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Abstract.

Twistor Theory of Immersions of Surfaces

in Four-dimensional Spheres and Hyperbolic Spaces

Helen Linda Fawley

Let f: S — S* be an immersion of a Riemann surface in the 4-splllere. The thesis
begins with a study of the adapted moving frame of f in order to produce conditions
for certain naturally defined lifts to SO(5)/U(2) and SO(5)/T? to be conformal, har-
monic and holomorphic with respect to two different but naturally occuring almost
complex structures. This approach brings together the results of a number of authors
regarding lifts of conformal, minimal immersions including the link with solutions of

the Toda equations. Moreover it is shown that parallel mean curvature immersions

have harmonic lifts into SO(5)/U(2).

A certain natural lift of f into CP?, the twistor space of S, is studied more care-
fully via an explicit description and in the case of f being a conformal immersion this
gives a beautiful and simple formula for the lift in terms of a stereographic co-ordinate
associated to f. This involves establishing explicitly the two-to-one correspondence
between elements of the matrix groups Sp(2) and SO(5) and working with quater-
nions. The formula enables properties of such lifts to be explored and in particular
it is shown that the harmonic sequence of a harmonic lift is either finite or satisfies a

certain symmetry property. Uniqueness properties of harmonic lifts are also proved.

Finally, the ideas are extended to the hyperbolic space H* and after an exposition of
the twistor fibration for this case, a method for constructing superminimal immersions

of surfaces into H* from those in S* is given.
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CHAPTER 1

Introduction

The recent intensive investigation of minimal immersions of surfaces in spheres was
initiated by the work of Calabi in the late 1960’s [13]. He studied minimal immersions
of the 2-sphere in S?™ by associating to each immersion a holomorphic curve in the
homogeneous Kahler manifold SO(2m + 1)/U(m). Using complex analysis on these
holomorphic curves gives rise to a complete classification of all minimal 2-spheres in
an n-sphere in terms of holomorphic 2-spheres in complex projective space. Calabi

was also able to produce a formula for the area of such minimal surfaces.

This work was extended by Chern [14, 15], who associated to a minimal immersion
f: 5% — 8% a holomorphic curve ® : S* — CP?™ called the directrix curve. This
curve is rational and real isotropic. He exploited properties of this curve to study
minimal immersions of S% in S* and spaces of constant curvature in general. Using
these ideas, Barbosa [2](1975) was able to improve Calabi’s result to show that the
area of f is a multiple of 47 and together with invariants of the directrix curve this
gave rise to examples with a prescribed area. Barbosa also obtained a rigidity theorem
showing that isometric minimal immersions fy, f; : S* — S?™ differ by a rigid motion

of the ambient space 52™.

Throughout the 1980’s a number of mathematicians and physicists worked more gen-

erally on a similar analysis of harmonic maps (branched minimal immersions) of



1. INTRODUCTION
surfaces into Riemannian symmetric spaces. In each case, this was done by associ-
ating to each harmonic map a holomorphic curve in a suitable homogeneous Kahler
manifold, and progress was made on harmonic maps of S? into CP" (Eells-Wood)
[18], cornplex Grassmannians (Wolfson) [30]. This was later extended by Uhlenbeck
through the study of harmonic 2-spheres in U(n) and compact Lie Groups in general

[28].

By studying almost complex curves in 6 and associated holomorphic maps into the
complex hyperquadric @5, Bryant [10] showed that every Riemann surface occurs as
a minimal surface in S® (with a finite number of branch points). Further, by applying
Calabi’s techniques to the twistor fibration 7 : CP® — S* he was able to prove that
any compact Riemann surface may be conformally and harmonically immersed in
the 4-sphere [11]. The proof of this result has two important components: first of
all, for a Riemann surface M?%, one shows that if ¢ : M? — CP? is a horizontal,
holomorphic curve then 7¢ : M? — S* is a superminimal immersion and conversely,
every superminimal immersion & : M? — 5% is of the form 7 ¢ where ¢ is an essentially
unique horizontal, holomorphic curve in CP®. Bryant then derives a ‘Weierstrass’
formula showing how to produce ¢(f, g) from any pair of meromorphic functions (f, g)

on M?, to conclude that 7é(f,g) is conformal and minimal (indeed superminimal).

A useful and powerful tool in the study of harmonic maps into CP™ is the harmonic
sequence of harmonic maps derived in a particular way from the given one. Wolfson
introduced this concept in his study of harmonic maps into complex Grassmannians,
but the original idea goes back to Laplace. For a Riemann surface M, the harmonic
sequence of a harmonic map ¢ : M — CP" neatly characterises the properties of that
map, and this approach includes the case of harmonic maps into S™ via stereographic
projection to RP™ and inclusion in CP™. For conformal minimal immersions of 52

into CP™ the harmonic sequence is finite and is essentially the Frenet frame of an



1. INTRODUCTION
associated holomorphic curve. In the case of minimal immersions of S? into S™, this

curve is the directrix curve discussed above. This approach features strongly in the

work of Bolton and Woodward [4, 5, 6, 8].

Eells and Salamon [17] (1984) studied conformal and harmonic maps of a Riemann
surface M into an oriented Riemannian 4-manifold N via the twistor space of N. In-
stead of considering the natural almost complex structure J; (integrable if N is £-self-
dual) they used a different (never integrable) almost complex structure J, obtained
from J; by reversing the orientation along the fibres. This provided a parametrisation
of conformal and harmonic maps and showed that there is a bijective correspondence
between such maps and (non-vertical) Jy-holomorphic curves ¢ : M — Si, where
Sy are fibre bundles over N of unit eigenvectors of the Hodge *-operator acting on
A?TN. This gives a twistorial description for all conformal and harmonic maps into
N* and leads to the distinguishing of special classes. ‘Although the Jy-holomorphic
curves are somewhat more difficult to deal with, this approach encompasses many
of the previous results. For example, if ¢ is Ji- and Jy-holomorphic then it is hori-
zontal and projects to a real isotropic harmonic map, such as Bryant’s superminimal
immersions mentioned above. Further, Eells and Salamon used the twistor bundle

CP® — S$* to produce examples of harmonic maps into CP°.

Much of the above work has been unified in the monograph of Burstall and Rawnsley
[12], who study harmonic maps of S? into an inner symmetric space N. It is shown
that such maps correspond to holomorphic curves in a certain flag manifold which is
holomorphically embedded in the twistor space of N and this enables stable harmonic

2-spheres to be completely classified.

The connection between harmonic maps of surfaces into CP™ and 5™ and solutions of
the Toda equations has been the subject of increasing attention since a Lie algebra

formulation of the Toda equations was given almost simultaneously by Adler, Kostant

10



1. INTRODUCTION
and Symes in the late 1970s [1, 24, 27]. They showed that for each simple Lie algebra
there is a corresponding Toda system and that knowing the solutions of this system
1s equivalent to knowing the weight structure of the fundamental representations of
the Lie algebra. Two particular forms of the Toda equations, open and affine, can
be formulated for each Lie algebra and the solutions to both may be interpreted in
terms of special types of harmonic maps into G/T. These have been investigated and
classified by Bolton, Pedit and Woodward [5, 9]. This theory forms part of a larger
programme to study the relation between integrable systems and harmonic maps into

symmetric and related spaces (see for example [20]).

This thesis is one step on the way to a unified description of these ideas and includes

extensions to immersions other than minimal ones into S*. The work is organised as

follows:

Chapter 2 gathers some background material on defining natural lifts of immersions
f: S — S* the relevant harmonic sequence theory and some remarks on complex
curves. Chapter 3 defines lifts of f to the homogeneous spaces SO(5)/K in terms of
the adapted moving frame of f. This approach enables the lifts and their properties
to be studied in a unified way and conditions for such lifts to be conformal and to be
harmonic are derived. For K = U(2), this gives rise to holomorphicity results and in
particular two theorems of Eells-Salamon are proved directly. For K = T, it is shown
that this framework is an excellent one in which to see the link between harmonic
maps f and solutions of the so(5)-Toda equations. Further the lift of an immersion

with parallel mean curvature in S* into SO(5)/U(2) is shown to be harmonic.

In chapter 4, twistor lifts of f to CP? are studied and an explicit formula for the lift is
produced, which has a simple form in the case where f is conformal. This is achieved
using the twistor fibration 7 : CP? — S, finding the correspondence between Sp(2)
and SO(5), identifying CP® = Sp(2)/U(1) x Sp(1) and working with quaternions.

11



1. INTRODUCTION
Chapter 5 uses the formula for the lift to examine some properties of lifts of conformal
immersions. Some examples are given which demonstrate the equivariance of the
lifts and the condition for harmonicity is derived. Holomorphic lifts are studied and
found to be unique and harmonic lifts which are not holomorphic are found to have
harmonic sequences with a particular symmetry property. In particular this shows
that all conformal harmonic lifts are either superminimal or superconformal maps
into CP3. The ‘positive’ and ‘negative’ lifts of [17] are easily seen using the methods

of chapter 4.

In chapter 6, these ideas are extended to immersions of surfaces into H*, a four-
dimensional hyperbolic space. It is shown that there is an entirely analogous de-
scription of the twistor fibration for H* and the lifts into the homogeneous spaces
of SO(1,4) to that of the S*-case. Further, superminimal immersions in H* may be
constructed from those in S* via a ‘twistor transform’ and an algorithm analogous to

that of Bryant.

Finally, Chapter 7 is an appendix which contains the conventions regarding the

quaternions, H" and the groups Sp(n) used in the thesis.

12



CHAPTER 2
Background Material

This chapter sets out the background material which will be required in the sequel.
For a Riemann surface S, section 2.1 gives the natural way in which lifts of immersions
f:S — S* to homogeneous spaces SO(5)/K are described in terms of the adapted
frame associated to f, the spaces SO(5)/K being viewed as different generalised
flag manifolds. The equivariance of such lifts under the actions of isometries and
conformal transformations is discussed in section 2.1.2. The definition of a harmonic
map appears in section 2.2 and in more detail in 2.2.1. The theory of harmonic
sequences is given briefly in 2.2.2 and contains many definitions and results which
will be required in the later chapters. Section 2.3 discusses J;- and J;-holomorphic

curves and in particular shows how to recognise such curves in CP®. Let us begin

with the following definition:

Definition 2.1. A differentiable mapping f of a manifold M into another manifold

N s called an immersion if df, : T,M — Ty, N is injective for every point p of M.

2.1. Lifts of Immersions f: S — S*

2.1.1. Flag Manifolds. At each point p € S, the tangent bundle to S* restricted
to S (considered at the point p) splits as

Ti)S* = Tp5 & NpS

13




2. BACKGROUND MATERIAL

where 7,5 is the tangent space and N,S the normal space to S in S* and both T},S

and N, S are 2-planes. Since f is normal to S* in R® we write
R® = {f(p)} ®T,5 ®N,S

where {f} is the line in R® determined by f.

Now choose oriented orthonormal bases ey, ey for 7,5 and ez, eq for N,S so that

e1, €y, €3, €4 gives the standard orientation on S*, i.e.
R® = {f} @ span{e;, e;} B span{es,es}.
Thus given any f: S — S*, there is an adapted orthonormal frame
F=(fle|ex]es|es)€SO5)

and this frame defines a local lift of f to SO(5). In general, the frame cannot be
chosen globally since a basis has been nominated on each of the 2-planes T'S and NS.
However, the frame F' is unique up to rotations in these planes, giving a global lift
of f into SO(5)/T?. Hence, there is a naturally defined global lift of f into each of
the homogeneous spaces SO(5)/ K, where K C SO(5) is a subgroup of maximal rank.
This means that K is one of 7%, U(2),S0(2) x SO(3),S0(4). For any such K, the
inclusion T C K induces a projection ox : SO(5)/T% — SO(5)/K. Thus given a lift
f: 8 — SO(5)/T?* we have a map f = oxf : S — SO(5)/K. Also, SO(5)/K for
K = T?, S0(2) x SO(3) or U(2) is a complex manifold and o is complex analytic
for K = SO(2) x SO(3) or U(2) (see [23]).

The homogeneous spaces SO(5)/ K may be identified as different types of generalised
flag manifolds. Their elements are given in terms of different descriptions of R® as
orthogonal direct sum decompositions of oriented subspaces. In each case SO(5) acts

on the flags and K is the stabiliser of a typical flag.
14




2. BACKGROUND MATERIAL -
For example, in the case of SO(5)/T? the elements are direct sums of oriented sub-
spaces

RE=LaV, @V, dimL =1, dmV,i=2 (i=1,2)

with the orientation induced on R by those on L, V; and V; agreeing with the standard

one. For SO(5)/U(2) the decompositions are of the form
R°=LaV, dimL =1, dimV =4

with V having an orthogonal complex structure compatible with the metric and ori-
entation. This is a particularly interesting case since, as will be shown in Chapter 4,
SO(5)/U(2) may be identified with the total space of the bundle of orthogonal almost
complex structures on S* and also with the space of maximal isotropic subspaces of

C (see [2]).
For SO(5)/SO(2) x SO(3) the decompositions are of the form
RP=WeoWH*, dimW = 2.

Finally, for SO(5)/SO(4) the decompositions are of the form

R°=L®V, dimL =1, dmV =4
and SO(5)/SO(4) = S*.
Note that the projection maps ocx may now be understood in terms of ‘forgetting’
certain properties. For example, if (L,V4,V,) € SO(5)/T? then both Vi and V,
have a natural orthogonal complex structure and hence so does V = V; @ V5. The

projection oy : SO(5)/T? — SO(5)/U(2) sending (L, V1, V3) to (L, V) “forgets’ the

decomposition of V.

From the discussion above it is now clear how the lifts may be identified. For f:8—
SO(5)/T? we have

F(p) = (1f(2)}, T(S), No(S))
15



2. BACKGROUND MATERIAL
and the others can be immediately written down from this. In particular note that
the map g : S — SO(5)/50(2) x SO(3) which is given by g(p) = (T,(S), Tp(S)*) is

just the Gauss map of f: 5 — S

Since Sp(2) is the universal cover of SO(5), the above discussion may be rewritten
in terms of homogeneous spaces of Sp(2). In particular, it will be shown in Chap-
ter 4 that SO(5)/U(2) = Sp(2)/U(1) x Sp(1) and it is also not hard to show that
SO(5)/T* = Sp(2)/T? and SO(5)/SO(4) = Sp(2)/Sp(1) x Sp(1).

There are a number of different ways of describing these lifts, and in the sequel,
Chapter 3 will consider the description in terms of the moving frame while Chapter

4 will focus on the use of quaternions in determining an explicit formula for the lift.

2.1.2. Equivariance of Lifts. The group SO(5) acts on R® and hence on S* as
a group of isometries. Also ([7]) SO(5) acts on CP® as the group of holomorphic

isometries which preserve the horizontal distribution.

Let f:S — S*and let f denote the lift of f to SO(5)/T?. Suppose g € SO(5) and
look at the lift of gf. This is the flag given by

({gf} @ TS & N¥/5)

where 7975 @ N9/ S denotes the decomposition of (gf)~1T'S* with respect to the map

gf. But this is just g applied to the flag
{f}oT/S® N’S)

or, in other words, ¢ f. So the new lift is obtained by applying g to the original lift

and this is expressed neatly as gf = gf for g € SO(5).

Now suppose that there exists an isometry A of S such that f(h(p)) = gf(p) for
g € SO(5). Then gf = gf implies that the same symmetry is exhibited by the lift
16
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and vice-versa. For example, f has a 2-fold symmetry if and only if f has a 2-fold
symmetry. Examples of immersions and their lifts which have SO(3)-symmetry and

which have S'-symmetry are given in Chapter 5.
Now, the group SO(1,n) is defined as
SO(1,n) ={A € GL(n+1,R) | AL ,A=1,,}

-1
where [, = . It is the conformal group of ™!, taking (n — 2)-spheres

I
to (n — 2)-spheres. SO(1,n) acts as

t vt 1
)
ul A x
where t € R, z,u,v € R", taking
Az +u
T :
v.x+1

This is a conformal transformation and all conformal transformations are of this form.

[26]

If ¢ € SO(1,5) then it is again the case that gf = gf ie. applying a conformal
transformation and then lifting gives the same result as applying the conformal trans-

formation to the lift.

2.2. Harmonic Maps and Minimal Immersions

Consider a smooth map ¢ : M — N between the manifolds M and N and suppose

M is compact. There are two interesting variational problems for such maps:

(1) If (N, h) is a Riemannian manifold with metric & then under each immersion
#, M inherits a metric ¢*h and we ask when M is a minimal submanifold of N

17



2. BACKGROUND MATERIAL
- that is, when ¢ is a minimal immersion. This is the case when ¢ is a critical
point of
Vig)= [ av(sh)
(dV(¢*h) is the volume element for ¢*h) for which the condition is given by
the Euler-Lagrange equations, trace(II(¢)) = 0.
(2) If M and N are each equipped with their own metric, we can ask when ¢ is a
harmonic map between these Riemannian manifolds. This is the case when ¢

is a critical point of the energy functional

E($) = /M |dg|2dvolys.

The condition is again given by the Euler-Lagrange equations, which are equiv-

alent to traceVde = 0.

These questions are about two quite different properties of ¢. However, if ¢ : (M, g) —
(N, h) is an isometric immersion then ¢ is harmonic if and only if it is minimal [16].

Moreover, if dim M = 2 and ¢ is a conformal immersion then ¢ is harmonic if and

only if it is minimal [8].

2.2.1. Understanding Vd¢. Suppose ¢ : M — N is a smooth map between
Riemannian manifolds, so that ¢ is harmonic if and only if traceVd¢ = 0. Now,

Vd¢ : TM @ TM — TN with
(VdB)(X,Y) = (xdp)Y,  X,Y € TM

and ¥ represents the connection on the bundle Hom(T'M, ¢*T N). The differential d¢
may be thought of as a section of this bundle and since there are connections on 7'M

and ¢*T'N (the latter being induced by the connection on T'N), V is the connection

induced by these. Indeed,

(Vxdg)Y = vdg(Y) — dp(VYY),
18



2. BACKGROUND MATERIAL

where VM vV denote the Levi-Civita connections on M and N respectively. Also, if

¢ is isometric then Vd¢ is precisely the second fundamental form of ¢.

2.2.2. Harmonic Sequences. A harmonic map ¢ : S — CP™ possesses a series
of related harmonic maps ...d_o, d_1, ¢o, $1, P2 ... called the harmonic sequence of
¢ = ¢o. It is by studying this sequence that many other interesting properties of ¢
may be uncovered. A brief overview of this theory is given below. For further details

the reader is directed to the papers of Bolton and Woodward [4, 6, 8].

Let ¢ : S — CP" be a map of a Riemann surface S into CP". With respect to a local
d

complex co-ordinate z on S, and writing 8, 0 for the partial derivatives Ee and %

respectively, the condition for ¢ to be harmonic may be written as
(Vadg) (8) =0
ie.
vE" (46(9)) — d¢ (v30) = 0.

But since S is a Riemann surface, Vg@ = 0 and the condition is

v ¢ = 0. (2.1)

The key lies in interpreting harmonic maps in terms of line bundles as follows: let
L — CP™ denote the tautological line bundle whose fibre over ¢ € CP™ is the line
z C C**'. Then there is a bijective correspondence between maps ¢ : S — CP"
and smooth complex line subbundles of S x C**! given by ¢ « ¢*L. The other
basic ideas involved are the expression of (2.1) as a holomorphicity condition and
the use of some complex variable theory. Then via particular holomorphic and anti-
holomorphic bundle maps one builds a sequence of line bundles {L;} and each L; is
given by L; = ¢} L for some uniquely determined ¢; : S — CP™. Moreover each ¢; is

harmonic.

19



2. BACKGROUND MATERIAL
The theory of harmonic maps ¢ : S — CP™ includes that of harmonic maps f:
S — S™ of surfaces into S™. For, if 7 : S® — RP" is stereographic projection and
¢ : RP* — CP" is the inclusion map, then ¢ = ix f is harmonic if and only if f is

harmonic.

The local description goes as follows: Suppose that ¢ : S — CP™ is a harmonic
map and suppose that ¢ is linearly full, which means that the image of ¢ is not
contained in any proper projective complex linear subspace of CP". Locally, write
¢ = ¢o = [fo] where f5 is a C**'\{0}-valued function and suppose that fy is chosen
to be a holomorphic section of Ly = ¢5L. Then maps ¢, are defined inductively by

¢p = [fp] where

J 0

a—];p = fpt1 + alog |fp,2fp
ofp _ |fp|2

9z = T

Each of the maps ¢, is harmonic, ¢, is related to ¢,11 in a simple way and by

construction, (fo+1, fp) = 0.

Note: it can be shown that if ¢ = [fo] with fo not a holomorphic section of Lo then

the condition for ¢y to be harmonic is given locally by

2
0*fo 1 ,0f . 0f 1 6f_o’f0> f

5207 P 9.8z " TRE' D o

for some p € C. However, it is true that there always exists a function A(z, z) such

that Afo 1s a holomorphic section of the bundle.

Define vy, = l{jjllzl (if ¢, is £-holomorphic then set v,71 = 0). Then for a conformal
P

harmonic map, (see [6] for the non-conformal version) the metric induced by @, is

given by

d‘si = (Yp-1 + 711)le|2-
20




2. BACKGROUND MATERIAL

The curvature of ¢, is

82
F, 820z

The Kahler angle is a function 6 : S — [0, 7] defined by

1
K(¢,) =K, = log F,, F, = 5(71,_1 +v,)- (2.2)
¢*w = cos dA

where w is the Kahler form on CP™ and 6§ essentially measures by how much ¢ : § —

CP™ fails to be holomorphic. The Kahler angle 8, corresponding to ¢, is given by

1 Yp-1
tan =0,)* = +—. 2.3
( ) P) 7;) ( )
There are globally defined forms
Ty = pldz|® and Uptkp = uz>+k,pdzlC
with
Uppkp = (fp+k>fp>
A Ve
2 52
Then the fact that - = —— gives rise to the unintegrated Plicker formulae
020z 0z0z

82
5.95 log ¥p = Yp41 — 27 + Yp-1

so that any two consecutive I'-invariants of a harmonic map determine all the I'-

invariants for that map and for fixed k£ € N, the [-invariants together with the set

{Ur0y-..,Usxo} determine {Uyt1,q,- .. ,Ugptigq} for all ¢ € Z [6).

Congruence Theorem [6]. Let S be a connected Riemann surface. Let 1, p:S—
CP™ be harmonic maps with T'_y = '_y, T'o = To. If Upo = ﬁp,o forp=2,... ,n+1
then there exists a holomorphic isometry g of CP"™ such that ¥ = gip. If 1 is linearly

full then ¢ is unique.

This theorem says that up to a holomorphic isometry of CP™ a harmonic map is

determined by the invariants I'_y, 'y and Usg, ... ,Unt1,.
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2. BACKGROUND MATERIAL

Definition 2.2. A harmonic map ¢ : S — CP" is k-orthogonal if k consecutive

elements of the harmonic sequence are mutually orthogonal.

Therefore, a harmonic map is conformal if and only if it is 3-orthogonal.

Proposition 2.3. [5] If some k consecutive elements in a harmonic sequence are

mutually orthogonal then every k consecutive elements are mutually orthogonal.

In particular, if (f,42, f,) = 0 for some p (i.e. ¢, is conformal), then (f42, fp) =0

for all p and every element ¢, in the sequence is conformal.

In all cases, ¢ is at most (n + 1)-orthogonal and there are two ways in which this case

can arise:

The simplest case is that in which the harmonic sequence has finite length and thus
reduces to the Frenet frame of a holomorphic curve. This is the case where the
Uptkp arve zero for all p. A harmonic map with such a harmonic sequence is said
to be superminimal (or pseudo-holomorphic [6], [13] or complex isotropic [18]) and
the harmonic sequence has exactly n + 1 elements if ¢ is full. These are mutually
orthogonal with the first a holomorphic curve and the last an anti-holomorphic curve.
For example, every harmonic map of S? into CP" is superminimal.

. n : O O
Definition 2.4. A map ¢ : S — CP" is called real isotropic if Tk I 0 for all
zF 0z

k.
Then ¢ is superminimal if and only if ¢ is harmonic and real isotropic.

If the harmonic map ¢ is (n 4 1)-orthogonal but is not superminimal then ¢ is said

to be superconformal.

Note that every harmonic map ¢ : S — CP' and every conformal harmonic ma
y P
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¢ : S — CP? is either superminimal or superconformal. However, in general the
sequence is infinite in both directions and, apart from consecutive elements being

orthogonal by construction, there are no orthogonality properties.

S™ Case. Suppose f: S5 — S™ and let ¢ = inf : § — CP™. Then ¢ is harmonic
and linearly full if and only if f is harmonic and linearly full. The harmonic sequence
{f,} of ¢ is constructed in the manner described above and this is said to be the
harmonic sequence of f. Also, f is called k-orthogonal if ¢ is k-orthogonal in the

sense of definition 2.2.

Since (f, f) = 1 and f is real, the sequence of sections {f,} may be chosen in a

particularly nice way. For,

_ 9y 299
O—'a_2<faf>_2<aza >

so that taking fo = f gives fo as a global holomorphic section of Lg. Induction using
equations (2.2) shows that

fr
|fol?

Proposition 2.5. [6] If [ is (2k — 1)-orthogonal for some k < 3n + 1 then f is

f—p = (_l)p

2k-orthogonal.

Thus for f : § — S*™ if f is (2m + 1)-orthogonal then f is superminimal. A
harmonic map into S?™ is said to be superconformal if it is 2m-orthogonal but not
superminimal. Notice that this is not just a trivial modification of the CP™ case

since, for n = 2m, the harmonic sequences which arise from linearly full f are not

orthogonally periodic.

There are two types of superconformal harmonic maps into $?™, namely those which
are linearly full in $™ and those which are linearly full in a totally geodesic S*™~1
in S?™. In the latter case, the harmonic sequence is orthogonally periodic. Notice
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that any conformal harmonic map f : § — 5% or S* is either superconformal or
superminimal and so is every almost complex curve f : § — S® [5]. For example,
the Veronese surface in 5* is superminimal and the Clifford torus is a superconformal

surface in S°. These examples are studied in detail in Chapter 5.

2.3. Complex Curves

2.3.1. Horizontal and Vertical Subspaces. Let Z be a Kahler manifold equipped
with an orthogonal complex structure J (orthogonal means that J preserves lengths)

and consider a fibration
J —— Y

f

over a real manifold X with fibre Y, a complex submanifold so that 7 is a Riemannian
submersion. Then at each point p € Z, the tangent space T,Z (a complex vector

space) decomposes as the orthogonal direct sum of two pieces:
1,2 =H,®V,.

H, is called the horizontal subspace and V, the vertical subspace. In particular,

1

assuming each Y, is a complex submanifold, V, = T,Y, where Y, = 7~ 'x(p) is the

fibre over 7 (p).

Now dr : T,Z — T, X maps H, isomorphically, indeed isometrically, onto T, X.
P (») 2 (»)
(H, is a complex vector subspace of T,Z and V, = ker(dn,)). Also if Jy = J|y, and

Jv = J|v, then the complex structure J splits as

J=Jg®Jv.

2.3.2. Complex Curves. A map ¢ between a Riemann surface (S,J°) and an
almost complex manifold (Z,J?) is complex analytic if its differential d¢ : TS —
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T4x)Z is a complex linear map, that is ([17])
dpo J® = J? 0 dg. (2.4)
Given any complex structure J on Z, ¢ is said to be a complex curve if (2.4) holds.

Recall that there is an orthogonal complex structure J = J; = Jy@® Jv on Z and that
Ji is integrable on Z. Now define J; = Jg @ (—Jv). Then J; is an orthogonal almost
complex structure on Z but J; is not integrable [16]. When ¢ is a complex curve with
respect to the almost complex structure J; we say that ¢ is J;-holomorphic. Note

that ¢ is Ji- and Jz-holomorphic if and only if ¢ is a horizontal, holomorphic curve

[17].

2.3.3. Z = CP3. Let [v] be apoint in CP®. Tangent vectors to CP? at [v] correspond
to linear maps from span{v} to span{v}*. Suppose we have a curve o : I — CP?,

a(t) = [2(t)] with a(to) = [2(to)] = [v]. Then
o(to) < z(to) = 2'(to) —

Thus given v : S — CP? written locally as 1 (z,y) = [#(z,y)] then

05 (52) = B0 (0) = dufony) - BB gy 0

and so on.

In this context it is useful to think of a complex manifold as a real manifold with an
automorphism J on each tangent space. For example, C** = R QC =Vt V-
where V* and V™ are the +i-eigenspaces respectively and identifying V*+ with C*
gives Jv = 1v, that is, J is equivalent to multiplication by :. It is usual to identify

TCP™ = TOACP™ (T is the +i-eigenspace of J; (or Jp)).

jad

Finally, note that the complex curve condition (2.4) is dr (T(:0)8) c TU0 7, (T(0g

TS).
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2.3.4. How to Recognise a Ji-holomorphic Curve in CP3. Let z = z + 1y be

a local complex co-ordinate on S and let J¥: TS — TS act as
0 d d 0

=== Sl=]=-=—.
(8:6) oy’ J (63/) Oz

0
Suppose ¢ : S — CP? and write d¢ (E) = ®, where &, is the linear map described
in (2.5) above. Then the left and right hand sides of (2.4) are given by

s{O9N_ (2 _
werr(g)-a(3) o

x

and

respectively, so that ¢ is Ji-holomorphic if and only if

¢, +:9, =0
or, alternatively,
(fi) f)
5 — = 07 = .
f: T f f=14l

2.3.5. How to Recognise a J;-holomorphic Curve in CP3. Since TCP?® =
H @V splits as a direct sum of horizontal and vertical subspaces, a vector u € TCP?

may be decomposed into horizontal and vertical components as v = uy + uy. Then

Ji(w) = Ji(ug +uv) = Ju(ug) + Jv(uy),
Jg(u) = Jz(uH -+ uv) = JH(uH) — JV(UV) = Jl(uH — UV) = Jl(’&),
say, so that knowing how to obtain @ from u means that it is only necessary to use the

complex structure J; and the projections onto the horizontal and vertical subspaces

in calculations. To this end, note that at the point [p] € CP?, the vertical subspace
¥, = Hom{[p],j[p]} and so

U, p u,Jp) . u,Jp) .
:< 2>p+( 2) :( 2>]p_
|p |pl |p]

26

uv
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This gives

(u,7p) .
|p|?

U =U — Uy = U —

and

Notice that 4 corresponds to the linear map &, where

<¢ta¢> <¢t>]¢>‘7
4k |81

o J Ry é—2 é.

Let z, J°, ¢, d¢ be as in section 2.3.4 above. Then the left and right hand sides of

(2.4) with JZ = J, are given by

s(OY_ , [O0)_
RO

and

Jy 0 d¢ ((%) = Jy(®,) = Ji(9,) = 19,

d 0
et (3)=-(2) >

Jy 0 d¢ (%) = Jo(®,) = J1(®,) = 19,

respectively. Also,

and

so that ¢ is Jy-holomorphic if and only if

&, +i®, =0
®, +id, =0
These conditions expand to give
<¢f> ¢> <¢Ea.7¢> .
7 e = 0
e 0 e O 8)
(¢:,58) = 0.
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Note that if ¢ = [1, 21, 29, 23], the equations (2.6) hold if and only if

21, — 22,23 + 23,29 = 0

29z = L(E]ZQ - 23),
L+ |22
21z _ _
23y = —————— .
37 = 7 n l2112(2123 + z,)

In particular, if ¢ is Ji-holomorphic (z;, =0, j = 1,2,3) and J-holomorphic then ¢

is horizontal. Moreover, any two of these properties imply the third.

Jy-holomorphic curves arise as the lifts of conformal, harmonic maps (minimal im-
mersions). Indeed, a result of Eells-Salamon (theorem 3.12) shows that there is an
essentially bijective correspondence between Jp-holomorphic curves and conformal,
minimal immersions. Also, proposition 3.4 gives the conditions on the moving frame
of f:S — S* for the lift to CP® to be J;-holomorphic. The results in section 5.5.1

give the implications of Jz-holomorphicity for the harmonic sequence.
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CHAPTER 3
Lifts by Moving Frames

In this chapter, the lifts of f : § — S* to different homogeneous spaces of SO(5)
are studied. The chapter begins with the theory of moving frames followed by some
discussion on maps into homogeneous spaces of Lie groups. The focus then falls
particularly on the case of SO(5), where it is discovered that, owing to metric con-
siderations, it is in fact better to consider this in the wider context of SO(6). In
section 3.4, the moving frame is used to define lifts to SO(6)/K and to explore the
harmonicity and conformality conditions for these lifts. Section 3.5 illuminates these
conditions for lifts to SO(5)/U(2) and also derives the Ji- and Jp-holomorphicity
conditions for such lifts. These afford straightforward proofs of two results of Eells-
Salamon (theorems 3.12, 3.14). Section 3.6 focuses on the above conditions for lifts
to SO(5)/T? and 3.7 shows that the moving frame description is a useful context in
which to demonstrate the link with solutions of the so(5)-Toda equations. Further
results appearing in section 3.8 include the remark that harmonic f : S — S* has
harmonic lifts to SO(5)/U(2) and SO(5)/T?. Moreover, the lift into SO(5)/U(2) of

an immersion with parallel mean curvature is harmonic.

29



3. LIFTS BY MOVING FRAMES

3.1. Moving Frames

First note that the following conventions on indices will be used
0<a,b,...<n
1<4,7,...<2

" rys,...€4{0,3,... ,n}.

Let e, and #° be smooth fields of dual orthonormal frames and co-frames (one-forms).
Let « : § — N™ be an immersion of the surface S in an n-dimensional manifold
N C R™! and choose the frame field e,(p), p € S such that ei(p), e2(p) are the
tangent vectors and eo(p), e3(p), - - . , en(p) are the normal vectors with eg(p) normal

to N in R™*!. Then, restricting to S, " = 0 and
dz = 0te; + 6%,. (3.1)
The first fundamental form, or metric, is given by
I = ds® = dz.dz = (6*)* + (6°)?
and the area form is 6 A 6%

The rate of change of the moving frame in the directions e, gives rise to 1-forms w?

such that

de, = wey. (3.2)

T :
Let F' = (eol...|en), with eq = T’ be an orthonormal frame for the immersion
T

z:S — N and let A= F~'dF be the matrix of 1-forms (w?). Notice that
w’ = ep.de, = d(eq.ep) — dey.e, = —wf

so that in particular w? = 0 for all a and A is a skew-symmetric matrix. Also, since
span{es,...,e,} = N(S) and deg € T'S, wj = 0.
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Applying the exterior differential operator d to equation (3.1) and using the fact that

d?> =0 gives
0 = d(dz) = d(0%,) = d%e, — 0 A de,
= df%e, — 0° A wle, by (3.2)
= {df® — 6° A} ey.
Similarly,

0 = d(de,) = d(wley) = dwbey — wl A dey
= dwle, — we A de,
= {duf — wE Aubles
and the resulting equations
do® +wd AG* =0 (3.3)
dw? +wd Awt =0 (3.4)
are called the structure equations for the submanifold z(S5) of N. Some of these

equations are given particular names. Equations (3.3) with the value of b restricted

to {0,3,... ,n} are called the symmetry equations;
0=do" + w, AO* =w, NG

Equations (3.4) are categorised depending as (a,b) is restricted to (4,7), (r,s) or a

mixture (r,7) and

dw! +w! Aw? =0 Gauss equation on S
dwi +w. ANw; =0 Gauss equations on N.S
dw] +w, ANw; =0 Codazzi-Mainardi equations.

Futhermore, the equations (3.4) are precisely the integrability conditions required to

ensure the existence of an orthonormal frame field e, ... ,e, such that de, = we,
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3. LIFTS BY MOVING FRAMES

and equations (3.3) are the conditions which ensure that dz = 6%, can be integrated

up to give a co-ordinate neighbourhood for a surface with metric (6')% + (6%)2.

Now suppose that w) = hj ;67 for real coefficients k5, so that w(e;) = A%, and in

particular the A; = A(e;) are real matrices given by
at

A; = F7UdF(e;) = F~le(F) = (RE)).

Since

(w) A 0%)(es, ) = wh(e)0°(e5) — wh(e;)0%(es)

= Rl 60j — R ;i (3.5)
= h?z - hi')ja
the symmetry equations imply
Ry = hy1s By = hay, hip = hoy,.. (3.6)
Also, h?, = ey.ei(e,), so that
hgz = eb.ei(eo) = €p.6; = 51,1'. (37)

In the same way that for a curve on a surface in R3 particular 1-forms are related to
the notions of geodesic curvature, normal curvature and geodesic torsion, the 1-forms
(w?) in higher dimensional cases also havé a geometrical significance. Indeed, the
Levi-Civita connection for the target manifold NV is given by the matrix of 1-forms
(w?) where equations (3.3) hold. Restriction to (w}) over S gives a connection V*"
over S - in fact, v*** = V¥, the uniquely defined Levi-Civita connection corresponding

to the metric on S induced from that on N. Then the submatrix (w?), 3 <r,s <n

gives a connection V™" on N(S). Recall that for surfaces immersed in R, the second

fundamental form I is defined by

Il = —des.dx
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where e3 is normal to the surface in R® By analogy, here we take the scalar product

of —de, with dx;
(—de,,dz) = (—wley, B'e;)

bpi
—w, " 6p;

(3.8)

= w!f
= h,;0°¢".
Thus the 4]; are none other than the components of II in the direction e,. In view

of this discussion, the matrix of 1-forms has a geometrical interpretation as:

I
I vtan H
H vnor

Finally, it is useful to calculate V2 e; in terms of the coefficients hg,. Since

Viej = a;je1 + bijeq fore,5 =1,2
then
aij = (Vese5,61) = (wf(ei)ek,ffl) = 'w]l'(ei) = h}n
bij = (Veej,e2) = <wf(6,‘)8k,62> = w?(ei) = h?i
and

V“Ze] - h}iel + h?ieQ. (39)

3.2. Maps into Homogeneous Spaces

Let G be a semi-simple, compact Lie group with Lie algebra g. Let X € g and

consider two subspaces of g:

gx ={Y eg:[X,Y] =0}
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and

gt = {Z €g:7Z=adX)Y for some Y € g}.

Then gy is the kernel of ad(X) and g* = Imad(X) = ad(X)g.

CLAIM. Let g be semi-simple. Then with respect to a positive definite Ad-invariant

inner product, the spaces gx and g% are orthogonal and g = gx @ g*~.

PROOF. See [19].

There is a subgroup G'x corresponding to gx,
Gx ={g€G|Adg)X = X}
and gy is the Lie algebra of Gx. Then, by the Orbit-Stabiliser Theorem,
G/Gx = Ad(G).X = {Ad(g9).X|g € G}.

In particular if Y € G, the projection G — G/Gx takes Y to Ad(Y).X € G/Gx.

It is natural to embed G/Gx — g, where g is the Lie algebra of G, via ¢Gx +—
Ad(¢)X and carry out all calculations in the Lie algebra. (Thus, since g is a vector
space, we can think of G/Gx C RF* for some k.) So, for a map of S into G/K, if
K = Gx for some X the inclusion of G/ K = G/Gx in g simplifies all the calculations.
So the question is, given K, how to choose X so that Gx = K7 The requirement is
to choose an X for which the stabiliser gx is &, the Lie algebra of K. The different
conjugacy classes < X > give rise to different subgroups K = Gx and, clearly,
different representatives X give different embeddings of G/Gx in g.
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0-10

As an example, take G = SO(3), and choose X = ( > € 50(3). Then

1 00

000

s50(3)x = {Y €50(3) | [X,Y] =0}
0 —a 0

=<la 0 0]||a€eR}=s0(2).

0 0 O
Thus SO(3)x = SO(2). Then
0 a b
SO(3)/SOB)x =< |—-a 0 ¢l ]a,bceR} Cs0(3).
—b —c 0

The Lie algebra s0(3) is identified with R via the correspondence

-y —z 0 z
and [A, A] corresponds to a A & In particular

0 -1 0 0
I 0 0« |0
0 0 O 1

The SO(3)-orbit of (0,0,1) in R3 is S? (notice the stabiliser of (0,0,1) is SO(2)).

Therefore SO(3)/SO(3)x = SO(3)/SO(2) = S2. Further examples follow in section

3.3.

In order to look at the properties of a map ¢ : M — N = /K it is necessary to

use a suitable metric on G/K. It is natural to use a G-invariant metric, of which

there are many choices. Perhaps the most natural is that given by the Killing form

on the Lie algebra g. In the case of K = T, the maximal torus of G, this metric is

not Kahler, although there are plenty of choices of G-invariant metrics which are. To
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obtain a G-invariant metric on G//T, choose an Ad(T')-invariant metric (, ) on g and

define a metricon M = G/T by
(21, Z2)x = (Ad(g7") 21, Ad(g™") Z2)

where Z,,7, € TxM, X = Ad(g)H € g for some particular ¢ € G and a regular

element H € t. Every G-invariant metric on G/T is so obtained [9].

3.3. The G = SO(5) Case

Recall (section 2.1) that an immersion f : S — S* gives rise to an orthonormal
frame I € SO(5) and that there are naturally defined lifts of f into the homogeneous

spaces SO(5)/K. The thesis is concerned in particular with the maximal subgroups

K =U(2) and T2

It is well-known (and will be shown in Chapter 4) that the homogeneous space
SO(5)/U(2) may be identified with CP®. Despite the fact that CP?® is a symmet-
ric space, its representation as the quotient SO(5)/U(2) is not, in the sense that
(SO(5),U(2)) is not a ‘symmetric pair’ (there is no involutive automorphism of
SO(5) which has U(2) as fixed subalgebra [22]). However, recall that the inclusion of
SO(2m — 1) in SO(2m) induces a map SO(2m — 1)/U(2m — 1) — SO(2m)/U(2m)

and that this is in fact a bijection. Then
SO(5)/U(2) — SO(6)/U(3)

and (SO(6),U(3)) is a symmetric pair. Thus it is more convenient to work in the
context of G = SO(6), and indeed the SO(6)-invariant metric induced by the inclusion

of SO(6)/U(3) in the Lie algebra so(6) is then the standard Fubini-Study metric on
CP°.

The Lie algebra s0(6) splits as 56(6) = ¢ @ m, where £ is the Lie algebra of K and m
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is the orthogonal complement of € in s0(6). Now,
s0(6) = {X € M(6;R)|X + X* =0}

and thinking of such matrices in terms of 2x2 blocks gives straightforward descriptions
of the decompositions of s0(6) for different K. To this end, describe an s0(6)-matrix
as (Bp,) for p,q € {1,2,3}, where each By, is a 2 x 2 block in which p labels rows

and ¢ columns.

Let K = T. Then so(6) decomposes as s0(6) = t & m where

e the diagonal blocks B,, of A € s0(6) are each of the form (AJ), A € R,

-1
J = and so these blocks belong to t, the Lie algebra of the maximal

1

torus.
e the remaining 2 x 2 blocks B,,, p # ¢, make up the complement m. (Notice

that this gives dimm = 12.)

An element H = diag{\J, A\2J, A\3J} € t is regular when Ay, A3, A3 are distinct real

numbers and for such H, s0(6)y = t.

Let K = U(3). Then s0(6) decomposes as 50(6) = u(3) @ m where

o since t C u(3), the diagonal blocks By, (see above) form part of the u(3)-

component of X € s0(6).
a b
e the off-diagonal blocks B,,, p # ¢, of the form split as
c d

a+d —b+c
—  u(3)-component

B | —

b—c a+d
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and

1{a—d b+ec
— m-component.

2 b+c —a+d

Counting independent entries shows that here dimm = 6.

Notice that H = diag{J, J, J} is a regular element of u(3) since the stabiliser of such
an H in so0(6) is u(3).

3.4. Description of Lifts into SO(5)/K

Let F: U — SO(5) be an adapted orthonormal frame for the immersion f : § — 5.

By the remarks in section 3.3 and an abuse of the notation, let us also write F' for

1
, the composition of F' with the inclusion of SO(5) in SO(6).

F

Then the lifts ¢ : S — SO(6)/K are given by

¢=FHF™' = Ad(F)H C s0(6)

H = dlag{)q], /\QJ, )\3J} when K = T,
where

H = diag{J,J,J} when K = U(3).

Moreover, tangent vectors to SO(6)/K at the point F' are described by d¢ and
d¢ = Ad(F)([F'dF, H]) € Ad(F)m. (3.10)

Write d¢ = Ad(F)[A, H] where, as in section 3.1, A is the matrix of 1-forms F~'dF
and A; = A(e;) = F'"'dF(e;). Now, A has the form

-P'l 0
P| aJ | —Q"
0 @ | bJ
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with P,Q) € My(R) and a,b € R so that for ¢ = 1,2,

0|—-P O
0] @i | bJ
In fact it is clear that
P= so that P, = = (by (3.7))
wd w3 R3. A3,
and Q) = b so that Q. = o
wi w; hii hsi

Also a = w? and b = w} give a; = h?; and b; = hj; respectively.

Let H = diag{\;J, A2J, A3J} for some Ay € R. Then

0 |—X!| 0
Ao H = | X;| 0 |-V |, (3.12)
0| Y | 0
where
X;=MPJ —MJP and Y= Qi — I Q. (3.13)

3.4.1. Harmonic Lifts. Recall that a map ¢ is harmonic if and only if traceVd¢ =

0. By section 2.2.1, ¢ is harmonic if and only if
2
Ad(F)S" {[ Aoy Aoy HI] + [es(Ad), H) — [A(VSe, I} 0. (319)
i=1

Here tan denotes the projection onto m = T7SO(6)/K. Calculations using (3.11),

(3.12) and (3.9) show that

X!P, — P!X; a; X}J PV — X1Qi
[As, [Ai, H]) = wJX; | XiP!— PX!+YQ, — QiY; | Y —a;JYE |,
Qi X; - YiFP; biJY; — a;Y;J YiQf — QiYY
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(A H = | e(x)] 0 |—e(w)

and

=1
0 _RLX! — B2 X 0

= | ri X1+ hiX, 0 —h5 Y} — hEYY
0 hi Y + hIY, 0

Applying these results to (3.14) produces the conditions on the frame for ¢ to be

harmonic.

Theorem 3.1. The map ¢: S — SO(6)/K given by ¢ = FHF™' is harmonic if and
only if all of the following hold:

(1) S22 k1 I X + e(Xi) — b Xy — B2 X} =0
2) T {QuX, — ViR =
(3) oL {A4,JY; — h3.YiJ 4+ ei(Yi) — REYL = RE Y2} =0

where 50(6) = €@ m and X;, Y;, P, Q; are as in section 3.4.

3.4.2. Conformal Lifts. It is also interesting to compute the conditions on the
coefficients A%, for the lifts to SO(5)/T and SO(5)/U(2) to be conformal maps. First,

note that ¢ : $ — G/K is conformal if for all p € S and all vy,v, € T},5,

(A (1), ey (02)) 1) = M, 02y IRNERE)

where \ is a scalar function and { , ) denotes the inner product induced on G/K

from the Killing form on g, i.e.
1
(A,B) = ~5 trace (ad(A) ad(B))
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and for the classical groups this is equal to —trace(AB), up to multiplication by a

scalar.

Let T'S = span{e¥e;, e¥ez} and recall (3.10) that d¢ = Ad(F)[F~'dF, H] for a suit-
able H. Then the left hand side of (3.15) becomes
(de(ei), de(e;)) = e (Ad(F)[A:, H], Ad(F)[A;, H])
- ——;—62“’ trace ([As, H][A;, H])
and the right hand side reads

)\<6w61, 6w62> = )\82w6ij.

By (3.12),
—X!X; 0 Xy}
[As, H][A;j, H] = 0 |-XXi-YY;| o
Y.X; 0 ~Y;Y}
and

— trace ([A;, H][A;, H]) = trace {X}X; + XX} + Y}'Y; + YiY}}
from which straightforward calculations give
trace ([A1, H][Ay, H]) = A} + X3+ (A2h3, + Ashiy)® + (Aahgy — Ash3,)?
+ (A2h3; — Ashgy)? + (Aohly + Ash3,)?,
trace ([Ag, H][Ag, H]) = A} + A2 + (A2h3, + Ashiy)® + (Aohg, — Ash3,)?
+ (A2h3, — Ash3y)? 4 (Aehiy + Ash3 )%,
trace ([A1, H)[Az, H]) = (A3 + A3)(Alo(h21 + 132) + A 5(h1s + h2o))
— 20 hs(h3,hE, — h3,hE),
Then ¢ is conformal if and only if both
trace([Ay, H]?) = A = trace([Az, H]*)
trace([A1, H]|[As, H]) =0
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are satisfied, which gives the following

Theorem 3.2. Let ¢ : S — SO(6)/K for K =T, U(3) be given by ¢ = FHF ™' with
H = diag{\1J, \aJ, A3J }. Then ¢ is conformal if and only if

4293
219
2X5 Az
2+

((h31)* = (h32)" + (h11)" — (h3,)") = hia(hy + h3a) — hio(R1y + has)),

(h34(h, + h3y) + hia(hly + h3y)) = h31hys — h3ahiy).

3.5. Lifts to SO(5)/U(2)

These ideas will now be studied in the particular case of lifts into the homogeneous

space SO(5)/U(2).

3.5.1. Harmonic Lifts to SO(5)/U(2). First suppose that X = U(3), so that
M =X =X =1and X; =[5, J],Y; =[Q;,J]. For ease of notation, we will study

the entries of the matrix traceVdf in terms of the 2 x 2 blocks By,

2

Bgl—Z{a, Pz,(] +€Z P:,,J Zh [Pk,

0 1 -1 0 01 1 0
:h§1 +hrf)2 “hil _héz
10 0 1 1 0 0 -1

= 0.

B3, = Z:{Qi[Piw]] - [Qi,J]Pz‘}m

h3 Ry + h3 3, (2R3, — h3,)hd, — (2h3; + hi)he;
h%i]l(l)i + hgihgi (thli + h%i)hgi - (2h3i - h:i))i)h(l)i

li
.M“

S
Il
—

ha kb, — hiRE —h3 Ry 4 hiRG,

Il
VM“

-
Il
—

—h3 kg, + hihE; —h3hg; + hihG;
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So for this block in the matrix to have zero m-component we require

hrlm(h?l - h§2) - hil2(h(1)1 - hczm) =0
(3.16)
héQ(h:fl - hgz) - h?z(h(ln - h?)z) = 0.
But these are precisely two of the Gauss equations on N(S) and so always hold.
Finally,
2
Bz =Y _{b:J[Q:, J) — a:lQi, J1J + ei([Qi, J]) Z hEQu, J]
1=1

m
2 —s. P g 2
S T L} 84 Tk Sk
k
:E (ai+bi) + € _Zhii
i=1 i S S =Ty k=1 S —Tk
where r; = k3, + b, and s; = ki, — h{,. So for this block in the matrix to have zero

m-component we require

e1(r1) + ea(ra) — B2 (s1 +12) — hiy(s2 — 1) — hgys1 — hgps2 =0 -
3.17
61(81) + 62(82) - h%l(‘S? - 7'1) + hfz(sl + TQ) + hgl’f'l + h§2'r'2 = ().
By the Codazzi equations, these conditions simplify somewhat, giving rise to the

following Theorem:

Theorem 3.3. The lift to SO(5)/U(2) of an immersion f : S — S* is harmonic if

and only if the equations
el(h?1 + hgz) - 62(h4111 + hyy) — ha (kg + h32) - hgg(hi + hg?) =0

el(h‘h + hg:z) + 62(h:1)’1 + h§2) + hgl(hi’l + hgz) - h§2(hA111 + h32) =0

(3.18)

hold.

3.5.2. Holomorphic Lifts to SO(5)/U(2). By the decomposition given at the

end of section 3.3, observe that an element of m is of the form

—Xt| -7t
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where
X = , 7 = , R = (3.19)

and so an element of m is determined by a six-tuple (r,s,z,y,z,w). Also, (r,s)
describes the part of m which is tangential to the fibres whereas (z,y, z,w) belongs

to the horizontal subspace. The almost complex structure J; acts on m as

Ji(r,s,z,y,z,w) = (—s,7,—y, ¢, —w, 2) (3.20)
and the almost complex structure J; acts as

Jo(ry s,2,y,z,w) = (8, =7, —y, T, —w, 2). (3.21)
Let J5 be the complex structure on S acting as J%(e;) = ey, J5(ez) = —e; on an
orthonormal basis eq, e, for T'S.
Proposition 3.4. (1) The lift f:8 = 850(5)/U2) is J,-holomorphic if and only

if
re = —8; and Sy = Ty. (3.22)
(2) The lift f: S — 8SO(5)] U(2) is Jo-holomorphic if and only if

Ty = 8 and S = —T, (323)
with r; = k3, + hi, and s; = hj, — kY.

PROOF. By (2.4), f is Ji-holomorphic if and only if

A A

df(e2) = Ji(df(er))
or, equivalently in matrix notation,

[AQ,H] == Jk[A],H].
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Now, in terms of the characterisation in (3.19),

[A1, H] & (r1,1,0,-1,0,0)
[Ag, H] & (r2,5,1,0,0,0)
so that by (3.20), (3.21),
Ji[Ay, H] = (—s1,71,1,0,0,0) and Jo[A1, H] = (s1,—71,1,0,0,0).
Hence the results.

O

These results will be used to give straightforward proofs of theorems 3.12 and 3.14

which are due to Eells-Salamon [17].

3.5.3. Conformal Lifts to SO(5)/U(2). In the SO(5)/U(2) case, the conditions
on the frame for ¢ to be conformal are expressed concisely in terms of the coefficients

r; and s;. Indeed, setting \; = A\, = A3 = 1 in theorem 3.2 gives the result of corollary

3.5.
Corollary 3.5. The lift f : S — SO(5)/ U(2) is conformal if and only if
(h?1 - h112)2 + (hfz + hllll)z = (h?2 - h§2)2 + (h32 + h‘fz)Z
(h§2 + h111)(h32 + h‘112) + (h?1 - h?2)(h?2 - hgz) =0
or, in the notation of section 3.5.1,

rf + sf = r% + 3%, 7181 + ro80 = 0.
3.6. Lifts to SO(5)/T?

Now let K = T° be the maximal torus of SO(6). Then H is a regular element

of t if and only if A1, Az, A3 are distinct real numbers. In this case, s0(6) splits as

50(6) = t®m, where m = T7S0(6)/T°. Thus, by the discussion at the end of section
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3.3, for each X € 50(6) the t-component of X consists of the three 2 x 2 blocks along

the diagonal and the remaining (off-diagonal) blocks form the m-component.

Recall (section 3.4.1) that f : § — SO(6)/T° is harmonic if and only if (3.14) holds.

We now study the m-component of the matrix traceVdf in 2 x 2 blocks:
2 2
By = Y {h1 I X + ei(Xi) — D0 ki Xe)
=1 k=1
2
= Z{hleZ - h%le +ei(Xi) — h}in - h?iXQ}
i=1

=0
since the X; are constant matrices.
2
B = > {Q:X: - YiP}
=1
22: M (B3 kS, + h3R3) 2Xa(h3 RS, — hhh,) 4 As(Rih, + ko ki)

=1\ M(Rdihg; + by hd.)  2ha(hi kS — R kG ) + As(hi shos + h3ihsy)

2 [ Aa(h380 + h3i62)  2Xa(h3 62 — h3;615) + Aa(hi bui + h362:)
=t \ A\ (B 600+ B3 02:) 2Xa(h 600 — B3 ;610) + As (ki 61 + h3;60)

Applying the Gauss equations and using the fact that A, A, As are distinct real
numbers shows that this component is zero if and only if
h?l + h‘;’2 =0
(3.24)
i1+ k= 0.

Finally,
2

2
Bay =Y {h3,JY; — h1,Y.J + ei(Vi) — 3 AR
=1 k=1

This block gives rise to four equations which simplify via the Gauss equations to
No{ea(hdy + h35) = hia(hiy + h35)} + As{en(hly + h3g) + Aoy (RYy + h3,)} = 0
Nofea(hiy + h3,) = hsy(his + hop)} + dafen(hiy +h35) + h3a (D) + £35)} = 0
afea(hiy + hyg) + h35(hT1 + h32)} — Asfea(hiy + h3q) — hay(hiy + h35)} =0
a{ea(hyy + ha2) + hgz(ﬁ?l +h3,)} — Ao{er(hyy + hgz) — h31(h3; + h35)} = 0.
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These calculations and the fact that Ay, Ay, A3 are considered to be distinct real num-

bers, establish the following result:

Theorem 3.6. The lift to SO(6)/T? = SO(5)/T? of an immersion f : S — S is

harmonic if and only tf
h?l + hgz =0= h‘111 + h§2>

that is, if and only if f: S — S* is itself a harmonic map.

3.7. Link with the Toda Equations

An important and much studied case is that in which f : S — 5% is conformal and
harmonic. Such maps give rise, via their lifts into SO(5)/1?, to solutions of the Toda
field equations for SO(5). The salient features of this theory will now be presented
and it will be shown that the formulation of the lift in terms of the moving frame is
ideal as it enables the key results to be read off from the matrices. The work in this
section follows that of Bolton, Pedit and Woodward [5] and of Bolton and Woodward

[9] and the reader is referred to these papers for details and proofs.

For any simple compact Lie group G, G/T is a Kahler manifold and an m-symmetric
space for some m. This means that at each point p of G/T there is a geodesic
symmetry of G/T of order m having p as an isolated fixed point. The symmetry
comes from a canonically constructed automorphism 7 (the Coxeter automorphism)
of the Lie algebra and m is one plus the height of the highest root of g. Under the

action of 7 the complexification g© splits as a direct sum
C_
g =Mo®...0o M, 1

where cach M, is the &;-eigenspace of 7, £ = exp(27i/m). Then ¢ : S — G/T
is said to be T-adapted if dip(T*°S) lies in the subspace M; of g€ and satisfies the
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non-degeneracy condition that for each p € S and all non-zero v € T}°S, dip,(v) is

cyclic ([5]), except perhaps for a discrete set of points p.

Any t-adapted map % : S — G/T has an essentially unique local framing F': § —
(G whose Maurer-Cartan equations can be written as the Toda field equations for
(G. Thus, there is a bijective correspondence between solutions of the affine g-Toda

equations and 7-adapted maps ¢ : S — G/T.

The key result [5] is that superconformal, harmonic maps f : S — S*™ have 7-adapted
lifts into SO(2m + 1)/T and conversely, if f : S — SO(2m + 1)/T is T-adapted then

7o f : 8 — S¥ is superconformal harmonic. This will now be illustrated in the

SO(5)-case.

The Lie group SO(5) has rank 2 and the Lie algebra s0(5) has positive roots

oy, 09, 02— 01, 01103

of which oy and o3 — oy are simple. The highest root is oy + 0, with height 3. Let
us express the matrix X € s0(5)C as By, for 1 < p,¢ < 3 where By, By € C,
B,y € My(C) for 2 < p,q <3 and By, = —B},. Then the root spaces corresponding
to the positive roots are described by the following basis elements, all other blocks

B, consisting entirely of zeros in each case:

g7 By = 1= —Bfw g7 : B3 = 1= —Bfaa

- . _ _ i o1+02 _ _ i
g"z o Bgz = = —B23, d 1vo2 . ng = = —B23.
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Then the direct sum gy of the positive root spaces consists of matrices of the form

—a ta | —b b
a —c 1ic
—ia ~d id
b c d
—tb | —tc —ud

Now, dip = Ad(F)[A, H] € Ad(F)m and T"°S = span {%} = span{e; — ez} So
dp(TYOS) = dip(ey — ies) = [Ar — iAy, H].

By (3.12),

and ([A; — tAs, H])32 has the form

/\Z(h?2 - ihgz) + /\3(h111 - ih‘llz) _/\2(h?1 - ih?z) + /\B(h‘112 - Z‘ht212)
Aa(hiy = ih35) — Aa(hiy — they)  —Xa(hiy —ihiy) — As(hi, — ih3,)

.(3.25)

Let f be a superminimal immersion. Then f is harmonic and real isotropic (section

2.2.2) so that

3 _ 3 _ 14
hll‘—h’22_h12

4 _ 4 __ 3
h11 - _h22 - —h12-

Thus f being superminimal implies that Bs; has the form

A A
—A A
that s, d¢(T"°S) C [g4+] which means that 3 is holomorphic. Conversely, if ¢ is

holomorphic, f is real isotropic and harmonic, that is to say, superminimal.
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The automorphism 7 is conjugation by the matrix diag(1, J, —I,) and ¢ = exp(%) =1.
The z-eigenspace M; is given by

Ml — g—(01+02) ® gdl @ 902—01

and M, consists of matrices of the form

—a 10
a -b —c
—ia —1b —ic
b b
¢ 1ic

Now ¢ : S — G/T is T-adapted when d@(T*°S) C [M,] and satisfies the non-
degeneracy condition. Using (3.25), this is the case if and only if f is conformal
and harmonic but not superminimal (i.e. f is superconformal) that is, such f has a

r-adapted lift to SO(5)/T?.
The following theorem is due to Black [3]:

Theorem 3.7. Let ¢ : S — G /T be 7-adapted. Then

(1) 4 is harmonic.

(2) For every closed subgroup K, T C K C G the projection ogp : S — G/K s

harmonic.

Moreover, 1 and o1 are equitharmonic, that is to say, harmonic with respect to any

G-invariant metric on G/K.

By a 7-holomorphic map we mean a 7-adapted holomorphic map and in this case there
is a bijective correspondence between solutions of the open s0(5)-Toda equations and
7-holomorphic maps % : S — SO(5)/T?.
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On the other hand, when f is superconformal then 4 is 7-adapted and together with

a non-singularity condition (amounting to requiring di to have a non-zero component

in each of the root spaces which make up M) this case gives a bijection with solutions

of the affine so(5)-Toda equations. (Such ¥ is called 7-primitive).

3.8. Some Further Results

Let f denote the lift of f to SO(5)/U(2) and f the lift of f to SO(5)/T2.

Corollary 3.8. If f s a harmonic map then bothf and f are harmonic maps.

PROOF. Since f is a harmonic map into S* if and only if
h?1 + h§2 =0= hL111 + hgza

the result follows easily from Theorems 3.3 and 3.6.

Corollary 3.9. If f has parallel mean curvature, thenf is harmonic.

PROOF. Recall that the mean curvature vector of f is H where
1
H= Z Eﬂ(ei, ei) = h:-ie,
(sum over r = 0,3,4 and ¢ = 1,2). H is said to be parallel if
ViH =0 for all X
(V* denotes the connection on the normal bundle). Now,
Vi;h:zer == 6](h:2)67‘ ‘I‘ h:zv:;e’,-

= ej(hi;)er + B w)(e;)e;

= ej(h?1 + th)eS + ej(hill + h§2)e4 + (hil + hg2)h§j84 + (hL111 + h;Z)hngB
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so that f has parallel mean curvature vector if and only if

61(}2':131 + hgz) = hgl(hill + th)
62(h?1 + h%z) = h§2(h£111 + hgz)
el(h‘lll + h32) = “hgl(h?1 + h§2)

62(h‘111 + hgz) = _h§2(11?1 + hgz)-

Applying these conditions to the equations (3.18) gives the result.

Example 3.10. All tori in S C S* of the form

T .z ) )
f(z,y) = (0, cos —,ry sin —, rp cos =, ry8in —) | rf + r% =1
™ 1 r2 T2

have constant mean curvature in S° and thus have parallel mean curvature vector in

S

Now suppose that f is a conformal immersion. Then f; and f, have the same length

and are orthogonal so that we may take

er =e [y, ea=¢e""f, where e* = |fz| = | fyl-
Also e «» e‘“’i, ey > e ¥— and using h®, = ep.e;(e,) gives the coefficients as:
Oz Jy
B2, = —e w,, h?, = e “w,
hy, = e “es.eaq, hs, = e Vey.e3, (3.26)
hil = _e—2wej~fmv7 hi? = —e_Zwej-fzy) hé2 = _e—2wej'fyy> (j=12).

Then, when f is conformal, the lift f is harmonic if and only if
(e4.9)z + (e3.9), = €“(Aey — Beg).¢
(63.¢)$ — (64.¢)y = e“’(Aeg + B64).¢

where ¢ = for + fyu, A= 2h%, + k3, and B = 2k}, + h3,.
52
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Remark 3.11. If J is given by J(e;) = ey, J(es) = e4, then the second equation of

(3.27) is obtained from the first by applying J.

Conditions (3.23) and the coefficients (3.26) afford a straightforward proof of the

following result of Eells-Salamon [17]:

Theorem 3.12. The Lift f : S — SO(5)/U(2) is Jy-holomorphic if and only if f is

conformal and harmonic.

PROOF. Suppose f is conformal. Then conditions (3.23) hold if and only if
€s-Joz + €3 foy = €3.foy — €4-fyy
eq.foy — €3.foo = €3.fyy + €4.fzy
if and only if
e3-(fox + fiy) =0

e4-(fa:1: + fyy) =0

that is, if and only if f is harmonic.

U
Recall (from section 2.2.2) that a map f : S — S* is real isotropic if f,.f. =0 (fis
conformal) and f,..f.., = 0.
Lemma 3.13. The following properties of f are equivalent:

(1) fzz-fzz = 0;
(2) H(ey,e1) — ey, e3) and 211 (eq,e2) are a conformal basis for NS,

(3) The coefficients h®; satisfy the equations
(A1 = 135)" + (hiy — h3)* = 4((h12)* + (R12)"), (3.28)
h??(h?1 - hgz) + h‘fz(hfl - th) = 0. (3-29)
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PRrROOF.

0 0
1 : = — = —
(1) < (2): If ¢ 50 € 39 then

U(elvel) = fza: - (fa:mf)fa H(e%e?) = fyy - (fyy~f)f>
H(61762) = fzy

a 0
and fzz = ][I (5;, &) Then

1 ) )
for = =1 (e1 — teg, €1 — te2)

- i(ﬂ(el, e1) = (e, €2) = 2ull (ex, e3))

so that f,,.f.. = 0 if and only if both

lH(Gl, 61) — H(eg, 62)|2 = 4|H(61, 62)|2

(H(el, 61) - H(Gz, 62) L H(el, 62)
hold, that is, if and only if II(eq,e1) — I (es, €2) and 2II(ey, e;) are a conformal basis.
(2) = (3): Recall

I(ey,e1) = hiyes + hy e,
H(827 62) = h:23263 + h§264a

I(e1,e2) = hSses + A eq.

Then computing the lengths |II(e1, 1) — II(eq, €2)|?, |21I(e1, €2)|* and the inner prod-
uct (e, e1) — (e, €2)).1 (e, €3) shows easily that (2) and (3) are equivalent.
O

Theorem 3.14. [17]. Let f : S — S* be a conformal map. Then f is real isotropic
if and only if the lift f: S — SO(5)/ U(2) is Jy-holomorphic.
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PROOF. Suppose first that the lift f is Ji-holomorphic, Then, by (3.22),
h§2 + h?z = _h‘112 + h:131

and has —hiy = ki + bl

Thus, h3, — h3, = 2k}, and A}, — h3, = —2h3, so that
(hYy = hz2)* + (hiy = hya)” = 4((h7,)" + (h1,)°),
and ho(RS1 — h39) + hia(hiy — h3,) = 0.

Then by lemma 3.13 f,..f.. = 0 and together with conformality this means that f is

real isotropic.

Conversely, suppose that f is real isotropic. Then in particular f..f.. = 0 so that by
lemma 3.13, (e, e1) — I (e2, e2) and 211 (ey, e2) are a conformal basis for NS and it

follows that not both of A3,, h}, are zero. Suppose hi, # 0. Then in (3.29),

13
]%2(]1:131 — h35) = (k11 — h3)
12

and substituting into (3.28) gives

(hfl - hgz)Z = 4(h‘112)2-
Thus

(h?l - hgz) = i2h4112

(ki1 — h25) = F2h3,.
(The choice of sign here just corresponds to the choice of orientation on $*.) Com-

paring with (3.22) shows that the lift of f is J;-holomorphic.
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CHAPTER 4
Lifts by Quaternions

In this chapter it is shown that the lift of an immersion f : S — S* to the twistor
space CP® may be obtained explicitly by formulating everything in terms of quater-
nions. Section 4.1 elucidates the correspondence between elements of SO(5) and
elements of the universal cover Sp(2) in that it is shown how P € Sp(2) gives a ma-
trix P € SO(5) (proposition 4.1) and, more importantly, vice versa (theorem 4.3).
Thus, the adapted frame of f may be thought of as an element of Sp(2). Twistor
theory appears in sections 4.2 and 4.3 and the specialisation of this for the S*-case
and in terms of quaternions is found in sections 4.4 and 4.5. The identification of
CP? with Sp(2)/U(1) x Sp(1) now makes it a straightforward matter to write down
the lift of f into CP? (corollary 4.8). In the case that f is a conformal immersion
this gives rise to a particularly beautiful and simple formula for the lift, involving a

stereographic co-ordinate ¢ associated to f (theorem 4.11).

4.1. Explicit Relationship Between Sp(2) and SO(5)

It is well known that Sp(2) is the universal cover of SO(5). The following sections make
this correspondence explicit and a standard epimorphism taking elements of Sp(2) to
elements of SO(5) is given. It seems more difficult to discover the correspondence in
the opposite direction but it turns out to be simply a matter of setting up a good
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notation and carrying out some linear algebra using quaternions.

4.1.1. The Epimorphism « : Sp(2) — SO(5). First, recall that a quaternion is
naturally expressed in the form a + b7, where @ and b are complex numbers and that
this gives rise to a description of the quaternions as certain matrices in My(C) via
the correspondence

a —b
(a—l—bj) —

Then elements of Sp(2) are thought of as U(4)-matrices by identifying

P1 P2

P3 P4

(note the ‘tra,nspose’.which occurs here). Indeed, Sp(2) is the subgroup of U(4) which

preserves the left quaternionic vector space structure on C' = H? and defining

-1

(4.1)

<~
I

this is expressed formally as

Sp(2) = {AecU@4): JA= AJ}.

It is useful to identify the spaces Skew(4; C) and A\*C! via the correspondence

0 —pi2 —pi3 —pus

P12 0 —P23 —P24
Epijei Ae; e
i<y P13 P23 0 —pag

P14 D24 P34 0
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The group U(4) acts on A*C* as a group of isometries and so induces an action of
Sp(2) on A*C*. Observe that Sp(2) fixes J=¢e Neg+ e3 N eq and as a result takes

the orthogonal complement W = span{e; A ez + e3 A e4}+ into itself.

Now, W has an orthonormal basis given by

F1: 61/\62—63/\64)

s
v |
Fy = %(61/\64—62/\63) Fs = 7§(61A64+62/\63) (4.2)

i -1

F4‘—‘—Z(81/\63+62/\64) F5:7§(61/\e3_62/\64)-

V2

Let * be the Hodge star operator, with x> = 1. Then, extending * to be conjugate
linear rather than complex linear, it is easy to check that «Fy = Fj forallk =1,...,5,
that is, that {F}} is a real basis for W which corresponds to the basis {X;} of

Skew(4; C) with

X3

Sl
Sl
Sl

(4.3)

=
Sl -

1 -1

The standard epimorphism « : Sp(2) — SO(5) is given as follows:

If A € Sp(2), then the columns of the corresponding matrix a(A) = A € SO(5) are
given by

Ar = A.Xp = AX, AL, fork=1,...,5,
where Aj is thought of as a vector in R® by taking as the entries the coefficients of

the expression of Aj as a linear combination of the Xj.
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This formulation gives rise to the following proposition:

Proposition 4.1. Under the standard epimorphism « : Sp(2) — SO(5), the elements

o P2

P=+ of Sp(2) map to the element P € SO(5) where
P3 P4
[pal* = lps|® 2p1ps
p= 2p1p2 Pipa | prps | Prjpa | Pikpa

+Pspe | —Pstp2 | —P3ip2 | —D3kpa

PROOF. Let py = a; + br7, so that

P11 P2 by a; bz as

P3 P4 a; —by ay —by

Then the columns of P = «(P) are given by calculating P, = PX,P! for each
k=1,...,5. Itisconvenient (and moreilluminating) to think of R® = R®R* = ROH
) where r € R and ¢ € H. Thus, for

r

and to express column vectors in the form (
q

example,

. a1 — asl” — 1bsf?
2((_11(12 + 6152) + 2(61162 - a2b1)j
* = Ipsl?

Ip1|® — |ps

2p1p2

Similarly, writing the remaining columns in this way gives

~ ZRe(alég + blzg) P QIID(GIEL:; + bli)g)

P2 - ’ 3 - . .
P1p4 + P3p2 P11Ps — P3iP2
~ 2Re(bla3 — albg) ~ 211’1’1(1)1&3 - a1b3)
4 = y s =—
D1JPa — P3)P2 p1kps — pskp,
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so that

Ip1? — |ps]? 2p1ps

P=(P|...|P)= 2p1pa DiPs | Pitps | P1ips | Pikps

+p3py | —P3tpe | —D3ip2 | —P3kpe

4.1.2. The Inverse of the Map a. Given a matrix P in Sp(2), the epimorphism
« produces the corresponding matrix in SO(5). It will now be shown how to invert

this correspondence, that is, how to produce from the element P of SO(5) the related

covering element(s) in Sp(2).

Let the given matrix P € SO(5) be written in the form

S TaTsTeTs

Ao Bo Oo DO

P= (4.5)

where Xo, Ao,...,Do € R, X, A,..., D € H. Then the columns of P are orthonormal

vectors with respect to the standard inner product on R® so that, for example,

Ao By _
A B
. . X : .
If z denotes the quaternion given by T X define unit quaternions a = A — Agz,
0
Ao\ [Bo - -
b=DB — Byz,c=C —Coz,d=D — Doz. Then NATY e Re(ab) and similarly

for all other pairs. It is clear that if any four columns (rows) of an SO(5) matrix
are given then the remaining column (row) is uniquely determined by orthogonality,

unit length and determinant conditions. This fact is expressed neatly in terms of

quaternions as:

Proposition 4.2. ab+ ¢d = 0.
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Theorem 4.3. The matriz P € SO(5) corresponds to the following matriz in the

covering space Sp(2), up to sign:

where w = @ + 1b + j¢ 4+ kd and A? = |w|?(1 + |z|?).

PROOF. First note that P is indeed an Sp(2) matrix, since the rows are of unit length
and are orthogonal under the standard H? inner product (see appendix). Proposition

4.2 and the fact that a, b, c, d are unit quaternions and Re(db) = 0 give

iwa = i(@+ b+ je + kd)a
= 4(1 + iba + jéa + kda)
] (4.7)
tbb + @b + kdb + jcb

= wb.

In a similar way, jwa = wc and kwa = wd. In order to prove the theorem, it 1s

enough to show that a(P) = P. Set

_w _wzx _ wazx _wa
pl_A7p2_A7p3— A ’p‘l'—A'

Then straightforward calculations show

1—|zf?
2 _ 2 — = X
|p1! ip3| 1 + |$|2 0,
2ppe = X, (4.8)
Pipsa+Pspe=A, ... , Dikps — pskp, = D.
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Finally,
2p1ps = _Zwean
A2
= —Z22—(Re(w:cc_uf)) + (wzaw)s + (wraw);j + (wzaw)ik)
= —%(Re(wmaﬁ)) — Re(wzawi)i — Re(wzawj)j — Re(wzawk)k) (4.9)
= 2% (Reoa) + Re(ebi + Re(zd)j + Re(zd)k)

= (Ao + Bot + Coj + Dok).

JUSTIFICATION FOR PROPOSITION 4.2. Suppose the matrices

lp1]? ~ |psl? 2p1P3
Xo | Ao | Bo | Co| Do
and 2p1p2 P1pa | Pitps | Prjps | Prkpa
X l A ’ B ' C ’ D . _
+p3p2 | —Patp2 | —Dajp2 | —Pskpe
correspond for some py,... ,ps € H satisfying

2+ p2l? =1 = |psl* + pal® ,  pups + papa = 0.

P1P2Pa |pa|?

Then p3 = — il implies |ps|® + |pa]? = W =1 so that |p|?> = |p4|?* and |ps|* =
1 1
|ps|?. Comparing corresponding matrix entries shows |p1|*—|ps|> = Xo giving 14+Xo =
X
2|p1|? and 2p1p; = X whence p; = %5 = prz. Thus p3 = —p4Z.
P1
Now,
A = P1ps + Psp2 = Pipa — z(P1pa)z,
: (4.10)

B = prips + Psips = Prips — z(Pripa)T et

Z+zlz

CLAaM: If Z =Y — zYz for quaternions Y, Z then ¥ = TW—
— |z
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For,
Z=Y —-a2Yer=Y=Z+2Yz
=Y =7+zYz
i i (4.11)
=Y =Z+z(Z+2Y2)zr =27 +zZz+ |z|'Y
=Y —|z|YY=Z + 27
Thus,
_ A+ zAz a
P1iPa = — 2] 1+]af ‘ (4.12)
. . b _ . c _ :
and similarly, pyepy = m , P1Jps = m , prkps = m Equation (4.12)

implies p; = apy and substituting gives

_ . ab . ac - ad
2 = — = = —
p4 p4 1 + |$l2 b p4]p4 1+ II‘Z 3 p4 p4 1_|_ ‘x|2

But
ab y PajPaPakpy acad éd
1+ |z = P4ipy = |pa]? = 17+ [2)? :—1+l:c|2
so that ab + éd = 0 is a compatibility condition on the columns. 0

4.2. Twistor Space

Let N be a 2m-dimensional Riemannian manifold with a fixed orientation. At each
point z € N, let Z, denote the space of orthogonal complex structures on the
tangent space TN which are compatible with both metric and orientation. Then
Z = Ugen Z: 1s a fibre bundle over N. The projection 7 : Z — N is a Riemannian
fibration associated to the orthonormal frame bundle of N and the fibre of 7 is the
symmetric space SO(2m)/U(m). Z is called the twistor space of NV and 7 : Z — N

the twistor fibration [12].

Now suppose that N = 52", a 2m-dimensional sphere. Then N =50(2m+1)/SO(2m)
and since 7 : Z — N has fibre SO(2m)/U(m), the twistor space of S*™ is Z =SO(2m+
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1)/U(m).
4.3” Harmonic Maps and Horizontal, Holomorphic Curves

This section will illuminate the correspondence between superminimal harmonic maps

5 — 5% and horizontal, holomorphic curves in SO(2m + 1)/U(m).

Definition 4.4. A subspace V(z) C C**! is called a mazimal isotropic subspace if

dimV(z) = m and v.v =0 for allv € V(z).

Given a superminimal harmonic map ¢ : S — S*7", form the harmonic sequence

o, . .. oy With 1, =1 = ixrd. Then, for each z € 5,
V(z) = span{ho(2), ... ,m_1(z)} C C™H!

is a maximal isotropic subspace and V(z) € I,(C*™*!), the space of maximal isotropic

m-planes in C*™*1. Notice also that for each v € V, [v] € Q2,1 where
Q?m—l == {[Xo, Ve ,Xgm] € (CP2m | Xg + e + X22m = 0}
CLAIM. I,,(C¥**1) C Gr,,(C**1) as a complez submanifold in a natural way.

CLAIM. I,(C**1) = SO(2m + 1)/ U(m).

PROOF OF CLAIM: Use the Orbit-Stabiliser Theorem. SO(2m + 1) rotates m-
planes into m-planes and since SO(2m + 1) is an orthogonal group the action pre-
serves the dot product. Also SO(2m + 1) acts transitively on I, (C*™*!). Let
V € I,(C**1). Then the elements taking V to itself make up the subgroup U(m).

O
'i‘hus, a superminimal map ¢ : S — S%™ gives rise to a map ¢ : S — SO(2m+1)/U(m)

via
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and with pd = ¢,
p:50(2m + 1)/U(m) — SO(2m + 1)/SO(2m) = S*™
is the canonical projection which means p(V) = ey where Cey = (V@ V)t in CP™+1,

Propositioh 4.5. The map ¢ is (1) holomorphic and (2) horizontal.

ProoOF.

(1) Let v, = [f,] for each p. Then the harmonic sequence of ¢ looks (locally) like

f(), N ,fgm with
3} 0
Yo~ fyur + o loB 51,
% - _ pr|2 f
0z | fpmt P77

As a map into Gr, (C?™t1) ¢ is given by

foA oo A frnoa.
But
9 G, 0 fm-
'a—g(fo/\/\fm_l)za_?/\fl/\/\fm_1++f0/\/\fm_g/\ 851
=0.
YA o\[
(2) To show that & is horizontal, check that |d¢ (&) = 'dq{) (E) .
) of 0 fm-
5;(fo/\.../\fm_l):8—;/\flA.../\fm_l+...+f0/\.../\fm_2/\ azl

=AMfo Ao A fme1) + (fo Ao A a2 A fm)

and

(fo/\.../\fm_l)'L
} — oA A frcz A fn.

0
{a—(fo/\.../\fm_l)
So

2

P oA N NP Ll :P¢Ci)
[fo Ao A fra|? | frn—1]? 0z
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O

Conversely, suppose that é is holomorphic and horizontal and for each z € 3, let

$(z) = V(z) and C™!' = {f} ®V @ V. Then

oVC{f}®V  (horizontality) (4.13)

v Ccv (holomorphicity) (4.14)
Now, f.v =0 for all v € V(z) so that
AfV)=0fV =0
and f.f =1 gives 3f.f = 0 so that
of e V. (4.15)

Then acting with @ and J on (4.15) and its conjugate respectively give

o0f e dvV C{f}eV by (4.13) (4.16)

dfe(@V)C{fleV by (413) (4.17)
so that 00f € {f} and f is harmonic.
Further, 8f is isotropic since f € V (by (4.15)) and using (4.14),
00f €0V CV
shows that 0%f is isotropic, and so on by induction. Thus f satisfies the isotropy

requirements to be superminimal.

This is known as the twistor description of superminimal harmonic maps S — S*™.

4.4, The S* Case

Setting m equal to 2 throughout the above discussion gives the twistor space of
S* as SO(5)/U(2) and a correspondence between superminimal surfaces in $* and
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horizontal, holomorphic curves in SO(5)/U(2). However, this low dimensional case is
especially interesting as the fact that the dimension of S as a surface in S* is the same
as the codimension of S means that there is a natural way to construct a ‘twistor’ lift
into SO(5)/U(2) of any immersion f : S — S*, irrespective of it being superminimal

or not. This construction is given below.

Suppose f : S — S*is any immersion. Then at each point z € S, the tangent space
to S* decomposes as

Tf(a;)S4 =T,58 N,

where TS is the tangent space to S at z and N, the normal space at x. Choose
an oriented, orthonormal basis e;, ey for 7,5 and es, eq for Ny so that ey, e, €3, ey
gives the standard orientation on S*. Then (definition 4.4) span{e; + ez, e3 + i€y} is
a maximal isotropic subspace of the complexification C° of R®. So for any {, this is

how to construct

$:5 —S0(5)/U(2).

Further, there is a natural identification of SO(5)/U(2) with the complex projective
space CP? and there are several (non-trivial!) ways of seeing this. One way to
proceed is to obtain both SO(5)/U(2) and CP?® as homogeneous spaces of Sp(2) and
then show that these are the same. Since Sp(2) is the universal cover of SO(5),
SO(5)/U(2) = Sp(2)/U(1) x Sp(1). On the other hand, recall Sp(2) C U(4) and that
U(4) acts on CP? as a group of isometries. Then Sp(2) acts transitively on CP® - as

the restriction of the U(4) action. Moreover, the stabiliser of [1,0,0,0] is
zeC, |z]*=1, ¢geH, |g’ =1} = 5" x Sp(1).
Thus, the twistor space of S* is CP® and the bundle 7 : CP® — S* is precisely the

twistor fibration of Penrose. The next section shows how S* may be identified with
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HP' and that as a consequence the twistor fibration is expressed neatly in terms of

quaternions.

4.5. The Twistor Fibration for S*

Recall first the Hopf fibration
7 :H*\ {0} — HP!

given by (g1,¢2) — [q1,¢2). Here H? is regarded as a left H-module so that [gy,¢2] =
[¢;,¢5] if and only if there exists ¢ € H \ {0} such that (¢i,¢5) = q(q1,¢2). (The
reader is referred to the appendix for details on H*, Sp(n) and the conventions used

in this section and subsequently.) Also there is a diffeomorphism of HP' with S*

under which [g;, 2] € HP' corresponds to

926, o
( Q1Q27_Q1Q1 _Q2Q2> c g4 CHR.
7191 + G292

Taking co-ordinate neighbourhoods z , z_ : H — S* with

2Q7 I - q(j> ’ 2q_/» qlql - 1) 7
Zz = —_—— |, T = rsra— I = 1,
+(9) ( T (¢') 77 11 qq

the standard metric on S* is given by

4 4
2 _ _ -
B G

In terms of these local co-ordinates 7 : H? \ {0} — HP' is

m(q1,q) = ¢ 2= ¢ if g1 #0

and  7(q1,q2) =¢5 ' =¢ if ¢ # 0.

Now dg = ¢7'dgs — q7'dq1q7 ' g2 and the differential dr at (g1, ¢2) is described by

dr(p1,p2) = 41 'p2 — 41 P14y "o
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The fibre of 7 through the point (g1, ¢2) is given by
kerdm = {(p1, p2)lay 'p2 — 45 ' P14y ' g2 = 0}
= H(q1, g2).
There is an H-valued bilinear form on H? defined by

((p1,P2), (11, 92)) = 4(p1ds + P2d2)

and this gives rise to a metric on H? defined by

l(q1,92)|° = 4(|q1]* + |g2/*).

(4.18)

The horizontal subspace at the point (g¢1,q2) is the orthogonal complement, with

respect to this inner product, of the fibre H(g1, ¢2). (H(q1,¢2))* is mapped bijectively

onto Tr(g,,4,)5* - indeed more is true:

CLAIM. With respect to the metric (4.18) on H? and the standard metric on S*, the

differential dm maps (H(q1,¢q2))* isometrically onto Trg, 4,)5"

PROOF OF CLAIM: Suppose |q1|* + |g2|> = 1. Then (H(qy,¢2))* = ]HI(

and
( (7)1 Q2 )2 2 |q1|2 |Q2|2
() (1 )
{ la?" lgol? lal*  lgal*
AP
|Q1|2|Q2l2'
Also,
41 q2 -1 A2 _1 Aqi _
dr{ M -1t =—¢ —q q
( (|Q1lz, |92|2>) ! |f]2|2 ! |q1|2 !
1 1
=————qg7 ')A
[alPlg?
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so that
2 -
dr ()\( @ _ ¢ )) _ 4 91| 7| A1*[ga/?
" |l? m(q1,42) (JIZ_:{;+1>2 lg1|*lgal*
__ApPE
CARC

Now identify H? with C*! via the identification of H with C* given by
q < (z,w0) if ¢ =z 4+ wy.

Then 7 : H? \ {0} — S* and indeed 7|g factors through CP? to give mgs : CP® —
54 = HP' with
g4 [207 21, %2 23] = [20 + le) Z9 + Z3j]

or, equivalently,

rlzonzr, o] = [ 2P0 =20)Ca 2 ol + [l = feal” P
S4|<0y <15 %25 3] = |20|2+|le2+lz2,2+|23|2
- (2(% ¥ 2129),2(0% — 2170) ool + |al? = |2af? = |z3|2>
|z0|2 + |21 |2 + 22| + |23]? .

Thus if p : H? \ {0} — CP? is defined by
p(z0 + 217, 22 + 237) = [20, 21, 22, 23]

we have a commutative triangle of fibrations
H* \ {0}
N
Tl CP?
54 l/7r54
and if CP? is given the standard Fubini-Study metric then p|g7, 7g+ and 7|g7 are

Riemannian submersions.
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Furthermore the set of complex structures on Tr(g,,4,)5? ; (1,¢2) € S” may be iden-
tified with 75/ 7(q1,¢2). For on (q1,42) x (H(g1,¢2))* there is a canonical complex
structure derived by considering (H(q,g2))* as a left C-vector subspace of C*. Then
since the differential d7(q, ¢,) maps this space isometrically onto Tr(g, ,)5* it follows
that Th(g, ) S* inherits a complex structure compatible with the metric. It is not hard
to show that all such complex structures on Tyq, 4,)5* are so obtained and that two
are the same if and only if (¢, q3) = u(q1,92) , 1 € S* (where 7(qi,¢5) = 7(q1,42)).

Thus g : CP? — 5% is the bundle of almost complex structures on S*.

Consider a tangent vector v to CP? at the point p. Thus {v,p) = 0. The fibre at
p is given as the projective space of span{p,ps} so the condition for horizontality is
(v,pj) = 0. Thus for h(z) to be a horizontal curve, the condition is

Ry,
- h.h1) =0.
<h R ki) =0

But (h, hj) = 0 so the condition is
(¥, 1) =0
and if h = (zo, 21, 22, 23), horizontality is given explicitly by
zodz1 — z1dzg + 29dz3 — 23dzy = 0.

The horizontal distribution on CP? is a holomorphic 2-plane bundle. Let us use local

co-ordinates again. This time suppose zg # 0 and write {, = i (e =1,2,3). Thus
20

we have a co-ordinate neighbourhood on CP? given by
(€1,62,&) = [20, 21, 22, 28] = (1, &1, &2, €]

In terms of this the Fubini-Study metric is given by

(1 + Efaf_a)zdfadf_a - ngadga)(zgadfa)
(1 + Xéata)?
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4.6. Results of Bryant

By studying the geometry of the twistor fibration 7 : CP® — S*, Bryant [11] proved
that if ¢ : M? — CP? is a horizontal, holomorphic curve then 7¢ : M? — S*
is a superminimal immersion (may have branch points) and conversely, that every
superminimal f : M? — S* is of the form 7¢ where ¢ is an essentially unique
horizontal, holomorphic curve ¢ : M? — CP?. Further, there is a Weierstrass type
formula which produces horizontal, holomorphic curves in CP? from meromorphic

functions on M?2.

Theorem 4.6. Let M? be a connected Riemann surface and let f, g be meromorphic

functions on M? with g non-constant. Let ®(f,g) : M* — CP? be defined by

1 d 14
q)(fag) = [1,f_ Eggfg—agfizig .

Then ®(f,g) is a horizontal, holomorphic curve in CP3. Conversely, any horizontal,
holomorphic curve ® : M?* — CP° is either of the form ®(f,g) for some unique

meromorphic functions f, g on M or ® has image in some CP' C CP°.

Use of the Riemann-Roch theorem shows that for a compact Riemann surface f and
g can be found which make ®(f, g) an immersion. This implies that any compact Rie-
mann surface can be conformally and minimally (in fact superminimally) immersed

in S4.

4.7. The Lift to CP3

Let f: S — S* be given by f(2) = (Xo(2),...,Xa(z)) with z a local complex co-
ordinate on S and let o : §* — R* denote stereographic projection from (—1,0,0,0,0)

onto R* = H. Then oo f = = ¢ € H, where X = X; + Xo1 + X35 + Xak.

1+ X,
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Now, the adapted frame of f is of the form

i Xo | Ao | Bo | Co | Do
X | A ‘ B , C ’ D
for mutually orthogonal unit vectors (1;110) ye e (117)0) with
A B, Co Dy
span , =TS and span , = NS.
A B C D

Then in the notation of section 4.1.2, £ = ¢ and theorem 4.3 gives the following:

Theorem 4.7. An immersion f : S — S* lifts to F' € Sp(2) where

1 w wq

z 3

—waq wa

F =
with w = @+ 1b+ jé + kd and A? = |w|*(1 + |q]?).

Using this Sp(2)-description of the frame, it is now a straightforward matter to write
down the twistor lift of f into CP>. Let the lift be denoted by f and by an abuse of

the notation, write [zo + 217, 23 + 235] to mean [zo, 21, 22, 23] € CP®. Then
f=[1,0lF = [w,wq] € CP3.
In fact, this expression for the lift of f can be simplified;

Corollary 4.8. The twistor lift of an immersion f : S — S* is given by

~

f =[a+1b,(a+ib)q) € CP

A B
where ¢ = co f, a = A— Apq, b = B — Byg and (AO)’ (BO> c ReH are an

orthonormal basis for T'S.

PROOF. It is enough to show that w = A(a@ + ib) for some A € C, or, in other words,

that w(a + ¢b) is a complex number.
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Clearly, w(a + ¢b) commutes with all real numbers and by 4.7,

I

iw(@ + 1b) = iw(a — bi) = fwa — iwbi

= (—wbi + wa): (4.19)

= w(a + 1b)s

so that w(@ + 7b) commutes with complex numbers and so is itself a complex number.

a

4.8. Lifts of Conformal Immersions f: S — S*

4.8.1. Conformal Maps. The map f(z) is said to be conformal if and only if
(f., fz) = 0, that is, if and only if |f;|> = |f,|* and f;.fy = 0, z = = + 1y. In order
to obtain results about the twistor lift of f, it is useful to determine the condition
placed on ¢ = £ + nj by the requirement that f is a conformal immersion. Since

stereographic projection o of S* onto R*is a conformal diffeomorphism, it holds that
(fz, fz) = 0 if and only if ((c 0 f).,(c0 f)z) = 0.

If f=(Xo,X)CR@H, then

Uof_(X1+iX2 X3 +1X,4
TV 14X, 14+ X

)=(mec =g
and
{((0f)(oof)z)= ((€21m2), (&2,m2)) = ézgz + 0272

giving the following;

Lemma 4.9. An immersion f : S — S* is conformal if and only if £,€, + .7, = 0,
where f corresponds via stereographic projection to ¢ = § +ny € H.
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4. LIFTS BY QUATERNIONS

4.8.2. The Moving Frame. In the case where f : § — 5% is a conformal map,

and ey = ﬁ since the

fe
| fol £yl

tangent vectors f, and f, are orthogonal (and also of the same length). This will

it 1s natural to choose e;, e; in the frame to be ¢, =

enable an explicit formula for the lift to be found in the conformal case, and to this
B
end, the vectors e; = (io) and e, = (BO) will now be determined in terms of the

quaternionic co-ordinate q.

1—1ql%2 .
In the notation of section 4.1.2, identify f = (#) = (X, X) so that

fo_
0,A) = =7 = 77 (Xoz, Xz).
Wor ) =17 = T o X

Then differentiating gives

P (1_“]|2)x_(1_|Q|2)|Q|:25: —2|q)2
T 14 gf? 1+1gP)? — (1+1g?

24z 2qlq|2 2(¢x — 9329)

X, = - -
L+l (+1g)?  (1+1g?)?

and
4 _
|fel? = [ Xoo* + | Xa|* = W(qu — qzq|” + (lg12)?)
or (4.20)
(1+g[»)*
whence
—|q|? (¢z — 9329)
Ap = — e = o~ 94a) (4.21)
° 7 gl (1 + g |g=1(1 + |¢|?)
Similarly,
—|q|2 (qy — 939)
By= —— v = v~ 9D) (4.22)
° 7 g |1+ gl?) layl(1 + 1q]?)

Notice that |fs|? = |f,|? if and only if |gz|* = |g,|*
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4. LIFTS BY QUATERNIONS

4.8.3. Explicit Description of the Lift. By corollary 4.8, the vectors e; = ( )

B
and e; = (BO) are enough to determine the lift of f to CP°. Given (4.21) and (4

(¢z — ¢329) —lql2
a=A-— Ao 2 q
lg=1(1 + lgI? ) lgl(1+1gP)
|4=1(1 + l¢]?)
_ =
|9 |
or equivalently,
_ (e 1e) (4.24)
|9z
Similarly,
b=B - Byg= -2 =T (4.25)
' y‘ I‘Zz|
Thus
a+ib= L _ o & (4.26)
=] |42

and the conformal version of theorem 4.7 is
Corollary 4.10. A conformal immersion f : S — S* lifts to F € Sp(2) where

it qz qz9
E _ 4z9:9 qz9z |
gz lgs]

2q,1 — |q|? 1 :
with f = (—%) and A' = |g;|(1 + |¢|*)? and e € C.

F =

Taking [1,0]F (or applying (4.26) to corollary 4.8), the explicit formula for the lift to

CP? in the conformal case is now clear.
Theorem 4.11. The twistor lift f : S — CP? of a conformal immersion f : S — §*
is given by
f(z) = [f_éa 0z, &€+ 157, &1 — 2] (4.27)
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4. LIFTS BY QUATERNIONS

where ¢ = € 4+ nj ts the quaternion obtained by the stereographic projection of f to
R* = H.

It is important to check that this beautiful formula for the lift is in fact well-defined.
There are two areas of potential difficulty, firstly it is conceivable that both the
functions &; and 7; are zero and secondly, that this lift is defined only for the particular

choice of quaternionic co-ordinate (stereographic projection).

Although it is true that both & and n; could be zero, the functions &, s, &5, 7
cannot all be zero (for then ¢ would have to be constant). Suppose, without loss of

generality, that £; is non-zero. Then by the conformality condition, €5 can be replaced

_ NzNz

wherever it occurs by &; = g in which case (4.27) becomes
Nz7z UEE _ Nz z
- é-_ y — Tz — é-_ €+775777—T77 _775£ .

Thus, the lift may be wriiten equally well in terms of ;, 7z as
] = [, &, 712€ = &7, 71z + €€
and no difficulties are encountered when ¢; and n; are zero.

. . Ipaf? = [p2? Xo .
In the notation of section 4.1.2, for the vectors _ and | _ ] to corre-
2p1p2 X

spond, there are two choices;
ith X X
ither =p— or = :
© b2 P11+X0 b p21—X0

Suppose the underlying immersion f is conformal. Then the first case gives the lift

A

[f] as
[ﬂq = [&, =1z, &€ + 120, En — 1]

with ¢ = = ¢ +7njy. The second case gives [ﬂ in terms of the quaternionic

1+ Xo

_/

1-Xo

co-ordinate ¢ = =p+ 77 as

A

[fls = [psp + 757, pz7 — 2P, Pz, — T3]
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4. LIFTS BY QUATERNIONS

The co-ordinates ¢ and § are related in that

1
G = 7 = A

PE say, and p= A, T = =An. (4.28)

3

pep + 7T 4 PET T TEP
£z Nz

—nz(pzp + 7:T) = Nnz(E€ +027) by (4.28)

Then it is enough to show that are the same. Now,

and
f_z(/_)zT —T:p) = —)\25_2('5_277 - 7725)
= N;(nz7 + £:6) by (4.28) and conformality.
So the two choices are equivalent and the lift does not depend on whether stereo-

graphic projection is from the North or South pole of 5*.

Applications of the formula (4.27) are discussed in the next chapter. The lifts are
produced and investigated for certain examples and, more generally, the formula is
used to find the conditions for harmonic lifts. This leads to an interesting observation

for the harmonic sequence of a conformal, harmonic lift.
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CHAPTER 5

Examples and Applications

The formula obtained in chapter 4 for the lift of an immersion f : S — S* into
CP? will now be put to use in examining some properties of such lifts. Section 5.1
gives some examples which display the equivariance of lifts as discussed in section
2.1.2. In particular, the SO(3)-symmetry of the Veronese surface (5.1.1), the lift of
the Clifford torus gives a torus in CP® (5.1.2) and an example with Sl symmetry
(5.1.3) are given. After some notation (section 5.2) to describe the differentiation of

quaternion products, the harmonicity condition for the lift is derived (section 5.3).

Section 5.4 studies holomorphic lifts in detail, confirming that they project to real
isotropic maps into S* and moreover showing that such lifts are unique. Section 5.5
studies the harmonic sequence of a harmonic lift f and it turns out that when the lift
is harmonic but not holomorphic, the harmonic sequence has a particular symmetry
(called j-symmetry). Such harmonic maps in CP? project to conformal maps into
S* and j-symmetric lifts are unique. Studying the harmonic sequence reveals that
when the lift is conformal it is automatically 4-orthogonal. Also, the comparison
of the harmonic sequence of the Clifford torus with that of its lift shows (perhaps

surprisingly) that the maps are not congruent, but they are closely related.

Finally, section 5.7 discusses positive and negative lifts to CP® ([17]) and shows that

these both arise naturally from the Sp(2)-description of the moving frame of f. This
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5. EXAMPLES AND APPLICATIONS

gives rise to a straightforward proof of a theorem of Eells-Salamon.

5.1. Examples

5.1.1. The Veronese Immersion. Let f: S? — 5* be given by

1

1
f(z1,22,23) = \/?:(m@xg — a} — 32), 2173, To73, -2—(56? —z3),21%3).
Using the stereographic co-ordinate z = 3311 _-:__ "2 and writing R* = R@ Ca C, f
T3

takes the form

1
f(z) = ma — 422+ |2*,2V3(1 — |2}z, 2V/322).
Stereographic projection from S* to H via (t,v,w) — (_vl—:_u;]) produces
V3((1 = |2z + 2% .
(L=LePye+%)

ER Ry I P

and
o VAP VA2
N R E D N (N F R H D

Then f is conformal (£;&; + 7277z = 0) so that the formula for the lift may be used to

give
f(z) = [&, =z, &€ + 1:7, Em — 1]
=[1,-2°, \/gz,\/§z2].

(5.1)

Computing the harmonic sequence of f shows that the invariants v, (p = 0,1,2)
are all constant and by the formulae 2.2, 2.3 this tells us that the lift has constant
curvature and constant Kahler angle. Indeed, it has been shown in [4] that, more

generally, each 1, in the harmonic sequence of the Veronese immersion

¥(2) = [I,J@z,... J—(:')z ,2"] € CP™
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5. EXAMPLES AND APPLICATIONS
has constant curvature and Kahler angle. Also, Calabi’s result [13] tells us that (up
to holomorphic isometries of CP™) 9(z) is the only linearly full holomorphic curve in

CP" of constant curvature.

There is a particularly nice way to observe these facts which moreover constructs all
linearly full ) : S — CP" of constant curvature and Kéahler angle. The method is

given below for the CP? case, but the general case is entirely similar.

First note that the group of isometries of CP® has two components - namely the
holomorphic and the anti-holomorphic isometries. The identity component (the holo-
morphic isometries) is just PU(4) = U(4)/Z(U(4)) where Z(U(4)) consists of the

scalar matrices AI, A € S*.

Suppose ¥ : S — CP? is linearly full and has constant curvature and constant Kahler
angle. Then by the Extension Theorem of Bolton-Woodward [6] there exists for each

h € SO(3) a corresponding g € PU(4) such that

hh = g

and moreover, ¢ : SO(3) — PU(4) taking % to g is a homomorphism. This is used to

construct all examples as follows:

SU(2) acts on C* and hence on the third symmetric tensor power S*(C?) of C* (i.e.
the subspace of (C?)®3 which is invariant under the action of the symmetric group 53

given by
o(ei, ® €i, ® €5;) = €s(iy) ® o(in) ® €o(iz))-

53(C?) has dimension 4 and S*(C?) = C*. These actions of SU(2) give a homomor-
phism Sg : SU(2) — SU(4). Let ey, e be the standard basis for C? and consider the
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5. EXAMPLES AND APPLICATIONS
following unitary basis of S3(C?) = C*:
e1=e1®@e1®er, e2=—€28e @ ey,
1
€3 = —\/—§(€1®€1®62+61®82®61+62®61®61),
- 1 (
€y = —=
VG
Let A € SU(2) be given by

e1Re ez tesRe1@er+ea@ex®eq).

whence Ae; = ae; + fBe; and Aey = —fBe; + aey. So A acts on S*(C?) by acting on

the basis {€é;}. For example,

Aé = Ales ® e1 Q@ e1) = (cer + feg) ® (cer + Ber) @ (aer + Pea)
= a3(§1 - ﬂSéz + \/?_>a2ﬂ63 + \/gaﬂzé4
and so on. Then A = (Aé, | A€, | Aés | Aéy) is given by
R R
-5 & —V3ap* —V3a*p
V3a?B —VBaf? (laf -2 —(2al* - |81*)B
V3ap?  V3a*f (2’ -8B (laf* -2]|8*)a

Then with J as in (4.1), it follows that JA = AJ, so that A € Sp(2). Thus S} is a

T
Il

homomorphism S$2 : SU(2) — Sp(2), and via the double covers SU(2) — SO(3) and

Sp(2) — SO(5) the following diagram commutes,

3

SU2) —2 Sp(2)
2:11 J’2:1
$S0(3) —— SO(5)
giving rise to a representation of SO(3) in SO(5) and hence a (non-standard) action
of SO(3) on S*.
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5. EXAMPLES AND APPLICATIONS

The orbit of [S°(e?)] is the Veronese immersion and from this description the SO(3)-
symmetry is clear. The remaining columns (the orbits in CP? of &,, & and &,) give

the other elements of the Frenet frame of the Veronese immersion.

Note that the map is obtained in terms of the standard complex co-ordinate z on S?

by choosing

1 1 -z

m o € SU(2) (5.2)

and the Veronese surface is then the orbit of the point [1,0,0,0].

Remark 5.1. More generally, for ¢ : S — CP", use S™(C?) to describe the map
$:S0O(3) — PU(n + 1). The orbits in CP" of

[S™(eD)], - [S™ (e @)l [S™(e5)]

are the elements of the Frenet frame and taking A as in (5.2) above gives [S™(el)] as

QR [ ESEE

5.1.2. The Clifford Torus. Consider the torus f : R? — $2 C §* given by

1

flz,y) = \/5(0, cos 2v/2z, sin 2v/2, cos 2v/2y, sin 2v/2y).

Then

q:

(e\/iz'(z +2) 4 V2 - aj) =&t

=

and

gz = “\/ﬁif_» Nz = —\/577-
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5. EXAMPLES AND APPLICATIONS

Now f is conformal (check && + 9575 = 0) so that the formula may be used to
produce the lift of f to CP3.

[f(za z)] = [gfa —772,525 + Ufﬁagzﬂ - 7725_]
= [=V2&, V21, V20" = In*), V2(1 — 1)én]
— [\/i, \/526\/5((1 + Z)Z -~ (1 — i)E), (1 _ Z)e\/i?,(z + 5)’ (1 + Z)e\/i(z — 2)]

In general, f is not a holomorphic section of the bundle but there exists A € C such

that A f is a holomorphic section. Here, multiplication by

shows that [f] may be written as

[f] = [P D24),

where

N , . : . s Lo
D = Edlag(_(l + Z)v (1 + Z)> _(1 - Z)’ (1 - Z))> Uo = 2(1a ’ \/5 ) \,/i )
Then D € U(4) and |do|? = 1.

With the lift in this form, it is now a straightforward matter to check that f is

harmonic and to write down the harmonic sequence of f. For,
fz — DeDz_Dz’fLO

and

= <D’l},0, ’&0>

(since D commutes with ebz"]jz). By computation, (Do, @) = 0. Thus

fl — DCDZ_DZ'&,O
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5. EXAMPLES AND APPLICATIONS

and

a

= —DDe” Py = —f

oh
0z

so that f is harmonic.

The elements of the harmonic sequence { fp} are given by

~

fp(z) = Dpeﬁz_f)zﬁo

and since D* = —1, it is clear that this sequence is orthogonally periodic of order 4.

5.1.3. S'-Symmetry. Let f: 5% — 5% be given by

1 . N
£(o,,0) = 5 Claoes (14 0)" 4 4 Ggaa(1 = w) ) (e + i),
1

2Adoas(1l + W) — Gyas(l — w)™)(x 4+ iy)2 T, Ay — Ay)
where the a; are non-zero complex numbers and the k; are positive integers satisfying
k2a1a2 = —(2](51 + kg)aoag Wlth
Ay = |ao]® + |ag|* (1 — w)* 1+,
Az = Jar (1 4+ w)* 2 (1 — w)™ +Jag|*(1 + w)" (1 — w)"r¥e.
T+ 1ty

With respect to the stereographic co-ordinate z = T’
w

1

2) = kitk2)y ka
) = g )k,

aga1 + dga3|z|2(
2(apas — &1a3|z|2k1)zk1+k2,A1 —A,)
with
Ay = [aol” + las||2PBF5), Ay = ([aa]” + [agf*[2[*2) ™

k2a1a2 = —(2]61 + kg)a0a3.

Stereographically projecting f onto H gives the co-ordinate ¢ and
L, _ _ _ - :
1= A_((aoal + agas|z (RN M 4 (Goay — araglz|™) R G) = £ ).
1
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5. EXAMPLES AND APPLICATIONS

Then differentiating with respect to z and z gives

52 — /.Ldz(lglzl2(kl+k2—1)zkl+l

& = Aaga 7!

_ =1 (2(k=1) k1 +hp+1
Nr = —Aagly|z|2— 1) Rtk t

772 — Maoa2§k1 +ko-1

where

3 = alaof® — kalaaf? 25 — (ky + ky)lasf?| 2GR )

p = (ks + ka)laol® + kalar|*|2]™ — by |ag|*[2 2R +%2)

and it is clear from these that ¢;&; + 7:77; = 0 and f is conformal. Thus the formula

may be applied to produce the lift of f into CP?.

Observe that

Zkl_l(f_z, Nz) = )\I(ao,a322kl+k2), N = /\c_zl|z|2(k1‘l)_
Also,
&€+ 0 = Nag2™,
5277 —n:6=XNa ZRtks
and
]E: [ao,a322k1+k27alzk17agzkl+k2]_

Then f is holomorphic and is also horizontal. The horizontality and the fact that
F(e?z) = a(e)f(z) for a diagonal matrix « show that f has S'-symmetry. The
equivariance of the lift under the SO(5)-action on S* and CP? shows that the under-
lying map f : S — S* is also an S'-symmetric immersion. Moreover, since the lift f
is harmonic, the equivariance extends to the harmonic sequences of f and f 7).
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5.2. Some Notation

In the work which follows, we will shortly encounter the problem of how to differentiate
a product of two quaternions with respect to the complex co-ordinate z (or z). The
difficulty arises because, for complex z, zj = 3z, so that the effect of moving the

0z

describe. In fact, to differentiate the second factor it is necessary to split the first

g (0
Ep (—) through the first factor to apply it to the second is more complicated to

factor into its C and Cj components.

Let py, ps € H with p; = a + by, a,b € C. Differentiating the product p;p, yields

0 _ Op dp2 | ,.0p
aZ(P1P2) = 5. P + iy + b]_c?_é

which will be represented in the sequel in the following way:

NOTATION. (p1p2): = p1,p2+(p1p2)[z) where (p1p2)i) = a(p2,)+b5(p2;), (p1 = a+bj).

Furthermore, the complex components of p; will be written as @ = (p;)¢ and b =

(p1)Y so that py = (p1)€ + (p1)Y 5.

Lemma 5.2. If f is conformal then (gzq)z = 0.

PROOF. ((qu)[g] = {5q; — NzJqz = f—zéz + 120z

5.3. Harmonic Lifts of Conformal Immersions

The formula for the lift to CP® which was obtained in the previous chapter will now
be put to use in studying properties of the lift. In particular, it is interesting to
see when the lift is a harmonic map into CP? and, further, when it gives rise to a

holomorphic curve in CP2.
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Proposition 5.3. Suppose f : S — S* is conformal and let p =

f is harmonic of

A

,uzlf|2+,u{<f, E) - (fzaf>} -

PROOF. Let f = (Gz, Gzq)- Differentiating gives

fz = (Gzz, Gz + ((YEQ)[EI)-

But (gz¢q);z1 = 0 (by lemma (5.2)) so that

~

fz= (QEE,QZEQ) =

Thus, the form of fg is rather special in that

fz = Vf‘*‘ﬂ]f

where
= (72:02)° _ (fz, f)
Z:|? | fI?
and
u (Cjzz“:;)Cj _ _52775 - 7]225_2
|7z(? |22

Now, f is a harmonic map into CP? if and only if

(Fo)e Ud)e _ o

T TR AT

for some a € C. But differentiating (5.4) with respect to z gives
(fe)e = peaf +uifz + (< |f!2f> f+ <]|Cf|,{>

z

so that for (5.5) to hold, the coefficient of 7 f must be zero, that is,

pl f12 4 w{(f, fz) = (Fn )} = 0.
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Remark 5.4. In terms of the complex co-ordinates ¢,  the condition (5.3) is given
by

(1+ g

132 ((15212 = nzl*)12 — 25_2552772) - IQEUZ}

(1+ |€l|2)(§_zzz772 - 772255_2) + gzz{

2
e L D (e~ 0o+ 20006 + a6 =0

Given ¢ = £ + iy, this condition is not too difficult to investigate. However, there is
more to say about harmonic lifts of conformal immersions, in particular that such a
lift is either a holomorphic curve in CP? or has a harmonic sequence with a particular

symmetry property involving the quaternion j. These cases will now be studied

separately.

5.4. Holomorphic Lifts
It is not difficult to see that proposition 5.3 has the following corollary:

Corollary 5.5. If f is conformal then f is holomorphic if and only if

622772 — NzzGz = 0.

PRrROOF. First note that f is holomorphic if f; = /\f for some complex multiple A.

But

|— |2z (q_57 ‘jz‘Q)

z

and gzz¢z € C if and only if (G229-)% = 0. This is the case when

zzllz — NzzCz = 0.
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5.4.1. Holomorphic curves in CP3. Some properties of holomorphic curves in
CP® will now be investigated. Let % : S — CP? be holomorphic and write ¢ = [g]
with ¢ = (zo, 21, 22, z3). Then, taking zo = 1, ¢ is holomorphic if and only if 2y, z,

and z3 are meromorphic functions.

Proposition 5.6. A holomorphic curve [g] : S — CP? has the following properties:

(1) =[g] is conformal.
(2) Moreover, x[g] is real isotropic.

(3) The twistor lift of m(g] is [g].

Proor.

(1) mlg] = 7[1, 21,23, 23] = [1 + 219,20 + 23] = [1,¢] € HP' so that

29 + 2123 23— 1% (5.6)

S Py A e e

Then,
Z2; T 21523 + 2173, (22 + 21%3) |21 2
12

SETI M L F Py

and since (zj); = 0, this gives

V4 _ -\ -
£ = m((l +al’)zs: — (22 + 2173)715).
Similarly,
g Zos + 21523 + Z1233 (22 + 2123) I |2 :
7 = - 21
1+ |22 (1+ |21)?
1 ~ _ _
B m((l +z1*) 22z + (23 — Z21) 71z)
and
_Z —
= e+ )+ (- 550,
_ 1 _ >
= g (Lt lal)a: = (e - aim)as)

Then, by inspection, &:€5 + 7575 = 0.
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5. EXAMPLES AND APPLICATIONS

(2) Recall that f is said to be real isotropic if and only if span{f., f..} is an
isotropic subspace of R®, that is, if and only if f is conformal and fgz——;f +

77257725 = 0 Here

21 _ _ _
€2z = m(%fz — €21 — 262212)a
_ 1 B _ _
7z — m(zuz + 1215 + 2772215)7
—Z1 _ _ _
Nzs = m(?«’zzz + 1215 + 20:215),
_ 1 _ _ -
Nzz = (1 n |21,2)( 37z — E2172 — 265 12):

which, by inspection, give the result.

(3) Given [g] holomorphic, g is conformal (by (1)) and so 7g lifts to [gz, §zq] € CP®
where ¢ = £ +njJ is given by (5.6) above. Suppose [f] = [wo, w1, wa, ws]. Then
wo = &, wy = —7z and so on. Now 7; = —z1€; so that wy = zywe which

implies

W = ng + 1z = wol — w17 = wo(f - 2177) = WpZz2.

Similarly, ws = wgz3, and

[f] = [wo, w1, w2, ws] = [wo, woz1, wozz, wozs] = [g]-

O

Notice that parts (1) and (2) of this proposition demonstrate another proof of the
result due to Eells-Salamon which was formulated in terms of the frame in Chapter

3 (see theorem 3.14).
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5.5. Harmonic Lifts with j-Symmetry

Suppose now that the lift is harmonic but not holomorphic (the u # 0 case) and study

the harmonic sequence of f. Since f is not a holomorphic curve, f_; is non-zero and

7 ____(A:?af> £

T T
But by (5.4),

A__(ffaf)A: - P

Ty f=wf,

so that fq = pjf for p € C\{0}. Indeed, by the construction of the harmonic

sequence, this has implications for the whole sequence of harmonic maps in that it

implies that span{f_(pH)} :span{jfp} for all p.

Proposition 5.7. [ff_l = ,ujf then f_(pH) = ujfp forp > 0.

PROOF. Proceed by induction. Suppose f_k = pjfk_l for some &k > 1. Then

construct the next element along to the left in the harmonic sequence, f_(k+1), by

\ ((F=i)zs fi)

f-tkrry = (f=r)z — T f-k

(:Ll’fjfk—l + Mj(fk—l)z,ﬂjfk_1> f
k-1

= szfk—l + ,Uj(fk—l)z -

|2 fea]?
= i focs 4 it = i s = CR I g,
k-1
Now (ja, jb) = (—jabj)® = —j(ab)®j = —j{a,b); which means
f—(k+1) =p j(fk-1)z - jMﬁH
| fe-1]

= g fr.

Hence the result.
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So if f_; = ,ujf, the harmonic sequence of f has a type of symmetry in that it has

the form

. -/j'jf27ﬂjf17/1'jfafaf17f2 o
We will call a sequence with this property a j-symmetric harmonic sequence and f a
J-symmetric harmonic map.

This discussion shows that proposition 5.3 has the following important corollary;

Corollary 5.8. A twistor lift to CP* of a conformal immersion f : S — S* which is

harmonic is either a holomorphic curve or has a j-symmetric harmonic sequence.

5.5.1. Harmonic Maps in CP? with j-Symmetry. Let [g] : S — CP® be a

harmonic map and write ¢ = (1, z1, 22, 2z3). Then,

g-1 =9z — K%Z;l?g)—g = (—/\7212 - /\217222 - /\Z2>Z32 - )‘23)
with \ = <gf’|2g> Now jg = Jg where J is the standard complex structure (4.1) and
g

g-1 = pjg for some p € C if and only if

A= ﬂZ_I, 21z — /\21 = K,

Z25 — A2y = — 23, Z3; — A2z = [iZs.

Then the j-symmetry of ¢ is expressed by the conditions

21z _ _
22z — ! 2(2122 - 23)
21z B _ )
%3z = - 2(2123+22)
1+ |2

Proposition 5.9. A harmonic map [g] : S — CP® with a j-symmetric harmonic

sequence has the following properties:

(1) mg is conformal.
(2) The twistor lift of mg is g.
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PROOF. 7[g] = 7[1, 21, 22, z3] = [1 + 217, 22 + z37] = [1,¢] € HP' so that as in (5.6),

¢ = Zy + 2123 X3 — 212
1+|21,2, g 1+|21'2.

Then use of the equations (5.7) shows that &, &, 7s, 7; are the same as in the
proof of proposition 5.6 so that the conclusions arrived at in (1) and (3) apply in the

J-symmetric case as well.

O

Note that here we do not have the result that 7g is real isotropic - the conditions

(5.7) are weaker than the holomorphicity conditions z;, = 0 and consequently do not

produce fzzf_fz + 022z = 0.

It is not hard to check that a holomorphic map into CP? is always conformal. However,

this is not the case for j-symmetric harmonic maps. Let f be a j-symmetric harmonic

lift of f. Then f is conformal if and only if (fl,f_l) = 0 where ... f_o, f, f1,... is
1

the harmonic sequence of . But (by (5.4)), fou= /zjf and by construction

Ty
h=l= g
so that
(o for) = (. - <,}’|f fu5 ) =l )
and f is conformal if and only if
(f-if) =0 (5.8)

Let f be given by (1, 21,22, 23). Then (5.8) holds if and only if
<(0, Z1292229 232), (—21, 1, —23, 22)> = 21, — %2,%3 + 23,29 = 0 (59)

Thus (5.9), (5.7) and the discussion in 2.3.5 give rise to the following observation:
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Proposition 5.10. Iff: S — CP? is the lift of a conformal immersion f : S — S4
given by f =[Gz, Gz9) andf is conformal and harmonic with a j-symmetric harmonic

sequence then f is Ja-holomorphic and so f is harmonic.

5.6. More About Harmonic Sequences

It has been established in corollary 5.8 that a harmonic lift of a conformal immersion
has a rather special harmonic sequence. This section contains two further observa-
tions, the first of which is a general remark and the second discusses the relationship

between the harmonic sequences of the Clifford Torus and its lift.

Theorem 5.11. Suppose the liﬁf of f is harmonic and linearly full. If the harmonic

sequence off is 3-orthogonal then it is 4-orthogonal.

PROOF. Recall from corollary 5.8 that such an f is either holomorphic or has a
j-symmetric harmonic sequence. Suppose first that f is holomorphic. Then f 1s
conformal and all the elements of the harmonic sequence are mutually orthogonal.
So f is 4-orthogonal. On the other hand, suppose that f is a j-symmetric harmonic

map. Then the harmonic sequence of f has the form
g fuwif, o
Thus f_1 = pjf, f-2 = pjfi so that
(f—2,f1> = (#jflaf1> =0

always. Therefore it follows that if ( f_l, f1> = 0, the sequence is automatically not

only 3-orthogonal but 4-orthogonal.
O
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Let us now compare the harmonic sequence of the lift of the Clifford Torus with that

of the torus itself as a surface in S3. Let
1 ) .
flz,y) = E(cos 2z, sin 2z, cos 2y, sin 2y).

and let ey, e, e3, e4 be the standard basis on C*. Then with respect to the unitary
(e1—des) . (extiey) . (es—ies) . (es+ies)

basis € = ————=, €, = ————%, &3 = , €4 = , b
1 ) 2 ] 3 72 4 7 f may be
written
1, . .. e _ _
f(z,2) = B (61(2+2)é1 + e, el 6_(z—z)é4)
— eDZ_Euo
where

o 1
D= diag(z,—z,l,—l) € U(4), Up = 5(1,1,1,1)
Then the harmonic sequence of f is given by {f,} where
fo= D”eDz_ﬁz—uO.

Recall from section 5.1.2 that f(z, z) = [eDZ‘EfLO], where

A 1 _ ; AN (1 i ﬂ_l Z.(l—i) (1+74)
D—Edla’g( (1+12),(1+1),—(1—1),(1—1)), O—Q(Iaa 2 2 )-

In order to see whether the maps f and f are congruent - that is, related by a

holomorphic isometry of CP? - we look at the invariants T, I'and U , U. Recall that
by the congruence theorem, a harmonic sequence is uniquely determined by vy, 7
and {ugo}f_,. First consider ¢ : § — CP™ of the form ¢ = [e#*#*y] with A €

U(n + 1) a diagonal matrix and v € C**'\{0}. Then
¢y = [APeH 00
and

|¢p|2 — (ApeAz_Eu,ApeAz_EQO — ,u|2,
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that is, || is constant for all p. Thus, for the Clifford torus and its lift, Il =
luo|? = 1 and |f,|> = |tio|> = 1 respectively and

_ forl?

")/ =
AL

Now recall that for a harmonic sequence {¢,},

_ (0, 40)

Up,q = |¢ |2 )
q

Then, by construction, (fp41, f,) = 0 and since f is conformal, (fy+2, f,) = 0, so that

=1=4%, forallp.

P>q

U1 = ugo = 0. Also,

uzo = {fs, f) = (Dug, uo) = 0,

uso = (fa,f) = (Do, uo) = (uo, uo) = 1.

Now,
D? = diag(i, 3, —i, —1)
so that
tiao = (fa, f) = (Do, dlo) = 0
and D® = Vl—idiag((l —4),—(1—14),(1 4+14),—(1+1)) so that
Uz = (f:%f) = (ﬁB&O,ﬁO} =0.
Finally,

’&4,0 = (f47f> = <D4’LAI/0,’&0> = —(ﬂo,’&o) = —1,
which demonstrates that the invariants u4 and 440 are not the same. Thus, by the
congruence theorem, the maps f and f are not congruent - there is no holomorphic

isometry of CP? which takes one into the other.

However, f and f are related by a simple change of co-ordinate on the domain. The

change of co-ordinate required is

(147¢)
\/i z
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and this corresponds to a rotation of the domain through the angle —%r.

5.7. Positive and Negative Lifts

In section 4.2 the twistor space Z(/N) of a Riemannian 4-manifold N was defined to
be the space of orthogonal complex structures on the tangent spaces of N compatible
with the orientation of N. For N = §*, Z(N) = CP? and we obtain a twistor lift f to
the twistor space of a map f : S — S*. Now, reversing the orientation on N gives a
second twistor space, say Z_(N), which is compatible with this opposite orientation

of N.

When dimN = 4, the special nature of SO(4) gives a nice way to think about Z(N).

Consider A2 T(N), the space of 2-vectors on N. Then A? T(N) splits as
N T(N) = AL T(N)® A2 T(N)

into the direct sum of the +1-eigenspaces of the Hodge *- operator. Then Z(N) :=
S(ALT(N)), the unit sphere bundle of A2 T(N). Z,(N) = Z(N) as before, but
Z_(N) corresponds to Z(N) under the other choice of orientation on N. Then we
can define twistor lifts fi : S — Z4(N). When N = S*, Z,(N) are both isomorphic
to CP? and the lifts fy are the ‘subsidiary Gauss lifts’ of Eells-Salamon [17].

In this work so far, only the lift f+ has been investigated, that is, by f we have really
meant f,. But the antipodal map a : $* — S* reverses the orientation on S* taking

f to —f so that the lift f_ is just the lift f of the map ao f: S5 — 54,

For conformal f it is interesting to observe that the lift f_ to CP? is closely related
to the second row of F', the Sp(2) description of the adapted frame of f (cf. section

4.8.2). Let f = (Xo,...,X4) as before, set ¢ = X Then ao f = —(Xo,... ,Xy)
0
X X q
>

= — = ———_. If f is conformal, then
S A (S o A T
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a o f is conformal so that the lift f_ is given by

). (). e

= [(79)219, —(79)12]

(/-]

(5.10)
= [qf(j) _QE]'

But [¢:q, —¢:] = [7(429)129 —7(dz9)[z)] so that comparing with corollary 4.10, the

second row of F'is a complex multiple of 7 f_.

Using (5.10) as the form of [f_]it is a straightforward matter to compute the condition
for f_ to be (J;) holomorphic. First observe that
(9:9)1z = €3z + :3(3:) = 0

and

(f—)i = ((,]Z%) (420, —qz) = /\f—

for A € C if and only if

(QEEQ_:?-)(Cj = &z — €52z = 0.
Comparing with corollary 5.5 shows there is much similarity with the calculation in
the f.,. case. In fact, the conditions for f_ to have properties such as holomorphicity,

harmonicity and so on may be easily determined from those for f.,_ by sending ¢ — ¢,

that is, ¢ — €, 7 — —n. Moreover, it is not difficult to see that theorem 5.11,
proposition 5.7 and corollary 5.8 hold equally well for f_ as they do for f_,_. These

results are summarised in theorem 5.12.

Theorem 5.12. If the twistor lift fi : S — CP? of a conformal immersion f : S —

S4 is harmonic then it is either holomorphic or i is harmonic with a j-symmetric

harmonic sequence.

Recall that in theorem 3.14 of Chapter 3, the result of Eells-Salamon was obtained up
to a choice of sign, attributed to the choice of orientation on S*. The use of positive
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and negative lifts makes this precise as can be seen in the proof of the following

theorem:

Theorem 5.13. f is a real isotropic immersion if and only if one of the lifts f+, f_

s Ji-holomorphic.

PROOF. By (2) in proposition 5.6, either of fi holomorphic implies that f = 7 fy is
real isotropic. Conversely, suppose f is real isotropic. Then f,.f, = 0 and f,,.f,, = 0,

that is, in terms of the quaternionic co-ordinate g,
E: + a7z = 0 (5.11)
€26z + Nzsizz = 0. (5.12)
Differentiating (5.11) with respect to z gives
€265 + €z + MzsTz + N3z = 0. (5.13)
If &5, €53, 1153, T2+ are all zero then the holomorphicity conditions are trivially satisfied

so, without loss of generality, suppose 73z # 0. Then (5.12) implies

_ fzzf—zz
Nzz = —
Nzz
and substituting into (5.13) gives
£z 5 = = _
- _( zz7lz — 27722) + (ff zz + 7727722) = 0. (5-14)

Recall from the discussion following theorem 4.11 that not all of &;, &5, 7z, 7> can be

zero and suppose that 7z # 0. Then by (5.11),

_— _ézf_z
Nz
and (5.14) becomes
35,7 = &2 T _
**—_( zzlz — 57722) + ;( zzllz — 27722) =0,

1.e.
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so that either

522772 - 527725 =0 (]E.;. Jl-hOIOmOI"phiC)

or &Nz —Enz =0 (f— Ji-holomorphic).
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CHAPTER 6
Twistor Lifts for H*

The ideas of chapter 4 will now be extended to the case of immersions f : S — H* of
surfaces in four-dimensional hyperbolic space. The chapter begins with a review of
semi-Euclidean space (section 6.1), its hyperquadrics and the semi-orthogonal groups
(section 6.2) before progressing to a discussion of the homogeneous spaces SO(1,4)/K.
As in the S*-case, these may be identified as flag manifolds and section 6.4 shows how

the lifts of f to these spaces may be defined.

Recall that for minimal totally isotropic immersions of surfaces into S* one considers
the twistor fibration g : CP® — S*. An immersion ¢ : S — S* of a Riemann surface
defines a lifting ® : S — CP?® and ¢ is minimal and totally isotropic if and only if the
lift ® is holomorphic and tangential to the horizontal distribution. Furthermore there

is an algorithm due to Bryant for constructing explicitly all ‘horizontal” holomorphic

curves.

It is then shown how to do the same for minimal immersions into H*. In section
6.5 the twistor fibration 7y« : Z(H*) — H* and the horizontal distribution on the
twistor space Z(H*) are described. Further, section 6.6 relates real isotropic minimal
immersions into S* with those into H* and shows that, via a twistor transform, there

is an analogous algorithm to that of Bryant for constructing such immersions into

H*.
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The review material in sections 6.1, 6.2 is taken from O*‘Neill [25].

6.1. Semi-Euclidean Space

To begin with, some definitions;

Definition 6.1. A metric tensor g on a smooth manifold M is a symmetric non-

degenerate (0,2) tensor field on M of constant indez.

Definition 6.2. A semi-Riemannian manifold is a smooth manifold M equipped with

a metric tensor g.

The index v of ¢ on a semi-Riemannian manifold is called the index of M : 0 <
v <n=dimM. If v =0, M is a Riemannian manifold and each g, is a (positive
definite) inner product on T,M. If v = 1 and n > 2, M is a Lorentz manifold. Semi-

Riemannian manifolds are also called pseudo-Riemannian manifolds in the literature.

It is well-known that for each p € R”™ there is a canonical linear isomorphism from
R™ to T,R™ that sends v to v, = 3 v;0; (in terms of natural co-ordinates). So the dot

product on R™ gives rise to a metric tensor on R™ with

(vp, wp) = v.w = Y viw;.

Now, for an integer v with 0 < v < n, changing the first v plus signs in the above
sum to minus signs gives another metric tensor
(Vp, Wp) = — Zviwi + Z v;W;
i=1 j=v41
of index v. The resulting semi-Riemannian manifold is the semi-Euclidean space
R»"¥. (Note that this reduces to R™ if v = 0). If n > 1, R"™ is called Minkowski
(n + 1)-space and if n = 3 it is the simplest example of a relativistic spacetime.
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6.2. Hyperquadrics

Now consider the semi-Euclidean space R'* (Minkowski 5-space) and let
qg(v) = (v,v) = —vg + o} +... + 0]

be the inner product. Then @ = ¢~*(er?) is a semi-Riemannian hypersurface of R4
where € = £1, » > 0. These hypersurfaces are called the (central) hyperquadrics
of R, The two families {e = 1}, {¢ = —1} fill all of R'* (except for the null-cone

A = ¢71(0)\0 and the origin).
Definition 6.3. (1) The pseudosphere of radius r > 0 in RY* is the hyperquadric
Si(r)=q¢7'(r*) = {p e R | (p,p) =r?}

with dimension 4 and indezx 1.

(2) The pseudohyperbolic space of radius r > 0 in R is the hyperquadric
H'(r) = ¢7'(=r") = {p € R"| (p,p) = —1"}

with dimension 4 and indez ().

The hyperquadric H*(r) is a Riemannian manifold and consists of two connected
components, each diffeomorphic to R% These components are congruent under the
isometry (pi1,... ,ps) — (=p1,... ,ps) of Rb* The component through (r,0,...,0)is
called the upper and the one through (—r,0, ... ,0) the lower embedding of hyperbolic

4-space H*(r) in R

The geodesics of either of these hyperquadrics ) in R'* are the curves sliced from @)
by planes through the origin of R and, in general, geodesics can be either spacelike
({v,v) > 0), null ({(v,v) = 0, v # 0) or timelike ({v,v) < 0) vectors. However, as seen
above, H*(r) is a special case in that ¥ = 0 and all geodesics are spacelike. In fact,

geodesics on H*(r) are branches of hyperbole in R,
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It is also true that hyperquadrics have constant curvature [25]. S}(r) is a complete

while H*(r) is

semi-Riemannian manifold with constant positive curvature K = =
r
a complete Riemannian manifold with constant negative curvature K = -—. H 4(r)
T
is non-compact, but on both the hyperquadrics, all points and all directions are

geometrically the same.

Let us take r = 1 and write H* = H*(1) = {z € R | ¢(z) = —1}. Then $* and
H* are related via stereographic projection onto the disc D* = {g € H | |¢|* < 1}.
The upper embedding of H* projects onto the disc through (0,0,0,0,1) € R*! via
(g,t) — <%, 1). Stereographic projection of the upper hemisphere of S* onto the disc
D* = {(¢q,0) e R°=H@® R, |g|* < 1} is given by (g,t) — (1(1?,0). Then a point

(¢,t) € H* corresponds to a point (z,s) € S* where

2tq,t* — |q|? ( 2tg,1 )
- pu— .1
(z,s) ( T 57 1 (6.1)

since |g|* —t* = —1.

Recall (section 2.1.2) the group SO(1,4) is defined as
80(1,4) - {A € GL(S,R) l At11,4A = 11’4}

-1

where I; 4 = . This is the group of isometries of H* [26] and SO(1,4) acts
Iy

as

t | vt 1

ul A x
where t € R, z,u,v € R, taking

Az +u
T

— .
v+t
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6.3. The Flag Manifolds SO(1,4)/K

In a way which is entirely analogous to that discussed in Chapter 2 for SO(5), the
homogeneous spaces SO(1,4)/K for subgroups K C SO(4) may be identified as dif-
ferent types of flag manifolds. Their elements are given in terms of different flags
in R'# as orthogonal direct sum decompositions of oriented subspaces. In each case

SO(1,4) acts on the flags and K is the stabiliser of a typical flag.

For example, in the case of SO(1,4)/T? the elements are direct sums of oriented

subspaces
R =L@V, @ Vs, dimL =1, dimV, =2 (i = 1,2)

where L is timelike (and the V; are spacelike) with the orientation induced on R'*

by those on L, Vi and V; agreeing with the standard one. For SO(1,4)/U(2) the

decompositions are of the form
RY“ =L@V, dimL =1, dimV =4

with V having an orthogonal complex structure compatible with the metric and ori-
entation. Indeed, SO(1,4)/U(2) may be identified with the total space of the bundle

of orthogonal almost complex structures on H*. Finally, for SO(5)/SO(4) the decom-

positions are of the form .
R¥=La@V, dimlL =1, dimV =4
and SO(1,4)/S0(4) = H* (cf. SO(5)/SO(4) = §%).

Again, in an analogous way to the SO(5) case, the projection maps ox may also be
understood as ‘forgetful maps’. For example, if (L, Vy, V3) € SO(1,4)/T? then both V4
and V;, have a natural orthogonal complex structure and hence so does V =1, @ V,.
The projection oy : SO(1,4)/T* — SO(1,4)/U(2) sending (L, V1, V3) to (L,V)
‘forgets’ the decomposition of V.
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Let ¢ : H* — S* be given by the correspondence (6.1) which maps the upper embed-

‘ding of H* into the upper hemisphere of S* via

%z, 1? — |z|?
0= (S

Then ¢ is a conformal embedding of H* in S* (¢: H* — H — S* is a composition of

conformal maps). Thus there exists A : H* — R such that for all p € H*,
doy : T,H* — Ty()S*
is an isomorphism with
APX(X,Y)p = (dp(X), dép(Y g, X,Y € T,H,

Then
1

)

is an isometry and hence is SO(4)-invariant.

dgy : T,H — T¢(P)S4

If ¢(t, ) = (, %), dp(a,v) = (&,D), let 14 : SO(1,4) — SO(5) be the embedding which

takes

Gy

2

1 a1 a9 a3 Q4 (~11 &2 (~13
—_

S [ Sl
S e L
P g [

N

U1 3V 303 304

ISX!

r Vi1 Vg V3 U4

where A = A(¢,z). Then by the above, 14 is SO(4)-invariant. Therefore, if K is any

subgroup of SO(4) then there is a corresponding inclusion
SO(1,4)/K — SO(5)/K
given by gK i¢(§)K. In particular this gives embeddings
SO(1,4)/T2 — SO(5)/T?* and SO(1,4)/U(2) — SO(5)/U(2).

In this way, SO(1,4)/U(2) may be identified with the part of CP® which lies over

the upper hemisphere of S4. This is referred to in the sequel as (CPi, the space

of almost complex structures on H} the upper embedding of H*. The embeddings

SO(1,4)/K — SO(5)/K are part of a much wider programme described by Wolf [29].
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6.4. Lifts of Immersions f: S — H*

At each point p € S, the tangent bundle to H* restricted to S (considered at the
point p) splits as

Tf(p)H4 = TpS ©® NpS
where 7,5 is the tangent space and N,S the normal space to S in H* and both T'S

and NS are (spacelike) 2-planes. Since f is normal to H* in R'* we write
R = {f(p)} & T,5 ® N,S
where {f} is the line in R!* determined by f.

Now choose an oriented orthonormal basis ey, e; for 7,5 and e3, eq for N,S so that

ey, ez, €3, €4 gives the standard orientation on HY. i.e.
R = {f} @ span{e;, ez} ® span{es, eq}.
Thus given any f : S — H*, we have an adapted orthonormal frame
F=(fler]es]es]|es) €SO(1,4)

and this frame defines a local lift of f to SO(1,4). In general, the frame cannot be
chosen globally since a basis has been nominated on each of the 2-planes T'S and N S.
However, the frame F' is unique up to rotations in these planes, giving a global lift
of f into SO(1,4)/T?. Hence, there is a naturally defined global lift of f into each of
the homogeneous spaces SO(1,4)/K, where K is a subgroup of SO(4). For any such
K, the inclusion 7' C K induces a projection o : SO(1,4)/T? — SO(1,4)/K. Thus
given a lift f: S — SO(1,4)/T? we have a map f = ok f : S — SO(1,4)/K.

From the discussion above it is now clear how the lifts may be identified. For f: § —
SO(1,4)/T*? we have

F(p) = (Lf ()1, To(5), Ny(S))
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and the others can be immediately written down from this in the same way as in the

S* case.

6.5. The Twistor Bundle for H*

As in section 4.5 consider the Hopf fibration
7 : H*\{0} — HP'
and let H2 be the subspace of H2\{0} given by

H? = {(q1,42) € H | |g1] # lgal}-

Define HP! = «(HZ?). Then HP! is the disjoint union of two open 4-discs. Indeed,

identifying HP' with S* as in section 4.5 so that

20192, (1Q1 — 9242
[‘h,‘h] A - —
n1q1 + 9292

we see that HP! is identified with the complement of the equatorial S3.

Now let HY = {(¢,t) e H®& R | g7 — t* = =1} be one (say the upper) component of

H* and define &, : H2 — H? by

26192, 1 g1 + Q2Cf2)
9191 — 9242

mo(q1, 42) = (

20, 12 _ 2 2\2

(observe that 4o '(ETI 2 (‘(fl, |2-;lq2| ) = —1). This is a locally trivial fibre bundle
Q" — |92

with fibre H. If the components of H? are denoted by HZ , H? according as |¢;

|~ lga/?
is >0or <0and Hf, H! are the components of H} corresponding tot>0or¢ <0

then

wi:Hi—)Hi

where 71 = 7, Iﬂi
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As in the S*-case, there are co-ordinate neighbourhoods zy : D(H) — H?, where

D(H) = {q € H | |q| < 1}, given by
2¢,1 + |q|? ) 2q, 1+ |¢'|? ,
24(q) = (—ﬂ) o (q) = (i&) S

1—|qf? l¢'* -1
In terms of these local co-ordinates the metric on H* (induced from the metric

[(¢,2)]> = ¢ — t* on H@ R) is given by

5 dq'dq

4 4
ds?= — " dgdg= ——
(l¢']* = 1)

(lgl* = 1)?

and

(g, @) = a2 =q for (q1,02) € H2, 62)

(g, @) =q¢ ' 'q=¢ for (q1,4:) € H2.

The differentials d7y can be described as follows: Firstly,
dg = ¢7"dgz — ¢y dquay ' gz,
d¢' = ¢;dgy — q;'dg295 " g
so that
dry(p1,p2) = ¢7'p2 — 47 P45 ' ¢o,
dr_(p1,p2) = 43 'P1 — 43 P24y 1
As before, the fibre of 71 through (g1, ¢2) is given by

kerdry = H(q1, ¢2).

Now consider the H-valued bilinear form defined on H? by

((p1,p2), (01, 92)) = 41 @1 — P22)-

This gives a metric on H? defined by [(¢1,42)]* = 4||¢:|* — |¢2|?|. The horizontal
subspace at (g1,q2) is given by the orthogonal complement of the fibre with respect
to this inner product i.e.

(H(QMW))L = {(P1,P2) € W’ | ;s — p2Go = 0}-
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6. TWISTOR LIFTS FOR H*

If ¢; = 0 we have (H{(qy,0))* = H(0,1), while if g, # 0 it follows that the complement
() = 0 (2, ).

0127 |22
Now let @7 = {(q1,92) € H | |¢1]* — |g2)* = 1} and consider dry |gr. If (p1, p2) is a

point in (H(g;,0))* then

g1 Q2 -1y, {2 -1y @1
dry || —, —= = A — A
*( (w w)) BNl T gt (63)

1 1
= — g ,\q
Pl P

— 4|/\,2 ('ql|2 _ ,q212>
lal* lgel®

_ AP

a |g11%]g2[?

Now,

2
5] q2
)\ _
. (Iqll2’ IQ2|2)

while

2 —
B 4 g1 72| A ga]?

B <|q2|2 ) el
1|
4
2

- "J1|2|Q2

a1 q2
dry | A | —=, —=
* ( (|411l2 |Q2|2))

Hence dry maps (q1,¢2) X (H(q1,42))* isometrically onto Ty, (4, 40) H1-

Arguments similar to those in section 4.5 now show that 71 may be factored via CP}

(= pHZ) and that CP3 is the bundle of almost complex structures on Hi.

Let us consider CP3 more carefully. Use a co-ordinate neighbourhood on (CPi derived

from that on CP? mentioned in section 4.5 viz.

(517527 63) = [1361762753]

where 1+ |£1]2 — |&|* — |€3]* > 0. Then p: H2 — CP? given by p(zo+ 215, 22+ 235) =

21 22 23\
[207 21, 22, 23] — <_, — '_‘> Now
20 20 <o
1
dP(20,21,2,2) (PO, P1, P2, P3) = ?(zopl — 210, Z0P2 — Z2P0, Z0P3 — Z3P0)
0
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6. TWISTOR LIFTS FOR H*

s0 that ker dp(z 2, 2,,2) = Clz0, 21, 22, 23).

Let (C(zo, 21, 22, 23))" be the orthogonal complement with respect to the C-valued
bilinear form. Then dp maps (C(zo, 21, 22, 23))* isomorphically onto Tizo,21 ,22’23](CP§_.
We now give (CP‘;‘_ a metric by making p : Q7 — (CPi a Riemannian submersion.
More precisely suppose (zo, 21, 22,23) € Q7 so that

20Z0 + 2121 — 2923 — 2373 = 1 (6.4)
and let (po, p1, p2, p3) € (C(z0, 21, 22, 23))* so that

| PoZo + p171 — p2Z2 — pa3zz = 0.
Now
|(Po, 1, P2, 13)|” = 4(popo + P11 — pafiz — PaPs)-

Writing &, = ﬁ, (k=1,2,3) so that
20

dz, = €xdzg + 20déy, (6.5)
and writing
Zodzo + Z1dz) — Zadzy — Z3d23 = 0 (6.6)
we have from (6.5)
Zudzy = EbrZodzo + ZozobrdEs. (6.7)
Thus (by (6.6) and (6.7)),
Zodzg = —Z1dzy + Zadzg + Z3dzs3

= (—5151 + &6, + 5_353)50d20 + 5020(—5—16161 + &pdéy + f_adfs)
so that
Zodzo(1 + &1&1 — &0 — &63) = —Zoz0(€1dEy — &2dEs — E3dEs).

Thus using (6.4) | i )
(61d6s — Eade — Eadéa)
(1+&& — &6 — G6)?P
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6. TWISTOR LIFTS FOR H*
Now the metric is given by
ds® = 4(dZodzo + dZ1dz ~ dZadz; — dZsdzs)
= 4{dzodzo(1 + 161 — &by — E383) + Zozo(dbrdéy — dEydey — dEsdes) +

Zodzo(E1dEr — EadEy — E3dls) + z0dZo(61dEy — EadEy — E3dE3))

Lt 66 — B — ) (dE ey — dBydty — dbsdes) — (Eudés — Eady — Eydéy)’
(14 &6 — &b — &63)? '
This 1s a Kahler metric on (CPi with Kahler form

a = —4190log(1 + &6 — &6 — &&3).

However, it is not a metric of constant holomorphic sectional curvature.

Let us now consider the horizontal distribution by first considering the tangents along
the fibre and then taking the orthogonal complement with respect to the above met-
ric. As before, use local co-ordinates (¢1,&,&3), taking zo # 0. The fibre through
[1,é1,&2, &3] has tangent vector (1 + &1&y, &6 — &, &6 + &) and (71,72, 73) is in the
orthogonal complement of this with respect to the metric above if and only if
(1 + &b —Eb — &G+ E&)m — (&b — &)z — (G + Ea)ns} —
{6114 &£6) = E(6abs — &) — &(6& + &) HéEm — &amp — &z} = 0
that is, if and only if
m +&anz — Loz = 0.
Thus the co-tangent bundle along the fibres has local holomorphic section d¢; +¢£3d€; —

§2d€3 and the horizontal bundle has local holomorphic sections (é3,—1,0), (£2,0,1).

6.6. The Twistor Transform

Suppose that f : § — 5% is a superminimal immersion of a Riemann surface into
S%. Then from f it is possible to construct a superminimal immersion ¢ : $* — H*
(where S* = S\ f~1(S?)) as follows:

113




6. TWISTOR LIFTS FOR H*
Since f is real isotropic, the complex 2-dimensional subspace V of C° spanned by J¢,
0 is a maximal isotropic subspace. The transform I : C° — C* sending (20, ..,24)
to (¢z0,21,...,24) maps V into the isotropic subspace I(V) of C**. Then taking the

real line in C* orthogonal to I(V) @ I(V) and intersecting with H? gives the map

é: S* — H* mentioned above.

Since the space of almost complex structures on S* (resp. H*) is the same as the
space of maximal isotropic subspaces of C° (resp. C*), the transform should be

explicable in terms of a map between twistor spaces.

Recall that for holomorphic [g] = [1, &, &, &3] € CP3, g is horizontal if
déy + €adés — £3dEy = 0.

Multiplying &, {3 by *:¢ changes dé; + £adés — €3dE, into déy — €adés + £3dE, and the
vanishing of this is precisely the condition for holomorphic [1,£1,¢2,&s) € CP3 to be
horizontal. Let I : CP® — (CPi be defined by

I([Zo, 21522, 23]) = [Z(), 21, iZQ, iZ3].

Then I is holomorphic and maps horizontal subspaces of CP? to horizontal subspaces
of CP3. Thus if g is holomorphic and horizontal, so is I([g]). So the transform gives
a one-to-one correspondence between superminimal immersions ¢ : S — S*\$° and

superminimal immersions ¥ : § — HZ.

Then, by the Weierstrass formula of Bryant it is clear how to construct holomorphic
and horizontal curves in CP2 (and hence superminimal immersions into H*). If
f,9 : S — C are meromorphic functions with ¢ non-constant then the map ¥(f,g) :
M — (CP‘:)’,_ defined by

is holomorphic and horizontal.
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CHAPTER 7
Appendix: The Quaternions, H* and Sp(n)

Recall that the quaternions are the set H of ordered quadruples of real numbers, or

equivalently, of ordered pairs of complex numbers
ao + a1t + azj + ask & (ag, a1, as,a3) & (ag+ a17,a2 + ast), a, € R
with
=3 =k*=—-1 and ij=k, jk=1, ki=j.
Addition and multiplication of quaternions are defined by
(a1, 02) + (B1, B2) = (01 + Br, 0 + B2)
(a1, 2)(By, B2) = (011 — 2Bz, 013 + 2 Br) a;,pB;€C

Notice that the operation of multiplication is not commutative, and so the set H

together with the above operations is a skew-field.

The quaternion ¢ = ag+ a12 + azj + ask = (a1, @2) has conjugate § = ap — a12 — ayj —

ask = (&1, —a3). As we have seen above, H is identified with (C?)* = C* i.e.

(fh, .. -aqn). > (21,22, .. -,Zzn—1>22n)

where ¢, = 29,1 + 22,), for r = 1,...,n. We make H* into an H-module by letting
H act on the left. H* is a left H-vector space, with scalar multiplication by elements
of H given by ¢(¢1,...,49x) = (¢¢1,.-.,9gn). Since C C H as a sub-ring (the elements
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7. APPENDIX

of the form ao + a11) it follows that H" is also a (left) C-vector space. Moreover, for

reC,
/\((h, Ce 7qn) = (/\ql, BN /\qn) — (/\Zl, /\22, ey /\Zgn_l, /\Zgn)

so that the identification of H* with the C-vector space C** is a C-linear isomorphism.

A map T : H* — H" is H-linear if T(qv) = ¢T'(v) for all ¢ € H and v € H*. The set
of invertible H-linear maps forms a group denoted by GL(n; H) and, conversely, any
H-linear map is represented by an n x n matrix with H coefficients (with respect to
the standard basis (1,0,...,0),...,(0,...,0,1) of H*) and GL(n;H) is precisely the

group of all such invertible matrices.

Since any H-linear map is C-linear, it follows that an H-linear map T can be repre-
sented by a complex 2n x 2n matrix. Conversely, a C-linear map T is H-linear if and

only if T'7 = jT. We recall that
j(22r_1 -+ Zgrj) = —Zy + 22r—1j

so that if v € H* = C*™ then
jv=Jv=Js, where J = diag ey

Thus the matrix A represents an H-linear map if and only if Ajv = jAv for all
v € C*" that is, if and only if AJo = J(Av), <= AJ = JA. Thus, in particular,
GL(n;H) = {A € GL(n;C)|AJ = JA}.

The condition AJ = JA may be understood as follows: Let
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where each A, is a 2 x 2 matrix. Then AJ = JA if and only if A,,J = j/irs, where

i ~1)
J = , l.e.

Qrs _brs

Ars =

bTS a;‘s
Then A € Mo, (C) with AJ = J A corresponds to A = (pi;) € My (H), psr = ars+brsj.
(Notice there is a ‘transpose’ effect here.) Then the actions of M3,(C) on C* and

M, (H) on H* correspond via

21

Al v | e (q,... ,qn)fl, where q, = 29,1 + 2zorJ.

Zon

To obtain an inner product on H", we consider the map <, >: H* x H* — H defined
by
< (Qh- . -,Qn),(p1,. s Pn) >= @11+ + GaPn

(cf Hermitian inner product on C*). This form is sesquilinear in the sense that

<v,w> =< w,0 >
< vyt v, w > =< v, w >+ <vy,w > forall g € H,
<gu,w>=qg<v,w > v, V1, Uy, w € H"*
<v,qu > =<v,w>q
and determines a norm on H" via ||v]|* =< v,v >. (Note that < v,v >€ R, < v,v >>

0 with equality if and only if v = 0, and that this agrees with the usual norm on C*").

We define Sp(n) to be the subgroup of GL(n;H) which preserves the norm. Thus

Sp(n) = {A € U(2n)|AJ = JA).

Finally, we note that right multiplication by elements of H is H-linear (with respect
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to left multiplication by H). Thus right multiplication by a unit quaternion is an
H-linear isometry of HI* and so determines an element of Sp(n) i.e. Sp(n) acts on H*

on the right. Since
(21 + 227)(a + bj) = az — b2y + (bzy + azy)j

we see that right multiplication by a + b5 corresponds to

a —b a —b
diag e, € GL(n; H)

a b a

b
and this element lies in Sp(n) when a + b7 is a unit quaternion.
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