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Abstract

We investigate nonperturbative effects due to instantons in A/ = 2 supersymmetric
SU(N) Yang-Mills models, with the aim of testing the exact results predicted for these
models. In two separate semiclassical calculations we obtain the one-instanton contribution
to the Higgs condensate us = (TrA3) and to the prepotential . Comparing our results
with the exact predictions, we find complete agreement except when the number of flavours
of fundamental matter hypermultiplets, Ny, takes certain values. The source of the us
discrepancy is an ambiguity in the parameterization of the hyperelliptic curves from which
the exact predictions are derived when N; > N. This ambiguity can easily be fixed using
the results of instanton calculations. The discrepancy associated with F appears in the
finite Ny = 2N models. For these models we are unable to modify the curves to agree with
the instanton calculations when N > 3.

Our one-instanton calculation of the prepotential is facilitated by a multi-instanton cal-
culus which we construct, starting from the general solution of Atiyah, Drinfeld, Hitchin
and Manin. Our calculus comprises: (i) the super-multi-instanton background, (i) the su-
persymmetric multi-instanton action and (iii) the supersymmetric semiclassical collective
coordinate measure. Our calculus has application to supersymmetric Yang-Mills theory
with gauge group U(N) or SU(N).

We employ our instanton calculus to derive results at arbitrary k-instanton levels. In
N = 2 supersymmetric SU(N) Yang-Mills theory, we derive a closed form expression for the
k-instanton contribution to the prepotential. This amounts to a solution, in quadratures,
of the low-energy physics of the theory, obtained from first principles. In supersymmetric
SU(2) Yang-Mills theory, we use our calculus to investigate multi-instanton contributions
to higher-derivative terms in the Wilsonian effective action. Using a scaling argument,
based on general properties of the SU(2) k-instanton action and measure, we show that in
the finite, massless N = 2 and N = 4 models, all k-instanton contributions to the next-to-
leading higher-derivative terms vanish. This confirms a nonperturbative nonrenormalization

theorem due to Dine and Seiberg.
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Chapter 1

Introduction

In quantum field theory, instantons are important as configurations that dominate the path
integral. They give rise to nonperturbative effects which can in principle be calculated
by performing a semiclassical expansion of the path integral. Unfortunately, in a generic
gauge theory, technical difficulties have restricted semiclassical calculations to the level of
the simplest (topological charge unity) instanton configuration. Moreover, in a classically
scale-invariant Yang-Mills model such as quantum chromodynamics (QCD), instanton cal-
culations suffer from an infra-red problem; the contribution of large instanton configurations
to the path integral is divergent. This problem cannot be resolved without knowledge of the
theory in the strong-coupling regime. As a result of these difficulties, until recently there

had been few direct quantitative predictions of instanton effects in Yang-Mills theory.

In 1994, spectacular advances in the study of quantum field theory were made by Seiberg
and Witten. The focus of the Seiberg-Witten analysis was a particular class of SU(2)
Yang-Mills models blessed with the property of N = 2 supersymmetry. These models are
characterized by the presence of an adjoint Higgs field which can break the SU(2) gauge
symmetry to a U(1) symmetry. Seiberg and Witten discovered that the low-energy physics
of the models admits more than one effective field theoretic description. At weak-coupling
the low-energy physics is naturally described in terms of ‘electric’ degrees of freedom, corre-
sponding to the light U(1) components of the microscopic fields. At strong-coupling one can

transform these ‘electric’ degrees of freedom into a weakly-coupled set of ‘magnetic’ degrees
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of freedom that provide an equivalent, but more convenient, description of the low-energy
physics. This phenomenon is known as duality. Using arguments based on the presence of
duality, together with supersymmetry, Seiberg and Witten were able to predict ezact results

for the models, valid at both strong and weak values of the coupling.

The work of Seiberg and Witten has motivated new investigations of instanton effects
in quantum field theory. Seiberg and Witten predicted a solution for a holomorphic func-
tion known as the prepotential, which describes the dynamics of particle interactions at
low-energy. At weak-coupling, the prepotential has an expansion consisting of a one-loop
perturbative contribution plus an infinite series of nonperturbative terms. The nonpertur-
bative terms are directly associated with instanton effects. They should precisely match the
results of semiclassical instanton calculations. Such calculations therefore provide a non-
trivial test of the Seiberg-Witten analysis and, in particular, of the physical duality-based

arguments that were used.

A number of instanton calculations in the A' = 2 supersymmetric SU(2) models in-
vestigated by Seiberg and Witten have indeed been successfully performed. In most cases,
the results of these calculations are in complete agreement with the predictions of Seiberg
and Witten. However, in the models with Ny = 3 and Ny = 4 flavours of fundamental
matter hypermultiplets, interesting discrepancies have been observed. The Seiberg-Witten
exact results are expressed in terms of an elliptic curve construction which involves various
parameters of the physical theory. It has been found that the source of the discrepancies
in the Ny = 3 and Ny = 4 models can be attributed to an ambiguity in the original phys-
ical interpretation of the parameters in the corresponding curves. By reinterpreting the

parameters, in accordance with the instanton results, the discrepancies can be resolved.

In addition to providing these important insights into Seiberg-Witten theory, the pro-
gramme of instanton tests in A’ = 2 supersymmetric S U(2) Yang-Mills theory has stimulated
dramatic progress in the development of the semiclassical instanton method itself. Employ-
ing the multi-instanton construction of Atiyah, Drinfeld, Hitchin and Manin (ADHM) and
with the aid of supersymmetry, Dorey, Khoze and Mattis were able to perform the first

complete semiclassical calculation in the background of a two-instanton configuration. In
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subsequent work, Dorey, Khoze and Mattis have elegantly combined the ADHM construction

with supersymmetry to formulate a complete multi-instanton calculus for supersymmetric

SU(2) Yang-Mills theory.

Investigations of instanton effects in supersymmetric Yang-Mills theory have not been
confined to models with gauge group SU(2). The exact results of Seiberg and Witten
have been generalized to A = 2 supersymmetric Yang-Mills models with arbitrary classical
simple and product gauge groups. It is desirable to perform instanton tests of the exact

predictions in these models just as for the SU(2) models.

Thesis Outline

In this thesis we investigate instanton effects in supersymmetric Yang-Mills theory with
general gauge group SU(N). We perform explicit one-instanton calculations that provide
tests of the exact results in AN/ = 2 supersymmetric SU(N) QCD. We also construct a
multi-instanton calculus for ¥ = 1 and N/ = 2 supersymmetric Yang-Mills theory with
gauge group U(N) or SU(N). This represents a generalization of the SU(2) work of Dorey,
Khoze and Mattis. Using our calculus we derive a closed form expression for the k-instanton
contribution to the prepotential in A’ = 2 supersymmetric SU(N) QCD. We also employ the

calculus to verify a nonperturbative nonrenormalization theorem in finite supersymmetric

SU(2) Yang-Mills models.

The thesis is organized as follows. In Chapter 2, we review instantons in Yang-Mills
theory. The chapter is divided into two parts. In the first part, we describe classical
properties of instantons in pure Yang-Mills theory. We motivate the assignment of an
integer index, the topological charge, to instanton solutions and we show that a defining
feature of instantons is that they imply a self-dual field strength. We also present the
explicit SU(2) one-instanton solution obtained by Belavin, Polyakov, Schwartz and Tyupkin
and use it to construct the general SU(N) one-instanton solution. In the second part of
the chapter, we discuss instantons in the context of quantum field theory. We outline
the semiclassical procedure for calculating nonperturbative effects due to instantons. To

illustrate the procedure, we describe the calculation of the one-instanton contribution to the
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vacuum-to-vacuum amplitude in pure SU(N) gauge theory, drawing on the seminal work of
't Hooft. We then discuss the effect of fermion fields on an instanton calculation. Finally,
we consider the case of a Yang-Mills model that includes a Higgs field. We show that when
the Higgs acquires a symmetry-breaking vacuum expectation value, instanton solutions do
not formally exist, but that instanton calculations can nonetheless be performed using the

‘constrained instanton’ approach of Affleck.

In Chapter 3, we review aspects of supersymmetric Yang-Mills theory. This chapter has
two parts. In the first part, we present the supersymmetric models that are the subject
of our instanton investigations. An elegant construction of these models is provided by
the A/ = 1 superfield formalism. In the second part of the chapter, to set the scene for
our instanton investigations, we review the exact predictions in N = 2 supersymmetric
SU(N) Yang-Mills models. The low-energy (Coulomb branch) physics of these models is
determined by a single holomorphic function, known as the prepotential. We describe the
Seiberg-Witten arguments that predict an exact solution for this function in terms of an
elliptic curve construction. We also discuss the generalization of the Seiberg-Witten exact

results to N = 2 supersymmetric SU(N) QCD and, in particular, the hyperelliptic curves

that were proposed for this purpose.

In Chapter 4, we describe instanton tests of the exact solutions in N = 2 supersymmetric
SU(N) Yang-Mills theory. We first review the calculations performed in the SU(2) models.
We describe, in some detail, the one-instanton calculation of Finnel and Pouliot, which
provided the first instanton test of the exact results. We also summarize the SU(2) two-
instanton calculations and discuss the resolution of the discrepancies revealed by these
calculations. After reviewing the SU(2) results, we present a one-instanton calculation in
the SU(N) models with N > 2. For the SU(3) models with Ny <6 hypermultiplet flavours
we obtain a complete result. We find that the proposed hyperelliptic curves do not correctly

predict this result. We show explicitly how the discrepancies can be resolved.

In Chapter 5, we present a multi-instanton calculus for N = 1 and N = 2 supersym-
metric Yang-Mills theory with gauge group U(N) or SU(N), extending the SU(2) work

of Dorey, Khoze and Mattis. Using the multi-instanton construction of Atiyah, Drin-
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feld, Hitchin, and Manin we obtain the set of solutions comprising the supersymmetric
k-instanton background. We show how the supersymmetry algebra can be realized directly
on the overcomplete set of collective coordinates appearing in these solutions. We then con-
struct the k-instanton action and collective coordinate measure. Supersymmetry plays an
important role; since they are supersymmetry invariant quantities, the instanton action and

measure must be constructed from supersymmetry invariant combinations of the collective

coordinates.

In Chapter 6, we apply the multi-instanton calculus to further investigate instanton ef-
fects in supersymmetric SU(N) Yang-Mills theory. For the N = 2 supersymmetric models,
we derive a closed form expression for the contribution of an arbitrary k-instanton con-
figuration to the prepotential, as a finite-dimensional integral over bosonic and fermionic
collective coordinates. Using our expression, we proceed to completely evaluate the one-
instanton contribution to the prepotential, for arbitrary N and N;. We discuss how our
result compares with the predictions of the curves. In the finite Ny = 2N models, we
find a discrepancy which we do not know how to interpret. As a separate application of
the multi-instanton calculus, we also investigate higher-derivative terms in the low-energy
Wilsonian effective action of A/ = 2 supersymmetric SU(2) Yang-Mills theory. We are able
to derive a closed form expression for the contribution of an arbitrary k-instanton configu-
ration to the single real function that determines the next-to-leading terms in the gradient
expansion of the Wilsonian effective action. Using a simple scaling argument we show that,
in the finite SU(2) model with four flavours, all k-instanton contributions to the next-to-
leading terms vanish. This verifies a nonperturbative nonrenormalization theorem of Dine
and Seiberg. Using a slightly modified scaling argument we also confirm the Dine-Seiberg

nonrenormalization theorem for the A" = 4 supersymmetric SU(2) model.

Finally, in Chapter 7, we present a summary of our results and our conclusions.



Chapter 2

Instantons in Yang-Mills Theory

2.1 Introduction

In four-dimensional Yang-Mills field theory, there exist certain nontrivial solutions to the
Euler-Lagrange equations which locally minimize the (Euclidean space) action. These so-
lutions have the property of being localized in the (imaginary) time dimension as well as
in spatial dimensions. For this reason they have come to be known as ‘instantons’. The
first instanton solution was discovered in 1975 by Belavin, Polyakov, Schwartz and Tyupkin
(BPST) [1]. A few years later Atiyah, Drinfeld, Hitchin and Manin (ADHM) showed how to

construct the most general instanton solution [2] — the well-known ADHM multi-instanton.

In quantum field theory, instantons are important as configurations that dominate the
path integral. They give rise to nonperturbative effects, which can in principle be calculated
by performing a semiclassical expansion of the path integral. In his famous 1976 paber,
't Hooft succeeded in performing such a calculation in SU(2) gauge theory with the BPST
instanton as background [3]. Due to various technical difficulties, subsequent calculations

of instanton effects in Yang-Mills theory have mostly been restricted to the one-instanton

level.

In this chapter, we present a review of instantons in Yang-Mills theory. This review is
divided into two parts. In Section 2.2 we discuss classical properties of instanton solutions

in pure Yang-Mills theory. We show that, as a consequence of the nontrivial topology of

6
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the gauge group, the space of finite action field configurations can be naturally divided into
sectors labelled by a single integer index k. A distinct instanton solution is associated with
each of these sectors. In Subsection 2.2.2, we proceed to derive the self-dual Yang-Mills
equation, which serves as the defining equation for instantons in pure Yang-Mills theory.
Finally, in Subsection 2.2.3, we present the explicit one-instanton solution in pure SU(2)
Yang-Mills theory derived by Belavin, Polyakov, Schwartz and Tyupkin. We discuss the

main features of this solution and describe its SU(N) generalization.

In Sections 2.3 and 2.4, we consider the calculation of nonperturbative effects in gauge
theory due to instantons. In the first of these sections we describe the basic approach. Es-
sentially, this consists of performing a semiclassical expansion of the path integral about the
instanton solution, which represents a saddle-point in configuration space. We shall see that
an important subtlety arises in connection with the ‘zero-modes’ associated with a generic
instanton solution. (These can be understood as directions in configuration space in which
the action is invariant.) The subsequent section is designed to illustrate the semiclassical
instanton method in the specific context of Yang-Mills theory. Our aim is to prime the
reader for the instanton calculations performed in Chapters 4 and 6. We first outline the
one-instanton calculation of the vacuum-to-vacuum amplitude in pure SU(N) Yang-Mills
theory. For this purpose we draw extensively on the seminal results obtained by 't Hooft
[3] and generalized by Bernard [4]. We then discuss the effect of fermions on the instanton
calculation. Finally, we consider applying the instanton method to a Yang-Mills model with
a Higgs sector. We show that the presence of a nonzero Higgs expectation value spoils

the instanton solutions but that instanton effects can nonetheless be calculated using an

approach formalized by Affleck [5].

Throughout this chapter we work in Euclidean space, using the conventions given in

Appendix A.



CHAPTER 2. INSTANTONS IN YANG-MILLS THEORY 8

2.2 Classical Properties

In this section, we examine classical properties of instanton solutions in pure Yang-Mills
theory. We first show that, as finite action configurations, instanton solutions are labelled
by a single integer k. We present the simple formula for calculating this integer, which is
proved in Appendix B. Using the requirement that instantons locally minimize the action,
we then derive a first-order differential equation satisfied by instanton solutions. This is the
self-dual Yang-Mills equation. Finally, in Subsection 2.2.3, we present the BPST instanton
solution. We discuss its salient features and show how it can be used to construct the general

one-instanton solution in pure SU(N) Yang-Mills theory.

Throughout this section we make use of the reviews [6, 7].

2.2.1 The Topological Charge

The Euclidean action of pure Yang-Mills theory is given by
1
S = 3 /d“x Tr(FuwFu)- (2.1)

A necessary condition for this action to be finite is

lim F,, =0. (2.2)

jz| 00
A necessary and sufficient condition for the field strength to vanish at large distances is
lim A, = ~U8,U™", (2.3)
|z|—00 g

where U(z) is an element of the gauge group, G. At first glance it appears that, for the
action to be finite, the gauge field A, must approach pure gauge (a gauge transformation
of the A, = 0 vacuum) at large distances. However, this is not generally true because the

matrix U(z) cannot necessarily be identified with a standard gauge transformation matrix.

We now elaborate on this crucial point.

A standard gauge transformation is described by a group matrix, say V(x), which rep-

resents a continuous mapping from Euclidean space, E*, to the gauge group G. Such a
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mapping is in fact continuously deformable to the trivial mapping, from E* to a single ele-
ment in G. To see this, let us select a point in space, %o, at which V has the value V5. We can
consider a nested series of hyperspheres, centred at zg, with infinitesimally increasing radii.
Given V as a function of the angles (¢, @2, ¢3) on any of these hyperspheres, we can con-
tinuously deform V on the neighbouring hyperspheres into exactly the same V' (&1, Do, B3)-
Hence, starting with the infinitesimal hypersphere at the point zo, one can continuously

deform V(z) into the single element V; throughout E*.

In contrast, the matrix U represents a continuous mapping from the 3-sphere at infinity,
S3 . to the gauge group G, and generally can not be continuously deformed to the trivial
mapping. The situation is more subtle, and it is convenient to first consider the specific

case of gauge group SU(2).

It is well-known that the group SU(2) is topologically equivalent to a 3-sphere. So for this
gauge group, the matrix U in Eq. (2.3) gives a mapping from one 3-sphere to another. This
kind of mapping is like the continuous mapping from the circle S! to itself. In that situation

it easy to see that the set of all continuous mappings can be divided into equivalence classes,

such that:

e the elements of each class can be continuously deformed into each other, and

e cach class can be labelled by an integer index, which gives the number of times that

the circle is ‘wound’ onto itself.

More formally, these equivalence classes form a homotopy group, I, (S = Z.

The set of continuous mappings of S® to itself can be divided into equivalence classes in
just the same way. The integer index associated with each equivalence class now represents
the number of times the 3-sphere is ‘wrapped’ onto itself. We call this index the ‘Pontryagin
index’ or the ‘topological charge’. Only when the topological charge associated with U(z)
is zero can it be continuously deformed into the trivial mapping. So only in this case can
we identify the finite action gauge configuration in Eq. (2.3) as pure gauge. When the

topological charge is nonzero, it distinguishes different sectors in the space of finite action
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configurations. Instanton solutions are configurations that minimize the action in each of

these sectors.

To complete the discussion, we must now consider the situation for a general gauge
group G. The generalization is straightforward, thanks to a theorem due to Bott [8]. Bott’s
theorem states that if G is an arbitrary simple Lie group then any continuous mapping of S 3
into G can be continuously deformed into a mapping into an SU(2) subgroup of G. So we can
always divide the space of finite action configurations into sectors, according to the number of
times U(z) wraps the 3-sphere at infinity onto such an SU(2) subgroup. Instanton solutions

are then configurations that minimize the action in each of these topological sectors.

To round off this subsection, we present the formula which gives the topological charge,
k € Z, of a finite action field configuration. This will be used in the derivation of the

self-dual Yang-Mills equation presented in the next subsection. The formula reads

2
_ g 4 n 9
k=1 / dwTr (FuFu) (2.4)

where the dual field strength is defined by

~ 1 -
FIW = EEMVP)‘FP/\' (20)

For the proof, we refer the reader to Appendix B.

2.2.2 Self-Duality

In this subsection we show that the field strength associated with instantons is self-dual.
This property follows directly from the requirement that instantons locally minimize the
action. The self-duality condition is a non-linear first-order differential equation. It can be

taken as the defining equation for instantons in pure Yang-Mills theory.

Let us first consider field configurations with positive definite topological charge k. The

trick is to write the action (2.1) as follows:

S = % / diz Tr [(Fu - FW)Q} + % / A5 Tr (B ) (2.6)
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Using the expression for the topological charge (2.4), we can easily evaluate the second

integral:

1 ~ 872 _
5/(14:15 Tr (Fu,,FW) =57 ? (2.7)
Since the first integral cannot be less than zero, this gives a lower bound on the action,
872
S > _g?—k (2.8)

The lower bound is attained, and the action is locally minimized, when
F,, =F,. (2.9)

This is the self-duality condition, also known as the self-dual Yang-Mills equation, satisfied

by k-instantons of positive topological charge.

If we consider configurations with negative k, and again write the action in the form (2.6),
then we arrive at a negative lower bound on the action. This bound cannot be attained be-
cause the Euclidean Yang-Mills action cannot be less than zero. We conclude that there are
no instantons of negative topological charge that satisfy the self-dual Yang-Mills equation.

It is more useful, in the case of negative k configurations, to write the action as

1 .2 1 .
S = Z/d‘*gaTr [(Fu + F) } - §/d4$Tr (FWFW>. (2.10)
This gives a positive lower bound on the action,
8m?
S 2 ?(—k); (2.11)

which is attained when

F;u/ = _F‘p,u- (212)
This is the anti-self-duality condition that defines instanton solutions in pure Yang-Mills
theory with negative topological charge. Such solutions will be referred to as anti-instantons

whenever we wish to distinguish them from instantons of positive topological charge.

Note that solutions to Eqs. (2.9) and (2.12) automatically satisfy the Euler-Lagrange

equation
D,F,, =0, (2.13)
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by virtue of the Bianchi identity
D,F,, =0. (2.14)

However, the converse is not true, i.e. solutions to the Euler-Lagrange equation are not
necessarily solutions to (2.9) or (2.12). Whereas the Euler-Lagrange equation is a second

order differential equation, the self-dual Yang-Mills equation is a first order equation.

In the next subsection we consider the simplest nontrivial solution to the self-dual Yang-

Mills equation.

2.2.3 The One-Instanton Solution

In 1975, Belavin, Polyakov, Schwartz and Tyupkin derived an explicit instanton solution of
topological charge unity for the case of gauge group SU (2) [1]. Their solution (henceforth
referred to as the BPST instanton) takes the form

2 — @ :
A, == MUTT_U (2.15)

T g™z —z) 2 2
where u € SU(2) and the tensor 7%, is defined in Appendix A. We list below the main

features of the BPST instanton solution:

1. The solution contains a total of eight free parameters: four space-time coordinates
1z, representing the centre of the instanton, one dilatation parameter p, represenﬁing
the size of the instanton, and three parameters implicit in the matrix u, representing
the SU(2) iso-orientation of the instanton. These parameters are known as ‘collec-
tive coordinates’. They are associated with the classical global symmetries of pure
SU(2) Yang-Mills theory that are broken by the instanton solution. Specifically, these
symmetries comprise space-time translations, scale transformations and global gauge

transformations.

9. The self-dual Yang-Mills equation is clearly invariant under local gauge transforma-
tions. The expression (2.15) therefore represents the BPST instanton in a specific local

gauge. It is conventional to call this ‘regular gauge’. We discuss below an alternative
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gauge for the BPST instanton, which proves to be more convenient for semiclassical

calculations.

3. The field strength of the BPST instanton reads

a

4 P T
F=—-n, ul —u. (2.16)
u g ((a:—a:o)2+p2)2 9

This is manifestly self-dual, by virtue of the self-duality property of the tensor U (see

Appendix A).
4. At large distances, the BPST instanton has the asymptotic form (2.3), with

Ulz) = u“%. (2.17)

This matrix gives a one-to-one mapping from the 3-sphere at infinity to the gauge
group SU(2). So the topological charge of the BPST instanton is manifestly equal to

unity.

5 The BPST instanton is the most general SU(2) one-instanton solution. It was shown
in [9] that the most general k-instanton solution in pure SU(2) Yang-Mills theory
contains 8k free parameters. This is intuitive, since one expects that within the k-
instanton moduli space there is a region corresponding to k well-separated BPST

instantons, each containing eight free parameters.

6. An anti-instanton solution, with topological charge —1, is easily obtained from the

BPST instanton by replacing 7, with the anti-self-dual tensor 7,

7. The BPST solution takes the form of a ‘lump’ localized in time as well as space. It is

this fact that originally inspired 't Hooft to invent the term ‘instanton’.!

The BPST instanton can be used to construct the general one-instanton solution in pure

SU(N) Yang-Mills theory. The first step is to write

BPST
A, = ( A ) ; (2.18)

1 this thesis we shall use the term more generically, to refer to any set of classical configurations that
locally minimizes the Euclidean action and provides a suitable background for semiclassical calculations.
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where A7757 is the BPST instanton (2.15). This is clearly a solution to the SU(NV) self-dual
Yang-Mills equation, of topological charge unity, but it is not the most general solution. In
pure SU(N) Yang-Mills theory the general k-instanton solution contains 4Nk free param-
eters [10].> What we are missing is the set of collective coordinates associated with global
gauge transformations that rotate the embedded BPST instanton into SU (N) group space.
An arbitrary global gauge transformation acts on the solution (2.18) as follows:

BPST BPST
(Aﬂo 8>—>QT<A"O 8)9 Qe SU(N). (2.19)

Tt can be seen that there are two independent subgroups of SU(N) that do not effect
rotations of the embedded BPST instanton:

1. A U(1) subgroup.

Q) = diag (eie, e, e_w/(N_Q), 8-22’0/(1\7-2)7 ey e”m/(N_Q)) 0<6<2r. (2.20)

3

2. An SU(N — 2) subgroup.

loxz O )
Q:< 202 Q,), Q' eSU(N-2). (2.21)

We conclude that the embedded BPST instanton is properly rotated into group space by
elements of the coset SU(N)/Ty, where

Ty = SU(N — 2) x U(1) (2.22)

is the ‘stability group’ of the instanton. Since this coset is (2N — 5)-dimensional and the
embedded BPST instanton contains 5 free parameters (ignoring the SU(2) iso-orientation
matrix which is absorbed into the SU(N)/Ty orientation matrix) it follows that

BPST
A, =qf ( Aﬂo 8 > Q Qe SU;N) (2.23)

is the most general SU(N) one-instanton configuration.

2In [10], the number of collective coordinates of the k-instanton is quoted as 4Nk— N?+1for k> N/2
and 4k% + 1 for k < N/2. However, these formulae exclude the collective coordinates associated with global
gauge rotations of the k-instanton configuration. Our counting includes these collective coordinates.
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In our discussion of the BPST instanton, it was pointed out that the solution (2.15) is
unique only up to local gauge transformations. In semiclassical calculations of instanton con-
tributions to gauge invariant physical quantities, the choice of local gauge for the background
instanton configuration does not matter; the final answer must clearly be independent of
this choice. However, as we shall see in Section 2.4, in practice it is convenient to work
with a specific instanton gauge known as ‘singular gauge’. To obtain the BPST instanton

in singular gauge, we perform a gauge transformation of the regular gauge solution (2.15),
i
A, = VAV 4+ gvaﬂvt (2.24)

using the singular transformation matrix

T — To)u€
V(z) = uf(—#ﬁu. 295
(5) =l (2.25)
The result 1s ) .
9 o a
Ay = 1, P 5 (= xQO)” ut T, (2.26)
9" (x—wo)” (z—m)” +p? 2

Note that the gauge transformation (2.25) is strictly only valid if we exclude the point
z = 1z, from E*. The topological charge of the singular gauge instanton is concentrated on

the infinitesimal 3-sphere surrounding this point, rather than on the 3-sphere at infinity.

2.3 The Semiclassical Instanton Method

In this section we outline the procedure for calculating nonperturbative effects in quantum
field theory due to instantons. The method basically consists of semiclassically expanding
the path integral about the classical instanton configuration, which represents a saddle-
point of the action in configuration space. In the one-loop approximation, to which we
restrict ourselves throughout this thesis, we only retain terms in the Taylor expanded action
that are quadratic in the field fluctuations. The integration over the field fluctuations
is therefore Gaussian, and easily accomplished. However, we shall see that in a generic
instanton background, this integration (naively) leads to an ill-defined answer, due to the

presence of so-called ‘zero-modes’. We shall see how this difficulty is resolved by making
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a change of integration variables, from the parameters associated with field fluctuations in

the direction of the zero-modes to the collective coordinates in the instanton solution.

We shall illustrate the semiclassical instanton method in the context of a general field
theoretic model which involves a single real scalar field ¢. We shall derive a general expres-

sion for an instanton contribution to the partition function Z, which is given by
Z=N / [dp)e 51! (2.27)

in the path integral formalism. Here S[¢] is the Euclidean action of the model and N is an
infinite normalization factor. An instanton solution ¢ is a classical field configuration that

locally minimizes the action. Hence it must satisfy the Euler-Lagrange equation

65

b=9°!

To perform a semiclassical expansion of the path integral (2.27), we write

¢ = ¢ + ¢, (2.20)
and Taylor expand the action about the instanton background:
S8 =S [¢”] + % / d*z ¢¥(z) M ()¢ (z) + O((¢™)%), (2.30)
where A " |
M= i ¢:¢01' (2.31)

Note that there is no term linear in the quantum field fluctuation ¢ because ¢ satisfies
the Euler-Lagrange equation (2.28). In what follows, we neglect the O((¢%)3) terms in
the expanded action (2.30). This represents a one-loop approximation. As stated above,

throughout this thesis we restrict ourselves to one-loop semiclassical instanton calculations.

The operator M generally possesses a complete, orthogonal set of orthogonal eigenfunc-
tions {¢;}, with corresponding eigenvalues {e;}. It is convenient to adopt the ¢; as a basis
for the quantum field fluctuations,

oM =) cig (2.32)

3
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The quadratic term in the expanded action (2.30) then becomes
1 u - u 1
§/d4x ¢ () M (2)9% (z) = 3 Z:cfﬂcsz[%z (2.33)

In the semiclassical approach, we can define the functional integral measure to be
[[¢5]] |
do| = — dCi, 2.34
[d¢] H Jor (2:34)

where

[ll* = /d4x¢i(x)‘¢i($)- (2.35)

After substituting Eqs. (2.30), (2.33) and (2.34) into the path integral (2.27), and per-
forming the Gaussian integrations over the ¢;, we obtain the following simple expression for

the instanton contribution to the partition function:

70 = Ne=54")(det M) 2, (2.36)

where
det M =[] e (2.37)
Unfortunately, this expression is too simple; we have not considered the possibility that

some of the ¢; are vanishing. If this is the case then Eq. (2.36) is formally ill-defined.

In a generic instanton background, the small-fluctuations operator M does indeed pos-
sess zero-eigenvalues. These are directly related to the classical symmetries broken by the

instanton solution. Let us suppose that the instanton solution ¢! breaks m classical sym-

Then it represents a family of classical field configurations which map out an m-dimensional
region of configuration space throughout which the action is constant. In this region there
are necessarily m independent directions in which the action is invariant. These directions

are precisely the zero-eigenfunctions or ‘zero-modes’ of the operator M.3

There is a standard procedure for dealing with zero-modes, known as the collective

coordinate method [11]. Let us identify the zero-modes of the operator M with the first

3Typically, the zero-modes are just given by the m tangent vectors 0¢° /8v;. However, this is not the
case in a gauge theory, because the zero-modes are constrained by a gauge-fixing condition.
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m eigenfunctions ¢;, ¢ = 1,...,m. It is clear that the quadratic term in the action (2.33)
has no dependence on the corresponding parameters ¢;, ¢ = 1,...,m. Consequently, the
integration over these parameters is divergent. The collective coordinate method consists of
changing the integration variables from the m parameters c; to the m collective coordinates

of the instanton solution, ;. In this way one avoids a divergent integration.

An efficient way to make the change of variables from the ¢; to the collective coordinates

is to insert the following factor of unity into the path integral:

m

1= [ g (et ) [ [ 0106 - 67, 60) (2.38)
i=1
where
a¢cl o
Ay = a—%;(bj +0(¢ — ¢°). (2.39)
We have used the following definition of the inner product of two functions:
(9) = [ & @) -9(o). (2.40)

In the one-loop approximation, the O(¢ — ¢') terms in Eq. (2.39) can be neglected. We now
obtain, after expanding ¢%" as per Eq. (2.32) and integrating out the parameters c¢;, © >.m,

associated with the nonzero modes, the following expression for the instanton contribution

to the partition function:

70 =N / (ﬁd%) (Hdci) (det A) (H”f;—” (cillill )) (det'N1)~2e=519%), (2.41)

=1 i=1

where
det'M =[] e (2.42)

i>m
(The prime on the determinant indicates that the zero eigenvalues are excluded.) The 6-
functions in Eq. (2.41) saturate the integrations over the ¢;, 1 =1,...,m. After integrating

out these parameters we obtain

m

70 =N / dyidy, . . . dym (det A) (H

1

) (det' M)~ ze~S1#°. (2.43)
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This is our desired general expression for the instanton contribution to the partition func-
tion (2.27). To normalize the contribution, we should divide by the one-loop perturbative
expression for the partition function. This amounts to setting '
1
det! M) ’

- 2.44
det MO (2.44)

N(det'M)™2 — (

in Eq. (2.43), where M? is the operator M evaluated in the background ¢ = 0.

In the above analysis, we have taken the field ¢ to be a real scalar. However, it is
easy to see how the final expression is modified for other kinds of fields. For instance,
if ¢ were a complex scalar then the determinant factor in appearing in Eq, (2.43) would
become (det’ M)~!. On the other hand, if we were dealing with a fermion field then we
would get a factor (det’ M)*!. In the case of fermion zero-modes, the collective coordinates
are Grassmann parameters. We discuss the effects of fermion zero-modes on semiclassical

computations in Yang-Mills theory in Section 2.4.2.

Our analysis has also focussed on a specific field theoretic object, namely the partition
function. For a generic Green’s function, the (one-loop) semiclassical instanton method
yields a formula similar to (2.43), with the field insertions in the path integral saturated by

the classical instanton background.

Finally, we note that in a generic renormalizable quantum field theory there will be
one-loop ultra-violet divergences associated with the determinant factor in Eq. (2.43); the
operator M has infinitely many large eigenvalues. The renormalization procedure must be
applied to the instanton calculation just as it is applied in perturbation theory. In the
following section, we shall use the example of a one-instanton calculation in pure SU(N)
Yang-Mills theory to demonstrate how the renormalization procedure can be implemented

in an instanton calculation.

2.4 One-instanton Effects in Yang-Mills Theory

The purpose of this section is to illustrate the main features of the semiclassical instanton

method as applied to Yang-Mills theory. To this end, we shall consider the calculation of
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one-instanton effects in particular SU(N) Yang-Mills models.

To begin with, in Subsection 2.4.1, we focus on pure SU(N) Yang-Mills theory. Following
't Hooft [3] and Bernard [4], we describe, in some detail, the derivation of the one-instanton
contribution to the vacuum-to-vacuum amplitude in this theory. This will serve to illustrate
a number of general features of instanton calculations in gauge theory. We shall see that
there is a natural and convenient gauge for the quantum field fluctuations, which leads to a
considerable simplification in the calculation of the small-fluctuations determinants (3). We
shall also see that the ultra-violet divergence of these determinants can be regularized using
the Pauli-Villars method, and that, in the final answer, the regularization mass appears with
exactly the right power to renormalize the instanton factor exp(—872%/g?), in accordance with

the one-loop perturbative g-function [3].

In Subsection 2.4.2, we discuss the effect of fermion fields on the semiclassical analysis.
We consider an SU(2) gauge theory that includes a single Dirac fermion. We see that, in
the background of the BPST instanton, the Dirac operator possesses zero-modes. In the
massless theory, these fermion zero-modes imply a vanishing result unless the path inte-

gral contains field insertions that saturate the integrations over the associated Grassmann

collective coordinates.

Finally, in Subsection 2.4.3, we consider an SU(2) Yang-Mills model that includes a
Higgs field. We show that the presence of a non-vanishing Higgs expectation value spoils
the classical scale invariance of the theory. Consequently, instanton solutions do not formally
exist. One can nonetheless perform an instanton calculation, using a ‘constrained’ instanton
background [5]. In this model, the integration over the instanton size is cut off by the

(inverse) Higgs expectation value, so that the infra-red problem is avoided.

2.4.1 Pure SU(N) Yang-Mills Theory

In this subsection we outline the derivation of the one-instanton contribution to the vacuum-

to-vacuum amplitude? in pure SU(N) Yang-Mills theory, following the analysis of ’t Hooft [3]

4In physical terms, instanton contributions to the vacuum-to-vacuum amplitude represent tunnelling
effects between topologically nontrivial vacua of the theory [12] (see also [13]). This was the original
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and Bernard [4].

In the path integral formalism, the vacuum-to-vacuum amplitude in pure SU(N) gauge

theory has the following form:

W=N / [dA,) [d7) [dn) e~ StAx0) (2.45)
where
1 1
StAwnal= [ d's { 7T (b + 30 (A + Caln 0y )

The terms C(A,) and Lg(7,7) are the usual terms associated with the Faddeev-Popov
gauge-fixing procedure; C(A,) is the gauge-fixing term and L, (7], 1) is the corresponding
ghost term (77 and 7 are the ghost fields).

To perform a semiclassical expansion of the path integral, we write
Al ~
A, = A, + AN (2.47)

where A¢ is the SU(N) one-instanton configuration given by Eq. (2.23). Ultimately, it does
not matter whether we take the embedded BPST instanton to be in regular gauge (2.15)
or in singular gauge (2.26); as stated earlier this choice cannot affect the final, gauge-
invariant result. However, as we see below, in singular gauge the instanton zero-modes die
off sufficiently fast at large distances to make the calculation of the collective coordinate

measure much easier [4]. Substituting (2.47) into the pure Yang-Mills action (2.1), one

obtains
1 8r2 1 o sau)2 a2
5 / d*z Tr (FFu) = =t / d'zTr (2 (DLAR)” — 2 (D5 AS) |
—aigFg, [AT, AY] +0 ((42)')), (2.48)

where be1 is the covariant derivative evaluated in the one-instanton background.

Tt was found by 't Hooft that the problem of evaluating the small-fluctuations deter-
minants in the instanton background was simplified in the particular gauge (for the field

fluctuations) defined by
cl pgqu __ :
DY AM =0, (2.49)

motivatation for the introduction of the well-known 6-term to the Lagrangian of Yang-Mills theory; the
g-parameter labels the infinite set of vacua induced by instanton tunneling effects [12].
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This gauge is known as (covariant) background gauge. The effect of background gauge
is to restrict the quantum fluctuations A3" to directions in configuration space that are
orthogonal to the directions associated with infinitesimal gauge transformations of Af} To

see this, first observe that an infinitesimal gauge transformation of Af} is given by
cl 1 1 9
Ay — AL+ DyA. (2.50)
The orthogonality property is then
/d‘*a; Tr (ATDIA) = 0. (2.51)

By integrating by parts, and using the fact that A is arbitrary, it is easy to see that the

covariant background gauge condition (2.49), is equivalent to this orthogonality condition.

To implement the background gauge condition (2.49), the gauge-fixing and ghost terms
in the action (2.46) take the following form:

/ d'z %C(A,L)Q = / d“:cTr((D;‘Ag“)Q), (2.52)
/d4x£gh(ﬁ,n) = —2/d4a:Tr (77 (D“')Qn). (2.53)

Note that the gauge-fixing term (2.52) cancels one of the terms in the expansion (2.48). To

quadratic order in AJ", the expanded action now takes the form

= 87T2 1 4 qua { 7, ab qub 4, =a [ A ab b --
St =+ [ dady (M,,)W A [ digp (Mgh) g (2.54)
where
MaAT S = — (DY) AT — 29 fupc F AL, (2.55)
Y a V2 a -
Mgn® = —(D%)" 7% (2.56)
The operator M possesses a total of 4N zero-modes Aff), i =1,...,4N, corresponding

to the collective coordinates of the SU(N) one-instanton solution (2.23). (In contrast, the
operator Mgh does not possess any zero-modes.) To deal with these zero-modes, one applies
the collective coordinate method, as outlined in the previous section. This gives the following

expression for the collective coordinate measure:
4N
1

1
AN e
/d 7 (det &) [ A (2.57)

=1
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where

aAcIa ' .

u,a s Q
Here we have designated the collective coordinates zo, p and those implicit in €2, by the set

{~;}. Now in background gauge, the zero-modes of A,(f) take the following form:

, 0AY .
AD = af +DIA®. (2.59)

Here A® is an infinitesimal generator of a gauge transformation, determined by the back-
ground gauge requirement

DYAD =0, (2.60)

Tt was shown by Bernard that the calculation of the Jacobian factors in (2.57) is simplified

if one works with the singular gauge instanton background. In this case, direct calculation
shows that, at large distances,
() aq0)a L :
A" 4 e <O (2.61)
[af®
for all the zero-modes [4]. (Only the five zero-modes associated with translations and scale
transformations have this long-distance behaviour in regular gauge.) It follows that, upon
integrating by parts, we have
Z (chLlA(i) a Aff) a) - _ Z (A(i) . DZIA;(zj) a) _ (2.62)
ua pa
The right-hand side of this equation vanishes by virtue of the background gauge condi-
tion Eq. (2.60). Hence A;; = d;; HA“’H and the expression for the collective coordinate

measure (2.57) simplifies to

With some straightforward algebra, and a somewhat careful treatment of the integration
over group space collective coordinates, one now obtains the following final expression for

the (bosonic) one-instanton measure in SU(N) Yang-Mills theory 3, 4]:

oo ey (BF) e
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Here the integration over the group space orientation of the instanton is normalized so that
/ 0 =1. (2.65)

The 't Hooft-Bernard collective coordinate measure (2.64) (and its supersymmetric multi-

instanton generalization) is an essential requirement for the instanton calculations performed

in Chapters 4 and 6.

Let us now consider the determinant factors obtained by integrating out the quantum
field fluctuations Af" and 7. When combined with the prefactor N that normalizes the path

integral, the net result is a factor

_1 R
det' MA “ det -A/[gh (2 66)
det MY ) det MY, )

Formally, this expression is ill-defined because the determinants contain one-loop diver-
gences. These divergences must be controlled by regularizing the theory in some way.
Dimensional regularization is not applicable because the instanton calculation is explic-
itly performed in four dimensions. Instead, one can introduce Pauli-Villars fields i‘nto
the Lagrangian, whose large mass, p, acts as a regularization parameter. To subtract
the ultra-violet divergences, the Pauli-Villars fields have opposite statistics to the physi-
cal fields. Their effect is to divide each determinant in (2.66) by a regulator determinant,

det(M + p2) [3]. In particular, the primed determinant det’ M 4 becomes

- det’ M det’ M ‘
det/ Ny — — A N ST (2.67)
det(Ma + 11?) det' (M4 + p?)
We have extracted the 4N lowest eigenvalues from the regulator determinant, to leave a

dimensionless ratio of (primed) determinants.

In his investigation of a generic SU(2) Yang-Mills model, *t Hooft discovered that, in the
covariant background gauge, all of the normalized, regulated (and where necessary, primed)
small-fluctuations determinants are essentially given by a single formula. For the case of a

massless scalar field of isospin-t, the formula reads [3]

det M det(M° + u?) (C(t) )
- - =exp| —1In + aft 2.68
det(M + p?)  det M° P\ 76 (p) o) (268)
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(The functions C(¢) and a(t) are given in Appendix A). The SU(2) gauge boson has
isospin-1 and four Lorentz components. As a consequence, its small-fluctuations determinant
is given by the right-hand side of Eq. (2.68), with ¢ = 1, taken to the power four. The
operator associated with the Faddeev-Popov ghosts is identical to the operator associated
with the massless scalars, namely (D)2, so its determinant is given exactly by the right-
hand side of Eq. (2.68), with ¢ = 1. As for fermion fields, it turns out that the determinant
associated with a massless two-component Weyl fermion is also given by precisely the right-

hand side of Eq. (2.68). Dirac fermions are comprised of two Weyl fermions, so the associated

determinant is just the square of this.

Because of the way the SU(N) one-instanton solution is constructed by a simple embed-
ding of the BPST instanton, it is straightforward to apply 't Hooft’s SU(2) results to the
model at hand. The determinants of the operators Z\;[A and ]\;[gh are invariant under global
gauge rotations of the embedded BPST instanton, effected by the matrix © in Eq. (2.23).
So without losing anything, we can take Af} in the definitions of M4 and Mgh to be the
unrotated upper-left embedded BPST instanton (2.18). We now have to consider how the
N? — 1 colour components of the fields A% and 7 transform under the action of the SU(2)
embedding subgroup. The (N — 2)? colour components associated with the generators of
the instanton stability group evidently transform as isospin singlets. The three components
associated with the generators of the SU(2) subgroup itself form an isospin triplet, and the
remaining 4(N — 2) components form isospin doublets. Using this information, together
with t Hooft’s determinant formula (2.68), we deduce that the determinant factors (2.66)
yield

o exp (= nGup) = (1) = 24N - 2)a(y)). (2.69)

From the expression for the collective coordinate measure (2.64) and from the above
expression for the regularized, normalized small-fluctuations determinant factors, we ob-
tain the following expression for the one-instanton contribution to the vacuum-to-vacuum
amplitude:

War = ﬂnN/se—sw?/g? 94N+2 AN -2
gy (N-DIN-2)

(We have performed the trivial integration over group space.) With regard to this final

o(atn=2(v-2e() / Daodp NP (2.70)
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expression we make two important comments:

1. The Pauli-Villars regulator mass x appears with exactly the right power to renormal-
ize the bare coupling in the instanton factor exp(—8w2/g?). This follows from the

perturbative relation

87?2 872 11N
—_ = ——1In K, 2.71

obtained by integrating the one-loop perturbative f-function. (Here g and gpy are the

bare coupling and the Pauli-Villars renormalized coupling, respectively.) The factor

of g~V appearing in (2.70) is expected to be renormalized by higher loop effects.

2. The integration over the instanton size p is divergent. This is the well-known infra-
red problem associated with instanton effects in classically scale invariant Yang-Mills
models. Strong-coupling effects presumably serve to cut off the integration over p at
the characteristic length scale of the theory, A™%, but this cannot be seen directly in
the semiclassical approach. In Subsection 2.4.3, we shall see that in a theory with a
symmetry-breaking Higgs sector, the scale provided by the Higgs expectation value

serves to cut off the p integration, so that the infra-red problem is avoided.

2.4.2 Inclusion of Fermions

In this subsection, we examine the effect of fermion fields on instanton calculations in Yang-

Mills theory. As a specific example, we consider the model whose (Euclideanized) action
is
1 - -
5=35 / d*s Te(F,, Fl) + / dtz (94,0, + mU ). (2.72)

Here W is a Dirac spinor of mass m and the 4-matrices are defined in Appendix A. We take

the gauge group to be SU(2) and ¥ to transform in the fundamental representation.

According to the approach of 't Hooft, the one-instanton background consists of the

BPST instanton and the trivial fermion field configuration ¥ = ¥ = 0. The operator

associated with fermion field fluctuations is then given by

My = 4,DS +m. (2.73)
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We first consider the situation for massless fermions. (The mass will later be introduced as

a small perturbation.)

When m = 0, the operator (2.73) possesses zero-modes. In fact, in the background of
the BPST instanton there are precisely two zero-modes, one for each Weyl component of

the Dirac spinor. Let us write

A _ _
¥ = (-), U= (¢ A). (2.74)
Y
In terms of the Weyl components, the zero-modes are the solutions to
e, DN = 0, (2.75)
e, DX = 0, (2.76)

and similarly for ¢ and ¢. It is important to note that Eqs. (2.75) and (2.76) are not
simply Hermitian conjugates of each other. (This reflects the fact that in Euclidean space,
a spinor and its conjugate are treated as independent field variables.) The Atiyah-Singer
index theorem predicts that in a k-instanton background, the number of solutions to (2.75)
minus the number of solutions to (2.76) equals & [14]. Moreover, it is not difficult to show
that in a self-dual background there are no solutions to the equation for A. The trick is to
act on Eq. (2.76) with the operator e,D¢. Using Eq. (A.28) and the property 7, F, = 0
for a self-dual field strength, we obtain '

(DY X = 0. (2.77)
The operator (DCI)2 is positive definite and therefore cannot have a zero eigenvalue.

In the background of a singular gauge BPST instanton, the unique solution to Eq. (2.75)
is [3]

i P yulen)s
Ao=L €, 2.78
7T\/y?(y?+;12)56 27)

where y,, = (¢ —10), and 1 is the isospin index. The parameter ¢ is the Grassmann collective
coordinate associated with the fermion zero-mode. We shall use the symbol ¢ to represent

the collective coordinate associated with the same zero-mode solution for the other Weyl

spinor, 1.
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In a semiclassical instanton calculation, the fermionic zero-modes can be dealt with
using the collective coordinate method, just as for bosonic zero-modes. Note that the
solution (2.78) satisfies (after stripping away &)
> / d'z AN = 1. (2.79)

Q,t :
Hence it is normalized, so that the collective coordinate measure associated with the fermion

zero-modes is simply [ d&dc.

For the one-instanton contribution to a generic Green’s function in the massless theory
to be non-vanishing, the path integral must contain field insertions that saturate the integra-
tion over ¢ and (. The instanton calculations of Chapters 4 and 6 will explicitly demonstrate
this principle. Since the functional integral expression for the vacuum-to-vacuum amplitude
contains no field insertions, the one-instanton contribution to this amplitude vanishes. More
generally, one can argue that all topologically nontrivial instanton sectors give vanishing con-
tributions to the vacuum-to-vacuum amplitude. Physically, the effect of massless fermions

is to suppress the vacuum tunnelling associated with instantons.

Along with the collective coordinate measure associated with the zero-modes comes
the t’ Hooft determinant factor associated with the nonzero modes. From the master for-

mula (2.68) we deduce that this determinant factor is

det' My det(M3 + p)

= = = p texp(Lln + 2a(})) - 2.80
Gty ) denty " p (3 In(up) +2a(3)) (2.80)

The factors of the Pauli-Villars mass y appearing here combine with the factors arising from
the bosonic 't Hooft determinants (see Eq. (2.69)) in exactly the right way to renormalize

the instanton factor exp(—8w2/g?).

Let us now consider the effect of turning on the fermion mass m. When the mass is
small compared to the inverse size of the instanton®, m < p~1, it is small compared to the

nonzero eigenvalues of the massless operator M. If we regard the mass term as perturbing

5Since p is an integration variable, we can really only take the mass to be small up to some critical
(inverse) value of this parameter. In the next subsection we discuss a scenario in which the p-integration
has a manifest cut-off. In this situation the mass is amenable to a perturbative treatment throughout the

whole integration over p.
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the eigenvalues of the massless operator then, in the lowest order approximation, only the

zero-modes are affected. Their perturbed eigenvalue takes the value m. To account for this

perturbation, we may write
m/d4x YU — méC (2.81)

in the action (2.72), and continue to use the collective coordinate prescripton. In the
calculation of the vacuum-to-vacuum amplitude, the mass term (2.81) then saturates the

integration over the Grassmann collective coordinates £ and ¢.

The replacement (2.81) is more obvious if we adopt the viewpoint that the zero-modes
constitute part of the instanton background, rather than the trivial configuration U=0U=0
The term mé( is then just part of the instanton action, obtained by evaluating the mass term
at the zero-modes. This interpretation of the zero-modes is very natural in supersymmetric
models, where the various fields comprising an instanton background form supersymmetry
multiplets [15]. In the supersymmetric instanton calculus developed in Chapter 5 it 1s

essential to regard fermion zero-modes in this way.

2.4.3 Inclusion of a Higgs Field and the Constrained Instanton

We now discuss the application of the semiclassical instanton method to models that possess
a symmetry-breaking Higgs sector. For illustrative purposes we shall focus on one fairly
simple example, which consists of pure SU(2) Yang-Mills theory coupled to a complex

Higgs doublet. It has the Euclidean action

1 2
S = 5/d“:z: Tr (F,,F,) + /d4x (D#QSTD,L;b + A (|ng|2 — | {¢) |2) ) : (2.82)
The associated Euler-Lagrange equations are:
D,F%, =ig¢'T* Dy + c.c. (2.83)
D?¢ = 2(|¢]* = [{$)*)¢ (2.84)

If the Higgs vacuum expectation value (VEV), (¢), is zero, then a suitable background
for a semiclassical calculation is given by the BPST instanton solution and ¢ = 0. But

when (¢)? > 0, there are no non-singular configurations that minimize the action. The
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underlying reason is that the Higgs potential breaks the classical scale invariance of the
pure Yang-Mills theory. This can be seen using Derrick’s theorem [16]. We perform the
following scale transformation of the fields:

x

1
Ay (3) — =4, (g) Y (g) . (2.85)
The effect on the action is
S 2 /d%Tr (FuF, )+/d4x (aQD 61 Db + a2 (197 = | (8) |2)2). (2.86)
2 pv L 2 1

If we choose a < 1, which amounts to shrinking the configurations, then the action is made

smaller. Only in the singular limit, ¢ — 0, does the action reach a minimum.

How then, can there be any hope of performing instanton calculations in theories such
as these? An answer to this question was first intuited by ’t Hooft [3] and later refined by
Affleck [5]. According to 't Hooft, one should be able to work with approximate instanton
configurations that do not strictly minimize the action, provided that they dominate the path
integral; since the action decreases with configuration size, the appropriate configurations
are small. More precisely, a suitable instanton background is provided by solutions to the

Euler-Lagrange equations in the region of configuration space where the scale parameter p

satisfies
1 .
il 2.87
p K Y& ( )

where M is the mass scale set by the Higgs.

In the model at hand, the Higgs mass is M = v/A(¢). In the small-p region of configu-

ration space, the Euler-Lagrange equations (2.83) and (2.84) approximate to:

D,F,, = 0, (2.88)
D*¢ = 0; lim ¢ = (@). (2.89)

|z}]—00

Solutions to these equations are provided by the BPST instanton on the one hand and

¢ = \/ m<¢> (2.90)

on the other [3].
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Let us now consider calculating the contribution of this approximate one-instanton so-

lution to some Green’s function. Evaluating the action (2.82) in the instanton background,

we find
2

87 ’
5 = 20 0) [+ O (W (9) ). (2.91)
The second term in this instanton action dominates the collective coordinate integration

over the scale p. In effect, this term cuts off the p-integration, at

1
b~ (2.92)

()]

Note that, since the semiclassical instanton analysis assumes g and A to be small parameters,
this cut-off belongs to the small-p region specified by (2.87), so that the p-integration can
safely be performed. The essential point is that, in contrast to the pure Yang-Mills case

discussed in Subsection 2.4.1, the p-integration in this model is convergent, and the infra-red

problem is avoided.

In [5], it was shown that the approximate instanton background of ’t Hooft can be
motivated using a more rigorous approach. The idea is to impose a constraint on the Euler-
Lagrange equations so that they do permit exact solutions. (Formally, the constraint can be
introduced into the path integral using a é-functional insertion.) The resulting ‘constrained
instanton’ configurations can be solved for perturbatively at both long and short distances.
At leading order, the short-distance constrained instanton is identical to 't Hooft’s approxi-
mate instanton configuration. The long-distance expansion is also constraint-independent at
leading order and is important in the calculation of low-energy Green’s functions; it provides

the appropriate field insertions. We now examine this constrained instanton formalism.

The Constrained Instanton Formalism

According to Derrick’s theorem, the reason that the action (2.82) cannot be minimized is
that it always decreases with the scale parameter p. However, in each region of configuration
space corresponding to a fixed value of p, the action may, and generally will, have a minimum.
The basic idea of the constrained instanton approach of Affleck is that if the path integral

is broken up into an infinity of sectors, labelled by p, then in each sector one can perform a
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semiclassical expansion about a truly minimized action. The integration over p at the end

of the calculation amounts to a summation of the contributions from all the sectors.

To implement this idea formally, Affleck proposed that the configuration size should be

fixed by a constraint of the form [5]:
/d4x 0 =cp*™, (2.93)

where O is some d-dimensional local operator of the fields. The constant c can be chosen
to take any convenient value. To impose the constaint in the path integral, one can insert

a factor of unity, written as

1= /dp%&[F}, F= /d4$0—cp4_d. (2.94)

In the presence of the constraint (2.93), Affleck analysed the Euler-Lagrange equa-
tions (2.83) and (2.84) at long and short distances. Let us first consider the long-distance
regime, defined by |z| > p. Provided the operator O is chosen to vanish quickly enough,

the long-distance constrained instanton satisfies the following, linearized Euler-Lagrange
equations [5]:
1
(—82% + 0,0, + 5gQ|<gzs>|25W> A, = 0, (2.95)
(0% +4M[(¢)*) 69 = 0. (2.96)
These equations reflect the Higgs mechanism, which gives a mass to the gauge bosons é,nd

to the Higgs field fluctuations, d¢ = ¢ — (¢). The solutions to (2.95) and (2.96) can be
obtained perturbatively [5]:

@ = (S -dioris+ ) (2.97)
o) = (8)+Co (g~ @l x/§||<<|f>>\+) @ %)

Here Cy4, Cy and k are constants which are determined using a ‘patching’ condition described

below.
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In the short-distance regime, given by |z| < 1/M, the constrained instanton configu-
rations are obtained by perturbing the Euler-Lagrange equations, (2.83) and (2.84) in the

small parameter pM. One obtains the perturbative expansions (5]

Au(z) = AD (z)+ AV () A (9) P0* + ... (2.99)
$(x) = ¢ @)+ (@) A) 0" In (VAIG)Io) + - (2:100)

As one would hope, A (z) and ¢©(z) can be identified with the approximate instanton
configurations of 't Hooft, given by the BPST instanton, Eq. (2.26), and the configura-

tion (2.90). The higher order terms depend on the choice of the operator O in the constraint

equation (2.94).

The analysis of the constrained instanton solution is not yet complete. One must deter-
mine the constants in the long-distance expansions (2.97) and (2.98) and one must also sup-
ply boundary conditions for the higher order terms in the short-distance expansions (2.99)
and (2.100). The way that both these requirements are met is through a ‘patching’ con-
dition [5], which equates both expansions in the intermediate regime p < [z <1 /M. In
particular, by comparing the leading order short-distance terms AQ(z) and ¢O(z) with
the leading order long-distance terms we find that C4 = 2p? and Cy = p?, independently of

the specific choice of constraint.

Let us now consider semiclassical calculations in the background of the constrained in-
stanton detailed above. In evaluating the instanton action, one finds that the short-distance
‘core’ of the instanton dominates, and the result is just 't Hooft’s expression (2.91). An
important point is that, due to the cut-off (2.92), the O (Ap* (¢)4) terms in the instanton
action (2.91) are effectively O()). In the one-loop approximation it is therefore legitimate
to discard these terms. We can also discard O(pM) corrections to small-fluctuations de-
terminants. This means we can directly apply the formula (2.68) derived by ’t Hooft. We
can also apply the 't Hooft-Bernard collective coordinate measure (2.64), because at leading
order in pM (or equivalently, in the coupling), the effect of the insertion (2.94), is just to

introduce p as a collective coordinate in the standard way.

It may be that we wish to evaluate a low-energy Green’s function of the theory. In

this case, the right expressions to use as field insertions in the semiclassical instanton cal-
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culation are provided by the leading order long-distance ‘tail’ of the constrained instanton
configurations [5].

The above conclusions are of general validity. We apply the constrained instanton formal-
ism to perform instanton calculations in supersymmetric Yang-Mills theory in Chapters 4

and 6.



Chapter 3

Supersymmetric Yang-Mills Theory

3.1 Introduction

In this chapter we review the supersymmetric Yang-Mills models that are the subject of
our semiclassical instanton investigations. An elegant way to build supersymmetric models
is provided by the superfield formalism. In Section 3.2 we present the N' = 1 superfield
formalism and use it to construct the Lagrangians of the Yang-Mills models of interest. The
main focus of our investigations is the A/ = 2 class of models for which exact results have
been predicted. To set the scene for our instanton calculations, we review, in Section 3.3, the
Seiberg-Witten analysis in A = 2 supersymmetric pure SU(2) Yang-Mills theory [17, 18].

We also discuss the generalization of the Seiberg-Witten exact solutions to other N =2

supersymmetric SU(N) models (19, 20, 21, 22].

3.2 Supersymmetry

In what follows we present the formalism used to describe supersymmetric Yang-Mills theory.
To a large extent we follow the approach of Wess and Bagger [25]. (Our conventions are

summarized in Appendix A.) For more details, we refer the reader to this and the other

standard text [26].

To set up a supersymmetry algebra, one first defines the N supersymmetry generators

35
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Qaa, A=1,2,...,N. The index « indicates that under the action of the Lorentz group,
these generators transform like left-handed Weyl spinors (see Appendix A). One also defines
N conjugate generators, Qa4, 4 = 1,2,...,N, that transform like right-handed Weyl
spinors. Taking these generators together with the generator of space-time translations,

P,,, one now defines the following Z, graded algebra:

{Qaa,Qpp} = 20,3 moas,
{QiaQBs} = 2V26apZ4s,
{QAd;QB,B} = 2‘/5%[%2;3:

[Pm; QA a] = 07
[P, Qaa] = 0,
[Pmapn] = 0, (3.1)

where Z,p and Z7%p are antisymmetric in A and B; they are the central charge matrices of

the algebra.!

To construct a supersymmetric field theory, one must find multiplets of fields that form
representations of the above supersymmetry algebra. An elegant way to do this is provided

by the superfield formalism. We restrict our attention to the A/ = 1 formalism.

3.2.1 N =1 Superspace and Superfields

Each point in N = 1 superspace is labelled by eight coordinates. Four of these are the usual
Minkowski space coordinates, ,,. The other four are given by Grassmann parameters, 6.
and their conjugates, ;. These objects transform like Weyl spinors, as their index structure

suggests. In superspace, the generators of the supersymmetry algebra can be represented

as linear differential operators,

P = iOm, (3.2)
8 - m po
Qa = %_Zaade 8m, (33)

1 The supersymmetric models with which we are concerned realize the non-centrally extended supersym-
metry algebra, so we set Z = Z* = 0 henceforth.
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Qs = —a%v + 0“0 O (3.4)
It is useful to define
0 _.
-DC! =  ape T ms D
50 + 105400, (3.5)
Dy = 'agd 9% O, (3:6)

The D operators satisfy the supersymmetry algebra (3.1), but with the sign of P, reversed.
They anticommute with the @)’s:

{Da; Qp} = {Day Q3} = {Das Qs } = { D, @} = 0. (3.7)

The next step is to generalize the notion of a field in space-time to superspace. We define

a superfield F' to be a function of the superspace coordinates, with the Taylor expansion

F(2,0,0) = f(z)+0¢(z)+0x(z) + 0°m (z) + 0°n (z)
0™ By, (z) + 020X (z) + 0%0% (z) + 0°6°d () . (3.8)

(Higher order terms in 6 and § must vanish due to the anticommuting property of these
parameters.) In the language of quantum field theory, the component fields of this expan-
sion comprise Weyl spinors, scalar bosons and a vector boson v,,. Together they form a
representation of the supersymmetry algebra. We can derive their transformation laws by

acting on F(z,8, §) with the infinitesimal supersymmetry generator
0 = £Q + £Q, (3.9)
where &, and &, are arbitrary Grassmann parameters and @, and @ are the differential

operators (3.3) and (3.4). The action of 6 on F(z, 6, f) is to generate a new superfield with

transformed components o f(z), d¢¢(), etc.

The representation provided by the component fields of F(z, 0, 8) is too general for the
purpose of constructing supersymmetric models. One can reduce the representation by
imposing a supersymmetry covariant algebraic constraint on the superfield F. In what
follows we shall specify the two constraints that define chiral and vector superfields. With

these two superfields we shall be able to construct the supersymmetric Yang-Mills models

of interest.
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Chiral Superfields

A chiral (or scalar) superfield ® satisfies the condition
Dy® = 0. (3.10)

The covariance of this constraint under supersymmetry transformations follows from the
anticommutation property (3.7). It is easy to solve the constraint (3.10) for the component

fields of ®. Let us define shifted Minkowski space coordinates,
y™ = 2™ + iflo™8. (3.11)

In terms of the superspace coordinates (y, 8, 6) we can write

0 0
— g 1 i Ted 3.12
D, 505 21000 Gy (3-1 )
- 0
Dy, = ——=. 3.13
02 (3.13)

Hence the general solution to (3.10) is

® (y,0,6) = Aly)+ V200 (y) +6°F (y)
A(z) + V20y (z) + 0°F (z) + 100™00, A (2)
i 2n)=m 1 202 m
+Ee 05" Ot () + 70°0° 00 A(z). (3.14)

The Hermitian conjugate of ® satisfies

D, @' = 0. (3.15)

Its component field expansion is given by conjugating each term in the above expansion

of ®.

Vector Superfields

A vector superfield V satisfies the constraint

V=vt (3.16)
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In terms of component fields, the most general solution to this constraint is

V (2,0,0) = f(z)+08(x)+08(z)+6°m(z)+ m' (z)
+00™0v,, (z) + 60%0X () + 620X () + 6°0°D (z), (3.17)

where f(z), vn(z), and D(z) are Hermitian fields.

In the A/ = 1 superfield construction of supersymmetric Yang-Mills theory, the vector
superfield may be regarded as the supersymmetric generalization of the vector potential. It

transforms in the adjoint representation of the gauge group, so we write
vV =Vvere (3.18)

Supersymmetric Yang-Mills theory is invariant under a generalized gauge transformation,

which acts on the vector superfield as follows,

—2gV 2igAt

— €

e e~20V BN, (3.19)

The parameter g is the gauge coupling and A = A®T* is an adjoint chiral superfield. This

generalized gauge transformation incorporates the usual gauge transformation of the vector
potential, ' .
i

Um — Uvn Ut + ~U8, U, (3.20)
g

where U(z) is an element of the gauge group.

In supersymmetric Yang-Mills theory, we can use the generalized gauge transforma-
tion (3.19) to eliminate the field components f(x), ¢(z), and m(z) from V. This procedure
fixes the theory to what is known as Wess-Zumino gauge. In this supersymmetric gauge, all
that remains of the generalized gauge symmetry is the actual gauge symmetry. Through-

out this thesis, our analysis of supersymmetric Yang-Mills theory will use the Wess-Zumino

gauge description.

The supersymmetric generalization of the field strength tensor is defined as

1 -. .
W, = @DzeQ-"‘/Dae"QQ". (3.21)
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This is a chiral superfield. In terms of the superspace coordinates (y,,8) it has the expan-
sion

Wo = —ida (y) + |D (y) 85 — %U7nn(y) (0™5™)5| 0 + [0 DA ()], &%, (3.22)

Z

where v,,, is the usual field strength tensor and
Dy A% = 0\ — ig [vm, A%] . (3.23)

(This indicates the form of the covariant derivative when acting on fields in the adjoint
representation.) Under the transformation (3.19), the supersymmetric field strength and its

conjugate obey ,
W, — 29 W, e %9 Wy — eQig’\TI/T/de_ZigM. (3.24)

The superfields V and W, and chiral superfields in various representations of the gauge

group are all that we require to construct the Lagrangians of renormalizable supersymmetric

Yang-Mills theory.

3.2.2 Supersymmetric Yang-Mills Theory

In this subsection, we use the A = 1 superfield formalism to construct the supersymmetric
Yang-Mills models that are of interest in this work. We first consider the N/ = 1 super-
symmetric models and then proceed to the models with &' = 2 and N = 4 extended
supersymmetry. The A" = 2 models are of primary concern in this thesis, since it is for
these models that exact solutions have been predicted [17, 18, 19, 20, 21, 22]. (We review

the exact results in the next section.)

The models we describe contain chiral superfields that transform in the adjoint, funda-
mental and conjugate-fundamental representations of the gauge group. An adjoint chiral
superfield is a matrix,

o = T, (3.25)
We shall use the symbol @ to denote a chiral superfield in the fundamental representation.

We shall denote its component fields (g,x,G) to distinguish them from the components
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(A, F) of the adjoint superfield ®. We write Q for a chiral superfield in the conjugate
representation and (4, X,é) for its components. If the fundamental representation is N-
dimensional then @ is understood to be an N-dimensional column vector. Likewise Q is

understood to be an N-dimensional row vector. With this in mind, we can suppress colour

indices.

N =1 Supersymmetric Pure Yang-Mills Theory

The pure N = 1 supersymmetric Yang-Mills theory is given by the Lagrangian®
1

Lyt sym = §/d20 Tr (WeW,) + c.c. (3.26)
Both supersymmetry invariance and gauge invariance of this model are manifest in the
N =1 superfield formalism. Gauge invariance is a consequence of invariance of the La-
grangian under the generalized gauge transformation, which acts on We according to (3.24).
To see supersymmetry invariance, we note two things. First, any product of chiral super-
fields is a chiral superfield. Second, the §? component of a chiral superfield transforms into
a total derivative under a supersymmetry transformation. Since the integral in (3.26) picks
out just such a component, it follows that the Lagrangian transforms into a total derivative

under a supersymmetry transformation and hence the action is invariant.

In component fields, the action of this model reads

1 i}
St svw =5 / d*z Tr (~Vmav™ — 4iIAXPA 4+ 2D%) . (3.27)

It is clear that the field D plays no dynamical role in the model; it can immediately be
integrated out of the action. As the other models we construct will demonstrate, this is a

generic property of the field D. For this reason it is referred to as an ‘auxiliary’ field.

Without spoiling supersymmetry, we can make the action (3.27) slightly more general,

by including a -term,

4 4 ~mn
62 /d T Tr (=0 0™) . (3._28)

2For integration over the Grassmann parameters 6 and § we use the conventions [ d*96? = 1 and
[d?062 =1.
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All of the supersymmetric Yang-Mills models considered in this thesis will be implicitly

assumed to include this term.

N =1 Supersymmetric QCD

This theory is obtained by coupling the vector multiplet to chiral multiplets in a gauge

invariant way. We write
E./\/:l sSQCD - E,’\f:l SYM + Ematter? (329)

where Ly, syu 18 given by Eq. (3.26) and, in the simplest case,
Ematter = /dz&d?é QTe—_?ng- (330)

The chiral superfield @ is in the fundamental representation of the gauge group. It obeys

the generalized gauge transformation law
Q- e¥hQ, Q- Qfe N, (3.31)

s0 that, from (3.19), it is clear that £,,.... IS gauge invariant. Supersymmetry invariance fol-

lows because we are picking out the §26% component of a vector superfield, which transforms

to a total derivative.

In terms of the component fields, we have
Smatter = / d'z (—quTqu —ixPx +G'G — V2ig (¢'\x — xAg) - quDq) . (3:32)

We observe that the field G exhibits the same property as the vector superfield component
D, i.e. it is not dynamical and can be immediately integrated out of the theory. The field

G (also G and F) is therefore also regarded as an auxiliary field,

More generally, we can couple the vector multiplet to Ny flavours of fundamental chiral
multiplets @ and Ny flavours of conjugate representation chiral multiplets Q £, which in

turn can be coupled via a mass term. In this case

Ny Ny
Lonatier = /d29d2é Z (Q}e_ngQf + @f@z”vé}) + /d29 meQfo +cc p. (3.33)
f=1

f=1
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Gauge invariance of these couplings is easily verified using (3.19) and (3.31) as well as the

transformation law for a conjugate chiral superfield Q,
O — Qe 29, ot - eZigAfQT‘ (3.34)

In terms of component fields, the mass term in Eq. (3.33) has the expansion

Ny Ny
/d29 meQfo +cc = me ((ijf + Gy — )Zfo) + c.c. (3.35)
' f=1 F=1

N =2 Supersymmetric Pure Yang-Mills Theory

In the N = 1 superfield formalism, the Lagrangian of this theory is

1 ~ - gV
Lycs sym = {5 / d?0 Tr (WoW,) + c.c.} +2 / d*0d* Tr (dTe29" ®e®") (3.36)

where ® is in the adjoint representation. From the transformation law
B — 290D 2N B 2N plemoN, (3.37)

it is clear that the theory is gauge invariant. In component fields, we may write the action

of the theory as
1 < 1 -
= 2 / d*z Tr (—vanvm” —iIAPA+ §D2 — D, A'D™A — ip P + FiF

S/\/:z SYM
+V2ig ([AT, ] A+ X [4,5]) — gD [4,41]) (3.38)

This model will come under close scrutiny in the next section, where we review the

analysis of Seiberg and Witten.

N =2 Supersymmetric QCD

This theory is obtained by coupling the ' = 2 vector multiplet (V,®) to N; flavours
of matter hypermultiplets, (Qf,Q}) and (Q},Qf), transforming in the fundamental and

conjugate representation respectively. The Lagrangian is

Ny
£N=Z S5QCD = E.’\/:‘Z SYM + ‘Cmatter + \/ilg/dQQ ZQf@Qf + c.c. (339)
f=1
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where Ly sy and L., are given by Egs. (3.36) and (3.33) respectively. The term in
brackets may be regarded as the supersymmetric generalization of a Yukawa coupling. It

has the component field expansion

Ny Ny
V2ig / B0 Qr®Qs+cc. = V2ig) (tifAGf +GrAgs + 4 Fay
f=1 f=1

—qsPxs — Xrar — )ZfAXf) + c.c. (3.40)

We shall discuss the exact results that have been predicted for this theory in the next

section.

N = 4 Supersymmetric Yang-Mills theory

This theory is obtained by coupling ' = 2 supersymmetric pure Yang-Mills theory to an
N = 2 hypermultiplet (@, Q) transforming in the adjoint representation. The coupling of
V to @ and Q is accomplished in the usual gauge invariant way (see Eq. (3.36)) whilst @

couples to these fields via the term
4\/§z'g/d20Tr (Q@Q) +c.c. (3.41)

The N = 4 model comes to our attention in Chapter 6, where we use instantons to verify

a nonperturbative nonrenormalization theorem due to Dine and Seiberg [27].

3.3 Exact Results

In 1994, Seiberg and Witten analysed the low-energy physics of N = 2 supersymmetric
Yang-Mills models with gauge group SU(2) and were able to obtain ezact results for this
theory, valid at both weak and strong values of the coupling [17, 18]. Their work has been
generalized to N/ = 2 theories with larger classical simple and product gauge groups and
a variety of matter representations [19, 20, 23, 21, 22, 24]. In this section we review the
exact results that have been predicted for N = 2 supersymmetric SU(N) gauge theories.

These results are the primary motivation for the instanton calculations performed in the
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chapters that follow. In Subsection 3.3.1, we describe the Seiberg-Witten analysis of N =2
supersymmetric pure SU(2) Yang-Mills theory [17]. In particular, we show how Seiberg and
Witten employed physical arguments based on a low-energy duality property of the theory
to predict exact results for this model. In Subsection 3.3.2, we discuss the generalization of
these exact results to N = 2 supersymmetric SU(N) QCD [18, 19, 20, 21, 22].

3.3.1 Seiberg-Witten Theory

In what follows we make use of the several excellent reviews [28]. The Lagrangian of the
SU(2) model investigated in [17] is given, in N = 1 superfield notation, by Eq. (3.36). It
is convenient to rescale all the fields by a factor of g, so that the only dependence on the

coupling is through an overall g~ 2 prefactor.

Symmetry Breaking

Let us begin by examining the component field expansion of the action, given (prior to field
rescalings) by Eq. (3.38). In the functional integral, we can immediately integrate out the
auxiliary fields F and D since the action is quadratic in these fields. The FTF term is

thereby eliminated and the two D dependent terms are replaced with
= g2 t Al°
V=g ([A A% (3.42)

This term acts as a symmetry-breaking Higgs potential for the scalar field A. It is minimized
when A takes the form of a diagonal matrix. (This is the most general solution up to gauge
transformations.) Thus we have

vV 3

(A) =357, (3.43)

where the vacuum expectation value (VEV) v is an arbitrary complex parameter.

The arbitrariness of v has an important consequence. It leads to the concept of a moduli
space of vacua. Bach point on this space corresponds to a physically distinct vacuum,
associated with a particular value of v. Actually, we should identify vacua given by *v

because the Weyl transformation v — —v does not affect the physics. Hence the classical
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moduli space of vacua is C/Zy. In the analysis of Seiberg and Witten a central concern is

how this picture is modified by quantum effects.

To see how the VEV breaks the SU(2) gauge symmetry, we write
A= (A)+0A, (3.44)

and expand the action about (A4). From the Higgs kinetic term, we obtain a mass term for

the gauge bosons:
2972Tr ([{(A), v [0, (4)]) - (3.45)

Through this term the first and second isospin components of v, acquire a mass
M = V2|v|. (3.46)

However, the third component of v,, commutes with (A) and therefore remains massless.
Examining the other terms in the action, one finds the same mass M generated for the first
and second isospin components of all the fields in the N = 2 vector multiplet. The third
component of every field remains light. We deduce that for a generic nonzero v, the SU(2)

gauge symmetry is broken to a U(1) symmetry of these light fields.

Wilsonian Effective Action

We shall be interested in the quantum physics of the model at low energies, where the gauge
symmetry breaking is manifest. A convenient way to describe the low-energy particle dy-
namics is to use an effective action. Specifically, Seiberg and Witten considered a Wilsonian
effective action. This effective action is discussed in detail in [29]. In principle, it is obtained
by integrating out of the functional integral all the massive fields as well as all light field
fluctuations whose energy is greater than some infra-red cut-off z ~ M. 'To leading order

in a derivatives expansion®, the Wilsonian effective action is strongly constrained by N =2

3The Wilsonian effective action is expected to contain an infinite number of terms involving any number
of field derivatives. However, the contribution of an n-derivatives term to a physical process that is char-
acterized by the momentum p < M is suppressed by a factor p" /M™. The leading order approximation
considered here consists of discarding all terms with n > 2. In Chapter 6 we shall investigate corrections:
due to terms with up to four derivatives. ’
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supersymmetry. It must take the form [30, 31]

_1 . 0y 0n 0F(P) o 1 [ PF@)
Seff—lmlm/daz{/deﬁ 5 Ot g | PO W (3.47)
where

= (v+04)+... and W, =—i, +... (3.48)

represent the light U(1) multiplets. The essential point is that S, is determined by a
single holomorphic function F, known as the prepotential [30, 31]. The discovery of the

exact solution for this function is the remarkable acheivement of Seiberg and Witten.

The effective action (3.47) naturally induces a low-energy eflective coupling. Expanding

S,,; in terms of component fields, we pick out
1. d*F(v 1 1.

Elm—@é—)/d‘lx (—vanvm” — —zvmn'um”) ) (3.49)

It is convenient to define a complexified coupling that combines the usual §-parameter with

the gauge coupling,

Ami # |
- . 3.5
T 7 T on (3.50)
We may now identify the low-energy effective complexified coupling as
d? F(v) _
Teff = - _—dQV 5 (301)

so that the terms (3.49) take the more familiar form
1 g
4 mn eff ~mn =
/d z (————492 UV — ——327r2vmnv ) : (3.52)

Weak-coupling Expansion

In the region of quantum moduli space corresponding to large values of the VEV, the theory

is weakly coupled. This is a consequence of asymptotic freedom. The one-loop B-function

of the theory is given by

_ 9 __ b
b9 = g = (4W)293, (3.53)

where by = 4. (More generally, this coefficient is by = 2N — N; for N = 2 supersymmetric
SU(N) QCD with Ny fundamental matter hypermultiplets.) A remarkable fact is that,
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due to N = 2 supersymmetry, there are no higher-loop corrections to this formula [32].
Integrating the B-function gives the running of the coupling,

2 (47T)2

g = boIn 22/ A2 (3.54)

Here A is the dynamically generated scale. It is clear from Eq. (3.54) that at scales
it~ M > A the typical coupling is small.

In the weak-coupling regime, the prepotential has the expansion

F(v) = const. + itoV” In v i i F AN (3.55)
= . — — =V — : 5!
8r A2 7 "\ >

This result was obtained by Seiberg [31] using the anomalous U(1) g symmetry of the theory.
The numerical coefficients Fj are a priori unknown. The value of the constant term is
unimportant since only derivatives of the prepotential appear in the Wilsonian effective
action. The logarithmic term is the one-loop exact perturbative contribution. It may be
derived simply by evaluating the running coupling (3.54) at the scale = M and equating
this to the effective coupling g.;;. The remaining terms correspond to k-instanton effects.
From Eq. (3.54) we see that the characteristic k-instanton factor exp(—8m%k/g?) indeed
gives a contribution proportional to AP Note that there cannot be any powers of g
multiplying the characteristic k-instanton factor because these would appear as powers of
In A multiplying the A%* in Eq. (3.55). (This amounts to a prediction that the semiclassical

calculus in a k-instanton background is exact at one-loop.)

Duality Transformation

We expect the semiclassical expansion (3.55) to break down when the VEV approaches the
strong-coupling scale A. How then, can we get a handle on the physics in the strongly cou-
pled region of moduli space? Seiberg and Witten found that duality provides the key. The
duality phenomenon was first investigated by Dirac [33], in the context of electromagnetic
theory. Dirac observed that (in the presence of magnetic monopoles) Maxwell’s equations
are invariant under exchange of electric and magnetic variables. Moreover, to get a consis-
tent quantum mechanics, the electric charge ¢ and the magnetic charge g must satisfy the

quantization condition gg = 27n, where n € Z. Hence the duality transformation inverts the
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coupling, ¢ = g = 2mn/q. The low-energy duality found by Seiberg and Witten represents
a version of Olive-Montonen duality [34], believed to be present in N' = 4 supersymmetric
Yang-Mills theory. We shall see that it incorporates analogues of the features observed
by Dirac. The property of strong-weak coupling exchange is crucial for an analysis of the

strong-coupling region of moduli space.

In order to demonstrate the duality property of the low-energy physics, we consider the

partition function
Z = /[d@][dV] exp(iS.;r). (3.56)

We shall describe a duality transformation that maps the ‘electric’ degrees of freedom,
represented by & and V| into dual ‘magnetic’ degrees of freedom, ®p and Vp, whilst leaving

the partition function invariant. To begin with, following Seiberg and Witten, we write
op = F (D), (3.57)

where the prime just indicates differentiation of F with respect to ®. We can change
integration variable from ® to ®p in Eq. (3.56) and the associated Jacobian factor is in fact

unity. If we define a dual prepotential Fp such that
& = ~Fp(@p), (3.58)
then the first term in the Wilsonian effective action (3.47) can be written

0= 1 _
le—Im / d*zd?0d?0 F' (@) @' = Elm / d*zd?0d%0 Fiy (Dp)®h,. (3.59)
m

In contrast to @, the vector superfield V maps into its dual in a non-local manner. We

introduce Vp as a Lagrange multiplier which implements the constraing
Im(D W) =0 (3.60)

in the functional integral. This constraint is the supersymmetric generalization of the
Bianchi identity, Eq. (2.14). If W, is assumed to be an arbitrary chiral superfield then
this condition is sufficient to fix W, to be a supersymmetric field strength. So the func-

tional integration over the vector superfield V' is equivalent to an integration over a general
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chiral superfield W, in the presence of the constraint (3.60). We can therefore write

/ [dV] exp (—8—Z—Im / d*zd*0 F'(®) W* wa> =
T
/[dWa][dVD] exp (é% Im [/ dizd?0 F' (@)W W, + /d4xd29d29-VDDaW“}> (3.61)
We can rewrite the Lagrange multiplier term as follows:

/ dxd*0d*0VpD W = — / d*xd®0d*0 (D Vp)W*®
1 0 =
= 3 / d*zd?0 D*(D,Vp)W*
= -2 / d*zd*0 (Wp)aW®. (3.62)

In the second line we have made use of the form of Dy given in Eq. (3.12) and in the final

line we have used the Abelian version of Eq. (3.21) to define the dual supersymmetric field

strength,
1.
(Wp)a = —ZDQDQVD. (3.63)

We can now perform the W, integration in Eq. (3.61) to obtain

/[dVD] exp <81—7TIm/d4xd29 [— f//l((D)I/T/SI/VD a]) : (3.64)

We can eliminate F”(®) using the relation

1

F'(®) = — , 3.65
@ =~ Fr757) (3.5
which follows from Eqs. (3.57) and (3.58).
The partition function can now be expressed as
7= / 14 )[dVo] exp(iSp.ry), (3.66)

where the dual low-energy effective action Sp.;, has the form of S, given in Eq. (3.47),
with all quantities replaced by their duals. In analogy with Eq. (3.51), the complexified

coupling associated with the dual effective action is

TDess = fg)(VD)7 (3'67)
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where, from Eq. (3.57), the dual VEV is given by

vp = F'(v). (3.68)
It follows from Eq. (3.65) that _
1
D — —;, (369)

which is the property of weak-strong coupling exchange. In what follows we show how
Seiberg and Witten deduced useful information about the low-energy physics in the strong-

coupling region of moduli space using the weakly-coupled dual description provided by

SD eff*

Quantum Moduli Space

A crucial step in the Seiberg-Witten analysis is the introduction of an object that serves
as a convenient coordinate on quantum moduli space. This object is the gauge invariant
condensate _
u = (Tr(A?%)). (3.70)
The key to the solution of the theory is to regard v and vp as functions of v and to study

their behaviour on moduli space.

Let us begin by considering the behaviour of v and vp in the weak-coupling regime. In
the weak-coupling limit, we expect _
v — V2u. (3.71)
Hence v(u) possesses a branch point singularity at u = co. We can obtain an expression
for vp = F'(v) using the semiclassical expansion of the prepotential given by Eq. (3.55). In
the weak-coupling limit, we find

W2ou . 2u 4iv2u
In — . 72
Vp — p n e + o (3 { )

where we have used Eq. (3.71) to eliminate v in favour of u. Hence vp(u) also has a branch

point singularity at the point u = co.

Let us now consider a closed contour in the compactified complex plane of u that encloses

the point at infinity. As we perform a rotation around this contour, u — e’y the VEV
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and its dual map into linear combinations of themselves. Specifically, from the asymptotic

behaviours (3.71) and (3.72), we find

("VD) — My <VV{J), (3.73)

where the monodromy matrix M, is given by

My, = ( _01 _21 ) : (3.74)

This matrix encodes information about the weak-coupling singularity that will later be used

to solve for v(u) and vp(u).

What other singularities are present on moduli space? There must be at least one more
singularity because the branch cut extending from u = oo has to end somewhere. Since
there is only one weak-coupling singularity we must look to the strong-coupling region of
moduli space. Let us first suppose there is precisely one singularity in this region. Now
it can be shown that, due to the anomalous U(1)r symmetry of the theory, there is a Zo
symmetry on moduli space under the change of sign « — —u. So if there is one strong-
coupling singularity then it must be at the point = 0. In this case it is straightforward
to analytically continue the weak-coupling expansion (3.55) into the full moduli space. We

find L )
_ v e -
F(v) = const. + o In e + f(v?), (3.75)

where f(v?) is an entire function. However, a solution of this form is inconsistent with the

positivity requirement
1

—— >0 (3.76)
Yess

So there cannot be just one strong-coupling singularity.

Seiberg and Witten argued that there are precisely two strong-coupling singularities.
One way to justify this is to consider the effect of adding to the original Lagrangian a mass
term for ®. This gives an A/ = 1 theory whose vacua correspond to the strong-coupling
singularities on the /' = 2 moduli space. An independent calculation of Witten’s index for
the N = 1 theory predicts that there are indeed two vacua. Let us suppose that one of the

strong-coupling singularities is located at the point u = ug. By the Zy symmetry the other
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singularity must be located at w = —ug. The question we now ask is: what is the physical

cause of these singularities?

The proposal of Seiberg and Witten was that the strong-coupling singularities correspond
to points on quantum moduli space where certain particle states of the theory become mass-
less. At such points the (dual) Wilsonian effective action description of the physics should
break down because it does not account for the new light degrees of freedom. The particular
states that are responsible derive from the classical, solitonic solutions that generically ap-
pear in theories whose gauge symmetry is broken to an Abelian subgroup. These solutions
may carry magnetic charge (monopoles) or both magnetic and electric charge (dyons), and
form ‘short’ multiplets of N = 2 supersymmetry. After quantization, the corresponding set
of physical states are also expected to form short multiplets. Consequently, they saturate
a Bogomolnyi-Prasad-Sommerfield (BPS) lower bound on their mass (35]. The BPS mass

formula reads
Mpps = V2|nmvp + nevl, (3.77)

where n, and n,, are the electric and magnetic quantum numbers of the BPS state.

Let us suppose the massless BPS state associated with the singularity at u = up is a
magnetic monopole (this will be verified later). We can use this information to work out the
behaviour of v and vp close to the singularity. We employ the dual effective action Sp.;
which describes the physics in terms of weakly-coupled magnetic degrees of freedom. To
account for the effect of the monopole on the low-energy physics in the vicinity of u = ug we
should supplement Sp.,; with terms that describe the coupling of the light dual magnetic
fields to the monopole. These terms are uniquely determined by N = 2 supersymmetry.

One obtains an effective supersymmetric @ E D-like theory whose one-loop f-function reads

2 -
Blgp) = B (3.78)

After integrating this equation and setting the characteristic mass scale equal to vp, one

obtains _
% Vp
TDess & ——In—. 3.79
Dess T A ( )
Since v = —Fp,(vp), we can integrate with respect to vp to get

v & const. + —vpIn 2. (3.80)
T

A
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Now since vp provides a good local coordinate on moduli space, and vanishes at u = g, we

expect that close to the singularity,
v = co(u — up), (3.81)

where ¢ is a constant. Using Egs. (3.80) and (3.81) we can determine the behaviour of
v and vp as we move on a closed contour around the point v = ug. We find that in one

complete rotation, (u — ug) — €*™(u — up), there is a monodromy:

vp Vp _ 1 0
(ofs) me(BY) e

A more general analysis shows that if one assumes a dyon of charge (Nm; Me) to be

responsible for the strong-coupling singularity then the associated monodromy matrix is
1+ 207 on?
/] = e
AI(”'m,TLe) ( _2n72n 1 _ 2nmne . (383)
Note that (7, ny) is a left eigenvector of the monodromy matrix M, n,)- Consequently,

the BPS mass formula for the dyon is invariant as one encircles the singularity, as we should

expect.

In order to find out precisely which BPS states are responsible for the strong-coupling
singularities, one can make use of a consistency requirement that follows from standard
complex analysis. Let us consider a contour in the complex plane of u that encloses both
the strong coupling singularities. The monodromy behaviour of v and vp around this
contour is clearly the product of the monodromy matrices at u = up and u = —uq. But the
contour can also be viewed as enclosing the point at infinity. Hence the monodromy matrix

at infinity must equal the product of the two strong-coupling monodromy matrices,

My, M_yy = Moo. (3.84)
Knowing My, one can solve for M,, and M_,, using the general form (3.83). In this way
one finds that the singularity at u = ug can indeed be attributed to a massless monopole,
with the corresponding monodromy matrix (3.82). The singularity at the point u = —ug is
caused by a massless dyon of charge (nm,ne) = (1, —1). The associated monodromy matrix

M_y, = ( :; ?, > . (3.85)

is
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Solution for the Prepotential

The mathematical data represented by the monodromy matrices M.y, and My, together
with the positivity constraint (3.76) is sufficient to uniquely determine the functions vp(u)
and v(u). Tt is possible to construct a second order linear differential equation whose two
independent solutions are v(u) and vp(u). However, we shall follow the original approach of
Seiberg and Witten which uses an auxiliary elliptic curve to construct the solutions. (As we
see in Section 3.3.2, in N = 2 supersymmetric SU(N) QCD with N > 2, the generalization

of the elliptic curve is a genus N — 1 hyperelliptic curve.)

Seiberg and Witten observed that any two of the monodromy matrices generate a par-

ticular subgroup I'(2) of the duality group SL(2,7). This subgroup is defined as

I(2) = {( ‘CL Z > € SL(2,Z), b=0 mod 2}. (3.86)

The quantum moduli space is therefore given by H/T'(2), where H is the upper half complex
plane (we have ‘modded out’ the Z; symmetry u — —u). This is exactly the same as the

moduli space of the elliptic curve defined by
y? = (z — uo)(z + uo)(z — u). (3.87)

At a generic value of u, this equation defines a two-dimensional surface that is topologically
equivalent to the torus. However, at the three points u = Zug, 00, this torus collapses
to a two-sphere. Thus the singularities of the curve on its moduli space correspond (by

construction) to those of our physical theory on quantum moduli space.

The connection between the elliptic curve and the low-energy physics is realized more

concretely through the period ‘matrix’ of the curve. This object is given by

_ $pet) (3.88)

w(u) = (3.89)
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is the unique holomorphic one-form. The monodromy behaviour of 7 derives purely from the
behaviour of the one-cycles o and 3 around the moduli space singularities. We can specify o
and f so that 7 has exactly the same monodromy behaviour as 7., (as derived from that of
v and vp). Furthermore, it can be shown that 7 satisfies the positivity condition, Im7 > 0.

We therefore identify 7(u) as the exact solution for the effective coupling 7.,

Using the relation

dvp (dv) ™
Tett = g <d—u> ; (3.90)
we infer that

d

% = cfgw(u), (3.91)
dv
- = 2
ald c?{{w(u). (3.92)

The constant prefactor ¢ can be found using the boundary condition imposed by the semi-

classical limit. Upon integrating with respect to u, one finds

vo(w) = Var | VI L 1)R(, 0, (3.93)

\/—:70 2
v(u) = \/—7r r__x — 2w+ 1)F(-4, 41 ), (3.94)

where the hypergeometric function F(a, 3, 7; z) is given by

r Na+n)(B+n)2" _
Fla,B,v,2) = F(a)(g)(ﬁ) > ( F(7)+(n)+ )H' (3.95)

One can invert Eq. (3.94) to get u in terms of v and substitute u(v) into Eq. (3.93). By

n>0

integrating vp(u) = F'(v) with respect to v, one then obtains the promised exact solution

for the prepotential.

As a final comment, we note that ug must be proportional to the strong-coupling scale
of the theory, A%. By choosing the proportionality factor to be one, we specify an implicit
renormalization scheme; the Seiberg-Witten scheme. To compare first-principles instanton
calculations with the Seiberg-Witten exact predictions one has to relate the scale defined
in the (Pauli-Villars) scheme used for the instanton calculation to the Seiberg-Witten scale,

defined by ug = A% This relation can be completely determined at one-loop in perturbation

theory. We come back to this point in the next chapter.
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3.3.2 Generalization of the Exact Results

In what follows we outline the generalization of the results described above to N' = 2
supersymmetric SU(N) gauge theories with matter. We begin with the supersymmetric

SU(2) QCD theory which was investigated by Seiberg and Witten in their second paper
[18].

N =2 SUSY SU(2) QCD

In [18], Seiberg and Witten applied their analysis to N = 2 supersymmetric SU(2) QCD
with N; = 1,2,3,4 flavours of matter hypermultiplets. For Ny < 3 the first coefficient of
the S-function is negative and the theory is asymptotically free. The Ny =4 theory is finite

because its G-function vanishes. It is treated as a special case.

We shall not give details here, but the basic line of reasoning is just as for the pure
Yang-Mills theory. Through the potential term (3.42) the field A may acquire a nonzero
expectation value! v and the theory is then broken to its Coulomb branch. The isospin
components of the matter hypermultiplets correspondingly acquire a mass |ms £ v /V?2|.
We deduce that in the weak-coupling region of moduli space, there are singularities at
v = +v2im s as well as at v = co. Except at these points, one can integrate out the matter
hypermultiplets along with the massive components of the N = 2 vector multiplet to get a

Wilsonian effective action and prepotential, just as for the pure Yang-Mills theory.

For each value of N;, Seiberg and Witten located the singularities on moduli space,
identified the associated BPS states, and computed the monodromy matrices. This data
was used to construct auxiliary elliptic curves, from which the solution for the prepotential
could be obtained following the recipe outlined in the previous subsection. To specify the
curves, Seiberg and Witten also made use of the fact that odd-instanton contributions vanish

when any hypermultiplet bare mass my is set to zero. This is due to a Zo parity symmetry

1Gome of the conventions used in the second Seiberg-Witten paper [18] differ from those used in the
first [17]. In particular, both the vacuum expectation value and the complexified coupling are rescaled by a
factor of two. Throughout this work, we maintain the conventions of [17], so that v is defined by Eq. (3.43)

and 7 has the form (3.50).
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that arises because the fundamental representation of SU(2) is pseudoreal.

An important consistency check on the Seiberg-Witten curves is provided by sending
one of the Ny bare masses, say my,, to infinity. Then the associated matter hypermultiplet
decouples and theory is effectively supersymmetric QCD with Ny — 1 hypermultiplets. So
in the large my, limit the curve describing Ny hypermultiplets should exactly reproduce
the Ny — 1 curve, provided the dynamically generated scales Ay, and A, 1 are properly
matched according to the renormalization group. In the implicit renormalization scheme of

Seiberg and Witten, the matching condition is®

2NNy 2N—(N;~1)
mANf — A(Nf—1) . (3.96)
At the beginning of the next chapter, we discuss how the predictions of the Seiberg-
Witten curves compare with first-principles instanton calculations. We shall see that both
the Ny = 3 and the Ny = 4 curve do not completely agree with the instanton calculus, but

that the discrepancies can be cured by reinterpreting the parameters in the curves (36, 37].

N =2 Supersymmetric Pure SU(N) Yang-Mills

Before turning to the exact solutions in this theory, we consider the SU (N) generalization

of the basic formalism. On the Coulomb branch, the field A acquires the following matrix
of expectation values

(A) = diag(vi, va,...,VN)- (3.97)
This diagonal form ensures that (A) and (Af) commute, so that the potential (3.42) is

minimized. The VEV’s v,, are arbitrary complex numbers constrained by

N

> v _ 0, (3.98)

u=1

which ensures that (A) belongs to the SU(N) Lie algebra.

SWhen N; = 4, the instanton factor ¢ = e2™iT takes the place of A%, where 7 is the complexified coupling
of the microscopic theory. Seiberg and Witten found that their Ny = 4 curve reproduced the Ny = 3 curve
provided the matching relation (3.96) was modified to 64mg — As [18]. The appearance of a factor of
64 seems quite mysterious. In the next chapter we show that it is naturally explained if the parameter 7
appearing in the Ny = 4 curve is reinterpreted as a low-energy effective coupling [36).
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There is a residual gauge symmetry which leaves the physics invariant but acts nontriv-
ially on the matrix (A). This is the group of Weyl transformations, S(/V), which permutes
the VEV’s. Hence the classical moduli space is given by CV/S(N). As Weyl invariant

coordinates on this space we can use
up = (Tr(A™)). (3.99)

These condensates also provide convenient coordinates on the full quantum moduli space of

the SU(N) theory.

Examining the microscopic action, one finds that the light components of the N =2
vector multiplet are those components which commute with (A). They therefore correspond
to the diagonal generators that comprise the SU(N) Cartan subalgebra. So there are N-—-1
light field components, this being the rank of the group SU(N). The remaining N (N —1)
field components acquire masses My, = V2|v, — v, for all u # v. Since the gauge group is

broken to a direct product of N —1 Abelian U(1) subgroups, the Wilsonian effective action

must take the form

1 4 2p 25 AF(®) ~i 1 ., d°F(P) rp— :
Seff—glm/dat |:/d 9d HW@ + 5 dgmuf U/a . (3100)

The indices i and j label the light components of the A/ = 1 superfields and therefore run

from 1 to N — 1. The prepotential is a holomorphic function of all the light components o,

An exact solution for F was predicted independently in [19] and [20]. Both sets of
authors began by assuming that the Seiberg-Witten elliptic curve generalizes to a genus
N — 1 hyperelliptic curve. Such a curve has an associated (N — 1) x (N —1) period matrix
which transforms under the group Sp(2(N — 1),Z). This coincides with the duality group
of the low-energy theory. Moreover, the period matrix is guaranteed to have an imaginary

part greater than zero. It is therefore natural to identify it with the matrix of effective

couplings of the low-energy SU(N) theory, (1.;,)i; = 0:0;F (v).

After assuming this correspondence, the problem is to determine the precise parameter-
ization of the SU(N) hyperelliptic curve. This was achieved in [19, 20] using the physical
constraints imposed by: (i) a Zoy remnant of the anomalous U(1) g symmetry, (ii) the AbF

form of k-instanton effects, and (iii) the semiclassical limit A — 0.
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N = 2 Supersymmetric SU(N) QCD

The generalization of the hyperelliptic curve associated with supersymmetric pure SU(N)
Yang-Mills theory to N = 2 supersymmetric SU(N) QCD with N¢ < 2N flavours of matter
hypermultiplets was first investigated in [21] and [22].° The first coefficient of the f-function
in N = 2 supersymmetric SU(N) QCD is given by —by = Ny — 2N (see Eq. (3.53)). Hence
the models considered are asymptotically free, except for the Ny = 2N theory, which is

finite.

To find the right parameterization of the curves, the authors of both [21] and [22] utilized
the general constraints imposed by R-symmetry, instanton effects and the semiclassical
limit. An additional constraint was provided by the meromorphic one-form A that gives
the solutions vp , and v, (see Egs. (4.91)-(4.97) of the following chapter). Its residues are
restricted to have a particular dependence on the bare masses my. Apart from this general
input, the approaches of [21] and [22] are somewhat different and the proposed curves are not
the same for all Ny. In [21], a distinction is made between the cases Ny < N and Ny > N.
For N; < N the curve was found to be uniquely specified using the general constraints listed
above. For Ny > N, these constraints proved insufficient to completely fix the curves and a

certain amount of conjecture was required to get a definite parameterization.

In [22], the authors first considered an SU(2N) theory with 2V flavours. When N of the
VEV’s are taken to infinity, and the bare masses m are tuned so that the hypermultiplets do
not decouple, this theory flows into an SU(N) theory with 2N flavours. It was argued that
this leads to constraints on the form of the hyperelliptic curve for the finite Ny = 2N model.
Next, by sending a single VEV to infinity, and by tuning the bare masses in a different way,
the SU(N) theory with 2N flavours was made to flow into an SU(N — 1) theory with
Ny = 2(N — 1) flavours. The argument then proceeded inductively, with the Ny = 2N
curve ultimately being determined by matching to the N; = 4 elliptic curve of Seiberg and

Witten. From the N; = 2N curve, all the Ny < 2N curves are determined by decoupling

6These models were later investigated in [38], [39] and [40]. In [38] only the case N = 3 was considered
and the analysis focussed on the finite Ny = 6 model. In [39], a very different approach was used, based on
the connection between A/ = 2 supersymmetric Yang-Mills and integrable systems. In [40], the hyperelliptic
curves were derived using M-theory, but an explicit parameterization was not specified.
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matter hypermultiplets and using the renormalization group matching condition (3.96).

It turns out that the parameterization of the curves proposed in [21] and [22] differs
precisely when Ny > N. In the next chapter we shall perform a semiclassical instanton

calculation to investigate these discrepancies for the case of gauge group SU(3).



Chapter 4

Instanton Tests of the Exact Results

4.1 Introduction

The prepotential that describes the low-energy physics of N = 2 supersymmetric Yang-
Mills theory has a weak-coupling expansion which takes a very particular form [31]. It
consists of a one-loop perturbative term plus an infinite series of nonperturbative terms.
The nonperturbative terms are associated with one-loop £-instanton effects. In principle,

they can be derived from first principles using the semiclassical instanton method.

Following the prediction of Seiberg and Witten for the exact prepotential, Finnel and
Pouliot performed a one-instanton calculation in in N = 2 supersymmetric pure SU(2)
Yang-Mills theory [41]. From first principles they evaluated the leading nonperturbative
term in the weak-coupling expansion of the prepotential. In a subsequent investigation
of the same model, Dorey, Khoze and Mattis employed the multi-instanton construction
of Atiyah, Drinfeld, Hitchin and Manin to evaluate the two-instanton contribution to the
prepotential [42]. Their analysis was later extended to the N = 2 supersymmetric SU(2)
Yang-Mills models with fundamental matter hypermultiplets [43, 44, 45, 37] (also to the

model with one massive flavour in the adjoint representation [46]).

In Section 4.2, we review these SU(2) instanton calculations and their comparison with
the exact solutions. We present the one-instanton calculation of Finnel and Pouliot and

summarize the results of the two-instanton calculations. In most cases, the instanton calcu-

62
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lations completely agree with the predictions of the Seiberg-Witten curves. However, in the
models with Ny = 3 and Ny = 4 flavours of matter hypermultiplets certain discrepancies
have been found. We explain the origin of these discrepancies and indicate how they can be

cured by reinterpreting the parameters of the curves [36].

However, our main concern is with instanton effects in A = 2 supersymmetric SU(N)
Yang-Mills theory with N > 2. In Section 4.3, we present an explicit one-Instanton calcu-
lation that provides a direct test of the SU(N) hyperelliptic curves [47]. Our approach is
similar to that of Ito and Sasakura, who performed the first one-instanton calculations in
the SU(N) models with N > 2 [57, 58]. For gauge group SU(3) we are able to perform a
complete calculation and we find certain discrepancies in the models with Ny > 3 flavours.
These discrepancies are similar in nature to the discrepancy found in the SU (2) model with

N; = 3 flavours and we show that they can be resolved in the same way.

4.2 SU(2) Instanton Tests

In this section we describe the instanton calculations that have been performed in N = 2
supersymmetric SU(2) QCD. For Ny < 3 flavours of matter hypermultiplets, the instanton
calculations are in complete agreement with the exact solutions. For Ny = 3 flavours of
matter hypermultiplets, the Seiberg-Witten curve does not give the correct two-instanton
contribution to the condensate u = (TrA?). (Seiberg-Witten theory predicts an exact
solution for this object as well as for the prepotential.) The source of the discrepancy can
be traced to an ambiguity in the definition of the parameter appearing in the Ny = 3 curve.
The instanton result can be used to fix this ambiguity 37, 36]. For the model with Ny =4
flavours, there is quite substantial disagreement between the semiclassical analysis and the

exact solutions. We describe the discrepancy and outline its resolution, according to the

proposal of [36].



CHAPTER 4. INSTANTON TESTS OF THE EXACT RESULTS 64

4.2.1 One-Instanton Test

In this subsection we describe the one-instanton calculation in N' = 2 supersymmetric pure
SU(2) Yang-Mills theory performed by Finnel and Pouliot [41]. The focus of this calculation
is the four-fermi correlator

(A(@)A(@2)(w3)h(4)), (4.1)

where the fermions are light U(1) fields of the low-energy effective theory.

Contact is made with the exact results via the low-energy Wilsonian effective action.
Specifically, we extract a prediction for the amplitude (4.1) by expanding Eq. (3.47) in
terms of component fields. The relevant term in the expanded action is

S [ @A) (49)

A simple tree-level calculation gives

_ N B Ty o .
()M B)(a)) = T [ a0 a1, 200550, 20)Sga(a, 1) ),
(4.3)
where S, 1s the massless fermion propagator,
1 1
Sad(ili,.’l?o) = 4—7T—_20'adam(—m—_—x-0)—2. (44)

Expression (4.3) should be exact in the low-energy limit. This is equivalent to the long-

distance limit |z; — z;| — o0.

The weak-coupling expansion of the prepotential in N = 2 supersymmetric pure SU(2)
Yang-Mills theory is given by Eq. (3.55). Using this expansion, we extract the following
prediction for the one-instanton contribution to the four-fermi correlator (4.1):

15]:1 Al

2 vb

/ 0% Saa(1, 80) S (02, 20) S5 (13, 70) S (34, o).
(4.5)

From the Seiberg-Witten exact results, Egs. (3.93) and (3.94), we obtain the prediction
F=1/8.

M) Mz2)$(z3)p(@a))u

Note that the numerical coefficient F; is renormalization scheme dependent. In order to

compare the Seiberg-Witten prediction with the first-principles result, we have to relate the
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implicit renormalization scheme defined by the Seiberg-Witten curve with the renormaliza-
tion scheme used in the instanton calculation, i.e. the Pauli-Villars scheme. Specifically, we
have to relate the scale A defined in the Seiberg-Witten scheme with the scale Apy defined

in the Pauli-Villars renormalization scheme We show how this is done further on.

We now consider the instanton calculation. After continuation of the pure Yang-Mills

action (3.38) to Euclidean space (see Appendix A), one obtains the following Euler-Lagrange

equations,
D,F,, = —ig([4,D,AN+[Al, D, A))
+ig (Ae A + A&\ + e, + veb) , (4.6)
PA = V2ig[A, 9], (4.7)
PA = V2ig[Al Y], (4.8)
Py = —V2ig[A, N, (4.9)
P = —V2ug[Al, )], (4.10)
DA = V2ig[\ ]+ ¢*[[4, AT, 4], (4.11)
D2AT = V2ig[) 9] + ¢*[[AT, A, Al). (4.12)

(The auxiliary fields D and F have been eliminated in the usual manner.) We are interested
in the physics on the Coulomb branch of the theory, where the Higgs field A has a nonzero
expectation value v. In this case, Derrick’s theorem predicts that there is no nontrivial

solution to Eqs. (4.6)-(4.12). To proceed, we apply the constrained instanton formalism

(see Section 2.4.3).

The constrained instanton formalism tells us that to obtain a suitable background con-
figuration we should solve Egs. (4.6)-(4.12) perturbatively, in the presence of some sup-
plementary constraint. The relevant small parameter is pM, where p represents the size
of the configuration and M = V2gv is the W-boson mass.! At leading order in pM, the

Euler-Lagrange equations reduce to
D,F, = 0, (4.13)

1Note that this differs by a factor of g from the formula (3.46) given in Section 3.3.1. This is because in
the analysis of Seiberg and Witten all of the fields are rescaled by a factor of g. Here we choose to work
with the original fields, and account for factors of g in the final comparison with the exact results.
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DA = 0, PN = 0, (4.14)
Py = 0, Py = 0, (4.15)
DA = V2ig[\ ), (4.16)
D?A" = 0. (4.17)

In the approach of Finnel and Pouliot the Yukawa terms in the action are treated pertur-
batively.? This means that the source term on the right-hand side of Eq. (4.16) is neglected

in the first approximation.

We now present the solutions to Egs. (4.13)—(4.17) (without the source term) that rep-
resent the leading order short-distance constrained one-instanton background. The appro-

priate solution to Eq. (4.13) is the BPST instanton. It is convenient to define

U = Uyey, a=u' = u.e, (4.18)

If we impose the constraint w,u, = 1 then the matrix u belongs to the gauge group SU(2).
The singular gauge BPST instanton can now be written
A, = g A (4.19)
= -7 U1, .
S BT (Ve N D
where y, = (z — 2o), and the matrix u effects the iso-rotations.

In the background of the BPST instanton, the solutions to Egs. (4.14)-(4.17) are well-
known. For the Higgs field we have

2
v Vo3
= -7, 4.20
22 (420)

Clearly this satisfies the boundary condition

lim A = (4) = —7, (4.21)

T—00 2

2In, the models with matter, this approach is inadequate because it fails to generate leading order terms
in the instanton action that are quadrilinear in fermionic collective coordinates. In the SU (N) semiclassical
instanton calculation of Section 4.3 we obtain the full one-instanton solution to Eq. (4.16), in the presence of
the Yukawa source, and use it to construct the instanton action. In Chapter 5 the SU(N) ADHM formalism
is used to construct the full k-instanton solution to Eq. (4.16).
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As for the fermion fields, the index theorem predicts that there are four solutions of the
Dirac equations (4.14) and (4.15) for each of A and 1. (The only solutions to the antifermion
field equations are A = 0 and ¢ = 0.) Let us define

Y =Yutyu, Y= yuéy,- (4.22)

The four zero-mode solutions® for A can now be written

) V20 (yurtugéss)a T (4.23)
SSa 22+ p?)? 27 -
p (yarufsc)a T
v o Pl uEsc)a T 4.24
sSC T (y2+p2)2 2 ( )

The zero-mode solutions for ¢ take an identical form, but we replace the Grassmann col-
lective coordinates £sg g and £o. with Css 5 and Coc.

In Egs. (4.23) and (4.24) we have labelled the fermion zero-modes using the subscripts
‘S8’ and ‘SC’ which stand for ‘supersymmetric’ and ‘superconformal’ respectively [15]. The
two supersymmetric zero-modes are related to the BPST instanton solution by an N =1

supersymmetry transformation (specifically, this is given by Eq. (C.2)). The superconformal

zero-modes are associated with a superconformal transformation (see e.g. Appendix A of
[42]).
Using the solutions listed above we can evaluate the leading order one-instanton action.

We find
, 1
glinst = 2/d4x Tr (ZFWFW +D,ATD, A - V2igAt[a, )\]>

8m? gV - _ 3 ]
= _g—z‘ + 47T2r02|"|2 - i(CSC 1, Csc Q)UTBU (g_sc 1) . (4.25)

V2 SC2

Note that the instanton action depends on the superconformal collective coordinates but
not on the supersymmetric collective coordinates. The four supersymmetric zero-modes are

ezact zero-modes whereas the superconformal zero-modes are lifted by the Yukawa term in

the action.

3As in Section 2.4.2, we refer to solutions of the Dirac equation as zero-modes, although we now regard
these zero-modes as constituting part of the instanton background.
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Our next consideration is the collective coordinate integration measure. When N = 2

the SU(N) measure (2.64), associated with the bosonic zero-modes, simplifies to

210 6
g;r /d4$0dpp3. (4.26)

We have omitted the group space integral because the integrand will turn out to have no
dependence on the group space variables. (This simplifying feature is not present in the
N > 2 models and the group integration turns out to be highly nontrivial.) Since the zero-
modes (4.23) and (4.24) are already normalized, the measure associated with the fermion

zero-modes is simply

/ d*Escd*Cscd*Essd*Css. (4.27)

Now we turn to the small-fluctuations determinants. In supersymmetric theories an
important simplification of the instanton calculus occurs in connection with these determi-
nants. Namely, the factors due to fermionic and bosonic field fluctuations exactly cancel
each other in the background gauge.* In the present calculation, we can see the cancel-
lation directly. In Eq. (2.68) we presented the 't Hooft determinant for a complex scalar
field of isospin t. Let us refer to this determinant as D;. In N = 2 supersymmetric pure
SU(2) Yang-Mills theory, all fields have isospin equal to one. From the discussion following
Eq. (2.68) we now ascertain that the gauge boson and its ghost contribute a factor D!, the
two Weyl fermions contribute a factor D?, and the complex scalar field contributes a factor

D7!. Hence the determinants manifestly cancel.

In Section 2.4, we described how the renormalization divergences of the 't Hooft determi-
nants are regulated by powers of the Pauli-Villars mass y. The number of powers of i that
appear depends on the number of bosonic and fermionic zero-modes. In the present calcula-
tion, we have the usual eight bosonic zero-modes associated with the BPST instanton as well
as eight fermionic zero-modes. From the bosonic zero-modes we get a factor u® and from the
fermionic zero-modes a factor =%, Together these factors have the right power, by = 2,

to combine with the instanton factor exp(—8m?/g?) and generate the renormalization group

4More precisely, this cancellation occurs for any self-dual background configuration in four dimensions
in the covariant background gauge [48].
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invariant scale
AL, = pte ™19 (4.28)
(The subscript ‘PV’ indicates that this scale has been defined in the Pauli-Villars renormal-

ization scheme.)

It remains for us to consider the antifermion field insertions. Since we are calculating a
low-energy Green’s function, it is the long-distance ‘tail’ of the instanton that is relevant.
By virtue of the patching relation described in Section 2.4.3, the long-distance instanton can
be obtained from a Taylor expansion of the short-distance instanton. We therefore consider

the next-to-leading order short-distance field equations for A and 4,
DX =V2ig[Aly], PP =—V2ig[Al A, (4.29)

Since the four antifermion field insertions must saturate the integration over all four super-
symmetric collective coordinates, we substitute A = Agg and 1) = 1gss in these equations.
The corresponding solutions are
Ta ig VP 3 a -
tsa= —%W(UT T*uyCss)a (4.30)

and similarly for 9% 4, with (g5 — &ss. In the long-distance limit, the light low-energy
fields can simply be equated with the third isospin components of the microscopic fields.

From the first term in a Taylor expansion of A%, we finally obtain the required long-distance
field insertion,

AED (1) = igvp* 1G5 Saa(T, To) (4.31)
Importantly, this has the right long-distance behaviour to be associated with a massless

fermion propagator.®

We have now considered all of the components of the semiclassical instanton method.

Putting these components together we have

51f we were to calculate the one-instanton contribution to the Green’s function (A(z1)A(22)¥(z3)1¥(z4))
then the field insertions would be obtained from the supersymmetric zero-modes, Ass and ¥sg. But at
large ||, the solution (4.23) falls off more rapidly than a fermion propagator and therefore gives vanishing
contribution after LSZ amputation. To get field insertions with the right long-distance behaviour to be
associated with this Green’s function we must turn to the anti-instanton sector.
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2107.(.6/1[4

Mz A(@2)P(@3)t(za))1r = 7 /d2§scd2fsc /d/)P?’ exp (— Sy sy nr)
X/infssd?Css /d4$0 AEP (20)AEP (29) P (m3) " P (4)

15 A% _. .
= ﬁ——g;z]‘g/dllﬂfo Sad(xl;xo)saa(a;Q;xO)Sﬁﬂ($37xO)Sﬁﬁ($4;$0).
(4.32)

Note that all ¥ dependence cancels out after the collective coordinate integrations are per-

formed so that we get the expected holomorphic dependence on v.

In order to compare the result of this semiclassical calculation with the Seiberg-Witten
prediction we require the relation between Apy and the scale defined implicitly by the
Seiberg-Witten analysis. It is well-known that A’s defined in different renormalization
schemes are related by a factor that is completely determined at one-loop in perturba-
tion theory. To find this factor, Finnel and Pouliot compared the one-loop expression for
the effective coupling 7,;, = F"(v) in the Pauli-Villars scheme with the one-loop expression

derived from the Seiberg-Witten prepotential. These expressions are the same provided
Abe = 4A%, (4.33)

where by = 4. This is the desired matching relation. After accounting for factors of g, the

expression (4.32) perfectly agrees with the prediction (4.5), with F; =1/8.

As a final comment, we note that the Wilsonian effective action predicts solutions for
other low-energy Green’s functions, besides the four-fermi correlator (4.1). For instance, we
can extract a four-fermi coupling of antifermion fields, which gives the low-energy amplitude
(AM(z1)Mz2)®(23)(4)). The expression for this amplitude is just given by replacing v with
¥ on the right-hand side of Eq. (4.3). This is reflected in the semiclassical approach, since
the relevant contributions to (A(z1)A(z2)¥(zs)1(z4)) originate in the anti-instanton sector.
Semiclassical calculations in this sector emulate those performed in the (k > 0)-instanton

sector, and give the same results but with v and ¥ exchanged.

Other Green’s functions that can be obtained from the Wilsonian effective action are

(0 (21)A(22)(23)) and (Vyns(21)Vpg(z2)). In [42] the one-instanton contributions to a
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general class of correlators including these were calculated. The results were all found to be

consistent with the prediction F; = 1/8.

4.2.2 Two-Instanton Tests

The analysis of Finnel and Pouliot was extended to the two-instanton level by Dorey, Khoze
and Mattis [42]. Their calculation utilized the multi-instanton solution of Atiyah, Drinfeld,
Hitchin, and Manin [2]. (We describe this solution in Chapter 5.) After completing the
32-fold integration over collective coordinates, Dorey, Khoze and Mattis determined the
two-instanton coefficient Fy in Eq. (3.55) to be 5/256, in complete agreement with the

exact results.

Tn subsequent work [43, 45], Dorey, Khoze and Mattis have considered the SU(2) models
with matter hypermultiplets (see also [44, 37]). As was mentioned in Section 3.3.2, odd-
instanton effects in these models vanish when any hypermultiplet mass is set to zero. For
nonzero hypermultiplet masses, a renormalization group matching condition ties the one-
instanton contribution to the one-instanton effect in the pure Yang-Mills model. (This
matching condition was described in Section 3.3.2; see Eq. (3.96) in particular.) Therefore a
one-instanton calculation does not provide an independent test of the exact results in these

models. The first tests are necessarily at the two-instanton level.

For the models with N; < 3 flavours of matter hypermultiplets, the two-instanton calcu-
lations of [43, 44, 45, 37] were in complete agreement with the predictions of Seiberg-W itten
theory. However, for Ny = 3 matter hypermultiplets the two-instanton contribution to the
condensate u = (TrA?) was found not to match the prediction of Seiberg and Witten.5 Let
us denote by @ the solution obtained from the N; = 3 Seiberg-Witten curve. Then the

two-instanton discrepancy reads [37, 36]

i = u — upA?, (4.34)

6The exact solution for u is obtained by inverting the formula for v(u). At weak-coupling it has an
expansion consisting of a classical term v? /2 plus an infinite sum of nonperturbative terms. These nonper-
turbative terms have the form of instanton effects and they can be directly compared with the results of

semiclassical calculations.
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where uy = —1/213".

It was observed in [36] that the Seiberg-Witten analysis is insensitive to a constant shift
in the curve parameter 4. None of the global symmetries or monodromy properties that
were built into the N; = 3 curve are affected. Nor is the solution for the prepotential
altered by a shift in . The exact prepotential is obtained by inverting the function v (1)
and substituting into vp(%) = F'(a@). Clearly @ acts as a dummy variable in this procedure.
Therefore the discrepancy can be resolved in a straightforward way, by simply reinterpreting

the parameter % appearing in the Seiberg-Witten curve as the shifted condensate (4.34).

Note that a k-instanton effect in the Ny = 3 model is proportional to AF since the B-
function coefficient, by = 2N — Ny, is unity. From dimensional analysis it follows that a
constant shift in » can only correspond to a two-instanton effect. Hence the curve should
be completely fixed by the reparameterization described above, and there 1s no room for

further discrepancies at higher order instanton levels.

For the N; = 4 model, the disagreement between the instanton calculus and the exact
results is more serious. Since the B-function vanishes when Ny = 4, there is no scale A in this
model. The parameter that takes its place is the instanton factor ¢ = e?™_ where 7 is the
complexified coupling of the microscopic SU(2) theory. Now when all four hypermultiplet
masses are zero there are no mass scales present. Seiberg and Witten assumed that in this

case, the effective low-energy coupling is identical to the microscopic coupling,

Te(?; =T (4.35)

(The superscript on ,;; is to stress that this is the effective coupling of the massless theory.)

The semiclassical calculations performed in [45, 36] show that in fact the effective coupling

has the expansion

. . oo
(0) ¢ ! k
C E . 4.36
Teff"7-+7r0+ﬂ_k:24 Ckq ( )

In the Pauli-Villars scheme,” a one-loop perturbative calculation gives ¢o =2In2 and a

7As was stressed in [36] it is important to be explicit about the renormalization scheme, even though
the theory is finite. This is because the theory still generates divergent Feynman diagrams. It is only when
diagrams are summed that the divergences cancel. The renormalization procedure fixes the usual ambiguity
associated with this cancellation of infinities.
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two-instanton calculation gives co = —7/273%.

To resolve this discrepancy it was proposed in [36] that the curve parameter ¢ should be
replaced by

69} = exp(2mir(y)). (4.37)

For four flavours of massless matter hypermultiplets, the modified curve predicts the identity
Te(?} = 7% instead of Eq. (4.35). Hence the incorrect prediction (4.35) is avoided (although

somewhat at the cost of the predictive power of the massless curve).

In Section 3.3.2, it was mentioned that the Ny = 3 curve can be obtained from the Ny =4
curve if one uses a modified version of the renormalization group matching condition (3.96).
The modified relation involves a factor of 64 that the Seiberg-Witten analysis fails to explain.
On the other hand, if the curve parameter ¢ is reinterpreted as qg(,)} then the origin of this
factor can be easily understood [36]. By substituting ¢ = qf?} in the modified version of
the matching relation (3.96) (see associated footnote), and using the expansion (4.36), we
obtain

Amygpey — A, (4.38)

(We have used the calculated value of ¢, in the Pauli-Villars scheme.) In the Ny = 4 model,
the one-loop relation between scales, Eq. (4.33), becomes gsw = 4¢py. Substituting this
into (4.38) gives

Maqsw — As, (4.39)

which is the expected relation between parameters defined in the (implicit) Seiberg-Witten
scheme. This result can be regarded as strong circumstantial evidence that the proposed
fix of the N; = 4 curve is correct. More stringent tests of the corrected curve would be

provided by calculations at the three-instanton level and beyond.

Multi-instanton Test

Besides enabling the two-instanton tests summarized above, the SU(2) multi-instanton cal-
culus developed by Dorey, Khoze and Mattis [42, 45, 49] has been applied to verify a certain

relation between u and F to all orders in the instanton expansion [50, 45]. This relation was
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originally derived by Matone [51] using the Seiberg-Witten curve for the pure SU(2) Yang-
Mills model. The Matone relation was shown to hold in SU(2) models with matter in [52].
Physically, it can be understood as a Ward identity for superconformal invariance [53]). The

Matone relation reads
oF bo

dlnA 2w
The formula (4.40) was first checked by explicit one-instanton and two-instanton calculations

(4.40)

in [54], and later shown to be true at all k-instanton levels in [50, 45].

Note that the relation (4.40) does not contradict the statement that in the SU(2) model
with N; = 3 flavours there is a discrepancy associated with » but not with F. Although
the Matone relation does imply that a constant shift in v is tied to a constant shift in F,
a constant shift in F is not physically observable because only derivatives of F appear in
the effective action. In contrast, the discrepancy associated with F in the finite model with
N; = 4 flavours is linked to a u discrepancy. The Matone relation for this model implies that
the classical relation v = v?/2, expected to hold when all four hypermultiplet masses are
zero [18], suffers the same quantum corrections as the effective coupling Te(;),)» (see Eq. (4.36)
above). This u discrepancy can be fixed by reinterpreting the parameter u appearing in the
N = 4 Seiberg-Witten curve in accordance with the Matone relation and the identification
r =79 [36].

The Matone relation has also been shown to follow from the hyperelliptic curves proposed
for the N' = 2 supersymmetric SU(N) models with N > 2 [55]. In Chapter 6, we shall
confirm that the Matone relation holds in these models using the SU(N) multi-instanton

calculus constructed in Chapter 5.

4.3 SU(N) Instanton Tests

Just as in the SU(2) theory, the exact solutions in N = 2 supersymmetric SU(N ) Yang-
Mills theory with N > 2 can be expanded in the semiclassical regime to give the one-
loop perturbative contribution plus predictions for k-instanton corrections [31]. The weak-

coupling expansion of the exact prepotential in the SU(N) models has been performed



=
o

CHAPTER 4. INSTANTON TESTS OF THE EXACT RESULTS

in [56]. The k-instanton contributions take the form of rational functions of the vacuum

expectation values v,.

The first instanton tests of the SU(N) exact results were performed at the one-instanton
level by Ito and Sasakura in [57, 58]. These authors calculated the singular part® of the
one-instanton contribution to the prepotential. When Ny < 2N —2or Ny = 2N —1 there-are
no additional regular terms and the result is in full agreement with all of the hyperelliptic

curves proposed in [19, 20, 21, 22, 38, 39].

In Section 3.3.2 it was mentioned that the the curve parameterizations that were sug-
gested for the SU(N) QCD models in [21] and [22] are not identical when Ny > N. Nor do
they match either of the parameterizations that were later suggested in [38] and [39]. For
the the case N = 3, Ito and Sasakura were able to calculate the regular terms that appear
when N; > 4 in the one-instanton contribution to u, [58]. Their results are in conflict with
the predictions of all of the proposed curves and imply that none of the parameterizations

in [21, 22, 38, 39] are correct.

In this section we perform a separate test of the proposed curves, by evaluating the
one-instanton contribution to the quantum modulus us in A = 2 supersymmetric SU(N)
QCD with N > 2 and N; < 2N flavours of matter hypermultiplets [47]. (The curves predict
exact solutions for all the condensates u, = (TrA™), where n = 2,3,...,N.) Following the
method of Ito and Sasakura, we determine the most singular part of the answer, which for
Ny < 2N —3 or Ny = 2N — 2 is the complete answer and agrees exactly with the prediction
extracted from the curves. Our analysis also gives the coefficients of the regular terms which

arise in the SU(3) theory when N; > 3. Here we find further disagreement with all the

proposed curves.

To a large extent the semiclassical analysis we now describe parallels that of Section 4.2.1.
Our first task is to write down the defining equations of the leading order short-distance

constrained instanton. These are [42, 45, 37]:

F = FL, (4.41)

8The one-instanton contribution can be decomposed into a ‘regular’ term and a ‘singular’ term, which
diverges when any two VEV’s coincide, corresponding to the restoration of a non-Abelian gauge symmetry.
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Pr=0, Py=0, Px=0, Py=0, (4.42)
PA=0, Py=0, Px=0, Dx=0, (4.43)
D?*A = V2ig[\ ], D?At* = 2igxT°x, (4.44)
D =V2ighy, D%i=—V2igx), D' =V2igxy, D’§' = V2ighx. (4.45)

For notational clarity we have dropped the flavour indices on the squark and quark fields
g and x. On the Coulomb branch of the theory, the Higgs field A acquires the matrix of
vacuum expectation values given by Eq. (3.97). This imposes a boundary condition on the

solution for the Higgs field, since it must approach its matrix of VEV’s at large distances.

The required self-dual solution to Eq. (4.41) of unit topological charge is given by
the ‘minimally embedded’ BPST instanton (2.23). This configuration is subject to global
gauge transformations which rotate it into SU(N) group space. However, for the purposes
of the instanton calculation we can choose to preserve the upper left embedding of the
BPST instanton, and perform global gauge transformations of the matrix of VEV’s (3.97)
instead [59]. Therefore, in singular gauge, we have

a4, = 20 e (4.46)
9 ¥+ )

and the boundary condition on the Higgs field becomes

. SU(N)
— ol 0
A (A SN —2)xUQ)

B Al A -
= ( Ay A, > . (4..4/)
The second equality indicates a convenient partitioning of the rotated VEV matrix; 4, and

Ay are 2 x 2 and (N — 2) x (N — 2) matrix blocks respectively.

The leading order instanton action can be simplified by integrating by parts and using
Eqs. (4.41)-(4.45). We obtain
2
Sy = 8l2 + / d'z 8, {2Tre(A'D,A) + (D,uq)lq + (Dud)ld} + V2im / d*z xx
9
+V2ig / d*z (YAx + ¢'Ax + qvx) . (4.48)
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The /2 prefactor of the quark mass term allies us with the usual curve convention.

We now present the remaining singular gauge solutions to the defining equations, which
we shall use to evaluate the above action. The only solutions to the antifermion field
equations (4.43) are trivial. The normalized zero-mode solutions for the gaugino A are

listed in [59, 60,

Zﬂ yuﬁﬁu(eﬂgSC)a a
AsCa = ——————1, .
sC¢ T (2 + ) (4.49)
2 2 y L,F]a’/ bL Tb
Assa = V2O YU 55 ), (4.50)
0 y2(y? + p?)
p yu(eue)au _
Aa)ww = — v v=3,4,...,N), 4.51
( M ) \/5’” /—yQ(yQ +p2)3/2§M ( ) ( )
(/\Na)m} _ P yu(eu)av Ena (u=34,..., N). (4.52)

VT Ry + PR
(Here ¢ is the antisymmetric tensor satisfying €'2 = 1.) In addition to the two superconformal
and two supersymmetric modes there are an additional 2( N —2) modes which we have chosen
to partition such that the ‘M’ modes live in the upper right and the ‘N’ modes live in the
lower left parts of the matrix representation of the SU(N) Lie algebra. The analogous

solutions for 1 are obtained by switching the Grassmann collective coordinates £ — ¢.

The normalized solution for a quark flavour is [59, 60]

P Yuleu€au .
L= —— : 4.53
T T SR+ ) 45
The conjugate quark solution is given by Xau = €' Xaw provided we exchange the collective

coordinate 7 for 7.

Turning to the scalar fields, we separate the solution for A into a part satisfying the
homogeneous equation, Ay, and a particular solution A, which arises in the presence of the

Yukawa source term. The homogeneous solution was found in [57] to be

2 [ 2
Ah _ #z‘Al(tl) + %TI‘(Al)IQ PZ_TAQ
Vi As Aq

where Ay = Ay — %Tr(Al)IQ and I, is the 2 x 2 identity matrix. This solution manifestly

(4.54)

satisfies the boundary condition (4.47).
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Linearity enables A4, to be decomposed further. If we define Ay/p as the particular

solution with fermionic modes A4 and ¢ inserted into the source term, then

A= > Ays (4.55)

A,B=5C,SS,M,N

We obtain the following list of independent solutions which enter the right-hand side of this

equation:
: 2(¢ a/-
ig Yy (EscetCsc) _
A = T, 4.56
 gp YuMu(EsceBulss) g -
Ascrss = —35 e+ ) T, (4.57)
. 9 —a b b
o gp yuyumumﬂ(fssﬂ (ss) =
ASS/SS - _2\/571‘2 yz(y2+p2)2 Ta) (408)

ig V2

(Asc/m)w = WW&;CCN[’U) (4.59)
(Ase/n)w = %ZZQ—_\'_/—?)_WECNU(EESC)M (4.60)
(Ass/m)w = —4%2 ﬁ(yfi ) (€u€ss)"Carus (4.61)
(Ass/v)uw = —4%ﬂ2 \/g/'?(y;yi e Cnul€€uéss)’, (4.62)
(ApyN)uw = 8%#2 ® i ) {5uu5u,vg2 wﬁ; Chvwlmw — 2CNu§Mv5u,u23} . (4.63)

Apm = Anyy = 0. i (4.64)

The solution for A, p is deduced from the solution for Ap/4 by changing the sign and

making the exchange & < (.

The conjugate Higgs also consists of a homogeneous and a particular solution. The

homogeneous solution is simply the Hermitian conjugate of (4.54) whilst the particular

solution is

g 1 N -2 1 . -
(A;r;)uv = 4\/§7T2 (yQ T 02) {( oN ) 5uv6u,v§2 - N(Suvéu,vzi%} nn. (463)
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Finally, each squark solution is a sum of particular solutions [60],
gscu = 9 \/? 515 n
4y/2r2 (y? + P32
qssu  — _ig_p =
A Sy (y? + p2)
g 1

gNu = WW&VW’

(Eu€ss)™n,

(4.66)
(4.67)

(4.68)

where g4 represents the solution with A4 inserted in the source term. The solutions for qf

and the conjugate representation squarks may be obtained by straightforward manipulations

of these configurations.

By plugging the above solutions into Eq. (4.48) we are immediately able to evaluate the

leading order instanton action. Ignoring supersymmetric zero-modes which are not lifted

and give no contribution, we find

2/d4x8uTr(ATD“A) = 81%p*F + g(Csey Cu, )M (Esc, €, En)Y,

[dwa0aia = o
/d4xau((Du6j)T(j) = 0,

\/iz'm/d‘lxix = —iV2mian,

\/2—' /d4l v A = _E.Tr A Py
ig XAX 7 (A1)im
7
_'247r2p2 uzs(gMuCNu + gNuCMu)n"?,
P
\/i?,g / d4.'I3 (qT/\X + (ij) = 7 197T2p2 Z(él\/[uCNu + gNuCJ\/[u)’f]’I].
- u=3

In Eq. (4.69), F and M are the same as in [57], namely
1
F = Tr(A] A + 5(Ag,A; + A, AL),

and 1 Tyt 1
\/§6A1(t1) (A3) f cA]
M=i Al 0 ~T Iy + V24

T 1
(eA)  —TEIv o+ V2(A}) 0

(4.69)
(4.70)

(4.71)
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where Iy_s is the (N — 2) x (N — 2) identity matrix.

Our next consideration is the collective coordinate integration measure. The bosonic

measure is given by (2.64). Since the fermion zero-modes are all normalized, the complete

one-instanton measure reads
Y 1 AN-5 2N » 2N Ny, N
du = dQ | d'zodpp* > [ d*V(d dNrpd™Nrq. (4.77
/ H (N —1)!(N —2)! ¢V / / Toap p / ¢ f/ nd™ . ‘/ )
Here we have included all factors of the Pauli-Villars regularization mass x that arise due to

the bosonic and fermionic zero-modes. We can eliminate 4 in favour of the renormalization

group invariant scale

Ag/_Nf = 2NN g8l (4.78)
To compare with the exact results, we need to switch from the Pauli-Villars scale to the
scale A used in the hyperelliptic curves. In [58] it was shown using renormalization group

matching arguments that these scales are related by

r

N-N ~N+4N;/2:Ns p2N-N -

APN=Ng = Q2= NANg 2Ny AT (4.79)

Since there is complete cancellation between the small-fluctuations determinants asso-
ciated with quadratic field fluctuations [48], we can now write down an expression for the

one-instanton contribution to u,. After assembling the relevant factors and performing the

integration over the quark zero-modes we have
Ny

QN—Nf
uy = A 1 ZzN_Nf+png_p/dﬂ/dQCssd2§Ss /d4~’50 Tr(A")
p=0
) N Ny—p
ig
xt, | Tr(A;) — ———— wCve + Evulau exp(—Su), 4.80
p( r(A) INGIER: ;@M CNu + ENulum )) p(—Su), (4:80)

where the 7, and SS mode integrations have been separated from dy, leaving

/ dfi = 2L / ds / dpp*"? / PN TECAPN TR (4.81)
(N = DI(N —2)tg*V ' '

Sy is just the contribution of the Higgs kinetic term to the action as given by (4.69) and

the ¢, are symmetric polynomials in the hypermultiplet masses,

Ny
tp = z My Mgy« - - M- (4.82)

i1 <ia<-<ip
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In contrast to the low-energy Green’s functions considered in Section 4.2.1, the con-
densate wu,, is calculated using field insertions given by the instanton background at short
distances. These insertions must saturate the integration over the collective coordinates
corresponding to the exact supersymmetric zero-modes. It follows that only the part of
Tr(A") which contains precisely four SS Grassmann variables can give a nonzero contri-
bution. When n = 2 this is just Tr(A%S/SS) and using Eq. (4.58) we can perform the

integration of the field operator over 2, and the SS modes,

2

[ #tssdiess [ a5 (4.83)

In [57, 58], the authors considered the integral expression (4.80) when n = 2. Since the
integration over group space was not generally tractable they studied the particular case of
two VEV’s being infinitesimally close. In this limit they found that the group integration
linearized and could be carried out. The singularity structure of the answer is associated
with the infra-red divergence caused by the restoration of a non-Abelian subgroup when
any two VEV’s coincide. Taking this to represent the only instance where the instanton
integration diverges, and by considerations of dimensional analysis, gauge invariance and

holomorphy, Ito and Sasakura deduced the full result

u
T 5 E ty E 7 . + anON;—paN-—2 + BnON;—p 2N E v2 ). (4.84)
p=0 u=1 H’U#u(vv - Vu) u=1

The analysis fails to determine the constant coefficients of the regular terms, ay and By.
However, in the specific case of SU(3) Ito and Sasakura were able to directly evaluate the
integral expression for u! and they found that (s, 83) = (—3/8, —15/64). For a range of

input values for the VEV’s we have numerically verified these results.

We now employ the explicit solutions for A to evaluate ui! along similar lines. For inser-
tion into the integrand, we require the part of Tr(A3) which has the necessary quadrilinear

dependence on the SS Grassmann variables. This is

2
3Tr {A?SS/SS (Ah + Z AA/B) } +3Tr ASS/SS (Z AA/SS + Z ASS/B)

A,B#SS A#SS B#SS
(4.85)
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Since AQS 5/858 is proportional to the 2 x 2 identity matrix in the upper left block of the matrix

representation, the first term reduces to two distinct nonzero components,

3
3Tr(A%s/ssdn) = §TY(A?95/55)TT(A1% (4.86)

319 Tr(A%S/ss) al
3Tr(A? Aynv + A = ) + EniCatn)- 4.87
( SS/SS( M/N N/M)) 8\/571’2 y2+p2 ;(fl\lkCNk g]\k(l\fk) ( )

The second term simplifies because Agg/ss is composed of Pauli matrices living in the upper
left corner of the matrix representation. Closer inspection shows that the only contributing

component is

31g TI(A?S'S/SS) al

3Tr(Ass/ss(AmyssAss/n + AssyuAnyss)) = RN ;(&WUCM + Enulatu)-
B (4.88)
Upon integrating over zp and the SS modes, we get
/d2C55d2§ss /d4$oTr(A3) =2 (—i> (TT(Al) - ’Li(&w Cvu + EnuCnr )) :
2\ 2472 4212 p? 4= e B
(4.89)

The first factor in brackets is just the corresponding result (4.83) for the Tr(A?) insertion
whilst the second factor precisely matches the part of the instanton action which is pulled

down by the integration over the quark collective coordinates.

This is a fortunate result since it allows us to immediately determine u3’ from knowledge
of ulf. Using Eq. (4.80) and Eq. (4.84) and after accounting for a rescaling of the Higgs
field, we find that for Ny < 2N,

;AN i l va! P > =,
1 ~
Uz = Yy Z tp Z HN (v9 — va)? + aN(SNf—p,QN—S + 5N5Nf—p,2N—1 Z ‘A
u=1 vEU Vo = Vu u=1 ( )
4.90

p=0

where (&N;BN) = (OKN,ﬂN).
Let us now make the comparison with the exact results. For Ny < 2N we can make use

of the freedom to shift the z-variable to write all of the proposed curves [21, 22, 38, 39] in

the following form,

y* = P(z)’ - Qa), (4.91)
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where
Ny N
Q(z) = A2N-Ns thfo—p and P(z) = H(I —e,) + AN (), (4.92)
p:O u=1

The moduli space parameters e, satisfy Zivzl e, = 0 and are related to the moduli of the

physical theory through

N
Up = Z en. (4.93)
u=1
The function T'(z) satisfies
Ny
T(QI) — thT(Nf—p—N)(x)(st—pZN; (4.94)
p=0

where the TNr=?=N)(z) are polynomials of degree (Ny—p—N) in z, with possible dependence
on the dynamical scale and also on the moduli space parameters. The precise form of
the polynomials TWs=P=M(z) distinguishes the various curves proposed in [21], [22], [38]

and [39].°

The exact solutions are obtained from the curves through the periods

1
Y = — 4.95
VD 273 J, (4.95)
1
v 21 J,, ( )
where o
z(P' — 55
_ " QQ)dg: (4.97)

and the A, and B, are a canonical basis of one-cycles enclosing branch cuts of the curves.
These integrals can be expanded in powers of A*=N/ in the weak-coupling regime [56].

Here, we require only the expansion of Eq. (4.96),

Vy = €y + Z

m,n>0;m+n#0

(_1)n(A2N—Nf)m+n 82m+n—1

(m!)2n!22m dey

(Su()™Rule)™),  (4.98)

9There is one requirement that is satisfied by all parameterizations. Namely, in the Ny = 2N —1 curves,
the zV~1 term in TN~V (z) has coefficient ;. This ensures that the meromorphic one-form A has no residue

at infinity when the bare masses are zero.
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where N Nip
Doplotpen’ T(ey)
Su(e) = L and R,(e) = —————. 4.99
H1])V¢u(eu — €y)? ) qu)\;u(eu — &) ( )

At the one-instanton level it is a simple matter to invert this series and use the defining

expression (4.93) to get the curve prediction for u/. The answer may be written in the form

_ N N Ny—p+n—2
n(n — DA2N=-N; vl " 1 o
ull = ( i >ty > T + 17~§f\f 2N (4.100)

7
p=0 u=1 vEU (VU - VU)2 n-

where r,(le s a regular function of the VEV’s given by

(N7—p) N VNf*p+n~2 N 1
;7P _ u
Tn == Z N (QVUZH—(Nf—p-{-n—l))

u=1 H’UJ#U(VU - VU})Q vEU

n IT(Nf p— N)( )
+46Nf —p>N Z H (V v )
w#u

u=1

la=o (4.101)

The non-singular nature of szNf “?) can be verified by expanding it in powers of the separation
between two VEV’s.

(Ny—p)

When Ny —p < 2N —nor Ny—p =2N-n+1, the regular function 7, vanishes and

the full answer is unambiguously given by the singular term in Eq. (4.100). Setting n =3
and comparing with Eq. (4.90), we conclude that when Ny < 2N —3 or Ny = 2N — 2 all of
the proposed curves predict the correct one-instanton contribution to us. By setting n = 2
and comparing with Eq. (4.84), we confirm the similar observation of Ito and Sasakura [58],
i.e. the agreement of all the proposed curves with the one-instanton prediction for u, when
Ny <2N —2o0r Ny=2N -1

When Ny > 2N — 3, the functions T‘§2N_2), T§2N“3) and r:(fN

terms of the expected form. (In fact, this form is fixed by dimensional considerations.)

= simplify to give regular

However, the associated numerical coefficients critically depend on the function T(z). In
Table 1 we summarize the curve predictions for the coefficients a3, &3 and 53 pertinent to
the SU(3) theory with N; < 6 flavours, according to the various suggestions for T(z) in

21, 22, 38, 39]. We see that none of the proposed curves give the numbers predicted by the

instanton calculus.
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For the SU(3) models, the instanton results can be used in conjunction with Eq. (4.100)
to fix the parameterization of the curves so that they are free from discrepancies at the one-
instanton level. In Table 1, we give the polynomials T (z), T (z) and T (z) that lead to
the right regular term coefficients. Note that in fixing these polynomials we are essentially
making shifts in the curve parameters e,. Through Eq. (4.93), this equates to shifting the
implicit curve parameters uy and us. So our fix of the SU(3) curves is similar in nature
to the fix of the Seiberg-Witten curve for the SU(2) model with N; = 3 flavours {37, 45].
Dimensional considerations imply that 7 (z) and TM(z) are uniguely fixed so that in the
N; = 3 and Ny = 4 models there can be no discrepancies at higher order instanton levels.

For the Ny = 5 model there is room for further corrections up to the three-instanton level.

Source of prediction ~ TO(z) TW(z) TE(z) (as, s, fs)
Ref. [21] : T iﬁ (0,0,-1/4)
Refs. [38] and [22] 0 0 L2 p A A~ Luy  (-1,:1/2,-1/3)
Ref. [39] : 1z 1a? +§ (0,0,0)
Instanton calculus i =l 1+ g (-3/8,-3/8,-15/64)

Table 4.1: Predictions for the coefficients of the regqular terms appearing in the one-instanton
contributions to the moduli us and ug in N = 2 supersymmetric SU(3) QCD, according to suggested
forms for T(z) (defined by the polynomials TO(z), TW(z) and T®)(z)).

In Section 4.2.2, we showed that the proposed fix of the Ny = 3 Seiberg-Witten curve did
not affect the solution for the prepotential. In a similar way, the prepotential obtained from
the Ny < 2N hyperelliptic curves is insensitive to the function T'(z) [56]. In this respect, all
of the Ny < 2N curves are equivalent. However, we stress that the form of T'(z) critically
affects the predictions for the condensates. For the physical correspondence to be complete,
there must exist a definite form for T'(z) which determines the correct u,. Our results show
that the criteria used in [21, 22, 38, 39] to fix T'(z) cannot be valid. It would be interesting
if some alternative a priori criterion could be found which is consistent with the instanton

calculus.

The instanton calculation of this section has been limited because we were not able
to perform the highly nontrivial integration over group space collective coordinates.  In

Chapter 6 we shall reformulate the problem using the ADHM instanton calculus developed
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in Chapter 5. This will enable us to completely evaluate the one-instanton contribution to

the prepotential in A = 2 supersymmetric SU(N) QCD.

4.4 Summary

In this chapter we have described instanton tests of the exact results in N = 2 supersym-

metric SU(N) QCD. The results of these tests can be summarized as follows:

e There is complete agreement with the Seiberg-Witten SU(2) curves at both the one-
instanton and two-instanton levels when there are Ny = 0,1,2 flavours of matter

hypermultiplets [41, 42, 43, 44, 45, 37].

e When there are N; = 3 flavours, the Seiberg-Witten prediction for the two-instanton
contribution to the condensate u = (TrA?) does not match the result obtained from
first principles [37]. This discrepancy can easily be resolved, by making a shift in the

parameter u appearing in the Seiberg-Witten curve [36].

e In the special case of Ny = 4 flavours, there is significant disagreement between the
first-principles analysis and the exact predictions. The reason for this disagreement is
that when all hypermultiplet masses are zero Seiberg and Witten take the low-energy
effective coupling Te(?; to be identical to the coupling of the microscopic theory, 7. In
fact, there are corrections due to both perturbation theory and nonperturbative in-
stanton effects. To resolve the discrepancy, it has been conjectured that the parameter

T appearing in the N; = 4 curve should be replaced by the effective couplin Te(o) 36).
f 8 Tess

e For the SU(N) models with N > 2, the one-instanton calculations that have been
performed in [57, 58, 47] agree with the predictions of the proposed hyperelliptic

curves when regular terms are absent.

e In the SU(3) theory there are discrepancies at the one-instanton level in the predictions
for the condensates us and us when there are Ny = 3,4, 5 flavours [58, 47], similar in
nature to the two-instanton discrepancy associated with the SU(2) model with Ny =3

flavours [37]. The discrepancies are linked to an ambiguity in the parameterization of



CHAPTER 4. INSTANTON TESTS OF THE EXACT RESULTS 87

the hyperelliptic curves when N; > N. The ambiguity can be fixed using the instanton

results [47].

It is clearly very desirable to extend the analysis to higher order instanton levels. In the
SU(2) models with N; = 3 and N; = 4 flavours, this would provide an important check
of the modified Seiberg-Witten curves. Much progress has been made along these lines by
Dorey, Khoze and Mattis. Based on the ADHM formulation of multi-instanton solutions
they have developed a complete SU(2) supersymmetric multi-instanton calculus [42, 45, 49].
In the next chapter, we describe the generalization of this calculus to supersymmetric SU (N)
Yang-Mills theory. In Chapter 6 we apply the supersymmetric SU(N) instanton calculus

to dramatically improve upon the one-instanton calculations described in Section 4.3.



Chapter 5

Multi-Instanton Calculus

5.1 Introduction

An investigation of nonperturbative effects due to instantons of topological charge greater
than one requires the multi-instanton construction of Atiyah, Drinfeld, Hitchin and Manin
(ADHM) [2]. Unfortunately, there are various technical difficulties which generally prevent
the use of ADHM multi-instantons in semiclassical calculations. One of the problems is
that the collective coordinates appearing in the ADHM construction are not independént,
but must satisfy certain nonlinear constraints. These constraints have only been solved
explicitly for low values of the topological charge (specifically, for k& < 3) [61, 62]. Moreover,
when k > 1 the task of calculating the collective coordinate Jacobian factors and the small-
fluctuations determinants proves to be highly nontrivial. In fact, the only success has been

the calculation of the two-instanton Jacobian factors in SU(2) Yang-Mills theory [63, 42].

Notwithstanding these difficulties, there have recently been significant advances in the
study of ADHM multi-instanton effects, stimulated by the exact results in N' = 2 supersym-
metric Yang-Mills theory. In the pioneering work of Dorey, Khoze and Mattis [42, 45], the
ADHM construction was employed not only to perform explicit two-instanton calculations,

but also to derive results at the arbitrary k-instanton level.

Supersymmetry has played a central role in these developments. In particular, the two-

instanton calculations have relied on the cancellation of the small-fluctuations determinants

88
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that occurs in supersymmetric Yang-Mills theory[48]. The presence of supersymmetry is
also reflected in the multi-instanton background configuration [15]. Since the defining equa-
tions of the instanton are manifestly supersymmetric, it follows that the solutions to these
equations are transformed into one another by supersymmetry transformations. So the

solutions comprising the multi-instanton background form a supersymmetry multiplet.

Dorey, Khoze and Mattis observed that the supersymmetry algebra is realized in a
very natural way on the overcomplete set of collective coordinates appearing in the ADHM
construction [45]. Moreover, the ADHM constraints themselves are invariant under super-
symmetry transformations. Since physically relevant quantities in the instanton calculus
(such as the instanton action and the collective coordinate measure) are supersymmetry
invariant [15], it follows that they depend upon combinations of the ADHM collective co-
ordinates that are invariant under supersymmetry transformations. This fact was exploited

by Dorey, Khoze and Mattis to obtain the leading order constrained k-instanton action for

N = 2 supersymmetric SU(2) QCD [45].

In subsequent work [49], Dorey, Khoze and Mattis have derived an expression for the
k-instanton collective coordinate measure in supersymmetric SU(2) Yang-Mills theory. In-
stead of directly calculating collective coordinate Jacobians, they introduced the measure
as an ansatz, which takes the form of an integral over the full set of unconstrained ADHM
collective coordinates, with the constraints imposed using d-functions under the integral
sign. Using the key requirement of supersymmetry invariance, together with other symme-
tries, they proved the uniqueness of this ansatz, up to a numerical prefactor. The prefactor
was determined from the well-known one-instanton measure of 't Hooft using an induc-
tive argument based on the property of cluster decomposition. Taken together, the results

of [42, 45, 49] constitute a complete multi-instanton calculus for supersymmetric SU (2)

Yang-Mills theory.

In this chapter we construct a multi-instanton calculus for N =1 and N = 2 super-

symmetric Yang-Mills theory with gauge group U(N)' or SU(N) [64]. This represents a

1The ADHM formalism of [2, 61, 62, 63] is slightly more naturally suited to the gauge group U(N) than
to the gauge group SU(N). We shall indicate what (minor) modifications of the formalism are required for

the gauge group SU(N) where necessary.
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generalization of the work of Dorey, Khoze and Mattis [42, 45, 49]. In the next chapter we

shall employ our calculus to investigate (multi-)instanton effects in supersymmetric SU(N)

Yang-Mills theory.

The chapter is organized as follows. In Section 5.2, we review the ADHM construc-
tion of the general k-instanton solution to the self-dual Yang-Mills equation [2, 61, 62, 63].
In particular, we follow the derivation given in [62]. The remaining sections are devoted
to the development of the supersymmetric instanton calculus based on this construction.
Throughout these sections we treat the N’ =1 and N = 2 cases in parallel. In Section 5.3,
following [42], we construct the supersymmetric multiplets of instanton solutions. 'The
adjoint fermion zero-modes were first derived in [62]. For the N = 2 case we also require
the solution for the adjoint Higgs bosons. The construction of these solutions in the SU(2)
theory was one of the key results of [42, 45], and we show how to extend it to U(N) (or
SU(N)). In Section 5.4, we explain, following [45], how the N’ = 1 and /' = 2 supersymme-
try algebras may be realized directly on the space of unconstrained bosonic and fermionic
ADHM collective coordinates, prior to the imposition of the nonlinear constraints that they
are required to obey. In Section 5.5, generalizing [42, 45], we obtain the N’ =1 and N =2
multi-instanton actions for U(N) (or SU(N)) gauge theory coupled to Ny flavours of matter
hypermultiplets. Finally, in Section 5.6, following [49], we derive the N =1land N =2

collective coordinate integration measures.

Throughout this chapter we work in Minkowski space. This has the advantage of keeping

supersymmetry manifest. It is also convenient to set g = 1.

5.2 The U(N) ADHM Multi-Instanton

In this section we concern ourselves with pure U(N) (or SU(N)) Yang-Mills theory, without
fermions or scalars. We adhere to the ADHM tradition and work with an anti-Hermitian
gauge field. This is arranged by writing v, — and also Uy, — Wiy, Both v, and vp,

are clearly N x N matrices and in the case of SU(XV), they are also traceless.

For the particular case of N = 2, the ADHM formalism reviewed here is slightly different



CHAPTER 5. MULTI-INSTANTON CALCULUS 91

to the SU(2) formalism employed by Dorey, Khoze and Mattis. Their formalism is actually
the one for the symplectic groups, and exploits the fact that SU(2) =~ Sp(1). A comparison
of the ADHM construction for the different classical groups is given in [62, 61, 63].

5.2.1 Construction of the Solution

The ADHM multi-instanton is the general solution to the self-duality equation
Vnn = Umn, (5.1)
where the dual of vy, is given by?
* t pq 5
Umn — §6mnpqv . (32)

The ADHM construction is discussed in [2, 62, 61, 63]. Here we follow, with minor modifi-
cations, the U(N) formalism of [62].

The basic object in the ADHM construction is an (N 4 2k) x 2k complex-valued matrix

Ay sorxp2e) Which is taken to be linear in the space-time variable z,, 3

A[N+2k]x[2k] (55) = A[N-{»'Zk]x[k]x['z] (’U) = Gvgor)xkixe] T b[N+2k]x[k]x@ Lpayx(2) - (5-3)

Here we have decomposed the column index of Ay agxpsy into the direct product of two

indices, and have used a quaternionic representation of z,,
Topxe) = Taa = Tm Ogg - (5.4)
The Hermitian conjugate of Ay auxpa 1 given by

A[zk]x[N+2k] (x) = A[?]x[k]x[N-}—Ek] (l) = Qpapx[k]x [N +2k) +CE[2]><E b@x[k]x[N-ﬁk]; (5-5)

2(Clearly a Minkowski space self-dual solution v, is not anti-Hermitian, due to the factor of ¢ in the
deinition of the Hodge dual (5.2). Throughout this chapter, we employ a conjugation operation in Minkowski
space which is the continuation of the complex conjugation operation in Euclidean space. In terms of the o-
matrices (defined in Appendix A), which are central to the ADHM construction, the effect of this conjugation
is simply ¢ — & and & — 0. We can then regard the ADHM solution for v, as anti-Hermitian under this
continued operation of complex conjugation.

3For clarity we occasionally show matrix sizes explicitly; for example, the gauge field will be de-
noted vy, 10 represent matrix multiplication in this notation we underline contracted indices:
(AB)tajxte) = Apayxipl Brix(e)- Also we adopt the shorthand X [, Yy) = XYy — XY
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where

Toxe = 2% = Tp 07 (5.6)

By counting the number of bosonic and fermionic zero-modes, we shall soon verify that &
in Egs. (5.3), (5.5) is indeed the topological charge, while N is the parameter in the gauge
group U(N) (or SU(N)). As we discuss in the next subsection, the complex-valued constant

matrices a and b constitute a (highly overcomplete) set of k-instanton collective coordinates.

For generic z, the nullspace of Ay pvian(2) is N-dimensional, as it has N fewer rows
than columns. The basis vectors for this nullspace can be assembled into an (N + 2k) x N

complex-valued matrix U(z),
Aprixivaon] Uinvgomgxiv) = 0= Upxiv+om Ajnparyxpze (5.7)

where U is orthonormalized according to

Unixivean) Uvergxv) = Tivixiwy - (5.8)
The classical gauge field v, is now constructed from U as follows,
Umvixi) = Uvpxvror Om Upvorgxy- (5.9)

Note that for the special case k = 0, the anti-Hermitian gauge configuration defined by
this equation is pure gauge, and therefore represents the general solution to the self-duality
equation (5.1) in the trivial vacuum sector. The ADHM ansatz is that Eq. (5.9) continues to

give a solution to Eq. (5.1), even for nonzero k. As we shall see, this requires the additional

condition

_ _ -1 =
Appxveen) Dpvranximxe = Lpixe St (5.10)

where f is an arbitrary (z-dependent) &k x k Hermitian matrix.

To check the ADHM ansatz, we substitute Eq. (5.9) into the expression for the field

strength,
Umn = a[mvn] + UimUn)
= 8[m(U8n]U) =+ (Ua[mU)(Uan]U)
= 9RU1-UU)a,U. (5.11)
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The last line follows from the orthonormality property (5.8). To proceed, we use Eq. (5.10)

and the nullspace condition (5.7) to derive the completeness relation

A[N+2k]x@x£2_] fmx@ A[_Z]x@x[N+2k] = lingorixvion — U[N+2k]xm wa[z\'+2k] . (5.12)
Substituting this into Eq. (5.11), we find
VUmn — 8[mUAfAE)n}U
= UdpmAfoyAU
= Uba[mﬁn]fBU. (5.13)

To obtain the second line we differentiated the nullspace condition (5.7). Self-duality of the
field strength now follows automatically from the well-known self-duality property of the

tensor Oy = 30[m0n-*

Note that while the classical gauge configuration constructed above is not necessarily
traceless, it can be made so by a U(1) gauge transformation. The distinction between U (N)
and SU(N) gauge groups is only really apparent when matter fields are included. In the
sections that follow, we work with the U(N) formalism, and do not explicitly impose the

tracelessness condition on adjoint matter fields.

In the next subsection we count the number of independent degrees of freedom in the
ADHM configuration and confirm that it has precisely the right number of collective coor-

dinates needed to describe the most general k-instanton solution.

5.2.2 ADHM Constraints and Canonical Form

We have seen that the U(N) ADHM construction requires the use of matrices of various
sizes: (N + 2k) x N matrices such as U, (N + 2k) x 2k matrices such as A,aand b, k xk

matrices such as f, and 2 x 2 matrices such as ogy, gmea xos, ete. Accordingly, we use a

4Tn Minkowski space the self-dual (SD) and anti-self-dual (ASD) components of an antisymmetric tensor

X,un are projected out using X2, = H(Dmrfini = Mmifek + i€mnit) X® and X552 = (X;D))*, where
o123 = —€12 = —1. Also, since 0" = 1 glmgnl and g™ = iﬁ[ma”] are self-dual and anti-self-dual,

respectively [25], it follows that o™ B X = o™ FXS0 and gmne BX'"” = gmna BX;;an.
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variety of index assignments:

Topological charge indices [k] : 1<4,9,...<k
Colour indices [N] : 1<wu,v,...<N
ADHM indices [N + 2k] : 1<\ p,... <N+2%
Quaternionic (Weyl) indices [2] : o, B,6,6,...=1,2
]

Lorentz indices [4] : m,mn,...=0,1,2,3

(No extra notation is required for the 2k-dimensional index attached to A, a and b since this
index can always be written as [2k] = [k] x [2].) With these index conventions, Eqgs. (5.3)
and (5.5) read

Mia(z) = ania + bi7pa, AP(z) = @t + %0, (5.14)
while the factorization condition (5.10) becomes

AP Drja = 6", (f_l)ij : (5.15)

On substituting Egs. (5.14) into Eq. (5.15) we find that the ADHM factorization condi-

tion amounts to the following constraints on the matrices a and b:

i ayig = (380); 56‘5 x 5%‘ (5.16)
atr bt = bBrag 5.17
1 UA] 1 Aj
b bfj = (3b); 0 o &7 (5.18)

These three nonlinear constraints are known as the ADHM constraints [62, 61].

The elements of the matrices a and b correspond to the collective coordinates of the
k-instanton gauge configuration. It was mentioned in Section 2.2.3 that there should be
a total of 4Nk collective coordinates associated with the most general SU(N) k-instanton
solution. But even after accounting for the ADHM constraints (5.16)—(5.18), one finds that
the number of independent elements in @ and b appears to grow as k2. Tt follows that there

must be a certain amount of redundancy in the ADHM collective coordinates.
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The source of this redundancy is a U(N + 2k) x Gl(k,C) symmetry present in the

ADHM construction. It is not hard to see that Eqs. (5.7)-(5.10) are invariant under the

transformations

A romxpixz A[N+2k]><[N+2k A[N—i—zk]x[h x[2] Bk]x[k]

Uiy — Avongevron Upvcorgxin
1 =
fuxws = Buaxi Swxra B (5.19)

where A € U(N + 2k) and B € Gi(k,C). It is possible to use these transformations to

eliminate all of the degrees of freedom in the matrix b [62]. In this way, one obtains the
so-called ‘canonical form’:

Oy 261 Win)x[2k)

[}

[\]

[aw]
Rl

binpomxiany = ) QINtak)x2r] = (5.:

’
Lzt ong Qpop)x[2k]

We shall make the canonical form a little more explicit using a convenient decomposition

of the [N + 2k] index. Schematically, we write each (N-+2k)-valued ADHM index A as®
A=u+l8, 1<u<N, 1<I<k, B=12. (5.21)

This means that in Eq. (5.20) the upper, [N] x [2k] matrix blocks of a and b have rows
indexed by u, and the lower, [2k] x [2k] matrix blocks have rows indexed by the pair I5. We

now rewrite the canonical form (5.20) as

Wy, 46
arnia = Guiip)iac = Wua + (@ga)i = 7 (5.22)
(a’lﬁd)li
g = ar M = w4+ @), = (@, @) (5.23)
0
i = Burigyi = 0 0 = ; (5.24)
5ﬂ°‘ oy '
B =0 =686, =(0, 6,06 . (5.25)

5The Weyl index A in this decomposition is raised and lowered with the € tensor in the usual manner [25),
whereas for the [N] and [k] indices w and [ there is no distinction between upper and lower indices.
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With ¢ and b in the form given above, the third ADHM constraint (5.18) is satisfied

automatically, while the remaining constraints (5.16), (5.17) boil down to:

<t
)

6)

7)

try (7°aa); = 0, (

—m _ m
a; apy (

(&3]
[N]

In Eq. (5.26) we have contracted aa with the Pauli matrix (Tc)dﬁ. In Eq. (5.27) the matrix

a'™ gives the mth component of the matrix ¢’ in a quaternionic expansion,

(dna)i; = (Gm)ij Todo (dlda)ij = (Gp,)i5 g™ e, (5.28)
Although the choice of canonical form eliminates much of the redundancy in a and b,
there remains a U(k) subgroup of the original U(N +2k) x Gl(k, C) symmetry which leaves

the canonical form invariant. This residual symmetry acts as follows:

Livixvg Opigxim
A[N+2k]><{Zk] - " A[N+2Ic]x[2k] R[Qk]x[Qk]; (5.29)
O[N]X[%] R[Qk]x[zk]
where R = Rij 5’% and R;; € U(k). In terms of w and a’, we have
& & 1 t 1 -
wy, = wo; Rii s (apa)y — Rl (aps)w By (5.30)

In principle, we could use this transformation to eliminate some of the elements in the matrix

a. However, we find it more convenient to work with the canonical form (5.22)—(5.25) and

to leave the U(k) symmetry manifest. To account for this, let us define M* to be the moduli

space of all solutions that satisfy the canonical ADHM constraints (5.26) and (5.27). Then

the physical moduli space, Mghys, of gauge-inequivalent k-instanton solutions, is given by
the quotient space

MF

M];hys = W . (5.31)

We are now in a position to count the number of truly independent collective coordinate

degrees of freedom in the ADHM multi-instanton. The general complex matrix Gy zuxx

has 4k(N 4 2k) real degrees of freedom. The two ADHM conditions (5.26) and (5.27)
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respectively impose 3k% and 4k? real constraints on this matrix, and ‘modding out’ the

residual U (k) symmetry removes another k? degrees of freedom. In total we therefore have
4k(N +2k) — 3k* — 4k* —k* = 4Nk (5.32)
real degrees of freedom, precisely as required.

It is straightforward to extract the four degrees of freedom associated with the space-time
location of the k-instanton solution. Let us linearly decompose a as
aria = —b%; (To)aa + - - - (5.33)

where (Z0)aa = (Z0)mo™,. From Eq. (5.14) we see that a shift in the space-time variables
 is equivalent to a shift in the parameters zp. So these parameters can be identified with

the translational collective coordinates.

5.2.3 The Singular Gauge Solution

We now take a closer look at the ADHM solution (5.9). The matrix U can be eliminated in

favour of the matrix A using the completeness relation (5.12). It is first convenient to make

the decomposition

Vinxim Winyx (28]

Uy porpxiv) = ) Avyorixpy = (5.34)
! !
U[‘Zk]X[N] A['Zk]x[:’k]
From Eq. (5.12) we now obtain
Vinp Vi = Livixi = Wivixpex ) Joxp) Wpaxpaxin (5.35)
1 v, _ ' - =

U[?k]x[ ]V[ Ix(N] _A[zk]x[_gx[g_]fmxm Wiagx [k]x [N]* (3-36)

Given a matrix V that satisfies Eq. (5.35), we can find another by right-multiplying
it by an arbitrary U(N) matrix. This precisely corresponds to performing a U (N) gauge
transformation of the instanton solution. By choosing a specific V' we fix the (local) gauge
of the instanton. The k-instanton generalization of singular gauge (see Section 2.2.3) is

specified by choosing one of the 2N matrix square roots:

V = (1 - wfo)? (5..37)
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From Eq. (5.36) it follows that we also have
U = —A'fo(l — wfw)™/? (5.38)

in singular gauge. Equations (5.37) and (5.38) determine U in (5.34), and hence the gauge
field v, via Eq. (5.9). For later use we list the leading large-|z| asymptotic behaviour of

several key ADHM quantities, assuming instanton singular gauge (5.37):

A - bz, (5.39)
1
L L 5.4
Jri WEALE (5.40)
1 _ -
U — —Ix—IQ‘LE’U), (041)
Vo= Lo - (5.42)

We can easily verify that the SU(N) singular gauge one-instanton solution (2.23) follows
from this construction. Unlike the SU(2) constraints obtained using the Sp(1) formalism,
the U(N) constraints (5.26) and (5.27) do not disappear in the one-instanton sector, even
for N = 2. Instead, Eq. (5.27) implies that

d = —(20)m, (5.43)

m

where the (2g),, are the four real degrees of freedom representing translational collective

coordinates of the instanton (see Eq. (5.33)). The other constraint, Eq. (5.26), reduces to
wiw,g = p°0%, (5.44)

where p is an arbitrary parameter. (It will be identified with the scale parameter in the

instanton solution.) The general solution to Eq. (5.44) can be written®

Lizpxpeg U(N)
Winxp = $vpxing P Qe B(—NTQ_) .
Opv—2pxp2)

(5.45)

6As a quick check, note that Eq. (5.44) imposes three real constraints on w, so the general solution
should contain 4N — 3 degrees of freedom. In Eq. (5.45), the coset element {2 has N 2_(N-2)2=4N -4
real degrees of freedom, and the scale parameter p has one, so we get the required total. When we add in
the four translational degrees of freedom zo and ‘mod out’ the residual U(1) ADHM symmetry, we get the
expected grand total of 4N independent collective coordinates.
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It is convenient to initially set = 1. From the defining equations for A and f, Egs. (5.3)

and (5.10), we now obtain

A P Lz 1
g = Oin_ f = . (5.46)
[N+2]x(2] [N=2]x[2] ) 2 9 3
+
Yarx(2) v P

where yoa = (T — To)aq. Using the singular gauge expressions for V and U’, Egs. (5.37)

and (5.38), we find

y? 1/2
Vinsivy = ((m) Lo 0 >;

0 Liv—axiv—2
Ul . p2 1/2 -
S <— (W) Yoy Omxuv—z]) : (5.47)
The gauge field now follows from Eq. (5.9),
uBPST ]
Um = < 0 0/’ (048)

where vBPST is the Minkowski space version of the singular gauge BPST instanton (2.26),

with a fixed ‘reference’ iso-orientation:

1 2
UBPST (3,) — 5

" y2(y? + p?)

y"5[nam]. (5.49)

To obtain the more general one-instanton solution, given by £ # 1, let us now send

w — Qw. From Eqs. (5.37) and (5.38), it is easy to see that the effect of this transformation
on the matrices V and U’ is

vV o= Qv

U - uUal (5.50)
From Eq. (5.9), the effect on the gauge field is then

U — Q vy Q. (5.51)

The U(N) ADHM formalism therefore yields the k£ = 1 solution
uBPST () U(N)
m=Q ™ of Q :
v < 0 0) ! ST xUN -2) (
(The extra U(1) factor in the stability group of the coset is due to the residual ADHM
symmetry (5.30).) Equation (5.52) indeed gives the general U(N) (or equivalently, SU (N))

ot

52)

singular gauge one-instanton solution (cf. Eq. (2.23)).
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5.3 Construction of the Super-Multi-Instanton

In this section we construct the classical configurations that, together with the ADHM
gauge configuration (5.9), constitute the (supersymmetric) multi-instanton background in
supersymmetric U(N) (or SU(N)) pure Yang-Mills theory. We consider both N = 1 and
N = 2 supersymmetric models. In Section 5.5, we derive the associated multi-instanton

actions. There we also consider the effect of including matter multiplets.

5.3.1 N =1 Supersymmetric Yang-Mills Theory

In AN/ = 1 supersymmetric Yang-Mills theory the gauge field v,, is accompanied by its
fermionic superpartner, the gaugino A. In the background of the k-instanton gauge config-
uration, the index theorem predicts that there are 2Nk zero-mode solutions to the massless
Dirac equation PA = 0. As was shown in [15] in the one-instanton context, these zero-modes
can be viewed as the AN/ = 1 superpartners of the gauge instanton. Explicit expressions for

the adjoint fermion zero-modes in the ADHM k-instanton background were first obtained
in [62]. In our notation they read

()\a)uv = U;\MMfijBZjUpv - U;\b)\m fi]‘M?UPU . (5.53)
Here My; and MY are constant (N + 2k) x k and k x (N + 2k) matrices of Grassmann

collective coordinates. They can be regarded either as two independent real Grassmann

matrices or as two complex Grassmann matrices which are Hermitian conjugates of one

another.

From Eq. (5.53) we calculate
PN, = 206 f(ASM + MAS)f b, U. (5.54)
Hence the condition for a gaugino zero-mode is the following two sets of linear constraints
on M and M which ensure that the right-hand side of (5.54) vanishes (expanding A(z) as
a + bz) [62]:

(@)
[y
[
p

A _ —A
MZ- (l)\jd = Q4 M,\j , ( .
qA . paA )

(@]
Ut
(@)}
p —
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In a formal sense, discussed in Section 5.6 below, these fermionic constraints are the
‘spin-1/2 superpartners of the original ‘spin-1” ADHM constraints, (5.16) and (5.17). Note
that Eq. (5.56) is easily solved when b is in the canonical form (5.22)-(5.25). With the
ADHM index decomposition (5.21), we set

Hous _ _ B
M/\i = M(u—l—lﬂ)i = , M;\ = M?‘Hﬁ = (ﬂiua (M’ﬂ)u) . (557)
(M)

Equation (5.56) then collapses to
M = M (5.58)
which allows us to eliminate M’ in favour of M’.

Counting the number of degrees of freedom, we find altogether 2&(N + 2k) real Grass-
mann parameters in M and M; these are subject to 2k? constraints from each of Egs. (5.55)

and (5.56), for a net of 2Nk gaugino zero-modes as required. Of these, four zero-modes can

be distinguished, corresponding to

My = 4b§i‘fﬂa MZ\ = 452\ﬁ§ﬂ (5.59)
and
My = iaxaf®, M} = —iai i, (5.60)

where &g and 7% are arbitrary spinor parameters. These are the generalization of the one-
instanton supersymmetric and superconformal zero-modes (see Section 4.2.1) to sectors of
arbitrary topological charge. They satisfy the fermionic constraints (5.55) and (5.56) by
virtue of the ADHM constraints (5.16) and (5.17).

In the one-instanton sector, it is straightforward to check that the expression (5.53)
does indeed yield the SU(N) zero-mode solutions (4.49)—(4.52) listed in Chapter 4. It is
simplest to initially take = 1 in the expression for the ADHM matrix w, Eq. (5.45). Using
Egs. (5.59) and (5.60) we obtain the supersymmetric and superconformal zero-modes, (4.50)
and (4.49), respectively. The remaining 2N — 4 zero-modes, (4.51) and (4.52), are obtained
by setting M’ = 0 and p1; 9 = fir 2 = 0, with arbitrary choices for (and fi,) for 3 <u < N.
(This prescription can easily be seen to satisfy the constraints (5.55) and (5.56).) Turning

on the orientation matrix  in Eq. (5.45) has the effect of rotating these choices of p.
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5.3.2 N =2 Supersymmetric Yang-Mills Theory

Next we turn to the N/ = 2 case. The particle content of N' = 2 supersymmetric pure
Yang-Mills theory comprises, in addition to the gauge field v, and gaugino A, considered
above, a Higgsino 1, and a complex Higgs boson A. All these fields transform in the adjoint

representation of the U(N) (or SU(N)) gauge group.

Adjoint Higgsino Zero-modes

The zero-mode solutions of the Higgsino 1 are constructed in an identical fashion to those

of the gaugino, Eqgs. (5.53)—(5.58):
(Ya)uw = Uql\Nx\ifijEZjUpv — Ulbria fij-/\_/;pUpv~ (5.61)

The Grassmann collective coordinate matrices N); and /\_/f are subject to the same linear

constraints as M and M,

Narje = —a Ny, (5.62)
NS = BNy (5.63)
and are likewise decomposed as
Vyi _ _ _
N)\i = Af(u—f—lﬁ)i = ) i)\ = MU-Hﬁ = (piua (Nlﬂ)ll) 3 (564)
(Mg .
with
N'® =N (5.65)

when b is in canonical form.

The Adjoint Higgs Solution

The (leading order) Euler-Lagrange equation for the complex scalar field A reads’

D*A = V2i[\, 9] (5.66)

"Following [42, 45], we take the only anti-Hermitian field to be the gauge field vp,,; all other component
fields are Hermitian.
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where D? is the covariant Klein-Gordon operator in the background of the ADHM gauge
configuration (5.9), and A and % are given by (5.53) and (5.61), respectively. On the

Coulomb branch of the theory, the solution must satisfy the boundary condition

lim A(z) = diag(vy,...,vw) , (5.67)

|lz| = oo

where the v, are the complex VEV’s. Note that the U(N) theory does not require the sum
of the VEV’s to equal zero, in contrast to the SU(NV) theory.

The construction of the solution to (5.66) is analogous to the ‘SU(2) as Sp(1)’ construc-
tion detailed in Sections 7.2-7.3 of [42], and goes as follows. The solution has the additive

Here A is a block-diagonal constant (N + 2k) x (N + 2k) matrix,
(A)uv 0
Al = AT = , (5.69)
0 (-Atot)lm 6aﬁ

where the N x N matrix (A) is just 7 times the VEV matrix,
(A) = idiag(vy,...,vw) (5.70)

The k % k anti-Hermitian8 matrix A, is defined as the solution to the following inhomoge-

neous linear algebraic equation
L '-Atot = A—I‘Af 5 (571)
where A and Ay are the k X k anti-Hermitian matrices

Aij = oy, <-A>uv Wyja s (5.72)

mu

81n the remainder of the chapter we distinguish between two different kinds of Hermitian conjugation.
The first type, denoted by a dagger, does not turn fields into anti-fields, nor does it complex conjugate
the VEV’s. Thus: (A)fw = —idiag(vy,...,vn). The second (standard) type of Hermitian conjugation,
denoted by an overbar, does interchange fields and anti-fields and also complex conjugates the VEV’s.
Thus: (;l)u,u = —idiag(¥,...,Vy). For the remainder of this section, Hermitian conjugation is always of

the first type.
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and

1 - _
Ap)is = —= (MN = NM),. . 5.73
( f) 7 2\/§ ( )'L] ( )
The linear operator L maps the space of & x k scalar-valued anti-Hermitian matrices onto

itself. If € is such a matrix, then L acts as
L-Q={Q, W} —stry([@,Qd -d[d, Q]), (5.74)
where W is the Hermitian k& x k& matrix
Wi = W8 Wyje - (5.75)

From Egs. (5.71)-(5.75) we see that A transforms in the adjoint representation of the
residual U (k) ADHM symmetry (5.29) (i.e. like o/, M" and N).

Defined in this way, the configuration (5.68) correctly satisfies the Euler-Lagrange equa-
tion (5.66). One can regard the four sets of constraints (5.16)—(5.17), (5.55)—(5.56), (5.62)-
(5.63), and (5.71) as the ‘spin-1’, ‘spin-1/2’, ‘spin-1/2’, and ‘spin-0" components ofan N =2
supermultiplet of constraints [45]. We shall exploit this observation in Section 5.6, when we

construct the collective coordinate integration measure.

5.4 Realization of the Supersymmetry Algebra

Here we consider the supersymmetry transformation properties of the collective coordinates
appearing in the multi-instanton configurations described above. The philosophy is as fol-
lows [15]. As the relevant component field configurations obey equations of motion which
are manifestly supersymmetric, any non-vanishing action of the supersymmetry generators
on a particular classical solution necessarily yields another solution. It follows that the
‘active’ supersymmetry transformations of the fields must be equivalent (up to a gauge
transformation) to certain ‘passive’ transformations of the bosonic and fermionic collective
coordinates that parameterize the superinstanton. As originally noted in [15] in the one-
instanton context, physically relevant quantities such as the the superinstanton action must

be constructed out of supersymmetry invariant combinations of the collective coordinates.
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5.4.1 N =1 Supersymmetric Yang-Mills Theory

The supersymmetry transformations that act on the component fields in supersymmetric
Yang-Mills theory are listed in Appendix C. Here we require the N = 1 transformation
laws for the gauge field v, and the gaugino A; these are given by Egs. (C.1) and (C.2)
respectively. As was demonstrated in [45], the supersymmetry algebra can be naturally
realized in terms of passive transformations of the collective coordinate matrices a and M
before implementing the respective algebraic constraints (5.16)-(5.18) and (5.55)—(5.56).
For the ADHM gauge configuration (5.9), the passive supersymmetry transformation of a

that implements (up to an infinitesimal gauge transformation) the active supersymmetry
transformation (C.1) is®

bag = iEaM dat = —iME~ (5.76)
To generate the supersymmetry transformation of the gaugino, (C.2), we require, in addition
to the transformation of a given above, the following transformation of the gaugino collective
coordinates:

M = —4b%¢,, M = —4E%,. (5.77)

-

These results were derived using exactly the same algebraic manipulations employed in

the ‘SU(2) as Sp(1)’ analysis of [45]. The reader interested in the calculational details is

referred to Section 2 of that work.

5.4.2 N =2 Supersymmetric Yang-Mills Theory

As in the N = 1 case, the N' = 2 supersymmetry algebra may be realized directly on the
unconstrained multi-instanton collective coordinates. The supersymmetry transformations
of the component fields of the A/ = 2 superinstanton are given in Appendix C. They are

generated by the following set of transformations of the collective coordinates:

bag = i€EroM + il N, ja% = —iMEX —iNES, (5.78)

9Here and in the N = 2 case to follow, we find it convenient to redefine the infinitesimal supersymmetry
parameters according to £ — —i¢, £ = i€. Note also that we are dealing with an anti-Hermitian gauge field,
which requires us to set v,;, = Wy, and Vpn — Wy in the formulae of Appendix C.
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SM = —4b%€,, — i2V2CaE8 | OM = —4E0D, +i2V266CH,  (5.79)
SN = —4b% +1i2V2CeE8, SN = —4£5h, — i2V26,4C1C (5.80)

Here Cg is the (N + 2k) x k spinor-valued matrix

<A>uvwvid - wujd(AtOt)ji
Cric = Cuvipyia =
[Atot > @s 1

O = (Ai® — TA) , [Ar,a®]) | (5.82)

Direct calculation (following Appendix A of [45]) shows that Ay, as defined by Eq. (5.71)

above, is a supersymmetry invariant:

Ay = 0. (5.83)

5.5 Construction of the Multi-Instanton Action

5.5.1 N =1 Supersymmetric Yang-Mills Theory

In the absence of matter multiplets, the k-instanton action of N = 1 supersymmetric SU (N)
pure Yang-Mills theory is simply 87%k/g?. An interesting result can only be obtained in the
presence of a Higgs boson whose VEV breaks the classical scale invariance of the theory. We
shall initially consider the simplest such theory, in which the gauge multiplet is minimally
coupled to a single fundamental chiral multiplet @, = (qu, Xu), where the index u labels the
N-dimensional fundamental representation. This model was constructed in Section 3.2; see

Egs. (3.29), (3.30) and (3.32). We refer to g, as the Higgs field, and to x, as the Higgsino.

The fundamental fermion zero-modes were originally constructed in [62]. In our lan-
guage, they read

Xs = Uuba®fiiK; (5.84)

where « is a Weyl spinor index, and K; is a Grassmann number (as opposed to a Grassmann

spinor). It is easily verified that the above expression satisfies the covariant Dirac equation

in the ADHM background,
Px =0. (5.85)
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The fundamental Higgs field ¢, satisfies an inhomogeneous Euler-Lagrange equation,
D% = —iv2Xx, (5.86)
together with the VEV boundary condition

lim ¢, = (¢)u, (5.87)

jz|—00
where (¢), denotes the fundamental VEV. The right-hand side of Eq. (5.86) is the product of
the classical configurations (5.53) and (5.84). A straightforward exercise in ADHM algebra
yields the general solution to Egs. (5.86)(5.87). It reads

_ i
w ‘/uv v T —UuMzle; 5.88
q (9) 2\/5 aMfi K ( )

generalizing the SU(2) result given by Eq. (5.10) of [45]. Here V, defined by Eq. (5.34)
above, is the upper N x N part of the ADHM matrix U.

We can now construct the (leading order) superinstanton action. The Maxwell term
in the action yields 872k/g? as always. Following the method of [42, 45], we integrate by
parts and use the Euler-Lagrange equation for the Higgs scalar, Eq. (5.86), to combine the

remaining terms in the action into a single surface term:
/d4x (—quTqu - \/iz'qT)\x) = —/d53 ¢'D.q. (5.89)

Here S? is the three-sphere at infinity and the normal covariant derivative D, is given by
(2" /+/]%|?) Dy The contribution of the surface term to the action is now extracted from
the 1/|z|® fall-off of D,q. With the help of the asymptotic formulae (5.39)—(5.42), one

calculates

|z|—o0 1 _4 ) .
D.q, — = | Wau O @)y — —= i K] 5.90
y s (e 08 b — e ) (5.90)
and hence
- 8km? - 7
k—inst _ 2 _ _ & _ -
S50 = BT (@ @uvanit - Jp@em) G

This generalizes the SU(2) expressions obtained in Appendix C of [45] and also in [65]..

The k-instanton formula (5.91), although written in ADHM collective coordinates, is

nonetheless easily compared with the one-instanton expression for the action found in [15]:
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the first term in parentheses is equivalent to Y, |g|* p7, summed over the k different instan-
tons, where ¢ is the fundamental VEV and p; is the scale parameter of the ith instanton.
Also, the second term in parentheses is the fermion bilinear necessary to promote this p?
to (p2,,); where piny is the supersymmetric invariant scale size constructed in [15]. Indepen-
dently of one’s choice of collective coordinates, the presence of the VEV’s in the action (5.91)
gives a natural cut-off to the integrations over instanton scale parameters, providing an

infra-red safe application of the instanton calculus.

We can immediately generalize the expressions obtained above to phenomenologically
more interesting models with N; fundamental flavours of Dirac fermions. In this case case
the gauge multiplet is minimally coupled to 2Ny chiral superfields Q)¢ and Q 5 V< f <Ny,
where Q; transforms in the fundamental and Q f in the conjugate-fundamental representa-
tion of the gauge group (see Section 3.2 and in particular Eqs. (3.29) and (3.33)). When the
bare masses of hypermultiplets vanish, the fundamental Higgs scalars ¢ and ¢y can develop
vacuum expectation values which spontaneously break the gauge group. (This is usually
referred to as the Higgs branch of the theory.) The global symmetries of the theory can be
used to put the VEV matrices (g),; and (), in the following form [66, 67):

vv 0 ... 0 ... 0 Vi p .. 0
0 Vo ... 0
0 Vo 0 ... 0 N . ‘ . . B
<Q>uf - : : .. : .. . 5 <q>fu = : : .. : ] (392)
)0 v 0 0 ... ¥

The VEV matrices in (5.92) correspond to the case Ny > N. The case Ny < N is similar
except that the VEV matrices have extra rows of zeroes rather than columns. The VEV’s

are not all independent; the D-flatness condition requires that for each value of u,

vl = |Wu]*+a*, Ny>N 5.93
f
Vo2 = |%)?, N; <N (5.94)

where a2 is an arbitrary constant, independent of the colour index u.
For the more general model, Egs. (5.84) and (5.88) become

Xzf - Uu/\b/\iafijlcjh Xfou = K:fifijgaj/\U/\u (5.95)
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and

Quf = Vo @)vs + ﬁ Uu/\M)\ifijIij;
q~fu = <(j>fv‘/;m - ﬁ?— K:fifij./\;lj)\U,\u, (5.96)

respectively, while the action generalizes to:

k—inst 8k’ 2 _ & T,
Sy sQcp T 7 + 7 <<Q>uf<Q>fvwdvi Wiy, — /2 (@) fu tus Kig
= ~ _ & 1’ = > - - -
+ <Q>uf<Q>fvwdm’ Wy, + ﬁ <Q>uf ’sz' Mm)- (0-9/)

As mentioned in Section 5.4, on general principle this action must be a supersymmetry
invariant [15, 45]. The A/ = 1 supersymmetry transformation properties of the collective
coordinate matrices a and M (including the submatrices w and p) were given above, in
Egs. (5.76) and (5.77). To check the invariance of the expression (5.97), we must also derive
transformation properties for the Grassmann collective coordinates K and K associated with
the fundamental fermions. Using straightforward algebraic manipulations we find that the

N = 1 supersymmetry transformations of x and x are generated by
5Kip = —2v2 & 0l (qhuy, OKpi = —2V2 (D) fu wau €. (5.98)

It is now easily checked that the action (5.97) is invariant under the supersymmetry trans-

formations (5.76), (5.77) and (5.98).

In the next subsection, we turn our attention to the multi-instanton action on the
Coulomb branch of NV = 2 supersymmetric SU(N) QCD. We will see that the N =1
action (5.97) possesses two simplifying properties that the N = 2 action does not. First,
Eq. (5.97) has the form of a disconnected sum of £ single instantons; with our choice of
ADHM coordinates there is no interaction between them. Second, the only gaugino zero-
modes that are lifted (i.e. that appear in the action) are those associated with the top
elements p and i of the collective coordinate matrices M and M. This leaves O(k) un-
lifted gaugino modes after one implements the fermionic constraints (5.55) and (5.56). This
counting contrasts sharply with the A/ = 2 theories in which the number of unlifted modes

is independent of the topological charge k. Saturating each of these unlifted modes with an
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anti-gaugino field insertion (as per Affleck, Dine and Seiberg [68]) one sees that, unlike the
N = 2 theory, here the sectors of different topological charge cannot interfere with one an-
other, since the non-vanishing Green’s functions are distinguished by different anti-fermion

content.

5.5.2 AN =2 Supersymmetric Yang-Mills Theory

Now we derive the multi-instanton action in A/ = 2 supersymmetric SU(N) QCD. We
initially set N; = 0 and consider the pure Yang-Mills theory. As for the N = 1 models, the
leading order supersymmetric multi-instanton action for this theory can be expressed as a

surface term [42]:

SN e = / A5 Tr( L™ = 2DnA'D™A + 2/2i[ Al y] A )
k‘ 2
- 892 — 2 / d*STr(ATD, A). (5.99)

To obtain the second line we integrated by parts and used the Euler-Lagrange equation
for the Higgs field (5.66). Evaluating the asymptotic value of A'D, A with the help of
Eqgs. (5.39)-(5.42), we obtain the following expression for the k-instanton action:'*

k-inst 8k 2 & ) 2 X
SN=2 SY M 92 + 8 wiu(A)uu<A)wwuid — 87 Aij(Atot)ji
+ 2v2 72 (il A) i — T (A i) (5.100)

This is the SU(N) generalization of the SU(2) action presented in Eq. (7.32) of [42].

Next we incorporate N; flavours of fundamental matter hypermultiplets. We restrict
our attention to the Coulomb branch of the theory, where the hypermultiplet squarks gy do
not acquire VEV’s. Instead, the integrations over instanton scale parameters are regulated
by the VEV’s of the adjoint complex scalar A. The solutions for the quark and squark
background fields xy, Xy, ¢f and gy are just given by Eqs. (5.95)—(5.96), except that on the
Coulomb branch, the first term on the right-hand side of Eqgs. (5.96) is zero. The essential

10Note that (;1) and A are Hermitian conjugations of the second type defined in Footnote 8, with complex
conjugated VEV’s. They are not to be confused with (A)! and AT defined in Section 5.3.
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new feature in A = 2 supersymmetric QCD with Ny > 0 is that the conjugate adjoint Higgs

A" acquires a fermion bilinear component due the inhomogeneous term in its Euler-Lagrange
equation:

- f
(The Euler-Lagrange equation for A, Eq. (5.66), is unchanged.)

Np
(D?ANuw = —= D> XufXso - (5.101)
f=1

The solution to Eq. (5.101) is similar to, but simpler than, the solution to Eq. (5.66). At
the purely bosonic level, with all Grassmann parameters turned off, the solutions for A and
A' must coincide, except for v, ¢ ¥,. In contrast, the fermion bilinear contributions to each
of A and A" are independent. The fermion bilinear contribution to Al is straightforwardly

obtained from (5.101) (the analysis parallels Section 5 of [45]). It takes the form

77 utleo Ouv 0 7 =
_ZUUI " < 0 (Ahvp)lm(s ﬂ) . U(”"‘mﬁ) v’y (3‘102)

where the k x k anti-Hermitian matrix Ayy,, is defined as the solution to the inhomogeneous
linear algebraic equation

L-Anp = Auyp- (5.103)

Here the & x k anti-Hermitian matrix Apy, is given by (cf. Eq. (5.8) of [45]):

(Angp)is = Z’Cflcfy (5.104)

Note that Apyp and Ay, are in fact anti-Hermitian matrices (in terms of the dagger operation

described in Footnote 8) when it is understood that K = K.

The derivation of the superinstanton action in A/ = 2 supersymmetric SU(N) QCD
follows the derivation of the SU(2) action described in Section 5 of [45]; one finds

F
Sf, 1r:stSQCD = Sf,lI;StSYM — 87T2(Ahyp)ij(u4tot)ji + WQmeICﬁICif (5.105)
=1
As with the N = 1 action (5.97), one can check that this expression is a supersym-

metry invariant. On the Coulomb branch, the transformation laws for the quark collective

coordinates (5.98) reduce to

0 =0k = 6K. (5.106)
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This implies that Apy, is a supersymmetry invariant quantity:
OAnyp = 0. (5.107)

Verifying the supersymmetry invariance of the action (5.105) is now a straightforward ex-
ercise involving the various transformation laws, (5.78)—(5.80), (5.83), (5.106) and (5.107).
It is possible to make the supersymmetry invariance of SK'%% more manifest, by assem-
bling the bosonic and fermionic collective coordinates into a space-time-constant N =2
‘superfield’ and reexpressing the action as an N’ = 2 ‘F-term’ constructed from this su-

perfield. The reader is referred to [45] for the details of this construction in the ‘SU(2) as
Sp(1) case.

5.6 The Collective Coordinate Integration Measure

5.6.1 Overall Strategy

In Sections 5.2-5.5 above, we constructed the k-instanton background configurations and
the associated k-instanton actions for N = 1 and N = 2 supersymmetric SU(N) Yang-Mills
theory. As the small-fluctuations determinants in a self-dual background cancel between the
bosonic and fermionic sectors in a supersymmetric theory [48], the remaining component
of our instanton calculus is the collective coordinate integration measure. In principle,
this measure could be obtained by evaluating the normalization matrices of the bosonic
and fermionic zero-modes. In practice, this requires the solutions to the nonlinear ADHM

constraints (5.26), and these have only been obtained for k < 3 [61, 62].

Following [49], we use an alternative approach to determine the measure. We write an
ansatz for the measure in terms of the original overcomplete, unconstrained matrices of
collective coordinates and introduce the requisite constraints, by hand, as d-functions in
the integrand. (An analogy would be the measure dz dy §(z® + y* — 1) rather than df for
integration on a circle.) The reason this construction can work is that the various bosonic
and fermionic constraints together form a supermultiplet of constraints, as mentioned in
Section 5.3. The requirement of supersymmetry invariance, together with other symmetries,

is sufficient to prove that our ansatz is unique.
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The first step in the construction of the measure is to formally undo the U(k) quotient
described in Eq. (5.31) and define an unidentified measure, dpu®, for integration over the

larger moduli space M¥:

1
dy® - - / (k). 5
/Mk Fiphys Vol(U(k)) /e i (5-108)

The correctly normalized volumes for the U(k) groups,

k-1
;2 42k -1 1
Vol(U(k)) = 2%~ 1n" 3 : (5.109)
E TiE+3)
follow from ®
Uk _ Q2k-1) .
T x0m - (5.110)
together with the initial condition
Vol(U(1)) = 2r . (5.111)
Here S2*=1 is the 2(k — 1)-sphere and
orh=3
Vol(§2k-Dy = = (5.112)
(k- 3)

In addition to being a supersymmetry invariant, the measure must transform as a singlet

under this residual U (k).

We now present explicit expressions for dp® in both the N =1 and N = 2 cases. (A
similar construction works for the ' = 4 case as well, while for the non-supersymmetric case

complications arise due to the re-emergence of the small-fluctuations determinants [49].)

5.6.2 N =1 Supersymmetric Yang-Mills Theory

Following the strategy outlined above, we present the following ansatz for the k-instanton

collective coordinate integration measure in A/ = 1 supersymmetric SU (N) pure Yang-Mills

theory:
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) 1 (®)
/ Uy = Vol U (W) / o

Cf INk - 2Nk N 2 2
— d k- Nk 4k? 1 12k !
_VOI(U(k))/ o dVwd" ndM e d7d dY M

3
X {H §%) (tr, (%TC@(I))} 5 (Ma + aM)
c=1
The differentials in Eq. (5.113) have the following explicit meanings:

/duc?a/ _ /T]ilo !ﬁdaéﬁ”] { H dRe(aZ-”) dIm(aZ'n)}

i=1 1<i<j<k

. N k
[ o v = [ I I 1ot v

Y oa=12u=11=1

fes - [T

a=1,2

N k

u=11=1

i=1 1<i<j<k

{H dM'm-l] [ [ dRe(Miy) d Im(My)

114

(5.113)

] (5.116)

(5.117)

Notice that these expressions presuppose the canonical form (5.22)—(5.25) for b, so that the

collective coordinate matrices o’ and M’ are assumed from the outset to satisfy Egs. (5.27)

and (5.58), respectively. The remaining constraints, namely (5.26) and (5.55), are imple-

mented in Eq. (5.113) via the d-functions. These have the explicit meanings:
3 k
H 5(kﬂ)(tr2 (%TC(_ICL)) = H liH (S(tI'Q (%Tcda)ii)}
c=1

X [ H 5(tr2Re(%Tcda)ij) 5(tr21m(%70aa)ij)}

1<i<j<k

5N Ma+am) = [] {H‘S(M““d"‘M)ii]

=12 Li=1

(5.118)

(5.119)

X { [T d(Re(Mag +aaM)),; o( Im(Mayg + ddM))ij}

1<i<j<k

We now argue in support of the the proposed measure as follows:
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1. In the one-instanton sector, Eq. (5.113) reduces to
m _ G 4.1 g2 2N, 2N, N JN
/duphys = 27T/d a &M d*w M wdVEdp

{H §(tr, (%acww))} 6% (fiw + W) (5.120)

e=1
After resolving the d-function constraints, this reduces to the one-instanton measure
obtained by direct calculation of the collective coordinate Jacobians 3, 4]. In Sec-
tion 5.2, upon resolving the one-instanton ADHM constraints (5.16) and (5.17), we
were able to explicitly identify the collective coordinates corresponding to the posi-
tion z, size p, and group orientation Q2 of the instanton (see Eqs. (5.43) and (5.45)).
By comparing the one-instanton adjoint fermion zero-modes obtained from the gen-
eral solution (5.53) (see the discussion at the end of Section 5.3.1) with the normal-
ized zero-modes (4.49)—(4.52) listed in Section 4.3, we can make the identifications
€ssi2 = \/§7r./\/l'1’2, 5_501,2 = 2m12, EMu = V21, and €y = V27 . In terms of

the unconstrained collective coordinates, the one-instanton measure (5.120) becomes

dul)  =C 23N+1 i dQ [ d*zed 42N (5.121)
/'[/phys - 1(N 0 pp é- M

Since the fermion zero-modes (4.49)—(4.52) are normalized this bears immediate com-

parison with the 't Hooft-Bernard measure (2.64). From this comparison we deduce

that C; = 2N+,

9 The mass dimension of the k-instanton measure should be —bgk = —3Nk. Since
[a] = =1, [u] = —1/2 and [du] = 1/2, the right-hand side of Eq. (5.113) does indeed

have the right mass dimension.

3. The anomalous U(1) g symmetry present in N = 1 supersymmetric SU(N) pure Yang-
Mills theory requires a net of 2Nk exact fermion zero-modes. Since the multi-instanton
action in this theory is exactly given by 87%k/g¢?, it follows that the J-functions in the
k-instanton measure should saturate all but 2Nk of the Grassmann integrations. It
is easy to see that this counting is obeyed by the right-hand side of Eq. (5.113): 2k?
fermionic é-functions saturate 2k? out of the 2k? + 2Nk fermionic integrations over

M', i and p leaving 2Nk exact fermion zero-modes.
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4. Tt is clear that the measure (5.113) is invariant under the action of the residual U (k)

ADHM symmetry (5.29).

5. In the dilute-gas limit of large space-time separation between instantons, the mea-
sure (5.113) correctly factors according to the property of cluster decomposition. The

proof follows that given in [49] and is detailed in Appendix D.

6. Just as for the multi-instanton action, the k-instanton measure has to be a supersym-
metry invariant. This important requirement can be checked directly using the su-
persymmetry transformations (5.76) and (5.77). The supersymmetry generator —i{Q
leaves the first d-function in (5.113) trivially invariant and does not affect the argu-
ment of the second d-function due to the constraint (5.17). As for the generator i@,
the reasoning is as follows: the argument of the second d-function in (5.113) is invari-
ant, while that of the first d-function transforms into itself plus an admixture of the

second, so that the product of é-functions is an invariant.

7. Finally, we construct a uniqueness argument, following [49]. Let us consider including
an additional function of the collective coordinates, f(a, M), in the integrand of the
proposed measure, Eq. (5.113). To preserve supersymmetry, we require that f be
a supersymmetry invariant. It is a fact that any non-constant function that is a
supersymmetry invariant must contain fermion bilinear pieces (and possibly higher
powers of fermions as well). By the rules of Grassmann integration, such bilinéars
would necessarily lift some of the adjoint fermion zero-modes contained in M. Since
Eq. (5.113) contains precisely the right number of unlifted fermion zero-modes, as
dictated by the U(1)g anomaly, namely 2Nk, this argument rules out the existence
of a non-constant function f. Moreover, any constant f would be absorbed into the

overall multiplicative factor, which is fixed inductively using the property of cluster

decomposition.

The measure (5.113) is easily augmented to incorporate fundamental matter multiplets.

Since the Higgsinos satisfy the normalization condition (62]

/ &'z Vyou Xop = TKpiKipr (5.122)
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the associated fermionic measure is simply

Ny
1 ~ ~
[l = oty [Tl iy diy a9
f=1

The total measure in A’ = 1 supersymmetric SU(N) QCD is then simply the product of
the measures (5.123) and (5.113).

5.6.3 N =2 Supersymmetric Yang-Mills Theory

Our ansatz for the k-instanton measure in A’ = 2 supersymmetric SU(N) pure Yang-Mills
theory is an obvious extension of Eq. (5.113). The new features are induced by the second
adjoint fermion v, described by the collective coordinate matrix N, and the adjoint Higgs A,
whose construction required a ‘spin-0’ constraint to be imposed on the collective coordinate

matrix Ago; (5.71). Accordingly, we postulate the measure:

(k) 1 (k)
[t = ey [

(C{)k / 2Nk — j2Nk Nk - Nk Nk~ Nk
_ " [ Nk qaNEy, gVEG Nk @R d
Vol(U (k) weTTwaTp T Gy 6y

« d4k2 a d%? M d2k2 N! d/cZ Atot
3
x [H 5*) (tr, (;T%—m))} S (Ma + aM) 6@ (Na + aN)

c=1

x8E WL+ Aoy — A — Ag). (5.124)

All of the arguments of the previous subsection can be applied to justify this N = 2
measure, with two obvious modifications. First, there are twice as many adjoint fermionic
zero-modes dictated by the U(1)r anomaly. Second, the N' = 2 supersymmetry alge-
bra incorporates the extra transformations (5.78)-(5.80) and (5.83). By matching to the
't Hooft-Bernard measure (2.64) we deduce that C] = 477",

To obtain the measure for A = 2 supersymmetric SU(N) QCD we have only to include

the factor (5.123) associated with the fundamental fermion zero-modes.
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5.7 Summary

In this chapter we have constructed, using the U(N) ADHM formalism [2, 61, 62, 63], a
multi-instanton calculus for N = 1 and N = 2 supersymmetric U(N) or SU(N) Yang-Mills
theory. This represents a generalization of the SU(2) multi-instanton calculus developed by

Dorey, Khoze and Mattis in [42, 45, 49] using the Sp(1) ADHM formalism.

Supersymmetry has played a key role in the construction of the instanton calculus. Since
the Euler-Lagrange equations are manifestly supersymmetric, the field configurations that
constitute the multi-instanton background form a supersymmetry multiplet. We have seen
that the action of the supersymmetry generators on this multiplet can be effected by certain
‘passive’ transformations of the overcomplete set of collective coordinates that parameterize
the superinstanton. These transformations were employed in the derivation of the instanton
action and collective coordinate integration measure; both quantities are constrained to

depend on supersymmetry invariant combinations of the collective coordinates [15].

In the next chapter, we apply the calculus to investigate various instanton effects in
supersymmetric SU(N) Yang-Mills theory. In particular, we use the formalism to com-
pletely evaluate the one-instanton contribution to the prepotential in N/ = 2 supersym-
metric SU(N) QCD with arbitrary numbers of matter hypermultiplets. This represents a
significant improvement upon the one-instanton calculations described in Section 4.3 and

will provide a concrete example of the usefulness of the measure constructed in Section 5.6.



Chapter 6

Application of the Multi-Instanton
Calculus

In the previous chapter we presented a complete multi-instanton calculus for ' = 1 and
N = 2 supersymmetric U(N) or SU(N) Yang-Mills theory, based upon the construction of
multi-instanton solutions originally due to Atiyah, Drinfeld, Hitchin and Manin (ADHM)
[2, 61, 62, 63]. A characteristic feature of these solutions is that they are parameterized
by an overcomplete set of collective coordinates which must satisfy certain nonlinear con-
straints. Our multi-instanton calculus is phrased directly in terms of the overcomplete set
of collective coordinates, without an explicit resolution of the constraints. In our approach
the constraints are imposed implicitly, through the §-functions appearing in the collective
coordinate measure. In this chapter we apply our calculus in several ways to investigate

instanton effects in supersymmetric SU(N) Yang-Mills theory, and in doing so, we justify

this approach.

In Section 6.1, we apply the multi-instanton calculus to investigate instanton effects in
N = 2 supersymmetric SU(N) QCD, with arbitrary N and N;. Generalizing the SU(2)
analysis of Dorey, Khoze and Mattis [42, 50, 45, 49], we derive a closed form expression for
the k-instanton contribution to the prepotential, as a finite dimensional integral over the
bosonic and fermionic collective coordinates of the supersymmetric k-instanton configuration
[64]. We then employ this expression to completely evaluate the one-instanton contribution

to the prepotential for general N and an arbitrary number of flavours [64]. This represents a

119
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significant improvement upon the one-instanton calculations [57, 58, 47], that were described
in Section 4.3. In particular, we completely determine the ‘regular’ terms that appear when
N; = 2N — 2 or Ny = 2N, for all N. (The method of Ito and Sasakura [57, 58] fails
to determine such terms.) We compare our answer with the proposed hyperelliptic curves
(19, 20, 21, 22, 38, 39] and find that for Ny = 2N — 2 and Ny = 2N, none of the curves
predict the right regular terms. We end the section with a discussion of these discrepancies.

In particular, we consider the implications for the finite Ny = 2N models [64].

Our one-instanton calculation provides a concrete example of the usefulness of the mea-
sure constructed in Section 5.6. The calculation is accomplished by first exponentiating
the d-function constraints in the measure, through the introduction of a supermultiplet of
Lagrange multipliers. The original collective coordinates in the problem can then be com-
pletely integrated out (the exponent is Gaussian in these variables). The final integrations
over the Lagrange multipliers used to implement the constraints can be carried out by an
application of Stokes’ theorem. In this way, our approach overcomes the problem associated

with integrating over group space collective coordinates that was encountered in Section 4.3.

In Section 6.2 we employ the instanton calculus to investigate higher-derivative terms in
the low-energy Wilsonian effective action of N = 2 supersymmetric SU(2) Yang-Mills theory
[69]. As we pointed out in Section 3.3.1, the prepotential governs the leading terms in the
effective action, which involve up to two derivatives or four fermions. The next-to-leading
terms, which involve up to four derivatives or eight fermions, are also determined by a single
function, H, which is constrained to be real rather than holomorphic [70, 71, 72]. We shall
derive an expression for the k-instanton contribution to this function, by a straightforward
extension of the analysis used in Subsection 6.1.1. Using this expression we show, using a
simple scaling argument, that in the finite model with N; = 4 massless hypermultiplets,
all multi-instanton contributions to the next-to-leading higher-derivative terms vanish [69).
This verifies a nonperturbative nonrenormalization theorem due to Dine and Seiberg [27]."

Using a slightly modified scaling argument we also confirm this theorem in the N =4

supersymmetric SU(2) model [69].

1Tt is not known (to us) at present if the Dine-Seiberg theorem holds for finite SU(NN) models with
N >2.
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6.1 Instanton Contributions to the Prepotential

6.1.1 Closed Form Expression for the Prepotential

Up to terms involving two derivatives or four fermions, the Wilsonian effective action of

N = 2 supersymmetric SU(N) QCD is determined by the prepotential, F(A), as follows:

1 LOF(A) -1 [, 8F(A)
eff — - AZ — //i A . )
Lo 47r1m[/d0 A Z/deaAiaAju ;| (6.1)

The index 7 labels the N — 1 light superfields of the low-energy U(1)¥~! effective theory. As
was pointed out in Section 3.3.2, the light components of the microscopic superfields reside
in the SU(N) Cartan subalgebra. We choose the following basis of generators:

|
leidldg(o,,0,+1;—10:,O)a 22172/,]\f~1 (62)

where +1 is the ith entry on the diagonal. Note that, in this basis, the Higgs expectation

(A) has the natural expansion

(A) = 2 . H, (6.3)

where the v; form a set of N — 1 vacuum expectation values. These parameters are inde-
pendent, in contrast to the N parameters v, defined by Eqs. (3.97) and (3.98). In spite of
this, we find it convenient to mostly work with the v, rather than the v;. In much of our
semiclassical analysis, it does not matter if we take the v, to be independent (as would be
the case for a U(N) gauge group); where necessary we can regard the SU(N) tracelessness

constraint (3.98) as being imposed implicitly.

For general N and N; < 2N, the weak-coupling expansion of the prepotential has the
form [31]):
f = fl—loop + Z fk;, (64)

k=1
where the F are nonperturbative k-instanton contributions. In what follows, we use the
SU(N) instanton calculus of Chapter 5 to derive an explicit k-instanton expression for Fy.

Our analysis closely follows that of Dorey, Khoze and Mattis in [42, 50, 45, 49)].
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Our first task is to expand L.g in terms of component fields and thereby to extract
an expression for some low-energy Green’s function in terms of the prepotential. In the
one-instanton SU(2) calculation of Finnel and Pouliot [41] described in Section 4.2.1, the
analysis focussed on a particular four-antifermion Green’s function. Here we shall be more

general. Following [42] we extract the following three effective vertices from Leg:

1 s .
Lot D 4= > Vo F(v) (6.5)
s=1,2,3
. N-1 9
1 b Sp ) SD 9
v - 4 £ (vzmnvjmn) 8\718{7 ) (66)
2,j=1 7
P = o
V? — i mn)\ SD , 67
22 ”;:1 Ui Aemn 55 55 5%, (6.7)
i = ik
3= = NN e - 6.8
¢ 8 Z VidN e e nan (6:8)
1,9,k,l=1
The superscript sp indicates the self-dual part of the gauge field strength v;p,. From these
vertices we obtain three anti-holomorphic low-energy Green’s functions, (O%(z1,- - Ts41)),
s =1,2,3, with
Ol z1,2) = Vimn(®1) Vg (22) (6.9)
Oz, 19,33) = @id(xl)vfﬁgz(@) /_\w(:cg) , (6.10)
@3(%73?2,353,1'4) = l/_}ia(xl)lzjﬁ'(xz) S\M(x?,) ;\15(354) : (6.11)

We first consider the k-instanton contribution to the familiar four-antifermion Green’s

function (6.11). In terms of the SU(N) multi-instanton calculus, we have

(Wia(1) ©; 5(2) My (23) A 5(2a))or =

/du(p];)ys PER (1) P13 () AR (w3) NP (24) exp(—Ssaen ) (6.12)
where the k-instanton action S¥o% is given by Eq. (5.105) and the measure dug;)ys by
Egs. (5.124) and (5.123).

In order to deduce Fj, from Eq. (6.12), we need expressions for the field insertions A

and 1); [50, 45]. At leading order, these field insertions are approximated by the quantities
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P and AP defined as follows [31, 42, 45]: first, one solves the Euler-Lagrange equations
for ¢ and X in the classical background of the ADHM multi-instanton with all its fermionic
zero-modes turned on; next, one projects the resulting SU(N)-valued configurations onto
the generators of the SU(N) Cartan subalgebra to get the required light components; and
finally, one assumes that the insertion points z, are far away from the instanton position zg

and performs a long-distance (LD) expansion.

Now on the Coulomb branch of N = 2 supersymmetric SU(N) QCD there are precisely
four exact fermionic zero-modes in the k-instanton background. (This is true for all £.)
These are the supersymmetric zero-modes of A and 9 that were described in Section 5.3.
Indeed, it is straightforward to verify, using the definition (5.59), that the four Grassmann
parameters £& and &2 associated with these modes do not appear in either the instanton
action (5.105) or in the constraints associated with the measure (5.124). As regards the £-
instanton expression (6.12) this leads to a simplification in the first stage of the prescription
described above for obtaining the field insertions. We only need to solve the antifermion
field equations in the background of the supersymmetric zero-modes. The resulting partial
solutions are linear in &) and &2 and hence completely saturate the collective coordinate

integration over these parameters.

The solutions to the antifermion field equations in the background of the supersymmeﬁric
zero-modes were obtained in [42, 45] (see especially Appendix B of [45]) using the SU(2)

multi-instanton formalism. These solutions are equally valid in the SU(N) case. They read
b= —iV26, PAT, A =i/25PAT, (6.13)

where At is the solution to the Euler-Lagrange equation (5.101), given by Egs. (5.102)-
(5.104). Note that A" has a part that is bilinear in the fundamental fermion collective

coordinates K and K, so there are contributions to A and ¢ trilinear in Grassmann param-

eters.

The result of projecting the antifermion solutions onto the SU (N) Cartan subalgebra

and performing a long-distance expansion is another straightforward generalization of the
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SU(2) result of [42, 50, 45]. One finds

7LD : la dSEe

a(T) = V2 ¢ Sad(fcaffo)—a{—.— + e (6.14)
YLD - 2 85?82% i -
M2(z) = —iV2¢ Sad(xaxo)T + - (6.15)

where S,q is the usual Weyl spinor propagator,

1

m 3 (6.16)

Saa(%xo) = UzndamGo(fli;io)y Go(ﬂf;l‘o) =

and the derivatives 9/0¥; act on Sgggsg with the understanding that the complex conjugate
parameters ¥; are always to be treated as independent variables. The omitted terms in (6.14)
and (6.15) represent terms that fall off faster than (z; — xo)~> (as well as terms that are

independent of & or & and hence cannot saturate the integrations over these parameters).

The next step is to write the instanton measure (5.124) as follows [50]:
/ du® = / d'zo d26, d°, / i) .. (6.17)

Here d/lgf])ys is the ‘reduced measure’, obtained from the physical N = 2 measure by factoring

out the integrations over the supersymmetric collective coordinates & and & and over the

translational collective coordinates zo. It is quite legitimate to do this because the é-function

constraints in (5.124) are independent of zg, &, and &. (These collective coordinates can

be interpreted as the global position of the multi-instanton in N = 2 superspace). From

the defining equations (5.33) and (5.59) we can write =, &1, &2 as the linear combinations
obtained by taking the trace of the k x k matrices a', M’ and N’ respectively [42]:

1 , 1 , 1 ,
Ty = ETrk ad, & = ETrkM , & = @-Trkj\/' . (6.18)
After substituting the field insertions Eqs. (6.14) and (6.15) into Eq. (6.12) and perform-

ing the &; integrals, extracted from the physical measure as per Eq. (6.17), we obtain

0 ~ -ins
/d4l'0 Sag}(xlaxO)Saﬁ(xQ:3;0)577(:637170)575(:34;3:0) 6{/8\78\7]‘;0{71 /di'[’g;)ys exp(—SgQCEf) :
i0Vj
(6.19)
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There are two general properties of the multi-instanton calculus that have enabled us to
pull the derivatives outside of the integral in this equation. First, the collective coordinate
measure (5.124) is independent of the VEV’s. At first glance, this might not seem the
case, because the ‘spin-0’ constraint (5.71) does involve the VEV’s, through the matrix A,
defined in Eq. (5.72). However, note that we can straightforwardly integrate the collective
coordinate matrix A out of the measure; the §-function constraint is then replaced by a
factor (det L)™', which is manifestly VEV-independent. The second point is that S§og3 is
linear in the the VEV’s, so that differentiating the exponentiated action four times does

indeed generate the product of four ‘05/0v’ factors.

In (6.19) we recognize the Feynman amplitude corresponding to the effective four-fermion

vertex (6.8). We deduce that

F(v) = FW)| = smi / ) (6.20)

k~-inst
This collective coordinate integral expression for Fy constitutes a closed series solution, in

quadratures, of the low-energy dynamics of the Coulomb branches of the N = 2 supersym-

metric SU(N) models.

Let us now consider the other two effective vertices, (6.6) and (6.7), that were extracted
from L.;;. In order to find the k-instanton contribution to these vertices we analyse the
Green’s functions (6.9) and (6.10), respectively. These Green’s functions require field inser-
tions associated with the anti-self-dual part of the field strength. Now in the leading order
constrained instanton background, the field strength is purely self-dual, by definition. How-
ever, the prescription for obtaining long-distance field insertions requires us to first solve
the next-to-leading Euler-Lagrange equations. In this way we do obtain an anti-self-dual
contribution to the field strength (see Section 4.4 of [42]). In order to saturate the the
integration over & and &, we need the part of this contribution that is bilinear in these
parameters; this was obtained in [42, 45]. Its long-distance expansion yields [42, 45]:
Ok

ov;

where G pq 1 the gauge-invariant propagator of U (1) field strengths:

VPSP (3) = V2 £107Es G g (% o)

1mn

Gmn,pq(x: xO) = (nmpanaq - nmqanap - nnpamaq + n'nqamap )GO(Q:; iL'o) . (622)
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The omitted terms in (6.21) include terms that fall off faster than (z; —20)™*. An important

property of Gy is that it only connects vy, to v/’ and vice versa (just as Saq only

connects A to A, and 1 to ¢). This property follows fr(f:n the identity
Pgd — 2 B
6" Gnnpg (2) = 56 2% Omna’ Tgp (6.23)
which implies
0 = & o%, Gmn,pq('c) = 075" 00 Gmnpg(2) - (6.24)

The Green’s functions (6.9) and (6.10) may be calculated, just as before, by substituting
the long-distance expressions (6.21), (6.14) and (6.15) into the collective coordinate integra-
tion, and performing the &; integrals explicitly. Thanks to Eq. (6.24) one does indeed recover

the effective vertices (6.6) and (6.7), and we again deduce that the k-instanton contribution

to the prepotential is given by Eq. (6.20).

We can easily extend the SU(2) analysis of Dorey, Khoze and Mattis [50] to derive the

SU(N) Matone relation, Eq. (4.40). Consider the k-instanton expression for the condensate

= (Tr(A?)). The relevant field insertions are given by the part of the background Higgs

configuration (5.68) that is bilinear in & and &. It was observed in [54] that this bilinear
part has the form

A = V26,0™"E U (6.25)

After substituting this into the k-instanton expression for u; and integrating over both zg

and §;, one obtains
ug' = —167r2k/dﬂg;)ys exp(—Stood). (6.26)
k-inst

Comparing this with the expression (6.20) for F;, we deduce that
ug(vl,...,vN)' = 2ink - Fp(vi,...,VN). (6.27)
k-inst
Since a k-instanton effect is proportional to A%* where by = 2N — Ny, this result is equivalent

to the Matone relation (4.40).
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6.1.2 One-Instanton Contribution to the Prepotential

In Section 4.3, although we were able to derive integral expressions for one-instanton effects
in N' = 2 supersymmetric SU(N) QCD, we were unable to evaluate these expressions in
the general case. The source of the difficulty was the integration over group space collec-
tive coordinates. In what follows, we demonstrate that when the problem is reformulated
using the ADHM instanton calculus, this difficulty is removed. Consequently, we are able

to completely evaluate the one-instanton contribution to the prepotential, for general N

and Nf.

Our starting point is the integral expression (6.20). From the formulae for the N =2
action and reduced measure given respectively by Eq. (5.105) and by Egs. (5.124) and (6.17),

we write down:

’I;CIAbO N Ny
1py = - 2,76 72 C
Ro= 0 / Ao, - gduuduuduuduud wEdPw, ;- gd/cfdch
><c5(L . Atot - Atot) H 5(%(T6)dﬂ wgwud)
c=1,2,3
X H 5(,L_l,u’LUua + wudﬂu)é(ﬂuwuo’c + U_}ud’/u)
a=1,2
2. (2,6 2050 o 5 G
X exp ( — 87 |Vu| Wy, Wy + 2\/§7T 'L(,U'uvuyu - VUVU'U’“)
]\7f
872 (R 4 Angp) s = 72 Y 1y Ky ) (6.28)
f=1

In the N; = 2N case, the scale A%, is replaced with the instanton factor exp(—8m/g?).

To evaluate this integral, we exponentiate the various é-functions by means of Lagrahge
multipliers, and then interchange the resulting order of integration. We integrate out the

ADHM supermultiplet {a, M, N, Ay} first of all, followed by the hypermultiplet collec-

tive coordinates Ky and I€f. Only then do we perform the integration over the Lagrange

multipliers.

The spin-1 and spin-1/2 constraints in Eq. (6.28) are exponentiated in a straightforward
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manner, respectively as:

[T o6eYsolvw) = 5 [ @0 el obus). (6.29)
c=1,2,3 .
and
H 6 (i Wu + Wuahbu) = 2/d2§ exp (fd(/_ﬁuwud'i‘wud,“u)); (6.30)
G=1,2
H §(UyWys + Wyaly) = 2/d2n exp (N*(TyWug + Wyal))- (6.31)
@=1,2

Here we have introduced a triplet of bosonic Lagrange multipliers p°, as well as two Grass-
mann spinor Lagrange multipliers £¢ and n%. The exponentiation of the spin-0 constraint is

best accomplished in a slightly trickier way involving a term in the action, as follows:

/ d Aot 5(L Aot — Atot) exXp (87T2 (/—\ + Ahyp)-Atot)

1 = _
= detL P (87 (A + Anyp) - L1+ Avor)

— 8 / d(Re 2)d(Im ) exp ( — 872(ZLz — (A + App)z — ZAw)).  (6.32)

The second equality follows from the general Gaussian identity

_ _ _ 1 o
/1;[ d(Re Zl)d(IHl ZZ) exp ( — ZiKiij + Yizi —+ Zzyz) = W exp(yiKijlyj); (633)
which can be used to exponentiate the spin-0 constraint in an elegant way for arbitrary
instanton number k. The advantage of the rewrite (6.32) is that L is easier to manipulate
in the exponent than L~" (which appears implicitly in the definition of Ayot). In the present

case, with k = 1, the operator L collapses to a 1 x 1 c¢-number matrix:
L = detL = wlw,, . (6.34)

Likewise A and Ay collapse to

- L . 1 B _
A = =iV, 0w,y Aoy = 1V Wy Wys — m(uuuu — fulu) - (6.35)
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Now we consider the combined exponent formed from Eqgs. (6.28)—(6.32). The linear

shifts

ZT] Wya _ Z'f] 'LUU_a
— , flu :
fhu = fhu + romay [ + N
zf“wua _ _ zéawua ‘
Vy S Vy— ——, Uy =y — —=—— 6.36
WY < T WO T e o) (6.36)

eliminate the terms that are linear in these variables. By inspection, the Grassmann inte-
grations over {ji,, vy, fly, 7y} then simply bring down a factor of

N

[ev2r?ia,)? (6.37)

u=1
In Eqs. (6.36)-(6.37), we have defined a, and &, as the naturally appearing linear combi-
nations

Oy = Vo +iz, Qy = Vy—1Z. (6.38)

Next, the {wy, Wy, Ky, K s} integrations are accomplished, using the identities

—4r? :
2 2,= 0.+ ¢ - —
/d Wy d” Wy, exp( ASpCw,, + Z AT )ﬂwu ua) = AT S (A (6.39)

c=1,2,3

and
N¢ Ny
/Hd/Cfdl@f exp<87T2Ahyp2—7TQme/€fle) = 7T2Nf H 2z+mf (640)
=1 f=1

In this way, all the original ADHM variables {a, M, N, Ao, K, K} are eliminated from the

integral (6.28). One is left with an integral over Lagrange multipliers only:

-~ A bo Ny
F, = ?_C—%%\Q-PX /d3pd2§d2nd(Rez)d(Imz)BH(i 2z +my), (6.41)
f=1
where N
(2 2 '
11 v2ria,)(Z4T) (6.42)

1 87T2lau| + Zc=1,2,3 (pe+Z22)

u=

and Z¢ is the fermion bilinear

—c 1 e B g ¢
Sy T m(fa(T ) Bﬂﬂ — 16(7°) gfﬂ) : (6.43)
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When N; = 0 the product over flavours in Eq. (6.41) should simply be replaced by unity.
The {£,1} Grassmann integrations in Eq. (6.41) must be saturated with two insertions
of =:

16740,

5bc
/ dPed’n=b =t = ——— . (6.44)

Extracting these quadratic powers of  from B can be done quite elegantly, thanks to the

algebraic identity

T s

d*ed*nB = L ’

/ S g:‘l U;I 16m4d, 0, 20=b 0=¢ b =

N
1 H \2 ]
~ 32mip|? (uZ:; a\7u) B’E: ' (6.45)
Pulling the VEV derivatives outside the integral, one therefore finds
N
CACIAR, 1 e N2 ;-

Fi = o2 3o (uz::l 8\7“) /d(Re 2)d(Imz) T g(zﬁz +my) . (6.46)

Here

N N . '
(2272 zau) (—4 oy 7T 7 &l
F:/ || :87r6§ —||———————” . (6.47
|p|2 u—1 Oy vt 2 |av|4 - |aui4 ( )

(82| [2)” + Ipl2

the second equality following from a standard contour integration in the variable |p|, ex-

tended to run from —oo to oco.

In this fashion, the original expression (6.28) has collapsed to a two-dimensional integral
over the zy plane (with = Rez and y = Imz henceforth). We now observe that the
dependence on ¥, in this integral is entirely through the variables &, = v,, — 1Z. Therefore,

it is tempting—but incorrect—to pull the ¥, derivatives back inside the integrand, and to

make the naive replacement

N N
0 .0 0 \?2
Y o ime (Zaw) 7
The error here is due to the fact that the two sides of Eq. (6.48) can differ by ¢é-function

contributions which arise at the locations of poles in the z variable. As a simple example,

—(-(%)2 . (6.48)
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whereas obviously (Y. 8/8v)z™! = 0, one also has, in contrast,?

%% = 7d(z)d(y) , (6.49)
0\21 0 7r
(52) 5 = 755000 = 5 (E@)3) +id@) W) (6.50)

The lesson is that one can legitimately trade v, differentiation for z differentiation as per
Eq. (6.48)—but only if one explicitly subtracts off the extraneous d-function pieces that are

generated at the locations of the poles in z. Accordingly, we can split up Fi into two parts,
Fi =% + Fo, (6'51)

where Fs is the contribution of these é-function corrections, while F5 is a boundary term

arising from judicious use of Stokes’ theorem applied to 8°/9z°. We now evaluate each of

these parts, in turn.

Calculation of F;

As stated, to calculate Fs, one converts (3 9/99,)% into —8%/07> as per Eq. (6.48), then
subtracts off the spurious d-function contributions that correspond to the poles in z of the

expression I' given in Eq. (6.47). The relevant poles lie at the N distinct values
0 = a, =vu+iz = (Rev, —y)+i(Imv, +13) . (6.52)

There also appear to be poles in T' when |a,|* = £, |* but these are irrelevant: the poles
at |ay|? = —|a|? lie away from the real domain of integration (z,y) € IR2, whereas the
poles at |a,|? = +|au|? have residues that cancel pairwise among the terms in Eq. (6.47)
(these pairs correspond to interchanging the indices u and v). Restricting our attention to

the singularities (6.52), we therefore find:

iCTAY, 1 A | o 1\ 0
Foo= g fea Y () G
7 % all ) _

2The normalization factor on the right-hand side of Eq. (6.49) is easily fixed by integrating both sides
against exp(—AzZ).
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Integrating the first term on the right-hand side (the 8?/9z* term) once by parts cancels

half the second term, whereupon the identity
9 1

07 ay

[cf. Egs. (6.49) and (6.52)] quickly leads to

= —ird(Imv, + z2)6(Revy, —y) (6.54)

Ny

C' /\b , 2N -
Fs = v QP]\‘HI Z H o H V2v, + my) . (6.

U= 1v7£u

(@1
()]
g

Calculation of Fjy

Next we evaluate the boundary term F implied by the naive replacement (6.48). It is useful

to switch to polar coordinates, (z,y) — (r,6), in terms of which

d? 10 0 -
57 = ra oDt gD (6:56)
where 3 . 5 5
. l i — ___7’_ 210 e =
D, = ze (2+raT), Dy 52 ° (1+27’a +z89) (6.57)

Since the integrand in Eq. (6.46) is a single-valued function of 0, the (9/00) Dy term can be
neglected. Stoke’s theorem then equates the two-dimensional integral (6.46) to the angularly

integrated action of D, evaluated on the circle of infinitely large radius:

iCIARy 1

0
Fa -87% lim Z(2+r—)

271'2 327(4 =00 87“
N¢
2i Qy i .
x/o dfe [Z H 2T |4 ICY |4]H 2re’ +mys),  (6.58)
=1

where ay, = vy, + ire?? and &, = ¥, — z'fre_'w. The remaining 6 integral is best evaluated
by changing variables to £ = €, and summing the poles in § which sit within the unit
circle. These lie at the points where |a,|? = £|a,|? or a, = 0. As before, the poles with

|y |? = 4w, | may be omitted as they have pairwise canceling residues between terms with

indices © and v interchanged. The poles with |a,|? = —|a,|? correspond to
—([vul® + o] +2r%) + \/21(7“2 ~ Rev,¥,)? + |vi — v3? ’ -3
_ u - D+ 0
: 207 (Vo + Vo) 2r (va +v0) + O07)

(6.59)
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These contribute

1 A
(6.60)
to the 0 integral in Eq. (6.58). Likewise, the poles at oy, = 0, corresponding to & = vy, /T,
contribute
Ny
—27TZ H H(—\/ivu+mf) + O(r?) (6.61)
u=1 v#u /=1

to the # integral. Adding these two contributions gives, finally:

_ iC"AbOV'/TQN‘1 N 1 .
f@ - ——1—2};V+2_— uzz:l { ; m wl;é_;[,u (Vw —Vu)(vw_vy)
Ny X .
xfl_[:l(——ﬁ(vquvu)erf) —g T 1_[1 9Vu+mf)}(662)

For N; < 2N — 2 this expression is in fact identically zero. Direct calculation shows that
the residues of all the simple and double poles cancel amongst the various terms, so that
the rational function F5 must be a polynomial in the parameters {v,, ms}. By dimensional

analysis, this polynomial must have degree Ny — 2N + 2. It follows that F5 must vanish for
N; < 2N — 2, as stated.

Final Expression for F;

Upon adding together F; and F, we notice that the final term in Eq. (6.62) precisely cancels
the expression for Fj, as given by Eq. (6.55). Our final one-instanton expression for the

prepotential is therefore:

zC"A°7T
Fr=Fi+Fe = QPJ\LZ ZZ ,—V
u=1 v;é'u. u
Ny )
X . - Vo + Vo) +my) . 6.63
I g Mgt ema - 69

We reiterate that the product over Ny flavours is to be replaced by unity when Ny = 0;
similarly the product over w # u,v is to be replaced by unity when N = 2.
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As a simple check on this answer, we observe that when N = 2 and N; > 0 and
all the masses are set to zero, this expression vanishes identically, since v; + vo = 0 by
the tracelessness condition (3.98). This exactly what we expect since, as mentioned in
Section 3.3.2, the SU(2) models with massless hypermultiplets possess a Z, symmetry which

rules out contributions from odd-instantons [18, 45].

6.1.3 Discussion of the One-Instanton Result

The above expression for the one-instanton contribution to the prepotential, Eq. (6.63),
is consistent with the one-instanton calculation of Ito and Sasakura [58]. As we saw in
Section 4.3, the method of Ito and Sasakura is limited in two significant ways. First, it
assumes that the final answer depends only on the VEV’s {v,,---,vy} and not on the
complex conjugate parameters {¥y, -, ¥y }. (This is the property of holomorphy.) Second,
the method only extracts part of the full answer, namely the part that becomes maximally

singular in the limit that two of the VEV’s approach one another.

In the calculation described above, thanks to the collective coordinate measure (5.124),
we have been able to overcome both these limitations. The reason is the intrinsic simplicity
of the (super-)ADHM collective coordinate parameterization: the integration variables are
all Cartesian, endowed with a flat measure save for the d-function insertions. Consequently,
we have been able to derive, rather than assume, holomorphy. For the special case of SU (2),
this holomorphy property is built into the instanton calculus from the outset. It emerges
from a simple rescaling of the bosonic and fermionic collective coordinates in the k-instanton
action [69].3 But for SU(N) with N > 2 no such rescaling removes the ¥, from the problem,

and the ultimate emergence of the purely holomorphic answer (6.63) seems miraculous from

the instanton approach.

For general N, the calculation of (58] fails to determine the ‘regular’ terms that appear
in the one-instanton contribution to the prepotential when Ny = 2N —2 and Ny = 2N. To

be more precise, the method of Ito and Sasakura is insensitive to shifts in the prepotential

3We see explicitly how this rescaling works in Section 6.2.
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of the following form:

Nf:2N—2 : Fi = F + CQN_QAQ, (664)
N

Np=2N :+  F = Fi+ Cye ™) V2 (6.65)

u=1
where Coy_o and Cyy are numerical constants. The form of the regular terms is clear from
dimensional considerations. Our calculation demonstrates that, when F; has the specified

form (6.63), Coy—o = Cony = 0. This is consistent with the N = 3 computation of Ito
and Sasakura [58].

Comparison with the Proposed Curves

We now compare Eq. (6.63) with the predictions of the hyperelliptic curves [19, 20, 21, 22,
38, 39]. The curve predictions for the one-instanton contribution to the prepotential were
derived in [56, 58]. For N; < 2N — 2 or Ny = 2N — 1, Eq. (6.63) is in perfect accord with

the curves.

For N; = 2N — 2, the curves proposed in [21, 22, 38, 39] give values of Cyy_o which
differ from one another, and from the value Coy_» = 0. The addition of a constant to
the prepotential does not affect the low-energy Lagrangian (6.1) which depends only on
derivatives of F. But a constant shift does affect the quantum modulus u, whose k—instanAton
component is proportional to Fj, via the Matone relation, Eq. (6.27). We conclude that the
u, discrepancy discovered in the SU(3) model with Ny = 4 flavours [57] is present in all of the
SU(N) models with Ny = 2N — 2 flavours. We can make corrections to the SU(N) curves
with N > 3 in the same way that we fixed the SU(3) curves in Section 4.3; essentially,
one simply has to shift the (implicit) curve parameter up by an amount proportional to
Con_o A2, Only after it has been shifted in this way can the curve parameter u, properly

be identified with the physical condensate (Tr A?).

From the relation (4.90), discovered in [47], which ties the one-instanton contribution to
us in a model with N hypermultiplet flavours to the one-instanton contribution to us in a
model with N; + 1 hypermultiplet flavours, it is apparent that the uz discrepancies found
in the SU(3) models with N; = 3 and Ny = 5 flavours [47] are also generic. Moreover,



CHAPTER 6. APPLICATION OF THE MULTI-INSTANTON CALCULUS 136

since the curve parameterizations of [21, 22, 38, 39] are not uniquely fixed when Ny > N,
we anticipate discrepancies in the predictions for all of the condensates u, for this class of
models. The discrepancies will always involve the addition of regular terms. This implies
the following arithmetic. On the one hand, using dimensional analysis, such quantum shifts
in u, can only be proportional to u,, A"~™ where 0 < m < n; for an SU (N) rather than a
U(N) theory we further require m # 1 since uy = 0. On the other hand, a k-instanton effect
is proportional to AGN=N1k Consequently, equating powers of A, we generically expect a

k-instanton additive shift to u,, when k, N and N; satisfy
n—m = 2N—-Npk, 0<m<n,m#1. (6.66)

When N; = 2N the situation is more complicated: all instanton orders k£ can in principle

contribute regular term shifts, as we now discuss.

The models with Ny = 2NV are finite theories; the f-function vanishes, and no dynamical
scale is generated. Instead, the curves are functions of a dimensionless complexified coupling
r. Thus the dimensional analysis of the previous paragraph no longer applies; in order to
agree with conventional definitions of condensates u, and effective couplings Tef, parameters
in the curves can in principle be shifted at all instanton orders, i.e, by a Taylor series in the
dimensionless one-instanton parameter ¢ = exp(iTTyic0), Where Tic is the renormalized

coupling of the microscopic SU(N) theory.

We discussed this feature in the context of the SU(2) model with Ny = 4 flavours
in Section 4.2.2. There we saw that for the exact results to make sense the parameter
T appearing in the Seiberg-Witten curve [18], should be interpreted as the effective U (1)
coupling evaluated in the region of moduli space where the four bare hypermultiplet masses
vanish [36]. This effective coupling was denoted Té?f), the superscript reminding us of this

masslessness condition. The relation between the various complexified couplings reads [36]:

— o _
Tow = 7-eff — 'micro +

Z ck q° q = exp(ITTicro) (6.67)
k=0,2,4

2 | e

where ¢, and ¢, have been calculated (and are nonzero) [45, 36]. A similar relation exists

between @ (the parameter in the Seiberg-Witten curve) and up = (Tr A?) [36]. Importantly,
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the series (6.67) in no way contradicts the conformal invariance of the model, since the right-
hand side is a purely numerical, scale-independent renormalization of the effective coupling

(45, 36].

Now let us consider the curves for SU(N) gauge theory with N > 2 and Ny = 2N. The
three curve parameterizations proposed in [21, 22, 38] are ostensibly different.* For none
of the three curves can the 7 parameters be equated with 7,;..,. This is seen explicitly at
the one-instanton level: all three curves give values of Cyy different from one another, and

different from the value Con = 0 [58].

What, then, is the physical meaning of the 7 parameters in these curves? By analogy
with the SU(2) case (6.67), it is natural to guess that these 7’s should be equated to some
effective coupling, Tef, rather than to 7,,.,.- The trouble with such an identification is that,
for SU(N) with N > 2, the effective coupling is an (N —1) x (N — 1) dimensional matriz

rather than a scalar; furthermore, it is VEV-dependent (equivalently, u, dependent):

82
(ret)ii = 55, v, ) (6:68)

How then should the results of (multi-)instanton calculations enter into these curve param-

eters?

A potential answer to this question can be given for the special case of SU(3). Here there
is a distinguished line in moduli space where the 2x2 matrix 7eq is effectively one-dimensional
[74]. This line corresponds to setting the six bare hypermultiplet masses and the modulus

uy equal to zero. On the distinguished line, the matrix of effective couplings is proportional

Teff O (_21 _21) (6.69)

Semiclassical calculations predict a relation between this 7eg and 7., similar to the re-

lation (6.67) that was observed in the finite SU(2) model. By analogy with the SU(2)

to the classical form [74]°

4 According to [74, 73], the SU(3) curves in [22] and [38] can be transformed into one another by a
modular redefinition of their respective 7 parameters, but no such transformation has yet been found that

equates these curves, in turn, with that of [21].

5Tn terms of the three constrained VEV’s vy, defined by Eqs. (3.97) and (3.98), the (properly normalized)
classical prepotential reads F = 7(vZ + v + v3). In terms of the two independent VEV’s ¥;, defined by
Eq. (6.3), this becomes F = 17(¥} + ¥} — ¥, 7). Differentiating with respect to the v; twice then gives the
classical form for 7eg shown.
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case [36], we envisage that this relation determines the meaning of the T parameters in the

proposed curves.

In contrast, for N > 3 with Ny = 2NV, it can be proved that there are no points on moduli
space where 7o is proportional to the classical form (74, 75]. The authors of [74] argue that
the corresponding curves are underdetermined (the global symmetry requirements do not
single out a unique set of modular forms). From the instanton perspective, it is not then
clear how to reconcile the 7 parameters in the curves of [21, 22] with the results of multi-
instanton calculations, such as the explicit one-instanton expression (6.63) derived above.
Without a definite interpretation of the 7 parameters used in [21, 22] the meaning of the

7 — —1/7 duality built into these curves is also unclear.

Nevertheless, we can make the following interesting observation, which might provide a
clue to the eventual resolution of these issues. Consider the case of SU(4) with Ny = 8. Let
us examine the line in moduli space on which all eight hypermultiplet masses vanish and

uy = uz = 0. At the classical level, the matrix 7eg is proportional to
-1 2 =11, (6.70)

by definition. It was shown in [74], that at the one-loop perturbative level, on the distin-

guished line in moduli space, Tg is corrected by an amount proportional to the matrix

0 1 0
1 -4 1], (6.71)
0 1 0

From our first-principles result (6.63) we find that on the distinguished line, the one-
instanton contribution to T.g is proportional to this one-loop form. If this coincidence

persist to arbitrary multi-instanton levels, then an all-instanton-orders renormalization of

the coupling of the type (6.67) may be possible after all.
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6.2 Instantons and Higher-Derivative Terms

In this section we specialize to N' = 2 (including N = 4) supersymmetric SU(2) Yang-
Mills theory. Although the SU(2) ~ Sp(1) multi-instanton formalism [42, 45, 49] is better
adapted to this case, we choose to work with the SU(N) formalism that we have already

described. The interested reader will find the same results obtained using the SU(2) ~ Sp(1)

formalism in [69)].

Following the work of Seiberg and Witten [17, 18], the SU(2) models have been the
subject of extensive study. In particular, properties of the Wilsonian effective action, which
describes the low-energy physics on the Coulomb branch of the theory, have been inves-
tigated. This effective action admits a (supersymmetrized) gradient expansion, the form
of which is constrained both by gauge invariance and by N/ = 2 supersymmetry [70]. In
Section 3.3.1, we pointed out that the holorﬁorphic prepotential F, whose exact solution
was obtained by Seiberg and Witten, determines the leading terms in this expansion, which
involve up to two derivatives or four fermions. It turns out that the next-to-leading terms,
involving up to four derivatives or eight fermions, are again determined by a single function,

H, which is real rather than holomorphic [70, 71].

In contrast to the prepotential, comparatively little is known in general about the func-
tion H [70, 71, 72, 76, 77]. However, it turns out that for the finite models exact statements
can be made. In particular, Dine and Seiberg have argued that in such models, H is one-loop
exact: the one-loop result receives corrections neither from higher orders in perturbation

theory nor from nonperturbative effects such as instantons [27].

Our first task in this section will be to derive a formula for the k-instanton contribution
to the function H. We accomplish this in much the same way that we obtained the k-
instanton contribution to the prepotential in Section 6.1.1. We shall illustrate our formula
by calculating the one-instanton contribution to H in the N = 2 pure Yang-Mills model.
Then we shall use our formula to verify the Dine-Seiberg nonrenormalization theorems for
N = 2 supersymmetric SU(2) QCD with N; = 4 matter hypermultiplets and for the

N = 4 theory. Specifically, we show, by means of a simple rescaling argument, that- all
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k-instanton contributions to the next-to-leading higher-derivative terms identically vanish

in these models.

6.2.1 Multi-Instanton Contribution to H

In N = 2 superspace formalism the function A contributes to the Wilsonian effective action

as follows [70, 71]:
La-deriv = / d9d O H(V, V). (6.72)

Here ¥ is an A/ = 2 chiral superfield [78], which contains the familiar N' = 1 multiplets
V = (), vn) and @ = (A, ). A component field expansion of L 4-geriv vields the nine effective

vertices®

Loeiw D 4 D, VoV oH(v,7) (6.73)

5,8'=1,2,3
where the V* are the holomorphic vertices (6.6), (6.7) and (6.8) and the V* are their Hermi-

tian conjugates (e.g. V* = —575 Y™ A uASP 93 /%3 ).T Associated with these vertices are

the nine antiholomorphic x holomorphic Green’s functions

GS,S/(:I;D e Ts41 Y1y -0 ys’+1) = <@S(x17 ] $S+1) Os,(yl: s 7ys'+1)>5 (S: SI = 1: 27 3),
(6.74)

where the O° are given by Egs. (6.9), (6.10) and (6.11) and the O are their Hermitian

conjugates.

We require, in addition to the long-distance expansions of ¥, A and vASP (given by
Eqs. (6.14), (6.15) and (6.21) respectively), the long-distance expansions of the fields ¥, A
and vS°, . These are easily derived from the k-instanton solutions for these fields, Egs. (5.53),
(5.61) and (5.13). Projecting onto the unbroken U(1) direction (i.e. the 73 direction) and

utilizing the asymptotic formulae (5.39)~(5.42), we obtain

61n terms of the A = 1 superspace formalism these nine vertices are all contained in the last term in
Eq. (4.7) in [70], which reads } [ 20?8 W2W?3'H(®, )/5*85°® .

"Since we are specializing to models with gauge group SU(2), we can clearly omit the (N — 1)-valued
index i that labels the low-energy fields. Also, in the SU(2) models we can identify the VEV ¥,7, defined
by Eq. (6.3), with the more familiar ‘v’, defined by Eq. (3.43).
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Upn - (Y) = G%)_fs w?uTngviB (T — Zo) omn (y — xo)]i 4o
= 21 Granpg(ys T0) Biy oo Wi % 4 (6.75)
/\;D (y) = 2 Saa (y; :EO) (’U_)SLTS,U,MVZ' + ﬂmﬂi’vwﬁ,) 4o (676)
UP(y) = 20m” Saaly, wo) (T4 TV + PraTip ) + - (6.77)

omitting terms with a faster fall-off. The second equality in Eq. (6.75) follows from the

identity (6.23).

We can now calculate, for example, the k-instanton contribution to the effective 8-fermi

vertex o o
i 242,72 —2_'__ - -
16 WA YEA Gl oV H(v,¥) . (6.78)
Inserting
G (1) B3P () P (3) NP () 2 (0) 95 00) M) M) (B79)

into the collective coordinate integration and performing the ¢; integrals leaves
/d41‘0 e"’\Sm(xl,xo)SAﬂ-(xg,xg) €"°S 4 (23, 20) S, (24, Zo)

X kasak(yla 20)Sp3 (Y2, %) €% 5,5(y3, T0) S (Ya: To)

(2im?)* o* (k) A Ay A8 k-inst
X 4 W d/j‘phys (TldTl)(TQ,BTQ) exp(—SSQCD)7 (6'80)
where
T¢ = (XT3 i + FiToy W), (6.81)
Tg“ = (w%Tsvu,,i + DiuTsvwf;). (6.82)

(These are just the Grassmann-spinor-valued combinations of collective coordinates that

appear in the long-distance expressions (6.76) and (6.77).)

In Eq. (6.80) we recognize the Feynman amplitude associated with the vertex PEA2P2A?,
with an effective coupling given by the last line in (6.80). By comparison with (6.78) we
deduce the following expression for the k-instanton contribution to #, valid to leading order
in the semiclassical expansion:

84 ~ Y Y -in
ua = / di) | (T)2(T)? exp(~ ki), (6.83)

H(v,¥)
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This is the analog of Eq. (6.20) for the prepotential. Somewhat different (although neces-
sarily consistent) expressions for *H/0v? and 0%H/8v? can be derived in the same way,
by examining the Green’s functions G¥! and G*?, respectively. By exchanging v and ¥ in
Eq. (6.83) we obtain the contributions from anti-instantons of topological charge —k. There
may also in general be mixed (k, )-instanton, (k_)-anti-instanton contributions to # (holo-
morphy prohibits such contributions to the prepotential), but these lie beyond the scope of

our analysis.

As a simple illustration, we now calculate the one-instanton contribution to H in the

case of the N’ = 2 supersymmetric pure Yang-Mills theory. The instanton action (5.100)

reduces to: )
. 8w ]
GEnst — T 4 9n?|v 0 g + V2129 (T3 vy — DuToy o), (6.84)

SYMm 7
where |v| = v/vv. In fact, we can ignore the fermionic terms in this action because the eight
fermionic field insertions completely saturate the Grassmann integrations associated with
the four superconformal zero-modes as well as those associated with the four supersymmetric
zero-modes. Moreover, it is not hard to show, after making the identification w.e = pu,
with u € SU(2) (see Section 5.2.3), and with the aid of the fermionic constraints (5.55)
and (5.62), that (T1)? = 4p*flu /s, and similarly (T3)? = 4p°Dv,. The collective coordinate
integration is easily performed using the ‘t Hooft-Bernard measure (2.64) and using the
fact that the Grassmann parameters 5501,2 = 27 and 5501,2 = 27y o correspond to
normalized (superconformal) zero-modes. The result is®

H(v,¥) T g logv . (6.85)
This result agrees with an instanton calculation by Yung [77], which used a very different
approach. In their early investigations of instanton effects in QCD, Callan, Dash and Gross
found that it was possible to describe instanton effects by adding an effective vertex to
the tree level Lagrangian [79]. In the model at hand, Yung employed the constraints of
N = 2 supersymmetry to construct a (one-instanton) effective vertex of this type. It was
then possible to directly extract one-instanton contributions to both leading and higher-

derivative terms in the Wilsonian effective action.

81n the component field expansion of L4-deriv, Only mixed derivatives of H with respect to v and ¥ appear.
As a consequence, the function H can be written in a variety of equivalent ways.
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Note that for N; > 0, the first non-vanishing contribution to H is at the two-instanton
level, due to the same Z, symmetry that forbids all odd-instanton contributions to the

prepotential [17, 18, 45].

6.2.2 Nonperturbative Nonrenormalization Theorems

The Finite N' =2 SU(2) Model

We now prove that all k-instanton contributions to H vanish in N = 2 supersymmetric
SU(2) QCD with N; = 4 massless matter hypermultiplets. As was originally observed in
(42, 45], when the hypermultiplets have zero mass, the k-instanton action associated with
the SU(2) models has the following property: all dependence on v and v can be eliminated

by performing the collective coordinate rescaling

a — aflv|,

M = M5, N =5 NV,
K— K/Vv, K — K/~ . (6.86)

From Egs. (5.124) and (5.123) we find that the effect of this rescaling on the reduced

collective coordinate integration measure is:

d/lg;)ys = iv|4—8k(ﬁ)8k—4(ﬁ)2ka 'dﬂg;)ys _ ‘72—(4—Nf)k_dﬂ§)1lc])ys. (6.87)

From the k-instanton formulae (6.83) and (6.20) we deduce that

y 1
H(v, ) ~ _log¥ F(v ~ (6.88)

k-inst V(4"Nf)’C ’ k-inst \7(4_Nf)k_2

Setting N; = 4, we find that |, ~ log¥. Consequently, the effective component
vertices contained in Ly-geriv (all of which involve differentiating H with respect to both v
and ¥) automatically vanish. We likewise conclude that anti-instanton contributions have
no physical effect on . (Anti-instanton contributions are obtained simply by exchanging v

and ¥.) This confirms the nonperturbative nonrenormalization theorem of Dine and Seiberg

in this model.
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Note that the scaling argument correctly predicts that in the N; = 4 model one has

F k-
does receive contributions from all (even)-instantons. Note further that giving any of the

.. ~ v2. This does not rule out instanton effects and, as we have seen, the prepotential
hypermultiplets a mass spoils the scaling argument, since m; rescales to my/v, and this

rescaled mass can be pulled down from the exponent.

The N =4 SU(2) Model

Next we consider the A/ = 4 theory, described in Section 3.2.2. The k-instanton action and
measure for this model have been constructed, using the ‘SU(2) ~ Sp(1)’ formalism, in
[46, 49]. It suffices to know only a few general properties of the action and measure, and it

is straightforward to phrase these properties in terms of the SU (N) formalism of Chapter 5.

The N = 4 model is constructed by coupling N = 2 supersymmetric pure Yang-Mills
theory to a pair of chiral superfields transforming in the adjoint representation (see Sec-
tion 3.2.2). Associated with these superfields are two adjoint Weyl fermions, x and X.
Accordingly, the the N = 2 superinstanton background (described in Section 5.3) is supple-
mented by 2Nk + 2Nk new fermion zero-modes; these have the same form as the solutions
for the gaugino and Higgsino zero-modes (5.53) and (5.61), but in place of M and N one

has new collective coordinate matrices R and R.

After spontaneous symmetry breakdown of the model, the low-energy dynamics involves
a set of massless fields corresponding to a single N = 4 U(1) multiplet. Concomitantly, the
instanton action is independent of four additional Grassmann collective coordinates [46]: the
‘trace’ components & and & of the matrices R' and R', defined as per Eq. (6.18). These

components correspond to four new supersymmetric zero-modes.

An appropriate Green’s function to consider, whose field insertions saturate all eight &

integrals, is given by
Gz, ..., 8) = (Dalz1) Vs(m2) Ny(ws) Aj(a) X () X3 (w6) X;(27) Xo (ws)) - (6.89)

Using the methods described above, we deduce that the associated effective coupling can be
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written

/ dizg d*6,d*Eod? Ead?Ey Be(v, ) (6.90)
where By, is the k-instanton contribution to what one might call the ‘anteprepotential’ in
analogy to Eq. (6.20): _
Bv,v) = [ dif expl(-SE) (6.91)

Here dﬁgfl)ys is the reduced N = 4 integration measure, which excludes the N’ = 4 superspace
position variables (o, &1, &2, &3, &4)-

Just as for the massless N = 2 models, we can remove all VEV dependence from the
SU(2) instanton action by making the rescalings (6.86) and also [46]
R—=R/VV, R—-R/IV. (6.92)
The effect on the measure is as follows:

A, — [ A = diighy, (6.93)

Fphys
Hence By (v, V) is a constant, independent of v and v.

The action S¥ also possesses the discrete symmetry {M, N, v} < {R,R,¥} [46].
This symmetry, together with the long-distance expressions (6.14) and (6.15) implies that

_ 0
RP@) = V2 Saalmim) 5o + (6:94)
| G o
XP(r) = —iV2 £ Saali o) 5 T (6.95)
Using the long-distance expressions (6.14), (6.15), (6.94) and (6.95) to obtain a k-instanton

expression for G® and comparing with the expression (6.91) for By, we deduce that

O® By,

G8 Ik-inst

Thus all (multi-)instanton contributions to G® vanish, which confirms the prediction of Dine

and Seiberg for the N = 4 theory.
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6.3 Summary

In this chapter we have employed the instanton calculus developed in Chapter 5 in several

ways to investigate instanton effects in supersymmetric SU(N) Yang-Mills theory.

Following the SU(2) analysis of [50], we have derived a closed form expression for the
k-instanton contribution to the prepotential in NV = 2 supersymmetric SU(N) QCD, as
a definite integral over the bosonic and fermionic collective coordinates of the instanton
configuration. This is a solution, in quadratures, of the low-energy dynamics of the Coulomb
branches of the A/ = 2 supersymmetric SU(N) models. It was extracted directly from the
k-instanton expressions for three specific Green’s functions of the low-energy theory, using

the solutions for the long-distance field insertions obtained in [42, 45].

We have also seen that the SU(2) multi-instanton proof of the Matone relation [51, 52, 53]

presented in [50] (see also [54]) straightforwardly generalizes to SU(N).

We have evaluated the one-instanton contribution to the prepotential in N' = 2 su-
persymmetric SU(N) QCD with an arbitrary number of matter hypermultiplets. This
calculation was accomplished using the collective coordinate measure of Section 5.6. We
found that, after exponentiating the d-function constraints in the measure, the collective
coordinate integrations are Gaussian and can be straightforwardly carried out. The diffi-

culty associated with groups space collective coordinate integration that was encountered

in Section 5.6 was completely avoided.

Comparing our complete one-instanton result with the predictions of the proposed hy-
perelliptic curves (21, 22, 38], we have found discrepancies for Ny = 2N — 2 and Ny = 2N
flavours of matter hypermultiplets. For the case of Ny = 2N — 2 flavours, the curve pre-
dictions for the one-instanton contribution to the condensate up = (Tr(A?)) differ from our
result by a constant regular term. So the one-instanton discrepancy discovered by Ito and
Sasakura [58] in the SU(3) model with Ny = 4 flavours is generic. More generally, we expect
that when Ny > N the curve predictions for the instanton contributions to all of the con-
densates u, = (Tr(A™), n=1,2,..., N — 1, are correct only up to regular term shifts; this

reflects an ambiguity in the curve parameterization for this class of models. For Ny < 2N
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the curves can be fixed by making shifts in the quantum moduli u, that parameterize the

curves.

For the finite N > 3 models with N; = 2N flavours, the disagreement between the curve
predictions and the instanton calculus is more difficult to interpret. In analogy with the
SU(2) case, one expects that to resolve the discrepancy, the curve parameter 7 should be
identified with the effective coupling of the low-energy theory on a particular complex line in
moduli space. However, we cannot directly make this identification, since the parameter 7
is a scalar, whereas the effective coupling is an (N —1) x (N —1) matrix. For the special case
N = 3, it turns out that the effective coupling matrix on the complex line is proportional
to its classical form [74]. The proportionality factor gives an effective scalar coupling which
can naturally be identified with the curve parameter. But for N > 3, the effective coupling
on the conformally invariant line is not proportional to its classical form [74], so we do not

have a natural interpretation of the parameter 7 appearing in the curves.

In the same way that we derived a closed form expression for the k-instanton contribution
to the prepotential, we have derived a closed form expression for the k-instanton contribu-
tion to the real function H, which determines the next-to-leading terms in the Wilsonian
effective action in V' = 2 supersymmetric SU(2) Yang-Mills theory. We considered Green’s
functions which required, in addition to the field insertions associated with the long-distance
antifermion fields and the anti-self-dual field strength, insertions associated with the long-
distance fermion fields and self-dual field strength; these were easily extracted from the
solutions of Chapter 5. For the N = 2 supersymmetric QCD model with Ny = 4 flavours
of massless hypermultiplets, we have used a general scaling property of the instanton action
and measure to show that all multi-instanton contributions to the higher-derivatives terms
vanish, thus confirming the nonrenormalization theorem of Dine and Seiberg [27]. Using
the same scaling argument, we have also verified the Dine-Seiberg renormalization theorem

in the A = 4 supersymmetric SU(2) model.



Chapter 7

Conclusions

In this thesis we have investigated instanton effects in supersymmetric SU(N) Yang-Mills
theory. In particular, we have studied instanton effects in the N = 2 supersymmetric models

with N > 2. We have presented two explicit one-instanton calculations that have provided

tests of the exact predictions in these models.

In Chapter 4, we presented a one-instanton calculation of the condensate uz = (TrA®).
In this calculation we faced a (4N — 5)-dimensional integral over group space collective
coordinates which we were not able to solve in the general case. We were nonetheless able
to extract a ‘maximally singular’ part of the complete one-instanton contribution to uz by
following the analysis of Ito and Sasakura. For the models with Ny < 2N—2or Ny = 2N-—3
flavours of fundamental matter hypermultiplets, dimensional considerations show that there
are no additional ‘regular’ terms so that the singular contribution represents the complete
contribution. In these models, we found that the predictions of the hyperelliptic curves

completely agreed with the instanton calculation.

For the particular case of SU(3) we were able to fully determine the one-instanton
contribution to us, for all Ny < 6. We found that none of the proposed hyperelliptic curves
predict the correct values for the regular terms which appear when N; = 3 or Ny = 5.
These discrepancies are similar in nature to the discrepancy found in the SU(2) model with
N; = 3 flavours. They reflect an ambiguity in the parameterization of the hyperelliptic
curves when N; > N; we expect that the predictions of the Ny > N curves for all the

148
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condensates u, = (Tr(A")), n =1,2,..., N — 1, are correct only up to regular terms. The
ambiguity can easily be fixed by reinterpreting the parameters appearing in the curves in
accordance with the instanton predictions. (Essentially one has to make regular term shifts

in the moduli u,.) We demonstrated this explicitly in the SU(3) case.

In Chapter 6 we presented a complete calculation of the one-instanton contribution
to the prepotential in N' = 2 supersymmetric SU(N) QCD with an arbitrary number
of matter hypermultiplets. This calculation was accomplished using the formalism of the
multi-instanton calculus presented in Chapter 5. In particular, we made use of the the
collective coordinate measure of Section 5.6. We found that, after exponentiating the o-
function constraints in the measure, the collective coordinate integrations are Gaussian and
could be straightforwardly carried out. The difficulty associated with group space collective

coordinate integration that one encounters using the standard ‘¢ Hooft-Bernard measure

was completely avoided.

Comparing our complete one-instanton result with the predictions of the proposed hy-
perelliptic curves, we observed discrepancies for Ny = 2N — 2 and N; = 2N flavours of
matter hypermultiplets. For the case of Ny = 2N — 2 flavours, the curve predictions for
the one-instanton contribution to the condensate uy = (Tr(A?)) differ from our result by a
constant regular term. This result is not unexpected; it reflects the general parameteriza-
tion ambiguity associated with the moduli u, when Ny > N. For the finite models with
N; = 2N flavours, the predictions of the curves for the one-instanton contribution to the
prepotential differ from our calculated expression by a regular term that is quadratic in the
VEV’s. It is unclear how to interpret this discrepancy. The similar discrepancy found in
the SU(2) model with four fundamental fermions was resolved by identifying the parameter
7 appearing in the Seiberg-Witten curve with the effective coupling of the massless low-
energy theory. However, for general N > 2, the effective coupling of the low-energy theory
isan (VN —1) x (N — 1) matrix, in contrast to the parameter appearing in the hyperelliptic
curves, which is a scalar. For the special case N = 3, it turns out that there is a complex
line in moduli space on which the low-energy effective coupling matrix is proportional to
its classical form. Consequently, it is possible to identify the curve parameter 7 with the

associated proportionality factor. However, for N > 3 there is no region of moduli space
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where the effective coupling is proportional to its classical form, so we do not have a natural

interpretation of the parameter 7.

In conclusion, our one-instanton calculations have provided important tests of the exact
solutions predicted for A = 2 supersymmetric SU(N) Yang-Mills theory. In most cases, our
calculations completely agree with the exact results. For Ny > N we have detected minor
discrepancies associated with the condensates u,; these can easily be resolved by reinterpret-
ing the corresponding parameters in the hyperelliptic curves. For the finite N; = 2N models
there is a more serious discrepancy associated with the prepotential and in the general case

it is unclear how this discrepancy can be resolved.

An important part of this thesis was devoted to the construction of a multi-instanton
calculus for supersymmetric U(N) or SU(N) Yang-Mills theory. The calculus is based on the
multi-instanton solution of Atiyah, Drinfeld, Hitchin and Manin and naturally incorporates
supersymmetry. Following the SU(2) analysis of Dorey, Khoze and Mattis, we obtained
the solutions comprising the super-multi-instanton background and derived the associated

action and collective coordinate measure for ' =1 and N = 2 supersymmetric models.

Our calculus has enabled us not only to perform a complete one-instanton calculation
in N = 2 supersymmetric SU(N) Yang-Mills theory, but also to obtain results at arbitrary
k-instanton levels. In Chapter 6 we presented a closed form expression for the k-instanton
contribution to the prepotential in N/ = 2 supersymmetric SU(N) QCD, as a definite
integral over the bosonic and fermionic collective coordinates of the instanton configuration.
This expression represents a solution, in quadratures, of the low-energy physics on the
Coulomb branches of the NV = 2 supersymmetric SU(N) models. We were also able to
verify the SU(N) version of the Matone relation, at all k-instanton levels, by a simple

generalization of the analysis of Dorey, Khoze and Mattis.

In a separate investigation in Chapter 6, we employed our calculus to investigate higher-
derivative terms in the Wilsonian effective actions of supersymmetric SU(2) models. We
derived a closed form expression for the k-instanton contribution to the real function #,
which determines the next-to-leading terms in the Wilsonian effective action in A” = 2 super-

symmetric SU(2) Yang-Mills theory. Using a scaling property of the SU(2) multi-instanton
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action and measure we showed that, in the finite SU(2) models, all multi-instanton con-
tributions to the higher-derivatives terms vanish. This result confirms the nonperturbative

nonrenormalization theorem of Dine and Seiberg.

There is much scope for further research into instanton effects in supersymmetric SU(N)
Yang-Mills theory. It would desirable to extend the instanton tests of the exact results to
higher multi-instanton levels. We would particularly like to perform further calculations
in those models in which discrepancies have been observed. More generally, we envisage
employing our multi-instanton calculus, whose development was stimulated by the exact
results in A = 2 supersymmetric SU(N) Yang-Mills theory, to investigate models for which

exact solutions have not been predicted.



Appendix A

Conventions

Throughout Chapters 3, 5 and 6 we work in Minkowski space and utilize the conventions of

Wess and Bagger [25]. In particular, this means that the metric is

Nmn = diag(=1,1,1,1).

SU(N) Yang-Mills Theory

We choose a Hermitian basis of generators T¢, that satisfy

[Ta7 Tb:l = ifabcTCa
1

Tr (T°T%) = =6%

I ( ) 2 ’

where a = 1,..., N? — 1. For the first three values of g, it is convenient to specify

irv 0
=17 =1,2,
r=(30)  @=129
where the 7¢ are the Pauli matrices.
The gauge field is denoted by
U, = U T

152

(A1)

(A.6)
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In the fundamental representation, the covariant derivative reads
Dy = Oy — 19U, (A7)
This entails a field strength

Umn — ;[Dm, Dn] = 8m'Un - anvm - ig[vm; vn]- (A8)

Spinor Conventions

A left-handed Weyl spinor, transforming under the (4,0) representation of the Lorentz
group, is given by v,. Its conjugate Y% is a right-handed Weyl spinor, transforming under

the (0, 4) representation. The indices on these objects may be raised or lowered using the

)32

antisymmetric tensors

&8 0 -1 0 1
€aﬁ-——6ﬂ:<1 0 ), 6a5:6dﬁ=<__1 0)- (A.9)

We define the contraction of two Weyl spinors according to the rules [25]
XU = X%, XU = Xa¥® (A.10)
The massless Dirac equations for Weyl spinors are
Py =6™Dyyp =0, P = 0™ Dpib = 0, (A.11)

where [25]
om = (1,7, "o = (-1,-77). (A.12)

ac

The sigma matrices are related by

5m B8 (A.13)

m — .
Tog = €aBap?

We can form a Dirac spinor, ¥, from two Weyl spinors, 1, and %%, by writing

w:(ﬁ;). (A.14)
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The y-matrices are then represented as

m 0 o™ A 1z
A = ( smog > , (A.15)
We refer the reader to Appendix A of [25] for many useful identities involving the spinor

objects defined above.

Continuation to Euclidean Space

In Chapters 2 and 4 we work in Euclidean space. Here we present our conventions for the
continuation from Minkowski space to Euclidean space. Note that to label tensor indices in
Euclidean space we use the Greek symbols f, v, etc., in place of the letters m, n, etc., that
are used in Minkowski space. The Euclidean space indices run from one to four instead of
from zero to three. Also, in Euclidean space we denote the gauge potential by the standard

‘A,’, in place of the Minkowski space ‘v,,’ of Wess and Bagger.

First, we convert to the Minkowski metric 7, = diag(1, -1, -1, —1) by multiplying each
tensor object by (—1)? where p is the number of raised Lorentz indices. Our continuation
from Minkowski space to Euclidean space now closely follows the procedure given in [7]. We

rotate the time coordinate and its derivative according to
2 — —izt, Oy — 104 (A.16)

The space coordinates z' (i = 1,2, 3) are identical in Minkowski and Euclidean space. To

continue the gauge potential v,,, we write
Vo — 'iA4, v — A, (Al?)

We continue the covariant derivative and the field strength according to

A8

—~
~—

D() — iD4, Dz — Di,
Voi — ’iF4i, Vi — EJ (Alg)
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This ensures that their usual forms are preserved,

D, = 8,—igA, (A:20)
Fo = 8,4, —0,A, —iglA,, A). (A.21)

To continue fermionic terms in the action, we define Euclidean space y-matrices as

follows,
6/4 = o, (AQ?)
Y = i (A.23)
The 4, satisty a Euclidean space Clifford algebra,
{;)’u; ’AYV} = 26;1.11- (A24)
From the Weyl representation of the the y-matrices, Eq. (A.15), we deduce that
Omaa — Cuas = (1T, 1), (A.25)
gie - & = (—ir’,1). (A.26)

Notation of 't Hooft [3]

The matrices e, and €, given in Egs. (A.25) and (A.26) can be used to define ’t Hooft’s
n-symbols,
ey = 5,w+inz,,r“, (A.27)
Gy = O+l (A.28)

These objects are respectively self-dual and anti-self-dual,

1

772,/ = §€uup,\77;>\, (.‘\29)
_ 1 _
7721/ = _éf,uup/\ng,\; (A30)

where €1934 — 1.
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The one-instanton small-fluctuations determinants derived by 't Hooft contain the fol-

lowing functions of isospin:

2
C) = stE+1)(+1) (A.31)
(1) = c@ 28— Sin2 1—1t(t+1)+12§ 2 +1-5)(s—t—=)In

o = 510 576 25215 s)|s 5 s,

(A.32)
where
In 27 + vg 1 Ins

= 4 — — ~2(.249. A.

R s Y 0249 (A.33)

s=1



Appendix B

Proof of the Topological Charge
Formula

In this appendix we prove the topological charge formula,

2
_ 9 4 %
k= 672 /d zTr (FM,,F#,,) . (B.l)

We take the gauge group to be SU(2), although the formula (B.1) holds in the general case,
provided the group generators are normalized appropriately. (Throughout this thesis our

conventions ensure this for the group SU(N).)

The first step consists of rewriting the integral over space-time as an integral over the

3-sphere at infinity. We define a current

2 21
K, = 8—97T—2€,WTr <Aua,,AA - —?)QA,,A,,AA> , (B.2)
whose divergence identically satisfies
2
- _ 9 -
0K, = 15T (F,WF,W) . (B.3)
It follows from Stokes’ theorem that
k :f{ dS,K,. (B.4)
g3

oo
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Next we input information about the large-distance behaviour of finite action field con-

figurations. In the large-distance limit, the field strength vanishes (see Eq. (2.2)), so that

éu,,p,\apA)\ = z'geu,,p,\A,,A,\. (BS)
Consequently, we have
;43
. tg
Ia;l|l_l’)l'loo Kll = 2—47T—2€/1,Vp/\TI' (AUApx4)\) . (B6)

Using the asymptotic form of the gauge potential, Eq. (2.3), we can now write (B.4) as

1

k =
2472

}[ S, Tr (UB,UTTU,U'UGU) . (B.7)
%

It is convenient to deform the integration surface into a large hypercube, with faces at
z; = £00, so that (B.7) can be expressed in terms of Cartesian coordinates. We obtain

1
2472

k / 2102507 3€1mn Tr (UOUUOUTUSU ) + .., (B.8)
rq4=-+00

where the dots represent similar contributions from the other seven faces of the hypercube.
Now let us define parameters (£, &, &) which act as coordinates for the matrix U in group
space. The Cartesian coordinates on the surface of the hypercube implicitly depend on
these parameters. Upon changing integration variables we get

k
k= 2472

0 0 0
d&désdEs€pmn T U—UblU——U_lU——UA). B.9
/SU(Q) Suladsa r( 9 m 3 (B9)

The form of the integral is invariant under the change of variables because the Jacobian
determinant cancels with the determinant that appears when the Cartesian derivatives 0;
are written in terms of the §/0¢;. However, there is a significant difference between the
integrals (B.8) and (B.9). In (B.8), if we integrate over the hypersurface once then the
SU(2) group space is covered precisely k times. On the other hand, in (B.9), the integration
variables are in one to one correspondence with the group matrices U. The appearance of

the factor k in front of the integral (B.9) is precisely what is needed to account for this

difference when we change from the z; to the & variables.

The integral over the & in Eq. (B.9) is in fact an invariant measure taken over group

space. It gives a constant factor representing the volume of the group SU (2). To complete
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the proof of Eq. (B.1) we need to show that this volume factor is exactly 2472, We shall do
this indirectly, by evaluating the right hand side of Eq. (B.7) for a specific function U that
manifestly has topological charge equal to unity. This function is '

T, e
U= (B.10)

After substituting into Eq. (B.7) we get, after a little algebra,

1 1
ko= —— .12 [ dS,—
94n? /S“|x|4$“

= 1



Appendix C

Supersymmetry Transformations

In this appendix we list supersymmetry transformation laws for the A" = 1 vector multiplet

V = (Um, ), D) and the N = 1 adjoint chiral multiplet ® = (4, %, F).

N =1 Transformation Laws

We first consider the action of the supersymmetry operator 6; = £1Q1+£,0Q; in Wess-Zumino

gauge. For the AV = 1 vector multiplet we have

U™ = 60N+ 16, (C.1)
SN = =60V + 16D, (C.2)
SN = —E5™vy, — 16D, (C.3)
0D = —-HPA+EDA (C.4)

The transformation rules for the N' = 1 adjoint chiral multiplet (and its Hermitian conju-

gate) are
LA = V26, (C3)
S = —V2E PA+VUF, (C.6)
51};1 = \/Z;zglﬁw—Zzgf—l[/_\,A], (C7)
CslAJf = \/igﬂﬁ: (0-8)
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5 = —V2ig PAT+ V26 FT, (C.9)
S FY = V2ug Py + 2096 AT N (C.10)

N = 2 Transformation Laws

Next we consider the action of the supersymmetry operator 6, = &Q + &@Q2 in Wess-
Zumino gauge. Together V = (v, A, D) and ® = (A, ¢, F) form an N = 2 vector multiplet

which transforms as follows,
(SQUm = zfgamzﬁ + 7;525_m¢’ (C
S A = V2 PA— V26,F, (C.12
A = V2GPA - V25F, (C
06D = —&LDY+E&EPY, (C

A = —V286), (C.15)
Sotp = —E&,0 ™ Uy + i€ D, (C.16)
6. F = —V2i& P+ 2ig&s[A, ), (C.17)
AN = —V286), (C.18)
St = =& ™V — 1&2D, (C.19)
S FT = =2 P + 2ig& AT, o). (C.20)



Appendix D

Cluster Decomposition

In this appendix we demonstrate the clustering property of the SU(/NV) k-instanton measures
constructed in Section 5.6. We proceed along the lines of [49]. The matrix o’ is understood
to be a k x k matrix with 2 x 2 quaternion-like entries, a;; = (a;,)s; 0™. In the limit of large
separation, the space-time positions of the k individual instantons making up the k-instanton
configuration may be identified with the k diagonal elements aj; [61]. In accordance with the
property of cluster decomposition, when we take a single diagonal element, say ., to be

large, the measure should factor into the product of a one-instanton and a (k — 1)-instanton

measure.

Where the unidentified k-instanton measure du(®) is concerned, it is important to under-

stand cluster decomposition as a U (k) invariant effect. We therefore take the aj,-dependent

submatrix of a’,

0
: 0.1 -
ho= a0 (D.1)
0
1
and act on it with the residual U(k) ADHM symmetry (5.30)
h = ghg. (D.2)

There is a U(k — 1) x U(1) subgroup of U(k) that leaves h invariant, so that in fact g is
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restricted to the coset U(k)/(U(k — 1) x U(1)). Choosing the parameterization

o .- 0 —Q
= ex : , D.3
g P o - 0 — 1 (D-3)
Qg Og—1k 0
where the ;) are complex numbers, the action of this coset on h is given by
0\ (0,---,0,1) 0\ (0,---,0,1)
i | ¢ — dudt| g
1 1
0 T 0 (0317
S I | 4 0flaP) (D)
0 . 0 Qk—1k
Qg Ok 1

The second line gives the infinitesimal action of the coset U(k)/(U(k — 1) x U(1)) on the

matrix h.

With the transformation (D.4) in mind, we can now consider the large |aj,| limit of the

unidentified measure in a meaningful way. The clustering condition should take the form
dp® IS g 1) g () 5 gg2E (D.5)

where dS2*=1) is just the Haar measure for the coset U(k)/(U(k—1) x U(1)). We note here

the result [80] that for infinitesimal cv,

k-1
dSQ(k_l) = HdQCYik. (D6)
=1

To proceed, it is first convenient to make the following change of variables:
a;k = a';ck dik; 1 < 1 < k—1. (DT)
Tt is also useful to split & into a scalar (S) part and a non-scalar (NS) part:

~ _ S ~ANS ~S (AN, 0 ANS
Gip = G +a , Gy, = (Go)ik 0, gy =

E

(dm)ik O'm . (DS)
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As far as the measure is concerned, the change of variables has the effect

k-1 k—1
[T e = et [Tl eas e, 09)
=1 i=1

The &° variables can now be identified with the infinitesimal group transformation param-
eters . Then, using Eq (D.6) above, we straightforwardly extract the expected group

integration factor, dS?*~1 from the measure.

We now examine the é-function constraints in the clustering limit. We first examine
the N = 1 measure, given by Eq. (5.113). Ignoring the infinitesimals a°, the d-function

constraint on purely bosonic collective coordinates, Eq. (5.118), can be written as

3

H §*) (Ltr, 7%(aa))
c=1
3 k-1 k-1
= H H 5 (%tIQ 7 ((ww)ik + Z Gt g 5 — lajyl’ d?xf))
c=11=1 J=1

3 —
X H [Hé (%tr2 T°¢ ((C:L )ii Iakk|2 G ai?f } !H5 tr2 (aa) |a‘kk'2 ay aﬁf))

1<J
X Hé ( try T ( W)k — | Z&Z]S ;’,f)) : (D.10)

Here d is the matrix left behind when a has its last row and column removed. The é-functions
comprising the first line on the right-hand side of this equation saturate the integration over
the 4™ variables in Eq. (D.9). The effect of this integration is two-fold. First, it introduces
a factor |al,| ">~ into the measure. Second, it requires the replacement of aj’ in the
other §-functions with an O(1/|a},|?) quantity. Consequently, in the limit |aj,| — oo, the
§-functions on the second and third lines become just the constraints that appear in the

(k — 1)-instanton and the one-instanton measure respectively.

Turning to the second, fermionic, ¢-function constraint in the N = 1 measure, we see

that it similarly factorizes into three pieces:
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5 (Ma +aM)

k—1 k—1
= H5(4) ((ﬂw + W)k +Z gy My + M aj, a3%) — @3y agy Ml + M, a‘kk)
. =
k-1 _
x [T16@ ((Ma+am) +.. } [ 5 < Ma +aM +>J
10 (o), )| [T (e 1),
x 0@ ((aw + Tp)ek + - - ) - (D.11)

Here M is the matrix left behind when M has its last row and column removed. The first
J-function factor above saturates the integration over the Grassmann collective coordinates

' (i=1,...,k—1). In performing this integration, a factor |aj,|**~" is introduced into
the measure. This exactly cancels the factors that appeared earlier. Further, in the large
|aj,] limit, the omitted terms in the arguments of the second and third é-function factors
in Eq. (D.11) vanish, and we are left with precisely the fermionic constraints that appear
in dp®~1 and du respectively. Since the numerical prefactor C¥F also factorizes correctly,
this completes the proof of the clustering property, Eq. (D.5), for the /' = 1 k-instanton

measure (5.113).

In the case of the N' = 2 measure, Eq. (5.124), there are two further J-function con-
straints to consider. The J-function associated with the Higgsino collective coordinates can
be factorized in exactly the same way as the gaugino d-function in Eq. (D.11). The inte-
gration over the N}, (i =1,...,k — 1) yields a Jacobian factor |a,|**~?) and leaves, in the
large |aj,| limit, the required one-instanton and (k — 1)-instanton constraints. As for the

§-function associated with the Higgs collective coordinate matrix Ay, we can write:

FU(L - Ay — A —Ag) = CED (g 2 A, +...)
)DL Ay — A = Ap+...)
Xé(l) (trQ (ww)kk(Atot)kk - Akk — (Af)kk + .. ) (Dl?)

where I:, ./itot, A and A 7 are constructed using the truncated collective coordinate matrices
a, M and N. The omitted terms are subleading in |aj,|. After integrating over (A )i for

i=1,...,k—1, we get a Jacobian factor |a},|**~Y), which cancels the previous factor, and
the one-instanton and (k — 1)-instanton constraints remain. This confirms the clustering

property (D.5) for the N = 2 measure (5.124).
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