown in figure 3.2.

Figure 3.2:
Diagrammatic representation of a gluon “ladder”
contribution to the deep-inelastic structure functions

of the proton. q, «,k and p denote the particle 4-momenta.

=
This contribution to the (transverse and longitudinal) deep inelastic structure functions
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3: Implications of the BFKL formalism for structure functions.

may therefore be written in the factorizable form [13,14]

¥4 k2 —
Fp (s / d /if z/2,k?) FY) (2, E2, Q%) (3.1)

see figure 3.3, where z/z is the longittldinal momentum fraction carried by the gluon which
dissociates into the ¢ pair. The function F(®) denotes the quark box (and crossed box)
approximation to the photon-gluon subprocess shown in the upper part of figure3.3. In
other words F(®, or rather to be dimensionally correct F(°) / k 2 may be regarded as the
structure function of a gluon of approximate virtuality k2. The gluon density function f

in (3.1) denotes the sum of the ‘ladder diagrams’ shown symbolically in the lower part of

figure 3.3.
f(x’=x/z,K)
1]

Figure 3.3: Diagrammatic representation of the factorization formula of eq. (3.1).

In the leading log(1/z) approximation, f is given as the solution of the BFKL equation;

for this reason it is the “unintegrated” gluon density
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3: Implications of the BFKL formalism for structure functions.

C A(zg(x, Q%))
z,k?) ~ Do J) )
f(’E ) aﬁan Q2 =Kz A2

(3.2)
The function g(z,@?), which enters (3.2), is the traditional gluon distribution whose Q?
evolution is controlled by the Altarelli-Parisi equations and whose form is determined by
the parton analyses of the deep-inelastic structure function data. It is therefore instructive
to see how the general factorizable form (3.1) reduces to the Altarelli-Parisi evolution of
qq radiation from a gluon. In the Altarelli-Parisi treatment in the leading log Q? approxi-
mation the integrations over the transverse momenta are dominated by the contributions
from the strongly ordered configuration 2« R« Q?, where the momenta k, x and ¢ are
shown on figure 3.2 and where Q? = —¢?. In this limit there is no contribution to F; and
so we need only consider F,(z,@?). If we keep only the strongly-ordered contribution and
we recall that z is the momentum fraction of the gluon carried by the quark (or antiquark)

which is struck by the photon, then F(®) of (3.1) is given by

FO(z, 2, QY)/k? = /k 2P,(2) (3.3)

2 I\‘,

where P, is the Altarelli-Parisi splitting function. Thus (3.1) becomes

dRi? dk - = K2
Fy(z,Q%) / dz/ / ;, k “) 2 ; eggf—é—fr—qug(z) (3.4)

and hence, using (3.2), we have

oF. Q ) T
ok = 2 a8 [ g (2,02), (3.5)

q z

that is the conventional Altarelli-Parisi evolution of F, driven by ¢ — ¢q.
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3: Implications of the BFKL formalism for structure functions.

There are at least two reasons why the leading log Q2 evolution, (3.5), is inadequate
in the small z region. The first is due to the BFKL effects and the second arises from
shadowing. We discuss these effects in turn. A crucial observation is that it is the domi-
nance of the region of strong ordering of the transverse momenta which leads to the nested
logarithmic integrations of (3.4). However at small z where the leading log(1/z) terms
dominate it is important to retain the full Q% dependence and not just the leading log Q?
terms. This is accomplished by the BFKL equation for the unintegrated distribution f
which sums the ladder diagrams over the full phase space of the transverse momenta and
not simply the strongly ordered part. In the case of fixed o, the BFKL equation may be

approximately solved analytically. The leading small z behaviour is found to be

—-A

ﬁ [1 10 (m)] (3.6)

Ni—

f(e,B?) o (k%)

where

A= spn (3.7)

m

We note, in particular, the factor (E 2)% which may be traced to the anomalous dimension
having magnitude % [1-10]. Due to this factor the region of strongly ordered transverse
momenta is norlonger dominant. The integrals are no longer of logarithmic dk? / k? form
and we must use the exact k2 dependence of F(®) as well as integrating over the full region
of phase space of the transverse momenta. This has been found to have profound effects
on the predictions for heavy quark photo- and electro-production [13]. (The cross sections

can increase by a factor of 3 when the effects of shifted anomalous dimension are included.)

As z decreases, the singular z~* behaviour of f will eventually be tamed by shadowing
effects. These stop f growing with decreasing z and lead to an z independent saturation

limit which grows linearly with k2 [6], that is

foo@, k%) ~ R%k? 3.8
sat

where the radius R specifies the (transverse) region in which the gluons are concentrated
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3: Implications of the BFKL formalism for structure functions.

within the proton. As before, the k? behaviour requires that we must integrate over the

full domain of the transverse momenta.

The above two formulae, (3.6) and (3.8), overestimate their respective effects. The nu-
merical solution of the BFKL equation shows, particularly when the effects of the running
of a, are included, that the approximate analytic form (3.6) considerably overestimates
the actual solution [15]. Secondly, the numerical solution of the BFKL equation with
the non-linear shadowing contribution included shows that the saturation limit (3.8) is
approached rather slowly and that it is irrelevant for the z 2 10™* region which will be
probed at HERA [12]. In particular we are able to obtain more definitive estimates of the

size of the shadowing corrections than hitherto.

It is illuminating to consider the full content of the factorization formula (3.1) for
Fr(z,Q?%). The formula, with the exact functions FT(‘% arising from the quark box and
crossed box diagrams, does not describe just photon-gluon interactions in which the ex-
changed quark and gluon are constituents of the proton. For sufficiently small Q2%, the
formula also describes the situation in which the exchanged quark is better regarded as
a constituent of the photon; that is when the quark lies in the photon (rather than the
proton) hemisphere and when k2> R Q?, where the momenta are defined in figure
3.2. These kinematic conditions could also apply to the gluon and then figure 3.2 would
describe a semi-hard interaction between this gluon constituent of the photon and a gluon
constituent of the proton (the next gluon down the chain with k"2 >>> k2 2 Q?%). Since
we shall integrate over the full momentum phase space of the outgoing particles in figure
3.2 all these contributions are automatically included. Formula (3.1) does not, however,

include the vector-meson-dominance component of the photon.

The primary purpose of this chapter is to use (3.1) to estimate the deep-inelastic
structure functions F;, and F; at small z using the exact solution f of the BFKL equation
(with and without the shadowing term) and using the exact forms of the photon-gluon
couplings, F}o} In this way we are able to make predictions for the contribution to F,
and F; in the small z region arising from the leading log(1/z) gluon summation, which in
turn drives the sea quark contributions via ¢ — ¢g. At this point however we should note
that the transverse integrals in (3.1) and the BFKL equation itself extend down into the

region of small transverse momenta, £ < 1,2 GeV?, where we would have doubts about
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the reliability of perturbative QCD. As a first approximation, we will impose a cut-off on
the transverse momenta of the emitted gluons along the ladder, requiring k2> k2 in order
to stay within the perturbative region. On top of this perturbative contribution to the
structure functions we will have to add a contribution from the region of small virtualities
which we have ignored. We estimate this remaining (“background”) contribution to F,
using phenomenologically known structure functions (and parton distributions) at larger
z. The background contributions to F,, and F; turn out to be approximately independent
of z in the small z region, and to be small for F;. The resulting predictions, however, are
subject to several ambiguities: the choice of the infra-red cut-off, the size of the shadowing

radius parameter R, etc. We quantify these uncertainties in the numerical sections 3.4 and

3.5.

It is worth mentioning that there are dynamical calculations of parton distributions
[16] in which the sea quark and gluon distributions at large scales are obtained by evolving
with Altarelli-Parisi equations from “valence” quark (and “valence” gluon) distributions
at some (very) low Q? scale. A similar attempt to calculate the gluon and sea quark
distributions entirely within perturbative QCD is presented in ref. [17]. These calculations
are ambitious and speculative in that they stretch the application of pertubative QCD
to very low scales, but since they do not take into account the BFKL leading log(1/z)
terms implied by perturbative QCD they do not generate the complete small z behaviour
of F, and Fy. The validity of using perturbative QCD to dynamically generate parton
distributions from valence-like input at low Q2 has recently been questioned [18]; see also

the discussion in subsection 1.2.2.
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3.2: The photon-gluon impact factor.

We consider the process y*g — gqq, from which the impact factor F(O)(z, Ez, Q?) can

be extracted. The relevant diagrams are shown the following figure.

Figure 3.4: The diagrams contributing to the process v*g — gqg in the high energy region s — oo.

The v*g centre of mass energy for this process is given by s = (p + ¢)* ~ Q?/z for small
z. Let us note in passing, that in the limit s — oo these diagrams actually dominate over
the Born diagrams by a power of energy. This is due to the fact that these diagrams have
spin-1 gluons in the ¢-channel, rather than the spin—% fermions of the lowest order graphs,
and is an indication of the problems that one is faced with in the high energy (small-z)

region.

The contribution from diagram (a) to the inelastic scattering tensor W, is given by the

normal Feynman rules supplemented by the conventional factor of 1/27 in the definition

of W

1o

see (1.3) and the figure following it. So diagram (a) yields
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Wi = o= Z (¢°Tr) (4°Cn)
d4 d4k Nﬂ” 2 2 2 2
e o st~ 47) 2805 ) 205+ )
(3.9)
with the numerator factor
Let us introduce the lightlike vector ¢', where
q, = 4, — T,
and decompose four vectors «, k into the usual Sudakov parameters,
k" = aph — Bg'* + fc’i
(3.11)
k" = apt — bq'“ + ki
in terms of which the mass shell conditions become
(p— k)’ =(1—a)hs —E? =0, (3.12)
(k—k)Y?—-ml=(a-a)f-bs—(R—k) —m?=0, (3.13)
(k+ ¢l =(a-z)(1-PFs—Rk:-—m?=0. (3.14)

We use these relations to fix b, a and « respectively. Having done this, we get

,a,T 18 d’k [ d*k [N,] (a,C
/wNZ F/ﬂ : /(%r)'—’/wic"l [,:;] ( WA>- (3.15)

The term 3704 corresponds to the term f(z/z,k?) in the factorisation formula (3.1). The

integration over z is here implicitly included in the integral over 8 and k. The propagator
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k? is well approximated by (—E %) for small-z, while a little algebra shows that the k2 —m?

propagator can be rewritten as

nz—mzz—aﬂs—k'z—mzz—[

ﬂ(l—ﬁ)Q2+»‘c‘2+m2] _ D
(1-5) - (1)

To evaluate N,, we make use of the master formulae,

T'r [7”1 »7”"2 cen 7”’"] = gltl“2TT [7”’37”’4 e 7”’7&] — gl"l"LSTT [7“27"’4 . e fyun] + .

. e + (_l)ngu'lunTr [7”’27“3 RPN ‘Yun—l:I
for n even and
TT- [7"17“‘2 P 7”1‘1] = O

for n odd. We can decompose W, in terms of the functions F, Fy, defined as in (1.4) by

noting that

2 pov —-:BQ:Z
FL("E_’Q ) =p"p W;w X (p'q)Z’ (3.16)

T
FT(‘T7 QZ) =75 g_,fl W;u/'

This observation simplifies the calculation of the trace factor since it shows that we do not
need to know the terms in N,, which are proportional to p, and p, in order to be able to
extract Frp and F. If we look at the tensor structures which can appear in (3.10), we see

that the only ones which give a nonzero result under the projections in (3.16) are
N, =Cg,, +C, [(n +q) K, + 8, (K + q)”} + C3 5,6, +(p, and p, terms).

Explicit calculation gives for each of these pieces

4
(1-5)

C, = —2s* R? 4 [m? terms]

02 = _4/6252,
and Cj turns out to be zero. On projecting out the transverse and longitudinal components

from (3.16) this leaves

2, P
1-8

R2 [,32 +(1 - )| + [m? terms], (3.17)
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N, = 32Q431 f 3 [ﬁ2(1 — ,8)2] (3.18)

which we can put into (3.15) to give

=2

F}“)=2;e2TF4 5 [2E [as [ema [ ra- 8] 5 0.

(3.19)
(2) Q! k[ 22 1 I
Fy _Z%eﬁﬁﬂz/;phédﬂ/dnadﬁﬂ ﬂf]D%ﬂmU.

As mentioned above we have identified the factor 57{94 in (3.9) as the gluon distribution

f(a, E)

Proceeding similarly we find that the total contribution from all the graphs in figure

3.4 can be written in the form, [13,19,20]
Fpr(z,Q%) = 2Ze Tp = e / / dp /d“k’ a,

1 1 9 m_ky R(R—k) -
oo (e ) el o] [ R a0

FL(z,Q2)=2Ze3TF‘f—:/% /Oldﬂ [ a,[pa - o7]
q

1 1
x [D—ﬁn—z‘pl J fla, ),
(3.20)
where
D, =R+ (1 - B)Q* + m?,
(3.21)

Dy = (R—k)+p(1-B)Q* +m”.

For the charm quark we take m = m_ ~ 1.7GeV?, while the light u,d, s quarks we take
to be massless. It turns out to be possible to perform the azimuthal integration in (3.20)

analytically, on changing variables to [13,13]
R =7-(1-pk.

The resulting formulae are however quite lengthy, and we do not reproduce them here.
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3: Implications of the BFKL formalism for structure functions,

The z integration of (3.1) is implicit in the d*% and df integrations. Indeed z is fixed
in terms of £ and f through the relations in (3.13), (3.14). If we note that a = z/z then

these equations give

— -1
N P R 4+ m? +(F€—k)2+m2
BT BQ?
- |
= |14+ s+ =
e T @

(3.22)

The requirement that 0 < z < 1 is clearly satisfied. Of course the integration regions in

(3.20) must be additionally constrained by the condition
(8,72 FQ%) > @ (3.23)

so that the argument z' = z/z of f satisfies the requirement ' < 1. The argument of «
g g s

has been taken to be &2

+m3 in the equations in (3.20), which allows integration over the
entire region of &', since for small £'* the “mass” m, serves as a regulator by “freezing”
the coupling to a,(m2). For light quarks we take m2 = 1GeV?; the results are not very
sensitive to variations of m; around this value. For the charm quark contribution we set

2 _ .2
mo —'mc-

The expressions in (3.20) for the deep-inelastic structure functions are the explicit
realisation of the factorization formula (3.1). Therefore, provided the gluon distribution
f(z, k?) is known, we can calculate Fr and F;. For small z the function f(z,k?) is cal-
culated in the leading log(1/z) approximation from the BFKL equation, which may be

written in the integro-differential form

Of(2, k%) _ Bay(k?) o [P d? [ f(z k) = f(2, k) f(z,k?)
dlog(1/z) T k /k L2 { [k2 — k2| + @k + k4)% (3.24)

2
0

= K ® f.

If we incorporate the effects of parton shadowing the equation becomes [6,12]
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Af(z,k?) , 8l 5, o
Blog(is) = K ~ gt (F)lg(= K (3.25)
where
k2 12
) dk'-
Zg(Z, ]':) = /]}2 k—"z_f(z’ k’2) (326)

0

with k2 = 1 GeV? [12]. Eq. (3.26) is the inverse (3.2). The additional term, quadratic
in ¢, in (3.25) is the leading order shadowing contribution; the negative sign leading to a
suppression in the growth of the gluon density with decreasing z, which arises from the
recombination of gluons. It is the iteration of (3.25) that generates the “fan” diagrams
in which the lines correspond to the BFKL ladders [6]. For investigations of shadowing,
the crucial parameter is R, which specifies the size of the region in which the gluons are

concentrated within the proton.

Finally we mention a possible simplifying assumption that could be considered for the
factorization formula (3.1). To leading log(1/z) accuracy we may ignore the z dependence

of f(x/z, k%) in (3.1). This is justified since

(loglz—)n = (logz)"*[1 + O(1/logz)].

The technical advantage of using this approximation is that the constraint (3.23), which
requires z/z < 1, does not have to be imposed on the region of integration. For example
in a recent calculation by Levin and Ryskin [21], which motivated the present study, the
saturation limit (3.8) was used for f (at least for low @?). In such a case f would be inde-
pendent of z and the simplifying approximation is reasonable. In general the simplifying
approximation, f(z/z,k*) — f(x,k?) is expected to overestimate the magnitude, but to
lead to a satisfactory prediction for the shape, of the small z behaviour of For and F;. For
instance if f(z',k?) ~ '~ then the approximation would amount to the omission of a

factor z* in the implicit z integration.
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3.3: Analytic properties of the BFKL formalism.

A central problem in small z physics is the stability of the solutions of the BFKL
or Lipatov equation [1-10] to contributions from the infrared and ultraviolet regions of
the transverse momenta of the emitted gluons. This is reflected in the dependence of the
solutions to the choice of the transverse momentum cut-offs. Several general properties of
the solutions of the BFKL equation are known, which are scattered widely in the literature
(2, 3, 6, 10, 22, 23]. In this section we draw these together and attempt to present a

reasonably self-contained and coherent discussion.

3.3.1: Analytic solution of the BFKL equation.

The BFKL equation reads as:

Na, [!dz’ 42K k2 ) - k?
f(=, k)—fO(:E k)-i— / (k—L' (f( ,2 — f(z ,k)E’2+(E—E’)2))
(3.27)

For axially symmetric solutions, f(z,k) = f(x, k%), the integration over azimuthal angle

can be performed analytically, leaving an integral equation in just the two variables z and

,‘0‘2.

1 ! oo r2 o2 1.2 1.2
_[Vde [ dk f@ K~ f(o' kD) f(, kD)
. ,2) — ; k? /_/ k2 ) ) )
f(z, k%) = foz, k%) + &, . @ Jo k2 |k'2 — k2] + (4kl4+k4)% ’

(3.28)

k2. The function

where v

f(x, k%), the unintegrated gluon distribution, gives the probability to find a gluon in the
parent hadron with longitudinal momentum fraction x and transverse momentum k2. To

be precise, f is related to the more familiar integrated gluon distribution, g(z,Q@?), by

/OQ di” 2, Q).

Although the integration over the transverse momentum in (3.28) does not contain any

cutoff parameters, it should be emphasized that it is free from both infrared and ultraviolet

divergences. However the solution contains infrared and ultraviolet singularities, which will
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3: Implications of the BFKL formalism for structure functions,

manifest themselves as non-trivial anomalous dimension(s); we amplify this comment in

the discussion below (3.54).

Equation (3.28) takes the general form,

2 2 _[tda! [ dk" 2102 112
fo k) = fow ) 46, [ T [ R < f R (329)
in which the scale-invariant kernel K(k%/k") is
1
K(k/E'?) = TR ] + C6(k"?/k* —1) where (3.30a)

_/°° di? 1 1
o k2 \(144kt/kYz k2R -1])

(3.30b)

We have implicitly assumed some regularisation of the infrared divergences; these diver-

gencies cancel out in the final integral equation anyway.

Inspecting the form of equation (3.29) it is clear on dimensional grounds that a function

# ~ (k?)¥ is an eigenfunction of the kernel K, that is,

> dk" 27102 2w - 2\w
/0 — (R/R7) < (R5) = K(w) (k%) (3.31)

provided that the integral converges. Noting that, for fixed k%, K(k%/k'®) ~ k%/k'" for
k' = oo, and K(k%/k'?) ~ constant for k"> — 0, then the integral will converge over the

region 0 < Re w < 1.

Transforming to the basis of eigenfunctions of operator K, as usual, simplifies the
solution of the equation enormously. Denoting the integral transform (actually a Mellin

transform) of an arbitrary function ¢(¢) as
% dt .
M [o0] = [ Feram = i) (3.32)

and applying this to equation (3.30a ) one gets (using the change of variables k%/k"* — w),

_ 1 N [ee] .2 oo 7112
faw) = oz +a, | = d | S KO E)02) 161 k) (3.330)
T :1"/ 0 k~ 0 k..
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3: Implications of the BFKL formalism for structure functions.

~ Y4 [P du [ dk? Y
=f0'($,w)+a3/z ?—/0 7/0 W/C(u)(uk'z) f(' k") (3.33b)
1

= fo(m,w) +&s/ %:f—lz(w) X f(:v',w) (3.33¢)

z

It turns out (and the calculation is carried out explicitly in Appendix A) that the integra-

tion for E(w) can be performed analytically, and the result given in a compact form,

K(w) = /0 ” %u*wﬁ(u) , (3.34a)
=2¢(1) — ¥(w) — ¥(1 ~ w) (3.34b)

with the t-function defined in terms of Euler’s I-function as ¢(z) = H‘!E log'(z). We saw
that (3.34a ) was defined only for 0 < Re w < 1; however we can take (3.34b ) as defining
E(w) over the full w plane, by analytic continuation. The essential features of this function
as w varies along the real axis are shown in figure 3.5.

104
K(w)

Figure 3.5: A plot of the eigenvalue K(w) against w, for w on the real axis. The points w, (n) are
some of the singularities in the w-plane (corresponding to the anomalous dimension of
the gluon field) generated by the BFKL equation when n > 1 + A and is real. The
position of these singularities are those values of w for which n — 1 — &,E(w) = 0.
For ﬂo_j—l- large, w_ — (-n—‘—”_’l—), thus reproducing the leading order DGLAP result fo; the

anomalous dimension at small n.
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3: Implications of the BFKL formalism for structure functions.

Our original function f(z,k?) can be reconstructed from f(:l:, w) through the standard

inversion of the Mellin transform,

og+too dw N
f(z,k2) = / D 2 Fz,w), (3.35)

ico 2m1

where the integral is taken along a line parallel to the imaginary axis in the complex
w-plane. The placing of this line such that the integral converges appropriately: in the
present case, we have the restriction 0 < ¢ < 1 due to the poles in E(w) for w — 0 and

w — 1. It is convenient to choose ¢ = % since K is real along this line and has a saddle

1

point at w = 5.

Thus, the Mellin transform in k? has resulted in the following equation for f (z,w):

1

faw) = e, +a, [ SR ) (3.36)

z

It is useful to perform the analogous transform also in the z-variable,

Flnw) = | =2 f(z,w) (3.37)

0o T

since after applying this transform to (3.36) the equation reduces to the trivial algebraic
form
&S

]?(n,w) = fo(n,w) + 1)

K(w)F(n,w) (3.38)

with solution
) = 1= DF(0)
(n—1-a/(w))

(3.39)

This represents the general solution of the equation (3.28) in the w — n representation. We
can now invert the integral transforms and study the properties of the solution in z — k2
space. The inversion formula for n — z is exactly analogous to (3.35),
o+100 dn
f(z) = / —a " F(n). (3.40)
ag

—ico 2m

The line of integration here is to the right of all singularities of F(n) in the complex n
plane to ensure that f(x) vanishes for z > 1. Noting that the factor z™"*! goes to zero
very rapidly for Re n — —oo we can deform the contour of integration to encircle each

singularity in the left hand plane as shown in figure 3.6.
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|
I
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! I'Line of
: integration
|
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[ D EN Y o
‘ T Re n
1+A

Figure 3.6: The contour of integration in the inversion of the Mellin transform by equation (3.40).
Crosses denote pole singularities in the n-plane, and the endpoint of a cut singularity

on the real axis at n = 1 + A, the singularity generated by the BFKL equation.

This contour integral will pick up contributions from the singularities of F(n), shown
as crosses in figure3.6. The dominant contribution for z — 0 will come from the rightmost
singularity of (n). Hence it is of interest to understand the singularity structure generated
by the BFKL equation. From (3.39) we can see that the singularities of F(n,w) are those of
the driving term, Fy(n,w), plus additional singularities from the zeroes of the denominator,

at
n=1+a Kw). (3.41)

As w varies along the line of integration w = % — 100 — % + 200 then E(w) increases
from —oo through to a maximum of 4log2 at w = % and back through to —oco. Thus
the n-plane singularity associated with (3.41) moves from —oo0 — 1 + &,4log2 — —oo.
We therefore notice that the BFKL equation gives rise to a cut singularity in the n-plane
starting at n = 1+ &, 4log2 = 1+ A and extending back to n — —oo. This cut singularity
is displayed on figure3.6 slightly detached from the real axis, for clarity. In the following

section we will explicitly invert the two Mellin transforms to get an approximate solution
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3: Implications of the BFKL formalism for structure functions.

for the asymptotic behaviour of f(z,k?).

3.3.2: Asymptotic form of the solution.
We have arrived at the following solution to the BFKL equation inn-—w space:

(= D Fg(n,)
(n —-1- &SK:(L‘)))

f(n,w) =

Take the case for which fy(z,k?%) = f,(k?), arising from the two-gluon exchange driving

term. This gives rise to a double Mellin transform of the type

= pw)

Fo(n,w) = -1 (3.42)
where the singularity at n = 1 corresponds to the z° behaviour of f;. We noted previously
that the BFKL equation gives rise to a singularity at n = 1 + A > 1 so asymptotically the
BFKL resummation will dominate the driving term. The first inverse Mellin transform

n — z is now very simple,

o+ico dn

f(z,8) = / . C) u—— D) (3.43)
g—ico 271 (n—1-aK(w))

The second Mellin transform can not in general be performed analytically, since it depends

on the nature of p(w). However, an approximate solution can be obtained by noting that

the 2=%K(®) factor in f means that the transform integral for w — k2 is strongly dominated

by the region around w = % where K takes on its maximum value along the contour. This

allows for a saddle point approximation of the integral, expanding x_&s’a“’) as a Gaussian

around w = % Let us define w = 1/2 4 iv and
~ : . : : C ,
p(1/2 4+ 1v) = exp (log(p(l/? + w))) = exp(A — Biv — 3V +---), (3.44)

_ _ o1
/C(1/2+iz/)2k’,0—%1/2+---, (3.45)

where Eo = 4log?2, and Eg = 28((3) (the Riemann zeta function ((3) ~ 1.202). The
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inverse Mellin transform then gives us

%—Hoo o~
£, k2) = / 0 230 o)~ 8K
Py 2

1.3 YA
3 100

k2 ;;— o~ o0 ~
~ 5(1/2)( ) x—a‘,/\'o / dv exp [—'})'(C + Kg ].Og(]./x)) 1/2 + (log k‘2 - B)ZV]

2 —oo
~ 2\4 ™ —log?(k?/k?)
= p(1/2)(k%)? exp | —= ,
P ‘\/QW(E(’)’ log(1/z) + C) [2(/(:6’ log(1/z) + C')]

(3.46)
(Here we have defined log k? = B, by analogy with the case where the driving term is a
gluon of definite transverse momentum k% = k2, ie. p(k%) = §(k? — k?), for which the

parameter B as defined in (3.44) is exactly log k?)

We have reproduced the solution of the gluon distribution originally obtained by Li-
patov et al. with its characteristic z=* behaviour, with A = a,4log2, modulated by a

(log(1/z))~% factor.

Formula (3.46) also displays explicitly the diffusion pattern of the solution of the BFKL
equation, that is a Gaussian distribution in log(k?) with a width which Erows as (log(l/m));'
as = decreases. The position of the maximum of the Gaussian distribution (given by log(k?)
of (3.46)), as well as the normalisation of the solution, is controlled by the boundary
conditions, that is by f(zy,k?). The rate of diffusion, however, is independent of the

boundary conditions.

The approximate analytic solution (3.46) only applies for x < z;, =, being the starting
point of our evolution (which was simply set to one above). We assume, simply for the
purposes of illustration, that this form applies for all z < z,. Fig. 3.7 shows the width
of the Gaussian log k? distribution of f(x,kg)/(kz)% as z decreases from zy. At z, the
“width” is given by the boundary conditions f(z,, k?)/(k?)?, though in practice this input
distribution will not have a perfect Gaussian form in log k2. In Fig. 3.7 we use dashed
curves to emphasize the approximate nature of the treatment for * ~ z;. It should be
noted also that in a realistic treatment we find that the gluon distribution f(z, k%) samples

k? uncomfortably close to the infrared (non-perturbative) region.
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A log K
N

/X'log (o/x) + A - log ¥

-

log (x/x,)

Figure 3.7: The variation in the width of the Gaussian log k? distribution of f(z, k?)/(k%)% as we

evolve down in z below the starting value z,.

3.3.3: Examples of diffusion in transverse momentum.

The diffusion in log k? with decreasing x is a major problem in the applicability of the
BFKL equation since it can lead to an increasingly large contribution from the infrared and
ultraviolet regions of k% where the equation is not expected to be valid. We may illustrate

diffusion using two physical examples from deep-inelastic electron-proton scattering.

Given the unintegrated gluon distribution f(x,k?) we can, in principle, calculate the
behaviour of the deep-inelastic structure functions F;, ;(z, Q?) at small = through the so-

called kp factorization theorem (13, 14]). Then
dk? [ldz' | sz
Re@) = [T [ 51 (G) BV (347

with ¢ = 2, L. Symbolically we may write F = f ® F(%), see Fig.3.8a, where f describes
the gluon ladder and F () the quark-box amplitude for gluon-virtual photon fusion. It
should be noted that the integration over k'? extends down to k2 = 0 and so knowledge
of f(z/z',k'?) in this region is, in principle, necessary for getting absolute predictions for
Fy 1 (, Q%)
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3: Implications of the BFKL formalism for structure functions.

To illustrate the effect of diffusion in k? we use the LL(1/z) approximation to simplify
(3.47) to

.2
@) = [ i@ BaeY (3.49)

where the “impact factors” B; are

1 '
BQ) = [ SFOE Q0. (3.49)

Now we may equally well rewrite the convolution (3.48) by factorizing at an intermediate

link z; along the gluon chain in Fig.3.8a,

2 dkz ) x 9
.Fl(.'l:,Q ) = Ff(xl,k )fu :t—,k.‘ (3'50)
1
where f, is a solution of the BFKL equation but with the boundary condition fixed at the
“upper” end of the chain by the quark-box impact factor B;(k?%, Q?%). The diffusion pattern
is now determined by boundary conditions at both ends of the gluon ladder [22]. To be

specific, it is given by

f(zy, k%) f, (—’»2) zA log?(k2/k%)  log’(k?/k2)
~ " 2X\'log(zy/x,) 2A"log(z,/x)

% » ex
Tog(ze/ 21 )Io8(z1/2)

(3.51)
where k2 is determined by B;(k?, @?) and so k2 ~ @*. The variation of the width of the
diffusion pattern, as z; varies between = and r,, is sketched in Fig.3.8a. Even for large
Q?, the boundary conditions at z; mean that the infrared region is penetrated leading to

uncertainty in the predictions for F}(x, Q?).

This problem is overcome for deep-inelastic (z,Q?) events containing an energetic
measured jet (z;, k?), see Fig.3.8b,[24 - 26, 15]. We then have a §(k? — ka) distribution at
the “bottom” of the gluon ladder and ka can be chosen sufficiently large such that f(z, k?)
does not diffuse appreciably into the infrared region for physically accessible values of z/z j»

see Fig.3.8b.
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a: Deep Inelastic scattering. b: DIS + identified forward jet
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Figure 3.8: The upper diagrams show a gluon “ladder” contribution to small z processes,
(a) for deep-inelastic scattering and
(b) for deep-inelastic scattering together with an energetic jet.
The quark box factor F(®) implicitly includes the contribution of the crossed box. The
lower sketches show the variation of the width of the log k2 distributions of (3.51) as

a function of x,.

94



3: Implications of the BFKL formalism for structure functions.

3.3.4: Sensitivity to the infra red region.

The convolution in transverse momentum which appears in the BFKL equation extends
down into the region of small virtualities, for which we have no faith in the validity of
perturbative QCD. In the present section we therefore analyse the extent to which this
infra-red region affects the predictions of the BFKL equation. In order to gain some
analytic insight into the problem we will here make the simplest change to the BFKL
equation possible, and just introduce some cutoff in the convolution integral, disregarding
the infra-red region completely. (An alternative approach would be to introduce some form
of “non-perturbative” gluon propagator and couplings and study the dependence on the
exact form of these functions for small £2.) We shall find that, in the case of fixed coupling,
the position of the leading singularity in the w-plane is unaffected by the imposition of any

infrared cutoff, which means that the z=* behaviour remains essentially unchanged.

Firstly, let us just demonstrate in more detail the nature of the singularity generated

by the basic BFKL equation. We found earlier the solution in n — w space given by

(n — 1)Fy(n,w)

F n,w) = — 3.52
() (n—1) - aK(w) (3:52)
Let us now transform w — kg,
$+ioo d -
F(n, k) = / R F ). (3.53)

It follows from the form of this inversion integral that the leading behaviour of F(n, k?)
as k2 — 0 (k¥ — o0) is controlled by the nearest singularity w, (n) (w_(n)) which lies to

the right (left) of the contour of integration in the w plane, that is
F(n, k?) ~ (k?)“+ for k2 - 0 (3.54)

(and similarly as (k?)- as k> — 00). These w, singularities come from the zeroes of the
denominator in (3.52), and the value w_ is equal, by definition, to the anomalous dimension

of the twist-2 gluonic operator analytically continued to small nonintegral values of n. As
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we shall see later, gauge invariance requires the driving term in the BFKL equation to

behave as

folz, k*) ~ k? as k2 — 0

which corresponds to a pole at w = 1 for fo(x,w). Thus the presence of the anomalous

dimension w, changes the small k? behaviour of F(n, k%) from ~ k? to ~ (k2)“+ with
+ g

w,(n) < 1. It is in this way that the infrared singularities of the BFKL equation manifest

themselves.
To determine the values of w,(n) we can recall that the neighbourhood of w ~ 1/2 is

the critical region, and by expanding

R ~ 1 " 12
aslk,(w)_/\+§/\ (w—;)

4

we see from (3.52) that F(n,w) has two nearby poles at

w=%i¢%n—1—@ﬂ/”zwﬂ@. (3.55)

(See figure3.5). These poles move together and pinch the contour in (3.53) when n = 1+
and so generate a singularity in F(n, k) at this point. By completing the contour in (3.53)

in the left- or right-hand w-plane, according to whether k2 is large or small, we get

Fn. K (kz)“’i}—o(n wi) V2 FAT (k2)x Fo(n, wy)
() = e n—T1_-X

(3.56)

which explicitly exhibits the 1/v/n — 1 — A branch cut singularity. If we insert this result
into (3.40), fold back the contour in the n-plane to circle the branch cut, and perform the

n-integration we get the asymptotic behaviour given in (3.46), namely

f(z, k) ~ e Mlog(1/2)] 72 (3.57)

for small z.
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Now let us see how we can analyse the BFKL equation when we apply a cutoff to the

transverse momentum integrations. The equation to be solved is of the form,

2 2 _ flda! [ dk" 2 /.12 ” 2 102
fa k) = fue )+ a, [ [ GG RO — ALK, (358)

for which a solution can be found through Wiener-Hopf methods. We split f(z,k?) up

into two functions,
flz, ¥*) = f* (2, k) + (2, k%)

where f*(z, k%) and f~(z, k?) are zero for k? > k2 and k? < k2 respectively. By performing

a Mellin transform in both z, k? space we get

A

(n-1)

Ft(n,w) + F(n,w) = Fy(n,w) + K(w)F~(n,w), (3.59)
with 0 < Re w < 1 for the inversion integral. The function F- (resp. F *) has no
singularities to the right (resp. left) of the contour of integration in the inverse Mellin
transform, so that it vanishes in the appropriate region of k2. If we initially take n large
and positive, then each function in the above equation will have no poles or zeroes within
some strip in the w plane given by %— d<Re w< %+5, say. This allows us to decompose
1- (n_(i’TFE(w) as

A= (n,w)

A(n,w) =1- ——E"‘—E(w) = A_+(r_z:)_)

(n—1)
where A~ (resp. A1) has no poles or zeroes for Re w > % — 6 (resp. Re w < %—}— 8). The

equation then becomes
f‘(n,w)A_(n,w) + FH(n,w)AT(w) = A+(n,w).7?0(n,w)

Again, we can decompose A1 x ]?0 into two functions B~ + B*, with each B being analytic

in the appropriate region. Then, we have
F~(n,w)A™(n,w) — B~ (n,w) = =F T (n,w)A (w) + B¥(n,w). (3.60)

By construction, the left hand side is analytic for Re w > % — & while the right hand side

is analytic for Re w < % + 8. Each side must therefore be analytic in the entire finite
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complex w plane, ie. be equal to some entire function E(n,w). So, finally,

[E(n,0) + B~ (n,)]

f’(n,w) - A~ (n,w)

(3.61)

It can be seen that the poles of F~ arise from zeroes of A7 (n,w) and correspond to
those singularities of the original equation (with ne cutoff) which lie to the left of w = -%-
The leading singularity for large k? is the rightmost of these, at w = w_(n). Thus on
inverting the transform w — k2 we have f~(n,k?) ~ (k?)*-(®) ~ 1 + logk?w_(n) + - --.

Since w_(n) ~ 1/2 — 1/2(n —1 — X)/A" this expression has a square root branch cut,
F (n, k%) ~ v/n — 1 — X, rather than the 1/y/n — 1 — X singularity of the equation with no
cutoff. However the tip of each branch cut lies at the same point, so the leading power
growth remains the same. In fact, on performing the transform n — = we find that the

leading behaviour becomes
f(z,k?) ~ 2 M[log(1/2)] 2. (3.62)

(Clearly, we find the same behaviour if we have an ultraviolet, and no infrared, cutoff -
the roles of 7~ and F+ are simply interchanged.) Finally, we note that the infrared cutoff
eliminates infrared singularities and so F(n, k?) ~ k? as k? — 0 rather than the anomalous

behaviour shown in (3.54).

So far, the leading small-z behaviour, z~*, has remained intact under mutilations of
the integration region in k'2. However, if we introduce both an infrared and ultraviolet

cutoff then the exponent A becomes cutoff dependent [23].

3.3.5: Fixed and running coupling.

We have seen that the exponent A controlling the small z behaviour, 2=, of the gluon
is given by the maximal eigenvalue of the BFKL kernel. If we use a fixed value of a, in
the BFKL equation, (3.28), then the eigenvalue spectrum is continuous, and remains so in
the presence of either an infrared or ultraviolet cut-off. Moreover the maximum eigenvalue

(the branch point of the cut) does not change.
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The situation is different if we introduce both an infrared cut-off k% and an ultravi-
olet cut off k%, [23]. Then the eigenvalue spectrum becomes discrete. The maximum
eigenvalue, A, ,,, and the separation between the eigenvalues can be shown to depend on
the quantity ¢ = k2, /k%. For large log t the distance between the eigenvalues becomes

proportional to 1/log ¢ and

so in the limit ¢ — oo we do indeed recover the continuous spectrum.

So far we have considered a fixed value of the coupling, a,, in the BFKL equation,
(3.28). So, strictly speaking, the exponent A in the z~* behaviour we have found is defined
only up to an arbitrary factor a,. Clearly, in order to extract any phenomenology from the
BFKL equation it is necessary somehow to constrain this parameter, which will require
further phenomenological assumptions. Rather than choose the coupling arbitrarily, it
seems more satisfactory to introduce a running coupling into the BFKL equation, a, —

a,(k?*), and allow the dynamics to choose the effective value of a,. By expanding

oy (k%) = oy (k?)

1+ Z( a,(k?) log(kz/k2))n]

we see that this approximation contains the genuine leading log results with fixed o, =
a,(k?) (k? arbitrary) plus a further selection of terms which actually go infinitely far down

in non-leading logarithms.

For phenomenological work then, we make this physically reasonable replacement of
fixed with running coupling, although there is no rigorous proof that this is correct. Indeed
the author doubts that there can be any such proof in a formal sense: inasmuch as it
genuinely does go down infinitely far in nonleading logarithms, it does not seem clear what
the approximation means, formally. At present the main justification for a running coupling
is that in the strongly ordered k? limit the BFKL equation will produce the Altarelli-
Parisi equation in the double leading logarithm approximation if we take a, = a,(k?).
However, strictly speaking this consideration can only determine the argument of a, up
to a finite factor, since for example a,(3k?) ~ a,(k?) in the limit for which the DLLA

result would apply. While irrelevant asymptotically, such a factor could be important in
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the non-asymptotic scales probed by experiment. Considerations like these make it clear
that much work still needs to be done in understanding the formal basis of the BFKL
formalism, and its relationship to the standard analysis of deep inelastic scattering. There

have been recent developments in this regard, notably [27] (see also [28]).

The introduction of running «, has the effect of suppressing the importance of the
ultraviolet cut-off and enhancing the dependence on the infrared behaviour. Moreover in
this case, even with no ultraviolet cut-off, the eigenvalue spectrum of K(w) is discrete, with
Apmax Sensitive to the choice of the infrared cut-off k2. In the following two sections we

quantify this effect and apply the modified (running coupling) form of the BFKL equation

to structure functions.
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3.4: Numerical predictions (I).

We calculate the leading log(1/z) contributions to F, = Fr + F[ and F| using egs.
(3.20) . We first solve the integro-differential BFKL equation (3.25) for f(z, k?) by evolving
down in z from boundary conditions at z = z;, = 1072 specified in terms of the known gluon
distribution g(z, @?). The procedure is described in detail in ref. [12]. Above z,, where
the BFKL effect is expected to be negligible we simply use the known gluon distribution
to calculate f(z,k?) via (3.2). The “known” parton distributions that we use for z > 2,
are those of set Dy of ref. [11]; to be precise we use Dy-type distributions which have been
obtained by a global leading order fit [29] to the deep inelastic data, rather than those

obtained in the next-to-leading order analysis of ref. [11].

In summary the gluon distribution f(z, k?), or g(z, Q?), is determined from the BFKL
equation for z < z;, and from deep inelastic data via the Altarelli-Parisi evolution equa-
tions for £ > z,. Though the continuity of g at x = z; is assured, there can be a mismatch
of the derivatives on account of the different rates of Q? evolution in the two regions, see
ref. [12]. We take up the discussion of this point in section 3.4.1. However it turns out, for-
tuitously, that the smoothest matching across the = z, boundary occurs for Q2 ~ 10—20

GeV? [12]; the Q? region most pertinent to investigate the small z behaviour at HERA.

We show results for the structure functions F;, ; at @* = 10 and 20 GeV? corresponding
to two choices (k3 = 1 and 2 GeV?) of the lower cut-off of the integration over the transverse
momentum k of the gluon in the BFKL equation, (3.24), and in the convolution formulae
of (3.20). Also we present results with the shadowing term (quadratic in g) omitted from
(3.25), and with it included for two different choices of R, where 7 R? is the transverse area
within which the gluons are concentrated in the proton. We chose either R = 5 GeV~1
(corresponding to gluons uniformly spread across the proton) or R = 2 GeV~! (gluons
concentrated in “hot-spots” within the proton). We then calculated F, and F; from (3.20)
using the different solutions that we obtained for f(z, k?).

Before we present the above QCD predictions for F, and F; we must note that they are
not the only contributions to the structure functions. They simply represent the leading
log(1/z) gluon contributions, which we denote F2[LL] and FELL]. These contributions are

indeed expected to dominate at small z, but they decrease rapidly with increasing . The

remaining contributions to the structure functions (which we denote F;*™ and F[°*™) are
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3: Implications of the BFKL formalism for structure functions.

calculated from the Altarelli-Parisi equations with the 1/2z term omitted from the splitting

function Py (z). Again we use the “Dy” set of parton distributions {11,29].

2.5 — T — v — T
N T T T

F.(x,Q*> = 10.0 GeV?)

© NMC doto.
* BCDMS data.

0.45 4

04 B Fu(x,Q* = 10.0 GeV?) ;

Figure 3.9: Perturbative QCD predictions of the behaviour of the structure functions F,(z, @?) and
F(z,Q?% at Q% = 10 GeV? and small z. The continuous curves are with shadowing
neglected, while the upper (lower) dashed curves have shadowing effects included with
R =5 GeV~! (R =2 GeV~1). For the upper three curves the infrared cut-off in (3.24)
is chosen to be k2 = 1 GeV?, while the lower of the two continous curves give the
unshadowed result for k2 = 2 GeV2. The dash-dotted curves are the background (non-
BFKL) contributions. The data are from the NMC [30] and the BCDMS collaboration
[31] (and are for Q% = 15 GeV?, to be exact).
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Figure 3.10: As for figure 3.5 but for Q% = 20 GeV?2.

The results at Q% = 10 and 20 GeV? are shown in figures 3.9 and 3.10 respectively.
The background contributions F;*™ and F[*™ are shown by the dash-dotted curves. The
agreement between the curves and the available data for Fj, shows that our input distri-
butions for ¢ > z, = 0.01 are satisfactory. The main purpose of this work is to use this
“experimental” input to make theoretical extrapolations of Fy(z,Q?) and Fy(z,Q@?) into
the small = region based on perturbative QCD. The results are shown by the continuous
curves in figures 3.9 and 3.10 if shadowing is neglected, and by dashed curves if shadowing

effects are included. Two examples of shadowing are shown: conventional shadowing cor-
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3: Implications of the BFKL formalism for structure functions.

responding to gluons uniformly distributed through the entire proton (R = 5 GeV~!) and
a more extreme scenario in which they are concentrated in “hot spots” (R = 2 GeV™1)

within the proton. Recall that the shadowing term in (3.25) is proportional to 1/R2.

We may compare the results of figures 3.9 and 3.10 with extrapolations based on sets
of partons obtained from global analyses of deep inelastic data, see for example MRS
[11]. We see that the unshadowed predictions are similar to the parametric extrapolation
based on the D_ set of partons [11], see figure 3.1. Recall that for the D_ set a =%
factor was specially incorporated into the gluon and sea quark “starting” distributions
(zg(z, Q%) and 2G(z, Q%)) to mock up the shape due to the BFKL effect. The magnitude
of the BFKL effect in F, obtained from the D_ set is simply the result of extrapolation
of a phenomenologically-determined parametric form to small z; in contrast in this work
we solve the BFKL equation in the small z region with phenomenologically-determined
boundary conditions at ¢ = z;. From figures 3.9 and 3.10 we see that our predictions of the
shadowing corrections are significantly smaller than those obtained in MRS [11] (or KMRS
[32]). The present calculation has the advantage that it does not depend on assumed input
parametric forms at Q% = Q2 in the small z region. Rather our extrapolation is based on
the known phenomenological behaviour for £ > z; and follows directly from solving the
BFKL equation with shadowing terms incorporated. In this sense it may be regarded as

an “absolute” prediction.

The origin of the larger shadowing corrections found in the MRS [11] (and KMRS [32])
structure function analyses can be traced to the assumption that the sea quark “starting”
distributions in the region z < z; are taken to have shadowing corrections proportional to

those of the gluon, that is

gshad(m’ Qg)
’
gunshad(x7 Qg )

- 2 - 2
qshad(x’QO) = qunshad(x’ QO)

see eq. (35) of ref. [32]. It could be argued that a more reliable estimate would have been
to take the argument of z in the gluon to be significantly greater than that of the sea quark
to allow for the effects of the ¢ — ¢g convolution. In contrast, in the present calculation
the effects of the ¢ — ¢q convolution are automatically included, by construction, and

so the shadowing predictions should be more reliable than previous estimates. Actually
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3: Implications of the BFKL formalism for structure functions.
even the shadowing of the gluon distribution calculated dynamically turns out [12] to be
smaller than that found in the parametrization adopted by KMRS [32] and MRS [11]. This
explains the weaker shadowing corrections in the longitudinal structure function than that

found in refs. [32, 11].

F9(x,Q* = 20.0 GeV?)

0.2 -

0.1

0.05

008 [\ F9(x,Q" = 20.0 GeV?) .

Figure 3.11: As for figure3.10, but showing only the ¢ contribution to F,(z, @?) at Q% = 20 GeV2.

Our perturbative QCD estimates may appear to be parameter free and to give, in
principle, “absolute” extrapolations of F, and F| into the small z region. In practice
there are significant ambiguities associated with the infrared (or non-perturbative) region.

There is a dependence on the choice of cut-off k3 in (3.24) used to calculate f(z', k?) and
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3: Implications of the BFKL formalism for structure functions.

in the convolution formulae of (3.20). For example the lower continuous curves in figures
3.9 and 3.10 show the reduction in the estimates of Fi, and F| arising from increasing k3
from 1 to 2 GeV2. The reduction can be traced equally to (i) the change of effective slope
and magnitude of the solution f(z,%?) of the BFKL equation, and (ii) infrared effects in

the convolution integrals in (3.20).

Moreover our estimates depend on contributions from low values of ' in (3.20). To
quantify this dependence we introduce a non-zero mass m, for the light quarks. For
example if we were to change m, from 0 to 1 GeV? our predictions for F, at z ~ 1073
would decrease by about 20%. This latter uncertainty is absent in the ¢€ contribution,
which we show separately in figure 3.11. Further discussion of heavy quark production,

which incorporates the small z BFKL effects can be found in refs. [13,14,33] (see also [34]).

3.4.1: Discussion

We have applied the factorization formula (3.1) to give an estimate of the deep-inelastic
structure functions F; at small z, using the phenomenologically determined parton distri-
butions at larger z, that is in the region z > 0.01 or so. The procedure we followed is to
first solve the BFKL equation to determine the (unintegrated) gluon distribution f in the
small z region and then to convolute the result with exact gluon-virtual photon couplings
F,-(O) as determined by the quark box diagrams. Symbolically formula (3.1) may thus be

written in the form

F, = foF", (3.64)

with 2z = 2 or L.

The above determination of the structure functions F; at small z should be compared
with the extrapolations based on the Altarelli-Parisi equations alone. The Altarelli-Parisi
equations give the log Q% evolution of parton densities in terms of a set of “starting”

.distributions at some scale Q2 > AZQC p» chosen sufficiently high for perturbative QCD
to be applicable. In this way the z,Q? behaviour of parton densities are given in terms
of parametric forms at Q% = Q2 with the parameters determined by fitting to the deep

inelastic structure function data. At present, however, the data do not extend into the small
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3: Implications of the BFKL formalism for structure functions.

z region (for Q% > AZQC p), and the expectations for the structure functions at small z are
therefore entirely dependent on the particular parametric forms that are assumed for the
z — 0 behaviour of the gluon and sea quark distributions. The parametric forms, although
theoretically motivated, are to a large extent arbitrary. Consequently extrapolations into
the small z domain from the region of the available data can, at best, just indicate general

trends.

In contrast, the small z behaviour of the structure functions obtained via the factor-
ization formula (3.64) results directly from QCD dynamics, at least in principle. Here
the (unintegrated) gluon distribution, f, is calculated at small z by evolving the BFKL
equation in log(1/z) from boundary conditions at z = z; = 0.01 which are specified by
parton distributions determined from data at z > z,. We therefore have, via (3.64), a
theoretical prediction of the small 2 behaviour of the structure functions F, ;(z, Q?) with
the normalisation determined by the data at larger z. In particular we are able to make,
for the first time, a quantitative prediction of the size of the shadowing corrections to F,
and Fj. These corrections are found to be smaller than previous estimates and are almost

certainly undetectable from structure function measurements at 2 ~ 1073,

Although the procedure to calculate F, and Fj is well-defined, in practice there are
ambiguities (which, however, should not alter the conclusion concerning the relative size
of the shadowing corrections). First we have the dependence on the lower cut-off k2 re-
quired for the integration over the transverse momentum in the BFKL equation, (3.24), for
f(z,k?%). The exchanged gluons along the ladder are required to have transverse momenta
of magnitude greater than k,. The value of X in the effective z=* behaviour which emerges
for f at small z is sensitive to the choice of k2. For instance if k2 is chosen to be 0.5, 1
or 2 GeV? we find, after numerically solving the BFKL equation, that A = 0.54, 0.46 or
0.41 respectively. Moreover the same cut-off is necessary in the k convolution integrals in
(3.20). The k2-dependent ambiguity is displayed in figures 3.9 and 3.10. The uncertainty

is a reflection of uncalculable non-perturbative QCD effects.

A second ambiguity has its origin in the different Q? dependences which occur in the
small and larger z regions. It is well-known {12] that the Q? dependence of the gluon
distribution which emerges from the BFKL equation is more rapid than that which results
from the Altarelli-Parisi equation. However we have required the solution of the BFKL

equation to satisfy boundary conditions at £ = z; = 0.01 which are obtained from the
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3: Implications of the BFKL formalism for structure functions.

Altarelli-Parisi equation. Although the continuity of f(z,Q?) is ensured at z = z, the
differing Q? dependences lead to artificial structure in the z dependence just below the
boundary, z = z,. Only for a small region of Q% will smoothness across the boundary
be obtained [12]. Fortunately the region is Q% = 10-20 GeV?, the region most pertinent
to experiments at HERA. Since FZ[LL] is a relatively small contribution at z = 0.01 the
artificial structure would be barely noticeable in F,(z, Q%) at the other values of Q2. The
main reason to draw attention to the deficiency is that it points to other contributions
which could be important. The source of the problem is that the BFKL equation is based
on the leading log(1/z) approximation, while to obtain a reliable Q% dependence it is
necessary to include non-leading log(1/z) contributions. Eventually it should be possible
to overcome this problem by solving a more general evolution equation [9] for the gluon

distribution which embodies both BFKL effects and the complete Altarelli-Parisi equation.

In summary we have formulated a procedure, based on perturbative QCD, which makes
predictions of the structure functions F, ;(z, Q?) for deep-inelastic electron-proton scat-
tering in the small z regime. In principle, the procedure overcomes the considerable uncer-
tainties associated with the conventional parametric extrapolations to small . In practice,
we have seen it has its own ambiguities. The predicted values of the structure functions
at Q% = 10 and 20 GeV?, including the effects of shadowing and displaying the theoretical

uncertainties, are shown in figures 3.9 -3.11.
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3: Implications of the BFKL formalism for structure functions.

3.5: Numerical predictions (II).

3.5.1: Treatment of the infrared region.

We shall use a running coupling o (k%) in the BFKL equation and so we will need to
focus attention on how to deal with the infrared region. The simplest procedure [35] is to

introduce a cut-off k2 (as in section 3.4) so the BFKL equation becomes

—z—a—i _ 3as(k2)k2/oo dklz [f(xaklz)_f(xakz)_*_ f(x’kz) (365)
k

Oz T

where (for simplicity) the same cut-off is used in the real emission term and in the virtual
corrections. To calculate F, we would impose the same cut-off on the convolution integral

(3.47) which occurs in the kp-factorization theorem.

The above cut-off which completely eliminates the infrared region ¥? < k2 is rather
drastic. Clearly a better procedure which incorporates this region, at least in an approx-
imate way, is desirable. The problem is that the BFKL equation is not expected to be
valid when the gluon momenta enter the non-perturbative region of small k2. One way to
overcome the problem is to introduce ‘non-perturbative’ (albeit phenomenological) gluon
propagators which are finite at k* = 0 [36, 37] and hence to eliminate the potential infrared
singularities of the solution. The most systematic procedure however is to somehow factor
out the nonperturbative region in a similar manner as happens in the DGLAP equations.

Some progress along these lines has been made in [14, 27].

During the Durham workshop “HERA - the new frontier for QCD” our discussions (in
particular with Jochen Bartels, Jeff Forshaw and Genya Levin) focussed on the problems
with the BFKL equation due to the region of small transverse momenta. The notion was
put forward that accounting for the constraint that the solution of the BFKL equation
(and the driving term) vanish as k? — 0 ought to suppress the importance of this region

[38]. This requirement that
f(z, k%) ~ k? as k? — 0 (3.66)

is a consequence of gauge invariance or to be precise of the colour neutrality of the probed

proton [6, 10]. In the present section then, we attempt to go beyond the simple k? cutoff
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3: Implications of the BFKL formalism for structure functions.

approximation and to model the low k2 region in a more systematic fashion. We assume
that the small-k? behaviour of the gluon distribution is driven by a form factor G(k?) such
that

f(z,k?) ~ Const. [1 - G(k?)) (3.67)

for k2 — 0. We take

) 2 2
1—G(k):1—k2+k2 = T (3.68)

where the parameter k? is related to the radius of the gluonic form factor of the proton.
If this is taken to be of the same magnitude as the radius characterising the hadronic
electromagnetic form factor then we would have k% ~ 0.5 GeV?; however estimates based

on the QCD sum rules prefer a larger value, k2 ~ 1 — 2 GeV?2.

We then proceed by splitting the integration region for real gluon emission (the term

involving f(z,%')) in (3.65) up into two parts, namely
Region(A) : 0 to k2
Region (B) : k2 to co.

In region (B) the BFKL equation as it stands is taken to hold. In region (A) we assume that
k2 is sufficiently small that the behaviour given in (3.67) is a good approximation. If we
parametrise f(z, k'? < k2) in this form, then the integral (A) can be calculated analytically,
and in this way we have a physically motivated approximation for the infrared contribution
to the BFKL equation (3.65). As a further modification to the low-k? region we ‘freeze’
the argument of «, by using a,(k% +a?), with a? = 1 GeVZ, in both the evolution equation

and in the factorisation formula (3.47) used to calculate F, and F7.

The modified BFKL equation can then be used to evolve the gluon distribution down
in z starting from a suitable input distribution f(zy,k?). This boundary condition must

be consistent with Altarelli-Parisi evolution for large k2, that is

AP 2y B(xog(:vu,Qz))
AP0k = S e (3.69)

where we take g(zj, Q%) from the Altarelli-Parisi evolution of MRS partons [29]. The
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boundary condition must also have a small k% behaviour consistent with our approxima-

tions, so we take
flzg, k%) = (1= G(E)FA (2o, k* +a?) (3.70)

for k% > k2, whereas for k? < k2 we “freeze” the evolution of fAP at k24 a?. The parameter
a® = 1 GeV? just softens the low-k? behaviour of f4? which tends to be unreliable. The
important fact is that the input distributions approach fAP(z,,k?) for large k2, as they

must, and also embody a suitable behaviour for smaller k2.

In preparation to see the diffusion in k? develop as we proceed to small z, we plot the
boundary conditions in the form f(z4, k%)/ (kQ)% as suggested by (3.46). Sample distribu-

tions are shown in Fig.3.12 for different choices of k2 and k3.
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Figure 3.12: The boundary conditions for f/(k%)% at z = 0.01 used to solve the modified BFKL

equation, for various choices of k2 and k2. (k2 = 1 GeV? where it is not specified).

We see the input distributions have an approximate Gaussian form in log k%. Fig.3.13 shows
the evolution of the distribution, for the choice k2 = kZ = 1 GeV?, as we proceed to smaller
z using (3.65) and (3.67). We see both the diffusion to large k% and the 2~* type growth.

There is no diffusion into the infrared region since we impose the phenomenological form
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3: Implications of the BFKL formalism for structure functions,

(3.67). The diffusion to large k2 is more apparent in Fig.3.14 which shows the distributions
of Fig.3.13 normalised to a common value. Even in the limit of very small z, the rate
of this diffusion will differ from that given by the analytic form (3.46), since here we are

using a running coupling o.
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Figure 3.13: The evolution of f/(k2?)% as we step down in z using the modified BFKL equation with
k2 = k%=1 GeV2
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3.5.2: Consistency constraint on the infrared region.

The numerical solution f(z, k?) of the BFKL equation, modified as above, is found to
be much more sensitive to the choice of k2 than to kZ, see ref. [39]. Therefore here we
choose k2 = 1 GeV?, and we concentrate on investigating the sensitivity of the results to
variations of k2. However as may be anticipated from the discussion in section 3.3 it is
the magnitude of f, and not the shape, which is particularly sensitive to k2. That is, with
decreasing x, an z~* behaviour sets in with a numerical value of A only weakly dependent

on k2 [39].

There is a consistency requirement between the “input” and “output gluon” which,
in principle, can be used to estimate the value of k2. The constraint is that the gluon

distribution calculated from

@ dk?
w90, @) = [ Gt ), (3:71)

the inverse relation to (3.69), should match the phenomenological input gluon distribution.
The comparison is shown in Fig.3.15 for different choices of k. Here we use as input at
zg = 0.01 a gluon [29] satisfying the leading order Altarelli-Parisi equations (the dotted
curve), but based on the D type parametrizations of ref. [11]. Fig.3.15 shows that there
is good agreement between the “input” and “output” gluons for k2 ~ 1 GeVZ. (In Fig3.15
we also compare our input gluon with the gluons of the Dj and D' next-to-leading order
analyses of ref. [40]). In practice, it would be misleading to impose this constraint too
rigorously. The input gluon is not well known at z; = 0.01, particularly at the low values
of Q? which are necessary for this comparison. Nevertheless it is encouraging that the
estimate of k2 appears reasonable, and suggests that we should consider QCD predictions

with k2 chosen in a range of about 0.5 to 2 GeV?.
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Q' (GeV')

Figure 3.15: The self consistency of the gluon at 2 = 0.01. The dotted curve is the input gluon [29]
and the continuous curves show the output gluon obtained from f(z, k?) via (3.71),
where f itself is determined from the input gluon with different choices of k2 (but with
kZ = 1 GeV?). The dashed curves, which correspond to the D} and D’ gluons of ref.

[40], are to illustrate the ambiguity in the input gluon.

3.5.3: Numerical predictions for structure functions.

We may use the solution f(z, k?) of the modified BFKL equation to predict the struc-
ture functions F}(z, Q?) at small z via the factorization theorem (3.47). The factorization

formula has the symbolic form

FEI = fo F® (3.72)

and gives the contribution to F; arising from the BFKL resummation of soft gluons. Recall
that Fi(o) describes the quark box (and “crossed” box) photon-gluon fusion process shown
in the upper part of Fig.3.10a. The gluon is off-mass-shell with virtuality approximately
equal to k2. The explicit formula for Fi(o)(a:' , k" @?) can be found in refs. [13, 35] and

section 3.2.
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Before we can obtain a realistic estimate for the structure functions F; we must include
the background non-BFKL contributions FiBg. A reasonable choice at small z is to assume

~0.08

that FiBg gradually increases like « with decreasing z (as might be expected from a

“soft” pomeron with intercept ap(0) = 1.08 [41]). To be precise we take

FP8(2,Q%) = F%(zg, @) (a/my) " (3.73)

with £, = 0.1. The values we use for F,-Bg(:z:o,Q2) are listed in the figure captions. The
resulting predictions for the small  behaviour of F; = Fz-[LL] +F1-Bg with ¢ = 2, L are shown
in Figs.3.16 - 3.19 for various values of Q2. In each figure the continuous curves show the

predictions for two choices of the infrared parameter k2, namely k2 = 1 and 2 GeV2.
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Figure 3.16: The perturbative QCD predictions for F,(z,Q@?) at Q% = 15 GeV? obtained from the
kr factorisation formula, (3.47). The continuous curves correspond to the infrared
parameter k2 = 1 and 2 GeV? respectively, with shadowing neglected. The dashed
curves show the suppression caused by conventional (R = 5 GeV~!) and “hot-spot”
(R = 2 GeV~!) shadowing for the choice k2 = 1 GeV?. The data are from the H1[42]
and ZEUS [43] collaborations. The background contribution is given by (3.73) with
Fy8(z,) = 0.384.
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Figure 3.17: As for Fig. 3.16 but for Q? = 35 GeV? with F;%(z, = 0.1) = 0.391.

The recent HERA measurements of F, are shown on Figs. 3.16 and 3.17. There is
general agreement between QCD and the data. In particular they both show a dramatic
increase with decreasing z, and lie well above a straightforward extrapolation of the fixed
target measurements that exist for z > 1072 [30, 31]. Certainly the data indicate support
for the z~* type behaviour arising from the BFKL leading log(1/z) resummation. But

before we draw conclusions we must consider the effects of shadowing corrections.

Tos b F.(x,Q*=15 GeV?) ]

Figure 3.18: The curves are as for Fig. 3.16 but for the longitudinal structure function Fy(z,Q? =
15GeV?). The background contribution is given by (3.73) with F}jg =0.04atz;, =0.1
and Q2 = 15 GeV?2. 116
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Figure 3.19: As for Fig. 3.18 but at Q% = 30 GeV2.

3.5.4: Inclusion of shadowing.

The growth of the gluon density with decreasing z means that there is an increased
probability that the gluons will interact and recombine. To allow for the effects of this

recombination or parton shadowing we incorporate an additional term in (3.65)

81
16k2R?

_UER)  pel

p (K [zg(z, K)P (3.14)

where ¢ is given by (3.71). The additional term, quadratic in g, in (3.74) is the leading
order shadowing approximation; the negative sign leading to a suppression in the growth
of the gluon density with decreasing z. The crucial parameter is R, where mR? specifies

the transverse area in which the gluons are concentrated within the proton.

For illustration we take R = 5 GeV~! (corresponding to gluons uniformly spread across
the proton) and R = 2 GeV~! (assuming the gluons are concentrated in “hot-spots” within
the proton). The dashed curves in Figs.3.16 -3.19 show the effect of these two shadowing
scenarios respectively on the k2 = 1 GeV? prediction. We note that the shadowing effects
are now slightly stronger than in the case [35] when the region of small k> was entirely

neglected. However shadowing is still rather a weak effect in the HERA regime and sets in
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very gradually, unless compact “hot-spots” of gluons occur. In particular we are far from

the saturation limit.

We have found [39] that Fz[LL] behaves like Cz~* for 5103 where the predicted value
of ) is relatively insensitive to the uncertainties associated with the infrared region. The
inclusion of shadowing means that A is no longer constant but that its value decreases
with decreasing x, as illustrated by the dashed curves. The predictions for Q% = 15 GeV?
(and k% = 1 GeV?) are shown in Fig.3.20. Conventional shadowing (R = 5 GeV~!) has
relatively little impact on A, and even if “hot-spots” were to exist A remains significantly

above the soft-pomeron expectation of 0.08.
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Figure 3.20: The effective slope ), defined by F, = F® + Cz~* where FP® is given by (3.73),
for various choices of the infrared parameter k2. The lower two (dot-dashed) curves
show the effect of the conventional (R = 5 GeV~!) and “hot-spot” (R = 2 GeV~!)
shadowing on the k2 = 1 GeV? predictions. The “data” points are calculated from the

H1 and ZEUS data shown in Figs. 3.16 and 3.17.

We have checked that the large values of A, which are essentially independent of z
for + < 1073, remain true for other physically reasonable choices of the background
FZB (z,Q?). Indeed the values of A obtained in Fig. 3.20 are much larger than would
result from any straightforward extrapolation of the fixed target F), data to small x. Con-
sider for example the value of A obtained from the extrapolation of the Dj set of MRS

partons [40] to small z. (The D, partons provide an excellent description of the fixed tar-
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get data which only exist for z > 107%). The parton set D, develops, via Altarelli-Parisi

evolution, a small z behaviour of the form

F, ~ exp[2(£(QF, @*)log(1/2))'/?] (3.75)
where the ”evolution length”

Q? dQI2 3a (QIZ)
2 2\ __ g
f(QO’Q )— ‘/;2 le -

0

(3.76)

The increase of F, with decreasing = can be translated into an effective z=* behaviour
in the HERA regime. In fact the value of X is found to be about 0.11 at Q% = 15 GeV?
and 0.15 at Q% = 30 GeV?; slightly increasing with Q% on account of the increase in
the evolution length £(Q3,Q?%). Note that these small values of A rely on the choice of a
sufficiently large value of @32, for instance MRS evolve from Q32 = 4 GeV?2.

However GRV [16] have obtained partons by evolving from a valence like input at
Q% = 0.3 GeV2. The very low value of Q2 corresponds to a relatively large evolution
length £(Q3, Q%) for @? in the HERA region i.e. Q? ~ 20 GeV2. In this way they obtain
a steeper small z behaviour for F, (see (3.75) and (3.76)) compatible with the data. In
fact this double leading log. behaviour mimics an = form with A ~ 0.4 in HERA regime.
However we do not believe that this is an acceptable explanation of the data since the
steepness is mainly generated in the very low Q? region where perturbative QCD is invalid

(see, for example, [18] and subsection 1.2.2).

In order to obtain the steep £~ type behaviour with A ~ 0.5 within the Altarelli-Parisi
formalism (and when the evolution starts at moderately large value of Q2 ~ 5 GeV?) one
has to impose this steep behaviour in the parametrisation of the starting gluon and sea-
quark distributions at the reference scale Q2 as it is done for instance in the case of the
D_ set of MRS partons [11, 40]. In this procedure however one does not use the BFKL

equation, that is the singular behaviour is not generated explicitly by QCD dynamics.

3.5.5: Discussion.

The recent measurements [42, 43] of the deep inelastic structure function F, at HERA

explore the small z regime for the first time. The data show that F, increases as z
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decreases from 1072 to a few x10~*, and do not follow a straightforward extrapolation of
the fixed target measurements [30, 31] that exist above z ~ 10~2. This novel behaviour
is in line with the growth anticipated from perturbative QCD via the kp-factorization

formula, symbolically of the form
_ (0)
F, = f®F,", (3.77)

which links the small z behaviour of F), with that of the universal unintegrated gluon
distribution f via the quark box contribution FZ(O) to photon-gluon fusion. The growth of
F, with decreasing z is thus associated with the BFKL leading log(1/z) summation of soft

gluon emissions which yields the small z behaviour f(z, k%)) ~ =2 with A ~ 0.5.

However the contribution from the infrared (low transverse momentum) region, which
occurs in the convolution of (3.77), leads to a sizeable uncertainty in the predictions. Mo-
tivated by the apparent agreement between the data and the expectations of perturbative
QCD, we have attempted to improve the treatment of the low k% regime. In particular,
~ rather than imposing a low k2 cut-off, we employ a physically motivated infrared form for
f(z, k%) which allows us to extrapolate right down to k? = 0. This reduces the uncertainty
in the predictions for F,, although the normalisation still depends significantly on the
choice of the value of an infrared (form factor) parameter k2. However the effective slope
A which specifies the z=* shape is much less sensitive to the ambiguities at low k2. In
Section 3.3 we gathered together general arguments which suggested that the slope might
be relatively immune from infrared effects and in this section we have performed explicit

numerical tests to verify the result.

In Figs. 3.16 and 3.17 we compared the perturbative QCD calculations for F, with
the recent HERA data. The dramatic growth with decreasing z is apparent in both the
data and the QCD predictions. The various curves show the sensitivity of the QCD
determination to the variation of the infrared cut-off and to shadowing effects. Fig. 3.20
translates these results into a comparison for A [where ) is defined by the the 2= growth
of the BFKL component of Fy(z,Q?)]. We see that QCD indeed predicts an approximate
795 behaviour at small z (or in the extreme case of "hot-spot” shadowing an %3 type

growth with decreasing z).
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The results from HERA are very encouraging and suggest that Hl and ZEUS may
have seen the first evidence for the BFKL growth arising from the leading log(1/z) soft
gluon resummation. Figs. 3.16,3.17 and 3.20 should be regarded as an indication of what
may be learnt when much higher statistics data become available and allow a detailed
comparison. At the moment it is only possible to make predictions in the leading log(1/x)
approximation. Much effort is being devoted to obtaining the next-to-leading contributions
and, when available, these should be incorporated. Inspection of Fig. 3.20 suggests that,
from a study of the z dependence of A for 2 < 10™3, we may then be able to quantify the

effects of shadowing.
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3: Implications of the BFKL formalism for structure functions.

3.6: Scaling violations.

The first measurements of the proton structure function F,(z, Q%) at small z have been
made by the H1[44] and ZEUS[45] collaborations at HERA. A striking increase of F, with
decreasing z is observed which is consistent with the expectations of perturbative QCD at
small ¢ as embodied in the BFKL equation. This equation effectively performs a leading
a,log(l/z) resummation of soft gluon emissions, which results in a small z behaviour

F, ~ z7* with A ~ 0.5.

The data at Q% = 15 and 30 GeV? are shown in figure3.21 together with a representa-
tive set of predictions and extrapolations, whose distinguishing features we elucidate below.
These curves fall into two general categories. The first, category (A), is phenomenological
and is based on parametric forms extrapolated to small z with Q? behaviour governed
by the next-to-leading order Altarelli-Parisi equations. The parameters are determined by
global fits to data at larger z (examples are the curves in figure3.21 labelled MRS(D’_)[40],
MRS(H)[46] and, to some extent, also GRV[16], but see below). The second approach, de-
noted (B), is, in principle, more fundamental. Here perturbative QCD is used in the
form of the BFKL equation to evolve to small z from known behaviour at larger z (e.g.
AKMS[35]). In other words in approach (A) the small z behaviour is input in the paramet-
ric forms used for the parton distributions at some scale Q? = @2, whereas in (B) an =
behaviour at small z is generated dynamically with a determined value of A. Of course in
the phenomenological approach, (A), it is possible to input a BFKL-motivated small z be-
haviour into the starting distributions (e.g. MRS(D'_) and MRS(H) have zg, zq,,, ~ 2~
with A = 0.5 and 0.3 respectively). Since the 2~ behaviour, for these values of ), is stable
to evolution in Q? we may anticipate that it will be difficult to distinguish approaches (A)
and (B). However the Q% behaviour (or scaling violations) of F, is, in principle, different

in the two approaches.
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Figure 3.21: The measurements of Fy(z, Q%) at Q2 = 15 and 30 GeV? by the H1[44] and ZEUS[45)
collaborations shown by closed and open data points respectively, with the statistical
and systematic errors added in quadrature; the H1 and ZEUS data have a global
normalization uncertainty of 8% and +7% respectively. The continuous, dotted and
dashed curves respectively correspond to the values of F,, obtained from MRS(H)[46],
GRV[16] and MRS(D"_)[40] partons. The curves that are shown as a sequence of small
squares (triangles) correspond to the unshadowed (strong or “hot-spot” shadowing)
AKMS predictions obtained by computing F, = f® Fz(o) + F,(background) as in

ref.[39] and as described in the text.
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The Altarelli-Parisi Q2 evolution is controlled by the anomalous dimensions of the
splitting functions (and by the coefficient functions) which have been computed pertur-
batively up to next-to-leading order. On the other hand the BFKL approach, at small
z, corresponds to an infinite order resummation of these quantities, keeping only leading
log(1/z) terms. Summing the leading log(1/z) terms, besides generating an &~ behaviour,
gives its own characteristic Q% dependence. One of our main purposes is to study whether
or not the BFKL behaviour, which may be more theoretically valid at small x, can be
distinguished from the approximate Altarelli-Parisi parametric forms which neglect the

log(1/z) resummation.

If we were to assume that Altarelli-Parisi evolution is valid at small z then

OF. z, 2 o ? Ydye z |

and hence the Q? behaviour of F, can be varied by simply exploiting the freedom in the
gluon distribution at small z. However the situation is much more constrained when the
BFKL equation is used to determine the (unintegrated) gluon distribution f(z, k?). Then
F, may be calculated[35] using the kp-factorization theorem(13]

T 2
Fy(z,Q?) = / da’ / dk O(21 12, 0?) (3.79)

where z/z' and k are the longitudinal momentum fraction and transverse momentum that
are carried by the gluon which dissociates into the ¢q pair, see figure3.22. Fz(o) is the quark

box (and crossed box) amplitude for gluon-virtual photon fusion[35].
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Figure 3.22: Diagrammatic display of the kp-factorization formula (3.79), which is symbolically of

the form F, = f® Féo), where f denotes the gluon ladder and F. 2(0) the quark box (and

crossed box) amplitude.

In order to gain insight into the different possible @? dependences of F, it is useful to

introduce the moment function of the (unintegrated) gluon distribution

1
f(n, k%) = / dzz 2 f(z, k?). (3.80)
0
The evolution of the moment function is given by the renormalization group equation

12
o) = ) oxp [ [ e as(k”))] (3.581)

where the anomalous dimension y(n,«,) is known. From eq.(3.81) we see that the be-
haviour at small z is controlled by the leading singularity of f(n,k?) in the n plane.

In the leading log(1/z) approximation ¥(n,a,) is just a function of the single variable

125



3: Implications of the BFKL formalism for structure functions.

o,(k?)/(n — 1) and is determined by the BFKL kernel. Its value is such that[47]

Sas(kz) - _—
1 — mlx(v) =0 (3.82)
is satisfied, with
K(y) = 29(1) - ¥(7) - ¥(1 - ), (3.83)

where ¥ is the logarithmic derivative of the Euler gamma function.

For fixed o, the leading singularity of f(n,k?) is a square root branch point at n =
14+ A; where A} = 3018]2'(%)/71' =12a,log2/n. Comparing with eq.(3.82) we find that
7(1 + AL, ;) = 4. Thus, from eq.(3.81), it directly follows that

f(z, k) ~ (k*)7z, (3.84)

Since FZ(O) /k? in eq.(3.79) is simply a function of k%/Q?, this leading behaviour feeds
through into F, to give

Fy(z, Q%) ~ (@Q¥)Fz~™, (3.85)
where in (3.84) and (3.85) we have omitted slowly varying logarithmic factors.

Formula (3.81) is valid for running a,, provided n remains to the right of the branch
point throughout the region of integration, that is provided n > 1 4 12a,(k2)log2/n. (For
smaller values of n the k% dependence of f(n, k?) is more involved[48].) For running o, the
small z behaviour of f(z, k?) is controlled by the leading pole singularity of f(n, k?) which
occurs at n = 1 + A, where now X has to be calculated numerically[12]. A value of X ~ 0.5
is found, with rather little sensitivity to the treatment of the infrared region of the BFKL
equation[39]. The k* dependence of f (and hence the Q? dependence of F,) is determined
by the residue § of this pole. Using eq.(3.81) we have

f~ BkDz™ (3.86)

where

k? dkl? 3
B(K?) ~ exp [ [ S+ Ra )| (3.87)

From the above discussion we see that this form is valid provided k% > k2 > x%()),
where x2()\) satisfies the implicit equation A = 12a,(k%()))log2/m. Similarly, provided
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that Q% > k%()), we have
Fy(z, Q%) ~ (Q*)z?, (3.88)

up to slight modifications which result from known Q? effects embedded in Fz(o). Note that
for Q22 k%()) we should again get an approximate (Qz)% behaviour of Fy(z, Q?%), although
it may (at moderately small values of z) be modified by the non-leading contributions.

Here we are also interested in Q% < x2()) and then the form of 3 is more involved[48].

In the leading log(1/z) approximation the anomalous dimension, ¥(n,a,), is a power
series in a,/(n—1). For the BFKL approach v(n, a,) contains the sum of all these terms. If
only the first term were retained then the Q? behaviour would correspond to Altarelli-Parisi
evolution from a singular g gluon starting distribution with only ¢ — g¢g¢ transitions

included and with the splitting function P, () approximated by its singular 1/z term.

It is useful to compare the Q? dependence of F, which results from the theoretically
motivated BFKL approach, (B), with that of the Altarelli-Parisi Q2 evolution of approach
(A). For Altarelli-Parisi evolution the Q2 behaviour of F,, depends on the small z behaviour
of the parton starting distributions. If we assume that the starting distributions are non-
singular at small z (i.e. zg(z,Q3) and zq,,(z, Q%) approach a constant limit for z — 0),
then the leading term, which drives both the Q% and z dependence at small z, is of the

double logarithmic form

Fy(, Q) ~ exp [2{5( 2 QM)log(1/2)} |, (3.89)

where

Q 442 30 (a2
S(Qﬁ,Q2)=/ da”30,(q7) (3.90)

@ ¢ T

From (3.89) we see that, as z decreases, F), increases faster than any power of log(1/z)

but slower than any power of z.

If, on the other hand, the starting gluon and sea quark distributions are assumed to

have singular behaviour in the small z limit i.e.

29(z, Q}), T4gea(2, QF) ~ z7* (3.91)
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with A > 0, then the structure function F,(z,@?) behaves as
Fy(z,Q%) ~ 2 *h(Q%) (3.92)

where the function h(Q?) is determined by the corresponding anomalous dimensions of the
moments of the (singlet) parton distributions at n = 1 4+ A, as well as by the coefficient

functions.

We emphasize again that, in contrast to the BFKL approach, for (next-to-leading or-
der) Altarelli-Parisi evolution the relevant quantities which determine h(Q?) are computed
from the first (two) terms in the perturbative expansion in a,. Thus terms are neglected
which may in principle be important at small z, corresponding to the infinite sum of powers

of a,/(n — 1) in v (and in the coefficient function).

Note that in both cases (i.e. eqs.(3.89) and (3.92)) Altarelli-Parisi evolution gives a
slope of the structure function, 8F,(z, Q?)/8log(Q?), which increases with decreasing z.
The MRS(D’_)[40] and MRS(H)[46] extrapolations are examples of (3.92), with A = 0.5
and 0.3 respectively. On the other hand, the behaviour of F, obtained from the GRV[16]
partons is an example of (3.89). In the GRV model the partons are generated from a
valence-like input at a very low scale, Q3 = 0.3GeV? (and then the valence is matched
to MRS at much higher @?). Due to the long evolution length, £(Q3,Q?), in reaching
the Q? values corresponding to the small z HERA data the GRV prediction tends to
the double logarithmic form of (3.89). The GRV model is probably best regarded as a
phenomenological way of obtaining steep distributions at a conventional input scale, say
4GeV?, since the steepness is mainly generated in the very low Q? region where perturbative
QCD is unreliable[18]. Note, however, that the steepness is specified by the evolution and
is not a free parameter. In fact, in the region of the HERA data, the GRV form mimics

an z~* behaviour with A ~ 0.4, although for smaller z it is less steep.

To summarize, we have discussed four different ways of generating a steep « behaviour
of Fy(z,Q?) at small z, each with its own characteristic Q? dependence: the BFKL fixed
and running «, forms, (3.85) and (3.88), the Altarelli-Parisi double leading logarithmic
form with a long Q? evolution, (3.89), and finally Altarelli-Parisi evolution from a steep

™ input, (3.92). Examples of such forms are, respectively, the fixed and running a,
AKMS predictions[35,39], and the GRV[16] and MRS(H)[46] extrapolations. Their Q*
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dependences are compared with each other in figure 3.23 at given values of small z in the

HERA regime. For reference the MRS(D’ )[40] extrapolation is also shown.

Fa(x,Q%)

x=0.0027 i
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Figure 3.23: The Q? dependence of Fy(z,Q?) at small z (note the shifts of scale between the plots
at the different z values, which have been introduced for clarity). The curves are as
in figure 3.21. Also shown are the measurements of the 1992 HERA run obtained by
the ZEUS collaboration[45] (open points) and, by the H1 collaboration[49] using their
“electron” analysis (closed points). Only statistical errors of the data are shown. The
ZEUS points shown on the £=0.00098 curves are measured at an average z=0.00085.
A challenge for future experiments is to distinguish between curves like AKMS and

MRS(H), both of which give a satisfactory description of the existing data.

The theoretical curves are calculated either from eq.(3.79) (where f is the complete nu-
merical solution of the BFKL equation obtained as described in the previous sections 3.4

and 3.5), or from the full next-to-leading order Altarelli-Parisi evolution. We also show,
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in Fig. 3.23, H1[49] and ZEUS[45] measurements of F, made during the 1992 HERA run,
corresponding to an integrated luminosity of 25nb~!. Only the statistical errors of the
data are shown. Measurements will be made with much higher luminosity, and at smaller

z values, in the future.

Several features of this plot are noteworthy. First, if we compare the data with the
“z=A dependences” of the Altarelli-Parisi forms of MRS(D’), GRV and MRS(H) (which
have respectively A =0.5, “~0.4”, and 0.3), then we see that MRS(D’) and GRV are
disfavoured. So we are left with MRS(H), which, in fact, was devised simply to reproduce’
the HERA data of refs. [44,45].

Second, we see that the AKMS prediction (which pre-dated the HERA data) is, like
MRS(H), in good agreement with the z and Q? dependence of the data. In principle, it
is an absolute perturbative QCD prediction of Fy(z,@?) at small z in terms of the known
behaviour at larger z, but, in practice, the overall normalization depends on the treatment
of the infrared region of the BFKL equation[35,39]. We can therefore normalise the BFKL-
based predictions so as to approximately describe the data at « = 0.0027 by adjusting
a parameter which is introduced[39] in the description of the infrared region. For the
running o, AKMS calculation, this is achieved if the infrared parameter k2 ~ 2GeV? (with
k% = 1GeV2), in the notation of section 3.5. Strictly speaking, within the genuine leading
log(1/x) approximation the coupling a, should be kept fixed? . We therefore also solved

the BFKL equation with fixed «,, choosing a value a,=0.25 so as to have a satisfactory

Iy
normalization. The resulting Q? dependence of F,(z, Q?) turned out to be almost identical
to that calculated from the solution of the BFKL equation with running a,. For clarity,
we therefore have omitted the fixed a, curve from figure3.23. Also a background (or non-
BFKL) contribution to F, has to be included in the AKMS calculation?® ; this explains

why MRS(H), with A=0.3, and AKMS, with X = 0.5, both give equally good descriptions

1 See also the partons of the CTEQ collaboration which have A=0.27[50].
2 The use of running a, has the advantage that then the BFKL equation reduces to the

Altarelli-Parisi equation in the double leading logarithm approximation when the trans-

verse momenta of the gluons become strongly ordered.

3 To be precise, we take F,(background) = Fy(z, = 0.1,Q%)(z/z,)~%% [39]; a form
which is motivated by “soft” Pomeron Regge behaviour[41]. Other reasonable choices of

the background do not change our conclusions.
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of the HERA data.

A third feature of figure3.23 is the stronger Q2 dependence of the AKMS predictions as
compared with the MRS and GRV extrapolations which are based on Altarelli-Parisi evo-
lution. This we had anticipated, with a growth approaching (Qz)% for BFKL as compared
with the approximately linear logQ? behaviour characteristic of Altarelli-Parisi evolution.
In reality, at the smallest £ value shown we find that the AKMS growth is reduced to
about (Qz)i, due to the fact that F,(background) is still significant. Although we see that
the BFKL and Altarelli-Parisi Q? behaviours are quite distinctive, to actually distinguish
between them will clearly be an experimental challenge, particularly since Q2<15GeV?
is the kinematic reach of HERA at the lowest z value shown. Recall that the BFKL
and Altarelli-Parisi equations effectively resum the leading log(1/z) and log(Q?) contribu-
tions respectively. Thus the BFKL equation is appropriate in the small z region where
a,log(1/z) ~ 1 yet a,log(@?/Q3) < 1, where Q2 is some (sufficiently large) reference scale.
If the latter were also ~ 1 then both log(1/z) and log(Q?/Q3) have to be treated on an
equal footing (6], as is done, for instance, in the unified equation proposed by Marchesini
et al.[9]. For this reason we restrict our study of small z via the BFKL equation to the
region 53Q2<50GeV?2. As it happens, the very small z HERA data lie well within this

limited Q? interval.

So far we have neglected the effects of parton shadowing. If, as is conventionally
expected, the gluons are spread reasonably uniformly across the proton then we anticipate
that the effects will be small in the HERA regime[39]. For illustration we have therefore
shown the effects of (speculative) “hot-spot” shadowing, corresponding to concentrations
of gluons in small hot-spots of transverse area mR? inside the proton with, say, R =
2GeV~!. In this case, to normalise the predictions at z=0.0027, we need to take the
infrared parameter k2 ~ 1.5GeV?. With decreasing z, we see from figure 3.23, that this
shadowed AKMS prediction increases more slowly than the unshadowed one, but that it

keeps the characteristic “BFKL Q? curvature”.

To conclude, we have performed a detailed analysis of the Q2 dependence of the struc-
ture function F,(z,Q?) in the small z region which is being probed at HERA. We have
found that the theoretically-motivated BFKL-based predictions do indeed lead, in the
HERA small z regime, to a more pronounced curvature of F,(z,?) than those based on

next-to-leading order Altarelli-Parisi evolution. The difference is illustrated in figure 3.23
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by the comparison of the AKMS curve with that for MRS(H). From the figure we see
that data at the smallest possible z values will be the most revealing. The measurements
shown are from the 1992 run, but data with much higher luminosity, and at smaller z, will

become available in the near future.

3.7: Conclusions.

In the previous sections we have made explicit calculations for the structure functions
as ¢ — 0 on the basis of the BFKL formalism. Here we gather together the lessons learnt

from this analysis and summarise the main results.

Our starting point was the assertion that, at small z, we expected the gluon distribution
to rise dramatically as a result of soft gluon radiation. These effects were modelled by
applying the BFKL equation to the gluon distribution, which determines how f(:z:,E)
changes as we change the amount of phase space — that is, log(1/z) — available for
parton decays. Infrared effects play a role in this equation and rob the formalism of its
absolute predictability; but we expect that there will be some contribution from the purely
perturbative domain in which all transverse momenta k2 >1—2 GeV2. To focus on this

region we invoke a cutoff on the transverse momentum integrations.

Owing to the large gluon density, a large fraction of the 4*p cross section will originate
from the virtual photon striking a quark which has been radiated perturbatively from a
gluon. Consequently, once the gluon distribution is ‘known’ (from the BFKL equation)
then convoluting this with a suitable 4*¢ interaction will give a large contribution to
the cross section. We calculated the appropriate ‘impact factor’ for photon gluon fusion to
lowest order and performed the numerical analysis necessary to determine the contribution
of this process to F,. We found that, indeed, this process can give a large contribution to
the structure functions. However our analysis showed that the normalisation of the BFKL
contribution is sensitive to the infrared region, and that the contribution to the structure
functions from the ‘non-perturbative’ domain of small k2 must be large. As a model for
this contribution we assumed that it should have the characteristics of ‘soft pomeron’
exchange, and so be fairly independent of 2 and Q2. This seems fairly reasonable, since
the dominant mechanism driving both the z and Q? dependence here is the soft gluon

radiation which is accounted for by the BFKL equation. In fact, the results from HERA
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do indicate that there is a significant contribution to F,, owing to diffractive events [51], for
which the emission of a ‘soft pomeron’ by the proton and subsequent v*P interaction is a
viable model [52]. The observed overall normalisation of this component, however, seems

smaller than that of our ‘background’.

In an attempt to find some effect of the BFKL formalism which is less dependent on the
model for the infrared region, we focussed attention away from the absolute normalisation
of the structure function and towards its z-dependence. We studied the effective slope A
of the perturbative component of the structure functions, where F, = F;’? + Cz~>. Our
analytic formulae showed that we could expect this to have less dependence on the infra
red region, and our numerical calculations bore out this expectation. We found that the
BFKL formalism suggested a slope A ~ 0.5, compatible with the data provided that the

background, nonperturbative component is accounted for.

With a suitable normalisation, fixed by tuning the treatment of the infra red region,
the resulting structure functions from our model are in good agreement with the observed z
and Q? dependence of the data from HERA. A similar agreement can be obtained through
conventional methods based on the next to leading order DGLAP equations provided we
start evolving from an input distribution at Q®> = 4 GeV? which contains a steep z=A
growth. The z-behaviour in this approach can be varied at will, but the Q? behaviour is
fixed in terms of the DGLAP equations. In order to compare the two formalisms then, we
compared the scaling violations of the structure functions. Our results showed that the
structure functions based on the BFKL formalism showed a stronger scaling violation than
those coming from standard NLO analyses, but that the effect is not really very strong in
the HERA region. Given the theoretical uncertainties in the BFKL approach, notably the

‘background’ component of F,, an unambiguous test of the BFKL resummation based on

structure function analysis does not seem to be possible in the domain probed by HERA.
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Dijet production at HERA as a
probe of BFKL dynamics.

Loneliness and the feeling of being unwanted is the most terrible poverty.

Mother Teresa

4.1: Introduction.

The production of dijets at the HERA electron-proton collider offers an excellent op-
portunity to study the properties of the gluon distribution of the proton at small z. At
lowest order, dijets! are produced by the emission of a “hard” gluon from the initial or final
state of the struck quark (the QCD Compton process y¢ — gq) or by photon-gluon fusion
(vg — qq). The dijet events of particular interest are those in which the two jets tend to go
in the virtual photon direction (in the yp centre-of-mass frame) but separated by a rapidity
interval which is small relative to their large individual rapidities. In this configuration
the proton-gluon fusion process dominates and small values of z, are sampled. Here z,
is the longitudinal fraction of the proton’s momentum carried by the interacting gluon.
The process is shown diagrammatically in figure 4.1, where the dominant structure of the

interacting gluon at small z; is exposed. We also show the transverse momenta p;7, pyr

and kp of the outgoing (quark, antiquark) jets and the incoming gluon.

1 As is customary, we use the term “dijet” to refer to two jets produced in addition to

the jet formed by the remnants of the proton.
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fx,, k)

Figure 4.1: A diagrammatic representation of dijet production by photon gluon fusion, y¢ — gq,
at small z,. The function f is the (unintegrated) gluon distribution of the proton. The
cross section is given by the kp-factorization formula (4.8), which has the symbolic

form o = f @ F. F denotes the quark box (and crossed box) contribution.

Dijets can be produced at HERA via direct photons either by photoproduction (Q? =
0) [1,2] or by deep-inelastic electroproduction (Q* of O(10 GeV?)). In the former case it
is much more difficult to extract the direct photon events from the events in which the
photon is resolved into its constituent partons [3]. In fact it appears likely that a larger
“clean” dijet event sample will be obtained for electroproduction, and so we study this
process. We are especially interested in the properties of the gluon at small z,. However
the values of z, that are sampled in any deep inelastic study exposing the final state are
always greater than the Bjorken z. In our case z, ~ (1 + 3/Q*)x, where /3 is the c.m.
energy of the produced dijet system. So the lower the values of pr, for which the jets can
be clearly identified, the better.
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4.2: Dijet production in the BFKL formalism.

In principle, the calculation of the dijet production cross section requires integration
over the complete phase space of the transverse momenta kp of the gluon. In the conven-

tional approach we
(i) restrict the integration over k% to the region k% < p%. and

(ii) let k% = 0 in the calculation of the subprocess cross section 6(vyg — ¢g), i.e. we

evaluate & with the gluon on-mass-shell.

As a result we get the familiar factorization formula, which symbolically is of the form

z,9(zy, 1%) ® 6(vg — 44, 4°) (4.1)

where the scale u? ~ pZ.. In this way we can probe the conventional gluon distribution,
g, of the proton. However, at small z,, the strong-ordering approximation is no longer
applicable — we must keep the full k% dependence of & and integrate over the full k% phase
space. As a consequence we must work in terms of the gluon distribution f(z e k%, u?)
unintegrated over k% [4,5,6], that is

2 W dk%’ 2 2
0y = [ TSy ) (42)

At small z; the function f satisfies the BFKL equation [7],

0f(z,,k3)  3a, @ / dk!? [ Flzg, kB) — f(z,, k2)  f(z,, k%) (4.3)

dlog(1/z,) = K2 |k — k2| (44 + k37|

which effectively resums the large leading'log(l /z,) contributions which arise from the sum
of the gluon emission diagrams of the type shown in figure 4.1 together with the virtual
corrections. Note that, at small z,, the gluon distribution f becomes independent of the

scale u?. Two characteristic features of the solution of the BFKL equation are

(i) the leading small z, behaviour of the form

f(.'ltg, k%) ~ .’I};'\ (4'4)

where A = 0.5, and
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(ii) a “diffusion” in kp with decreasing z, which arises from the “random-walk” in the

kg of the gluons as we proceed along the gluon chain [8, 9].

The first property gives rise to a growth in dijet production with decreasing z,. However

this behaviour can be mimicked by eq. (4.1) with a conventional gluon which evolves from

—-A
g °

T, behaviour is stable to the evolution. The second property is more unique to BFKL

a singular distribution at some starting scale, that is z,9 ~ The singular small
dynamics. The diffusion in kp manifests itself in a weakening of the back-to-back azimuthal
correlation of the two outgoing jets of transverse momenta p;r and pyp. As & (and hence
T g) decrease, larger kp's are sampled and broader azimuthal distributions are expected.
On the other hand the strong-ordering of the transverse momenta of conventional dijet
production leads to a narrow distribution about the back-to-back jet configuration. Thus,
in principle, a measurement of the azimuthal distribution offers a direct determination of
the kp dependence of the gluon distribution f(:cg, k%) In practice the situation is not
so clear. The azimuthal distribution will also be broadened by higher-order conventional
QCD effects. To see whether these will mask the BFKL signal we therefore also compute
the azimuthal distribution resulting from the emission of a third “hard” QCD jet.

We begin by using BFKL dynamics at small z, to calculate the differential dijet cross
section as a function of ¢, the azimuthal angle between the transverse momenta p,t and

pat of the two jets. That is we evaluate

1

do

_dra dFp(z,Q% ¢)
drdQ?dé¢ =~ Qix

d¢

dFL(a:, Q21 ¢)
d¢

2
(1-y+%) +(1-y) (4.5)

where, as usual, the deep inelastic variables Q* = —¢?, = = Q*/2p.q and y = p.q/p.p,
where p,, p and ¢ are the four momenta of the incident electron, proton and virtual
photon respectively, see figure 4.1. The differential structure functions dF;/d¢ can be
computed from the kp-factorization formula, which is shown symbolically in figure 4.1. It

is convenient to express the jet four-momenta in terms of Sudakov variables

pr=01-08)d +ap+pir (4.6)

py = Bq + oyp + par

where ¢' = ¢+ zp and p are basic lightlike momenta. Thus, since the jets are on-mass-shell,
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+m 2 + 2
() - ()

where m, is the mass of the quark. The Bjorken variable z ~ Q?/2p.¢'. The factorization

formula for the differential structure functions is

we have

7. 02 dp?
h9,9) Q ) Z/ dﬁ/ _ psz( 29, k3)F{ (B, Pir PoT> 6) (4.8)

with 2 = T, L and where the “factorization” variables

T, =7+ a; + ay (Z[l + 4p;?T/Q2]x) (4.9)
k% = pir + P31 + 2P, 1Pyrc0sd.

The functions F which describe virtual photon-virtual gluon fusion, vg — ¢4, at small z,

are [10]

Q? pir | Par | o PirParcoss
B, Fhrs 8) = ef5zeld® + (1= 91 { T + T + MG

0 (4.10)

L 29 (11 2 }

e 3%My\ 3 + 7 —
7872 D? D! DD,
LB e, 8) = g 821 - ) { oy + oy — =2 (411)
LA P 52 I2n2" D} " D? DD, '
where e, is the charge of the quark ¢ and where the denominators

D; = pir+mi +B(1 - B)Q*. (4.12)

The first two terms in {...} in (4.10) and (4.11) correspond to quark box contributions
with p, being first a quark and then an antiquark jet, whereas the third term is the
“crossed-box” interference term. Note that the apparent divergence of the integral in (4.8)
at k% = 0 (that is at ¢ = 7) is cancelled by the zeros of the functions f and Frp, see
(4.10) and (4.11).
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The only unknown in the determination of the differential cross section for deep-
inelastic dijet production, do/dzdQ?dé, is the gluon distribution f(:vg,k%) that enters
in (4.8). We calculate f by solving the differential form of the BFKL equation, (4.3), using
knowledge of the gluon at z, = 1072, as described in the previous chapter. The normalisa-
tion (though not the z, behaviour) of f is dependent on the treatment of the infrared kp
region. However, the gluon distribution f can also be used to predict the behaviour of the
structure function F), itself, via the inclusive form of the kp-factorization formula (4.8),
see ref. [9]. Thus we can fix the infrared parameter in the determination of f so as to
reproduce the low z measurements of F, at HERA[11]. The result is shown by continuous
curves in figure 4.2, and corresponds to the choice k2 = 2 GeV2. We see that an excellent
description of F, is obtained. Now that f has been fully specified in this way, we should
be able to predict the azimuthal distribution reliably, provided, of course, that we sample

sufficiently small values of z, for the BFKL solution to be appropriate.

ep 3 n o T
! 07 =8.5Gev? | [ : 0%=30

—— AKMSIBFKL)
-—-- MRS(ANGLAPY |

Figure 4.2:

The measurements of F, at HERA (preliminary

data from the 1993 run[11]) shown together with

the BFKL description[9] (continuous curves) and

the MRS(A) parton analysis fit[12] (dashed curves).
The measurements of the H1 collaboration at Q2 =

65 GeV? are shown on the Q% = 60 GeV? plot.

o ZEUS
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4.3: Results.

In figure 4.3a we show dFp/dé calculated from the kp-factorization formula, (4.8),
for deep-inelastic dijet events with Q? = 10 GeV? for three different values of z. Each
jet is required to have transverse energy squared, EZ, greater than 10 GeV2. We notice
a rapid increase in the dijet rate with decreasing z, and a weakening of the azimuthal
back-to-back correlation. This last observation is more evident from figure 4.3b which
shows the same distributions normalized to a common maximum value at ¢ = w. The
broadening with decreasing z is a manifestation of the diffusion in k7 which is characteristic
of BFKL dynamics. The detailed shape in the region of ¢ &~ 7 will not be reliable, since
it corresponds to small values of the transverse momentum kg, of the gluon (see figure
4.1). Moreover hadronization effects will influence the distribution in this region. Rather
we should study the normalised distribution, dFp/d¢, away from ¢ = w, say outside the
interval 180 £ 20 degrees.

The characteristic BFKL behaviour of the solution f(z,k?) of (4.3) only has a chance
to set in for 251073, The precocious onset of this leading log(1/z) behaviour does indeed
appear compatible with the striking rise of F, with decreasing z that has been observed at
HERA, see figure 4.2. However this is not conclusive evidence of BFKL dynamics. The F,
data can equally well be described by Altarelli-Parisi (or GLAP) evolution. For example
the dashed curves in figure 4.2 are the description obtained from a recent global structure
function analysis based on (next-to-leading order) GLAP evolution from “singular” parton
distributions at Q% = 4 GeV?[12]. To distinguish BFKL dynamics from conventional QCD
we must look into properties of the final state at small z, such as the weakening of the
back-to-back correlations in the dijet events. However there is a price to pay. The BFKL
dynamics is sampled at larger “z” for final state processes than is the case for the inclusive
F, measurement. In our example of dijets with E%(jet) > 10 GeV? and Q% = 10 GeV?, we
see from (4.9) that we sample values of z,25z. Thus if f(z,, k2.) assumes a characteristic
BFKL behaviour for = 9,510_3, then we anticipate that the broadening of the ¢ distribution,
with decreasing z, will only be relevant in the region =< few x107%. This is near the limit
of the region which is at present accessible at HERA. In figure 4.4 we therefore compare
the dijet azimuthal distribution for z = 2 x 10~ with that for £ = 1073, that is two values

of z which are appropriate for HERA.
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Figure 4.3: (a) The distribution dFy/d¢ predicted by the BFKL kp-factorization formula, (4.8),
for deep-inelastic dijet events with Q% = 10 GeV? and EZ(jet) > 10 GeV2.

(b) The distributions normalized to a common maximum.
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As mentioned above, the weakening of the back-to-back azimuthal correlations can also
be obtained in a more conventional way from fixed-order QCD effects, in particular from
3+1 jet production. As usual the +1 refers to the jet associated with the remnants of the
proton. Part of the 341 jet production is, of course, already included in the calculation
based on BFKL dynamics, since the absence of strong-ordering in kp means that the
gluonic ladder contains additional (gluon) jets. Before drawing final conclusions we must
therefore compare our BFKL dijet predictions with the azimuthal distribution coming from
conventional 3+1 jet production. To calculate the latter we use the PROJET Monte Carlo
[13]. We require two of the jets to have EZ(jet 1,2) > 10 GeV? and the third to have
E2(jet 3) < 10 GeV?, chosen so that two jets are “visible” and the third (which may be
either a gluon or a quark) is relatively “soft”. The results are shown by the histograms
superimposed on figure 4.4. We have checked that the PROJET predictioﬁs in the region
|¢ — 7|220° are not sensitive to a reasonable variation of the cut-off, Yij = .s'-j/VV2 > Yoo

that is used to regulate the infrared singularities.

We see from figure 4.4 that the appearance of dijet events in the “tails” of the azimuthal
distribution, that is at angles such that |¢ — w|245%, at the predicted rate, will be a
distinctive signal for BFKL dynamics. Nearer the back-to-back configuration the fixed-
order QCD processes swamp the BFKL effect. Of course, since we work at the parton
level and ignore the experimental problems of jet identification, only the BFKL signal
can contribute for |¢ — x| > 60°. If the cut, E4(jet 3) < 10 GeV?, on the third jet is
removed and the azimuthal distribution is plotted as a function of the angle, ¢, between
the two jets with the largest Er’s then the PROJET prediction is essentially unchanged for
|¢ — 7| =~ 20°, but is enhanced at larger angles with a steeper fall off towards the limiting
angle |¢ — w| = 60°.
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do

xdQldy|

102

103

E? (Jets 1,2) >10 GeV*

) )

Q* = 10 GeV*

3.2

do L
x dQ'd¢
10 |

102:

E (Jets 1,2) >25 GeV?

M B U L

/\

Q* = 25 GeV*

2

L sa Lo o daliaag
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¢ (Radians)

Figure 4.4: The curves are the differential cross section for dijet production predicted by BFKL

dynamics, (4.5)-(4.12), whereas the histograms correspond to 3+1 jet production as

determined by the PROJET Monte Carlo using MRS(A) partons [12]. In the first

case, the broadening of the azimuthal distribution arises from the k, dependence of

the gluon distribution f(z,, k}) found by solving the BFKL equation, (4.3). For 3+1

jet production we assume that the third jet has EZ < 10(25) GeV? in the upper (lower)

plot.
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The deep inelastic variables (z,Q?) and jet cuts (E; > Eyr) have been chosen in an
attempt to optimize both the event rate and the BFKL signal at HERA. Clearly if we were
able to go to smaller z (or, to be precise, smaller :cg) then the BFKL effect would be more
pronounced, see figure 4.3. Now the observable deep inelastic region at HERA lies in the
domain Q?/2<10% GeV2. On the other hand, we see from (4.9) that T,RT + 4(z/Q?)ElL,
when two jets with Ep > Eyp are recorded. A higher jet threshold, Eyp, has the advantage
that the fixed-order QCD contribution is suppressed relative to the BFKL signal, but (since
Q?/z is bounded) then a higher ¢ is sampled. The lower plot in figure 4.4 shows the results
for Q% = EgT =25 GeV? and z = 5 x 1074, for which z, is increased by a factor of 2.5 in
comparison to that sampled for Q% = EgT =10 GeV? and z = 2 x 10~

4.4: Conclusions.

To sum up, the main aim of this chapter is to quantify the observation that BFKL
dynamics weakens the azimuthal correlation of the ¢,q jets produced in small z deep-
inelastic scattering via the photon-gluon fusion mechanism. We are able to obtain an
absolute prediction since the parameter which specifies the infrared contribution to the
BFKL equation is chosen such that the measurements of F, at HERA are reproduced.
(That a physically reasonable choice of a single infrared parameter suffices to describe
the observed small z behaviour of F, is a far from trivial test of BFKL dynamics.) For
the dijet events we find a substantial broadening of the azimuthal distribution and an
increase of this broadening with decreasing z. However, at HERA energies, we find that
the fixed-order QCD contribution from 341 jet production exceeds the BFKL signal near
the back-to-back configuration. Nevertheless at sufficiently large values of |¢ — 7| BFKL
dynamics dominates and give rise to a distinctive “tail” to the azimuthal distribution at
an observable rate. In this way dijet production at HERA offers an opportunity to study
the k- dependence of the gluon distribution of the proton.
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Summary and conclusions.

Fortunately, in her kindness and patience, Nature has never put the fatal question
as to the meaning of their lives into the mouths of most people. And where no one
asks, no one needs to answer.

Carl Jung

5.1: Small-x Physics: the theoretical framework.

The small-z limit of deep inelastic scattering represents one of the most interesting
problems in QCD. As the intermediate region between the standard (intermediate-z) re-
gion of DIS, which is in principle well understood, and the asymptotic Regge domain, it
provides a new window through which to view the ‘pomeron’ in QCD. While soft hadronic
interactions, such as 2 — 2 scattering, elastically or with quantum number exchange, can
be well described through Regge theory, the exact relationship of these models to the mi-
croscopic theory of QCD is still not clearly understood. In DIS at small-z the hope is that,
due to the presence of the virtual photon, some progress can be made through perturbative
methods. In a genuinely soft process, with no hard scale at all, it is not clear that the
partonic language in which a perturbative analysis is phrased is at all appropriate. In DIS
however, at least one side of the process is to be described perturbatively; hence there is
the likelihood that the effects of perturbative resummation of leading logarithmic terms

will become manifest.

Quite apart from these theoretical considerations, the small-z domain is of crucial im-
portance phenomenologically. In the next generation of hadron colliders, typical events will

probe the region z ~ p% /s < 1. In order to undertake a reliable analysis of these events we
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5: Summary and conclusions,

certainly need, as a preliminary step, to understand the somewhat simpler process of deep
inelastic scattering in this region. In particular it is necessary to understand the relevance
of higher order corrections, which are logarithmically enhanced in this kinematical region

and so can be important.

In this thesis we have looked at the small-z limit of DIS as a possible probe of per-
turbative Regge asymptotics. Our analysis is based on the results of a resummation of
leading logarithmic terms of the perturbation series, ~ a?log"(1/z). The results of this
resummation are most easily represented, for the phenomenological purposes here, in terms
of the old fashioned language of Regge theory and Reggeon Field Theory. We find that

the leading logarithmic results can be summarised as,

¢ Gluon exchange in the t-channel is replaced by a negative signature Reggeon with

trajectory a(t) = 1 + w(t), with w(t) calculable from perturbation theory,

e The ‘pomeron’ in this approach, that is the amplitude with vacuum quantum numbers
in the ¢ channel, is not a fundamental input to the RFT but arises later as the exchange
of two or more Reggeons in the ¢ channel. To leading log accuracy, only two-Reggeon
exchange is important. There are large corrections (ie. leading log corrections) due to
the interaction of these two Reggeons with each other. The effect of these interactions

can be formulated in terms of an integral equation for the partial wave amplitude, the

BFKL equation.

The main outcome of this analysis is that the ‘BFKL pomeron’ in this approximation is
‘supercritical’, that is it corresponds to a singularity in the j-plane which is to the right of
unity, at 7 = 1+ A, and thus leads to a power growth of total cross sections. The Froissart
bound must be maintained by the inclusion of nonleading logarithmic corrections, though it
is not fully clear which approach to take in this regard. Prior to these corrections becoming
important, we would expect the original power growth to be reflected in the behaviour of
structure functions for £ — 0; hence we performed numerical analysis to investigate this

possibility.
5.2: Structure functions at small-x.

With the BFKL formalism as our starting point, we have put forward a set of structure

functions for HERA which account for the leading logarithmic contributions. Our investi-
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5: Summary and conclusions,

gations show that the perturbative generation of quark distributions from gluons via the
g — qq process can lead to a large contribution to the structure functions in the region
£ 51073,Q% ~ 10 GeV? which is currently the focus of attention at the HERA collider.
However, there are significant problems in applying the BFKL formalism to structure func-
tions owing to the fact that nonperturbative effects are not explicitly factored out, unlike
the case of the DGLAP formulation. Consequently some model for the nonperturbative
contribution to the structure functions is required, which rather detracts from the merits

of the formalism.

These nonperturbative effects however should have a small role in determining the Q?
dependence of F),, which ought to be driven by a perturbative mechanism. Furthermore,
experience with soft hadronic processes would suggest that soft physics generates approxi-
mately energy independent cross sections; the most singular behaviour of a soft total cross
section which has been observed rises no more rapidly than o ~ s%%. This would trans-
late through to a contribution to structure functions rising as =99, To obtain agreement
with the HERA results we do invoke a ‘background’ contribution to the structure functions
with these properties of being roughly independent of z and Q?; this is unpleasant but
mandatory. Later authors have encountered this same requirement for nonperturbative

contributions [1].

In the light of these difficulties, it would seem that unambiguous tests of the BFKL
resummation from structure functions alone are not really possible. Nevertheless, it is
surprising to see how closely the resulting model is able to match the HERA data. It
would certainly seem reasonable to say that the sharp growth which is observed owes
its physical basis to multiple soft gluon bremsstrahlung; though we would have doubts
about the reliability of quantitatively predicting the magnitude of these effects, owing to
nonperturbative effects. For serious, quantitative phenomenology in the future it seems
essential to factor out the nonperturbative region as one does in the DGLAP formalism.
Some theoretical progress along these lines has been made in [2, 3], and an indication of the
phenomenological necessity of understanding the role of higher order corrections is shown

by the analysis of references [4,5].
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Appendix A : Eigenvalues of the BFKL kernel.

Here we will compute explicitly the eigenvalues E(w) of the BFKL equation, defined

in equation (3.34a ) as

K(w) = /000 ci—uu_“’ﬁ(u) (A.la)

_/'°°dv v“’—1+ 1
o v [lo=1] " (402 +1)3

where we have used (3.30a ,3.30b ) and the change of variable u — 1/v.

(A.1b)

We can define K = IEI 4+ 162 where

o0 wo__
ICl(w)=/1 dop? - and

v v—1
1 1 00
~ ) dv v dv 1 dv 1
Kol) = Jim, Uo T vt

(Here, we have introduced ¢, § in EZ to regulate any divergence of the integrals for z — 0,1

.

so as to be able to integrate each part of the integrand seperately in terms of simple 8

functions.) On changing the integration variable in El to u = 1/v one gets*

[

w1
T =~ ¥(1-w)

1
Ki(w) = / du
0
The three integrals in Ez can all be done in terms of B functions, using the relations':

1
/ dt t*" 11 —t)¥"! = B(z,y) for Rez > 0, Rey > 0, and
0

o0 t2z—1
2/0 dtmzﬂ(x,y) for'Re:l:>0,'Rey>0

* See, eg. Gradshteyn and Ryzhik, “Table of integrals, series and products”, fourth

edition, section 8.36 for this integral representation of the 3 function.
t Gradshteyn and Ryzhik, section 8.380
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from which we see that

~ . 27¢ €1
alo) = Jim, 5753

—2) + B(w +¢,8) = Ble,6).
Now, using the fundamental relations

DEIG) L e < DE+D

(where the second transformation is advantageous in that it makes explicit the poles for €

and 6 — 0) then K, can be rewritten as

o T4+ 5hE-%) 1 Tw+el(146) 1 TA+el(146) e+6
’Cz(w)—f,}l_rf(‘ﬁz I'(3) o F(w + €+ 6) ol I'1+4+e+6) o

We can now take the limit ¢ — 0% through using the expansion, I'(1+2) = 1 —ygz+0(2?),

when we get (just writing down the first and third terms above)

lim l[(1 —elog2---)(1 -’yE—;----)(l —1/)(% %)

e—0t €

— (1= ype- YA = (1 +8)e- )1 +3)

1
= [—logz—%—@+w+¢(l+5)+%] :7E+¢(1+5)+%'

(This uses ¥(1/2) = —y5 — 2log 2). We can now take the § — 07 limit in the same way?,

~ . 1[T(w)T(1 +6)

Ro(w) = lim 5 [W _ 1} (A.2)
= Jim [(00)+ 80891 - W) - 1] (A.3)
= (1) - (@) (A-4)

So, by adding lEl + Ez, we arrive at the following analytic form for the eigenvalues of the
BFKL kernel:

K(w) = 2(1) — $(w) — (1 - w).

P (1) = —vg
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