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Abstract

It is widely believed that Quantum Chromodynamics (QCD) is the theory that describes
the strong interaction. In the infrared region of the theory, the perturbative expansion
breaks down and so, other techniques must be used. One such technique is the study of
the Schwinger-Dyson equations.

In this thesis is presented such a study. It is shown that the ghost sector of QCD may
be crucial to the understanding of the infrared behaviour. Conventionally, the Slavnov-
Taylor identity is used to truncate the Schwinger-Dyson equations but it is found that
for the ghost-gluon vertex, such an identity cannot be used in an appropriate manner.
In order to extract information, a new technique is presented, based on the powerlaw
behaviour of the two-point functions in the infrared. By demanding consistency in the
full equations in Landau gauge and multiplicative renormalisability, it is found that in
general, the gluon propagator dressing function cannot diverge and the ghost propagator
function cannot vanish in the infrared. Further, it is shown that the powerlaw behaviour
depends on a certain kinematical limit of only one function connected with the ghost-gluon

vertex.
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Chapter 1

Introduction

This thesis presents work done on the study of the Schwinger-Dyson equations for covari-
ant gauge Quantum Chromodynamics in the infrared region with specific reference to the
ghost sector. The Schwinger-Dyson equations provide a natural framework from which it
is hoped that the low energy (infrared) behaviour of Quantum Chromodynamics may be
derived.

In this first chapter, a brief introduction to the theory and Schwinger-Dyson equations
will be given. Many topics pertinent to later chapters will be motivated and introduced.
The second chapter then goes on in more detail to introduce recent relevant work in the
field and to motivate the research in the rest of the thesis. The third chapter builds up
some technical results that will be of use to subsequent calculations.

One of the central elements of any Schwinger-Dyson study is what is known as the
truncation scheme (see later for a more complete explanation). Loosely translated, this
boils down to making an ansatz for unknown functions in the Schwinger-Dyson equations
in order to close the system such that it may be solved either analytically (at best) or
numerically (more usual). Such an ansatz is constrained by physical requirements such
as gauge invariance and chapter four is concerned with an attempt to find an identity
which constrains what is known as the ghost-gluon vertex. The technique is to use the
perturbation expansion (again see later) in order to derive this identity. It is found that
there does indeed exist a simple identity at the lowest order in the perturbation expansion,
but this does not hold at higher orders.

In the light of such a failure to find an appropriate identity, chapter five goes on to look
at another proposed identity. This identity was originally studied under a very simple

truncation scheme [1, 2, 3] and was almost certainly the first work in standard Schwinger-
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Dyson studies to realise the importance of the ghost sector in the infrared. Without the
truncation, it is only possible to derive from this identity a small amount of information
and this will be presented.

The final chapter pulls together the experience gained from all the previous chapters.
It is realised that although no specific truncation scheme can reliably be made, there is
however a way of looking at the equations in a consistent manner. This is the so-called
powerlaw approach. By demanding consistency in the Schwinger-Dyson equations and
observing the multiplicative renormalisability of the theory, it is possible to utilise what

limited knowledge one has of the unknown functions to make definite conclusions.

1.1 QCD as a Gauge Theory

It is widely accepted that Quantum Chromodynamics (QCD) is the theory that describes
the strong interaction (see for example one of the many standard textbook such as [4, 5, 6]).
In its basic form, QCD is a locally gauge invariant quantum field theory whose matter
(spin-%) constituents, the quarks, transform in the fundamental representation of the non-
Abelian group SU(3)!. What this means in practice is that the quarks are represented by
vectors 1 in a 3-dimensional (colour) space and that the observable physics is oblivious

to local (gauge) transforms of the type
P(z) = ' (z) = Ulz)y(z) (1.1.1)

where U(z) is a unitary 3 x 3 matrix with determinant one (U'U = 1, det |U| = 1). This

matrix has 8 free parameters and can be written in the form
U(z) = exp{—18,(z)T°} (1.1.2)

where there is a summation over the index a (= 1,...,8), the 3 x 3 hermitian matrices
T* (= T°) are the generators of SU(3) and 6,(x) specifies the angle of rotation in the
colour space. The T obey

(T2, T?] =2 fT (1.1.3)
where the f% are the (completely antisymmetric) structure constants of the group. The

T are traceless, since

det |U| = exp{TrInU} = exp{—18,(z)Tr T} = 1. (1.1.4)
! Actually, for this thesis we use SU(N,) where it is understood that N, = 3.
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In addition, the generators are normalised such that

1
Tr [T°T*| = TSTY, = 50 (1.1.5)

The quarks are spin—% particles and must obey the Dirac equation. Thus, the Lagrange

density must contain

Ly =9(z) (0, —m)y(z), P =y (1.1.6)

where the v are Dirac matrices which obey the (anticommuting) Clifford algebra, {v*,v*} =
2¢*”. However, this form alone is not invariant under the gauge transform above (1.1.1)

so it is necessary to introduce a covariant derivative D, where
D, =08, —1gT" A}, = 0, —19A,. (1.1.7)

Af, are the so-called gauge fields (the gluons) and g represents the coupling strength

between the 1) and the Aj,. The Lagrange density is now invariant if D, transforms as
D, — D, =UD,U" (1.1.8)
so A, must transform as
A, — A =UAU - 2(8,,U)UT. (1.1.9)

In order to give the gauge field meaning, it is necessary to add a kinetic term to the

Lagrange density. This is constructed from the field strength tensor F,,,
! a a [+
F,, = p [Dy, D) = T* (8,A% — 8, A% + g f** AL A¢) (1.1.10)

such that F,, — UF,,U'. The (gauge invariant) kinetic term is (with prefactors chosen

in analogy with QED and Maxwell’s Equations)

]' a apyv
Ly = FF> (1.1.11)

giving the basic QCD Lagrange density

Loon = —iF;;VFW +%(@) (1D, — m) $(z). (1.1.12)
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1.2 The Functional Approach and Ghosts

In order to solve QCD, one must find all the Green’s functions of the theory. There
is more than one way to express a quantum field theory in terms of it’s basic Green’s
functions. Two commonly used methods are the canonical approach (see for example [7])
and the functional approach (see (8] for a good review). The advantage of the functional
approach is that it is based on the Lagrangian and preserves symmetries explicitly.

The functional method is based on the path integral formalism introduced by Feyninan
[9, 10]. The idea behind the path integral is that the probability amplitude for an event
to occur is given by summing over all ways that the event may take place weighted with
with the likelihood for that configuration given by a term exp{:sS} where S is the action.
For a field theory, this translates to the following (see for example [8, 11, 12]). The central
quantity is the generating functional — the vacuum to vacuum transition amplitude in the

presence of external sources. This is given by

Z[J}=N"1 /’ngexp{zS—i— z/d4:1: J(:v)d)(x)}, S = /d4.C(:1:) (1.2.1)

where N is a normalisation constant such that Z[0] = 1, J(z) is the external source, ¢(z)
is the field and D¢ is the measure representing integration over all field configurations
(which at 2y = 0o approach the vacuum?). The n-point Green’s function is derived by
functional differentiation of Z,

o Z[J)
8J(x1)...6J(zn) |,y

G™(x1,...,%0) = (—2)" (1.2.2)

In order to eliminate disconnected vacuum to vacuum diagrams, one must use the quantity
W|J] where
Z[J] = exp{sW|[J]}. (1.2.3)

Now consider the purely gauge field part of the QCD Lagrange density (the pure
Yang-Mills sector of the theory). It is clear that if one puts this into the generating
functional, then one will be integrating not only over all different field configurations but
over infinitely many identical configurations related by a gauge transform leading to a

badly defined divergence. The way to deal with the overcounting of gauge equivalent

2This is necessary to ensure that for instance, any surface terms when one uses integration by parts
vanish. However, this may not be the case if one considers topologically non-trivial solutions of the theory
such as solitons and instantons [13].
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field configurations is to use a trick introduced by Faddeev and Popov [14]. The idea is
to reparameterise the integral into a form where the infinity is expressed as an overall
coeflicient (which can be absorbed into the normalisation factor N) whilst the rest is
constrained by a gauge fixing condition. The presentation here follows [11] and will be
discussed in some detail.

First consider integration over a group space. The integration measure dg is invariant
under group transformations since in the integration, every group element is considered

only once (even for continuous groups). Now, the gauge field A, transforms as
A, — AL =UAU' - g(a,,U)UT (1.2.4)

and if we re-express U in terms of an infinitesimal transform parameterised by 6, then we

can expand as follows
U(9) =1—10,T* +O(6%), U'0) =1+16,T*+O0(6) (1.2.5)

SO
1
A, — A =T° (A; — foeAbd, — 58“9“> + O(6?%). (1.2.6)

The integration measure for the integration over the group space can be taken as Dl =

1.1 d9%(z). Now one writes the identity
1= A[4] / DS(F(A®)) or A7 [A] = / DES(F(A°)). (1.2.7)

From the second form of the above, it is clear that A[A] is invariant under gauge trans-

forms. It is a Jacobian and can be written as A[A] = det M where

OF(A(z))

MEEN = ")

(1.2.8)

F=0
The argument of the delta function defines the gauge condition. Now consider the insertion
of this into the following functional integral involving only the pure Yang-Mills sector (no

quarks)
V[A] = / DA, exp{tSyu} = / DA,AA] / DOS(F*(A%)) exp{sSym}.  (1.2.9)
Since Sy is gauge invariant, one can do a transform to get

V[A] = / D / DA, AAJS(F*(A)) exp{1Sy}. (1.2.10)
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It is now apparent that the divergent f DO is just an overall factor that can be absorbed
into the normalisation. With this, it is possible to re-express A[A] and §(F*(A)) in a
useful way. They are converted into additional terms in the Lagrange density. The gauge

condition F'* is arbitrary and it is possible to write
F%(A) - F*(A) — r*(z) (1.2.11)

for some function r¢. Changing r® simply alters the centre of the delta function and so the
rest of the functional integral is unaltered. It is further possible to supplement the delta
function with a gaussian weighting factor (since this only changes the normalisation) so

one can now write
§(F3(A)) — / Dré exp {-% / d'z (r“(m))2} §(F%(A) - r°(z))
- exp{—%/d‘*axF“(A)?}. (1.2.12)

The delta function can thus be expressed completely generally as a new term in the
Lagrange density — the gauge-fixing term. In this thesis, we shall be considering only one

class of gauge, the linear covariant gauges. These are obtained by setting
F*(A) = 0" A (1.2.13)

and the parameter ¢ specifies which particular gauge (eg. £ = 1 is the Feynman gauge)
one is working in.

A[A] is a determinant and this can be re-expressed as a functional integral over Grass-
mann (anti-commuting) fields (see [11] for a detailed explanation). The appropriate form
is

A[A] = det M ~ /’DEDcexp{—z/d4m d*y e (z)M®(z, y)c(y)} (1.2.14)
Now consider an infinitessimal transform on F(A),

or*

F(A) = F°(A%) = F*(A) + §AL. (1.2.15)
AL
Using (1.2.6) it is possible to rewrite this as
Fo(a%) = Fo(a) — 228" piege. (1.2.16)

g oAb
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One can choose the gauge condition to be F*(A) = 0 and using the definition of the
matrix M
19F*

Meb = _2Z__D¥s(z — ). 2.
(z,y) gaAﬁD,‘é(w Y) (1.2.17)

The factor —i is only a multiplicative constant in A[A] which itself is an overall factor
in the functional integral, so one can absorb this into the normalisation with impunity.

Replacing F*(A) in the derivative with it’s form for the linear covariant gauges gives
A[A] ~ /’DE’Dcexp{—z/d"zE“(:c)(?“Dzbcb(z)}. (1.2.18)

The determinant A[A] has thus been expressed in a way that can be dealt with at the level
of the Lagrange density. Two new sets of Grassmann fields fields have been introduced.
They have a kinetic term °0#0,6c® and an interaction term —gf®*°z*9*Asc’. The

functional integral V originally considered can now be written as

VI[A] = /DEDCDA,, exp {zSYM - —2% /d4m (6*A,)% — z/d4z6a($)al‘Dzbcb(:z;)} .

(1.2.19)
Thus, the QCD Lagrange density can be effictively written as
1 , 1 B _
Locp = —ZF;,,F“" - %(O“A#)z —** DY + ¢ (1D, — m) . (1.2.20)

These new terms in the Lagrange density deserve a little further discussion. The
Grassmann fields are known as ghosts and their introduction arises from the desire to
consistently factor out an infinity from the functional integral due to the gauge symmetry,
whilst preserving the theory. There are however more intuitive ways of introducing these
terms. Firstly, in the basic QCD Lagrange density, the kinetic term for the gauge fields
implies that there are four polarisation states for the gluon. However, just like the photon,
the gluon should have only two physical polarisation states. The effect of the new terms
is to kill off these unphysical degrees of freedom. Secondly, without the gauge fixing term,
the gluon propagator (the 2-point Green’s function with two external gluon legs) would
have no inverse [11].

The ghost fields are also very unusual. They are Grassmann (anti-commuting) fields
and so obey Fermi-Dirac statistics, but they are scalar and transform in the adjoint
representation of the group just as the gluon fields do. Finally, the ghosts are not physical

fields and so cannot appear as initial or final states in any physical process.
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Although the Faddeev-Popov technique is used in standard QCD, there are however
problems associated with it as pointed out by Gribov [15]. The Faddeev-Popov trick
eliminates overcounting due to infinitesimal gauge transforms and then integrates over
the group space, but it does not account for identical field configurations related by finite

transforms. The Gribov problem will not be discussed in this thesis.

1.3 Schwinger-Dyson Equations and Slavnov-Taylor
Identities

Now that we have a Lagrange density for QCD, it is possible to construct the full gener-
ating functional. For each field there is an external source term and repeated functional
differentiation with respect to these sources gives the various Green’s functions. As with
any other theory built from a Lagrangian, there exists the Euler-Lagrange equations of
motion. In a quantum field theory, these equations are known as the Schwinger-Dyson
equations and they relate the different Green’s functions. The Schwinger-Dyson equations
can be derived in two ways: the functional method [16] or by a Dyson resummation [17].
The Dyson resummation essentially reorganises perturbative corrections (see later) into
subdiagrams whereas the more rigorous functional method derives the equations directly
from the invariance of the generating functional under variations of the field. The deriva-
tion of the Schwinger-Dyson equations will not be presented here — it would simply be

too long. Indeed it can be characterised by the following quote:

“This sort of thing should only be done in a locked room with the lights turned

out.” M.R. Pennington, Durham graduate lecture series, 1997.

The Schwinger-Dyson equations used in this thesis will be presented at the end of this
chapter.

As mentioned before, the Lagrangian based construction allows the symmetries of the
theory to be explicit. QCD has been built from the assertion that the theory be invariant
under gauge transforms. By demanding that the generating functional is stationary with
respect to gauge transforms one can derive the generalised Ward-Takahashi identities for
QCD (see for example [11]). These equations however are not particularly enlightening
due to the presence of ghost terms in the full (effective) Lagrange density. It was found

that there does exist a symmetry in the full Lagrange density which places the ghost fields
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on the same footing as the gauge fields [18]. The BRS symmetry leads to the Slavnov-
Taylor identities {19] and any solution to the Schwinger-Dyson equations must obey these

too.

1.4 Schwinger-Dyson Equations, Green’s Functions,
the Perturbative Expansion, Feynman Rules
and all that...

With the Lagrange density, it is possible to turn the theory into a physically meaningful
formalism. The formalism relates scattering amplitudes (physically observable quantities)
to the Green’s functions. The probability of a transition from some initial state (a con-
figuration of quarks) into a final state is given via the S-matrix. This matrix embodies all
information about the scattering process and can be related to the Green’s functions (this
will not be reproduced here but can be found in many standard textbooks, eg. [6]). In the
limit when the coupling (g) is small, the whole formalism can be expanded in powers of g,
giving rise to the perturbation expansion and the Feynman rules. The Feynman rules are
essentially the lowest perturbative order Green’s functions corresponding to the propaga-
tion and interaction terms in the Lagrange density supplemented by symmetry factors,
appropriate minus signs (for fermionic fields) and integral measures. From these rules it
is (in principle) possible to derive both the matrix elements for scattering processes and
the Green’s functions themselves at an arbitrary order in the perturbative expansion.

It is also possible to write the full one-particle irreducible (1PI) Green’s functions® in
momentum space in terms of dressing functions (functions of the momenta) multiplied
by prefactors containing the colour (group) content and basic kinematical structure of
the quantity. The tree-level (lowest perturbative order) form is obtained by setting the
dressing function to either unity (in the case of a simple propagator) or zero (in the
case of some more complex vertex functions)?. One natural consequence of this is in the
diagrammatic notation of the Schwinger-Dyson equations. The perturbative expansion
can be expressed as a series of Feynman diagrams. The Green’s functions are similarly
expressed, but now all possible insertions of sub-diagrams (the dressings) are replaced by
‘blobs’.

3These are related to the connected Green’s function (generated from W[J]) by a Legendre transform
and essentially the ‘building blocks’ of the theory.
4These forms are presented in full in the last section of the chapter.
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Above, it was stated that the Green’s functions could be calculated at arbitrary order
in the perturbative expansion. In fact, this stems from the Schwinger-Dyson equations.
The Schwinger-Dyson equations contain all information about the theory, not just the
low-coupling limit. There can be other solutions to the theory, which cannot be described
by perturbative means and so the blobs have more significance than merely being a set

of sub-diagrams.

1.5 Renormalisation

In perturbation theory, if one calculates say the gluon self-energy (the 2-point 1PI Green’s
function with two external gluon legs) at the first non-trivial (‘one-loop’) level, one en-
counters what seems to be a major problem — ‘ultra-violet’ divergences. The one-loop
calculation involves integration over an unconstrained internal loop momentum and as
this momentum becomes large, a divergence occurs®. These UV divergences are ubiqui-
tous in the Schwinger-Dyson equations and in order that meaningful physics be extracted,
the theory must be renormalised.

The process of renormalisation stems from the realisation that since arbitrarily short
distances (high momenta - the UV region) cannot be probed, it is only meaningful to
compare physics at some finite scale with physics at another finite scale. If the theory can
be re-expressed this way, such that all physical processes are free from UV divergences, it
is said to be renormalisable. All physical quantum field theories must have this property
and this was proved for QCD by ’t Hooft [20].

The first step is to characterize the divergence in a systematic way, a procedure called
regularisation. There are two methods used in this thesis: the UV-cutoff and dimensional
regularisation. The UV-cutoff method takes the 4-dimensional Euclidean phase space
to have a finite, but arbitrarily large size given by the radius v/A. At the end of the
calculation, one takes the limit v/A — co. This method has many disadvantages, but is a
natural way to regularise full Schwinger-Dyson equations. Dimensional regularisation is
applicable to perturbation theory. Here, all integrals are done in d = 4 — 2¢ dimensions
for which they are finite. The d = 4 divergences show up as simple poles 1/e as ¢ — 0.

Having regularised the theory, it is now necessary to renormalise. This is done by

5This is not always the case. For instance, in the one-loop ghost-gluon vertex in Landau gauge (£ = 0)
the divergence is not present.
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rewriting all the fields and parameters in the Lagrange density® in terms of a divergent
part (denoted generically by v/Z) and a finite part (the renormalised quantity, denoted
by an overbar). Consider the following simple example of a scalar theory with the un-

renormalised Lagrange density

£ = 5(0,)0") - 96" (15.1)

Now, multiplicative renormalisability (as it is known) requires that for every unrenor-
malised operator there exists a momentum independent (dimensionless) scale factor (the
renormalisation coefficient Z) that ensures that the operator becomes independent of the
regularisation (and thus the divergence) when expressed in terms of renormalised quanti-

ties. Thus, one must be able to write

L= —Z¢(6 P08 — /2, 98" (1.5.2)

and identify
6=12:8,  9=1/2,2;%. (15.3)

The Lagrange density can now be rewritten as

L= <a 8)(0"9) - 36 + <Z¢—1>< 8,8)(0"9) — (\/Z, - )74 - (1.5.4)

The first part of this is expressed solely in terms of renormalised quantities. The second
part is explicitly divergent and the factors Z are to be calculated such that they cancel
the divergences of the first part (this part of £ defines the so-called counterterms). For
an n-point 1PI Green’s function '™ under the scaling, only the external fields change so
one can define

™™ = zir® (1.5.5)
where the renormalised quantity now does not depend on the regularisation and is ex-
plicitly free of UV-divergences. In order to completely specify the renormalised Green’s
function it is necessary to define its physical value for a certain momentum configuration,
eg. all external momentum scales being —p. This is called the renormalisation prescrip-
tion and once all the renormalised quantities have been identified with their physical
counterparts (including the coupling, masses and the gauge parameter) then it is possible
to derive the coefficients Z and the theory has been renormalised. The scale p is called

the renormalisation scale and is arbitrary.

6The quantities in £ are not themselves observable.
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One of the first consequences of the above when applied to QCD is the uniqueness of
the coupling. There is a single physical (observable) coupling in the theory, but four basic
interactions that could be used to derive it. This leads to the conclusion that there must
be some relationship between the renormalisation coefficients of the corresponding vertices
(the 3 and 4-point Green'’s functions that describe the interactions). The relationship does
indeed exist and is one particular form of the Slavnov-Taylor identity. This will be an
important piece of information later on.

The second important consequence of renormalisation is the existence of the renormal-
isation group (see [21] for a good review). The renormalisation coefficients (Z) depend
only on p, the regularisation, g and £ (the latter two being unrenormalised”). The un-
renormalised Green’s functions depend on the regularisation (generically denoted here by
A), g and € but are explicitly independent of y so for fixed external momenta (g, £ and
A fixed too)

d
%FW(A, 9,£) =0. (1.5.6)

Now, if one re-expresses the unrenormalised Green’s function in terms of renormalised
quantities, then one gets an equation describing how all these renormalised quantities
(which also have an implicit dependence on p through g and £) vary with respect to p

whilst leaving the unrenormalised function invariant. The total derivative is thus rewritten

as
dp O On{g ¢ afixed 99 O1e{y ¢ afixed 96
4, 0 0
_ 9 e 1.5.7
“au+ﬂ(g’€)ag+5(g’§)a§ (1.5.7)
Applying this to
T"(1,3,8) = Z2 (n, A, 9, )T (A, g,€) (1.5.8)
gives
0 0 9 n 0 —n _
+8(9,6) =+ f—_——p,—an I'(u,7,) =0 (1.5.9)
TRl £) a7 7085 ~ 343, g,mﬁxed}
where the expression Z3% = exp{-’i In Z} has been used. This is written as
o - 0 —n _
2 2 LG, H= (1, 5,€) = 0. 1.5.10
g+ 8.8 3+ 80,85~ 1(3.8)] T ) (15.10)

7This is a matter of convention — later in the thesis, the Z will be written in terms of the renormalised
g and €. The Z are only defined to remove the divergence and as long as one is clear which convention
one uses, there is no ambiguity.
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This equation is the Callan-Symanzik equation [22]. The functions 3, § and v are charac-
teristic to the theory and through this equation show how a change in y can be reabsorbed
into the definitions of the different parameters (such as the coupling) such that observable

physics is unchanged.

1.6 The Need for Non-perturbative Methods and
Schwinger-Dyson Studies

As has been stated before, the low-coupling limit of the theory gives rise to a natural
expansion. However, the renormalisation group implies that the coupling is not a constant.
It is observed that at low momentum scales (the infrared (IR) region), the coupling
rises (see for example [5]) and so perturbation theory is not applicable. Thus, if one is
to understand the IR content of QCD, other techniques must be used. If QCD in it’s
standard formulation is to describe the theory of strong interactions, then it must be
able to account for confinement and the masses of the observable hadrons. The observed
masses of the quarks are not simply related to the mass terms in the Lagrange density
— the lightest quarks have masses measured at ~ 5 — 10MeV whereas the pion masses
(two lightest quarks in a bound state) are ~ 140MeV and the proton mass (three lightest
quarks in a bound state) is ~ 1GeV. The energy scales associated with the bound states
are in the IR and so one is led to the idea of dynamical mass generation.

QCD as a fundamental theory must be able to explain confinement and mass genera-
tion in terms of basic parameters. These phenomena necessarily involve a mass scale other
than the masses of the quarks and the only other scale in the theory is the renormalisation
scale . This mass scale would be a gauge and renormalisation group invariant, so should

satisfy (following [21])

0 0

— g —| M(u,g) =0. 1.6.1

[“ap, +ﬂ(g)a§] (1,9) (1.6.1)

Since p is the only scale involved®, M(u,g) = pm(g) so the above equation has the
solution ’
9 ag

M(u,5) = exp{—/ —} 1.6.2

(. 9) = 5(9) (1.6.2)
Now, the perturbative expression for 5(g) goes like [23]

_ 1, o 5 (11 2 ) 7
== =— (=N, -2 6.
B@g) = —5b7” + O(7") 3 Ne = 3N7 ) 163 (1.6.3)

8This is an assumption — there could be other mass scales in QCD, but there is no evidence for this.
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where Ny is the number of quark flavours and by > 0. Thus as § — 0

M(p,9) =ueXP{—K1§2} (1.6.4)
which has an essential singularity for g2 < 0 and vanishes for §° > 0. It is clear then that
B(g) must be derived non-perturbatively if one is to account for confinement and mass
generation.

Given that one needs a non-perturbative description of QCD the question arises of
how to go about this. One such method is to discreetize spacetime and use massive
computation to extract information — the so-called lattice approach. This will not be
discussed here.

Another approach is to study the Schwinger-Dyson equations directly. This has its
advantages and disadvantages. On the plus side, the method is based on a continuous
spacetime from which divergences can be naturally dealt with. These divergences may be
of UV origin (and connected to the renormalisation) or of IR origin (ie. the region where
an external momentum scale vanishes). Also, although the equations are obtained by
expanding around the free field vacuum (being based on the generating functional), they
make no reference to the vacuum or perturbations around it [21]. It is therefore hoped
that even in a confining regime (where the quarks are not the observed states, rather it is
the hadrons that are seen), the Schwinger-Dyson equations hold and can give the correct
non-perturbative description of QCD.

However, there is no well-defined procedure for extracting reliable information from
the Schwinger-Dyson equations other than perturbation theory. The Schwinger-Dyson
equations are an infinite set of coupled non-linear integral equations and in order to
solve the theory it would in principle be necessary to solve the whole set. The equations
for the 2-point functions (see the next section) involve integrals containing the 3 and
4-point functions, the 3-point functions involve terms with the 4 and 5-point functions
and so on. The technique is to find a way to reduce these equations down to a small
subset of simpler equations and then solve these. This is called truncating the system.
In general however, apart from perturbation theory, there is no method for truncating
the system in a rigorously systematic manner. One is reduced to making ansatz for the
unknown higher-point functions, trying to include as much physical input as possible (for
example using the Slavnov-Taylor identity) and demanding that the solutions obtained

are self-consistent. The results are then compared with observation. This may seem to
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be a pointless exercise at first, but it does provide insight into QCD which would not
otherwise be possible. There are pieces of information that can be derived in spite of the

technical problems encountered.

1.7 Feynman Rules, Notations and Conventions

Throughout this thesis, the Feynman rules for the fully dressed one-particle-irreducible
quantities used are shown in table 1.1. Note that for convenience, the fermionic sector of
the theory will be restricted to Ny massless quarks and for the most part they will only be
included as corrections to the gluon self-energy and triple-gluon vertices. The transverse

and longitudinal projectors are

PuPv
tu,,(p) = Guw — ;2
PuPv
Lw(p) = ;—2. (1.7.1)

At tree-level, the dressing functions reduce to

Lt = G=F=1

Fu(P1,P2,p3) = P
me#s (p1,p2,p3) = Guip (pl - p2)#3 + CyChC permUtationS (C-p')

Fu(p1,p2;p3) = Y
LI fi.m = —g° {gmuzgysm [f eobd — f ad’Cb] + G Juapa [f shed f ad’bc]
e Gpass (1% — ]} (1.7.2)

where fabcd = fabe fede  The SU(N) generators are denoted T%(a = 1,...,N?—1), and
obey
[Ta’Tb] - fabcTc
Tr [1°T*| = %5“ = TATY, (1.7.3)
with the structure constants having the following identities
fabe pdbe _ gadcr,
fade phef pefd %CAfabc' (1.7.4)

The loop integration measure is —1d %w = —1d%w/(2m)%.
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p

T
6000
gluon propagator a b

ghost propagator

quark propagator

ghost-gluon vertex

triple-gluon vertex

four-gluon vertex

p %/ P2

quark-gluon vertex ! J

T'%(py, pg, p3) = —1gf2T,(p1, p2; ps)

I‘Zlil;;gp,a (p17p2,p3) = —ngabcrﬂllﬂlle (p17p21p3)

re-d (p1,...,pa)

Tre (01, p2; ps) = —gTETu(p1, p2; ps)

16

Table 1.1: Feynman rules used in this chapter. A blob indicates a fully dressed one-

particle-irreducible quantity. The subscripts ‘p’ denote the argument of the function.
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Further conventions used at various points in the thesis are as follows. The ghost-gluon

vertex function can be decomposed as follows

f#(plap27p3) :plljf‘l/u(php%pf}) (175)
by virtue of the rather peculiar form for the tree-level ghost-gluon vertex. The two-index
object will be referred to as the ghost-gluon scattering-like kernel. Lastly, the triple-gluon
vertex function obeys the following Slavnov-Taylor identity (written in the notation of
[24])

PAT up(P1, P2, 23) G5t = a3ty (p2)Tau (2, p3i 1) — Jipit, (01)Tau (P1, p3ip2). (1.7.6)

The Schwinger-Dyson equations for the two-point Green’s functions (inverse propaga-
tors) are presented in their diagrammatic form in fig. 1.1.

The renormalisation equations will be presented as required. All renormalised quan-
tities will be denoted with an overbar, except where no confusion arises (in particular,
the last chapter). Unrenormalised quantities will either be left as they are or for clarity

denoted with a subscript .






Chapter 2

The Effect of Ghosts in Landau
Gauge

The purpose of this chapter is to show how the inclusion of ghosts can affect Landau gauge
Schwinger-Dyson studies of QCD. Perturbatively it is widely known [25, 26] that at the
one-loop level the numerical significance of ghosts is negligible, although their importance
to such issues as the transversality of the gluon propagator is beyond doubt. However,
as will be demonstrated, they may play a crucial role in determining the infrared (IR)
behaviour of the gluon propagator, which itself is important for confinement.

It is worth pointing out at this stage that the examples given in this chapter are not
a complete survey of Schwinger-Dyson studies of QCD. There are many more schemes
proposed in axial gauges [27, 28, 29, 30] and different techniques for looking at covariant
gauges (for example [31, 32]). However, these examples do show that the inclusion of
ghosts into an approximation scheme in covariant gauges is a delicate issue.

Besides explicit contributions to the Schwinger-Dyson equations themselves, the ghost
propagator dressing function and ghost-gluon vertex form an integral part of the Slavnov-
Taylor identity for the triple-gluon vertex and hence the vertex itself. The first part of
the chapter focuses on this and shows how a deep knowledge of these ghost inclusions is
required if one is to proceed in a consistent way.

The second section looks at an approximation scheme proposed originally by Man-
delstam [25]. This study is based on the assumption that the perturbative numerical
insignificance of the ghosts persists in the IR. By neglecting ghosts and making one fur-
ther assumption about the triple-gluon vertex one arrives at a much simplified expression
for the gluon polarisation. It is possible to infer a propagator which goes as 1/p* in the

limit p? =0 (and a running coupling which increases without bound).

19
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The third section then steps out of chronological order and looks at a different scheme
proposed by Atkinson and Bloch [33, 34]. Here, both the triple-gluon and ghost-gluon
vertices are taken to be bare. Although this explicitly does not satisfy the Slavnov-Taylor
identity, it does however lead to a simple system of equations. These can be dealt with in
a particularly elegant way to get a gluon propagator that vanishes and a running coupling
which attains a fixed point in the IR.

The final section deals with a more sophisticated attempt to include ghosts put for-
ward by von Smekal et al. [1, 2, 3]. This in fact was the first piece of work to point out
that the ghost sector could be crucial to IR QCD and was the motivation for the subject
of this thesis. By neglecting irreducible ghost-ghost scattering (and all other four-point
interactions) they obtain a particular form for the ghost-gluon and triple-gluon vertices
which implements their respective Slavnov-Taylor identities. The analysis of the subse-
quent set of truncated Schwinger-Dyson equations leads to conclusions qualitatively the

same as those of Atkinson and Bloch [33, 34].

2.1 Ghosts and the Triple-Gluon Vertex

One of the first stages in any Schwinger-Dyson propagator study is to make an ansatz
for the unknown three and four-point functions that enter the equations. It is usually
taken that for the purposes of confinement, the triple-gluon vertex is sufficient to give the
basic features of the model. The four-gluon interaction is then neglected, partly under the
assumption that it will not have a significant effect and partly because of the technical
complications involved!.

For the triple-gluon vertex ansatz, the Slavnov-Taylor identity is of great use. This
identity can be solved to find a unique form for part of the vertex - the ‘longitudinal’
part. The rest of the vertex (the ‘transverse’ part) is left undetermined. Because the
Slavnov-Taylor identity implements gauge invariance, the longitudinal vertex is sufficient
to guarantee the correct gauge dependence of its contribution to the boson propagator.
One such example is in QED, where the Ball-Chiu vertex [35] can be shown to result in
the correct transverse structure of the photon propagator. To see this, one contracts the

Schwinger-Dyson equation for the photon polarisation tensor with the external momen-

1One can also argue that the non-Abelian nature of the theory is already manifest with inclusion of
the triple-gluon interaction, the four-gluon interaction only affecting matters quantitatively.
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tum,

punuu( ) UH 0) / dk g’)’# SF(k)SF(k - p)p”P,,(k,p — k; —p). (211)

In the above, II,,(p) is the photon polarisation (the inverse of the propagator), Sp(k) is
the fermion propagator and I',(k,p — k; —p) is the fermion-photon vertex. The Ward-
Takahashi identity (the Abelian case of the Slavnov-Taylor identity) is

p’Tu(k,p— k;—p) = Sg' (k) — Si'(k — p) (2.1.2)

so that any solution (ie the Ball-Chiu vertex) gives, under the condition that the integrals

are finite or regularised in a translationally invariant way (eg dimensional regularisation)

P = pIR0) + [(-)gd%ky {S7 (k- p) - S5 (k)
(

¢Pe (2.1.3)

which is the correct gauge dependence of the photon polarisation [5]. The transverse part
of the vertex, defined by
p’T(k,p—k;—p) =0 (2.1.4)

can play no role in the transversality of the propagator, but is crucial to the multiplicative
renormalisability of the equation [36].

Thus, one can see that it is desirable to have at least the longitudinal vertex from the
point of view of the gauge dependence. Let us now see what this entails in the case of the
triple-gluon vertex.

In order to solve the Slavnov-Taylor identity, the first step is to de-construct the general
vertex into a form that makes the symmetry, colour and tensor properties explicit. This
was done by Ball and Chiu [37] (also by Kim and Baker [38]) to give an expression involving
six unknown functions, four of which are determined by the Slavnov-Taylor identity and
two which are transverse to all three momenta (and therefore undetermined). A brief

outline of their work is as follows. The full vertex is written

o s (P1, D2, P3) = =19F T iy yopus (P2, P2, P3) (2.1.5)

where the colour structure has been extracted. Bose symmetry then requires that I' be

antisymmetric under interchange of any two vectors and their respective Lorentz indices,
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(pi, pi) > (pj, ;). This is done by constructing tensors antisymmetric under the inter-
change (p1, p1) > (P2, 42) and then demanding invariance under cyclic permutations. The

vertex is conventionally written in the following way

F#l#wa (pla P2, p3) = Gu1p2 (P1 - p2)ll»3 Ajaz + Guipn (pl + p2)#3 Bi2s
—(Pl "P29pipz — lepzm)(pl - p2)u30123

1
+3 (P1us P26 D3> + PrusPops D3y ) S123

+(p1 ‘D2Gppe — p1u2p2l-lrl)(p2'p3plﬂ3 —h 'papz,‘a)F 123

1
+ (§(p1u3p2u1p3/12 + P1usP2us P31 ) — Guapa (P2 P3P1us — pl'p3p2y3)) Hios

+cyclic permutations (2.1.6)

where Ajo3 = A(p?, p2,p2) etc. The functions (B),A,C and F are (anti)symmetric in
their first two arguments, H is completely symmetric and S is completely antisymmetric.
The functions F' and H are multiplied by tensors that vanish under contraction with any
momenta with its respective index and so make up the transverse vertex. The other four
functions define the longitudinal vertex.

One further quantity to introduce is the ghost-gluon scattering-like kernel IN‘,,U which

is related to the ghost-gluon vertex in the following way

f‘zbc(pbpz;l?s) = —ngabcplff‘uu(Pl,Pz;Ps) (2.1.7)

This quantity has no immediate symmetry, two independent momenta with two free in-
dices and hence can be de-constructed into five tensor components, conventionally written

as
fuu(Pl,P%Pa) = guuagm - p3lfp2,ub§321 + plvacgm + P3up1ud§.21 + pluplueéﬂl (2.1.8)

(again agy =a'(p3, p3, p1)).

Now, the Slavnov-Taylor identity for the triple-gluon vertex is

P s ios (P1, P2, P3) = GaJapits, 02) T, (D2, P p1) — GaJipity, (p1) T, (p1, Ps; P2)
(2.1.9)

(where G3 = G(—p?)) plus cyclic permutations (c.p.). The identity thus gives rise to a set
of 15 linear equations in the coefficients of the five independent tensors. Of these, 3 can

immediately be extracted by further contraction of the identity with pi* and p4? (and c.p.
y y 1 2
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to give relations between the cyclic permutations of A, B, C and the fully antisymmetric
S. This is because under the further contraction, the right-hand side of (2.1.9) vanishes
and F,G are transverse. One is left with 9 unknown functions and 12 equations. Thus,
A, B,C and S can be unambiguously expressed in terms of @',...,¢e',G, J and there are
3 equations left over which relate o', ..., e'. Writing ay23 = a},3G2J3, the solution can be

expressed as

4A123 = 2(aszr + asia) + Pi(bias + bais) + 2p1-padsar + 2p2-padaia

+(p? — P5)(baa1 — braa + bs1z — bszn) (2.1.10)
4Byz; = 2(asa — asz) — p§(b231 — b132 + ba12 — bazn) + 2p1-padsar — 2p2-padaia
— (07 — P3) (bras + b2ns) (2.1.11)
(P2 — p3)Chas = aas1 — G2 + P2-Padizz — P1-Padasy (2.1.12)
—%5123 = b123 + baa1 + bs12 — biz2 — b3z — baas (2.1.13)

and
@123 — @213 — P1-P2(b123 — ba13) + p1-padizs — pa-padarz = 0 (2.1.14)

plus cyclic permutations.

Now one can clearly see the impact of the ghosts in determining the longitudinal
part of the triple-gluon vertex. Aside from explicit contributions to the Schwinger-Dyson
equations, in order to maintain the correct gauge dependence of the pure gluon loop via
the longitudinal vertex it is necessary to know the non-perturbative forms for three of the
five functions that define the kernel f‘l,,, — ie, it is necessary to know the full ghost-gluon

vertex.

2.2 The Mandelstam Approximation

Here, we shall discuss an approximation scheme originally put forward by Mandelstam
[25]. This scheme has been studied by various groups [26, 39, 40] with the same conclusion
that the gluon propagator diverges like 1/p* as p? — 0. The ‘Mandelstam approximation’
can be constructed in the following way. The first step is to neglect all four-gluon vertices
and fermionic contributions. One then works in the Landau gauge. It is observed that
the ghost-gluon scattering-like kernels f‘,,,‘ occurring in the Slavnov-Taylor identity (2.1.9)

reduce to their bare values as the in-ghost momentum (the second argument) tends to
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zero in the Landau gauge [21]. This leaves

pgal—‘l-‘ll‘2l-‘3 (P1, P2, p3) = G:-;szgtmm (p2) — G3J1p%tu1uz (p1) (2.2.1)

The next step is to set the ghost dressing function to unity. This is necessary to ensure
that condition (2.1.14) is met. The explicit ghost-loop contribution in the gluon propa-
gator Schwinger-Dyson equation is now just the one-loop expression which numerically
is small compared to the purely gluonic loop. The justification for dropping the ghost
contributions is the postulate that the one-loop perturbative numerical insignificance can
be extrapolated to the infrared [25].

The Schwinger-Dyson equation for the gluon propagator can then be written as

1
M2 (p) = P IQ™(p) — 5 [ (~0) d*k(—1g5™)(195™) x
FLOP)U(p, —ka k — p)Dpa(k)Daﬂ(p - k)F,BCW(p - k, ka _p)
(2.2.2)

where Hl‘ﬁ (p) is the full gluon polarisation tensor. The triple-gluon vertex function above
must now be dealt with. Taking the general solution for the longitudinal vertex (dropping
the unknown transverse vertex), setting o’ = 1,4 = ... =¢’ =0 and G = 1, one gets

1
(p} — p3)
Now it is assumed that J is a slowly varying function of its argument such that J(p—k) ~

J(k) =~ J(p). The vertex is thus written

1 1
A2z = ‘2'(J1 +J3), Bias = §(J1 —Jz), Cio3 = (Jp — J2) (2.2.3)

Tpav(p — b, k, —p) = J(p — K)T0), (D, —k, k — p) (2.2.4)

This simplifies the gluon Schwinger-Dyson equation (even more than using the bare ver-

tex) to

135 (p) = p’I0* (p)
+26°Ca8™ [ &*kT 0 (p, ~k, k — p)D™(K)D" (p — k) (p — K)Tf (p — K. K, ~p)

npo

2 a4kt e
tuw(p)(Jp—1) = 5920A/m_'°—,c)51“ﬁ(20(p, —k, k—p)t** (k)t"? (p— k)L, (p— k. k, —p)

(2.2.5)
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Since a UV-cutoff will be used to regulate the integrals it is important to avoid quadratic
divergences. Brown and Pennington [26] noted that these divergences can in general only

occur in the part of the loop proportional to g,,. The equation is thus contracted with?

1
o= poV v, 2
R 37 (4p"p” — ¢"p*) (2.2.6)
to give
- t 9 d4k‘]k_1 v o g (0)
Jt=1- 29 CA/WR“ L0, (p, —k, k — p)t* (k)t” (p — k)To, (p — k., k, —p)
(2.2.7)

Using a Wick rotation to Euclidean space (gu, — —d,,, [ d*k — 1 [z d*k) does not alter

the integrand but the measure can now be expressed as

/E 4% = (21

Performing the tensor contractions in the integrand and writing ¢ = k — p gives

k?, k-p = |k||p| cos (2.2.8)

2 A2 1.2
_ gCA dk
Jpl—l = 167r3/ —J,c /dOsme
1[1p® 2 522 1 k8 4
- = —+ -k
{ [12k2+3p T 3Ets

L[an 1, 6 1o,

81 11 q*
81 11 2.2.9
g l3 + 6k2] * 3p2k2} (22.9)

To evaluate the angular integrals let us use a convenient formalism utilised by Atkinson
and Bloch [34] which will be used extensively in the next section. Setting z = p?,y =
k%, z = q* and defining

y>:{$ y<T Yo _ {y/”” y<z (2.2.10)

y y>z oy Ty y>z

the general angular integral can be written as

1
/ df sin?" 6):" =4 (7"+ 1)y>2F1 (—n, -n—r;r+1; y_<> r>1 (2.2.11)
2’2 Y>
where ( 1) (1)
11 L{r+35)C (35
g (r+ §,§> = TTr+ D) (2.2.12)

2This contraction also removes the tadpole contribution which is proportional to gy, .
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and

@+ )b+ r)l(c)t _ i (@), (b)r "
L@T®)I(c+r) = (c) 7!

2F1 (a b C; t = Z (2213)

is a hypergeometric function. It is to be noted that in general, one cannot do the angular
integrals exactly in a Schwinger-Dyson equation due to the usual occurrence of unknown
functions G,. However, the Mandelstam approximation does allow the integrals to be
performed. On substituting the integrals into expression (2.2.11) and noting that the

hypergeometric functions simplify, one gets®

2 z 2 A
Jm—lngA {/0 d_yJ—l [_5_1_7E+z.y_]+/ dyj l_E£+ 7z ]} (2.2.14)

3272 z Y 4 3z 3x? z Y 3y 1292

It is now pertinent to discuss the renormalisation of the equation. The renormalisation

coefficients are defined as follows
Joh = Zs(u, T, 9= Zy(u, M)3(p) (2.2.15)

where the bar denotes the renormalised quantity. This gives

- Calredy=a [ 3 17y 792 Ady—1[ 7z 7 x?
7, -7y = 72722 Ca / Wy 2 1Y / Wy | L2
i 9 16w oz Y| 8 6=z +6x2 +:1: z YF 3y+24y
(2.2.16)
Given the divergence structure of this equation, it is clear that in the Mandelstam ap-
proximation Zng2 = 1. With a momentum subtraction scheme that requires the gluon

self-energy to vanish at the renormalisation point (7;; =1)

~2
G.Ca ([ rdy——1| 3 17y 7 y? Ady— [ Tu 7 u?
Zo(u,A) = 1- & /— 22 /—J -
3k A) 161r2{0 ;LJ””‘[ 8 6u+6,u + p op YH 3y+24y
as(1)Ca
47

=>Jp, = 1+ %% {Iz] — Ik} (2.2.18)

- 1- I[y] (2.2.17)
The infrared solution to this equation can be found by ansatz

I 7;; = constant. The term [, dyy~'J, i ~ In (z), but as  — 0 this gives an infrared
singularity that cannot be dealt with.

11 7;L ~ z. Now the term [, dyzy~2J, L ~ In (z), again infrared singular.

3Note that after angular integration, all variables now refer to quantities with dimension [momentum]?.
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11 7;; ~ 1/z. Putting this into I[z] gives

3 35

Iz] = —o-In ()5 — 35

o (2.2.19)

In case 3, the terms exclusively give rise to gluon mass, ie the pole of the propagator has
been shifted
lmi_rgl'[,,,,(m) # 0. (2.2.20)

Such a condition is not allowed since it violates gauge invariance even in the present
approximation scheme [40]. Therefore, these terms are subtracted in analogy with the

UV-divergent terms [26]. The ansatz is then modified to

p Ay (2.2.21)

z,u_w

with the understanding that the terms b/z in the integrand are subtracted. Following the

work of Hauck et al. [40] the equation is written as

b

—+F(z)=[A+Bz+C()]” (2.2.22)
where
as(u)Ca |7 12 dy
A = 1———47T—Al5/0 ;F(y)+f[u]]

B = l%/wd_gF(y)

24  Amw Y
as(u)CA/m 91 17y T7y? 71 Tz
_ 91 Ity Ty (T T2 5903
Clz) o by W g o2t es T3y 2| (32B)

since J | cannot be a constant as z — 0,A = 0. Also, b = B~!. To make the equation

dimensionless and scale-independent the following changes of variable are made

.z [ 47 T i, as(p)=—1 b~
_ T j4m _z - T2, F 2.2.24
T X ar Jew =z TFE) ( )
This gives the full equation
PF(%) . 91 17§ 7§ 71 7 %
\* - _ diF(i) |- - -2 4 = 4 _— — 2.2.25
1+ 3F(F) C"‘/o vE®) 8 i 6a:~2+65:3+3g 24 2 ( )

with the constraint

7 ©dj ~ _

10| G =1 (2.2.26)
0oy
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~
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p-®

Figure 2.1: The ghost propagator Schwinger-Dyson equation with bare vertices. The blobs
represent full one-particle-irreducible Green’s functions. Shown here is the momentum
routing with integration over the gluon momentum.

which fixes the overall scale of the solution. This was solved numerically [40] to obtain
a consistent IR solution for F. The details of the solution are not important for the
purposes of this chapter, rather it the existence of the solution which has the lowest
power F(%) ~ &%, vy > 1.

In summary, under the Mandelstam approximation, a consistent solution for the in-
frared behaviour of the gluon propagator is found from the Schwinger-Dyson equation.
The propagator goes like 1/p* as p? — 0. This behaviour leads to a running coupling that
increases without bound in the IR and a linearly rising potential that implies a simple
picture of confinement [40]. Although it is not within the scope of this chapter it is worth
pointing out that there is strong support for this result based on the phenomenological

treatment of confinement and dynamical chiral symmetry breaking [41, 42].

2.3 The Bare Vertex Approximation in the Landau
Gauge

In this section, results obtained by using an approximation scheme where all vertices are
bare will be presented [33, 34]. It will be shown that the previously neglected ghost-gluon
vertex may in fact be more important to the IR behaviour of the gluon than the triple-
gluon (or four-gluon) vertex. The approximation is not physically motivated but is able
to highlight some important points due to the fact that the integrals are far simpler than
in the full case (although in the Mandelstam approximation they are even simpler).
With bare vertices, the ghost Schwinger-Dyson equation can be represented by fig. 2.1.

There are two momentum routings for the loop and it will be important to have both.
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With integration over the ghost momentum

] B . d*wG,J 1,
T L / (1) 525 (—19 f ) (—19 ") pawpt™ (p — w)

w(p— w)?
ad*wG,J 3
Gyt = 141g°Ca [ p st (p
» +19°Ca p2w2(p_w)2paw5t (p— w) (2.3.1)

Using a Wick rotation

2 A
_1_ gCA dw
Gl=1- 16”3/0 =G, [ dosin?o

——1

e )2paw,9t"ﬂ(p w) (2.3.2)

where p-w = |p||w]| cos¥.

G‘l—l—gchdeZG/Ml g Jr 2.3.3
. = Py w sin (p w)4 (2.3.3)
With integration over the gluon momentum, one gets
-1 2CA 2
Gt = / awJ;" [ aosin Py (2.3.4)
Setting z = p?,y = w?, z = ¢ + y — 2,/Ty cos § gives the equations
g*C
Gl = A/ dyyG / d0sint 9 I . (2.35)
2C G
-1 _ _ A -1 . 40—;;
G, 1 o /0 dyJ, /0 df sin ~ (2.3.6)

Applying multiplicative renormalisation and introducing the appropriate renormalisation

coefficients (which will be used from now on)

-1

Gan = Zs(py N)Gapiy Joh = Zs(u, M) T, 9= —g(u, A) (2.3.7)

ZMZ,
where the bar denotes the renormalised quantity*, one gets
-1

_ . i 2 7.
cl - Za(u,A)—Zl(u,A) 9w, CA/ dy Gy,,/ dfsinf "5 (2.3.8)

T,

G, = Zs(u,A) — Zi(u, A)

T,

A)
1 / dyT /d031n oG (2.3.9)

It is observed that for the Landau gauge Zl(y, A) =121, 43]. The coefficient Z3(p, A) can
be eliminated by subtracting the same equation at some finite IR scale . Concentrating

on (2.3.9) and dropping the now redundant bar on the renormalised quantities

-1

_ — g(llﬂ A)2CA A i . JZ—’,I 4 : Jl,
G~ Goto= TS [Py, [ dosint 0 2 - [ dosinto =2t (23.10)

4Note that the renormalised coupling depends on both the renormalisation scale p and the cutoff scale
A
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where 2/ = 0 + y — 2,/0ycosf. To find a relationship between G,J one assumes a
leading power law behaviour for both in the infrared®. Since the only scale to match the
dimensions of z is y, it is appropriate to consider the ratio z/pu.

o B
Jl=4 (%) , Gou=B (%) (2.3.11)

Putting this into the equation
-B - 2 B @ a
JA)2C A 7r ]
z _|Z :g_(yl_#AB2/ dyy y /dﬂsin40 1 (z)y _1(z
L 7 8w 0 w) Jo 22 \ u 22\
(2.3.12)
Now, it will be shown that @ = —28 = 2k is a consistent solution to both the ghost
and the gluon Schwinger-Dyson equations. The first point to note is that this leading
infrared power behaviour gives a renormalised coupling that is constant. This can be seen

by considering the p dependence of the renormalisation coefficients. Taking the gluon

propagator function, recall that
I = Zy(u, M TS (2.3.13)

z, NS

Plugging in the power law ansatz for the renormalised function and demanding that the

A (%)a = (%)OA (%)a (2.3.14)

The renormalisation coefficient Z3 can now be identified as Z3(p, A) = (ﬁ)a In a similar

powers match gives

fashion, Zs(p, A) = (%)ﬂ Consequently, the renormalised coupling will go like

JuAY = 2224 = (D) = g2 2.3.15
I A =225 = 7)) 9 =9 (2.3.15)

With the behaviour of the renormalised coupling determined, the above equation becomes
-8 -8 4 A B N a
) " _ (o) _9Ca z/ g/"9-4,,i2_ _1(z
(,u) (“) =30 AB A dyy (“> | df sin 7\ 2\ .
(2.3.16)

Since u is the arbitrary renormalisation scale it is clear that a = —23 = 2k is consistent

such that the y-dependence matches on both sides of the equation. Using the formula for

5 A complete power expansion for both functions can be envisaged such that either side of the equation
becomes a series in powers of z and ¢.
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the angular integrals (2.2.11) and simplifying

2 .

s K g CA 3 2 {/U 1— 2k—2 y
= —A K K — -— T -

o 6n2 B A dyy "o“" %3 F1 (2 — 2k, 2&,3,0)

* 1-k,.26—2 Y A k-1 g
—/0 dyy "z 2 F1(2 — 2k, —2k; 3; ;) +/ dyy" 2 F1(2 — 2k, —2k; 3; 5)

A
_/ dyy* 12 Fy (2 ~ 2k, —2k; 3; g)} (2.3.17)

The integration variables are scaled so that the limits are 0 — 1, the UV-cutoff being taken
to infinity (there are no divergences in the equation due to the subtraction). Eliminating
the overall factor (z* — o*)

_9°Ca3
1672 4

1
1= AB? /0 dt (875 +t717%) Ly (2 — 26, —26; 3; ) (2.3.18)

This allows the use of the formula

1 1
/ dtt’sFi(a,b;c;t) = 1 sFa(a,b,v+ 1;¢,v 4+ 2;1) (2.3.19)
0

v+

which gives

2
g‘Cad o 1 | |
= "B {2-,.; 3F2(2 = 26, —2K,2 — #;3,3 — K; 1)
. SFy(2— 20, =2, ~w; 3,1~ 1)} (2.3.20)
K

Doing the same analysis on the other momentum routing (2.3.9) one gets

2
_942 Fy(r+1,k—1,26+ 13,25+ 2; 1
1672 4 arg1 st Le— L2 rt21)
1
Ll B+ k—1,-k3,1— K; 1)} (2.3.21)
K

These last two expressions are in fact numerically equivalent for a range of x [34]. It
should be noted that in both equations, the pure power law ansatz for the functions has
not given rise to higher powers.

To constrain « further, it is necessary to study the Schwinger-Dyson equation for the
gluon propagator. Atkinson and Bloch [33] found that a consistent IR solution can be
derived by omitting the purely gluonic loop (as well as the two-loop terms and fermionic
contributions). It shall now be demonstrated that all but the ghost-loop can be omitted in

the IR, if one considers all vertices to be bare. The renormalised gluon Schwinger-Dyson
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equation contracted with R*” will have the generic form®

1 - - -
Jou ~ Za(, A) = 5Z1(1, A) /w DO DOTY Jo2 + 2y (u, A) / O p pOTOG?2 |
w

1
—=Zs(u,A) [ TP DODODOTY

1
—575(m, A) /w Iy DO DO pO pOTOTP j-4. (2.3.22)

In this equation, it is possible to extract quite generally the u-dependence of each term.
The renormalisation coefficients Z; will have a characteristic power of p. Also, in each in-
tegral, given that the vertices are bare, the only u-dependence comes from the propagator
factors. Concentrating on the finite terms only, the only scale to balance the u-dependence
(to give a dimensionless gluon propagator function) is the external scale z.

Now, the vertices are bare and consequently will require no renormalisation. Thus the

renormalisation coefficients will become

Z zZ L _ (7™
e Z=Z,=1, Z z—:<_) . 2.3.2
1 1 4 5 Z3 A ( 3)

It is immediately apparent that this approximation scheme explicitly violates the Slavnov-
Taylor identity (and consequently gauge invariance). The Slavnov-Taylor identity, which
ensures that the physical coupling in QCD is uniquely defined via any of the vertices, can

be expressed as [21, 43] i
Zy Iy Zy
Z3 B 23 B Zl
which obviously cannot hold here. However, for heuristic purposes, the issue of gauge

(2.3.24)

invariance will be neglected.
Returning to the gluon equation — by using the IR power law ansatz for the unknown
functions, considering the u-dependence of each term, restoring the dimensions with the

external scale r and keeping only the finite terms, one gets the following

T —2x 1 T s T —2k
(;) ~ —5Igluon (;) + Ighost (;)
6K 6k
1 T 1 T
_EIsunset (ﬁ) - 512—10017 (ﬁ) (2.3.25)

From this it is clear that for the equation to be satisfied, unless k = 0, the only term

that contributes as £ — 0 is the ghost loop and that « > 0. This tacitly assumes that the

6Note that the tadpole diagram vanishes under this contraction. Also, the renormalised coupling is
omitted since it is simply a constant. Z, is the renormalisation coefficient for the four-gluon vertex.
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ghost-loop contribution does not vanish and that unlike the previous section there is no
subtraction of infrared divergent terms.

With this in mind the renormalised gluon Schwinger-Dyson equation becomes
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val-" = Z3 (/‘l” A)

g*C4 1 T4y y? 1 vy =z
d . - L z L_Z
+ 83 31:/ yGy“/ dfsin® 6 G “{z( 2 x) +2+2:1: x}

(2.3.26)

Again subtracting at some scale o and putting in the power law ansatz for the functions

2 A T
2 2 _ 9Cal 2/ / .2
z o = 3o 3$AB dyG, , A dfsin“ 8 x
2 1 1
ot (ZEY Y +27" <_+2Q) e
2 z 2 T z
—(z = 0) (2.3.27)

This leads directly to the form

1= IZC;;‘ :1)’AB2 / 1 dt{zFl(m +1,K;2:8) [% (7t 2 g2t (P t2“_3)]
+oFy (K, K — 1;2;1) [% (t"‘ + t"’"‘z) +2 (tl"‘ + t2”—3)]
—2Fi(k— 1,k — 2,2t) [t + 7]} (2.3.28)

which is integrated to get

7
2%
{ﬁ 3F2(n+1,n,1—n;2,2—n;1)+r21_7) sFe(k+1,K,2 - ;2,3 —k;1)
+i sFe(k+1,K,2k;2,26 + 1;1)+mnl——l) sFo(k+1,K,2k — 1;2,2k; 1)
+(n—i3—) 3F2(rs+1,n,3—n;2,4—n;1)+m£_7) sFy(k +1,K,2k — 2; 2,2k — 1;1)
+2(11_ )3F2(ﬁ,ﬁ—1,1—ﬁ;2,2—n;1)+m sFy(k,k — 1,26 — 1;2,2k;1)
+Z§_E—) 3F2(n,n—1,2—m;2,3—n;1)+(n—i1—) sFa(k,k — 1,26 — 2;2,2k — 1;1)
+(Tl—_T) sFy(k — 1,k —2,1—K;2,2—kK;1)
+m1_—’5 3F2(m—1,n—2,2n—2;2,2n—1;1)}

(2.3.29)
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This expression can be compared with either (2.3.20) or (2.3.21) coming from the ghost
Schwinger-Dyson equation and it is found that they are equivalent in the limit x — 17

[34]. This can be seen analytically by setting kK = 1 — § and considering firstly (2.3.20)

2 -1
gCal , o 9{ 1
~ap?| = -2 ~ _ _

—— 3F3(26,26 - 2,6 - 1;3,5; 1)} (2.3.30)

Expanding the hypergeometric functions in terms of their series gives

-1

ABz] =3 (2.3.31)

g?Cy 1

1672 3
For the gluon equation (2.3.29) it is necessary to change the argument of the hypergeo-
metric functions from 1 to the limit 7—1 in order to avoid convergence problems

-1
1 1
[g Ca AB2] = hm%_rg{ 3F3(2,1,1;2,2; 1) — 1 3F3(2,1,2;2,3;7)

1672 3 1
+§ 3F5(1,0,1;2,2;7) + 21—5 [ 3F2(2,1,0;2,1;7)
+ 3F5(2,1,-26;2,1;7) + 3F>(1,-6,6;2,1;7)
-2 3Fy(1,-6,-26;2,1;7) — 2 3F5(—4,-1,6;2,1;7)

+ 3Fy(—6,—-1,-26;2,1;7)] } (2.3.32)

Expanding those functions that have d-dependence in terms of Pochhammer symbols

2 -1 1
[9 CAlABz] _ hgll{g +2R(LL27) ~ pR(1L,237)

1672 3
S (=6)-(8)-
3 g 0+ 20+
6) ) _ 2('—6)1'(_1)7'(6)7‘ (_5)r(_1)r(_26)r]}
(2)r (2)- (1), (2)- (1)

o=

+

(2.3.33)

When r = 0, (a), = 1 so these terms in the series cancel (ensuring that there is no 1/4

divergence). For 7 = 1,(a), = @ which conspires to give terms of O(d) which drop out.

7This limit is actually very important. Naively setting x = 1 immediately gives a divergent result.
However, the hypergeometric functions have a complicated structure, which is such that these divergences
do not in fact occur after integration.



CHAPTER 2. THE EFFECT OF GHOSTS IN LANDAU GAUGE 36

When r = 2, (a), = a(a + 1) so the terms (—1), are zero for 7 > 2. This leaves

2 -1
gCAl 2 . . 13 > 1 1 1
—A = _ T - —
[167r23 B] 171311%{4 +E_:1T [1+r 2@+r) s (O T 25)’)”

= —“T‘L?ZT l ir*2(21+r) 21'((’“_1)'_2(7”_1))}

= Z“Tii?gﬁ[lir_?(?if)—%}

- (B G E (-5 ()

= srimy [t g

., (2.3.34)

Thus it is seen that in the limit x — 1 the coupled Schwinger-Dyson equations under

this approximation scheme are consistently solved in the IR to get
Gy~azt, It~ a? (2.3.35)

This corresponds to an IR vanishing gluon propagator and an enhanced ghost propaga-
tor in stark contrast to the results of the previous section. In addition, it is relatively
straightforward to find the behaviour of the running coupling [33]. Replacing the bars on

the renormalised quantities

?(,U,A)2 — Z322 2

g M2 25 (1, M) 252, A) = 9(n, 0257 (v, M) 257 (v, A)
51 N7, Ge = 4, A) J;,ici,u (2.3.36)

The running coupling can be defined as a(z) = £7_1§2 (independent of the prescription).

Thus as — 0, a(z) — 2L, ie the running coupling approaches a constant in the IR.

C K

2.4 Adding the Slavnov-Taylor identity for the Ghost-
Gluon Vertex

In this final section, a more sophisticated attempt to include ghosts put forward by von
Smekal et al. [1, 2, 3] will be reviewed. This truncation scheme as usual neglects all

four-point interactions and fermionic contributions. The terms dismissed from the gluon
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Schwinger-Dyson equation are the tadpole term (which vanishes under contraction with
R*) and the explicit two-loop terms. In order to find a suitable form for the kernel f‘,,,‘,
a Slavnov-Taylor identity is derived under the truncation scheme. From this it is possible
to deduce at least those parts of both I's and I' that implement gauge invariance. It is
hoped that these are sufficient to give rise to sensible physical results.

By utilising the BRS invariance of the full pure Yang-Mills theory, the following func-

tional identity for full reducible ghost correlation functions was found [2]
(C(2)C" (y)2A*(x)) — (C*(2)T" ()0 A" () ~ (CY(2)C ()T (@) T W) (2.4.1)

where C and A are the ghost and gauge fields in configuration space. The rhs can be

decomposed into connected and disconnected parts
e ot ~d a7 b cvd a7 el
(C°C*C'C™y = {C*C){(C°C™) — (C*C)(C°C") + connected (2.4.2)
Under the truncation scheme, the connected ghost-ghost scattering contributions are ne-
glected. This leads to the identity (true in all gauges)
G3'PiTu(p1, p2; ps) + G5 ' PET u(p1, psi p2) + PIGT = 0 (2.4.3)

One can notice immediately that as either p, —0 or p; — 0, this equation (assuming that

there are no singularities) reduces to
p*Tu(p, 0; —p) = p° (2.4.4)

from which one can infer that the vertex in this limit remains bare to all orders. This is
known to be true non-perturbatively in the Landau gauge [21] but not in general gauges.
This limit will be discussed in later chapters.

The identity (2.4.3) can be solved by making the following ansatz

Tu(p1, p2; p3) = (p1 — P2)uXi23 + P3uYios (2.4.5)

This choice is suitable because in general covariant gauges the symmetry requires X3 =

X213 [2]. The identity then becomes
(p3 — p?)G3 X123 + (P2 — p?)G3 Xusz + P3G Vi + P3G3 Yise + pIGT =0 (2.4.6)

Assuming that there are no kinematical factors in the unknown functions and looking at

the coefficient of p?
G§1X123 + G51X132 = Gl_l (247)
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This is most easily solved by setting

Gs G
X193 = (G1 + Gy 1) (2.4.8)

where the last two terms guarantee the symmetry. The function Y can then be derived

by looking at the coefficients of either p2 or p?

Gy G
Yizs = —> (G—‘;’ -~ G+ 1) (2.4.9)
s, paipr) = - G, G _\_1 (G G
= Lu(p1, p2;ps) = 5 (pr = p2)u (G c. 1) — 3P (G1 -t 1) (2.4.10)

This vertex reduces to the bare form not only when the function G is taken to be bare,
but also as p; — 0 assuming that p,, G5 ! vanishes. This is an indication that the function

G should be singular in the IR to ensure consistency. Eliminating ps in the vertex
~ G G
Fu(Pl,Pz;Ps) =Py <—3> + P2y (1 - —i) (2.4.11)
G, G,

and recalling the definition of the kernel f‘uu leads to

T G D1 G
Tyu(p1,p2ip3) = Gu (Gj) + ‘p—?’"“ <1 - G—Z) (2.4.12)
or o G
1
a;21 = G_::’ 6321 = 6321 = —p_% (1 - G—z) ) b =d =0 (2413)

Note that this form is only defined up to terms transverse in py. However, as this is an
ansatz, the simplest form consistent with all the physical requirements is from a practical
point of view the best place to start. With the kernel above, the triple-gluon Slavnov-

Taylor identity becomes

G3Gq G3G
pgarmuzua(Pl,Pz,M) = Gy J2P2 uzm(p2) é 2 lel #1#2(?1) (2.4.14)

and the longitudinal part of the triple-gluon vertex is given by the functions

B G, G
Ay = Gg( G2J2 Gl‘]l) (2.4.15)
1, (G, G,
Bus = 5Gs ( G- G2J2) (2.4.16)
1 G2 G1
Cras = ——G ( J ——J) 2.4.17

5123 = 0 (2418)
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with the consistency equation (2.1.14) satisfied.
Looking firstly at the ghost Schwinger-Dyson equation, substituting in for the vertex

and noting the transversality of the gluon propagator in the Landau gauge one gets

aiwG,J 2, -
§Up* Gt = §%p? — / (—2) 55— (—1g f*%°) (=g ) palp(w, —p; p — W)t (p — w)

w?(p — w)?
d*wG,J, ! G G
-1 _ 2 wp—w af (. p—w p—w
G, 1+:1g CA/p—_2w2(p — w)zpawgt (p— w) ( C. + G, 1) (2.4.19)

Under a Wick rotation this becomes

2Cy4 (A dw? o7 J1 GGy
-1_q1_9Ca [FO0 . 2 PY gt (p — o wbp—w
G, S0 /0 p /0 df sin* 6 (p—w)2p wpt®™ (p — w) | Gp—w — Gu + G,
(2.4.20)

where p-w = |p||lw|cos@. Now, in order to proceed it is necessary to make the following
angular approximations. For w? < p? the argument of the functions Jp‘_lw and Gp_,, become
J;! and G,. This preserves the limit w? — 0 of the integrand in Euclidean space. For
w? > p? all arguments of the functions are replaced with w?. This assumes that in the

UV the functions are slowly varying, which is borne out by perturbation theory. Thus
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2 2 2
1 G CA | PR, Dawpt®(p—w) .,
Gt-1 = = {/O = | dosin®6 TR

Adw? o2 PawptP(p—w) o
+ [, o | dosin?d oG, } (2.4.21)

Doing the tensor contraction and setting z = p?,y = w?, 2z =1+ y—2,/Tycosf as before

gives

2
1 q_ 9Camdy "o sl Ady 4,1 -1
gt -1= -2~ {/0 y/o dfsin* 0 — G, J; Jr/ac y/O dosin® 0 G, J, " | (2.4.22)

Substituting in the angular integrals

2Ca3 (1 A dy
_1_1:_9 A_ ~G, -1 / ot -1 4.
a o 11200+ [ G (2.4.23)

and renormalising as before (with Z; = 1) gives

=2
=1 _ 5 g (1, A)Ca3 1o =1 Ady—~ =41
Cr = Bl ) = A oG, T, + / [ Cuny (2.4.24)

The bar will again be dropped since all quantities are renormalised. Notice again that the
renormalised coupling depends on both the renormalisation scale x and the cutoff scale

A

It is possible to discuss the IR, behaviour of this equation. One makes the ansatz that

as £—0,G,uJ; ) ~ (z/p)" for k # 0, giving
Gap ~ (f) R (f)% (2.4.25)

Ty m y Ya,u u . -,

This ensures that the terms on the right-hand side that are integrated out under the
angular approximations are consistent. The power law derived here is identical to that of
the previous section®. Recall that in the previous section, assuming this power law led to
a constant renormalised coupling — this behaviour holds here too such that g(u, A) = g.

Putting this into the equations above and demanding that z—0

R T T

To obtain a positive definite function G, from a positive definite J ‘1‘ entails that

0< k<2 (2.4.27)

8Chronologically speaking, it also came first.
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Now consider the gluon Schwinger-Dyson equation. The renormalised equation will

have the form?

Tew ~Zs(wA) ~2Z(wA) [ TP DODOTOTAT,,

/ rOpQ pOTOG: (2.4.28)

Just as in the previous section, it is possible to isolate the pu-dependence of each term. As

- -3
before, Z; =1 but now, Z; = —23—3 = (%) " Putting this into the equation gives

)™ s A) ~ (2 —2n(£)3nl A 2.4.29
r s, 9 [ A gluon ghost 1 . ( )

In the previous section, it was possible to demand that only the terms independent of
the cutoff scale A could contribute to the left-hand side, leaving a clear dependence on pu
that could not be altered. However, in this case, it is seen that the p dependence is the
same for each of the terms. The integral Ig,0n, Will actually be a function of z and A so
if there is a contribution that cancels the A dependence, then the gluon loop will become
important. Since x > 0, this becomes a question of how singular the integral is.

Now, the important part of this integral is the region where the radial integration
reaches the UV cutoff. In this region, the y-max approximation holds and so any function
of z can be approximated by a function of y. It is also known that the bare tensor structure
in the integrand gives rise to the most singular behaviour in perturbation theory which
is at most quadratic. However, under the correct contraction of the equation, the most
singular behaviour is logarithmic, which corresponds to the case where the power law
ansatz is zero (and not allowed for consistency reasons). In this naive argument we shall
however simply say that the power of the divergence coming from the bare factors is zero.
Thus, the divergence all rests on the characteristic powers of the propagator functions in
the integrand. The maximum possible power of the divergence corresponds to replacing
the argument of all the propagator functions in the integrand with A and reading off the
greatest power. With the triple-gluon vertex function ansatz outlined earlier, the integral

behaves like

Ad J
Tgtuon N/ ?yj_2( )G11G2G3 (2.4.30)

9Recall that under the present truncation scheme, all four-point interactions are neglected. The generic
dependence of the vertices on the two-point functions has been made explicit.
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where the two propagator factors in the integrand have the argument y as y— A and the
subscripts in the vertex function denote the different orderings of the arguments due to

the Bose symmetry. There are thus three cases to consider.

1. Gz = G3 = G(y), Gl = G(.’E)

lpun ~ [ Lz 60 ~ (5) (2.4.31)

2. Gl = G3 = G(y), G2 = G(.’E)
L~ [ d—;J-z(y)%G(w)G(y) ~(3)" (2.4.32)

3. G1 = G2 = G(y), Gg = G(.’E)
loan ~ [ L1720 ZB6 w60 ~ (3) (2.4.33)

In all three cases, the maximum divergence possible is therefore A~
Returning now to the gluon Schwinger-Dyson equation, and substituting in the most

singular part of Igyen one obtains

DR N T e

It is now clear that even the most singular part of Iy,e, cannot give rise to leading
contributions in the infrared limit and so the gluon loop term can be neglected'®. This is
demonstrated explicitly in the work of von Smekal et al. [1, 2, 3] where in fact the greatest
divergence of Ijy0n is only A®. With this, it is also clear that the divergent part cancels
the z-dependence and therefore contributes only to the renormalisation coefficient.
Thus, taking only the ghost loop term and employing the angular approximations
outlined earlier, the gluon Schwinger-Dyson equation becomes
T = Za(u, ) + L0 1 {_éa;u e[ %@L}  (2.4.35)

10This argument has been applied to the case when one is considering only pure infrared power law
behaviour of the propagator functions. One may wonder if this argument can hold if one considers the
propagator functions to be power series. However, in principle there is no problem since the UV behaviour
of the propagator functions is known to be given by the perturbative results which would not generate
such singularities.
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Returning to the ghost equation (2.4.26) and writing

= -1 T A N r " G _ CA 3
G:l:,pv]z,p, =C <;,I,—) ; Gw,p =a (/‘J‘l) y Yo = WZ (2436)
(7§ is the leading perturbative term for the anomalous ghost dimension) one obtains

1 1

=g (L -3)C (2.4.37)

Putting this into the gluon equation (2.4.35) gives

(%‘%)_lzg(%‘%)_2{‘%+5(zim)+ﬁ} (2.4.38)

Solving for x and applying 0 < k < 2 readily gives & ~ 0.92. This result is 'very similar to

the one derived by Atkinson and Bloch. The running coupling can be defined as before
but this time reaches the fixed point o ~ 9.45 in the IR.

2.5 Summary

This chapter has demonstrated that the inclusion of ghosts into Landau gauge Schwinger-
Dyson studies is an important issue. That their omission leads to an IR enhanced gluon
propagator, whereas simple forms for their inclusion lead to the opposite is a striking
observation. However, this must be tempered with the realisation that the work done
so far is necessarily incomplete in nature. Various methods of finding a solution have
been outlined, each with its own set of problems. For example, the angular approxima-
tions used in both the Mandelstam approach and the work of von Smekal et al. are not
fully understood and simply using bare vertices is not physical from the point of view of
gauge invariance and the Slavnov-Taylor identities. Also, the issue of the masslessness of
the gluon has not been addressed. The self-consistent solution to the Schwinger-Dyson
equations of the last two sections gave rise to an inverse propagator that diverges in the
infrared; for the Mandelstam approximation, the subtraction of IR divergent terms was
introduced ad hoc. Nonetheless, this work is crucial in pointing out the importance of the

ghost contributions to QCD in the infrared.



Chapter 3

Perturbative Results and their
Renormalisation

In this short chapter, the one-loop, arbitrary gauge results for the ghost and gluon prop-
agators and the ghost-gluon vertex will be presented. Their renormalisation coefficients
will also be derived. It will be seen that these results are necessary to later chapters.
The chapter is organised as follows. The first section sets all the notation and conven-
tions that will be used in this and subsequent perturbative calculations. The second and
third sections present the calculations for the ghost and gluon propagators respectively.
The fourth section deals with the ghost-gluon vertex. Finally, the perturbative renormal-
isation of these quantities will be discussed. The results found will not necessarily be
calculated or presented in the same way each time but rather, it will be convenient to

express the functions in the manner in which they will be used later on.
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Doing the colour algebra gives

aw

wi(p — w)?

-1

{p@—wr+ = pw@—ww4.
(3.2.3)

5adp2(_%g2CA)G~r§)1) — ——zg2CA6“d/

Expanding the scalar products and cancelling factors

. ad _
PG = / uﬂ(p——ww)? {p2 +(p-w)—wt %wz—l) [p* = 20%(p — w)? — 2p-w(p — w)?
+w?(p — w)? — w4]} :

Under the framework of dimensional regularisation, those integrals with no external scale

(including those related by a translation of the integration variable) are zero, ie

d%w d%w d lww, d dw
[F=]a=]="= =" (324)
This leaves J ( ) 24
~ d°w £E—1 w
(1) — 2 2.
@ /w2(p — w)? TP /w“(p —w)? (3.2:5)

Using the integration by parts technique outlined in appendix B.1, one then arrives at

GO = {1 —(1-2) (E; 1 } / wz(zd_“’w)z (3.2.6)

the final answer
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where in the fermion loop term (second last line) the trace is over the 7 - matrices.

Extracting the colour structure, pre-factors and expanding the function J
—50dp?(d — 1).J¢ jO —
—1/2(—1Ca)d / "”I‘ﬁfap(p —W,w — p)FWﬂ( —p,p — W, w)X
[0 (w) + &1 (w)] [tﬂ“(p w) + &7 (p— w)] + 2w+ (p— W)}
Ny [ (j SR~ )

—’L—/ d%w taﬂ( )+€laﬂ( )] guul-\adbb

wraf:

(3.3.2)

The first thing to notice is that the last term (the tadpole) vanishes. This is because the
four-gluon vertex is bare and does not contain any momentum dependence, leaving the
whole integral with no external scale which under dimensional regularisation is zero. The

trace over the y— matrices is straightforward:

v~ B) = w(w - PPy rars
= —(d - 2w (w - p)Ptryavs
= 4(d-2w-(p —w). (3.3.3)

The tensor contraction of the pure gluon loop is lengthy but simple and it is easier to

evaluate this using FORM [44]. The result leads directly to:

o - Lo R A P 1.
(@-1)J = o zCA)/w2(p_w)2{[3d e+ ]
p4

2 0 1 2
+% [4+2d(£—1)+£ -56] - Zm(l—f) }
d
+iNy(d - 2) / wz(z_ww)2 (3:3.4)

Using the general formula (A.1.8) for the two-point integrals, one gets
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abe ? T
—1gf* (—EQZCA)FLI)(Pl,Pz,Pa) =
%

— )1 ade\( dbf —1qfce

(—1)(~194) (~19 ') (~1gf f)/wz(pl_w)z(mwpx

{Pra(p1 — ), [t () + &P ()] [t*" (ps + w) + €7 (p3 + w)| T, . (w, —p3 — w, ps)
+P1awu(Ps + w)s [t% (p1 — w) + €1% (py — w)] } . (3.4.1)

Extracting the colour factors and cancelling the pre-factors (arranged with this cancella-

tion in mind) gives
d%w

T (p1, p2,ps) = /w2(pl m Tl
{Pm(Pl —w), [taﬂ(w) + flaﬁ(w)] [t (ps + w) + €1 (ps + )] Tg,,(w, —ps — w, ps)
+P1awyu(ps + w)g [t“ﬁ(pl —w) + €% (py - w)” . (3.4.2)

One can clearly that the tensor algebra is not difficult but it is very long. Also, there will
be several vector and tensor integrals to deal with. Actually, it is possible to reduce the
number of different integrals down to four by using the techniques of appendices A.2 A .4
and B. Using FORM, the first step is to do the tensor contraction. The next step is to
reduce the vector triangle integrals to their respective combinations of scalar integrals (see
section A.4). Then, one can deal in exactly the same way with the vector and tensor two-
point integrals (see section A.2). This leaves a (large) set of scalar two and three-point

integrals with various powers of the denominator factors and the Gram determinant

A = pip} — (p1-ps). (3.4.3)

Using the technique of integration by parts outlined in appendix B, it is then straight-
forward to express the integrals with higher denominator factor recursively in terms of

simpler integrals. Eventually, there are only four basic integrals which for clarity we will

denote as
d
/_dw_ —
wi(p; — w)?
d%w
[,
w?(ps + w)?
/ a%w B / d%w _ g
(p1 — w)2(ps + w)? wi(p; —w)? 2

/ ddw o
w?(p1 — w)?(ps + w)?
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The vertex function has one Lorentz index and two independent momenta and so can be

written
f‘,(‘l) (P1, P2, P3) = P1uVi(P1, P2, P3) + PauVa(pr, P2, 3)- (3.4.4)

The result for the one-loop calculation of these two functions is:

1
Vi(p1,p2,ps) = A {

1 1 1 1
® [ pinicte - ploi-part — SPpERREle” + JpupaniE] + Jpuprie

3 1 1 1 1 1
+pip:-psp; (—5 — &+ fo + '2'€j5 + ij) + p1-p2A (1 - 55;52 + 55;’5)
1 1 1 1 1
+p3A (—1 + Effﬁz - 55?5 + Z»’;}? — gt t 551‘)]
1 1 1 1
+I | = 5pipapatie” — Jp1-Papst] — 2P1PapsEje + pipy-ps (—1 - Zﬁfe)

3 3 1 1 1,, 1, 1 1
oinh (-3 = géfe + g8+ 16) + & (1- 566"+ Gefe+ 36— 56

B! 1 1 3 1 1 1
+y [P peele — goinded + qpicie + pepapd (5 + 56t — € + 56+ 46

1 1 1 1 1
+pipe-ps (—1 + 55552> +A (—1 + 55?52 - 151?5 + 55:'5 - 551’)]

1 1 1 1
+15 [_Epl.pnggfsz - sz'papgf? - Zpggfe + pips (—1 B Zﬁe)

3 3 1 1 1 1
+p1'P3P§ (“2“ - Zf?& + Efjé‘ + Zgj) + A (1 - 56?82 + 5516)] }
(3.4.5)
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1
Va(p1,p2,03) = A {

1 1 1 .
o [— Zpi‘pl-paﬁfe + ZP Pzpafj - —P1p§§f€ + 2Ap? + pips-ps (1 - Eg;..fé.z)
2 1 1, 1
+tpropand (5 - 3606 + e — S — 16) + Apvms (87— e+ 180+ 26i)

+ Apl D2p1°P3

A (Geke - e) + Apu (1s;+’s2 - S8t ge) + iApis?(s— D)

1 1 1
+5 [+2p1p1 pafie’ + 4p1p2 ps€; + pip3ie + A€J(1 —¢€) + 1 (1 + EJ )

3 1
+plpops (5 + e — Sgie - —sj) + A’% (-5 + 78 + e - 5@)]

1
4P1'P3P§§f5
+ 3 2 Apl P2 22 Lo 1
Pip2-p3 5 T £je — ij - ‘2'51'5 - ij 5 - 75— &E T 54
oo o 1o 1
+A (L5606 + e - 36— 36|

1
b |+

+1, [ —pi&Ze + pipi-pa + ~p1p2€2 2 —p1 PP —

1
~p1-pap3E +

P%Pz'Pafj?c”z + 1

2

1 PP P2°Ps3
Zpl-p3p§£§6—A - §ie — A 02 5?62
3

3, 1
g T g4 T g zﬁf)

+A (—1 - %E,?E + iff + %’5")] }

1 3
+pip1-p3 (1 + 15?5) + pip; (—

(3.4.6)

where £;=1—¢. This result agrees explicitly with [24].

3.5 Perturbative Renormalisation of the One Loop
Expressions

All the quantities calculated in this chapter are ultraviolet divergent in four dimensions,
where under dimensional regularisation the divergence is characterised by a simple pole
in £ as e —0. In order to make them finite, the theory must be renormalised. In practice,
this can be achieved by introducing the coefficients Z. The idea is to isolate the divergence

of the perturbative function and cancel it order by order in the coupling. One can define
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the renormalised functions and the coefficients Z in the following way!

T 06T = 27'(1/e, &%) (0716 62 €)
GET) = Z;'(1/,€, 3G (0% &, g8, €)
)T

f#(p17p2)p3lg;_g_2) = Z1(1/€ { #(p11p27p3|§b)gba ) (351)

where the overbar denotes the renormalised quantity, and the subscript b denotes the bare
value of the parameter. It is understood that the bare coupling and gauge parameters
(g2 and &) occurring in the perturbative expansion of the unrenormalised quantities be
replaced by their renormalised counterparts multiplied by the appropriate renormalisation

coefficients, ie

2

Z -
2 L3, & = Zs€. 3.5.2
9o = ZgZzg &b 13 ( )

This process can be seen easily in practice. Consider the unrenormalised perturbative

expression for the ghost propagator function (3.2.6).

Gy = 1+(—z@Ca)G +Ogl)

_ dw
~ 14 (——g,,cA){ _(1- %) “”2 1)}/w2(§_w)2 +0(gh)  (3.5.3)

This is expanded in € (see appendix A.1) to obtain

Gp=1+ (46; {( Eb) (— —v+1In(4r) —In (—p2)) + 1} + O(gp) (3.5.4)

Now consider the renormalisation of this. The first step is to expand the coefficients Z in

the renormalised coupling g°. Actually, it is easier to expand in a new variable h = @%

(no overbar on h since there will be no confusion), so
Z(1/e, & 7)) =1+ hZN(1/e,5) + 220 (1/e,8) + ... (3.5.5)

It is clear to see that at lowest order, g2 = §° and & = £. However, at the next order,

there will be cross-terms coming from the expansion of the bare parameters. This gives

1Strictly speaking, one should redefine the Lagrangian in terms of renormalised fields multiplied by
divergent coefficients in arbitrary dimension. This leads to the set of equations relating the renormalised
quantities to the bare ones. In the process, the bare coupling takes on a dimension p°. Subsequently, in
deriving the renormalisation coefficients Z, one should add to the prescription (see later) the factor u®
such that the renormalised coupling is left dimensionless. That this mass scale u is arbitrary leads to the
concept of the renormalisation group. Here, the factor u® will not be necessary and shall be omitted.
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for the renormalised function G

G(P*E,3°) = (1 - hZ5"(1/e,8)) x
(1 +hCy { (~ - —5) (— — v+ 1n(47) —In (—p2)) + 1}) + O(h?). (3.5.6)

Now, the whole idea here is to remove the divergence so it can easily be seen that Z§1)
must be defined so as to cancel the 1/¢ divergence. In fact, there is a complete freedom
to cancel any finite (but not momentum dependent) part of the unrenormalised quantity
— this gives rise to different renormalisation schemes and the concept of renormalisation
scheme dependence. The most common scheme is the MS scheme and this shall be used.
In the MS scheme, the Euler constant v and the factor In (47) are removed since they
always occur in the same combination alongside the 1/e pole. Thus, to make the ghost

propagator finite, the coefficient Zél) is found to be
2#°0/e,8 = Ca (5 - 38) (£ -7+ (4m) (3.5.7)
which leaves the finite ghost propagator function
G([E,7%) =1+ hCa {— In (—p?) (Z - i-z) + 1} +O(?). (3.5.8)

This procedure can be repeated for the gluon propagator function in exactly the same

way. Using (3.3.6)

T WPE 7)) = (1- hziP(1/6,8)) x
(er{[(3- R ou- 3] L om0 )
( +(58+ iz gg) Ca - %ON,}) +O(h?) | (3.5.9)
which means that in order for J ' to be finite
ZM(1/e,8) = [(—3 - —5) Ca— gNf] [— —v+1In (47r)]. (3.5.10)
This leaves
T (P67 =
ten{=in () [( - 57) 0a 5] + (5E+ 3 + 55) Oa— g} -0
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Now consider the ghost-gluon vertex function. Since the expression (3.4.6) is (to put
it mildly) rather large, for clarity only the divergent parts are needed. By expanding the
functions V; in &, one finds that the divergent part of the vertex function (retaining the
factors y and In (47)) after replacing the bare coupling and gauge parameters with their

renormalised counterparts can be written

Lu(p1,p2,p3) = P1 {1 + hCAg E —7+1In (47r)] } : (3.5.12)

This means that

Lulpu, p2, p3)lE 3°) = [1 + A2 (1/,8)] pra { L+ hCsS

% —y+1In (47r)] } +O(hY)
(3.5.13)

which leads directly to the expression for Zfl)
=W B S
Zy'(1/e, &) = CA§ P + In (4m) (3.5.14)

Notice that in the Landau gauge, Z{l) vanishes. This very important property can be
shown to be true at all orders [21, 43] and will be crucial to later calculations. Also,
given that Zfl) has no Lorentz structure, there are restrictions placed on the divergence.
Clearly, it would be inconsistent to have a divergence proportional to ps, at this order
in the coupling. This can be extended to all orders — the divergence of the vertex part

proportional to ps, must be less than that of the part proportional to py.



Chapter 4

A Possible Identity for the
Ghost-Gluon Vertex

In this chapter, the possibility of deriving an identity relating the ghost-gluon vertex to
two-point functions is investigated. Earlier discussion focussed on the necessity for any
vertex ansatz to obey the respective Slavnov-Taylor identity and that the inclusion of
ghosts into IR Schwinger-Dyson studies of QCD was also needed. The desirability of
a relation between the ghost-gluon vertex and the two-point functions is self-evident in
Schwinger-Dyson studies, since this allows at least a first method of truncating the set of
equations, as the work of Mandelstam [25], von Smekal et al. [1, 2, 3] and others clearly
demonstrates. That this relation should also implement gauge invariance is a further
crucial property.

In the work of von Smekal et al. [1, 2, 3|, a functional form of the Slavnov-Taylor
identity relating the ghost-gluon vertex to a four-point correlation function is put forward
(2.4.1). This equation refers to full, reducible correlation functions and as such is not
particularly suited to direct application to Schwinger-Dyson techniques. The more usual
form of Slavnov-Taylor identities relates one-particle irreducible Green’s functions and
their renormalisation coefficients.

However, the equation (2.4.1) does contain a lot of useful information. The first point
to note is that the Slavnov-Taylor identity involves a combination of contracted ghost-
gluon vertices. On closer inspection, this is not so surprising given the tree-level form of
the vertex itself. The tree-level vertex is proportional to the out-ghost momentum and
the most likely contraction is with the gluon momentum, giving a scalar produét that

does not lend itself to a simple decomposition. There are three simple candidates for a

56
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combination of two tree-level contracted vertices

PAT (D1, P2, 3) — PiT (03, P2, 1) = 0+ O(g?)
DT, (p1, P2, P3) + PAT u(p1,p3,2) = —p2 + O(g?)
ng‘u(Pth,Ps)+P§‘f‘u(P2,P1,P3) = —P§+O(92) (4-0-1)

The second of these possibilities corresponds to the case used by von Smekal et al. [2].

The second point to note about (2.4.1) is the explicit inclusion of the full reducible four-
point ghost correlation function. This is important when one considers it’s decomposition
into one-particle irreducible Green’s functions, connected reducible parts and disconnected
scattering. This part of the equation is largely neglected in the work of von Smekal et al.
who only retain the disconnected parts. The decomposition of the four-point function
is not understood and this throws some doubt on the matter of which (if any) of the
tree-level forms above is to be taken as a starting point!. It is entirely possible (and
even likely) that the reducible scattering parts comprise some form of ghost-gluon vertex
contribution.

With this in mind, the purpose of this chapter is to concentrate on trying to constrain
perturbatively an identity relating the ghost-gluon vertex to some combination of two-
point functions. That only two-point functions are involved is the most desirable property
of such identities when dealing with Schwinger-Dyson studies since it allows the possibility
of truncating the set of Schwinger-Dyson equations. The first section shows the one-loop
derivation of such an identity, true in all gauges. This identity corresponds to the first of
the tree-level forms above in contrast with the case used by von Smekal et al. [1, 2, 3]. This
equation is remarkable in it’s simplicity and that it is true in all gauges gives confidence
that it may be the one-loop form of the Slavnov-Taylor identity.

The second section then goes on to show that the one-loop identity is also satisfied
when one includes gluon self-energy corrections at the next order. This is important
because it introduces the first fermionic contributions to the identity.

The third section uses the renormalisation properties of the Green’s functions to con-
strain the form of the full identity. It shows that in order for the divergent parts of the
equation to be consistent, there must be definite constraints satisfied by the two-loop

parts of the equation. The technique is to assume a general form for the identity in terms

1This is not a criticism of the work done by von Smekal et al. — their motivation was to construct a
truncation scheme where all connected four-point functions were consistently neglected.
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of unrenormalised Green’s functions. These functions can be re-expressed as products
of the finite renormalised functions and the divergent renormalisation coefficients. By
isolating order by order in the coupling the divergent parts of both sides of the general
equation and demanding equivalence, it is possible to derive a set of constraints on the
finite parts at lower orders. These constraint equations then need to be verified.

In the fourth section, the two-loop ghost propagator function is derived in the Feynman
gauge. This calculation will not only be necessary to later sections, but is useful in
introducing a compact notation and new techniques.

The fifth and sixth sections deal with the two-loop constraints on the equation in
Feynman gauge and with a certain momentum configuration (in order to simplify matters).
The vertex contributions are calculated in the fifth section and these are used in the sixth
section where all the parts of the constraint equations are pieced together. It is found that
the full identity (even with the restricted gauge and momentum configuration) cannot be
satisfied. However, it is noted that with the omission of the explicit four-gluon interaction

the identity may still hold.

4.1 The One Loop Identity

In this section, the derivation of an identity relating the difference of two contracted ghost-
gluon vertices to a combination of two-point ghost propagator functions in general gauges
is presented. Consider the one-loop expression for the ghost-gluon vertex contracted with

the gluon momentum. Using (3.4.6), one finds that
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5T (p1, o, ps) =
® [pfpg (—% + %Eje - if ) + ((p1ps)® + p1-pspt + p1-p3p3) (—1 + %Eﬁ)]
+1 pf (1 — e+ 6,) + p1-p3 (1 - %fje)]
+h 2 (-1 rée 26) + 8 (-3 + 38 — 16) +mows (14 56 - )|
+13 _p§ (1 5éi€ + f;) +p1ps (1 — —63 )] (4.1.1)

2
It is immediately clear that the terms proportional to ® (the massless triangle integral)

are symmetric under interchange of p; and p;, since ® itself is symmetric in the two.
This integral is not present in the one-loop form of either the ghost or gluon propagators.
Thus, in order to construct an identity relating the combination of contracted vertices to
some combination of two-point functions, the simplest possibility at one-loop is the first
~ equation of (4.0.1). By considering all possible contractions of the ghost-gluon vertex
(using FORM), this turns out to be the only way of eliminating the triangle integral @
using only two contracted vertices.

Taking then the difference of the two contracted vertices with p, and ps interchanged

gives

< ~ 1 1
p5T 0 (p1, pa, ps) — PYT) (ps, pa, p1) = 2 (1 — e+ 551) [Pffl —pil, — p31s + ngz]
(4.1.2)
where as before §; = 1—§. Comparison of this with the one-loop form of the ghost

propagator function (3.2.6) and replacing the I; with their integral forms gives

=3 1 1 ~ ~
Pgrﬁl)(Pl,Pz,Ps) - P‘T( )(ps,p2,p1) = o1 (G G(l)) §p§ (Ggl) - Ggl)) . (4.1.3)

This is the one-loop form of the identity, true in all gauges (and arbitrary dimension).
It is this equation that all the fuss is about. The equation relates in a simple way the
ghost-gluon vertex with the ghost propagator function, which was precisely what was set
out to be achieved.

" If this equation were to hold beyond the one-loop approximation (and there is as yet
no reason why it should) then there are several possible forms that are admitted

G, - G, Gs — G
= = 1 G;' - Gyt 1 G;' - G3!

# _ — 1.2 2 1 o2 2 3
P5Twu(pr, P2, p3) — DT u(ps, P2, 1) = 21’1 1—Gy/Gy oPs| 1 G2/Gs

GI/GZ_l G3/G2—1

. (4.1.4)
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In addition, there could also be forms like

GiPAT 4 (p1, D2, p3) — GspT u(ps, p2, ;1) =

1 1 1
5P5 (G2 = G1) + 591 (Gs — Ga) + 53 (G1 — Ga). (4.1.5)

This last form is rather interesting due to the cyclic symmetry. The only way to distinguish

between these possibilities is to go beyond one-loop.

4.2 Beyond the One Loop Identity

It is possible to extend the one-loop identity (4.1.3) to include gluon self-energy correc-
tions. This is important since the gluon self-energy contains the first part of the fermionic
contributions. To proceed, consider the ghost propagator function Schwinger-Dyson equa-
tion (see fig. 3.1). In order to include the next order gluon self-energy part, one only needs
to modify the full expression by setting the ghost propagator and ghost-gluon vertex in
the integrand to their respective bare values and setting the gluon propagator function to
it’s one-loop counterpart (explicitly calculated in the previous chapter). The pre-factors

remain the same so it is simple to write

a%w

2 4 ~ 4 v 7(1
PA(~19'Ca)Gy = (—19°Ca) [ ot~ @) I (42.1)
After the tensor contraction, one finds that
R d 4w p-w?
= W - . 4.2.2
Gp /wz(p —w)? ll P22 ( )

It will not be necessary to evaluate this integral explicitly.

Now consider the contracted one-loop ghost-gluon vertex function with the one-loop
gluon propagator function inserted. Just as in the above, the expression can be written
down almost immediately from consideration of fig. 3.3 and the one-loop expression. It is
important to note though that in the first graph of fig. 3.3, the contraction of the external
gluon momentum triggers the Slavnov-Taylor identity (1.7.6) for which there are gluon

propagator function contributions. The contracted vertex is thus written

(—2g*Ca)P5Tu(p1, P2, ps) = (~£g4CA)/ dd“{ y
" 2 w?(p1 — w)?(ps +w)?

{Pra(pr — w), [(Ps + W)t (ps + w) — wWihp ()] 28 () S [t (ps + w) + €17 (s + w)]
+P1a(P1 — W), [(Ps + w)Pta (Ps + w) — wPtpy ()] [t%(w) + €1 ()] £ (Ps + w) s
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+P1a(p1 — w), [Wta () JD — (Ps + W)t (s + w) J3h] X
[taﬁ (w) + flaﬁ(w)] [t7(ps + w) + €7 (p3 + w)]
+P1ap3-w(ps + w)pt™ (py — w)f,gf)_w} (4.2.3)

Eliminating those parts that cancel, one finds that the result is explicitly independent of
the gauge parameter and is
P51 (p1, P2, ) = a% X
; W2(pr — w)2(ps + W)
{Pralpr — w), [T (s + w)*t7° (3 + w)tG(w) — Jyhuwt™ (W)t (ps + w)]
+P1ap3-w(ps + w)st* (p — )J,g) w} (4.2.4)

The tensor contraction is straightforward and so skipping a step, the result when the
p1 4> ps interchanged result is subtracted is
d %w

ur — piT X
P5Lu(p1, P2, p3) — PILwu(p3, P2, p1) = 2 2 (p1 — w)2(ps + w)?

N w w
{Jf,”(ps+w)2 [pf p; ] JN (p1 — w)? [pﬁ—p?’ ]

w?

(P — w)-(ps +w)

+w2J;(»}) w lpg +Pp3w— (prps — Ps'w)]

(P — w)?
e {p‘f —prw— & ‘(p‘;’L(ﬁf ) (o1 +pl-w)]} (4.25)

Changing variables on the last two lines such that the argument of Jis w gives
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AT (P, D2, Ps) — PIT (D3, Py p1) =

d%w J(l 22 pw? 2] 2 ps-w?
2/w2P1—w)2P3+w) {(p3+w) [pl_ w? ]—(pl—w) [p3_ w? ]}

dwjh P w
2/ {§ Pf+i—2(p3—p1)°w}- (4.2.6)

w2 Pz

Using the method outlined in appendix A.2, it is clear that
dde(l)p2 ‘W 1,, ddwj(f,l)pz-w 290 i py-w
Wi(py —w)2 - — [ a0, (4.2,
e R Gl e R v
but

4wy d? J<1> d%w Y
/ w P2 w? —p22/ w p2 w 2/' w pz w (428)

w(pz — w)? w(p2 — w?(p2 —

Comparing the last two equations one can see that

PAT,(p1, P2, ps) — DT 4(ps, 02, 1) =
2

1 4w pL-Ww P3-w?
_2_/&)2(271 _ w)’z(p3 +LU)2 {(p3 +LU)2 [p% - w2 l - (pl - LU)2 lpg - w2 l}

1 d%wJj) p2-w?
+§(p§ —p?) / —— trw [1 — 22—] . (4.2.9)

w?(p2 — w)? piw?

Putting the result (4.2.2) into the above immediately gives

~ ~ 1 ,\ N
P5Tu(p1, P2, ps) — AT u(Ps, P2y p1) = 57 (G -G - 2 P2 (G0 - GP)  (42.10)

which is identical in form to the one-loop equation (4.1.3). This equation is encouraging

since it shows that the one-loop identity may hold at higher orders.

4.3 Renormalisation and the Identity

It is widely known that the Slavnov-Taylor identity for the triple-gluon vertex (1.7.6)

can be used to constrain the renormalisation coefficients of the theory. Just as the Ward

identity in QED leads to the famous equality Z; = Z,, such that the fermion-boson

coupling is universal (see for example [5]), there is an analogous relation for QCD:
Zy 7y

== 43.1
77 (4.3.1)
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which implies that the ratio of bare to renormalised couplings is independent of whether
the triple-gluon or ghost-gluon vertices are used to define the renormalised coupling [21].

It is pertinent to ask whether or not the identity (4.1.3) also implies some sort of
relationship between renormalisation coefficients. Closer inspection of the identity shows
that there will only be a relation between Z, and Zs. However, this relation cannot
be direct, since both sides of the one-loop identity are finite. Moreover, Z; and Z; are
known to two-loops in perturbation theory (see for example [45]) and there is no obvious
connection between them.

The underlying idea of this section is that the renormalisation coefficients give infor-
mation about the divergence structure of the equation. By demanding that the divergent
parts must be consistent, it is possible to narrow down the different possibilities allowed by
the one-loop form of the identity (4.1.3). The general form of the full identity (assuming
that it exists) is

GopiTu(p1, P2, p3) — PAT4u(p3, P2, p1) = Gy (4.3.2)

where G; and G, are combinations of ghost propagator functions only. In principle, there
may be vertex contributions multiplied by higher order terms too but this possibility will
not be considered here. One may expect that the second vertex function above would be
multiplied by some combination of propagator functions as well, but it is always possible
to divide the whole equation by this combination. Each of the factors in the equation can
be expressed in terms of renormalised quantities multiplied by renormalisation coefficients,

using the definition of the renormalisation coefficients as follows?

G:z: = Z:z@:c
Gy = Zy@y
f'y(Pl,Pzapa) = Z~1— f‘u(Pl,Pz,Pa)- (4-3-3)

Now, the renormalised functions are finite and so can be expanded as series in powers of
the renormalised coupling, each of the terms in the series being finite. These series will

be written as

DT, (01, p2,ps) = puops+ h{FGh) + W) + B3 (Fah)

G, = 1+hGY +r2GY 4 K3GY (4.3.4)

21t is understood that in the perturbative expansion of the unrenormalised quantities, the renormalised
coupling is still used.
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with a similar expansion for G,. The renormalisation coefficients are also expanded as a
series in powers of the renormalised coupling, but this time, the terms in the series are

explicitly divergent. Generically,
Zi=1+h2V + 8222 + 132, (4.3.5)

It is now possible to write down the unrenormalised form of the identity (4.3.2) such that

the divergent parts are made explicit.
S o =
Z:GeZy P5Tu(pr,p2,p3) — 21 piTu(ps, p2,p1) = Z,G, (4.3.6)

Both sides of this equation can be expanded in powers of the renormalised coupling. Up
to O(h®), the left-hand side (lhs) will go like

ths = h{(f}) — (fal) +pr-ps (G + 1) }

+h? { £ = (F2) + (F3) (Gg;l) + zg)) +P1°p3 (ng) +GU2M + 2;2))}
~h?zY {(fm — (fid) +p1-ps (GQ) + ZS))}
+h3 {(F5) — (1) + (A (G1 + 2) + (i) (G + G2V + )

+p1-p5 (GP + GO + GO + 49) )

A {(AD) = (3D + (1) (G +200) +props (G + G2 +20) }
+h3 (D)2 () — (D) + preps (G + 20) }
—h3 2P { (A — (£ +props (G + 200}
(4.3.7)

The right-hand side can also be expanded in the same way. However, under the restriction
that G, is a combination of only ghost propagator functions, it must be independent of Z1,
otherwise there would be some relationship between this and Zs;. By demanding that the
lhs is independent of Z,, it is possible to gain a consistency requirement for the equation
that is true for all momenta and gauges.

Consider then expression (4.3.7). At O(h?), there is a part that depends on zl ) which

must vanish. In other words
(fl(;()%> - (fé%%) + P1'Ps (GS) + zg(gl)) =0. (4.3.8)
This can be further split up into divergent and finite parts
zél) =0

(FD) = (FG) +p1-psGH = 0 (4.3.9)
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which now gives an explicit form for the (renormalised) one-loop factor G{!) and its

renormalisation coefficient z{). Substituting these back into the expression (4.3.7) gives

lhs = {( 123) ( 321> + P1°Ds (G?) +z£2)) <f123 (<f123> { 32%))}

{Sb(dwmm@WHm MWWHUW9

—1<%m$9<mﬂ

P1:Ps
9 1
%&%<mwmm@9wﬂ—E§SMM$<£U}
(4.3.10)

Again there is a part dependent on 2{1) which must vanish. As before, this gives rise to

the following constraints
zfnz) =0
1
(fi3h) — %Hmmﬁ—ﬁﬁﬁumm fa)) = 0. (4311)

Notice that this actually makes the O(h?) part of the previous expression vanish. This
means that up to O(h?) (two-loops), G, =0.

In principle, this process of eliminating the Z;-dependence of the lhs can be carried
out to arbitrary order in the renormalised coupling h. However, in practice, it will only be
possible to consider the O(h3) constraints due to the technical difficulties of higher-order
loop corrections in perturbation theory.

All the preceding arguments have been carried out using the fact that the unrenor-
malised functions can be expressed as specific finite and divergent parts of a series in the
renormalised coupling h. In practice though, when one calculates perturbative expres-
sions, the expansion is done in the bare coupling (and with the bare gauge parameter).
The process of renormalisation is done afterwards. Thus, for the constraint equations
(4.3.9) and (4.3.11), the quantities appearing should be translated into the proper un-
renormalised perturbative expressions. To see how this is done, consider a general Green’s
function F. Denote all the unrenormalised quantities with the subscript b, the renormal-
isation coefficient for F' as Z, and the renormalisation coefficients for the coupling and

gauge parameters as Z, and Z; respectively such that

F=27F, hy=2Zsh, &= Z¢ (4.3.12)
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with the expansions

F = 1+hFOE) +hFDE) + ...
Z = 14+haW 4+ h%® 4
F, = 1+hFP &) +RED () +

The quantity that one derives in perturbation theory is F}, as an expansion in h, and with
the parameter &. To renormalise, the first step is to rewrite these bare parameters in
terms of their renormalised counterparts multiplied by the appropriate renormalisation

coefficients. This gives
Fy =1+ ZhFP(ZE) + Z2hPFP(ZE) + . . (4.3.13)
The renormalisation coefficients are then expanded and so
Fy=1+hFPE) + B2 {FPE) + 0 FP @) + FP (28} + ... (4.3.14)

where the last term arises from the expansion of the gauge parameter. The next step in

the renormalisation process is to then write the expansion for F. It is

F =140 {FP©) + 2} +02 {FP(E) + 2V FP €) + FP (28) + 2V FP(€) + 20 }+
(4.3.15)

Finally, one identifies the coefficients 2 as those functions that remove the divergences (Z,

is some known combination of renormalisation functions so can be calculated as well). This

then leaves the finite F(™)(€). Even without identifying the z’s, one can now write

FOE = RY@+2"
) = FP@)+PFVE) + V(D +OFD (€ + 2. (43.16)

It may appear that there is a problem with the gauge dependence of these functions.
What is needed is to be able to write the renormalised functions at the appropriate
order in terms of unrenormalised quantities. Although the dependence of the coupling in
the F™(£) has been taken care of, they are still dependent on the renormalised gauge
parameter . However, consider the meaning of each of the terms F\™. Where the
argument is ¢, this indicates that the function has simply had &, replaced by £ The
only other remaining function is Fb(l)(zél)f). This is a one-loop term where only the parts

dependent on the gauge parameter have been kept, and &, has been replaced with zél)g.
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This term can easily be evaluated. Thus, the way to relate the functions appearing in the
renormalised Green’s function to those quantities which would be calculated when doing
unrenormalised perturbation theory has been made explicit.

Now consider the first of the constraint equations (4.3.9). The first vertex term is
translated in the following way® (the gauge dependence will be made explicit only where

necessary from now on)
(f3) = ("%CA) PAT 0 (p1, pa, ps) + p1-pazi. (4.3.17)
and similarly for ( f:,(;%) The finite part of the combination of two-point functions becomes
GP =G) - AV (4.3.18)

z

with the minus sign coming from the different definition of the renormalisation coefficient.

Thus, (4.3.9) is rewritten as
1 ~ 1 ~
(—50,4) PSTS)(Pl,Pz,Pa) - (_§CA> P‘fr,(,l) (103,172,1)1) +Dp1'p3 {Gz(,lz) - 2;1)} =0. (4-3-19)

However, it is already known that z{!) =0 so now

2 1 ~ ~
G = = (=504) 5 {PATS (01, 22.p) = TP (02,22} (4.3.20)
1°/3

The right-hand side of this equation is nothing but the one-loop identity already derived
(4.1.3). Thus

Gha = - <_%C") 2p11 7 {02 (CP - GP) -2 (G - G)} . (4.3.21)

The second constraint equation (4.3.11) can be dealt with in exactly the same way.

The finite two-loop vertex function will become

~

) 2~
( 1(3:-)s> = (—1Ca) PsTu(p1,p2, p3) + (_ECA) pé‘l“f)(pl,pz,ps)
- ? ~ 1 ~ -
+ (Zél) + 2{1)) (_ECA> PQLF,(}) (Pl,Pz,Ps) -+ <—§CA) ngE‘l) (pl,pg,pglzél)f)
+p1psA. (4.3.22)

The finite two-loop unknown combination of two-point functions becomes

GO =GP+ (2V — ZV) G + GI(#7E) — 22 + (V)2 (4.3.23)

3Recall the earlier definitions. There is an overall factor of (47)? that shall be omitted for clarity.
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Putting these expressions into the equation (4.3.11), using (4.3.20) and cancelling any

appropriate terms then gives

\ , 3
p1-psGyn = — (=1C4) {P4Tu(p1, 2, 5) — DT (ps, P2 p1) }
) 2.~ ~
- (_EOA) {pgll‘\‘(?) (pl,p2)p3) - pll‘r‘f?)(p&p%pl)}

1 ? 2 - 9 _ ~
D1°D3 (_50’4) {(pgrf})(Pth,Pa)) —PQ‘FLI)(Pl,Pz,Ps)PfFLI)(pg,pg,pl)}.
(4.3.24)

It is immediately apparent that the first two terms involving I' are just the gluon self-
energy insertions to the one-loop identity considered in the previous section. This part of

the identity was explicitly shown to be satisfied so we can write
3(2) t 2 () =(2)
pl'PsGb,z = (_ECA) {Psl—‘,; (p1,p2,p3) — p’frﬂ (Ps,Pz,Pl)}

1 1 2 - 9 5 ~
P (—§CA) {(p‘s‘l“ﬂ)(pl,pz,pa)) —pfo.‘l“,‘,”(pl,pz,ps)p‘frﬂ)(ps,pz,pl)}.
(4.3.25)

+

where now C;',(,Za)c is some combination of ghost propagator functions with the gluon self-
energy insertions omitted.

The rest of this chapter will be devoted to the task of finding out whether or not é,(fm)
can be expressed in terms of ghost propagator functions alone. If it cannot, then the

identity cannot be true in this form.

4.4 The Two-Loop Ghost Propagator in
Feynman Gauge

In order to proceed, it is now necessary to evaluate the two-loop ghost propagator explic-
itly. From now onwards, attention will be focussed on the Feynman gauge. Whilst it would
be desirable to do an arbitrary gauge calculation, the technical details are prohibitively

complex. Recalling the expansion of the ghost propagator function,
1 ~ A 7 ~
G,=1+ (—5920,,)(;,(,1) + (—1g*Ca)Gp + (—5920A)2G§,2) (4.4.1)

it easy to calculate the inverse function
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Figure 4.1: The relevant parts of the loop integral of the ghost propagator Schwinger-
Dyson equation. The blobs represent one-loop insertions.

Earlier, the gluon self-energy insertions to the one-loop identity were explicitly dealt with.
Now the interest lies in the remainder of the two-loop propagator function, @g,”. This is
calculated from the Schwinger-Dyson equation just as before. The relevant terms in the
equation are shown in fig. 4.1. From this, and recalling the forms of the full equation

(3.2.1) and one-loop insertions, it is simple to write down the appropriate expression

) ~ <1 2
_é*adp2(__§g2CA)2 [G1(72) _ (G;(;I)) ] —

abe c [ d"w A I
—(=0)(=19f%) (=29 f** )(—5920,4) / 52—(1’——01)2 {P'WGS) +p' T (w, —p,p - w)}.
(4.4.3)
Doing the colour algebra and cancelling factors leaves
= (1)) 2 adw ~ 1;~
P [fo) - (&) ] =2 / o — o) {PwGd +pTOw,—pp-w)}. (444

One may imagine that for the one-loop vertex corrections, it would be possible to
insert the explicit expressions for the two parts of the vertex function (3.4.6) and then
integrate over w. However, the appearance of kinematical factors, especially the Gram
determinant A means that the integrals cannot be done in a simple manner. It is better
to derive a form for the one-loop vertex which does not evaluate the integrals. This will
then give for the above expression a set of two-loop integrals which can be evaluated in a

reasonably straightforward way. Thus consider the expression (3.4.2) in Feynman gauge,

TV (py,p p)=/ d%w X
p L ERES W (py — w)2(ps + w)?

{Pra(p1 — ),9™ 97T, (w, —ps — w,ps) + Prawu(Ps + w)sg™} . (4.4.5)

Now, in the next section the one-loop ghost-gluon scattering-like kernel falg (p1, P2, P3)

will be needed. This quantity is just the same as the vertex function above but with the
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bare vertex term connected to the out-ghost line omitted. The reason that this can be
done is that this factor is simply the external momentum — in this case just p;,. The
omission of this factor gives

dw

w*(p1 — w)*(ps + w)?

{(pl - w)vrfiuy(w’ —Ds — wap3) + w#(pfi + w)a} .
(4.4.6)

fﬂﬁ(pl,pz,pa) =/

Expanding out the tree-level triple-gluon vertex function l"fj,,ﬂ and collecting terms to-

gether leads to
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ddw 1 ) ) \ i .
w?(pr — w)*(ps + w)? {_ga" [p2_2p1 + (P —w)* = (p3 +w)* + 2w ]

f‘gﬂ(Pl,PmPs) = / 2

+P1aP3u — 2D3aP1s + (P3 — 2p2) oy + pzﬂwa} .
(4.4.7)

It is now useful to adopt the notation of appendices A.3 and A.4 for the scalar and vector
triangle integrals, and the notation of section 3.4 for the two-point integrals. The above
expression becomes

~ 1 1
fol,z (p1,p2,p3) = E.gaﬂ [Ipa + 2Ipz - Ipl] + I(pl,p2ap3) Egau(ng - p%) + plap!iu - 2p30:p1/.4

+1I(p; p1, P2, P3) (P3 — 2p2)a + I(; P1, P2, P3)P2u-
(4.4.8)

The vertex function ffll)(pl,pz, p3) can be derived from f‘gﬂ(pl,pz,p3) by contraction
with p1o. The only complication for this is the appearance of the contracted integral
P1al (e p1, P2, p3). However, this can be expanded quite easily by considering the follow-

ing

d% p;-v
P1ad (@; P1, P2, P3) / ;

v2(pr — v)2(p3 + v)?

1 d% 9 5
- ‘5/v2<p1 o Y ~#i =]

1
= =3 [Ty — D31(P1, P2, 73) = I, - (4.4.9)
Using this, the contraction becomes

= 1
B (01, p2ips) = puu (s + 20 = Iy
1 1
+ 5P Up, — Is] + 51(;01,1)2,1’3) [Pm(ng — p} - pj) +pfp3#]

1
+51 (1571, 72, p3) [P + 393 — 3p) (4.4.10)

which is precisely the form that is required for this section.
Inserting the one-loop vertex function and identifying the one-loop Feynman gauge

propagator using (3.2.6) as
GV =1, (4.4.11)
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gives for the two-loop part of the inverse ghost propagator
r’ [@(2) - (@“))2] = /d—dw {P'I(v;w,—p,p — w)(3p" — 3(p — w)? + w?)
P ) w?(p — w)? 1% T
+1(w,—p,p — w) (WX(p* - 2p-w) + 2p-w(p — w)? — ppw)
+1,(2p-w — p*) + Lp-w + L_u(p* + pw)}. (4.4.12)

Using the integral transforms of appendices A.3 and A.4, it is possible to permute the
order of the arguments occurring in the one-loop triangle integrals. This then allows the

expansion of the contracted vector integral just as before.

I((.U, _pap"w) = I(wap_w)_p)

pP’Iv;w,—p,p—w) = p’'(wl(w,p—w,—p)—Iv;w,p—w,—p))
= pwl(w —w—)—/ % pv
I PR R

1 1 1
= (p-w - 51)2) Hw,p—w,—p)+ 51“' - 5],,_‘,, (4.4.13)

Inserting the above into (4.4.12) gives an expression involving both I, and I,_,. It is
trivial to change variables w — p — w on those terms involving I,_,. Doing this and

expanding the scalar product p-w then leads to

P’ [G’,(ﬁ) ~ (él(!l))2] _ /wT(gf_wTy {I(w,p—w, 1) (—%w“ + Pl + %(p W) - %p4)
H (0 =) + L (27 2w+ 27) . (4410)

Notice that changing variable w — p—w on the term involving (p—w)* gives a cancellation
with the term involving w* since the scalar triangle integral is invariant. Also, under the
framework of dimensional regularisation , the terms involving both I, and I,(p — w)?
vanish. Thus
d 1
2 [A@) _ (AN _ d‘w o 22__4)
p [G,, (G,, ) ] = /w2(p—w)2 {I(w,p w, —p) (p W' = 5P

+ 1, (2w2 + 2p2)} . (4.4.15)

Writing out the integrals explicitly
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2 [ A\ _ 14 d%wdv
#1e0 - @] = 3| o —re

2 dd(Udd'U
P / 22 2 2
(P —w)?*(p — v)*(w — v)
dwddv d%wd v
2/ 2p? .
+ )20 (w — v)? +ep /w2(p — w)?v?(w — v)?
(4.4.16)

The second and fourth of these integrals are in fact the same (related on by a change of
variables). These two-loop propagator integrals are presented in appendix C. It is useful
to introduce a diagrammatic notation for the integrals because in the next section the

explicit forms will simply become too big to be read easily.

/w%p—w)zg:&})d:zz})) ( $
adwd v ( }
/wz(p w)?v?(w — v)? -

/( d%wdy =2 Q (4.4.17)

p - w)vi(w —v)?

This gives the expression for the two-loop function G}f’

%(2) _ ~(1)2_12p_@_ L@ 2 p N
GP = (G) - 3p +3 + 5O (4.4.18)

This type of expression will be used heavily in the next section. Expanding out the

integrals in powers of ¢ and setting € =0 gives

GO = ((;(1))2

p

3 1 101 w2
+(47l')—d(—p2)—2€ {—@ -+ (3’)’ - 7); - —4— + 14y — 3’)’2 + Z + 3¢+ 0(8)}

5 1 149 572
_ ~d(_ . 2\—2 ) _ _ - .
= (4m)"%(-p?) { %2 + (5 11)5 = + 22y — 572 +—12 + 3¢+ O(e )}

(4.4.19)

4.5 Two-Loop Vertex Contributions to the Identity
in Feynman Gauge

In this section will be presented the calculation of the two-loop quantity p3 F( Y(p1, pa, p3) —
Py I‘f) (p3, P2, p1). Due to the highly complicated nature of such a two-loop calculation, it
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is necessary to restrict to Feynman gauge and the momentum configuration p; =p; =p.
This means that there is only one momentum scale and the integrals simplify greatly. In
order to do this, consider the Feynman graphs of fig. 4.2. Note that non-planar graphs
do not contribute because their colour factor is zero [46]. The quantity shown is the two-
loop part of the vertex f‘ff’d(pl, P2, p3). It is simpler to split this up into smaller factors as

follows
e abe ¢ 2 =
piT2 (1, paips) = —1gf® (—592014) P5T® (p1, po; pa)
1 2
= —gf™ (—5920,1) (V1 + V2 + V3) (4.5.1)

with the V; denoting the contributions from each graph of fig. 4.2 in turn. Due to the
similarity in form of the first two graphs, they will be considered together. The third
graph (V3) will be considered at the end. The algebra for this calculation has been done
using FORM.

Consider then the contributions of V; and V,. Writing out the expressions and doing
the colour algebra (which is identical to that of the one-loop case) immediately gives

a%w
hith= / w?(p1 — w)(ps + w)? )
{PATY, . (w, —ps — w,ps) [(p1 — )" TP (p1,w — p1; —w) + T (91 = w, 2, P + W)
+# (p1 — w)” (Gplo + GY)]
+p3-w [(Ps +w) TP (p1, —wiw — p1) + P{jf‘,(sl)(l’a +w, P2, p1 — W)
+p1+(ps + w) (Gl + GO)]

+p1-(ps + w)ng‘f‘l) (w, —p3 — w, ps3)
+(ps + w)*(p1 — w)"t) (ps + w)PTas(—ps — w, p3, w)
—wzpftg(w)(pl — W) (w, p3, —ps — w)} i

(4.5.2)

Notice the occurrence of the function T',, which comes from the use of the triple-gluon
vertex Slavnov-Taylor identity (1.7.6).

Now consider the second two-loop vertex function. Denoting
P’l‘f‘?)(P?’,PZ,Pl) = Vvll + ‘/21 + Vg (453)

it is simple to write down V; + V, — V{ — V] since V{ and V; are just related to V; and V;

by the interchange of p; <> p3 and w — —w. The next step is to set p; =p>=p, ps=—2p.
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The result is*

dw
' ' _
Vi+V,— Vi - Vz]pl:pgzp = / w?(p — w)2(2p — w)? X

{~(2p - )P TO(@p - w, —2p;w) — 2(p — )PP T (w — p, p; —w)

—w?(p — w)!p T (w, —2p; 2p — w) + 202 (2p — w)*p" TN (~w, p;w — p)

+p-(p+ w)w“f‘f})(—2p, 2p —wjw) + 2p2w“f‘l(‘1)(p - w,p;w — 2p)

+2p2w"f‘f‘1) (w—2p,p;p—w) —2p-(p— w)w“f‘f‘l)(p, w— p; —w)

—p-w(w — 2p)*TN (= 2p, w; 2p — w) — p-w(w — 2p)* TP (w, —2p; 2p — w)

+2p-w(p — w)* TP (—w, p;w — p) + 2p-w(p — w)* TV (p, —w;w — p)

—p-wp' TP (=2p,w; 2p — w) — w-(p + w)pTV (~2p, 2p — w;w)

+2p-(p — )P TP (~w,w — p; p) + 2p-wp* TP (~w, p;w — p)

—p-wp'T {1 (w, —2p; 2p — w) + 2p- (2p — W)pTV(w, 2p — w; —2p)

—4p-wp'TV (p — w, pyw — 2p) + p- (2p — WP TP (2p ~ w, ~2p; w)

—4p-wpT¢ (w — 2p, p;p — w) — 2p- (p — WP TP (w - p, p; ~w)

+2p-wp' TP (p, —wiw — p) + 2w+ (p — WP TV (p,w — p; —w)

+2p°p-wGY + (4p-w2 — 2p*w? — 2p2p-w) G, (—4p-w2 + 2p%w? + 4p2p-w) G,
+2 (Pw? — p-w?) (G, — Gap) } - (4.5.4)

The first thing to notice about this expression is the invariance of the denominator
factors under the change of variable w — 2p—w. This means that it is possible to cancel
certain terms in the numerator. This is done to all the one-loop vertex terms that have

2p—w as the last argument except the term
pw(w - 2p)"f‘§‘1)(w, —2p; 2p — w) (4.5.5)

which will be dealt with later. The change of variable is also used on the two following

terms

PP T® (w — 2p, p;p — w)

p-(2p — w)p* TV (2p — w, —2p; w)

for reasons that will become apparent.

4One can now appreciate the magnitude of the calculation!
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The expression is now

a%w
Wi+Vo—-V| - VZ’]me:P - / wi(p — w)?(2p — w)? g

{3p2w"f‘l(})(—2p, 2p — wiw) + 2p-(2p — W)P”f‘f})(% 2p — w; —2p)

2% T (w — p, p; —w) + 2p- (p + w) (p — W) TV (—w, p;w — p)
+2p-(p — w)pTY (~w,w — p;p) — 2p- (p — W) TV (p,w — p; —w)
-2(p — w)?p*p T (w — p, p; —w) — (2p — w)*wHp" T (2p — w, —2p; w)
+2u?(2p —w)*p' T (—w, pyw — p) — prw(w — 2p)*TY (w, —2p; 2p — w)
+2p-w(p — w)T'N (p, —w;w — p) — (2p +w)p T (—2p, 2p — wjw)

—6p-(p — w)P' TP (~w, p;w — p) — 6p-(p — W)pTV(w — p, p; —w)

+2p-wp' TV (p, ~w;w — p) + 2w (p — w)P'TV (p,w — p; ~w)

+2p p-wGwl) + (4p-w — 2p%w? — 2p%p- w) E, (—4p-w2 + 2p%w? + 4p2p-w) C;'g,)_w
+2 (p2w2 - p-wz) (ép - Gzp)} : (4.5.6)

Notice that in the first three lines of the above, the vertices have their first and last
arguments interchanged. This means that the one-loop identity (4.1.3) can be used to get
rid of some of the vertex functions in favour of two-point functions. This is done to obtain
yet another large expression. However, by again using the invariance of the denominator
under w — 2p—w, it is possible to eliminate the function G2p - The (slightly smaller!)

result is
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B / a%w y
p1=p2=p w2(p — w)2(2p — w)2
{-2(p - )PP T (w - 1,7 —w) — (2p — )% p T (2p — w, ~2p;w)

Vi+Va -V - V]

+2w?(2p - w)“p”f‘f,llf(—w,p; w—p) —pww-— 2p)“I~‘Ll) (w, —2p; 2p — w)

+2p-w(p — w)* TV (p, ~w;w — p) — (20 + wh)pTM (—2p, 2p — w;iw)

—6p-(p — WPV (—w, p;w — p) — 6p-(p — W)PTV(w — p, p; —w)

+2p-wp' TP (p, —w; w — p) + 2w+ (p — W)PTV (p,w — p; —w)

(——4p-w2 + 2p%w? — w2p-w) é,(‘,l) + (2p4 + 4p-w? — 2p%w? — 5ppw + wzp-w) Cfr',(pl_)w
+ (—2;04 — 2p-w? + 2p*w? + 3p2p-w) é;l) + (Gp4 + 2p-w? — 2p2w2) C:‘%,)} . (4.5.7)

It is now necessary to expand the one-loop ghost-gluon scattering-like kernel and vertex
functions into their integral form. This is done using the expressions (4.4.8) and (4.4.10)
from the last section®. The two-point function G{!) is again identified as the integral I,

The result of this is a plethora of terms of the form

d%w
/ w?(p — w)?(2p — w)zl(?) (?) (4.5.8)

where the question mark denotes some combination of Lorentz indices and momentum
arguments. In order to deal with the various combinations, the order of the arguments in
the triangle integrals I (p1, p2, p3) (both scalar and vector) are transformed into two distinct
permutations using the techniques of appendices A.3 and A.4. These permutations are,

in the scalar case:

d%
I(paw_pa —(.U) = /v2(p—v)2(w—v)2
d
Iw,2-w,-2) = [ = ;;2;’21) —p (4.5.9)

and similarly for the vector case. The vector triangle integrals are contracted with either p
or w and this is dealt with in exactly the same way as (4.4.9) by expanding out the scalar
product in the numerator. This then leaves a manageable number of terms in the overall
expression. This is again minimised by exploiting the invariance of the denominator

factors under the change of variable w — 2p—w to eliminate I5,_,,. The result of all these

5Because of the very large nature of the expressions involved, they will not be presented in full.
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operations is:

_ / ad%w
p=p=p = | L2(p— w)2(2p — w)?
{I(w, 2p — w, —2p)p? (4p2w2 —4p-w? — dpw + 2w4)

Vi+Ve -V - V5]

+I(p,w — p, —w)p* (4p2w2 +2p-w? 4+ wipow — 2wt — 5p2p-w)
+1, (3p2w2 + 15p%p.w — 10p-w2) +1,_, (4[)4 + 4p-w? — 6p°w? + 3wlpw — 5p2p-w)
+1,p? (2w2 - 2p-w) + Iy (6p4 +4p-w? — 2wpw — 6p2”“’)} . (4.5.10)

The next step is to eliminate the numerator structure of the expression. This done by
cancelling firstly w? factors in the numerator and denominator, then recursively applying

the identities

pw = % ((p—w)* - (2p - w)* + 39°)
w? = 2p%+2(p—w)? - (2p - w)? (4.5.11)

and cancelling again until there are no factors involving w in the numerator. Those
integrals with no external scale (and those related to them by some change of variable)
vanish under the framework of dimensional regularisation and are dropped. At this point
the useful notation I for the two-point and vector (sub-)integrals is dropped and the
integrals written out explicitly. The resulting (still large) expression is a set of two-loop
integrals. These integrals can be written in more than one way, although the different
forms are related by changes of variable. It is thus better to express the integral in
a diagrammatic fashion as was the case in the last section. All the two-loop propagator
type integrals are presented in appendix C, the two-loop vertex type integrals in appendix

D. The expression can be written as
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Vi+Va—V - V3]

pi=p2=p ~

(4.5.12)

It is not difficult to substitute in the value of each of the integrals as an expansion in e,
using the results of appendices A.1, C and D. Where there is a factor like (—4p?)~%, one

uses the following:
(—4p") 7% = (—p*) " [1 —4eln2+ 8’ In* 2+ .. |, (4.5.13)
Doing this immediately gives the final result for this part of the calculation.

_ _2¢ 20
Vit Va— V= Vil ., = (4m)~4(=p*) > In2 {—? + 407 +441n2 — 84 + O(s)} .
(4.5.14)
Now consider the third graph for the two-loop ghost-gluon vertex in Feynman gauge.

The expression for this can be written down by considering fig. 4.3. It is

2
—1g (_%92CA) Vi = (—1gfo)(—1g f2"2) (=g £") (- g%) x
/ (—1)2d%wd
w(pr — w)i(w — v)*(p1 — v)*(ps +v

Pl P — W) (o - v (hhahse,
(4.5.15)

Collecting together factors and expanding the tree-level four-gluon vertex using (1.7.2)

gives
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d%wd %y p‘“ 3 (D1 — w)*2 (py — )

fadh1 fdehz febh;:, X

1
—1gf* <—§g2CA) Vs =1g /

w?(py — —v)2(p1 — v)*(ps + v)?
hiha b \
{f thahse (g e G — gm,,g,,ws) + fhihahac (o2 G — GurnTpians)
+ MR (g G — guwsguw)} : (4.5.16)

The colour algebra is done using the identity

1
ade pbef pcfd _ ~C abe
foe fred fe88 = ZCafor, (4.5.17)
which gives for the first and last terms
fadhl fdehg febhafhlhz,h3c — lfabcci
fﬂdh] fdehszbh3 fhlc,hgh;; — _ifabcci' (4518)

The colour factor for the middle term corresponds to an non-planar configuration and is

known to be zero [46]. Cancelling then the pre-factors

Vi = / d%w a % pi'ph(p1 — w)** (py — v)#

W2 (p1 — w)2(w — v)2(p1 — 0)2(ps + V)2 {293 Guas — GuriGuzns — Gusapauan} -

(4.5.19)

It is now possible to write down the expression for V3 —Vj,

V- VI = / 3w 8% {2015 Guan — Gu1uGuans — Juasa Guan} %
’ wi(p1 — w)?(p3 + w)*(w — v)*(p1 — v)%(ps +v)?

{(ps +w)PL P (1 — W)™ (P — V)" — (P — w)P5 P (B + )" (ps + ) }.
(4.5.20)

Setting p; = ps = p and performing the tensor contraction, this simplifies to

1 thuth {(p ) — (30— )’}
% = oy =2 | G205~ (20~ o — o7 — o5 =P

p-wp-v — prwv).
( )

(4.5.21)
The scalar products in the numerator are expanded using
1
po = 5[0~ (2-v)+3]
_ 1 2_ 2 2
pw = -3 [(p—w) —w?—p
1
= Z[(Qp w) —w —4p]
Wy = —1[(w—v)2—w2—v2] (4.5.22)
= —5| 5.
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where appropriate. In order to eliminate irreducible numerator factors, the following
further identity is used
v =2p% +2(p—v)2 - (2p—v)2 (4.5.23)

The result is a set of two-loop scalar integrals. Writing this out using the diagrammatic

notation for the integrals,

V3’]P1_P2"P
5
1
4219/\ ~ p?* (I,)? + P2 L1z

(4.5.24)

All the integrals have been done (see appendices A.1,C and C) and substituting in the

results gives the final expression
39
Vs — V3],,—pyp = (4m)~4(—p?) % p? {61n2 +2In?2 — Sk O(s)} . (4.5.25)

Thus, the combination of two-loop ghost-gluon vertices (without gluon self-energy
insertions) has been calculated in Feynman gauge with the momentum configuration p, =
py = p. The result is the sum of (4.5.14) and (4.5.25):

P5T® (p1, p2, p3) — PATE (s, p2, 1)
Wi+ Ve +Va -V -V - V5], ey

= (4m) "¢ (—p?)~%p? {m 2 [—269 + 407 +461In2 — 78| — %43 + O(e)} .
(4.5.26)

This concludes the section.

4.6 The Two-Loop Identity

In this section, the equation (4.3.25) will be investigated. To recap, this equation was
derived from the insistence that the full identity should have a renormalisable form. This
meant that order by order, contributions dependent on the renormalisation coefficient for

the ghost-gluon vertex (Z;) had to vanish. This gave rise to the function G,, which had
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the following form:

GY =1

w_ (¢t 1 2 (A AMY 2 (AL AQ)
Gy = ( 2CA) 21 Pa {P1 (G1 Gz) D3 (Ga -Gy )}
za(cl)=0

~ 7 2 ~ ~
p1psGra=— (—50,4) {PQTLZ) (p1, P2, p3) — PYTP (ps, p2, 1) }

1 ) 2 ~ 2 ~ S
o (_§CA) {(pQFLI’(pl,pz,ps)) —p’a‘F,(})(pl,pz,ps)p’{l“f}’(ps,pz,pl)}

22 =0, (4.6.1)

It was originally assumed that the function G, was some combination of ghost propagator

functions. Thus, it is necessary to test whether or not C;'l(,zz) can be decomposed into such a

form. So far, the two-loop ghost propagator function and the ghost-gluon vertex function

have been evaluated in the Feynman gauge and with a certain momentum configuration.
. . =01 2 =1 o1

All that is left is to evaluate (pg‘I‘L )(pl,p2,p3)) — piT'¢ )(pl,pg,pg;)p’l‘f‘f‘ )(ps, p2, p1) under

these constraints. To do this consider

- 2 - -
(AT (p1, p2,3)) — PAT (pr, 2o, p3)PATS) (P, 2, 11) =
ng‘f})(Pl,Pz,Pa) [ng‘f}) (1, P2, p3) — Pll‘f‘,(}) (Pa,Pth)] .
(4.6.2)

The quantity in square brackets is nothing but the one-loop identity, which can be written

as a combination of ghost propagator functions. Thus

~ 2 -~ -
(PATD (p1, P2, p3)) — P5TO (b1, P2, pa) AT (93, P2, 1) =

LT, ) (7 (G0 — ) — 1 (60 — ).
(4.6.3)

The function p§ f‘f})(pl, D2, p3) has already been evaluated for arbitrary gauge and general

momenta (4.1.1). Restricting to Feynman gauge, the result is

. 1
pT0 (p1, pa, p3) = @ [— 5Pips = ((pr-ps)” + prpspl + -pspﬁ)]

1 1
+1 [p} +prps] + 12 [—pf — 5P - p1~pa] + 1 [Epi +P1'p3] :
(4.6.4)


file://-/p/pI
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where the function @ is nothing but the triangle integral I(p;, ps, p3). Setting p; = ps = p,
® is expressed in the form (A.3.10)

1
®=1I(p,p,—2p) = p [y — I5p). (4.6.5)
Thus

pgf‘g) (p1>p2,p3)111=p2=p = 2p2 [Ip - 2I2p] . (466)

This gives

~ 2 ~ ~
[(pé‘ TO(p1, p2,ps)) — PATD (py, o, ps)ph F,‘f’(pa,pz,pl)] = dp* [I, — 21y) [, — I) .
pP1=p2=p

(4.6.7)

Evaluating these integrals (see appendix A.1) and expanding in € gives
~ 2 ~ ~
[(pé‘l"f‘”(pl,pz,ps)) —p’afl‘f})(pl,pz,ps)p‘l‘l‘ﬁl)(ps,pz,pl)] =

pi=p2=p

(47m)~4(=p?) 2t In 2 {S +32 - 16y — 40In2 + O(s)} . (4.6.8)

After all this, the equation for (;}f; can now be written as an expansion in ¢, albeit in

Feynman gauge and with p; = ps = p. Putting the pieces together, one obtains

2
Gl()a): |p1=p2=p =

) 39
(-sc2) e a2 -sv v+ 9w - 2 ot
(4.6.9)

Now consider the possible forms that é,(fa); could have. Since the renormalisation
coefficient 2, is unity up to two-loops, this means that there can be no leading divergence
(ie (g%)"e~" terms). Therefore, C;‘,(,zn): can only depend on either the ratio or difference of
ghost propagator functions. However, if one considers the term proportional to (3, this
occurs in the finite part of the propagator function at two-loops. If C;‘gzl were to be either
the ratio or difference of propagator functions then these terms must vanish. Thus (4.1.3)
cannot be expressed as a combination of ghost propagator functions and the proposed
form of the identity cannot be true.

However, it is noted that the (3-dependence comes solely from the V3 — Vi part of
the two-loop vertex. This type of graph was not present at one-loop. This leads to the

question of whether or not C:‘,(fg can be constructed from ghost propagator functions alone
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if this graph is omitted. Without this graph,

G prmprmp = (—%CA)2 (dmr)~4(—p?) 2 {m 2 [—2 34416y +121n 2] + O(e)} .
(4.6.10)
Since é,‘f; must be constructed from the difference or ratio of ghost propagator functions
and the momenta are restricted to p; = p, = p, there are three two-loop configurations

that may contribute. These are:

_ N (1
69 — (o ser fnaf[ s -2 2ma] s 00)

Gw (@g) - @gg) = (4m)7%(—p?) % {ln 2 _—-z —8+4y+2In 2] 4 0(5)}

G (W —GY) = (4m)4(-p?) > {m 2 _—g ~8+4y+6ln 2] + 0(5)} ,
(4.6.11)

It is found that G‘,(,z; can be constructed from these three combinations. The result is

2
=(2) _(_ 2 L@ A@71 L TA0 [A0) _ A0 Law a0 A0
Gb,z pi=p2=p — (_§CA) {—5 [GQP - Gl(7 )] + ZGg) [Gg) - G2p] - ZG2P [Gg) - G?p] .

(4.6.12)
which can be verified by inspection. The function C;‘b,m can now be written in four dimen-

sions as
- . ) )
s = 14 (3508 6 -68)

L oA NV [ liae _ AL Lian _ 012 L 3 A0 (a0 _ a0
+<—§g CA) {5[0 — G+ 4 [G0 - G + SeW [69 - &)
+0(g%). (4.6.13)

4.7 Summary

In this chapter, the possibility of relating two contracted ghost-gluon vertices with some
combination of two-point functions has been investigated using perturbation theory. It
was found that there exists a unique identity, true in all gauges and dimensions at the
one-loop level.

The one-loop identity found (4.1.3) was derived by demanding that a simple combi-
nation of contracted ghost-gluon vertices should be independent of the massless triangle

integral ® which does not occur in the expressions for two-point functions. This was
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achieved uniquely and it was discovered that in doing so, the two-point integrals decom-
posed immediately into exactly the right combinations as to be identified with the ghost
propagator function. The one-loop identity admits several extrapolated forms for a pro-
posed identity true to all orders. It was then found that the one-loop identity (4.1.3) could
be extended to include the first level of gluon self-energy corrections. These corrections
contain the first fermionic contributions to the equation.

The renormalisation properties of QCD were then used to constrain the form of the
identity. By demanding that there was no connection between the different renormalisa-
tion coefficients, it was possible to restrict the possibilities. This led to a single equation
at two-loop perturbative order that had to be satisfied if the identity were to be true.

The two-loop perturbative calculations were done in the Feynman gauge and with a
certain momentum configuration. This simplified the integrals greatly as there were only
single powers of denominator factors and all the integrals had only one external scale.

Finally, the components of the two-loop renormalisation constraint equation were put
together. It was found that the identity, even in Feynman gauge and one particular
momentum configuration, could not be satisfied. However, it was seen that by omitting
a certain graph containing an explicit four-gluon interaction that the constraint equation

could be satisfied under these conditions.



Chapter 5

The Identity for the Ghost-Gluon
Vertex

In the previous chapter, an attempt was made to find an identity relating the ghost-
gluon vertex to some combination of two-point functions. The starting point for this was
the functional identity (2.4.1) which involved connected and disconnected ghost-ghost
scattering. As such, this was not suitable for application directly into a useful form and
so, perturbation theory was used in order to see whether or not an identity existed that
would not depend on the four-point functions. Unfortunately, no such identity was found.

In this short chapter, the equation (2.4.1) is studied more directly. By decomposing the
Green’s functions and Fourier transforming into momentum space, an identity relating
the two, three and four-point one-particle-reducible and irreducible functions is found.
This identity is not suitable for Schwinger-Dyson purposes since the four-point functions
canhot be dealt with, but nonetheless some information can be obtained.

In the first section, the identity is derived in momentum space. In the second section,
it is checked to one-loop order in perturbation theory and then with one-loop gluon
insertions. This is interesting because the identity involves terms that are reducible as
well as the more usual one-particle-irreducible terms. In the final section, it is shown that
some information about the infrared behaviour of the ghost-gluon vertex can be extracted

which will be of use later on.

5.1 The Momentum Space Identity

In section 2.4, a functional identity relating the ghost-gluon vertex to some combination of

connected and disconnected ghost-ghost scattering was presented. This equation, derived
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by von Smekal et al. [2], follows directly from the BRS invariance of the full pure Yang-
Mills theory and has the following form in Euclidean space:
1 1

c b a
¢ (C (A )04 () -

(Co(2)T° (2)0A(y)) = ~L 14e(C(2) 0 (2)T° (2)C° (w).
(5.1.1)
Note that these are full, reducible correlation functions and so, the four-point function on

the right-hand side can be decomposed into connected and disconnected parts as follows
(C°CoT'TY = (C°T")CT?) — (C°THCT) + (C°C*T"TY, (5.1.2)

where the minus sign is by virtue of the Grassmannian nature of the ghost fields and the
subscript ¢ denotes the connected four-point function. The correlation functions in (5.1.1)

are not truncated and so can be further decomposed to make the external legs explicit.
1 -
E/dudvdw L' (v, w; u)85D* (z, u) D(z, v) D(w, y)
1 .
—E/du dv dw T (v, u; w) 04 D" (y, w) D(2,v) D(u, T)
= —gf**D(z,2)D(2,y)
—%fc‘ie/du dv dw dt T (v, t;u, w)D(z,v)D(2,t)D(u, z) D(w,y)  (5.1.3)

where now, the ghost gluon vertex and ghost propagator functions (in configuration space)
are one-particle irreducible, whilst the four-point ghost function is still reducible. Both
sides of the equation can be expressed in the form F(z,y,2) and it is now useful to do a

Fourier transform to momentum space in the following way’

F(p1,p2,p3) = /dwdysz(:v,y,Z) exp {—[p12z + p2y + psz]}. (5.1.4)

For clarity, it is better to consider each term in turn. The first term on the left-hand side

of (5.1.3) becomes under the transform

/d:n dy dz du dv dw T (v, w; u)%aﬁD‘“’(:c, u)D(z,v)D(w, y) exp {—1[p1z + p2y + psz]}.
(5.1.5)

Now it is possible to make the following identification for the two-point functions
1
D(z,v) = W/d‘h dg2 D(q1, ¢2) exp {2[q12z + ¢2v]}

1
D" (z,u) = W/dfh dgz 191, D(q1, 42) exp {dq1z + qaul}. (5.1.6)

11 what follows, the integral measure d%z or d%q will be abbreviated to dz or dg to keep the equations
from getting too cluttered.
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Putting these into the term then gives

e 1 1 ,
/dm dy dz du dv dw T'® (v,w;u)W/dql . ~dQGEZq1pDu (1,94) X
D(g2,95)D(gs, 6) exp {2[(q1 — p3)z + (g2 — 1)z + (g5 — P2)y + qau + gsv + gew]}.
(5.1.7)

Recognising the Fourier transform of the momentum space ghost-gluon vertex
f‘,c,b"(—q5, —Q6; —q4) = /du dv dw fﬁba(fu, w; u) exp {2[qau + gsv + gsw]} (5.1.8)
then leads to
1 T chba 1 v
/dmdyde/dql ... dgel's* (—gs, —ge; —Q4)EZQ1uD" (q1,94)%
D(q2,45)D(gs, g6) exp {2[(g2 — p1)z + (g3 — p2)y + (¢1 — p3)z]}. (5.1.9)

The next step is to realise that since the propagator is invariant under a translation in

configuration space, it can only depend on one momentum. In fact, it can be shown that

D(qy, q2) = (27)%% gy + ¢2) D(q1). (5.1.10)

Substituting in for the propagator functions and integrating out the delta-functions gives

/ dodydz 5 55 / dgs ... dgsT'* (a2, 43; QI)équuD” (41)D(g2) D(gs) X
exp {t[(g2 — p1)z + (g3 — p2)y + (@ — p3)zl}- (5.1.11)

Now, the remaining integrals over z,y and z can be expressed as delta-functions since

/d:c exp {1(q1 + @)z} = (27)4% (¢ + @2). (5.1.12)

This, coupled with the recognition of the Slavnov-Taylor identity for the gluon propagator

0, D" (1) = 312 (5.1.13)

gives the final form for the first term in (5.1.3)
e 3T p) D)D) (5.1.14)
3

The second term in (5.1.3) is identical to the first but with (z,a) interchanged with
(y,b). This is simply an exchange of the labels associated with the gluon and in-ghost

legs and thus, the second term can be written down immediately as

z%f‘ﬁ“b(pl,pg;pg)D(pl)D(pa). (5.1.15)
2
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The first term on the right-hand side of (5.1.3) corresponds to the disconnected scat-
tering of two ghost fields. Taking the Fourier transform in exactly the same way as for

the previous expressions gives?

/d:t; dydz D(z,2)D(z,y) exp {—[p12z + p2y + p3z]}. (5.1.16)

Using (5.1.6), immediately leads to

/dmdydz(%r%/dch.--dQ4D((J1,Q3)D(‘I2,Q4)X
exp {2[(gs — ps)z + (@1 + @2 — p1)z + (94 — P2)y]}- (5.1.17)

Again using the scale invariance of the propagator, the expression becomes

/dmdydz(T;W/d(h dgaD(q1) D(g2) %
exp{t[(—q1 —p3)z + (@1 + @2 — 1)z + (—q2 — P2)¥]}. (5.1.18)

The integrals over z and y are delta-functions and integrating these out gives

D(ps)D(p2) /dz exp {¢(—ps — p2 — ;1)z}- (5.1.19)

The final integral over z is again a delta-function but this time remains as an external

factor, giving the final expression for the term

D(ps) D(ps)(27)*8% (1 + P + ps). (5.1.20)

So far, the expressions presented are no more than those contained in (2.4.3). However,
the final term on the right-hand side of (5.1.3) is new. Under the truncation scheme of
von Smekal et al. [2], this term was neglected. The term corresponds to connected but
not one-particle irreducible ghost-ghost scattering. In the convention adopted here, the
ordering of the legs is as follows: the legs are defined in an anti-clockwise way, with the
first two arguments referring to out-ghost fields (just as the first argument of the ghost-
gluon vertex refers to the out-ghost leg). As far as the Fourier transform is concerned
though, the details of the function are not important. Thus, it is possible to proceed as

before and the transform of this final term is

/ dz dy dz du dv dw dt T (v, t; u, w) D(z,v)D(2,t) D(u, z) D(w, y) X

exp {—1[p1z + p2y + paz]}.
(5.1.21)

20Omitting the pre-factors for now.
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Again, the first thing to do is to replace the configuration space propagators with their

Fourier transformed momentum space counterparts as in (5.1.6), giving

1
/dxdydzdudvdwdtffe“b(v,t; u, w)W/dQI'--dQSD(QI’QS)D(‘]%QG)D(%,W)X

D(qs, gs) exp {2[(q1 + g2 — p1)z + (g1 — p2)y + (g5 — p3)T + gsv + g6t + gru + gsw]}.
(5.1.22)

Now one can identify the Fourier transform of the four-point function

I‘ge“b(—qg,, —qe; —Gq1, —Q8) = /du dvdwdt I‘ffe“b(v, t;u, w) exp {2[gsv + got + qru + gsw]}
(5.1.23)

which leaves

1
/diﬂdydzwfdm~--dQSPgeab(—%,—qﬁ;—Q7,—Qs)D((h,(15)D((12,<16)D((I3,(I7)><

D(qs, gs) exp {2[(q1 + g2 — p1)2z + (94 — p2)y + (g3 — p3)x]}.

(5.1.24)
Using the translational invariance gives
1 EaQi
/dm dyde/dql---d@H‘ *(1, 925 43, 94) D(¢1) D(42) D(g3) D(a)
exp {2[(q1 + g2 — p1)z + (94 — p2)y + (g3 — p3)z]}.
(5.1.25)

The integrals over z,y and z are all now delta-functions which when written out explicitly

give the form

1 EQ
(2m)d /dQ1 ... dga8%(gs — p3)8?(gs — p2)0* (1 + g2 — p1)T9% (q1, q2; g3, q4) X
D(q1)D(q2)D(g3)D(g4). (5.1.26)

Integrating over gs, g3 and g4 then gives
1
—(27‘_)‘1 /dqlrgeab(qlapl - Q1;P3,P2)D(q1)D(p1 — Q1)D(P3)D(p2). (5127)

This is the final result for the last term in (5.1.3). It is interesting to note that it carries

precisely the right integral measure as to be indistinguishable from a normal loop integral.
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Putting the equation (5.1.3) back together gives

zz—gfi"“(pl,pz;pa)D(pl)D(pz) - zi—gfﬁ“b(pl,ps;pz)D(pl)D(pa) =
—9f°**D(ps) D(p2)(27)*8 (01 + pa + p3)
—gfaie (2;),, /dqll“ﬁe“"(ql,pl — q1;93,02)D(q1) D(p1 — @1) D(p3) D(p2).
(5.1.28)

This equation now involves momentum space Green’s functions alone. In order to proceed,
it is necessary to extract the more usual propagator and vertex functions that appear in
perturbation theory. It is possible to eliminate the explicit delta-function by using the
translational invariance of both the three and four-point functions in configuration space,
just as in the case of the two-point functions to give

zz—gf‘ﬁ"“(pl,pz;ps)D(pl)D(pz) - Z%f‘i“"(pl,ps;pz)D(pl)D(pa) = —gf®* D(ps) D(p2)
3 2

1
—ngde(z—Tr)g / dQ1Fgeab(Q1,P1 —; Pa,Pz)D(lh)D(Pl —CI1)D(P3)D(P2)
(5.1.29)

where now, the momentum conservation is included implicitly in the definition of the
Green’s functions. The next step is to rearrange this slightly, dividing through by the
propagators to obtain

— lI"'c a - pu Te -
D(ps) IZ%F:}’ (pl,Pz;Ps) — D(p2) 121—73—FVab(p1,p3;p2) = —ngbaD(pl) !
3 2

1
—ngdeD(Pl)—IW /d(theab((h,M—(h;Ps,Pz)D((Il)D(pl —91)-
(5.1.30)

Now, this equation is written in Euclidean space. Performing a Wick rotation into
Minkowski space alters only the loop integration measure dg; since the whole equation

has the same dimension throughout

1 D= -1 P Sea _
D(ps) lz;%Fﬁb“(pl,pz;ps)—D(pz) 12;%1“3"(1)1,1)3;1)2) = —gf*D(p)*
3 2

2 1D (1) g [(~0dal$ (g1, p1— 015 p0,72) D) Dlpr — ).

(5.1.31)

1
(2m)¢
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Finally, replacing the Green’s functions above with the Feynman rules outlined in 1.1

leads to

95 [G3'P5To(pr, P2, ps) + G2 'P5T (p1, 15, p2) + PIGTY] =
2 petetcrt [ %GwGpl_wrﬁe“b(w,pl—w;pa,pz). (5.1.32)

The last term in the above equation refers to connected ghost-ghost scattering. It
is not usual for such an identity to contain one-particle-reducible parts (ie graphs that
become disconnected when one internal propagator is cut) and further, the one-particle-
irreducible graphs do not occur at the one-loop perturbative level. It is pertinent to verify
the equation at the one-loop level, if only to check the pre-factors and ordering of external
legs.

Notice the symmetry of the equation. Since the four-point function on the right-hand
side involves combinations of identical Grassmann fields, then under interchange there will
be a relative minus sign. For example, consider the interchange of the two in-ghost fields,
ie (p2,b) ¢ (ps,a). The right-hand side gains a minus sign. On the left-hand side, there
is an explicit symmetry between p, and ps but the structure constant ¢ automatically
changes sign under interchange of a and b. Now consider the one-loop identity of the
previous chapter (4.1.3). Neglecting colour pre-factors, this equation was antisymmetric
under interchange of p; and ps. This indicates that (5.1.32) is not the same as the form
under consideration in the previous chapter. However, (5.1.32) still contains reducible
four-point interactions and the whole purpose of the last chapter was to see if an identity

independent of such contributions existed.

5.2 The One-Loop Identity and Gluon Self-Energy
Insertions

It is relatively straightforward to check the identity (5.1.32) at the one-loop level. In
fact, since such an exercise has already been done before, it will be no more complicated
to include gluon self-energy corrections at the same time. The reason that this is no
more complicated is that in general gauge, the gluon propagator splits naturally into the
gauge dependent longitudinal part and the transverse part which is multiplied only by a

dimensionless function (the self-energy) of one argument. At tree-level, this function is
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can be written as

- 2 d%w
D=1 (500 5 [ s A (), 2.
Gs 39°C8) o7 [ gy e+ A (@) (5.2.4)

The term p?G7! is written in such a way as the integrals are expressly symmetric under

the interchange p; ¢> p3 by suitable changes of variable. The expression is

1 2 —1 dw
PG =p - (—2—920A) / (2 — @)2(ps + )2 (=P1u) ¥
[(ps + w), A (p2 — w) + (P2 — W)y A" (ps + w)]. (5.2.5)

It is now possible to construct the left-hand side of (5.1.32). Writing for convenience
cha _ cha ~1, v -1 v 2, v—1
gf*[lhs] = gf [G:; P5L,(p1, P2, p3) + G2 P00 (p1, p3, p2) + PGy ] (5.2.6)

then after expanding the transverse projectors and rearranging the tensors one obtains

-1, ‘w
[lhs] = (Tg CA) /wz(m - Z1)2(173 +w)? g

{— PruAY (py — w) [203(ps + ), — (ps + w)*w, |

—pruA® (ps + w) [202(p2 — W), + (P — w)’w, ]

2 .
A (w) [(Pz (s W), (plu _ pr—p)

2p1-p
+(p3 + w)?(p2 — W)y (Pw - ;—221121/)
3

+ 9} (ps + w)u(p2 — w)u] } . (5.2.7)

Changing variables such that the argument of A is always w immediately gives

[Ihs] = (%ﬂﬂc,,) / T j;:zm — w)zA“”(w) {pf(ps + w)u(p2 — w)y
P1-P2

+2(py — w)?(ps + w), (plu - p—;fspi’m) +2(p3 + w)?(p2 — w)yu (pl., T2 p2u)} :
3 2
(5.2.8)

Now consider the integral

d%w
[ s Ao + )y =21 (529
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two-point function. For a one-particle-irreducible four-point function (or higher), since
there is no tree-level expression, the whole function must vanish. In the case of the ghost
self-energy, when one considers the Schwinger-Dyson equation, it is immediately apparent
that the whole equation is proportional to the external momentum squared, ie it has a
non-zero dimension. Whilst the integrand of the loop term does indeed contain the factor
above, when the factor p? is divided through to get an expression for the dressing function,

this factor becomes

Pv
700 (5.3.2)

which does not vanish as p— 0. The ghost Schwinger-Dyson equation will be studied in
detail in the next chapter.

Consider now the reducible terms occurring in the function T'%%(w, p, — w; ps, p2).
These terms are effectively those shown in fig. 5.2 but with full vertices. If either p; or p;
vanishes in either graph, then the vertex connected to that line will become bare. Now
since this vertex is bare, the graph is simply proportional to the out-ghost momentum
contracted with the (transverse in the Landau gauge) gluon propagator, which by mo-
mentum conservation will have the same momentum. Thus both the reducible graphs
vanish.

It is now possible to study the identity (5.1.32) as ps — 0 (or equivalently ps — 0).
Recall that the identity is
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ngba [G§1p§fu(p1,pz,p3) + G;‘piu(pl,ps,pz) +P§Gl_l] =
9 rede, 2,91 (_1‘) ddw deab
—5 PG, /mGme—wF4 (w, p1—~w; p3, Pa)- (5.3.3)
By the above arguments, the right-hand side vanishes since both the reducible and irre-
ducible parts of the four-point function in the integrand vanish. The ghost-gluon vertex

of the first term becomes bare but since as p; — 0, ps — —p1, then this cancels the last

term of the left-hand side. This leaves

G5'P4T. (p1, P3, P2)lpso = 0. (5.3.4)

Finally, it is now pertinent to show that Z; =1 in Landau gauge [21, 43]. As before,

the vertex is renormalised as follows

Fﬂ(pilza g, M) = Zl (E) g, i, A)f‘#(pilgb, b, A) (535)

where p is the renormalisation scale® and the divergence is simply expressed in terms
of some quantity A*?. The momentum arguments have been condensed to (p;,p2, p3) =
p;. Now, the unrenormalised vertex function f‘u(p,-|§b, g2, A) in general gauge is singular.
After the bare coupling and gauge parameters have been replaced by their renormalised
counterparts |
2 4 -
%=%Zg,&=%& (5.3.6)

the vertex function can be expressed (expanding out the Lorentz structure) as

f‘u(pila ga A) = pl,uX(piIZa g) A) + pSMY(pi'Za ?1 A) (537)
The renormalisation equation above can thus be written
f‘[t(pi,Za §7 )u‘) = Zl (27 —g_v I, A) {plyX(pilga §7 A) + PSuY(PiIZ, ?; A)} . (538)

Now, in the limit p — 0 in Landau gauge, the unrenormalised vertex function reduces to

it’s tree-level form so

LplEgm]_ = 20,5,m 0. (539)
£€=0,p20
3Not to be confused with the Lorentz index!
4The specific regularisation procedure is not important — it is assumed that there exists some ‘perfect’
method
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Now, since the tree-level vertex is explicitly finite, the renormalisation coefficient cannot
be dependent on the regularisation parameter. Also, Z; is a dimensionless function so
it cannot depend on the dimensionful renormalisation scale (the renormalised coupling
is dimensionless). Furthermore, it cannot depend on the coupling since this has its own
dependence on A and px° so

Lpl€g |  =apy (5.3.10)

£=0,p20

where Z; is simply a constant determined by the renormalisation prescription. In per-
turbation theory, where one conventionally uses a subtraction scheme such as M.S, this
constant would simply be the lowest order part of Z, ie. unity. The only scheme in which
this constant is not unity is the momentum subtraction scheme where z; depends on how
one defines the physical value of the vertex. However, in this thesis, we shall not be using

the momentum subtraction scheme. Thus
Z, =1. (5.3.11)

The renormalisation coefficient is independent of the external momentum, and so, no
matter what the external momentum scales are, the vertex needs no renormalisation.
This means that the unrenormalised vertex (in Landau gauge) is explicitly finite® and is
completely independent of the regularisation. Also the renormalised vertex is independent
of the renormalisation scale.

The reduction of the full ghost-gluon vertex to it’s bare form as the in-ghost momentum
vanishes and the simple form of it’s renormalisation coefficient will be used heavily in the
next chapter. These two observations simplify the Schwinger-Dyson equations sufficiently

to give at least a prdmising starting point for extracting useful information.

SRecall that Z can be defined in terms of either the renormalised of unrenormalised coupling.
SRemember that the unrenormalised vertex is expressed in terms of the renormalised coupling,.




Chapter 6

Powerlaw Behaviour in Landau
Gauge

In this chapter, the infrared behaviour of the QCD Schwinger-Dyson equations in Landau
Gauge will be discussed. In previous chapters, the infrared behaviour of the truncated
equations was extracted qualitatively from the dimensional consideration of the renor-
malisation scale dependence of each of the terms. Here, this argument will be refined
and applied to the Yang-Mills sector of the theory. It will be seen that there is only
one function necessary to completely describe the infrared behaviour of the propagators.
Unfortunately, it is found that this function cannot be constrained completely, and so
only a qualitative analysis can be done without introducing some form of ansatz.

In sections 2.3 and 2.4, it was the truncation of the Schwinger-Dyson equations that
allowed the analysis to be done. In the case of section 2.3, the bare vertices provided
an excellent means of introducing the idea behind the dimensional arguments. However,
with bare vertices, the gauge invariance of the theory cannot hold. In the case of section
2.4, the angular approximations played a crucial role in the derivation of the results.
In the light of the failure to find a simple identity relating the ghost-gluon vertex (and
hence the triple-gluon vertex) to some combination of two-point functions (the previous
two chapters), there is no natural truncation of the system and so one may be greatly
discouraged. However, the dimensional technique for treating the IR region may be able
to provide more information even without a specific truncation scheme. In order to do
this, it will be necessary to refine the IR powerlaw arguments.

Consider a general two-point dressing function F' in a massless gauge theory. It is
a dimensionless function of a single variable. Now, in the renormalised theory, there

are only two scales (with dimension momentum squared), the external scale p? and the

102
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renormalisation scale y which this dressing function can depend on, anything else being
simply a constant (for example the number of quark flavours or number of colours).
Thus, the argument of the function must be the ratio of the two scales in order to be
dimensionless. As this ratio tends to zero, the function can be written as a Laurent
expansion and this expansion will have a unique lowest power which is a constant. Thus,
one can write to lowest order in the expansion

Fpu)=F (”—2) o~ (”—2>a. (6.0.1)

7 p

One may imagine that a complete expansion for F' could be made in this manner. How-
ever, in practice this cannot be done since the general solution for F' implied by the
renormalisation group involves dependence on the running coupling of the theory, which
itself has an implicit dependence on the scale. It is only the lowest power of the expansion
that can be written in a simple way.

This principle will be applied to the two-point functions of QCD. These functions
obey a coupled set of Schwinger-Dyson equations which are in practice insoluble, but
by using the IR powerlaw behaviour noted above and by demanding that the equations
reproduce consistent behaviour, it is possible to at least get a feel for the IR properties
of the theory. In the first part of this chapter, the general notations will be presented.
The second part looks at a toy model of a coupled set of Schwinger-Dyson equations that
involves most of the features present in the analysis. These features include vertices that
respect qualitatively the ideas of renormalisability, the improved angular approximations
necessary and the interplay between the IR and UV parts of the integrals that will be
shown to be inherent in the study of powerlaw behaviour. The next part then looks in
more detail at the ghost-gluon system without quarks. By using a quite general ansatz for
the ghost-gluon vertex, the important features of the system that will be seen in practical
studies are highlighted.

One issue to be addressed immediately is the possible existence of an IR scale (k) which
is associated with the transition from the perturbative to the non-perturbative regions.
This scale could for instance be a physical scale such as the proton mass squared. The view
taken throughout this work is that although this scale may exist, the Schwinger-Dyson
equations do not explicitly contain information about it from the outset and so, this scale
is not used in determining their solution. It is hoped that the equations themselves will

give rise to a solution that manifests this scale somehow. The most likely scenario is
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that this scale would be associated with the transition region where powerlaw behaviour
is replaced with logarithmic behaviour. Since the idea is to work with only the lowest

power, then this scale will not interfere with the discussion.!

6.1 Notation and Conventions

In this chapter, the renormalisation constants of the theory are defined in the following

way
T 0w = Z3'(wA) JTN(YIA)
G@®lw) = Z5(u,A) G(?|A)
F(*ln) = Z3'(p,A) F(p|A)
Fu(l’hpz,mm) = ~(M, )f‘u(Pl,pz,PﬂA)
Tuvp(pr, 02, 03l18) = Za(p, A) Tpp(pr, p2, ps|A)
T, (p1,02,0301) = Zuir(u, A)TE (py, pa, pslA) (6.1.1)

In Landau gauge, Zl(u, A)=1. The renormalised coupling is written as

9= Z
7373

9° (1, A) (6.1.2)

and the Slavnov-Taylor identity (which ensures that the renormalised coupling is inde-
pendent of the vertex used to define it) is written here in it’s renormalisation coefficient
form [21, 43]: )
Zy  Zy _ I
Zl Z~1 ZIF .
In the IR the renormalised two-point functions reduce to their powerlaw forms which

2\ &
T @ "2 a(p—)

@

2

. B
Gl T b(%)

Tl "2 f (%) 6.1.4)

(6.1.3)

are written as

10One may also wonder about the perturbatively generated Agcp. However, this scale is used to give
a physical reference scale (instead of the arbitrary renormalisation scale) from which the renormalisation
group can be used to find results at some other external scale, so there are still only two scales with which
to work with.
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6.2 A Toy Model

In this section, a toy model of Landau gauge QCD will be studied in order to introduce
certain technical issues relating to subsequent work. The model incorporates many of
the salient features of the Schwinger-Dyson equations necessary to investigate the IR
powerlaw behaviour of the theory and is intended only to provide examples of these such
that subsequent work will be made more transparent. The gluon self-interaction vertices
are completely neglected for heuristic purposes. The ghost-gluon vertex is taken to be
bare and the quark-gluon vertex is reduced to a minimal form which respects the Slavnov-
Taylor identity in the form written in the previous section. These vertices will be seen
to have the right features necessary for a consistent discussion. It is understood that the
gluon propagator will of course not be transverse, but that is not the issue here. The

unrenormalised vertices are written as

f‘u(pl,meSIA) = Puu
1 - _
Lu(pup2psld) = 576 [Fr+ FY. (6.2.1)

6.2.1 The Schwinger-Dyson Equations

It is now necessary to write down the Schwinger-Dyson equations (Minkowski space). In
order to make this chapter more self-contained and to highlight certain points such as the
contraction of the gluon equation and the different vertex forms, the equations will be
derived in full although certain parts will be identical to previous discussion. Using the

Feynman rules of section 1.7, the ghost equation with a bare vertex is written as

diw Gy J?
ad 2 -1 _ gad 2 p—w abey( bde _ taﬂ 6.2.
3Gy = 6%~ [(—) = (0l ) (0 palp — Wt (W), (6:2:2)
so that .
diwGy_J;
-1 — 2 p—w o taﬂ . 2
Gyt =140 Ca [ ot pappt™ () (6.23)
The quark equation is
1) dtw F,J2, ,
0ipFy, " = byp - / Iy w2 (=91 T (— 9Ty (w, —ps p — W)t (p — w)
C? d'w F,J G
— . a2 A p—wp—w v 1 1
= 0P+ dijng 20,4 P2 (p — w)? YVt (p — w) 5 [Fw + F, ]

(6.2.4)
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In order to turn this into a scalar equation, one pre-multiplies by p and takes the trace

over the Dirac gamma matrices. This gives

03—1/ 2w F,J; Gy 1

4P’F = 4p? g’ [F +F, ] " (p — w)Tr {Pyubr. }-

2C4 w(p—w)? 2
(6.2.5)
Explicitly evaluating the trace and doing the tensor algebra
C? -1 d*wF,J1 G, 1
F-l1-1 204 / wipwpmw 2 [l
P tig 20, wp—w)? 2 [ +Ey ] %
2 2 2 2
o (1-me) 3 (@) g W)
(p— w)? P2w? 2 p? P2
(6.2.6)

The gluon equation is written (with a single quark flavour) as

21V d4 G ‘UG abc c U v
PGP y = S () + ()T TR (g £ (< £ () (p ~ )
4
+ [0 e ) o B + B Tr b @ - )
:6adp2tuu(p)+zg2CA5ad/ dw;"‘sz—I:—:gw l-l-(p_w)u
R ;i Fvwa [F2, + B2 Tr {7y (4 - 9}

(6.2.7)

Evaluating the trace

dw Gp_,G

P (), = Pt (5) +19°Ca [ 2 (p—w)”

/ d'w G, F,_ wF
—1
w?(p — w)?

w?(p — w)?

[F, + B Wt (w — p)* + 0w = p)* — ¢*'w-(w — p)].

(6.2.8)

Now, this is a tensor equation and for convenience it is suitable to contract with R,, =
(gu,, - 4%’%) /(3p?). This contraction will be discussed further in the next section, be-
cause there are some considerably important points attached with it. That aside, the

gluon equation simplifies to

Jy = 141g° / pz—d—‘!wf—szw"(p—w)” [CaGp-uG + 2G,Fp o F (F + FY)]
(6.2.9)
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The three equations (6.2.3,6.2.6,6.2.9) must now be studied. In order to extract any
kind of information, one Wick rotates into Euclidean space. This of course raises many
issues related to the validity of such a procedure but from our point of view, the whole
theory could have been defined from the outset in Euclidean space and so these concerns
are not important. The next step is to regulate the integrals with an ultraviolet cutoff
scale A. Again there are many questions raised about the validity of the approach — these
will become especially important in the next section.

After the Wick rotation, our toy Schwinger-Dyson equations become

G;l = 1—g2CA/%“zisin20,
o= 1- gzcé%c_,,l / d%ﬁ;ﬁfgﬂ_w% [FH+ F]
[2@1’—:)2-31112%; ((p—;;"ﬁ ~1- g)] :
J, = 1- 92/;%2?%)—2 [—%wzsin20+ %(p —w)+ %w"’ - %pz] X

[CaGp-uGu + 2G,F, uFy (F, + FJY)]
(6.2.10)
where 6 is the angle between vectors p and w. The integration measure can be split into

radial and angular parts and it is convenient to rename the momenta such that p? = =,

wl=1y, (p—w)® =1x+y—2/Tycosf = z. The equations thus become

2 A T
al=1-12 CA/ dny—lE/ a0 sin® 022,
0 mJo VA

1672
F;' =1
2 2 _ A - -1
__ 9" Ci 1/ 1[ _Fi]z/ '29‘12_@[2?'29 §<E_1_g)
16m2 2C4 Jo dy2 1+Fx ™ odaSln z Pl +2 T z/]’
J = 1
2 A9 g 17 4 z 1
g . 2 [ Y . o Y ]
- - 7, - |-= 0+ —+— — —||[CuG, G, +2G,(F, + F,)|.
167r2/0 dyW/OdsmGz 35 S0 0+ 5o+ 5 — 5] [CaGGy +2Go (Fy + )]
(6.2.11)

It is now appropriate to re-express these equations in terms of renormalised quantities.
This is done using the earlier definitions of the renormalisation coefficients. Since all
quantities in the equations are renormalised, it is possible to omit the bars. The equations

are

~ A 2w G,
Goh =2~ ACa [ dy i [ db sin* =22, (6.2.12)
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C2 -1 A 1 F _lG
Fl! =2,— 7 A it
. 2 1FA /0 dy 5 [1 + l / df sin® g2t —2F

2CA z
3
{29 sin?@ + - (f 1 y)] , (6.2.13)
z 2 \z z
A2 ) 17 4y . y 1
Jo = Za— )\/d—/ 29= [~ 2Y sin? v _Z
" 3 W 0dt9sm 92 3 in 0+2 +2:1: 5| %

[CAGz,uGy,# +2215Gop (Fy,u + Fz,#)] ’ (6.2.14)

where we have used Z; =1 and X = g%(u, A)/(1672).

6.2.2 A Simple Integral and the Powerlaw Approach

In order to make the subsequent discussion clearer, a simple (though unphysical) integral
will be studied here. This integral shows that whilst it is relevant to expand a two-point
dressing function as a Laurent expansion in z/u, it is not the same as expanding the
Schwinger-Dyson integral due to the presence of the additional scale A. However, it will
be shown that from the point of view of the power of the lowest term in the Laurent
expansion, there is no difference.

A general renormalised Schwinger-Dyson equation has the form
G Na,p)=Z(Ap) -1 (6.2.15)

where I is some integral. Suppose that the (complete) integral term of a Schwinger-Dyson

A
I:/ d—yln(1+3+f) (6.2.16)
s poop

where z is the IR external scale, p is the renormalisation scale and A is the arbitrarily

equation was

large cutoff scale. The result of this integral is:

I:(1+-4+5)1n<1+§+-’9)+f—§—(1+23)1n(1+2-"3). (6.2.17)
Lo pon)nom p m

As £ — 0, this becomes

2
I:<1+é)ln(1+§)—é+£1n<l+é>—lx—24 !
© L) B r) 2p 1+

It is clear that the terms independent of z should be identified with the renormalisation

+0(z). (6.2.18)

coefficient Z and these would be subtracted away. The rest of the integral is more compli-

- cated due to the mixing of terms dependent on z and terms dependent on A. This is the
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general behaviour of such integrals. However, it is also immediately apparent that this
integral is not physical because it cannot be renormalised properly. This is the principle
that will be used - it will be assumed that the integrals in the Schwinger-Dyson equations
have a renormalisable form such that the dependence on z and the dependence on A
can be separated. What this means in practice is that the equation will be expanded in
powers of 1/u. If the integral is renormalisable, then it is in principle possible to extract
the lowest (but only the lowest) power of z/u from the integral. This will become clear
in the following discussion.

The idea is as follows — all 2-point functions will be replaced by their lowest powerlaw
term. On the left-hand side of the equation, this is clearly valid in the regime where
the external momentum scale is vanishingly small. In a loop, as the argument of any
internal propagator factor vanishes then this is also valid. Now, as the argument of any
unrenormalised internal propagator approaches the UV, the function must become unity.

This is achieved by noting the following

G| Zs(m, ) = G(P*|A)
2\ 8 _

The renormalisation coefficient Z5 must be identified as that function that removes the
p-dependence of the renormalised function such that the unrenormalised function is in-

dependent of the renormalisation scale u. Thus

. A\ 7P
)~ (5) (6219)
7
so that
p2 h 2 5 A
G(p2|A)~<X) LS (6.2.20)

The renormalised Schwinger-Dyson equation is in fact only just the unrenormalised equa-
tion with all unrenormalised quantities replaced by their appropriate renormalisation co-
efficients multiplied by the renormalised function. Thus, the UV properties of the internal
propagators will be consistent as long as the renormalisation coeflicients have been iden-
tified correctly. Since only a simple power can satisfy the multiplicative renormalisability
condition above, then only a single power can be used.

The vertices have their complete u-dependence specified via the Slavnov-Taylor iden-
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tity. In its renormalisation coefficient form, this is written as

% - %* _ Zi; (6.2.21)
In Landau gauge, Z; =1 and so it can be seen that all the pu-dependence of the remaining
vertices can be expressed in terms of the propagator renormalisation coefficients. So
again, if one can identify the renormalisation coefficients, then the full y-dependence of
the vertices can be extracted at the lowest power in 1/u. The problem of the vertices
will be seen to be one of determining the behaviour as two of the momenta approach
the cutoff A and the third (external) momentum vanishes such that the proper z and
A-dependence of the integral is extracted (the pu-dependence should already be correct).
One issue connected to this regards the major advantage of the powerlaw approach. The
UV behaviour of the integral is not the same as the perturbative expression due to the
presence of the explicitly non-perturbative scale z. The integral must give rise to the
lowest powerlaw term on the left-hand side of the equation and the only candidates for
this must have the lowest power of 1/u. The A-dependence coming from the vertices
is a secondary concern and can be subsequently derived in order to give consistency.
The powerlaw approach gives the natural framework from which the z-dependence of the
integral can in principle be extracted. With a suitable framework it is possible to see
what parts of the various vertices are then important and concentrate on only these. This
will be seen in practice in later sections when using a general form for the ghost-gluon
vertex.

Lastly, the renormalised coupling has it’s pu-dependence given directly by the renor-

malisation coefficients in the following way

T, A) = Z}?§g2. (6.2.22)

In summary, the tactic is to try and identify the renormalisation coefficients for the
propagators at the lowest order in an expansion of 1/u. These coefficients depend on p
and A. Clearly, an expansion in powers of A/u cannot be convergent, since A is arbitrarily
large. However, this does not matter. What is required is simply that these coefficients
remove the u-dependence of the renormalised functions. The renormalisation coefficients
thus need only the lowest 1/u term and the rest is irrelevant. The form of the Schwinger-

Dyson equations will automatically give this term. Since in the integral, all lowest factors

of 1/u coming from the propagators, vertices, renormalisation coefficients and the coupling
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have been isolated, then the integral can only give the terms with the lowest power of
1/p. The propagator renormalisation coefficient is then that part of the integral that is
explicitly dependent on A and independent of z. For consistency, this must have the same
power of 1/u as the renormalised function on the left-hand side of the equation in order
to satisfy the multiplicative renormalisability condition.

After the renormalisation coefficients of the coupled equations have been identified
and the UV divergences removed, one is left in principle with only those parts of the
integral that are independent of A. However, in practice this will not be the case since
the powers are not known. The resulting integral will indeed have only those terms with
the identified lowest power of 1/u but there will be several such terms, each with a certain
z and A-dependence at a certain power. It is then necessary to consider each of these
terms in turn. By setting the unknown power of A to zero in one of the terms, (such that
the term is definitely the lowest power of z/u) and demanding that all the other terms
then vanish due to positive powers of z/A, one can look for consistency in the coupled
set of Schwinger-Dyson equations. If consistency can be found, then the unknown powers

have been constrained. This is what we are after.

6.2.3 The Ghost Schwinger-Dyson Equation

Now consider a real Schwinger-Dyson equation. It is easiest to study the ghost equation
(6.2.12) first since this is the simplest of all the Schwinger-Dyson equations in QCD. The
arguments of the preceding section will be reiterated for clarity, since now they are in a

definite context.
On the left-hand side (lhs) of (6.2.12) as z — 0, the function will reduce to it’s IR

lowest powerlaw form. This means that it has the following u-dependence:

1 —B
thN(E) . (6.2.23)

The right-hand side (rhs) of the equation must also have this dependence. Now consider
the form of the integral of (6.2.12). Since the vertex is bare and the integration knows
nothing of the renormalisation scale p, the only u-dependence can come from the two
propagator functions. Again, it is emphasized that in this IR analysis, one is looking for

the lowest power of 1/, so it is valid to replace the unknown propagator functions with
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their respective IR powerlaw forms. This gives

N 1\ _

rhs ~ Z3 — A (—) . (6.2.24)

7

Recall that the quantity A has it’s own u-dependence given by the renormalisation co-
efficients Z3 and Zs. To ensure that multiplicative renormalisability (MR) holds (in the
powerlaw sense), these coeflicients must have a py-dependence that cancels that of their
respective renormalised propagator functions such that the unrenormalised functions do
not depend on u. In general, they will be complicated functions but they must contain
such factors so as to ensure that the assumed IR powerlaw behaviour is multiplicatively

renormalisable. Thus,

. (AP A\
Zq ~ (—) , Ty ~ (—) (6.2.25)
7 T
which (recalling the earlier definition) gives rise to '
_ A —-a—28
A~ Z3Z2 ~ (;> : (6.2.26)

One caﬁ then see that the rhs of the ghost equation naturally has the same u-dependence
as the lhs. This argument could have just as easily been used in reverse. That the rhs
must have this dependence for consistency means that A and Z; must have the above
forms and MR is then seen to hold (for this IR powerlaw analysis)?.

It is pertinent to discuss here the main difference between this and previous studies
of the same equation [1, 2, 3, 33, 34]. That in the renormalised equation, the coupling is
allowed to also be more than'simply a constant has not beén emphasized explicitly before.
If one were to take A to be simply a constant then automatically @« = —23. That previous
authors found that this gives rise to wonderfully consistent results gives credence to the
original assertion that A is indeed a constant. The ethos of this work is to show that this
is the only consistent scenario in the IR.

The next point to be raised regards the renormalisation scheme being used. The often

used momentum subtraction scheme is not used here, since this violates one of the greatest

2 Again, note that this is only true for the single lowest power. In general, there is no simple power
series that can keep multiplicative renormalisability. Studying the dimensionality of the equations that
define the renormalisation coefficients one is led to the conclusion that naively, there can be only a
single term for each function with a unique power for each equation. However, this is not what the
renormalisation group implies. The complete solution certainly involves more than a simple power law.
The resolution to this is that the characteristic powers and coefficients associated with each equation are
actually dependent on the coupling, which itself has a dependence on both the renormalisation scale and
the cutoff. It is only in this IR analysis that the simple power behaviour may hold.
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simplifications of QCD in the Landau gauge — namely that for the full theory Z; =1. To
recap, in the Schwinger-Dyson equations, a slightly different scheme must be employed.
Put quite simply, the renormalisation coefficients will be defined as a powerlaw term that
removes any terms dependent on A and independent of z. If the power is zero (ie the term
is a constant) then there is necessarily a confusion as to whether this constant is part of
the renormalisation coefficient or part of the renormalised function. This will be seen in
practice later. The use of this scheme allows one to see that naively, there is an interplay
between the IR and the UV terms. Such interplay will provide many interesting points.
Having introduced the powerlaw nature of the equation, it is now possible to proceed.

It is necessary to define precisely the form of the renormalisation coefficients and the

quantity A: ;
23 = 53 (é> y Z3 = Z3 (é) s (6227)
K H
2 —a—-28 —a—28
52 9 A i A
= — | — = — . 6.2.28
maz () x5 (6.2.29)

The ghost Schwinger-Dyson equation (6.2.12) can now be written as

B -8 —-a—28 atf 4 d @9 e B-1
(f) = b3 <§> G CaN (é) (f) [ (9) = [" a0 sin'6 (3) .
7 7 7 7 o z \z/ wJo x
(6.2.29)
It is now necessary to do the angular integration. If one were to do the angular integrals

exactly, the result would be a combination of hypergeometric functions. The general

angular integral is actually

/W df sin® (0) (—z—)n =4 (r + 1 1) (yf) 2F1(—n, —n—r;r+1; y_<) , 7>1 (6.2.30)
0 T

2’2 Ys
where
T y<zc Y< ylz y<cz
¥ {y y>z 'y, {w/y y>z (6:2.31)
(3T )
11 Cir+35)T (35
- =] = . 6.2.32
ﬁ<r+2’2) Tr+1) (6.2.32)

In order to make the subsequent discussion tractable, it is necessary to make the following
approximation. The hypergeometric function will be replaced by the first two non-zero

terms in it’s expansion with respect to the argument y./y-. For the angular integral in
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the ghost equation, this becomes

2 7 . 4 z B-1 _ 3 UYs B-1 Y
7r/o df sin 9(:1:) = Z(?) 2 1—,5,—1‘5,3,;;)

3 [1+W—3_115] y<zx
A ) e

v
The validity of this approximation can be tested directly using MAPLE to plot the differ-

Q

(6.2.33)

ence between the exact and approximated forms for a range of 8 and y./y-. Typically,
this approximation leads to an error of around 5 —10%. However, the justification for this
approximation does not lie in it’s numerical accuracy, but rather will be seen to be the
necessity for a way of looking at the UV part of the radial integrals. It is to be noted that
this approximation is vastly more accurate than the widely used y-max approximation
(which in fact only retains the first term of the expansion) because it includes at least
in a crude way the dependence of the integral on the unknown power 3. This allows the
approximation to follow the shape of the hypergeometric function.

Substituting the angular integrals into (6.2.29) and using appropriate changes of vari-

able gives

-8 -8 —a-28 a+fB
(z) =m(3) -pre(3) () -
Iz p 4 p 7
2 z 2 _
{/1 dt lta+—(6 — l)ta“l +/M dt lta+ﬂ—1+——(ﬁ 1)t"+5”2]}. (6.2.34)
0 3 1 3

It is immediately apparent that the lower integral and lower limit of the upper integral are
simply numbers. This is the case for all such integrals. On important point to note is that
in this lower integral @ > —1 must be true. This ensures that there is no IR regularisation
needed. If one were to evaluate this integral with integration over the ghost momentum
(rather than the gluon momentum), then one would obtain the bound 8 > —2. In the
upper integral, there are similar restrictions. Because this whole analysis is based on a
powerlaw approach, there can be no logarithms mixing with the lowest power. This means
that o + 8 # 0,1. This will prove to be a very useful restriction. Proceeding with the

integration, one gets

-8 -8
(E) = bz (é) - éabZCA/\’X
p v 4

()7 G e () a2 (2) 5}

(6.2.35)
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where Iy, (a, B) denotes the combination of the lower integral and the lower limit of the
upper integral, which is a pure number.

There are several things to discuss at this stage. The first is the final form of the upper
integral. If one were to try and do the angular integrals exactly, the resulting upper radial
integral does not have the convenient limits 0 — 1 which allow the radial integral to be
done nicely. Instead, there is the more awkward A/z. Thus, the exact integral would be
some incomplete hypergeometric function. This can be expanded as a power series in z/A,
but the fact remains that one would end up with a similar form to the above (albeit with
different numerator coeflicients). The result would still be terms with the same powers of
A. The next term in the series would have the factor z2/A%. However, recalling the IR
bound that the lowest power of the overall equation, 8 > —2, this term must definitely be -
subleading and can play no part. This is the justification for the angular approximation
— only the first two terms in the series will contribute and whilst it is known that the
numerator coefficient will in general not be correct?, it will become clear that this is of no
consequence. It is only the fact that the powers of z and the denominators (whose zeroes
indicate the logarithmic bounds) will be as above that is important.

The second point to discuss is the retention of the upper part of the integral. In
previous studies, this part of the integral has been assumed to only contribute to the
renormalisation and has been removed along with Z5. The central theme to this work is
that this procedure is not valid. It is asserted that until proven otherwise, it is entirely
possible for the UV part of the integral to give rise to terms that may be contributing
to the lowest IR power or will at the very least restrict the IR behaviour. In the above
equation, this corresponds to the possibilities that 3 = 0 or 8 = —1. The point is that
these cases must be considered in detail.

The third point is that this UV term proportional to z/A gives a lower bound for 3.
In the equation, one is looking for the most singular term that gives a consistent value for
B. There are three possibilities here: —8 = 1,0 or —8 = a+ 8. If it is shown that 8 # 0,
then it will take on the lower of the remaining two values. So if -8 = a+ 8 then 8 > —1
(it cannot be equal to —1, since this would give rise to a logarithm, ie. a+ = 1), on the
other hand if =8 =1 then oo + 8 > 1 — either way § > —1. One may be tempted to say

that the numerator of the /A term vanishes in the above equation, but then one must

3This is clearly the case when one considers the other momentum routing of the equation. The
numerator coefficient is a(a — 2) instead of 82 — 1.
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remember that the value of this numerator is due to the angular approximation.
The final point is that the three possibilities mentioned above are mutually exclusive.

This will be important when one considers the coupled system.

6.2.4 The Quark Schwinger-Dyson Equation

Now consider the quark Schwinger-Dyson equation (6.2.13). This can be treated in exactly
the same way as the ghost equation but now one encounters an extra renormalisation
coefficient Z;p. This coefficient is given by the Slavnov-Taylor identity (2.1.9). In the

notation employed here
A B—
Zhp = 2275 (;) : (6.2.36)

Using the powerlaw description, (6.2.13) can be rewritten as

AN A7 C2—1 (AP 2\ prdy 1 Y\
(;) =z (;) BT (;) (;) [l (G) ]~

T a+f-1
3/ df sin®0 (5) [2” sin?6 + > (5 —1- y)] . (6.2.37)
w Jo T 2 T

2 T

Again there is the powerlaw consistency with the powers of pu, indicating that at least
qualitatively MR holds. The particular form of the vertex used here has been chosen in
such a way that this would automatically be the case. Using the angular approximation

technique and appropriate changes of variable, one finds

I -7 (A>-'r o2 —1 (A>—a—ﬁ—7 ($>a+ﬂ
= = fz|-— —abf )24 20371 [ = = X
(u) I=\4 X, 75\ u

{/01 dt % (1417 [(a+ﬂ)t+ §(0+ﬂ)2(a+ﬁ B 2)t2]

(a+B)t !+ %(a + B (a+ B - 2)t‘2] } :
(6.2.38)

Az 1
+ / dt 5 [1+ £7] ¢>1P
1

Again it is seen that the lower parts of the integral are just a number. Also, there is
the IR restriction that v > —2. There are also the UV restrictions that in the lowest
contributing power, there can be no logarithmsso a+ 3 # 0,1 and a+ 8+ # 0,1. It
is to be noted that these restrictions are dependent on the vertex ansatz. This is clearly
evident if one were to omit the second term of the vertex which gives rise to the terms
involving powers of v — the second set of restrictions depend on the inclusion of this term.

It is entirely possible that a complete vertex could completely change the UV integrals
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such that the restrictions are different. This is a possibility investigated later with the
ghost-gluon vertex.

However, simply doing the integrals, one arrives at the equation

—y — 9
(£> = fz (%) —abf/\'CA 1z253‘1x

[ 204
faesn (2) (27 (1) s g e on (1) 7
() SEEEE T e

where I,(c, 3, y) denotes the pure number coming from the lower parts of the integral. The
first thing to note is that the term in the vertex proportional to the external momentum
scale (the term mentioned in the previous paragraph) has given rise to a term in the UV
part of the integral with exactly the same z/u dependence as the left-hand side of the
equation. This term is very interesting because it tells us that the IR powerlaw cannot be
given by the IR part of the integral but rather by the UV part. To see this, consider the
case where this integral goes logarithmic « + 8 + v = 0 (the logarithm is of A/z). This

log is multiplied by the external factor

B E-6)

and so one is faced with the inconsistent term*

In2 <5>_7. (6.2.41)

T \

Thus, the vertex term has created a term in the UV part of the integral that explicitly
tells us that a + 8 + v # 0. This powerlaw is what one would have concluded if the UV
part of the integral had been assumed to be simply part of the renormalisation coefficient,
showing that the IR powerlaw analysis must be very careful about which terms contribute.
As a direct result of this inequality, the IR number term must be subleading as £ — 0 and
SO

a+ B> —y. (6.2.42)

4The inconsistency is a consequence of the assumption that the IR behaviour is a pure powerlaw.
Higher order terms in the IR expansion may indeed contain both logarithmic and powerlaw factors but
it is demanded that for the lowest power, such terms cannot contribute.




CHAPTER 6. POWERLAW BEHAVIOUR IN LANDAU GAUGE 118

The second point to note in this equation is that the term simply proportional to
(%) e %, as in the case of the ghost equation, places a lower bound on v. Just as before

v > —1.

6.2.5 The Gluon Schwinger-Dyson Equation

The last equation to consider is the gluon equation (6.2.14). Having introduced virtually
all of the important concepts via the simpler ghost and quark equations, this will be
analysed in the same way but with the details omitted. Inserting the powerlaw forms for

all the functions

() =) o)

A
/dyzde 26 [ — sin 9+%+%—%Jx

poa ()" ) G emres ()G () )

Doing the angular integrals and using suitable changes of variable

—a —a —a—28
() =) (B
p " It

{b2CA (%)2[3 {/()1 it l:—;'(ﬂ _ 1)tﬂ+1 + %(,32 —1)(B - 2)tﬂ+2]

o [ [he - vt Lo - (s - 207 |

~ B=7 [ \B+Y 1 1 1 1 1
+2bf 225t (2)77 (2) {/0 dt [—51,”“ +3t™ 4 S = D+ (P - (- 2)t2]

[ [50P - 28  Sa - 1)( - wﬂﬂ}}
(6.2.44)

Again it is seen that for IR consistency 8 > —2 and v > —2. The UV logarithmic
consistency argument should also be noted. It is demanded that there be no logarithmic
contributions in the leading order powerlaw term. This means that for example v could
be zero, as long as it was multiplied by a factor of z/u that had a higher power than —a.
In fact, in this case we know that this is so — the factor multiplying the log would be

~ z8+7 and from the quark equation it is known that —a < 8+ . This aside, the result
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for the integral can be written as

— =az | — —al | — X
I K M

T 28 B— B+v
{b2CA (ﬁ) Jon(B) + 2bf 2925 (%) (3> Jo(7)

:
wa A0 () At ()
v [52 G () v o0 () () 5]

where Jyu(8) and J,(y) represent the pure number content of the lower integrals.

6.2.6 The Coupled Schwinger-Dyson Equations

All three of the Schwinger-Dyson equations have been written in a suitable form (equations
6.2.35, 6.2.39 and 6.2.45), so it is now possible to couple the system and derive constraints
between the unknown lowest powers ¢, 8 and 7.

The first such constraint is that 8 # 0. In the integral form for the gluon equation
(6.2.44) this clearly gives rise to a single logarithmic term (~ InA/z). The factor mul-
tiplying this log would be (A/p)”™* (if 8 = 0). This means that it would, in general, be
part of the renormalisation (since a + 3 # 0 is already known from the ghost equation
constraints, it cannot be part of the left-hand side either). However, the renormalisation
coefficient must be strictly independent of z and so by elimination 3 # 0.

This leaves only two possibilities for the powerlaw of the ghost equation (6.2.35) and
it is easiest to investigate these next. Consider the scenario where § = —1. In the ghost
equation, since a+f # 1 and one is looking at the lowest power, this means that o > 2. By
inspection, the gluon equation (6.2.45) has only one term that is a candidate — the term
proportional to J,(v). However, from the quark equation, it was seen that —a < 8+, so
this term cannot match the lowest powerlaw for any values of «, 8 or y. Thus in the gluon
equation, there is no term that can give rise to a consistent IR powerlaw with g8 = —1.

Again by elimination, it is found that 8 # —1. The only remaining possibility is

a=-28, B>-1, B#0. (6.2.46)
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It is thus possible to rewrite the three Schwinger-Dyson equations with this powerlaw

substituted in. They become

2\ (AT 3 2\ 1 (A7
([-l,) = bZ3 (;) -Z(lb CA/\ {(;) th(a,ﬂ)+m (;) }, (6247)
- A it 2
©)" - m(l) oSt
(é)‘”+ (@ +B)? (a+ﬁ—2) (é)‘"’g
L 3a+p-1) pw/ A

(eth) (2\7, (etpPlath-2) (z\ 2
+(a+ﬁ+7) (“) + a+B+y-1) (ﬂ') A} (6.2.48)

28 28
(B =
28 2 ¥
e o [(B2—1) BB’ Mz
{bC’A(/) Jon(B) +b°Ca [ 123 (u) T 24(26—1) (u) AJ
8

+2bf 2075 " [(726—;2) (%)ﬂ (E)ﬁ + 2]217(7+ L)(y-2) (2) (u) ] }

(6.2.49)
where terms that clearly do not contribute to the leading power behaviour have been

> 8

eliminated. The constraint —a < 8 4+ 7y becomes v > .

In the gluon equation above (6.2.49), there is a term coming from the UV part of the
quark loop with an z-dependence z?. Since 8 # 0, this term must be subleading in the
IR so 28 < 3, thus 8 < 0 and a > 0. This relation allows one to dismiss in the gluon
equation all but the first of the terms coming from the UV part of the integrals. The

equation reduces to

z\* A , z\* . (B2=1) (A\?

It is seen that the quark contributions are completely subleading.

In the quark equation (6.2.49), given that v > 3, then v > —1 and so it is possible to

eliminate most of the terms.

(%) T fz (%) . abeCg‘C;lzzs;l {(%) ) + (a—(% (i—) —7} . (6.2.51)
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In summary, the coupled Schwinger-Dyson equations have reduced to

AN 7.\ N TV 72 1 (A\7*

(;) = ng (Z) - Zab CA)\ {(;) Igh(a, ﬂ) - @ (;) }, (6252)
A A7 G-t (T B (z)T

(u) fzz(u) RATR {(N) (v - 8) (ﬂ) }(6'2'53)

28 AF 28 . 2_ 1) [A\P
(E) — az (;) —a) {bch (E) Jon(B) +b CA(ﬂ—mE_) <;> }6.2.54)

with the restriction that —1 < # < 0 and v > S.

6.2.7 Summary of the Toy Model

In this section, a toy model of the Schwinger-Dyson equations has been studied in the
IR. The purpose of this was not to find specific results, but rather to introduce a few of
the concepts involved in an IR powerlaw analysis. The most important concept was the
existence of a lowest power for each of the two-point functions. This led naturally onto the
idea behind the renormalisation of the equations in this regime and the possibility that
the renormalised coupling was also not a constant with respect to the renormalisation
scale.

In order to proceed, an angular approximation was used. This approximation is supe-
rior to the oft used y-max approximation, but the real justification was the observation
that even with exact angular integrals, the qualitative features of the integrals were pre-
served. This of course negates the possibility of a proper quantitative analysis.

The next point raised was the necessity to include the UV parts of the integral in a
consistent way. If some kind of momentum subtraction renormalisation scheme had been
used, vital information would have been lost. It was seen (in the quark equation) that
specific terms in the vertex used could indeed give a UV integral that contributed to the
IR behaviour of the equation. Moreover, these integrals provide bounds to the unknown
powers. In order to ensure consistency in the lowest power terms, it was demanded that
there be no mixing of the lowest power with logarithmic terms. This proved to be a very
useful constraint.

Finally, it was shown how such a set of equations could be coupled. Although the
complete solution was not found, a unique powerlaw relationship was unambiguously
obtained and the value of the unknown powers was constrained. This is the information

that was sought.
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6.3 The Ghost-Gluon System

In the second part of this chapter, the quarks will be neglected. This leaves the pure
Yang-Mills sector of the theory. It will be assumed (though this should be verified) that
the four-gluon interaction can be safely dropped because it is purely subleading in the IR,
or at the very least, does not produce any new features. The triple-gluon vertex will be
shown explicitly not to interfere with the discussion. This will lead to the quite general
result that the gluon propagator function does not diverge in the IR, whilst the ghost
propagator function does not vanish.

The first section looks at a general form of the ghost-gluon vertex that is suitable for
the type of analysis used. This draws heavily on the experience gained with the toy model
considered previously. This vertex form leads to the full ghost Schwinger-Dyson equation
in the IR which is seen to be not much more complicated than with the bare vertex.
However, the arguments negessary to proceed with the derivation of the IR powerlaw will
be seen to be more subtle than before.

The second section then looks at the gluon loop of the gluon Schwinger-Dyson equa-
tion. Using a completely general argument it will be shown that for the purposes of a
practical study of the Schwinger-Dyson system, the gluon loop can be omitted as long
as one remembers certain caveats. It will also be shown that for consistency, the gluon
propagator function cannot diverge in the IR.

The third section goes on to study the remainder of the gluon equation. The issue
of practical transversality of the propagator is discussed and this leads to the not incon-
siderably contentious issue of the quadratic UV divergence of the bosonic equation. This
phenomenon will occur quite naturally in the powerlaw analysis used here and so will be
discussed in detail.

Finally, the system will be coupled. It will be seen that although no single conclusion
can be made, the possibilities are clearly demarcated. They are shown to depend on a

certain kinematical limit of the particular form of the vertex used.

6.3.1 The Generalised Ghost-Gluon Vertex and the Ghost
Schwinger-Dyson Equation

Consider the ghost-gluon vertex. From the Lorentz structure, it is possible to write down

the general form for the renormalised vertex function in terms of two dimensionless scalar
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functions®
T,(p1,p2;p3) = pra X (02, p2; 03) + p3,.Y (02, p3; p2). (6.3.1)

For simplicity, the arguments of the functions X and Y will be abbreviated to X;23 and
Y123. In Landau gauge the vertex has the wonderful property (that in fact gives rise to all
the simplifications of full QCD necessary for the powerlaw approach!) that as the second

argument p, vanishes, the vertex becomes bare [21]. This means that

0
L1, p2;03) P2 puu (Xias — Yias) — pauYias
= D (6.3.2)

Thus, as ps — 0, the functions X;s3 and Yis3 cannot be singular.
Now consider the full ghost Schwinger-Dyson equation in powerlaw form (analogous
to (6.2.29))°. It is

(f) 7 (A) O (é) - (-‘9) " / hay (-y-)a 2 [ d sint6 (f)ﬁ_l Xsay-
7 7 7 I o z \z/ wl z

(6.3.3)
Recall that all the Schwinger-Dyson equations analysed in this manner split into two parts
after angular integration. The lower part of the integral is simply a number multiplied
by the generic dependence on z, 4 and A coming from the powers associated with the
renormalisation coefficients, the renormalised coupling and the propagator functions of
the integrand. The upper part of the integral, where the integration variable takes the
value of the cutoff A depends specifically on the vertex ansatz used. Because the lower
integral reduces to a number whose value will not be important to the powerlaw relations
that are being investigated”, it is possible to tailor the general vertex ansatz to be correct
only in the UV part of the integral without loss of information. This allows one to utilise
a general power expansion of the vertex in order to discuss the powerlaw behaviour of the
equation.

The general form of the vertex suitable for the equation above is written

mn P2 p3
Xzzy =Tr9+1 (E) + 7 (E) + 73 (g) . (634)
Yy Z z

5Recall that in Landau gauge the vertex is independent of the renormalisation scale y.

6There is no need for a discussion of the justification of the powerlaw form here, since the equation is
virtually identical to before.

"This tacitly assumes that this number is not zero. This case will not be considered because it is
highly unlikely that a practical calculation could produce this, unless specifically engineered to do so.
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This form requires some discussion. The coefficients r,, are simply constants and the
pn # 0. Since it is known that this function, as £ — 0 or equivalently (as is the case in the
equation (6.3.3)) y, z— A, is not divergent, this forces p;, p, > 0. The next point to note is
the inclusion of a dependence on 2. It would appear that since z = z+y—2,/Tycosf — y,
as £ — 0 these terms are not necessary to the UV part of the integral. However, the effect
of the angular integration cannot be foreseen, so these terms are included for completeness.
It will be seen that the last term is definitely important. This is actually an ‘indicator
term’ in the sense that when z = 0, all such terms will combine to become a single
constant. Without a specific vertex ansatz though and not knowing what the effect of the
angular integration could be, it would be necessary to include all such terms. Thus when
considering factors proportional to r3, one should be mindful that this actually indicates
a complete set of factors.

One now substitutes this vertex into the equation (6.3.3). As in the previous discussion
of the bare vertex case, it is possible to use the angular approximation. Because the result
for the bare vertex is already known, one can anticipate the form of the resulting integrals

and omit terms that are definitely subleading. The result is

-8 -B —a—28 a+f
(2) 7 =0 (2) 7 - Baroun () T () it

Az 1
[t [ro+ra)t o 2 (ro(8 = 1) + ma((8 - o) — 1)) £
+7"1ta+6—p1_1 + T2t0+ﬂ—p2—1]} . (6.3.5)

Note that there will be logarithms generated if a + 8 = 0,1, p; or p;. Proceeding with

the integration for now,

-8 -8 -a—28 a+f
(%) = b§3 (%) - ZaszA/\' { (%) (z‘) Igh(a1ﬂ)+

— (%)ﬂ G P pl 1) () ?
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B o1 -B p2
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The terms dropped from this equation are terms that have a resulting power of z higher

>~ 8

than one. It is assumed that the numerator of the coefficient multiplying the term ~ z/A

is non-vanishing®. This of course means that § > —1. It is seen that the two terms in

8The reader is reminded that in this term, the numerator coefficient is not actually known. In order
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the vertex dependent on z (ie those with r; and r3) give rise to exactly the same form of

term. Thus they are combined into a single term denoted by r; and p; giving

to find it, one would not only have to do the angular integrals exactly (as in the case of the bare vertex)
but would also have to know exactly the form of the vertex functions independent of z. This is because
the term arises from the subleading parts of the angular integral and thus depends on the value of p3,
which represents the complete set of all such terms.
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B /AP 3 N7\ a+f AP
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ro(B?% — r3((B — p3)* — P A
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(6.3.7)

This equation should now provide all the information content possible for a completely

general vertex ansatz in the IR powerlaw regime.

6.3.2 The IR Part of the Gluon Loop in the Gluon Schwinger-
Dyson Equation

Consider the gluon Schwinger-Dyson equation. It contains a loop term involving two
gluon propagators and the full triple-gluon vertex. Now recall the generic form of this
integral. It will have a lower part which is simply a number multiplied by some known
factors involving z, 4 and A and an upper part which is governed by the UV integral
(which is dependent on the form of the vertex in the limit that the external momentum
goes to zero and the other two momenta go to A).

The factors multiplying the lower integral number can easily be found by analogy with
the integrals that have already been studied. These factors are the renormalised coupling,
the triple-gluon vertex renormalisation coefficient, the two gluon propagator functions in
the integrand and the factors inherent to the renormalised vertex function (which obeys
it’s Slavnov-Taylor identity). They are derived from their y-dependence and are written

respectively as follows

OO TEET-OTET e

Note that the overall u-dependence is equal to that of the inverse gluon propagator func-
tion appearing on the left-hand side of the full equation, showing that MR is again holding
in the IR powerlaw sense.

Suppose that this term was responsible for generating the lowest power of the equation
as £—0. This would mean that 8 = —2a. Now consider the powers associated with the

ghost equation (6.3.7) with this powerlaw substituted in:

200 ~ -, 0,1, p; (6.3.9)
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The first of these powers (coming from the IR part of the integral) tells us that in order
to be consistent & < 0. The other three powers (and indeed all other powers) are all
greater than zero so this would force a = 8 = 0. However, it can already be foreseen that
this possibility is contained within the ghost loop of the same equation®. This point is
not trivial because it indicates that in this study, the IR part of the gluon loop can be
entirely neglected. If the only way that the IR term of the gluon loop can contribute is
indistinguishable from another term in the ghost loop, then the only change that occurs
in it’s omission is in the coefficient. However, this coeflicient cannot be known without
a specific vertex ansatz and that is not what is under consideration here — we are only
concerned with the consistency of the powerlaw.

Given that the gluon loop IR term cannot give rise to a power lower than that of
the lhs (unless a highly unlikely cancellation occurs) this means that o + § > —a« or
2a > —[3. Again one considers the terms arising in the ghost equation. If the first (IR)
term dominates then o = —20 and the gluon loop constraint becomes a > 0 and g < 0.
If any of the other terms in the ghost equation dominates then # < 0 and again a > 0.
Thus, neglecting the possibility of an extremely delicate cancellation in the IR part of the

gluon loop,
a>0,-1<B<0 (6.3.10)

and the IR part of the gluon loop can be neglected. This is a central result to the study.

6.3.3 Transversality and the Ghost Loop of the Gluon Equation

It is a well known fact that in Landau gauge, the gluon propagator must be transverse. The
gluon Schwinger-Dyson equation is a tensor equation and in the powerlaw regime what
this means is that the dominating IR contribution must be multiplied by the transverse
projector t,,. Now, it is not known a priori which term (or terms) give rise to the lowest
power and so, a slightly esoteric approach to this issue must be taken. The approach is as
follows. It is assumed that the only candidate for the lowest power term coming from the
IR part of one of the loop integrals is that from the ghost loop. All other candidates have
origins in the UV parts of their respective integrals. It will be demanded that the ghost

loop is transverse in the IR on the basis that if the IR part of this integral dominates'® then

91n fact, the possibility that the lowest IR power is zero is contained within any properly renormalised
loop integral since it merely corresponds to the term independent of z, usually associated with the
propagator renormalisation coefficient.

10This is actually quite likely. The consistency gained in this scenario is remarkable.
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since it is the only such part, then it must be transverse. If on the other hand the IR part
of the ghost loop does not dominate, then one of the UV parts of either the ghost or gluon
loops must be doing the job. However, the UV parts of such a Schwinger-Dyson integral
give rise to only certain powers (specific integers or —a itself) multiplied by coefficients
that cannot be derived without knowing the vertex. These powers can arise in the ghost
loop alone and so the gluon loop is neglected for now. When discussing the UV parts, it
will always be assumed that more than one term of the Schwinger-Dyson equation may
be contributing but this total combination must be transverse so the above condition on
the ghost loop seems a reasonable place to start. The UV part of the gluon loop will be
discussed later.

The gluon Schwinger-Dyson equation with only the ghost loop contribution can be
written as
d%w Gp_Go

P2 (p — w)? wl‘f"’(p - w,w; —p). (6.3.11)

t* (p)Jp = t*(p) +19°Ca /

Writing the vertex function in the form of (6.3.1) gives

d'wGy_,G.,
B (p)Jp = () +2g"Ca [ P

{—w*w’ X (p — w,w; —p) + wp” [X(p — w,w; —p) = Y(p — w,w; —p)]} .
(6.3.12)

Now, the tensor integrals can be rewritten as
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(6.3.13)
Using these, the gluon equation becomes
" (p)Jp = t*(p)
1 dt*wG,_,G prw?
(N, 2 p—wbw _ _ _
t(p) 39 CA/ 0 — W) X(p — w,w; —p) [1 Pzwzl
pHp” adtw Gy Gy p-w?
po ’C /m X(p-w,w;—p)lpw-— p ~Y(p - w,w;—pp-w|.
(6.3.14)

It is now apparent that if only the ghost loop is to contribute to the IR behaviour of the

equation then
2

d*w GpyGoy ' pw P20
/p2w2(p—w)2 X(p—w,w;-p)|pw-— P —-Y(p—-w,w;—ppw| = 0 (6.3.15)

is a necessary condition to ensure transversality. It is to be noted that this condition

holds only when p? — 0. The remainder of the equation is thus

1, 4w Gy G p-w?
Jp =1- glg CA/ pT(p%(:))TX(p — W, W, —p) [1 - p2w2 . (6316)

Performing a Wick rotation, renormalising and writing in the usual way, this equation is

written as
1 Adyy 2 (7 . z
Jm,“ = Z3 + g)\CA/(; ?EGy’#;,/O dé SlIl4 OEGZ,I‘XzW' (6317)

Again one can use the powerlaw form, suitable for the IR analysis. The equation becomes

— =az3 | —
u 7
1 \ ’ A —a—2f T 26 Ady( >ﬂ+12 ( )ﬁ_l
+3abCa\ (u> ; /0 - / do sin' 0 Auye.

(6.3.18)
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One now proceeds in exactly the same way as for the ghost equation. The vertex
function X,,, will be expanded in a form appropriate to match the UV behaviour of the

integral. This form is written as!!

91 o2 o3
Xzy:c =8 + 8 (E) + 89 ('{) + S3 (g> . (6319)
Y z z

It is demanded that the vertex be free of kinematical singularities as £ — 0, so one may
naturally think that oy,09 > 0 must hold. However, the o do not denote kinematical
content solely — they denote the full powerlaw content of one part of the vertex (recall
that there are two functions involved with the ghost-gluon vertex). There is no reason to
expect these terms not to be singular, just as the two-point function may or may not be
singular!?. Doing the angular integrals as before and neglecting terms that are definitely
subleading with respect to z (in this case any terms that are definitely vanishing as z — 0)

one can write

(2) "o (&) " dwrewr (2) 7 () (o0

[ [t s 4 (8 1)+ (8- 0~ )£t o] .
(6.3.20)

It is to be noted that logarithms may occur if 28 = —1,0,0;, — 1,09 — 1. Proceeding with

the radial integration and again noting that there is no difference between oy and o3 gives

11 Although this is identical in form to the expansion used in the ghost equation, the terms have
completely different meanings, since the order of the arguments is not the same. The term proportional
to s3 plays the same indicator role as that proportional to r3 in the ghost equation.

12There is a mild restriction derived from the full identity for the ghost-gluon vertex but this refers to
the full vertex, not just the function A considered here.
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() 8 pwer{l) ) e )

(o= 1) + s;é(ﬁ — 03~ 1)) (%) - s s (%) - (%)} .

(6.3.21)

We are now faced with a potentially major problem: the term that should naturally be
giving rise to the renormalisation coefficient Z3 is now what seems to be a quadratic di-
vergence (characterised by the single power of A/z). To explain: as the external scale z
increases, the term on the left-hand side of the equation when combined with its renor-
malisation coefficient should become unity — this means that effectively in this region, the
power a should be zero. Putting o to zero in the right-hand side would therefore give a sin-
gle factor A/z. In perturbation theory (where the external scale is large) such a term can-
not be renormalised and so cannot occur. However, we are not doing perturbation theory!
This term arises quite naturally from the tensor nature of the equation and in the power-
law way of looking at things, the term is completely usual (indeed expected) and can be
interpreted not as a nuisance for renormalisation but as part of the IR expansion.

If one were to look at the full gluon equation in the region where z is large then the
quadratic divergence must cancel, becaﬁse all the two-point functions in the integrand
reduce to their bare forms (all momentum scales are large in this region of the integral)
and one is left with the one-loop expression. However, when the scale z is non-perturbative
(ie. our case) then the two-point functions do not reduce and the cancellation may not
occur. In the full gluon equation where there are contributions from both the ghost-
gluon and gluon self-interaction vertices, there will certainly be factors containing the
two-point functions whose arguments are (the non-perturbative) = and it is this that
removes the need for the absence of the quadratic type termm. This term arises from
the UV part of the integral and is dependent on the vertex (actually the combination
of the various vertices). Thus, the most likely scenario is that if one were to set the o;
to zero (mimicking the perturbative behaviour), then those terms (which are now purely
quadratic too) would cancel against the rest of the quadratic type terms!®. This is a

consequence of the vertices reducing to their tree-level forms which automatically gives

13 Assuming that the regularisation were ideal.
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the one-loop form of the integrals and so cannot give rise to a quadratic divergence. Thus
it is concluded that even if the UV cutoff were translationally invariant, the quadratic
type terms in the pure Yang-Mills part of the IR gluon Schwinger-Dyson equation remain
so that now a > 1.

Recall that the discussion of the previous section centred on the idea that the IR part
of the gluon loop could be omitted. Now consider the UV part of the gluon loop. This will
have exactly the same form as the UV part of the ghost loop but with different coefficients
and powers associated with the general expansion of the vertex. This means that one can
include these terms into the equation above simply by saying that the coefficients are not
known!4. In fact, this is tautological, since these coefficients are not known for the ghost
loop anyway due to the ignorance of the vertex function and angular approximations
necessary. This means that as long as one bears in mind that the terms may have more
than one origin, one only need consider a transverse ghost loop since this includes all the

generic terms that will arise.

6.3.4 Coupling the Schwinger-Dyson Equations

Let us now consider what happens when one tries to couple the equations (6.3.7) and
(6.3.21). Much emphasis has been placed on the inclusion of all the most general terms
in the equation and it would seem that this negates the possibility of extracting definite
information. However, the technique used in this section follows the pattern used with
the toy model and tries to limit the options in a systematic way. There are four distinct
possibilities allowed in the ghost equation (6.3.7), 8 =0, -1, —a — B, or — p;.

Consider the case § = 0. In the gluon equation, this naturally gives rise to a loga-
rithmic term in the ghost loop (the gluon loop may or may not have such a logarithm,
but this does not matter). This is similar to the case with the toy model but now, the
coeflicient of this term is definitely not known, since it relies on the set of terms indicated
by s3 and o03. It is unreasonable to expect a practical calculation to provide a cancellation
(which in any case could be spurious) and so 8 # 0.

Now consider the case § = —1. In order to avoid logarithmic behaviour and provide a

consistent powerlaw in the ghost equation (6.3.7), @ > 2. In the gluon equation, the term

14For the case of the terms that could come from the gluon loop analogous to the o; term, it is noted
that just as in the case for the ghost loop, the only way that these terms contribute is if their power
is —a. Thus again, the terms are on the same footing and can quite easily be included without loss of
generality.
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with o; is the only term capable of providing this and this would require o; < —1. This is
a remote possibility, but the vertex function is dangerously singular if one remembers that
there is a restriction placed on the full contracted vertex whose last argument vanishes to
be less singular than the two-point function.

The next possibility is that = —~28 with —1 < 8 < 0. This is the most consistent
case. In both equations, it is the IR term that contributes to the powerlaw. In order to
avoid logarithmic problems, the other terms (in both equations) must be either subleading
in the IR or vanishing, either way these terms cannot be present. This places restrictions
on the form of the vertex. For example in the ghost equation p; # —f unless r; = 01°. In
the gluon equation similar restrictions apply to the o; terms. There is one special term
and that is the quadratic term of the gluon equation. If 8 = —% then this term must
vanish because it would otherwise produce a logarithm. However if the term vanishes
then there is no problem. The interesting case arises if the coefficient of the term does
not vanish (and in practical cases it won’t). This would necessarily mean that o > 1 and
B< -3

The final possibility is that 8 = —p;. To avoid logarithms in the ghost equation,
a > —2f and so the IR term of the gluon equation must be subleading. Again, if the
quadratic term is present in the gluon equation, then a > 1. The only term that can give
rise to & > 1 is the vertex term o;.

In summary, we have the following. The equations give rise to the logarithmic con-

straints: a4+ 8 # 0,1 and B # 0, —1. The powers are restricted to the ranges

1
a>1, -1<f<-7, a2-26 (6.3.22)

Given this, it is possible to reduce the equations to

() our{ () () e 2 s () (2))

(6.3.23)

15This in fact does not depend on the regularisation scheme used. One could imagine doing the
integral under dimensional regularisation and still getting the same result with the ghost equation. This
is because when o = —28, the coupling is now just a constant. In the integral, any factors of = are
still non-perturbative and have the powerlaw form so can be taken outside. The remaining integral
multiplying this factor has a part in the UV where all functions behave perturbatively and so will mimic
the one-loop form so giving a UV singularity in the form of an € pole. The case p; = —f corresponds to
a function G;! in the vertex. Thus, one would have on the right-hand side of the equation a term with
G7le! whilst on the left-hand side the simple term G;!. One can see now that such terms in the vertex
must cancel or the powerlaw cannot be valid such that the term is subleading.
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()" = dwe{(5) () v it (3)
+;2_2m<2> (%)UH}- (6.3.24)

6.4 Conclusions

In this chapter, the powerlaw approach to studying the IR behaviour of two-point QCD
Green’s functions in Landau gauge has been refined. By expressing these functions as
single powers in the IR, the consistency requirements on the Schwinger-Dyson equations
and the multiplicatively renormalisable nature of the theory are shown to restrict the
number of possibilities down to two. These are either that there exists a relationship
between the different powers or that the specific form of the vertex ansatz used determines
the value of the power. It is seen that in order to distinguish between the two, it is
necessary in general to know a certain kinematical regime of the vertex functions involved.

The central idea in the study is the existence of a powerlaw regime of the theory. This
was based on the observation that there are only two scales present in the renormalised
theory (the external scale and the renormalisation scale). Due to this, all two-point func-
tions could be expressed as powers of the ratio of the two scales such that as the external
scale vanished (the IR regime) the function reduced to a single powerlaw term with a
characteristic power. With this lowest power in mind, the Schwinger-Dyson equations
had to reproduce consistent terms and the renormalisable nature of the theory had to be
maintained. It is recognised that this simplistic view of the equations only holds for the
lowest power since the variables involve implicit dependencies on each other.

The first parts involved a toy model with which important technical aspects of the
approach could be introduced. Such issues were the notations, the integral approximations
necessary (the UV cutoff A, and the angular approximations) and the way in which the
consistency requirements of the coupled system could be employed in order to extract
information. It was recognised that due to the necessarily approximate way of doing the
integrals (even with definite vertices), the information gained would be at best qualitative.
However, there were useful constraints found.

The next part then looked at the pure Yang-Mills sector of the theory in more detail.

Using the experience gained with the toy model, it was possible to anticipate the form of
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the ghost equation and tailor a generalised vertex in order to analyse the behaviour of the
complete equation. It was discovered that the most crucial piece of information that one
needs in order to proceed is the limiting form of the vertex as the second argument (the
in-ghost momentum) vanishes. This is not known presently but would allow one to work
out whether the lowest power of the ghost and gluon propagator functions are simply
related (in which case the IR part of the self-energy integral dominates the IR behaviour
of the equation), or whether the important part of the integral is the UV part (and the
equation is dominated by a vertex term dependent on the external momentum scale). The
next sections looked at the gluon equation and the omission of the pure gluon loop was
justified. This led to the general result that the gluon propagator function cannot diverge
and the ghost propagator function cannot vanish in the IR.

In order to proceed, it is concluded that one must first derive the limit of the first
ghost-gluon vertex function as the in-ghost momentum vanishes such that one may be
able to distinguish between the two scenarios. It is also recognised that the use of the
UV-cutoff leads to a lack of translational invariance in the integrals. The deficiencies of
the cutoff regularisation must therefore also be overcome in order to further constrain
the system (this is in progress [48]). Lastly, it would be necessary to include both the

four-gluon interaction and the quark sector.



Chapter 7

Conclusions

In this thesis has been presented work on the IR properties of the Schwinger-Dyson
equations of Landau gauge QCD. The main conclusions were that a suitable truncation
scheme for the ghost sector could not be found due to the absence of an appropriate
identity for the ghost-gluon vertex but that by using a different approach, the IR behaviour
of the propagator functions could still be constrained.

The thesis started with a brief introduction to QCD, the ghost sector, renormalisation
and the Schwinger-Dyson equations. Next was a short review of the recent work that has
led to the belief that the ghost sector may be of crucial importance to IR QCD.

The next few chapters of the thesis were concerned with extracting information about
the ghost-gluon vertex. In standard Schwinger-Dyson studies, the system of coupled equa-
tions is truncated with vertex ansatze so it is necessary to constrain the vertices as much
as possible. After a preliminary chapter presenting necessary results, it was proposed
to look for such an identity for the ghost-gluon vertex perturbatively. The justification
for this approach was that any non-perturbative identity reduces in complexity when one
considers the tree level and one-loop perturbative forms. It was hoped that this simplic-
ity would give an indication of how to proceed. By demanding that the identity relate
the vertex to some combination of propagator functions, it was immediately found that
there does indeed exist such an identity at the one-loop level. This one-loop identity is
true for all gauges and arbitrary dimension. It was extended to include the first fermionic
contributions. By utilising the renormalisability of the theory, it was possible to constrain
the higher order contributions to the identity. This was again based on the assumption
that the full non-perturbative identity had a simple form that related vertices to prop-

agators. From this was generated consistency equations for the two-loop perturbative
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expressions. By calculating the appropriate two-loop parts, it was found that these con-
'sistency equations could not be satisfied in Feynman gauge and with a specific momentum
configuration. It is concluded therefore that the full non-perturbative identity sought does
not simply relate vertices to propagators but involves other contributions. These could
include the four-point ghost-ghost scattering. It was noted that omitting a certain graph
explicitly containing the four-gluon interaction led to a possible agreement within the
renormalisation inspired consistency equations. This was not followed up but may be a
possible extension of the work.

The original non-perturbative identity put forward by von Smekal et al. [1, 2, 3]
was then studied. Although not directly suitable for applying to a complete truncation
scheme, this identity was shown to lead to a minor restriction on the ghost-gluon ver-
tex function under a certain momentum configuration. Also shown were the important
Landau gauge results that the ghost-gluon vertex reduces to it’s tree-level form as one
momentum argument vanishes and that it needs no renormalisation.

The last chapter concentrated on a different method of extracting information from
the Schwinger-Dyson equations. Instead of relying on a specific vertex ansatz to truncate
the system, the approach centred on the idea that as the argument of a two-point function
vanishes, the function reduces to a single IR power. The multiplicative renormalisability
of the theory was used to rewrite the Schwinger-Dyson equations in a consistent way
that would allow these lowest IR powers to be extracted. It was found that for the pure
Yang-Mills theory, in order to find more information about this lowest power it would be
necessary to study the ghost-gluon vertex as one momentum argument vanishes. It was
also found that in order to be consistent, the gluon propagator dressing function must
vanish in the IR whilst the ghost propagator function must be singular.

There are many areas for further study that have not been touched on in this work.
The first concerns the identity for the ghost-gluon vertex. That such a simple identity
could be found at the one-loop perturbative level gives a tantalising glimpse of something,
but quite what, is certainly not clear. One way to proceed would be to look at the two-
loop quantities in Landau gauge. This would give more information on the possibilities,
but is hampered by the obvious technical difficulties. Another possible area of study is the
advancement of the powerlaw technique. The UV-cutoff regularisation has the problem
that it is not translationally invariant, and this would be a natural place to start. Further,

the quark sector has been neglected. Although work has been started along this path,
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the problem is compounded by the complexity of the quark-gluon vertex. Ultimately, the

aim of this is to provide insight into colour confinement, the outstanding feature that

separates QCD from QED.



Appendix A

One Loop Integrals

In this appendix, the one-loop integrals used in the various chapters are presented. These
include the bubble integral with arbitrary powers of the denominators, the two-point
vector integral and the scalar and vector triangle integrals with unit powers of the de-

nominators. Dimensional regularisation is used throughout.

A.1 The Bubble Integral
The basic one-loop two-point scalar integral (the ‘bubble’) is written in Minkowski space
as follows! (see fig. A.1)

a%w
I(Vl) V2|p) = / [wz]V1 [(p _ w)g]y2' (All)

The integral is trivially symmetric under interchange of w and —w (which will be used

often) and invariant under translation of w (which will be pointed out when used). It can

1The arguments will be dropped for the most part, where no confusion arises.

bo

Figure A.1: The one-loop bubble integral with arbitrary powers of the denominators.
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easily be evaluated in general dimension d = 4 — 2¢ using the following straightforward

steps [5]. Step one is to introduce the standard Feynman parameterisation identity

. _r Pt Am) [
AT = [ dor ... dra8(Cai - 1) M) ) g A2

The integral then becomes

V1 + 1/2 v 1 vo—1 ddw
dxz”'™ 2 . A.1.3
/ T ) / [LL‘UJZ + (1 _ .’E)(p — w)g}lll—f-l& ( )

The next step is to complete the square in the denominator by changing variables using

w=1+p(l—1z) to get

L+ 1/2 m-1( yo1 adl
Ilw—-»l-&-p(l—:t) P(l/l / d ) : / [12 +p2$(1 _ )]V1+u2 * (A14)

Vz) x
The integral over [ is standard and in d = 4 — 2¢ dimensions is
I'(n—2+¢) 2
=y (=1)"(4r) P (—A) e A.1.5
[ G ap = e S -0 (A15)
which immediately gives
I= Z(_l)u1+u2 (47r)—d/2(_p2)—u1—u2+2—eF(Vl + l/2 - 2 + g / dz 1,1 v — E _ )1 vi—€
(A.1.6)
The integral over z is just the Beta-function [49], which can be written generally as
1 T(a+1)I(B+1)
drz®(1 - z)f = A7
/0 z2%(1 - z) T(a+pB+2) (A-17)

giving the final result for the bubble integral

I(UlaV2|p)

_ cevan T+ —=246) 72—y —e)T(2—1p, —¢)
=(—1 vi+ve 4 df2¢ _  2\—vi—vet+2—¢ .
W(=1) (4m) = (=") ()T (1) I'4—v — vy — 2)

(A.1.8)

It is convenient to note that when the powers of the denominators are unity, the result
simplifies to

dw —€ 2
L, =1I(1,1p) = / 5,‘,(;"—_@ = z(4w)*d/2(—p2)-fr(e)%2—)€). (A.1.9)

This result is divergent as ¢ —0, with the divergence characterised by a simple pole in €.

Expanding the Gamma functions [49], one readily obtains

I,,=z(47r)_d/2(—p2)“5{%+(2—'y) (2-27+;7 ~%7r e + O(e )} (A.1.10)

where v is the Euler constant.
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A.2 The Two-point Tensor Integrals

A natural extension of the bubble integral considered in the previous section is the two-

point vector integral defined as?:

ddwwu
(w21 [(p — w)?]»

Notice that the symmetry properties in the bubble integral are no longer present. This

(A.2.1)

I(/J‘|V17V2‘p

integral can be calculated directly using the procedure of the last section but there is a
simpler and more elegant way [50]. The integral has one external momentum scale p and

one Lorentz index y, so can be written

Iy = puJ. (A.2.2)
It is trivial to see that
1
Now
adwp-w 1 d%w

W -w?e  2J W p-w)= (P+u?—(p-w?) (A24)

which immediately gives

1 1 1
I(plv, valp) = 5pu (I(Vl, vap) + EI(Vl — 1,valp) — E);I(Vh Vg — 1|P)) . (A23)

This technique is actually a general method of calculating one-loop vector (and tensor)
integrals in terms of simpler scalar integrals and introduces a kinematical quantity known
as the Gram determinant (in this case just the factor 2p?) which can become quite com-
plicated for higher-point integrals. Notice that in for the case when v; = vy, the last
two-integrals cancel by virtue of the translational invariance of w.

Now consider the tensor integral

d ‘ww,w,

I(y’ahjl,VZIP) = / [wz],,l[(p _ w)z]yz : (A26)

This now has two Lorentz indices and so can be written

Iua = p#pajl + guap2J2~ (A27)

2 Again the arguments will be dropped, apart from the Lorentz index.
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_ diw . ddw N
I(p2,p1,p3) = [ P2 (pz—w) 2 (patw)? L,_M Loy / (s + w)? (pl EER = I(p1, 2, p3)
— d4w —
I(p1,p3,p2) = [ 2(p1_w)2(p2+w WL / (1 — w)zaﬂ s+ W) = I(p1, P2, ps)-
(A.3.2)

The triangle integral is finite as € — 0 (as long as none of the momenta vanish) and in
d =4 dimensions can be calculated using various techniques (see for example [51]). The

result is

L1
I(py, pa, ps) = 1(4r) 2;2-<P(”(w,y) (A.3.3)
3

oD (z,7) =1 {2Liz(—m¢) + 2Liy(—py) +In (%) In (1 + py) + In(pz) In(py) + ’1;—}

A 1+ pz
AMz,y) = \/(1 — 1z —y)? — 4zy, (the Gram determinant)
2
R A3.4
p(z,y) IE—— (A.3.4)
where \ ,
Pi D2
PR G A35
A (A.23)

and L, is the dilogarithm.

It turns out that this integral need only be evaluated under the condition p;=ps=p
p3 = —2p. There are two ways to do this. The first method is to calculate p®)(},1)
directly. Because the Gram determinant A vanishes, the technique is to expand oW in

powers of A first (using MAPLE [47]) and then set z=y=1 to get

I(p,p, —2p)|yey = z(41r)_2l%2 In(2). (A.3.6)

It is a well known result that there are no kinematical singularities in the integral when
A vanishes.
The second way to evaluate I(p, p, —2p) is less straightforward and uses a trick involv-

ing the vector integral. Consider

d%w addw
I(p,p, —2p) = = : (A.3.7)
/ wi(p — w)2(2p —w)?|,_,_, / (p — w)?w?(p + w)?
Now, ; J
dw2p-w ad%w2p-w .
[o=rawrorl,, .~/ eoopeGran =0 439
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and expanding the scalar product

) d%w o dw d
P / (p— w)2?(p+w)? / w?(p — w)? / (p— w)(p+w)? (A-3.9)

Changing variable w — w—p on the last integral gives

(A.3.10)

a %w a 4w
1(p,p, ~2p) = [ -/ .
p*I(p,p, —2p) p— ) 22— w)?
These integrals are nothing but the bubble integral evaluated at different momenta. Plug-

ging in the result (A.1.9) immediately leads to

1 I'(1-¢)?

_ — —-df2 = 2\—e Sl A _ s .
I(p,p, —2p) = o(4m) p2( p°) 1“(5)1,(2 —e) [1 - (4)~] (A.3.11)
and restricting further to the expansion in ¢,
I(p, p, —2p) = 1(4m) =9/ I%(—;ﬂ)—f E + 0(50)] [2¢1n(2) + O(e?)] . (A.3.12)

Setting £ =0, one sees that the answer is finite and is
o1
I(p,p, =2p)| 4=y = ¥(47) 2552111(2) (A.3.13)

which is the same as before. Note that now, the result can be expressed for any value of

€.

A.4 The Vector Triangle Integral

Now consider the one-loop vector triangle integral with unit powers of the denominator
factors. It is written (with the same conventions as the scalar integral of the last section)

as
d fww
I(ﬂ';pl’PZ,P:i) = / w2(p1 '_w)2(;3 +w)2 (A41)

It is possible to permute the order of the arguments by using changes of variable essentially
identical to (A.3.2)

I(p;p3,p2,p1)| s = —1(1;P1,D2,P3)
I(p; P2, 21, P3) |y pymws = —P3ud(P1, P2, P3) — I(1s; 1, P2, P3)
I(1; 21,93, P2) lyspy—w = Prud (18591, P2, P3) — 114 1, P2, P3) (A.4.2)

Lastly, consider the one-loop vector triangle integral with arbitrary powers of the

denominator factors. This integral can be evaluated in terms of the scalar triangle and
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bubble integrals (and the appropriate Gram determinant) by noting that there are two
independent momenta and one free Lorentz index, such that
a dww#

w2t [(p1 — w)?]2[(ps + w)?]s
= pl[.l.Jl +p2p']2- (A43)

I(p|vy, v2, v3|p1, P2, p3)

By contraction with p; and p2, one obtains two simultaneous equations in the two un-

knowns J; and J53

P'fI(lt|V1, Vo, V3) = prl + p1-p3Ja

piI(uln, vo,vs) = propady+ Py (A.4.4)
Thus
no= (BRI ) — p1-psph 14l ))
1= A p3pr I (plvy, ve, vs D1 P3p3i{pn, V2, Vs
1
Jr = Z(prgI(MVlaVZ,Vs) —Pl'PsplfI(HIVl,Vz,Vs)) (A.4.5)
where
A = pip; — (pr-ps)? (A.4.6)

is the Gram determinant. Substituting the expressions for J; and J; back into the original
and doing the contractions (cf the two-point functions), one obtains an expression for the
vector integral in terms of scalar integrals. Again, the explicit formula is not needed since

the contractions can be done en masse as part of the FORM code in an actual calculation.

3Here, only the momentum arguments can be omitted since there are no changes of variable.



Appendix B

Integration by Parts

In this appendix, a useful technique (integration by parts) for evaluating integrals with
higher powers of the denominator factors will be presented [52]. This technique is based on
the observation that the integral of a total derivative is zero. By expanding the derivative,

one can obtain an expression relating integrals with denominator powers differing by unity.

B.1 The Two-point Integral

Consider the following integral of a total derivative

a4 i ) B.1.1
[ 4% g e =0 (BLY
The product rule for differentiation applies, and the following formula are necessary
a
év—“v“ = d
ij 1 _ 9(a—v)"8(a—v)?
o, [(a—v)?2»  0O(a—~v)? Ov,
— v __8_ [a2 — 2a"va + ’UaUa]
[(@ — v)2]"*1 B,
a, —v
= w——F k. 1.2
V[(a )t (B.1.2)
Thus (B.1.1) becomes
a % 2:i(g—v) v 21a(g—v)(p—v)
—d - =0. 1.
[ et S R (019

Expanding out the scalar products gives

/ [vzlw[édfvmw {“’+”‘+”2+("'”)2 [%mpﬁ,)z} ; 2(q_p)2}:
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Setting ¢=0 or ¢=p and rearranging gives (using the notation established in the previous |

appendix)
1
I(I/l,l/z + 1|p) = ;pi {—(d — 21/1 — I/2)I(I/1, I/2|p) + I/1](I/1 - 1, Vs + 1|p)} (B15)
1
Iy + 1, elp) = z/—pz {=(d— w1 — 2»)1 (v, 1nlp) + 1I(h + 1,15 — 1|p)}. (B.1.6)
1

(B.1.6) can be applied recursively to reduce the denominator factors. Where either of the
factors is zero, that integral vanishes under dimensional regularisation since there is no

external scale (up to a translation of the integration variable).

B.2 The Three-point Integral

Consider

d qu — Uy B |
/ a Bv“ [V [(pr — v)?)2[(ps + v)?] 0. (B.2.1)

Applying the product rule for differentiation, equations (B.1.2) and expanding the scalar

products gives

: a%y
/ 2] [(p1 — v)?][(ps + v)?]"s {—d +u 41+ s

By setting the value of ¢ to 0,p; and ps in turn!

1Using the obvious notation where the arguments denote the powers of the denominators, cf the latter -
part of sect. A.4
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g=20:

vapi I (v, va + 1,v5) + vap3l (1n, va, v + 1) =

(—d + 21y + va + 3) (11, vz, 1) + ol (1 — Lvo + 1,v5) + 3l (1) — 115,15 + 1)

qg="n:

npi (v + 1, va,v3) + vspsl (1, 1,05 + 1) =

(—d + vy + 2vp + 13) (11, 12, 13) + I (y + 1,00 — L, us) + sl {(1n, 1, — 1,05 + 1)

q=—Ds3:

npil(vy + 1,05, v3) + vapal (v, vy + 1,13) =

(—d + 1 +ve + 203) (11,2, 13) + 1T + Lve, 05 — 1) + ol (V1,1 + 1,05 — 1).
(B.2.3)

This can be rewritten in matrix form as

np; wp; 0 I(vy + 1, v, 13) b
le% 0 Vgp% I(Ul, Vs + 1, l/3) = b2 (B24)

0  wp! wnpj I, v, v5 + 1) bs

by = (=d+uv+uve+2w)(v,ve,vs) + Iy + 1, m,v3 — 1) + 1l (1,02 + 1,v3 — 1)
by = (—d+uvi+2v+uv3)[(v,ve,13) + 11 l(vn + 1,00 — 1,13) + 13l (1h, v — 1,13+ 1)
by = (—=d+ 2w +va+s)I(vy,ve,105) +l(vy — Lvo + 1,u8) + 13l (1y — 115,15+ 1)

(B.2.5)

Now our system of equations is in the form Az = b where A is a matrix and & and b are
column vectors. Cramer’s rule tells us that the components of the vector & are given by

_ det (A1)
~ det(A)

z;

(B.2.6)

where A; is the matrix A with the ith column replaced by the column vector b. Now,
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det(A) = —2uvy13p?pap?
det(A;) = —vovsp} (piby + pibs — pbs)
det(Ay) = —v1vsp} (p}by — pba + pibs)
det(As) = —11v0p} (—bel + p3ba + P%ba) (B.2.7)
giving
I+ Lugm) = — (piby + p3bs — p3bs)
s V2, 21/117%1)% 1Y1 3v2 2
1 2 2 2
I, vy +1,13) = m (P1b1 — p3bs + sza)
1 2 2
I(n,v,v3+1) = DY (“Pf’h + p3be + szs) : (B.2.8)

These formulae, with the b; inserted give a recursive method for dealing with integrals
with higher powers of the denominator factors. If any of the v; become zero, then that
integral becomes a two-point integral, which has been dealt with in the previous section.
For example
ddv
101 = [ g
= / A (B.2.9)

Uz(Pz - ’0)2

(in the second line, the change of variable v —p; + v was made). Thus, it is a reasonably

simple matter to reduce the number of integrals actually performed to a minimal amount.



Appendix C

Two Loop Propagator Integrals

In this appendix, the two-loop propagator type integrals will be evaluated. There are four
basic topologies to consider (see fig. C.1). It is only necessary to consider the integrals
with unit powers of the denominators. Note that all these integrals can be expressed in a

number of ways by translating the integration variables.

C.1 Graph a

Graph a (fig. C.1) is trivial since it is just the square of the bubble integral with unit

powers of the denominators (A.1.8), ie

I _/ adw / atv
e - w2(p —w)?J vi(p —v)?

= () )T s

(C.1.1)

Expanding the Gamma functions in powers of ¢ using MAPLE, one readily obtains

2

I, = —(4n)4(—p®) % {51_2 + (4 - 27)% +12 — 8y +29% — % + O(e)} . (C.1.2)

C.2 Graphb

Graph b (fig. C.1) is the so-called sunset diagram and is evaluated using the equation for
the bubble integral of appendix a with arbitrary powers of the denominators (A.1.8). The

crucial property is that each integral can be done in turn.
a%w ddv
e
(p—w)) v (w—v)?
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(4m)

t(4m) "L (e )£ ; :ge / [w2]
AT —lzg)m&) 15((31, - ;i)

Again expanding in powers of €, one gets

C.3 Graphc

1

Iy = (4m) "% (—p") 7> {— +

4e

13 1
? — 5")’ + O(E)} .

Graph c (fig. C.1) is similar to graph b in its evaluation.

d%
/ v (w — v)?

I

adw

2(47) 92T ()

—(4m)

- / wi(p — w)?

~4(—p?

I(1—¢)?
I'2- 26)(

) r(ze)

Again expanding in powers of ¢, one gets

1 = —tam) (-7 |

C.4 Graphd

1

2 T

2

3 1 19
—'y)g+——5’y+

e a%w
-1 /[w2]1+e(p_w)2

r(1-e)?

(1 —2¢)T'(2 - 3e)

2

2 12

-5+ 06)
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(C.2.1)

(C.2.2)

(C.3.1)

(C.3.2)

Graph d (fig. C.1) is considerably more complicated than the rest to evaluate and to do

so requires integration by parts. Consider the following

The product rule for differentiation applies, and using (B.1.2) leads to

0 vy —
d I
/d vav,‘(p—

/ d%
(p — v)*v*(w

Expanding the scalar products gives

ddy
/ (p —v)**(w —v)?

{d_

o =0.

faa

4+

v)2v¥(w — v)?

2(p —v)- (v —w)

(p—v)?

- 20-(22— w)} _o.

(C.4.1)

(C.4.2)

(C.4.3)
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and rearranging
d Aol _ )2 dy 2
(d—4)/ 2d2v :_/ d%(p —w) _/ d%vw
(P — v)*v?(w — v)? (p—v)*?(w-v)* J (p—v)vi(w—v)
d d
+/ (p — v)*? + ./ (p —v)%v? (C-44)
Changing variables v — p—v in the penultimate integral then gives
d dy(m — 11)2 dy 2
(d—4)/ 2d2'v :_/ ad%(p — w) _/ avw
(p — v)*v?(w — v)? (p—v)t?(w—-0v)? J (p—v)*v*(w-v)?

a4
+2 [ (_qu)}%f (C.4.5)

It is now possible to consider the integral in question, graph d of (fig. C.1)

/ d%w d v
wi(p — w)2(p — v)?vH(w — v)?

1 as ad%
B (d——T){2/w2(p—ww)2/(p—v)zv4

dowddv addwd
B / w2 (p — v)4?(w — v)? B / (p — w)?(p — v)?*v*(w — v)? } '

I; =

(C.4.6)

In the second last integral, the variables w and v are swapped. For the last integral, one

makes the changes of variable v —»p—w, w —p—v. This gives

dw d'U dw d'U
L= {2/ Fo—ap | 5 2 s o v>2} - 4D

It is possible to proceed in two ways. One method is to use integration by parts for each of

the integrals. This is not particularly complicated but in this this case, the result (A.1.8)
for the bubble integral can simply be plugged in.
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I; = d34z(47r)_d/2f‘(6)%:2%

o\ e ddy e d %w
{0 | o)

R S R (O CR e
F'l+e)l'(1—€) T(1+42e)(1—2¢)
{ T(1—-2)  T(1+e)0l(1-3¢) }
(C.4.8)
Expanding in powers of € gives
T = —(4m) (=) {6+ O(e)} (C.49)

where (3~1.202 is the Riemann Zeta function. (3 arises naturally from the higher order
terms in the expansion of the Gamma functions, the lower order parts cancelling in this

expression to give a startlingly simple result.



Appendix D

Two Loop Vertex Integrals

In this appendix, the two-loop vertex type integrals used will be derived. There are
nine such integrals. The integrals are evaluated with a certain configuration of external
momenta (p; =ps =p). The generic integral will be represented as a diagram, with the
external legs having the configuration of fig. D.1. Because of the external momentum
configuration, there is a reflection symmetry about the vertical line cutting the middle of
the graph. This symmetry will be exploited wherever possible.

Consider then the integral

dwddy
/A\ B / w2(p — w)2(2p — w)2v2(2p — V)2 (w ~ v)?’ (D.0.1)

This has been explicitly evaluated by Davydychev and others [53, 54] to be (in d =4

dimensions)

(D.0.2)

Figure D.1: Momentum configuration of the external legs for the generic two-loop vertex
type integral.
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where

o (z,5) = 5 {6(Lia(~pz) + Lia(~py)) +31n ¥ (Lig(pz)  Lis(-pw))
+

DO | =

1 2 (Lin(~pa) + Lin(~py) + § In* (pz) In*(oy)

T 2y 7#4}

1 1 — =
+— In(pz) In(py) + 13 In " + 60

mlﬁm

(D.0.3)

with z, y, A and p defined as in appendix A.3 and the polylogarithms Li, (2) defined as

(=1)" /01 P (D.0.4)

Line) = omihy #—ot

The function ¢ can be explicitly evaluated just like the one-loop triangle integral of

appendix A.3 using MAPLE and the result is

11
@z 2) =
@ (4,4) 18(s. (D.0.5)

This result is finite and this allows the integral to be written with the same prefactors as

the two-loop propagator type integrals of appendix C in the following way

/é\\ - —;ﬂ(zivr)-d(—p?)-%gca- (D.0.6)

since the expansion in £ will only produce terms of O(e).

The second integral to consider is

dwd
SN / w?(p — w)?(2p — w)2%(p — v)2(w — )% (D0.7)

This has the same form as the previous integral, but with different arguments. It is

evaluated in exactly the same way.

w\? o, 1, . 521
A: (p—z) o (4,1) = — 5 (4m) 4 (=p") 5 G (D08)

Consider now the third integral.

d%wd v
/j\ - / W (p — w)2(p — v)2(2p — V)% (w — v)? (D.0.9)
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This is evaluated using the so-called uniqueness relations [53, 54]. It turns out that

A-vh

= —=(4m) " (—p*) = (s (D.0.10)

The fourth integral is expressed as

A / dtwdt (D.0.11
w?(p — w)?(2p — v)*(w — v)? _ 0-11)

This can be evaluated in two ways. Again using the uniqueness relations [53, 54| leads

A = A - —%(M)-d(—pz)—?ﬂg—lcs. (D.0.12)

The second way to calculate this uses the same vector integral trick as appendix A.3.

immediately to

Consider the following

/ d%w adv 2p-w
(p — w)2w?(p + w)i(p — v)*(w — v)*(p + v)?

which comes about due to the antisymmetry of the numerator. Expanding the scalar

~0 (D.0.13)

product leads to the relation

A p A (D Do1s

Plugging in the results (D.0.6) and (C.4.9) gives again

1 - 2 —2521
A= —F(‘l“) 4(-p°) 5% (D.0.15)

The next two two-loop vertex integrals involve a bubble integral multiplying the one-
loop triangle integral. The one-loop triangle integral was calculated in appendix A.3.

Rewriting the result (A.3.10)

=I,— I (D.0.16)

1
A = ;2'-[21) [Ip - I2p] (D017)

p2I(p’ D, —2p) = /

gives immediately



APPENDIX D. TWO LOOP VERTEX INTEGRALS 158

A - ]%1,, 1, — I (D.0.18)

It is not necessary to expand these integrals as power series in ¢ at this point because the

and

two-point integrals will be evaluated after the vertex-type integrals.

Consider now the integral

A\ ddwaddy
/wzp w)?(2p — w)?(p — )2(0}_',})2' (D.0.19)

In order to calculate this, it is necessary to use the integration by parts technique. The

starting point is the relation (B.1.6)

d’U
=p2/v2(;t__v)4. (D.0.20)

This can be inserted into the following two-loop integral

(D.0.21)

dway d%w d v
—(d—3) / w2(p — w)?(2p — w)2?(w — v)? - / (p— w)2(2p — w)2v2(w — v)*

Notice now that the integral over w can be considered as a one-loop triangle with one of

the denominator factors squared. To see this, write the previous equation as

a%w %
_(d_3)/w2(p w)2(2p — w)2?(w — v)?2
d%(p — v)%(2p — v)? d%w
e ey e e ey T

In appendix B.2, the technique for expressing the one-loop triangle integral with higher
denominators was presented. Using this technique and cancelling factors that are related

by the vertical reflection symmetry about the centre, it is possible to show that

0=—(d;4)/&—(d—3) A\—A . (D.0.23)

The original two-loop vertex integral has dropped out of the equation, leaving

A\:Aﬁ— —625)A- (D.0.24)
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Now the second integral on the right-hand side was evaluated before (D.0.10) and is finite.

This means that in d=4 dimensions

A\ = A = I%I” [Ip — Iap] - (D.0.25)

In order to evaluate the next integral, it is necessary to use the vector triangle trick

again. Consider

dwadtv 2p-w
/ (p— w)2w?(p + w)2v2(w — v)2 0. (D-0.26)

Expanding the scalar product, one readily obtains

A :”—@— —p? A (D.0.27)

This result need not be evaluated explicitly.
The last two-loop vertex integral is evaluated using the results of Ussyukina and

Davydychev [53]. The integral is expressed as

_ _ T(1+e)MP1-¢) (1 m
= — d(—p?)~%T = —4epM(1,4) —e— + O(e?) } .
(D.0.28)
Putting in the expression for p()(1,4) derived in appendix A.3 gives the final result

expanded in €

1 ) 1 19 2
A: —(4m) "% (-p*) 7% {2—62 + <-§ —’y) . —4ln2+ - - 5y +9° — o +O(s)}.

(D.0.29)
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