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ABSTRACT

Large Distance Expansion in the Schrédinger

Representation of Quantum Field Theory

Marcos Donizeti Rodrigues Sampaio

This thesis is concerned with an approach to Quantum Field Theory in which
the states are constructed from their large distance behaviour. The logarithm of the
vacuum functional is expandable as a local quantity in any quantum field theory
in which the lightest physical particle has a non-zero mass. This local expansion
satisfies its own form of the Schrédinger equation from which its coefficients can
be determined. We illustrate for ¢7,,-theory that our local expansion incorporates
correctly the short distance behaviour as contained in the counterterms of the Hamil-
tonian. A Feynman diagram expansion of the vacuum functional is also presented.
The amplitudes are calculated and their large distance expansion are in good agree-
ment with our semi-classical solution of the Schrodinger equation. Some applications
of this formalism to the study of the Schrodinger functional are also suggested.
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Introduction

It is clear that quantum field theory (QFT) is the most successful paradigm from both a
theoretical and experimental standpoint. Symmetry principles have always been the main
ingredient in formulating quantum field theories. The Standard Model of particle physics
is the most prominent example. It is also a consensus that we must go beyond QFT to find
the answer for the problem the quantisation of gravity, for example. A new framework,
richer in symmetries such as String Theory, will have to be exploited, presumably having
QFT as a low energy limit. This does not mean at all that we have exhausted QFT
as a source of information about physical phenomena. To the contrary, there are many
unsolved problems in physics which should be clarified by QFT in its most elementary
setting. For example, in QCD, perhaps our most complete field theory, there remains
to be developed an analytical framework to control its infra-red sector where we cannot
use perturbation theory in the couplings. This is essential to understand the mechanism
responsible for confinement and other low-energy phenomena in QCD so that it can be

crowned as the theory of strong interactions.

However, the arsenal of non-perturbative methods is scarce and most of the informa-
tion in the non-perturbative limit comes from numerical computations by formulating the
theory on a lattice. Analytical approaches usually provide more physical insight than nu-

merical simulations and often the interplay between the two approaches is very profitable.

The Schrédinger representation in QFT and the language of wave functionals have
given encouraging results as an analytical framework to study physics beyond perturba-
tion theory. For example, Mansfield [1] showed that within a continuum strong coupling
expansion of the Yang-Mills vacuum functional, the leading order term leads to confine-
ment via a kind of dimensional reduction resulting from the local nature of the logarithm

of the vacuum functional. This has been generalised in [24] to the case of the Wheeler-De
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Witt equation to look for a new phase in quantum gravity beyond the Planck scale.

Generally speaking, it was shown in 2] that, at large distances, the vacuum functional
of any quantum field theory whose lightest physical particle is non-zero undergoes a sig-
nificant simplification: for slowly varying fields its logarithm becomeé a local functional
of the fields. It is local in the sense that it reduces to a single spatial integral of a sum
of terms, each of which is constructed from the field and a finite number of derivatives
evaluated at the same spatial point. This expansion is expected to converge for fields that
vary slowly on the scale of the lightest particle in the theory which it describes. This is
in contrast to a very non-local expression which we would get if it was evaluated for more

rapidly varying fields.

Although this approach has been shown to be successful in studying the confining
properties of Yang-Mills theories since the first term in the local expansion exhibits con-
finement, in order to evaluate physical qﬁﬁntities we should compute more coefficients
in the local expansion. To calculate the so called low-hadron spectrum, which involves
heavier particles and therefore more rapidly varying fields, the local expansion can still be
useful. That is because by exploiting the analyticity properties of the vacuum functional

under complex scalings, it is possible to reconstruct it for arbitrary fields.

The coeficients of the local expansion are, in principle, determined by the Schrédinger
equation. However, care must be exercised because this equation depends explicitly on
short distance effects via an ultraviolet cut-off whereas the local expansion is valid only for
fields characterised by large length scales. Again analyticity properties of the Schrodinger
equation enable us to construct a version of this equation satisfied by the local expansion.
This reduces the eigenvalue problem of the Hamiltonian to a set of algebraic equations.
For theories that are massive at the classical level these equations may be solved semi-
classically. As a-bonus, this set of equations offers the possibility of solution within a new
scheme which holds for theories that are massless at the classical level, but acquire mass
quantum mechanically. This new approach to the solution does not rely on the smallness

of the coupling constant and hence offers the possibility of solution beyond perturbation

theory.

This thesis is organised as follows: In chapter 1, we give an overview of the Schrodinger

representation in QFT and present a few examples. In chapter 2, we demonstrate the sim-
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plification of the vacuum functional at large distances and show how it can be reconstructed
from its large distance, local expansion. We construct the Schrodinger equation satisfied
by the local expansion and discuss the approaches to its solution in chapter 3. Chapters
4, 5 and 6 contain the main results of this thesis. In chapter 4 we show for ¢} ,1-theory
that the short distance behaviour contained in the counterterms of the Hamiltonian is
correctly reproduced by our approach to the Schrédinger equation in which the vacuum
state is.constructed from its large distance expansion. In chapter 5, we obtain the vac-
wum functional of ¢} +1-theory by using its Feynman diagram interpretation. We evaluate
some amplitudes and find out that, in the limit of slbwly varying fields, they are in good
agreement with the results which we have obtained by solving the Schrodinger equation.
In chapter 6, we argue that the Schrédinger functional can be locally expanded for small
time, even if the theory is massless. We also illustrate how we could reconstruct the
Schrédinger functional from its smiall time expansion. Finally we obtain the leading order
short time behaviour of the Yang-Mills-Schrodinger functional within a local expansion
in the fields. In appendix A, we study the analyticity properties of the kinetic term in
the Schrodinger equation and in appendix B we present a computer programme which
was useful to generate the algebraic equations that determine the coefficients of the local
expansion. Throughout this thesis, we have adopted the unit system such that A =c =1,

except where they are explicitly written.



Chapter 1

The Schrodinger Representation
in Quantum Field Theory

1.1 Introduction

The Schrédinger Representation in Quantum Field Theories (SRQFT) is a natural exten-
sion of ordinary Quantum Mechanics in which we start out with a Hamiltonian operator
and canonically quantise by postulating commutation relations between the coordinate
operators and their conjugate momenta. The coordinate Schrodinger representation is
achieved by representing the diagonal position operator with its eigenvalues and using a
differential representation of the commutators by replacing the conjugate momenta with
derivatives. Coordinate representations of state vectors are called wave functions. The
Schrédinger equation becomes a differential equation whose solutions, the eigenfunctions
of the Hamiltonian differential operator, represent possible states of the system. The

dynamics thus resides in the states rather than in the field operators .

For a field theory in the Schrédinger representation we have, in principle, only to
substitute the word function by functional. Differential representations for the canonical
commutators are achieved by replacing the conjugate momenta with functional derivatives.
Coordinate representations of the state vectors are wave functionals. The Schrodinger
equation becomes a functional differential equation whose solutions represent possible
states of the system. In this sense, together with the Path Integral formalism, the SRQFT

constitutes a functional representation of field theory.

Although the SRQFT is an old concept, only recently it has been used as a tool to work

out field theoretic results instead of the Green’s function method for Fock space matrix
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elements of Heisenberg picture operators. This is partially due to technical complications
that one has to face. Solving the (Schrédinger ) functional differential equation for a field
theory can be a highly non-trivial task, in the first place . Furthermore, in contrast with the
Heisenberg picture, we miss the explicit Lorentz covariance. This apparent lack of Lorentz
covariance stems from the fact that quantum states are represented by wave functionals of
the fields on space-like surfaces, the Schrodinger equation describing the evolution of the
wave functional between successive surfaces. Thus, while the field configurations on that
surface carry the representations of internal symmetry groups, as well as isometry groups
of the surfaces themselves, the symmetries of the background space-time metric, such as
the Poincaré group, are affected. This is because the latter involves motions or distortions
of the surfaces in the space-time whereas the fields defined thereon generally carry no
information about the surface location or orientation with respect to the background

space-time L

Another difficulty in using a wave functional description of quantum field theories lies
in describing their renormalisation properties. Indeed, infinities can be more easily isolated
within the framework of causal Green’s functions in the Heisenberg formalism. The renor-
malisation features of the SRQFT were firstly addressed in a seminal work by Symanzik
(5] in which the Schrodinger picture was established in a mathematically well-defined way
for the scalar ¢* theory in (3+ 1)-dimensions. He showed, in perturbation theory, that the
wave functional defined through a functional integral is finite as any ultraviolet cut-off is
removed if, in addition to the usual ones, (two) additional counterterms are introduced in
the Lagrangian. This results from additional infinities that occur owing to the presence
of an extra boundary (at ¢t = 0), where the interpretation of the wave functional as a

probability amplitude is given.

For time-dependent problems, the renormalisation was firstly studied in [23] in the
context of time-dependent variational equations for Gaussian trial wave functionals, en-

visaging cosmological applications.

Despite the difficulties appearing from the technicalities mentioned above, there are

1A different formulation of the problem which aimed at establishing a covariant way to quantise quantum
field theory in the Schrédinger representation was originally proposed by Dirac [56] using parametrised
field theory (see also [26]). The basic idea was to raise the status of the space-time coordinates (called
embedding variables) to dynamical variables. In this sense, the wave functional turns out to depend on
the field configurations on the surface and the embeddings X*. Then one can talk about symmetry groups
that involve motions of the three-surfaces themselves.
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many problems, especially those involving changes in the ground state properties, in which
our intuitive understanding is better served in a wave functional Hamiltonian framework.
For instance, in the case of bosonic fields, the Schrédinger representation is a direct gen-
eralisation from ordinary quantum mechanics to the infinite number of degrees of freedom
that constitutes a field. This suggests the possibility of using the physical/mathematical
intuition acquired in quantum mechanics to analyse field theoretic problems 2. For exam-
ple, if we recall that while the Green’s function formalism contains all the information to
calculate objects like transition rates, S-matrix elements, etc. of systems in equilibrium
(where the initial data are superfluous), it is in the Schrodinger representation that we
can deal with the problem of following the evolution of a system in time from a definite
initial configuration (a pure or mixed state)[18]. This concerns many cosmological prob-
lems such as the time evolution of the inflation-driving-field and details of (thermal) phase

transitions which might have given risen to structures like cosmic strings [10],{12],[8].

The SRQFT is the ideal framework to describe anomalies and large gauge transfor-
mations [37]. In the case of anomalies, tﬁe basic idea is to consider the Schrodinger wave
functional represented as a path integral and detect the anomaly in the non-invariant
measure. Alternatively, after properly defining the action of the transformation opera-

tors upon the wave functional, one can study their commutators and find out about the

appearance of anomalous terms [33].

In a formulation of quantum field theory similar to quantum mechanics, one could
think of applying techniques which we learned from the latter to the former. The varia-
tional method is the obvious candidate. The Gaussian variational method in the functional
Schradinger picture has shown to be a good guide for the study of some non-perturbative
aspects of scalar and fermionic theories as well as for the description of quantum scalar
fields in an external electromagnetic background [11),(12],(21],(22]. For example, in {11]
it was shown that the Gaussian approximation gives better results than the 1 /N approx-
imation, N being the number of fermion flavours, in describing the dynamical breaking
of parity (chiral) symmetry in the (2 + 1)-dimensional Thirring Model. Also, in non-
equilibrium (finite temperature) quantum field theory, which is important to study the
early universe cosmology, the density matrix p describing a system in a mixed state satis-

fies the quantum Liouville-Von Neumann (LVN) equation dp/dt = i[p, H] if we assume an

2For a review, see [15] .
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isoentropic time evolution with the time dependence governed by the Hamiltonian (for
example, via a time-dependent metric). This equétion can only be solved for problems
that are described by quadratic Hamiltonians but for more general Hamiltonians, observ-
ing that the LVN equation can be derived from a variational principle [57], a Gaussian
approximation for the density matrix can be used as an approximation. The resulting
variational equations lead to a set of self consistent equations that unlike perturbation

theory, reflect some of the non-linearities of the full quantum theory [58],[59],(8].

The development of an analytical non-perturba.tiire framework to study the low en-
ergy phenomena in non-abelian gauge theories is highly desirable. Quantum gauge field
theories have been successfully tested for high energy phenomena, where the interaction
can be treated in a perturbative way (and a linearisation can be carried out) within the
framework of path integra;ls, for example. Asyinptotic freedom enable us to perform quan-
titative perturbative calculations of observables which are sensitive to the short distance
(or large momentum transfers) structure of QCD. However, at large distances the coupling
becomes large (infrared slévery) and the perturbative expansion senseless. Consequently,
perturbation theory fails to reproduce the low energy phenomena. Among them, we can
mention the quark confinement problem and chiral symmetry breaking in QCD (which are
the mechanisms responsible for the spectrum of the low lying hadron states). Obtaining
a consistent picture of the vacuum of strongly coupled gauge theories constitutes one of

the major problems in quantum field theory.

On the other hand, the arsenal of non-perturbative methods is very limited. One of
them is the numerical approach of Wilson’s Lattice Gauge Theory, which has provided con-
siderable progress in the matter. The great advantage of this formalism is that the theory
is quantised in a gauge invariant way. The price to be paid is that the continuous nature
of the space-time is spoilt and the connection with continuum field theory is established
only numerically. The idea is to regularise the theory by discretising the Euclidean space
time to a cubic lattice.with periodic boundary conditions and solve the resulting integrals
by Monte Carlo methods [74],[19]. Lattice calculations have given evidence that QCD and
Yang-Mills theories are confining: a non-zero value of the string tension can be numerically
calculated. However, the available computational power has limited a complete analysis
based on a lattice field theory. Moreover, to get some insight into the physics behind the

low-energy phenomena, one should develop analytical methods, capable of solving the low
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energy sector of QCD starting from first principles.

The Hamiltonian formulation of Yang-Mills theory has given profitable contributions
in this sense although the exact solution of its vacuum functional is still lacking. The
functional differential equation satisfied by the Yang-Mills vacuum functional is very hard
to solve, partially because of its non-abelian character. However, approximate vacuum
functionals have been suggested, valid in the strong- coupling limit or long-wavelength
configurations [46],[1],[43],[44] (which is the domain where the low hadron-spectrum orig-
inates) as well as interpolating forms between long and short-wavelength configurations
[41]. They find support in strong coupling expansions in the lattice where the computa-
tions can be more satisfactorily made in lower dimensions (e.g. in 2 + 1-dimensions), and

the results extrapolated to the physical dimensions via arguments of dimensional reduction

[1],[60],[61],[62].

Successfully ap;;lied to some problems.in quantum field theory , the variational ap-
proach presents more difficulties when applied to gauge fields. It is very hard to find a set
of wave functionals which are both gauge invariant and amenable to analytic calculation.
It can actually be shown that it is not possible to write a Gaussian wave functional which
satisfies the constraint of gauge invariance although some alternatives have been suggested

to remedy the problem [13]. .

The pioneer work on the Schrodinger functional equation for Yang-Mills theories was
done by Feynman [16]. He considered (2 + 1)-dimensional Yang-Mills theories with a view
to explaining the confinement of gluons. This was among his last important papers. For
a review of his paper, see also [17]. He considerably simplifies the problem of QCD to
set grounds for his arguments. The full problem involves 104 functions: six flavours of
quarks, each with three colours, each of which are represented by a Dirac spinor with four
componenfs plus thirty-two functions representing eight gluon vector fields each with four
components. The first simplification was to restrict to gluons only and ignore quarks.
As Feynman says, there are indications, from studies of asympfotic freedom and related
matters, that in the confinement problem the eﬁ"écts of quarks, if anything, work slightly
against the greater effects of gluons. The other simplification was to work with SU (2)
instead of the SU(3) gauge group. This is motivated by the fact that this simplified model

does present the feature of colour confinement, and a sufficiently intricate and interesting
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vacuum structure. This reduces the problem to three gluon fields which amounts to 6
different functions if we work in the temporal gauge, in which the time-like component of
the potential is set to zero, and in (2 + 1)-dimensions. About whether such simplification
is realistic, we also respond using Feynman’s words:“... the ease of visualisation is so
much greater that I think it is worth the risk !”. To summarise the results, Feynman gave
qualitative arguments in support of the existence of a finite gap in the energy spectrum
of the Yang-Mills Hamiltonian above the ground state vacuum, so that the first excited
state is a massive excitation, presumably a glueball. This is intrinsically connected to the
non-abelian character of the theory. In the case of QED, such a mass gap can be made

arbitrarily small so that the excitation is a massless “gluon” (photon).

As discussed by Jackiw in [15] we can heuristically put the problem as follows: in
quantum mechanics, the energy eigenfunctions ¥g(q) for a system with an energy gap
differ from those where there is no gap in the sense that, in the latter case, the dynamical
variable ¢ can become arbitrarily large. This becomes clear if you recall that the free
motion of a particle in an unbounded region possesses a continuous spectrum (there is no
gap and thus the energy can be as close as you want to the fundamental state) whereas if
the region is bounded (for instance, a double well), and therefore ¢ is limited, a gap exists
and the spectrum is discrete. In field theory we observe that, in electrodynamics, a long
wavelength vector potential corresponding to a low energy photon with energy arbitrarily
close to the vacuum exists. Feynman argues and presents some rough calculations to prove
that, for non-abelian gauge theories, such “large configurations” are either gauge equivalent
to “small” ones, or damped by the magnetic potential energy. On more mathematical
grounds, this problem was approached by Atiyah, Singer and Hitchin in {63], where they

study the metric on the space of Yang-Mills configurations.

Another important field of application of SRQFT is quantum gravity. Since Quantum
General Relativity is non-renormalisable at perturbative level, one has to develop non-
perturbative methods provided the theory is viable at all. Remarkable progresses have
been achieved in canonical quantum gravity in recent years by using the Schrodinger
picture. For instance, a class of exact solutions for the constraint equations (Wheeler-De

Witt equation) has been calculated [24],[25],[64] .

In the next sections, we present an introduction to the formalism of SRQFT illustrated
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with a few examples and discuss some of its applications.

1.2 Scalar Fields

For bosonic fields, the functional Schrédinger representation is a simple generalisation of
quantum mechanics. Fermionic and gauge fields theories are more complicated than scalar
field theories because of the anticommutators and gauge degrees of freedom, respectively.

The Lagrangian density for the scalar field ¢ reads

(#* - (V)®) - U(9), (1.1)

(NN

L= 28,00~ U(9) =

where the dot represents differentiation with respect to time. The field canonically conju-

gdte to ¢ is
P .
—£ =¢=m (1.2)
o¢ -
and then the Hamiltonian density becomes
. 1., 1 )
H=7r¢—£=5¢ +§(V¢) + U(¢) (1.3)

which enables us to write the Hamiltonian as
3 5. (1 o 1 2
H:/;un(:/dx@w+§aw)+Uw» (1.4)

By complete analogy to quantum mechanics, we can canonically quantise the theory by

treating the fields as operators and imposing the equal-time commutation relations:

[(i(xv t)a f((x" t)] = i63(x - X/),
[é(xa t), dg(xla t)] =0,

[ﬂxﬂﬁ&ﬁﬂzb. (1.5)

In the coordinate Schrodinger representation, we take the basis-vectors of the state vector
space to be the eigenstates of the field operator é on a fixed time hypersurface (t, say)

with eigenvalues ¢(x), namely

$()lp(x)) = p(x)lp(x)) (1.6)

3Notice that the set of field eigenvalues is independent of the value of ¢ labelling the hypersurface.
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where now ¢ is an ordinary scalar function and the eigenstates |¢) satisfy the usual

orthonormality and completeness relation:
()P (x)) = dlp—¢]

[ Peletniel = 1 (1.7

The coordinate Schrodinger representation of a generic state |¥) is the wave functional
U[p], a functional of the eigenvalue ¢

U] = (p|¥) (1.8)

and an inner product is defined through functional integration, that is

(n|e) = [ DeTilelalel. (1.9
Also
¢ — w(x)
s i (1.10)
8p(x) '

constitutes a functional differential representation of the equal time commutators. The
action of any operator composed by the canonical variables on the state () is

O, NP = Ol )V (111

and the dynamical equation is the functional Schrédinger equation for time dependent

functionals

19
i O0p

which, for time independent Hamiltonians, a separation of variables trivialises the time

Hip, 22y =i u (112)

dependence ¥,[p] =e *F*¥(yp] and we are left with the functional eigenvalue problem

Hip,; 50) Ve = E¥lg] (113

For the free case, U(¢) = 1m?¢? and the Hamiltonian can be written as

1 §?

which has the same structure as the simple harmonic oscillator. We can try to solve it for

the ground state wave functional and therefore assume that the functional has no nodes
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and is positive everywhere. Thus we may expect that the ground state is described by a

Gaussian wave functional

Toly] = Ne—3 [ Pxd®ye(x)Gxy)e(y) (1.15)
which substituted back into (1.14) yields *
1
/ d*xd’y 5 (Glx, x)3(x —y) — @(x)G (5, ¥)p(y) + 9(x) (- V" + m?)p(x)) Lole]
o = Eo¥o[y]
We arrive at a set of equations for Fy and G, namely
G*(x,y) = (-V’+m)i(x-y)
1
Ey = %T’I‘G = 5/ dx G(x,x) (1.16)

The equations above can be easily solved by using the Fourier transformation method

which results

1 :
Gx—-y) = )’ /d3p el P-(-Y) | [p2 4 m?2
1 1
— 3 3.2 /2 2
Ey /d X L /d P5 VP +m (1.17)

So, the vacuum wave functional for the scalar theory is given by 1.15 with G calculated

above and E represents the well-known zero-point energy of the free scalar field. In the

momentum space, it reads
To[p] = N'e~1/2 ] #*p/2m)* (P)p(=P)us (1.18)

where wp = /p? + m?. The normalisation constant N is determined by the usual re-
quirement [ D@3 ¥o[@] = 1 with D@ = [, d@,/(2r)* Which gives
1/4
N =11 (ﬂ> (1.19)
T
P .
In complete analogy with quantum mechanics, we can define creation and annihilation

operators
olp) = 5 [ x ¥ O (Wp)x) + i B ()

o) = 5 [dx PO (PRI - E)E)  (120)

. “The bilocal kernel G(x,y) regularises the product of two functional derivatives at the same spatial
point in 1.14 which is ill defined.
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satisfying [a(p), af(p')] = (27)%6(p—p'). The Hamiltonian written in these variables reads
dp 1 1 d&p
H= | — f = / YZYRY1

/(%)3 w(p)a'(p)a(p) + 3 ) G(p,p) (1.21)

with G(p, p') = w(p)(2m)*8*(p - P') -

Excited states can be constructed by applying the ladder operators on the ground
state wave functional. Their functional coordinate representation is achieved by using the

functional derivative representation of the momentum operator resulting

op) = 5 [ 7 P G phele) + i) o)

dip(x)
aT(p) — %/dﬂlx e—i p.{x~y) (wl/Q(p)go(x) _i‘*’_l/rz(P)&P(Zx)) (1‘22)

with the property a(p)¥ole] = 0 . The first excited state is ¥y [p] = N’ a(p1)¥o[y], which

represents a state with one scalar particle of mass m, momentum p; and energy wyp, .

As we have seen, the functional Schrodinger representation of the scalar field has the
same structure as quantum mechanics. In principle, one could obtain information about
the quantum field theory using similar techniques we find in quantum mechanics. However,
unlike the free case, for interacting theories the Schrodinger equation cannot be solved in
a closed form in general. As the variational method in quantum mechanics provides a very
good approximation for certain problems, one expect to be able to apply it to quantum
field theories as well. The scheme is as follows: the dynamical equations are obtained
as the condition that some quantity be stationary against arbitrary variations. This can ‘
be implemented approximately by choosing the quantities to be varied to have a specific
form, e.g. a Gaussian wave function(al), parametrised by certain unknown parameters
which will be varied. In this way orie might arrive at a set of self consistent equation,

solvable for those parameters.

1.3 Variational Approximations in the Schrodinger Picture

Action principles rule the dynamics of the theories which they govern. For example, in
classical mechanics the equations of motion are derived by Hamilton’s variational prin-
ciple which requires stationarising the classical action Sges = Jdt L(q,q) , such that
88¢1as/0q(t) = 0 with the variation d¢(t) vanishing at the endpoints that define the action.

The quantum analogue is called Dirac’s action principle. It instructs to stationarise the
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following action-like quantity
/ﬁ@ﬂ@—HW@E/ﬂﬁwmmma—HWMQ (1.23)
with the constraint (¥, ¢|¥,t) = 1 which leads to the time-dependent Schrédinger equation.

In [31] it was shown that we can get a variational definition for the effective action

(@], the generating functional of 1-particle-irreducible (1PI) diagrams, by minimising
/ﬁ@ﬂm&—HWhﬂ (1.24)

where the states (¥_, ¢| and | ¥, t) are constrained so that the matrix element of the fixed

time Schrodinger picture operator $(x) is. given by

(Ut s, t) = p(tx),

(U_,t|T,,t) = 1 (1.25)

and also the boundary condition these states tend to the ground state of H as ¢ = *oo.

The physical theory is recovered when we remove the constraints by solving

T[p]
3p(x,1)

The effective action can also be defined as the Legendre transform of the functional gen-

=0 (1.26)

erator of connected Green’s functions W[J],
rlg) = W1 - [ da (@) (z)

where @(z) = §W[J]/6J(z) (J is the source term) and 6T'[p]/d@(z) = —J(z). As a conse-
quence, the physical solutions which require vanishing of J, correspond to the stationary
points of ' and also to the removal of the constraints. Moreover, @(z) is also the vacuum

expectation value of the quantum field g?) in the presence of a source J,

#(z) = (01(2)[0) ;

®o(z)

@(z)s=0

SO

(] 0 o) — (01
5005, %) | ormone) 0 = @o(z) = (0]¢(2)[0)
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The effective potential > Vggy is derived from the effective action assuming a constant
background @(z) = const, i.e @(z) is independent of the space time point (translation

invariance),

p=const

Vessl@] /dm = —I[g] (1.27)

where the infinite volume factor comes from the space time integrations.

Dirac’s variational principle can then be used to obtain approximations by restricting
the variation of the trial wave functional ¥ to the subspace of Gaussian trial states. In

the following, we will explicitly write & factors.

The most general Gaussian state can be written [31]

Wife] = N(ewp( = | (o) = 3 1), ely) = £, 0)

1

=7 (x, 1) (%) — @(x.))) (1.28)

where N(t) is a normalisation constant and the integration in space [ d®x was abbreviated

+

as [, . It will be convenient to separate the variational function {2 into real and imaginary
parts [31]):

1 i

Then variational parameters are @, 7, G and . The physical meaning of the parameters

of this wave functional is brought out by the following averages, considering (¥|¥) = 1:

(T|6(x)T) = @(x,t)
(TrE)|T) = 7(x,1) (1.30)

whereas the average value of the operator i(3/0t) gives

D |y = 7(x,t)p(x x x
(Flig 1) = [ 7 pte ) + [ S0y, HGx (13

showing that the imaginary part of the covariance function {2 plays the role of canonical

conjugate momentum to the real part [8].

Now let us study the ¢* theory given by the Hamiltonian (1.4) with U(¢) = # +
_ ;%qb“ within the context of the variational approximation for the Gaussian trial state.
Substituting 1.28 into the Dirac’s variational principle leads to

T

Ofp,7,G,5) = [ auwlios - HIY) = [at | ([v‘rév ST

5Also called generating functional of 1-PI Green’s functions at zero energy and momentum.
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+B[(26) (%, — 2(B0) (%, 1) = (567 (5, 5%,8) — 5 V260 ¥, themy

) ’ 2
+%U(2) (@)G(x,x,t)] - %G(x, x,t)G(x,x,t)U? (@)) (1.32)

‘where V() denotes the classical potential, U () = % and we used the matrix notation

(AB)(x,y) = [, A(x,2)B(z,y). We immediately recognise the the O(R°) term as being
the classical action. The variational equations with respect to the variational parameters
6T /6 = 0, 0T /67 = 0, 6T' /6 = 0 and T'/6G = 0 give, respectively, the following set of
equations [8],[27]

7(x,t) = p(x,1)

(1) = (Vip - U0(p) - 200 (@) x,1)

Gx,y,1) =2((GD)(x,y,1) + (26)(x,¥.1))

£06,y,1) = 267200, ,8) ~ 22203, ) - 3 (- VE+ (@)
+ZU(4)((¢)G(x,x,t))(53(x -y) (1.33)

This equations can be used to determine the vacuum of ¢*-theory in this approximation
[59],[27]. For this purpose, we assume translation invariance, which implies that @ is
homogeneous and consequently the kernels can be expressed as a fourier transform

3 ~
Gx,y) = [ Gem G (1.3

considering that, for the vacuum functional, the kernels are time-independent. Therefore
(1.33) results 7 = ¥ = 0 and
- 1
e = -
() 2v/p? + M?

dp -
M? = 2+g__2+_g . .
m 2<p 2] @ )3G(p) (1.35)

Notice that when g = 0, it reduces to the free vacuum functional (1.18). Since (1.35) is
self—consistént for M2 S, it retains some of the non-linearities of the full quantum theory.
Of course these statements are meaningful only upon renormalisation of the ultraviolet
infinities. To illustrate this, we proceed to calculate the (renormalised) effective potential.
defined according to (1.27). Hence, for a homogeneous background, translation invariance

implies p =0 =T, G =0 =%, which with (1.32) and (1.33) enables us to write
- 1 9.9, 954, 0 B2
Verr(p) = 5m™e” + 5¢" + 4G (x,%) + 5 9G(x, x)G(x, x), (1.36)

5M is usually called effective mass.
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where G satisfies the equation

1
167206 y) = (V2 + m? + 252+ 526 (x, )8 (x - y). (1.37)

which using (1.34) determines G to be just (1.35). Hence the effective potential can be

rewritten as [27]

o 1o o g 4 2 2 9_2v
Vers(@) = 5m@" + 5@ — oo ( m® ~5¢°)
M? M* MY M?
il Al = (ln=— — =
+ 51— 2(A) + a2 (In 12 2) where
3
n = /:‘113_1_
(2m)% 2|p|
1 dp ;1 1
L = — - Az . .
2 AQ/(27r)3 <2|p[ 2m> (A is a mass scale) (1.38)
The effective mass written in terms of [; and I becomes
. M2
M2 =m? g 922 _902g g 2 '
m* + 2I1+ 5% 2M 2+—327r2M In e (1.39)

The theory possesses two divergent quantities I; and I so we need to renormalise it. This
can be achieved by redefining its two independent parameters namely the mass and the

coupling constant (m and g). The effective potential becomes finite using the following

renormalisation prescription 7
AVess mh
dM?
dVess

d(M?2)2

Ao gr
1

Mo 3gr

(1.40)

which can be rewritten with V.s; from (1.38) and (1.39) as

2 2 1
_Tn_R — T_n_+_Il
gR g 2
2 = 24-D. 1.41
9R g 2 (1-41)

Hence,

(1.42)

M4 [lnM2 1]
29r 27 " g 6anzl Az 2
and the effective mass

9R _ 9R M?
M2 = m%z -+ -2—<p2 + EIEMZZTL—F (143)

"This is the same renormalisation prescription that has been used in the large-N approximation for this
model [35]
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* The result above reflects some nonlinearities of the theory and can be used, for instance, to
study its symmetry breaking mechanism. However, in quantum field theory the Gaussian
approximation is far from reproducing the accuracy which is achieved when applied to
quantum mechanical problems, as it was insightfully discussed by Feynman in [20]. The
results which can be derived in this approximation are qualitatively equivalent to the
large-N expansion and suffer from the same shortcomings. For example, while in quantum
mechanics the energy level of the atoms could be predicted with great accuracy within
the variational method using Gaussian states, in quantum field theory, although it is
reasonably effective to determine the existence of bound states, it leads to a vanishing

binding energy [27].
1.4 Fermionic Fields

The coordinate representation of fermioni‘cl operators presents some peculiarities owing
to their anticommuting character. This leads us to introduce anticommuting functions in
analogy with the Grassman numbers. In other words, we deal with the infinite-dimensional
limit of the Grassman algebra {n,n} = 0,{d/dn,n} = 1,{d/dn,d/dn} =0, [dn =0 and
[ dnn = 1. We shall briefly discuss its main features in this section, following the original
work on the functional representation for fermionic quantum fields by Floreanini and

Jackiw [30].

A spin 1/2 field theory can be described by the Lagrangian
L= 2patdup = U(h) = 594 — H(); (1.44)

with a® = 1, {&}, &/} = 26% and 1 is a hermitian field satisfying the (equal time) anti-

commutation relations

[Wal), %o (Y|, _, = 80 (x = ). (1.45)

=Zy
Let us illustrate the problem of finding a functional representation for the quantum fermion
feld in its most elementary setting. Consider a massless Weyl-Majorana field in two space-
time dimensions. It is described by a hermitian (4! = 1), one component spinor field for
which the anticommutation relations above simplify to {¥(z),¥(y)} = é(z — y). We can
consider our functional space as consisting of functionals ¥[u] of a Grassman field u(z)

such that at fixed time {u(z),u(y)} = 0 and each functional is associated with a ket,
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|¥) <> U[u]. The question is how to define the action of the operator ¥(z) on this space.
Since the field operators are their own momentum conjugates, they cannot be represented
by their eigenvalues as we did for the scalar field. Instead we try a linear combination of

their eigenvalues and the functional differential operators with respect to them, viz.
$(@)|2) = (cu(e) + ﬁ—é—) 14 [u]’ (1.46)
du(z)

The equal time commutation relations require that o0 = 1/2 and hence we choose a =
8 = 1/V/2. The Grassmanian character of the fields require careful treatment for the
inner products. In order to gain some intuition, let us follow Jackiw [30] and consider the
problem on a space {z} consisting of two points ¢ = 1,2 on which two fermion operators
are defined, satisfying {1(3),%(5)} = di;. A state |¥y) is represented by a functional of

u( ) that can be expanded in a four dimensional basis
Tlu] = fo+ fru(l) + fou(2) + frou(l)u(2) (1.47)
The inner product with another state |¥,) defined in a natural way as
(Wglg) = g3 fo + 931 + 932 + giafrz = (W7lg)° (1.48)

can be expressed as
(T, ) = / dPu? [u] ¥ [u] (1.49)
if
(Tg] = T5lu] = gfa + g3u(l) — giu(2) + gou(l)u(2) : (1.50)
because only the Grassmanian integral [ d?uu(1)u(2) =1 is non-vanishing. In fact, since
the Grassman delta function is given by 62(u—a) = (u(1)—4(1))(u(2)-4(2)) , [ d*ad?(u—
) U[i] = U[u), (1.50) can be written as

» 2

Thus the adjoint of u(z) is 6/du(i) and 1/v/2(u(i) + §/du(i)) is hermitian as it should be.
The dualisation can be formulated analytically by introducing the auxiliary variables 4(z)

and an auxiliary dual functional ¥ (@] defined by the natural formula

U] = g5 + 91(1) + g5a(2) + 9128(2)a(1) - (1.52)
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Therefore (1.50) can be written as 8

U] = / 2 EDH+32)u) § (7] (1.53)

with [ d?%%(2)%(1l) = 1 being the only non-vanishing integral. The generalisation to
field theory is immediate. Given ¥[u], construct T[] by complex conjugating scalars and

replacing u(z) by @(z). Then the dual of ¥fu] is

T*[u] = / Diie] @U@ (). (1.54)

1.5 Gauge Field Theories

In spite of being a bosonic theory, gauge field theories present some peculiar characteristics
because of the gauge degrees of freedom. It turns out that the Schrodinger representation

is particularly good to deal with them as we illustrate in this section.

Firstly let us set up our conventions. The vector potential A, may be presented as an

element of the gauge’s group Lie’s algebra,
A, =gAT, (1.55)

a

T = =Ty, [To, Tp) = faseTe, trTaTy = —%5@ where the group indices run from 1 to the
dimension of the group (N2 — 1, for SU(N)) and the Lagrangian density reads

1 14 1 14
L= —ZFu aFuwj = 2—g2'tTF‘u FI-W (156)

FS,, = 3uA3 - aqu + gfabcAZAch
F, = gngTa =0,A, -0 A, + [Ay, A (1.57)

The theory is invariant under local gauge transformations effected by an element U of the
gauge group:

A, — AV =UTTAU+ U, (1.58)

F, — Fo,=U'F,U (1.59)

The Euler-Lagrange equations follow by varying A, in (1.56)

8,F™ +[A,, F*] = D,F* =0, (1.60)

8 Also known as Berezin integral.
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and F),, satisfies the Bianchi Identity

DoFgy+ DpFyo + DyFag =0 (1.61)

The Hamiltonian formulation of Yang Mills theory is usually done in the temporal (or
Weyl) gauge in which the temporal component of the gauge potential is set to zero. This
is convenient in the canonical formalism since the momentum conjugate to Ag vanishes.

The canonical variables are the gauge potentials A% and their conjugate momenta

. 5L oi A
1 = - = 4 = Al . .
T = Sl FY% = gy AL (1.62)

The Hamiltonian coincides with the energy (the zero-zero component of the stress energy

tensor 6°°) and can be written as
1
H= /dBX M= /d3x tr(E? + B?) (1.63)
where

H = 7noAl - L,

E. = F = -7t = —A; and
BF = —%ekijF{}. (1.64)
The‘(equal time) canonical commutation relations
[EL(x,t), AL (X', t)] = 100507 6% (x — x) (1.65)

leads naturally to a functional differential representation for the colour eletric field, namely

(%) = i, (1.66)

E AL ()

a

acting on functionals of Ai. Since Ag = 0, the Gauss Law (the time component of the
Yang-Mills equation of motion) cannot be obtained neither by varying the Lagrangian,
nor as a Hamiltonian equation. We can see from (1.60) that its time component is a fixed

time constraint between canonical variables, namely
G,=(D.E), =0 (1.67)

Therefore the Gauss Law has to be imposed as a constraint on the physical states of the

theory and will result in an additional functional differential equation which, in addition
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to the Schrédinger equation, has to be satisfied by the wave functionals U[A]. It turns out
that the Gauss law constraint implies that the wave functionals representing the physical
states are gauge invariant. To see this, we start by recognising that the theory in the
Weyl gauge has a residual symmetry under time independent local gauge transformations
U = " ®T* under which the gauge choice AY =0 is preserved, whose infinitesimal form
U=1+6%x)T"is |

SAL = —é(m})a (1.68)

which is generated by G = D'E; and is conserved as it can be read off from the commu-

tators:
ilA, / dx 6°()Galx)] = O,

i[ [ #0160, 4] = 4500 (1.69)
Moreover, it satisfies an é,lgebra that follows from the group Lie algebra:

i[Ga(%), Gy(¥)] = 9fabeGe(x)0(x — y) (1.70)

The above is a very important relation. It enables us to impose the condition on the
physical states

phys =0 (1.71)

G|¥)
The problem is that (1.71) actually I;epresents an infinite number of equations, one for
each spatial point x since G is also the generator of a local symmetry. Hence questions
concerning integrability, for instance, arise. Such questions can be answered by analysing
the commutator of two constraints since, as G generates the symmetry transformation,
one expects their commutator to follow the Lie algebra (1.70). If this relation holds,
the constraints are consistent (technically called first class) and the constraint equations
are integrable, at least locally [29]. Generically speaking, anomalous terms could appear
owing to the infinities of a local quantum field theory (ultraviolet divergencies), and in
many cases they are essential %o render the quantum theory meaningful as it is the case

of the (quantum) symmetry breaking of undesirable symmetries present at classical level

[33] °.

9For example, for the anomalous chiral Schwinger Model, an equivalent equation to (1.70) holds with
Poisson brackets at classical level but acquires a quantum extension (anomaly) at quantum level, obstruct-
ing the Gauss’ law. However, the suitably constructed quantum theory which removes this obstruction
leads to the expected massive excitations in this model [36]
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In view of (1.70), (1.71) translates into a functional differential equation for the physical

wave functionals

)

§ )
(052 — 9o bl) ) P1AT =0 (172)

which amounts to say that U[A] is invariant under spatial gauge transformations. To see

this, recall that a change in the' wave functional by a variation in its argument reads

/ Px 5 Az 5A’() (L.73)

Using (1.68), we get 64% = —-%(GiBa + 9fabcAbBc) which taken into the equation above,

after an integration by parts gives

) .
U[A] = /d3x9“<ai5A—i(x_) — g fabcAp(X) ST (X))\IJ[A] (1.74)
which for 8, # 0 implies (1.72).

A class of finite gauge transformations is obtained by exponentiating the generator

of infinitesimal transformations F = —1 f d3x 0%(x)Go(x) [34], namely e'f . Therefore,
the invariance of the physical states under the finite transformations which are formed by

iterating the infinitesimal version is expressed by
eF |0y = |T) (1.75)
or in terms of the wave functional
P U[A] = T[A] (1.76)

where A’ is the gauge transformation of A. This applies only to those finite gauge trans-
formations which are obtained by iterating (exponentiating) the infinitesimal one. For
this class of transformations U is deformable to the identity. They are referred to as
“small gauge transformations”. It remains to verify what happens to a broader class of
gauge transformations, i.e. those which are not formed by iterating an infinitesimal one
(so called large gauge transformations). This issue is related to a vast topic in gauge field
theory, concerning its topological properties. Here we restrict ourselves to show how some
concepts can be more easily understood within the functional Hamiltonian formalism,

©

particularly the 6 angle in (3 + 1)-dimensional gauge theories.
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1.5.1 6f-angle in Yang-Mills Theory

We start our discussion with Yang-Mills theories in the 3-dimensional space time. One
can add to the Lagrangian a Chern-Simons term. This term gives mass to the vector fields

yet the equation of motion is gauge covariant. The Lagrangian density is
1 i 2

L= 2—g2-trF’“’FW — —2—g5e“uatr(FWAa — §A#A,,Aa), (1.77)
where /i has the dimension of mass and fi/ g? is dimensionless 1. This mass term is believed
to carry a topological significance which is seen from studying quantisation. There is also
a beautiful connection with Yang Mills theories in 4 space-time dimensions (considered at
high temperatures)[32]. Roughly speaking, because of the periodic boundary conditions
imposed on the fields, finite temperature field theory in the imaginary time formalism lives
in IR3 x S! and the radius of S! is given by 1/T. In the limit when T' — oo, S! collapses
leaving a three dimensional space JR® *'. With this in mind, there are grounds to make a
connection between the four dimensional st;uctures responsible for the 6 vacua and those
leading to the mass term in three dimensions, thus lending support to the conjecture that

the latter arises from the former in a high temperature reduction.

Consider a finite gauge transformation (1.58) in (1.77). The action changes by

Bzl Bor+ B [ Bz (2Pa, tro,UU 1A LTI 1.78
zL = z -+-g—2 z (€ o tr(0p #])+?—w( ), (1.78)
where

w(U) = 517 [ &5 SRUUTGUUTOUUT] (T

If we restrict the gauge transformations that tend to the identity at the spatial and tem-
poral infinity limg_,eoU(z) = £I 12 the A-dependent surface integral above vanishes. The
other term can also be transformed into a surface integral once the integrand is rewritten
as a total derivative. As a matter of illustration we introduce a explicit parametrisation

for U and choose SU(2) as the gauge group:

Ue) = &0

a Al Ao
T* = o= fa=0°0] (1.80)

10The fact that the mass term is a world scalar (independent of the metric) is an evidence for its

topological nature.

UPplys a dimensionful rescaling of the coupling constant g — T'g

12Phis restriction is made in order to avoid convergence problems in (1.78) and also reflects an assumption
of space time uniformity. See [28] for a complete discussion. ’



Chapter 1: Schridinger Representation in QFT 25

Therefore w(U) is written as

1
1672

w(l) = / Pz 8,0° = / B 105, [0°956°0,6°(19) — sinlfl)]  (1.81)

which although being a surface integral, can be shown to take integer values which char-
acterise the so -called homotopy class to which U belongs . Only for the homotopically
trivial class (that in which U can be continuously deformed to the identity), w(U) does

vanish 13.

Let us analyse the consequences of this results to the quaxitised version of the theory.

We have seen that the action (1.78) is not gauge invariant and changes by
ix (872 x w(U) = i x (872) x integer . (1.82)

However, in the quantum theory it is the exponential of the action that should be gauge
invariant, that is ezp(i [ d®z £). Therefore a change in the action makes a consistent
quantum theory only if it is an integral multiple of 27 and we are led to the quantisation

condition

ant =n (n . integer) (1.83)

g2

The Euclidean formulation leads to the same conclusion [32]. We can also give a Hamilto-
nian derivation of the quantisation rule, based on the response of the system to (spatial)
two-dimensional gauge transformations. It turns out that (1.83) is a consequence of the
Gauss’ law as a necessary condition for its global integrability. In contrast to the four
"dimensional Yang-Mills theory, in three space-time dimensions static gauge transforma-
tions have zero winding number [28], in other words, there is only one homotopy class for
the two-dimensional gauge function U. They are all “small” and can be implemented by
exponentiating the infinitesimal generator 14 The Euler Lagrange equations which follow
from (1.77) are

-~ EuaﬁFaﬂ B

I
D P+ £ 84
R 0 (1.84)

13 A little of mathematical terminology will be useful in what follows. The gauge functions U with large
distance asymptotes +I provide a mapping of the 3-sphere 53 which is equivalent to the three space R®
once the points at infinite are identified, into the gauge group. Such mappings fall into disjoint homotopy
classes labeled by integers, and gauge functions belonging to different classes cannot be continuously
deformed in one another. Particularly only those which belong to the zero class are deformable to the
identity. For example, consider a mapping S$% = SU(2). Since the three parameters that specify this
group also form a S° space, we have 5% 3 S mathematically expressed as II}(SU(2)) = ms*H) =z
(group of integers under addition). It is also true that II*(S™) = Z and " (8™) = 0, for n < m, meaning
that all mappings can be deformed into a single mapping (i.e. the-topology is trivial) [66]

4physically this means that there is no f-angle in two spatial dimensions and mathematically that
3(S™) =0, m>2
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Because of the mass term, the canonically conjugated momentum acquires an extension,
namely 7% = —E% + ji/(2g%)€" A] in the Weyl gauge. A modified form of the Gauss’ law,
has to be imposed in the physical states, as the time component of (1.84)

- ij

(D.E), +g“—2 2 =0 (1.85)

has an extension. In canonical variables, this equation writes as

7 €4 o; A;l

Ga= ~(Dir')et 55—

It can be shown that this G, commutes with the Hamiltonian and satisfies the Lie algebra

(1.70), which guarantees the local integrability of the Gauss’s law. G,|¥) = 0 translates

into
) i ¢t BZA
D; kT 2 glA) = .
( M)@[A} G5 Lulal =0, (1.86)
or upon iteration
"o [ X8 Gagia] = T[A]. (1.87)

The left hand side of (1.87) can be written as

; 2 na . 872 50Q(0) 872 30(6)
o5 [ B Gagra] = ot (AU o B[AV] =t s U[A]  (1.88)
Q(0) = 8—715 / Pxeitr(BUU L AT) - / dxi® - (1.89)

where @, is the time component of w® defined as in (1.81)}. As we know from quantum
mechanics that whenever a symmetry transformation on a canonical variable changes the
Lagrangian by a total time derivative of a function, that function appears as a phase in

the transformation law for the quantum mechanical state. Therefore, in our case,

d [ 87%p :
L L- ?ﬁ( p Q(@)) (1.90)

Finally, the quantisation of the mass comes as follows: Although the Gauss’s law is locally
integrable as it is guaranteed by the commutators of G,, we will have to examine its global
integrability. Mathematically speaking, the statement that II3 is non-trivial implies that
the space of gauge functions U defined on the two space is not simply connected [66]. Now
consider a 3-dimensional U which is not deformable to the identity. We can view U is a
family Qf two dimensional matrices depending on the spatial two vector x and a parameter

7 such that as 7 = o0, U — I [34]. In other words, we have a loop that starts and ends

BFor SU(2) it would be —1/(16x%) fdzxeifeabCé“aiébajé°(|e| — sinld)).
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at the identity yet it cannot be deformed to the identity by hypothesis. If we follow (1.88)

as T varies from —oo to 400, with U = I at the endpoints, the phase factor must be unity

16 or equivalently

0 8

87 2h [ 9
= /_ ~dr5-0(6) = 2mn (1.91)

g

Zao)|

The integral in the expression above can be identified with w(U) which is itself an integer.

Therefore we arrive again at the quantisation condition (1.83) as a constraint so that the

Gauss’ law is globally integrable.

Let us turn our attention to the four space time dimensional case. For small gauge
transformations (those for which U is deformable to the identity, the physical content of

(1.76) is that the wave functionals are gauge invariant:

T[A'] = T[A]. (1.92)

However, for gauge transformations which cannot be deformed to the identity or, if you like,
that cannot be composed by iterating an infinitesimal gauge transformation, one cannot
assert that the wave functional remains invariant when these “large” gauge transforma-
tions are performed. Let us call G, the operator which implements a gauge transformation
in the nt" homotopy class to which U belongs. Thus, we say that only Go has the rep-
resentation €Y. G, is unitary and C(;mmutes with the Hamiltonian, since it generates a
symmetry transformation. ‘From general quantum mechanical principles, we conclude that

the physical states are eigenvectors of G, with an eigenvalue which is a pure phase:
G U[A] = T[A'] = e " T[A]. (1.93)
Owing to the additive nature of the gauge function’s homotopic characterisation, it is clear

that 6, = nf.

This is the origin of the 8 angle, which appears naturally in a Hamiltonian formulation
of the theory. It is possible to remove the phase from the transformation law above,
provided we find a functional of A, which we call w(A), that changes by n when a gauge

transformation in the n* homotopy class is performed, i.e.

w(A) = w(A) + . (1.94)

18The first term in (1.89) vanishes when U =L
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We start out by writing
T[A] = e ¥ (A)p[A] (1.95)

where ®[A] is invariant against all gauge transformations
Gn®[A] = ®[A'] = D[A]. (1.96)
Such functional can indeed be constructed and it is

w(A / d®x ¥ tr[Fyj Ap — %A,-AjAk]. (1.97)

-
~ 1672
We have already seen that gauge transformations change w(A) according to (1.78). There,
w(U) labels U homotopy classes and is an integer number. Now, a universal phase factor
can be removed from all the wave functionals at the cost of addiﬁg a total time derivative
to the Lagrangian. If the quantum theory based on the functionals ¥ is obtained from a

Lagrangian Ly = [d®x L, the one based on the functionals ® = e~ Ww(A)T is obtained

from the Lagrangian

A
Lo =/d3x L +otuA) (1.98)
dt
We can be shown that
' dw(A) _ -1 3 * UV
2~ 16”2/d x tr *F¥E,, | (1.99)

where *F# = 1e¢#*PF,p5 is the dual strength tensor. This enables us to define a new

Lagrangién
L= —iF;‘”Fﬁ,, + @g%e “FMFS, (1.100)
and since the second term is a total divergence,
*FFL, = 0,X*
Xb = HBT(E A §AaAﬂA7], (1.101)
it does not change the equations of motion. w(A) = —;1-7;2; [d3% X0, is exactly the winding

number defined before. In summary, the §-angle in Yang-Mills theories is present even
by imposing gauge invariance on the wave functionals!”. If we recall that the theory in
3 space-time dimensions is the high temperature limit of the theory in 4, and that the
coupling rescales like g — ¢gT' we see that the quantisation condition for the mass term of

the three dimensional theory leads to

g
p=n nT (1.102)

"The 6 term in the Lagrangian is CP odd and thus it could be a source of CP-violation in nature.
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and therefore we can say that a non vanishing mass term (3-dimensional space time) pre-
sumably arises from a non vanishing 6 (4-dimensional space time) and the discontinuities

in the former for the three dimensional model are suggestive of different phases in the

latter.
1.5.2 BRST Symmetry in the Schrédinger Representation

When we quantise a gauge field theory, for instance in the path integral formalism, we have
spurious infinities which reflect the integration over equivalent gauge configurations. A
way out this problem is the Faddeev-Popov functional integral procedure which is basically
a selection of one representative from every set of gauge equivalent potentials (orbit) [55].
This is done by a modiﬁcationA in the integration measure which, exponentiated, amounts
to additional terms in the Lagrangian which includes anticommuting scalar fields called
“ghosts”. Despite the gauge invariance of this (effective) Lagrangian being broken by
gauge fixing terms and the Fadeev-Popov ghosts, it is still invariant under a well known

class of transformations of the fields called Becchi-Rouet-Stora Transformations (BRST).

The Schrédinger representation is particularly good in dealing with gauge degrees of
freedom and in understanding the relation between quantisation procedures between dif-
ferent gauge-fixing conditions [67]. In [39], it was shown that the BRST quantisation
of gauge field theories could be carried out solely within the Schrodinger picture. They
showed that BRST symmetry can be considered as the residual gauge symmetry of the
gauge fixed Lagrangian and hence the correct form of the Hamiltonian/Lagrangian comes
out naturally from this formalism. This interpretation has given a new insight in under-
standing the origin of the BRST symmetry as well as provided a new method of obtaining

the BRST structure of a theory [40]. Let us illustrate these arguments in their simplest

setting.

For simplicity, consider the abelian gauge theory Lagrangian density:
|
L = —ZF Fu. (1.103)

Let us adopt the covariant gauge for which the gauge potential satisfies the gauge-fixing

condition

9, A% — a(z) =0, (1.104)
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where a(z) is a arbitrary scalar function. The gauge fixing condition can be translated

into the insertion of Lagrangian multipliers, namely
- 1 9
L= L+ m0,A* + 50m0) (1.105)

where o is a gauge parameter, and treating all the variables in the equation above on equal
footing (independent). Nevertheless, L is still invariant under A*¥ — A + i0%x where
x satisfies 0,0%x = 0. This residual degree of freedom should not affect any physical

information. This condition translates into the wave functional formalism as
\Ilphys[A“(ﬂx) + 0% x(x,t),t] = Uphys[A¥(x), t]. (1.106)

Now, we write x(x,t) = An(x,t), where X is an infinitesimal Grassman number and 7 a

Grassman variable. The condition (1.106) written in terms of these variables reads:

/ #x Fn(x,1)3 Af( § Tonas[ 44,8 = O, (1.107)

with n(x, t) satisfying the equation 9,8"n(x,t) = 0 which is considered as an additional

variable to those in £. This equation can also be written as

’p = _i'fla
P+iViy = 0. (1.108)

The equation of motion for 7 can be included as part of the Euler Lagrange equations by

writing the Lagrangian as
Loow = £ — Pl — iP) — (P +iV?n), (1.109)

which is the correct form of the Lagrangian including the gauge fixing and ghost terms.

From the equation above, we obtain the Hamiltonian
1 _
H= / % [Hyauge — 503 — T4V.A = PP — V4. V1] (1.110)
The (anti)commutation relations

(x )] = —'igu,,é?’(x—x'),
) = i f-x),

[mu(x

), Ay
{n(x),P(x

/-\

(7(x),P(x")} = —id(x—x), (1.111)
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render -functional derivatives as representatives for the operators, mu(x) = i0/6A*(x),

P(x) = —id/én(x), P(x) = ~18/67(x) ,which allow us to write (1.107) as
2 phys[A*, ] = 0,

n= / &x [-iPm +1V.E),

and we immediatelly recognise the operator {2 as the BRS charge operator, and the
condition above is nothing but the BRS condition over the physical states [68] 8. The

same can be done for the non-abelian theory.
1.5.3 Abelian Gauge Theory Vacuum Functional

The ground state wave functional for the photon field theory is exactly solvable. In (3+1)-

dimensions, adopting the temporal gauge, the Hamiltonian is written
1 3 2 2
=3 d°x (E*+ B*), , - (1.112)

where E;(x) = —A;(x), B(x) = V A A(x). In the coordinate Schrddinger representation,

where the operator A;(z) is diagoné.l, E;(x) = i0/6 A;(x) is the differential representation of

the equal-time commutators. Hence we obtain the following form for eigenvalue problem:
l/dg’x (- 2 o= +B(x) B(x)) U[A] = EY[A]. (1.113)
2 A(x) 6A(x)

The Gauss’ law constraint on the physical states is simpler than in the non-abelian case.

It is written as
)
O—— 5A( I’[A] 0 (1.114)

and its physical content can immediatelly be brought out. The change in the wave func-

tional due to a abelian gauge transformation for which dA; = —0;0 can be calculated
as
A]
suia] = - [dx 5 ‘N’[ 100
5\11 A
- /d3 . [ ] o(x) (1.115)

!8The anticommuting character of the varible 7 which was introduced to realise the degrees of freedom
is important to assure the commutation of the operator 2 with the Hamiltonian. If one have chosen a
tensor variable, £2 would not commute with H and hence it would be impossible to realise the residual
symmetry transformations.
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where in the last step we integrated by parts. It is obvious that the Gauss’ law implies
gauge invariance and that ¥[A] depends only on the transverse components of A. In other

words, only Q[AT] is gauge invariant (physical).

The Hamiltonian can be rewritten as

1 ) 5 ; -
Hey = §/d3x (— W.SA_(E-I_A (X)hijAJ(X))

hij = —V25ij+3i8j, ' (1.116)

from which we clearly see it is quadratic and therefore it is simply the Hamiltonian of the
infinite dimensional harmonic oscillator. Since we are looking for the ground state, we
try a wave functional with no nodes and positive everywhere ¥o[A] = Ne=WIAL (V is a

normalisation constant). The Schrédinger equation becomes

%/df”x (553/(‘;) - (52;))2 + A ®)hm A™(x)) = B (1.117)

On dimensional counting basis, we claim that W is quadratic in A, resulting in a Gaussian -
wave functional for the vacuum
1 : )
W = -2—/d3x By A'(x)wi;(x,y) A (¥)- (1.118)
If we take (1.118) back into the Schrodinger equation we get

[ 3 wax, 2wk (2,¥) = himd*(x =) (1.119)

which we solve by using the Fourier transform method to obtain

d3p 6ip.(x—y)

. — (25, .5
wiz(x,y) = (=V"8; +azaj)/ P Tp (1.120)
Finally, the vacuum functional can be written as
- _ 1 " 3. 3 B(x).B(y)
TolA] = Neap( (2ﬂ)2/d xdy =T )
1 3. Fij (%) Fi5 (y)
= Neacp( - 8—W§/d3x d YW) , (1.121)

which is explicitly gauge invariant. The excited states can be constructed by acting with

functional representation of the creation operator on (1.121) as we did for the scalar fields.
1.5.4 Yang-Mills Vacuum Functional (YMVF)

As we pointed out in the introduction, the biggest difficulty in analysing the strong inter-

action resides in its large distance behaviour where perturbation theory cannot be applied.
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In this sense, phenomena like confinement, and the bound state spectrum are poorly un-
derstood. All these problems concern the ground state of a non-abelian gauge theory
whose physical understanding is of major importance. In this sense, as far as analytical
approaches are concerned, the SRQFT has become a good framework to deal with these
problems, at least within the standard model ', although we still lack a complete analysis

of the matter owing to some difficulties which have motivated our work.

The difficulty in applying, for example, a variational ansatz to solve the Schrédinger
equation for the ground state of a non-abelian gauge theory starts with the fact that it
is impossible to write down a Gaussian wave functional which satisfies the constraint of

gauge invariance as can be easily verified. The Gaussian wave functional

U[A] =7 [ &z Py [A2(@) ¢t @)] (G (=) [A3W)-G W) (1.122)

transforms under gauge transformations (1.58) as ¥(A) — ¥(AY). In the Abelian case,
it is sufficient to take aiG;'jl = 0 to satisfy the Gauss’ law constraint (1.72). However, in
the non-abelian case, due to the homogeneous piece in (1.58), no gauge invariant Gaussian
wave functional exists 20. Following Feynman [20], another obstacle that arises is what
he called the “sensitivity of the variational procedure to high frequencies”. In contrast to
abelian gauge theories, Yang-Mills theories are non-linear and consequently the high and
low momentum modes are coupled. On the other hand, the vacuum expectation value of
the energy and other intensive quantities is dominated by high ‘momentum fluctuations
(there are infinitely more ultraviolet modes than modes with low momentum). So, for
example, in the seard'l for information involving low momentum modes, even if we have a
good approximation for the wave functional in this region, if the ultraviolet part is slightly
incorrect the minimisation of the energy may have nothing to do with the dynamics of the
low momentum modes themselves. Moreover, physical information beyond the Gaussian

trial faces the problem of calculability of the resulting functional integrals.

A lot of physics would emerge from the solution of the non-abelian analogue of equation
(1.113) (see (1.62) - (1.66) ),

% /d3xd3y( - 5Af(x) K% (x,y;€) - 0y %(F;;V) U[A] = EV[A]  (1.123)

dAY(y)

19T} ere has been some progress in understanding non-perturbative aspects in the context of supersym-

metric gauge theory [76]
03ome attempts have been made to remedy this problem, for instance projecting the Gaussian wave

functional onto the gauge invariant sector [13].
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subjected to the Gauss’ law constraint that the wave functionals are gauge invariant. K
regularises the product of two functional derivatives at the same (spatial) point, which is

ill-defined 2!. Unfortunately, it is much easier to formulate this equation than to solve it.

Notwithstanding, approximate forms of the YMVF have been constructed for particu-
lar configurations of the fields. They have been useful to verify confinement and give some
estimates for the mass of the glueballs. The latter are bound states formed by strong self
interaction of gluons. Bag Models, Instanton Gas Models and Lattice simulations place

the lightest glueball mass in the range 1.5 — 1.8GeV 22 [75],[62](for a review, see [70]).

It is believed that the low hadron spectrum originates mainly from long-wavelength
excitations, that is field configurations for which A(x) varies slowly in comparison with
the confinement scale [61]. This is also the large distance or strong-coupling limit, in
an infra,;ed enslaving theory. In this limit, it was firstly suggested by Greensite that the

YMVT has the form [46]
TolA] = ezp( —u / dBxtr (Fi]-(x))Q) (1.124)

where F;; is the magnetic component of the colour field strength. Notice that the probabil-
ity density ¥% looks like e~5 with S being the Euclidean classical action in one dimension
lower (dimensional reduction). A lattice version of (1.124) was obtained in a strong cou-
pling expansion for the gauge group SU(2) in (2 + 1) dimensions [43] and in (3 + 1)
dimensions [44]. It was verified that x(5), where 8 is the conventional coupling that
enters the Wilson action (8 o« 1/g%), behaves like constant x B, in the strong coupling
region and scales correctly in the continuum limit (weak coupling) as required by the

renormalisability of the theory.

A continuum strong coupling expansion of the YMVF was derived by Mansfield 1]
and gives (1.124) as the leading order ground state with p = v/g? and « a constant which

depends on the number of colours.

It is instructive to compare (1.124) with the abelian wave functional (1.121). It includes
a factor A(x —y) = 1/|x — y|* which reflects that the system has an infinite correlation
length, i.e. it is conformally invariant. Clearly (1.124) is not the correct vacuum functional

for all scales. Because of asymptotic freedom, we expect that the true vacuum resembles

211t obviously has the property lime oK (x,y;€) = d(x — y)6°b1.
22The mass of the proton is = 0.94GeV
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(1.121) at short distances. Rather (1.124) is the effective vacuum functional in the strong

coupling limit.

A simple interpolating form which contains the two limiting cases, namely short and
large wave-length configurations, was proposed by Arisue in [41]. In (3 4 1)-dimensions it

writes:

=& x—yl
WolA] = exp( - /43xd3y tr [Ej(x)v(xaY)Fij(Y)V(Y;x)]I_x_—y—IT) (1.125)

where is a Wilson line (a gauge connector between the points x and y) 23 and ¢ represents
the correlation length for the field strength in the vacuum. If we take Fj;(y) and V(y,x)

and expand y around x, after an integration over y, we arrive at [41]
To[A] = ea:p( — o / d>xtr(Fi;)? — p2 / d*x tr(D;Fy;)* + .. ) (1.126)

in which the dots stand for higher covariant derivative terms. We see from (1.126) that for
sufficiently low momenta and small amplitudes ( i.e, a slowly varying field configuration)
the covariant derivative can be neglected and (1.124) recovered. He also used a Monte
Carlo simulation of SU (2) in (2 + 1) dimensions to calculate the expansion coefficients
po = (0.91 £0.02)/92 and pp = —(0.19 £ 0.05)/¢%, where g is te renormalised coupling

constant. The correlation length, which is related to the mass gap, is written in terms of
these coefficients as £ = v/(—2u2)/to-

In [1] it was shown that (1.124) leads to confinement (the Wilson loop satisfies an area
law [74]) via a kind of dimensional reduction from (3+1) to (1+1) dimensions. Yang-Mills
theory in 2 dimensions is manifestly “infrared slaving” even in perturbation theory because
the Coulomb potential in 2 dimensions increases linearly for large distance separations
[71]. Greensite in [20], based on the concept of magnetic disorder which establishes that
confinement is associated with disorder in the field strength F;;, argues that (1.124) is the
wave functional with maximum possible disorder in Fj; for small amplitude fluctuations.
Despite the success in describing confinement, in order to calculate the glueball spectrum
we would have to include more rapidly varying fields in 1.126 as we will discuss in section

2.2.
BY(x,y) = Pezp( f: A(x').dx') .
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1.6 Renormalisable Theories in the Schrodinger Represen-
tation

It was relatively recently that the question of renormalisability of quantum field theory in
the Schrédinger representation was studied from a more rigorous and formal standpoint
[5]. This is partially because isolating and renormalising divergences in quantum field
theory is effected more conveniently in the Lorentz covariant Green’s function formalism.
As the language of wave functionals started to-provide significant contributions to field

theoretic problems, the issue of their renormalisability became crucial.

When Symanzik set off to solve this pioblem, he was initially motivated by a spe-
cial two-dimensional case, namely the relativistic string model in which the Schrodinger
wave functionals are the primary objects of physical interest [52] and the problem of the
ultraviolet finiteness of the Casimir force in renormalisable quantum field theories which
would follow from a mathematically well defined proof of the existence of its Schrodinger

representation.

Here we briefly discuss some ideas contained in [5] which will be important in the next

chapters. We suggest [6] for an introduction to [5].

As we discussed in the first sections, in the Schrodinger representation we work with
wave functionals of a time-independent, c-number field ¢(x) (see equations (1.5)-(1.13))%,
namely ¥[y]. Its interpretation is that |T[e]|? is proportional to the probability for the
quantum field (z) to assume the value ¢(x) at the time ¢, (our space-like quantisation
hypersurface) which we conventionally choose to be ¢ = 0. In other Words the operator

$(x,0) is diagona.l in the Schrodinger representation, viz.
: d(x,0)¥[p] = p(x) P[] (1.127)

and choosing the equal time commutation relations between the operator (f> and its canon-

ically conjugated momentum 7 also at ¢ = 0 gives

§
dip(x)

#(x,0)Tfp] = ~i——T[g] (1.128)

as a coordinate representation for the momentum. The dynamics of the system is governed

by the time-dependent Schrédinger equation (1.12) in which the Hamiltonian is also defined

24\ will be talking about scalar fields but our arguments generalise to fermions and gauge fields.
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on the hypersurface t = 0. Hence we can say that the Schrodinger equation is the relation
that the wave functional has to satisfy upon (smooth local) deformations of the boundary
¢ = 0, which is represented by time differentiation [9]. Then, after finding the solution
T[], the boundary takes the form of a quantisation surface t = 0 from where the solution

can be extended to the whole plane making use of the time evolution operator etit,

The wave functionals can also be represented as functional integrals, their argument

being the boundary value of the field. To see that, consider the matrix element
(ple™ "¢, (1.129)

the Euclidean propagation kernel for going from a field configuration at Euclidean time ¢ =
0 to another at Euclidean time ¢t = =T, also known as Schrédinger functional. According

to Feynman, this can be represented as
/ D¢ e~ SEl) (1.130)

in which the fields satisfy boundary conditions ¢(x,t = 0) = ¢ and ¢(x,t = -T) =
lp’ and Sg is the Euclidean action for the D + 1-dimensional volume (where ¢ lives),
bounded by space-like surfaces a time T' apart. By inserting a complete set of eigenstates
of the Hamiltonian H, {|E,)} into the Schrédinger functional we arrive at its spectral

representation. As T' — 0o, this is dominated by the contribution of the ground state,
(pleTH]Y) = 5 Tale] Ty lp)e™ TP
n

= Dol T3l

Assuming that ¢’ vanishes at T = oo and normalised the vacuum energy such that Ey =0

. enables us to write

Tolp] = /D¢ el | (1.131)

with ¢(t = 0) = ¢. In summary, the Schrédinger functional naturally leads to the concept

of a quantum field theory on a manifold with boundaries.

Since perturbative renormalisability of quantum field theory is usually established
using power counting in the momentum space, in the case of the Schrédinger functional
this is no longer feasible as translation invariance is lost in the time direction. In other

words we cannot rely on Lorentz invariance in our task to renormalise the theory. A priori,
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it is not clear if a renormalisable quantum field theory in the compact space time manifold
remains renormalisable in the presence of a boundary. We present below a summary

of Symanzik’s results regarding this matter and some of their implications for our work

[5],(61,(71,[53}-

e Symanzik studied the Schrédinger functional of ¢* scalar field theory in perturba-
tion theory in (3 + 1)—dimensions. He found that the Schrodinger functional, and
therefore the wave functional, is finite as any cut-off is remove'd provided that be-
sides the usual renormalisation procedure for the divergences that occur in the bulk
of the space-time, two new counterterms are introduced. These counterterms are
needed because of additional divergences that result from the boundary conditions
and are proportional to the local composite fields $0:¢ and #? integrated over the

hyperplanes at t = 0 and ¢t = =T %.

e These new divergences appear because the field operators which are diagonalisable
in the sense of the Schrodinger representation differ from the usual renormalised field
operators by (in perturbation theory, logarithmically) divergent factors, similarly as
the renormalised field operators themselves differ by such factors from the “bare”

field operators. That is to say, relation (1.127) does not hold, but thereis a substitute
limu0a(t)6(x) ¥lp] = o(x) Tlg] (1.132)
where a(t) is a singular coefficient given to first order by
a(t)=1- g/ (64n?)[In(u?t?) + In(4m) —T'(1) + 2] + 0(g?),

where 4 is the normalisation mass in the minimal subtraction scheme of dimensional

regularisation.

e Consequently, the argument of the vacuum functional (1.131), i.e the boundary
values of the scalar field must be renormalised in a way that differs from the usual

quantum field theory without boundaries. In (1.131) the boundary condition reads
¢(x,0) = Zsp(x) (1.133)

where Z, denotes a new renormalisation constant, which is needed to cancel the extra
ultraviolet divergences introduced by the boundary at ¢ = 0. Within the dimensional

regularisation scheme, in 4 — ¢ dimensions one finds Z; =1 - (9/3272)1/€ + O(g?).

25T dimensional regularisation only ¢0d:¢ suffices.
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e This is believed to be the case for a generic renormalisable quantum field theory:
The wave functionals are finite as any cut-off is removed when they are constructed
as functional integrals, after the inclusion of a finite number of additional bound-
ary counterterms. These are local polynomials in the fields and their derivatives,
integrated over the boundary. Furthermore they must respect the symmetries of
the theory and have canonical dimension less than or equal to three in a (3 + 1)-

dimensional theory.

e In the case of Yang-Mills theory there are no local gauge invariant composite field
of dimension three or less if invariance under parity is assumed. This was confirmed
in SU(N) Yang-Mills theory to one loop order in perturbation theory in (7]. In the
language of the eigenvalue problem expressed by the Yang-Mills Schrodinger equa-
tion, this amounts to say that it is sufficient to regulate the divergences introduced
by the laplacian and renormalise them in a>wa.y that both the wave functional and

the eigenvalues are finite as any cut-off is removed.

e For QC’D, Sint in [50] studied the Schrodinger functional to one loop order of per-
turbation theory. Using dimensional regularisation and heat kernel techniques to
determine the divergences, he verified that they are partly canceled by the usual
renormalisations of the quark mass and the coupling constant in QCD. An addi-
tional divergence could be absorbed in a multiplicative renormalisation of the quark
boundary fields whose corresponding boundary counterterm is a local polynomial in

the fields in agreement with Symanszik expectations.



Chaptér 2

A Large Distance Expansion for
the Vacuum Functional

For fields that vary slowly on the scale of the inverse of the mass of the lightest physical
particle, the logarithm of the vacuum functional of a quantum field theory has a derivative
expansion in terms of local functions. This is the basis of a scheme in which, by studying its
analyticity properties under complex scalings, the vacuum functional can be reconstructed

for arbitrary fields from its local expansion.

2.1 Introduction

As we discussed in the introductory chapter, whilst asymptotic freedom has led to an accu-
rate determination of the Lagrangian of the standard model from high energy experiments,
there are only a few analytical tools enabling us to calculate with that Lagrangian at low
energies, where the semi-classical expansion is no longer valid. Therefore, the computation
of the so called low-hadron spectrum, for example, can only be done numerically using
lattice gauge field theory. Analytical studies may provide more physical insight into these
problems and the interplay between analytical and numerical approaches can certainly
assist either approach in obtaining new methods and results. In this and the following
chapters we discuss an approach to quantum field theory in which states are constructed
in the Schrodinger representation from their large distance behaviour as it was proposed

by Mansfield in [2].

At large distances the logarithm of the vacuum functional, In¥q[p] = in WPl = W(y],

undergoes a significant simplification for any theory in which the lightest physical mass

40
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is non-zero. It can be expanded in a sum of local functionals in the sense that it can be
reduced to a single spatial integral of a sum of terms each of which is constructed from

the field and a finite number of its derivatives evaluated at the same spatial point.

In order to probe the internal structure of particles which are characterised by much
shorter scales, such large distance expansion appears to be useless. However, it is one of
the purposes of this chapter to show that this large distance expansion can be used to
understand physics at all length scales since it may be used to reconstruct the vacuum

functional, ¥[y] say, for arbitrary ¢(x). This chapter is based on references [2] and [3].

2.2 Local nature of the vacuum functional at large distances

Let us firstly concentrate on scalar fields, for simplicity. In section (1.6) we showed how to
build a functional integral representation for the vacuum functional Wo[e], where ¢ was
the boundary value of the field at ¢ = 0. In what follows, it will be convenient to introduce
a different formulation so to make the ¢ dependence more explicit, since it will appear in
the functional integral. For this purpose, let us define a bra (D|, D for Dirichlet, which

has the property of being annihilated by the field operator ¢,

(D|gp =0. (2.1)
Thus we can represent (| by
(¢l = (D exp (i [ dxe(x)e(a0)) (22)
so that
g (1 = il ), (2.3

and using the canonical commutation relations and (2.1) we also recover (p|@p(x) =

@o(x)(yp|. Hence, we can write

((,D|€*TH|(,0,> — (Dl eifdxfr(x,O) o(x) e—Tf{ e—ifdxfr(x,—T) (p'(x)lD>, (2'4)

which in turn can be written as a functional integral *

1Since # = ¢, # is represented in the functional integral by ¢ plus terms coming from the time derivative
acting on the T-ordering because the functional integral represents T-ordered terms. This leads to terms like
[ dz1dzap(21)p(z2)d(21 —22)8(0) = [ ¢*(z)8(0). Because it is local, this additional term can be canceled
by an opposite and equal counterterm in the functional integral which amounts to simply discarding this
divergence. We will come back to this issue when we discuss the Feynman diagram expansion of the
vacuum functional.
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/’Dqﬁ exp{— SE+/dx¢x 0)yp /dqu ,—T)¢' (%)} (2.5)
and the variable ¢ defined on the Euclidean semi-plane ¢ < 0 now satisfies boundary
conditions ¢(x,0) = ¢(x, —T) = 0 as it is implied by (D|. Taking T to infinity where ¢’ is
assumed to vanish, lead us to a functional integral representation of the vacuum functional

on the Euclidean space-time ¢ < 0:
(plBo) = Uolg) = ™19 = [ Dy &=Se] dxdle) (2.6)

Hence, in a semi-classical expansion, W[y] is a sum of Euclidean connected Feynman dia-
grams in which ¢ is the source for ¢ on the boundary where ¢ vanishes. They are obtained
by contracting boundary values of the field with vertices using a propagator yielding a very
non-local result. The only major difference from the usual Feynman diagrams in free space
is that the propagator vanishes when either of its arguments lies on the boundary. More-
over, a formal proof that W{ep] is a well deﬁr‘led quantity (is finite as any cut-off is removed)

has been constructed by Symanzik [5] for 3, theory, as we discussed in section (1.6).
We can expand Wy as
Wie] = Z/dDg;l...dDmn T (g1, zn) @(z1) . 9(zn) 2.7)
n

which reflects its non-local character (here D is the space-time dimension). Now suppose
that the lightest physical particle of the theory has a mass m. We want to study W{e]
for fields that vary slowly in space on the scale of 1/m. In other words let us choose
to examine W when the .Fourier transform of ¢ vanishes for momenta greater than the
mass. If we expand the propagators used to contract the boundary fields as 1/ (p* +m?) =
1/m2 — p?/m* + (p?)?/m® + ... which, in space time, gives an expansion in derivatives of

delta functions

(8% + m2)"L6P (x — x)o(t — t') = (% -~ Z—i + %15 - ..)6D(x —xXN5(t—t). (2.8)

Using this, we are able to write a local expression for W] and since it is connected, it
reduces to a single spatial integral of a sum of terms which are composed of powers of the
field and a finite number of its derivatives calculated at the same point in contrast with
a non-local expression which we would have if we evaluated it for more rapidly varying

fields. Then (2.7) for slowly varying fields simplifies to

Wlg] = /de(a1<p2 +agpt + a3l + 01V Vo + by (V. V) + .. + c19° V.V
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+ P (Ve.V9)? + .. + dyp? V2V 20 + .. + 20’ V2 V20 + ) (2.9)

The coefficients of this expansion a;, b;, etc., are dimensionful constants which in principle
can be determined by the Schrodinger equation which W satisfies. Also this local expansion
has to obey the symmetries of the theory it describes. For example, in the local expansion
we have written down only terms which are even under ¢ — —¢ assuming that this is an

unbroken symmetry of the action.

Let us give some specific examples of this simplification. Consider a free massive scalar
field theory in D+1 dimensions. In the Schrodinger representation the Hamiltonian is (see

(1.14))
H= ——A-I—/dD V(p Vo +m? 2) ) (2.10)

where A is the (unregulated) laplacian [ de&D—.;&S. The vacuum functional has the form
eV = exp{~ [ oGy} as we showed in (1.15), with G given by (1.16) and (1.17) . Choosing
G = —v/—=V2 + m? ensures that " is a normalisable eigenstate of the Hamiltonian with
an eigenvalue E which is proportional to the functional trace of G. For a complex scalar
field in a time-independent gauge potential background, we have only to replace V with a
covariant derivative. The simplification of the vacuum functional to a local expansion is

achieved by expanding G as —(m — V?/2m — (V2)?/(8m?) + ... to obtain

i 161”3 (V2p)? + ) (2.11)

I/Vloca.l /dD (P + —(V(P)
which converges with the support that Fourier transform of ¢ lies within p? < m?, that
is, when the field varies slowly in space on the scale of the inverse of the mass. The same
is true for an interacting theory in which the lightest particle has non-zero mass since
massive propagators are exponentially damped at large distances. Hence, in configuration

space, Feynman diagrams are small except when all their points are within a distance of

~ 1/m of each other.

The Lagrangian density for a free massive Dirac field can be written in terms of two

component Weyl spinors {@, %} in the chiral representation as
£ =i+ 9 — ale.Va + 610 Vol) — m(als + o'a) (2.12)

Choosing to diagonalise @ and ' so that @u, vt) = ulu,v1), 9tju,vT) = vlju,vl) ( u, vl

are Grassman numbers) the canonical anti-commutation relations can be represented by
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@l = 6/0u, & = §/dv! and the adjoint is with respect to a weighted inner product that

yields the resolution of the identity as
1= / lu, v YDl u, of, v)e Ex@et=wD g ot (2.13)
The Hamiltonian in this representation reads

3 — —io.Vu+ V— + ty+ — —
H= /d ’LO' u ’U 10. CS’UT m(v u 5u (5’UT)) (214)

Assuming that the wave functional has the form ¥ = (u,v1]0) = exp [ d®xvIGpu, the

Hamiltonian gives us
HY = (/d?’x(vT{GD,ia.V}u +m(viu — v GpGpu)) + mTr(GD))\IJ (2.15)

which is E¥ with E = mTr(Gp) provided {Gp,10.V}+m —mGpGp = 0. This has the
solution

v 2
Gp=i’YE -V (2.16)
m

Taking the minus sign corresponds to filling the Dirac sea so that all the other states have
energy greater than the vacuum. The local form of the vacuum functional can be obtained

by expanding G in powers of V2 /m? which will converge for slowly varying u, ol

In pure Yang-Mills theory, there is no mass term in the Lagrangian. Notwithstanding,
a non-zero glueball mass is expected to be generated quantum mechanically and therefore
the full propagator of the gauge potential A will again be expandable in powers of p?/m?
for small p? in comparison with the mass of the lightest glueball?. In 3 + 1l-dimensions,

we would have

W[A] = InU[A] = / &x(artr B.B/A + aztr DAB.DAB/A?

+ astr B.(BAB)/A® + aqtr B.BB.B/A® + ... (2.17)

where we only included gauge and parity invariant terms. The unknown coefficients a;
are now dimensionless and assumed to be finite as the cut-off is removed. B is the colour
magnetic field VAA + AAA and A is a renormalization group invariant mass. Since the
mass depends non-perturbatively on the coupling constant, this expression will not result

from working in a finite order in standard perturbation theory. The coefficients a; are

ZThls is in contrast to the Abelian Gauge theory where W can be calculated exactly to give W =
4"_6_ f d®xd®y B(x).B(y)/(x — y)? which is conformally invariant and cannot be expanded in terms of

local quantities.
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in principle obtainable from a Yang-Mills-Schrodinger equation. This expansion is very
useful to study large distances effects in which the dominant term is expected to be the

one with the fewest number of derivatives, namely
\I/[A] ~ e fd3xtrB.B/A. (2.18)

As we discussed in section (1.5.4), this term leads to an area law for the Wilson loop via
a kind of dimensional reduction, and thus indicates that this approach is a good starting
point for computation of low-energy processes in that theory. The first two terms in this

expansion have been studied in lattice gauge field theory (see section (1.5.4)).

In order to get reliable results concerning, for instance, the low hadron spectrum,
we will need to compute more terms in the local expansion of W. Although this local
expansion has shown to be successful in describing large Wilson loops, it is only expected
to converge for slowly varying fields on the scale of the lightest glueball mass. Thus it
cannot be accurate for the computation c;f the glueball spectrum, for example, as this
involves heavier particles and hence more rapidly varying fields. However, the analyticity
properties of the vacuum functional under complex scalings provide an ingenious way to

resum the local series so as to reconstruct the vacuum functional for arbitrary fields as we

shall see.

2.3 Reconstructing the Vacuum Functional from its Large
Distance Behaviour

We will start the discussion with an example. Let us return to the Hamiltonian of the free

scalar field (2.10). We regulate the laplacian by introducing a momentum cut-off ¢,
dPp 5 8
A — /dDIEdDy/ ezp(z—y)——_ = / de 2 Df—.
€ p<l (2m)D do(z)dp(y) p2<t (2m) 6@(—p)d@(p)
(2.19)

where @(p) = [dPzp(z)erp — ip - z. The vacuum energy density & = E/V is now

well-defined and diverges as the cut-off is removed

1 1 d’p ST k
£= gy AW =3 [y @op VP T e @620 00

where k is the area of the unit sphere in D dimensions divided by 2(27)P. On the other

hand if we apply the laplacian to our local expansion of W(2.11), we get

o

1 d’p (m p* (@) o
— AW = _— == — - L] = — .
oy € local /pz<% (27!‘)D (2 4mn 16m3 7;) (mQE)n+D/2 (2 21)
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(where o, = kmP+IT(3)/(I'(3/2 — n)['(n + 1)(D + 2n))). Notice that this expression
appears to have divergencies of increasing order as ¢ — 0 unlike (2.20) which correctly
gives the behaviour of the vacuum energy as the cut-off is removed. This is because the
local expansion holds only for slowly varying fields, i.e. ¢(p) for which p? < m2. Therefore
the expression (2.21) only makes sense for em? > 1, that is, large €. In other words, the
operation of removing the cut-off does not commute with expanding in local quantities
even for the free theory. We can remedy this so as to use the large € expansion in order to
obtain the right one as it goes to zero by resumming the large e-series. In order to agree
with our future notation, let us scale ¢ — ¢ = es. Now ¢’ plays the réle of cut-off and we

can set € = 1. Define the continuation of the vacuum energy to the complex s plane by

D
E(s) = 5_13175/pz<1(_;i7r%\/m2+p2/3 (2.22)

This is analytic throughout the complex s plane with the negative real axis removed
because of the square root. For |sjm? > l,l it has a large s expansion identical to (2.21).
Let C be a key-hole shaped contour which runs under the negative real axis up to s =
s0, (so > 1/m?), around the circle of radius s centred on the origin and back to s = —oo0
running right above the negative real axis. Consider the integral

1) = R\, $)E(s) = — /C 45 sg(s)  (2.23)

s
Y
=

Figure 2.1: Contour of integration
The integral [ e®s™ds is a representation of the factorial function [48] and evaluates

to

1 f sa,. ) —sin(nm)(n+ 1) ifn>0
o /ce shds = { 1/T(|n|) if n<0

Therefore I()\) can be computed using the large s expansion to give

% Qn )\ ntD/2
,;0 C(n+1+D/2) <%3> (2.24)

Now the value of the integral does not change if we collapse the contour C to an arbitrarily

small circle centred on s = 0 and a countour that just surrounds the negative real axis.
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By taking A to be real, positive and very large, the contribution from the negative real
axis becomes exponentially suppressed away from the vicinity of the origin and thus the

integral is determined for £(s) for small s. If the function £(s) was finite at the origin, we

would have obtained £(0) up to exponentially suppressed terms.

An approximation scheme emerges if we truncate the series to a finite number of terms
and work with a large value of A. Since (2.24) is an alternating series, the error involved

in truncating it to , say n = N, is less than the absolute value of the term N + 1, that is
01N+1/\N+1+D/2

T(N + 2 + D/2)m2N+2+D (2.25)

which for large N behaves as (eA/mEN)(N+14+D/2) /N Since we want to take A large,

let us set A\ = Nu2. Then the truncation error goes to zero with large N provided the

N-independent mass-scale y is smaller than the particle mass m.

T

‘Q-A-u.__m~

Figure 2.2: Resummation of the large s expansion

In figure(2.2) we plot the series (2.24) for D = 1 truncated to n = 20 (curve C1),
n = 30 (curve Cy) and n = 50 (curve C3) so as to illustrate that the resummation of the
large-s series (2.21) correctly reproduces the small-s behaviour of the energy density (2.20)
which is expressed by curve Coo. The departure of the curves from the correct behaviour

is because of the error involved in truncating the series to a certain order.
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In summary, this shows that we can extract information about the high momentum
cut-off theory by working to a finite order, N, with the local expansion of the vacuum
functional valid for slowly varying fields. Using similar arguments, we now illustrate how

the vacuum functional can be reconstructed from its large distance expansion.

z

Consider the.(l + 1)-dimensional scalar theory. Define a scaled field ¢*(z) = @(ﬁ)
We can prove that W[y°] extends to an analytic function in the complex s plane with

singularities only on the negative real axis (at least within an expansion in powers of ).

First of all, in building up our proof it will be convenient to rotate coordinates in (2.6)

in order to get a functional integral over the Euclidean space-time z > 0, —co <t < oo
R / D¢ e Setf o) (2.26)

where the prime signifies a derivative with respect to z and ST is the Euclidean action for

the rotated space-time. This can be reinterpreted as the time ordered vacuum expectation

value

T(07|eJ ¥ @D 2* ) gr) (2.27)

where (07| is the ground state of the rotated Hamiltonian H". If we expand the exponential

in powers of ¢® and fourier transform the sources we get

t2
Z / dt, / diner o [ b / dk, ... dky ezp(s Zktz

*(kn) ... 7" (k1) <0’l$'<0)e—<t"‘tn-l>f" #(0)
e (=T §(0)e= (=T G (0)[07) (2:28)

from which the time integrals can be computed. After some algebra we obtain the result
[oe] n
Wiyl = Z/dkn..dkl P(kn) ... Plh1) (> ki) x
n=0 1

S5 (O0718(0) L FO) ... FO)—ee——F(O)07). (2:29)

VEHT +i(XT k) VEHT + ik
where we used that @*(k) = v/s@(/sk). Now we take s to be complex. Since the eigen-
g

values of the Hamiltonian H” are real, the singularities occur for s on the negative real
axis. The same holds for the connected part W(y°] as any additional singularities could

not cancel between connected and disconnected pieces.

A similar construction can be generalised to study the analyticity properties of the

Yang-Mills vacuum functional in 3 + 1-dimensions. Following the same reasoning as for
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the scalar field we can use the following functional representation of the Yang-Mills vacuum

functional

V[A] = / DA e-SslAI-Si[4, Al (2:30)

where S[A] is the Yang-Mills action in the Weyl gauge Ag = 0 in the Euclidean space time

with coordinates (x,t) and t <0,
1 .
S[A] = —g—z—/d3xdtt'r (A2+(VnA+AnA?). (2.31)
The boundary term in the action is chosen to be

SilA,A] = -2 / Pxtr (A - A)-A) o (2.32)

in order to satisfy some desired properties. We leave the boundary value of A to be
freely integrated over, i.e. we will not impose a condition such as A(x,0) = 0 as we did
for the scalar field. We will also assume that at spatial infinity the source A is a pure
gauge A ~ g(%)~1Vg(k). Put this way, ¥[A] is invariant under the gauge transformation
dwA = Vw+[A,w], since the effect of varying the source A may be compensated by gauge
transforming A. As w cannot depend on time, this is the residual gauge symmetry of S[A]
that preserves the gauge condition Ay = 0. Moreover, functionally differentiating with
respect to the source leads to an insertion of A which, in Minkowskian time, leads to the
Schrédinger representation of the canonical momentum represented by the non-Abelian

electric field, E = —ig?§/dA.

The only additional complication is that this time we have to work in three spatial
dimensions. By studying separately the analyticity under complex scaling of the field in
each dimension , it is easy to show that U[A®] for A®(x) = 71—5 (\/Lgx) continues to an

analytic function of s on the complex plane with the negative real axis removed, just as

in the scalar field theory case.

Having studied the analyticity properties of the W under complex scalings, we are
ready to show how its local expansion, valid for slowly varying fields, can be used to

construct the vacuum functional for arbitrary fields.

For a scalar field @, define the integral

ZL ds A(s-1) s
10 = 5= [ 25w, (2.33)
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where C is a very large circle centred on the origin in the complex s plane, beginning
just below the negative real axis and ending just above. On C, the scaled field ¢*(z) =
<p(%) ~ ¢(0). Hence it varies slowly with = and we can use our local expansion. Now
we can use the Cauchy theorem to relate the large s behaviour to the s = 1 value. If
we collapse the contour to a small circle around s = 1, which contributes to W{y], and a
contour C’ surrounding the negative real axis, when R(A) > 0 the latter is exponentially

suppressed. In other words, for large |s| we can use the local expansion and elsewhere on

C' the integrand of (2.33) is bounded. Therefore we can formally write

i
W] = limases / 95 _ Mo g (2.34)

27 Isl-o0 § — 1
which is expressed in terms of its local expansion. In practice, as we show in the next
chapters, we can truncate the series to a finite number of terms and work with a finite

value of A to obtain a very good approximation.

For example, a local expansion of the vacuum functional for the 1 4 1-dimensional ot

theory written in terms of the scaled field is
Wip®] = /dac (a1 (%)% + az(©"®)? + az(0°)? (") + .. )

— (Ve P e ) )

Vs

This can used to expand the vacuum functional ¥[p®] in inverse powers of s — 1, with
coefficients that depend on the original configuration, say ¥[¢], such that ¥[p®] ~ 3 (s —
1)"™p[¢]. Thus ‘

— 1 ds A(s—-1) s1 /\n,([)[(p]
SN =25 /1s1=oo -1 Uel= Zn T(n+1) (236)
and, for large A,
- A"y
U] ~ Tt 1) (2.37)

Let us illustrate that for the vacuum functional a a free massive scalar field theory in

(1 + 1)-dimensions. The vacuum functional for the scaled field reads

T[] = =1 [ dmoV=VHsmiy (2.38)

which expanded in inverse powers of (s — 1) yields the local series:

m & 2\ "
S P -
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Also

L[ ds e )" A" 1/2/ i
2m'/cs—1 Wle® 4{271' =12 ] 9= v (240)

whose integrals exist for all n provided that the field has a momentum cut-off A but the

integral will converge for all A and A because of the n! in the denominator. We can write

(2.40) as

_m 1 a-vim?) /A 1 aa-vymy (V2
2\/7_1'/de0 <\/Xe + A d)\\/xe 1 —5 )¢ (2.41)

as one can check by expanding the exponentials, which is, in turn
1 m ©o 1 _y_o2/m2
_il/d:v(p\/—v2+m2cp+m/dxcp (//\ d/\ﬁe Al V/m)><,o. (2.42)

Notice that (2.42) tends to W{p] for A — co. Moreover, the error in expressing W([p] by
the series (2.40) for X large, is given by the last integral in (2.42) and is exponentially

suppressed.



Chapter 3

A Schrodinger Equation for the
Local Expansion

In constructing the Schrodinger equation satisfied by the local expansion of the vacuum
functional, we have to bear in mind that short distance effects expressed by a cut-off
are present, whereas our local expansion holds only for large distances. This apparent
contradiction can be solved by scaling the cut-off as well as the field and using Cauchy’s
theorem to build the Schrédinger equation that acts directly on that local expansion. In
this chapter we construct such a Schrédinger equation for the scalar oh 41 theory and set

the grounds for its semi-classical solution.

3.1 Introduction

As we argued in the previous chapter, the logarithm of the vacuum functional of a quantum
field theory is in general a non-local quantity. If the field varies slowly on the scale of the
inverse of the mass of the lightest physical particle, it can be simplified to a local expansion

which for a scalar theory in 1 4+ 1 dimensions we generically write as
W= / dz ZBjO_..jnw(:v)j"(p'(x)jl ™ (), (3.1)

The coefficients of this expansion Bj,.. j, are constant if we assume translation invariance
and finite as the ultraviolet cut-off is removed [5]. The knowledge of the local expansion
was shown to be sufficient to reconstruct W for generic fields [3]. This is nice as we know
that particle structure is characterised by length scales smaller than mg ! and so we could
not use our local expansion to probe this scale. For this purpose, we have to know the

Bj,...j» which are in principle computable from the Schrédinger equation that the vacuum

52
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functional satisfies. However, as we have already learnt from the vacuum energy density
for the free scalar field (see equations (2.20) and (2.21)), expanding in local quantities
does not commute with removing the cut-off. In other words, the Schrodinger equation
depends explicitly on short distance effects via the cut-off whereas our local expansion
is only valid for fields characterised by large length scales. We cannot simply substitute
the local expansion into the Schrodinger equation and expect to satisfactorily take the
limit in which the cut-off is removed. To remedy this, we can again exploit the analyticity
properties of the Schrédinger equation under complex scalings: by scaling the cut-off as
well as the fields, the Schrodinger equation extends to an analytic function with cuts
on the negative real axis. Thus, we can use Cauchy’s theorem to build a version of the

Schrédinger equation which can act directly on our local expansion [2],[4}.

As a result, we show in this chapter that the eigenvalue problem of the Hamiltonian
leads to an infinite set of algebraic equations for the coefficients By, _j,- This set of
equations can be solved in two approaches: the usual semi-classical expansion and a new
approach, as proposed in {2], which does not rely on the smallness of the coupling constant

and thus offers the possibility of solution beyond perturbation theory.

Clearly our framework has firstly to be tested within a semi-classical expansion so as

to show that it is able to reproduce its standard results.
3.2 ¢* Theory in (1 + 1)-Dimensions

We adopt ¢} +1 as a toy theory to expose our arguments. It will be convenient in many
ways. Obviously it turns out to be the simplest interacting theory capable of illustrating
our framework. Furthermore, for ¢4, , theory, Symanzik [5] proved that the Schrodinger
wave functionals are finite as the cut-off is removed when they are constructed as functional
integrals defined on a space-time with boundaries if, in addition to the usual renormal-
isation counterterms, a further field renormalisation is performed to take into account
the divergences associated with the boundary. The surface counterterms were calculated
within perturbation theory but since w4 41 is not asymptotically free, these are not reliable.
So, we work, instead, in (1 + 1)-dimensions where the theory is super-renormalisable and
there are no further divergencies associated with the bbundary, in which case there is no

extra field renormalisation. Moreover, the laplacian, which requires point splitting already
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for the free theory, in the renormalisable (3 + 1)-dimensional interacting theory also in-
volves factors that depend logarithmically on the point splitting distance, while no such
factors are needed in either free field or super-renormalisable theory [52],{2]. This situa-
tion is not unrealistic since for Yang-Mills theories in four dimensions, there are no gauge
invariant local counterterms on the three dimensional boundaries so that the renormali-
sation of the Schrodinger functional is the same as in the usual case without boundaries
[7] and, in an asymptotically free theory, the behaviour of those logarithmic factors as the

argument goes to zero can be obtained from the renormalisation group [51].

In a super-renormalisable theory, the number of divergent diagrams is finite. In the case
of ¢f +1. only mass renormalisation is required 1. There is only one mass counterterm due
to the divergent tadpole diagram comprising the contribution to the self-energy of lowest
order in the coupling constant. This mass counterterm can be evaluated analytically
either in the framework of perturbation theory or, equivalently, by normal ordering the
Hamiltonian with- respect to the perturbative vacuum. In this task, we employ Wick’s
theorem: expanding the powers of the field in a sum of normal-ordered terms with more
and more self contractions so as to separate the convergent term (with no contractions)
from the divergent ones (with at least one contraction). The latter are just the negative of
the required counterterms. Thus, we will be able to calculate the exact cut-off dependence

of the renormalised parameters.

Let us start by writing the normal-ordered ¢ +1 Hamiltonian, represented by

cH = /da: : (%(fr(:z:)2 + @' (2)? — M%p(z)?) + %@4) ;. (3.2)

In order to make explicit the cut-off dependence, define the Hamiltonian written for a

momentum cut-off e
= [ do (Gtre+ 62+ M08 + ot - £(0) (33
where the cut-off fields are
puls) =[G, #lz) = [ dyGelau)ily)
with the momentum cut-off

— dp ip(z—y)
Gelz,y) = /,, serye 208 (3.4)

15 addition, we have to subtract the constant infinite zero-point contribution from the Hamiltonian.
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According to our plan, we want to define divergent quantities M 2(¢) and £(e) such that

lz'me_,oﬂe\li = HU. We write
1

. \ 1 dp
Te = (Ol(pe(x)(pe(m)lo) = 5 /2<1/ 2—7r __.__-p2 = e
P € v

to formally represent the logarithmically divergent tadpole in 1 + 1-dimensions which

(3.5)

coincides with the vacuum expectation value of ? or a self contraction of the field. Next

we rewrite H, as

1
B = / dz ( e+ @7 + MP@2) + o (MP(e) — M*)g¢ + %@‘: -~ E(e)) , (3.6)
and we call the free part as
o= / do ( fot @2+ M%?) (3.7)
which if normal-ordered yields
1 dp
D HY = H? - = / :
2 Jppcrye 2P (3.8)

= /p% + M2, i.e. the subtraction of the constant infinite zero point energy. The next

step is to write the product of fields in terms of normal ordered quantities

1 1
5(M2(e) —M2)<p3+%gpg = -2-(M2(e) — M%) @ +Te) + 4.( @ 6T, 1 ? : +3T2)
1 ) M2 _ M2
e R R R e e S (D

Now substituting (3.7),(3.8) and (3.9) into (3.6), enables us write
) 2 2
/dz(. 2/2<1/e wp (M (€) = MO0 +T)
+ %(6Te D pf +3T2) — E(e)). (3.10)
where : H, :=: HY : +g/4!: ¢? : , from which we calculate the exact cut-off dependence

of M(e) and £(¢€) to be

1

dp
M2(e =M2+naM2—hQ/ e 3.11
(€ 1 pcrse2n SR T I0 (311

A M) -M2\ g2 (rdp 1\’
ook [ (e MO (1)
T3 p2<l/e 27r 2v/p? + M? 32 2m \/p? + M?
(3.12)
In (3.11) and (3.12), we made explicit the i dependence and represented the ambiguity in

the choice of the counterterms (subtraction point) by éM 2 and € which is resolved, as

usual, by renormalisation conditions 2,

2g M?,6€ and §M? remain finite as the cut-off is removed.
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3.3 A Set of Independent Local Functionals

The most general local derivative expansion for the vacuum functional of a scalar in-
teracting theory is (3.1). We further assume parity invariance and that ¢ — —¢ is
an unbroken symmetry of the Lagrangian which restricts both the total number of ¢’s
and the total number of derivatives to be even. Moreover, the expansion functions
o2 . are related by partial integration so we can specify a linearly indepen-

dent basis by insisting that the power of the highest derivative be at least two 3. So,

3 nor

for example, [ dz o(z)¢"(z)(¢"(z))? is a basis vector but neither [dz 0% (z)(¢"(z))
[ dz o(z)3¢"(z) are basis vectors. The former breaks ¢ —+ —¢ symmetry and the latter,
since the power of the highest derivative is one, can be reduced to a basis vector by means
of integration by parts, namely [ dz o(z)*(¢’ (z))2. A basis vector so defined cannot be

reduced to another basis vector by partial integration and therefore we have a well defined

basis.
3.4 The Schrodinger Equation

Having defined the Hamiltonian for ¢f,; theory (3.6), we proceed to construct the
Schrodinger equation satisfied by the vacuum functional, which we express as exp(W[e]/h).
In the coordinate Schrodinger representation, the canonical momentum is represented by a
functional differentiation # = —ihd/dp(x), so the kinetic term leads to the product of two

functional derivatives at the same point which we regulate by introducing a momentum

cut-off p? < 1/e.

The Schrodinger equation is lime_oFe[p] = 0 where

2
Flo] = —%Aew + [da <% (— (%) +7 4 M2(e)<p2) + ot 5(e)> (3.13)

dp . (._ 52 52
A =/dmd / P in(z y)————z/ dpor—2 (3.4
ol e PO e R P e e T O L
where @(p) = [ dzp(z)exp(—ipz).

Suppose that we evaluate Fe[g| for slowly varying ¢, ie. a ¢ whose fourier transform

is non-zero only for momenta less than my, the mass of the lightest physical particle, say.

3We can formally prove it by induction {53].
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Then it will reduce to a sum of local functionals of ¢ :

Flol = [ 4 3 fio.in( (@20 @) ..o (aPr (3.15)

It is important to notice that (3.15) is not the same expression that would be obtained
if we acted A, on the local expansion (3.1). The former correctly includes differentiation
with respect to the fourier modes of ¢ with momenta in the range mé < p? < 1/, absent

from the latter.

The solution to this problem is to scale the cut-off ¢ — es as well as the field p(z) —
o (z) = gp(%) Doing 5o, (AsW)[p,] (see appendix A), as well as M?(se) and &(se)
extend to an analytic function in the complex s plane with singularities lying on the
negative real axis and the same is true of the coefficients of the linearly independent
expansion functions, fj,..j, in (3.15). Therefore, the contour integral
Lo 5a) = 5= /Isl:oo"i_sexs Fioein (59) (3.16)
can be calculated by collapsing the contour to a small circle about the origin and a contour
along the cut on the negative real axis. Let us call the latter as contour C. When |s] is
large, the scaled field ¢, is slowly varying and the scaled cut-off 1/(se) is less than my.
Therefore (AseW)[g;] can be calculated by acting with A, directly on the local expansion
of W, (3.1). Furthermore, as the real part of A tends to infinity, the contribution from
the cut tends to zero due to the exp(As) factor. The contribution from the circle about
the origin is controlled by the small e behaviour of fj,.j,(€). As e = 0 this vanishes due
to the Schrédinger equation and, in perturbation theory, the Feynman diagram expansion

gives an asymptotic expansion of fj, j,(es) in positive powers of \/es, namely
fales) = fS + fives+ faes+ f3(Ves)’ + ... (3.17)

where A expresses a group of indices and f};‘ some dimensionful constants. The action of

the resummation operator R(},s) = 1/(2mi) [, ds ezp(As)/s on (3.17) yields

0 1 o 1 3 (1)1
fA+fA\/Em+O+fA\/E ( ﬁ) /\%-i- (318)

Thus, if instead of simply R(A, s)fa(es) we use (R(/\, s)\/7r)\s) fa(es) we have

f%+0+fie(:2l>§+... (3.19)
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from which we conclude that the inclusion of v/wAs in (3.16) will ensure that the con-

tribution from the origin will be of order 1/X rather than 1/ v/A which will improve our

resummation. Henceforth we redefine (3.16) as

Lg.sn(N) = — L /l ds N VIAS fo. i (5€). (3.20)

278 Jis|=00 S
As the product se now plays the réle of cut-off, rather than € alone, we take ¢ to be finite

and equal to unity.

The Schrédinger equation leads to an infinite set of algebraic equations expressed by
Ah_)n;o Ijojl---jn(/\) =0 (3.21)

where

= VA BooA | Bgpa)?
IO——S(A)_hﬁ By + 3 ‘+ 10 + ...

I, = MZ(A) —2B2 - h% <6B4 + 323’“ + Bz’i’gv + .. )
Iy = 3 —8ByBs - h% (1536 + B“:f’\ + B“’fgv +.. )
Ios = % - 4B,Bos - n% (32,2 + 2By ) + QQL;)‘LA +.. )

4y/TBo0, in=2 B00,jn-m=2 _ ;Y

Iy,.. ja=2= z h—= X
m>3 ['(n+1/2) NS
2B, jn=2 , 2(B1010,.j.=2 — Bo2po, =) AE 4
I(n+1) 30(n +2) i
k-1 3
Ik =Y BonBok—m+n) (n—k)(n+1) - NG
n=0

><<2(k+1)(2k+1 0k>+zp )Bn ) "> k> 3. (3.22)
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with
- 1 d A an
E(N) = — / 95 xsvmhs E(s) = 3 RRE), (3.23)
271 Jisj=c0 : 5
_ 1 d _
M2(\) = — / 95 s /mxs M2(s) = M + RMZ(\)". (3.24)
27 Jjsj=c0 S

Also, for the ease of notation, in the last line of (3.22) we call B(r’s) the coefficients in the

subset

W = Z / dz E(r,s) <p2"<p(s)2 (3.25)
7,5

of W, which in our usual notation rewrite

B(r:s) = B2T107-~7j5=2 7B(T,0) = B?T+2 (326)
and p(n) = 2/(C(n +1)(2n + 1)).

In appendix B, we show a computer programme which constructs the I j, given the

local expansion as an input.

Summarizing, we have an equation for the coefficient of each independent local function
of ¢ (basis vectors). An approximation scheme emerges from working to a finite order in A
and taking ) large, but finite, in the same fashion as we did for the vacuum energy density
of the free scalar theory. These equations may be solved semi-classically by first ignoring
the power series in A. This amounts to ignoring the laplacian in the Schrodinger equation
(3.13) and solving the resulting Hamilton-Jacobi equation as a local expansion. This local
expansion is possible because the full solution for the Hamilton-Jacobi equation is the
Euclidean action on shell and the classical theory is massive. We can iteratively compute

the quantum corrections to the coefficients by substituting the leading order values into

AW
3.5 The Hamilton-Jacobi Equation

We proceed to study some properties of the equations which determine the leading order
values of the coefficients Bjojy...j,- Neglecting the fi-dependent terms in (3.22) amounts
to solve the so called Hamilton-Jacobi equation for a local expansion in the fields, from

which one can obtain the classical values of the coefficients of such expansion.

For the ¢* scalar field theory in two dimensions, the Euclidean action reads

Sp = / &z L (p, 0,0) (3.27)
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and the Hamilton-Jacobi equation for a time-independent potential is

0SE

with the Euclidean Lagrangian density given by

1. 1
Lp =5 +¢") + M + %w“ (3.29)
and
: 14
H = 7r‘P—£E=§7T - Volo),
¢ 1. 52,9 4
Voly) = 7+§M ¢t e (3.30)
so that (3.28) becomes
1 /65g 2
(222} —Vy(w) =0. .
 (52) - vt =0 (331
w

If we expand W in the vacuum functional ¥ = " in a h-series

W=> "Wy, (3.32)
n=0

the equation (3.13) to order 10 collapses to

/ dz (% (%)2 _ V0(¢)> =0 (3.33)

which tells us that Wy/h can be represented by Sg as expected. If we evaluate the
Hamilton-Jacobi equation for the scaled field ¢° then for large s the field varies slowly
in space. So we can employ the local expansion (3.1) to obtain a set of linear algebraic
equations for the (classical) coefficients Bj,j, . j, which is just the O(RC) pieces of the
equations (3.22) that from now on we call I ]QO j1..jns a0d then use the analyticity properties

to obtain an approximate vacuum functional for arbitrary ¢ as we described in the previous

chapter.
3.5.1 Some Particular Leading Order Coefficients

Let us examine in more detail the subset of independent local functionals of the form
(3.25) as it will be possible to obtain analytic formulae for the leading order coefficients
é?r’ 9 4 defined as (3.26). This is because the O(R?) system of equations which determine
such coefficients comprises only terms of the form B?i’j).

4The superscript 0 denotes a O(R%) quantity .
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The classical equations are basically determined by [ dz (§W/dp(z))?. An exercise of
integration by parts shows that the O(h°) equation correspondent to [ dz p?mpn)?
Bomy =0, (3.34)

contain only terms coming from similar local functionals, that is from

o0 = 5 2 5
P(klall7k2a12) = B?kl,ll)B?kz,lg) (W/‘Pw‘:lw(ll) ) <m—)'/(p2k2(p(lz)2) . (335)

In determining a particular f?m’n) from [dz 3k ) k1, P(K1, 10, K2, l2), we constrain (3.35)

to .yield the same number of fields and number of derivatives,

2m+2=2k1 +2-142ks+2-1=>m=k; + ko (3.36)
and
W +2 =2 =+l =n. (3.37)
Using
4 2%, (1) 2k—1_(1)?2 vd o
_° = 2% 2(—)! .
5@(2)/dw @ e +2(=) (™ )m (3.38)
and
d = (1) 408 ) B8
—— (A(2)B(2)) = ;;) )48 ) B0 2) (3.39)

we can show that

2
Plkr,ly, ko, ly) = 4 (k1k2 =121, ()2 ()

3

l .

(=)l W)t 3 (;) ()94 (1 & 2)+
1=0

A la

! NN N/ U

+(_1)n Z (;) ((p2k1)(h )(p(l1+z) Z (;) ((,02k2)(lz ])(p(lz+j) )B?kl,ll)B?kz,lz) (3.40)
1=0 j=0

and thus

</ dz <p2m<,0(")2> f(()m’n) = /dz Z P(ky,ly,m—ky,n—10L)=0 (3.41)
k1,

where we should also include terms from the classical potential V0 when it is the case.

We are ready to determine I~(°m,n) by examing the terms shown in (3.40). The first

term is ky k2<p2m“2<p(ll)2(p(12)2 and contributes to f(om’n) onlyiflj =0orlj =n=10=0as

/ dzg®(2)0 ™ (2) 3" kL(m — k1) (B, 0 Bl ) + Bl m)Blniny) - (342)
k1
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In the second term, if [y 5 0, the only contribution comes from [y = n, that is

n)? > »
[ e (@)™ ) So(m ~ k1) B 0) Bt (3.43)
k1

and if [ = 0, it becomes

n 2k2+1 Z ( ) 2/‘31 )‘P(n+i) (3.44)

which contributes to f(om’n) with

n—1
n . ~ ~
/ ngD2m(z)(p(n)2 (z) Z ( Z (Z> (_)'L+n2k1 (m - kl) + (m - kl)(2m + 1)) B?kl,n)B?m—kl,O)
k1 1=0
(3.45)
and the third term (which is obtained from the second by interchanging the indices 1 > 2)

contributes with a similar term. The last term contributes according to the value of I; .

If [, =0 it gives
. n—1
5 ""L . o~ -~
[ (@)™ (2) 3 (X ( ) (=)*72(m — k) + (2m + 1)) B, 0 Blimy (3:46)

whereas if [; = n we have

n—1

n 2 n 1

/dz<p2m(z)<p( ) Y (Z (l>( Y2k + (2m + 1)) Gy Bl 0) (3.47)
ki =0

and finally for 0 < [; < n the only contribution is of the form

, 5 5
/dz‘ﬁzm(z)w(") (2) Y Bl i) Bim—kynts) - (3.48)

k1,l1

The calculation above is important to test the results of our computer programme which
includes calculating [(§W/6¢)? from a general set of local independent functionals W
and then a routine for integration by parts and reduction to a basis vector element (see

appendix B).

The set of equations of the form I (i,j) C30 be systematically solved to render analytical
formulae for all the leading order coefficients of the form B? n) defined by (3.25). For

example, the classical equations which determine the B?o n)» €L be written as

n

Z B (0.n-) (3.49)

for k > 2. The coefficients B(0 0) and ? ) are determined by the equations I and Ip»

in (3.22):
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which give B?o,o) = —1/2 ° and 3?0,1) = —1/4, where we have adopted a mass scale so
that M = 1. We can write (3.49) in a power series form as
. 2
<Z Bl n z"> = (Booy)® + 2Bo,0Blo,1) 2 (3.51)
n=0
by the vanishing of each coefficient of z, and hence solve for B?O,n) to give
~ 1(1/2
Blony = —§< 7/L ) n=234,... (3.52)

In this way, we have determined all the classical values for the expansion coefficients
[ dz B?O,n) <p(")2. It will also be useful to determine [dz B?l’n) (,02(,0(")2. Equation Iy
in (3.22) determines B?l’n) = —g/96 whereas for n = 1,2,3,..., we have to solve the
equations
I%1y = 2Bf 0Bl 1) + 6B{o,1)B{1e) = 0,
1% ) = 2B{o0) Bl ) + Bloyy Bl + 6B, Bl10) =0,
1% = 2Bl By + By By + Bloy By + 685 By =0, (353)
etc.. If we redefine
Boo) = %Bgo,ow
5’?1,0) - %3?1,0) , (3.54)
equation (3.53) becomes
BooyBluy + Blo,y oy =0
Bloy Bz + Blowy By + Bl Bl =0,
Bfo,0yB{13) + Bfy1yBli2) + Blogy Bl + Bloyy Blroy =0, (3.55)
which, in turn, can again be expressed as the vanishing of each coefficient of z in the

product of the power series:
o . o0 ~ B ~
(Z B?O,n) zn> (Z B?l,m) zm) = B?O,O)B?LO)' (3.56)
n=0 m=0

We can solve for B?l m) by using the standard formulae of inversion and product of power

series [49], which yields, after undoing (3.54),

B?O’l) Bi?())z) ?O,Tl—-l) BO

( Bon-n Bom
g -1 B(O,l) l?%o,n—2) Bi(O,n-—l)
2 0
B?l,n) TS 0 =1 .. Bonog Bon-z (3.57)
0 0 -1 3?0,1)

SWe took the negative root for normalisability.



Chapter 8: A Schridinger Equation for the Local Ezpansion 64

and therefore we were able to find a formula for B?l n) ID terms of B?l 0) = —g/96 and
the previous B?o n) which are known to be (3.52). In a similar fashion we can find the the
classical coefficients of [ dz B(2 n) P (p(”)z. The equations which determine such coeflicients

are

-f?zo) = 2(B?1,0))2 + 33?2,0)3?0,0) =0,

Iy = = 1680, 4)B(12) + (Bl,y)? + 6B, 0Bl + BB By 1) + 30B{y 2 Blogy = 0,

%4 = 16BY 0Bl 3 + 2B 1) Bli 2 + 6B{0)Blos) + 2B(o1) Bl22)

+ 2By 5Bl +30B(,3) Bl =0, (3.58)

etc. , which if this time we redefine

—Blho) (3.59)

allows us to write those equations as

oQ 2 o0 o0}
n=0 m==0

where each coefficient of z must separately vanish. If we set (Zm OB(0 m)? "‘) =
. 2
S o Bm2™ as well as (Z,‘f_o B0 )z”) =Y o0 s 2" we can formally write, after sub-

stituting back the original values of B(0 0y’ B( 0) and B(2 0) »

Bl =

= - (27648 Zﬁwn k) , (3.61)

n > 1. Using the formulae for inversion and product of power series from the mathematical

- - - 1 &
((B?1,0))2 + 2B?o,o)B?2,o)) Bn — 3 Z BrYn—k
k=0

DO

literature [49], we can calculate all the B?Z,n)'

3.6 Solving the Schriodinger equation

As we have discussed earlier, the equations (3.22) can be solved to determine the co-

efficients Bj, . j, within the standard semi-classical scheme. Clearly a loop expansion
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amounts to a weak coupling expansion: one can rescale the field so that the factor appear-

ing in the path integral is 1/(g?R) that is

5.5 3.62
Then, if we expand the logarithm of the vacuum functional in powers of % like
w =S mtwh, wh =W, (3.63)
n=0

the Schrédinger equation to O(h) is written as limoF![p] = 0 with

Pl =h 1AW"+/dm AR NELAR D) (3.64)
e WPI= 1| g% d do €]’ '
where
vk = /dm %Mz(e)hgo2(x) — (e

Wiyl = 3 [do Bl 6@ (0P (3.65)

which illustrates that quantum corrections to the coefficients Bj, . ;, can be obtained

iteratively by substituing the leading order solutions into the laplacian.

For theories which are massless at the classical level, the semi classical approach is
not applicable within our framework. Notwithstanding, if there is quantum mechanical
generation of mass,‘a,s is believed to be the case for some theories of physical interest like
Yang-Mills, then our local expansion does make sense (for fields that vary slowly on the
scale of the lightest glueball, in the case of Yang-Mills theory) but another method than

the semi-classical approach has to be employed to solve the resulting algebraic equations.

In [2] it was suggested a new method to solve these equations which basically consists
of truncating the expansion in A for each linear independent expansion function at certain
order, say AV, the error being estimated by studying the asymptotic behaviour of AW
for large s and N using equation (A.18). In this approach there is no expansion parameter
as the approximation consists of working with a large but finite value of N and A and

therefore it is a non-perturbative scheme since it does not rely on the smallness of the

coupling constant.

Finally the particle spectrum can also be calculated in a similar fashion [2]. The one-

particle wave functional corresponding to the lightest physical particle in the theory can
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be thought to have the form of a pre-factor P multiplying the vacuum functional ¥. For

slowly varying fields, it can be written as an integral of a local function
P= /da: (0 + a10° + ag® + ... + bipp? + b + .. +apdP?+..).  (3.66)
The Schrodinger equation which determines these expansion coefficients is linear in P

2m/ds— (2A P—}-/d:z 5P)6‘;V(V) +mP) (3.67)

and in principle can also be solved by the method proposed in [2].



Chapter 4

Short Distance Properties from
Large Distance Behaviour

It is important to show that our framework effectively reproduces the results that can be
obtained within the standard approach of semi-classical expansion. In particular, since
physical states are built out of their large distance behaviour, it is crucial to verify if
this formalism correctly incorporates the short distance behaviour as contained in the
counterterms of the Hamiltonian, which we demonstrate in this chapter. We also point
out a curious simplification valid for the Sine-Gordon and Sinh-Gordon wave functional
and illustrate how the vacuum functional can be reconstructed from its local expansion

valid for slowly varying fields.

4.1 Introduction

We are discussing an approach to quantum field theory in which the physical states are
constructed out of their large distance expansion. We showed in the previous chapter that
such expansion for the vacuum functional satisfies its particular form of the Schrodinger
equation from which the expansion coefficients can be calculated, for example, within the
standard semi-classical expansion. We have also seen that from the knowledge of its local
expansion, valid only for slowly varying fields on the scale of the inverse of the mass of the
lightest physical particle in the theory, it is possible to reconstruct the vacuum functional
for an arbitrary field configuration using its analyticity properties under complex scaling.
Furthermore a new scheme, originally proposed in (2], offers the possibility of solution

beyond perturbation theory in the couplings for the expansion coeflicients. However,

67
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before this is attempted, it is essential to demonstrated that our formalism, which starts
off with a large distance expansion, gets the right short distance behaviour as is contained
in the counterterms present in the hamiltonian. In other words, we want to study how the
renormalisation of the ultraviolet (short distance) infinities are described in our approach

which we will illustrate in the context of ¢{,; theory.

In the previous chapter we determined the explicit cut-off dependence of the coun-
terterms for ¢}, theory, expressed by the relations (3.11) and (3.12). The ambiguity in
the choice of the counterterms represented by dM? and 6& is to be resolved, as usual, by
renormalisation conditions. There is a natural way to do this in our context. Notice that
the counterterms only enter Iy and I3 in (3.22). If these are fixed then these equations

determine the coefficients Bj, ;. and the energy eigenvalue, £, which are themselves fi-

nite as the cut-off is removed. Alternatively we could choose the values of two of these
quantities, By and £ for example, and then think of the equations Iy = 0 and I = 0 as

determining the counter-terms. So we will take

B2 = —'7, (41)

which is its classical value, and

£=0 (4.2)

as our renormalisation conditions. The advantage of imposing the renormalisation condi-
tions on £ and Bj is that we are free to solve (3.22) for the remaining Bj, . ;, without
first computing the A-dependence of the counter-terms which in a more general context

can only be done in perturbation theory.

4.2 The Mass Subtraction

In the semi-classical approach, the equations (3.22) may be solved by first ignoring the
terms proportional to & in order to calculate the leading order coefficients B?o,...,jn' Al-
though the resulting equations are quadratic in these coefficients they are readily solved by
starting with the coefficients of local functions of the lowest dimension and number of ¢.
In chapter 3 we showed how to get exact formulae for the leading order coefficients of local
functions of the form [dz ()™ (z) and gave explicit expressions for B(()),O,...,O,jn=2a

By 0j.=2 and By 0j.=2 (Please see equations (3.52), (3.57) and (3.61)). With the
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help of our computer programme showed in appendix B, we could also solve the resulting

equations which determine the leading order coefficients of more generic basis functions.

Thus we can write, to leading order !

1, 1 1 1 5 1 1
Wiree = /d:l: (_Ecp2 _ “(Pl2 + _(pIIQ _ —(,0”,2 + ——(,0””2 _ —Q(P4 + —g<p2<p'2

4 16 32 256 9% 64
1 2 n2 1 14 5 2 2 3 "3 31 2 n2
28977 T 35g9Y T 100d9 Y T 9569 T 1om¥ ¥
7 2 m2 41 1 12 75 12 12 93 114
—_— +— - - . .
099 Y T 1% T oot Y T aged T (4.3)

We start by showing that our large distance expansion correctly gives the short distance
behaviour as contained in the divergent mass subtraction given by M?()\) which occur only

in I (3.22). Using the values which we have calculated for BS,O’_“,O’jn:? we get the O(h)

expression
M2\ VA[1 o A2 5\
hy) = 9Bl _ 1| = - 4 — — .
() s T =9 =5 1oz V1280 13008 T (44)
where M?()\)?, as given by (3.24), is expressed by
_ VA [1
MEN =M% —g2Z2 (= + Y (1) Fm)AH (4.5
At )
with
_ L(m+3/2)
Fm) = 1 7mem + 3T m+ 92 (4.6)

The RHS of equation (4.4) vanishes as A — co but in the spirit of our method we hope
to get a good approximation if we truncate the series and take X as large as the truncation

will allow, i.e. small enough for the first neglected term to be insignificant.

Now since I()) is of order 1/ for large A (3.19), the accuracy of this approximation is
greatly improved if we perform a further contour integration, amounting to a resummation
of the series in A. Notice that if we substitute A = 1/4/5 in (4.4), I2(1//3) is a function
that is analytic in s with a cut on the negative real axis that we wish to evaluate as s

tends to zero from real positive values. Thus we define

I = L /| ﬁfekzs\/wsl(s“lﬂ) (4.7)

271 J|sj=0 8
for which limy_,e0 I(X) = 0 and hence, to order &, (4.7) translates into
M2+ MO
B 2

1\e have chosen our mass scale so that M = 1.

() +2BE — gS()\) (4.8)
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where

VA 1 A2rE/4) 2?2 A3V2I(3/4)
S = T(lsr (3/4) 96 960T(3/4) 53767 +> (4.9)

and

- VX (VAr(1/4) . F(m) .
MZ(A)h"Q\/‘( R GV ey sy 7 +1> (4.10)

m=0

The terms in S()\) now decrease more rapidly than the corresponding terms in I(}).
Since I(1/+/s) behaves asymptotically as /s for small s this resummation has the effect
of eliminating the leading term so that I()) is now of order 1/A?. Further resummations
are only efficacious given a sufficient number of terms in the truncated series for the extra

gamma functions in the coefficients to be noticeable.

In fig.(4.1) we plot, the series S()) truncated to 13 terms, —M2(\)"/(2g), their sum,

and the limit of this sum as A — oo, (which we obtain exactly in the section 4.5 as

—1/(87) ~ —0.0398).

-0.05T1

Figure 4.1: The Mass Subtraction

Clearly neither S(\) nor —M?2()\)*/(2g) are constant for large A but their sum is, to

a good approximation for A > 2. This shows that our large-distance expansion correctly
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reproduces the short-distance effects encoded in M?(¢)*. The departure from this constant

value for A > 11 is due to the error involved in truncating the alternating series S(\) to

13 terms.

If we denote by S, the S()) series truncated to n terms minus M2(\)"/(2g) then
in fig.(4.2) we show Sy, for n = 4,5,8,9,12,13. This figure illustrates the resummation
process and is a high-resolution plot of fig.(4.1), so to speak. Notice that S()) being
an alternating series, the direction of the departure of a curve from the correct value is

associated with taking an even or odd number of terms in this series.

-0.0396 + 5'5 /Sg /

-0.0398 T
-0.04T
-0.0402 T
~0.0404 T
-0.0406
-0.0408 T
-0.041
-0.0412
-0.0414 1

0 12
lambda

Figure 4.2: Truncating S(})

Each truncation provides a good approximation to S(\) up to a value of A which is
large enough for the highest order term to be a significant fraction of the whole. Taking

this to be one per cent gives an estimate of S(co) with an error that ranges from three

per cent (five terms) to half a per cent (13 terms).
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4.3 The Energy Subtraction

We proceed to check that our large distance expansion correctly reproduces the energy
subtraction which is expressed by the equation Iy = 0 in (3.22),
= VA BoaX | Bppah? 1
B, + 202 0,0,2

Iy=—-E(\) —h¥Z + o+

VT 3 10 Tt )@n £ 1) 00z T oo |

(4.11)

To order O(h), it can be written as

M) = —EM0) + h% (;} % (17/12> T 1A)7(lzn . 1)> = _EMO) +RSMN)  (4.12)

where, from (3.23),

EM)) = —1—/ ds ?f\/er_sG/ —@\/pQ-i-l) . (4.13)
[s]=00 2 Jp

T 2mi S 2<1)s 2T

In fig.(4.3) we plot —£™()), S*()) truncated to 12 terms, and their sum as expressed
in (4.12) which vanishes as it should, reflecting the normal-ordering of the Hamiltonian.

The departure from 0 at A = 8 again reflects that we have truncated the series.

Figure 4.3: The O(h) Energy Subtraction

In order to analyse the O(h?) energy subtraction, we need to calculate the O(f) part

of W([g] that is quadratic in ¢. We obtain this from the equations o2 =0, Inp2=0,...,
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having imposed the renormalisation condition By = —M/2. For example, in determining

Bf,, the first order correction of the coefficient of [ dz ©'%(z), we have to solve the equation

VA 4
Iy = 4(B2Bls) + 122 (B2, +2B8A + 5 B30 + .. (4.14)

(see (3.64)).

We use the re-summation described earlier, truncate the series in A so that they include
contributions from coefficients of functionals of ¢ of dimension less than 26, and take A
so that the last included term is one per cent of the value of the truncated series [4]. We
also use Stieltje’s trick of halving the contribution of the last included term to improve

the accuracy of the approximation [54]. This gives the estimate

Wi = %@6 / dz (6.64(,0’2 — 6.020" + 5.400"2 — 4.910""? + 4.54¢)?

~4.240®?2 1 4.01p(M? — 3.790®)? 1 358092 — 3.34(192 1 . ) (4.15)

In the next sections, we obtain th exactly. Rounding the exact results to three

significant figures gives

Wi = 1_0%_0 / dz (6.63(,0’2 — 5.97¢0" + 5.33¢""2 — 4.84¢"™? + 4.45¢)?
—4.140®2 1 3.89(N2 _ 3.68,0(8)% 4+ 3,500 — 3.34p(102 4 . ) (4.16)

which shows that our approximate results are good to a few per cent.

Figure (4.4) shows the effect of substituting this estimate into the O(h?) contribution
to I;. The top curve, A, is the estimate of the re-summation of the series in A, whilst the
bottom curve, B, is the O(h?) contribution to the re-summation of £()) evaluated using
(3.12) with §M? = g/(4). Neither of these curves appears to tend to a constant for large
) whereas their sum, represented by the middle curve, C, provides a good approximation
to a constant value for A larger than four until A is sufficiently large that the approximation
of the infinite series by just ten terms breaks down. The straight line in the figure is the
value 0.0052 which would be obtained by truncating the series at fifty terms using the

expression for W} which we will present later.
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0.012T A

0.0081 C

0.006-

0.0047

0.002+

-0.0021

-0.0041

-0.006T

~0.008

lambda )\

Figure 4.4: The O(h?) Energy Subtraction

4.4 Four Field Terms

Having proved that our large distance expansion correctly reproduces the short distance
effects present in the counterterms of the Hamiltonian, we can proceed to evaluate the one
loop correction to the expansion coefficients of higher number of fields. For the coefficients
of local functions containing four fields, we start by calculating their leading order values
which are obtained, as we have described before, by neglecting the O(h) part of the equa-
tions (3.22). Such equations can be obtained with the help of the computer programme

(appendix B) and readily solved to give

g 4 2 12 7}
W°=——/d ~10.4¢* +15.6 3.91
£ = 7000 m( 0.4p" + 15:600°¢“ + 3.91¢
—7.81902<p”2 _ 30-3<,0,2(P”2 _ 11.7(10(,0//3 + 4.88<p2(p"’2 _ 22.7&0//4

+36.6<p'2(,0/”2 + 40-0(,090”(;?,"2 _ 3-42902<P”"2 + .. ) (4.17)

Following the same reasoning as we described for the calculation of the two-field terms,

the O(h) contribution is ([4])

2
A g 4 2 12 14
= dz{4.02¢" — 20. -1
W 10000/ z(40 © 0.0¢0%p 7.96¢p
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+17‘4(p2(p”2 + 83-8(P/2Q0"2 + 37-6§0<,0”3 _ 15-6(102(P"/2 + 87.7(p”4

_129(1012()0///2 _ 164(,0(,0”(,0’"2 + 14'09029011112 + .. ) (4.18)

There are things to note. Firstly there is a proliferation of local functionals of the
same dimension and number of ¢ as these increase. So, for example, there is a unique
local functional with just two ¢ for any dimension, but there are two hundred and seven
with twelve ¢ and dimension twelve. Secondly the ratio of the O(h) corrections to any
two coefficients of functionals containing the same number of ¢ and the same dimension
is approximately the same as the ratio of the tree-level values [4]. For example the ratio
of the O(h) coefficients of ¢?¢"* and @ is —17.4/7.96 ~ —2.19... whereas the ratio of
the corresponding tree-level values is exactly —2. Given that our estimate is probably
only good to a few per cent it is not clear at this stage whether the one-loop ratios are
exactly equal to the tree-level ratios, but we will investigate this with greater accuracy in
the next section. We will now compare these results with those obtained by solving the
Schrédinger equation without first expanding in terms of local functions which is fairly

easy to solve for low orders of an expansion in powers of ¢ and A.

4.5 Direct Semi-Classical Solution

The Schrodinger equation limeo F.[¢] = 0 can be solved without resorting to a local
expansion in the fields. In this section we compute some exact formulae for the coefficients

of two and four field basis functions in order to evaluate the precision of our method.

Let us expand the logarithm of the vacuum functional as

W] = Z/dp1...dp2n¢(p1)...¢(p2n)r2n(p1,...,p2n)5(p1+...+p2n) (4.19)
n=1

where the I are unknown functions 2

The action of the laplacian on (4.19) is symbolically expressed by AW ([p] =5 ATz,

where Al'9, is

/2<1/ 27rdq/dpa-.dp2n2n(2n—1)¢(p3)--¢(pzn)1‘2n(q, —q,p3, .-, P2n)0(p3+..+D2n) . (4.20)
q €

2We have derived a formal expression for I (equation (2.29) with s = 1) but here we will expand it in
powers of h.
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Likewise, we write

/ dz (%) / dp 5(Wp) ZFM o Tom (4.21)

with Ty, 0 T'oyn equal to
8mnm / dps...dpandky..dkgm P(p2).-P(P2n)P(k2).-P(kam)d(P2 + .. + Pan + k2 + .. + om)
Ton(— (D2 + - + Dan)s P2, --» P2n ) Tam (— (k2 + - + kam), k2, .., kam) (4.22)

We want to find the [’s for a certain number of fields in (4.19) as an expansion in

powers of h. Let
[on = Z hmP?n ) I‘k2n = I--‘2n ) (423)

m=0

To tree level, the Schrodinger equation yields

Fgol"g+2I‘30I‘2+2F30F2+F20F2+...=/dm<<p'2+M2<p2+19290) (4.24)

The term quadratic in ¢ is
190ty = [ dpsr(Tlp, ~p)VPEHD) = [ 208+ MIPPRP) (429

so if we take the negative root for normalisability of the vacuum functional we get

2 7
o_ VpPP+MS _w(p)
r; = o = (4.26)

Then it is straightforward to show that

2n
Fg olg, = /dpl dp?n‘P(pl) (an) (Z w(pi)> 1-‘271.(1)1: e ap2n)6(P1 +...+ p2n)
1
(4.27)
which can be used to calculate '} since
g 9 17 ( [ -
i~
rgory =2 [t = ST ([ Fotea) 23 p0) (4.2)
4 g H\J 2 2
and therefore
T(p1,...,pa) = — J : (4.29)

2m) (@) (w(p1) + - + w(pd))

The terms of higher order in ¢, for which there are no contributions from the potential,

give, generically,

ry ory,=0 (4.30)
m

n+m=n
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where n > 4 is a constant such that starting with n = 4 we can determine all the 1“3,,_2.
For example, to determine I'g to leading order we have to solve ) = 4, that is

Tol+ T30+ T30l =0. (4.31)
and using (4.22) we get

6
/dp1 .. dpep(p1) - .- P(pe)d(>_ pi) (48WF2(—P1,P1)F8(P1, -+, P6)t

=1

+327T%(—p1 — p2 — P3,P1,P2,P3)L4(—Ds — D5 "Ps,m,Ps,Ps)) =0 (4.32)

By substituting

18
Cpp) = § 3 (4.33)
in the equation above and using (4.29) we finally get
2
1
pq,...,p J S{. X
oprseoP6) = S ST L) | [l + P2+ 8 F () + () T ()
1

4.34

(@lpe & 7o 5 7o) T pn) +0p) + w(pen} (434

where the S symmetrises the momenta. The equations (4.30) can be solved recursively as

T8, (p1. .- p2r) =

4 r—1
o) 2" n(r +1-n)8{Th,(=(p2 + .. +P2n), P2, - P2n)

XFQ(T+1—n)(_(p2n+2 + ... +p2(r+1—n))ap2n+2a v )p2(r+1—n))} (435)

If we expand I'J and I'J in positive powers of the momenta we exactly reproduce (4.3)

since no resummation is involved in either approach to the tree level result.

The order % contribution to the Schrédinger equation is

S IS, 0T%,+> Alg, + / dz (25ﬁ - (M2)h(p2(:z;)) =0. (4.36)
n,m n

Using (4.20) and (4.22) in (4.36) enables us to write the term quadratic in ¢ as the

limit as € — 0 of

(M2 + (M*(e))") h g / dg
+2 Ly, —p) + 5= — =0 4.37
ypn w(p)I'z(p, —p) 3272 Jg2c1/e w(q) + w(p) ( )
which can be solved to give
ol d SM?
I} (p,—p) = = ; (4.38)

3272 (@(g) +wP)wle) 8mw(p)
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that is
g (P SM?
T3 (p, —p) = %arcsmh('ﬁ> ~ Sralp) (4.39)

and for p = 0 we get T} = g/ (327> M) — M 2/(8rM). The renormalisation condition that

fixes By at its classical value requires that FQ(O, 0) = 0, which determines
dM? = g/(4n), (4.40)

but if instead we had chosen a renormalisation condition such that SM? = 0 then we

immediately read off the first correction to Ba,
Bi=-L . (4.41)

Setting p = 0 in (4.37) and taking the limit as ¢ — 0 is meant to give the same result as
taking the limit A — oo in (4.8) when we identify I'>(0,0) = Bs/(27). This gives the value
—g/(87) quoted earlier that agrees well with the large ) behaviour of S(\) — M2(\)*/2g.

More particularly, S(\) should be obtained from the large € expansion of

1 dq
H(e) = — / —_— 4.42
0= Tor Jppcrse (@) + 0) (44
by applying the two contour integral re-summations, which is formally written as
A 2: f z
——/ ds 534 3/ ds s_l/Qes/ﬁH(s) (4.43)
4 J)5|=o0 |s|=o0

which does in fact coincides with (4.9).

Since the large A behaviour corresponds to small ¢, we can use (4.39) to investigate

this. Thus for small €

G(e)

/Ve
/01 dq <w<q)(w(2) +M>)

= VM Tte—Vem VM —e+

€ = 62 4.
M 8V

which leads to the power law corrections to the large A behaviour described earlier. The

(4.44)

prior knowledge of this small € would have been useful to find an alternative resummation
procedure in which we would try to cancel the power law corrections so as to get the exact
result given by € = 0. For example, for the small € behaviour described above, the linear

combination

(RO ) + 2RO, &)2e) G(e) (4.45)
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with R()\,€) given by (2.23) would subtract the square root correction and increase the

convergence. This is because

1
R() €)G(e) =vM-—T(1/2)+0+0+... (4.46)
Vi
whereas
1 T(1/2)
2R(N, €)AeGle) = ——= +0+0+.... 4.47
(hAeG(e) = — (447)
Expanding (4.39) in positive powers of p? leads to the exact results for the W2 quoted
earlier
dp NS
5 T3, —P)(P)P(~P) =
g /dm _(pf. . 3(,0”2 N 15%0///2 35(,0””2 315(,0(5)2
s 48 160 896 2304 22528

69302 10012 643502  109395¢(%)2 230945¢(10)2
53248 81920 557056 9961472 22020096

+. .)(4.48)

The O(h) contribution to the part of W i) that is quartic in ¢ is obtained from
9T 0T} 4+ 2T o TS + AI'§ =0. (4.49)

Using the equations (4.20) and (4.34), the last term on the left hand side can be expressed
as

1592

0 _
Alg = (4!)274

/2<1/ dQ/ dpy dpadpsdps@(p1)@(p2)P(p3)@(pa)d(p1 + .. + pa) X
q €

! 2/5
(2w(q) + Liw(ps)) S{ (2w(q) + 20(p1)) (w(p2 + p3 + ps) + w(p2) + w(ps) + w(ps)) *

3/5
(@(pr + 02 — ) + w(g) +w(p1) +w(p2))(wlg +ps +pa) +wlg) + w(p3) + w(ps)) }
(4.50)

which together with (4.27)and (4.29), enable us to solve (4.49) for T'} to give

h _ g° *© dg B 1
Lalpr-P) = (yagin ST alp) S{/o 20(q) + St w(pi) ( 20(q)(w(g) + w(p1))
3
(w(q) + w(p1) + w(p2) +wlg +m +p2))(w(g) + w(ps) + w(pa) + w(—g+p3 + p4))

+ . T } (4.51)
2w(p1) 21 w(pi)

+
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Notice that this expression has to be symmetrised in the momenta, which has been symbol-
ised by S. For instance, if we write the second term in the parenthesis as F(p1,p2,p3,p4)

then

1
S F(p1,p2,p3,p1) = g(F(P1,P2,P3,P4) + F(p3,ps,;1,p2) + F(p1,p3,p2,p4)
+ F(P2,P4>P1aps) +F(P17P4ap2,P3) +F(P2aP3aP1,P4)), (452)

and that the last term in the curly brackets originates from the JM? term in (4.39).

Expanding (4.51) in powers of the momenta and integrating over ¢ numerically en-

able us to write an exact expression for the first order corrections to the four field basis

functions, that is

2
wh = 9 /d 3.9730% — 19450202 — 7.961p™
4= o000 ] % ® Sy 61l

+16.270%0" + 85.78¢'2¢" + 33.66p¢" — 14.150%¢"

12-65(p290””2 + 84-76_(,0”4 _ 150.7(p(p"g01112 _ 139'0('0[2@!//2 + .. ) . (453)

From this it is clear that our previous estimate was quite good, but that the observation

that the ratios

B
pjo,-~,jn — .78,..:.717. (404)
g jO»"’jn

are the same for coefficients of functionals of the same dimension and number of fields is

only approximate since

pq = —0.03814 (4.55)

pog = —0.1245 (4.56)

poa = —0.2038, 2,02 = —0.2082 (4.57)

o2z = —0.2834,p103 = 0.2872, 3002 = ~0.2898 (4.58)

£2,0,0,0,2 = —0.3701,p0,0’4 = —-0.3734,,01,0’1,2 = —-0.3769,p0,2’0’2 = —0.3799. (4.59)

These ratios can, however, be explained by observing that the dominant contribution
to (4.51) comes from the the term originated in the mass renormalisation prescription,
hoM?, which was fixed by imposing Bl = 0. If instead we had chosen our renormalisation

conditions A6 M2 = 0 then it would have been absent in that expression.
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We can easily calculat the effect of this choice on the ratios using dimensional analysis.
The coefficient of a basis function of dimension D, i.e. with a total of D derivatives, reads,

in terms of the dimensionful parameters of the theory,

2
0o_9 g

where BY, and B}, are dimensionless constants. Hence

BYg(D + 1)6M?
58p = - 202U | o5, (4561)

having chosen our mass scale such that M = 1, which allows us to write the ratio p as

By (D+1)6M* _  D+1

pD:QBOD 9 =pD — S

(4.62)

where in the last equality 5 is the ratio for the renormalisation condition §M? = 0. Thus

ps = —0.00165 (4.63)

B2 = —0.00513 (4.64)

po,a = —0.00486, f 0,2 = —0.00926 (4.65)

fo2,2 = —0.00488, pi03 = —0.00868, p20,02 = —0.0113 (4.66)

Bro002 = —0.0120, Po202 = —0.0220, f112 = —0.0188, poo4 = —0.0153.  (4.67)

The advantage of this choice is that the one-loop corrections to the coefficients Bj,, . ;.
for functionals containing four fields are now significantly smaller. The same is true for
the coefficients corresponding to two fields, with the exception of Bs. This suggests that
a more effective choice of renormalisation condition which would reduce the size of the

one-loop corrections, would be to fix By at its classical value, rather than By [4].

4.6 Sinh-Gordon Model

From the standpoint of perturbation theory @*-theory is ‘close’ to a theory that is quite
special, namely the Sinh-Gordon theory which has an infinite number of conserved quanti-
ties that imply the absence of particle production, it is interesting to calculate the vacuum
functional for this case. The potential of the Sinh-Gordon theory may be taken to be (45]

_ M2+ héM? i Ve dp
V = = cosh(6¢) exp< -/ w(p)>

¢2 ﬁ? ¢4 54 ¢6 ,32 1/Ve dp
(M2+h6M2)<ﬂ2+—+—4l—+ Gt )(1—%/ w—(p)+...>4.68)
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Apart from the replacement ¢ — M 282 the Sinh-Gordon potential leads to the same
expressions for the tree-level values of '}, '} and the one-loop result I'%. The tree-level I'§
is modified by the ¢% term in the potential

B M2
6!(2m)> 2% w(ps)

this, together with the M2p* term in V modifies the one-loop value r?

n_ph_ _ BM? > 1 _ 1 L
= T s Tty </o dq(zw(qnz%w(pi) 2w(q>>+2> (470)

so that for the sinh-Gordon model

T§—Tg- (4.69)

B / o', 5m=22 5 p 2205w —8952 ,,  65lm = 2768 o
Wi = dz S -
4 384 1280 © ¥ 860160 © 172032
| 10417057 — 4243072 , ,, 6895357 — 2920448
41287680 14 82575360 7
139057 — 58624 5
3932160 ot

—15.647p%0" 1o
10000/d:c<82893<p 15.64740%5" — 6.6791¢

113.3743p20" + T4.818¢"%¢"? + 29.07319p¢"® — 12.0941p%p"% + . ) (4.71)

The ratios of the one-loop coefficients to their tree-level values for this model are

ps = —0.07958 (4.72)

pa,2 = —0.1001 (4.73)

po4s = —0.1710, pag2 = —=0.1712 (4.74)

poo2 = —0.2471, pigs=—0.2481, pyo02 = —0.2477. (4.75)

Note that again the ratios are approximately the same for coefficients of functionals of the
same number of fields and dimension, however this cannot be explained away as simply

the effect of mass or coupling renormalisation. If we had taken M 2 = 0 we would have

obtained 3
= —0.1194 (4.76)
P22 = —0.06035 (4.77)
po4 = —0.05162, po2 = —0.05183 (4.78)

3For this model, equation (4.62) becomes pp = pp — (D — 1)/(87).
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p0,272 = —0.04820, p1’0’3 = —0.04915, p2’0,2 = —0.04875. (479)

which are approximately constant for coeflicients of functionals of the same number of
fields and dimension. These coefficients would, with a change of sign, apply to the Sine-

Gordon model as well.

4.7 Reconstructing the Vacuum Functional

We finish this chapter by illustrating how we can reconstruct the vacuum functional from
its large distance expansion, as we discussed in section 2.3, using some of the results we

derived in this chapter.

Let us concentrate on the quadratic part of the logarithm of the vacuum functional,

| dpeloe(-pr(p,-p) (4.80)
Applying the formula (2.34) in the expression above, is equivalent to writing

Lofp,—p) = Jim o [ N T /5, p/V5) (4.81)

A—00 271 J|sj=00 § — 1

Since |s| is large on the contour we can use the local expansion I's(p, —p) = ¥¢° anp*"

Shifting s we get

1 dS As e p2n .
— —ePVs+1 E n——— = , .
m /| e’Vs+ d a GLin ,\lglgo S(p, A) (4.82)

Expanding the (s + 1) factors in powers of 1/s enables the integral to be done, yielding a

power series in A. For example, at tree-level

1 ds As—1) o0 n+1/\n 1/2(1+p)
_,/I A1), [p2 20: TCTEI (4.83)

274 J|sj=c0 § — 1

This series converges for all positive A\. We get an approximation by truncating the
expansion by including terms up to and including AN=1/2 say. This requires a knowledge
of the local expansion only up to terms in (¢™)(z))%. To demonstrate this approximation

we have plotted in fig. (4.5) the series (4.83) truncated at N = 12, Sj».

The value of ) is chosen so that the last term included is one per cent of the value
of the series. We have also plotted \/p? + 1, and the expansion of /p? + 1 in powers of
p?, C truncated to fourteen terms. The full series fails to converge for p? > 1, and this

is reflected in the fact that the truncated series ceases to be a good approximation for
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pr+1

S12

Figure 4.5: Tree-level vacuum functional: I'i(p, -p)

2 5 1. However, S;o, which is a resummation of this series is a. very good approximation
p ) ) g P

for a much larger range of momenta.

The one-loop correction, T'}, may be treated in the same way. In fig. (4.6) we have
plotted arcsinh(p)/p. The small p expansion, C is again only good for p? < 1. Our
approximation that re-sums this series, Si2 provides a good approximation only over a
slightly larger range. The accuracy of this approximation is greatly improved by further
re-summations, just as we did for the Laplacian. Let us define the resummation operator
acting on a function of X and p to be

R-S(\,p) = E% /|s|=oo %e’\sS(s_lﬂ,p). (4.84)
Then the curve Rys shown in fig. (4.6) results from applying R twice to S12, and provides
a good approximation to arcsinh(p) /p for values of p up to about p = 5. Since the
effect of applying RP to a term in Sy7 that is proportional to A" is simply to divide it by
[(n/2 + 1)T(n/4 +1)...T(n/2P + 1) further applications would have no significant effect

when we take just twelve terms in the expansion.
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o5 S12

Ry

arcsinh(p)/p

D w

Figure 4.6: One-loop vacuum functional: I'%(p, —p)
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Chapter 5

Feynman Diagram Expansion of
the ¢7 +1 Vacuum Functional

Representing the vacuum functional as a functional integral enables us to derive its semi-
classical solution within the conventional approach to quantum field theory based on the
language of Feynman diagrams. The advantage of this formalism is obviously the gain of
pictorial insight as well as the possibility of associating simple general rules to the diagrams

and therefore reduce the problem to the calculation of integrals over the space-time.

5.1 Introduction

In section 2.2, we obtained a functional integral representation for the vacuum functional
of a scalar theory from the Feynman path integral representation of the Schrédinger func-

tional. Let us recall that expression here:
Ulp) =Vl = /D¢ ¢~ Seld)+[ dedla0)p(z) = /D¢ e~SE+5B (5.1)

The Euclidean action Sg[¢] is defined on the half plane ¢ < 0 where the field ¢ satisfies
boundary condition ¢(z,0) = 0 . The logarithm of the vacuum functional W(p] can be
seen as a sum of connected Feynman diagrams in which ¢ is the source for ¢ on the

boundary, where ¢ vanishes.

A stationary phase approximation to (5.1) reproduces the semi-classical, fi-expansion.

Hence we can formally write
W[(p] = —SE[‘pclass] - ln(DEtAO) - (5.2)

where @gqss is the on-shell classical field evolving from a fixed value, say zero, in the

86
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infinite Euclidean past, to the value ¢ at t = 0. Ag stands for the second derivative of SE
evaluated for the classical field and the dots represent multi-loop terms. From this the
resemblance to the well-known effective action description of quantum field theory is clear.
The novelty in our description of the vacuum functional is the presence of the boundary,

where the field satisfies Dirichlet boundary conditions and has a source term Sp.

In this chapter, we develop a Feynman diagram picture of the oh +1 theory vacuum
functional, which can be suitably extended to Sine-Gordon models. In this approach,
we reproduce some of the results which were obtained from the (exact) semi-classical
solution of the Schrodinger equation in chapter 4. We also rely on Symanzik’s work
which establishes the finiteness of the wave functional as any cut-off is removed. For P
theory in two dimensions, no additional field renormalisation associated with possible new
divergences due to the boundary is necessary, although it is in (3 + 1) dimensions. Thus
we should only face the usual renormalisation procedure which involves the divergences
that occur in the bulk of the space-time. For any scalar theory in two dimensions with no
derivative interactions this is rather simple: the only ultra-violet diagrams that occur in
any order of perturbation theory comprise the graphs that contain a closed loop consisting
of a single internal line, that is, two fields at the same vertex contracted with each other
[45]. In this case, the ultra-violet divergence can be removed by normal-ordering the
Hamiltonian as we have seen for ¢} 1 theory. As a matter of illustration, we show in fig.5.1
two loop diagrams for 41, theory. The diagram (a) is ultra-violet divergent whereas (b)

is finite.

(a) (b)

Figure 5.1: Diagram (a) is UV divergent. Diagram (b) is convergent
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5.2 Feynman Diagrams on the Boundary

Let us start by establishing our notation. As we will be working in two dimensions
throughout this chapter, let us take the vertical direction as the time-like direction and
the horizontal direction as the space-like direction. Therefore P = (t,z) is any point in
the Euclidean half-plane with ¢ in the range —co <t <0 and —c0o <z < 00, t=0 being

the equation which defines the boundary.

In constructing the Feynman diagram expansion of W], the only major difference
from the usual Feynman diagrams encountered in free space is that the propagator vanishes
when either of its arguments lies on the boundary. Such a propagator can be constructed
using the method of images as

Gp(z,y) = Go(z,y) — Go(z,y) = Go(z,y) — Go(2,y) (5.3)
where z = (t,x), z = (—t,x) and Gy is the free space propagator. Notice that on the
boundary t = 0, Gp, which we henceforth call Dirichlet propagator, vanishes. Further-
more, because of the breaking of translation symmetry in the time-like direction, we may
have non-conservation of the momentum component in this direction. In other words, the

boundary might affect the “energy” conservation.
We write the Euclidean action for ¢ 41 theory on the half-plane as
_ lig 1 1.0 2, 9 4
Selp] = dt [ dz | =¢* + 9" + M (s)¢” + ¢ (5.4)
t<0 2 2 2 4!
and since only mass renormalisation is required because of the divergent tadpoles, we

cut-off the momentum integration with 1/s in

d’p 1
M2(s) = M2 -2 / —— s 5.5

(3) 2 p2<1/s (2,”)2 p2 + M2 ( )
PP+ M) =FE*+p’+ M 2 We make connection with equation (3.11) by performing one

of the integrals over the momenta to yield (3.11) with 6M 2=0.

The source term is
§5= [ dxp(09(0,%) = [ dxdtp(x)d(5x)500) (5.6)
which fourier-analysed using

o) = [ LeiPxp(p)
2 ~
¥a) = [ e mdo) 6.1
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gives

Sp = / dgﬂ(;p iE, p(—p)$(E, p) - (5.8)

From this we see that, in momentum space, a factor of 1, accompanies the source ¢(—p).

Likewise, we fourier-transform the Green’s function

42k ezk(:l: -y)

2 . 2 (+) 2,72 —i{pz+
/dxdye PEHY) Go(z,y) = /dmdye pz qy)/ 21r2k2+M2

=g et &9

for the free space propagator and

5(p + q)d(Ep — Ey)

) (5.10)

for the image propagator. We graphically represent the Dirichlet propagator shown in
fig.5.2 as a sum of the free space propagator (full line) and the image, energy non-
conserving propagator (dashed line).

¢ > - R A GEEERE R >--

4 P q p q P

Figure 5.2: Dirichlet Propagator

We can start writing the Feynman rules in the momentum space for the Feynman
diagram expansion of the oh +1 theory vacuum functional. W] is a collection of connected
Feynman diagrams with the “legs” attached to the boundary for which

e at each interaction point X we associate a factor g (coupling constant);

e at each source field placed on the boundary, we write [ (—‘g;r%(,'o(—p) iEp

a propagator is composed by two pieces, as shown in fig.5.2. For each propagator

we associate a factor 52-4_1—1\;{5 (52 (p+q)+d(p+q)d(Ey— Eq));
e The mass counterterm is given by (5.5);

e A symmetry factor sy is to be associated to a diagram. It comprises the product
of three different numbers: the expansion factor of the exponential in (5.1), the
different ways of contracting the source fields with the vertices (which reflects how
well the factors of 1/4! in g/4! have been canceled at each vertex) and the number

of topologically distinct diagrams.
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When the diagram involves loops, the Feynman rules in the momentum space are not
as straightforward as they are in the free space. Let us work out a few examples. Consider

the simplest graph in the diagrammatic expansion of W{y], shown in fig.5.3(a)

X ]

(2 (b)

Figure 5.3: (a) Tree-level two-field diagram

For this diagram, we can use our Feynman rules to write

=5y | #(-P)e(-a) BB (0 @) + 0+ 3B~ F)) (D)
. Ey)®
— 2.5/ [ @(p)3(- )—E?;fp—z)m. (5.12)

where we adopt the following convention

[~ LL~ L=l
/zN /t/x ~ /_wdt/_oodx (5.13)

First of all, we learn from this simple example that when a propagator ends on the bound-

ary it equals two times the free space propagator, viz.
. . 1 2 _ -1 gb( )iEq
/p P(=P)iBp 3 (P +0) = 8(p + QO(E, — By)) =2 ((%) G | (614

which is schematically represented in fig.5.4

Figure 5.4:

Notice, however, that the E, integral in (5.12) is not convergent. It can formally be

/°° dE, E? _/°° dE, . p? + M?
—oo (2m) \ EZ + p? + M? T Jeoo (27) EZ +p?+ M?

written as
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(5.15)

The origin of §(0) is in the construction of our path integral representation of W (please

see section 2.2). We started by representing the vacuum functional as the matrix element
] = (¢l0) = (Dle *#*|0) (5.16)

As operators, T = 43, but in the passage from (5.16) to a functional integral representation,
which is written in terms of c-numbers, 7 is represented by d) plus terms coming from the
time derivative acting on the T-ordering, because the functional integral represents T-

ordered products:
2

)>=5%WTQﬂxﬂ$kﬁﬂ)—wﬂx—xqap-w (5.17)

T (#(x, t)i (¢, ¢
(in Minkowski space) [55]. This leads to a term like
/mmfwuw@ﬂax—fwm—O) (5.18)

but because this is local, it may be canceled by an equal and opposite counterterm,
~ [ dxAg?(x) say, which amounts to simply discarding this divergence [2]. Alternatively,
and perhaps more satisfactorily, we can place the source term not at t = 0, but at small,

distinct times t;, and finally taking the limit ¢; — 0. This replaces the integral in (5.15)

by

*© dEP Eg tEpe
.Kw(%dEg+p2+Aﬂe ' (5:19)

The factor e*Er¢ regularises the divergence and in the complex E,-plane, for € > 0 we can
close the countour integral in the upper half plane to get the result —v/p? + M?/2. Hence,

the diagram represented in fig.5.3(a) corresponds to the expression

1 [ dpeP)p(-p/p? + 02 (520)

where sy = 1/2, which reproduces I'J obtained in chapter 4 as we expected.

The Feynman rules in the coordinate space for the diagram in fig.5.3(a) give

G p(z1,x2)

sf/dx1 dxyp(xﬂcp(xﬂ—m (5.21)

t1=0,t2=0

since the normal (time) differentiation bends the leg of the propagator to the boundary.
The property that when one end of the Dirichlet propagator is on the boundary it equals
twice the free space propagator is easily seen in the coordinate space since

0G p(z1,Z2) 2300(“”1’“’2) (5.22)

ot ot
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Using (5.9) and that

0Gp(z1,z2) / ) tP-(x1—x2)
JuD\"172) = [op2 T
9t 0t petyeo I P M2 (5.23)
(5.21) becomes
9 eip-(xl_x2)
sf/dxl dngo(xl)cp(XQ)/pZEp I ME (5.24)

which reduces to (5.12) after integrating over the coordinates. Acting on (5.24) with the

laplacian

A, = / dx'dy’ / iiieiq<X’—Y’)——52— (5.25)
a2<1/s (2) dp(x')oe(y’)

gives the negative of the O(%) vacuum energy density. The action of the functional deriva-

tives in the laplacian has the effect of coalescing the legs of the diagram shown in fig.5.3(a),

so to speak, to produce the bubble shown in fig.5.3(b) .

5.3 Tree Level Feynman Diagrams

)(l X2 X3 X4 xS X6
Pl P2 p3 p4 p5 p6
X X
x5 7 _p7 8

Figure 5.5: Tree Level Diagrams up to o8
The Feynman rules in the coordinate space applied to the first diagram in fig.5.5 yield
8Gy(z1,z5) 0G0 (x9, T5) 0G0 (23, T5) 0G0 (%4, T5)

16gsy /xmxéxm w(x1)p(x2)0(x3)p(x4) o, o, o o,
(5.26)

where the normal derivatives are always calculated at ¢; = 0. Using that

_ gil@i-zs)p
= Ll ’LElW (527)

etc., and writing the fields in the momentum space, enables us to write (5.26) as

dGo(z1,T5)
Jts

ts=0

16gsy P(p1)@(p2)@(p3)@(p4) E1 B2 E3 By X
P1P2P3P4Zs
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e~ U(E1+Ex+Es+Ey)ts o—i(P1+P2+P3+P4)Xs
4 2
Hj:]_ (p] + M2)

The integrals over ¢5 and x5 can be calculated to yield delta functions in the momenta.

(5.28)

However, notice that the t5 integration runs from —oo to 0 :

0
/ dtg e~ (E1+ErtBa+Ealts / % dts B+ B+ BytBa)ts _ / % dty e~ {Br+Er+BstEa)is
0 0
(5.29)
where in the first equality we changed variables t; — —t5 and in the second, we used that

E\,E;, E3,Ey = —FE1,—Es,—E3,—E4 is a symmetry of (5.28). Hence

0 .
/ dts e-z(E1+E2+E3+E4)t5 — 2_;_5(E1 + By + Es+ E4) (530)
—o0

and (5.28) becomes

2m)? IV 5*(p1 +p2 +pa +
1695f( ) / @(p1)P(P2)(P3)@(Ps) ErE2E3Ey (p14 P2 7 Ps 2p4) (5.31)
2 Jpipapsps . j= 1(p] M?)

The integrals over Ei...Es are readily computed in the complex E;-plane, using the
residue’s theorem,

© do | & dE; E;e 1
- 5.32
/oo2vr{H( E2+w)>} 16m 35, w; (5:32)

with w? = p% + M? . Using these results in (5.31), with s; = —1/4! is just '} obtained in

chapter 4.

The action of the laplacian (5.25) on the tree-level, four-legged diagram reads

=9 [ ~ §(p1+...+Ppa)
A /d o..d / 1) . o(xs)etP1X1t+Paxa)
’ ((27{')34' pl p4 X1...X4 SO( 1) (p( 4)6 ;zl w]
(5.33)

and results
eiP3(x3—x4)

—g
12—/ / X Xy) ———. 5.34
243 g2<1/s Jpaxaxa (,0( 3)‘10( 4) wq+w3 ( )

The factor 12 is the number of possibilities of acting the two functinal derivatives on the
four fields. This expression corresponds to the term ATY in (4.37) and is graphically
represented in fig.5.6. Expanding in powers of the momenta amounts to expanding ¢(x4)

around x3, that is

eiPa(x3—x4)

2n
-9 / / x (x4 =%3)™ (2m) xa) o 5.35
4 Zn: g?<1/s Jp3xaxa oxa) (2n)! o ) wq + w3 ( )
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Figure 5.6: The laplacian on the @* tree diagram

and using [ df(iz)?"e?® = 2782 () and [ dzp(z)el®(z) = (—)nfd:m,o(")2 (z) we can
write an expression for the laplacian term in the Schrodinger equation correspondent to

the derivatives of the quadratic term, in a local expansion:

n+1 2n)
/ / / () (5.36)
gi<l/s wp + wq

For the six-legged diagram represented in fig.5.5, the Feynman rules give

oG , oG , oG ,
sgg’ o(x1)--p(xs) Dg;l z7) Dgtvj z1) Dg; z1)

X1..X6Z7T8

3G((E4, :1:3) aGD(iL‘5, :1:7) BG(JJG, :Eg)
Oty dts Jtg

— (Zi)ﬁgzsf/ (P(xl)--(P(XG)/ El__ESG—i(Pl+P2+P3—P7)X7e—i(P4+P5+p6—P7)xs
Xi..X6ZL7Z8 P1..p7

(5.37)

XGD(:E7, :Es)

1
H;:l p? + M2
When neither end of the propagator is on the boundary ¢ = 0, the image charge breaks

iP1X1_,iP6X6 i) +E2+E3—Er)ty ei(E4+E5+EG)t8 (e—iE7t8 - eiE7t8) (5.38)

[

energy conservation leading to more complicated expressions. However, for this diagram,
there occurs a simplification, owing to its symmetry properties, such that we end up with

delta functions in both momentum components. So, if we integrate over t7, we get
0 i(Er+E2+E3—Eq)t 2m
e'\Fl 2 3 i 7dt7 = —2—5(E1 + E2 + E3 — E7) (539)
—00

because (E; + B2 + E3 — E7) — —(Ey + E; + E3 — E7) is a symmetry of (5.38). On the

other hand, the integral over ¢g can be simplified if we notice that

/O e—i(E4+E5+Es—E7)tadt8 - _ /0 e—i(E4+Es+Ee+E7)tsdt8 (5.40)
—o0

—00
in (5.38). Thus, the integrals over t7 and i3 give a factor proportional to

(2m)?
2

5(E1 + Ey+ E3 — E7)5(E4 + Es+ Es + E7) (5.41)
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Finally, integrating over X7, Xg, E7 and p7, reduces (5.38) to

—g%2%(2m)%sy @(p1)--P(Ps) E1.-Ee
p1-Ps
5., (02 + M2)((E1 + B2 + E3)? + (p1 + P2 + p3)? + M?) '

A laborious exercise of integration over the E; variables enable us to write a final
expression for this 6-field tree diagram which just coincide with I'd calculated earlier as
it should. The symmetry factor for this diagram simplifies to 10/6! where the factor 10
comes from the counting of topologically distinct diagrams (i.e. labeling each leg with

momentum p; and counting the number of distinct ways this can be done) [55].

5.4 Loop Diagrams

From fig.5.7 we can work out the first order correction to the two field coefficient B2

defined in (3.1). The diagram shown in fig.5.7(a) represents the expression

dGp(z1,T oG ,
L e e I
X1X2T3 1 2
where
(1_e2it3E3)
Gplzs, T =/ — 5.44
p(z3,T3) M wve (5.44)

(a) (b)

Figure 5.7

This diagram is divergent due to the factor Gp(z3,73). Since this propagator does
not touch the boundary, it has an energy non-conserving contribution represented by the
exponential in (5.44). We regulate this integral by restricting the space-like component

of the momentum such that p5 < 1/s just as we did for the laplacian in the Hamiltonian
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(5.5). The divergence is then cancelled by a counterterm represented in fig.5.7(b) which

is due to O(h) terms in M?(s). This process is schematically represented in fig.5.8 .

Figure 5.8:

Therefore, the finite part of equation (5.43) yields, after integrating over x3 and t3,

1
8rs 9/ P(p1)@(p2) BLE20(p1 + P2)d(B1 + Bz — 2E3) 55—~ (5:49)
! P1P2P3 ' ' ?:1 (P? + M?)

The remaining integrations can be performed to lead to the simplified expression

1 1

4sf o1 @(p1)@(—p1) \/pg yYE (\/p§ i+ \/p% " M2)

By setting M = 1 and p; = 0 we can calculate B! to be g/(16), with sy = —1/4, in

(5.46)

agreement with equation (4.41).

The first order correction to the four-field part of W, earlier represented as '}, is given

by the diagrams illustrated in fig.5.9(a), (b) and (c) .

The first of these diagrams translates into

a 8G (2,'1 .’L‘5) aGD(£E2,£E5)
A =42 ()/ o(x AN
! I Sf X1..X4ZT5Z6 (p(X1) SO( 4) atl at2

0Gp(z3,z6) OGp(z4, To)
Ots Oty

Gp(zs,zs)G p(Ts, Z5) (5.47)



Chapter 5: Feynman Diagram Ezpansion of the o} 1 VF 97

(a) (b) (¢)

Figure 5.9: Four-field one-loop diagrams

which is written after substituting the expressions for the propagators as

925§a)24/ #(p1)- Pp(ps) Br..Eqe” ~ix5(P1+P2+Ps—P5) o ~iX6(P3+Pa+P5— Ps) x
P1.-P6Z5T6

e—its(E1+E2—E5)(e—it5E6 _ eitsEe) —itG(E3+E4—E6) (e—itsEs _ eiteEs)
X 5 (5.48)
] 1 pJ +M

This expression is finite because the bubble in fig.5.9(a) does not introduce divergences
in 1+ 1 dimensions. A tedious exercise of integration enable us to compute (5.48). We

transcribe below the main steps of this calculation.

We start by integrating over x; and X¢ in order to get the delta function in the
momenta in the space-like direction. This introduces a factor proportional to 0(p1+p2+
pPs — P5)0(p3 + P4 + Ps — Ps). Then we integrate over pe to get d(p1 +p2+Pp3+Pps). The

integral over ts can also be done to reduce (5.48) to the computation of

'S

23&:1)277_[_2 / fp(pl) p4 E1 E4 z E1 + E2 + Eﬁ - E5) X
p1.-p5E6

f—ooo dtg e—itG(E3+E4)Sin(t6E5)S’in(t6E6)
X
[B1 (2 + M2) (B2 + (ps + Pa + Ps)? + M?)

The E; and F; integrals can be readily performed to give the factor

(5.49)

e ltel(ws+ws)

4

and the integral over tg,

0
/ dtge!® W) sin(te Es)sin(tg Eg) =
—oQ

("-’3 + w4) 1 1
2 <(w3 Fwi)? + (Bs — Be)? (w3 +wa)?+ (Bs+ Es)2> (5.50)
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After a lengthy calculation, the integrations over Ey, Ey , Es and Eg , together with the

result above, simplify (5.49) to

a 4 Zi: wn +w
A = 4rs! )/ o(p1).-¢(p4) 5(2 Pj) ( 41 ) X
P1--P5 j=1 Y on=1Wn
1

x (5.51)

(w3 + wa + ws + @) (w1 + W +ws + @) (Thay wn + 2ws) (Tnzy wn + 20)
where @ = /(ps + pa + ps)% + M~

Yet, there is another 4-legged-O(h)-diagram to be included fig.5.9(b) and the countert-
erm diagram associated to the renormalisation of the tadpole fig.5.9(c). Similarly to the

two-field bubble diagram calculation fig.( 5.7), the sum of these two diagrams amounts to

the expression

Ay = 9235}?)24/ @(Pl)--@(Pz&) E,.E4 e—ixs(pl+p2+ps+pe)e—iX5(p4—ps)
P1..P6T5T6

1
Zg:lp% + M2

where we used our already familiar Feynman rules for Feynman diagrams on the Dirichlet

x (5.52)

e—‘ite(E1+E2+E3) (e—’iteEe _ eiteEe)e—its(E4—2E5—E6)
boundary. The integrations over x5 and xg together with an integration over pg give the
expected momentum conservation in the space-like direction, J(Zﬁ___l Pn), whereas the
integrations over the time-like coordinates are similar to the previous case. Having done
the integrals over E; to Eg, we get to the following simplified version of (5.52):

§( Th=1Pn
Ay = —59°s o(p1)--2(pP4a) ( i )

(5.53)
p1.-Ps ws(we + ws)(2i=1 wp, + 2ws) 231:1 Wn

There are 3 topologically distinct diagrams associated to fig.5.9(a) (38] and 4 distinct
diagrams associated to fig.5.9(b) (the bubble placed at any of the four legs). The overall
symmetry factors ssca) and ssrb) are respectively equal to 1/16 and 1/12. The sum A; + A;
exactly reproduces the expression for I'? we have got earlier by solving the Schrodinger

equation semi-classically although the Feynman diagram method has demanded consider-

ably more work.

Finally, the extra #% term in the potential of the Sinh-Gordon model (see section 4.6)

generates the diagram in fig.5.10.

Its analytic expression, after subtracting the counterterm represented in fig.5.10(b)

reads

B o2 . . §(Xn=1 Pn)
(2m) /pl__ps o(p1)--p(p4) - (2w5 Py wn) (5.54)
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(a) (b)

Figure 5.10: Six point interaction for the Sinh-Gordon model

for which the symmetry factor is 1/96. This gives the modifications to the ¢* results

described in section 4.6.



Chapter 6

Applications to the Schrodinger
Functional

By exploiting the analyticity properties of the Schrédinger functional, we show how a small
time, local expansion in the fields can be used to construct the full functional. We also

obtain the leading short-time behaviour of the Yang Mills Schrodinger functional within

a local expansion in the fields.

6.1 Introduction

The Schrodinger functional for a quantum field ¢ in D + 1 space-time dimensions is the
matrix element of the Euclidean time evolution operator between eigenkets of the field

restricted to a D dimensional space-like surface with coordinates x . It can be written as
a functional integral

(ol 1p) = [ Dpe5#19) = 21l ] (61)
where Sg is the Euclidean action for the D +1 dimensional volume bounded by space-like
surfaces, a time T apart, and @(x,0) = P(x),p(x,7) = p(x) and H the corresponding
Hamiltonian. Hence, the Schrodinger functional can be regarded as a euclidean quan-

tum field theory, defined on a space time manifold with boundaries and (inhomogeneous)

Dirichlet boundary conditions for the quantum fields.

Inserting a basis of eigenkets of the Hamiltonian in (6.1) shows that, at large times, it

is dominated by the eigenket of lowest energy,

(ple ™) = LT [Pl (6.2)

100
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where ¥[y] = (¢|0) is the vacuum functional.

As we have described in the previous chapters, the logarithm of the vacuum functional
(in¥[g] = W) is, in perturbation theory, a sum of connected Feynman diagrams and
in general a non-local functional. If ¢ varies slowly on a length scale of the inverse of the
lightest mass in the theory, W{ip] reduces to a sum of local functionals. Therefore, the
study of the scaling and analyticity properties of W has enabled us to reconstruct it from
its local expansion whose coefficients are determined by a suitably constructed Schrodinger
equation. In other WOI‘dS,. we have translated the eigenvalue problem of the Hamiltonian
into an infinite set of algebraic equations for the coefficients of the local expansion. By
truncating the expansion, we have a new approximation scheme which offers the possibility
of solution beyond perturbation theory in the couplings [2]. This scheme is especially

adequate for theories in which mass is generated quantum mechanically.

For theories that are classically massi\}e, the local expansion appears already within
the frémework of standard semi-classical perturbation theory but for Yang-Mills theory
for example, which is classically massless, the leading order contribution to W does not
reduce to a local expansion for slowly varying fields. Nonetheless quantum effects generate
a non-zero mass-gap and so the full expression for ,W does have such an expansion, as has
been seen in Monte-Carlo simulations of lattice gauge theory [43],[44],[41]. In principle
this will be determined by solving the Schrodinger equation, but in practice the construc-
tion of this equation to a sufficient order to generate reliable results is some way off: it
involves the construction of a Laplacian that respects gauge invariance and is amenable
for computations. It would have been useful to study this local expansion using stan-

dard semi-classical techniques. As we cannot, we will study instead the the Schrodinger

functional

o, (A,A] = (Ale"HT/MAY,

HIA, E] —535 [ @¥x ir(8? + B (6.3)

where E = —A, B = VAA+AAA, A = AATA, tr(TATP) = —64% | [T4,T"] = fABCTC

and we work in the Weyl gauge, Ag = 0.

Again, the logarithm of this functional, W7 [A, A'] is a sum of connected diagrams, and
is non-local, but having introduced the length-scale 7 (which acts as an infra-red cut-off)

into the problem results in a local expansiq% for fields that vary slowly, even within the
s ".
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semi-classical expansion. In other words we can compute the Schrodinger functional for
the short-time behaviour using both a local expansion, and semi-classical perturbation
theory. This enables us to compare the efficacy of solving the problem in two different
ways, i.e. by solving the Hamilton-Jacobi equation for the derivative expansion and by
evaluating the leading order contribution to the functional integral. The result of the
semi-classical calculation is useful as it will still be a good leading order approximation
to the full expression for times that are small in comparison to the inverse of the lightest
glueball mass. Furthermore we can show that by studying its analyticity properties, one

can reconstruct the Schrodinger functional from its small time expansion [65],{3],[4]-

6.2 Reconstructing the Schrédinger Functional

Consider the free scalar theory in 1 +1 dimensions. The Hamiltonian is written
H= /d:r;—w+<p +m<,0> (6.4)
We can adopt the following ansatz for the Schrodinger functional,
=TI D, ) e"t#9 (6.5)
P
where W can be written as

Wlp, @] = /dp e(p)e(=p)T1(p, T /dp«) Yo(—p)T2(p, 7)

+ / dp @(p)@(~p)T3(p,7) (6.6)

since the Hamiltonian is quadratic. o(p) is the Fourier transform of ©(z) and D(p,T) is
proportional to (det(—02 + w2))_% where w = p® + m?. This is in complete analogy with
the harmonic oscillator path integral [38]. We can fully determine since it satisfies the

Schrédinger equation in the momentum space.

2w W W dk
2 (G * sew ) ) TR
D .
—25—2W=0 (6.7)

(where the dot stands for differentiation with respect to 7) with initial condition

limy0®-[p, @) = ol — ] - (6.8)
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Moreover since W[, @] = W,[@,¢] we have I'y = I'3. Taking (6.6) into the Schrodinger

equation yields a set of coupled differential equations, namely

k2 2 .
WEm) b = o,

8nT? —
gnl Iy — 20 = 0,
orl3 -2 = 0 and

D
ol -5 = 0. (6.9)

The first of these equations is a non-linear Riccati type differential equation (y—a’y?+b? =
0), which in turn can be linearised by the change of variables y = b/a + 1/z and easily

solved to give the well known results

Fl —Li(e—2w'r + 1)
4 (20T — 1)’
w,  4e™v7
F S U —
2 dr (e — 1)’
D = |——o (6.10)

7-‘-(et.ur _ e—wr) :
As a final check, note that in the limit 7 — oo, I'y vanishes whereas T'y and D allow us to

rewrite the Schrodinger functional as

w —w dp w _
IR Peap( | S25(6%(0) + 2 (0)) (6.11)

from which, if we recall (6.2), we can read off the vacuum functional
T eap( - 1 _
wolel =1 exp( — 550 (p)e(-p)) (6.12)

and the vacuum energy density & = [ dpw/2.

Notice that a small 7 expansion of T'y, for example, leads to a local derivative expansion
in the fields which makes sense when the field varies slowly on the scale of 7, even when
m = 0, namely [dp I'1p = [dz (—%wz(m)—§¢’2+%<p"2+..) . As a matter of illustration
Jet us suppose that we want to construct the Schrédinger functional out of a small time,

local expansion in the fields. Taking (6.8) into account, we can start out with

w = /dk( %O-(so(k)w(—k) — 20(k)@(~k) + p(k)B(—K)) + (br7h” + by ®k* + )
x (¢

(K)o(—k) + pR)P(—K)) + (cork? + rr’kt + Jp(R)@(=k) ) (613)
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and expansion coefficients bg, by, etc. are determined by the Schrodinger equation. For
instance, the terms which depend only on ¢ can be solved to give

1 1
dk — ————k2 — K473 — ) p(=k) .
/ 3 4519 T )(p( k) (6.14)

If (6.1) is evaluated for a scaled Euclidean time 7 = t//s, it extends to an analytic function
of s with cuts restricted to the negative real axis. Therefore, we can use Cauchy’s theorem

to related the large-s, or equivalently, small-7 behaviour to the s = 1 value:

®, = lim —1—/ —d—:g—e)‘(s_l)@ t . (6.15)

Ayoo 2711 s|=00 § — 1 Vs
The exponential term removes the contribution from the cut as A = oo and the small-7
expansion of ®, can be used in the right hand side of (6.15). An approximation scheme
in which one works with a finite number of terms and a large but finite value of A in this
series has been shown to be successful [4]. Following these steps (6.14) can be evaluated
to give |
(_2)(n+1)/2

n(n —2)(n —4)..1 X

1 (-1 1 41 1 1 3,3/
47rS(/\,t)—\/7_r(t\/X (z+ t\/_+3 4t+12t+360t)’\ o+

(n—2)(n-4).11 (n=2)(n—-4).11 (n—2)(n—4).3 1
<(n+1)(n—l)..4t (n—1)(n—3).26 (n—3)(n—25).2 360

— . +0(t")) A2+
(6.16)
where have set k = 1. The graph in fig:(6.1)illustrates the resummation of the small 7

expansion.

The curve A is (6.16) truncated to 14 terms. The value of A is chosen so that the last
term included is one per cent of the value of the series. This curve should be compared with
the curve B which is the plot of 47, the function to which the series should converge,
and finally curve C is is a plot of (6.14) also truncated to 14 terms'so as to show that by
means of the re-summed series for small 7 we can reconstruct the Schrodinger functional

for any 7.

For abelian gauge field theory we would have obtained similar results. The basic differ-
ence is that we should also impose gauge invariance under spatial gauge transformations
s0 as to satisfy the Gauss’s law constraint. This constraint introduces some complications
in defining the path integral representation of the Schrodinger functional, more specifi-
cally in the definition of the measure. Roughly speaking, we have an infinity coming from

integrating gauge equivalent components of the gauge potential. For the abelian gauge
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Figure 6.1: Resummation of the small 7 expansion

fields, this infinite is easily factored out and absorbed into the normalisation whereas for
the non-abelian case this is healed by the well known Faddeev-Popov prescription. As we
are mainly interested in the gauge potential dependence of the Schrodinger functional, we

will not worry a.bouf this subtlety in our present analysis.

Thus we can write

3
W= /(g;))s Az(p)Ar(-p)T1(Ipl,7) + Ar(p)Ar(—p)I2(Ipl, 7)

+ Arp(p)Ar(-p)li(lpl7) - (6.17)
where Ag is the transversal, physical component of the gauge potential, namely

_ (p-fl’;(‘lg))p (6.18)

Substituting (6.17) into the Schrodinger equation H eV + 9eW /81 = 0 where H is the

Ar(p) = A(p)

abelian version of (6.3), we get the same expressions for I'; and T’y as we obtained for the

free scalar field. As before, the large 7 limit gives us the free photon vacuum functional

3 -
Ty[A] ~ ezp {_% / (;73))3 (p/\A(p))l-l()rl)/\A( p))} (6.19)
which, in the coordinate space, becomes
TofA] ~ ezp{~3 [ &% [ @yBeOB)AGx - )} (6.20)

with A(x — y) = 1/@2n%(x - y)?).
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6.3 Leading Order Yang-Mills Schrodinger Functional

We follow the same scheme for the differential equation approach to W, [A, A’]. @, satisfies

the Schrédinger equation with initial condition

0 n_ ' . n_ !
~h=—0,[A, A= HO,[A,A],  lim &,[A,A'] = 5[A — A"] (6.21)

In the Schrodinger representation the Yang-Mills electric field is represented by

- 8
EA(x) = ihg® —77= > (6.22)
5Af(x)

so that
) )

(1.9 —2> ___/3 ‘
H—( 2ﬁgA-}-g B), A= dxéAC(x) 5ACH)

and
1 r
B=-3 / &x trB? . (6.23)
The Schrodinger equation must be regularized as the kinetic term A contains two func-
tional derivatives acting at the same point of space, however this will not affect the leading
order calculation, since if we set W.[A, A'] = w[A,A']/ (hg®) the Schrédinger equation

reads:

1, 5 £</3 dw 6w) ow _
2hg Aw+2 dx——dAc SAC +B+aT—0. (6.24)

Neglecting the O(fig?) term leads to the Hamilton-Jacobi equation which we now solve in
a derivative expansion subject to the conditions that w[A, A] be real and invariant under
simultaneous time-independent gauge transformations of A and A’ and that w[A,A'] =

w[A', Al

If we order the local expansion of w according to the mass dimension of local function-

als, then the first gauge invariant term is
/dsx trA? a(r), (6.25)

where A = A — A’. Since the only length-scale in this classical problem is 7 this enters w
multiplied by 1/7, leaving possibly a constant to be determined. This term will enable us
to fit the initial condition since as 7 becomes small exp 7" [ d3x tr A% ~ §[A — A’]. Next

we must include dimension four fields, for example

/dsx trB2? b(r) (6.26)
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which is needed to cancel a similar term in the Hamiltonian. Notice that such term does
not contain A’ and hence violates the symmetry of interchanging A’ and A. We will
soon impose this symmetry within our ansatz and thereof obtain relations between the
coefficients of its terms. The Hamilton-Jacobi equation generates cross-terms from these

two functionals of the form

( AT / dBx’ AL (x') AL (x )> (@%7% / d3x’ Bf(x’)B,f(x’)) (6.27)

= (2 ARLL) (DEAB. ) (6.28)

where

DRA = ¢,0,DEA | DA = (8,677 + fR5443) . (6.29)

which results, in a shortened notation
/ &% trADB |, . (6.30)

This is a gauge-invariant dimension four term that should be included in the expansion of
w (as too should all further terms generated by repeated applications of [d3x A-8/6A).

By making use of the following relations

s
/ Px A%(x) =g ) / dx " ADAEBR =

/ X AﬁDﬁfBRlz-l-//d?’x d®y Aﬁ(x)Aﬁf(x,y)Af(y), (6.31)
where
) )
AB _ 3. 'BRBR|
A (xy)—(SAA()(SAB /d BB|z

— (DARDEE| 4 fABReWpBR)Ix 5(x ~ y)

(DARDEE 1 2P| 6°(x ~¥) 5 (6.32)

[dx A0 AC / [ #x dy ALAL (x3) AT () =

2 / / Bx ddy AL (x)AAE(x,y) AB(y) + 6 / &#x (D AV)A([Au,A]) i (6.33)

/d3x'AC(x) 6AC /d3 (D) Al A, AJAL =

3 / Bx (D) A A4 + / Bx (A AJAAL AJAL (6.34)
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we exhaust the terms up to dimension four whilst our ansatz is enlarged to
W,[A,A] = /d3x tr {A%a)r+ Bbr+ A-DBcr
+ [y A Axy) - Aly) dr+ DA-[AAler

in which the 7 dependence was inferred by dimensional analysis, leaving arbitrary con-
stants to be determined. We start out by imposing w[A, A’] = w[A’, A]. Since w[A,A'] =
w[A, A], this condition can be equally expressed as

WIA, Al = W[A', —A] . (6.36)
To build the right hand side of (6.36), we expand each term of (6.35) in the primed
variables which results :

/ Bx #BY, = / #x tr{B?, +2 A DB, + / Py Ax) - N(x,y) - Aly)

' 1
+ 2D, A (AL Adlls + §[Au,AV][Au,Ay]|m} ) (6.37)

/ $x trA-DB = / #x tr{A-D'B'l; + / By Ax) - N (x,y) - Aly)
+ 3 D/ILAV{AIHAV]Iz + [AuaAU][-Aua-Au]lz} ) (6.38)

[ [axdy i Aty Ay = [ [ dxdy i A Nooy) - A)
+ / Bx tr{ 6D A A Ao
+ 3[AﬂaAv][Au’Al/]|iB}’ (6'39)

/ Bx tr DuAu[Au, Alle / Bx tr DA Ay Alls + Ay, Al Allz} - (6:40)

Therefore, in order to preserve (6.36), we must have

c = —b

1

Finally, if we substitute (6.35) into the Hamilton-Jacobi equation the remaining coef-

ficients are determined leading to our final result for W:

2

W,[A, A'] /d3x tr{—— - Br + A-DBr

2hg 2hg?
- [@yA® Ay)- Aly) § + DA LAl

— AA A A —} (6.42)
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We will now compute this expression using a different method, so as to gauge the
efficiency of the above approach. The functional integral representation of W, [Aout, Ain)
leads to a saddle-point approximation in which this is given to leading order by minus the

Euclidean action

2—;3 / Bx dt (BA(x) - BA(x) + BA(X) - BA(x)) (6.43)
where, in the temporal gauge,
E=-A , B=VAA+AAA. (6.44)
The fields A are required to be on-shell, i.e. they satisfy the Euler Lagrange equations
A=—-DAB , DAB=VAB+AAB+BAA (6.45)

subject to the boundary conditions that at A(x,0) = A, and A(x,7) = Agy. We want
to calculate Sg as an expansion in dimension of the fields but since the coupling constant
is dimensionless in (3 + 1)-dimensional space-time, this is the same as an expansion in

increasing powers of 7. If we expand the gauge potential as a power series in ¢

o
A(x,t) = > An(x)t", (6.46)
n=0
the Euler Lagrange equations turn into
x
S (n+1)(n+2)An0x) t"=-DAB. (6.47)
n=0
Thus A;, = Ao and by calling Ay simply A and A=A — Ay, we can express Aj as
A1=§—7A2—72A3—.... (6.48)

So Ag and A; are determined by the boundary conditions while the others A, will be
determined in terms of them using (6.47) . To calculate the other terms, we equate

powers of ¢ on both sides of (6.47) to obtain

AO = Ain
‘A 2 3 4 2

A1=-7—_'—A.27'—A37' —A47‘ —A5T—O(’T),
A2 = —%DO/\BO,

1
Az = — o {DoA(DoAA) + ANBo + Bon AL,
Ay = _ﬁlﬁ{DOA(AAAHAA(DOAA)+(D0AA)/\A},
Ay = — — [AN(AANA) + (AAAAA}. (6.49)

~ 2073
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where we neglected terms of O(L™™)n >4 and Do A = VA +AgA + AAp. The
subscript 0 denotes that the gauge potential has been taken as Ag, and A = Agy: — Ain.
Thus the magnetic and eletric terms in the Yang Mills action can be rewritten, after some

considerable algebra, as

1
B-B = By-By + f{? (Do/\A)~B0}

+ ;,—Z{(DOAA).(DOAA) + 2By (A A A)} + ;,—Z{z(DOAA)-(AAA)}

+ % {(AnA)-(ANA)} (6.50)

(for which, to the order that we are working, it has been sufficient to take A; = %) and

E'E = -5 A-A+ A (Do ABo)
+ %A-{DOA(DOAA)+A/\BO+BO/\A}
n %A-{DO/\(A/\A)# (Do AA)YANA + AN (D A A}
b A AN AN (ANANAY. (6:51)

Finally using the following identities in (6.50) and (6.51),

DCB = (8,6°8 + fO4BAL), (6.52)

(D A V)S = eapy DSFVE =DFVZ (6.53)

za: €apy €apy = (O Oy — Oy Oyu) (6.54)

(eapy Dyuiu)® = (DaAp - DpA)? (6.55)

BY = (VAA + AANA)Y = copy (Baddp + % AT AYfTUVY (6.56)
(AAV)S =(VAAY = %eag.,VaT AY fTUS (6.57)

where V is any vector field with both a gauge group and a space-time index, after an inte-
gration over the time variable we arrive at the same expression as previously for W [A,A']
(6.42). As a final check note that when the initial and final gauge fields are identified A =0,
our expression reduces, as it should, to —7 [ d3x B2/(2¢%), i.e. minus the Euclidean action

evaluated for a time-independent potential.

To conclude, we have shown how the analyticity properties of the Schrédinger func-

tional can be used to reconstruct it from a small time (T) expansion, , 1/7 acting as an
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infra-red regulator. The next step is to incorporate loop corrections to our analysis. For
this task, we have to construct a regulated laplacian in order to “point-split” the ill-defined
product of two functional derivatives at the same spatial point so that the Hamiltonian
operator has a finite action on our local expansion. For example, A acting on —tr A?%(x) is
proportional to 6(0) which is meaningless. In other words, we have to build a suitable ker-
nel such that the new regulated laplacian respects the symmetries of theory, such as gauge
invariance and the underlying geometry of the Hamiltonian operator, and is amenable for
calculations. As a result we will inevitably end up with an arbitrariness which is necessary
to separate the finite part from the quantities that diverge as we remove the cut-off. In
a renormalisable theory, this arbitrariness can be absorbed into (bare) coupling constant,
so that the physical quantities will not depend on it. Because of Symanzik’s results [5],

we know that the wave functional will be finite as any cut-off is removed.

We have also computed the local expansion of the leading order term in the semi-
classical expansion of the Schrodinger functional for Yang-Mills theory using two different
approaches, the first by substituting our local expansion directly into the Hamilton-Jacobi
equation, the second by computing the on-shell Euclidean action. It turned out that
the former approach was far more efficient. The result describes the leading short-time

behaviour.

Recently, the Schrodinger functional has been used to define the running coupling
constant at a length scale 7 in pure Yang-Mills theories which is accessible for calculations
on the lattice from perturbative to non-perturbative scales [42]. A continuum small time

expansion could be a precious guide for any lattice result.



Chapter 7

Conclusions and Outlook

In general the vacuum wave functional ¥[p] = exp W] is a non-local object. As we
illustrated in chapter 5 for ¢} +1-theory, Wly] is a sum of connected Euclidean Feynman
diagrams in which ¢ can be interpreted as the source for ¢ on the boundary. However, in
a theory in which the lightest physical part‘icle has non-zero mass, say my, its logarithm is
expandable in terms of local functionals if the fields vary slowly on the scale of 1/mq. This
simplification is the basis of a scheme to solve the eigenvalue problem of the Schrddinger
equation for the wave functionals. Let us briefly recall our motivations. In Yang-Mills
theory a local expansion of the vacuum functional is justified by the presumed generation
of a mass gap. This results in confinement via arguments of dimensional reduction. That
is to say, the term of lowest dimension in the large distance expansion of the logarithm
of the vacuum functional, leads to a confining area law for the Wilson loop [1]. This
commends the local expansion as a tool for studying the large distance behaviour in that
theory. To go further so as to obtain physical quantities (e.g. the string tension) we would
have to compute more coefficients in the local expansion. On the other hand, we also
have discussed in this thesis that this local expansion is suitable to understand physics on
all length scales because analyticity arguments show that functionals for arbitrary field
configurations can be reconstructed from their local expansion. In principle, this may

enable us to extract the light hadron spectrum from the local expansion.

The coefficients of the local expansion are in principle obtained by solving the Schrodinger
equation. However, as we demonstrated in the simple case of the free scalar theory (eqns.
(2.20) and (2.21)), the Hamiltonian, or more particularly the laplacian, fails to repro-

duce the correct short distance behaviour. It leads to divergences of increasing order

112
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according to the dimension of the term in the local expansion. This is not surprising as
the ultraviolet cut-off contained in the laplacian is a short distance object whereas our
local expansion refers to slowly varying fields and in principle could not tell about the
ultraviolet behaviour. Our claim, as we explained in section 3.4, was that because of the
analyticity properties under complex scaling of the cut-off and the fields we could resum
the cut-off dependence of the laplacian and get the correct short distance behaviour, in
the same spirit as we did for equation (2.21). In other words, our expectation was that
after resumming the divergences that appear by acting with the Hamiltonian on the local
expansion and therefore reducing the eigenvalue problem to a set of algebraic equations for
its coefficients, they would be finite or could be made finite by the usual renormalisation

procedure and perhaps a further field renormalisation according to Symanzik [5].

In chapter 4 we verified in the context of oh +1-theory that our large distance expansion
gets the right short distance behaviour as contained in the counterterms of the Hamilto-
nian. We studied the mass and energy subtraction. The approximation scheme consisted
in truncating the series of local functionals to a certain order. Having obtained some exact
semi-classical results in which no resummation is involved, we verified that our expansion
coefficients agree to within a few percent when the series is truncated to about ten terms.
Similar accuracy was found for the mass and energy subtraction. In addition to this, we
found a curious simplification that occurs for the Sine-Gordon and Sinh-Gordon models.
We verified, up to four fields, that the ratios of the coefficients of the one loop corrections
to the coefficients of the local functionals to their tree level values are approximately the
same for functionals of the same dimensions. At this stage, it is not clear for us the

mechanism responsible for this simplification, if any.

An elegant description of the vacuum functional in terms of Feynman diagrams was
presented in chapter 5. The amplitudes were calculated and reproduce the semi-classical
results obtained by a direct semi-classical solution of the Schrodinger equation for ¢}, ;-

theory.

Within the usual semi-classical solution of ¢* theory, the Schrédinger equation ap-
proach brings no novelty. However, Mansfield in [2] suggested a new approach to solve
the algebraic equations, as we briefly discussed in section 3.6, which presents two remark-

able characteristics. Firstly it can be applied to theories in which mass is generated only
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at quantum level and hence that cannot be solved semi-classically within our approach.
Secondly it does not rely on the smallness of the coupling constant. In order to develop
this approach we will have to improve our computer program shown in appendix B so as
to generate a sufficient number of equations. This approach could be useful for studying
the spectra of other field theories where the semi-classical approach is not useful, such as

Toda field theories in the strong coupling limit.

For Yang-Mills theory an additional technicality occurs. It requires the construction
of a suitable laplacian that respects gauge invariance and the underlying geometry of the
Hamiltonian operator. Apart from this, the formulation of the eigenvalue problem should
be pretty similar to the <i;4—theory. No additional boundary counterterms are needed for

Yang-Mills theories as we discussed in section 1.6.

Finally, in chapter 6 we presented some applications of this formalism to the Schrodinger
functioné.l for which it is possible to carry out a semi-classical analysis as the time serves as
an infrared cut-off. We obtained the leading order short time behaviour of the Yang-Mills-
Schrédinger functional within a local expansion in the fields. This preliminary calculation
sets the grounds for a more detailed analysis that brings in the quantum corrections. We
have also shown how a small time expansion of the Schrodinger functional can be used

to reconstructed the Schrodinger functional for arbitrary time based on its analyticity

properties.



Appendix A

Analyticity of (AsW)[ps]

Here we sketch the proof that (AsW)[p,] extends to an analytic function in the complex

s plane with the negative real axis removed [2]. Consider the matrix element

(ol (z, )7 (', £)]0) . (A1)
We soon will take ¢ = ' = 0 and then integrate against [/, dp/(2r)ezp(ip(z — z')), in
order to get (A;¥){yp].

In a similar way as we did for the study of the analyticity of the vacuum functional
(see chapter 2), it will be helpful to make the ¢ dependence of (i| explicit by defining a

representation with the bra (D| (D for Dirichlet):

(| = (Dlet | 427, (4.2)
We also need the identity
62
T (4w ) 7@ ) = 5osnT (63,0 9l ¥)) —ida — 236 —¢)  (AD)

(Minkowski space). Using the standard relationship between functional integrals and time

ordered products, we can express (<p|e‘it°ﬁ |D) as
/ D Sl [ da(ip$) (A.4)

where we dropped a term coming from a delta function in time. It has no effect in what
follows [2] and it can be subtracted by an equal and opposite counterterm in the lagrangian
as we have seen in chapter 5. |D) implies Dirichlet boundary conditions ¢ = 0 at times 0

and to. Similarly we can write for the time ordered Green’s function

T(ple= 0 j(z,t) (z',)|D) = / D SO+ dalied) gz 1)p(a ). (A.5)
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Using (A.3), rotating to Euclidean space and taking the limit ty — co yields, for 0 > ¢ > ¢/,

(plft(z,t) 7 (2, ¢')[0) =
- / Dpe~SelP+[ 42(e9) (§(z,)p(a', ') - 8(z — 2')d(t - ¥)) (A.6)

with @ defined on the Euclidean half plane ¢t < 0 and @(z,0) = 0. To obtain
(p|#(z,0) #(z',0)|0) we can, for example, take the limit as ¢,¢' 1 O keeping t > ¢, i
which case the ¢ functions will not contribute [2]. We also rotate the coordinates so that
the points (z,0) and (z',0) differ by the Euclidean time 7 = |z — z'|. Hence (A.6) can be
rewritten as

[ Do eSS 465 0,2 4 7)5L0,2), (A7)

in which @, is defined for all ¢ (—co < t < 00) and z > 0, and reinterpreted as the time

ordered expectation value of fields which evolve according to a rotated hamiltonian on the

half line z > 0:
50, |ef 2O NG (0, 5 + 1)@ (0, 2)[0,) (A.8)

where |0,) is the vacuum of the rotated hamiltonian. In order to evaluate (A.8), expand

the exponential

-0

eJ dte @' (0) Z% < /'+°° dt <p(t)<fo’(0,t)> (A.9)
Suppose '

by > tp_1> ... >t >T>t 1>...>5>0>81>...>t>1h.

Then a combinatorial factor cancels the n! and making the Euclidean time dependence

explicit enable us to write (A.8) as a sum of terms of the form

o0 tn tp+1 T tq+1 0 to
/ dtn [ dtnr... / dt, / dty_1 ... / dt, / dtgr... [ dtiots). . olt)
T T T 0 0 —00 —00

Or|'~/ —Hr(t,1 —tn— 1)(221. —Hr(t,, -r)(pe HT(T—t,,_l)AI'”

tq‘P’ Hrtq 1(10 (p Hr(tg tl) llo'r) (A].O)

We fourier transform the sources to evaluate the time integrals
1 - ,
o(t;) = %/dki o(k)ezxp (ikit;). ' (A.11)

After integrating over z, this gives a delta function conserving the total momentum (X ki)

and for ¢; with 7 < ¢ gives insertions of (H, + 13 k;)~! whereas for i > p gives insertions
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of (H, — i k;)~!. For example, the t;- integral is

to i N eikltg
/ dty ehitig=Hrlta=t1) — __—~ (A.12)
-0 (Hr + ik1)
that contributes to the to-integral
/ 7ty b gl |07 (A.13)
~o0 (H, + tky) '

where the integral evaluates to exp(i(k; + k2) + H)t3)/(Hr + (k1 + k2)).

On the other hand, .the t,,%,_1, etc. integrals may be performed by first changing the

variables

=ty =T oy =tp1—T ... (A.14)

and using that [ dz [§ dyf(z)g(y) = [5 dy [, dzf(z)g(y) to get

1 1 . .
—A——.—‘(TOI e LZ)I — - . (”P’e(l(kn+kn—1+...+kp)—Hr)TX
(Hr — ikn) (Hy — i(kn + kno1 + .- - Kp))

(.. )(0"]¢'

T , . . tp—1 . . N
HTT(ple—HT / ) dtp—lezkp_ltp_1 eHrtp_l(;ble—Hrtp_l / dtp_2elkp_2tp_zeHrtp_2 (ble—H,-tp_g
0 0

1 .
iy ik)

t +1 . ~ IS
. /0 T dtgetkataghrtagleHrtagf @ ... (A.15)

The remaining integrals (£;,p < i < ¢) can be done by inserting a complete base of
eigenkets of the Hamiltonian between each operator. This leads to a sum of products of
energy denominators of the form (E, — Ez — 'L'ij)‘1 multiplied by exponentials of 7
of the form ezp — (E1 — i Y. kj), so that we have the 7 dependence explicit as a sum of

integrals over the spectrum of H,:
/ dE dky . .. dkn@(k1) . )53 ki) (po + p1etfT 4 pyettirthaT 4 ) e BT (A.16)

In order to obtain A, ¥[p] we integrate against f» ./, dp/(2n)ezp(ip(z —z')) to get a sum
of terms of the form

:0] E kl) Ik )
d E k;) A17
/z;2<s—1 T /dEdk1 knflk1)-. E—-ilp+ ki) ( )

Now evaluate for the scaled field ¢°(z) = f (\—%) which is, in the momentum space, §°(k) =

F(k+/3)V/5. Also, as we want to study the s dependence, let us set p = q/+/s, and we take

©* (k) to vanish outside |k| < & < 1. This enable us to scale the k; integrals to get

p Ekl,.,k)
/2<1 W/dEdkl b f ) FUn WS k) 3 2= S (A.18)
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The functions p; acquire a dependence on s via the energy denominators that can be
written after scaling of k; as 1/((By — E2) —i(3_k)/+/s). Now we take s to be complex
to conclude that (A;%)[ps] and hence (A;W)[es], since any additional singularities could
not cancel between connected and disconnected pieces, extends to an analytical function

in the whole complex plane excluding the real negative axis.



Appendix B

Computer Program

In this appendix, we briefly recall the problem of calculating the coefficients of the local
expansion of the Jogarithm of the h 41 theory vacuum functional, W. Then we discuss
some of the algorithms that we have used to construct a program in ©MAPLE, which
has helped us to obtain some of the results described in chapter 4. Finally, we comment

on the efficiency of the program and the software in executing our initial objectives.

B.1 The Problem

The local expansion of W (3.1) satisfies its own form of the Schrodinger equation as
we explained in section 3.4. The resulting algebraic equations for the coefficients of the
local expansion which we called I, ;, =0 (3.22) can then be solved semi-classically, as we
illustrated in chapters 3 and 4, and within a new scheme that does not rely on perturbation
theory in the coupling [2). Furthermore, it can be applied to theories which are massless
at classical level such as Yang-Mills. In either approach to the solution of the equations,
it is desirable to generate both a large number of equations and a large number of terms
in each of them. These equations are generated by the Schrodinger equation satisfied by

the local expansion. It basically comprises two terms which we call by convenience A and

B, namely the laplacian

dp . (r_ ] )
A=A Wiseal = /d d / P pa-v _° % V.. B.1
o= [t [ S g P B
and )
5Wlocal)
B= / dz | O tocal | B.2
<5<p(:v) (B2)

119



Appendiz B 120

The latter generates the O(A°) terms in (3.22) whereas the former, after applying the

resummation operator, gives the A-dependent terms.

We have elaborated a computer program using (©Maple programming language to
calculated the two pieces A and B having Wi, as an input. We were mainly motivated
by the sophisticated library that is offered by this software which in principle should make
our routines for algebraic computations not too lengthy. It turned out that as the size of the
input increased, a few library routines failed to produce the expected results. We also had
problems of memory inefficiency and lack of speed with the computers we had available.
Roughly speaking, the limit that we reached in obtaining reliable results was with a set
of basis vectors up to dimension D = 6 and F = 6 fields, the number of dimensions
corresponding to the number of derivatives. This was useful to some calculations in chapter
4 which allowed us to compute O(%) corrections to some 2-field and 4-fields coefficients in

order to perform the energy and mass subtraction.

For example, for F = 6 and D = 8, our program failed to execute the operations
in a reasonable time. The major problem comes from the term B, which is non-linear.
There are 30 basis vectors up to F = 6 and D = 8. The product (6Wiocal /dp)? contains
5885 terms which should be reduced to basis vectors via integration by parts in order to
extract the leading order terms of the equations Ij, j, = 0. The laplacian also failed to
give reliable results as the dimension became large (D > 12). In summary, the algorithms
which we present below should be adapted to another programming language (perhaps
C*t), particularly for the task of solving the problem non-perturbatively according to the

scheme proposed in [2].

B.2 The Program

In this program, we have translated a general basis vector
/ dz .M (B.3)

into a sequence

[[OajO]a[l’jl]a'i’ [nvjn]] (B.4)

In calculating A and B we have used a common set of procedures. Basically, a routine

which performs functional differentiations and other routines which act after the opera-
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tions encoded in A and B are performed, resulting in a sum of terms that might contain
reducible elements. The latter are elements that can be transformed into basis-vectors
via integration by parts. As we discussed in section 3.3, a linearly independent basis is
specified by insisting that the power of the highest derivative be at least two. Thus we
create a procedure to read these elements and identify the reducible ones, which will go

through another routine that perform the integration by parts.

B.2.1 Root Program for A

GE is the input functional. lapl initiates the procedure of differentiations. G is the first
functional derivative and D(G) is the second. PI is the regularised action of the laplacian
on the functional, with momentum cut-off 1/s. elen consists of a set of routines which
are common to B, which we will explain soon. Fwtini is a subroutine which takes PI
through elena in order to tranform the reducible elements into basis-vectors. The result

is a collection of terms which depend on the cut-off s, which we shall finally re-sum.

lapl:= proc(GE)
local

j,auxl ,dfxim,result,final,k,PI,RPI ,in2,rrr,in3,rrrr,G,inp2,r,inp3,rr,FWT;

fdiffy(f,a,y);

in2[30] :=D(GE) ;
for rrr from 30 by -1 to 1 do
in2[rrr-1] :=subs(diff (f(a) ,a$rrr)=gglrrr] (a),in2 [rrx]);

od;
3n3[0] :=int (in2[0] ,a=-infinity..infinity);
for rrrr from 1 to 30 do

in3 [rrrr] :=subs (gglrrrrl (y)=diff (£ (y) ,y$rrrr),ind[rrrr-11);

od;
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fdiffy(£,y,%);
G:=in3[30];

inp2[35] : =expand (D(G) *exp (I*p*(x-y)));
for r from 35 by -1 to 1 do
inp2[r-1] :=subs (diff (£ (y) ,y$r)=glr] (y),inp2 [£]);

od;
inp3[0]:=int(inp2[0],y=—infinity..infinity);

for rr from 1 to 35 do
inp3[rr]:=subs(g[rr](x)=diff(f(x),x$rr),inp3[rr—1]);

od;

PI:=expand(int(inp3[35],p=—s“(—1/2)..s”(—1/2)));
FWT:=fwtini(PI);

RETURN (FWT) ;

elena:=proc(QQ)

local QQl,EE,RR,WW,AA,FINAL;
WW:=master (expand (QQ) ,30);
EE:=compare (WW) ;
RR:=masal((op(1,EE)));
AA:=mega(RR);
FINAL:=AA+masal(op(2,EE));
RETURN (FINAL) ;

RETURN (WW) ;

end;

fwtini:=proc(inpl)

local 1,var1,var2,var3,var4,var5,var6,var7,var8,i,inp11,var22;

122



Appendiz B 123

1:=0;
var7[0] :=0;
elen(0):=0;

inp11:=sorte(inpl,40);

varl:=subs(s=1/LL"2,inpl);

var2:=subs(1/sqrt (Pi)=1,varl);

var22:=simplify(subs(x=t,var2));

var3:=subs(csgn(conjugate(LL))=1,sorte(collect(var22,LL),40));

for i from 0 fo nops(inp11)-1 do
1:=1+1;
var4[i] :=coeff (var3,LL"(2*i+1));
var5[i] :=elena(sorte(var4[i],40));
var6[i] :=var5[i]*1/s~ ((2%i+1)/2);
var7[1] :=var7[1-1]}+var6[i];
var8[1] :=var8[1-1],var5[i];

od;

RETURN (var7([1]1);

end;
B.2.2 Root Program for B

’Therootprognnniscaﬂedcden.Itconunandstheproductofthetwofuncﬁonaldeﬂvaﬁves
of W and send the result through the auxiliary routines so to turn all the elements into

an irreducible form.

elen:=proc (HHH)
local QQl,EE,RR,AA,FINAL,QQ,n,sell,se12;
fdiff (f,x,40);

VC:=expand (D(HHH) ) ;

imnp2[35] :=VC;
for r from 35 by -1 to 1 do

imnp2[r—1]:=subs(diff(f(x),x$r)=gg[r](x),imnp2[r]);
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od;
imnp3[0] :=expand ( (int (imnp2[0],,x=-infinity..infinity))"2);

for rr from 1 to 35 do
imnp3[rr] :=subs (gg[rr] (t)=diff (£(¢),t$rr),imnp3 [rr-11);

od;

QQ:=sorte(imnp3[35],40);
WW:=master(QQ,40);
EE:=compare (WW) ;
RR:=masal(op(1,EE});
AA:=mega(RR,40) ;
FINAL:=AA+masal(op(2,EE));
sell:=master (FINAL,40);
RETURN(sell);

end;

B.2.3 Auxiliary Routines

We present the auxiliary routines for calculating Aand B. fdif f defines the functional dif-
ferentiations. sorte organizes an expression in increasing order of the derivatives. master
is a routine to translate (B.3) into (B.4) with the help of the subroutines faf f, which
reads the number of derivatives, and pow which reads the power. compare reads an input
and separates it into two sets: ba;sis-vectors and non-basis-vectors. masal is the inverse of
master. Finally mega reduces non-basis-vectors to basis vectors via a kind of integration

by parts. We illustrate the results of the program and a few routines in the end.

o fdiff

fdiff:=proc(F,X,n)
local i;

D(x) :=0;
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for i from 1 to n do
D(diff (F(X),X$i)):=Dirac(i,X-t);
D(F(X)):=Dirac(X-t);
D(z[il):

0;
od;
RETURN (FDifferentiation_defined);

end;
e sorte

sorte:=proc(inpl,n)

local 1,1;

1:=0;

var2[0] :=f(t);

for i from 1 to n do

1:=1+1;

var2[1] :=var2[1-1],diff (£(t),t$i);
od;

varl:=sort(inpil, [var2(111);
RETURN(varl);

end;
e master

master:=proc(inpl,n)
local inp2,il;
inp2:=NULL;
if type(inpl, ‘+‘) then

for il to nops(inpl) do

inp2:=inp2, [pow(op(il,inpl),n)];

od;
elif type(inpl, ‘*‘) then inp2:=[pow(inpl,n)];
elif type(inpl, ‘**‘) then

inp2:=[faff(op(1,inp1),n),op(2,inp1)];
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elif type(inpl, ‘numeric‘) then inp2:=[[inp1, ‘number‘]1];
elif type(inpl, ‘function‘) then inp2:=[faff(inpl,n),1];
else ERROR(‘Wrong format for us!‘);

fi;

RETURN([inp2]);

end;
o faff

faff:=proc(q,n)
local inpl,inp2,inp3,l,i;
1:=0;
inp2[0] :=NULL;
for i from 1 to n do
1:=1+1;
if q=diff(£(t),t$i) then
inpi[i]:=i;
elif g=z[i] then inp1[i]:=z[i];
else inp1([i]:=NULL;
fi;
inp2[1]:=inp2[1-1],inp1[i];
od;
if inp2[n]=NULL and gq=f(t) then inp3:=0
else inp3:=inp2[n] £fi;
RETURN (inp3) ;

end;

® pow

pow:=proc(q,n)
local inpl,inp2,inp3,ind2,i,j,1,k;
1:=0;

k:=0;
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inp2[0] :=NULL;
if type(op(1,q),numeric) and nops(q)<>1 then
if nops(q)=2 and type(op(2,q), ‘**‘) then
inp2 [nops(q)-1] :=[faff (op(1,0p(2,9)) ,n) ,0p(2,0p(2,9))]
elif type((q/(op(1,9))), * ) then
for i from 2 to nops(q) do
k:=k+1;
if type(op(i,q), ‘**‘) then
inpi[i]:=(faff(op(1,op(i,q)),n),op(2,op(i,q)));
else inp1[il:=(faff(op(i,q),n),1);
fi;
inp2[k] :=inp2[k-1], [inp1[i]];
od;
else inp2[nops(q)-1]:=[faff(op(2,q),n),1];
fi;
inp3:=([op(1,q),‘number‘],inp2[nops(q)—1]);
elif nops(q)=1 and type(q,numeric) then
inp3:=([q, ‘number‘]);
else
if type(q,‘~‘) then inp2[nops(q)]:=[faff(op(1,q),n),0p(2,9)]
elif type(q,‘*‘) then
for j from 1 to nops(q) do
1:=1+1;
if type(op(j,q), **‘) then
inpl[j]:=(faff(op(1,op(j,q)),n),op(2,op(j,q)));
else inpi[jl:=(faff(op(j,q),n),1);
fi;
inp2[1] :=inp2[1-11, [inp1(jl];
od;
else inp2[nops(q)]:=[faff(q,n),1];
fi;

inp3:=inp2[nops(q)]
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fi;
RETURN(inp3);

end;
e compare

compare : =proc (inpl)
local varO,varl,Var2,var3,var4,var5,var11,i1,1;
1:=0;
var3[0] :=NULL;
var11[0] :=NULL;
if nops(inp1)=1 and nops(op(1,inp1))=1 and nops (op(1,op(1,inp1)))=2
and op(2,op(1,o0p(1,inpl)))=number then
var4:=‘Number‘;
var5:=op(1,0p(1,0p(1,inp1)));
elif nops(inpl)=1 then
if nops(op(1,inp1))=1 and type(op(2,op(1,op(i,inpl))),‘numeric‘)
then if op(2,op(1,op(1,inp1)))=1 and
type (op(1,0p(1,0p(1,inp1))), ‘numeric‘) then
vard:=‘It is 1°;
var5:=op(1l,inpl);
else var4:=‘It is not 1°¢;
var5:=op(1,inpl);
fi;
elif nops(op(1,inp1))>1 and op(2,op(nops(op(1,inp1)),op(1,inp1)))=1
and type(op(l,op(nops(op(l,inpl)),op(l,inpi))),‘numeric‘) then
vard:=‘It is 1°;
var5:=op(1,inpl);
else var4d:=‘It is not 1°;
var5:=op(1,inpl);
fi;
elif nops(inpl)>1 then
for il from 1 to nops(inpi) do

1:=1+1;
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if nops(op(ii;inpl))=1 and nops(op(1,0p(il,inp1)))=2 and
op(2,op(1,op(il,inpl)))=number then
var2[i1] :=‘Number‘;
vari[i1]:=op(il,inpl);
elif nops(op(il,inp1))=1 and nops(op(l,op(il,inp1)))=2 and
type (op(2,0p(1,0p(il,inp1l))), ‘numeric®)
then
if op(2,0op(1,0p(il,inpl)))=1 and
type(op(1,0p(l,op(il,inp1))), ‘numeric‘) then
var2[i1]:=‘It is 1°;
var1{i1]:=op(il,inpl);
else var2[i1]:=‘It is not 1°;
var1i[i1] :=op(il,inpl);
fi;
elif op(2,op(nops(op(il,inp1)),op(il,inp1)))=1 and
type(op(l,op(nops(op(ii,inpl)),op(il,inpl))),‘numeric‘) then
var2[i1]:=‘It is 1°;
vari[i1] :=op(il,inpl);
else var2[i1]:=‘It is not 1°;
vari[i1] :=op(il,inpl)
fi;
var3[1] :=var3[1-1],var2[il];
vari1{1] :=var1i[1-1],var1[il];
od;
vard:=var3[1];
var5:=var11[1];

fi;

sas:=[[var4], [var5]];

11:=0;
k1:=0;
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var13[0] :=NULL;
var14([0] :=NULL;
varll:=op(1,sas);
var12:=op(2,sas);
for i1l from 1 to nops(varil) do
if op(ill,var1ll)=‘It is 1¢ then
11:=11+1;
var13[11] :=var13[11-1],op(ill,vari2);
elif op(ili,var11)=‘It is not 1¢ then
kl:=kl+1;
var14[k1] :=var14[ki-1],op(ill,varl2);
fi;
od;
vari5:=var13[11];
varil6:=var14[ki];
varl7:=[[vari5], [var16l];
RETURN (vari7);

end;

e masal

masal:=proc(inpl)
local varO,varl,i0,1l;
1:=0;
vari[0]:=0;
if nops(inp1)<>1 then
for i0 from 1 to nops(inpl) do
1:=1+1;
vari[1] :=vari[1-1]+masa(op(i0,inp1));
od;
var0:=NULL;
elif nops(inpi)=1 then

var0:=masa(op(1,inpl));

130



Appendiz B 131

varl[0] :=NULL;

fi;

RETURN (var0,vari[1]);

end;

dif :=proc(inpl,n)

local varil;

if n=0 then varl:=inpl;

elif n<>0 and type(n,numeric) then
varl:=diff (inpl,t$n);

elif type(n,indexed) then
varl:=n;

fi;

RETURN(varl);

end;

masa:=proc (inpl)
local varl;
1:=0;
vari[1]:=1;
if nops(inpl)=1 then
if op(2,op(1,inpl))=number then var0:=op(1,op(1,inpl));
else varO:=dif (£(t),op(1,0p(l,inp1))) op(2,0p(1,inpl));
fi;
vari[1] :=NULL;
elif nops(inp1)<>1 and op(2,0p(1,inpl))=number then
for i from 2 to nops(inpl) do
1:=1+1;
vari[1] :=op(1,op(1,inpl));
var1[1+1]:=var1[1]*dif(f(t),op(l,op(i,inpi)))“op(2,op(i,inpl));
od;

var0:=NULL;
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elif nops(inp1)<>1 and type(op(2,0p(1,inpl)) ,numeric) then
for i from 1 to nops(inpl) do
1:=1+1;
vari[1+1] :=var1[1]*dif (£ (t),op(1,op(i,inp1))) op(2,0p(i,inpl));
od;
varQ:=NULL;
fi;
RETURN (varO,vari[1+1]);

end;

e mega

mega:=proc(A,n)
local q,p,up,uq,vari,var2,11,var3,varOO,T2,l,var11,T3,T,B;
#A:="nbvs";
B:=4;
with(student);
11:=0;
var3[0]:=0;
while B<>0 do
if type(B,‘+‘) then
T:=op(1,B);
else T:=B;
fi;

TM:=op(1,master(T,n));

# with(student);
1:=0;
var2[0] :=NULL;
q:=TM[nops (TM)] [1];
p:=TM[nops (TM)-1] [1];
uq:=TM[nops(TM)]1 [2];
~up:=TM[nops(TM)-11[2];
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if g=p+1 then
var00:=-diff (product (Cop(j,T)’,’j’=1..(nops(T)-2)),t)*
diff (f(t),t$p) ~(up+1)/(up+1);
varll:=sorte(expand(var00),n);
11:=11+1;
var3[11] :=var3[11-1]+varll;
B:=B-T;
else
T2:=intparts (Int (T,t) ,product (op(j,T),j=1..(nops(T)-1)))-
op(1,intparts(Int(T,t),product(op(j,T),j=1..(nops(T)-1))));
T3:=-sorte (expand(sorte(op(1,-T2),10)),n);
T4:=compare (master(T3,n));
# gives nbv and bv separatedly
if op(2,T4)<>NULL then
11:=11+1;
var3[11]:=var3[11-1]+masal(op(2,T4));
fi;
T5:=masal(op(1,T4));
B:=B-T+T5;
fi;
od;
RETURN (var3[11]);

end;

B.3 Examples

Suppose that we have

2 2
A= 2 6(z) + 2 (%f(x)) +25f(z) + 2 f(2)? (%f@)) (B.5)

To execute B, we write

B:=elen(Ad);
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to get

B = 6423 z4£(1)* (ng(t))2 — 422 1(t)? (%f(t)>4

2 (0 2 2 (0 2
+ 4875 2 £(1) (ng(t)> +16.2 2 £(¢) (af(t)>
8 ) 4 d 2
~ g2 (af(t)> + 821 29 (Ef(t)> + 16232 ()"
o2 o2

2 2
+ 4242 f(t)* (8_t§f(t)> + 1621 23 f(£)* + 820 24 £(1)? <8t2 f(t))

52 2
20 112 2
+4z f(t) +4 29 <_8t2 f(t))

and to execute A,
C:=lapl(A);

to get .
§z4f(t)2 + %ZQ
/s + 32 (B.6)

Finally let us illustrate how Mega works. It reduces a set of non-basis vectors to basis

2
4z (%f(t)) +24236(t) + 42

C:=

vectors via a series of integration by parts, that is

NBV:= z[11*f(t) "3*diff(£(t),t,t)+
z[2]*f(t)*diff(f(t),t,t,t,t)+z[3]*f(t)”2*diff(f(t),t)*diff(f(t),t,t,t);

2 4 3
L f(1)? (%f(t)) b f(t) (%f(t)) + 25 (1) (%f(t)) ((-g%f(t)>
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