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Abstract

The resummation of double-logarithmic perturbative contributions produced by soft-
gluon radiation (Sudakov resummation) has proved to be an important tool for enlarging
the applications of perturbative QCD to a wider range of kinematical regions. In particu-
lar, a complete description of W and Z boson production at high-energy hadron colliders
requires the resummation of large double logarithms that dominate the transverse mo-
mentum (pr) distribution at small p;. This can be performed either directly in transverse
momentum space or in impact parameter (Fourier transform) b space. The b space method
succeeds in resumming all the leading and sub-leading logarithmic terms, but does not,
allow a smooth transition to fixed-order dominance at high transverse momenta. In con-
trast, the p; space approach experiences difficulties with resumming more sub-leading

logarithms.

This thesis concentrates on developing the py space formalism WhiChg completely resums
the first four towers of logarithms. The number of fully resummed towers is the same as for
the b space method. The results are compared, both analytically and numerically, with the
original b space result as well as with results of other p; space methods. Parametrization
of the non-perturbative effects in p; space is discussed. Given recent Tevatron data
on Z boson production we find good agreement between the data and the theoretical
predictions. Using the same formalism, the transverse momentum distributions are also
calculated for W and Z boson production at the LHC. Finally, we discuss production of

like-sign W pair production in the context of double parton scattering at the LHC.
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Preface

The foundations of the modern science of particles physics rely on the principle of re-
duction of all the observable physical phenomena down to four elementary interactions
between the constituents of matter. Apart from gravity, the nature of the remaining basic
forces: electromagnetism, strong and weak interactions, is described theoretically in the

framework of the Standard Model (SM) [1] of particle physics.

There are two types of elementary particles: the basic building blocks themselves,
i.e. obeying Fermi-Dirac statistics (fermions) - the matter particles, and the particles
intermediating the interactions, satisfying the Bose-Einstein statistics (bosons). The first
ones can be classified into leptons and quarks. In contrast to leptons, quarks interact
strongly and are not seen in experiment. They are understood as elementary constituents
of hadrons — the strongly interacting particles observed in Nature. The existence of
all of the SM quarks (u, d, s, ¢, b, t) and leptons (e, u, 7, V., v, v,) is confirmed

experimentally, with the recent discovery of v, completing the list.

The SM describes the three interactions in the language of renormalizable, gauge in-
variant gquantum field theories. Within the SM, the theory of electromagnetic interactions
is given by Quantum Electrodynamics (QED). In QED, the interactions between parti-
cles carrying electromagnetic charge are mediated by the massless and electrically neutral
photon . The Electroweak Model provides a unified description of electromagnetic and
weak interactions. The weak force in the broken Electroweak Model is mediated by three
massive vector bosons W+, W=, Z. The theory of strong interactions, Quantum Chro-
modynamics (QCD) is the main focus of this thesis. Here the strong force is mediated by

eight massless, electrically neutral, colour carrying, gluons.

From the theoretical point of view, the SM is a field theory based on the gauge symme-
try group SU(3)cxSU(2) xU(1)y. This gauge group includes the symmetry of the strong
interactions SU(3)¢ and the symmetry of the electroweak interactions SU(2), x U(1)y.
The group symmetry of the electromagnetic interactions, U(1) g, appears in the SM as

a subgroup of SU(2);, x U(1)y and it is in this sense that the electromagnetic and weak



interactions are said to be unified. More precisely, the existence in Nature of the massive
W+, W~, Z and the massless photon implies that SU(2); x U(1)y- symmetry needs to be
broken down to U(1)gys. By introducing spontaneous symmetry breaking into the gauge
theory like the SM, one ensures the renormalizability of the model. The implementation
of the symmetry breaking, by the means of the so-called Higgs mechanism leaves an af-
termath in the form of the prediction of a new scalar and electrically neutral particle,
the Higgs boson. The Higgs particle is the only remaining element of the SM awaiting

experimental confirmation.

The Standard Model provides an elegant theoretical framework and the current pre-
cision tests report an excellent agreement between the theory and experimental data.
However, it contains some twenty ad hoc parameters which need to be extracted from
measurement. Any calculations of a theoretical quantity require knowledge of these pa-
rameters. Since even a small deviation from the SM predictions observed experimentally
could signal new (non-SM) physics, a precise knowledge of the values of the SM param-
eters is of crucial importance. It can be achieved only by a common effort of improving
accuracy of the theoretical calculations and precision of the experimental measurement.
In addition to use in background process calculations, knowledge of SM parameters, to-
gether with the relations between them, can lead to estimates for the values of the other
parameters. In particular, the mass of the W boson, My, and the mass of the top quark,

my, are related to the mass of the Higgs particle.

In this thesis we are concerned with detailed calculations of the transverse momentum
distribution of electroweak bosons (virtual photon v*, weak boson W%, Z ) produced in
hadron-hadron collisions. The calculations are performed in the framework of QCD. In the
course of this thesis it will become obvious that the transverse momentum distribution
is a good quantity to test QCD predictions against experimental data. In principle it
can be also used for the extraction of the My parameter. Furthermore, the transverse
momentum distribution may prove extremely convenient to look for possible deviations
from the SM, mimicking the effect of SM gauge boson production. A detailed knowledge
of vector boson production mechanism becomes mandatory at future hadron colliders,
where this process is expected to be one of the major sources of background to new

physics processes.
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Chapter 1

Elements of QCD

The first evidence for the substructure of hadrons came from the experiments of the
1960’s conducted at the Stanford Linear Accelerator Center (SLAC). It turned out to
be a revolutionary milestone on the route to the theory of strong interactions, Quantum
Chromodynamics (QCD). The substructure of hadrons was, however, already foreseen
theoretically. In order to rationalize the observed hadron spectroscopy, Gell-Mann and
Zweig proposed that hadrons were made from spin-1/2 particles, quarks, the fundamental
building blocks of matter. Out of it grew the idea of colour, a new quantum number
which ensured that the hadronic states assembled from quarks have the right quantum
statistics. The property of colour is not observed in Nature, and thus the colours (fictitious
red, green and blue) of the constituent quarks must be combined in such a way that only

colour-less hadrons are produced.

In the deep inelastic scattering (DIS) experiments at SLAC, electrons were scattered
off hydrogen and deuterium targets, probing the structure of nucleons in a way similar to
the classic Rutherford experiments. The experimental results suggested that the projectile
electrons scattered off almost free point-like constituents, - and this idea was embraced by
Feynman’s parton model. In the parton model, hadrons are imagined as extended objects,
made up of constituent partons and held together by their mutual interactions. Moreover,

the hadrons can be described in terms of virtual partonic states but one is not in a position
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Elements of QCD

to calculate the structure of these states. On the other hand, it is possible to compute
the scattering of a free parton by an electron in the parton model. The partons were later

experimentally identified with quarks and gluons, carriers of the strong interaction.

The successful description of quark dynamics found its realization in a non-abelian
quantum gauge field theory incorporating the property of colour, known as QCD. In this
chapter we are going to concentrate only on those aspects of QCD which are crucial for

the subject of this thesis.

Detailed surveys of quantum field theory can be found in [2] while excellent reviews

of QCD theory and phenomenology are given in [3]-[7].

1.1 The QCD Lagrangian

The theory of strong interactions, QCD, is defined as a field theory by the Lagrange
density
EQCD = Lelassical T Egauge + Eghost . (1.1.1)

Since the physical content of the theory shows no dependence on redefinitions of colour
fields, the Lagrangian (1.1.1) is invariant under colour transformations. This is an example
of an internal symmetry of the theory: transformation on internal coordinates (here in
the colour space) which transform one field into another with different internal quantum
numbers. By imposing the gauge principle, i.e. requiring the symmetry to be local and
the theory to remain invariant, an originally free theory turns into an interacting theory.
In the case of QCD, local colour transformations of the Lagrangian generate the gauge

symmetry group - the non-abelian Lie group SU(3).

We discuss the symmetry group and the form of particular terms in the Lagrangian (1.1.1)

in the following sections.
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1.1.1 The symmetry group SU(3)

SU(3) is the Lie group of 3x3 unitary matrices with determinant one. Any element of

the group, U, can be constructed given 8 parameters ©,(z)

Ulz) = e'®@T (1.1.2)
T* are the generators of the group SU(3) obeying the commutation relation

[T, T = i f*T., (1.1.3)

which define the Lie algebra of the group SU(3). Real and antisymmetric, the fo¢ are
known as the structure constants of QCD. The matrices T® give, in the conventional

normalization, the following relations for the SU(3) invariant colour factors T, Cr, C4

Tr(T°T®) = Tré™; Tp=1,
S TUT = Cebuys Cr=1.
Z fabcjcabd — CAa'cd; CA — 3,
a,b
(a,b,c,d=1..8, «a,8,vy=1,2,3). (1.1.4)

1.1.2 The classical Lagrangian

The classical QCD Lagrangian density reads’
AN Y 1 o pv
Eclassical - wa(Z,D Y — mf)qr/}f - ZFNUFG . (1-1-5)
f
The quark fields are the four-component Dirac spinors 1)y - vectors in the colour space,
so that for each quark flavour
vf
br=| of (1.1.6)
07

IThe metric convention here is g# = diag(1,-1,-1,-1) and the gamma matrices satisfy the Clifford

algebra relation {v# v} = 2¢**.
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where R, G, B denote quark colour (red, green, blue). There are N; independent quark
flavours which are summed over in (1.1.5). The quark fields transform as the fundamental

representation of SU(3)
Yr(z)=U(x)y(z) . (1.1.7)

The Lagrangian (1.1.5) is invariant under the local gauge transformations if the covariant

derivative D* transforms like the quark field i.e.
D¥ypy(x)=U(x)DH 4y (z) . (1.1.8)
This can be ensured by the definition of the covariant derivative
Dt = 0" +1igALT" (1.1.9)
with the spin-1 gauge fields A# transforming in the adjoint representation of SU(3)
AB(@)T U (z) A (2)T°UH (z) + é[@“l,/’(x)]UT(:r) | (1.1.10)
The field strength tensor describing the dynamics of the gauge fields has the form
Fr =0rAY — 0" AY — gfuc AL AL (1.1.11)
so that the kinetic term —iFﬁuF;‘” in the Lagrangian (1.1.5) remains gauge invariant.

To summarise, Lpassical describes the matter content of the theory, its interactions
with the gauge particles — gluons (first term in (1.1.5)) and the dynamics of the gauge
sector (second term). The non-abelian character of the gauge group SU(3) encrypted in
the kinetic term generates the cubic and quartic gluon self-interactions. The strength of
the interaction is given by the parameter g, also known as the coupling constant. Local
gauge invariance requires the same coupling for the quartic and triple interactions as for
the quark-gluon interactions. The other parameters are the quark masses my. Unlike the

quarks, gluons cannot have mass if the invariance of the Lagrangian is to be preserved.

The QCD Lagrangian can be understood as the non-abelian generalization of QED.
The non-abelian character is necessary for gluons to carry colour charge, as compared to

photons and the electric charge in QED. As mediators of strong interactions gluons are

4



Elements of QCD

responsible for binding quarks together in hadrons. Since hadrons are colour-less they
must be colour singlets in the group theory language. The basic colour singlet states
provided by SU(3) are ¢§ and ggg combinations, corresponding to the quark structure of

mesons and baryons, respectively.

1.1.3 Gauge fixing

The canonical treatment of the Lagrangian (1.1.5) faces several problems. Firstly, the
field AY is a classical quantity and the canonical momentum associated with A° vanishes.
As a result, the canonical quantization procedure fails. Moreover, the field 4% has the
freedom of gauge transformations. These two troublesome features can be perceived as an
outcome of an attempt to describe a spin-1 massless gluon with two physical degrees of
freedom (polarizations) in terms of a four-vector. The remedy to the quantization problem
is brought about by constraining A%, for example by imposing the Lorentz invariant
condition [6]

B A" =0, (1.1.12)

This constraint can be implemented in the Lagrangian if a gauge-fizing term is added to
the Lagrangian

Lampe = =5 OuAL) (1.1.13)
Due to the presence of the gauge-fixing term, the Lagrangian is no longer gauge invariant.
The physical observables are, in turn, necessarily gauge independent. Thus the value of
( is irrelevant to the physical result and can be set arbitrarily. The common choices are
¢ = 0 (Landau gauge) and ¢ = 1 (Feynman gauge). In the absence of the gauge-fixing

term, i.e. {( = 0o, the gluon propagator is not well defined.

The gauge fixed by the condition (1.1.12) is a covariant gauge. Other choices are also

possible, for example azial gauges with the condition

n Al =0, (1.1.14)
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where n,, is a fixed vector. Then the gauge-fixing term in the Lagrangian has the form
Loauge = i(n 4,)° (1.1.15)
gauge — 2C “la . e

Another non-covariant gauge, the planar gauge [8, 29], is defined by

o

nyA¥ = B,, nf<0, (1.1.16)

where the function B, is arbitrary but independent of the gauge field. This leads to the
gauge-fixing term

1
£gauge=—ﬁn-Aaa2n-Aa, ¢(=+1. (1.1.17)

1.1.4 Ghosts

An additional term in the Lagrangian is required in the covariant gauges to remove un-
physical degrees of freedom of the gluon field. The unphysical contributions from the
redundant degrees of freedom are canceled if the Lagrangian contains an additional, so-

called Faddeev-Popov ghost term
‘Cghost = a#na’{ (ngnb) . (1118)

Ghosts are fictitious scalar fields which obey fermionic anti-commuting properties and
couple only to gluons. The addition of the ghost term to the Lagrangian is a mathematical
procedure allowing one to develop a simple covariant formalism. The non-covariant gauges

are ghost-free.

1.2 From the theory to experiment

In particle physics one is interested in calculating physical quantities such as scattering
cross sections and decay widths. The road from the Lagrangian density to experimentally
observable quantities is well established. Cross sections can be related, through the Feyn-

man amplitudes M, to the S-matriz (scattering matrix) elements. An S-matrix element

6
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between an initial and a finite state gives the amplitude for a field configuration that was
simple far in the past to evolve into a field configuration that will be simple in the future.
Whenever the Lagrangian of the theory is a sum of free (quadratic) Lagrangian and in-
teracting terms then S-matrix elements of the interacting field theory can be expanded
around those in the free theory as a power series in the coupling constant. In this ap-
proach the interaction emerges as a small perturbation on free theory and the systematic

method for expanding in the coupling constant is known as perturbation theory.

In practice, calculations of the S-matrix elements, rather than performed ab initio,
are greatly simplified by using the Feynman rules technique. This relies on the one-to-
one correspondence between the diagrammatic representation of the basic elements (e.g.
propagators and vertices) of the theory and the equivalent mathematical expressions,
giving a simple set of rules. The Feynman rules are derived from the Lagrangian, using
for example the path integral formalism. In particular, the free part of the Lagrangian
gives rise to propagators while the interacting part is responsible for the form of the
vertices. By drawing all possible topologically distinct diagrams of the appropriate order
for the specific process and applying the Feynman rules, the transition amplitudes can
be calculated. A thorough discussion of Feynman rules in quantum field theories can be

found in many textbooks [2].

1.3 Higher order calculations

The current precision of high energy experiments demands an equal accuracy from the
theoretical calculations. Therefore higher order terms in the perturbative expansion for
physical observables need to be calculated. However, cross sections turn out to be ill-
defined (infinite) when loop diagrams are included in the perturbative calculations: a
problem characteristic of all quantum field theories. Examples of such loop diagrams in

QCD are shown in Fig. 1.1. Consider the one-loop correction to the gluon self-energy,
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Fig. 1.1a. Using the QCD Feynman rules one obtains

d'k Tr[y* /;/7 lf/—
o) K2k / Tk

(1.3.19)
This integral is quadratically divergent in the high momentum limit. In general. two types

idlhy (q) = —g*6usTF / (

of divergences appear in the higher order calculations
UV divergences when the integral is divergent in the k—oo limit. All three diagrams in
Fig. 1.1 are UV divergent

IR divergences when the integral is divergent in the k—0 limit. Again, all three diagrams
in Fig.1.1 are divergent in the IR limit

Clearly, the problem is caused by the unconstrained momentum flow in the loop. For

the time being we will focus on the UV divergence problem and postpone the discussion
of the IR divergences until Section 1.4

q q
660600 66666606
a b

@§G€bbja\

L99

GEEEEEGT
k-q

2000999999

(a) (b)

©)
Figure 1.1: The one loop corrections to (a) gluon self-energy, (b) quark self-energy and
(¢) quark-gluon vertex.

The remedy applied to recover finite values from UV divergent quantities is provided

by renormalization theory. But before the execution of the renormalization procedure, it

is necessary to regularize the divergences, as the manipulation of infinite integrals is not
well defined mathematically
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1.3.1 Regularization

There have been several regularization methods proposed in the literature [9]. The in-
tegral (1.3.19) can be, for example, regularized by introducing an upper cut-off, but the
most universal method proves to be dimensional regularization (DR) [10]. Unlike other
methods, it preserves unitarity together with Lorentz and gauge invariance. DR relies
on performing an analytic continuation of the divergent integrals in the number of space
dimensions D, so that the integrals yield finite values in D dimensions. Returning to the
gluon self-energy calculations in D = 4 — 2¢ after regularization we have

v 4 €\ 2 1 —q? 5
HZb = —TRéab(-—(fg‘“’ + ququ) (gu ) [; —vE + ln(_47r) — ln(—u(é—) + - + 0(6) ,

3 47 3
(1.3.20)

where the Euler-Mascheroni constant yg = 0.57722.... Here the arbitrary scale p has
been introduced to preserve the dimensionless nature of the coupling, i.e. in D = 4 — 2¢

dimensions g—gu¢, so that g?d*k—g?pu?<d*=2k.

1.3.2 Renormalization

After regularizing the infinities, the perturbation series can be arranged in such a way that
the terms divergent in D = 4 dimensions are absorbed in the new, redefined parameters
of the theory. Then a meaningful physical theory is recovered by removing the regulator,
e.g. taking D—4 in DR. The process of redefining the original, ‘bare’ fields, masses, gauge
parameters and couplings present in the Lagrangian to their physical equivalents is known
as renormalization. In perturbation theory the renormalization procedure is performed
order-by-order and relies on introducing suitable counter-terms in the Lagrangian which
results in a modification of the bare parameters. For local gauge theories, such as QCD,

the renormalizability of the theory is a consequence of the local gauge invariance.

Unfortunately, the renormalization procedure is not unambiguous. Firstly, it intro-
duces an arbitrary scale p in the renormalized expression, as seen in (1.3.20). This is the

renormalization scale, the scale at which the counter-terms are subtracted. The second
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ambiguity is related to the renormalization prescription. Although the singular terms
are all removed successfully their definition is not unique. Depending on the convention,
different parts of the finite pieces produced by the regularization procedure can be sub-
tracted together with the infinities. For example, in DR, if D = 4 — 2¢ then the poles in
1/e always appear in the combination, cf. (1.3.20),

I'(1+e€ 1

—(6—)(4%)E == + In(4m) — v + Ofe) . (1.3.21)
The prescription for how to subtract divergences is called the remormalization scheme
(RS). Throughout this work we use the modified minimal subtraction (MS) scheme in
which the poles in 1/e are subtracted together with all finite constants appearing on the

r.hes. of Eq. (1.3.21).

1.3.3 Renormalization group

Physical observables are well-defined, measurable quantities. Therefore the corresponding
theoretical predictions should not contain ambiguities; in particular they are required to
remain independent of the choice of the RS. In other words, all choices of RS must be
equivalent and the invariance of the observables under change of RS evokes the mathe-
matical concept of the renormalization group. For the time being let us neglect the de-
pendence on the renormalization prescription and concentrate only on the p dependence
first. Consider the dimensionless variable R at the scale ). Since after renormalization
there would be another scale u available, R depends on Q?/u? and the coupling at the
renormalization scale a; = a,(u?) = g(p?)/4r. The independence from p? stems from the

following condition

Q2 [0 01..Q@
where we define
Jda
Blay) = “Qmﬁ . (1.3.23)

These equations are the simplest example of the renormalization group equations (RGE).

10
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Alas, the independence from the RS holds only for the full theoretical predictions for
observables, i.e. for the all order calculated quantities. In perturbation theory we truncate
the series expansion at a certain order, violating the cancellation between RS dependent,
terms of different orders. The price paid is the remaining spurious dependence on the RS

in the truncated expression.

1.3.4 Running coupling

The RGE of (1.3.23) leads to a differential equation for the coupling [3]

Jdag
0Q*

describing the evolution (running) of the coupling a with the scale at which it is evalu-

Q2

= f(ay), (1.3.24)

ated. The QCD S function can be calculated perturbatively

Blas) = —a2(Bo + asfy) + ... (1.3.25)
while
1 2 1 38
= (11-3 = 102 - = 1.3,
o= (11 3Nf) ’ £ 167r2(02 3Nf) ! (1.3.26)

where N is the number of active quark flavours.

Solving Eq. (1.3.24) at leading order gives

2\ __ as(/ﬂ)
as(Q°) = T 5on (Q2/,) o (2) (1.3.27)

with an expansion
2 2 2 Q?
as(Q°) = as(p?) [1 — as(1*) By In (F)} 4. (1.3.28)
Originating from the RGE for the coupling, Eq. (1.3.27) is an all-orders expression (up
to leading logarithm accuracy). In fact it is the first example of a resummed quantity - a
quantity arising after reorganization of the perturbative series (which we have not shown

here explicitly) and summing an infinite series of otherwise divergent contributions (here

terms of the form o In™™1 (Q?%/u?) ).

11
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The independence of the running coupling from x can be made explicit by noticing

from (1.3.27) that

1 1

In(Q? — Boln(p?) = — 2 .3.29
(Q2) BO H(Q ) as(#g) .‘80 n(lu ) 60 IH(A )7 (1 3 29)
where A is a new scale, a constant of the theory. The running of a; can now be expressed
as
a,(Q*) = 1 (1.3.30)
BoIn (Q*/A?)

and it is clear that o, depends only on Q. At @ ~ A, a; ~ 1 and the perturbation theory
is no longer valid. Thus A can be regarded as the transition scale between the perturbative
and non-perturbative (short-distance and long-distance) regime. From the formal point
of view, it can be also interpreted as a parameterization of a missing boundary condition
n (1.3.24). In spite of the fundamental character of A, its definition depends on the order
up to which f function is evaluated, the choice of the RS, as well as on the number of
assumed active quark flavours. The current experimental value for the next-to-next-to-
leading order A in the MS scheme at five quark flavours is AZYYO(5) = 208735 MeV [11].
A more accurate solution for a;(:?) is obtained including also the 3; term in the S-function

series (1.3.25)
1 B In1n(Q?/A?)
Boln(Q2/A2)  B3In*(Q2/A?)

a,(Q%) = (1.3.31)

with the expansion

(@) = au(6?) |1 = ot (B + a2t n (L) (5810 () - ﬂlﬂg.;&)

1.3.5 Asymptotic freedom and confinement

The behaviour of the running coupling exhibits important properties characterizing QCD.

e With an increasing energy scale @, the coupling a,(Q?) decreases. This property,
known as asymptotic freedom, ensures that the perturbative treatment of QCD gives

reliable predictions at high energy scales. Since the theory approaches a free theory

12
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in the UV region, quarks within behave as asymptotically free particles, in the way

assumed by the parton model and observed in high energy processes.

e With a decreasing energy scale, a,(Q?) decreases. This signals the breakdown of
the validity of the perturbative solution to QCD at ) ~ A. It also suggests that the
interaction is strong enough to bind quarks into hadrons so that only hadrons are
observed in experiment. Accordingly, the confinement at low energies is plausible
in QCD, but due to the strength of the coupling cannot be proved using standard

perturbative techniques.?

The nature of the running of a; is governed by the  function, Eq. (1.3.25) and
(1.3.26). Both asymptotic freedom and confinement arise as a consequence of 3, > 0.
This is opposite to QED where 5y < 0 and the coupling increases (decreases) with the
larger (smaller) energy scale. The difference in the behaviour of the coupling can be
traced to the nature of the symmetry properties of the theory. In non-abelian theories,
such as QCD, gauge particles interact with each other and spread out the charge (colour),
generating an anti-screening effect. Technically, the contributions to the [y coefficient

coming from the glue-glue interactions lead to the positive value of Sy.

1.4 Infrared singularities

Let us now return to the discussion of IR divergences first encountered in Section 1.3.
Recall that the higher order corrections in perturbative QCD suffer from divergences in
the IR limit. An example of such a divergent correction is given by diagram in Fig 1.1. In

general, all possible IR singularities are related to two types of momentum configuration:

Soft divergences arise when a massless on-shell particle emits a massless low momentum,
k* ~ 0, ‘soft’ particle and remains on-shell. Integration over k* near k* = 0 yields

a divergent result.

2The hypothesis of confinement is confirmed by calculations in lattice QCD, a non-perturbative for-

mulation of QCD.
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Collinear divergences arise when an on-shell particle with momentum p# emits a massless
particle with momentum &* = Ap*, 0 < A < 1 and remains on-shell. Integration

over k* near k* ~ Ap* yields a divergent result.

1.4.1 IR singularities in e*e™ annihilation

The total hadronic cross section for ete™ annihilation provides a good example to discuss

the appearance of IR singularities in more detail. The real and virtual O(ay) corrections

Figure 1.2: The process ete™—¢gdg to lowest order in a.

P e Ep

Figure 1.3: The one gluon corrections to e*e™—¢qq.

e+

to the total cross section o are shown in Figs. 1.2 and 1.3, respectively. Consider the real
process ete~—qqg, Fig. 1.2, first. If we denote the total energy in the c.m. frame by

/5, the virtual photon (or Z boson) momentum by @Q* (@? = s) and the momenta of the

14
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outgoing particles by p!, then we can define energy fractions

2pi- QB
s Vs/2'

The energy fractions are related to the angles 6;; between the momentum of parton 7 and

(1.4.33)

Ir; =

the momentum of parton j in the following way
iEil’j(l — COS 91‘]') = 2(1 — l’k) R (1—134)

where (7,7, k) = perm(1,2,3). In terms of momentum fractions, the differential cross

section for ete™ —¢dg reads

1 do o r}+ 3
————=_C e 1.4.35
oo dzydzy 21 T (1—21)(1 — x3) ( )

where gq = (4ma?[s) ¥; Q% is the parton model total cross section for eTe™ annihilation.
The expression (1.4.35) is clearly divergent when z;—1, z,—1 which, from (1.4.34),
corresponds to the collinear singularities f23—0, 8;3—0, respectively. There is also a soft
singularity, given by r,—1 and z,—1

. 332.1‘3(1 — COS 923) _ .’EQEg(l — COS 923)

2 N Vs

11—z, —0 (1.4.36)

so that E3—0.

Let us now analyze how these divergences arise. If after radiation of a gluon with
momentum p; the radiating quark has momentum p;, then the propagator of the parent

quark contributes a factor

1 1 1
(p1 +p3)2 - 2E1E3(1 — COS 013) ~ E39%3 ’

(1.4.37)

which makes it divergent when 6;3—0 or F3—0. More precisely, the divergent behaviour

of the matrix elements M is given by

9 2
2 13
. 4.
|IM|* x <E39%3) (1.4.38)

The integration over the double singular region of the momentum space for the gluon can

be written down as
/d¢d013dE3E§

5 ~ / dddh3d B3 By (1.4.39)
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and consequently the divergent contribution to the cross section will come from the inte-

gration

df?, dE; :
o~ [dp—2 2. 1.4.40
/ 05 L ( )

The calculations above, although very crude, demonstrate that each type of singularity
contributes a single logarithmic divergence, leading to a double logarithmic divergence in

the soft and collinear region.

Despite the divergent contribution, as an observable quantity the total hadronic cross
section must certainly be finite. In fact, it can be explicitly demonstrated that the IR
singularities cancel between real and virtual gluon emission O(a;) graphs [3, 6], yielding a
finite total cross section. The extension of this statement to any order of the perturbation
theory follows from the famous Kinoshita-Lee-Nauenberg (KLN) theorem [12]. The KLN
theorem ensures that in a theory with massless fields transition probabilities are free of
IR (soft and collinear) divergences if all degenerate initial and final states are taken into
account (i.e. summed over). Since there are no hadrons in the initial state for e*e”
annihilation, it is enough to perform the summation only over final states, i.e. over all
hadron states, which is indeed done in the case of the total hadronic cross section. This
cross section is an example of a quantity which turns out to be insensitive to the IR effects

thus allowing for reliable theoretical predictions: an infrared safe quantity.

1.4.2 Infrared safety

The appearance of IR singularities is deeply related to the presence of massless fields
in the theory. This can be most easily seen using the mass regularization method while
computing the divergent integrals. In the mass regularization method a fictitious mass for
the massless particles is introduced; the IR divergences then show up as singularities in
mass parameters in their vanishing limit. In particular, soft divergences emerge as a con-
sequence of massless fields like photons in QED or gluons in QCD. Collinear divergences
can be shown to arise if the massless field couples to itself or if the matter fields are set

massless. Due to the vanishing gluon mass, almost all calculations in perturbative QCD
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are plagued with IR divergences, yielding results not defined even in the renormalized
theory. This is not, however, the case for infrared safe quantities which are defined as
independent of the mass of light partons in the high energy limit. More precisely, a cross

section ¢ is infrared safe if
o(Q*/ 1, as(1?), m* /) = 6(Q%/u?. s (%)) + O(m? Q%) (1.4.41)

where () is a large invariant scale characteristic of ¢ and & is a finite function. In configu-
ration space an IR safe quantity is correspondingly dependent only on the short-distance
behaviour of the theory, not on the long-distance behaviour. If we now consider o as a

perturbative series in o

(o9}

o=y o (1)an(Q*/u*, m* /112 (1.4.42)

n=0
then for the general o the coefficients a,, can be arbitrary large, spoiling the convergence
of the perturbative expansion. However, if o is an IR safe quantity then the solution for

the RGE gives

o(Q* /1%, as(1?), 0) = o(1, 2 (Q?), 0).. (1.4.43)
i.e. all momentum dependence has been absorbed into the coupling and perturbation
theory can be used to obtain reliable predictions. From the technical point of view, IR
safety ensures cancellation of the IR divergences. It also means that any IR sensitivity to
long-distance physics should cancel after the sum is taken over initial/finite states, leaving
only the short-distance cross section. Taking ete™ annihilation as an example, we know
that after the short-distance creation of the ¢¢ pair there will be other, long-distance
interactions happening. Nevertheless, since to calculate the total hadronic cross section
we sum over all finite states and the probability for quarks to evolve into hadrons is one,

unitarity ensures that the long-distance interactions leave the short-distance result intact.

1.5 Factorization

The discussion in the previous section concentrated on infrared safe quantities in pertur-

bative QCD. However, not all observable quantities are infrared safe; for example consider
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processes with hadrons in the initial state or inclusive cross sections in ete™ annihilation
with detected hadrons, necessarily involving long-distance interactions. Does perturbative
QCD cease to offer meaningful predictions for these observables? The answer is brought
by the factorization theorem which states that the long-distance effects can be separated
from the short-distance physics. The short-distance result comes from perturbative QCD
whereas the long-distance quantities are extracted from measurements. In general the fac-
torization theorem is a hypothesis which needs to be proved for each process separately.
A detailed discussion of factorization in DIS and hadron-hadron scattering can be found
in [13]. This thesis concentrates on a particular example of the latter type of processes:
Drell-Yan production. We thus begin with defining the Drell-Yan process and then state

the factorization theorem for this specific case.

1.5.1 Drell-Yan production

The hadronic production of a lepton pair (e*e™, p*u™, utv,, etc.) is commonly referred
to as the Drell-Yan process [14]. The basic electromagnetic reaction occurs through the

production of a virtual photon, which decays into the lepton pair, see Fig. 1.4,
A+Bo v+ X1+ +X. (1.5.44)

Here X denotes all the undetected particles in the final state so that the process is

inclusive.

Because leptons do not interact strongly, in reality the production of lepton pairs
signals the production of virtual electroweak bosons: 7*, W%, Z. When the available
collision energy permits, the massive W’s and Z’s can be also produced as physical par-

ticles.

In this thesis we will frequently extend the term ‘Drell-Yan process’ to include pro-

duction of any spin-1 particle produced by electroweak interactions.

18



Elements of QCD

Figure 1.4: The Drell-Yan production of v*, as in (1.5.44).

1.5.2 Factorization for the Drell-Yan process

In the framework of perturbative QCD the cross section for the process

Afpa) + B(ps) 2V ({Q}) + X (1.5.45)

is given by the factorization theorem®

o(pa, P, {Q}) = Z/OI /01 dzodzy fosa(Ta, r) fo8(To, F)Tab(TaPa, ToPs; @, pr) - (1.5.46)
a,b

Here the scattering hadrons A and B have momenta p, and ps, respectively, and {Q}
represents the collection of all relevant kinematic variables of a comparable size with @)
being the typical scale of the process. On the lLh.s. of Eq. (1.5.46) V stands for the
detected ‘hard’ particle of interest, e.g. a massive vector boson, while X denotes all other
unobserved products of the collision. In the factorization formula &, is the infrared safe
hard-scattering cross section. It can be derived from the perturbatively calculable IR
divergent partonic cross sections by removing the singularities and absorbing them into
the parton distribution functions fi;y. Since the parton distribution functions contain
all the collinear divergences [3], they are susceptible to long-distance physics and as such

incalculable in perturbation theory. At present the only way to know their value is

$We neglect the so-called ‘higher-twist’ contributions suppressed by powers of 1/Q?.
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to measure them in an experiment, for example in DIS. Note that they are universal

quantities, i.e. independent of the specific process under investigation.

The factorization theorem provides a generalization of the parton mode) factorization
that uses the assumption that the interactions of the partons among themselves at time-
dilated scales before or after the hard-scaltering do not interfere with the interaction of a
parton with a probe. The cross section can then be calculated by combining probabilities
rather than amplitudes. In particular the parton distribution function f;/y(2) has the
interpretation of the probability of finding a parton ¢ in hadron H with momentum fraction
x of the parent hadron. In perturbative QCD the interpretation essentially stays the same,
except with the added restriction that the parton must be off-shell by no more than p?.
Partons of higher virtuality are treated perturbatively and contribute to the scattering

cross section Jg.

The philosophy of incorporating collinear IR divergences into the parton distribution
functions resembles the UV renormalization program, cf. Section 1.3.2, where the UV
divergences were removed by redefining the bare parameters of the Lagrangian. The ‘IR
renormalization’ introduces an arbitrary scale up: the factorization scale. Akin to the
renormalization scale, up is the scale at which factorization is performed. It serves as
a separation scale between the long-distance and the short-distance physics. Another
ambiguity is again introduced in the prescription for how to define singularities, i.e. how
much of the finite contribution should be also absorbed into parton distribution functions.
The specific choice of this prescription is termed factorization scale. Both the hard-
scattering cross section &, and the parton distribution function f;;y depend on the choice
of the scheme. A particular modification of the parton distribution functions defined in

the MS scheme used throughout this work is a subject of discussion in Appendix B.

1.5.3 Evolution of the parton distribution functions

Although the r.h.s. of Eq. (1.5.46) exhibits dependence on pp, the physical cross section
is independent of this parameter. The resulting RGE (cf. Section 1.3.3) tells how the
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parton distribution functions change with the scale 4 [3]

dfa/H x, M Z/l < (5’3 (u 2)) Fora(Co?). (1.5.47)

Eq. (1.5.47) is known as the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evo-
lution equation. Strictly speaking, it is valid for the non-singlet parton distribution func-
tions defined by

fq/H = fon — fau, (1.5.48)

but the generalization to the singlet case is straightforward, see for example [3]. The
splitting functions Py, are calculable perturbatively. The leading order P,, can be inter-
preted as a probability of finding a parton of type a in a parton b. In particular, for the

quark-quark splitting we have at the leading order

1+z2 3 _
where the ‘+’ prescription is defined as
1
[ dzl @), o) = [ dzf(@)lge) - o()]. (1.5.50)

The absorption of collinear divergences into the parton distribution functions provides
another example of resummation; the divergences are systematically resummed in the

evolved parton distribution functions using the DGLAP equation.*

1.6 Soft gluon resummation

The factorization theorem is a powerful tool to calculate cross sections in perturbative
QCD, provided that the parton distribution functions are determihed experimentally.
More precisely, after ensuring that the computed partonic cross section is IR safe by
isolating the collinear divergences, there should be no obstacle to obtaining reliable per-

turbative results. This is, however, only true when all Lorentz invariants defining the

4A similar discussion applies to parton fragmentation functions which describe single particle distri-

butions in the final state.
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process are large and comparable, except those of the particle masses. If the above men-
tioned condition does not apply, the convergence of the fixed order expansion, even for
IR safe quantities, may be spoiled due to e.g. soft gluon emission effects. The theoretical
predictions can be improved in these cases by evaluating soft gluon contributions to high
orders and possibly resumming them to all orders in @,. In this section, following the
approach of [15], we discuss how large soft gluon contributions can arise and sketch the

main idea behind resummation.

1.6.1 Soft gluon emission

Let us revisit the emission of real and virtual gluons from the quark lines, previously

discussed for the case of e*e™ annihilation in Section 1.4.1. Since the nature of this
emission is universal we expect to be able to draw conclusions of a general character.
However, different types of QCD observables require slightly different treatments of the
soft gluon resurnmation [16]. In this section we will illustrate the resummation of soft
gluon radiation using the example of hadronic collisions at threshold. Minor modifications
of this treatment are required to handle soft gluon contributions to other observables, like

eTe” event shapes or transverse momentum distributions pr of systems produced with

high mass and small py.

Consider a quark emitting a real gluon. Let 1 — z denote the energy fraction radiated
by the quark in the hard subprocess. Exactly as shown in (1.4.40), the real gluon emission
contribution is divergent in the IR limit. Assuming a regularizing lower cut-off x on the

gluon energy fraction, one obtains the soft and collinear, real gluon emission probability

dw,.(z):C% 1 In 1

z Tl—2 1-—2

Ol -2z-k). (1.6.51)

where C is a coefficient depending on the process. In fact, Eq. (1.6.51) can be derived
from the cross section (1.4.35) in the soft and collinear limit. On the route to Eq. (1.6.51),

the same integration structure as in (1.4.40) is rediscovered. Calculations for the virtual
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emission probability are undertaken in a similar way, yielding

dw,(2)
z

Qs =1 1 .
= —07(5(1 — z)/ dz In : (1.6.52)

0 1-2 1—-2

Separately, both the real and virtual emission probabilities (1.6.51) and (1.6.52) di-
verge in the IR limit, as we have already observed. The cancellation of IR singularities in
the total emission probability can now be seen clearly

dw(z) _ dw,(z) N dw,(2) _ % 1 1 .
z z z Til—2 1—-2zl4

(1.6.53)
Eq. (1.6.53) is a well-defined distribution, finite in the limit k—0.

Evidently, the virtual term contributes only at z = 1 while the real one, besides
regularizing the virtual probability at 2 = 1, is spread out down to z = 0. The size of the

integrated contributions is however equal, so that

/1 a2 (1.6.54)
0 Z

In physical processes, due to the kinematical boundary the real contribution stretches
down to the same value z, as given by the fraction of the energy carried by the tagged
particle in the final state. In this case the total soft gluon contribution is a finite function

of z

b odw(z) Qs o
/zdz - ctm(1-q). (1.6.55)

A residue of the cancellation process, this finite correction can be large when z—1. (Note
that the cancellation of the IR divergences is still preserved!). Physically, the limit z—1
corresponds to approaching the kinematical boundary in phase space where the sup-
pression of the real gluon emission becomes significant, no longer balancing the virtual

emission contribution.

In general we would expect the higher order partonic cross section to behave like

1 d
() = / 426z +1 - 2) %)
T z
! 1 1
So6W(g) [ dz e 1
P (1)/md [C“_an_“

~ ™) (-C=1n?(1 - 12)). (1.6.56)
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Consequently, in the process where n soft gluons are emitted, the structure of the correc-

tion factor to the partonic cross section is believed to have the form

2n
o 3 CpmIn™(1 - 1), (1.6.57)
m=1
which leads to
o0 2n
&(x) ~Go(@°) |1+ D> _al > ComIn™(1 —2)| . (1.6.58)

n=1 m=1

It is clear from (1.6.58) that the logarithmically enhanced terms of infrared origin become
relevant near the exclusive phase space boundary, z—1, even if the coupling constant is
in the perturbative regime o, < 1. In this case, i.e. when x is close enough to 1 such
that o, In*(1 — z) 21, the convergence of the fixed-order expansion is spoiled and NLO
calculations are certainly insufficient to obtain reliable predictions. Thus the evaluation of
soft gluon contributions to all orders in the perturbation theory is required, and whenever
possible a suitable reorganization of the perturbative series so that the convergence of the

series is restored. This idea is called resummation.

1.6.2 Resummation

The previous section focused on the example of threshold logarithmic corrections. Let us
now return to the generic hard-scattering case. It still remains true that the large loga-
rithmic factors in (1.6.58) are generated by the suppression of soft gluon emission near the
phase space boundary. If the suppression is strong enough then o, L? 21 (L = In(1/(1 — z))
for processes at the threshold) and order by order the soft gluon corrections become larg-
er and larger, causing a breakdown of the fixed-order expansion. Since the problem is
generated by values of a;L?, one may want to reorganize the perturbative expansion by
selecting and summing classes of logarithmic terms to all orders, so that Eq. (1.6.58)

would read
5(x) ~ 60 [T1(asL?) + 0 LTo(0, L) + 02 L* T (0, L%) + ..] . (1.6.59)

The first term in (1.6.59), the function Ti, is actually a sum itself, summing dominant

double-logarithmic contributions of the form a?L?*. The sub-leading contributions of the
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form oZL*~! are then summed by the term a,LT,(a,L?), etc. The functions T} (a,L?),
asLTy(a;L?), etc. are commonly referred in the literature as towers of logarithms. At
this point we would like to alert the reader that care needs to be taken when performing
numerical computations. It is possible that in certain regions of the phase space the
most leading tower 7} may be numerically less relevant than the more sub-leading towers
T,, T3, ... An example of such a situation in the case of resummation of the transverse

momentum logarithms will be given in Chapter 2.

Although the idea behind the resummation procedure seems clear, we have not yet
proved that such a reorganization is possible, i.e. that the terms with the structure
a”L*~% can be summed by the functions T; and that the reformulation (1.6.59) is con-

vergent in the limit z—1.

To demonstrate this, let us consider a generic hard-scattering process

) N o rl dwn (21, ...y 2n) L (n) v
~ & |1 / dzy.da, ZmE oI g ] 1.6.6
a(x) ~ bo [ +nz::1 | 21 O — Opslz, 2 Zn) ( 0)

Here W is a multi-gluon emission probability whereas @ﬁl‘;(x, 2y, s 2n) denotes
the function describing the phase-space available in the process of interest. The multi-
gluon emission probability originates from QCD dynamics. It can be proved that due to
the properties of gauge-invariance and unitarity, in the soft limit the multi-gluon emission
probability factorizes in terms of a single-gluon emission probability [17]

Adwn (21 ey 24 1 & dw(z;
donler, o za) _ L ppdelz) (1.6.61)
dzi...dz, nl 1 dy
Thus the dynamical factorization (1.6.61) is universal i.e. process independent. The
phase-space function ©Opg, in turn, stems from kinematics. More precisely, it contains
kinematical constraints defining the physical cross section and is therefore specific to a
particular process. Assuming that the phase factorizes in the soft limit z;—1 i.e.
’ n
0P (2, 21, .y 20) = [ Ops(z, 2), (1.6.62)
i=1
the partonic cross section (1.6.60) can be written in the soft limit as
01|t dw(z)
o) ~ ail+> = | [z
(@) 0{ nZ::l n! [ o dz
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dz
~ 6yexp [—asL2 - asL] . (1.6.63)

1
~  0gexp [/0 dzdw(z)@ps(I,z)}

Expanded, the final result of (1.6.63) reveals the resummed structure of (1.6.59). The

exponential factor resumming the logarithmic corrections is known as the Sudakon factor

Thus, in this simplified example we have shown that the resummation is feasible due

to the property of erponentiation of the single soft gluon emission contribution.

Unfortunately, ©pg is not necessarily factorizable. In general it depends on multi-gluon
configurations and as such can be very complicated. Furthermore, even if factorization
occurs it may do so in the space conjugate to the space of kinematic variables where the
cross section is defined. Thus in practice the generalized exponentiation theorem, and
subsequently, resummation, needs to be proved separately for each process. Examples
of such processes are event shapes in eTe™ [18], hadronic collisions at the threshold [19]
and the transverse momentum distribution for the Drell-Yan production of massive lepton

pairs or electroweak gauge bosons {21].

In general, the resummed cross section is of the form
G = /(306’ exp(S), (1.6.64)

with the Sudakov factor exp(S) calculated in the conjugate space and the factor C con-
taining all finite contributions. The inverse transform to the original space is carried out
with the help of the integral (1.6.64). It can be shown that the Sudakov factor has typical

structure

S = Lfi{a,L) + fo(asL) + asfa(asL) + ..., (1.6.65)

where the logarithms L are functions of the conjugated variable. Substituting Eq. (1.6.653)
into Eq. (1.6.64) and expanding the exponential yields the tower structure of (1.6.59).
While the tower expansion (1.6.59) is in general valid for a,L? <1, the range of validity of
the exponentiated form (1.6.65) is extended up to a;L <1. In order to collect maximum

information on the perturbative cross section, the resummed expression (1.6.64) must be
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matched with the fixed-order result. In Chapter 2 we will discuss matching using the

example of the Drell-Yan process.

1.7 Why transverse momentum distribution?

As we will see in Chapter 2 the transverse momentum distribution in vector boson produc-
tion requires resummation to improve the perturbative QCD predictions. Furthermore, it
not only offers a test of the resummation formalism, but also a tool to extract one of the
basic parameters of the SM, the mass of the W boson, My,. A measurement of My, is
one of the most stringent experimental tests of the SM. The existence of yet undiscovered
particles that couple to the W boson would modify its mass by radiative electroweak cor-
rections. In particular, measurements of My and the mass of the top quark m; constrain

the mass of the Higgs boson, see Fig. 1.5.

After production through ¢¢ annihilation, W bosons decay into lepton and quark
pairs. The W-—ev channel provides the cleanest signal and the best resolution. The
only quantities directly measured in the experiment are the electron momentum and
the transverse momentum of hadrons produced in association with the W, the ‘recoil’
against the W. Since the apparatus cannot detect the neutrino and cannot measure
the longitudinal component of the recoil momentum, there is insufficient information to
reconstruct the invariant mass of the W on an event-by-event basis. However, the two-

body kinematics of the W decay offers at least two methods of measuring Myy .

The first method relies on constructing the transverse mass of the W event, which is
analogous to the invariant mass, except that only components of energy flow transverse

to the beamline are used. It is defined as
MYQ“ = 2E§“E;“ - 2p—ép—:r = 2p2p$(1 — COS ¢eu) > (1766)

where p€ (p%) is the transverse momentum of the electron (neutrino), E% (E%) denotes
the corresponding transverse energy and ¢, is the azimuthal angle between e and v.

The transverse mass distribution exhibits a kinematic peak at My = My,. Precise de-
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This method is nevertheless limited by the missing p% measurement. The uncertainty in
the detector resolution contributes more uncertainty to My using the My method than
the p% method [22]. Therefore it is anticipated that in the high statistics p; environment
of Run II at the Tevatron it may be more difficult to minimize the systematic uncertainties
in the My method than theoretical uncertainties due to p;.% The work described in this
thesis aims to develop a more accurate theoretical description of the p, distribution of

W’s and Z’s produced in hadron-hadron collisions.

1.8 Summary

In this chapter we have presented a short review of some of the aspects of Quantum
Chromodynamics as the theory of strong interactions. Using the Feynman rules derived
from the QCD Lagrangian density, theoretical expressions for observable quantities can
be calculated perturbatively. We have shown that fixed, higher order calculations contain
UV divergences which can be removed using the renormalization procedure. As an in-
evitable consequence of the renormalization, the strong coupling «, acquires the property

of running with the renormalization scale.

Additionally, another type of divergence can be present in higher order diagrams -
the IR divergences. Because of the KLN theorem, the IR divergences cancel at each
order in perturbation theory for infrared safe quantities. Although not infrared safe, the
partonic cross sections in the hadronic collisions can be made infrared safe if the collinear
IR singularities are factorized out and absorbed into the parton distribution functions.
The feasibility of this procedure is ensured by the factorization theorem which however

needs to be proved separately for each process of interest.

Further complexity is introduced by the possible presence of large logarithmic cor-

rections to the infrared safe partonic cross section. These corrections often arise due to

6 Alternatively, when using the M7 method, the dependence on the detector resolution can be dimin-

ished by using the Z pr spectrum and the theoretical ratio of W and Z distributions, see Chapter 5.
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emission of soft gluons and the imbalance between real and virtual gluon contributions
in certain parts of the phase space. Whenever possible, these logarithmic factors need
to be resummed in order to obtain reliable theoretical predictions. Resummation of soft
logarithms can be understood as a successful attempt towards improving perturbative
predictions, when the fixed-order perturbation theory calculations become precipitously
difficult to perform. Although resummation incorporates only the biggest contributions,
i.e. the most leading in o,L?, and only coming from a specific set of diagrams, it does
it to all orders, providing a result for the sum over an infinite set of selected terms in
the perturbative series. The application of the resummation procedure for one specific
type of process, the Drell-Yan process together with the related heavy boson production,

occurring at hadron colliders, will be the main subject of this thesis.
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Chapter 2

Soft gluon resummation for the

Drell-Yan process

For more than two decades the Drell-Yan process has been a benchmark process for all
hadron colliders. First observed in proton-nucleus collisions at the Brookhaven National
Laboratory, lepton pair production has contributed greatly to the present understanding
of high energy physics. Apart from being a crucial process to discover the fourth and
fifth quark flavour, ¢ (charm) and b (beauty), it also provided information on parton
distributions of the nucleon. Other highlights include one of the first pieces of evidence
for the existence of gluons, confirming QCD predictions rather than those of the parton
model. The Drell-Yan mechanism for massive gauge boson production played a central role
in the discovery of W and Z particles. To this day, the Drell-Yan production of massive
lepton pairs or electroweak gauge bosons serves as a test bed for most sophisticated QCD
calculations; the resummed calculations being a good example. Moreover, comparison
between improved theoretical predictions and data allows for a precise extraction of the
W boson mass, see Section 1.7. The experimental programme, started at Brookhaven,
has been continued both at the European Laboratory for Particle Physics (CERN) and
at the Fermi National Laboratory (Fermilab). A compilation of data on Drell-Yan cross

sections can be found in [23]. The Large Hadron Collider (LHC), being currently built
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at CERN, will maintain the succession. The abundance of the experimental data from
the Tevatron collider at Fermilab necessitates the development of a consistent, accurate
description of the Drell-Yan mechanism. Such a description will be undeniably crucial in

the case of the LHC where even larger data samples are expected.

In this chapter we are going to discuss effects due to emission of soft gluons in the
Drell-Yan process. We will systematically inspect corrections given by such emission and

methods to execute the resummation procedure in this case.

2.1 Drell-Yan process in the parton model

In the framework of the parton model, production of a vector boson occurs as a result of
interaction between two quarks, each quark coming from a different hadron taking part
in a collision. For example, this could be a production of a virtual photon through the
annihilation of the quark-antiquark pair. The photon then decays into a lepton pair. The
total partonic cross section for the di-lepton production in this case reads

2.2
A7_47ra €q

where V3 is the partonic collision energy in the c.m. frame and eq is the charge of the

annihilating quark (antiquark).

It is straightforward to notice that the production of a lepton pair with a specified
invariant mass ) would be given by the differential lepton pair mass distribution of the

form
dé Ara? e?]

107 = o0 5(3 —Q%). (2.1.2)

Analogously, the parton model cross sections for W production subprocess can be

easily calculated in the narrow width approximation [3], yielding

2, V.., 2
sy = %ﬂ(s(g —~ M2) (2.1.3)
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and for Z production
57 TIMEVE + A
12ME,
Ve in Eq. (2.1.3) denotes the appropriate CKM matrix element while V, and A, are

6(5— M3). (2.1.4)

the vector and axial couplings of the Z boson to quarks.! From this point and without
constraining the generality of our discussion we will examine the Drell-Yan process in
the form of di-lepton production through a «*. The corresponding expressions for the
production of massive vector bosons can be obtained by changing the normalization and

the appropriate couplings, cf. Eq. (2.1.2), (2.1.3) and (2.1.4).

The parton model framework allows one to write down a leading order (LO) expression
for the Drell-Yan process at the hadron level AB—~*—{*{~, a simplified version of the

equivalent QCD factorization theorem,

sz - | eyt frs(0) 55 (2.1.5)
where now § = z,zps. Inserting Eq. (2.1.2) into (2.1.5) gives
Q4d(gg = dma” 2/ da:aTe fq/A Zo) f5/B(T/20) (2.1.6)
The dimensionless quantity Q*do/dQ? is a function only of the scaling variable
T = Q—2 , (2.1.7)

s
which represents the fraction of the initial c.m. energy /s turned into the produced boson

(lepton pair) mass.

The scaling phenomenon, Eq. (2.1.6), is typical for processes considered in the frame-
work of the parton model, the most famous example being DIS. In QCD, scaling is broken

due to the appearance of logarithmic contributions to the cross section, proportional to

as In(@?).

It is convenient to introduce the rapidity variable y defined as

1 E+pp
= —ln , 2.1.8
y= (E pL) (2.1.8)

!For more information on the CKM matrix and vector and axial couplings, the reader is referred to

the classic reviews of the Standard Model [1].
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where E denotes the energy of the lepton pair and py its longitudinal momentum. In the

Drell-Yan process rapidity is equal to

z—lln(wa> (2.1.9
y=5ls ) 1.9)
which implies the useful relationships

To = /TEY, Ty = /Te V. (2.1.10)

2.2 O(ay) corrections in QCD

If we neglect the initial ‘primordial’ transverse momentum of the incoming partons. in the
parton model the produced vector boson (v*, W, Z) has no transverse momentum. As
we will show explicitly, QCD predicts a non-zero transverse momentum (p;) distribution
which behaves like 1/p2 at large pr. In QCD, the non-zero p; can arise if a quark emits a
gluon before the collision. In this light, observation of a non-zero transverse momentum
signals the existence of gluons. The first order O(a;) QCD corrections to the parton
model cross section for AB—~* + X include the gluon bremsstrahlung process qg—~*¢g
together with the virtual corrections to the basic gqg vertex. Additionally, there are
two new channels for the process AB—v* + X to occur: gg—¢y* and gg—¢v*. Exact

calculations of the Feynman diagrams presented in Fig. 2.1 give [7]

qi—ltlg 2 s 2 2 102 4 202%3
do ] _° QAEGE +uA:|— Q°s | (2.2.11)
dQ?dt Q8% 27 th
and .
- 2., .2 . X
do A"g" T _a afeQE 2+ 8 TA2QQU . (2.2.12)
d@Q?*dt Q%% 9 —15
The Mandelstam invariants are defined in the following way for (2.2.11)
8= (g, +45)%, (2.2.13)
= (p,—q,)?, (2.2.14)
i = (k — )7, (2.2.15)
(2.2.16)
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Figure 2.1: Real diagrams (a) for the process gg—~v*g, (b) for the process gg—~v*q

and for (2.2.12)

§=(gq + kg)?, (2.2.17)
t=(py — ) (2.2.18)
U= (p, — kg)*. (2.2.19)

The matrix elements exhibit poles at { = 0 and @ = 0. Consequently, the integration
over t in (2.2.11) and in (2.2.12) yields infinity. This divergence is a collinear divergence
and, according to the factorization theorem, can be factorised out into the parton distri-
bution functions, i.e. for the hadronic cross-section AB—~* + X and choosing up = @
we have

daab—>l+l‘c
dQ2dt

do

a0 dt, (2.2.20)

IO(QS) - %/d‘radxbfa/A(xa’Q)fb/B(mb,Q)

where (a, b, ¢) = {q, 4, g} and the integrated cross sections [ df(do,/dQ?df) are made

infrared safe. The exact formulae for the O(a;) corrections can be found in (3, 4, 7|.
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In order to extract information on the transverse momentum distribution one of the
integrations in the cross section (2.2.20) needs to be undone. In particular, using the

relation
TaZp

dzydt = dydp’ (2.2.21)

Ty — I3

2 2
I = ey\/& +7, T =¢"" Pry T, (2.2.22)
S S

it can be shown [7] that for the ¢gGg—I*1~g process

with

do U9 ala, 8 1 1 Talp )
A e M ST
2 2 2
« |1- Py ( T ) , (2.2.23)
ToTpS TaTp ’
where

Zin = E, Ty = Falo 7 T (2.2.24)

11—z Ty — I

Thus, at high values of p; the annihilation contribution (gg—1*1~g) gives a p;? tail to
the pr distribution. The Compton contribution (¢g—{*1"q) behaves in a similar way. On
the other hand, at small p; the cross section diverges. Although it would naively appear
that the divergence is quadratic (~ p7?) , in fact another singular contribution comes
from the integral in (2.2.23). As pr—0, from (2.2.22) z,—+/7¢¥ and also, from (2.2.24)
T™m—/Tev. Since for pr—0 the term in the square brackets in (2.2.23) goes to 2, the
most important contribution comes from integrating z,2,/(z, — z1). In this limit, the low
end of the integration range ™" equals z;. As a result, the logarithmic term proportional

to — In(z™" — ), arising from the integration over x,, exhibits a singularity. Moreover,

—In(z™" - z;) = —In (Eﬁ%_—t) =In <M> , (2.2.25)

1 - 3
and the cross section (2.2.23) behaves like

In(s/p)

3 (2.2.26)
Pr

Let us remind the reader that the divergence (2.2.26) stems from the O(a;) real

emission contribution. The virtual contributions, according to the KLN theorem, cancel

36



Soft gluon resummation for the Drell-Yan process

the singularities from the real diagrams. Indeed, due to their nature, the virtual contri-
butions are dependent on p2 only proportionally to §(p2) and. when added to the real
terms, regularize the logarithmic divergence at p; = 0 in terms of a plus prescription, see
Section 1.5.3. As a result the distribution do/dQ?dydp? remains infrared safe. Further-
more, the integral over dp? for the annihilation process returns a finite result. In other
words undoing this integration provides an insight into the structure of the divergences,
allowing us to probe the imbalance between real and virtual contributions discussed in
Section 1.6.1. The strongest imbalance occurs when p;—0 which, in the language of Sec-
tion 1.6.1, refers to limited phase space available for the ki of the emitted gluon close to

the kinematical boundary.

2.3 Higher orders

The O(a,) corrections to the Drell-Yan cross section AB—~v* + X involve a real glu-
on emission process. As always, there is a possibility that the radiated gluon can have
small energy or momentum collinear with the parent quark. Such a possibility reflects
itself in the presence of logarithmic divergences, c¢f. Chapter 1.6.1. By the means of the
factorization theorem, the collinear divergence is taken care of by absorbing it into the
parton distribution functions. If more gluons are emitted, some of them can be soft.
Furthermore, since the soft gluons may at the same time be collinear, they potentially
contribute double logarithmic divergences. Therefore, in the approximation of taking only
the most divergent terms at each order of oy, the structure of the soft gluon contributions
can be investigated by performing the analysis for the appropriate partonic subprocess-
es. Contributing single logarithms, collinear divergences are thus not of interest in this

approximation.

The nature of the soft gluon effects can be studied most easily working in a general
planar gauge, see Section 1.1.3, and using a Sudakov parameterization of the gluon’s

momenta

k= pqq+0q; + kr, (2.3.27)
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where kr - g, = kr - gz = 0. With the help of the above parameterization the exact O(a)
result for the reaction gg—~*g reads [25, 26]

dé . 00 CYSCF p?p A (1_9)2+(1 '/*L)Q
ol /dﬂdﬂé (Hu i (1 -6 — u) o

- ao‘“cFi[ (\[+V5—4p"“)—§/ —4ﬁ|, (2.3.28)
T p2 V35— /5 — 4p2 2\/ J

T
where now oy = 4ma?/98. It follows from (2.3.27) that a gluon is soft and collinear if

both ; <« 1, # < 1. The condition of collinearity, but not softness, is imposed if only one
of the parameters p or 8 is < 1. Expanding (2.3.28) in terms of p2/5 recovers the same
result as (2.2.26) i.e. the largest contribution in the limit pr—0 is given by

dé Cr 1 5
45 5o 2eCr L [m (%) - §J ‘ (2.3.29)
P pr) 2

As can be seen from the form of (2.3.28), the term ~ In(5/p2)/p2 comes from the emission
of a soft and collinear gluon. The term ~ 3/2p2 arises when the gluon is allowed to be

collinear, but not soft.

Analogously, the most leading contribution to the transverse momentum distribution
in the process when two real gluons are radiated, ¢gg—~v*gg, is given by [27, 28|

dé 202 §
~ —n® =] . 2.3.
dp O(a2) ) P2 1 (pé) (2.3.30)

The above result (2.3.30) is derived under assumption that the two emitted gluons are
soft and collinear, yi;, 61, p2, f2 < 1. Additionally it is required that k3., , < k%, ~ p3.
Assuming the soft and collinear limit in the matrix element, but taking into account
transverse momentum conservation, the calculations give [27]

do Q?C2 1 [ 1 ,(3
SNl L B WL . 2.3,
dp? o) R 00— 7 [ 21n 2 +2¢(3) (2.3.31)

T

If the approximation of softness and collinearity is relaxed, then other, less leading log-
arithmic terms appear, e.g. such as a term ~ a?1n®(5/p2)/p?2. Nevertheless, in order
O(a?), there are no sub-leading logarithmic terms related to transverse momentum con-

servation. As we will see in Chapter 3, this result foretells a general property of the pr
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distribution for multi-gluon emission: the first sub-leading logarithms of 3/p2 related to
transverse momentum conservation appear no sooner than three towers down from the

leading logarithms.

Let us now return to the most leading contributions. Due to the radiation of soft and
collinear gluons we expect the subsequent terms in the perturbative O(a;) expansion to
behave like o™ In?Y ~1(5/p2), cf. (2.3.30). An example diagram representing a contribution

coming from the emission of only real gluons is shown in Fig 2.2. In the approximation

Figure 2.2: One of the diagrams which needs to be taken into account while calculating

real gluon emission at higher orders.

of soft and collinear gluons, calculations for the process gG—~v* + Ng are undertaken
in the planar gauge and using the Sudakov parameterization (2.3.27). The gluons are
soft and collinear if the corresponding parameters 6;, pu; are small, i.e §;, y; < 1. In
this limit the most leading contributions are obtained after approximating the matrix
element by its most singular piece and by requiring that the soft gluons are emitted
completely independently, ignoring energy conservation [27]. The independent emission
of gluons leads to the factorised form of the final expression (dynamical factorization, cf.
Section 1.6.2). Evaluation of the §; and p; integrals gives

. NN 2L a2 .
1 ds 1 (asCF) II [/ dkr; 1 _f_} 78O (S kri + 1) (2.3.32)

_ = — n
ag dp,%‘o(aé") NI\ 7 o L mkR ok

Note that (2.3.32) has a structure of the N-th order contribution to (1.6.63) with the delta

function of transverse momentum conservation being the phase-space constraint Opg.
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If in addition to the requirement of softness and collinearity we also impose strong

ordering of the gluons momenta, i.e.
k., < kF, < .. < kg Sph< s, (2.3.33)

the coupled integrals in (2.3.32) factorise to give

1 do " Rkp 8\
G B asC'piln<s) ( 1 (asCF /”T dkt In i) ‘ (2.3.34)

oodploed) ~ T x p2o o \p2) (N-DI\ 7 k2 k2,

Owing to the presence of virtual corrections, the integral (2.3.34) is finite. Performing

the integration and summing over N yields

1 A 3 (1))2 5
L do = —{a54—1n(i>~af(A )ln3<s)+.‘.

U_oﬁ Iz 2w P2 ]2 p—%
v (DA 8 a ac
oo 2N-1(N — 1)IxVN In p_% + s (2.3.35)

where A1) = 2Cp. The above approximation to the gg—~*+ X cross section, Eq. (2.3.35),
is commonly known as the Double Leading Logarithm Approzimation (DLLA). For
a, In(5/p2) ~ 1 the series in (2.3.35) diverges, i.e. the higher-order terms become domi-
nant.? Since the DLLA expression arises as a result of dynamical and kinematical factor-
ization, we expect that the cross section exponentiates, cf. Section 1.6.2. In fact, under
the assumption of strong ordering, the k2 of the gluon corresponds to the variable 1 — z,
reaching the phase space boundary at z = 1 (k;, = 0). A closer inspection of (2.3.35)
reveals that it is an exponential power series and as such can be resummed, giving
1 3 1 2
glgdi;%_ = a;ﬁ)(; In (p%) exp (—~ai;r4( ! In® (é)) : (2.3.36)

Eq. (2.3.36) has been firstly derived by Dokshitzer, Dyakonov and Troyan [29] and is often

referred in the literature as the DDT formula.

All orders resummation of logarithmic divergences in (2.3.35) leads to a drastically
different behaviour of (2.3.36) as compared to the LO expression (2.3.29), cf. Fig. 2.3.
Clearly it recovers the finite result in the small p; limit. In particular, the resummed

cross section vanishes when p;—0.

2This is particularly important in the case of the W, Z production, where Q ~ My, Mz. The condition

asIn(Q?/p2) ~ 1 corresponds to pr ~ 10 + 15 GeV. The majority of collected data lies below this limit.
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Figure 2.3: Comparison of LO perturbative calculation (only logarithmic part) and DL-

LA (2.3.36), for the parton subprocess.

2.4 The impact parameter space

Although the DLLA succeeds in resumming the most leading logarithmic contributions
to the p, distribution it returns a result which is suppressed in the limit p;—0.3 The sup-
pression arises directly from imposing the strong ordering condition (2.3.33). According
to (2.3.33), if a vector boson is produced with a very small p; then there is no phase space
left for the production of soft gluons and the cross section becomes naturally suppressed.
In reality, the same vector boson can be, for example, produced in association with two
almost back-to back gluons with non-negligible transverse momentum. In fact the only
requirement for the production of a vector boson with pr ~ 0 is that the vector sum

over the gluons’ momenta, ), ETi is small. Therefore one can suspect that the DLLA

*In principle one should also take into account the non-perturbative contribution to the transverse
momentum distribution, which causes the distribution to be non-zero in the pr—0 limit. These non-

perturbative effects are discussed in Section 2.5.
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suppression is simply an artifact of the approximation, in which the transverse momen-
tum conservation condition is destroyed by strong ordering. Moreover, we would expect
the sub-leading corrections resulting from the correct implementation of the transverse

momentum conservation to modify the behaviour of do/dp? at small p..

The exact O(ay) calculations for the p, distribution were performed in [30], where-

s [31, 32] presents a derivation of the O(a?) result. Unfortunately, owing to the delta
function of transverse momentum conservation coupling the integrals, it is very difficult
to calculate (2.3.32) ezactly beyond O(a?) in py space. In [33] it was proposed to perform
soft gluon emission calculations in the impact parameter b space, the Fourier conjugated
space to the p; space. The advantage of the b space method is that it allows correct im-
plementation of the transverse momentum conservation condition [27, 28]. In the Fourier

conjugated space the phase-space constraint ©pg factorises, cf. Section 1.6.2

Ops(pr, kri1,-.) _52< ZkT,> /d2 1””THe—“”°T', (2.4.37)

This suggests that in order to properly take into account sub-leading kinematical effects
related to transverse momentum conservation, resummation should be carried out in

impact parameter space.

2.4.1 Resummation in impact parameter space

Summarizing the discussion above, the following programme accomplishing resummed
calculations conserving transverse momentum for any differential cross section in p., i.e.

do /dp, or do/dQ*dydp2, emerges:

e First the cross-section (with a delta function conserving transverse momentum im-

plemented) is transformed into the Fourier conjugate, b—space,
5.(b) = / e~ g (p2) (2.4.38)
e then the conjugated cross-section &(b) is computed (resummed) and finally trans-
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formed back to momentum space
or(pr) = 5 /dee“’PTa (b) . (2.4.39)

o The resulting o, (pr) is a resummed distribution.

The use of the b space technique allows for a development of a general expression
resumming all terms of the perturbation series which are at least as singular as 1/p2 when
pr—0 [21]. For the process AB—~v*(—{*17) + X Collins, Soper and Sterman proposed
the general formalism [21] (CSS formalism)

do
dQ?dydp? 47rQ2

The form of (2.4.40) stems from the standard perturbative formula for the Drell-Yan cross

/ bePG (b, Q, 2o, Th) + - Q2 IO 1 (pes Q, T 23 - (2.4.40)

section to which the factorization theorem is applied

do 007r / dc¢, dCb

d0PdydE ¢ bt Tos(pr, @5 Ta/Cas Tv/Cor P ) fasa(Cas F) foyB(Cor 1iF) -

(2.4.41)

The short-distance contribution to the cross section Ty, has a perturbative expansion

o

ab(pT7 Q xa/<m ‘Tb/va ,U’F = Z (p’IW Q? xa/Ca lb/Cba HR, /»‘/[‘) (2442)

N=0

where a; = a;/27. In the lowest order

T = €26, ,6 (c_ - 1) § (% - 1) 8(pr), (2.4.43)

and we discussed the exact form of T’ w in Section 2.3. We also know that in each order
of a;; the corresponding T,fb is singular with the strongest double logarithmic singularity
of the form (1/p2)ay I~V (p2/Q?), cf. Section 1.6.1. Apart from logarithmic singular-
ities coming from the real emission diagrams and the é(p;) singularities from the virtual

. N . ,
diagrams, T‘fb ) contains also regular terms

T(N)(pT> Q7 l'a/Ca, xb/Clﬁ HR, /'LF) = V(N) (Q, .’Ea/Ca, xb/Cb) 1R, /J,F)(S(p,r)
' m 1 m 2
+ Z Télfl) )(Q7wa/Ca:$b/<b7,URa,uF)—2lll (Q—2>
m=0 Dr Pr

+ szlly)(pTvQ7$a/Ca>$b/va)U/Ra NF) . (2.4.44)
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The regular part Rgzb\r) is defined as a set of terms which are less singular that p>? or §(pr)
as pr—0. Putting back (2.4.44) into (2.4.41), one recovers (2.4.40), under the condition

that the function o; assembles the regular parts R,(liv) to all orders

d(, d .
Uf(pT,Q,ara,xb)=Z/ s / Cb @™ (1r) RS (e, Q) Ta/Car 2o/ Co time 1157
a,b Zb N 0
Faya(Cas e7) fo8(Co pir) - (2.4.45)

The singular terms of (2.4.44) are then collected in the function o, (py, @, T4, xp) which is

Fourier conjugated to o,(b, Q, x4, ), cf. (2.4.39).

To resum logarithmically divergent terms the perturbation series in &,(b, Q, x4, xp)
needs to be reorganized. It can be argued [20, 21] that the z,/(, and a dependence

factorises from the z,/(, and b dependence in 7,(b, Q, z,, Tp):

G0 (b, Q, Ta, Ty) = Z/ 2 dfbfa/A(Ca,MF)fb/B(Cb,ur)

> e?Cja Za/Car bs @b, 1r)Cin(T0/Cor b, @b, pr) , (2.4.46)
J

X

where j stands for the flavour of the annihilating quark and antiquark. The functions Cj,
are calculable in perturbation theory and we discuss them in detail in Appendix B. As
functions in b space, they contain logarithms of Q?b?. Since arbitrarily large values b are
allowed, it is possible that a, In*(Q%b?) 21. In this way spoiling of the convergence of the

fixed order expansion, observed already in p; space, manifests itself in b space.

Notwithstanding, it follows from the results of [20, 34] that &, obeys the evolution
equation

a . -
mar(b) Qv Lo, :Eb) = {K(b/_L, as(ﬂ)) + G(Q/ﬂ’a as(“’))}or(bv Q) Ta, xb) s (2447)
where again K and G have expansions in as(p). Note that the b and @ dependences
are isolated in Eq. (2.4.47). Furthermore, the functions K and G satisfy renormalization

group equations

p K () = el (2.4.48)
Hg Gl () = (o) (2.4.49)
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with the anomalous dimension g being calculable perturbatively [35]. Describing the
evolution of the functions K and G, the RGE’s (2.4.48), (2.4.49) can be used to retain
control over the large logarithmic terms. By changing the scale in K to g ~ 1/b while
changing the scale in G to u ~ @, the large logarithms disappear. In other words the
solution of (2.4.48), (2.4.49) yields

Ko ul)) + G@Imas) = — [0 Bl o)
Hy Qg L My Ces\ b)) = Cf/b2u27h s\
+ K(Ci,as(C1/b)) + G(1/Cr, as(C2Q))

(2.4.50)

and the evolution equation for &, can be written down in a compact way

o GO on(1), C) + Bln(CrQ). Gy C

al Q2 (b Q xaalb) - _UT(b Q,Ia,lb) Lf/lﬂ ?[ (aS(IJ’)’ 1)+ (as( QQ)v ar ’2)] '

(2.4.51)

The descendants of K, G and vk functions, the A and B functions can be calculated

reliably in fixed-order perturbation theory.

Finally, solving the evolution equation (2.4.51) gives the expression for the AB—v*+.X

cross section

do 90 27 ipth 2 dC 1 dG
= d*“be®PT 2 ; ” ’
dQ2dydp? 47TQ2/ ¢ ;% 2; / / o AeralCar 1) for(Gos i)
X eS(be,CbC?)Cja(:I:a/Ca,b, C]/CQ,/,LF) jb(l‘b/cb,b’ 01/027/1/]7‘)

ooT
+ 52 a¢(pr, @, 21, T2), (2.4.52)

with the Sudakov factor of the form

CG3Q* dp? CiQ*
5,00 = - [ % [ateutm,com () 4 Blam, e a5y

and
Alas) = Y (@,)'AY  B(as) = Y (a,)'BY. (2.4.54)
i=1 i=1
The canonical choice of the constants C;, Cs is

Cl = Cgb() = bo =2 exp_w . (2455)
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The first two coeflicients in each series (2.4.54) can be obtained [35] from the exact
O(a;) and O(a?) perturbative calculation by comparing the logarithmic terms therein
with the corresponding logarithms generated by the first three terms of the expansion of

exp(S(Q, b, C1,Cs)) in (2.4.52). With the canonical choice of C,, C5 (2.4.55)

AN = 20k

67 w? 10
A® = 20p | Ne\ 2 — =) — =

F 8 6) 9 iRV
B — —-3Cp
., 3 11 193

B® = 2 <7r~ - - 124(3)) + CpN, (—7r2 -+ 6((3)>

4 9 12

17 4

- CRTaN, (?_ng), (2.4.56)

where NV, = 3. The O(a;) expansion of the function Cj;, cf. (2.4.46), assuming (2.4.55),
is given in Appendix B, whereas the regular coefficients R, R® of the o; part (2.4.45)
are listed in {21, 24, 36].

The derivation of (2.4.52) ensures that the CSS formula resums all sub-leading loga-
rithms in pr space by the means of the b space technique.® Additionally, the resummed
part of the cross section has been proved to be renormalization group invariant. In Chap-
ter 3 we discuss the logarithmic structure of the cross section in p; space. Nonetheless it
can be already seen from the form of (2.4.52), (2.4.53) and (2.4.54) that the perturbation
series indeed undergoes reorganization (1.6.59) into towers of logarithms. The current
knowledge of only the first two coefficients in the expansion of A, B and C functions
allows resummation of the first four towers of logarithms; the fifth tower contains the first

unknown coefficient A®® [36). We will explicitly demonstrate this in Chapter 3.

4 Another method of soft gluon resummation for vector boson production was proposed in [24]. As
explained in [36], the formalism of {24] and the CSS formalism differ by terms coming from the sub-leading,
lower than the fourth tower, towers of logarithms, provided «; in the formalism of [24] is evaluated at

bo /2.
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2.4.2 Matching

The resummed expression o, (pr) is expected to give correct predictions for the pr distri-
bution in the small p; region, pr < @. The region of large pr, pr ~ @, is well described
by fixed-order results, known up to O(a?). Collecting only a particular subset of terms
in the perturbative expansion for the cross section, both approaches fail to provide an
expression valid for all values of pr. Such an expression is proposed by (2.4.52), derived
for the general case of full all-order perturbative expansion incorporating all the terms.
It contains the resummed part o, and the part oy, defined as a sum of all regular terms
in the perturbative series. In other words, oy is equivalent to the difference between
the fixed-order perturbative contribution and its asymptotic approximation in the limit
pr—0, gathering terms at least as divergent as p72. When all orders are considered, the
asymptotic approximation is obviously identical with ¢,. Since knowledge of o, requires

knowledge of the fixed-order result, o; defined as above, i.e.

do
fixed—order - dQ2 dydp%

do

_ 2.4.57
7 = 4Qrdydp? (2:4.57)

fixed—order, asymptotic

is known only up to O(a?). Given the truncated oy, o™, the cross section can be

written as

do
dQ*dydps
Eq. (2.4.58) defines the matching prescription. At low p; the fixed-order and the asymp-

= g, + oune. (2.4.58
f

totic pieces effectively cancel, leaving the resummed; at high p; the resummed and the
asymptotic pieces cancel to a certain order, leaving the fixed-order result. This method of
matching has been first proposed at O(a;) in [24] and then extended to O(a?) in [36]. It
is characterized by a smaller theoretical error than simple choosing some moderate value
pr = p&* and applying the resummation expression o, for pr < p% and the fixed-order

result for p; > pS** [36].

T

The matching procedure (2.4.58) is bound to fail eventually since the cancellation
between the resummed part and the asymptotic, fixed-order part is not complete. In
particular, resummation introduces terms such as o In°(Q?/p2) which are not cancelled by

the second-order asymptotic expression. The uncancelled resummed part is strong enough
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to cause negative values of the cross section at pr ~ @ [36]. This can be understood easily
if one realizes that due to the presence of the Bessel function in ¢, and the kinematical
boundary pr < @, o, is forced to oscillate at large values of p;. To overcome the problem,
usually a prescription is provided for how to switch from the matched result to the pure

fixed-order result [36, 37].

2.4.3 Large b treatment

The CSS resummation formalism involves the non-perturbative regime of large b. More
precisely, the integration in (2.4.53) extends from 0 to co. When b — 1/A then ag(1/b)
grows large entering the non-perturbative regime. Consequently, the result of the inte-
gration (2.4.53) is made invalid. Therefore it is necessary to enrich the CSS formalism by
a prescription for how to deal with the non-perturbative regime of large . One approach
is to artificially forbid b from reaching large values by replacing it with a new variable b,

which serves to ‘freeze’ the perturbative calculations at a certain point by;,,,

b
by = ——— by < by, (2.4.59)

T 1+ (b/b)?

with the parameter by, ~ 1/A separating the perturbative and non-perturbative physics.
This prescription enables us to perform the integration in (2.4.53). Of course, with such
a prescription, the resulting theoretical predictions should not be expected to agree with
data at small p, where the contribution of the large b region is the biggest. This prob-
lem is normally overcome by parameterizing the non-perturbative effects in the large b
region in terms of the form-factor FY¥ (b, Q, z,, xs) so that the cross section (2.4.52), after

integrating over rapidity, followed by integrating over angles using
2
/ eSS g — 9 I (peb) (2.4.60)
0

and choosing pr = by/b,, reads
do a0 5 [1 Q?
m = EQ— Zq:eq/o dzx,dzy 6 (mamb -
X /dbb JO(pr) ES(Q’b*)Fa]XP(bJ Qa Lq, ‘Tb)f(;/A(‘ra: bO/b*)f(;/B(:Eb.v bO/b*)

g7
+ éaf(pm@,xl,x?), (2.4.61)
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where the functions f' are defined as a convolution of the C' functions with the parton
distribution functions, see Appendix B. We discuss specific choices for the form of the

non-perturbative function in Section 2.5.

2.4.4 Small b treatment

The resummation formalism (2.4.61) does not uniquely specify how to treat the small b
region. Although this region does not contribute large logarithmic terms, no numerical

predictions can be obtained without an unambiguous prescription.

The problem arises because (2.4.61) allows for any small value of b to be considered as
an argument of the integrand. The limits of integration in (2.4.53) imply, however, that
b, > by/Q and smaller values of b (b, ~ b in this limit) are clearly unphysical. Various
solutions have been proposed. For example one can replace the lower limit of integration
in (2.4.53) by [38]

by b
2,2 ! (2.4.62)

b b1 b (2QY)

which ensures that the scale fi in the integral (2.4.53) never exceeds Q). The authors of {37]

proposed a more sophisticated treatment, involving changing the form of the Sudakov
factor, which, when expanded, enabled them to correctly recover the O(a;) fixed coupling

result.

In practice, various treatments of the small b region cause differences in the p; dis-
tribution at the large pr end of the spectrum. For such pr, the resummed calculations
on their own are not expected to provide reliable predictions and need to be matched
with the fixed order result, as described in Section 2.4.2. It is then necessary to ensure
that matching is performed according to a particular prescription applied to the small b
regime. Thus the choice of prescription has not much relevance if followed by an appro-
priate matching strategy.® In this thesis, for the numerical results obtained with the help

of the b space expression (2.4.61) we use the ‘minimal’ prescription of disregarding the

5The analysis in [39] suggest that the method of continuation of the Sudakov factor in (2.4.61) for b

from 1/Q to 0 makes no numerical difference for pr < Q/5.

49



Soft gluon resummation for the Drell-Yan process

values of the integral (2.4.61) for b < by/Q, i.e. we effectively change the lower limit of

the integral from 0 to by/Q.

2.5 Intrinsic transverse momentum of partons

The cross section expression (2.4.61) is not complete without specifying the form of the
function Fyp. It is introduced in (2.4.61) to account for the initial, non-perturbative ¢,
distribution of incoming partons which contributes to the final pr of a produced boson.
Intrinsic ¢r is a consequence of the Fermi motion of partons confined within a hadron. As
it is uncorrelated with the momentum of the hadron, the Fermi motion manifests itself
as momentum fluctuations in the transverse direction. Based on renormalization group

analysis arguments, in [21] a universal form of Fyp has been proposed

FGIXP(Q’IJ, T4, Tp) = €XP [—hQ(b) In (%) — hol(b,z,) — hy(b, xp)| . (2.5.63)
0

where (Jy is an arbitrary constant indicating the smallest scale at which the perturbation

theory is reliable, Q¢ ~ 1/b;,,,. The functions hg, he, hsy are to be extracted by comparing

theoretical predictions with experimental data. It is, however, inherent in their definitions

that
hq(0) = ha(0,z,) = hp(0,2) =0, (2.5.64)

since as b—0, &,.(b,) = &,(b) and the pr-integrated cross section should remain unchanged,
so that we require FNF(b = 0) = 1. As postulated in [21] the flavour dependence of F'N¥
can be ignored. The In(Q/Qy) dependence in (2.5.63) is required to balance the @) depen-
dence of the Sudakov factor. Additionally, hg was proved to be universal and its leading
b? behaviour is suggested by the analysis of the infrared renormalon contribution [40], as

well as recent analysis of the dispersive approach to power corrections [41].

However, the detailed form of the non-perturbative function FXF(Q, b, z,, z3) remains
a matter of theoretical dispute. Early studies on the fixed-target experiments, see e.g. [3],

suggested that a Gaussian parameterization of an intrinsic ¢; distribution provided a good
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description of data in the low pr (1-2 GeV) regime.® Motived by this result, Davies et al.
(DSW) [39] approximated the function FNF by

ENFP(Q,b, 24, 1) = exp [—g2b21n (2—2—) — gle} . (2.5.65)
0

The g, parameter in (2.5.65) has a interpretation of a measure of the intrinsic transverse
momentum whereas g, stands for a contribution coming from unresolved gluons with
kr < Qo as the structure functions evolve from scales O(Qy) to O(Q). Assuming (2.5.65),
with a particular choice of Qo = 2 GeV, b, = 0.5 GeV~!, and using the Duke-Owens

parton distribution functions [42] the DSW analysis gave

g1 = 0.15GeV?, go = 0.40 GeV?. (2.5.66)

An alternative parameterization, proposed by Ladinsky and Yuan (LY) [43], incorpo-

rates a possible dependence on 7 = z,7;

Fa]ZP(Q,b, Tg, Tp) = €XP [—gzb2 In (%) — g1b% — g1g5b1n(1007) | . (2.5.67)
0

Choosing Qg = 1.6 GeV, b, = 0.5 GeV~! and using the CTEQ2M parton distribution

functions, the parameters in (2.5.67) were determined
g1 =01170%GeV?, g, =058101GeV?, g3 =—1.57) GeV™'. (2.5.68)
Both parameterizations were recently revisited in [44]. Using modern, high-statistics
samples of Drell-Yan data the values of the DSW parameters were updated
g1 =0.24GeV?, g, =0.34GeV?, (2.5.69)
as well as the LY parameters

g1 = 0157008 GeV?, gy = 048100 GeV?, g3 = ~0.5870E Gevl.  (2.5.70)

6For low energy Drell-Yan experiments (e.g. /s ~ 30 GeV), the perturbative fixed-order result

combined with the non-perturbative model alone tends to describe data quite well [3, 7], making the

effect of the resummed calculations insiguificant.
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The analysis of [44] found that currently available experimental data show no prefer-
ence in the form of the parameterization, i.e. both parameterizations can be considered
to describe data equally well. However, the form of the non-perturbative function is ex-
pected to be extremely important for obtaining accurate predictions at the LHC. Given
that existing data concentrated roughly around same value of 7, the dependence on 7
is difficult to determine, as opposed to the dependence on (). The expected values of
7 at the LHC will be very different from the currently achievable values, presenting the

problem of the non-perturbative function in a new light.

2.6 Numerical results

In this section we briefly present numerical results for the do/dp, distribution. Since the
CSS formalism itself is rather a starting point, not a main focus of our study, the results
shown here are mostly for the future reference. We compare the theoretical predictions
for the resummed part of the cross section do/dp, with the recent sets of data on Z boson
production from the DO and CDF experiments at the Fermilab Tevatron [45, 46]. As the
resummed part description is valid for small values of p;, we consider only data in the

range 0 — 25 GeV.

In our analysis we use the first order expansion of o, and a continuously changing
number of flavours Ny, explained in Section 5.2. To improve the speed of the numerical
calculations while evaluating numerous integrals over the slowly decreasing Bessel func-
tion, we use the ansatz function, see Appendix C, calculated at the scale by/b,. The rela-
tive normalization between the experimental and theoretical distributions is found taking
into account only those experimental points with pr < 15 GeV and using a method based
on minimizing the y? parameter, as outlined in Section 5.5.2. We consider both DSW
and LY parameterization functions at Q@ = Mz, /s = 1.8 TeV. In Figs. 2.4, 2.5, the CDF
and DO experimental points are compared with the theoretical distribution, obtained with
the effective gaussian (LY) parameterization and MRST98 [47] (CTEQ4M [48]) parton

distribution functions. In agreement with the DO analysis [45] we find that the LY non-
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Figure 2.4: Theoretical cross section in b space vs. CDF data. The predictions were
obtained using the effective gaussian form of the non-perturbative function with g5 = 2.75
GeV?, by, = 0.5 GeV—1 and MRST98 parton distribution functions (solid line) as well
as the LY non-perturbative function with parameters given by (2.5.68) and CTEQ4M

parton distribution functions (dashed line).
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Figure 2.5: Theoretical cross section in b space vs. D0 data. The predictions were obtained

using the effective gaussian form of the non-perturbative function with gj = 2.75 GeV?,

bim = 0.5 GeV—1 and MRST98 parton distribution functions (solid line) as well as the

LY non-perturbative function with parameters given

distribution functions (dashed line).
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perturbative function describe the data well. We also find that even better agreement

(i.e. a better value of x2) can be obtained using the effective Gaussian function
FNP(b) = exp(—gyb?), (2.6.71)

with g5 = 2.75 GeV2. 7 The validity of the LY form was also questioned in [37] and thus

we believe that the form of the non-perturbative function remains a open question.

Note: The most up-to-date numerical programs, incorporating the CSS formalism in
b space, matched to the fixed-order O(a;) result have been developed in [37, 49]. These
codes calculate distributions for the hadronic production of a vector boson, accounting

for its decay kinematics.

2.7 Summary

In this chapter we presented the soft gluon emission problem in the widely understood
context of the Drell-Yan process. Starting from the discussion of the parton model Drell-
Yan cross section, we investigated the O(a,) QCD corrections to di-lepton production
through the creation of a virtual photon v*. In particular we focused on the real gluon
emission process, showing that it contributes a logarithmic correction divergent in the
pr—0 limit. Emission of a larger number of gluons results in higher order corrections
characterized by stronger logarithmic divergences, with the leading contribution of the
form o In**~1(Q?/p2). The logarithms arise because every factor of ay corresponds to
an addition of a real or virtual gluon in diagrams, and each gluon potentially has both soft
and collinear singularities. Since the KLN theorem is valid to all orders in perturbation
theory the cancellation of singularities between real and virtual contributions takes place.
This gives us a regularized (infrared safe) expression at pr = 0 so that the integral over

p is finite. By examining the p; distribution one develops an insight into the structure of

"In fact the value of gh = 2.75 GeV? was obtained as a result of fitting the effective gaussian function
to the data. It is almost twice as big as the corresponding g} incurred from the original DSW non-
perturbative function. However, the DSW analysis was performed in a narrow range of small @ with

large errors on the experimental data.
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the singularities, in particular the imbalance between the real and virtual contributions as
functions of pr. The perturbation series for the imbalanced contributions coming from the
real gluon emission diagrams can be reorganized and resulting subsets of terms resummed,
either via the DLLA expression (if only the most leading logarithmic contributions are
taken into account), or generally, in the b space based CSS formalism. Once again utilising
the idea of the RGE equation analysis, c¢f. Chapter 1, the CSS formalism succeeds in
resumming all the sub-leading terms which are at least as divergent as pZ2. Subsequently,
as discussed in Sections 2.4.2, 2.4.4, the formalism must be completed with a matching

prescription and a parameterization of non-perturbative effects.

In the above analysis of the full resummation formalism we were not concerned with
the effect of the vector boson decay into leptons or quarks. In particular, we do not
discuss distributions of the final state particles, after the decay of the boson. Moreover,
for massive vector bosons, we assume a narrow width approximation. The inclusion of

the decay effects is not complicated and details can be found in [37].

At this point it is worthwhile to mention the existence of another approach to evaluat-
ing soft gluon radiation effects. It relies on Monte Carlo simulations, as opposed to exact
analytic calculations presented above. The parton shower packages like HERWIG [50],
ISAJET [51] or PYTHIA [52] incorporate the backward evolution technique to simulate
soft gluon emission. Parton showers resum only the leading logarithms together with
some of the sub-leading logarithms. Nevertheless much progress has been achieved re-
cently in incorporating the matrix element corrections for the vector boson production to

HERWIG [53] and PYTHIA [54, 55].

In the following chapters we will develop, discuss and apply an analytical approxima-

tion of the CSS formalism in p; space.
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Chapter 3

Sudakov logarithm resummation in

transverse momentum space

The impact parameter method provides a fine example of the resummation of logarith-
mically enhanced contributions in perturbative QCD. As we have seen in Chapter 2 the
b space formalism achieves satisfactory agreement between theoretical predictions and
experimental data. Nevertheless, the formalism suffers from certain deficiencies and theo-
retical drawbacks which need to be ‘fixed’ in order to obtain desirable agreement with the
data. Thus, although its theoretical importance is unquestionable, the b space method
can be considered as not fully satisfactory. Let us now briefly examine the disadvantages

of the b space method.

e Non-perturbative ambiguities

The final expression (2.4.61) generated by the b space formalism contains a Fourier
transform integral over b which extends from 0 to co. As a result no predictions can
be made without an ‘ansatz’ prescription for how to deal with the non-perturbative
region. The usual method is to artificially prevent b from reaching large values by
replacing it with a new variable b,, and parametrising the non-perturbative large b
region in terms of a form factor FV¥(b). As we have discussed in Chapter 2, this

method is not free from ambiguities. In fact we would particularly like to stress
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that it is #mpossible to make an unambiguous prediction, not only for small p,, but.
for any value of pr, without having a prescription for the non-perturbative regime

of large b.

o Matching ambiguities

The resummed expression, o,, cannot describe the cross section for the whole range
of pr. It automatically sums all known logarithmic terms (i.e. those containing
logarithms of In(Q?/p%)), but does not take into account full fixed-order correc-
tions, which become increasingly important at large pr. A feature of the b space
method, due to properties of the Bessel function in (2.4.61), is that o, oscillates at
large pr, leading to a negative cross section. Therefore in order to obtain a con-
sistent description of the data both at small and large pr, one needs to match the
resummed predictions o, enriched by the finite part o, with fixed order predic-
tions at some intermediate value of pr, as discussed in Section 2.4.2. Since it is
impossible to select any particular subset of logarithmic corrections in o, there is
no unambiguous prescription for matching; existing prescriptions require unsmooth
or even discontinuous switching from resummed to fixed-order calculation at some
value of pr. This results in unphysical predictions for the cross section around the
matching point. Additionally, the cancellation between terms in the resummed part
and in the fixed order part are undermined by the presence of the non-perturbative

function FNP(b), which distorts the resummed part.

e Numerical evaluation

Because of the oscillatory nature of the integrand in the Fourier transform, the
numerical evaluation of the integral (2.4.61) has proved to be enormously difficult
and lengthy (56]. The large cancellations between many cycles of the Bessel function
(as it is a slowly vanishing function in the limit b—o0) are difficult to implement and
create a potential source of numerical errors. To make things worse, the unknown
non-perturbative parameters, like b,, ¢; and ¢o, need to be extracted from data. In
order to find the best fit to the data, calculations of the Bessel integral have to be

repeated many times, once for each different set of the non-perturbative parameters.
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The above mentioned difficulties of the b space method would be naturally circum-
vented if one had a resummed expression for ¢, in transverse momentum space. First, the
non-perturbative prescription would be required in, and would affect only, the very lowest
values of p;. This means that outside the non-perturbative region the predictions would
he based on the perturbative theory alone. Secondly, since the resummed and the fixed
order part would both be calculated in p; space, it would be straightforward to distin-
guish between terms which are or are not resummed. Merging with the fixed order large
pr expression is in principle direct, since the py logarithms in o, can simply be removed
from the finite order pieces to avoid double counting. Using the former terminology, o
can now be defined as the difference between the fixed order expression and the asymp-
totic form of the p; space resummed o,. Then matching of o, +0; to the fixed-order part
would be explicit, returning a smooth cross section. Together with the non-perturbative
input influencing only the small p limit, this should lead to a unified description of vector

boson transverse momentum at both small and large p;.

Since the Fourier integral in the b space method leading to the exact p; expression
cannot be performed analytically, the question is whether it is possible to develop a pr
space expression approximating the full b space result sufficiently well in the region of p,
relevant for comparison with data. The goal is to achieve a p; space resummed expression
reproducing all the good features of the b space resummation without the drawbacks

related to this method.

Various techniques have been proposed for carrying out resummation in p, space {57,
58]. All of them resum different subsets of logarithmic terms and we will discuss the
differences between them in more detail in Chapter 4. Here we present the derivation of

a method which allows resummation of the first four towers of logarithms.
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3.1 The formalism of the transverse momentum space

resumimation

The springboard for our approach is the general expression (2.4.61) in impact param-
cter space for the Drell-Yan cross section [21]. For simplicity, throughout this chap-
ter we shall restrict our attention to the parton-level subprocess cross section. Parton
distribution functions can in principle be incorporated to yield the hadron level cross
section without significantly changing the conclusions on resummation. We will discuss
hadron cross sections in detail in Chapter 5. Suffice it to say here that the subprocess

N

cross section can be factored out if one takes 7 moments (1 = @Q%/s) of the hadron

cross section. Then the subprocess cross section corresponds to the N = 0 moment,

e = Y09, %

50 4% as(p?)), as in Ref. [35]. To begin with, we will not include any

7u21

non-perturbative treatment in the small p; region.

The parton level b space formula reads, cf. (2.4.61)
do _ % / ™ bdb Jo (prb)eS®R) (3.1.1)
dpz 2 Jo ’

where, assuming the canonical choice of the constant C,, Cy (2.4.55)
@ di 2
s6.@ = f5 %o (L) Ant) + Bla(@))], (312
38 H 0

Alag) =Y 6! AD  B(a,) =Y a,'BY. (3.1.3)

M
’M8

1

-
Il
-

)

The first two coefficients in each of the series in (3.1.3), i.e. A1), A@ BO  BQ are
given in (2.4.56).

It is instructive to see how the logarithms in b space generate logarithms in p;
space. For illustration, we take only the leading coefficient A) = 2Cr to be non-zero
in exp(S(b, @?)), and assume a fixed coupling «,. This corresponds to

do _op [ asCr 2(Q2b2)>
=3 /0 bdeg(pr)exp< s () (3.1.4)
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The expressions are made more compact by defining new variables n = p2/Q?, A\ = a,Cp/,
2z = bpy. Then
ldo 1 jgoo A z? .
—— == dzzJ ~ZIn® (= 3.1.5
o = o ), daad( exp[ CIn (nbg)} (3.1.5)

and we encounter the same expression as in (27], which describes the emission of soft and
collinear gluons with transverse momentum conservation taken into account. The result of
numerically integrating (3.1.5) and its comparison with the DLLA approximation (2.3.36)

is shown in Fig. 3.1.!

S L B R L B L B B L B L B R LA I L NAL B AL B R R

-

3
10 E- - T el DLLA

-. b—space

1/0,dg/dn

RN BN ReTI|

1025—

AL BRI B AL

Figure 3.1: DLLA (2.3.36) and b-space (3.1.5) results for the transverse momentum dis-
tribution (1/0¢)(do/dn).

The cross sections are similar over a broad range in 7: the main differences occur at
(i) small n, where the DLLA curve is suppressed to zero and the b space curve tends
to a finite value, as predicted in (33], and (ii) at large 1 (strictly, outside the domain

of validity of either expression). The physical reasons for recovering the finite positive

For all our studies with a fixed value of the coupling we take A = a,Cr /7 = 0.085, Ny = 4.
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result in the limit 7—0 were already discussed in Section 2.4: the contributions due to
transverse momentum conservation fill the DLLA dip at pr—0. Mathematically, it can be
seen from (3.1.1). In the limit p;—0 the Bessel function tends to unity and the integral

over b yields a finite positive value.

At n = 1 the p; space cross section vanishes by virtue of the overall factor of In(1/n).
This is a crude approximation to the (formally correct) vanishing of the leading-order
cross section at the kinematic limit p; ~ @. In contrast, the b space cross section has no
information about this kinematic limit, and is non-zero at = 1. Furthermore, at large
pr the b space cross section oscillates about 0. This can be seen in Fig. 3.2, which extends
the cross section of Fig. 3.1 to large n on a linear scale. The first zero of the oscillation is
clearly evident. Now since this occurs far outside the physical region it might be argued
that it is not a problem in practice. However, when the first sub-leading logarithm BV
is included, the first zero moves inside the physical region, as shown in the figure. It is
this behaviour which causes problems in merging the large p; fixed-order result with the

resummed expression, which develops negative values for large pr, see Chapter 2.

The expression (3.1.5) can be integrated by parts using the relationship

L [zJi(z)] = zJo(z) so that it transforms into

ldo_ / doaJy( )ddr [exp (—% (L+Lb)2>] , (3.1.6)

o9 dn
where L = In(1/n) = In(Q?/p2), Ly = In(2?/b%). Expansion of the exponential in (3.1.6)

leads to

0 N-12N-1 IN -1
A (( 1/2) Y 2"y, L-tm, (3.1.7)
m=0

m

which is now a perturbation series in pr space. Here the numbers 7, are defined by

= [ Ay (), (3.1.8)
0 0
and can be calculated explicitly from the generating function

= 1 e PA+E/2) 2k+1) 2%k+1
Ly = R ) T [_22 2%k + 1 (2) } (3.1.9)
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Figure 3.2: Extension of the b space cross section presented in Fig. 3.1 to large values

of .

so that e.g. by(c0) = 1, bi(00) = by(c0) = 0, b3(00) = —1((3) ete.

Due to the o L2V=1=™ structure of the summation (3.1.7) the accuracy is limited by
the condition o, L? <1. This accuracy can be improved by extracting the Sudakov factor
exp (—%L2) from the sum to get
(—2A)N-D Nzl [ N 1

N—-1-m
—m mz—:o . Lh-t 2TNgm + LTNim-1] -

(3.1.10)

Clearly, the resummation formula (3.1.10) is now well-behaved provided a,L <1. In

section 3.2 we study the two expressions (3.1.7) and (3.1.10) in more detail.

Before doing so, it is worthwhile comparing the expression for the differential cross
section (3.1.1) with the expressions (3.1.7) and (3.1.10). The first, in b space, calculates
the cross section in terms of a one-dimensional integral. The cross section is well defined

at all values of pr, and in particular at p; = 0. In practice, however, non-perturbative
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effects have to be taken into account in this region, as discussed in Chapter 2.

On the other hand, the large p, behaviour of (3.1.1) is not physical: the integral has
no knowledge of the exact kinematic upper limit on p;, although numerically it becomes
small when p; ~ . More problematically, as p; is increased the distribution starts to
oscillate, and it is this feature (built-in via the Bessel function) which makes it difficult

to merge with the finite-order large p; cross section.

In contrast, the p; space cross section of (3.1.7) (or (3.1.10)) is an asymptotic series.
The logarithms are singular at pr = 0, although as argued above this is in any case the
region where non-perturbative effects dominate. As with any asymptotic series, care must

be taken with the number of terms retained.

3.2 Quantitative study of resummed cross sections

As has been outlined in Chapter 2 the b space formalism allows resummation of all log-
arithmic terms in the cross section. This naturally includes sub-leading logarithmic con-
tributions. Let us remind the reader that the leading terms can be resummed on their
own in pg space giving the DLLA expression 2.3.36. The sub-leading logarithmic terms,
which can thus also be viewed as corrections to (2.3.36), have three origins. First, there
are sub-leading terms arising from the matrix elements that are associated with the coef-
ficients B A etc. Secondly, there are sub-leading effects resulting from the running
of the strong coupling a,;. Finally, there are also sub-leading terms in the form of kine-
matic logarithms, which as we will see later, always appear with 7,,, (m > 1) coeflicients.
In the following subsection we focus on this particular type of sub-leading effect and as-
sess its importance. We isolate the effects induced by kinematic logarithms by fixing the
coupling and taking only leading terms arising from the matrix element. Then, in the
following subsections, we progressively switch on running coupling effects and sub-leading

logarithms from the matrix element.
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3.2.1 Fixed coupling analysis

We begin our study of (3.1.7) by performing the resummation for the simple case m = 0.
This is the DLLA of Eq. (2.3.35), i.e. all radiated gluons are soft and collinear with
strong transverse momentum and energy ordering, and no account taken of transverse
momentum conservation:

ldo 1 $ A 3 1/2) roL2N1 (3.2.11)
UO dn T)N 1 1)!

Being a simple expansion of the exponentlal function, the sum (2.3.35) converges to (2.3.36)

with increasing number of terms taken into account, see Fig. 3.3.
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Figure 3.3: Convergence of the series (3.2.11) to DLLA expression (2.3.36).

Next we investigate the effect of including all the m > 0 terms in (3.1.7). (To be ap-
proximated numerically the series has to be truncated at some Ny,,,. Thus full evaluation
of (3.1.7) up to the Nyax-th term requires knowledge of the first 2Npax — 1 coeflicients
Tm.) The first 20 coefficients, calculated according to (3.1.9), are listed in Table 3.1. We
find (see Fig. 3.4) that for large m the coeflicients behave as 7, & C (—1)™m!2™™, where

C is a constant.
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m Tm m Tin

0 1.0 10 1122.9875510
1 0 11 —6141.3046770
2 0 12 36851.269530
3 | —.601028451 | 13| —239674.372200
4 0 14 1677209.4750

—1.555391633 | 15 | —12580409.1300
3.612351995 | 16 100640859.60

—11.343929370 | 17 | —855451267.600
52.350738970 | 18 | 7.699062951e+4-09
—218.6078590 | 19 | —7.314109389e+10

()]

O o N O

Table 3.1: The first 20 coefficients 7,,, calculated according to (3.1.9).
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Figure 3.4: The behaviour of |7,|/m!.
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Figure 3.5: Contributions (3.2.12) to the cross section (3.1.7). Only positive contributions

plotted here.

Taking more terms into account, i.e. m > 1, we find that, as expected, the sum (3.1.7)
exhibits behaviour consistent with an asymptotic series. A single (N, m) contribution

to (3.1.7) is of the form

1A,\,(—1/2)N-1 m 2N -1

2N-1-m
2 N1 Tim L , (3.2.12)

m

and to show the complexity of the resummation (3.1.7) we display these individual con-
tributions in Fig. 3.5. For all n the biggest contributions arise when m ~ 2N — 1, since
the coefficients T, are largest there. As 7 decreases, contributions with smaller m become

more significant due to the terms with L2N-m-1,

Our first task is to investigate numerically the dependence of (3.1.7) on the point of
truncation Npa.y, i.e. the order of the perturbative expansion, and the number of terms

included in the internal summation (3.1.7) — the ‘cut-off’ value mp,., equivalent to the
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Figure 3.6: Resummation of (3.2.12). Each point corresponds to a contribution (3.2.12)
summed in (3.1.7) when (a): ‘all’ Mpaz > 2Npax — 1 coefficients 7, are known and (b):
only Mpmaz < 2Nmax — 1 are known. In particular here Npax = 4 and myax = 7,1 for the

case (a),(b), respectively. Here N equals power of the coupling «.

number of resummed (truncated) ‘towers’ of logarithms down from leading. Obviously
for different pairs (Npyax, Mmax) different contributions (3.2.12) are summed, see Fig. 3.6.
In Fig. 3.7 we show a 3D cumulative plot of (3.1.7) which illustrates some of the fea-
tures discussed below. Each plotted value for a given point (Nmax, Mmax) represents the
sum (3.1.7), truncated at Npyax and calculated with 7,,, = 0 for m > mpy,.. The distinctive
plateau present for large values of Np., and small my,y is equivalent to recovering the b
space result for various 1. Notice how for smaller 7 this plateau has a tendency to contrac-
t. If all 2N e — 1 = mpax coefficients 7, are taken into account (see Fig. 3.6a), it seems
that the b-space result cannot be approximated for any value of Ny,.y, except for the re-
gion of large . This should not be surprising, considering that the ‘towers’ of logarithms
have been truncated. Conversely, if only the first few coefficients (mmax < 2Npax — 1) are

known (Fig. 3.6b) and the rest of them are set to zero, then in some sense one is closer
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Figure 3.7: The cumulative plot of (3.1.7) for n = 107%,107? and its section along

Nmax = 20.
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to the DLLA situation and it is possible to find Ny, such that the cross section (3.1.7)
approaches the b-space result, at least at large enough values of . Moreover, it can be
seen from Fig. 3.7 that it is necessary to consider the first few factors 7,,, i.e. more then

one logarithmic tower, to achieve the best approximation of the b-space result.

It is interesting to see whether factorizing out the resummed DLLA piece from (3.1.7)
in (3.1.10) leads to an improvement in the approximation of the b space result. As
we have already noticed, a key feature of (3.1.10) is that after extracting the Sudakov
factor, the residual perturbation series has at most N + 1 logarithms of 1/7 at Nth
order in perturbation theory, i.e. the leading terms are now ANYLY*'. This obviously
extends the validity of the resummation formula (3.1.10) down to values of n satisfying
the condition a;L $1. However we know that the terms in the residual sum must give
a large contribution as n — 0 in order to compensate the overall suppression from the
Sudakov factor. The terms which contribute to the new series (3.1.10) are illustrated
schematically in Fig. 3.8. Notice that the extraction of the Sudakov factor results in an
ability to sum an infinite subseries of logarithms. This observation constitutes a basis for
our further analysis. However, there is a shortcoming: in order to sum the first m towers
fully we need to take Ny« = m which leads us to include extra sub-leading contributions

from more than the first m towers, cf. Fig. 3.8b.

The individual contributions to the summation (3.1.10),

1 _Ar2 (—2)(N_1)/\N Ne1—
e e L (3.2.13)

are presented in Fig. 3.9. As was the case for (3.2.12), the importance of the In(1/7) factors
diminishes for small m and large 1. Note that for small 5 the sizes of the contributions

are much smaller here than for (3.1.7).

Next we perform the same analysis as for (3.1.7), i.e. we study the dependence
of (3.1.10) on Npax and on the ‘cut-off’ value mp,.,. Comparing the cumulative plot
for (3.1.10), Fig. 3.10, with Fig. 3.7, we note that the b space result is now better ap-
proached close to the line my.x = Npax — 1, which corresponds to resummation of all

Nmax infinite towers. Such an effect can be observed in the case of (3.1.7) only for large
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Figure 3.8: Resummation of Eq. (3.2.13). Each point corresponds to a contribu-
tion (3.2.13). The points along the straight line ‘power of In(1/n) = 2N’ represent terms
coming from the Sudakov factor. Figures (b) and (d) illustrate contributions summed
when this factor is expanded. In particular, here Npa.x = 4 and mya = 7 for the case
(a),(b) and mmax = 1 in (c), (d). Note that only the Npax, min(Nmax, 2 + 2mmax) first

towers are fully summed in (b), (d), respectively.
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Figure 3.9: Contributions (3.2.13) to the cross section (3.1.10). Only positive contribu-

tions plotted here.

7. Here the b space result can be reproduced even for very small n given sufficiently large
Nmax, see Fig. 3.11. When mpax < Nmax — 1 the balance between different contributions
is apparently spoiled until my,,x becomes considerably small. Again, it turns out that it
is necessary to incorporate at least the first few sub-leading towers (i.e. some moderate

Nmax) to obtain the best approximation of the b space result, cf. Fig 3.11.

The asymptotic properties of (3.1.10) can be most easily seen for large values of 7
and large Npa.x. The apparent discrepancy between the b space result and the summa-
tion (3.1.10) is caused here by contributions with mm = N — 1, i.e. terms proportional to
Ton—1. The other terms are negligible as they contain powers of L which for these 7 are very
small. The dominant contribution is then proportional to (—1)Nmax=19Nmaxp,\ /(N .. —

Nmax

1)!, i.e. the sign varies as (—1)"~=x, Fortunately, the range of 5 for which the discrepancy

occurs is outside the region of interest for the present discussion. Also, in practice we
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Figure 3.10: The cumulative plot of (3.1.10) for n = 107*,1072? and its section through

the line mmax = Nmax — 1.
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Figure 3.11: The b space result (parton level, fixed coupling, only A(")) compared to the
expression (3.1.10), calculated for various values of Ny,c. This plot corresponds to the

Mmax = Nmax — 1 section in 3.10 for selected Nyax and various 7.

never take Npa., so large as to make this effect substantial. Nevertheless, it emphasises

the necessity of performing a careful matching with the fixed-order perturbative resuit.

Let us now return to the relation between the DLLA cross section and the expression
resumming sub-leading logarithmic corrections (3.1.10). We have already noticed that if
the double sum in (3.1.10) is reduced to a single sum of terms with m = 0 then the DLLA
formula is recovered. This obviously corresponds to setting all 7,, coefficients (except
7o) to zero. Since in this calculation only A() is kept nonzero and the coupling is fixed,
there are no sources of sub-leading logarithms in (3.1.5) (and correspondingly in (3.1.10))
other than those related to kinematics. In other words these sub-leading logarithms are
related to conservation of transverse momentum, which is preserved in the original b
space expression. The presence of the 7, coefficients must then correspond to relaxing

the strong-ordering condition. This can be checked explicitly by performing the ‘exact’
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O(a?) calculation in transverse momentum space, see also (2.3.31):

1 2712 1 2 2 ) . .
/ Phpydhyy | MO b | @ k) | sen g )
k:Tl + kT? +

— z% (—L° +4¢(3)). (3.2.14)

Strong ordering is equivalent to replacing the d—function by 6@ (kg — g ) x (k2 — k)
+(1 +> 2). This gives only the leading L3 term on the right-hand side. The ((3) term

represents the first appearance of the kinematic 73 (73 = —((3)/2) coefficient of (3.1.10).

We may therefore conclude that the expression (3.1.10), with the Sudakov factor
resummed and factored out, enables us to resum an infinite series of logarithms while at
the same time allowing for the inclusion of kinematic sub-leading logarithms. By explicitly
including 7, coefficients in p; space we are able to take transverse momentum conservation
into account. Moreover, Eq. 3.1.10 has very good convergence properties over a large range
of 1, even while summing the sub-leading logarithmic terms. The b space result can be
adequately (for phenomenological purposes) approximated by retaining sufficiently many
terms, see Fig. 3.11. The expression (3.1.10) is thus well suited for the purposes of this
analysis, i.e. reproducing the b space result by explicit resummation in pr space, and we

will continue to use this expression for the rest of this study.

3.2.2 Running coupling analysis

The ultimate goal of the work presented here is to obtain a more accurate description, if
possible, of the W production distribution. To this end, one has to incorporate various
other sub-leading effects in addition to the kinematic logarithms discussed in the previous
subsection. One example is the incorporation of the running of the strong coupling «; into
the cross section expression. This is achieved by substituting Eq. (1.3.32) in (3.1.10).2
The effect on the DLLA form factor is to introduce a sequence of sub-leading logarithms

whose coefficients depend on the g-function coefficients. If only the 1-loop running of a,

2In fact, for the purpose of this calculation we extracted the factors (1/7), (1/72) from the 8y, 5

coefficients in the expansion (1.3.32), so that from now on By = m830(1.3.26) and f; = 7?5,(1.3.26).
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is introduced then the cross section expression (3.1.10) reads

1do _ as(/lQ)A(l)e—ﬁ@ﬁm[uﬁﬁoas(u?)(n—u“)]
sodn 27
y i (_ as(ﬂz)Au))N*l 1 N N-1 N~2m:—1 N-m-1
N=1 4 (N-1)! = m k=0 k
A5y TR X [BesTvpmaakar + 202N ma2k + CITN+m+2k—1} : (3.2.15)
with
4 2
c3 = — fox ,
3 3,”.6005(“ ) ;
1 2
Cop = - [71’ + Boas () (2L — Lu)] ,
1. /1 , _ |
¢ = ~In (-) [+ Bocrs (1) (L L,)] (3.2.16)
m n

and L, = In(Q?/u?). Notice the appearance in (3.2.15) of sub-leading O («?L?) terms in
the exponent of the Sudakov form factor. Interestingly, these logarithms can be eliminated
by a particular scale choice: p? = Q?7n?/3. This restores the same form as in (3.1.10) i.e.
exp (—Q’%LQ) but now with a coupling which also depends on 7.> However not all
Bo—dependent logarithms are eliminated. For example, we can see from (3.2.16) that
corrections of order Sy, L remain. Of course in a complete calculation the dependence on
the scale choice should disappear. To illustrate the residual dependence on the scale of the
cross section (3.2.15) we show (Fig. 3.12) results for two different choices: u? = nQ? = p?
and 12 = Q2?3 = Q*/3p¥®. Also shown is the effect of truncating the sum in (3.2.15)

at first, second and third order.*

We see that with u2 = Q23 p® there is slightly less stability with respect to the
truncation point than there is with the choice u?* = p2. Note also that now the plots
of (1/09)(do/dn) are no longer explicitly independent of @, as was the case when «;

was taken to be constant. The additional dependence on @ enters into (3.2.15) via the

3There is an analogous Y. —~dependent scale choice for resummed jet cross sections in ete~ annihila-

tion, see for example [59].
4Obviously, now we truncate the sum in (3.2.15) at a certain order of a,(u?), so that ‘N’ in Fig. 3.8

should be read as ‘power of oy’
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first, three orders in a;(p?) in (3.2.15) (i.e. the orders in a;s(p*) at which the residual sum
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coupling a,(12) = a,(Q*3ps’®). For values of pr where perturbative QCD can safely be
applied (e.g. pr > 3 GeV) and the energies considered here, the resulting scale p is bigger
than the b quark mass, and we therefore avoid evolving the coupling through any quark

mass thresholds.

An extension of this analysis for the case of the two-loop running coupling is straight-

forward and gives

N-1
1 do __ as(NQ)A(I) Sy - Q/-s(/l?)/‘l(l) N -1
win = gmy C Z B (7V - 1) Z

4 m

m—1 _ ] N—-m-k—1 _ _ _
< 3 N-m-1 ) N-—m—k—=11 @ N ek
€y C3C4C4
k=0 k 1=0 l

X |4CATN tmt2k+3142 T BC3TN ym42k 43141 + 2C2TN fm+2k+31

+c1¢N+m+2k+3l_,} . (3.2.17)
Here
S, = —“—f‘“ﬁ?—‘wﬁ [1 + %(&ozsm?) + %&a?(uz)) (2L - 3L,)
+6ia§(ﬂ2)ﬁg (312 - 8LL, +6L2) ] ,
G = % 2(u*)5s
6 = %[ﬂoas W+ Brod() + Bal(s?) BL - 2L,) |,
¢ = [ (ﬁoas 2+ Bro?(u 2)) (2L - L,)

+0302(u?) (37 — 4LL, + L) ]
g = %L[?TQ + (50as(u2)7r + Bia (u2)) (L

+8202(w?) (L? = 2LL, + Li)] .

Now, after fixing the choice of scale as described above, a new term proportional to

23(u?)L* appears in the exponential. As a result, the line of points corresponding

NLQN 1

to terms of the form o in Figs. 3.8a, 3.8c will now change to the set of points
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corresponding to o3V L*N or higher powers of L. Unlike the L® terms, those with L* do
not cancel when p? = Q¥3p%*® is chosen. It is impossible to cancel these terms by any
choice of the renormalization scale. On the other hand, the choice which eliminates those

terms with L? is also the one that minimizes the coefficient of the L* terms.

3.2.3 Resummation including all types of sub-leading logarithms

A derivation of the expression for the cross section for the case when all known leading
and sub-leading coefficients, i.e. A", B A B®) are taken into account follows the

method introduced above and gives (fixed coupling to begin with)

aSA(”>N—1 1 M1 N1

(N - 1)! 2

Ll.ig_ —_ *_aSA(l) eSn i —
o0 dn o N=1

n = @ m=0 m
xcgtey ~m! [2CZTN+m + CITN+m—1} ; (3.2.18)
with
B asA(l) 9 o A(Z) B(l) g B(Q)
S [L (14 5e5m) + 2025w + 5 w))
_ a, AQ BY o, B®
@ = (1 * %Am)L Tam T ame
a, A
Cy = + %m .

Now each logarithmic term in the sum (3.2.18) acquires a factor which is a combination
of the As, Bs and 7’s. Notice that although the various sub-leading logarithms are mixed
together, they have a distinctive origin. We have mentioned already that the DLLA
(i.e. retaining only terms of the form A(MaYL2¥~1) corresponds to the situation where
all gluons are soft and collinear and where strong ordering of the transverse momenta
and energies is imposed. We also know that other terms with A() multiplied by the 7,,
arise from using the soft and collinear approximation for the matrix element but relaxing
the strong-ordering condition. The sub-leading terms with B() etc. correspond to the

situation where at least one gluon is collinear but energetic [39], cf. Section 2.3.
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6| O 0 0

51 0 0 %Am?’

41 0 0 §_4<1>2 B

3l o -%Am? AW BMLE _ A 42

20 0 —3AMBM | _3BMAR) 41040 4 LB 34D BE)

2

1| A0 | A4® - pW —2BMB® 4 2040* B,

B | _440%; ) 4AW3 - 84 A@) 7, 1 8AV B2
0 4AN 3 + B 5 — SAM AR 73 + 8 5

Table 3.2: Coefficients of the logarithmic terms in (3.2.18), with the Sudakov factor
expanded, for the first three orders in &;. The rows correspond to powers of ¢, the

columns to powers of L.

In addition, extracting a Sudakov form factor from the sum (3.2.18) ‘squeezes’ it down
to a summation over m from 0 to N — 1, thereby reducing the number of fully known
‘towers’ of logarithms (in the residual sum): from the first four to the first two. This
can be appreciated by comparing the logarithmic coefficients appearing in the expansion
of the cross section up to and including the first three orders in «; with (Table 3.3) and

without (Table 3.2) the Sudakov form factor extracted.

These tables also reveal another relevant property: sub-leading coefficients like A
are associated with 7 factors whose indices are not as high as those which accompany

AW, Both L terms and 7 factors originate from the same In(Q%b%/b3) terms appearing
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3 o 0 0
2 o 0 8AM 7y
1| 40 A®@ 1641° B 7,

0 BO | —4AMr 4 B® | 440%, — 840 A®) 7, 1 840 B,

Table 3.3: Coefficients of logarithmic terms in the residual sum in (3.2.18) for the first
three orders in @,;. The rows correspond to powers of c,, the columns to powers of L.

3

Because 7, = 1, = 74 = 0, the coefficients of &,2L? and «,3L? are zero, and for higher

orders the biggest power of L is equal to the order in &.

at the very early stage of the derivation. In particular, let us focus on a term with a
particular power of a; and L. To reproduce such a term one has to take In(Q?%b?/b3) up
to the appropriate power, depending on its associated coefficient (i.e. A or B). For sub-
leading coefficients this power will be obviously lower than for more leading ones. Hence
the indices of the corresponding 7 factors are lower for more sub-leading coeflicients. For
example, the index of 7 accompanying the first sub-leading unknown coefficient A® would
be at least four less than the index of a corresponding 7 for the A coefficient, for given
powers of a; and L. This observation provides us with a strong argument for justifying
the inclusion of known parts of logarithmic terms from sub-leading towers lower than
NNNLL. Physically, the 7 factors are of kinematic origin and as such they are much more
relevant to the cross section than perturbative lower order coefficients in the expansion
of A(a;(1?)) and B(as(p?)). While, as we have shown earlier, resummation of the terms
containing 7 factors with higher indices can still be of numerical importance for the final

result, especially for small values of 7, terms with unknown higher-order perturbative
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coefficients seem to contribute corrections of much smaller size.

A comparison of effects induced by the inclusion of successive sub-leading coefficients
in (3.2.18) is demonstrated in Fig. 3.13. Also shown are the results of an exact integration
in b space. The agreement for low values of 7 is excellent. At high 7 we encounter a
discrepancy of the same nature as that discussed for the case of the leading coefficient
AD ie.  for large Npa.x the expression (3.2.18) either grows significantly or acquires
negative values, depending on the number of terms at which the expression is truncated.

For the values of N,,.x We use in our calculations this behaviour does not occur.®

With the above prescriptions for the sub-leading logarithmic terms, kinematic effects

and running coupling, we finally obtain a ‘complete’ expression for the cross section:

N -1

2 A(l) 00 _ 2 A(l) N-1 1 N-—
1 do _as(:u) esnz( as(ﬂ‘) )

1
codn —  Ipg m (N —1)! mZ::O

N=1 m

Nm=l [ N—-m-—1\Nmkl [ N-m—-k-1
x 2

k=0 k 1= l

Nemok—t=d (N k= (=1 \Vomdti N k- -
X 2

3=0 J =0 1

6
m k1 j i N-m—k-l-j—i-1
X Cy C3C4Cé6661 Z NC TN +m+2k+31+4j+5i+n—2 - (3219)

n=1

The expressions for S, and the c¢; are now of course much more complicated. Explicit
expressions up to fifth order in the coupling constant a,(u?) are presented in the Ap-
pendix A. The fifth order appears here as a consequence of using the two-loop expansion
of the running coupling and including the first two terms in the expansion of A(«;), B(as),
cf. (3.1.3). The contributions resummed in (3.2.19) and in the b space expression (2.4.61)

are schematically illustrated in Fig. 3.14.

Numerical results based on the complete expression are displayed in Figs. 3.15 and 3.16,
for the scale choice u2 = Q¥3py®. First, Fig. 3.15 gives the cross section with all four

A;, B; coefficients included, together with the first three orders in a,(x?) in the entire sum

5This is also true for the case of the running coupling.
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Figure 3.13: The resummed cross section (3.2.18), truncated at Npa.x = 10, compared
to the results of integration. Top figure: only A(M) coefficient non-zero, middle figure:
AW BM non-zero, bottom figure: A, BW A B®) non-zero. The top figure also shows

a comparison of the effects induced when subsequent coefficients are introduced.
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Figure 3.15: Resummation of (3.2.19) for the first three orders in a,(u?) in the residual
sum. Here u2 = Q*3p%® Q = M, = 91.187 GeV, as(M2) =0.113.
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Figure 3.16: Resummation of (3.2.19) for different subsets of nonzero coefficients, with
only O(e,(p?)) terms in the residual sum considered. Here p? = Q*3pi® Q = M, =
91.187 GeV, a,(M2) = 0.113.
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over N in (3.2.19). Notice the rapid convergence when the higher-orders are included.
Fig. 3.16 shows how the first-order cross section is influenced by the various A4,, B,;
coefficients. Note how the relative impact on the leading-order A; result is essentially
By > A; > Bs, as might be expected. The effect of including B, is numerically small,

indicating a reasonable degree of convergence from the higher-order coefficients.

Formally our expression allows the inclusion of any number of sub-leading kinematic
logarithms, defined by the cut-off value Ny,y, which determines the number of fully
resummed towers of logarithms.® In reality, however, due to the lack of knowledge of
AB®) BB etc. it is only possible to obtain a result where no more than the first four
towers of logarithms are fully resummed. Fig. 3.17 shows the effect of including 3, 5, 6, 7

and 8 towers, normalised to the 4th-tower result, for the scale choice p? = Q¥3p¥>. The

11— e ; -
L i
L Ratio 3 towers/4 towers [
L i
1.075 . ... Ratio 5 towers /4 towers i
- L.
i
C ... Ratio 6 towers/4 towers t
1.05 — ,'":
N _ Ratio 7 lowers/4 towers I’ |
1.025 - _ Ratio 8 towers /4 towers .
1 ]
0.975 - R
L L

| 1Y
I PR
L v
0.95 |- 1
- v

A

L .
0.925 |- i_.
o 1]
O 9 I 1 1 1 1 1 1 1 | i3 ','

o
=

Figure 3.17: Ratio of the results for 3,5,6,7,8 towers of logarithms, normalised to the 4-th
tower result, for p? = Q¥3p? Q = M, = 91.187 GeV, a,(M2) = 0.113.

6The numerical programme, used to obtain all results presented here, takes into account only O(amex)

or lower order terms in the sum in (3.2.19). This forces the number of fully resummed towers to be Nyax.

86



Sudakov logarithm resummation in transverse momentum space

(@]
[N}

4(full) towers, 1'=0Q°

Lo b1

_________ a(full) towers, u?=Q%?p, ¥

N
(]
N

,,,,,,,,,,,,,,, _ 4(tull) towers, ul=p;*

1/0,Q°d o/ dp’

T IIIIIII
[N

T
1

10

T T
lll|II1|

T
!

Illlllll

lllllwlk

T

Figure 3.18: Dependence of the resummed result for the first four towers of logarithms

in (3.2.19) on the renormalization scale p.

figure clearly shows the numerical importance of the kinematic logarithms of the higher
towers, and also the stability over a broad range of relevant p; as more towers are included.
However, this difference is of approximately the same magnitude as the one observed on
changing the renormalization scale. In particular, for the first four towers of logarithms,
changing the scale from our default u2 = Q¥3pY? to the (lower) scale ;> = p2 and the
(higher) scale p? = Q? alters the p; distribution by less than +3% over the considered

low-p; range, cf. Fig. 3.18.
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3.3 Summary

In this chapter we have developed the p; space approach for resumming logarithmic correc-
tions to the transverse momentum distribution in the Drell-Yan process. The formalism is
well behaved provided a,L <1. We have carefully studied the effect of various sub-leading
contributions: higher-order perturbative coefficients, the running coupling, and kinematic
logarithms. We have confirmed that the kinematic logarithms are particularly important

at small p;, where they serve to cancel the suppressing effect of the Sudakov form factor.

Our technique enables us to resum the first four logarithmic towers including the
NNNLL series, together with the first few sub-leading kinematic logarithms. The con-
vergence of our expansion is certainly adequate for phenomenological applications. We
note that a drawback of this method is the inability to select particular towers to be fully

resummed.

Here we have concentrated only on the perturbative contributions to the parton level
cross section. Non-perturbative effects (‘g;’-smearing), as well as parton distribution
functions, must be taken into account before assessing the impact of the sub-leading
logarithmic contributions on the physical cross section. We will address these issues in

forthcoming chapters.

88



Chapter 4

Methods of transverse momentum

space resummation

Although the resummation of the soft gluon contributions is achieved most naturally in
impact parameter space, there are certain advantages in performing the resummation
directly in transverse momentum space. In Chapter 3 we demonstrated the potential of
the py space resummation while deriving and discussing our formalism. The resummation
of large logarithms directly in p; space received much attention, starting from the early
work of Ellis, Fleishon and Stirling [27]. More recently, Ellis and Veseli revisited the
idea of the p; space resummation and proposed their own (EV) formalism [57]. Almost
concurrently, Frixione, Nason and Ridolfi were working on a different approach (FNR) to
the pr space resummation [58]. Our technique, which from now on we will refer to as the

KS technique, has roots in the Ellis et al. work.

In this chapter we will examine theoretical differences between various approaches and
study them numerically. All approaches originate from the general expression in impact
parameter space for the Drell-Yan process (2.4.52). In order to highlight the differences
we shall examine the resummation methods in their most simplified version, i.e. we
will restrict ourselves to the parton level cross section and ignore certain sub-leading

corrections, as described below.
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4.1 EV formalism

4.1.1 Theoretical properties

For the full derivation of the EV formalism the reader is referred to [57]. The EV formnla

for the Drell-Yan subprocess cross section reads!

1 do d
U—Om EGXP[T(PT’Q)L (4.1.1)
where
Qdp? [ - 2
Tpn@) =~ [ _—’;[Aws(mln%w(ds(-)) , (11.2)
pr M H
Ala,(p) =Y &'AY,  Bla,(p) =Y a'BY, (4.1.3)
=1 =1
and
AL = AW
B — B(l),
A® = 4@
B® = B® 4 2(AW)2¢(3). (4.1.4)

It is clear that the EV method succeeds in developing a fully resummed expression. Con-
trary to the KS expression, there is no explicit sum but instead a resummed Sudakov
form factor of a specific form. In order to derive this (4.1.1) analytic approximation of
the b space method one uses an approximation

/Oodel(x)lnm <£> ~ 0 for m > 3.
0 b()

This means that all the 7,,, coefficients, except 7g, in the KS formula (3.2.19) are now set
to zero. As we have seen in Chapter 3, the presence of the 7, coefficients is always related
to kinematic logarithms, which in turn appear if the transverse momentum is conserved.

Therefore the EV technique does not provide a proper treatment of kinematic effects.

L Again, we take the zero-th moment of the hadron level expression, in the way described in Chapter 3.
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The correspondence between the EV and the KS method can be easily illustrated if one
takes a fixed o, and sets all coefficients A®, BY to be zero, except AV, Then it follows

from (4.1.1) that

1do Alg 1 © I\V! .
—— = *Lexp |—-AW ;LQ] = - }j (——) L=t 4.1.5
oo dn ” exp [ 5 6] n &= — 1)' , (4.1.5)

which is exactly the KS expression (3.1.7) taken for m = 0. Here L = In(p2/Q?) = In(1/n).
More precisely, in this limit Eq. (4.1.5) corresponds to the DLLA approximation (2.3.35).

The non-trivial 7,, coefficients first appear in the fourth tower of logarithms. Therefore
the EV formalism fully resums only the first three towers and does not include known
contributions from sub-leading NNNLL series of (kinematic) logarithms. This is partially
compensated by a redefinition B® —B® = B(®) 4 2(A1)2¢(3) which, although correctly
accounting for a ¢2L° term in the NNNLL tower, as can be seen from (3.2.14) and (2.3.31),
distorts other terms in this series, cf. Table 3.2. Furthermore, it also distorts terms from
more sub-leading towers wherever the B(®) coefficient appears. With the help of the KS
method, one can obtain the first four series fully resummed. Nevertheless, it should be
remembered that generally both approaches do not give ‘pure’ results, i.e. when other than
kinematic sub-leading effects are taken into account (running coupling, matrix element)
then the additional terms, coming from more sub-leading towers than NNLL or NNNLL,
will also be resummed. The contributions resummed in both approaches are schematically

presented in Fig. 4.1.

4.1.2 Numerical comparison

We begin our investigations by comparing the two methods in the limit of a fixed coupling
and only one non-zero coefficient A(Y). With these assumptions the EV expression is
equivalent to the DLLA, and as we have already discussed in Chapter 3, the kinematic
logarithms included in the KS formula serve to cancel the suppressing effect of the DLLA

Sudakov factor, leading to a better approximation of the b space result, cf. Fig. 4.2.

In a more complicated case, when other sub-leading contributions are also resummed,
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Figure 4.2: Comparison between various p; space resummation approaches and the b

space method. Here a; = 0.2, A1) # 0 only.

the effect introduced by the redefinition of B in (4.1.1) seems to be comparable with
that caused by summing additional, more than NNLL sub-leading terms when only O(a3)
contributions are taken into account in (3.2.19), cf. Fig 4.3. Fig 4.3 shows also the
comparison between the KS result (3.2.19) with the fourth tower resummed and the EV
result (4.1.1). Numerically we encounter an increase in the cross section of approximately

3% for all values of p;, when the scale equals u = Q.

4.2 FNR formalism

4.2.1 Theoretical properties

The complete FNR formalism for the Drell-Yan cross section can be found in [58]. Again,

it is easier to discuss the properties of this approach, and the differences with respect to
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Figure 4.3: Resummation of the L, NL, NNL and NNNL towers of logarithms (solid line)
and resummation of the L, NL, NNL towers (dashed line) according to (3.2.19) versus
EV result (4.1.1). Here p? = p2, ag(M2) = 0.113. The approximation of the step-like

behaviour of N; results in an artificial ‘kink’ at pp = my.

the KS approach (3.2.19) in the approximation of a fixed o, and only one non-vanishing
coefficient AV, Then the FNR expression has the form

e — —eas . 4.2.
oo dp2  dp2 {e"p [ ;|2 T(1+ d@,ADL) (4.26)

In a manner similar to the EV approach, the FNR resummation method is characterized
by a compact form, avoiding the infinite summation. Using the notation of Chapter 3,
Eq. (4.2.6) reads?

ldo d AL\ 72\ (1 - AL)
i = (28) (2) raen) 120

2The value of the lower limit of integration in (3.1.2) is b3/b%. This is different from [58] where the

constant C) in (2.4.53) is chosen to be C; = 1. Therefore the expression (4.2.7) differs from the original

expression in [58], i.e. Eq. (4.2.6), by a constant.
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To derive the FNR expression (4.2.7) one expands the exponent in (3.1.6)

A of _ Ao 9
exp <—§ln (77—()(2)>) = exp (—5 (L + 2L Ly + Lb)> , (4.2.8)

where L, = In (z?/b?), and retains only the first two terms (defined as ‘NLL’ approxima-
tion in [58]):
Uioj—z - %/Ow dzJy (z) exp (—%LQ _ AL Lb) | (4.2.9)
This is a point where the FNR approach departs from its common roots with the KS
(EV) technique; the KS technique involves exact integration in (3.1.6). The ‘NLL’ ap-
proximation is applied here in the spirit of (1.6.65), i.e. taking only the functions f; and
f2, which ensures the validity of such approximation for oz, <1. Note that keeping only
the leading ~ L? term in the exponent (4.2.8) corresponds to the DLLA. A great ad-
vantage of the ‘NLL approximation’ is that the z integral can be performed analytically,
leading to (4.2.7). There is in fact a direct link between the KS and FNR approaches. If
instead of performing the integration in (4.2.9) one expands the x—dependent terms in
the exponent and then performs the integration, the result is
e é (f——% Al)!l)b”” (27 + Lo ). (4.2.10)
Clearly this is just the expression (3.1.10) taken at m = 0. Indeed the same result can be
derived from the resummed expression (4.2.7) by recalling the definition of the generating

function (3.1.9) and using the relation

InT(1+2z)=—-In(l1+z)+2z(1 —vg) + i(—l)"[((n) — 1]—3;;, lz] <2. (4.2.11)
n=2
The contributions being resummed in both KS and FNR approaches are illustrated
schematically in Fig. 4.4. The terms presented there are the terms emerging in the full
perturbative expansion, i.e after expanding and multiplying in the Sudakov factor. Note
that summing over all logarithmic terms with a given power of ag must result in the
perturbative expansion coefficient of the same order, up to logarithmic accuracy. Of
course a formula with an expanded Sudakov factor is valid only when asL? <1. The only

reason for expanding the Sudakov factor here is to determine which terms in the overall

perturbation series are actually being resummed in (3.1.10) and (4.2.7). It is these latter
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expressions, which can be regarded as the ‘master equation’ of the two approaches, that
we use to obtain numerical results, and both approaches remain well-behaved provided

asL ,61

Unfortunately, the range of applicability of the FNR resummed formula (4.2.7) is
seriously restricted. As pointed out in [58], the expression (4.2.7) suffers from singularities
at AL = 1,2,.... (In fact these singularities are poles of order two.) Therefore the first

pole encountered as 7 decreases is at 7"t = exp (—1/A), i.e. p&* = Qexp (—7/205Cp).

A natural extension of the approach of [58] would be a resummed analytic expression
also including m = 1 terms in the classification of (4.2.10). In fact one can systematically
include the sub-leading ‘NNLL’ terms of (4.2.8) using the identity

A < 1 (A ¥
exp (~§ (QLLb + Lg)) :]Z:% i <—§> BOL) exp (—AL Ly) , (4.2.12)

which generates more sub-leading terms as derivatives of the FNR analytic ‘NLL’ result.

In particular, including the m = 0,1 contributions yields

Lo e (S o nd (3)‘““1—”;)
G0 dnlmeoy  dn \TP\ 72 oxd?y  2ndn) |\b T(1+ ML) ||

(4.2.13)

This, however, does not cure the singularity problem but makes it even worse. It turns
out that if the upper limit of the sum over m increases by 1, the order of the poles
increases by 2, e.g. the formula (4.2.13) has poles of order four at . Effectively, as this
upper limit increases, the region where the approximation of the b—space result becomes
better contracts. This signals the instability of the FNR expansion. Consequently, it does
not seem possible to extend the FNR approach beyond the ‘NNL’ approximation in a

systematic way.

3This may appear to be an irrelevantly small value but, as shown in [58], when the running coupling

constant is used the pole moves significantly towards higher values of pr.
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4.2.2 Numerical studies

In Fig. 4.2 we present the resummed FNR result (4.2.7) as a function of 1. The pole

¢rit i evident (the distribution — —oo as the singularity is approached from above).

at 9
Since the position of the pole moves towards higher p&* with increasing @, one should
be very careful when applying the FNR formalism to describe production of a of very
heavy particle, e.g. the hypothetical Z’ boson. On the contrary, the KS formalism does
not have problems with recovering the resummed result in this limit, provided sufficient,
number of towers is considered. This is because the KS approach takes into account terms

~ L? in the exponent (4.2.8) which arise as a consequence of the transverse momentum

conservation.

The resummed FNR result can also be compared to the ‘truncated’ expression (4.2.10),

cf. Fig. 4.5, for various values of the cut-off parameter Npy,x. This shows the effect of
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Figure 4.5: The b space result compared to the expression (4.2.7)and (4.2.10), calculated
for various values of Ny,.. With the choice a; = 0.2, (4.2.7) is only applicable for

n 28. x 1075,
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successively adding more and more of the sub-leading ‘m = 0’ terms, starting from the
DLLA expression for Ny., = 1. Convergence to the (singular) resummed FNR result

(4.2.7) for large N,.x is clearly evident.

The singularity problem in the FNR approach is illustrated in Fig. 4.6. We show there
the ratio of the numerically calculated expressions (4.2.7), (4.2.13) to the ‘full’ b space
result. Because the singularity is stronger in (4.2.13) than in (4.2.7) the applicability of

the former expression is restricted to a smaller region of 7.
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Figure 4.6: The ratio of the numerically calculated (4.2.7) (m=0 curve) and (4.2.13)

(m=0,1 curve) to the b space result.

4.3 Summary

In this chapter we have shown that the EV, KS and FNR approaches start from the

same expression for the cross section in b space, but organise the perturbative expansion
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in pr space in different ways such that different sub-leading p; logarithms are included.
In the KS approach, towers of sub-leading logarithms fill in the Sudakov (DLLA) dip
at small pr. Whereas up to the first four towers can be successfully resummed in this
way, the EV technique is limited only to the three most leading series. In the FNR
approach, a particular subset of sub-leading logarithms is resummed to all orders, but the
resulting expression has a singularity at pr = p&', below which the cross section is not
defined. The pole at p<™* does not have any physical meaning and can be treated as an
artifact of the FNR approximation. Since we have shown that attempts systematically to
include the ‘NNLL’ contributions in this approach lead to even more singular behaviour
than that observed in the ‘NLL’ case, this may cast doubt on the validity of the ‘NLL’
approximation used in the FNR approach. Both EV and FNR results can be obtained in
the KS approach by including only the appropriate sub-leading terms. In this sense the

KS approach can be considered as the most universal.
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Chapter 5

Vector boson production at hadron

colliders

About 90% of all W and Z bosons produced at the Tevatron have a transverse momentum
smaller than 20 GeV. These bosons mostly acquire their transverse momentum as a result
of the radiation of soft gluons by their parent partons. The correct theoretical description
of a process involving emission of soft gluons requires the resummation of large logarithmic
corrections. Having studied in the previous chapters various resummation formalisms,
with particular focus on those in p; space, we now turn to the phenomenology of the

process.

First we derive the hadron level cross section in the KS approach using the Mellin
transform method. It needs to be stressed that here we investigate only the resummed
part of the cross section and do not perform matching with the fixed order calculations.
The resummed part accounts for almost the entire cross section in the p; range of interest.
For the b space method it is estimated that the o piece of the cross section contributes
less that 10% to do/dpr at pr ~ 20 GeV and the total contribution of the o, term to

30GeV o
/ dpr— is less than 1% [60].
0 dpr

In a manner similar to the b space formalism, the p; space formalism is incomplete
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without a prescription for dealing with the non-perturbative region of small p.. Hence
we first discuss the possible forms of the non-perturbative inputs. This is followed by a
comparison with the Tevatron data on Z boson production. We finish our investigations

by commenting on W production and the ratio of W to Z p, distributions.

5.1 Theoretical cross section for pp—W,7Z + X

In analogy with the parton level expression, the derivation of the resummed part of the
theoretical cross section for the Drell-Yan process follows from the b space formula, cf.
Chapter 2}
% = %;63/01 dradzpd (an:B - %2) X
1 foo -, bo\ & bo
5/0 db b Jo(prb) exp[S(b, Q)] fy/a (fUA, g) fas (353., 3) :
(5.1.1)

At the moment we focus on the non-singlet (NS) cross-section, i.e.

ﬂ/H = fé/H - fé/H
are the modified higher order NS structure functions, defined as in Appendix B. The
N-th moment of the cross section with respect to 7 = /s has the form
NQ_2 do
oo dp? dQ?
1 ro ~ by, = bo
- ;eg-z- /0 dbb Jo(prb) exp[S(, Q)] Fyya(N, ) Fiyp(N, ) - (5.1.2)

M(N) = /dTT

Solving the DGLAP equation for the N-th moment of the modified structure function
. 1 .
f (N, Q) = /0 deualy f y(en, Q) yields (cf. Appendix B)

N b Q*  dp? .
a5y = |- [© Bkt FumN. ). (5.03)

'Here we mostly adopt the method presented in [57] with modifications necessary for the KS method.
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which leads to

Ze Q/A N Q) fq/B(N Q)

2

x5 /0 dbb Jo(prb) exp [3(1),@)_2 I (i ))] . (5.14)

b3 /b
Integration by parts, familiar from the derivation of the parton level expression, see

Eq. 3.1.6, allows us to write

1 N "
M(N) = —ﬁzeﬁ fé/A(N; Q)fé/B(N,Q)
T ¢
% d @ dp?
X / dz z Ji(x) 1 &XP [S(a:,Q) -2 sk —;77;\,(@(;2))}

T

= de{Ze q/ANqu/B( , Q)

d

- de{Ze ‘I/A (N pl)fq/B(N Pr)

Prodpt

7t o) exp (2,01 =2 [, Tt |,
where © = prb. In the second transformation we used the identity first derived by the

authors of [57], (Eq.(25) of [57]), whereas the last transformation was made possible by

applying the solution of the DGLAP equation.

In order to proceed with developing an expression for the hadron level cross section,

the following approximation is introduced

exp[ .0 -2 fi ‘Z‘ v;v@w»] ~ exp[S(2, Q)] (5.15)

z

The above equality is exact for the first four towers of logarithms; it is the fifth tower
which will contain the first modified anomalous dimension coefficient vy,. This can be

easily seen by expanding the exponential in (5.1.5) (assuming fixed coupling constant)

P du _
exp [s<z,cz)—2 i Tl =
Z Aln [1 AW, + APa? + )L + Ly)? + (BWa, + BPa?) (L + Ly)

=0

N
+2(7 e, + 7Pl + ...)Lb] :
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where L = In(Q?/p2) and L, = In(z?/b2), as in Chapter 3 and Chapter 4. The first term

(1)

containing <y’ which does not vanish after integration over z is of the form

@, N AWV LAN=2 13 The same statement holds also for the singlet parton distri-
bution functions. Therefore from now on we will perform resummation only for the first
four towers of logarithms, meaning Nyax = 4 in the KS parton level formula (3.1.10).?
The resulting expression

d

MN) = 25

{Ze o)A NpT)fq/B (N, py / dz Ji(z) exp[S(x, ]} (5.1.6)

can now be transformed back to momentum space by the means of the inverse Mellin
transform

do

_ %0 9 ! 0
dp2dQ® —QZeq/ dzAde(s@MB_?)x

de{/ dz Ji(z) exp[S(z, )]fq/A(a"hpT) :;/ (JUB,Z)T)}- (5.1.7)

At the parton level we calculated the quantity, see Eq. 3.2.19

d
Uljg = -2 / dz o Ji(x) 7 exp[S(z, Q)
2
= (@) [ des ho) S exolS(0,Q)
2
= _%2 (pTaQ)

in terms of resummed towers of logarithms in py space. Here S(z,Q) = S(z, Q) — $,(Q).

The expression for / - dzJ;(z) exp[S(z, Q)] can be derived in a similar manner
0

/ dzJ, (z) exp|S(z, Q)] = exp(S i ( )A(1 > 11)|NZ:1 ( N-1 )

*m=0 m

1=0 1

Nemob—t=1 [ N —m (-1 \N-mohotmimt (N oy -1
X Z ( ' ) Z ( . )

’In any case, the fifth tower of logarithms cannot be fully taken into account due to the lack of

knowledge of A®).
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m k! J i N-m—k—l—j—i-1
X chescychege TN -+m+2k-+31+4j+5i-1

= Lo(pr, @), (5.1.8)

with &, and ¢ coefficients defined in Appendix A. Finally we arrive at the py space formula

for the Drell-Yan cross section at the hadron level

dO’ - J9 9 1 ' QQ'
dp? dQ)? B Q? zq:eq/O drsdrgd (iEAIB - ?) X
d , , ]
@{EZ(XDT’Q) fq/A(xA:pT) fq/B(IvaT)} . (5.1.9)
T

From now on we will refer to above Eq. (5.1.9) as the KS hadron-level formula in p; space.

Analogously the transverse momentum distribution for a massive vector boson V' pro-

duced in pp—V + X reads

dO' v 1 M‘Q/
b = aO%quq, /0 dz4dzg 6 (z,@B _ T) x
d N
dpr {Za(pr, Mv) £)4(za,00) Firp(B.p0) } | (5.1.10)
T
where
™ 2GF
gg = N
Uy, = { Voo V=W, (5.1.11)
¢ 1.
(V2 + A2)gq V=2,

with Vg, Vg, A, defined in Chapter 2.

In practice it is better to split the differentiation in (5.1.10) into two terms
do ME

1
—_— = UUZUQ‘;’/O d:BAdLEB(S(CL‘AiL'B—T)X
qq'

dp-

T

1
{_p_zl(pTa MV)fé/A(mAa pT) fé’/B(xBapT)

+ Salpr, M) [Fyalearp) f,;,/Bu:B,pT)}} T

This trick allows us to apply an inevitable numerical derivative only to the product
of the structure functions, not to the whole expression, leading to a reduction of the

numerical error.
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A dramatic improvement in the amount of computing time used can be achieved, at
a low cost in terms of the accuracy, by parameterizing the integral over the partons’
momenta fractions x4, g in (5.1.12) by an ansatz function (typically a polynomial of the
5th order in In(p1)), see Appendix C. The usefulness of this solution relies on the absence

of x4, Ty anywhere in (5.1.10) except in the structure functions.®

5.2 Treatment of the quark mass thresholds effects

The Drell-Yan cross section 5.1.9 has been derived in the limit of the fixed number of
quark flavours, Ny, which implies no quark mass thresholds are considered. However, the
original b space expression depends on Ny, which is taken to be the number of quark
flavours active at the scale at which «, is evaluated. The dependence on N; enters in
the Sudakov factor through the A®, B® coefficients and through the 8 function in the
expansion of a,. Consequently one would expect the pr space method to have some form
of dependence on Ny as well. Nevertheless, there are no indications that the treatment
of N¢ in b space is universal or unique. Additionally, if taken literally, it poses technical
problems while deriving the p; space expression. Therefore for our p; space method we
propose to change Ny according to the number of flavours active at the renormalization
scale at which o, is calculated while the expression is derived in the massless quarks limit.
With the choices of the scale we use this roughly corresponds to the energy scale of the
emitted gluons and fits into the physical picture of the process. It is reassuring that the
quantity ¢(3), (13 = —¢(3)/2), which also appears in the fixed-order expression (2.3.31),
is retrieved in our method when the above treatment of Ny is applied. This would not be

possible if we transferred the b space treatment of Ny strictly into our method.

Changing the number of active quark flavours Ny immediately leads to a problem of

obtaining reliable predictions free of unphysical discontinuities. The running coupling

MS is traditionally constructed by solving the renormalization group equations using

Qg

3This is not true if the non-perturbative parameterization depends on the partons’ momenta fractions,

see Chapter 2, Section 2.5.
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perturbative approximants to the § function which change discontinuously at the quark
mass thresholds. This is equivalent to using effective Lagrangians with a fixed number of
completely massless fermions and a fixed number of infinitely massive fermions in each
energy range between quark mass thresholds. Although the continuity of the coupling
is not required by the theory, a standard procedure is to impose matching conditions at
the thresholds. This ensures an equivalence between the effective theories and relates the
values of the coupling for different energy regions. Depending on the accuracy (in the
sense of the order of calculations) of the matching conditions in the MS scheme, different

problems arise, like lack of analyticity, differentiability or even continuity of the coupling.

MS

For example the one-loop matching conditions require o> to be continuous at each quark

threshold, but leave its derivative discontinuous.

In a recent work [61], Brodsky et al. proposed to analytically extend the M3

scheme so
that it incorporates the finite-mass quark threshold effects into the running of the coupling.
By connecting the coupling directly to the analytic and physically-defined effective charge
ay scheme the authors obtain an analytic expression for the effective number of flavours
which is a continuous function of the renormalization scale p and the quark mass m;,.
As a result, the evolution of the analytically extended coupling as S in the intermediate
regions reflects the actual mass dependence of a physical effective charge and the analytic
properties of the particle production in a physical process. Attracted by the advantages
of the analytically extended MS scheme, we employ it to calculate the values of N; and
as(ur) = ds(r) to obtain results in the KS approach. Of course, our technique is not
theoretically strict, since up to this point we performed all calculations in the MS scheme.

For our purposes the number of active flavours Ny is taken as the lowest order expression

(0)
for Nf s from [61]

N0~y ( 5”"*25_/3))_1 | (5.2.13)

Solving the renormalization group equation for the analytic extension of the MS coupling
@, Vs - B

ddsMS (.u) 7(0) dsMS (M)

— = () + ..., 5.2.14
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with
Y () = 121 - %N}(RTS ) (5.2.15)
gives
&0 = 627T . (5.2.16)
HOIEEDRS =

For the sake of numerical calculations we use the value (at one-loop) A = 98.5 MeV
to restore the current world average estimate of the strong coupling at the Mz scale,

@M (M) = 0.1175.

5.3 Inclusion of the non-perturbative effects in p, space

In Chapter 2 we thoroughly discussed problems related to modeling the non-perturbative
contribution in the b space method. Let us remind the reader that the non-perturbative
ansatz in p; space is expected to be required only where the perturbation theory fails
i.e. at the very low values of pr < 2 — 3 GeV. In this way a region of higher p; can be
described purely by the resummed perturbative QCD. Still, the W mass measurement is
made in the region of pr < 30 GeV [63], and thus correct inclusion of the non-perturbative

effects will play a significant role in achieving good accuracy of the measurement.

Unfortunately, the form of the prescription for how to deal with the non-perturbative
region in pr space remains an open theoretical issue. So far there has been only one
method proposed which addresses this problem. The authors of [57] advocate the following

alteration of the EV approach in order to incorporate the low energy effects

f,;/A(anpT) fI;/B(vapT) exp [T (pr, Q)]

fLII/A(‘TA7pT*) fl:/B(-TBa Dr«) €XP [T(PT*, Q)] F‘NP(pT) ) (5.3.17)

with the pr space non-perturbative function F¥P(p,) defined as

FNP(pr) =1 — exp [—a p}] (5.3.18)
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and the ‘freezing’ prescription

T lim

2
Pre = \,p% + Py €XP [- gT } : (5.3.19)

Adopting this approach for the KS technique leads to

do M2
E = 0'02[, / dT,‘dl‘B(S(II?AZL'B—T)X
1 de* ! ' NP
- Dy de El(pT*)]\/-[V)fq/A(IAva*) fq’/B(xB7pT*)F (p’l)
dpre d .
+ 29 (prs, My)—— dp - d [f(;/A(:L‘A:pT*)fé’/B(xB:pT*)] FNP('PT)
T
d
+22(pT*a MV)fé/A(l‘AapT*) f;'/B(fopT*)E_FNP(PT)} . (5320)
Pr

Subsequently we discuss the choice of the form of F¥F(p;) and the freezing prescription.

5.3.1 Non-perturbative function FNP (pr)

The above method of incorporating the low p; effects is somewhat arbitrary. Although
the presence of the non-perturbative contribution in pr space is mandatory, in the above
approach it is introduced on an ad hoc basis; the main motivation being to obtain phe-
nomenologically plausible results. This brings about the freedom in choosing the form of
the non-perturbative function of F¥¥(p,), except for the few necessary conditions such
a function must obey, see [57]. It can be argued that the simplest possible FNF(p,) sat-
isfying the listed conditions is of the form (5.3.18). In Fig. 5.1 we compare the parton
level results (1/0¢)(do/dp,) for the EV approach for different values of a. As expected
from (5.3.17) and (5.3.18), smaller values of @ lead to broader distributions and shift the

distribution peak towards higher values of p,.

Contrary to the b space case, the simple form of F¥P(p;) in the present framework
does not take into account a possible dependence on ) and z. In other words, existence of
an z-dependent linear term in the b space parameterization would suggest an x dependent
correction to the presently used form of FNF (pr). Identically to the b space case, it may

prove to be of significant importance for making theoretical predictions at the LHC.
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Figure 5.1: Predictions for (1/0¢)(do/dpy) calculated at the parton level in the EV ap-

proach with various values of a. Here Q) = M.

5.3.2 Freezing of perturbative results in the low p, limit

Analogously to the b space concept of b,, pr, never falls below the value of py;,, and ensures
that the perturbative calculations are not performed in the region where perturbative
QCD is invalid. In Fig. 5.2 we present the parton level predictions for ;%(ZT"T for a fixed
value of @ and various choices of pr;.. As illustrated on the plot, the FNP (pr) and the
freezing effect can interfere in a complicated way, leading to considerable correlations

between @ and pr,,.

The form of pr, (5.3.19) provides a very efficient freezing of pr so that the change
from the region where perturbative theory is in full use and to the region where its ghostly
existence contributes only a constant value is quite abrupt, although certainly continuous.
However, the abruptness of pr. (5.3.19) is a worrying feature as it may manifest itself in

an unphysical shape of the cross section. Moreover the discussed freezing prescription is
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Figure 5.2: Predictions for (1/0g)(do/dps) calculated at the parton level in the EV ap-

proach with various values of py . Here Q = M.

very different from the b space method (2.4.61), in fact the freezing suggested by the form

of b, would be much slower and have a power-law character, e.g.

pT* = v p%+p3‘lim7 (5321)

The two methods of freezing (5.3.19) and (5.3.21) are compared in Fig. 5.3. For compar-

ison we also plot results obtained with an ‘instant’ method of freezing

im S im
pro=1{ " br=pn (5.3.22)
DPr Pt > Priim
For pr < pru. the cross section (5.3.20) effectively reduces to the perturbative part
calculated at pr. times the derivative of F¥P(p;) ( the other terms are practically neg-

ligible since they contain derivatives of the ‘frozen’ quantities). Therefore the slower the

freezing, the bigger the cross section, and hence the inequality

Prel(5.3.21) > Drsl(5.3.19) > Pl (5.3.22) (5.3.23)
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Figure 5.3: Predictions for (1/0¢)(do/dpr) calculated at the parton level in the EV ap-
proach with various methods of freezing for Q=91.187 GeV (solid line: Eq. 5.3.19, dashed
line: Eq. 5.3.21, dotted line: Eq. 5.3.22).

is reflected in the order of curves in Fig. 5.3. For higher p; other terms become equal-
ly important. The size of the remaining terms is closely related or, depending on the
freezing method, corresponds to the height of the discontinuity produced by the step-like
method (5.3.22). This discontinuity signals potential problems for the other methods of
freezing, i.e. unphysical humps in the distribution, as illustrated in Fig. 5.3. Obviously,
the quicker the freezing, the closer resemblance to the step-like freezing (5.3.22) and the
distribution is thus more likely to suffer from humps. This is exactly what happens in
Fig. 5.3: large discontinuity for (5.3.22), hump for (5.3.19) and a legitimate curve obtained
with (5.3.21). To obtain a valid prediction for a certain value of pr, the gap caused by
the aforementioned discontinuity has to be small. Since the size of the discontinuity is
partially governed by the size of FNP (pr), this imposes a small @ for the exponential

method to be correct. For particular values of pr,, = 2, 3, 4 GeV we find (for the
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parton level cross section) corresponding maximum values of & < 0.55, 0.3, 0.2 GeV~2.
We expect to retain similar numbers for the case of hadron-level distributions. The above
findings suggest that the quadratic method of freezing is theoretically preferable, although
for large enough values of @ a deep gap at pr,.. causes the distribution obtained with the
quadratic method to be unphysical too. Nevertheless quadratic freezing seems to allow for
a bigger region in parameter space (@, pryun.) to recover a physical shape of a distribution.

Unfortunately, as discussed later, it poses problems when fitting predictions to data.

The appearance of humps is less likely for lower values of @), e.g. in the Drell-Yan
pair production process. Smaller values of In(Q?/p2) diminish the contribution of the first
two terms in (5.3.20), resulting in a lowering of the height of the gap and enlargement of
the allowed region in parameter space, see Fig. 5.4. On the other hand, this also means
that for higher values of @) than considered here, e.g. for a hypothetical massive Z’ boson

production, the ‘freezing issue’ should be treated with greater care.

0.45 T T T T T T

T .
exponential

= V. a=0. V’Z, - v quadratic -------
Priim=4 GeV, a=0.25 GeV ", Q=10 Ge Sep-like ]

0.4
0.3
0.25
0.2

0.15

1/0ydo/dpy(part)

0.1

Figure 5.4: Predictions for (1/0¢)(do/dpy) calculated at the parton level in the EV ap-
proach with various methods of freezing for Q=10 GeV (solid line: Eq. (5.3.19), dashed
line: Eq. (5.3.21), dotted line: Eq. (5.3.22).
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5.4 Alternative method of including non-perturbative

effects

The EV scenario offers a conceptually simple method for including non-perturbative ef-
fects in py space, affecting the perturbative result only in the small p; limit. Nevertheless
its introduction may be seen as being ‘too phenomenological’. The EV scenario incor-
porates almost arbitrary, or only phenomenologically based, choices of the form of the
non-perturbative function and the freezing method — choices which may prove to be
responsible for significant limitations, if not failure, of the method, e.g. for higher Q .
Although the implementation of the non-perturbative effects in p; space remains an open
question, one could attempt to deduce its universal features from the general b space so-
lution. Here we will shortly present a derivation of an alternative scenario, based closely
on the original b space approach, for including the low p; physics in p; space. For the

sake of simplicity we neglect freezing effects.

Again, we treat the Drell-Yan cross section in b space as a springboard

do

Grag = ) @bed) PO)FYTG), (5.4.24)

where P(b) depends on b, @ and pr

1 2 [ ’
Pb) = Egg—zq:e;/() dmAdx35<$Aﬂ?B—%)

x  exp[S(b, Q)] fy/a (xA,%Q) fa/ (JIB, %) . (5.4.25)

The convolution theorem allows us to write

do 1 B 7 -
Traw = o] CPOFYE)
T
1 Y o — — /
= 5 / d*pr P (5 ) F" (P — P) (5.4.26)
or
__da 1 2,1 D= L\ INP (=1
TEaE = o | CHPE - FIFY @), (5.4.27)
T
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where now ]5(]')}) and FVP(5,) are defined as the Fourier transforms of the perturbative
P(b) and non-perturbative F¥¥(b) parts of the b space expression (5.4.24)

~ 1 P

(i) = o / d2be= T P(F) (5.4.28)

_ 1 P
FNP (5, — / d2be =P FNP (Y | (5.4.29)

I

and we used the property P(b) = P(b), FNP(b) = FNP(b). It is clear from (5.4.28) that
f’(ﬁT) corresponds to the previously calculated expression in pr space without the non-
perturbative contribution. The Fourier transform of the non-perturbative contribution is
easy to calculate when FV(b) is a gaussian, but leads to a very sophisticated function if
an extra linear term in b is assumed in the exponential of F¥7(b). Due to the difficulties

and uncertainties concerning the presence of a linear term in FV7(b) we assume

FNP(b) = exp(—gb ), (5.4.30)
which leads to
FNP(F) = iexp P (5.4.31)
v) = 30 i) 4.

Two different forms of the result, i.e. (5.4.26) and (5.4.27), generate two different

scenarios for numerical calculations. Given (5.4.31), it follows from (5.4.27)

do 1 - pl.2
— = — & P(p.— T’ T
dp2 dQ? dng / PP (e = Pr) exp ( 4g )

= % /01 dr 021r dOP ((pi —4g1In(r) — 4\/g1n(1/r)pTcos(0)) %)

(5.4.32)

while to obtain (5.4.32) we made the substitution pi; = /4gIn(1/7)cos(8),

Do = /4gIn(1/7) sin(0).

The results obtained using Eq. 5.4.32 combined with the KS approach, for the sim-
plified case of fixed o, and only one nonzero coefficient in the Sudakov factor A1) £ 0,
are presented in Fig. 5.5. Although the results in Fig. 5.5 are valid only for the parton

subprocess, the conclusions should also hold at the hadron level. The approximation of
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Figure 5.5: Comparison between the b space result including the non-perturbative con-
tribution Fyp(b) (5.4.24) and the pr space result (5.4.32) in the KS approach, calculated
at the parton level. Here F(pr) = F97(¢r) as defined in [57], Eq. 37.

the b space result incorporating the non-perturbative smearing by the p; space expres-
sion (5.4.32) seems to be promisingly good, and most importantly, improves notably with

an increasing number of towers Np., in the KS approach.

The result derived in this way is definitely closer to the original b space method and a
direct link between FNF(b) and FVP(p,) lies at the heart of the scenario proposed above.
Unfortunately, and in similar manner to b space, the non-perturbative contribution affects
the result for all values of p;, which can be considered a disadvantage. Needless to say,
the non-perturbative function #VP(p.) that in this scenario arises as a Fourier conjugate
of the Fyp(b), inherits all the ambiguities related to our current lack of understanding of

the z and () dependence of the non-perturbative contribution.
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5.5 Results and discussion

Due to a rapid (already in the detector) decay of bosons produced in hadron collisions
their properties are inferred from the measurement of the decay products. Because of
the inaccuracies related to the measurement of jet properties it is normally the lepton
decay channel, Z—I*l~ and W*—i*v, which is investigated. Thus the p; distribution
of Z is determined by measuring two final-state charged leptons, and can be determined
at Tevatron with a resolution of 1 — 2 GeV [63]. In contrast the measurement of W
pr poses a serious problem, due to the final state neutrino. Its transverse momentum
is deduced by imposing a condition of the conservation of momentum on the momenta
of all the final state particles produced in association with the W (‘recoil’ against the
W), including the fragmentation products of the initial state gluon radiation. Since they
normally carry very low momentum, it is extremally difficult experimentally to perform
an accurate measurement (for a detailed disscussion, see [63]). Consequently, to compare
experimental results and theory, the W data (or W theoretical predictions) have to be
heavily corrected for detector effects. The Z measurements require no detector simulation
in order to be compared with the theoretical predictions. As investigating detector effects
lies beyond the scope of this work, we first focus on obtaining and discussing theoretical

results for the case of Z production; a comment on W production follows.

The results presented below are for Tevatron experiments, CDF and DO, at /s = 1.8
TeV. Unless stated otherwise we use the factorization scale p1f = pr, continuous treatment
of Ny, as described in Section 5.2, MRST99 parton distribution functions [74] (central
gluon), branching ratio BR(Z—e et) = 3.366% and the world average value of the strong

coupling a; = 0.1175.

5.5.1 Theoretical uncertainties

In the following we discuss potential sources of uncertainties on the theoretical cross sec-

tion. At low p, the non-perturbative part of the cross section is believed to contribute
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significantly to the theoretical uncertainty. Unfortunately, there are no theoretical sug-
gestions on the general form of the non-perturbative function in p, space. So far the
only proposed form of F¥F(p;) (5.3.18) does not include any dependence on @ and/or z.
Moreover, the value of the coefficient @ of (5.3.18) was obtained in [57] as a result of only
one fit, to CDF Run 0 data. Therefore at this point we do not have enough information
to estimate the size of the error caused by the non-perturbative contribution. Instead we
fit the coefficient of FNP(py) to the newest set of the Tevatron data in the next section,

see 5.5.2.

Dependence on the renormalization scale

A free parameter in the calculations, the renormalization scale determines the strength of
the coupling in the theoretical predictions. For the process we investigate, the interaction
strength must somehow depend on the size of the transverse momentum and we require
the choice of the scale to reflect this fact. In particular, at the parton level cross section we

/30073 a5 a means of eliminating

advocated the use of the renormalization scale g = p
certain logarithmic terms from the Sudakov factor and thus increasing the reliability of
our approach. Moreover, for values of p; where perturbative QCD can be safely applied
and values of ) considered here, such pg is always bigger then the b quark mass, thus
lessening the relevance of the correction due to the quark mass thresholds treatment.
Another obvious choice of the scale is pr = pr.? In Fig. 5.6 we present results calculated
in the KS approach for the scales g = pr and g = p/2 Q3. It is clear that without
any non-perturbative effects included, the results are significantly different, especially for
small pr. However, if the non-perturbative effects are taken into account, the difference
almost disappears, cf. Fig. 5.7. Subjected to freezing, the perturbative part of the cross
section no longer shows dependence on ug at small p;. The presence of the derivative

dpr./dpr is expected to provide a rapid suppression independently of the scale. From now

on we decide to use pugr = p(TZ/ 3)Q(1/ 3) as a default choice for the KS approach.

40Other choices of ur were also considered in the literature, for example the authors of [31] proposed

to take up = /p% + Q2.
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Figure 5.6: Theoretical predictions for Z production and two different choices of the

renormalization scale when no non-perturbative contribution is taken into account .
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Figure 5.7: Theoretical predictions for Z production and two different choices of the
renormalization scale with nonzero non-perturbative contribution (& = 0.1GeV ™2 pr ., =

4 GeV, exponential freezing).

119



Vector boson production at hadron colliders

The choice of the scale is a source of minor theoretical errors only in the resummed part
of the entire cross section. The fixed-order part of the cross section should be calculated
with the same scale ug (for the studies of the dependence on pg for the fixed-order part

see e.g. [31]). This will certainly increase the dependence on pg of the entire cross section.

Dependence on a,(Mjz)

The theoretical predictions prove to be significantly susceptible to the value of a,(Myz),
see Fig. 5.8. Contrary to the situation when pup is varied, this behaviour persists after
incorporating low py effects, c¢f. Fig. 5.8. A variation of a,(Mz) by £0.005 around its
average value, 0.1175, causes over 8% change in results. The dependence of the cross
section on «a;(Mjy) is magnified by the change in the parton distribution functions due to
the change of a,(Mz). We discuss the dependence on the choice of parton distribution

functions in more detail in Appendix C.

5.5.2 Comparison of the theoretical results with data
Normalisation

The most recent sets of data on Z production come from the Run 1b (DO collabora-
tion [45]) and combined Run la+Ib (CDF [46]) at the Fermilab Tevatron pp collider.
Although both experiments measure roughly the same number of events, they differ in
the luminosity measurement. This obviously results in a difference in the reported cross
sections, at the level of 6.2% [62]. Therefore it is necessary to normalise both data sets
and theory predictions in order to make comparisons. This can be achieved by dividing
by the measured or predicted total cross section, respectively. Alternatively, the normal-

isation factor can be found using the x? method. By minimizing the x2, i.e. by imposing

8"; NN = 0 we find the normalization factor N for the theoretical predictions to be
at.hcr?rp
Zz‘ (Aa?%ﬁp

== @y
i (Ad; )2

N (5.5.33)
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Figure 5.8: Theoretical predictions in the KS approach (ug = p(TQ/S)Q“/:*)) for Z produc-
tion and different values of a;(My) when no non-perturbative contribution is taken into

account.

where o (o{"F) is the value of the theoretical (experimental) cross section - here the
differential distribution in p;, and Ao{™ is the experimental error.> The normalization
factor is calculated separately for the DO and CDF sets of data. Moreover, since we are
not in a possession of a full matched cross section, the experimental points considered to
determine N have p; < 15 GeV. For the typical choice of the non-perturbative parame-
ters [57], @ = 0.1 GeV™2 prym = 4 GeV, the normalization factors Nopr and Npg vary
by around 10%, as expected. In Figs. 5.9, 5.10 we compare the CDF and D0 data with

the KS predictions with these specific parameters.

5The main contribution to the experimental error comes, unsurprisingly, from the uncertainties in the

luminosity measurement: +4.4% for DO {45] and +3.9% for CDF.
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do /dp (pb/GeV)
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Figure 5.9: Theoretical cross section in p; space (KS approach) vs. CDF

predictions were obtained using the EV form of the non-perturbative function with a = 0.1
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Figure 5.10: Theoretical cross section in p; space (KS predictions) vs. DO data. The
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Small p, treatment

Non-perturbative parameters

Given that the Tevatron data are the most recent set of results on Z production, it is
compelling to infer values of the non-perturbative parameters from the fits to the data.
In order to do so we use the x? method. Since our theoretical results do not include the
fixed-order part we consider only those experimental points with p; < 15 GeV. Generally
we find that the best x?/d.o.f. value is returned by the smaller values of @ and larger
Prum, Se€ Fig. 5.11. In this context the values proposed by the EV collaboration a = 0.1
GeV™2, prum = 4 GeV provide one of the best fits, x?/d.o.f. = 0.67, and describe the
data well. This is in agreement with the CDF and DO analyses, cf. [45, 46]. The average

value of the intrinsic momenta of partons is then

< gr>= == < qr >=1.8GeV. (5.5.34)

1
Vra
We also find that there is a wide range of strongly correlated values of larger a and
smaller pr,, for which x?/d.o.f. is only minimally worse, see Fig. 5.11. The correlations
suggest that smaller values of pr,, support smaller < g; >. First observed at the parton
level (Section 5.3.2), the strong correlations come here as no surprise. The change in
shape of the theoretical distribution induced by varying the non-perturbative parameters,
compared to the CDF data, is shown in Fig. 5.12. Due to the experimental errors it
is difficult to estimate the predictive power of these results, although it certainly is an
indication that the next generation of measurements may cause changes in the widely
accepted values of @, pr,;.. [n summary, a satisfactory agreement between data and
theory can be achieved for quite a wide range of parameters a, pry,. We also find that
with the current experimental evidence there is no need to introduce additional overall

smearing, as proposed in [57].

Linear term in FNP(p,)

Analogously to the b space method, one may consider modifications to the gaussian

form of the non-perturbative function in p; space, for example adding an extra term in
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Figure 5.11: The contours of equal x? in the @, pr,. plane for the KS pr space approach
with the non-perturbative input of the form (5.3.18). Both CDF and DO data (with
separate normalization) for pr < 15 GeV are used here. The outer line is x?/d.o.f. = 1,

the inner x2/d.o.f. = 0.75.

the exponential, linear in pry,,. Thus such a function would have a form
Fyp(pr) = 1 — exp(—aph — dpx) . (5.5.35)

Following this analogy to b space, the parameter d would be expected to have dependence
on x, whereas @ would in general be () dependent. However we find that introducing the
linear term does not yield a great improvement. The value of x? becomes negligibly lower
when a very small positive term in d is included in FNP (pr). Unfortunately, an improve-
ment of this size may equally well be caused by the presence of additional parameter in
the overall fit. For smaller negative (cf. Fig 5.13) and all positive (cf. Fig 5.14) values
of d there is a significant discrepancy between data and theory. Moreover the size of the
experimental errors does not allow for a precise enough analysis. In view of the above,

we do not find any evidence for the existence of an extra linear term in p; space, using
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Figure 5.12: Comparison between CDF data and theoretical predictions for the KS ap-
proach with various choices of non-perturbative parameters. Also shown are the fractional

differences between the data and theory.
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Figure 5.14: Comparison between CDF data and theoretical predictions for the KS ap-
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the (5.3.18) parameterization of the non-perturbative effects.

Freezing method

The results presented so far were obtained using the exponential freezing method (5.3.19).
As we pointed out already, there is a problem related to this method, i.e. the risk of pro-
ducing unphysical distributions for certain values of @, pr,., coefficients. In particular, we
find out that the previous, derived at the parton level, limit values of the parameters still
apply. Although they are not contained in the x2/d.o.f ellipse, they are alarmingly close.
Therefore we next turn to investigate distributions obtained with the quadratic method
of freezing (5.3.21). Unfortunately, the theoretical curve obtained with this method is in

much poorer agreement with the data, cf. Fig 5.15.
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Moreover, we could not find other values of the parameters a, pr,,, which would result
in a better x? fit to the data. Naively one may apply a broad gaussian smearing but that

certainly shifts the peak of a distribution towards higher p..

This lack of success may prompt us to conclude that the current form of F‘Np(pT) and

the choice parton distribution functions requires an exponential method of treezing.

Comparison between b space, p; space results and Z data

In Figs. 5.16, 5.17 we present a comparison between experimental data on Z production
as measured by CDF and D0, and a theoretical distribution, calculated using the b space
method, EV p; space method and KS p; space method. We observe an agreement between
the data and the theoretical predictions for all three methods, in the range of p = 0 ~ 25
GeV. In general, the b space distribution is more ‘peaked’ than the p; space equivalents.
This effect is, however, very susceptible to the choice of the non-perturbative function
and values of the non-perturbative parameters. The b space distribution is also higher
in the intermediate range of pr = 10 ~ 20 GeV, where the non-perturbative physics
does not influence the resummed perturbative result. In this region the KS distribution
approximates the b space result better than the corresponding EV distribution. Given
that the KS formalism resums more towers of logarithms than the EV formalism, this
is an expected result. The increase of the cross section due to incorporating the fourth,
NNNL, tower can be as big as 4% for some values of pr, which remains in agreement with

our result at the parton subprocess level, see Chapter 3.

5.5.3 W production at the Fermilab Tevatron

In Section 5.5 we explained some difficulties underlying predicting the W p, distribution.
Let us remind the reader that the knowledge of the transverse momentum of the produced
W relies on the measurement of the non-leptonic p; in the event, which in turn, carries a

large experimental error due to acceptance loss, detector resolution effects and background
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Figure 5.16: Comparison between CDF data and theoretical predictions for the b space

method, pr space method in the EV approach and in the KS approach.
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method, p; space method in the EV approach and in the KS approach.
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contributions. As a result, the data should be unfolded from these large corrections
before making any comparisons with theory. To complicate things further, the corrections
depend quite strongly on the W p; distribution, i.e. precisely the quantity one wants to
extract. There is only one set of unfolded data on W p; — the very first Run 0 CDF
measurement [64], characterised by large statistical uncertainties. The level of difficulty
faced when unfolding the p; measurement has gradually become exposed with improving
statistics. For that reason the current experiments do not attempt to unfold the data,
leaving it rather in a ‘raw’ form of non-leptonic pr. Now, these measurements can still be
compared with theory, under the condition that the theoretical distribution is subjected

to a detector simulation. This, however, is beyond the scope of this thesis.

In Fig 5.18a we show a comparison between the theoretical predictions and the old
(Run 0) CDF unfolded data. Large experimental errors prevent us from making any
definite statements, but the resummed part of the cross section reflects the shape of the
data and correctly locates the position of the distribution peak. For comparison, we also
plot the theoretical predictions versus DO Run Ia ‘raw’ data on W p, [65], see Fig 5.18b.
It is clear that the data and theory are shifted with respect to each other - an effect of
the presence of the unfolding corrections. To obtain the theoretical distributions we use
the non-perturbative smearing function of the form (5.3.18) for the EV and KS p; space
approaches and (2.6.71) for the b space method together with the same non-perturbative
parameters as used for Z production predictions i.e. & = 0.1 GeV 2 and pry, = 4
GeV, g, = 2.75 GeV?, respectively. In principle the values of these parameters could
change with @ but due to the small difference between My and Mz and the logarithmic
dependence on @ one would expect the W non-perturbative parameters to be close to the

Z parameters currently used. As such, this should be sufficient for the present analysis.

5.5.4 Ratio of W and Z transverse momentum distributions

The transverse momentum distribution is a basic quantity for extracting the mass of the

W. We have discussed problems arising when determining the W p; distribution from the
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Figure 5.18: (a) Comparison between unfolded CDF W data, Run 0, and theoretical
predictions in the b and p; space approach. (b) Comparison between uncorrected W D0

data, Run Ia, and theoretical predictions in the b and p, space approach.
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measured data. Because of these problems the present hadron collider analyses use the
relatively well measured Z p. distribution and then apply the theoretical ratio of 1"—‘1/%
to obtain the W p; distribution.

The current Tevatron measurement of My, combining the CDF and DO analyses, is
My = 80.450 + 0.063 GeV .

With the large amount of luminosity expected for the Run 2 Tevatron programme, a
further significant reduction in the W mass uncertainty AMy, < 20 MeV will require
progress to be made on the number of systematic error sources. (The statistical uncer-
taintity is expected to be ~ 10 MeV.) At present these errors contribute 25 MeV out
of total 60 MeV error. Parton shower Monte Carlo (HERWIG, PYTHIA) predctions,
augmented by an exact matrix element calculations at high p;, c¢f. Chapter 2, provide
a reasonable description of the data. However, for a precision W mass measurement, it
is believed that they do not describe the data accurately enough and one must use the-
oretical calculations to obtain a W p, distribution. Therefore it is absolutely necessary
that the input theoretical quantity < d” ’ / 421 is well known and does not create a large
systematic error. Even more crucial, one has to make certain that it stays robust as p;
approaches 0, and an instability of the numerical programs in this particular limit has

been reported [66].

It is a well known result [33, 57] that the b space distribution do/dp? yields a constant
intercept at pr = 0, and so does the ratio d—”m/ 4‘11. This holds independently of the
presence of the non-perturbative contribution. Things are different in the case of the
pr space method. Here the limited number of towers of logarithms being summed by
the EV and KS methods causes the ratio to be of the type g. This is because the p,
space methods always fail to approximate the b space (which sums all possible towers of
logarithms) for small enough py. In consequence, due to the relation between My and
My the ratio approaches 0 when p;—0, see Fig. 5.19. Note that the KS ratio depart
from the stable horizontal line later then the EV ratio, illustrating that inclusion of more

towers of logarithms better approximates the b space result. However, when the non-

perturbative treatment is introduced, it freezes the perturbative part and damps it with
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the smearing function, so that the ratio retains its constant value, cf. Fig. 5.20. More

precisely, from (5.3.20)

1 7/ ar2
qu' U;;/'/(; dradrpd (Q;AI'B - _lsm) {Ez(an, ]MW)fé/A(-TA:PTnm) .fé’/B(xB7pTlim)}

2

: |
Sor Uy | dvadons (wazp — ") { S (Prims Mz) 14 (T4, Prism) S /B(a:B,pm)}

(5.5.36)
This value is in the proximity of o}, ,/oZ,.,. In fact, it follows from (5.1.10)
d_o——m res
dpt - O -~ o=
d_%l” ® ~ a?“’ (5.5.37)
dpr lpp=0 z

where by o{f° we mean the resummed contribution to the total cross section. The closeness

of the p; space and b space results proves the success of the p; space method.

One of the major sources of uncertainty in the ratio relates to the lack of a definitive
prescription of how to treat the non-perturbative component. It is clear that the effective
non-perturbative parameters e.g. g, @ must be different for W and Z production, but we
would expect the general form of the non-perturbative function to be the same, together
with the ‘general’ non-perturbative parameters (e.g. g1, go in (2.5.65)). In principle, they
should be extractable from the Z distribution, but how accurately do we know the general

form of the non-perturbative function?

5.5.5 Vector boson production at the LHC

QCD dynamics is expected to play an important role at the LHC, both for testing the
theoretical predictions and for estimating the background to new physics [16]. Since
the W and the Z will be produced profusely at the LHC, it is essential to investigate

characteristics of these production processes. The transverse momentum distribution of
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W and Z’s, predicted in the p; space formalism (KS), is shown in Fig 5.21. The results
agree with similar analyses performed using the b space method [67]. As expected. the
shape of the distribution echoes the shape obtained for the distribution at the Tevatron
collider. The cross section is naturally higher than the Tevatron cross section though, due
to higher parton distributions at smaller z (z ~ My /4/s). For the sake of this analysis we
used the standard Tevatron values of the non-perturbative parameters a = 0.1 GeV~2 and
Prum = 4 GeV in pr space. This may prove to be a very unwise assumption if the non-
perturbative parameterization depends significantly on the partons momenta fractions,

for example in the way it was proposed for the b space method (2.5.67).

5.6 Summary

In this Chapter we applied the KS resummation technique in p; space, developed in
Chapter 3, to the hadronic production of vector bosons. At the hadron level our ap-
proach retains the potential of full resummation of the first four towers of logarithms.
Additionally, we discussed how to supplement the hadron-level expressions presented in
Section 5.1 with the treatment of the quark mass thresholds and parameterization of
non-perturbative effects. The numerical results generally show good agreement with the

recent sets of data on Z boson production from the Tevatron collider.

The theoretical uncertainties were examined in Section 5.5.1. For the resummed part
of the do/dp, distribution we observed very small dependence on the renormalization
scale pr. Much higher uncertainty arises from the error in the value of a;(Mz). The
remaining sources of theoretical uncertainty include the choice of the factorization scale
ur, treatment of the quark mass thresholds and the choice of the parameterization of
parton distribution functions. We did not attempted to estimate the error due to the
non-perturbative parameterization uncertainty. Instead we fitted a simple Gaussian form,
proposed originally by the EV collaboration, to the Z boson data. We confirmed the EV
values of the parameters @, pr,... Moreover, we found strong correlations between @, pri;.,.

This leads us to believe that the next generation of measurements may significantly change
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these values. We also investigated other possible methods of ‘freezing’ and forms of the
non-perturbative function FNP(pT) . As a result we concluded that in the approach
we work with, the exponential freezing combined with the Gaussian form of FNP(pg)
provides the best fit to the data. We were not able, however, to confirm the necessity of
the additional overall smearing. In Section 5.4 another approach for implementing the
non-perturbative effects, closely based to the original b space approach, was proposed.
The parton level implementation of this approach into the p; space formalism yielded

encouraging results.

Due to large experimental errors, the current experimental method of measuring the
W p. distribution relies on knowledge of the theoretical ratio %?F’—/Z—gf. In Section 5.5.4
we resolved the existing controversy, showing that the ratio remains constant in the limit
pr—0, as opposed to reported divergent behaviour. Finally we applied our formalism to

predict W and Z p,. distributions at the LHC.
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Chapter 6

Like-Sign W Boson Production at
the LHC as a Probe of Double

Parton Scattering

In previous chapters we have been discussing electroweak boson production as an exam-
ple of the Drell-Yan mechanism at the Tevatron and the LHC. At the energies accessible
at these machines, in particular at the LHC, another type of scattering phenomenon is
expected to significantly contribute to the total cross section: hadron-hadron collisions
with multiple parton interactions. Thus, in the case of two (several) electroweak bosons
production there would be two competing mechanisms: single scattering and double (mul-
tiple) scattering featuring two (several) Drell-Yan processes happening simultaneously.
Although both of them result in the same final state, it turns out that they can be differ-
entiated by their production characteristics; for example using the transverse momentum

distributions which we have studied in the previous chapters.

In general, multiple parton scattering becomes important as a potential background to
many processes of interest at the LHC. For example, it has been pointed out recently [68]
that double parton scattering may constitute a significant background to Higgs boson

production and decay via the bb decay channel, which, for a Higgs mass below the W+~
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threshold, is one of the most promising discovery channels. Similar analyses have been
also performed in the past for other processes in hadron collisions at lower energies [69].
However, the LHC and its discovery potential necessitates a very accurate estimation of
backgrounds where double scattering may provide a significant contribution. Therefore
it is essential to obtain a better quantitative understanding of double parton scattering
and a more precise estimation of the effect. Of course, this would be the best done using
a well-understood Standard Model process. In the case of single scattering processes, the
benchmark process at the LHC is W boson production, see for example Ref. [74]. This
suggests that W pair production could be used to calibrate double parton scattering.
In the Standard Model, like-sign W pair production is much smaller than opposite-sign
production, which hints that the former channel is the best place to look for additional

double scattering contributions.

In the following we will consider the expected cross sections for like- and opposite-sign
W pair production at the LHC, from both the single and double scattering mechanisms.
We shall also explore differences in the distributions of the final state particles using the

results discussed in Chapter 5.

The possibility of double scattering background contributions to like-sign W pair pro-
duction was noticed some time ago [71], when this process was considered as one of the
most promising channels for searching for strong scattering in the electroweak symmetry

breaking sector [72].

6.1 Double parton scattering

Double scattering occurs when two different pairs of partons scatter independently in
the same hadronic collision, see Fig. 6.1. With increasing collision energy the accessible
fractional momenta of the probed partons become smaller (smaller ) whereas the parton
distributions become correspondingly higher. Consequently the large flux of partons must

result in an increased probability of multiple scattering events. Generally, the many-body
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| &

Figure 6.1: Double parton scattering producing two vector bosons in the final state (double

Drell-Yan process).

parton distributions considered in the multiple parton scattering are correlated. These
parton distributions depend on the fractional momenta of all the interacting partons x
and, additionally, on their distance in transverse space b which has to be the same for both
the target and the projectile partons in order for the collisions to occur. The inclusive
cross section of a double parton scattering then reads

ops= D /dxldmgdx'ldI'QdeFiA?(arl,xg;b)&fk(xl,x’l)ﬁgl(xg,xé)I”g(:v'l,:v'Q;b) (6.1.1)

i?jlk7l

where 6%(z, z'), 6%(z, z') are two distinguishable partonic cross sections and the two-body
parton distributions I'(zy, zo; b) contain all non-perturbative information. Thus double

scattering probes correlations between partons in the hadron in the transverse plane,

providing important additional information on hadron structure [73].

These correlations can be assumed to be negligible if a scattering event is characterized
by high centre-of-mass energy and relatively modest partonic subprocess energy, which
happens for example in the production of heavy gauge bosons or a Higgs boson at the LHC.
Then the two-body parton distribution functions factorise I'(y, z5;0) = f(z1)f(x2)F(b)

so that f(z) is the usual one-body parton distribution and F'(b) describes the distribution

of partons in the transverse plane. This leads to a simplified expression for the double

143



Like-Sign W Boson Production at the LHC as a Probe of Double Parton Scattering

scattering cross section in the case of two distinguishable parton interactions

020l
opg = 555 (6.1.2)
Oeff

If the two interactions are indistinguishable, double counting is avoided by replacing

Eq. (6.1.2) with
o5s 6.1.3)
a = . L.
DS = o (

Here ogg represents the single scattering cross section

oss = / dzadzp fi(za) fi(28)05 (6.1.4)

0]

with fi(z4) being the standard parton distribution of parton ¢ in hadron A and &;; rep-
resenting the partonic cross section. The parameter og = 1/ [ d2bF2(b), the effective
cross section, now contains all information on the spatial distribution of partons in this
simplified approach. Depending on the parton spatial density, the probability of hard
scattering b taking place given a, ols/ces in (6.1.2), becomes larger or smaller. In other
words, larger og.¢ means more evenly distributed partons whereas smaller oeg hints that
distributions are fairly localised. Since in a double scattering event the different pairs of
interacting partons are separated in transverse space by a distance of the order of the
hadron radius, o.g represents a rough estimate of the size of the hadron. The geometrical
origin of o suggests independence on the centre-of-mass energy of the collision and on
the nature of the partonic interactions (for a detailed discussion the reader is referred
to [73]). The factorisation hypothesis appears to be in agreement with the experimental
data on the pp— + 3 jets process as measured by the CDF collaboration [70]: in the
limited range of experimentally accessible z, o.¢ shows no evidence for dependence on the
fractional momenta. The CDF measurement yields oeg = 14.5 & 1.7+17 mb and we shall
use this value throughout this study.! This, in a simple model of proton structure [46],

corresponds to the proton radius of 0.73 + 0.07 fm.

'Recently it has been argued that the current value of geq is significantly smaller than naively expected

and indicates the presence of correlation effects [80, 81].
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6.2 Total cross sections

The predicted rate of single W production at the LHC is naturally very high, resulting
in a significant double scattering cross section. Since the W and W~ single scattering
cross sections are comparable in magnitude, the same will be true for the double scat-
tering ops(W*W™), ops(W-W ™) and ops(W*W ™) cross sections. However, for single
scattering we would expect o(W-W ™) < g(WHW™*) « o(W*W ™). The reason is that
while the latter is O(a?,) at leading order, same-sign inclusive W pair production is a
mixed strong-electroweak process with leading contributions of O(a%ad,) and Ofayy,).
Hence we might expect that like-sign W pair production, with its relatively larger double

scattering component, could give a clean measurement of oq.

We begin our analysis by calculating the total single-scattering cross sections for single
W and (opposite-sign and like-sign) W pair production in pp and pp collisions at scattering
energy /s. For consistency, we consider only leading-order cross sections for all processes
studied, i.e. we use leading-order subprocess cross sections with leading-order parton

distributions. 2

As already noted, in the context of leading-order single parton scattering, opposite-sign

W pair production in hadron-hadron collisions arises from the O(a%,) subprocess
g+qg—>WHr+Ww- (6.2.5)

In contrast, like-sign W pair production is an O(a%a®,) or O(ayy,) process at leading

order:

g+qgoWH+Wr+qd +¢ (6.2.6)

with ¢ = u,c,..., ¢ =d,s, ..., together with the corresponding crossed processes. Charge
conjugation gives a similar set of subprocesses for W~W~ production. The Feynman
diagrams split into two groups: the first set corresponds to the O(a%ad,) gluon exchange

process qq — qq where a single W is emitted from each of the quark lines, see Fig. 6.2(a).

2We note that the full O(a%) corrections to single W [75] and O(as) corrections to W pair produc-

tion [76] have been calculated.
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Figure 6.2: Examples of Feynman diagrams for the uu — W*W*dd scattering process,

O(aka?,) (a) and O(ajy) (b-f).

The second, O(ajy), set contains analogous electroweak diagrams, i.e. t—channel v or Z
exchange, as well as W scattering diagrams, including also a t—channel Higgs exchange
contribution, see Fig. 6.2(b-f). Note that the corresponding cross sections are infra-red
and collinear safe: the total rate can be calculated without imposing any cuts on the
final-state quark jets. We would therefore expect naive coupling constant power counting
to give the correct order of magnitude difference between the like-sign and opposite-sign
cross sections, i.e. o(WHW™) ~ a%,, o(WHW™). Given the excess of u quarks over d

quarks in the proton, we would also expect c(WTW*) > a(W"W;).

Figure 6.3 shows the total single W and W pair cross sections in proton-antiproton

and proton-proton collisions as a function of the collider energy. No branching ratios are
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Figure 6.3: Total cross sections for single W and W pair production in pp (in the range

6-16 TeV) and pp (in the range 1-5 TeV)collisions. The dashed and dot-dashed lines

correspond to single parton scattering, and the solid lines to double parton scattering

assuming geg = 14.5 mb.
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included, and there are no cuts on any of the final state particles. The matrix elements
are obtained using MADGRAPH [77] and HELAS [78]. We use the MRST leading-order
parton distributions from Ref. [74], and the most recent values for the electroweak pa-
rameters.  Note that for pp collisions, o(W™*) = ¢(W~) and o(WHtW+) = o(W-W").
The like-sign and opposite-sign cross sections differ by about two orders of magnitude. as
expected. Despite the fact that as > aw, the electroweak contribution to the single scat-
tering like-sign WW production cross section is similar in size to the strong contribution.
This is due to the relatively large number of diagrams (e.g. 86 for uu—W+tW'dd), as
compared to the gluon exchange contribution (16 for the same process). A total annual
luminosity of £ = 10° pb~! at the LHC would yield approximately 65 thousand W W+
events and 29 thousand W~W ™ events, before high-order corrections, branching ratios

and acceptance cuts are included, see Table 6.1.

NWW=) | NW+WH) | N(W-W™)
single scattering 7,500,000 65,000 29,000
double scattering 46,000 31,000 17,000

Table 6.1: The expected number of WW events expected for £ = 10° pb™! at the LHC

from single and double scattering, assuming o.q = 14.5 mb for the latter.

We turn now to the double parton scattering cross sections. As discussed above, we
estimate these by simply multiplying the corresponding single scattering cross sections
and normalising by 20 for the like-sign W pair production, see Eq. 6.1.3 and o for
the opposite-sign case, Eq. 6.1.2. The factorisation assumption holds since the energy
required to produce a vector boson is much lower than the overall centre of mass energy.
Figure 6.3 shows the resulting total opg(W W) and ops(W*W™*) cross sections as a

function of v/s. Note that for pp reactions opgs(WW+) = ops(W"W ™) # ops(WHW ™).

3Note that the same-sign cross sections are weakly dependent on the Higgs mass: varying the mass

from My = 125 GeV to My = 150 GeV leads to only a 2% change in the total rate at the LHC. We use
My = 125 GeV as the default value.
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The opposite-sign single scattering and double scattering cross sections differ by two orders
of magnitude. However for like-sign W*+W™* (W~-W~) production the double scattering
contribution is only a factor 2.1 (1.7) smaller than the single scattering contribution, cf.
Table 6.1. * A simple consequence of the quadratic dependence of opg on ogg, the double

scattering cross section increases faster with collision energy /s than single scattering .

6.3 Production characteristics

The production characteristics of the Ws in like- and opposite-sign single scattering pro-
duction are somewhat different. In particular, the presence of two jets in the final state
for the former leads to a broader transverse momentum distribution, as illustrated in
Fig. 6.4. Also of interest is the jet transverse momentum distribution in W*W# produc-
tion, shown in Fig. 6.5. This indicates that a significant fraction of the jets would pass a
detection pr threshold, and could be used as an additional ‘tag’ for like-sign single scat-
tering production. Of course one also expects large pr jets in opposite-sign W production
via higher-order processes, e.g. ¢q¢ = W*W g at O(as), but these have a steeply falling

distribution reflecting the underlying infra-red and collinear singularities at pr = 0.

In turn, a double scattering event signature differs significantly from the single scatter-
ing case. In particular, the W transverse momentum distribution from double scattering
has a very pronounced, steep peak for small values of pr (see Fig. 6.4), inherited from the
single scattering pr distribution °, in contrast to the broader single-scattering distribu-
tions. Obviously, similar features will characterize the pr spectra of leptons originating
from W decay, allowing for additional discrimination between double and single scattering

events.

4In a recent work the authors of [81], consider the dependence of oeq on parton correlations and
conclude that its value in the WW channel at the LHC can be almost twice the size assumed here.

Clearly, this would result in even smaller double scattering cross sections.
5We are assuming here that the non-perturbative ‘intrinsic’ transverse momentum distributions of the

two partons participating in the double parton scattering are uncorrelated.
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Figure 6.4: Transverse momentum distributions for WYW+, W-W - W+W~ (dashed,
dot-dashed and dotted lines, respectively) single parton scattering and W W+ W-W~
double parton scattering (solid lines) at the LHC. The double scattering predictions are
obtained using the pr-space resummation method described in Chapter 5 (with neither

smearing nor matching included).
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Figure 6.5: Jet transverse momentum distributions in like-sign single scattering WW

production at the LHC.
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6.4 Measurement of o.g at the LHC

We conclude that the absolute rate of like-sign W+W* and W~W = pair production can
provide a relatively clean measure of g at LHC energies. Table 6.1 summarizes the
number of expected events in the various WW channels (recall these are leading-order
estimates only, with no branching ratios), assuming ceg = 14.5 mb. However, since
the absolute event rates shown in Table 6.1 are sensitive to overall measurement and
theoretical uncertainties, it may be more useful to consider cross section ratios. Consider
for example the ratio of the like- to opposite-sign event rates

NWWH + NW-W)

NW+W-)

o(WIWH) + a(W-W7) + (2008) " [0(W)? + o(W )]
o(WAW=) + o g c(WH)o(W~)

R

(6.4.7)

with both single and double scattering contributions included. The ratio R for the LHC

is shown as a function of geg in Fig. 6.6.
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Figure 6.6: The dependence of the ratio R of like-sign to opposite-sign W pair event rates

on the effective cross section oeg at the LHC.

152



Like-Sign W Boson Production at the LHC as a Probe of Double Parton Scattering

The limit g — oo corresponds to the (very small, R = 0.0125) single scattering

ratio,
o(WHW™) + o(W-W ™)
o(W+W~-) ’

while oo — 0 corresponds to the ratio (~ 1.05) of the single W production cross sections

R'l(é 5+ J'

The CDF measured value [46] of o5 = 14.5 mb gives R = 0.019.

R =

in pp collisions,

6.5 Summary and outlook

In conclusion, we have shown that like-sign W pair production provides a relatively clean
environment for searching for and calibrating double parton scattering at the LHC. A
measurement of oeg from this process would allow the double scattering backgrounds
to new physics searches to be calibrated with precision. In this brief study we have
concentrated on overall total event rates. An interesting next step would be to perform
more detailed Monte Carlo studies of the various production processes, taking into account
the W decays, experimental acceptance cuts, etc. In fact it would not be difficult to devise
additional cuts to enhance the double scattering contribution. We see from Fig. 6.4, for
example, that a cut of pr(W) < O(20 GeV) would remove most of the single scattering

events while leaving the double scattering contribution largely intact.
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Chapter 7

Conclusions and outlook

The main objective of this thesis has been to study theoretical aspects of electroweak
boson production at hadron-hadron colliders in the framework of Quantum Chromody-
namics. With the large data samples already gathered by the Tevatron collider, and even
larger expected over the course of Run II and at the LHC, the accurate theoretical de-
scription of the production process becomes an imperative. In fixed-order perturbation
theory, the differential distributions for the Drell-Yan process are known up to the NLO.
Nevertheless, sufficiently less inclusive distributions may still demonstrate divergent be-
haviour in certain kinematical regions, no matter up to which order in perturbation theory
they are calculated. The divergent behaviour arises as a mathematical reflection of the

emission of soft gluons, predicted by QCD.

The key observation that was used in this thesis is that divergent contributions due to
soft gluon radiation can be resummed, so that the distributions under investigation would
recover finite values in the whole kinematical region available. This is a general statement
that applies to many processes, examples of which we gave in Chapter 1. In that chap-
ter we also explained how resummation is performed by the means of reorganizing the
perturbative series in terms of towers of logarithms. Resummation of soft contributions
can be understood as a successful attempt towards improving perturbative predictions,

when the fixed-order perturbation theory calculations become precipitously difficult to
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perform. When matched with available conventional, fixed-order in «, results, the re-
summed expression encapsulates almost all the knowledge stemming from perturbation

theory.

Much of the work presented in this thesis focused on theoretical predictions for one
particular observable, that is for the transverse momentum distribution of electroweak
gauge bosons produced in hadronic collisions. As we have shown in Chapter 2, the gluon
emission manifests itself in the presence of logarithmic terms In(Q?/p2) in the p; distribu-
tion. These terms diverge in the limit pr—0. In particular, radiation of soft and collinear
gluons contributes double logarithmic factors ~ o In*¥~1(Q?/p2). Resummation of all
terms at least as singular as 1/p2 has been proved to take place in the impact parameter
b space, Fourier conjugated to p; space. We have briefly presented a derivation of the b
space formalism (CSS formalism) in Chapter 2. The b space method, although immensely
successful theoretically, suffers from ambiguities when performing the matching proce-
dure with the fixed-order result. Owing to the way in which the logarithms are resummed
in b space, the matching is bound to fail. Moreover, there appear additional problems,
related to the effects outside the perturbative regime. Therefore, in order to be applied
phenomenologically, the CSS formalism needs to be enriched with arbitrary prescriptions,

some of which we discussed in Chapter 2.

From the shortcomings of the original b space method arose the idea of utilising the b
space expression for deriving a resummed expression which would sum logarithmic terms
directly in p; space. The ancestor of this idea, the p; space DLLA resummation, was found
very difficult to extend by including larger number of sub-leading logarithmic towers. In
this light the b space method provides a way to improve the ‘simple’ double leading
logarithm resummation in p; space. The p, space expression allows us to retain control
over which p; logarithms are resummed. Due to the form of the b space expression
involving the Bessel function, the direct translation of the resummed expression from b

space to pr space is technically complicated.

In this thesis we proposed a p; space approximation of the b expression, i.e. the

resummed part in the CSS formalism. As demonstrated in Chapter 3, our formalism
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resums fully the first four towers of logarithms, including the NNNLL series, the same
as in the b space expression. In fact, at the level of the partonic subprocess, it can
potentially resum all the known logarithmic terms for any specific finite number of towers.
As such, our method differs from the original b space formalism only by terms coming from
towers even more sub-leading than that specific number. In particular we argued that our
approach correctly takes into account the effects of transverse momentum conservation.
Furthermore, the form of our expression ensures that the resummation is valid for values of
pr where o, In(Q?/p2) <1. After carefully investigating the structure and the behaviour,
especially the convergence properties, of our expression, we concluded that it is well
suited for phenomenological purposes. This conclusion remains unchanged if sub-leading
effects related to the running of the coupling or higher-order perturbative corrections are
included. We found that the inclusion of the fourth tower does not change the distribution
dramatically and the expected correction is of the order of 3% for Z boson production.
When considered at the hadron level, the simplest form of our approach retains the
potential of the full resummation of the first four towers of logarithms. The analytical
formulae become lengthy but can be implemented into the FORTRAN program. The
numerical results discussed in Chapter 5 generally show good agreement with recent sets

of data on Z boson production from the Tevatron collider.

Since two other methods of performing resummation in p; space have been proposed
almost simultaneously to our method, part of this thesis, i.e. Chapter 4, has been devoted
to clarifying differences between the three of them. In particular, our approach has been
invented as a natural extension of the EV approach, in the sense of incorporating kine-
matical logarithms which are missing in the EV resummation. Since the first occurrence
of such logarithmic terms takes place in the fourth tower, we differ from the EV method
by logarithms coming from the towers more sub-leading than the fourth one. The second
method, FNR, results in an expression which resums a different subset of terms: LL and
NLL series if the classification is performed inside the Sudakov factor, i.e. in the argu-
ment of the exponential. However, it is found that the FNR method suffers from singular
behaviour at certain small value of p;. The attempts to systematically include more sub-

leading terms in this classification do not improve that behaviour but rather make it even
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worse. Hence we consider the theoretical validity, and certainly the phenomenological

value of the FNR approach, as questionable.

No resummation formalism can provide predictions for the whole range of p; values
without an additional prescription for how to deal with the non-perturbative effects. This
is equally true in case of the b space method where such a prescription is necessary for
large values of b, or in case of the p; space approach which naturally ceases to be reliable
at very small values of p.. Whereas in b space the form of the non-perturbative ansatz
function is a topic of current theoretical debate with at least two different models proposed,
an equivalent parameterization in p; space has so far not been carefully analysed. In
Chapter 5 we studied, first quantitatively at the parton level, then qualitatively for the
hadronic process, the simplest possible method of including the non-perturbative effects,
proposed by the EV collaboration. We found that their method, relying on the naive
implementation of a Gaussian parameterization combined with the exponential ‘freezing’
method, describes the Tevatron data on Z boson production reasonably well. Assuming
the EV non-perturbative prescription, we fitted the p; distribution, calculated using our
resummation formalism, to the data. In consequence we confirmed that the best fit is
obtained with the EV values of the parameters @, pr,.. We also observed a strong

correlation between these two parameters.

The problem of the accurate parameterization of the non-perturbative effects may
need to wait for its resolution until the LHC experiments begin measurements. The cross
sections for vector boson production are naturally expected to be much higher at the
LHC than at the Tevatron. In Chapter 5, we presented the pr space results for W and
Z pr distributions at the LHC. At the LHC energy, in addition to the single scattering
processes, the phenomenon of double (multiple) scattering is predicted to take place. In
Chapter 6 we investigated the like-sign W pair production process in the context of double
scattering. We found that double scattering events significantly contribute to the final
state like-sign W pair cross section, thus allowing calibration of the double scattering
parameter oeg. The p; distributions prove to be useful characteristics to distinguish

between double scattering and single scattering events.
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Qutlook

In order to consider the p; space formalism, presented in this thesis, as theoretically
complete, some work still remains to be done. First of all, the analytical formulae and
numerical programs give results only for the resummed part of the cross section. The
matching with the fixed-order expressions, although as explained in Chapter 3 straight-
forward, still needs to be implemented into this formalism to make it valid for the whole

range of pr.

Reliable predictions for the pr distributions at very small p; require incorporating a
parameterization of the non-perturbative effects. We believe that the method of including
these effects needs to be re-examined, possibly along the lines of a new method proposed
in Section 5.4, based on the theoretically more sound grounds than the phenomenological
prescription of Section 5.3. The method should be investigated in more detail, specifically
applied to the hadronic cross section, with all coefficients A, A BM) ~ B®) non-zero
and the running coupling. FNP(pT), the pr space form of non-perturbative parameteriza-
tion, needs to be studied more thoroughly too. The analysis done in Chapter 5, involving
fits only to the Tevatron Z data, should be extended, allowing different parameterizations
and including additional sets of data, also including data from fixed-target experiments.
In particular it is important, especially for the LHC predictions, to correctly parameterize

the dependence on () and z.

A further development of the p space formalism could incorporate modifications al-
lowing for its application to other processes involving emission of soft gluons. The produc-
tion of vector boson pairs (e.g. WTW =, ZZ, 7v) in hadron colliders is a straightforward
example. Another exciting possibility opens up for the description of Higgs boson pro-
duction. If the Higgs particle is produced via the vector boson fusion or the associated
production channels, then soft gluons are radiated by incoming quarks. This results in
the same Sudakov factor as for the vector boson production. The gluon fusion channel
requires modifying the Sudakov factor entering the p, space formalism. It also calls for
a parameterization of the non-perturbative effects related to the emission of gluons off

the initial gluon line. If the Higgs boson is found at the Tevatron or the LHC, the p;
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distribution will certainly be one of the first production characteristics to investigate.
Given the current expectations of the relatively low Higgs boson mass, and the prospect
of intensified searches at the Run II Tevatron and the LHC, we should look forward to

revisiting the issue of the p; space resummation in this new context.
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Appendix A

Expressions for coefficients in the p,

method

In this appendix we list expressions for S, and the ¢; coefficients in (3.2.19), for the choice

of the renormalization scale p2? = Q¥3pY/®. Here L = In(Q?/p2), a5 = ais(12).
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Appendix B

The modified parton distribution

functions

According to the factorization theorem for the Drell-Yan process [13], see also Chapter 1,
all collinear singularities at every order in perturbation theory can be factorised out
into universal parton distribution functions. Various factorization schemes (e.g. MS,
DIS) differ by how much of the finite, non-logarithmic contribution to the cross section
is included in the parton distributions. A change in the set of the parton distribution

functions generates modifications of the finite perturbative corrections to the cross section.

The parton distribution functions used for the Drell-Yan process, f’, are related to the

MS structure functions, f, by a convolution [21, 35, 37], cf. (2.4.52)

Fueai) =% [ Coe (%2,0) fgm et | (B.0.1)
where (a,b # g)
Culern) = Suf 1= 2) + e 1=+ (T - 4} s -] }
Caglz,1) = au(u)Tr[22(1 - 2)] ,
and @;(u) = 9‘—’5%2, Cr=4/3,Tp = 1/2.
The scale dependence of the parton distribution functions is determined by the DGLAP
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The modified parton distribution functions

evolution equation, i.e. for the moments of the non-singlet (NS) parton distributions,

forn = foymr — fa/H, we have

d =« .
dlnNZfQ/H(N’/L) :’Yqu/H(N,/Jf), (BOQ)

N 1 -
where fo /5 (N, p) = / dzz™ fqu(z, 1) and the solution is
0

~ u2 dﬁQ _ ~
fq/H(N; /1'1) = exp [_/ﬁt ?7N(a’s(/l)):| fq/H(Na ,UZ) : (B03)

1

The anomalous dimension vy is defined as
' N
(o) = 075/0 dz 2" Pyy(2)

where P,, is the quark-quark Altarelli-Parisi splitting function. Thus the anomalous

dimension inherits the perturbative character of the splitting function
'YN(as) = Z O?sif)/](\lf) s
i=1

the first coefficient (in the MS scheme) being

1 N+11
-9 Z -
(N+1D(N+2) 3

1
' = Cr -5t

For the modified NS parton distributions, f', the DGLAP equation has an identical

form

ﬁﬂzfémw: W = YnFon(N, 1), (B.0.4)
where now

Foru (N, ) = Cog(N, 1) form(N, 1), (B.0.5)

1
and Cyo(N,p) = / dzz" C,y(z, 1t). The modified anomalous dimension ' differs in a

0
calculable way from the MS anomalous dimension y. Comparing DGLAP equations
for the case of modified parton distribution functions (B.0.4) and for the unmodified
case (B.0.2) gives

n2 dji? B ~ C
exp { [ 5 (o) = (e )} = G

231
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The modified parton distribution functions

which when solved perturbatively yields

o= ¥
W o= AW - 28:Cr LA
N N 2 (N +2)(N +1)
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Appendix C

Ansatz function

For completeness we present here details of the ansatz functions used to obtain numer-
ical predictions. Their task is to parameterize the integration over parton distribution

functions in (5.1.12). The expression for the cross section (5.3.20) can be rearranged to

give
do 1 dpr. , .
= { - Pr zl(pTHMV)-A‘ (pT*’ MV)FNP(pT)
dpr P+ dpr :
dprs d-AV(pT*, MV) NP
* 3y F
+  Eo(prs, My) dpr dpr (pr)
d =~
+ EQ(Z)T*) ]WV)AV(pT*, A/[V)d FNP([)T)} ; (COI)
T
where

QZ
) f(I/A(mA)pT*) fq’/B(mB,pT*) (COQ)

, 1
A" (PT*, Q) =09 Z U(XI, /0 dradzpd (ivAﬂ?B - —S—
qq’

is the ansatz function.

We find AY (pr., @) can be very accurately parameterized in the range 1.2 < p;, <

1000 GeV with a 5th order polynomial in In (p2,/@?), in particular

AV(pT*aQ) = 10% x (a(Q) + b(Q) L(pre) + c(Q) L2(pT*) + d(Q) LS(pT*)
+e(Q) L*(prs) + f(Q) L%(prs)) (C.0.3)
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Ansatz function

with L(pr+) = In(prs/1.2). For Q = Mz and MRST99 parton distribution functions [74],

option 1 (central gluon, a; = 0.1175) we have

AZ(pre, Mz)|prsTos = 10* x (0.463402 + 0.115187 L(pr,) — 0.044319 L%(ps.)
+0.008582 L3(pr.) — 0.000905 L*(pry) + 4 x 107° L3(p4,)) (C.0.4)

A similar exercise can be performed for different values of ay,, gluon distributions or
for an entirely different set of parton distribution functions, see Fig. C.1 and Fig. C.2.
Examining the accuracy of the approximation of the MC results by the ansatz function
we find a difference less than 0.15% for the highest values of py,, cf. Fig C.3. (In practice
AV (prs, Q) is never calculated for such high values of pr..) Consequently, the biggest error
introduced by replacing the Monte Carlo integration with the ansatz function in (5.3.20)

does not exceed 0.6% and appears mostly at the intermediate pr range, see Fig. C.4.

6000 T ———rrY

5800

5600

| 5400 |

0

2

Z 5200

"<

5000 L MRS 99. central ghuon, aMy) = 0.1175 ——
MRS 99, central gluon, e (Mz) = 0.1125 - W

MRS 99, central gluon, a(Mz) = 0.1225 -
4800 b

4600 “— ‘ .
! 10 100 1000

u [GeV]

Figure C.1: MRST99 ansatz functions (C.0.3) for @ = Mz and different values of «;.

Here Ny changes in a step-like manner.
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6000 H T
5800 4
5600 ]
B 5400 b 4
N
=
s 200 E
N< 52
5000 MRS 99, central gluon, a(Mz)=0.1175 ——— 4
MRS 99, higher gluon, o (Mz) = 0.1175 ---e-—--
4 MRS 99, lower gluon, o (Mz) = 0.1175 .-
4800 - CTEQ4M. a(Mz)=0.116 — - - 1
4600 L L
1 10 100 1000
b [GeV]

Figure C.2: Ansatz functions (C.0.3) for ) = M. Here Ny changes in a step-like manner.

6000 . : '
5800
5600 +
2 sa0 |
N
Z
S 5200 +
<
o Monte Carlo J
Ansatz parametrization -------
4800 + |
4600 ) a
l 10 100 1000
u[GeV]

Figure C.3: Quality of the approximation of the Monte Carlo results by the ansatz pa-
rameterization for MRST99 parton distribution functions (central gluon, a; = 0.1175).

Here Ny changes in a continuous manner described in section 5.2.
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Ansatz function

700 T T T T
MonteCarlo
600
500
5
o
O 400 F
8
=
&
T o300 -
o]
©
200
100
0 I 1 1 i
0 S 10 15 20 25
pr[GeV]

Figure C.4: Quality of the approximation of the Monte Carlo results by the ansatz pa-
rameterization for the Z p; distribution in the KS approach (ugp = p3QV 3); MRST99
parton distribution functions (central gluon, a; = 0.1175). Here N; changes in a contin-

uous manner described in section 5.2 and no non-perturbative contribution is assumed.
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