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Abstract

The subject of convection in fluid and porous media is investigated. Particular attention
is paid to penetrative convection. The first two chapters are devoted to penetrative con-
vection when fluid overlies and saturates a porous medium. Penetrative convection is
described by a quadratic equation of state in the first instance and via internal heating
in the second. Linear instability analyses are performed in both cases. A surprising and
striking array of streamlines are presented at the onset of convection. The streamlines
exhibit novel behaviour when physical parameters of the problem are varied.

Penetrative convection in a horizontally isotropic porous layer is discussed next. Again
penetrative convection is described by a quadratic equation of state and internal heating.
The internally heated model is dealt with primarily as it yields a global nonlinear stability
bound. The two models are shown to be mathematically adjoint and the nonlinear stabil-
ity results compared with previously published linear ones. Good agreement between the
two 1s seen.

The effect of convection on the evolution of under-ice meltponds is investigated next.
Linear and nonlinear analyses are employed to yield instability and global stability results
respectively. Discrepancy between the two is found and the region of possible subcritical
instabilities is presented.

Finally convection in a porous medium is investigated via a cubic equation of state.
It is found that unconditional nonlinear stability results can be established if Forchheimer
theory is introduced. The results are compared to previously published linear ones and it

is shown that the linear theory essentially captures the physics involved.
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Chapter 1

Introduction

The objective of this thesis is to investigate thermal convection in fluid and porous media
via stability and instability analyses. The aim of this chapter is to introduce the underlying
theory and provide a brief outline of the work done. We begin by explaining exactly what
is meant by stability and instability in the context of this work. The governing equations
exhibit stationary solutions which allow some simple flow patterns. If a system is in a
stationary state this simply means that none of the variables describing it are a function
of time. The main purpose of this thesis is to investigate what happens to a system which
is in a stationary state when subjected to some disturbance. If the disturbance gradually
dies and the stationary state is unaffected then the system is said to be stable. On the other
hand if the disturbance grows and the system is affected such that it never reverts back to
its initial state then it is said to be unstable. A system is only considered stable if it can be
shown to be stable with respect to every disturbance to which it may be subject. On the
other hand, a system 1s considered unstable if it can be shown to be unstable with respect
to any one disturbance.

To clarify this concept and introduce some mathematical notation we begin with a
simple illustrative example. Suppose u is a solution of the linear diffusion equation with a

linear source term and subject to boundary and initial conditions as follows, (cf. Straughan
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[94])
ou 0%u
E—%;+au, SL‘E(O,l), t>0,
u(0,t) = u(l,t) =0, (1.1)

Here ¢t and z are time and spatial point respectively, and a is some real, positive constant.
The stationary solution, u = 0, is clearly a solution of (1.1). To investigate the stability of
this solution we introduce some perturbation (disturbance) to it. If all perturbations decay
to zero with time ¢, then the solution is said to be stable. If just one disturbance can be
found that grows in amplitude with time, then the solution is unstable.

Perturbations are introduced by a normal mode representation of the form
u(z,t) = e’ttike (1.2)

where k is a real number and o (constant, possibly complex) is the growth rate. This is
a suitable representation since (1.1); is linear, and (1.2) allows the instability of the zero .
solution to be studied against any periodic disturbance in z. A full justification of the
normal mode representation can be found in detail in Chandrasekhar [15], p.3-6. The sign
of Re(o) determines whether the zero solution is stable or not. If Re(c) > 0 then the
perturbation will grow exponentially with time and clearly there will be instability. On
the other hand if Re(o) < 0 the normal modes will decay with time and there is stability.

Imposing boundary conditions (1.1),, the normal mode representation (1.2), reduces
to the form

u(z,t) = e’*sinkz, k = nm, n==1,+2....

Substituting this representation into (1.1); yields
o= —k?+a, where k% = n?n?, n==41+2,....

Therefore, c € Rando < 0 & a < k? & a < k%, = 7. Sofora < 7% we say
there is linear stability. On the other hand if @ > n% then ¢ > 0 for n = 1 and there
is linear instability. Hence a = =2 is the linear instability-stability boundary. In general
the locus which separates instability and stability is known as the neutral stability curve.

The neutral stability curve represents a marginal state between stability and instability.
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This marginal state exhibits one of two kinds of motion, stationary (¢ € R) or oscillatory
(0 € C) . If the motion is stationary, perturbations grow (or are damped) aperiodically
whereas if it is oscillatory they grow (or are damped) periodically. If instability sets in
as stationary motion the principle of exchange of stabilities is said to hold. On the other
hand if instability sets in as oscillatory motion then the system is said to be subject to
overstability. One of the aims of this thesis is to generate neutral stability curves and
investigate their state.

In the work that follows the governing systems under consideration are all nonlinear.
While a linear instability analysis like that described above yields useful information for
such systems, it is important that nonlinear results can be established as well. The energy
method is an excellent means of doing this, cf. Straughan [94]. It can provide precise
and practical information about the stability of a nonlinear system. To illustrate how the
energy method may be implemented the linear system (1.1) is taken as a simple example
again. It is noted at this point that the example is simply illustrative and the method applies
to a nonlinear system in an analogous way though ad hoc techniques may be necessary to
deal with the nonlinearities (see chapters 4-6).

To begin, an energy E/(t) is defined by
1
B(t) = 5llul?,

where || - || denotes the norm on L?(0, 1) (where L?(0, 1) is the space of square integrable

1
||u||2:/ u’dz.
0

Then differentiating F'(¢) and using (1.1); yields

dE 1 [!'ou? b
=3 i de /u—dm /uwdm+a/0 dz. (1.3)

functions on (0, 1)), i.e.,

Integrating by parts and noting the boundary conditions, we note that

ou]’ L ou\? 9
/U&;dx [ am]o*/o <‘&B‘) dfﬂ—““%”,
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where u, = du/0z. Hence (1.3) can be written as

dE

a —|ugl|* + allull?,

L e
= ol (G- )
T

[[ul*

1
< —allugl? (a — max —) , (1.4)

[ ||2

where H is the space of admissible functions,
H={ueC?0,1)}lu=0 when z=0,1},

and C2(0, 1) is the space of twice continuously differentiable functions on (0, 1). Suppose
now that R is defined by
1 _ Jlul®

= max —— -
Rg H [lug|*’

< ol (5 -
dt—az aRE'

Letc = 1/a — 1/Rg, then if a < Rg, ¢ > 0, and Poincaré’s inequality (see Appendix

then (1.4) becomes

B.1) can be used to deduce that

dE
— < —acr?||u)|®* = —27%acE.

dt

- This implies

%(ehzactE) < 07

which integrates up to yield

E(t) < e ¥t E(0).

Recall that E(t) = 1||u||?; therefore
lul]? < e 2% |lugl? = 0 as ¢t — oo.

Hence it has been shown that provided @ < Rpg, ||u|| — 0 at least exponentially as ¢ — oo,
and so the zero solution to (1.1) is stable.

To find Rg let I} = ||u||?, I, = ||u.||? and recall that

Rg T H Ig'
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Suppose u is a maximising solution and consider solutions of the form u + en where € is
some constant and 7 is an arbitrary C?(0, 1) function such that n(0) = (1) = 0. Clearly

the maximum occurs at € = 0 so,

d (L] _[ldh hdh) . 711 h[l]
de\L)|._, |Lde IZde]_y, '|Ll.y Rell]..,

where ¢ stands for the derivative with respect to € evaluated at ¢ = 0. Hence it can be

deduced that

Rgdl, — 61, =0, (1.5)
where
d 1 1
o6 = [—/ (u+en)2d:v] = 2/ undz,
df 0 e=0 0
d 1 1
0l = [——/ (uz+enx)2dx] = 2/ UgNd.
de /o J 0

Therefore (1.5) yields
1
/ (Rgun — uzn,)dz =0,
0

which can be integrated by parts to give

1
/ N(Rgu + Uz )dz = 0.
0

Apart from the continuity and boundary conditions it must satisfy, 7 is arbitrary hence it

can be concluded that,

d*u
a2 + Rpu =0, u(0) = u(1) = 0. (1.6)

This is known as the Euler-Lagrange equation for the example at hand. It yields an eigen-
value problem for Rg.

In the work that follows, the Chebyshev tau method (cf. Fox [32] and Orszag [75]), or
the compound matrix method (cf. Drazin & Reid [24] and Ng & Reid [65-67]) are used

in the linear and nonlinear analyses to yield generalised eigenvalue problems of the form,
Ax = 0Bx,

where A and B are matrices and x is some vector, all of which depend upon the system

under consideration. Straughan & Walker [95] applied these two techniques to linear
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and nonlinear stability problems for convection in porous media. Their paper provides an
excellent summary of the two aforementioned methods. They compare the techniques and
highlight the advantages and disadvantages of both when investigating stability problems.
Details of the numerical methods as employed here can be found in the relevant chapters
and appendix A.

The general solution of (1.6) is given by
u = Asin \/—}?E:z + Bcosy/ Rgz,
where A, B are constants. The boundary condition ©(0) = 0 implies that B = 0, hence
u = Asinv/Rgx.
For a non arbitrary solution suppose A # 0, then u(1) = 0 implies that

vVRg = nm, where n==%l1,%2,....

1.e. R = w472, 97%, ...,

Recall that stability requires @ < Rg. The minimum value of Rg is 72 so as expected,
a < 72, is the stability bound of the zero solution to (1.1).

In general it is found that the energy method yields some critical threshold below
which everything is stable and a linear instability analysis some bound above which ev-
erything is unstable. In the example above the energy method and normal mode analysis
yield the same critical instability-stability boundary. This is due to the fact that the dif-
ferential equation under consideration (1.1); is linear. If nonlinearities are introduced
then it is found that in general a nonlinear stability analysis will yield a different critical
threshold to one obtained by a linear analysis. A linear analysis assumes that any per-
turbation is small and so neglects terms of quadratic order and higher, hence discrepancy
between linear instability and nonlinear stability results can occur. One of the aims of this
thesis, and energy theory in general, is to try and arrange that the two thresholds are as
close together as possible and so reduce the possibility of subcritical instabilities which
may occur below the linear instability bound and above the nonlinear stability threshold.
Many techniques have been used to do this and the theory applied to a range of important
physical problems. There are many references in the literature and significant advance-

ment has been made in the last 50 years. For reference we mention some recent papers
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and the citations therein namely, Basurto & Lombardo [5], Lombardo et al. [49, 50], and
Mulone [64]. Many more references and a thorough discussion of the energy method and
its subtleties can be found in Straughan [94].

Having established the underlying theory, a brief outline of each chapter is now given.
In chapter 2 an accurate numerical calculation is presented for the onset of thermal con-
vection in a two layer system in which water overlies and saturates a porous layer. The
physical picture is such that water at the density maximum may be encompassed. To ac-
count for the fact that the density may have a maximum, an equation of state is adopted
which expresses the density in the buoyancy force as a quadratic function of temperature.
It is found that the onset of convection may have a bi-modal nature in which convection
can be dominated by the porous medium or by the fluid depending on parameters which
appear in the problem. The important parameters in this instance turn out to be the ratio of
fluid to porous medium depth, the upper surface temperature, and a parameter represent-
ing non-dimensional permeability of the porous matrix. A surprising array of streamline
patterns are found and presented at the onset of convection as one varies the appropriate
parameters. | ,

In chapter 3 a similar system to that described in chapter 2 1is investigated. In this
case however an alternative model is employed to describe thermal convection. Instead
of employing a quadratic equation of state, a linear one is used and internal heat sinks
are introduced in both layers to simulate convection. The internal sinks are found to have
a dramatic effect on both the onset of convection and the size of the ensuing convection
cells. It is found that the heat sink (), in the fluid layer has a destabilising effect on the
system whereas the heat sink Q,,,, in the porous medium can be either stabilising or desta-
bilising depending on the steady state temperature profile and the strength of Q). A range
of streamlines are presented that exhibit novel behaviour when @) and Q,,, are varied. The
model is compared with that given in chapter 2 and when the two are mathematically
adjoint they are shown to yield the same critical instability threshold but different eigen-
functions. It is also found that the initiating cell is not necessarily the strongest one. This
curious behaviour is explained and illustrated with a range of streamline plots.

In chapter 4 convection in a horizontally isotropic porous layer is investigated primar-

ily using an internal heat sink model and alternatively, a quadratic density temperature

b
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law. Employing the heat sink model, it is shown that the temporal growth rate for the
linearised system is real. A nonlinear energy analysis is also presented, yielding a global
stability threshold i.e. a stability bound which is independent of the intial state of the
system and without constraint. The heat sink model is compared to the quadratic density
model and it is found that the linearised systems are adjoint, implying that the instability
boundaries which can be derived from the two models are the same.

In chapter 5 a model for convection in the evolution of under-ice melt ponds is pre-
sented. The system exhibits two competing effects namely, a temperature gradient which
is destabilising and a salt gradient which is stabilising. Density is assumed to have
a dependence quadratic in temperature and linear in concentration. A linear instabil-
ity analysis and a nonlinear stability analysis are both performed. The standard energy
method does not yield unconditional stability so a weighted energy analysis is employed
to achieve global results. The global stability bound is found to be independent of the salt
field and a presentation of the region of possible subcritical instabilities is given.

In chapter 6 a nonlinear stability analysis of thermal convection in a saturated porous

medium is presented again. In this case however, the medium is assumed isotropic,

the density has a cubic temperature dependence and the equations of flow in the porous:

medium incorporate a Forchheimer drag term. Unconditional (global) stability is estab-
lished using L and L* norms and it is shown that L? theory is insufficient to obtain similar
results.

Finally in chapter 7 some concluding remarks are made, the implications of this thesis

discussed and some suggestions for future work are given.



Chapter 2

Penetrative Convection in a Superposed
Porous-Fluid Layer via a Quadratic

Density Law

The object of this chapter is to provide an accurate numerical calculation for the instability
that arises due to penetrative convection when water overlies and saturates a layer of
porous material. Penetrative convection refers to convective motion which begins in an
unstable layer and penetrates into otherwise stable layer(s), cf. Veronis [102]. Penetrative
convection has many applications in the real world. For example penetrative convection
is believed to play an integral part in the formation of patterned ground, cf. George et
al. [33]. Patterned ground is the natural arrangement of stones into regular shapes such
as circles, stripes or polygons. Typically, it consists of stone borders with soil centres
forming regular hexagonal stone nets. The regularity of the stone nets can be remarkable
and quite striking, for example see the photographs given in Krantz et al. [44]. The size
and shape of patterned ground tends to be the same at any one site but can vary in width
for a single stone net, from about 4cm to 4m depending on location cf. Gleason [37]. In
general, patterned ground tends to form above the timberline in the high mountains of the
temperature zone, in remote locations beyond the tree line in the Arctic and Antarctic,
and even under water in shallow Alpine lakes.

As well as being inherently fascinating, patterned ground is of significant geophysical

interest as it can disclose clues to various climate conditions. For example relict patterns

9

.
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can give clues to prehistoric climates, active patterns can be used to monitor mankind’s
impact on polar regions, and patterned ground on Mars [55-57] can be compared to that
seen on Earth to further our understanding of climatic conditions in space. The formation
and evolution of patterned ground has been discussed in geological literature for more
than a century and is still a subject of debate, cf. Kessler & Werner [43] and Mann [58].

Gleason [37] and Krantz et al. [44] reported findings of hexagonal stone patterns on
the bed of shallow alpine lakes in Wyoming and Colorado. McKay & Straughan [53]
developed a porous-fluid layer model to study such under water patterned ground forma-
tion. They used a shooting method and assumed stationary convection. In this chapter
we essentially use the model of McKay & Straughan but employ a more accurate nu-
merical technique, namely the Chebyshev tau method. This allows for the possibility of
oscillatory convection and yields many new streamline patterns.

The fundamental model for convection in a porous-fluid layer system is due to Nield
[68], with an important extension in Nield [69]. Chen & Chen [17] also analysed the
problem of thermal convection in a superposed two layer system in which a layer of
fluid overlies and saturates a porous medium.‘ The layer is heated from below with the
bottom of the porous medium and the upper surface of the fluid both assumed fixed. Chen
& Chen made the significant discovery that thé linear instability neutral curves for the
onset of convective motion, i.e., the Rayleigh number against wave number curves for
which o = 0, may be bi-modal in the sense that they possess two local maxima. These
maxima correspond to a parameter range where convection is initiated in the fluid layer,
or alternatively in the porous layer. The cell sizes are different depending on whether
convection is dominated by the fluid or the porous layer. Further work on the superposed
porous-fluid layer problem, also due to Chen & Chen [17], is the study of the onset of
instability when both a thermal and a salt field are present. These writers employed an
orthonormal shooting method to numerically calculate the eigenvalues.

In recent work Straughan [92, 93] has developed a Chebyshev tau D? method appli-
cable to the porous-fluid layer thermal convection problem. Straughan [92] focused on
the problem where the upper surface is exposed to the atmosphere and surface tension is
important. Whereas in [93] the effect of the various fluid and porous matrix properties on

the instability criteria were investigated. It was discovered that porous permeability may
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have a strong effect and the interface condition between the fluid and the porous medium
was crucial.

Since the eigenvalues occurring in porous-fluid convection problems are highly sen-
sitive to changes in parameters, a very accurate numerical method such as a Chebyshev
tau one is necessary. In Straughan [92, 93] it was found that all eigenvalues were real,
but in the present work we find that the spectrum also contains complex conjugate pairs.
Spurious eigenvalues may present a problem in hydrodynamical stability studies, see for
example the comprehensive account by Dawkins et al. [22]. We have been careful to
exclude such terms and this point is revisited in section 2.6. Further references to work
on the porous-fluid convection problem can be found in Nield [70-72], and Nield & Be-
jan [73].

In this chapter we consider water saturating a porous medium with the water forming
a layer of finite depth above. The lower surface at the bottom of the porous layer is
maintained at a constant temperature of 0°C while the upper fluid layer is kept at a fixed

temperature greater than this. When the upper temperature, Ty, is greater than 4°C we

have a situation in which the water in the region 0 — 4°C is in a potentially gravitationally

unstable state while that above is stably stratified. This is due to the fact that the density
of water is a maximum at approximately 4°C. Therefore convective instability may arise
in the lower part of the layer and penetrate into the stable upper part. Thus the model is
capable of describing penetrative convection. A careful numerical study of this instability
is the goal of this chapter. This is the first time a highly accurate numerical technique has
been applied to the problem, and we find that an array of complex fluid instability patterns
may Occur.

As well as patterned ground formation under water, penetrative convection in a porous-
fluid layer system has many more important applications. For example there is speculation
as to whether convection patterns may have a bearing on accelerated melting of the Arctic
ice sheet, cf. Bogorodskii & Nagurnyi [9]. This is investigated in more detail in chap-
ter 5 and the implications discussed at length in chapter 7. In addition there are many
other applications for the porous-fluid flow system including contaminant transport due
to flow of water under the Earth’s surface, cf. Allen [2], Allen & Khosravani [3], Cur-
ran & Allen [20], El-Habel et al. [28], Ewing [29], Ewing & Weekes [30], flow of oil
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in underground reservoirs, cf. Allen [1], Ewing [29], bio-remediation of contaminated
ground, cf. Suchomel et al. [97,98], and hydrothermal synthesis in the growth of crys-
talline materials, cf. Chen et al. [18]. Penetrative convection in a single layer is also a
subject receiving recent attention with very important applications. For example Zhang
& Schubert [107, 108] reported a penetrative convection effect which may be important
in planetary and stellar atmospheres and Krishnamurti [45] and Larson [46,47] reported
penetrative convection effects when radiation is added to a standard model for cumulus
convection.

Penetrative convection can be described in several different ways, at least five of which
are discussed in detail in Straughan [91]. In this thesis we concentrate on two of the most
widely employed models, namely a quadratic equation of state and internal heating. In
chapter 6 the effect of a cubic equation of state is also investigated. The strengths and
weaknesses of the various models are discussed in the relevant chapters and a comparison
between models is often made.

In this chapter the penetrative effect is due to the fact that water has a density max-
imum at approximately 4°C. Hence we choose to model penetrative convection by a

quadratic equation of state of the form, cf. Veronis {102],
p=po[l—a(T—4)*], (2.0.1)

where p, T', and & are density, temperature, and thermal expansion, and p; is the density
of water at 4°C. Detailed numerical studies of penetrative convection in a fluid layer em-
ploying a law like (2.0.1) are given in Chasnov & Tse [16] and Tse & Chasnov [100].
The buoyancy law (2.0.1) leads to non-Boussinesq effects. In a Boussinesq approxima-
tion p is linear in T and treated as a constant in all terms of the equation of motion
except the term involving the external force. The basis for thi‘s is that there are flows in
which the temperature (and hence density) variation are small yet the external force is
not. Hence the variation of density is chosen to be neglected everywhere except in the
external force term. The Boussinesq approximation simplifies the governing equations of
hydrodynamics significantly. It is widely employed and its validity discussed at length
in Chandrasekhar [15], p.16-18. Non-Boussinesq effects however are increasingly com-
mon and have been under much recent investigation, see e.g. Selak & Lebon [89], and

Straughan [91, 94]. In this chapter we choose to employ a non-Boussinesq equation of

o
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state. In the next chapter an alternative is given in which a Boussinesq approximation is
used. A comparison of the two models is discussed in detail in chapter 3.

In the paper of Chen & Chen [17] the important parameter in their analysis is the ratio

~ o d depth of fluid layer
= = ) 0.2
d d,,  depth of porous layer (2.02)

They interpret their findings by showing that for relatively small d (< 0.13) instability
is initiated in and dominated by the porous medium. Otherwise, the mechanism changes
and instability is dominated by the fluid layer. In the current work we find a very strong
interplay between d and Ty, the temperature at the surface of the fluid layer. The influence
of Ty and the quadratic law (2.0.1) can vastly change the findings as compared to those
of Chen & Chen [17], and of Straughan [92,93]. The non-dimensional permeability
6 = VK /dy,, where K is permeability and d,, is the depth of the porous layer, is also
important in the current situation. In this chapter we find that streamline patterns for
penetrative convection in a fluid overlying a porous layer are very different from what one
finds for penetrative convection in a single layer of fluid or porous medium. We believe
the present chapter contains new findings which will be of interest to anyone working in

convection where a fluid overlies a porous layer.

2.1 Governing Equations

Ty > 0°C

z=d v
Fluid Layer
Tt
z2=0 - e
Porous medium
0°C

z=—dn

Permafrost

Figure 2.1: Schematic diagram of the governing system.

Consider a fluid (water) occupying the three dimensional layer {(z,y) € R?} x {z €
(0, d)}, saturating a porous medium superposed below {(z,y) € R?} x {z € (~d,,,0)}.

The interface between the saturated porous medium and the water is at z = 0, see figure



2.1. Governing Equations 7 14

2.1. The motion in the fluid layer can be described by the Navier-Stokes equations (see

Chandrasekhar [15], p.11-13, for a derivation from first principles),
v; ov; 1 1
- — = ——p,; + vAv; — —gp(T)k;, 2.1.1
5t T Viag, = piPi AU~ () @11

where v;, t, x;, p, v, and g, are velocity, time, displacement, pressure, kinematic viscos-
ity and gravity respectively and p the density, is assumed to be a quadratic function of
temperature of the form (2.0.1). Standard indicial notation and the Einstein summation
convention are employed throughout, and k = (0,0, 1)T. The constant term in (2.0.1) can
be absorbed into the pressure by defining a modified pressure p to be p + gp,(1 — 16a)z.

Then, dropping the hat, (2.1.1) becomes

(9'01' a’l)i 1 _ 2
-t . ; ; — 8T). 1.
5 +U]8:cj pop’, + vAv; + gk;a (T 8 ) (2.1.2)

Equation (2.1.2) together with an incompressibility condition (Chandrasekhar, p.11) and
equation of energy balance (Chandrasekhar, p.18) yield the following system of governing

equations .

ov; ov; 1 dp
heid ‘—1:——-"‘ A 1 k‘i_ T2_8T )
ot +v](9xj Poami+u b ok )

(91]2' )
-0 2.13
gz, = O (2.1.3)
or . or kg
at "z (pocy)s
where k; and ¢, are thermal conductivity and specific heat at constant pressure respec-

AT,

tively. Equations (2.1.3) are assumed to hold for time ¢ > 0, in the spatial domain
{(z,y) € R%,z € (0,d)}. Subscript (or superscript) f or m denotes fluid or porous
medium respectively, and the symbol A is the Laplace operator.

In the porous layer the equations of motion are described by Darcy’s law. A full
derivation, discussion and justiﬁcaﬁon of Darcy’s law can be found in Nield & Bejan [73].
In addition, the recent account by Brown [10] provides an interesting insight into Darcy’s
life and the making of his law. The buoyancy force is again given by (2.0.1); hence the

governing equations for the porous medium are

1op™ v
= —— — —u" k& T2—8Tm,
0 Po 8:1:1- I(Uz +g OZ( m )
o™
t = 2.14
T, m .
(Pocp) ot + (pOCp)fvi oz, = k*AT,
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These equations hold on {(z,y) € R*} x {z € (—dn,0)} x {¢t > 0}, and the variables
v, Pm, I, are velocity, pressure and temperature in the porous medium. In (2.1.4); the
acceleration term has been omitted since this is believed to be small and negligible!, cf.

Nield & Bejan. Starred quantities are defined in terms of fluid and porous variables as
S*=¢Sr+ (1 — ¢)Sm,

where ¢ is the porosity and S stands for a physical variable such as thermal conductivity
k.

The steady state solution whose stability is to be investigated is one where there is no
fluid motion in either layer and the temperatures on the upper and lower boundaries are
held fixed at constant temperatures, 7y and 77, respectively, with Ty > 1, T, = 0°C.
The basic steady state solution to equations (2.1.3) and (2.1.4), denoted by (%;, T, p),
(o™, Ty, P™), is then

7; =0, T=8z+Ty, 0<z<d,
) (2.1.5)
=0, Tpn=pmnz+Tg, —d, <z<0,
where 8 = (Ty — Ty)/d, Bm = To/dm and Ty is the temperature at the interface. The

temperature at the interface is found for known 7 by requiring continuity of temperature

at z = 0 and continuity of the heat flux, viz.
LdT

dT

If we define e = k;/k* then from (2.1.6) the relation, To = e7Ty/(er + ci), can be
obtained. Furthermore we define £ = er/(er + d), & =4/Ty,and €, &, by

_&L-¢ _&h=€
6—1—5, ‘fm— 5 .

In our problem we need only specify Ty, and since e and d are specified, Ty does not

enter the analysis directly and we know £ and &,,,.

lif the inertial term is included we have dependence on the porosity and an extra n eigenvalues are seen
in the spectrum (n is the number of Chebyshev polynomials used in the numerical computation). However,
the extra n eigenvalues do not appear in the upper part of the spectrum and so do not include the critical
eigenvalue. The numerical value of the leading eigenvalue was computed with and without inertial effects

and no significant difference was seen.
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We are unaware of a specific existence theory which has been developed for the model
outlined above. However, Rodrigues & Urbano [84] developed a mathematical existence
theory for a general Darcy theory with ice present, and their analysis is a suitable starting

point.

2.2 Perturbation Equations

In order to study the instability of the basic solutions (2.1.5) we introduce perturbations

(ui, 0, ), (u*, 0™, mpy), to these solutions and set,
vi=U;+u, T=T+6, p=p+m,
v?:6?+u;na Tm:Tm+0m7 Pm = Dm + Ty

The perturbation equations which arise from (2.1.3) and (2.1.4) may be shown to be,

ou; ou; 1 Om =
Ot 2~ Au; — 2agk;(4 — T)0 + agk.6?,
ot "5z, poaxi+y s~ 2agh ) +ag_

g;‘: =0, » 2.2.1)
| % + u,g—i - (p:“é))fAe ~ Bu,
and, |
= —%%7:1 - %u:” — 2agk(4 — T )™ + aghk62,,
%f — 0, (2.2.2)
(o) G + (o) G = K 50™ = (pucy) ™

where w = u3 and w™ = u3".

To non-dimensionalise the above equations let,

u; = Uuj, z; = dz], n = Pn*, § = T#6", t="Tt,

ut = U"mu™, z)" = dpa;, 7" = P™g™, g™ = T™He™ t =T,

where the starred quantities are dimensionless and the fluid and porous scalings are given

by,

p:M T# = U v T =,

14
U=7 d gard’ v
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v o porU™ # Pr,, d?,
Um = — P = Tm = ; m_. m
dy’ dm "\ gad, K’ v’

where A = k;/(pocp)s, Prm = v/Am and A, = k*/(pocy) - In addition the fluid and

porous Rayleigh numbers Ra and Ra,, are defined by

gad°(?

_ PrpgaKdi pZ
v ] N ’

V2

Ra = R? = Ra,, = R?

™m

(2.2.3)

We also define the Darcy number § = VK /d,,, the Prandtl number Pr = v/, and
Gm = (pocp)*/(pocp) -
Then, omitting the stars, equations (2.2.1) and (2.2.2) can be rewritten in terms of

non-dimensional variables as,

ou; ou; on
9; o = — Au; — &)ki0 + Prk6°,
+ u; 8Ij B, + Au; + 2R(z f)k + Prk,0

8’!1,1' _
oz, 0, 2.24)
o0 oo '
Pr (5{ -+ ula_a:@) = Af - Rw,
and,
2671,171 m m 1 2
) oz = U, + 2R (Z — §m)k,0 + Prmk,ﬂm,
ou™
L= 2.2.5
Bz, 0, ( )
- o™ 00"\ . m

Equations (2.2.4) hold in the region {(z,y) € R?} x {z € (0,1)} x {¢ > 0} while (2.2.5)
hold on {(z,y) € R?} x {z € (—1,0)} x {™ > 0}. The interface is z = 0, the lower

porous surface is now 2 = —1 and z = 1 is the (upper) fluid surface.

2.3 Linearised Instability Theory

The linearised perturbation equations are derived from (2.2.4) and (2.2.5) by discard-
ing quadratic terms. Since the resulting system is linear we may seek solutions of the
form u; = u;(x)e’t, 0 = 0(x)e”*, 7 = w(x)e%t, u* = ul(x)e’t, ™ = 6™ (x)e,

and 7™ = 7™(x)e’t. This gives rise to an eigenvalue problem for the growth rate o.

In fact, there are an infinite number of eigenvalues o;, which may be ordered so that
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oy > 09 > .... If oy > 0 then instability occurs. The associated eigenfunction

{ulV,00) 7)1 gm() 7m(1)} yields the solution at the onset of instability. In par-
(1)

ticular, {u; ,u;"(l)} yield the streamline curves which are included in section 2.7, to
visualise the flow patterns. Likewise, the functions {#(1), #™()} yield the isotherm pat-
terns.

The time scaling ™ = t/w is introduced, then (2.2.4) and (2.2.5) yield the non-

dimensional linearised perturbation equations

oUu; = —7; + Aui — 2R(§ - Z)Bki,
wii =0, 23.1)

’

ocPrf = A6 — Rw,

82 = —u™ — 2R™ (& — 2)0™k;,

%)

u™ =0, 2.3.2)
owPr,,G0™ = A0™ — R™w™.

The method of solution for these equations follows the work of Chandrasekhar [15].
The pressures = and 7™ are eliminated by taking curlcurl of (2.3.1), and (2.3.2),. The

third component of the resulting equations are retained to find
ocAw = A%w — 2RM (2)A*0, (2.3.3)
and
0=Aw™+2R™"M™(2)A*0™, (2.3.4)
where
M(z) =€ -z, M™(2) =&n — 2,

and A* is the horizontal Laplacian,
o2 0?
=52 T 5
A normal mode representation of w, , w™ and §™ in (2.3.3), (2.3.1)3, (2.3.4), and (2.3.2);

A*

is now employed by setting,

w=W(z)f(z,y), 0 = 0(z)f(z,y),
w"=W"m(2)f"(z,y), 0" =0"(2)f"(z,y),

¥



2.4. Boundary Conditions 19

where f(z,y) and f™(x,y) are horizontal plan forms which satisfy
A'f=—d’f,  ATf™=—anf™

The plan forms reflect the horizontal shape of convection cells at the onset of instabil-
ity. Bénard [7, 8] demonstrated experimentally, that for a horizontal layer of fluid heated
from below the ensuing motion at the onset of convection has a stationary cellular struc-
ture. The cells become equal and align themselves forming a regular horizontal pattern.

Typically, the convection cells are hexagonal for which
1 1
flz,y) = 005-2-(1(\/333 +y)+ cos§a(\/§x — y) + cosay,

cf. Straughan [94] and Drazin & Reid [24]. The wavenumber a is a measure of the
“width” of the convection cell to the depth, d. In this way the cells may be periodically
repeated in a pattern which tiles the (z,y) plane. The plan form in the porous medium
has the same shape although a = da,.

The fourth order equation (2.3.3), can be written as two second order equations by
regarding A = (D? — a?)W as an independent variable where D? = d?/dz%. Using this
and the normal mode representation of w, 8, w™ and 6™ in (2.3.1)3, (2.3.3), (2.3.2)3 and
(2.3.4), results in having to solve five coupled second order equations to determine the

critical growth rate o, namely,
(D* — )W = A,
(D? — a*)A+ 2RM(2)a’© = o A, (23.5)

(D? — ¢*)© — RW = o P70,
(D? — a2)W™ — 2R™M™(2)aZ,0™ = 0,
(2.3.6)
(D? — a2)0™ — R™"W™ = owPr,G,0™,
where (2.3.5) hold on z € (0, 1) while (2.3.6) hold on z € (—1,0). Coupling is through

the boundary conditions.

2.4 Boundary Conditions

The upper surface of the water (2 = d) is open to the atmosphere (tangential stress free)

and held fixed at some constant temperature Ty > 0°C. Hence for an incompressible

|
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fluid we have the boundary conditions
w =0, w,, =0, 0 =0, at z=d. (2.4.1)

Condition (2.4.1), is derived from the fact that an incompressible fluid at a free surface
satisfies

Ug +Vy +w, =0, and u,=v,=0.

) )

The lower boundary of the porous medium (2 = —d,,) is held fixed and has tempera-

ture Ty, = 0°C. Hence the lower boundary conditions are
w™ =0, " =0, at z= —d,,. (2.4.2)

At the interface z = 0, continuity of the normal components of velocity, temperature and

heat flux are required, so

w=uw™ « §=0" Af? = Amgi. (2.4.3)
v z Zm

Two additional conditions on z = 0 are needed. The first of these is continuity of normal
stress, cf. Straughan [92],

=7 - Qu%%. 24.4)

For the second we employ a Beavers-Joseph boundary condition,

ouP a .
= ——(uf — duf,

9z VK

where « is a coefficient depending on the fluid and porous medium under consideration.

), B=12, (2.4.5)

Further details of the last condition and alternatives are given in Nield & Bejan [73] and
Straughan [93]. Condition (2.4.5) relates tangential stress to the relative velocity at the
interface.

Using the relevant scalings the boundary and interface conditions can be written in

non-dimensional form as:

=w=w,, =0, on z=1, (2.4.6)
0" =wm =0, on z= -1, 2.4.7)

i
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and

m_ Y om0 oo™ _ 5 [er 99
ST T Vb 02 Naor
Pr™ =7 — 2w, (2.4.8)
ol do

ke 6(uﬂ—ciufn), B8=12, on z=0.
z

The boundary conditions (2.4.6)-(2.4.8) are now written in terms of their normal mode

expansions to yield,

O=W=A=0, on z=1, (2.4.9)
Om=Wm=0, on z=-—1, (2.4.10)

and

W =dw™, "= 0 e, De™=¢/%De,
Vv d36T d®

Jz

20°DW — DA — EEDW"’ = —oDW, | (2.4.11)
2 da 7 v m
aW+A:7(DW—dDW ), on z=0.

Thus our goal is to solve (2.3.5) and (2.3.6) subject to the boundary conditions (2.4.9)-

(2.4.11). Before describing the numerical method of solution note some useful relations,

T & 1 [ds
w:fn':d, P'I'm:ETPT, RZE %R

2.5 Numerical Method

namely

In this section two variants of the Chebyshev tau method, the D and D? techniques are
presented, cf. Dongarra et al. [23] and appendix A.1. Apart from numerical accuracy,
the Chebyshev tau method enables us to calculate as many eigenvalues as we need which
is useful in cases when the eigenvalues of interest are changing in parameter space. The
eigenfunctions can also be calculated very easily via this method. The implementation
of a Chebyshev tau method has several other advantages which are discussed in detail in

Straughan [93].
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The Chebyshev tau D? technique is used to find the majority of the numerical results
presented here so this is considered first. In Dongarra et al. [23] the authors also discussed
the D and D* methods. The power of D refers to the highest derivative being discretized.
Dongarra et al. recommended the D? alternative as it has better growth rate properties
than the D* case, whereas it makes more efficient use of the QZ algorithm than the D
method, which requires matrices twice as large. We concentrate on the D? method, as
recommended, but also include a description of the D method for completeness as the

results obtained in the D method are used to independently check those of the D? case.

2.5.1 The Chebyshev tau D? method

Before implementing the Chebyshev tau D? method (2.3.5), (2.3.6), and (2.4.9)-(2.4.11)
must be transformed to the Chebyshev domain (—1,1). To do this let 2 = 2z — 1 and
Zm = —2z, — 1 in (2.3.5) and (2.3.6) respectively. Similarly conditions (2.4.9)-(2.4.11)
are transformed by making the appropriate substitution for the fluid and porous terms.
Then the fluid surface 2 = 1 becomes 2 = 1.and the porous surface z, = —1 becomes
Zn = 1 while the interface z = 0 = z,, is transformed to 2 = —1 = 2,,. Hence the .
eigenvalue problem (2.3.5)-(2.3.6) on the Chebyshev domain (—1, 1) (dropping the hats)
1s

4D?* — ) )W = A,

4D? — a®)A + 2RM(2)a’0 = 0 A,

(
(
(4D? — a®)© — RW = oProO, (2.5.1)
(4D? — a2 )W™ — 2R™M™(2)a2,0™ = 0,

(

4D* — @2)0™ — R™"W™ = 6wPr,,,G,, O™.
The corresponding boundary conditions are

O=W=A=0"=W"=0, on z=1, (2.5.2)
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and the interfacial terms,

W=dwn  emn=_2_o —pe™ =4,/ pe,
\Y4 d3€T d5
d2
20*DW — DA + 5 DW™ = —oDW, (2.5.3)

a2W+A—2?a(DW +dDW™), on z=—1,

where z € (—1,1),M =€ —-1/2—2/2and M™ =&, + 1/2 + 2/2.
The five quantities W, A, ©, W,,, and O,,, are regarded as being independent variables

and expanded as Chebysheyv series, i.e.

N+2 N+2 N+2
W= WaTo(2), A=Y ATw(2), ©=)Y 6,T.(2)
n=0 n=0 n=0
N+2 N+2 (2.5.4)
Wa=> WIT.(z), ©O™=)Y OIT,(2)
n=0 n=0

The series above are truncations of dn infinite series. Due to the truncation, the tau method

argues that rather than solving (2.5.1) one instead solves

41)2 —a )W A = TITN+1 + T2TN+2,
4D? — )A+2RM( ) 2@—0’AIT3TN+1+T4TN+2,

(

(

(4D? — a®)© — RW — 0PrO = 75Ty 11 + TeTnsas
(4D% — a2)W™ — 2R™M™(2)a2,0™ = 7Tny1 + 78T,
(

4D? — @2 )™ — RTW™ — owPr,GmO™ = ToTny1 + TioT N 12,

where 71, . .., Tyg, the tau coefficients, maybe used to measure the error associated with
the truncation of (2.5.4), cf. Dongarra et al. [23]. For our purposes, it is not necessary to
calculate the tau coefficients as it is sufficient in practice to simply observe convergence
of the eigenvectors to assess accuracy.

Equations (2.5.1)-(2.5.3) can be expressed as a generalised matrix eigenvalue problem
of the form

Ax = 0Bx. (2.5.5)

To illustrate this more clearly, and establish the form of the matrices A and B we take

the inner product of each equation in (2.5.1) with some Chebyshev polynomial 7} (cf.
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appendix A.1). The Chebyshev polynomials have the following orthogonality property,
' Th(2)Ti () s

T, T = ————=——"dT = — CiOns. 2.5.6
( k) e 5 CkOnk ( )
where
2 ifk=0,
Cp =
1 ifk>0.

This is exploited as follows. Consider (2.5.1);, taking inner products with some T} we
find,
(4D*W, Ty) — (&®W, T};) — (A, Ty) =0,

which can be expanded using (2.5.4), (2.5.6), and the fact that the derivative of a Cheby-

shev polynomial is a linear combination of lower order Chebyshev polynomials to yield,

N+2
Z 4D*W,, — a*W,, — Ay = 0. (2.5.7)
n=0

Similarly an entirely analogous argument can be applied to (2.5.1), to deduce that,

N+2 ) .
Y 4D?A, — a* A, + (2RM(2)a*0,Ti) = 0 Ay (2.5.8)
n=0 . .

The third term of (2.5.8) can be written as,

(2RM(2)a*©,T}) = 2Ra*(€ ~ 1/2)(0, Tx) — Ra®*(20,T}). (2.5.9)
To expand (20, T) note the following,
N+2 N¥2 g
20 = T nzz-% 0.1, = HZ; (?n(T1+n + 71|1—n|))

1 1
= 6Ty + 591 (To+T5)+...+ §0N+2(TN+1 + Thys)-

So, taking inner products with Ty, 7} and Ty for k = 2,..., N + 2, yields,
2 0, 2 Opr—1 | Okn 2
= — T _—= = —_— —_— = —
0, 7T(z@, 0), b+ 5 7r(z@,Tl), 5 + 5 7r(z@,Tk),

which can be expressed in matrix form as,

(0 100 .. o\ 6 ) (}—r(z@,To)\
10l 0 ...0] & 2(20,Ty)
1 1 6 2 T.
010 ; 0 . W(ZQ, 2) (2.5.10)
0 % 0 % : :
\0 0 1 0f\6nsz) \2(20,Tws2))
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Let the coefficient matrix in (2.5.10) be denoted by Z. Then expressing (2.5.7) and (2.5.8)
in matrix form and applying an entirely similar argument to (2.5.1)3, (2.5.1)4, and (2.5.1)5

we can write (2.5.1) as the eigenvalue problem,

(4D> — 21 -1 0 0 o \[w
0  4D*—al  « 0 0 A
~RI 0 4D?—a?l 0 0 o
0 0 0  4D?-ail  # wm
\ 0 0 0 ~R"  4D* -l I )\ om)
00 0 0o o \w)
01 0 0 0 A
=ol0 0 Prl 0 0 )
00 0 O 0 wm
\0 0 0 0 wPrnGnI/\O™)

where [ is the identity matrix,
1 ' 1
x = 2Ra*(¢ - 5)[ — Rd’Z, # = —2R™a% (™ + E)I - R™ad? Z,
and,

W = (WO)WI)"'aWN—{-?)T’ A= (A(),Al,"',AN—{—?)Tv
O = (60,04, ..,0n:2)7, W™ = (W, Wi, . WiLL)T,

O™ = (65,07, ...,00.5)".

The operator D? is written in matrix form (cf. Dongarra et al. [23] and appendix A.1)
and the m(N + 2) and m(N + 3) rows of the matrix blocks in the system above, m =
1,...,5, are replaced with the discrete forms of the boundary conditions. The boundary
conditions (2.5.2) and (2.5.3) are realised with the aid of the relations T,,(£1) = (£1)®
and T/ (+1) = (£1)" 'n?. This results in the generalised 5(N + 3) x 5(N + 3) matrix
eigenvalue problem of the form

Ax = oBx. (2.5.11)

This generalised matrix eigenvalue problem is solved for the eigenvalues o™, n = 1,2, . . .|
and the eigenfunctions x(™ with the aid of the QZ algorithm, cf. Moler & Stewart [62],
which we employed via the NAG routine FO2BJF.
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2.5.2 The Chebyshev tau D method

In the previous section the transformed eigenvalue problem (2.5.1)-(2.5.3) was written as
a system of 2nd order equations. To implement a Chebyshev tau D method the system is

rewritten in terms of first order equations only,
2DW — A1 =0, 2DA, —A; =0, 2DA,— A3 =0,
2D -B =0, 2DO™-(C=0, 2DW™—-E =0,
2D A3 — 2a%Ay + a*W + 2RMa?0 = o(A; — a*W),

(2.5.12)
2DB — a’© — RW = oPrO,
2DE — a2 W™ — 2R™M™a2,0™ = 0,
2DC — afn@m — R"W™ = owPr,,G,,O™.
The boundary conditions are now given by
O=W=A4,=0"=W"=0, on z=1, (2.5.13)
and the interfacial conditions by,
5 )
W=dwm, ~e"=—"=0, C=6/%B,
vV d36T d?
&
—3a’A, + Az + ﬁE = 0A, (2.5.14)
do ;
AQZT(AI_dE), on z=-—1.

Using arguments entirely analogous to those used in the D? case, (2.5.12) can be

written as the generalised eigenvalue problem,

(2D I 0 o \[ W)
0 2D =1 0 i o || 4,
0 0
a'l 0 —2a%I 2D « 0 . 0 As
0
0
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[0 0 o\[ w

0 0 0 o o]l 4
0 0 0 0 v oll 4.
—a?T 0T 0 0 .oooviiiiiiii 0|l As
0 0 0 0 ..ovvvennnn, olf ©
=0
0 ...... PrI 0 0 ol|| B
0 il 0 0 0. oll e
0 ... -wPr,G,I 0 0 0 C
0 00 o0|fwm
\ 0 0 0/\ E )

where x = 2Ra*( — 1/2)I — Ra?Z and # = 2R,a2 (&m + 1/2)] + Rpa?,Z. 7 is
defined as in the D? case and the operator D is written in matrix form (cf. Dongarra et
al. [23] and appendix A.1).

The m(N + 2) rows of the matrix blocks, m = 1,...,10, are replaced with the -
discrete forms of the 10 boundary conditions (2.5.13) and (2.5.14). This results in the
10(N + 3) x 10(N + 3) (twice as large as the D? casé) generalised matrix eigenvalue
problem of the form |

Ax = oBx. (2.5.15)

Again this is solved for the eigenvalues 0™, n = 1,2,..., and the eigenfunctions x(®
with the aid of the QZ algorithm. The results of the D method were then used as an

independent check of those in the D? case.

2.6 Computational Results

In this section computational results obtained by varying the three parameters d, Ty, and
¢ are reported. Other parameter variations for the non-penetration case are considered in
Straughan [93]. The novelty of the results presented here is due to the penetration effect
and we highlight this. The Chebyshev tau method allows us to obtain highly accurate
results with very few polynomials. In our computations we employed 30 polynomials.

It is curious to note that for the parameter values selected we always find the critical
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eigenvalue o(V) to be real. The spectrum is such that () € R although other eigen-
values further down the list may occur as complex conjugate pairs. The validity of all
eigenvalues was checked by carefully controlling the convergence of each eigenvector.
This is important since spurious eigenvalues are often found in problems of this nature.
Spurious eigenvalues are numbers which may appear in the eigenvalue list but are not
solutions to the eigenvalue problem. Practical checks as to whether an eigenvalue is spu-
rious involve changing the number of polynomials or examining the convergence of the
associated eigenvector. If an eigenvalue is spurious then changing the number of poly-
nomials is accompanied by a significant change in the “eigenvalue”, and the components
of the eigenvector are not observed to converge. An inspiring account of how spurious
eigenvalues may arise in hydrodynamic stability problems is given by Dawkins et al. [22].
All the eigenvalues we computed, including the complex conjugate pairs, are believed to
be solutions of the problem.

We find that the streamlines and isotherms at the onset of convection may display.
striking patterns with a many cellular structure. This effect can only be seen by carefully
computing streamline patterns or by careful analysis of the eigenfunction. The many
cellular structure is not obvious from the eigenfunction with the naked eye (see e.g. figure
2.18). Due to the highly sensitive streamline structure observed we note that it is essential
to employ a highly accurate numerical technique like the Chebyshev tau D? one to detect
such fine detail.

In our computations we discover striking differences with the findings of Straughan
[92,93] and Chen & Chen [17]. These papers typically found that the neutral curves
showed the instability pattern changed from being dominated by the porous medium to
being dominated by the fluid layer for d in the region of 0.1. In Straughan [93] the
parameter « in the boundary condition (2.4.5) was found to play an important role in that
if & > 0.8 the porous medium dominates the instability. However, for many fluids and
porous media, « lies in the range 0.1 to 0.8 and then the changeover is of order d=0.1
d = 0(0.1)) . In this work we discover that the changeover point also depends strongly
on the upper temperature of the fluid layer, T;. Thus the penetrative convection effect is
very important. For example, with T, = O(8°C) the changeover occurs for d = O(1)

whereas when Ty = O(4°C) the changeover is in the region d = O(0.1).
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We also observe that penetrative convection in the fluid overlying a porous medium
situation is very different from penetrative convection in a single fluid layer, or penetrative
convection in a layer of saturated porous material. The interface in the two layer situation
plays an important role. For example, in the one layer fluid or porous problem true pen-
etrative convection, i.e. the formation of two convection cells in the vertical, occurs only
when Ty > 6.4°C and three cells form only when Ty > O(21°C), cf. Straughan [91].
However in the two layer porous-fluid problem with d = 0.4 we already see two fluid
cells when Ty = 5°C and when Ty = 6°C three cells have formed.

We stress that we have not seen the penetrative convection problem studied in the fluid
overlying a porous medium problem and the numerical findings are quite striking and very
different from anything we have seen in previous works on penetrative convection, or in
convection in a porous-fluid layer system. We also stress that our results can only be
observed with a highly accurate numerical method and we strongly advocate the use of

the Chebyshev tau D? method for this and related problems.

2.7 Numerical Findings

In this section a selection of our numerical findings are presented. We point out that these
are a small amount of the many graphs computed. The idea is to present a representative
selection highlighting some of the novel features we have found. Throughout all calcula-
tions we select Pr = 6 (the Prandtl number for water) and fix the parameters er, G,,, and

o at the values 0.7, 10 and 0.1 respectively, cf. Straughan [93].

2.7.1 Variation of the neutral curves with d, Ty; and &

In figures 2.2-2.4 we present the linear instability neutral curves, i.e., the porous Rayleigh
number against porous wavenumber curves such that o = 0, for various values of (f, T,
and 6. Since the time representations of u;, 8, 7, u[", 0™ and 7™ are of the form e, it is
clear that above the neutral curves (o > 0) the system is unstable. For a fixed wavenumber
am, one finds a value for Ra,,. Since all values of a,, are allowed, we let a,, vary from
0 — oo and the minimum value of Ra,, yields the critical value above which instability

will commence.
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Ram

Figure 2.2: Neutral instability curves, Ra,, against a,,. Ty = 4°C, § = 0.002, d varies as shown

on graph.

In figure 2.2 we fix Ty and 4 at 4°C and 0.002 respectively and vary d. The bi-modal
nature of the neutral curves is clearly seen. Of course, with an upper temperature of
4°C the whole layer has a tendency to be unstable and penetrative convection will not
be witnessed. This is analogous to the computations of Straughan [93] and we expect to -
find the switch from porous to fluid dominated convection with d in the range we have.
In fact, the absolute minimum on each curve represents where instabilify commences.
Thus, for d = 0.16,0.18, 0.2, the minimum of the curve lies on the fluid dominated part
with a,, larger (narrower convection cells confined mostly in the fluid) whereas for d=
0.1,0.12,0.14, the minimum of the curve is in the porous dominated part with a,, smaller
(wider convection cells, with convection occurring strongly in the porous medium).

In figure 2.3 we fix d and 6 at 0.4 and 0.002 respectively and show the neutral curves
for Ty varying from 5°C through to 5.4°C. Note that for Ty = 5°C to 5.3°C the fluid
dominates the convection pattern with large wavenumbers but when Ty = 5.4°C the
pattern changes and convection is driven by the porous medium with a corresponding
smaller wavenumber.

In figure 2.4 we fix d and Ty at 1 and 8.2°C respectively and show the neutral curves
for § varying from 0.001 to 0.01. We note that for 4 = 0.001 and 0.002 the fluid dom-
inates the convection pattern with large wavenumbers but when ¢ is increased to 0.003

the pattern changes and convection is driven by the porous medium with a corresponding
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smaller wavenumber.

Having computed and inspected several more instability curves, table 2.1 was con-
structed. Table 2.1 illustrates the range in which 7y must be to see the interchange where
instability moves from fluid to porous (or porous to fluid) dominated convection. An ap-
proximate value, T, at which this occurs is listed. Clearly the smaller d the lower the
value of T3 (as expected from figures 2.2-2.3). In fact it can be seen from table 2.1 that d
and T" are essentially proportional. A change of 0.2 in d corresponds to an approximate

change of 1°C in T*.

~

o d Range of Ty (°C)  Approximate value of 757 (°C)
2.00 13.05< T £13.10 13.10
1.80 12.105 T3 <12.15 12.10
1.60 11155 T <11.20 11.15
1.40 10.15< T £10.20 10.20
1.20 9.205 T3 <9.25 9.20
1.00 8.20< T™ <8.25 8.25
0.50 5.805 T <5.85 5.80
0.40 5.30< T $5.35 5.35
0.30 4.80< TH¥ SA.85 4.85
0.20 4.35< T5" 5440 4.40
0.18 4.25< T $4.30 4.30
0.16 4155 THY <4.20 4.15
0.14 3.90< T <3.95 3.95

Table 2.1: The range and approximate value of Ty (°C) in which a switch in dominance occurs

for d varying, § = 0.002.

Figures 2.2-2.4 show respectively, that as d increases the system becomes less stable
(the instability curves shift down), and as Ty and ¢ increase the system becomes more
stable (the instability curves shift up). It can be concluded then from table 2.1, and the
neutral curves presented above, that the onset of convection, and indeed which layer dom-

inates it, depends strongly upon ci, Ty and ¢ (for e, G,,,, Pr and « fixed).
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2.7.2 Streamline and isotherm patterns

The neutral curves already show that a variety of interesting behaviour is found when
penetrative convection is combined with the porous-fluid convection problem. However,
it is by looking at the streamline patterns that the structure of the cell patterns can clearly
be seen.

In the governing model and the plan form of the normal mode expansion, it was as-
sumed that a convection cell must be three dimensional. Reproducing three dimensional
streamlines is very difficult. Instead we choose to simplify the problem by concentrating
on a two dimensional roll cell, cf. McKay & Straughan [53]. To ensure continuity at z = 0
and show graphically the effect on the flow of varying d, we must first dimensionalise the
eigenfunctions found via the Chebyshev tau D? method. We do this as follows.

Casel: d < 1 d < dnp)
Fix d,, = U,, = T™# =1 then

w= lw*, T = dz*, W, = W, Ty = T,
d 5 2.7.1)
o=—2_¢, gm=gm »
\Y4 €Td3
Case2:d>1 (d>dn)
Fixd =U = T# =1 then
w=w", z =1z Wy = JW,’;, Tm = =Ty,
_ (2.7.2)
Serd3
b=0", "= —‘?d o™,

where the starred quantities denote non-dimensional terms.
We choose the planform for a two dimensional roll cell to be

T
9.(z) = cosazx, ze |——,—|,
aC aC

where
a  Qpy
ac = - = —

d dpn
This takes into account that although the fluid and porous regions have different length

scales, once redimensionalised, both regions may be represented by a single plan-form.
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We seek a stream function v (z, z) satisfying

—Ye=w, Yv.,=u for ze€]0,d],

~p, =w", Y, =u™ for z € [—-dp, 0),

where = € [~ /a., 7/a.] and

w (j:;; ,z) =™ (:l:l,z) = w(z,d) = w™(z, —dy,) =0,

u (ial,z) = um (:tl, C) = u(0,2) = w™(0,2) = 0.

C

Then the normal mode expansion gives,

w = W (z) cos a,r, z € [0,d];

w™ = W™(z) cos a.z, z € [—dm,0].
Hence the stream function is chosen to be

~1W(2)sina.z, z€/0,d],

P(z,2) =49 °
— o W™(z)sinacz, z € [—dp,0).

The streamlines are given by the lines in the (z, z) plane where ¥(z, z) = constant.

In the remaining figures of this chapter, it is the number of cells in the vertical direction
and the width of cells in the horizontal direction that are of interest. Throughout all
figures, the porous-fluid interface is at z = 0, and the eigenfunctions are all normalised
before plotting. Note that only one isotherm graph is presented since the isotherms were
found to be not dissimilar to the equivalent streamline graphs.

In figures 2.5-2.9 we highlight the streamline patterns for the situation for which fig-
ure 2.3 yields the neutral curves i.e. d and ¢ are held fixed at 0.4 and 0.002, respectively.
The lower dashed line marks the interface, 2 = 0, and the upper dashed line, the con-
duction solution at 4°C. When Ty, = 5°C (figure 2.5) two convection cells already exist
in the vertical direction, and are almost exclusively confined to the fluid. The evidence
of a second cell in the fluid indicates that penetrative convection is already occurring. It
must be remembered that water has a density maximum at approximately 4°C. Therefore,
since the temperature at the interface, Tp = 3.18°C, there is an unstable layer between

the porous interface and the conduction solution at 4°C. It is only in this layer and the
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saturated medium below that instability can be initiated. When convection commences,
the (stable) fluid above is brought into motion and a second cell forms. As Ty is in-
creased to 5.3°C (figure 2.6), the convective motion begins to penetrate into the porous
medium, and a third cell is seen in the fluid. Since the upper temperature has increased,
Tp has increased as well (3.37°C), and the depth of the layer between the 4°C line and
the interface is smaller than that seen in figure 2.5. Thus a third cell is formed since
the (stable) fluid above adjusts itself accordingly to accommodate the smaller (unstable)
depth. Once T}, reaches 5.4°C (figure 2.7) the convection pattern changes to much wider
cells (the bi-modal effect cf. figure 2.3). In fact, we see one cell wholly in the fluid and
one cell spanning the fluid and porous medium with circulation in each media. By the
time Ty = 5.8°C (figure 2.8), again we have one large cell in the fluid and one cell in
which the fluid is circulating between the lower part of the fluid layer and the whole of
the porous medium. Upon increasing Ty further to 6°C (figure 2.9) the structure of figure
2.8 is maintained in the porous-fluid region, but now a third cell has formed at the top
of the fluid layer. Again this is due to the fact that the unstable layer in the fluid is of
smaller depth than that seen in figure 2.8, and the (stable) fluid above has adjusted itself
accordingly. Thus the penetrative effect is ihducing the formation of further convection
cells.

In figures 2.10-2.16 we concentrate on d =1,ie., the fluid and porous medium depths
are the same, and fix 6 = 0.002. Figure 2.10 shows the streamlines when Ty, = 8°C while
figure 2.11 shows the equivalent isotherms. Observe that there are six vertical convection
cells with little movement in the porous medium. Figure 2.12 displays the streamlines
for Ty = 8.1°C. Observe that now there are seven vertical convection cells in this case
and again little movement in the porous medium. Figure 2.13 displays the streamlines for
Ty = 8.2375°C, and in this case we see eight vertical convection cells and yet again little
movement in the porous medium. The increase in the number of cells with an increase of
Ty is due to the penetrative effect as previously explained. As Ty increases, the depth of
the unstable layer decreases and the fluid adjusts itself, forming a layered convection cell
structure which is stable for a given upper temperature.

Figures 2.14, 2.15 and 2.16 show what happens to the streamlines when Ty is in-

creased further to 8.25°C, 8.4°C and 9.6°C respectively. There is a switch from con-
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Figure 2.12: Streamline plot, Ty = 8.1°C,
Ty = 3.3°C, Ra,, = 8.065, a,, = 11.2,

~

d=1,6¢=0.002.

1.0 Il 1 5 I 1

~ Y /

0.6 -4

044

i ()
Z

00~

02 ﬂ

-04

1 L
-1.6 -12 -08 04 00 o4 08 12 16

Figure 2.14: Streamline plot, Ty = 8.25°C,
Ty = 3.4°C, Ra,, = 13.875, a, = 2, d =
1,6 = 0.002.
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Streamline plot, Ty =
8.2375°C, Tp = 3.39°C, Ra,, = 13.296,
am =12.2,d = 1,6 = 0.002. |

Figure 2.15: Streamline plot, Ty = 8.4°C,
Ty = 3.46°C, Ra,, = 15.258, ayy = 2,d =
1,8 = 0.002.



2.7. Numerical Findings 39

Figure 2.16: Streamline plot, 7y = 9.6°C,
To = 3.95°C, Ray, = 24.503, am = 2,d =
1,4 = 0.002.

vection dominated by the fluid to that dominated by the porous medium between Ty =

8.2375°C and 8.25°C. In figures 2.14-2.16 the porous medium has clearly begun to influ-

ence the convection and much wider cells are seen. Since the cells are wider, less form - -

in the vertical direction. Indeed in figures 2.14 and 2.15 we see one cell spanning the
porous-fluid region with four further cells in the fluid. By the time the upper temperature
is increased to Ty = 9.6°C (figure 2.16), one cell still spans the porous-fluid region but
now a further five cells are observed in the fluid. Again this is due to the fact that the
unstable layer in the fluid is of smaller depth to that seen in figure 2.15 and the (stable)
fluid above has adjusted itself accordingly.

In figures 2.17-2.20 the highly sensitive nature of the streamline structure is illustrated
further. We fix d = 2 and present both the streamlines and corresponding eigenfunctions
for Ty = 13°C and 13.2°C. From observing the eigenfunction with the naked eye it
is not immediately evident what the corresponding cellular structure looks like, hence
a streamline plot is necessary and it is essential to employ a highly accurate numerical
technique to detect such fine detail. It would appear that for 7y = 13°C we find 21
cells in the vertical direction, in the fluid. Whereas for Ty = 13.2°C the porous medium
influences the convection pattern to yield wider cells, with one cell spanning the porous

medium and fluid and a further 15 cells in the fluid above.
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Figure 2.17: Streamline plot, Ty = 13°C,
Ty = 3.37°C, Ra,, = 10.470, ay, = 11.6,

d=2,0=0.002.
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Figure 2.19: Streamline plot, Ty = 13.2°C,
Ty = 3.42°C, Ra,, = 13.686, a;y = 2,d =
2,8 = 0.002.
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Figure 2.18: W eigenfunction, Ty = 13°C,
Ty = 3.37°C, Ra,, = 10470, a,, = 11.6,
d=2,8 =0.002.
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Figure 2.20: W eigenfunction, Ty =
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am = 2,d =2, = 0.002.
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Computing complex streamlines like those illustrated above can be quite time con-
suming. If we wish to simply count the number of convection cells without computing
the streamlines then a quick alternative is to closely inspect the eigenfunction. Every sign
change in the eigenfunction represents a cell in the system. To ensure that all sign changes
are seen the eigenfunction must be computed at a sufficiently large number of points. The
eigenfunction at the critical Rayleigh number and wave number for Ty ~ T, was com-

puted at 5000 points and inspected to construct table 2.2.

d Ty £ T (Fluid dominant) Ty 2 T5* (Porous dominant)

2.00 21 16
1.80 21 11
1.60 20 10
1.40 17 8
1.20 13 6
1.00 8 5
0.50 3 3
0.40 3 2
0.30 2 2
0.20 1 1
0.18 1 1
0.16 1 1
0.14 1 1

Table 2.2: The number of convection cells in the two layer system, d varying, § = 0.002, Ty =

SWw
TU «

Table 2.2 illustrates how many cells are present just before and just after there is a
switch in dominance. Observe that as d increases the number of convection cells increases
too. For d suitably large (> 1) there are more cells present when the fluid dominates the
convection than there are when the porous medium does. This is to be expected since the

cells are wider when the porous medium dominates convection.
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2.7.3 Effect of permeability

It has already been shown in figures 2.5-2.19, that the porous medium has a strong effect
on the streamline patterns as Ty is varied. We now fix d =1and Ty = 8.2°C and vary
the permeability. In practice, a value of permeability often gives rise to § = VK /d,, =
0(0.002), cf. Straughan [93], and so the findings of figures 2.5-2.19 are expected to be
representative. However, we feel it worthwhile to compute directly the effect of varying
K. Values of § = 2 x 1073, 3 x 103 and 102 are used to generate figures 2.21, 2.22 and
2.23. Clearly, a striking difference is noticed. When § = 2 x 1073 there are eight cells
in the fluid region with hardly any movement in the porous medium. When 4 is increased
to 3 x 1073 the higher permeability induces motion in the porous medium and the total
number of cells decreases to five with a much wider cell structure being observed. On
increasing & further to 1072 only three cells are observed and the increased permeability

allows the porous medium to play a stronger role in the convection process.

2.8 Concluding Remark

Straughan [93] argued that there is a need for additional experiments to measure the coef-
ficient « in the boundary condition (2.4.5). If one wishes to model convection in porous-
fluid systems which occur in real life for example, patterned ground formation under
water (cf. Krantz et al. [44], McKay & Straughan [53]) or fast sea ice melting in the
Arctic shelf (cf. Bogorodskii & Nagurnyi [9]), then our calculations indicate that since
penetrative convection coupled with a porous-fluid layer system is so sensitive, there is a

need for much more accurate experimental data in this area also.






Chapter 3

Penetrative Convection in a Superposed
Porous-Fluid Layer via Internal

Heating

The purpose of this chapter is to provide an alternative model to that given in chapter 2.
In this instance we concentrate on the superposed two layer system but model penetrative
convection via internal heating as opposed to a quadratic equation of state. An internal
heat source (or sink) can give rise to a situation where one part of a layer is naturally
convecting while the other wishes to remain stable. Hence a heat source (sink) is capa-
ble of inducing penetrative convection. Many references to work in which convection is
described via internal heating can be found in Straughan [91]. One of the most signifi-
cant contributions, from which great advancement has been made, is that of Roberts [83].
Roberts modelled convection in a horizontal layer of fluid cooled from above, thermally
insulated from below and heated uniformly by an internal source. Matthews [60], moti-
vated by convection in an ice covered lake subject to solar radiation, presented a model
for the onset of penetrative convection in a fluid layer via internal heating. Matthews em-
ployed a cubic temperature profile maintained by a linear internal heat source. Similarly
penetrative convection in a porous layer can be described by internal heating, see for ex-
ample Straughan & Walker [96] and chapter 4. Applications of penetrative convection via
internal heating include convection within the Earth’s mantle, cf. McKenzie et al. [54],
cumulus convection, cf. Krishnamurti {45] and Larson [46,47], and convection of stellar

44
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and planetary interiors and atmospheres, cf. Ghosal & Spiegel [34], Schubert et al. [88],
and Zhang & Schubert [107, 108]). In this chapter, penetrative convection in the coupled
porous-fluid system is dealt with via internal heating in both layers. We believe this is the
first time penetrative convection in such a system has been modelled this way.

It is found that the instability of the two layer system and the size of the ensuing
convection cells are very sensitive to change in the strength of the heat sinks. The sink in
the fluid is shown to have a destabilising effect on the system whereas that in the porous
can be stabilising or destabilising depending on the form of the steady state temperature
profile and the strength of the sink in the fluid layer. A strong interplay between the two
sinks is clearly seen and discussed in detail in section 3.5. A selection of streamlines are
presented which exhibit novel behaviour when the strength of the sinks are varied.

It is shown that the linearised forms of the model presented here and that given in
chapter 2 are mathematically adjoint in some instance. When this is the case it is found
that the two .mode]s yield the same critical instability thresholds. Hence the results given
here confirm the validity of those in chapter 2. However it is also shown that when the two
models are adjoint the corresponding eigenfunctions are not the same. From a physical
point of view the two models under consideration are very different and we stress this fact.
Further discussion of this can be found in section 3.6 and a similar result is encountered
in chapter 4 where the effect of penetrative convection on an anisotropic porous medium
is investigated by internal heating and a quadratic equation of state.

An outline of this chapter is as follows. In the first two sections the governing system
and corresponding equations are described and the non-dimensional perturbation equa-
tions derived. The boundary conditions are then discussed and a linear instability analysis
is given. A brief description of the numerical method is then provided. An analytical and
numerical discussion of the effect of the heat sinks on the stability of the system is pre-
sented next. A comparison is then made between the model presented here and that given
in chapter 2. The two are shown to be mathematically adjoint in some instance and the
eigenvalues and corresponding eigenfunctions are computed and discussed in this case.
Finally a further array of streamlines are presented which show that contrary to intuition,

the initiating convection cell is not necessarily the strongest one.
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3.1 Governing Equations

Consider a fluid occupying the three dimensional layer {(z,y) € R?} x {z € (0,d)}
saturating a porous medium superposed below {(z,y) € R?} x {z € (~d,,,0)}. The
interface between the saturated porous medium and the fluid is at z = 0, see figure 2.1.

Suppose the density has a linear temperature dependence of the form
p=m[l-aT-T,)], (3.1.1)

where p, T', and & are density, temperature, and thermal expansion coefficient respectively,
and pg and 7, are constant reference values. Then the governing equations for the fluid
can be expressed by the Navier-Stokes equations, with a Boussinesq approximation,

ov; ov; 1 op _
gt = Av; + agTk;,
ot Y Ba:j Po 8:5,- tratitag
a’U,'

=0 3.1.2
8117,' ’ ( )

o  or Kk
—— tv— = AT + 2Q).
ot " "oz (pocy)s ¢

‘Equations (3.1.2); and (3.1.2); are the incompressibility condition and balance of energy,

respectively. The @ term in the energy equation (3.1.2)3 is some (constant) internal heat
“source or sink and it’s inclusion allows the model to describe penetrative convection in the
fluid layer (see section 3.5). Equations (3.1.2) are assumed to hold for time ¢ > 0, in the
spatial domain {(z,y) € R?,z € (0,d)}. In these equations v;, t, z;, p, and T are veloc-
ity, time, displacement, pressure and temperature, and v, g, k¢, ¢, are kinematic viscosity,
gravity, thermal conductivity and specific heat at constant pressure. Standard indicial no-
tation and the Einstein summation convention are employed throughout. Subscript (or
superscript) f or m denotes fluid or porous medium, respectively. The symbol A is the
Laplace operator and k = (0,0, 1)7.

In the porous medium the motion of the fluid is described by Darcy flow with the

buoyancy force again given by (3.1.1); therefore

10p™ v
=LYy agTak,
P b + ag
ov™m
31;;- —0, (3.1.3)

(pocp)*% +vmaTm — k*
(pocp)y Ot " Oz (pocy)s

i S
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These equations hold on {(z,y) € R?} x {2 € (—dn,0)} x {t > 0}, and the variables
v;", Pm, Im are velocity, pressure and temperature in the porous medium. K is the perme-
ability and Q™ is some (constant) internal heat source or sink in the porous layer. Starred

quantities are defined in terms of fluid and porous variables as
S*=¢S;+ (1 — ¢)Sm,

where ¢ is the porosity and S stands for a physical variable such as thermal conductivity
k.

To establish what values of () yield a source or sink, consider the integral form of the
energy balance equation (3.1.2)3, namely,

oT ks 8 (8T
g ), TV + | vigdV = oy /V 5 ( axl)dV” / QdV,  (3.14)

where V' is some periodic cell in the fluid layer z € (0, d). Using the divergence theorem,

(3.1.4) can be rewritten as

d TdV+ }4 n;TdA = i 7{ O 1442 / Qdv,
dt av - (pocp) s 8:16,

where 7; is the unit normal to V and 8V the boundary of V. Note that, in the absence of

any heat flux and velocity a positive value of ) will give rise to an increase in temperature
of the layer and similarly, a negative value of () will give rise to a decrease. Hence a
positive value of () represents an internal heat source and a negative value of ) an internal
heat sink. An entirely analogous argument applied to (3.1.3); reveals that a positive value
of ()., represents an internal heat source in the porous layer and a negative value of @,
an internal heat sink.

The temperatures on the upper and lower boundaries are held fixed at values Ty (>
0°C) and 0°C respectively. The steady state solution to equations (3.1.2) and (3.1.3),
denoted by (a;, T, p), (a7*, T™, p™), is obtained from

L, 2
4=0, T :—TQ’ 0<z<d, 3.1.5)
= 2 m
am =0, Tm:—/\i, —dm < 2 <0, (3.1.6)
m

where A = ks/(pocy)s and A, = k*/(pocy)s. The hydrostatic pressures p and p™ may

be found from (3.1.2); and (3.1.3), respectively, but since 5 and p™ are eliminated from
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our analysis later on, we do not include a derivation of them here. Integrating T~ and T, ,','L

twice, and imposing the boundary conditions it can be deduced that

2 -
T(z) = —QAZ + (T” y To | %) 2+ Ty, G.1.7)
2
T™(2) = _Q)’\"Z + (;r—" - QK”’") z + Tp. (3.1.8)

The temperature at the interface, 7, can be found by requiring continuity of temperature

at z = 0 and continuity of the heat flux, viz.

dT dT,,

If we define e = A/, and € = er/(er + d) then from (3.1.9) one obtains the relation,

Qd? N Qmd2d
A /\me '

To =& (TU + (3.1.10)

3.2 Perturbation Equations

To study the instability of the basic solutions (3.1.5);; (3.1.6);, (3.1.7) and (3.1.8), per-

turbations (u;, 8, 7), (u*, Om, ) to these solutions are introduced and we set,

’l)i:ai'i"ll«i, T:T+07 p:ﬁ+7ra

v:"':ﬂ,;"'_{-u;n, Tm:Tm+9ma Pm = DPm + T

The perturbation equations which arise from (3.1.2) and (3.1.3) are,

Ou; Ou; 1 or
— — = ——— + vAu; + aglk;
En +ujaxj p03$i+u u; + aglk;,

6u,~
Bxi
o0 o0 Iy-Ty  Q

=0, (3.2.1)

and,

f =0, (3.2.2)
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where w = uz, w™ = uf* and G, = (pocp)*/(pocp) -
To non-dimensionalise the above equations the fluid scalings of time, velocity, pres-

sure, and temperature are taken as,

d? v _ povU s U [-Qud

The respective porous scalings are,

d? v povU™ Un [—Qmvd3
Tm = m m _ 7 P™ = TmH# - Zm [ ¥mTm
v’ v dy’ dym Am gaK

To ensure that T#, T™# are real we impose Q, @,, < 0, i.e. we deal explicitly with a

heat sink in both layers. The length scales in the fluid and porous domains are d and d,,,,
respectively. In addition the fluid and porous Rayleigh numbers Ra and Ra,, are defined

by
—Qgad® —QmgaKd3
vaz vAZ, ’

The Darcy number is defined to be § = VK /d,, and the fluid and porous Prandtl numbers

Ra=R*= Ra, = R%, =

are defined as Pr = v/, Pr™ = v/, respectively.
In terms of the non-dimensional variables, equations (3.2.1) and (3.2.2) become,

ou; Oou; on

W + uja_fL‘j = _Bzvi + Au,‘ + Rﬁki,
Bui .
7, 0, (3.2.3)
00 oo
Pr (E + ’Uqa—ml) = A0 + Rf(z)w,
and,
520" _ _ym 4 prgmg,
81‘1'
ou™
L = 2.4
oz, 0, (3.24)
Pry, (Gm—é-t—n_‘t + u; 8:1:,-) =A™ + R™ f™(z)w™,

where f(z) = 1~ 22+ (Ty — To)A/Qd? and f™(z) = ToAm/Qmd2, — 22 — 1. Equations
(3.2.3) hold in the region {(z,y) € R?} x {z € (0,1)} x {t > 0} while (3.2.4) hold
on {(z,y) € R?} x {z € (—1,0)} x {t™ > 0}. The interface is = = 0 while the lower

porous surface is now z = —1 and z = 1 is the (upper) fluid surface.
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3.3 Linearised Instability Theory and Boundary Condi-
tions

The obtain linearised perturbation equations all quadratic terms in (3.2.3) and (3.2.4) are
discarded. The resulting system is linear so solutions can be sought of the form u; =
u;(x)e’t, 0 = 0(x)e’t, 71 = w(x)e”t, u* = ul(x)e’t, ™ = 0™ (x)e’’, and " =
n™(x)et. This yields an eigenvalue problem for the growth rate o. The eigenvalues o,
are ordered so that 0y > o, > ... . If o7 > 0 then instability occurs. The associated

(1) ,m)

eigenfunction {u } yields the streamline curves which are included in sections

3.5.3,3.5.4, and 3.6, to visualise the flow patterns at the onset of instability.
The time scale t™ = t/w is introduced, then (3.2.3) and (3.2.4) yield the linearised

perturbation equations

ou; = —7; + Au; + ROk;,

’

oPr0 = A0 + Rf(z)w,
and,
&nT = —ul* + R™9™k;,
u™ =0, 3.3.2)
owPrn,G0™ = AO™ + R™ f(2)w™.

The boundary conditions required for the case where the upper surface is open to the

atmosphere (tangential stress free) are, in non-dimensional form,

on z=1, d=w=w,=0; (3.3.3)
on z=-1, " =w™ = 0. (3.3.4)

Continuity of the normal components of velocity, temperature, and heat flux, across the

interface z = 0, leads to the conditions

m W m_ 0 [A gom  [Ao9
W=, 0= =6, - _5,/(2362, (3.3.5)
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where d = d/d,, and A= Q/Qm. In addition at z = 0, continuity of normal stress is
required,

d* ™ =7 — 2w, (3.3.6)
and the Beavers-Joseph boundary condition is employed,

of  dao .
27 =B B
o 5 (u dur,

where « is a coefficient depending on the fluid and porous medium under consideration.

), f=1,2, (3.3.7)

The pressures 7 and 7™ are eliminated by taking curlcurl of (3.3.1); and (3.3.2);. The

third component of the resulting equations is retained to yield
cAw = A’w + RA*0, (3.3.8)

and

0=Auw™ — R"A*60™. (3.3.9

where A* is the horizontal Laplacian,

2 2
a9 9
0x?  0Oy?

Next a normal mode representation of w, 6, w™ and 6™ is used in (3.3.8), (3.3.1)3, (3.3.9),

and (3.3.2); by setting,

w=W(2)g(z,y), 6=0(z)g9(z,y),
w™ = W™(2)g™(z,y), 0™ = 0™ (2)g"(z,y),

where g(z,y) and ¢™(z, y) are horizontal plan forms which satisfy,

m

A*g=—a’g, A*g™=-a’g™,

where a and a,, are the wave numbers associated with convection cells in the fluid and
porous medium, respectively.

The fourth order equation (3.3.8) can be written as two second order equations by
regarding A = (D? — a?)W as an independent variable, where D? = d?/d22. This yields
five coupled second order equations to determine the critical growth rate o, namely,

(D? — )W = A,
(D? — a*)A — Ra’0 = oA, (3.3.10)
(D? — a¢*)© + Rf(2)W = o PrO,
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(D?* — a2 )W™ + R™a2,0™ =0,
3.3.11)
(D? — a2)0™ + R™ f™(2)W™ = owPr,G,,0™,

where (3.3.10) hold on z € (0, 1) while (3.3.11) hold on z € (—1, 0). Coupling is through
the boundary conditions.

The boundary conditions (3.3.3)-(3.3.7) are reduced to yield,

O=W=4=0, on z=1, (3.3.12)
@™ =Wm=0, on z=-1, (3.3.13)

and,

W = dw™, @m:i\%e, DO™ =§ iD@,

€T d3
2 dA2 m .
20°DW — DA — 5_2DW = —ogDW, (3.3.14)
2 da 7 m
aW—i—A:F(DW—dDW )s on z=0.

Hence, our goal is to solve (3.3.10) and (3.3.11) subject to the boundary conditions
(3.3.12)-(3.3.14). Before describing the numerical method we note the useful relations,
Ad°

Ww=_—= dA2, Pr,, = erPr, Ra = 252
T

Ra,,.

3.4 The Chebyshev tau D? Method

To solve the eigenvalue problem (3.3.10)-(3.3.14) the Chebyshev tau D? method was em-
ployed. It was implemented in an entirely analogous fashion to that described in section
2.5.1. The five quantities W, A, ©, W,,, and O, are regarded as independent variables and

expanded as Chebyshev series, i.e.

N+2 N2 N+2

W=> WoTu(z), A=) ATo(2), ©=3 6,Tu(2),
"::_2 " N+42 =
Wa =Y WrIT.(z), O™=> OrT,(2).
n=0 n=0

Equations (3.3.10), (3.3.11), and the operator D? are then written in matrix form cf. Don-

garra et al. {23] and chapter 2. The boundary conditions (3.3.12)-(3.3.14) are imposed by
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removing the m(N + 2) and m(N + 3) rows of the resulting matrix, m = 1,...,5, and re-
placing them by the discrete forms of the boundary conditions. The boundary conditions
were realised with the aid of the relations T,,(£1) = (£1)" and T/, (£1) = (£1)*'n?.

This results in a generalised 5(NV + 3) x 5(/V + 3) matrix eigenvalue problem of the form
Ax = 0Bx.

This was solved for the eigenvalues o™ n=12... , and the eigenfunctions x(™ with

the aid of the QZ algorithm which we employed via the NAG routine FO2BJF as before.

3.5 Discussion of the Model and Numerical Results

Recall from section 3.1 that the steady state temperature profiles in the fluid and porous

layers, and the temperature at the interface are given by

N Ty—T, Qd .
T(Z) = b\ + d + T z+ Tg, (351)
Fm o sz2 TO dem
T (2) = ™ + i " z+ Ty, (3.5.2)
. 2 N 2 ~
To=& (TU + Qd + demd) . (3.5.3)
A )\me

Differentiating (3.5.1) and (3.5.2) yields the turning points for T and T™,
d R m_ Om s
Zip = 5 [(TU - T‘O)6 + 1] ) Zip = 7 [T()Gm - 1]7 (354)

where € = A/Qd? and é,, = A\/Qmd2,. Since Q, @, < 0 the turning points are both

minimum points (T, T,, > 0). To investigate what type of steady state temperature
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profile can be obtained we begin by using (3.5.3) and (3.5.4) to derive the identities,

1 1
2 >0 & Ty< —3 + = (3.5.5)
1 1
Zp < 0 & Ty> —E + 6_’ (356)
1 1 (2
Z:Z >—d, & Ty<-—--— <—— + 1) , 3.5.7
€ €m €T
1 1 (2
Z:; <—-d, & Ty>---— <— + 1) , (3.5.8)
€ €n \ €T
1 1d
To>0 & Ty>————, (3.5.9
€ €m €T
1 1d
To<0 & Typy<—=———. (3.5.10)
€ € €T

Equations (3.5.5), (3.5.3) and (3.5.4), can be used to derive the relation
2p >0 & zt";>0 = Ty<0.
Similarly (3.5.6), (3.5.3) and (3.5.4), yield
m 1
<0 & 2z;,<0 & To > —.

€m

Hence only the following 4 types of steady state temperature profile are possible.

Case 1: The whole system is stable.

z

T
d U
O -~ F - m e -~ =
Ty T
— dm

Figure 3.1: Steady state temperature profile, depth z against temperature T'. 2y, < 0, 2y < —dp.

If 235 < —dpm,, then (3.5.8) implies that T, > 0 and 2z, < 0, and a profile like that dis-
played in figure 3.1 is obtained. Recall that density is a linearly, decreasing function of

temperature (see (3.1.1)) i.e., the warmer the fluid the lighter it is. Hence for the profile
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given in figure 3.1 the system is always stable.

Case 2: There is an unstable region in the porous layer, T, > 0.

Potentially unstable

Figure 3.2: Steady state temperature profile, depth z against temperature T', 2, < 0, —d;, <
Zg,l <0, T() > 0.

The profile given in figure 3.2 can be obtained by imposing (3.5.7) and (3.5.9) (note
(3.5.6) follows automatically). Fluid at the turning point z;7, is colder and hence heavier
than that at the base z = —d,,,. Therefore there is a potentially unstable region between

the turning point and the base of the porous layer.

Case 3: There is an unstable region in the porous layer, T, < 0.

Zi TU
(23
------ TO""-(}"“-“-"--""‘,1"?
Potentially unstable

Figure 3.3: Steady state temperature profile, depth z against temperature T'. 2z < 0, —dp, <

22 < 0,Tp < 0.

The profile given in figure 3.3 can be obtained by imposing (3.5.6) and (3.5.10) (note
(3.5.7) follows automatically). Again there is a potentially unstable layer between the
turning point and the base since the fluid at the turning point is colder and heavier than

that at z = —d,,,.
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Case 4: There is an unstable region in the fluid and underlying porous layer, T;, < 0.

z , TU
7
Nl 5| . _Potentially unstable
To T
—th

Figure 3.4: Steady state temperature profile, depth z against temperature T', 2, > 0, 2f; > 0,

Ty < 0.

If 24, > 0 then (3.5.5) implies that T, < 0 and 2y, > 0, and a profile like that displayed
in figure 3.4 is obtained. Fluid at the turning point 2y, is heavier than that below and
hence there is a potentially unstable layer in the lower fluid region and underlying porous
medium (everywhere beneath the dotted line).

- From the four cases presented above it is clear that penetrative convection is possible
in cases 2, 3, and 4. Hence it is these cases that are of i.nt'erest in the following analysis. It

is evident from the steady state temperature profiles that the position of the turning point

determines the stability characteristics of the system. To investigate what effect () and

(m have on the system we assume that d, d,, A, A, and er are all fixed. Then € «x 1/Q

and €, < 1/Qm, and we consider what effect € and é,, have on the turning points z,, Zip -

3.5.1 Stability characteristics of Q)

Eliminating Tj, (3.5.4) can be rewritten as

2y = @ [e (TU - Ei) + 1] , (3.5.11)
= % [em (TU + -l—) - 1] . (3.5.12)

By inspection of (3.5.11) it can be seen that as € gets less negative, 2, increases for fixed
€. In other words as the heat sink () gets stronger the system becomes more unstable.
Similarly by inspection of (3.5.12), as € gets less negative, 2y, Increases for fixed é,, (€, /¢

gets more positive). So again as () gets stronger, the system becomes more unstable.
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Hence @ is destabilising in cases 2,3, and 4, i.e. the stronger the heat sink in the fluid
layer the more unstable the system. Physically this makes sense in all three cases.
Consider case 2, fluid at the interface is warmer and lighter than that at the bottom of
the porous medium. The lighter the fluid at the interface, the more stable the system. If the
heat sink in the fluid is made stronger, the temperature at the interface will decrease and
the fluid there will become colder. Hence the heat sink is destabilising in this instance. In
case 3, fluid at the interface is colder (and hence heavier) than that at the base of the porous
medium. Therefore if the heat sink in the fluid layer is made stronger, the temperature at
the interface decreases and the difference between the fluid density at the interface and
that at the base of the porous medium increases. Since the fluid at the interface is heavier
than that at the base this is clearly destabilising. In case 4, fluid at the interface is heavier
than that at the top of the fluid layer. Therefore the whole of the fluid layer is potentially
stable. However if there is fluid within the layer that is colder than that at the interface
then there is a potentially unstable layef between the interface and the colder fluid. The
stronger the heat sink in the fluid, the more likely this is (for fixed @),,). Hence a heat sink
iﬁ the fluid is destabilising in this instance also. |
- To be in keeping with chapter 2, we suppose that the saturating fluid is water and
uﬁless otherwise stated take, Pr =6,er =07, G, =10, = 0.1 and 6 = 0.002. In
figure 3.5 the neutral curves for Ty, d and &, fixed at 9°C, 1 and —0.0728 respectively,
with € varying are presented. As € becomes less negative (() becomes stronger) the neu-
tral curves shift down and the system becomes more unstable. This is expected and in
agreement with the analytical work presented above. () clearly has a destabilising ef-
fect. Moreover, the neutral curves exhibit a bimodal nature like that first seen in Chen &
Chen [17]. For ¢ = —0.05, —0.0275 the minimum of the curve occurs at a,, ~ 2 whereas
for € = —0.025, -0.015, a,, & 12, 8.5, respectively. Therefore as € becomes less nega-
tive the shape of the convection cells switches from wide (smaller a,,) to narrow (larger
am). Hence, as () gets stronger convection switches from porous to fluid dominated. So
not only does () dramatically effect the onset of convection it also effects the nature of
the ensuing convection cells. To illustrate this more clearly consider the corresponding

streamlines presented in the next section.
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Figure 3.5: Neutral instability curves, Ra,, against a,,. Ty = 9°C, d =1, ém = —0.0728, €

varies as shown on graph.

3.5.2 Variation of the streamlines with Q

In this section the streamlines at criticality, corresponding to figure 3.5 are presented i.e. -
Ty, d and é,, are fixed at 9°C, 1 and —0.0728 respectively, and € is varied from —0.05 to
—0.015. Throughout all figures the porous-fluid interface is at z = 0, and the dashed line
marks the turning point of the steady state solution. Everywhere bclow the dashed line is
potentially unstable and everywhere above it is stable.

When € = —0.05 (figure 3.6) there is one cell bridging the porous-fluid interface and a
further five cells are seen in the fluid above. The cell bridging the interface is the initiating
cell. It is situated mainly below the unstable dashed line and hence drives convection.
The five cells in the (stably stratified) fluid above are counter cells, a result of penetrative
convection. Note that the centre of the driving cell is situated above the dashed line. This
somewhat curious behaviour is a result of the resistance to movement the porous medium
offers. This is explained in more detail in section 3.6 where an example in which the
driving cell is not as strong as the counter cell above is given.

As () is made stronger (figure 3.7) the initiating cell moves up slightly and only four
counter cells are seen in the fluid above. This is due to the fact that @ is destabilising.

The depth of the unstable layer has increased and hence the driving cell becomes deeper.
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Figure 3.6: Streamline plot from the @Q
model, Ty = 9°C,d = 1, § = 0.002,
€ = —-0.05, €, = —0.0728, Ra,, = 29.155,

am = 2.2.
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Figure 3.8: Streamline plot from the Q
model, Ty = 9°C, d = 1, § = 0.002,
€ = —0.025, é,, = —0.0728, Ra,, = 8.839,

am = 12.

Figure 3.7: Streamline plot from the @
model, Ty = 9°C,d = 1, 6 = 0.002, ¢ =
—0.0275, &y, = —0.0728, Ra,, = 14.112,

A = 2.
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Figure 3.9: Streamline plot from the Q
model, Ty = 9°C, d = 1, § = 0.002,
¢ = —0.015, &, = —0.0728, Ra,, = 0.713,

a,, = 8.5.
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The stably stratified fluid above is shallower and so fewer counter cells form within it. As
the strength of () is increased again (figure 3.8) the size of the convection cells changes
to much narrower cells (the bimodal effect cf. figure 3.5). In this instance there are seven
cells almost completely confined to the fluid layer with slight movement into the porous
medium. An increase in the strength of  has clearly resulted in a switch in dominance
from porous to fluid dominated convection. If ) is made even stronger (figure 3.9) there
is even less movement in the porous medium, just four cells are seen in the fluid layer
and the driving cell becomes deeper. Again this is due to the fact that an increase in the
strength of () results in an increase in the depth of the unstable layer. Hence the initiating
cell gets deeper and the counter cells above adjust themselves accordingly (for a fixed
upper temperature) resulting in fewer counter cells.

In summary, figures 3.6-3.9 have shown that the onset and nature of convection are
very sensitive to change in the strength of (). As the strength of the heat sink in the
fluid layer is increased, the fluid layer plays a much stronger role in the convection pat-
tern. Convection switches from porohs to fluid dominated, the number of counter cells in
the system decreases (for a given mode of dominance) and the depth of the driving cell

increases.

3.5.3 Stability characteristics of Q,,

By inspection of (3.5.11) it can be seen that as é,,, gets less negative, 2, decreases for fixed
€ (—€/é,, gets more negative). Therefore when the turning point is in the fluid layer (case
4), the stronger @, the more stable the system. This can be explained as follows. In case
4, there is fluid within the fluid layer which is heavier than that at the interface. There is a
potentially unstable layer therefore between the interface and the colder fluid above. The
stronger the heat sink in the porous medium the colder the fluid at the interface (for fixed
@), and the smaller is the density difference between fluid at the interface and the colder
fluid above. Hence the heat sink in the porous medium is stabilising in this instance.

To investigate whether (), is stabilising or destabilising when the turning point is in
the porous layer is slightly more complicated. Inspection of (3.5.12) reveals that the effect
of €, depends on the sign of (Ty + 1/€). Suppose (Ty + 1/€) < 0, then as é,, gets less

negative, zy, decreases (for fixed €). So in this case Q@ is stabilising. On the other hand
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Figure 3.10: Neutral instability curves, Ra,, against a,,. Ty = 9°C, d=1,¢=—0.0357, ém

varies as shown on graph.

suppose (Ty + 1/¢) > 0, then as é,, gets less negative, z;; increases (for fixed €). So in
this instance @, is destabilising. Note that (Ty + 1/€) < 0 < Ty < 0, so @, can only
.bé stabilising in case 3 such that Ty < —1/é. In all other instances for which the unstable
layer is confined to the porous medium i.e.. case 2 and case 3 with Ty > —1/€, @, is
destabilising.

To illustrate this curious behaviour more clearly consider figures 3.10-3.13. In figure
3.10 the neutral curves for Ty, d and ¢ fixed at 9°C, 1 and —0.0357 respectively, with é,,
varying are presented. As €,, becomes less negative the neutral curves shift up. Therefore
as (J,, gets stronger the system becomes more stable. This is in agreement with the
analysis presented above since Ty < —1/¢, so we expect an increase in the strength of
Q) to have a stabilising effect on the system. In figure 3.11 the corresponding steady
state temperature profiles are displayed. It is clear that as €,, becomes less negative the
turning point moves down. Note that the steady state temperature profiles are of type 3
and 4 only. Case 2 cannot be obtained since Ty; violates (3.5.9).

In figure 3.12 the neutral curves for Ty, d and ¢ fixed at 15°C, 1 and —0.1 respectively,
with €, varying are presented. In this instance €, has the opposite effect. As €,,, becomes
less negative the neutral curves shift down. Therefore as ), gets stronger the system

becomes more unstable. This is in agreement with the analysis presented above since
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Figure 3.11: Steady state temperature profiles, depth z against temperature T. Ty = 9°C,d = 1,

€ = —0.0357, &, varies as shown on graph.
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Figure 3.12: Neutral instability curves, Ra,, against a,,. Ty = 15°C, d=1,¢=-01, ém

varies as shown on graph.
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Figure 3.13: Steady state temperature profiles, depth z against temperature T. Ty = 15°C,

d=1,é=—0.1, &y, varies as shown on graph.

Ty > —1/¢, so we expect an increase in the strength of @,, to have a destabilising
effect on the system. In figure 3.13 the corresponding steady state temperature profiles
are displayed. It is clear that as €, becomes less negative the turning point moves up. -
Note that the steady state temperature profiles are of type 2 and 3 only. Case 4 cannot be
obtained since Ty violates (3.5.5).

It has been shown analytically and in figures 3.12 and 3.13, that in case 2, @), is
destabilising. This is explained as follows. In case 2 there is fluid within the porous
layer which is colder than that at the base of the porous medium. There is a potentially
unstable layer therefore between the colder fluid and the base. As the heat sink in the
porous medium is made stronger the temperature of the fluid within the porous decreases
while that at the base remains fixed. Hence as the heat sink in the porous gets stronger
the unstable layer gets deeper (for fixed (0) and the heat sink in the porous medium has a
destabilising effect.

To explain the effect of the porous heat sink in case 3 is not so straight forward. For
fixed Ty, it has been shown that the effect of the porous heat sink depends strongly upon
the strength of the fluid heat sink. If the sink in the fluid is such that € > —1/Ty then
the sink in the porous is stabilising. On the other hand if the sink in the fluid is such

that ¢ < —1/Ty (weaker) then the sink in the porous is destabilising. To clarify this we
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differentiate (3.5.12) with respect to é,, to yield

dzpy  Ed,, 1

= ()
This implies that if ¢ < —1/Ty then zj} is an increasing function of &,. So as &,(< 0)
increases 2y, increases as well and @, is destabilising. On the other hand if € > —1/Ty
then 2y 18 2 decreasing function of é,,. So as é,, increases ZZ; decreases and in this
instance Q,, is stabilising. Clearly € = —1/T} is a local maximum and the critical point
at which @,,, switches from one behaviour to another. The strong interplay between the
two heat sinks clearly has a profound effect on the stability characteristics of (),, and
makes a straight forward physical explanation unclear in this case.

In summary, the stability characteristics of (),, depend strongly on the steady state
temperature profile and the strength of (). In case 2, @), is destabilising whereas in case 4
it is stabilising. In case 3, if Q) is sufficiently weak (¢ < —1/Ty) then @, is destabilising
whereas if @ is sufficiently strong (¢ > —1/Ty) it is stabilising. Figures 3.10 and 3.12
both show that as €,, becomes less negative ((),, stronger) the width of the convection '
cell switches from narrow (a,, larger) to wide (a,, smaller). Therefore like Q, @, has a
dramatic effect on both the oﬁset and nature of instability. This is illustrated more clearly
in the next section where a selection of streamlines corfesponding to ﬁghres 3.10 and 3.12
at criticality are presented. -

In an entirely analogous analysis to that presented above the effect of varying d and
Ty can also be investigated. Inspection of (3.5.11) and (3.5.12) imply that d and Ty
are destabilising and stabilising parameters respectively. This is in agreement with the

numerical results of chapter 2.

3.5.4 Variation of the streamlines with Q,,

In this section the streamlines at criticality, corresponding to figures 3.10 and 3.12 are
presented. In figures 3.14-3.17, Ty, d and € are fixed at 9, 1 and —0.0357 respectively, and
€m 1s varied from —0.25 to —0.01 (cf. figure 3.10). When €,,, = —0.25 (figure 3.14) there
are six convection cells almost completely confined to the fluid layer with little movement
into the porous medium. If @, is made stronger (figure 3.15) the convection cells are

again mostly confined to the fluid layer but now there are seven cells in total. The increase
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Figure 3.14: Streamline plot from the Q Figure 3.15: Streamline plot from the Q
model, Ty = 9°C, d = 1, § = 0.002, model, Ty = 9°C, d = 1, § = 0.002,
¢ = —0.0357, &, = —0.25, Ra,, = 1.317, € = —0.0357, &, = —0.15, Ra,, = 5.534,

am = 10. ' ay = 12.

z.z— =
Figure 3.16: Streamline plot from the Q Figure 3.17: Streamline plot from the Q
model, Ty = 9°C,d = 1, § = 0.002, model, Ty = 9°C, d = 1, § = 0.002,
é = —0.0357, &, = 0.1, Ra,, = 15.262, € = —0.0357, ¢y, = —0.01, Ra,, = 46.107,

am = 2. am = 2.4.



3.5. Discussion of the Model and Numerical Results 66

in the number of cells is due to the fact that the depth of the unstable layer (everywhere
below the dashed line) becomes shallower with an increase in @,,. Recall that Q,, is
stabilising in this instance. The stably stratified fluid above adjusts itself accordingly
resulting in an extra counter cell.

If the strength of (), is increased further (figure 3.16) the convection pattern changes
altogether. The width of the cells becomes wider (the bimodal effect cf. figure 3.10)
and the porous medium dominates the convection pattern. In this instance there is one
cell bridging the porous-fluid interface and a further four counter cells are seen in the
fluid above. When the strength of @), is increased again (figure 3.17), the initiating cell
still bridges the interface but now the centre of the driving cell is in the porous medium
(as opposed to the fluid layer), and there are five counter cells in the fluid above. The
shift in the position of the centre of the cell indicates that an increase in the strength of
Q. corresponds to an increase in the dominance of the porous medium. As previously
explained the number of counter cells has increased since the unstable layer has become
shallower.

Figures 3.14-3.17 clearly show that as the strength of the heat sink in the porous layer .
is increased, the porous medium plays a much stronger role in the convection pattern.
Convection switches from fluid to porous dominated, the number of counter cells in the
system increases (for a given mode of dominance) and the depth of the driving cell de-
creases.

In figures 3.18 and 3.19 we concentrate on the behaviour of the streamlines when Q,,
is destabilising. In this instance 7Ty, d and ¢ are fixed at 15, 1 and —0.1 respectively,
and €, varies from —0.5 to —0.01 (cf. figure 3.12). Note that in figure 3.18 penetrative
convection is witnessed in the porous medium. This is the first time we have seen such be-
haviour in the two layer system and we highlight this novel result. The relatively shallow
depth of the unstable layer explains the occurrence of penetrative convection in the porous
medium. The driving cell in the lower region of the porous medium induces penetrative
convection in the stable porous medium and fluid above. It is worth noting however that
the counter cells are very weak in comparison to the driving cell. Inspection of the eigen-
function reveals that the strongest counter cell (the one directly above the driving cell) is

approximately 200 times weaker than the driving cell below. The counter cells above it
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Figure 3.18: Streamline plot from the Q Figure 3.19: Streamline plot from the Q
model, Ty = 15°C, d = 1, § = 0.002, model, Ty = 15°C, d = 1, § = 0.002,
€ = —-0.1, &, = —-0.5, Ra,, = 1352.493, € = -0.1, ¢, = —0.01, Ra,, = 57.061,
a;, = 8.5. am = 2.6.

are even weaker again.

In figure 3.19 the strength of (),, is stronger than that in figure 3.18. In this instance
the convection pattern is completely different to that previously illustrated. The cells are
wider, the driving cell spans the porous-fluid interface and five counter cells are observed.
This shows that an increase in the strength of the heat sink in the porous layer corresponds
to increased movement in the porous medium. Note that there is no switch in dominance
between the two mediums in this case but the width of the cells does change from narrow

to broad with an increase in @Q,,, (cf. figure 3.12).

3.6 Comparison with the Quadratic Density Model

In chapter 2, penetrative convection in the porous-fluid system was modelled via a quadratic
density profile. The governing equations differed in that those of chapter 2 did not include

an internal heat sink in either layer. Instead penetrative convection was modelled via a
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quadratic density profile of the form
p=po[l —a(T —4)%.
Recall from chapter 2, the non-dimensional linearised perturbation equations (2.3.1) and
(2.3.2) (from now on called the 72 model),
ou; = —m; + Au; — 2Rp2 M (2)6k;,

’

ocPrf = A8 — Rra2w,

and,
&1 = —ul* — 2R M™(2)0™k;,
ut =0, (3.6.2)
owPr,, G 0™ = A0™ — RT,w™,
where
s 9ad’TEH(1—&)? e 4Ty - &
2 — I/)\' L M(Z)——f 2,y f_ 1_5 3
aK Pr™d,,T2E? m 4/Ty — &
pp = ORPTInTOE . iy =gz, = YTEE

From section 3.3 recall the non-dimensional linearised perturbation equations (3.3.1) and

3.3.2) (from now on called the () model),

ou; = —m; + Auz + Rekh
wi =0, (3.6.3)
oPrf = A0 + Rf(z)w,

and,
627rf}‘ = —u;" + R™0™k;,
u;y =0, (3.6.4)
OWPTry,Gpf™ = A0™ + R™ f"(2)w™,

where

f(Z) =1-2z+ (TU - To)é, fm(Z) = Toém -2z - 1.
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To investigate if and when these two systems are adjoint we follow an analysis similar
to the one given in Tracey [99]. First note that, the adjoint A*, of an n x n matrix A is

defined by the following relation

(x,Ay) = (A*x,y),

for all n vectors x and y. If two systems are adjoint then the eigenvalues of both systems
are the same.

Let ® = (m,u,v,w, 0, 7™ u™ v™ w™, 6™)T, where u, u™ and v, v™ are the i, j-
components of u and u™ respectively. If we identify § with —8 in the heat sink model then
the two systems can be written as Ar2® = ¢ B® (quadratic density law) and Ag® = o B®

(heat sink), where the operators Ar2, Ag, and B are defined by

(0 -2 -2 -2 0 0
%% A 0 0 0
-2 0 A 0 0
-2 0 0 A —-2Rp:M
hgn = 0 0 0 -—Rp A
0 0 &2 #L oL 0
2L 1 0 0 0
#Z 0 1 0 0
2L 0 0 1 2RpZ,M™
\ 0 0o 0 0 -Rp A
(0 -& -2 -& o0 0 )
-2 A 0 0 0
-5 0 A 0 0
-2 0 0 A -R 0
g = 0 0 0 -Rf(z) A |
0 0 % &2 22 0
2L 1 0 0 0
L 0 1 0 0
2L 0 0 1 —R™
\ 0 . .0 0 0 R™f™z) A )



3.6. Comparison with the Quadratic Density Model 70

(

o o o o ©
o O O = O
O D e O ©
o = O O O

o O o O
o o o o O

\ 0 ... wPr™G,, )
Now, let ®; and ®; be independent. It is not difficult to show that (Ar:®,, ®3) =
(®1, Ag®y) iff

Rre=R,  f(z) = 2M(z),

(3.6.5)
Rpp=R",  fm(z) = 2M™(2).
Conditions (3.6.5) are satisfied iff
-1 1-2¢
f = ———— Ty =T, e 3.6.6
€ Tg(l — 8)2, 0 v+ ¢ ) ( )
R -1 26m+1 ’
Em = W, TO = €m . (367)

Substituting (3.6.6); into (3.6.6),, (3.6.7), into (3.6.7), and eliminating Ty we find that
TU = 9°C.

Then choosing Ty = 9°C and ¢, é,, such that (3.6.6);, (3.6.7);, are satisfied, we have
Ay = Arz (where Ap is the adjoint of Ag). In this case the two linearised models
give rise to the same instability boundary and we expect the two models to yield the same
critical eigenvalues. In table 3.1 a comparison of the critical porous Rayleigh numbers and
wave numbers obtained from the Q model with Ty = 9°C, and ¢, €, satisfying (3.6.6),,
(3.6.7); , with those from the 72 model with Ty = 9°C is made. Very good agreement
between the two is seen.

The eigenvalues from the @ and 72 models are in good agreement when the two are
adjoint, the corresponding eigenfunctions however are not. For example consider the W
eigenfunctions for the two models when d =1, Ty = 9°C and ¢, ¢, satisfy (3.6.6);,
(3.6.7),, as illustrated in figure 3.20. Note that in computing the eigenfunctions we have
normalised over both W and W,,,. The strongest cell therefore is always positive regard-

less of it’s true circulation. Hence we cannot determine the true direction of circulation
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d Ra™, Ra ar, a
005 273311 273322 50 5.0
0.10 225470 225631 4.5 4.5
0.50 61942  62.844 2.5 2.5
100 19902  20.233 2.0 2.0

Table 3.1: The critical porous Rayleigh number and wave number when the two models are

adjoint.

Figure 3.20: W eigenfunctions for the adjoint models, Ty = 9°C, d = 1.

from the eigenfunction. We can conclude however that wherever a sign change occurs a
counter cell is present. Figure 3.20 clearly shows that the eigenfunctions exhibit different
behaviour. The main difference between the two is the position of the strongest cell. In
the @ model it is the first cell which is the strongest whereas in the T2 scenario it is the
second. To illustrate this more clearly consider the corresponding streamlines given in
figures 3.21 and 3.22.

In figure 3.21, Ty, d and § are fixed at 9°C, 1 and 0.002 respectively. A streamline
plot obtained via the T2 model at the onset of convection is presented. In this instance
the dashed line represents the 4°C conduction solution (below which the fluid is unstable
since water has a density maximum at 4°C in this model). The plot shows one cell in the

porous medium just bridging the interface, with a further 5 cells in the fluid above. In
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Figure 3.21: Streamline plot from the T2 Figure 3.22: Streamline plot from the Q
model, Ty = 9°C, d = 1, § = 0.002, model, Ty = 9°C,d = 1,8 = 0.002, &,é,,
Ra,, = 19.902, a,,, = 2. take adjoint values, Ra,, = 20.233, a,, = 2.

figure 3.22, Ty, d and 6 are also fixed at 9°C, 1 and 0.002 respectively and €, é,, take the
adjoint values (3.6.6), (3.6.7);. A streamline plot obtained via the 2 model at the onset -
of instability is presented. In this case the dashed line represents the turning point of the
steady state solution (below which the fluid is unstable, see section 3.5). The two unstable
layers coincide exactly in the steady states. This can be proved analytically by simply
inspecting the steady state solutions of each model and evaluating them at the adjoint
values. The plot in figure 3.22 shows one cell bridging the fluid and porous medium with
a further 4 cells in the fluid above. Figures 3.21 and 3.22 clearly show that the ) and T
models generate different streamlines despite being mathematically adjoint and yielding
near exact eigenvalues. The physical processes that determine the depth of the unstable
layer (and hence drive convection) are very different in the two models. In the 72 model
it is the fact that density is a quadratic function of temperature whereas in the (2 model it
is the inclusion of the heat sinks. Hence we cannot expect the streamlines to be the same
even when the two models are adjoint. The two models represent very different physical
systems and this must be understood in their application and interpretation at the outset.
Figure 3.21 is curious in that the cell which initiates penetrative convection (the lower
one confined mostly below the dashed line) is not as strong as the counter cell above.

One explanation for this is the resistance to movement the porous medium offers. For
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Figure 3.23: Streamline plot from the T2 Figure 3.24: Streamline plot from the T2
model, Ty = 9°C,d = 1, § = 0.01, Rap, = model, Ty = 9°C,d = 1, § = 0.1, Ray, =
18.534, a,, = 2. 18.928, a;y = 1.8.

example if the porous medium were more permeable, the fluid within would be freer to
move and we would expect the initiating cell to be stronger. To illustrate this notion
more clearly consider figure 3.23. In figure 3.23 a streamline plot generated via the 72
model for Ty, d and § fixed at 9°C, 1, and 0.01 respectively, is presented. Recall that
6 = VK /dy,, where K is the permeability of the porous medium. So in figure 3.23 the
porous medium is more permeable than that presented in figure 3.21. In figure 3.23 we
note that the initiating cell is now the strongest and there are only 3 cells in the fluid
above. Clearly the increase in permeability has allowed the lower cell (mainly confined to
the porous medium) to dominate the convection pattern. To reinforce this consider what
happens when ¢ is increased further (figure 3.24). In this case § = 0.1 and the initiating
cell is definitely the dominant cell. There ié only one cell in the fluid above. Clearly an
increase in permeability has allowed the porous medium to have a much stronger role in
the convection pattern.

Conversely if the porous medium were made less permeable we would expect the
lower (porous dominated) cell to become weaker and the motion in the fluid above to
become stronger. Close inspection of the eigenfunction when § = 0.0003 (keeping d=1
and Ty = 9°C) revealed that in this case, there is one cell in the porous medium just

bridging the interface with a further 10 counter cells in the fluid above. The lowest counter
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cell was the strongest with the initiating cell below having a strength approximately 2/5
of that above. Hence as predicted, when the porous medium is made less permeable the
first counter cell can indeed be stronger than the initiating cell and greater movement is
seen within the fluid layer.

If the porous medium is made even less permeable it is found that convective motion
is almost completely confined to the fluid layer and the width of the convection cells
changes. Inspection of the eigenfunction when § = 0.0002, revealed that in this instance
there were 21 cells in the fluid layer. The initiating cell was the lowest and strongest in the
layer, and there was only slight movement into the porous medium. The critical porous
wave number was found to be a,, = 30.6 and so the cells much narrower than those
previously seen. It is worth noting at this point that care must be taken when interpreting
data from the neutral instability curves. It is often inferred from the critical mode what the
dominant layer is. For example if the critical wave number is small, the porous medium
is said to dominate convection whereas if it is large the fluid layer is believed to, cf. Chen .
& Chen [17]. To avoid confusion é_xactly what is meant by dominant must be understood.
The dominant layer refers to _the layef in 'wh_ich instability commences. The layer contains
the initiating (driving) cell but as iilﬁsﬁratéd this may not necessarily be the strongest cell.

| Equaﬁons (3.6.1)-(3.6.4) clearly show that the Prandtl number Pr, is a parameter of -
the governing system. However it is worth noting that when Pr was varied from 0.001-
1000, no significant difference was seen in the critical eigenvalues obtained from either

model.

3.7 Concluding Remarks

In this chapter we have modelled penetrative convection via internal heating for a two
layer system in which fluid overlies and saturates a porous medium. It was found that
internal heating must be via a sink and a sink was included in both layers. The instability
of the system was found to be very sensitive to change in the strength of the sinks. It
was shown analytically and numerically that the sink in the fluid layer had a destabilising
effect on the system. The effect of the sink in the porous medium however depended upon

what type of steady state temperature profile was being considered and on the strength of
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the heat sink in the fluid layer. An array of streamlines were presented to illustrate the
effects of varying () and (J,,, on the pattern of instability.

The model presented in this chapter was compared to that given in chapter 2. When
mathematically adjoint, the two models were shown to yield the same critical instability
boundaries but different eigenfunctions. Hence the () model confirmed the instability
boundaries of chapter 2 and a need for caution and understanding, when interpreting
physical results was highlighted. Physically, the Q) model is very different to the T one
and we stress this point.

The linear instability analysis presented here and that given in chapter 2 provide in-
formation about the nature and onset of instability. However they do not preclude the
possibility of subcritical instabilities. A nonlinear analysis is necessary to assess the va-
lidity of the linear work. Straughan & Walker [96] pointed out that a ¢ model can make
a nonlinear energy analysis more straightforward than one involving a quadratic equation
of state. In future work it is our intent to develop a nonlinear stability analysis for the
two layer problem. It is hoped that the mathematical properties of the () model can be’
utilised in this task. The favourable properties of a () model are discussed in more detail
in the following chapter and the possible application to a nonlinear analysis of the two

layer system is discussed in chapter 7.



Chapter 4

Penetrative Convection in a

Horizontally Isotropic Porous Layer

In this chapter penetrative convection in a horizontally isotropic porous layer is investi-
gated. A horizontally isotropic porous medium is one in which the permeability is the
same in all directions in the horizontal plane, but different in the direction of the verti-
cal axis. The effect of anisotropy on convection in porous media is a subject receiving
recent attention. For example, Qin & Kaloni [80] studied the onset of Rayleigh-Bénard
convection in a porous layer, using Brinkman’s equation and anisotropic permeability.
In general, they allowed different components of permeability in all three principal di-
rections. However, they do briefly investigate the horizontally isotropic porous medium
case as well. Straughan & Walker [96] dealt with a porous medium for which the per-
meability was transversely isotropic with respect to an inclined axis. They found that the
growth rate ¢ was real in the anisotropic case without penetrative convection as well as
in the isotropic case with penetrative convection. In this chapter we show that for a hori-
zontally isotropic medium (anisotropic configuration) the growth rate o is real even with
penetrative convection.

It is our intent to model penetrative convection via internal heating and a quadratic
equation of state. For the majority of the analysis we choose to describe penetrative con-
vection by internal heating. The motivation for this choice is the fact that it allows us to
perform a non weighted energy analysis to obtain a global stability bound. The system

is also modelled via a quadratic density law since the results it produces are easier to in-
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terpret physically than those obtained via internal heating. The two models are compared
and it is shown that the linearised forms of each are in fact mathematically adjoint and
therefore, the instability boundaries which can be obtained from the models are the same,
cf. Tracey [99] and chapter 3.

Straughan & Walker [96] dealt primarily with the quadratic density model, however,
they also gave a brief development of a model with a uniform heat sink. In this chapter
the same configuration is taken, but it is simplified to a horizontally isotropic medium.
This model is of physical relevance to real life situations since many geothermal rock/soil
structures display anisotropy where the permeability in the vertical direction is different
to that in the horizontal plane. An example of such anisotropy is soil lofting due to frost
heave. This plays an integral part in the formation of patterned ground, cf. George et
al. [33]. Another example is the permeability of sea ice, cf. Eicken et al. [27]. Possible
applications of modelling sea ice as an anisotropic porous medium are discussed at length
in chapter 7. Further anisotropy effects can be found in Nield & Bejan [73].

An outline of this chapter is as follows. To begin with an internal heat sink model
which allows for penetrative convection in a horizontélly isotropic porous medium is in-
troduced. It is then shown that for the linearised system the growth rate o is real. Using
this result an instability boundary is found for the linearised system. After this an energy
analysis is performed to obtain a global nonlinear stability bound. The model is theh
compared with one in which the density is assumed quadratic and it is shown that the two
linearised systems are mathematically adjoint. Finally, a presentation and discussion of

the numerical results is given in the last section.

4.1 Internal Heat Sink Model

Consider a porous layer saturated with fluid contained between the horizontal planes z =
0 and z = d. The z direction is denoted by the vector k with i, j, k being the standard
Cartesian basis. Gravity acts in the negative z direction and the upper and lower planes are
held fixed at temperatures T, and 7; respectively, see figure 4.1. The density is assumed

to have a linear temperature dependence of the form

p=p,[1—a(T -T,)], @.1.1)
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where p, T', and « are density, temperature and thermal expansion respectively, and p,

and T, are constant reference values for the density and temperature respectively.

1,

Saturated porous medium

T

Figure 4.1: Schematic diagram of the governing system.

Attention is restricted to the anisotropic case for which permeability in the k direction
is different to that in the i and j directions. Hence the permeability tensor K is chosen to

be of the form

kk 0 0
K = O k] O b)
0 0 kK

where clearly &, is the permeability in the i and j directions and k- is the permeability in

the k direction. The inverse permeability tensor M is given by

£00
1
M:K_l:k_ 0€0a
2
0 01

where £ = ky/k, is the anisotropy parameter.
The fluid motion in the porous layer is assumed to satisfy Darcy’s law with a Boussi-

nesq approximation,

ov; 1 dp gp(T)k;
A R Y A , 4.1.
5= g~ M~ 4.1.2)

where v;, ¢, p, z;, v, and g, are velocity, time, pressure, displacement, kinematic viscos-
ity, and gravity respectively. Standard indicial notation and the Einstein summation
convention are employed throughout, and as previously mentioned k = (0,0,1)T. We
choose to neglect inertia again and henceforth discard the v;, term in (4.1.2). The con-

stant term in (4.1.1) is absorbed into the pressure by defining a modified pressure p to
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be p + gp,(1 + oT,)z. Then, dropping the hat and neglecting the inertial term, (4.1.2)
becomes

pi = —pMijv; + poagkT, (4.1.3)

where p is the dynamic viscosity. Equation (4.1.3) together with the incompressibility
condition and the equation of energy balance yield the following system of governing

equations
pi = —pMijv; + poagkT,
vi; =0, 4.1.4)

Ty +vT; = kAT + Q.
Here, & is the thermal diffusivity, () is some (constant) internal heat source or sink and A
is the Laplace operator. The upper and the lower boundaries of the system are assumed
fixed, so the boundary conditions v3(0) = v3(d) = 0, T(0) = T;, T(d) = T, must be
imposed.

Consider the integral form of the energy balance equation (4.1.4)3, namely,

d oT 8 (ar
g ], TV + Vv,-a—xidv_nfvaxi (ami)dV+/VQdV, 4.1.5)

where V' is some periodic cell in the saturated porous layer z € (0, d). Using the boundary

conditions and divergence theorem, (4.1.5) can be simplified to find

i TdV:lif niiT—dA—i-/ Qdv,
dt Jy v Ox; v

where n; is the unit normal to V' and 0V the bounding surface of V. Note that, in the
absence of any heat flux, a positive value of ) will give rise to an increase in temperature
of the layer and similarly, a negative value of () will yield a decrease. Therefore a positive
value of () represents an internal heat source and a negative value of ) an internal heat
sink.

The basic steady state solutions of (4.1.4) in whose stability we are interested, are
obtained from

Q

7, =0, T = -ZX,
K

The hydrostatic pressure p may be found from (4.1.4); but since p is eliminated from our

analysis later on, a derivation of it is not included here. Integrating T" twice yields

2oy Qo (Tu-T  Qd
T(z) = 2Kz+ p +2/~c z+1T;.
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For the system to be in a potentially gravitationally unstable state the condition 7; > T,, >
Tnin, Where T, is the minimum temperature of the fluid is imposed. Furthermore, we
take Q < 0, i.e. we deal explicitly with the case of a heat sink. In this situation the lower
part of the layer has a tendency to be gravitationally unstable whereas the upper part is
stable. Hence penetrative convection can arise when the fluid in the unstable layer begins
to convect and induce motion in the upper part.

To study the stability of (4.1.4) perturbations to the steady state solutions are intro-

duced as follows

v; = U; + u,, T=T+8, p=p+m.

The perturbed expressions are then substituted into (4.1.4) and non-dimensionalised with
scalings of

2 Qdy

X:d7 T:_, U= 3
Po0g

P = puk, (T#)

for displacement, time, velocity, pressure and temperature respectively. Then (4.1.4) may

be written in terms of the non-dimensional perturbation quantities as

i = —-M,-]-uj + Rkiﬁ,
" (4.1.6)

’

O,t + U,’H’i = Rf(z)w + A#,

where
T, — T,
f@=g—ema == wou xer XD
and
o gd®
R? = —qu%, 4.1.7)

defines the so called Rayleigh number. The boundary conditions for the perturbed vari-
ables are

w(0) =w(1l) =0,  6(0)=06(1) =0. (4.1.8)
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4.2 Linearised Instability Theory and The Principle of
Exchange of Stabilities

Neglecting the nonlinear terms in (4.1.6) and assuming a temporal growth rate like e?* we
obtain the linearised system

i = —Mu; + Rk;0,

u;; =0, 4.2.1)

00 = Rf(z)w + A8.
To eliminate the pressure in (4.2.1);, curlcurl of both sides is taken. Then, setting i = 3,
yields

MssAw —~ Mj;ujs; — RA*0 =0, 4.2.2)

where A* is the horizontal Laplacian, A* = §2/0z% + 02 /0y?. Finally, using the incom-

pressibility relation (4.2.1) in (4.2.2), system (4.2.1) can be written as follows

Lw = RA*0,
(4.2.3)
(A —0)0 =-Rf(z)w,
where the operator L is defined as A* + £5?/822.
To show that 0 € R, let 0 = o, + 0,7, where o, and o; are both real. Applying A* to
(4.2.3)2 and substituting the expression for A*# from (4.2.3),, the system can be rewritten

as a single fourth order equation in w, namely
(A —-0)Lw=—-R*f(2)A%w. (4.2.4)

The boundary conditions are w = w ,, = 0 for z € {0,1}. Let V now be some periodic

cell and introduce the complex L2-inner product as follows

(u,v) :/uv*dV,
v

where the asterisk here denotes complex conjugation. In general, (.) will mean integra-
tion over V. After multiplying equation (4.2.4) on the right by the conjugate of w and

integrating over V, there results

E(Aw ., w") + (AN 'w, w*) — o€ (W 5., W)
— o (A*w,w*) = —R? (f(2)A*w,w") .
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By repeated use of Gauss’ theorem and the boundary conditions w = w,, = w, = Wy =

Oon z € {0,1}, it can be shown that
ENVw,|I? + |V Vul|® + o€|lw,|* + o||Viw|* = B* (f(2) VW, VW) .  (4.2.5)
Finally, taking the imaginary part of (4.2.5) yields
oi (Ellw,|I* + IV*w]*) =0,

which implies that o; = 0. Hence, o is real and we say that the principle of exchange of
stabilities holds. When this holds convection sets in as stationary convection.
Suppose then o = 0, equations (4.2.3) yield
52
(A* + 55—2) w = RA*H,

z
e (4.2.6)
(A* + ﬁ) 6 = —Rf(z)w.
Assuming a normal mode representation for w and 6 of the form w = W(z)g(z,y) and
6 = ©(z)g(z,y), where g(x,y) is a horizontal plan form satisfying A*g = —a®g, (4.2.6)

becomes
(€D? — a?) W = —Ra?6,
: (4.2.7)
(D? —a*)© = —Rf ()W,
where D? = 8% /922 and a is the wavenumber.
~ This fourth order system for R was solved numerically by two entirely different meth-
ods. Firstly the compound matrix method was employed as described in Straughan [94],
and appendix A.2. Secondly the Chebyshev-tau QZ-algorithm as advocated by Dongarra
et al. [23], and outlined in chapter 2 and appendix A.1 was used. Without going into
detail, the basics of both routines are now described for the system at hand.
For the compound matrix method, the vector W is defined as W = (W, W', ©, ©)T.
Let W; and W, be independent solutions obtained by replacing the boundary condition
at z = 1 by the initial conditions W,(0) = (0,1,0,0)T and W»(0) = (0,0,0,1)T. We

introduce the variables
N = W1W2' - WQW{, y2 = W10, — W70,
Yz = Wle'z - erlp Ya = erz - Wzl@b
Ys — W{@/g — W2,®,1’ Y6 — 91@/2 - (")2911
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Then the compound matrix equations for (4.2.7) are

4 a’2 !

1= —?Rym Yo = Y3+ Yg,
2

" 2 " a
Y3 = Ys + a"ya, y4—ys+?yz,

, o f1 a?
Ys=a gy3+y4 +R f(z)yl—zys ;
vs = Rf (2)y2.

(4.2.8)

This system was numerically integrated subject to the initial condition y5(0) = 1. The
value of R was varied such that the condition y,(1) = 0 was satisfied to a predefined
accuracy. Furthermore, we minimised over a? to find the critical Rayleigh number which
is denoted by RZ henceforth.

Chebyshev-tau D and D? routines were also implemented to solve (4.2.7). First, the

solutions W and © are expanded in a series of Chebyshev polynomials

The second order differentiation operator obtained from writing out 82/02? in the Cheby-
shev representaﬁon is denoted by D?. The boundary conditions for (4.2.7) are imposed
by removing rows from the D? matrix. Furthermore, let Z denote the Chebyshev matrix
represention of the function z (see chapter 2). Thén, the resulting generalised eigenvalue

problem is

4D? — a?] 0 \4% R 0 —a?l W
0 ap*-a1 )\ © el+1Z 0 ®

where W = (w,, ..., wy)" and © = (f,,...,0x)". The matrix system was solved using
the (QZ algorithm. The critical Rayleigh number is approximated by the square of the
smallest generalised eigenvalue of (4.2.9). A Chebyshev tau D method, as described in
chapter 2, was also employed as an independent check. A presentation of the numerical
results is delayed until section 4.5. For the moment however, we remark that excellent

agreement was found between the three aforementioned numerical methods.
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4.3 Global Nonlinear Stability via the Energy Method

Consider the nonlinear system (4.1.6)
;i = —M;u; + Rk;0,
u;; =0, 4.3.1)
0, +uf; = Rf(2)w+ Ab,

with boundary conditions
u3(0) = us(1) =0, 6(0) = 6(1) = 0.

Multiplying equation (4.3.1); by u;, (4.3.1); by 8 and integrating both equations over V,
yields

R (fw) — (M;;usu,) =0,

% (31612) = RUGwo) + 9017 <o

(4.3.2)

Consider the thermal energy of the perturbations

1
E(t) = 5 llel*-

Multiplying (4.3.2), by some coupling parameter A (> 0) and adding this expression to
(4.3.2),, the following relation is obtained

dE
d_t—RI+D’

where the sign indefinite and definite terms are respectively,
I={((f(z) +Nwb), D=V’ + X (Miuu;).

Next, Rg is defined by
1 I

R - XD

where H is the space of admissible solutions over which we seek a maximum, namely,
H = {u;,0 € C*(0,1)Jus =0 =0 when z=0,1}.

This definition leads to the following relation

dE Rg - R
— < — . 3.
o7 < D( Rs ) (4.3.3)
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Using Poincaré’s inequality (appendix B.1) and the fact that M;; is positive definite, it can
be shown that

D > 7?||]|* = 2n°E. (4.3.4)
Then using (4.3.4) it can be deduced from (4.3.3) that

E 2
C;—t < —27%aFE = E(t) < E(0)e 2™

where a = (Rg — R)/Rg. Soforall R < Rg, E(t) — 0 as t — oo, where convergence
is at least exponential. Hence Ry provides a global nonlinear stability bound.

To find the Euler-Lagrange equations for the maximum, a calculus of variations tech-
nique is employed as follows. Suppose # and u; are the maximising solutions and consider
@+ en and u; + €v;, where 71 and v; are arbitrary functions which satisfy the same boundary
conditions as € and u, respectively, and € is some constant. It can be easily shown (cf.

(1.5)) that the maximising solution satisfies
Rpdél — 6D =0, (4.3.5)

where

dl dD
_%|€:O’ 6D—El€:0'

Substituting 6 + €n and u; + €v; into (4.3.5) it can be deduced that

Wy

/ [RE (f(Z) + /\) (’U)’I] + ’1)39) — /\MU (’uin + 'U,'Uj) + 277A0] dx = 0. (436)
|4

Apart from the continuity and boundary conditions they must satisfy, 1 and v; are arbitrary
functions. Therefore adding the zero term fv 7 ;v;dx = 0 in (4.3.6), and letting n = 0 in
the first instance, and v; = 0 in the second yields the Euler-Lagrange equations

;= Rg (f(Z) + /\) 0k; — 2/\M,-juj,

4.3.7)
2A0 = —Rg (f(z) + ) w.

The Lagrangian multiplier 7 in (4.3.7), can be eliminated by taking the curlcurl of both
sides. Setting 7 = 3 and introducing normal modes yields the system
2X ((D? - a®) W = —Rg (f(2) + A) d°O,

(4.3.8)
2(D*-ad®)© =—-Rg (f(z) + )W,
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with boundary conditions W = © = 0, for z € {0,1}.

The compound matrix equations for (4.3.8) are

a?(f(2) + A) )
yl1 = —RE—(Q“S\E—W, Yo = Y3 + Ya,
2 a?
Y3 = Ys + a’yz, .%'1:?/54‘?3!2,
, 1 2)+ A a®(f(z) + A
ys = a’ (Eys +y4) + Rg (f( )2 Y1 — (fé/\)g )ys) :
, z)+ A

This system was solved in an entirely analogous fashion to (4.2.8), i.e. subject to y5(0) =
1 and y2(1) = 0 and minimised over a?. This time however, we also maximised over
the coupling parameter A to make Ry as large as possible. When maximising over J, it
is important to have a reasonable initial guess. It is worth noting at this point that it is
expedient to put i; = \/Xuj and ; = m;/ vXin (4.3.7). Then, with
f(z) + A

Vol

the Euler-Lagrange equations become (dropping the hats)

9(z,A) =

i = REgak, — 2Mi]"LLj,
(4.3.9)

By employing parametric differentiation it may be shown that

ag BRE .
<(RE—8K + gﬁ) 0w> = 0.

At the best value of A\, dRg /0 = 0, so we set dg/0A = 0 to obtain a good guess for A
to be —e (> 0).
The Chebyshev-tau D? system for (4.3.8) is

8AED? — 27a2] 0 W
0 8D?% — 2a?] e

. 0 @ ((e-NI+1z) \ (W

(e-NI+1z 0 )

This system was solved numerically and the results used to check those obtained by the

compound matrix method. Again, excellent agreement was found.
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4.4 Comparison of the Heat Sink Model with a Quadratic
Density Model

An alternative way to model penetrative convection in the porous medium is via a quadratic
density profile. Consider a porous medium like before, but now fix the temperature at the
lower boundary at 0°C and maintain the temperature at the upper boundary at 7} (> 0°C).

Let the density have a quadratic temperature dependence of the form
p(T)=po [l —a(T — T0)2] .
Then the governing equations are, cf. Straughan & Walker [96],

pi = —pMijv; + poaghk; (T? — 2T,T),
v — 0, @.4.1)

’

T,t + ’UiT’i = kAT.

The basic steady state solutions of (4.4.1) are

where 8 = T)/d. Introducing perturbations (u;, 8, ) to the velocity, temperature and

pressure and non-dimensionalising with scalings of

2
X:d, Tzd—, U:
K

T#)? — kpp 7
( ) 2ap,9T1

: P = pxk,

&l x

leads to
T; = —Mju; — Rp2 (n — 2) k6 + %0219,-,
u; =0, (4.4.2)
0+ uif; = —Rrw+ Af,

where n = T,/T}, and the Rayleigh number is defined as

2p,agd
R’2[‘2 = T12 11 .

The boundary conditions for this system are u3 = 8 = 0, for z € {0, 1}. Since we want
to compare this system to the heat sink model, we choose T2 = —Qd?/2k, to give the

Rayleigh number the same interpretation as before (see (4.1.7)).
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Neglecting the nonlinear terms in (4.4.2) and assuming a temporal growth rate like

et, yields

i = —Mijuj — R (T} - Z) kzg,
wis = 0, (4.4.3)
00 = —Rw + A#.

To show that system (4.4.3) is adjoint to that described in (4.2.1) an analysis very similar
to the one given by Tracey [99] for a fluid layer is performed.

Let ® = (m,u,v,w,0)T, where v is the j-component of u. If we identify  with —@ in
the heat sink model, the two systems (4.2.1) and (4.4.3) can be written as Ag® = cB®
(heat sink) and Ar=® = o B® (quadratic density law) respectively, where the operators

Ag and A7 are defined by

(0 2 2 2 o)
2 M 0 0
Ag=1| & 0 My 0 0 |,
2 0 0 My R
\0 0 0 f(R A}
(0 & & & )
2 My 0 0 0
A= 2 0 My O 0 ;
2 0 0 My (n—2R
\0 0 0 R A
and
0 ... 0
B =
0 ... I

Now, let ®, and ®, be independent. It is not difficult to show that (Ag®,, P2) =
(@1, Ar2®2) iff f(2) = n—2,i.e. ¢ = 1/2—4/T;. For this choice Ar> = Ag, (where A,
is the adjoint of Agp), implying that the two linearised models have the same eigenvalues

and hence give rise to the same instability boundary. Putting ¢ = 0 and assuming a
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normal mode representation, (4.4.3) can be rewritten as follows

(¢D* — a®) W = a®R(n — 2)©,
(4.4.4)
(D* — a®) © = RW.

The Chebyshev tau D? method applied to (4.4.4) gives the following generalised

eigenvalue system

46D? — 21 0 W

0 a*((n-3)1-32) \ (W
I 0 e

=R

It was found (as expected) that this system yields exactly the same critical Rayleigh num-

bers as those obtained from the linear analysis using the heat sink model.

4.5 Numerical Results and Conclusions

In this section, subscript L will be used for results from the linear analysis (section 4.2),
while E will indicate results obtained via the energy method (section 4.3). In tables 4.1
and 4.2, results are generated using the compound matrix method and checked via the
Chebyshev-tau QZ routine. For the precision used in the tables, no significant difference
could be found between the two sets of results and so only a presentation of the results
obtained via the compound matrix method is given.

Table 4.1 displays the critical values (R, Rg, a%, a%) for the upper temperature, T}
fixed and the anisotropy parameter £ varying. T is fixed at 4°C in the quadratic density
model, which corresponds to a value of ¢ = —1/2 in the heat sink model. For all values
of £ in the table we found A = 0.54, which is reasonably close to its estimated value of
—e. We conclude from table 4.1 that for this parameter range, the critical values obtained
from the linear analysis are very close to those obtained via the energy analysis i.e. the
linear instability and nonlinear stability thresholds are very close. Hence the linear results
give a good physical representation of what is happening and it is unlikely that subcritical
instabilities exist. However it is worth noting at this point that as £ increases the agreement

between the linear and nonlinear results is not as good as it is for smaller values of £. We
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5 RL RE a% a2E

0.2 6.34800 6.29303 4.58564 4.61381
0.4 7.16423 7.10451 6.46601 6.49883
0.6 7.78941 7.72536 7.91138 7.94873
0.8 831594 8.24790 9.13197 9.17390
1.0 8.77950 8.70776 10.2090 10.2555
2.0 10.5962 10.5086 14.4496 14.5197
3.0 11.9886 11.8878 17.7190 17.8129
5.0 14.1946 14.0716 22.9282 23.0691

Table 4.1: Critical parameters of linear instability and nonlinear stability with 73 = 4°C.

also observe that as £ increases the Rayleigh number increases too. This implies that the
system becomes more stable as £ increases. The most interesting behaviour in table 4.1
however, is that as £ increases, the wavenumber increases quite rapidly. This suggests
that the convection cells are becoming narrower as the permeability in the z direction is
increased.

In table 4.2, £ is kept 'ﬁx.ed while ¢ (and thbu's T1) 1s varied. Note that as 7T increases
from 1°C to 8°C, ¢ tends to ZCI'O.. .Physically, as T is increased in the quadratic density
model, we could say that in the heat sink model Q becomes stronger, while the boundary
conditions remain fixed. The critical Rayleigh number increases with 77, and thus the
system becomes more stable as the upper temperature is increased. This is expected and
in good agreement with Straughan & Walker [96]. Note that for ¢ close to zero, the linear
results do not agree with the nonlinear results quite so well. In particular, the differences
in the wavenumber become larger. We also note, that as 7} increases the estimated value
of A is not as good.

Figure 4.2 shows the Chebyshev expansion of W(z) for the first 30 polynomials in
the isotropic case. The approximation is based on the quadratic density model. We only
show profiles obtained with this model because the physical interpretation of the results
obtained with the heat sink model was not clear. Although for systems (4.2.7) and (4.4.4)
the eigenvalues are the same, the eigenvectors are not (cf. chapter 3). Since the quadratic

density model provides a more tangible representation, we present these results and high-
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T1 (OC) € RL RE a% a% A

1.0 —3.500000 3.35766 3.35702 9.87671 9.87831 3.50618
2.0 —1.500000 5.12318 5.11797 9.90824 9.916563 1.51434
3.0 —0.833333 6.85262 6.83077 9.99394 10.0177 0.858793
4.0 —0.500000 8.77950 8.70776 10.2090 10.2555 0.541011
5.0 —0.300000 11.1114 10.9037 10.7667 10.7905 0.363036
6.0 —0.166667 14.0823 13.5485 12.3140 11.9279 0.259922
7.0 —0.071429 17.7073 16.6903 16.1375 14.0611 0.201908
8.0 —0.000001 21.7114 20.2574 21.8574 17.3643 0.169258

Table 4.2: Critical parameters of linear instability and nonlinear stability with £ = 1.

light the need for caution when interpreting results found via the heat sink model. For
T less than or equal to 6°C, W(z) is positive for all z. In this case there is only one
convection cell, the centre of which is located at the maximum of W (z). For T; greater
than or equal to 7°C however, W (z) changes sign indicating the existence of a counter
cell and hence the onset of penetrative convection. As T} increases from 7°C to 7.9°C,
the boundary layer effect near z = 0 and thé s'ecoﬁd cell become stronger.

Figure 4.3 shows the Chebyshev expansion of ©(z) for the first 30 polynomials, again
in the isotropic quadratic density case. In this instance there is no sign change and the
isotherms are in agreement with those presented in Moore & Weiss [63].

In table 4.3 the range in which T¢™, the temperature at which penetrative convection
starts, is for £ varying is presented. It has already been concluded that the system becomes
more stable as both ¢ and T} increase. The behaviour seen in table 4.3 agrees with this,
since it clearly shows that for higher values of £ a higher value of T} is needed for the

onset of penetrative convection .
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Figure 4.2: Profile of W (z) normalised over the spatial layer, £ = 1, T, varies as shown on

graph.
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Figure 4.3: Profile of ©(z) normalised over the spatial layer, £ = 1, T,, varies as shown on graph.
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¢ Interval for T

025  (5.90,5.95)
0.50  (6.20,6.25)
0.75  (6.35,6.40)
1.00  (6.45,6.50)
1.25  (6.55,6.60)
150  (6.65,6.70)
1.75  (6.70,6.75)
2.00  (6.80,6.85)
3.00  (7.00,7.05)
500  (7.30,7.35)

Table 4.3: The interval in which T} yields penetrative convection.



Chapter 5

A Model for Convection in the

Evolution of Under-ice Melt Ponds

In this chapter a model for convection in the evolution of under-ice melt ponds is pre-
sented. The evolution of under-ice melt ponds was first explained by Martin & Kauff-
man [59]. They modelled the phenomenon observed in the summer Arctic, where a layer
of fresh water at a temperature of approximately 0°C, lies under a layer of ice and over
a much colder (= —1.6°C), denser layer of salt water. In this scenario the fresh water
layer is convectively unstable since the fresh water diffuses heat to the salt water causing
a density inversion. The supercooled water rises to the overlying ice surface at which
point it nucleates into thin vertical interlocking ice crystals. These grow down to the salt
water interface and then a lateral crystal growth begins and continues until a horizontal
ice sheet forms, trapping fresh water above and forming a so called under-ice melt pond.

The formation of under-ice melt ponds are an important factor in sea ice melting.
In recent literature much attention has been paid to fast sea ice melting and the factors
affecting it. For example Bogorodskii & Nagurnyi [9] showed that under-ice melt ponds
favour melting in the lower boundary of sea ice. This has important applications in global
and regional climate modelling. Schmittner et al. [87] argued that active ice sheets offer
an explanation for the forcing mechanism behind rapid warming events. Rahmstorf [81]
also remarked that the nonlinear dynamics of ice sheets can cause abrupt climatic change.
A comprehensive summary of theoretical glaciology can be found in Hutter [40] and a

detailed study of the thermomechanical behaviour of large ice sheets and their relation to

94
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climate variations in Baral et al. [4]. Such work and the references therein highlight the
need for accurate models. Indeed Clark et al. [19] commented that more realistic models
of the hydrological cycle (precipitation, run-off, iceberg discharge, sea ice) are urgently
needed to understand the role of thermohaline circulation in abrupt climate change.

It is the aim of this chapter to accurately model the first stage in the formation of under-
ice melt ponds, i.e. the onset of convection in the unstable fresh water layer. Bogorodskii
& Nagumyi [9] presented a model for the same situation. In their work however they also
took into account the layer of melt water overlying the ice layer and treat the system as a
unified one. They argued from physical considerations that all layers should lose stability
simultaneously and so restricted their attention to solving the problem for the upper layer
only and then used a symmetry argument to consider the system as a whole. They found
that the major parameters affecting stability were the thickness of the ice and coefficients
of heat conductivity. In this chapter we employ a different model and find that —7;, the
temperature of the salt water, and 7, the ratio of the heat diffusivity to solute diffusivity,
are also major parameters affecting stability. _

One of the important aspects in the evolution of undgr-ice melt ponds is the fact that
_ the layers of fresh water and salt water remain separatgdi This is due to double diffusion.
Density increases with supercooling for solutions with salinity > 23°/,, but decreases
for solutions with salinity < 23°/,,, cf. Martin & Kauffman [59]. The salinty of surface
sea water ranges from 26 — 28°/,, in the Arctic to 34°/,, in the Antarctic. Hence for the
model in hand, the temperature and salt fields exhibit competing behaviour. It is widely
known that the competing effects in double diffusion mean that the linear instability bound
does not always capture the physics of instability and subcritical instabilities may arise,
cf. Hansen & Yuen [39], Proctor [79], and Shir & Joseph [90]. It is very important
therefore, to obtain global nonlinear stability thresholds which guarantee bounds below
which convection cannot occur. In this chapter we find both the linear instability and
global nonlinear stability thresholds and present the subcritical region bounded by these
two limits.

In this chapter we choose a density profile with quadratic temperature dependence
and linear concentration dependence. As a result the standard energy technique does not

yield a global stability bound. Therefore a weighted technique as introduced in Payne &



5.1. Governing Equations 96

Straughan [76] is used. The two competing effects demand two coupling parameters cf.
Straughan [94]. We find that the unweighted coupling parameter has a critical value such
that the nonlinear stability bound is independent of the salt field.

An outline of this chapter is as follows. We begin by formulating a governing model
and describe a density field which allows for thermal convection and double diffusion. We
then find an instability bound for the linearised system and a global stability bound for the
nonlinear system. Finally we present the numerical results and discuss their implications

in modelling under-ice melt ponds.

5.1 Governing Equations

Ice C'u, Ooc
z2=d
Fresh Water
z=0 :
Salt Water -Cl -T;

Figure 5.1: Schematic diagram of the governing system.

Consider a layer of water lying in the infinite three-dimensional région 0<z<d,
sandwiched between a layer of salt water at z = 0 and a layer of ice at z = d. The upper
and lower planes are held fixed at temperatures 0°C and —7;(< 0°C), and concentrations
C, and C; respectively, see figure 5.1. Suppose that the layer of water has a salt concen-
tration less than that in the layer of salt water lying below. This system is in a potentially
gravitationally unstable state since the warmer water at the upper boundary is denser than
that at the lower with respect to temperature. However the water at z = 0 is saltier than
that at 2 = d and so denser with respect to the salt field. Hence in this situation we have
two competing effects, a temperature gradient which is destabilising and a salt one which
is stabilising. The z direction is denoted by the vector k with i, j, k being the standard
Cartesian basis. Gravity acts in the negative z direction and we assume that the density p

is constant, everywhere except the body force. Then, the Navier-Stokes equation for the
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fluid motion are
1 1
vi,t + 'Uj’Ui,j = —;'p,i + I/AU,' - ;)—gp(T, C)ki, (511)

where v;, ¢, p, v, g, T, and C are velocity, time, pressure, kinematic viscosity, gravity, tem-

perature and concentration respectively and p the density, is assumed to be of the form
p(T,C) = po[1 — (T — 4)2 + A(C - 0)], (5.1.2)

where o and A are the thermal and solute expansion coefficients respectively, and C
and p, are some constant reference values. Standard indicial notation and the Einstein
summation convention are employed throughout, and k = (0, 0, 1)7. The constant term
in (5.1.2) is absorbed into the pressure by defining a modified pressure p to be p+ gp,(1 —
16cc — AC)z. Then, dropping the hat, (5.1.1) becomes

1
Vit + V505 = —p—p,i + vAv; + gki[a(T? — 8T) — AC). (5.1.3)

Equation (5.1.3) together with the incompressibility condition and the equations of energy

and solute balance yield the following system of governing equations

1
Vig + Vi = _p_p’i =+ VA’Ui + gk, [a(T2 — 8T) — AC] ,

ves =0, (5.1.4)
T,t + 'UiT,i = K,AT,
C,t + UiC,i = KCAC,
where k and k. are thermal diffusivity and solute diffusivity, respectively.
The boundary conditions are
T =0°C, Cc=0C, at z=d,
(5.1.5)

T=-T, C=C at z=0,

where T}, C,, C; are prescribed constant fields and C; > C, and 7T; > 0°C. Under these
conditions, the basic steady state solution of (5.1.4) whose stability is to be investigated,

is

_ T _
7; =0, T:%—Tl, C=—vyz2+0C,
where
C - C,
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The hydrostatic pressure p may be found from (5.1.4); but since p is eliminated from our
analysis later on, a derivation of it is not included here.
To study the stability of (5.1.4) perturbations to the steady state solutions are intro-

duced as follows

v, = U; + Uy, T=T-+8, p=p+m, C=CH+¢.

The perturbed expressions are substituted into (5.1.4) and non-dimensionalised with scal-

ings of
d? v pol/?
X—d, T—';, U—E) P_ d2$
3 3
#)? = L w2 (G =GV
T) = og ) = iye

for displacement, time, velocity, pressure, temperature and concentration respectively.

Then (5.1.4) may be rewritten in terms of the non-dimensional perturbation quantities

Uyt + UjUs 5 = —T4 + A'LL,‘ - 2RM(Z)9]€1 + Pr@zki - Rc¢ki,
u;; = 0,

(5.1.6)
PT(H,t + uzﬂ,i) = Af — R’U),

SC(¢,t + ui¢’i) = A(b -+ RCU),

where
T,+4
M(z) =€ — 2, £ = l; : w = uz, x € R? x (0,1),
1
“and
=Tl e And o, v g v
vk ¢ Kl K’ Ko

define the Rayleigh, solute Rayleigh, Prandtl and Schmidt numbers. The boundary con-

ditions for the perturbed variables are

and it can be deduced from (5.1.6), that

w,(0) = w,(1) = 0.
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5.2 Linearised Instability Theory

Neglecting the nonlinear terms in (5.1.6) and assuming a temporal growth rate like e”* we

obtain the linearised system

O'Ui — —7]’,1: + Au‘i — 2RM(Z)9k1 - Rc¢ki’

uiizoa

L]

(5.2.1)
oPrf = A — Ruw,

oScp = Ap + R.w.

To eliminate the pressure in (5.2.1);, we take the curlcurl of both sides. Then, setting
1 = 3, we obtain

cAw = A*w — 2RM (2)A*0 — R.A*¢, (5.2.2)

where A* is the horizontal Laplacian, A* = 8%/0z? + 8%/9y?. Assuming a normal
mode representation for w, 6 and ¢, of the form w = W (z)g(z,y), 8 = ©(2)g(z,y) and
¢ = ®(z)g(z,y) where g(z,y) is some horizontal plan form satisfying A*g = —a?g,
(5.2.1)34 and (5.2.2) yield

o(D? — a® )W = (D? — a®)®W + 2RM(2)a*0 + R.a*®,
ocPr@ = (D?* - a*)© — RW, (5.2.3)
0Sc® = (D* — a®)® + R.W,

where D? = 3?/02? and a is the wave number. The corresponding boundary conditions

arc

W=DW=0=9%=0, for z € {0,1}. (5.2.4)

This eighth order system for o was solved by the Chebyshev tau D and D? algorithms
as discussed in chapter 2 and appendix A.1. Without going into detail, the basics of the
D? method are now briefly described and the interested reader referred to appendix A.1
and Dongarra et al. [23] for further details and an outline of the D method.

In the D? method, (5.2.3) is rewritten in terms of 2nd order derivatives only. Letting
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A = (D? — a®)W, (5.2.3) can be expressed as the four 2nd order equations

a2

(D* = a®)W
(D? — a*)A + 2RM (2)a*© + R.a*® = 0 A,
(5.2.5)
(D? — a®)© — RW = oPrO,
(D? - a®)® + RW = 0Scd.
This system is then transformed onto the Chebyshev domain (—1, 1) and the solutions
W, A, ©, and ® treated as independent variables and expanded in a series of Chebyshev

polynomials

N N
0=> 0.Tu(z), =) ¢Tn(2)
n=0 n=0

The inner product of each equation is taken with some 7} and the orthogonality of the

Chebyshev polynomials exploited to obtain the following generalised eigenvalue problem

4D? — a?] -1 0 0 w
0 4D? — a?] * R.a’I A
—RI 0 4D? —a’I 0 ©
R.I 0 0 4D? — o?] P

00 0 O A%

01 0 O A

=0
00 Pr O S
00 0 Sc P

Here D? is the Chebyshev matrix representation of 8%2/922%, ¥ = 2Ra%(£ —1/2)] — Ra?Z,
Z is the Chebyshev matrix representation of z, W = (w,, ...,wN)T, A = (a, ..., aN)T,
O = (0,,...,0x)" and ® = (¢, ..., on)". The last two rows of each (N + 1) x (N + 1)
block are removed and replaced by the discrete form of the eight boundary conditions
(5.2.4). The resulting system is solved for the eigenvalues c™ n = 1,2,..., via the
QQZ algorithm. A presentation of the numerical results is delayed until section 5.4. For

the moment however, we remark that excellent agreement was found between the two

aforementioned numerical methods.
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5.3 Global Nonlinear Stability via the Weighted Energy
Method

Consider the nonlinear system (5.1.6)

Us ¢ + ujui’j = —T4 + A’U,i — 2RM(z)0k, + P’f‘azk‘i - Rcd)kia
Ui = 07
(5.3.1)
Pr{;+ u;0;) = A8 — Ruw,
Sc(¢r + uid;) = Ad + Rew,

with boundary conditions

6(0) = $(1) =0,  w,(0) = w,(1) = 0.

Let V' be some periodic cell and denote the L2-inner product as follows

(uv) :/Vu'vdV.

If the usual energy method is applied to (5.3.1), i.e. multiply equation (5.3.1); by wu,, .
(5.3.1); by 8, and (5.3.1), by ¢ and then integrate all equations over V/, a cubic nonlinear-
ity (w6?) is obtained from (5.3.1);. To remove the cubic term and hence achieve a global
nonlinear stability result, we use a weighted energy technique as described in Payne &
Straughan [76].

First, multiply (5.3.1); by u; and integrate over V' to obtain

d (1
o <§||u||2) = —||Vul|® — 2R (M(2)0w) — R, (¢pw) + Pr{wb?). (53.2)
A weight function is then introduced
[j‘ =H— 22,

where 1 > 2 i1s some constant coupling parameter chosen so that i > 0. Using (5.3.1)3 it

can be deduced that

P
4 (—T / ;w?dv) = —Pr (w6?) — / (6,6,:dV — R (ifw) . (5.3.3)
dt 2 V V ’ ’
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Finally, multiplying (5.3.1)4 by ¢ and integrating over V' yields

ﬁ 1 2 ___1_ 2 Eg
% (31617) =~ 98l + 2 (0w (5:3:4)

An energy, ), is defined as

1 Pr R A
B() = gl + 5 [ aodv + Sl

where A > 0 is some constant coupling parameter. Then

dE
—=1-D
dt ’

where

I-R (Si . 1) () — R((2M(z) + ) 6u),

A
D = ||Vul]* + / (0.:0.:dV + —||Ve|>.
v Sc

Next, define Rg by

11
RE—m'HXD,

where H is the space of admissible solutions, namely
H = {u;,0,6 € C*(0,1)jus =0 =¢p=0 when z=0,1}.

This definition leads to the following relation

dE 1
= < - -=). 3.
- < D(l RE‘) (5.3.5)

Using the fact that z € (0, 1) we observe that

=™

p=p—2z = [g>pup—2 and —<1.

= |

Therefore using Poincaré’s inequality (appendix B.1) and the information above, D can

be bounded from below as follows
-2 R A
D2 alult+e =2 [ pav+ o 2ol
K v Sc
where ¢y, c9, c3 are positive constants. It is easy to show then

D > cE, (5.3.6)
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where c is some positive constant dependent on g, A and Sc. Using (5.3.6), (5.3.5) can be
rewritten as
dE

s < -acE = E(t) < E(0)e

where a = 1 — 1/Rg. Soforall Rg > 1, E(t) — 0 as t — oo, where convergence is at
least exponential. Therefore, R = 1 provides a global nonlinear stability threshold.
Setting R = 1 and using a calculus of variations technique, the Euler-Lagrange

equations for the maximum are found to be

f(/\)RC\I’k}l - R (QM(Z) + ﬂ) le + ZA'U@ = T4,

~ R(M(2) + 1) w + 2300 — 4% =0, (5.3.7)
FO)Rw + %A\p =0,
where
f) = A/S—\/c{l ¥ =V (5.3.8)

The Lagrange multiplier 7 in (5.3.7); is eliminated by taking the curlcurl of both sides.
Then, setting + = 3 and introducing normal modes w = W(z)g(z,y),0 = ©(z)g(z,y),
and ¥ = ®(2)g(zx,y) gives

2(D? — a®)®W + Ra*M(2)0 — Rea?f(A)® =0,
— RM(2)W + 2i(D? - a®)© — 4DO = 0, (5.3.9)

FVRW + %(D2 —a*)® =0,

where M (z) = 2M(z) + jx and we have boundary conditions W = DW = © = & =
0, for z € {0,1}.

This eighth order system was solved numerically by both the compound matrix method
and the Chebyshev tau D? method. The basics of the two routines are now briefly de-
scribed for the system in hand.

For the compound matrix method, the vector W is defined as
W= (W,w w"w" e5e,se, <I>')T.

Let W, Wy, W3, and W, be independent solutions of (5.3.9) obtained by replacing the

boundary condition at z = 1 by the initial conditions

W, (0) = (0,0,1,0,0,0,0,0)7, W,(0) = (0,0,0,1,0,0,0,0)7,
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W;(0) = (0,0,0,0,0,1,0,0)T, W,(0) = (0,0,0,0,0,0,0,1)T.

A new seventy vector Y = (yi,...,y70)? is formed from the 4 x 4 minors of the 8 x 4
solution matrix with columns Wy, Wy, W3, and W,. Using (5.3.9), seventy first order
differential equations in terms of 4, . . ., Y7o are found and numerically integrated from 0

to 1. The boundary conditions on W are

W(0) = ©(0) = W' (0) = ®(0) =0,
W(1)=6(1)=W(1)==a&1)=0.
We replace the conditions at z = 1 by

" "

Wy (0) = Wy (0) = ©5(0) = @,(0) = L.
Hence the appropriate initial and final conditions are (given the labelling used)

Y60(0) = 1, y1(1) =0. (5.3.10)

R, is fixed and the eigenvalue R varied until yn (1) = 0 is satisfied to some preassigned
tolerance. Keeping a?, A > 0, and p > 2, a golden section search routine was employed
to numerically find

Rag = maxmin R*(a®, A\, ). (5.3.11)

Ap o a?

When maximising over A and g, it is important to have initial guesses which are
reasonably good. By using parametric differentiation on the Euler-Lagrange equations
(5.3.7), fixing A and varying i we may show that

R(2¢ — p) / whdV = 0,
1%
and hence deduce an estimate for u = 2£. Similarly if we fix f and vary A, parametric
differentiation suggests a best value for A = —Sc. This is unsatisfactory since we are
assuming A > 0. It is of interest to note at this point however, that in all numerical
calculations we found \.,;; = Sc (see section 5.4).

Suppose A = Sc, then system (5.3.9) looses dependence on ® and reduces to the sixth

order system
2(D? — a?)*W + Ra?M(2)© = 0,

. (5.3.12)
— RM(2)W + 2(D? — a®)© — 4DO = 0,
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with boundary conditions W = DW = © = 0, for z € {0,1}. This system was also
solved via the compound matrix method and the results used to check the results of the
eighth order system (5.3.9) when A = Sc (or R, = 0).

To implement the Chebyshev tau D? method we begin by letting A = (D? — a®)W.

Then the eighth order system (5.3.9) can be rewritten as

(D? - o> )W — A =0,
2(D? — a®)A — R,a’f(\)® = —Ra?M (2)0,

. (5.3.13)
2i(D?* — a®)® — 4DO = RM (2)W,

FOVRW + (D~ a?)® =0,

with boundary conditions W = DW = © = & = 0, for z € {0,1}. To transform
(5.3.13) onto the Chebyshev domain (—1,1), let £ = 2z — 1. Then dropping the hats
(5.3.13) yields

(4D? — o> )W — A =0,
2(4D? — a?)A — R.a’f(A\)® = —Ra’M (2)0,

_ (5.3.149)
20i(4D* — a*)© — 8DO = RM(2)W,
fORW + %(w? -a?)® =0,

where M =26+ u— 22— 2,i=pu— 2z — 1 andnow z € (—1,1). Since i is a function
of z we seek the Chebyshev matrix representation of zD?. To construct this matrix we
follow an analysis similar to that for the representation of z as given in section 2.5.1.

To find (2D?©, T} ), we begin by noting the following,

N+2 N+2

D0 = Ty 60,1, =) 6T,
n=0 n=0

= AT\0, + 12(Tp + T3)05 + (56T} + 24T3)04 + (60T, + 1007, + 40T4)65 + . . ..

So, taking inner products with Ty, Ty, T5,...,Tn42, and using the orthogonality of

Chebyshev polynomials it can be deduced that,

(2D%*0,Ty) = 12703 + 60705 + ..., (2D?*O,T\) =2mh, + 28764 + ...,
(2D*0,Ty) = 6765 + 50705 + .. .,



5.4. Numerical Discussion, Results and Conclusions 106

which can be expressed in matrix form as,

foo012 0 60 0 ... 0\ 6 \ [ 2D%T) \

004 0 5 0 0 ...0| 6 2(:D%,Th)

00012 0 100 0 ... 0 0, |=| 2(zD%,T) (5.3.15)
\0 } \9N+2/ \%(ZDZG:TN+2))

Let the coefficient matrix in (5.3.15) be denoted by Z D? then (5.3.14) can be rewritten as

the eigenvalue problem,

AD? — 2T -1 0 0 w

0  24D?—a) 0 —fRua?l A
0 0 . 0 ®
FRI 0 0 Z(4D? - a2I) o

| 0000)[W

oo ]]a

s000|] @

0000/ \ @

where * = 2(u — 1)(4D? — a®I) — 8D — 8ZD? + 2a?Z, D is the Chebyshev matrix
representation of 9/0z, # = —a®(2£ +pu — 2)I +2a*°Z, and $ = (26 + u — 2)] — 2Z.
This system was solved numerically (via the QZ algorithm) and the results used to check
those obtained by the compound matrix method. Excellent agreement was found between

the three systems outlined above.

5.4 Numerical Discussion, Results and Conclusions

To be in keeping with Joseph [41] the parameter 7 = Sc¢/Pr = k/k. is introduced.

1 and

Typical values for the thermal and solute diffusivities are k = 1.33 x 1073cm?s~
ke = 0.7 x 10~%cm?®s~! respectively cf. Unterberg [101], so we restrict our attention to
T € [10%,10%]. Throughout all calculations we fix Pr = 13.4 which is consistent for

water at low temperatures.



5.4. Numerical Discussion, Results and Conclusions 107

340 1 1 1 1 1 1 l Il L

330 19 |

320 o

-1.8

290 -

280 T T T T T T T T T

Figure 5.2: A plot of the linear instability curves for R? against R?. 7 = 100, a® = 9.705432,
Pr= 13.4, —T; varies as shown on graph.

Figure 5.2 displays the linear instability curves for 7 and a? fixed, and —7T; varying.
Aé —T; decreases the linear instability curves shift up (a change of 0.1°C corresponds
to a change of approximately 15 in R?). Note that R? < T72. To see how —7; effects
instability we define a new Rayleigh number R? = R?/T?. Then inspection of figure 5.2
reveals that as the temperature of the salt water becomes cooler the system becomes more
unstable. This is to be expected since the temperature gradient is destabilising.

Figure 5.3 displays the linear instability and nonlinear stability curves for —7; and a?
fixed and 7 varying. —7; is fixed at —1.9°C and a? at the critical value returned from
energy theory. To produce the linear instability curves, R? was fixed and R? found such
that the real part of the temporal growth rate o, = 0 (¢ = o, + i0;,0,,0; € R). We
then tracked through R? to produce the curves. It is worth noting that for 7 < 10 the
tracking routine ran for a very wide range of starting values for R?. However for 7 > 10
the graphing routine failed to locate the root, o, = 0, unless the two initial guess for
R? were very close to the actual value. When R? = 0, the critical Rayleigh number is
approximately the same for all 7. So to find good starting values for R? the graphing

routine was initially run for 7 = 10 and the results used to provide initial values when
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Figure 5.3: A plot of the linear instability curves and the nonlinear stability curve for R? against

R? —T, = —1.9°C, a? = 9.705432, Pr = 13.4, 7 varies as shown on graph.

T > 10.

The behaviour of the linear instability curves is in good agreement with that seen in
Joseph [41]. The kink in the curves represents the point at which convection switches from
steady convection (o = 0) to oscillatory (o, = 0,0; # 0). Note that as 7 increases the
onset of convection is more likely to be via oscillatory convection as opposed to steady
convection. We also note that as 7 increases the critical Rayleigh number, for a fixed
solute Rayleigh number, decreases. To establish how 7 effects the instability of the system
we note that R? o 1/7 for fixed R2. Hence defining a new Rayleigh number, R2 =
TR? and inspecting figure 5.3 shows that, as the thermal diffusivity increases, for fixed
solute diffusivity, the system becomes more stable. Again this is to be expected since the
temperature gradient is destabilising.

The nonlinear stability bound was produced by integrating the compound matrix equa-
tions and then finding the critical Rayleigh number

Rag = max n;gn R*(a® )\, ).
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We note here that in all calculations we found the critical parameters to be
/\crit == SC: Herit = 26

If A = Sc then, as previously mentioned, the governing system reduces to a sixth order
one, independent of the salt field. Hence the global nonlinear stability bound is inde-
pendent of the salt field. This is in keeping with what Shir & Joseph [90] found for a
Boussinesq fluid layer heated and salted from below.

We observe from figure 5.3 that for £, = 0 there is very good agreement between the
nonlinear stability and linear instability bounds. We also note that as 7 increases the linear
and nonlinear results become closer and remark that since the critical Rayleigh numbers
are so close (for 7 sufficiently large) we expect the linear analysis to have captured the
essential physics at the onset of convection. However as 7 decreases the agreement be-
tween the two thresholds is not so good and we highlight this area as a region of possible
subcritical instabilities.

Mulone [64], Lombardo et al. [48,49], and Basurto & Lombardo [5] all investigated
such regions of subcritical instabilities. In these cases however the density was assumed
to be linear in temperature and concentratidn field. Mulone [64] considered a Boussi-
nesq ﬂuid layer heated and salted from below and showed that when 7 < 1 coincideﬁce
between linear and nonlinear critical parameters can be found. Lombardo et al. [49] and
Basurto & Lombardo [5] investigated the situation when 7 > 1 and regions of coincidence
between linear and nonlinear results were established. Lombardo et al. [48] concentrated
on the Bénard problem for a mixture with superimposed plane parallel shear flows. They
found unconditional stability results for arbitrary 7 and small Reynolds numbers, and
conditional stability results independent of the Reynolds number up to criticality for any
Schmidt and Prandtl number. A similar analysis of the subcritical region presented in this
chapter proves to be nontrivial. It is stressed that the nonlinear stability bounds derived

here and those presented in the next chapter are all unconditional.



Chapter 6

Unconditional Nonlinear Stability for
Temperature Dependent Density Flow

in a Porous Medium

The object-of this chapter is to present a nonlinear stability analysis of thermal convection
in a saturated porous layer. The density of the saturating fluid in this instance however
is assumed to have a cubic temperature dependence as proposed by Merker et al. [61].
Merker et al. also formulated a density law with quintic temperature dependence. They
compared their two relations to the more commonly used quadratic one, as previously
employed, and advocated by Veronis [102]. On the basis of linear theory, Merker et
al. suggested that their cubic law was about 10% more accurate than the quadratic one,
whereas the quintic law yielded an improvement of approximately 3% over the cubic law.
McKay & Straughan [52] used the cubic and quintic laws of Merker et al. to describe
penetrative convection in a fluid layer. They concluded that the cubic density relation was
preferable to the quintic model since the quintic model leads to complicated mathematics
for relatively little gain in accuracy. In fact the cubic law proves to be a popular choice
because it is more accurate than the quadratic law but easier to implement than the quintic
one, cf. McKay & Straughan and the references therein.

A cubic density law is also employed by McKay & Straughan [51]. In that work
McKay & Straughan investigated the influence of a cubic density law on patterned ground
formation. In this chapter we consider a system essentially the same as that given in

110
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McKay & Straughan but with three notable exceptions. Two of the differences are due to
the fact that McKay & Straughan considered the specific case of patterned ground forma-
tion, an application of the analysis presented here. The third is that McKay & Straughan
did not include a Forchheimer drag term in their governing equations whereas here we
do. McKay & Straughan employed the well known Darcy [21] equations to describe
flow in the porous medium, cf. chapters 2-4. The equations of Darcy are believed to be
valid for flow in a region where the velocity is not too large. For situations where the
fluid velocity is not so small however, Darcy’s equations are usually modified by adding a
Forchheimer term, see Forchheimer [31] and Nield & Bejan [73]. Various mathematical
and experimental justifications of Forchheimer theory have recently been given cf. Gilver
& Altobelli [36], Whitaker [105], and Giorgi [35]. In fact Giorgi points out that Forch-
heimer terms were actually used much earlier by Dupuit [25]. A thorough discussion of
Darcy’s equations and the Forchheimer modification can be found in Nield & Bejan [73].

To establish unconditional nonlinear results we found it necessary to use Forchheimer
theory and introduce higher order norms. The attractive mathematical features of Forch-
heimer theory are highlighted in Payne & Straughan [77,78]. Payne & Straughan [78]
used Forchheimer theory to establish unconditional nonlinear results for flow in porous
media where> viscosity was assumed to vary with temperature and density was assumed
constant. They also obtained unconditional results for which the viscosity was assumed
linear in temperature and the density quadratic. We use a similar analysis to that pre-
sented in Payne & Straughan [78] but address the issue of unconditional stability for flow
in porous media for which the viscosity is assumed constant and the density cubic in
temperature dependence.

McKay & Straughan [51] successfully developed a linear instability and a nonlinear
stability analysis for the onset of convection in the formation of patterned ground. How-
ever, the nonlinear stability results they achieve are conditional i.e. they are restricted to
initial data thresholds. In this chapter we tackle the important question of unconditional
stability and stress that we establish a fully unconditional result i.e. for all initial data. In
section 6.4, a comparison is made between the unconditional results derived here and the
linear results of McKay & Straughan. Very close agreement is found between the critical

parameters of both theories. The nonlinear theory presented here establishes an uncon-
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ditional threshold, below which stability is guaranteed. The linear work of McKay &
Straughan provides an instability threshold above which instability is guaranteed. Since
the two thresholds are so close, we effectively guarantee that there are no subcritical in-
stabilities, and conclude that the linear analysis of McKay & Straughan gives a very good
physical representation of what happens in reality.

An outline of this chapter is as follows. In the next section the equations and boundary
conditions which govern the system are described. It is then shown that the standard en-
ergy technique with an L? norm is insufficient to establish unconditional results. Higher
order norms are then introduced and an unconditional nonlinear stability bound is estab-
lished. The numerical solution of the nonlinear system is then discussed and finally a
presentation of the numerical results and a comparison with those published in McKay &

Straughan [51] is given.

6.1 Convection in a Porous Medium with a Cubic Density

Law

T, >0°C

Saturated isotropic porous medium

0°C
Figure 6.1: Schematic diagram of the governing system.

Consider an isotropic porous layer saturated with fluid contained between the horizon-
tal planes z = 0 and z = d. The z direction is denoted by the vector k with i, j, k being
the standard Cartesian basis. Gravity acts in the negative z direction and the upper and
lower planes are held fixed at temperatures 7T;, > 0°C and 0°C respectively, see figure 6.1.
The equation of state is assumed to have a cubic temperature dependence, as advocated

by Merker et al. [61], namely

p=po[1+ AT — BT?* + CT?], (6.1.1)



6.1. Convection in a Porous Medium with a Cubic Density Law 113

where p is the liquid density, pp is the density at 0°C, T'(°C) is the temperature and
A, B, C, have constant values obtained by curve fitting to data points (cf. Merker et al. ).

Neglecting fluid inertia, absorbing the constant term in (6.1.1) into the pressure and
employing Darcy’s law with Forchheimer drag terms (cf. Forchheimer [31] and Nield &

Bejan [73]), yields a momentum equation of the form

;= —%vi — gpoki (AT — BT? + CT?) = ¥'|v|v; — ¢'|v|?;, (6.1.2)

where p, 1, K, v;, g,b', ¢ are pressure, dynamic viscosity, permeability, velocity, gravity
and Forchheimer terms respectively. Standard indicial notation and the Einstein summa-
tion convention are employed throughout, and as previously mentioned k = (0,0, 1)7.
Equation (6.1.2) together with the incompressibility condition and the equation of energy

balance yield the following system of governing equations

Di= —%’l}i — gp()kz (AT - BY"2 + CT3) - b’lV"U,‘ - C’|V|2'Ui,

vii =0, ’ ' (6.1.3)
T, + vT; = kAT,
where ¢, k, and A are time, thermal diffusivity and the Laplacian operator respectively.
The upper and lower boundaries of the porous medium are assumed fixed, so the boundary
conditions v3(0) = v3(d) = 0, T'(0) = 0°C, T(d) = T, are imposed.

The basic steady state solutions of (6.1.3) are,

where § = T, /d. The hydrostatic pressure § may be found from (6.1.3), but since j is
eliminated from our analysis later on, a derivation of it is not included here.
To study the stability of (6.1.3), perturbations (u;, 8, 7) to the steady state solution are

introduced as follows

V; = U; + Uy, T:T+0, p=p+m.

Substituting the perturbed expressions into (6.1.3) and non-dimensionalising with scal-

ings of

pd pdU " T,Pr
b T l,l, ? U pOK, K ) U gdA,
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for displacement, time, velocity, pressure and temperature respectively, yields

T = —U; — RBF(Z)]CZ -+ 92G(Z)k,, - -————-ki — b|u|ui — c|u|2ui,

wis = 0, (6.1.4)

Pr (9t + uiO’i) = —Rw+ AO,

)

where

F(2) =1 - 2a12 + 3a,2°, G(z) = Pr(a; — 3ay2),

B C b'd ' ud?
= —T = -——Tu, b = —, = —_——
The Prandtl number Pr, and associated Rayleigh number R? are given by
2
pr— P pe_ 99A4nKT,
kpo K Kt

The spatial domain of the porous layer is now {(z,y) € R?} x {z € (0,1)} and w = us.

The perturbed boundary conditions are given by
w(0) = w(l) =0, 6(0) =6(1) =0. (6.1.5)

It is assumed that (u;, 8, 7) have a periodic plan-form shape that tiles the (z, y) plane and

henceforth we let V' denote the period cell for the perturbations.

6.2 Unconditional Nonlinear Stability

The standard approach to obtain a global nonlinear stability bound in L?(V), (where
L%(V) is the space of square integrable functions on V'), proceeds as follows. First multi-

ply (6.1.4); by u;, integrate over V and make use of (6.1.5) and some integration by parts

to obtain
2 2 a2Pr2 3
0 = —|[ull* — R(F(2)wb) + (G(z)wb®) — 7 (w®)
(6.2.1)
—b/ |u|3dx—c/ lu|*dx,
v v
where || - || denotes the norm on L?(V') and (-) denotes integration over V. Similarly,

multiplying (6.1.4)3 by 6, integrating over V' and making use of (6.1.5) yields (after some
integrations by parts)

d (P
4 (7T||a||2) — R (uf) — V6. (622)
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An energy equation is then obtained by adding (6.2.1) to (6.2.2), hence

i (%Ilwﬁ) = — R (w8) — |V6||” — ||ul* = R(F(=)wh) + (G(z)wb®)

dt
2
_ mbr (wd®) — b/ lul*dx — c/ lul*dx.
R v v

However, due to the higher order terms in the right hand side of (6.2.3), a standard energy

(6.2.3)

technique in L?(V') fails to provide an unconditional nonlinear stability bound. To see
why this is, we follow an argument similar to that given in Payne & Straughan [78]. We
begin by defining the sign indefinite terms on the right of (6.2.3) by I and the sign definite

dissipation by D. Therefore, assuming b, c > 0,

I = —R<w9)—R(F(z)w0)+<G(z)w02>—‘”T};Tz@m), (6.2.4)

D = |[VO|2+ [l +b / al?dx + ¢ / [ul4dx. 62.5)
1% Vv

Suppose an energy is defined as E = 1 Pr||6||? then from (6.2.3)
dE | | I
—=I-D=-D|(1-—=].

dt ( D )

Then by the usual energy argument, if

max — <1
H D ’

where H is the space of admissible functions, we may conclude nonlinear stability (cf.
section 4.3).

In this case however, the term maxy I/D is not bounded above by 1. To see this we
begin by noting that since the space H is linear, u; may be written as cu; and 8 as 50 for

arbitrary real numbers «, 8. Then

I Ao + Bafp? + Caf?

D DB2+ Ea?+ Fo3 + Ga?

where A, ..., G are the appropriate integrals from (6.2.4) and (6.2.5). Suppose u; and
0 are fixed, then A, ..., G can be treated as constants. Let 8 = a!'*t¥ where w is some

positive constant, then

1 Aot + Badt 4 Cattde A/a” + Bo + Ca?tv

D~ Do? + Ea? + Fad + Ga* D+ E/a® + Fa/a? + Go? /o’
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Suppose we choose w = 1/2 then

I A/a'? 4+ Ba+ Ca®? A/a®? + B+ Ca?/? . 5 o oo
- = = xXo .
D D+F/a+F+Ga D/a+E/o?2+Fla+G

Hence the maximum of I/D in # cannot be achieved and we conclude that any straight-
forward approach to derive global nonlinear stability using L*(V') theory seems to fail.
We note at this point however that a conditional nonlinear stability bound can be found
in L2(V), c¢f. McKay & Straughan [51]. In the remainder of this section unconditional
stability results are established by introducing norms of higher order and following an
analysis analogous to that presented in Payne & Straughan [78].

LP(V), where p > 2, is defined as the space of functions on V such that

(V) = {v eVl /V Iv[Pdx < oo} .

Let the associated norm || - ||, be given by

|wm={/hww}
1%

Using (6.1.4)3, the fact that the derivative of signd is a Dirac delta function and employing

properties of the delta function, the following can be derived
d (Pr ..\  d(Pr 3
i (5ee) = & (5 [ Pemo)
S / w6? (signd)dx — o / Bf6idx.  (62.6)
v

The second term in the right hand side of (6.2.6) can be bounded using Poincaré’s in-
equality (appendix B.1) to yield

2
4 (ﬁneng) <-R / w6? (signf)dx — o / 16]dx. 6.2.7)

Young’s inequality (appendix B.2) is used on the first term in the right hand side of (6.2.7)

d (Pr ) (2R 87r2>/ 52
— =913 ) < | = - — 0)3dx + —— /u3dx, (6.2.8)

where 8 > 0 is some constant which we are free to choose.

to obtain

In a similar fashion an identity for L* is introduced as follows. First observe that

d (Pr 3
% (5tent) = -ruer) - § [ o262ax (629)
14
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Then bounding the first term on the right by Young’s inequality and the second via

Poincaré’s inequality yields
d 3
7 (—Ilf)ll4> 1 (Ry—m= )/ 0*dx + —/ lu|*dx, (6.2.10)

where v > 0 is some constant which we are free to choose. We now define an “energy”,

E(t) by
APr TPr
Et) = l|0I|2 + 51161l + =~ 1161, (6.2.11)
where p, A and 7 are positive constant coupling parameters at our disposal. Then using

(6.2.1), (6.2.2), (6.2.8) and (6.2.10), it is found that

E

d 9 2R 8n? 3 )\Rﬁ2 3
“ < Ry () — | V) +/\<ﬁ—?>/|0| dx + /|u| dx

37

+r (Ry—n )/ 6*dx + —/ lu|*dx
a2 2\ ay Pr? 3\ 3 1w 4
lull?> = R (F(z)wb) + (G(z)wb?) B (wd?) —b [ [uPdx—c [ |ul*dx.
v %

6.2.12)
To bound the (w6?) term, Young’s inequality is used as follows
Pr? 3a, P P
“ZR’" (—w®) < % / ‘fR TS / uf*dx. (6.2.13)
Jv

To deal with (G(z)w6?) we maximise G(z) for z € (0, 1) and then use Young’s inequality

again to deduce that

(G(2)wh?) < a Pr(wh?) < ZGIPT/ 10|°dx + alPrB /| PPdx. (6.2.14)

Let
I=—p(wl) —(F(2)wd), D= u||VO|*+ ||ull?, (6.2.15)
and define Rg by
1 I
R max D (6.2.16)

Substituting (6.2.13), (6.2.14) and (6.2.16) into (6.2.12) yields
_ 2
dE_ hp — R D+/|u|3 ﬂ—(R/\-HzlPr)—b dx
dt Rg v

2
+/]9|3 (RA\+ a1 Pr) — SmA dx
v 38 9
P 2
+/V|u|4{w (R'r+a2RT ) —c}dx

3r 3ay,Pr?
4 ) 9T 2 2077
+/V0{4(R7 ) + iR }dx.

(6.2.17)
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To deal with the higher order terms, we begin by choosing A, 7, -y, 8 such that

2 8m2 )\ _

A= X + klél, 3[3 (R)\I + CL1P7') - O, (6218)
! P 2
T =1+ kyes, 377 (Ry—n2) + 3—“"’# — 0, (6.2.19)

where €, €5, are arbitrary (small) positive numbers and k;, ko are free to choose. The

following are then minimised

B’ 1
?(RX+a1Pr), W (RTI'*"

P 2
alll ) (6.2.20)

To do this, (6.2.18), is solved for A, (6.2.19), for 7’ and the respective terms substi-
tuted into (6.2.20). The resulting terms are then differentiated with respect to 3 and y

respectively and 3, v found such that (6.2.20) are minimised. This yields the selection

g 9B 3 _2mPro o, 3aPr
&2’ 4R’ R’ R

The choice k; = 27/8%2, ko = 16/37? is then made and, hence (6.2.17) reduces to

’ aF < - (RE_ R) D - 5/ lu?dx — 61/ 1012 dx
dt fte v v (6.2.21)

—é/ lu|*dx — 62/ 6dx,
v v

D b—aP 9R\* _ (9R\’ ._ _aPr? (4R\? 4R\’
IR e “U\egrz) > “T°T TR \3p2 “2\352) -

To ensure IS, ¢ > 0, b and c are restricted as follows

b>a Pr gli 2+€ 9£ ’ C>a2Pr2 ﬂ 3+e ﬁ '
! 8m2 Y\gr2) R 32 2\372) -

Since €,€e; > 0 are at our disposal and we chose them arbitrarily small, the effective

restrictions on b and ¢ are

9R\> asPr? (4R \°
b> a; Pr (W) s c> R (@) . (6222)
Letd = (Rg — R)/Rg, and suppose b, ¢ satisfy (6.2.22), then provided R < Rg, (6.2.21)
reduces to
dE . 3 4
— < —=aD—¢€ | |0Pdx—¢; | 0%dx. (6.2.23)
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Using Poincaré’s inequality in (6.2.15) we note that
D > pm®(|6]]* + [ful® > pn?||6]%. (6.2.24)

Hence using (6.2.24) in (6.2.23), yields

dE
- —&u7r2||9||2—61/ |9|3dx—e2/64dx,
dt 1% 1%
S —kE)
= E(t) < E(0)e™*, (6.2.25)

where

Pr’ MPr’ 1Pr

Therefore, E(t) — 0 as t — oo where convergence is at least exponential.

_ {2&%2 3e; 4ey }
k = min .

Observe that decay in ||ul|?, ||Jul|3, ||ul|} can also be established. To see this first note

from (6.2.1) that
Pr?
lall? + bljull3 + cllullf = — R (F(z)ub) + (G(2)ws?) — 2 (wb®) . (6.2.26)

To bound the first term on the right hand side of (6.2.26) we minimise —F'(z) for z €

(0, 1) and use Young’s inequality to deduce that

(“RF()uwd) < /V 3(333_ )dex,

az
a? * R2¢? lu|?
< 4 - - —dx. 2.
| _/‘,(3(12 ) 5 dx+/v 5 X 6.2.27)
Then, using (6.2.27), (6.2.13), and (6.2.14) in (6.2.26) yields
a? 2 4a, Pr 3ay Priy
[[al|?+bl|ull3 +cllully < R (ﬁ - 1) 16]1%+ 33 ||0||§+2’2—R||9||i, (6.2.28)

where we have chosen 82 = 3b/2a; Pr and v* = ayPr?/2Rc. Decay in ||ul|?, |[u]l3,
|lu|3 is then obtained from (6.2.28) since E(t) is decaying at least exponentially. Hence
we have established that, provided R < Rg and the non dimensional Forchheimer coeffi-
cients b, c satisfy (6.2.22), then global nonlinear stability is achieved.

It is worth noting at this point that an unconditional stability bound can also be
achieved in L? and L3 if weights are employed (L* is not necessary). Unfortunately
the resulting Euler-Lagrange equations contain the function signé. It is unclear how to
deal with this function in a numerical method and so the weighted method does not yield

any practical information in this case.
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6.3 Numerical Solution of the Euler-Lagrange Equations

The Euler-Lagrange equations for the maximum in (6.2.16) are found to be

—p,i = RE (F(Z) —+ /,I,) k19 + 2Ui,
(6.3.1)

0= —Rg (F(2) + p) w + 2u00,
where here, p is a Lagrange multiplier which we eliminate from (6.3.1); by taking curlcurl
of both sides. Then, setting : = 3 and assuming a normal mode representation for w and
6 of the form w = W (z)g(x,y) and 8 = O(z)g(z,y), where g(z,y) is a horizontal plan
form satisfying (0%/0z% + 8?/0y?)g = —a?g, yields
2(D? - a®) W — Rg (F(z) + p) a’© = 0,
(6.3.2)
Rg (F(z) + p) W —2u (D* — a®) © =0,
where D? = 8%/92% and a is the wave number. The corresponding boundary conditions

written in terms of the normal modes are
W(0) = W(1) = ©(0) = ©(1) = 0. (6.3.3)

This fourth order system was solved numerically for Rg by the compound matrix.
method and the Chebyshev tau D? algorithm. Without going into detail, the basics of
both routines are briefly described for the system in hand.

For the compound matrix method, the vector W is defined as W = (W, W', ©,0')T.
Let W; and W, be independent solutions of (6.3.2) obtained by replacing the bound-
ary condition at z = 1 by the initial conditions W(0) = (0,1,0,0)T and W,(0) =
(0,0,0,1)T. The variables y, ..., ys are formed from the 2 x 2 minors of the 4 x 2

solution matrix with columns W;, Wy, to give
Y1 = WiW, — WoWj, Yo = W10, — Wy0,,

y3 = W05 — W,01, Y4 = Wllez - WQIGI;
ys = WO, — W;04, Y = 0,0, — 0,0,
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Then using (6.3.2) the compound matrix equations are

(F(2) + p) a?

v =Ry 9 Y2, Yo =Y3+Ys

Y = a’y2 + us, v, = ays + vs,

Ys = _REﬁi(ZQ)N;M)yl +a®(ys +ya) + Re (F(2) ;' 1) a2ys, (6.3.4)
yé = —RE%Lmyz.

This system was integrated numerically subject to the initial condition y5(0) = 1, and
the value of R varied such that y»(1) = 0 was satisfied to some predefined accuracy.

Keeping p, a? > 0, a golden section search routine was then used to numerically find
Ra = maxmin R (p, a®). (6.3.5)
b a

A Chebyshev tau D? routine was also performed to solve (6.3.2). First, equations
(6.3.2) were transformed to the Chebyshev domain (—1,1) by letting £ = 2z — 1. Then
dropping the hats, (6.3.2), yields

2 (4D? — )W = Ry (F(2) + p) a®6,
( <) 5 (F(z)+p)e (6.3.6)

2u (4D — a®)© = Rp (F(2) + p) W,

where F'(z) = 3a322/4 + (3a3/2 —a1)z + 3ag/4+1—ay, 2z € (=1,1)and W =O =0
for 2 = {~1,1}. Since F is a quadratic function of z we seek the Chebshev matrix
representation of z2. To construct this matrix we follow an analysis similar to that for the
representation of z as given in section 2.5.1.

The solutions W and © are expanded in a series of Chebyshev polynomials

N N
W=> wTn(2), ©=) 6,Tu(2),
n=0 n=0

and the inner product of each equation is taken with some T%. To find (220, T} ), we begin

by noting the following,

N
70 = T7) 6,T,
n=0

= T12 (90T0 + 0T +...+ HNTN) .
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So, taking inner products with Ty, 73, 75, . . ., and using the orthogonality of Chebyshev

polynomials it can be deduced that,

il T
(229, T()) = 590 + 292,

3 T
(229, 1) = §91 + §93,
T T
(22@, Tg) - 290 + 102 -+ 18]—-04, ...etc.

This can be expressed in matrix form as,

(Lol o o 0\[6) [L1(26,Ty))
030 % 0 0| 6 2(2%0,Th)
\0 J\ex)  \2(6,Tw))

Let the coefficient matrix in (6.3.7) be denoted by Z2. Note that Z? is exactly the same as
the matrix product Z x Z, where Z is given in section 2.5.1. Then (6.3.6) can be rewritten

as the eigenvalue problem,

8D? — 2a?] 0 W\ ol 0 a’x W
0 8uD? — 2ua’l © x 0 ©

where here D? is the Chebyshev matrix representation of 82/922, I is the identity, * =
3022%/4 + (3a2/2 — 61)Z + (3az/4 — a1 + 1+ ) I, W = (w,, ..., wy)" and @ =
(6o, ...,0x)T. The last two rows of each (N + 1) x (N + 1) block were removed and
replaced by the discrete form of the four boundary conditions (6.3.3). The resulting sys-
tem was then solved using the QZ algorithm. The numerical results obtained from the
Chebyshev tau D? routine are not presented since excellent agreement was found between
them and those obtained via the compound matrix method. A presentation and discussion

of the results found from the compound matrix routine are now given.

6.4 Numerical Results and Conclusions

In this section we compare our numerical results with those of McKay & Straughan [51].

Therefore, we assume that the saturating fluid is water and take the following values for
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A, B, C (cf. Merker et al. [61]),

A = 6.85650 x 1075 (°C) ™,
B =8.82063 x 107% (°C) 2,
C =4.16668 x 1078 (°C) 3.

To be in keeping with George et al. [33], McKay & Straughan adopted a Rayleigh number
that reflected the layer depth which is destabilising, namely
Ra = (gapoKdTi) ,
Kt
where @ = 7.68 x 107%(°C~2) and x = 4/T,. Therefore, in order to compare the
nonlinear results calculated here with the linear results of McKay & Straughan [51], we

adopt a Rayleigh number of the form

Ra = %XZR% ~ 0.448x*R%.

In McKay & Straughan [51] the governing equations and boundary conditions are es-
sentially the same as those used here but with three notable exceptions. Firstly the Forch-
heimer terms, necessary to establish unconditional stability, are not present in McKay &
Straughan. However, in this work the Forchheimer terms are eliminated from the final
system due to the way the energy analysis is implemented. Therefore provided the Forch-
heimer terms satisfy the constraint (6.2.22) we can compare both works. The second
difference to note is in the permeability term. McKay & Straughan allowed the perme-

ability to have dependence on z of the form
K =ko(l+1~2), (6.4.1)

where k, was the permeability at the base of the layer and v was a positive constant. They
choose this relationship since it reflects the physics of what happens in patterned ground
formation. In the results that follow we only compare results with those published in
McKay & Straughan for which they set ¥ = 0 and hence K is equivalent to the definition
used here. We remark at this point however, that if we allow the permeability to take the
same form as (6.4.1) then we can still obtain an unconditional stability bound. To see

this note that if we employ (6.4.1) then the first term in the non-dimensional perturbation
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equation (6.1.4); is of the form —u;/(1 + yzd), where ky has been absorbed into the
scales. In deriving an energy identity for u we multiply this term by u;, integrate over V
and bound above as follows
—/ TSR 1 (0,1). 6.4.2)
v (14 72d) (1 + vd)
Since the right hand side of (6.4.2) is sign definite our energy analysis can follow as
before. Finally McKay & Straughan allowed for radiation heating at the upper surface.

Their boundary condition at z = 1 in terms of the perturbed variables was
0,4+ ab =0,

where ¢ > ( was a constant “radiation parameter”. Again this boundary condition was
used because it is physically relevant to the specific case of patterned ground formation.
We only compare results with those published in McKay & Straughan for which ¢ = oo
and we recover the boundary condition imposed here.

In table 6.1 we compare the linear results of McKay & Straughan [51] with the non-
linear results of this work. The critical parameters of linear and energy theory are denoted
by subscript L and L respectively. Ray, and ay, denote the critical Rayleigh number and
wave number obtained by McKay & Straughan via a linear instability analysis. Rag and
ag denote the critical Rayleigh number and wave number obtained here via the compound
matrix method. From table 6.1 we see that there is excellent agreement between the linear
and nonlinear results. Hence we conclude that the linear analysis of McKay & Straughan
has captured the essential physics of reality. We stress that the unconditional stability
threshold established here is of physical importance since it effectively guarantees there

are no subcritical instabilities.

S
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T.(°C) RqL Rag a}J ag I
0.5 1209.546 1209.163 3.142 3.142 0.936
1.0 324.427  324.267 3.143 3.143 0.873
1.5 155.419  155.316 3.145 3.145 0.812
2.0 94.727 94.640 3.148 3.150 0.751
2.5 66.083 - 65.992 3.153 3.156 0.693
3.0 50.363 50.248 3.162 3.167 0.636
3.5 40.922 40.760 3.176 3.183 0.582
4.0 34.957 34.713  3.197 3.208 0.531
4.5 31.120 30.745  3.230 3.245 0.485
5.0 ?8.705 28.126  3.283 3.300 0.444

Table 6.1: A comparison of the critical parameters of linear instability and nonlinear stability

theory. p is the best coupling parameter.

. &2‘



Chapter 7

Conclusion

Throughout this thesis the subject of thermal convection in fluid and porous media has
been investigated. Linear instability and nonlinear stability analyses have been employed

to establish critical thresholds for the onset and type of convection involved. Two layer

and single layer systems were investigated and convection modelled primarily via a quadratic ..

* equation of state and alternatively by internal heating or a cubic density law. Before a dis-
~ cussion of the work and suggestions for the future are made, a quick summary is provided.

In chapter 2 penetrative convection in a superposed porous-fluid layer was modelled
via a quadratic equation of state. A similar system was then investigated in chapter 3
but represented alternatively using internal heating. It was found that the two models
generated the same eigenvalues when mathematically adjoint but different eigenfunctions.
It was concluded that physically the two models were very different and care must be
taken when interpreting results.

In chapter 4 penetrative convection in a single anisotropic porous layer was mod-
elled by both a quadratic equation of state and internal heating. The porous medium was
assumed to have a horizontally isotropic configuration in which the permeability in the
horizontal plane was different to that in the vertical direction. An unconditional nonlinear
stability bound, as well as a linear instability bound was established and the two shown to
be very close.

In chapter 5 a model for convection in the evolution of under-ice meltponds was pre-
sented. Again linear and nonlinear analyses were given and it was shown that to establish

unconditional nonlinear results a weighted energy must be employed. The linear insta-
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bility and nonlinear stability bounds did not coincide and a region of possible subcritical
instabilities was presented.

Finally in chapter 6, an unconditional nonlinear stability bound was found for a layer
of isotropic porous medium. Convection in the porous medium was described by a cubic
equation of state and Forchheimer drag terms were included in the equations of motion.
Higher order norms were found necessary to establish an unconditional bound and so
employed to achieve the given result.

In all five chapters a linear instability analysis was performed. The analyses were
effective and efficient in establishing basic results for the convection problems at hand.
For example the numerical results in chapters 2 & 3 were novel and quite striking. To es-
tablish how representative these linear results are however requires a nonlinear approach.
This is highlighted by chapters 4, 5 & 6, where linear and nonlinear results were derived
and compared for a single layer of fluid or porous medium. A nonlinear analysis of the
two layer system however is highly nontrivial. It is hoped that in future work the energy
method may be applied to the two layer problem to form a nonlinear stability bound. The
inclusion of a ¢ term may simplify the nonlinear analysis, cf. chapter 4. Indeed this
was the motivation behind chapter 3. It is hoped that such work will be of use in future
analyses. The introduction of a weight as outlined in chapter 5, or higher order norms as
given in chapter 6, are further techniques that may also be of benefit here.

In chapter 4 the porous medium was assumed to have a horizontally isotropic configu-
ration in which the permeability in the horizontal plane was different to that in the vertical
direction. Such a configuration is common in the real world. In particular we mentioned
frost heave in the formation of patterned ground. Future work could include coupling the
work done in chapter 4 with that given in chapter 2. In other words penetrative convection
could be modelled in a superposed porous-fluid layer in which the porous medium has an
anisotropic configuration like that described in chapter 4. This would provided a more
refined model for the onset of penetrative convection in the formation of under water pat-
terned ground. In addition a radiative boundary condition at the upper fluid surface could
be included to further reflect the physics involved cf. George et al. [33].

A further example of the anisotropic configuration used in chapter 4 is sea ice. Eicken

et al. [27] suggested that sea ice has a different permeability in the vertical direction to
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that given in the horizontal plane. Hence the configuration presented in chapter 4 is an
appropriate representation for the permeability of sea ice in the melt season. This could
be coupled with the work done in chapters 2 & 5 to yield a model with very serious
applications as detailed below.

In chapter 5 a model for convection in the evolution of under-ice meltponds was pre-
sented. While the model employed very accurate numerical techniques and gave inter-
esting and useful results, a far more sophisticated approach could be taken. The analysis
of chapters 2, 4 & 5, could be used in conjunction with one another to build a layered
model which incorporates the overlying melt water, the sea ice, and the layer of fresh
water below.

There is evidence that sea ice in the Arctic region is thinning at a most dramatic
rate, see for example Rothrock et al. [85] and Wadhams & Davis [103, 104]. Ice cover
in the Arctic, and anywhere else for that matter, plays a very important role in climate.
The effect of ice on Earth’s surface albedo and its role in reducing the amount of heat
exchanged between the atmosphere and the ocean (or land) beneath the ice make it a vital
- component of our climate. The amount of ice also affects the density, salinity and flow of
sea water. In recent literature a lot of attention has been paid to fast sea ice melting and
it’s implication for polar climates. For example see Goldman [38], Kerr [42], Rignot &
Thomas [82], chapter 5, and the references therein.

One factor which affects sea ice melting but about which relatively little is known, is
the formation of under-ice melt ponds. There is very little field data on under-ice melt
ponds and as far as I am aware, the work of Bogorodskii & Nagurnyi [9], Eicken [26],
Notz et al. [74], and that given in chapter 5, are the only recent attempts at modelling
them. The formation of under-ice melt ponds however are instrumental in the melting of
summer Arctic sea ice. Future research on their formation and evolution is both vital and
worthwhile. A model that combines the analysis of chapters 2, 4, 5, and takes account
of the surface melt water above would be most beneficial in this area. An investigation
of how convection in the fresh water effects the underside of the ice and the pycnocline
(layer of water where the density changes rapidly with depth) below, would undoubtedly

enhance our current understanding of under-ice meltponds.



Appendix A

Numerical Methods

A.1 The Chebyshev Tau Method

A full discussion of the Chebyshev tau algorithm applied to hydrodynamic stability prob-
lems can be found in Dongarra et al. [23] and Straughan & Walker [95]. For the purposes
of this appendix consider the bbunda'ry value problem as outlined in Dongarra et al. ,

" +du=0, ze€(-1,1),
‘ (A.1.])

where u € L?(—1,1) and we work in the weighted L2(—1, 1) space with inner product

1
(f,9) = /_ 19 dz,

1 1—.’1)2

and associated norm || - ||.
Let u be written as a truncated series of Chebyshev polynomials,

N42

u(z) = z u Ty (). (A.1.2)
k=0
Instead of solving (A.1.1), the tau method argues that the following is solved exactly
U” + Au = TlTN+1 + T2TN+2, (A13)

where u is given by (A.1.2) and 7, 75 are the tau coefficients which may be used to

measure the error associated with the truncation of (A.1.2).
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The Chebyshev polynomials are orthogonal in the L?(—1, 1) space, so multiplication

of (A.1.3) by T; yields

(Lu,T;) =0, i=0,1,...,N, (A.1.9)
(Lu, Twyy) = 7l Tl 7=1,2, (A.1.5)

where L is the differential operator defined by Lu = u” + Au. In (A.1.2), there are (N +3)
unknowns, namely, u;,7 = 0, ..., N + 2. Equation (A.1.4) yields (N + 1) conditions for
u; and (A.1.5) can be used to calculate the 7’s. To find a further two conditions note that

Tn(%1) = (£1)" and use the boundary conditions »(—1) = u(1) = 0 to deduce

N+2 N+2
D=0, D uy=0. (A.L6)
n=0 n=0

Hence (A.1.4) and (A.1.6) yield a system of (/V + 3) equations for the (N + 3) unknowns
’U,“’I,:O,,N-FQ
The derivative of a Chebyshev polynomial is a linear combination of lower order

Chébjshev polynomials and can be expressed as

m S P T, n even,
T, = Ek‘.l e (A.17)
on Z’,:;; T +nTy, modd.

Then (A.1.4) can be written as

@+ x; =0, i=0,...,N, (A.1.8)
where the coefficients uz@) are given by
1 N+2
u§2) - = Z p(P® — i%)u,, (A.1.9)

! p=i+2,p+i even

withcy = 2,and ¢; = 1,7 = 1,2, .... To see why this is, begin by differentiating (A.1.2)

to yield
N+2 N+2 N+2 N+2
o= wTi@) =YY wDnyT =Y uT, (A.1.10)
k=0 k=0 r=0 r=0
where
N+2 N42

TI:(‘T) = Z DT, Ugl) = Z D, yuy.
r=0 k=0
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Differentiating (A.1.10) yields

N+2 N+2 N+2 N+2
w' = uT =" "uVD, T, = uPT, (A.1.11)
r=0 r=0 p=0 p=0
where
N+2 N+2 N42
’U,I(,2) = Z Dprus.l) = Z Z DprDrkuk'
r=0 r=0 k=0
Therefore relabelling (A.1.10) and (A.1.11)
N+2
Lu = Z (u§2) + )\ui) T;.
i=0
Then using (A.1.4) we deduce (A.1.8) and it only remains to show that
N+2 N+2 1 N+2
2 :
ul =3 " DDy = - Z p(p? — i), (A.1.12)
=0 k=0 p=i+2,p+1i even

To do this we use induction and (A.1.7). The differentiation matrices D and D? are
established in the process.

To begin note the following
' N+2 -
Ti(z) = Y DT = DoxTo + DuTi + -+ + Divsap Tz (A.1.13)
r=0
Using (A.1.7) we can write

Ti(z) =2k(Ty +To + - - + Tg—1) for k£ even,
(A.1.14)

T,é(iL') = kTg + 2k(T2 + T3 R Tk-—l) for k Odd,
Therefore comparing the coefficients in (A.1.13) and (A.1.14) it can be deduce that

Do2j =0, j 21, (A.1.15)
Dogj1=2j—1, j>1, (A.1.16)
Dijyoj1=2(i+2j—1), j>1,i>1, (A.1.17)
Dip=0, i>1, (A.1.18)

or, in matrix form

(010305 0 7 ..)
004 08 0 12 0
p=|oo0oo0 6 010 0 14
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To find D? we explicitly expand

N+2N+2

'Ll,£2) = Z Z Diprkuk-

p=0 k=0

Then using (A.1.15) and comparing the coefficients of u?) for1 =0,...,N+2,itcan be
seen that

1 N+2
2
Ué) = 5 Z p3UP7

p=2,p even
N+2
@_1

u’ =2 3, p(* — D,
p=3,p odd
N+2

1
w =5 Y 20’ -2,

p=4,p even
Hence by induction (A.1.12) is proved as required. Further expansion and comparison of

the coefficients of u, yields

1, .
Dg,2j = 5(2.7)3’ J > 17

Doy = (i +2)45(+3), i21,j>1,
which can be expressed in matrix form as

(004 0 32 0 108 ...\
000 24 0 120 0
D*=10 00 0 4 0 192

o /

Note that the matrix D? = D.D in the sense of matrix multiplication.

A.2 The Compound Matrix Method

To illustrate how the compound matrix method is implemented consider the simple 4th
order eigenvalue problem as detailed in Straughan [94],
D*W = a®W — Rga®F(z,))0,

(A2.1)
D%© = a?0 — RpF(z, )W,
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where W, ©, z are unknown variables, and a?, ) are constants we wish to minimise and
maximise over respectively. F' is an arbitrary function of z and A, and Rg is the gener-

alised eigenvalue of the system. Suppose we have boundary conditions
W =0 =0, onz=0,1. (A2.2)

To solve (A.2.1) subject to (A.2.2) the compound matrix method proceeds as follows.
Let W = (W, W’ 0,07, and suppose W, and W, are solutions to (A.2.1) with

initial values

W,(0) = (0,1,0,0)7, W,(0) = (0,0,0,1)7. (A.2.3)
A new six vector
Y = (yh Y2,Y3,Y4, Ys, yﬁ)Ta

is defined by the 2 x 2 minors of the 4 x 2 solution matrix (W1, W5). Then,

y1 = WiW,; — Wo,Wy,
Yo = W10, — W10,
ys = W10, — W20y,
(A24)
ys = W0, — W,0y,
ys = W0, — W;0],
vs = 0,0} — 0,0,
Differentiating (A.2.4) and using the governing equations (A.2.1), the initial value prob-

lem for y; is found to be

y; = _REFa2y27

Yo = Y3 + Ya,
Y4y = a*ya + vs,

(A.2.5)
yf; = a2y2 + ys,

vt = RpFy; + a*(ys + ys) — ReFa’ys,
Ys = ReFyo.

System (A.2.5) is integrated numerically from 0 to 1 subject to initial and final conditions.

The initial values (A.2.3) yield y5(0) = 1 and the boundary conditions at z = 1 give
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y2(1) = 0. The eigenvalue, R, is varied until yo(1) = 0 is satisfied to some preassigned
tolerance. In the computational work presented within this thesis the secant method was

used to locate the root and a golden section search routine to find the critical eigenvalue
Rap = maxmin R%(a®, )).
a

More details and a thorough discussion of the compound matrix method, applied to

energy eigenvalue problems can be found in Straughan [94].



Appendix B

Inequalities

B.1 Poincaré’s Inequality

Let V be a cell in three dimensions. Suppose for simplicity V is the cell 0 < = < 2a;,
0 <y < 2ag,and 0 < z < 1. Let u be a function periodic in z,y of period 2a;, 2a,,

respectively, and suppose u = 0 on z = 0, 1. Poincaré’s inequality may be written as

1 v
/quV < —2/ |Vu|2d,V. (B.1.1)
1 ™ Jyv

In general, the constant 1/72 in (B.1.1) depends on the geometry and size of the domain

V. Further discussion of this and Poincaré’s inequality can be found in Saloff-Coste [86].

B.2 Young’s Inequality

Let a, b be arbitrary functions and p, ¢ positive constants such that 1/p + 1/¢ = 1, then

Young’s [106] inequality may be written as

)4 (]
ab < % + % (B.2.1)

An elementary derivation of Young'’s inequality in this form can be found in Beckenbach

& Bellman [6], p.15.
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