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Abstract
Cyclic Factorizability Theories
Paul Glyn Jones

Thesis submitted for degree of Ph.D., October 1999.

Let I" denote a finite group and R a commutative ring. Factorizability the-
ories seek to describe similarities between the local structure of RI'-modules
M and N, where M and N are related by, for example, being isomorphic
when tensored up with Q.

Tn the first three chapters of this thesis, we define two families of factoriz-
ability theories, the invariance and coinvariance factorizability theories. We
will consider three members of these families. We demonstrate that mono-
mial invariance factorizability is equivalent to monomial factorizability as
defined in [19]. We go on to consider the two cyclic cases. We demonstrate
that the weak cyclic invariance factorizability theory is strict and is identical
to the weak cyclic coinvariance factorizability theory. We also demonstrate
that the strong cyclic invariance factorizability theory and the strong cyclic
coinvariance factorizability theory are not identical but are equivalent.

In chapters 4 and 5, we discuss C.M.M. I'-functors over R. Thus we find
relations which can simplify the calculation of the invariance and coinvariance
factorizability theories.

An index of the less well known definitions used in this thesis is included

as an appendix.
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Introduction

F O R A given finite group I' and some commutative ring
R, take M to be a finitely generated, right RI-

module. We would like to be able to completely describe the local structure
of M, however this is not in general possible. In specific cases the structure
of M is known: for example suppose R is the ring of algebraic integers of
some algebraic number field K, and take K’ to be a Galois extension of K
with ring of integers R', and take I' to be the Galois group of K’ over K.
Results are then known regarding the structure of R’ as an RI-module in
certain cases, for example, if the algebraic number field is tame, its ring of
integers is locally free. However, when we are in the situation of determining
the structure of an arbitrary R[-module M there are few results, especially
as in general there may be infinitely many different genera of RI-modules.
Rather than trying to describe the local structure of an RI-module M,
factorizability theories look at how the local structure of a module M differs
from the local structure of another module N, where M and N are related
by, for example, being isomorphic when tensored up with Q. Amongst the

first examples of a factorizability theory was Frolich’s strict factorizability




of [6], which dealt only with ZI-lattices. Other examples include monomial
factorizability, detailed in [19], and theories introduced in [12]. In fact, in
[12] it is shown that factorizability theories can yield results on the global
structure of modules, and not just the local structure.

The first three chapters of this thesis are directly concerned with fac-
torizability theories. We begin in the first chapter by providing a detailed
definition of a factorizability theory. This definition will closely follow the
definition given in [19]. In brief, a factorizability theory is a homomorphism
1 from some relative group, most commonly Xg(mod(Z,I'), ®Q), to some
abelian group ¥. The relative group K& (mod(Z,I'), ®Q) consists of classes
of triples [M, f, N] with f: M @ Q s N ®Q, and relations from composi-
tion of isomorphisms f, and the direct sum. However, in order to keep the
definition sufficiently general to include each of the cases we will be inter-
ested in, we allow more general relative groups. Our definition of a relative
group will be based upbn the work of Heller, [9], which we reproduce in less
generality here in order to make the proofs more transparent.

The work of [9] puts the relative group into an exact sequence made
up of more familiar groups from X-theory. This sequence will provide the
definition of strictness—we go on to see that strictness is a useful minimum
condition for a factorizability theory to satisfy. The homomorphism aspect
of factorizability theories also provides a way of comparing factorizability
theories, giving a concept of relative strength and equivalence of theories.

In chapter 1 we also present a detailed description of the monomial factor-




izability theory defined in [19]. In part this is done as an illustrative example
of a factorizability theory; however more significantly this example will be
shown to be equivalent to one of the invariance factorizability theories defined
in chapter 2, and thus we will provide an alternative proof of the strictness
of the monomial factorizability theory.

In chapters 2 and 3 we define two closely related families of factorizability
theories, the tnvariance and coinvariance factorizability theories. These are
defined by looking at v,|T2€,| in the invariance case, and vp|Taéy| in the
coinvariance case, for various collections of characters x of subgroups I' C T’
with kernel A. We look at three particular collections of characters in detail.
With the monomial case, we deal with all characters x where p { |I" : A
and go on to show that the monomial invariance factorizability theory is
equivalent to monomial factorizability theory. With the weak cyclic case, we
allow only those characters where I is cyclic and p { |I" : A}; with the strong
cyclic case, we allow only those characters where I is of the form C x G for
C a cyclic p-group, and p { [TV : A|. It is from the consideration of these two
cases that we obtain the title of this thesis.

In chapter 2 we deal exclusively with the invariance factorizability theo-
ries, demonstrating that the weak cyclic factorizability theory is strict, and
monomial invariance factorizability theory is equivalent to monomial factor-
izability theory. We go on to examine the strong cyclic factorizability theory
for T' = G,, = Cp, x C,, where p and ¢ are prime numbers with ¢ |p—1.In

chapter 3 we compare these results with corresponding results for the coin-




variance factorizability theories, showing that they are identical in the weak
cyclic case, and nonidentical but still equivalent in the strong cyclic case.

We move on in chapters 4 and 5 to consider cohomological monomial
Mackey I-functors (C.M.M. I'-functors for short) over some ring R. In short,
a C.M.M. I'-functor A assigns an R-module A(x) to each of some family of
characters x of subgroups I C T, together with a collection of R-module
homomorphisms similar to induction, restriction and conjugation satisfying
certain axioms. Our interest in C.M.M. I-functors over R stems from the
fact that M€, and Maé,, encountered in the invariance and coinvariance
factorizability theories, are both C.M.M. I'-functors over Z,.

In chapter 4 the main result is that, given a direct sum relation of the
form

@ Zy[T/Ailey, = @ ZP[F/AS']%J'

we necessarily have a direct sum relation

P Al = D Al#)).
i J
Thus via C.M.M. I'-functors we have the possibility of simplifying calcula-
tions of the invariance and coinvariance factorizability theories by obtaining
relations between the values of v,|T2é,| in the invariance case, and vp|Taéy]
in the coinvariance case, for various characters x. In chapter 5 we discuss

how to identify all the relations of the form

Pz, /A, = P z,Ir/A)e,,,
i J
and look again at the metacyclic group G, as an example.

9




At the end of chapters 1 and 3 we include a section considering possible
future developments of a number of results from this work. These sections
include the more speculative and conjectural results. At the end of chapter
1, we look at “real” factorizability theories, that is, factorizability theories
which are homomorphisms from Xg{mod(ZT'), ®R). Our approach is to
derive such factorizability theories as a pushout of a factorizability theory
from X (mod(ZT), ®Q).

In chapter three we demonstrated that the weak cyclic invariance and
coinvariance factorizability theories were identical, and the strong cyclic in-
variance and coinvariance factorizability theories were equivalent but non-
identical. We conclude chapter 3 by examining whether the invariance and
coinvariance factorizability theories are equivalent for any stronger case.

An index to the less well known definitions used in this thesis is included

as an appendix.

We begin with a number of definitions which will hold throughout this

thesis.

0.1 Preliminaries

Throughout this thesis, we will use the following conventions.
I' will always denote a finite group.

All modules will be right modules, unless otherwise stated. We denote

the category of (right) modules over a ring R by mod(R). We denote the

10




category of lattices over a ring R, i.e. finitely generated, freely generated
(right) R-modules, by lat(R).

We denote the Grothendieck group (with respect to the direct sum) of
permutation projective modules over a ring R, i.e. modules which are a direct
summand of a permutation module over R, by PP(R).

For a prime number p, Z, denotes the usual p-adic completion of Z;
likewise @, denotes the p-adic completion of Q. @p denotes the algebraic
closure of Q,. For F an algebraic field extension of Q,, {2r denotes the

Galois group Gal(Q,/F).

11




Chapter 1

Definition of a Factorizability

Theory

l N GENERAL, the structure of modules over a group ring may
be very intricate. Results on the structure of modules tend
to be confined to very specific questions, such as studying the structure of
rings of algebraic integers as a module over the corresponding Galois group.
For example, in this case it can be shown that if the algebraic number field
is tame, its ring of integers is locally free. Another situation when we can
look at the structure of modules is if there is only one (or at least, very
few) different genera, for example with modules in mod(R) if R is of finite
representation type.
Factorizability theories provide an alternative approach when we have
no knowledge of the local structure of the modules. Rather than asking

questions about the structure of a specific module, factorizability theories

12




seek to describe aspects of the relationship between two modules, providing
an equivalence relation called factor equivalence between modules. Usually
we are considering aspects of the local structure of the modules concerned.

In this chapter we will define what we mean by a factorizability theory. In
brief, a factorizability theory 1 assigns certain invariants to triples (M, f, N),
where M and N are finitely generated A-modules (A = ZI' or Z,I" for a
finite group T'), and f is a QA-isomorphism f: M @ Q — N ® Q. By
invariants, we mean that the value of ¢ depends only on the isomorphism
class [M, f, N] of (M, f, N) in the fibre category, defined in the next section.
The isomorphism classes [M, f, N] form a group called the relative group;
we consider some of the K-theoretic properties of the relative group in this
chapter. A factorizability theory 1y must also respect both the direct sum
and (where defined) composition of triples, again, to be made precise later.
Thus in essence a factorizability theory is a homomorphism from the relative
group, and the techniques used to compare factorizability theories developed
in the later sections stem from this fact.

We go on to give an example of a factorizability theory, namely the Mono-
mial factorizability defined in [19]. Many of the other factorizability theories
used to date (such as that used in [6], and the one alluded to in [12]) are
shown in [19] to be equivalent to monomial factorizability; in the next chap-
ter we will show that monomial factorizability is equivalent to one of the
invariance factorizability theories there defined.

Much of the definition of a factorizability theory is based on [19]; the

13




sequences from X-theory rely on work from [9)].

Let us begin by establishing some notation.

Definition 1.0.1. We will be dealing with two cases. They are the global
case, where the group ring is ZI', and the local case, where the group ring is
Z,I" for a fixed prime p. If a part of the theory is true in both cases, we will
use A to denote the group ring. We will use A to denote the algebra QA,

that is, either QI' or Q,I.

1.1 Some results from K-theory

The results of this section are based upon on the work of Heller [9]. In [9],
however, the results are proven in far greater generality. We reproduce them
here in a more specialised case in order to make the working more transparent,
whilst still maintaining sufficient generality to cover a wide variety of module
categories.

We begin by defining extensional module categories, and functors between
extensional module categories. This will allow us to define the fibre category
of such a functor, and hence the relative group. This relative group fits in
to a (not necessarily exact) sequence, the Heller sequence, connecting the
relative group to other well known X-groups. We finally establish conditions
on when the Heller sequence is exact, which will be satisfied by the cases we

will mainly be interested in for the later chapters.
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We want to be able to deal with mod(A) and lat(A), in both the local
and global cases, with either all exact sequences or only those arising from

the direct sum. Therefore we define:

Definition 1.1.1. An eztensional module category € = (C, ) consists of a
category € which is a subcategory of mod(R) for some ring R, closed under
direct sum, together with a category € whose objects are (some) short exact
sequences of modules from |C|, including at least those due to the direct sum.

Note that this is a special case of Heller’s “extensional category”.

Note that both mod(A) and lat(A), in both the local and global cases,
with either all exact sequences or only those arising from the direct sum, fit

the above definition.

Definition 1.1.2. A functor F between two extensional module categories
(G, &) and (€', &) (where €' is a subcategory of mod(R')) consists of a functor
F: € — € which preserves the exact sequences of & (Heller [9] allows a
more arbitrary functor F* on the extensional structure, but our special case

of extensional module categories allows us to fix this functor.)

We may now define

Definition 1.1.3. Let F: € — € be a functor between two extensional
module categories, where € is a subcategory of mod(R'). The fibre category
®(C,T) is a category whose objects are triples (M, f, N), where M and N
are objects in € and f: F(M) — F(N) is a R'-isomorphism. (The reader

following [9] should note that Heller writes the triples in a different order.)

15




The morphisms of the fibre category are pairs (a,b) of R-homomorphisms

a: M — M, b: N — N’, such that the following square commutes:

F(a)

F(M) F(r)
i 0| f
FN) 57— I

1.1.4. Remarks. We may sensibly construct exact sequences in ®(C,F): a

sequence
0— (M, f,N') % (g, £, N) B (M, 7 N") = 0
is thought of as exact if ‘
0— M 5 M- M" -0

and
Y b "
0N —N-—N =0
are exact, since necessarily the sequences

0 — F(MY 29 3m) 9 F(m)” - 0

and

0 - F(NV) 2 5v) 28 3wy 0

are also exact.

When ¥ is an unconditionally exact functor, as is the case when F = ®Q,

16




the diagram

F(ker(a))— F(M) — Y

F(M'") —— F(coker(a))
g AR i g |

F(ker(b))—— F(N) F(N') —— F(coker(d))

F(b)

necessarily commutes, where g is the restriction of f and ¢’ is the map induced
from f’, and therefore we can sensibly talk of the kernel and cokernel of a

morphism (a, b).

Definition 1.1.5. The relative group Ko(C,F) = K§(C,F) (written addi-
tively) is the abelian group generated by isomorphism classes [M, f, N] of
triples (M, f, N) from the fibre category ®(C, ), with relations from exact
sequences in the fibre category, and relations from composition of triples,

that is,
[M, f,N]+[M', f',N'] = M, f' o f, N'] whenever N = M".

Note that where & consists only of sequences due to the direct sum, the

relations from exact sequences are precisely
M, f,N|+[M,f N)=MeM,fof ,NoN|.

We have the following useful facts about the identity element in the rel-

ative group:
Lemma 1.1.6. 1. In X§(C, ), [M,1,M] = 0.
2. In X&(C,F), if f: M = N is an R-isomorphism, then
(M, F(f),N]=0.

17




Proof. 1. [M,1,M] + [M, f,N] = [M, f, N]| by composition rule.

2. The square

M) =55

commutes, therefore (1, f) is an isomorphism in ®(€, F), and therefore
[M,F(f),N]=[M,1,M] =0

as required. O

Lemma 1.1.7. All elements of the relative group X§(C,F) are expressible

in the form [M, f, N], where (M, f,N) is a triple in ®(C,F).

Proof. Clearly all elements of X5(C,F) are expressible as finite sums and

differences of elements of the form [M, f, N]. However,
—[M, f,N] =[N, {7}, M]
since (M, f, N] + [N, f=}, M] = [M,1, M] = 0 by composition rule, and
[M,f,N]+[M',f\N]=[MeM,f&f,NeN],
so all elements of X§(C,F) are of the required form. O

Now that we have established our definitions, we state without proof a

key result due to Heller:

18
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Proposition 1.1.8. The Heller Sequence (see Heller, [9], 4.1, 4.4, 5.1, 5.2,
or Bass [1]). For F: (C,€) — (€', &) a cofinal functor between two exten-

stonal module categories, consider the sequence
(7] n 9 4 (] '
K1 (€) = K1 (€) — Ko(€,F) — Ko(€C) — Ko(€')

where 8: [M,a] — [M,a, M] (with M chosen so that there ezists N with
F: M M®N, and necessarily [M,a] = [MON,a®1]) and é: [M, f,N] —

[N] - [M].
1. This sequence is a chain complez.
2. If F is a fibration then the sequence is ezact at Ko(C).

3. If F is a fibration and the sequences of &' split then the sequence is

ezact at Ko(C) and Ko(C, F).

4. If F is a fibration and the sequences of € split then the sequence is ezact

everywhere.

1.1.9. Remark. For a definition of fibration see [9], section 4. For now, we

observe without proof:

Lemma 1.1.10. Let F: (€, &) — (€, &) be a functor between two exten-

stonal module categories.
1. If the ezact sequences in &' split and F is cofinal, then F is a fibration.

2. If for every B € &, B = F(A) for some A € € then F is a fibration.

In addition to the exact sequence results, there are several other homo-

morphisms between the X-groups which we shall need.
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We will then introduce the concept of “strictness”—a useful condition for a
factorizability theory to satisfy.

In order to motivate the definitions of factorizability and strictness, we
will'manipula,te the Heller sequence of proposition 1.1.8. This manipulation
can be found clearly set out in [19], and therefore we will present without
proof an overview of the relevant points. We begin by truncating the five-
term Heller sequence on the right to a four term exact sequence, with the final
map surjective. We go on to replace the X;(mod(Q@,I')) by an alternative,
isomorphic group which will prove more convenient for later proofs. We have
a map from K;(mod(Q,I)) to ¥, namely 0. The definition of “strictness”
is that the kernel of this map lies in the “units” of X;(mod(Q,T)), and we

go on to discuss what elements are units in each of the groups isomorphic to

K1(mod(Q,I")).

We start by establishing some notation.

Notation 1.2.1." Throughout this section, A will denote the Q-algebra QI'
(the global case) or the Q,-algebra Q,I' (the local case), and A will denote
the order ZI' or Z,I', as appropriate. We will denote Z(QT') (the centre of
Qr) by C, and Z(Q,I') by C,. The maximal order in C (respectively C,) we
will denote by O¢ (respectively Oc,).

Definition 1.2.2. Let F: (G, &) — (€', &) be a functor between two exten-

sional module categories. A factorizability theory is a homomorphism
Y: K§(C,F) —» U

21




where U is some abelian group.

1.2.8. Remark. In most cases, we will have in mind a specific functor between
extensional module categories F: (€, &) — (€, &), for example, we could
consider ®Q: mod(A) — mod(A) with relations only from direct sums (when
the relative group would be denoted X (mod(A),®Q)) or with relations
from all short exact sequences (when the relative group would be denoted
Ko(mod(A), ®Q)), or possibly ®Q: lat(A) — mod(A) giving the groups
K (lat(A), ®Q) or Ko(lat(A), ®Q). Note that by lemma 1.1.10 these are all

fibrations.

The first step of our manipulation of the Heller sequence of proposi-

tion 1.1.8 is to truncate the sequence on the right.

Definition 1.2.4. Let F: € — €’ be a functor between extensional module
categories. We define Ko(C)s to be the kernel of [F]: Ko(€) — Ko(€). In
most situations it will be clear which particular ¥ we have in mind, and we

will denote Ko(@)g by Ko(€).

Lemma 1.2.5. Keeping the above notation, if F is a fibration then 5(0((3) 18

the image of Ko(C,F) in Ko(C). Then we have a new sequence
& ! 5] s &
3(1(6) — iKl(G’) — 9(0(8,3:) —> :Ko(e),
not necessarily exact at K1(C) or Ko(C,F), with 0 and 6 as before.

Proof. By proposition 1.1.8, if F is a fibration then the Heller sequence is

exact at Ko(C). The result then follows from proposition 1.1.8. Note that
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this new sequence is exact at K;(€’) or Ko(C, F) precisely when the Heller

sequence is exact at K;(C') or Ko(C, F). O

We now focus our attention on a specific choice of F. Throughout what
follows, we will work with [®Q)]: mod(A) — mod(A), with only those exact
sequences due to the direct sum. However, much of what follows works

equally well for the other choices of F mentioned in remark 1.2.3.
1.2.6. Remark. For a given group I', for almost all primes p (in particu-
lar whenever p { |I'|), Z,I" is a maximal order in Q,I".  When this hap-
pens, [®Q)]: Ko(mod(Z,I')) — Ko(mod(Q,I')) is injective, and therefore
& (mod(Z,I")) = {0}. See [17], theorem 7.6 for details.

We define what we mean by the ideles and unit idéles of an arbitrary

Z-order A’ contained in a semisimple Q-algebra A’.

Deﬁnitioﬁ 1.2.7. The finite unit idéles of A’, denoted Uz(A’) are defined
to be HP(A;)X, where A}, is the localisation at p, the product running over
all finite primes p.

The finite idéles of A’, denoted Jz(A') are defined to be [[,(4,)* - Uz(A').
They are thus in effect those elements of [ (A,)* where all but finitely many

components lie in the appropriate Aj,.

In the local case, X;(mod(Q,I')) is isomorphic by the reduced norm to

C* = Z(Q,I')*, as we will discuss further at 1.2.17. Thus we have a new
exact sequence
o Nrdo{®Q] ~x % o 2 e
KP(mod(Z,I))  —— C* — K§(mod(Z,I'), ®Q) —» X' (mod(Z,I'))

23




where 559: aw [Z,I, 8,Z,T], B chosen so that Nrd(f) = a.
In the global case it can similarly be shown that X;(mod(QI')) is isomor-
phic by the reduced norm to C*+ gof Nrd(QT'*) C C*, giving us the exact

sequence
%9 (mod(2T)) "8 ox+ 9% 58 (110d(2D), ®Q) 2 K& (mod(ZT)).

However, we wish to derive a different sequence in the global case. We begin
by taking the coproduct over all primes p of the previous sequence to obtain
the exact sequence

rdo 89
[T %8 (moa(z,r)) "5 T oz % T %@ (mod(2,1), ©Q)
Y4 P ¥4

11,98 -
=5 [ X8 (mod(Z,1)).

p

As has already been observed, for almost all p, Z,I" is a maximal order
in Q,I" and in this case Nrd: XP(mod(Z,I')) ~» Of . Therefore, we may
change the first term of the above exact sequence from a coproduct to a prod-
uct provided we change the second term from [[, C to [1,C; - [, O¢, =
Jz(C) and in turn replace the map [, 523 by I1, 5;9 in order to maintain

exactness.

Lemma 1.2.8. We have by [11], theorem 8.1, an isomorphism

A: X (mod(ZI), ®Q) — [ X8 (mod(2,I'), ®Q)

P

(M, f,N] — {[Mp, f © 1, Np]}.

Adjusting the maps accordingly, we have a new exact sequence
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Theorem 1.2.9. The sequence
[T %0 (mod(z,1) "5 75(C) 255 (mod(2I'), ®Q)
p

s TT %8 (mod(z,T))

P

is ezact, where Nrd o[®Q)] sends K (mod(Z,I")) to CX via K1 (QpT'), and 6®

maps [M, f, N to {[N,] — [M,]}.

Definition 1.2.10. Another consequence of lemma 1.2.8 is that, by choosing
a local theory ,: X&(mod(Z,I'), ®Q) — ¥, for each p, we may construct a
global theory ¢ = Hp Yp o A with invariant group ]_[p VU,,. Such a 9 is said to

be locally defined.

Let us now bring in the factorizability theory ¢. The definitions of when
an element of ¥, or a triple [M, f, N] is factorizable, are connected to the
map from Jz(C) in the global case, and the map from C in the local case.
Denoting either of these groups by J, and denoting by U the group Uz(O¢)

in the global case and C’)gp in the local case, we have the following situation:

UcJg 0° X2(mod(A), ®Q)
P
\V/

Definition 1.2.11. For a factorizability theory ¢, x € ¥ is said to be fac-
torizable, with factorization a, if z = (¢ 0 3%)(a), for some o € J.
Definition 1.2.12. For a factorizability theory 1, a triple [M, f, N] lying in
X2 (mod(A), ®Q) is said to be factorizable if 1([M, f, N]) is factorizable.
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Definition 1.2.13. For a factorizability theory 1, two modules M and N
are said to be factor equivalent (written M A, N) if there exists a triple

[M, f, N] € X2(mod(A), ®Q) which is factorizable.

It is worth noting that, although the definition of factor equivalence ap-
pears to rely upon a choice of isomorphism f, it is in fact independant of this

choice, since

Lemma 1.2.14. If[M, f, N] has v¥-factorization a and f': M@Q - N®Q
is any other A-isomorphism then [M, f', N] is factorizable with factorization

a-Nrd(fo f').
Proof. In X@(mod(A), ®Q), we have

[M, f',N] = [M, f,N] = [M, f', N]+ [N, f~, M]

therefore [M, f', N] has 9-factorization « - Nrd(f~' o f'). O

Definition 1.2.15. A factorizability theory % is said to be strict if the kernel

of 1 0 8% is contained in U.

1.2.16. Remark. It is worth noting that if 1 is locally defined, and each of

the 1, are strict, then 9 is also strict.

Lemma 1.2.17. The following diagram commutes, with the bottom three
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groups isomorphic:

QI
Nrd Det

s (mod(Q,1)) g Q)™ = Gy =~ Homay, (Rr g, Q)

where the maps are as follows. An element B in Q,I'* is mapped to the
class [Bx,Q,I'] in K1(Q,I') where fx means multiplication on the left by
B. The isomorphism from Xi(QpI') to C)X sends the class [Bx,Q,I] to
the reduced norm of B, a = Nrd(8). The isomorphism from X,(Q,I') to
HomQQP(RF,@p,@:) sends the class [B%,QuI'] in X1 (Q,I") to & = Det(B),
that 1s, & where a(x) = detg,(Bx: Vi = V) with V, is a Q,I'-module
with character x. For the isomorphism C to Homgy, (RF:@p’@: ), we do

the following. An element x € C maps to f; € HomQQp(RF,@p,Q:), where

fz(x) = p(z) and p is a representation of Q,I' of character x.

Proof. For the right-hand triangle, see 7] section II, particularly lemma 1.6.
For the left-hand triangle, see [1] chapter 5, §9. In particular the isomorphism

follows from the exact sequence
Nrd
0 = 8K,(Q,T) — K1 (mod(Q,I)) =3 Z(Q,T)*
and the fact that 8X;(Q,I') = 0 by [1], chapter 5, theorem 9.7. O

Of these three groups, Z(Q,I')* is the easiest group to define what is

meant by a unit, but it is the third group HomQQP(RR@p,(@;< ) in which we

will do most of the work.
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Definition 1.2.18. Z(Q,I')* = C) = @, K; for some fields K;, and so we
define the units of K;(Q,I') to be those [x,Q,I'] where the corresponding

a €[]0k, =0g,.

Préposition 1.2.19. The following three are equivalent:
1. [B%, QI is a unit in K;(Q,I'),
2. a(x) € Oép for allx € Rpg ,
3. vp(@(x)) =0 for all x € Rrg,-

Proof. 1 & 2 is clear from the description of the isomorphism. 2 < 3 is clear
from z € (96 < vp(z) = 0. O
p
Proposition 1.2.20. For a local theory 1, 1, is strict if and only if
(Pp 0 ®)([Bx, QL)) =0  implies  v,(G(x)) =0 Vx € Rpg,.

Proof. 1, is strict if and only if the kernel of v, o 9% is contained in Oép,

which is true if and only if
(1, 0 8®)([Bx, Q,T]) = 0 implies [Bx,Q,I' is a unit in K;(Q,T')
which is true if and only if
(0 8®)([B%,QT]) =0  implies  w,(&(x)) =0 V¥x € Rpg,

by proposition 1.2.19. O
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1.3 Comparing factorizability theories

In this section we will consider ways of comparing and combining factoriz-
ability theories for the same relative group. We will consider two different
ways of comparing factorizability theories. The first approach is due to the
homomorphism aspect of factorizability theories—one theory is said to be
stronger than another if the kernel in the relative group is smaller. This will
be the approach we will use in the following chapters. The second approach is
to consider which elements of the relative group are factorizable—one theory
is stronger than another if, for triples in the relative group, factorizability by
the first theory implies factorizability by the second theory.

Finally we will look at ways of combining factorizability theories, and look

at the relative strength of the combined theory and the original theories.

Definitions 1.3.1. Consider two factorizability theories 1, ¢ from the same
relative group to groups of invariants W, ® respectively. If ker(¢)) = ker(¢)
then we say that 1 is equivalent to ¢, written ¢ ~ ¢.

If ker() C ker(¢) then we say that ¢ is stronger than or equivalent to ¢,
written ¥ > ¢.

If ker(¢)) C ker(¢) then we say that 9 is stronger than ¢, written 9 = ¢.

< and < are similarly defined.

We consider now whether or not M being -factor equivalent to N implies

M is ¢-factor equivalent to N. We have
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Proposition 1.3.2. If ¢ ~ ¢, then [M, f, N| is v-factorizable if and only if
[M, f, N] is ¢-factorizable.

If ¥ %= &, then [M, f,N] being v-factorizable implies [M, f, N] is ¢-
faciorz'zable.

A similar statement is true for >, for < and < we get similar statements

by using the fact that ¢ <X ¢ < ¢ = .

Proof. The first statement is a simple consequence of the second statement,
by using ¥ ~ ¢ if and only if 9 = ¢ and ¢ >= .

For the second statement we do the following. ¥ » ¢ implies that
ker(¢)) C ker(¢). Suppose [M, f, N] is t)-factorizable, with factorization
o. Then [M, f,N] — 8%(a) is an element of ker(¢)), and therefore an el-
ement of ker(¢). Therefore ¢([M, f,N]) = ¢ o % (a) .and [M, f,N] is ¢-

factorizable. |

1.8.8. Remark. The concept of a theory being stronger than another imposes
a partial ordering on factorizability theories. There are two extreme theories:
1;q which is the identity map, and g the zero map. For any factorizability
theory 1, it is clear that we have ¥4 = % = ¥o. Also, for any two theories 9

and ¢, we can find a weakest theory which is stronger than or equivalent to

both 1 and ¢, namely,

Y@ ¢: K& (mod(A),@Q) > ¥V &

z = (Y(z), ¢(x))-

Clearly ker(¢ @ ¢) = ker(¢)) N ker(¢), and therefore 1 @ ¢ is stronger than
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both ¥ and ¢, but no weaker theory can be stronger than both 1 and ¢.

Where & = ¥, we could also consider factorizability theories of the form

Y+ ¢: XKE(mod(A), ®Q) —» ¥

z = Y(z) + ¢(z).

Necessarily ¥ + ¢ < ¢ @ ¢, since if z € ker(1)) Nker(¢), then (¢¥ + ¢)(z) = 0.
However in general we cannot say any more than this, for example in the case
when ¢(z) = —(z) for all z € XE(mod(A), ®Q) we have ¥ + ¢ ~ 1, and

in the case when 1 (z) = 0 for all z € X&(mod(A), ®Q) we have 1 + ¢ ~ 1.

1.4 An example of a factorizability theory

The following example of a factorizability theory, Monomial factorizability,
is taken from [19]. In [19] it is shown to be equivalent to the factorizabil-
ity theories hinted at in [12], and when restricted to lat(ZT'), equivalent to
Frohlich’s “strict factorizability” of [6].

We choose this as an example because we will show it to be equivalent to
one of the invariance factorizability theories described in chapter 2. In {19]
it is also shown that the monomial factorizability theory as defined below is
in fact strict. However, the approach taken there is fairly technical. Instead,

we will use the equivalence to one of the invariance factorizability theories to

prove strictness.

We begin by defining y-monomial representations. In what follows, F' will
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denote a field of characteristic 0, B a subring of F', and y a torsion subgroup

of B*.

Definitions 1.4.1. A u-monomial representation of I' is a right u x I'-set S
such that p x {1} acts freely on S and S consists of only finitely many orbits.

We define Mon(T", i) to be the Grothendieck group with respect to disjoint
union of y-monomial representations.

If T is a y-monomial representation of a subgroup IV of T', we define the
induced representation TTF, & x ~ L.

For I a subgroup of I', and x: I' — u, we define the y-monomial rep-
resentation of I afforded by x (denoted by u,) to be a copy of u, with I”

acting via Y.

It can be shown (see [19], 7.3 and preceding) that any indecomposable -
monomial representation is isomorphic to one of the form uXTF,, Mon(T', )
is free on the classes of indecomposable p-monomial representations, and

therefore Mon(T', 1) is generated by the classes [y [T].

Definitions 1.4.2. Let S be a y-monomial representation. Then we define
the B-linearization of S (denoted B,[S]) to be the BI'-module ZS ®z, B.
We denote B),[u,] by By.

For any BI-module M, and any homomorphism x: I — u, we define

Mx ¥ {me M :my=mx(y),VyeIl'}.
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An alternative description of MX is from the natural isomorphism

Hompr(By 1, M) — MX
f— f((1,1)®1).
Definitions 1.4.3. Let p be a prime number. We define F{p} to be the
maximal unramified extension of Q,. We define O{p} to be the ring of
integers in F{p}. We define u® to be the roots of unity of O{p} of order

prime to p. We define G{p} = Gal(F{p}/Q,).

We are now in a position to define the locally unramified monomial factor-
izability ¥men: K& (mod(ZT'), ®Q) — M. It is a locally defined theory (see
definition 1.2.10), with local theories %monp and local groups of invariants
M, for each p. Pmon = [, Ymonp © A by lemma 1.2.8, and M = [, M.

We define M, = Homg,; (Mon(T, (), Z(O{p})).

We define the local theory as

* Ymonp: K&(mod(Z,T),®Q) = M,

[T] = Ymonp([T1)
where
wmon,p([T]): [S] | Hom@{p}p((){p}u(p) [S], [T ®z, 0{p}])|o{p} € Z(O{p}).

1.4.4. Remark. Since Mon(T, u)) is generated by the classes [u(p ) TF,], Ymon,p

is determined by its action on these representations:
Yron(T]): [P TE] = | (T 82, OB
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1.5 Real factorization

In the previous section, and in the following chapters, we discuss local and
global factorizability theories where the functor & is the tensor product ®Q.
However, there are occasions when it is more “sensible” to use a different
functor, for example @R. By “sensible”, we mean there is a single sensible
choice of isomorphism between modules M ® R and N ® R, but no single
choice for an isomorphism between M ® Q and N ® Q. In this section
we will briefly investigate this case. We begin with an illustrative example
of a situation where the “sensible” choice of isomorphism is between M &
Rand VR, not M @ Q and N ® Q. We then move on to discuss a
possible approach towards defining a “real” factorizability theory rather than
a “rational” factorizability theory. Our approach will be to construct the
pushout of a “rational” factorizability theory, and determine some of its
properties. In order to do this, we will introduce a series of lemmas to
manipulate pushouts and pullbacks. We will also make further use of the

Heller sequence, this time with the functor @R.

We begin with our example. Our isomorphism will arise from the proof
of the Dirichlet unit theorem, [8] theorem 37. For details of this theorem and
the derivation of the isomorphism in question, see for example (8], IV.4. We

will present here an overview of the construction.

Notation 1.5.1. Throughout this section, F' denotes an algebraic number

field. F has s distinct real embeddings, and 2¢ distinct complex embeddings
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(i.e. embeddings in C which do not lie wholly in R). Recall that the complex
embeddings must occur in complex conjugate pairs, hence the even integer
2t. We define r = s + t — 1—the Dirichlet rank. Ur denotes the group of
units in F. pp denotes the torsion subgroup of U, which is therefore the

group of roots of unity lying in F.
We state without proof

Theorem 1.5.2. The Dirichlet Unit Theorem (see for ezample [8] theorem

37). Keeping the above notation,
UF = HE X Z".

Although we will not prove this theorem ourselves, we will provide an

outline of the proof in order to derive our desired isomorphism.

Definition 1.5.3. Let W = Rt Fori=1,..., s, let o; denote the distinct
real embeddings of F. For ¢ = s+ 1,...,5 4+ ¢, let o, denote one from
each distinct conjugate pair of complex embeddings of F. We define the

logarithmic map to be the group homomorphism

[:Upr — %%
K] s+t .
U Zlog|ai(u)|ei + Z 2log|o;(u)|e;
i=1 i=s+1
where {e;} is the usual canonical basis of W. H will denote the hyperplane
s+t s s+t
{Zaiei:Zai—|—2 Z (1,1:0} cCW.
i=1 i=1 i=s+1
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Note that necessarily Im! C H. In fact, we also have that Im/ is a
discrete subgroup of W: to see this, we would demonstrate that only a finite
number of points of Im/ lie in a ball of radius z about the origin, for any
z € R. So Im/ is a lattice in  and therefore of rank at most s+t — 1 =r.
Also, we can see that kerl = up.

The final stage of the proof would be to define a set of fundamental units
{u; i =1,...,s+t}, with loglo;(u;)| > 0if ¢ = j and log|o;(w;)| < 0if ¢ # j.
Then by looking at the matrix with entries log|o;(u;)| and determining that
this matrix has rank at least 7, the Dirichlet Unit Theorem is proven.

The individual maps log|o;(+)| can be thought of as the valuations at the

infinite primes. For any element z € OF, necessarily

s s+t )
> logloi(z)| +2 > loglo(x)| = 0.
=1 i=s+1

We define S, to be the set of these valuations at the infinite primes, and

consider ZS,. Define

0 7S = Z
s+t s s+t
Yo Yat2y o
i=1 =1 i=s-+1

and AS,, = kero’. Clearly ASy is a full lattice in . Then, as a corollary

to the Dirichlet Unit Theorem, we have
Corollary 1.5.4.

I®1: Ur @R =5 AS, ®R.
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From now on, suppose that F' is Galois. Putting I' = Gal(F/Q), it is well
known that U is a ZI'-module. Also, the action of I permutes the infinite

primes, so ASy is also a ZI'-module.

Thus

Proposition 1.5.5.
[Ur, 1 ®1,AS,] € X&(mod(ZT), ®R).

This fact is a key motivation for looking at real factorizability theories.
Ur & pp X Z7, and AS is a full lattice in H and is hence isomorphic to
7", and therefore Ur @ Q =2 AS, ® Q as Q-modules; further, since there
is an isomorphism Ur ® R &£ AS, ® R which respects the I" action, there
is necessarily an isomorphism Up ® Q &£ AS, ® Q as QI'-modules. How-
ever, there is no single obvious candidate for this isomorphism. We know by
lemma 1.2.14 that our choice of isomorphism would not alter the factoriz-
ability of our triple; however, it would be preferable to use our obvious choice
of isomorphism.

We now turn our attention to considering one particular approach to
constructing real factorizability theories. Our approach will be to take a

rational factorizability theory and construct the pushout.

Definition 1.5.6. Suppose 9: X (mod(ZI'),®Q) — ¥ is a factorizability

theory. We define a real factorizability theory g, and its target group ¥g
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by the pushout diagram

K& (mod(ZI'), Q) Ld v
[®R] [®R]
K& (mod(ZT'), ®R) i Uy

To simplify calculations, we include here a series of lemmas concerning

pushouts.

Definition 1.5.7. For the commutative square

we label the kernels and cokernels of each map, and maps induced from f,

g, h and k, as in the diagram

K,g 12 I("k

ig U
Kje M .a_J . p T ¢
M1 g k ¢!
Kp© - C 5 D —r Ch

Tg T

C, C;

Vg

which is commutative with all horizontal and vertical four term sequences
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exact. We also consider the (not necessarily exact) three-term sequence
6 ¢
A— Bo®C—D

where 6: a — (f(a), g(a)) and ¢: (b,c) — k(b) — h(c). Note that the square

being commutative ensures that im(#) C ker(¢).

Lemma 1.5.8. Consider the situation of definition 1.5.7. Then v is injec-
tive and py 1s surjective if and only if im(6) = ker(¢).
Proof. =: Suppose (b,c) € B@C is such that ¢(b,c) = 0. Then k(b) = h(c),
but since 7, (h(c)) = 0 by exactness of our commutative diagram, and v, is
injective, mf(b) = 0. Therefore, by exactness of our commutative diagram,
there must exist a € A such that f(a) = b. So h(g(a)) = h(c), and so g(a) =
¢ + in(k1), some k; € Kj. But then, by the surjectivity of u, there must
exist ko € K such that p(ko) = k. Consider ag = a—1is(ko). By exactness,
f(ag) = f(a) = b, and by commutivity, g(ag) = ¢ + in(k1) — in(k1) = ¢, s0
0(ag) = (b, c).
| «: First we shall show that v, is injective, i.e. if € Cy is such that if
vi(z) = 0 then z = 0. Choose b € B such that 74(b) = z, and let d = k(b).
Then 7,(d) = 0 so there exists ¢ € C with h(c) = d. But now we have
#(b,c) = 0, so there exists an a € A such that f(a) = b. So, by exactness,
m(f(@)) = k=0,

Now we show that pu; is surjective. Let z € Kj,. Then h(in(z)) =
#(0,in(z)) = 0, and so there exists a € A with f(a) = 0, and hence there
exists ag € Ky with i5(ag) = a. in(p1(ao)) = in(z), and therefore p;(ap) =z

by the injectivity of iy. O
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Lemma 1.5.9. Consider the situation of definition 1.5.7. Then p; is injec-

tive if and only if 8 is injective.

Proof. =: Consider a € A such that f(a) = 0 and g(a) = 0. Then there
exists z € Ky with if(z) = a, whose image in K}, is zero, by the injectivity
of 4. So, since u; is injective, £ = 0 and hence a = 0.

<«: Suppose we have z € K; such that p;(z) = 0. Then f(if(z)) =0 by
exactness, and g(ig(z)) = in(p1(z)) = 0 by commutivity. So 8(is(z)) = (0,0)

and therefore is(z) = 0 by the injectivity of §. Therefore z = 0. O

Lemma 1.5.10. Consider the situation of definition 1.5.7. Then v is sur-

jective if and only if ¢ is surjective.

Proof. =: Let d € D. Consider b € B such that v;(ns(b)) = m,(d). Then
mh(d) = 7 (k(b)), so d—k(b) = h(c), for some ¢ € C. But now d = k(b)—h(c),
so d = ¢(b, c).

<: Let z € Cy, and choose d € D such that 7,(d) = . Then there
exists (b,c) € B @ C such that ¢(b,c) = d, that is, d = k(b) — h(c). But

mi(h(c)) = 0. Therefore 7, (k(b)) = v1(7f(b)) = mh(d) = 2. O
Proposition 1.5.11. Consider the situation of definition 1.5.7. Then

1. the commutative square is a pushout iff Ky — Kp and Cy = Cy, iff

K, » K and Cy = Cy,

2. the commutative square is a pullback iff Ky = Ky, and C; — Cy, off

K, = Ky and Cy = C,
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3. the commutative square is a cartesian square iff Ky = K, and Cy = Ch,

iff Ky = Ky, and Cy = C,.

Proof. The first “iffi” of the first one is a consequence of lemmas 1.5.8 and
1.5.10. The first “iff” of the second one is a consequence of lemmas 1.5.8 and

1.5.9. In both cases, the second “iff” follows from the fact that the sequence

is exact, or has injective or surjective maps, exactly when the sequence
A—-Ce®B—=D

is exact, or has injective or surjective maps, and thus we can swap rows for
columns in each of lemmas 1.5.8, 1.5.9 and 1.5.10. The third one is now

clear. 0

Corollary 1.5.12. Consider the three squares

Aa—1 . p L . p ALt g
g k k K g K
S1: 2. -~ ' e LY
C—F—D D——D C—re- D

then
1. if S1 and S2 are pushouts, so is S8,
2. if S1 and S2 are pullbacks, so is S3,

3. if S1 and S2 are cartesian squares, so s S8.
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Proof. By repeated applications of proposition 1.5.11, using the fact that the

composition of two injective maps is injective, and so on. a

We now turn back to our consideration of factorizability theories for ®R.
Our next step will be to consider the Heller sequences for ®Q and @R. We

start by looking at the right-hand end of the sequences.

Lemma 1.5.13. The homomorphisms

(®2Q]: XL (mod(ZT')) — Ko(QL)
and

([@zR]: K& (mod(ZT')) — Ko(RT)
have the same kernel, X&(mod(ZI)).

Proof. These homomorphisms can be linked by the following diagram, which

is clearly commutative:

(©zQ)]

X (mod(ZI)) Ko (QI)

| ®zQ] | [®cR]

K& (mod (ZT)) %o(RT)

[®@zR]
Therefore, since the map Ko(QI') — Ko(RT') is injective, the horizontal maps

must both have the same kernel, namely X (mod(ZT)). O

We can similarly look at the left-hand end of the sequences.
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Lemma 1.5.14. The homomorphisms
[®2Q]: KT (mod(ZI')) — X, (QI)

and

[®@zR]: fK?(mod(ZI‘)) — X1 (RT)
have the same kernel.

Proof. These homomorphisms can be linked by the following diagram, again

clearly commutative:

[(®2Q)

X (mod(ZI')) X1 (QT)

I ®zQ) (©gR]

%2 (mod(ZT)) %, (RT)

[®zR]
Again, since the map X;(QI') — X;(RI') is injective, the horizontal maps

must both have the same kernel. O

We denote the kernel of either of these homomorphisms by X®(mod(ZT')).
Putting these two lemmas together, and looking at the Heller sequences

for Q and ®R, we obtain the commutative diagram

ﬂz?(mod(ZF))M K (QI) 02, K& (mod(ZI'), Q) LN K& (mod(ZT))
I (DR [©R] I

ic?(mod(zr))m KE(RT) S K (mod(ZI), OR) —z~ K& (mod(ZTI"))
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Lemma 1.5.15. The square of definition 1.5.6 is cartesian, with the two

vertical maps injective, i.e.,

X (mod(ZT), Q) — ¥
[®R] [®R]
K& (mod(ZT), ®R) I Uy

Proof. By proposition 1.5.11, part 3, we see that the commutative square

KP(@r) = 5§ (mod(2D), 8Q)
[®oR] [®R]
K (RT) —57; K& (mod(Zl), ®R) |
is cartesian, and therefore the homomorphism
[®qR]: X?(mod(ZP), ®Q) = K2 (mod(ZT), ®R)

is injective. Therefore, since

%8 (mod(ZT), Q) —L— ¥
[QR] [®R]
%§ (mod(2I), §R) —— T

is a pushout, and one of the vertical maps is injective, both the vertical maps
must be injective. Finally, by proposition 1.5.11, since the kernels of the
vertical maps are isomorphic (since they are trivial), and the cokernels are

isomorphic (since the square is a pushout), the square is in fact cartesian. [
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Proposition 1.5.16. The homomorphisms
[®eR]: XP(QL) — XP(RT)
[®oR]: K& (mod(ZT'), ®Q) — X&(mod(ZI'), ®R)
[®gR]: ¥ — U
all have trivial kernels, and cokernels isomorphic to X (mod(QT'), ®gR).

Proof. The three homomorphisms are all injective and therefore have trivial

kernels. Consider the commutative diagram (with non-exact rows):

%, (Qr) —2% %2 (mod(2T), ©Q) —L— ¥

%1 (RT) —=3 K2 (mod(ZT), ®R)

Ug

YR

Both the squares are cartesian, and therefore the three vertical maps all have
isomorphic cokernels by proposition 1.5.11. We can say precisely what this

cokernel is (up to isomorphism) from the Heller sequence for ®gR:
K1(QT) = K1 (RT') = Ko(mod(QT'), ®gR) — Ko(QI') — Ko(RT)
which, since the final map is injective, yields a short exact sequence
K1 (Qr) < K (RT) - Ko(mod(QT'), ®gR).

Hence the three homomorphisms in question each have cokernel isomorphic

to Ko(mod(Qr'), ®gR). a

The final comment we make on real factorizability theories relates to

strictness.
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Proposition 1.5.17. If ¢ s strict, then ¥g s also strict.

Proof. From the commutative diagram (with non-exact rows)

(4

%,(Qr) —2— %2(mod(zI), Q) —2— ¥

%, (RT)

as both squares are cartesian, by corollary 1.5.12 the following square is also

5%

cartesian: _

o 3]
%, (Qr) — 222

%, (RT) Ug

g 0 0°
Therefore 100® and 1god® both have the same kernel, by proposition 1.5.11.

Clearly the units in X®(QI') map into the units in X&(RT"). Therefore if 9 is
strict then ker(1)0d®) is contained in the units of X&(QT') hence ker(¢g00%)

is contained in the units of X¥(RI') and g is strict. O
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Chapter 2

The Invariance Factorizability

Theories

I N THIS chapter we will define a large family of factorizability

theories, namely the invariance factorizability theories. We
will also show how one particular invariance factorizability theory is equiva-
lent to the monomial factorizability theory, described in chapter 1.

In brief, the invariance factorizability theories involve calculating the
value of various generalised indices corresponding to each of some collec-
tion of triples (IV, x, A), where x is a character of I C I with kernel A. The
different invariance factorizability theories originate from looking at differ-
ent collections of triples (I, x, A). The generalised indices calculated are as
follows. For the class of a triple {T] € X@(mod(Z,I'), ®Q), we firstly find
the elements invariant under A, [T%] (hence the name “invariance”), and

then these fixed elements hit by various idempotents [T2€,]. We take the
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generalised index of this triple |T2€,|, and then the p-adic valuation of this
number.

These invariance factorizability theories “nest” inside each other in terms
of s'trength. We go on to prove that the weakest of the cases considered, the
weak cyclic case, is strict. Consequently all the stronger invariance factoriz-
ability theories will also be strict. We establish that the monomial factoriz-
ability theory of section 1.4 is equivalent to one of these stronger invariance
factorizability theories, and hence demonstrate its strictness.

Although X (l1at(Z,I'), ®Q) is infinitely generated in general, for certain
choices of T' (such as those for which Z,I' has finite representation type)
K& (1at(Z,I'), ®Q) is of finite dimension. In this case, we can explicitly work
out the kernel of an invariance factorizability theory. We go on to do this
for the case of the metacyclic group G,,, and will build on this example
in the next chapter when we will show that the invariance and coinvariance
factorizability theories (to be defined in the next chapter) are different in
general, but are identical in the weak cyclic case and equivalent in the strong

cyclic case.

2.1 Invariance factorizability theories

In this section we define the invariance factorizability theories. As we men-
tioned before, the invariance factorizability theories involve calculating the
p-adic valuation of various generalised indices, vp|TAéx|, corresponding to

each of some collection of triples (I, x, A), where x is a character of I C T
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with kernel A.

We begin this section by establishing suitability conditions and notation
for the triples (I, x,A), and defining the idempotents &,. We go on to
consider some functorial aspects of the invariance factorizability theories. In
particular we show how the invariance factorizability theories can be thought
of as “factoring through” functors of the form M +— M%&, (or more prop-
erly, homomorphisms between X-groups induced from such functors). We
also consider using HomQQP(Rr’@p,@: ) in place of K;(mod(Q,T')). These
ideas will considerably simplify calculations involving invariance factorizabil-
ity theories. We conclude this section by considering aspects of the relative

strength of invariance factorizability theories.

We begin by establishing some notation.

Definitions 2.1.1. Consider a triplé (", x, A) where I' is a subgroup of I'
and x: ' — @; is a homomorphism with kernel A such that p { |[IV : A|.
We define uRep, to be the set of all such triples. We define Q,[x] to be the
smallest subfield of @p into which x maps, that is, Q, with the values of

x(I') added.

2.1.2. Remarks. The triple (I, x,A) is completely determined by x alone.
However, keeping the IV and A avoids confusion, especially when there are
a number of different x’s in play. Also, note that the requirement that
p 1| : Al ensures that Q,[x] is an unramified extension of Q, and x is thus

an unramified representation of I, hence the name uRep,,.
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Definitions 2.1.3. For a triple (I, x,A) € uRep,, we define two idempo-
tents in Q,[I/A):
= /A > xmr

and

x'€orb(x)
where orb(x) is the orbit of x under the action of Gal(Q,[x]/Q,). We also

define

x= > X
x'€orb(x)
Note that necessarily €, = ey.

For a triple (I, x,A) € uRep, and a right Z,[-module M € mod(Z,T’)
we have that M2 is a Z,[I"/A]-module, and therefore M2€, is a Z,[I"/AJ-
module. For [M, f, N] € X&(mod(Z,T), ®Q), we may thereforé compute the
generalised index |M%é,, f, N®&| € <p >, where in this triple f denotes
the restriction of f to the module M2¢&, ®z Q. We are now in a position to

define:

Definition 2.1.4. Let S C uRep,. The S-invariance factorizability theory

¥§ is a local factorizability theory

$S: X8 (mod(Z,T), ®Q) — Map(S, Z)
[M, f,N] = : (I',x, A) = v,(| M2&,, f, N%&,).
If we choose a collection S = {S,, : S, C uRep,} of local theories, then we

may define a global theory 12, a locally defined factorizability theory with

local theories 1/)5”.
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2.1.5. Remark. For (I, x,A) € S, consider the functor
Frr x,a): mod(Z,I") = mod(Zy)
M — M?%é,.
This induces a functor

SL'EF,’X’A): mod(Q,I") — mod(Q,)

M — M"&,.
By proposition 1.1.11, these functors in turn induce a homomorphism
[Forr ot K§ (mod(Z,I'), ®Q) — Ko(mod(Z,), ®Q).

The map wg can be viewed as this homomorphism composed with the gen-

eralised index and the p-adic valuation:
Yo (1M, f,N]): (T, 8) = [T )[4, £, N])1.

In preparation for our discussion on the strictness of these theories, we

observe

Lemma 2.1.6. For o € HomQQp(RP’@p,@:), and a triple (I, x, A) lying in

S C uRep,, we have
(7/)5 o 5’33)(a): (I, x,A) — vp(a()ZTF,)).
Proof. Under the isomorphism

Homay, (Rrg,, @, ) 2 X1 (Q,T)
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let « correspond to [x,Q,I'], where 8 € Q,I'*. Let F = Frvy a) be as in

remark 2.1.5. We shall compute (45 o 3?)([BX,QPF])((I",X, A)).

(W5 0 02)([Bx%, QIN((I, x, A)) = ¢S (1Z,T, Bx, Z,T)

= UPHEF]([ZPFaBX’ZPF])I

Now,
[?]([an ,BX,ZPF]) = [ZPFAéxa ,BX,Z,,FAEX]
= G,([Bx, QT &))
= 51) o [FU([Bx,QpT])
where

8p: K1(Qp) = Ko(mod(Z,), ®Q)
is the usual map and, in the last equation,
[F]: Ki(QpI') = K1 (Qp)
is the homomorphism induced from F. Therefore the square

5@
K1 (Q,T) —2—+ X8 (mod(Z,I), ®Q)

9] &
% (Qy) —5— Ko(mod(Z,), ©0)

commutes.
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Next consider the diagram

0
jc1(@17) — L :KO(mOd(Zp)a ®Q)
det Upl|
Q2

and consider [8'x,Q,] € K;(Q,). Its image under 5,, is [Z,, 5’ %, Z,] which
maps to up|Z,, ', Zy|. But this equals v,(det(5'x)), so this square com-

mutes. From these diagrams, we see

(W 0 ) (16, QID(T', x, A)) = vy|[F] 0 55 (18, QT

= vp|det Qp([ﬂx) QpFAéxm-

Now,

Q. I2é, = Q,I'/Ag, = QT ®q,r QpI"/A&,.

Q,I"/ A€, has character ¥, since

Q,I"/Aé, ®Q, =Q,I"/A&,  asI'/Ais abelian
- @ @prl/ Aey
X' €orb(x)

and Q,I'"/Ae, has character x'. So Q,I'*&, has character Indk (). x and
% are abelian characters and since the induced character of an abelian char-

acter can be written independently of the handedness of the module (see for

example the formula in [14], page 686), Indf (%) equals x| So
(55 0 92)(@)(T' 3, A)) = vy (B, Vi)
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where Vgyr s a left module with character ¥ t.. So
(W 0 ) (@)((I", x, A)) = vpDetgyr, (B) = vp(a(X 1))
as required. 0

Corollary 2.1.7. For [Bx,Q,I'] € X1(Q,I'), and a triple (I, x, A) lying in

S C uRep,, we have
(% 0 I2)([Bx, QT]): (T, x,A)) = wpdet g, ([Bx, QI )).

One particularly useful aspect of these theories is how they relate to each

other in terms of strength:
Proposition 2.1.8. If S’ € S C uRep, then w;f = 7,/15'.

Proof. If
by (M, f,N]): (T x, ) = 0 V(I x,A) €5,

then clearly
w5 (M, f,N]): (T, x,8) =0 Y(I',x,A) €S
Therefore ker(y5) C ker(3), and 95 = 95 . O
We define a few useful subsets of uRep,,.
Definitions 2.1.9. We define
Co = Cop = {(I'", x,A) € uRep, : I" is cyclic}.

We will refer to the factorizability theories obtained using this subset of

uRep, as the weak cyclic case.
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We define
C=Cp={(I",x,A) €uRep, : I" = Cpx x G, where k > 0 and p{ |G|}.

We will refer to the factorizability theories obtained using this subset of

uRep, as the sirong cyclic case.
We define
M = M, = uRep,,.
We will refer to the factorizability theories obtained using this subset of

uRep,, as the monomial case.

2.1.10. Remark. Since Cop € C C M, we have that 7,&50 =< 7,[)5 =< '(,/);,"‘ and

hence < < ¢¢ 5 M.

2.2 Strictness of the weak cyclic case

In this section we shall prove that the weak cyclic factorizability theory 7,[)50 is
strict. We will use the Hom-version of the group X;(Q,I'), that is, the group
HOIHQQP (RF’@p’@; ). Our approach will be as follows. By proposition 1.2.20

we know that 'gbgo is strict if and only if
(Y2 08P) (@) =0  implies  wy(a(x)) =0 Vx €Rrg,

where o € Homg,_ (RF’@p , @: ). Suppose such an « is in the kernel of 1[150 05;9.
Then obviously (¢ o 5;9)(a) = (. By using lemma 2.1.6, this will allow us

to establish that vp(a(x 1)) = 0 for the x’s in the (I", x, A) € Co. We go on
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to demonstrate that if v,(a(xT})) = 0 for these x, then v,(a(x)) = 0 for all

X € Rr,q,, hence v,(a(x)) = 0 for all x € Rrg,, and hence <o is strict.

Lemma 2.2.1. Suppose (I, x,A) € Gy, and o € Homgq, (RF,@,,’@:) lies in

the kernel of Y$° 0 02. Then vy(a(XTR)) = 0.
Proof. Consider (I, x, A) € Cy. By lemma 2.1.6, we know that
(45" 0 07)(@): (I, A) = vp(a(XT)).
So if o is in the kernel of 9° 0 82 then v,(a(%]5)) = 0. O

We introduce the following definition in order to simplify the notation of

the following lemma.

Definition 2.2.2. Let e be an idempotent in Q,[I'/A]. We define ¢(e) to be

the character of Q,I"®e. In particular, for a triple (I, x, A), ¢(&) = xTF-

Lemma 2.2.3. Let " be a cyclic group, and x an irreducible character in

Rr,q,. Then there erist integers m; such that

X= Y mi(E).

(T%,x4,04)€Co

Proof. Let |I'| = p™n, where p,n € Z, p{n. So
I'= Cprn = Cpr X Cn

Then
QZDP = Qpcp’ ®q, Qpcm
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and we can write e, = ee, with e,, e, indecomposable idempotents in Q,C,r,
Q,C,, respectively.

In fact, since p { n, it follows that e, € Z,C,. It also has image e,[" in
Zy[U'/T"] for all subgroups I' of I". Also, we have a character x,,: C, — Z,
such that e, = e, = €,,.

Now, there are r + 1 possibilities for e,. Either e, = ec, — €C,041 fOI
s =0,1,...,m—1, or ¢ = ec,,. Since x is the character of Q,I'e,e,,
X = ¢(eyen). Hence x equals either ¢(ec,.en) — ¢(ec .11 n) OF Bec,€n).

In conclusion we note that ¢(ec,.en) = ¢(e,Cpe) where €,C)ps is an idem-
potent in Z,[I'/Cps], and so ¢(ec,,e,) = ¢(Ex,) Where xn = X g:sxcn and
(Cps X Cpy XN, Cps X ker(xn)) € Co. 0O
Corollary 2.2.4. Let x be an drreducible character in Rrgq,, with ' not
necessarily cyclic. Then there exist integers m;,n with n # 0 such that

ny = Z mi)%iTE'

(T%,x4,44)€Co

Proof. By the Artin induction theorem,  is a rational sum of characters

induced from cyclic subgroups of I', and hence
nx=> a;& Tr,
J
where {; is an irreducible character of I'; and a; € Z. Now

é—j = Z mi,j¢(éx1',j )7

(T} 5 Xi,5,8i,5)€C0
~ - F;

S N
ijF; = Z mi,in,jTrZ.,jT;; = Z mi,in,jTIF‘;,j

(T joXi.3.04,5)€Co (% 0X1.5,84.5)€Co
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and the result follows. O

Lemma 2.2.5. Let x be an irreducible character in Rpg,, and let o lie in

the kernel of <0 o 5;9. Then vy(a(x)) = 0.

Proof. We have that

nx = Z mM;Xi Tll:;

(T},x:,0:)€Co

and therefore

n(a(x) = Y,  mwpla(flh)-

(T},xi,0:)€Co

But we know that if o € ker(y$° o 82) then v,(a(%:TF)) = 0. Therefore

up(a(x)) = 0. U

Lemma 2.2.6. Let a € HomQQP(Rp,@p,@:) and let x € Rpg . Suppose

X1,---,Xn are the distinct characters in the orbit of x under the action of

Qq,, and let g =3 " x;. Then nuy(a(x)) = vp(a(d)).

Proof.
vp(()) = vp(a(z X)) = D vplalxs).

=1

Now, x; = x** for some w; € Qq,, and a(x;) = a(x**) = a(x)*. Therefore,
as « is invariant under the action of Qg,, vp(a(xi)) = vp(a(x)) for all i and

nup(a(x)) = vp(a(9)). O

2.2.7. Remark. ¢ above is clearly a Q,-valued character, since its values are
invariant under €g,. Therefore some non-zero rational multiple of ¢ must

be a Qp-character.
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Theorem 2.2.8. Let x be an irreducible character in Rr,@p; and let o lie in

the kernel of 450 o 529. Then vp(a(x)) = 0.

Proof. By lemma 2.2.6 we know v,(a(x)) = nvy,(a(¢)) for n € Z and ¢
some Qp-valued character of I'. Hence using the above remark, we know
vp(a(x)) = nvp(a(g)) for n € Q and ¢ some Q,-character of I But we
have ¢ = ), ¢; for ¢, irreducible Q,-characters of I', with v,(¢;) = 0 by

lemma 2.2.5. Hence vy(a(x)) =n)_,vp(a(é;)) = 0. ]
Thus we have proved
Theorem 2.2.9. 1/150 1§ strict.

Proof. We have shown that if « lies in the kernel of 11)5005;9 then v,(a(x)) =0

for all x € RF’@p, thus by proposition 1.2.20 the theorem is proved. O

2.3 Equivalence of monomial factorizability
to %‘/’

In this section we will establish the equivalence between the monomial fac-
torizability theory %mon,p of section 1.4 and the monomial invariance factor-
izability theory ?,b{,\". In [19], ¥mon,p Was shown to be a strict theory. We

include here an alternative proof as a corollary to the equivalence between

"pmon,p and '(/};/)M .

We will use the notation of section 1.4, and the construction of monomial
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factorizability as set out in that section.

As noted in section 1.4, Mon(T', x®) is generated by the classes [u(” ) %]

and Ymon,p is determined by its action on these representations, namely

Pmon,p([T TI" | T ®z, O{p}) |0{p}'
Lemma 2.3.1. Let [T] € X&(mod(Z,I'),®Q). We have a I to 1 corre-
spondence between the [u&p)ﬁ,] generating Mon(T, u®) and (I, x, A) € M.
Under this correspondence,

(T ®z, Oy =1 & wl(TO®O{}) ooy, =0.

Proof. Consider the triple (I, x, A) € M. This yx is clearly a homomorphism

x: I' — u® and thus there exists a [ TL,] corresponding to each (I”, x, A)

in M. Conversely, for each [u )TF /] (the classes of which we know generate
Mon(T', u®))) there exists (I, x, A) in M, since the order of x must be prime
to p.

Under the equivalence above, clearly

|(T ®z, O{p})x'o{p} = I(T ® (’){p})Aex|o{p}.
It is also clear that
(T@ 0P exlopy =1 & wl(T®O{PH oy =0.
Thus the lemma is proved. O

Lemma 2.3.2. Consider (I, x,A) € M. Suppose x' lies in the orbit of x

under the action of Gal(Q,[x]/Qp). Then
(T ® O{p})2e,| = (T ® O{p}) eyl.
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Proof. Suppose for concreteness that x' = x*, where w € Gal(Q,[x]/Q,)-
Thus w acts on O{p}. Write T" for (T® O{p})?, and write (M’, f', N') =T".
Thus M’ and N’ are O{p}I"/A-modules and w acts via the O{p}. Clearly
M' = (M')¥ and N’ = (N')*, hence [T] = [(T")*]. Now,

w o__ 1 w.—1 __
(ex) *m Z x(V)“YT = ey

vel’/A
Therefore
[T'ex] = [(T"ex)*] = [(T")*ex] = [T'ex].
Therefore
ol T exr| = vp|T"ey|
as required. O

Lemma 2.3.3. Consider (I", x,A) € M. Then
up|(T ® O{p})AeX|O{p} =0 & u,|T%%,|=0.

Proof.

/(T ®z, O{p}) oy = D wl(T ®z, Op}) ey

x'€orb(x)

= |0rb(X)|Up|(T ®z, O{p})A6X|O{p}

O{p}

by lemma 2.3.2, where orb(x) is the orbit of x under Gal(Q,[x]/Q,). There-
fore
vpl(T ®z, O{p})Aéxlo{p} =0
2N |orb(X)|Up|(T Rz, O{p})AeX|o{p} =0

& 5| ez, 0p) elog, =0
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The lemma then follows from the fact that the functor
®0O{p}: mod(Z,I") - mod(O{p}T)
is flat. O

Therefore we have proved

Theorem 2.3.4.

¢£4 ~ wmon,p-

2.8.5. Remark. As we remarked before, 1mon, is known to be strict; for a
direct proof of this, see [19], sections 7 and 8. However, the strictness of

Ymon,p 8lso follows as a corollary to this theorem.
Corollary 2.3.6. Ymenp @5 strict.

Proof. ¥ = ¢ by proposition 2.1.8, and 9<° is strict. The corollary

follows. O

2.4 The metacyclic group G,

We know that ¢,C, is strict by proposition 2.1.8 and theorem 2.2.9. In this
section we will explicitly calculate the values of ¥$ for K§ (lat(Z,G,,), ®Q),
and thus explicitly identify the kernel. Here, G,, denotes the metacyclic
group C, x C,, with p, ¢ prime numbers and ¢ | p—1. In the next chapter we
will define the coinvariance factorizability theories. In that chapter, we will

calculate the values of the corresponding coinvariance factorizability theory,
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and thus explicitly identify its kernel. Using the results of this section we
will then be able to prove that the invariance and coinvariance factorizabil-
ity theories take different values, but are still equivalent when restricted to
K3 (1at(Z,Gy ), Q).

Our approach in this section will be to begin by identifying a base for
K (1at(Z,G, ), ®Q), by identifying a full set of nonisomorphic irreducible
Z,G, p-lattices and using the exactness at K¢ (lat(Z,Gqp), ®Q) of the Heller
sequence of proposition 1.1.8. We will then identify the triples in C. Thus by
calculating v,(|]T2€,|) for each (I",x,A) € C and each {T] in our generating
set for K& (lat(Z,Gyp), ®Q), we will have expressed ¢£ as a linear map.
Identifying the kernel of this map is then a matter of row reducing the matrix

of this linear transformation.

We begin by establishing some notation.

Notation 2.4.1. p and ¢ will denote fixed rational primes, with ¢ | p — 1.
Consider the cyclic groups C, =<0 > and Cy =<7 >, of orders p and ¢
respectively. 6 will denote a primitive gth root of 1 in Z,. r will denote a
qth root of 1 in (Z,/pZ,)*, with § = r (mod p). We define the metacyclic
group G, = Cp x Cy, where C; acts on Cp as 07 = 0"

Zz(,i) will denote a copy of Z, on which 7 acts as multiplication by 6".
In general, we will denote M ®z, Z) by M® for any Z,G,,-module M.
¢ = (, will denote a primitive pth root of 1. v, will denote the usual p-

adic valuation. R will denote the ring Z,[¢], with field of fractions K. P
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will denote the unique maximal ideal (1 — {)R. € will denote the usual
augmentation map from Z,C, to Z,; the corresponding maps from Zg) Cp to
Z;f,i) we will denote by €®). 7 will denote the usual projection map from Z,C,
to R, where m(c) = (; the corresponding maps from ZYC, to R® we will
denote by 7.

Note that G, , = D,, the usual dihedral group of order 2p.

G is known to be of finite representation type, since we may write down
a list of the distinct irreducible Z,G, ,-lattices (upon which X (1at(Z,G,,))
is freely generated). For one method of obtaining these lattices, see [4], p.750.
Lemma 2.4.2. There are 3q distinct irreducible Z,G, p-lattices. They are:

(3) - —
Z,”, 1=0,...,9—1

which have character x;, with x:(c) =1 and x:(7) = 6;

P, i=0,...,q—1

which all have the same q dimensional character x where

x(o) = diag(¢,¢"y.. .., x(n) =10 . - |

and

with character x + X;.
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Proof. See [4], p.750 and [3], p.335. O
We observe at this point that

Lemma 2.4.3. R®) = P as Z,G, ,-modules, the isomorphism being given

by x> (L1 07¢7)x

Proof. It is sufficient to show that R®") 22 P; the result will then follow from

the fact that (R®)) = R(+). Consider

a: RV 5 P

g—1
= Q07
i=0
We shall demonstrate that « is a Z,-isomorphism of modules, and that it
respects the actions of o and 7.

« is clearly a homomorphism. For the first part, it will therefore suffice
to show that (397, 67%¢™)/(¢ — 1) is a unit in R, since then we will have
(0 67%¢C")R= (¢ — 1)R = P. But

DL S D L Sl O

(-1 g—1
_ q9- 16 zCT —
i=0 ¢— 1
g—1 ri-1
=> (7)) ¢)
=0 j=0

Now, this is a unit in Z,[(] if and only if its image is a unit in Z,[¢]/(1 — ().

So, reducing our expression modulo 1 — ¢, we obtain
q—1

30 i z (mod 1- ()

1=
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which is invertible as ¢ | p — 1.
For the action of o, take z = a¢? € R, g € Z,(,l). We need to show that

a(z) = a(z)?. Now z° = a/*1, thus
g—1 A q-1 '
(%) = (3 67¢" g = a 3 6,
i=0 i=0

Now
a(z)=()_67¢ e =a) 67",
=0 =0
SO

g1 o
a(z)’ = aZ 6" T = a(z)
=0

as required.

For the action of 7, again take z = a(’, a € Zz(,l). Then z7 = af{™?, thus

g—1 q—1 ' .
a(@) = () _07¢"abT =a) 07T
=0 =0

Now
ofz) = (D_67C"a’ =a) 07,
=0 =0
SO
q—1 _
a(e) =a) 67
=0
q o )
—a Z el—zCrl+1‘j
=1
q-1 )
=)0 = a(a)
i=0
as required. d
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Ko(QpGyp) is isomorphic to the Q,-character ring of G, ,, with the iso-
morphism sending the class of a Q,G, ,-module to its character. Thus it is
clear that the image of X (lat(Z,G,,)) in Ko(Q,G,,p) is generated by x;,

1=0,...,9—1, and x, that is, ¢ + 1 distinct characters.

Lemma 2.4.4. K2(1at(Z,G,,)) has rank 2q — 1 and is freely generated by
(PT+2Z0) -], i=0,...,0-1

and

[Pl —[P*Y, i=1,...,q— 1.

Proof. X®(1at(Z,G,,)) has rank 3¢, and its image in Ko(Q,G,p) has rank
g+1, therefore X (lat(Z,G,,)) has rank 3¢— (g+1) = 2¢— 1. By comparing
characters we see that [Pi]+[Z"]—[Vi], i = 0, ..., q—1lie in K&(lat(Z,G,,)),
asdo [P — [P"],i=1,...,q— 1.

By including [P], and [Z,(f)], 1 =0,...,4 — 1 we can expand this set
to get a base for X&(lat(Z,G, ,))—to verify this, we observe that each of
the usual generators is an integer combination of these elements: we have
[P?] = [P] = ([P] = [P?]), and thus [P*] = [P*] — ([P*] - [P""1]); [R] = [P7];
and [V] = [P + (2] ~ ((P) + (23") - [V2).

Therefore the 2¢g — 1 elements listed are linearly independent and hence
freely generate a subgroup of finite index in X&(lat(Z,G,,)). However,
since we can extend this set of 2¢ — 1 elements to a base for the whole

of X (1at(Z,G,,)), the subgroup they generate must be of index 1. O
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We have an exact sequence, the Heller sequence
(®Q
X?(lat(Zqu,p)) _;:Kl (QuGap)
5 KE (1a4(Z,Gop), ®Q) —» K (128(2,Cop).
Since X&(lat(Z,G,,)) is free, this sequence splits at X§(lat(Z,G,,), ®Q),

that is,
.’K(ef(lat(Zqu,p), ®Q) = Im(X,; (@qu,p)) © fkg)(lat(Zqu,p))'

In order to identify a base for X§(lat(Z,G,,), ®Q), our approach will be as
follows. We will identify a generating set for each of X2(lat(Z,G,,)) and
Im(K1(QpGyqp)). We will then identify the image of our generating set for
K& (lat(Z,G, p)) under some splitting map, and adding our generating set for
Im(X1(Q,G,p)) Will give us a generating set for K (1at(Z,G,,), ®Q). By
computing the image under wg of each element of this generating set we may
identify the kernel of ¢§ .
K& (lat(Z,G, p)) is easy:
Lemma 2.4.5. Our desired subgroup of X§(lat(Z,Gy,p), ®Q) which is iso-

morphic to X€(1at(Z,G,,)) is generated by the triples
[P, P, i=1,...,q—1,
and
Vi, (79, ), RO @ Zg)], 1=0,...,9— 1
Proof. We observe that [P**!,1, PY] is a preimage of [P'] — [P**!]; simi-
larly [V, (r®, e®), RD & ZY] is a preimage of [R9] + 2] — [Vi], and by
lemma 2.4.3, [R®] = [P?]. 0
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Note that our choice of elements of X&(lat(Z,G,,), ®Q) is not unique—
our choice here is motivated by convenience since this set of elements sim-
plifies the following éémlculations. In particular we could have avoided mixing
P?s and R, for example by using [V;, (312, 9-3¢" Vo m,e®), Pl @ 7))
in place of [V, (7™ ), R® @ Z,(f)]; again, this choice is based upon con-
ven.ience. To simplify the calculations of 1/)5 , we observe the following two

lemmas:
Lemma 2.4.6. The sequence

0— P* 5 PP FY 0
z's— ezact.

Proof.

0=+P—>R—->F,—0

is clearly exact, and ®ZPZ,(,i) is flat. Therefore
0— P9 - R® 5 FY 50
is exact, and the result follows from lemma 2.4.3. a

Lemma 2.4.7. _
@

Vi z;
7@ m
R® —5 F®
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is a cartestan square, where m s the projection

m: 2 — 29 [pz) = FY

z—z (mod p)

and 7y s the projection

my: RY — RO /P02 F)

¢’ =z (mod p).

Proof. Since ®ZPZ$) is flat, it is sufficient to show that

Vo —— 17,
s ™
R——F,

is a cartesian square. This will follow from considering whether
05V S 2,0 R5F, 0
is exact, where a = (—my,ms), that is,
p—1 p—1
a(—ay, zaiC’) = Zai (mod p).

Clearly (e, ) is injective, « is surjective and a o (¢,m) = 0. It therefore

only remains to show that ker & C Im(e, 7). But if a(ao, P~1a;¢") = 0 then

ap = Y7~} a; (mod p), that is,
p—1

ag = Zai + pc for some ¢ € Zj,.
i=1
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Consider Zf;ol biot € Vy, where by = cand b; = a;+c,i=1,...,p—1. Then

(e, W)(Z bio') = (c+ Z(az- +o),c+ Z(ai +¢)¢Y) = (ao, Z a:i¢)

as required. O

We now turn our attention to Im(X;(Q,Gyp)). It will help to think of
X1(Q,G,,) as the isomorphic group HomQQP(RGq!p,@p,@:). We begin by

identifying a generating set for the representation ring RG,,,,,@,,-
Definition 2.4.8. We define the following representations of G,,. For ¢ =
0,1,...,q9 — 1, we define
¢i: Gq,p — Z;;
c—1

T 0,

and fori=1,2,...,q9 — 1, we define

¢ o0 - 0
O Cir
pii 0 ,
S 0
\ 0 0 ¢
0 0 1
1 0
T—=10
\0 e 0 10
71




Lemma 2.4.9. Let p; have character x;. Then

xi: ™*07 =0 if gt k,
g—1
ol ()
k=0
Also, Gal(R/Q,) acts transitively on the set {x;:i=1,...,¢— 1}.
Proof. Clearly if gtk
xi(t*o?) = Tr(pi(*07)) = 0,

and
q-—1

Xi(aj) pz 0_] ZCW j__ Z Czj)rk

k=0
For p 417, (¥ is a primitive pth root of 1. Gal(R/ Q,) acts transitively on the

set {¢¥F:k=1,2,...,p—1}. Suppose then that w € Gal(R/Q,) is such that

(¢))* = ¢¥. Then
-1

& 0t o) = (I = Y

0 0

vQ
H
.Q

£
Il
x
Il

and
X2 oImh s xi(ai )Y = 0 if gt &,

therefore x¥ = x; and as required Gal(R/Q,) acts transitively on the set
{x;:i=1,...,¢—1} 0

We know by [3], corollary 47.14 that each of the irreducible matrix rep-
resentations of G, is either one of the ¢;, i = 0,1,...,¢ — 1, or one of the
pi, i =1,...,q— 1. Hence each of the irreducible characters of G, is either
one of the ¢;, 1 =0,1,...,9— 1, or one of the x;, 2 =1,...,¢g — 1. We now

determine when x; and xy (and hence p; and p;) are equivalent.
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Lemma 2.4.10. x; and xy are equivalent if and only if i~ ' € <r>.

Proof. x; and xy are equivalent if and only if there exists g € G,, such

that x;(7%07) = xu#(g717%07g) for all j and k. Suppose g = o'7™. Then

_ _ _ _ . —_jprk+m :
g7t =107  and g717kolg = TEo I HUTD™ | Therefore

Xi(TkUj) = X (g"l'rkajg) = 0 whenever k # 0.

Supposing k = 0, g~ lo7g = 07", therefore x; and xy are equivalent if and

only if there exists an integer m such that

xi(0) = xi(c"™")

q—1. g—1 g+m—1 g—1
ir™ i' ,,.m+n ! n i' rn
& (€™ =D = D ()=
n=0 n=0 n=m n=0
& ¢C=¢ for somen =10,1,...,g—1
& i=1¢r" (mod p) for somen =0,1,...,g—1
& it e<r>

as required, the last implication holding since 1 < 4,7 < p—1 and hence are

both invertible (mod p). O

2.4.11. Remark. By the above lemma, we see that for each x; there are
exactly | <7 >| = g of the xy in the same equivalence class. The ¢; are
clearly all distinct; alternatively we note that we have (p — 1)/q distinct
absolutely irreducible g-dimensional representations of G, we know that

all the others are 1 dimensional, and the number of distinct 1 dimensional

characters must be
p—1 2
IGq,pl——q xq¢=qp—q(p—1)=gq.
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Thus we have a set of generators for RGq,,,,@,,’ namely ¢; (1 =0,1,...,q—1),
and (p — 1)/q of the x;, one chosen from each equivalence class. Note that it
will not matter which character we choose from each equivalence class, since
we know that Gal(K /Q,) acts transitively on {x;}. However we shall for

convenience assume x; is chosen as the representative of its class.

We may now characterise elements of Homgop (RG”,@,,’ @: ).

Lemma 2.4.12. Let K' = Q,[9_4¢"™"]. Then K' is a subfield of K of
index q. Suppose a € Homg%(P{Gq’p,@p,@;< ). Then a is completely defined
by the values p; = al(¢;) € Qp, ¢ = 0,1,...,¢—1, and A = a(x1) € K'.

Conversely, any such collection of u; and A define such an a.

Proof. Firstly, Gal(K/Q,) is isomorphic to Cp_;. We choose a generator '
for Gal(K/Q,) as follows. Let r’ be a generator of F)Y = C;,_;, chosen so that
p'P=0/a — 1 Then o' is chosen so that w'(¢) = ¢”'. We also define w so that
w(() = ¢".

Since K/Q, is a Galois extension, we will show that K’ = K<, and
thus |K : K'| = |< w >| = ¢. This amounts to determining when w' fixes
K', that is, when w' fixes 397 ¢"". Now w"* (392 ¢ty =970 ¢ which
equals Z;g C’"k if and only if (=( = {’k’/i for some k and i, that is, if
and only if r'* € <r>. Therefore " fixes K’ precisely when W' E<w>.

— ,

Suppose a € HomQQp(RGq,p,@p,Qp), pi = a(¢;), 1 =0,1,...,¢ — 1, and
a(x1) = A\. We begin by demonstrating that A € K’

Clearly x; is fixed by Q. Now, X‘i”'j (o) = Z;é ('”k"/j, SO x‘{”j = Xjpi-

Hence x‘;’/j is equivalent to ; if and only if '’ * € <w> and hence the largest
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subgroup of Qg, which fixes x; is Qx+. Therefore A € K'. It is necessary to
consider only the image of x1, since Gal(K/Q,) acts transitively on the x;’s.

Since ¢; is fixed by Qq,, p; is fixed by Qq,, that is, u; € @:Q” = Q,. Also,
since for any given ¢ the orbit of ¢; is just ¢; itself, there is no relation between
the p;’s. Thus « is completely determined by the values p; = a(¢;) € Q,,
i=0,1,...,g—1,and A = a(x1) € K.

For the converse, suppose p; € Qp, ¢ = 0,1,...,¢g — 1, and A € K'.
We define a homomorphism « € Hom(RG -3, ,Q ) as follows: a(¢;) = w;,
i=0,1,...,¢g—1,and a(y;) = A, 1=0,1,...,9—1, where w; € Gal(K/Q,)
is chosen so that x%* = x;. Note that w; must exist since Gal(K/Q,) acts
transitively on the x;’s. We extend linearly to ch,p,@p- To demonstrate that
o € Homg,, (RGq‘p,@p, @; ) we observe that p; and ¢; are fixed by Qg,, A and

y; are fixed by Qk and if ' € Gal(K/Q,) then a(x¥') = a(x:)* . a

Lemma 2.4.13. The image of X1(Q,Gyp) in K& (lat(Z,G,p), ®Q) is freely
generated by the triples [Z , XD, Z(l)], i=20,1,...,¢q — 1, and [R, xX, R,

where N is a generator of P', the unique mazimal ideal in R' = Z,[30_% ¢™°].

Proof. Suppose a € HomQQP(RGq’p’@p,@: ), with g; = a(¢;) € Q, for i =
0,1,...,¢—1,and a(x1) = A € K’. Then its image in X&(lat(Z,G,,), Q)
is

Z[Z , X i, ZY] + [R, X\, R).

Z9, x i, Z9) = [Z8, x piu, Z] where u € Zy. Similarly, [R,x), R] =

[R, x\u, R] where u € R'™. Thus we see that Im(X;(Q,G,,p)) is freely
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generated by triples [Z,(,i) , XD, Zg)], i =0,1,...

required.

Thus combining lemmas 2.4.5 and 2.4.13, we have

,q — 1, and [R, xX,R] as

0

Theorem 2.4.14. X®(lat(Z,G,,), ®Q) is freely generated by the 3q triples

and

[Zg‘>, Xp, Zg')], i=0,1,
(R, XN, R),
[P1)1, P, i=1,2,

oo q— 1.

In order to compute wg, we must determine exactly what triples (I, x, A)

liein C.

Lemma 2.4.15. The following table is an exhaustive list of those triples in

C, together with the value of €,:

R A | ey
{1} | ¢0 {1} | 1
Co | Xo Cp, | 1
Cy | o7 1 c, |1
Co | T, i=1,...,¢-1 {1} Zﬁ;éﬁ‘ijTj
Gep | x0: T 10— 1 Gep | 1
Gep | Xi: TP 0o 1,i=1,...,q-1] G Z}Cé"'ijﬂ
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Proof. The distinct subgroups of G,, up to conjugacy are {1} the trivial
subgroup, C,, C, and G, itself. We have listed all the characters of {1} and
Cy; for C, and G, ,, recall that we also need p t IV : A|. For x any of the

characters listed in the table, since x: I — Z, we have €, = e,. a

It now only remains to calculate v, (|[T2¢€, ) for each (I, x, A) listed above
and [T] running through the 3¢ generators of X (lat(Z,G,,), ®Q) listed in

theorem 2.4.14. To aid this process, we introduce the following two lemmas:

Lemma 2.4.16. Suppose [T] € X&(lat(Z,G, ), Q).

For (Cm ¢0a Cq);

g—1

1 .
T =123 7,
q
that is, we may substitute €4, = % ;;é 79 and A = {1} for the old definition
of &4, and A = C, without altering the value of [T®€4).

For (Gq,p; X0 GQ;P)7

133

TCor| = |T% . =% 77|,
| qpl | P qZT|

3=0
that 1s, we may substitute &y, = é ;’;é 77 and A = C, for the old definition

of &, and A = G, without altering the value of |T2€,,|.

Proof. Since q is invertible in Z,, fixing by C, is the same as hitting by the
. 1 qg—1 _4

idempotent _ ) ;o 77. O
Definition 2.4.17. Whenever we use this alternative version of €y, (re-

spectively €,,) and A, we will refer to the corresponding triples in C as

(Cy, b0, {1}) (respectively (Gqp, X0, Cp))-
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Lemma 2.4.18. Suppose [T] € XP(1at(Z,G,,), ®Q). Then

g—1

| Tég| = [ [IT2.]
=0
and
g-—1
T%e | = [[IT%é,l-
=0

Proof. Note that

g-—1 g-—1 g—1
HlTéiﬁz’ = | @Té¢1| = |Tzé¢i|
=0 =0 =0
and
qg-—-1 qg—1 g—1
HchpéXi[ = | @TOpéxz'| = |TCP Zéml'
=0 =0 =0

The lemma now follows from observing that

H

Q
|
—

-1 g¢-1

)

- q—-
7 = 1
z=0

0
fuy

£~}

[~

,_4
il

H—i

[q:}]
x
i
Il
o
Q| =
I
o
=] | —
Il
=}
»-Q
o,
il
o

i J

I}
=}

i J

since #77 is a primitive gth root of 1 for j =1,2,...,q — 1. O
2.4.19. Remark. These last two lemmas allow us to calculate z/)g by consid-
ering only (Cy, ¢4, {1}) and (Ggp, x:,Cp), ¢ =0,1,...,¢ — 1.

We now turn to the actual calculations of v,|T2&,|.

o [T) =23, xp, Z;"), with (Cy, 5, {1}).

Let z € Zg). Then

1 g-1 1 q—1 g-1
Ty, = _Zg—jer’c _ 29 ik g gk — 2 Ze(w)k — 26,
= =0 =0

where &;; is the Kronecker . Therefore in K§ (mod(Z,), ®Q), we have
[T)éy; = 0ij(Zp, Xp, Zy) and hence v,|Téy,| = &;;
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o [T]=[2 PZ)’ XP, Z(l] with (G, X5, Cp)-

Since ¢ acts trivially on Z%, we again have Up|TEy;| = b4

[T] = [R, x X', ], with (C,, ¢;, {1}).

Note that

[R,xN,R] = [P",1,R] + [R,x)N,R] + R, 1, P
= [P*, x X, PY]

= [RD, x X, RY)].

Therefore we shall consider instead [T] = [RY, x ), RW]. Consider

z = (* € RY). (We recall that in RY), (" = 67¢".) Then
S eyt =15 5
$é¢ i 9~ ]k: CZ 6~ ]kejkctr — C’LT
R 7%=
Therefore RWE,, is isomorphic as a Z,-module to R’ = Z,[30 ¢
Since the multiplying factor A’ was chosen to be the generator of P'R,
we have that [Téy] = [R',xX,R] = [R,xN,P'| +[P",1,R]. We
know that [R', x X', P'] =0 by lemma 1.1.6, and R'/P' = F,. Therefore

vp|T'€y;| = 1 for each j.

(T] = [R, xX, R], with (Gyps x;, Cb)-

Since R% = {0}, v,|T?€,,| = 0 for each j.

[T] = [P}, 1, P*], with (Cy, ¢;, {1}).

Since 0 — Pi+! — Pi — FY 5 0 is exact, and hitting by €y, is exact,
up|Tey, | = vp|Fy &, -
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Let z € lFI(,i). Then

132 183 13
Il?é¢j = - Z H_jkﬂirk = —- Z H_jkil,'gik =T Z G(i_j)k = IE(Sij,

?=o 7% 7%=

therefore vp|IF,(,i)é¢j| = 0y

[T] = [P, 1, P?), with (Gqp, X5, Cp)-

Since (P%)% = {0}, v,|T%€,,| = 0 for each j.

[T = [Vi, (7, €®), RO @ ZP], with (Cy, ¢5, {1}).

From the cartesian square

() ,
€ i
v; z;)
7 m

we get the commutative square

V;équ - Zl(j) é¢j

RWey, — Fe,,
This is in fact also a cartesian square, since hitting by €5, is exact.
Thus v,|Téy,| = vp|]F‘§,i)é¢j| = §;j.
(7] = [Vi, (7, ), RO @ Z;], with (G, X5 C)-
Since V; is a free Z,Cy,-module, H'(C,, V;) is trivial, so the square
e — @)
( RW)Cr — (Fg'))c,,
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is cartesian. Hence we get the cartesian square

Cp ~ i .
Vitey, — (Zz(i))Cper

)

(R(i) )Cpéxg- (F g) )% €x;
thus v,[T%&y,| = Up|(F1(Ji))Cpéle = 0ij-
Thus we have established

Theorem 2.4.20. d)g is completely determined by the following table of val-

ues of vp|T2E,|:

Triples \\ (I, x,4) (an¢j:{1}) (Gq,p’Xj’CP)

[Zz(j), Xp, Z,(,i)], 045 045

1=0,1,...,9—-1

[R, x X, R| 1 0

[P+, 1, PY), 8ij 0

i=1,2,...,g—1

[‘/;7 (’/T(i)a E(i))a Pl D Z.'E})]; 617 62'.7

1=0,1,...,g—1

This tabular form is ideal for computing the kernel of gbf, . Since these
3q triples freely generate X (lat(Z,G, ), ®Q), any element [T] contained in
X2 (lat(Z,Gyp), ®Q) is a Zy-linear sum of these generators. If [T} lies in the
kernel of ¢¢ then v,(|T2&,|) = 0 for each (I", x,A) € C. Thus to compute
the kernel of d)f, we need to row reduce the table of theorem 2.4.20. By our

careful choice of generators this is easy. We clearly have:
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Theorem 2.4.21. The kernel of v,[zg 18 of rank q and is freely generated by

triples
Vi, (29, €9), P @ 7] — (289, p, 240),

where 1 =0,1,...,q—1.
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Chapter 3

The Coinvariance

Factorizability Theories

W E WILL define in this chapter a second large family of

factorizability theories, namely the coinvariance factor-
izability theories. This family is closely related to the invariance factorizabil-
ity theories of the previous chapter. In fact, we will show that in the weak
cyclic case the two theories give identical values, and in the strong cyclic case
that they are equivalent but not identical.

The Coinvariance Factorizability Theories are locally defined theories
based upon the co-fixing functor -o for various subgroups A of I' instead
of the fixing functor -2, again hit by the idempotents €, corresponding to
characters of subgroups of I'. The reason behind the name “co-fixing” func-

tor is that, whereas M? is the largest submodule of M upon which A acts

trivially, M is the largest quotient module of M upon which A acts trivially.
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3.1 Coinvariance factorizability theories

In this section we define the coinvariance factorizability theories, and exam-
ine the connection between the invariance and coinvariance factorizability

theories.

Just as the invariance factorizabilities could be considered as factoring
through a homomorphism between relative groups induced from the func-
tor F(rx,a) where Frvy a)(M) = M2&,, we will show that the coinvariance
factorizabilities can be considered as factoring through a homomorphism in-
duced this time from the functor Fp, | Ay where Fip o) (M ) = Maé,. The

modules F(M) and F' (M) are related by a four term exact sequence
HYA, M)e, — Maé, =% M2, — HO(A, M)é,

where Tty is the trace map; this will be used to compare the invariance and

coinvariance factorizability theories.

Definition 3.1.1. Let S C uRep,. The S-coinvariance factorizability theory

s, is a local factorizability theory

Vs, K& (mod(Z,I'), ®Q) — Map(S,Z)

[Ma f) N] = (F/7X7A) — U:D(IMAéX7f’ NAéXl)

If we choose a collection S = {S, : S, C uRep,} of local theories, then we
may define a global theory s, a locally defined factorizability theory with

local theories s, 5.
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We again have
Proposition 3.1.2. If ' C S C uRep, then s, = Vs p.
Proof. C.f. proposition 2.1.8. O

3.1.3. Remark. Since Cy C C C M, we have that 9, , < Ycp < ¥m,p and
hence ¢, X ¥c < Yum-

3.1.4. Remark. Following on from our discussion on the invariant factoriz-
ability theories (see remark 2.1.5), we observe that the coinvariance factor-
izability theories may be thought of as a homomorphism induced from a
functor, compésed with the generalised index and the p-adic valuation; this

time the functor is

Firr 0y mod(ZpI') — mod(Zy)

M- M Aéx
and the corresponding induced functor on mod(Q,I').

Lemma 3.1.5. For any S C uRep,, wg and s, agree on the image of

K1(Q,T) in the relative group K& (mod(Z,I'), ®Q).

Proof. For [Bx,Q,T] € X1(Q,T), and a triple (I', x,A) in § C uRep,, we
have

(7’[’5 o 5?)([,3&@,,1?‘]): T x, A) = v detQp([lBX’QPFAéX]);
c.f. corollary 2.1.7, but using our new F defined above in place of F. Note

that the order of , being coprime to p, is necessarily invertible in Q,. There-
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fore Q,I2&, = Q,Teaé, = Q,I'aéy, and ¢S agrees with 5, on the image

of j(:l (QPF) ]

In preparation for our examination of the four term exact sequence
H YA, M) — Ma 2% M2 - BY(A, M)
we present the following lemma.

Lemma 3.1.6. For M, N € mod(Z,G), G any finite group, suppose a ho-
momorphism f: M — N induces an isomorphism (f®1): M®Q — N@Q.

Then we have in Ko(mod(Z,G), ®Q) that
[M, f ® 1, N] = [ker(f), 0, coker(f)].

Proof. We have a commutative diagram with exact rows

ker f¢ M f N coker f

|

0°¢ N

f |

= N 0

hence from the corresponding exact sequence relation in Ko(mod(Z,G), Q)

we have
M, f ®1,N] = [N, 1, N] + [ker f,0,0] — [coker f,0,0] = [ker f,0, coker f]
as required. (]

Definition 3.1.7. For a finite group G and M € mod(Z,G), we define the
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trace map trys:
. G
tryg: Mg - M

m— Y mg.

geG

Lemma 3.1.8. In Xo(mod(Z,),®Q), for a triple [M, f,N], and a triple

(I, x,A) € S, the following equality holds:
[Ma&y, fa, Naéy] + [Naéy, try ® 1, N2&,]
= [Mpéy, tras ® 1, M2&,] + [M2é,, f2, N2¢,]
where fa, f2 are the maps induced from f, and try, try are the trace maps
restricted to Maé€, and Na€, respectively.

Proof. We have a commutative diagram

Maé, ®QL Naé, ®Q

tray ®1 Iry®1

M%&,®Q 7 N2e, ®Q
Hence
LHS = [Maé,, (try ® 1) o fa, N?&,] by composition rule
= [Ma&,, f® o (try ® 1), N®&,] by commutivity of the diagram
= RHS by composition rule
concluding the proof. O
In view of lemma 3.1.6, the four-term exact sequence of Z,I"-modules
HY(A, M) = My =% M> - HY(A, M),
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where H YA, M), 1= —1, 0 are the usual Tate cohomology groups, motivates

the following definition.

Definition 3.1.9. Let (I, x, A) € Co. We define the Herbrandt quotient to

be
_HYA, Mg, |
CHY(A, Mg, |

hrs x.0)(M)
Lemma 3.1.10. Let (I',x,A) € S, for S C uRep,. Then
UM, £ N 8)) + 0yl s (M)
= (e x,0) (V) + bsp((M, f, NI, X, A)).
Proof. We have the four-term exact sequence
H™Y(A, M) — Ma =% M* — H(A, M),
giving the exact sequence
H7Y(A, M)éx < Ma&, — M2, — H(A, M)é,.
Therefore by lemma 3.1.6, in Ko(mod(Z,), ®Q)
[Maéy, trag, MA&] = [HY(A, M)éy,0, H(A, M)é,].

Now,
P (IM, £, N)((T',x, &) = (| M8y, £, NO& )
and
Ysp([M, f, N))((T', x, ) = vp(|Maéy, fa, Nady)-
The lemma follows by applying v,(|-|) to the equation of lemma 3.1.8. U
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Any Z,I-module M is a Z,I"-module by restriction. We then know that
Hi(A, M) is a Z,I"/A-module, or a Z,I" module on which A acts trivially;
see for example [15], XI1.9. We may therefore view the Tate cohomology

groups as functors
HY(A,): mod(Z,I') = mod(Z,I")

which induce functors

~

HY(A,): ®(mod(Z,I"), ®Q) — ®(mod(Z,I"), Q)
and hence, composed with restriction, homomorphisms

Hi(A,): X§(mod(Z,T), ®Q) — X&(mod(Z,I"), ®Q).
Via this approach, an alternative description of this lemma is

Lemma 3.1.11. Let (I',x,A) € S and T € ®(mod(Z,I"), ®Q) (and there-

fore [T] € X&(mod(Z,T"),®Q)). Then
(W5 — wsp)(T]): (T3, A) = vl [H(A, T)ey ]| — wpl [H (A, T)&].
Proof. Let T = (M, f, N). By lemma 3.1.10,

(W = ¥sp)((TD: (I, X, A) = vphir x,0) (V) = vl 0 (M)).

But
HO(A, N)é HY(A, M)é
wplheer 2 (V) = Uyl (M) = | Frn | = Y| A, ey

= vp]I:IO(A’ N)éxl - 'Up“q_l(Aa N)éxl - Up|f{0(A: M)éx| + "’p'ﬁ‘l(Aa M)éx|
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and

UPIﬁi(A’ N)éx| — 'Uplffi(A’ M)é,| = Uplﬁi(A» [T])exl

for ¢ = 0, —1. The result then follows. O

3.2 Equivalence of the weak cyclic cases

In this section we show that d)go and ¢, , are not only equivalent factoriz-
ability theories, but yield identical values. Hence any corresponding pair of
weaker theories must also not only be equivalent but in fact yield identical val-
ues. This result will rely upon work on the Herbrandt quotient Ay a). By
lemma 3.1.10 we see that if A y,a)(M) = b y,a)(N) for all (T, x, A) € Co

then S0 ([M, f, N]) = the, »([M, f, N]). 1t is this approach we will take.

We begin by presenting three well-known results.

Lemma 3.2.1. 1. Suppose A is a Z,A-module, where A is a cyclic group.
Then A has periodic Tate cohomology with period 2, that is, I:Ii(A,A) =
Hi+2(A A).
2. Suppose
02A-B-2Cc—0
is a short exact sequence of Z,A-modules, and A is a cyclic group. Then the

Tate cohomology long exact sequence

LB YA 0) B (A, A) 25 BY(A,B) 25 B C)
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is periodic, with period 6.
3. Suppose

05 A4A-BL 050

is a short exact sequence of Z,I"-modules, where (I, x, A) € Cy (and hence

I and A are cyclic groups). Then the Tate cohomology long exact sequence
Py git1(A, C)e, B8 Hi(A, A)g, 5 Hi(A, B)e, 25 HY(A, C)e s -
18 again periodic, with period 6.

Lemma 3.2.2. Suppose

0sA4-5B 00

is a short ezact sequence of Z,I'-modules, and (I',x,A) € Co. Then the

hezagon
19(A, A)ey ——2— HO(A, B)é,
g \@
H YA, C)éy H(A, C)éy
o /
HY(A, By ~—g—— H7' (A, A)éy
is ezact, where oz, B;, 1 = —1,0 and vy are the usual maps from the Tate

cohomology long ezact sequence, and vy, is the usual y_; composed with the

isomorphism from H2(A, A&, to HY(A, A)é,,.

Proof. Clear from long exact sequence from Tate cohomology in the previous

lemma. O
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Lemma 3.2.3. Suppose
04A-5BLCc0
is a short ezact sequence of Z,I-modules, and (I, x,A) € Co. Then
hex,0)(B) = hx,0)(A) - b x,0)(C).

Proof. Construct the hexagon of lemma 3.2.2. Let

ag = IIm(aO)[, bO = |Im(ﬁ0)|a Co = |Im(70)|)
a_1 = [Im(a_,)|, b_y = [Im(B-1)|, c-1 = |Im(y_1)|.
Then
[HO(A, Al = cao,  |HO(A, B)ey| = aobo,  [H*(B, C)éy| = boco,

|H YA, A)e,| = coa_q, |H YA, B)E| =a_iby, [H(A,C)éy|=b_1c_y.
Hence

[HO(A, A)ey||H™H(A, B)& || H(A, C)y|

= [H7(A, A)e,||HO(A, B, ||HH(A, ).
The result follows by rearranging this equation. O
Lemma 3.2.4. If A is a finite Z,['-module then by a)(A) = 1.
Proof. We have short exact sequences

05A* A (1-0)A—>0
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and

0—>(1—-0)A—> A— Ar — 0,
where A = <o >. Hence we have short exact sequences

0— A%E, — A&, — (1 —0)Aé, — 0

and
0— (1 —0)Aé, = A€, — Apé, — 0.
Hence
- . |Aé, |
|Ané,| = |A%E, | = — X —.
* (1 - 0)Agy

We have the four-term exact sequence
H YA, A, = Ané, =5 A%, — HO(A, A)é,.

Therefore
B8, A)8 _ |Aad)
[H-1(A, A)e, | |A%E

that iS, h(F':X,A) (A) =1. O

hr x,0)(4)

Lemma 3.2.5. hqya)(A) depends only on AQQ, that is, if AQQ = B®Q

then h(F',X,A)(A) = h(F’,X,A)(B)-

Proof. Denote the image of A in A ® Q by A. Then we have a short exact

sequence

0—-T(A) = A— A0,
where T(A) is the torsion part of A. But since A is finitely generated, T(A)
is a finite Z,-module. Hence h(y,a)(T(A)) = 1, and
h(F'aX:A) (A) = h,(p/,X’A) (T(A))h(p’x’A)(Z) = h(F’,x,A) (Z)
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Now, since A and B are Z,I-lattices which span the same Q,I'-vector space,
they are isomorphic as modules and hence A x4y (B) = h(r x,a)(A). There-

fore h(r y,a)(A) = b x,a)(B) as required. a
Therefore we have
Theorem 3.2.6. ¥/ ([T]) = v, p([T]) for all [T] € X§(mod(Z,T), ®Q).

Proof. Let [T] = [M, f, N] € X&(mod(Z,I'), ®Q). Then by lemma 3.2.5, we

have h(r y.a) (M) = h( x,a)(N). Therefore by lemma 3.1.10,

@ (T (T, x: A)) = (o o ([THU(T, x: A))

for all (I, x,A) € Co. O

3.3 Differences in the strong cyclic cases

The proof that 1[150 and ¢, , give identical values does not, unfortunately,
generalise to 1/12 and ¥c,. This is because the Tate cohomology groups
Hi(A, A), with I" acting, are not necessarily periodic of period 2 if I is
not cyclic.

In fact, wg and ¢, do not yield identical values but are equivalent. In this
section we will demonstrate that the invariance and coinvariance factorizabil-
ity theories do not in general yield identical values by investigating the meta-
cyclic group G, , which we first looked at in section 2.4. As in that section,
we will produce a table completely determining the values of 9¢,. We will

then be in a position to demonstrate that, at least for K¢ (lat(Z,G,p), ®Q),
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wg and ¢, are equivalent. In the next section we will prove this equivalence
in general, but this specific case will help motivate some of the steps of the

general proof.

Our approach in this section will be similar to section 2.4. We will
keep the notation of that section. We will use the same generating set for
XS (1at(Z,G, ), ®Q) that we obtained in theorem 2.4.14. The proofs of the
lemmas corresponding to lemmas 2.4.16 and 2.4.18 go through with only min-
imal changes, so we will not reproduce them here. We draw from these results
the same conclusion as we did in section 2.4—that to completely determine
the values taken by ¢, we need only consider the elements (C, ¢;,{1}) and
(Gapr X5:Cp) of C, 5 =10,1,...,g — 1. We have already established that <
and 1, , take the same values, and therefore v,|T2€,| = vp|Taéy| for all
(I, x,A) € Cy, that is, for (I, x, A) = (Cq, ¢;,{1}) (alternatively, observe
that T8} = Tqy = T.) Furthermore, by lemma 3.1.5, we know that ¢S and
e, agree on those generators of K@ (mod(Z,I'), ®Q) arising from the image
of X,(Q,I'). Therefore in order to determine the values taken by 9, all that
remains is to calculate v,|T¢,éy,l, 7 = 0,1,...,q — 1 for each of the 2¢ —1

specified generators of X (1at(Z,G,,), ®Q) arising from X&(mod(Z,I)).

o [T]= [V, (x®, ), RO @ Z{), i =0,1,...,g— 1.
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Consider the cartesian square

()

v, z;’
7'((1) 7T1

Since V; is a free Z,Cp-module, H1(C,, V;) is trivial, so the square

is cartesian. Hence we get the cartesian square

(Vi)e,éx; — (28,8,

(R(’L) )Cp éXj (]FI(;L) )Cp éXj

thus UP|TCpéXj| = ,Upl(]Fg))Cpexj| = 61]

o [T]=[P"*',1,P),i=1,2,...,¢— 1.

Pt = FY, so [Te,] = [F,(,i), 0, ]Fgﬂ)]. Therefore vp|Te, €y, | = 015 — 0iz1 5,

i=1,2,...,9— 2, and equals d;; — d;41—q; wheni=¢g— 1.

Therefore we find

Theorem 3.3.1. Restricting to X&(1at(Z,G, ), ®Q), tcp is completely de-

termined by the following table of values of v,|Taéyl:
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Triples \\ (I',x,4) || (C,,¢;,{1})

(Gopr 45 Cp)

i=1,2,...,q—2

[Zz(vi), XD, Zz(zi)]; 0ij dij
1=0,1,...,q—-1
[R, x X, R] 1 0
[PP+,1, P, 0s 0i5 — Oiy1,j

[PH_l)l)Pi])i:q_]- 5’]

Oij = Oit1-q,

Vi, (79, €®), RD @ ZY), 8ij

vi=0,1,...,q—1

Theorem 3.3.2.
¢S # ¢C,p

Proof. The tables of theorems 2.4.20 and 3.3.1 are different. In particular,

UP|TCpéXi| = 5‘i,j # vpchpéXil for [T] = [PH_I, 1>Pi]a 1= 1)27 e g 1.

However, if we compute the kernel of ¢, by row reducing the table, we

find

Theorem 3.3.3. Restricting to X&(lat(Z,G,,), ®Q), the kernel of cp is

of rank q and is freely generated by triples

Vi (r,€0), B9 & 20] - (20, xp, 7)),

where 1 =10,1,...,9— 1.

Hence,
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Corollary 3.3.4. Restricting to X§(1at(Z,G, ), ®Q),

'wC,p ~ '@bg
o

3.4 Equivalence of the strong cyclic cases

In this section we will prove that ¢5 and 1, are equivalent factorizability

theories. Our approach will be to prove that for each y € C and each T' €

®(mod(Z,I'), ®Q), we can write

W) (W) =Y ma(hep((T))(2)

T€eC

and

('ﬁbC,p T] an ¢C

z€eC
where my, 1, are integers independent of [T}, since then if S([T])(z) = 0

for all z € C then ¢ ,([7T])(y) = 0, and vice-versa.

We recall that by theorem 3.2.6, for (I, x, A) € Co,
(% (T, x, B)) = (e (THIT, x, 4))-
In general we know by lemma 3.1.11 that
WS — ep) ((T]): (T, x,4) = vl [H(A, T)E,] = [HH (A, T)el-

Our first goal, therefore, is to explicitly calculate HO(A,T) and HY(A,T)

together with the action of I upon these groups.

We begin with some notation.
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Notation 3.4.1. Suppose (I, x, A) € C. Then I" = Cpx x G with the action
of G on Cp given by some homomorphism a: G — Aut(Cp). Through-
out this section, the following definitions hold: C denotes the group Cp,
o denotes a chosen, fixed generator of C. ¢ = xlg, D = ker(¢) C G.
Gy = ker(a) C G, ¢ = |G/Gyl, and 7 denotes a chosen, fixed Go-coset repre-
sentative such that TGy generates G/Gy (which is necessarily cyclic). Note
that 7Gg has order ¢q in G/Gy, so 79, although not necessarily equal to the

identity in G, certainly lies in G.
3.4.2. Remark_s. Note that

X:CNG—)@:

(0%, 9) — ¢(g),

so A =ker(x) =Cx D.
Note that G/Gj is necessarily cyclic and of order ¢ dividing both |G| and
|Aut(C)| = p*~(p—1) if k > 0, or equals 1 if k = 0. Since p { |G|, necessarily

glp—1
Note that if (I, x, A) € C, then (G, ¢, D) € C also.

Note that the action of G on C may be thought of as factoring through

the quotient group G/Go = <17Go> .

It is this last remark which prompts us to extend the notation of 2.4.1.

Notation 3.4.3. Let 6 be a primitive gth root of 1 in Z,. Let r be a gth

root of 1 in (Z,/p*Z,)* with § = r (mod p*).
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We may view Z, as a Z,["-module in several ways: we define Zg) to be
a copy of Z, where the C x G action is that (07, 7%go) acts as multiplication
by 6%, where gy € Go. That is, the I action may be thought of as factoring
through G /Gy, with 7Gy acting as multiplication by 6.

For any Z,I"-module M we again define M® = M ®g, Z%). Define ¢ = Cor
a prirﬁitive pFth root of 1. R denotes the ring Z,[(], and P denotes the unique
maximal ideal (1 — ¢)R. e denotes the usual augmentation map from Z,C to

Z,. m denotes the usual projection map from Z,C to R, where n(o) = (.
We introduce here a technical lemma:

Lemma 3.4.4. The homomorphism
(1-0)Z,C R
s tnjective.

Proof. Suppose a € (1 —0)Z,C lies in the kernel of this map. Then, writing

p*-1

a= Z a;i(1 - %),

=1

we have
p*—-1 p*-1 pF-1
m(a) = Z ai(l—¢") = Z a; — Z a;¢" = 0.
i=1 i=1 i=1
For this to be so, we need a; = ap = -+ = ayx_;. But then
pF-1
m(a) = (" — Da1 — Z ¢ =par.
=1
So a; = 0, and hence a = 0. 0
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8.4.5. Remarks. I'/C = G, and thus we may view both [T] and [T¢] as
lying in X§(mod(Z,G),®Q). We can think of both ¢$([T])((I", x, A)) and
Ve, ([T, x, A)) as being calculated in X§ (mod(Z,G), ®Q) since we know
that T2 = (T°)? and Ta = (T¢)p-

In fact, we can do more than this. Since p t |G|, the order of D is invertible
in Z,. Therefore for any [T] € X¢(mod(Z,G),®Q), [T”?] = [Ip] = [Tep]
where ep is the idempotent 7y 3-4ep d € Z,G.

This leads us to consider another interpretation of é,. Call

é’,‘: Z e,’, where e, = |P’ Z 7 x(7)

x'€orb(x) 'yEI" /A

the “old” interpretation of €,, and call

&= Y ey, wheree, = ny‘lx

x' €orb(x) 7eG

the “new” interpretation of &,. Then the “old” interpretation of €, lies in

Z,I"/A and the “new” interpretation of €, lies in Z,G. However,

epey (“old” interpretation) = IP'/AH Z Z Y x(y
~v€I'/A deD

|'/ Z“‘

~yel"/C

= e, (“new” interpretation),

and thus for [T] € X&(mod(Z,G), ®Q)

TPé&, (“old” interpretation) = Tepé, (“old” interpretation)
= Té, (“new” interpretation)

= Tepé, (“new” interpretation).
X
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Therefore we can use the “new” interpretation in place of the “old” interpre-

tation without needing to make any other changes to our formulae.

Lemma 3.4.6. For [T] € X§(mod(Z,T"),®Q),

¥ (TH((G, ¢, D)) = de,p((TH((G, ¢, D))-

Proof. When (I, x,A) = (G, x, D), T = Te = T and therefore

¥s (TG, ¢, D)) = 4, ([TN) (G, ¢, D)) = up|Te].
O

Since A = C x D, and p { |D|, H{(A,T) = H{C,T)ep and hence
Hi(A,T)é, = H(C, T)é,. Therefore we may restrict our attention to calcu-
lating H*(C,T). In order to compute the Tate cohomology groups, we shall
construct a complete, projective resolution of Z,C, exact as a sequence of

ZpI"-modules.

Proposition 3.4.7. We have a Z,C-free complete resolution, exact as a se-

quence of Z,I"-modules, which is periodic with period 2q

1% 14 _ —
Y2, Z:gl)c M, ZS)C A, Z}(P)C _Ho, Z,(JO)C o, 21(7 Vo B

N/

Zy

where p;: Z,(f)C — Z,(f)C s multiplication by Z?:l ol and v;: Z,(,i)C’ -

Z8 V¢ is multiplication by Z?;i 99" .
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Proof. To prove this proposition, we must show that the sequence above is
exact as a sequence of Z,C-modules, and that it respects the action of 7.
The periodicity of 2q is clear.

For exactness, first note that

pF—1  ¢-1 pk—1  g¢-1

i i _
golgﬁja’”:Ea’EOJ:O
=0 j=0 1=0 7=0

In fact, it is well known that the resolution
E%7.0% 2,0 5% 2,0 13

is exact. Therefore to establish the exactness, we will show that
q—1 4
m(> _67'0") =Im(1 - 0) = (1 - 0)Z,C
i=0

and

ker( ZG = ker(1 — o).

We deal with Im(3°%) 6% ™) = Im(l - o) first. Since (1 — 0)Z,C is
mapped injectively into R by 7 by lemma 3.4.4, it will suffice to show that

5o 19“’(” )/(¢ — 1) is a unit in R. But

DTN D D) Vit Ll S PRl SR S L e
= =) (¢ ).
¢—1 (-1 ; (-1 =0 §=0

Now, this is a unit in Z,[¢] if and only if its image is a unit in Z,[¢]/(1 - ().

So, reducing our expression modulo 1 — ¢, we obtain

ql ri— q—1
r7r*=q (mod1- )

|I|

z=0 3=0 1=0

which is invertible.
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To show ker(32%2) 6=io™ ") = ker(1 — o) we proceed as follows. Clearly
both ker(3>%, 8~io™") and ker(1 — o) are submodules of Z,C, and we have
just established that Im(32%) §~%™") = Im(1 — o), so they are both torsion

free and of the same rank. Furthermore,

pk—1 g-1
ker(1— o) =Im()_ 0*) Cker(>_67%0™).
=0 1=0

Now, ker(3297) §~%¢"")/ ker(1 — o) is a torsion module, and

k—1
ker(32970 07i0™) Z,C ¢ ,
C = Y C .
ker(l1—0) ~ ker(l —o) Im(z ") € 2,0

=0

Therefore since Z,C is torsion free, ker(3"9-) §~%c"")/ ker(1 — o) is the triv-
ial module and ker(3 2] 0~io™) = ker(l — o). Thus we have established
exactness.

For the I-action, we perform the following checks. Firstly we show for

pi that ()7 - ? 5ol = (") P*~14 . 7. Consider o' in Z{'C.

3=0
I']k_l pk_l
ot g ol = E o’, ol T =6,
Jj=0 j=0
pk—1 pk—1 pkF—1
fiomt - g ol =@ g ol = g 07 - T.

j=0
Similarly, we show for ; that (-)7->_%_ s0ia” = () > im0 9™ . 7. Consider

again o' in Z¥C.

g—1 g-1
i i i i ;
ot E 670" = E i o =00",
j=0 j=0

g-1 g—1 q—1
Bigr . Z e—jaﬂ — gi-1 Z 0—(j—1)0_r(7‘j_1+l) — (Z g—jarf-H) .7
§=0 j=0 §=0
thus verifying the I action. ]
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Definition 3.4.8. For triples T' € ®(mod(Z,I"), ®Q), consider the maps
1® p: T — 10

and

1Qu;: T - 761,

We define W; = ker(1 ® p;) and X; = Im(1 ® p;), and Y; = ker(1 ® v;) and

Zi—l = Im(l R I/,;).

Thus W;, X;, Y; and Z; are all contained in T®, and we have the following

exact sequences:

W; = T® —» X; c T

and

Y, & TO » Z,_, C 76,
Lemma 3.4.9. I/Vi(j) = Wiy, Xi(j) = Xitj, Yi(j) =Y.; and Zi(j) = Zitj.
Proof. If we tensor the short exact sequence
W; = T - X; ¢ T®
over Z, by Z,(Dj ), we get the new sequence
Wi(j) oy Tltd) Xi(j) C T(i+i)
The result follows by comparing this sequence with the sequence

Wi < T+ Xiy; C T+
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and performing the same manipulations for the sequence

Y; » TW o z,_, ¢ 76D,

Lemma 3.4.10.
Yy = TC.

Proof. As we observed in the proof of proposition 3.4.7,
vy: Z,C' — ZZ(,_I)C

and
(1-0):2,C = Z,C
have the same kernel. Therefore

1®uy: T — TV

and
(1-0):T—>T

also have the same kernel. But from this second map, the kernel is seen to
be T¢. O

We are now able to work out the Tate cohomology triples H*(C,T) as
triples of Z,G-modules.
Proposition 3.4.11. For any integer i € Z, and T € ®(mod(Z,I"), ®Q),

H™(C,T) = Yi/X,,

H2YC,T) =W,/ Z,.
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Proof. Let F denote the complete resolution of proposition 3.4.7. We can

compute the Tate cohomology via the homology of the complex T' ®z,¢c F.
H 2 YC,T) = Hu(C,T) = ker(1 ® 15)/ Im(1 @ vi1) = Wi/ Z;,
and
H(C,T) = Hy1(C,T) = ker(1 ® 1)/ Im(1 ® ;) = Y3/ X;,

As required. For a description of the Tate homology groups H J(C,T), and a

proof that H{(C,T) = H_,_1(C,T), see [2], page 135 and following. O

3.4.12. Remark. An alternative approach avoiding the Tate homology groups
would be to observe that the Tate cohomology groups are periodic with period
2g, as are the Wi, X;, Y; and Z;. Therefore taking n € Z large enough that

2i+2ng—1>0,
H%(C,T) = H%(C,T) = Hoit20g-1(C, T) = Y3/ X,
and
H™2%1C,T) = H%"™YC,T) = Hyiy20e(C, T) = Wi/ Zi.

8.4.13. Remark. Before we continue, it is helpful to recall that if (I, x, A) €
C, then (G, ¢, D) € C. Just as we restrict [T] to X§(mod(Z,I"), ®Q) when
dealing with (I", x, A), we restrict [T to K¢ (mod(Z,G), ®Q) when dealing
with (G, ¢, D). Thus we are allowed to work with [T] € X§(mod(Z,G), ®Q)

as well as [T¢] and [T¢].
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Proposition 3.4.14. Let T € ®(mod(Z,I"),®Q). In Xo(mod(Z,G), ®Q)

we have
[H°(C,T)) - [H7(C,T)] = [T°] = [T] + [TD] - [(T°)W).
Proof. In ®(mod(Z,G), ®Q) we have the following short exact sequences:

0— Xo— Yy — H(C,T) — 0,
0— Zy = Wo— HHC,T) = 0,
0—-—)W0—)T—)X0—)0

0-YY 5T 2,0

Using the relations in Xo(mod(Z,G), ®Q) due to these exact sequences, we

get
[H(C,T)) — [H1(C,T)] = [Yo] — [Xo] — [Wo] + [Z]
= [Yo] = [T] + [Z0]
= [¥o] - (7] + [T™] - [¥5")]
= [T = (T} + (1] - (X))
as required. N

Corollary 3.4.15. In Xy(mod(Z,G), ®Q),
[Te) = [(T)D) + (7] - [TV)]

and

[7€] = [T5V) + (1) = [TCV).
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Proof. Recall that [H°(C,T)] — [HY(C,T)] = [T€] — [Tc]. The corollary

follows from rearranging the equation of proposition 3.4.14. O

Thus if we can show that for T' € ®(mod(Z,G),®Q), TWe, = Té,: as
Z,-modules, for some other character X’ of order not divisible by p, we're

done. We shall in fact do more than this, explicitly identifying x’.

Definitions 3.4.16. For ¢ a 1-dimensional character of G we define ¢(; to
be a 1 dimensional character of G as follows. We write g € G as 77gy, where
go € Gp. Then

¢ (17 90) = 077 (77 go).
Note that, since § € Z,, Z,|¢] = Zy[dw)| for each i € Z, and if we take

w € Gal(Q,[¢]/Qp),
p~¢ & P~

Therefore

é¢, = Z Epw

¢~ €orb(e)

and

€6 = Z €4y

¢ €orb(¢)

the summation over the same choice of elements of the Galois group.
For x a 1-dimensional character of I, we define x(;) to be a 1-dimensional

character of I as follows. If ¢ = x| o

X (@) (Uk, g)= d)(i) (9)-
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We now calculate T("é,.
Lemma 3.4.17. For T € ®(mod(Z,G), ®Q),
TWe, = Tey,
as Zp-modules.

Proof.

TWey =T @z, Z > g
¢+ €orb(¢)

=T ®z,Z :D| > ZZQ 977 g0)

¢ eorb(p) go€Go k=0

-1
Z ZZg LrIg ¢ (11 go) @, ZY

¢“’€0rb(¢ ) 90€Ga k=0

Z E g—l w ®Zp Z(z)

¢weorb(¢ ) g€G

=T Z ¢t Oz zy
¢ €orb(¢)

= Té(ﬁ(i) ®Zp ZI(;)

and thus as Z,-modules TMé, = Té; .

Thus we have
Proposition 3.4.18. For [T] € X®(mod(Z,I), ®Q),
Yes((TDIT,x A)) = ¢ (TN X, ker X)) + 45 (TG, ¢, D))
—YS((TH((G, ), ker d(n)))
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and
Yo ([TNUT, x, A)) = e (TN, X1, ker X)) + %e,((TNH((G, 6, D))
— Yep (TG, ¢(-1), ker ¢(-1)))-
Proof. For the first equation, in Ko(mod(Z,G), ®Q), we have
[Te] = (T%)W] + [T] = [TW)],
by corollary 3.4.15, and therefore
vp| Taéy| = 0pl(T%)Vex] + vl T | — vl TV,
Now, |(TC)(1)éX[ = |TC&y,,| by lemma 3.4.17. Similarly |T€,| = |T”&| and
ITME, | = |TPey, |-
The second equation follows from corollary 3.4.15
(7€) = (16 ")+ (1] = [TY)]
in a similar way. O
Hence

Theorem 3.4.19.

YS ~ ey
Proof. Suppose [T € ker(45). Then ¢S([T])((T,x,A)) = 0 for all (I, x, A)
in C, and thus by proposition 3.4.18, ¥¢,([T])((I", x,A)) = 0. Conversely,
suppose [T] € ker(tc,p). Then e ,([T])((I", x,A)) = 0 for all (I, x,A) in

C, and thus by proposition 3.4.18, wg([T])((l"’, x,A)) =0. Thus z/)g and Ycp

have the same kernel and are therefore equivalent factorizability theories. [
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3.5 Stronger cases

We have demonstrated that the weak cyclic invariance and coinvariance fac-
torizability theories were identical, and the strong cyclic invariance and coin-
variance factorizability theories were equivalent but nonidentical. We turn
our attention now to stronger theories and some of the barriers to showing
them to be equivalent. In the strong cyclic case, we allowed I" = C' x G where
C is a cyclic p-group and p t |G|. Our approach here will be to consider weak-
ening the assumptions on I''. Throughout this section we will continue to use
the notation developed in the previous section for use with the strong cyclic

case.

Conjecture 3.5.1. Recall that, if (I, x,A) € uRep,, then the order of x
is prime to p. As a possible first step, therefore, we could consider triples
where I" = C x (G x P), where P is some other p-group whose action on
C is trivial. Since the order of x is prime to p, necessarily P C A. In fact,
we have the case that A = C x (D x P). For [T] € X (mod(Z,I'), ®Q) we
have that T2 = (T¢)P*P = ((T°)P)P, and similarly Ta = ((T¢)p)p- The
only difficulty lies in computing the Tate cohomology groups H ‘(Cx P,T),
however I conjecture that these problems are not insurmountable, and the

invariance and coinvariance factorizability theories are still equivalent in this

case.

Conjecture 3.5.2. A second possibility would be to take I = Px G, where
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P is any abelian p-group. The idea here would be to express
P:PIXP2X"'XPm

as a product of cyclic groups. Using

TA — ((TPm)Pl ngx---me_l)D

Y

my aim would be to express TP in terms of triples of the form Tp for some
other p-groups P’. Thus by applying an inductive argument, I conjecture that
the invariance and coinvariance factorizability theories are still equivalent in

this case.

3.5.3. Remark. In the stronger case where I'' = P x G for an arbitrary p-
group P, the problem is going to be in computing the Tate cohomology

groups, since the current approach relies on the well known complex when P

is cyclic.
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Chapter 4

Monomial Mackey I’ —functors

T H E FACTORIZABILITY theories discussed so far

in this thesis are all based upon collections of
closely related functors, either -2&, or -aé, for some collection of triples
(I, x, AA). We were able to connect these two theories via the Tate cohomol-
ogy groups, and thus prove the equivalence of a number of cases.

In this chapter we turn our attention to a different kind of relation be-
tween the theories—this time seeking relations between the values of -2:&,,
for various triples (I, xi, A;), and thus find relations within the values taken
by 1/)5 ([T)((T}, xi, A;)) which are independent of the triple T' in question.
Our approach will be to define monomial Mackey I-functors, A((I", x, 4)),
of which both M2¢é, and Maé, are examples for any M € mod(Z,I') (as,
in fact, are H*(A, M)é,). Our definition will be related to the definition of
G-functors of [20]. However we will expand this definition to cover triples

(I, x, A) rather than subgroups of I' alone. We go on to demonstrate that
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a direct sum relation of the form

@ ZP[F/Ai]éxi = @ ZP[F/AQ']é%'

for triples (I}, x4, Ai), (I'}, 5, A}) € S yields a direct sum relation of the form

B AT 0 80) = DA, 45.5))

We conclude this chapter by considering a number of examples of monomial

Mackey [-functors, paying particular attention to the classgroup.

4.1 Monomial Mackey I'-functors

As we said in the introduction, the factorizability theories discussed in this
thesis are all based on a collection of closely related functors. In this section
we will provide an axiomatic definition of a monomial Mackey I'-functor,
or M.M. T-functor for short. We will draw on the functors used in the
factorizability theories as examples of M.M. I'-functors. We will go on to
look at two general construction tools for M.M. I'-functors—essentially we
will define the concept of a “quotient” M.M. I'-functor by a “subfunctor”,
and a mechanism for extending the base-ring. We will go on to use these
tools to look at some further examples of M.M. I'-functors.

This axiomatic approach was inspired by Yoshida’s paper, On G-functors
(I1): Hecke operators and G-functors, [20]. The definition of a I'-functor
over a ring R found in [20] and elsewhere is a functor A from the cate-

gory of subgroups of I' to mod(R) together with homomorphisms in mod(R)
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corresponding to restriction, induction and conjugation of subgroups of I.
Following the work on factorizability theories, it seemed useful to expand the
definition to be a functor from the category of triples (I, x,A) (with I a
subgroup of T') to mod(R), or from a suitable subcategory of the category of

triples (I, x, Q).

As a working definition, we will consider a M.M. I'-functor A = (A, 7, p, 0)
over a ring R to be a functor A from a collection of triples (I",x,A) to
mod(R), together with maps 7, p, o between the modules A(I", x, A) corre-
sponding to induction, restriction and conjugation respectively. The maps 7,
p and o must obey certain axioms. In order to make this definition precise we
must state the axioms, but first we must define what we rﬁean by induction,
restriction and conjugation for triples (I, x, A).

Throughout the fqllowing definitions, we take S to be a collection of
triples (I, x, A) with I a subgroup of I'. We will impose conditions on the

triples (I, x, A) € S later.

Definition 4.1.1. For (H, x, Hy) and (K, ¢, Ko) triples in S, we say that
(H,x,Hy) < (K,¢,K;) whenever H C K and x = ¢|,. We say that
(H,x, Ho) < (K,¢,Ko) whenever H C K and x = ¢|; or equivalently,
if (H,x,Hy) < (K,¢,Ko) but H # K. Similar definitions exist for > and
>. Note that if (H,x,Ho) < (K,¢,Ko) and (H,x, Ho) > (K, ¢, Ko) then

necessarily (H,x, Ho) = (K, ¢, Ko) in the usual sense.

Definition 4.1.2. Let v € I'. We define the conjugate of a triple (H, x, Ho)
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in S to be (H,x, Ho)" = (H?, x(y), Hy) where x(y(h”) = x(h) for all h € H.

Note that ((H,x, Ho)")” = (H,x, Ho)™".

Definition 4.1.3. For (H,x, Hy), (K, ¢, Ko) < (L, 8, Ly), define L to be the
largest subgroup of HNK upon which x and ¢ agree, and define Ly to be the
kernel of x| . We define the intersection of the triples (H, x, Ho), (K, ¢, Ko)
to be

(H,x, Ho) 0 (K, ¢, Ko) = (L, Xl Lo)-
Note that this definition is symmetric since necessarily x|, = @|,. Also
note that necessarily Ly = Hy N Kp, since x and ¢ necessarily agree on the

intersection of their kernels.

Definitions 4.1.4. Suppose A: S — mod(R) is a functor, and z,y € S

with < y. Then 7 will denote a homomorphism
7Y Alz) = Aly).

Where the choice of z is clear, we will denote the image of o € A(z) by o¥.
We may also denote 7¥ by 7¥ or even 7, where this will not cause confusion.

In a similar way, p will denote a homomorphism
i Aly) = Al).

Where the choice of y is clear, we will denote the image of § € A(y) by fe.
We may also denote p? by p, or even p, where this will not cause confusion.
Suppose also that v € I'. ¢ will denote a homomorphism
o) Alz) = A(z”).
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Where the choice of z is clear, we will denote the image of § € A(z) by ¢7.

We may also denote ¢ by 07 or even o, where this will not cause confusion.

Definition 4.1.5. Throughout what follows, S will denote a set of triples
(I, x, A), closed under conjugation and intersection of triples, with the order
of x invertible in the ring R; that is, if z,y € Sand y €', thenzNy € S

and z7 € S.

4.1.6. Remark. Note that one possible way of ensuring that the order of x
invertible in the ring R is to take R = Z, and requiring the order of x
to be coprime to p. This will automatically ensure that, if z = (H, x, Ho)
and y = (K, ¢, Ko) with the orders of x and ¢ both coprime to p, then the
character involved in both z” and z Ny will be of order coprime to p. For

example, the sets Cy, C and M of chapter 2 satisfy this condition.

We now state our axioms.

Definitions 4.1.7. In the axioms that follow, z,y, z are triples in S with

= (H, x,H),y=(K,¢, Ko) and z = (L,0, Ly), and 7,7 €T
(MF.1) If o € A(z) and z < y < 2, then
a’ =a and (a¥)® = o”.
(MF.2) If 8 € A(z) and z < y < 2, then

B.=B and  (By)e=Fs
(MF.3) If a € A(z) and h € H, then
oh=a and (") =a".
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(MF.4) If x <y, o € A(z) and S € A(y), then
(@)= () and  (B)" = (8o

(MF.5) (Mackey aziom) If z,y < z and o € A(z), then

Z_E Y Y
ay— a:ﬂﬁy:

vyeT

where T is a complete set of double coset representatives Ho\ Lo/ Kj.

(MF.C) (cohomologicality aziom) If z <y and B € A(y), then
(B2)Y = | Ko : Hol - B.

Definition 4.1.8. A monomial Mackey I'-functor (called an M.M. I'-functor

for short), over a ring R, A = (A, 7, p,0) is a functor
A: S — mod(R)

from some collection of triples S = {(H, x, Ho)}, together with maps 7, p,
o as defined above, which satisfies axioms MF.1 to MF.5. If in addition it
satisfies axiom MF.C, we call it a cohomological monomial Mackey I'-functor

(or C.M.M. I’-functor for short), over R.

4.1.9. Remark. Note that the definition of G-functor given in [20] coincides
with this definition when S is taken to be S = {(H, xo, H)}, where H ranges

over all subgroups of I" and xq is the trivial character on H.

We are now in a position to introduce a number of tools which will simplify

our attempts to demonstrate examples of (C.)M.M. I'-functors. Note that
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we will use this notation from now on—for (C.)M.M. I'-functor over R, read

“M.M. I'-functor over R, respectively C.M.M. I'-functor over R”.

Lemma 4.1.10. Let A= (A,7,p,0) be a (C.)M.M. T'-functor over R, and
suppose for each x € S there exist submodules A'(z) C A(z). Suppose also
that, for each z,y € S with x <y, and v € I', the following three statements

are true:

Then A' = (A',7,p,0) is also a (C.)M.M. T-functor.

Proof. To prove this lemma we need to check the axioms. But due to the

containment requirements, they are clearly satisfied. O

Lemma 4.1.11. Suppose A and A’ are as in the previous lemma. Then
(A", 7" p" 0") is a (C.)M.M. T-functor, where, for z,y € S with z < y,

A'(z) = A(z)/A'(z) (quotient of modules), and
% Az)/A'(z) = A(y)/A'(y)
is induced from T (similarly p” and o").

Proof. We begin by showing that 7 is well defined. Suppose for z <y and

o,/ € A(z) that o + A'(z) = & + A'(z). Then a — o = B € A'(z). But
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then
(' + A'(z)) = 7(e) + A'(y)
=7() +7(8) + A'(y)
= 7(a) + A'(y)
=7"(a+ A'(z))

so 7" is well defined. Similarly p”, ¢” are well defined. The lemma is then

clear as the axioms follow from A. d

Lemma 4.1.12. Suppose that A = (A, 7, p,0) is a (C.)M.M. T'-functor over
a ring R. Suppose also that R’ is an extension of R in the sense that the ring

R’ may be viewed as a left R-module. Then
A®rR = (AQrR,7®1,p®1,0®1),
defined below, is a (C.)M.M. T-functor over R'. Here,
AQrR:z— A(z)®r R

and the homomorphisms T® 1, p® 1 and 0 ® 1 are induced from 7, p and o
respectively.

In particular, if R = Z then R’ can be any ring.
Proof. The result is clear—the axioms are still satisfied after the modules

concerned are tensored up with R'. O

Definition 4.1.13. A morphism between M.M. I'-functors over R is a family
of R-homomorphisms #(z): A(z) — B(z), for each z € S, which commute

with 7, p and o.
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We denote the category of M.M. I'-functors over R by Mg(S,T"). The

full subcategory of C.M.M. I'-functors over R we denote by M%(S,T).

4.2 Equivalence to the Hecke category

In this section we will define the Hecke category Hgr s of the group T,
and demonstrate that the category of cohomological monomial I'-functors
M%(S,T) is equivalent to the category of additive functors from the Hecke
category to mod(R). In the next chapter we will use this to find direct sum
relations between the modules A(H, x, Hp) for any A € M%(S,T'). Our
definition of the Hecke category closely follows that of Yoshida [20] in its
approach, with modifications to incorporate unramified monomial modules
in addition to permutation modulés. The objects of our category will be the
monomial R-modules R[I'/Hy)é, for each (H,x,Hp) € S. The morphisms

will be the R[-homomorphisms between these modules.

We begin by giving an alternative description of the homomorphisms

between the modules R[I'/Hylé, and R[I'/Kylés.

Lemma 4.2.1. Let (H,x, Ho) and (K, ¢, Ko) be triples in S. Then we have

isomorphisms
b éXR[HO\F/Ko]é¢ — Home(R[F/HO]éX, R[F/Kg]é¢)

and

@' &, R[Ho\I'/Ko)és — Hompr(R[Ko\T')éy, R[Ho\T'|éy)
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where

B (&, Hor Koéy): YHoly > Yo quzKegs= ), u'Koeds
u€Ho /(HoNKE ™) w€HozKo/Ko
and
(e, HozKoéy): Kovéy — Z Hoyzvvyeé, = Z Hov'vé,.
’UEHgﬂKo\Ko v'€Ho\Hoz Ky

Note that u, u', v and v' are coset representatives.
Proof. From [20], lemma 3.1 we have isomorphisms
d: R[HO\F/KO] — HOIIIR[‘(R[F/H()], R[F/Kg])

@' R[Ho\F/Ko] — Home(R[KO\F], R[Ho\r])

Our result follows from hitting these isomorphisms with the idempotents €,

and é4. This preserves the isomorphisms. O

The isomorphism of lemma. 4.2.1 will provide a useful description of the
homomorphisms between the modules R[["/Hylé, and R[I'/Kgléy. From this

isomorphism, and composition of homomorphisms
a-B: RIT/Holey ~ RIT/Kolés — RIT/LoJéy
we have an R-bilinear map
€, R[Ho\I'/ Kolég x ey R[Ko\I'/ Lo}és — éxR[Ho\I'/ Lo|éy
(a, ) = a-p.
Our next step will be to find a better description of o - 8 € &, R[Ho\I'/ Ly|é.
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Lemma 4.2.2.

(H().’I?Ko) . (KoyLo) = Z m(x,y, Z)(H()ZL())
2€Ho\I'/ Lo

where m(z,y; 2) = |(HozKo N zLoy ' Ko)/ Ko
Proof. Direct verification—or see [20], lemma 3.2. O

Definition 4.2.3. The Hecke category Hrr s is the category whose objects
are the monomial modules R[T"/ Hy)é, for each (H, x, Ho) € S, where the mor-

phisms from R[['/Hylé, to R[['/Kylé, are given by the set & R[Ho\I'/ Ko]éy.

As we said in the introduction to this section, we introduced the Hecke
category with the aim of showing the equivalence between C.M.M. I'-functors
over R and the Hecke category Hgr s. Towards this end, we will define some
morphisms of the Hecke category. These will have properties similar to the

homomorphisms 7, p and ¢ which will parallel the axioms of the C.M.M.

-functors.

Definition 4.2.4. Suppose that z = (H,x, Hy), y = (K, ¢, Ky) are triples

in S, and suppose that z < y and v € I'. We define the following morphisms

of HRF,SZ
tg = éx(HolKo)é¢l R[F/Ho]éx — R[F/Ko]é¢
’f'z = é¢(K01H0)éxl R[P/Kg]é¢ — R[F/Ho]éx
s3 = ex(HovH])éy: R/ Holéy — RIT'/H{léy

iy = & (HolHo)é,: R[T'/Holéy — RIT/Holéy.
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Where it is unambiguous and aids the clarity of the notation, we may write
t¥ for t¥, r, for r¥, s7 for s¥, and ¢ for .
These morphisms are sufficient to define each of the morphisms of Hgr s,

since we have
Lemma 4.2.5. Suppose = = (H,x, Hy) and y = (K, ¢, Ko) are elements
of S, v € ' and z = (L,0,Ly) = " Ny. Then the following equality of
morphisms of Hgr s holds:

&y (HovKo)éy = s - 1% - Y.
Proof. Direct verification, using the formula of lemma 4.2.2.

7 _ o Y5 5 HI1In8
s1-re =é HyyHyéyn - éxHylLo€g

z

= Ym0 Lw)E(Houwlo)é

weHo\L/ Lo
where
m(y,1;w) = [(HoyHg NwLolHy)/Hf|.
But
HyyHy = Hyyy 'Hoy = Hoy = vH{
and

wLolH] = w(H{ N Ko)1H] = wH
and therefore
m(v, 1;w) = [(vHg NwHg)/H|
1 ifwevyH] = Hyy

0 otherwise.
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Therefore,

Therefore
sY 1™ ¥ = &, (HyyLo)ég - €9(LolKo)éy

xr z
= Y m(y,Lv)é(HowKo)és
veH\I'/ Ko

where
m(v, 1;v) = |(HoyLo N vKo1Lg)/ Lol
= |(vHo Lo N vKo)/ Lol
= |(Hg Ny~ vKo)/(Hg N Ko)
1 ifyevKy
0 otherwise

and hence

as required. O

Lemma 4.2.6. In the equations that follow, z,y,z € S with ¢ = (H, x, Ho),

y=(K,¢,Ky) and z = (L,0, Ly), and v,y €T

(H.1) Ifz <y <z, then

(H.2) Ifz <y < z, then




(H.3) Ifh € H, then

h _ g 767 — gV
S5 =1l and 884y = 87
(H.4) Ifz <y, then
Y Y
tysy = 81ty and 1Y) = 8]y

(H.5) (Mackey decomposition) If z,y < z, then

z2..Z2 § ¥,.z7 Y
t:z:ry - S:c'r:z:‘fﬂytz"fﬂy
veT

where T is a complete set of double coset representatives Ho\ Lo/ K.
(H.C) (cohomologicality) If x <y, then

r¥tY = | Ky : Hylt.

Proof. These are all proved by direct verification, using the formula of lemma

4.2.2. 0

We are now in a position to begin to prove the main result of this chapter,
namely, that M%(S,T) is equivalent to the category of R-additive functors
from Hpr s to mod(R). Our approach will be as follows. For any coho-
mological monomial I-functor over R, A € M%(S,I'), we define a map
A: Hprs — mod(R). We go on to show that this 4 is an R-additive func-

tor. To show this, we must show that, for suitable morphisms of the Hecke

category,

A(éXH0’7K0é¢) . A(é¢H0’Y/Loéo) = A(éXHo’)/Koé¢ : éd,Ho")/Loég).
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Since
éX(Ho’)/Ko)é¢ = Sg . T‘Zﬁ . tg,
T th

we need only consider certain combinations of morphisms of the type 77, ¢
and §7.

At this point we will have shown that M%(S,T') is equivalent to some
subcategory of the category of R-additive functors from Hgr s to mod(R).
To complete the proof, we will identify a map in the opposite direction, and

show that they are inverses of one another.

Definition 4.2.7. Let A = (A4,p,7,0) be a C.M.M. I-functor over R, and
r = (H,x, Hy) and y = (K, ¢, Ko). We define a map A: Hpr s — mod(R)
by

A(R[T'/Holéy) = Alz)

and for &, HyyKoés € €, R[Ho\I'/ Ko|éy,
A(exHovKoéy) = olp? 12 Az) = Aly)
where z = 2" Ny.
Lemma 4.2.8. Let x = (H,x, Ho), y = (K,¢,Ky) and v,7 € I'. Then
A(éxHovKoé¢ - s1) = A(ExHovKoés) - A(s]).

Proof. By lemma 4.2.2,

& Hov Koy - 5] = & Hovy KJ &g,
and thus

A HoyKods - 53) = o7 03" 7
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where w = 27 NyY'. Let z = 27 Ny, and hence w = z7. Therefore, by the

axioms for C.M.M. I'-functors,

VY = Y% Y L Y Y
sy)=04p; ¢ 0} pyﬁl,ry7

A(é,HovKoéy) - A( )
= o3pt Yoy
=02p% o) Tyv,
= a“’oﬂp ' Ty7

!
’Y’Y Y
— 0_77 o= Ty

as required. S O

Lemma 4.2.9. Let z = (H,x, Hy), y = (K, ¢, Ko) and 2 = (L, 0, Ly), with

z>y,andy €. Then
A(éxHO’YKOéqS . t;) = A(éXHo’YKOé¢) . A(t;)

Proof. Let v = (V,0,Vp) = z7 Ny and w = (W,8", Wy) = 27N 2. By lemma

422,

éxHovKoéy - t; = m(v,1; v)éxHovLoés
= |(HoyKo NyLoKo)/KoléxHovLo€e
= I(Ho’)/KQ N ’)/Lo)/KoléxHo’)’Loég

= |Wo : VoléxHovLoés

and therefore

A(ExHovKogy - ) = [Wo : Vologpy, 7.
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Now,

A(e,HovKoéy) - A(t;) = o)p=' 1Y - Ty

2w w2
_Umpwvava

7 2

= |W0 : V0|U;,-Yl)w Tw

as required. d

Lemma 4.2.10. Let z = (H,x, Ho), y = (K, ¢, Ko) and v,v' € T'. Then
A(SZ;,_I : éxHO’YKOéqS) = A(SZ;,_l) . A(éxHo’)’Koé¢)

Proof. Let z=1x"Ny. By lemma 4.2.2,

1

8;/7,__1 . éXH07KOé¢ = éx71—1 Hg ’yl’)’Koé¢

and therefore
7 - - 4 Y
A(sY -1 - ExHovKoéy) = 0 _1p; 77

Also,

4 ~ =N\ _ vy
AsT,1) - A HorKogg) = 07,y - 03p !
'
_ Y Ty
- O-x’yl—lpz Tz

as required. O

Lemma 4.2.11. Let z = (H,x, Ho), y = (K, ¢, Ko) and z = (L, 0, Lo), with

2>z, andy €. Then
A(T; ) éXL{O”Y‘K’Oé({)) = A(T;) . A(éxHO7KOé¢)
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Proof. Let v = (V,¢',Vp) = 27Ny and w = (W, ¢",Wy) = 2" Ny. By lemma
4.2.2,
rs - ExHovKoéy = m(1,7; 7)€ LovKoéy
= |(L01H0 N ’YH07_1K0)/H0|69H0’)’L0€¢,
= I(LO N HgKo)/H0|é9Ho’yL0é¢
= |W0 : ‘/()|69H07Loé¢
and therefore
A(rZ - e, HyyKoéy) = Wy VololpZ Y.
Now, using the cohomologicality axiom,
A(r2) - A(&xHyvKoly) = p - 0005 T3
= ol Ty
= 000y T T
= o0 perer
=|Wy: V0|Uzpij7'3
as required. O

Lemma 4.2.12. Let z = (H,x, Hy), y = (K, ¢, Ko) and z = (L, 0, Lg), with

z,y <z, andy €l'. Then
A(t; - ry) = A(E7) - Alry)-

Proof. We use the Mackey axiom (MF.5) of C.M.M. I'-functors, and the
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Mackey decomposition formula (H.5) of lemma 4.2.6:

Z .2 _ Y,z ]
tz Ty = Z Szraﬂﬂytz‘7ny
v€Ho\Lo/Ko
and therefore
z zy _ § : vz Y
A(tw ) Ty) - O-xpa:“fﬂyTz’Yﬂy'
vyeHo\Lo/Ko
However,
z Z\ __ 2, a7 v .z y
A(t:z:) : A(Ty) =Tz Py = E : Oz PrynyTerny
v€Ho\Lo/Ko

as required. O

Lemma 4.2.13. Letz = (H,x, Hy), y= (K, ¢, Ko) and z = (L, 0, Lg), with

y >z, and v,y € I'. Then
A(&, HyyKoés - 1Y) = A(é HovKoéy) - A(rY).
.Proof. Let v =z Ny. Then
&x(HovKo)éy = s3ry 8,
S0

A(& HovKogy - 1Y) = A(siry tyr?)

= A(s]) - A(ry") - A(t)) - A(rY)
by lemmas 4.2.10, 4.2.11, and 4.2.12,

= A(s3) - A(ry"t) - A(r?)

z
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by lemma 4.2.11,
— A(srETEY) - A(r)
by lémma 4.2.10, as required. O
Lemma 4.2.14. Let z = (H, x, Ho), y = (K, ¢, Ko) and z = (L, 0, Ly), then
A&, HyyKoéys - 64Ky Loés) = A(ExHovKoés) - A(EsKo7' Loés).
Proof. Let w =y Nz. Then
& HoyKofs - 69Ky Loés = &, HoyKody - s7 - 19 -1,
and therefore
A, HoyKoéy - o Koy Los) = A(ExHovKoéy) - A(SZ’) : A(ﬁf’) - Alty,)
by lemmas 4.2.9, 4.2.13 and 4.2.8,
= A(e HovKofs) - A(s] 14 - 12)
by lemmas 4.2.13 and 4.2.9,
= A(&,HovKoés) - A(€xKov Loés)
as required. O

Proposition 4.2.15. Let A = (A,p,7,0) be a C.M.M. I'-functor over R.

Then A of definition 4.2.7 is an R-additive functor A: Hgr s — mod(R).
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Proof. This is clear: all we need to check is that A respects composition of

the morphisms, and by lemma 4.2.14 this is clear. O

Proposition 4.2.16. Let A be a R-additive functor
A: HRI‘,S — mod(R)
For x = (H,x, Hy), y = (K, 9, Ko) and v € T', define

Alz) = A(R[T/Holey),

7Y = A(tY),
Py = A(rY),
o) = A(s])

Then (A, T, p,0) is a C.M.M. T'-functor over R.

Proof. By lemma 4.2.6, (A, 7, p, o) satisfies the axioms for C.M.M. I'-functors

over R. O
We are now in a position to prove the main theorem.

Theorem 4.2.17. The category of C.M.M. T'-functors over R, M%(S,T),

is equivalent to the category of R-additive functors from Hgr,s to mod(R).

Proof. By proposition 4.2.15 we know that for each C.M.M. I'-functor over
R, A, we have an R-additive functor A: Hgrs — mod(R). By proposi-
tion 4.2.16 we know that for each R-additive functor A: Hgr s — mod(R),

we have C.M.M. I'-functor over R, A. Clearly these two processes are
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inverses of one another. We need to show that this approach takes mor-
phisms between C.M.M. I'-functors to morphisms between R-additive func-
tors Her s — mod(R), and vice-versa. But this is clear from the definition

of a morphism between C.M.M. I'-functors over R. O

This theorem is important in its own right. However, of greater impor-

tance to us is the following corollary.

Corollary 4.2.18. Suppose A is a C.M.M. I'-functors over R, and we have

triples (T}, xi, Ai) € S fori=1,2,...,nandi=n+1,n+2,...,n+m. If

n n+m
P RIr/Ade, = P RIT/AJE
=1 t=n+1
then
n n+m
P AT xi M) = P AT x5 )
i=1 i=n+1

In the next chapter we will find all relations in the Hecke category of this

form.

4.3 Examples of C.M.M. I'-functors

In this section we give two examples of C.M.M. I'-functors. We also mention

without proof a number of other examples.

Proposition 4.3.1. Let M € mod(Z,I'). Then

A: (I, x, A) = M2é,
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with p, 7, o the usual restriction, induction and conjugation maps, s a

C.M.M. T'-functor over Z,.

Proof. This result can be proved directly, by showing that p, 7 and o obey the
necessary axioms. Alternatively, this can be proved via proposition 4.2.16:

we have a Z,-additive functor

A: HZPF,S — mod(Zp)

Z,[T/A)e, — M2é,

and hence the corresponding A is a C.M.M. I'-functor over Z,, with p, 7, o

the usual restriction, induction and conjugation maps. O
4.3.2. Remark. In a similar way, it can be shown that
A: (I, x, A) = HY(A, M)é,

with p, 7, ¢ the usual restriction, induction and conjugation maps, is a

C.M.M. I'-functor over Z,, as is
A: (T, x,A) = Mapé,

with p, 7, o the usual restriction, induction and conjugation maps.

Let F be an algebraic number field, a Galois extension of Q with Galois

group I' = Gal(F/Q). For our second example, we will show that
'A: (F,7X7 A) = CI(FA)PéX

with p, 7, o defined below, is a C.M.M. I'-functor over Z,.
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Definition 4.3.3. In what follows, for F' an algebraic number field we denote
the ring of algebraic integers in F' by Op. Z(Op) denotes the ideals of
Or, and P(OF) denotes the principle ideals of Op. T' = Gal(F/Q), and
T acts on F in the obvious way. Thus CI(F2) = T(Opas)/P(Ops) and
CI(FA), = Z(Opa)p/P(Opa)y.

Lemma 4.3.4.

B: (T, x, A) > T(Ope )péy

is a C.M.M. T-functor over Z, where (for A C A’), p, 7, 0 are induced
from the norm map N: F& — F2'| inclusion F&' — F and conjugation by

elements of the galois group, respectively.
Lemma 4.3.5. The inclusion

P(Opa)péy € I(Opa)pey
satisfies the requirements of lemma 4.1.10.

Thus we have

Proposition 4.3.6. Let F' be an algebraic number field, a Galois extension

of Q with Galois group T = Gal(F/Q). Then by lemma 4.1.11,
A (T, x, A) = CI(F2),8,
with p, T, o defined below, is a C.M.M. T'-functor over Z,.

An interesting question which may be considered is, how Cl(F?),é, and
CI(F)5é, relate to one another, bearing in mind that they are both C.M.M.

[-functors over Z,. We do not deal with this question here.
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Chapter 5

Relations in C.M.M. I'-functors

I N THE previous chapter we demonstrated that, for a C.M.M.
[-functor over Z,, A, a direct sum relation of the form
@ZP[F/A @ZP[F/AI]%J

for triples (I, xi, A), (T, ¢5, A}) € uRep, yielded a direct sum relation of
the form

D AT, A EBA ((TF, 65, A7)

In the first section of this chapter we dlscuss how we can go about finding such

relations. We go on to actually find all such relations in the case I' = G, in

the second section.
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5.1 General considerations

In this section we consider a general approach to finding the direct sum

relations of the form
EB ZP[F/Ai]éXi = @ Z:D[F/A;']éfﬁj
i J

for triples (I}, xs, As), (T}, 5, A}) € uRep,. Our approach is to look at the
direct sum Grothendieck group of monomial modules of this form, PP'(Z,I),
which is contained within PP(Z,I"). We introduce species sg. (where H is
a p-hypoelementary subgroup of I') because these species separate elements
of PP(Z,I')—that is, two permutation projective modules M and N are iso-
morphic if and only if s (M) = su(N) for every species. In fact, we use
a subset of the set of all species which is still big enough to separate per-
mutation projective modules. Therefore by looking at the values of sy (M)
as M ranges over a generating set for PP'(Z,I") we can determine when the
direct sums of two different sets of generators are in fact isomorphic, that is,

we have a relation in PP'(Z,I').

We begin by establishing some notation.

Notation 5.1.1. Throughout what follows, u will be a finite group, large
enough to include all the roots of unity taken by the characters x for (I, x, A)
lying in uRep, with Q,[u] a Galois extension of Q,. For example, we could
take all the kth roots of unity, where |I'| = p"k, and p{ k.

We denote the ring Z,[u] by R. Our choice of u ensures that R is of finite
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degree over Zj,.

5.1.2. Remark. Inclusion is an injective map
i: PP(Z,I') — PP(RT).

To see this, note that inclusion map PP(Z,I') — PP(RI") composed with the
restriction PP(RT) — PP(Z,I') is the same as multiplication by the degree

of R over Z, (which is finite), and PP(Z,I') is torsion free.

We are interested in finding direct sum relations between modules of the
form Z,I'/Aé, for triples (I",x,A) € uRep,. These modules are clearly

permutation projective modules, since
Z,L/Né, @ Z,T/A(1 — &) = ZpT'/A.
Therefore we define

Definition 5.1.3. We denote the subgroup of PP(Z,I') generated by the
classes [Z,I'/A&,] for (I, x,A) € uRep, by PP'(Z,I'). We denote its image

in PP(RT) by PP'(R).

We present now a series of results taken from [5] which will allow us to

tell when two elements of PP(RT') are distinct.

Definition 5.1.4. Let H C I' be a p-hypoelementary group, that is, H =
P x C for a p-group P, and C a cyclic group of order coprime to p. Let
C =<c>. We define the species sy, to be a map from the permutation

projective RT-modules as follows. For a permutation projective RI'-module
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M, we define M’ to be the sum of the indecomposable summands of M |5
with vertex P. (The vertex of a module is the maximal p-group which acts
trivially. Note that necessarily the indecomposable summands of M l}} have
vertex a subgroup of P.) s H,c(M) is then computed by considering the value
at c of the Brauer character afforded by M’. For further details, see [5], pages

880 and following. sy . induces a homomorphism (also denoted sg)
sgc: PP(RI) — R.

We define %, to be a map from the permutation projective Z,I'-modules h

where s}, = Sy 0. 8, induces a homomorphism (also denoted SHe)
Sye: PP(Z,I') — R.

These species separate the elements of PP(RI') in the sense that M & N
if and only if sy (M) = sp(N) for all species sy.. However we can say
more than this. We will define a minimal set of species § which together still

separate elements of PP(RI"). See [5], remark 81.23.

Definition 5.1.5. We define 8§ = {sg.} to be a collection of species as
follows. Let P range over a full set of nonconjugate p-subgroups of I'. Denote
the normaliser of P in " by Np(P). For each P, let C' = <c> where c ranges
over a full set of nonconjugate elements of order coprime to p of Np(P)/P.
For each P and c above, we include sy, in § where H = P x C.

Thus in effect we take P to range over a full set of nonconjugate p-
subgroups of I and for each P take one H from each conjugacy class of

subgroups P x C' C I
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We define n = |§].

We will label the distinct species sy in 8 as s;, 1 =1;...,n.

Theorem 5.1.6.

s: Q®z PP(RT) — (Q®z R)"

[(M] = (s:(M))
is an tsomorphism.

Proof. See [5], theorem 81.24 and corollary 81.26. To provide an outline of
the proof, we establish idempotents e; in the ring Q ®z PP(RT) such that

Sj(ei) = 51.7 and Z?:l e; = 1. O

We can now determine when two elements of PP(RI") are equal, and
hence identify the relations in PP/(Z,I"). Our approach will be as follows. We
will calculate s (Z,I'/Aé,) for each (I',x,A) € uRep, with [Z,I'/Ag,] €
PP'(Z,I') distinct and each sy € 8. It is then simple linear algebra to work
out those linear combinations of elements [Z,I'/Aé,] € PP'(Z,I') which map
to zero; these linear combinations provide all the relations.

We conclude this section with some preliminary calculations towards com-
puting s (Z,'/ Aéy).

Lemma 5.1.7. Consider a triple (I',x,A) € uRep,, and let R, denote a
copy of R where I acts via x. Let sy € S with H=PxC and C =<c>.
Then

sae(M) =Y x(¢).

~el'\I'/H:
ng\/"l
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Proof. Firstly,

Ml?{ = Rng'lg = @ E::HH ''nH

~ye'\I'/H

using the Mackey formula. The sum of the indecomposable summands of

M |, with vertex equal to P is

' _ il
M = @ v | D
~ET'\I'/H:
PCI'nH

su.c(M) equals the trace of ¢ acting on M'. Now, the trace of c acting on

(Ry)" | Py TEvny is zero whenever I"Y N H # H. Therefore sy (M) equals

the trace of ¢ acting on M" where

M= @ ®yF = D (Rlhm)”

" yel\I'/H: ~eI\T'/H:
PCT'NH, HCT!
I"NH=H

For c € H, therefore, we consider how c acts on the RH-module ( xl H’Y_l) .

For r € R, denote the correspbnding element of ( xlF _1)7 7)7. Then

1

()= (r- ) = (rx(d))
and the value of the Brauer character at ¢ is seen to be x(c?™'). Therefore

sae(M)= > x(@)
~eI\I'/H:
HCr'

as required. ’ O
Lemma 5.1.8. Let sy, € 8 with H =P xC and C =<c>. Consider a

triple (I, x, A) € uRep,, and let M = Z,I'/Ae,. Then

- -1

s M)= > %)
+eD\T/H:
HCT
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Proof. For (I, x, A), let R, denote a copy of R where I acts via x. Then

sue(M) = Z SH(Fy)

x’€orb(x)

= > > X

~ x'€orb(x) veI'\I'/ H:

HCT'Y
-1
_ ~ 0
= Y x(@)
~€e\T'/H:
HCD!"
as required. O

5.2 Example—the group G,

To conclude this chapter, we will find all relations of the desired form for I' =
G,.p, the metacyclic group we considered in section 2.4. We Will consequently
prove the relations used in lemma 2.4.18 to simplify the calculations in section
2.4. In fact, we will prove that these are (up to linear combination) the only
relations for G p.

We use the notation developed in section 2.4.

Lemma 5.2.1. For T' = G,,, the triples contained in uRep, are precisely
({1}) ¢6a {1})7 (an ¢0) Cq); (an ¢i7 {1}) fOT"I: = 11 .. ,q_l; 'where ¢1 T — ei;
(Cpy X0 Cp)s (Gapy X0, Gap), and (Ggp,Xi,Cp) for i = 1,...,9 — 1, where

xi: T —= 6
Proof. See lemma 2.4.15. O
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5.2.2. Remark. Note that each of the characters involved maps into Z,, and

— ! —
therefore we can take R = Z, and s . = sp,.

Lemma 5.2.3. For ' = Gy ps

8 = {s{1},1,5C,,rs 5Cp,1 8Gapyr}-

Proof. Recalling the notation of definition 5.1.5, we see that either P = {1}

or P = C,, and in either case, C = {1} or C = C,. The lemma follows. O

We now calculate sy .(Z,I'/Aé,) for each sp. € 8§ and each (I',x,A)
in uRep,. We will work the values out in two stages, using the formula of

lemma 5.1.7.

Lemma 5.2.4. The entries in the following table are those double coset rep-
resentatives v € I'\I'/H such that H C I'", as sy, ranges over S and

(T, x, A) ranges over _uRepp..

S{1}1 8¢y, S$Cp,1 SGq,pT

({1}, ¢, {1}) r 0 0 0
(Cq, b0, Cq) Cp {1} ) 0

(Co o0, {1 | Gy {1} 0 0

(Corx0:Cp) || Gy 0 Cy )

(Gaps X0, Gap) | {1} {1} {1} {1}
(G xi Gp) | {1} {1} {1} {1}

Proof. Instead of the requirement that A C I, we will use the equivalent

requirement that H IO
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The empty sets arise since HY~ ¢ I if |H| > |[|.

For the bottom two rows, we observe that I = I' and so necessarily
H" CT’, and also I"\T' = {1}.

For the first column, we observe that H = {1}, and therefore H"~ C I
for any «y, and I"\I'/H = I"\T".

This leaves three entries requiring further calculations.
C\Gqp =1{Cy, Cyo, .. ., CyoP™ '}
Now, C,o*r = C,ro™, s0 C,o*C, = Cyo™*C, for all i € Z. Therefore

C\Gyp/Cy = {0 : k€ FY/ <r>},

that is, (p—1)/q different double coset representatives. Now, 070! = 70",

and thus

- L_
ofrlo™ = 7ol Dk,

Therefore C7 * =, if and only if p | (r — 1)k for every [, that is, if and only
if p | (r — 1)k, which only happens if C,o*C, = C,1C,.

Finally, C,\Gy,/Cp = Cy, and C5" = C,, for any k € Z. - 0

Lemma 5.2.5. The following table contains the values of sy o(ZpI'/ Aéy), as

suc ranges over $ and (I, x, A) ranges over uRep,.
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S{1}11 SCq,7 S$Cp1 | SGqppi7
({1}, 90, {1}) | pa 0 0 0
(Cqy00,Cq) | P 1 0 0
(Cod0, {1} || P g 0 0
(Cox0: Cp) || 4 0 q 0
(Ggpy X0, Gop) 1 "1 1 1
(Gyps Xir Cp) 1 g 1 6

Proof. Repeated use of the formula of lemma 5.1.7. The calculations are
simplified for four of the six rows since the character involved is the trivialA
character, and therefore the value in the table is equal to the number of
double coset representatives in the corresponding entry of the previous table.
For the remaining two rows, two of the columns have ¢ = 1 and so in each
case x(¢””7) = x(1) = 1, and in the other two columns there is at most one

double coset representative to consider. O
We are now in a position to identify all relations in PP'(Z,G).

Theorem 5.2.6. All direct sum relations occuring between modules of the

orm Z,I'/Aé,, where (I, x,A) € uRep,, are integer combinations of the
P X P

relations .
g-1
Zqu,p = ZPCP ® GB ZPGq,pédH
i=1"
and
g—1
Z,Cy 2 Ly & P Z,Céy,.
i=1
147




Proof. Direct sum relations between modules of the form Z,G,,/Aé,, where
(I'",x,A) € uRep, are in one to one correspondence with linear relations in
PP'(Z,G,,). Suppose for some u,v,w;,z,y,2 € Zfori =1,...,9 — 1 we
have a relation in PP'(Z,G,,):

q—1

U[Zqu,p/{l}éd){)] + U[ZyGop/Cefgo] + Z Wi[ZpGop/{1}E4,]

i=1

+ w[Zqu,p/Cpéxé)] +Y[ZpGap/Gaplxel + Z %[ ZpGop/Cpéx:] = 0,
i=1
that is, a relation
g—1 q—1

U[ZypGp) +0[Z,Cp) + Z Wi ZpG g pls;| + 7 ZpCo] +y[Zp) + Z zi[ZyCyy,] = 0.

i=1 . =1
Denote the left hand side of this relation by LHS. We know that, for each

sHe € 8, sy (LHS) = 0. We now use this to obtain relations between the

u,v,w;, r,Y, z;.

SGopr(LHS) =y + > _ 28 =0

which implies that y = z; foreach¢=1,...,¢ — 1.
sc,+(LHS) = v+ Zwﬂi +y+ Zzﬂi =0
which implies that v = w; foreachi=1,...,¢— 1.
sc, 1 (LHS) =qz +y+ Zzi =0
which implies that z = —y.

spya(LHS) =pqu+po+pY wi+ge+y+y z=0
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which implies that u = —v. Thus all relations are of the form

q-1 . g-1
ulZpGyp| —ulZpCp| — u Z[ZPGQaPé¢i] +z(ZpCq| — z[Zp] — = Z[chqé)(i] =0

=1 i=1

as required. O

5.2.7. Remark. These two relations are precisely the relations used in lemma

2.4.18 to simplify the calculations.
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Appendix A
Index of Definitions

—O—
C.M. M. T unctor .« oot e e e 119

Cohomological monomial Mackey functor see C.M.M. I'-functor

Coinvariance factorizability theory.............. ... ... 84
Equivalence, of factorizability theories ............................... 29
Extensional module category ....... ... 15
S
Factor equivalence, of modules............... ...l 26
Factorizability, of invariants ............ ... 25
Factorizability theory....... ... i 21
Fibre category ®(C,F) ... uuununtinii e 15
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—H—

Hecke category .......ouinini 124

Heller SeqUence . . .....oovnin et 19
—I;—

Invariance factorizability theory ......... ...l 50
—

Locally defined ... ... i 25
— M—

Monomial Mackey functor see C.M.M. I'-functor

—R—
Real factorizability theory ........... ... .. e 38
Relative group Ko(C,F) oo vverrii 17

g
ODECIES .+ o vttt 140
Strength, of factorizability theories............... ... i 29
St TAC IIESS . -« e v e ettt et e e 26
Strong cyclic case, of a factorizability theory...................... .. 55

—W—

Weak cyclic case, of a factorizability theory .......................... 54
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