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Abstract

Quantum Field Theories with Fermions

in the Schrédinger Representation

David John Nolland

This thesis is concerned with the Schrodinger representation of quantum field theory.
We describe techniques for solving the Schrodinger equation which supplement the
standard techniques of field theory. Our aim is to develop these to the point where
they can readily be used to address problems of current interest. To this end, we
study realistic models such as gauge theories coupled to dynamical fermions. For
maximal generality we consider particles of all physical spins, in various dimensions,
and eventually, curved spacetimes.

We begin by considering Gaussian fields, and proceed to a detailed study of
the Schwinger model, which is, amongst other things, a useful model for (3+1)
dimensional gauge theory.

One of the most important developments of recent years is a conjecture by Mal-
dacena which relates supergravity and string/M-theory on anti-de-Sitter spacetimes
to conformal field theories on their boundaries. This correspondence has a natu-
ral interpretation in the Schrodinger representation, so we solve the Schrédinger
equation for fields of arbitrary spin in anti-de-Sitter spacetimes, and use this to in-
vestigate the conjectured correspondence. Our main result is to calculate the Weyl
anomalies arising from supergravity fields, which, summed over the supermultiplets
of type IIB supergravity compactified on AdSs x S° correctly matches the anomaly
calculated in the conjecturally dual N' =4 SU(N) super-Yang-Mills theory. This is
one of the few existing pieces of evidence for Maldacena’s conjecture beyond leading
order in N.
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Chapter 1

Introduction

Since its inception, quantum theory has been fraught with difficulties of interpre-
tation. Unlike relativity, which is built up from fundamental physical concepts,
quantum mechanics is difficult to motivate at a physical level except by reference to
its phenomenal experimental success.

In quantum field theory (QFT) the situation is aggravated by the technical de-
mands of the subject. In addition, perturbation theory, which underlies the standard
approach to QFT, is unable to provide reliable information in the infra-red sector,
which governs many important phenomena such as confinement and chiral symmetry
breaking, as well as probably being crucial to the interpretation of realistic theories
as the low-energy limit of some more complete theory such as string theory. Re-
cently, many techniques have been developed to probe non-perturbative behaviour,
but the underlying physics is not always transparent. It is all too easy to get lost in
a conceptual maze. It is important to retain as much conceptual unity as possible
between diverse approaches.

The Schrodinger representation (SR) is a familiar concept in quantum mechanics,
where it underlies many standard techniques, and forms the basis for our conceptual
understanding of quantum physics. In this approach, physical states are thought

of as wave-functions which satisfy the Schrodinger equation. These wave-functions




are ordinary functions of space-time whose modulus squared gives the probability
density of finding a particle at some space-time point. Their physical status is on
a par with the classical particle concept, giving rise to the celebrated wave/particle
duality.

Quantum field theory generalizes quantum mechanics to an infinite number of
degrees of freedom. Particles become fields, and these fields are similarly subject
to a probability distribution. Hence physical states may be thought of as wave-
functionals, whose arguments are physical field configurations, and whose modulus
squared gives the probability density of finding the fields in those configurations. By
analogy with quantum mechanics, one might expect the wave-functionals, as physical
concepts, to be of as much interest as the fields themselves. But this expectation is
not supported by the historical development of field theory, where the existence of
the Schrodinger equation was demonstrated less than 20 years ago by Symanzik [3].

The reasons for this relative lack of intérest are not difficult to perceive. Sym-
metries such as Lorentz invariance were of paramount importance in the early days
of QFT, and it is doubtful if renormalization theory, for example, could have been
developed without Lorentz invariance—which is not manifest in the Schrédinger
representation—as a guide. Experiments also played a more significant leading role
at that time, and thus the standard approach to QFT was based on calculating
cross-sections within a perturbation expansion, a framework ideally suited to com-
parison with experiment. Finally, in the absence of a developed formalism for the
Schrodinger representation in QFT, many of the standard techniques of quantum
mechanics were no longer available, and new ones were invented.

These factors no longer have the same relevance. Breaking the manifest symme-
tries of the theory is less of a disadvantage than it at first appears. Symmetries such
as Lorentz invariance and gauge invariance are encoded in the wave-functionals in a
perfectly satisfactory way. For example, in what follows we will invariably integrate

out all gauge degrees of freedom, but gauge invariance will remain an important



guide. Indeed, provided we identify suitable gauge invariant variables right from the
start, thereafter everything is guaranteed to be gauge invariant.

Many recent developments in QFT have forsaken experiment completely for a
more theoretical frame of reference. Whether one looks to theoretical or experi-
mental technology for paving the way to new experimental success, it is clear that
there is an enormous gap between theory and experiment. But the SR has some
important advantages in this situation.

Because its wave-functional solutions have a well-defined physical interpretation,
the functional Schrodinger equation has long been known for generating some useful
physical insights. But to perceive the extent of its utility, one must appreciate the

following:

1. The standard techniques of quantum mechanics have analogues which

provide a whole new set of calculational tools for QFT.

2. Many existing results in QFT can be derived in novel and extremely

elegant ways in the SR.

3. The formalism is flexible enough to describe both perturbative and
non-perturbative results in the same framework, and crucially, allows

both numerical and analytical tools to be implemented.

For these reasons, we believe that the further development of the SR for QFT
holds great promise of narrowing the gap between theory and experiment, and of
furthering the cause of conceptual unity in physics.

This thesis will be an attempt to develop the SR to the point where it can be
used to address problems of particular current interest, such as testing the Maldacena
conjecture. This will involve incorporating various new ideas; fields of arbitrary spin,
gauge symmetries, supersymmetry and curved spacetime. The claims made above

will be well-illustrated by our results; we will describe new techniques for QFT which



solve problems which have proved intractable using conventional methods, we will
rederive some well-known results, and go on to indicate how our methods may be
used to provide new information about QFT.

To begin with, in Chapter 2 we set up the SR for fields of arbitrary spin. As
will eventually become clear, the representations of scalar and spin 1/2 fields form
a basis for representing all others, even superfields. Thus the most crucial step is a
better understanding of the representations of fermionic fields.

In Chapter 3 we describe how perturbation theory and renormalization may be
performed in the Schrodinger representation, and discuss a large-distance derivative
expansion which provides a general non-perturbative approach to the solution of the
Schrodinger equation. Here is a brief description of this expansion:

In quantum mechanics wavefunctions are often studied by expanding them in
a basis of functions. A similar expansion exists for QFT. Consider the vacuum
functional. Provided the masses of all particles are bounded away from zero, and
we restrict our attention to the infra-red, its logarithm has an expansion in local
derivatives. By this we mean that it may be expressed as an integral over an
infinite sum of terms, each of which is a finite product of fields and their derivatives,
evaluated at the same space-time point.

If the spectrum includes massless particles, we can re-express the vacuum as the
large time limit of the Schrodinger functional, which describes the propagation of
fields over a finite time interval. This interval acts as a natural infra-red regulator,
and at distances which are large on this scale, the Schrodinger functional again
admits a derivative expansion. Since excited states can be constructed either by
applying creation operators to the vacuum wave-functional, or by studying the large
time asymptotics of the Schrodinger functional, these two wave-functionals are the
central objects of study in a Schrodinger representation approach to QFT.

This approach has been shown to be useful in studying the analytical properties

of QFT at large distances; for example in [4] it was shown that the leading order
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term in a strong coupling expansion of the Yang-Mills vacuum functional leads to
confinement, via a kind of dimensional reduction. This has been generalized to the
study of the Wheeler-de-Witt equation in quantum gravity [15].

But the use of the local expansion as an analytical tool is not limited to the study
of large distance phenomena. By exploiting analyticity in a complex scale parameter
[5], small distance behaviour can be reconstructed from the large distance expansion.
Thus a knowledge of this expansion is sufficient to understand physics at all scales.

From the point of view of the Schrodinger equation, obtaining wave functionals
in the form of a local expansion is equivalent to solving an infinite set of coupled
algebraic equations. If we truncate the local expansion at some large but finite
order, the resulting equations are well-suited to numerical treatment. Thus this
approach provides a useful source of numerical information, even when exact results
are unavailable [5, 6, 7). Most of this thesis is concerned with analytical results, but
we will indicate along the way how numerical techniques can be used to solve more
general problems.

Chapter 4 is a detailed study of the Schwinger model, which is the simplest exam-
ple of a theory involving fermions coupled to gauge fields. This model can be solved
exactly, but it illustrates many issues which are relevant to the study of more compli-
cated gauge theories. In particular, although the physical spectrum exhibits a (dy-
namically generated) mass gap, the local expansion property of the wave-functionals
breaks down as a result of gauge invariance. However, it is still possible to recon-
struct the wave-functionals from a local expansion of the Schrédinger functional,
which we obtain explicitly. This illustrates a technique which may be applied in a
similar fashion to QCD in (3+1) dimensions. Also, the Schrédinger functional may
be interpreted as the density matrix of the finite temperature model.

Many well-known features of the Schwinger model (vacuum angle, bosonization,
confinement, etc.) are exhibited by the wave-functional solutions. Most of this

applies to other (14+1) dimensional gauge theories as well. We discuss a straight-
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forward method for extracting VEV’s. Using similar methods, we show how the
massive Schwinger model can be solved up to n-point interactions by expanding the
kernels of the wave-functional in a suitable basis of functions.

One of the most important recent developments in theoretical high energy physics
is a conjecture by Maldacena that string theory propagating in an anti-de-Sitter
spacetime (AdS) is equivalent to supersymmetric Yang-Mills propagating in the
Minkowski spacetime at the anti-de-Sitter boundary. This conjecture is extremely
useful since it allows the strong coupling behaviour of either theory to be calculated
from the weak coupling limit of the other. But it is extremely difficult to test, espe-
cially beyond tree level in AdS—indeed there are virtually no existing calculations
of quantum corrections in this context. Yet testing the conjecture at this level is
essential to its application to the real world.

In Chapters 5 and 6 we develop the technology for understanding quantum fields
in AdS. The boundary partition functions which are the main objects of study in
the AdS/CFT correspondence have a natural interpretation in terms of the wave-
functionals of the AdS theory. We show how these wave-functionals may be obtained
from the Schrédinger equation, and use them to calculate the two-point functions
and scaling dimensions of the corresponding boundary fields. We also discuss the
numerical evaluation of higher n-point functions in this formalism.

Now because the conjectured correpondence relates strong and weak coupling,
the perturbation expansions in the two theories are valid in different domains. So in
order to test the conjecture we must find quantities whose exact coupling constant
dependence can be calculated. In practise this restricts us to quantities such as
global anomalies. We will consider the Weyl anomaly, which measures the effect of
a rescaling of the boundary metric. This involves generalizing the correpondence to
incorporate a curved boundary.

We calculate the Weyl anomalies arising from particles of arbitrary spin in AdS

space-time, finding that the result is discontinuous in the particle mass, and non-
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zero for precisely the mass values appearing in the Kaluza-Klein compactifications
of supergravity.

Maldacena’s conjecture relates type IIB string theory compactified on S° to
N = 4 SU(N) super-Yang-Mills theory. From the point of view of the string
theory, the Weyl anomaly should arise from the sum of the contributions from the
supergravity fields. On the other hand, the anomaly can be calculated for free
fields in super-Yang-Mills, and the result is protected by supersymmetry from loop
corrections. We find that the contribution to the anomaly from tree level gravity
coincides with the SYM result for large NV, whereas (for a Ricci-flat boundary metric)
the one-loop anomalies cancel in each supergravity multiplet to give a vanishing
result. This is also in accordance with the result obtained from SYM. In the same
way, the contributions to the renormalization of the cosmological and Newton’s
constants cancel within multiplets, as is required for the finiteness of the boundary
theory. We outline how these results can be extended to a general Einstein metric
on the boundary.

In conclusion, our results provide substantial new evidence for Maldacena’s con-
jecture at finite N. In the future we hope to apply our methods to other instances
of the AdS/CFT correspondence, for instance M-theory on AdS; x S* and the many

compactifications of string theory on AdSs.
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Chapter 2

The Schrodinger representation

for fields of arbitrary spin

2.1 Scalar fields

For scalar fields, the Lagrangian density is
L = 5(0,90,¢ — m*¢? = V(9)). (2.1)

In the usual way, we define a field canonically conjugate to ¢

oL

=55 (2.2)

T

and impose equal-time commutation relations

[b(x, 1), #(x',1)] = hé%(x — X

[b(x, 1), 7(x',1)] = [d(x,8),7(x,8)] = 0.

Now in analogy with quantum mechanics, we define a Hilbert space on which the

operators ¢(x,t) and 7(x,t) act. In order to satisfy the commutation relations, we
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choose to diagonalize ¢

(l(x, 1) = p(x){el, (2:3)

and 7 is represented by functional differentiation

5
dip(x)

(ol (x,t) = —ih (l. (2.4)

The eigenstates (| form a complete orthonormal set:

(plg) = dlp—al
/Dw@WI=1,

and by virtue of the commutation relations we can extract their explicit ¢ depen-

dence

(¢l = (Dlexp(i [ dxfo), (25)

where (D] is annihilated by 9.

Wave-functionals (WF’s) are inner-products of these states with the physical

states of the theory
Plp] = (¥p), (2.6)

and themselves have an inner-product defined by
(W1]%2) = [ Dwilp]Wsli]. (27)
They satisfy the Schrodinger equation

¥y = in ), (28)
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where the Hamiltonian is given by
H= [dia(nd = £) = L[ d%o(r® + (Vo + @ + V(). (29)

WEF’s also have a path-integral representation. For example, according to the
standard correspondence between expectation values and path-integrals, the Schro-

dinger functional (p|e=#t|@) may be written as
(ple™|p) = [ Dge 514, (2.10)

where Sg is the Euclidean action on a space-time volume bounded by surfaces
time ¢ apart, and the functional integration is subject to the boundary conditions
$(x,0) = 4(x), ¢(x,t) = o(x).

We can enforce the boundary conditions by adding boundary terms to Sg in
(2.10). On a space-time with boundaries, it is necessary to choose a definite direc-
tion of propagation for all physical fields. Changing this direction is equivalent to
performing an integration by parts in the bulk action and leads to boundary terms.
Appropriate boundary conditions are ones which do not allow currents to leak across
the boundary. To begin with we will propagate everything forward in time, which
correponds to selecting the advanced Green’s function for the propagator. Then we

can express Sg as

Sp=i / 4z {(AT_9)(02 + m2)g} (2.11)

where 7_, implements a small negative time shift. We can get back to the form (2.1)

which is appropriate for passing to the Hamiltonian formulation by integrating by

parts:

Sp=i / A {(LT8)(82 + m2)¢ — (3o — t) — 6(a0)) (T=ed)d) . (2.12)
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Now on the initial boundary there is nowhere for fluctuations to propagate from,
so we have a Neumann boundary condition ¢|s,—o = 0. On the final boundary
fluctuations can propagate from the bulk, but they cannot cross the boundary, so
we have a Dirichlet boundary condition @|,,—; = 0. Of course there is nothing to stop
us from making other choices of boundary condition. From a physical point of view
we might like to take a Feynman prescription for the propagator, so that negative
energy states are propagated backwards in time in accordance with our usual notions
of causality. This complicates the quantization procedure considerably when things
like gauge invariance are taken into account. But it doesn’t really matter what
choice we make, because we can always change it later by integrating over the
boundary values of the fields (which is analogous to changing from the position
to the momentum representation in quantum mechanics). So we will do whatever
seems simplest. In (2.10) we chose Dirichlet conditions on both boundaries, which
is perfectly consistent.

So introducing the source terms arising from (2.5) and suppressing the € depen-

dence, we have
Sp = z'/dd+1x {%QS((?? +m?)p — 5(zo — t)(¢ — ©)d + 6(z0) (¢ — @)‘/)} , (213

and the boundary conditions in (2.10) are now automatically satisfied.
From the Schrodinger functional we can construct eigenstates of the Hamiltonian.

Inserting a complete set of such eigenstates we find

(ple™™|9) = 3 (| Bue™ """ (Euld). (2.14)

n

Normalizing the vacuum energy to zero, we have, as t — co

(ple” @) ~ To[@] W[, (2.15)

17



where ¥, is the vacuum WF. Excited states can be extracted in a similar way.
To illustrate the solution of the Schrodinger equation consider free scalar fields,

ie. V(¢) = 0in 2.1. The Schrodinger functional satisfies

1

o) = 3 (- oz + o) U3l 219

with the initial condition ¥[p, @]|;1=o = é[¢— @], and w? = ~V2+m?. It also satisfies
a similar equation with ¢ and ¢ interchanged. On general grounds we expect ¥ to

be Gaussian, so we make the ansatz
Wi, ¢] = f()exp [ ' (oT + pZp +$T4), (2.17)
which leads to the following differential equations

of = —til'f = —trYf
o = W -T?=-2
= = -I'E=-1E

2T = —E2=u?- 172 (2.18)

These have the unique solution (with the overall sign chosen so that the WF is

normalizable)

[ = 3trwcosech(iwt)

' = —wecoth(jwt)

E = —wcosech(iwi)

T = —wecoth(wt). (2.19)

Ast — 0, ¥ ~ %e‘fddz(‘/’“‘-’)z/% — 6l — @] so the initial condition is satisfied. As

18



t — oo we have
U ~ e‘% [ d*z(pwep + @w‘ﬁ)’ (2.20)

1

from which we identify the vacuum functional as ¥y = e~ [ g0,
We can construct excited states by the action of creation operators on the vacuum
WE; for free fields the annihilation and creation operators are respectively (¢(p) is

the Fourier transform of ¢(x), etc.)

(w'*(p)é(p) +iw™2(p)7(p))

(@'"2(p)$(p) — iw™/* ()7 (p)). (2:21)

S-S

Using (2.3) and (2.4) we can easily verify that a(p)¥y = 0, while an n-particle
excited state is given (up to normalization) by ¢(p1) ... ©(pn)¥olp], and has energy
Eo+ X w(pi)-

For interacting fields, it is sometimes easier to construct the n-particle states by

solving the time-independent Schrédinger equation HY,=E, 0, using the ansatz

Ui} = @[] Wo[e], (2.22)

and taking ®[p] to be of order n in .

Now for fields which vary slowly on the scale of the mass m, we can expand w as

2 4
w:\/—V2+m2:m—v——v—+ - (2.23)

om  8m3 |

This allows us to express the logarithm of a physical WF as an integral over a
sum of local terms, each involving ¢ and its derivatives evaluated at a single point.
Similarly, for small ¢, we can expand (2.19) in powers of ¢, which leads to a local
expansion for the logarithm of the Schrodinger functional, even when m = 0. The

terms of this expansion can be obtained from the Schrédinger equation.
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In later chapters we will see that similar expansions exist for all theories, includ-

ing interacting ones.

2.2 Yang-Mills fields

The Lagrangian density for SU(N) Yang-Mills theory is

1 v
L= 2—g2trF“ FI“”

(2.24)

where F,, = 0,A,—0,A,+{A,, A)J and A, = gAlT,, with T, the N?—1 generators

of SU(N). In the Weyl gauge Ag = 0 we can write
He-t [g tr(E? + B?)
= ztr ,

E=-A, B=VAA+AAA.
The fields conjugate to A are —g?E, and are represented as

E = ig2h5—5X.

(2.25)

(2.26)

(2.27)

The Euler-Lagrange equations of motion are obtained by varying A, in (2.24)

8,F* +[A,, F*] =0,

(2.28)

and the v = 0 component of this equation is a constraint (Gauss’ law). Substituting

(2.27) into it gives an operator which annihilates physical WF’s

GU[A]=0, G=(6"0,+ fACBAg“)%E—,.
(¢4

20
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This is simply the statement that WE’s are invariant under the time-independent
gauge transformations generated by G.

On the other hand, gauge transformations in other homotopy classes do not leave
WF’s invariant in general, but produce a phase; for a transformation G, in the nth

homotopy class

G, U[A] = e W[A]. (2.30)
This is the origin of the so-called §-angle. We can implement this property by writing
TU[A] = e vlAIp[A], (2.31)
where ® is invariant under all gauge transformations and in four dimensions® w is a

Chern-Simons term

1

Al=—
w[A] 1672

} 2
/ dzetr(Fy Ay — SAA;AL), (2.32)

which takes integer values for monopole-like configurations of the fields. So “instan-
ton number” can effectively be interpreted as monopole number in this context. The

Chern-Simons term may be cancelled by adding a total derivative to the Lagrangian

dw
0— 2.
L— L+ e (2.33)
and it is easily verified that
d’l,U 1 * v * v vo
?‘Z—t— = —1671_2131' F# F;wa P = %6” ngp. (234)

For the Abelian theory we can easily solve the Schrodinger equation for the vac-

lthe corresponding expression in two dimensions is given in Chapter 4.
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uum functional. It takes the following form

% / d*z (~ 5 A(S(X) 3 Aé(x) + B(x) - B(x)> VU[A] = EyT[A]. (2.35)

Since the Hamiltonian is quadratic, we expect a Gaussian ground state, so we write
Wo[A] = e VIAL W = é—/dgxdsyAi(x)F,-j(x, y) A (y). (2.36)
Substituting into the Schrédinger equation (2.35) we find
/d3yf‘ij(x, Y)Li(y, 2) = (= V26 + 6:0,)8° (x — 2), (2.37)
which in momentum space has the solution
[i; = —|pldi; + pipj/|pl- (2.38)

Transforming back to position space, we have

To[A] = exp (-# / d%d%%) . (2.39)

For non-Abelian fields, which are self-interacting, the Schrodinger equation is
of course much harder to solve. Nevertheless, Feynman conjectured [39] that the

vacuum WF in (2+41) dimensions has the following form
Wo[A] = exp {~tr [ Fy(x)S(x, ) Fy(x)S(3, ) f(x, y)dxdy ), (2.40)

S(x,y) =Pexp {z/yx A(X')- dx’} (2.41)

and this has been conjectured to hold in (3+1) dimensions as well [40, 60]. It is

difficult to verify this directly because of the intractability of calculations involving
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functional derivatives of the Wilson line S(x,y). Nevertheless, at short distances
(2.40) reduces to (2.39) in accordance with asymptotic freedom.
At large distances one might hope to expand the bilocal integrand in (2.40) about

a single point
To[A] = exp (—/\0 [ axtn(Fy)? =, [ ax(DiFg)? + . ) L (242)

The leading order term in this expansion dominates in the large distance limit,
as suggested by Greensite [41], and leads to confinement via a kind of dimensional
reduction [4]. However, Schrodinger representation calculations [42] in (2+1) dimen-
sional Yang-Mills suggest that (2.42) is not quite right; there are non-local terms
arising from the non-local nature of the weight function f(x,y). This is very simi-
lar to the situation in (1+1) dimensional QED, which we will study in detail later.
There the non-local terms are associated with the existence of massless non-physical
modes which are necessary to preserve gauge-invariance. Thus in spite of the exis-
tence of a dynamically generated mass gap, the anticipated existence of a derivative
expansion of the WE’s fails to materialize. This appears to be a general feature of
gauge theories.

It is still possible to obtain the vacuum functional in an expansion of the form
(2.42) by expressing it as a large-time limit of the Schrodinger functional, as we did
for scalar fields. Alternatively, the form of the non-local terms may be investigated
in more detail to generalize the large-distance expansion (2.42) in an appropriate
way. In either case, using the techniques described in Chapter 3 the small distance
behaviour of (2.40) can be reconstructed from the large-distance expansion, whose

coeflicients may be determined from the Schrédinger equation.
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2.3 Fermions

The functional representation of fermions is complicated by the self-conjugate nature

of fermion fields; for a free Majorana fermion with Lagrangian density
L = Ligy - oy, (2.43)
we can reproduce the canonical anti-commutation relation
{1ha (%), s (x")} = dap0%(x — X') (2.44)

by using the Floreanini-Jackiw representation [15]

(uldh = % (u + %) (ul. (2.45)

The difficulty is that (2.45) is reducible. But this reducibility may be removed by
interpreting the representation in a different way. Consider the arbitrary projection
operators Q¢ = (1 £ Q). Suppose we diagonalize @1 and represent @_% by

functional differentiation:

. 1 N 1 0
(u|Q+y(x) = ﬁQw(X)WI, (ul@-¥(x) = EQ“MWI' (2.46)

As before, we can solve for the u-dependence explicitly?
(ul = (Q|exp(V2uQ_v), (2.47)

where (Q| is defined by the property <Q|Q+1/A) = 0. This shows that WF’s depend

only on _u and we can take @,u = 0. The expression corresponding to (2.47) for

2We adopt the convention that when bilinears such as uQu or mﬁ are written down
without arguments, the spatial argument is integrated over: uQu = [ dxuq(x)Qapus(x),
etc.
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the representation (2.45) is
(u| = (any| exp(v2u), (2.48)

and if we choose (any| = (Q| then this coincides with (2.47) up to a trivial factor
e“9* which vanishes when the constraint Q,u = 0 is imposed.

As pointed out in [15], the choice of @ is a choice of Dirac sea. But as in the
bosonic case, it is neither necessary nor desirable to make it a physical Dirac sea,
which would make the reference state (u| an excitation of the physical vacuum.
We wish to make a choice which is independent of the dynamics or the specific
theory under consideration. It is convenient to take ) to be a local operator. One
particularly useful choice is @) = -, which is the unique choice preserving gauge
invariance in odd dimensional spacetimes, and corresponds to a vanishing vacuum
angle in even dimensional ones.

To define an inner-product we construct dual states |v) defined by

- 1 )
i) = 5 (v 55 ) o (2.49)
or equivalently
001ty = =0 Qb = Q-2 (2.50
+¢IU>— \/i +U!U>7 —'l/J ’l))_ \/5 ~ v 'l)), : )
with (2.47) becoming
[v) = exp(V2vQ44)|Q), (2.51)

where Q_v|Q) = 0. We have (u|v) = (Q|@) = 1 and the completeness relation is

1= / DuDul[v){u|. (2.52)
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As before, WF’s are overlaps ¥[u] = (u|¥) and have the inner-product
(U1 [ W,) = / DuDv ¥ [u]¥,[u]. (2.53)

It is easy to see that with repect to this inner-product the Hermitian conjugate of

u is %, so that z[; is Hermitian, as it should be.

Now charged fermions can be represented in a similar way?

(walld = Zslu+ 5w

(i = s+ )l (2.54)

The notation of (2.54) indicates that u and u! are treated as unconstrained
fields, eg. for the purpose of taking functional derivatives. However, as before, the
reducibility of (2.54) may be removed by imposing the constraints @_u = u'Q, = 0.

In the presence of these constraints (2.54) corresponds to diagonalizing @+ and

PiQ-:

<U,U,T,Q+l/; = \/§Q+u(u,uf|
(w,u'PlQ- = V2ulQ_(u, v, (2.55)

and representing the other projections by functional differentiation

R &
wallQi = —Z5Q s (u ]
N )
(u, o 1Qs = 715@@+<u,u*|. (2.56)

3The notation is a little misleading, since % (and not u') is the Hermitian conjugate

of u.
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Again, physical WF’s will always depend only on the constrained fields. The
two representations are exactly equivalent, but {(u, u!| and (u, u!| differ by a relative
factor of e=*'®* which guarantees that the functional derivatives acting in (2.54)
do not take the state out of the subspace defined by Q.

The explicit dependence on u, u' is given by

(w,ul] = (Q|exp[V2(uld) — Piu)]
= (Qlexp[V2(u'Q_v) — %'Qu)), (2.57)

where (Q| satisfies
(QIQ+¥ = (QI'Q- =0. (2.58)

Similarly, defining |u, uf) = exp[v2(uld) — $1u)]|Q) with Q_P|Q) = 4'Q4|Q) =

0, we have

. )

Pual) = (- )

- )

B, uly = Jﬁw—@nu,uw (2.59)

The inner-product is a little more difficult to define in this case. The above

definitions give rise to the following equations:

0 = (' - v2uQy(u,ullv,0")
= Qi@+ V2u)(u, ullv, 1)
= @'+ V20 Q_(u, ul|v,v")
= Q-(¢ - V2u)((u,ullv, o), (2.60)

where we have used the canonical commutation relations. The field operators in

(2.60) may be represented by either pair of fields, and the equations solved to give
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(u, ul)v, v") = exp(u!Qu — u'2Q_v + v12Q u + v!Qu). (2.61)

Hence

(u, ul|v, ') = exp(2vTu — 2ufv), (2.62)

which differs slightly from the version given by other authors [37].

To calculate inner-products of WE’s we use the partition of unity

1= /DuDuTDvaTe@"f“_?”f“)|v,vT)(u,uT|. (2.63)

2.4 Fermions coupled to gauge fields

We can combine the representations described in the previous two sections to give

a representation of QED or QCD. We start with the Lagrangian
L=3ip(y-D—m)y+ %%trF'“’FW, (2.64)

with D the covariant derivative D, = 0, — eA,. This is invariant under the gauge

transformations

¥ — g P, A, =g A9+ 970,90 (2.65)

For many purposes it is convenient to require physical WF’s to be gauge invariant
also. We wish to choose () so that this is possible. In general, we could consider @
to have some gauge field dependence. However, any field dependence or non-locality
of @ will cause the representation to transform non-trivially under (2.65) (this can
be seen from (2.57) and (2.58)). The only gauge invariant representations are when
we take @ to be a local, field independent operator. In particular, if we take Q4
to be the (non-local) projections Py onto +ve/-ve energy eigenstates, the resulting

WE’s are invariant under time-independent gauge transformations of the fields, but
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in general they do not satisfy Gauss’ law [15, 16]. However, provided we take Q to
satisfy the conditions above, Gauss’ law is automatically satisfied, and the WF is a
genuinely gauge invariant object.

Since |u,uf,.A) is not a physical state we need to check that its overlap with
physical states is well-defined and non-vanishing . Consider the vacuum of the

theory defined by (2.64). With Py defined as above, it satisfies
Pt P,|0) = P_4|0) = 0. (2.66)

The conditions (2.58) and (2.66) and the representation (2.54) lead to the following

equations:

P_ (u + ~—(z—)((u, ul, A0) =0

duf
§
(uf + E)1P+<<u, uf, AJ0) =0
5
1 —
Q4 (u = 57) (wul, Al0) = 0
§
) 1} —
(uf - E)Q_«u,u , A|0) = 0. (2.67)
These have the solution
(u,u', AJ0) = (Q|Be" M exp (iA - E) 0), (2.68)

where M = A7'C = C7!A, and we define A = {P_,Q.}, C = [P_,Q,]. The
constant of integration B corresponds to the determinant of the Dirac operator, and
solving (2.67) is equivalent to performing the fermion integration, since (2.68) no
longer involves fermion field operators. For the moment we assume that A~ exists;
the non-invertibility of A would signal the presence of zero modes of the Dirac
operator, which would have to be treated separately. But we can always choose @)+

so that A is invertible.
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We can reproduce the result in a path integral representation. The vacuum is
represented as lim;_,oo e 7| S), where S is any physical state not orthogonal to the
vacuum. This leads, via the usual correspondence of matrix elements with path

integrals, to the expression

Ulu,ul, A= [ DADY DY exp{ _Sp - Sk

+[V2('Qp — #1Quu) + uiQurid - A]}.  (269)

Here Sp and Sp are the bosonic and fermionic parts of the Euclidean action, and

the integral is evaluated with the following boundary conditions implied by (2.58):

Ailt:O = Q+1/}|t=0 = 1/}TQ—'t:O =0. (2-70)

These boundary conditions may be implemented by boundary terms as before.
For fermions we choose ¥'Q, and Q_1) to be propagated forward in time, and ¥'Q_,

(1Y backwards; this is effected by adding the boundary term

(T Q4 (2.71)

to the action, while the gauge field boundary condition is implemented by the bound-

ary term

i(TCA) - A. (2.72)

The fermion integration is now easily done by standard methods; we obtain the

path integral version of (2.68)
Ulu,ul, Al = /DAi det D exp{—SB + Tr[uTA_IC'u +1(A—A)- A] } (2.73)

D is the Dirac operator. Similarly, the vacuum functional for free fermions or
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fermions in a classical background field is given by
Wlu, ul] = exp Tr[qu—IC’u]. (2.74)

Now consider the possible choices of (). The solution we found above depended
on the existence of the operator A~'C, which is equivalent to the invertibility of
@ + P for all momenta. @ satisfying this condition are given in Appendix E of [15];

in even spacetime dimensions they take the form

Q =ay’ +i’y® + ¢y (2.75)

where a2 + b% 4+ ¢ = 1, with the additional conditions
(1 —c*) Y (—a+ibc) ¢ [1,00), (2.76)

for m > 0, and ¢ # 1 for m = 0. In odd spacetime dimensions 7> = 7°, so the only
possibility is ¢) = 7.

So what happens if we choose a () which does not satisfy these conditions? The
invertibility of ) 4+ P implies the absence of zero modes of the Dirac operator. This
completely pins down the topological properties of the wave-functional, which will
be useful when we consider subtleties like the vacuum angle. But other choices lead
to equally well-defined wave-functionals provided we take account of zero modes.
And it is always possible to alter () by means of a functional Fourier transform.

So assume for the moment that we impose (2.75), which we can rewrite as
1
Q1 = (7’ +i7°7°)5 (1 + 0y’ +4b'"7"°), (2.77)

1 ! -7/ .
Q- = (1=’ —t'y"v")(er" +ibr"y?), (2.78)

where a' = é‘%’;‘; and V' = Z;i’,’ﬁ; from (2.55) and (2.56) we see that this is equivalent
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to choosing Q4 = 3(1 + a'y° £ 4'v°y®). Since a” + b = 1, this means that we can
set ¢ = 0 in (2.75) without loss of generality. Thus the possible choices for @ are
parametrized by the single, arbitrary complex number z = a — b (which could in
principle be taken to have local variations in space).

Since the Dirac operator has no zero modes when these boundary conditions are
imposed, what happens to topological objects like instantons?

We will see that the phase of 2 corresponds to the vacuum angle. In two dimen-
sions our choice of boundary conditions mean the instanton number is not quantized,
but corresponds to the non-integrable phase. In four dimensions we observed a sim-
ilar phenomenon, and argued that the corresponding phase was related to monopole
number. Our representation seems to furnish a useful new perspective on these

non-perturbative structures.

2.5 Superfields

In order to work with supersymmetric theories it is useful to set up the Schrodinger rep-
resentation in the superfield formalism. The representation we give here extends to
all superfields. It would be extremely interesting to study Super-Yang-Mills in this
way, both because issues of regularization are much easier to deal with than in
ordinary QCD, and because, as we saw in the last section non-perturbative and
topological properties have very nice interpretations in the Schrodinger formalism.
In particular, z must parametrize the SL(2, Z) duality of N =4 SYM.

Just to illustrate the use of the superfield formalism in the Schrodinger represen-
tation, we will describe the vacuum solution of the Wess-Zumino model. The action

is written in terms of anti-commuting coordinates 6 as

S = / d2d?0d%6 L3(z, 0,0)p(z, 0,0), (2.79)
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where ¢(z,0,0) and ¢(z,8,0) are chiral superfields

é(z,0,0) = e"igaego(x, 6)

3(2,0,0) = P(z,d). (2.80)
We can expand ¢(z,6) and @(z,8) in powers of 0

o(z,8) = A+20¢—0°F

@(z,0) = B+200 - 60°G (2.81)

and choosing projection operators )+ as in the fermionic case, we can take as a

complete set of conjugate variables ¢(z, Q,0), ¢(z,Q_0), and their conjugates

) - = o _
"@Qu) = g = B 09 Hp(5,00)
7z, Q_0) = 5—(’5(—117(5—5@—_—9:5 = 1[d*9i09 e‘Ziéa"cp(:r, Q49). (2.82)

Defining ¢, = e‘i‘;wcp(:c,QJrQ), b = eiéwtﬁ(x, Q_0), and similarly for ., ., we
find that the Hamiltonian is given by
H = / Prd0np + / Prd07s - L

[ dowdte (Sreme + L0 (2.83)

As before we represent 7 and 7 by functional differentiation:

. ) _ N )
n(z,Q+0) = —zm, 7(z,Q-0) = -i————— (2.84)

and the Schrédinger equation HY = EyV is easily solved for the vacuum WEF:

Uolp, @] = exp (/ d*zd' @9_Q_—%Q+0 %cp) : (2.85)
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Note that the vacuum energy vanishes

_ 1 45 210¥6 p ZW _
By = tr / 440 970 gy T8 =0, (2.86)

and therefore H is a regular operator, unlike previous cases where the divergent

vacuum energy had to be subtracted.

2.6 Gravity

Quantum gravity is of course non-renormalizable, but it can be studied in the semi-

classical expansion using Schrodinger representation methods. The Lagrangian is

/ &z, /3(R(g) + A), (2.87)

where A is the cosmological constant.

It is useful to expand the metric about a classical solution of the Einstein equa-

tions

9ij = g5 + hyj. (2.88)

To quadratic order in the perturbation h;;, the Lagrangian becomes

L=~ (=hup b + BYVHE, — 2hE WY + 2k, B ). (2.89)

1
4

The theory is invariant under the gauge transformations h,, — hu, +&,, +&,,, and

a convenient choice of gauge is given by

hij,j = 0, h“ = 0, hoﬂ = 0, (290)
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so that (2.89) reduces to
1 3
L= -4_1 / d’z (hij,Ohij,O - h'ij,kh'ij,k) . (291)

The conjugate momenta are

i
N (Shij,o

7Tij

= thijo, (2.92)

and the Hamiltonian is

/d?’.’li (’/Tijﬂ'ij + ihij,khij,k)- (293)

This has precisely the same form as the Hamiltonian of free electrodynamics (2.35),

allowing us to obtain the ground state of linearized gravity by direct analogy:

- 1 s hge(X)hije(y)
Uolhi;) = exp (87r2 /d zd’y =y : (2.94)

The analogy between particles whose spin differs by one is extremely useful; even
in the case of loop effects and interacting theories it allows us to generalize many
results to arbitrary spin without repeating the calculations explicitly. We will make

extensive use of this in Chapter 6.
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Chapter 3

Perturbative and non-perturbative

approaches to the Schrodinger

equation

3.1 Loop expansion and renormalization

Our main incentive for studying the Schrodinger representation is as a non-perturbative
approach to field theory, but there are some issues, such as renormalization, which
are best dealt with in perturbation theory. Also, it is useful to be able to make
contact with standard perturbative results.

For a generic quantum field theory, the vacuum WF can be written as ¥y =
exp(W/h) where W generates connected Feynman diagrams. So, for example, the

Schrédinger equation for the scalar field vacuum becomes

17 s oo W \? . W
== - =] “h— V. .
We can expand W in powers of A
W=wO 4+ aw® ¢ B2w® 4 (3.2)
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and W in powers of ¢
wo =% /ddxl A O (xe, LX) o(X1) - 0(%n). (3.3)
n=2

For the vacuum WF we can assume that the functions f{) are translation invariant;
this ensures that the vacuum is a zero eigenstate of the momentum operator. We
can also assume without loss of generality that they are symmetric. Substituting the
expansions into (3.1) gives us simple equations which we can solve order by order in
f and . The order i° or tree-level contribution gives the Hamilton-Jacobi equation

for Wy, which corresponds to the classical action. At O(goZ) this is
[ a3 (5,2) = (m* = v)s(x - 2), (3.4)

so that fQ(O) (x,y) = —3vV/m? — V2§(x —y), ie. the tree-level contribution to the two-
point function reproduces the result we found earlier for free fields. Now suppose

we include a ¢* interaction term

Vip] = ;i—/ddw ) = / : 5(p1 +...+pa)o(p1) ... o(ps). (3.5)

Then according to (3.1) the tree-level four-point function (in momentum space)

satisfies

I5(p1,- .., pa), (3.6)

Z (0) (0) p1,---,p4)=4

with the solution

O(p1,...,pa) = _%ZW(p)a(pl,...,m). (3.7)

Similarly the tree-level six-point function is obtained as

1 d?
(0) P (0 (0)_
fo (P1,--,Ps) = 22w(p0/(27r)df4 (P,P1,P2,P3)fs (=P, P4, P5,Ps).  (3.8)
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The one-loop or O(%) n-point functions are obtained in a similar fashion from (3.1).

At O(p?) we have

69 / ddp diq 1 dq (1)
—9 / 29 .
27]' d 2 (p) + w(q)) (27r)dw(Q)f2 (Q): (3 9)
so that
1) _ 3¢ / 1

. 3.10

e (310

If we regulate the p-integral by introducing a momentum cutoff p> < A%, then for
d = 3 we find

AA?
(@) ~ S5+ Bo(@ A+ CA+ freg(), (3.11)

where fie is regular as A — oo. The first two divergences can be absorbed by
performing the usual mass and wavefunction renormalizations, and the third may
be removed by subtracting a counterterm CA [ d%z¢(x)? from the Lagrangian. In [3]
it was shown that this is a general feature of QFT in the Schrodinger representation;
wave-functionals are finite as the cutoff is removed, provided that in addition to
the usual renormalization we subtract suitable local counterterms from the action.
These additional counterterms are necessitated by the boundary terms which define
the quantization surface. Their form is constrained on dimensional grounds and
must respect all the symmetries of the theory; for this reason it is easy to show that

they are finite in number.

3.1.1 Renormalization of Yang-Mills

In gauge theory, gauge invariance is thought to preclude such additional countert-
erms [48, 50], so that physical WF’s should be finite provided we renormalize masses,
coupling constants, etc. in the usual way. For example, in Yang-Mills theory, we can
make the coupling constant g an appropriate function of a momentum cutoff, and

subtract the vacuum energy from the Hamiltonian. Thus the Schrodinger equation
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for the vacuum becomes

. h?g%(s) 1
— A _ = .
il\r‘% ( 5 s+ 2g2(s)8 E(s)|¥e=0 (3.12)
where
) )
Ay = /d3z d*y Ax,y) , B= [ d*ztrB% (3.13)
6AR(y) 5A}f(x) /

A is a kernel regularizing the coincident functional derivatives in the functional
Laplacian A (which represents E? in the Hamiltonian). The regularization must be

done in a gauge invariant fashion, so we choose

d3p ip.(x—
Alx,y) = S(x,y) /pz<1/s We P-(x) (3.14)

where as before S is a Wilson line. Again, we can expand everything in powers of &

WIA] = % 2h"Wn[A], g = io:oh"gfl, E(s) = ilh"En(s). (3.15)

Substituting into the Schrodinger equation, we have at tree-level the Hamilton-

Jacobi equation

d3p (5W0 (5W0

57 SAR(p) SAR(—p) _ © (3.16)
and at one-loop
hm{(goA Wo+290/d3 A; 5A;) 1B+2E1( )} ~0 (3.17)

Now A W, diverges as s \, 0, but we can choose ¢? in such a way as to cancel
this divergence. Consider the O(A?) part of A,W,. Because of gauge invariance,

this contains a term of the form
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clns / (Z;Z;3Aﬁ(p)flf(—p)(p“p”—pQV“”) (3.18)

for some constant c. We can compute ¢ = 11N/(247?) by evaluating W, up to

O(AY) from the Hamilton-Jacobi equation [9]. Similarly, to O(A?) B has the form

/ (%)Eflf (p) A7 (—p) (p"p" — P*V*) (3.19)

and we conclude that to cancel the divergent term (3.18) we must take 2¢?/gs =

cln(sp?) for some mass scale p. So to one loop, the coupling is

11g3N log(su?
g =g¢+hg?=g2 +h—22 2( ), (3.20)
487
allowing us to calculate the one-loop beta-function
dg? 11g:N
= p—> = —h—2—. :

In perturbation theory we can use similar methods to determine higher loop cor-
rections to g(s) and E(s). In principle these could be computed non-perturbatively
as well, but in four dimensions an analytical treatment is probably beyond current
technology. When fermions are included there are of course additional renormaliza-

tions of the wavefunction and the fermion mass to be dealt with.

3.2 Large-distance expansion

If, at least with current knowledge, renormalization is most easily dealt with in
perturbation theory, there are nevertheless many results which may be obtained
non-perturbatively in the Schrodinger representation. Also, the formalism is flexible
enough to allow the simultaneous use of perturbative and non-perturbative strategies

in any concrete calculation. The non-perturbative techniques which we are about
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to describe will be of considerable use even within perturbation theory.

In the last chapter we saw various examples of WF’s which can be expanded in lo-
cal terms for slowly varying fields. For example, we expect that the Schrodinger func-
tional of any QFT can be expanded in this way for fields which vary slowly on the
scale of the time parameter. For theories with a mass gap, we expect the vacuum
WF to have such an expansion for fields which vary slowly on the scale of the lightest
mass. Of course, as we discussed earlier and will see explicitly in the next chapter,
gauge invariance can spoil the local nature of this expansion by introducing massless
modes which connect gauge equivalent configurations.

Although expansions of this type are valid only for slowly varying fields, we can
use the analyticity properties of the WF’s under complex rescalings to reconstruct
their behaviour for large momentum. Thus from a local expansion of the WF’s, we
can in principle calculate all physically interesting information, including that which
is sensitive to UV modes, such as the computation of the particle spectrum, or the
beta function.

From the point of view of the Schrodinger equation, solving for the local expan-
sion of a WF is equivalent to solving an infinite set of coupled algebraic equations
for the coefficients of the local terms. However, in solving the Schrodinger equation,
care must be taken with the regularization procedure, since it will not in general
commute with the expansion in local terms.

If a WF admits a local expansion, it can also be expanded locally order by order
in the loop expansion. Thus this approach to the Schrédinger equation may be
implemented within a perturbation theory approach as well.

To illustrate the general strategy we are outlining, we will first show that the
analyticity properties of WF’s allow them to be reconstructed from their local ex-
pansions, and then show how the coefficients of these expansions may be obtained

from the Schrodinger equation.
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3.2.1 Analyticity of Wave-Functionals

To begin with we will show how the small distance cutoff dependence of the free
scalar vacuum energy can be reconstructed from its large distance behaviour. Con-
sider the Hamiltonian (2.9). The vacuum energy is given by the action of #2, which
is represented by a functional Laplacian A, on the vacuum functional ¥y = e—%(pwgo‘
This clearly diverges, so as before we introduce a momentum cutoff which regulates

the Laplacian

d 52
A= , 3.22
p*<1/s (2m)? ¢ (p)dyp(—p) (8.2
and leads to the well-defined vacuum energy density
Aw 1 d’p 5 const.
£ = =3 Jocrys VP~ S w80 (3.23)

Now suppose we insert the local expansion (2.23) of w into (3.23). This does not
give the correct behaviour as s — 0, because the expansion is only valid for p? < m?2.
But we can remedy this by resumming the series expansion to obtain the correct

small distance behaviour. If we rewrite (3.23) as

d

_ 1 ’p 3 2
E(s) = 52 /,,2<1 o) p?/s +m?, (3.24)

then it is easy to see that it extends to an analytic function of s on the complex
plane with the negative real axis removed. We can expand the square root provided

that |s|m? > 1. Consider the integral

1 ds
IV = — / Bere 2
where C is a keyhole contour which runs under the negative real axis up to s = — R,
where R > 1/m?, around the circle of radius R about the origin, and back to s = —c0
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above the negative real axis. We can evaluate this integral using the local expansion
() A n+d/2
, 3.2
nz% (n + d/ 2)! ( ) (3.26)

Vdmd'Hé-!
where an = spagrERRlITI=R)

with V; the volume of the unit sphere in d dimen-
sions. Alternatively, we can evaluate (3.25) by collapsing the contour until it just
surrounds the negative real axis. As A — oo the contribution from the negative real
axis is exponentially suppressed, and we are left with £(0).

In practise we will want to truncate the series to a finite number of terms. Since

(3.26) is an alternating series, truncating it at n = N, say, gives an error less than

N+d/2+1 N+d/2+1
1
N1 A L[ . (3.27)
(N +d/2+1)! \m?

N \Nm?
If we take A = Npu? with u? < m? then the truncation error goes to zero for large N.

We can choose i so that the error due to approximating £(0) by (3.25) is comparable
in magnitude to (3.27).

Now we will describe how a similar technique allows WEF’s to be reconstructed
from their large distance expansions. If we write WE’s as functionals of a scaled
field ¢*(x) = p(x/+/s) we wish to show that they form analytic functions of s in the
cut plane. This will allow us to express their behaviour for small s in terms of their
behaviour for large s, via Cauchy’s theorem, just as we did for the vacuum energy.

Consider the path integral representation (2.10) for the Schrédinger functional,

written in terms of the scaled fields

[ Do exp—i [ @t {9(@ + m?)p - 26(z0 — 7)(9 — )+ 20(z0) (6 — )} .
(3.28)
Suppose we have only one spatial dimension. Since we have chosen the space-time

to be Euclidean, we can interchange the réle of the time coordinate with that of
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the spatial coordinate to obtain an integral over the space-time —co < ¢t < oo,
0 < z < 7. The time derivatives in (3.28) become space derivatives, and we can
reinterpret the path integral as a time-ordered vacuum expectation value in the

rotated space-time
Tolo*, 3] = Tl exp [ dt (20° ey = 26°0lem)0). (3.29)
Here |0,) is the vacuum of the theory with Euclidean action
Sp=i / d?z {$(6° + m2)¢ +2(8(z0) — 8(z — 7))} (3.30)

defined on the rotated space-time. We can expand the exponential in (3.29) and
use the time-evolution operator e~Hrt of the rotated theory to generate the time-

dependence. We obtain

90 (:0] Z/ diy, / dtn-1. / dtl—'/dpl .dp, e it
x@*(p1) - (pm)sb st - - - @ (pa) (0§ (0)e~Er=tn=DE" Gr(0) . .

e~ 2= g (0)]0,), (3.31)

where the first m occurrences of ¢'(0) are evaluated at = 7, and the remaining
ones at z = 0. The time integrals may be performed to give

U, [0, "] = > /dp1 o dpab (1) (p1) - - 0 (Pm) P (Pmsr) - - - B°(Pn)
1

Sn/? 2 _ / 2 __A___A/
XSO O) e e (0) 0 F01632)

Inserting a complete set of energy eigenstates between occurrences of the Hamilto-
nian in (3.32) allows us to write this as a sum of terms in which the s-dependence

is contained in fractions of the form 1/(F — i Y%, p;); since the eigenvalues of the
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Hamiltonian are real, this shows that ¥, is analytic in s apart from singularities
occuring on the negative real axis.

To extend this result to fields in more than one spatial dimension, we can con-
sider scaling each dimension seperately, and applying the same argument as above.
Similarly, this result extends straightforwardly to fields of higher spin, including
fermions and gauge fields.

Now consider W, the logarithm of ¥,. To any finite order in the sources ¢ and
@ this may be written as a sum of terms which are products of the terms appearing
in (3.32), and it is thus also analytic in the complex s-plane with the negative real
axis removed. Because particles are restricted to the range 0 < z < 7 the theory
has a mass-gap of value 1/7, even if m = 0. Thus all the fractions 1/(E —i¥% p;)
have either E = 0 or E > 1/7. In the latter case, provided the sources have compact
support in momentum space, and we take s to be sufficiently large, we can expand
the fractions in positive powers of the momenta, leading to a local expansion of
the wave-functional. The fractions with F = 0 cannot be expanded, but these
denominators must cancel against powers of momentum in the numerator to avoid
violating the cluster decomposition property of W,. This cancellation is highly
non-trivial, but it can be verified explicitly at each order by laborious calculations.

So in conclusion, for sufficiently large s, W, [¢®, ¢°] can be expanded in terms
which are local functionals of the sources. Using the fact that W, [¢®, $°] is analytic
in s allows us to reconstruct the behaviour for small s from from this expansion,

writing

=1 _ 1 _ 1 ds A(s-1) s ~s
W-le, @] —Alggl(k)—}ggo%/cs_le VWi le®, &), (3.33)

with C the same contour as before. We can improve the convergence of the series
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by applying an additional resummation:

1 [rdr
lim I(\) = lim — [ ¢

A—o0 oo 2t Jo T

11/ V7). (3.34)

3.2.2 The Schrodinger equation for the local expansion

In principle, by substituting the local expansion of a WF into the Schrodinger equation,
we can reduce it to a set of algebraic equations for the coefficients of the local terms.
But as mentioned earlier, the need for regularization complicates this procedure.
Consider the simple case of ¢* theory in (1+1) dimensions. This theory is super-
renormalizable, and the Hamiltonian can be regularized by normal-ordering with
respect to an arbitrary mass scale. Alternatively, the regularization may be per-
formed by subtracting mass and vacuum energy counterterms. It is a relatively
straightforward procedure to obtain the mass and energy counterterms as explicit
functions of a momentum cutoff; we require functions m(s) and £(s) with the prop-
erty that

CH o= i H = 1 -2 2 2, 9.4
:H = ll\r‘%Hs = £1\I‘r(1)/da: (7Ts + m*(s)¢; + 4¢s 5(5)) (3.35)

for the cut-off fields

dp ip(z— ~ dp ip(z—y) ~
b= [ay ], Gre Vo), do= [y [ SR iG). (330

2

These are given by

6g dp 1
28y =m? —h2 N .37
mi(s) =m* —hg [ o o (3.37)

and

B dp m2(s) —m?\ = gh? dp 1 2
&) =5 [, So(Vreme e+ [, ]
(5) 2 Jp2<i/s 27r< prme 2vVp2+m * 32 \Upz<iys 27 \/p2 + m2
‘ (3.38)
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We chose to normal order with respect to the classical mass m, but we could have
normal-ordered with respect to any other mass, reflecting the freedom in our choice
of subtraction point which lends the usual arbitrariness to the counterterms.

Now the Schrédinger equation may be written as

iy (1) + Al 7)) =0 (339

Using the argument already described, we can show that the LHS of this equation
extends to an analytic function on the s plane with the negative real axis removed.
This allows us to express (3.39) as

.1 ds s 0 s
Alg{.lo%/C? (a‘l’[ﬂp &) + H V. [¢’, w]) 0. (3.40)

where in this expression we can assume that ¥, = e, where W, is a sum of local

functionals

d d n 1 1 1 m
W,=3 / G p2 0(p1) - .- @(Pon)S(pr+- - +pan)ailrmpit | pizng™ (3.41)

nmz

Substituting this into (3.40) gives an infinite set of algebraic equations for the co-
efficients af ;. In the following chapters we will encounter many more examples
of equations like this; in many of the cases we will consider they can be solved
analytically, but in general they are well suited to numerical treatment.

It is worth noting that the renormalization counterterms can also be obtained
non-perturbatively from these equations, provided suitable renormalization condi-

tions are imposed.
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Chapter 4

The Schwinger model

We now wish to illustrate the non-perturbative solution of the Schrodinger equation
by studying a simple interacting theory, QED in (1+1) dimensions with massless
fermions, known as the Schwinger model since it was shown by Schwinger to be
exactly solvable [36]. This model exhibits many of the features of QCD in higher
dimensions, such as the vacuum angle, chiral symmetry breaking, and confinement,
but since it can be solved exactly, it is a useful model for studying these phenomena
analytically.

Another motivation for studying this model is to shed some light on the appar-
ent breakdown of the local expansion property which seems to result from gauge
invariance. In the Schwinger model we will see that this is related to charge screen-
ing. This supports the idea that gauge invariant WF’s do not in general admit local
expansions, even in the presence of a mass gap. However the Schrodinger functional
does always have an expansion, as we will verify for the Schwinger model by con-
structing the Schrédinger functional explicitly.

Many of the phenomena which we describe for the Schwinger model, such as the
vacuum angle, bosonization, and much of the detailed structure of the Schrodinger
equation, carries over directly to more general gauge theories in (141) dimensions.

Though exact WF solutions have not yet been found for non-abelian gauge groups,
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our approach may be applied to this problem without further development. We will
also investigate what happens when we give the fermions a non-zero mass; we will
show how to solve the Schrodinger equation for the exact n-point functions.

In two dimensions, the general form of a physical WF is

¥ = (u, ANg) = 32 T dondinad )P ulin)é 5 o ),

= (4.1)
where the Wilson lines eief:nnA guarantee gauge invariance and f° are arbitrary
functions. It is useful to note that in the presence of the constraints on u and uf,
two dimensional gamma matrices have only one effective degree of freedom; ie. in
(4.1) we could have written 7° or 7! in place of ¥°.

Using this and (2.63) we can calculate (dropping a divergent constant)

o0
(Wg| sy =g°f0+ Y %/dafﬂdayﬁil...iaga(xl,yiu e Tay Yio) FH T, Y1 Tas Ya)-
~ (4.2)

A specific representation of the two dimensional Euclidean gamma matrices is

given v° = o, 41 = 02, v* = 0%. We will use the fermion representation described

in chapter 2, with the gauge invariant representations having

1 1 +2z
Qi == ( ) . (4.3)
+271 1

4.1 The Schwinger model vacuum

4.1.1 Path integral solution

To begin with, we will solve the path integral expression (2.73) for the vacuum WF.
Since the effective theory is gaussian, the calculation is particularly simple. Later

we will show how the same result may be obtained from the Schrédinger equation.
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The Schwinger model has the Euclidean action
/ Pr(y - (0 +ieA)yp + %F‘“’Fu,,). (4.4)

For massless fermions we can obtain the fermion determinant by integrating the
anomaly [32]; with a U(1) gauge group the result is

2

det D = exp{ - ;7(3”¢)2}’ (4.5)

where A, = 0,7+ €,,0,¢. Py are obtained as equal time limits of the Dirac propa-

gator
P, = 5}1{51:1: D7 (4.6)
and
D = ¢iemt7°9) )0,y ge=ie(ntr®9) (4.7)

At t = 0 we want A; = A, which implies that n = [*(A+ q&) For ¢ we can without

loss of generality choose the boundary condition ¢|;—¢ = 0. Thus we have

_1 7
Pi—2<5(:c y) £ pr—y

) exp{ie /y A+ ). (4.8)

Here P denotes the principal part. The operator A7'C is easily found; (2.73) be-

comes

Dy, ul, A] = /ngexp{—%qﬁ(a‘l + M?6%)¢

+§ /da:dy [uT(a:)fySu(y)’PI 1 . exp{ie /Z(A + ¢)}]} (4.9)

Y

where M? = % We can integrate this to give
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21 22 e [*
i — il “ 1 5 1efy A
Ulu, ul, A l;) . nl;[o[7r /d:cndynu (zn)7°u(yn)P —
X eXP{ Oz —yi) — D [‘I’(zi —z;) + ®(y: — yj)] }](,4-10)
ij=1 j>i=1

where

o(z) = / @<i — M) (1 — cospz). (4.11)

27\ |p| p?
It may be explicitly verified that (4.10) satisfies both Gauss’ law and the Schrodinger
equation. Note that this expression is both UV and IR convergent.
Since the Dirac operator is flavour neutral, all of this is perfectly valid for the
Schwinger model with Ny flavours, provided we put a flavour index on the fermions

and set M? = N; <.

4.1.2 VEV’s, chiral condensate and vacuum angle

Define
= _[dp(1 VP + M? iz
C(x) = / %(lﬂ - —“—pz )6 , (412)

so that ®(z) = C(0) — C(z).

From the analysis of [43] it is clear that the two-point function (¥(z)r/r%(Y)L/r)

is given by
} & o)
()b = e
) =i
(V(@)rd(y)R) = gecu—y)’ (4.13)
where C(z —y) = [ £( — —=L—)e'* is the propagator of ¢(z) (whereas ®(z —y)

|p| - \/p2+M?

is the propagator of [ ¢).
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In particular, since lim,_,o C(z) = In % + 7, we have for the chiral condensate

- Me7

($h)e = —— cost, (4.14)

which corresponds with the well-known result [38].

Since the effective theory has only two-point interactions, the other n-point func-
tions are obtained from C(z) by a trivial extension of this analysis. When we con-
sider the massive model, we will have to include n-point interactions in this analysis.

We have identified the theta angle as a parameter in our choice of boundary
conditions. We now demonstrate that this is the same parameter appearing in the
instanton physics of the pure gauge theory. From this point of view the vacuum
angle is obtained by inserting a term

1ed

— [ dze™ F,, 4.15
Ir / 1 ( )
into the path-integral expression (2.69). This term is proportional to the “instanton
number”, which is not quantized, as a result of the boundary conditions. We have

€ F,, = —20%$, but on the other hand A = — [°_ dt?4, so that
* / dze” F,, =2 / dzA. (4.16)

Hence

Wolu, ul, A] = Ufu, ul, Ale's [ d=4 (4.17)

so that under a large gauge transformation [dzA — [dzA + 2”7”, we have Uy —
Tye?m? This phase is twice what we might expect; because of the relation (4.16)
large gauge transformations change the instanton number by multiples of two. To
change the instanton number by one unit, we must perform a large gauge trans-
formation of winding-number one half [dzA — [dzA + 7. These “half-integer”

transformations were first discussed in [33], but should not be thought of as con-
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tributing to the vacuum degeneracy [34]. The periodicity of 8 is explained by the fact
that it is energetically favourable to create an electron-positron pair when 6 > 27
[35].

Because of the chiral anomaly, by performing a chiral rotation
= 02yt ylem 2 (4.18)

in (2.69) the term (4.15) is cancelled. This returns us to the original expression, but
with @ replaced by @' = Qe and u, u' chirally rotated so that they satisfy the
constraints with ' instead of Q). In other words, the term (4.15) just modifies the

boundary conditions in the expected way. Incidentally, this implies that
(TH10(d, PHW5) = (L5072, §le7"12)|wp), (4.19)

which is useful for calculating expectation values.

This discussion is unaffected if the fermions have a non-zero mass, except that the
mass term is also altered by the chiral rotation (4.18); m — me®’ . This indicates
that the vacuum angle has a true physical significance in this case, whereas for

massless fermions it can be altered by a suitable redefinition of the fields.

4.1.3 Bosonization

The confining nature of the theory is easily seen from (4.10); since the potential
(4.36) goes like |z| at large distances, configurations in which a field source goes off to
infinity without an accompanying anti-source, are exponentially damped. Infrared
slavery and asymptotic freedom are similarly seen by scaling the momentum in
(4.36); the effect of such scaling is to make the coupling constant large for small
momenta and vice-versa.

Bosonization may be understood by transferring the sources to currents instead
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of fields. By a gauge transformation, we can always set A = 0. Now consider the

following object:
\I’[é] = /DUTDuefdzzuwsu\I/[Ua \/Tffuta O] (420)

Inserting the path-integral expression (4.9) and performing the u,u! integrations

gives (with boundary conditions as before)
Ul¢] = / DDt DopeS=Sr+VATH(Ewt ). (4.21)

This is a functional whose argument couples to a local fermion current. Using

(4.5) the fermion integration yields

W] = [ DgeSem [ Fetonr
_ /D¢6_%fd2z(az¢)2_§1;_ fd22(62¢a2¢_2e¢'>¢+d.>glz‘f’)’ (422)

where ¢ = eg — 6—12¢~5 and ¢ = exuOrJ, with Jo = 0, J; = i/7€5(t). Hence ¢ =

/T2 (£6(t)) and performing the remaining integration, we find

Ul = ez [ detVmotEME (4.23)

which is the vacuum WF of a free boson field of mass M.

From this we can easily reproduce the standard correspondence between bosonic

and fermionic operators. (4.21) implies that

19 = t tndepeSB—SFHVATHEY 1Y)
Tr Vel = [ DD Dylype oS /ests
- / Dul DueJ #57°w i3 0w, —\éjfuT,O]. (4.24)
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The fermion operators are represented as in (2.55) and (2.56). Now define
Vg, x] = / DDt Depe=S8=Sr /T ES 1 vx¥19) (4.25)

Performing the fermion integration we find J; = 4,/7€6(t), as before, and Jy =

VTX6(t), so that ¢ = /T2 (E6(t)) + VT2 (x6(t)). Thus

D¢, x] = efdw(—%EﬁWﬁ—xE'—%xaﬁ(—62+M2)‘l/2x)' (4.26)
Hence
1 1 6
ol = —2 -
- /DuTDuefdz’””T"’S"W@\I/[ua %—%5“1’0]- (4.27)

If we represent £ as —z'-(% then (4.24) and (4.27) imply that

/ Dut Duel ##1 7™ oyl [, g&”, 0]

— t fdzzu775u:l uv [7_1' t
/ Du! Due TR0V, el 0] (428)

It follows that 127“1& ~ \“/—71?6“”8,,5 on all physical states. This equivalence may be
exploited in a number of ways; for example it immediately allows us to identify the

creation and annihilation operators of the theory

ax(p) = % (w"jo(p) /p F w™2js(p)) (4.29)

where jo(p) and js5(p) are the Fourier transforms of jo(z) = 41(z)d(z) and js(z) =

J;T(x)fyf’vﬁ(x) respectively. Also, in calculating physical expectation values
(01O (3, )| W) (4.30)
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the operator O can be represented in terms of equivalent bosonic operators; the

resulting calculations are generally much easier. To illustrate this, consider the

chiral condensate

o (0199))
B = S

161'9'75 7
_ <01¢<O|0>¢|0>, w31)

where we have used (4.19). Now the bosonic operators corresponding to the chiral

densities 171(1 + 7%)9) are

: @TIVATS 4.32
5 € (4.32)

(this can be verified in a similar way to the other bosonization formulae). The

normal-ordering is perfomed with respect to the scale M, and v is the Euler constant.

Thus 1Zei9751/3 corresponds to M€ : cos(v4mE +6) : whose vacuum expectation value
27

is easily ascertained from (4.23). We have as before

(d)e = Agf cos 6. (4.33)

4.1.4 Solution from the Schrodinger equation

A solution for the vacuum WF of the Schwinger model (on a circle) was given in
[37], where it was found by solving the Schrédinger equation. We now wish to show

how a similar calculation can reproduce our result. Define

(@, y) = ¥t (z) Map(y)e s . (4.34)
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Gauss’ law implies that 8, E(z) ~ ejo(z) on physical states, where jo = 9i9. By

Fourier transforming, this in turn gives us

~

/dyr:E2 /dl‘dyjo z)50(y)V(z —y) + F?, (4.35)

where F' = [dzE and
_ dp
14 / v, 4.
() = o (4.36)

Thus the Hamiltonian acting on physical states can be written as
H= / dzdy’e(2)5o(y)V (@ — y) — i / dz lim 8,.J,5(z,y) + 2. (4.37)

Note that the fermion interaction is completely determined by Gauss’ law. The F

term is represented by and may be diagonalized by inserting a factor of

6
([ dzA)’
e'# J 44 into the WEF’s, ie. it gives the vacuum angle. For the moment we will take

this to vanish, so that this term may be ignored.

Substituting in (4.37) using (2.55) and (2.56) gives

/dxdyV(:r —Y) (uf(x) (5uf(a:) * 6u(z:c)u($)> (uf(y)éuf(y) + 6u§y)u(y)>
+ [ dolima, [( ; M‘Ex) s G o)) AJ | (4-38)

Gauge invariant WF’s have the form (4.1). If the distributions f* are taken to be
translation invariant, then (4.1) is simultaneously a zero eigenstate of momentum.

Inspired by the path integral calculation of the last section we make the Ansatz

F4z1,v1,- - Tay Ya)

=2 ﬁ A(zn — yn) €Xp { Z O(x Z [D(z; — z;) + P(y: yj)I}.39)

1,j=1 7>i=1

where A(z) =

K
T

-Pz—ig. The equal-time limits of the free-fermion propagator are
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1(1 £+°A), and ® is the two-point function of the effective theory which results
from integrating out the fermions . In a more general theory we would include higher
n-point functions in (4.39), but there are no higher n-point functions in this case,
as the effective theory is non-interacting. We take & symmetric and ®(0) = 0, so

we can write

= /de’(p)(l — cos(pz)), (4.40)
and we have only to determine C(p). Let us write

Hv=3% 'H [ deadyat (e)Pulgn)e o A Fo(m e p) (441)

a=0

We will interpret sums and products from 1 to 0 as 0 and 1 respectively. An explicit

computation, as in [37], gives

fa(xlayla .. -)xa;ya) = V(.Tl, Y1y - - 7$a;ya)fa($1;y1; e :xa:ya)
—i [ dolim 0, 1,1, o Y0r 4, 2)

a
+i/dx;i_r>28yl;fa+l(xl7yla-"axb)xay:yba"'azaaya)

—1 Z fa_l(xluylu B 7¢b7 ﬁbu s 7$a7ya)6l($b - yb)) (442)
b=1

where £ denotes the omission of that argument, and we define

V(xlayla---;xaaya) = i V(:I?l Z [V '—SL'] +V( '_yj)]: (4'43)

ij=1 j>i=1

and V(z) = 2(V(0) — V(z)).

We wish to verify that ¥ solves the Schrodinger equation

HY = Ey 0. (4.44)
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For a = 0 (4.44) reduces to

Ey=—i [ dzlim {9, (A(y — z)e?@)}, (4.45)

y—z

and gives us the divergent vacuum energy. For ¢ = 1 we find

EcA(zy —y1) = V(s —y)A(z —v1)
+i/da:A(:v1 —)A(z —yp)(P' (& —y1) — ¥'(z — 1))

—1A(zy — 1) / dz %1_}11; Oy (A(y - x)eg(f”’y”“’yl)) , (4.46)

where g(z,y,71,51) = ®(y — ) + B(z1 — 2) + Sy — y1) — (y — 1) — &(z — ),
and we have used [dzA(z; — z)A(z — z3) = 6(z1 — 2). Now by Taylor expanding

a test function f(z) it is clear that

lmA)f(a) = Zf0)+...
lim A'(2) f(z) = ;—;f”(0)+... (4.47)

The ellipses represent potentially divergent terms which contribute to the vacuum

energy but cancel in (4.46). Hence we have

1
—q ; _ (zy%1.91) ) — Mo N U 2
z/dxil_)mxay (A(y x)ed\TYTLY ) =Ey + 27r/d:1:(<1> (z —y) — 'z — z1))°,
(4.48)

and
o [ da(® (o)~ (o~ ) = [ PO - cos(plar — 1)), (449)
Now the identity
[ dad (@ - DA -y fla) = oo —p)f () + Al - 1) X
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—=e(p)f(p) (e — e7P¥1)
corresponds in momentum space to the identity
e(P)e(p+a) =1+ ¢€(p)e(q) — e(g)e(p +q)

(e is the step function). This implies that

Z'/d‘m(fﬂl —2)A(z - y1)(P'(z - 1) - ¥'(z — 1))

= 20(a1 — 1) [ dplplC(p)(1 — cos(p(ar — 1))

Thus (4.46) reduces to the quadratic equation

2

fp—Q +2[p|C(p) — PC(p)2 = 0,

and to get a normalizable WF we must take the appropriate root

p*+ M?

cip) = = >

(4.50)

(4.51)

(4.52)

(4.54)

This reproduces the result (4.10). It is straightforward to show that (4.44) is satisfied

by this solution for all @ > 1; using the identities (4.49) and (4.50) the a = n equation

may be reduced to multiple copies of the a = 1 equation.

4.2 The local expansion

4.2.1 The Schrodinger functional

We will now describe how the result (4.10) can be reconstructed from a derivative

expansion, whose terms are local expressions in the fields. This allows the techniques
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of [4]-[7], which are generalizable to higher dimensions, to be used to provide an
alternative solution of the theory. Naively, the presence of a mass gap in the theory
should mean that all propagators are exponentially damped at large distances, so
that the logarithm of (4.10) should reduce for slowly varying fields to a sum of local
terms, ie. integrals over finite powers of the fields and their derivatives, evaluated
at a single spatial point. Unfortunately, because of gauge-invariance (4.10) contains
massless modes not appearing in the physical spectrum, and this simplification of the
vacuum WF does not occur. This may be seen by noting the existence of screened
large-distance configurations.

We will get around this problem by considering instead the Schrédinger func-

tional

(@, 4, u,ul) = (@, 4 e” 7 |u, ul). (4.55)

The vacuum functional is just the 7 — oo limit of this object. We can also extract

excited states by inserting a basis of energy eigenstates
@, [0,0,u,u'] ~ 3" Uplu, ulle " (4.56)
E

For simplicity we will only consider the case 4 = %! = 0. The parameter 7, which
corresponds to Euclidean time, acts as an inverse mass for all states of the theory—
physical or otherwise. Provided we work with fields that vary slowly on the scale of
T, the logarithm of ¥, has an expansion in positive powers of 7, each term of which
is itself a finite sum of local terms. As we will see, the large 7 behaviour can be
reconstructed from this expansion.

We will begin by finding the free fermion solution. The Schrodinger equation is

0 N
—5- U, =AY, (4.57)
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where

~ 1 ) )
H = - / d t _— e I 5 ) .
5 d*z(u' + (5u)h(u+ 6u'f)’ h = iy°0, (4.58)
We also have the initial condition
Uy = (Qlu, ul)) = ef Q) (4.59)
If we put
U, = f &=T(h) (4.60)
then (4.42) becomes
. 1
I'= —5(1 -D)h(1+ 1), (4.61)

with T'(0) = @. This equation is solved by the ansatz
[=(S+Q-)(Z-Q)7 (4.62)
and substitution into (4.61) gives ¥ = A%, £(0) = Q,, with the solution
S =e%Q, (4.63)
Hence we obtain

[ = Q +2Q_+° tanh(—478,)Q5, (4.64)

which has a derivative expansion for small 7, as promised. It is also easy to find the

(non-local) large-time limit:

5
lim I'(z — y) = Q+2Q_31-P !

T—=00 m :L'—y

Q4+, (4.65)

which coincides with the solution I' = A~'C that we found before.

Now consider the interacting theory. Substituting the result (4.42) into the time-
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dependent Schrédinger equation (4.57) gives

_fa($1,y1, cee ,l'a,ya) = V(xlayh s xaaya)fa(zl,yla cee ,-Tra,'!/a)

—Z/d.’l}hma f xl,yl,---,xa)ya:yax)

+7;/d$zlli_r’r:lcayl;fa+l(xlayla"'be:xay)ybr"

a
_ZZ fa_l(:rbyl; ce 7¢b7ﬁb: cee )zaiya)él(xb -
b=1

-EOfa(‘Tla Y1y Ta, Z/a)

1 Tas Ya)

Ys)

(4.66)

Here we have made H regular by subtracting the zero-point energy (4.45), ie. H —

H — E,; this may be achieved by normal-ordering. In order that we recover the

solution (4.64) in the free-fermion limit e — 0, we use the Ansatz (4.39) with

A(z — y) = tanh(i70;)d(z — y). The a = 0 part of (4.66) is of course trivial; for

a = 1 it becomes

0 = Az —y1)0:P(z1 —y1) + V(21 — y1)A(zy — Y1)

-H'/dxA(xl - 2)A(z — ) (D' (z — 1) — D'(z — 1))

—iA(z1 — ) /da: ;I_,H; Oy (A(y — x)eg(z’y’x”yl)) — EyA(zy

In obtaining this we used the identity

A(zy —y1) = (1 - tanh?®(479))8 (21 ~ 1)

= 1§'(zy — 1) — z'/dxA(:r;l —z)A'(z — y1).

Now for small z
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so that

i A@)f(z) = Zf(0)+...
lim A'(2) f(z) = ;—;f"(0)+... (4.70)

The ellipses have the same meaning as in (4.47). Hence as before

—i / dz lim 8, (A(y — 2)e?E0=10) = By — / dpp’C(p, 7)*(1 — cos(p(z1 — 11)))-
(4.71)

On the other hand, we find that

’L'/dxA(xl - )A(z —y1)('(z — ) — ¥'(z — z1)) =

INCIEET / dp coth(p)pC (p, 7)(1 — cos(p(z: — v1))(4.72)

Thus (4.67) reduces to

_ 2
C(p, ) + 2pcoth(pr)C(p, T) — p2C2(p, T) + ]\;[_2 =0. (4.73)

The initial condition (4.59) is satisfied if C(p,0) = 0. For small 7 we can expand C

as

C=> et (4.74)
n=1

and substituting into (4.73) leads to a recursion relation which is easily solved for
the coefficients ¢,, which are polynomials in positive powers of p, divided by 1/p?.
We note that (4.73) reduces to (4.53) for large 7, so that we recover the vacuum

functional, as expected.

Just as for the vacuum functional, it is easily shown that the solution given by

(4.73) satisfies (4.66) for all a.
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4.2.2 Solution from a local Ansatz

The Ansatz (4.39) is very useful in two dimensions, but it is not clear that it gener-
alizes in any way to higher dimensions. Thus we will now describe an Ansatz which
does generalize.

Provided we work with fields that vary slowly on the scale of 7, A(z) = tanh(i0,7)d(z)
can be expanded in derivatives of the delta function. It follows from (4.39) that the
logarithm of ¥, has a local expansion (this should also be true in higher dimen-

sions). This allows us to write log ¥, in the form (4.1), where we take the f* to be

local:
fa(ph s 7p2a) = Z bmp?l © .bmap%“
1,00y N2a=
a dp dp2a a
o te) = [ B Pt ) ) (475)

Since we can gauge away the electromagnetic field, this leads to the following Ansatz

v [dady 3 aBrtul @)y (Gl ) (G ul) + . (476
n,m,q=0

where the coefficients a;; . are obtained from the b, in the obvious way. This Ansatz
can be inserted directly into the Schrodinger equation (4.66), which thus reduces
to an infinite set of algebraic equations (a finite set for each order in 7). We have
explicitly verified for the first few terms the that the local expansion which results
from solving the Schrodinger equation in this way is the same as that which is
obtained by expanding the small-7 solution found in the last section.

Now the local expansion depended on expanding V¥, in positive powers of 7 for
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small 7, but as described in the last chapter we can reconstruct the large 7 behaviour
from a knowledge of the local expansion alone. If we evaluate W, for scaled fields
w(z//p) and ul(z/,/p) then it can be analytically continued to the complex p-
plane with the negative real axis removed. The proof of this is a straightforward
generalization of the arguments of [4]-[7]. Then by using Cauchy’s theorem, we can
relate the value of the functional at p = 1 to the value at large p, where the fields
are slowly varying, so that the 7-expansion converges for large 7. Specifically, we

study the following integral:

o [ - ula/ /B, (4.77)

2miJc p—1

If we take C to be a circle of sufficiently large radius we can evaluate this integral
by inserting the local expansion of ¥, for any value of 7. Alternatively, we can
collapse the contour around the point p = 1, and the negative real axis, the latter
contribution being exponentially suppressed for large A\. Thus we have successfully
expressed WU, for large 7 in terms of the local expansion. In practise we will wish to
truncate the expansion at some order, in which case the truncation error is minimized
by taking A to be large but finite [5, 7].

The Ansatz (4.75) generalizes straightforwardly to higher dimensions, and could
form the starting point for a numerical approach to (3+1) dimensional QCD. The
main steps involved in implementing a numerical approach to higher dimensional
QCD based on solving the Schrodinger equation for the local expansion are as
follows. First, to obtain the generalization of (4.35) to non-Abelian fields; this
is straightforward, and allows the Hamiltonian to be written in terms of gauge-
invariant currents. Second, to write down the local ansatz which generalizes (4.76).
The local gauge-invariant terms which make up the local expansion are easily iden-
tified. Renormalization may be dealt with by adding counterterms familiar from

perturbation theory. Or, we can consider supersymmetric theories in which they are
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absent. Finally, after finding the action of the Hamiltonian on the terms of the local

expansion, the solution of the Schrodinger equation proceeds as described above.

4.3 The massive Schwinger model

The gaussian nature of the massless Schwinger model makes it possible to find a
path-integral solution, but when we give the electrons a non-zero mass, the model is
no longer gaussian, and is not completely soluble by any known method. However,
if we limit our attention to n-point interactions for any finite n, we can still solve
the Schrodinger equation in much the same way as before.

Throughout this section we take @ = «'. It is obvious from the preceding

sections how to generalize to other values of (). The Hamiltonian becomes

H= /da:dy}'o(x)j'o(y)f/(x —y)— i/dz 3111_r>r51£ By Js (2, ) + m/dw Zl/gl;lc Joo(z,7),

(4.78)
and we have
1 e - %0 + y'm B
P = 5 €XP {ze/y (A+¢)} (1:&—-——m>6(a: ). (4.79)

We do not have a closed expression for the fermion determinant Dg, but we do have

the following path-integral expression for the vacuum WEF:

[u,ul, A = /Dqﬁexp{—%d)a‘lqﬁ—t—ln Dr

+2 / dzdy [uT(x)'ysu(y)A(a; - y) exp{ie /yz(A + ¢)}} },(4.80)

where

67



Az) =1 é(z), (4.81)

and w? = m? — §%. This can be formally solved to give the Ansatz

© 1 @ e [* A o
Ulu,ul, 4] = 5 11 /drcndynuT(:rn)VSU(yn)e LA @ m,. . Bave), (4.82)
a=0 """ n=1

with

Ty %0 b)) = [] Alzn —n) exp{ > ®(z —yi)
n=1 ij=1

-3 [0 R+ (68

j>i=1

The ellipsis represents non-factorizing contributions from higher n-point functions.
Because of the combinatorics of the formal path integral solution, we can take these
to be functions of z1,¥1,...,Zn, yn Which are symmetric in all their arguments and
vanish when any two arguments coincide. We will concentrate on the 2-point func-

tion. As before, we can write

®(z) = / dpC(p)(1 — cos(ipz)). (4.84)
The Schréodinger equation becomes

EOfa(xlayly"'a‘/L‘aaya) = V(.’El,yl,...,.’L'a,ya)fa(fﬂl,yl;-H;l‘a;ya)
—i/dxllli_r)ralc(ay +m) Nz, Y1y - Tas Ya,r Us T)

a
+Z/d$;1_lg(ay + m) Zfa+l(zl’yla e Th Ty Y, Yby - - 'aza:ya)
b=1

—1 Z fa—l(l‘la Y1, )¢b) ﬁba -oos Ty ya)(a - m)é(xb - yb0485)
b=1
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and for a = 0 reduces to
_ .z : _ d(y—z)
Ey = z/dx ElJlrr; {(By + m) (A(y z)e )} (4.86)

For ¢ =1 we find

EgA(zy — 1) = V(zr—y)A(21 — 1)
+z'/da:A(x1 —2)A(z —y1)(¥'(z — 1) — ¥'(z — 21))

—iA(z1 — 1) / dz lim(9, +m) (A(y — z)est=vmr9))(4.87)

where we have used the identity [dzA(z; — 2)A(z —y1) = g—f—”—é(xl —y1). Now for

small z
A(z) ~ ;r% - EWT Inz + O(1), (4.88)
so that
lig A@)f(@) = =)+,
lim Al(2)f(z) = F2f"(0) = T=f(0) + ... (4.89)

Again, the ellipses represent potentially divergent terms which contribute only to

the vacuum energy. We have
— / dz lim 8, (Aly — 2)e" v 9)) = By / dpp?C(p)?(1 — ?@—)) (4,90
and (4.87) reduces to
A x (p*C?) + A x (M?/p®) + 2A(A + pC) = 0, (4.91)

which may be solved by expanding C(p) in a suitable basis of functions (derivatives
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of the Dirac delta function seem to provide a convenient choice).

Now if we had included functions of four variables in the Ansatz (4.83) they would
not have contributed to this equation, but they would be determined by the a = 2
part of (4.85). Thus the solution of (4.91) gives an exact result for the quadratic
term in the vacuum WF, as well as giving the two-point factorizable contributions to
the higher terms. This is also sufficient to determine the exact two-point function,
whose ultraviolet behaviour gives the chiral condensate.

In a similar way, the 2n-point contributions can be obtained from the a = n part

of the Schridinger equation (4.85).

4.4 Finite temperature

A system at finite temperature may be represented by the density matrix

p(¢1, d2) = an (61) V7 (¥2), (4.92)

where U,, are a complete set of wave-functionals corresponding to energy eigenstates
labelled by n, and p, is the probability that the system is in the state n. For a system
in thermal equilibrium at temperature 7' = 1/8k the occupation probabilities are

given by the Boltzmann distribution:

e_ﬁEn
The density matrix can also be interpreted as [44, 45]
(d1le=H o), (4.94)

which is just the Schrodinger functional with 7 = . Expectation values of operators

O are given by
(0) = trp0 = [ D1 Dgan(61, 6:)0(n, 62). (4.95)
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Now as we saw, the two-point function, and hence the chiral condensate, is essentially
determined by the function C(p). So we have all the information we require to study
the condensate in the massive and finite temperature cases.

For Ny > 1 this is known to exhibit a second-order phase transition at 7' = 0.
This has been studied using bosonization techniques [46], but there remain unan-
swered questions [47]. Our results could be used to find exact expressions for the

condensate, allowing it to be studied without relying on bosonization.
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Chapter 5

AdS/CFT in the Schrodinger

representation

5.1 Introduction

Supergravity in the background of Anti-de-Sitter space has generated a lot of interest
recently as the result of a conjecture by Maldacena [1] that V = 4 Super-Yang-Mills
with an SU(N) gauge group is dual to Type IIB string theory on AdSs x S°. More
generally, string theory on AdS x M, for some compact manifold M, corresponds
to a conformal field theory on the boundary of AdS. This sort of correspondence is
extremely useful from a practical point of view, because it relates the strong-coupling
regime of each theory to the weak-coupling regime of the other. But for precisely
the same reason, it is hard to test, especially beyond the classical approximation.
According Maldacena’s conjecture, the large N limit of the gauge theory corre-
sponds to the low energy limit of string theory, which is supergravity. The leading
order terms in a 1/N expansion are given by classical supergravity, and it is in this
approximation that the conjecture has been most studied. But it seems natural
to develop techniques which go beyond tree-level. For example, one-loop effects in

supergravity correspond to next-to-leading order effects in the 1/N expansion of the
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gauge theory, and non-renormalization theorems protect certain one-loop quantities
from higher-loop and stringy corrections.

Our aim will be to understand the correpondence in the Schrédinger representa-
tion with a view to acheiving two aims—calculating loop-corrections and producing
tests of Maldacena’s conjecture.

Because the perturbative expansions available in the bulk and boundary theo-
ries are valid in different domains, to test the conjecture we must find quantities
which can be evaluated exactly at strong coupling in at least one of the theories.
Such quantities are rare, but examples are given by certain global anomalies in the
Yang-Mills theory. The theory is classically invariant under local scalings of the
metric, but the quantum theory breaks this symmetry in a way which, thanks to
the supersymmetry, can be computed exactly.

On the supergravity side, this anomaly has a leading order term which arises
from classical supergravity [12] and a 1/N? correction which is a one-loop effect.
The leading order term depends only on the graviton, but the one-loop calculation
receives contributions from all of the Kaluza-Klein modes of supergravity, and thus
provides a much more rigorous test. Furthermore, these modes also contribute diver-
gences which renormalize the cosmological and Newton’s constants on the boundary;
these divergences must cancel if the boundary theory is to be finite, and this provides
additional tests.

The one-loop effect which we calculate depends on the field-independent part of
the partition function, and thus arises from the linearized action. But by including
interaction terms in the Lagrangian we can use our technology to compute objects
such as n-point functions at higher loops. We will illustrate a numerical approach
to the resulting non-linear equations.

The central object of study in the AdS/CFT correspondence is a functional
integral for a quantum field theory in Anti de Sitter space expressed in terms

of the boundary values of the field. Whilst this can be treated by the usual
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semiclassical expansion it may also be interpreted as the large time limit of the
Schrodinger functional and so satisfies a functional Schrodinger equation. We will
show how to obtain this large time behaviour from a short time expansion using
analyticity, as we did for fields in flat space.

In computing the Weyl anomalies of the boundary partition functions, we will
find a discontnuous dependence on the particle mass, with non-zero values for pre-
cisely the values appearing in the Kaluza-Klein compactifications of supergravity.
The coefficient of the anomaly increases with the Kaluza-Klein mass, so that large
masses do not decouple, contrary to the usual case in field theory compactifications.

" For example, when the boundary of the AdS spacetime is two-dimensional the
Virasoro central charges are non-zero, and take integer values, N, when the mass of
the scalar field is 4/ N2 — 1 and when the mass of the fermion is N —1/2. This implies
that for generic values of the mass, the boundary CFTs for the scalar or fermi fields
alone are non-unitary, since in a unitary theory a vanishing central charge implies
an absence of quasi-primaries.

When the boundary is four dimensional the conditions on the scalar and fermion
masses for the conformal anomaly to be non-zero coincide with the mass spectra
resulting from Kaluza-Klein compactification of supergravity on AdSs x S°, and
when it is six dimensional they coincide with the mass spectra resulting from Kaluza-
Klein compactification of supergravity on AdS; x S%.

In this chapter we will restrict our attention to fields of spin 0 and 1/2, and in
the next chapter we will extend our results to fields of higher spin and sum them
over all the individual supergravity multiplets so as to compare the overall result

with the corresponding one in Yang-Mills.
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5.2 The Schrodinger equation

Following [2] we consider the Euclidean version of AdSy;; with coordinates {z#} =

{t,z!,..,z%} and metric

S (daty? = %(dﬁ 4 dx - dx). (5.1)

We will think of ¢, which is restricted to the range ¢t > 0, as Euclidean time. The
boundary, M, consists of R? at t = 0 conformally compactified to a sphere by
adding a point corresponding to ¢ = oo where the metric vanishes. For illustra-
tion consider a scalar field theory propagating on this space-time. We study the

functional integral

Zlp] = / Dge™ ‘¢|BM=¢>’ 5= %/ d*'z /g (9" 0,00, + V()  (5.2)

where D¢ is the volume element induced by the reparametrization invariant inner
product on variations of ¢, ||6¢||2 = [ dt dx 6¢?/t%. We will need to regulate this

by restricting ¢ to the range 7 >t > 7', so define

(5.3)

|\ 7 "—“/'D - .
w[5¢] P | str=pten=s

Since the point corresponding to ¢ = oo is part of OM we set @ = limjxj,o0 @(X) as
we take the limit of large 7 and small 7' to recover Z. This is usually described as
a partition function, but it may also be interpreted in terms of the wave-functionals
that represent states in the Schrodinger representation. First change variables from
t,p tot = Int, ¢ = ¢/t%% so that the volume element and kinetic term become

the usual ones associated with the canonical quantization of ¢. Thus Z[y] is the
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7' — 0, 7 — oo limit of
U, 0, 9] = / De 5% = Z|gs, bl e (5.4)
where

= 17 86\> &, —d 17 (7 44/2 dz2 7
= §/dtdx ((ﬁ) + '4‘¢ +t°Ve-Vo+ TV (gt7) |, Sy = Z(¢f‘¢i)
(5.5)
and ¢;, ¢; are the value of ¢ on the surfaces £ = {; = In7 and £ = #, = In7’
respectively. Now Z[¢;, #:] can be interpreted as the Schrodinger functional, i.e.

the matrix element of the time evolution operator between eigenstates of the field

operator,

2161, = (81T expl(~ [ atH®)130), (5.9

which satisfies the functional Schrodinger equation

21618 = =} [ ax (= g + 690 iy + T8 + 54V 2107,60
f
(57)
with the initial condition that it tends to a the delta-functional &§[¢; — &;] as %,

approaches ;. We can re-write this in terms of the boundary values of our original

variables t, ¢, i.e. 7 and ¢

. 1 _, 62 e e s .
\IJT,T/[(p)(p] = _5 /dX <—'Q ! T T QVQD ' VQO+ Q V((,D) +g/T> \IJT,T'[()O7 (p]a

0p?
(5.8)

9
or

where = 717¢ ) = Q/7%. £ arises from the action of the Laplacian on Sj,

formally




Clearly the coincident functional derivatives stand in need of regularization, so we in-
troduce a short-distance cut-off. By extending the flat-space arguments of Symanzik
[3] we would expect that for a renormalizable field theory wave-function renormal-
ization and an appropriate choice of the dependence of £ on the cut-off would ensure
the finiteness of the solution to (5.8) in the limit that the cut-off is removed. Since
this can involve the use of counterterms associated with the boundaries we would
expect that the renormalization constants may depend on 7 and 7/. However in
many applications the tree-level solution is sufficent for which these considerations
are unnecessary. We will see later that £ contributes to the conformal anomaly. A

similar argument yields the Schrodinger equation that gives the 7' dependence

—%\PT,T'[@ o] = —% / dx (—9‘1 ;;—2 +QVep- Vo +Q'V(p) - 5/T’> Ve o[@, 4],
(5.10)

Now just as in flat space the logarithm of ¥ (@, ¢], W (@, ¢], can be expanded

in local terms. In the next section we will generalize our previous argument that
the functional evaluated for scaled fields ¢(x/,/p) and ¢(x/,/p) can be analytically
continued to the complex p-plane with the negative real axis removed. Then as
before Cauchy’s theorem will allow us to relate rapidly varying fields (small p) to

slowly varying ones (large p), and from this we can use the behaviour for small 7 to

obtain that for large 7, which is what is needed in the AdS/CFT correspondence.

5.3 Analyticity of Schrodinger functional

To demonstrate the analyticity of U, +[), ¢] we generalize to curved space the ar-
gument of chapter 3. We first make the dependence on ¢, ¢ explicit by modifying
a standard phase-space derivation of the functional integral representation of the

Schrédinger functional. By the usual argument we can write Z[¢ I3 i) as
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n n+1 n

lim [ T] D4; fIDHj exp (f(—H[nj,éj_l]éfj) +i [ axTL; (6 —¢‘sj_1)) ,
- = = (5.11)
where II is the eigenvalue of the canonical momentum conjugate to @, 6t; = £, —%;_;
and ¢, = Q_Sf and ¢y = ¢;. q_ﬁf appears in this expression only in the 11,1 ¢nt1
term in the exponeflt, whereas ¢; appears in —ill; ¢y, and terms proportional to
6%1, which can be neglected as §t; — 0. So the contribution of ¢; and ¢; to (5.11)
can be manifested by adding to the exponent i [ dx (II,41 ¢; — II, ¢;) and taking
bnt1 = ¢o = 0. Thus ¢; and (Z_Sf appear as sources coupled to gz_S when we integrate

out the momenta, II;, so that we arrive at the functional integral

[Péexp (<5+ [dx (3;8(0) - 3:(@)) exp ([ axa @+ ), (12)
where the boundary condition on ¢ is now that it should vanish at £ =#;, £,. Aisa
regularization of 1/¢ which cancels certain divergences that arise in the evaluation
of (5.12) whose origin is explained in [4]. If we now interchange the roles of £ and z?,

4 as spatial coordinates then we can

and think of 2! as Euclidean time and £,z2, ..z
give an alternative interpretation of the functional integral (ignoring the A factor

for the time being) as the vacuum expectation value

(O, |T exp( / dz' i Ri(zY) | O, ) (5.13)

where | O, ) is the vacuum for the Hamiltonian, ﬁ,, associated with the quantization
surfaces of constant z' and ¢, < t < t;. Unlike the previous Hamiltonian which
depended on £, this operator is independent of its associated ‘time’, z!. ¢; is a

compact notation for the sources, so that
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pli(a') = [ dr?.do? (67 6(5) - 4:6(72)) (5.14)

Expanding (5.13) in powers of the sources and using H, to generate the z'-dependence

of the operators R; gives

(Or |T exp (/dwl QOiRi(xl)) 10;) =

3 / dz} / dzl_,.. / dz} / dz! [ s (=)

n=0Y—® —00 —00 —00 j=1

X(Or | Ry, (0) 172 Ry, (0) .. Ry (0) =D B, (0)]O;) (5.15)
We have taken the eigenvalue of H, belonging to | O, ) to be zero. Fourier trans-

forming the z'-dependence of the sources as ;(z') = [ dk@;(k) exp(—ikz') enables

the z! integrals to be done yielding

> (3 k) I [ dhy (k)
) 1 , . 1 .
X<0r , Rin (O) I:IT _ iz,l.L_l k‘j R:n-—l(o) - Rfiz (0) m Ru(o) IOr ) (516)

Suppose that we had computed the Schrodinger functional for new sources obtained
by scaling z', ¢i(z'/\/p, 2%, ..2%), with p real and positive. Then we would have
obtained the same expression as (5.16) but multiplied by ,/p and with the H, in
the denominators replaced by \/ﬁI:IT. We took p to be real and positive, but we can
use this expression to continue to the complex p-plane. Since the eigenvalues of H,
are real we conclude that the result is analytic in the whole plane with the negative
real axis removed. This assumes that we work to finite order in the sources, and
that the spectral decomposition of (5.16) as a sum over eigenvalues of H, converges,

as we should expect if the Schrédinger functional is finite. The terms in A in (5.12)
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do not affect this conclusion. By repeating the argument with z! interchanged
with each of the other coordinates in turn we conclude that for ¢f(x) = ¢;i(x/,/p)
the Schrodinger functional Z [d_ﬂ, ¢?] and consequently ¥, ./[3*, ©”] are (to any finite
order in the sources) analytic in p in the plane cut along the negative real axis. Since

x — x/,/p, t = t/./p is an isometry of (5.1) it follows that

\IIT,T' [@p, SOP] - \IJT/\/;_), T’/\/ﬁ[(ﬁa (P] (517)

and we see that analyticity in p corresponds to the analyticity in time associated
with Wick rotation. Subject to the caveat that we work to finite order in the sources
the logarithm U, .[¢?, ¢*], W, [@, ¢], is just a sum of products of terms appearing
in (5.16) so it too is analytic in the cut p-plane when it is evaluated for the scaled
sources.

We can use (5.16) to justify a local expansion for W, .{@, ] with a non-zero
radius of convergence. Since H, is the Hamiltonian for a field theory on a finite
‘spatial’ interval such that ¢ vanishes at the ends there is a mass-gap of the order
of 1/7 for small 7. When the momenta k; are sufficiently small on the scale of this
mass-gap we can expand the denominators in the spectral decomposition of (5.16) in
integer powers of Y k, except for the contribution of the vacuum, which is of the form
1/ > k. The singular behaviour as £ — 0 must disappear when we take the logarithm
to ensure cluster decomposition. We conclude that any term of finite order in the
sources in W, (@, ] has a local expansion for ¢, ¢ that vary sufficiently slowly with
x. This will take the form W, [, p] = [d**(ap? + bp? + cpV2p + dpVV2p..)
with a, b, ¢, .. depending on 7, 7/. If the Fourier transforms of the sources have
bounded support then ¢, ¢” are slowly varying for large p. Since each term in the
expansion of W, (¢, ¢”] has a simple dependence on p, we have that for large p the
functional W, /(3% ¢*] = /B [ d® (ag® + b3 + coVip/p + dpV?V2p/p?... The

powers of p are d/2 + integer so we conclude that the cut on the negative real axis
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in \/ﬁdWm: [¢?, ©f] runs only a finite distance from the origin.

We will now exploit the analyticity to obtain the logarithm of the partition
function log Z[p] = lim, 00 o0 Wr |0, ¢] from the small 7 behaviour, which is
computable from a power series solution of the Schrodinger equafion. (We take ¢ =
limy_,o ¢ = 0.) For simplicity we assume continuity in 7’ at the origin, and consider
W;, /50[®, ¢]. In general there will need to be some 7-dependent renormalization
in order that the limit as 7 — oo exists, including wave-function renormalization,
Pren = W @, this will be the case even for free ‘massive’ fields at tree-level. Given

that ¢ is a scalar the isometry z# — Az* implies that the functional takes the form

Q 1 -~ 1
/ddx - <a + 5@ L(—m*VH) @+ ¢ E(—7*V?) p + 5% T(-72V?) o + ) (5.18)

where the dots stand for terms of higher order in the fields of which the general term

is of the form

—?— / d%x Lonn (V1 o TVm)o(x1)..0(x%5) @(xnﬂ)..gb(xwm)’ (5.19)

{xi=x}

At short times, or equivaiently, for slowly varying fields, we have the local expansions

F=3 b (—72V)", E=Yc(=72V)", T=) fu(-7V?)",  (520)
n=0 n=0 n=0

with b,, ¢,, f. constants. Renormalizability would imply that

1
T42(T)

[T(—T2V2) + polynomial in V] (5.21)

is finite as 7 — co. Suppose that for large 7 the renormalization constant depends
on 7 as z(1) ~ 729 then finiteness of the limit of (5.21) requires that for large 7,

Y(—72V?) ~ (=72 V2)#%*+9y and our problem is to calculate v and q. The general
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term in (5.19) should depend on 7 as Ty, o (TV1, .., TV ) ~ 74 (V) Veim)
and we need to calculate F,,,. Now our previous arguments imply that Y(1/p) is
analytic in the complex plane with a finite cut extending from the origin along the

negative real axis so we can evaluate the following integral
1 dp |
10 =5 [ ZLevr0 22
M= 555 L F e 10/0) (522)
in two ways. We take C to be a circle centred on the origin and large enough for us

to be able to use the local expansions (5.20) to give

(5.23)

The integral may also be evaluated by collapsing the contour C onto the cut. Let
this consist of a small circle about the origin, of radius 7, and two lines close to the
negative real axis running from the circle to the end of the cut. The contribution
from the latter is suppressed if the real part of A is large and positive. That from

the circle is controlled by the large time behaviour

1 vetr 1 P
s [ dp = ([ g 24
2m1 /|p|:7] P pd/2+q+1 v 27TZ lol=IAIn P pd/2+q+1 (5 )

and for large A this is A¥/2+9/T'(d + 2¢ + 1). So, as the real part of ) tends to +oco

we obtain

) fn)\n ,U)\d/2+q

I :T;) nl " (d+ 29)! (5.25)

enabling us to compute v and ¢ from a knowledge of the local expansion alone.
Now for positive real A, > 72, foA" is an alternating series with finite radius of
convergence. By comparing terms with those of exp(—constant]) it follows that
this converges for all A and so we can take A large, even though this series is in

positive powers of A\. Furthermore, as we shall see in some examples below, we
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obtain a good approximation to the large A limit by truncating the series at some
order, and then taking A as large as is consistent with the truncation, i.e. so that
the term of highest order in X is a small fraction of the sum. This generalizes in an

obvious way to the other terms in (5.18).

5.4 Free scalar field

To illustrate the solution of the Schrédinger equation consider the free massless

theory so V =0 in (5.2); the action is

S = % / dx di (Qg(amf) (5.26)

with Q = 1/t4"1. For this Gaussian functional integral only those terms shown
explicitly in (5.18) are present. Substituting this into the Schrédinger equation (5.8)

yields

9 /N Q. B0 9 _
or (_T—F) N TQF +Ov? or (Tu> B TQFH

O (000 80N (o dY
0_T<?T>_ﬁu’ or (Ta>_27’ (I‘+2>6(x y)lx=y (5.27)

These, together with the initial condition, lead to the recursive solution of the coef-

ficients of the local expansions (5.20)

bp=-d=~—c=fo, b=-1/(2+d)

n-1 n
_ 2g=1 bgbng _ 2g=1bgCnyg

Z:o CqCln—q
. . f, =0T (598
n+d ¢ 2n f (5.28)

2n—d

If we were to take d to be an even positive integer the relations for the f, would
break down, thus keeping d variable regulates the solution for f,.

These relations are easily solved in terms of Bessel functions, as we will demon-
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strate explicitly when we consider fermionic fields. But when interaction terms are
included the situation is not so simple. To illustrate a tractable numerical method
which works at any number of loops, we will take a slightly different approach at
this stage.

These relations as they stand are ideally suited to numerical evaluation of the
coeflicients. Interaction terms will just lead to similar recursion relations of higher

order.

1.501¢

1.499T 549

1.4981

50 100 150 260 250 360 350

Figure 5.1: The truncated series as a function of A.

We want to calculate v and ¢, which specify the two-point function. To illustrate
the calculation take the example of d = 3. From (5.25) we have that for large
A, I(A) = d(log(I()))/d(log(\)) — d/2 + q. Truncating the infinite series to its
first N terms, Sy()), gives an approximation to this. In Figure 1 we have shown
Sy = d(log(Sn()))/d(log())) for N = 50 and N = 49. The two curves rapidly settle
down to a value of approximately 1.5 for A > 50 but separate noticeably at A ~ 300

above which the truncated series cease to be good approximations to I(A). We
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Figure 5.2: ¢ as a function of d.

estimate d/2 + ¢ by taking A = 290 where the separation between the two curves is
about 0.5 x 107%, which is much less than the error £ obtained by approximating the
limiting value of I by its value for finite X. This gives d/2+q ~ S5,(290) = 1.500017.
The error is obtained by studying how I())/A%?%9 settles down to a constant value.
For small A the approach to a constant value is controlled by exponential terms that
originate from the suppression of the contribution of the cut, but for larger A the
error is dominated by power corrections to the small p behaviour of Y(1/p). A plot
of (Sso(A) /A1 — S50(290)/290'-°) A2 reveals oscillations of roughly equal amplitude
approximately equal to 12, so that the error in approximating the A — oo value of
I(X)/\4/2+4 is of order 12/A%5 leading to an estimate of the error £ = £2 x 1075. So
we conclude that ¢ = 0 to the accuracy of our calculations. Having obtained ¢ we
can estimate v from the A = 290 value of Sso['(2.5)/A'° as 0.999998 with an error
of +£107°. We have repeated the calculation of ¢ for various values of d. The results

are shown in Figure 2. We have plotted our estimate of ¢ (multiplied by d* to make
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the results for large d visible) for d varying in steps of 0.025 from 0.05 to 10.5. The
results are consistent with ¢ = 0, which is the exact result of [2]. By calculating a

few values of v we guessed that its dependence on d is given by

—((d — 3)/2)12 2¢-3 )
siix((dw/Qg/(d)_ 2)12 o(d) (5.29)

V=

and we test this by plotting in Fig 3 our numerical estimates of v divided by the
right hand side of (5.29) for the same range of d as before. From this, and ¢ = 0 we

conclude that the ¢p-dependence of the AdS partition function is given by

TN dy = 2 2yd/2
log Z[yp] = }l)r&ﬁ/d X 0(d) (-1 V) o (5.30)

This is a non-local expression, even when d is an even integer, thanks to the singu-

larity that then appears in v, since

g _(d—1)(d/2)! (d/2 - 3/2)P 531

-y ©T 8 w21 (d — 2)!

5(d) (-VA) 2 o - y) =

so that

log Zip / d'x 'y 90 (|2d) (5.32)

as in [2].

The calculation of a in (5.27) requires the introduction of a regulator into the
functional Laplacian of (5.8). We will do this with a cut-off on the eigenvalues, k?
of —V?, restricting them to be less than 1/(72s) where s is the square of a fixed
proper distance. Thus we replace 6%(x) in (5.27) by

d’k |
elkx (5.33)

0 (sr2v2 + 1) 64x) = /1;2<1/(723) 2n)?

where 6 is the step-function, giving
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Figure 5.3: v as a function of d.

a(s) = —T—d d%k | T(7%k?) + d = _L d% | T(k?) + d (5.34)
2d Jk2<1/(r2s) 2 2d Jk2<1/s 2/

The continuum limit corresponds to taking s to zero. Unfortunately when we sub-
stitute our local expansion (5.20) and (5.28) into this we obtain a series that will
converge only for large values of s

(l( ) —_ ‘62 jgfi le
KA TP = sm (2n + d)

(5.35)

where V,/d is the volume of the unit ball in d-dimensions. However our previous
arguments imply that a(s) is an analytic function of s in the complex s-plane cut

along the negative real axis, so that if a(s) ~ ag/s” for small s then for large A

1 ords 5, . V& by, AH/2 ao N
%/?e als) = —54 2 2n+d) (n+d/2)! (5.36)

n=0
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Numerical investigation of this suggests that v = d + 1. The ultraviolet divergence
of a can be cancelled by renormalizing the cosmological constant. But when we sum
over all the supergravity fields we will find that the relevant counterterm vanishes;
this supports the conjecture that the boundary theory is A = 4 Yang-Mills, which

is a finite theory.

5.5 Massive scalar field

The effect of adding a mass term to the action, V(¢) = m? ¢? can be understood
quite simply by a change of variables back to the massless action. If we set ¢ = t™"¢

in the action

_ Ly d - 2, —d-1.2 42
S = 2/0 dt/d X (t ”E:O (0u0)" +1 m¢° |, (5.37)
it becomes
_ 1 ay [ 1-doar o 2, g-d-1-2r( 2 2 2
S = 2/0 dt/d X (t ”Ezo(auv,b) +t (m® —r°—rd)
a0
5 /d XTT (1, %) (5.38)

so that if we take 7(r + d) = m? we are left with a boundary term plus the massless
action (5.26) with Q = 1/t¥?=! = 1/¢*, (The inner product on variations of 1,
from which we can construct the functional integral volume element D1, is ||6¢|]* =
[ dtdx 61?/tPT2.) Consequently if we express W, o[@, ¢] in terms of ¢ it takes the

form corresponding to (5.18)

/ddx L <a + 1& (D(=72V2) = r) § + PE(-T° V) ¥ + 11,/) T(—7r2V?) w) (5.39)
T 2 2
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where, as before I', = and T have the local/short-time expansions (5.20) with solu-

tions (5.28) leading to

log Z[y] = lim / dix po(p+1) ((—r2 V22 1)y (5.40)

T—>00 27- +1

A non-trivial limit occurs for positive p + 1, which means that r is the larger root

of r(r +d) = m?, giving

log Z[y] = /ddx d%y jy|2g+gr (5.41)

since d+p+1 = 2(d+7r), agreeing with [2]. Taking this limit required wave-function

renormalization of ¢ with 2(7) = 77.

Having obtained U, [, ¢] we can find ¥, .+[@, ] using the self-reproducing prop-

erty of the Schrodinger functional,

U, o0[3, 0] = / DO r 1[5, 3] Urr o[, ). (5.42)

If we denote the logarithm of ¥ {3, ] by

1 1
/ddx (a"r,r’ + _é@PT,T’ (;5 + QEET,T’ 2 + 5(;0 TT,T' 90) (543)

then computing the Gaussian integral leads to

TT,O = TT',O - (TT,T’ + FT’,O)-IEE’,O
FT,O = FT,T’ - (TT,T’ + FT',O)_lzz,T’ (544)

hence

_ -1 =2
TT,T’ = (TT',O - TT,O) =70 FT':O
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= — -1z =
—r,7 _(TT/,O - TT,O) —7,0 —7',0

FT,T’ = FT,O + (TT',O - TT,O)_l E'2r,0 (545)
So, in terms of I', = and YT

Yo =77 (Y(=72V?) = (7' [r)P (=7 V?) T E(=7"V?)? = T (=12V?))

-1

Erp = (TT/)—(HI) (T_(”+1)T(—7-2V2) _ TI_(p+1)T(—TI2V2)) 2(—12V2) =(-72Vv?)

T, =7 (D(=r?V?) + (/7)1 (=77V?) = T(=72V?)) " 2(=72V?)2)5.46)
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5.6 Conformal anomaly for scalar fields

So far we have worked with a flat boundary metric. To discuss the conformal
anomaly it will be necessary to generalize to a curved boundary. Let us make the

Ansatz

goo = 1/t2, gio =0, gi; = €D gyi(x), (5.47)

with g;; the metric on the boundary. Then the Einstein equations in the bulk imply

that
Rt?
P = (1 - ——)2 4
¢ ( 4d(d — 1)) (5.48)
They also imply that the boundary metric is Einstein
R = gi;R/d (5.49)

When we use the metric (5.47), the transformation back to canonical variables in
(5.5) leads to terms in powers of Rt?. The first of these will modify the boundary
Laplacian (in fact we end up with the conformal operator —V+ R/6), and the others,
of higher order in 2, will have no effect on the anomaly, which we will express in
terms of the small-¢ limit. But in any case, for the purposes of this thesis we will
restrict our attention to Ricci-flat boundaries, for which (5.47) reduces to
2 _ 1 2 i g7

ds® = v} (dt + %:gij dz dx’) . (5.50)
where 7,j = 1..d and g;; is the Ricci-flat boundary metric.

The conformal anomaly measures the response of the free energy, which is the
field independent part of log Z, to a Weyl transformation of g;;. When the boundary
is two-dimensional the free energy should change by [ d*x\/gRcép/(487) = cép/6
when ég;; = g;; 6p where R is the curvature of the boundary and c the central charge

of the Virasoro algebra. More generally there will be a conformal anomaly when the
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boundary has an even number of dimensions, 2N say. We will continue to keep d a
continuous variable allowing it to tend to 2NV at the end of our calculations. Now
log Z[¢] = lim; 00, 77—0 Wr [0, ] so we need to compute W, [0, ] in the presence
of the curved metric g;;, which we can still do using our previous technique. It will be
sufficent to find the free energy from a derivative expansion. In this section we con-
sider the scalar field. We will discuss a free massive theory, because at one-loop the
calculation is the same as for an interacting scalar theory. The Schrédinger equation
takes the same form as before, (5.8), provided that € and ' acquire a factor of
v/det g and that V is the covariant derivative constructed from g;;, and the solution
is again of the form (5.18), but with a no longer constant, but depending on g;; and
T. If we set g;; = d;; + hij(x), and treat h;; as a source in the same way that we
treated ¢ and ¢ as sources, we can generalize our earlier discussion to argue that
W, @, ¢, gi;] is analytic in the cut p-plane, where gf:(x) = g;;(x/\/p). Again,
this allows us to reconstruct the large 7 solution of the Schrodinger equation from
the small 7 solution for which we have the local expansion (5.20). By using g;;
the Schrodinger functional can be made invariant under reparametrizations of the

space-like variables, giving

WT,T' [(ﬁp, ‘PPa g:}] = WT,T’ [(157 @, szj] = WT/\/ﬁ,T’/\/ﬁ[Saa v, gij]: (551)

which firstly shows that the functional evaluated for the scaled fields is the same
as the Weyl transformed functional, and secondly that this transformation can be
absorbed into a rescaling of 7 and 7'. This implies that W, . [@, ¢] is analytic in the
complex 7-plane cut along the negative real axis. In particular, since the part that
is quadratic in ¢ is 779 [ d4x@l(—12V?)¢, it follows that ['(—(72/p)V?) is analytic
in the cut p-plane. This allows us to express I'(—72/V?) for arbitrary 7 in terms of

the local expansion (5.20)
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r(- 2\72)_hmi / ap eI (—(r2/p)V?)

A=oo 273 Jo p— 1
1 dp eMeD)
lim > b [ - 2g2)n 52
,\g{.loz "omi cp—l pm (=rV") (5.52)

since the large contour, C, on which we can use the local expansion, (5.20), can be
collapsed to a contribution from the cut, which is suppressed for large positive A and
the pole at p = 1 which gives us the left hand side. Expanding the denominators in
powers of 1/p gives, for example

I (-r’v?) = lim i (—)"E’;A_nlg!(;znz I; (5.53)

A—00 =0

The free energy is the 7 — oo, 7 — 0 limit of F[7’, g;;] = [d%xa,.. A Weyl
scaling of g;; can be compensated by scaling 7, and 7' so when dg;; = g;;p the
change in F'is

ép [ OF OF
F=_Lr— 47 .
) 5 (7‘ 5 T T 87") (5.54)

F satisfies equations similar to regulated versions of (5.27) (even if we include
interactions), that follow from the Schrodinger equations (5.8) and (5.10). If we use

the same regulator as before, cutting off the large eigenvalues of V2, then

r 1
?97 27 /dd (TPHF” + p; ) 9(572V2+1) 54 (x — ¥)lx=y- (5.55)

and

+1
87’ - / dix (HP“TT,T,—Z’—Q—)9(37'2v2+1) 5% = Y)leey.  (5.56)
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If we represent the step function by

_ 1 dy T ’
Oc) = 5 /c e (5.57)

with C’ a contour running just below the real axis, and if f is some function of —V?

then

2 272 diy _ L @ iy _}_Q iysTiVE cd
f( V)H(STV +1)6(x y>_27ri/c'ye f - e M(x-y).
(5.58)

Now €itV* §d(x —y) = H(t, x,y) satisfies the finite-dimensional Schrédinger equation

z'g-z-H =~V?H, H(0,x,y)=46x—-y). (5.59)

At coincident argument H has the small z expansion in powers of derivatives of g;;
J - n
H(z,x,x) ~ ,Ld/? z_: an(x) 2" (5.60)

The a,(x) are scalars made out of the metric and its derivatives at x, and ag(x) = 1.

Thus we can express (5.58) as

o0 dy . ;
1 ( de /G an(x) 7_2n) L/C/ fiﬂelyf (_ﬁ) (sy)n—d/Q (5.61)

= (4mi)4/? 271 Y sT2 Jy

Only a finite number of the a,, contribute. For the case of a two-dimensional bound-
ary these are just ag = 1 and a; = 1R/6, and the conformal anomaly is proportional
to a;. When the boundary has 2N dimensions the conformal anomaly is propor-
tional to ay. If we assume that f has a series expansion, f(z) = % fnz" then we

can compute the relevant integral in (5.61) as
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% /c/ %eiyf (S_;%) (sy)N-4/2
=3 fus™” d/z( ?)"Sin(ﬂd/2z ]if—l)c’;/;l EA; )— d/2)! |

= sin(nd/2) (-1)N (N — d/2) '—/ ds' s"'N-1- dﬂf(‘gﬂ) (5.62)

where we have taken N < d/2. If f has a finite limit, fii,, as d | 2N then, for d

close to 2N this becomes

(d/2 - N/ ds' ’Nld/2f<— ’)

s'T?

! 1 Z
=s"" d/2 ( 572) / ds' ™40 'f( 5’7’2) (5.63)

which tends to fiim(0) as d | 2N. Putting all this together we obtain the conformal

anomaly as the large 7 small 7/ limit of

OF = -%( +1+f‘—T) ﬁ/ddx gay(x) (5.64)

= tim (Jim (C(-7) + {0 (=r"%) - X(-r%6)} E(—r%)z))
T _ él_f)f(l) ((}ig}v <{T(—T’2§) _ (7_//7_)1)—%1'1-(_7_25)}_1 E( /2 2 _ 12§X>)35
From the series expansions (5.28) we see that I' = by = —(p + 1) and for generic

values of p we have T = 0. The order of the limits is important since when p
approaches an odd integer as d | 2N the coefficient fy diverges so that for £ # 0
there is a suppression of {Y(—72¢) — (7//7)PT1Y(~726)} " thus T = —I* which is
just —by. Since p+1 = Vd2 + 4m2 = 24/N? + m2 we have that when /N2 + m2 is

95




an integer, N, the conformal anomaly is

sp N
oF = L= [ .
AL d*"x\/g an(x) (5.66)
otherwise it vanishes. In particular for d = 2 we have that the central charge of

the Virasoro algebra, ¢, equals N when m = \/]\7 2 — 1 and vanishes otherwise. For

d=4
6F = —-2P [ @' Vaan(x) (5.67)
3272
or zero, where
_ 1 ijkl
o = -1—86 (&jkl R] ) . (568)

Our conventions for the curvature tensors are as in [14], i.e. Ry, = % — ..,
Ry = R%,; and O = ¢¥V,;V;. The mass condition m’ = N? — N2, corresponds to
the mass spectrum of the scalar fields of supergravity compactified on AdSs x S°,
[26], for d = 2N = 4, and on AdS; x S* for d = 2N = 6, [27]. Note that for
D = 2N > 4 there are negative values of m? with non-vanishing conformal anomaly,

these also appear in the Kaluza-Klein compactifications, and are known to be stable.

5.6.1 Generic boundary conditions

Now our calculation assumed Dirichlet boundary conditions (we chose to diagonalize
¢ on the boundary), but we could equally well have chosen Neumann conditions, or
in general a combination of both, diagonalizing ¢ — a¢ for an arbitrary constant c.

Does this affect the value of the anomaly? We can quite easily check by per-
forming a functional Fourier transformation on the boundary which modifies the

boundary conditions to the more general ones. We start with our existing WF
log ¥ = 1 [ diz (§T'p + 2054 + ¢T¢), (5.69)
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and integrate over ¢ after adding an additional boundary term
[ Dowet/ =1 (5.70)
This modifies the free energy by F — F + F where
e~2F = det (T’d+2TT - a) : (5.71)

and under a Weyl scaling this changes as

7./ o 2F . (d + 27.)7_/d+2rT + 7_ld-f-2r+1(_,’./d+2r—1'r2 _ T/l—d—?rv?)

or' Ta+2r Y o (5.72)

For generic values of the scalar field mass this tends to zero. But for the special
cases where the anomaly is non-zero, we have 7'“*" Y ~ d+2r + 75— (-T2 V?) +. ..

and (5.72) becomes
—272V?
d+2r —a)(d+2r +2) - r2V?’

tr( (5.73)

which has a 7-independent contribution tr(—2) for the specific value a = d+2r, and
thus gives a mass-independent contribution to the Weyl anomaly. In the generic case
the anomaly is unchanged. When we sum the anomaly over supergravity multiplets,
we will find that we need to choose the generic case for the AdS/CFT correspondence

to work.

5.7 Free fermion field

We can extend everything we have done so far to fermions, using the representation
described in chapter 2. We will give analytic results in this case, since we can always
arrange for interactions to be quadratic in fermion fields. To begin with we choose

Q = £+, but again, we will consider generic boundary conditions later.
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Imposing the constraints
Q_u=1u'Q; =0, (5.74)

and

Qv =v'Q_=0, (5.75)

will cause a Dirac fermion in the AdS theory to become a chiral fermion in the
boundary theory. This is in agreement with the findings of other authors, for exam-
ple in [18].

Consider the AdS metric (5.1). With the choice of vielbein

el =167, (5.76)

the Euclidean action is given by

_ _ 04
S= [a*ayghty- D—mp = [ ty-0- L2 -Tyy, (5.77)

since according to (5.1), /g = t~%-1 and the spin covariant derivative is D, =
8, — 1%,,. Changing variables to ¢ = t~%?y and ¢! = t~%/?¢! the action becomes

m

; )®, (5.78)

S = /dd“a:q_ﬁ(fy -0 —

and for m = 0 it coincides with the flat-space action. As in the bosonic case, if we
also put ¢ = Int, the volume element in the corresponding path-integral becomes
the usual flat-space one induced by ||06||? = [ df dx 6¢'6¢, and the action becomes
the flat-space one even for m # 0. Thus we can make use of the representation of

chapter 2 for ¢ and ¢!. The integrands in (2.48) and (2.61) do not aquire a factor

1Gamma matrices obey {7*,77} = 26% throughout this section.
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from the metric, as this has been absorbed into the definition of the fields.
The partition function is again given by the 7/ — 0, 7 — oo limit of the
Schrodinger functional, with u = u! = limoev(x) = limxsevi(x) = 0. In

path-integral form the Schrodinger functional is

e olu,ul,v,01] = [ DgDgle 552 (5.79)

where the boundary term is

Sp = /zozT, d’x (¢TQ_¢ —V2tQ_v + \/§UTQ+¢)
[t ($1Q6—VEHQuu+ VEIQog). (580

If ¢ and ¢! are integrated over freely then we can shift them by solutions to the
classical equations of motion. Choosing these solutions to satisfy the boundary

conditions corresponding to (2.55) and (2.56)

t=1" Q-¢=—-vV2Q_v, ¢'Q,=-vV2'Q,
t=r7: Qid=vV2u, Q- =v2ulQ_ (5.81)

causes the action to separate into a piece depending only on the integration variables
and a piece depending only on the classical solution. Our boundary term Sy is thus
determined by the conditions (2.55) and (2.56). Note that the classical action does
not vanish, and there is therefore no need to add any additional boundary term
with undetermined coefficients, as in [18]. (Other authors have discussed boundary
terms for fermions [19]-[20]).

The Schrodinger equation is

0 .
2y, ., =AY,,, 5.82
or " ’ ( )
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where

O g i Am _
A= 2/d ol + b+ 3x),  h=("ra -0, (583)

Now the logarithm of the partition function is obtained as lim,_,o, W, [0,0, v, v'],
where W, o[u, ul, v, v!] = log ¥, o[u, ul, v,v'] may be expanded in analogy with (5.18)

as

/dda: {f + UTF(T')/o’)’iai)U + uTE(TfyOfyiai)v + UTH(TvoviBi)u + vTT(Tfywiai)v} )

(5.84)
Substituting (5.84) into (5.82) gives
(1= —11-T)r(1+T)
==-11-D)h= I'(0)="7(0)=Q
II=1ih(1+T) 2(0) ~ —2Q- (5.85)
T = iMAZ I(0) ~ 2Q,
| f = —3Teh(1+T)8%(x)|x=0

where the initial conditions are read off from (2.61). We will find that Z(0) and I1(0)
diverge as a result of the ill-defined nature of lim,_,q fy Fdt, but that lim, . ¥,
is well-defined and given by (2.61) for all 7’ % 0.

As may be verified by direct substitution, the equation for I' is solved by
r=(E-Q)(=+Q.)7, (5.36)

with ¥ satisfying the Dirac equation ¥ + hX = 0. Making the ansatz

o0

Y= Z an(_T707iai)nQ+7—-m’ (587)

n=0

an-1

leads (for the specific choice @ = 4°) to the recurrence relation a, = vty
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The boundary condition is satisfied if ap = 1 and m > 0, and we can explicitly sum

the series in terms of Bessel functions. In momentum space

1/2—m
L = I'(1/24m) (%) (Im—1/2(p7) + Plny1/2(p7)) Q4™

= (E+0)Q,. (5.88)

Here P :ilr%?; the operators —;—(1 + P) project onto +ve/-ve eigenvalues of the

massless flat-space hamiltonian y%y*9;. Substituting back into (5.86) we find that

I = Q+2Q_OF™!
N Im—l/? (PT ) .
Next, as may again be verified by substitution, the equation for IT has the solution

I = 20:(Z+Q-)™"

= 2Q.F7%, (5.90)

which gives the expected divergent behaviour at 7 = 0.

Now consider the equation for =. We can rewrite [' in the following way:

['=~(5+Q+)"(X - Q) where
E=Q4+(E-0). (5.91)

which satisfies f) — Y h = 0. This enables us to find the solution

(1]

= —2(5+Q.)7'Q-
= —2Q_E°' (5.92)

Finally, to solve the equation for T we put T = I[IR= + () where R satisfies
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{R, @} = 0. Substituting into (5.85) gives
(2R - (1 +4ROE™)Y"v'3;) E = (5.93)

Now define O, E such that O —» O, E — FE as m — —m. The correponding
expansion coefficients @, are divergent as m — 1/2 approaches an integer, so we
keep m variable, allowing it to approach such values within convergent expressions.
This is the analogue of keeping d variable in the scalar case. The necessity for such
regularization is due to our working in momentum space, rather than configuration

space. Using the identity EE — OO = 1, we find that R = ——OE so that

T = Q+2Q,0E™!

= m 11/2-m (PT)
= Q+20Q,Pp’ Tns o)’ (5.94)

where C =2~ 2’”%21;/;@ This is nonlocal even when m = n + 1/2 for some integer
n causing the Bessel functions to cancel because then C diverges and we have a
similar situation to that which we encountered in the bosonic case.

The large 7 behaviour of T is easily found:
lim T = 2CQ, Pp*™. (5.95)

Fourier transforming, we find that the partition function is given by

y
log Z[v, v1] /dd:vddyv (x) (K OI_W(YWW)’FJ v(y), (5.96)
where K = —% Here we have imposed the constraints (5.74). This is

the correct two-point function for a quasi-primary fermion field of scaling dimension

d/2+m.

Now all this assumed that m > 0; but if m < 0 the above argument holds with
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m replaced by —m provided we take @ = —+°. Thus we conclude that the scaling
dimension is d/2 + |m| in general.

An incidental point of interest is the relationship of our solution of the Schrédinger
equation to the classical field configuration ¢ to which it corresponds. This is not
quite the same as the solution ¥ to the Dirac equation which we found, because the
latter is divergent as 7 — oo. However, defining N by L - L asm — -m, we
find that PY also solves the Dirac equation. Taking a suitable linear combination
of these two solutions (and allowing them to operate on the boundary value v) we
can construct a unique field configuration which satisfies the appropriate boundary
conditions and is finite as 7 — co. By Fourier transforming this configuration, we
found that it coincides exactly with that given in [18] (when we change back to the
variables in the original action).

Now that we have found ¥, we can construct ¥, ,, from the self-reproducing

property. The inner-product of wave-functionals follows from (2.63):

112y = /DuDuTDvaT(1|u,uT)(u,uT|v,vT)(v,vf|2)

- / DuDu DuDvt(1]u, ut) (v, vt[2)e? v-2u'v, (5.97)

It is important to note that we integrate over the constrained fields, (5.74), which
reflect the true functional dependence of the wave-functionals. This allows us to

drop the Q-dependence from I, etc. so we write the logarithm of ¥, .. as
/ddx {fr,r’ + uTFTyT/u + uTET,T/v - vTET,T:u + vTTT,T/v} , (5.98)

and we have I';g = 20E7!, 2,9 = —2E~', and Y, = 20E~'. Note that I, =

—Z,0- Then from

W, ol at, 9,91 = /ddeuDuTDvaT\IlT,Tf[ﬂ, al,u, uT]\IIT/,o[v,vf,ﬁ,ﬂ"]ezv’f”_?“f”,

(5.99)
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we obtain

=2 ~-1 = -2 -1 -1
Fq- 0 = FT,T' + = T b \:a,r’,rl TT,T’ (4TT’TI + FT’,O)

) 7,7 7!
E'7',0 = —257,7’57',0T;}-' (4T;l/ + I17’,0)_1
Tro = Tro+E2 (4T 5 +Trp) ! (5.100)
and hence
TT,T' - _4(572-”0(TT',0 - FI\T,O)_1 + FT’,O)_l
— 1_ _
Sl = 5:‘T’,0HT,O(TT’,0 - TT,O) ITT,T’
1, - _ e

FT’T/ = FT,O - —:3',053,0(Tr',0 - TT,O) 2TT,T’ - (TT’,O - TT,O) 1:3’0.(5.101)

From this we can check that as 7 — 7’ # 0 the Schrédinger functional W, . reduces

to {u,uf|v,v’) as it should.

5.8 Conformal anomaly for fermions

We can calculate the conformal anomaly for fermions in the same way as we did for
scalar fields. Working with the metric (5.50) the Schrédinger equation is unchanged,
except that derivatives become covariant with respect to g and the Hamiltonian
density aquires a factor of \/g. We need to introduce a UV regulator, which we
would like to write in terms of a heat-kernel expansion, so it is convenient to re-

express everything in terms of positive definite operators. Hence, for example, we

rewrite the solution (5.89) as

L(my°y' Vi) = Q@ + 2Q-m°1'V; Y do(r*D?)", (5.102)

n=0

for some appropriate coefficients d,,. We have defined D = 4%'V;).

As before, a Weyl transformation may be implemented by scaling 7, so when
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dgi; = 9i;6p the free energy changes by

6/) d 6f7"r afr,r’
/d ( = 67,). (5.103)

The Schrodinger equations yield equations for F' corresponding to regulated ver-

sions of (5.85)

af 1
-57’; = tr (M1 + @+ QT )01~ s D) (x - Yhoy), (5104
and
I L (b1 + @+ QuTe)B(1 = s D2)6%x — y) sy (5.105)
3 = 3 ST Y)leey) -

Representing the step function by (5.57), we have

1 dy . _.
0(1 — s7?’D*)6%(x —y)1 = —/ yelye"y”zDzéd(x—y)l, (5.106)
271 Y
where e=#P*§%(x — y)1 = H(z,x,y) satisfies
9 2 d
z—azH D*H, H(0,x,y)=0*(x—y)]1, (5.107)
and has the small z expansion
VI S n
H(z,x,x) (ariz) i g;;an(x)z : (5.108)

Thus a general function g(D?) satisfies

tr (9(D?)6(1 - s72D*)8%(x - y)) = L Wy (g <L3> v D" 5d(x ~ y)>

2ri Jor y 72 0y

e g ([ vam ™) o [ 50 (i) ) oo 200
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where only terms up to n = IV contribute when d = 2N. The conformal anomaly is
again proportional to ay; in the limit 7 — oo, 7/ — 0 the other terms arising from
(5.104) and (5.105) either vanish or reproduce ultraviolet divergences associated with
the renormalization of the cosmological constant etc. Using the same argument as

in the scalar case, the term proportional to ay is

X g&n(x)) (5.110)

lim (g( )

For generic values of the mass m the conformal anomaly can be computed from
expansions of I'; » and T, in powers of D. These expansions both begin with
terms of order D. Using these in (5.104) and (5.105) gives vanishing contributions
to the anomaly. There are also contributions from trh@) which cancel between (5.104)
and (5.105). So for generic values of the mass the conformal anomaly is zero. But
due to the divergent nature of Y, as 2|m| — 2N —1 for any positive integer N, we
have T, — —4FT",}0, and this has a leading order term proportional to 1/D which
combines with the D in h to give a finite contribution as £ — 0. We conclude that
the conformal anomaly is zero unless 2|m/| is an odd integer 2N — 1. For a four-
dimensional boundary these are precisely the values appearing in the mass spectrum
of Supergravity compactified on AdSs x S® [26], and for a six-dimensional boundary
they coincide with the mass spectrum of Supergravity compactified on AdS; x S4

[27]. For these special mass values we have
OF = —5pN tr/d2Nz\/_Q an. (5.111)

For d = 2 and 7 — oo the anomaly is proportional to @; = —iR1/12, so for a

fermion with ¢ spinor components,

= 2 112
== / d%z,/gRNo, (5.112)

106




from which we identify the central charge as N.

For d = 4 we have

5 N
§F = 32i g / d'z\/gtras(x) N, (5.113)
where?
- g 7 i -
tra, = 56 (—i&jklR]kl> . (0114)

5.8.1 Generic boundary conditions

We want to transfer this result to the case of more general boundary conditions

where we diagonalize Q¢ and ¥'Q_. Again we start with the existing WF
log¥ = /ddx (u‘Tu + 2ulZy + v Tu + vTTv) , (5.115)
and perform an additional integration over the boundary:
/ DDt DvDv' O [u, ul, @, &')(v, vf|w, wi)e? -2 (5.116)
where |w, w') satisfies
Q- — w)w,w') = (¥ ~ wQy|w,w') = 0. (5.117)

Since we are only interested in the free energy, we can set w = 0, in which case we

have (cf. (2.68))
(v,1]0,0) = (Q|Be*' 4", (5.118)

and recall A = {Q—a Q+}> C= [Q—; Q-i—]

Now @ = 4+° is in odd dimensions the unique choice without zero modes.

2For @ = +° the result appears to be chiral. But a careful treatment of the zero modes
which we have neglected shows that the actual result is as given.
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All Q # £9° (remember Q* = 1) satisfy {Q,Q} = 03. Thus we find A~IC =

Q + Q,+2QQ_, and the integrations in (5.116) produce the additional determinants
det Q4 AQ_det Q_(A™' + Q)Q4 = det Q.. (1 + 2AQ)Q,. = ™%, (5.119)
where T = @ + Q1+ AQ_. The contribution to the Weyl anomaly is given by

T'gzﬁ = tr (3Q+(4D — ADA + =AY M (1 + AM)~'Q,.), (5.120)
T

where M = 2Q_QQ... For generic values of the mass A ~ % and (5.120) does
not contribute to the anomaly. But for the special values 2m + 1 = N for which we
found the Weyl anomaly to be non-zero, we have A ~ —(2m + 1)7(—7'D)~!, and
(5.120) produces a mass-independent contribution proportional to tr@.,, which has
the effect of shifting the coefficient of the anomaly from N to N — 1 /2=m.

Thus we conclude that in the special case @ = 4° the anomaly is proportional

to N, as in (5.111), but in the generic case, it is given in d = 2N dimensions by

6F = —6p(N - 1/2)

(47r1i)Ntr/d2Nx\/§Q_aN‘ (5.121)

We will discover that it is the generic boundary conditions which must be used to

enable the Maldacena conjecture to work.

3We are carefully avoiding a discussion of the chiral anomaly, whose effect can be seen
by chirally rotating Q.
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Chapter 6

Testing the Maldacena conjecture

We now wish to apply the results of the last section to testing the Maldacena
conjecture([1], which we state as follows:

Type 1IB string theory compactified on AdSsx S° is ezactly dual to N' = 4 SU(N)
super- Yang-Mills theory.

We will need to generalize the calculation of the conformal anomaly to fields of
other spin, as well as dealing with subtleties like ghosts for the gauge fields.

As before we will find that the conformal anomaly vanishes except for integer
values of the scaling dimension, which correspond precisely to the mass values ap-
pearing in the Kaluza-Klein compactifications of supergravity such as AdSs x S°
and AdS; x S*. (It is interesting to note that for these same values there is also a
breakdown of conformal invariance in the two point functions, when their local be-
haviour is suitably regulated [63]; the Fourier transforms of (5.41), etc. (considered
as distributions) pick up a logarithmic term.)

The spectrum of the compactification on AdSs x S° of Type IIB Supergravity
was obtained in [26] by perturbing classical equations of motion about a solution in
which all the fields vanish except the metric and a self-dual five-form field strength.
These classical equations do not follow from an action principle, but rather are

chosen to be compatible with supersymmetry. (If there had been an action this
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calculation would have given its second functional derivative.)

Since we work with a more general background than the maximally symmetric
AdSs we should repeat the calculation. We have done this, and constructed the
Lagrangian which we need in order to go beyond the classical level and quantize the
theory.

Since we do not expect the spectrum of particles to change, it is sufficient at the
linearized level to construct the Lagrangian by summing the naive Lagrangians, in
the appropriate background, for each of the fields in the diagonalized spectrum. For
simplicity, this is the approach which we will adopt in this thesis.

A more rigorous approach, which we have described elsewhere [55], is to compact-
ify the linearized ten-dimensional Lagrangian, and diagonalize the resulting spec-
trum explicitly. This involves a lot of calculational work, and the details do not
warrant inclusion here. (Complications arise because some of the equations of mo-
tion used in [26] are no longer present when we impose all the gauge conditions, and
in ten dimensions there is also the paradox associated with a Lagrangian description
of self-dual field strengths).

The contributions to the anomaly arising from the supergravity fields at one
loop will be summed over supermultiplets to give the complete conformal anomaly
of the boundary theory. This should reproduce the conformal anomaly of NV = 4
Super-Yang-Mills theory, which has been calculated for free fields [61] as

N2 -1

2

(E +1), (6.1)

T

where

1, . g 1 B
E= ESZ(le’clRijkl—4szlrl>/ij_+_R2)7 I = —6—4(R”klRijk1“2Rl]&j+R2/3). (6.2)

This result is protected by supersymmetry, so that it should give the correct anomaly

for all N. Notice that the anomaly vanishes for Ricci-flat boundary metrics.
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6.1 'Tree-level gravity

To begin with we consider the tree-level conformal anomaly, which arises from the
pure gravity sector. The methods we developed in the last chapter give a particularly
simple derivation of the tree-level contribution. Previously this has been calculated
for AdS3 using the Chern-Simons formulation, [10]-[11]. In higher dimensions it has
been computed by solving the Einstein equations perturbatively in terms of bound-
ary data, [12]. Our method employs a somewhat different regularization procedure,
so it is important to show that it is consistent with earlier calculations. The main
difference is that authors of [12] effectively compute the classical free energy of the
gravitational sector by finding W, ,» for 7 = oo and 7’ a small regulator, whereas
we take 7' = 0 and treat 7 as a large regulator. (At tree-level it is not necessary to

keep 7' non-zero as we did in the earlier computations of one-loop anomalies).

Formally we need to compute the Euclidean functional integral that represents a

state of pure gravity, with Einstein-Hilbert action and cosmological constant A < 0,
Z(grs) = /DG exp (— /dd‘Hz VG(R + 2A) + boundary terms) (6.3)

where we should integrate over all metrics G, of a d+1 dimensional manifold which
induce the metric g,; on the boundary. This is ill-defined for a variety of reasons,
such as non-renormalizability and unboundedness of the action, which we ignore in
the hope that these pathologies are absent from the more fundamental theory of
which this is only a part. The integral over all metrics includes reparametrizations
which can be factored out using the Faddeev-Popov method. The standard ADM
decomposition of the metric is
N? 4+ N;N;GY  N;

(G,L,,) = (64)
N; Gij
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with G the inverse of the d x d matrix G;;. We will fix the gauge by choosing

gij + hij
N*=L%¢, N;=0, Gi= % (6.5)
with ¢ = 2% The dynamical variables are just the hij, and we take the boundary to
be at t = 7 = 0, where h;; = 0. The gauge conditions should be accompanied by
the introduction of ghosts, but these will not contribute to the tree-level conformal
anomaly. Expanding the action in powers of h;;, and taking L? = —d(d — 1)/(2A)

gives

L
/dd+1m VG(R + 2A) — boundary terms = /dd+1:c % (R(g)

+his GY(g) + (his hY — (R})?)/(4L%) + hi; O9%hyy + ) (6.6)

where the boundary terms are uniquely determined by the requirement that the
action should be quadratic in first derivatives of h;;. (This causes the term propor-
tional to the cosmological constant to be cancelled). The dots denote terms of higher
order in h;;, and indices are raised and lowered with g;;. R(g) is the d-dimensional
curvature calculated by taking g;; as metric and \/g(R(g) + hy; Gij + hi; Ok Ry
are the first three terms in the expansion of \/m R(g + h), so that O is
a second order differential operator. The terms of higher order in h each contain
one or two derivatives. As in section (1) the state Z[g;;] is the 7 — oo limit of
the Schrodinger functional. The the tree-level contribution to log Z|g,s] is thus the
T — oo limit of minus the action evaluated on shell for a manifold with bound-
aries at ¢ = 0, where the induced metric is g;;, and t = 7 where it is g;; + h;;. If
we denote this as W5¢[gi; + hij, gi5] then it satisfies the Hamilton-Jacobi equation,
(which is the tree-level Schrodinger equation). This is simply the statement that

W}, o can be obtained from W} by allowing the fields to propagate according to
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the equations of motion from 7 to 7 + 47, i.e.

W:fgr,o[gij + hij + 57'hija gij] = W:,roee[gij + hija gij] - LT (6-7)

where £ is the Lagrangian in (6.6). The momenta conjugate to h;; are represented

tree . . . . .
on e"70" by functional differentiation, ie. we have

W ke VI i e
= ohij T 2Lrd- (hj -9 hr) (6.8)
which leads to
8wtr63e B 5wtree
b :L+/dd:vhi- 0
or I (5th
_ [ e V9L
= [ @Y R(g)

L

7.d—lL 7 L -
rd-1 (hij GY (9) + hi]’ Dzjklhkl)) - (6-9)

+/ddx (——ﬂijGijrsvr” +
V9

with

1

Gijrs = GirGjs — q— 1%9rs: (6.10)

and the initial condition is that exp W}§°(9:5, grs] ~ d[hy;]. When the curvature
tensors constructed from g;; are small, and h;; is slowly varying we can expand

Wt in powers of h and its derivatives as

WEs(gis + hij, grs) = / dd“;dﬁ <—%hzja-l 97 hps + To + I hij + higT5 ™ hys + )

(6.11)
Apart from a constant term in I'g, only the first term on the right has no derivatives
of either h;; or g;;, and so provides the dominant behaviour as 7 — 0, satisfying the

initial condition (provided h! is suitably treated, [13]). Substituting into (6.9) and
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equating powers of h;; gives
o (To\ L L oy
_8_7_ (ﬁ) = rd-1 R(g) - rd+1 PleijrsF137 (612)
The free energy is the infinite 7 limit of the h;; independent part of (6.11), i.e.
Flr,945] = [d% Nz ['y/7¢, and, as before, a Weyl scaling of the metric can be

compensated by a scaling of 7, so for 6g;; = dp g;; the change in F' is given by (6.12)

5p oF (5[) 1 1 ij TS

Up to terms involving two derivatives, we have from (6.9)

B ory

o = LTGY(qg) (6.14)

Solving this for I'; and substituting into (6.13) gives the variation as an expansion
in powers of 7 times the curvatures constructed from g;;. We want to work at finite
T, so our expansion will be valid when we take the curvatures to zero.

Now for d = 2 we have identically G¥ = 0, so I'; = 0 and to the order we need

(6.13) reduces to

5F = % / &%z \/gLR(g) (6.15)

from which we can identify the central charge as ¢ = 247 L, or, since we have chosen
units such that the three-dimensional gravitational constant satisfies 167 Gnewton =

1, we have ¢ = 3L/(2GNewton) as in [10].

For d = 4 we obtain I'; to the desired order from (6.14) as I'y = —L72G¥/2, so if

we substitute into (6.12) we have
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5 - N
6F = {/d“z V9L (M - L2G”GijrsG”/4) (6.16)

72
The first term represents a divergence that should be cancelled by introducing
a counterterm, the second is the finite Weyl anomaly. If we reinstate the five-

dimensional Newton constant this becomes

L3

p—7m7M—
P 1287I'G’Newton

(R R — R/3) (6.17)

which agrees with [12], and correctly gives the leading order behaviour of (6.1) for

large N.

6.2 Vector fields

Now we will demonstrate how the calculation in Chapter 5 of the one-loop Weyl
anomaly can be applied to fields of higher spin. For all the fields in the supergravity

spectrum we will express the anomaly as
A= —aNR¥ R,/ (57607?), (6.18)

(with N — N — 1/2 in the corresponding expression for fermions). We wish to
determine the values of NV and « for each variety of field.
The vector field action in the metric (5.50) is given by

1 1
S = /dd“azt—}i/:_% (Zg"”g”"Fw,Fpa + ing""AuA,,/t2> (6.19)

with F,, = 9,4, — 8,A,. For m* = 0 we have the usual gauge invariance under
A, — AL+ 040,
We consider the gauge fields first. Adding a gauge-fixing term 1,/g(g*’D,A,)?/t%=3

and writing out the connection terms explicitly (recall R = d(d + 1) in AdS space-
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time), we have

S = /d‘”lxtd—\/__s[Ag + AgAAg + (d — 1)AZ/E* + g7 (A A; + AAA))

F2A- A0/t — 2400 - AJD)]. (6.20)

Here A = —V - V is the d-dimensional Laplacian. The cross-terms in (6.20) cannot
affect the mass spectrum, and so do not contribute to the Weyl anomaly. Ignoring
these terms, (6.20) in terms of Ay and A; has the same form as the scalar field action,
but with d — d — 2. Otherwise, the Schrodinger equation and the calculation of the
Weyl anomaly are identical to the scalar field case. The anomaly is thus given by
(6.18) with N2 = m?+(d—2)?/4, and « is the coefficient in the heat-kernel expansion
of the Laplacian. Putting d = 4 in (6.20) we find N = 2 for Ay and N =1 for A;,
while from [62] we have o = 1 for Ag, and o = —11 for A;. There are also two
Faddeev-Popov ghosts brpp and crpp, which are massless anticommuting scalars, and
thus have @ = —1 and N = 2. These results are summarized in table(6.3).

Now for m? # 0, A is an auxiliary field, and integrating it out gives the deter-

minant

I] det =/ (tzA + m2) : (6.21)
t

The resulting action is simplified if we decompose A; as follows:

- 1
Ai=A; + Di—=VAEZ + m2 ¢, 6.22

where A; is transverse, and the Jacobian for this change of variables exactly cancels

(6.21). The action can now be written as a boundary term plus

2

g | i m .
S = /dd—'—lﬂ?tdi_?, l:g ](AiAj + AiAAj + tTAlA]) + m2(¢2 + ¢D¢) R (623)
where D = m? 4+ t2A + O(t*A?). It is clear that the terms of higher order in t2A will
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not affect the anomaly. So we have contributions to the anomaly from the Laplacian
acting on a scalar and a transverse vector, with N2 = m? — (d—2)?/4. But this is the
same as the Laplacian acting on an unconstrained vector. So the total contribution

to the anomaly is given by (6.18) with o = —11.

6.3 Antisymmetric tensor fields

The Lagrangian for the antisymmetric tensor fields which arises from the ten-

dimensional field equations can be written
L=0a"(2k+1i'D)(2(k+4) —t"D)ay, (6.24)
where k labels the spherical harmonic on S° that determines the mass, and we define
("D)ar, = €,,” Dyays. (6.25)

The free energy which determines the anomaly depends on the determinant of the

operator in (6.24), specifically
det™* ((2k + 1" D)?) det™/* ((2(k + 4) — i*D)?) . (6.26)
Now by hermiticity, we have
. 2 - 2 - 2 2 2
det ((2k +¢*D)?) = det ((2k +i*D)?(2k — " D)?) = det (4(k* — Max)) ", (6.27)
where Max is the Maxwell operator. So if we use the action

2
S = /d‘“’laztdi_g5 (38{,,(1(,7]0['0&07] + Ttn—QaaTa”) , (6.28)
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for m? = k? and m® = (k+4)?, then this propagates twice as many modes as (6.24)
but is otherwise equivalent. Now if d = 4 and m? = k? = 0, (6.28) describes a
topological model, and can be gauged away completely. It is independent of the
metric, and thus does not contribute to the Weyl anomaly. For m? # 0 we make
the decomposition

1 1 f
ag = G; + Oi—=¢, @y =y + 2D[iﬁv AL? +m? ¢y, (6.29)

where the hats indicate transversality. The ag; part of the action becomes

2

dd+1
/ e 29 (2—¢2 + 20 + 2708 — 4 VJa,,J) (6.30)

1d->5

Integrating out ¢ gives an uninteresting constant, while integrating out a; gives
det /2 42(A + m? /%), where the operator in this determinant is understood to act
on divergenceless vectors. Again, this exactly cancels the Jacobian from the change

of variables (6.29)

The remaining action then takes a similar form to the vector field one:

/ flf—;fT*/g ( ”a,l + a9 (A + m? [t} a; + 207 Ry zaF + 2_¢,¢ + 2¢'Dé; )
(6.31)
and for d = 4 we thus have non-zero values of the anomaly for m?> = N2. Thus we
end up with a vector and an antisymmetric tensor, both divergenceless, and the heat
kernels of their Laplacians sum to that of an unconstrained antisymmetric tensor.
The calculation of the anomaly is again in direct analogy with the scalar field
case. The heat-kernel coefficients are modified by the Riemann tensor appearing in
(6.31), but for Ricci-flat metrics this gives the usual gravitational coupling on the
boundary, so we can read off the result in [62]. We find that o = 33; this includes a

division by 2 to compensate for propagating twice the requisite number of modes.
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6.4 Rarita-Schwinger fields

For gravitino fields we start with the Lagrangian [22]
L = VG@A" Do, — My, — i e,,). (6.32)

The metric and the gamma matrices are for the moment the bulk space (AdS) ones.

We make the decomposition

D, _r 1
%2%+ D-DTD '1/)+m’m“/'1/1, (6'33)

where DI = (6% — 7,7"/(d + 1)) D, is y-transverse so that

v-¢=D-9=0. (6.34)
Then (6.32) becomes
£ = VG|§Pp+m)e +¢-DT(%]p‘m+m)DT-¢—uzﬁ-Di’“ %
- g D-DT d+1 i
d—1- . _d(d-1) d 1
“av1v 7P '¢+¢'7((d+1)2p+d+1m+d+1m)7'w}' (6.35)

Now if we put 1y = VD - DTDT -4 and 1 = -1 then the change of variables 1, —
(¢, ¥1,¥2) has a trivial Jacobian, and the coupled pair (11, 12) can be diagonalized
from (6.35), using D- DT = 7%= ]0* — 1d(d+1). One of the resulting fields is a trivial
auxiliary field; the other has the Lagrangian

A d= 1, dd-1)
d+1 d+1 d+1 4(d + 1)

L =Gy (%mlp >¢. (6.36)
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If m # 0 then we can normalize ¢ and the original Lagrangian (6.32) is therefore

equivalent to

L=VG#"D+m)p, + PP+ M)y, M= % +m - (d‘imf)m + d(fi;nl),

(6.37)

So the effect of having m # 0 in (6.32) is the same as adding an additional spin-
half fermion of mass M. Note that this conclusion is unaffected by the introduction
of interaction terms which would merely couple 9 to ¢,. Thus we may without loss
of generality set m = 0.

Having done so, we conclude that (1,1) produces two auxiliary fields, unless
Mm = 0, in which case one of them decouples completely from the action, signalling

the presence of a gauge invariance. Indeed, we can easily verify that for
1

(6.32) is invariant under

m

0, = DA +
This gives the correct value for the mass for the gravitino appearing in the massless
multiplet of supergravity on AdSs x S°. Using the methods of [23] it is straightfor-
ward to show that the Lagrangian in the “Feynman” gauge [24] can still be written
in the Dirac form, with two Faddeev-Popov ghosts of mass :t%(d + 1) and a
“gauge-fixing” commuting spinor ghost of mass 5m/(d —1). In this case the field in
the Lagrangian is unconstrained. Of course there is nothing to stop us making an-
other choice of gauge, in which case the operator in the Lagrangian takes a slightly
different form [25].
For the massive gravitinos we still have the constraints (6.34). By introducing

Lagrange multiplier fields for these quantities we find that we can remove the con-

straints at the cost of introducing a pair of ghosts with masses +£v/m? + d. For the
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“massless” values (6.38) these coincide with the Faddeev-Popov ghosts. So for all

values of the mass we can write the Lagrangian as!
L= VG (P +m)d,, (6.40)

where ¢ satisfies (6.34). For the massless gravitino we have a single ghost of mass
5m/(d — 1).

Now we need to make the decomposition into d dimensional fields. We use the
unconstrained form of the action (6.40). Rewriting everything in terms of the bound-
ary metric and gamma matrices, and writing out the spin-connection explicitly, we

obtain
_ d+1 oY Lgin i L oo, i
S = /d /9 (¢ (P +m/t)y, — Zl/) 9i; Y o — Zl/) Y gi5% ) : (6.41)

Now making the decomposition ¢; = ¢;+ é’)’i’)’i i’ we are left with an irreducible d-
dimensional gravitino (satisfying v-¢ = 0) and two spin half fermions ¥, and v'g;;4’
which, when diagonalized, cancel the ghosts corresponding to the constraints (6.34).

Thus the anomaly is non-zero for |m|+ 1/2 = N, and given by
A= —a(N - 1/2) R R,/ (576072), (6.42)

where @ = —219/2 [62]. For the massless gravitino there is also the spin—% ghost

with oo = —7/2.

! Again, the Kaluza-Klein compactification of supergravity on AdSs x S°[57] yields
gravitinos satisfying precisely the equations of motion implied by (6.40) and (6.34). This
action can also be derived by diagonalizing the compactified ten-dimensional action.
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6.5 Gravitons

For spin 2 fields we start with the Lagrangian (2.89) (with an optional mass term).

Specializing to our five dimensional Anti-de-Sitter spacetime, this becomes?

I 1 , 3 5 3 )
L= —ZW )(D+m2+2)h(uy)—§D#h(“ )DPhp)+—H(O+=m?~5)H——HD*D" k),

25 3 10
(6.43)

where H = kY, and hy,,) is the traceless part of h,,. We make the further decom-

position
hu) = howy + Duhsy + DuDiye. (6.44)
The action factorises:
LIh] = Lih]+ La[A] + Ls[d] (6.45)
. 1
Li[h] = —Zh(’“’)(tl +m? + 2)h(u) (6.46)
N m2 N ~
Lo[A] = ?A”(D —4)A, (6.47)
Lilf] = 260(0-5)C0— m)g— SHOD — 5)p + —H(O - om? - 5)H (6.48)
W= 5 5 25 25 3 '

We will consider the m? # 0 case first. In this case, the determinant which arises
from integrating out Ain (6.47) cancels against the Jacobian arising from the change
of variables in (6.44), so this part of the action does not contribute to the anomaly.
Similarly, when the scalar part of the action (6.48) is diagonalized, its determinant
cancels against the scalar part of the Jacobian of (6.44).

So we are left with the action (6.45). The constraints on iz(ﬂy) can be lifted at
the cost of introducing a vector ghost f/ﬂ of mass m? — 4.

Now we make the decomposition into four-dimensional fields. We put hg) = ¢

and h(e;) = Vi, and define hi; = ;) — ¢gij/4 which satisfies hi;g" = 0. Writing out

2For simplicity O will be understood to include the gravitational couplings to the
boundary metric, which for Ricci-flat boundaries are again just the usual ones.
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the Christoffel symbols, etc. explicitly, (6.45) becomes

/d5r\/§t{g¢2+15t 5(w) <V V+9V ViV (- VQV)>

N TR . 8- 10
+hgphad + t—2habh“b + has (= V2R®) + ThaVep + — Vo V} (6.49)

The derivative couplings ﬁabVa;b and Vg -V do not contribute to the anomaly.

Now compare this with the action for the ghost f/ﬂ:

S, = /d5 YIyum - 4)7,
- /d5 V0+Vo(——%+‘72V0+ ’v. v)

+g" (—ViV} +V <—t—2Vj + V2V, + ;VjVE))) : (6.50)

If we make a change of variables V,, — tV, (this adjusts the mass values by 1) then
we see that these ghosts cancel the vector and scalar parts of (6.49).

So we are left with a symmetric traceless tensor field on the boundary. From
(6.49) we see that we have a non-vanishing anomaly for m? +4 = N2, and from [62]
we find that o = 189.

Now consider the case m? = 0, when we have the gauge invariance
6huu = D;J,Ay + DyAp,, Aﬂ = A“ + D#¢ (651)

The action (6.43) can be written

1 9
= —Zpl(n 2 LA —_D*HD, H
L 4h ( +m° + ) (uv) + 500 s
1 3 3
2 (p.p —D”H) (D”h - —D,,H) 59
2<“h 10 )™ 10 ’ (6.52)
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Table 6.1: Anomaly coefficients of massive fields on AdSs.

Field N o
¢ vm?2 + 4 1
v |m|+1/2  7/2
A, m2+1 -11
Ay m 33
b, |m|+1/2 -219/2
hp,u m2 +4 189

and we fix the gauge by introducing

[ DASID A %D”H _ e A A, (6.53)

whereupon (on integrating out A) (6.52) becomes

1

3
—ZW")(D +m? + 2)h(,) + —H(O — 8)H. (6.54)

L= 40

The variation of D, h(#) — 2 D¥H is (D—4)A,, so the action for the Faddeev-Popov
ghosts BS'” and C.” is just two copies of (6.50). The decomposition into four-
dimensional variables is just as before, except that we have the additional scalar H,
which cancels one of the additional ghosts. So in addition to the irreducible tensor
field on the boundary we have in total one uncancelled vector ghost; from (6.50) we

see that it has NV = 3. These results are summarized in tables 6.3 and 6.1.

6.6 Summing the anomaly

So let us summarize the results of the last sections. At one loop, the Weyl anomalies

are given by

A= —aN RMR, 4, /(57607%), (6.55)
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Table 6.2: Mass spectrum. The supermultiplets (irreps of U(2,2/4)) are
labelled by the integer p. Note that the doubleton (p = 1) does not appear
in the spectrum. The (a,b,c) representation of SU(4) has dimension r =
(a+1)b+1)(c+1(a+b+2)(b+c+2)(a+b+c+3)/12, and a subscript
c indicates that the representation is complex. (Spinors are four component
Dirac spinors in AdSs).

Field SO(4) rep® SU(4) rep® Mass on S°

¢l (0,0) (0,p,0) m* =pp—4), p>2
w(l) (%70) (Oap‘lal)c m:p_?’/?: PZQ
Aﬁz,lu) (170) (Oap B 1:0)0 m2 = (p — 1)2: p Z 2
¢(2) (0’ 0) (O7p - 2a 2)c m2 = (p + 1)(p - 3)) p 2 2
¢(3) (0’ 0) (Oap -2, O)C m? = (p + 2)(]? - 2)a p>2
¢(2) (070) (0)p_2a1)c m:p—l/?, pZ 2
AE}) (%7%) (lap_zal) m2 :p(p_2)> pZ 2
'Q[};(Ll) (17%) (1ap—270)c m:p—1/2, p>2
h#u (171) (0,p—2,0) m2:(p+2)(p_2)7 ;022
d)(s) (%’0) (2)p—371)c m:p_l/za p23
¢(4) (%:O) (Oap_371)c m:p+1/2’ p=>3
A[(J,Z) (%’%) (]-ap_?’a ]-)c m2: (p+1)(p_1): p23
AP (1,0) (2,p - 3,0). m2=p? p>3

A) (1L,o)  (1,p-3,0 mP=(p+1)? p>3
P2 (1,3) (Lp—3,0) m=p+1/2, p>3
ot (0,0) 2,p-42 m=@+2@p-2), p>4
¢ (0,0) 0,p—4,2); m*=(p+3)(p—1), p>4
¢(® (0,0) (2,p-4,2) m?=p(p+4), p>4
¢(5) (%’O) (2,p—4,1). m=p+1/2, p>4
$(© (3,00 (0,p—4,1) m=p+3/2, p>4
AP (33 (p-41) m=(p+3)(p-1), p>4
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Table 6.3: Decomposition of gauge fields for the massless multiplet. Some
components of the graviton have non-physical mass values, but cancel against
identical Faddeev-Popov ghosts. A superscript “irr” indicates that the cor-
responding field is irreducible.

Original field | Gauge fixed fields N 6"
A, A; 1 -11
(15 of SU(4)) Ao 2 1
brp, crp 2 -1
Yy T 2 -219/2
7i¢1 3 7/2
(4 of SU(4)) Yo 3 7/2
AFp, PFP 3 -7/2
OGF 3 -7/2
P R 2 189
(SU(4) singlet) ho; 3 -11
- hao, cancel BIP.CEF
BFP.CEP cancel hoo, H = h#
BFP CFP 3 11
for bosonic fields, and
A= —a(N —-1/2) R7MR, /(576077 (6.56)

for fermionic ones. We list the values of NV and a which we calculated for all the
massive fields in table 6.1, and for the fields in the massless multiplet (which include
ghosts) in table 6.3.

Now we need to add all of these results up. Although our test of the Malda-
cena conjecture could have been passed trivially by all the one-loop contributions
vanishing separately, we have instead non-vanishing contributions from each of the
infinite number of fields corresponding to the Kaluza-Klein modes on S°, and we
will observe a highly non-trivial cancellation between them.

The mass spectrum is given in table 6.2, where the supermultiplets are labelled
by an integer p. The first three fields in the table form the doubleton representation

for p = 1, but this is not present in the spectrum. The p = 2 or massless multiplet
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Table 6.4: Coefficents of cosmological constant renormalization.

Spin N trag
(0,0) vVm2+4 1
0,3) [m|+1/2 -4
(3,3) m2+1 4
(1,0) m 3
1,1 Iml+1/2 -12
(1,1) m2+4 9

contains all the gauge fields. For the p > 3 multiplets the total anomaly is propor-
tional t0 > geqs @N7 where 7 is the dimension of the SU(4) ~ SO(6) representation
in which the fields transform. It can be seen from the table that r is always a poly-
nomial of degree 4 in p, while N is linear in p. So each field contributes a polynomial
of degree 5 to the sum. If we add up the contributions from all the fields, we find
that the anomaly cancels within each of the p > 3 supermultiplets.

Before we discuss the massless multiplet, notice that the result so far is in ac-
cordance with the existence of a consistent truncation which essentially discards all
of the p > 3 multiplets. Even if the overall anomaly was non-zero, the contribution
from these multiplets should still vanish.

Using the information in table 6.3 we see that the anomaly sums to zero for
this multiplet also, so we conclude that the Maldacena conjecture has successfully

predicted the correct value for the Weyl anomaly of the boundary theory.

6.7 Finiteness of boundary theory

There is another non-trivial test of Maldacena’s conjecture which we can perform
immediately. In the calculation of the Weyl anomaly for the individual fields in
Chapter 5, we encountered divergences proportional to the heat-kernel coefficients
ag and a;. These divergences renormalize the boundary cosmological and Newton’s

constants respectively.
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Now the boundary theory is conjectured to be N = 4 super-Yang-Mills, which is
a finite theory, so the renormalization counterterms should also vanish if Maldacena’s
conjecture is to hold. Indeed, if they do not cancel for each of the infinite number of
massive supermultiplets, we have to perform an infinite number of renormalizations
for the boundary theory to make sense.

This is easily tested. For each of the supergravity fields we have ay = 1, so tray
just counts the number of degrees of freedom of the field (listed in table 6.4. The
divergent terms are proportional to Ntrag, where N is the mass-dependent integer
we calculated before, and it is easy to check that the divergence cancels in each of
the supermultiplets, including the massless one.

The coefficient a; is proportional to the Ricci tensor on the boundary, and thus
vanishes for Ricci-flat boundaries. So in the present case this does not give us an
additional test of the conjecture. But when we generalize the result to non-Ricci

flat boundaries, we again expect to see a non-trivial cancellation.

6.8 Conclusions and outlook

To summarize. The coefficient of the square of the Riemann tensor in the Weyl
anomaly of N' = 4 Super Yang-Mills theory is zero to all loops. For the Malda-
cena conjecture to hold the same must be true in the calculation on the AdSs side.
We found that at one-loop the contributions of the individual species of fields was
non-zero, however they sum to zero over each supermultiplet, in agreement with
the conjecture. Similarly, divergences which renormalize the boundary cosmologi-
cal and Newton’s constants vanish within supermultiplets, providing the conjecture
with further rigorous tests. To make the cancellation work required that we make
a generic choice of boundary conditions for the bulk fields; if we had chosen certain
special boundary conditions, the calculation would have failed, leading to patholog-

ical divergences in the boundary theory.
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Our calculation was done in the field theory limit of String Theory, however we
expect that the neglected string modes have contributions that vanish separately.
This is because the anomaly is not a continuous function of mass, but vanishes
for generic values. It is non-zero for the Kaluza-Klein spectrum of supergravity
which has a special property. A standard construction of Anti-de-Sitter space is
as a hyperboloid in BR**. This contains closed time-like curves which are removed
by going to the universal cover. Curiously the spectrum of supergravity allows the
corresponding fields to be single-valued on this hyperboloid. This property will not
be shared by the higher string modes whose masses depend on the string-scale o'

We have calculated one half of the Weyl anomaly. The remaining terms that
depend on the Ricci tensor can be computed by a similar calculation in the more
general background given by (5.47). This would provide a further test, as would the
computation of higher loops in the bulk, and testing the finiteness of the boundary
theory in the more general metric. All of this can be done using our techniques,
without the need for further conceptual development.

It has been argued that there is also a cancellation over supermultiplets in the
case of the chiral anomaly [28]. This could also easily be studied using our methods;
in particular, the gravitational chiral anomaly was hinted at at the end of Chapter
5.

Although Maldacena’s conjecture felates to a specific compactification of string
theory, in principle there may be a similar correspondence of theories for any com-
pactification onto anti-de-Sitter spacetime. One such correspondence which is receiv-
ing a great deal of study involves M-theory (whose low energy limit is 11-dimensional
supergravity) compactified on AdS; x S§*. This is dual to a (2,0) superconformal
field theory describing N coincident Mb-branes, and the correspondence provides a
useful way of defining M-theory.

The M-theory effective action contains R* terms which correspond to stringy

corrections to supergravity and modify the subleading behaviour of the anomaly [67].
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(Such terms are also present for a compactification of string theory on AdSs x S°/Z,
whose boundary theory is N = 2 supersymmetric [66].) These terms can easily be
incorporated into our formalism. We would like to further understand the origin
of these stringy corrections, but in any case their inclusion is important for the
following reason.

The exact N-dependence of the anomaly for the boundary theory is not known,
but it should reduce for N =1 to the anomaly for the free tensor multiplet theory
corresponding to the low energy dynamics of a single M5-brane. This provides a
check on whatever answer we find. In particular, we need the contribution from
the bulk supergravity theory to be finite. Because the anomaly increases with the
Kaluza-Klein mass, which is unbounded above, this is only possible if we have a
highly non-trivial cancellation of anomalies within each massive supermultiplet, sim-
ilar to that which we observed for the four-dimensional Ricci flat boundary.

Our calculation of the anomaly works in any dimension, so there are many more
compactifications which could be studied, for example the numerous compactifica-
tions of string theory on AdS; x M7 for some compact seven-dimensional manifold
MT. Tt is difficult to guess what further aspects of the intruiging relationship be-
tween string and field theories might be elucidated by this work, but it seems clear

that the possibilities are enormous.
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