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Abstract

Mathematical and numerical analysis has been undertaken for a pair of coupled
Cahn-Hilliard equations with a logarithmic potential and with homogeneous Neu-
mann boundary conditions. This pair of coupled equations arises in a phase sepa-
ration model of thin film of binary liquid mixture. Global existence and uniqueness
of a weak solution to the problem is proved using Faedo-Galerkin method. Higher
regularity results of the weak solution are established under further regular require-
ments on the initial data. Further, continuous dependence on the initial data is

presented.

Numerically, semi-discrete and fully-discrete piecewise linear finite element approxi-
mations to the continuous problem are proposed for which existence, uniqueness and
various stability estimates of the approximate solutions are proved. Semi-discrete
and fully-discrete error bounds are derived where the time discretisation error is
optimal. An iterative method for solving the resulting nonlinear algebraic system is
introduced and linear stability analysis in one space dimension is studied. Finally,
numerical experiments illustrating some of the theoretical results are performed in

one and two space dimensions.
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Chapter 1

Introduction

1.1 Motivating the problem statement

Considerable attention has been paid to variants of the Cahn-Hilliard equations in
recent years. These equations have gained in importance due to its wide appli-
cation in diverse fields such as modelling alloys, glasses and polymers for instance
see [32] and [46]. The Cahn-Hilliard model was first introduced by Cahn and Hilliard,
see [29], to describe the dynamics of separation of a binary mixture into two different
phases. This classical model has been successfully applied to modeling the so-called
spinodal decomposition or phase separation phenomena and for qualitative studies

on this topic we refer to [23], [27] and [56] and the references therein.

The classical Cahn-Hilliard equation is a fourth order time dependent nonlinear

partial differential equation and has the following general form:
— —Aw=0 in Qr:=Qx(0,7),T >0, (1.1.1a)

w=—yAu+V'(u) in Qr, (1.1.1b)
supplemented by an appropriate initial condition
u(z,0) = u’(z) in Q, (1.1.2)
and boundary conditions, here we consider Neumann,
ou  Ow

= T 0 on 002 x (0,7, (1.1.3)
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where ) is a bounded domain in RY, d = 1,2, 3, with Lipschitz boundary 9§ and
v is the outward unit normal to €). The variable uw is the concentration of the
two components and w is the chemical potential which is defined as the variational

derivative of the Ginzburg-Landua free energy functional
Auu;:/f§vm2+m@oux (1.1.4)
Q

Cahn and Hilliard included the gradient term, Z|Vu|?, in the free energy functional
A in order to model the surface energy separating the phases where 7 is a positive

constant relating to the surface tension..

The function ¥ in (1.1.4) represents the homogeneous potential which typically
has a symmetric double well-form. In order to simplify the mathematical work, ¥

is often taken as a quartic polynomial in the following form
U(u)=au' —bu*+c  a,b>0, ceR. (1.1.5)

When the quenching temperature, 6, is close to a critical temperature w, this quar-
tic polynomial potential can be understood as an approximation of the following

thermodynamic logarithmic potential, where 0 < 6 < w,

U (u) = g[(l +u)In(l+u)+ (1 —u)In(l —u)] + g(l —u?) —1<u<l1. (1.16)

The quartic Taylor polynomial of this logarithmic potential is given by

0 (w—120) w
U(u) ~ EU4 5 u? + 5

which is consistent with the form (1.1.5). The logarithmic form of the potential was
suggested by Cahn and Hilliard, see [29]. We remark that ¥ in this logarithmic
form has the required double well-form with two minima at o and —a, i.e. « is the

positive root of, ¥'(«a) = 0,

1+« 200w
ln< >: .
11—« 0

If we consider the case # — 0, o tends to 1 and the logarithmic potential in this

case can be replaced by the following obstacle potential

U(u) = sl-w) i<t (1.1.7)

00 if Ju| > 1,
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\J

Figure 1.1: A homogeneous logarithmic potential

where this form of the potential was first proposed by Oono and Puri [60].

For mathematical and numerical studies on the classical Cahn-Hilliard equation
with different forms of the the free energy we refer to [26], [16], [11], [35] and the

references cited therein.

In this thesis we consider two coupled Cahn-Hilliard equations arising in the phase
separation process on a thin film of a binary liquid mixture coating a substrate,
which is wet by one component denoted by A, the other component is denoted by

B, see [17] for further details. We begin by briefly describing their model:

Find {u;(z,t),us(z,t)} € R x R such that

e Aw; =0 in Qr, (1.1.8a)

% — Awy =0 in Qp, (1.1.8b)
A

wy = ’ i?;;uz) in Qr, (1.1.8¢)

Wy = OMur uz) Qr, (1.1.8d)
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where

A(Ul,’dz) = / \Ifl(ul) + %|VU1|2 + \IIQ(UQ) + %|VU2‘2 -+ D(Ul —+ 061)2(’&2 —+ 062)2,
Q

(1.1.9)
with initial conditions
uy (7, 0) = uf(x), uy(z,0) = uy(x) in Q (1.1.10)
and boundary conditions
Ou, _ Ouz _Own 0wz 190 x (0,T). (1.1.11)

ov ov ov ov

OA(u1,u2)
ou;

In the above, , i = 1,2, denotes the variational derivative of the free en-
ergy functional A with respect to u;. The variable u; provides information on the
local concentration of A or B and wu, indicates the presence of a liquid or a vapor
phase. The positive constant v;, i = 1,2, relates to the surface tension of u; and the

coupling constant D is a positive prescribed constant. «;, ¢ = 1,2, is the positive

constant where the minimum of a double well potential ¥; is achieved.

In the case where W; is a double well quartic polynomial potential, considered

in [17], [44], it can be written as
U, (u;) :aiu?—bl-u?chi i=1,2and a;,b; >0, ¢; € R. (1.1.12)

In this case the minima of ¥, are i\/% ,le. o = \/% , where the coefficient b; is
proportional to #; — 6 and 6;, i = 1, 2, is the critical temperature of the A-B phase
separation and the liquid-vapor phase separation, respectively. Thus, there are two
equilibrium phases for each field corresponding to u; = £+« and uy = £y denoted
by ui,uj,u] and u,, respectively. The D-coupling term energetically inhibits the
existence of the phase denoted (ui,uj ). Hence we have three phase systems: liquid
A corresponding to (u] ,us ) region, liquid B to (u;,u; ) region and the vapor phase
to (uy,ud) region.

In the case where W, is an obstacle double well potential and the D-term is re-

placed by a bilinear term we have the three phase systems, considered in [30].
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In the absence of the D-coupling term, i.e. D = 0, in the free energy functional, A,
the above model problem simply becomes two classical single Cahn-Hilliard equa-

tions, which has been studied in the mathematical literature, e.g. see [3] and [19].
Now, by considering the logarithmic potential (1.1.7) and for simplicity taking
v := 7 = 7 we are led to the following problem which will be the focus of our

interest in this thesis:

(P) Find {us(x,t), us(z,t)} € R x R such that

% —Aw; =0 in Qp, (1.1.13a)
% —Awy =0 in Qr, (1.1.13b)
wy = —yAuy + Vi (uy) + fg)(ul,m) in Qrp, (1.1.13c)
wy = —yAuy + Wh(us) + f}? (w1, us) in Qr, (1.1.13d)

subject to the initial conditions
uy (x,0) = ul(z), uy(z,0) = uh(z) in Q, (1.1.13e)

and boundary conditions

8u1 8u2 8w1 awZ

o =~ 3, — g, —0  ond2x(0,7), (1.1.13f)
where
Wi(r) = (r) + %(1 —7r?) i=12 —-1<r<1,0<6<0, (1.1.14)
Y(r) = g[(l +7)In(1+7r)+ (1 —7r)In(l —r)], (1.1.15)
fo(ri,m2) == D(r1 + a1)*(ry + az)?, (1.1.16)
FD(ry,rg) = W = 2D(ri + a;)(r; +o;)®  i,j=1,2withi # j,
Z (1.1.17)

where, as described earlier, v, D, 6, 6; and «; are positive constants with § < #; and

U (c;) = 0. Note that (i) since U; takes its minimum at +a;, we have 0 < o; < 1,
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(i) U; is defined at r = £1 as ¥;(£1) = lirE_Ll1 U;(r) =601n2.

On introducing ® € C[0, 00) such that
7
O(r) = 3 rinr, (1.1.18)

one can rewrite 1 as

Y(r)=d(1+7r)+ (1 —1). (1.1.19)

For the purposes of analysis we define the monotone function ¢ : (=1,1) — R to

be

N D

o(r) =¢'(r) =1 +r) =1 —r)=-[In(1+7r)—In(l —r)]. (1.1.20)

To establish a weak formulation we multiply by a test function n € H*(€2) and apply
the Green’s identity. Further, by a weak solution to the system (1.1.13a)-(1.1.17)
we mean that there exists {u1, us, wy, wo} satisfying uy,us € L>(0,T; H'(2)) N
HY0,T; (HYQ))), wy,ws € L*0,T; H(Q)) and solving the weak formulation:

(P) Find {uy,us, wy,we} € [HY(Q)]* such that for a.e. t € (0,T), for i = 1,2
and for all n € H'(2)

(Opui,m) + (Vw;, V) = 0, (1.1.21)
V(Vui, V) + (Wi (us), ) + (£ (w1, u2),m) = (w3, ), (1.1.22)
ui(7,0) = ul, (1.1.23)
where 0yu; stands for %.

1.2 Research objectives and outline

The thesis highlights three principle objectives: the classical analysis of the system
(1.1.13a)-(1.1.17), the numerical analysis of this system and some numerical exper-
iments and simulations. With the aid of Faedo-Galerkin method of Lions [24] and
compactness arguments we achieve the first goal. The second goal is achieved with

a finite element method where a semi-discrete and fully-discrete approximation are



1.2. Research objectives and outline 7

applied to the system (1.1.13a)-(1.1.17). For the final objective we use Fortran and
Matlab programming languages to implement numerical simulations in one and two
space dimensions which verify the expected theoretical and physical behaviour of

the solution.

In our work we analyse the problem (P) classically and numerically under two
set of assumptions (A;) and (As), stated in the pages 18 and 34 respectively, on
the initial data u{ and u3. Due to the singular nature of the potential ¥;, i = 1,2,
we study the problem (P) by introducing a regularized version, say (P.), and then
taking the limit as ¢ — 0. This approach was first used by Elliott and Luckhaus [49]
to study a single Cahn-Hilliard equation and later applied in the mathematical lit-
erature with many variants of Cahn-Hilliard equations with non-smooth free energy,
e.g. [16] and [3]. Numerically, we propose a symmetric coupled, in time, fully-discrete
finite element approximation to (P) where we prove existence of approximate solu-
tions using Schauder’s fixed point theorem. Further, we introduce a semi-discrete
approximation to (P) which will be necessary to prove an optimal error bound in
time for the proposed fully-discrete approximation. In fact, we can analyse the error
between the continuous solution and fully-discrete approximation directly but this
will not lead to an optimal error bound in time. Our approach to the numerical
analysis of the problem (P) uses the piecewise-linear finite element method. For
studies that use this approach or employ similar arguments and tools to our own,

see [7], (6], 4], [50], [10], [3], [11], [15].

We now describe briefly each chapter of the thesis:

In Chapter 2 we introduce a regularized problem to (P) and establish some necessary
results that help dealing with the terms arising from the nonlinearities involved. We
also present equivalent weak formulations to (P) and its corresponding regularized
version (P.). Existence and uniqueness of solutions to (P) and (P.) under set of
assumptions (Aj) on the initial data is proved using Faedo-Galerkin method and

compactness arguments.
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In Chapter 3 we make further regularity requirements on the initial data, assump-
tions (As), and on the boundary of the domain to prove more regularity for the
weak solutions obtained in the previous chapter. Then, continuous dependence on
the initial data is proved. Finally, an error bound between the solutions of (P) and

its regularized version (P.) is given which will be required in the subsequent analysis.

In Chapter 4 we begin by presenting some tools and results about the piecewise lin-
ear finite element space. We then establish some key lemmata that will be necessary
to deal with technical problems caused by the nonlinearities (the logarithmic and
D-coupling terms) throughout the treatment of the semi-discrete and fully-discrete
problems. Then a semi-discrete finite element approximation to the continuous
problem (P) is constructed. We employ the same regularization approach used in
the continuous problem to prove existence of a solution to the semi-discrete prob-
lem where we first consider a semi-discrete regularized problem and then pass to the
limit in . Further, we derive some stability estimates under the assumptions (Aj)
and more regular estimates under the assumptions (As) which will be required in
the error bound analysis. We finally estimate an error bound between the solutions

of the continuous and semi-discrete problems.

In Chapter 5 we formulate a symmetric coupled, in time, fully-discrete finite el-
ement approximation to the continuous problem where we discretise in time using
backward Euler method. We study the fully-discrete problem by considering a
regularized fully-discrete problem where existence of a solution to this problem is
established using Schauder’s fixed point theorem with no restrictions on the mesh
parameter or on the time step. Uniqueness of the fully-discrete approximation is
proved under some restrictions on the time step. Furthermore, various of estimates
for the solution of the fully-discrete problem, under the assumptions (A1) and (A,),
is given which will be essential for the fully-discrete error bound analysis. Finally,
by employing the framework in Nochetto [50] we prove an optimal error bound in

time between the continuous solution and the fully-discrete approximation.
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Chapter 6 is devoted to the numerical experiments where we write some programs
and verify some theoretical and physical results. We first present a practical algo-
rithm for computing the system of algebraic equations arising from the fully-discrete
problem at each time step. We then present numerical simulations in one and two

space dimensions.



Chapter 2

Weak solutions

In Section 2.1 we mention the basic notation adopted in the thesis, regarding the
Sobolev spaces, and recall and show some auxiliary results. In Section 2.2 we in-
troduce a regularized version of the continuous problem (P). Then we rewrite the
problem (P) and its regularized version in equivalent forms. The global existence
and uniqueness of the weak solutions are discussed in Section 2.3 where the existence

proof relies on the Faedo-Galerkin method and compactness arguments.

2.1 Notation and auxiliary results

Throughout this study Q denotes a bounded domain in R%, d < 3, with a Lipschitz
boundary 9€2. We use the usual Sobolev spaces W™P(Q), m € N, p € [1, 00] with
the associated norms and semi-norms, denoted by || - ||;mp and | - |, respectively.
In particular, for p = 2, W™2(Q) will be denoted by H™(Q) with norm || - ||,, and
semi-norm | - |, and if m = 0, W%2(Q) = L?(Q2). The L*(Q) inner product over {2

with norm || - ||o = | - |0 is denoted by (-, -).

In addition, (.,.) denotes the duality pairing between (H'(2))" and H'(Q) where
(H'(2))" is the dual space of H'(Q2). A norm on (H'(Q))’ is given by

fiv
T Ppp—. L0 )| Y] (2.1.1)
w0 vl o=

10
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We also introduce the function spaces depending on time and space LP(0,7; X)
(1 < p <o) where X is a Banach space, consisting of all functions u such that for

a.e.t € (0,7) u € X and the following norm is finite

3=

if 1 <p< oo,

T
lull o) = ( / lu(t) % )

|| oo (0,7:x) := esssup|lu(t)|| x if p = co.
te(0,T)

We also define L?(Q7) := L*(0,T; L*(2)).

We also recall the following well-known Sobolev results

H'(Q) S LX) — (H'(Q)), (2.1.2)
(f,m)=(f,n) Vf e L*(Q)andn € H(Q). (2.1.3)

Further, the inclusions® (2.1.2) are dense.

For later use we recall the Sobolev interpolation result, see e.g. Adams [2]: let

p€[l,00], m>1and v € W™P(Q). Then there are constants C' and o = %(% -1

such that the inequality

4
[p, <] if m—42>0,
P
V|0 < C‘U|é;’ H'UHZW holds for T € [p,oo) ifm — % =0, (2.1.4)
d . d
\[p,—m] lfm—5<0

In particular, taking m = 1 and p = 2 in (2.1.4) we have after noting |v|g < ||v|
that H'(Q) — L"(Q2), where r € [2,00] for d = 1, r € [2,00) for d = 2, and
r € [2,6] for d = 3.

It is convenient to introduce “the inverse Laplacian Green’s operator” G : Fy — V;
such that
(VGf,. V) =(fn)  Vne HY(Q), (2.1.5)

'We use “—” to denote continuous injection and “—” to denote compact injection.
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where Fo = {f € (H'(Q)) : (f,1) = 0} and V; := {n € HY(Q) : (n,1) = 0}.
The well posedness of G can be obtained from the Lax-Milgram theorem and the

following Poincaré inequality, see e.g. [43],
nlo < Cyp(lnls + [, D) vy € HY(Q). (2.1.6)

The norm defined in (2.1.1) on (H'(€2))’ is also a norm on F; and for convenience

one can define an equivalent norm on JFg, see the proof in Lemma 2.1.1 below, as
Ifll-1=1Gfh=(f.Gf): VfeF (2.1.7)
It follows from (2.1.3) and (2.1.6) for any f € L*(2) N Fy that

A2 = (£.G1) = (£,G1) < |10l flo < CplflolG fls = Cyl floll f1I-1

which implies that
Ifl < Glfle ¥/ e XA (2.18)

We shall frequently need the following simple version of Young’s inequality

1
abgﬁaQ—i—ﬁbQ Vab>0, 3>0 (2.1.9)

from which we obtain after noting (2.1.5) and (2.1.7)

(o) = (VG V0) < ||| alns < Blnf? + ﬁufuz V€ Fo e HY(Q).

(2.1.10)
This result with (2.1.3) yields for future reference that
1
ol < ool < Blof + o, Vo € T (2.1.11)

We also require a o-version of Young’s inequality (see e.g. Malek [51], p.26)

1 1
ab < oa? + C(o~ M, where — 4+ - =1, Va,b >0, o,p,q > 0. (2.1.12)
P q
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For later purpose we mention the Holder’s inequality (see e.g. [1], p.23): For
1 < p,q < oo such that %—i—% =1,if f € LP(Q) and g € L1(Q), then fg € L'(Q)

and

otn= [ 1iglte < ( [ 10a)" ( [ loan)" = floslaboe 2119

One can generalise this inequality by applying it for example twice to yield

1 1 1
|fahloax < |flop [9log | flor where » + 4 + o L. (2.1.14)
For later reference we define the mean integral as
1 1
n:i= @(n,l) Vne L (Q). (2.1.15)
and it is easily seen that
77—][776% Vne H (). (2.1.16)

Lemma 2.1.1 The norms (2.1.1) and (2.1.7) are equivalent on Fy.

Proof. Let 0 # f € Fy. From (2.1.1) and (2.1.5) we have that

Il @y = sup [(f,0)] = sup [(VGf, Vo)l < sup [|f]l-1|vfy < [If]-r

flvlli=1 olli=1 [olli=1

Now by taking v = ﬁ € H'(Q) we deduce using (2.1.7) that

CURGHL IR I
Il 2 501 = Sigar™ = g7, = e,

where we have applied (2.1.6) to give |Gf||7 = |Gf[§ + |Gf[T < (C7 + 1)|Gf|} and
hence |G f|1 < ClG [l D

= C[[fll-1,

Throughout the thesis C' stands for a generic bounded positive constant, not neces-
sarily the same at different occurrences, which is independent of the regularization
parameter ¢ , the spatial parameter h and the time step At, and possibly depending
on T,Q,ul,uy and &y. Furthermore, the symbol C(/3) denotes a constant depending

on the argument [ such that C(5) < Cif g < C.
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2.2 The regularization and equivalent weak for-
mulations

We adapt a regularization procedure similar to that employed in Elliott and Luck-
haus [49]. This procedure is based on introducing a twice continuously differentiable

function ®. € C*(R) such that € € (0,1) and

0.2, 6 0
wrotorlne —F ifr <e,

O.(r) = (2.2.1)

®(r)=24rinr ifr>e.

We then define ¢. € C%*(R) to be

P(1+7)+P(1—1) ifr>1-—e,

Pe(r) = Qe(1+7)+P(L—7)=Qh(r) = P(1+7r)+ S(1—7r) if|r]<1—c¢,

\@5(14—7“)—}-@(1—7“) ifr<-1+e.
(2.2.2)
Thus, for ¢ = 1,2 we regularize the potential ¥; by introducing ¥, ; € C*(R) such
that
Wei(r) = e(r) + %(1 —r?). (2.2.3)

We also introduce the monotone odd function ¢. : R — R

;

P(1+4+7r)—d(1—r) ifr>1-e¢,

Ge(r) =PUr) = QP (r) = p(r) =¥ (L+7)— D (1 —7) ifjr]<1—e, (2:2.4)

SL(1+7r)—P(1—1) ifr<—-1+c¢.

Below we report some properties of the above functions that we need throughout
the thesis:
For all € € (0,1)

o-(r) < (1) Vre[l—g 1) and o(r) < ¢.(r) Vre(—1,—1+¢]. (2.2.5)
For 7 =1,2 and for all , s

WEi(r)(s =7) = ¢e(r)(s = 7) = bir(s — ) < 2e(s) = ¥e(r) + Oir(r — s)

= Ue(s) — Weilr) + s ), (226)
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where we have noted the Taylor expansion, the fact that

identity
2a(a —b) = a* — b* + (a — b)*. (2.2.7)
For e < % and for all r, s
, 0
0 <o)<, (2.2.8)
€
0(s —1)* < (¢=(5) — ¢=(r))(s — 1), (2.2.9)
0
(2(5) = 6<(r))” < —($=(5) = de(r)) (s — 7). (2.2.10)
Note that (2.2.10) implies, using the monotonicity of ¢., that
0
9x(s) — 62 < Zfs =], (22.11)
which means that ¢, is a Lipschitz continuous with Lipschitz constant g.
In addition, if r,s >1—c orr,s < —1+ ¢, then
4 2
52 (8 = 1)7 = (9e(s) = :(r))(s — 7). (2.2.12)
We also have for any r € [a,b] C [-1+¢,1 — €] that
#(r) = 61(r) < dh(max{lal, BI}) = &/(max{lal, pl}).  (2:213)
Figure 2.1: The monotone functions ¢, denoted —, and ¢. with two values of ¢,

denoted - - -.

! = ¢. > 0 and the
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For later purpose we mention properties of the monotone functions ¢-! : R — R

and ¢! : R — (—1,1). It follows from (2.2.5) that
¢ (r) > ¢ (r)  Vr>¢(l-e)=¢.(1-¢), (2.2.14)
oM (r) > oM (r)  Vr<g(—1+4e)=¢(-1+¢), (2.2.15)
and from(2.2.9) we obtain for all s, r

[0 (s) — o ()] <07 s — . (2.2.16)

£

The next lemma shows important results about W, ;, ¢ and ¢.

Lemma 2.2.1

0 0 862 + 62
1 .. o p—— =
10, 46, b Weilr) 2 166,

(i) Ve < gp := min{ 1 —Co i=12andr e R,

(2.2.17)

(D16:'0) 0 () < = (Ir— o1 ) +[-r —d(1 -, ) reR, (2218
where [-]; := max{-,0}.

Proof. To prove (2.2.17) we note from (2.2.3) and (2.2.2) that for r € [0,1] and
i=1,2
867 + 07

\Ifa,z‘(r) > %(7“) = wa(O) =0z 1601‘

Again using (2.2.3) and (2.2.2) with the aid of the Young inequality we obtain under

the stated assumption on € that for r > 1 and i = 1,2

9 0 0, ) Oc

T ) > 12— % ey (L o2 — 1) - =

B T (R I
9 0. 0= 0, 0 86240
> (=~ — 0, -2t T _ =5 2 .
(00— =g -2 -2 166,

Utilizing the fact that W, ; is even function, the desired result (2.2.17) therefore fol-

lows immediately.

We now turn to proving (2.2.18). Since ¢_(r) = ¢~ !(r) for |r| < (1 —¢), (2.2.18)
holds for |r| < ¢(1 —¢). For r > ¢(1 — €) = ¢.(1 — ) we have by the monotonicity
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of ¢! and ¢! that ¢-'(r),¢ ' (r) > 1 —e. Hence, using (2.2.14), (2.2.12) with

r= ¢ !(r) and s = ¢_!(r) we obtain after noting monotonicity of ¢. that

62(r) — 07 0)] = 6.2() — 67 (1) < Zr — 6.(67()
< E(r—p1-2) = 2 (r— o1~ ) (2.219)

Noting that ¢-! and ¢! are odd functions we deduce from (2.2.19) that for
r<—¢(l—c¢)

_ _ 2e
[0 (r) =07 (r)] < - (=r = ¢(1 =€) (2.2.20)
This result together with (2.2.19) gives the required inequality (2.2.18). O

Remark. The previous lemma shows that U, ; is bounded below for sufficiently

small € and it also shows that |¢p-(r) — ¢~ 1(r)| — 0 ase — 0.

Now we introduce a regularized version (P.) of (P):
(P.) Find {u. 1, ue 2, we 1, we 2} € [H(Q)]* such that for i = 1,2 u.;(0) = u and for
a.e.t € (0,T) and all n € H'(Q)

(Orues,m) + (Vw.;, V) =0, (2.2.21a)
YVt i, V) + (WL (ue i)y n) + (F5) (Uets uen)y ) = (wes 7). (2.2.21b)

For convenience we shall give an equivalent form to (P.). Choosing n = 1 in
(2.2.21a) leads to dyu.; € Fo and (u;(t),1) = (u?, 1) a.et € (0,T), i = 1,2.
From the definition of G, (2.1.5), and (2.2.21a) we deduce for i = 1,2 that
(V(GOwue; +w.;),Vn) =0  ae.te€ (0,T)andVne H(Q).
Hence, by taking n = GO,u.; + w.; we obtain
|GOue,; + we; — ][ Wei|1 = |GOue; + we i1 = 0.
Thus, with the use of the Poincaré inequality and (2.1.16) it follows that

|GOuc ;i + we; — ][ Weilo < CplGOue; + we; — ][ We 41 = 0.



2.3. Existence and uniqueness 18

We therefore have for i = 1,2 and a.e. t € (0,7))

—Gou.; + ][ We ;. (2.2.22)

In addition, from (2.2.21b) we find

Fura f @+ ). a2

Therefore, (P.) can be restated equivalently as:
(P.) Find {u. 1, u. 2} € [H(Q))? such that u. ;(0) = u?, i = 1,2, and for a.e.t € (0,7)
(uei(t),1) = (uf, 1) and

W(VUE,ZH vn) + (\Ilé,i(us,i% n—- ][ 77) + ( g) (ua,la UE,Q)’ n— ][ 7]) + (gatua,ia 7]) =0
(2.2.24)
for all n € HY(Q).

Similarly, one can rewrite (P) equivalently as:
(P) Find {uy,us} € [H ()] such that u;(0) = v, i = 1,2, and for a.e.t € (0,T)
(ul(t>7 1) = (uzoa 1) and

ATz, Vi7) + (), — ][ n) + (£ (ur, wa), 1 — ][ W)+ (GOusm) =0 (2.2.25)

for all n € HY(Q).

2.3 Existence and uniqueness

In this section we prove existence and uniqueness of a solution to the continuous

problem (P) under the following assumptions on u{ and u3:

(Ay) Let {u?,ud} € HY(Q) x H'(Q) such that max {|uf]oc0, |43]0.0c} < 1 and for
some given & € (0,1), max {|mq| := | u}], |ma| := |F ud|} <1 — do.

We will prove the existence relying on the classical Faedo-Galerkin method of Lions
24]. Let {z;}32, be an orthogonal basis for H'(€2) and orthonormal basis for L*(£2),
consisting of the eigenfunctions of the elliptic eigenvalue problem

aZj

i 0 on 0f2. (2.3.1)

—Azj + 2 = pjz; in Q,
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It is well-known that (e.g. [10], [34]) 21 is constant and the sequence {y;}52, is

nondecreasing where 1 = 1. We observe that the weak form of (2.3.1), using

(Zi, Zj) = 5ij7 1mphes

(Vzi, Vzj) = (s — 1)04.

For k > 1 we consider V* to be the finite dimensional subspace spanned by {z; }le.

Let P*v be the projection of v € L*(Q) onto V* such that

k

Pry = Z(v,zj)zj.

j=1

(2.3.2)

Obviously this definition still makes sense for any v € H'(Q2) C L*(Q2). From (2.3.2)

one can easily deduce the following properties of the projection P*

(P, x*) = (v,x") v e VF v e L2(Q),

(VPR 0, Vx*) = (Vo, VX)) W e VR ve HY(Q)

and it is easily seen from (2.3.3a) and (2.3.3b) that

|ka|m < ||,

|Pkfu — V| < \Xk — Vlm vt e vF,

where m = 0 if v € L*(Q) and m = 0,1 if v € H'(Q).

(2.3.3a)
(2.3.3b)

(2.3.4a)

(2.3.4b)

Using the result (2.3.4b) together with the fact that {V* : k > 1} is dense in

L*(Q) and H'(Q2) we have that

Pry — v in L*(Q) and H'(Q),

where “—” represents the strong convergence.

(2.3.5)

We require the following lemma to facilitate dealing with the nonlinearity D-coupling

term.
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Lemma 2.3.1 Let v € V. Then there are constants o = d(3 — +) and C' such that
forall 3 >0

e

2,00 ifd=1,

0[5, < CllvlI5 7 [0l < Bloli + C(87 ) [vl%, holds for r € § [2,00) if d = 2,

2,6) ifd=23.
(2.3.6)

\

Proof. Using Poincaré’s inequality gives ||v||; < C|v|;. Thus by (2.1.4) and the
first inequality in (2.1.11) we obtain

1- _ _ _
], < C(lvl) llvIi” < Cllol Sl [oli7 = Clloll 57wk (2.3.7)

Finally, the second inequality follows as a consequence of applying the Young in-

equality with p = % and ¢ = H% a

Theorem 2.3.2 Let the assumptions (A;) hold. Then for all € < g¢, (P.) possesses
a unique solution {u. 1, U 2, We 1, W, 2} such that for i = 1,2 the following estimates

hold independently of €

[teill oo 0,731 () + e ill 20 0,130 ()yy) < Cs (2.3.8a)
|we il 20,111 () < C, (2.3.8b)
[¢=(ue,i) | 22(0r) < C, (2.3.8¢)
Hfz()i) (e 1, Ue2)| Lo 0.1522(0)) < C. (2.3.8d)

Further, the unique solution satisfies for ¢ = 1, 2
T
076V (1) 22y < /O (Ve s, Vo (ue)) dt < C. (2.3.9)

Proof. For k > 1 we seek the Galerkin approximations {u’;l, ufz, wgl, wf’Q} € (Vk)4

solving for i = 1,2, t € [0, T] and for all x* € V*

(Opul sy X*) + (Vwk,, V') =0, (2.3.10a)
/Y(Vul;,i’ vxk) + (\I[;,z(ul;,z)a Xk) + ( 1(:;) (ul.;l) u?,Z)) Xk) - (wf’z‘, Xk), (2310b)

uf . (0) = P*u). (2.3.10c)

£,1
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The Galerkin approximations can be represented as

k

uf (o, t) = af,(Dzal(@),  whi(et) =) W (Ha(r)  i=12 (2.3.11)

n=1
We first establish the local existence of the Galerkin approximations. To this aim,

we insert (2.3.11) into (2.3.10a-b) and take x* = z; to yield a system of 2k ODEs

in a’fj and agj for  =1,2,...,k as follows
da®(t)
;jt =(1- Mj)blfj(t)a
dagj(t)

- (1 — puy)b;(t),
by; =v(pj — Dal;(t) + (H(a)); + (G1(af, ab));,

by, =y(p; — D)ak;(t) + (H(a})); + (Ga(af, ab));,
with initial conditions

ay;(0) = (Pu}, z;) = (u}, ),

as;(0) = (P*ud, ;) = (u9, z)),
where

a? :(afh a?Q? cee ’afk)T> bf - (bfla b§2> ceey bfk)T 1= 17 2’
(H(ak)); =(0L,(uk ), 2), (Gi(ak,ab)); = (fS Wk uby), ) i=1,2.

Letting @ = (a%,a})7, the above system can be written as % = F(a) where

dt
a(0) = (a%(0),a%(0))T and F is locally Lipschitz as ., and fg) are locally Lip-
schitz. Thus from standard existence theory for a system of ODEs, one concludes

that the system has a unique solution on some finite time interval (0, #x), tx > 0.

Now, we prove the global existence of the Galerkin approximations by deriving

k

a priori estimates bounding {u*,, w* };—1 o independently of k in various Banach

spaces.
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Testing (2.3.10a) with x* = 1 € V* gives for i = 1,2 and for all ¢+ € (0,7T) that
au

2 ¢ Vp and

(w (1), 1) = (uk(0),1) = (P*ud, 1) = (ud, 1) = my |92, (2.3.12)

£,i e,i

where we have also noted the P* projection property (2.3.3a).

For i = 1,2 we take x* = P¥(Go,uf,;) € V¥ in (2.3.10a) and we use (2.3.3a-b),
the || - || -1 definition, (2.1.7), and the G definition, (2.1.5), to result in

0 = (Gruz,;, GOt ;) + (Vg VGOl ;) = |02y + (wk;, Opuf,).  (2.3.13)

EZ’

Choosing x* = (%u’;’i in (2.3.10b) and combining the resulting equation with (2.3.13)

yields after summing over ¢ = 1,2 that

v d

th“ue T+ |Ue2‘ i+ [(\1’21( 1) atue 1)+ (‘1’22( 2); 8tu€2)}

[ @l Ol ) + (F) (il uk ), Bk )]

+ [||atue,1||2—1 + ||atue,2||2—1} =0, (2.3.14)

Vatu ) = %di| |%

where we have also noted (Vuf

By noting first that for ¢ € (0,7), (Z)(usl, ut,) =0, . fD( uby uly),

t
/0 (Db ), Bk ) + (PO (1, b ), 0t y)]ds

= [ [t ataonis

= (fp(uf (1), u (1)), 1) — (fo(ug1(0), uf5(0)), 1)

and then integrating (2.3.14) over t € (0,T] we obtain

t
Ae(ufvl(t),ufg(t)) +/0 [||3sul§,1||31 + ||88ul;2||271}ds
— At (0), uf (0)) = Ac(Phul, PRud), (2.3.15)

where

A (ul;la ul§2)

wu

Hue T+ |Ue2‘ |+ (‘11571(7,@];’1)—1—\1'5,2(@’2) 1) + (fp(ul Ug 1, U 52) 1).
(2.3.16)

Our goal now is to prove that A.(P*u?, P*u3) is bounded for sufficiently large k.



2.3. Existence and uniqueness 23

Recalling (2.3.4a), a generalised Holder’s inequality and, by (2.1.4), H'(Q) — L*(Q)
yields after noting the assumptions (Aj)

%Hpk 24 | PRS2 + (fo(PPul, PRul), 1)
< %UU usli] + 2D[(P*u} + an)*(Pruy + ) }0,1
:%Uull +uglt] + 2D|PFui + e[ 4| PFus + ol
S%WL-H%H+CWﬂ + a2l PRl +
< %Hu ugli] + C(I[uflf + 1) (luglf +1) < C. (2.3.17)

On setting s = uf, r = P*uf, i = 1,2, in (2.2.6) and on noting . ,(r) = ¢.(r) —O;r,

the Lipschitz continuity of ¢, (2.2.11), and (2.3.4a) we have

(Pei(Pruf), 1) = (Voo (Pruf) — Wei(uf), 1) + (Pei(w), 1)

0i
< (WL, (PP, Prug — ) + (PP = ), 1) + (Wei(wy), 1)
0;
< [I6(P ud)lo + 0: Pruilo] [ PHui — uilo + o [PFuf — ulfg + (Wei(uf), 1)

2
0 0;

< [Z + O ol P = ullo + S PHuf — w3 + (Wea(ul), 1).
(2.3.18)

Thus, by the strong convergence of P*u) — u? in L?(2), the assumptions (A;),
(2.2.3) and the fact that ¢.(r) < ¢.(1) Vr € [-1,1] it follows that

hmsup(qu,i(Pku?)J)g(\Ifs,i(u;?),l)g(ws(1)+02@,) (91n2+ )|Q| (2.3.19)

k—oo

Combining (2.3.17), (2.3.19) and (2.3.15) gives thus for k sufficiently large

t
Aa(ufvl(t),ufg(t))%—/o [Ilasul§,1||31+||3sul§,2||31] = A(P*ul, Prug) < C. (2.3.20)

Recalling, by Lemma 2.2.1, that for ¢ < gy U, ,(-), i = 1,2, is bounded below and
that fp(r,s) > 0 we obtain from (2.3.20) and (2.3.16) that for all ¢ € (0,7

t
gl
o s + [ua()[] +/0 10suz 1|2y + 10sug |21 ]ds < C. (2.3.21)

With the aid of the Poincaré inequality and (2.3.12) we find after ignoring the non-
negative integral of (2.3.21)

luf (O]l + lluz o (0] < C, (2.3.22)
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which implies
[l (Wl oo o) + Ul oll oo ) < C- (2.3.23)

This time we ignore the H'-semi norms from (2.3.21) to yield
T
/1M@@AL+WMQMJﬁ§C. (2.3.24)
0
Thus we have, noting Lemma 2.1.1,
100w 1| 20,0 a2y + 10 sl 22007501 @) < C- (2.3.25)

Since H'(Q2) — (H'(Q))', (2.3.22) gives |[ul || L (0,11 @)y < C, i =1,2. We then
use this result with the fact that L>(0,T; (H'(Q2))") — L*(0,T; (H'(R2))) to obtain

||Ul§,i||L2(0,T;(H1(Q))f) <C. (2.3.26)
Therefore, (2.3.25) and (2.3.26) imply for ¢ = 1,2 that

Hulg,iHHl(O,T;(Hl(Q))’) <C. (2.3.27)
From (2.3.10a), (2.1.5), (2.3.3a-b) and (2.1.7) it follows for ¢ = 1,2 that

‘wszﬁ (atuz-: i W ) (vgatus X k ) (vpkgatus X k )

(Pkgﬁtu atuf’ ) (g@tue ) atuf’ ) = ||atu ||2 (2328)

EZ’

and hence, owing to (2.3.24), we have

T T
/h@—fwmw:/mw\ﬁ /HmLWm<C (2.3.29)
0 0

We apply the Poincaré inequality with n = w¥, — wf, € V5 and use (2.3.29) to

k k
Hwe,i - ][ We 4

To show w; is bounded in L?(0,T; H'(12)), it suffices to show that - w?, is bounded
in L*(0,T; Hl(Q)).
By (2.3.10b) we first remark for i = 1,2 that

give for ¢ = 1,2

<C. (2.3.30)

L2(0,T;HY(Q) —

Fut= F 1) + 190k k). (23.31)
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On setting \* = —f uf, = —m;, i = 1,2, in (2.3.10b) and adding for
any € R, (\I/;Z( Uy Z) + fD ( S qu) B) to the both sides yields after rearranging
that
(\Dl (ez>+fD(517 52)ﬁ ml)—
= _7|Ue,i|1 + (wf,i’ Ulgz —m;) + (\Illez(ulgz) p— ) + (f g (ul Ug 1, Ul§2) p— Ul;z)
0;
< (Vuky, VG (ugy = mi)) + (Uei(B) = Wey(uzy), 1) + 518 = ul,fg
+ |fD ( Ue 1 52)|0|ﬁ az|0
X 0; +

< Jwklaflul; — mall -1+ (Vea(8) = Wea(ul ), 1) +

6,i|0 _|fD( Ue 1> 52)|0
< Clwk J1fuf; — milo + C[1+ (Wei(8), )+|ﬁ—um|o+|fD( Ful )]
< C1+ ok y + (Wei(8), 1) + 18 — b 3+ 1£9) (ul 1, b 5) 2], (2.3.32)

where we have used in turn: (2.1.5) and (2.2.6) with r = u}; and s = £3, followed by
(2.1.7), Young’s inequality, (2.1.8), Lemma 2.2.1(i) and the bound (2.3.22).

Using a generalised Holder’s inequality and, by (2.1.4), H'(2) — L5(2) we have for
i, j=1,2 with i # j

i 2 2
}fé)(rla 7’2)}0 = }QD(TZ + ai)(rj + aj)ﬂ() = 4D2}(rz + ai)2(rj + O[j)ﬂ(),l
< ADri + ailgelr + ajlos < Cllri + aillfllry + agllt. (2.3.33)
This result with the aid of the bound (2.3.22) we obtain for 4, j = 1,2 with i # j
|fg)(ul§,1vulg,2)|(2) < CHUI;Z + O‘z”%”“& + O‘j”i1 <C. (2.3.34)

Choosing 3 = +1 F % in (2.3.32) and noting V. ;(r) < 6In2+% vr € [-1,1] and
the bounds (2.3.22) and (2.3.34) leads to for i = 1,2

(WL (u) + 78 (k). 1= 2 = m) < O[1+ [ ]
and
(0 (u H¢<Ehﬁu—%+mnrchﬂ%my
Dividing the above inequalities by [Q|(1 — % —m;) and [Q[(1 — 2 +m;) respectively

we obtain after recalling the assumptions (Al), particularly |m;| <1 — dy,

’ ][ [\IIIEZ(UI;@) + fg) (ulg,la Ul§2)} ’ <C[1+ |wfz 1] (2.3.35)
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We square (2.3.35) and then integrate over (0,7") and note (2.3.29) to obtain for
i = 1,2 that

)][ +fD(51’ula€2)}

which implies by (2.3.31) that

2
) ko k
H][ ‘20,311 () _H][ AU

L2(0,T;H' ()

= [Q H][ ()(%17“?2)] 2

2 T
<C(T -i2dt) < C, 2.3.36
o OO+ [y <0 2330

L2(0,T)

(2.3.37)

Therefore, we conclude from (2.3.30) and (2.3.37) that for i = 1,2
1w || 20,78 () < C- (2.3.38)
Before moving onto the passage to the limit step of the proof we recall that
L>(0,T; HY(Q)) is the dual space of L' (0, T; (H*(€2))’), which is a separable Banach
space but not reflexive, while the Banach spaces L?(0,T; H'(2)), L*(0,T; (H'(Q))")
and L%(Q7) are reflexive. Thus, by compactness arguments (see Appendix A, Theo-

rem A.0.15 and Theorem A.0.16) and the bounds (2.3.23), (2.3.27) and (2.3.38) we

can extract subsequences, still denoted {uf;}, {wf,}, such that for i = 1,2 and as

k — oo
ul; = ue; in L*(0,T; HY(Q) N HY(0,T: (HY())'), (2.3.39a)
ub, =g, in L(0,T; H'Y(Q)), (2.3.39b)
whi = w.; in L0, T; H'(Q)), (2.3.39¢)

* .
where “—7 and “—”" denotes weak and weak-star convergence respectively.

From an application of the Lions-Aubin theorem (see appendix A, Theorem A.0.18)
with Xo = HY(Q), X = L*(Q), X; = (HY(Q))" and py = p; = 2 we can extract
subsequences, still denoted {u?;}, such that for i = 1,2

ul; —ue; in L*(Qr), (2.3.40)

where “—” denotes strong convergence.
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We now pass to the limit in the finite weak form (2.3.10a-b). For this purpose we
consider an arbitrary function & € L*(0,T; H'(2)) and set x* = P*¢ in (2.3.10a-b)

to obtain after integration over (0,7)

EZ’

/ (Opul;, PFE) + (Vw?,, VP ¢) dt =0, (2.3.41a)
0

/0 (Tt VPRE) + (W (b ), PRE) + (19 (k1 b ), PRE) dit = / (uh,, P¥E) dt
(2.3.41b)

Since the passage to the limit for linear terms is easily shown using the convergence

k

properties of u* wg,;, 1=1,2, and P* properties, we only show convergence of the

EZ’

nonlinear terms.

Using (2.2.11) and the strong convergences (2.3.5) and (2.3.40) yields for i = 1,2
| [ 0t P~ 6t )
< ||¢5(u5,i)||L2(QT)||Pk§ = Ellzzir) + 110=(ul;) = Oe(uci)llr2@m 1€l 20
Qllu illzz@n) | P*€ = €ll12(r) + 9|| — el 2z €]l 200 — 0 (2:3.42)
from which we obtain, on noting that W_ ;(r) = ¢.(r) — 0;r, for i = 1,2

(WL, (ul,), P*¢)dt — J(ueq), €)dt. (2.3.43)
[ /

To deal with the D-coupling term we split for ¢+ = 1,2 as

‘/ 51’ 52) Pre) — ( g)(ua,l,ueg),é")dt‘

T .
S/ }( ()(uah 52) Pk£ f’dt+/ ’(fg)(ulg,laul;z)_ ()(%17“52 ’dt
0 0
= TF 4 TF, (2.3.44)

From the bound (2.3.34), the strong convergence of P*¢ to ¢ in L2(f2) and the

Dominated Convergence Theorem (e.g. [14], p.22) it follows that

Ty g/ 5 (kb ) |o| PRE—€odt < C/T|Pk§—§\0dt—>0ask—>oo. (2.3.45)
We note that for any ry, 7y, 1,50 € R and for 7,7 = 1,2 with ¢ # j
J5(r1r2) = 15 (51, 82) = 2D[(ri + i) (r; + ;) = (s + ) (55 + ;)°]
=2D(rj + a;)*(r; — ;) + 2D(s; + ;) (r; + 55 + 2a;)(r; — s;). (2.3.46)
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Using this with r; = ue ;and s; = u.;, © = 1,2, the generalised Holder inequality,

the continuous embedding H'(Q2) — L%(Q), the bounds (2.3.22) and (2.3.8a) and
the strong convergence (2.3.40) we obtain for 4, j = 1,2 with i # j that

Ty = 2D/ E] + a;)%¢, uf ul; —uey) + ((ue; + ozl-)(u’;j + U j + 2aj)£,u’§7j — Uej) ]dt
< 2D/ ](ufj + O[j)Qf(uI;i — um-)](],1 + ’(usZ + ozl-)(u’;j + U j + 2aj)£(u’§7j — u&j)}O’ldt
OT
<2D [t + cyl elns luk — ueidode
’ T
4 2D/ [, + lo [uf s + ey + 205000 Elos [uF; — uelo dt
. 0
<C [y sl el = el d
° T
e / ot + aally [ + s + 205 €]l 65 — e slo dt

< CIWSZ - Ua,z‘||L2(QT)||f||L2(0,T,H1(Q)) + C||Uf,j - u57j||L2(QT)||£||L2(O,T,H1(Q)) — 0

as k — oo. (2.3.47)

Thus, from (2.3.44), (2.3.45) and (2.3.47) it follows that as k — oo

T .
/ (f9 Wk, ub ), PRe) dt—>/ D (Uer, Ues), E)dt. (2.3.48)
0

We now can pass to the limit as & — oo in the finite weak form (2.3.41a-b) to

obtain
T
/ (Otess €) + (Vs VE) di =0, (2.3.492)
0

T ‘ T
/ YVt iy VE) + (UL (e i), &) + (fS) (e, ues), €) dt = / (wes, &) dt. (2.3.49D)
0 0

To conclude with the required variational equations (2.2.21a-b) of (P.) we argue
as [43] (Theorem 43.3, p. 308). Let g be the characteristic function on the arbitrary
time interval (0,t), ¢t < T and set £ = ng in (2.3.49a-b) where n € H'(Q) to yield

t
/ [(((Lum, n) + (Vwe,, Vn)}ds =0, (2.3.50a)
0
t , ¢
/ (Vs V1) + (U (1), 1) + (£ (1, 022), )] ds = / (we 1) ds,
0 0
(2.3.50b)

and hence the variational equations (2.2.21a-b) of (P.) is now a consequence of

Theorem A.0.12 (see appendix A).
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Applying Theorem A.0.19 (see appendix A) we obtain, after noting us,i,u’;i €
L*(0,T; H'()) N H'(0,T; (H'())), that u.;,uf, € C([0,T]; L*(Q2)). This result
together with the strong convergence of P*u? to u? in L?(Q2) and the strong conver-

gence (2.3.40) one may conclude that u.;(0) = u?, i =1,2.

Before showing the uniqueness, we prove the remaining stability estimates. Since
u.; € L*(0,T; H(Q)) and ¢. is Lipschitz continuous and its first derivative is
bounded, see (2.2.8), we are allowed to test (2.2.21b) with n = ¢.(u.;) € HY(Q)
to yield for i = 1,2 and a.e. t € (0,7

Y(Ve i, Ve (uc;)) + |de(ueq)[§
= (e, @ (1)) + O utes $euz)) = (f5 (e, we2), De(uzs)
< 5106 B+ C el + fald + 175 (e we)E]. (2350
where we have also used Young'’s inequality. Note that as ¢. > 0, the first term of
(2.3.51) is positive.
From (2.3.33) and the bound (2.3.8a) we easily deduce for i = 1,2 that

”f(Di)(u&l?UE,Q)HL‘X’(O,T,L?(Q)) <C. (2.3.52)

Thus, integrating (2.3.51) over (0,7") and using the estimates (2.3.8a), (2.3.8b) and
(2.3.52) leads to the estimate (2.3.8¢) and the second inequality in (2.3.9) while the

first one follows from the property (2.2.8) of ¢..

Finally, it remains to prove the uniqueness. To this aim, assume that S = {u.;, we; }iz12
and S* = {ulw!,}i=12 are two solutions of (P.). For i = 1,2 define u.; :=
Ue; — ul; € Vo. Subtract (2.2.24) when S is the solution from (2.2.24) when S*
is the solution and test the resulting variational equation with 7 = . ; to yield for
aete (0,7T)
VNteili + (9e(uei) = $e(ul), Uei) + (GOhte i, T )

= O3ltic i[5 — (f5) (e, uen) = £5) (U2 uls) Ues).  (2.3.53)

From the definition of G given by (2.1.5) we note that

d d
EH/&E,Z”% = E(vgﬂe,ia vgﬂz—:,i) = 2(Vgatas,ia ans,i) == 2(gata€,ia as,i)a (2354)
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and hence, by the monotonicity of ¢. and (2.1.11),

1d
2dt

Wi a2 + =il y < Oiliel2 — () (e, o) — F) (g uly), e )

7= _ i
< e+ Clliteal2y + | (15 (s ) = 50ty 02), )
(2.3.55)

Using (2.3.46) with r; = u.;, s; = ul,;,i = 1,2, the Young inequality and a gener-

EZ’

alised Holder’s inequality and noting, by (2.1.4), H*(Q2) — L*(2) and the estimate
(2.3.8a) yields for i, 7 = 1,2 with j # i and a.e. t € (0,T)

’ ( (DZ)(ua,ly UE,Q) - fg) (u:,l’ u:=2)’ ﬂe,i)

< 2D (1 + 052, 5,) + 2D (Ul + ) (e + 1l + 205), e i )

< QD((UE,J' + a])27 _gz) + 2D(|uez + O‘ZHUEJ + u jt 20‘]"? Ws,iHﬂe,jD

< 2D ((uej + aj)%, a2;) + D(|ul; + ailluc; + ul ; + 2a4], a2, + 2 )

» e Z

= 2D(uej + )|, + DJ(ul; + ) (ue +ul; + 2a5) (@2, + a2 ;)| |

< 2D|ue j + g gltic il 4 + Dlul ; + viloaluc; + ul j + 20|04 [|teild 4 + |13 4]
< Olluey + ol |aeils 4 + Cllul; + cillillue; 4 ul ;4 2051 [|Teild 4 + 10515 4]

_ _ Vi _ _ _
< Ol + e l6.] < g llHealt + 12=511] + Cllaill2) + o ]12,], - (2.3.56)

where we also have applied Lemma 2.3.1 to obtain the last inequality.

We thus can rewrite (2.3.55) for 4,j = 1,2 with i # j as

1d 2, < 37

+ 5 gyl 35| e i + |a€,j|§+0[||a€,i||’il+||a€,j||’il]. (2.3.57)

7|ﬂ6,i|%

Summing this inequality over ¢ = 1,2 and rearranging the terms yields

1d

S el s+ Nacal ] < Cllaealy + Nacal). (23.58)

5 Uﬂe,lﬁ + |ﬂ€,2|ﬂ

Applying a Gronwall lemma (see Appendix A, Theorem A.0.5) implies for a.e t €
(0,7T) that

t
7/0 [T+ lae2lt]ds + [[Jaca (121 + a2 1] < e [llaei 012y + [lae2(0)]12 ]
—0, (2.3.59)

from which we conclude, on noting (2.1.11), that . ;(t) = 0, ¢ = 1, 2, and hence the

uniqueness result of u;. The uniqueness of w, ; follows from (2.2.22) and (2.2.23). O
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Theorem 2.3.3 Let the assumptions (A;) hold. Then there exists a unique solu-
tion {uy, us, wy, ws} to (P) such that

ur,uy € L®(0,T; HY(Q)) N H* (0, T; (H(Q))),
wy,wy € L*(0,T; H(Q)),

¢(ur), p(uz) € L*(Qr),

15 (ur,ua), [ (ur, uz) € L0, T LA(9)),

max{|u|, |ug|} <1 a.e.in Qrp. (2.3.60e

Proof. We first observe that the bounds (2.3.8a-c) are independent of . Then
for i = 1,2 from compactness arguments we can extract subsequences, still denoted

{uc;} and {w.;}, such that

ue; —u; in L*(0,T; H'(Q)) N HY(0,T; (H'(Q))"), (2.3.61a)

Uy — u; in L0, T; HY(Q)), (2.3.61b)

w.; —w; in L*(0,T; H'(Q)), (2.3.61c)

Ge(ues) =1 in L*(Qr). (2.3.61d)
Furthermore, a similar argument to that used in Theorem 2.3.2 shows

Ui — u;  in L2(Qr). (2.3.62)

Now our goal is to prove that 7; = ¢(u;) for i = 1,2. We remark that if we show
u; = ¢~ 1(n);) a.e. in Qp, then we immediately achieve our goal and we also obtain

lu;| < 1 a.e.in Qp as ¢~ (r) € (—1,1) for all r € R. To see this we firstly show that
T
Q= [ (=67 O -t 20 Ve € L), (2.3.69)
0
Choosing s = u.; and r = ¢_1(£) in (2.2.9) yields for i = 1,2 and a.e. t € (0,T)
(tey = 92 (8), B=(ue) — &) = Oluey — o2 (§)]5 2 0,
and hence

I.i(§) = /0 (uei — 0= 1(), Pe(uey) — )dt > 0 VE € L*(Qr). (2.3.64)
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To show this integral is well-defined we use (2.2.16) with s = ¢.(u.;) and r = £ and
recall the estimate (2.3.8¢) to yield for i = 1,2

T T
1.4(6) < / e — 6216 ol e (o) — Elodt < 671 / 62(uey) — ERdE
= 07| B (ue i) — €| r20) < 00

Now, to obtain the result (2.3.63) it is sufficient to show that I.; — I, as ¢ — 0.
From Lemma 2.2.1 we note that ¢_'(r) — ¢~ (r) Vr as e — 0 and hence with the
aid of the strong convergence (2.3.62), the bound (2.3.8¢c) on ¢.(u.;) and the weak
convergence (2.3.61d) we obtain for any & € L*(Q27) and i = 1,2 that

1) = 101 = | [ =0 ase(um)—5>—<ui—¢—1<s>,m—5>dt)
)/ e = 5 62t ) — dt)+]/ 29 6-(ue) — )|
+)/ ), 0 (ue,) — 1)t

< HUEZ o uiHLQ(QT ”(bs(us,i) - SHLQ(QT) + ”(bil(g) - ¢;1(€>"L2(QT)"¢E(UE,i) - fHLQ(QT)
+| / €), ¢=(ue) — i)dt| — O as e — 0. (2.3.65)

Thus, for + =1, 2,

LE)=UmI;(§)>0 Ve L*(Q),

e—0

as required.
For any 3 € R.g and any & € L*(Qr) we substitute 7; + 3¢ € L*(Qr) into I; to
obtain by (2.3.63) that

T T
/O(Ui—¢1(77i+ﬁf)a—ﬁf)dt20 and /O(Ui—¢1(77i—ﬁf)aﬁf)dt20-

Dividing the first inequality by —( and the second by [ gives

T T
/0 (wi — 6 (i + BE), E)dt < 0 and / (ws — & (s — BE), E)dt > 0

and then taking the limit as 3 — 0 yields after noting the continuity of ¢! that

T T
/ (s — 6~ (), )t <0 amd / (s — 6~ (5p), €)dt > 0,
0 0
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which implies for ¢ = 1,2 that

/0 (i — ¢~ (1), &)dt =0 V&€ L*(Qr). (2.3.66)

We choose & = u; — ¢~ 1(n) € L*(Qr) in (2.3.66) to give for i = 1,2 that

T

i = 676 Eegary = | I = 6 )t =0,
0
leading to u; = ¢~ 1(7;) a.e. in Qp. Therefore, for i = 1,2
lu;| <1a.e.inQp and 79 = o(u;).

Similarly to Theorem 2.3.2, we can pass to the limit in (P.) as ¢ — 0 to obtain
that {u1, ug, w1, wy} solving (P). More precisely, convergence follows immediately

from the weak convergence (2.3.61a,c,d) with the exception of

/ (fg) (ue,la u€,2)7 77) dt - / ( g) (ula Ug), 77) dt as e — 07
0 0

which is immediate on noting a similar inequality to (2.3.47) and the strong conver-

gence (2.3.62).

Finally, to prove uniqueness of a solution to (P) we argue as for (P.) in Theo-

rem 2.3.2. O



Chapter 3

Regularity results and Continuous

dependence

In this chapter we show how increasing the regularity of the boundary of the domain
Q and the initial data u{ and u3 leads to more regular solution to the problem (P). In
Section 3.1 we show that the solution of the problem (P) is in higher order Sobolev
spaces under further assumptions on {2 and the initial data. In Section 3.2 we show
the continuous dependence on the initial data and finally we prove an error bound

for the regularization procedure.

3.1 Regularity results

We shall study the problem (P) under the following stronger assumptions on {u{, u3}:

(Az) Let {ul,ud} € H*(Q) x H*(Q), |Aul|; + |[Aud]; < C, %—Tﬁf = %—Tf = 0 on 09

and max{|u?o,co, |U3]0.00} < 1 — dg for some given &y € (0,1).
We recall that if u € H'(Q) is a solution of the variational equation
(Vu, V) + (u,n) = (f,n)  Vn € H'(Q),

where f € L?(Q2) and if  is convex polygonal or 9 € C?, then from the standard
regularity theory of elliptic problems (see Grisvard [18]) u € H*(Q2) and

ulls < Clflo
34
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Hence, by the weak form of (2.3.1), we have z; € H*(Q) 1 < j < k, (k fixed and
finite) and thus V* C H%(Q). For the purposes of the analysis, we need the following

lemma.

Lemma 3.1.1 If v € H*(Q) and d < 3. Then there are constants o = d(5 — 1) and
C such that

e

2,00 ifd=1,

Vo, < Clol;77 |Jv]|§ < Ol holds for  re€ {2, 00) ifd=2, (3.1.1)

2,6] ifd=3.

\
Proof. An application of the Soblev interpolation result (2.1.4) with simple calcu-

lations gives

= [ (332 Q)deéc/ (Sl
Sl (Z) oy uvug”:c|v\’;“*">uv|r;“

and the second inequality follows directly from the embedding H?(Q2) — H'(Q). O

Theorem 3.1.2 Let the assumptions (A;) hold. Let € be a convex polygonal
domain or 92 € C?. Then the unique solution of (P) is such that the following

additional regularity results hold

uy,up € L2(0,T; H*()), (3.1.2a)
FO(ur, ua), £2 (ur, up) € L¥0,T; H(Q)). (3.1.2b)

Proof. From Theorem 2.3.3 we have for i = 1,2 and a.e. € (0,T) that u; € H'(Q)

is a solution of the elliptic variational equation
Y(Vui, Vi) + (d(us) — Oiu; + fg)(ul,w) —w;,n) =0 Vne H(Q).

Thus, by the standard regularity theory of elliptic problems with the aid of the
estimates obtained in Theorem 2.3.3 we have for a.e. t € (0,T) that u; € H*(Q2) and

|uill2 < Clw; — @(u;) + Opu; — fg)(uhUZ) + wlo.
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Therefore, by squaring this inequality and integrating over (0,7") we obtain
lwillZe.rgay < Cllws = ¢(us) + biui = f5) (ur, uz) + wilfa,y < C. (3.13)

To obtain the estimate (3.1.2b), we first note that using the generalised Holder
inequality, H'(Q2) — L%(Q) and Lemma 3.1.1 yields for v;,v; € H?*(Q) and for
1,7 = 1,2 with ¢ # j that
15 (01, 02) [ = [V 15 (01, 02) [ = AD?|V (03 + i) (v + ) =
= 4D?|(v; + ;)" Vi + 2(v; + ) (v + ) Vgl

< 8D?| (v + )| Vuil*|) | +32D%|(v; + ai)*(v; + ;)?[Voy | |

‘2}0,1
< 8D%|v; + o 6| Vvilg 6 + 32D%|vi + ailg glv; + a5l561 Vslo g
< Clloy + agl|rl + Cllos + ullles + s 2oy (3.1.4)
Thus, by integration over (0,7") and noting the estimates (2.3.60a) and (3.1.3) we
have for 7,7 = 1,2 with i # j

T T T
| 1w wka < [ i e [l <c. (3.15)
0 0 0

Hence with this estimate and (2.3.60d) we may conclude the desired result (3.1.2b) . O

Theorem 3.1.3 Let the assumptions (Az). Let 2 be a convex polygonal domain
or 9Q € C2. Then for all ¢ < min{ep, £} the unique solution of (P.) is such that

for i = 1,2 the following additional stability estimates hold independently of ¢

Hatus,i”LQ(O,T;Hl(Q)) + Hatus,z’”LOO(O,T;(Hl(Q))’) + ”ws,z’”LOO(O,T;Hl(Q)) <C, (3.1.6a)

| @ (te,i)l| oo 0,7:22(0)) + [teill oo 0,2 (02)) + 1 Wesill 20,1202 < C, (3.1.6b)
||fg) (Ue,1, Ue2) || Lo 01311 (02)) < C and ue; € C([0, T Hl(Q)) (3.1.6¢)

Furthermore, we have for i = 1,2 that agji =0a.e. on 90 x (0,7) and

9_15”V¢5(u5,i) ||L°°(O,T;L2(Q))) S || (Vua,ia v¢e(ue,i)) ||L°°(O,T) S C. (317)

Proof. Differentiating the finite variational equality (2.3.10b) with respect to time
and taking y* = 8,52/;1- € VF NV, yields for i = 1,2

YN0l |2 4 (¢ (uF ) ;, puk ) — il Dl 2 + (Df ) (Wb 1, b ), D)
1d
Vatwf,i) = ___‘wsiﬁa

= (&gwk 8tul§7l-) = —(Vwk 53

£,0) £,0)
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where we have also noted (2.3.10a) with y* = 8tw to obtain the second equality.

On noting that for i, = 1,2 with i # j

(at ( Ue 1 52) 8u ) = 2D((U§,j + %)27 (atulgi)z)

+AD((uf ; + o) (ul ; + o) Ohuf ;, Ot )

€5

> 4D((Ul§,z’ + ai)(us,j + ), atuz—:,iatus,j)

and recalling, by (2.2.8) and (2.3.28), that ¢.(r) > 0 and |w¥ |, = ||9uf,|-1 we
have after noting (2.1.11) for 4, j = 1,2 with i # j that

|+1d
521 th

< 9~|6tu’;i|g - 4D((Ul§z‘ + ai)(“? T+ aj)» atulg,z‘atulg,j)

|8tu ||8tulgl||2_1

_|at z—:z|1 —|—C’||(7tu ||2 +4D} us,i +04i)(u§,j —I—aj),(?tul;iatuf,j)}.
(3.1.8)

From a generalised Holder’s inequality, H'(Q) — L*(Q), the bound (2.3.8a), a
Young’s inequality and Lemma 2.3.1 it follows for i = 1,2 and ¢ € (0,7) that

|((uf; + ) (e j + o), Ol 00l )| < [ul; + ailoalul ; + ajloal Ol loal Ol ;o4
< CHUISZ + O‘z'Hl”U Al \@u o, 4|3tu iloa
< Clowut iloalOvul jloa < C[10wuE 15 4 + 100l 15 4]

< 32D[|atuez|1 + [0l 7] + CTIOwE |12y + 10wl ]2, ]. (3.1.9)

We insert (3.1.9) into (3.1.8) and rearrange to give for i, j = 1,2 with i # j

3y
7|6tum|1+2dt||8tu 12 _|atul;,i|% |8t aj|1+0[||atu 1% —|—||(7tu ||2 -
(3.1.10)

Summing this differential inequality over ¢ = 1,2 and rearranging the terms yields

&|Q‘

[Hatue 1||2 + ||atue 2||2 } < C’[||8tuf’1||2_1 + ||atul§,2||2—1}a
(3.1.11)
from which we infer, by application of the Gronwall lemma, for ¢t € (0,77 that

N | —

fy
By Uatulg,lﬁ + |8tuf’2|ﬂ +

t
7/ [|asul;,1|% + |88uf’2|ﬂds + [||8suf’1(t)||2_1 + ||88uf’2(t)||2_1}
0

C 110 {012, + [0 (0)]12,] = Cllwk (O + [k o ()] (3.1.12)
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Our goal now is to bound the right hand side of (3.1.12) independently of £ and
k. To accomplish this, we integrate the first term of finite weak form (2.3.10b) by
parts and use the P* projection properties (2.3.3a-b) to obtain for all xy* € V¥ and
1=1,2

(wk(0) + yAul (0) — Pr. (uf (0)) + 0k ,(0) — PE£5) (uk 1(0), u 5(0)), x¥) = 0,
which implies
wh(0) = —yAuf(0) + PEo.(uf (0) — 0 ,(0) + P* ) (uf 1 (0), ub ,(0)),
and hence, recalling for 1 = 1,2 that ufZ(O) = Pky?,

[wE ()l < [YAP* Gl + 6 PRl + | PEox(Praf) s + | P (Prud, Prud)la.
(3.1.13)
To deal with the Laplacian term we need to prove that AP*u? = P*Au?. This can

be seen by the P* properties (2.3.3a-b), integration by parts, the assumptions (As)
and (2.3.1)

(PFAW), x*) = (Au), X*) = —(Vu), VX*) = —=(VP*u), Vx*) = (AP*u), x*) vi* € VF,

we thus have, by taking x* = P*Au—AP*u) € V¥ that P*PAu? = AP*u? a.e. in Q.

With the aid of (2.3.4a) and the assumptions (Az) this result leads to
Now we treat the logarithmic term. We have

|PEoe(PMu)y < |¢=(PMud)ly = [V (Prul)o

= [0L(P ud) VP ullo < |6L(P ) o.col PRl (3.1.15)

As PPy — o in L?(Q2), we have from Theorem A.0.17 (see Appendix A) PFu — u?

("pointwise’) a.e. in 2 and hence for i = 1,2 and sufficiently large k

4
| PFuf —uf| < 50 a.e. in €.
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Since, by the assumptions (Asg), [u?] < 1 — g a.e. in €, it follows for sufficiently

large k and for € < %0 that
0
|PFul| < |PRud — ] + |ud] <1 — EO <1l—¢ ae inq.

Thus, from the property (2.2.13) of ¢, we find for a.e. in Q and i = 1,2 that

do 0

/ k. O\| _ 1/ k, 0 11 Yy R
(PR = #(PHal) < (1= ) = C0) = Tz

which implies that |¢L(P*u?)]p < C and hence together with (3.1.15) we conclude,
after noting (2.3.4a) and the assumptions (A,), for sufficiently large k, ¢ < 2 and
1 =1,2 that

|P*p.(PRud)|, < Clud), < C. (3.1.16)

Finally, to bound the D-coupling term we first note, using integration by parts and
(2.3.1), that (VP*u),Vn) = (=AP*uY,n) ¥n € H*(Q) which leads with the aid of
the standard elliptic regularity of elliptic problems to

1P u]l> < C = AP + P*uilo < CIP*Au}|o + CP o

< CllAG]o + [uflo] < Cllufl. i=1,2, (3.1.17)

where we have also noted that P*Au? = AP*u? and (2.3.4a).

Hence, using (2.3.4a), (3.1.4) with v; = P*(u) and (3.1.17) and noting again (2.3.4a)
and the assumptions (Az) we obtain for 4,7 = 1,2 with i # j
[P*I (Prul, Prug)ly < | (Pruf), Prug)l,
< C||P*uf + oy |1 PFulll2 + Ol P*ug + oul|1 || PFu + a1 || PFu?||
< OIP*uf + oyl 1w |2 + Cl PP + calla | PP + oyl w2
< C(llgllE + D llwllz + C (1l + 1) (el + 1) |2
<C. (3.1.18)

Combining (3.1.12), (3.1.13), (3.1.14), (3.1.16), and (3.1.18) yields for ¢ € (0, T that

t
7/0 “asulg,lﬁ + |88uf’2|ﬂds + [||8suf’1(t)||2_1 + ||88uf’2(t)||2_1}

< Ok (0)F + [wE4(0)]7] < C. (3.1.19)
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Hence one finds, after ignoring the non-negative integrals, that

Hatu€ 1”L°°(OT(H1(Q) + H@tuszﬂLoo (0,T;(H (Q))") S C, (3120)

and with the aid of the Poincaré inequality one can also deduce, on ignoring the

dual terms, that

||atu§71||L2(0’T;H1(Q)) + ||atu§’2||L2(0’T;H1(Q)) S C. (3121)

Since, by (2.3.28), |wk ;| = ||8yul ;||—1, we have from the bound (3.1.19) for i = 1,2

k k _
’ws,i - ][ w:—:,i 1 -

so that together with the Poincaré inequality it follows for ¢ = 1,2 that

k k
Hwa,i - ][ W ;

From (2.3.31), (2.3.35) and (3.1.22) it follows that

£

Thus we have for ¢ = 1,2 that

jwk | < C, (3.1.22)

<C. (3.1.23)

Le(0,T;HY Q)

HIPEh ]| S Cliv b <00 @121)

H ][ wE; <c. (3.1.25)
L= (0,T;H () “llLe(0,1)
Hence (3.1.23) and (3.1.25) imply for i = 1,2 that
”wf,z‘”L"o(O,T;Hl(Q)) <C (3.1.26)

Therefore, from the bounds (3.1.20), (3.1.21) and (3.1.26) the desired bounds in

(3.1.6a) follows by the usual compactness arguments.

From (2.3.51) we have for i = 1,2 that

1 i
Y(Vtte iy Ve (uei)) + 5102 (1te ) [§ < Cllweily + fuealg + 15 (e, uen)le]. - (3.1.27)

Thus, from the estimates (3.1.6a), (2.3.8a) and (2.3.8d) we obtain the desired esti-
mate (3.1.6b) on ¢.(u.;) and we also have the second inequality in (3.1.7). The first

inequality follows directly from (2.2.8).
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Using the variational equality (2.2.21b) and the standard regularity theory of elliptic
problems it follows that for i = 1,2

ueille < Clwe; — ¢e(uey) + Giue; — S)(ua,l, Ue2) + Ue o, (3.1.28)

which leads to the second estimate in (3.1.6b) on noting the third bound in (3.1.6a),
the first bound in (3.1.6b), (2.3.8a) and (2.3.8d).

We again use the standard regularity theory of elliptic problems with variational

equality (2.2.21a) to result in for i = 1,2 that
HwE,iH2 < C‘ - 8tuz-:,i + w:—:,i|07 (3129)

we thus obtain, by the first and the third bounds of (3.1.6a), the third estimate in
(3.1.6b). Applying (3.1.4) with v; = u.; and noting the bounds (2.3.8a) and (3.1.6b)
it follows for a.e. t € (0,T) and i,j = 1,2 with i # j that

15 (e, we )t < Clluej + aglFlucillo + Cllues + aslll|ue s + ol Juell < C,
(3.1.30)
which together with (2.3.8d) we obtain the desired estimate (3.1.6c¢).

Furthermore, application of the classical result stated in Theorem A.0.20 (see ap-
pendix A) yields, after noting u.; € L>(0,T;H*Q)) — L*(0,T;H*)) and
., € L*(0,T; HY(Q)) — L*(Qr), for i = 1,2 that u.;, € C([0,T], H'(Q2)).

% = 0 we argue as in (Thomée [33], p.20). Since u.; € H*(Q)

Finally, to prove
a.e. t € (0,7), we have on integrating the first term of (2.2.21b) in space by parts

that

8u5 i

“nds =0, VneHY (Q),
(3.1.31)

(—vAu; + W, (ue;) + f](}) (U1, Ue2) — We M) + / B
o oV

which implies % =0 a.e. on 09 x (0,7), since 7 is arbitrary. This completes the

proof. a
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Corollary 3.1.4 Let the assumptions of Theorem 3.1.3 hold. Then the unique
solution of (P) is such that the following further regularity results hold

Oy, Opuy € L(0,T; (H(Q))) N L*(0,T; HY(Q)), (3.1.32a
wy,wy € L0, T; HY(Q)) N L*(0,T; H*(Q)), (

uy, ugy € L0, T; HA(Q)) N C([0,T], H(Q)),
¢(ur), d(us) € L=(0, T; L*(2)),

FD (uy, us), £ (ug, us) € L0, T: HY(S). (3.1.32e

Proof. With the aid of the uniform bounds (3.1.6a-c) in € and the compactness
arguments, one can repeat the same treatment used in Theorem 3.1.3 to obtain the

above regularity. a

3.2 Continuous dependence and a regularization
error bound
Theorem 3.2.1 For my,my € (—1,1) let

Xonyms = {(v1,02) € HI(Q) X HI(Q) cfori = 1,2,3f v; = m; and |v;]o.00 < 1}.

Then the mapping X, m, 3 (ud, uy) — (u1(t),u2(t)) € Xon,m, is continuous with

respect to (H*(Q2))' x (H*())’ norm.

Proof. Assume that (u1,us) and (vq, vy) satisfy the weak form (P) with initial con-
ditions (u?, uy), (v?,09) € X, m, such that (ud, ud) # (v?,09). By arguing similarly

to the uniqueness proof of (P.) we obtain for a.e. t € (0,7) that

lua(t) = v (O11Z; + lluz(t) = v2()[12) < e [[Juf — 7|2y + Jluy — vl 2] (3.2.1)
Therefore, we have, by Lemma 2.1.1, the required continuity result. a
We now turn to prove an error estimate between the solutions of (P.) and (P)

where we adapt the argument in [11]. This error bound is crucial to derive our

fully-discrete error bound as will be seen in the next chapters.
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Theorem 3.2.2 Let é.; := u; — u.; and é.5 := us — u- 2. Then, we have that

Hé&lH%Q(O,T;Hl(Q))_'_”éE,Q”%Q(O,T;Hl(ﬂ))—i_HéEJH%OO(O,T;(Hl(Q))’)—i_Hé&?”%w(O,T;(Hl(Q))’) < Ce.

(3.2.2)

Proof. We first note that é.1,é.5 € Vy a.e. t € (0,7). We test (P), (2.2.25), and
the corresponding regularized version (P.), (2.2.24), with n = é.; and then subtract

to yield for a.e. t € (0,7) and ¢ = 1,2

V]l $+(d(ui) == (ue.;), ée,i)—l_(fg) (u1, U2)—fg) (Ue 1y Uen), ci) (GO, éci) = Oilé-als.

(3.2.3)
We deal with the D-coupling term in the same way as for (2.3.56) to result in for
ae.t € (0,T) withi,j=1,2and i #j

’(fl()l) (ula u2) - fg) (us,la u€,2)7 éz—:,i)} S

002

[leclt + lecli] + Cllecall®y + e %]
(3.2.4)
Recalling that 146, ;[|2, = (Gd,é-;, é.;) and (2.1.11) one can rewrite (3.2.3) as

1d

Yewl? + (Bus) = 9elue),ei) + 5z ecalls

37 . Y A . .
< glea,ilf + glea,jlf + Clllecqlly + llées11%4]-
(3.2.5)

To treat the logarithmic term we define for i = 1,2 and a.e. t € (0,7

Q;r,z(t) = {lll' € Q:1- € S uz(xat) S us,i(x7t>}7

Q) ={r € Q:u(z,t) <wlx,t) < —14¢},

€8

N

Qi(t) == QF,(t) UQZ,(1).
By the monotonicity of ¢. and (2.2.12) it follows for i = 1,2 and a.e. t € (0,T) that
(@(wi) = Peluei), €-3) = (D(wi) — Pe(us), €ci) + (Pe (i) — Pe(uzyi), €c)
(P(ui) — Pe(ui), €ci) + (Pe(ui) — Pe(ues), éa,i)sti(t)

R 0.
Z (¢(ul) - ¢E(ui)7 eé,i) + 2_€|€€’i|(2)=§26,7:(t)1' (326)

v

Huv)a, 1) ::/Q W du and fulg o )= (o a, ()
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Noting ¢.(r) = ¢(r) Vr € [-1+¢,1 —¢], (2.2.5) and the fact that ¢.(r) > 0Vr >0
and ¢.(r) < 0Vr <0 it is a simple matter to see that (¢(w;) — ¢-(u;))é.; is non-
negative in Q\ Q.;(t) and that ¢.(u;)é.; is non positive in € ;(t) which implies for
i=1,2 and a.e. t € (0,T) that

(P(ui) = Pe(ui), €ci) 2 (D(ui) = de(ui), €ci)a, ) = (D(wi), E<i)a, ,(1)- (3.2.7)
Hence, combining (3.2.5)-(3.2.7) yields for a.e. t € (0,T) and 4,j = 1,2 with i # j
that

. . ld,
Yeeali + 2_8|€€,i aga_i(t) + 5%”65#‘”2_1

37, . VA . . .
< — el + g\ee,j\? + Cllecillzy + e sll2] — (o(wi), i),

8
3. 7is . . 0.
< g lEeili + glécsli + OfllecillZs + N1eeslla] + Zle<ili o, + Celo(als,

(3.2.8)

where we have also used the Young inequality and |- |, ¢ ;) < |- o-

Summing (3.2.8) over ¢ = 1,2 and rearranging gives for a.e. t € (0,7) that

0 1d
A2 A2 ~2 s 2 A2 A2
|:|€E’1|1 + |€E’2|1] _'_ 4_8 [‘es’l‘o,ﬂai(t) + |€E’2‘0,Qs,i(t)] _'_ 5% I:”eE,l”_l + H€572H_1]

DO =2

< Cellg(un)lg + |o(u2)lg] + Clllecall®y + llecal?y]. (3.2.9)

Applying the Gronwall lemma and noting é. 1 (0) = é.2(0) = 0 gives for a.e. t € (0, 7]

t
’7/0 [[ecali + [écaly]ds + [llecall®y + 2l ] < Cee[ll(un) T2 + N6(u)lZ2 (0]

(3.2.10)

Finally, using the Poincaré inequality and (2.3.60c) we have the desired result (3.2.2) . O



Chapter 4

The finite element space and a

semi-discrete approximation

In this chapter we formulate a semi-discrete approximation to the solution of the
continuous problem (P) where we discretise in the spatial variable using a finite
element method.

In Section 4.1 we introduce the finite element method and some basic notation
that will be used throughout the rest of the thesis. We also define some necessary
operators and mention briefly their associated properties. In Section 4.2 we prove
some technical lemmata which are necessary for performing the analytic study. We
prove in Section 4.3 the existence and uniqueness of the proposed semi-discrete
approximation. Finally, in Section 4.4 we prove an error estimate between the

solutions of the continuous and semi-discrete problems.

4.1 Notation and preliminaries

In the remaining chapters of the thesis we shall study semi-discrete and fully-discrete
finite element approximations of the problem (P) under the following assumptions

on the mesh

(AP) Let Q C RY d < 3, be a convex polygonal or polyhedral domain if d = 2

or d = 3. Let 7" be a quasi-uniform partitioning of  into disjoint open

45
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simplices! 7 with h, :=diam 7 and h := max, .z h;, so that Q = U, c7»7. In
addition, it is assumed that 7" is a weakly acute (Barrett and Blowey [5]);
that is for (i) d = 2 the sum of the opposite angles relative to any side does not
exceed 7 and for (i7) d = 3 the angle between any two faces of the tetrahedron

does not exceed g

Associated with 7" we define the standard finite element space consisting of the

continuous piecewise linear functions
={x € C(Q) : x| is linear V7 € 7"} ¢ H (). (4.1.1)
Recalling that m; := ) it is also convenient to introduce for i = 1,2
Sho={xeS":f x=m} (4.1.2)

Let {goj | be the standard basis functions for S" satisfying ¢;(z;) = &; Vi,j =
0,1,....,J where {x;}7_; is the set of the nodes of 7". Let 7" : C'(Q) — S" denote
the interpolation operator defined by 7" (x(z;)) = x(z;) Vj = 0,1, ..., J. In addition,

we define a discrete inner (semi-inner) product on S* (C(Q)) as

(X,v)hz/ﬂ "(x() dx—Z 5 x(@)o(a), (4.13)

where M;; = (1, ;) = (@5, 9;)" > 0.

Below we mention some well-known results concerning the finite element space S™:

By the definition of 7 and (-, )" we can easily deduce that
(o, v)" = (7"x,v)"Vx,v € C(Q) and (x,1)" = (x,1) Vx € S". (4.1.4)
The discrete inner product induces a norm on S given by
IXln = V(0" Yxesh (4.1.5)
It is well-known that this norm is equivalent to | - |y (e.g. Raviart [53]) via

IXlo < Ixln < Clxlo Vx € 5™ (4.1.6)

1'We recall that a simplex 7 is (i) an interval if d = 1, (ii) a triangle if d = 2, (iii) a tetrahedron

if d = 3.
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We also recall the following useful result (e.g. Ciavaldini [36])
|0, v) = (x, 0)" < CR™ |x|mlvl Vx,v e S", m=0,1. (4.1.7)

For later purpose we introduce the following inverse inequalities which follow from

the quasi-uniform condition (see Theorem 3.2.6, in Ciarlet [22])

IX|m.q < C’hd(l/q_l/p)|x|m,p 1<p<qg<oo, m=0,1VyeSh (4.1.8a)

C
Il < 5 [xln Vx e st (4.1.8b)

In addition, the following interpolation error estimates (Theorem 5, in Ciarlet and

Raviart [41]) holds

(1 — 7Th)’r]‘01 < Ch?nlay Ve WHHQ), (4.1.9a)
|(I = 7", + h|(I —7")n|, < CR*[nly Ve HQ). (4.1.9b)

In order to improve on the error bound between the solutions of the continuous
and semi-discrete problems in the case d = 1,2 we need the discrete result (e.g.

Thomeé [33], p.68 )
xlose < C(In(1/R)HIxlh VxS Vh < h. (4.1.10)
Similarly to (2.1.5), the discrete Green’s operator G : F&" — Vi is defined by
(VG"fe, V) = (f50" Ve s, (4.1.11)

where F" = {fc e C(Q): (f¢,1)" =0} and V' := {x € " : (x,1)" = 0}.

Observe that V{* C Vi C Fy. In the same way as for (2.1.7) one can define
17l = 16"l = (fe, G ey ¥ fe € T (4.1.12)
From (4.1.12), the equivalent result (4.1.6) and the Poincaré inequality we have
1702 = (£, G"F)" < CLERIG" folo < CLFRIG" £ = CLF Al -n,
which leads us to the discrete analogue to (2.1.10), that is,

1£l-n < CIf¥ln Y f© € T, (4.1.13)
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By (4.1.11), (4.1.12) and a Young’s inequality we have for any 3 > 0

()" = (V65,90 < b < B+ 51512 V5 € 55t x e 5"
(4.1.14)
which implies, by choosing f¢ =y = v" € V],
€
4p
Noting the first inequality in (4.1.15) and the inverse inequality (4.1.8b) we have

0" < 0" -alv"s < BRE + —l0t2, Vot e VE, B> 0. (4.1.15)

C
W'l < Sl Yot € Vg (4.1.16)

For later purpose we recall the following essential results concerning the Green’s

operators G and G":
Cilo"[|-n < "1 < Collo"|| o V" € Vi C W, (4.1.17)
IGu" — Ghol|y < CR||V"), Vol e VR (4.1.18)

(see Barrett and Blowey [19], pp.642-643).

For dealing with the initial data of the semi-discrete and fully-discrete approxi-
mations we introduce the weighted H'-projection (e.g. Barett and Blowey [15])
Pl H'(€2) — S" defined by

YV = Pl)n, V) + (I = PY)n,x) =0 VxeS" (4.1.19)
and we also recall the discrete L?(Q)-projection (see e.g. [6], [7]) P" : L*(Q) — Sh

given by
(P, )" = (n,x) ¥Yxes™ (4.1.20)

The above projections satisfy the following important results (e.g. [6], [15])
(I = P")y| < Ch'"nly m=0,1,Vne H'(Q), (4.1.21)
(T = Plyg|,, < CRZm=022 U nly g = 0,1, p € [2,00], ¥y € HX(Q), (4.1.22)

[P ose < oo V1 € L™(Q). (4.1.23)
It is also easily established from (4.1.19) and a Young’s inequality that

1Pl < Clinll Vo € H'Y(Q). (4.1.24)
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We remark for later use that (4.1.19) gives Pffn —n € Vo C Fo Vn € H(Q) which
together with (2.1.8) and (4.1.22) lead to

12y —nl2y < ClPIn —nly < Chilnly Vi € H*(9Q). (4.1.25)
For future reference we define the stiffness matrix A and lumped matrix M via

Ay = Vi, Voy), M= (i, 0;)" (4.1.26)

The matrix A is positive definite and the matrix M is diagonal with positive entries
(see e.g. Thomeé [33], p.239). Further, due to the fact that partitioning is weakly
acute we have (see [54], p.49)

Ay <0 Vi, (4.1.27)

and from the the fact that Z;-]:o @;(z) = 1 we obtain
J J

A= (Vi VY ) =0 0<i<J. (4.1.28)
=0

Jj=0

J

These two results are important for the first technical lemma which follows.

4.2 Some technical lemmata

In this section we prove some technical lemmata that are necessary to deal with the
nonlinearities, the logarithmic and D-coupling terms, throughout the treatment of

the semi-discrete and fully-discrete problems.

In the first two lemmata we show results regarding the monotone logarithmic func-
tion ¢. that will be important in deriving some stability estimates. To show the
next lemma we employ the ideas in Nochetto [54] and Garvie [40] that have been

used to prove similar results.

Lemma 4.2.1 Assume that 7" is weakly acute partitioning and € < 1/2. Then

(i) 6.0 = [Vt (01 < 2(Vx. Vato.(x))  Vx € 5" (4.2.1)

€
(1) Further, if |x]o 00 < 1 — € then

V"3 (X)1§ < &' (Ixlo.00) (VX, VA" (X)) (42.2)
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J
Proof. Let m"(¢.(x)) = Zgbe(xj)goj where x; = x(z;). Since by (4.1.28) we have
=0
; j
Ay Z A;; it then follows from (4.1.26)
J#%

(Vrho.(x), Va'oa(x

¢a Xi) P (X;5)Aij

M-

| —
-

¢a Xi ¢E(XJ) Z]) + ¢E(XZ)¢E(XZ) zz}

[ase 10006 Ay = (9:00)) Ay |

M- 1M 1M~ 1M~

w(bs Xi [‘be(X]) ¢5(XZ>} (4-2-3)

-5
#H

Il
o

7

= O

o

J o J
Using the fact that Z Z Z Z , swapping the indices 72 and 7 and noting

=0 J=0 j=0 =0
J#i i#£]

that A;; = A;; we may rewrite the right hand side of (4.2.3) as

J J
ZZ z;¢e Xz ¢a Xj Cba Xz ZZA”ng X] ¢a Xz) gba(Xj)}- (424)

7=0 =0 i=0 j=0
£ JF#i

Thus summing (4.2.3) twice gives that

J J
ZZ AU ¢E Xz ¢6(Xj)} [¢5(X1) - ¢5(Xj)}

=0 7=0
JFi

2(Vrho.(x), Vo (x

k‘“H\H

=3 —Audl(&)xi — xi] [6-00) — 6-(xy)]. (4.2.5)

1=0 j=0
J#i

where &;; between x; and x;, which implies —|x]o00 < &j < [X|0,00 = 0I£18L<XJ‘X]|

Thus from (2.2.8) we have that 0 < ¢L(&;) < ¢ Vx € S" and if [y|o0 < 1 — €, we
have by (2.2.13) and (2.2.8) that ¢.(&;;) < ¢.(Ix|oe) < £. Letting

g if |X|O,oo >1—c¢,
L= (4.2.6)

OL(Ixlo,00) = ¢'(IXlo,oc) if [Xlooe <1 —€.
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We then have on noting (4.2.5), (4.1.27) and the monotonicity of ¢. that

2(Vrld.(x), Vi'e.(y)) < LZZ —Aij[xi — x5] [0 (i) — ¢=(x5)]
=
JJ
=LY > Ayl — ) [6-0a) — 6-(x5)]
=0 j=0
J o
=2LY ) Ayxio(x;)
i=0 j=0
= 2L(Vx, V"¢ (x)), (4.2.7)
J o J J
as by (4.1.28) > ) (—Ai)xio-(xi) = Y (= xid-(xi) D _ Ayj) = 0
i=0 j=0 i=0 Jj=0
Lemma 4.2.2 For all Y € S”, the monotone function ¢, satisfies
(I = 7)), < ChIVA"d=(x)lo (4.2.8)
Proof. We refer to Elliott [38] pp.68-69. O

We now prove some technical results concerning the D-coupling term. These re-
sults will be necessary for: deriving stability estimates, proving uniqueness and

deriving error bounds for the semi-discrete and fully-discrete approximations.

Lemma 4.2.3 Let v" € V. Then there are constants o = d(3 — 1) and C' such

that for all >0

;

2,00 ifd=1,

[WhE < OIS 0T < Bl i+ (87 |02, holds for 1 € 2,00) ifd =2,

2,6) ifd=3.
\ (4.2.9)

Proof. The proof is a simple modification the proof of Lemma 2.3.1 where this time

we use the equivalent result (4.1.6) and note (4.1.15) instead of (2.1.11). O

Lemma 4.2.4 For any y,v € C(Q) we have

(x, v)" E/Q (yv)dx < / (IxI?) d:c p(/ﬂwhqv\qu)”q, (4.2.10)

Wherel—lj—i—%:l, p,q > 1.
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Proof. From the definition of (-,-)" (4.1.3), and the standard discrete Holder

inequality (see Appendix A) we have

J
(6 0)" <37 My x(a)|lo(y) |—ZM1/p|x () [ Mo )|
7=0
J » 1/p g /a
< (3 Myt ) (30 Mysfota)l)
j=0 Jj=0
1/ 1/
_ (/Wh(w)dx) p(/wh(mq)d:ﬂ) g (4.2.11)
Q Q
O
Lemma 4.2.5 Let y,v € S". Then
(4.2.12)

V(I —7")(xv?)|, < Chlv|ielvloslxlie + Ixloslv]ie]-

Proof. Let 7 be a fixed simplex. It follows from (4.1.9b) that

'(XUQ)‘de, (4.2.13)

V(I =)0, = =m0, < On2

Recalling that y and v are linear functions on 7 we have

where | - |17 = |- |m1(n).-
o 5 9 , 5 0x v
_ IX 49y
dan, X0 = g g g

v 8)( v 81} dx Ov
— + 2y 2v —_—
Ox; Ox; * (%Z o, - Ox; Ox;

=2v

Note also thatZijl /. ’vgé%lzd = fj AL 5);( o ’ dr. Thus on inserting

these results into (4.2.13) and using a generalised Holder’s inequality we obtain

2

c%

(T =" (?)]; <0h2 da
ox |2 v |2 ov |2
< Oh? =
Z‘ |067 895@067 Ox;loe,r +Ix ‘067 ox; los,r 895] 0,6,
(4.2.14)

< Chi |:|U|0,6,7'|v|1,6,7’|X|1,6,7‘ + |X|(2),6,T|U|11,6,T]>

where in the last step we have noted that ’8" }067 < Inlier Vn € WHe(7T).
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We finally add all contributions from all simplices to yield that

(T =)o) = > [T =" )],

TeTh
<O Y [olig ol o o + X o rlvltes)
T€Th
! LN L
< Oh2[( Z |v|8,6,7'> ( Z |U|1,6,T> ( Z |X|0,6,7’>
T€Th TeTh TeTh
1 2
3 3
(D Ier) (X Ioltr) ]
T€Th TeTh
= C1* [Jofgslvliolx[is + IXI56lv]i6] (4.2.15)
leading to (4.2.12), as required. O

Lemma 4.2.6 Let x,n,v € S". Then we have

;

CRIx Il 1ol ifd =1,

(T =7 0o, < § CR2xlhmlhlloll? if d =2, where s € (0,1],

| CRIXI Il ol if d = 3.
(4.2.16)
Proof. Using (4.1.9a) we obtain for an arbitrary simplex 7 that
d 52
h 2 2 2
(1 — ") (xnv )}071# < Ch: ”ZI/T Db, (xnv?)|dz. (4.2.17)

Since y, n and v are linear on the simplex 7 we have

0? ) ox on ox oOv  9Ix In on v
=2 P as — Dy
8951-895]- (XTIU ) &cj 8951-1} * 895]- m &cz * &cz 89@0 * X&cjv&ci
+28X Uc% +2X877/Uc% ov Ov

By Holder’s inequality we have on the simplex 7 that

/

Ox 9
&xj afL’Z

on
&ri

de < | 92X
al’j

U2

106,00,

0,7 0,7

< Ixlnr 0l 1916 o0 -
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Hence, by applying the same treatment on the remaining terms we conclude from

(4.2.17) that

‘(I - Wh)(XﬂUmO,LT < Chi [|X|1,T|77|1,T|U|3,00,T + |X|1,T|v|1,7|77|0,oo,7|v|0,oo,T

+ ‘77‘1,7'|U‘1,T‘X|O,oo,f‘v|0,oo,f + |U‘%,T|X‘070077|77|070077 .

We now add all contributions from all simplices to obtain that

(1 =)0y, = 31T =7 (ne?)oss

TeTh
< CR[[oR e 3 Il il + locclvloce - Ixlulols-
TeTh TeTh
+ locclvlose D Ilielvlie + Ilosolnloce Y 10l ]
TeTh TeTh
3 3
<ol (30 )T ( i)
TeTh TeTh
3 3
 loscloloce( D0 IXEL) (3 0B,
TeTh TeTh
! :
+ losoltlose (0 1EL) (3 10,
TeTh TeTh
+ [Xlocelnloe 3 10f2,]
TeTh

= C2 o3 s lxlilnls + loselvlo.cl 1 0]

+ X]0.00 20,0071 101 + X000 170,00 V[T |- (4.2.18)

For d = 1 we have, by (2.1.4), H'(Q) — L>*(Q). For d = 2 we have from the
inverse inequality (4.1.8a) and the Sobolev embedding H'(Q2) — LP(Q2) that for
any ¥ € S" |X|owe < Ch™?|xl0, < Ch™2P||x|ly Vp € [2,00) which means that
HY(Q) — LP(Q) give for any x € S" that |x|o.co < Ch™P|x]o, < Ch™3P|x||1 Vp €
2, 6] which leads, in particular, to |x|o.c0 < Ch™2|x||1.

IXl0.0o < Ch™*||x]|[1 Vs € (0,1]. For the case d = 3, again the inverse inequality and

Then inserting the above estimates of |x|o into (4.2.18) results in the desired

result (4.2.16). O
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Lemma 4.2.7 Let x € S" and r > 2. Then

Ch2|IxI} if d=1,

(1 - Wh)(Xr)’OJ < § CR*0=2)||x||7 if d = 2, where s € (0, 1], (4.2.19)

CR*5|x|[; if d = 3.

Proof. Simple refinement in the proof of Lemma 4.2.6 and noting that

0? Oy Ox
Ty — o 1 r—2
DT, ) =rlr=x"""5

it follows from (4.1.9a) and the Holder inequality that

(T =7") (X))o, < CR?Ixlazlxhixh = CR?|x[o2]x[3- (4.2.20)

Finally, we use the estimates of |x|o o derived in the proof of Lemma 4.2.6 to con-

clude that (4.2.19) is satisfied. O

Lemma 4.2.8 Let y € S" and r > 2. Then we have

2,00) ifd=1,2
(x", )" = /Qﬁh(x’")dx < C|x|I} holds for r € (4.2.21)

2,6] ifd=3.

Proof. We split the integrand 7"(x") via

[ 7o <| [ o <| (1 =a)oci]+] [ vl
(1

< | ="y + IxXo (4.2.22)

Applying Lemma 4.2.7 to (4.2.22) and using H'(Q) < L"(Q) for r given by (2.1.4)
it follows that

;

C(h*+ 1)|Ixl; if d =1,

/Qﬁh(Xr)dx < C’(h2’s(r’2) + 1) Ix|l5  if d = 2, where s € (0, 1], (4.2.23)

\C(h3—% + 1) [IxIT ifd=3, r<6.
This inequality proves (4.2.21) after noting that A < |Q]. O
We are now ready to introduce semi-discrete and fully-discrete approximations for
the solution of (P). The fully-discrete approximation will be introduced in the next

chapter but in the remaining of this chapter we will be concerned with a semi-discrete

approximation.
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4.3 A semi-discrete approximation

4.3.1 Statement of the semi-discrete problem

We consider the following semi-discrete finite element approximations to the prob-
lems (P) and (P.) respectively:

(P™) Find {ul,uf,w} wi} € Sk x St x S" x S" such that for i = 1,2
ul(0) = u” and for a.e. t € (0,7) and all y € "

(@}, )" + (Vw;', Vx) =0, (4.3.1a)
Y(Vull, V) + (T (ul), )" + (F5) (Wl ub), )" = (wl, x)", (4.3.1b)

RO . ) ) ) . )
where ;™ is an appropriate approximation of uf in S}, . For instance, P"uf € SI!.

or Phu € S} i=1,2.

(P?) Find {ul ), uly,wl  wly} € Sk xSk x 8" x S" such that for i = 1,2

e,1y Ve, 2y We,

ul . (0) = u” and for a.e. t € (0,T) and all y € S"

€8

(Dpul ;)" + (Vwl;, Vx) = 0, (4.3.2a)

EZ’

Y(Vul V) + (UL (ul ), )" + (f5) (ul ) )" = (wl )", (4.3.2b)

Similarly to the continuous problem, it will be convenient to establish equivalent
forms to (P®) and (P"). For this purpose we take x = 1 in (4.3.2a) to yield for
i=1,2and t € (0,T) that dyul; € V{ and, by (4.1.4) and (4.1.19), if ul? = Pl

(w2 (1), 1) = (u2 (1), )" = (ul;(0),1)" = (ug;(0), 1) = (Puf, 1) = (uf, 1) = mi|Q.
(4.3.3)
Likewise, in the case where u/"® = P"u? we have by (4.1.20) that

(w2 (1), 1) = (uz;(8), )" = (P"u], 1)" = (u, 1) = mi[ Q. (4.34)
Using the definition of G", (4.1.11), one can rewrite (4.3.2a) as
(V(Ghatugi + wgi), Vx)=0 vy € 5",

which gives, by choosing y = Ghatue i +w€ ; followed by the Poincaré inequality, that

900ttty < ol Ot f k), = GG out ], =
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Hence, for i = 1,2
wh; = —G"oul, +][ (4.3.5)

where, by (4.3.2b) and (4.1.4),

][ ][ Lt bl ul )] (4.3.6)

According to above (P") can be rewritten equivalently as:

(P?) Find {ul, ul,} € Sk x Sk such that for i = 1,2 u?,(0) = ul® and for

1 (2

a.e.t € (0,T) and all y € S*

ATl V30 + (O (0 ) = f 30"+ 8 ) x = 20"+ (G0 0" =0,
(4.3.7)

In a similar treatment, one can write an equivalent form to (P®) as:

(P®) Find {uf,uf} € Si x S such that for i = 1,2 uf(0) = ul” and for

a.e.t € (0,T) and all xy € S"

AT VW) = f 20" () )= f 200Gt 0" = 0. (1.38)

4.3.2 Existence and uniqueness of the approximation

This section is devoted to proof of existence and uniqueness of a solution to the pro-
posed semi-discrete problem (P®) under the assumptions (A;) and (Az). Indeed, we
employ the same approach used in the continuous problem. We shall first consider

the semi-discrete regularized version (P?) and then we pass to the limit as e — 0.

Theorem 4.3.1 Let the assumptions (A;) and (A?) hold. Let u"° = Phu?. Then

h

for all e < g and all A > 0, (P?) possesses a unique solution {ugl,u’;Q, wal,w?’Q}

such that for © = 1,2 the following stability estimates hold independently of the

parameters ¢ and h

[0 i1l Lo oy + Nul il . ) < € (4.3.9a)
Hw?,iHLQ(O,T;Hl(Q)) <, (4.3.9b)
||7Th¢6(u?i)”L2(QT) <C, (4.3.9¢)
||7Tth (ul s ul ) o2y < C. (4.3.9d)
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Proof. We first represent u”; and w!; in terms of the basis functions {oi} o as

J

=Y ay(pi(a), whiet) =) by(t)ei(z) i=1,2,  (4.3.10)

5=0 5=0
where a;; and b;; to be determined. Replacing u!; and w!; in (4.3.2a) and (4.3.2b)
by their above presentations and taking x = px, £k = 0,1,...,J yields after noting
(4.1.26) that for i = 1,2

ZdaZJMk+Zb2j

]7

J

72% VA + (Tl ) o) + (£l ol ) o) = 3 bis(8) My,

S e (0)63(0) =

Note that the last equation implies that a;,(0) = Mka(u?’O, o) for k= 0,1, ..., J.

The above system can be written in the matrix notation as

da;
M—=" = —Ab, 4.3.11
dt ’ ( °)
Mb; = yAa; + gi(a:) + gs(as, az), (4.3.11b)
Ma;(0) = a?, (4.3.11c)

where fort=1,2and k=0,1,...,J

(91(a:), = (WL (u ), o) (gh(ar,a2)), = (f)(ul o uly), op)
(a?)k - (U?O’ (,Ok) .

Since the lumped matrix, M, is invertible, we have for ¢ = 1,2 that
dal-
dt
GZ(O) = Mﬁla?.

= —yYM PAM "t Aa; — M AM g (a;) — MYAM Y gi(ay, an) == Fi(ay, ay),

Letting a = (a1, a2)", F(&) = (Fi(a1,a2), F5(a1,a2))" and @° = (M~'af, M~"a3)"
we can rewrite the above system of ODEs in the form

da .
= F(a
dt (@),

a(0) = a’.
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Since for i = 1,2, W, ; and fl()i) are locally Lipschitz, Fis locally Lipschitz and hence
the standard existence theory of a system of ODEs asserts that the above system has
a unique solution on some finite time interval (0,%,), t, > 0. Therefore, we have for

i = 1,2 the local existence of u!;. By (4.3.11b) we obtain the local existence of w/";.

To obtain the global existence we derive a prior: estimates bounding the semi-
discrete approximations u ;, and w

Taking x = Qh&gua’i in (4.3.2&) and noting (4.1.12) and (4.1.11) yields for i = 1,2
and ¢t € (0,7) that

(Opul ghatus) + (V! Vghﬁtu’;)—ﬂﬁtu Zn + (Wl ol ) =0, (4.3.12)

£,1) £,1)

Now we test (4.3.2b) with y = &gugi € V" and then we sum over i = 1,2 to obtain,

after noting (4.3.12) and (Vu!, Voul;) = 1 L|ul |3,

vd , :
2 dt nglﬁ + ‘ngm + [(\I’e 1( ) atus 1) (\I’s 2( ) atus 2)h]

[(fD (ul Ue,1) 52) at“e )" (fD (ul Ue,1) 52) atuz—:Q)h]
[0l 12, + 8 )2,] = 0. (13.13)
Using the definition of (-, )", (4.1.3), we have for ¢t € (0,7] and i = 1,2 that
t t
[t tas = [ 2 ( [t ot ds)ds
o ’ Q o 7 ’
= [ [P ) = (Wt (0))] ds
0

= (‘I'ez(ugz(t))a 1)" — (‘I’Ez(ugz(o))a 1)". (4.3.14)

Recalling that fD( huly) =0, n fD( ul',ul'y) and again using the definition
(4.1.3) we have for t € (0,7] and i = 1,2 that

/ot [(fl()l)(u?’bu?g),8su’;1)h + ( 1(32)('% U 32) Osu; 2)h}d8
/Qﬂh</ 517 e2)aua1+fD( U 1) 52)6U52}d3>d
/97rh</ h(s),ul (s ))]ds)dw

7 (Fouls(0) ol >>>—wh(fD<u2,1<o>,u2,2<o>>}das

(ul' (1), ul (1)), 1)" — (ol 1(0),u5(0)), 1)". (4.3.15)

@\

|
=
S
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Hence, integrating (4.3.13) and using (4.3.14) and (4.3.15) it follows for ¢ € (0,7
and 7 = 1,2 that

t
At (%@ﬂ%+%[%&&ﬁwﬂaﬂﬂﬂws
= A?(U?,1(0)>U?2( ) = AL(P"uf, P'u), (4.3.16)
where

Ah( Ue 1 ?2) = %[|ulg71|?—|—|ug72|ﬂ—|—(\If€,1(u’;1),1)h—|—(\If€,2(uh )s ) (fD( Ue 1 32) 1)h'

(4.3.17)
Now we bound the terms of A?(P"ul, P"u9) in turn. From (4.1.21) and the assump-
tions (A1) we have for i = 1,2 that

| PMufl, < Ol < C. (4.3.18)

We also have by (4.1.23) and the assumptions (A;) that |P"u?]p0 < |ud]oc < 1.
Together with fact that ¢.(r) <1.(1) Vr € [—1,1] this shows for ¢ = 1,2 that

(Pes(Puf), 1) < (e(1) + 5, 1)" < (0In2 + F)

(4.3.19)
We employ Lemma 4.2.4 and Lemma 4.2.8 to bound fp(P"u?, P"u3) as follows
(o (Phad P 1) =D [ 7((Paf 4+ (P + o)) o

< D(/Q "((PM + an) )dx) : </Q "((PMu§ + as) )dx)é

< C||PM"f + oq|[F| P ud + as)}

< Clllills + 1 [llualli + 1] < €, (4.3.20)

where we have also used (4.2.21) and the assumptions (Aq).

Collecting the estimates (4.3.18)-(4.3.20) together with (4.3.17) yields that
AP, PMul) < C and hence (4.3.16) becomes

t
AL(ul 1 (8), ul 5(t)) +/O 10l [I2, + 1105 wls]|2)]ds = AL(P"u}, Phuy) < C.
(4.3.21)
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Noting that, by Lemma 2.2.1, ¥_;(-) > —Cj and fp(-,-) > 0 it follows from (4.3.17)
and (4.3.21) that for ¢ € (0,7

o] =2

t

WA + o] + [ (1012, + sl s < ¢ @322)
0

Thus, using the Poincaré inequality and (4.3.3) we have from (4.3.22) that fori = 1,2

luZ (O]l + lluzo (0] < C, (4.3.23)

which gives the first required estimate in (4.3.9a).

In addition, (4.3.22) with the aid of the equivalence result (4.1.17) and Lemma 2.1.1

implies for ¢ = 1,2 that
T
h h
10 11720 rr 0y < C/ [0vul ;||%,dt < C. (4.3.24)
0

From the Sobolev embedding result L>(0,7; H'(Q)) — L*=(0,T;(H'(Q))) —
L*(0,T; (H*(©))') and the first estimate in (4.3.9a) we find for s = 1,2 that

||u?7i||Lz(07T;(H1(Q))/) S C (4325)
We therefore obtain, by (4.3.24) and (4.3.25), the second estimate in (4.3.9a).
Now we turn to show the estimate (4.3.9b) on wgl-, t = 1,2. To see this we first
note from (4.3.5) and (4.1.12) that
ulf == 6o+ f ul =10l = ot % (1320
Hence, by (4.3.24),

T T T
|t futipan= [t [ e gae<c. s
0 0 0

Together with the Poincaré inequality this shows after noting w!; —f w’; € Vi that

h h
Hwe,i - ][ We 4

To achieve our aim it remains now, in view of (4.3.28), to prove o w”, is bounded

in L2(0, T; H'()).

fori=1,2

<C. (4.3.28)

L2(0,T;H ()
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h

ed

the terms after adding (WL, (ul )+f (ul ul';,ul'y), 3)" to the both sides where € R.

For this purpose we use (4.3.2b) with X =ul -—jf u?z = ul,—m; € V" and rearrange

Then noting in turn: (4.1.11), the inequality (2.2.6) with r = !, and s = 3, Young’s
inequality, (4.1.13) and, by Lemma 2.2.1, —¥_,(-) < Cy Ve < gy we have fori = 1,2

(WL (uly) + 1) (uly ul ), B — my)
= (wlyul ;= ma)" = yful |3+ (WL (), B —ul )+ (F5 (ul g ulty), B — ul )"
< (Vuwl, VG"(u! —w»+@mwwm@wmAW+§W—@m
+ |7 5l ul )|l B — ul
< Jwlhllulty = mall o+ (R i(8) = Wea(ul ), )" + €13 — ull 2 + —Ub<ehsam
< Ol [yl — il + C[L+ (Wog(B), 1) + 18 — a2+ | £5) (ul ) 2]
< O+ [wll + (Tea(B), D" + 18— ul 2 + 13 (ul y ul )], (4.3.29)

where in the last inequality we have noted, by the bound (4.3.23) and (4.1.6), that

|u?l —mylp < C.

Using Lemma 4.2.4, Lemma 4.2.8 and the bound (4.3.23) yields for 4, j = 1,2 with
1 # j that

15 (sl = 4D [ (0Pl + )
1 2
< 4D2</ ' ((ul; + ai)G)dx> ’ (/ Wh((u?,j + ozj)6)dx> ’
Q Q
< COllul, + asllJul ; + o411 < C. (4.3.30)

We take 8 = £1F 2 in (4.3.29) to give, on noting V. ;(r) < fln2+ % Vr € [-1,1],
(4.3.23), (4.1.6) and (4.3.30), that
d

(7" WL i(ul) + )l ul ), 1 = =)
0
:(‘I'/ez( )+fD( 517“?2) 1_§O_mi)h§0[1+‘w2z‘ 1}
and
i 0,
(UL (k) + 7" (ul g uly), 1 = )
5 h

:(\Ij;,z( )+f ( 517 52) 1- +ml) Z C[1+|wsz 1}'

2



4.3. A semi-discrete approximation 63

By assumptlons (A1) we have 1 —% —m; > 0. Hence, division of the first inequality
by [Q|(1 — % —m;) and the second one by |Q|(1 — % + m;) yields for i = 1,2 that
)][ [T ( Tt f5) (ul  uly) ‘< C[1+ W] (4.3.31)

Squaring this inequality and integrating over (0,7T) it follows after noting (4.3.27)
that for 1 = 1,2

9 T

H][ A0 )+ )| gc[T+/ wh df] < C. (4.3.32)
L2(0,T) 0

For i = 1,2 this result together with (4.3.6) leads to

I fo

F et + 2 k)

L2(0,T;H()) L2(0,T)

<C.

L2(0,1)

(4.3.33)

Thus the desired estimate (4.3. 9b) follows from (4.3.28) and (4.3.33). Furthermore,
using (4.3.30), the fact that | FD(yh ul uly)l; = |7Tth (ul ), uly)|} and the equiva-
lence result (4.1.6) we obtain (4.3.9d).

Testing (4.3.2b) with x = 7"@.(ul;) € S" and noting (4.1.4) and a Young’s in-

equality we arrive at

YVl Vg () + [ (ul )2
b e (ul )+ Ol T (Wl ) — (fS (Wl ul ), T (ul )"

i h¢e( )\h+0[l’wu|h+|u€z|h+|7fhfp( Eruga)li]- (4.3.34)

= (w!
1
<_
2

By Lemma 4.2.1 the first term on the left hand side of (4.3.34) is non-negative.

Hence we deduce the estimate (4.3.9¢) after integrating the above over (0,7") and
noting the bounds (4.3.9a), (4.3.9b) and (4.3.9d).

To show the uniqueness we set ﬂh< = uh u where B, = {ul

El i=1,2 and
*
By = {uM

EZ’

w!*}i—1,2 are two solutions of the problem (P?). Taking x = a”; € Vi
n (4.3.7) when Bj is

62’

in (4.3.7) when By, is the solution and again taking y = "

i
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the solution. Then we subtract the resulting equations and rearrange to have for

i=1,2

/}/|ﬂ?71|% + (¢6(u?, ) ¢6( )’ 75 z) (ghatue E ez)h
= i@l |} — () (ulouly) — f5) (Wl uly), @k )t (4.3.35)

e, 1) Ye 1/ Yen

By (4.1.11) and (4.1.12) we have

d
Sllatil2, = 2(G" gz, ul )" (4.3.36)

On using this result, the monotonicity of ¢. and (4.1.15) one can rewrite (4.3.35) as

= _ ; _
al ) < lalilt+ Cllalill2p — (Fp) (ulyuly) = f) (ul ul) al )"

(4.3.37)

Bounding the D-coupling term is more technical. To do so, we first use (2.3.46) with

r; = uh and s; = u * and then apply Lemma 4.2.4 and Lemma 4.2.8 to yield after

noting the estimate (4.3.23) and a Young’s inequality that for 7,7 = 1,2 with ¢ # j

((F5) @l uly) — 5 (s ), al )|

<2D|((ul; + ay)?, (al,) 2)"] + 2D ((uls + o) (ul; + +2aj),*gzﬂ£f])h}

< 2D((ul, + )%, (@ )?)" + 2D (Juls + a|[ul'; + ul + 2a,), [a | |a" )"

<2p( /Q Wh((u?,j+ozj)4)dx>§< /Q wh((ﬂ’;i)‘l)dx)E
o[ o (0l + a))do) [ A Gy s+ 20) Ydz)*
([ (i) ([ (@t ))a) ]
< Ot + it [ (Gt )
[+ i o+ 20 ([ (@) ([ 2ttt
cl(/ () dz) + ( / (@) dr) " ( Qwh((@?,p‘*)dx)%}
C[(/ﬂwh((ug’i)‘l)dx); + </Q7Th((ug’j)4)dx)é} =T+ T (4.3.38)

Now we bound the right hand side of (4.3.38). For i = 1,2 we split 7; as
T, = C(/ Wh((ﬂ?,i)4)d$>§ = C(}(I - ") ((az,)") }01 +|at }0 4)
Q

< C} (I - 7Th) ((ﬂ?z)4) ’él + C}U ’04 =T +T5p. (4.3.39)

IN

IN
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We bound each term on the right hand side of (4.3.39) separately. Applying
Lemma 4.2.7 with r = 4, where for d = 1 we note that h? < ||k and for d = 2 we
take s = %, followed by the Poincaré inequality, the inverse inequality (4.1.8b), the
first inequality in (4.1.15) and finally the Young inequality with p = 8 and g = % we
obtain for ¢ = 1, 2 that

Tou = O|(1 - ") (@ )")|2, < Chd|jal, |1

1 3
< Chifal;[} = Che |al, | |ak |2
1

1 3
< Clal 2 at|F < Clla ||® Jal | 1t |
=Cla ||4h|u“|1 < 16|UHI1+C|IU illZ - (4.3.40)
By Lemma 4.2.3 we have for ¢+ = 1,2 that
Tz = Clug|y, < valacili + Cllag,|2,. (4.3.41)

Combining (4.3.38)-(4.3.41) together yields for ¢, 7 = 1,2 with ¢ # j that

i 7 * *\ — Y
(1)l ) = F) ), )" < Il [l 3] + O [l 4 N1l 124),

(4.3.42)
and hence (4.3.37) becomes for i,j = 1,2 with i # j
MR + g2 < SLjat R+ Liat o+ Oty + N2 (4343)
b2at ooy et ! 2

We sum the above differential inequality over ¢ = 1,2 and simplify to have

Vi . _ : i
o Lt + luzal] + 55[!\ EallZn + llaesl2,] < Clllae 12, + llaz,ll2,] . (4.3.44)

We then use the Gronwall lemma to obtain for ¢ € (0,77 that

t
/0 yllak, [ + a2 3] ds + [l ()12, + lazo(1124] < e [Ilaz, 012, + 1az2(0)[1,]

= 0. (4.3.45)

We therefore have, by (4.1.16), the uniqueness of u”,, i = 1,2. The uniqueness of

EZ’

w!; is achieved immediately from (4.3.5) and (4.3.6). O
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Theorem 4.3.2 Let the assumptions of Theorem 4.3.1 hold. Then there exists a
unique solution {u, u% wh wh} to (PM) such that the following stability estimates

hold independently of A:
ull uly € L0, T; HY(Q)) N HY(0,T; (HY(Q))), (4.3.46a
wh, wh e L2(0,T; HY(Q)), (
ho(ul), Tho(ub) € L*(Qp), (4.3.46¢
th (ul ub), th (ulr,ul) € L>(0,T; L*(Q)). (4.3.46d
Furthermore, the unique solution satisfies

max{|ul|, [ul|} <1 a.e. in (0,7). (4.3.47)

Proof. As the bounds (4.3.9a)-(4.3.9¢) are independent of ¢ it follows that, by the
compactness arguments, there exist subsequences of u”;, w!, , 7"¢.(ul';) such that

fori=1,2

ul; = in L2(0,T5 H'(Q) N H'Y (0, T; (H'())"), (4.3.482)
ul; >l in L0, T; HY(Q)), (4.3.48b)
wgi —w! in L*0,T; H(Q)), (4.3.48¢)
T (ul ) = X! in L*(Qr). (4.3.48d)

In addition, in the same way as (2.3.40) in Theorem 2.3.2 one can see for i = 1,2
u?l — ! in L*(Qr). (4.3.49)
Next we show that x* = 7"¢(ul), i = 1,2. For this purpose we first prove that

2

)

T
IM"w) = / (ul — ¢~ (v), X —v)"dt >0 Vv e L*0,T;S™). (4.3.50)
0
In order to obtain (4.3.50) we introduce for i = 1,2 and any v € L*(0,T; S")
T
Iah’i(v) = / (u?Z — gb;l(v), gba(ugz) — v)hdt. (4.3.51)
0

From (2.2.9) with s = u!,(x;,t), 7 = ¢7' (v(x;,1)), j = 0,1,...., J it follows that

/ Lilws,t) = o2 (wlag, 1)) (uz, (2, 1)) — v(zj, )]dt > 0.
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This integral is well-defined and to see this we use (2.2.16) with s = ¢ (u”;(z;,t))
r=uv(z;,t), j=0,1,....,J and note the bound (4.3.9¢) to yield

/ £ o) = 07 oty )]0l o, ) = ol )
/ b o) — 07wty D)1=l 3, 1)) = ol )

/ Z 6\ e (ul (5, ) — (s, 1)

/ ’Wh¢€ _U’h_e 1H7Th¢€( ez>_U”L20TSh) < 0.

For any v € L*(0,T;S") we split the difference I,(v) — I}'(v) as

1) =] [ = 670000 ~ 0 = = 670, it - o
)/ oyl 6.0 m—vhdtM/ (0. Bulul) — o)t
#| [ = o )~ ]
< [t = bl zzrsmy + 167 (0) = 6. (0) | irssm | 10: () = ollieo sy

+’/ (uf — ¢~ (v), 7P (ul;) — )’(?)hdt’—>0asg—>0,

on noting the strong convergence (4.3.49), the convergence, using Lemma 2.2.1,

o= (r) — ¢~ (r) Vr and the weak convergence (4.3.48d).

Therefore, we have for ¢ = 1,2 and v € L*(0,T;S") I!(v) > 0 as I!';(v) > 0.
Now we compute I"(x" + Bv) and I"(x" — pv) where v € L?(0,T; S") and 8 € Rs
to obtain that

T T
/ (ul! — ¢~ (X! + Bv), —Bv)"dt > 0 and / (ul — o (X" — pv), pv)dt > 0.
0 0

Thus, by division by —( and [ respectively it follows that
T

T
|t = o+ sy <oand [l - o7+ o))z 0
0

0

and hence by passage to the limit as 3 — 0, on noting the continuity of ¢!,

/0 (uh — 61 / = 6 O (s ol ) = 0. (4.3.52)
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Taking v = ul — 7h¢=1(x") € L?(0,T; S") we find for i = 1,2 that

T
| It = o Gt =0, G =01
0

from which we deduce that u?(x;,t) = ¢~ (X! (x;,t)) a.e. t € (0,T). Since ¢~ (r) €
(—1,1) for all r, we have for a.e. t € (0,7),7=1,2 and for j =0, 1,....,J that

‘u?(xjat” < 17 ¢(u?(xjat)) = X?(xjat)'

We therefore conclude a.e. t € (0,T) that |u?| < 1 and 7@ (ul) = x?, as required.

With the aid of the above convergence properties one can pass to the limit in (Ph)
to obtain that {u, ul wf wh} is a solution for (P™), where this step is a simple
modification of the passage to the limit proof in Theorem 2.3.3. Finally, one can

prove uniqueness of a solution to (P®) by adapting a similar argument to that used

for (P?) in Theorem 4.3.1. O

In Theorem 4.3.4 we prove further stability estimates of the semi-discrete approx-
imations that will be essential for the error bound analysis. For this purpose we
require the assumptions (Az) on the initial data and we also need the weighted
H'(Q) projection P!, given by (4.1.19), instead of the discrete L*(Q2) projection P".
We remark by (4.1.23) and assumptions (A1) that P" satisfies | P"u?|y o < 1Vh >0
which is a crucial property in the proof of Theorem 4.3.1 which does not hold au-
tomatically for the Pwh projection. However, under the assumptions (Ag) we will be
able to prove that Pwh satisfies a similar result for sufficiently small h, see Lemma 4.3.3

which follows.

Lemma 4.3.3 Let the assumptions (Az) hold. Then there exists h, > 0 such that
for all A < h, and for i =1,2

5
| Prudfg,0 < 1— 50 (4.3.53)

Proof. Using (4.1.22) and recalling the assumptions (Az) we have

PPl 00 < [(1 = P2Yu0lo0 + [1ul]0,00 < CH22ul]5 + 1 — G
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We now choose h, small enough such that Ch ~: [ud o < 50 for d = 1,2, 3. Thus, we
obtain for all h < h, the desired result (4.3.53). O

Remark. The results of Theorem 4.3.1 and Theorem 4.3.2 can be obtained for
the choice u Pwh u?, i = 1,2, under the assumptions (Az) and the restriction
stated in Lemma 4.3.3 on the spatial parameter. Indeed, the proof remains the
same with the only changes that we replace P"u by thu? and we use (4.1.24) and

(4.3.53) in place of (4.1.21) and (4.1.23), respectively.

Theorem 4.3.4 Let the assumptions (Ap) and (AP) hold. Let u/® = Pl
i = 1,2. Then for all ¢ < min{ep, £} and for all h < h, the unique solution of
(Ph) is such that the following further stability estimates hold independently of the

parameters € and h:
”atug,iHH(o,T;Hl(Q)) + Hatug,z‘”LOO(O,T;(Hl(Q))’) <, (4.3.54a)
HinHL""(O:T;Hl(Q)) + ||7Th¢€(u?,i)||L°°(0,T;L2(Q)) <C. (4.3.54Db)

Proof. We differentiate (4.3.2b) with respect to ¢ and then set x = du; to have
after noting (4.3.2a) with y = d,w?”; that for i = 1,2

YNl |2+ (@1 (), (Dpul )Y — 0,100 2 + (D f 1) (), Dl )"

1
— (B Vo) = —= Ljun p

2 dt €,i|1'
(4.3.55)

ez7atu ) (Vwa IR

Since ¢L(-) > 0, [|Qwul ;|| -p = |w?,]1 (by (4.3.26)) and
(ath ( Ue 1) Ug, 2) &gu ) = QD((U?,J' + O‘j>27 (atug,i)z)h
+ 4D((U?,i + ai)(”?,j + a;), atu?,z‘atug,j)h
> 4D((U?,z‘ + ai)(“?,j + ), atu?,iatug,j)h>
we may rewrite (4.3.55) fori,7 = 1,2 with i # j, as
7|atue z|1 ‘|” 5 dt ||8tu ||2 <0 |atu5 z|h 4D((U?,i + O‘z‘)(“?,j + O‘j)a atu?,iatu?,j)h

< Z|8tuh

5,i|1

+C||atu ||2

+ 4D’((u?l + ;) (ue j + o), atugl-@tu?,j)h

. (4.3.56)
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where in the last step we have used (4.1.15).

To bound the last term in the right hand side of (4.3.56) we apply Lemma 4.2.4 and
Lemma 4.2.8, the bound (4.3.23) and a Young’s inequality to yield for i,j = 1,2
with ¢ # j that

(s + @)l + ), il Dl )|

1

< [( [ o)) ([ 2l + o))’
</Q7Th((8tu?7j)4)dx>i]
< Ol ahlit + eyl ([ 7 (@t )ae)* ([ (@t ar)

< O[( [ w(@atias)’ = ([ (@t 1)as)] (4357

Applying the same technique used in treating the right hand side of (4.3.38) of the

1

(/Qﬂh((ﬁtu?’i)‘l)dxy

uniqueness proof one can obtain for ¢ = 1, 2 that

C’(/Qﬁh((ﬁtu’;i)‘l)dx) P < C” (I —7") ((Oul)*) ’0 + Clowul }04

—— 0wl [} + C|| Ol |12 (4.3.58)

z—:z‘l

- 32D

Hence, by (4.3.57) and (4.3.58), (4.3.56) becomes for i, j = 1,2 with i # j

3y
|atu€z|1 + th”atu 2, < |atu?,i|% —|8t z—:]|1 + (J[Hc?tu ll2n + ||8tu ||2 B
(4.3.59)
Next we sum (4.3.59) over ¢ = 1,2 and simplify to have

1021125 + 10l ]121] < C IO, + 100l ]124].
(4.3.60)
With the aid of the Gronwall lemma and (4.3.26) we have for ¢ € (0,7 that

N —
&|Q‘

N
5 [\&guglﬁ + \@ugg\ﬂ +

t
7/0 [10suz, [f + 10suz o] ds + [[[9euz L (0)I12 + | 0pud 5 (8)]12]

< 19wz, )12, + 1ol ,(0)][2,] = Cllwz, (0 + [wl,(0)[F]. (4.3.61)
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We now bound [w!;(0)]1, ¢ = 1,2, independently of ¢ and h. To this aim, we
note from the definition of Pwh given by (4.1.19), integration by parts , owing to
assumptions (As) and the definition (4.1.20) of P" that for any y € S"

Y(VuZ,(0), Vx) = y(VPu, Vx) = 7 (Vu, Vx) + (T = Py, x)
= (1 = P)uf, x) = 7(Auf, x) = (PM(T = Plyuf = 7Auf], x)"

(4.3.62)

Substituting this into (4.3.2b) which makes sense with ¢ = 0 we obtain for i = 1,2

and any y € S" that

(w!,(0) — PP(I — P!l — yAud] — ¢ (Prubd) + 0; Pl — £ (Pl Phul), x)" = 0,

£,1

and hence

w”,(0) = P"[(I — Pf)u? — yAu] + Wh¢6(P$u?) - QiPﬂ?u? + thg)(Pth?, thug).

&,

(4.3.63)
Therefore,
w2 (0)|1 <[PPI = PYuf — vAu] — 6:Pruf| | + 7" (Pug)|
+ | 15 (P, L),

Thus, it remains to find a bound independently of A and ¢ for all terms involving
u?. Owing to (4.1.21) and (4.1.24) and recalling the assumptions (Ay) we have for
1 =1,2 that

Ty < |P"[(I = Pyu) — vAu)|, + |6: Py

/ly

< C[|(I = PMudly + | Auf]y + | Plu)y]

< Cllluflls +Au?]s] < C. (4.3.65)
Using Lemma 4.3.3 we have for all ¢ < %O, h < h, and 7 = 1,2 that
Py <1-2 <1
| PY ;0,00 < -5 =1l-e

This result with the aid of Lemma 4.2.1 (i4), (2.2.13) and (4.1.24) gives for alle < %
and h < h,

5
Ty = |7"¢.(PMul) |, < & (|PMul]o,00) | PRul]y < Cg'(1 — 50)”@&3”1 <C.  (4.3.66)

2
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Bounding the third term is more technical. We first split this term via
Ty = " i) (P, PYug)|, < |(I —a") f5) (PLud, PRus)|, + [ £ (P, Pru)]
= T371 + Tg}g. (4367)

Next we employ Lemma 4.2.5 to bound 75;. This lemma with x = thug + o; and
v = Pwhu? + a; shows for 4, j = 1,2 with ¢ # j that

T51 = QD}(I — Wh)[(PWhu? + ozi)(PWhu? + 04]-)2] }1

< Ch|P§LU?|176 UP,?U? -+ Oéj|076|P,¢LU?|176 + |P,€LU? + CYZ'|076|P,¢LU?|176. (4368)

From (4.1.22), the embedding H'(Q2) — L%(Q) and the assumptions (Az) it follows
fori=1,2 and d =1, 2,3 that

‘P,?U? + Oéi‘O,G S }([ — Pf)u?}oﬁ + |U? + Oél"oﬁ
< ChF B0y 4+ Cl[ul)l, +1] < CA* 3 +1]<C (4.3.69)
and, this time we also note |n|16 < |V7|oe and Lemma 3.1.1,
|Prud]ie < |(I - Pj)u?}m + [uf|16
< CR3 0]y 4 Clul]l, < CA3 + 1) < C. (4.3.70)

Using the second inequality of (3.1.4) with v; = Pwhu(l), vy = Pwhug and noting that

IVnloe < Clnlie yields for i,j = 1,2 with ¢ # j that
Ty < C|Pruj+aylf o Prug |y g+ Py +ailo | Pyud+aglos| Prujlie] < O, (4.3.71)

7

where we have noted (4.3.69) and (4.3.70) to obtain the last inequality.

We thus have, by combining (4.3.64)-(4.3.71), for i = 1,2, for all ¢ < % and for

all b < h, that |w?;(0)|; < C. Therefore, we conclude from (4.3.61) for ¢ € (0,T]
that

t
v [ 0+ 0t s + L1\ + Iota®IE,] < €. (4372)
In particular we have from (4.3.72) that
T
/ [0l 1 [F + |0l |F]dt < C, (4.3.73)
0

which together with the Poincaré inequality shows the first estimate in (4.3.54a).
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Ignoring the integral term from (4.3.72), recalling the equivalence result (4.1.17) and

owing to Lemma 2.1.1 we obtain the second estimate in (4.3.54a).

Recalling (4.3.26) and (4.3.72) results in for ¢ = 1,2 that

h h
We 3 — ][ We 4

With the aid of the Poincaré inequality we find for ¢ = 1,2 that

h h
’wa’z_fw

It follows from (4.3.6), (4.3.31) and (4.3.74) that

10 -

from which we have

= |wl.|, = |0 _, < C. (4.3.74)

<C. (4.3.75)
Lo (0,T;H ()

[ Dl uly) )<C L4 wh))] <C, (4.3.76)

|f e

Hence, the first estimate in (4.3.54b) follows directly from (4.3.75) and (4.3.77).
By (4.3.34) we have

<C. (4.3.77)
‘N Lee (0,1 H (92))

w0 (ul )i < ClIwkifh + [l h + 7" £5) (b, ula) 7] (4.3.78)

This result implies the second desired estimate in (4.3.54b) after noting the equiv-
alents result (4.1.6), the bounds (4.3.9a) and (4.3.9d) and the first estimate in
(4.3.54b). O

Theorem 4.3.5 Let the assumptions of Theorem 4.3.4 hold. Then for all A < h,
the unique solution of (P®) is such that the following additional estimates hold

independently of hA:

ol Ol € L2(0,T; HY(Q)) N L>=(0,T; (H(Q))"), (4.3.79a)
wl, wh e L0, T; H'()), (4.3.79b)
ho(ul), T o(uh) € L>(0,T; L*(2)). (4.3.79¢)

Proof. Since the bounds (4.3.54a-b) are independent of e, the above results are

direct consequences of the usual compactness arguments. a
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4.4 A semi-discrete error bound

We estimate an error bound between the continuous solution of the problem (P)
and the semi-discrete solution of (P®). We firstly prove an error estimate between
(PP) and its regularized version (PP). Then we estimate an error bound between
(P?) and (P.). Finally, the semi-discrete error bound is achieved by combining

these error bounds with the regularization error bound of the continuous problem

(P) derived in Theorem 3.2.2.

sho .. h _oh  sho._ b
Lemma 4.4.1 Let ¢/, := uj —u/y, €, == uy — uE 5. Then

Hés,l||%2(O,T;H1(Q))+||és,2||%2(0,T;H1(Q))+||é5,1||%°°(O,T;(H1(Q))’)+||é5,2||%°°(O,T;(H1(Q))’) < Ce.
(4.4.1)

Proof. The proof is a discrete analogue of the proof of Theorem 3.2.2. Subtract-
ing the regularized version (4.3.7) from (4.3.8) and testing the resulting variational

equation with x = &/, € Vi it follows for i = 1,2 and a.e. t € (0,T) that

WELE + (Du)) = de(ul ), L))" + (5 (ul u) = F5) (uly, ul ), €L)"
(ghatesm El) _e‘é |h (442)
The D-coupling term can be treated in the same way as for (4.3.38)-(4.3.42) in

the uniqueness proof of Theorem 4.3.1 to obtain for i,57 = 1,2 with ¢ # j and
a.e. t € (0,T) that

i i ~ v ~
(5 (s ug) = f () 20| < g (18I + 16k 5] + ClE 2 + 112 12).
(4.4.3)
Now, we insert the above estimate of the D-coupling term into (4.4.2), note that

sLler?, = (Gho,el el ;. el )" and use (4.1.15) to have for 4, j = 1,2 with i # j

. 37, . .
vle2li+((ui) — e (ul ), éz,)" +§EH llZn < gleili+ —\ SlTCle Iz ez 12] -
(4.4.4)
Fori=1,2 and t € (0,7T) we define the following sets
QL) = {1 1 — e Sul(ay,t) < ullylag, )},
() = {J ¢ wealey, ) < uf(ay,t) < —1+e},

Q) = Q" (v,
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and we also define for any y,v € S”

(x Qh () Z ix(xi)v(z;),

JEQL (1)
|X‘h,fl?ﬂ(t) (X X)Qh 0%

Using the monotonicity of ¢. and owing to (2.2.12) we find that

(D) = @=(ul), )" = (d(u)) — P (uf), €L,)" + (e (uf) — do(ul), €Ly)"
Z (gb( ) ¢6( )’ z—:z) (gbé( ) gbé( z—:z)? sl)gh (t)

(D) — e (ui), e2,)" + \“hm @ (4.4.5)

Using the fact that (¢(ul(z;,t)) — ¢-(ul(z;, ))égi(:cj,t) is non-negative for all j ¢

v

Q?Z( ) and that ¢ (ul'(x;,t))él (x;,t) is non-positive for all j € Q?Z(t) we obtain for
i=1,2and a.et € (0,7)

From (4.4.4)- (4.4.6) and the Young inequality it follows after noting |-[, g1 ) < [*[n
that for 4,7 = 1,2 with ¢ #j and for a.et € (0,7)

9 .
37 . R
< = lelff + —| |1+0[|| ||2 +llek 11> }—(aﬁ(uh),e’;i)gh,t
8 et
37
< gl erlt + —| ST ClER P, + el 11%,] + Imhm 0 + Celn"p(ul)]}.

(4.4.7)
Next we sum the above differential inequality over ¢ = 1,2 and simplify to yield for

ae.t € (0,7)

v 0. 2 ~h |2 ld 2 2
§[| 51|1 + |652 } + 4_5[|65=1|h,9?,1(t) + |65,2|h7f26 } 2dt [HeelH + || 52||—h}

< Celln"o(uy)l; + [m"o(uz)[;] + Cll1e 120 + 1€l 20124) -
(4.4.8)

By the Gronwall lemma, the equivalence result (4.1.6) and &, (0) = é,(0) = 0 we

have for a.e. t € (0,T) that
[ D+ s + (12, + )
0

< Cee o (ul) a(ar + [T G(l) [2aiapy] (44.9)
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With the aid of the Poincaré inequality, the equivalence (4.1.17) of ||- ||, and ||-||-1
norms, Lemma 2.1.1 and the estimate (4.3.79c) we conclude that (4.4.1) holds as

required. O
In the next theorem we prove an error estimate between the solutions of (P?) and
(Po).

Theorem 4.4.2 Let the assumptions of Theorem 4.3.4 hold. Then for all h < hq

and for all £ < min{ey, %O}

Hea,lH%?(O,T;Hl(Q)) + HeE,QH%Q(O,T;Hl(Q)) + ||€€,1||%°°(O,T;(H1(Q))’) + HeE,ZH%OO(O,T;(Hl(Q))/)

C[h? +e7'h* + e 2p*(In(1/h))* Y] ifd=1,2,

<
C[h* + e 'h? + e2n1] if d =3,
(4.4.10)
h. ifd=1,3,

where e, 1 1= u. 1 — u?l, Ceo = Us o — u’;2 and h; 1=

min{h., ho} if d = 2.

Proof. For i =1,2 and a.e. t € (0,T) we define?

A _ h h . _h h
ey 1= Ueyy — T U, Ccy =T Uey — UL, (4.4.11)

From the above definitions we observe for ¢ = 1, 2 that

e?,i + e?,i =ee; € W, ][ 6?71- = - ][ egi (4.4.12)

Further, for later use one requires the following results which can be easily verified

by (4.1.9b)

‘eg,i% < 2leqla + Ch4|us,i‘§, (4.4.13a)

lelil} < 2lecili + CP?|ucl3- (4.4.13b)

ZNote that 7"u.;, i = 1,2 is well-defined since u.; € H?(Q2) for a.e. t € (0,T) (see Theo-
rem 3.1.3) and H2(Q) — C(Q) for d < 3 (see [22], p.114).
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We note also for future reference that using (4.1.3) and the fact that [n — n[3 =

— jf n,n) yields

(x.e)' =0 Yxe o), (4.4.14a)

’][ < [1lo, ’77—][77)0 <lnlo ¥ne L. (4.4.14b)

Choosing n = e , in the continuous regularized version (P.) given by (2.2.24), taking

X = 6?,2‘ in the corresponding semi-discrete regularized version (P?) given by (4.3.7)

and then subtracting the resulting equations and adding the terms (¢.(u.,),e"

' Ced

+ el)" and (—Goul;, el;) to both sides yields after rearranging for i = 1,2 and

€8

ae.t € (0,7)

U(Vees, Veky) 4 (0ulis) = dulul )l = el + (GOueuss )
=0, [(Ue,ia e?,i - ][ e?,i) - (U?w e?,i - e?,z’)h}
+ [(G" Ol el ) — (GOl el )]

OBt ehy = f e = (78 e uea).chy = f b))

+ (e (uei) el — ][ er)" = ((uey) el — ][ )] (44.15)
Owing to (4.4.12) and (4.4.14a), using that 3<4|le.;||2; = (Gec,, e-,;) and noting
(2.2.10) one can rewrite the left hand side of (4.4.15) as

A(Veess Teky) 4 (0uli) = oulu )ty = el )+ (GOuess k)

= leeal} = (Vews, Vel & (6 = dulul )y + f )

S leadl?

+2dtH€“

> ’Y|€s,z"1 - ’Y(Vee,i, ve?,i

1 (gates,ia e?,i)

9
)+ _‘(bs(ue i) — (bs(u?,z)‘i
1d
)"+ s—llecill® — (Gdiecs, e2)).

+ (Pe(uei) — de(uly), 2 dt
(4.4.16)
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Hence, for i = 1,2 and a.e. t € (0,7T) (4.4.15) becomes

€ 1d
'7|66,i|% + §|gb€(u€z) - gba(u?,z”i 5 dt||€ez||2

< (Verss Vel + (001eese) + (0.(ul) = du(ue). f )"
+ 0, [(Ue,ia e?,i - e?,i) - (U?za e?,i - ][ e?,z’)h}
[(ghatuw € z)h (gatuw 5@)}
LBt et~ e = (1 e uea).chy = f b))
R (AN N P AU N 0]

27: Ty (4.4.17)

We bound each term on the right hand side of (4.4.17) separately. By (4.1.9b),
a Young’s inequality and the second bound in (3.1.6b) we have for ¢ = 1,2 and
a.e. t € (0,T) that

Ty < Alecihlefh < Chlechlucils < |657i|%+0h2|u5,i|§ < %|ew~|f+(]h2. (4.4.18)

From the Poincaré inequality, again (4.1.9b) and the bounds (4.3.54a) and (3.1.6a-b)
it follows, taking Lemma 2.2.1 into account, for i = 1,2 and a.e. t € (0,T) that
T2 < C|gat€5 z| ‘6 |O < Ch2 [|gatu€ z|1 + ‘gatu Mus,ib
= CR?|[||Bpue,il| -1 + (|0l | 1] e ]2 < CR2. (4.4.19)

Noting again (4.1.9b), (4.4.14b) and the bound (3.1.6b) and applying a Young’s
inequality yields for i = 1,2 and a.e. t € (0,7") that

13 < C’|¢5(u“~) — e (ul )lnletilo < CR[de(ue) — d(ul ) |nlue,ila
= 29 |¢€(U€ z) (bs(u?ﬂ)ﬁl + 0571h4. (4420)

To bound the fourth term we split it as

ﬂz@@wa—fE»wnsmg—fénwﬁw@—f¢M}

= T471 -+ T472. (4421)
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With the aid of (4.4.14b), a Young’s inequality, (4.4.13a), the bound (3.1.6a) and
(2.1.11) we have for i = 1,2 and for a.e. t € (0,T) that
h h 0i 2, O n e
Tix < Oilecilolel; — £ eli|, < Oilecilolel ;o < \ee,z‘\o + §\€e,i\o
< 3 e P Ol a2 < Llewsf? + Cllewsll?, + CB* 4.4.22
=7 le<ilo + |ue i3 < 16‘€E,Z|1+ le<ill 21 + : (4.4.22)

Using (4.1.7), a Young’s inequality, (4.4.13b) and noting the bounds (3.1.6b) and
(4.3.9a) we find for i = 1,2 and for a.e. t € (0,T) that

Tia < Ol el = f ehily < leh i+ Ontll

< %\ewﬁ + Rz 3+ ChAul 2 < 1l|em-ﬁ O (4.4.23)
The fifth term can be expressed, by subtracting and adding (ghatus i € h), as
[(ghatua ir Ce z) (ghatua ir Ce z)] + (ghatu - gatua ir Ce z)
= T571 + T572. (4424)

From (4.1.7), (4.1.12), a Young’s inequality, (4.4.13b), the equivalence result (4.1.17)
and the bounds (3.1.6b) and (4.3.54a) we have, taking Lemma 2.2.1 into account,
that for ¢ = 1,2 and for a.e. t € (0,7T)

T5: < ChQ\C;hﬁtuh 1 |e Ji= ChQH@u A= h\e |1 < —\e —|—Ch4|]8tu AP

z—:z‘l

em 24 Ch? Ue i 2L opt 8tu 2 < — eEZ 24 Ch. 4.4.25
1 2 1

It follows from (4.1.18), the Young inequality, (4.4.13a), (2.1.11) and the bound
(3.1.6b) that for « = 1,2 and for a.e. t € (0,7T)
Tso < |(G" = §)0ullolelilo < CR||Oul [la]e o
1
< Slelils + ChH O IT < leclg + Ch*fucl + CRY 10wl I}
< %\es,i\% + Cllecall”y + ChY| Ol |1 + Ch*. (4.4.26)

Bounding the sixth and seventh terms is more technical. To bound the sixth term

we first rewrite it as
Ts = [(fz()Z) (u?,la U?,z)a e?,i - ][ e?,i)h - (fz()z) (u?,la u?,Q)a e?,i - ][ e?,i)}

Dyl — P (e, uen), s — ][e’;,» =Ty 4 Toae (44.27)
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We employ Lemma 4.2.6 to estimate 7 ;. This lemma, where for d = 1 note
h? < |Q|h and for d = 2 take s = 3, together with the bound (4.3.9a), (4.4.14b), the
Young inequality, (4.4.13a-b), the bound (3.1.6b) and (2.1.11) shows for i = 1, 2, for
a.e.t € (0,T) and d = 1,2,3 that
Ton < (T =S ) et = f bl
= 2D|(1 = 7 {(ut + )l + s ek = f ekl
< Chlul -+ ol + s ek = f <l
< Chllel fly < o lle |1t + Oon?
< l|€a,i|(2) + l|€a,i|% + Ch4|ua,i|% + C'h2|u57i|g +Cn?
32 32
< qelecilt + Cllecil, + On*. (4.4.28)
Using (2.3.46) with r; = u?z and s; = u.;, a generalised Holder’s inequality,
HY(Q) — L) and (2.3.8a) and noting again (4.3.9a),(4.4.14b), the Young in-
equality, (4.4.13a-b), (3.1.6b) and (2.1.11) gives for ¢,5 = 1,2 with i # j and
ae.t € (0,7)
Ty < 2Dl + gl ul = o |, = f bl
+ 2D|U€7i + Oéi‘oﬁ |U?7]~ + Ue,j + 204j|0,6 |U?7]~ — U€7j|0 }6?71- — ][ 6?71-}076
< Cllul; + ajllf leclo + lluei + ailly [Jul; + uey + 20511 lecjlo] ||el; — ][ e,
v
< COllecilo + le<glo] llelll < @He?,ill"{ + Cllecils + lec,sl0]
v
< 3_2‘66,1“% + Ch4|u€,i|g + Ch2|’“€,i‘% + C[‘ee,i% + |€€7j‘(2)}
< qelecild + Zlecslh + CllecalPs + lee %] + CR2 (4.4.29)
Now we turn to estimate the seventh term. To accomplish this, we split this term
via
Ty = [(0ulues)sely = 20" = (ol ch = f b))

+ (thﬁa(um) — ¢5(U57i), €g’z~ - ][ 6?71-) = T771 + T772. (4430)
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Noting (4.1.7), the Young inequality and (4.4.13b) results in for ¢ = 1,2 and for
a.e. t € (0,T) that

f}/
Tra < OW¥|n" (e ez, - ][ elil, < gplelilf + ORI oe(ue):

v
< qglecill + CR2[uls + O " 6 (ue ) 1. (4.4.31)

Next we estimate the third term on the right hand side of (4.4.31). An application of

Lemma 4.2.1 (i) with x = 7"u.; and integration by parts yields after noting (3.1.7)
that for ¢ = 1,2 and for a.e. t € (0,7)

%|7Th¢€(u€,i>|% = %|V7Th¢s(ﬂ-hus,i)‘?) S (Vﬂhum, VWhQﬁE(UE,i))
= (vus,ia v¢€(u€,i>> - (vus,ia V([ - Wh)(bs(us,i))
— (VI — ey, V"o (uss))

<C+ (Aue,ia (I - Wh)gbe(ue,i)) - (V(I - Wh)ue,z‘a vﬂh¢e(ue,i))~
(4.4.32)

We use (2.2.11), Lemma 4.2.2, (4.1.9b), a Young’s inequality and the bound (3.1.6b)

to obtain for i = 1,2 and for a.e. t € (0,7T) that

(Aug,i, (I — 7Th)¢6(“6,i)) < |Au5,z‘|0 [|¢e(ue,i) - ¢5(7Thue,i)|0 + |(I - ﬂ-h)ng(ﬂ-huEai)b}
< 08_1|U5,i|2|ue,i — 7Thu57i|0 + C’h|7rhgb€(u57i)|1|u5,i|2
< Ce'h?|u. ;|2 + %\wh@(um)\?

< Ce™'h? + felw%e(ue,i)ﬁ. (4.4.33)
We also have by (4.1.9b), the Young inequality and (3.1.6b) that

’(V(I — Wh)ue,hVﬂ'hgbe(ue,i))} < |(I - 71-h)ue,i|1|7Th§b€(u€,i)|1 < Ch|u57i|2|ﬂ-h¢5(u57i)|l
< Ce'h2|u. % + 4%|7rh<be(ue,i>|§

< Ce 24 4%|7rh¢5(u€,i)ﬁ. (4.4.34)
Thus, from (4.4.32)-(4.4.34) we conclude that

7. (ue)[; < Ce L +e7"h, (4.4.35)
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and hence for i = 1,2 and for a.e. t € (0,7") the term 77, can be estimated , owing

0 (4.4.31) and (3.1.6b), as
Trq < 1—76|es,z-|§ + Ch* + Cle™'h* + e72R°]. (4.4.36)

In order to treat the term 77, we consider two cases. For the case d = 3 we
use (4.4.14b), a Young’s inequality, (4.4.13a), (2.1.11), bound (3.1.6b), Lipschitz
continuity (2.2.11), Lemma 4.2.2, (4.1.9b) and (4.4.35) to give for ¢ = 1,2 and for
a.e. t € (0,T) that

T7,2 S ’([ - Wh)(bs(us,i)’(] }eg,i _][ ’0 — 2‘65 z|0 } - 7T ¢€ Ue 4 }0

IN

2
‘ee,i‘(Q) + Ch4|u€,i|§ + [ e (uei) — (bs(ﬂ'hus,i)‘?) + }(I - 7Th>¢€(7rhu€,i)’0

< 1l6|ee,i|% + Clle<ll*, + Ch* + 928_2|U5,i - 7Thua,z‘|(2) + Ch2|7h¢6(u€=i)|%
S 1_"2|65,i|% + C||€a,i||2—1 + Ch4 + 06_2h4 + 06_1h2 [1 * 6_1h2}
< Llecali + Cllecl2, + Ch? +&72n1). (4.4.37)

Note that the above estimate of 77 is still valid for the case d = 1,2. However,
when d = 1,2 we improve this estimate of 775 by adapting an argument used in
Barrett and Knabner [25]. From Holder’s inequality, (4.1.9a) and (4.1.10) it follows
ford=1,2, h < hyg and 7 = 1,2 that

Tra < (I = 7y lehi = il
< O (n(1/0) " g (ue)los [ — ][ el (4.4.38)
By the definitions of ®. and ¢, given by (2.2.1) and (2.2.4) we have that
|0 (te i) |20 < |PL(L + ue)|za + [PLL — tey) |21 (4.4.39)

Noting Theorem A.0.14 (see Appendix A) in Gilbarg and Trudinger ( [42], pp.153-
154) we have
9 O (1 u) Pt ifu #Flte,

— (1 +u.,) = o

5 (4.4.40)

0 ifu.,, =7Fl+e.

Letting for ¢ = 1,2

Qf ={reQ:u(z,t)=-1+¢e}, Q ={re€Q:u, (xt)=1—c}
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Thus
(1 + u,)] i/) o (@ (1 + u.,;)]
Ue 5 = € Ue,i
© 47121 ki1 Q &rjaxk
d*u ou
O (1 + u. ) e )—@”1 o) 2ot g
Q (1 +u 0z ;0xy, / 0z; o )6xk .

Using the fact that 0 < ®/(r) < £ Vr € R yields for i = 1,2 that

0 <1 0u.,
[1 < €,i
2e ~ Ox;0xy,

0
= Q_E‘UE’Z"QJ. (4442)

Since ®”'(r) <0, Vr e R— {5}, we obtain after noting (4.4.40) and (3.1.7) that for
i=1,2

d
IQ = / —@Hl(]_ + U57i)
k?l oaQf )

_(vég(l + ue,i); Vua,i) = (q):.;,(l + ua,i)a Aue,i)

8u€,z~ 8u€,z~
aflfk; &rj

dr < / -0 (1 + ua,i)|Vu57i|2dx
o\

0 0
< 2_€|Aua,i|0,1 < 2_6|u5,i|2,1- (4.4.43)
We therefore conclude from (4.4.41)-(4.4.43) that
0
|PL(1 + uec )21 < g|Ue,i|2,1- (4.4.44)
Similarly, one can show for i = 1,2 that
, 0
|PL(1 — Ugi)|21 < g|ua,i|2,1- (4.4.45)

Combining (4.4.38), (4.4.39), (4.4.44) and (4.4.45) and then noting (4.4.14b), the
Young inequality, (4.4.13a-b), (2.1.11) and the bound (3.1.6b) it follows for i = 1,2
and a.e. t € (0,7T) that

Tra < Ce W2 (n(1/R)" Juelon [l — ][ el
< Ce7 2 (In(1/h)) "™ flucllz el
SallelllF 4 O (In(1/m) " e
Lecil? + O ucil2 + OB ucal3 + C=2h* (In(1/R)) "™ Jues3

<
- 32' exilo + 32
< qelecilt + Cllecl, + C 1 +&7h* (n(1/m) "], (4.4.46)
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Therefore, from (4.4.30), (4.4.36), (4.4.37) and (4.4.46) we obtain for i = 1,2 and
a.e. t € (0,T) that

Cle~ht +e2h4 (In(1/h))* Y] itd=1,2,
Cle™'h? + e 2h*] if d = 3.

(4.4.47)
Combining (4.4.17)-(4.4.29) with (4.4.47) yields for ¢,5 = 1,2 with ¢ # j and for
a.e. t € (0,T) that

< Hewili + Cllecill, +Ch* +

1d

£
’7|66,i|% + _|¢e(ue,i) - ¢6(u?,z)|i 9 dtHeez

5v
<3 — el + \ee,j\?+0[llee,i!\31+ lecilI%1] + ChY| ol |13

[

Cle~'h* +e2h4 (In(1/0))" Y] itd=1,2,

Lon s (4.4.48)
Cle'h? + e2h?] if d = 3.
We sum the above differential inequality over ¢ = 1,2 and simplify to have for
a.e.t € (0,7)
~y 1d
2 lecal3 + lecaf3] + ng@wZ+w%mz}
Clllecall2y + llecall1] + CR 100l 1T + 100l o 17]
Cle~tht +e2h(In(1/h)) V] itd=1,2,
+Ch* + 5 ( )
Cle7th? 4 e72h!] if d = 3.
(4.4.49)

Applying the Gronwall lemma, recalling the bound (4.3.54a) and noting (4.1.25) we
find for a.e. t € (0,T] that

N

t
5/ [leealt + lecalt]ds + [lleca (D121 + llec2(®)]1%]
0
Cle 'h* 4+ e2p4 (In(1/R)) ] ifd=1,2,
S E (In(1/R))*™V]
C[g_th + 6_2h4] if d = 3.
(4.4.50)

By Poincaré’s inequality we finally conclude that (4.4.10) holds as required. O
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We are now in a position to introduce an error bound between the solutions of
the continuous problem (P) and the semi-discrete problem (P®) which we state in

the next theorem.

Theorem 4.4.3 Let the assumptions of Theorem 4.3.5 hold. Then for all A < hy

H€1H%2(0,T;H1(Q)) + ”62”%2(0,T;H1(Q)) + HelH%OO(O,T;(Hl(Q))’) + HeQH%OO(O,T;(Hl(Q))’)

4 2(d—1)
Ch3(In(1/R)) *  ifd=1,2,
(In(1/1)) (4.4.51)

Ch if d = 3.
where e; ;= u; — u’f and ey := uy — ug
Proof. Splitting the error for i = 1,2 via

e =y —uf = (U — uey) + (Uey —ul )+ (uly —ul) =é.;+e;+el, (4.4.52)

Therefore, combining the errors derived in Theorem 3.2.2, Lemma 4.4.1 and Theo-

rem 4.4.2 yields that

Hel||%2(O,T;H1(Q))+||e2H%Q(O,T;Hl(ﬁ)) + ||€1||%°°(O,T;(H1(Q))’) + ||€2||%°°(O,T;(H1(Q))/)

Cle='h* +e2h4(In(1/0))" ] itd=1,2,

< Ce+ Ch* +
Cle'h? 4+ e 2h1] ifd=3.
(4.4.53)
4 2(d—1)
On choosing ¢ = Ch3(In(1/h)) * < min{ey, 2} if d = 1,2 and ¢ = Ch <
min{ey, 2} if d = 3 we obtain the desired result (4.4.51). O

Remark. As a result of the semi-discrete error bound in Theorem 4.4.3, we have
convergence of the semi-discrete approximation to the solution of the continuous

problem

uf, uy — uy,up in L2(0, 75 H'(Q)) N L=(0,T; (H'(Q))),

as h — 0.



Chapter 5

A fully-discrete approximation

In this chapter we discretise the continuous problem (P) in space using a finite
element method and in time using a finite difference method.

In Section 5.1 we present a symmetric coupled in time fully practical finite element
approximation of (P) and we also introduce the corresponding regularized version.
In Section 5.2 we prove existence of a solution to the coupled regularized version.
We establish in Section 5.3 stability estimates for the fully-discrete approximations
and conclude the section with the uniqueness proof. We then prove further stability
estimates that will be essential for the subsequent error bound analysis. Finally, in

Section 5.4 we employ the ideas in Nochetto [50] to analyse the error bound.

5.1 Statement of the proposed coupled fully-discrete
problem

We define the time step to be At := %, where N is a given positive integer.
For our fully finite element approximation we discretise the nonlinearities ¥; and
fg), v = 1,2, at the level time ¢t = ¢, := nAt, n = 1,...., N as functions of U
and U, where U is an approximation of the continuous solution u; at the time

t = t,,. This discretisation for the nonlinearities is:

86
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For i = 1,2 we approximate the logarithmic term in (P), Wi(u;) = ¢(u;) — 6;u;, as
S(UT) — ;U — (1= w)0:U7 " pe [0,5], (5.1.1)

and we approximate the D-coupling term, fg)(ul, ug) = 2D(u; + ;) (u; + a;)?, as
DU} + o) [(U + ;) + (U + oy)?] .5 =1,2 withi # j. (5.1.2)

For notational convenience we introduce f,(lzzl_l defined by

f) = 2D(UR + a) (Ut + oy)? i, = 1,2 with i # j, (5.1.3)
i.e.
fonor = 1037, fa = 1 o). (5.1.4)

From (5.1.2) and (5.1.3) one can represent the D-coupling term as

W)+ 1) =12 (5.1.5)

N | —

Therefore, for given p € [0,1] and ul’ e Sl we consider the following coupled

fully-discrete finite element approximation of (P):
(PRA%) For n = 1,..., N find {U}, Uy, W, W3}t € Si xS}, x 8" x S" such that
U = u?’o, i=1,2, and for all y € S"

At
VU, Vx) + (gb(UZ") —ub; U — (1 — M)eiUinil, X)

h
X))+ (VW V) =0, (5.1.6a)

h
1 i n n (e h n
+§(fz(>)(U1aU2)+f£,31_1,x) = (W )" (5.1.6b)

The corresponding regularized version of (P[+4*%), for given yu € [0, 3] and ul’ e Sk is
(PRAY) Forn = 1,....,N find {U, Uy, W2, Wy} € Sk x Sk x S" x S" such

g1y ~e2y Vel Ve,

that U2, = ul’, i =1,2, and for all y € S"

Uz, — U \h
() + (VWL V) =0, (5.1.7a)
n n n n— h
P)/(VUE,Z'7 VX) + (¢€(U€,i) - :ueiUs,i - (1 - IU/>91U€,Z ! X)
+ 5 (UL U) + o) = (W20", (5.1.7D)

where

O = W, FO = ot Uy, (5.1.8)

enn—1 "
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Similarly to the semi-discrete problems (4.3.7) and (4.3.8), using the discrete Green’s
operator G", one can restate (PRA*) and (Ph’At) equivalently as:
(PRAY) For n = 1,..., N find {U}, Uz} € S% x S such that U? = u"’, i = 1,2,

and for all y € S*

V(YU V) + (6(U]) = pbiU7 = (1= m)0:U7 ", x = ][ V)"
1 h an U — UZ."*1 h
_'_5( (U17U2>+fnn 15X ][X) +<Qh(T)7x> :O,
(5.1.9)
where
n Un Un 1 .
) ][ Wi (5.1.10)
][ Wit = ][ haﬁ(U?) + 5(th5 (07, U3) + =" ‘foL,l)} — 0, m. (5.1.11)

(PRAY) For n = 1,...., N find {U?, U} € St x Sh such that U2, = u"’, i = 1,2,
and for all y € S*

(VU Vx) +

~—

n n n h
6o(U) — pbiU7; — (1 — Bt x — ][x)

1 w1 W (e U= U R
+§(f (U517U5,2)+f e,m,n— X ][X) +<gh( At )7 ) IO,
(5.1.12)
where
UZ; — U”1
W, — —Gh (2ot e ][ (5.1.13)

1
fwe={ [w%sw;;)@( S U + 7)) - bemi (5.114)

5.2 Existence of a regularized approximation

In this section we establish existence of a solution to the problem (PZ:EA") by adapting
a similar approach applied in [4] to prove existence of a finite element approximation
of a cross diffusion equation. The approach relies on constructing a contradiction

to the Schauder fixed point theorem (see Theorem A.0.4 in Appendix A).



5.2. Existence of a regularized approximation 89

Theorem 5.2.1 Let the assumptions of Theorem 4.3.1 hold with u?’o = Phy? or
u?’o = Pwhu?, i = 1,2. Then for all u € |0, %], for all e < &g, for all h > 0 and for
all At > 0 there exists a solution {U"}, Uy, W2, W2y} € Sh xSl x S" x S to

m2
(Ppat) forn=1,...,N.

Proof. We use an inductive proof. We have from (4.3.3) and (4.3.4) that
{Uz-?,la U50,2} € ng

{Ur{1,U25") € Sh xSh exists and we shall prove existence of a solution to (PRaY)

X SYI}LQ for the above choices of u?’o. For fixed n > 1 assume that

at the next time level t = ¢, (the n-th step). For i = 1,2 define 4; : S}, xSt — Vi

is such that for all y € S*

(Az'(Ula U2)7X)h = ”Y(VUia VX) + (¢5(Ui) — ptU; — (1 — u)GiUE’f{l,x - ][ X)h

L, #(i h Ui — Ut h
+ _( é)(Ulﬁ UQ) + fE(,T)Lfl7X - ][ X) + <gh(77>7x> )
2 At
(5.2.1)
where
f = 2D(U; + ) (U + ay)? d,j = 1,2 with i # J. (5.2.2)

Ai(Uy,Uy) € S™ is well-defined by setting x = ¢;, 7 = 0,1,...,J. Tt can be easily
seen for ¢ = 1,2 that (A4;(Uy,Usz),1) = 0.

Therefore, from (5.2.1) we have that (5.1.12) at the n-th step is equivalent to the
problem:

Find {U?,, U2} € Sk x Sl such that for i = 1,2 and for all y € S"

1
(A(U2,UZ),x)" = 0. (5.2.3)

By a contradiction for a given R € R sufficiently large we prove existence of
at least one solution to (5.2.3). For this purpose, we assume that for all R € Ry,
there does not exist {U;, U} € [Sh x Sfm}R with A;(Uy,Us) = 0, where
[Shy X Shy) e = {lxixe) € Shy x Sh, b — USTHE + [xe — U237 < RP).

It can be easily seen that A; is continuous on [S] x S | » and hence one can

define a continuous function B = (By, Bs) : [Sh % S,};Q}R — [Sh x ST’?LQ}R where

mi mi

—R A;(Uy, Us)

Bi(Ula UQ) = 5
VEL AU, D)

+urt i=1,2, (5.2.4)

£,1

which is well-defined.
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Since [Sh = x STI}LQ}R is a convex and compact subset of the finite dimensional
space S" x S the Schauder fixed point theorem shows that there exists a pair
p p

{U,Us} € [Sh, x S,’}W]R such that
Bi(UU) =Ur i=1,2. (5.2.5)
Hence, it follows from (5.2.4) that
Uy = UM + U5 = U7 = R (5.2.6)
Recalling that W ,(r) = ¢.(r) — 0;r one can write
0=(U7) = U7 — (1 = QUL = WL ,(U7) + (1 — p)0s(U7 = UZ7). (5.2.7)

Choosing x = U} — Ugi_l € VJ in (5.2.1) yields for i = 1,2 on noting the identity
2a(a —b) = a* — b* + (a — b)?, (5.2.7) and (4.1.12) that

* * * n— ’y * n— * n—
(Ai(U17U2)7Ui - UE,Z’ 1)h = 5“UZ |% - ‘Us,i ! % + |Uz - Uz—:,i l‘ﬂ
+ (YU + (1 — wei(U; — Uz, up — U )"
1 i % T 74 * n—1\h
+ 5 (5 UL U3) + o0 UF = U2
At Us — Ui 5.2.8
v (528)

From (2.2.6) with r = U and s = U/;' and Lemma 2.2.1 (i) it follows for i = 1,2
and for all € < g; that
(WLaU7) + (1 = wou(U7 = U2, U = U
> (0 (U7) ~ Wea(UZ), 1) 4 6, — U7 — U2
> —Col] — (Ve (UIT), 1)+ 6, — )lU; — U

_ 1 . n—
=-C(U") + 91-(5 — W|UF = U7 (5.2.9)
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Summing (5.2.8) over ¢ = 1,2 and noting (5.2.9), (5.2.6), Poincaré’s inequality and
(4.1.6) gives after recalling that p € [0, 3]

2 2
S (AU U3) U7 = U = 3 [ U+ 107 = U2 ')
i=1 i=1
2 1
+D_ [ CWE + 05 — Ity = U]
=1
1 2 —; h
+ 5 Z ( J(DZ)(UfaUék) + ff—,‘(,ZT)Lfl7Ui* - Ug;l)
i=1
Y p2, 4k 2 n—1 7rn—1
> =R _'_9(_ - /’L)R - Cl(Us,l ?U5,2 )

2

2
2
1 ( * * (e * n—1\"
- 92 Z ( é))(Ul ,Us) + fs(,r)zfla U =UZ2 1) , (5.2.10)
where = min{t, 02} and €y (U257 U25") = 2, [OW2) + 31025

The treatment of the last term is more technical and in order to simplify the calcu-
lations we introduce the following notation

S =Uf +ai, &uo1:=Ul"+a; i=1,2. (5.2.11)

Thus & «—&in—1 = U —Ug;l and hence we have with the aid of the Young inequality

that
18 . . b
5> (B g + fl, v - )
i=1

= D(§1485 0 4+ €105 15610 — E1n 1) + D(E0E] 4 60,67 1, €0 — Eant)”

= D[(&].,.8.)" — (G1:&1n1, 650" + (6 G )" — Erabin1,65,1)"]
+ D[(6,, 680" = (Ga0bom1,60.)" + (6., &))" = (Ganbon 1,61 1))

> DA B+ € B + G ) — 5@+ G+ Gy’
&+ B B+ )]

D&, 8.)" = (€018 1)"]

D((U; + )% (U + a2)?)" = D((UT + an)?, (U5 + a2)?)

> DU + o), (U551 + a0)?)" = —Co(U2Y, U2 Y. (5.2.12)

h
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Inserting (5.2.12) into (5.2.10) yields
2
> (AUy,Up), U = U > 20R2+9( PR — Cy (U, U

i=1

— Co(U1, U2 > 0, (5.2.13)

which will be positive for R sufficiently large.

On the contrary, from (5.2.4), (5.2.5) and (5.2.6) we obtain that for all R € R
2

> (Aiy,Uz), U = U

i=1

S AU U &2
\/ 1 — 1 2 Z UT,U* _yr- 1 U* Ug;l)h

e,q
=1

VZZAAch*\inU*zmg

=1
2 * *\ (2
— R\, AU U < 0, (5.2.14)

Therefore, this contradiction guarantees existence of {U"}, Ul',} € St xSk solving

(5.2.3) and hence (P}v2%) at the n-th time step. Existence of W}, and W, follows
directly from (5.1.13) and (5.1.14). This completes the proof. O

Remark. We note that, in view of (5.2.13), the restriction p € [0, 3] is essen-
tial for existence proof, otherwise we need to impose a restriction on the physical
parameters 7, #; and 6, which is not desirable. For the case D = 0 (which is not of
interest in this thesis) the existence can be achieved for p € [0, 1] by an alternative

technique (e.g. Barrett and Blowey [12], Barrett and Blowey [5]) which can not be
applied to our coupled fully-discrete problem.

5.3 Stability estimates and uniqueness

In this section we first derive stability estimates for the regularized approximations

ur,, wk,

EZ’ EZ’

(PR4%). We then establish further stability estimates under the assumptions (Az)

1 = 1,2 which enable us to prove existence and uniqueness of a solution to

which will be needed in the subsequent section.
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Theorem 5.3.1 Let the assumptions of Theorem 5.2.1 hold with u?’o = P,

)

Then for all u € |0, %], for all ¢ < gq, for all h > 0 and for all At > 0 a solution
{U,, UL, W2, W2} to the n-th step of (PlA*) is such that

N
max (U2 + U2 08] + 3 (102 - Uz 1+ Uz, = U5 1] < €, (5:3.1a)

n=1
N n n— n n—
Atz [HUE,l_UE,ll 2 +”U5,2_U5,21
vt At At

N N
ALY W+ W2 IF] + A0 (170 (U2 D[S + 7= (UZ)[F] < €, (5.3.1¢)
n=1

n=1

2

} <, (5.3.1b)

—h —h

1 n n 2 n n
max_[|7" f5) (U, UL 2+ |7 5 (U2, UR) 2

n=1—-N

U U+ |7 S (U, Uy 2] < C (5.3.1d)

g1l »

Proof. Testing (5.1.7a) with y = Qh(Ugi — Uan’;l), i = 1,2, we obtain on noting
(4.1.12) and (4.1.11) that

Ur, — Ul 2 VATl
Tar VW

Vo — Ve e + (W,
At —h o

Ur, — Ut v
— AL _h+’7( it

- 1 i n n 7 n n—
0,1 = ) U2 = U2+ (5 (U2, UZy) o+ fl o, U2 = UZTDY (5.3.2)

0= At véhur, - Urh)

= At ur, = o

= At

VUL = UL + (L, (U2), U2 = U2

where we have also noted (5.1.7b) with x = UZ;, — UZ;' and (5.2.7) to obtain the

last equality.

We use the identity 2a(a —b) = a* — b? + (a — b)? and (2.2.6) to yield for i = 1,2

§|U€,i|% + §‘U5,i - Ua,i 1‘% + (\I's,i(Us,z')a 1)h + 91(5 - N)‘Us,z' - Ua,i 1‘%

A Ur. —yn L2
Wl
At —h
1 i n n 7 n n—
+ 5( é)(Ua,b U5,2) + fe(,r)z,n—h Ue,i - Uz—:,i 1>h

< Tz + (e, ' (5.33)
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By arguing as for (5.2.12) in the proof of Theorem 5.2.1 one can show that
12
QZ 517Ug2 +fz—:nn 17Un ngil)h

> D((U) + an)?, (U2 + a2)?)" = D((UPT + an)?, (U5 + a2)?)"

= (fp(UL1, UL), 1)" = (fo(UZT, U2 ), )" (5.3.4)

Next we sum (5.3.3) over ¢ = 1,2 and then Vm < N we sum the resulting inequality

from n =1 — m, note (5.3.4) and rearrange to result in

Do |2

/7 - n n— n n—
U 1‘1+| 52 ‘Us,l_U€,11|%+‘U5,2_U5,21ﬂ

1 . - n n—
+ (W (U2, )" + (Pea(U25), )] + (5 = ) Y [0a]UZ = UG + 02 UZ — U257 [7]
n=1

2

+H At

B |+ oz, vz, "

U et + U201 + [(Tea (U2, D" + (Wea(U2), 1)"] + (fp(U2, Uz), )"

=3
C, (5.3.5)

—h

IN

where we have noted the bounds (4.3.18), (4.3.19) and (4.3.20) to obtain the last

inequality:.
Recalling that p € [0,3] and fp(-,-) > 0, using Lemma 2.2.1 (i) and noting
Poincaré’s inequality we obtain from (5.3.5) the desired estimate (5.3.1a). In addi-

tion, (5.3.5) gives directly the estimate (5.3.1b).

It follows from (5.1.13) and (4.1.12) that fori=1,2andn=1— N

UTL 1 . Unfl 2
5h et Ten
_ 5.3.6
‘1 ) g ][ At —h ( )
This result with Poincaré’s inequality shows that for ¢ = 1,2
N N
AWz~ f Wz < oy - fw
n=1 n=1
N n—1
Unr. — yrcl e
— CAt Hi <C. 5.3.7
; At —h ( )

where we have also noted the estimate (5.3.1b) in the last step.
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To obtain the first estimate in (5.3.1c), it remains to show At S0 || W22 is
bounded for i = 1,2. To this aim, we note first, using Lemma 2.2.1 (7) and (5.3.5),
that

|(W=(UZ), 1)"] < [(Wea(UZ;), )" + %\(1 - (Ut < C (5.3.8)

Next we choose x = UZ; = Ul'; = UZ; — m; in (5.1.7b) and add for any 8 € R
the term (¢.(UZ;) + &( g)(UE"’l, UZy) + fe(i)m_l), )" to the both sides to give after

rearranging that

n 1 i n n 72 h
(6:(U2) + 5 (f5 (UL, ULo) + Sl 1), 8= mi)” =

= (Wenz? U!fi - mi)h - ’Y|ng|% + (W@-U!fi +(1— M)eiUgi_la Ui — mi)h
n n ]' % n n (7 n h
+ (¢E(Us,z’)a ﬁ - Us,z’)h + 5( é))(Us,la U5,2) + fE:‘(,’r)L,TL*l) B - Uz—:,i)

< (VW2 VG UL, — ma)) + 0: U + U2 W] 102 = mal
F(e(8), )" U2, 1) 4 U2, UZ) + 7 sl = ULl
< O+ WELIUZ, = mall - + (4:(8), 1)"
UL U + 18— U2
< C[L+ W2+ (e(8), D" + | £5 (U21, UZy) + Fh i |8 = U]
(5.3.9)

where we have also used (4.1.11), (2.2.6), (4.1.12), the bound (5.3.1a) and (5.3.8)
followed by (4.1.13) and again the bound (5.3.1a) to obtain the last inequality.

Applying Lemma 4.2.4 with p = 3 and ¢ = % and Lemma 4.2.8 and noting the
bounds (5.3.1a) and (4.3.18) yields for i, j = 1,2 with ¢ # j and for n = 1 — N that

79 |2 =4D? / T (U2 + o) (U + o)) da

Q
1 2
< 4D2(/ (U2, —i—ozl-)G)d:c)S </ (Ut +aj)6)dx>3
Q Q
< OO + el U2 = ayllt < €, (5.3.10)

and similarly one can show

ISz UR < CIz+ iUz — el <O (5.311)
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On choosing # = £+1F 2 in (5.3.9) and noting ¢.(r) < #In2Vr € [-1,1], (5.3.10),
(5.3.11) and (5.3.1a) leads to the following inequalities

1 0 0,
( h¢5( ) 5( f )(UelaUg,Q)_}_ﬂ-h en,n— 1) 1—§O—mz)
1 n n 0 h
= (6:(UZ) + (5 (UL, UZ) + flnnea)s 1 = 5 — i)
<O+ W] (5.3.12)
and
h n 1 n n h 7(i) 50
(7T ¢E(Ue,z)+§( (U517U52)+7T emn— 1) 1—§+mz)
n 1 n n (2 5 h
= (0(UZ) + (f5 (U2, U) + Flpma) 1= 5+ m0)
>-Cl1+ W2l i=12 (5.3.13)
Dividing (5.3.12) and (5.3.13) by |Q[(1 — 2 —m;) and |Q|(1 — £ + m;) respectively
and noting that |m;| < 1 — §y yields that
’][ h¢5 (h()(Usnl’Un) hz—:nnl ’<Cl+| |}
Un 1
C[1+ H 1,
—h
(5.3.14)

where in the last step we have noted (5.3.6).

By squaring the above inequality and summing from n = 1 — N we have after

multiplying by At and noting the bound (5.3.1b) that for i = 1,2

2

)

<C, (5.3.15)

N
AU r0u) 58 U2 U+ 7]

Un 1
C[AtN+AtZH

since NAt =T
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Thus, from (5.1.14) and (5.3.15) one finds for ¢ = 1,2 that

a3 | fwa - mars| fw

< zmmtz | F [r0Uz) + (e 19U, U2) + 770 )]

2

+ 2|QAtNO?m?
<C, (5.3.16)

and hence together with (5.3.7) this shows the first estimate in (5.3.1c), as required.

We now turn to prove the second estimate in (5.3.1c). To obtain this we test
(5.1.7b) with x = 7"¢.(UZ;) and then apply a Young’s inequality to result in for
¢ =1,2 that

VUL, V. (U2) + |7 (UZ) |2
= (W2, 7 (U2 + 0, (uU2; + (1 — U w o (U2)"

1
__(f (USDUSQ) fann LT h(bE(Uanz))h

2
1 n n n—
< Sl UL+ C W2 + U2 + 02
1S U, U2+ 1T ]
1

< S|mo (UL + CI1+ [WHIE]. (5.3.17)

[\]

where to obtain the last inequality we have noted (5.3.1a), (5.3.10) and (5.3.11).

Using Lemma 4.2.1 (i) we have the first term in (5.3.17) is non-negative and hence
by summing the both sides from n = 1 — N and recalling the first bound in (5.3.1c)

we conclude for ¢ = 1,2 that

Atz (U2 < C[T n Atz i } <, (5.3.18)

n=1
which, on noting the equivalence result (4.1.6), leads to the second desired estimate

n (5.3.1c).
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Finally, noting for i = 1,2 that |7" (i)( V)| = \fg)(x, v)|n Vx,v € S", recalling
that fsnn | = D (Ugl,ng’l) and f el = ,(32 (U, Ur,) and using (5.3.10),
(5.3.11) and the equivalence result (4.1.6) we obtain the desired estimate (5.3.1d),

which completes the proof. a

Theorem 5.3.2 Let the assumptions of Theorem 5.2.1 hold with u?’o = P
Then for all p € [0,1], for all A > 0, for all At > 0 and for all n =1 — N there

exists a solution {U}", Uy, W, W3} € SP, x SP x S" x S to (P[»2*) such that

1

N

max [IUF(F+ U IE] + ) (107 = UM+ 105 = U3 < €, (5.3.19a)

n=1
a3 |2

ey
N
Atz W + IW3113] + ALY [Im" ¢ (UG + I="(U5)[5] < €, (5.3.19¢)

} < (5.3.19b)

—h At —h
n=1 n=1

max [|7" 3 (U, U3)[; + |whf§3’<Uf,U§>\%

n=1

+ |7 U US YIS + S U UpR] < ¢ (5.3.19d)

max{|U}'|,|Us|} <1 forallz € Qandn=1— N. (5.3.19¢)

Furthermore, the solution is uniquely defined for all At > 0 if § > 8D + u#, and

gz if 0 < 8D + pb, where 0, = max{6y,6>}.

fOI‘ all At < W

Proof. From the bounds (5.3.1a) and (5.3.1c) we have for i = 1,2 that |UZ;|4, [W2|n
and |7"¢.(U;)|n are bounded independently of . Hence, one can extract subse-
quences, still denoted {UZ;}, {W2;} and {n"¢.(UZ,;)}, such that for i = 1,2 and
n=1—-N

U, — Up in 8" (5.3.20a)
W2, — W inS" (5.3.20D)

)

6. (Ul) — x;™  in S, (5.3.20¢)
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We now prove for i = 1,2 and n = 1 — N that x" = 7"¢(U"). For i = 1,2 and
n =1 — N we define for any y € S"
I7(x) = (U2 = 62 (), (UL — )" (5.3.22)
The above quantities are well-defined as
17" 00] < NUF = o7 00l = xla < o0,
127 00] < U2 = 621 00 Inl @< (UZ) = xln < 671 0e(UZ) — X7 < o0,

where we have used the fact that |[¢~1(-)] < 1, (2.2.16), (4.1.6) and the bounds
(5.3.1a) and (5.3.1c).

Using (2.2.9) with s = UZ(z;) and r = ¢-"(x(x;)), j = 0,1,...,J it follows for

1 =1,2 that
J

() = 0 My(UZy(x;) — ¢ (x(@)))* > 0 Wx € S™.

=0
From the strong convergences (5.3.20a) and (5.3.20c) and the strong convergence
o1 (r) — ¢71(r) Vr € R (see Lemma 2.2.1 (ii)) we have
15700 = 1" 00] < J(UZ; = U2, 0e(UZ) = )" | + (07100 = 671 (x), 6:(UZ) = x)"|
+ !(Ui” — ¢~ (), ¢€(U£i) —x")"]
<UL = Ullalm6-(UL) = X + 1071 (x) = &2 ()|l 7" 0= (UZ;) = xn
+ U7 = 7 (Ol 0 (UZ) = xi"|n — 0 as e — 0. (5.3.23)
We therefore have for i = 1,2 and for any y € S" that
17(x) = lim 1) 2 0. (5.3.24)
Now, for any € R.q and any v € S we take y = x"" £ fv € S" in (5.3.21) to
give, on noting (5.3.24), that fori = 1,2 andn=1— N
(U = ¢~ (™ + Bv), =Bo)" = 0 and (U — ¢~ (x;™" = Bu), Bo)"
and hence, dividing by —( and 3 respectively,

(UF =07 (xi™ + Bv),0)" < 0and (U — ¢~ (i = Bv),0)" >0,
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which leads by taking the limit as 3 — 0 and noting the continuity of ¢~! to

(U7 = 67 00,0 = ST M (U7 () — 67 0 () o) = 0. (5.3.25)

=0
Then, we choose v = U* — Wh¢*1(x?’n) € Shtoyield fori =1,2andn=1— N
that U (x;) = ¢~ (x"(x;)) 5 = 0,1, ..., J. This result gives directly for i = 1,2 that
X" = 7hg(UM), as required. Further, recalling that ¢~!(r) € (—1,1) we deduce for
it=1,2and n=1— N that

Ul (z;) = ¢ ' (X""(x;)) € (=1,1) j=0,1,...,J,

which is the desired result (5.3.19¢).

In order to pass to the limit in the regularized version (PB;EM) we first note us-

ing the definition of ()" that the strong convergence (5.3.20a) means
Uli(x;) = Ul'(z;) ase —0, j=0,1,..,J,
which implies, as ¢ — 0 and for j = 0,1, ..., J,

UL (), U M) — F9) (U (), U~ (2;)),
DU ), Uly(x) — o) (UF(y), Ug (),

ie., fori=1,2,

T = 70 in S, (5.3.26)

n,n—1

and similarly we have for ¢ = 1,2

ﬂ-h g)(Ugh

Ury) — 7 U, gy in S™. (5.3.27)

Now, from the strong convergences (5.3.20a)-(5.3.20c), (5.3.26) and (5.3.27) one can
immediately pass to the limit as € — 0 in the regularized version (P}2*) (5.1.7a-b)
to find that {U}, Uy, W', W3'} is a solution to (P}4%) at the n-th step. In addition,
using the same strong convergences and the fact that all norms on a finite dimen-
sional space are equivalent one can take the limit as € — 0 in the estimates (5.3.1a-d)

derived in Theorem 5.3.1 to obtain the corresponding desired estimates (5.3.19a-d).
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We now finish the proof by showing the uniqueness of the fully-discrete approxi-
mation using induction under the above stated conditions on At. Since we have
uniqueness at time level t = t; = 0 one can assume uniqueness of the approxi-
mation at time level t = ¢,_1,n > 1. Now, let B} = {U", W/'},_12 and B}* =

{U]*, W*}i—1,2 be two fully-discrete solutions to (P}4*) at time level ¢ = t,,. Set-

ting y = Ul := U — U™ € VI in (5.1.9) and subtracting the approximations yields
for i = 1,2 on noting the definition (4.1.12) of || - ||y that

[rn n n* [rn 1 rrn
U, ‘% + (@(U]") — o(U;"), U )h + _HUZ "3h

—_

1 * n* n r(1)* n
pOOP G+ 5 (F5 (U, Us™) = £5) (U U3, 07)" + S (T = Fana UF)'

(5.3.28)

5

[\

where f( i . =2D(U™ + ai)(UJn_l + a;)?.

Using (2.3.46) with r; = U™ and s; = U’, owing to (5.3.19¢) and noting that
€ (—1,1) it follows for 4, j = 1,2 with i # j that
SUSWI U3 — 1503, 05), 07"
= D((U + ;2 (=UF") + (U + aa) (U} + U + 20) (=0, O)"
< (U + @)Uy + U™ +205)(=U7), U1 < 8D(T7, |T7)".
(5.3.29)

We also have from (5.3.19¢) for 4, j = 1,2 with i # j that
(s = Bl O = DO + ) (U + ) = (U7 + 0) (U7 + ), 07)"
= D((UF " + ay)2(~07), U1)" < 0. (5.3.30)
Inserting (5.3.29) and (5.3.30) into (5.3.28), using the fact that
(6(s) = p(r)(s —71) 2 0(s —7)* Vr,s€(-11)

and rearranging we obtain for ¢, j = 1,2 with ¢ # j that

_ 1 - _ _ _
O+ O 12 < (ub; = 0)[U7 |5 + 8D(TT |, [T7F])"- (5.3.31)
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We set 0, := max{6;,02} and then sum (5.3.31) over i = 1,2 and use a Young’s
inequality to yield
rrn rrn 1 rrn rrn
7[|U1 |% + |U2 m + Kt [HUl ||2—h + ||U2 ||2—h]
< (ub. = O)[|U}] + 105 [2] +16D(07|, [U5])"
< (8D + pb. — O)[|UT 7 + |UZ13]. (5.3.32)
Clearly, if 8 > 8D + uf, we then have for all At > 0 that

ITP12, + 103112, < 0, (5.3.33)

which implies, by (4.1.16), uniqueness of U, i = 1,2, for all At > 0.

If 0 < 8D + pb. we can treat the right hand side of (5.3.32) with the aid of (4.1.15)

as follows

(8D + p, — O)[|UF 2 + |02 2] < (|02 + |03
8D + b, — 0)?
L 7 )

™ HOTIZ, +102112,]- (5.3.34)

Hence, by substituting (5.3.34) into (5.3.32) and simplifying we find that (5.3.33)
holds for all At < Mﬁ. We conclude thus that U, ¢ = 1,2, is unique. Fi-

nally, we obtain uniqueness of W*, i = 1,2, by (5.1.10) and (5.1.11). O
Remark. For the same reasons discussed earlier in the comment after the proof of
Theorem 4.3.2 we find that the results of Theorem 5.3.2 hold for the initial choice
ul’ = P, i =1,2 (i.e. U) = Plu)) under the assumptions (Az) and the stated
condition in Lemma 4.3.3 on the mesh parameter h. Furthermore, one advantage of
this choice is that we shall obtain stronger stability estimates than those derived in

Theorem 5.3.2 (see Theorem 5.3.3 below) which will be required to prove an optimal

error bound in time for the discretization (P}4*).

For the purposes of the analysis we introduce {W?, W0} € §* x S" defined by

(W2, )" = (VUL Vx)+ (6(U°) —6:U°, )"+ (f (U0, U9), )" i=1,2. (5.3.35)

3 3
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Adapting the same argument applied in derivation of (4.3.63) we have for i = 1,2

WP = P"[(I—PMud —yAul] + 7" (Phul) — 0; Prud + 7" f1) (PPl Prud). (5.3.36)

v Y1

Before moving onto next theorem, we state below some properties of the convex part
1 of the potential ¥;, i = 1,2, and ¢ = ¢’ which will be needed for the forthcoming
analysis

(7) For any 7, s € (—1, 1) we have by Taylor’s theorem and the fact that ¢'(r) > 6 > 0

o(r)(s —r) < ¥(s) — ¥(r). (5.3.37)

(44) For any x € S" with |x|o..o < 1 we have

Va5 < ¢'(IXloee) (VX, V" $(X))- (5.3.38)

To see (ii) we consider an arbitrary x € S" with |x|o.c < 1. Then, we choose
e = min{3,1 — [x|oo} to obtain that |x|o.c < 1 —¢e. Therefore, (5.3.38) is an
immediate consequence form Lemma 4.2.1 (ii) and the fact that ¢.(r) = ¢(r) for all

Ir] <1—e.

Theorem 5.3.3 Let the assumptions of Theorem 4.3.4 hold with u/* = thu?.
Then for all p € [0, %], for all h < h,, for all At > 0 and for n = 1 — N a solution
{UT, Uy, W, W3'} to the n-th step of (P[4%) is such that

1

N n—1 n—1
Ur—urtyz  Up—U . o
s IS S s

—_yn- 1 Ur — yn— 1, 9
1 1 2 2
N S £ s < 0.
+ Lo [H At —h + H At —hi| <G (5.3.39)
max [le 17+ W33 ] + max [|7Th¢(U1 g+ 17" (U3 ] <C. (5.3.39b)

Proof. For future reference we begin the proof with establishing a bound for |[W}];

and |[W2|;. It follows from (5.3.36) that

WPy <[PPI = Pyl —yAuf] = ,PMl|, + |7 o (Prud) |y + 7" £5) (Pl Phud)]s.

(5.3.40)
The first and the third terms on on the right hand side of (5.3.40) are bounded
by (4.3.65) and (4.3.67)-(4.3.71). Whereas the second term can be treated using
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(5.3.38), Lemma 4.3.3, (2.2.13) and (4.1.24) to yield for all h < h, and for i = 1,2
that

/ / 5
"o (Prud)ls < &' (| P loco) [Py g < Co'(1 - §O)HU?H1 <C (5.3.41)

2

Thus we conclude that
WL <C i=1,2. (5.3.42)
For fixed n > 1 we subtract (5.1.6b) at the step n—1 from (5.1.6b) at the subsequent

step n and rearrange to have on noting (5.3.35) with step n = 1 that for i = 1,2

(W =W )t =~(VU] = U VX)) + (0(UF) — o(UF1), x)"

n n— 1 i n n i n— n— h
— b (U = U; 1aX)h+§( 1(3)(U17U2)_f1())(U1 17U2 1)7X)

RY i h
LA - 15w u9). )" =1,
— (1= (U = U2 0"+ (0 = P ) > 2.
(5.3.43)

_|_

Testing (5.1.6a) with x = W — W/~ and noting the identity 2a(a — b) = a® — b +

7

(a —b)? yields fori =1,2and n=1— N

<U"—TtU”_1 W — Wl."l)h = (VW VWP — Wt

1

1 1
= —§|Wz‘n|f + §|Wz’n_1 - Wi = WL (5.344)

For convenience we continue the proof using the following notation

ur —pyrt
Zp =t i=12,n=1-N. (5.3.45)
Now, for i = 1,2 we take x = Z! in (5.3.43) and use (5.3.44) which gives upon
rearranging for n =1 — N that

1
2

1 n—1|2 n|2 1 (2) n n (2) n—1 n—1 n\h
:§|VI/Z 1+:U’9iAt|Zi|h_§(fD (UlaUQ)_fD (U1, U, )’Zi)

n n n— n 1 n n n—
”YAt|Zi ‘% + (¢(Uz ) - ¢(Ui 1)7Zz' )h + i‘Wz ‘% + ‘Wz - W; 1|§

> i ,
—5( 1(,())_ é)(U?,US),Z}) n=1,

(1= WO A2 20 = 378 = T 0, 20 n > 2.
(5.3.46)
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Next we estimate the terms on the right hand side of (5.3.46). From (4.1.15) it
follows for : = 1,2 and n =1 — N that

At
N AL %|ZZ~”|§ +OAL| 202, (5.3.47)

Setting 7; = U, s; = U ', i = 1,2, in (2.3.46), using the result (5.3.19¢) and
noting |a;| < 1 we find for 4,7 = 1,2 with i # 7 and n =1 — N that

n n i n— n— ’th‘
’2 U17U> f()(Ul 17U2 1)7Zz') ’

_ D) (U 4 a2 (UF = UM + (U + ai) (U7 + UP 4 205) (U = U, zy)”]
= DAt) (U 4 )220 + (U + aa) (U + U+ 204) 21, Zi")h’

< ADAY Z7(2 +8DAH( 27,1 Z7|)"

< 8DAt|Z]'|; + ADAL|Z}[3,

VAt
— 20+ 1Z70] + CALI 22112, + 11271124), (5.3.48)

where we have also noted a Young’s inequality and (4.1.15).

Again (5.3.19¢) and (4.1.15) show for i, j = 1,2 with ¢ # j that
1 i i
|8 = s wpvg), 2y
= D|((U} + ag)(U? + 0y)* = (U° + @) (U9 + )%, 21)"|

= DAH((U? + )2}, 2))

77

< 4DAt|Z}|?

At
7 T2 ZH2 4 CA ZH)2, (5.3.49)
For n > 2 we have by (4.1.14) that
At
(L= Az 20 < T2+ Ont) 2 12 (5.3.50)

Subtracting and adding (U~" + ozi)(UJn_1 + ;)% 4,7 = 1,2 with ¢ # j, noting
(5.3.19¢), recalling that |a;] < 1 and using a Young’s inequality and (4.1.15) we

have for n > 2 that
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S T 2"

= D|((U7 + a) (U} + ) = (U7 + @) (U772 + )%, 27)'|
= D|((U7 " 4+ 0y 2(UF = U+ (U + ) (U + U2 4 20) (U7 = U72), 22|
= DAt‘ (U + )22 + (U + aa) (U + U2 4 205) 20, Z7) )

< ADALZ}|; + 8DA(| 27, 1 Z7])"

< 8DAH|Z|; + 4DAH Z7 3

At
7 [ZM3 + 122 1] + CANZH 0 + 112717 (5.3.51)

Combining (5.3.47)-(5.3.51) with (5.3.46) and noting the monotonicity of ¢ yields
fori,7 =1,2 withi# j and n =1 — N that

1 1 -
YAUZI + SV + W = Wi
1. ’yAt " At " "
<SR+ 14 B+ = 271+ CALIZP 120 + 1127112,

0 n=1,
+ (5.3.52)
2R+ OAt[|Zp 2+ 12572 2

We now aim to prove form=1— N

“ 1
e > 121+ 125+ It + v
4 — 2

1 ) o
+§Z (W =W+ Wy =W i) <O (5.3.53)

n=1

For n = 1 we sum (5.3.52) over i = 1,2 and use the bounds (5.3.42) and (5.3.19b)
to result in after simplifying that

37At

1
12111+ 12: 1] + S [IWE R+ W ] + 5 [0 = W + (W — W3]

(WY + [WRR] + CAt[|| 21112, + 1 2211%4) < C,
(5.3.54)

which is sufficient to prove (5.3.53) with m = 1.
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For n > 2 we sum (5.3.52) over i = 1,2 and simplify to obtain

DGR 1BE) + S IWFE -+ WER) + LW = Wi+ (wg — W)
< SIWr e )+ 2z 1z )
FONIZ I, + 125120 + 12 12+ 125712,

(5.3.55)

Noting first for all m =2 — N and ¢ = 1,2 that

VAL N VAL O~ VAL *yAt m *yAt
XA - T = A S+ A - I

n=2 n=2

At At
> 120 Z|Z”|1 7 =0z (5.3.56)

and then by summing (5.3.55) from n = 2 — m we have after rearranging for all

2 <m < N that

1>+ 1z S+
+ % f‘; (W — W=t + (W — W3]
<3+ W) + 25 4+ 12
£ OB (12 + 1251+ 12 1+ 1251
<C, (5.3.57)

where we have noted (5.3.54) and (5.3.19b) to obtain the last inequality.

Finally, adding (5.3.54) with m = 1 to (5.3.57) Vm > 2 yields (5.3.53) . There-
fore, the second estimate in (5.3.39a) follows immediately from (5.3.53). The first
estimate in (5.3.39a) follows also from (5.3.53) with the aid of the Poincaré inequal-

Ur— U”
|| h, see

ity. In addition, (5.3.53) together with the fact that |W|; =
(5.3.6), shows the third estimate in (5.3.39a).



5.3. Stability estimates and uniqueness 108

To obtain the first estimate in (5.3.39b) we first note from Poincré’s inequality

and (5.3.53) that fori =1,2andn=1— N

2
e fur
1

Repeating the same technique used in Theorem 5.3.1 for deriving the inequality
(5.3.9) where this time we use (5.3.37), the bound (5.3.19a) and that | (r)| < (1) =
fIn2 Vr € [—1,1] in place of (2.2.6), the bound (5.3.1a) and (5.3.8) respectively to

=CWri<C. (5.3.58)

2
<clwp - ][ Wy
1

conclude for any § € (—1,1) that

(6(U™) + 2 (1O, UP) + FO_ )8 — my) =

2
O+ WP+ ((8), V)" + |5 U2, UR) + O 1w 18— UPa]
<C, (5.3.59)

where to obtain the last inequality we note the equivalence result (4.1.6) and the

bounds (5.3.53), (5.3.19a) and (5.3.19d).

Thus, on choosing § = +1 F %O we conclude, similarly to (5.3.14), for ¢ = 1,2
and n =1 — N that

| F o + p@ S wrop + P i ]| <0 a0

We therefore have by (5.1.11) that for i = 1,2 andn=1— N

|l f

+2Qm307 < C, (5.3.61)
from which together with (5.3.58) we deduce the first estimate in (5.3.39b).

2

S| f W) + (@ I U + 2 )]

Finally, for i = 1,2 and n = 1 — N we take y = m"¢(U") in the unregularized
version (5.1.7b) to obtain the following analogue of (5.3.17)

1
VU, Vate(UP)) + 7" o (U]} < §|7T"¢(UZ‘)Ii + C[|WZ-”|2 + UM+ U
U U R+ 17 DR (5.3.62)

With the aid of (5.3.38), the first bound in (5.3.39b) and the bounds (5.3.19a) and
(5.3.19d) this shows the second bound in (5.3.39b). O
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5.4 A fully-discrete error bound

In this section we prove an error bound between the solutions of the continuous
problem (P) and the symmetric coupled fully-discrete problem (P}4*). This error
bound is derived via the error bound between (P") and (P) derived in the previous
chapter (see Theorem 4.4.3), and an error bound between (P}4*) and (P"). In fact,
by applying the framework in Nochetto [50] for analysing the discretization error in
the backward Euler method, we shall prove an optimal error bound in time between
(PRA*) and (P"). For the error bound analysis we first consider the following

definitions:

0t) == .t (taoisty], n > 10 (5.4.1)

For 7 = 1, 2 we also define

0= (S () o

At At
=1 —L@))UM+ L) U, t€[tni,ta], n>1 (5.4.2)
and
Ut(t) .= Up, U (t):=U"" t€ (ty1,tn], n> 1. (5.4.3)

Using the above definitions one can easily see for ¢+ = 1,2 that

= = t €
At —( At (1—-0)At’
The Nochetto’s method is based on exploiting the convex part of the potential and

8tUi = (tnfl,tn), n Z 1. (544)

defining quantities satisfying some properties (see Lemma 5.4.1 below). This will
lead us to a differential error inequality (see Lemma 5.4.2 below) from which the
time discretisation error can be bounded by non-negative quantities with optimal

order as will be proved in Theorem 5.4.3.

For notational convenience we also introduce the subspace S [h_ 1] C Sh
S[h—l,l} ={xesS": |x| <1} (5.4.5)
Let J" : S[’LM] X S[’LM] — R be defined by

T (X1, X2) = %UXlﬁ + Ix2lf] + @), D" + (@(x2), )™ (5.4.6)
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Note for ¢ = 1,2 that v is the convex part of the free energy ¥, as ¢"(r) > 0 for all

e(—1,1).

We introduce for a.e. t € (0,T")

1 B h
SR WU + I WY U5), Uy - UF)

R() = | (= naUF = (1= WoiUT + 5

+ (¢"au,, Uy - Uf)h]

+ [ (= w05 — (1= w)aUy + %( DU + W0 U), Vs - U5 )
n (QhatUz, U, — U;)h]

+ [JM(U, Uy) — JM(UT, US)). (5.4.7)

For n > 1 we define

o= (s s oo =50 v+ g wr o), B!
(@ () U{”)h}

n n—1

[ (wa0 + (1= oty = SR WU + £ vy, )
(@ () wl)h}

At[Jh(Uf,U") JH U U] (5.4.8)

For theoretical purposes we introduce {U; ', Uy '} € S xSl such that for i = 1,2

and for all y € S"
V(YU VX) + (6(U7) = pbiU7 — (1 — w)oiU; x — ][ x)"

+ (f5 (U7, U9), x - ][ X)"+ (Qh(w;ijjil%()h —0.  (5.4.9)

Now we establish existence and uniqueness of U; ' and U, *. The existence can be

proved by considering the following minimization problem

1 1

i I"(x1, __ — Y2 o2

ot 00 xe) = gl = UHR + 5o — G2,
(1—p)

T3

[011x1 7 + b2]x217] — (99, x1)" — (95, x2)"
(5.4.10)
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where ¢¥ and ¢9 are given such that for all y € S" and i = 1,2

(620" = A(VOL V) + (9(U0) = w602 + [P0 0D x = f 20" (5411)
Using Young’s inequality it follows for ¢ = 1,2 that

(1 — b (1 —p)bs 2 1 0|2 1 02
4 4 |X2|h (1 B ,u)91|gl h (1 B M)02|92 h*

(5.4.12)

]h(Xl,X2) > |X1|i+

Thus, I" is bounded below in S x S" . Let p= inf  I"(x1, x2) and {X1,n, Xo,n}

h h
Sty XSt

be a minimizing sequence of I" in S x S" (i.e. lim I"(x14,X2,) = p). From the
estimate (5.4.12) it follows that {x1,} and {x2.,} are bounded in S and hence we

can extract subsequences {x1,,} and {x2,} such that
Xin — Ut € S" xon — Uyt € S™

- h h
Since S, X Sy,

of I" we conclude thus that of I" we conclude thus that

is a closed set, we have {U;*, U; '} € S xSt . By the continuity

2

[h(Xl,Tw XQ,n) - [h(Ufla Ugl) =p.

Therefore, we have that {U;', U, '} is a solution of the minimization problem
(5.4.10). Now we can easily see for i = 1,2 that (5.4.9) is the Euler-Lagrange

equations of the minimization problem.

To prove the uniqueness, we assume that X ' := {U; ', U; '} and X~ .= {U; ", U, %)
are two solutions of (5.4.9) and define U; ' :=U; ' —U; "™ € V', i =1,2. By (5.4.9)
we find for ¢ = 1,2 and for all y € S” that

_ 1 o
—0:(1 = ) (U7 x — ][ X)" — E(ghUi‘l, X)"=o. (5.4.13)

Choosing x = U; ! in (5.4.13) yields for i = 1,2 that
_ 1 -
0:(1 = U s + 710 120 = 0, (5.4.14)

which implies for i = 1,2 that U; ! = 0 and therefore the uniqueness result.
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Finally, we introduce

D= | (usU} + (1 - o — %( b (UL U3) + (U1, U9)). U%A_tUP)h
_(Gh<U%—U?) U%—U?)h}
At )AL
+ [ (10203 + (1= )88 — %( 5 (UL U3) + [ (U7, U3)), UZlA_tUg)h
_(gm(U%—US) U%—US)’I}
At ) AL
N [(uelU? + (1= ot = f (U7, 09), UllA_tU?)h
— (o (U, Bty
At TAt
— | (10208 + (1 = ):U" 3)(U1°’U3)’U21A_tUZO>h
- (gh<U§ ;5]21» UgA—tU§>h]’ (5.4.15)

and for n > 2

D" i (W7 + (1= ot = (WU + U0 ), U{L_Ttw_ly

- () A ) .

{003 + (= ey = S W) + P ), ),
(@ () )] |

_ [<M91U{1,1 F(1— ) Ur2— %( (Dl)<U1n71’ Urh + fl()l)(Uf*’ U2"f2))’ %)h
() ) 1

[ (uot + (1 = oy %( S (UL URTY + (U up ), %)
- (o () ) (416

In the next lemma we prove some essential results concerning the quantities R, £"

and D", defined in (5.4.7), (5.4.8) and (5.4.15-16) respectively.
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Lemma 5.4.1 Let the assumptions of Theorem 5.3.3 hold. Then, for n > 1, &"
and D" satisfy that

0< Loy — U+ |up — U] < Aver
< AD" — Z[JUp - U+ |Ug - Uy
< AID". (5.4.17)
For t € (t,_1,t,) and n =1 — N define
E(t) =&, D(t) := D", (5.4.18)
then for a.e. t € (0,T") we have that
R(t) < L(t) AtE(t) < L(t) At D(t). (5.4.19)

Furthermore, we have that

N N
<N pr<c (5.4.20)

Proof. We test (5.1.9) with x = U — U € V' and use the identity 2a(a — b) =
a’? — b* + (a — b)? to result in for i = 1,2

’7 n ’7 n— ’y n n— n n n—
§|Ui ﬁ_ng 1%+§[|U1 — U+ (U, U = Uy

1 ( n n r(e n n—1\h
55 (U7, U3) + FiO ). UF = U

n <gh <U”—TtU"1>Un - U;H)h = 0. (5.4.21)

With the aid of (5.3.37) we obtain after rearranging for i = 1,2 that

+ (= pb U = (1= woUr " +

(o = U < U = U+ @) D" - @), D

(2

n n— 1 i n n (i n n—1\h
+ (U7 + (L= pOUP" = S (5 (U7, U3) + fil ). U = UF)

U — Tl h
h 3 3 n n—1
- R St T B 55 5 ) . 5.4.22
(g < At ) ! ' ( )
Then, by summing (5.4.22) over i = 1, 2, recalling that ﬁ(zlr)zq = g)(Uf, Uy~') and
fé?,)l_l = fg)(U{’_l,Ugl) and owing to the definitions (5.4.6) and (5.4.8) of J" and

E™ we conclude for n =1 — N that
Hwp - Up g — U3 < A, (5.4.23)

which is the first inequality in (5.4.17).
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To see the second inequality in (5.4.17) we first note from (5.4.8) and (5.4.16) that
forn=2—-N

1 .- o
g"— D" = —— [JMUp,Ug) - JHUP U Y]

At
n— n— ]- n— n— n— n— Un — Un_l "
+<u91U1 (iU — W=t yp=ty 4+ (D=t rp-2), #)
n— n— 1 n— n— n— n— Un — Unil "
+<N92U2 Y (1 — p)0,Uy 2 — 5( 1(:)2)(U1 LUpTh + fj(:)2)(U1 2, Uy 1))’ %
_<Gh<U1”‘1 - U{H) Up — Ul”‘l)h - <Gh<U5“1 - UQ”‘2> Us — UéH)h
(5.4.24)

On the other hand, rewriting (5.1.9) of (P}4*) at time level ¢ = #,_; and then
taking x = U — U]"' € V! yields for i = 1,2 and for n = 2 — N that

V(VUinila vUzn - Uinil) + ((b(Uznil)a Uzn T Uinil)h

U O 05 + o) UF = U

(gh(%) U — U;”)h — 0. (5.4.25)

+ (= pOUM " — (1= w)o,Ur 2 +

DO | —

Using the identity 2a(a — b) = a®> — b* + (a — b)?® and (5.3.37) and rearranging it
follows for : = 1,2 and for n = 2 — N that
’7 n n— ’y n— ’7 n n— n
o - U= T = TR @ 1) - ), 1)
1
U+ (= U SO U5 4 ), U — U
Un 1 Un 2 h
h n n—1
<g (—At ) U — U ) . (5.4.26)

Thus, by summation over ¢ = 1,2 we have, on noting (5.4.6) and recalling that

F e = U Up72) and £, = fS (U2, U7, that forn =2 — N

n—

—2 (107 = U+ |Up = U] = [JMOp U = PO )
n— n— 1 n— n— n— n— n n— h
(U (1= U = S (U7 U3 + fp (U7 U3 79), U7 = U
n— n— 1 n— n— n— n— n n— h
F(ubU3 !+ (1= ol 2 = S (5 (U7 U3 + 5 (U2, 03 h) U = U3

n—2

(9 (M) ) = (@ () w )

(5.4.27)
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Comparing the right hand side of (5.4.27) with (5.4.24) we therefore find for n =
2 — N that

—2 (U - U U - g ) 2 At - D], (5.4.28)

For the case n = 1, we argue as for n > 2 to obtain on using (5.4.15) in place
of (5.4.16) and (5.4.9) in palace of (5.1.9) that the results (5.4.24)-(5.4.27) holds
for n = 1 with the only change that l(fl()l)(Uf’1 Uyt + fl()l)(Uf’1 Uy %)) and
LS U Up )+ £ (U2, U5 Y) are replaced by £ (U9, US) and £ (U9, US),
respectively. Therefore, for n =1 — N (5.4.28) is valid and hence we conclude that
the second inequality in (5.4.17) holds as required.

We now turn to prove (5.4.19). Noting (5.4.3) and (5.4.4) and owing to the defini-
tions (5.4.7), (5.4.18), (5.4.8) and (5.4.6) we rewrite for ¢ € (¢,-1,t,) the difference
R — L AtE as

R — L AtE = J'(Uy,Uy) — JUF U ) + ([T}, UF) — T (U7~ U]
= 3 [0} +10f} = U} = U5 )
+ S0P+ 1051 = 107 = U3
(U, D" + (@(U), )" = (@(UF). 1" = ((UF), 1)']
[

WU, V)" + (©(Uz), )" = ((UF), )" = (U5 ~H), 1)"].
(5.4.29)

+ |
+ ¢

We now prove that the right hand side of (5.4.29) is non-positive. To see this, we
firstly note from (5.4.3) and (5.4.4) fori = 1,2 and t € (t,—1, )

o [-2

[0 — U] + Seor - o= 2

(V(U U, V(U; + U ( — UMY, VU +UY)

]
~ 2 )+
= (A (Vc‘?tUz,V Ui+ UF)) + (At (V@tUZ,V(U” +UrY)
— (AL (vatUl,v urtt = up))

- —%m — O)(A2B,U2 <0, (5.4.30)

on noting 0 < /¢ < 1.
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From (5.4.2) and the convexity of 1) it follows for i = 1,2 and ¢ € (¢,_1,t,) that

(U, 1) = (U ), 1) + [0, 1) = (U ), 1)
< (1= D@, D + (U, 1) — (U, 1)"
@D, D] =0, (5.431)

Adding (5.4.30) to (5.4.31) and then summing over i = 1, 2 yields after substitution
into (5.4.29) that for t € (t,_1,1,)

R — (A€ <0, (5.4.32)

from which we obtain the first inequality in (5.4.19). The second inequality follows
immediately from (5.4.17).

Next we show that S D" < C. To this aim, we express Y., D" using (5.4.16)

as
i”n ) Z (o0~ v+ (= (e - vy, !
+ (,@(U; Uy )+ (1= ) (U5 ! = U572, Ug_ng_l)h}
_ % i (@ up) = 1w o, U?_Tglnly
+ (1w o) - P v, %)h}
- %fj (0w oz - oy, vgy, BT
s (o - s o, LYY
S - () Yy
e e ]
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We deal with the terms on the right hand side of (5.4.33) separately. With the aid
of the Young inequality and the first bound in (5.3.39a) we find for i = 1,2 that

N n_ -l
S (b )+ (1 - e - v, )

n=2

N n—1 N n—1 n—2 n—1

Ut — U, 2 U! — U, Uur -U’
SVIND ] et RTNYY Lk R
=H ; At h + 2 2 At h At h

N n—1 n—1 n—2

Ut — U, 2 U — U 2

<ond Y |BEUE UES U (543
—~ At h At h

and hence by summing over ¢ = 1,2 we have 77 is bounded.

Using (2.3.46) with 7; = UP and s; = U"!, noting the result (5.3.19¢) and that
lai;| < 1, applying Young’s inequality and noting the first bound in (5.3.39a) yields
for i,7 = 1,2 with ¢ # j that

i n— n— UZn_UZnil h
_ZK (U7, U3) 1(3)(U1 LU 1)’T> ’

i)(Uuaj (U — Uy, L_Ufl)h)

At
N n—1
Ur — Ur-tyh
=D Y| (Wt + )y + U3+ 2007 — U7 ) |
n=2
N -1 N n n—1 —1
ur—yurtpe Ui —U; ur—yur
< 4DAt ’7 8DAL ) L ) ) - -
- ; At h * ; At h At h
N o pn —pn1pe N opr—pgrle
<8DAtY ’% DALY ‘Jij <c (5.4.35)

which implies, by summation over ¢ = 1,2, that T, is bounded. Similarly, one can

show that
N n—1
1 — n— n— ur—-u h
m< o |(Fwr ) - o, )
n=2
N n—1
1 n— n— n— Uy —U. h
+§n2)< Ul ! U2) (2)(U1 27U2 l)a%) )
N

2 N Un—l _ Un—2 2
A4DAt ’#
h * Z At h

Urn — Un—l
<8DALY. ’%
~ At

<C.  (5.4.36)

N n—1
Un — U
SDA? ] Y- %
+ ;::2 At At

2 N Un—l _ Un—2 2
ADA? ’;
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From the definition (4.1.11) of G", the identity 2a(a — b) = a® — b® + (a — b)? and
the third bound in (5.3.39a) it follows for ¢ = 1,2 that

-3 (e (U o (M
- S (e () e () e ()
AP ()
(U"—QU” L+ Uy 2) J
0

N A(if“ 2 s Ul = U
A

At
_ n—1 n—2
< QUAt + U] )

1

]

1
=2

U - R

1

2

(5.4.37)

—h

from which we deduce by summation over ¢ = 1,2 that T} is bounded.

Therefore, inserting (5.4.34)-(5.4.37) into (5.4.33) leads to

N
Y pr<c. (5.4.38)

It remains now to show that D! < C. Choosing x = ilm ! in (5.3.35), noting that
0,U = u;U? + (1 — p)0,U? and rearranging gives for i = 1,2 that

((1 — w07, U"IA_tUZ'OY = v(VUO yli U UZ'O)

+ (0(U9) — .U + £ (U1, Ug) — WP, == )

(5.4.39)

Then, by taking x = h tU’0 in (5.4.9) and rearranging yields for i = 1,2 that

<_:“9z‘Uz‘0 - (1= woU; +f( (U7, U3), ° AtUZO> (gh<U0 AtUi 1)’ UilA_tUiO>h

—(ve, vl AtUZO ) - (qb(U?),iUilA_tUi0 )"

(5.4.40)
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Substituting (5.4.39) and (5.4.40) into (5.4.15) and simplifying it follows that

D' = (w0} — S (S U + £ (0L UD)), UllA_tUlo)h +7(VU?’VU11A1UIO)
+ (o) - p0f + 7w, 0) —wp, SO (g (BT BT
+ (w0} - St un + 2w op), SR o (v )
+ (o) — g + 7,0 g, U (o (BT B
—v(VU{),VUllA_tUP> ~ (o)), U%A_tU{))h
—7<VU§,V¥> - (cb(US),%)h

B <u01(U11 ) —Wlo—C;h<U11 — U10>’ Ui —Uf)h

At At
+ (“92([]21 —U) =Wy~ gAh(U%A_tUg)’ U%A_tUg)h
P2 (ws - g + W oy - o, S0y
P2 wn ) - g + P W oy - e, LAY
— T\ + Ty + Ty + Ty (5.4.41)

To bound the first two terms we use the first inequality in (4.1.14), (4.1.12) and the
bounds (5.3.39a) and (5.3.42) to have for i = 1,2 that

<M9i(U} U0y —wo— gh<Ui1 _ UZ-O>’ Ul — U?>h

Ali 0 Al 1 0 1 0
= ,uGZ-At) s A_tUi i | 10‘1 = A_tUi “h H = A_tUi 2h
<c, (5.4.42)
and then we sum (5.4.42) over ¢ = 1,2 to obtain
T+ T, < C. (5.4.43)

Similarly to (5.4.35), noting (5.3.19¢) and |Up| = |Pluf| < 1Vh < h, (see Lemma 4.3.3)
we have for i, j = 1,2 with ¢ # j that

2 1_770,9
. 4DAt|—L J
At In T At

<C. (5.4.44)

Ul — o

1 4 4 h 1 _ o
(v - st un, T < spad D

h
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We also have that
1 Ul - Uk 1 Uz — U\
(W) — P wh v, L)+ S (A 8, u) — g ), 2 )

Ul — U\ Uy — U3\
_ 0 0 1 1 0 20770 _ 71y Y2 2
= D((Uf + a2 (U) = U}, =)+ D((UF + an)*(U8 — U3), 2—2)
(0 4oy UL=UDNE e (Us = UG\
= —D((Uf + ), ) = D((UF + )t 22 ) <o

(5.4.45)

Thus, summing (5.4.44) over ¢ = 1,2 and adding the resulting inequality to (5.4.45)

leads to

Ty +Ty < C. (5.4.46)

We therefore conclude from (5.4.41), (5.4.43) and (5.4.46) that
D' < C. (5.4.47)

Finally, the first inequality in (5.4.20) follows directly from (5.4.17). O

Lemma 5.4.2 Let the assumptions of Theorem 5.3.3 hold. Then for a.e. t € (0,7T)

we have
v 2 + + 1d 2 2
LB+ Bl + 1R+ D) + 2 (B2 + 1Bl
< (ubLEf + (1 - M)QlEfaEl) (B3 + (1 — M)92E2_>E2)h

— D([(U5 + 02)* + (U + )2 Ef + (uf + 1) (U5 + u + 200) B, By)"
D([(U + a)? + (U + an)2 By + (ul + o) (U} + ult + 200) Ef, By)"
( Ul —f-Oél U2 +U2 ‘I‘QOQ)EQ ,E1> —D((ug—i—ag)(Ul_ ‘I‘Ulf—f-QO[l)El_,EQ)h

R(1), (5.4.48)

where!

E® =y — v, E® =uh— Ul (5.4.49)

Proof. Using (5.4.2) and (5.4.3) one can restate the problem (P4*%) as follows:

IThe notation Ei(i) and U,L-(i) means with and without the superscripts =+.
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Find{Uy(t),Us(t)} € H'(0,T;S") x H'(0,T;S") such that for i = 1,2 U = Plu}
and for a.e. t € (0,T) and all y € S"

Y(VU, VX) + (o(U;") — pbU — (1 — pn)0:U;, x — ][ x)"

L (i W
+ 5 (WU U + 7 x - ][ )"+ (CMOUL )" =0, (5.4.50)
where
L= Uy, = 0, U5, (5.4.51)

We test the semi-discrete problem (P®) (4.3.8) with x = E; = u!' —U; € V! to result
in for i = 1,2 and a.e. t € (0,7) that

17

”Y|Ez|% +v(VU;, VU? -U;)+ (45(“?) — Ol ul — Ui>h
e

+ (D@l ul), B + (Gl E) =0, (5.4.52)

Noting the identity 2a(b—a) = b* —a?® — (a —b)? and (5.3.37) yields for i = 1,2 and
a.e. t € (0,T) that

|2

EL + [ufl} — U] + (0(uf) = (Us), )" + (G0, E;)"
<O (ul, BN — (f (b, ul), E)". (5.4.53)

On the other hand, by choosing x = —E;" = U;" —u? € V" in (5.4.50) we have for
i=1,2and a.e. t € (0,T) that

i

NEFR +4(Va, VUF =) + (6(UF), U —ui)" + (ubiU + (1 = w)oiU;, Bf)"
Lo (i 5
- U U + U B — (o, B =o.
(5.4.54)
Once again from the identity 2a(b — a) = b* — a®> — (a — b)? and (5.3.37) it follows
for i = 1,2 and a.e. t € (0,T) that
"}/ A
SUE 10— [ ] + @ (UF) = (), D" = ("0, EF)"
_ L 0 h
< —(ubUF + (L= wo U7 BN+ 5 (55 (UF U5) + L B

(5.4.55)
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Adding (5.4.53) to (5.4.55) and rearranging gives for ¢ = 1,2 and a.e. t € (0,7") that

SIER + BB + S [0S = U] + @(U) = (W), 1)
+ (G0l B)" — (G"0,U;, EF)']
< [, B)" — (u0;UF + (1 — w)o;U;, EF)"]
S LU Or ), B~ (19 ), B
L B — () ). B
=Ty + T + Ts. (5.4.56)

By adding and subtracting (G"8,U;, E;)", noting (4.1.12) and owing to (5.4.49) we
have for i =,2 and a.e. t € (0,T) that

(Ghoul, B — (Gho,U,, ENY' = (G0, E;, B + (G"0,U;, E; — EF)"
1d

= 5 | Bill2 + ("0, UF —U)". (5.4.57)

)

On noting that G;u? = ph;ul + (1 — p)O;ul and recalling (5.4.49) we alternatively
express the term Tj for i = 1,2 and a.e. t € (0,T) as

Ty = pbi(w; = U7 E)" + pbi(U7, B — EF)" + (1= p)(uf = U7, )"

+ (1= w0:(U;, By - Ef)"
= (0B + (1 — )0 E;7 E)" + (ub,Ut + (1 — n)o;U;-, U — U (5.4.58)

On setting 7; = U;" and s; = u! in (2.3.46) and noting (5.4.49) we can rewrite the
term Ty for i, = 1,2 with ¢ # j and a.e. t € (0,T) as

L .G i ol h

S U WU = 15 u3), B)" + 5 (F5) (UF U5, B — )
= D((U} + ;) (=Ef) + (uf + @) (U} +ul +205)(~Ef ), ;)"

_I._

_( g)(Uf_v U2+)7 Ui — Uz+)h (5459)
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Again with the aid of (5.4.49) the term T3 may be represented for i,j = 1,2 with
i # jandae. t€(0,T) as

Lz i Lz
Ty = 5 (7Y = £t ), B + 5P B = B

- no,o Lo
= D((UF + a) (U + ) = (uf + ) (u) + )’ B)" + 2 (FY, U = U

= D((Uj_ +a;)2(U; — ul) + (ul + a;)(U; + u? + 205)(U; — ul, Ei)h

(2

e

1 i
+ (LU= U)"
= D((U; + )’ (—Ef) + (ul + o0)(U; +ul + 20,)(—E; ), Ep)"
L
+ U = U (5.4.60)

Combining (5.4.57)-(5.4.60) with (5.4.56) and rearranging the terms we thus con-
clude for i,j = 1,2 with i # j and a.e. t € (0,T) that

Ld
2dt
SO = 107 R] + (o0, )" = (), )"

y
§[|Ez'|%+|Ei+|1] + IE;i|),

<

2
1, i
+ (= uO U = (1= p)6iU; + §(fz(>l)(U1+a Uf) + f1), U - U)"
+ (G oU;, U; - U

+ (OB + (1= w)0: By, E;)"

— D((U} + ;) Ef + (ul + i) (U + ! + 20 EF E)"

7

— D((U; + ;)*Bf + (ul + o) (Uy +u" +20))E7 E)". (5.4.61)
Finally, we sum (5.4.61) over ¢ = 1,2 and note the definitions (5.4.51), (5.4.6) and
(5.4.7) of fﬁ),, J" and R respectively to obtain immediately the desired error in-

equality (5.4.48). O

Remark. We observe that the right hand side the differential error inequality (5.4.48)
involves R and D-terms each of which may be non-positive. However, Lemma 5.4.1
shows that R is bounded above by ¢ At £ which is in turn a bounded non-negative
quantity. Also, the D-terms in (5.4.48) can be bounded by non-negative quantities
|0:U1 |, and |0;Us|;, which are, in view of (5.3.39a), bounded in L?*(0,T). These key
observations will enable us to derive an optimal error bound in time between (P")

and (P}»2*%) as will be seen in the next theorem.
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Theorem 5.4.3 Let the assumptions of Theorem 5.3.3 hold. Then we have

||Efr||%2(0,T;H1(Q)) + HE;H%Q(O,T;Hl(Q)) + ||E1||%2(0,T;H1(Q))
+ HE2H%2(O,T;H1(Q)) + HElH%OO(O,T;(Hl(Q))’) + HE2”%°°(0,T;(H1(Q))’)
N n—1 N n—1 N
U — Uty Uy — Up=1p2
<CCTAt3[ )1 1 ‘ ‘2 2 H CeCT (A2 en
o[ |U SIS B ] cerians
< C(At)?. (5.4.62)
Furthermore,
1B e 0,702 )y + 13 2o 0,2 0yyy < C (A2 (5.4.63)

Proof. Using the definitions (5.4.49) and (5.4.4) and the fact that 0 < ¢ < 1 we
note for later use that for ¢ = 1,2 and a.e. t € (0,7)

B | = |(ui = Ui) + (U; = U}
B | = (ug = U:) + (U = U7))|
= |E;i + (1 — O) AU < |Ei| + A|O,U;]. (5.4.64b)

Now we estimate the terms on the right hand side of the error inequality (5.4.48)
derived in the previous Lemma 5.4.2. From (4.1.14) we have for i = 1,2 and a.e. t €
(0,7) that

WO EF ) < BT [R + CIIE,. (5.4.65)

Noting (5.4.64b), a Young’s inequality and (4.1.15) it follows for i = 1,2 and a.e. t €
(0,7) that

(1= w0;(E;, E)" < (1= w)6;(|E; |, |E|)"

IN

(1= wb|Eif}, + (1 = p)8:At(|0,U), | Ei])"

3 At)?
5(1 — /L)9@|Ez|i + ( 2) (1 — u)ei‘atUz"}QL

IN

IN

B[ + Ol B2, + C(A0Ul:. (5.4.66)
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With the aid of the results (5.3.19¢e), (4.3.47) and |a;| < 1 and using (5.4.64a),
Young'’s inequality and (4.1.15) we obtain for i, j = 1,2 with i # j and a.e. t € (0,7T)
that

) — D([(US + o;)* + (U; + a)1E + (u] + ;) (U} 4 ul} + 204) B Ei)h)
< 8D(|Ef| + |Ef|,|E])"
< 8D(|Ei| + | Ejl, | E:|)" + 8DAL(|0,Ui| + |0.U;1. | Eil)"
< 16D|E,[}, + 4D|E;|; + C(At)? [|0:Us;, + |0:U;17]
< LUBE + B R] + ClIEIZ, + 112, + CA (AU + a;12).
(5.4.67)

Similarly, we have using (5.4.64b) for i, 7 = 1,2 with ¢ # j and a.e. t € (0,T) that

’ — D((u} + o) (U + u? + 2045)E;, Ez)h’
<8D(|E; |, |E])"
< 8D(| By, |E\)" + 8DAU(.U,], |E:))"
< 8D|Ei|; + 4D|E;|} + C(At)*|0,U; 7
< LNER +1EE] + ClIEN?, + I E;l%,] + C(an?au; L.

= 32
(5.4.68)

Thus, summing (5.4.65)-(5.4.68) over ¢ = 1,2 and then substituting into (5.4.48)
and noting (5.4.19) in Lemma 5.4.1 implies for a.e. t € (0,7T) that

1d

Y
SUBR +1Bf + [ECR+ B ] + 52 (1B 2 + (B2,
< ClIENZ, + | E2l2 0] + C(AL[|0:UL 5 + |0:Us|7] + CALE(E).

(5.4.69)

We then apply the Gronwall lemma and note E;(0) = E2(0) = 0 and £ > 0 to yield
for a.e. t € (0,T7] that

t
y
5/0 B + Bl + BV + B[] ds + [[|EV@)12, + [ E2(0)]1,]
T

T
< CeCT(At)z/ [10,U1 7 + |0sUa|7 ] ds + CeCTAt/ E(s)ds.
0 0

(5.4.70)
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To bound the right hand side of (5.4.70) we note from (5.4.3), (5.4.4) and the first
bound in (5.3.39a) for ¢ = 1,2 that

/|8tU\hdt Z/
tn—1

and with the aid of (5.4.18) and the result (5.4.20) derived in Lemma 5.4.1 we have

N
/ t)dt = Z / Endt= Aty E" < CAL. (5.4.72)
0 tn—1 n=1

Hence (5.4.70) becomes

Unl _AtZ’Un Unl

(<O (5ATY

t
v
3 [ IR + 1Bl + B + 1B Blas + [IEOI -+ 12012
N n—1 n—1 N

upr —uU 2 vy —U. 2
3 1 1 2 2 2 n
Clad ; S P e v NS0 ;5
< O(At)2. (5.4.73)

This result together with Poincaré’s inequality, the equivalence result (4.1.17) and

Lemma 2.1.1 leads to the desired error result (5.4.62).

By (5.4.4), the equivalence result (4.1.17), Lemma 2.1.1 and the third bound in
(5.3.39a) it follows for i = 1,2 that

|Ei — E | Lo, ) = 1U; = Uill oo o, 0y < At 0T Lo o, a1 ()
ur — gt
< CAt max Hi < CAL. (5.4.74)
n=1—N At _

Therefore, from (5.4.62) and (5.4.74) we obtain for i = 1,2

IEH e oy < 2B = Bill ooy yyy + 2N Eill 7o om0 )y
< C(AL?, (5.4.75)

which is the required result (5.4.63). O
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Now, we present the main numerical result in the thesis.

Theorem 5.4.4 Let the assumptions (Az) and (A") hold. Then for all p € [0, 3],

for all A < hy, for all At > 0if 8 > 8D + b, and for all At < (Sl)ﬂiﬁ if

0 < 8D + b, the unique solution {U}", Uy} of (P}4*) satisfies the error bounds

”Ul - UlJr”%?(O,T;Hl(Q)) + |lus — U2+H%2(O,T;H1(Q))

Hllur = U ooy oy + lluz = U;"%“(O:T%(Hl(g))’)}

+ _||U1 - UlH%Q(O,T;Hl(Q)) + [lug — U2||%2(0,T;H1(Q))

+ Jlur — UIH%W(O,T;(HI(Q))/) + Juz — U2||%°°(0,T;(H1(Q>)')}

2(d—1)

Chi (In(1/h)) 3 ifd=1,2,
< C(an? (In(1/h))

Ch if d = 3.
(5.4.76)

Proof. Noting for ¢ = 1,2 that
w = U = (w; — ) + (uf = U) = e; + B,

and recalling the semi-discrete error bound in Theorem 4.4.3 and the time discreti-

sation error bound in Theorem 5.4.3 we obtain the desired result (5.4.76). O

Remark. As a result of the fully-discrete error bound in Theorem 5.4.4, we have

the following convergence to the solution of the continuous problem
U, Ut — uy in L*(0,T; HY(Q)) N L0, T; (HY())),

Us, U — us in LX0,T; H'(Q)) N L=(0, T; (H'(Q))),

as h, At — 0.



Chapter 6

Numerical experiments

In this chapter we shall perform numerical experiments in one and two dimensions
which verify the theoretical results derived before and to see the growth behaviour
of the solutions. All simulations were run by programs written in Fortran and
Matlab programming languages. In Section 6.1 we present a practical algorithm for
computing the numerical solution. In Section 6.2 we discuss computational results of
the fully-discrete error bound in one dimension. Further, a comparison between the
linear stability analysis and the numerical approximation is investigated. Finally,

two dimensional simulations are presented in Section 6.3.

6.1 Practical algorithm

In this section we present a practical algorithm for solving the nonlinear algebraic
system arising from problem (PL"A") for {UT, U}, W], W3} at each time step. In our
algorithm we rely on the general splitting algorithm of Lions and Mercier [47], which

has been used to solve other variants of Cahn-Hilliard equations e.g. [16] and [13].

For given A > 0 and n fixed we define {R?, Ry} € S* x S" such that for all y € S”

(R )" = (U + A (U7), )" (6.1.1)

128
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We also define {Y]*, Y'} € S* x S" such that all y € S”

n A n n n n—
(70" = SUR WU U3 + £ U7 U7, 00" (6.1.20)
/\ — n
(¥ 0" = SUB WU U3) + 5 (U7 U3), 0" (6.1.2b)

Multiplying the equation (5.1.6b) of (PL"A") by A > 0, adding and subtracting
(U, x)" to the left hand side and noting (6.1.1), (6.1.2a-b) and (5.1.4), it follows that

1

{Up, Ur, W, Wa} satisfy for i = 1,2 and for all y € S"

(R} = UM x)" = =A[y(VU", VX) — (ub;UP + (1 = )o;U " + W )" — (V" x)",

(6.1.3)
We also introduce { X7, X7} € S" x S" such that for all y € S* and for i = 1,2

(X = UM, x)" = A[(VU], VX) = (ub:U] + (1 — w)6:U "+ W )" + (Y )"

3 7 K3

(6.1.4)

From (6.1.3) and (6.1.4) we note for i = 1,2 that X" = 2U"— R!". Now, we introduce
our iterative procedure relying on the above splitting of (P}}At).
For fixed n > 1 set Uy’ = U € S and Uy® = Uy~ € Sk .

For p > 0 we define {Y{"*, Y;""} € S" x S" such that for all y € S"

A _ _ _
(V)" = SO O Ug = + £ O U 0, (6.1.5a)
2
. A a1 S
(V)" = S O U3+ R 0 U 0" (6.1.5b)

where U" ™' := U and Uy~ := U3"® and then we define {R["", R}"} € S" x S"
such that for all y € S*

(szhp_Uin,p’ X)h == [V(VUZLJ)? VX)_(Melemp—i_(1_M)91Uzn71+vvzn7pa X)h] _(YrinJ)’ X)h7

(6.1.6)
where {W;"°, W3*°} is arbitrary in S* x S".

1 apid
Next, we find {Uf’erQ,U2 ’p+2} € S" x S" such that for all x € S* and for i = 1,2

noptl noptl
(R )" = (U2 4 Ap(U;772), x)" (6.1.7)

(]
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1 1 1 1
and we find {U}"PT U WPt ety € st

all Yy € S" and fori =1,2

X Shx §" x S" such that for

np+l -1 h
(UZ - Ui ,X) + (vt )" =0, (6.1.8a)

(UFP )"+ AA(VUPP V) = (077 + W X"

= (X" AL = p)0Ur T = Y 0h,
(6.1.8b)

1
where X" .= 2U 2 R!" i =1,2. Note that from (6.1.6) and (6.1.8b) one

7

can easily see that X/"P*" = 2U/P*! — R i = 1,2 for p > 0.

Existence and uniqueness of {U} ’p+%, Uy ’p+%} solving (6.1.7) follows from setting
X = ¢j, 7 =0,1,...,J and noting the monotonicity of ¢. Now, we prove existence
and uniqueness of a solution to (6.1.8a-b). To do so, we first rewrite (6.1.8a-b),
similarly to (5.1.9)-(5.1.11), in the following equivalent form

Find {U}"™, UyP™'} € Sh xS such that for all x € S and for i = 1,2

1 ma
(U x — ][ X)"

. )\[’y(le-n’pH, Vy) — (MHiU;z,pH B Gh(Uin’erl _ Uinl),X o ][ X) h]

At
= (X7 AL = U = Y - ][ X" (6.1.9)
where
n,p+1 ‘nfl
s _gh<Ui Ui )+ ][ e, (6.1.10a)
At
][ Wt =\ ][ [ = X7y P - A my — 0 m. (6.1.10b)

To prove existence of a solution to (6.1.9) we consider the following minimization

problem

i & = (1 — \ub 24 (1= b 24\ 2 2
{xmz}rélégle%{ (X1, x2) == ( 101)|x1lh + ( p02)|xz|p + 7[|X1|1+|X2|1}

A n— n—
X [xe = U720 + llxe = Up %]

= 2[(LPP x)" + (L3P, xo)"], (6.1.11)
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where, for ¢ =1, 2,

L= XPPT AL - )0 Up - Y (6.1.12)

(2

Setting 6, := max{6;,0:} we have

"(xa,x2) = (1= Ap0) [[xalh + Ixelr] + M [Ixali + [xeli]
)\ n— n— n n
+ AL [HXl —Uj 1||2—h + llx2 — Us 1||2—h] - 2[(L1’p+1aX1)h + (L27p+1aX2)h}-
(6.1.13)

Now if 1 — Au#, > 0, it then follows from Poncaré’s and Young’s inequalities that

I"(x1,x2) > (1 — Aub, + C) [‘X1|i + |X2|i] — Ay [m%‘Q‘Q + m3|9|2]

= 2[(LT" x)" + (L7 xo)"]
(1= Mb, + C)

>
- 2

[alh + xali] = CTL+ (LT + 12577

(6.1.14)

If 1 — Apf. < 0 we first note from (4.1.14) that

XilE = O — U xa)" + (U8 x)"
A

At(Aub, — 1)
< — |lv; i S A
< Aowe, — D)

_ Unfl 2
% H*h—i_ 4\

‘Xlﬁ_'_(UznilaXZ)h 1= 1727

which leads together with (6.1.13) to

At(1 — \ub,)? n .
"(x1,x2) > (M — ( 4AM ) MIali + xel] = QLY — (1 — Aub)UT™, x1)"

C QLI (1= ) UP T X)),

Thus, for At < (1:11:;*)2 we have, similarly to (6.1.14), by Poincaré’s and Young’s

inequalities that

1 A1 — A\pb.)?
h
> Z(\y —
I"(x1, x2) > Q(M o

— C[L+ 20777 — (1= Muf )UT 7 + 20571 — (1 — A )US7].
(6.1.15)

)O[|X1|;21 + |X2|i]

Therefore, from (6.1.14) and (6.1.15) one can conclude that there exist

{UpPt ugPty e Shox St solving the above minimization problem. Now we
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can easily see for i = 1,2 that (6.1.9) is the Euler-Lagrange equations of the mini-

mization problem.

It remains to show the uniqueness result which can be easily established and for
completeness we provide the proof. To this aim, let B, 41 := {U7*, UyP*'} and
By o= {UpP+h* Pt he two solutions to (6.1.9). Substituting x in (6.1.9)
by UM = Ut — UMt € VP and then subtracting yields for i = 1,2 that

|Uﬁ,p+1 2 A

|1+AtHU 7p+1H2h: (1—)\M9i)‘Uin’p+l|i. (6.1.16)

If 1 —Ap6; > 0, then the uniqueness result follows immediately from Poincaré’s
inequality . Whereas if 1 — Apu6; < 0 we apply (4.1.15) to the right hand side of
(6.1.16) to give for i = 1,2 that

—n A = n,p+1 At )\/1/91—1 2 —n ,p+1
AT+ 22, < SEAEEZ D g g, 6107)

and hence we obtain the uniqueness result by Poincaré’s inequality for all
At < %. Finally, existence and uniqueness of W;"**' and Wj"*™ follows
directly from (6.1.10a -b). Therefore, the iterative approach (6.1.5a-b)-(6.1.8a-b) is

1] and for At sufficiently small. In fact

well-defined for any A > 0, for any p € [0, 5

we were unable to prove the convergence of this iterative procedure, however, we
observed good convergence properties in practice. For each n > 1 we adopted the

stopping criteria
max{|[U]? — UPP g o, [Up? — Up? .00} < tol.

From the above iteration procedure we observe that at each iteration p we need to
solve (i) (6.1.7) for {U™""% U272} and (if) (6.1.9) for {U7#+, ymwtly,

For (i) we set x = ¢;, j = 0 — J and then we solve the resulting equations at
each node z; for {Uln’er%(xj), U;L’H%(:Ej)} using Newton’s method. For (ii) we first
represent U™ UMt and LP™') i = 1,2 in terms of the basis functions {e5}=0

as

7p+1 ZU ,p+1 . Z‘nfl _ Z Uirfj—l 05, Z,p+1 ZL ,p+1 ;. 6 1.18)
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Using the matrices defined by (4.1.26) we can write (4.1.11) for any v € V{* in the

matrix form as: Find G"(v) € R’*! such that
AG"(v) = M, (6.1.19)

where (G"(v)); = §"v(z;) and (v); = v(z;), j=0— J.

Hence, we have

~

M AG"(v) = v. (6.1.20)

Now, by inserting (6.1.18) into (6.1.9), setting x = ¢y, noting (6.1.12) and (6.1.20)
and multiplying by M~'AM~! we can restate (6.1.9) in the vector from as:
Find {U"?T, USPT} € R x R such that for i = 1,2

1

RUT 4 A (VRIS = pRUT 4+

(U —QI“)) = RL"* (6.1.21)

where R := M~'A. Such linear systems can be solved using a discrete cosine
transform when we have a uniform partitioning 7", see e.g. [9] where the same

approach was considered for similar system.

6.2 One-dimensional simulations

6.2.1 Verification of the fully-discrete error bound

In this section we present numerical evidence in one space dimension for the fully-
discrete error bound (5.4.76) derived in Theorem 5.4.4. As no exact solution to the
continuous problem (P) is known, we made a comparison between the computed
solution of (PB’At) on a fine mesh and small time step with some computed on a

sequence of coarse meshes or larger time steps.

Let {a}, 43} be the computed solutions of (P}4%) at the level time n on the uniform
fine mesh with space step hy and the small time step At; = T'/Ny, and {U}, U3}

be the solution at the level time n on a coarse uniform mesh with space step h or
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larger time step At =T /N. Now, we define for i = 1,2

af (t) =4, t€ (tp-1,tn), tn=nAty, 1<n<Ny, (6.2.1a)

Ut(t):

Il
=
3

t € (tar,ty], to=nAt, 1<n<N. (6.2.1b)
Treating 4 as the exact solution it follows from (5.4.76) that for d = 1
laf — U o0 mm @) + 1183 = US 320 @ < CIRY? + (A1), (6.2.2)

In order to calculate exactly the left hand side of error bound (6.2.2) we shall choose
h to be a multiple of hy and At to be a multiple of Ats. In other words, the above

parameters are subject to the following relations
h = pshf, At = ptAtf, (623)
for some ps, p; € N.

We then evaluate the error via the quantities

Ny
pr(h, ALY = |[af = U ey = Aty Y a7 — UG+ |ay — U3, (6.2.4)
n=1

Ny
pa(h, At) := HUEL - U2+H%2(O,T;H1(Q)) = Aty Z |ty — U2m|3 + |ty — U2m|%a (6.2.5)
n=1
p(h, At) := pi(h, At) + pa(h, At), (6.2.6)
where

= [2].

and for any = € R, [z] is the smallest integer greater than or equal to x.

In addition, the H'-norm in space involved in (6.2.4) and (6.2.5) can be computed

exactly, since for any y"/ € S" and v" € S*

Ji—1
1, eyl 2
M =" =k Y <h—f(><j-f+1 =x;") = 3 (Vi — v?)) : (6.2.7)
=0
Ji—1

X" =" 5 =h > F, (6.2.8)
j=0
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where, on noting that {ij}jio and {z,}/_, are the set of nodes of S"/ and S"
respectively, X?f = X" (2;), vl = v"(x),
)+ 1
0= P i ] 1,
Ds

and F; is defined according to the value of w; := %(X?-fu — X?f) — (v} —v}) by

( hy . hy . 2 )
<%(Xjf9€j+1 — X&) = (VT — U?H«Te)) if w; =0,
F. = 6.2.9
! 1 hy 1/, h (4 hos 3 ( )
5 | OGh = 7 (W (@ — 20) = 0 (T30 — 241)))
h ~ N 3 .
L O a0k (@ = 2) — 0 (& — @era)) ) if w; # 0.

To verify the error bound (6.2.2) we used the following data in the experiments: €2 =
(0,1), v =0.005, D =0.2, u =05, 0, =0, =1, 6 =0.25 T = 0.5, tol = 1077
and A = 0.1. We computed 4} and 44 on uniform fine mesh with fixed space step
hy =27 and fixed small time step Aty = ﬁ While UT' and U3 were computed
on uniform coarse meshes with A = 277 where (p = 5,6,7,8,9) or on larger time
steps At = ﬁ where (¢ = 8,9,10,11,12). The initial data u{ and u3 were taken

to be the clamped cubic splines generated by the values
{-04 05 08 —-04 —-03}and{-02 07 —-05 —-03 -—-0.7}

at the points i/4, i = 0,1,2,3,4 and we set @) = U = P, i = 1,2. Note that

% v o

this choice of initial data satisfies the assumptions (Ay), stated in page 34, rigorously.

Using (6.2.4)-(6.2.6) we computed the following ratios

Rh - p(h, At) - p(h/Q, At) RAt - p(h, At) - p(h, At/Q)
T (2 A = plhfA A T o, A2) — plh, At/4)

(6.2.10)

and the results are displayed in Table 6.1 and Table 6.2.

Assuming that we can write the quantity p(h, At) in the form

ash® + at(At)kt, as, az, kg, ky € R
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and inserting this form into (6.2.10) yields after simplifying that R" = 2% and
RAt = 2k The results shown in Table 6.1 and Table 6.2 indicate that the rates
of convergence in space and in time are both 4, i.e. ks = k; = 2. In comparison
with the rates of convergence proved in Theorem 5.4.4 (that are, 22 = 4 in time
and 2%/3 ~ 2.52 in space), this is consistent with the theoretical result in time but
it is practically better in space. Therefore, one concludes that it may be possible to
prove an optimal error bound in space for (P}4%); that is, C[h**® + (At)?] in the
error bound (5.4.76) is replaced by C[h? + (At)?]. On the other hand, our choice of

initial data may be flawed in some way.

We performed several experiments with other parameter values which led to similar
results. In Figure 6.1 we plot the evolution of the finite element approximations
with the above initial data (the cubic splines) at different times where the graph at
time T = 0.5 represents the stationary solutions!. We also found that the numerical
approximations, U; and U,, are strictly between —1 and 1 which is consistent with
our theoretical result. In fact, this result has been observed with all of experiments
in this chapter. In addition, for any choice p € [0,1/2] we have noticed that the

stationary solution is the same.

!By a stationary solution we mean that the numerical solution does not change from one time

level to the next.
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h p1(h, At) p2(h, At) p(h, At) Rh
1/32 0.232647985 0.223472506 0.456120491 4.06
1/64 0.0573374517 0.0552525558 0.112590007 4.02
1/128 0.014204694 0.0136775514 0.0278822444 4.03
1/256 || 0.00347895757 || 0.00334953098 | 0.00682848832

1/512 || 0.000816646731 || 0.000786298187 | 0.00160294492

Table 6.1: Verification of the error bound in Theorem 5.4.4: u} and 4§ were com-

puted with hy = 1/2! and At; = 1/3(2)™, and U}* and Uy were computed with
successive h = 1/2P, p=15,6,7,8,9 and fixed At = 49152.

At p1(h, At) pa(h, At) p(h, At) RAt
1/768 0.00187837437 | 0.00300267292 || 0.00488104718 3.69
1/1536 || 0.000500014808 | 0.000793130719 || 0.00129314547 3.93
1/3072 || 0.000124316095 | 0.000195824061 || 0.000320140156 4.22
1/6144 || 2.83569134E-005 | 4.43079516E-005 || 7.2664865E-005

1/12288 || 5.51559924E-006 | 8.52606081E-006 || 1.40416596E-005

Table 6.2: Verification of the error bound in Theorem 5.4.4: u} and 4§ were com-

puted with hy = 1/2! and At; = 1/3(2)™, and U}* and Uy were computed with
fixed h = 1/2048 and successive At = 1/3(2)9, ¢ =8,9,10,11,12.
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0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(c) Uy and U, (d) Uy and U,

Figure 6.1: Numerical solutions Uy, denoted —, and Us, denoted - - -, with cubic

splines initial data at times (a) t =0 (b) t = 0.0125 (¢) ¢ = 0.05 (d) ¢ = 0.5.
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6.2.2 A comparison between the linearised solution and the

numerical approximation

In this subsection we compare the numerical approximation of (P}}’At) with the
solution of the corresponding linearised problem. We have analysed the linearised
problem of (P) and found that a necessary condition to have growth in at least one

of the linearised solutions wu; or us is that A\~ (my, my) + y7? < 0, where

0

— 01 + 2D(mg + as)?,
1—m?

A" (mi,me) = (a+c—+/(a—c)>+40?) /2, a=
7

2

b=4D(my + ai)(ma + aa), c¢= — 0y +2D(my + ay)*. (6.2.11)

Furthermore, for the case #; = 0y and m; = my we found that the linearised solution

may be written in the form

Z [exp(dmt)(Q(f’k + Qg,k) + eXp(dZ,kt)(Q?,k - Qg,k)} cos(kmz),

k=1

N | —

u(z,t) = mq +

us(w,t) = my +

N | —
NE

[exp(dmt)(Q(f’k + Qg,k) - eXp(dZ,kt)(Q?,k - Qg,k)} cos(kmx),

i

0k = /0 ud(x) cos(kmz)dr, dip = (km)*(—y(kn)* — (a + (=1)""'b)).

(6.2.12)

A comparison with an exact solution

We consider the linearised problem of (P) with the following initial conditions

ud(z) = &(cos(mr) — cos(3mx)) i=1,2,

1

where &; and & are small.

Thus we have for ¢ = 1,2 that

(

ik — —& if k= 3,

0 otherwise.

\
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Since m; = mgy = 0 for the above initial data, we conclude from (6.2.12) that the

linearised solutions for the case 68; = 8, are

uy(z,t) = %(51 + &) [exp(dyit) cos(mx) — exp(dy t) cos(3mz)]
+ %(51 — &) [ exp(dat) cos(mx) — exp(dast) cos(3m)],

uy(z,t) = %(& + &) [ exp(dyit) cos(mx) — exp(dy zt) cos(3mx)]
- %(gl — &) [ exp(da) cos(mx) — exp(dast) cos(3mz)],

We ran four simulations to compare the numerical approximations with the above
exact linearised solutions. In each simulation, we take, unless otherwise stated,
h = 0.01, At = h/40, v = 0.005, 6, = 6 = 1, D = 0.5 and p = 0.5. We kept the

parameters of the iterative algorithm as taken in Section 2.1.1.

In the first experiment we chose & = 0.0001, & = 0.0002 and 6 = 0.8. We found
that the linearised solutions u; and us grow as time increases. The numerical ap-
proximations U; and U, are consistent with this behaviour, where they evolve in
time until the stationary solutions are achieved. Similar results were obtained in
the second experiment where the data used was the same as before except 6§ = 0.5.
The results of the first two experiments in the early stages of the evolution can be

seen in Figure 6.2 and Figure 6.3.

In the third experiment we let & = 0.001, & = 0.002 and # = 0.98. Similarly
to the first two experiments the growth behavior occurred in the linearised and nu-
merical solutions as displayed in Figure 6.4. We repeated the third experiment with
the same data except D = 0.2. This time we found, on the contrary, the linearised
solutions decreases to zero as time increases and the numerical solutions behaved in
the same manner, see Figure 6.5. In all experiments we found that the behaviour
of the numerical approximations, U; and U;, are in agreement with the linearised
solutions, u; and wus, behaviour. In addition, we noticed that the solutions evolves

significantly faster when 6 is far from 6; and 6s.



6.2. One-dimensional simulations 141

X 10° ‘ =0.08 ‘ o 107 ‘ 1=0.08
4 4
3 3
2 2
1 1 4
of Ty T 0 N
1 1 1
-2 -2
-3 -3
" -4
0 02 04 06 08 1 0 02 04 06 08 1
Ity v o’ w3
4 4
3 3
2 2
1 1 E|
1 1 1
-2 -2
-3 -3
" -4
0 02 04 06 08 1 0 02 04 06 08 1
X 10° ‘ =0.16 ‘ o 107 ‘ 1=0.16
4 4
3 3

-3 -3
” -4
-5 -5
0 02 0.4 06 0.8 1 0 02 0.4 06 08 1
x10° 1=0.19 x10° 1=0.19
5 T T 5 T

0 0.2 0.4 0.6 08 1 0 0.2 04 0.6 08 1
(a) ul and Ul. (b) U9 and UQ.

Figure 6.2: A comparison of the linearised solution wu;, denoted —, and numerical
approximation U;, denoted - -, in time where (a) plots of u; and Uy, (b) plots of usy
and U,. The parameters values used are: § = 0.8, 6, =60, =1, D = 0.5, & = 0.0001,
& = 0.0002.
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Figure 6.3: A comparison of the linearised solution wu;, denoted —, and numerical
approximation U;, denoted - -, in time where (a) plots of u; and Uy, (b) plots of usy
and U,. The parameters values used are: § = 0.5, 6, =60, =1, D = 0.5, & = 0.0001,
& = 0.0002.
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Figure 6.4: A comparison of the linearised solution wu;, denoted —, and numerical
approximation U;, denoted - -, where (a) plots of u; and Uy, (b) plots of us and
Us,. The parameters values used are: § = 0.98, 6; = 0, = 1, D = 0.5, & = 0.001,
& = 0.002.
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Figure 6.5: A comparison of the linearised solution wu;, denoted —, and numerical
approximation U;, denoted - -, in time where (a) plots of u; and Uy, (b) plots of usy
and U,. The parameters values used are: # = 0.98,60; =60, =1, D = 0.2, & = 0.001,
& = 0.002.
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A comparison with no exact solution
In all simulations of this section we take the initial data to be random perturbations
of mean values m; and ms with fluctuation no larger than 0.05 at equally spaced
points. Our aim is to investigate growth behaviour of the numerical solutions of
(PRA*) under the condition A~ (my, my) 4+ ym* < 0, see (6.2.11). We shall test this
condition with the numerical approximations of (P:}At) where we expect that if this
condition holds, then growth at least one of the approximations occurs. To this aim,
we consider some examples with different values of the parameters 0, 6,, 65, D and
7 involved in the explicit formula of A\~ (my, my) +v72. In each example we first find
the growth region by solving the equation A~ (my, my) +y7% = 0 for m; and my and
then we perform several simulations with different initial data inside and outside
the growth region to see the behaviour of the numerical solutions. In all simulations

we take h = 0.01, 4 = 0.5, A = 0.1 and tol = 10".

In the first example we take 6; = 6, = 1.0, § = 0.2, D = 0.5 and v = 0.005.
The growth region of this case is plotted in Figure 6.6(a). In this example we ran
four simulations with time step At = h/40. As expected, for the initial data inside
the growth region at least one of the numerical solutions grows until the stationary
solutions are attained (see Figure 6.7 - Figure 6.9) while for the initial data outside
the growth region we found that the numerical solutions are stable about m; and

ms as shown in Figure 6.10.

In Figure 6.6 (b)-(d) we consider other examples of the growth region defined by
different values of the parameters 6, 61, 63, D and ~. In these examples we per-
formed several simulations with different values of m; and ms inside and outside the
corresponding growth region. The results were similar to the first example where
we found that the results are consistent with the growth regions. Figure 6.11 - Fig-
ure 6.13 show results for the growth region depicted in Figure 6.6 (b) where in this
case we use the same parameters in the first example except D = 0.4 and 6 = 0.6.
In Figure 6.14 - Figure 6.16 we test the growth region generated by v = 0.002,
6, = 1.0, 0y = 2.0, 0 = 0.8 and D = 0.5, depicted in Figure 6.6 (c), with At = h?.



6.2. One-dimensional simulations 146

Finally, the growth region of the parameter values v = 0.0005, ; = 6, = 1.0, 0§ =
0.95 and D = 0.6, plotted in Figure 6.6 (d), was tested in Figure 6.17 and Figure
6.18 with At = hZ.
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0.6f 0.6
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Figure 6.6: Growth region in which A\~ (my, my) + yr?

values are: (a) v =0.005, 6, =6, =1, 0 =0.2, D = 0.5,
(b) v = 0.005, 6, =0 =1, = 0.6, D = 0.4,

(€) v =0.002, 6, =1, =2, § = 0.8, D = 0.5,

(d) v = 0.0005, 6 =, =1, 6 = 0.95, D = 0.6.

< 0 where the parameter



6.2. One-dimensional simulations 147

t=0.00 1=0.00

(a) Numerical approximation of u;  (b) Numerical approximation of wus

Figure 6.7: Numerical approximation of (uj,us) at various times with (mq,ms) =

(0,0) and parameter values: v = 0.005, ¢; =0, =1, § =0.2 and D = 0.5.

1=0.00 1=0.00
1 T T TE00S 1t - = —t=0.05

(a) Numerical approximation of u;  (b) Numerical approximation of us

Figure 6.8: Numerical approximation of (uj,us) at various times with (mq,ms) =

(—0.25,—0.75) and parameter values: v = 0.005, 6, =6, =1, § = 0.2 and D = 0.5.

t=0.00
1 — — —t=0.05]

b - —-1=0.10
t=1.00

(a) Numerical approximation of u;  (b) Numerical approximation of us

Figure 6.9: Numerical approximation of (uj,us) at various times with (ms, ms) =

(0.5,—0.5) and parameter values: v = 0.005, ¢, =6, =1, 6 =0.2 and D = 0.5.
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Figure 6.10: Numerical approximation of (u1,us) at various times with (mq,msg) =

(—0.8,0.95) and parameter values: v = 0.005, §; =6, =1, # = 0.2 and D = 0.5.
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Figure 6.11: Numerical approximation of (u1,us) at various times with (mq,msg) =

(—0.45,0.15) and parameter values: v = 0.005, §; =6, =1, § = 0.6 and D = 0.4.
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(a) Numerical approximation of u;  (b) Numerical approximation of us

Figure 6.12: Numerical approximation of (u1,us) at various times with (mq,msg) =

(—0.25,—-0.9) and parameter values: v = 0.005, §; =0, =1, § = 0.6 and D = 0.4.
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(a) Numerical approximation of u;  (b) Numerical approximation of wus

Figure 6.13: Numerical approximation of (u1,us) at various times with (mq,msg) =

(—0.8, —0.8) and parameter values: v = 0.005, §; =6, =1, § = 0.6 and D = 0.4.

(a) Numerical approximation of u;  (b) Numerical approximation of us

Figure 6.14: Numerical approximation of (u1,us) at various times with (mq,msg) =

(0.1, —0.5) and parameter values: v =0.002, ¢, =1, 6, =2, § = 0.8 and D = 0.5.
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(a) Numerical approximation of u;  (b) Numerical approximation of us

Figure 6.15: Numerical approximation of (u1,us) at various times with (mq,msg) =

(—0.3,0.3) and parameter values: v = 0.002, ¢, =1, 6, =2, § = 0.8 and D = 0.5.
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(a) Numerical approximation of u;  (b) Numerical approximation of wus

Figure 6.16: Numerical approximation of (u1,us) at various times with (mq,msg) =

(0.5, —0.8) and parameter values: v = 0.002, §; =1, 6 =2, § = 0.8 and D = 0.5.
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Figure 6.17: Numerical approximation of (u1,us) at various times with (mq,msg) =

(—0.2,0) and parameter values: v = 0.0005, ; =6, =1, § = 0.95 and D = 0.6.
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(a) Numerical approximation of u;  (b) Numerical approximation of us

Figure 6.18: Numerical approximation of (u1,us) at various times with (mq,msg) =

(0.2,0.8) and parameter values: v = 0.0005, 6; = 6, =1, 6 = 0.95 and D = 0.6.
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6.3 Two-dimensional simulations

We take the computational domain to be a square uniform mesh Q = (0,1) x (0, 1)
with space step h = 1/J in both x and y directions where J + 1 is the number of
the nodes in each direction. Then, we apply a right-angled triangulation on 2 in

which each subsquare is bisected by its north-east diagonal (see Figure 6.19).

As explained earlier the D-coupling term involved in the free energy functional
A(uy, ug) given by (1.1.9) prevents appearance of region denoted by (u;, u3) in which
the numerical solution of (uj,us) is close to the value (ay,as). Thus, the regions
likely to appear are only (uy,uy), (uj,uy) and (uj,us) in which
the approximation of (u,us) takes approximately the values (—ay, —ay), (g, —aw)
and (—aq, ag) respectively. In order to be in touch with the above classification of
the regions we represent the numerical approximations U; and U, graphically on
the mesh €2 by employing the RGB colour. We introduce an invertible map that
takes the average values of U; and U, on each subsquare of the mesh €2 into the
RGB colour. Let s; and sy be the average values on the subsquare with vertices
(wi,y;) = (ih,jh), (24, yj+1), (Tit1,y;) and (@i41,y541). We then define the RGB

colour mapping as

1 S1 1 S9 1 S1 S9 S1 S22
bt ts) = (54 20), 5 (14 22), 2(-2L = 2 4 22 ),
(1 2 3) 2( +O[1) 2( +042) 4( aq 042+041 042+)

Note that t3 = —t; —to+t1to+ 1. For —a; < s1 <y and —an < s9 < g this map-
ping has the property that if (s, s2) are equal to the values (—aq, —ag), (a1, —a),
(—ay, an) and (g, ag), we then obtain the colours: pure blue, pure red, pure green
and pure yellow respectively. The colour key of the rates —1 < s;/ay < 1 and
—1 < s5/ay <1 is depicted in Figure 6.20. We shall see that when D > 0 the pure
yellow colour, which corresponds the region denoted by (uj,u3 ), does not appear

in the experiments and there are only at most three pure colours.
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Figure 6.19: Right-angled uniform mesh for two dimensional simulations.

Figure 6.20: The colour key of the rates s1 /a7 and sy /g where the z-axis and y-axis

represent —1 < s1/a; <1 and —1 < sy/ap < 1 respectively.
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In the two dimensional experiments we consider two types of initial condition. We
first use a two-dimensional version of the initial condition taken in [17] which is

defined as follows

(—a1, —ag) ifogq;gl,ogygﬁ

(uf, uy) = (Mg, —a) if0<z<1, %<y§%,

(—on, as) if0<z<1,§<y<l,

\

where m, is a small random perturbation of the state m,.

For this initial condition we ran two simulations with h = 1/.J = 1/64, At = 0.0002,
p=0.5,~v=0001,D =025 \= 0.1 and tol = 10~7. Note that in each figure
of this section we arrange the pictures in a format matrix of three rows and two
columns with time increasing to the right in rows, then downwards. In the first ex-
periment we take m, = —0.25 and set # = 0.4 and 6; = 6, = 1.0, which implies that
a; = ag = 0.986 to three decimal places. The evolution of the numerical solution
(see Figure 6.21) shows that there are only three regions with pure colours: blue,
red and green. We observe that throughout the green region is virtually unchanged
while below the evolution is from a mixture of lamella and blobs in the early stages
which quickly changes into a blob only mixture where upon additional development

takes place finally resulting in a quarter red in the lower left hand portion.

In the second experiment all the data remained the same as in the first experi-
ment except we took # = 0.3, #; = 1.0 and 6, = 1.5, that is a; = 0.999 and
as = 0.997 to three decimal places. In Figure 6.22 we plot pictures of the evolution
of the numerical solution at different times where the last picture represents the
stationary solution which has a similar structure to that obtained in the first ex-
periment. However, the main differences are that the strip form of the green region
is interfered with before returning to its original form and the lamellar region is
kept for larger time. These differences can be explained as we have taken uneven

potentials, i.e. 61 # 0, and 0 is smaller.
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Figure 6.21: The structure of the numerical approximation at times t = 0.2,

t= 03, t=06 t=08 t =40, t =120 where m, = —0.25, v = 0.001,
0, =0,=1.0,0=04and D = 0.25.
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Figure 6.22: The structure of the numerical approximation at times ¢t = 0.2, ¢t = 0.3,

t =17 t=28, t =236, t =120 where m, = —0.25, v = 0.001, 6, = 1.0,
0 =1.5,0 =0.3 and D = 0.25.
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Now, we take the initial data (U?,UY) to be random perturbations of the uniform
state (my, mg) with fluctuation no larger than 0.05. In each simulation with this
type of initial data we set v = 0.005, D = 0.4, h = 1/64 and At = 0.0004. The
parameters: u, A\ and tol are kept as for the previous simulations. For this type of
initial data we performed four simulations with different values of the parameters 6,

Ql, 02, mq and me.

In the third and fourth experiments of this section we used the data ¢; = 05 = 1.0,
6 = 0.2, that is oy = ay =~ 0.999, and (my, my) are (0,0) and (—0.25,—0.75). For
the third experiment we found that there are only two pure colours (red and green)
where in the early stages of the evolution we noticed a lamellar structure of green
and red regions which develop in time to form finally two strip regions as displayed
in Figure 6.24. While in the fourth experiment depicted in Figure 6.25 we found that
there are three pure colours (red, green and blue) and the structure of the numerical
solution is completely different, i.e. not lamella. Circular green and red regions were
observed in the early stages which evolve quickly in time into a single central green
circle and fewer circular red domains. After more time of the evolution, finally, green
and red quarter circles were constructed in the lower left and upper right corners of

the domain 2, representing the stationary structure of the numerical approximation.

For the fifth and sixth experiments we choose the following parameter values: ¢; =
0y = 1.0, 0 = 0.6, i.e. oy = ay =~ 0.907, and (my, my) = (—0.45,0.15) for the fifth
experiment, and ¢#; = 1.0, 6, = 2.0, § = 0.8, i.e. a3 ~ 0.710 and ay ~ 0.907, and
(mq1, my) = (0.1, —0.5) for the sixth experiment. Figure 6.26 and Figure 6.27 show
the structure of the numerical solutions of these experiments at different times. The
pictures in each figure again consist of three colours and the last picture in each
figure represents the numerical stationary solutions. What is of interest in these two
simulations is that the transition between the green and red regions is always wetted
by a blue layer which is thin in the early stages and thickens as time increases. The
presence of the blue layers can be understood as the energy required to travel directly

between the green and red regions is much greater than that required to travel via
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the blue region. That is ignoring interfacial terms in the potential the geodesic which
travels from the minimum (—aq, as) of F'(u1,us) := Wi(uy) + Walug) + fp(u1,us) to

(v, —ay) stays away from the centre and travels via (—ay, —aw), see Figure 6.23.

It is interesting to see the structure of the numerical solutions when D = 0. In
the seventh and eighth experiments we repeated the second and fifth experiments
with D = 0 and kept the remaining parameter values the same as before. We found
that the structure of the numerical solutions is different to that with D > 0. In par-
ticular, with D = 0 the structure admits a pure yellow colour in its time evolution,
compare Figures 6.22, 6.28 and Figures 6.26, 6.29. Therefore, we conclude that in
the absence of the D-coupling term, the region denoted by (uj,uJ) (the pure yellow

region) may occur.

Figure 6.23: The plot of F'(uy,us2) with § = 0.6, ; =0, = 1.0 and D = 0.4.
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Figure 6.24: The structure of the numerical approximation at times ¢ = 0.02,
t =0.06,t =032 t=064 t =14, t=12.0 with (mq,m2) = (0,0) and pa-
rameter values: v =0.005, ¢, =6, =1, 6 =0.2 and D = 0.4.
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Figure 6.25: The structure of the numerical approximation at times ¢t = 0.06,

t=032¢=064, t =128 t =17, t =120 with (m;,my) = (—0.25,—0.75)

and parameter values: v = 0.005, 6 =6, =1, § =0.2 and D = 0.4.



6.3. Two-dimensional simulations 160

Figure 6.26: The structure of the numerical approximation at times ¢t = 0.1, ¢t = 0.4,
t =07 t=12 t =24, t =120 with (my, my) = (—0.45,0.15) and parameter
values: v =0.005, 8, =60, =1, § =0.6 and D = 0.4.
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Figure 6.27: The structure of the numerical approximation at times ¢t = 0.06,
t =202 t=05 t=11 t =32 t = 12.0 with (my,mge) = (0.1,—0.5) and
parameter values: v = 0.005, 6; =1.0,0, =2.0, § =0.8 and D = 0.4.
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Figure 6.28: The structure of the numerical approximation at times ¢t = 0.2, ¢t = 0.3,
t =17 t=28 t =36, t =120 where m, = —0.25, v = 0.001, ¢, = 1.0,
0o =15,0=03and D = 0.
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Figure 6.29: The structure of the numerical approximation at times ¢ = 0.1, ¢t = 1.2,
t =28, t=44, t =52 t=12.0 with (my, my) = (—0.45,0.15) and parameter
values: v =0.005, 6, =60, =1, # =0.6 and D = 0.




Chapter 7

Conclusions

In this thesis we studied two coupled Cahn-Hilliard equations with a logarith-
mic potential and zero Neumann boundary conditions in d < 3 space dimensions.
Under some assumptions (A;) on the initial data we proved existence, uniqueness
and some stability estimates of the weak solution. This was achieved by considering
first a smooth replacement of the logarithmic potential to have the regularized prob-
lem (P.) of the continuous problem (P). With the aid of Faedo-Galerkin method
and compactness arguments we established existence and uniqueness of a solution

to (P.) and then by passing to the limit in € we obtained existence of a solution of

(P).

Chapter 3 dealt with higher regularity results of the weak solutions of the problems
(P) and (P.). With the aid of the standard regularity theory of elliptic problems
and by imposing further assumptions on the boundary of the domain and the initial
data we proved that the weak solutions are in higher order Sobolev spaces. We
also proved the continuous dependence of the weak solution on the initial data with
respect (H'(Q2))" x (H'(Q2)). Finally, we estimated the difference between the solu-
tions of the problems (P) and (P.).

The finite element space used in the numerical study and some associated tools
and results were given in the beginning of Chapter 4. Then, some key techni-

cal lemmata concerning the nonlinearities are proved. The semi-discrete problem
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(PM) of (P) and its regularized version (P?) were suggested. The existence, unique-
ness, stability estimates under the assumptions (A1) and additional necessary stabil-
ity estimates under the assumptions (Az) of the semi-discrete approximations were
proved. The error bound between the solutions of the continuous problem (P) and
the semi-discrete problem (P®) is investigated. This error bound was derived via the
error bound between (P) and (P.), the error bound between (P.) and (P?) and the
error bound between (P?) and (P"). The advantage of analysing the semi-discrete
problems is that we could apply the framework in Nochetto [50] to prove an optimal

error bound in time between the fully-discrete and semi-discrete approximations.

In Chapter 5 we proposed a symmetric coupled, in time, fully-discrete approxi-
mation (PR4%), 1 € [0,3], of (P) by discretising the semi-discrete problem (P*)
in time using the backward Euler method. The corresponding regularized problem
(PL‘:EA';) was also introduced for which we proved existence and stability estimates of
a solution using the Schauder fixed point theorem. The existence, uniqueness, sta-
bility estimates under the assumptions (Aj) of the solution of (P}»*) were proved.
Further, essential stability estimates for the solution of (P}}At) were deduced under
the assumptions (Az). The error bound between the solutions of the continuous
problem (P) and fully-discrete problem (PL"A") is proved, which is optimal in At.
We obtained this error bound by combining the error bound between the solutions

of (P) and (P®) and the optimal error bound in time between the solutions of (P®)

and (PR4Y).

A practical algorithm for computing the numerical solutions was given at the begin-
ning of Chapter 6. We then performed numerical experiments in one space dimen-
sion demonstrating the fully-discrete error bound and the growth behaviour of the
numerical approximation. Furthermore, simulations in two space dimensions were

performed.
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There are still mathematical and numerical work to be done in the future. By
considering the system (1.1.13a)-(1.1.17) with a diffusional mobility M (u;) depend-

ing on u;, 1 = 1,2 we will be led to the following coupled system

9
% = V.(M(u1) V),
9

% = V.(M(uz) V),

where wy, wy and the nonlinearities involved are defined as before in (1.1.13c)-
(1.1.17). This type of dependent mobility was suggested by Cahn and Hilliard [23].
It would be possible to mimic our study to analyse the above system with possibly
some restrictions on M (u;) or with a specific reasonable example of M (u;) such as

M(u;) = 1 — u?. Analysing the above system is recommended for future work.

Numerical results in Chapter 6 indicated that the rate of convergence of the fully-
discrete approximations in one space dimension is O(h + At) while what we were
able to prove theoretically is O(h?3 4+ At). One question is “Can we find an ex-
ample satisfying our theoretical error bound?”. We leave this point and additional

numerical experiments in higher space dimensions for future work.

Many studies of other variants of Cahn-Hilliard equations are concerned with the
asymptotic behaviour of the solution as v — 0%, for instance Modica [56] . So, it
might be possible to study the system in this thesis and we also leave this work for

future study.
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Appendix A

Definitions and Auxiliary Results

Definition A.0.1 (Convex functional, Johnson [45], p.249)
Let X be a normed space and let K be a convex subset of X. A functional F': K — R

is said to be convex if for all z,y € K and A € [0, 1], we have
Fox+ (1 =MNy) < F(z)+ (1= \)F(y).

Theorem A.0.2 (Green’s formula, Rodrigues [28], p.76)
Let © € R™ be a bounded Lipschitz domain with outward unit normal v. If u €
H?(Q) and v € H*(Q), then
Ju
VuVuvdr = —uvds— [ vAudz. (A.0.1)
Q aq oV 0

Theorem A.0.3 (Lax-Milgram, [21], p.83)
Let V' be a Hilbert space. Let a be a bounded bilinear form on V' x V and let f € V'

(i.e. fis a bounded linear functional on V). If a is a coercive, i.e.,
Ja >0, Yu eV, a(u,v)>aluli.

Then, there exists a unique v € V such that
a(u,v) = f(v) = (f,v)yy VveV.

In addition,

1
[ully < =[[fllv-
«
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Theorem A.0.4 (Schauder’s Theorem, Baiocchi, p.215)
Let X be a normed space and let K be a non-empty convex compact set of X.

If f: K — K is a continuous function then f has at least one fixed point, i.e.

3.1'0 e K: f(l'o) = X.

Theorem A.0.5 (Gronwall lemma in differential form, see Proposition 2.2 in [52])
Let E € WhH(0,t) and P, Q, R € L'(0,t), where all functions are non-negative.

Then
dFE

S+ P(t) SR + Q) ac.in [0,

implies

t t
E(t) + / P(s)ds < elo )45 B(0) 4 elo R(S)ds/ Q(s) ds.
0 0

Theorem A.0.6 (Some results of Sobolev spaces)

Let m be a positive integer. The Sobolev spaces W™P(Q), equipped with appropri-
ate norms, satisfy

i) For 1 <p < oo, W™P(Q) is a Banach space .(Adams [1], p.45)

ii) For 1 < p < oo, W™P(Q) is separable.(Adams [1], p.47)

iii) For 1 < p < oo, W™P(Q) is reflexive.(Adams [1], p.47)

iv) If m,n € NU{0}, k <mand1 < p < g < oo, then W™4(Q) — WFP(Q).(Berner
[61], p.30)

(
(
(
(

Theorem A.0.7 (Some results of time-dependent spaces)

Let X and Y be Banach spaces. The time-dependent spaces L*(0,T"; X), associated
with the norms introduced In Chapter 2, satisfy the following

(i) For 1 <p < oo, LP(0,T; X) is a Banach space.

(i) For 1 < p < o0, LP(0,T; X) is separable if and only if X is separable.

(iii) For 1 < p < 0o, LP(0,T; X) is reflexive if and only if X is reflexive.

(iv) If X is a reflexive or separable Banach space and 1 < p < oo then [LP(0,T; X)]" =
L9(0,T; X") where 1/p+ 1/q =1 (the symbol “=” means isometrically isomorphic.
(v) If 1 < p < ¢ < oo. Then the continuous injection X < Y implies L4(0,7; X ) —
LP(0,T;Y). These results are collected in [40] from Kufner [39], pp.113-118 and
Zenisek [43], p.40.
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Definition A.0.8 (strong convergence)
Le V be a normed vector space. Then x,, € V' converges strongly to x € V', written
x, — x, if and only if

|xn — ||y — 0.

Definition A.0.9 (Weak convergence)
Let X be a Banach space. Then z, € X converges weakly to z € X, written
T, — x, if and only if

<faxn>_><fax> VfeX',

where we use use (-,-) to denote the duality pairing between X and X'.

Definition A.0.10 (Weak-star convergence)
Let X be a Banach space. Then f,, € X’ converges weakly-star to f € X', written
fn = f, if and only if

(fn,z) — (f,z) VzelX.

Theorem A.0.11 (Some results of weak and weak-star convergence)
Let X be Banach space and X' its dual. Then
(i) #, — x in X implies z,, = = in X.(Robinson [14], p.102)
(i) x, — x in X implies ||z| x is bounded and ||z||x < liminf||z,|x. (Rodrigues,
28], p.55)
(iii) f, = f in X' implies || f||x+ is bounded and || f||x» < liminf || f,||x. (Rodrigues,
28]
)

28], p.56)
(iv) Weak (weak-star) convergence has a unique limit. (Robinson [14], p.104).

Theorem A.0.12 (Zenisek [43], p.8)

Let the function f have a finite Lebesgue integral over (a,b). Then the derivative

:/;f(t)dt

satisfies the relation F'(z) = f(z), a.e. z € (a,b).

of the indefinite Lebesgue integral
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Theorem A.0.13 (Kufner [39], p.116)
Let X be a Banach space and let f € L>(0,7T; X). Then there exists aset A C (0,7)
of measure zero such that

[fllz=@rx) = sup  [|f]lx.
te(0,T)—A

Theorem A.0.14 (Gilbarg [42], pp.153-154)

Let f be a piecewise smooth function on R (i.e. it is continuous and has piecewise
continuous first derivative) with f’ € L>®(R). Then if u € WH(Q2), 1 < p < oo,we
have fou € WH(Q). Furthermore, letting L denote the set of corner points of f,

we have

"(u)Du ifuédlL,
pipew |7 ¢

0 ifu e L.
Theorem A.0.15 (Weak sequential compactness, Dautary [59], p.289)
Let X be a reflexive Banach space and let {x,} be a bounded sequence in X. Then

T, has a subsequence which converges weakly in X.

Theorem A.0.16 (Weak-star sequential compactness, Dautary [59], p.291)
Let X be a separable Banach space and let { f,,} be a bounded sequence in X’. Then

fn has a subsequence which converges weakly star in X'.

Theorem A.0.17 (Robinson [14], p.27, Rodrigues [28], p.59)
If f, = fin LP(§2), 1 < p < oo, then there exists a subsequence, still denoted f,,,
such that

fo(z) = f(z) ae. xeq.

Theorem A.0.18 (Lions-Aubin Theorem, Temam [48], p.271)
Let Xy, X , X7 be three Banach spaces such that

Xy = X = Xy,
where X, and X are reflexive. Let T" be finite and 1 < pg, p1 < 0o, then the space

d
W = {v cv € LP(0,T; Xo), d_: € Lpl(O,T;Xl)}
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with the norm
[vllw = (vl Leoo.1:x0) + [Vl 2o 0.7:x1)

is a Banach space and the injection W into L*°(0,T; X) is compact.

Theorem A.0.19 (Temam [55], p.69)
Let V, H, V' be three Hilbert spaces, each space included and dense in the following

one, V' being the dual of V. If u € L*(0,T;V) and v/ = ‘2—7; € L?(0,T;V"), then

u € C([0,T]; H) a.e and the following holds in the scalar distribution sense on (0,7)

d
E|U|2 =2(u', u).

Theorem A.0.20 (see Robinson [14], p193)
If uw € L?(0,T; H*(?)) and % € L*(Qy), then u € C([0,T]; H'(Q)).

Theorem A.0.21 (Some useful inequalities)

(i) For arbitrary a,b > 0 and p > 0
2Pl (gP 4 bP) < (a+b)P < 2P+ (a? 4 1P),

where [r|y = max{r,0}, [r]- = max{—r,0}. (Rodrigues [28], p.54)

(ii) For finite sums or infinite sums (discrete Holder’s inequality)

> lanbi] < (Z |ak|p>1/p<z |ak|p> v

where 1/p+1/q¢ = 1. (Adams [1], p. 23)
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Programs

In the appendix we include some programs we wrote to perform the numerical
experiments in the thesis. The first program computes the numerical solutions U7
and U} with cubic splines initial data and calculates the error (6.3.2) with a fixed
space step and successive refinement of the time step.

Program errodp

implicit none

integer nmax

PARAMETER (nmax=5620)

double precision ul(0:nmax),u_nl(0:nmax),ukphl(0:nmax),
1u10(0:nmax) ,u2(0:nmax) ,u_n2(0:nmax) ,ukph2(0:nmax) ,u20(0:nmax),
rul (0:nmax), eig(0:nmax),ukl(0:nmax),cul(0:nmax),ru2(0:nmax),
uk2(0:nmax) ,yu2(0:nmax) ,cu2(0:nmax), xul(0:nmax),xu2(0:nmax),
yul(0:nmax) ,cxu2(0:nmax) ,unmi (0:nmax) ,unm2 (0:nmax) ,cxul (0:nmax),
wsave (0:3*nmax) ,wl(0:nmax) ,w2(0:nmax), bl1(0:nmax),b2(0:nmax),
c1(0:nmax),c2(0:nmax),1h1(0:nmax),1h2(0:nmax) ,ucl(0:nmax),
u_nc1(0:nmax) ,ukphcl(0:nmax) ,uc2(0:nmax) ,u_nc2(0:nmax),
ukphc2(0:nmax) ,rucl(0:nmax) ,eigc(0:nmax) ,ukcl (0:nmax),
ruc2(0:nmax) ,ukc2(0:nmax) ,yuc2(0:nmax), xucl(0:nmax),
xuc2(0:nmax) ,yucl(0:nmax) ,unmcl (0:nmax) ,unmc2(0:nmax) ,
cxucl(0:nmax), za(0:nmax),zb(0:nmax),zc(0:nmax),zd(0:nmax),
cucl(0:nmax),cuc2(0:nmax) ,cxuc2(0:nmax) ,bc1(0:nmax) ,bc2(0:nmax),
cc1(0:nmax),cc2(0:nmax) ,lhc1(0:nmax),lhc2(0:nmax),va(0:nmax),
vb(0:nmax), vc(0:nmax),vd(0:nmax),lambda,
hc2,tempc,ral,ra2,a,c,xmin,len,tau,t,h, h2,pi,gamma,diff,mu,
theta,thetal,D,r,s,ml,m2,theta2,temp,ermul,ermu2,alphal,alpha2,
sumul, sumu2,sumul0, sumu20,time,tol,x,tauc, rasl,ras2, hc

double precision A1(24576,2049),A2(24576,2049),AC1(3072,2049),

. AC2(3072,2049)

integer i,m,n,loopy,loop,k5,nc,step,j,p0,p,q,val,pc,mc,1,f,
nloops,nloops_tot,imax,imaxc,s0,int0

178
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character*30 datafilel,datafile?2

character*1 numberil

character*2 number2,lettert,letterw,lettertc,letterwc
character*3 number3

character*4 number4

lettert=’h1’

letterw="h2’

lettertc=’11’

letterwc=’12’

C READING THE INTIAL DATA
open(1l,status=’0ld’,file=’temp120.dat’)
read(1l,*) gamma
read(1,*) D
read(1,*) lambda
read(1,*) tol
close(1)

C Reading the corfficients of the cubic splines generated by MATLAB
open(2,status=’0ld’ ,file=’coefebba.dat’)
do 2020 i=0,3

read(2,*) zd(i),zc(i),zb(i),za(i)

2020 continue
close(2)
open(9,status=’0ld’ ,file=’coefeb2a.dat’)
do 20208 i=0,3

read(9,*) vd(i),vc(i),vb(i),va(i)

20208 continue
close(9)
theta=0.25D0
thetal=1.0D0
theta2=1.0D0

C

C This step is to find the positive roots alphal and alphaZ2
call ROOT_PROG(theta,thetal,r)
call ROOT_PROG(theta,theta2,s)
alphal=r
alpha2=s
print*,’alphal=’,alphal
print*,’alpha2=’,alpha2

C THE SPACE STEP OF THE FINE MECH

pi=3.14159265358979323846
h=1.0/2048.0

n=2048

p0=512
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C We intialize our problem
sumul0=0.0D0
sumu20=0.0D0

C calculating P_gamma-H"1 projection of u_1"0 and u_270 using
C discrete cosine transformation
int0=0
65 int0=int0+1
C Computing bi(j)=(u_i"0,phi_j),i=1,2,j=0,...,n
b1(0)=(za(0) *h**2/2+zb (0) *h**3/6+zc (0) *h**4/12+zd (0) *h**5/20)
*2.0/h**2
C

bl (n)=(za(3)*h**2/2+zb(3) *((0.25) **x2/2%h-(0.25) **x3/6)
+zc(3)*((0.25)**3/3%h—(0.25) **4/12)
+zd (3)*((0.25) **4/4xh—-(0.25) **5/20)
+zb(3) *(real(n-1) *h-0.75) **3/6
+zc(3)*(real(n-1)*h-0.75) **4/12
+zd (3) * (real (n-1) *h-0.75) **x5/20) *2.0/h**2

s0=0
do 122 j=0,3
do 123 i=s0*p0+1, (s0+1)*pO0
bl(i)=(za(j)*h**2-2.0*zb(j)*(real(i)*h-real(j)*0.25)**3/6
. =2.0*zc(j)*(real(i)*h-real(j)*0.25)*x4/12
. =2.0%zd (j)*(real(i)*h-real(j)*0.25)*x5/20
. +(zb(j)*(real(i-1)*h-real(j)*0.25)**3/6
. +zc(j)*(real(i-1)*h-real(j)*0.25)**4/12
. +zd(j)*(real(i-1)*h-real (j)*0.25)**5/20)
+(zb(j)*(real (i+1)*h-real (j)*0.25)**3/6
+zc(j)*(real (i+1) *h-real (j)*0.25)*x*4/12
+zd (j)*(real (i+1) *h-real (j)*0.25)**5/20))*1.0/h*x2
123 continue
s0=s0+1
122 continue

do 124 i=1,3
bl (i*p0)=(za(i-1)*h**2/2
+zb(i-1)*((real (i*p0)*h-real (i-1)*0.25) **2/2%h
—-(real (i*p0)*h-real (i-1)*0.25)**3/6)
+zc(i-1)*((real (i*p0)*h-real (i-1)*0.25) **3/3*h
—(real (i*p0)*h-real (i-1)*0.25)*x4/12)
+zd (i-1) *((real (i*p0)*h-real (i-1)*0.25) *x4/4*h
-(real (i*p0)*h-real (i-1)*0.25)**5/20)
+zb(i-1)*(real (i*p0-1)*h-real (i-1)*0.25)**3/6
+zc(i-1)*(real (i*p0-1)*h-real (i-1)*0.25)**4/12
+zd (i-1)*(real (i*p0-1)*h-real (i-1)*0.25) **5/20
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. tza(i)*xh**x2/2

+zb (1) * ((real (i*p0)*h-real (i)*0.25)**2/2%(-h)

-(real (i*p0)*h-real (i)*0.25)**3/6)

+zc (i) *((real (i*p0)*h-real (i)*0.25)**3/3%(-h)

-(real (i*p0)*h-real (i)*0.25)**4/12)

+zd (1) *((real (i*p0)*h-real (i) *0.25) **4/4*(-h)

—-(real (i*p0)*h-real (i) *0.25)**5/20)

+zb (1) *(real (i*p0+1)*h-real (i)*0.25)**3/6

+zc (i) *(real (i*p0+1)*h-real (i) *0.25)**4/12

+zd (1) *(real (i*p0+1)*h-real (i)*0.25)**5/20)*1.0/h**2
124 continue

C
C Computing ci(j)=(grad u_i~0, grad phi_j),i=1,2,j=0,...,n
c1(0)=(-2zb(0) *h-zc (0) *h**2-zd (0) *h**3) *2 . 0/h**2
C
cl1(n)=(zb(3)+zc(3)*(0.25) **x2+zd (3) * (0.25) **3
-(zb(3)*real(n-1) *h+zc(3) *(real (n-1) *h-0.75) **2
+zd (3) *(real (n-1) *h-0.75) **3) ) *2.0/h**2
C
s0=0
do 125 j=0,3

do 126 i=s0*p0+1, (s0+1)*p0
c1(1)=(2.0*%(zb(j)*real (i) *h+zc(j)*(real (i) *h-real (j)*0.25)**2
+zd (j)*(real (i) *h-real(j)*0.25)**3)
-(zb(j)*real(i-1)*h+zc(j)*(real (i-1)*h-real(j)*0.25)**2
+zd (j) *(real(i-1)*h-real (j)*0.25)**3)
-(zb(j)*real (i+1)*h+zc(j)*(real (i+1)*h-real(j)*0.25)**2
+zd (j)*(real (i+1) *h-real (j)*0.25)**3))*1.0/h**2
126 continue
s0=s0+1
125 continue

do 127 i=1,3
c1(i*p0)=(zb(i-1)*real (i*p0) *h
+zc(i-1)*(real (i*p0)*h-real (i-1)*0.25) **2
+zd(i-1)*(real (i*p0) *h-real (i-1)*0.25) **3
-(zb(i-1)*real (i*p0-1)*h
+zc(i-1)*(real (i*p0-1)*h-real (i-1)*0.25) **2
+zd (i-1) *(real (i*p0-1)*h-real (i-1)*0.25) *x*3)
+zb (i) *real (i*p0) *h+zc (i) * (real (i*p0) *h-real (i)*0.25)**2
+zd (1) *(real (i*p0) *h-real (i)*0.25)**3
-(zb(i)*real (i*pO+1)*h+zc(i)* (real (i*pO+1)*h-real (i)*0.25)**2
+zd (1) * (real (i*pO+1) *h-real (i) *0.25) **3) ) *1.0/h**2

127 continue
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if (intO.eq.1) then
do 104 i=0,n
1h1(i)=b1(i)+gamma*cl (i)

104 continue
else
do 11 i=0,n
1h2(i)=b1(i)+gammaxcl (i)
11 continue
end if
C

do 13013 i=0,3
za(i)=va(i)
zb(i)=vb(i)
zc(i)=vc (i)
zd (1)=vd (i)
13013 continue
if (intO.eq.1) then

go to 65
end if
C
C Using NAG routines to compute the corresponding coefficients of
C the values of 1hl and 1h2 at the nodes
CALL DCOSTI(n+1,wsave)
print *, °’Hi’;
CALL CO6HBF(n,lhl,wsave)
CALL CO6HBF(n,1h2,wsave)
h2=hx*x*(2.0D0)
C The eigenvalues of the matrix R in one dimension
eig(0)=0.0
do 150 i=1,n
eig(i)=(2.0D0-2.0D0*dcos (pi*real (i) /real(n)))/h2
150 continue
C Computing Fourier coefficents of ul0 and u20
do 16 i=0,n
u10(i)=1h1(i)/(gamma*eig(i)+1.0D0)
u20(1)=1h2(i)/(gamma*eig(i)+1.0D0O)
16 continue
C Computing ul0O and u20 at the nodes by NAG subroutines

CALL CO6HBF(n,ul0,wsave)

CALL CO6HBF (n,u20,wsave)
open(3,status=’0ld’,file=’g2.dat’)
do 15 i=0,n
write(3,*) real(i)*h, ul0(i),u20(i)

15 continue
close(3)
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do 2 i=0,n
ul(i)=u10(i)
u_ni1(i)=ul(i)
unmi (i)=ul (i)
rul (i)=ul(i)
ukl(i)=ul(i)
sumul0=ul (i) +sumul0
u2(i)=u20(i)
u_n2(i)=u2(i)
unm2 (1) =u2(i)
ru2(i)=u2(i)
uk2(i)=u2(i)
sumu20=u2 (i)+sumu20
2 continue
C C The next step is to check the mean value of the intial data
sumul10=(sumul0-(ul (0)+ul(n))*0.5)*h
sumu20= (sumu20- (u2(0)+u2(n))*0.5) *h
print*,’mean value ul~0=’,sumul0
print*,’mean value u270=’,sumu20

CALL CO6HBF (n,u_nl,wsave)
CALL CO6HBF(n,u_n2,wsave)
3 print*,’number of prints’
readx*, k5
a=-1.0
c=5.0D-8
xmin=a+c
tau=1.0/49152.0
m=24576
if (mod(m,k5).ne.0) go to 3
print *,’tau=’,tau
time = 0.0DO
step=0
C Calcalating U1"{n,k+1} and Ul1"{n,k+1} at the level time n
do 51 loopy=1,kb5
do 52 loop=1,m/k5

nloops=0
55 nloops=nloops+1
C The next step is to find U1"{n,k+0.5} and U2°{n,k+0.5} at the nodes.We
C also calculate X_i{n,k+1},y_i{n,k+1),i=1,2
do 113 i=0,n
CALL LOG_PROJ(ruil(i),ul(i),ermul,lambda,xmin,theta)
CALL LOG_PROJ(ru2(i),u2(i),ermu2,lambda,xmin,theta)
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ukphl (i)=ermul
ukph2 (i)=ermu?2

C
xul(i)=2.0*ukphl(i)-rul(i)
xu2(i)=2.0*ukph2(i)-ru2(i)
yul(i)=(uk1(i)+alphal)*((uk2(i)+alpha2)**2 +
(unm2 (i)+alpha?2) **2)
yu2(i)=(uk2(i)+alpha2)* ((ukl(i)+alphal)**2 +
(unmi (i) +alphal) **2)
113 continue
C
do 114 i=0,n
cxul(i)=xul(i)
cxu2(i)=xu2(i)
114 continue
C

CALL CO6HBF(n,cxul,wsave)
CALL CO6HBF(n,cxu2,wsave)
CALL CO6HBF(n,yul,wsave)
CALL CO6HBF(n,yu2,wsave)
C Now we calculate Ul1°{n,k+1} and U1"{n,k+1} at the nodes where we first
C calculate the corresponding Fourier constants and then we use the DCT
C to obtain the values at the nodes
mu=0.5D0
do 80 i=0,n
temp=eig(i)*tau
ul(i)=(lambda* (1.0+thetal*temp*(1-mu))*u_nl(i)
+(cxul (i) -D*lambda*yul (i))*temp)
/ (lambda+temp+lambda*gamma*eig(i)*temp-lambda*mu*xthetal*temp)
cul(i)=ul(i)
if (i.ne.0) then
wil(i)=(-(ul(i)-u_n1(i)))/temp
endif

u2(i)=(lambda*(1.0+theta2+temp* (1-mu))*u_n2(i)
+(cxu2(i)-Dxlambda*yu2(i))*temp)
/ (lambda+temp+lambda*gamma*eig(i)*temp-lambda*mu*theta2*temp)
cu2(i)=u2(i)
if (i.ne.0) then
w2(i)=(-(u2(i)-u_n2(i)))/temp
endif
80 continue

CALL CO6HBF(n,ul,wsave)
CALL CO6HBF(n,u2,wsave)
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C Computing the difference |U_i"{n,k+1}-U_i"{n,k}|,i=1,2
diff=0.0DO0
do 83 i=0,n
if (max(abs(ul(i)-uk1(i)),abs(u2(i)-uk2(i))).gt.diff) then
diff=max(abs(ul(i)-uk1(i)) ,abs(u2(i)-uk2(i)),diff)
imax=i
endif
ukl(i)=ul(i)
uk2(i)=u2(i)
83 continue

do 34 i=0,n

rul(i)=2.0*ul(i)-xul (i)

ru2(i)=2.0*u2(i)-xu2(i)
34 continue

if (mod(nloops,100).eq.0) print *,loopy, loop, nloops, imax,diff

C If our stopping criterion holds, we then move onto the next level
C time. Otherwise, we go to the next iteration.
if (diff.1lt.tol) then
goto 56

end if
C

go to 55
C
C We update the time
56 time=time+tau

step=step+1

C
C Storing the solutions at time level n in n-th row of the matrices
do 909 j=0,n
Al(step,j+1)= ul(j)
A2(step,j+1)= u2(j)
909 continue
C
C We intialize the next time level and check that the mean-values
C are conserved
sumul=0.0D0
sumu2=0.0D0
do 811 i=0,n

u_nl(i)=cul(i)
u_n2(i)=cu2(i)
unmi (i)=ul(i)
unm?2 (i)=u2(i)
sumul=sumul+ul (i)
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811

52

120

sumu2=sumu2+u2 (i)
continue

sumul=(sumul-(ul(0)+ul(n))*0.5)*h-sumul0
sumu2=(sumu2- (u2(0)+u2(n) ) *0.5) *h-sumu20

print *,loopy, loop, nloops,sumul,sumu?2
nloops_tot=nloops_tot+nloops
continue

printing results
if (loopy.le.9) then
write (number1,901) loopy
datafilel =lettert//numberl//’.dat’
datafile2 =letterw//numberl//’.dat’
else
if (loopy.le.99) then
write (number2,902) loopy
datafilel =lettert//number2//’.dat’
datafile2 =letterw//number2//’.dat’
else
if (loopy.le.999) then
write (number3,903) loopy

datafilel =lettert//number3//’.dat’
datafile2 =letterw//number3//’ .dat’

else
write (number4,904) loopy

datafilel =lettert//numberd//’ .dat’
datafile2 =letterw//numberd//’ .dat’

end if
end if
endif
Write to a data file
open(1l,status=’new’,file=datafilel)
open(2,status=’new’ ,file=datafile2)
do 120 i=0,n
x=real (i)*h
write(1,*) sngl(x),sngl(ul(i))
write(2,*) sngl(x),sngl(u2(i))
continue
close(2)
close(1)

continue

print *, nloops_tot
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CCCC  Now we compute the solutions ucl,uc2 on a coarse mesh CCCCCCCCCCCCC

CCCC or on a larger time step Cccceceecceecec
hc=1.0/2048.0
nc=2048
pc=512

C since the space step is fixed, we do not need to recompute P_gamma~hc

sumul10=0.0D0
sumu20=0.0D0

do 62 i=0,nc
ucl(i)=u10(i)
u_ncl(i)=uci(i)
unmcl(i)=uci(i)
rucl(i)=uci(i)
ukc1(i)=uc1(i)
sumulO=ucl (i)+sumul0
uc2(i)=u20(i)
u_nc2(i)=uc2(i)
unmc?2 (i) =uc2(i)
ruc2(i)=uc2(i)
ukc2(i)=uc2(i)
sumu20=uc2 (i)+sumu20
62 continue
sumul10=(sumul0-(uc1(0)+ucl(nc))*0.5)*hc
sumu20= (sumu20- (uc2(0)+uc2(nc))*0.5) *hc
C The next step is to check the mean value of the intial data
print*,’mean value ucl1”0=’,sumul0
print*,’mean value uc270=’,sumu20
CALL CO6HBF(nc,u_ncl,wsave)
CALL CO6HBF(nc,u_nc2,wsave)

C Calcalating UC1°{n,k+1} and UC1"{n,k+1} at the level time n

tauc=1.0/12288.0
mc=6144
if (mod(m,mc) .ne.0)
print*,’fine time step is not a multiple of the large time step’
step=0
time=0.0D0
do 651 loopy=1,k5
do 652 loop=1,mc/k5

nloops=0
655 nloops=nloops+1
C The next step is to find UC1"{n,k+0.5} and UC2"{n,k+0.5} at the nodes
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do 6113 i=0,nc

CALL LOG_PROJ(ruci1(i),uc1(i),ermul,lambda,xmin,theta)
CALL LOG_PROJ(ruc2(i),uc2(i),ermu2,lambda,xmin,theta)
ukphcl(i)=ermul

ukphc2(i)=ermu2

C
xucl(i)=2.0*ukphcl(i)-rucl(i)
xuc2(i)=2.0*ukphc2(i)-ruc2(i)
yucl(i)=(ukc1(i)+alphal)*((ukc2(i)+alpha2)**2 +
(unmc2(i)+alpha?2)**2)
yuc2(i)=(ukc2(i)+alpha2)*((ukcl(i)+alphal)**2 +
(unmc1(i)+alphal) **2)
6113 continue
C
do 6114 i=0,nc
cxucl(i)=xuc1(i)
cxuc2(i)=xuc2(i)
6114 continue
C

CALL CO6HBF(nc,cxucl,wsave)

CALL CO6HBF(nc,cxuc2,wsave)

CALL CO6HBF(nc,yucl,wsave)

CALL CO6HBF(nc,yuc2,wsave)

C Now we calculate UC1°{n,k+1} and UC2"{n,k+1} at the nodes.
do 680 i=0,nc

tempc=eig(i)*tauc

ucl(i)=(lambda*(1.0+thetal*tempc*mu)*u_ncl(i)
+(cxucl(i)-D*lambda*yucl(i))*tempc)

/ (lambda+tempc+lambda*gamma*eig (i) *tempc-lambda*mu*thetal*tempc)

cucl(i)=uci1(i)

cc
uc2(i)=(lambda* (1.0+theta2*tempc*mu)*u_nc2(i)
+(cxuc2(i)-D*lambda*yuc2(i))*tempc)
/ (lambda+tempc+lambda*gamma*xeig (i) *tempc-lambda*mu*theta2*tempc)
cuc2(i)=uc2(i)
680 continue
C

CALL CO6HBF (nc,ucl,wsave)
CALL CO6HBF (nc,uc2,wsave)
diff=0.0D0

do 683 i=0,nc
if (max(abs(ucl(i)-ukc1(i)),abs(uc2(i)-ukc2(i))).gt.diff) then
diff=max(abs(ucl(i)-ukc1(i)) ,abs(uc2(i)-ukc2(i)),diff)

imax=i
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endif

ukc1(i)=uc1(i)

ukc2(i)=uc2(i)
683 continue

do 634 i=0,nc

rucl(i)=2.0*uc1(i)-xuc1(i)

ruc2(i)=2.0*uc2(i)-xuc2(i)
634 continue

if (mod(nloops,100).eq.0) print *,loopy, loop, nloops, diff

if (diff.1lt.tol) then

goto 656
end if
C
go to 655
C
C we update the time
656 time=time+tauc
C
step=step+l
do 9009 j=1,nc+1
AC1(step,j)=ucl(j-1)
AC2(step,j)=uc2(j-1)
9009 continue
sumul=0.0D0
sumu2=0.0D0
do 6811 i=0,nc
u_ncl(i)=cucl(i)
u_nc2(i)=cuc2(i)
unmci (i)=uc1(i)
unmc2 (i)=uc2(i)
sumul=sumul+uci (i)
sumu2=sumu2+uc?2 (i)
6811 continue
C
sumul=(sumul-(ucl(0)+ucl(nc))*0.5)*hc-sumul0
sumu2=(sumu2-(uc2(0)+uc2(nc)) *0.5) *hc-sumu20
print *,loopy, loop, nloops
nloops_tot=nloops_tot+nloops
652 continue
C
C printing the solutions on the coarse mesh or on the larger time step at

C some time levels
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if (loopy.le.9) then
write (number1,901) loopy
datafilel =lettertc//numberl//’.dat’
datafile2 =letterwc//numberl//’.dat’
else
if (loopy.le.99) then
write (number2,902) loopy
datafilel =lettertc//number2//’.dat’
datafile2 =letterwc//number2//’.dat’
else
if (loopy.le.999) then
write (number3,903) loopy
datafilel =lettertc//number3//’.dat’
datafile2 =letterwc//number3//’.dat’
else
write (number4,904) loopy
datafilel =lettertc//numberd//’.dat’
datafile2 =letterwc//number4//’.dat’
end if
end if
endif
C Writing to a data file
open(3,status="new’ ,file=datafilel)
open(4,status="new’ ,file=datafile2)
do 6120 i=0,nc
x=real (i) *hc
write(3,*) sngl(x),sngl(ucl(i))
write(4,*) sngl(x),sngl(uc2(i))

6120 continue
close(4)
close(3)

651 continue

C

print *, nloops_tot
901  format(il)
902 format(i2)
903 format(i3)
904  format(i4)

C
C Calculating the error with fixed space step and successive
C refinement of tau

ral=0.0D0

ra2=0.0D0

C Since tauc=p*tau and T=0.5, mc=p*m.h=1/n=hc=1/nc.
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2002
2003

1003

10

p=4
£=0
do 1003 i=1,mc
do 2003 1=f*p+1, (f+1)*p
do 2002 j=1,n
ral=ral+tauxh/3.0%((A1(1,j+1)-ACL1(i,j+1))**2+
(A1(1,j+1)-AC1(i,j+1))*(A1(1,j)-ACL1(i,j))+
(A1(1,3)-AC1(i,]))**2)

+tau/h* ((A1(1,j+1)-AC1(i,j+1))-(A1(1,j)-ACL1(i, D)) **2

ra2=ra2+tauxh/3.0%((A2(1, j+1)-AC2(i, j+1))**2+
(A2(1,j+1)-AC2(4i,j+1))*(A2(1,j)-AC2(i,j))+
(A2(1,3)-AC2(i,3))**2)

+tau/h* ((A2(1, j+1)-AC2(4, j+1))-(A2(1,j)-AC2(i,j)) ) **2

continue
continue
f=f+1

continue

open(7,status=’0ld’ ,file=’4stepstime.dat’)
write(7,*)’The H"1 error is’
write(7,*) ’tau=’,tau, ’tauc=’,tauc,’p=’,p

write(7,*) ’ral=’,sngl(ral),’ ’,’ra2=’ ,sngl(ra2)

write(7,*) ’Total=’,sngl(ral+ra2)
stop

end program errodp

SUBROUTINE ROOT_PROG(theta,thetac,x2)
double precision theta,thetac,x0,x1,x2,f0,f1,f2
integer itest,stest
x0=0.999999999999999D0
x1=0.000000000000001D0

itest=0

itest=itest+1
£0=0.5%theta*log((1+x0)/(1-x0))-thetac*x0
£1=0.5%theta*xlog((1+x1)/(1-x1))-thetac*xl
if (f0*f1.gt.0)then

x0=(x0+1)/2

x1=x1/2

go to 5

end if

stest=0

stest=stest+1

if (abs(x0-x1) .gt.0.1D-9)then
x2=(x0+x1)/2
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£2=0.5%theta*log((1+x2)/(1-x2))-thetac*x2
£0=0.5*%theta*log((1+x0)/(1-x0))-thetac*x0
if (f0*£2.1t.0)then

x1=x2
go to 10
else
x0=x2
go to 10
end if
end if
x2=(x0+x1)/2
end
C
C
SUBROUTINE LOG_PR0OJ(b,x0,x0,lambda,xmin,theta)
double precision theta,lambda,b,nu,f0,s,xo0,x0,xmin
nu=lambda*theta*0.5
x0=x0
xo=dmax1 (xmin,dminl (xo,-xmin))
C tolerance = 5D-08
c lbl<=1.0
C theta = 0.2, 1lambda = 0.1, 1.17504384986494, 0.96086005180472
C theta=0.25, lambda=0.1, 1.218804824831179, 0.953324218882453
C theta = 0.5, lambda= 0.1, 1.437609699662358,0.920413662859303
C theta = 0.8, lambda = 0.1, 1.700175549459774,0.887280434883490
if (abs(b).le.1.0) then
s = 2.0
do while (abs(s-xo).gt.1.0D-07)
S = X0

xo = xo-(xo+nuxlog((1+x0)/(1-x0))-b)
/ (1-x0*x0+2.0%nu) * (1-x0*x0)
xo=dmax1 (xmin,dminl (xo,-xmin))
end do
else
if (abs(b).gt.1.218804824831179) then
if (b.gt.0) then
X0=-xXmin
else
X0o=xmin
endif
else
if (b.gt.0) then
x0=0.953324218882453
x1=-xmin
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else
x1=-0.953324218882453
xo=xmin
end if
fO=xo+nu*log((1+x0)/(1-x0))-b
fi1=x1+nuxlog((1+x1)/(1-x1))-b
do while (abs(xo-x1).gt.1.0D-07)
x2=(x0+x1)*0.5
f2=x2+nux*log((1+x2)/(1-x2))-b
if (£f0*f2.1t.0) then
x1=x2
f1=£f2
else
X0=Xx2
f0=£2
end if
end do
X0 = X2
end if
end if
end

To compute the error (6.3.2) with fixed time step and successive refinement of the
space step, one can modify the above program as follows. Since in this case the space step
is not fixed, we need to compute again the H!'-projection of the initial data but this time
with the coarse mesh parameter. We also replace the part devoted to the computation of
the error with a fixed space step by the following:

ras1=0.0D0
ras2=0.0D0

C hc=1/nc=p*h=p*1/n,i.e. n=p*nc
p=n/nc

C Here we compute H”1 semi-norm of the error
£=0
do 4001 j=1,nc
do 4007 1=fx*p+1, (£+1)*P
do 4008 i=1,m
rasl=rasi+tauxh*((A1(i,1)*(-1.0/h)+A1(i,1+1)*(1.0/h))
-(AC1(i,j)*(-1.0/hc)+AC1(i,j+1)*(1.0/hc)))**2

C
ras2=ras2+tauxh* ((A2(i,1)*(-1.0/h)+A2(i,1+1)*(1.0/h))
-(AC2(i,j)*(-1.0/hc)+AC2(i,j+1)*(1.0/hc)))**2
4008 continue
4007 continue

f=f+1
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4001 continue

C Here we compute the L2 norm of the error
ral=0.0D0
ra2=0.0D0
£=0
do 5007 j=1,nc
do 5008 1=fx*p+1, (f+1)*P
do 5006 i=1,m
if (1/h*(-A1(i,1)+A1(i,1+1))-1/hc*(-AC1(i,j)+AC1(i,j+1)).eq.0.0DO)
. then
ral=ral+tauxh*((A1(i,1)*real(1+1)-A1(i,1+1)*real(l))
-(AC1(i,j)*real (j+1)-AC1(di,j+1)*real(j)))**2
else
ral=ral+
tauxl/(1/h*x(-A1(i,1)+A1(i,1+1))-1/hc*(-AC1(4,j)+ACL1(i,j+1)))
. *((A1(i,1+1)-(ACL1(i,j)*(-1/hc)*(real(1+1)*h-real(j+1)*hc)
+AC1(i,j+1)*(1/hc) *(real (1+1)*h-real (j)*hc)))**3
-(A1(i,1)-(AC1(i,j)*(-1.0/hc)*(real (1) *h-real (j+1)*hc)

. +AC1(i,j+1)*(1.0/hc)*(real(1l)*h-real(j)*hc)))**3)
. %(1.0/3.0)
end if

ccc
if (1/h*(-A2(1i,1)+A2(i,1+1))-1/hc*(-AC2(4,j)+AC2(i,j+1)).eq.0.0D0)
. then

ra2=ra2+tauxh* ((A2(i,1)*real (1+1)-A2(i,1+1)*real(l))
-(AC2(i,j)*real (j+1)-AC2(i, j+1)*real(j)))**2
else
ra2=ra2+
. taux1/(1/h*x(-A2(i,1)+A2(i,1+1))-1/hc*(-AC2(1, j)+AC2(i,j+1)))
. *((A2(1i,1+1)-(AC2(i,j)*(-1/hc)*(real(1+1)*h-real (j+1)*hc)
+AC2(i,j+1)*(1/hc)*(real (1+1)*h-real (j)*hc)))**3
-(A2(i,1)-(AC2(i,j)*(-1.0/hc)*(real (1) *h-real (j+1)*hc)

. +AC2(1i,j+1)*(1.0/hc)*(real (1) *h-real(j)*hc)))**3)
. x(1.0/3.0)
end if

5006 continue

5008 continue

f=f+1

5007 continue

C Printing rsults
open(7,status=’0ld’ ,file=’4coarsesteps.dat’)
write(7,*)’The H1 norm of the error with coarse mesh is’
write(7,*) ’rasl+ral=’,sngl(ral+rasl),’ras2+ra2=’,sngl(ra2+ras2)
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write(7,*) ’TOTAL NORM=’,sngl(ral+rasl+ra2+ras2)
close(7)

The next program is for the two-dimensional simulations

PROGRAM tdp

implicit none

integer nmax

PARAMETER (nmax=260)

double precision ul(0:nmax**2),u_nl(0:nmax**2),ukphl (0:nmax**2),
u2(0:nmax**2) ,u_n2(0:nmax**2) ,ukph2 (0 :nmax**2) ,rul (0:nmax**2) ,
eig(0:nmax) ,uk1(0:nmax**2), ru2(0:nmax**2),uk2(0:nmax**2),
cu2(0:nmax**2) ,temp,tol,unml (0:nmax**2) ,unm2 (0:nmax**2) ,
yul (0:nmax**2) ,yu2(0:nmax**2) ,wl (0:nmax**2) ,w2(0:nmax**2),
wsave (0:3*nmax) ,xul (0:nmax**2) ,xu2(0:nmax**2) ,cxul (0:nmax**2),
cxu2(0:nmax**2) ,ccul (0:nmax**2) ,ccu2(0:nmax**2) ,lambda,
len,tau,t,h,h2,pi,gamma,diff,mu,theta,alphal,alpha?,
a,c,xmin,time,thetal,theta2,ermul,ermu2,r,s,
y,ml,m2,D,x

integer i,j,m,n,loopy,loop,k5,nloops,nloops_tot,imax,npl,ntop,ij

character*30 datafilel,datafile?2

character*l numberl

character*2 number2,lettert,letterw

character*3 number3

character*4 number4

lettert=’h1’

letterw=’h2’

pi=3.14159265358979323846

open(l,status=’0ld’ ,file=’temp2.dat’)
read(1,*) len
read(1,*) n
read(1,*) t
read(1,*) m
read(1,*) gamma,D
read(1,*) lambda
read(1,*) tol
read(1,*) ml
read(1,*) m2

close(1)

npl = n+1

ntop = n*n+2*n
theta=0.3D0
thetal=1.0D0
theta2=1.5D0



Appendix B. Programs 196

Q Q Q Q

15

16

17

14

call ROOT_PROG(theta,thetal,r)
call ROOT_PROG(theta,theta2,s)
alphal=r

alpha2=s
print*,’alphal=’,alphal
print*,’alpha2=’,alpha2

Rading the random perturbations of the state (m_1, m_2). Here we
consider the first type of the intial condition. The second type
can be covered immediately on stting (alpha_1,alpha_2)=(m_1,m_2).
open(1l,status=’0ld’,file="t02.dat’)
do 4 i=0,n

do 5 j=0,n
ij=i+nplx*j
read(l,*) ul(ij), u2(ij)
continue
continue
close(1)

do 14 i=0,n
if(i.le.4) then
do 15 j=0,n
ij=i+nplx*j
ul(ij)=-alphal
u2(ij)=-alpha2
continue
else
if(i.le.48)then
do 16 j=0,n
ij=i+nplx*j
ul(ijd)=u2(ij)-0.25
u2(ij)=-alpha?2
continue
else
do 17 j=0,n
ij=i+nplx*j
ul(ij)=-alphal
u2(ij)=alpha2
continue
end if
end if
continue
do 18 i=0,n
do 19 j=0,n
ij=i+nplx*j
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19
18

13

50

u_nl(ij)=ul(ij)
u_n2(ij)=u2(ij)
unmi (ij)=ul(ij)
unm2 (ij)=u2(ij)
rul(ij)=ul(ij)
ru2(ij)=u2(ij)
uk1 (ij)=ul(ij)
uk2(ij)=u2(ij)
continue
continue
open(1l,status=’0ld’,file=’int.dat’)
do 3 i=0,n
do 6 j=0,n
ij=i+nplx*j
write(1,*) ul(ij),u2(ij)
continue
continue
close(1)

h=real(len)/real(n)

print *,’number of prints is a rational number’
readx*, kb5

if (mod(m,k5).ne.0) go to 13
tau=t/real (m)
print *,tau

a=-1.0D0

c=5.0D-8

xmin=a+c
h2=hx*x*(2.0D0)

these NAG routines calculate the Cosine Transform

CALL DCOSTI(n+1,wsave)

CALL CO6HBF(n,u_nl,wsave)

CALL CO6HBF(n,u_n2,wsave)

We shall use the following 1-D eigenvalues to compute 2-D
eigenvalue as will be seen below

eig(0)=0.0D0

do 50 i=1,n
eig(i)=(2.0D0-2.0D0*dcos (pi*real (i) /real(n)))/h2

continue

time = 0.0DO

do 51 loopy=1,kb5
do 52 loop=1,m/k5
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55

113

114

nloops=0
nloops=nloops+1

do 113 i=0,ntop
CALL LOG_PROJ(ruil(i),ul(i),ermul,lambda,xmin,theta)
CALL LOG_PROJ(ru2(i),u2(i),ermu2,lambda,xmin,theta)
ukphl (i)=ermul
ukph2 (i)=ermu2
xul(i)=2.0*ukphl(i)-rul(i)
xu2(i)=2.0*ukph2(i)-ru2(i)
yul(i)=(ukl(i)+alphal) * ((uk2(i)+alpha2)**2 +
(unm2 (i)+alpha2)**2)
yu2(i)=(uk2(i)+alpha2)*((ukl(i)+alphal)**2 +
(unm1 (i)+alphal)**2)
continue

do 114 i=0,ntop
cxul (i)=xul (i)
cxu2(i)=xu2(i)
continue

CALL CO6HBF(n,cxul,wsave)
CALL CO6HBF (n,cxu2,wsave)
CALL CO6HBF(n,yul,wsave)
CALL CO6HBF(n,yu2,wsave)

Computing U_i"{n,k+1},i=1,2 at the nodes (ih,jh)
mu=0.5D0
do 980 i=0,n
do 990 j=0,n
ij=i+nplx*j
temp=(eig(i)+eig(j))*tau
ul(ij)=(lambdax(1.0+thetal*(1-mu)*temp)*u_nl(ij)
+(cxul(ij)-D*lambda*yul(ij)) *temp)
/ (lambda+temp+lambda*gamma* (eig(i)+eig(j))*temp
-lambda*mu*thetal*temp)
ccul(ij)=ul(ij)
if (i.ne.0) then
wl(ij)=(-(ul(ij)-u_n1(ij)))/temp
endif

u2(ij)=(lambdax(1.0+theta2+*(1-mu)*temp)*u_n2(ij)
+(cxu2(ij)-D*lambda*yu2(ij)) *temp)
/ (lambda+temp+lambda*gamma* (eig(i)+eig(j))*temp
-lambda*mu*theta2+*temp)
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ccu2(ij)=u2(ij)
if (i.ne.0) then
w2(ij)=(-(u2(ij)-u_n2(ij)))/temp

endif
990 continue
980 continue
C
CALL CO6HBF(n,ul,wsave)
CALL CO6HBF(n,u2,wsave)
C

diff=0.0D0
do 83 i=0,ntop
if (max(abs(ul(i)-uk1(i)),abs(u2(i)-uk2(i))).gt.diff) then
diff=max(abs(ul(i)-uk1(i)) ,abs(u2(i)-uk2(i)),diff)
imax=i
endif
ukl(i)=ul(i)
uk2(i)=u2(i)
83 continue
do 34 i=0,ntop
rul (i)=2.0*ul(i)-xul (i)
ru2(i)=2.0*u2(i)-xu2(i)
34 continue

if (mod(nloops,100).eq.0) print *,loopy, loop, nloops, diff,imax
if (diff.lt.tol) then

goto 56
end if
C
go to 55
C we update the old time and intialize the next time level
56 time=time+tau
do 811 i=0,ntop
u_n1(i) = ccul(i)
u_n2(i) = ccu2(i)
unml (i) = ul(i)
unm2 (i) = u2(i)
811 continue
C
print *,loopy, loop, nloops
nloops_tot=nloops_tot+nloops
52 continue

C printing results of U_1(ih,jh),U_2(ih, jh) at some time levels
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if (loopy.le.9) then
write (number1,901) loopy
datafilel =lettert//numberil//’.dat’
datafile2 =letterw//numberl//’.dat’
else
if (loopy.le.99) then
write (number2,902) loopy
datafilel =lettert//number2//’.dat’
datafile2 =letterw//number2//’.dat’
else
if (loopy.le.999) then
write (number3,903) loopy
datafilel =lettert//number3//’.dat’
datafile2 =letterw//number3//’.dat’
else
write (number4,904) loopy
datafilel =lettert//number4//’.dat’
datafile2 =letterw//number4//’.dat’
end if
end if
endif

open(1l,status=’new’,file=datafilel)
C open(2,status="new’ ,file=datafile2)
do 1124 i=0,n
do 1125 j=0,n
x=real (i) *h
y=real(j)*h
ij=i+nplx*j
write(1l,*) sngl(ul(ij)),sngl(u2(ij))
C write(2,*) sngl(x),sngl(y),sngl(ul(ij)),sngl(u2(ij))
1125 continue
1124 continue
C close(2)
close(1)
51 continue
print *, nloops_tot
901 format(il)
902 format(i2)
903 format(i3)
904 format(i4d)
stop
end program tdp



Appendix B. Programs 201

The following program is to generate the solution in RGB structure

PROGRAM colour_picture

implicit none

integer nmax

PARAMETER (nmax=260)

doubleprecision ul(0:nmax,0:nmax),sl,t1,t3,u2(0:nmax,0:nmax),
s2,t2,alphal,alpha2

character*10 datafilel1(1:12)

integer n,i,j,k

C
n=64
alphal=0.72
alpha2=0.986
C

C m_1=-0.25, m_2=0.5
datafilel(3) =’115.dat’
datafilel(6) =’1110.dat’
datafilel(2) =’1125.dat’
datafilel(5) =’1155.dat’
datafilel1 (1) =’11160.dat’
datafilel(4) =’11600.dat’

write(99,’ (A)’) %!’

write(99,’(A)’) ’%J/%BoundingBox: 57 60 503 694’
write(99,’(A)’) ’newpath’
write(99,’(A)’) ’/square’
write(99,°(A)’) ’{newpath’
write(99,’(A)’) 0 O moveto’
write(99,’(A)’) ’8 0 lineto’
write(99,’(A)’) ’8 8 lineto’
write(99,’(A)’) ’0 8 lineto’
write(99,° (A)’) ’closepath’
write(99,’(4)’) ’filll}def’
write(99,900) 0.4,0.4,’scale’
write(99,901) 150.0,150.0, ’translate’

do 119 k=1,6
open(l,status=’0ld’ ,file=datafilel(k))
do 120 i=0,n
do 121 j=0,n
read(1,*) ul(i,j), u2(i,j)
121 continue
120 continue
close(1)
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do 130 i=0,n-1
do 131 j=0,n-1
s1=(ul (i, j)+ul(i+1,j)+ul(i+1,j+1)+ul(di, j+1))*0.25
s2=(u2(i, j)+u2(i+1,j)+u2(i+1,j+1)+u2(i, j+1))*0.25
t1=0.5%(1.0+s1/alphal)
t2=0.5%(1.0+s2/alpha2)
t3=—-t1-t2+t1*t2+1
write(99,903) t1,t2,t3,’setrgbcolor’, ’square’,8,0, ’translate’
131 continue

C

if (i.ne.(n-1))

write(99,901) -511.925,8.0, ’translate’
130 continue
C

if (mod(k,3).ne.0) then
write(99,901) -511.925,30.0, ’translate’
else
write(99,901) 90.0,-1570.0, ’translate’
end if
119 continue
write(99,’(A)’) ’showpage’

900 format(F4.1,1X,F3.1,1X,A5)
901 format(F10.3,1X,F9.3,1X,A9)
902 format(F5.2,1X,F5.2,1X,F5.2,1X,A11,1X,13,1X,11,1X,A5,1X,A6)
903 format(F5.2,1X,F5.2,1X,F5.2,1X,A11,1X,A6,1X,11,1X,I1,1X,A9)
stop
end



