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Abstract

A certain class of naked singularities, related to N' = 2 pure super Yang—Mills
theory, are resolved in string theory with the enhangon mechanism. We study the
properties of the enhangon in supergravity. Initially we consider the stability of the
supergravity solutions. We study small perturbations of these solutions, construct-
ing a sufficiently general ansatz for linearised perturbations of the non-extremal
solutions, and show that the linearised equations are consistent. We investigate lin-
earised perturbations of the horizon branch and the extremal solution numerically.
We show that these solutions are stable against the perturbations we consider. This
provides further evidence that these latter supergravity solutions are capturing some
of the true physics of the enhangon. We show that the shell branch solutions violate
the weak energy condition, and are hence unphysical. We extend the investigation
of nonextremal enhancons, finding the most general solutions with the correct sym-
metry and charges. There are two families of solutions. One of these contains a
solution with a regular horizon found previously; this previous example is shown to
be the unique solution with a regular horizon. The other family generalises a pre-
vious nonextreme extension of the enhangon, producing solutions with shells which
satisfy the Weak Energy Condition. We argue that identifying a unique solution

with a shell requires input beyond supergravity.
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Chapter 1

Introduction

Our current understanding of the physical laws governing nature is based on two
main theoretical frameworks. One is Quantum Mechanics and its sibling Quantum
Field theory, which describes the microcosm with great accuracy. Electromagnetic,
weak and strong forces are described by Quantum Field Theories, and their suc-
cess in explaining physics of molecules, atoms, nuclei and elementary particles is
tremendous [4]. The other one is Einstein’s General Relativity which describes
the macrocosm. This is a geometrical theory of gravity which explains very well
phenomena of cosmological scale down to one millimetre [5,6]. It expanded our
understanding of the universe and its expansion, of its constituent galaxies, stars
and their evolution.

Gravity is a very weak force compared with the other three, so we do not in
general take it into account when studying phenomena in the microcosm. There is
a point though, where gravity becomes important. For length scales of the order of
the Planck length lpjgner ~ 1072 m, gravity as a force becomes significant to the
description of physical phenomena and must be taken into account. This is also
the regime when gravity ceases to function as classical theory. We need a quantum
theory of gravity in order to describe the physics correctly.

Since gravity is more relevant to much larger scales do we really need such a
description? There are two physical arguments in favour. The first is that classical
GR is not a complete theory. It allows spacetime singularities which can be found

inside black holes and of course the initial singularity in the Big-Bang theory [7—
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9]. Quantum gravity is needed in order to understand their physics. The second
argument is that it is expected that all the forces of nature can be described by
a unified theory. There is already a successful electroweak model in quantum field
theory and various suggestions to incorporate the strong force!, but as long as a
quantum theory of gravity eludes us we can not have a complete understanding of
fundamental physics.

There are various approaches towards a quantum theory of gravity. There are
many difficulties trying to merge quantum mechanics and general relativity. The
usual methods of quantum field theory do not apply in this case.

One of the main candidates is string theory. String theory is a theory of one—
dimensional extended objects. It contains gravity and one can see that it can be
quantised using the perturbative methods of quantum field theory. It also contains
gauge bosons in the spectrum with a gauge group large enough to include the cur-
rently known interactions (electromagnetic, weak and strong). On top of that it
knows how to treat certain kind of singularities. Unfortunately these theories live
in more than four spacetime dimensions and there are five of them (superstrings)
which are consistent at the quantum level.

In the last ten years there was a great advance in understanding string theory.
There is a unified way to look at the theory, connecting the existent five theories
together with eleven dimensional supergravity through various dualities. It was
found that there are new objects, D-branes, which are very important [12]. D-branes
opened a window to the non-perturbative regime of string theory. They helped
understand the properties of black holes and spacetime, by describing mechanisms
of singularity resolution.

These are the first steps in order to understand the quantum structure of space-
time. There are still difficulties and open questions but the road is open although

not very clear.

'For more details, standard textbooks on Quantum Field Theory [10,11], can be consulted.
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1.1 Classical gravity

Gravity is the force that is binding the universe together and governs the dynamics
of the various objects in it. It is its driving force. It is very weak, its range is infinite
and because in large scales the net charges are zero, it is the dominant force in the
universe.

Gravity is very well described by Einstein’s General Relativity?. General Rel-
ativity is based on two principles. The first principle is the equivalence principle
which states that all bodies are influenced by gravity and they fall precisely the
same way in a gravitational field. The second is Mach’s principle which states that
it does not make sense to speak about an accelerating mass in an empty, absolute
space.

The theory Einstein derived from these principles states that the intrinsic and
observer—independent properties of spacetime are described by a spacetime metric.
The curvature of this metric causes the physical effects ascribed to a gravitational
field. The curvature of spacetime is caused by the existence of matter (or energy)
and the relation is given by Einstein’s equations. In simpler words matter tells
spacetime how to curve and spacetime dictates to matter how it should move.

Although this theory has given many predictions which have been found to be
with agreement with experiment, it is not complete. There appear solutions contain-
ing curvature singularities, where curvature is infinite. Classical curvature singular-
ities are defined through geodesic incompleteness: a test particle will reach in finite
proper time regions of spacetime beyond which its evolution is not defined. There
are theorems due to S. Hawking and R. Penrose [7-9] which prove that singularities
are inevitable and they are generic features of cosmological and collapse solutions.

An important goal in extending General Relativity is to understand the resolu-
tion of singularities. This can be done by classical extensions of the theory. Some
of these singularities can be resolved by adding higher curvature interactions in the
Einstein-Hilbert action, or higher derivatives of the metric and matter fields. These

have a negligible contribution for ordinary gravitational fields but become important

2 [13,14] for more full presentations of the theory.
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in regions of large curvature, modifying the nature of the solutions. This happens
because adding these extra terms spoils some of the local energy conditions needed
in order to prove the singularity theorems so one may hope that a singularity free
theory of gravity may be constructed [15,16]. There are also examples of singular
solutions which become regular if they are thought of in terms of higher dimensional

theories [17].

1.2 Quantum gravity

The above treatment uses entirely classical tricks to avoid singularities. When space-
time curvature is of the order of the Planck length, the nature of gravity changes.
This happens because quantum phenomena related to gravity are important and
must be taken into account. The formation of singularities can not be correctly
described by classical gravity. One needs a quantum formulation of gravity in order
to understand the physics for curvature scales smaller than the Planck length. One
could draw an analog with the renormalisation program of quantum field theory, and
say that there might be quantum corrections which smooth out the singularities.
Not all singularities can be resolved by quantum gravity. In [18] it was shown that
there are certain kind of singularities whose resolution would lead to contradiction.
In the example in [18] the negative mass Schwarzschild is studied. This solution
does not have a horizon, so the singularity is naked. If quantum gravity smooths
out the singularity and replaces it with another finite-sized object, then this object
should have negative mass. This would render the vacuum unstable.
Unfortunately one can not obtain quantum gravity by straightforwardly merg-
ing of quantum mechanics and general relativity. The theory can not be formu-
lated perturbatively in a way similar to the program of quantising (gauge) field
theories [19-21]. It is non-renormalisable, meaning that we have to add infinite
counterterms in the action to cancel resulting infinities, thus losing predictability.
One can extend general relativity using supersymmetry, writing down a super-
gravity theory [22]. In general, supersymmetric theories have bosons and fermions

related to each other through supersvmmetry. It is well known that in supersym-
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metric theories boson loops are cancelled by fermion loops® and this improves the
convergence of the perturbations series. Although perturbative quantum supergrav-
ity has milder problems than general relativity, it remains a non-renormalisable
theory [23,24].

A definite proof is still missing, mainly because of the very complicated algebraic
structure of the Feynman rules for quantum supergravity, but it is today widely
believed that perturbative quantum field theory approaches to quantum general
relativity, or its supersymmetric extensions, are not going to provide us with a
theory that we can entirely trust.

Although a quantum extension of general relativity is not available, there are
some glimpses of the world of quantum gravity. S. Hawking showed using semiclas-
sical techniques* that black holes, objects that have a gravitational field so strong
that even light can not escape, radiate [25]. Hawking radiation is a result of quan-
tum particle pair creation in the vicinity of a black hole. One of the two falls in
the black hole while the other may escape and reach an observer at infinity. The
energy of this particle comes from the black hole and gradually the black hole may
evaporate®. There was also a proposition by Bekenstein that a black hole has an
entropy which is proportional to the area of its horizon [27-29]®. This is a very
interesting result because entropy is in a way a measure of the degrees of freedom of
a theory. In ordinary quantum field theory entropy scales with the volume of space.
It seems that in quantum gravity the entropy scales with the area of the boundary
of space, so the degrees of freedom of the theory are characterised by a field theory
with one fewer space dimension”.

There are various approaches to quantum gravity. A widely pursued approach is

loop quantum gravity or quantum geometry reviewed in [36-38], euclidean quantum

3nfinities come from calculations of quantum loop corrections.
1Spacetime is treated classically, while matter fields quantum mechanically.

5There are some issues concerning unitarity and information loss not compatible with quantum

mechanics, [26] for a review.
% [30,31] for reviews.
"This is the idea of holography elevated to a principle by G. t'Hooft [32] and L. Susskind [33],

[34,35) for reviews.
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gravity [39,40], lattice quantum gravity [41] and other more unorthodox approaches

like Topos theory [42], Twistor theory [43] and Causal Sets [44].

1.3 String theory

There is another approach to quantum gravity, which is more widely accepted than
the others. It started in the late 60s as a candidate for a theory of strong interac-
tions, eventually dropped because of the advent of Quantum Chromodynamics and
reappeared because it included gravity. The theory of one dimensional extended
objects, strings®.

In order for string theory to be consistent one has to include supersymmetry®.
Bosonic strings suffer from the existence of a tachyonic state in their spectrum, which
renders the vacuum unstable. There are five distinct superstring theories type I,
ITA/B and the two heterotic theories with gauge groups SO(32) and F3 x Fx [48,49).
One of the nice features of string theory is that their spectrum contain gravity and
Yang-Mills interactions, unifying these two types of theories in the same object.

After 1994 it was realised that all five superstring theories and eleven dimen-
sional supergravity are related to each other by various dualities. This led to the
conjecture that there is a fundamental theory, called M—-theory. The five known
superstring theories and eleven dimensional supergravity are just effective pertur-
bative descriptions near different inequivalent vacuum solutions of this mysterious
theory [50-52}1°.

String theory contains gravity in two ways. Massless string excitations include
among others a spin two particle (the graviton). Consistent propagation of the
strings requires the spacetime to satisfy supergravity equations at low energy. Ac-
tually the effective low energy limits of the five superstring theories are described
by their respective supergravities [55].

One can quantise string theory in a flat spacetime background using the pow-

®For a fuller treatment we refer the reader to [45,46].
9 [47] and Vol. 3 of [10] for a review of supersymmetry.

10153,54] for reviews.
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erful techniques of conformal field theory. There is also a consistent perturbation
expansion to study interactions. The corresponding Feynman diagrams are finite at
least at first order but this result is expected to hold at all orders. This is due to
the nature of the fundamental objects which are now extended and not point—like
particles. Since string theory contains gravity, this means that string theory is a

consistent quantum theory of gravity.

1.4 Singularities in perturbative string theory

Since string theory is a consistent theory of quantum gravity, it should give us some
insight in the problem of curvature singularities [56]. The first thing to note is that
spacetime singularities differ from general relativity, even in the classical level. In
general relativity we use particles to test geodesic incompleteness. In string theory
the fundamental objects are strings so these are the test objects that we should use.
If there is a singular space and a string propagating in that space and its physics
is not singular, then this singularity does not really matter. The spacetime metric
is simply a lower energy manifestation of the stringy physics and the singularity is
a sign that some degrees of freedom were omitted at that approximation of the full
theory.

An example of this is the propagation of strings on orbifolds [57,58]. An orbifold
is a quotient of spacetime by a discrete group. We will use an orbifold of flat space as
an example. It has vanishing curvature everywhere but it is geodesically incomplete;
there is a conical singularity at the origin. Although the propagation of particles on
this space is problematic, this is not the case with strings. In string theory new light
states, the twisted states, are present. They are confined at the conical singularity.
Taking these additional states into account the physics of the propagating strings is
non-singular and consistent.

There are also examples of curvature singularities that are resolved by string
theory (flops [59-61] and conifolds [62-64]). These occur in compactifications of
string theory on Calabi-Yau manifolds. It is possible that the metric of the compact

Calabi-Yau manifold varies slowly leading to a change in topology. This can be
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viewed as topologically non—trivial S? or S® spheres shrinking or growing. When
they shrink to zero area a curvature singularity is formed. At this point new degrees
of freedom become massless and if included in the analysis, the physics becomes
non-singular.

The fact that there is a certain class of singularities that are resolved!! by string
theory is encouraging, since this is a property that we expected from a quantum
theory of gravity. It would be nice if one could extend this to other classes of
singularities such as Big-Bang or Big-Crunch like setups. There has been some

work towards this direction [69-84], but we will not pursue it further.

1.5 D-branes and gauge/gravity correspondence

There are also other extended objects in a string theory. These are the D-branes [12].
A Dp-brane is a p-dimensional object which sweeps a p+ 1-dimensional worldvolume
as it moves in time. Dp-branes are the natural charges of the R-R C,,) fields in
string theory. They have a very important property namely that open strings can
end on them. D-branes are dynamical objects and their dynamics are dictated by
the open strings attached to them. Their low energy effective action is the gauge
theory that lives on the worldvolume of the branes.

D-branes conserve half of the supercharges of the initial background and they
are BPS objects. This means that the net force between various parallel D-branes
is zero and we can move them around without spending energy, if this procedure is
slow enough.

There are black p-brane solutions of the low energy supergravity actions [85]
which in the extremal limit have the properties of N Dp-branes sitting at the ori-
gin. They carry N fundamental Dp-brane charge. These solutions have non-trivial
metric, dilaton and R-R (p + 1)—form field.

Supergravity solutions can be described as being made by D—-branes. One can

combine them in various ways, such as intersecting them [86], wrapping them on

"There is also an article [65] discussing the problem from the string field theory {66-68] point

of view.
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compact manifolds, to ‘create’ spacetimes with various fields and amounts of con-
served supercharges!?.

We gave two descriptions of D-branes. One based on open strings ending on
them and another one as objects with non—trivial spacetime curvature described by
a supergravity solution. The supergravity description is valid when the curvature is
weak. For this regime it should be g, N > 1, where g; is the string coupling constant
and N is the number of the branes. In this regime open string perturbation theory
breaks down!?. The supergravity p—brane is the correct description. When g,N < 1
the curvature is very large and supergravity is not valid. Here one can use the D—
brane description, with the effective gauge theory on the worldvolume.

There is a complementarity between the two descriptions. From the supergravity
point of view, the equations of motion are found from string perturbation theory
gs < 1 so we can work with the supergravity p—brane solution with the assumption
that NV is large, such that the curvature is small. In the BPS case, one can work with
arbitrary IV, use the D-brane description in weak coupling and extrapolate at strong
coupling. Then one can compare with the curved supergravity solution. This can be
done because of the BPS property. In case some supersymmetry is preserved, there
are non-renormalisation theorems which apply, and protect quantities like charge

and tension from quantum corrections!?.

1.5.1 Gauge/gravity correspondence

These two descriptions of the dynamics of a D-brane (gauge theory on the world
volume and from closed string theory lower energy effective action) can be used in
order to get information from the one concerning the other. This is the basis for

a gauge/gravity correspondence. One example in which the supergravity descrip-

12Gometimes this technique is not entirely trustworthy. We will see later that this naive way of
construction may ignore extra light degrees of freedom coming from the full string theory and give

the wrong result.
13A typical string diagram has a factor of g, N and there is a trace over N Chan-Paton factors.

140One can successfully calculate the entropy of a black hole by counting microstates using this

technique [87]. [88-92] for reviews.
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tion decouples completely from the gauge theory description and there is a duality
between the two, is the AdS/CFT conjecture [93-95]'°.

In the prototype example by Maldacena [93], type IIB string theory is considered
with IV parallel D3—branes sitting together. Taking a low energy limit!®, the theory
describing the physics of the D3-branes is pure N = 4 supersymmetric Yang—Mills
in 3 + 1 dimensions, with gauge group U(N), which is known to be a conformal
field theory. From the point of view of the D3-branes as massive objects having a
spacetime solution, in the appropriate limit!'?, their geometry is AdSs x S°. The
conjecture states that when the Yang—Mills is in the limit (N — oo, A = Ng&,,

18) it is equivalent to classical type IIB supergravity theory on AdSs x S°.

large
The remarkable result from this conjecture is that one can do calculations in the
classical, weakly coupled supergravity theory and have results about the strongly

coupled gauge theory.

1.6 The correspondence and singularities

The prototype example by Maldacena is very interesting in its own account, but the
gauge theory (N = 4, U(N) SYM) is preserving too much supersymmetry and is not
very relevant to the Standard Model Physics. We need to study theories with less
supersymmetry and non—conformal, which have more interesting properties, such as
confinement and chiral symmetry breaking, using the correspondence.
Supergravity backgrounds have been found by deformations'® of AdSs x S® and
by considering the near horizon limits of supergravity solutions constructed by more
complicated D-brane configurations. The supergravity solutions dual to gauge the-
ories preserving less supersymmetry are generically singular in the interior, corre-

sponding to the infrared regime of the gauge theory?.

1% [96-98] for reviews.
16K eeping the energy and all the dimensionless parameters fixed while sending o’ — 0.
1"This is the near horizon limit which focuses on the region near the brane.

18This is the form of the correspondence most accessible to the calculation techniques that are
available.
9 This is dual to adding relevant perturbations in the A = 4 gauge theory.

20For reviews of the gauge/gravity correspondence in less supersymmetric backgrounds {99,100].
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It is important to understand which of these singularities are acceptable [101].
It is expected that there is a mechanism coming from the full string theory which
explains why these singularities are not really formed. This comes as a hint from
the dual gauge theory picture; the infrared regime in the gauge theory is the weak
coupling regime and the behaviour is known to be non-singular.

Such resolution mechanisms are known to exist, covering a range of singular
spacetimes. In the case of N' = 1* Yang-Mills theories, obtained by mass defor-
mations of the N' = 4 gauge theory, the supergravity dual contains a singularity.
In [102] Polchinski and Strassler resolved this naked singularity using a manifestation
of the Myer’s dielectric effect [103]. Very naively the D3-branes used to construct
the geometry are polarised to a D5-brane, because of a five—form flux present. The
final spacetime is not singular, although we do not know its exact metric.

Another N' =1 ( [104] for a review) example is the resolution of a naked singu-
larity [105] in the Klebanov—Tseytlin spacetime [106]. In this setup supersymmetry
is broken by putting D3-branes on a conifold and conformal symmetry is broken
by adding fractional D3-branes. This supergravity solution suffers from a naked
singularity. In [105] it was found that the naked singularity is resolved by deforming
the conifold. Similar approaches to the Polchinski—Strassler and Klebanov-Strassler
where used in [107,108].

In the case of N' = 2, supergravity duals have been found in different ways such
as by mass deformation of the N' = 4 theory [109-112] fractional branes at orbifold
singularities {113-121], M5-branes wrapped on Riemann surfaces [122, 123], five—
branes wrapped on non-trivial two-cycles of a Calabi-Yau manifold [124-126] and
by wrapping D-branes on K3 [127]. All these descriptions are related to each other
by duality transformations [128]. The naked timelike singularities that arise, seem

to be resolved by the enhancon mechanism [127].

1.7 The enhancon mechanism

Supergravity duals of certain U(N) gauge theories conserving eight supercharges,

have a naked singularity known as the repulson. A brane configuration with such a
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supergravity solution was first considered in [127]. This singularity is not compatible
with the physics of the gauge theory and should be unphysical. One can use D-
branes as probes of the geometry and try to construct it using a large number of the
constituent objects. This procedure shows that, in the case of wrapping D(p + 4)-
branes on K3 manifolds, the branes used to construct the geometry cease to be
localised at the enhangon locus and expand out into a (4 — p)—sphere surrounding
the would be singularity. This is due to extra massless degrees of freedom from
string theory which are not included in the supergravity effective action. These
enhance the gauge symmetry, hence the name enhangon. The interior geometry is
excised and replaced by flat space?!.

It is quite remarkable that, although supergravity can not describe the physics of
the enhangon correctly, it supports the excision. The source at the excision surface
behaves exactly as a shell of wrapped branes [129]. We will see later on that the
enhancon is stable under a particular set of linear perturbations. This is something
expected from supersymmetry, since we are dealing with BPS objects and it adds
to the validity of the construction from the point of view of supergravity.

The enhangon physics is known to be connected to monopole physics in the
case p = 2 [130], [131], [132]. There are also solutions of enhangons with non—
spherical shapes [133] and of rotating enhangons [134]. One can also include ori-
entifolds leading to cases with SO(2N + 1), USp(2N), SO(2N) gauge groups [135].
The enhancon is also crucial to black hole physics. In certain cases the enhancon
mechanism prevents branes that would reduce black hole entropy from entering the
horizon [134,136,137]%2.

There are many related studies of the enhancon in the literature. The setup
of D-branes on K3 is T—dual to fractional D-branes [139, 140]. The enhangon
mechanism can be seen, for the fractional brane picture, for non-compact orbifolds
C?/T [114-116, 119,120, 141] and on the compact orbifold limit 7% /Z, of K3 [142).
It is also considered on a conifold [141] and in heterotic string theory [143]. Some

analogues of the enhangon mechanism have been considered in the context of com-

21We will provide more details about the mechanism later in the thesis.

2For a review of the above [138].
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pactifications of eleven dimensional supergravity on Calabi-Yau spaces [144] and
in a non-supersymmetric setup [145,146]. There is also a study of the enhancon
mechanism incorporating from the beginning non—abelian fields and the monopole

physics in [147].

1.8 Non—extremal enhancon

Generally, one of the simplest questions to consider from the bulk spacetime side of
the AdS/CFT correspondence is the finite-temperature behaviour of the theory. One
would expect that the theories with reduced supersymmetry should have interesting
phase structures. At high temperatures, one would expect to find that the partition
function is dominated by a black hole solution, and there may be some symmetry-
breaking phase transitions as the temperature decreases. Attempts to investigate
these issues by studying black hole solutions on the AdS side were made in [148-154].
Since the enhancon provides an example where there is a simple supergravity solution
describing the singularity resolution, it is interesting to study these issues in this
case.

Regarding the non—extremal enhangon generalisation of the enhangon, it was
found in [129] that it has two branches of solutions. One has a horizon and it
appears at a finite value of the non-extremality parameter. We call this the horizon
branch. The other always has a shell of branes outside the horizon and in the
extremal limit give the known extremal solution of [127]. This is the shell branch.
A similar structure is found in the case of fractional branes [155].

The shell branch of solutions has a few peculiar properties. First of all it depends
on a free parameter which we can not set to a particular value without some extra
information from the physics of the full string theory on the background. This
is too difficult to do, because we do not know the behaviour of string theory in
non-extremal, or equivalently in this case, finite-temperature situations. Another
problem slightly more important is that, in the case of wrapped D6-branes on K3,
taking the compactification volume to infinity does not give the usual non-extremal

D6-brane.
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The two branches of solutions seem to be valid in different regimes of the non—
extremality parameter. Shell branch is valid for small non—extremality, while the
horizon branch is definitely the solution for large non—extremality. This suggests
that there might be an instability in the two solutions signalling a phase transition
in the gauge theory side.

Part of the motivation for the research described in this thesis was based on trying
to find such an instability. The horizon branch was found to be stable throughout
the range of the non—extremality parameter. The shell branch on the other hand was
found to be unphysical. By excising the interior to the enhancgon radius, singular
region, replacing it with smooth geometry and by matching to a smooth exterior
over a shell, this shell has negative energy density, thus violating the Weak Energy
Condition.

This is all from the supergravity point of view and it seems that although su-
pergravity could grasp some of the physics of the extremal case, it fails for the
non-extremal case. Further support is given from finding the families of general
enhancon solutions, extremal and non—extremal. Here, again using supergravity, we
find that the extremal solutions and the horizon branch of solutions are unique and
are completely determined from the boundary conditions we impose to the general
solutions. When it comes to the shell branch of solutions, there is a family of gen-
eralised solutions, which can help overcome the problem of Weak Energy Condition
violation. Unfortunately from supergravity alone we can not decide which of these
solutions describe the correct physics of the shell branch. In order to do that we
have to know explicitly the degrees of freedom describing the physics of the shell,
which is beyond the supergravity regime. As long as this is lacking we can not model
the shell correctly.

We must stress here that using supergravity to model the thin shell in the ex-
tremal case, we succeed in describing the physics of the shell, especially when we
studied its stability under linear perturbations. We expected that we would be
equally successful with the non—extremal case, but unfortunately after we found the
more general solutions, we realised that supergravity is still very limited in cases

which break all supersymmetry.
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1.9 Outline of the thesis

We will study the physics and the properties of enhancons using supergravity tech-
niques. The plan of the thesis is as follows. In Chapter 2 we will review some
essential tools necessary for our study. We will give a brief overview of string the-
ory and we will focus on D-branes. We will describe how one can use D-branes to
construct spacetime solutions.

In Chapter 3 we give a review of the enhangon mechanism. We will use the
case of wrapped D6-branes on K3 as an example. Since we are interested on the
supergravity description we will discuss the consistency of the excision in some
detail. This will be useful in our calculation later. We also present the non—extremal
generalisations and describe what happens when one adds extra D2-branes.

In Chapter 4 we study the perturbation ansatz we use in order to study the
stability of the enhancon solutions under linearised perturbations. We write down
the ansatz and find the differential equations that the perturbation modes are sat-
isfying, using some diffeomorphism invariance left. Before we continue in the study
of stability we give an example with a mode that is uncoupled and we can study the
problem analytically.

In Chapter 5 we study the stability of the extremal enhancon. We use the model
of wrapped D6-branes as a thin shell in order to calculate the boundary conditions
at the shell. Again some diffeomorphism invariance left, helps us in simplifying the
problem considerably. Finally we give a brief description of the numerical technique
used, and study the problem. We find that the extremal enhancon is stable under
the perturbation ansatz we used. Although this ansatz is very restricted, we believe
that the extremal enhancon is stable on the ground that it is supersymmetric.

In Chapter 6 we extend the program to the non-extremal enhancon. We find
that the shell branch of solutions is unphysical because it violates the Weak Energy
Condition. The horizon branch is stable throughout the range of parameters. This
is the expected behaviour for it, since it looks like a Schwarzschild black hole for
very large mass and we know this to be stable.

In Chapter 7 we try to find more general solutions of the enhancgon, solving

supergravity equations. In the extremal case we find that the solution is the one we
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had before, once we specify the model for the shell and its constituents. We also
find that the horizon branch of solutions is the unique solution. When it comes to
the shell branch of solutions, we find a family of them. There is a way to avoid the
violation of the Weak Energy Condition by adding ‘hair’ in the solutions but this
needs extra information from the string theory that we do not have.

Finally in the Appendices in the end of the thesis, we present some facts about
the K3 manifold, type ITA supergravity equations of motion in Einstein frame, a
more detailed description of the numerical method we used for the stability analysis
and a more detailed analysis of the calculation of the temperatures of the black hole

in the two branches of the non—extremal enhancon solution.



Chapter 2

Strings and branes

This chapter will provide some introductory material concerning string theory. It
is not meant to be a full review but just provide the reader with the essential
information in order to understand the main subject of the thesis.

We will start with a brief discussion of string theory. In the bosonic case, we
will write down the action and describe the spacetime field content of the theory
for open and closed strings. Then we will expand this discussion to the case of the
superstring.

Next we give a brief discussion on D-branes. We sketch their string theory origin
and write down the action that governs their dynamics. We will also have a quick
look over anomalous couplings that are the result of non—trivial curvature.

Next we will talk about supergravity p-branes and how they connect with D—
branes. We will give the non—extremal solutions of p—branes and discuss the extremal
limit which we will connect to D-branes. Due to their nice properties we can use

them as building blocks to construct a supergravity solution.

2.1 String theory

We will give a very brief introduction to string theory. We will present an overview

of the formulation and the field content of the theory, since we are mainly interested

17
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in D—branes!.

2.1.1 Bosonic strings

We will start with the bosonic case. A one dimensional object will sweep out a two
dimensional worldsheet, which can be described by a set of two parameters 7 and
o. The simplest invariant action is proportional to the area of the worldsheet. This

is the Nambu—Goto action:

SwolX] = —— / drdo (—det (8,X"9,X,))". 2.1)
x

2ra!

o is the universal Regge slope parameter. It has dimensions of [length]? and it is the
only dimensionful parameter in string theory. It is related to the fundamental string
tension T = (27c/)~! and it also sets the string length o/ = [2. The coordinates
7,0 parametrise the string worldsheet 3. X* are the D-dimensional spacetime
coordinates of the string and are treated as fields from the worldsheet point of view.

We can simplify the Nambu—Goto by introducing an independent world—sheet
metric h*? which depends on 7, 0. The action for a string moving in flat spacetime
is

1

Sp[X,h] = el drdoy/— det hh*P0, X 05X 1., (2.2)

This is the Polyakov action [159]. The equivalence to the Nambu—Goto action can

be seen by varying (2.2) with respect to the metric A%

1

4o

6nSplX, h] = / drdoy/— det hoh®® (&IX“&,X# — %hathdc‘)cX“adX“)

; (2.3)
Setting this variation equal to zero, we can use it to eliminate % from the Polyakov
action. The result is non other than the Nambu—Goto action®.

This Polyakov action has symmetries which we can use in order to gauge fix and

get simple equations of motion. These are spacetime Poincare invariance, worldsheet

(two—dimensional) diffeomorphism invariance and Weyl invariance. After gauge fix-

"More complete reviews can be found in [45,46, 156-158].

2More details can be found in the string theory reviews mentioned earlier.
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ing, the equations of motion that we get for the spacetime fields are

O?XH(T,0) B P XH(r,0)
ar? do?

— 0. (2.4)

This is the two—dimensional wave equation. Depending on the kind of strings, we can
impose different boundary conditions. In the case of closed strings the worldsheet

is a tube and we have to impose periodic boundary conditions
XH(7,0) = X* (1, 1), 0O, XH(1,0) = 0,X"(7,1), (2.5)

in coordinates where —oco < 17 < 00, 0 <o <.
For open strings the worldsheet is a strip and there are two kinds of boundary

conditions. Neumann boundary conditions

0 0
- 'u — _— /1 pry
5o XM(1,0)=0, = X*(r,)=0 (2.6)

and Dirichlet boundary conditions:

8 G,
—_— lL ey —_— /.L ==
5 XM(r,0)=0, = X*(r,l)=0. (2.7)

Neumann conditions imply that no momentum flows off the end of the string. The
Dirichlet condition implies that the end points of the string are fixed in spacetime.
They will be relevant when we discuss D-branes.?

After quantisation we can find the states in the string spectrum. For the closed
string, we have a scalar field @, the dilaton, the graviton g,, and an antisymmetric
tensor field B, also called the Kalb-Ramond field. The graviton is the background
spacetime metric. The dilaton sets the dimensionless string coupling through g, =
e<?>. These are the massless states. There is also a tachyon field and an infinite
tower of massive states.

For the open string the spectrum is slightly different. There is a massless state
which is a U(1) gauge boson A,. Again there is a tachyonic state and an infinite

tower of massive states.

“The open string Neumann boundary conditions {2.6) and the closed string periodic boundary

t=) . (=1 B,

conditions (2.5) are the only possibilities consistent with D—dimensional Poincaré invariance. Re-
laxing this condition admits the occurrence of Dirichlet boundary conditions which are important

when discussing D-branes.
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The bosonic theory has a few problems. First it can only live in twenty six
dimensions. Second and most important it has a tachyonic state, which may render

the theory unstable. Third it contains no spacetime fermions.

2.1.2 Superstrings

One solution to this problem is to add worldsheet fermions in (2.2) as supersymmet-
ric partners of the worldsheet bosons. Supersymmetry constrains a lot the way we
can formulate theories. There are actually only five consistent superstring theories:
type I, type ITA, type IIB and two heterotic with SO(32) and Es x Fg gauge groups.
These theories live in ten dimensions, have no tachyon in their spectrum and they
contain spacetime fermions [160,161].

We are mainly interested in type IIA string theory. This is a theory of closed
strings and has A/ = 2 supersymmetry in ten spacetime dimensions. The states of
this theory come from two sectors, the Neveu-Schwarz—Neveu-Schwarz (NS-NS) and
the Ramond-Ramond (R-R). In the NS-NS sector the massless bosonic states are
the same as in the bosonic string, the dilaton, the graviton and the Kalb—-Ramond
field. In the R-R sector the massless bosonic fields are p-form gauge fields: C(1y, C3)
and their magnetic duals C(7y and C5). Type IIB string theory is similar with the
difference that it contains chiral spacetime fermions. The massless bosonic states
are the same in the NS-NS spectrum, while in the R-R sector the gauge fields are
now Cy, Cra), Clay), Ce), C(g) and the self dual Cy).

2.2 D-branes

Now let us turn to the Dirichlet boundary conditions (2.7). We mentioned earlier
that when these boundary conditions are satisfied, the endpoints of the string are
fixed. Imagine that we impose Neumann boundary conditions on time and p spatial
directions, and Dirichlet boundary conditions on the rest D —p—1 spatial directions.
The ends of the string are fixed in the D — p — 1 directions and can move freely
to the rest p directions and time. When one imposes Dirichlet boundary conditions

thie momentum is not conserved in these directions. This leads us to the conclusion
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that the hypersurface to which the strings are attached is a dynamical object. This
dimensional object has a p + 1 worldvolume and it is called Dp-brane [12,162]%.

Open strings can end on a D-brane and we can use them to determine its dy-
namics. We can get the most important contribution from the massless states of
the strings attached to the branes. These are for a Dp-brane, a p—dimensional U(1)
gauge field A% a = 0...,p and D — p — 1 scalar fields ®. These scalars corre-
spond to the transverse oscillations of the brane. Their vacuum expectation values
correspond to the position of the brane in the transverse space.

An important and relatively easy generalisation is to have N parallel D-branes.
Then there are additional open strings that stretch between different branes. The
spectrum of these strings is massive and the mass is proportional to the separation of
the D-branes they connect. As the branes approach each other, these states become
lighter. When the D-branes coincide they become massless. These extra massless
states enhance the symmetry from the initial U(1)", when all the branes are apart,
to U(N) in the adjoint representation, when all of them coincide [171]. This is just
like the Higgs mechanism of symmetry breaking. The distances between the branes
correspond to the Higgs expectation values and the masses come from the stretched
strings.

Especially in the case of superstrings, D—branes have a very natural interpre-
tation. Perturbative string states can not carry charges with respect to the R-R
potentials. Dp-branes are actually the sources for these potentials. They should be
included along with the corresponding open string sectors in type II theories, with
p even for ITA and odd for IIB.

Again the dynamics of a Dp-brane are determined by the open strings attached
to it. The leading contribution comes from the massless states. These correspond
to the dimensional reduction of pure N' = 1 ten—dimensional Super Yang-Mills to
p—dimensions. In the éase of N coinciding Dp-branes, the massless states have the
spectrum of the dimensionally reduced U(N) Super Yang—-Mills.

Before we continue we should stress a property of D—branes that is very useful.

1Further references on D-branes can be found in (163-170).
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D-branes interact with each other through closed strings (gravity and scalar attrac-
tive forces) and open strings (gauge repulsive forces). The sum of these forces is zero
between parallel Dp—branes. In supersymmetric models, D-branes preserve half the
supersymmetries of the initial background. This is a sign that D-branes are BPS

objects.

2.3 D-brane action

One can write down an action that describes the dynamics of the D-branes. For
slowly varying field strengths® and for arbitrary supergravity background this is [173-
175]

S = Sppr + Swz, (2.8)

where

SDBI = —Tp / dp+1$€_¢\/—d€t(Gab + Bab + 27TO_"Fab)gDBI, (29)

is the Dirac—-Born-Infeld action and
Swz = —Mp/ Z Cipr1) N 2 Fas+Bay p Gwz, (2.10)
Mpy1

is a Wess—Zumino type action. The z* are independent coordinates on the world-
volume of the brane. 7, is the tension of the brane and p, its charge®. G, is the

induced metric on the brane and and B, is the induced Kalb—Ramond field on the

brane
oxXMaoxnN
Gap = WGMN,
OXMaoxN
Bab = WB]\,[N. (211)

Fy is the field strength of the brane worldvolume gauge field. C,1) is the (p +1)-

form R-R potential which is sourced by the D-brane.

*There are corrections from derivatives of F,;, which can be suppressed for slowly varying
fields [172].
50ne can calculate the tension and charge of the Dp-brane from the amplitude of an exchanged

closed string and comparison of this result with a background field computation [163].
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The DBI action describes the Dp-brane coupling to the massless NS-NS fields
of the bulk closed string theory. This is a generalisation of the action of a moving
massive particle.

D-brane interactions with the massless Ramond-Ramond fields are incorporated
in the generalised Wess-Zumino-like term. This is again a more general form of the
coupling of the charge of the particle to a gauge field. From (2.10) we can see that
a Dp—brane can couple with lower rank potentials apart from the bulk C(,4 ).

Before we continue, we should note something about the DBI action (2.9). Ear-
lier we claimed that the dynamics of the D-branes can be deduced from the open
string leaving on the brane. The effective action of this string in lower order is
the dimensional reduction of ten dimensional N’ = 1 super Yang—Mills. This is the
leading order if we expand the DBI action in a flat background. The DBI action is
true to all orders in o/ with the limitation we mentioned above. The effective gauge

theory action is just the leading order term.

2.3.1 Anomalous couplings

For a dynamical object such as a D-brane, which couples to the background space-
time and to gauge fields, it is expected that in order to describe its dynamics we
should be able to incorporate the influence of these couplings to its action.

Both DBI and WZ terms receive corrections from background curvature. The
DBI action gets several corrections [176,177] but the set of curvature-squared terms

that we are interested are given by

(47'('20[/)2 abed afab pab paf r 4
Gony = 1- o) <R Rabed — R¥P% Ro5p — 2R Ry + 2R Raﬁ) +0(a').
(2.12)
where a, ..., d are the tangent space indices running along the brane world-volume,

while o, 4 are normal indices, running transverse to the world-volume. Also R,
R.3 are obtained by contraction of the pulled-back Riemann tensor.
We are mainly interested in the corrections imposed by wrapping branes on a

special manifold called K3". For the case of K3, which is Ricci-flat, everything with

TA few technical details about this manifold can be found in Appendix A.1.
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normal indices vanishes and we have only R* R, appearing, which is computed

in (A.1.1). After integrating over the K3 the action becomes

Sppr = — / dpwgilfe_é (TpVK?, — Tp_4) \/—det(Gab + By + 2mad ab)~ (213)

Notice that the tension of this composite object has changed. It involves the cor-
rection imposed by the curvature of the K3. As for the WZ part [178,179], the

geometric term reads

B A(4m?/ Ry) _ (4n2a/)? “
Owz = m =1- T(pl(RT) —pi(BN)) + O0(a") (2.14)

where A is the ‘A-roof’ or Dirac genus, Ry, Ry are the curvature two forms of the
tangent and normal bundles and p; is the first Pontryagin class. For the case of K3

we take the normal bundle to be trivial and the first Pontryagin class is

1
pr(K3) = ——TrR A R = 48. (2.15)
88

The additional term can be written as
Fp
_E/‘C(p—:}) Ap1(R) (2.16)

and since p, = (27)Pa/~PHD/2 R = 472/ R it is equal to

ot [ Gy (217)

on the unwrapped part of the worldvolume of the Dp-brane.

There is an important lesson from this setup. When a Dp—brane wraps a manifold
with non-trivial curvature, its tension may change and most importantly it may
seem as carrying an effective charge under a R-R field of different rank. These facts

are going to be used to describe the enhancon mechanism later.

2.4 Supergravity and p—brane solutions

2.4.1 Ten dimensional supergravity

In the low energy limit o/ — 0 one can focus on the massless sector of string theory

and describe the physics using a low energy effective action. It turns out that these
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effective actions are ten dimensional supergravities [55]°.
Since we are interested in Type IIA/B string theory, their effective low energy
limits are Type IIA/B supergravity respectively. The bosonic part of the Type 1A

supergravity action in string frame is

1
Sia = Z;/ﬁ%%%ﬁwaﬁ(3+d¢Am¢—L@Aﬂﬁ) (2.18)
1 .
_F (Fg/\*FQ+F4/\*F4+Bg/\F4/\F4>, (219)
K

where

Fy=F,—CiAH; , F,=dC; , F,=dC;. (2.20)

Similarly the bosonic part of type IIB supergravity® can be written as

1
Sip = Zg/ﬁ@w4ameﬁ(3+d¢Am¢—H@A*H@>
1 - ~ 1 - -
_ZI{—2 (F(I)A*F(1)+F(3)/\*F(3)+EF(5)/\F(5)
+Cuy A Hzy A F(g)), (2.21)

where

_ 1 1
Fis) = F5) — 50 AN He) + 5B A )
Fay = Fig) = Coy A Heg),

Fay=dC), Fg =dCy), Fi) =dCu). (2.22)

G, ® and Hs = dB(y are the fields from the massless bosonic sector of Type
IT string theory. The F{,4;) fields are the field strengths of the respective R-R

potentials C(;) for each theory. The gravitational coupling « is set by
2k? = (2m)a g2, (2.23)

and g, is set by the asymptotic value of the dilaton at infinity g, = e<%=>.

8For more details the reviews on string theory mentioned earlier can be consulted.
Type IIB supergravity has a problem due to the self dual field strength Fisy = *F5). There is
no covariant action for such a field, so we have to impose this constraint by hand in the equations

of motion.
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2.4.2 p-brane solutions

There is a family of ten dimensional solutions which are charged under R-R fields
and have p translational isometries. These are the black p-branes [85]'° and they

can be described by the metric

E dr?
2 _ —1/2 R 2 1/2 2 102
ds® = Z,/*(r) <—K(7)dt + ;:1 da:i> + Z,(7) (K(?') + 7 dﬂg_p) ,  (2.24)

where d)_is the metric on a unit S*77 sphere, dilaton

e?? = Zp(r)z_Tp (2.25)
and R—R gauge potential
Cipr1) = 971 (Zp(r) ™ = 1)dz® A -+ AdaP. (2.26)
The functions
Z)(r) = 1+a (TT—”)LP, (2.27)
K(r) = 1- (%)7_”, (2.28)

are harmonic in transverse space and

To T—p To 2(7-p)
=—| — /1 — 2.2
% (QTP) * N (27'17) ’ (2.29)

- [T
1P = dy (21 )P g, No/ 7", d, = 27 Pr 3T <Tp> . (230)

These solutions represent the non—extremal p—brane solutions. They are resembling
black hole solutions (if we compactify them accordingly) and have a horizon at
r = r9. These solutions do not conserve any supercharges. The important thing is

that they describe objects that carry N units of the basic Dp—brane R-R charge.

Extremal limit and D—branes

We can take the extremal limit of the above p-brane solutions. This is 7o = 0.

The extremal p—branes are BPS solutions of the ten dimensional supergravity and

101180, 181] for more details.
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conserve half supercharges. In this case the above p-brane solution simplifies con-

siderably. Again it carries N units of a Dp-brane R-R charge

_ptl

iy = (2m) ()" (2.31)
The tension of this solution consists of N units of a Dp-brane tension

Tp = gs_l:ufp' (2'32)

This is not a surprising result. These solutions have the right charge and tension so
as to say that they are made of N coincident Dp-branes sitting at the origin. Thus,
these p-branes solutions provide a description of the D-branes in the supergravity
regime.

There is a systematic way [182-184] for construction of supergravity solutions
corresponding to intersections of BPS branes called the ‘harmonic function rule’.
One simply superimposes the harmonic functions of the various branes. This ansatz
works for both parallel and perpendicular intersections. There is one restriction,

that the harmonic functions depend only on the overall transverse directions.

2.5 Summary

String theory apart from its ordinary perturbative states, it has other objects in
its spectrum which are charged under the Ramond-Ramond fields. These objects
are like p-brane solutions and they have the property that open strings can end
on them. They are dynamical objects and interact with spacetime (using closed
strings) and with each other (open and closed strings). Their name is D-branes.

We described their dynamics using the action (2.8-2.10) and we studied the way
this action gets corrected from anomalous curvature and gauge couplings if we wrap
a D—brane on a compact manifold of non—trivial curvature. These we will use later.

We also wrote down the supergravity black p-brane solutions. These have a
horizon at r = ro. We studied briefly their extremal limit and saw that we could
think of them as being N parallel Dp-branes sitting at the origin.

We can use this technology in order to construct supergravity solutions by com-

bining numbers of D-branes in various ways. As we will see this is not always the
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case even when supersymmetry is preserved. There are geometries like the repulson
geometry which has R~R charges but we can not really say that it is made naively
of D-branes, since it has a naked singularity. This situation will be considered in

detail in the rest of the thesis.



Chapter 3

The enhancon mechanism

In this chapter we will review the enhangon mechanism. Many facts needed later
in this thesis, such as the details of the supergravity solutions, extremal and non-
extremal, the junction conditions on the shell and the cases with extra, unwrapped
D2-branes will be discussed here.

There is a class of supergravity solutions with eight supercharges which have
an unwanted feature. These solutions have a naked curvature singularity which is
repulsive. This means that a particle feels a repulsive force as it moves near it. This
kind of singularity is called ‘repulson’ in the literature.

There are brane configurations in string theory which appear to give rise to such
a singularity. The example we consider in the first section of this chapﬁer is wrapped
D6-branes on a K3 manifold. The curvature of this manifold induces a negative
D2-brane charge. The naive supergravity solution has a naked singularity of the
repulson type. Using a constituent brane as a probe for this geometry reveals a
different situation. The branes expand into a sphere forming a shell around the
would-be naked singularity, leaving a flat geometry inside. The constituent branes
are delocalised in the transverse directions and form a shell, the enhancon shell, as
they approach a special value of the radius. We will review the probe calculation
and see that there are extra degrees of freedom which come from the full string
theory and cannot be grasped from supergravity.

It is not very difficult to extend the problem by adding extra D2-branes. Their

tension is constant and they can move freely past the enhancon shell, in the interior.

29
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Some of the wrapped D6-branes can be attached to them and be removed from the
shell to the interior. The interior is not flat anymore because it can have D2 and
D6-branes which curve space.

We then proceed to study the enhancon at finite temperature. In this case
supersymmetry is broken and it is very difficult to study them using string theory.
There are two branches of non-extremal solutions, arising from an ambiguity of a
choice of sign in the solution of the supergravity equations. One branch joins on to
the extremal enhangon solution, and always has a shell of branes outside the horizon.
The other branch appears at a finite value of the non-extremality parameter and
has a horizon. Again we can generalise by adding extra D2-branes. The discussion
is similar to the extreme case. These D2-branes can fall in the interior and help
some or the wrapped D6-branes to fall inside. A similar two branch structure is
observed.

As we will review in Section 3.4 supergravity is not so ignorant about the con-
figuration. We carry out the procedure of removing the interior space and replace it
with flat space. The surface where the exterior and the interior spaces meet is the
enhancon shell. There is a discontinuity on the exterior curvature of this surface.
This discontinuity can be interpreted as a d—function source of stress—energy located
at the surface. Calculating this stress—energy tensor shows that it correctly catches
the content of the shell. We are able to exactly match this stress—energy tensor,
with a stress—energy tensor for wrapped D6-branes distributed uniformly over a
two-sphere. A very similar discussion can be made for the case of extra D2-branes
present.

We also calculate the stress—energy tensor of the shell in the shell branch of the
non—extremal enhancgon using Israel’s junction conditions. Unfortunately here we
do not have a model that can describe the physics of the shell, as we have in the
extremal case.

Finally we briefly discuss some of the features of the non—-extremal enhancons.
There are some differences to the two branches of solutions and some concerns about
the shell branch solution.

There is no original material in this chapter. The original paper on the enhangon
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mechanism is [127]. A non-extremal extension also appeared in the same article.
The discussion of the consistency of the enhangon in supergravity, the addition of

extra D2-branes and the more general non-extremal solutions appeared in [129].

3.1 The repulson geometry

3.1.1 Wrapping branes on K3

We would like to describe a supergravity solution consisting of D—branes which pre-
serves eight supercharges. Brane configurations with this amount of supersymmetry
can be constructed with an amount of Dp and D(p + 4) branes with p spatial direc-
tions parallel. Another way is by wrapping a D-brane on a manifold which breaks
half of the supersymmetry. Such a manifold is the four dimensional K3 manifold.

Wrapping a brane on a compact manifold means that part of the worldvol-
ume of the brane resides on this manifold. If we wrap a D6-brane, which has
a seven—dimensional worldvolume, on a four—dimensional K3, we have four of its
spatial worldvolume directions wrapped on the K3, while the other three remain
unwrapped.

K3 is not a flat space, so wrapping a D6-brane on it will alter its dynamics as
we saw in the previous chapter. This can be seen from the Wess—Zumino part of

the D-brane action which gets an additional term.
—— C(g) /\pl(R) (31)

on the D6-worldvolume. Since ug = (27)7%a/"7/2, puy = (2m)2a/~%/2, R = 47%a'R
and for the K3 manifold

1
p1(R) = —=RAR =48, (3.2)
72

This is equal to
—H2 /03, (3.3)

on the unwrapped part of the worldvolume of the D6-brane. N D6-branes wrapped
on K3 induce N units of negative D2 charge.
We will try to give a description of this object. A D6-brane carries a Ramond-—

Ramond charge which couples to a Ci7) seven-form R-R potential. The wrapped
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brane also couples to this potential. The wrapped brane also induces a D2-charge
which couples to a C(3y R-R potential. This wrong sign D2-branes conserves the
same amount of supercharges as a correct sign D2-brane with the same orientation.
For this reason it is not an anti~D2-brane. We can think of it as an effective bound
state of a D2-brane within the unwrapped part of the D6-brane worldvolume and
delocalised in the K3 directions.

The effective tension of the composite object is also affected from the curvature
couplings. As we saw in Section 2.3.1 the effective tension is for the case of D6
branes wrapping K3

T = 16Vk3 — To. (3.4)

3.1.2 The geometry

We can write down a supergravity solution if we consider a large number of wrapped
branes. The form is determined by the harmonic function rule for p—~brane solutions.

The string—frame metric is

ds? = 2,775 datdet + ZY2 28 daidet + VY2 2Y2 27 sk,
Q2 93221/2Z6_3/2 ’
Ca = (Z29,) " 1dz® A dzt A dz?

Ciny = (Zsgs) 'da® Adx' Ndz® AV exs (3.5)

where the harmonic functions are

Ze = 1+ z,—1+2 (3.6)
T r
the parameters are related by
gsNa''/? V., _
rg = —2 ,  To = _‘_/TG . (3()

ft, v run over the directions 0, 1, 2 tangent to all branes and ¢ over the directions 3, 4,5
transverse to all branes. dsj. is the metric of the unit volume K3. V, = (27ya’')?

is a special value of the volume of K3. 1t is significant for the physics of this
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configuration as it will be revealed later. V is the volume of K3 as it is measured
at infinity and the solution adjusts itself in such a way that

/ZQ(?")

Viry=1 Zolr)

(3.8)

is the volume of K3 in radius 7.

We can see from the above solution of the wrapped D6-branes on the K3, that
there is something wrong. There is a naked singularity at r = —r,. This singular-
ity is known as the repulson, because for small enough r it represents a repulsive
gravitational field. The curvature diverges at this radius and, as it can be seen from

(3.8), the volume of the K3 goes to zero.

3.2 The extremal enhancon

It is very important to see if the above solution can be trusted. Just the fact that
it has a naked repulsive singularity gives us a hint that it cannot. In order to check
the solution we will try to construct it from its constituent wrapped D-branes. The
fundamental building blocks of this construction is the wrapped D6-brane which we
have described earlier. These objects are still BPS, the net force on them is zero,
and we can move them slowly around without spending energy. We would like to

see if by bringing them one by one from infinity, we can make a geometry described

by (3.5)!.

3.2.1 Brane-probes

In order to understand the physics of the repulson, we will probe? the geometry
(3.5) with a single D6-brane wrapped on K3. The effective action of such a probe

in string frame is

S = —/ (1,3&_'6_4)(76\/(7")-TQ)(—det G',W)l/2+ug/ C(y)—ug/ Cy, (3.9)
J Mo M My

2)([(3

'We must stress here that in order to remain BPS the branes must be moved very slowly.
2Using a D-brane as a probe is a very helpful technique [185-189]. For a description of the
g ! 1 q !

method we refer to [163].
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where G, is the induced string-frame metric and My is the unwrapped part of
the worldvolume. The first term is the DBI action with the position—dependent
tension taken into account (3.8). The second and third terms are the Wess-Zumino
terms and are the couplings of the brane charges to the background R-R fields.
Remember that the composite object we use as our probe, carries D6-brane charge
and D2-brane charge which is induced from the wrapping of the D6-brane on the
K3.

We choose a static gauge, where we align the worldvolume coordinates £ with the
first three spacetime coordinates (¢,z',z?) and then allow the transverse location
of the brane—probe to depend only on time. Next we substitute the background
(3.5) in the action (3.9), expand it in terms of velocity in z* and keep only terms
of quadratic order. This gives the effective Lagrangian density for the problem of
moving slowly the brane—probe in the background produced by all the other branes:

/,LGVZQ - ,LLQZG 1 2 musg ,U,GV
L = — —( eV Zy — o Zg)v® — —= + £
IVAYA " 299 eV 22 = paZe)v 9sZ2  GsZe
1

> (u6V Za — paZe)v*. (3.10)

So we see that in the effective Lagrangian density the term which plays the role of
potential energy vanishes and only the kinetic term remains. This is expected from
supersymmetry since our objects are BPS. From the kinetic part we can read the

effective tension of the probe which can be written as

1 uele (Zy Vi
ff = VZy — usZg) = —= - —], 3.11
Teff g (16V Zy — poZs) (Zs V) ( )

s 9s
where we have used ps/u6 = Vi. The tension is changing as the probe is moving in
the transverse space. We want the tension at spatial infinity to be positive and to
suppress higher order corrections so we assume that the asymptotic volume V >>V,.
As the probe moves towards the origin its effective tension is decreasing. It can be
seen from (3.11) that it becomes zero when

W
v =y

Te

(3.12)

This is exactly the radius where the geometry becomes repulsive [129]. Furthermore,
for radii smaller than that the effective tension of the probe becomes negative. At

this radius the running /'3 volume takes the special value V(r,) = V,.
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From (3.12) it can be seen that the radius where the effective tension becomes
zero is strictly larger than the radius of the singularity. Below 7. the brane tension is
negative, which is something quite exotic yet unphysical. The interpretation of the
process is that as the brane—probe moves towards the origin, its tension decreases
up until it reaches zero. At that point the brane-probe ceases to be pointlike in the

transverse directions and smears around over a two-sphere with radius 7e.

3.2.2 Enhanced symmetry

The wrapped D6-branes are BPS objects. From the six—dimensional point of view,
they are higher dimensional realisations of magnetic monopoles. They carry a mag-
netic charge under a U(1) form potential. Compactification of type IIA string theory
on K3 produces twenty four one-form fields in six dimensions. Among others, the
direct descendant of the ten—dimensional C;y R-R potential and one coming from
the Cs) potential wrapped on a four-cycle of the K3. In ten dimensions the D6—
brane charge couples magnetically to C(;), while the D2-brane couples similarly to
C'(s). From the six-dimensional point of view, the BPS monopole is charged under
a diagonal combination of these two form fields.

Apart from magnetic monopoles we have W—bosons and Higgs fields. The former
are D4 and anti-D4-branes wrapped on the K3. From the six—dimensional point of
view they are pointlike objécts. The Higgs field is related to the running volume of
the K3. This is a setup of SU(2) monopoles.

When the tension of the wrapped D6-brane is zero, the wrapped D4-brane is
massless, because pa/pg = pio/1a = Vi. This happens exactly at the same radius
T = Te, Or equivalently when V(r) = V,, for both objects. Since wrapped D4-branes
are non-abelian bosons in this setup, when they become massless the broken SU(2)
symmetry is restored. The D4-brane combines with an anti-D4-brane along with
the U(1) R-R field into an SU(2) gauge field. Due to this enhancement of symmetry
from broken U(1) to unbroken SU(2) we name the resulting geometry the enhancon.

The mass of the SU(2) monopole is proportional to the mass of the corresponding
W-boson. Its characteristic size is inversely proportional to the mass. When W-

bosons are massless and SU(2) is restored, the monopole becomes massless and
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grows in size. Thus it ceases to be localised. This means that the probe that we
use, cannot be localised within the enhangon radius. As it approaches the enhancon
radius it starts to expand and it smears out reaching that radius, where it forms a
shell.

It is interesting to try and construct the repulson geometry by bringing slowly
wrapped D6-branes one by one from infinity. As they approach the enhancon radius,
each of them behaves as the probe mentioned earlier. They grow and they smoothly
smear into the shell already at the enhangon locus. The shell grows in size as it
depends from the number of the D6-branes.

Since we cannot move the branes inside the enhangon radius, there are no brane
sources in the interior. This means that the interior must be flat to a first approx-
imation. The geometry inside is modified and the repulson singularity excised and
replaced by a smooth geometry. Although supergravity tells us that the geometry
is singular, the full string theory does not see any singularity; it is impossible to be
formed.

Repulson geometry (3.5) represents the naive supergravity description of a solu-
tion with the correct asymptotic charges. In this solution the volume of the K3 is
decreasing as it approaches the core of the configuration and becomes zero when it
reaches the origin. This is the cause of the singularity. However at finite distance
from the singularity, at the enhangon radius, something interesting happens. The
running volume of the K3 takes the value V = V,. At this volume there is an en-
hancement of symmetry from U(1) to SU(2), which is a stringy phenomenon. This
cannot be described by the supergravity. There are extra light degrees of freedom
which the supergravity misses. However, the supergravity seems to understand more

about the solution than this statement suggests as we will see in Section 3.4.
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3.2.3 Worldvolume gauge theory

One can study the system of N wrapped D6-branes from the point of view of the
gauge theory that lives on the worldvolume3. There is an SU(N) gauge theory
with eight supercharges on the (2 + 1)-dimensional unwrapped world-volume of the
N D6-branes. The gauge multiplet consists of a gauge field A, and three scalars
@ (i = 3,4,5), transforming in the adjoint representation of SU(N). These scalars
encode information about the positions of the D6-branes in the transverse directions
z*. The gauge theory has a scalar potential of the form Tr[®*, &2, and the moduli
space of supersymmetric vacua is parameterised by the vacuum expectation values
of the scalars. To make the potential vanish, the vacuum expectation values live
in the Cartan subalgebra of SU(N), breaking the gauge symmetry from SU(N) to
U(1)N. This is known as the “Coulomb branch” of the moduli space since there are
generically U(1)’s unbroken.

The moduli space parameterised by the three scalars ®' is 3(N — 1) dimensional,
but in 2+1 dimensions we can dualise the abelian gauge fields A, to give N —1 more
scalars. Therefore the classical moduli space of the theory is 4(N — 1)-dimensional

(R3 x SHN

MY =
cl SN—l

(3.13)

where the S? factors represent the periodic scalars resulting from dualising the gauge
fields, and Sy_; is the Weyl group of SU(N) permuting the N — 1 eigenvalues of
the ®'. The U(1)M~! is the gauge symmetry of N wrapped D6-branes at arbitrary
positions in the transverse dimensions. The extra U(1) corresponds to the overall
centre of mass of the system.

Now we take all the wrapped D6-branes to be coincident (meaning all the vacuum
expectation values of adjoint scalars are given the same value in the gauge theory),
except for a single brane, which has a complete multiplet of four scalars giving its
location in the background of all the others. We can use this single wrapped D6~

brane to probe the resulting subspace of the moduli space. In fact, we have already

3A detailed study goes beyond the scope of this thesis. More details can be found at [127.130,

138,163].
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done the probing. Because probing the moduli space in gauge theory corresponds
to probing the geometry in the supergravity picture.

Looking our previous probe calculation results (3.10) there seems to be one im-
portant bit of data missing. Our supergravity probe was moving in three transverse
directions 7,6, ¢, but as we have established just before, the gauge theory relative
moduli space (i.e. the moduli space corresponding to the motion of a single brane
in the background of others) must be four dimensional.

In general a (2 + 1)-dimensional theory with eight supercharges has a moduli
space which is hyper-Kéhler [190], requiring a dimension multiple of four. There is
an extra modulus which is missing from our probe calculation which is related to
the 2 4+ 1-dimensional gauge field on the worldvolume of the branes. This can be
dualised to a periodical scalar. This feature is specific to the p = 2 case.

To get the coupling for this extra modulus right we should augment the previous
probe calculation to include A,. The DBI part of the action is modified by an extra

term in the determinant
—detG, — —det(Gy, + 2nd'F,), (3.14)

where F),, is the field strength of A,. In the presence of the worldvolume gauge field
there is a coupling to the WZ part of the probe action

—27ra'/ Cy \F, (3.15)
M

where C = Cyd¢ is the magnetic potential produced by the D6-brane

Cy = —;—60039. (3.16)

Instead of operating with a A, we would like to exchange it with a scalar s, Hodge
dual to a vector potential in three dimensions. The trick [191,192] is to introduce

an auxiliary vector field v, and replace 2ma’F,,, by e (ugV (r) — pg) =2

v, v, In the
DBI part and add the term 27a’ L v £ A v overall.
Integrating out v will give an action involving F' as the one we started with.

Treating £, as a Lagrange multiplier enforces

9, (u2Cy + vy) = 0. (3.17)
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Cy are the components of the pullback of C; to the probe’s worldvolume. The

solution to the above constrain is
15C, + v, = 0,5, (3.18)

where the scalar s is the fourth modulus. We can now replace v, by 9,5 — ,U,QCA’M

in the action. Using a static gauge we can calculate the effective lagrangian of the

probe .
L= F(r) (7'" + T2Q2) + F(r)™! (% - IU;QC¢§> : (3.19)
where
Zg
F(r) = % (u6V (r) — pia) (3.20)

and Q2 = 62 + sin?0¢4%. Notice that this effective lagrangian still vanishes at r = 7.
One can separate the gauge theory data from the rest of the bulk physics by
taking the decoupling limit [93] &/ — 0, while holding the gauge theory coupling
Iy m = GoareV = (2m)*g,a/*2V =1 and the energy scale U = r/a/ fixed.
In this limit we can extract from the kinetic lagrangian (3.19) the following

metric for the moduli space of the gauge theory:

. N 2
d82 = f(’l,l,) (U2 + U2dQ2> + f(U)_l (dU - mAphid¢) ) (321)
where
1 _ guN
flU) = 47r2g%M (1 i . (3.22)

/

The U(1) monopole potential is Ay = +1 — cosf and ¢ = o’s. This metric is
meaningful only for U > U, which corresponds to the enhancon radius.

This metric is the hyper-Kahler Taub-NUT metric and it is singular. It has
the interpretation of tree plus one-loop result [127]. The singularity warns that
the moduli space metric is still incomplete. However, it does not receive any more
perturbative corrections from higher loops, but gets fixed non-perturbatively by in-
stanton corrections. This proof goes beyond the scope of the thesis and the references

mentioned earlier can be consulted.
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3.2.4 Extra D2-branes

Adding M extra real D2-branes in the extremal solution of (3.5) has the effect that
it increases the D2-brane charge from —N to M — N. In the exterior solution this

shift is accomplished by modifying accordingly the harmonic function Z;. 75 in (3.7)

Vi M
Ty = _VTG (1 - N) (323)

with 7¢ remaining as it is in (3.7). The enhangon radius is also modified and it is

1S now

now given by the expression

2‘/*7'6 M
Te—V—‘/*(l_W> . (324)

The exterior solution (3.5) with the modified scale (3.23) applies for r > r,. It can
be seen from (3.24) that for increasing number M of extra D2-branes the enhancon
radius is decreasing. Actually for M > 2N, there is no enhancon shell at all and
the D6-branes and D2-branes can coalesce on the origin.

We will briefly discuss the physics of the above configuration. We will assume
that M < 2N so that there is an enhancon shell. A single D2-brane encounters no
obstacle to moving past the enhangon radius and finally to the origin, because its
tension is constant. We would expect that in a system with M extra D2-branes,
they could all be at the origin, while all N wrapped D6-branes remain at the shell.

In this case, the six-brane harmonic function in the interior is simply a constant

Hg = Zg(re). From (3.30)

TI
Hy=~v+ ?2 (3.25)
with 7 a constant and 7}, positive for N’ = 0. This grows as r decreases. The volume
of K3 is given by
Hy v + 74/

Vir) = VFG Zolre) (3.26)

where the constants are fixed by the condition V(r.) = V,. The volume increases
as the r increases. This means that there is no obstruction for some wrapped D6~
branes from the shell to move to the origin. It is easy to check if there is a limit to
how many D6-branes can we move this way. We require that the maximum number

N’ of D6-branes we can move to the origin, is achieved when the running volume
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of the K3 at the origin is equal to the special volume V,

V(ir=0)= vgiggi = v:—é =V, . (3.27)

This is satisfied when N’ = M /2. What this means is that, having N’ = M/2
D6-branes in the origin along with the M D2-branes, a wrapped D6-brane probe
cannot move past the enhangon radius and has to stop there.

There is a mechanism that can allow for even more wrapped D6-branes to move
in the interior. This can be achieved by carrying some of the D2-branes back
out to the enhangon shell and binding them to an equal number of wrapped D6—
branes. This composite unit can move past the enhangon radius since the negative
tension induced from the K3 is cancelled by the tension of the instantonic D2-
branes, smeared over the worldvolume of the D6-branes. The threshold bound
state becomes a BPS state for r < 7, and can move in the interior. Using this
mechanism we can form configurations with up to N' = M wrapped D6-branes in
the origin. This is the maximum we can have since for N’ > M, r;, < 0 so there is
a repulson singularity in the interior.

In this limiting solution it can be seen that the interior solution has zero net
D2-charge. One also finds that the K3 volume shrinks below the stringy scale V.
One should notice that the enhangon radius (3.24) does not change by the migration
of D6-branes from the shell to the origin.

The interior will be described by the metric of M D2-branes and N’ D6-branes

placed at the origin. The interior geometry is given by

V2= Hy P H P datdat + HY P HY'® (dr? + r2dQ) + VI2HY P H Pds,
(3.28)

in Finstein frame. The non-trivial fields are

o2 _ QSQHQVQH(;?)/? 7

Ciay = (g:Ha)7'dt Adat Ada?,

Ciny = (gsHe) 'dt ANda' ANda® AV ey (3:29)
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where
ry —7Th T , V.N — M
Hy =1+ - 2 —+ —f, Ty, = —TGV_—N ) (330)
Te —TE  Tg , N g,N'o/V/?
6 + Te + r’ e =76 N 2 ( )

The constant terms in the harmonic functions are chosen in such a way that it

ensures continuity with the exterior solution at the incision radius.

3.3 The non—extremal enhancgon

A non-extremal solution can be written using again the harmonic function rule for
non-extremal p-brane solutions. Such a solution was first written down in [127].
In [129], it was found that there are two branches of non-extremal solutions, arising
from an ambiguity of a choice of sign in the solution of the supergravity equations
for the usual ansatz. A non-extremal generalisation? of the exterior geometry in the

Einstein frame is

g2 ds? = 2797V (—Kdt® + da? + dad) + ZYEZV (K dr? + r2d02)

yV2 g3 7 gt (3.32)
the dilaton and R-R fields are
62<I> _ 93Z3/2Z6~3/2 ,

Cay = (QSCYQZQ)_Idt Adzt Ada?

Cay = (gsc6 Zg) " dt Ndz' Adx® AV egs (3.33)

and the various harmonic functions are given by

K = 1—T—03

.
g
Zy = 142

.

Ze=1+ 2 (3.34)
.

“This comes from a general rule of writing non—extremal solutions as we saw in the previous

chapter. We solve the equations in more generality in Chapter 7.
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Figure 3.1: The two branches of the non—extremal enhangon solution as they look in the
transverse space. On the left the horizon branch, which looks like a black hole, and on the

right the shell branch with the enhangon shell outside the black hole horizon.

Here

. To To\2 -
fo= -2y [+ (2), (3.35)

and ag = 7¢/16. There are two choices for 75 consistent with the equations of motion:

R To To)2
fy =~k [rd+ (-2-) , (3.36)

and oy = 7o/r9. Here, ro and rg are still given by (3.7). The repulson singularity, if
there is one, is at r = —75.
There are two branches of solutions. In Figure 3.1 one can see these two branches

as they would look in the transverse space.
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Horizon branch

For the upper sign in (3.36), 7 > 0, so there is no repulson singularity®>. The
solution has a regular horizon at r = ry. It looks like a black hole with R-R
charges. For large values of the non—extremality parameter 7o, the R-R charges are
negligible so the solution looks like an uncharged black hole. Actually it approaches
2

a four dimensional Schwarzschild metric smeared over the K3 and longitudinal z*, =

directions. We refer to this as the horizon branch.

Shell branch

For the lower choice of sign, however, the repulson singularity always lies outside
the would-be horizon, |f3| > ro, and the geometry will be corrected by an enhangon
shell. We refer to this as the shell branch of solutions.

The shell branch exterior solution is cut off by an enhangon shell at

Vifg — Vg
L= e Ve 3.37
r vV (3.37)

As in the extremal case, this shell will contain N D6-branes, while the interior

solution is

5/8 K(r .
g ds? = f55“£51”3< Lé ;Ldﬁ—+dxl+wh§><+1¥W8H§B(L‘Hh2+ﬁﬁdﬂ)
Te

+VV2HYEH A (3.38)
with accompanying fields

o2 H1/2H—3/2 ,

K(r. 1/2
Ca = (gg) (gsaiy Ho)~ldt A da' A da? |

)
C(7) = ( ((Te))> ( SagHﬁ-)”ldt AN dﬂ?l AN d$2 AN V€K3 R (339)

Te

>The volume of the K3 is still running and there is an enhancon radius when it reaches V,.
This means that there can be an enhangon shell inside the horizon. In the case when M extra
D2-branes are present, there can be a shell outside the horizon for an appropriate value of 9. For

M > 2N there is no enhancon shell at all. More details can be found at [129].
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where
r
HQ = 1+T—2,
Te
Te
Hy = 1+T—. (3.40)

Note that we have introduced an independent non-extremality scale r; for the in-
terior solution. Implicitly rj, < 7 in order that the interior black hole actually fits
inside the shell. We have taken the horizon branch for the interior solution.

This parameter 7y, is not determined by the asymptotic charges of the solution.
We expect that it will be fixed by the physics of the enhangon. Currently we lack

such an understanding so we will keep it as an undetermined parameter.

3.3.1 Extra D2-branes

As in the extremal case, the addition of extra D2-branes in the non-extremal case
causes an increase in the D2-charge. This increase is the same as in the extreme
case (3.23). The presence of the D2-branes causes the enhangon radius to shrink
and so for a large number of D2-branes there will be no enhancon shell at all.

The addition of the extra D2-branes does not change the two branch structure
of the initial solution. Again there is a horizon branch solution and a shell branch
solution.

In the case of the shell branch, the extra D2-branes can move past the enhancon
radius, as in the extremal case, and fall into the black hole in the interior. They can

also help some of the wrapped D6-branes from the shell to fall into the black hole.

3.4 Junction Conditions

3.4.1 Extremal case

We saw that the repulson geometry is replaced by a space with a shell of D-branes
at a radius larger than the repulson radius. We also conjectured that the spacetime

inside the shell is flat. We would like to check if this is consistent from the point

[
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of view of supergravity. This can be done by using standard General Relativistic
techniques [193]. We can calculate the stress—energy and charges of the shell match-
ing the exterior repulson solution and the interior flat space. This calculation first
appeared in [129].

The standard procedure is as follows. We would like to join two solutions of
Einstein’s equations on a surface ¥.. There may be a discontinuity in the extrinsic
curvature at the surface. We can interpret this discontinuity as a d—function source
of stress-energy located at the surface ¥. In the following we will describe how to
derive the stress—energy of the shell of branes. In the next section we will show that
it is consistent with the model of the shell constructed from wrapped D6-branes.

First of all we must stress that in order to be able to interpret the discontinuity in
the extrinsic curvature as a stress—energy tensor, we must perform the computation
in Einstein frame. In ten dimensions one gets the Einstein frame metric from the

string frame metric by the conformal rescaling
ds? = e~ */%ds? (3.41)
so in the Einstein frame the repulson metric is

g2 ds® = 28z Vo datde + Z2BZ1E(dr® + r2d02) + V223 7 s,
(3.42)
where Z, and Zg are given by (3.6). The dilaton and the RR gauge fields remain as
in (3.5). We will denote the components of the metric tensor as Gap.
We perform an incision at arbitrary radius r = 7; and replace the solution for
r < r; by a flat spacetime. Since we make a radial slice, we can define unit normal

vectors

-1 9
Nt = F /_Grr 07"

where 1, (n-) is the outward pointing normal for the spacetime region r > 7

(3.43)

(r < r;). Now we can write the extrinsic curvature of the junction surface ¥ as

1 aGAB
2VG,, Or

We define the discontinuity in the extrinsic curvature across the junction as

1
Kip = 5ngacc;AB =F (3.44)

Yag = Kip+ Kip. (3.45)
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We can write now the stress—energy supported at the junction as

1
Sap = = (vap — GasY“ c), (3.46)

where « is the ten-dimensional gravitational coupling. In our conventions it is
2k? = 167Gy = (2m)"(a/)4g2.
We want to match the exterior metric (3.42) with the RR and dilaton fields (3.5),

with a flat geometry

07 ds® = Hy™*(ri)Hg /" (ri)mudatds” + Hy'®(ri) Hg'® (rs) (dr® + r2d23)
VI2H, (ri)Hg ' () dsics
e = gXH,?(r)He ™ (r)
Ciy = (Ha(ri)gs) 'dz® Adz' Ada?,
Ceny = (He(ri)gs) 'da® Adz' Adx® AV eks . (3.47)

The interior solution (3.47) is written in such coordinates, so that all fields are
continuous through the incision.

We can now compute the discontinuity tensor vyap

11 (.7 7
wo —  TA — e G v
g 16 /G ( Z, Zﬁ) "

1 1 YA 7
o= 322 4728V G, 3.48
i 16 VG, » ( Zy ZG> ’ (3.48)

1 [z 7
w = “isves (VA7) O

where a prime denotes differentiation with respect to r, and all quantities are eval-

uated at the incision radius r;. u, v are for the directions along the brane, i, j the

two angular directions transverse to the brane and a, b the four K3 directions. The

11 z, 2
C 2 6

2y | 7% 3.49
Te 16JG,.';< Zs Ze> (349)

Now we can put everything together and compute the stress energy tensor at

trace is

the discontinuity

1 7! Z!
S = — b (%2 L)
’ YN e (Zﬁze) ‘

Sy = 0, (3.50)

1 7
Sw = — o (25) G
’ 2K2 V G7'7' (Zﬁ) 1
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The result is quite interesting. The last line, which gives the components of the
stress—energy tensor along the K3 directions involves only the harmonic function
of the D6-brane. This is consistent with the fact that there are only D6-branes
wrapped there. The middle line shows that there is no pressures in the direction
transverse to the branes. There are no forces between the branes to support the
shell in the transverse space and this is consistent with the fact that the branes are
BPS.

Another result from (3.50) is that the stress—energy of unwrapped part is pro-
portional to g—é + g—é which vanishes at r = r,. This is the radius where the probe
has zero tension and the supergravity starts becoming repulsive. So the probe cal-
culation and the above calculation which was done using only supergravity come to
the same result; at the enhangon radius there is a shell of zero tension branes.

For values for r; < r. we would get a negative tension from the stress—energy
tensor. This is a situation that can not be allowed, since in supergravity the Weak
Energy Condition should be satisfied for physical solutions. On the other hand,
the computation shows that there is no obstacle to choose any other radius for the
incision, larger than the enhancon radius, and place a shell of branes of positive
tension. This is due to the fact that the constituent objects are BPS and experience
no potential, so we can place them at any position outside the enhancon radius.
The enhancon radius works as a limit as to where we can place the branes. This is
obvious both from the probe and junction conditions calculations.

When extra D2-branes are present the discussion does not change much. The
difference is now that the extra D2-branes can move in the interior and some of
the wrapped D6-branes can migrate with them. The internal geometry is no longer
flat since Hy and Hg are not constants but they are given by (3.30,3.31). We can
again compute the stress—energy tensor using the Israel junction conditions as we
did earlier. In this case it is

1 A ZL H) H]
Szu = 2"‘_6__2——6 GW.
! 2k2\/G,y ( ; 5 e
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Again the pressure in the shell directions vanishes in agreement with the fact that
the system is still BPS. It is trivial to check that this stress—energy tensor is exactly
the same as the stress-energy of N — N’ wrapped D6-branes distributed uniformly

on the sphere.

A model for the shell

We saw earlier that there is some agreement between the supergravity calculation
(3.50) and the notion that the shell consists of wrapped D6-branes. We will now
see that the stress—energy of the shell is exactly the same as the stress—energy of N
wrapped D6-branes distributed uniformly on the sphere.

The stress—energy should be given by

SAB=/\/G—rrdT (‘\/i—G

where G is the determinant of G 4p and the sum means that we include the contri-

5Sbra'ne
> G ) 5(r—mny), (3.52)

shell

butions from all the constituent branes in the shell. The term in the parentheses
is the standard definition of the stress—energy tensor. The source coming from the
shell of branes is a distribution so the integral is included to eliminate the radial §
function.

Strane 18 the action which describes the dynamics of the brane. The metric
appears only in the DBI part of the D-brane action (3.9). The action for N wrapped
D6-branes in Einstein frame is

Sppr = —N y d3§e_¢/4(pﬁeq’VE(r) — o) (—det G,“,)l/2 (3.53)
€

where
VE(T) :/ d4CE\/ _Gab
K3

is the volume of the K3 in the Einstein frame and G, is the pull back of the
Finstein frame metric to the effective membrane worldvolume. Now using (3.52),

(3.53) and the fact that the N D6-branes are distributed over a two—sphere S?, the
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stress—energy of the source branes can be written as

Ne %/
S ————— (112 — p6e® Vi) G,
} VE‘VOl(SQ) (:LLQ He€ E) Inx
Sij = O,
N€3<I>/4

S, ———— G- 3.54
b VOZ(SQ)MG b ( )
Using the identities Nyug = 2‘%7“6 and Ny = —2‘%‘/7“2 we can see that the above

stress—energy is identical to (3.50).

We can follow the same procedure in order to calculate the discontinuity to
the rest of the fields. Regarding the Ramond-Ramond fields, the argument is easy
since the interior is just flat space. The exterior geometry contains N units of C(r
flux and — NV units of C(3y flux, while the interior has none. Thus the shell carries
the charges of N wrapped D6-branes. Regarding the dilaton things are a bit more
complicated but similar to the calculation of of the stress—energy tensor. The dilaton
discontinuity is given by

1 , 1 37, 127
= (Ve — V) = ——=— [ =22+ =22 ) 5(r — R), (3.55
QHQG”" ((p | =ri+ | =Ti ) 2K2G1~r ( 426 + 4Z2> (7 )7 ( )

where € is a small number. We can compute from (3.53) the source term for the

S é

dilaton

2 65 rane
S@:/\/G—Trdr (—mz (;’@— ) (3.56)

shell
which is equal to

3 1e /4
Scp 63(1)/4/16 + - © ; ALQ) . (357)

__ N (_
4mg;Vol(S?) \ 4
It can be shown again quite easily that this is exactly equal to (3.55).
As another check of this interpretation, we can expand the results in (3.50)
for large r;. Up to an overall sign, the coefficient of the metric components in the
stress—energy tensor, gives the effective tension in the various directions. The leading

contributions are

1 76 ‘/*
Timem (71i) - pﬁ (1 - ‘—/>

N v C N 3.58
= Goptayrg Y T ey = N0V ey (358)
1 7rg N 1
3T = —_—— = — 5 = 1\7 5 - 3.
(i) k2rl  (2m)8(a’)7/2g, dmr? K dmr? (3.59)
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which is in agreement with what we expect. In the K3 directions, the effective
tension matches that of N fundamental D6-branes. The additional averaging factor
1/(4mr?) indicates that the branes are smeared over the shell in the transverse space.
In the unwrapped z%!? directions we have an effective membrane tension which
matches that of N D6-branes and includes the —/N units of D2-brane tension,
which is a result of the wrapping on the K3.

The above discussion can easily be extended to the case of extra D2-branes
present. Using the same arguments we can see that the shell can be modelled by the
remaining wrapped D6-branes smeared over a two—sphere at the enhangon radius.

All the above results provide a verification of the argument that the matching of
the exterior ‘repulson’ geometry with a flat interior geometry at any radius has the
interpretation of introducing a shell of wrapped D6-branes as the source. This is
just a small indication that even supergravity which cannot describe the ‘repulson’
geometry correctly, understands that it is not correct and grasps some of the physics
that string theory was used to unveil. Unfortunately when discussing the non—
extremal case, supergravity alone can not help us in understanding the shell. We
find that physics beyond supergravity is essential in order to write down a physically

acceptable solution.

3.4.2 Non—extremal case

As we did in the extremal case we can calculate the stress energy of the shell from
the Israel junction conditions. We will perform this only for the shell branch since
only then we have a shell. The techniques are the same as in the extremal case. We

will use (3.32) as the exterior metric and (3.38) as the interior and insert a shell at
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a radius r;. The stress tensor becomes:

1 Zl 7t 4 L
2k%8,, = 2485, 21— =) |G
K™ e (ZQ+Z6+Ti< K)) tt
1 Z0 7K' L' L 4 L
2251/ - AQ _.:E —, = I b 1— g v
o Grr <Z2+ZG+K L K+ri< K>>G# ,
1 K L' [L 4 L
2S5 = G.<f*f f?(“ ?))G

1 Zt K L' [L 4 L
2628, = SRl AN I (Y . ,
K" Sab \/@:<26+K L K+ri< VK))Gb’ (3.60)

where u, v run over the z! and z? directions, and G,, is the radial component of
the exterior metric (3.32). With respect to the extremal stress—energy tensor (3.50),
there is a difference. Now there are stresses in the transverse directions, since S;; is
non—zero.

Note that the stress—energy tensor depends on the extra parameter rj through the
function L(r). We can try and constrain this parameter by examining the transverse
part of the stress—energy tensor. The sign of S;; is completely determined by ry and
rg. For vy > ro, the sign is negative, so there is a positive tension in these directions.
The shell wants to expand in these directions but there is an internal tension which
holds it in place. For rj, < rp, the sign is positive so there is a positive pressure
in these directions. The shell wants to collapse but there is an internal pressure
which prevents that. Since the gravitational attraction of the black hole in the
interior causes this imbalance of the forces, we restrict our attention to the later
case 14 < ro. This also means that r{ is always smaller than the enhangon radius so
that the interior black hole fits inside the enhancon radius.

A rather exceptional case is rj = ro. For this choice the stress-energy tensor
simplifies and S;; = 0. Its form is very similar to the BPS configuration (3.50). As
in the BPS case we can calculate the effective tension of the branes in the various

directions. The leading contributions are:

N - N X
Tmem(Ti) = m(ﬁi" - 7"2)
N - N
Tis() = ——5To, (3.61)

47r7ﬂ12
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where 75 = -maﬁﬂg and 7y = \/EWQQTQ. The results are essentially the same
as in (3.58) with modified fundamental tensions. One could follow the procedure
of Sections 3.4 and 3.4.1 and model the source, as a shell of wrapped six—branes
distributed over a two-sphere, with an appropriate action, as in (3.53) but with
modified tensions. It can be verified that these tensions do not correspond to those
of a wrapped D6-brane for any value of r;. There is no object which looks like a
six brane, and has such a tension in string theory. Supergravity configurations with
ro = 7o are unlikely to be physically relevant.

By using some physical arguments, we managed to constrain the r( parameter.
It is quite difficult to fix it completely. This is an unphysical degree of freedom and
it requires a better understanding of the physics of the non—extremal enhangon. It
could then be determined uniquely in terms of the asymptotic mass and charges of
the configuration. Since supergravity provides a very crude description of the shell
and string theory is not very illuminating in non—extremal scenarios, we will have
to keep it as a free parameter.

An almost identical discussion can be made when we have additional D2—branes
and the enhangon shell is present. We can calculate the stress—energy tensor of the
shell using the Israel junction conditions, which is a more general form of (3.60). As
in the original case we do not know how to model the shell using a shell made of

D-branes and this leads to the same problems as with the original.

3.5 Some concerns on non—extremal enhancons

There are two branches of non-extremal solutions, arising from an ambiguity of a
choice of sign in the solution of the supergravity equations. One branch joins on
to the extremal enhancon solution studied previously, and always has a shell of
branes outside the horizon. The other branch appears at a finite value of the non-
extremality parameter. Above this critical value of the non-extremality, both types
of solution are possible. At large energies, the effects of the D-brane charges should
be negligible, so the solution with a horizon, which for large mass is approximately

the usual uncharged black hole solution, has the right physical behaviour. On the
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other hand, if we begin slowly adding energy to the extremal enhangon, we will
obtain a solution on the branch with a shell.

Notice that the solution does not make a smooth transition between the two
branches. Consider the limit ro — 0. From (3.7), we see that this is equivalent
to V. — oo. From (3.36) we see that for the horizon branch (upper sign) it gives
Zy = 1, while for the shell branch (lower sign) it gives the non-trivial Zy = 1 —
ro/r. (This discontinuity vanishes for the extremal limit.) The latter behaviour is
puzzling. V — oo means that the volume of the compactification space K3 goes to
infinity so in this limit we effectively have an unwrapped non—extremal D6-brane.
The effective D2-charges are infinitely diluted over the D6-brane worldvolume. In
the first case (horizon branch) we get the result that we expect: unwrapped non—
extremal D6-branes. In the shell branch we get something different. The three—form
R-R potential vanishes in this limit but the harmonic function Zs does not. This
harmonic function has a non—trivial contribution to the metric components of the
solution and the dilaton. Hence instead of having the expected result, we have a
non—-extremal D6-brane with additional dilaton hair.

The shell branch of solutions has these two puzzling features. The first is that
the exterior solution never contains an event horizon, no matter how large the non-
extremality parameter ry became, in contradiction to our expectation that the sys-
tem would eventually collapse to form a black hole. The second puzzle is that in
the limit of large K3 volumes, these solutions do not reproduce the expected non-
extremal DG6-brane.

Physically, one expects that adding a small charge to a large black hole should
not drastically change the physics; therefore, it seems that the horizon branch is
the physically relevant solution for masses much greater than the extremal value.
However, there are no horizon branch solutions for small enough mass difference. At
least sufficiently close to extremality, the same ‘smearing out’ of the branes seen in
the extremal case would prevent us from assembling branes to form a simple black
hole solution. Instead, smeared branes would remain outside the horizon, giving
rise to a solution with an enhancon shell. Thus, the shell branch solution with the

shell at the enhancon radius is the physically relevant solution close to extremality.
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Perhaps another solution is needed to describe the physics near extremality. Ac-
tually the shell-branch solution is unphysical because it violates the Weak Energy
Condition, as we will see in Chapter 6. We find more general solutions in Chapter 7,
which bypass this problem, but we are unable to find the exact solution, because
information from supergravity is not sufficient to describe the physics of the shell.
We are interested in understanding the physics of such solutions in more detail
in supergravity. Taken together, the two statements above imply an interesting
phase structure, with different solution families providing the physical description
in different regimes of parameters. There might be a classical instability which
could provide the mechanism for transitions between them®. This could provide a
useful example of the kind of non-trivial phase structure we expect to see in similar
constructions we discussed in Section 1.8. Since we have the explicit solutions, it
should be possible to understand the phase structure in detail. As we will see later
on we do not succeed in this goal. We cannot find a unique solution which describes

the shell-branch and the degrees of freedom of the shell.

3.6 Summary

In this chapter we have provided an overview of the enhangon mechanism. Apart
from explaining the mechanism of the resolution, we also explained some of the
techniques that we use in the rest of the thesis.

We used a configuration which conserves eight supercharges; N D6-branes wrapped
over a K3 manifold. Because K3 space has non—trivial curvature, there are correc-
tions in the brane worldvolume action which induce a negative D2-bane charge on
the unwrapped part of their worldvolume. We wrote a corresponding supergravity

solution which has a naked singularity at r = |ry|.

6Since the enhangon is like a monopole solution, we expect the physics to be similar to that of
the Einstein- Yang Mills Higgs system (see [194] and references therein). For any given value of the
asymptotic charges, only one of the two solutions should be stable. However, to see this physics,
it may be necessary to include the effects of the non-Abelian gauge fields, as in [147], which we do

not do.



3.6. Summary 56

Next we used a single constituent brane as a probe of the geometry generated
by the rest of the branes. We found that the effective tension varies with the radius
in the transverse directions and it is zero at a radius r, > 7r5. At that point the
brane-probe ceases to be pointlike in the transverse directions and smears around
over a two-sphere with radius 7.. We made a connection with SU(2) monopoles
and regarding the probe as a magnetic monopole, and the enhancon radius r = r,
corresponds to the locus where the gauge symmetry is restored from U(1) to the full
SU(2).

New degrees of freedom become massless at this locus which are not described by
the supergravity. Since there are no brane sources in the interior of this locus, the
spacetime must be flat to a first approximation. Therefore, the repulson singularity
gets excised as it was a remnant of the inability of the supergravity to describe the
new light degrees of freedom. These are described by string theory and are needed
in order to determine the correct geometry.

Actually this excision is consistent in supergravity. We replaced the interior
geometry with flat space and using standard junction conditions techniques we cal-
culated the stress—energy tensor at the junction surface. This stress-energy tensor
corresponds precisely to that of a thin shell of wrapped D6-branes. Furthermore the
shell provides sources for the dilaton and R-R fields, which again match precisely
to those of wrapped D6-branes. It is interesting that although supergravity can not
grasp the string physics needed to describe the enhangon mechanism properly, it
displays some awareness of the behaviour of the branes that source this geometry.
This construction is easily extended to adding extra D2-branes in the setup.

The supergravity argument can be extended to non-extremal generalisations of
the enhancon solution, which are difficult to study from the string theory point of
view. It was found that there are two branches of non-extremal solutions, arising
from an ambiguity of a choice of sign in the solution of the supergravity equations.
One branch joins on to the extremal enhangon solution, and always has a shell of
branes outside the horizon, while the other branch appears at a finite value of the
non-extremality parameter and there is no repulson singularity. The solution has a

regular horizon at r = 7y. It looks like a black hole with R—R charges. For large
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values of the non-extremality parameter ry, the R—R charges are negligible so the
solution looks like an uncharged black hole.

In the former case, the repulson singularity always lies outside the would-be
horizon, and the geometry will be corrected by an enhangon shell. We also computed
the stress—energy of the shell using standard junction condition techniques. We
introduced a free parameter r(, which is not determined by the asymptotic charges
of the solution. We expect this free parameter to be fixed by the physics of the
enhangon. Although we could not fully determine it we were able to constrain it
using physical arguments to r{ < 7o.

Finally we discuss some peculiarities of the non—extremal solution. The shell
branch has two puzzling features, namely the exterior never contains an event hori-
zon and in the large K3 volume limit it does not reproduce the expected non—
extremal D6-branes.

We will study the physics of the enhangon further, using supergravity. We will
confirm that the extremal and the horizon branch of the non—extremal solutions are

physical and we will also see that the shell branch solutions require a modification.



Chapter 4

Perturbations of the enhancon

In the previous chapter we saw that the enhancon mechanism is consistent in super-
gravity, although supergravity can not grasp the whole physics behind the resolution
of the singularity. It is interesting that supergravity sees some of the results of the
string theory physics. Maybe we can use it in order to have some insight in situations
where it is difficult to use string theory.

Such is the case of the non—extremal enhangon. We saw earlier that there are two
branches of solutions for finite-temperature enhangons. The shell branch and the
horizon branch. We argued that these two solutions provide physical descriptions in
two different regimes of parameters. There might be a classical instability providing
the physical mechanism for transitions between them. A nice test of the validity of
the supergravity solution would also be the stability of the supersymmetric extremal
enhangon.

We would like to check the stability of the various enhancon solutions against
small linearised perturbations. The object of this chapter is to introduce the methods
and the techniques we used in order to investigate this matter.

Initially we introduce a perturbation ansatz for the problem at hand. We use
the more general non-extremal exterior solution as the background we would like
to perturb. We choose a perturbation ansatz which is more general than one used
earlier in the literature [195] but still one which describes a very restricted class of
perturbations. Finally we produce the differential equations that the modes in the

perturbation ansatz must satisfy.

28
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This system is overdetermined since there are more equations than unknown
functions. In the third section we use a very beautiful argument in order to simplify
our system of differential equations to a set of coupled differential equations. Our
ansatz does not fix diffeomorphism invariance completely. By exploiting this invari-
ance we are able to write down a reduced system which is not overdetermined and
can be used for our later studies.

Before we try to solve the complicated system of differential equations we will
discuss the stability of the system under the perturbation mode 13 which does not
couple with any other perturbation mode. This mode also does not couple with the
shell, so it is relatively easy to deduce the outcome of the stability under this mode,

using analytical methods from standard gravitational stability literature [196,197).

4.1 Perturbation ansatz

Perturbations of stars and black holes have been one of the main topics of rela-
tivistic astrophysics for the last four decades. They are of importance in gravita-
tional wave astronomy, stellar structure and stability analysis of stars and black
holes'. The study of black hole perturbations was initiated by the work of Regge
and Wheeler [199], and continued by Zerilli [200]. Their motivation was to study
black hole stability. Later Thorne and collaborators [201, 202] extended this meth-
ods to relativistic stars, calculating frequencies and energies of gravitational waves
originating from oscillating bodies. The theory of perturbations of gravitational sys-
tems is reviewed and explained in the classic monograph by Chandrasekhar [196].
Recently, there was some work on non-linear perturbations of black holes (see [203]
for a review). We will not use such methods in this thesis as we expect that a
potential instability will show in the linear case.

Our main objective is the consideration of the stability of the enhancon solutions,
extremal and non-extremal. We are interested in studying the enhangon using

supergravity. One nice test of the setup would be to study the stability of the

'For a recent review and more detailed references with more astrophysical orientation the reader

can consult [198].
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extremal and non-extremal cases. In the extremal case proof of stability would
give support to the supergravity description of the shell as being made of wrapped
D6-branes. A transition between the two branches of the non—extremal enhancon,
would signal a phase transition in the gauge theory dual.

We wish to consider the simplest set of linearised perturbations of the enhancon
" solutions which could provoke such a transition. We consider only perturbations
which are spherically symmetric in the transverse space and translationally invariant
along the branes, as we are looking for a transition between two solutions which
preserve these symmetries.

We will therefore assume that the perturbations preserve many of the symmetries
of the background (3.32). Specifically, we assume the spherical symmetry in the 6, ¢
directions, translational invariance in z; and z,, and the discrete symmetries under
Iy — —Zi, T — —T9, ¢ — —¢ are preserved. By a suitable choice of coordinates,
the most general perturbation consistent with these symmetries can be written as

the metric

g;/Q ds? = e ¥1/2 [22‘1/226—1/2(_}_{651#2dt2 + 6_%51’/}2+6¢3d$? + e—%éwz—élbadx%)
+ZAP V(R dr? + r2dQ2) + VIR ZM2 20 stig] , (4.1)
dilaton
b= ¢+ 09, (4.2)

and R-R fields
C’(3) = C(g) + 50(3), C’(7) = C(7) -+ 50(7). (4.3)

Here
Y1 = ¢+ 01, Zo=Zy(1+462y), Zg = Zs(1+07Z), K = K(1+6K),  (4.4)

the harmonic functions Zy, Zg, K are as in (3.34), the unperturbed dilaton ¢ is as
in (3.33), and the R-R potentials are as in (3.33). The first-order perturbations are
all functions of (r,t) only, while the background quantities are functions only of 7.
We look for perturbations of the form f(r)e™t.

Owr ansatz is slightly more general than the ansatz adopted in the study of

perturbations of the extremal enhangon geometry in [195]. We have introduced
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three new perturbation functions, v, 613, and dK. As we will see shortly, we
can choose to set 6K = 0 by a gauge transformation. The first-order function 615
is the only thing that breaks the rotational symmetry between z; and zs. As a
consequence, it decouples from the other perturbations. We could set it to zero
without affecting the other modes; instead, we retain it, and study it independently
of the others. This provides us with a single simple (but non-trivial) perturbation
equation, which we study in section 4.4. One might think that &, would also
decouple, as it breaks the boost symmetry between ¢ and z;, x5 which (3.32) respects.
However, the assumption that the perturbations depend on ¢ and not on z;, x5 also
breaks this symmetry, so we will find that d1, couples to the time derivatives of the
other perturbations, and it is not possible to set it to zero. That is, it is necessary
to consider the more general ansatz containing dv, to satisfy all the field equations,
even in the extreme case.

We must stress here that this ansatz describes only a restricted class of pertur-
bations. It is not the most general ansatz that we can write, because it respects the
symmetries of the background. In the non-extremal case we have two branches of
solutions with the same symmetries. We expect an instability in both branches for
different values of the parameters. We do not expect that a perturbation mode which
breaks the symmetry becomes unstable?, because we expect a symmetry-preserving
transition.

We will now consider the full set of linearised equations for the perturbations.

The R-R gauge field equations give
1
9,6C(3) = —5(45Z2 + 8¢ — 611)0,C3) (4.5)

and

8,6C

1
5 (4826 - 366 + 35¢1)3,C(r). (4.6)

The R-R fields’ perturbations are expressed by the perturbations of other fields and

obtained just by integrating these equations after we determine the other fields.

2There are unstable perturbations which break the symmetry resulting the Gregory-Laflamme
instability [204,205]. This is not the instability that we are interested in considering: as it seems

unlikely to mediate a transition between the two branches of non—extremal solution.
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The linear part of the stress tensor only involves d,6C3) and 9,6C(7), so we can
substitute (4.5,4.6) directly into the stress tensor.

There are seven distinct equations coming from the linearised Einstein’s equa-
tions: six different diagonal components, and an off-diagonal [¢r] component. With
the dilaton equation, this gives us eight equations; but with the gauge field pertur-
bations fixed by (4.5,4.6), there are only seven undetermined functions in our ansatz.
The problem seems overdetermined, so it is important to ask whether there will be
any non-trivial solutions of the full set of equations. We have written down the most
general perturbation consistent with the symmetries we have assumed, so we expect

there is sufficient redundancy in the equations to admit non-trivial solutions.

4.2 Particular Integral

Actually we can use a procedure described in detail in [196] and explained partly
in [206]%. In the context that we use it, it has to do with diffeomorphism freedom
left, which we can exploit in a way that we can simplify our problem.

We can reduce the system of eight differential equations to four differential equa-
tions. This is achieved by defining two non—trivial radius-dependent linear combi-
nations of the perturbation modes, that can reduce the initial system. Xanthopou-
los [207], [208], gives an algorithm which determines this particular integral and
which was further utilised in [206]. Since the linear combinations which reduce the
equations are known, we can construct the general solution.

As in [206], we will argue that the particular integral is a manifestation of the
fact that the gauge is not completely set by (4.1). We will exploit this fact in order
to find the particular integral in this section and we will use it in the next section
in order to reduce the order of the equations.

Coordinate transformations change the form of the metric but they have no

physical effect. So a perturbation which can be undone by (or be ‘equal’ to) a

3Chandrasekhar in his book [196] claims that this procedure has to do with the deeper nature
of differential equations. This is something that Xanthopoulos showed more generally in [207],

without any relation to gravity or general relativity.
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coordinate transformation, automatically satisfies the equations of motion. In fact,
we can use this insight to see directly that there are non-trivial solutions to the
linearised equations of motion. We observe that the ansatz (4.1) does not completely
fix the gauge, as there are infinitesimal diffeomorphisms which preserve its form. The

infinitesimal coordinate transformation
t ot =t+e“t(r), 1 =r+e“or(r), (4.7)

changes the unperturbed metric. We must demand that the off-diagonal components

vanish to preserve the form of the perturbation ansatz. This means that

VAV

0,0t = iw e

or. (4.8)

If we apply this diffeomorphism to the non-extremal enhangon geometry (3.32), we

obtain a metric of the form (4.1) with

4 2 2
d _ P _Z _Z
] = (gb 37‘) or 38,.57“ Bzwét, (4.9)
4 4 4.
S = —3—T§T + §8T5r + gzwét,

Zy 2
z¢8 = (22426
07 <Z6+7’> T,

! 2
528 = (é + —) 5r— 20,57 — %iwét,

Z, 3 )% 73
K 2
d f— — — P—
SKe = < -+ T) Sr — 20,67,
st = Hor.

Since this particular perturbation comes from a coordinate transformation, it must
solve the equations of motion. Thus, there are non-trivial solutions of these equa-
tions. Of course, we are not interested in solutions which are pure gauge, but this
serves to demonstrate that there is some redundancy in the equations.

This diffeomorphism contains an arbitrary function; since we are not interested
in pure gauge perturbations, we should fix this additional gauge symmetry. We can
do so by setting one of the perturbations to zero. It is convenient to choose 0K = 0.

There remain diffeomorphisms which will preserve § X' = 0: these have

or = arKk'/? (4.10)
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and

2rg + 7 ;
(5t — iwa [_ (7O+72)(T0+T6) + (C-+—Z7;(‘)‘+T2+T6> T [{(7‘)_+_ (411)

K(r) 2 4
1572 "o (7 2 14 VK
+ ( o7y + 3ro(7 + 7e) + fgf“g) In —+ (r) + wb
8 2 1—K(r)

where a and b are arbitrary constants. The perturbations (4.9) with this d¢, §r then
give a two-parameter family of solutions of the linearised equations with 6K = 0.
We will exploit this remaining coordinate freedom to simplify the equations later.

Having set K = 0, the contributions to the Ricci tensor linear in the perturba-

tions are
SRy — 3(26152 + 95tpy — 58Zs + 36 Z6) (1.12)
(o ) o ) o )
_3 (52;; + 35%) + 1651//2% + 40 ( 10% + 5? Z)

Zy  Z K .7y | Z
—8Z, . 67 | —32— + 1522 + 322
(53 + 50 ) 4oz (~anfe + 157 +32)

Z/2 KIZ/ Z/2 K/ZI
Sthy — 625 — 626) (1052 — 10—22 4228 9 26
(02 =02 6)(022 T%ta KZG)]

1
6+ = 6Rtt + 5[’( (6R11 + 6R22) =

K? 2 K’
4 " - ! I _ ! _ 245z/ !
+322226 [2 (51,/)2 + 5%) + 5 (240945 — 3259 ¢ +802,)
Z’2 K'Zy, .Z2¢ K'Z )]

1522 el
+5¢2< R AN R 7

i (5@'/)2 + 850y — 667, + 2526) (4.13)

. K? 2
6. = K (0Ri1 —O0Ry) =76 —8 syl + Zsy!
(0R11 Ry,) 1/)3+822Z6[ 8(¢3+T 7/’3)
K’ 72 Kz, 7P K'Z
— 86— + & 24526 T 6 4.14
Vs t ”*”‘( % n TR (4.14)
[ . . . ‘ (K G 4
SR, = = |46vh + 1660, — 882, + 86 2% — 200ps— + 61y | — .
R, 3 [ Yy + 160Y) — 802, + 807 2 K + 09 < e 5Zo Z6>

(K7, 7 (K 27
67, ( 4 ~ ) 462 | ~d— +322 - 28 4.15
* 2( K 7 ZG> + "( K °Z Z(,-)]’ (4.15)
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VAV . . .
= &1l
0R,, 12 ( by + 025 + 6Z6>
1 ) K’ 16 K’ Z !
— | 7280 — 2467 — — — 1222 _9g~ 6
+23 {7 W) 4002 165% + o) < + 40 i 1 Z g=6
X 16 zy 7 16 K’ 7! Z
87| —— — 92722 6 YA +32— — 1522 — 3528
+ 2( " A Zﬁ> + 6( ; K °7, 352(5)1
127976 . . .
= —5 .
8 Rog = ( S + 625 + 526) (4.17)
2K

80 K 7, 7
+ a5 ls&p’;-&sz — 807 + 6y, (—T-+8?+1272+2876>
2 6
32 K .z, _Z 32 K

Z Z}
P Tttt 92 ve gt 2 “~6
+5Z?( r %K 322 7ZG> 5Z6< Sk T ZQ“LQIZG)]

and
vz . .
8 R (K 3] e ( Sty + 67 — 526) (4.18)
VK 2 2 2
+\3/2_ZG ls (w;’ + ;&p’l) -8 (52;’ + ;5Z§) +8 (62(3’ + ;52{5)

K’ Z, Zg K’ Zy  Zg
o 2 6 ! 2 6
+6¢ <8-— + 12—Z2 4—Zﬁ> + 62, ( 8— 3Z2 Zﬁ)

Kz, . Z
+62; (8—+9 2 3—6>

K7, 7%

L K7y 7 K7

570 (—622 4 6K % 028 K 2
+ 6( 7Sk, T2 I{Zf;)]’

where we have introduced certain combinations which simplify the resulting equa-
tions, "signifies d;, and ’ signifies J,.
The linearised Einstein’s equations give seven equations. First, there are the

simple equations from §_ and ., which are respectively

ZQZG K’

L5y — 894~ SUAC + ) =0 (419

and

K’ K’
— 4 5 +0 75 ,
K) +(—46Y] —30Z4+6 )K 0

(4.20)

9 g 2
K2 (O’l/g —+—807/}1 — 65ZQ+26Z(3) +351/) +351/)2(
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There are three more independent second-order equations,

ZQZG
K2

8 Z 2 K Z
I Y Jaui - YA o4 Z6
+v; ( . 4Z6> + 02, (r + % + Ze)

3 (28 K'Z Z¢  K'Z
Zeo [ 28 - = 26 Siby — 879) 25— =26

/ /
626+ 262 + 07 < 2 -+ 25— - 3—Z§ (4.21)
T

Lol 2
—2 e S (469, + 200 + 6Z6) + 6(5 75 + ;6Z§)+ (4.22)

K’ Z K .7 K 7
4— — 1222 ) 462, [ 5— +322 | + 625 (3= — 922
‘wl( Z>+ 2(5K+322)+ 6< K 922>

Zé? KI Zé
—3(3¢ — 56y + 562, — 36Z) (z_g _ ?Z>

o

and
77 . ) L
(601 + 2805 — 3025 + 26) + 2460

144 K’ A 74
+61, (— + 40— — 1222 + 3622 ) (4.23)

o4 K .7, 7 72 K
Zy = —4—=+322 028 ) 4 67 12— —9=2 27
+62< ——d— 322 926)+ 6( +125 9 +

Z/2 K—/ Z/
+3(—8¢ + 561y — 5625 + 36 Z¢) (— )

-8

12 [(/ Z
+9(—38¢ — 691 + 622 + 0 Zs) (Z— — ??2
6

The remaining Einstein’s equations give us two equations which are first-order in

0,. Integrating the tr equation in t gives

K’ K Zy Z’
6

K’ VA K Z’ Zg Z’ Z
05| 4— — 5= 87 4— +322 _Z5) 166 -2 43 =
oL ( K 7 Ze) " ( Kz Zﬁ) ¢< 70 Zﬁ> fir,
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and a suitable combination gives the equation

16224

(4(5@&1 Bty — 2625 + 2526

—851&2{; + 8 (—% - 32]5,/ — 12-Z— — 2828 )

+62, <32 + 16%, — 122 + 4%) + 67 (—976 - 16%’ — 12— ~ 28—/)
+0¢/ ( 4% + 12%) + (64, — 62) <20%2 - 20[](—{/% + 42—@2 — %%) (4.25)

+67 (—3?22 %’% _ Z_g I;{' gz)

+35¢ (—42; + ‘;{( 2 + 24Z—’22 — 244 Zﬁ)

Finally, there is the dilaton equation

Lol 8

875000 + —0,(Kr"0,69)

, zy  _Z
(464, — 52, + 36Z}) ( 7 35&)

12 1 7l
+3(38¢ + 6y — 6 Z — 625) (Zﬁ K Zﬁ)

72 K Zg

Z/2 K/Z/
d¢ — 56 5670 —307¢) [ =2 — —22). 4.2
+(d¢ Y1+ 5025 — 3 6)(222 KZ2> (4.26)

These equations are coupled in a complicated fashion, but we see that as men-
tioned earlier, there is one simple equation, (4.19). In fact, this is the free wave

equation.

4.3 The reduction of the perturbation equations

To simplify the other equations, we exploit the remaining two-parameter family of
diffeomorphisms (4.10,4.11). These can be used to construct a change of variables

which will simplify the equations: we replace a and b by functions a(r) and b(r),
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and set

Sy = Syi(a(r), b(r)), (4.27)
0y = S5 (
6Z¢ = 6Z%(a
8Zy = 06Z5(a(r),b(r)),

0 = 8¢%(a(r),b(r)) + @,

with d K = 0. The first term on the right-hand sides is the diffeomorphism-induced
perturbation (4.9) for the diffeomorphism (4.10,4.11), but with a and b now func-
tions. Since the diffeomorphism satisfies the equations of motion for arbitrary con-
stants a and b, the linearised equations will only involve derivatives of a(r) and b(r).
The two first-order equations (4.24,4.25) can then be solved for 9,a(r) and 0,b(r).
Inserting these values into the other four second-order equations (4.20-4.23) and
the dilaton equation (4.26) gives two equations which are trivially satisfied, and a
coupled set of three second-order equations for ¥y, Z¢ and ®.

It is convenient to write the coupled equations so that each one only involves
second derivatives of one of the functions. Then the equation which involves ®” is

(where ’ again denotes d,, and we assume that all the perturbations behave as e'*)

o — 737,
L 0g 4 22200%8) + PY(Wh + 225) + QL + Qs + Q12 = 0, (4.28)

D(p//
@+ —5g K

with the polynomial coefficients

D = 72K (872 + 5ry + 5rg + 27976 ) (472 + 377y + 3rfg + 27976), (4.29)
Py = —2r*K(—2r"Fy 4 6r°fg + 8rfafg + 3757 + Faf), (4.30)
Q1 = —r*(4rofs + 36707 + 375 + 6Fafg + 2775) (4.31)

—7(40rofyis 4 2757g 4 307y78) — 120075re — 8Fare,

Q3 = To(—2r%y 4 6r%ig + 8rioie + 3Fais + For's), (4.32)

Q3 = 71(8rofy + 24rgis + 975 + 10797 + 978) (4.33)

+r(24rgiafs + 6576 + LOfoTg) + 6rofars — 2rgrar.
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The equation involving U9 is

7Y
D(Wy + = 50whlo) + PiW, + PYZi+ Q0 + Q30 + Q325 =0, (434)

where D is as before, and the other polynomial coefficients are
P} = 647r° +7(—=32r¢ + 1207, + 887¢) (4.35)
+13(—T6rofy — 44rofe + 3072 4 172797 + 3072)
+72(=157073 — 118rgfafs — 15707e + 447ars + H2Py72)
+7(—28rof37e — 36rofats + 8F3TE) — drofate,
P} = —8r#y K (87% 4 16176 + 3oi'g + 572), (4.36)
Q] = 4o (r?(—8rg — 6Fy — 67%g) + r(drofg — Tiafs + 372) 4 Brofafs + 27272), (4.37)
Q3 = —2rofo(8r% + 1677 + 3Fafg + 572), (4.38)

Q3 = 4Po(r* (1670 + 1875 + 27g) + (12rofs + 217yfs — 72) — 3rofais + 5rofs + 6igf2).

(4.39)
The equation involving Z{ is
" ZQZG
D(2§ + =7 w?Ze) + PyWy+ PIZ{ + Q3% + Q3o + Q326 = 0, (4.40)
where D is as before, and the other polynomial coefficients are
P§ = —2r" K (6r°fy — 2r2fg + 8riafg + faie + 3rafe), (4.41)
P} = 64r° + 14(=32r¢ + 647, + 967) (4.42)

+73(—20mgPy — 52rgfs + 3072 + 76797 + 3072)
+72(— 157073 — 22rgfyfg — 157oa + 287276 + 207572
+r(—12r75rs — drofafy + 8757g) — drofate,

QF = 13 (12rgfy + 12r0fg + 975 + 10F97g + 972) +7(8rofafs + 10727 + 67af2 ) — drgfate,

(4.43)
Q3 = 1o(67°Fy — 207G + Briafs + Faitg + 3raity), (4.44)
Q3 = —1%(24rofy + 8rofs + 2772 + Giyig 4 372) (4.45)

.~ 25 o a0 52 s a2 5242
—7(24rgfafe 4+ 30727g + 27972) + 2rofais — 6rorars — 8757 ).
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We have now reduced the perturbation problem to these three second-order equa-
tions plus the equation for the uncoupled mode (4.19). We will use these equations

in the remainder to study the stability of the enhancon solutions.

4.4 Perturbations of gravitational systems and their

stability

Before we discuss the boundary conditions at the shell for the coupled mode, we
will very briefly discuss the standard lore concerning perturbations of gravitational
systems* and use the uncoupled perturbation mode of the non-extremal enhancon
solution as an example. We would like to investigate the non-extremal enhangon
stability under small perturbations of the metric and the rest of the fields. What we
are looking for is the following: given any initial perturbation confined to a finite
interval of the radial coordinate, will it remain bounded at all times (which is a sign
of stability) as it evolves or not?

For the case at hand we will use the differential equation (4.19) of the uncoupled

mode. The most general form of these differential equations can be written as

K2 K 2
o2 —4+2)9.7 2y, = 0. 4.46
ZQZG[T3+(K+T> 3]+w 3 ( )
for the exterior and
L? L 2 L(re)
2y —+2)5 ¥ Wty =0 4.47
H2H6 |: " 3+ <L +T> 3:| +K(Te)w 3 ( )

for the interior. The standard method for investigating stability is to translate the
problem to a one-dimensional bound state problem. This can be done by introducing

the tortoise coordinate

) /IL{((:)) JrRedr <,

(4.48)
frz Y Z}(‘ézﬁ dr v > 7.

1The standard source for the following is Chandrasekhar’s book [196]. Further references about
the original contributors can be found in there. The method we describe is not original but the
example we use in order to show it is. Another nice article reviewing the methods one can use in

order to find instabilities is [197).
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This coordinate runs from —oo at r = 7y, to +00 at r = co. We make a change of

variable
L <,
v, = { GwTY | (4.49)

1 ,
(HQHG)1/4TIIJ T > Te.

Then (4.47) becomes
2+ w’p + Wep =0, (4.50)

where for r > r,

2 1Z// 1 1\ 2 N\ 2 Z, Z,
VV(’I‘)=W> = K __2_{_1%9__5_ _Z._2. _i é __1__2_6
IoZe |42y 42 16 \ Zy 16 \ Zg 8 7y Zg
1/2z, Z{\K 1K
N5 T | 1T -7 4.51
+4(Z2+ZG)K+TK}’ (451)

=
o
=
f

K(r.) L? [1H_g+1Hg 5 (_In_fé)?‘_ 5 (gg)?_liggg

L(re) HoHs |4 Hy 4 Hg 16 \ H, 16 \ Hg 8 Hy He
L H\ L 1L (4.52)
4\H, He¢) L rL|"° '

The criterion for stability is that there are no solutions to equation (4.50) which grow
exponentially with time. From the form of the time—dependent ansatz that we used,
63(t, ) = W3(r)e™*, we can deduce that solutions that grow exponentially with
time are the ones with imaginary frequencies w or stated differently with negative
eigenvalues of w?.

Since we have written the problem as an one-dimensional bound state problem,
we can use the well known techniques of quantum mechanics. The problem of finding
perturbations with negative eigenvalues of w? is equivalent to the problem of finding
negative energy bound states as solutions of the Schrodinger—like equation in the
potential W. The existence of a number of bound states with negative energy is
enough to prove that the system is unstable. Of course the value of the negative
energy is important if we would like to investigate a bit further the properties of the
system.

From the form of the potential W we can have a hint about stahility. If W
were positive throughout the range of r, then the problem could not support bound

states with negative energy and it is stable. If the potential W had the form of a



4.4. Perturbations of gravitational systems and their stability 72

well, there could be bound state solutions of the differential equations. If the bound
state energy is negative (which means that w is imaginary) then this is a sign of
instability.

Plugging in the functions from (3.34), we have

K . R . . fN—
I/V> = W{B(f’g —+ TA’(;) + 167’0]T_3 + [37'% + 37‘% + 307‘27‘6 -+ 207‘0(7‘2 -+ TG)]’I‘ 4
246

+[12776(Py + ) + Iro(Fa + 76)Jr™> + (47375 + Brofatis (Fafs)]r

+4rorararT}. (4.53)

The general form of W_ is complicated, but in the case of no extra D2-branes, where
we have simply an uncharged black hole inside the shell,

K(rd L 7

We = Zo(re) Ze(re) L(re) 73

(4.54)

On the horizon branch, where 7, > 0, W > 0 everywhere, and there can be no
instability associated with this mode. This is as we would expect; the horizon
branch looks like a normal charged black hole solution, and the free wave equation
has no non-constant solutions regular both on the horizon and at infinity. However,
on the shell branch, there may be a region with W, < 0. (Since we take the horizon
branch for the solution inside the shell, W is always positive.) The leading term is

always positive, as

1 1
f2+fe+T0=5\/472+T8i§\/47'%+rg>O’ (4.55)

since |ry| < 76. Omn the other hand, W. is always negative near r = —75. As
T —7/:27
5 72K?
Wy m———2— <0. 4.56
” 167423 Zg (4.56)

If we considered just the pure repulson solution, this divergence would lead us to
suspect the solution is unstable to a perturbation by 3. Although one would
need to consider the issue of boundary conditions at the singularity, W, diverges
sufficiently quickly that there could be bound states supported away from r = —75.
The question, then, is whether the enhancon excises this instability, along with the

various other undesirable features of the geometry.
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Figure 4.1: 72W plotted against r./r¢ for (left) To = 10rg, V = 1000V,, M = 0,
(right) ro = 16/10, V = 1000V, M = 0.

In figure 4.1, we plot the potential for some representative values of the parame-
ters. We see that there is a substantial region outside the shell where the potential
is negative, and might suspect that this signals an instability.

However, there is a general argument which says that there can never be an
instability in this case [209]. First, we note that as (4.46) is simply the free wave
equation in this background, it always has dt¢3 = constant as a solution. In terms
of the bound state problem (4.50), this translates into the statement that there is
a zero energy (w = 0) eigenmode 1y of (4.50), which is of the same sign and is
bounded everywhere; we can take it to be always positive. This zero mode 1y does
not vanish at the boundaries, so it is not a physical perturbation but it is still an
acceptable mathematical solution of this equation.

Now assume there is a discrete spectrum of bound states 1), with negative energy.
These are our hypothetical unstable modes with w? < 0. We can see from the form
of (4.50) that they go to zero as r, — +o0o. This means that they are bounded
solutions and physical perturbations of our problem. The standard ‘node rule’ for
the number of nodes of the eigenfunctions of the discrete bound states says that in
order of increasing energy, the nth eigenmode has n — 1 nodes (without including

the boundary ones). Thus, the lowest negative mode v, . must have no nodes in

“Wmax
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the sense of the above rule: we can take it to be everywhere positive.
Both 9y and ¥, are solutions of the wave equation (4.50). By multiplying the
equation for each mode by the other and taking the difference, and integrating over

T, We can obtain the equation

(djwmax ar. wO - 7/)0(()“ wwmax )

ro.=%400 — _wgnag_"/ wwmazwodr* (4‘57)

The left-hand side is the difference of the Wronskians calculated at the boundaries.
Since the eigenmode 1)y approaches a positive constant at the boundaries 7, = +o0,
while the eigenmode .. goes to zero, the Wronskian vanishes at each boundary.
Hence, the left-hand side is zero. On the other hand, since both %, .. and
are supposed to be everywhere positive, the right-hand side cannot be zero unless
Wmee = 0. Thus, assuming the existence of eigenmodes 1, with w? < 0 produces
a contradiction. Hence there can be no such modes, implying that the geometry is

stable to perturbation by d1)3.

4.5 Summary

In this chapter we derived the equations that we we will use in the study of the
stability of the enhangon solutions. Initially we introduced the perturbation ansatz
for the problem at hand. We used the most general ansatz that preserves the
symmetries of the background. This ansatz is still very restricted but since we
expect to find an instability signalling a transition from the shell branch to the
horizon branch, we do not expect that such an instability will break the symmetries
of the background solutions. Finally we produce the differential equations that the
modes in the perturbation ansatz must satisfy.

This system is overdetermined since there are more equations than unknown
functions. In the third section we used a very beautiful argument in order to sim-
plify our system of differential equations to a set of coupled differential equations.
Our ansatz does not fix diffeomorphism invariance completely. By exploiting this
invariance we are able to write down a reduced system (4.19, 4.28, 4.34, 4.40).

Before we embark to the more difficult problem of solving numerically these

equations we study the stability of the shell under the uncoupled mode ¥3. We also
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use this as an example of the techniques used in studying stability. We find that
the shell is stable under this particular mode.

For the horizon branch of solutions, we will need to solve the full equations with
appropriate boundary conditions on the horizon, since there is no shell. For the
extremal case and the shell branch we will need to formulate appropriate matching
conditions at the shell. The determination of these conditions and the numerical

investigation of their properties will be the subject of Chapter 5 and Section 6.2.



Chapter 5

Stability of extremal enhancon

shell

In this chapter we will discuss the stability of the extremal enhangon. In the first
section we introduce the perturbation ansatze for the exterior and the interior to the
shell regions. Following the general technique explained in the previous chapter, we
give a few details regarding the diffeomorphism invariance of our ansitze and how
this can be used to reduce to the system of the differential equations which govern the
dynamics of the small linearised perturbations. For the exterior geometry these have
a rather complicated form and must be solved numerically, while for the interior,
which is flat space, they can be solved analytically.

Next we discuss the boundary conditions at the shell. Since we can solve the
equations in the interior analytically we are interested in the boundary conditions
for the exterior perturbations at the shell. To obtain these we work out the stress—
energy tensor of the perturbed shell from the Israel junction conditions and keep
terms in linear order in the perturbed modes. We can model this shell by a collection
of BPS wrapped D6-branes and calculate the stress—energy tensor of the perturbed
shell. The matching conditions for the perturbation modes are obtained by setting
this brane stress—energy tensor equal to the stress—energy tensor calculated from
supergravity. The same can be done with the dilaton discontinuity. Using these
equations relating interior and exterior functions at the shell, the boundary condi-

tions of the interior functions at the shell and exploiting the extra diffeomorphism

76
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freedom we find the initial boundary conditions for the exterior functions at the
shell. It is remarkable that although the location of the shell is also perturbed, we
can use some of the diffeomorphism freedom to fix the coordinate position of the
shell at the enhangon radius.

Now we have everything we need in order to study the problem numerically.
Before we start, we describe briefly the numerical method (“Relaxation Method”)
we use in order to solve the system of differential equations. Using this method we
can see that our system of differential equations has no solution respecting the set
of boundary conditions appropriate to it. This means that the extremal enhancon
is stable under this limited set of small radial perturbations.

Finally we close this chapter with a survey of the situation when there are extra
unwrapped D2-branes included. We again describe briefly the perturbation ansatz
for the interior. The exterior is roughly the same as the exterior for the case with no
extra D2-branes; the only difference is the value of ro which now includes the extra
contribution from the unwrapped branes. The most important result comes from a
discussion of the Israel junction conditions of the shell. There is some extra structure
in the shell which is not obvious from the initial no—extra—D2-branes setup. It seems
that in the shell there is a certain number of D2-anti-D2-branes pairs which also

contribute to the shell stress—energy tensor of the shell.

5.1 Perturbation equations

In this section we will describe briefly how we find the system of differential equations
which we need in order to study the stability of the extremal enhancon. Since the
procedure was explained in detail in the previous chapter we will just point the

differences with the more general case.

5.1.1 Exterior

We use again the ansatz (4.1) but with the background fields taking their extremal
values (3.5-3.7). We can analyse the perturbations and use diffeomorphism freedom

to reduce to a system of three coupled differential equations plus one which is not

e
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coupled to the others. The diffeomorphisms preserving the form of our ansatz in the

extremal case are

or = ar,

1
6t = oa (57"2 + (1o 4+ 76)r + 1976 In 7’) + ob,

where o = w.

We can now reduce the system following exactly the same procedure as in the

previous chapter. There is an equation involving ®”,

D(®" + %(I)’ — 7y Zs0?®) + P} (Ul 4+ 220) + Q10 + Q12 = 0,
with the polynomial coefficients

D = r*(8r% + brry + 5176 + 2r916) (472 + 3779 4 376 + 2r976),

P} = —2r%(=2r%ry + 6r2r¢ + 8rryre + 3rire + roTg),

Q1 = —1%(372 + 6rorg + 27r2) — r(2rire + 30ryr2) — 87212,

QY = 193 + 10r9re + 9r5) + 7(6r376 + 107972).
The equation involving W7 is
D(Vy — Z9Z60°Vy) + PyWh + P2Z5 + Q2 + Q22 = 0,
where D is as before, and the other polynomial coefficients are

P} = 64r° +7%(120r) + 88r6) + 13 (43072 + 1727476 + 3072)
+r2(4drire + 52rord) + 8rrirl,
P§ = =875 (87 + 16776 + 3ro76 + 573),
Q? = 47‘2(7‘2(—67‘2 — 67‘6) + T(-—??‘QTG + 37(%) + 27“-27‘(23),
Q3 = dro(r? (1879 + 2rg) + (211916 — 1) + Grord).

The equation involving Z¢ is

D(Z{ ~ Z2Z50° Z5) + Py Wy + Py Z5 + Q1P + +Q3Z = 0,

(5.3)

(5.8)

(5.10)
(5.11)

(5.12)

(5.13)
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where D is as before, and the other polynomial coefficients are

P = —27%(6r%ry — 2r%rg + 8rrore + 7216 + 3ro7d), (5.14)

P} = 64r° 4 14 (64ry + 9676) + 17 (3075 + 767916 + 307) (5.15)

+72(2872r6 + 207yr2) + 8rrara,

Q3% = r%(9r3 + 107975 + 9r3) + r(10r37g + 6rarg), (5.16)

Q3 = —r}(27r2 + 6rars + 377) — (307576 + 2rora) — 8r3re). (5.17)

These are the final system of differential equations of motion of the perturbations
in the exterior. We are going to use them together with the boundary conditions on

the shell, in order to investigate the stability of the extremal enhancon shell.

5.1.2 Interior
Perturbation ansatz

In the interior space we use an ansatz similar to the one for the exterior (4.1). We

can write for the metric

g7 ds = e [ Hy PP (~ePrdt? 4 A (dad + do))

+ B (dr® + %) + VIR sk, |, (5.18)
dilaton
¢ =+, (5.19)
and R-R fields
Ciy = Cyy +0Cm), Cy=Cry +8Ca). (5.20)
Here
= ¢+ 6y, Hy= Ho(l +6H,), Hs = Hg(1+ 0Hsg), (5.21)

and Ho, Hg as well as the unperturbed dilaton ¢ and R-R fields are constants.
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Particular Integral and equations of motion

We can analyse the perturbations of the interior geometry following the same route
used above for the exterior geometry. The diffeomorphisms preserving the form of

our ansatz are now
or = cr, 5t = o HyHger? /2 + od. (5.22)
We can write

b = Sile(r), d(r)), (5.23)
8y, = 6v(c(r),d(r)) + T,

6He = 6HE(c(r),d(r)) + He,

§Hy = 6H3(c(r), d(r)),

66 = 6&%c(r),d(r)) +E,

and then we find that the equations for the free perturbation functions are all
2 2 2
acf + ;&f — HyHgo" f = 0, (5.24)

where f = =, 1"y, Hg. The solution regular at r = 0 is

sinh ar

f=/fo (5.25)

r
where 6 = /HyHgo.

The above system is very simple, since it is a system of three decoupled equations.
This is expected since the interior space is nothing but flat space and we expect the

modes to decouple.

5.2 Boundary conditions

Now we have the differential equations describing the dynamics of the perturbation
modes in the interior and exterior to the shell regions. Since the perturbation modes
couple to the shell. we must find how the interior and exterior functions are related.
In order to do that we have to see how exactly the shell is affected by the perturbation

modes. We need a model describing the degrees of freedom of the shell.
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At the enhancon shell r = r., the interior perturbations studied above will satisfy

the boundary conditions
Tof (re) + (1 — Grecothare) f(re) = 0. (5.26)

What we really want is boundary conditions for the exterior perturbations ®, o, Zg
at the shell. To obtain these from the above conditions on =, I3, Hg, we need to
work out the junction conditions at the shell for the perturbations, and solve for
=,Ty, He and their first derivatives in terms of ®, Uy, Zg and their derivatives.

In general, the location of the shell separating the interior and and exterior is
also perturbed. Its equation of motion can be determined from the action of the

wrapped branes

S=-N [ d€®(uV(r) — p2)(—det G,)"> + Me/ Coy—n2 | Cea,
Ma Maox K3 Ma
(5.27)
where G, is the induced string-frame metric, and the string-frame volume V(r) =
Ve‘;’_‘“ZQZgl. In static gauge t = £°, z1? = ¢Y2 the position of the shell is
parametrised by r = 7; = 7, + 67;(£%). The effective action of the shell up to second

order in 67(£°) is in Einstein frame

] — -3
S = —N/dgée%(‘i"‘pl)zgl/‘lZEP’M peVe B i 1- 1(57.’1)222266_1!’2
Zg Zo 2

+/d3§(usé(7) — 12Ca3y), (5.28)

where “denotes differentiation with respect to £°. From this effective action we can
deduce the equation of motion for the position of the shell.

We can use some of the remaining diffeomorphism freedom in the ansatz to
fix the coordinate position of the shell to be r; = r, the enhancon radius of the
unperturbed metric. We can substitute (4.9) in the differential equation which
minimises (5.28). We see that it depends on the undetermined constants a, b in
(4.10),( 4.11). The dynamics of the shell will then find its expression through the
variation of the perturbed metric at the shell location. This choice greatly simplifies

the problem of matching the perturbations at the shell.
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Continuity of the metric and fields at the shell implies

0g(re) = 6&(re), OUn(re) = om1(re), Ota(re) = 0va(7e), (5.29)
0Z5(re) = 0Ha(re), 0Z¢(re) = 6Hg(re).

To relate the first derivatives, we compute the discontinuity in the extrinsic curvature
at the surface r = r. when we patch the two geometries together. This allows us
to infer the stress tensor of the perturbed shell from the supergravity point of view,

with the result

1 Z 26 ;i H,
Stt 2,{/2 /—gw [ = 2 41/)1 677[72 - —I‘I_Q + QEE + 4’)/1 + 5’}/2 st (530)
1 Z! Z’ If[ Hl
Sw = 53— |27 — 2% —4 6 — 2224958 4y — gt g,
22O [ A AL A AL 72} 9
_ _ ) (5.31)
1 A Z’ H HI
S = 5 = =2 =320 — i — 2 +3=2 + 49| gy, 5.32
’ 2/{’2 Grr |:ZQ Z6 wl H2 + HG + 71] 9ij ( )
1 Z’ Z’ H’ Hl
Sab = 7 — 2z — 4 225 + 49} | ga 5.33
"7 22 /g, [Z2 Zs A + e + 71} Gab (5.33)

(coordinates p, o run over 1,2, 4,7 over 6, ¢, and a,b over the K3). We will assume
that this shell stress tensor is still sourced by a collection of BPS branes. Using the
worldvolume action for a wrapped D6-brane 5.27, one easily obtains the Einstein-

frame stress-energy for a single brane in the exterior geometry,
St = =4 (g = 113V (1) ™) g, (5.34)

Stpne = —e¥/ 5oy (5.35)

(where p, v run over ¢, 1,2). If we use this to calculate the stress-energy of the shell,

we find that the value the stress tensor should take can be written as

hell 1 3&/4+L'1/4 Z/
Gshe
ny 2'{12\/5:21/4 —3/4[

Sl = 0, (5.37)
1 63(5/44-1;”1/4 Zé

Z/
Z2€'~(D+'¢l + Z } guu (536)

Sshell —

34 Z6 7 5.38
2R3 /G 21 731 Zﬁ.‘] b (5.38)
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The matching conditions for first derivatives of the metric are then obtained by
setting this brane stress tensor equal to the stress tensor calculated from the super-
gravity point of view above. Similarly, matching the discontinuity in the dilaton to

the brane source gives

3¢/444p1/4 -7 7
Bt — Bl = — [ et ST‘S} - (5.39)

4zliAzeM Zy " Zs

Taking the first-order part of all these equations gives us five equations relating the
derivatives of d¢, 011, 01,0 Z5, 8 Zg to the corresponding interior quantities.

We then have ten matching equations at the shell. However, we only have nine
quantities to specify: we want to solve for the three free interior functions =, I's, Hg
and their first derivatives at the shell in terms of ®, ¥, Zs and their first derivatives,
and we also have three undetermined constants in the diffeomorphisms to fix (since
we already fixed one to satisfy 7; = 7.).! Remarkably, this over-determined system
has a solution, and substituting into the boundary condition (5.26) gives us, after

considerable algebra, the relatively simple expressions

0 = —27(v? + 1)@ (o) — 76(v? + dv — 1)Uh(re) + 476(v + 1) Z4(re) (5.40)

+o(v — 1)2®(re) + (v — 1)%Zs(7e),

0 = —8fs(v+ 1)@ (re) + 476 (v + 1)Ty(ro) (5.41)
+[467, coth(G7)(v? — 1) — v2 — 6v + 7] ®(re)

+[=267, coth(7e ) (v? — 1) + 20% — 2]Ws(r) — 3(v — 1)2Z4(7e),

0 = 47g(v+ )P (re) + 47g(v + 1) Z4(7e) (5.42)
+[—267, coth(ar,)(v? — 1) 4+ v 4 2v — 3]D(7,)

+[—267, coth(F7, ) (v — 1) 4+ 3v* — 2v — 1] Z4(re),

where v = V/V, and 6 = VHyHgo.

I'We have also checked explicitly that we get the same houndary conditions at the shell for the
physical degrees of freedom even if we work in a coordinate system where the coordinate location

of the shell is not fixed.
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Before we continue to the numerical investigation we should stress an assumption
regarding the perturbation of the shell. We assume that the perturbations are small
enough so that the branes constituting the shell are not excited and remain BPS. If
the system remains BPS, we can use the machinery developed in this section without
any problems. We can model the shell by wrapped BPS D6-branes smeared over a 2—
sphere, as we did. In case the branes would go non-BPS we would have to complicate
things by introducing another model for the shell. That would be dangerous since
we could not be really sure that this model could describe the physics of the shell

correctly.

5.3 Numerical investigation

5.3.1 Relaxation Method

We will very briefly describe the ‘Relaxation Method? [210] for solving boundary
value problems.

In relaxation methods we replace the ODEs by approximate finite—difference
equations on a grid of points that spans the domain of interest. A trial solution
consists of values for the dependent functions at every grid point, not satisfying the
finite—difference equations. It is not necessary for the trial solution to satisfy the re-
quired boundary conditions. The procedure is to iteratively adjust the values of the
dependent functions on the grid so as to successively bring them into closer agree-
ment with the finite-difference equations and at the same time with the boundary
conditions.

A good initial guess is essential for the method to be efficient. The biggest
advantage of this method comes when you want to solve the problem many times
with slightly different values of the parameters. Most of the time the previous

solution is a very good choice for an initial guess solution. For a slight change of

2This is a standard method for solving two point boundary value problems and can be found
on most books on Numerical Analysis. A more detailed description of the method can be found at

the Appendix.
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the parameters the new solution usually does not differ a lot from the old one so the

method converges quite fast.

5.3.2 Results

The problem of finding instabilities of the extremal enhangon solution reduces to
looking for solutions of the equations of motion for ®, ¥, Z¢ for some o which sat-
isfy the boundary conditions (5.40), (5.41) and (5.42) at the shell and fall off at
large distance. We have searched for such solutions using relaxation techniques as
described briefly in Section 5.3.1. The iteration procedure does not converge at all.
This means that there are no eigenvalues ¢ which satisfy the desired boundary con-
ditions. Since the form of the ansatz for the perturbations was such that it described
unstable modes, the non—existence of solutions of this form implies that there are
no instabilities. We studied these equations numerically for a wide range of the pa-
rameters ro and 7g, and failed to find a solution which rendered the shell unstable.
We could claim that at least for radial perturbations, the extremal enhancon shell
is stable.

This result is, of course, what one would expect on the basis of supersymme-
try. A solution which satisfies the BPS bound may have flat directions—it may be
marginally stable to some perturbation—but one would not expect that it will have
any truly unstable perturbations.

This result strengthens the argument of [129] for the consistency of the excision
procedure [127]. This excision is accomplished by the introduction of a shell of
wrapped D6-branes at the enhancon radius. The fact that this solution is stable
is another argument in favour of the excision and of the idea that the solution is a

sensible construction from the point of view of supergravity.

5.4 Additional D2—-branes

If we add extra D2-branes in the extremal solution the situation does not change
much. We saw in Chapter 3 that the extra D2-branes can move in the interior and

they can help some of the wrapped D6-branes to migrate inside the shell. Although
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the solution in the interior is no longer flat, in principle we can solve the problem
since we can model the shell using the remaining wrapped D6-branes. We can then
calculate the boundary conditions for the perturbation modes on the shell.

It would be interesting to examine another extremal solution. We start with the
‘horizon’ branch of solutions and we add extra D2-branes. Then we take the non-
extremality parameter ro = 0. This solution is not exactly the extremal solution
with additional D2-branes. It would be helpful to study this solution, since it will
help us understand the difference of the two branches of the non—extremal solution.
We will not complete the stability analysis in this case. Instead, we will focus on
explaining how the model for the shell changes and exploring the influence of this
on the matching conditions for the perturbations.

The difference with the case of the extremal enhancon with extra D2-branes ,

reviewed in Section 3.2.4, is that now 79 is

|4 M
Ty = ’I"(;v* (1 — W) y (543)

for the case M < N. The exterior solution of the extremal limit of the above can
be described by (3.5) and (3.6) with re described by (5.43). The interior will be
described by (3.28), (3.29), (3.30) and (3.31).

The enhancon radius is at

2V 2N — M
V-V, 2N

Te

(5.44)

As we remember from Chapter 3, for M > 2N there is no enhangon radius. So we
consider that M < 2N. Another thing is that an unwrapped D2-brane can move
past the enhancon radius to the origin without an obstacle. N’ = M in total D6—
branes can move in the interior of the shell. Since we want to have some D6-branes
on the shell we will assume that M < N.
The stress tensor of the shell from the Israel junction conditions is:
2/{25’“,, = —1— <Zé + g - ié - ié) G,

VG, Z—Q Zg Hy Hg
Si' - 0,

. 1 Zt H!
2 12 — B L 5 45
R Sub \/@T; <Z() Hﬁ) Gab (5 O)
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Plugging in (5.45) the equivalents from (3.6), (3.30) and (3.31) we can rewrite it as:

1 re [NN=N Vi1 1 2IM-N)V, 1
2",‘25”/ = -—E- ——*— P —_*_. !
fou VG, r? [ N < V Z, + ZG) N V Zy Cw
Sij =0 s
1 7N -N1
225, = i e (5.46)

VGt N Z
Its is obvious from the above than something is quite different from what it is
expected. At the enhancon radius, S, is not zero as it is in the ordinary BPS case
without extra D2-branes. There is an extra term which depends on M. This term
is only in the directions associated with the D2-branes. Since we assumed that all
the D2-branes are in the interior and not on the shell it is strange to have such a
term in the stress tensor. If we try to model the shell by N — N’ D6-branes then
from the DBI action one can take only the first term in S, and of course the other

two equations. Another hint could be given from the source of the dilaton:

1 1 Zt  H! Zt  H!

2625y = P, - )= —2——2—3<—6——6>)

wSe = () = e (ZQ H, Zs  He
B 1 g [N-N( V.1 3 2AM - N)V; 1 (5.47)
 AJG,, r? N V Zy Ze N V7 ‘

Again we have an extra term which can not be modelled by the DBI action. We
expect the shell to consist of N — N’ wrapped D6-branes and no extra D2-branes at
all. The evidence from above leads us to the conjecture that we have some number
2(N — M) of unwrapped extra D2-branes, as it can be seen from their contribution
as dilaton source and from the stress—energy tensor, which do not couple with any
Ramond-Ramond field. This indicates that this behaviour might be caused from a
number of D2 branes with an equal number of anti-D2-branes. This is a plausible
setup which partly explains the above result. It is by no means a hypothesis based
on a concise physical argument. We cannot really say how and why these pairs of
branes and anti-branes show up. We just have an expression in (5.46) and (5.47)

which could be a result of such a configuration®. We will use this hypothesis later

3In fact, in [211] it was proposed that above a finite temperature, pairs of branes and anti-D-
branes can form from the vacuum. It was also shown that it is not favourable to annihilate to give
a closed string vacuum [212-219]. This system was used to calculate the entropy of p—branes at

finite temperature. A similar approach was also used earlier in [220].



5.4. Additional D2-branes 88

in order to calculate the boundary conditions satisfied by the perturbations of the

fields on the shell.

5.4.1 Perturbation equations in the interior
Inside the shell, we will have a perturbed space,

gi2ds? = e m/? [H{lﬁﬁgl/?(—e‘mdtg +e 2% (dx? + dz3))

FHVPEVA (A 4 r202) + V2RV A stfw] . (5.48)
dilaton
¢ = ¢+, (5.49)
and R-R fields
Ciz) = C3 +6Cu),  Clzy = Cir) + 6Cry. (5.50)
Here
Y1 = ¢+ 0y, Hy= Hy(1+6H,), He = Hg(1+ 6Hs), (5.51)

H,, Hg are as in (3.30), (3.31) respectively and the unperturbéd dilaton ¢ and the
R-R potentials are as in (3.29). The difference with the case without D2-branes is
that now there are D2-brane sources in the interior plus wrapped D6-brane sources,
which can migrate inside due to the presence of the extra branes. The interior space
is not flat.

We can analyse the perturbations of the interior geometry following the same
route used above for the exterior geometry. The diffeomorphisms preserving the

form of our ansatz are now

or = cr, 5t = ocr’ Hy(r) (% + %) + od. (5.52)
We can write
o = dv(e(r),d(r)), (5.53)
0y = v3(e(r),d(r)) + Iy,
§Hs = 0Hg(c(r),d(r)) + Ha,
SHy = SHY(c(r), d(r),

06 = 6&%c(r),d(r) + =,
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and then we find that the equations for the free perturbation functions are

2
D <x'{ + ;X’l) +wxr = 0 (5.54)
" 2 / ~
D{xz+>x) +@x2 = 0 (5.55)
2
D (Xg + ;Xg> —10AXs + (@ — 10B)xs = 10A(x| + xb) (5.56)

where x1 = = + 3Hs, x2 = 'z, x3 = Heg — 3= and
1% M

v = n

V.’ N
A = drgnu(n —2)3(nv —v — 1), B = —3rgnv(n — 2)*
D = v(n—2)*5ren(n —2) — 8(1 + v — nv)r][3ren(n — 2) — 4(1 + v — nv)r]
D

O = m(l—n—3v+2nv)[r6n(n—2) — (1 +v—nv)r}. (5.57)

We see that (5.54), (5.55) decouple and can be solved analytically in terms of Whit-

taker functions. The solution regular at » = 0 is:

X1,2=@MU1 (31)—2nv+n—1)(1+v—m))r (5.58)
T 2 v(2 —n)

where C 5 are constants of integration and v in the subscript is:

re(2—n) [ (3v—2nv+n—1)
2 v(l+v—nv)(2—n)

v=—

(5.59)

5.4.2 Junction conditions

Again we would like to match the perturbations in the interior and the exterior at
the shell in a way similar to the case with no extra D2-branes (Sec. 5.2). We will
not be able to complete the program with the same success because we cannot solve
analytically the system of differential equations in the interior.

Continuity of the metric and fields at the shell implies

(1) = 0€(re),  0Uy(1e) = Om1(7e), OUn(re) = 0y2(re), (5.60)
(522(7’8) = (SHQ(?"E), 625('7’6) = (SHG(TG).

To relate the first derivatives, we compute the discontinuity in the extrinsic curvature

at the surface v = r, when we patch the two geometries together. This allows us
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to infer the stress tensor of the perturbed shell from the supergravity point of view,

with the result

1 A 7z H;) Hj
Sy = 222 926 4yt — 6 22 496 14y o~ 5.61
it f€2\/g,—7 |: ZG ¥ 1y — I, + i + 471 + 0%, | gu, )
1 Z} Z4 HY _H]
Sp=—— 222 026 _4 5 — 922 4284 4 —6Y Goos
ST [ Z, 2z, Wit g, v Ao ”] 9
i (5.62)
1 Z’ 7} H H;
S=—"|22-328 4 =2 3— 44 gis, 5.63
1 ! Z H! FI’
Sp=—" |22 0228 gyt — 24928544 . 5.64
b= lZQ Ze Py — 7, + 7. + ’n} Gab (5.64)

(coordinates p, o run over ¢, 1,2, i,j over 8, ¢, and a,b over the K3). Considering
the discussion in the beginning of Section 5.4, concerning the stress—energy tensor of
the shell, we will assume that the Sy, is still sourced by a collection of BPS branes.
The pair of D2-anti-D2 branes does not couple to the Ramond—Ramond fields and
so does not contribute to the Wess—Zumino action. Using the worldvolume action

for a wrapped D6-brane,

S=- [ P V)~ m)(-detGu) P tps [ Coy-us [ Ca,
Moy Max K3 Mo

(5.65)

where G,,,, is the induced string-frame metric, and the string-frame volume V(r) =

Ved—in ZyZg ', one easily obtains the Einstein-frame stress-energy for a single brane

in the exterior geometry,

brane __
S —

e (6 — 12V (1)) g (5.66)

Shrane = %/ 1 g (5.67)

(where u, v run over ¢, 1, 2). In the above action we have to add also the contribution
coming from 2(M — N) D2 and anti-D2-branes. As we saw earlier, it seems that
there is such a contribution for the problem at hand. We cannot see a reason why
these branes do not annihilate with each other but we have to account for them in

the description of the shell since by including them we can have a successful model
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describing the microphysics of the shell. These branes contribute to the DBI part
of the action, while the Ramond-Ramond parts cancel:
S =—2(N - M) / d*¢e™% uy(— det G, )2 (5.68)
Ma
If we use (5.66), (5.67) and (5.68) to calculate the stress-energy of the shell, we find
that the value the stress tensor can be written as

gshell _ 1 et é — [_[_5 e~ 4 Zs He g (5.69)
% K2 /grr 221/426—3/4 Zs H, Zs Hg e .

shell __
S5 =0, (5.70)
Gohell _ 1 e3/4+¢1/4 ﬁs B ﬂé
RN 7 e V1 b

The matching conditions for first derivatives of the metric are then obtained by

(5.71)

setting this brane stress tensor equal to the stress tensor calculated from the super-
gravity point of view above. Similarly, matching the discontinuity in the dilaton to
the brane source gives
== et () (B
47, Z; Zy  Hj Ze He)|
Taking the first—order part of all these equations gives us five equations relating the
derivatives of d¢, d91, 019, d Zo, 6 Zs to the corresponding interior quantities.

We then have ten matching equations at the shell. However, we only have nine
quantities to specify: we want to solve for the three free interior functions =, 'y, Hg
and their first derivatives at the shell in terms of ®, ¥y, Z5 and their first deriva-
tives, and we also have four undetermined constants in the diffeomorphisms to fix.
Remarkably one can solve this system with respect to the exterior functions, their
derivatives, the position of the shell and two of the diffeomorphism constants. The
solution is an arbitrary function of the position of the shell. We can substitute in
the rest of the solution and we have the exterior functions depending only in the
interior ones and not in the diffteomorphism constants.

In principle we can solve this problem. This is because we have a microphysical
model describing the degrees of freedom of the shell. This is something that we
unfortunately lack for the non—extremal case. We will see in the next chapter that

in the case of the shell branch, such a model cannot be constructed.

¢
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5.5 Summary

In this chapter we studied the stability of the extremal enhancon against small per-
turbations. Following the techniques introduced in the previous chapter we briefly
sketched how to produce the equations which govern the perturbations, in the inte-
rior and the exterior geometry. Again we used residual diffeomorphism freedom in
order to reduce the system of differential equations.

Initially we considered the boundary conditions at the shell. We had to match
the interior with the exterior perturbations at the shell. We did that by computing
the stress-energy tensor of the perturbed shell from the Israel junction conditions
and kept terms in linear order in the perturbed modes. We did the same for the
dilaton discontinuity. As we saw in the review chapter on the enhangon, the BPS
shell is modelled by a collection of wrapped D6-branes over a two sphere. The
natural choice is to use this model in order to calculate the stress—energy tensor of
the perturbed shell. Of course this is valid as long as we keep the perturbations small,
so that the branes do not get excited. The matching conditions for the perturbation
modes were obtained by setting this brane stress—energy tensor equal to the stress—
energy tensor calculated from supergravity. Finally we produced the three boundary
conditions that we needed at the shell. It is remarkable that, although the location
of the shell is also perturbed, we can use some of the diffeomorphism freedom to fix
the coordinate position of the shell at the enhangon radius.

Having all the ingredients, perturbation equations and boundary conditions at
the shell, we tried to find an instability using a Relaxation Method. This is a method
for solving boundary value problems, as the one at hand. The differential equations
are replaced by finite difference equations over a grid of points. A trial solution is
used and then corrections are computed and added to it iteratively up until it finally
‘relaxes’ to the true solution, if one exists.

We studied these equations numerically for a wide range of the parameters 7,
and rg, and failed to find a solution which rendered the shell unstable. Although
the perturbation ansatz that we used is very restricted and we are far from proving
gravitational stability of the extremal enhancon we believe that this result can be

generalised. This is based on the fact that the extremal enhangon is a BPS object,

.
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conserving supersymmetry and in general such objects are believed to be stable.
This result comes in support of the supergravity description of the enhancon shell
as being made from wrapped D6-branes.

Finally we studied the 7 — 0 limit of the horizon branch with extra D2-branes.
This is not exactly the same as the extremal enhancon with extra D2-branes. This
can be seen from the stress—energy tensor calculated using the Israel junction con-
ditions. We expect the shell to consist of N — N’ wrapped D6-branes and no extra
D2-branes at all. However, such a model does not agree with the supergravity
stress—energy tensor for the shell. We made a conjecture that we have some number
2(N — M) of unwrapped extra D2-branes, which do not couple with any Ramond—
Ramond field. This could be the case if there is an equal number of extra D2-branes
and anti-D2-branes. Although we can not explain the origin of the anti-D2-branes
in this setup and the reason why they do not annihilate with the ordinary D2-branes,
we use this setup in order to model the shell.

We derived the perturbation equations in the interior space. This time the
interior was not flat as in the extremal case. Two out of the three modes decoupled
and could be solved in terms of Whittaker functions. As in the original extremal
case we calculated the stress—energy tensor using the Israel junction conditions and
matched it with the stress—energy tensor from a model of N — N’ wrapped D6-branes
plus the additional 2(M — N) D2-anti-D2-branes. We could not find an equally
convenient set of boundary conditions at the shell, mainly because we could not solve
analytically all of the perturbation equations in the interior. However calculations
showed that the exterior modes can be written at the shell as functions of the interior
modes without being functions of the position of the shell. The importance of this
study is that even at this slightly more complicated version of the problem we were
able to find a nice model to describe the degrees of freedom of the shell and use it
to find the boundary conditions on the shell for the linear perturbations.

Before we continue to the study of the stability of the non—extremal enhancons,
we must stress that the result from the stability analysis of the extremal enhancon
does not settle the issue of stability. Although it is expected from supersymmetry

that it is stable, we did not. prove that it is stable. The perturbation ansatz that we
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used (4.1) is not the most general, so our analysis is incomplete.



Chapter 6

Non-extremal enhancon

In the review of the non-extremal enhancon in Chapter 3, we mentioned that there
are actually two branches of solutions arising from an ambiguity of a choice of sign
in the solution of the supergravity equations. One branch joins on to the extremal
enhancon solution, the repulson singularity always lies outside the would-be horizon,
and the geometry will be corrected by an enhancon shell; this is the shell branch.
The other branch appears at a finite value of the mass and there is no repulson
singularity. The solution has a regular horizon at r = ry; this is the horizon branch.
Depending on the number of extra D2-branes it may or may not have a shell outside
the horizon.

The shell branch has two puzzling features, namely the exterior never contains
an event horizon and in the large K3 volume limit it does not reproduce the ex-
pected non—extremal D6-branes. Taken together, the two statements above imply
an interesting phase structure, with different solution families providing the physi-
cal description in different regimes of parameters. It would be interesting to see if
there is a phase transition between the two branches. There might be a classical
instability which could provide the mechanism for transitions between them.

In this chapter we will investigate further the physics of the non-extremal solu-
tions in supergravity, improving our understanding of their structure. We will try
to find such an instability extending the methods we used to study the stability of
the extremal enhancon.

We will begin by discussing the thermodvnamic aspects of the two branches. We

95
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will compare the entropies of the two solutions, and see that the horizon branch
has larger entropy at large mass, as we would expect. We can also calculate the
specific heat for the horizon branch; for the branch with a shell, the ambiguity in
the division of energy between the shell and the black hole prevent us from obtaining
a well-defined answer for the specific heat.

After discussing the thermodynamical properties of the two branches, we con-
tinue by investigating the stability of the horizon branch. Since there is no shell
present we have only to take regular boundary conditions on the horizon. We will
study numerically the system of coupled differential equations, describing the per-
turbation modes. We will show that the horizon branch solution is stable throughout
the range of parameters.

Finally we turn to the shell branch of solutions. The shell branch of the non—
extremal enhancon violates the Weak Energy Condition. We therefore regard that
branch as completely unphysical; that is, we conclude that it does not model the
geometry sourced by some collection of smeared branes for any values of the pa-
rameters, as we expect the fundamental D6-branes always to have positive energy

densities. Thus we cannot study its stability.

6.1 Thermodynamics

We would like to briefly compare the behaviours of the two branches. The ADM
energy density for these solutions is

(27'0 +7‘A2 +f6)

E =
4G ’

(6.1)

where G is Newton’s constant. For the horizon branch, this gives

By = — +\/—Tg+7°+\/—7‘3+ 3 (6.2)
) ey T / 5 T 5 .
g\ 0 4 2 4 ®

while for the shell branch,
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The difference between the ro = 0 solutions is AE = |ry|/2G!. For M < N, we
need to add this much energy to the extremal solution before we can get solutions
on the horizon branch.

The entropy and temperature on the horizon branch are easily obtained from

the metric (3.32)2, giving

A gr ) N
SM:thguﬁwme+mW% (6.4)
Ty = ! (6.5)
ho 47((7‘0—}-722)1/2(7‘0-{-7/\‘6)1/2. '
For the shell branch, we must use the interior solution (3.38), which gives
A ary?

S = 355 =~ Ha(r6)"* H(rg) """, (6.6)

1 K(re) 1/2
T = : 6.7
A o), &0

On the horizon branch, we see that the temperature is a monotonic function of rg,
and hence the specific heat is always negative. For the shell branch, we cannot
evaluate the specific heat, as we do not know r{{rg).

The ambiguity in the interior solution on the shell branch prevents us from
comparing the entropies of the two solutions for most values of the parameters.
However, we can make a comparison at large energies, when ro > 5, 76. Then |

2
mTo

i Shb ~— = 47TGE}21,1)’ (6.8)

o~ —
oG G

as for an uncharged black hole, while for the shell branch,

3/8 "2 3/8
To i [V, 515 (Vi
Ep~-L Sy~ () x~i1ergr2O () | 6.9
*Tae TG (v) T \ Y (69)

Since 1y < 19 and V,/V is a small parameter, we conclude that the entropy is larger
on the horizon branch at large mass. Thus, at least for large fixed mass, we would

expect the horizon branch to dominate.

IThis seems to fit nicely with the result obtained in Section 5.4.

2More details on the temperature calculation can be gound in Appendix D.
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It would also be interesting to compare the entropies at fixed low temperature
(so again 7o > 79, 7¢). Unfortunately, this is not so straightforward. On the horizon

branch,

1 1
The ~ pp—

N — 1
T Sho 16nGTR’ (6.10)

but on the shell branch,

1 I\ —1/2
Ty~ —— ( - T-“) , (6.11)

3/8 3/8 I\ ~1
re To 1 o Th
b N3 1—— ~———[1— — - — . 6.12
St G ( Te> 167GT? ( re> ( Te (6.12)

Thus, whether Sy, is smaller or larger than Sy in this regime depends on how close

S0

l

Ty can be to ro. Surprisingly, if it is sufficiently close, S, can be the larger.

Thus, we see that thermodynamic considerations suggest that at least for large
masses, the horizon branch should be the preferred one. Detailed investigation of
the thermodynamics is hampered by the fact that we don’t know how r{, varies with
ro. Black hole thermodynamics depends on studying the static vacuum solutions
as functions of the parameters, so the presence of an unphysical one-parameter
ambiguity in our family of solutions is a serious impediment.

The thermodynamic structure here fits nicely with an interesting suggestion
in [149]. In some cases, black hole solutions should exist only for temperatures
greater than a critical value. We saw that for the non-extremal enhangon, solutions
with a regular event horizon exist only for values of the non-extremality parame-
ter greater than a critical value—that is, for sufficiently large energies. There also

appears to be a maximum temperature for these solutions, but no minimum.

6.2 Horizon-branch stability

Let us study the perturbations for the horizon branch solutions. The appropriate
boundary conditions are then just that the linearised perturbations should be regular
on the horizon r = ry and at infinity. The solutions of the equations (5.3,5.8,5.13)
behave as

O, Wy, Zg — (1 — 7’o)ﬂa &= (ro+ 722)1/2(7'0 + ’fs)l/QU (6.13)
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as r — 1y, and they behave as
®, Wy, Zg — " (6.14)

as 7 — 00. We wish to know if there is some o such that we obtain a solution where
D, Uy, Zg all have decaying behaviour both at infinity and the horizon.

We have investigated this question numerically, using the same relaxation method
as for the extremal case, to search for solutions satisfying the boundary conditions.
We start from a trial solution satisfying the falloff conditions at the horizon and
infinity, with a smooth interpolation with no nodes (as we are most interested in the
instability with largest o, which we would expect to have no nodes). We then relax
®, Uy, Zg, 0 to see if we can reach a solution of the equations of motion. We have
explored a wide range of the free parameters 7g, 73, 79 of the background solution,
and we never find any instability. The relaxation process fails to converge.

This is the expected result for large non-extremality; in this limit, the horizon
branch solutions approach a four-dimensional Schwarzschild metric smeared over the
K3 and longitudinal z, x5 directions, and this Schwarzschild metric is known to be
stable against the kind of perturbations we are considering [196] (note that our per-
turbations are assumed independent of the longitudinal coordinates, so the Gregory-
Laflamme instability [204,205] which will appear if the z;,z, are non-compact is
absent from this analysis).

The non-trivial result is that this stability persists over the whole of the horizon
branch. Thus, the linearised stability analysis has revealed no sign of any transition
from this branch of solutions to any other solution as the mass decreases. This is
very interesting; although it does not rule out such a transition, the horizon branch
has passed the first test we could subject it to, and provides the best available
description of the non-extremal enhangon physics in the region where it is available.
This leads us to suspect that there is no other supergravity solution describing
enhancon physics for the range of parameters where the horizon branch solution
exists. In the next Chapter we will find that the horizon branch is the only solution
of the supergravity equations preserving, the appropriate charges and symmetries,

with a horizon.

e
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6.3 Shell branch violates weak energy condition

When we reviewed the shell branch of the non—extremal enhancon solutions we
showed that there were two features of this solution which we could not explain.
One was the fact that when the volume of the compactification manifold went to
infinity, the solution instead of reproducing the usual unwrapped non—extremal D6—
branes it reproduces a solution of non—extremal D6-branes with additional dilaton
hair. One other fact was a free parameter r; which could not be specified by the
physics of the shell.

In fact it turns out that it is not just this freedom to specify r{ which is un-
physical: the shell branch solution given above is unphysical for any value of 7{, as
the stress tensor of the shell required to match the exterior and interior solutions
violates the weak energy condition.

This is easily seen by considering the tf component of the stress tensor of the
thin shell (3.60), resulting from the Israel junction conditions [129]:

Zy 7y 4 L(r)
2+ 41~ G 6.15
Zy Zg T ( K(r) " ( )

1
V GT?‘

This determines the energy density p of the thin shell, which scales as

Zh 7L 4 L(r)
~—2_ 64 - -1 6.16

QKLQS“ =

The second term is always positive, as 7 > 0, implying that Zé < 0 (that is, Zs
is decreasing as r increases). We generally assume that rj < ro, so L(r) > K(r),
implying that the third term is positive. However, for solutions on the shell branch,
79 < 0, so the first term is negative.

If we consider a shell at large radius,

7A"Q + 7A’6 -+ 2(T0 — 76)
p~ - ,

(6.17)

and the negative contribution from 75 is always balanced by the positive contribu-
tions from the other terms, to give a positive answer. This is just another way of
saying that the exterior solution has a positive ADM mass (in fact, its ADM mass

is greater than the mass of the extremal solution).
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6.3. Shell branch violates weak energy condition

However, this is not what we want to consider. The solution is only supposed

to model physical DG-branes, by the argument reviewed in Chapter 3, if the radius
of the shell is close to the enhangon radius (3.37). In the non-extremal case, the
branes feel an attractive force in the exterior geometry [129], so they will again not

stop until they start to smear out at the enhangon radius.

When we consider a shell at the enhangon radius, the energy density p will be
¥ 50 p in (6.16) can be rewritten as

Zy _

negative. At the enhancon radius, 7
7o 1 Vi g 4 L(re)

~—=——— |14 == — — 6.18

Te Zo ( + Vfg) Te ( K(re) (6.18)

On the shell branch, 7, is negative, and |7s/72| < V/V., so the first term is negative.
When V, /V is small, 7y is small, and the first term will dominate over the second,

so that the overall energy density of the shell will be negative. Now we need V' > V,

for this supergravity analysis to be relevant; so in the regime where this description

is supposed to apply, the energy density of the shell is negative.
One can extend this discussion to consider solutions on the shell branch with
The expression for the energy density of the shell

additional D2-brane charge.
becomes more complicated in this case, and we have not been able to find a simple
argument that it will always be negative, but numerical investigation shows that the

energy density of the shell is negative for all values of the parameters that we tried
Since the

also in this more general case.
Thus, the weak energy condition is violated on the shell branch.
D6-branes which this shell is supposed to model have positive energy densities, this

implies that the shell branch solution does not correctly describe small perturbations

away from the enhancon solution.

One possibility is that this signals a breakdown of the thin-shell approximation
for small departures from extremality. There is some evidence for this interpretation
coming from the study of probe branes. In the BPS case considered previously, we

had a moduli space of solutions of the classical equations of motion, and we argued
that we could choose all the sources to lie at as small a radius as possible, justifying
the thin shell picture. In thermal equilibrium at some non-zero temperature, the

constituent branes will carry thermal kinetic energy, and it is not clear that the inter-
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brane interactions will be sufficient to restrain the branes within a narrow range in
r. Near extremality, the average extra energy per brane scales as ro/N, while the
typical scale of the effective potential seen by a probe brane in the exterior region is
Vegg ~ 1o/Te ~ 1o/N, so it is not clear that branes in the enhangon shell will remain

confined to a thin layer when we add some thermal energy.

6.4 Summary

In this chapter, we have investigated the physics of non-extremal enhangon solutions.
We have found that the shell branch of non-extremal repulson solutions appears to
be generically unphysical. The singularity in this solution cannot be removed by
excising the region inside the enhancon radius and matching to a smooth interior
across a physical enhancon shell. If we attempt to impose such a matching, the shell
required to achieve it will violate the Weak Energy Condition. The puzzling features
of the shell branch reviewed in Chapter 3, have found their explanation through this
result. Since the supergravity solutions with these features violate the Weak Energy
Condition, these properties do not represent the real physics of wrapped D6-branes.

Regarding the horizon branch, the numerical investigation showed that it is sta-
ble under the linearised perturbations described by the ansatz (4.1). Its stability
persisted over a wide range of the parameters 79, ¢ and ro. This result comes as no
surprise, just as in the extremal case. The reason is that the horizon branch resem-
bles a four—dimensional Schwarzschild black hole (in the large mass limit) smeared
over the K3 and the two longitudinal directions. Four—dimensional Schwarzschild
is known to be stable under linear perturbations [196].

There is an interesting point in the stability analysis of the horizon branch. Be-
cause it is stable over the whole range of parameters, there is no potential instability
which would signal the existence of a new family of solutions which might connect
to the extremal enhancon. While this is not a proof, it is a plausible scenario.

What of small perturbations away from the extremal enhangon solution, where
there is no horizon branch? We do not have a supergravity solution which describes

them, but we do not feel this implies some pathology in the physics. It may be
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that the physics of non-extreme enhangons is not captured by a purely supergravity
solution. They could involve non-trivial non-abelian gauge fields [147], or branes
distributed in a ‘thick shell’ over some finite range in the radial coordinate. Alter-
natively, it may be that the appropriate solutions lie outside the ansatz we have
considered here. So we need to find more general solutions describing non-extremal

enhancons. This will be the subject of the next chapter.



Chapter 7

General enhancon solutions

In Chapter 3 we saw that there are non—extremal versions of the enhangon and it
was noted that there are two different branches of solutions: the horizon branch,
which always has a regular event horizon, and the shell branch, which always has
an enhancon shell outside of the horizon (if any). The horizon branch approaches
an uncharged black hole at large masses, so it is clearly physically relevant in this
regime, but no solution on this branch exists for a finite range of masses above the
BPS solution. Furthermore, the horizon branch solution does not exhibit the same
physics as the extreme case, as it does not necessarily involve an enhancon shell. The
shell branch, on the other hand, approaches the BPS solution as a parameter goes
to zero, and always involves an enhancon shell. It thus represents a non-extremal
generalisation of the singularity resolution in the BPS metric.

However, as shown in the previous chapter, this geometry is unphysical, as it
violates the Weak Energy Condition (WEC). Thus, to find a non-extremal gen-
eralisation of the enhangon, we must look for more general solutions. A further
motivation for looking for more general solutions is the confusing two-branch struc-
ture in the existing solutions: near extremality, the only solution is the shell branch,
which smoothly approaches the BPS solution of [127]. However, far from extremal-
ity, we would expect the horizon branch, which approaches an uncharged black hole
solution for large masses, to be the correct solution. The transition between these
two branches is an important unresolved problem.

In this chapter, we will extend our investigation of non-extremal solutions, by
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finding the most general solution of the supergravity equations of motion with the
correct symmetry and charges to correspond to a non-extremal enhancon solution.
We will show that there are two families of asymptotically flat solutions, corre-
sponding to extensions of the horizon branch and shell branch found previously.
We demonstrate that the only solution with a regular event horizon is the horizon
branch solution. Considering the shell branch, we will show that the general family
of solutions we construct satisfies the WEC for certain ranges of parameters. We
then discuss the additional input that would be required to fix these parameters
to obtain a physical solution describing a real non-extreme generalisation of the
enhancon.

We start by giving a brief description of the supergravity equations. We Kaluza—-
Klein reduce to four dimensions and specify an ansatz for the four dimensional
solution. We write down the equations of motion for the metric components and
the additional fields. Although it looks like a complicated system of differential
equations, we can solve them analytically. We provide the most general solutions.

Then we try to see if there are any solutions to these equations that could look
like enhangons. By imposing the appropriate boundary conditions we found the
solutions that describe the horizon branch. Imposing regularity of the solution at
the event horizon fixes the remaining free parameters, showing that the unique
solution with a regular horizon is, as expected, the horizon branch solution.

Then we turn to the shell branch. Initially we study the extremal case. We
find generalised solutions but they are not physical. We expect that the enhancon
shell should be modelled by wrapped D6-branes over a two sphere, and studying
the Israel junction conditions, we find that this model is correct only for the original
BPS solution.

Turning to the non—extremal case, we find general solutions with additional hair.
The freedom to add ‘hair’ to the exterior solution arises because the form of the shell
stress tensor is not completely fixed. In this way we can circumvent the violation of
the Weak Energy Condition that was the case for the original shell branch solution.
Unfortunately, we need more input from physics beyond supergravity to determine

the stress—energy tensor, which we do not have available for the non-extreme cases.
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7.1 Supergravity equations

Our aim is to extend previous studies of the extreme and non—extreme enhancon
solutions, by finding the most general solutions of the supergravity equations con-
sistent with the appropriate symmetries. In this section, we will write the metric
in a convenient way, and reduce the supergravity equations of motion to a simple
system of equations for the free functions in the metric.

We want to describe a system built up from excited D-branes wrapped on K3.
As usual, we will focus mainly on the case of D6-branes, to simplify formulae. We
describe the results of the analysis for wrapped D4- and D5-branes at the end of
this section. For D6-branes, we should consider ten-dimensional metrics which are
static and have two flat non-compact directions and a compact K3 factor along the
branes. We assume that the metric is independent of the non-compact longitudinal
directions, and that only the overall volume of the K3 varies over the transverse
space. It is then natural to proceed by Kaluza-Klein reducing from ten to four
dimensions.

In ten dimensions, we have the Type IIA 10D supergravity action (in string
frame)

1
Si0= 5o [ d"°2v/=Cio (72" [Ruo + 4(0%10)°] — |Fo " — |F) ") . (7.1)
10

In Kaluza-Klein reducing, we write the ten-dimensional metric in an ansatz
dS?, = dS; + eBdmﬁ + eD/ﬁdsi(g, (7.2)

where dxﬁ = dx? + dz3 is a flat metric on the non-compact longitudinal directions,
we assume that Fig) = fo A €x3, where gy is the volume form determined by the
unit K3 metric ds;, and we assume that f, and Fjs) are non-zero only in the four
dimensions contained in dS?. Then, following the classic technique of Maharana &

Schwarz [221], we can obtain an action for the four-dimensional fields,

L ,
Sy = — [ d'z\/—Gyle R4+4(8¢4)2—é(aB)Q—%(aD)Q) (7.3)

2K3 .

—GB+\/§D|F~2|2 _ GB‘ﬁleQF), (7.4)
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where the four-dimensional dilaton ¢, = ®,9 —~ B/2 — D/+/2. We can convert this

4D action to Einstein frame by writing

Guv = €_2¢4GHV' (7'5)
The result is
1 4 1 2 1 2 1 2
Sy = F d’zy _‘94(R4E‘ - _<0(I)4) - _(83) - _(aD) (76)
K 2 2 2
_8B+\/§D|F2l2 _ eB—\/—2—D|f2l2)7 (7.7)

where we have defined ®; = 2¢, to obtain canonically normalised kinetic terms.
Henceforth, we will work in Einstein frame for the 4D metric.
This process of Kaluza-Klein reduction has already led to one striking simplifi-

cation: the dilaton is completely decoupled,
V20, =0. (7.8)
The other two scalars have slightly more complicated behaviour:
V2B = P[|R|2eV?P + | fo]?e VD), (7.9)
V2D = B[R e — | fy[2e~VD] . (7.10)

V2

The equations of motion for the gauge fields take the usual form,
V,(ePHVIPEmy — 0 v, (PVP vy = 0, (7.11)

We now wish to specify our ansatz for the four-dimensional metric. We assume that
the metric is spherically symmetric in the three-dimensional space transverse to the
branes, so the metric and scalar fields will only depend on the radial coordinate r

in the transverse space. Thus, we take the metric ansatz
dsip = —e2AM gy em(r)(dr2 + 72dQ3), (7.12)

choosing an isotropic gauge for the radial coordinate. Since we wish to consider
a system of DG-branes, which are magnetically charged under F9), and carry an

induced D2-brane charge, which is a magnetic charge under Fig), we take the ansitze

for the field strengths to be

(7.13)
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where €g2 is the volume form corresponding to the unit sphere metric dQ22. As the
D2-brane charge arises from a curvature coupling of the D6-branes wrapped on K3,
it is related to the D6-brane charge through |g2| = (V./V)|Q2| [127]. These ansatze
satisfy the gauge field equations of motion (7.11).

With this ansatz, the Einstein equations for the four-dimensional metric reduce

to (where ' denotes &)

4 1
2C" + (C")? + ¢ = ~Z((<I>;)2 + (B + (D)%) (7.14)
1 eB—QC 3
— e (€PPQ PP,
2 1
(C')? + ~(C'+ A) +24C" = Z((<I>ﬁ1)2 + (B + (D)%) (7.15)
1 eB—-ZC a
_1—4(6\/§DQ% +e \/§Dq§)7
T
1 1
AT HCT (AP + (A +C) = —2((2)" + (B) + (D)) (7.16)
1572  apye . vaD 2
ZT—4(€ QQ +e 4> ),
and the scalar equations become
2
<I>ﬁ,’+<1>;(;+A’+C’) =0, (7.17)
2 1 B-2C
B'+B/(+A+C) = EETT(eﬁDQg +eV2Dg2y, (7.18)
and
9 1 B-2C
D'+ D(-+A+C) = %eT(eﬁDQg — e Vg2, (7.19)

We have reduced the problem of finding the general solution subject to the as-
sumed symmetries to solving this system of equations for the five unknown functions
A, B,C, D, ®,. This seems like a complicated coupled system of equations, but in
fact it conceals some remarkable simplifications. If we introduce new functions

a(r) = A+ C, ¢(r) = C + B/2, (7.15) + (7.16) gives
5 3
d'+ (a')* + =d =0, (7.20)
,
a completely decoupled equation for a. Similarly, (7.14)+(7.15)+(7.18) gives

2 1
"+ [— + (IIJ + —-a' =0, (7.21)
T r
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which can be rearranged to write
[cr%e") = —re®d. (7.22)
Similarly, (7.17) can be rewritten as
[®) %] = 0. (7.23)

These equations are solvable once we know a. Furthermore, if we define z¢ =

—B - D/v/2 and 3 = —B + D/v/2, then —2(7.18) —+/2(7.19) becomes

ea—2c
[zprle?) = — — 272, (7.24)
We choose to rewrite this as
rle®[zprie®) = —e2(a_C)Q§e_2“. (7.25)

Similarly, —2(7.18) ++v/2(7.19) can be rewritten as
rletzhrie®] = —e2am)gle % (7.26)

We now have a much simplified system of equations in terms of the functions
a,c, g, T, y. Before proceeding to solve these equations, let us express our ansatz

for the ten-dimensional fields in terms of these variables for future reference:

dS2, = —ePete-9-F-F 2 | e—%"‘—%dzﬁ + Pt 2T F (gr? 4 r2d0Ry.27)
_{_e%z—%ﬁdsgf?n

with ten-dimensional dilaton

(1)4 ) 31136
D= — +— - =2 7.28
=S (7.28)
and gauge fields
Floy = Qa¢es2,  Fg) = qaes2 N ek, (7.29)

Note the familiar way in which the functions zs, g appear in the metric and dilaton.
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7.1.1 General solutions of the field equations

We now proceed to solve the equations. The solution of (7.20) is

2
a = In (1 - T—’;) + O (7.30)
Then 72e¢* = (r? — r2)e®!, and we can easily see that the solution of (7.23) is
Dy = A ln (T * Th) + Co, (7.31)
T —Th
and (7.22) is solved by
c=2In <1+T—h)+Agln (T”h) +Cs. (7.32)
T T —Th
Then
24 2 2(A2+1
p2a—c) _ rt r—Th) o—2Cs r?—rh Q20— (T Th (et )82(01—03)
(r+r)* \r+ms 72 T+ Th '
(7.33)
Plugging this into (7.25) gives
r—r 2(A2+1)
R e e e I e 5
T+

and similarly

(7.35)

2 2 2 2 2 9 9c, [T —Th A2+
(r* — )0 ((r° — 1) 0r22)e™™ = —qze” " | —— )
T+ 7T

These are non-linear equations, but nonetheless they have a closed-form solution.

To solve them, it is convenient to introduce a new independent variable,

z=1In (T — Th) , (7.36)

T+ T

so that these equations become

2256 — _Q36_203 2(Az+1)z 7.37

- L6€ = 472 € ) ( . )
h

O2z.e2%2 — _‘J%@_m 2(Az-+1)z 7.38

Croe " = o, e . (7.38)
h

The general solutions of these equations is

ze =1In{a— Qje™ g2 Atz )y (7.39)
1672 (As + v + 1)%a '

2o = In /3 o q%e_QCB 62(/‘\2”’H+1)2 S
1677 (As + k + 1)283

&

(7.40)
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7.1.2 Other cases

We can carry out a similar analysis for the cases of D4-branes wrapped on K3 in ITA
and Db-branes wrapped on K3 in I1B. We will just briefly state the results, pointing
out a few minor differences relative to the D6-brane case discussed in detail above.

For the D4-branes, we write the ten-dimensional string frame metric in the form

dSy, = —etebeemF T 4 ezce%hrmTO((Jl7’2 + r2dQ3) (7.41)
+eﬂ21_%ds§<3,

and write the ten-dimensional dilaton as

Ty 3330
o= ——+—~ 7.42
10 = 1 + 1 ( )
and gauge fields as
Flay = Quess,  Fis) = quess Nek. (7.43)

We then obtain simple equations for the functions a,c, z4, o, as in the previous
case. Note that the absence of any unwrapped directions along the brane implies
that there is one less scalar field in the dimensional reduction here; it is the decoupled
scalar that we lose.

The general solution is

ré
a(r) = In <1 — —) +Ch, (7.44)
1 3 3
c(r) = 3 [2 In ( ) + Ailn (;L:g) + Cg] , (7.45)
—'h
Q2 ~2C
7:4(7") = In (a 1446 A1 o 1) 62(A1+7+1)Z> — vz, (7.46)
A
qu——ZCQ oA
zo(r) = (5 144r5(A; + ki + 1)28° | IMH)Z) o (7.47)
A

where

3 3
e — 75
z=1In| — = 7.48
(7“‘ + r;”:> (745)
For the case of D5-branes in type IIB, we write the ten-dimensional string frame
metric in the form

T

2 2 ____L ~I5 X1 Z5 . I P
dSi, = —e* P et o7 2 da? 4 e T (dr? (7.49)

x x5 -
2% g2

+17dQ3) + e
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where z is the single unwrapped brane direction, and write the ten-dimensional

dilaton as

3 Ty T
Po=gp— 5+ 7.50
10 2<P 5 + 5 ( )
and gauge fields as
Flay = @sess,  Flr) = qaess Negs. (7.51)

We then obtain simple equations for the functions a,c, ¢, zs, ;. In this case, the
combination ¢ which decouples is not the same as the five-dimensional dilaton.

The general solution is

4

a(r) = In (1 - T—Z) +Cy, (7.52)
2, .2

p(r) = Ailn <T2 - T’;) +Cy (7.53)
T2 — 17

1 2 r? +r} ,
C(’r) = 5 |:2 In (1 -+ T—Q) + A2 In (7‘2 — T}QL —+ 63 , (754)
z5(2) = In|a-— Qe " ePArtArtYtDz )y (7.55)
‘ 64ri(As + A1 + v+ 1) ’
gae 20— 2Ag+A1+x+1)
-1 _ 2rArtRtEl)z ) 7.56
n(z) = In (5 64ri(Ay + A + r 1 1)26° ) vz, (1:56)

where

2 .2
z:ln<T T'l). (7.57)

T2 4712
We see that the solutions obtained in both these cases are very similar in form to

the case of D6-branes.

7.2 New enhancons?

In the last section, we found the general solution of the supergravity equations of
motion subject to the symmetries associated with an enhancon-like solution. The
solution has a simple closed form. It generalises the known solutions, introducing
a number of constants of integration. We would now like to see if this leads to any

new physical enhangon solutions.! We will just discuss the DG-brane case; the other

!'Note that we have not introduced any enhangon shells, so at this stage we are really looking
for more general analogues of the repulson solution—that is, what we are discussing is the solution

exterior to any enhancon shell.
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cases will clearly be very similar.

We first need to impose the condition of asymptotic flatness, which will fix some
of the constants. To impose asymptotic flatness, we require that all the functions fall
off as 1/r at large r. In the case of &y, this corresponds to a choice of gauge, defining
the ten-dimensional dilaton so that ®19(c0) = 0. Examining (7.30,7.31,7.32), we see
that this fixes C} = Cy = C3 = 0. From (7.39,7.40), we obtain non-trivial equations

for a and £,

Q3
_ —1, 7.58
“ 1672(Ay + v+ 1)%a (7.58)
q2
6 2 =1, (7.59)

1672 (Ay + K+ 1)28

with solutions

_1 Q3 1 g3
a_Q(liM1+4Tﬁ(A2+7+1)2)’ 6—2(1i\/1+4r§(A2+ﬁ+1)2)' (7.60)

It turns out to be convenient to rewrite these as

1
Cdrp(As v+ 1)

a (ZTh(Ag +v+1) £ \/Q% +4r2(Ag + v + 1)2) . (7.61)

1
Cdrp(As+ R+ 1)

<2rh(A2 +r+1)% \/qg +4r2 (A + K+ 1)2) : (7.62)

Thus, the most general asymptotically flat solution is

7"2
a=In ( - T—’;) , (7.63)

B,= A lIn <T+T”> , (7.64)
T —Th
c=2In (1+E>+Agln <T+Th), (7.65)
T T —Th

~2(Ag+y+1)
z¢ = In (a-(a—l) (T+Th') ) +~v1In <T+Th>, (7.66)
T —7Th r—7Th

—2(Az2+k+1) . )
2= ln (B— (B-1) (:j?;) )Jmln (:f:) (7.67)

with a and 3 given by (7.61,7.62).

To begin to analyse the physics of these solutions, we note that there are two

kinds of potential singularities in the solution (7.63-7.67). There is a sineularity at
I g 2 3
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r = 13, where a — —o0, and other functions may diverge. Since a — —oo gives
goo — 0in (7.27), this singularity could correspond to an event horizon, if we choose
other constants of integration appropriately. However, there is another possible
singularity; if we choose the lower sign in either (7.61) or (7.62), there will be a
singularity in (7.66) or (7.67) respectively at some r > rj,. This type of singularity
is the analogue of the repulson singularity in the original enhangon story [127]. We
see that, as in the discussion of non-extreme enhancons in [129], it arises from a
discrete choice: there are different branches of solutions. Henceforth, we will assume
that we take the positive sign in (7.61), and we will refer to the solution where we
take the positive sign in (7.62) as the horizon branch, and to the solution where we
take the negative sign in (7.62) as the shell branch. The shell branch solutions will

only be valid outside of an enhancon shell.?

7.2.1 Uniqueness of the horizon branch

Addressing first the horizon branch, we will see that the only solution where the
coordinate singularity at 7 = rp, is a regular event horizon is the horizon branch
solution found previously in [129]. For 7 = 7, to be a regular horizon, we clearly need
the ten-dimensional dilaton @y to remain finite at r = r,. We should also require
that the volume of the two-sphere and K3 components of the metric remain finite
there, to avoid any diverging curvature invariants. Furthermore, we must require
that the factor in front of the d:z:ﬁ directions remain finite: as argued in [222], a
divergence of such a component may not lead to diverging curvature invariants, but
it does cause a divergence in components of the curvature in a suitable orthonormal
frame. Taken together, these conditions require that c, ®4, z, and zg are finite at

r = 7. That is, they impose A; = Ay =v=x =0.

2Solutions on the horizon branch do not have a repulson singularity, but they may nonetheless
have a non-trivial enhangon shell appearing in them, if the K3 volume in (7.27) reaches string-scale
outside the horizon (see [129] for details). We will ignore this issue in what follows; similar general

remarks to those we make for the non-extremal solutions on the shell hranch will apply in this

case.
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Thus, we have a unique solution with a regular horizon. It has

2
_ _Th — 0 ¢— Th
a=1In (1 7“2) P, =0,c=2In (1 + " ) , (7.68)
-2 2 2 2Y1/2 2
rg=In|a—(a—1) ] —1In( + (Qa+dry) Tr 4 . (7.69)
T — T (r+711)?
. -2 .2 2 2\1/2 2
4
p=In|g—(B—1) i (@A) T AT g g
T —Th (r+mh)

where in the above we have used the values of o, from (7.61,7.62), taking the
positive sign in both equations. Using (7.27), this can be easily shown to be identical
to the horizon branch solution (3.32) written in isotropic coordinates.

Thus, we find that the unique solution consistent with the symmetries we expect
the enhangon to have possessing a regular event horizon is the horizon-branch solu-
tion found before. This is perhaps not a surprising result, but it is quite satisfying
to be able to extend the analysis of a particular ansatz undertaken in [129] to a

consideration of the most general form of non—-extreme enhangon metric.

7.2.2 Shell branch: Extremal solutions

We turn now to a discussion of the shell branch. As usual in discussions of the
enhancon mechanism, it is useful to first consider the extreme case, and then extend
this to non—extreme solutions. Let us therefore consider what happens to the general
solution (7.63-7.67) if we take r, = 0.

This will depend on how we take the limit. If we take r, — 0 with Ay, Ag, &,y
held fixed, then we recover the usual extremal solution. We will get a = &4 = ¢ = 0,

o~ |Q2| ~ —|Q2|
drp(Ag +vy+ 1) dr(Ag + K+ 1)

(7.71)

(recalling that we are considering the shell branch, so we take the negative sign in

(7.62)), which gives

T =~ In <1 —+ af4(A2 Ll 1)7nh> ~ In <1 + 'Q_2|> 7 (7.72)

T T

4(Ay + K + 1)),
1y == In <1+/3 ( 2+f+ )”> ~ In <1—@>, (7.73)

1 r
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which gives us the exterior metric of the BPS enhangon solution of [127].
On the other hand, we could take the limit 7, — 0 with A, = A;7, etc held

fixed, which will give a more general extremal solution. This still has a = 0, but

now B
24,
24
&, = 21 (7.75)
T
and
ze = In (a —(a— 1)6_4(AT H)> +22 (7.76)
T
zp=In (ﬁ (B - 1) ”’) 428 (7.77)
T
In this limit, (7.61,7.62) become
a=——[2(A+7) +1/Q2 +4(A +&2), 7.78
o (2 )+ @i+ (779
8= 1 (2(A2 +R) — \/qg + 4(A; + k)?) . (7.79)
4(Az + k)

These additional solutions look similar to the exterior solution in the familiar
BPS enhangon to some extent; they have a singularity at some 7 > 0, where zo —
—o0, implying that the volume of the K3 goes to zero. We wish to ask if we can
build a physical solution where this singularity is resolved. To resolve the singularity,
we need to be able to consistently excise the region inside the radius where the K3
volume reaches the self-dual point, replacing it with flat space by introducing a shell
of branes at this radius.

If we consider the junction between this solution and flat space, we can define the
shell stress tensor in terms of the discontinuity in the extrinsic curvature [129,193],
as we did in Chapter 3.

Assuming the interior metric is flat, K,z = 0, so yap = K:{B. The components
of the stress tensor for a general metric of the form (7.27) are then

1
S“ = 5 (4CI + 33/2 + CEé;)Gtt, (780)
52/ Gy

(2a' + 2¢ + @) + 25 + 25) G0, (7.81)

=
K 7
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1 /
1
S = W(2a’ +2¢ + ) + 76)Gap, (7.83)

where indices p, v run over the non-compact longitudinal directions, 4,5 run over
the S? directions, and a, b run over the K3 directions. We thus see that S;; = 0 for
any solution with r, = 0, as we would expect for an extremal solution.

Since the stress tensor in the sphere directions vanishes, it is natural to see what
happens if we try to model the source for this shell by a collection of fundamental
branes, generalising the BPS enhancon solution. The DBI action for wrapped D6-

branes is the same as earlier (3.53) and plugging in the metric (7.27), we obtain

S = — /dsge“_c(,uﬁe“ms — pge”%?). (7.84)

Since the action does not couple to the 4d dilaton ®4, it cannot source a discon-
tinuity in this field; thus, we must set A; = 0. The action has a Lorentz symmetry
relating the time direction and the non-compact spatial directions; we can therefore
only use it as the source if the shell stress tensor also respects this symmetry, which
forces us to set Ay = 0. We are then just left with the terms coming from z}, and =
in the stress-energy. If these are to be sourced by the brane action, these functions
need to satisfy z,e®* = constant, zze™® = constant. These constraints force us to set
4 = Kk = 0. This gives us back the usual BPS enhangon solution.

Thus, while we have found additional solutions with r, = 0, these are not phys-
ical extreme enhangon solutions, in the sense that they do not correspond to the
geometry sourced by a collection of BPS branes. Requiring that the shell stress
tensor have the appropriate form to correspond to the brane sources completely
fixes the constants of integration in the solution. That is, in the extreme case at
least, our usual no-hair intuition continues to hold. The additional parameters do
not actually correspond to a family of generalised physical solutions; the only truly
physical solution is the usual one.

In passing, it is interesting to note the effect of the deformations in the more
general solution on the asymptotics of the solution—in particular, on the ADM mass.

If we just consider turning the x parameter on slightly, modifying the behaviour of
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T, its asymptotics will be

"2 (1 + 4(—5_—%) (1 + 2—”’) . (7.85)

5~ Zl2l (1 - 2i> , (7.86)

Assuming k& < q% )

4k |g2]
SO
i
e o p - 122l 2R (7.87)
T T

The effect of this will be that positive values of % increase the ADM mass. This
teaches us two things: first, the solutions with & # 0 are clearly not supersymmetric,
since they do not saturate the BPS bound. Second, this suggests a potentially useful

way to correct the problem with the WEC in the non—extreme case.

7.2.3 Shell branch: Non—Extremal solutions

Let us now consider the non-extreme shell branch, where we take r, # 0. We have
the freedom to consider any solution in the general family (7.63-7.67). However, in
this section, we will focus just on the effects of turning on the parameter x which
modifies the behaviour of 5. The philosophy underlying this approach is that we
need to focus on a subset of the possible deformations to keep the formulae arising
in the discussion of manageable complexity, and this seems to be the most natural
deformation to consider, since it is x5 which already has ‘unusual’ behaviour in any
shell branch solution. We will show that turning on this deformation is sufficient to
produce solutions which do not violate the WEC.

Let us first review the argument that the WEC is violated in the usual non-
extremal shell branch solution using the notation of this chapter. The non-extremal
solution considered in Chapter 6 is the special case of the general asymptotically
flat solution (7.63-7.67) where A = Ay = v = k = 0, and we take the negative sign

in (7.62). From the metric (7.27) we see that the enhancon radius is given by

TroQ—T
276 —

(7.88)

<=

For the non-extreme shell branch solution of [129] in our coordinates, this becomes

(B-(B-1)e*) _V,
(@ — (o —1)e?2) Vv’

(7.89)
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We assume that we excise the portion of the solution inside this radius and replace
it with either flat space or a horizon branch solution. There is then a discontinuity
at this radius, corresponding to a shell whose stress tensor is calculated as in the
extremal case in the previous subsection. Assuming the interior solution is still flat
(which maximises the shell’s contribution to the overall ADM mass), we see from

(7.80) that the shell energy density is
pox —zh — xg — 4c. (7.90)

The zi and ¢’ terms make positive contributions to the energy density. However,
the choice of the negative sign in (7.62) implies that 8 < 0, and as a consequence

the first term is negative;

—CL‘, _ 2(1 - :6)822
L (B (B-1)e )

To see that this negative term dominates, we first write the first two terms together,

using (7.89),

d,z < 0. (7.91)

— Ty — T = — 2(1— fle — ME 2 :
> =% = G (= D) (1 =5 V) o2 (7.92)

This expression is valid only at the enhangon radius z = z., where (7.89) is satisfied.

(a—1) Q3+ 4ri —2r, - 1%
(1 _:8) \/(]%‘1‘47',21—}-27"}1 ‘/*,

since |Q2|/|g2| = V/Vi. Thus, the first two terms together give a negative answer.

Now

(7.93)

Furthermore, for this supergravity analysis to be relevant, we need to assume that
Vi >V, so that higher-order corrections involving the K3 curvature are suppressed.

This implies by (7.89) that (8 — (8 — 1)e***) <« 1, so these terms will dominate over

the remaining positive term, —4¢ = Te(f;’irh). Thus, p < 0, and the shell violates
the WEC. The usual non—extreme enhangon solution thus cannot correspond to the
geometry sourced by a physical collection of branes.

A primary motivation for looking for more general solutions was to see how
general this problem is. We will now show that we can produce solutions where the

shell satisfies the WEC by generalising to non-zero values of . First. we note that

changing x will change the enhangon radius; (7.88) now implies

(B—(B—1)et=+bs)
(@—(a-Dez) © ~ vV

(7.94)
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The first two terms in the energy density are then

o [Ask DB e 1)e
I N D B e 1)&2)] o

(7.95)

Using (7.94), we can rewrite this as

L 2+ (1 - et (a-1) V. _,
T %= G G | DAV } Oz + 10, 47.96)

In this generalisation, it is still true that

(a—1) VQE+4r2 —2r, 1%

(s +1)(1-8) V@& +4(k + 1)} + 2(k + D)ry, < V.’ (7.97)

However, this does not imply that the factor in square brackets in (7.95) is positive.
For positive «, the factor of e™** > 1, and it can easily be made sufficiently large
to make this factor negative, at least for small values of r,. Note also that the
additional k0,2 term is also acting in the same direction for positive x. Thus, the
contribution of the zg term can dominate over that of the i, term for suitable values
of k, leading to a shell stress energy which satisfies the WEC.?

However, we still have the problem that the solution depends on constants of
integration, which seem to represent an unphysical freedom to modify the geometry.
Simply imposing the WEC cannot completely fix the constants of integration in the
solution. These parameters are best thought of as parameterising the shell stress
tensor, and are not wholly fixed at the supergravity level, because supergravity on its
own cannot completely determine the shell stress tensor. At the fundamental level,
there should be a definite form for this stress tensor, which will fix these parameters
(possibly up to some discrete choices). However, this will require some input from
physics beyond supergravity, which provides a real microphysical model for the shell
stress tensor, as the DBI action did in the BPS case.

Thus, we have a complete description of the solutions at the supergravity level
which satisfy the appropriate symmetry assumptions, and we can see that some of

them will satisfy the WEC, which is our primary physics constraint on them at this

3This seems a natural way to modify the solution to satisfy the WEC; however, other possibilities
certainly exist. For example. turning on a positive v will modify the stress-energy in a very similar

way. and can also lead to solutions which satisfy the WEC.
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level. However, since we do not have a microphysical model for the shells in the non—
extremal cases, we cannot determine which (if any) of this family of solutions actually

correspond to physical non—extreme generalisations of the enhancon mechanism.

7.3 Summary

We have been studying the extension of the enhangon mechanism to non-extremal,
finite temperature geometries. There are non-extremal versions of the enhancon
geometry, and there are two different branches of solutions: the horizon branch,
which always has a regular event horizon, and the shell branch, which always has
an enhancon shell outside of the horizon (if any).

In this chapter, we have extended this work by finding the most general solution
consistent with the symmetries and charges associated with the enhancon. These
solutions represent generalisations of the exterior geometry in the enhancon solution.
One of the constants of integration, r,, can be interpreted as a non-extremality
parameter, so these are generally non-extremal solutions. We find that the branch
structure noted in [129] and reviewed in Chapter 3 arises when we impose asymptotic
flatness: this results in a quadratic equation for one of the constants of integration,
with the two roots corresponding to the horizon branch and the shell branch.

Considering the horizon branch, and assuming that there is no shell outside of
the horizon, we showed that imposing regularity of the solution at the event horizon
fixes the remaining free parameters, showing that the unique solution with a regular
horizon is, as expected, the horizon branch solution. This solution reduces to an
uncharged black hole at large mass.

Considering the shell branch, we saw that we had a family of solutions at r;, = 0.
On the shell branch, we are considering singular supergravity metrics (there is a
delta-function singularity at the location of the shell), so we can no longer fix these
constants of integration by imposing regularity of the solution. However, the only
solution in this family for which the stress tensor of the shell inferred from the
supergravity solution is of the form predicted for a collection of wrapped branes by

the DBI action was the familiar BPS solution. Thus, we find that if we specify a
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particular form for the shell stress tensor, then as expected, there is no remaining
freedom in the form of the solution; the solution is completely described by giving
its conserved charges and ADM mass.

In the non-extreme case, the shell branch solution obtained in [129] is unphysical,
as it violates the weak energy condition. We have shown that this problem can be
circumvented by considering more general solutions. This provides us with a multi-
parameter family of solutions which satisfy all the constraints on physical solutions
at the supergravity level. This freedom to add ‘hair’ to the exterior solution arises
because the form of the shell stress tensor is not completely fixed. Indeed, the
four free parameters in the exterior solution correspond precisely to the freedom
to specify three components of the shell stress tensor and the discontinuity in the
dilaton, although the translation between the parameters and the stress tensor is
quite non-trivial. (The freedom to specify the shell stress in the sphere directions,
which is not affected by these parameters, corresponds to the further ambiguity
previously noted in [129], in the division of the energy above extremality between
the shell itself and a black hole inside the shell.) Thus, if we had a microphysical
model of the shell, we would expect to be able to fix all of this freedom. However,
this requires further input from physics beyond supergravity, which we do not have
available for the non-extreme cases.

Let us reiterate the essential difference between the two branches: on the horizon
branch, we seek a smooth supergravity solution. We can then determine the solution
uniquely without requiring additional input, as it does not involve explicit sources.
On the shell branch, the singularity can never be clothed by a horizon; we want to
describe its resolution by the expansion of the branes sourcing the geometry. We
cannot determine the appropriate geometry uniquely, as it involves explicit sources,
and we do not have a fundamental description of those sources for the non-extremal
case.

In fact, our lack of understanding of the non-extremal physics goes deeper: we
cannot exclude the possibility that none of these solutions provide an appropriate
physical description of a non-extremal enhancon. It is possible that the shell thickens

once we add some energy to it, invalidating the thin-shell approximation used here;
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alternatively, the non-abelian gauge fields which become light near the shell may

become important (this may even lead to violations of spherical symmetry) [147].



Conclusion

One of the main problems of classical gravity and the theory by which it is de-
scribed (General Relativity), is the existence of curvature singularities. One of the
motivations of a quantum theory of gravity is the resolution of these singularities.
By resolution we mean that quantum gravity should render as physical these sin-
gularities and explain the way we can do that. Nowadays string theory is the most
promising candidate of a quantum theory of gravity. String theory has a way to
resolve singularities in certain spaces such as orbifolds and conifolds. This hap-
pens because there are extra degrees of freedom, coming from the strings, which
resolve the singularity. We would like to do something similar with other spacetime
singularities.

A new mechanism for singularity resolution in string theory is the enhancon
mechanism [127]. This resolves a class of singularities dubbed the repulson [223],
[224]. This kind of spacetime preserves eight supercharges and has a naked singu-
larity. A test particle feels a repulsive force near the singularity, hence the name
repulson.

One can naively construct this spacetime using D-branes. In the prototype
example [127], one uses D6-branes wrapped on a K3 manifold. This manifold has
a non-trivial curvature which induces a negative D2-brane effective charge on the
unwrapped part of the worldvolume [177]. This brane is a composite object with a
modified effective tension, which can become zero or even negative. Using such an
object as a probe we see that the effective tension becomes zero at a special value
of the radius, called the enhangon radius, which is always ‘outside’ the singularity,
and is negative below that radius. This means that the probe cannot move further

to the origin. Trying to construct the repulson spacetime by bringing individual
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branes from infinity fails, because the branes cannot move further then the enhancon
radius. At that radius they stop being pointlike, in the transverse directions, and
smear around over a two-sphere forming a locus.

New degrees of freedom become massless at this locus which are not described
by the supergravity. Since there are no brane sources in the interior of this locus the
spacetime must be flat to a first approximation. Therefore, the repulson singularity
gets excised as it was a remnant of the inability of the supergravity to describe the
new light degrees of freedom. These are described by string theory and are needed
in order to determine the correct geometry.

This excision is consistent with supergravity [129]. The stress—energy tensor of
the thin shell, separating the interior flat space and the exterior repulson-like geom-
etry, using Israel’s junction conditions, is equal to the stress—energy tensor of a thin
shell of wrapped D6-branes smeared over a two sphere. Although supergravity can
not grasp the string physics needed to describe the enhangon mechanism properly,
it displays some awareness of the behaviour of the branes that source this geometry.

Non-extremal generalisations of the enhancon can be written using the har-
monic function rule. These are difficult to study from the string theory point of
view, mainly because they break all the supersymmetry. There are two branches of
solutions, arising from an ambiguity of a choice of sign in the solution of the super-
gravity equations. One branch has a regular horizon and it looks like a black hole
with R-R charges. This branch, known as horizon branch, appears above a finite
value of mass. The other branch always has a shell of branes outside the horizon
and in the extremal limit joins on to the BPS solution. This is the shell branch.
Different solution families provide the physical description in different regimes of
parameters. There might be a classical instability which could provide the mecha-
nism for transitions between them. This would an interesting phase structure of the
dual gauge theory.

We can further examine the physics of the enhangon mechanism using supergrav-
ity. For this reason we study its stability under small linear perturbations. We can
write down the most general radial perturbation ansatz that respects the symmetries

of the extremal an non-extremal solutions. Of course this is still very limited but
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the instabilities that we expected to find were not breaking the symmetries of the
enhancon solution. This ansatz produces an over determined system of equations,
which we can simplify considerably by using some diffeomorphism invariance left,
to determine a certain gauge.

We can also find more generalised supergravity solutions that describe non—
extremal enhangon. We compactify supergravity on the K3 and the two longitu-
dinal directions and solve the equations of motion for an ansatz that satisfies the
symmetries of the enhangon.

Regarding the extremal enhangon both investigations give pleasing results. Start-
ing from the stability analysis, we find that it is , for the whole range of parameters,
stable under perturbations described by a sufficiently general but still quite limited
ansatz. This strengthens the case of the excision. Although far from completely
proving gravitational stability, we believe on the ground of supersymmetry that this
solution will be stable. The extremal enhancon shell is constructed by BPS objects
and we expect this to be stable.

The initial enhangon solution was first written using the harmonic function rule,
that is using a restricted ansatz for the metric. Actually the supergravity equations
of motion can be solved explicitly, with the appropriate conditions, and give a family
of extremal solutions resembling the enhancon. The only solution in this family, for
which the stress tensor of the shell inferred from the supergravity solution, is of
the form predicted for a collection of wrapped branes by the DBI action, was the
familiar BPS solution.

So the enhangon solution not only is consistent with supergravity, but it is also
a unique solution of the equations of motion. This solution is supersymmetric, so
it seems that supergravity can grasp the physics, without any additional data from
string theory.

As for the horizon branch the situation is almost similar. A numerical investi-
gation has shown that it is stable, under perturbations described by a quite general
ansatz. Again this is something expected, because for very large masses, the horizon
branch looks like a four—dimensional Schwarzschild black hole smeared over the K3

and longitudinal directions, and we know this to be stable.
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What is quite interesting is that stability of the horizon branch persists over
the whole range of parameters. An instability of the horizon branch could have
been interpreted as evidence for the existence of a new family of solutions, which
might connect to the extremal enhancon solution. While absence of evidence is not
evidence of absence, the stability of the horizon branch makes it seem plausible that
it provides the full description of non-extremal enhangon physics for the range of
parameters where it exists.

We can find generalised solutions of the horizon branch, by solving the equations
of motion. If we assume that there is no shell outside the horizon, then the unique
solution is the horizon branch. All the free parameters are fixed once we impose
regularity of the solution at the event horizon.

In order to understand the horizon branch better, we can add extra D2-branes
and take the extremal limit. In this limit there is an enhancon shell. We can
model it by wrapped D6-branes. As we saw earlier, when extra D2-branes are
present, some of the wrapped D6-branes are allowed to move in the interior. A
straightforward calculation of the Israel junction conditions shows that the stress—
energy tensor of the shell is not exactly that of the wrapped D6-branes. It seems as
if there are also pairs of D2 and anti-D2-branes, which contribute. There is a finite
difference in the energy in the extremal limit of the shell and the horizon branches of
solutions. It might be that such a difference could be explained by such an argument.
Unfortunately there is no physical interpretation of the existence of these pairs. This
is just a conjecture based on the results of a supergravity calculation, which lacks
any physical input.

Supergravity also succeeds in describing the horizon branch as it did for the
extremal enhancon. Unfortunately this is not the case with the shell branch of
solutions.

The shell branch has various puzzling features. First the solution depends on
a free parameter rj, which can not be calculated from the other parameters of the
solution. We do not know the physics of the shell in this case in order to determine
it. A more important problem is that in the large K3 volume limit the solution does

not reproduce the unusual non—extremal D6-branes.
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The shell branch of non-extremal repulson solutions appears to be generically
unphysical. If we remove the singularity in this solution by excising the region
inside the enhancon radius and matching to a smooth interior across an enhancon
shell, then this shell violates the Weak Energy Condition.

We can find more general solutions of the shell branch of the non-extremal
solutions. These solutions have additional parameters (‘hair’) which can be used in
order to solve the problem of the WEC violation. The freedom to add hair in these
solutions comes from the fact that the stress—energy of the shell is not completely
fixed. We do not have a fundamental description of the physics of the shell in this
case, which could determine all parameters. This requires information from physics
beyond the reach of supergravity, which is not available for non—extremal cases.

In fact it is possible that the thin-shell approximation breaks down for small
departures from extremality. There is some evidence coming from the study of
probe branes. In the BPS case considered previously, we had a moduli space of
solutions of the classical equations of motions, and we argued that we could choose
all the sources to lie at as small a radius as possible, justifying the thin shell picture.
In thermal equilibrium at some non-zero temperature, the constituent branes will
carry thermal kinetic energy, and it is not clear that the inter-brane interactions
will be sufficient to restrain the branes within a narrow range. It is not clear that
branes in the enhangon shell will remain confined to a thin layer when we add some
thermal energy.

Thus we conclude the study of the enhangon mechanism in general and the non—
extremal enhancon in particular. We found that the extremal enhancon solution and
the horizon branch of the non—extremal solution are unique solutions and moreover
stable to small linearised perturbations. Although the ansatz that we used was quite
restricted, this results were expected and can, we think, be trusted.

Regarding the shell branch of the non—extremal enhancon solution, we saw that
the initial solution [127], [129] is unphysical because it violates the Weak Energy
Condition. We constructed more general solutions and saw that this problem can
be circumvented by the addition of ‘hair’ at the exterior. Unfortunately, we can not

say anvthing more on the subject because we do not understand the physics of the
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shell completely.

So there go our hopes to try and use supergravity to understand non-extremal
solutions. Regarding the extremal enhangon, supergravity described the wrong so-
lution but still one could see that the excision was sensible from its point of view.
It did not describe or explain the physics behind the excision but one could use
supergravity arguments to see that it is consistent. In the case of the shell branch
of the non-extremal enhancon, supergravity alone is unable to give even a solution
to the problem.

It is also worth noting that our study of more general solutions has not resolved
the issue of the branch structure and phase transitions. Assuming the near-extremal
behaviour is described by some shell branch solution, while the behaviour at large
masses should be described by the horizon branch, one expects that there will be
some phase transition between the two branches as a function of mass. Unfortu-
nately, since we are unable to identify the correct shell branch solution on the basis
of supergravity information alone, we cannot even set up the problem of studying

this phase transition.



Appendix A

The K3 manifold

A.1 Features of the K3

K3 is a four dimensional, Ricci flat, simply connected, compact Kéhler manifold
with SU(2) holonomy [225]. It has the orbifolds T*/Zy, N € 2, 3,4, 6 as geometrical
limits [226,227]. It contains one four—cycle and twenty two independent two—cycles.
Nineteen of them are self-dual and three are anti-self-dual.

Although the metric of the K3 is not known, the properties of the manifold can
be determined. Such a quantity which we will use later is the Euler characteristic

which can be computed using the orbifold limits of the manifold,

1
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A.2 Type IIA on K3

Compactification of type ITA superstrings on K3 breaks half of the supersymmetry
and gives the following massless fields. The six—dimensional metric g and anti-

symmetric tensor field B, from direct dimensional reduction of the NS-NS sector.

From the R-R sector we get the one-form Cfyy and three-form Cz). In addition
130
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we have fields coming from the dimensional reduction on the various cycles of the
manifold. Starting with the ten—dimensional R—R three-form we get twenty two
six-dimensional one-forms by integrating on the various two cycles of the K3. In
six dimensions a three—form field is dual to a one—form field. In total we have twenty
four massless one—form fields in six dimensions. In addition we get eighty one scalars:
fifty eight moduli parameterising the K3 metric (corresponding to independent, de-
formations of Kéahler structure and complex structure), twenty two moduli from

integrating the B-field over twenty two two-cycles, and finally the dilaton.
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Type IIA Supergravity

The bosonic part of the type ITA action in Einstein frame is

1 1
53 / dVz(—G)V?R — 15 / (d(I) A xd® + gse P Hs A xHy
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where
Fy=F,—CiANHy , Fy=dCs , Fy=dC,. (B.0.2)

We define the Einstein metric by (G )Einstein = g;/ 2e—®/ 2(G)string: As a result
gs appears in the action, explicitly and also through 2x? = (27)"a*g2. The field

equations are [228]
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We use indices M, N, ... in ten dimensions. The Bianchi identities are

dFy = —FyANHy, . dFy=0.
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Relaxation Method

We have to solve a system of ordinary differential equations which satisfy boundary
conditions both at the beginning and at the end of the range of the independent
variable. This type of problem is called a two point boundary value problem. In
order to solve it numerically we will use the techniques and routines described in
[210].

The basic idea as explained in Section 5.3.1 is quite simple. We replace the
continuum of the range of r, the independent variable, with a lattice of points.
We then write the differential equations as an approximate algebraic system of
finite difference equations on each point of the lattice. Similarly we replace the
boundary conditions with such an algebraic system. Then we use a test solution
for the dependent functions. This solution does not satisfy the equations and it
does not have to satisfy the boundary conditions. Using this test solution and the
finite difference equations in the interior and at the boundaries one can calculate
corrections which are then added to the test solution. If the problem has a solution
satisfying the boundary conditions, then this corrected solution is closer to it than
the initial test one. If this procedure is iterated, then the final result is very close to
the true solution (if there is one) satisfying the correct boundary conditions {even
though we started with one that did not) to a degree of accuracy that we can control.
It is necessary that a good initial guess should be made so that the method is quick
and efficient.

In the following we will give some technical details about the method and we
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point this gives
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For a solution we want the updated value to zero so the general set of equations at

the interior can be written in matrix form as
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Similarly the algebraic relations at the boundaries can be expanded in Taylor

series for increments that improve the solution. At the first boundary we have
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At the second boundary
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We have the system of equations (C.1.6-C.1.11) to solve for the corrections Ay,
iterating until the corrections are sufficiently small. Then we have the solution to

our problem.

C.2 The routines

We use the routines provided in [210]. They are the routines which solve the algebraic
system. We have to provide them with two additional routines. The one is the

main program which controls the whole process, gives the initial guess and calls the
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solving routines. We also have to provide a function which is called by the solving
routines in which we store the information in equations (C.1.6-C.1.11), representing

the differential equations to be solved and the boundary conditions.

C.2.1 Extremal enhancon

01 const int M=10000;

02 int mpt=M+1;

03 DP h,a,r6,re,r0=0.0;
04 Vec_DP xx_p;

05

06 int main(void)

07 {

08 comst int NE=7,NB=3,NYJ=NE,NYK=M+1;
09 int itmax,k;

10 DP conv,slovc;

11

12 Vec_INT indexv(NE);
13 Vec_DP scalv(NE);
14  Mat_DP y(NYJ,NYK);
15  x_p=new Vec_DP(M+1);
16  Vec_DP &x=+x_p;

17

18 itmax=50;

19 conv=1.0e~15;

20 slowc=1.0;

21

22 cout<<endl<<"Input r6, a:"<<endl;
23 cin>>r6>>a;

24

25 re=2.04r6/(a-1.0);

26 h=100.0+r6/M;

27
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28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59

60

indexv [0]=0;
indexv([1]=1;
indexv[2]=2;
indexv [3]=3;
indexv[4]=4;
indexv[5]=5;

indexv [6]=6;

for (k=0;k<M+1;k++) {
x[k] =ksh+re;
y[6] [k]=1.0/16;
y[0] [k]=exp(~y[6] [k]*x[k])*(1-re/x[k]);
y[1] [k]=-(y[6] [kl +y[6] [k]l*re/x[k]+re/x [k]/x[k])*y[0] [k];
y[2] [kl=exp(-y[6] (k] *x[k])*(1-re/x[k]);
y[3] [k1=-(y[6] [(k1+y[6] [k]*re/x[k]l+re/x[k]/x[k])xy[2] [k];
y[4] [k]=exp(-y[6] [k]*x[k])*(1-re/x[k]);
y[6] [k]1=-(y[6] [k]+y[6] [k]+re/x[k]+re/x[k]/x[k])+y[4] [k];

scalv[0]=1.0/r6;
scalv[1]=(y[1] M]
scalv[2]=(y[2] [M]

\4

scalv[0)*r6 7 y[11[M] : scalv[0]);

\2

1.0 7 y[2][M] : 1.0);

v

scalv[3]=(y[3] M] scalv[2] 7 y[3][M] : scalv[2]);

\'4

scalv[4]=(y[4]1[M] > 1.0 7 y[4][M] : 1.0);

Vv

scalv[5]=(y[5] M] scalv([4] 7 y[5]1[M] : scalv[4]);

scalv(6]=1.0;

for (;;) {

cout << endl << "Enter V/Vx or 999 to end" << endl;
cin >> a;

if (a == 999) {

delete x_p;
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61 return O;

62 }

63

64 NR::solvde(itmax,conv,slowc,scalv,indexv,NB,y);

65 cout << endl << "r0 = ";

66  cout << fixed << setprecision(3) << setw(7) << r0;
67 cout << " omega = " << setprecision(6) << y[6]1(0];
68 cout << endl;

69 }

70 }

We will briefly explain the structure, the constants and the functions of the
program. Starting from line 01, M is the number of the points of the grid. The
more we have, the more accurate, but slower, our calculation.

In line 18, itmax is the number of maximum iterations. If the program can
not find a solution after that many iterations it stops. In line 19, conv is the
convergence criterion. In line 20, slowc controls the fraction of corrections used
after each iteration.

In lines 21-22, the program asks for initial values of 76 and @ = V/V*. These
are the parameters of the program. Then in line 26 7, is calculated.

In lines 28-34, indexv lists the column ordering of variables used to construct
the matrix s of equations (C.1.7, C.1.9, C.1.11)

In lines 36-46, we write initial random guess for the functions. The program
assigns a value for the functions y[j] at every point k. The program starts to relax
from here. y[6][k] is o, y[0][k] is ®, y[1][k] is @, y[2][(k] is W, y[3][k] is U, y[4][k] is
Zg, y[5][k] is Z§, all calculated at the grid point x[k].

In lines 48-54, the typical values of the variables are set. These are used to
calculate the errors and to check convergence.

Finally in lines 56-70 is the main loop. It calls the function that calculates the
corrections (solvde line 64), applies them and checks them if they converge. In case
they do it returns here, prints the value of o (line 67) and asks for another value of
the parameter a to restart or 999 to finish. In case there is no solution the program

stops after a pre—arranged number of iterations.
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C.2.2 Horizon branch

01 int mpt=M+1;

02 DP h,r0,a,r6;

03 Vec_DP xx_p;

04

05 int main(void)

06 {

07 const int NE=7 ,NB=3,NYJ=NE,NYK=M+1;

08 int itmax,k;

09 DP conv,slowc,rsig;

10

11 Vec_INT indexv(NE);

12  Vec DP scalv(NE);

13  Mat_DP y(NYJ,NYK);

14  x_p=new Vec_DP(M+1);

15 Vec_DP &x=xx_p;

16

17 itmax=100;

18 conv=1.0e-15;

19 slowc=1.0;

20 cout<<endl<<"Input r6, r0, a:"<<endl;

21 cin>>r6>>r0>>a;

22

23  rsig=sqrt(r0-r0*0.5+sqrt(r6+r6/a/a+r0+r0%0.25))
*s8qrt (rO-r0*0.5+sqrt (r6+r6+r0+r0+0.25)) ;

24

25 h=100.0xrsig/M;

26 indexv[0]=0;

27 indexv[1]=4;

28 indexv[2]=2;
29 indexv [3]=3;
30 indexv([4]=1;

31 indexv [5]=5;
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32 indexv ([6]=6;
33
34  for (k=0;k<M+1;k++) {

35 x [(k]=k+h+10;

36

37 y[6] [k]1=1.0/rsig;

38 y[0] [k]=(1.0-r0/x[k])*exp (-y [6] [k]*x[k]);

39 y[1] [k]=

=(1.0-r0/x [k]) xexp(-y [6] [k]*x [k])*(r0/x[k]/x [k]+y (6] [k]*r0/x [k]-y[6] [k]);
40 y[2] [k]1=(1.0-r0/x[k]) *exp (-y [6] [k]*x[k]);

41 y (3] [k]=

=(1.0-r0/x[k] ) *exp(-y[6] [k]l+x[k])*(x0/x [k] /x [k]+y [6] [k]*r0/x[k]-y[6] [k]);
42 y[4] [k]=(1.0-r0/x[k])*exp(-y[6] [k]*x[k]);

43 y[5] [k]=

=(1.0-r0/x [k])*exp(-y [6] [k] *x [k])+(r0/x [k]/x [k]+y [6] [k]*r0/x[k]-y[6] [k]);
44

45

46}

47

48

49 scalv[0]=1.0;
50 scalv[1]=(y[1] [M] > scalv[0] ? y[1][M] : scalv[0]);

4

51  scalv[2]=(y[21[M] > 1.0 ? y[2][M] : 1.0);

52 scalv[3]=(y[3]M] > scalv[0] 7 y[3][M] : scalv(2]);
53  scalv[4]=(y[4]1[M] > 1.0 ? y[4][M] : 1.0);

54 scalv[5]=(y[5][M] > scalv[0] ? y[5][M] : scalv[4]);
55 scalv[6]=1.0/rsig;

56

57  for (;;) {

58 cout << endl << "Enter V/Vs or 999 to end" << endl;
59 cin >> a;

60 if (a == 999) {

61 delete x_p;
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62 return O;

63 )

64

65 NR: :solvde(itmax,conv,slowc,scalv,indexv,NB,y);

66 cout << endl << "r0 = ";

67 cout << fixed << setprecision(3) << setw(7) << r0;
68 cout << " omega = " << setprecision(6) << y[6][0];
69 cout << endl;

70 }

71 }

The structure of this program is the same as with the previous one. The difference
now is that there is another parameter rg, the mass of the black hole. It is needed
as additional input in line 20. rsig in line 23 is actually ¢ in (6.2.13).

It must be repeated that these two programs must by accompanied by two func-
tions (one each), which have all the problem specific information about the differ-
ential equations and the boundary conditions. We do not present these programs

here.



Appendix D

Black hole temperature

In this appendix we will give a few details concerning the calculation of the temper-
ature of the horizon (6.5) and shell (6.7) branch solutions of the the non—extremal
enhancon in Section 6.11.

We will first calculate the temperarture of the horizon branch solution. We can
obtain the Euclidean horizon branch solution by analytically continuing ¢ to to real

values of 7 = it in equation (3.32):

9 2dst, = 27775V (Kdr? + da? + dad) + 238 208 (K ldr? + r2d02)

FV V2 Z38 7852 (D.0.1)

In the Buclidean space we encounter a singularity at 7 = ro. To examine the region

near r = rg we set,
R2
4T022(T0)3/8ZG(T0)1/8 .

T —To=

(D.0.2)

Then we have

gl dsh, = R +dR + 2,°° 75 dad + dod) + 2, 25" de

2
-
(27’0\/ Z2ZG>

FVI2Z38 782 (D.0.3)

where r is a function of R. It can be seen from (D.0.3), that the coordinate singu-

larity at R = 0 (r = 79) is of the same nature as the coordinate singularity at the

L [14] for more details.
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origin of the polar coordinates on the plane. R plays the role of the radial coordi-
nate, and %\/———TZQ_ZG plays the role of the angular coordinate. In order to avoid this
singularity we periodically identify the ‘angular’ coordinate with period 27, in the
region r > ry and then add a point in the plane R — 7 to extend the space at R = 0.
The temperature of the black hole is the period of the imaginary time coordinate,
which is

1

Ty = , (D.0.4)
47T7'0 Zg(To)ZG(To)

which reduces to (6.5).
Similarly we can obtain the Euclidean shell branch solution by analytically con-
tinuing ¢ to to real values of 7 = it in equation (3.38):

ssso—1ss (K (e
g2 dst = HyPH;YE (%Ldﬁ +d? + dazg) + HYPHB (L dr? + r2dQ)

+VI2EMR R (D.0.5)

In the Buclidean space we encounter a singularity at » = rj. To examine the region

near r = ry we set

RQ
= . D.0.6
T S e () () (D06
Then we have
2
g2dst = R Lf + dR? + Hy B H; Y (de? + da?) +
27t K((; >) H,Hg

Hy*Hy®r2dQ3 + V2 Hy* Hy Vdsk, . (D.0.7)

where again r is a function of R. The procedure is essentially the same. The
coordinate singularity at B = 0 (r = 1) is of the same nature as the coordinate
singularity at the origin of the polar coordinates on the plane. In order to avoid this
singularity we periodically identify the ‘angular’ coordinate with period 27, in the
region r > ry and then add a point in the plane R — 7 to extend the space at R = 0.

The temperature of the black hole is the period of the imaginary time coordinate,

which is

1 K(r.) 12
o= womeme) (D05)
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