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Abstract

We investigate semiclassical contributions to correlation functions in A = 1 supersym-
metric gauge theories. Our principal example is the gluino condensate, which signals
the breaking of chiral symmetry, and should be exactly calculable, according to a su-
persymmetric non-renormalisation theorem. However, the two calculational approaches
previously employed, SCI and WCI methods, yield different values of the gluino con-
densate.

We describe work undertaken to resolve this discrepancy, involving a new type of
calculation in which the space is changed from R?* to the cylinder R® x S!. This brings
control over the coupling, and supersymmetry ensures that we are able to continue to
large radii and extract answers relevant to R*. The dominant semiclassical configu-
rations on the cylinder are all possible combinations of various types of fundamental
monopoles. One specific combination is a periodic instanton, so monopoles are the ana-
logue of the instanton partons that have been conjectured to be important at strong
coupling. Other combinations provide significant contributions that are neglected in
the SCI approach.

Monopoles are shown to generate a superpotential that determines the quantum
vacuum, where the theory is confining. The gluino condensate is calculated by summing
the direct contributions from all fundamental monopoles. It is found to be in agreement
with the WCI result for any classical gauge group, whereas the values for the exceptional
groups have not been calculated before. The ADS superpotential, which describes the
low energy dynarﬁics of matter in a supersymmetric gauge theory, is derived using
monopoles for all cases where instantons do not contribute. We report on progress made
towards a two monopole calculation, in an attempt to quantify the missed contributions

of the SCI method. Unfortunately, this eventually proved too complicated to be feasible.
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Chapter 1

Introductio_n

The mathematical foundations of particle physics are quantum field theories with local
gauge invariance. The standard first step towards calculations in these theories is to
make a perturbative expansion in powers of the dimensionless coupling constant, g,
which must be small for this approach to be valid. Perturbative calculations have been
used to make predictions that have not significantly disagreed with experiment for over
twenty years. Nevertheless, there are many non-perturbative phenomena, chiefly those
associated with low energy hadronic physics where the coupling is large, for which we
have a much poorer understanding.

In all four dimensional non-abelian gauge theories, it is known that, even for small
values of the coupling constant, there are contributions that do not appear in the per-
turbative expansion. They arise because of the existence of non-trivial solutions of the
classical equations of motion, known as instantons. We can make a perturbative expan-
sion around these solutions, instead of the trivial version, in a semiclassical calculation

that leads to results of the form
e=Co7* (a0 + a19? + apg® + .. ), (1.1)

with constants C and {a,}. The exponential factor has an essential singularity at g = 0
and so cannot be written as a Taylor series in g. For this reason, these contributions
are called non-perturbative, although just as for conventional perturbative calculations,
we have no way of estimating their effects when the coupling constant is large.

In principle, instantons can be used to provide analytical information about various
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aspects of the low energy behaviour of theories, but due to the uncontrollably large
coupling in that situation, semiclassical calculations normally give infrared divergent
answers that are difficult to interpret. In the last few years, however, well-defined
results have been obtained using instantons in supersymmetric theories, that is, theories
possessing invariance under transformations that mix bosonic and fermionic degrees of
freedom. Supersymmetry has attracted a great deal of interest, because it appears
ubiquitously in viable generalisations of the standard model, the set of gauge theories
that describe well our current knowledge of particle physics, and because it leads to the
simplification of many issues through the use of powerful analytical tools. For example,
symmetry allows the proof of a non-renormalisation theorem, which states that exact
results for certain quantities may be found using semiclassical calculations. This was
first achieved for the larger, extended supersymmetries, with N’ = 2 or N’ = 4, where
the power of extra symmetry also gives greater control over the size of the coupling.

In contrast, for theories with the minimal ' = 1 supersymmetry, there are incon-
sistencies between different instanton calculations of a fundamentally important corre-
lation function, the gluino condensate, that have not been explained in nearly fifteen
years! The two types of approach are SCI (strong coupling instanton) calculations,
which are direct but contain no attempt to ensure that the coupling is small, and W-
CI (weak coupling instanton) calculations where quantities are found indirectly, via a
modified theory in which the size of the coupling is controlled. We believe that the SCI
calculations are incorrect, because while instantons are the only non-trivial solutions
that may contribute for small values of the coupling, there may be other important
configurations at large coupling that are missed in the SCI approach.

In this thesis, we will describe a new type of calculation, with the aim of resolving
this dispute. The strategy is to modify space from R* to R® x S'; supersymmetry will
enable the large radius limit to be taken for all results, so that answers relevant to R
may be obtained. This modification also has the effect of providing control over the
size of the coupling; and regulating the undesirable properties of candidates for the
neglected configurations in the SCI method. It therefore combines the reliability of
the WCI calculations with a mechanism for understanding the shortcomings of the SCI

approach. We find that on the four dimensional cylinder R3 x S, the relevant semi-
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classical configurations are monopoles, and together with instantons, these solutions are
in principle sufficient to exactly determine any calculable quantity in supersymmetric
gauge theories on R%.

We resume in chapter 2 with a general introduction to semiclassical calculation-
s, and a description of the most widely used semiclassical configurations, Yang-Mills
instantons. More required knowledge is presented in chapter 3, where we discuss the rel-
evant implications of supersymmetry. We also define the gluino condensate and review
previous methods used to calculate it.

In chapter 4, we describe the essence of the calculations on R® x S! presented in
this thesis, and explore the properties of the dominant semiclassical configurations,
monopoles, on that space. The calculational method is investigated in detail in chap-
ter 5, where we apply it to the determination of the gluino condensate with gauge group
SU(2), and to the calculation of the superpotential in the low energy effective action
of the theory on R® x S* [1].

Chapters 6 and 7 contain various attempts to generalise the one monopole calcula-
tions of chapter 5. First we present one monopole calculations of the gluino condensate
for any gauge group (3], and of the ADS superpotential that describes the low energy
dynamics of matter included in a supersymmetric gauge theory [2]. In the later chapter
we report on the progress made towards a two monopole calculation designed to check
the monopole hypothesis, by explicitly evaluating the contributions missed by the SCI
method, in the case of gauge group SU(2). The Nahm construction of multi-monopole
solutions is discussed, and investigated in detail in the one monopole sector. An iden-
tity fulfilled by a Green’s function that appears in this formalism is obtained, and this
enables the identification of two previously unknown adjoint fermion zero modes. They
are possessed by every monopole configuration with winding number greater than one,
and are associated with a natural symmetry of the Nahm construction. These results
are only a small part of the technology necessary to attempt this calculation, however,
and unfortunately it proved to be impossible.

Finally, we will draw our conclusions in chapter 8.



Chapter 2

Semiclassical physics and instantons

We shall begin by describing the methods and introducing the necessary terminology
for the calculations presented in this thesis. We do this partly by using the example of
Yang-Mills instantons, in the second section of this chapter. Good references for this
background material can be found in textbooks and reviews [4, 5, 6] and in the seminal

paper by ’t Hooft [7].

2.1 The formalism of semiclassical calculations

2.1.1 Instantons

For now we shall consider a general bosonic field ¢, which may be thought of as a real
scalar field, in order to reduce complications such as having to follow index structures,
and so as to show most clearly the general features of a semiclassical calculation. Then
we will add details and improvements until the formalism is sophisticated enough to

cover all cases, including gauge fields and fermionic fields.

In the Euclidean version of the theory, which is the case with the greatest security

in issues of convergence, the partition function has the form
Z = /d¢ e~5lel, (2.1)

and quantities of interest to calculate are the correlation functions, or multi-point func-
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o)

The action S is the integral over the infinite volume of Euclidean space of a function of

tions,

I #(zx)

n

0> =71 / dgpe SO (zn)- (2.2)

n

¢, and so unless the field is in a special configuration the action will not be finite. The
functional integrals above both contain e~ in the integrand, so we may expect that
they only have non-zero contributions from regions in field space where ¢ obeys the
appropriate conditions to ensure S < co. More precisely, the heavy suppression of large
values of the action by the factor e means that we can reliably approximate such an
integral by using expansions around every finite minimum of the action to approximate
all the significant contributions to the integral. This is the essence of semiclassical
calculations.

Let @class be a field configuration that locally minimises the action (which implies it
is a solution of the classical Euler-Lagrange equations of motion), and where the value
of the minimum is finite;

)

— =0, § < 00. 2.3
5¢ $=0class [¢ClaSS] ( )

Solutions of this type are called instantons, and it is the neighbourhoods of these points

in field space that dominate the partition function and correlation functions.

2.1.2 The semiclassical approximation

In order to approximate contributions to the functional integrals due to the instanton

Pelass, we first define d¢ as the fluctuation of the quantum field ¢ from the classical

solution,
¢ = Pclass + i, (2-4)

and then expand the action about ¢¢jags,

Sl =Sl + [ dzs0ta) 57

]
(5¢($)6¢(y) d=dclass

$=@class

+ %/ddw d% 6¢(z) dd(y) +.... (2.5)
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From the definition of ¢¢j,ss, it is obvious that the term linear in §¢ vanishes. Further-
more, we shall not retain terms in the expansion past quadratic order in this thesis, a
truncation we will call the semiclassical approximation, and which we discuss in more
detail below. In this case, the functional integrals have Gaussian form and can be
evaluated.
To see this, consider
628
Eclass(2,y) = 56(2)50(y) s

which is a real symmetric operator and therefore has a complete set of eigenfunctions

(2.6)

with real eigenvalues, o; € R,

/ 4y Stass (2, 9) fi(y) = 03 i(2), (2.7)

(no implicit summation over i is intended), where we can choose the functions {f;} to

be orthonormal,

/ e fi) (@) = 8 (28)
Expressing d¢ in terms of these eigenfunctions,
0¢ =) afi (2.9)
i
we find, to quadratic order in §¢,
eS8 = g=Sldelassl g~ 3 s vic} (2.10)

which is an exponentially decaying Gaussian factor because we know o; > 0 as Pclass
minimises the action, so X jass(2, y) is a positive semi-definite operator.

Up to this point we have not explicitly defined the measure in the functional inte-
grals, but we have now introduced the convenient variables to use in the neighbourhood
Of Pclass- First, we can work with the quantum fluctuation ¢ rather than the full field

¢, and then we may parametrise the degrees of freedom of §¢ as the coefficients {¢i} in

equation (2.9), so

/d¢=/d5¢=N/H%, (2.11)
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including a constant NV to account for our ignorance of the overall normalisation. Then,
for example, we can find the contribution to the partition function due to Pclass, In the

semiclassical approximation,

= NeSl(®class] / Loic? 212
H —=c (2.12)
1
= Ne Sl [T 572 (2.13)
i
= Ne SWeiassldet =25, (2.14)

where we have assumed that all of the eigenvalues are non-zero, o; > 0. How to deal with
the case that some of the eigenvalues vanish, as occurs in any interesting physical model,
will be discussed in section 2.1.3. Even if the eigenvalues are all positive, however, the
determinant above still needs careful definition. The spectrum of L is generally
continuous, and the product cannot be taken over an uncountable set of numbers. This
situation may be avoided by imposing periodic boundary conditions, which makes the
spectrum discrete. Still, though, the spectrum is unbounded from above and so the
product is formally divergent. This requires the constant N to be specifically chosen
to normalise the determinant in an appropriate way, as we shall discuss at the end of
this section. Finally, in quantum field theories the normalised determinant contains
divergences that must be removed by regularisation and renormalisation, which will be
considered in section 2.1.6.

To calculate the contribution due to the instanton to the correlation functions to the
same order in ¢, we need only include the zeroth order values of the field insertions,
namely deass(zn), hence

z <H ¢<zn)> = ¢ Slhetes] / dig exp (—% / 6¢zclassé¢> 1n]¢class(wn)- (2.15)

Before we start refining this method to improve its range of applicability, let us
discuss in greater depth the nature of the semiclassical approximation. We shall be
concerned below with gauge theories involving a coupling g, and in which the fields
may be scaled such that the coupling appears in the action only as a prefactor g~2; to
make this explicit we could send S — g~28 above. The corrections to a semiclassical

approximation result may be arranged in powers of g, leading to generic answers of the
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form
e_g_zs[¢class] (ao + a192 + 61,294 +... ) , (216)

with constants {a,} and where ag gives the level of the semiclassical approximation.
This includes a series reminiscent of a perturbation theory result, and indeed our ex-
pansion corresponds to considering perturbations around the instanton. The classi-
cal solution may take a trivial form, ¢ being equal to a constant, with vanishing ac-
tion, and this case is in fact conventional perturbation theory. However, if there are
non-trivial minima of the action, we can be sure that their contributions are not re-
produced by conventional perturbation theory, because the function e—9 >Slfeass] with
S[¢class] # 0 cannot be written as a Taylor series in g about zero, it is non-analytic at
that point. Therefore, semiclassical calculations about non-trivial solutions represent
non-perturbative information. Nevertheless, for these calculations to be well defined,
the series in equation (2.16) must converge, and a necessary condition is that the cou-
pling g be less than one, just as in conventional perturbation theory!. Note that if we
retained /i as a dimensionful constant instead of setting it to one, the functional inte-
grals would contain e="""S and so % would shadow g2 in the above discussion. Then the
convergence requirement would be that g?A should be small, which is where the name
semiclassical originates from. Also, counting g%# factors shows that each subsequent
term in equation (2.16) represents perturbative contributions including one more loop,
and the semiclassical approximation is equivalent to restricting the perturbation theory
around the instanton to one loop.

We can use the recognition that conventional perturbation theory is a special case
of a semiclassical calculation, about a trivial classical solution, to remove the unknown
factor N from equation (2.14). If the perturbation theory contribution to the partition

function is
Zo = Ndet™ 2%, (2.17)

then we can consider the ratio of Z; to Zy and find
det-%xclass
det_%Zo

In fact the series will be asymptotic, and should be approximated by truncating it after the smallest

ZI — Zoe_s[¢class] (218)

term; but we still require the coupling to be small in order that the terms initially decrease.
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2.1.3 Bosonic zero modes

The expression (2.13) is divergent if any of the eigenvalues vanishes, which is not surpris-
ing as in that case the relevant exponential factors are unity instead of being decaying
functions that help the integrals converge. Furthermore, any symmetry of the system
implies a zero eigenvalue, because there must be a corresponding direction in field space
along which the action remains the same. All theories of interest here possess at least
Lorentz symmetry and local gauge invariance, if not supersymmetry, so we must have
a prescription for coping with the zero eigenvalue eigenmodes of the bosonic operator
2class, Or the bosonic zero modes.

We cannot help the divergence of instanton contributions to the partition function
in purely bosonic theories, but this situation will be drastically modified upon adding
fermions to the theory so that need not be of concern presently. What we might hope
to achieve is to rewrite the functional integral measure so that we have a convenient
expression for use in calculating correlation functions; the inclusion of various fields in
the integrand may improve the convergence properties of the integral. This is just what
we shall aim for here.

A useful concept is that of collective coordinates [8]. Every symmetry has an associ-
ated physical parameter in the classical solution, for example the position of localisation
of the solution corresponding to translational symmetry, or a measure of the size of the
solution for the case of symmetry under scale changes. The action of any symmetry on
the classical solution can in fact be taken to be changing the value of the appropriate
parameter, or collective coordinate, giving another solution with the same action.

Continuing to work up from the simplest possible case, let us investigate the case
of just one symmetry, with a collective coordinate 7. Then there is a one-parameter
family of classical solutions with different values of 7, {@eass(2; 7)}. If we consider é(z)

equal to a solution infinitesimally displaced from one with the particular value T,

¢(z) = Pelass (T; T + or) = Pelass (2; 7) + Mlasd#’lw&r +.o, (2.19)

then considering the expansion of the action as in equation (2.5), the term of order §72

shows that i‘&d‘fﬁ is an unnormalised zero mode of ¥ j,5s. By a suitable choice of labels
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for the eigenfunctions and their eigenvalues, we can write og = 0 and

d¢class d¢c1ass 2 %
Lot :( / it (—dT )) fo (2.20)

This appears multiplied by 7 in the fluctuation §¢#, which indicates that a simplification
may be to change variables in the functional integrals from the coefficient of the zero
mode, ¢y, to the collective coordinate 7, a more natural and convenient choice.

In order to realise this change of variables and determine the relevant Jacobian

factor, we shall insert into the functional integrals a Fadeev-Popov unity operator,

- / dr 6 ({09, Geass ) A (Gatas) (2.21)

with (f,g) = [ diz f(z)g(x) an obvious scalar product for functions, and Pelass = %%m

The normalisation A must be arranged to make the above relation hold. The rules of

calculus show that it should take the form

(2.22)

(¢class) - ’ <5¢7 ¢class>

= ~_ <¢.Sclassa q.sclass> + <6¢a ééclass> ) (2-23)

where the second term in the final expression can be neglected in the semiclassical
approximation. The delta function is only non-zero for fluctuations orthogonal to the

zero mode.

The instanton contribution to the partition function becomes

Z; = Ne—Sbcass / ( | \‘/%) / dr e= 591} <¢dass,¢dass> (<5¢, q'sdass>). (2.24)

1

Recall that ¢ = Zz ¢ fi, and d.’class = <(].5class, q.sclass> ’ fo, so we have

6 ({00, dtass)) = 6 ((q’sdass, o) co) (2:25)

1

= <q.5class: ‘I.Sclass>_§ 6 (co) - (2.26)

This allows us to perform the ¢y integration and find
dc 12 dr /- . i
= S[Pctass] L =5 05C; - 2
Zr = Ne~ I | /\/2—7; \/2—7r.<¢class,¢class> (2-27)

_ 1 dr . . 3
= Ne S[(bdaﬁ]detl 2 Ecla,ss E <¢cla.ss, ¢class>2 3 (2-28) A
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where det’ is the determinant of the operator restricted to the non-zero eigenvalue
subspace, that is not including the zero eigenvalues. The instanton contribution to the
partition function is still divergent because it contains an integral over an unrestricted
variable, but it gives us the correctly normalised instanton measure. Once we have
cured the divergence of the partition function by including fermions, this will be an
essential element in the calculation of correlation functions.

This result can be easily generalised to find the instanton measure with ng bosonic

zero modes,
ng 1
_1 dr; 0 0 2
Z; = Ne~SWeinssl et~ 2% / = det <— v > . 2.29
I class Z1;[1 ﬂ;r_ 37]' ¢c1ass aTk ¢class ( )

which includes the Jacobian factor

N R 2
B = Von € (9Tj class a1y class ) - .

2.1.4 Gauge fields

Field theories with local gauge symmetry are the most interesting and important cases
in particle physics. All of the theories that together form the phenomenally success-
ful standard model of particle physics are gauge theories. In this thesis we shall be
concerned with semiclassical calculations in such theories, and here we will discuss the
necessary modifications to the formalism, given above only for one scalar field, to extend
it to apply to theories with a gauge field.

The solutions to the equations of motion with finite action in pure Yang-Mills theory
in four dimensional Euclidean space are the archetypal configurations for semiclassical
calculations. They are known as Yang-Mills instantons and their properties are dis-
cussed in section 2.2

A gauge field vy, can be viewed as four scalar fields, linked together as a vector with
regard to Lorentz transformations, and with some physical redundancy due to many
different values of the field falling into the same gauge equivalence class. The first point
here doesn’t lead to significant changes in the semiclassical method; the generalisation
from one to many scalar fields is trivial, and the fact that they are labelled by a vector
index is never important as the indices arrange into a covariant expression at every

stage. The last property, however, requires some attention. Gauge transformations of
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the classical solution do not change the action and this suggests the existence of an
infinite number of bosonic zero modes, since the group corresponding to local gauge
symmetry has infinite dimension. To prevent this, we should fix the gauge. Making an

expansion around the instanton, we have
Uy = UEBSS 4 Supy, . (2.31)

and the gauge of v&2* is irrelevant to the calculation of any physical quantity, so we
may pick a useful gauge condition for dv,, since this is the fundamental variable of the

semiclassical calculation. A convenient choice of gauge is given by
DY (5y™) = 0, (2.32)

where DS is the covariant derivative with the instanton gauge field v, This is
known as the covariant background gauge, and it forces the quantum fluctuations dv,,
to be along directions in field space orthogonal to those given by gauge transformations,

as shown by the following argument. If equation (2.32) holds everyvs;here then
/ diz Tr [ADf,lfss (w")] =0, (2.33)

for any function A(z) valued in the Lie algebra (or adjoint representation space) of the

gauge group. We can integrate this by parts, giving
/ dig Tr [JumD,C}fSSA] =0, (2.34)

and then, recognising that an infinitesimal gauge transformation of the classical solution
is v¢1ass y yclass 4 DClass A we can see that equation (2.34) is the required orthogonality
condition.

Once the gauge has been fixed in this way, the semiclassical calculations proceed
essentially as before? allowing us to find, for example, the Jacobian factor for the bosonic
measure.- Investigations of exactly this kind, for a case of interest, will be described in
appendix C. However, the partition function will still be infinite due to the bosonic
zero modes of the instanton, and this causes a significant and fundamental barrier to
any semiclassical calculations. The situation is aided by the inclusion of fermions in

the theory, so we move to consider these next.

*We are neglecting here the influence of the ghosts arising from the gauge fixing procedure, but
since they are described by an anticommuting field, we shall consider this after discussing the similar
but more relevant case of fermionic fields.




CHAPTER 2. SEMICLASSICAL PHYSICS AND INSTANTONS 18

2.1.5 Fermions and fermionic zero modes

We shall now consider a field theory containing a fermion ¢, which transforms under
a spinor representation of the Lorentz group and is composed of Grassmannian or
anticommuting numbers. This latter, defining characteristic of fermions is of crucial
importance to their properties in semiclassical calculations, so we shall briefly review
some useful formulae relevant to such variables.

Let ¢ and n be Grassmannian numbers, obeying
(n+n¢=0, ¢>=n"=0. (2.35)
The rules of integration for these numbers, given by Berezin [9], are that

/dnl =0, /dnn =1 (2.36)

Therefore, because exp ((An) = 1 + (An, we have
/dn d¢ exp (CAn) = A. (2.37)

The measure dn of a Grassmannian number behaves in almost the opposite manner
to an integration measure from real calculus. This is most clearly demonstrated by
noting from the rules above that [ dn acts in the same way as the derivative operator
%. In fact dn should be considered as a Grassmannian number independent of 7, but

defined by the requirements in equations (2.36). The order of integration is therefore

important, since
d¢dn = —dndl. (2.38)

Also, under a change of scale, say n — ¢ = an, preservation of the rules (2.36) leads to

the measure transforming in the reciprocal manner,
d
dn — d¢ = 2L, (2.39)
a
We will assume that the action takes the form

S [¢,0.91] = Salel + [ a‘aviDlg)w, (2.40)
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with some Hermitian operator D. This is quadratic in fermionic fields without the need
for any approximation. Here ¢ can stand for many bosonic fields, for example a gauge

field vy, after gauge fixing. The partition function is

Z = / dé dip dypt e 5819 exp (— / ddwTD(gs)z/;) . (2.41)

We shall treat the factor e~5Bl¢] as before, expanding around a non-trivial classical
solution and neglecting all terms of cubic or higher order in the quantum fluctuations.

To the level of the semiclassical approximation, we can replace D(¢) with D(Pclass) =

Dclass .

We can deal with the fermions using a similar method to the bosonic case. First, we

expand 9 in terms of the eigenfunctions of Dej,ss, including Grassmannian coefficients

{ni},
b= nigi (2.42)
i
The functions {g;} obey
Delassgi = 0is (2.43)

(with no summation over ), and an orthonormality condition

/dda: g;fgj = 0;5, (2.44)
Then, defining the measure as dy dypt = [, dn; d772-L , eéquation (2.37) shows that we have
Zp = / dge~ 5] o; (2.45)
i
= / de e 3819 det Dyjpss. (2.46)

Now we can notice that if any of the eigenvalues of the operator Dass are zero,
the instanton contribution to the partition function does not diverge, but vanishes! A

normalisable solution of the equation
Delassg = 0, (2.47)

is called a fermionic zero mode. If such an eigenfunction exists, the bosonic zero modes

no longer harmfully lead to an infinite partition function, but rather,

Z; = 0. (2.48)
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Then, the partition function is contributed to solely by conventional perturbation the-

ory, which at one loop level gives
Z = Zy = Ndet™7% - det Dy. (2.49)

Note that Xg and Dy are positive definite operators that do not possess zero modes, so
their determinants need not be truncated to give a non-zero, finite result.

Although the semiclassical calculation of the partition function yieldé the value zero,
there are still correlation functions to which an instanton may contribute. We shall take
the case of just one normalised fermionic zero mode, g, with the associated parameter
n in the expansion of . Then, we can draw together the results given in equations
(2.14), (2.15), (2.18), (2.29), and (2.46), and find that the semiclassical approximation

value for a generic correlation function takes the form

1

<H ¢(wn)¢(a¢p)¢T(xq)> — ¢ Splbanns] 487 Hlss / HdT,JBH¢daSS Tn)
I

n,p,q det_EEO
det,Dclass 1 t 4
T detDy : 2.
detD, J 1 Hng(xp)ng (24) (2.50)

We have left undone the integrations over 5, which is a fermionic collective coordinate,
and over its complex conjugate nt. As before, det'Dgj,e represents the determinant
of the operator D ,ss With zero eigenvalues excluded. This formula shows that the
instanton contributions to most correlation functions are also zero. For example, any
purely bosonic correlator, without insertions of 4 or 91, is proportional to f dn1, which
is zero under the rules (2.36). Furthermore, if there are too many fermionic fields in
the correlation function, then the anticommuting nature of 5 gives 72 = 0, and this
again ensures that the result vanishes. Therefore, generally, it is only in the situation
that the correlation function contains exactly the same number of fermionic fields as
the instanton has fermionic zero modes, that there is a non-zero value for the instanton
contribution to the correlation function. This special circumstance is called saturation
of the fermionic zero modes.

The expression above for the instanton contribution to a correlation function in a
theory with a single fermion, and where the instanton has just one normalised fermionic

zero mode, is easily generalised to having several fermions (all still represented by %,
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with identity labels suppressed) and np unnormalised fermionic zero modes, giving

<H (f) (L'n :cp ’l,bf( )> =6—SB[¢C]“S] det’ >3 Viclass /HdeJBH(ﬁclass mn
I

7,0, det_ 5 20 i=1

det D 1
S / L i ] 7 T] o) (e

(2.51)

Here 1,55 is a linear combination of zero modes, including the fermionic collective

coordinates {7;} as coefficients,

nF
Yelass = Z N394, (2.52)
Jj=1
and Jr is a Jacobian factor,
Jr = det™ /ddm‘ g}gk (2.53)
= det™! / d’z / dn; dnf ol Welass- (2.54)

When we come to do semiclassical calculations in gauge theories, the relevant opera-
tor will be 1™ D,,, and we shall make great use of the Atiyah-Singer index theorem that
allows us to find the number of fermionic zero modes of i DS/, as will be discussed
in section 2.2.5. However, we should already state here that if the fermions have a mass
M , included in the operator as i D, + M, then there are no zero modes, so it is only
in the presence of massless fermions that the problem of a divergent partition function

-

is solved in the manner given above.

2.1.6 Regularisation and renormalisation

So far we have only considered the immediately apparent divergence of the partition
function due to bosonic zero modes, which is alleviated by the inclusion of fermions in
the theory. However, more subtle problems can arise because the amputated determi-
nant det'S,ss, and its fermionic analogue det'D,ss, are infinite due to the existence
of many large eigenvalues. The solution to this is to regularise and renormalise the
theory, just as one would in conventional perturbative calculations; these are after all

ultraviolet divergences. When working with instantons it is most convenient to use the
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Pauli-Villars regularisation scheme, which is motivated by imagining that, for every
field in the theory, a similar field is added, but with the opposite, unphysical statistics
and a large mass u that sets the renormalisation scale. Practically, it involves replacing

the determinant of any operator A with the ratio

det A

Jet AW’ (2.55)

where A® is A plus the appropriate power of u. At low energies, the approximate
effect is to scale the small eigenvalues by a constant; at high energies, p is insignificant
and the ratio tends to one, controlling the divergence.

We will be concerned with supersymmetric field theories in this thesis, and fortu-
nately the Pauli-Villars scheme doesn’t break supersymmetry; the extra particles would
follow the physical ones and match up in supersymmetric multiplets. The dimensional
reduction scheme is widely used in supersymmetric theories, indeed it is a variant of
dimensional regularisation designed to preserve supersymmetry, but it is not applicable
to semiclassical calculations as the instanton solution is specific to a given number of
dimensions.

In the Pauli-Villars regularisation scheme, our previous expression for the instanton

contribution to a correlation function, equation (2.51), becomes

<H ¢(n)p(zp 1/’T(ﬂfq)> =

n,p,q I

1
det' ™2 Sgjaes det 2 B
ne_SB[¢class] class / de Tn
K det'_%z(“) det_520 J |1 iJB | I Pelass(Tn)

det gdass detGS" det'Dypss det DY) ;
e el Do [ T TTvatosbcton. 50
C ass ass :

We have included the effects of ghosts, which have a quadratic operator G in the action
(G is positive definite, so ghosts do not possess zero modes and their determinants do not
have to be modified). Also, we have explicitly written the lowest np and ng eigenvalues

from det ¥ and det D respectively, in order to compare reduced determinants

class class

det’, and this has given the power of i at the front. When combined with the instanton

action, this is crucial for the renormalisation group invariance (that is, 4 independence)
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of the result. For the theories we will be discussing in this thesis,
ut = ,u”B—%”F. (2.57)

The contribution from the bosonic operators is u™8, which is easily understood. To
explain why the fermionic factor is u‘%”F , we first state that we will always be dealing
with Weyl or chiral fermions, which couple to the quadratic operator ™D, in the
action. This is not Hermitian, and so not immediately suitable for semiclassical analysis.
Instead, we must rearrange the Weyl fermion and anti-fermion into a real Majorana
fermion, then because this has half the degrees of freedom of a complex Dirac fermion,
the determinant of the relevant operator appears to the power %, which leads directly

to the fermionic contribution of /f%”F .

2.2 Yang-Mills instantons

We give here a quick overview of the features of instantons in Yang-Mills theory in four
dimensional Euclidean space. These provide a good demonstration of the ideas that
we have been discussing so far, as well as introducing the concept of topological chdrge,
all of which will be important for the calculations presented in this thesis. When we
refer to instantons in later chapters, we shall normally mean such Yang-Mills instanton

configurations, as should hopefully be obvious from the context.

2.2.1 The instanton number

The action of Yang-Mills theory in the absence of matter is
1
S= / 047 =Tt (0 ™). (2.58)
29

In order to have a finite action, it is clear that the field strength must tend to zero as
|z| — oco. This does not imply that the gauge field has to vanish at spatial infinity, but

it must have the form of a pure gauge,

lim v, =iUd,U". (2.59)

|z|—00
Therefore every finite action gauge configuration is associated with a mapping U from

the three sphere at infinity, S3,, to the gauge group. Let us start with the simplest
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possible case and take the gauge group to be SU(2), which is also isomorphic to S3.
Therefore U maps S® to itself, and such mappings are topologically characterised by

elements of the homotopy group
m3(8%) = Z, (2.60)

so we can assign to any Yang-Mills instanton an integer, known as the instanton number
or Pontryagin index. This is an example of a topological charge, or winding number
(referring to the winding of the hyperspheres around each other). The instanton number

can be calculated using the formula

1
I
k= /d x 167T2Tr(vmn*vm"), (2.61)

where *v,,, = %emnpq'upq .
To prove this, first note that Tr (vy,n*v™") is equal to the divergence of the Chern-
Simons current, .
K™ = 2™y 0, 2, 2.62
= 2¢ UnGpUq = 31WnTply | » (2.62)
therefore,
/d4zz;’I‘r(vmn*vm") = /d4$ Om K™ =/ (d32)m K™. (2.63)
8%
The condition of finite action, which requires v,,, = 0 on the hypersphere at infinity,
implies €™"P? (Jpvq — ivpvg) = 0 and vy, = U, U ! on S3,. Using these results, the
integral becomes
2
/ d*z Tt (vmp*v™") = / (d*z)m, 3¢ (U (B U U (8,U U (8,UY)).
S

3
oo

(2.64)

We can parametrise the above integral in terms of any three independent variables on
the hypersphere, call them {;} for i = 1,2,3. They are functions of the three coordi-
nates {6;} of the SU(2) manifold, and if we change to these as integration variables,
the trace over U matrices and derivatives becomes exactly the weighting required to

make the invariant measure of SU(2). Therefore,

/ d*z Tr (V™) o Vol (SU(2)) . (2.65)
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However the {{} may map to the {#;} many times, though still continuously, so we

can further write
/ d*z Tr (U *0™™) o k Vol (SU(2)), (2.66)

with k an integer giving the number of times S3, is wrapped around SU(2), which we
recognise as the instanton number. It remains only to find the constant of proportion-
ality between [ d*z Tr (U »v™") and k, and this is most easily achieved by explicitly
evaluating the integral in the case where the mapping is U; = ]%[zmorm. This is a
manifestly one-to-one mapping and so should have unit topological charge. It yields

/S . (d*2)m gem"qur (U1 (8.U7 ) Un (8,U7 ) Uy (8,U7Y)) = 1672, (2.67)
which verifies the factor shown in equation (2.61).

The situation is no more complicated for any other gauge group G, due to the result
[10] that any mapping from an S* to G is topologically equivalent to a mapping from
the S% to some SU(2) C G, so m3(G) = Z and instantons are still labelled by the
instanton number, given by equation (2.61).

The fact that Tr (vy,p*v™") is a total derivative means that it can be added to the
action without affecting the equations of motion. The extra contribution, known as the
theta term, takes the form
W

1672

Sy = / diz Tr (v ¥0™"), (2.68)

and in the partition function it leads to the factor e™5¢ = e¥? so ¢ is an angular

variable with period 2.

2.2.2 The action

As we have just seen, any gauge configuration with finite action is associated with
a topological charge, the instanton number. However, we are not just interested in
finite action configurations, but ones that are also local minima of the action. There
is no smooth deformation of a finite action gauge field that can change the topological
charge3, so we may expect to find minimal action configurations in each topological

sector.

3The topological charge is therefore a non-dynamically conserved charge.
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We seek solutions of the classical equations of motion,
Dpo™ = (. (2.69)

However, we shall not attempt to solve these equations directly, but instead note that
self-dual or anti-self-dual gauge fields, which obey *v;mn = Umpn and *Vmn = —Uma
respectively, automatically fulfil the equations of motion. This is because of the Bianchi

identity,
Dpxv™" =0, (2.70)

which always holds, so any gauge field for which *v,,, is proportional to v, is a
solution of equation (2.69). In Euclidean space, x* = 1, so the only possible eigenvalues

of the Hodge star operator are +1, and therefore it is the (anti-)self-duality conditions
*Vmn = :I:'Umn, (271)

that are of great interest and utility. They are first order partial differential equations,
simpler than the second order equations (2.69). Of course, the (anti-)self-duality e-
quations are a suflicient but not necessary condition for the equations of motion to be
obeyed, so not all classical solutions must be self-dual or anti-self-dual, but there are
no interesting finite action solutions known that are not.

We can also see more directly that (anti-)self-dual configurations minimise the ac-

tion, by writing*

1
S =/d4x4—93Tr (Vmn F *Vmn) (0™ F +0™")

1
:I:/d4$§—g—2—’ﬁ (V™) (2.72)
1
4 mn
> :I:/d 25T (D ro™). (2.73)

The action is also bounded by S > 0, so only one choice of the sign above gives a
non-trivial restriction. Using the expression for the topological charge, equation (2.61),
we can evaluate the bound,

2%
S > iS—ZQ—. (2.74)

Tt is useful to note that *Umn*v™ = vmrv™" in Euclidean space.
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Therefore we see that for positive k, the positive lower bound on the action is attained
by taking the field to be self-dual. For negative k the gauge field must be anti-self-dual
to minimise the action, and such solutions are often known as anti-instantons. In all
cases the value of the action at the minimum is
82|k
g2

The method we have used here to find the instanton action is an example of the appli-

S =

(2.75)

cation of a Bogomol’'nyi bound.

2.2.3 The BPST instanton

Yang-Mills instantons are known to exist for all values of the instanton number. The
solution for k = 1 with gauge group SU(2) was found by Belavin, Polyakov, Schwartz
and Tyupkin in [11] and is known as the BPST instanton. It is

= -0V ———>V1 2.76
'Um ? p2 + |I _ X'Q ( )
(See appendix A for the definition of ¢™".) This solution has eight parameters, which

are the bosonic collective coordinates of the BPST instanton. They are:

e The four coordinates X™ of the spatial centre of the instanton, corresponding to

translational symmetry;

e The three angles in the constant SU(2) matrix V', which is a global gauge trans-
formation that does not affect the covariant background gauge condition and so is
a symmetry of the gauge fixed Lagrangian. Spatial rotations can be absorbed into

V as shown in [12], and should not be considered to be an independent symmetry;

o The size p of the instanton, from dilatations or scale changes, the remaining part®

of the conformal symmetry of pure Yang-Mills theory.

For simplicity we shall put X at the origin and set the gauge orientation V to the
identity in what follows. This will not restrict the generality of the discussion, and

both factors can be easily restored at all stages.

STranslations and rotations have already been considered. Inversions z2 — ;17 are not a continuous
symmetry and in fact map instantons to anti-instantons, and any special conformal transformation is
equivalent to a combination of a translation and a gauge transformation, in a similar way to rotations.
These issues are discussed fully in [12].
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Our example of a mapping with unit winding was U; = l%[zmam, and for this matrix
we have

OmnT"

i 2’ (2.77)

iU 0,U = -2

Therefore, the BPST instanton gauge field (with X =0 and V = 1) can be written

|z* . t
= — _iU,8,Ul, 2.78
U’I’TL p2 + ,xlzz 1Um 1 ( )

and as |z| tends to infinity, v, — z'Ulame , 5o this solution is clearly associated with

instanton number one. Also, the field strength is
. P
Umn = 42W0mn, (2.79)
which is self-dual by virtue of the self-duality of opy.

Equation (2.76) is the BPST instanton written in what is known as a regular gauge,
where the gauge field is non-singular everywhere. We can use the improper gauge
transformation UIJr , which is not continuous at the origin, to move to a singular gauge.
Then the gauge field has the form

2 2

= n
Vm = iU 0 Uy = —2i £ Tmnd

2.80
7+ Z+RE [aP (259

3

which has a pole at z = X = 0, the centre of the instanton configuration, but that
point should be excluded since the gauge transformation was not well defined there. It
also dies away much more quickly at large distances, compared to the regular gauge
expression. This means that the boundary integral of K™ vanishes, but the instanton
number is still unity, because on excluding the point X an additional boundary is
introduced, and the contribution to k from this surface is one. The topological charge
density is concentrated at the instanton centre in singular gauge. This type of situation
is important to consider because for higher instanton numbers it may not be possible
to find a gauge where the solution is continuous across the whole space.

The anti-instanton solution with £ = —1 can be found from equation (2.76) by
changing o, to the anti-self-dual Gp,y,.

The solutions with £ = 1 and ¥ = —1 in any other gauge group are simply em-
beddings of the relevant SU(2) instanton into an SU(2) subgroup of the gauge group.

They have 4cy bosonic zero modes, where ¢, is the dual Coxeter number of the group,
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as defined in appendix B. Five of these parameters are the instanton centre and size, as
above, and the remainder are angles in a constant gauge transformation that alters the
embedding subgroup. This procedure gives the most general (anti-)self-dual solution

with k = %1, as shown in [13].

2.2.4 Multi-instantons

When k& = 1 the configuration is frequently referred to as a one instanton solution,
whereas for higher values of the instanton number they can be called k-instantons
or multi-instantons. Self-dual multi-instantons have 4cok bosonic zero modes [13], as
might be expected since a particular case of a k-instanton could be constructed starting
from the approximate solution that is k& well separated one instantons, each with 4cs
parameters, and calculating the perturbations required to make it an exact solution.
The most general self-dual multi-instanton solution was given implicitly by Atiyah,
Drinfeld, Hitchin and Manin, in [14], via what is now known as the ADHM construction.

We will discuss this in section 7.2.

2.2.5 Fermionic zero modes

If we include a Dirac fermion 7 in the gauge theory, then to proceed with semiclassical
calculations we need to know about the eigenfunctions of the fermionic operator, and
especially the zero modes, in the background of a Yang-Mills instanton. As we men-
tioned in section 2.1.5, only if the fermion is massless do fermionic zero modes exist.
With massless fermions it is convenient to work in the Weyl representation, where ¢

has the form

"/"La
p=[ 7|, (2.81)
YR
and the gamma matrices are partitioned as
0 o™
7" = . (2.82)
o 0

The action written using these variables is

S= /d4.’12 (%Tr (Vmnv™") + iEL 0" Dy, + iR - UmDmER) . (2.83)
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We are therefore interested in the zero modes of i¢™ D, and i0™D,,. An application
of the Atiyah-Singer index theorem [15] shows that the number of fermionic zero modes
of 1™ Dy, minus the number for 0™ D,, is proportional to the instanton number. The
constant of proportionality depends on the representation of the gauge group appropri-
ate to . For the fundamental representation, it is 1, but in this thesis we shall be more
often concerned with the adjoint representation, for which the constant is 2¢3. This
result is more powerful than it may seem, because we can show that there are no zero
modes for 0™ Dy, if the gauge field is self-dual, so the Atiyah-Singer index theorem
allows us to predict the numbers of fermionic zero modes of both operators when the
gauge field is a Yang-Mills instanton.

The required proof is by contradiction. Suppose there is a normalisable solution to
i0"Dpx =0, (2.84)

then we can act on this equation with the operator —i6™D,, and find

6" 0" Dy Dpx = (0™ +26™") Dy Dypx = 0, (2.85)
using results from appendix A. The antisymmetry of ™" = —g™™ implies
20" Dy Dy, = 3™ [Dpy, D) = =16 vy (2.86)

However, " is also anti-self-dual, so if vy, is self-dual then their contraction vanishes.

Therefore our initial assumption leads to the conclusion
D™Dmx =0, (2.87)

but D™D, is a positive definite operator and cannot have a zero eigenvalue (in the
space of normalisable, non-singular functions). An exactly similar proof shows that
there are no zero modes for i6™ Dy, if the gauge field is anti-self-dual.

The above discussion shows, for example, that a one instanton in any gauge theory
has one zero mode for each fundamental left-handed Weyl fermion in the theory [7),
and 2cy zero modes for each left-handed Weyl fermion that transforms according to the
adjoint representation [16]; for gauge group SU(2) this means four adjoint fermion zero
modes. In supersymmetric pure SU(2) Yang-Mills theory, the fermionic superpartner

of the gauge particle transforms under the adjoint representation, and just as for the
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bosonic zero modes of the gauge field, we can relate its fermionic zero modes to obvious

symmetries of the theory. There are two zero modes associated with supersymmetry,
P = 6™ e g, (2.88)

and two for superconformal symmetry,

suconf _ _mn f

a =0 Ty Upﬁ[;ﬁﬂwp'umn, (2.89)

with fermionic collective coordinates & and 7 [17]. All (multi-)instantons, in any gauge
group, have these adjoint fermion zero modes, but the origin of their additional zero

modes will not be so easy to interpret.



Chapter 3

Supersymmetry

3.1 Introduction

The field theories of interest in this thesis are not just gauge theories, but specifically
supersymmetric gauge theories. Supersymmetry is invé,ria.nce under the exchange of
bosonic and fermionic degrees of freedom. Why should we consider it to be of signifi-
cance?

In particle physics, supersymmetry has been suggested as an explanation for why
the Higgs mass is so small compared to the highest known fundamental scale, the Planck
mass. Every particle that interacts with the Higgs boson contributes to radiative loop
corrections to its mass, which are quadratic in whatever cut-off scale one chooses to
represent new physics superceding the standard model (the Planck mass applies, even
if there is nothing lower). Using counter-terms to remove such large corrections would
require unfeasible fine tuning. Without it, the Higgs would be expected to have a mass
of the same order as the Planck mass, and then the mystery is in the relative smallness
of the electroweak scale. The same problem does not occur with fermions and gauge
particles because their masses are protected by chiral and gauge éymmetry respectively.
In analogy, supersymmetry protects the masses of scalar particles. The corrections to
the Higgs mass from bosons and fermions cancel due to the balance between them in a

supersymmetric theory!. Furthermore, every currently viable extension to the standard

At the one loop level the cancellation occurs because fermion loops have an extra minus sign
compared to loops with bosons. More generally, in a supersymmetric theory, any scalar such as a
Higgs boson is paired with a fermion of the same mass. The mass of the fermion is protected by chiral

32
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model incorporates supersymmetry, so it is important to be aware of its consequences.

It is also of interest from a more abstract viewpoint. Knowing that both local gauge
symmetry and local Poincaré symmetry (gravity) are of central importance in modern
physics, Coleman and Mandula [18] looked for the most general Lie algebra of the sym-
metries of an S-matrix of a four dimensional relativistic quantum field theory obeying
some sensible conditions. Unfortunately, the answer is a direct sum of the Poincaré
algebra and the algebra of a compact Lie group. There is no way of intertwining gauge
symmetry and gravity in a larger symmetry group from which both naturally occur
;together, perhaps even with new physics. However, there is a generalisation that does
lead to a novel situation. Haag, Lopuszanski and Sohnius [19] considered graded Lie
algebras, which include anticommuting generators, and found the supersymmetry alge-
bra as the most general such object that leaves an S-matrix unchanged. The core of the
supersymmetry algebra is illustrated by the anticommutator of the new supersymmetry

generators ), and @, which is proportional to the generator of translations,

{Qaa@d} = 20'madpm' (3~1)

If Q4 and @, act on a bosonic field they give a fermionic field and vice versa, so it is
only when the two types are matched thét these operators leave the theory invariant.
This is not What has been experimentally observed to date, so why should the theory
of fundamental physics not include every possible feature? Perhaps by studying all the
alternatives we might find a reason, or discover how supersymmetry can relate to the
structure we know of already.

The full supersymmetry algebra is given in the textbook by Wess and Bagger [20],
including a discussion of extended supersymmetries where there are many copies of
the pair of anticommuting generators introduced above. The extension, or number of
supersymmetries, A/, is the number of such pairs, and in four dimensions the interesting
cases are N/ = 1, 2 and 4. We will mostly be concerned with the unextended A = 1
case in this thesis. The same reference [20] also contains an excellent introduction to
supersymmetric multiplets, superspace, superfields and Lagrangians for supersymmetric
field theories. Given such a treatment it is entirely unnecessary to discuss that material

at length here, and instead we shall just give a brief summary and orientation in the next

symmetry, and supersymmetry then extends this protection to the scalar mass.

o
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section. After that, we will describe the relevance of supersymmetry to semiclassical
calculations, introduce some of the interesting quantities to consider in supersymmetric

theories, and look at some of the methods used in attempts to determine them.

3.2 Supersymmetry in field theories

3.2.1 Superspace and superfields

The supersymmetry algebra can be used to show that the operator @, increases the
spin by one half, therefore at a simplistic level a scalar is connected to a fermion, a
fermion to a vector, and so on. The N' = 1 supermultiplets of interest in this thesis
work in exactly this way.

A chiral or scalar multiplet contains a scalar field A(z) and a fermion +(z). Under

an infinitesimal supersymmetry transformation, A changes by
SA = V2¢9, (3.2)

where ¢ is the Grassmannian parameter of the transformation. Note that the dimensions

are correct; equation (3.1) shows that @, has mass dimension %, so we would expect £ to

have the opposite dimension, —%, in order that they form a dimensionless combination.

In four dimensions the mass dimensions of scalars and fermions are 1 and % respectively,
1

so the assignment [£] = —3 is in accord with equation (3.2). More generally, this type

of argument shows that under supersymmetry, any field gains contributions from fields
with mass dimension higher by %, or n-th derivatives of fields with dimension n — %

lower. An example of the latter is shown by the infinitesimal transformation of 1,
5 = V2ic™EOR A + V2AF. (3.3)

The field F cannot be a dynamical scalar as it has mass dimension 2, which is too high
to allow a kinetic term involving F in a dimensionless action. It is instead an auxiliary
field, which can be eliminated by substituting the solution to its equation of motion?.

The infinitesimal transformation of F is

§F = V2%Ea™ ), (3.4)

*Including the auxiliary field F is a way of linearising the supersymmetry transformations.
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which shows that the transformations relating A, ¢ and F are closed. Chiral multiplets
are used to describe matter fields in supersymmetric theories; if 1 is a quark then its
superpartner A is a scalar quark or squark.

A vector multiplet contains a fermion A and a gauge field v,,, and also an auxil-
iary field D. We shall refer to v, as the gluon field and call A the gluino. In order
for supersymmetry to be valid in any gauge, the gluino must transform in the same
representation of the gauge group as the gluon, namely the adjoint representation. The
same holds for the matter fields; the squarks must behave in the same way as the quarks
under gauge transformations.

A natural language for discussing supersymmetric theories is found in the superspace
formalism. The familiar bosonic coordinates ™ are augmented by four Grassmannian
coordinates, 8% and 4. Supersymmetry transformations are then essentially transla-
tions in this extended space, for example 8 — 6+ ¢, as can be seen from the superspace

representation of the supersymmetry generators,

0 .
Qa - % — 0 ade 6m, (35)
Qs = —% + 190%™ 5O (3.6)
a0

These can be used to act on superfields, or fields on superspace. The dependence of
these functions on 8 and # can be expressed as a Taylor series that terminates after only
a few terms, due to the Grassmannian character of the extra coordinates. The coeffi-
cients are conventional fields depending on z, which are bosonic or fermionic according
to whether they multiply an even or odd number of Grassmannian coordinates. A su-
persymmetry transformation has the effect of mixing these component fields amongst
each other. However, the most general superfield does not correspond to an irreducible
representation of supersymmetry, and to construct more fundamental objects we must
impose suitable conditions.

The following derivative operators are covariant with respect to supersymmetry,

D = 5‘3; +i0™ 30O, (3.7)
Dy = _a%’ — 160%™ 1, Om, (3.8)

and can therefore appear in supersymmetrically invariant conditions. For example,

we can require that the superfield ®(z,6,6) vanishes when acted on by one of these
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operators,
Ds® = 0. 3.9

This equation is easily solved by noticing that % and y™ = z™ +10o™@ are annihilated
by D, so any function of these two variables® will fulfil equation (3.9). The most

general possibility is
®(y,6) = Aly) + V204 (y) + 06F (y). (3.10)

The fields A, 9 and F are exactly the same as those of the chiral multiplet discussed
above. Any superfield obeying equation (3.9) is known as a chiral superfield. Note that
any product of chiral superfields is also a chiral superfield.

Similarly, D,®' = 0 implies that ®! is a function of 8 and y™! = z™ — §5™8, and
this gives anti-chiral superfields.

Another condition is reality, V = V1, and this leads to a superfield containing the
fields A, vy, and D that we introduced in the context of the vector supermultiplet earlier,
as well as some additional fields. We can generalise gauge transformations, in a man-
ner consistent with the superspace approach, by promoting the gauge transformation
parameters to being chiral superfields. These transformations can then be used to set
all the fields except the gluon, gluino and auxiliary fields to zero. This choice is called
the Wess-Zumino gauge, and it is disturbed by supersymmetry but does not affect the
usual gauge redundancy, so conventional gauge transformations can still be performed.

An interesting superfield associated with the vector superfield V is defined by
1 —
Wy = _ZD De VDyev. (3.11)
It is chiral,

DgW, =0, (3.12)

31t is also straightforward to see that & does not depend on 9 by writing the derivative operators
in the (y,8,8) coordinate system,

Da = 2 42i0™ 80 Dy=-

o6« oym’
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and obeys the following identity,
D°W, = DaW®. (3.13)

The component fields of W, in the Wess-Zumino gauge or otherwise, are A, D and vy,
so it is the supersymmetric generalisation of the gauge field strength. For completeness

we list the infinitesimal supersymmetry transformations of these fields,

A =D + o™ vy, (3.14)
§Umn = i€ (onDmX — 0m Dy ) + i€ (GnDmA — TmDn ), (3.15)
6D = EG™ DA — E6™ Dy M. (3.16)

The form of equation (3.14) shows that the adjoint fermion zero modes (2.88) are indeed

associated with supersymmetry.

3.2.2 Supersymmetric Lagrangians

In order to construct Lagrangians for superfields, we can use the reasoning given in
the last section, that any component field incorporates fields of higher mass dimension
or derivatives of fields of lower mass dimension, under the influence of supersymme-
try. This means that the highest dimension component of any superfield changes by
the derivative of some set of fields, as illustrated by equations (3.4) and (3.16)*. The
integral over space of the highest dimension component must therefore be a supersym-
metric invariant, and is a candidate for a term in a supersymmetric Lagrangian. These
contributions are classified as F-terms or D-terms, if they are the highest dimension
components of chiral or vector superfields respectively.

We can apply the rules of Grassmannian integration, equation (2.36), and define

Grassmannian measures on superspace with the following properties®,

/d291 = /d299°‘ =0, /d2990 =1, (3.17)

/ 291 = / 268, =0, / 2666 =1. (3.18)

“Equation (3.16) involves a covariant derivative, but a gauge invariant object suitable for inclusion
in a Lagrangian would change by a simple coordinate derivative.
®The product 66 = 6°6, is equal to —26'6, so the conditions (3.17) imply d*6 = —1d6%d6".
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Then the F-terms and D-terms can be extracted from their superfields by integration.

For example, the kinetic terms in the action for a chiral superfield come from a D-term,
/ diz / d?04%9 o1, (3.19)

Chiral superfields do not depend on 6, so to get an F-term, such as the one that gives
the kinetic terms for a vector superfield, we only have to integrate over half of the

Grassmannian coordinates,

/ diz g%Re ( / d?0Tr W“Wa> . (3.20)

Note that W*W, is a chiral superfield because it is a product of chiral superfields.

3.2.3 Supersymmetric Hamiltonians

The supersymmetry algebra, equation (3.1), allows us to find a general, formal expres-

sion for the Hamiltonian in a supersymmetric field theory,
1_,, 1 .. —
H = PO = iﬁoaaamade = Zaoaa {Qa, Qa}
1, _ _ —
=1 (Q1Qi + Q2Q5 + Qi Q1 + Q5Q2) . (3.21)
The expectation value of the energy in any state |Q) is therefore positive semi-definite,
1/ |— 2 2 2 2
e = 1 ([@i] + @] +|am] +|jeamf) >0 e
and zero only in a supersymmetric state,

(QUHIQ) =0 & Q4l0) = Q.lQ) =0. (3.23)

In any physical Hamiltonian there will be both kinetic and potential terms. The kinetic
energy being equal to zero is obviously a necessary condition for the total energy to
vanish. The cases where the contributions to the potential due to F-terms or D-terms

become zero are called F-flatness and D-flatness respectively.

3.3 Supersymmetry in semiclassical calculations

There are some results and theorems due to supersymmetry which are particularly
helpful in semiclassical calculations. To see how and why, we must first consider some

of the problems that can arise in a generic semiclassical calculation.
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After removing the divergences due to the existence of bosonic zero modes (by
including massless fermions in the theory), and regulating and renormalising the ultra-
violet divergences of the determinants, the main obstacle to performing semiclassical
calculations is that in most situations there is no control available on the convergence
of the perturbative expansion.

In perturbative QCD, for comparison, the expansion parameter is the renormalised
coupling g?(u), where p is set by an appropriate physical scale. The only way of ensuring
that g?(u) < 1 is to restrict attention to scattering processes at high energies, where
the negative 8 function drives the coupling to a small value. Quantities of interest in
the low energy regime where g?(y) is of order unity or greater, such as the properties
of bound states, are incalculable by perturbative means.

With instantons, the natural scale is the reciprocal of the instanton size, p~1. How-
ever, it is necessary to integrate over all values of p, and therefore to include the infrared
effects from large instantons, associated with a large coupling. The problems this brings
show up in the one instanton measure [7, 21, the p component of which is proportional

to

/0 o, (3.24)

with p a positive constant. This is divergent at large sizes, unless there is a factor in
the integrand which renders it finite.

Another problem with instanton calculations is that even if one can find a regime
where the coupling is small so the procedure is well defined, the instanton effects are
still linked to the tiny factor exp (—8—;;), and are therefore insignificant compared to
conventional perturbative effects in their common region of validity.

Supersymmetry provides the solution to both of these problems, and also leads to
simplifications and improves the semiclassical approximation so that ezact results may
be found. The powerful tool used to achieve this is a non-renormalisation theorem [22],
which states that the perturbative corrections to any F-term must vanish. To see why,

let us write the result of a generic field theory calculation at small coupling as
a0+ a19® + agg* + ..., (3.25)

where if, for example, this is the (multi-)instanton contribution to a correlation function,
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all of the coefficients {a,,} would be proportional to exp (—SL;M). Every coefficient
with n > 1 derives from loop corrections that, in a supersymmetric theory, naturally
contain an integration over a supersymmetric version of momentum space, [ d*k d*6.d%6.
The integration must be over the whole of this superspace, not just [ d*k d?9 alone, be-
cause perturbation theory respects chiral symmetry (rotations of the phase of fermions).
However, chiral superfields do not depend on 6, and so the integration over f d?9 will
give zero. Therefore every a, identically vanishes for n > 1.

This theorem does not extend to non-supersymmetric theories; without superspace
there is no concept of an F-term. However, in the supersymmetric case it means that
restricting the instanton calculation to one loop level still gives the full answer for
certain quantities.

A further consequence of the non-renormalisation theorem is that the conventional
perturbative corrections to such a quantity vanish, so in the case that the F-term is clas-
sically zero, its quantum value is determined entirely by instantons with no competition
from conventional perturbation theory!

Even though the perturbative series is trivial for F-terms, it is still not possible to
calculate them unless the coupling constant is small. However, we expect all correlation
functions in a supersymmetric theory to be holomorphic in'the coupling constant, so
if there is a method of calculating them with small coupling ensured, then their large
coupling forms can be recovered by analytic continuation. Extended supersymmetries
allow control over the size of the coupling; the higher the extension the greater the
control. Exact calculations of the type discussed above have been performed in theories
with both possible versions of extended supersymmetry.

In N = 4 supersymmetric theories, the B function vanishes so the theory is in fact
superconformal. The coupling is then just a constant which can be set to any value.
Instanton calculations [23, 24] in this type of theory have provided evidence for the
AdS/CFT duality conjectured by Maldacena [25].

In N = 2 theories, the B function is negative, but the field content includes a scalar,
which can gain a VEV that spontaneously breaks the gauge group to its maximal abelian
subgroup. In this Coulomb phase, the theory becomes weakly coupled if the VEV is
chosen sufficiently large. Another way of seeing that this is of help is that the scalar
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field contributes a quantity proportional to p? to the action, and when exponentiated
this leads to a damping factor that improves the convergence of the instanton measure.
The low energy dynamics of N' = 2 theories were analysed by Seiberg and Witten
[26, 27], using the assumption of symmetry under electric-magnetic duality in the low
energy theory. Their exact results were checked by explicit instanton calculations in
[28, 29] and references therein.

For the case of N' = 1 supersymmetry, under consideration in this thesis, there is
no automatic means to keep the coupling constant small, but we shall discuss various
applicable methods in the remaining sections of this chapter, and in chapter 4.

In addition to the features above that make semiclassical calculations possible, su-
persymmetry provides theorems that can vastly simplify the computations. The most
important is that in a theory in four dimensions, the determinants of non-zero eigen-
values exactly cancel between fermionic and bosonic degrees of freedom® [30], so only
the zero modes have to be considered. Another theorem that will be relevant in this
thesis is that any correlation function involving only the lowest components of chiral
superfields is a constant, and so does not depend on the positions of the fields in the

multi-point function [31].

3.4 Supersymmetric Yang-Mills theory and the gluino con-
densate

To begin the study of supersymmetric gauge theories, we can start with the simplest
possible example. This is a theory without matter fields (a pure gauge theory), and
with the smallest interesting gauge group. This must be a compact Lie group, but there
are are no instantons in a U(1) theory, so we also require a non-abelian gauge group,
of which the lowest dimension example is SU(2).

The field content of N' = 1 supersymmetric pure SU(2) Yang-Mills theory is the

three gauge or gluon fields, v%,, and their superpartners the gluinos, A%. These together

8This is analogous to the cancellation of scalar mass corrections in a supersymmetric theory.
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form a vector superfield, and the action for this superfield is

S = /d‘*a;—ﬁ (/d2 O WeW, +/d§W ) (3.26)

Written out using the component fields, this is
S = /d4w — < V™™ + 20AG" Dy X + DQ) (3.27)

Recall that A necessarily transforms in the adjoint representation of the gauge group,
so the covariant derivative acts on it as DA = O A — i[um, A]. We can see from the
action that this theory may be viewed in non-supersymmetric terms as a gauge theory

with one adjoint fermion. A theta term can be included by modifying the action to

S = /d‘*zlm( /d20Tr Wew, ) (3.28)

dri 9
T=—+—
g2  2n’

where 7, defined by

(3.29)

is known as the complexified coupling constant. This action contains the previous terms
plus

v
1672

Sy =— / d*z Tr (v x0™). (3.30)

The formulae above are in fact applicable to supersymmetric pure Yang-Mills theory
with any simple gauge group.

The first correlation function to consider in these theories is the gluino condensate’,

<?6—7A2> . (3.31)

This is of interest for the following reasons.
e It is Lorentz and gauge invariant, so its value is not arbitrary.

e It is proportional to the lowest component of the chiral superfield (Tr W®W,), and
therefore, by the theorem stated in the last section, will be a constant, which would
be expected to be easier to calculate than a quantity with spatial dependence.

Actually, since the condensate only depends on one point in space, the fact that it

"The factor 1672 is a conventional normalisation.
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is constant also follows from translational invariance. By dimensional analysis, it
must have the form cA3, where A is the dynamically generated scale in whatever
regularisation scheme is being used, so all that remains to be determined is the

dimensionless constant c.

e Gauge theories with N = 1 supersymmetry are the closest amongst supersym-
metric theories to gauge theories of relevance to present experiments, for example
QCD, so they have the most similar behaviour. We can attempt to gain un-
derstanding of aspects of non-supersymmetric theories, such as confinement, by
working with the supersymmetric theories and using supersymmetry to allow an-
alytic computations that are not possible in the non-supersymmetric cases. In
particular, the gluino condensate is not an invariant under chiral symmetry, so a
non-zero value is a signal of spontaneous chiral symmetry breaking, a phenomenon
also thought to occur in QCD at low energies. We will show later how the gluino
condensate is also linked to confinement in N = 1 supersymmetric theories (see

chapter 3).

The condensate of the superpotential W, additionally contains (Tt vy, v™"), mul-
tiplied by 6. This gluon condensate might be thought to have greater relevance,
since it also appears in non-supersymmetric gauge theories. However, invariance
under translations in superspace shows that it must be zero in a theory with unbro-
ken supersymmetry, so we cannot gain any more insight into non-supersymmetric

gluodynamics this way.

e The gluino condensate is part of a correlation function of a chiral superfield, so the
non-renormalisation theorem discussed in section 3.3 can be applied to it, and it
may be possible to calculate it exactly. Furthermore, the gluino condensate is zero
to all orders in conventional perturbation theory, which respects chiral symmetry,

so its value is determined entirely by semiclassical contributions.

As a quantity of obvious interest, for all the reasons above, it was calculated early
on in the study of supersymmetric gauge theories [32, 33, 34, 31, 35, 36, 37], but
without consistent results. The controversy over the value of the gluino condensate

[35, 33, 31, 38, 39] has lasted nearly 15 years! The work we will present in this thesis
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should finally resolve the dispute, but first we must examine the original methods used

to calculate the gluino condensate.

3.4.1 The SCI approach

The very first method used to calculate the gluino condensate was as direct as possible.
Let us consider first the SU(2) theory, in which case the one instanton has four adjoint
fermion zero modes, the supersymmetric and superconformal modes introduced in sec-
tion 2.2.5. Clearly, in a straightforward instanton calculation of the gluino condensate,
the fermion zero modes will not be saturated and the result will be zero. However, in
SU(2) gauge theory one can consider the correlation function

<’I‘r)\)\(ac) Tr)\)\(O)>'

1672 1672 (3:32)

This is also a candidate for the use of the non-renormalisation theorem, and it may
have a non-zero value in a one instanton calculation, because it contains four fermionic
insertions. It is again a correlation function made of the lowest components of chiral
superfields, so it must be a constant, not even dependent on |z|. We can then invoke
cluster decomposition, which is an axiom of field theory that states that in the limit
of large |z|, any correlation function of the form (F(z)G(0)) should tend to (F){G)
plus exponentially small corrections, to find the gluino condensate as the square root of

the one instanton answer. Using the Pauli-Villars regularisation scheme, this procedure

yields [32, 33]

<%> =+ §A3. (3.33)
This method can be generalised to any gauge group. In order to saturate the 2c;
adjoint fermion zero modes, one must calculate
c2
<n1;[1 —Hfé\;f")> (3.34)
and then take the cp-th root. For gauge group SU(N), which has ¢ = N, the result is
[34, 31]

2=

<1127Ar;\> - ((N - 1)2!?31\7 - 1)) A°. (3.35)
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The value of the gluino condensate always contains a cs-th root of unity, which
shows that there must be ¢y vacua with distinct but physically equivalent versions of
the gluino condensate. This agrees with predictions made by Witten [40], and will be
seen in more detail in chapters 5 and 6.

This approach to calculating the gluino condensate is called SCI, or strong coupling
instanton, as there is no attempt made to control the effects of the large coupling
constant from the unbroken non-abelian gauge group. Whilst the non-renormalisation
theorem might seem to suggest that a small coupling is not necessary, since there is no
perturbative expansion to be convergent or divergent, there is possible cause for concern.
We are only guaranteed that instantons are the sole relevant semiclassical configurations
in the weak coupling regime. Cluster decomposition applies to full correlation functions,
not partial contributions to them, so if we are neglecting some unknown configurations
that are important at large coupling, the value of the gluino condensate derived by the
SCI method will be in error. This is in fact exactly the case, as we shall discuss at the

start of chapter 4.

3.4.2 The WCI approach

In the SCI approach, the gluino condensate is calculated from a somewhat circuitous
route, via a more complicated correlation function and cluster decomposition. There
are several other methods available, which also do not lead to the gluino condensate
directly, but have the advantage of ensuring that the coupling constant remains small.
This is achieved by considering a family of theories, labelled by some physical parameter
that influences the coupling constant. One value of the parameter will give the N' =1
supersymmetric gauge theory under investigation, all the others will represent modified
versions of this theory, including, in one limit, some where the coupling is forced to be
small. This gives rise to the name WCI, or weak coupling instanton, for this type of ap-
proach. We can reliably calculate the gluino condensate in the small coupling constant
limit, and then rely on supersymmetry, which implies that the result is holomorphic in
the coupling, and therefore also in the related parameter. This enables.us to return to
the case of interest.

The original example of a WCI calculation of the gluino condensate was to modify
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the SU(2) theory by adding matter in the fundamental representation of the gauge
group [35]. To maintain supersymmetry we must add a chiral multiplet with a scalar
as well as a fermionic field. The scalar ¢ can have a VEV, which has two effects.
The first is to spontaneously break the gauge group completely and, for large values
of the VEV, keep the coupling small. Therefore, the VEV is the parameter which
continuously modifies the theory in this case. The second consequence of a non-zero
VEV is that most of the symmetries leading to fermionic zero modes are destroyed. For
instance, the superconformal zero modes for the gluino will not exist because the VEV
breaks the scale invariance component of conformal symmetry. For a one instanton,
only the two supersymmetric modes remain, since they are protected by the unbroken
supersymmetry. This configuration can contribute directly to the gluino condensate in
this situation, and is furthermore the only configuration that may do so.

However, we still do not calculate the gluino condensate directly, as we wish to be
able to relate it easily to the gluino condensate in the pure theory. Instead we consider

(F ). (330

This correlation function is, once more, made from the lowest components of chiral

superfields, and so is equal to a constant, namely

(T #0) =1, (3:3)

where A; is the dynamically generated scale in the theory with one flavour of matter in

the fundamental representation. We can again use cluster decomposition to infer that

Tr AX
1672

> (¢*) = A3 (3.38)

In order to extract the gluino condensate in the SU(2) theory without matter, we
must give the matter superfield a large mass m and decouple it from the theory using
the renormalisation group. Correlation functions in supersymmetric theories should be
holomorphic in the masses of the fields, which implies that the above result is unchanged
by making ¢ massive. With the use of the Konishi anomaly relation [41],

<r§';j > =m(¢"), (3.39)
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and the renormalisation group decoupling equation,
A% = mAS, (3.40)

we can find the WCI value for the gluino condensate in N/ = 1 supersymmetric pure

SU(2) gauge theory,

<%> = +A3, (3.41)

Other examples of WCI calculations involve deriving the gluino condensate from
a limit of the ADS superpotential, which is discussed in section 6.2, or using Seiberg
and Witten’s solution for the low energy effective action of N' = 2 supersymmetric
gauge theories, as reviewed in [42]. Mass terms are added to break the extended super-
symmetry, so that the mass acts as the controlling parameter in this case. The same
result is found from all WCI calculations, which is a good consistency check, as all WCI
approaches have similar strategies but are completely independent in the details of the
calculations.

WCI methods have also given the gluino condensate for all classical gauge groups®

36, 37, 43,
<Tr—>‘,j> = A3, (3.42)
<EA_2> _1 9NTTAS, . (3.43)
1672 / sony 2
<Tr’\2)‘> — 2.9 WA, (3.44)
167 USp(N)

Note that the SCI and WCI predictions for the gluino condensate in an SU(N) theory
disagree more as N increases.

An imaginative proposal was made by Kovner and Shifman [38], in an attempt to
resolve this discrepancy. They postulated the existence of an extra vacuum state, with
vanishing gluino condensate, motivated by the intuitive reasoning that an instanton
does not contribute directly to the gluino condensate because it averages over all the
vacua, and the sum over roots of unity vanishes. If the chirally symmetric Kovner-

Shifman vacuum exists, then for SU(2), the two point function in equation (3.36)

8See also table 6.2 and appendix B. The cs-th roots of unity are considered implicit in these
formulae.
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would be averaged over the.two conventional vacua where it should have value AS,
and the extra vacuum where it is zero. If the probabilities of finding the theory in
each vacuum are arranged correctly, the result %Aﬁ can be obtained. Unfortunately,
this is not a very efficient mechanism, since it requires the existence of a new vacuum,
plus a highly specific organisation of the probabilities assigned to each vacuum, which
is assumed rather than derived, and also elaboratg explanations for why the Kovner-
Shifman vacuum does not contribute to Witten’s index. More definitely, however, it
has been shown to be unviable, in [42].

In this thesis we shall describe a more robust explanation for the difference between
the SCI and WCI results. It involves another type of WCI calculation, where the
modification is to consider the theory on the cylinder R* x S, instead of on R*. The
new parameter is the radius of the circle; the coupling constant is small when the
radius is small, and as the radius tends to infinity the theory becomes indistinguishable
from the version without a compactified coordinate. This alteration requires us to
consider configurations other than Yang-Mills instantons, but brings the advantages
of allowing direct evaluation of the gluino condensate and providing a way of viewing
the configurations neglected in the SCI approach. We shall consider first the simplest
theory, with gauge group SU(2), in chapter 5. The generalisation to any other gauge
group is relatively straightforward in this formalism, so in chapter 6 we confirm the
classical gauge group results above and also predict the values of the gluino condensate

in all exceptional groups.




Chapter 4

The cylinder and monopoles

4.1 Introduction

In this chapter we shall describe the idea behind the work presented here with the aim
of resolving the discrepancy between the SCI and WCI values of the gluino conden-
sate. The clue we already have is suspicion of the SCI calculation because there is the
possibility of neglected conﬁgufations in the strong coupling regime, as explained in
section 3.4.1. This doubt is justified, because explicit calculations [42] have shown that
instanton contributions violate cluster decomposition, which implies that they alone do
not give the full correlation functions. However, in order to confirm this hypothesis,
we must identify the missing configurations, understand how they relate to instantons,
and show that they generate the required contributions to correlation functions.

We can take inspiration for what the extra configurations may be from the early
literature containing investigations of semiclassical effects in field theories [44, 45]. In-
stantons were conjectured to behave as composite objects when the coupling constant
is large, and break up into instanton partons'. This was of interest because, in three
dimensional theories, the relevant instanton solutions had been shown to cause confine-
ment [47], and it was hoped to extend this analysis and prove that confinement also
occurs in four dimensions. However, in the three dimensional case the instantons are
the same configurations that are monopoles in a four dimensional theory (finite action

in three dimensions corresponds to finite energy or mass in four; more details about

'Tonization of this kind had been seen to occur in a two dimensional theory [46].

49
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this connection may be found in [4, 48] and section 4.3). The strong Coulomb inter-
actions between monopoles and anti-monopoles are an integral part of the confinement
mechanism in [47]; see the Discussion in [1]. Four dimensional instantons and anti-
instantons in SU(2) can be shown to have dipole interactions? [44], which are too weak
to generate a similar effect. However, if instantons were to dissociate into component
poles, then those might be suitable objects to bring about confinement. In an attempt
to find candidates for instanton partons, solutions to the Yang-Mills equations with ap-
propriate properties were constructed [44]. They are called merons, and have fractional
topological charge, and correspondingly infinite action. Unfortunately, they are also
non-continuous, and so altogether are very challenging configurations to manipulate or
apply in meaningful calculations. We employ a different strategy here; by modifying
space from R* to the four-dimensional cylinder R® x S' (imposing periodicity along
one direction), we can identify the instanton partons with well-behaved, well-known
solutions, and gain control over both the infinite action of the partons and the size of
the coupling constant. This therefore leads to a WCI method that demonstrates the
shortcomings of the SCI approach. Furthermore, this scheme is of particular interest
to us because of the fractional topological charge of the partons, which means they
have two adjoint fermion zero modes apiece and so can contribute directly to the gluino
condensate.

We devote most of this chapter to an investigation of the finite action classical
solutions on R® x S!. They were classified by Gross, Pisarski and Yaffe [49] in the
context of non-zero temperature field theory, which is formulated on the same space.
However, it also involves anti-periodic boundary conditions for fermions, compared to
periodic ones for bosons, which would break supersymmetry. Instead, we are interested
in the theory on the cylinder, which has periodic boundary conditions for both bosons

and fermions,
O (20, 2#) = vy (3% 4+ 27 R, 2#), Aa(20,2#) = Ao (2 + 27 R, ), (4.1)

where R is the radius of the circle. Nevertheless, the classification refers to the bosonic
fields and so applies to this case as well. It divides solutions into monopoles and

calorons, which we shall describe in turn, first for gauge group SU(2) and then for any

%In general, these are cy-pole interactions, where ¢z is the dual Coxeter number of the gauge group.
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gauge group. Note that although these are all instantons on R3 x S!, in the sense of
being finite minima of the action, we shall reserve the term for Yang-Mills instantons
on R*. Monopoles, calorons and instantons may all be referred to as semiclassical

configurations.

4.2 Monopoles in Yang-Mills-Higgs theory

We shall begin by discussing monopole solutions in the context in which they were
lﬁrst found; Yang-Mills-Higgs theory, an SU(2) gauge theory in Minkowski spacetime
with a scalar matter field ¢ transforming in the adjoint representation. The original
motivation for choosing this particular field content was that the scalar acts as a Higgs
field, gaining a VEV, spontaneously breaking the gauge group to U(1), and enabling the
study of a QED-like theory where the abelian gauge group is embedded in a compact

group. This can be seen from the action of the theory,
1 1
_ 4
5= [ @t (g3 s (™) = ST+ (DgD™) - V(¢)) L w2
where V(¢) may be considered to be the usual quartic potential,
A 9 291\ 2 ’
Vig) =7 (I¢F - )", (43)

with |¢|> = 2Tr ¢?. However, the form of the potential is irrelevant except that it must
be gauge invariant, positive semi-definite, and have a single minimum of zero, at which

point we say
|6f* = u?. (4.4)

Any value of ¢ that solves this is a possible VEV, (¢), but whereas u is gauge invariant,

(¢) is not, and may for example be rotated by a gauge transformation into the form
T 3‘
(¢) = —ug- (4.5)
In this case the unbroken U(1) subgroup is {eiQL}}.
Monopoles appear as solitons in this theory, that is stable configurations associated
with an energy density that is localised in space, which therefore have some of the

properties of particles. In this case they also carry magnetic charge, despite the fact
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that the particles associated with quantum excitations of the same gauge fields are only
electrically charged.

We therefore seek time independent solutions, and so instead of attempting to solve
the equations of motion directly, we can minimise the static energy, or mass, of the

monopole. With the gauge choice vy = 0, this can be written as
1
£= / 3z (g—QTr [(Dud)? + (BL)Y] + V(¢)> (4.6)

where B, = %ewpv” ?. We are only interested in minima where the value of the energy
is finite, which implies that the potential V' must tend to zero at spatial infinity, so the
scalar field of the monopole solution must tend to the VEV in that limit. If we write

¢ = ¢*7, the condition for the potential to vanish, equation (4.4), becomes

(@12 + (6% + ()2 = 2, (4.7)
which is the equation of a sphere, S2. Therefore the scalar field of a finite mass monopole
provides a mapping from the sphere at infinity of R® to the sphere of Higgs vacua.
Analogously to the topological classification derived from the boundary conditions of
finite action Yang-Mills instantons, the equivalence classes of these mappings are in

one-to-one correspondence with the elements of a homotopy group. In this case it is
m(S?) =2, (4.8)

so every monopole solution may also be labelled with an integer.
The quantity ﬁ’l‘r (¢B#) is the magnetic field of the unbroken U(1), so the mag-
netic charge of a solution is given by the integral

= /S (@), g%Tr (¢BY) (4.9)

Also, a more detailed analysis of the asymptotic form of any monopole solution shows
that this integral gives the winding number &k from the homotopy group above, multi-
plied by 47”. Therefore, the possible magnetic charges of the solutions are quantized, in
accordance with Dirac quantisation [50].

We can minimise the energy within each topological sector, leading to what are

known as 't Hooft-Polyakov monopoles [51, 52]. There is no analytic expression for

the monopole fields, their form is only known numerically, but we may find a bound
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for their masses. Using a Bogomol’'nyi argument similar to that in section 2.2.2, but

applied to the energy in this case, we find
1 2
£ = / Bz (g—ZTr [Du¢F B> + g—zTr (Du¢)B* + V(¢)> (4.10)
2
> :l:/d3x g—2Tr(Du¢)B“. (4.11)

(Equation (4.6) shows that £ > 0, so the sign above should be chosen to give a non-
trivial bound.) We can evaluate this further through integration by parts, which leads

to

E>+ / (d*z), g%Tr (¢B*) (4.12)
S,

The mass of a monopole is therefore bounded by a combination of the magnetic charge

and the VEV,

Ex+T_ . (4.13)

The bound is attained if the Bogomol’nyi equations,
B, =+D,¢, (4.14)

hold, and the potential is set to zero. The latter condition is called the BPS limit
after Bogomol’'nyi [53], and Prasad and Sommerfield [54] who first considered it. It
corresponds to setting A to zero in the example of the quartic potential above, and
leaving the vacuum condition |¢|? = u? as the only remaining effect of the potential.
In this situation, we can find an analytic expression for the monopole fields with & = 1,
partly because the first order equations (4.14) are much easier to solve than the full
second order equations of motion. This solution is called the BPS one monopole, and

we present it in the next section.

4.2.1 The BPS one monopole

A monopole solution in the BPS limit with winding number unity, and magnetic charge

47

R is given by

¢° = — li; (ulz] coth(u|z]) — 1), (4.15)

z¥ u|z
vy = 6aWW <1 vl ) ; (4.16)

sinh(u|z|)




CHAPTER 4. THE CYLINDER AND MONOPOLES 54

1
where |z| = (2] + 23 + 23)2 and ¢ = ¢°%, v, = v2%. In order to show that this is a

solution, let us define

= = 7 =
v =ulz|, a(y) Sinho’ b(y) = 7y coth, (4.17)
so that
z° ¥
¢ = _ll’|2(b -1), v, = faqu(l - a). (4.18)
For any function of v, f(v), we have
z df
O, f = £ [~ .
b= TP <7d7>’ (419)
and in particular, for the functions a and b,
db da
— =b-a% y— =a—ab. .
7d*y a’, 7dfy a—a (4.20)
Now we can find that
(Dyu$)® = 89" + € v, : (4.21)
os. z,z?
_‘n I 2
= (a - t:fb) + W(a +ab—a-1), (4.22)
and
B = €up (3”1)”“ + %e“bcv,‘)’vé’) (4.23)
| —'i(a—abj+‘”"xa(a%ab—a—l) (4.24)
el? S/ L ’ '

so indeed By, = D,¢. Also, using the asymptotic behaviour a — 0, b — v as |z| - 0,
it is easy to check that
.2 4
d’z), —Tr (¢B*) = — 4.25
/ng e g B8 = (4.25)

for this monopole. ;

The expressions given above are not the f{elds of the most general BPS one mono-
pole. However, all the other £ = 1 solutions can be found by translating the monopole
(replacing = by z — X), or performing global transformations from the unbroken U(1),
which will not disturb the VEV. These latter modifications can be displayed most

easily by acting on the solution above with a singular gauge transformation so that
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(¢) = —u%% is mapped to (¢) = —u%}, then the relevant global transformations are
{em:z&}. The original solution, with a VEV that follows the direction of the radial
vector, is said to be written in a hedgehog or regular gauge, when the VEV is aligned

in a single direction the monopole is in a singular gauge.

4.2.2 Multi-monopoles

The BPS solution is a one monopole, but solutions to the Bogomol'nyi equations with
all values of the winding number exist, and are known in general as multi-monopoles.
The sign in equation (4.14) must match the sign of the winding number; solutions
with negative magnetic charge are called anti-monopoles and are easily obtained from
solutions with positive magnetic charge by sending ¢ — —¢. A monopole with winding

number & depends in general on 4|k| parameters [55].

4.3 Monopoles as semiclassical configurations

In order to find minimal action configurations on R3 x S, we might begin our search by
considering fields that are independent of the periodic coordinate, 2°. The topological
arguments of section 2.2.1 do not apply to the modified space, but the Bogomol’nyi
bound from section 2.2.2 is still relevant and shows that we should investigate (anti-

)self-dual configurations. The conditions *vmy, = £v;,, can be rewritten as
V23 = FU01, ¥31 = FUo2, Uiz = FUo3, (4.26)
and if none of the fields depends on z°, then these are equivalent to
ve3 = Dy, .'031 = +Dyvg, v12 = £D3vg. (4.27)
We can also rewrite the Bogomol'nyi equations in the form
vo3 = £D1¢, w31 = £Dad, vi2 = £D3¢, (4.28)

so if we identify® vy = ¢, then any (anti-)monopole in the BPS limit is an (anti-)self-

dual gauge configuration. Their action is equal to [dz®&, so on R* it is infinite, but

3Recall that the Bogomol'nyi equations for a monopole solution refer to the gauge vp = 0.
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on R3 x S! the finite energy of the monopoles means they have action s—gﬁuRIkl, where
R is the radius of the circle.

The parameters X and 2 which appear in the one monopole solution are the bosonic
collective coordinates of this configuration, relating to symmetry under translations and
unbroken U(1) gauge rotations, respectively. In general any monopole has 4|k| bosonic
zero modes and, as shown by the Callias index theorem [56], 2|k| fermionic zero modes.
The VEV parameter u breaks conformal invariance, but supersymmetry is still valid

and two of the fermionic zero modes always correspond to that symmetry,
ASUSY = g™ B ot (4.29)

Note that this is all of the fermionic zero modes for a one monopole configuration.

4.3.1 The extra monopole on the cylinder

The BPS solution is the only one monopole configuration on the cylinder that is inde-
pendent of the periodic coordinate. There is another monopole on R? x S, however,
which exists because of the S! part of the cylinder, and cannot be inherited from an
(infinite action) R* solution. In order to find it, we must consider the implications of
modifying the space to R® x S! on the gauge group.

Recall that, in order to move to the cylinder, we imposed periodic boundary condi-

tions on the gluon and gluino fields,
U (2%, 2%) = v (20 + 27R, 2#), Aa(20,2#) = Ao (2 + 27R, z#). (4.30)
A gauge transformation U acts on v,, and X as

U, = Uvy U™ +iU8,U Y, (4.31)
Ao = UNUTL, (4.32)
so clearly any periodic gauge transformation, obeying U(z% z#) = U(z° + 27 R, z#),
will preserve the boundary conditions. However, we can more generally allow transfor-

mations with the property

U(z% z#) =V - U(z® + 27 R, z*), (4.33)
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where V is an element of the centre of the gauge group, without disturbing equation
(4.30). The centre is the subgroup of transformations that commute with all other
elements of the group; for SU(N) it is the Zy group of N-th roots of unity {e&rz\;_nln =
1,..., N} multiplying the unit matrix. With gauge group SU(2) the centre is therefore
composed of the unit matrix and minus the unit matrix, and an example of a non-

periodic gauge transformation, which nevertheless leaves the fields periodic, is [57]

iz0r
Uspecial = exp ( 3) . (4.34)

2R
If we apply this transformation to a BPS one monopole in the singular gauge, then

the VEV is changed to

(v) = — (u - %) 3 (4.35)

The VEV parameter u doesn’t appear in the action in the BPS limit, so we can choose
to define the theory with any particular value, but this argument shows that the value
u is gauge equivalent to u — %. Therefore the set of theories on R® x S! possible at the
classical level, or the classical moduli space, is isomorphic to a circle.

Once we have specified a value for u, all semiclassical configurations must obey the
appropriate boundary condition, say, choosing a singular gauge,

73
vg — (vo) = _UE’

(4.36)
as |t| — oo. The configuration above, a BPS one monopole acted on by Uspecial,
is not suitable, but if our starting point was a BPS one monopole with a modified
VEV parameter* of —u + %, we would get a configuration with the right boundary
condition. This can be used as the basis of a semiclassical calculation, and is the
additional monopole that exists due to the cylinder. In [3] it is referred to as the affine
monopole, but for now we shall follow [1] and call it the KK monopole. We already
know the action of this monopole, because the action is gauge invariant and so will
be equal to that of a BPS one monopole with the modified VEV parameter, namely
8?”3(1 — uR). The zero mode structure of the KK monopole also follows straight from

that of the BPS monopole, in particular it has two supersymmetric adjoint fermion zero

modes.

“If u is in the range [0,27R) then so is —u + &. The transformation Uspecial maps this to —u, but
the sign of the VEV parameter is irrelevant.
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This is an unusual method for identifying a new semiclassical configuration, as
normally a gauge transformation of a known solution would give an equivalent solu-
tion, rather than a distinct one. The independence of the KK monopole from the BPS
monopole comes from the fact that when we change the space to R? x S! we must define
the path integral on the cylinder. The main part of this is to define the measure, includ-
ing which values of the gauge fields should be integrated over and which are equivalent;
we only wish to integrate over gauge equivalence classes. The only straightforward way
to do this is to sum over configurations that are inequivalent under the group of periodic
gauge transformations, which is simply connected. Then the KK monopole must be
considered to be from a different topological sector, and its contributions included by

counting it as an entirely unrelated configuration.

4.3.2 Calorons

Caloron solutions were first found by Harrington and Shepard [58] (see also [49]), who
sought solutions in non-zero temperature field theory analogous to Yang-Mills instan-
tons. They are (anti-)self-dual and have integral Pontryagin index, despite the fact that
it need not be quantised on R® x S!. Furthermore, as the radius of the circle tends
to infinity, any caloron solution approaches the form of a four dimensional instanton.
However, these are solutions in which all components of the gauge field, including the
zeroth, vy, fall to zero at infinity. As we saw in section 4.3.1, though, we can define the
theory on R® x S! with any value of (vg), or equivalently any asymptotic value of the
Wilson loop,
27R

lxlli_r)noo ( /0 dz® 'uo) = 2w R(vg). (4.37)
This is not relevant to non-zero temperature field theory because, in that case, effects
from configurations with a non-zero Wilson loop are suppressed [49]. Caloron solutions
with non-trivial Wilson loop were constructed and studied only recently. Intriguingly,
the caloron with Pontryagin index unity can be shown to be made up of one BPS
monopole and one KK monopole [57, 59, 60]. Note that the actions of those monopoles
show that they have Pontryagin indices of uR and 1 — uR respectively, where u lies

between 0 and %, so the sum is one as required. Also, the gauge transformation
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Uspecial Teverses the sign of the magnetic charge, so the KK monopole has ¢ = —1 and
the caloron has zero net magnetic charge, as it should. Note, however, that the KK
monopole is not an anti-monopole, crucially because it has zero modes for A but not
for .

Therefore, monopoles act as the partons of calorons in the case of a non-trivial
Wilson loop®. This does not help us to interpret the meron configurations on R*, but
the circle acts as a regulator to remove the pathological nature of those solutions and

replace it with the smooth behaviour of the monopoles.

4.3.3 Monopoles and calorons in any gauge group

The entire picture of monopoles and calorons, and the relationships between them,
which we have described above for SU(2) theories, can be generalised to the case of
any other gauge group. We shall discuss the necessary changes here; useful definitions
and terminology can be found in appendix B.

In general, for any gauge group, we may use gauge transformations to rotate the

VEV so that it lies in the Cartan subalgebra,
(vo) = —V;H". . (4.38)

This shows that the gauge group is spontaneously broken to its maximal abelian sub-
gfoqu, U(1)", where n is the rank. Classical solutions can then possess magnetic
charges associated with each of the U(1) groups, as well as the Pontryagin index.

All one monopole solutions in an arbitrary gauge group are embeddings of SU(2) so-
lutions in appropriate subgroups, analogously to one instantons in R*. In contrast, how-
ever, because of the distinct magnetic charges, monopoles embedded in different SU(2)
subgroups are examples of different types of monopoles. Therefore, one monopoles in
any gauge group have the same numbers of zero modes as one monopoles in SU(2),
that is four bosonic zero modes (three translational and one from the relevant unbroken

U (1) subgroup) and two (supersymmetric) adjoint fermion zero modes.

5If the Wilson loop or VEV vanishes, the monopoles become trivial and cannot be semiclassical
configurations or constituents of other configurations. .

51t is possible to arrange for there to be an unbroken non-abelian subgroup, in the special cir-
cumstance that o - V = o'V; = 0 for some root a, but we shall always assume that this is not the
case.
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Each SU(2) subgroup of a simple Lie group is associated with a root «, and the
corresponding generators are

1 1,
V2L (Ba—E_y), J3= Za - H, (4.39)

Ji (Ba+E_y), Jo=

1
V2L
which obey
[Jaa Jb] = 1€qpce- (4.40)

An SU(2) BPS monopole solution can then be embedded as

v = w,Je, (4.41)
1
vo = ®°J, — (V -~ Zla V)a*) ‘H, (4.42)
where
z¥ ulz|
¢ — oot (1o ME) 44
Yu = Cn “lz|2 ( sinhu]ml) (4.43)
c
3¢ = —';’? (u|z| cothulz| — 1), (4.44)

for a monopole located at the origin and without a U(1) rotation, and u = a - V.
Note that for gauge group SU(2) itself, which has rank n = 1, the Cartan subalgebra
generator can be taken to be’ H = %7’3, and the positive root is & = v2, so a- V
coincides with the parameter v in the previous sections of this chapter.

Analysis of the zero modes of these solutions [61], using the Callias index theorem,
shows that only some of these embeddings are true one monopole solutions, with four
bosonic zero modes and two adjoint fermion zero modes. The rest are configurations
that are particular combinations of these fundamental monopoles. In order to state
what the fundamental BPS monopoles are, we first note that any choice of the VEV
in the form given in equation (4.38) provides a natural ordering® for the roots, in that
a root may be considered positive or negative according to the sign of o*V;. The BPS

one monopoles of any gauge group are then the ones where the SU(2) BPS monopole

"Note the normalisation convention in equation (B.5).

8 Any root ordering method of the type discussed in appendix B is arbitrary but easily related to
the other consistent choices by gauge transformations. Similarly, starting from a VEV like that in
equation (4.38), one can gauge transform to other possibilities without taking the VEV out of the
Cartan subalgebra. In fact, permutations of the elements {V;}, achievable via gauge transformations,
are in one-to-one correspondence with the Weyl reflections on the roots that relate different orderings.
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is embedded in the SU(2) subgroup of a root that is simple according to this ordering.
There are always n simple roots, so there are n types of fundamental BPS monopoles,
which agrees with the n types of magnetic charge coming from the unbroken subgroup
U(1)™. The BPS one monopole associated with the simple root c;y has action %—iﬁaay
V.

For gauge groups other than SU(2), we have non-periodic gauge transformations of
the form U, = exp (%gw* -H ), where w, is a coweight. These map V; to V; — %w*i
(hence o'Vj is shifted by a multiple of %), so the classical moduli space is isomorphic
to %, where Aj, is the lattice of linear combinations of coweights with integer
coeflicients, and W is the Weyl group.

We can use the non-periodic transformations U, = exp (%J;;(a)), applied to a
monopole associated with root «, but with modified VEV parameter of —a -V + -}i, to
obtain the various extra monopoles on the cylinder. However, while all configurations
constructed in this way are solutions, only the one starting from the lowest root, a(g) =
—0, in the natural ordering defined above, is a fundamental KK or affine monopole [59].
It has action %’5; (1 - RaZ‘O) . V).

It has also been shown [59] that the caloron solution in any gauge group is a combi-
nation of a BPS monopole solution with winding number m?® for each simple root Q)

(where the {m'} are the comarks) and a single KK monopole. The number of bosonic

zero modes, for example, is then

n
4 (1 + Zmz) = 4o, (4.45)
=1

in agreement with our expectations for a caloron or one instanton. In addition, with
this combination of monopoles all the magnetic charges cancel to give a neutral config-

uration.

4.4 Methodology

To summarize, the idea behind the calculations in this thesis is to work in a theory
defined on R® x S, with a non-trivial VEV. Classically the VEV can take any value,
but quantum corrections can lift this degeneracy, as will be seen in chapter 5, and the

quantum moduli space is a single point with a particular value of u, rather than, say,
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a circle for SU(2). In such a theory, the semiclassical configurations are all possible
combinations of n + 1 types of fundamental monopoles, which are the partons of the
configurations analogous to instantons in R*. The fundamental monopoles all have
two adjoint fermion zero modes, and so the gluino condensate in this theory can be
calculated as the sum of their direct contributions.

The quantum value of the VEV parameter u is proportional to % (and classically
it is gauge equivalent to a value bounded by this amount, by periodicity), so if R is
chosen to be small, then u will be large. In this limit, the coupling is small, as can be
seen from equation (5.53) with u chosen to be equal to the scale u >> A, so semiclassical
calculations are justified and of the WCI type. On the other hand, the answer for any
Green’s function should be holomorphic in u, by supersymmetry, and will therefore also
be holomorphic in R, allowing us to analytically continue the result to R — oo and
four large dimensions.

A similar strategy, employed previously in [62], is to consider the theory defined

‘on T* = (S§1)4, so that all the directions are periodic. In this case the fundamental
configurations are solutions called torons [63], which also have two adjoint fermion zero
modes meaning that the gluino condensate can be calculated directly. However, the
four periods have to be fine-tuned in order to maintain the existence of the finite action
torons, and because there is more than one period it is no longer possible to rely on the
holomorphy of Green’s functions on those parameters. This makes attempting to find
an unambiguous R* limit severely difficult, and consequently it is perhaps not surprising
that the value of the gluino condensate on the four torus calculated via torons does not
coincide with either the SCI or WCI results in R?.

In the next chapter we shall apply the monopole method to the calculation of the
gluino condensate in supersymmetric pure Yang-Mills theory will gauge group SU(2),
in chapter 6 we will extend the analysis to any gauge group, and also consider the

inclusion of matter fields.




Chapter 5

One monopole calculations

In this chapter we shall calculate the gluino condensate in A/ = 1 supersymmetric pure
Yang-Mills theory, using monopoles on R3 x S, in order to demonstrate how to find
one monopole contributions to correlation functions, and to compare with the SCI and
WCI results. The actual evaluation is not too arduous, but before we can proceed
with it we need to establish that our one monopole configurations correspond to a true
quantum vacuum.

The classical moduli space of supersymmetric pure SU(2) gauge theory on R® x S*
is given by the set of distinct values that the VEV, or equivalently the Wilson loop at
spatial infinity, may take. This is a circle, as was discussed in the section 4.3.1. However,
quantum effects can, and indeed do, lift the classical degeneracy; not all classical vacua
remain ground states of the full quantum theory.

The search for the quantum vacuum will occupy the majority of this chapter, as it
also requires a one monopole calculation, in order to find the low energy effective action

on the cylinder.

5.1 Determination of the quantum vacuum

To discover how quantum effects may alter a classical vacuum state, it is useful to
consider the low energy dynamics. In particular, we can attempt to calculate the
Wilsonian effective action [64, 65], which is the action of the remaining degrees of

freedom after massive fields and fields with virtuality greater than some scale M have

63
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been integrated out. Since it is an effective action, valid only below the scale M, it need
not be renormalisable, and so will in general be more complicated than the microscopic
description of the theory. Nevertheless, the lowest energy state of the Wilsonian effective
action will be the same as the vacuum of the full theory, and it may be easier to identify.

The integration is not carried out directly. Instead, having defined the Wilsonian
effective action in this way, the normal procedure is to find the most general form it
can take subject to the symmetries it must respect, and then determine as much of it

as possible by finding all parts that are susceptible to direct calculation.

5.1.1 Classical low energy dynamics

The appropriate variables for the Wilsonian effective action are the classically massless
degrees of freedom. Here we shall identify these variables, and consider their low energy
dynamics before quantum corrections are taken into account.

The non-vanishing VEV,

(v0) = —u, (5.1)

spontaneously breaks the gauge group SU(2) to U(1). For any field ¢ that transforms

in the adjoint representation, we can write
.
b="%. (5.2)

The components ¢! and ¢? gain mass u under the Higgs mechanism, but ¢3, which
describes the part of ¢ parallel to the VEV, remains massless at the classical level.
In addition, all fields must be periodic in the compact direction, so they can be

expressed as a Fourier series,

n=-+0oo

¢ = Z ¢nein%l- (56.3)

n=—00

Then, the kinetic term in the action for a bosonic field contains
. n=+oo

[ ans) = 3 aon 5 o

so all Fourier components have a Kaluza-Klein mass, ezcept for the one with n = 0.

The part of ¢ which has no dependence on zj is classically massless.
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Therefore when constructing the Wilsonian effective action, we must only keep the
zo-independent parts of fields parallel to the VEV. When we write v,, or A in the
remainder of this section (5.1), we shall mean exactly those components, with a = 3
and n = 0.

The classical low energy dynamics is an abelian' gauge theory in three dimensions,

with action

_2nR 3 1

1 1 —
= - I 1 v
So p T <2 (QWR)QB,LQO@ o+ v, v + AT Bﬂ)\> , (5.5)

4

where vy, = 9,v, — O,v, and we use the Wilson loop ¢ = f dzgvg = 27 Rvg. The
descendant of a theta term from the full microscopic theory is
7

9 = ~Tgu2

/d3$ e"Puy 0. (5.6)

Before we calculate the quantum corrections to this action, we shall transform it to a

more convenient but equivalent (dual) form.

5.1.2 The dual theory

In the low energy regime under consideration, our theory is effectively three dimen-
sional, and we have the possibility of including a three dimensional analogue of a four

dimensional theta term. This contribution would take the form

Sy = ;%/d% e#P0,u,,. (5.7)

As in the four dimensional case, this is a topological term, which means that it is
the integral of a total derivative. Also similarly, it may be evaluated in terms of a
topological charge - in this case, the magnetic charge, as is easily seen from equation

(5.7). Therefore, just as in Yang-Mills-Higgs theory, we have
L [ #oeo,m,=nez 5.8
& T e"POv,, =n € Z, (5.8)
which is consistent with Dirac quantisation of magnetic charge [50]. Note that in the

path integral, this sigma term will give

-8y — e—ina

(5.9)

(4

b

!This corresponds to the unbroken U(1) subgroup.
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Therefore when constructing the Wilsonian effective action, we must only keep the
zo-independent parts of fields parallel to the VEV. When we write v,, or A in the
remainder of this section (5.1), we shall mean exactly those components, with a = 3
and n = 0.

The classical low energy dynamics is an abelian! gauge theory in three dimensions,

with action

2R [ 5 (1 1 R T
So = -7 &’z (2 (27rR)26”(P3 0+ 20wt +iAgH O ), (5.5)

where v, = 0,v, — 0,v, and we use the Wilson loop ¢ = f dzgvg = 2mRvg. The
descendant of a theta term from the full microscopic theory is
1
1672

Sy = /d3x e"Puy 0 p. (5.6)

Before we calculate the quantum corrections to this action, we shall transform it to a

more convenient but equivalent (dual) form.

5.1.2 The dual theory

In the low energy regime under consideration, our theory is effectively three dimen-
sional, and we have the possibility of including a three dimensional analogue of a four

dimensional theta term. This contribution would take the form
10
Sy = g;/d‘q’z e"POLvyp. (5.7)
As in the four dimensional case, this is a topological term, which means that it is
the integral of a total derivative. Also similarly, it may be evaluated in terms of a
topological charge - in this case, the magnetic charge, as is easily seen from equation

(5.7). Therefore, just as in Yang-Mills-Higgs theory, we have
1 3., HVP
& d’z e"?0,v,, = n € Z, (5.8)

which is consistent with Dirac quantisation of magnetic charge [50]. Note that in the

path integral, this sigma term will give

e 57 = g0 (5.9)

b

1This corresponds to the unbroken U(1) subgroup.
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so o is an angular variable, because adding multiples of 27 to it does not affect the

path integral. )

It is useful to change variables using a modification of the sigma term. This will
correspond to finding a dual description of the same effective theory which is simpler
to work with. Initially we make ¢ into an auxiliary field, depending on the spatial
coordinates and integrated over in the path integral, but without a kinetic term in the
action. It then acts as a Lagrange multiplier field, imposing the Bianchi identity at

every point in space, through
1
Sconstraint = 8_7r /‘13m Ueuupau'vupa (5'10)
and (incorporating multiplicative factors into the measure),
/ di dv,, d) do e=S0=59 = Sconstraint — / do dv, d)e 07596 (e#P0,u,,).  (5.11)

The advantage of using the gauge potential as the fundamental variable is that the
Bianchi identity follows automatically from the definition of the field strength. However,
with the Bianchi identity artificially enforced, we are free to use the field strength itself

as the variable?. We shall therefore formally change variables in the path integral,
/ di dv,, d) do e~ SlewnAel = / dp dB,, d) do e~ StBuAol (5.12)

where S = Sy + Sy + Sconstraint and we use B, = %fuup"’up- If we integrate Sconstraint bY

parts,
1 .
Sconstraint = —§7_r /d333 EMUP'UVPBMJ + m(a), (5~13)

with 4n{o) = inlimy ,, 0 a constant we can neglect, then the action S depends

quadratically on B,

S = / d*z (aB,B* +b,B* +¢c), (5.14)

. 2Note that this is true only in a U(1) theory; in the non-abelian case not all the information about
the gauge field is contained in the field strength.
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where
TR
o=z 5.15
. (5.15)
7 )
| bﬂ = —Eaﬂ <0' + %(P) y (516)
1 1 2rR\? ~
— i N
c=5p (2928u908 v+ < . ) 1AT BH)\) . (5.17)

Therefore we can completely integrate out B, using Gaussian integration. First we

complete the square,

1\ 1 _
aB,B"+b,B*+c=a <Bu + %%) - Ebubu +c, (5.18)
then shift B, — B, = B, + by, and finally integrate,
/ dp dB,, d\ do e~ St#Burel — / dp dB), d\ do e=51#:Buel (5.19)
= / de d\ do e~ Saval:Xa], (5.20)

where Sqya = [ d3z (—ﬁbﬂb" +¢), or

Saual ZZrlE / d*z (é L0 o + (?)2%/‘6@)
2

+ ﬁ d3z 33% <8ua + %auw) : (5.21)

We have now completed the change of variables, and arrived at the dual description

of the classical low energy theory. We have eliminated v,, and in favour of it o has
become a dynamical field, with a kinetic term in Sgua. When o was first introduced,
it was coupled to the magnetic charge, so we may think of it as a magnetic photon
field, dual to the electric photon v,. However, o is a scalar, due to the fact that the
Bianchi identity is a scalar equation in three dimensions. Our theory now contains

only scalar fields and fermions, which is a great simplification compared to the original

vector theoryS.

5.1.3 The general form of the effective action

The classical effective action we have been considering has N' = 2 three dimensional

supersymmetry inherited from the N/ = 1 four dimensional supersymmetry. This is

3This technique would not be of benefit in four dimensions, as in that case the Bianchi identity has
four components, and in moving to the dual theory we would replace one vector field with another.
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most easily seen from the dual form of the action. If we combine the real scalars ¢ and

o into a complex field4,

= —i(rp + 0), (5.22)
where
A7y g
= 4+ — 5.23
7 + o (5.23)

is the complexified coupling, and define a fermionic field with a different normalisation,
2572R
g2

b = b (5.24)

then the classical effective action becomes

1 —
Sdual = 16n QR/ I—— 3 2otz + zz/)a"auzﬁ) : (5.25)

This is invariant under the supersymmetry transformations

5z = /2y, ' (5.26)
8 = V2i0"€d, 2, (5.27)

with an infinitesimal transformation parameter ¢. The fields z and %, and an auxil-
iary field F with classical equation of motion F = 0, together form a complex chiral

superfield,
X =2+ V204 + 06 F, (5.28)

that represents two interlinked real chiral superfields, and in terms of which the classical

effective action can be written

/ d3z d*0 d%0 I—I—XTX. (5.29)

mT

1
Saual = TR

Now we consider the quantum version of this action. There is nothing in the theory
that explicitly or spontaneously breaks supersymmetry, so the action must respect this
symmetry in all regimes including low energy. The most general supersymmetric action

of a complex chiral superfield, containing no more than two derivatives [65, 39] is

Seusy = / &z ( / 4?0 29 (X, XT) + / 2oW(X / oWt (X T)) (5.30)

“Notice that both ¢ and ¢ are 27 periodic.
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where W and W' are required to be holomorphic and anti-holomorphic respectively.
The Wilsonian effective action must therefore have this form.-

The function W is called the superpotential, and it appears in an F-term in the
action, which implies that it will be zero to all orders in perturbation theory, but
can have non-vanishing, exactly calculable, monopole contributions, as discussed in
section 3.3. In contrast, the D-term involving K will be dominated by incalculable
perturbative effects. Fortunately, it is the superpotential that holds information about
the vacuum, as we shall now show.

If the bosonic part of the action is expanded in the bosonic components of X, the

auxiliary field F and its conjugate are present only in the following terms,

o Tzt
/d3a: gty 4 VB OV 1) (5.31)
0z 9zt
with G = %ﬁﬂ. The Euler-Lagrange equation for F then gives
Ft= LOVE) (5.32)

TG 8z

and substituting this and its conjugate back into the action, we find the potential

s o [ 5 1OWHEH oWw(z)
/d zV—/d T ST Ey (5.33)

This is positive semi-definite, as we should expect since there is a general result in su-
persymmetric theories that the Hamiltonian must be positive semi-definite (see section
3.2.3, and [20]). It also follows from the same general arguments that only states which
have an expectation value of zero for the energy are supersymmetric. So, if we can solve
what is called the F-flatness condition,

OW(z)
0z

=0, ’ (5.34)

to find a supersymmetric state, this will also give an absolute minimum of the energy and

hence a quantum vacuum state®. Therefore, our aim is to determine the superpotential.

®We took G # 0 above, which was an assumption as we do not know the form of K. However, if

G = 0 then the F-flatness condition follows directly from the Euler-Lagrange equations.
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5.1.4 Calculation of the superpotential

The strategy we shall employ to find the superpotential is to calculate a term in its
expansion and then use holomorphy to reconstruct the whole. The F-term in the

effective action can be written as

OW(z) 10°W(z)
3 2 — 3 -
/dw/d@W(X)—/d:r( A F 4 s ). (5.35)
When z has a VEV, the second term includes
3. 1 O*W(z)
[ < o )W, (5.36)

which is an effective mass term for the fermion 4, or after rescaling, for A. Recall
however, that A is the part of the gluino field that is classically massless. Therefore
it is quantum effects, via the superpotential, that generate a mass for this component.
This is the mass term that we shall evaluate, using semiclassical techniques, and from
which we can infer the superpotential.

We shall approach this by investigating the correlator
a(2)25(0)). (5.37)

We can use an LSZ reduction formula to relate this function to a scattering amplitude,
and then, in the limit of large ||, it can be shown that the asymptotic form is two mass-
less propagators multiplied by a constant including the mass of A, or in configuration
space language,
g\’

Jim Qa@g0) = (55) ma [ &0 (Selo )86,y (539)
Note that we use m to mean the coefficient multiplying %/\/\ in the action, which is
not the physical mass because A is not a canonically normalised field (see the kinetic
term in equation (5.5)). Similarly, we are attempting to find the coefficient in front
of %1,/11/) and will not be concerned with the actual value of the mass. Another effect
of this normalisation is that the constant in front of the integral above is not simply
the mass. We have also defined Sp(z) = %‘Ifg, the massless fermion propagator in

three dimensional configuration space, or equivalently the Green’s function of the Dirac

operator 1#0,,.
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Clearly only (multi-)monopole solutions with two fermionic zero modes will affect
the value of the correlator, which implies that just the two fundamental monopoles
will contribute. In order to perform the semiclassical calculations around these con-
figurations, we need to know the one monopole measure and the adjoint fermion zero
modes.

The latter are given by the supersymmetric zero modes (see section 4.3), which all
multimonopole solutions have by virtue of supersymmetry. In the case of the funda-
mental monopoles they are the only two zero modes, with two Grassmannian collective
coordinates {1 and &2. In fact, although we know the field strength and hence the zero
modes completely for the one monopole solution, at this point we shall only require
knowledge of the asymptotic form of the zero modes,

dim Xa(z) = A" () = 87(Sk(z ~ X)€)a- (5.39)

The measure is shown in appendix C to be

u3R 27
/ dit1 —mono = 9—26—5 / B3X / dQ / d?¢, (5.40)
0

with § the monopole action, pu the Pauli-Villars renormalisation scale, X the centre of
the monopole, and 2 the U(1) gauge orientation.

Now we can bring everything together and, integrating over the gauge and fermionic
collective coordinates, find an expression for the contribution of either monopole to the

correlator in the limit of large |z,

|z]—o00 /LBR -
(a(@DAa(Oaps pac L5 e / X d9 d?¢ AL (2)A5P (0) (5.41)
2633 R _
=—g ¢ S/d3X (Sp(z = X)Sp(=X))p-  (5.42)
We can amputate the propagators to isolate the coefficient in front of the integral, then
find the mass term for A, and (after applying the conversion factor, equation (5.24))
also for 1, given by either monopole,

1 267%4°R [27R\? 1 [2mu8
/ d3z§[ ”gf R ( ;2 ) eS| = / d3x§[ 7752 Re—SJ ¥y, (5.43)

The BPS monopole has action —(z) and the KK monopole has action —2mir + (2),

using the results given in chapter 4, and including the effect of the field o. Summing
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over both contributions we find the total quantum generated mass term for ), from

which, using equation (5.36), we can identify the VEV of the second derivative of the

superpotential,

*W(z) 2mu®R z miT—(2
< 522 >: 7 (e +errir ). (5:44)

This represents only one term of the superpotential, given by single monopole contribu-
tions, and all other terms in the expansion are generated by analogous multimonopole
effects. However, rather than calculate all these terms individually, we can realise that
the holomorphic property of W constrains them, and that we must be able to recon-
struct the full superpotential by promoting (2) to z, and then in turn z to X. Therefore

we have found

21 R
2

w(x) ==

(X + e2miT=X) (5.45)

We can now use this result to discover the quantum vacuum state, since

OW(z)

o =0 = 22 = e27rir, (5.46)

= (z) = mi(t +v), (5.47)

with v € Z, and the VEV of z contains the VEV of the Wilson loop, () = —, which
parametrises the vacuum. The quantum corrections have lifted the degeneracy of the
classical moduli space, leaving just one point of it as a true vacuum state.

The parameter v can in principle take any integral value, but since (z) is 27 periodic,
only the values 0 and 1 (say) are distinct. Shifting 9 — 9 + 27 sends v — v + 1, so
the vacua corresponding to these two values have the same physical properties. This
is in accordance with Witten’s index [40], which predicts two distinct but physically

equivalent vacua in supersymmetric pure SU(2) gauge theory.

5.1.5 Confinement

We can take (o) to-be zero, but due to the non-zero VEV of the Wilson loop we

2 on expanding the superpotential about the vacuum, so o is a

find a term like %maa
massive field. This implies confinement of the electric degrees of freedom, through a

dual Meissner effect. In superconductors the electric photon gains an effective mass
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and the magnetic fields are confined to the exterior of the superconductor or flux tubes.
In the present case the words electric and magnetic should be exchanged, and all the
remaining electric fields should be removed from the low energy spectrum. This effect
was first noticed by Polyakov in the context of a genuinely three dimensional gauge

theory, in [47].

5.2 Calculation of the gluino condensate in SU(2)

In section 5.1 we examined a reduced, low energy form of the theory in order to deter-
mine the quantum vacuum state. With this knowledge we can now return to the full

theory and calculate the gluino condensate in the correct vacuum.

5.2.1 The semiclassical method

We can find (Tr A)) using a direct semiclassical calculation. By design we have modified
the theory such that we can identify and manipulate the configurations contributing
to the gluino condensate with mathematical rigour. These are gauge configurations
with two adjoint fermion zero modes, and are the one monopole solutions. Using the
one monopole measure derived in appendix C, we can find the contribution of either

monopole to the gluino condensate,
,u3 R 2T
(Tr A (z))Bps /KK = 9—2@—5 / B3X / o / ZETr NSNSz — X)), (5.48)
0
The classical values of the gluino fields are given by the supersymmetric zero modes,

A = o™ Begugiess (5.49)

mn

with vE®S the field strength of the monopole configuration. Applying equation (A.14)

and v3s = 928 and integrating over ¢ and €, we find

2mu3R
(Te AN (2)) o KK = ”;‘2 ¢S / BX T [ossogess(a - X)) (5.50)

We can change variables from X to z — X, and then the integral is clearly just propor-

tional to the real part of the monopole action®, so we can immediately evaluate it to

®That is, not including the contribution of the theta term
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give

' 3 2
2”:2 R s f—R Re(S) = 2u3 Re(S) e~5. (5.51)

{(Tr A\)Bps/kk =
Recall from section 5.1 that the action of the BPS monopole is —(z) and the KK
monopole action is —27i7 + (z), and also that in the quantum vacuum (2) = mi(7 +v),
so we can sum the contributions of both monopoles to find the gluino condensate,

Tr AA _ 4/1‘3 ﬁem’(T-H)) — _/fem'(T-H/) (5 52)
1672 1672 g2 g2 ' ’

This result is independent of R, so analytic continuation to all values including the
limit R — oo is trivial.

We can rewrite the expression (5.52) to make its renormalisation group invariance
manifest. The solution of the exact Callan-Symanzik equation [22] in this pure SU(2)

gauge theory with by = 6 is

6 7!'2
gf(/ﬁ) exp (—-g—gm + z'ﬁ(,u)) = AS, (5.53)

with A the dynamically generated scale in the Pauli-Villars regularisation scheme.

Therefore,

Tr .
< . 67’:;\> = Ade'™ (5.54)

which agrees with the WCI result for the gluino condensate.
Sending ¥ +— ¥ + 27 implies v — v + 1. This is also the way to relate the two
physically equivalent vacua, so we see that they can be labelled according to the phase

of the gluino condensate.

5.2.2 The functional method

Our knowledge of the superpotential allows us to find the gluino condensate by an al-
ternative method that uses a formal identity but does not require a further semiclassical
calculation. The original action, written in terms of the vector superfield W,, is

Smicro[W] = / d*zIm ( / %0 4le (W“Wa)> . (5.55)

vy
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We can upgrade from 7 to a chiral superfield 7" which includes the complexified coupling

constant as the VEV of the scalar component,

T = A, +V20¢, + 00F,, (5.56)
4i g
(A =7 = g_2+§7;. (5.57)

The action and partition function then become functionals of T,

Smicro[T, W] = / d*z Im ( / 26 %T} (W"Wa)> , (5.58)
and |
Z[T) = / dW exp (iSmicroT, W]) . (5.59)

The lowest dimensional component of Tr (WW,,) is —Tr (A%\,), so the action contains
—/d4 f;—Tf (A%X,), (5.60)

and Hermitian conjugate (with .7-";[) Therefore,

1 6Z[T)
Z[1) §F,

- / AW L Tr (XA exp (iSmicro[W]) = — > (5.61)

Tr A\
8

87

T=T7
Now, supposing that we were able to integrate out the vector superfield, we would

be left with an effective action involving T,

Z|T] = exp <z / d*z2Re ( / d29weff(:r))>. (5.62)

(This is in the general form of equation (5.30), but with no D term because there is
no connection between the chiral and anti-chiral sectors in equation (5.58).) We can

expand this in the same manner as equation (5.35),

2
/ d*z / d20 Weg(T) = / d*z (6V‘j;if4(A WenrAr) - %ay\;eTng/)T), (5.63)

which leads to

1 62[T

1 . OWeg(T)
Z[T) 6F; B

or '’

(5.64)
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so we have a useful identity that relates the gluino condensate to the derivative of the

effective action,

Tr A i OWegt (1)
=———— "’ .65
< 1672 > 2r  Or (5.65)
However, it is not possible to do the integration over W, directly. Instead, we may
identify’
_ W
Wegt (1) = R (5.66)

where W is the superpotential from section 5.1. Evaluating (W) by substituting equa-

tion (5.47) into (5.45), we have

<W> 2/1‘3 wi(T+v)
2R~ o e . (5.67)

Now we can draw all of these results together and find

Tr AA 3 _—
< 12,”2 > - /;_Qem(‘r—ku) — A3ez7w’ (5.68)

which agrees with the directly calculated value.

"The factor 2R is present because W is only integrated over three spatial dimensions in the
Wilsonian effective action.




Chapter 6

The generalisation to any gauge

group, and the inclusion of matter

The one monopole calculation of the gluino condensate in ' = 1 supersymmetric pure
Yang-Mills theory with gauge group SU(2), presented in chapter 5, can be generalised
in two directions, as we shall describe in this chapter. Firstly, we may find the gluino
condensate with any gauge group, and then we can consider the addition of matter to
the theory. Note that the generalisation to gauge group SU(N), including the properties
of monopoles on the cylinder, is alternatively presented in [1], using results motivated
by string theory.

For the second issue, addressed in section 6.2, we will introduce the ADS super-
potential that describes the low energy dynamics of theories including matter, and
show that in all cases it can be directly evaluated using either a one instanton or one

monopole calculation.

6.1 The gluino condensate in any gauge group

In this section we shall generalise the calculation of the gluino condensate, found in
chapter 5 for gauge group SU(2), to any gauge group. The only possibilities are compact
Lie groups, whose algebras are known to be direct sums of U(1) algebras and simple Lie

algebras. The simple Lie algebras were classified by Cartan and Killing into types A,

7
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B,C, D, E, F and GG, as summarised in appendix B. We shall restrict our attention to
the corresponding simple Lie groups, because there are no complications arising from
trivial combinations of these groups.

The strategy of this calculation is exactly the same as for SU(2), so we rely on the
full explanations in chapter 5, and just give a summary with the relevant formulae here.

We will discuss the interesting aspects of the results in more detail.

6.1.1 Classical low energy dynamics

Recall from section 4.3.3 that the VEV may be chosen to be in the Cartan subalgebra,
(vo) = —V;H". (6.1)

Then, the classically massless degrees of freedom are the components of fields that
correspond to Cartan subalgebra generators, and furthermore the parts of those fields

that are independent of the periodic coordinate, zo. We shall write, for example,
Mem) = Xi(z,) H® 4 massive fields. .(6.2)
Using the following normalisation, as outlined in appendix B,
Tr (H'HY) = §Y, (6.3)

the action for the classically massless fields is

2R 1 1 v ~—
= g_2 diz (Wamaﬂw + Ev,m'v“ ;+ 22)\ia“8u)\i> , (6.4)

So
where ¢ is the Wilson loop as before, ¢ = [ dzgvg. Also, the part of a theta term that

depends on these fields is

W

Sﬂ = -SF /d3:13 6I“/vapiau(pi_ (6.5)

We have the freedom to add n three dimensional topological terms, with n param-

eters, {0},

SU = ﬁ /dS:II aie“"”auv,,pi. (6.6)
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The quantisation of magnetic charge in general shows that the vector of magnetic

charges in each of the unbroken U(1) groups should lie in the coroot lattice [61]
! 3P A} 7
i d’ze WVupi € AR, (6.7)

which implies that o; must be valued in m%, because a shift by a weight vector
w contributes a power of the factor ™ = 1 to the partition function. This space is
slightly different, for non-simply laced groups, to the set of inequivalent values of ¢;,
m% (see section 4.3.3).

We can promote each o; to be an auxiliary field, ensuring the Bianchi identity

everywhere, then integrate by parts to make the action quadratic in the field strength,

S = /d3x (aBm'B“i + bm-B“i + c) , (6.8)
with
2R
a= , 6.9
p (6.9)
1 9
1 (1 21R\?_ ~ _
c=5— (g—28u<pi8“<pi + (T) 21)\ia"8u)\i) , (6.11)

Now we can use Gaussian integration to eliminate B,,; in favour of o; as a dynamical

scalar field, in a dual theory with action

1 1 27R\?  ~ _
Sdual = R d*z (g—28#<pi8”<pi + (T) 27)\1‘0“5#/\,')
1 g° ? 2
+ ﬁ /d3.’13 W <6u0i + %8,1%) . (612)

We again switch our attention to a complex scalar fields and unconventionally nor-

malised fermionic fields,

2 = —’l:(TQDi + 0'1'), ’I’bz = 92 )\i, (613)
in terms of which the action is
Sdual = —1———/d3a: L (3 zTa”Zi + ’L'E~5“6 1/),) . (6.14)
8m2R Imr \ #7 v T
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This is invariant under the supersymmetry transformations,
8z, = V284, St = V2i0"Ed, 2, (6.15)
so it is more convenient to work with the complex chiral superfields, X; = 2z + v/26; +

00F;, which have the classical action

6.1.2 Quantum low energy dynamics

The most general supersymmetric action of n complex chiral superfields is
Ssusy = / Bz ( / 2o dPoK(X, X1 + / dPOW(X) + / dQEWT(XT)). (6.17)

The bosonic potential arises from the terms

W(z) Wt
/ &3z (_f,GJf-} FRg 7, (6.18)

. 2 t g L .
where GY = %(;’—ZTZ, and we also define G;; = [|G¥||~!, the matrix inverse of G¥.
2;0z]

The Euler-Lagrange equation for any F; gives

oW
-7'-11 = Gy —Bz(:)’ (6.19)

and substituting these relations, and their complex conjugates, back into the action

shows that the potential is

st
/ BV = / dz ay; (f e, agvz(z), (6.20)

which is zero if and only if the F-flatness conditions,

OW(z)

5 =0 (6.21)

are fulfilled.
Expanding the F-term as

/ 3z / d2OW(X) = / 3z (BI;V_z(iz)E_ + %%a(z?wwj), (6.22)
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we can see the fermionic effective mass term,

1 /W(2)\ ,
/ da < o > it (6.23)

In order to evaluate the effective mass matrix, we need to consider the correlation

function
{Aai(z)Ag;(0)) (6.24)

which in the limit of large |z| has the form

2 \2
lim ()\ai(w))\gj(())) = ( J ) mf\]/dgm' (SF(:E —{L")SF(—III’))aﬁ. (6.25)

|| 00 4rR

The definition of mg‘] is that it appears in the term [ d3z %mf\j/\i)\j in the effective
action.
When calculating the contribution from the monopole associated with the root! e,

we need to know the large [z| limit of the adjoint fermion zero modes of that monopole,
AP (z) = 4n(Sp(z — X)€)ga™, (6.26)

and the correct measure, taken from appendix C,

/ B oo = % (#) S / BX /0 " i0 / a2, (6.27)

Combining these elements, we can find the effect of the monopole associated with the

root « on the large |z| limit of the correlation function,

3
(sl 2gs Oy 577 (&) s [@x [aa [ #0629

4.3,3 o
:2_95_1{ (#) e~Saria* /d3X (Se(@ — X)Se(~X)) o5

(6.29)
We may read off the contribution to <%221WTZZ>’ from

[ ) 2 - [ ) 5 o

'Recall from section 4.3.3 that the BPS monopoles correspond to the simple roots, the KK or affine
monopole to the lowest root, ey = —6.
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The action of the BPS monopole associated with the simple root ¢; is S[e(;)] =
—a?i) - {2), and the action of the KK or affine monopole is S[eyq)] = —aZ‘O) -(z) — 2miT,
as given in section 4.3.3, so we can sum all n + 1 monopole contributions into

O?W(z) 213 R L ik , .
< 0202 > T 2 <|a(~)|2> ;) i) exp (O‘(i) (2) + 2""51'0) ,  (6.31)
=0 t

and use this to reconstruct the full superpotential,

2P R o L . ,
W(X) = p Z (la(')P) exp (a(i) X+ 27rz¢5,~0) . (6.32)
i=0 t

The form of this superpotential is that of a twisted affine Toda potential, as was
predicted for N’ = 1 gauge theories on R* x S! by Katz and Vafa in [66], on the basis
of string theory calculations (see also [67]). However, this result does not include the
field theory interpretation of the variables of the superpotential, which is supplied by
the expression above. The following linear shift in the chiral superfield,

n . 1 LI
XX~ Zlog ( ) w® = 2miT + Zml log <ﬁ2—> P (6.33)
=1 @)

i=1 2

|os) |2
renders the superpotential into the standard form for a twisted affine Toda potential, as
written by Katz and Vafa. It is based on the twisted affine algebra, which coincides with
the affine algebra for the simply laced algebras, and can be found for the non-simply
laced algebras either by changing the roots into coroots [68], or by the imposition of
an outer automorphism on a simply laced algebra before affinization [69]. In the first
method, the twisted affine algebra of X, is denoted X,(ll)*, as the dual of the untwisted
version X,(ll). In the latter case, the outer automorphism corresponds to a symmetry of
the Dynkin diagram of the simply laced algebra, Y,,, with order 2 except for D4 where
it is 3. Then, following the notation of Kac [70], the resultant twisted affine algebra is
written Y,fQ) or Y,SB) respectively, as summarised in table 6.1.

A related superpotential on R® x S! was calculated by Dorey [71], in an N = 1
supersymmetric theory with a specific matter content, obtained by adding masses to
N = 4 supersymmetric pure gauge theory in order to break all but one supersym-
metry. This superpotential is also generated by monopoles, and takes the form of a
Calogero-Moser potential. Renormalisation group decoupling to make the matter fields
irrelevant corresponds exactly to the well known limit of the Calogero-Moser potential

that produces the affine Toda potential [68].
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Simple Lie algebra | Twisted affine algebra
1)* 2
3 B AT,
1)* 2
6 0 = o,
Fy (1)* E(2)
Gy G = p®

Table 6.1: The twisted affine algebras.

6.1.3 Calculation of the gluino condensate

Before finding the gluino condensate, we must first determine the true quantum vacuum

by solving the F-flatness condition,

OW(z)
= 0. 6.34
5 = (6.34)
It is most convenient to work with the n variables (; = az‘.) - 2, which are independent
because the simple coroots {a( } form a basis. Using gy = —0 =~ P mia’(*i), and
vy [> = [6]? = L, the superpotential can be written
2ru®R e /L
W(z) = 7r,u2 (exp <2m7' - Zng) + Z <—2) exp(;) | . (6.35)
g i=1 i1 \log)
Differentiating with respect to ¢; gives
L i
B |2 exp((;) = miexp | 2mir — Zm (&) | =m'E, (6.36)
(@) i=1
so we can immediately see that, in the quantum vacuum,
2rp*R S 2mu®R
W(z)) = ”;2 (1 + Zm’> == %CQE. (6.37)
i=1

The exponential factor £ may be found by repeatedly applying equation (6.36), so

2 = exp (27ri7' — Zmi(@) (6.38)

n ) _
= exp(2miT) H (exp(¢i)) ™™ (6.39)
=1

n i .
= exp(2miT) H ( mlag)| ) g Xim ™, (6.40)

=1
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Therefore,
1 [ el o
= = exp(2miT) H —I , (6.41)
=1
_ o N2\
Z = exp <W> H (__lLL)l) ) (6.42)
i=1

with v € Z. This integer labels the c2 vacua, related to each other by ¥ — 9 + 27, and
predicted by Witten’s index [40].
The functional method of section 5.2.2 is group independent and therefore trivial

to generalise, so we may immediately find the gluino condensate in any gauge group,

TN\ i W) 4 (il 4+ 0)\ o [milagl?) ¢
<167r2>_ 4n?R 01 g2 ep co g L ‘ (6.43)

This is independent of R, and so may be automatically continued and taken to be the
result for any value, in particular the R — oo limit. Using the solution to the exact

Callan-Symanzik equation,

ubo y __§ZT2_ _ b
92—2‘1(“) e p( I +z19(,u)> = A", (6.44)

where by = 3¢y, for any pure gauge theory, we can write the gluino condensate in terms

of the dynamically generated scale, A, in the Pauli-Villars regularisation scheme,

i

Tiv n mia NE _?—2
<T12:j> = A% [ (%) . (6.45)

=1

The Lie algebra datav given in tables B.1 and B.2 is sufficient to evaluate this formula
for all the simple Lie groups, and the results are shown in table 6.2 (ignoring the phase
factor that distinguishes the vacua). Note that although the algebras of SO(2n) and
§0(2n + 1) are very different, the expression for thé gluino condensate in SO(N) is a
single formula in terms of NV, irrespective of whether N is even or odd. '

The values for the classical groups are in full agreement Wit}.l those calculated by
Finnell and Pouliot [37] in a WCI approach, and such consistency over a range of non-

trivial numbers, from independent methods, is good evidence that WCI methods are

sound.
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Gauge group | A3 <%§>
SU(N) 1
SO(N) | 27Vt
USp(N) 91~ ~F

Gy 27234
Fy 275373
Eg 273371
E; 25373
Eg 2-1837357%

Table 6.2: The gluino condensate for all simple Lie groups.

The results for the exceptional groups are new predictions; the monopole method
is at present the only knqwn way to determine these numbers.

In the direct semiclassical evaluation of the gluino condensate, using the correct
quantum vacuum determined by the F-flatness condition, the monopole associated with

the root « contributes
(HAALX=2u3-£L Re(S[a]) e~ 514, (6.46)
(@] laf2

. — — — . ia a2 — . .
Using e~ )] = E, and e~Sle@] = ( LL(’)I—) =, we can sum over the contributions of

all of the monopoles and find

Tr AA wd
< 167]'2 > = 9—2:, (647)

which is exactly the same as the result found by the functional method.

6.2 The ADS superpotential

Another highly important result in the context of N’ = 1 supersymmetric gauge theories
is the superpotential found by Affleck, Dine and Seiberg [72]. They considered an
SU(N) gauge theory with Ny flavours of matter, where Ny < N. Each flavour consists

of a chiral superfield @ that transforms according to the fundamental representation of
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the gauge group, and a chiral superfield Q that transforms in the conjugate fundamental.
This prescription is used so that the fermion from @, ¢, and the fermion from Q, Yrs
combine to form a single Dirac fermion, such as would be implied by the term flavour
in non-supersymmetric gauge theories. |

The classical global symmetry group of the theory is
SU(Nf)L XSU(Nf)RXU(l)VXU(l)A XU(l)R, (6.48)

which is equivalent to the non-supersymmetric version, except for the addition of the
U(1)g factor. This is related to the U(1) group of R-symmetry transformations, which
are induced by changing the phase of the supersymmetry generators. Just as in a
non-supersymmetric theory, the quantum global symmetry group does not contain the
U(1)4; this symmetry has an anomaly, produced by the semiclassical configurations
of the theory. R-symmetry is similarly anamolous, and we choose U(1)g to be the
anomaly-free combination of the U(1) 4 and R-symmetry.

The superpartners of the matter fermions are 2NN 7 complex scalars, which may
develop VEVs that generically break the gauge group to SU(N — N £). In addition,
they break the global symmetry group to

SU(Ns)p x U(1)y, (6.49)

where SU(Nj)p is the diagonal subgroup of SU(Ny)1 x SU(Ny)g. Therefore, Ny (2N —
Ny) of the real scalar degrees of freedom are absorbed under the Higgs mechanism, to
allow for the right number of massive gauge bosons, and N]? + 1 further real scalars will
be Goldstone bosons that will be classically massless, associated with massless fermionic
Goldstinos by supersymmetry. This last set must be gauge invariant fields, and indeed
they are contained in the chiral superfields QF iQig (i is a gauge index, f and g label
flavours). Note, however, that one set of these Goldstone fields, the one associated with
the anomalous U(1) 4 symmetry, will gain a semiclassically generated mass, while the
others must remain massless.

Affleck, Dine and Seiberg determined the low energy effective action of these clas-
sically massless fields, encoded in the superpotential that is obtained after all massive
and high virtuality fields, and also the massless gauge fields, have been integrated out.

This is known as the ADS superpotential, and like the superpotential we considered
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here for supersymmetric pure gauge theory on R?® x S1, it is not calculated by direct

integration. Instead, requiring invariance under the remaining symmetries shows that
it must be of the form

1
A\
WAR, =Cn,n, -/ (6.50)

N,N; = WQ—Q )
where Ay, N; is the dynamically generated scale, and 3N — Ny = by is the first coefficient
of the beta function, in the theory with gauge group SU(N) and Ny flavours. The
dimensionless constant CN,Nf is to be determined. The strategy is to isolate a part
that is accessible to direct evaluation, and use this to reconstruct the full superpotential.
Using instantons in R, this may only be achieved in the case N =N —1, where the
gauge group is completely broken and the coupling is controllable. This is sufficient,
however, because starting from that result, renormalisation group decoupling can be
applied to flow to theories with lower numbers of flavours, and determine the ADS
superpotential for all Ny < N. The part of the superpotential that is calculated is in
fact the semiclassically generated mass of the U(1)4 Goldstino, using the asymptotic
behaviour of a two point function, as in the method employed in section 5.1.4. The only
contribution is from one instanton configurations, and it is found that Cn, Ny = N—Ny.

For Ny < N —1, calculations using R? instantons are not reliable, because there is
an unbroken non-abelian subgroup of the gauge group, which leads to strong coupling
effects. However, if we modify the space to R® x S!, we find that monopoles can be
used to generate the ADS superpotential, as we shall now discuss.

Suppose that the massive and high virtuality fields have been integrated out, leaving
the SU(N — Ny) gauge fields, and the chiral superfields Q/ Qg- It is convenient to change

variables from the latter to the following matrix of superfields?,

o= %log % (6.51)

The effective action at this level may be expanded in inverse powers of the VEV pa-
rameter of the scalars, v, and, as observed in [72], there is only one dimension five

operator that is invariant under the unbroken gauge and global symmetries (its form is

2 Affleck, Dine and Seiberg used a linearised version of the superfield matrix &.
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completely specified by these), so we can say

Sef = / d*zIm / a0 [ 1 (WeW,) + V2
47 872y

&/ Tr (WoWa) + O <vi2)) . (6.52)

Here Se is the effective action of the classically massless fields, which include W,
the SU(N — Ny) field strength superfield. Integrating this out is equivalent to finding
the effective action for the auxiliary chiral superfield 7' in a theory like that given in

equation (5.58), but where T has the value

%
T=r1+ —Uq>ff. | (6.53)

We know, from comparing equation (6.37), with c; = N — Ny for the unbroken gauge

group SU(N — Ny), to equation (5.66), that monopoles in SU(N ~ Ny) will generate

3 .
I 2mil
Weff = (N—Nf)g—2 exp <N—Nf) (654)
1
3 ' 2N; \N=N;
7 2miT vets ) f
=(N—-N¢)—ex = 6.55
( f)92 p<N_Nf> (detQQ (655
(N — N;)A3 ( i ) o (6.56)
= I N—-Nf,O det Q~Q ) .
and using the renormalisation group decoupling equation A?VIYA?fo = v2Nf A%f&ﬁé ) , we
find
3NNy Wﬁv;
NN
Weg = (N — Nj) | ——=— = Wi, (6.57)

det QQ

This shows that the ADS superpotential is closely linked to gluino condensation,
and indeed its derivation in [72] is also a WCI calculation of the gluino condensate
with gauge group SU(N). Analogous results have also been determined for the other
classical groups [43], and these are all part of an extended family of superpotentials,
in ' = 1 supersymmetric theories with different gauge groups and various types of
matter. They can be connected in many ways through renormalisation group flows,
and are all mutually consistent. See the reviews [37] and [73] for discussions and an

introduction to the literature.




Chapter 7

Two monopole calculations

7.1 Introduction

We have introduced a strategy that in principle allows particular correlation functions in
supersymmetric theories to be calculated exactly; modify space from R? to the cylinder
R3 x §1, and choose the radius of the circle to be small so that the coupling is also small.
Then any correlation function is equal to a sum of contributions, from conventional
perturbation theory and semiclassical configurations. For correlation functions of F-
terms, there is no conventional perturbation theory part, and the one loop semiclassical
approximation gives the full result. The connection between the coupling and the radius
means that the answer can then be analytically continued back to the case of a large
radius. Furthermore, the relevant semiclassical configurations that may contribute are
known; for gauge group SU(2) they are all combinations of the two types of (multi-
)monopoles on the cylinder!. In chapter 5 we employed this formalism to calculate
the gluino condensate in SU(2), and found agreement with the WCI value. On the
other hand, the SCI value of the gluino condensate, calculated via the one instanton

contribution to

Tr A(z) Tr AX(O
< 167rg ! 167rg )>’ (7.1)

is believed to be incorrect because the contributions of some other configurations are

neglected, and then cluster decomposition is applied to a part of the correlation function

In general there are n + 1 types of monopoles where 7 is the rank of the gauge group.

89
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rather than the full result.

On the cylinder, the analogue of the one instanton is the caloron, which is a com-
bination of a BPS monopole and a KK monopole. However, there are two more con-
figurations on R3 x S! that have four adjoint fermion zero modes, and so are relevant
for calculating this correlation function. They are combinations of two of the same
type of monopole, either BPS or KK. These two monopole configurations do not have
useful limiting forms in R?*; they would both have infinite action for example, just
like the one monopoles. Similarly to the way that one monopoles aid our understand-
ing of the contributions of the badly behaved R* instanton partons, though, the two
monopole solutions help us to understand what the missed configurations are in the
SCI approach. Ideally, we want a quantitative explanation, so we should attempt to
calculate the two monopole contributions to the correlation function above, and show
that they make up the deficit. This chapter describes work undertaken in preparation
for such a calculation. Unfortunately, however, although some progress was made, two
monopole calculations eventually proved to be technically impossible, which brought
the monopole programme to a disappointingly early end.

Most of this chapter is concerned with an investigation of various aspects of the
Nahm construction of multi-monopole solutions [74]. The one monopole fields are
simple énough to be found by conventional analytic means and expressed in terms
of elementary functions, but for higher winding numbers such a direct approach is
unproductive. All multi-monopole solutions can, at least in principle, be constructed
by a method given by Nahm. In practice, only the form of the two monopole fields have
been worked out, they are much more complicated than the one monopole expressions,
and they involve Jacobi elliptic functions.

This situation is analogous to that of the present knowledge of multi-instanton
éolutions, which is perhaps not surprising as the Nahm construction is a generalisation
of the instanton construction by Atiyah, Drinfeld, Hitchin and Manin [14]. Both the
Nahm and ADHM constructions originated from twistor theory, where the self-duality
condition obeyed by instantons and monopoles is reformulated as a powerful statement
of vanishing curvature.

In the case of the ADHM construction, the problem of finding finite action self-




CHAPTER 7. TWO MONOPOLE CALCULATIONS 9

dual Yang-Mills solutions (or solving a set of coupled, non-linear, first-order partial
differential equations) is reduced to one of solving non-linear algebraic equations. This
is achieved by expressing the gauge field and field strength in terms of vectors and
matrices with dimensions related to the instanton number. The ADHM equations have
only been solved for k£ < 3, but all multi-instanton solutions are implicitly determined
by the ADHM construction.

In a similar construction giving finite energy monopole solutions in R?, the infinite
action of the monopoles suggests that linear algebra with an infinite dimensional vector
space must be used. Nahm generalised the ADHM construction in exactly this way, and
as we shall see, the equivalent of the algebraic equations of ADHM is a set of non-linear
ordinary differential equations collectively known as the Nahm equation.

The ADHM construction has been described in [16, 75, 28, 29], using language suited
to theoretical physicists. We attempt to do the same for the Nahm construction here, so
we shall not prove that every monopole can be built in this way (this was done in [76]),
instead we will use a strong assumption to demonstrate how the construction works.
First, we give a brief summary of the ADHM construction, because analogy with it
motivates our approach to the Nahm construction, but for more detailed explanations
we recommend the references above.

\ Throughout this chapter we will consider only gauge group SU(2). Following the
tradition of the original work on the ADHM and Nahm constructions, we shall work

with an anti-Hermitian gauge field. A Hermitian gauge field may be recovered through

Herm _ ; ,anti—Herm
Upp = 10, .

7.2 The ADHM construction

7.2.1 Overview

The gauge field of a multi-instanton is written in the ADHM formalism as a generali-

sation of the pure gauge form of a trivial (k = 0) solution,

’Umd;y = U)\dﬁamU)\g:y, (7.2)
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where A is implicitly summed over 0,1,... , &k for a k-instanton solution, and
T ¥Upgq = 8%, (7.3)

In the following, we shall often drop the two-valued indices for brevity. The field

strength is
Umn = 6[m'Un] T UmUn), (7.4)

where for now Ap,n = Amn — Apm. Substituting the gauge field and making use of the
[mn] g

orthonormality condition above, we have

vn = O (T ) + (T80 ) (T°0,)Us) (7.5)
_ (a[mﬁ*) (BR]UA) - (a[mﬁ*) N (an]Un) (7.6)
= (9mT") [o3" = 0NT"] (B0 (7.7)

Note that UyU" and & N U,\U" are orthogonal projection operators, which obey

(UT") (UT) = UT", (7.8)

0T [0 - T =0, [6,7 ~ WT"| UT" = 0. (7.9)
These conditions are preserved if we identify
[5{ - U,\U“] = AVEIRS, (7.10)

where A annihilates U,

AUy =0, T'A,l=0, (7.11)

and F is the inverse of AA (which must exist as AA is Hermitian and positive definite),

ANl =(F )L (7.12)

There should be k independent vectors orthogonal to the ADHM vector U, so the Latin

indices 7,/ run over 1,... ,k. The full index structures of the operators A and A are

Al and A (7.13)
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while the matrix F' has indices Fljdﬂ .

We assume the following properties of A, A and F,
Omd X Oy OmA X Gy [Fyom) =0. (7.14)
The first two imply that A and A depend linearly on the space point z,

A=yt + bla™opy, (7.15)

A =3 +2"Tmb;". (7.16)

The matrix a follows the index structure of A, while b is b/\l aﬂ in full. Both are obviously

independent of z. To ensure the third property we require that F factorises as

FlP=f75.F. (7.17)

(23

The features of linearity and factorisation are crucial to the ADHM construction, and

also to the Nahm construction.

Using the relations above, we can develop the field strength into

vam = (00" ) 851175, (80105 (7.18)
=T (gm0 £ (0nB;") Us (7.19)
= U b\ o, 751, U (7.20)
= 4T b, £, 5y “U, (7.21)

which is self-dual by virtue of the self-duality of oy,.
The necessity that F', and therefore also F~!, is proportional to the 2 x 2 identity

matrix leads to the following conditions on the matrices a and b,

a%ag o ‘5dﬁ’ (7.22)
bab? o 8,7, (7.23)
aobf = 5 as. (7.24)

These are the ADHM equations. They can be simplified by using the symmetries of

the ADHM construction to bring b into canonical form,

b,!P =6,15,°, (7.25)
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where the Kronecker delta is understood to be zero when A = 0. The transformations

under which the ADHM formalism is invariant are

Uw AU, U~ UAf, (7.26)
A AA, A AAL (7.27)

with A € U(2k + 2) (unitary to preserve the orthonormality of U), and
A ABY, A BA, f— BfBf, (7.28)

where B € U(k) (k-dimensional not 2k-dimensional to maintain the factorisation of
F, and unitary to keep f Hermitian, as it must be because AA is Hermitian). Gauge

transformations vy, — Qu,,Q + Q0,01 act just on U as U — UQT.

7.2.2 Adjoint fermion zero modes in ADHM

The ADHM construction also provides us with the form of the zero modes of any
multi-instanton. This includes, of obvious interest in this thesis, the adjoint fermion

zero modes that solve
™D Ag = 0. (7.29)

The covariant derivative acts in the appropriate way given that Ay transforms under

the adjoint representation,
Do = OmAg + [Um, Ag] - (7.30)
If we use the ADHM expression for the gauge field then we find

Do = Omda + [U8nU, Aq | (7.31)
=U (0m [UNU]) U. (7.32)
Note that we are now suppressing all non-essential indices.

In the ADHM formalism, the adjoint fermion zero modes are written in terms of

the ADHM data we have already encountered, plus a constant Grassmannian matrix
!
Mgy,

(M)’ = T MfB.U; — TP ba f MU;. (7.33)
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In order to proceed with the calculation of Dy, \,, we apply the following useful rela-

tions. First,

Udy, (UU) = -Ubm (AfA) (7.34)
= -U (0,4) fA . (7.35)
= —Ubon fA, (7.36)
and its conjugate,
Om (UU) U = —AfonmbU, (7.37)

then the orthonormality condition TU; = §¢ 5 Finally, we need to know the derivative
of the matrix f, but rather than attempt to differentiate it directly, we rearrange the

identity Om (f~1f) =0, to find

Omf=—F(Omf ') f (7.38)
1 —

= —f (amin [AA]) f (7.39)

- _% Tr (GumbA + Bbow) (7.40)

= —fTr (GmbA) f (7.41)

= —fTr (Aboy,) f. (7.42)

The last two equalities follow from the ADHM equations. After employing all of these

results, we have

DA = — Ubom fAMfbU — UMFTY (GmbA) fooU — UM fboA fb7,,U
+ Ubo f MAfT 30U + Ubo fTr (Aborm,) fMU + Ubom fAbo fMU.  (7.43)

Under contraction with ™%*, the second and third terms cancel against each other, as

do the fifth and sixth. Using equation (A.13), the remainder gives
FmECD, A = —2Tb% f [ZdM + ﬂAd] FBaU. (7.44)
This leads us to the ADHM equation for M,

A M + MAS =0, (7.45)
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The constraints on a and b show that this equation is automatically satisfied if M and

M take the values

Mgy = —b)! 60, T = —a2°8], (7.46)
or

Mgy = daylgem®, M) = —amsa)®?, (7.47)

which give the supersymmetric and superconformal modes respectively.
We include here two related results. First, there is a reasonably compact expression
for Tr A, using the ADHM data, similar to the corresponding identity for bosonic zero

modes due to Corrigan (see appendix B of [28]),
1 — x ke .
A = =300 [Mﬁ,’\ <<5A 657 + UWU"‘”) M, f].l] . (7.48)

Secondly, manipulations like those above can be used to show that the fundamental

fermion zero modes, which solve
" Dintha = 57 (Ot + Vmtpa) = 0, (7.49)
are given by
W) =Tl pK;, (7.50)

for any of values of the £ Grassmannian parameters X;. These are the collective coor-
dinates for the k zero modes we expect, from the Atiyah-Singer index theorem.
We shall now turn our attention to the Nahm construction, which will be seen to

be closely analogous to the ADHM construction.

7.3 The formalism of the Nahm construction

7.3.1 The gauge field

Monopole configurations do not depend on z°, and instead the Nahm data involved in

the construction of such solutions depend on a reciprocal parameter, s. The foundation
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of the Nahm construction is therefore the following differential operator, linear in the

space variable z,0#,

Aj

1 ac

(s) = (idiséij + (TO)ij(s)) 0% + (f”u‘sij + (Tu)ij(s)) o i (7.51)

where 14, j are indices running from 1 to &, the winding number of the monopole. The
parameter s is defined on the interval [—%,+%], where u can be identified with the
VEV parameter of the same name introduced previously. Note that this operator
already has similar features to the canonical form of the corresponding operator in the

ADHM construction; the matrix T,,0™ is the analogue of a in that case. The Hermitian

conjugate of A is

B1(6) = (1407 + (N9 % + (87 + @DI@) 7. (150

We let I be a vector annihilated by A, that is
A% (5)Ujols) = 0. (7.53)
There will be two linearly independent vectors that obey this and can be normalised,

+2 :
/ " dsTP(s)Uja(s) < o0, (7.54)
s .

where U is the Hermitian conjugate of . We can construct out of these vectors a 2k x 2

matrix and its Hermitian conjugate,

Ujap = Uia():Uja(2) » (7.55)
[ e
v= gi@a | (7.56)

which have the following properties;

A () q4(s) =0, (7.57)
AU \ o - ,
—z—J;+UT0 o' +U(z,+T,)d" =0, (7.58)
and

s ,

ao _ a
/_1 dsT7*U, 5 = 8%, (7.59)

2
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The gauge field is given in terms of U and U through

roe

vy = /+ dsU(s)isU(s), (7.60)

tole

s
v = / ds T ()8, (s). (7.61)

_u
2

(From now on, all integrals over s will be over the range [~%,-+%] unless otherwise
specified.)

It will be shown in section 7.3.2 that the Hermitian operator AA can be made to
factorise so that it is proportional to the 2 x 2 identity matrix, JB &> Dy imposing certain
conditions on the T matrices, in particular they must obey the Nahm equation. This
implies that the Green’s function for AA, f(s,s'), is also proportional to the 2 x 2

identity matrix,

(BA)[°, (5)f,(s,8) = d(s - 58,167, (7.62)

i@
and it will therefore commute with the sigma matrices ¢ and ™.
Now, U(s)U(s') and A(s)f(s,s')A(s') are both projection operators in the sense

that
/ds'P(s,s')’P(s’,s") = P(s,s"). (7.63)

We assume that they obey a completeness relation,

U(s)U(s") = 6(s — s') — A(s)f(s, s )A(s). (7.64)
This equation should be interpreted as a functional equation, so it applies when multi-
plied by a suitable function and integrated over s and s’. We now have all the knowledge

we need to show that the field strength is self-dual. Using square brackets to denote
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anti-symmetrisation of indices, we have

V= O vy] + V) (7.65)
_— / ds (8,T(s)) (9,U(s))

- / dsds' (9,0()) U(s)T(s)) (B,4U()) (7.66)

— [ dsds’ (7)) As) (5, (04U()) (7.67)

— [ dsds T (5,706 (7.68)

~4 [ dsds' U(s)on 1 (s, 5)U), (7.69)

where contributions from the end-points after integration by parts will vanish if we
impose the boundary conditions f(s,s’) = 0 for s = +% on the Green’s function.

Noting that A(s)[isU(s)] = —a°U(s), we can also find

vop = — Dyvo = =000 — [y, vo) (7.70)

= - /ds ds' (8,U(s)) A(s)f(s,s)A(s')is'U(s")

- [ 455 Tisa )16, )E() (BU()) (r71)
= — / ds ds' U(s)oy,f(s, s")gqU(s") (7.72)
—4 / ds ds' T(s)o0uf (s, 8)U(s'). (7.73)
Therefore,
O = 4 / ds ds' T(s)omn f (5, 5)U (), (7.78)

which is obviously self-dual by the self-duality of gy,,.

7.3.2 Factorisation and the Nahm equation

We require that AA factorises so that it is proportional to the 2 x 2 identity matrix,

8 o
6”4 Suppressing indices, we have

A [:8 1 . d =0 _0 . d I =0
AAf(st+TO) (zds+Tp>aa + zds+T0 (zu+T,)0 0

.d
+ (z,, + T,I) (za; + T0> 7o + (:v,, + T,jf) (z, + T,) 3o (7.75)
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We can use the identity (A.10), and the definition and self-duality of ™", to rearrange
this into

AA = [(idis + TJ) <ia% + To) + (2 + 1)) (o + T")}

d
+L«%—ﬁﬁwun—qm£+%ayﬂmw4#ﬂ

dT,
- [ng_ﬂ_ + T, — TTo + TJTpe"”“] s (7.76)

All the terms proportional to 5°c* must vanish, and we can consider separately three

independent sets,

d
=0 ; . —
2 al‘zE D T, =T}, (7.77)
otz, : Tp=T), (7.78)
dT,
ot id—: + [To, Ty) + €T T, = 0. (7.79)

The last condition is the Nahm equation.

7.3.3 Canonical form

Even though the operator A(s) already excludes the (redundant) degrees of freedom
represented by the matrix b in the ADHM construction, there are still some symmetries
of the Nahm construction remaining that can be used to simplify its form. The gauge

field produced by the Nahm construction is invariant under local U(k) transformations,

U(s) = h(s)U(s), (7.80)
U(s) — U(s)hl(s), (7.81)

with h(s) € U(k). All the equations of the Nahm construction are invariant under
changes of this form if f — hfh?, and A is a covariant operator, such that for any

gojd(s) that transforms as ¢ — hop,
A~ A" and Ap— AM(hep) = hAg. (7.82)

If we write

Al = (id% + T5L> o’ + (xu + Tg) o, (7.83)
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then we can deduce the transformation laws for the T' matrices;

= hT,hl, (7.84)

TP = hTyht - zj_hm (7.85)

We may choose

h(s) = lim exp {—z’To (—g) 63} exp {—z'To (—g + 63) 65} e

d5s—0

..exp { — 1Ty (s — ds) 55} exp { — 1Ty (s) 63} (7.86)

=Pexp (—Z /su ds' T()(s/)) , (787)

where P signifies s ordering, and then
Th =0, (7.88)

so we can always make Ty equal to zero through these s-dependent U(k) transforma-

tions. This puts A and A into the canonical form, where

d
A= %00 + (z, + T,) 0¥, (7.89)
— d
A= zza" +(z, +T,) 7, (7.90)
— d?
AA = ) + (z, + T, ) (7.91)
The Nahm equation becomes
dT,
z—;—‘ + €T, T, = 0, (7.92)
or
a1, 1
zd— + e,wp[T,,,Tp] =0. (7.93)

We shall always use this convenient choice. Global (s-independent) U(k) transforma-
tions can still be performed without disturbing the canonical form.

For completeness, we shall briefly discuss here the other transformations relevant
to the Nahm construction. It might be thought that local U(2) transformations acting
on the Weyl indices, similar to the U(k) group discussed above, would be of interest.

However, if such transformations were s-dependent, the factorisation of AA would

it

EOM
=

~
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be affected. Global U(2) elements can be used to manipulate A, but the U(1) part
could be absorbed into a global U(k) transformation, and the remaining SU(2) part
is equivalent to a spatial rotation. A more interesting set of alterations is making
different choices of the orthonormal basis vectors Uj4(1,2)- Since orthonormality, or the

condition [ ds UdUB = 0%, must be preserved, these changes are equivalent to U(2)

B:
transformations acting like

U~ UQf, (7.94)

with § € U(2), where € is allowed to depend on the spatial position but not on s. The

effect on the gauge field is a local gauge transformation
vg — Quoft, (7.95)
v, = QU QT+ Q(0,00). (7.96)

The fact that the group is U(2) shows that the v,, we have constructed here is a
U(2) gauge potential. If we are interested in an SU(2) gauge field, we must impose

tracelessness on the field through an appropriate U(2) gauge transformation?.

7.4 One monopole solution

In order to show how monopole configurations are found using the Nahm construction,
we shall work through the complete one monopole solution. The first step towards
finding a monopole gauge field is to solve the Nahm equation. In the case k& = 1, the T},
are simply real functions of s with no matrix structure, so [T,,T,] = 0, and the Nahm

equation reduces to

dT,
d—: =0, or T,=-X,, (7.97)

where the X, are constants. Since everything depends on the combination z + T =
z — X, all positions are naturally measured relative to X, which we can identify as the
centre of the monopole configuration and set to be the origin, X = 0, by a translation.

With all the T}, equal to zero, the equation Zdal/{a = 0 becomes

10 d T3 T_ U
i LY =0, (7.98)

01 ds Ty —I3 U2

2In fact, the ADHM construction works in this way as well [29].
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where £+ = z1 & iz2. This pair of ordinary differential equations are easily solved;

ul(l) = A1$_6|z|s + Blm_e—lzls, (7.99)
Uy = A1(|z] — 23)e™® — By (jz| + z3)e™ 17, (7.100)
where |z| = (2? + 23 + x%)%, and similarly for Uy, with Ay, A, By and B, deter-
mined by the condition of orthonormality. For convenience, we will use a U(2) gauge

transformation to rotate U into the simple form,

Az_elols Bz _e~lsls -
U= , (7.101)

A(jz| — z3)el®ls —B(|z| + z5)e~1Is

with A and B real. Then the normalisation condition [ ds T*U 5= 6@ 5 implies

(VT

A = (2(|z| — z3) sinhu|z|)"2 = (2|z|(|z| — 1‘3))—%(1, (7.102)
B = (2(j2| + z3) sinhulz]) "7 = (2|z(|2| + 23)) T a, (7.103)
with =2 = S—mT—x"‘m For the remainder of this section, the symbol U will refer to this

matrix.

7.4.1 The gauge field component v

We can now calculate the gauge field using the Nahm construction expressions, and we

shall consider first the zeroth component,

t3
vy = / dsUisU (7.104)
_"é_" .
ds sedlels 0
=ia? / . (7.105)
0 [ ds se~?l=ls
__T _ 1
== (ucothu|:cl Ix,) (7.106)

Obviously, we have chosen a singular gauge, where the asymptotic value of vy as |z| = oo
is in the 73 direction. In order to move to a regular gauge where vy tends to something
proportional to z%7,, we can apply an SU(2) transformation, vy — vy = QuoQt, or

U U =UQ, where

Q= , (7.107)
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with @a + bb =1, and

R bk 3 (7.108)
|z|

9B — |$||;| zs (7.109)

—2ab= 2L I_xlm (7.110)

Note that the absolute phase of a or b is not determined, only the phase of ab. This
corresponds to the fact that there is a U(1) subgroup of the SU(2) gauge group that

leaves the asymptotic value of vy unaltered,
vo = e Vot pe (7.111)
We shall make the definite choice,

o= (lFl+2s : b= 2= 7.112
( 2|z ) ’ @|z|(|z| + z3))% (7.112)

then we can find the new matrix U’ = UQT,

(eI

(U = :c_(AEems + BEe"zls), (7.113)
(U')12 = z_(—Abel®l® + Bae~lol%), (7.114)
(U1 = Aa(|z| — z3)el®l* — Bb(|z| + z3)e 1718, (7.115)
(U")a2 = —Ab(|z| — z3)el*l* — Ba(|z| + z3)e™ 11, (7.116)

and use it in the Nahm construction to find the transformed gauge potential. It does

indeed give

u

u +3
vy = ixl—TI”a2/ ’ ds ssinh2|z|s (7.117)
z _u
2
ThT, 1
= - th - — 7.118
o (oot = ). (7118

which we recognise as the standard form of vg for the BPS monopole, from section 4.2.1.

7.4.2 The gauge field components v,

The fields vy, v2, and v3 are treated differently to vy in the Nahm construction. We

shall begin by calculating the first component of the gauge field,

42
v = / * dsTAU. (7.119)

-1
2
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With U as above, we have

PAg_elels QBz_elzls
nU = , (7.120)
RA(|z| — z3)el*ls  —SB(|z| + z3)e12ls
where

A 1 18 o B 1 18
p=222, - L 21° =4 - _ = 7.121
ATt |z|’ Q B "o lz|’ ( )

_ 81A I I8 _ 613 I I1S

, §= (7.122)

+

R= - —.
B |zl(lz] +23) e

+ + —
A zl(lz] - z3) =
This leads to

1T 1 ner
ity AB(ie+ ) (7.123)

AB iz 55 Ju ity
-1

where we note that AB = [2(|z|2 — m%)% sinhu|zl] . Clearly v; is not traceless, so

our simple choice of U does not lead to an acceptable SU(2) potential. We must use

the U(2) gauge freedom to remove the trace, but without affecting the vy component

since it gave the correct monopole field. Any w € U(2) of the form w = exp[i(x + £73)]

sends vy — wugw! = vy, but transforms v; to v’ = wr w! + W w!
0 ) 1 )

1 _ Tl —4d 1 621'{
ol = (v1)' — 1 1XA i01€ (v1)'9 . (7.124)
(v1)% 72 (v1)% — B x +i01€
Let us take x = &, so we leave (v1)%, unchanged and must arrange (v})}; = —(v1)%.

Therefore, we require 20§ = ;1%7 Integrating gives £ = %arg(x_) + C, with a
1 2

constant (or function of zo and z3), C, which can be chosen such that

) T ~Z= 0
L S . 7.125
(1o — <)} ( 0 1 ) ()

Then, the SU(2) gauge field component becomes

—1iT9 — (tza|z| + z123) uT_
"_ 2[z|(|z] + z3) 2|z|(|z|*> — z3) sinhulz|
U1 = — (ize|z| — T123) UT 4 +iz . (7.126)
2|z|(|2[* — 23) sinh u|z] 2[z[(|z] + z3)

We can make a comparison to the known expression, from section 4.2.1,

.zt ulz|
b = —i€au 1— — , 7.127
e *eap 2|z|? ( s1nhu|m|> ( )
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by = —— (1 ”lml) T (7.128)

" 2/z]2 " sinhulz] £3 —iy

by using the transformation Q' to bring this into a singular gauge with vy proportional

to 73. So, if we transform to ¥, = Q19,02 + Q18,9, we expect #; to be comparable to

vy, Writing

a b z|+z3 —z1+1iz
o= “ ") =@allalta) [ T T ()
b a Ty +1ize  |z| + 23
we have
N 1 ulz|
Qo 0=-— - [1-_=F_
. 2|x12<|x|+m3)< sinhu|x|)
0 —z3(|z| + 23) — tx23_
3(|z| 4 z3) — izo | (7.130)
z3(|z| + z3) — izozy 0

and if we set ¢ = (2|z|(|z| + 73))" 2, then

o
a2 =y (Bp)2+p | P : (7.131)
Lo
with d1p = —<p3%[(2|x| + z3), s0
1 —iz UL _z| -z
Q00 = ———— 2 lz] ol =2 (7.132)
Finally, therefore, we arrive at
—izy — (izo|z| + z123) Uz
5 = 2|a:](|:1:l + z3) 2|z|(|z|? — z3) sinh u|z| (7.133)
1 — (1zo|z| — T123) UT 4 +izo ’ '
2z|(|zf* — 23) sinh ulz] 2|z|(|| + z3)

which is exactly v{. The various gauges used here, and the connections between them,

are summarised in Table 7.1.

The same procedure has been applied in order to determine and check the remaining

two components, and the results are shown in appendix D.
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Singular gauges Regular gauges
Vo = — 52U v = —gi“;au
() v &, o' (1.134)
Jw
SU(2) v =9 & D

Table 7.1: Properties of the different gauges used in the calculation of the one monopole

gauge field.

7.4.3 The field strength

The field strength v, would normally be obtained from the potential v, with the

defining equation,
Umn = OmUn — OnUm + [Um, Un), (7.135)

but in the case of a self-dual monopole solution, the Nahm construction allows the field

strength to be found directly using
Vmn, = 4/ds ds' U(8)omnf (5,8 U(s'). (7.136)

However, the derivation of this formula used the completeness relation, which was
postulated rather then proved. Reproducing the one monopole field strength from this
equation will therefore be a check of our assumption.

We know the matrices U and U in the one monopole case, and in order to apply

this formula we must also find f, the Green’s function for the operator
AA = & +|z/? (7.137)
T ds? ’ '

which has the boundary conditions f(s,s’) =0 for s = +%. It is
_sinh|z| (s + %) sinh|z| (s — %) s

1 inh
fls,8) = __sinh|z] (S|I_|S§r)l sfg},ﬁ|;2| (s'+%) s> 4 (7.138)

|| sinh(u|z|)

sinh [z| (s + %) sinh |z| (s’ — %)
|z] sinh(u|z|)

sinh|z] (s — %) sinh|z| (s' + %)
|z| sinh(u|z|)

= —0(s' -

—8(s— ) (7.139)
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The same function, written slightly differently, was given by Nahm in [77]. It has the
correct behaviour at the end-points of the interval [-%,+%], and using d%&(s -§) =
8(s — s') and (s — s')F(s) = 6(s — s')F(s'), for any function F, we can also see that

4 _ o — e 0 (s+ L) sinh|z] (s' — &)

ds || sinh(u|z|)
cosh |z| (s — %) sinh |z| (s’ + £)
0= ; : 14
and similarly,
fdQ_f = —6(s' — s)|$|25inh|$| (s+ %) sinh|z] (s — %)
ds® |z| sinh(ul|z|)
inh [z| (s — &) sinh |z| (s' + %)
—O(s— ¢ o 8in 4 y
(s = <lal |z| sinh(u|z|)
+6(s — s’)COSh |z| (s+ 12‘3-) sinh |z| (3 _ %)
sinh(u|z|)
, cosh |z| (s — %) sinh|z| (s + &)
o= sinh(u|z|) (7.141)
= V—- (5(5 — 3’) + |$|2f(875,). (7142)

Note that f has the following properties: f(s,s’) = f(s',s), as expected for the Green’s
function of a Hermitian operator; and f(—s,—s') = f(s,s’), which occurs because
AA(-s) = AA(s) and §(s — ') = 4(s' — s).

We are now able to calculate the one monopole field strength, and we will consider
the v1o component. The Green’s function is a real function with no indices, therefore

it commutes with all matrices. Using 012 = %73, we have
V19 = 2i/ds ds' U(s)rsU(s') f(s,s'). (7.143)

The combination U(s)73U(s’) is easily found,

_ 2 zael®l(sts) z|2 — z2)zelel(s—5)
U(s)msU (') = 7 = (jal” = 23) . (1.144)
2|2 — z2)zelel(s'=s —pae—lEl(s+s
2|\ (ja)? - 22)7elelts'~9) gelol(s+s)
We can see that the field strength will be traceless by changing variables to z = —s and
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7' = —s' and using the identity f(s,s’) = f(z,2'),

1 _ o, 3 e ' zﬁ lz|(s+5") /
(vi2)*; = 24 ds ds |$|e f(s,8") (7.145)
-3 -3
+£ +£
e / ’ / ; '2‘”3 elal2) £, 1) (7.146)
3 3
= —(v12)%. (7.147)

The Green’s function f has a different form for s > s’ and s < &', so the integral

naturally splits into two parts

oy = 2i / s /_ ds' T(s)73U (") [£(5,8)ls>s']

—{-22/E ds' /EdsU )r3U (") [£(s,8")s<st] - (7.148)

If we exchange the dummy variable labels s and s’ in the second integral and use

f(s,8’) = f(s, s), then this becomes

Vg = 21/_1£ ds /_1 ds' {U(s)rsU(s") + U(s)rsU ()} [£(5,8)|s>s] - (7.149)

Now,
T(s)r3U(s") + U(s') U (s) =
2 2z3ell(e+e) 2(1z|2 — z2)2 cosh |z|(s — '
o 31 (|l 3) | ’|( ) | (7.150)
2]\ 2(|z[? - 2)% cosh |z|(s" — s) —9gyelalls+s)

and the equality of the off-diagonal elements in this formula implies that (vy2)ly =
(v12)?;, which is consistent with the field strength being anti-Hermitian as all the com-
ponents of vip are imaginary in this gauge. It is now sufficient to calculate just two
of the components of v19, one diagonal and one off-diagonal, and use tracelessness and
anti-Hermitianality to find the remaining two. Using hyperbolic trigonometric function
identities, we can find

k3

4|z — D)7 [TE u
LSOk U It Yl - =
(vig) g = 2| sinb? ul] . ds sinh <|x| (s 2))

{/s ds' cosh(|z|(s' — s)) sinh <|x| (s' + %))} (7.151)

(N1

1
ol ~shu
- m (sinh(u|z|) — u|z| cosh(u|z])), (7.152)
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(’012)11 = - mmﬁl—ﬁzﬁm,) /+% ds sinh (|:1:| (3 — g))

1
2

{/_Sl ds' el™ts+5) sinh (|:1:| (s' + g))} " (7.153)

_ —fm {|—$1|5 sinh?(ulz]) — u2} . (7.154)

2|z sinh?
The gauge transformation w sends vy, — v, = wWomaw!, where v/, is the field

strength associated with the traceless gauge potential v)),;

1”1 "2 1T3 1 . 2 2 o
=- = ! __sinh —u?y, 7.155
(v12) 1 (v12)% 2[z] sinb(ula)) {|$lz sinh®(ulz|) — u } ( )
(vp)'3 = sz o=y (sinh(ulz|) — ule| cosh(ulz])), (7.156)

2|z|? sinh” u|z|
()% T (sinh(ulz|) — uz| cosh(ulz])) . (7.157)

N 2|z(? sinh? u|z|
We can check this by taking the field strength calculated in section 4.2.1, which has the

form

T3 u|z| (1 — ulz| coth(u|$|))

~

Y12 = 9i[z|? sinh(u|z])

T3 ulz| ulz| z3 T-
th -1})-1
il [sinh(u|w|) (sinh(u|x|) + ule] coth(ulz]) R

(7.158)

and transforming it to @2 = Q19;2Q, which should be the same as v{,. By design,

' t I3 r_
Q Q= |£B|T3, (7.159)
Iy —I3

and matrix multiplication gives

I3 —T_

Q0 = 1 : (7.160)
2] Ty —Z3
Therefore,
NN N 1Z3 2 1
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UL _

= o sniZag (Fnh(ulel) —ulal cosh(ulal)) = (v1)’s, 7.162
2|.’B|28inh2u|a;| (sinh(u|z|) — ulz| (u]z)) = (via) ( )

(v12)'s

U4

= 2|72 sink? ujz| (sinh(u|z]) — u|z|cosh(ulz|)) = (v]p)?;. (7.163)

(912)%

The calculation of the remaining field strength components, vo3 and v3;, proceeds anal-
ogously to the case of v12. The results are summarised in appendix D, and there is full
agreement between the field strength calculated from the Nahm construction and the

known expressions for the BPS field strength.

7.5 Properties of the Green’s function

We shall now prove two identities that are necessary for the determination of the adjoint
fermion zero modes of a monopole in the Nahm formalism. They are also useful in
showing that the equations of motion D™v,,, = 0 are indeed satisfied by the Nahm
construction gauge field (and field strength). This is guaranteed by self-duality, but is
another successful test of the field strength formula, equation (7.74), which rests on the
assumed- completeness relation.

The identities are relevant to the Green’s function of the operator AA, f. Oneis a
formula for its spatial derivative, d,,f, similar to the expression for d,, f in the ADHM
construction. The other is an identity that substitutes for the missing component Jy f,
with an intuitive form if s is viewed as the reciprocal variable of z°. It has been checked
that the one monopole version of f, equation (7.139), obeys both identities.

Recall that the Green’s function we are interested in is the solution of the equation
P (8)f;(s,8) = 8(s — 55,46, (7.164)

with the boundary conditions that f(s,s’) = 0 for s = £%, and also, that any equation

of the form
AA(s)p(s,s') = T (s, ), (7.165)
where ¢ has the same boundary conditions as f, has the solution

#(s,8') = /ds"f(s,s”)J(s",s'). (7.166)
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In order to find the gradient of f, we can differentiate the equation
%Tr (BA(s)) £(s,5) = 8(s — &), (7.167)

with respect to z*, and we find

STe (BAG)) @ (5,8)) =~ [0,Tr (BAE)] fls, ). (7.168)

Therefore,
0uf(5,) = =5 [ 45" £(5,") T [0, (B) ()] £(s",9) (7169)
== [ 45" 1(s:5") T [, 86N] 16", (7.170)

To reach the second identity, we act on the function i(s —s') f (s, s') with AA, which

gives

(B its = ) (s,5) = = 5 [if68) + s =)L)

ds
+i(s = 8") [z + T f(s,5") (7.171)
= - Zi;l—J;(s, s') +i(s — §')o(s - §') (7.172)
= - 22'%(3,3'). (7.173)
Therefore we have the identity
i(s—8)f(s,s') = —2/ds”f(s,s")i%(s",s') (7.174)
_ / ds" £(s,5") Tr [5oAA(s")] £(s", &'). (7.175)

7.6 Adjoint fermion zero modes

A fermion zero mode in the adjoint representation is a solution of the Dirac equation,
DA = T (O Aa + [Um, Aa]) = 0. (7.176)

Following the analogy with the ADHM construction, we shall assume the following

expression for a zero mode,
(Aa)? = + / dsds' FM(S)MWJ’ (5)£;'(5,8)Uiai (8')

- / ds ds' T ,(5) 1, (5, 8') P () Uiy (), (7.177)
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where M., and M are Grassmannian matrices. A similar procedure to that used in
the ADHM case, including the application of equation (7.175), shows that in order
for the form above to be a solution, M., and M must obey the following constraint,

reminiscent of equation (7.45),
~ oy v I -
AT M+ MAS T =0. (7.178)
The part of this proportional to z, should vanish independently, which implies
M7 =M, (7.179)
The remainder leads to
5007%/\47} +7H T, M, ) =0, (7.180)

We shall discuss here two interesting solutions to this equation, and therefore two types
of adjoint fermion zero modes. The first gives the supersymmetric zero modes, which
are already well known. Every monopole solution has these two zero modes, and for
the one monopole they are the only adjoint fermion zero modes. The second type is
two further zero modes that are possessed by every monopole solution with & > 1, and
that also have an easy interpretation. Altogether, these four zero modes give us all
of the two monopole zero modes, which would be sufficient for the calculation of the
four-fermion correlation function, equation (7.1), that we were hoping to achieve.
We might also mention here that an attempt was made to find a formula for the
- square of the most general monopole zero mode, Tr A, similar to equation (7.48). How-
ever, the presence of the extra parameter, s, meant that progress was much harder, and
also that any eventual result was unlikely to be a total derivative, or therefore as useful

as the corresponding ADHM version. Consequently, this approach was abandoned.

7.6.1 The supersymmetric mode
If we look for s-independent solutions to equation (7.180), obeying

T, M| = 0, (7.181)
then because the T}, do vary with s, M., must commute with each of them individually,

[T, M,] = 0. (7.182)
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This will certainly be true if

M} =—4¢,8], ‘ (7.183)

1
V3
which is the value that gives the supersymmetric zero mode. Furthermore, at s = £%,
the appropriate boundary conditions [76] for the T’ matrices are that they have simple
poles, with residues that form a set of generators of the k& dimensional irreducible
representation of SU(2). Therefore, any constant M., has to commute with all of
these, and so by Schur’s lemma, having M., proportional to the k x k identity matrix

is the only s-independent solution.

7.6.2 The dual supersymmetric mode

In order to find a new solution (with M, depending on s), we shall now discuss a
different interpretation of the Nahm equation. Consider a Hermitian U(k) gauge po-
tential, T},,, which is only dependent on one coordinate?, s, and in the gauge where the

corresponding field component, say Ty, is zero. Then the field strength,

Trnn = 0Ty — 00T — [T, T, (7.184)
reduces to
dT’ :
0p = d—s”, (7.185)
and
Ty = —i[T,, T.), (7.186)

and requiring this to be self-dual leads directly to the Nahm equation. Also, the Dirac
equation for the adjoint representation (of U(k)) is exactly the constraint on M., above,

and we can immediately write down one solution, the supersymmetric zero mode in this
U(k) theory;
. 1 .
M7 = —50"”17%,3 (Tran){ (7.187)

or

1 .
MV = Enﬂamnﬂ'y(Tmn)i]. (7.188)

3In comparison, the monopole gauge field v, depends on three out of four space coordinates.
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By the self-duality of Tjy,, this can also be written

Mvij = —infot ﬂ’y[T/MTV]ij’ (7.189)
or
M”—2ﬁ°”7~d—(T)j (7.190)
i TEo g S\l :

To check that this is a solution to the constraint, note that

a"d%%\% = —(%0"n)® —-[T,L,T ] ' (7.191)
= —2(a%0"*n)% [df“ Ty] , (7.192)
and
YTy, M, = —2(5°0° Tn)e [Tp, dd%] , (7.193)
S0
a"d’yz'%:—l + 57Ty, M) = —2(5%0H — 7a%)%ng [df T, ] (7.194)
Now, using identities from appendix A, we have
ot —gvo = ;—05‘“’ ' (7.195)
and by the Nahm equation and the Jacobi identity,
[ddq;“ T] = %euup (T, T,), Tu) = 0. (7.196)

Therefore, the constraint is satisfied.

Note that this solution reduces to the trivial one (M, = 0, A, = 0) in the one
monopole case where the T, are constant and commute with each other. This is as
expected, because the supersymmetric modes should account for all of the one monopole
zero modes.

We call the adjoint fermion zero modes given by this solution the dual supersym-
metric modes, because they arise due to supersymmetry in the U(k) gauge theory with
fields T, and M., which can be considered dual to our original SU(2) theory containing
fields v, and A,.
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This type of link, between solutions in different theories, was first introduced by
Corrigan and Goddard* [75], in the context of both the ADHM and Nahm constructions.
These ideas were reinterpreted and extended recently by Dorey and collaborators [23,
24], who showed that the ADHM data may be viewed as arising from the dimensional
reduction of a ten dimensional gauge theory to six dimensions. Given the analogies
between the Nahm data and a gauge field, seen in this section and also particularly in
section 7.3.3, it seems probable that this link could also be made more precise for the

Nahm construction.

7.6.3 Fundamental fermion zero modes

For completeness, we note that the solutions of the Dirac equation,
7" Dyt = 5 (Ot + Um¥a) = 0, (7.197)
for fermions in the fundamental representation of the gauge group, are given by
) = [ 4T (5)17(5,0)5;, (7.198)

for any values of the Grassmannian parameters K;.

7.7 Two monopole solution

The two monopole solution was found using the Nahm construction by Panagopoulos
[78]. We discuss some aspects of it here.

The first task, when finding a monopole configuration with any winding number &,
is to solve for the Nahm data, {T,,}. We notice that the Nahm equation implies that

the trace of any of the T matrices is constant,

d

i T Ty = ~eu, Tr (T,T,) = 0. (7.199)

Therefore, as in the one monopole case, we can identify the centre of the monopole

configuration as

1
Xy =TTy, (7.200)

“They used the term reciprocity “to avoid overworking the term duality”.
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and set this to zero for now; it can easily be restored by a translation. Also, differenti-
ating the tensor

1
Ow = Tr (T,T,) - 36 Tr (T,T,), (7.201)

with respect to s, the Nahm equation shows that this is constant as well, for example,

d%Tr (TTe) = iTr (ToT3Ts — T3 T + T3 Ty — T T3) =0, (7.202)
d )
ET&” (T,T,) = 6iTr (1o T3 — T3ToTY), (7.203)
and
d . 1d
d—S’I‘r (TiTh) = 2iTr (T Ts — TV T3Th) = EETI (T,T,). (7.204)

This tensor is real and symmetric, and we can use a spatial rotation to transform it
into a diagonal form. Then, Tr (T,T,) = 0 for pu # v.

This last condition, as well as tracelessness, will always be fulfilled in the two
monopole case if

T1 T2 T3
T, = —_ T, = — = —_—. 2
1 f12, D f22, T3 35 (7.205)

Substituting these matrices into the Nahm equation, we find the following equations
for the functions {f,},

d d;
% = —fafs, % = —f3f1, £ = —fifo. (7.206)

The required solution is

_ 2K(1-m)?
_ _2Kdn (%)

f2__7cn(¥), (7208)
_ 2K(1 —m)%sn (2Es)

f3= Y on (2K3) ; (7.209)

where K is the elliptic integral of the first kind, and sn, ¢cn and dn are Jacobi elliptic
functions, and all of these depend on the parameter m € [0,1]. The definitions and

some properties of these functions are given in appendix E. Using the information
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contained there, it is easy to show that this is a solution, and that the behaviour of
all of the {f,} near s = £% is f, = % Therefore, the residues of the T matrices
at the endpoints of the s interval are indeed the generators of the two dimensional
(fundamental) irreducible representation of SU(2).

The k = 2 solution for {T,} above contains a new parameter, m, or equivalently
K, which is a bosonic collective coordinate. However, we would expect eight bosonic
collective coordinates for the most general two monopole solution, so what are the other
seven? Three are the coordinates of the centre, X,,, and a further one is the angle of an
unbroken U(1) gauge transformation, §2; these are just like the one monopole collective
coordinates. The remaining three parameters are the Euler angles of the rotation used
to make ©,, diagonal, ¥, ¢, 9. Brown, Panagopoulos and Prasad [79] showed that
the solution above corresponds to having both poles on the zg-axis. The collective
coordinate m (or K) gives an indication of the separation of the individual monopoles;
m =0 and K = ¥ when they are overlapping, m — 1 or K — oo is the far-separated
limit.

We know the bosonic part of the measure in terms of these bosonic collective coor-
dinates, because, in a seminal work of mathematical physics [80], Atiyah and Hitchin
determined the two monopole moduli space, or space of all two monopole solutions,
St x 9mj

- (7.210)

WIQ=R3X

The factor R® x S! is the contribution of the centre and U(1) gauge orientation, and
the Zq factor appears because of the symmetry under exchange of the monopoles. The
four dimensional relative moduli space M3 is known as the Atiyah-Hitchin manifold,
and the metric on this space is, using the notation of [81] (the relations in appendix E

can be used to show that this is the same metric as written in [82]),
ds® = f2dK? + a®(— sin dd + cos ¢ sind dy)?

+ b%(cos 1 d¥9 + sinp sin ¥ dip)?

+ A (dy + cos 9 dip)?, (7.211)
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where
o = 2KE- E)(];;_ (1-mK) (7.212)
B = %f‘:b;ifi_;ni){ (7.213)
= QKE(EK_ _(IE_ mk) (7.214)

2E(K — E)

2= RE— = mE) (7.215)

The bosonic measure is given by the square root of the determinant of this metric (as

well as the flat measure of R? x S'), so up to factors,
dp? e = / d3X dQdK do dp dip 4K E(K — E)sind. (7.216)

Panagopoulos [78] indicated the method for finding the vector U in the Nahm con-
struction, and also the gauge field, with the Nahm data as above. He did not write
either out explicitly, but they are both complicated expressions involving Jacobi el-
liptic functions and depending partially implicitly on the spatial position through the
solution, ¢, of the quartic equation,

2 K’m . T4z K
C4 (f—*—w) +C3(Z.’L‘+.’II3)+C2( +2 —zc§+2—u—2(m—2)>

) 2 K2m
+ ¢ (iz_z3) + (—4— + e ) =0. (7.217)

Such intricacy makes any attempt to directly calculate a correlation function, like that
in equation (7.1), prohibitively difficult. Furthermore, there is no way to approximately
calculate such a quantity, for example taking the dilute monopole gas limit, without ne-
glecting important contributions. Therefore, it is not feasible to perform two monopole

calculations to determine correlation functions.




Chapter 8

‘Conclusions

We have been investigating semiclassical calculations in N’ = 1 supersymmetric gauge
theories. Supersymmetry is of both phenomenological and fundamental interest, and it
also implies a powerful renormalisation theorem, which allows us to calculate F-terms
exactly.

The primary example that we have discussed is the evaluation of the gluino con-
densate in pure Yang-Mills theory. This is the order parameter for chiral symmetry
breaking, and while every calculation shows that it is non-zero, its absolute magnitude
has been the subject of controversy for many years. Using Yang-Mills instantons in
R*, the most direct method to determine the gluino condensate is to calculate a high-
er multi-point function and invoke cluster decomposition. This is known as the SCI
(strong coupling instanton) approach, because there is no control available over the
coupling associated with the non-abelian gauge group. In contrast, there are several
methods where the gluino condensate is calculated in a related theory, modified to en-
sure that the coupling is small, and then the appropriate limit is taken to return to the
original theory. Every example of this WCI (weak coupling instanton) approach yields
the same value of the gluino condensate, but there is a discrepancy between this value
and the SCI result. Kovner and Shifman attempted to explain this disagreement using
the drastic assumption of the existence of an extra vacuum state, with vanishing gluino
condensate and unbroken chiral symmetry. Further instanton calculations have shown
that this mechanism does not account for the difference.

The approach presented in this thesis provides a much more elegant understanding

120
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of the situation. It is motivated by the fact that there is no proof that instantons are the
only relevant semiclassical configurations when the coupling is large, and by the long-
standing idea that in this regime, instantons should be treated as composite objects,
made of instanton partons. If there are neglected configurations and instantons do not
give the full correlation function, then cluster decomposition is misapplied and the SCI
result is invalid. The candidates for instanton partons on R* are merons, which are
not useful configurations for semiclassical calculations; for example, they have infinite
action.

Instead of considering merons, the strategy is to modify space to R® x §1, by im-
posing periodicity along one direction, on all the fields (both bosonic and fermionic, to
preserve supersymmetry). Then, the partons become well-behaved, finite action con- .
figurations. Additionally, we gain control over the size of the coupling, because the
component of the gauge field around the periodic direction can gain a non-zero VEV,
and act as a Higgs field to spontaneously break the gauge group to its maximal abelian
subgroup. The theory is then in a Coulomb phase, and the coupling will be small if the
VEV parameter is arranged to be much larger than the dynamically generated scale.
A semiclassical calculation of the low energy effective action of the theory on R3 x S,
discussed in chapter 5, shows that in the true quantum vacuum the VEV parameter is
inversely proportional to the radius of the circle. We may therefore choose the radius
to be small to guarantee weak coupling, but according to supersymmetry all results
should be holomorphic in the VEV, and therefore also in the radius, so we can analyti-
cally continue to large values of the radius and recover the R* answer. Working on the
cylinder therefore has similarities to the WCI methods, but it also allows us to visualise
the configurations that are missed in the SCI approach. The connection between the
VEV and the radius is only found for R® x S, so other compact spaces such as T4 are
not appropriate for attempts to calculate quantities in R4,

The semiclassical configurations on R® x S! can be classified as the combinations of
n+1 types of monopoles (where n is the rank of the gauge group), distinguished by mag-
netic charges as well as the instanton number. The different fundamental monopoles
are the n conventional BPS monopoles, and one KK or affine monopole, which is only

present because the space is a four dimensional cylinder. More precisely, it appears due
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to the existence of non-periodic gauge transformations, which nevertheless leave the
fields periodic, but that are not included in the group of periodic gauge transformation-
s under which the functional integral measure is invariant. One specific combination
of these monopoles is a caloron (with non-trivial VEV or Wilson loop), the analogous
configuration to an R* instanton, so the fundamental monopoles correspond to instan-
ton partons. Any other combination of the same number of monopoles represents a
configuration that is ignored by the SCI calculation.

As we mentioned above, we have determined the low energy dynamics of the theory
on R3 x S!, in the form of the superpotential for a chiral superfield containing the
Wilson loop and a scalar magnetic photon. The superpotential is a twisted affine Toda
potential, as shown in chapter 6, and as predicted by Katz and Vafa. Expanding the
superpotential we can see that the magnetic photon is massive, which by the dual
Meissner effect shows that the original electric charges will be confined. Instanton
partons were first studied because it was thought that they might be responsible for
confinement, and here we find that this is exactly the case for N' = 1 supersymmetric
theories.

Each of the fundamental monopoles has two adjoint fermion zero modes, so the
gluino condensate may be calculated by summing their direct contributions. It was
determined for gauge group SU(2) in chapter 5, and for any gauge group in chapter 6
(see also [1] and [3]), with the results summarised in table 6.2. The magnitude agrees
with those given by previous WCI calculations for all classical groups, whereas the
values for the exceptional groups have not been predicted before. The phase labels the
co physically equivalent vacua of the theory (where ¢y is the dual Coxeter number of
the gauge group), a total that is fully consistent with Witten’s index.

In chapter 6 we also discussed a useful description of a supersymmetric gauge theory
including matter, namely the ADS superpotential that describes the low energy dynam-
ics of the classically massless matter fields, in a theory with gauge group SU(N) and
Ny < N flavours of matter. It was originally calculated in the case Ny = N — 1 using
instantons, and then inferred for all other values by renormalisation group matching.
However, because of its connection with gluino condensation, for Ny < N — 1 the ADS

superpotential has been shown to be generated directly by monopoles [2].
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For gauge group SU(2), the configurations that are not included in the SCI ap-
proach are the R* analogues of the combinations of two BPS monopoles, or two KK
monopoles. In chapter 7 we reported on the progress made in an attempt to perform a
semiclassical calculation with these configurations, to confirm that they contribute the
difference between the WCI and SCI results for the gluino condensate. The approach
involved attempting to understand the two monopole solution through the Nahm con-
struction, which we reviewed, using the one monopole case as an example. Some new
results were obtained, in the form of an identity for the Green’s function that appears in
the Nahm construction, and two adjoint fermion zero modes possessed by all monopoles
with winding number greater than one. Unfortunately, however, two monopole calcu-
lations eventually proved too complicated to be workable. In principle, instantons and
monopoles are the only semiclassical configurations necessary to find any F-term in four
dimensional supersymmetric gauge theories, but because of technical limitations there

are only a few results that can be explicitly derived using monopoles.




Appendix A

Conventions

We work in four dimensional space with a Euclidean metric (++ ++), unless otherwise

specified. Latin letters m,n,... runover 0, 1,2, 3; Greek y,v,... over 1,2,3. In addition

there are undotted and dotted Weyl indices «, 8, &, B, ... which take the values 1 and

2. Writing the Pauli matrices as

01

= y T2 =

10

we can define Dirac-Weyl matrices

(A1)
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where €!2 = —¢1p = +1, €12 = €193 = +1 and 1% = ¢yp3 = —1. With these

conventions, the Clifford algebra is

Emdaanaﬁ + EndaamaB — +25mn6dﬁ, (A.10)

and both {c™"} and {g™"} obey the SO(4) algebra,
[c™", 0Pl = §™Po™ + FMgP 4 §IGPT 4 PTG (A.11)

[, 5P9) = 6™PF™ + GG 4 GG 4 PTG, (A.12)

In fact, the {o™"} and {g"""} are the generators of the (2,1) and (1, 2) representations

of SO(4) ~ SU(2)L, x SU(2)r/Zs, respectively. The following relations are also useful,

Umada-mﬁﬂ = +26ﬂa5ﬂda (A.13)

ogmn ,Ba_lcl a _ _1 (5mk5nl _ 5ml5nk> _ lemnkl (A 14)
) 2 ’ '

o™ P — oPo" o™ = —2¢""Pgy, (A.15)

FMo"GP — FPa"T™ = +2MG,, (A.16)

o™a"oP + aPe" 0™ = +2 (6™ a? + "™ — §™Po"), (A.17)

TGP + GPo"E™ = +2 (P + §PET — 6P . (A.18)




Appendix B

Simple Lie algebras

In this section we shall briefly review some of the theory of simple Lie algebras in
order to state our choices of conventions and normalisations, and to define important
terms. There are more comprehensive introductions in many books, see for example
[83]. Some other useful information is given in [84] and the appendix of [68], and
informal descriptions of some rarely covered topics can be found in weeks 64 and 90
(amongst others) of [85]. -

Let {H®} be a maximal set of simultaneously diagonalisable, mutually commuting
generators, [H*, H’] = 0. The indices i, run from 1 to n, the rank of the Lie algebra.
The span of {H*} is h, the Cartan subalgebra. For the remainder of the generators, we

choose such combinations that they are eigenvectors E, of the operators ad(H?),
ad(H")Ey = [H', Ey] = o' E,,. (B.1)

Now we shift focus and consider the eigenvalue o to be the value of a linear functional

a acting on the basis vector H?,
[HiaEa] = a(Hi)Ea' (B.2)

These functionals are called roots and are elements of h*, the root space. Obviously
dim(h*) = dim(h) = n, and there is one root « for every generator E,. It turns out to
be easier to consider the structure of Lie algebras by using the roots and the Cartan

subalgebra generators, rather than the set of all the generators.
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We can define an ordering on the roots by expanding them in any given basis {8;},
n .
a=7) Vb, (B.3)
i=1

then « is a positive root if the first non-zero component b* is positive, and similarly for
negative roots. Clearly which roots are positive and negative depends on our arbitrary
choice of basis, but the alternatives can be easily related via group transformations,
they are not substantially different. We can then arrive at a more convenient and
natural basis for h* by finding the simple roots. A root is simple if it is a positive root
which cannot be written as the sum of two other positive roots. We shall denote the

simple roots as {a(i),i =1...n}, and then we can write any root as
n .
a= Za’a(i), (B.4)
i=1

where the coefficients a® are positive integers or zero for positive roots, and negative
integers or zero for negative roots. Another distinguished root is the highest root 0,

which has the maximum value of "7, a. _
The overall length scale of the roots is clearly linked to the normalisation of the

Cartan subalgebra generators, and we shall follow the standard algebraists’ choice that
Tr (H'HY) = 6. (B.5)

In some simple Lie algebras (the simply laced ones), all roots have the same length
squared, L. For non-simply laced algebras there are two classes of roots, long roots and
short roots. We define the length squared of the long roots to be L, for example the

highest root is always a long root, so

n
6> =) "6'6' = L. (B.6)
=1

el

The short roots may have length squared % or To complete our discussion of

normalisations, the eigenvectors E, are scaled such that the convenient relation

L &N, L
[Eo, B_q) = oF Y oH = il H, (B.7)
=1

holds.
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We can form duals of the roots, or coroots by inverting their lengths, so

o = Ia%a. (B.8)

Note that the coroots are still elements of h*, and that for long roots (or all roots of
simply laced algebras), a* = a. The simple coroots and highest coroot are defined to
be the duals of the simple roots and highest root respectively!. The highest coroot can

‘be expanded in terms of the simple coroots,
n .
6" =Y miaj,, (B.9)
i=1
where the coefficients m! are called comarks and
n .
=1+ Zml (B.10)
i=1

is the dual Cozeter number (the marks and Coxeter number are similarly defined but

will not be needed here). The fundamental weights and coweights are defined through

w® - af;) = 64, (B.11)
and
w,(ki) cag) = dij, . (B.12)

respectively, and the Weyl vector is
n oy
p=3 W, (B.13)
=1

The simple Lie algebras are classified as shown in tables B.1 and B.2. The simply
laced algebras are Ap, Dy, and Eg7g. Some relevant data are listed for all the simple Lie
algebras, including the comarks. A bar over the comark indicates that it is associated
with a short root. In B,, C, and Fj, the short roots have length squared %, in G

they have length squared % Remember that there are always n comarks, where n is

the rank.

'Thus, for example, if we write a* = Y1, a*iazi) then the highest coroot is not necessarily the

coroot with the greatest value of 3_7_, a**.
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Algebra Compact group | Rank Dimension Dual Coxeter no. Comarks

A, SU(n+1) |n>21 n(n+2) n+1 1,...,1

B, SO(2n+1) |n>22 n@2n+1) 2n —1 1,2,...,2,1

Chn USp(n) n>23 n2n+1) n+1 1,...,1,1

D, SO(2n) n>4 n(2n-1) 2n —2 1,2,...,2,1,1
Notes:

e We use the notation USp(n) to refer to the compact group associated with the
algebra C,,, that is, USp(n) is the group of 2n x 2n special unitary matrices
which preserve the symplectic form. This is often alternatively referred to as
USp(2n), Sp(n) or Sp(2n). We prefer to keep Sp(n) for the group of real 2n x 2n

matrices which preserve the symplectic form.

e SO(2) = U(1) and SO(4) = SU(2) x SU(2)/Zs are not simple. The remaining
restrictions on the rank come from wanting to consider only distinct cases, for
example SO(3) ~ SU(2)/Z3 hence n > 2 for By. Also recall USp(1) = SU(2),
SO(5) = USp(2)/Z4, SO(6) = SU(4)/Zs,.

Table B.1: The classical simple Lie algebras of rank n.

Algebra | Rank Dimension Dual Coxeter no. Comarks
Eg 6 78 12 1,2,3,2,1,2
E; 7 133 18 2,3,4,3,2,1,2
Eg 8 248 30 2,3,4,5,6,4,2,3
Fy 4 52 9 2,3,2,1
Go 2 14 4 2,1

Table B.2: The exceptional simple Lie algebras.




Appendix C

Monopole measures

C.1 The SU(2) one monopole measure

This section follows the appendix C of [48] closely, in order to find the one monopole
measure with gauge group SU(2). In the next section we shall generalise the results to
monopoles in any simple Lie group.

To determine the measure, we need to know the collective coordinates and calcu-
late the Jacobian factors, like that given in equation (2.30), which we repeat here for

convenience,

)=

1 \"® 0 0
jB = (ﬁ) det <a_7_j¢claSSa 3_7;¢class> ) (C'l)

Considering the bosonic part first, the collective coordinates are X,,, the position of
the monopole, and €2, the U(1) angle, as discussed in chapter 4. The bosonic Jacobian
factor given above is written for a scalar field, in which case the unnormalised zero modes
are the derivatives of the classical solution with respect to the collective coordinates.

We can write similar expressions for a gauge field,
1 \"# : 7
Js = (\/—2_;) det <Zlﬂm, z,[,’;1> , (C.2)
with

1
(f9) =5 / S Tr (F@)e()), (C.3)
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and

ZW) = %vf}bass. (C.4)
J

However, this is not the only possible way of writing the zero modes {ZTL];]}, as they
inherit some gauge dependence from vy,. If vy, — eMume A 4iet9,,e7"A, then because
Zm is a first order shift away from vS3% the correct transformation law for the zero
modes is the infinitesimal version, Z, + Zy, + DS2SA. Therefore, the general form of
the bosonic zero modes is

AR aivf,lﬁss + Dess AU, (C.5)

7j

As discussed in section 2.1.4, it is necessary to fix the gauge, which means the functions
{AU1} should be chosen to ensure that the gauge fixing condition is satisfied. In this

thesis we work in the covariant background gauge where

D,‘%ass (6v™) =0, (C.6)
which implies the zero modes must also obey

Dglass Zlilm — ¢, (C.7)

In the case of the translational zero modes,

0
Zim = i vgkass | DIBSA (C.8)
the classical solution is a function of z — X, so we can also write
_ 9 class Dclass A C.9
Zipm = = g ¥m .+ D A (C.9)

Then if we set Ar, = v, Z 1 = v985  which obviously fulfils equation (C.7) as
[ﬂ] 42 [M] my

v3sS is a solution of the classical equations of motion. This leads to
<Z[’g], Z[,,]m> = 86,0, (C.10)

where S is the action of the monopole configuration.

We can follow a similar calculation for the gauge orientation zero mode,

Z[4]m = B—Q’U%ass + DleLa.SSA[Al]. - (Cll)
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If we work with the BPS monopole in the singular gauge, where

Vs = <I>f2§ e o ;3 (C.12)

so that the zero mode corresponds to the global gauge transformations {em:}}, then

Ziam = a% (97 ogse=i5 ) + DAy, (C.13)

where ﬁ%”s is an Q-independent reference configuration. Furthermore, we should choose

Ay =2 (2 — %), then Zyym = Lv53", and

m 1
<ZM, Z[4]m> =0, <Z[T]aZ[4]m> =35 (C.14)
We can now put these results together to find
1 nB ) 1 S2
BPS _ m k)\2 _
JBPS _ (E) dot {20, 7Y = (C.15)

In order to find the fermionic part we simply need the normalisation of the super-

symmetric zero modes, A28 = g™ ¢ylass | Using equation (A.14) we can evaluate!
1 [
— / diz / d2¢ Tr Alass yelass — 96 (C.16)
g

therefore, Jr = %
The action of the BPS monopole is %&‘—R, so bringing everything together we find

the one monopole measure? in SU(2),

//‘3R 2m
/ A1 —mono = —92—6—5 / B3X / dQ / d2¢. (C.17)
0

The KK monopole is gauge equivalent to a BPS monopole with a modified VEV, so

the above equation is valid for either monopole as long as the correct action is used.

C.2 The one monopole measure for a general gauge group

Recall that a regular gauge monopole solution, in any gauge group, is given by

,U::Llass — wch, (0.18)
',Uglass = ®°J, — (V — %(a . V)a*> - H, (C.lg)

!Note the obvious definition [d?¢¢¢ =1.

ZNote that the range of the § integration is 0 to 2r not 0 to 4, as might be expected for an SU(2)
transformation, since v,, is in the adjoint representation and so a transformation by 27 is equivalent
to the identity.
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where
Ji=—=(Eq +E_p), Jo=——=(Ea—E-y), Js=-a"-H (C.20)
1 /—L « Qs 2 /'—LZ o ajy 3 l: ) ‘

and if the monopole is located at the origin and no unbroken U(1) transformation is

applied, then

¢ z” ulz|

= — 1= ——— 21

Yu GWCI:L’I? ( sinhu|m]> ’ (©21)
C

3° = _I% (u|z| cothulz| — 1), (C.22)

withu=a V.

One monopoles in any gauge group have the same zero mode structure as those in
SU(2). The bosonic zero modes are associated with the position and gauge orientation
of the monopole, and the fermionic zero modes are the supersymmetric modes. The
Jacobian factors for the translational bosonic zero modes and the fermionic zero modes
are the same as in SU(2), (%)% and % respectively. This follows since the methods
used to calculate these constants in the previous section did not refer to any special
features of SU(2) and can be seen to generalise immediately.

Calculating the Jacobian factor for the gauge orientation mode requires more at-

tention. If the monopole is transformed into singular gauge, then the global gauge

transformations corresponding to this zero mode are {€?/3}, therefore

,U#La.ss — eiQJs,&frllaSSe—iQJ;;, (023)
and the zero mode is
0
Z[4]m = 561)%&35 + D;:rlLaSSAH]. (C.24)
In this case the correct choice of Ay is
—_ 1 C 1 * C
A[4] = —a__Vq) Jc - Ea -H ( 25)
(note that
1
°J. — —z(a -V)a* - H, (C.26)
in singular gauge, as |z| = 00). Then,
1
Zagm = = — va}l%SS. (C.27)
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[N

1 S

It follows that the remaining Jacobian factor is -4 (5=)?. Gathering all factors to-

gether, we find that the measure is

3
/ i1 —mono = ﬁgge—s <&) / BX / Fig) / d%¢. (C.28)

where S = 8—7;22—341* -V is the action of the monopole configuration.




Appendix D

One monopole solution from the

Nahm construction

See chapter 7 for the methods by which these results were calculated.

D.1 The gauge field components v, and v

N ( . AB (~iz1 + 55 ) u ) o)
AB(~im —2)u gt

N i u|z| —T1 I3
=— — . D.2
v2 2|z|? (1 sinhu|:v|> ( 3 T ) (D-2)

Ty (ixllle - wgiﬂs) UL
" 2|z|(|z] + z3) 2l|(|z|? — z3) sinh ulz]
2En= (171 |2| + zows) uz iz ' (D-3)
2|z[(|z[* — =5) sinhu|z| 2|z|(|z] + z3)
(z)*~<3)
B 0 - ABT Ly
U3 - (I 2 2 . (D4)
AplELzzly 0

R 1 u|z| 0 -—=z_
=——|1- . D5
va 2|z|? ( sinhu|m|> ( gz, 0 ) (D-5)
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0 =z
"n_ u
= = ———— . D.
Vs =Y 2|z| sinh u|z| ( —z. 0 ) (D-6)

D.2 The field strength component va3

———————~i$1 | —}—inQu:z:—2
)"~ et ) =12} (b7
(va3)Yy = tu (2l + 2521) (oo ula]) — ulz| cosh(ulz])).  (D.8)

2|z|2 sinh? u|z| (|72 — z2)2

L1 z T3 T ulz|
V23 = 22|$|2 I:Tl |CE|2 ( )} smh(u'x[) (1 UI.’ElCOth(Ul.’EI))

T+ —I3
T _ 2|2
I (“2l - 1) . (D.9)
21| z| z. —3 sinh®(u|z|)
) 1
)l = (om)'y = ~(om )y = 5o { s (ull) -] (D0

3 Uz — (i|lz|z2 + z321)
2)z|2sinh? u|z| (|z]? — z2)

(v33)'y = (T23)" = (sinh(ulz() — ulz| cosh(ulz])) .

(D.11)
(vly)%) = (B23)%) = + 2|x|2:if;2u|m| (Zlfllflg :Z;’l) (sinh(ulz|) — ulz| cosh(ulz])) .
(D.12)
D.3 The field strength component vs;
1 _ 12 _1_ 1.2 .2
(v31)'y = Szl snbZ(ulz]) {|$|2 sinh”(ulz|) — u } (D.13)

= Cilelm 4 99%s) (el — ule] cosh(ulzl).  (D.14)
2|z|?sinh”ulz|  (|z)2 - £3)2

(U31)12
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. 1 z2 T3  Z- ulz|
=—— - — — (1 - th
V31 2,L-l$|2 |:7-2 |$12 ( 2 ):l smh(u|x|) ( Ul.’I)I co (u|m|))

Tt
Ta  T_ 20,12
2 <—“2L - 1) : (D.15)
24| Ty —z3 sinh®(u|z|)
"1 . 31 ~ \2 T2 1 . 2 2
= (v = —(¥ = ——F —— < ——sinh*(u|z]|) —u® ;. D.16
W = (om)'s = ~(om )y = ot o siule o) (D10
"l 5 uzT_ (t]z|z1 — z23) , .
= (v = sinh{u|z|) — u|z|cosh(u|z|)) .
()13 = (3)'s =+ gy (e = 2 sih(ule) ~ ol cosh(ulo)
(D.17)
"D .2 Uy (i|z|z1 + z223) |, .
= = — h — u|z| cosh(ulz|)) .
(0?1 = ()" = g (smh(ula]) ~ ulelcosh(ufz)

(D.18)




Appendix E

Jacobi elliptic functions and elliptic

integrals

In this appendix we give the definitions and some properties of the Jacobi elliptic
functions and the related elliptic integrals, whicil appear in two monopole solutions.
Further details can be found in [86].

The elliptic integrals of the first and second kinds are defined using the parameter

or modulus, m, a real number in the interval [0, 1], as

@ do
F(p,m) —/0 ma (E.1)
E(p,m) = /Ow d@ (1 — msin? 9)% (E.2)

The parameter is also commonly denoted as k? or sin? a.

The Jacobi elliptic functions are defined with the argument, u, and the amplitude,

¢, which are related to each other through
u(p) = F(p,m), (E-3)

and the inverse of this function, which is written as ¢ = am(u). Then, the Jacobi

elliptic functions sn, cn and dn are defined as
sn (u, m) = sin g, (E.4)

cn (u, m) = cos p, (E.5)

ol

—~
&
(=]

o

dn (u,m) = (1 - m sin? 0)?.
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We shall normally let the dependence on the parameter m be implicit. We can already

tell from the definitions that

sn?u+cnu =1, (E.7)

msn®u +dn?u = 1. (E.8)

The complete elliptic integral of the first kind is

K= / )] =u(g) (E.9)

We may easily evaluate the Jacobi elliptic functions at the points 4 = 0 and u = K,

sn0 = 0, sn K =1, (E.10)
cn0=1, cn K =0, - (E.11)
dn0=1, dnK = (1 -m)?. (E.12)
If we note that du = dL S0 that = dn u, we can differentiate the Jacobi elliptic
functions,
isnu—cnudnu (E.13)
du B ’ '
d
g, = —dnu snu, (E.14)
7o dnu=-msnucnu. (E.15)

Near m = 0 and m = 1 we have the following approximations for the Jacobi elliptic

functions,
snu =sinu + O(m), snu=tanhu+ O(1 —m), (E.16)
cnu = cosu+ O(m), cnu= sechu+ O(1 —m), (E.17)
dnu=1+0(m), dnu= sechu+ O(1—-m). (E.18)

The complete elliptic integral of the second kind is simply written as E,
3 1
E= /2 do (1— K?sin?6)7 . (E.19)
0

Differentiating with respect to k gives

dE 1
= (E-K). (E.20)
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Similarly, if we differentiate K we find

KA @ ma)
dk ko ko (1—k2sin29)§
but,
s 2 - s
/Qdé’i k s11r1<9coso91 =E—(1—k2)/2 . de =0, (E.22)
0 do(l—kQSin20)5 0 (1—k251n29)2
so we have
dK 1 E
o= . E2
k k(l—k2 K) (E.23)
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