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Abstract

We investigate the dynamical generation of fermion mass in Quantum Electrody-
namics (QED) and in Quantum Chromodynamics (QCD). This non-perturbative
study is performed using a truncated set of Schwinger-Dyson equations for the
fermion and photon propagator and the quark propagator.

First, we study dynamical fermion mass generation in QED using a cancellation
mechanism for the full photon-electron vertex that respects multiplicative renor-
malisability and reproduces perturbation theory and determine the critical coupling
in different approximations. We then study the quark equation using a model for
the strong coupling with two parameters and compare this study with previous ones.
Finally, we show how bound states masses derived by lattice calculations can be
extrapolated to low quark masses using the Nambu Jona-Lasinio model (NJL)
and demonstrate the limitation of the NJL model. As an outlook, we present a
functional method to control the quantum fluctuations of a given theory. We derive
an exact equation for the effective action I" and using a gra;lient expansion for I" we

derive evolution equations for different couplings.
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Abstract

We investigate the dynamical generation of fermion mass in Quantum Electrody-
namics (QED) and in Quantum Chromodynamics (QCD). This non-perturbative
study is performed using a truncated set of Schwinger-Dyson equations for the
fermion and photon propagator and the quark propagator.

First, we study dynamical fermion mass generation in QFED using a cancellation
mechanism for the full photon-electron vertex that respects multiplicative renor-
malisability and reproduces perturbation theory and determine the critical coupling
in different approximations. We then study the quark equation using a model for
the strong coupling with two parameters and compare this study with previous ones.
Finally, we show how bound states masses derived by lattice calculations can be
extrapolated to low quark masses using the Nambu Jona-Lasinio model (NJL)
and demonstrate the limitation of the NJL model. As an outlook, we present a
functional method to control the quantum fluctuations of a given theory. We derive
an exact equation for the effective action I' and using a gradient expansion for I we

derive evolution equations for different couplings.
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Chapter 1

Introduction

Despite the appeal, interest and promise of string theory, Quantum Field The-
ory (QFT) has been more phenomenologically successful in explaining the physical
properties of particles which make up our knowledge of the universe. The so-called
standard model of strong, weak and electromagnetic interactions is an achievement
whose success continues to be revered. The only drawbacks one could point at are
the use of the hypothetical Higgs boson and the number of parameters needed to
fix the masses of the gauge bosons and leptons. In a classical treatment, the mass
is just a parameter which has to be measured experimentally and used in models
to describe the particles and their interactions. Obviously if we are looking for
a theory of everything, then we mﬁst find an answer to the question of the ori-
gin of mass. Even if we consider a Yukawa coupling between the Higgs and each
fermion, generating mass for the fermions, we still have to resolve the problem of
fine tuning to keep the fermion masses at the scale at which they are experimentally
measured. The concept of dynamical symmetry breaking is attractive since it offers
the possibility of mass generation without relying on the existence of a scalar field.
Perturbative corrections are always proportional to the bare mass, so if we start
with a vanishing seed, we cannot generate a non zero mass. Dynamical mass gen-
eration is therefore essentially a non-perturbative phenomenon. Schwinger-Dyson
Equations (SDFE) and lattice gauge theory are by now considered old subjects and

both are non-perturbative techniques, each one with its own advantages and draw-

9



Introduction 10

backs. Schwinger-Dyson equations are derived in the continuum in either Minkowski
or Euclidean space and they can be studied for any value of the bare quark mass.
Their limitations stem from the fact that they are a system of integral equation that
are infinite in number. Each n-point function satisfies an integral equation which
involves an m-point function of higher order i.e. m > n. In practice, we have to
resort to a truncation scheme, which makes the prediction both scheme and gauge
dependent. Lattice gauge theory is a discrete theory which in principle is valid for
any value of the bare quark mass. However, the computer limitations of Monte
Carlo simulations precludes the simulation of light quarks. On one hand (SDE) we
have to truncate the theory and use the right parameters, while on the other hand
we can use the full theory but with non-physical parameters. The ultimate goal of

this thesis is to try to reconcile these two conflicting approaches.

SDE have already been solved for different field theories in various truncation
schemes. The most evident one is to approximate the full fermion-gauge boson
vertex by its bare value. This simplifies substantially the equations at the price of
introducing non-physical artefacts, since this vertex does not satisfy the underly-
ing gauge symmetry as expressed in the Ward-Takahashi (WT) or Slavnov-Taylor
identities (STI) or the multiplicative renormalisability of the theory. Improvements
have of course been made, by trying to construct vertices that satisfy the STI, but
these approaches are cumbersome since it complicates the equations. In our study,
we will use a truncation scheme, first introduced by Bloch [4], which reproduces the
perturbation theory results, satisfies the important property of multiplicative renor-
malisability, believed to hold non-perturbatively, and spares us the construction of
a complicated full vertex. We will therefore study this method and its predictions
for renormalised QED in four dimensions. After determining the critical values
for dynamical mass generation in QED;,,, we treat the more interesting case of
the quark equation in QCD, where the coupling function is modelled by the use

of two parameters, one to fix the infra-red value of the coupling and the second to
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fix the behaviour at intermediate momenta. We solve this equation in a way that
leads to a mass function that is explicitly independent of the renormalisation scale
u?, i.e. does not need cancellation between the u? dependent terms as is found in
usual treatments. Once the quark propagator is known, it can be used to solve the
integral equation satisfied by the Bethe-Salpeter (BS) amplitude describing a me-
son bound state. Unfortunately, the BS equation requires analytical continuation
of the quark propagator into the complex domain and this task is too difficult for
the moment when one uses complicated models for the coupling function. We will
therefore use a model which is simple yet able to capture the essential features of
QCD, i.e. the Nambu Jona-Lasinio model (NJL), which enables us to write the
mass of the pseudoscalar and vector meson as a function of two couplings, a bare
quark mass and a cut-off. Though meson masses depend on the bare quark mass
in a complicated manner, they do so continuously. It is therefore here that we will
try to make contact with lattice gauge theory, which is reliable only for high quark
mass. Using the NJL model, we will try to reproduce the lattice predictions which
is a way of testing the validity of the NJL model itself. While its prediction will
agree with the lattice calculation, we will show that the claim that the NJL is able
to describe the properties of the p meson seems to be fortuitous. We nevertheless
show that the NJL model incorporates the right behaviour for the pion and can
therefore be used to extrapolate lattice calculations to small quark mass, which is
better than using empirical fitting formulae as is usually done.

Finally, we will introduce a recent technique to calculate the effective action by
varying a parameter of the Lagrangian. We will illustrate the method for the case
of a four fermion interaction and derive exact and approximate relations between
the couplings. Even though we do not explicitly solve these equations or apply this

method to the more interesting NJL model, we demonstrate its potential.
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Chapter 2

Schwinger-Dyson Equations

Schwinger-Dyson equations are a non-perturbative tool, namely a set of integral
equations for the n-point functions. This set of equations is infinite and thus need
to be truncated to be treated in practice. Such truncation schemes are not all con-
sistent, and it is still a challenge to find such a scheme, which would provide a
proper understanding of non-perturbative physics. Notwithstanding this fact, there
have been many attempts to solve this system of equations in different truncation
schemes, which have shed light on the physics of confinement, dynamical mass gen-
eration and many other topics [1, 2]. In this chapter, we will give an introduction to
the topic of Schwinger-Dyson equations [1] for QFED and present some truncation
schemes which have been applied to study dynamical symmetry breaking in QED

(3, 4].

2.1 QED

The Lagrangian for QED in d = D + 1 dimensions is given by

Ny
e 1 ,
Lop = P (i @~ mb +ef A)! — FuF™, (21)
f=1
and is the basis of our study. The index f denotes the flavour of the fermion field
¥f (z) with mass m(f, and which couples to the photon field A, associated to the field
strength F*¥ defined as

F,,=08,A,—8,A,. (2.2)

13



Schwinger-Dyson Equations 14

The gauge invariance of the Lagrangian Lggp, is assured by giving the fields A,(z)

and ¥ (z) the following transformation properties

Y(z) = M) = e yz) | Pz) = P(a) = €NY(a)
Auz) = Muz) = Au(z) - d\() (2.3)

Quantisation of Lopp is achieved by the functional integral Z[7,7, J,,) defined as

Zfiin 1] = /D [1/—1,1/),/4,,] exp(isw,w,A,‘lﬂf diz [Ef(d—)fnf—{-ﬁflﬁf)-f'AuJu]), (2.4

where 7/, n/ and J, are the source fields for the fermion, antifermion and gauge

boson, respectively, and where we have defined the measure
D (4,9, Au| = I] D' Dy/ ] DA, (2.5)
i H

The normalisation of the functional Z(7,n, J,], is set by fixing the value of Z, for
vanishing sources

2[0,0,0] = 1. (2.6)

Because of the gauge invariance of the Lagrangian Lggp, the functional Z[7, 7, J,] is
for the moment only formally defined. Indeed the integration measure D [1/_), Y, Au]
does not discriminate between the different fields ¢/, 1/ and A,, and their gauge
transform %), %, and *A,,, thus giving an infinite value to the functional Z. In order
to avoid integrating over fields that are equal up to a gauge transformation, one
has to select one equivalent class of these fields. This is achieved by adding to the
Lagrangian a non-gauge invariant term that selects only one orbit of the fields. The

usual choice for this is the covariant gauge fixing term, which gives

SI. . 4] > SolB.0, 4] = S0, 4] - 5 [ d'a 0,407 (27)

where &; is the bare gauge fixing parameter.
The functional Z[#,7, J,] is the generating functional for the n-point functions G,
defined as

611,

1 n
ceeydn) =\ T 1, 1, A=n=jH=0" 2.
Gn(@1, 2, @) (z) 5FoF, oF, 21 Julla=n=juco (28)
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where F; represent any of the fields 1, 1 or 4,,. These n-point functions are non-local
in space and it is thus better to introduce the connected functions G¢(z1, zs, . . ., Z,)

generated by the functional W[7, 7, J,] defined as
Z[n,n, ) = Vmul (2.9)

These connected n-point functions still involve graphs that contains fermion or pho-
ton internal lines. These can be made more localised in space by introducing the
generating functional for proper graphs I'[4), %, A,], which is the Legendre transform
of Win,n, J,|

iT[y, 9, Au) = Wi, 0, Ju) — z’/dda: (9n + 79 + A,T%) . (2.10)

The arguments of the effective action I' are the fermion fields and the photon field

¥, ¥ and A, respectively defined by the relations

_ 15
Y(z) = ;W%
146
Y(z) = ZEW
1 4 '
Ap(l‘) = Igﬁw (2.11)

The relations define the fields as functions of the sources and are implicitly used to
defined the effective action T, which is thus only a function of the fields 9, 1 and
A, as defined in Eq. (2.11). The definition of the effective action I' of Eq. (2.10)

permits us to write the following relations

or

—_— —  __ gk
ar _ _
5{& - T],
5

F@ - n,

—\ —1
Sps _ 0 _ [Sws
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The connected 2-point fermion Green’s function or fermion propagator S(z,y) is

5 5

550 50a() (2.13)

Sar (2,y) =

1/’7"/—’:Au:0
We define the connected 2-point photon Green’s function or photon propagator

D (z,y) as
. 82T

D Mz,y) = ————— . 2.14
w0V = S5 ) Ao (214)
The 1PI 3-points Green’s function or vertex egl'(z,y; z) is defined by
eIt (z,y;2) = & r 3 (2.15)
ot gb\ty 9> - N .
SADe) SHW|,

The Schwinger-Dyson equations can be derived by applying the functional integral
formalism to the QFE D Lagrangian. They correspond to the Euler-Lagrange equa-
tion for the quantum field theory defined by the Lagrangian Logp of Eq. (2.1).

2.2 Unrenormalised Equation for the Photon Po-
larisation Tensor

In order to obtain the Schwinger-Dyson Equations (SDEs) one has just to remem-
ber that, the functional integral of a total functional derivative is zero, with fields

vanishing at infinity. Hence, for example [1]

_ - 4 (i(Selbap Au+ [ dda [65 0+ + A, 04]) }
0 = /D [d)ad);Au] 5A“(.’E) exp

B / D[4, { o +Ju(w)}exp{"(sfw”’“wf @ [§/n/ 07y +4u0%]) }

6Au($)
B i8J 167" i : 2.1
{éAu(z) i6J 67" ion +JM($)}Z[n,n,Jp] (2.16)

Differentiating the gauge fixed action Eq. (2.7) with respect to A, gives

5S¢
54, ()

= [apapgﬂw - (1 - 51_()) 5#8,,} A" + zf:eé Yy, (2.17)
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which help us to rewrite Eq. (2.16) as

1 W
—JM((E) — [Bpapg;w — (1 - g) 8;;81/} ’L(SJV(:E)

oW ) ow
+2e (w W5 @) T @) [””W@D' (2.18)

Using the relations involving the effective action I' in Eq. (2.12) and setting to zero

the sources 9 and 1, we can write

I = [apc‘?"g,w - (1 — ;_0) 3“31/} A (2)
_zZe Tr [1,87 (w, 2, [A)] . (2.19)

6T
dAH(x)

We differentiate this equation one more time with respect to A, (y) and set the source
J,(z) = 0. We also use the proper fermion-photon vertex defined in Eq. (2.15) and

obtain the equation satisfied by the photon propagator
—11# 0 1 d
[D ] (z,y) = (0,09 — |1 — & 0,0, | 0%(z — y) + My (z,y). (2.20)
This equation involves the photon polarisation tensor, II,, defined as
O.(z,y) = iZ(eé)z/ d%z diz, Tr [’yﬂSf(:c, 2)T (y; Zl,Zg)Sf(ZQ,ZE)} . (2.21)
f

In momentum space, the SD equation for the photon is

D @ == [+ (& -1) ] + o) 2.22)
with
I\ u .
(q) = b7 [ SR T SOk k-9 SE-g] . (229

Because of the Ward-Takahashi identity [WTI] for the photon propagator,
711" (q) = 0, (2.24)
we can factor II**(g) in the following way

I1*(q) = (—¢*¢" + ¢"¢")1I(¢%), (2.25)
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where I1(¢?) is a general function. We are thus able to write the full inverse photon

propagator as

(D" (9) = —¢* [(g"” - %) (1+11(g")) + %ngy} : (2.26)

The inversion of the previous expression yields the full photon propagator, which is

related to the inverse propagator in the following way
1AV v
Du(g) [D7'] " (9) = g (2.27)
The most general tensor expression for the propagator is
Dy () = Agu + ¢"¢" /. (2.28)

If we use it in Eq. (2.27), we can determine the two terms A and B. In this way the

full propagator has the form

1 ¢“q” ¢"q”
Du(q) =—= [G(q2) <g,w - ) + € ] (2.29)
q q q
where G(¢?) is the photon renormalisation function defined as
(@) = i (2.30)
=17 O(q%) '

This general expression for the full propagator permits us to derive the expression
of the bare propagator, by setting the function G(q?) to unity or II(¢?) to zero

1 q"q” q"q”
0 _
D/,w(q) - _? [(g[w - q2 ) + 50 q2 ) (231)

as is expected.

The SDE for the photon propagator is represented diagrammatically in Fig. (2.1).
The momentum-space representation of the SDEs is readily obtained by either
Fourier transforming the coordinate-space form or by generalising the standard rules
for Feynman diagrams based on the lowest-order perturbative contribution to the
nonperturbative quantities. For example, for the photon polarisation tensor we

obtain

d
Mule) = (1) (e | (s S (6T b k) a8/ (0], (22)
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‘D, Dy 1 D

iD

Figure 2.1: The Schwinger-Dyson equation for the photon propagator [1]

where the factor of (—1) arises from the fermion loop in the usual way. In momentum

space, Eq. (2.20) corresponds to
iD*(q) = D" (q)[67 + i1L.,(q)iD"(q)], (2.33)

which can also be obtained from the Fourier transform of Eq. (2.21).

2.3 Unrenormalised Equation for the Fermion Self
Energy

We derive the equation satisfied by the self energy (inverse propagator) of the fermion

by following very similar steps to those in the previous section. We can write [1]

0 = /D[ﬂ_}a?ﬁ,AH] L expli(Se@wault [ dle [@1n! +alyl+a,04])}

§ip(x)
N {5?/3?2) [%%_%} +’7($)} Z[n,n,Ju) - (2.34)

After differentiating with respect to 1 and setting all sources to zero (j =n = J* =
0) we can rewrite Eq. (2.34) as
04z —y) = (84— mf)S!(z,y) (2.35)

—z'(e{;)2 / diz diz, d¥z; Y. D" (z, zl)Sf(:c, zg)F,{(zl; 29, Z3)Sf(z3, Y),
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where D, (z,y) and I'*(z,y, z) are the photon propagator and the proper vertex
defined in Eq. (2.14) and Eq. (2.15), respectively. We rewrite this equation in terms

of the fermion self energy, —i%f(z, ), defined such that
(9 -md) S (0,y) - [@aT (@,2) (2,y) = 2 —y),  (236)
with
—ixf (z,y) = (65)2/ diz1 d%2; 7, D" (3, 21) ST (2, 20) TS (21; 29, ). (2.37)

The equation for the fermion self-energy is represented diagrammatically in Fig. (2.2).

NS

—-ix iS

Figure 2.2: The Schwinger-Dyson equation for the electron propagator [1]

By applying usual Feynman rules or making a Fourier transform, we obtain the

momentum-space form for the proper fermion self-energy —i%/. We have

. dk . R :
=i (p) = (ef)? [ s lu) ST RGO (b~ KDLk p) . (238)
Once we know the self energy —i%/, we can determine the fermion propagator S¥(p)
by using
1
54 (p) = - ! (2.39)

(SH =2(p)]  [B—mf —%/ ()
which is obtained by multiplying Eq. (2.35) by [S f (:l:,y)]_1 and then going to mo-

mentum space.
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The matrix M satisfies its own equation involving n-point functions of higher or-
der. In order to be tractable, we have to truncate the system of Schwinger-Dyson
equations. This can be done by choosing an ansatz for M, i.e, for the kernel K. A
common choice is the so-called ladder approzimation which consists in approximat-
ing K by

K49 = 99(e})2(iny) (iDE") (i), (2.42)

where D is the bare photon propagator. We then iterate it to form M by replacing
the full fermion propagator by its bare value. Another well-known approximation,

is to replace the vertex by its bare value, i.e.

iT4(p,p) = i (2.43)

which reduces the system to two-coupled equations. In the following section we will
explore the case of the bare vertex approximation and its predictions for dynamical

symmetry breaking.

2.5 The Bare Vertex Approximation

In the previous sections, we have derived the equations satisfied by the photon and
fermion propagators and by the fermion-photon vertex. This system is not closed
and is in fact quite complicated. The bare vertex approximation provides us with a

simplification that permits the elimination of the equation for the vertex I'*.

2.5.1 The equation for the fermion

In the bare vertex approximation, the equation for the self-energy Eq. (2.37), be-

comes
dik
flp) = je2
)Y (p) - 160/ (27T)d

In order to solve this equation we first write the most general form for the fermion

7.5 (k)D* (p — k), . (2.44)

propagator. Because of its spinor structure, we have

S(p) = A(p*) ¢+ B(p?), (2.45)
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where A and B are general functions of the Lorentz invariant p?. In order to make

explicit the appearance of a dynamical mass we rewrite this as

F@) | F) (6 - 20Y)
T B v (2.46)

where F is called the wave function renormalisation and % is the dynamical mass.

S(p) =

In order to find the equations satisfied by F and by X, we first take the trace of
Eq. (2.44) and secondly multiply it by # and then take the trace. We obtain

er?;z)) - mo-i-%Tr(Ef(p)), (2.47)
]Z'(iﬂ) = 1—4%2%(162”(19))- (2.48)

We use the parametrisation of the fermion propagator in Eq. (2.46) to simplify the

trace
il p 2\ v
]:(‘22; o 2(k2) Tr ['7 (KJF E(k )) v ] D,.(k — p),
(2.49)
! Zeo 4 2 v
7 = 1 wea ] M T [ (e S0) 2] Dl )
(2.50)

In 4 dimensions the traces of a product of Dirac matrices can be computed using

the following relations

T [I] = 4,
e (Kd) = 4kp, (2.51)

Tr (K Ky Kakal = 4[(kika)(ks-ka) — (ky.ks)(kaka) + (k1ka) (kaks)]

Te (k... K] = 0 , ifnisodd.

We thus obtain the following relations
2(p*) Zeo i (k2)§3(k2) 9 [~ 2 9ud v
— d*k I — g o _ g Ak
Mo / “orgeE) g (GO Tt ) e |
(2.52)
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1 ie% 4 ]—'(kz)
= - — "7 v kEpY — kop ot 2.
Foh = L~ Fey [ atk o PR ke (2.53)

1 N v
9 {—q—2 [a«m (g,w - o ) +go%}} |

We now contract the indices p and v to write

T(p? 7:8(2) 4 F k2 b kz )
}_—((Z% — 0T 2 /d k q2(k:(2 _) Eg(kl)) {3G(q ) + 50} ) (2.54)
_ ieg . F(k?)
F?) bt p?(2m)* /d k @2 (k? — $2(k?)) (2.55)
g {G(qz) [2 (Ep—;;_—km—) - 3":-19} + &o [(k TP )/;;D— 28 p ]}

In order to proceed further, and be able to treat these equations numerically, we
perform a Wick rotation on both the loop momentum & and the external momentum
p. This Wick rotation is the usual procedure encountered in perturbative studies
where it is well defined. Indeed, in the complex kg plane, the bare propagator for a

fermion has a pole at ky given by

ko = £4/p? + m F ie. (2.56)

By performing a Wick rotation, which amounts to rotating the real ky axis anticlock-
wise by an angle of 7/2, one does not encounter any poles. In non-perturbative stud-
ies, we do not know a priori, the location of the singularities of the full-propagator
and so it is an assumption that such a Wick rotation is well defined. It has been
shown, in several studies [25] that in the bare vertex approximation and in oth-
ers as well, the full fermion propagator has poles located in the complex k? plane.
These singularities can be viewed from two different perspectives: they either are
an artifact of the approximation or they are a genuine effect of the non-perturbative
treatment and their presence signals the confinement of the fermion. In either case,
it is first assumed that the propagators do not have such singularities, to be able
to go to Euclidean space. These singularities thus cast doubt on the Wick rotation.
If we maintain that the physics is based on Minkowski space, then we face a real

problem of how to relate the two spaces, but if we assume that the fundamental
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metric is Euclidean, the singularities could be useful to signal dynamical symmetry
breaking and confinement. In Lattice QC D, the metric is Euclidean and is able to
predict physical quantities such as the masses of hadrons. We are here left with a
real problem: What is the fundamental metric? This question could be addressed
only when consistent calculations in Minkowski plane are undertaken, but for the
moment it seems to be out of reach. Notwithstanding the theoretical issues with

the Wick rotation, we perform it here to simplify the matter. We have

() _ €2 . FR)S (K

Fp) - ™7 (27?)4/‘1 e k;2 {3G(*) + &}, (2.57)
L@ gy T®)

Fp) ! p2(2m)* /d kq2(k2+22(k2)) (2.58)

) {G(qz) [2 (k?' - (k.p)2> _3k_p] e [(kup:*)k.p_zkzp?]}

q? q?

In Euclidean space a four-vector kg has co-ordinates
ke = (ko, k1, k2, k3), (2.59)
which can be transformed to spherical coordinates by the following relations

ke = kcosb,

ki, = ksinfcos ¢,

ko = ksinfsin ¢cos,

k3 = ksinfsin¢siny, (2.60)
where k = (kZ+k?+k2 +k2)'/2 is the modulus of the four-vector kz. The integration
ranges of the new variables are: k € [0,00], 8, € [0, 7] and ¢ € [0, 27].

If we now define the coupling constant ¢y = e3/4r and introduce the notation

z = p?, y = k? and z = ¢?, then in spherical coordinates we are left with

2 29

.7:((::::)) = Mo+t 2::2 /dy yyif 22 /d@ o {3G( ) + fo} (2.61)
1 o sin? 6

F(z) = 1= 22 / y + 22 / df (2.62)

{2l wac?cose] g [ty 2

z
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Here, the angular integrals of the &;-part can be computed analytically. We arrive

then at the final form for the equations concerning the fermion propagator

S(z) 3o Fl(y)X(y)
Flz) m0+27r2/ + X2(y) /d@s
+%§r—0/dyyi)22g ; Lo(z ~y) +9(y—:c)] (2.63)
1 _ o 2zysin®6  3,/yz cosf
Fa) 1—27r2:1:/dyy+22 /dOsm 9G( )[ 2 -
£ [y TW [%9@ ~) ol o) (2.64)

2.5.2 The equation for the photon

To derive the equation for the photon propagator we recall that the polarisation

tensor II,, satisfies

; d'k f uf of
Mou(0) = (1) 2(el) * [ Gy TGS (R)GT (k4 )5S (k)
(2.65)
with
(@) = ¢ (o - £ ) (), (2.66)

The factor II(¢*) can be isolated by applying the projection operator P, defined as

w_ T4

q
For any value of the integer value n, we have
Pu ¥ = —3¢°T1(¢%). (2.68)

This last relation permits us to write an equation for II(¢?), or introducing the

function
1

G(¢®) = T+1(g?) (2.69)
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we can write

—— = ———— [ d kTr kS S 2.70
= 3 / (k)7 ()] - (2.70)
After substituting the fermion propagator, we obtain
1 iNseg [ F(k*)F(®*)
_1o d T, (2
o =1 s | M 6 - ) 270

where T"" is given by

™ = Tr[y* (K+3(k%)) 7" (6 +S0?)]
= 4[kp’ +p"k* — (kp— S()S(P%) ¢ | - (2.72)

The product P, T*" is readily computed as

P T = 4 [(n gy - Zlkg)”

q2

+(n+2)kqg—(n— 4)2(k2)2(p2)} . (2.713)
So far we have not yet fixed the value of the integer n. In general such integrals
are divergent and thus need regularisation. The most simple of the regularisation
scheme is to use a cut-off A2, which cuts off the momentum integration at k? = A%
Ideally, we would hope that the introduction of the cut-off A2 does not spoil the
underlying gauge symmetry. If this statement is true when one uses dimensional
regularisation, it is unfortunately not the case with a sharp cut-off regularisation. It
can be seen at one loop already that the photon polarisation tensor does not factor
as in Eq. (2.25) and it thus shows that in this scheme the photon acquire a mass.
The presence of an ultra-violet cut-off A? introduces a mass term proportional to
g*”. In order to get rid of this term we choose n = 4 and obtain the so-called Brown-
Pennington projector. With n = 4, we have P,, ¢ = 0 and we further assume that
no mass term arises in the computation. After Wick rotation, we obtain the final

form of the equation for I1(g?)

1 4Nfa .7:(2) \
=1 YY) B |

G(z) + 3nrle /dyy + 2y /d9 sin” __Eg(z) [2/(1 4 cos” 0) + 3,/yz cos 9]
(2.74)
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The three equations Eq. (2.63,2.64,2.74) are the basis of the study of dynamical
symmetry breaking in Q FDs,; in the bare vertex approximation. They were solved
using a Chebyshev expansion for the functions 3, F and G, as will be described in
the next chapter. Even though we started with a theory defined in Minkowski space,
we ended with equations defined in Euclidean space. We could have therefore started
with an Euclidean theory and derived the same equations Eq. (2.63,2.64,2.74). We

recall that the Fuclidean metric is defined as
4
a-b=46,a,b = Z a; b; (2.75)
i=1

where §,,, is the Kronecker delta. The Euclidean Dirac matrices are hermitian and

satisfy the algebra

{ V> W} =20, (2.76)
and the matrix +° is given by
Y5 = — 17273 V4, (2.77)
so that
Trfys Y2 Ve Yo Yol = — 4 €rprps (2.78)

where €, is the completely antisymmetric Levi-Civita tensor in d = 4 dimensions.

A possible representation of this algebra is
7w =1"and 7f =—iy, j=1,2,3, (2.79)

where 7° and 47 can be taken to be any one of the commonly used Minkowski space
representations of the usual Dirac algebra.
Once we have derived an expression in Minkowski space it can be transformed to

obtain an equivalent in Euclidean space by using the following rules
M E
/ dzM 5 / &'z, (2.80)
g — irF.0F, (2.81)

A,B* — —AF.pBF. (2.82)
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In the following section we will give the results obtained in the bare vertex approx-

imation.

2.5.3 Results

The equations Eq. (2.63,2.64,2.74) have been solved for a number of fermion species
Ny =1 and Ny = 2. Before quoting the results for the whole (£, F, G) system, we

can show further approximations that have been made to simplify this system.

One loop approximation

The momentum dependent coupling function &(z) defined in QED as
&(r) = a(A*)G(z), (2.83)

where a(A?) is the bare coupling at the cut-off, can be approximated by its one-loop

value oy,
a(A?)
1+ 75 log(F)

ay(z) = (2.84)

This rids us of one equation and in the Landau gauge (§, = 0), we are left with the

system
X(z) _ 3 )
F(x) — 2n? / y + ‘22 /d0
1 1 yF(y)
— =1 d: 2.
F(x) + 2n2z / y y + X2(y) (2.85)
' 3 0 in? §
X /do sin20a1e(z) ( \/:U_ZI/ZCOS - Qxy:;n 7) )

where z = x+y—2,/Ty cos§. The system can be either solved as it is written or with
a further simplification by either approximating the wave function renormalisation
F by 1, which is a good approximation in Landau gauge (£, = 0); or by using the

angular approximation, implemented by writing

are(z) = aye(z,y) = aye(max(z,y)). (2.86)
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The angular approximation leads to F = 1 and permits us to compute the angular
integrals analytically . There is then just one equation left and it involves only radial

integration. It reads (in Landau gauge)

_3 yZ(y) ene(max(z,y))
B(z) = 47r/d y+2X%(y) max(z,y) (287)

In this case there is dynamical symmetry breaking when the bare coupling a(A?),

is greater than a critical value a, given by [3]

a.(N; = 1) = 1.99953

a.(N; = 2) = 2.75233. (2.88)

If we adopt the approximation F = 1, the equation to be solved is

3a(A?) y=(y) sin?@
S(z) = / d df i . 2.89
(@) 2m? Y y + X% (y) / z (1 + Efa&(r—A) In A72> (2.89)

The angular integration has to be performed numerically, which we handle easily

using a Chebyshev expansion. The critical coupling in this case is (3]

ao(Ny = 1) = 2.08431,

a{Ny = 2) = 2.99142, 2.90
f

which are bigger than in the angular approximation.
The coupled system at one-loop approximation of Eq. (2.85) has also been solved

and the critical couplings were the following [3]

a.(Ny = 1) = 1.67280,

a (N; = 2) = 2.02025. (2.91)

We can remark that in this case the critical couplings are smaller than in the former

cases.
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The system (%, F, G)

This coupled system for the fermion and the photon has been solved using a Cheby-

shev expansion for the three functions and the critical couplings found were (3]

a (A% Ny = 1) = 1.74102,

a (A%, Ny = 2) = 2.22048, (2.92)

which is an increase of 4% for N; = 1 and of 10% for N; = 2, when compared to

the system (X, F) at one-loop.

2.5.4 Improvement of the vertex

All the aforementioned values of the critical coupling assumed the bare vertex ap-
proximation. In order to improve the vertex, we need an ansatz that captures the
relevant physics of the phenomenon. The underlying principles of the theory should -
be respected by the chosen ansatz. As has been mentioned before, the photon prop-

agator satisfies a Ward-Takahashi identity (WTI), namely
¢, = 0. (2.93)

The vertex also obeys its own WTI, which relates the vertex to the fermion propa-
gator. It reads

(k = p)uI*(k,p) = S7'(k) — S~ (p). (2.94)
In the limit (k — p) — 0, we obtain the Ward Identity

8S-1(k)

Dk k) = =

(2.95)

The structure of the WTI Eq. (2.94) shows that it only restricts the part longitudinal
to the vector (k — p),. We will thus decompose the full vertex in two parts: one

longitudinal and the other transverse to the vector (k — p),

T (k,p) = T';(k, p) + T4 (k, p), (2.96)
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where the transverse part I'7:(k, p) has to be determined by other constraints such
as having the right perturbative behaviour, being free of kinematical singularities or
preserving multiplicative renormalisability.

Using the WTI Eq. (2.94) and Ward identity Eq. (2.95), Ball and Chiu [5] have
determined the longitudinal part of the vertex, which is given by

1 1 1
Mol = THED) = 3 | + 7

[ | Gt

3|70 7)) P

_[E(kQ) 2(p2)](k+p)“

Fk?)  Fh)] K -p

(2.97)

In order to improve further the full vertex, one has to determine the structure of the

transverse part. Its general structure can be expanded in a vector basis [5, 7, 8, 9]
I (k, p) :in K, p%, ¢®) TH(k,p), : (2.98)
i=1
while assuring the transversality condition
(k—p)uT7(k,p)=0, and T%(p,p) =0. (2.99)

The vector basis T} (k, p) can be taken to be

T¢(k,p) = p'(k-q)—Kk*p-q),

T3 (k,p) = [p"(k-q) —k(p-q](K+ ),

T (k,p) = ¢*+*—d"d,

Ti(k,p) = B+ K) —p* — k] +2(0 - k) Ko

T¢(k,p) = g0, (2.100)
T§(k,p) = (K —p")— (k+p)*(K-9),

Ti(hp) = 507~ ) PAB+ K)o = ]+ (k+ ) Pron,
T§(k,p) = —7y"k'plons+ k' g—p'K,

with ¢ = k — p and 0,,, = 3[7,,7]. We thus have in general eight extra functions

(k% p% ¢*),i = 1,8 to determine. By imposing multiplicative renormalisability,
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reproduction of perturbative results in the weak coupling limit and absence of free
kinematical singularities in the massive case, Pennington and Curtis [6] were able
to propose an ansatz for the transverse part of the vertex. They chose a simple form
involving T}'(k, p) only that meets these three requirements. The Curtis-Pennington

(CP) vertex is defined as

Iep(k,p) = I'gclk,p) (2.101)
+1[ 11 ]<k2+p2)w<k2—p> (k+p) (K- #)
2 | F(k?)  F(p?) (k2 — p?)? + (22(k?) + 22(p?))"

Using this vertex, it is possible to write the SD equations for the fermion and photon
propagators. They are [3]
Y(x) a

A = — df s
F(z) ™Mo + 272 ./ y + 22 /

9 {32@) (A(y, 2) + ro(y, ) (y — )] —

1 [Z(y) - E(:c)} 2y:csin29}

F(z) y—x z
4;;5( ) [ " f gf(y) [yi(y)e(a; ~y) + Z(2)8(y x)J . (2102)
1 _ a yF(y)
Flz) 1_m/dyy+—22(y—)/d0 sin® @
X{A(y,:v)[w — 3\/yz cos 0]
+[Bly, 2)(y +2) — Cly,2)2w) 220 3ri, ) — ) ¢y—o}
—47:;__6(:6) /dyy —Z:éy?)(y) {yz(?i)f(m)&(x —y)—0(y — :U)] , (2.103)
1 . 2Nfa y ]:'(z)
G 1+—3-7T—2$-/dyy+22 @) /d0 sin 9————22(2)

X {2A(y, 2) [y(1 — ycos®0) + 3,/yz cos ]
+B(y,7) [(y + 2 - 2Z(y)E(2)) (29(1 — 4c0s26) + 3/ cos )
+3(y - 2)(y - TWEE)]
—C(1,2) [(3(v) + 2(2) (2y(1 — 4cos0) + 3/ cosb) + 3(y — 2)%(y)]

~3ra(1 )y = 2) (v~ VB o0+ 3)3() . (2,100



Schwinger-Dyson Equations 34

with

Aly,z) = %[ﬁ%a)]’

Blys) = s [ - 1)],

20y —z) [Fly) Flz

B 1 X(y) X
C(y,fﬂ) - _y_$|i7(

3 )}
y) Fz)]’
y+z

1 1
W) = o () + @) [f(w‘f(x)}' (2:105)

These equations are much more complicated than the ones derived for the bare
vertex and illustrate the fact that the construction of the vertex by using the WTI
is a cumbersome approach. Moreover, we have seen that by using gauge symmetry
principles we can improve the vertex (BC vertex). So far, we have only discussed
bare equations. In order to make contact with the physical world, it would be
profitable to define renormalised quantities and derive the equations they satisfy. In
the next section we will show how the Schwinger-Dyson equations can be written for
renormalised quantities and introduce a scheme, first used by Bloch [4] for the case
of QC D, which respects multiplicative renormalisability without having to construct

an explicit vertex.

2.6 Renormalised Equation in the M R Scheme

In this section, we introduce the concept of multiplicative renormalisability (M R)
and illustrate its application to the case of QFED. We then introduce a new trunca-
tion scheme called M R scheme that respects M R and derive the new SD equations

in this scheme.

2.6.1 Multiplicative renormalisation

All the quantities, i.e. the fermion and photon propagators, we have thus far used
are bare quantities. They were defined using the bare effective action T[4, 1), A,l

and they all potentially contain divergences, that have to be removed in order to
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make the theory meaningful. In perturbative studies, the expansion of I'[4), 1), A,]
in term of number of loops permits the calculation of the different couplings, which
thus emerge as momentum dependent. The multiplicative renormalisation allows us
to write quantities that are independent of the cut-off A%, but instead depend on a
mass scale p?, which corresponds to the scale at which, quantities are defined. For

the fermion propagator, we have seen that it could be written

[#—m(p")]. (2.106)

The dependence on the cut-off is implicit and we should write

1

S p,A) = F2 A

[#—m(p? A%)], (2.107)

which makes the role of the cut-off A2 more explicit and indicates the potential
divergence of the function when A? is taken to infinity. The scale u? can be defined

as
S7(p) = #— m(p?), (2.108)

for p?> = u? at a large value. This sets the wave function renormalisation F to unity
at the same time. This approach is based on using bare fields 1)y, ¥y, Ay, in the
action and is thus called bare perturbative expansion. Alternatively, we can define

multiplicatively renormalised fields and couplings in the following way

A
f — /Zf f. A¥ = /7. A" - ef = 1 ef_ 2.109
’(vb() 21)b ) 0 3 ’ 0 Z_2f /—Z3 ( )

The infinities are absorbed in the fermion wave function renormalisation, Z,, which
relates the bare fermion field to the renormalised one; the photon wave function
renormalisation, Z3, which relates the bare photon field to the renormalised photon
field; and the vertex renormalisation, Z;, which relates the bare and renormalised
charge. The WTI relating the vertex to the fermion propagator Eq. (2.94) permits
us to write

zi =21, (2.110)
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In order to obtain the renormalised action, we substitute in the bare action the bare

fields by their expression in Eq. (2.109)

N
S&, ¥, Al = /dda: zfj [Z{J;f (i@—mg) ¢f+Z{efJ)f,4wf]

- / e %-F,,,Fw 23 (8,42, (2.111)

260

This action can be written in the usual form with the kinetic term normalised to
unity for the fermion, by introducing so-called counter terms, which regulate the

divergence encountered in the calculation of n-point functions. We then have

SEp,p, A,] = /dd Z B (19 —mf + ¢ A) wf——F Fo— L (g,amy

23
/ diz + Z[ (2] — V)Figy! — smIiys + 65 Ap]

Z
/dd E—Dp pw. (2.112)
with
om! = Ziml —m!, (2.113)
sef = (2] - 1) (2.114)

The renormalised gauge parameter £ is

o = Z3¢, (2.115)

and has no associated counter term. The WTI for the photon
¢, =0, (2.116)

ensures that only the transverse part of the photon polarisation tensor gets corrected,
i.e. the photon remains massless under renormalisation.
Using this renormalised action .S’gR, we can derive a renormalised effective action

Tg[, ¥, A,], which is the generating functional for renormalised 1PI graphs. The
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renormalised fermion and photon propagators will have the general form
(SR p) = #—m! —Shp),
v —9" +(¢"¢"/(¢ +ie)) 1 g“q”

D% = — 2.117

r(9) q% +ie 1+ 1Ir(¢?) (g% +i€)?’ ( )
subject to the renormalisation conditions

R0y = P 0) (2118)

T = At 2.119

R@@LMw 0 (2.119)

IIr(0) = O. (2.120)

These renormalisation conditions form the

so-called on-shell renormalisation and

are the usual choice for QFED. It ensures that the renormalised fermion propagator,

S%(p), has a pole of residue one at the physical fermion mass m/ (1) i.e.

2

Shp) =0 at p*=[m/(p)]; (2.121)

that when an on-shell fermion of flavour f is probed with a zero-momentum pho-
ton we measure the physical charge, e/ and that an on-shell photon has a pole
at p?> = 0 with unit residue after vacuum polarisation corrections. This approach
has been used for the study of perturbative QFED and it has been very successful
for the calculation of QFED processes. Moreover, it has been shown that QED is
perturbatively multiplicatively renormalisable and it is believed that this also holds
non-perturbatively.

Using these definitions of the renormalised quantities, it is possible to write renor-
malised equations for the fermion and photon propagators and the vertex. Our goal
is to write these equations in a scheme, where the explicit construction of the ver-
tex is not needed. We will thus only need to know how to relate the renormalised
fermion and photon propagators to their bare counterpart. We first write the most

general expressions for the fermion and photon propagators in Euclidean space.
Z(p*, A?)

S@ZZQTM@? (2.122)
v G 2 AZ v
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where we have explicitly written the dependence on A? and

G(p*) = T+;I—@2)' (2.124)

The non-perturbative multiplicative renormalisation is achieved by writing

Z(pzaAz) = Z2(/'L2)A2)ZR(p2’/J‘2)) (2125)

G(p*, A®) = Z3(1®, A*)GRr(p*, 11%), (2.126)

which exchange the role of A2 and p2. The functions Zg and G are the renormalised
dressing functions for the fermion and photon respectively and are normalised ac-

cording to
Zr(?, p*) = Gr(p*,p®) = 1. (2.127)

The running mass function M (p?) as defined in Eq. (2.122) is renormalisation point

invariant, i.e. it does not depend on u2. The renormalised coupling is defined as

Zy* (12, A%) Zo (%, A?)
Zys(p2,A?%)

e(u?) = eo(A?) = Z3% (12, A?)eo(A), (2.128)

where Z; is the vertex function renormalisation.

2.6.2 MR scheme

In the previous section, we have defined all the non-perturbative quantities needed
to renormalise the SD equations for the fermion and photon propagators that we
recall here for completeness. In Euclidean space, they are

Se)™ = (SH)” —eh [ Gt Se @l @ D), (2129)

D)™ = [DS,(p)]"

~(-UNped | ol Se@ula,—)Sel=), (2130

with r = (p — q).
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MR equations for the fermion

Substituting the form of the fermion and photon propagators, we obtain the following

equations
ﬂéM): %ﬁ/f fﬁﬁ%WWﬁﬁA%
(2.131)
O ey 8 vt S )
(2.132)
where
Uz(p*,¢* 7%, A?) = ;I#T&‘ [#7: (4 +iM(¢")) Tu(g,p, -7, A)]
v [5ﬁg(r)-+-25(;§:K55T:§V] , (2.133)
Um(®® g% 1%, A%) = ﬁT‘r l:’m (1—iﬁ)ll}(nq, -7, A?)
« [JT’(T) + Z:(Tfﬁ%] , (2.134)

with 84"(r) = 6* — r#r¥/r?. The two functions Uy and Uz are the kernels for the
integral equations. They implicitly depend on Z and M, through their dependence
on the full vertex I'*, using the WTTI identity. We have made explicit the presence of
the cut-off A2, which regulates the theory in a way that the bare mass myg is cut-off
dependent, ie. my = mg(A?), but the dynamical mass M is regulator independent
M = M(p*).

The relations defining the renormalised dressed functions of Eq. (2.125) and the
definition of the renormalised coupling in Eq. (2.128) , allows us to derive equations
involving the functions Zg(p?, 1?) and a(u?) = e*(u?)/4w. We have

1
ZR(pza MZ)

2
(87
= Zo(p? A®) + 4(7’:3)23(,12,A2) (2.135)

G 7.2, 2
X/d4q ZR(q2au2)&§%UZ(p21q2ar2aA2)a
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M (p?)

U T — 2 2 2 M 2, 92 2
ZataE) Zy (™, A%)mo (A7) — Z3(u®, A?) (2.136)

4m3
GR(T27 ,LL2)

qg + M(q2) UM(pza q2: ,,,2’ A2)

x [ daZa(e® )M (@)

In these equations, it is usual to use the WTI for the vertex to write Zy(u2, A%) =
Zy1#(p?, A?) and to include a factor Z,; in the integral so as to renormalise the fermion
vertex I'*. Here we will not proceed in this way and leave for the moment the vertex
unrenormalised. The A? dependence of the integrals is such that it is cancelled by
the seeds mg(A?) and Zy(u?, A%)mgy(A?) to produce renormalised quantities Zp and

M. The factor Z,(u?, A?) is replaced in these two equations by its definition

Z(p?, A?)

Zo(p?, A = 21— L 2.137
2(# ) ZR(p2nu'2) ( )
to produce the following equations
1 a(p?)
= Z 2 A2 ‘1
Zat) A s (2:13)
1 GR(’I‘2 /1,2)
x [ d* 22 AU (0, ¢, % AP,
/ q ZR(q2,/1/2) q2 +M(q2) (q ) Z(p q )
M(p*) 2 A2 2 a(u®)
= Z - ——= (2.
Zr(p?, 12) 2(”, A%)mo(A%) 473 (2.139)

M(q®) Gg(r?, u?)
d4 ) ZZ 2 A2 U 2, 2) 2,A2 )
X/ TZr(@12) @ + M() (@ A0up, 077, A)

In order to derive a system of equations relating the fermion propagator to the QED
coupling a(p?), we note that the product a(u?)Gg(r?, u?) does not depend on the

renormalisation point x2 and can be expressed in terms of bare quantities only
a(p?)Gr(r*, 1?) = a(A?)G(r?, A?), (2.140)

which allows us to choose the value of p? at our convenience. Choosing p? = r2, in

the integral equation and noting that Gg(r?,r?) = 1, we obtain

1 1 a(r?)

- - _ 2 A2 o 4 2/ 2 A2 2
Zawge) — M g / T v M@’ A,

(2.141)
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M(p®) _ 2 A2V (A2
Tt 2 mel)

_ 1 M(q*) afr?) 20,2 A2 2
473 /d4qZR(q2,u2) q2+M(q2)Z (g%, A )Unm(A%),

(2.142)

where the dependence of the kernels Uy and Uz on the momenta p, ¢, r is not
written. So far we have made no approximations, but now introduce the trunca-
tion that preserves Multiplicative Renormalisability in a non-perturbative way. We
note that in both equations the full unrenormalised vertex I'* is multiplied by the
unrenormalised dressing function Z(g? A?). The truncation consists of assuming
that the factor Z%(¢?, A?) cancels both the nonperturbative correction to the bare
fermion-photon vertex and the corrections due to the integration. This scheme was
first proposed by J.Bloch [4] for the case of QCD. In this case the truncation con-
sists of assuming that a factor Z?/G?, where G is the ghost dressing function cancels
the nonperturbative correction to the bare quark-gluon vertex and the corrections

due to the integration. This can be supported by recalling the WTI for the quark
(b — k),T% (p, k,p — k) = Gl(p — k)?)[S™ (k) — S~ (k)], (2.143)

which shows that the full quark-gluon vertex receives G/Z non-perturbative cor-
rections. However, it has been shown by Mandelstam [10], that perturbative loop
corrections to the propagator introduce a double factor G/Z. The cancellation mech-
anism is thus plausible and it is assumed that it is a non-perturbative phenomenon.

In QED, the WTI is
(p—k)uI*(p, k) = [S7'(k) — S7' (k)] (2.144)

and here as well we assume that a double 1/Z corrections appears that is cancelled
by the factor Z? in the integrals. This Ansatz is consistent with perturbation theory
at weak coupling and thus yields the correct resumed perturbative behaviour of the

electron propagator. We will thus make the replacement
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ZH@P, ADUL(p%, % r% A% = Ug(P, 4% %), (2.145)
Z2(¢*, A)Um(p?, %, 7% A% = Uy (9%, ¢4, %), (2.146)

where U9 and U, are calculated by replacing the full vertex I'*(p, q) by its bare

expression ¢y*. The equations for the fermion propagator are thus

1 2 4 a(r?) 0
B G Ry Kl m v P v L
(2.147)
M(p?) _ 2 A2 2y _+ [ a4 q°) a(r?) 0
Zr(p*, 1) 22, A)ma(A7) /d ZR )@* + M(q? )UM'
(2.148)

The calculation U and U}, is straightforward, as it is the same as the one that was
performed for the bare vertex approximation. In Landau gauge where £ = 0, we

have (see Eq. (2.54,2.55))

1 2[p’¢* — (p-9)?
Uz(0*,¢°,7%) = 3 |37 i — iy (2.149)
Uz(p’,¢*,r?) = —%- (2.150)

The main interest of this truncation scheme is that it preserves multiplicative renor-
malisability and that there is no need to construct a fermion-photon vertex to satisfy
this property. Multiplicative renormalisability is preserved if solutions of the equa-

tions renormalised at the scales y? and v? are related by

Zr(p*, 1?)
7 2 2 — R )
Zo(? A% = Zp(V p?) Zo(p?, A?). (2.151)

If we assume that we have found a solution (Zg(p?, 1i?), M(p?)) of the equations
Eq. (2.141,2.142), for all p? and renormalised at the scale x2, then by multiply-
ing these two equations by the function‘ZR(uZ’, ©?), it is clear that Zg(p?, v?) and

the original M(p?) are solutions of the system with the renormalisation condition
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Zg(v?,v?) = 1. We can also note that this truncation satisfies the leading order re-
summed perturbation theory, as was demonstrated in [12, 11]. Our present scheme
does not display the same Z dependence but because the UV limits are identical, i.e.

Zg(p?) = 1 to leading order, then the mass functions have the same UV behaviour.
MR equation for the photon

The two equations relating the dressing function Z and the mass function M have
been written to involve the coupling function a(p?), that satisfies its own integral
equation. Starting from the SD equation for the photon propagator, we can derive
the equation for the coupling in the M R scheme. It is easier to remember that the
M R scheme can be obtained from the bare vertex approximation by modifying the
Z dependence, i.e. absorbing a factor Z?% in the full vertex. From the bare vertex
approximation equation for the photon propagator Eq. (2.74), we can derive the

equation in the M R scheme. In Landau gauge, it reads as

1 47TZ3(/1,2,A2) 4Nf / Yy
= d 2.
o(z) 262 3me ] W) (2.152)
.2 _ 2
X /d0 sin® 6 e [y(l 4cos®0) + 3/ yz COSH] :

with 2 = ¢%, y = k? and 2z = p* = (k — ¢)* and

a(q2) — 62(N2)G41:r(q2aﬂ2). (2153)

Recapitulation

For completeness, we write the QFED equation in the M R scheme in the Landau

gauge.

1 1 1 Yy
L e [
Zp(z, 1*) WA o W Zr(y, 1)y + M?(y)

i 3y/Zycosl 2zysin’l
X/o dGSinzé’a;z)( :z:gicos - asy;n ), (2.154)
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M(z) 2 A2 2 Yy
o 2,12 A)m(AY) + — [ d
Zp(z, p?) ot AJmo(A%) + 5 / yZ 2) y + M2(y)
X /7r dpsin? 023 (2.155)
0 z
I 47rZ3(;42,A2) 4Ny /
@ - e el Ve
. 2 - _
/d9 sin 0z+ S202) [y(l 4cos’ ) +3\/y—:ccosH] . (2.156)

These equations involve the wave function renormalisation Z; and Z3, which will be
removed by subtracting each equation by the same equation at some particular mo-
mentum o2, which can be chosen arbitrarily. In the next chapter, we will introduce
the numerical method that was employed to solve this system in different approxi-
mations, i.e. quenched QFE D, when the coupling is replaced by its bare value, one

loop approximation and then the full system.



Chapter 3

Numerical Method For Integral
Equations

In this chapter, we introduce a powerful numerical method to solve the non-linear
integral equations for the QED system. The system of equations Eq. (2.154-2.156),
involve the coupling function a(q?) in the angular integral, which is the term that
proves to create difficulties in the numerical treatment of the system. Had it not been
for the presence of such a term, we could have used a traditional approach, which
consists of replacing the unknown functions Z(z), M(z) and a(z) by their values
Z(x;), M (z;) and a(z;) at some grid-points z;,7 = 1, N. This is equivalent to a linear
fit of the unknown functions between the points z;. The reconstructed functions are
continuous but not smooth and this leads to numerical problems, namely there is
not proper cancellation of the divergences and the coupling function a(z) has a non-
physical behaviour [3]. In order to avoid such problems, we use an approximation
that maintains continuity and smoothness of the functions. This is achieved by
making a Chebyshev expansion. We thus transform a system of integral equations
into a non-linear system of (almost) algebraic equations, where the variables are the
coefficients of the Chebyshev expansion. This non-linear system can then be solved
by the Newton method, or better by the so-called modified Newton method, which is

a globally convergent method. Once we have determined the expansion coefficients,

it is easy to reconstruct the functions.
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3.1 Chebyshev Expansion
3.1.1 Chebyshev polynomials

The Chebyshev polynomial of degree n is denoted T,(z). It has an explicit repre-
sentation given by

T.(z) = cos(n arccos(z)). (3.1)

Its argument z has thus the range —1 < z < 1. Even though, the definition of T},
involves a trigonometric function, it is nevertheless a polynomial in z and an explicit
expression for T;, can be calculated easily, analytically for the first few terms or by

using a recurrence relation, as follows [13]

To(z) = 1

Ti(z) = =z

To(z) = 22°—1

T3(z) = 42° -3z (3.2)
Ti(z) = 4z'-—822+1

Toia(z) = 22Th(z) —Thy(z) n>1.

v

We plot the first few Chebyshev polynomials 7,,(z), n = 0,...,4 in Fig. (3.1). The
Chebyshev polynomial T,,(x) has n zeros located at the points

T; = cos (M) k=1,2,...,n. (3.3)

n

It also has n+ 1 extrema, both minima and maxima, in the interval [—1, 1], located

at

k

T§ = cos (7> k=0,1,...,n. (3.4)

The maxima always occur at 1 and the minima always at —1. The Chebyshev
polynomials also satisfy two orthogonality relations in the interval [—1, 1], one con-

tinuous, over a weight (1 — z2)'/2) which involves an integral over the argument
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Figure 3.1: Chebyshev Polynomials Ty (z) for n=0,... 4.

and one discrete, which involves a sum over the index & of the zeros zx,k = 1,...,m

of T, (z). They are

Lo 0, 7Y
[, & T E = Wroiziz0 69
m 0 i 7
Ti(ex)Ti(zs) = { m/2  i=j#0 (36)
k=1 m i=j=

3.1.2 Chebyshev approximation

Because of the continuous orthogonality relation Eq. (3.5), the Chebyshev polyno-
mials can be used as a basis for any continuous function. Any function f(z), with
argument —1 < z < 1, can thus be rewritten in terms of Chebyshev polynomials as

follows
f(z) =3 ¢iTia(z) — 7= > 'ciTj-1(z) (3.7)
where the c; are an infinite number of expansion coefficients and where the shorthand

>>' is defined. We will make an approximation to the function f(z), by truncating

the sum to j < N

N

N
fz) ~ g’chj_l(:c) =Y ¢Tj-1(z) - o> (3.8)

j=1

such that the approximation becomes ezact at the N zeros of T(z).
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For the zeros zy, (k = 1, N), we have

M=

f(d)k) = ,cjj—}‘—l(xk); k= 1, ceey N. (39)

1

<.
I

By multiplying both sides by T;(zy), with ¢ < N and summing over the index k, we

obtain

;ﬂ(ﬂfk)f(l‘k) =>'c Z Tj-1(xk).- (3.10)

i=1

We now use the discrete orthogonality relation (3.6), which yields

N
Z_:ﬂ'(xk)f(l’k) = %CH—I, (3.11)

so the expansion coefficients ¢; of Eq. (3.8) can be written as

2_: L1 (zw) f (k). (3.12)

If we substitute the expression Eq. (3.3) for the zeros of T (z) we have

:—ZT] . [cos(( _13/2) )]f[cos (W)] (3.13)

We use the explicit representation of the Chebyshev polynomial T;(z) in Eq. (3.1)

to obtain an explicit representation for the expansion coefficients c;

o= 2 S (L) (Gt

(3.14)

The use of Chebyshev polynomials for the expansion is not a pedantic one. There
are other polynomials that could be used. However, the best choice seems to be the
Chebyshev polynomials. If we make a different approximation using another set of
polynomials truncated at order N, then by choosing an integer m, such that m < N,

then the approximation
m

f(z) =~ Z'chj_l(a:), (3.15)

j=1

yields the "most accurate” approximation of degree m [13]. Because the T are all

bounded between +1, the difference Af between a truncation at order N, and a
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truncation at order m is smaller than the sum of the ¢y, k =m+1,...,N
N m n
Af =3 "¢iTia(@) =Y 'eTia(z) < Y o (3.16)
Jj=1 j=1 k=m+1

If all the ¢k, are rapidly decreasing, then Af is dominated by the term ¢, 11T (2),
which is an oscillatory function with m + 1 extrema smoothly distributed over the
interval [-1,1]. The error generated by replacing the function by its expansion is
thus smeared out over the complete interval. Moreover, it can be shown [13], that
the Chebyshev polynomial is very close to the so-called minimaz polynomial, which
has the smallest maximum deviation from the true function. The advantage of the

Chebyshev polynomial is that it is easily computed unlike the minimax polynomial.

3.1.3 Summation of Chebyshev polynomials

Once we are able to compute the expansion coefficients ¢; in Eq. (3.14), we will
need to evaluate the function f(z). One approach is to use the recurrence relation
Eq. (3.2) to generate the different Tj,5 = 1, N — 1 and then sum the calculated
polynomials weighted by their associated coeflicient. This approach is numerically
dangerous, because the recurrence relation Eq. (3.14) is unstable and yields expo-
nentially growing solutions. Fortunately, there is a way to generate the values of
the T;(z)’s, and accumulate the sum to form f(z) in one go. Clenshaw’s recurrence
formula is an elegant way to evaluate a sum of coefficients times functions that obey
a recurrence formula, which is what we have when we expand a function over the

basis of the Chebyshev polynomials. We thus want to evaluate
f(z) = écka(x), (3.17)
where the functions T;(z) obey the recur-rence relation
Toi(z) = a(n, 2)Tu(z) + B(n, z)Th (), (3.18)

with some functions a(n,z) and f(n,z). First define the quantities y,, by the

following decreasing recurrence

Yn+2 = Ynt1 =0, (3.19)
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e = a(n,z)yes1 + B(n, T)Ykyo + Ck, (k=N,N—1,...,1). (3.20)

If we solve Eq. (3.19) for ¢ on the left, and then make explicitly the sum Eq. (3.17),

we will get the following pattern [13]

flz) =
+ [ys — a(8,z)ys — B(9, )y10] T3(x)
+[yr — (7, z)ys — B(8, z)ys] Tr(z)
(6,z)yr — B(7, x)ys] Te(x)
+ [ys — a(5,z)ys — B(6, x)yr] T5(x)
4 ...
+[y2 — a(2,2)ys — (3, z)ya] To(2)
+ [y — a1, )y — (2, 7)ys] T ()

+[e1 + B(1,z)ys: — B(1, z)y2] To(z), (3.21)

+[ye — a

where we have added and subtracted 3(1,z)y, in the last line. For example, the
terms containing a factor yg in Eq. (3.21) sum to zero because of the recurrence
relation Eq. (3.18), and this applies to all the other y;. The only term left is thus

the sum we wish to evaluate. We have

f(z) = B(1,z)To(z)y2 + T1(z)y1 + To(z)cr. (3.22)

The two equations Eq. (3.19) and Eq. (3.22) are Clenshaw’s recurrence formula for
evaluating the sum of coefficients times functions that obey a recurrence formula.
If we apply Clenshaw’s formula to the Chebyshev polynomials obeying the recurrence

relation Eq. (3.2), the function approximating f(z) in Eq. (3.8) is given by

Yn+2 = Yn+1 =20,

y; = 2$yj+1—yj+2+cj j:NaN_la"'12,

1

Yo=12Ty2— Y3 + 3¢ (3.23)

=
8

o
Il
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So far, we assumed that the function has an argument z in the same range as the
Chebyshev polynomial. If the range of the argument is more general, i.e. b <z < a,
we only make a change of variables to map = to the range [—1,1]. We define the

variable s as

z— 2(b+a)
§=—=2 7 (3.24)
%(b —a)
which satisfies,
z € [a,b] = s €[-1,1]. (3.25)
The Chebyshev approximation is now
N
f(@) =) e Tii(s), (3.26)
j=1

where z is mapped into s using Eq. (3.24).

3.2 Globally Convergent Method for Non-Linear
Systems

As we have already mentioned in the introduction to the chapter, the system of
integral equations is rewritten as a system of (almost) non-linear algebraic equations,
which is equivalent to finding the zero of a vector function F(x), where x is the vector
representing the expansion coeflicients. We first start by discussing the Newton

method in one dimension and then generalise to several dimensions.

3.2.1 Newton method

Suppose we have an estimate z, of the zero z, of a function f in one dimension
flz,) =0. (3.27)

Algebraically, the Newton method consists of writing a Taylor expansion for z, =

x + 9, where 4 is small and z is an estimate of z,. We have

flz +6) = f(z) +6f'(z) +52f"§—$) . (3.28)
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because f(z,) = f(z 4+ 8) = 0, it implies

@)
*= ")

(3.29)

The iteration procedure will thus be

f(z;)
f(zs)’

if of course the derivative at the point z; does not vanish.

Tiy1 = x; + 6= I; — (330)

The advantage of this method is that it yields a fast rate of convergence, once we

are close to the zero. Indeed we have

flzx+e) = f((E)-i—Ef’(l’)—i—EZ@—i—...,

fllz+e) = fl@)+eff(z)+.... (3.31)

By applying the Newton formula Eq. (3.30), we get
f(z:)
T ST )
2 'z
t (=)’

where z is the zero of f. The Newton method thus converges quadratically when

(3.32)

we are near a root.
The case of several dimensions is similar to the previous one. We would have N

functions (F;, i = 1, N), involving N variables (z;, i = 1, N), to be zeroed

R(a’]l,xg,...,mN):O 221,2,,N (333)
If x denotes the vector (z1,zs,...,Zx), We can write the expansion
N
Fy(x + 6x) = Fy(x) + Y Jij0z; + O(6x%), (3.34)
j=1

where J;; is the Jacobian matriz associated to F

g, =25

. 3.3
- (3.35)
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The increment dx satisfies the equation
J.éx = -F. (3.36)

This equation is a linear system that can be solved using the standard methods. It

yields the increment of the Newton method

Xpow = Xou + 0X, (3.37)

bx = —-JLF (3.38)

3.2.2 Global method

As we have seen, the Newton Method has a quadratic rate of convergence once we
are close to the root. Unfortunately, if we start far from the root, convergence is
not assured. Simple examples where the convergence fails exist [13| and it is thus
necessary to find a method for which convergence occurs for almost any initial guess.
A global method is one that will converge to a solution for almost any starting point.
We would like to employ a method that ensures both quadratic convergence a la
Newton plus global convergence to the root after each iteration [13].

After each Newton iteration Eq. (3.37), we should ask ourselves if we really want to
keep the new approximation vector Xx,., or not. From the vector function F, we can

form its normalised squared norm f defined as
f=|F>?=F.F, (3.39)

and ask that the new vector x,., decreases f. The Newton step in Eq. (3.38) is

actually a good candidate, as it ensures a descent for f. Indeed, we have
Vféx=(F.J).(-J'F)=-FF<0. (3.40)

Thus the procedure will be the following: we always try the full Newton step
Eq. (3.38), that will ensure quadratic convergence when we are close to the root.

However, we check at each iteration that the new approximation really decreases
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the norm f of Eq. (3.39). If the proposed step does not represent a descent of f, we
go back along the Newton direction until we have an acceptable step. Because the
Newton step is a descent direction for f, we are bound to find an acceptable step.
This method is essentially equivalent to minimising the norm f, by taking steps that

bring F to zero. In practise the iteration will be
Xnew = xold + )\p) 0 S A S 1 ) (341)

where p is the Newton step dx of Eq. (3.37) and ) is a parameter so that f(X,.+Ap)

has decreased sufficiently. We found in [13], a routine to achieve this task.

3.3 Chebyshev Expansion for M, Z And «

We have seen that when the function to be expanded has a general range |a, b}, then
it is possible to make the change of variable of Eq. (3.24). In our case, the integral
equations will be written in Euclidean space and the radial integration variable y,
corresponding to momentum squared has the range [0,00]. Numerically, we will
introduce an ultraviolet (UV) cut-off A% and a infrared (IR) cut-off €2. The UV
cut-off is introduced to regularise the integrals, while the IR one serves a numerical
purpose. The neglected part of the integration i.e. foez, has to be either evaluated
analytically or shown to be negligible. In our study, we will choose an IR cut-off
€2, such that the neglected contribution is indeed negligible. The phenomenon of
dynamical symmetry breaking is in effect an IR phenomenon and it is thus essential
to have enough grid points to show the evolution from a zero UV mass to a definite
IR mass. We will thus not use a linear scale between €2 and A?, but rather a

logarithmic scale. The momentum p? will be changed to
t = In(p?), (3.42)

with range

[toins taax] = [In(€?), In(A?)], (3.43)
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and we will map this range to [—1, 1]

t - l (tmax + tmm)
2 max min
which can be rewritten
In{p?/Ae
s = (A//e ) (3.45)
The Chebyshev expansion for M, Z and « will be written
Ny
Mt =1@") = > '4T(s), (3.46)
7=1
Nz
Z(t) = 35Ty (s), (3.47)
j=1
Neo
alt) = 3'eTyals), (3.48)
j=1

with s defined in Eq. (3.44). The advantage of using Chebyshev expansion is that
we now have a smooth integrand and that we can compute the different functions
at any point we want. We do not have to fix a set of grid-points, where all the
functions are defined, thereby imposing on us a quadrature rule that has to use
these grid points. Here, we can use any optimal set of grid-points which will be
the zeros of the Legendre polynomials, i.e. we will use the powerful Gauss-Legendre
quadrature formula to calculate the different integrals. This quadrature rule will be

very eflicient, because the integrand is now smooth.

3.4 Quadrature Rule

After having defined the Chebyshev expansion, we will need a quadrature rule to
compute both the angular and radial integration. We will thus replace an integral

by a summation
[ w@) i@ = 3w, ) + Bl (3.49)
@ =1

where w(z) is a weight function, w; are the associated weights to compute the sum

and z; are a number a grid-points. E,[f] is the error generated when one replaces
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the integral by the sum. We would like to choose the weights w;, such that the
integral is exactly equal to the sum when the function is a polynomial of a certain
order n. This happens when the n nodes z; are the zeros of the polynomials p,(z),

which satisfy an orthogonality relation with weight w(z), i.e.

L%ummm@M=%. (3.50)

The Gaussian quadrature with weight w(z) = 1 over the interval [—1,1] is called

the Gauss-Legendre quadrature. In this scheme we have
1 n
[ f@)dz = Y wif(z)) + Ealf), (3:51)
- =

and the quadrature is exact if f(z) is a polynomial of order n. The orthogonal
polynomials with weight w(z) = 1 are the Legendre polynomials P,(x), which obey

the following orthogonality relation

1 2
.LBmﬂ@MZ%ZTT (3.52)

They can be calculated explicitly by either the Rodrigues’ formula

1 da ., n
Py(z) = gomi o (22 -1)", (3.53)
or by recurrence
(n+1)Poi(z) = 2n+ 1)zP,(z) — nP1(z). (3.54)

The abscissas z; will be the zeros of the Legendre polynomials P,(z) and their

associated weight is
2

w; = X
(1= 23) [P(2)
where the prime denotes a differentiation with respect to 2. The error E,[f] is

22n+1(n!)4
(2n + 1)[(2n)

In the case, where we are integrating over an interval [a,b], we use the same inte-

(3.55)

E.[f] =

!]3f(2n)(£)7 —-1< f < 1. (3‘56)

gration points z; and the same weights w;, with the formula

b b—a & b b—
/af(:c)d:c: 2aj§::1wj( 42—a+ 2a:vj>. (3.57)
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The error in this case will be

(b— a)2n+1(n!)4

Gy Dnp! @ e<E<h (3.58)

3.5 Illustration

In this section we illustrate the method by a simple case where we have only one inte-
gral equation. In the bare vertex approximation, when the renormalisation function
Z is set to unity, and the coupling function a(q?) is set to its one loop expression,
the mass equation satisfies the following integral equation

3a(A?) lm@h M) sin® ¢
M 0 = / dt’ / da R 359
U= ey “yaee b Vi @y O

withz =et, y=e' and 2 = 2+ y — 2,/Zy cos b .

We write M(t) as a Chebyshev expansion

M(t) = Y a; Ty (s), (3.60)

with
t - % (tmax + tmin)
% (tmax - tmin)

This expansion has N, unknown expansion coeflicients that we would like to de-

(3.61)

termine. We will thus impose Ny, constraints to find the a;’s. We impose that the
integral equation has to be satisfied at Ny, points ¢;,7 = 1, Ny,

Ba(A?) ) yPM(Y) sin® g .
M(t) = / dt'—————/ de , i=1...,Nu,
W= "0 huey e b T E R ) )

Zi

(3.62)
where M(t;) is calculated using the Chebyshev expansion Eq. (3.60). These Ny,
abscissas s; = s(t;) will be chosen to be the zeros of the Chebyshev polynomial Ty,,,
which are known to be

 —1/2
8; = CO8 (u) . i=1,...,Npy. (3.63)
Ny
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The momentum on the ¢ scale is thus
= In(A€) + s; In(A/e), (3.64)
and on the linear scale we have

P2 =@ = Ae (f\-) N (3.65)

€

We now rewrite the Ny, constraints Eq. (3.62), as sums using the Gauss-Legendre

quadrature formula

3a A2 Nr yIM(t;) Ne sin? 6y,
M i R ’LU9 - = izl,...,NM,
X ) & e (s T ()
(3.66)

with y; = e and z, = z; + Y; — 2,/Z;y; cosB. Np is the number of nodes we use
in the radial integration with weights w , while Ny is the number of nodes for the

angular integration with weight wf. To simplify the notation, we write

Ny : 26
Ou =3 uf S Tk . (3.67)

2 (14 521 (£2))

We thus have

3a(A) 82 LyIM()0w

Mti - = 1,
( ) 27!‘2 w y]+M2(t;-) ¢

, Nas. (3.68)

j=1
These N algebraic equations form an (almost) algebraic non-linear system that we
solve by the global convergent method described previously. Because the equation is
non-linear, the expansion coefficients a; cannot be taken outside the radial integral,
and we have to recompute the radial integral after each iteration. The system is
thus not an algebraic system, it would have been had we been able to rewrite the
non-linear system as a sum of constant coefficients times unknown variables. We

define the vector F to be zeroed

, (3.69)
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whose components F; are

NM/ NR Ry )@ .
Fz‘=gaﬂ}'—1(si)— W ; +M2(t,), i=1,...,Ny.  (3.70)

We now have to define the Jacobian J. It is given by

OF;(a)
q(a) = 3.71
y(a) = T (371)
whose explicit representation is
1 3a(A?) Y& 1. 1¥70u (y; — M2(t)))
Jij(a) = Ty(s;) — =61, — 3 wh [T‘(r‘) - —51k] e L (3.72)
J J 2 J 27('2 = ] VANV 2 (yJ i MQ(t;))Z

where r; maps t;' to the interval [—1,1]. To write this expression we have also used

OM(t;) 1
8(1,]- = Tj(Si) — 5(51]'. (373)
The Newton iteration is
a,+1 = a, — da, (3.74)
with da satisfying
J(a,)éa = F(a,), - (3.75)

that is solved by using the explicit expression Eq. (3.70-3.72).

Once we have determined the expansion coefficients, we can compute the mass
function M(z) for any values we want using the Clenshaw’s recurrence formula
Eq. (3.19). We postpone to the next chapter the actual implementation of this
method for QED in the M R scheme, first when the coupling function is set to its

one loop expression and then we apply it to the full system (M, Z, a).
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Chapter 4

Numerical Solution of the QED
System in the MR Scheme

In this chapter, we apply the numerical method developed in the previous chapter to
the system of equations Eq. (2.154-2.156), which are the SD equations for QED in
the M R scheme. Before solving the full system, we illustrate what happens when we
make further approximations. We first present the so-called ca,ée of quenched QED,
which is obtained by approximating the coupling function a(q?) by its constant
bare value at the cut-off A%2. We then show what happens when we set the coupling

function to its one loop expression and finally solve the full system Eq. (2.154-2.156).

4.1 Quenched QFED in the MR Scheme

The equations for quenched QFD are obtained, when we set the coupling function

to a constant, i.e.

a(q®) = a(A?), quenched case. (4.1)

This amounts to neglecting fermion loops in the photon propagator.
In order to treat the quenched case, we start from the Minkowski equations, keeping

the gauge parameter &

1
Zr(p?, 11?)

ia(A?) / s L 1 Ko + K,
iwp | O 2l e ) (- b
(4.2)

= Zo(u’, A*) +

61
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M@p®) ) o Ga(A2) [ M(K?) 1 3+ &
Zapas) = NI -5 [ G o
(4.3)
with
2 2,2 2
Kg = T (Kp* - (k.p)?) — 3p-k, (4.4)
Ke = (I)E—Ok)z(k2+p2)(p.k)—2p2k2). (4.5)

We first consider the equation satisfied by M (p*)/Zg(p? u*). We do not at this
point perform a Wick rotation, but note that the kernel 1/(p — k)? has a Fourier
transform that can be computed analytically, which corresponds to a massless scalar

particle
dik 1 gibw — L1
2714 k2  An?w? — e’

(4.6)

Also the integrand in Eq. (4.3) is the product of a function of k? multiplied by a
function of (p — k)? only i.e. the integrand is a direct product, and the Fourier
transform of a direct product is the product of the Fourier transforms. We therefore

take a Fourier transform from momentum space p? to co-ordinate space w. If we

write
M(p*) — 2,2
Tt d) B(p*, 1), (4.7)
1 _ 2
i A(p?, 1?), (4.8)
M(p”) 1 _
Zalp A B ) 9
then in co-ordinate space we have
.. 1 1
B(w, y?) = moZy(p*, A*)6" (w) — (3 + §0)z47ra(A2)oB(w,,u2)p — (4.10)
w2 w? — ie
or
3+
w? (B(w,pﬁ) — moZz(,u?,A2)54(w)) = %47(0(1\2)03(11},#2). (4.11)
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Because the factor w? is multiplying the delta function, mgZs(u?, A2)w?6*(w) disap-
pears and we lose any dependence on the mass scale u?. This is understandable and
natural since quenched QQFD has no intrinsic mass scale. By Fourier transforming

back to momentum space, we obtain the following differential equation

3+ &o)a(A?) B(zx)
m z — (B(z)/A(z))

zB"(z) + 2B (z) + ( =0, (4.12)

with z = p? and the prime denotes differentiation with respect to z. This equation

is to be contrasted with the one we can derive in the bare vertex approximation

34g)a(\Y) 1 B@)/Al)
ir A@a-B@Awy o &Y

zB"(z) + 2B (z) + (

which differs from Eq. (4.12) by its A(z) dependence. In the often encountered A = 1
approximation, Eq. (4.12) and Eq. (4.13) are the same. It should be noted here that
Eq. (4.12) is valid in the whole z = p? Minkowski plane. Had we performed a Wick
rotation, we would have in this particular case derived the same equation in the
Euclidean p? space, but the Euclidean equation would need analytical continuation
to negative p?, obtained from the consideration of the kernel of integral equation
Eq. (4.3). Kugo et al. [14], have shown that the analytically continued equation
take the same form. Our result in Minkowski space spares us the need for analytical
continuation. However, this works here because the kernel 1/(p— k)? is quite simple
and its singularity structure is known. Instead of taking Fourier transform, we could
have differentiated Eq. (4.3) twice with respect to the momentum variable p* and

would have obtained the same equation using the relation

1 !
Dq'q—2 = —idr E,

(4.14)
where ¢ is the momentum variable and w the spacetime variable.

Unfortunately, for the equation Eq. (4.2) satisfied by Zg(z, 1?), the form of the kernel
does not allow us to treat this equation in the same way as we did for Eq. (4.3).

We will thus follow the usual procedure of Wick rotation. Because of the absence of

the coupling function in the angular integral, the angular integration is computable
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analytically. After introducing the Heaviside step function (or theta function), O(z)

we have

1
= Z(2 A
Zalo )~ WA

2 12 3 0
a(A)/d y/Zr(y, 1?) /d03m 0<2xysm o Ja@cos )

" 2nlz Y y+ M?(y 22

a(A?)é 1/Zg(y, 1%) (v
+ 2 [ 20 (Lo -y +o-0). (@19

We use now (3]

sin* 9 _ 3r|O(z-y)  Oly—=z
| 8 = = [ R ek (4.16)
" a sin”0 cosf 9—"039 = Yo -y + -6y - 2) (4.17)
0 z IENRE: Y y Y ’ '

and obtain

Ty = 20, + S [ oy M) (Voo ) 0y - ),
(418)

where we notice that the only contribution comes from the gauge fixing part of
the photon propagator. The © functions in the integrand restrict the range of the

variable y and Eq. (4.18) can be rewritten

1 _ 2 a2y, ¥A)& 1/ Zp(y,p*) Y
Tao ) Zo(p ’A)+T/o dyw——M?(y)ﬁ (4.19)

o) [ g 120,18

+ AT y+ M2(y)

We use the notation of Eq. (4.8) i.e. A = 1/Zg, and differentiate the last equation

with respect to . We obtain

a 2 o [ , 2 )

If we differentiate once more with respect to z, we obtain

o\, Al)

(4.21)

[:CSAI(QU)]I = o T+ Mz(m)’
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which can be rewritten as

A%)& A(z)
2r  z+ B%(z)/A%(z)

zA"(z) + 3A'(z) + a = 0. (4.22)

This equation with Eq. (4.12) have to be solved together to give the solution for
quenched QFED in the M R scheme. We will here focus only on the domain where z
is much bigger than B%(z)/A?(z). In this case, we can rewrite Eq. (4.12,4.22) as

2 A" (z) 4 3zA'(z) + 01(/2\_;)§OA($) =0 (4.23)
z’B"(z) + 2zB'(z) + (3—L-r@a(A2)B(a:) = 0. (4.24)

We use the following ansatz for the solution of the above system

B(z) = z° (4.25)

Alz) = z¥, (4.26)

and obtain the following relations

u2+2u+°‘(12\;)§° =0 (4.27)
KR Chid ) Iy C Y (4.28)

47

The solutions for s and v are

v = —1£4/1-a&)/2r (4.29)
s = %:t%\/l~a/ac, (4.30)

where a(A?) has been written o and

_ T
N 3+ &

(4.31)

G,

is the critical coupling. For a < a., we are in the sub-critical regime and the
exponent s is real. For a > a., s is complex and the function B(z) or the mass
function M (z) has an oscillatory behaviour, which indicates a new phase in quenched
QED. We shall not solve the system numerically here but rather look at the case

of QED, where the coupling is approximated by its one loop value.
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4.2 A Calculation in Minkowski Space

We compare the Minkowski space calculation to the Fuclidean formulation. We
work in the bare vertex approximation and in the non-local gauge & = G(g?),
where G(g?) is the photon dressing function. Even though our application will be
for the case of quenched QED.

The propagators are

Z(P2) 2
S5(p) pz_—M2(pg)(]!f+M(P )),
D/w(q) = _G((IZ ) (g;w q;q > +&o q;q

In Minkowski space, the SD equations in the bare vertex approximation are

M(p?) _ ieg 4 2,4G(¢*)
205 = ™ Gy [ d*k ou (k) 23 (4.32)
— (;2) - “30) / &'k o7 (k?) (4.33)
{ l2pzk2 —2(p.k)? 3;2_219] N [(p2 + kz)];;k — 2p2k2}} |
oy _ Z(R*)M(K)
om(k*) = W M)
2 Z(k%)
oz(k°) MR

The term in square bracket representing the contribution of the gauge parameter &,

can be rewritten as follows
(P> + K)(pk) = [¢*+2(p.k)] (p-k)
= Ppk) +2(pk)?.

The equation for Z(p?) becomes

1 27,60

/ &k 05 (k)G () PE (4.34)

) T P2
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We now consider the case of quenched QED and thus fix G(g*) = 1. The system of

integral equations in Minkowski space is now

M(p?) 4ie% / 4 2y 1
= my— Ak (k%) — 4.35
Zw) ™ e ] TR (439
1 Zze p.k
- 1% / &'k o5 (k? 436
Z(p?) p¥( ozl )q (4.36)

As we have seen in the previous section the integral equation for B(p?) = M (p?)/Z(p?)

can be converted into a differential equation which is

zB"(z) + 2B'(z) + (A%

oz(z) =0, (4.37)

where z = p? is the Minkowski squared momentum.
The equation for A(p?) = (1/Z — 1) is more involved since the kernel involves the
momenta p but not only through the combination (p — k). We rewrite Eq. (4.36) in

the following way
P*A(p*) = —/\/ d'k p—z,
PopaA(p?) = v [ d'h kaaz(kz)?- (4.38)
We can therefore eliminate the term p, on the right hand side. we have
2) = —/\/ &k a%(kz)q—t, (4.39)

with A,(p?) = p, A(p?) and 0 (p?) = ka0 z(p?). If we now take the Fourier transform
to space time variable w then Fourier transform back to momentum space, we obtain

the following differential equation

O [kaA(K?)] = %k oz(k?), (4.40)
zA"(z) + 34 (z) + a(A2)az(x) =0, T =k, (4.41)

2T

which, for z < 0 is the same as we would have derived if we had performed a Wick

rotation.
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In this rather simple example, we have seen that it is possible to write a differential
equation for the mass function M (z) and the dressing function Z(z) that is valid in
the whole z = p? line, without resorting to the Wick rotation. The equations derived
after Wick rotation, i.e. those for z > 0 have the same form. It therefore shows us
that the analytical continuation to negative x = p? is in this case straightforward.
However it is known, that in the complex p? plane, the mass function M (p?) derived
by performing a Wick rotation has branch points [25], whose location depend on
the value of the bare coupling a(A?). These branch points should thus play a role
when one performs a Wick rotation. It is thus rather strange, that we find the same
equation for z < 0. The role played by these singularities is still not very clear and it
seems that it is interpreted in a way that is convenient by the context in which they
are found (as we have already mentioned in chapter 2, where we first introduced the

Wick rotation).

4.3 MR Scheme at One Loop Approximation

In this section, we solve the M R scheme QED equations in the one loop approxi-
mation. This simplification allows us to treat the system as a nonlinear system for
the expansion coeflicients of the functions M(z) and Zg(z). The coupling function
a(zx) is

a(A?)

where A? is the cut-off that we will choose to be
A% = 10" (4.43)

so as to make comparison with earlier work [3]. We will thus plot for example the

mass function M (p?) with

107* < p? < 10, (4.44)

and show the p? axis with these units, which in the case of QCD would typically

be GeV units. Once we have fixed a value to the cut-off A2, the mass function
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for another cut-off A2 = AA? is obtained easily since the equation for the mass is

invariant under the following transformation

Tz = Az, (4.45)

M — VM. (4.46)

(4.47)

The system to be solved is

M(z) ) a1e(2)
g Za(p?, A2) / d / ez
Zp(z, 1) moZa(K, yZR y+M2 49 sin’6 z

(4.48)

1 1 1 y
ey [
Tnlw) ~ 20Nt on [ W TG

/d9 G2 eaw( z) l3\/~’0_y0039 B mes;nQ()] | (4.49)
z z

with z =p®, y = k% 2= (p—k)* =z + y — 2,/zy cosf and ay,(2) is the one-loop

expression Eq. (4.42). These equations still contain the unknown renormalisation

function Zy(pu?, A?), which can be removed if we rewrite the system for an arbitrary

momentum z that we will choose to be z = 2. Because of the renormalisation

condition
ZR(/J'27/~L2) = 1’ (450)

we have

3 M(y) Y . ae(2,)
2 2 A2 2 b
M(p*) = moZa(u,A%) + 2/alyZ 2 M )/dOSm 6 ,

r(Y, 1 2z,
(4.51)
1 Yy
1 = A% + /
208 Y Zn(, 1?) y + M2(y)
3 9 in?
/d9 Gin? OOM(Z“) l VTycosh 2wys;n 0] | (4.52)
u? 2z z;

where z, = p? + y — 2u,/ycosf. If we subtract the two system of equations and
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write M (u?) = M, we obtain

M(z) 3 M(y) y o, [0ae(2) 2]
——=M+—/d /de o |82 _ o2
Zp(z, u?) # T om2 | Y Zr(y, 12) y + M%(y) o z e

(4.53)
1 1 1 Y
= 14— / d
Zp(z, u?) or2) Zp(y, )y + M*(y)

3v/y/z cosb in?
/d0 sin® @ {au(z) [ v/ _ Zysin 0} — T+ u2} . (4.54)

z 22

The system, we have just written is for the massive case my # 0. In the massless
case, the equation for M/Z does not need subtraction and we can thus replace
Eq. (4.53) by

M(z) i i M(y) Y sin? ae(z)
Zp(z,u?)  2x2 / @ Zr(y,u?) y + M?(y) /dO 6 z

(4.55)

In order to solve this system, we first make an expansion for the two functions M (t)

and Zg(t, u?), where the argument ¢ = In(z) has the range

s bowe] = [In(€2), In(A2)]. (4.56)
We have
Ny
M) = 30T (9) (457)
266 = 30,7y 1(9), (4.58)
with
s = £ 3(tme + tmi"), (4.59)

Loax — L

max min

where we have chosen Ny, external momenta where we impose that Eq. (4.55) has
to be satisfied and Nz momenta where we impose that Eq. (4.54) has to be satisfied.
For the radial integration, we split the integrals at y = z so as to avoid the integration
over the kink. We have here to notice that the angular integrals depends on the

variable z = (p — k)?. For a squared momentum range (€2, A%], the variable z has



Numerical Solution of the QED System in the M R Scheme 71

range [0, 4A?%] and we thus have to extrapolate the coupling function outside its range
of definition. We will choose to extrapolate the coupling in a way that maintains its

continuity, which is vital for good accuracy in the numerical calculation. We choose

are(z) = ae(€?), T < €, (4.60)

are(z) = ae(A?), z> A% (4.61)

Using the Gauss-Legendre quadrature rule, we rewrite the integrals as sums. The
angular integrals depend only on the coupling function a(z) and can thus be com-

puted once and for all and stored. In the massless case, the two angular integrals

are
OMmtity) = /d9 Sin29ka%(z)
N6
= Y wsin’0 ali(:k) (4.62)
k=1
_ 3v/y/xcosf  2ysin? 6
Oz(tit;) = /d@ sin’ @ {au(z) [ . — yz2 —z & p?
NG 3v/yj/zicosby  2y.sin®6
= Y sin®8< ae(z) ’ _ Y 5 ot e In(p?) 3,
(4.63)

with t; = In(z;), ¢; = In(y;) and 2z, = z; + y; — 2,/T:yjcosO. Ng is the number
of quadrature points we choose for the angular integration. We now have a system
of Ny + Nz non-linear equations to determine the Ny a; expansion coefficients of
M (t) and the Nz b; expansion coefficients of Zg(t, u?). The vector function F to

be zeroed and defined as
.7'-: (Fl,la---aFl,NM)F2,1)-~';F2,NZ)a (464)

has the explicit components

YT Zalt) ﬁ; Y Zr(t;) v+ M2 ()
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1

F, = -1 4.66
& Za(t:) (4.66)
1 Nr y?
271'22 j'ZR( )y]+M2

()( Oz(t;,t;) — xHuQ), i=1,...,Ng,

where Ny = Npgj + Npgs is the total number of integration points used in the Gauss
formula to compute the split radial integrals. We now have to define the Jacobian

J in order to implement the Newton iteration. It is

OF,i | OF1;
Oa; 0b;
Jij = , (4.67)
OFy; | 0Fy;
Oa; 0b;

with explicit expressions

OF,, _ 0 (M) 3 & M) vl
5a; > = 5, (zm) 30 2 " Tty 2 4 M) )

o | (4.68)
3 %IE Zg(t;) (yj N Mz(tj)) [T;(Tl) 2‘513} Onm(tist;),
(42 + M2(t;))
aFl’i B 5 M( ) 3 Ngr ) yJ2‘
abj (a,b) — a_b]<ZR( _WZ JZR y +M2(t)e (t“t ))
M) [Ti(s) - 3]
= Z2(t:)
s 2 - e
1 j Onltit;), (4.69)
2m j;w (y12+M2( )) !

8F2,1- N 0 1 2 49 1 Nr 1 yj@z(ti,t )
607 (a’b) - 3aj (ZR(t,) (,U ,A) 271-2371']'21 ]Z (tJ) y]2+M2( )
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N R 2 L [TJ(Tz) - %51]'] M(t;) o
— 2z, ; Wiy, Z(tj) (y? A MQ(tj))2 @Z(t,, tJ) , (4‘70)

0Fy; 0 1 2 A2 1 - 1 yJZG)Z(ti’tJ)
5, 2P = 5, (Za(ti) U 2 Y ) v M)
B _[Tj({si)_%dlj]
a ZE(t:)
Ng T; ) — 15 | y?
1 1 [ i(ri) 2 11} Yj Oz(t, t;). (4.71)

ot 5 ) M)

j=1
The analytical computation of this Jacobian is done using the non-subtracted expres-
sion still involving the renormalisation function Z,(u?, A?), which does not depend
on z nor does it involve the integration over y.

The Newton vector increment dx satisfies the following matrix equation
J (ana bn) 6x = F (an’ bn) Y (4'72)

where n is the number of the Newton iteration. Explicitly we have

M 9Fi(an, by Nz OF, i(an, by, _
Z il ¥ ( _) (5a’n+1)j + Z =L ( )(db,n+1)j = Fl,i(an,bn), i < N,
9 b
i=1 @ =1 j
(4.73)
W 0F;;(an, by Nz OF,(an, b, _
Z 2’é )((5a,n+1)j + Z v, éb )(5b,n+l)j = F2,i(ambn), i < NZ-
i=1 a; j=1 i
(4.74)

The solution of this linear system gives the Newton increment 6x = (6a,n+1, Obnt1)

which yields the new approximation by the following Newton relations

App1 = an_(sa,n+1a

(4.75)

bn—l—l = bn - 5b,n+l .
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To start with, we have to choose a guess for the function M and Zg, which provides
us with ag and by. In the program, we choose Npy = Nz = 50. The Gauss-Legendre
quadrature are performed with Ny = 32 angular points and Ng = 120 + 120 radial
points. In order to make comparisons with previous work, we choose the subtraction

point u? to be our cut-off A?, i.e.
u? = A2 (4.76)
For Np = 1, we find the critical coupling aj,c = aec(A?) to be
e = 2.084312. (4.77)

We show in Fig. (4.1) and Fig. (4.2) the typical behaviour for the mass function
M (p?) and the dressing function Zp(p?, u?) renormalised at p®> = A? for Ny = 1
and for three different values of the coupling a(A?). We also plot in Fig. (4.3) the
infrared mass M(0, N; = 1) as a function of the bare coupling a;,(A?).

160 . . . - r . : : . T

L -
120 | -
100 | i

80 1

M(x)

60 | -

40 .

20 |

Figure 4.1: The Mass function M(p? N; = 1) renormalised at p? = A? for aje(A?) =
2.08450, 2.08500, 2.08750
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In the bare vertex approximation, the non-renormalised system (M, Z) has been
solved and the results were quoted in the first chapter. We recall that in this

approximation, the critical coupling was
e = 1.67280. (4.78)

Compared to our value aje = 2.084312, we see that the renormalisation plus
the introduction of a scheme that respects Multiplicative Renormalisability has in-
creased the critical coupling by 25 %. Surprisingly, this value of the critical cou-
pling Eq. (4.77) has been also found by Bloch in (3], where he solved the system
(M,a1,,Z = 1) in the bare vertex approximation and where the integrals were

regularised by a cut-off A2.

We have also solved the system (M, Z) at one .loop for a number of flavour Ny = 2.

The critical coupling we find is
a1ec(A?, Ny = 2) = 2.99142, (4.79)

to be compared to [3]

aree = 2.02025, (4.80)

in the bare vertex approximation of Bloch [3]. Here again, our value Eq. (4.79)
is the same as the one found in [3] for the (M,al¢,Z = 1) in the bare vertex
approximation and where the integrals were regularised by a cut-off A2

In Fig. (4.4) and Fig. (4.5) the typical behaviour for the mass function M (p?) and
the dressing function Zg(p?, u?) renormalised at p? = A? for Ny = 2 is shown. We
also plot in Fig. (4.6) the infrared mass M (0, Ny = 2) as a function of the bare
coupling ay,(A?).

In the next section we solve the full system (M, Zg, ) and find out what happens

to the critical coupling.
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80 M T T T v T v ¥ T T L M
o =299160 ——
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o =2.99170 --------
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Figure 4.4: The Mass function M(p?, Ny = 2) renormalised at u? = A? for a1(A?) =
2.99143, 2.99150, 2.99160 :

14 T T T T M T M T A T T
o =2.99150 ——
o =2.99160 -------
a=2.99170 e
sk _ -
13 F 4
1.25 b g
Z 12t g
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Figure 4.5: The dressing function Zgr(p?, u?, N; = 2) renormalised at u? = A? for a1p(A?) =
2.99143, 2.99150, 2.99160
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Figure 4.6: The infrared mass M(0, N; = 2)as a function of the bare coupling a1,(A?)

4.4 The System (M, Zr,a) in the M R Scheme

For completeness we write the full system of integral equations involving the three

functions (M, Zg and «)

M(z) 3 M(y) a(z) 2
il S A M"+—2_7§/dyZR(yp,)y+M2 /d981n 6[ . —:c(—),u},

(4.81)

; — 1+i./ d 1 y
Zn(z, 1) om2 | Y Zaly, u2) y + M2(y)

3 zcosf in?
X /dé‘ sin @ {a(z) l v/ _ Zysin 0} -z /f}, (4.82)

z 22

1 1, 4N,
a@) o) + 52 ] yy+22<)

/d0 { zsj-nzf @) [ (1—4cos20)+3\/y_xcose] -z <—>,u2}.
(4.83)
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As usual, the equation for o has been subtracted by its value at £ = p? to remove the
renormalisation factor Zs(u?, A%). The angular integrals of the equation for M and
Zg only involve the coupling function a(z) and we thus use the same extrapolation

as the one we used in the last section, i.e.

a(z) = afe?), T <€, (4.84)

a(z) = a(A?), x> A% (4.85)

The angular integral of the integral equations for the coupling a(z) involves the
mass function M (z). We thus also have to extrapolate the mass function outside its
definition range. In order to keep the continuity of the mass function,which is vital
to ensure proper numerical behaviour, we will use the following extrapolation that

assumes a decay of the mass function for high momentum

M(z) = M(€?), T < €, (4.86)
M(z) = M(A2)A?2, z > A% (4.87)

In this way, the mass function is no longer smooth at z = A2, i.e. the derivative is
not continuous at z = A? but the function M(z) retains its continuity. In practice,
the mass function at A? = 100 is still not very small and the use of this extrapola-
tion amounts to neglecting the mass function for high momentum, which causes an
infrared instability for the coupling function. In order to avoid a rapid fall of the
coupling function in the infrared, we have to be careful with the high momentum
behaviour of the mass function. In practice we will just freeze the mass function to
its value at A? for p? above the cut-off A2.

The best way to solve this system is to apply the global Newton method, we have
used for the one loop approximation. Unfortunately, the presence of the coupling
function « in the angular integrals with argument 2z, which can go outside the range
of momentum poses a problem to define the Jacobian, i.e. the derivative with re-
spect to the expansion coefficients c; of the coupling function . This derivative is

well defined for z < A?, but is ill-defined when the argument of « is the variable 2.
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Moreover, the application of the Newton method will require a recalculation of the
radial as well as the angular integrals at each iteration. If we choose 50 expansion
coefficients, we will have to solve a 150 x 150 system at each iteration with the
task of recomputing the coefficients of this system. This is why we say that the
non-linear system is almost, but not quite algebraic. It would have been algebraic
if the coefficients of the Jacobian equation J.6x = F had been constants. We thus
have to look for another method to solve the full system, trying to keep the advan-
tages of the Newton method. If we fix the coupling function a(z), then by using
the global Newton method, we can solve the subsystem (M, Zg) efficiently. The
solutions (M,.., ZR new) can thus be used to recompute the new coupling function
Qe Using the integral equation Eq. (4.83). This new coupling function is reused
to solve the subsystem (M, Zg) to produce another approximation to the coupling
function. We repeat this iteration until we achieve convergence. In order to imple-
ment this procedure, we thus need to expand the three functions M, Zr and « on

the Chebyshev basis using the f logarithmic momentum scale. We write

Ny
M) = 3-'a;Ty1(s), (4.88)
i=1
Nz
2() = 35Ty (), (4.89)
j=1
No
olt) = 3o Ty-1(s) (4.90)
j=1
with
t— 1(¢ b
g = L7 altom H ton) (4.91)
tmax - tmin

We introduce the Gauss-Legendre quadrature to rewrite the integrals as sums, i.e

M) _ 3 % j y;
Zp(t:) 27T2 ]ZR ?JJ + M2(t;)

@M(ti,t]‘), Z: 1,...,NM, (492)

1 B wyiZ ){ 2} :
= Oz(ti,t; ,i=1,...,Ng,
; 27r22yJ+M2 (t;) zltity) —z w7y, g

(4.93)
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1 1 4Nf w;y? {1 5] .
G(tlat) CUH#},Z:L---,Na,
alt;) a(p?) 37"2 3221 y; + 82 (y) la

(4.94)

with the angular integrals @, and ©z of Eq. (4.62-4.63). The angular integral O,
is
e, 1

Ot t;) = g::l wy sin? Bka+—M2(Zk) [yj (1 — 4 cos? 9k> + 3,/Z;y; cos Qk] , (4.95)
with 2 = z; + y; — 2,/Z;y;j cosby and N, the number of angular points for the
Gauss-Legendre quadrature rule. We now have defined all the quantities we needed.
We will thus start our procedure by choosing a starting guess o for the coupling
function a(z) that we choose to be the one loop expression Eq. (4.42). Using this one
loop expression we solve the subsystem (M, Zg), and use the solution to compute

the new coupling function using its definition of Eq. (4.94). we write

1 4Nf 2 1 ) -1
a( 371’2 Z yJ + 22( ) { 16 (tht ) T p }} , (4.96)

7j=1

and use this expression to compute the new expansion coefficients c¢; using the for-
mula of Eq. (3.14). Once the new ¢; are determined, we recompute the coupling
function « using Clenshaw’s recurrence formula and solve the subsystem (M, Zg),
with the extrapolated new coupling function. We stop the iteration when the ex-
pansion coefficients ¢; have reached a relative accuracy of 107*. For Ny = 1 and
N; = 2, the critical couplings ac(A?) are the same as the ones in the one loop
approximation. In order to compare the one loop approximation with the full Q ED
case, we plot for Ny = 1 in Fig. (4.7) the mass function M (p?) for the full QED case
as well as the mass function My,(p?) in the one loop approximation. We repeat the
same procedure in Fig. (4.8) for the renormalisation function Zg and in Fig. (4.9)
for the coupling constant. Lastly, we plot in Fig. (4.10), the infrared mass M (0) for
full QED as well as its one loop expression for comparison.

The coupling constant a(q?) develops a plateau as soon as p? < 103. We recall that

the one loop expression for the coupling constant a;; contains a term log(A?/p?)
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which shows that it has no infrared mass cut-off. The equation for the coupling
constant a(q?) involves two fermion propagators and therefore we should expect
that it should behave according to log(p® + M?), where M is the generated mass.
When M is much bigger than the momentum p?, it becomes a constant explaining
the appearance of the plateau. If we look at Fig. (4.7), we see that the function
M (p?) starts dropping around p? = 10%, which is consistent with the fact that the
integral equation for M involves a term 1/ (y + M?(y)). A look at the behaviour of
the coupling function shows that the plateau occurs around the same value of p?,

i.e. when the mass function starts to dominate.

60 T v T T T

T

full QED, 0=2.0850 ——

one loop QED, ¢=2.0850 ------
full QED, u=2.0844 -------

one loop QED, 0=2.0844 -

Figure 4.7: The Mass function M(p?, Ny = 1) renormalised at p? = A? for full QED and
compared to its one loop expression at a(A?) = 2.08440, 2.08500

4.5 The Non-Local Gauge Fixing Method

In this section, we present a method to reduce the number of integral equations to
be solved for the fermion propagator. The following material is presented to connect

with other studies and therefore no numerical calculations will be attempted. The
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Figure 4.8: The dressing function Zg(p?, u2, Ny = 1) renormalised at u? = A? for full QED and
compared to its one loop expression at a(A?) = 2.08440, 2.08500
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Figure 4.9: The coupling function a(g?) for Ny = 1 and its one loop expression
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Figure 4.10: The infrared mass M(0) for full QED as a function of a(A?) for Ny = 1 and its
one loop expression

non-local gauge fixing method is based on the observation that the gauge fixing
parameter &, usually thought of as a number can be generalised to a function

dependent on the momentum 2z = (p — ¢q)?, i.e.

o = &o(2). (4.97)

It is then possible to choose the specific form of £(z) so as to make the wave
function factor Zg(p?, u?) = Zo(u?, A?%), which is equivalent to setting the bare
dressing function Z(p?, A?) to unity, i.e. Z(p?, A?) = 1.

In the bare vertex approximation the integral equations satisfied by Zz(p?, u?) and

M(p?) are

1 a(A?) / yZ(y) (4.98)

= 1=
Z(z) 2m2x y y + M2(y)

sin® @ 22y sin? §
0 —_— - 0
x/d . {G(z) [ . 3./yzx cos ]
l(y + z)\/yT cos b — 2ym] }

+ ¢ p,
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M(z) a(A?) yZ(y sin”
Tl = m+5n /dyy+M2 ) [a0™ 2560 +¢). (499)

(4.100)

In the M R scheme, we were able to write these equations so as to make the coupling
function enter the angular integral. This was done in Landau gauge and was thus
straightforward. If we make the gauge fixing parameter £, dependent on z in the

following way

§o = &o(z) = £(2)G(2), (4.101)
then we can factor out the photon dressing function G(z) and rewrite the system as
follows

M(z) 1 yZ(y)M(y)
= — Y292 ) 4.102
Z@) T 7t | @ g+ M) ey (4.102)
1 1 vZ(y)
= 1- K . 4.103
Z(z) 1 27r2a:/dyy+M2(y) 2(2,y) (4.103)

The integral kernel K is given by

Kz(z,y) = /07r df sin® 0 o(z) l(B —£(2)) \/.T—yTCOSB 2(1—- §(z)) %Y sin?0

(4.104)
which is obtained by using
z+y = z—2y/Tycosh,
22y = 2zycos®f + 2zrysin®4.
We first note that
1d
.2 _ 18 /. 3
sin®f cosf = 330 (sm 9), (4.105)
and rewrite K  as
Knz,y) = —3 [ o sin* 0/ (13- 2 a2)3)
2ALY) = T3, SIOVEY 4 z
—2/ d6 sin* 6 (1 — &(2)] a(z)%, (4.106)
0

after integrating the cos term by parts.
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The 6 differentiation d/d@ is replaced by a differentiation with respect to the variable

Z since
4y smgsinelL (4.107)
dg ~ CVEYSIY '

which allows us to write

Kz(z,y) = —2zy /07r df sin* 4 [_Il’;diz ((3 - §(z))@) +(1 - §(z))¥ . (4.108)

The condition Kz = 0 can be guaranteed if £(z) satisfies the differential equation

1d a(z)

33 (6-e ) 4 a- a2 -0 (4109)

The solution of Eq. (4.109) is [15]

3 z ,d
a(z)zZ/o dvv dva(v), (4.110)

where the integration constant is taken so as to make £(z) regular at z = 0.
Using the non-local gauge fixing parameter Eq. (4.110), the dressing function Z(z)

can be set unity and we are left with only one equation for the mass function M(z),

: M(z) 1 yZ(y)M(y)
Z@ F/d@/ y+—Mz(y)KM(:v,y), (4.111)
with
sin?
Kula,y) = [ 022 a(z) 3+ (2)], (@112)

where £(z) is given by its representation Eq. (4.110).

The application of the non-local gauge technique to the M R scheme is straightfor-
ward. The equations are the same as the one in the ladder approximations, but with
the amendments required to satisfy multiplicative renormalisation. The non-local
gauge makes the dressing function Zgp(z,u?) equal the renormalisation constant
Zy(12, A?), which shows that Zg(z,u?) is just a constant dependent on p?. The

QFED system in the non-local gauge will thus be

M(z)
Z(z) - 27r2 /y +M2 /d@sm@ )

[3+&(2)], (4.113)
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N L/ P
afz)  o(u?)  3n2 /dy y + M2(y) (4.114)
12
X/d@ {Z_—T-%E %(1 —4cos29) +3\/g(3050] -z <—),u2},
3 z d
£z) = —a(z)z2/() dvv*—afu) (4115)

despite the interest of this method, we will not dwell on it here numerically since
we are more interested in the prediction of the M R scheme for the quark equation

in QC D, which is the topic of the next chapter.
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Chapter 5

A New Truncation Scheme for the
Quark Equation in QCD

We propose in this chapter a new truncation scheme for the quark equation in QCD.
The truncation preserves Multiplicative Renormalisability as in the M R scheme and
assumes a non-perturbative cancellation mechanism for the quark-gluon vertex that

is different from but similar to the one in the M R scheme.

5.1 The Quark Equation

We start from the SD equation for the quark propagator in Euclidean QC D

;@)™ = [S3)] T~ Crgola?) [ (jﬂ‘i W@ (P g, ~1)D™(r),  (5.1)

where Sr and S? are the full and bare quark propagators respectively, I'®¢ is the full
quark-gluon vertex, Cr the colour factor with Cr = 4/3 for N, = 3, g the bare
coupling constant and r = p — q.

The most general expressions for the full and bare quark propagators, the gluon and

ghost propagators are

T =
S(p) 2o, M) (5.2)

i g+ M(p?)’
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v\ F 2 A2 1oV
D#u(p) = <5/w - p:f; ) (pp; ) +§Oppf y (5'3)
G(p?, A?
ap) = 453 (5.4)

We have made explicit the dependence on the cut-off A2 to indicate possible diver-
gences.
We use these expressions and derive the following relations for the mass function

M (p?) and the dressing function Z(p?)

1 _ Cr 9,42 4 2 A2 F(TzaAz)
77T~ 1t g ) [ daz(@,A S viraile (5.5)
M@ sv CF 9 o [ owtmrr 2 ravagr o F(r% A%
(5.6)

with the kernels U; and Ujs both depending on the momenta p?, ¢2, %, A? and
given by

1 .
UZ(p2) q27 TZ’ A2) = 4p2'r2Tr []jf}lu (/4 + Z‘]\4(q2)) F?,g(q,p, -, Az)]

x [&iu(r) + M—fﬁ)%—] , (5.7)

1 .
Un(p’,¢"r* %) = 5Tr l’m (1—1Mé2))}1“3“(p,q,—r,/\2)

¢ r“r"]

X léiy(T) + W'T—z (5.8)

As usual, the A% dependence of the integrals is cancelled by the A? dependence of

the bare mass mg(A?), such that the mass function is finite and independent of A%

5.1.1 Renormalisation and truncation

These equations involve bare quantities only and are multiplicatively renormalised

by writing

Z(p27A2) = ZQ(”2’A2)ZR(p2ap'2)’ (59)
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F(*,A*) = Zy(1*, A*)Fr(p®, %), (5.10)
G AY) = Zsl(/gz,é\z)ffz(pz,:tz); (5.11)
g(u?) = % (“Zl’f/(\ lzzgﬁ)t’A)go(AQ), (5.12)
g(w’) = a0 ;??’ZXQ() 2’A2)90(A2), (5.13)
) = AU e (5.14)

where the dependence on the ultra-violet cut-off A? is traded by a dependence on the
arbitrary momentum scale . Z;;, Z; and Z, are the quark-gluon, triple gluon and
ghost gluon vertex renormalisation constants respectively. Also Z,, Z3 and Zy are
the quark, gluon and ghost field renormalisation constants respectively. Because of
gauge invariance, the coupling is universal and can be written as the three different

expressions Eq. (5.12-5.14). The renormalised equations for the quark propagator

are thus
! Cr Fr(r?)
= Stis 9 Zr(¢) 57 o 5.15
Za = Ot e [ ) Ve (5.1
) = % phals (1)2% [ d'a Zn(q VM) G Y VB 16)

where we have not indicated the dependence on the momenta scale y? and A? ex-
plicitly. The subscript R denotes renormalised quantities and thus implies a u?
dependence. The renormalised functions Z;s, are all Z; f,g(,uQ, Az). Because of the

universality of the coupling, we can rewrite Z,; as a function of Z,

Z.
Zyy = ?221 (5.17)
This relation is the extension of the relation Z; = Z, that we have in QED. In
QED, because of the equality of Z; and Z,, we can factor out Z; and get rid of all
renormalisation constants. We propose to do the same here and introduce the factor

Z7% as well as a factor Z, in the integral by replacing them by their definition in
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Eq. (5.9-5.11) and choose to apply it for the momentum 2. The equation for M/Zp

becomes
We now note as previously that the product
&(q’) = a(W’) 23 (1*, A Fr(q®, 1) GR(d 1) (5.19)
is independent of u? by rewriting it as
&(q’) = a(A*)F(¢*, A*)G*(¢*, A?). (5.20)
We thus fix 42 = 7? and use the renormalisation conditions
Fr(e®,q*) = 1, (5.21)
Gr(¢®,¢") = 1, (5.22)

to write the definite expressions

L _ o) [Z@EAD s s 5
Zr(p®) £ —ZQ/d q® + M(q?) [GZ(Tz,Az)UZ(p 4T A )] , (5.23)
M(p*) = 2 a(r?) [ Z(¢*, A?) 2 2 2 A2
ZR(pz) B (A Z2 Z / 2+M q2) lG2(r2,A2)UM(p g T A )] .

(5.24)

Though up to now we have not introduced any approximation, it is clear that we
will assume that the full quark-gluon vertex receives a G%(r?)/Z(¢?) correction and

make the replacement

Z(g* A?)

2 2 2 A2 0,2 2 2
G2(T2’A2)UM(p a5 ) = Uy(p,¢%,77), (5.25)
Z(QQaA2) 2 2 .2 A2 0/ 2 2 9
G2(r2,A2)UZ(p g%, 5, M%) — Uz(p®,q°,r7), (5.26)

where the subscript 0 indicates that we use bare quantities in the evaluation of the

kernels Ups 7.
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We now introduce the notation

C a(r’) [ Z(¢A%)
2y F 4 ) 2 2 .2 A2

(5.27)

2 2 A2
_CLE M(q*) Z(g% A?) UM(p2,q2,7“2,A2)J ,

Zu(p) = 473 / K g+ M(q2)a(r2) [GZ(TQ,AQ)
and notice that neither £z nor ¥, depend on the momentum scale u? or on the
renormalisation constant Z,(u?, A?). The only p? dependence is through Z,(u?, A?)
and it is straightforward to check that the system Eq. (5.23-5.24) preserves multi-
plicative renormalisation. By multiplying both equations in the system Eq. (5.23-

5.24) by the factor Zg(v?, u?), it becomes clear after noting that

Zr(p*, 1?)
VA 2 2 _ R ’
R(p )V) ZR(V2,/J,2),

ZQ(VZ’AQ) = ZR(V27/'L2)22(M2)A2)»

that Zg(p?, v?) and M(p?) is a solution of the system if the pair (Zg(p?, u2), M (p?))

is a solution. We rewrite the system of equations in a more compact form as

—1 _ 2 A2 2

ZnrgE — WA (1+22(%), (5.28)
M(p?) 2 ro \

T ) = 2 (mo — Zm (%), (5.29)

which can, after elimination of the factor Z, from the first equation, be rearranged

as
1 2 .2 2
gy = Zel ) (14 52(0), (5.30)
M) = mo— (ME"Z2(0") + Su(p”)). (5.31)

If we look at Eq. (5.31), we can see that it does not depend in any way on p?. In
other treatment, such as the M R scheme, the mass mgy is multiplied by a factor
Zy(u?, A?), which cancels the u? dependence of the integral. In our scheme, we

were able to get rid of the y? dependence for the mass function M (p?) and only
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left an explicit dependence on Zy(u?, A%) through the equation for Zg. To eliminate
Zy(u?, A?) from Eq. (5.30), we proceed as usual by subtracting at the momentum

z = u? and obtain

Zr(p* 1*) = 1= Zg(P*, 1) T2(p*) + Sz(p?), (5.32)

M(p?) = mo— (MEP)Zz(p") + Sulp?). (5.33)
5.1.2 Model coupling

The system of equations Eq. (5.32-5.33) is the basis of study of chiral symmetry
breaking in QC D, once we have specified the form of the coupling a(g?). The gluon
propagator satisfies its own SD equation and should be incorporated here to have a
complete system. For the moment, this task is too ambitious and so we resort to a
modelling of the coupling function. For the coupling function we use the foilowing

form, first introduced in [4]

1 4n 1 1
a(q2) = a(tAzQCD) = m {coao + E (@ — m>:| , (534)
where t = ¢° /A2 ,and By = (11N, —2Ny)/3. The first term in the square bracket is

responsible for the infrared fixed point of the coupling function, which is an expected
feature of the coupling function [16, 17, 18, 19] , and the second term reproduces
the correct perturbative behaviour. The factor 1/(¢ — 1) is introduced to subtract
the simple pole at ¢> = A%, [21] to make the coupling analytic for all spacelike
momenta. If we use the coupling function which has no pole in perturbation theory
(PT), we obtain the so called analytical perturbation theory (APT), which converges
more rapidly than the usual perturbation theory [22] . We will fix the value of ay
to 2.6, which is believed to be a good approximation of the IR fixed point. The
value c; is for the moment fixed to 15 and Ny = 1. In a coming section treating
the infrared behaviour of the gluon and ghost propagators, we will give more details

about how to find the values of the parameter ay. The coupling function with these
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parameters is shown in Fig. (5.1) with the one loop expression to show the cross

over from perturbative behaviour to IR fixed point

45 T T T T T T — T

—rr
model

one loop -------

05 F

0 . .
0.0001 0.001 0.01 01 1 10 100 1000 10000
2,2
P” [A"qcol

Figure 5.1: The model coupling function a(g?) in units of A}, with ag = 2.6 and ¢p = 15

As we have already noted neither 3 (p?) nor X z(p*) depends on the wave function
renormalisation Zg(p?, u?), so in effect the system of integral equations is just an

equation for the mass function M (p?) alone
M(®?) [1 + Ez(pz)] =mg — Su(p?). (5.35)

Once we have solved Eq. (5.35), we can compute the wave function renormalisation

Zg(p?, 4?) using the non-subtracted equation

1

Zn(. 1) = Zy(u*, A?) [1 + Z2(102)] : (5.36)

The normalisation factor Z,(u?, A?) will be removed by fixing

Zr(p?,1%) = 1. (5.37)
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5.1.3 Chiral case

We first solve the equation Eq. (5.35) in the chiral case for the parameters we have
quoted so as to be able to compare with the results of J.Bloch [4], whose truncation
scheme assumes a G?/Z? cancellation mechanism for the full quark-gluon vertex.
The evolution of M(z) and Zg(z, u?) for 107* < z < 10* in units of A2, is shown

in Fig. (5.2) and Fig. (5.3).

17 ———— . . ———r .

10" F

10

3
-3
50 107 |
s
104 -
10% |
10-6 i 1 1 1 il N il N PR R
10 10 102 107! 1 10 10? 108 10*

N

2
P [A%qcn]

Figure 5.2: The mass function M(p?) in unit of u* = A3, with ap = 2.6 and ¢o = 15

The wave function renormalisation Zg(z,u?) is renormalised at AZ,. For these

values of the parameters ¢y and ap, we obtain a non-vanishing IR mass

M(0) = 0.575Aqcp, (5.38)
which is to be compared to

Mz (0) = 1.057Aqcp, (5.39)

in the calculation of [4], where the generated mass My(0) is of the order of the

extension of the infrared plateau of the mass function which happens to be the same
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1.35 T T T

125

Zz (p%)
>
1

11 F

1.056 |+

2t " PR | = 1 1 PR L " PR a PEESW |
1073 10 107! 1 10 10

2. .2

P* [A"qcp)

0.95 S

Figure 5.3: The wave function renormalisation Zg(p?, %) renormalised at p? = Al¢p

as the plateau of the coupling function a(g?). In our case, the generated mass is
around half of the extension of the infrared plateau of the coupling a(qg?) but is
the same as the plateau of the mass function . Our infrared mass is about half the
one calculated in [4] and therefore the cancellation mechanism assumed for the full
quark-gluon vertex is relevant to the infrared behaviour of the mass function M (p?).
In real QCD, we do not know which cancellation mechanism occurs or if any at all
really occurs and more studies in this direction are needed. As already mentioned
previously, it has been shown by Mandelstam [10], that perturbative loop correc-
tions to the propagator introduce a factor G2/Z2. This cancellation mechanism is
different from the one we assumed but it was shown to hold in perturbation theory.

Nonperturbatively, the cancellation mechanism might be more subtle.

5.1.4 Sensitivity to ag and ¢

In this section, we study the sensitivity of the infrared mass M (0) to the two pa-

rameters ag and cy. The parameter ¢y fixes the behaviour of the coupling function
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a(q?) at intermediate momenta as shown in Fig. (5.4). In theory, this behaviour
can only be known once we have solved the system of SD equations satisfied by the

gluon, ghost and quark propagators.

3 . N— —
one-loo|
oo
Co=10 ------o
[ ey o co=20
25 | - Cp=40 --—— J

05

0.1 1 10 100 1000
2,2
q° [A"qcol

Figure 5.4: The coupling function a(g?) for different co’s with ag = 2.6

In table 5.1, we give the value of M(0) for different values of ¢y and compared to
the calculation of [4], where as we have already mentioned the author assumed
a G%/Z? cancellation mechanism for the quark-gluon vertex. His equation for the
mass function Mg(p?) even though independent of u? involves the scale p? unlike

our scheme.

co | Mg (0) [4] M(O)
9 0.824 0.444
10 0.964 0.522
15 1.057 0.575
20 1.129 0.615
40 1.325 0.725

Table 5.1: The infrared mass M(0) in units of Aqcp with ag = 2.6 for different ¢y and compared
to [4]
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We now fix ¢y = 15 and plot in Fig. (5.5) the infrared mass M (0) as a function of
the infrared fixed po.int ap. In table 5.2, we show some values and compare them
to [4]. In our truncation scheme, the critical value of™ for the appearance of an
infrared mass is

agt = 1.1, (5.40)

whereas the value quoted in [4] is af™ & 0.9. For the same value of ag, we are closer

to our critical value and therefore it is normal to find a smaller infrared mass M (0).

ap | M5(0) [4] | M(0)
1 0.028 | 0.000
1.8| 0548 | 0.257
2.6 1.057 | 0.575
3.4 1.494 | 0.848
42| 1.874 1.086

Table 5.2: The infrared mass M(0) in units of Aqcp with cg = 15 for different ap and compared
to [4]

18 | ' 8

14 | .

12 | .

M©)Aqcp]

06 k

04 - -

02t h

Figure 5.5: The infrared mass M(0) in units of Aqcp as a function of ag



A New Truncation Scheme for the Quark Equation in QCD 100

5.1.5 Massive case

We now extend our study to the massive case. We just have to fix the bare mass my
to a non-zero value. We study the case my = 0.0001,0.001,0.01, 0.1 in units of Agep
with N; = 1 and where Zg(p?) is renormalised at y? = 10° and the case mg = 1 in
units of Agep, with Ny = 1,3 because for such an ultraviolet mass it is sensible to
consider that we have more than one flavour propagating in the loop correction to
the gluon propagator.

We plot in Fig. (5.6) and Fig. (5.7), the behaviour of the mass function M(p*) and
Zp(p*) respectively for mg = 0.0001,0.001,0.01,0.1 and in Fig. (5.8) and Fig. (5.9)

for mg = 1.
10 T T | — T | p— T T T
1
10" |
S 2
8 10° |
[&]
=
Q
109
10 E
10° b
10—6 PP VY R S B R S S |
10 108 102 107 1 10 102 10° 10*
p? [A%qcol
Figure 5.6: The mass function M(p°, Ny = 1) for non zero bare mass mg =

1074,1073,1072,107¢

5.2 The Gluon-Ghost Sector

In this section, we apply the previous method to the gluon-ghost sector of QCD.

We recall that our goal is to factor out the renormalisation functions Z3 and Zs of
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Figure 5.7:  The renormalisation function Zg(p? N; = 1) for non zero bare mass mgy =
1074,1073,1072,107! renormalised at p? = 10°

M(p?) [Aqcp]

p? [AEQCD]

Figure 5.8: The mass function M(p?, N; = 1,3) for non zero bare mass mg = 1
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Figure 5.9: The renormalisation function Zg(p?, Ny = 1,3) for non zero bare mass my = 1
renormalised at p? = 1019

the gluon and ghost propagators, respectively. At the same time, we have seen that
the running coupling function a(q?) appears inside the integrals after eliminating
the a(u?) term that arises when we renormalise the coupling function. We shall do
the same here and move the running coupling function a(q?) inside the integral. The
only 4? dependence left will be through the renormalisation functions Zs, Z3 and
the dressing functions Fr(p?, u?) and G g(p?, 4?) of the gluon and ghost propagators,

respectively.

5.2.1 The equations

In Minkowskian formulation, the QCD Schwinger-Dyson equations for the gluon-

ghost sector, neglecting the quark contribution and four-gluon vertex, are

AN = [2%)] " - N [ GG 0A@GPD ), (541
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Du®™ = [DL®)]" (5.42)

~(1NG} [ G DA (0 —r)AT)

1 diq o o
3N | T (P 0 ID @, (=, ~@) D (r),

where go is the bare coupling, D,, the gluon propagator, A the ghost propagator,

€

ofy the triple-gluon vertex, G, the ghost-gluon vertex, the superscript 0 indicating

bare quantities and r = p — g.
The general expressions for the full gluon and ghost propagators in a covariant gauge

¢ can be written as

D#V(p) = —1 [(g/,w - p;fu) F]()I;Z) +£p;f'/:| ) (543)
A(p) = iiff iy (5.44)

which is the Minkowski representation of Eq. (5.3-5.4).

As in QED, we introduce the projector P, defined as
P’

P;u/ = Gu — 4—pT, (545)

to avoid spurious quadratic divergence. In order to find equations for F'(p?) and
G(p?), we apply the projector P, to the gluon equation Eq. (5.41) and we multiply
the ghost equation Eq. (5.41) by the factor i/p?. After performing a Wick rotation

and identifying z = p?,y = ¢%,z = r?, we obtain [34]

ﬁ - 1- %/OA /O"desin29ydy [M(z,y,7) G(y)G(2)
+Q(z,y,2z) F(y)F(2)],  (5.46)
G(lx) = 1- ];[;%0 /OA /07r dfsin® 0 ydy T(z,vy,2) G(y)F(z). (5.47)

The three kernels M, @, T depends on the full and bare triple-gluon and ghost-gluon
vertices and are given by [34]

1

2 2 2
M(p*,¢*,r%) e

P (p) Go(—7,q) Gu(g, —1), (5.48)
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1
QW ¢*\r*) = - P (p) T30 (—p,q,7) 05,5 (0, —7, —Q) (5.49)

6p2q2r2
a1 a2z a1 ro2rh? azf2 qal qﬂl
X g1 (q) g9, ( ) +£ g1 (q)TZF(TQ) +gJ. (T)Q2F(q2)

62 qalqﬂl Tazrﬁz
2F(g®) r2F(r?) ]’

T, ¢, 1) = —55= [ﬁ"(ﬂ%%%l G (p,q) Gu(q,p), (5.50)

with ¢/"(q) = ¢* — ¢"¢"/¢".
We now introduce the renormalised dressing functions Fr and G as well as the

running coupling function a(p 2) from Eq. (5.10-5.12) to obtain [34]

1 5 2 a9 N a A?

Gr®) Z3(u, A7) - 27r2 / / dfsin® 0 ydy T(z,y,2) Grly)Fr(z),(5.51)
1 — 2 2

Fr(z) Zs(u"s A 27r2 / / dfsin® 0 ydy (5.52)

x |2} (1, A) M (2,y, 2)Gr(y)Gr(z) + 22, A")Q(z,y, 2) Fa(y) Fa(2)] -

We first consider the ghost equation Eq. (5.51). As we wish to introduce the running
coupling a(p?) in the integrand, we now make use of the u? independent function
&(q?) of Eq. (5.20) and obtain

1 ~ N,
= Za(p?, A?
GR(SE) 3(/1' ) ) 972

We now use G = Z3G g and obtain

/ / dfsin® 6 ydy o2)T(z,vy, 2) e

L gy a1 - 2 G(y)
Gnle) Z3(pu", A7) [1 27r2/ / df sin® 0 ydy Gz )T(a:,y,z)a(z) . (5.54)
To treat the gluon equation Eq. (5.52), we first use
Z3(u? A?%) -
Zo(u?, A%) = S35 72 A?), 5 ex
11 ) Z3(p?, A?) (o ) ( )

which can be derived from the universality relations Eq. (5.13-5.14). We also choose
to introduce the coupling function a(z) in the integrand as we did for the ghost equa-

tion. After introducing bare dressing functions F' and G through their definitions,
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we obtain

1
FR(SE)

= 22t 1= N [N T dpsin? 6 yd
= Z3(p", A%) ), d0sin"0 ydy

272
s _G F(y)
X 73 (WM(x,y,z) + G2—(Z)Q(:v,y,z)) a(z)] . (5.56)

From the two equations Eq. (5.56-5.54), it is clear we will assume the following

non-perturbative cancellation mechanism

G(g% A?) 2 2 .2 s2 0/ 2 2 9
Gz(rz,Az)T(p’q>T A°) = T ¢, 7)), (5.57)
F(q*, A?) 2 2 2 42 0,2 2 2
G2(T2,A2)Q(p,q,r,/\) - Qa7 (5.58)
2 A2 |
G(q* A?) M2, %% M) = MOp?, ¢, %), | (5.59)

G(r?, A2)F(r?, A?)
which amounts to assume that the ghost gluon vertex G,(q,p) receives a non-
perturbative G?(r?)/G(q?) correction (in the kernel T') and that the triple-gluon ver-
tex Fi%‘y
Q) and that the ghost vertex G, (g, —7) receives a nonperturbative G(r?) F(r?)/G(q?)

(p, —r, —q) receives a nonperturbative G?(r?)/ F(q?) correction (in the kernel

correction (in the kernel M). We have kept the dependence on the momenta p, q,
explicit since it is not obvious how the vertex gets corrected. We recall that in the
treatment of the quark equation we assumed that the quark gluon vertex I'%(p, ¢, —r)
received a non-perturbative G?(r?)/Z(q?), which is consistent with the cancellation
mechanism we assume for the kernels T and (). The kernel M has a different can-
cellation mechanism that could be attributed to the way it depends on the different
momenta p, q, 7.

The system of equations we obtain, after being able to introduce the running cou-
pling inside the integrals and factoring out the renormalisation function Zs and Zs,
is (in Landau gauge)

1
GR(IE)

N,
272

A% pm
N AN P .2 0
= Z3(p*, A%) [1 /0 /0 dfsin® 6 ydy T"(z,y, z) a(z)| , (5.60)
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1
Fr(z)

N,
272

A2 n
= Zs(u?, A?) [1 — / / dfsin® 0 ydy a(z)
o Jo

X (Mo(m,y,z) + Q%z,y, z)) } ,(5.61)

z? +x 1+1 115+34+§
8y222  yz\y =z 8\y2 yz 22
Y

with [34]

RO(:E’y’z) :MO+Q0 = -

1 (22 6z 6y y?
— =+ — -4+ =+ = 5.62
+2m2(y2+y +—+5]| (5.62)
z y)y 1 1 1\ 1 1
T = (oY) (i) —
o(2,9,2) (y +a:> 4z2+<y+m) 2z 4dzy
sin® @
- 2= (5.63)

We can now write an equation that involves the running coupling a(x) only by using

its definition in Landau gauge

oz) = a(u?) Fa(z, 1) Gz, 1) . (5.64)
We have 3
s = BENBER) 5 ) (ot (5.65)
where
Solz) = 1- 2&2 /0A2 /O" dosin® 0 ydy T°(z,y, 2) a(z), (5.66)
Se(z) = 1- 2]::2 /0/\2 /OﬁdﬁsinZGydy a(z)

x (M(z,y,2) + Q%(z,9,2)) . (5.67)

We now use the definition of the renormalised coupling Eq. (5.13) and obtain in

Landau gauge

1 1 )
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which is a non-linear integral equation for the renormalised running coupling «(z)
and where the renormalised constants Z3 and Z3 as well as any p? dependence have
been eliminated. It is interesting to note that the equation satisfied by the mass
function M (p?) Eq. (5.35)depends on the functions Fr(p?) and Gg(p?) only through
the coupling function a(g?). Once we determine a(q?), then the mass function
M(p?) will be derived from it and Zg(p?) will follow subsequently from Eq. (5.36).
It would be interesting to see if this procedure can be applied to the full QCD case
where we should include the two loops diagrams and the quark contribution to the

polarisation tensor of the gluon.

5.2.2 Infrared behaviour

In this section we review how to find the infrared behaviour of the dressing functions
for the gluon and ghost. We first write the equations satisfied by the gluon and ghost
propagators. They are

Dw@)™ = [D%(@)]  —nh(p) — 72 (p)

—md(p) = m3(p) — M (p) — mh, (), (5.69)

A@" = [8°%0)] - Nk / 5(p, ) A@)G.(q,7) D (1), (5.70)

where the vacuum polarisation includes contributions from the ghost loop Wgh(p),

gluon loop ﬂﬂlu(p), three-gluon diagram 7r2,9,( ), four-gluon diagram 734 (p), tadpole

tad

diagram 7

(p) and quark loop =f,(p). If the contribution from the quarks and
two loop diagram is neglected, we arrive at a system that has been solved in several
approximations. The simplest used was the angular approximation [17], where it

was found that the behaviour of the dressing functions in the infrared was
Fp(z) ~ z* | Gr(z) ~z7", (5.71)
These power laws lead to an infrared fixed point for the coupling function

ap = }:I_I)I(l) a(A?) Fr(z) G%(x) — constant . (5.72)
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In the Landau gauge, the bare vertex approximation of Eq. (5.70) for the renor-

malised ghost dressing function becomes,
—1°— = Z~3(:u2a A2) - M /d4q To(LE, Y, Z) GR(ya /1'2) FR(Z1 /4"2) . (573)
Gr(z, 1?) 4’

After substitution of the power laws (5.71) in Eq. (5.73), the right hand side yields

a sum of integrals of the form

d4
/ (2734 %P 27, (5.74)

with a+ f+v = k— 2. Integrals of this type can be easily calculated by introducing

Feynman parameters, yielding [26, 27

_rdlq 1 1 TR-a2-0T(a+b—2) , .,
I{a,b) = / (2m)% yezb 1672 ['(a)T'(b)'(4 —a—b) e,

Both sides of Eq. (5.73) yield a leading infrared power z*, and equating their coef-

(5.75)

ficients gives
2 T(3 - 2x)I'(3 4+ »)[(1 + k)
3N, I'?2(2 — k)I'(2k)

The expression (5.76) gives the relation between the infrared fixed point oy and the

ap = Xen(K) = (5.76)

exponent x. If we use the gluon equation we will obtain another expression that
would also relate ag and « i.e.

ap = Xa(K), (5.77)
which, for consistency reason, has to be equal to x,.(x). This equality fixes the
value of k. Recent calculations [16, 17, 18] predicted 0.4 < k < 1.0 and lattice
calculations [19, 20] predict k =~ 0.5. For k = 0.5 we obtain from the ghost
equation oy = 57/6 ~ 2.6, i.e. the value that we used in the previous sections. The
value ¢y = 15 was chosen so as to match the intermediate region to the results of
[17].
We have seen that a study of the gluon-ghost sector at one loop predicts an infra-
red fixed point for the strong coupling. Obviously, it remains to be shown that this
pattern subsists when one treats the glpon-ghost sector fully when it is coupled to
the quark equation. In such a treatment, we will need a truncation and the one

proposed in [4] or ours seem to be good candidate.



Chapter 6

Bound States Masses

6.1 Introduction

The masses of hadrons built from quarks and gluons are determined by the strong
physics aspects of QCD. These can be calculated, for instance, by Lattice Monte
Carlo methods. However, these simulations are only tractable if the lattice is not too
big. This in turn means that the quark masses should not be too small. Crucially
the hadron world delivered by nature has very light up and down current quark
masses. To reach such small masses lattice results have to be extrapolated from
larger values. This introduces a major uncertainty in the lattice “prediction”for the
masses of light flavour hadrons. Rather than use some purely statistical method of
extrapolation, such as spline fitting, it is clearly far more reliable to use a model
that contains the correct physics. The NJL model [28, 29] is one that naturally
embodies chiral symmetry breaking and is known to reproduce the physics of the
pion. Within an SU(2) flavour model one can in turn calculate the mass of the p and
the strength of its interactions. It is known that this accords well with experiment

for small quark masses.

The purpose of this chapter is to use the SU(2) NJL model to calculate the masses
of the m and p as a function of quark mass. These can then be compared with the
dependence given by lattice computations in the region of overlap. If these agree,

then the NJL model can serve as a reliable way of extrapolating to physical quark

109
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masses. In the second part of the chapter, we introduce a new technique to compute
the effective action by controlling the quantum fluctuations by a parameter in the
Lagrangian. We apply this method to a four fermion interaction where the control
parameter is the mass of the fermion and to the bosonised form of the four fermion
theory. The equations we obtain deserve further study to show if this scheme is an

improvement over the usual NJL model.

6.2 THE SU(2) NJL Model

Many models have been designed to understand the low energy sector of QC'D. The
approach to model building is that it should be simple enough, yet able to capture
the main characteristics of the fundamental theory under scrutiny. The NJL model
is such an attempt and it aims at a unified description of the physical vacuum of
mesons and baryons. It makes use of an attractive interaction in the scalar gq
channel, which is strong enough to cause chiral symmetry breaking and which gives

quarks a constituent mass.

6.2.1 The Lagrangian

The Nambu Jona-Lasinio model describes a system of quarks with four fermion
interactions. The two-flavour version of the model (up and down quarks) is defined
by the Lagrangian

Lygr = P(2)(i7*.0, — mp) + Lins (6.1)

In writing the Lagrangian we have assumed that the bare quark masses are degen-

erate (m, = mg = mg). The four-fermion interaction is given by

Lo = 2[(@0@)" + (Firro@)] +

% [(@amavie)’ + (DEimtrpa)’ 62)

The different four-fermion interactions will be referred to as the scalar, pseudoscalar,
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vector and axial interactions respectively. The dynamical fields are 1) and . The
two couplings G; and G, have the dimension M~2 or unit GeV~=2. G, is chosen
positive and G2 negative so as to make the interaction attractive in the quark-
antiquark channels. As we are working with the SU(2) formulation, the 7¢ are just

the three Pauli matrices.

6.2.2 Symmetries of the NJL model

Flavour symmetry

Under a flavour rotation the quark fields transform as follows

Y — exp™ e/ q), b — Pexpere/?, (6.3)

where the parameters 6, are the amplitudes of the flavour rotation. In the limit
m, = my where the masses are equal, the Lagrangian is invariant. This invariance
with respect to isospin rotations gives rise to near degenerate isospin multiplets
whose degeneracy is lifted by a few MeV due to the small difference between the u
and d masses. In QCD, the invariance with respect to flavour rotations stems from
the fact that the quark-gluon interaction is flavour independent and flavour rotation

is broken by the flavour dependence of the current quark masses.

Chiral symmetry

A chiral transformation acts on the quark fields as follows

P — e)cp"""fw“”‘/2 P, 7,5 — 1z<e}<p_i"59“7“/2 ) (6.4)

In the chiral limit, where m,, mgy — 0, the Lagrangian is formally invariant, but this
symmetry is spontaneously broken, and the vacuum is not invariant. The appearance
of massless Goldstone bosons is the hallmark of a spontaneously broken symmetry.
The pion which is almost massless is identified with this Goldstone boson and its

low mass reflects the non vanishing mass of the up and down quarks.
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Even in the case of a vanishing bare quark mass, the vacuum is not invariant with
respect to chiral symmetry. This breakdown of the chiral symmetry is dynamical
and is reflected through the fact that quarks develop a constituent mass. This
phenomenon occurs within the NJL model and is its raison-d’étre.

As can be seen in the interaction Lagrangian, the couplings in the vector and axial
channels are chosen to be equal to reproduce the near degenerate masses p(770),
w(782) and a;(1260), f1(1285). Different couplings in these channels would anyway

leave chiral symmetry unbroken.
Ua(1l) symmetry

The axial transformation U4 (1) acts on the quark fields as follows
W — exp 70y, P — Pexp T (6.5)

In the limit of vanishing quark masses (chiral limit m — 0), the NJL Lagrangian

is invariant under U4(1) transformation.

6.2.3 Masses and coupling constants in the NJL model

The interaction part of the NJL model describe quarks interacting via four-fermion
interactions. The usual way to deal with this kind of interaction is to rewrite it in
terms of boson fields that have the same transformation properties. After boson-
isation, the quark fields are integrable and the theory contains only boson fields.
From the Lagrangian thus obtained, it is straightforward to recognise the different
masses and coupling constants. Here, we will follow an approach based on one- and

two-body equations.
The gap equation

In order to determine the constituent quark mass, we solve the Schwinger-Dyson

equation associated to the quark mass. For the NJL, model it can be pictorially

represented by Fig. (6.1), where the thick line represents the full quark propagator
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and is parametrised by

(6.6)

Figure 6.1: Schwinger-Dyson equation for the quark propagator

The Gap equation gives us an equation for the constituent mass, which reads

A dip 1
(2m)* p? —m?’

m = mo + mG1N,8i / (6.7)

A cut-off A has been introduced to regularise the quadratic divergent loop integral.
Thus my, Gy, G, A represent the parameters of the theory. If we compute the loop

integral the Gap equation becomes

GlNcm 9 2 A2
m = mgp+ o2 (A —-m 10g (1 + ﬁ . (68)

Even when my = 0, if G is sufficiently large the constituent mass m will be nonzero
and chiral symmetry broken. In Fig. (6.2), we plot the constituent mass m for
A = 1.05 GeV as a function of G; for my = 0,0.005,0.05 GeV. For my = 0 we see

that GG, has to be strong enough to generate a constituent mass m.
The Bethe-Salpeter equation

In order to investigate the meson fluctuations, we solve the Bethe-Salpeter equation

associated to the 7 matrix. It reads Fig. (6.3)

T(a) =K +itr [ (g:f; [/csF (p + %q) T@sr (p- %q)] (69)

where K is the colour singlet two-body interaction Kernel, which can be decomposed
into flavour and Lorentz tensor covariants in the quark-antiquark channel

FKY (i7uh @ 09" X)) + KL (777 M © v#9° ;) (6.10)
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Figure 6.2: The current mass m as a function of the coupling G5 for mg = 0,0.005,0.05 Gev

(T) - (K) - (k) (1)

Figure 6.3: Schwinger-Dyson equation for the 7 matrix

The K7} are given in terms of the couplings G; and G, and possibly others, had we
included an anomaly term. In order to solve this equation, we decompose the T

matrix in tensor invariants. We have

T(Q) = 7;cala.r(q) + %seudoscalar(Q) + %ector(Q) + ﬂzial(Q) 3 (611)

where the scalar, pseudoscalar, vector and axial vector terms refer now to the
corresponding mesonic modes, i.e. quark-antiquark states with spin and parity
J™ =0%,07,1%,17, respectively. Each term can be decomposed into Lorentz co-

variant tensors as follows

ﬁcalar(q) = MSS(]- X 1) + MSV(1 ® Zm
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+Mys(—igd®1) + M, L™ (7, ®7.) (6.12)
Eaeudoscalm‘(Q) = MPP (275 ® 275) + ]\JPA(IIJ'.)/5 Q 224’75)

+Map(—igy® @ i7°) + Mi(—igy’ ®igy®),  (6.13)

Toector(q) = T Myy(7. @), (6.14)
Toziat(@) = T Mii(7.7° ®%7°), (6.15)
where
LW =gtg" T™ =g — ¢*¢"/q (6.16)
¢ = q"/\/zz5 d = vuq" (6.17)

In order to simplify the task of solving the Bethe-Salpeter equation for the 7 matrix,

we decompose the kernel K on a new basis. We write

’C(Q) = ’Cscalar(Q) + ’Cpseudascalar(Q) + ,Cuector(Q) + ’Camial(Q)a (618)
where
pseudoscalar (Q) = KZJ)('L'YS/\I ® Zlys)‘J) + Kg(_Z’Y#’YSQA”/\z b2y i7V75quAj) )
scalar(q) = Kg(l/\z @ 1)\]) + KX(_Z’)’#(}“)‘Z ® iﬁ/qu)‘j) )

}C'uector(q) = TuuKi‘]/' (’Y,u/\i ® ,.),V)\J) )

Kaziar(q) = T“qu('Yu'Ys)‘i ® ')’V’YS)‘J‘) . (6.19)
Using this basis and formally writing
T =MT,T");(Tx TN, (6.20)

permits us to write a matrix equation for 7', where M is a block-diagonal matrix
and Eq. (6.9) can be written as four independent matrix equations in the pseudo-
scalar, scalar, vector, axial channels. The matrix equation in flavour and Dirac space

obtained from Eq. (6.9) and using Eq. (6.20) is

M=K[1+JM|=K[1-JK]™", (6.21)
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where J refers to the following fermion loop

J(T,T"),; = iN, tr / (g:r) [m S (p-l— 2q> I\, Sp ( _ %q)] L (6.22)

In our case, we have degenerate masses for the up and down quark and the calcula-

tion of J is thus simplified. It can be evaluated in terms of the integrals

I 18N, b dp 1 6.23
m) = N, [ o (6.23)
N, 9 A2
= 23 [A —m?ln (1 + ;ﬁ)] , (6.24)
and
Lig?m) = z'zuvfA d'p ! = (6.25)
s B ‘ (27T)4(p+%q)2—m2+ie (p—%q)2—m2+ie’ '
N, 1 A? y
= d ! : 6.26
i m[A2+y+n<y+A2)J | (6:20)
IJ(m) = IL(¢®=0,m), (6.27)
where
y(z,¢%) = ¢*(2* — ) + m?. (6.28)

In our case, we just want to consider the case of the 7 and p mesons, so the relevant

J’s are

JV )TM = J(TVﬂ’yﬁ)T#a’Ya) )

va =Jyy = % [(2m2 + A, — 2m2lg] : (6.29)

Jpp = J(iv°,iv%) = Li(m) - ¢*I, (6.30)

Tpa = Jap = J@%,10") = 2m\/@L, (6.31)
Jaa = J@n°¢, —iny*d) = —4m’l,. (6.32)

Because of the explicit chiral symmetry breaking by the current quark mass mg, there

is a mixing between pseudoscalar and longitudinal axial fields, called 7 — a; mixing.
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Therefore in the pseudoscalar channel, we really have a 2 x 2 matrix equation. The

matrix K is

[ Gy O
(9 ). o
and the matrix J is
Jpp Jpa
Jr = . 6.34
( Jap Jaa ) (6.34)
The matrix M is
Mpp Mpy
M, = ) 6.35
( Map Maa > (6.35)

We obtain the M, matrix for the pion from the equation Eq. (6.21). The information

we want is Mpp, it is

M3, = f(q)Gl (1= Gadaa(d?) , (6.36)

D.(¢>) = det(1-J,K,),
= (1 - GIJPP(QZ)) (1 - G2JAA(q2))
—GngJAp(QQ)JpA(q:Z) . (637)

We also obtain the ratio
M;A _ G2
MI";P 1 — Gadaa '

Concerning the p meson, as we do not treat the six-fermion interaction term in our

(6.38)

Lagrangian, the situation is much simpler. We have

K, = G, (6.39)
Jp = JVV(qZ)) (640)
Myy = Gz _ G (6.41)

1= Gadvv(g®)  Dy(¢?)
Now that we have determined the two 7 matrices, we can extract the masses, as
they appear in the 7 matrix as poles. We can also determine the couplings of the
7 and p mesons to gq, which correspond to the residue at the poles. Close to a pole

we parametrise the 7" matrix as follows [31]

: 5 a5 ay - N .
T () = (VT ®i7°T%) igr_go(1 +anq)ng,,_qq(l —a.§), (6.42)

T
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(g™ — ¢*¢"/¢%)
¢ —m

ir’;(qZ) ~ ('7;A7_a ®17?) 19p-gq 19p—qq - (6.43)

An expansion of the 7" matrix obtained in Eq. (6.38 - 6.41), around the pole permits

us to determine the couplings g,_z, and g,_z,. We have

G (1 — God )

\ 1 2JAA
- 6.44
gﬂ'—qq dl)ﬂ'(qQ)/dq2 q?=m2 , ( )

1 Mg, G
Rt _ 6.45
a m, Mpp 1 — GaJaalgp=mz ( |
G,
2
e 4

9o—aq dD,(q%)/dq? ¢*=m} .

We finally reached the point we wished. Starting from the NJL model, with four

parameters, we can determine the 7 and p properties.

6.2.4 Meson masses as a function of quark mass

Polleri & al. [31], set their goal to show that the NJL model is able to determine

the properties of the p meson. They use the following parameters

A=1.05 GeV, GA%=10.1,

mp = 3.33 MeV, GA?=—144, (6.47)

with which they are able to fit the quark condensate < Gg >, the pion mass m,, the

p meson mass m, and the pion decay constant f.. The values determined in this

way are
< g >"3= —293 MeV, m, =139 MeV,
) (6.48)
m,’ =834 MeV, fr=93 MeV.
The prediction for the other quantities is
m = 463 MeV, (6.49)
r—gq = 4.94, (6.50)
a, = 0.46, (6.51)
Gp—gq = 2.12. (6.52)
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Using these parameters, they proceed to compute the p — 77 decay amplitude and

its contribution to the self energy of the p. They find
Lpsrr =118 MeV, (6.53)
and a mass shift of —64 MeV , which produces

m? = (m")? + Re 2, ((m)?) = 770° MeV?. (6.54)

We now embark on a study of the meson masses as a function of the current quark
mass. Using the parameters in Eq. (6.47), we plot the tree level meson masses in

Fig. (6.4) (mg is my).

14 T T T T

M (GeV)

0 0.05 0.1 0.15 0.2 0.25
Mq(GeV)

0 1 i

Figure 6.4: = and p (dash) meson mass in GeV as a function of current quark mass in Gev

6.2.5 Meson masses on the lattice

Our goal is to compare the meson masses obtained from the NJ L calculation and the
one computed on the lattice. Our data are obtained from the CP-PACS group [32].
The simulation is a full QCD computation using improved action. Hadron masses
are obtained from the propagators computed on a 16% x 32 lattice with 8 = 1.9.
The lattice spacing a, is determined through the determination of the string tension

oa?, that is fitted according to

ca’ = A, + B,(mpga)® + C,(mpsa)®, (6.55)
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using /o = 440 MeV in the chiral limit. In Fig. (6.5), we plot the pion and p mass
obtained with the NJL model with the parameter of Eq. (6.47) and the lattice data.

Already with these parameters, the pion mass agrees well with the lattice data. The

1.6 T T T T
14 A

1.2

1.0

M (GeV)

04

0.2

0 0.05 0.1 0.15 0.2 0.25
Mg(GeV)

Figure 6.5: pion and p meson lattice data compared with NJL calculation

p mass fails to agree, does not have the right slope and even becomes lighter than

the pion at high quark mass.

6.2.6 Fits

In this section we proceed to fit the lattice data with the NJL calculation. We have

three parameters to use, namely A, G;, and G,. With the parameters

A = 09972 GeV, (6.56)
G, = 10.5/A?, (6.57)
Gy, = —12/A%, (6.58)

we achieve a good fit for the pion and use the same parameters to compute the
p meson mass. As can one see on Fig. (6.6), the quark mass dependence of the p
meson mass does not agree with the lattice data. The NJL model fails to reproduce
the right slope. The mass of the pion m, = 139 MeV is reproduced for my = 3.786

MeV. For this particular quark current mass the calculated p mass is

m® =867 MeV, 6.59
P
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than the one used previously. As the authors mention in [33], the study [32] was
a preparatory work concerning the simulation of full QCD using improved actions.
As can be seen in Fig. (6.5), the quark mass ranges from 15 to 250 MeV, whereas in
Fig. (6.7), the range is smaller (|50, 150]), but we can consider this simulation to be
more reliable since it has more data points, which correspond to high quark masses.
In Fig. (6.5), we can check that the first point, corresponding to my = 15 MeV is
unphysical since it predicts a p mass that is smaller than the physical p. A good fit
for the pion is obtained and gives a null value for the parameter o. The prediction
for the p meson mass calculated using the parameters found for the 7, and a total

disagreement is found again as can be seen in Fig. (6.7).

25

M(GeV)

0
0 0.05 0.1 0.18 0.2 0.25 0.3

mg(GeV)

Figure 6.7: fitted pion mass and predicted p mass in the NJL model to compare with p mass
obtained from the lattice

The four parameter fit for the p is achievable and gives us

Ay = 0.9975, (6.62)
a = 0.9204, (6.63)
g = 0.9946, (6.64)
g = 1.6201. (6.65)

(6.66)

In Fig. (6.8), we show the fit for the p, as well as the prediction for the m using these
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1'8 1 1 T T 1

M(Gev)
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Figure 6.8: fitted p mass and predicted 7 mass in the NJL model

parameters. The good fit for the pion is now lost and the inconsistency of the quark

mass dependence between the p and the 7 is not resolved.

6.3 A New Functional Approach

In this section, we will introduce a functional approach to tackle the same problem of
bound state masses. In principle this technique has a much wider scope and indeed
has been used in very different contexts. We will apply this method to the problem
of bound state masses to show how one could study dynamical mass generation from
a new perspective. This approach enables us to write an exact functional integral
equation for the effective action I" which is also the generating functional of the
1PI n-point functions. It is also related to the Callan-Symanzik equations (CS)
which in perturbation theory is an equation giving the dependence of the n-point
functions with respect to the bare mass. What we propose to do is to generalise
this CS method and derive an exact equation for the effective action directly from
its definition [35, 36, 37, 38]. As this is our first endeavour to apply this technique,

we will only consider the NJL model with the scalar interaction.
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6.3.1 Evolution equation
We consider the Lagrangian of the NJL model given by

L = ¥(z) (i7#8, — zmo) T(z) + g (2(@)¥(2))’ . (6.67)

The parameter z is introduced to control the amplitude of the fluctuations. For
z >> 1, the Lagrangian describes a heavy fermion and the theory is perturbative
since the mass term dominates the action. As z decreases the interaction term
becomes more and more important and quantum corrections increase in magnitude.
Our purpose is to study the dependence on z of the effective action I',, the generating
functional of proper graphs.

The Lagrangian, we have written contains a four-fermion interaction term, which is
not suitable for analytical treatment. We rewrite the Lagrangian by introducing a
field ®, which has the same transformation properties as the bilinear term ¥(z)¥(z).

The Lagrangian becomes
- 1
L =¥(z) (iv*0, — zmp + ¢) ¥(z) — %sz(a:) . (6.68)

The functional W, [7, n, j| which generates the connected graphs is given by

expW, [7,1n,7] = / D[\if,\II,Q] exp {i/xﬁ—i-i/x(j@—i-ﬁ\ll—}—@n)} ) (6.69)

The derivatives of W, with respect to the sources 7,7, j are given by

) . .
5—ﬁWz = i<U>=q1, (6.70)
WE = i< ¥U>=1¢ (6.71)
Z(ST] )
5 . .
6—jwz = i<®>=i¢. (6.72)
We also have o
b s _ _
(5—77 W, %> =~y <P > . (6.73)

The effective action I, [1/_), Y, (Z)] is the Legendre transform of W,

W, =il.+i [ (i +m+n) | (6.74)
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with functional derivatives

]
—I', = —-n, 6.75
53 U] (6.75)
s ]
I',— = -7, 6.76
5% ] (6.76)
iI‘ = —J (6.77)
55 = j. .
We also have a relation between the second derivative of W, and the second deriva-
tive of I',, which is
5.5\ (8.5
— | —=I,— =|=W,—]. 6.78
Z (cw w) (577 577) (67%)

To compute the derivative of I', with respect to z, one has to remember that the
independent variables are the the fields 1, ¥ and ¢ and the parameter z. We

therefore have

, . 5W, 5. oW,
r, = — - 7 9
o,I, 10,W, z/(@zn 57 +W25n3277+ 5 823)
— [ (#0.0+ 0. + 6.5) |
= —ig,W,, (6.79)

after using the functional derivative of W, in Eq. (6.70-6.72). The derivative of W,

with respect to z is

o, = m< [
-
= —mg /x P — mg /x (5% W, %) ) (6.80)
which after using Eq. (6.78)can be rewritten as
e -1
0.1 [, %, ] +mo / P = img Tr (% T, 3%) : (6.81)

where Tr denotes the trace over spacetime and Dirac indices. The inverse matrix
[(52I‘]—1 has to be taken with respect to field variables, spacetime indices and Dirac

indices. We note that Eq. (6.81) is an exact equation since we have not yet adopted
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any approximation. We can also note that Eq. (6.81) has the same form as the one
derived in exact Renormalisation Group (RG) methods [39] . A similar equation has
already been derived for the case of QE D in d = 4 — e dimensions, which reproduced
the usual one loop behaviour for the beta function but, has the advantage of avoiding
the appearance of the Landau pole (in a specific ansatz for the effective action) by
taking into account the running of the mass. This avoidance of the Landau pole
by a running mass is the same way the Landau pole is claimed to be avoided in
lattice QED [40]. Also the case of QED in an external field was treated using this
technique and it was shown non-perturbatively how the full fermion propagator and
the full vertex depend on the external gauge field.

Before proceeding to the treatment of the functional integral equation Eq. (6.81), we
first show how it can be rewritten as a first order functional integral equation for the
effective action I',. As was mentioned when deriving Schwinger-Dyson equations in

section. (2.2), the functional integral of a functional derivative is zero. We can write

Oz/D[\TI,\I’,@} 7 exp{ /E+2/(;¢+U\P+\Pn)} (6.82)

which gives us

= 1
<Y¥ > ——<P®>+45=0, (6.83)
g

or after using the first derivative of the effective action I', in Eq. (6.77)

or, = 1
= <W¥>—-9,
oo g
55\ 1
= —i|—=T,— + P — —¢. 6.84
(w w) g (684
This last relation permits us to rewrite the second order functional integral equation
Eq. (6.81) as
— = — 6.85
A R =3 (6.85)
If we differentiate the last equation Eq. (6.85) with respect to z, we obtain
5°T
AT, = (—myg)> / s 6.86
z ( 0) 1,52 5¢(CE1)(5¢($2) ( )
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and the n** derivative is

(5”1
'T, = (—myg)? Tr,. 6.87
2T = (=mo) / 36(z1) ... 06(zn) (6.87)
We now are able to make the resummation
_ n=00 Zn 61‘\2
T, [,4,6] = IR (6.88)
which is, after using Eq. (6.87)
L. [d,0,¢] = ¥ (Zzmo)” i T, _, -2 /¢ (6.89)
=l = n! Sp(zy)...0p(z,) “*=0 g
—zmg 57 n m
= el B T g = [o. (6.90)

In the last equation I, [1/_), Y, ¢]| . is the effective action in the chiral limit since 2
z=

is zero. We denote the chiral effective action as follows

—q Ty [’QZ),Z/),QS] ) (691)

and write the equation for the effective action I', as

- - m
L. [9,4,0] = To [0 — 2mo] = 72 [ 9, (6.92)
since we recognise in Eq. (6.90) the functional generalisation of the well known result
d
erp <a£> f(z) = flz+a). (6.93)

The effective action I', for any 2z is therefore given by the chiral limit effective action
Iy, where the scalar field ¢ is translated by the amount —zmgy. This mechanism is
reminiscent of what is known in the background field methods [41]. This was also
found for the case of QED in an external field, where it was shown in [36], using
this functional technique, that the effective action in the presence of an external
field A5 is the same as the one without the external field, but where the dynamical

gauge field is translated by the vector A5
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The interest of the first order functional integral equation is that it allows us to
derive relations similar to Ward identities in gauge field theory. If we differentiate
Eq. (6.85) with respect to 1(z), then with respect to ¥(y) we obtain
— —
4] r by —m / J ) r )
op(x) T aply) T ) de(2) Su(z) T aW(y)

(6.94)

We now define the full inverse propagator S;!(z, y) and the full 1y vertex A, (t; z,y)

as
) s 5
S 1 — — 2 3 )
z (l‘, y) t 6'[)[)(.1:) F 5¢(y) F=p=¢=0 (6 95)
56 5
A.(tz, = T ’ |
(t;z,y) dp(t) dv(z) ~ dv(y) Fmp==0 50

and are able to write a relation between the full inverse propagator S;! and the full

vertex A,

~i0,5; (@,5) = =mo [ Au(o2,9). (6.97)

x1
This last relation Eq. (6.97) can be seen as a kind of Ward identity except that
it is integral rather than derivative. It involves the z derivative of the full inverse

propagator S;'. If we note that

8252_1("1:)3/) = - / S;l(xvxl)azsz(mlax2) Sz_l(m27y)’ (698)

T1,L2

we can write a relation between the full propagator S,(z,y) and the full vertex

A, (t;z,y)

0.5.(a,y) +imo [ Su(z,wa) Auorima, ) Sulag,y) =0, (6.99)

T1,T2,T3
6.3.2 Gradient expansion

Up to know, we have been very formal and it is now desirable to show how this
technique can be used to make predictions. Our main result is the functional integral

equation Eq. (6.81). As it is written, it cannot be solved analytically and we therefore
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need an ansatz for the effective action I',. We will make a gradient expansion to

find an approximate solution to the evolution equation Eq. (6.81)

L. [5,9,6] = [ 6(2)D'6(2) + D@)G 7 9(z) + @) @(),  (6100)

where D and G are the scalar and fermion propagators, respectively and A,(z) is
a coupling function. In the most general case the propagators in momentum space

are

D 'p) = Blz,p)p* — my(z,p%), (6.101)

G p) = Z(z,p")F—mlz,p?) — zmq, (6.102)

A(z) = A(2). (6.103)

The evolution of the different functions 8, Z and A are obtained when we expand
both sides of Eq. (6.81) in powers of the scalar field and fermion field and by iden-
tifying the operators on both sides. As we have already mentioned earlier, the
calculation of the trace requires us to compute the inverse matrix [1"(2)} _1, which is

the inverse of the matrix of second derivatives

sT's 82T  &°r
505y 3UST 349
r'®—| rs srs srs . (6.104)
D 2 L
sTs 82T  &°T
3630 0954 0460

We decompose I'® into a diagonal I‘(AQ) plus non-diagonal part l"fﬂ and compute
e p

' by expanding in the diagonal part T’
) - ] - e e
(

r®] 7 18 (0] ) [r]

n

in momentum space

rP) 7 T [r@] 7 ) @)t 2] + ., (6.105)

where

r® =r@ _1@, (6.106)
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In this way we obtain [37]

“ny ~1
(:5511/_:5;5/)> =G+G (‘c +cGe — cGeGe + aDb — aDbGe — Cg"“m’) G+..., (6.107)

with [37]
a(p,q) = M2)¥(-p—4q), (6.108)
b(p,q) = P(—p— A z2), (6.109)
cpq) = —A2)¢(-p—1q), (6.110)

and the tilde denotes transposition in momentum and spinor spaces.

Following [37] the evolution equations are

0.07(p) = —2mN() [ T [P@)G+a)],  (G11)
0,67 (p) +mg = —imgA¥(2) / D(g - p)G*(q), (6.112)
OA(z) = —2moA¥(2) / D(g)%(9)6(q). (6.113)

A close look at these equations shows us that the integrals on the right hand sides
are the usual terms that would appear in the Schwinger-Dyson equations except
that the fermion propagator G(q) is squared. This can be understood easily since a
change zmgy — (z + 6z)mg of the bare fermion propagator changes the propagator
as G = G + GdézmoG in the internal lines of Feynman graphs. These equations
are integro-differential equations and need further study to give results concerning
the infra-red behaviour of the fermion and scalar propagators. This approach has
already been adopted in [37], where the case of QED was considered and as already
mentioned, with a simple ansatz for the photon and electron propagators, it was
shown analytically that the Landau pole is avoided by incorporating a running mass

in the evolution of the coupling.

6.3.3 Scalar theory

After bosonisation of the purely fermionic Lagrangian of Eq. (6.67), we have a

theory involving a fermion field i interacting with a scalar field ¢. The Lagrangian
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is quadratic in the fermion field and therefore the integration over the fermionic field
is analytical. After integrating the fermionic fields, we obtain a purely scalar theory

whose Euclidean Lagrangian is
_ 1
L(p)=—iTx[1+ (=i P+ m) " ] + qu?, (6.114)

where we have taken z = 1. We have seen previously that it was possible to write an
evolution equation in z for the effective action because the operator that multiplies
z is quadratic. As we would like to have a new way to study dynamical symmetry
breaking, we would like to write an evolution equation in the coupling g. The
parameter g only appears after bosonisation in front of the quadratic operator ¢2
and therefore we can apply the previous method and write an evolution equation in

g for the effective action. It reads

OgTg[¢] = —0W,j]
= %ngm < ¢* >
= 37 /¢ _L [§;§¢]_1. (6.115)

The gradient expansion for the scalar theory will be

Tolé] = [ 2(8)0,80"0+ Vyl6) + . (6.116)

where Z(¢) is the renormalisation function for the scalar field ¢ and V, (¢) the
effective potential. The term ... represents higher derivative contributions which
we neglect. We work in the Local Potential Approximation Z(¢) = 1 and consider
a constant configuration for the field ¢ = ¢, which is enough to obtain an evolution

equation for the effective potential V,(¢). We have

Tyldo) = VV(do), (6.117)
er, N1
(W) = v P (6.118)
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where V is the four-dimensional volume and ’ denotes a differentiation with respect

to the argument. The evolution equation for the effective potential is thus

1, 1 d*p 1
- —¢'=—— . 6.119
We introduce a cut-off A? in to regulate the integral and obtain
A, Vy(9) — —1—¢2 S N U V)" (¢)In |1+ A (6.120)
9°9 292 32927r2 9 Vg"((b) ) '

This partial differential equation contains the evolution equation for all the different

couplings since the effective potential V,(¢) can be Taylor expanded in ¢

n=oco

Vo(9) = D cag”™, (6.121)

n=0

where the ¢, are coupling constants. We assume here that the potential has only

two relevant couplings m, = m and A\, = X and write
1 90 1,4
Vid) = Smidt+ e (6122)
1
vV, (¢) = m2+§/\¢2. (6.123)
In order to obtain the evolution equations for the couplings m and A, we expand

the integrand in Eq. (6.119) in ¢
1 1 A1 , A1

— _Z + =g 6.124
pPHmitgd? pP4m? 2 (p? 4 m?)’ 4 (p2+m2)3¢ (6:124)

By identifying the operators from the two sides of Eq. (6.119), we obtain the follow-

ing evolution equations for m and A

1 1 A d*p 1
1o (m?) - L = _/ 6.125
27 () 29° 49> J (2m)* (p* +m2)*’ (6:125)
1 A2 d*p 1
—9.\ = _—/ , 6.126
4! g 8g2 (27|-)4 (p2 + m2)2 ( )
which becomes after integration
1 ) 1 A m? + A® A?
- - = 1 — 6.127
00 () = 35 = g o (Mo )~ e 0 0420
32 At
OgA = (6.128)
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The equation for m needs regulation but in theory the equation for A is free of di-

vergence since its associated integral is convergent. For A = 0o Eq. (6.128) becomes

3 A
3272 g?m?’

B\ = (6.129)

but as we have an effective theory we need to treat A? as a parameter of the theory

as we did in the standard NJL model.

6.4 Conclusion

We have presented in this chapter a well-known method for the treatment of bound
states (NJL model) as well as a new approach [35, 36, 37, 38], which could be called
functional Callan-Symanzik approach if the fluctuations are controlled by the mass
parameter or by some other name when the control parameter in the Lagrangian is
not the mass. In order to obtain a tractable equation, we made a gradient expansion
of the effective action I', which is more localised in space than the Lagrangian. In
the NJL model, it is the Lagrangian that is expanded and the expansion produces
the different masses and couplings. However, this theoretical approach is limited
since in practice, when one tries to compute the mass of a meson, say the pion,
we have to adjust the parameters so as to be able to find a solution. Indeed, the
polarisation function I3(q?), which appears in the calculation diverges for ¢2 > 4M?,
where M is the current quark mass. For the pion, all is well but when one treats
the a,(1235), the equation

ma, (¢%) = ¢°, (6.130)

has no solution in the physical range [0,4M?] [42] but always has a solution for
m2 > 4M?. Therefore the model fails to bind the ¢ pair in the a; channel because
the on shell a¢; mass is above the mass gap 2M . Even if the gradient expansion for the
Lagrangian predicts a mass term, in practice we may not find it. In our method, after
including pseudo-scalar, vector and pseudo-vector channels, it is believed that this

problem will not be met. Of course further study is needed to show this explicitly.
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Chapter 7

Conclusion

In this study, we have investigated some non-perturbative aspects of mass generation
in Quantum Field Theory (QFT). We have started by introducing the Schwinger-
Dyson equations as a tool to investigate QFT in a non-perturbative way. As they
are an infinite system of equations, we introduced the idea of truncation, which is
necessary to treat the equations in practice. We have written the equations satisfied
for the electron and photon propagators in the bare vertex approximation as well
as introduced our non-perturbative truncation scheme which respects multiplicative
renormalisability (M R). We then presented the numerical method to solve systems
of integral equations. The method is based on an expansion in Chebyshev polyno-
mial and the Newton method to solve non-linear system of algebraic equations. Even
though, we do not actually solve an algebraic system, the method is very efficient
for our purpose.

In chapter three, we applied this model to the case of renormalised QF D in the MR
scheme and solved the equations in different approximations. For quenched QED,
we found the usual critical coupling a. = m/3 and also showed the interesting result
that in the Feynman gauge £ = 1, it was possible to derive differential equations that
do not stem from an Euclideanisation of the action and are therefore valid on the
whole z = p? line. This simple result is an incentive to study further the relation
between Minkowski and Euclidean formulations. We also determined the critical

couplings in the one-loop approximation for the running coupling for a number of

135
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flavours Ny equal one and two, and solved the complete system by allowing the

running coupling to satisfy its own equation.

After treating the case of QE D, we proceeded to the quark equation and introduced
a new truncation that is similar to the one of Q £ D and to the one recently introduced
by J. Bloch in [4]. The notable difference is that our truncation scheme makes the
mass function explicitly independent of the renormalisation scale p?, as it should
be. Using a model for the running coupling, we solved the equation for the mass
function M(p?) and the dressing function Z(p?, p?) and compared it to previous

studies [4].

The study of bound state masses using the SD equations have already been un-
dertaken by many authors. In this study, we used a simpler model, namely the
Nambu Jona-Lasinio model to determine the masses of the p and 7 mesons as a
function of four parameters: two couplings, a cut-off and the bare quark mass. In
usual lattice calculations, meson masses are calculated for heavy quark masses and
then extrapolated to small masses by using empirical methods such as cubic fit. As
the NJL model is able to reproduce the pion mass correctly for any value of the
bare quark mass, then it should be used to extrapolate lattice calculations for the
pion. However we have seen that the NJL model is unable to reproduce the right
quark dependence for the p meson mass, even when one tries to introduce another

parameter.

Finally, as an outlook we have introduced a new method based on the control of
quantum fluctuations by varying a bare parameter of the Lagrangian. If this param-
eter is multiplied by a quadratic operator, then it is possible to derive an integro-
differential equation for the effective action. This equation is exact but needs trun-
cation to be solved. The most promising approximation so far is to expand the
effective action in a gradient expansion, which is believed to be more reliable than
a gradient expansion of the Lagrangian as is usual in bosonisation methods, since

the effective action is more localised in space than the Lagrangian. Another out-
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look, would be to inprove the numerical method. The system of equations for QFE D
involved the equation for the coupling function, which had to be treated differently.
The Newton method was only applied to the sub-system for the mass and dressing
function, while we used an iteration process to determine the coupling function. A
method in which all functions would be determined using the Newton method only
would therefore be welcomed and would bring us more exact results. We could also
try to find a way to rewrite the SD equations as a purely algebraic system of non-
linear equation i.e. the unknowns coefficients should be multiplied by constants . A

possible way is the following. Suppose we would like to solve the integral equation

m(a) = [ dy gly, m(y)) K (2,9), (7.1)

where K(z,y) is the kernel of the equation and g(y, m(y)) is a known expression.
Instead of expanding the function m(z) on the basis of Chebyshev polynomial, we

expand the function
2(y) = gy, m(my)) = > 'a;T; (7.2)
which satisfies

m(z) = [ dy(y) K(z,y). (7.3)

The solution z(x) is obtained by solving

(@) = gle,m(a) = g (=, [ dyz() K(2,)) | (14)

which after using Eq.(7.2) can be written

2(z) =g (ac, Z’ajvj(:e,y)) : (7.5)

with
vi(w,y) = [ dyTy K(z,y). (7.6)
The system of non-linear equations derived from Eq.(7.4) is now purely algebraic

since the v;(z,y) can be computed once and for all. Once the function z(z) is

determined we can compute m(z) for any value of z using Eq.(7.3) or as it could
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happen by inverting the relation Eq.(7.2), which would give m(z) as a function of
Our ultimate goal is the study of dynamical mass generation in QCD. We have
shown that our truncation scheme permitted the factoring out of the renormalisa-
tion constants Z; and Zs;, when one treats the gluon-ghost sector at one loop. It
remains to be checked that this is still so with the complete system by including
the contributions from the three loop, four loop and quark diagrams. On the same
occasion, an infrared study of this system would confirm or infirm the existence of
an infrared fixed point for the coupling.

Finally, the whole approach of SD equations should maybe be abandonned to find
a new and more powerful investigation tool. We hope that the functional approach
or a similar one such as the exact renormalisation group approach can contribute to

the advancement of our knowledge of infrared QCD.
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