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Abstract

We calculate the contribution of gluon-gluon induced processes to vector boson pair
production at hadron colliders, specifically the production of WZ, W~ and Z~ pairs.
We calculate the tree level processes gg =+ W Zqq, g9 -+ W~qq and g9 — Z~qq, and
the one loop process gg — Z-y. We use the helicity method and include the decay of
the W and Z bosons into leptons in the narrow width approximation. We include
anomalous triple gauge couplings in all of our vector boson pair production calcu-

lations.

In order to integrate over the ¢g final state phase space we use an extended
version of the subtraction method to NNLO and cancel collinear singularities ex-
plicitly. The general subtraction terms that are obtained apply to all vector boson

pair production processes.

Due to the large gluon density at low z, the gluon induced terms of vector boson
pair production are expected to be the dominant NNLO QCD correction, relevant
at LHC energies. However, we show that due to a cancellation they turn out to
provide a rather small contribution, anticipating good stability for the perturbative
expansion. This contribution remains small even when anomalous couplings are
added, and when one considers energies far above the energies of currently planned

hadron colliders.
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Overview

This thesis discusses vector boson pair production at hadron colliders, focussing on
the gluon-gluon induced components of WZ, W+~ and Z+ production.

In chapter 1, we discuss the motivations for the thesis topic. The general features
of vector boson pair production are described, with reference to the previous liter-
ature. We also discuss anomalous couplings and the means of investigating them
through the study of vector boson pair production. We explain why one may now
wish to focus on the (next-to-next-to-leading order) gluon-gluon induced part of
vector boson pair production, and how this may add to previously known results.

In chapter 2, we review the helicity method, and outline the basic method of
calculating the helicity amplitudes used in this thesis. The calculation of the helicity
amplitudes themselves is given in chapter 3. This covers tree level WZ, W+ and Z~
production in detail, including electroweak couplings, and the changes that must
be made to incorporate anomalous couplings in our results. The required helicity
amplitudes are included in Appendix B. We also calculate the one loop gluon-gluon
induced production of Z+, which consists of a box diagram in the Standard Model,
plus a triangle diagram in the anomalous coupling case.

In chapter 4, we discuss the removal of infrared singularities from our amplitudes,
by means of the subtraction method. We introduce the principles of the subtraction
method, and the particular version that we use, then perform a general calculation
that applies to all vector boson pair production processes.

The results of these calculations are presented and investigated in chapter 5. We

draw conclusions from this work, as well as suggesting future work, in chapter 6.




Chapter 1

Introduction to vector boson pair

production

Vector boson pair production is expected to be a particularly interesting process at
future hadron colliders, and is the primary subject of this thesis. In this chapter, we
will outline the main motivations for the study of vector boson pair production at
hadron colliders, with reference to the literature. In particular, we explain why we
choose to calculate the O(a?) production channel gg — ViV, (+qq).

We use V; and V; to represent the two vector bosons, where V; and V, may be

W, Z or v. These may be accompanied by quark or gluon jets in the final state.

1.1 Motivation for studying vector boson pair pro-

duction

The study of vector boson pair production is an interesting field, which is expected
to become especially relevant in the next few years with results from the Tevatron
Run II [1] and especially the LHC [2]. Here we will discuss why vector boson pairs
are worth studying and will review the current experimental status, and discuss the
developments that are anticipated at the new hadron colliders.

The production of vector boson pairs is interesting both as a process in its own
right and as a background for other processes. The most notable feature of vector

boson pair production is the presence of a triple gauge vertex. It is possible for two



vector bosons to be emitted through coupling to another vector boson in a triple
gauge vertex, even at leading order. The fact that this occurs at leading order
and not just in higher order corrections makes it easier for the vertex to be probed
experimentally.

The triple gauge vertex is interesting because it is a non-abelian vertex that is
accessible to experimental study. In testing this vertex, we test the gauge group of
the Standard Model, as this vertex is a direct prediction of SU(3) x SU(2) x U(1).
No variations of this vertex from the Standard Model have yet been detected, but the
bounds on possible deviations should be improved by the increased rate of produc-
tion of vector boson pairs in future experiments. As yet, the triple gauge vertex has
been much less precisely measured than, for example, the couplings of gauge bosons
to fermions, so it is still a good place to look for non-Standard Model effects.

Any variation of a triple gauge vertex from the Standard Model prediction would
suggest the presence of new physics. New physics occurring at a high energy could
influence the triple gauge coupling through virtual effects. In section 1.4 we will
discuss the parameterisation of a vertex that varies from the Standard Model, and
the kinds of new physics that may cause it. It is as a probe of this new physics that
vector boson pair production is most exciting. _

Vector boson pair production is also relevant as the background to other pro-
cesses, including the decidedly contemporary topic of Higgs physics. Vector boson
pair production becomes an important background to Higgs production when the
Higgs is heavy. A Higgs of greater than 180 GeV decays predominantly to WW
(branching ratio about 75%) and ZZ (branching ratio about 20%) [3]. Z is also a
comparatively rare decay mode of the Higgs, which is significant between 100 GeV
and 160 GeV. It is therefore necessary to have a good Standard Model prediction of
vector boson pair production in order to deal with the background to Higgs searches
in these regions.

Vector boson pair production is also a possible background for certain super-
symmetric processes. The trilepton signal (three leptons plus missing momentum)
is considered to be one of the cleanest signals for observing supersymmetric particles
in the mSUGRA model [4] [5]. It is clear that the leptonic decay of a WZ pair is a
major background to this process.

So, even if evidence for new physics is not seen directly in vector boson pair



production, predictions for vector boson pair production are likely to be important
as a background to some of the most interesting physics advances of the next few
years.

The current experimental knowledge of vector boson pair production processes
comes from e*e™ collisions at LEP and hadron collisions in the Tevatron Run I.
As in most processes, ete™ colliders and hadron colliders have been complementary
in this study, with ete~ colliders having the advantage of a precisely known initial
state energy, while hadron colliders can reach a higher centre of mass energy.

For the production of vector boson pairs, this high centre of mass energy is very
important. It takes a lot of energy for two vector bosons to be produced, especially
if they are massive, and this has restricted the number of events that have been
studied. The rates of production for vector boson processes will be substantially
increased at the new run of the Tevatron, and hugely increased at the LHC.

A number of results concerning vector boson pair production were obtained at
LEP, where WW and ZZ production in particular were studied [6]. Limits were
set on the triple gauge couplings through these processes [7]: these will be discussed
further in section 1.4.

Vector boson pair production has also already been studied in Run I of the
Tevatron [1][8] . Here the most studied production channel was W+ production,
where the W decays into an electron or a muon, with around 100 events for each
experiment (CDF and DO0). Also studied were WW, WZ and Z~, with leptonic
decays, and WW and W Z where one of the leptons decayed into jets. It is expected
that Run II will improve these results [1]. As well as a substantial increase in rates
of production, one can expect that detector upgrades and improved analysis will
also lead to better results.

We can also look forward to significantly increased vector boson pair produc-
tion at future colliders [9]. The LHC will certainly be a useful arena for studying
vector boson pair production, much improving Tevatron results. Here, the best
means for looking at charged triple gauge couplings is through W~ and W Z pro-
duction [2]. WW production is more difficult to distinguish from the background.
Considering only leptonic decays of the W and Z and making appropriate cuts to
reduce the background, we would expect to see about 3000 W+~ and 1200 W Z events
for an integrated luminosity of 30 fb™! [2].



Of course, any future linear collider would also improve the results through
increased energy and polarisation, and would also have the advantage of a cleaner
signal. However, this is likely to be well in the future. For now, we will concentrate
on the present and upcoming hadron collider processes.

To summarise, vector boson pair production is valuable both as a probe for new
physics and as a background. We have mentioned some of the experimental studies
that have been carried out so far, and described some of the physics that may emerge
from future ones. We will now discuss the theoretical studies of vector boson pair

production, including the motivation for our own theoretical study.

1.2 Previous studies of vector boson pair produc-
tion

The tree level production of vector boson pairs, gq¢ — V1V,, was calculated some
time ago for all pairs of vector bosons that we want to look at [10][11][12]. In these
calculations, spin states were summed over: the decay of the vector bosons was
not included. Similar calculations were then made at the O(a;) level. Here, it was
sometimes necessary to include loop diagrams as well as tree level, and both possible
initial states, ¢g and qg, had to be included. Results were obtained for WW [13]{14],
ZZ [15][16], W+ and Z~ [17][18], and W Z [19][20]. Again, spin states were summed
over.

We have already mentioned the fact that electroweak couplings are spin depen-
dent. In order to compare theory and experiment, we want to include the decay of
the vector bosons, as it is the decay products that we will see in the detector. By
including the decay products, we can add arbitrary cuts to the final state and so
compare with experiment. We choose to study the decay of the vector bosons into
leptons (rather than hadrons) as this process is easier to distinguish experimentally.
We also want to retain as much information as possible about the process, including
the helicity of the decay products. In order to keep track of the spins of all exter-
nal particles, we shall calculate amplitudes in the helicity method, as described in
chapter 2. This is particularly useful in performing calculations with many external
particles.



Calculating vector boson pair production while including decay products can give
interesting results. The tree level results for vector boson pair production including
decay into leptons were initially given by Gunion and Kunszt [21], where angular
correlations in the final state were discussed for the first time.

One loop results including decay into leptons were initially obtained with spin
information in the real but not in the virtual part [22][23][24]. Analytic amplitudes
including all spin information were given in [25] and these amplitudes were used in
the calculation of numerical results in [26] and [27].

All these calculations were carried out with decays included in the narrow width
approximation. Here both vector bosons are assumed to be on shell: the diagrams
are ‘doubly-resonant’. Some available calculations extend this by including singly-
resonant as well as doubly-resonant diagrams [28], and by including one loop loga-
rithmic electroweak calculations [29]. However, we will continue to use the narrow
width approximation and will not include higher order electroweak terms.

We wish to calculate the process gg — V1V (4 ¢q), which includes one loop
and tree level terms. Some calculations are already available. The loop diagrams
for g9 — Z~ were calculated long ago [30], but without including decay of the Z
into leptons. No loop diagrams are required for gluon-gluon induced WZ or W+
production. The general tree level vector boson pair production terms, gg — V1 Vaqgq,
have also been calculated [31] but with the requirement that two jets be seen in the
final state. We will generalise this by integrating over the whole phase space for the

vector boson pair production process.

1.3 Motivation for the study of gluon-gluon in-

duced terms

The original work presented in this thesis is a calculation of the gluon-gluon contri-
bution to vector boson pair production, gg — V1V, (4 ¢g), where V; and V; are the
two vector bosons. This is calculated for WZ, W~ and Z~ final states.

The gluon-gluon initial state first contributes to vector boson pair production at
NNLO. We explain the motivation for including an NNLO term in the calculation

of vector boson pair production, and for selecting the gluon-gluon induced part.



Before we consider adding an NNLO term to the calculation, we have to consider
the LO and NLO terms. The papers in which these were calculated have been listed
in subsection 1.2. We will look at the qualitative features of plots of the LO and
NLO results. In chapter 5 these plots will be discussed again more thoroughly:
all details such as cuts and parton distributions are given in the relevant parts of
chapter 5.

The leading order term of vector boson pair production is straightforward. The
initial state partons can only be ¢ (a gluon would lead to a factor of a,). The
two vector bosons V; and V5 couple directly to the quark line, or come from an
intermediate particle via a triple gauge vertex: both options are shown in figure
1.1. Each outgoing vector boson may be a photon, in which case it is treated as an
external particle, or a W or Z, with the decay of the particle included. The leading

order diagrams for the WZ production process are given in figure 1.1 as an example.

;
w- s
a
Z ,+
q

Figure 1.1: Leading order diagrams for WZ production

The NLO terms are slightly more involved. We can decompose the NLO (O(a,))
contribution to vector boson pair production into two parts.

Firstly, there are the processes with a ¢g initial state: the one loop diagrams
for gqg — V1 V4, plus the tree-level process with an extra gluon in the final state,
qq = ViVag.

Secondly, we have a new channel at NLO with the initial state qg, giving the
process gg — V1Vaq. In this qg, ¢ can be either a quark or an antiquark.

The NLO tree level diagrams for W Z production are shown in figure 1.2 for both
the gg and ¢ initial states. Two examples of loop diagrams with a ¢q initial state

are given in figure 1.3.
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Figure 1.2: Tree level NLO diagrams for W Z production

Figure 1.3: Some NLO loop diagrams for W Z production









advisable. It is clear that we do not have the resources to perform a full NNLO cal-
culation. This would include two-loop calculations that are not currently available.
As well as loop contributions, a full NNLO calculation would include tree diagrams
with quark initial states, gg — V;V2gg, as well as terms with gg and gg initial states.

With this in mind, we therefore choose to make an analogy with the NLO term.
In the NLO case, it is the new channel, the gqg induced term, that gives a very large
result, which can be as big or bigger than the LO term. The ¢q term, in contrast, is
quite small, as would normally be expected of a higher order correction. We can see
that the new channel with the gluon in the initial state is definitely the dominant
term.

Therefore, for the NNLO case we choose to examine the new channel, which
has two gluons in the initial state. We make a hypothesis that this term may be
important, as the gg term was important at NLO. The gluon density may again be
enough to cancel the suppression in o?.

The processes with a gg initial state are gg — V1V5, which does not exist at tree
level but may contribute as a loop diagram, and the tree level process gg — V1Vaqq.

In this thesis, we will calculate gluon-gluon induced vector boson pair production,

with some unexpected results.

1.4 Anomalous couplings and new physics

In the earlier part of this chapter, it was indicated that one of the major motivations
for the study of vector boson pair production is the search for new physics through
deviations from the Standard Model in triple gauge boson couplings. We will now
discuss anomalous (non-Standard Model) triple gauge couplings, and how to use
these in a parameterisation of general new physics effects. We will present the
relevant Lagrangians and vertices, discuss form factors, and review some previous

studies of anomalous couplings in vector boson pair production.

1.4.1 Principles of the anomalous coupling approach

In using the anomalous coupling approach to the detection of new physics effects, we

make a number of assumptions. First of all, it is assumed that any new physics only

11



has an effect on the triple gauge couplings. It will always be assumed that while
gauge bosons may couple anomalously to each other, all couplings of gauge bosons
to quarks and leptons are the normal Standard Model ones. We assume that the
new physics is only to be detected through changes in the triple gauge couplings
and that new physics will not be seen directly in the production of new particles.
The implies that the new physics occurs at an energy much higher that the current
experimental scale: we will call this new physics scale A.

The basic principle is that high-energy new physics effects can influence lower-
energy processes through virtual effects. Deviations from the Standard Model cou-
plings would affect both the overall cross section for the appropriate vector boson
pair production and the angular distributions. The fact that new physics is expected
to occur at a scale much above the energies that can be measured implies that it
is appropriate to take an effective Lagrangian approach. We add new parameters
(‘anomalous couplings’) to the appropriate Lagrangian. The couplings are modified
by this but no new particles are introduced.

We will not discuss the principles of effective theories here: instead we will
just make use of known effective Lagrangians. All we will therefore need is the
appropriate vertices, including the anomalous parameters that describe the variation
from the Standard Model.

We will state the appropriate Lagrangians for the triple gauge couplings that we
consider. We will also explain how we selected the parameters that we use, and give
the vertices that contribute in the Feynman diagram calculation. These vertices and
the resulting diagrams are further discussed when we add anomalous couplings to

our calculations in chapter 3.

1.4.2 Lagrangians and vertices with anomalous couplings

In this section we will describe the parameterisation of anomalous couplings that we
will use. This should be as general as possible, and not dependent on a particular
model. We do not know what kind of new physics to expect, because for the effective
Lagrangian approach to be appropriate, the new physics will be at an energy that
is not directly accessible. Therefore we want to keep as many coupling terms as

possible, balancing this with a desire not to overcomplicate the calculation. If we

12



have a great many parameters, it will be more difficult to set bounds for them.

We do make certain restrictions on the possible couplings. Lorentz invariance is
always required, as is electromagnetic (U(1)en) gauge invariance. We also assume
that only the lowest dimension operators will contribute significantly, with higher
dimension operators being much suppressed. If the scale of new physics, A, is much
greater than v/3 — as is required for the effective Lagrangian approach — only the
operators of lowest dimension should be important and those of higher dimension
can be neglected.

We then have further choices to make when we consider the specific parameter-
isations of the different triple gauge couplings. We will first consider charged triple
gauge boson couplings (WWZ and WW+), and then neutral triple gauge boson
couplings (ZZ~, Z~v). There is another neutral triple gauge coupling (ZZZ) but
this will not be required in our calculations later in this thesis. The WWZ and
WW+~ couplings will be required for WZ and W+ production respectively, and the
ZZ~ and Zvvy couplings for Z~ production.

The WW Z and W W+ triple couplings already exist in the Standard Model. We
modify them by including new parameters, chosen to be as general as possible.

Taking only the operators of lowest dimension, one obtains an effective La-
grangian with 7 parameters. This is as given by Hagiwara et al [32]. We will use
their parameterisation throughout our discussion of anomalous couplings. Using V

to denote Z or v, the Lagrangian is:

Lwwv/gwwy = 19 (W* WHVY — WV W,,) + mVW*W ZH

.AV
+WW* WEVYP — gV W*W,(8*VY + 8 V)
+g56“”"”(W#3,\W,, — 8)‘W;W,,)Vp
by -
iRy WiW, VP 4 zﬁv—WA“W,ﬁ‘V”" (1.1)

Here V,, = 9,V, — 8,V, and V# = 1€wasV?. The overall couplings are
straightforward: gww, = —e and gwwz = —ecot Oy .
When carrying out calculations, we shall not retain all 7 parameters, but instead

choose to select parameters by their symmetries. In the above parameterisation of

13



WWZ and WW+ couplings, three of the couplings, g}, «¥ and Ay, obey both C
and P symmetries. &V and AV obey C but are P violating. gy violates C but obeys
P and gY¥ violates C but is CP invariant.

We shall use only those parameters that are invariant under both C and P. This
simply serves to reduce the number of parameters involved and is not a necessary

choice.
The W (p+)Wjs (p-)V.(q) vertex that we shall use is [33]:

Q o 1 p2_
Towy (P p-,a) = (o —0)°0% S (o) + ¥ + 2 25)
w
g —p)Pgh (gl +w¥ AV By
R A MZ,
1¢2V )\
+(ps — p-)*(—9 = + —p2p°) (1.2)
s M2, Tt

g{ is always 1 by electromagnetic gauge invariance. The other parameters are
chosen appropriately. One may make assumptions about relations between these
parameters (for example, that they are the same for Z and ) or choose them freely.

The parameterisation for ZZ~ and Zvy couplings is somewhat different. These
couplings do not exist at all in the Standard Moedel. Any triple coupling that does
occur is entirely anomalous. These couplings and the use of them are described well
in [34].

The Lagrangian for this situation is given below. This is the one used by Ellison
and Wudka [8] with a factor of ¢ removed to make the expression hermitian. We
need to go to terms of higher dimension than those for WWZ and WW+, and we
do not restrict the symmetries of the parameters to the same extent.

The Lagrangian is:

O+ m?)

‘CZ'yV = —e ((hYF’W + h},’F””)Zu( V.

my
5 0 + m2
+(hY P 4 hXFW)Za(*—:”V)aaa“vu) (1.3)
mz
As usual, 0 = §,0*. Again V can be either Z or . V is the intermediate particle

that decays into Z and ~, and can be off-shell. This Lagrangian is not symmetric
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between the two Zs, hence this symmetry is also not present in the vertex. In the
case of a photon decaying to two Zs, it would be necessary to use a different vertex,
which also parameterises the anomalous couplings differently.

All the couplings hY are odd under C. hY and hY violate C P, while hY and hY
are CP conserving. We retain all 4 of these couplings: it is no longer possible to
have C and P conserving parameters as we did for the WWZ and WW+ case.

The resulting Zo(q:1)v5(q2)Z,(p) vertex is:

Paﬂu _ Z(pz_q%) hZ roafB o uB hZZ « 7 upﬁ
z2vz(@,420) = =5 | hi(@e™ — ¢¢") + 75 (P 020" — arp)
4 A
hi
_h3Z€;Laﬂuq2u _ _Weﬂﬂvapapuqza) (14)
A

The vertex for Z,(q:1)7s(g2)7.(p) is as in equation (3.24), but with ¢ — 0 and
hZ — h].

1.4.3 Form factors

One unfortunate result of adding anomalous couplings and their associated new
terms is that at high energies these new terms violate unitarity when we get near
the scale of the new physics (although of course we should not really approach this
scale if our effective theory is to be valid). This is not a problem at an electron-
positron collider, where collisions occur at a fixed energy, but is an issue at a hadron
collider, where one integrates over a range of energies. The new parameters need to
be controlled in some way, so that at very high energies they become the Standard
Model couplings, and so obey unitarity.

The method that we will use within this thesis is a conventional one. We intro-
duce a ‘form factor’ which will control the high-energy behaviour of the new terms.
This allows the anomalous parameters to remain fairly constant at low energies, but

to approach the Standard Model values at higher energies.

AC

Here AC is any anomalous coupling, A is the scale of new physics, and n is a
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parameter to ensure unitarity.

This approach is quite straightforward and often used, and does produce the
required behaviour. However, there are a couple of disadvantages. The form factor
depends on the scale of the high-energy beyond the Standard Model behaviour.
Making a choice of scale takes away some of the model independent behaviour that
we were looking for, by forcing us to add extra parameters in a more or less arbitrary
manner. Also, if different values for the scale and the parameter n are used in
different publications, it can be hard to compare the results.

Bearing in mind these reservations, we did use the form factor approach, taking
a standard scale of 2 TeV for new physics, and putting » = 2 in equation (1.5).

An application of a non-form-factor approach, with its advantages and disadvan-

tages, is given in [27].

1.4.4 Previous studies of anomalous couplings in vector bo-

son pair production

A number of theoretical and experimental studies of anomalous couplings in vec-
tor boson pair production have been made. These may put limits on the size of
anomalous couplings based on known experimental results, or may predict the effect
of certain anomalous couplings on vector boson pair production at future colliders.
We will briefly mention a few of these studies here.

Anomalous couplings vertices like those in section 1.4.2 have been added to vector
boson pair production calculations at LLO and NLO.

Anomalous couplings were added to LO Standard Model calculations for WW
and WZ [35] and Z~ [36] production. It was found that the addition of anomalous
couplings tend to increase production, especially at high pr.

NLO QCD corrections were added along with anomalous coupling effects in a
series of papers by Baur, Han and Ohnemus for W+ [37], WZ [38], WW [39] and
Zy [24].

Some review papers deal with the experimental situation [1] [8]. It is possible to
put some limits on the size of anomalous couplings. However, one must be careful
when comparing results. Often, only one parameter is varied at a time, leaving others

at their Standard Model value. If it turns out that several anomalous parameters
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contribute at once, it may be that they interfere, and therefore that we require looser
bounds.

Some limits on anomalous triple gauge couplings as found at LEP are summarised
in [40]. More detailed information on triple gauge couplings at LEP is available from
the electroweak gauge couplings working group !. The LEP results that are quoted
use data from W pair production at all four LEP experiments. It is also possible to
set limits on the WW+ vertex through single W or single photon production.

For the anomalous WW Z and W W+ vertices, the parameterisation is the same
as in section 1.4.2, and C, P and CP violating terms are neglected. The WW Z
and WW+~ parameters are related, so that there are only three independent cou-
plings [41]. We already know that g7 = 1 by electromagnetic gauge invariance.
SU(2)p x U(1), symmetry gives the constraints k; = g7 — (k, — 1) tan?y and
Az = A,. Then the only independent anomalous couplings are g7,k and A,

The value for the couplings from LEP results are found to be:
gf =0.990759% k., =0.8961008 A, = —0.023733% (1.6)

recalling that in the Standard Model, g =1, k, = 1 and A, = 0.

Limits on these anomalous couplings should improve substantially at the LHC,
improving the sensitivity of some couplings by anywhere up to an order of magnitude
(2].

Limits have also been set on neutral triple gauge couplings at LEP. The anoma-
lous parameters, h;, are not related to each other, but are considered separately.
Here we give the ‘one-dimensional’ limits (where all anomalous parameters other
than the one in question are set to zero). There is no evidence as yet for the exis-

tence of these couplings. Limits are at the 95% confidence level.

—0.056 < A < 0.055 —0.045 < h] < 0.025
—0.049 < hY < 0.008 —0.001 < k] < 0.034
—0.130 < hZ% < 0.130 —0.078 < hZ < 0.071
—0.200 < hZ < 0.070 —0.050 < hZ < 0.120

(1.7)

Again, these will be improved at the LHC.

'http://lepewwg.web.cern.ch/LEPEWWG/lepww /tgc/
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Of course, the triple gauge boson vertex is not the only area in which one may
wish to look for anomalous couplings. Different anomalous couplings arise in the
gauge boson four-vertex. These anomalous quartic couplings can be studied through
processes which involve the production of three vector bosons, such as WW+y, ZZ~
and Z+v+y production [42]. These processes have been studied at LEP, with no
deviation from the Standard Model being found [43] [44]. The anomalous parameters
arising in this case, ag, a. and a,, are less constrained than the triple couplings.

In some of the work to follow in this thesis, we will examine the effect of the
appropriate anomalous triple gauge couplings on vector boson pair production. In
particular, we will investigate whether anomalous couplings are likely to have a
substantial effect on the gluon-gluon induced term of vector boson pair produc-

tion processes.

18



Chapter 2

Calculations in the helicity
method

In this chapter we shall explore the helicity method and its application to vector
boson pair production calculations. We will explain why this method was chosen to
carry out our calculations, and introduce the notation that will be used for helicity
amplitudes in the rest of the thesis. We will then detail the steps that must be taken

in performing a helicity amplitude calculation.

2.1 Principles of the helicity method

The helicity method ([45],[46],[47],[48] and many others) is a means of calculating
amplitudes, and therefore cross sections, for QCD processes where all external par-
ticles are massless. We use the version as described in [49] and [50]. Articles such
as [61] and [52] provide a comprehensive overview of the helicity method.

In the helicity method, amplitudes are calculated for fixed helicities of all exter-
nal particles, with each possible helicity configuration treated as a separate term.
In our calculation, we will obtain colour ordered terms, where the ordering of ex-
ternal quarks and gluons is fixed within each term. These colour ordered terms are
separately gauge invariant. The colour ordering means that we can take the colour
matrices out of the amplitudes, leaving the ‘kinematic part’. Calculating the ‘colour

part’ and the ‘kinematic part’ individually simplifies the procedure. The calculation
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as a whole is decomposed by colour and helicity.

Even though we need to calculate for each individual helicity configuration, many
of these can be related and hence the overall calculation can be reduced. We can split
up the amplitudes into gauge invariant subamplitudes, each of which is composed of
a subset of diagrams. Relations between these subamplitudes can be used to reduce
the amount of calculation required.

In particular, we have the advantage that the kinematic part of the amplitude
is just a complex number, and so the squaring of the amplitude is very easy. When
we have many external particles in a process, it is particularly advantageous to
use the helicity method. In the traditional mode of performing Feynman diagram
calculations, the colour part would be retained within the calculation. This means
that squaring an amplitude can lead to lengthy expressions. As the number of
Feynman diagrams increases, the intermediate stages of a calculation become much
more complicated than the final result, with many diagrams to calculate and many
terms within each diagram. In the helicity method, the amplitude will be a number
and this, along with the colour matrices, is all that has to be squared.

In the vector boson pair production processes that we are interested in, the he-
licity method has another advantage in that the helicity information that it retains
may be useful to us, as some couplings are spin-dependent. This aspect has been
discussed in section 1.2 in relation to previous vector boson pair production calcu-
lations.

We will now look at some of the details of performing calculations in the helicity
method. We will first consider the technical details of notation and Feynman rules,
and then go on to discuss the overall structure of a calculation.

Specific details of vector boson pair production calculations are given in chap-
ter 3.

2.2 The helicity method: notation and conven-

tions

When performing calculations in the helicity method, we will use a specific notation,

which will be explained below. We will start with a brief description of the colour
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part of a Feynman diagram, and then consider the kinematic part in terms of spinors.

The colour part of a helicity method calculation is straightforward. The basic
unit of the colour calculation is the generator (7°);;. Quarks and antiquarks have
indices i,7 = 1... N, and gluons have the adjoint index @ = 1... N2 — 1. The
generators (T®);; are normalised by Tr(7*7%) = §%. This normalisation is the same
as that used in helicity method reviews such as Dixon [52] but is a factor of 2
different from the convention of mainstream QCD textbooks such as Ellis, Stirling
and Webber [53] (where Tr(T°T®) = 16°).

The required colour structures are extracted directly from the Feynman dia-
grams. Each QCD vertex in a Feynman diagram contributes a colour factor: (T%);;
for a gluon-quark-quark vertex and fe for a triple gluon vertex (with fobe fede for
a pure gluon four-vertex if required). A propagator gives a delta function (6% for a
fermion propagator, §2 for a vector propagator).

We can simplify the expression by expanding f%¢ in terms of T°:

fobe = — = (Tx(T°T*T®) — Te(T°T°T*)) (2.1)
V2

The colour generators can then be manipulated as in normal QCD, remembering
the somewhat non-standard normalisation used.

We now calculate the kinematic part of the process. We consider a process where
all external particles are massless and have a known helicity and momentum. We
shall always work with the unphysical configuration where all particles are outgoing,
and so the sum of all external momenta is zero.

An appropriate way to describe the particles involved in this type of process
is by means of Weyl spinors and their inner products, the details of which will be
explored in this section. Once we can describe the external particles of our process,
we go on to use the colour-subtracted Feynman rules of Appendix A to make a full
calculation of the kinematic part.

We take our spinor notation from Dixon [52]. Fermions must obey the massless

Dirac equation:

fkwk)=0, k*=0 (2.2)
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Here k is the momentum and f = *k,, where 4* is the Dirac gamma matrix.

There are both positive and negative energy solutions to this equation, corre-
sponding to particles and antiparticles, u(k) and v(k). These solutions are identical
when particles are massless, as long as we fix the phase between them.

Each particle or antiparticle has two helicity states, and these are given by the

chiral projections of u(k) and v(k).

ur(k) = %(1:}:75)u(k)

vr(k) = 5(1£u)(k) (2.3)

In the case of the negative energy solution v(k), the helicity of the antiparticle is
the opposite of its chirality. This explains the opposing signs in the equation above.

We define the conjugate momenta:

) = 50F )b

=) = 5(1F e (2.4)

We then introduce the simple spinor notation as used in [49], [50]. The equiva-

lence of particles and antiparticles is made explicit here.

[i*) = |5 = wehs) =vp(ki), (i) = (k] = ue (ki) = v (ki) (2.5)

where k; is the momentum of particle 7.
These brackets, |i*) and (i*|, give a concise form to our helicity amplitudes.
Amplitudes are expressed in terms of spinor inner products, combinations of the
spinor brackets above.

Spinor products are defined by

(i5) = @15") = u_(kusp(ky),  [i] = (V57) = v (ki)wi(k;)  (2:6)

We can explicitly evaluate the spinor product (i7). When both energies, k; and
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k;, are positive:

1

kD — ik
(i) = el OO — kYK 4 K — ) (27)

If one or both of the energies are negative, then we use:

Gj) = i(—kok), kY <0
Gf) = —(—ki—k;), k9 <0,k <0 (2.8)

It is then possible to obtain [ij], once we know that:
(i) [5i) = sij = (ki + k;)* = 2k; - k; (2.9)

The quantity s;; will often appear in amplitudes, along with similar quantities
Lij1 and Uijlm, where tiji = (k/‘z + kj + k[)z and Uijim = (k, + kj + k + k)m)z.
The explicit expressions for the spinor products (ij) and [ij] should make it clear

that the spinor product of a particle with itself is zero,
(it) = [15] =0 (2.10)
The spinor products are asymmetric,
(gi) = —(@ig),  [5i] = —lis] (2.11)

In calculating and simplifying helicity amplitudes, we may also make use of other

spinor product identities.

@I = G
@R Iyl = 2[ik](25)
(ik)(51) + (@) (kg) = (i) (k) (2.12)

A comprehensive treatment of spinor product relations is given in [51].
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As stated before, the sum of the momenta in a process is zero, as all particles
are outgoing. .
> [il(ik) =0 (2.13)
i=1,i%j,k
where n is the number of particles.
Once we combine spinor products with the § terms from internal lines (f =
v*k,), we may get some very complicated terms. We write them in an abbreviated

form:

(ill]7) (k31 ol k)
@+m)li) = kTI(ki+Em)lk;)
@a+m)n+r)li) = KTIEA+En)E+E IR
[B]...l7) = ... l9), ”—Hﬁ (2.14)

These terms and other analogous ones are used in the amplitudes to follow in
Appendix B.

Thus far, we have only considered external fermions, which we now know are
given as spinors [i*) and (i*|. However, we also have external bosons: gluons and
photons. We can express these too in the spinor formalism, with polarisation vectors
constructed from spinor products.

Each outgoing gluon or photon is written as a polarisation vector ¢*(p, k) where

p is the momentum of the gluon and £ is a reference momentum.

(p :*3 |[YulkE)
V2(k F |p+)

ex(p k) ==+

(2.15)

This reference momentum may be chosen at will: a different reference momentum
implies a different gauge choice. Clearly the calculation of an individual diagram is
not gauge invariant as we include difference reference momenta. However, when the
terms from different diagrams are added to obtain a full amplitude or subamplitude,
we obtain a gauge invariant expression. By making ‘intelligent’ choices of reference
momenta we may make the calculation easier, even avoiding calculating a number

of diagrams altogether.
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The following identities may be used to remove terms by the choice of reference

momenta.
k) k = 0
e (p,k)-e'(g,k) = 0
€ (pk)-e(gk) = 0
€ (p,g)-e(gk) = 0
e"(p,k) e (gp) = 0
{ S, B)KT) = 0
(Kl *(0,k) = 0 (2.16)

We now have all the basic tools of the spinor formalism that we will require in
making tree-level calculations. Note that the spinor formalism only works in four

dimensions.

2.3 A tree level amplitude calculation in the he-

licity method

We will now consider the method of carrying out a helicity calculation. The basic

steps could be described as
1. Drawing all Feynman diagrams
2. Calculating colour and classifying diagrams by colour factor
3. Dividing set of diagrams into gauge invariant subamplitudes
4. Calculating necessary diagrams, using appropriate gauge
5. Using relations between subamplitudes to obtain remaining terms
6. Evaluating amplitudes

7. Squaring and combining with colour and other prefactors to obtain a cross

section
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To describe these steps more fully, we will use the process gg - WZqq as an

illustration. This process will also be discussed comprehensively in section 3.1.
1. Drawing all Feynman diagrams

To calculate the tree level process gg — W Zqq, we first draw all diagrams. There
are four types of diagram — with and without triple gauge vertex, with and without
triple gluon vertex. An example of each of these is given in Figure 2.1. The other
diagrams are similar to these but with all possible permutations of gluon and vector
boson legs. This includes swapping gluon 1 and gluon 2, which are distinct, and

exchanging W and Z. We end up with 38 diagrams in all.

g 9

g2

Figure 2.1: Tree level diagrams contibuting to gg — W Z¢q.

2. Calculating colour and classifying diagrams by colour factor

In our case, the colour structures are rather simple as we only have one quark
line and two gluons. The colour factors are (7%17°2);; for diagrams with gluon
ordering ¢;9, and (T%*T*');; for diagrams with ordering g,g,. (A diagram with a

triple gluon vertex has the sum of both colour factors.) The kinematic part for gluon
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ordering g, g, is A2, and for gluon ordering go9; is A;. Each of these is the sum of
appropriate diagrams.

At this stage, while we are thinking about colour, we can also anticipate the end
of the calculation when the amplitudes are squared to give the cross section. Then

we will obtain overall colour factors.

(T T3 Arg + (TS T Yy [* =
2
N, (40121(|~412|2 + [An|?) — 3O (RelAlpAn| + Re|A§1A12l)) (2.17)

Note the interference terms.
The colour factors are the same for all tree level vector boson pair production pro-

cesses, as the QCD part of the process never changes.
3. Dividing set of diagrams into gauge invariant subamplitudes

We have already made one step towards dividing into gauge invariant subam-
plitudes, by classifying by colour part. The amplitudes A;s and Ay are gauge
invariant. However, these too can be broken down. The set of diagrams containing
a triple gauge vertex is separately gauge invariant from the rest, and the set of dia-
grams with a chosen ordering of W and Z (with respect to the quarks) is separately

gauge invariant from the opposite ordering.
4. Calculating necessary diagrams, using appropriate gauge

In theory, we need to calculate each of these gauge invariant subamplitudes for
every possible helicity configuration. In fact only a few of these subamplitudes must
be calculated explicitly (they are given in Appendix B.1). When we do have to calcu-
late a subamplitude, we may be able to remove some diagrams by gauge choice. We
then sum the remaining diagrams, which are calculated by using colour-subtracted
Feynman rules as in Appendix A. Some details of calculation were described in

section 2.2.

5. Using relations between subamplitudes to obtain remaining terms
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Having calculated the necessary subamplitudes for the required helicity configu-
rations, we then obtain all the other amplitudes and helicities by use of appropriate
relations. There are a number of ways to relate amplitudes. We may be able to use
discrete group relations like C and P, or gauge relations between amplitudes. There
are also relations that are inspired by supersymmetry or string relations [52]. In
some cases, going from one amplitude to another may just mean a simple exchange
or substitution. Appendix B includes the relations used to obtain the helicity am-

plitudes that are not given explicitly.
6. Evaluating amplitudes

We give the gauge invariant subamplitudes as helicity amplitudes in the Appen-
dices. On evaluating these, we obtain just a complex number for each, which makes
the squaring of the amplitude very easy. It is only necessary to sum the squares
of the individual helicity configurations to obtain the full results, as the different

helicity amplitudes do not interfere.

7. Squaring and combining with colour and other prefactors to obtain a cross

section

Squaring the amplitude is just numerical, although we need to include colour as
given in equation (2.17). We also need factors relating to the electroweak part of the
amplitude: up till now, we have effectively just calculated in QCD, and now need to
add in electroweak factors, changing vertices and propagators as appropriate. For
the WZ case, these are given explicitly in section 3.1.3.

The stages given above for WZ are applicable to a general helicity method pro-
cess and will also be used here for calculating W+ and Z+v production. These calcu-
lations will be carried out in chapter 3, including explicit couplings. The amplitudes
themselves can be found in Appendix B.

In practice, we obtained the amplitudes in terms of momenta (spinors) using
Feynman rules implemented in Mathematica [54]. We then summed the amplitudes,
added couplings and integrated over phase space using a Monte Carlo program
written in Fortran 90. Numerical results for all vector boson pairs are given in

chapter 5.
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Chapter 3
Production of vector boson pairs

In this chapter we will discuss the calculation of helicity amplitudes for the tree
level processes g9 = WZqq, g9 — W~qq and g9 — Z-~qq, and for the one loop
process gg — Zy. We will also add anomalous couplings and dress with electroweak
couplings as appropriate. The helicity amplitudes discussed here and given explicitly
in Appendix B were used in calculating the results for pair production as given in [55]

and in chapter 5 of this thesis.

3.1 Tree level WZ production

We calculate the helicity amplitudes required for the production of a W~ Z pair.
From here onwards, we will just write ‘W2’ and assume that the W is always W~.
It is straightforward to use the amplitudes and techniques described to calculate
the production of W*Z: it can also be obtained from the W~Z case by a CP
transformation.

We first calculate a generic set of amplitudes for g¢g — ViV,qq, where ViV,
could be WW, WZ or ZZ. In this initial calculation, we do not include anomalous
couplings or the electroweak couplings of the W and Z. We add anomalous couplings
for WZ production in section 3.1.2 and add the correct electroweak couplings in
section 3.1.3.

At tree level in the Standard Model, the difference between WZ and WW am-

plitudes is just in their associated electroweak couplings. ZZ amplitudes are even
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simpler, as the amplitudes with a triple gauge vertex are not required. To add
anomalous terms, diagrams containing a triple gauge vertex would have to be recal-
culated using the appropriate vertex, which differs between processes.

To calculate gg - WWqq and g9 — ZZqq, we would also have to calculate the
appropriate loop diagrams, and add these contributions to the tree level amplitudes.
The potential loop diagrams for WW production are given in figure 3.1, and those
for ZZ production have a similar form. Calculation of these loops would proceed in

a similar way as for the Z+v loops in section 3.4.
g

W~

éé,é w

Figure 3.1: Potential loop diagrams for gg — WW

We have not calculated WW or ZZ production in this thesis. WW and ZZ pro-
duction are less important phenomenologically than W+ and Z+ production, with
more problems with background [2]. However, these calculations may be interesting

as future work, especially as they involve extra diagrams that do not exist in the
W Z case.
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3.1.1 Standard Model amplitudes for W2

We want to obtain the helicity amplitudes for the process gg = W Zgq by carrying
out a Feynman diagram calculation as described in the previous chapter.

The types of diagram that contribute to the gg — W Zqq process have already
been shown in Figure 2.1 on page 26. The remaining diagrams come from ordering
the W, Z and gluon legs in every possible way along the quark line, remembering
to include the exchange of gluon 1 and gluon 2.

It is reasonably straightforward to separate these diagrams into gauge invariant
subsets. Firstly, we can distinguish gluon ordering g,9> from g.¢:, knowing that
these have different colour parts. We can also separate those with a triple gauge
vertex from those without. Later on, we will label these as the ‘A’ amplitudes (not
including a triple gauge vertex) and the ‘B’ amplitudes (including a triple gauge
vertex, and thus containing the anomalous part).

In this section we use the labelling g1, 92,13, 4, I's, I5, g7, @, where g; and g, are
the incoming gluons, I3 and 7y are the decay products of the W and I's and I} are
the decay products of the Z.

We need to obtain the helicity amplitudes for all possible helicity configurations.
However, it is only necessary to calculate a few of these helicity amplitudes explicitly.
The number of helicity configurations is also restricted because some of the particles
have their helicity fixed by their couplings. The helicities of leptons 3 and 4 must
be I, 7 as they are fixed by their coupling to the W. Similarly, the quark must be
left-handed, giving ¢;, G3 -

Our amplitudes are calculated for a specific ordering of W and Z (where this
is applicable — it does not matter for the case with the triple gauge vertex). They
are given for the case where the W is on the same side as the quark, and the Z on
the side of the antiquark. To obtain the amplitude with the opposite ordering of
W Z we just have to swap the lepton pairs {34} <> {56}. The two orderings have
different couplings (as the Z couples to differently flavoured quarks).

In every case, we need to consider the two different gluon orderings, knowing
that these have different colour parts.

In expressing the explicit amplitudes, we will suppress all quark and lepton
helicities, and calculate with I3, 7}, 7'y | 15, g7, ds , obtaining the other helicities by

31



appropriate relations. The ordering of the W and Z with respect to the quark line
is also fixed. So in writing Ai5(gi g7 ), we mean Ais(gi, i, b5, 78, U, 15,47, @),
with the W on the quark side, relative to the Z.

The amplitudes that we need to calculate explicitly are:

A12(91+9;) 312(9?‘15) A12(g1+92_) B12(9fL92_) A21(gf92_) By (g;r92_) (3.1)

These helicity amplitudes are given in Appendix B.1, along with the operations

used to obtain the amplitudes for all other helicity configurations and orderings.

3.1.2 Adding anomalous couplings to WZ

We want to add anomalous couplings to the amplitudes in order to parameterise
possible new physics and study the effects of this new physics on couplings and
therefore cross sections. The motivation for this has been discussed already in
section 1.4, along with the parameterisation to be used.

We use a form of the triple gauge (WW Z) vertex that includes anomalous cou-
pling terms ¢Z, kZ and A\?, while retaining Lorentz invariance and C and P invari-
ance. The triple gauge vertex for W} (py )W~ (p-)sZ.(q), including the anomalous
terms, is given below, with all momenta outgoing. This was previously discussed in

section 1.4.2, where it is equation (1.2).

o o ful j
Towz(Pep-0) = (pr — )%™ 50l + 57+ N 5)
w
ol 7, 2. 2z Pi
+g—p-) g™ 5 (o0 +£7 + A M_&,)

2\Z 22
+ MTWIMPE) (3.2)

Lg%\
2 M2,

+(pt — p_ ) (—g*°

Adding anomalous coupling terms to the W Z amplitudes is straightforward. All
that is required is that we recalculate all terms with a triple gauge vertex (the B
amplitudes), using the anomalous vertex of equation (3.2) instead of the Standard
Model vertex. In Appendix B.1 we give the amplitudes including anomalous terms:
the Standard Model amplitudes can be obtained by using the Standard Model cou-
plings: g7 =1, k% =1, A% = 0.
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3.1.3 Electroweak couplings for WZ

We now add the relevant electroweak couplings to the amplitudes of appendix B.1.
The couplings are the same as those given for ¢¢ and qg induced W Z production
in [25], except that we have two colour structures, and must average over initial
state gluons rather than quarks. We have already defined the A and B parts of the
amplitude (with and without a triple gauge vertex) in the same way as in [25].

We combine individual helicity amplitudes into the two amplitudes A;; and Ajy,
which correspond to the gluon orderings g9, and gg; respectively. Each of these
is composed of the appropriate A amplitudes without a triple gauge vertex (one
for each ordering of the W and Z) and the B amplitude including a triple gauge
vertex (where ordering of W and Z is irrelevant). Where there is no triple gauge
vertex, the different orderings of the W and Z imply different couplings, as the
Z couples to an up- or a down-type quark, depending on its positioning. When
the amplitude includes a triple gauge vertex, we have a term associated with the
massive propagator: we must replace sip with s;3 — M2, to account for the massive
intermediate W. This only occurs in the diagrams with a triple gauge vertex so we
have this relative term between the ‘A’ and the ‘B’ amplitudes.

A2 and Ag; are as follows:

A12(91i,g§t) = 'UL,dAIZ(gli’gg:) + UL,u[A12(9it’ 93:”3456—)6543
S12 + +
—cot by —————B , 3.3
co W312 _ M‘%V 12(91 92 ) ( )

A21(91ia gét) = UL,dA21(gita gi;t) + UL,u[A21(giba géh)]3456—>6543
S12 + +
—cotdy—————B 3.4
co S12 M2 21 (gl 792 ) ( )

These add to give a total amplitude A" #, which includes dressing with the over-
all electroweak couplings. We then square this and include flux and normalisation
factors.

We already know the colour parts: a factor of (T T°2),; for the amplitude A,

and a factor of (72T*);; for the amplitude Az;. The factors arising from the colour
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part squared have been given in equation (2.17). All of the QCD couplings have
already been included.

However, when we performed the Feynman diagram calculations, we calculated
everything with QCD-type vertices. This means that we need to change the cou-
plings of the W and Z to the appropriate electroweak coupling. Each W or Z vertex
incurs a factor of v/2 due to our normalisation of the colour matrices. The couplings
of the W to fermions are gy / V2=e / v/2sinBy. The couplings of the Z are evL e
(evg,) for the left (right) handed coupling of a Z to a lepton and evy , (evg,) for
the left (right) handed coupling to a quark, where:

_ —1+2sin’6y _ 2sin’ Oy

e — e — N 3.5
vL, sin 260y, VR, sin 20y, (3:5)
+1 — 2Qsin® Oy —2Q) sin® Oy
= = — 3.6
VL. sin 26w VR sin 26w (36)

() is the charge of the quark ¢ and the + signs in v, , are + for up type and —
for down type quarks.

We also require to change the propagators. In QCD, these would be massless
gluons, giving simple 1/s34 and 1/ss¢ propagator terms. However, we now need to
take into account the fact that the propagating W and Z are massive, and change
the propagators accordingly to 1/(ssq — M, +il'w My) and 1/(sse — M2 +iT'z M),
where 'y and I'z are the widths of the W and Z. We should note here that we
use the narrow width approximation, which uses only the diagrams with a resonant
(on-shell) propagator.

Adding all these factors, we obtain the equation with couplings:

) 2
- ot - €
AWZ(git’gg:)ls ,Vf,l's ,lé 1 Q7 7q—8i_) = 2UL,eVud ( . )
sin Qy

S34 S56
834 — MI?V + erMW 856 — M% + irzMZ
[(T*T°)i7A12(0T, 05F) + (TT)i7A2 (05, 63)]

(3.7)

34



We now square this expression. We need to know what happens when we square

the propagators in the narrow width approximation.

We use:
/«00 d(834) _ s (3 8)
—oo (834 - M&VV + F%VMI?V MWI‘W .
where:
2 1 M
Ty = = SwMw _ ° W (3.9)
Bi(W) 48rm Bi(W) \sinfy /) 48w

By(W) is the branching ratio for the W decay.
The same applies for the Z propagator:

o0 d(356) i
= . 1
/—oo (ss6 — M3)2+T3M;  MzTy (3.10)

r, - 1 g% Mjsin? Ow (v}, + Vh) 1 e Mz (v}, + vh,) (3.11)
27 B(2) 247 ~ B(2) 247 '

We also include a flux factor of 1/2s,2 and average over colours. When we also

consider the phase space factors, we obtain a total result of:

2 2 2
o o - e 3
MY (gE, gk 15, 0 T3 U5 47, @) = Bi(W)By(2) (sin9w> (E)
My, Mzvt,
4s12(NZ — 1)%(vi , + Vhe)
(T T%);5A12(97, 65°) + (TT* )i An (95, 93)I

(3.12)

|Vud|2

It is necessary to sum over all helicity configurations. If the leptons from the
Z are Iy lg" rather than I[;_I¢" , the overall coupling v} , will change to v},. Other
helicity changes have no effect on the electroweak couplings. Appendix B.1 gives

the helicity amplitudes for all possible helicity configurations.
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3.2 Tree level W~ production

The calculation of gg — W~gqg at tree level is very similar to the calculation of
g9 — W Zqq that was described in section 3.1. However, while the W decays into
leptons as before, the photon does not decay and is treated as an external particle.
This then is a 7 particle process rather than an 8 particle one, and the diagrams
calculated are different from the WZ case.

The basic types of diagram are given in figure 3.2. Again, we need to calcu-
late the diagrams for all orderings of legs along the quark line. These divide into

subamplitudes, based on the two different colour terms for the two gluon orderings.

g1 g1
q

W=

L]

g2

Figure 3.2: Tree level diagrams contibuting to gg — W~qq.

The W+ production case, despite having one fewer external particle than gg —
W Zqq, is actually slightly more complicated (it requires more independent helicity
amplitudes), because the helicity of the photon can vary. In WZ production, while
the decay products of the Z could be either IL"l;~ or I5™ I5", these cases were related
by a simple exchange. This is not true for the two helicities of the photon in W+
production, and more independent amplitudes must be calculated. These are listed
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in Appendix B.2, both for the Standard Model case and for the case where an

anomalous triple gauge vertex is included.

3.2.1 Standard Model amplitudes for W+~

We use the labelling g1, g2, I3, V4, 75, g6, §7, where g; and go are the incoming gluons,
l3 and 74 are the decay products of the W and 5 is the outgoing photon. Note that
the quark and antiquark have labels 6 and 7 here, as opposed to 7 and 8 in WZ
production.

We can fix the helicities of I3 and 7, by their coupling to the W~. The coupling
must be left handed, so the helicities are I3, 7;. Similarly, the helicities of the quarks
are fixed by the coupling to be g5, ¢ . The helicities of the gluons and the photon
are free to vary.

The diagrams for the process gg — W~yqq consist of two separately gauge in-
variant subsets, which are labelled A and B. In the A diagrams, the photon is on
the G side of the diagram (when compared with the W) and in the B diagrams the
photon is on the g side. Note that these A and B parts are different from the A
and B for WZ in section 3.1.

We still have to consider two different gluon orderings, so the diagrams form four
basic subsets: Ajg, Ag1, By and Bs;. Each of these subsets must be calculated for
all possible helicity configurations.

Only a few terms need to be calculated explicitly. To get all 32 combinations of

helicity, vector boson ordering and gluon ordering, only 8 amplitudes are needed:

A9 g57F) Bia(gf 987d) Awa(efg5v5) Bia(gi 9575 )

< < - < (3.13)
A12(979:75) B9 g27d) An(gi927F) Baulgfgz77)

Other amplitudes are found by exchanging gluon ordering, or using ‘flip’ rela-
tions. The details of this process, along with the explicit helicity amplitudes, are
given in Appendix B.2.

3.2.2 Adding anomalous couplings to W+

We now need to add anomalous couplings to the process gg — W+yqg. Unlike in

the W Z case, every one of our Standard Model amplitudes includes diagrams both
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with and without a triple gauge vertex. Instead of recalculating the amplitudes, we
just add extra anomalous terms.

This means that we want to express the anomalous parameters slightly differ-
ently. We can immediately use the fact that g] = 1 by electromagnetic gauge
invariance, so we have only k” and A” to consider (the origin of these terms is dis-
cussed in section 1.4). We express k” as 1 + Ak, with Ax” being the additional
anomalous part (in the Standard Model, k” = 1 and A” = 0). Our triple gauge
vertex for W (py )W~ (p-)s7.(q) is then:

o a pul jod
FVI/ﬁlélV'y(pﬁ-)p—,Q) = ((p+ - q) gﬁ“§(2 + AxY + )\7]_\4__2_)
w

1
g = p-)g5 (2 4+ A7+ 1)

1g?2\r X7
—p W(—g*Pi 4 o ) 3.14
+(ps —p-)*(—9 2M5V+M3Vp+p5’) (3.14)

To calculate the anomalous terms, only the diagrams that contain a triple gauge
vertex are calculated, using the vertex above to obtain the additional anomalous
part. The anomalous terms are then added to existing amplitudes, combining with
the appropriate A and B amplitudes to give the full anomalous amplitudes A%"™

and Be"™ a3 follows:

A (gl gnE) = ATM (gFgiE) + A9t g ne) (3.15)
B (gt giaE) = By (9 g5 vE) — A% (91 g5 vE) (3.16)

The anomalous part is always added to the A amplitude and subtracted from
the B amplitude of the same helicity.

In all, we need to calculate only 4 anomalous terms:
5903 s) Als(argis) Af(efgs) Afilei g %) (3.17)

These amplitudes are listed explicitly in Appendix B.2.
The full amplitudes, A**°™ and B®"°™, obey the same relations as the Standard
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Model amplitudes, so the remaining helicity amplitudes can be found in the same

way.

3.2.3 Electroweak couplings for W~

We now combine the A and B amplitudes, adding appropriate electroweak couplings
and colour factors.

For the anomalous case, we use A**°™ and B®"°™ as given in equations (3.15)
and (3.16). If we only want the Standard Model result, we can use the A and B
amplitudes without adding in their anomalous parts, which is equivalent to setting
the anomalous coupling parameters to their Standard Model values: AkY = 0,
AT =0.

The A and B amplitudes are combined to give two overall amplitudes A;5 and

Aa1, which correspond with the two gluon orderings:
A12(git) g;h, ’72:) = [Q’/A(llgom(gita gét, ’7?2) + QGBi‘;m(glia gg:’ 72:)] (318)

A (gE, 95,7F) = (@A™ (g, 95, 78) + Qe Br™ (g, ¢, 73)] (3.19)

(s is the charge of g¢ and @), is the charge of ;.

A2 and Ay, combine in the total amplitude A%7. Now we also have to take
into account their different colour factors, and the appropriate electroweak terms.
Again we need to add a factor of v/2 for each electroweak vertex, and we introduce
the W coupling and propagator as before (section 3.1.3). The photon coupling to
the quark gives a factor of eQ) where @ is the quark charge, and there is a factor of

gw cos By from the triple gauge vertex. The total amplitude is:

3
AW‘Y i) i;l’_) i) )J = 2 - V'u. 534
(98 02 18,90, 0, ) = V2{ S ) Va3

(T T**)gAia(gt, 93,75 ) + (T2 T*) g An (95, 93,7 )]
(3.20)
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The squared amplitude, including flux and normalisation factors, is

Wyr, t + + 7 2 ¢’ 2_3 __&,
MY (g, 057, s, U4, ve , us,d7) = By (W)|Vy, -
(992,13, 74, 75", us, dr) (W) Vad <51n0W) 47 4515(N? — 1)2
(T T A9, 05, 7%) + (TT* )3 A (5, 65,751

(3.21)

This is then summed over all helicity configurations.

40



3.3 Tree level Zv production

The production of a Z+ pair differs from the previously considered cases of W Z and
W+~ production in two significant ways.

Firstly, we can no longer describe the gluon-gluon induced vector boson pair
production process in terms of only tree level diagrams. For the Z« case, loop
diagrams must also be considered, and we will calculate these in section 3.4.

Secondly, the anomalous coupling vertex required for Z+ production is different
from the one that was previously used. The ZZ+ and Z~+y vertices are forbidden
in the Standard Model and so no triple gauge vertices are to be found in Standard
Model Z+ production. These are only added with specific anomalous couplings.

In this section, we calculate the helicity amplitudes for the tree level process
99 — Z~qq, for both the Standard Model and the anomalous coupling case. We
include the decay of the Z into leptons.

We use combinations of the amplitudes found for gg — W+ production to as-
semble the Standard Model gg — Z+ amplitudes. We then formulate explicit terms
for the anomalous Z~ amplitudes, with the new helicity amplitudes being listed in

appendix B.3.

3.3.1 Standard Model tree amplitudes for Zv

In calculating the amplitudes for Z+ production, we will always use the labelling
g1, 92,13, 14,75, g6, G where g; and g, are the initial state gluons, I3 and Iy are the
leptons resulting from the decay of the Z, vs is the photon and gg and §; are the
quarks in the final state.

Any of these particles can have either ‘+’ or ‘~’ helicity. We also need to consider
the two possible orderings of the gluons, which produce the two possible colour terms.

The amplitudes for W+ production, which are already known and were given in
Appendix B.2, can be used to assemble the Standard Model Z~ amplitudes where
the quark and lepton helicities are I3, I, s , @7 - We make a symmetric combination
of the ‘A’ and ‘B’ W+ amplitudes from section 3.2.1 (in the W+ amplitudes, the
ordering of the vector bosons matters, so we have ‘A’ and ‘B’ amplitudes depending
on which side of the W the photon is on).

To combine the W+ amplitudes, we have:
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AT (gt gf  vE) = Awalgf, 65, 7E) + Bul(gf, 95, 75) (3.22)
AZPSM (g, gF  4E) = An(gF, 65, 78) + Ba(gF, 95, 78) (3.23)

This allows us to obtain for Z+ all the helicity configurations that apply to W+
production. The combination of ‘A’ and ‘B’ amplitudes cancels out those diagrams
with a triple gauge vertex, as required — these diagrams do not exist for Z+ in the
Standard Model.

To obtain the remaining helicity configurations, with I, I, and/or ¢, g; rather
than I3,1], 95,47, just requires some simple relations. To go from I3,If to IF,I;
we exchange 3 ¢ 4 in the amplitudes, and to go from q;,3; to ¢4 ,3; we exchange
67

3.3.2 Adding anomalous couplings to Z+v

In adding anomalous terms to our expressions for Z+v production, we introduce new
vertices. The ZZ~ and Zvy triple gauge vertices are not present in the Standard
Model at tree level.

New diagrams now contribute to the tree level amplitudes. The diagrams that
include a triple gauge vertex are included, where they were omitted in the Standard
Model case. The new anomalous amplitudes can be calculated separately from
the Standard Model amplitudes and then added as appropriate. This process is
analogous to adding anomalous couplings to W+ in section 3.2.

We need an anomalous parameterisation where ZZ+~ and Z+y+y are allowed. Using
anomalous couplings k%", k2", hZ/" and hZ" as introduced in section 1.4 and

taking the form of the vertex from [34], the Z,(q1)vs(g2)Z,.(p) vertex is:

afu Z(p2 B Q%) Z( 1 af a uf hg a uB n
I2o(anep) = ——F7— (M(# 67 -6 ¢) + 150" 29 - & p)
z z
Z _pafv hf Bro, o
—h3 P gy, — —=e""7p%p, qoy (3.24)
Mz

The vertex for Z,(q1)vs(g2)7.(p) is as in equation (3.24), but with ¢ — 0 and
hZ — h].
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Once we have the form of the vertex, we can carry out amplitude calculations
as before. In expressing the amplitudes in Appendix B.3, we shall work with izf / kS

where we redefine the parameters to include the factors of MIT inside the couplings:
zZ

_ h2Z/’Y

72/ hIZ/’Y 7 Z/y L Z/y h:aZM 72/ 4
oMyt My Y M My
As was the case for W+ production in section 3.2.2, it is not necessary to calculate
many independent amplitudes in order to obtain the amplitudes with anomalous
couplings for all helicity configurations. Suppressing the lepton and quark helicities,

which are I3, It a, 7 , the four independent terms required are:

A (gt g50d) AT (g i) AT (gt d) At g )
(3.26)

A% has an intermediate Z (a ZZ+ vertex) while .A™%¢ has an intermediate pho- -
ton (a Z+yvy vertex). The amplitudes obtained are the same, because the difference
between the ZZ~ and Z~+ vertices obtained above cancels the change in propagator
between the intermediate photon and intermediate Z.

The explicit helicity amplitudes for the four necessary anomalous terms are given
in Appendix B.3, along with details of the method that is used to obtain amplitudes
for all helicity configurations from the amplitudes listed above These other helicity
configurations can be obtained by use of ‘flip’ relations or simple exchanges, just as

they were in the Standard Model case.

3.3.3 Electroweak couplings for Zvy

We now combine the known amplitudes to give the complete amplitudes and cross-
sections for tree level g¢g — Z+qg. Here we shall give the full result, including
anomalous couplings. To obtain the Standard Model result, it is only necessary to
omit the relevant terms, A% and A%%. Terms with a triple gauge vertex do not
exist at all for Z+ production and we may use just the Standard Model amplitudes
that we obtained from W+ amplitudes in section 3.3.1.

We shall first assemble the overall Zvy amplitudes, A7) and .AZY. We need to take
into account the relative couplings resulting from the diagrams with and without a

triple gauge vertex.
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Once again we shall suppress the helicities of the leptons and quarks, using
17,1 ,95,@ . We can then calculate the remaining helicities in the usual way.

For the Standard Model part of the amplitudes, we use A% and AZrS™
as given in equations (3.22) and (3.23). Adding the anomalous terms, taking into

account the relative couplings, we obtain:

/ Zv,SM
A (95, 92,78) = Quig A" (91,95, 75)
+ QAN (gt grvE) + v AL (gf g F) (3.27)

S
ALV (gE, 65, 18) = QuLaAZM(gF, gf  4F)
+ QAL (g gENE) + vr,g AT (9 95 VE) (3.28)

Here @ is the quark charge. vy, and vg4 are the left- and right-handed couplings
of the Z to the quark line and vy, and vg, are the couplings of the Z to leptons.
In combining the amplitudes A% and AZ to give a cross section, we need to
include the two colour factors, (T*17%);; and (T**T*);;.
We add electroweak vertex factors and propagators as in the previous sections.

Adding A%} and AZ) along with their colour factors and electroweak couplings gives:
834
834 — M% + ’irzMZ
(T2 T)ip A (9, 95, 75) + (TT™)ig AR (9, 575 7)]
(3.29)

sz(gigéh, 137,[1,’)’?,(15,(7;) = 63’0[,,6

We then square and add flux and normalisation factors. The total cross section

is:

_ 3 MZv?
2Vt oE 1T T AE om.a) = BiZ)et [ 2 Z Le
M (91,9205, 0,75, 96+ 37) i(Z)e 4r ) 2515(N2 — 1)2(”%,5’*'”?3,.3)

(T9T%) ;A% (gF, g3, A8) + (T2T) 5 AZY (g, g2, 72|
(3.30)

By(Z) is the branching ratio of the Z to leptons.
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When we exchange the helicities of the leptons from I3, 1] to IJ,I;, we must
change the ’U%’e coupling in the numerator to v%)e, as well as exchanging 3 and 4 in
the amplitudes.

To exchange helicities of the quarks from ¢g, 37 to g4 ,g; , we exchange 6 and 7
and change the v} , coupling in the numerator to v} .

In this way, it is simple to obtain the tree level results for all helicities. In the

next section, we will add the loop terms.
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3.4 Production of Z~ at one-loop level

Having calculated the tree diagrams that are required for Z+ production, we now

add the loop diagrams for gg — Z+.
The loop diagrams that are required in the Standard Model and in the anomalous

coupling case differ entirely, with box diagrams contributing only to the Standard
Model, and triangles only to the anomalous contribution.
The types of loop diagram that one could imagine for the process gg — Z+ are

given in figure 3.3.

9

z
& 7
9

g

Z
z
v
g

Figure 3.3: Potential loop diagrams for gg — Z~

Each of the diagrams in figure 3.3 is an example of a set of diagrams, the others

being found by a reordering of legs. The three types of loop diagram are
e box diagrams,
e triangle diagrams with triple gluon vertex,

e triangle diagrams with triple gauge boson vertex.
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One type of diagram can be eliminated immediately. Any loop diagram for Zv
production that includes a triple gluon coupling cannot contribute. For this diagram
there is only one gluon coupling to the quark loop, so the colour part is just the
trace of a single colour matrix and hence disappears.

It is clear that the triangle diagram with the triple gauge boson vertex is allowed
only in the anomalous case: the triple gauge vertex itself is forbidden in the Standard
Model. We will consider this anomalous coupling contribution in section 3.4.2.

But for now it is apparent that only the box diagrams can contribute to the
Standard Model production of Z~ pairs. This is what we will calculate in section
3.4.1.

3.4.1 Box diagram contributions to Standard Model Zv pro-

duction

In figure 3.3, we showed an example of a box diagram that contributes to gg — Z+.
The other box diagrams that we require just differ by a reordering of legs around
the loop. These box diagrams were originally calculated some time ago [30] [56] [57]
but were summed over helicities and did not include the decay of the Z.

We would expect to calculate the diagrams for both the vector and the axial
vector couplings of the Z, with the vector and axial vector parts being separately
gauge invariant. However, only the vector part contributes in this case.

We consider all quarks except the top to be massless. The top is taken to be
massive, but instead of a full calculation, we consider only an expansion in 1/m?.
We will do this for all loop contributions. This approach is most appropriate for
small energies, where we may expect that v/ < m,. This may not be the case in
LHC collisions. However, we expect the effect of the approximation to be a small
one. The calculation of the Z+ box loop by van der Bij and Glover [56] shows that
the difference between a calculation using m; = 0 and one with m; = oo is small.

In analogy with our other helicity amplitudes, we label the gluons ¢; and g5, the
leptons produced by the Z decay I3 and Iy, and the photon +s. All amplitudes will
be given for IF,I;. It is straightforward to reverse the helicities of these leptons by
exchanging 3 <> 4 in the amplitudes. To reverse all helicities, we use (ab) <> —[ab].

There is only one colour structure for these diagrams, the trace Tr(T*T*?) where

47



T and T°2 are the colour matrices of gluons 1 and 2.

The structure for the amplitude of the box is simple.

_ 7 -
Abom(glig% l3) l4a ’75) = FBQ(F (glag2) l3) l4a75) (331)

This applies when the circulating quark is massless.

BYF is a straightforward sum of the BMF terms as given below. The helicities
given for the BYF terms are those for the gluons and the photon: BNF (+,4,+) =
By (g, 95 ,77)-

The BNF terms come from Signer [58], equations (5.24) — (5.26). We must be
very careful in labelling here, as in Signer the photon is labelled 3 rather than 5.
Changing all 3s to 5s to correspond with our notation, we have:

BYF (4, +,4) = 2B (4, +,+) (3.32)
By (—, 4, +) = BY (=, +,+) + (BV" (=, +, +))205 (3.33)
B (+,—, +) = BY (4, —, +) + (BVF(+, =, +))105 (3.34)
B (4,4, —) = BN (+,+, =) + (BN (4, +, = ))162 (3.35)

Results for the remaining helicity configurations can be found using the usual
relations.

It is now necessary to add electroweak couplings to this amplitude. This is much
the same as for previous amplitudes. We need to add the appropriate couplings
to the electroweak vertices, each of these also incurring a factor of v/2 when we go
from a QCD to an electroweak vertex, due to our normalisation. The coupling of
the photon to the loop is e ¢, and is summed over all the quarks in the loop. As
usual, the Z propagator must be changed from s34 to s34 — M2 + i['; Mz and we
use the narrow width approximation.

For the Z coupling to the loop, instead of splitting the coupling into left and
right handed parts, we instead have to split the coupling into vector and axial vector

parts, ev, and ev,;. For the box, we need just the vector term, v,, where

% - 2Qf Sin2 9W
sin 29W

Yy =

(3.36)
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This is summed over all the quarks.

Adding these factors to equation (3.31) gives:

- _ 834
A(gl)921l3 al4 775) - 2\/56 ZQfevR’eevvs34 — M% +‘I:F2MZ

Te(TT2) A% (91, 92,15, Uy, ¥5) (3.37)

If we change from I ,l_4_ to I3 ,l_j, we have to change vp, to v, as well as
changing the amplitudes.
We then square this expression, using the narrow width approximation, and

adding flux and normalisation factors.

~ 3 M2ZS Q% 2
box l+ — = Bil{(Z 4 2 Z fYR,e%v
M (91)92’ 3 )l4 )75) l( )6 (471’) 2312(Nc2 — 1)2(,0%’6 + U%{,e)

Te(TT%) A (g1, g2, 1, 17, 5)1 (3.38)

The result above applies only for massless quarks.

For the top quark, we take the same approach as in Bern, Dixon and Kosower in
[69], where e*e™ to four partons is calculated. We expand in m% where m, is the top
mass, and then neglect terms of (’)(;1-;;), keeping only terms of C’)(;‘?) The diagram
that we want is a collinear limit of the one of the diagrams discussed in [59]. The
relevant part of the paper is section 11, where they discuss amplitudes where the Z
couples directly to the fermion loop. Here it is found that the contribution of the
top loop decouples rapidly and there are no terms in ;7—1?, the highest terms being in
;1;1-, so in this case we can ignore the top contribution. Hence we now have all the
information we need to calculate gg — Z+ at one loop in the Standard Model.

To find the explicit form of the gg — Z~ box amplitude given in equation (3.31),
we used the results for ¢qg — gg-y that are given in Signer [58]. We are able to use
these results as the coupling of the Z to the loop is only a vector coupling. Therefore
the box loop for gg — Z+~ has exactly the same form as the box for ¢g — ggv, and
we need only to change the couplings, after selecting the appropriate box part of
the g7 — gg expression from the other terms that are present.

The process g@ — ggy is more complicated than gg — Z+ as more diagrams are
involved. There is more of a QCD part to deal with. Instead of only box diagrams,
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there are also triangle diagrams where a photon can be emitted from the external
quark rather than from the loop, or where a triple gluon coupling is involved. The
types of diagrams involved in qqg — gg7y are given in figure 3.4. We tend to put the
gluons to the left to make the analogy to gg — Z-y more apparent: as we calculate
with all momenta outgoing, we do not have to distinguish between the incoming and

the outgoing particles.

g g
q q
wmm< ¥
q
'\/\/\/\/\,,7.
q
g g
g q
q
g

<

Figure 3.4: Loop diagrams for qg — gg~y

Despite the number of diagrams involved, it is quite straightforward to pick out
the terms that contribute to gg — Z7y. We know that the relevant terms are box
diagrams with the photon coupling directly to the loop. We also know that the
colour part of gg — Z+ is always Tr(T* T2).

The colour factor allows us to make an initial selection. Only the diagrams on
the upper line of figure 3.4 have the correct colour factor. The total amplitude for

qqd — ggvy is the sum of two terms with different colour factors.
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2
AN(¢,1,2,7,9) = ¢*V2e, (%)

S (T bia(, 1,2,7,) + T (T T™)6ar0,b1r(a,1, 2,7, )
P(1,2)

(3.39)

This is equation (3.6) of Signer [58] with a slight simplification of notation. It
includes the factors in g, which we tend to leave till later, and also has a factor of
\/§eq which comes from the coupling of the photon to the quark (we wrote e, as
eQy).

We can ignore the term with the colour factor (T*17T%2) 4, which is b12(q, 1, 2,7, ).
We need only consider the term b;,.(q,1,2,,3), which can be expanded as:

~_ N N _
(91,219 =i By (0 1,2,7,0) +iBu(9,1,2,7,0).  (340)

This is equation (5.69) of [58].

We still need to separate the diagrams that we want, where the photon couples
directly to the quark loop, from the unwanted diagrams. We can do this simply by
looking at the couplings of BﬁF and B;.. We find that B, contains the terms in
which the photon couples to the external quark line, while BfrlF contains the terms
in which the photon couples to the loop. These are easily separated as the notation
of [58] distinguishes between the coupling to the external quark e, and the coupling
to the 100p €L00p (€Loop 1S the coupling summed over all quarks in the loop).

We can select just the term BNF(q,1,2,7,§) from the ¢q§ — ggy amplitude,
knowing that this is just the box amplitude that we require. We select the correct
colour part and photon coupling, and need just to change the electroweak couplings

to give us the result for the gg — Z~ box.
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3.4.2 Triangle contribution to Zv production with anoma-

lous couplings

As we have already discussed, the box diagram is the only loop to contribute to
Z~ production in the Standard Model. However, this situation changes when we
include anomalous couplings. Anomalous couplings emerge through a triple gauge
coupling: the triple ZZ~ or Z~+ coupling was forbidden in the Standard Model,
but contributes in the anomalous terms. The presence of this triple coupling means
that any contributing loop diagram must be a triangle rather than a box. It is in
fact the third diagram of figure 3.3.

For the triangle with two gluon legs and a vector boson leg to exist, it is necessary
that at least one of the legs be off-shell: the on-shell case is zero by Yang’s theorem
[60], which forbids the decay of a spin-one particle into two massless photons, and
similarly restricts the couplings of gluons. Even the triangle g¢g - Z — leptons
is zero. However, the anomalous coupling that is present here leads to a non-zero
result for our triangle diagram.

The triangle diagram in which all couplings are vector couplings vanishes by
Furry’s theorem (charge conjugation). Therefore we can eliminate the diagrams
with an intermediate photon or a vector coupling of the Z, and only have to think
about the axial coupling of the Z, where Furry’s theorem does not apply. For each
helicity configuration, there is only one diagram, which is therefore gauge invariant.
The diagrams are also infrared and ultraviolet finite.

We require to calculate the diagrams with all possible quarks in the loop. How-
ever, we find that in the case of a triangle with an axial coupling, contributions from
a massless isodoublet cancel. As we consider only the top quark to be massive, and
all other quarks to be massless, we can neglect the {u,d} and {s, ¢} isodoublets and
consider only the massless b quark and massive ¢t quark in the loop.

In examining the triangle integral, we made use of the paper of Hagiwara et al
[61], in which the triangle is studied.

In calculating the triangle, we use the notation of figure 3.5.
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Figure 3.5: Notation for triangle calculation

Then the general expression for the vertex T,,4 is:

Tuop = S1(D} €uao Pl + Pra [P102]up) + f2(P) €pnap DL + P2g [P1172]o)
+f3(pl + p2), [Prp2]as + fa(pl — P2), [P1P2]ap (3.41)

Here [p1p2]ag = €appo P PF and €qpp0 is the totally antisymmetric tensor. Equa-
tion (3.41) is equation (2.8) of Hagiwara et al [61] with a change of notation for the
gluon momenta.

This is a general expression and does not just apply at one-loop. Hagiwara et
al give the functions f; for the one loop case in terms of Feynman parameters. We
will only need to calculate the term in f3.

In calculating our triangle diagram as in figure 3.5, the first thing we do is to
consider the gluons as external particles. As the gluons are on-shell, we can remove
the terms in p? and p2. We contract our remaining expression for the vertex with
gluons ¢*(p,) and €®(p,). This removes the remaining coefficients of f; and f, as
€(p1) - p1 = €(p2) - p2 = 0. We are left with only terms in f3 and f4. The term in f4
is antisymmetric and so vanishes: the expression must be symmetric on exchange of
gluons. We need only calculate the function fs.

Here we should note that f3 is not calculated in the paper of Hagiwara et al.
This is because they assumed conservation of the axial vector current. The fact that
this current is not necessarily conserved is well known (see, for example, chapter 19
of Peskin and Schroeder [62]). We shall assume that current conservation need not

be obeyed, allowing us to use the f3 term.
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Our simple expression for our vertex is now:

Tap = f3(p1 + p2)u [P102)og (3.42)

The term [p1p2]as contracts with the external gluon terms €*(p;) and €?(p,).

We will write this as
Tpaﬁ = f3(p1 + p2)u 6(61, 62)p1>p2) (343)

where (p1, pa, €1, €2) = Eafpo €*(p1) eﬁ(pg)p‘l’pg.
As well as looking at the general expression from Hagiwara et al, we also calcu-

lated this structure, starting from all possible terms and substituting for the relevant
integrals. This allowed us to achieve this same structure from a different direction.
The integral for f; is given in Hagiwara et al. The general expression for fs,

when all particles are off-shell and there is a mass in the loop, is:

1 / 2123
=—— [[dz 3.44
I 2 [4z] m? — z129p7 — 2323p3 — 2123(P1 + P2)? ( )
where 21, 29, 23 are Feynman parameters, m is the mass in the loop, and
1
/[dZ] = / le d22 dZ3 (5(1 — 21 — 29— 23) ) (345)
0

This is equation (2.11) of [61].
This expression will always be simplified considerably in our case, as p? = p2 = 0.

In the massless case the integral becomes trivial. With m = 0, we simply have:

1 1 1

and [[dz] = 3, so we have an overall

1
N 27!'2512

f3 (3.47)

For the massive case, the situation is a bit more complicated. The expression for

f3 including the mass circulating in the loop is:
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1 Z123
=—— [|dz
Js w2 /[ ] m} — z123(p1 + p2)?

(3.48)

This then has to be integrated over the Feynman parameters, leading to a more

complicated expression.

1 {1 s o 2
f3 = ——=\ = —E'er?ng 212 =
m 512 2 | S12 — /812 — 4m; S12 |

2
+ mf L12 512

We however just require the term that is leading in 1/m?.

We find that: L1 )

Qur entire vertex term is the_n:

1 1
Tpap = ( ) e(€1, €2, p1, p2) (1 + P2)

2472m?  2m2syy

/ o2 2
_812 + 312 - 4mt312-

) oo

(3.50)

(3.51)

With the triangle part of the diagram known, we need to add the triple gauge

vertex and outgoing particles.

Figure 3.6: Triangle diagram including triple gauge vertex

We discussed possible anomalous couplings in section 1.4. The anomalous triple

gauge vertex in figure 3.6 is parameterised as:
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i((p1 + p2)® — (ps + pa)?)

SAv
r g

7nz(P3 + P4y D5, P1 +p2) =

(RZ(p% 6™ — Pl g*)
h2Z J vA v A
+o2 (pr 4+ p2)°((p1 + p2) - p5 9 — PE(p1 + p2)7)
VA

v h'Z v
—hZ "X pge — Vég M (p1+ )’ (1 +P2)£p5p>
(3.52)

When we contract the anomalous coupling vertex of equation (3.52) with a factor
of (p1 + p2),, from the triangle and g,, from the propagator, the coefficients of hy
and hy cancel immediately and we are left with just terms in h; and h;.

We need to calculate the diagram for both helicities of the photon. We choose to
set I3, 1 initially, but exchanging these just entails setting 3 <> 4 in the amplitudes
and changing the coupling to the Z appropriately.

The helicity amplitudes obtained are rather simple. When we just combine
the anomalous vertex term and the external particles with the (p; + p;), from the

triangle, we get
(hy — ihy) [45]?

Atri(glag% l:;_,l_:-)’)l;) = M2 2[34]

(3.53)

(hy — ihg) (35)?
M2 2(34)

We then add in the extra terms from the triangle vertex.

Atri(gl’ g2’ ll;al_i_)’)ls_) = (354)

3} o ] 1 (hy — ihs) [45]?
At (gl)g2vl3 JI:’Y;) = (—247‘,2 m? - 27!'2812) 6(61,62,p1,p2) 1M2 . £[311]
(3.55)

4 L 1 1 (hy — ihs) (35)?
tri l l+ - { — —
A (91)92) 31b4,75 ) ( 247T2 m% 27’['2812) 6(61’ 62,p1,p2) Mz2 2(34)
(3.56)

We then add electroweak couplings as before. We have two Z propagators to
worry about, but the propagator in s12 just removes the prefactor term given by the
vertex. (We change from sy to s;o— M3 in the propagator by multiplying by s—l—:—_um

z
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This cancels with the existing factor of #2-%3 in the vertex.) So the situation is
very similar to the box, adding in one Z propagator and the electroweak couplings.
Again, we have to divide the coupling of Z to a quark into vector and axial parts,

this time keeping the axial part, which is very simple, v,, = 1/2sin 26y .

A 3 al_ l_+ = 2v2 3 eVaz o
(91,92,03, 15, 7s) V2e UL,V 334—M§+inMz
'I&‘(TalTaQ)Atm(gl, 9, 13—, l;"’ 75) (357)

This then squares to give:

. _ 3 M2v? 2
tri Iz l+ — B/(Z 4 [ 2 ZYL,e%azx
M (91,92’ 3% 775) l( )6 (47T> 2812(NC2 . 1)2(10%,3 + 'U}22,e)

I Tx(TT°) A" (g1, 92, 15, i, 1) (3.58)

We can add this anomalous triangle to the existing Standard Model loop term,

which comes from the box of section 3.4.1.

- 3 M2v?
total + 7- 4 Z"R.e
3,05,%) = Bi(Z)et | —
M el = Bil2)e (4vr) 2512(NZ ~ 1°(F,, + v},)

|rI\r(Tal Taz){vavaoz (gla g2, l;—a z-4—, 75) + IUa:cAtri(glagZa lg_a l_4_)75)}|2
(3.59)

Note that as the box term and the triangle term have the same colour factor,

there will be an interference term when this expression is squared.
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Chapter 4

Cancellation of singularities by the

subtraction method

We now have a method for calculating Feynman diagrams and combining them into
amplitudes and cross sections. So we have much of the information that we need for
a calculation of vector boson pair production. However, it is important that when
we perform this calculation we end up with a physically relevant result: one that
contains no divergences. Hence we have to consider the possible divergences in the
QCD calculation and how they can be removed. In many ways, this is the core part
of the vector boson pair production calculation.

There are two types of divergences in QCD: infrared and ultraviolet. Infrared
divergences arise from the low momentum limit of the integrals in the calculation,
and ultraviolet divergences from the high momentum limit. Ultraviolet divergences
are removed by the usual process of renormalisation. In this chapter we deal with
infrared divergences and how they are removed, first for the general case and then
for our specific cases of vector boson pair production.

In treating the infrared singularities, we need only consider the QCD parts of the
Feynman diagrams for much of the time, with the electroweak parts being irrelevant.
The exception to this is when we have an external photon: this case is discussed
in section 4.4. For the photon, we will use an isolation procedure to avoid singular
regions, rather than using the subtraction method that we use to cancel singularities

in the QCD parts. Apart from the singularities that could potentially be caused
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by the photon, the structure of singularities for each pair production process is
identical. Thus we shall initially neglect the electroweak part of the calculation, and
just consider the incoming gluons and outgoing quarks.

Almost everything we shall say is relevant to all vector boson pair produc-
tion processes. Where we have to be specific, we will use as an example the process
g9 — W Zqq. Therefore the explicit equations given will be for an 8 particle process.
However, it is straightforward to translate to the 7 particle case of W+~ or Zv pro-
duction, again because the electroweak particles do not contribute to the structure

of infrared divergences that we are discussing.

4.1 Introduction to infrared singularities

In this section, we will discuss the issue of infrared singularities, where they come
from and how they can be eliminated. We will include a discussion of different types
of IR singularities, and will mention the KLN (Kinoshita-Lee-Nauenberg) theorem
and the factorisation theorem in QCD, which will be required later.

Two basic types of infrared singularity arise in QCD. Firstly, there is the ‘soft’
singularity. Here a final state particle becomes of very low energy: all components
of its momentum go to zero. This soft particle cannot be detected in the final state.
Secondly, we may have a ‘collinear’ singularity. A particle may emerge at so close an
angle to another particle that they are indistinguishable. It is convenient to divide
collinear singularities into two categories: final state collinear singularities, where
both of the collinear particles are outgoing, and initial state collinear singularities,
where an outgoing particle becomes collinear to an incoming particle. Soft singu-
larities are always in the final state by definition: it would not make physical sense
for an incoming particle to disappear.

We know that a physical quantity must be finite so somehow the inherent sin-
gularities in QCD must be eliminated.

We differentiate between initial and final state singularities when eliminating
singularities. Final state singularities cancel between the real and virtual terms
in the cross section (section 4.1.1). Initial state singularities can be removed by
absorbing them into the parton distribution functions (we will use the subtraction

method to do this in section 4.1.2 and subsequent sections).
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Because of this distinction, we now have to start separating incoming and out-
going particles, whereas in previous chapters we treated all particles as outgoing to

simplify the amplitude calculations.

4.1.1 Cancellation of real and virtual singularities

We will now start to discuss the cancellation of infrared divergences. We will consider
the cancellation of singularities between the real and virtual parts, and also introduce
the idea of infrared safety and the factorisation theorem.

First, we consider a soft photon (the same argument applies for a gluon). The
photon is massless, and becomes soft by its 4-momentum going to zero. This causes
a soft divergence. We cannot distinguish a physical state with a soft photon from the
state without a soft photon, so the relevant physical process may have any number
of soft photons.

When we are only dealing with soft divergences within QED (where divergences
are much less complicated than in QCD), these divergences cancel when we add
the relevant virtual processes to the processes with real emission of soft photons.
This is the essence of the Bloch-Nordsieck theorem [63]. The cancellation is shown
explicitly in chapter 6 of Muta [64].

In QCD, we also have to deal with collinear singularities. In QED, these only
occur when the external particles are massless. In QCD, they can occur even if
the external quarks are massive, as the triple gluon vertex means that we have the
additional possibility of massless gluons becoming collinear to each other.

A pair of collinear particles is indistinguishable from the appropriate single par-
ticle. We need to consider all states with an indefinite number of collinear gluons,
in order to obtain the physical process, and remove the collinear divergence.

We extend the Bloch-Nordsieck theorem to the Kinoshita-Lee-Nauenberg (KLN)
theorem [65], [66]. The KLN theorem states that we must include all indistinguish-
able initial states as well as all the final state processes. The final state processes
may be real or virtual, and may contain soft or collinear gluons.

Quantities that obey the KLN theorem are infrared safe. This is to say that
what they measure does not change with the addition of soft or collinear gluons.

Infrared safety is required for the factorisation properties of a calculation. A
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useful discussion of factorisation theorems is given in [67]. Here we shall just briefly
mention the principles of factorisation: the process of separating the long distance
(hadronic) from the short distance (partonic) part of a calculation.

In QCD calculations, it is assumed that we can separate interactions that occur
at the parton level — the hard scattering process — from events that occur at the
hadronic level.

We make the assumption that, in the hard scattering, each hadron is composed of
fixed partons, each of which possesses a known fraction of the hadron’s momentum.
We will call this fraction of momentum z, where 0 < z < 1. The parton content
of a hadron is given by the parton distribution function: f,/4(x4) is the probability
of parton a being found in hadron A with momentum fraction z4. This can then
be used to express an interaction of hadrons in terms of the hard scattering cross
section.

The general form of a differential cross section is:
doap(ka, ks) = Z/dSCA dzp fa/a(®4) foyp(zB) doar(Taka, TBkB), (4.1)
ab

where A and B are hadrons, a and b are partons and f,/4 and f,/p are the parton
distribution functions.

The partonic cross section given in this expression is dg,, the subtracted par-
tonic cross section. This is the hard scattering cross section when the divergences
have been removed. Final state soft and collinear divergences can be removed by
cancelling with the divergences in the virtual part (the KLN theorem). In the sec-
tions to come, we will examine how initial state divergences may be removed: we
will use the subtraction method to do this.

We calculate the subtracted cross section for the vector boson pair produc-
tion processes that we wish to examine. Then we add in the parton distribution

functions and integrate over phase space, in order to obtain a physical result.
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4.1.2 Removing initial state singularities: the subtraction
method

We have already mentioned the factorisation theorem and our need to be able to
calculate initial state collinear singularities. These need to be removed by absorbing
them into the parton distribution function.

Though IR singularities always cancel or can be absorbed, to give finite physical
quantities, this does not happen automatically. We cannot numerically integrate
over soft or collinear regions. Instead, we must separate these regions and calculate
them analytically, before integrating the finite result.

This can be done in several ways. We will just mention two: the phase space
slicing method, and the subtraction method. In later parts of this chapter, we will
use the subtraction method to remove initial state collinear singularities from the
vector boson pair production calculation.

One way of removing singular regions is to ‘cut them out’ of the calculation,
replacing them by their limits. This is known as the phase space slicing method [68]
[69] [70]. Here, and for the subtraction method, the one-dimensional example given
in Kunszt [71] will be used for illustration.

In the phase space slicing method, singular regions are cut out and replaced with
their limits, with the integration in the excluded area performed analytically. The
boundary is defined by a small parameter, here 4.

Our one-dimensional example has the domain 0 < z < 1 and a simple pole at
z = 0. The integration region is sliced into two parts, with the boundary being é.
The part surrounding the pole, 0 < xz < 4, is replaced by its limit, and the finite
part § < £ < 1 remains. It is necessary for  to be much smaller than 1.

The integration is then:

s 1
I ~ lim {F(O) d—acacE + d—ma:EF(:c) - 1F(O)}
e—0 0o T § T €
Vdx

— F(0)In(d) + / % Pla). (4.2)

)

This is equation (32) of [71]. The remaining integral can be evaluated by normal

numerical integration.
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Alternatively, we can use the subtraction method: this is the choice we will make
in this chapter. We use a version of the subtraction method as introduced by Ellis,
Ross and Terrano [72] and developed by Kunszt and Soper [73].

The singular behaviour is a simple pole with a known residue. We subtract the
integral at the pole and then add it on again. We shall see in the next section how
this works in practice.

For our one-dimensional example, we have

[ = 1%{/ 9 Pz (0)]+F[0]/01d?$3:€}

- / [F(z) — F(O)] + F(O) (4.3)

Again, this results in a term that can be integrated numerically.
In section 4.2 we will show how we use the subtraction method in order to
give counterterms that cancel out our initial state singularities, resulting in the

subtracted cross section that we require.

4.1.3 Infrared singularities at NLO and NNLO

Infrared singularities first arise at NLO. As previously discussed, these can be either
soft (a particle becoming low-energy) or collinear (two particles becoming close in
angle).

We will discuss the overall structure of these soft or collinear singularities. The
behaviour of infrared divergences is universal: it does not depend on the particular
process being considered.

We will mention the presence of soft and collinear singularities at NLO, then
consider the NNLO case, where singularities can occur in combination, resulting in
a much more complicated phase space.

First, consider what happens when a single final state particle in a n particle
process becomes soft. When the momentum of the soft particle goes to zero, this re-
duces the number of particles by one. So as long as this soft particle is of low enough
energy, the amplitude may be written as the n — 1 particle amplitude, multiplied by

a soft factor. This soft factor is normally called the eikonal factor.
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If s is the soft gluon and a and b are its neighbouring particles (remembering

that the amplitude is colour ordered), then:

Aﬂ(...,a,s,b,...)’ﬂ((é%,qﬂ_l(...,a,b,...). (4.4)

The eikonal factor is the term (ag)l?i 5 (or [asﬂb], depending on the gluon helicity).

This depends on the momenta of the soft gluon and its adjacent particles.

The other simple infrared singularity is the collinear case. Here a pair of particles
become so close in angle that they can be replaced by a single particle, which is
capable of splitting into the pair. Again this mean that the number of particles is
reduced by one. We rewrite the original n particle amplitude as a n — 1 particle
amplitude, with the multiplying factor here being a splitting function.

If a and b are the two particles that are becoming collinear, we introduce ¢, which
may split into the collinear pair, and substitute ¢ into the amplitude in their place.
Anoorarby ) B S@) Ana( ey ). (4.5)

The splitting function S,.(z) corresponds to particle ¢ producing particle a with
a momentum fraction z. As k. = k, + ky, we know that k, = zk. and k, = (1 —z)k..
If the splitting is an unphysical one then the splitting function is zero. |Sy.|2 = P,
where P,. is the Altarelli-Parisi splitting function.

The only splitting function that is required in our vector boson pair produc-
tion calculation is the function for a gluon splitting into a quark-antiquark pair.
This is the function Py,(x). It is independent of the flavour of quark produced, and
is the same for production of an antiquark as it is for a quark. The leading-order

splitting function is:
1
|S¢19|2 = Pyy(z) = '2‘{552 + (1 - m)z} . (4.6)

We can use this as long as we have summed over the helicities of the particles
involved. If we have particles of specific helicity, the splitting function can be de-
composed into Sy, terms of different helicities, which are used in the amplitudes.
These are then squared to give the overall P, splitting function above.

The splitting function must obey some momentum restrictions. The quark pair
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must always be ¢qt,§~ or ¢—,§*: it is not possible for the quark and the antiquark
to have the same helicity.

In a NLO amplitude, it is only possible to have one soft singularity, or one
collinear singularity. For each of these cases, we will calculate the amplitude as the
leading order amplitude, multiplied by the appropriate prefactor.

When we start to examine the NNLO case, we see that the situation becomes
much more complicated. The singularities are no longer restricted to those involving
just a single particle. A simple soft or collinear singularity will reduce the number
of partons in the process to n — 1, meaning that we calculate an NLO process,
multiplied by a prefactor. However, we know that NLO quantities can themselves
have singularities, so therefore there may be a further soft or collinear factor. These
singularities can occur in several different combinations, making the situation at
NNLO much more complicated than it was at NLO.

The new types of singularity that arise at NNLO are

o double soft — two separate particles each become soft.
e soft-collinear — both a soft and a collinear singularity occur.
e double-collinear — two pairs of particles separately become collinear.

e triple-collinear — three particles all become collinear to each other, giving a

splitting into three rather than two particles.

The behaviour of tree level and one loop amplitudes in these limits has been
studied in [74],[75],[76],[77],[78],[79],[80],[81],[82],[83]. The new singularities lead to
a very complicated phase space, and therefore many difficulties with integrating over
the phase space.

However, we are very fortunate in our calculation of g¢g — W Zqq, and other
vector boson pair production processes. The singularities that occur in our case are
straightforward and controllable.

Firstly, there are no soft singularities. Only a final state gluon can become soft,
and our gluons are in the initial state. If a quark becomes soft, the amplitude does
not develop a singularity as it does in the case of the gluon. Instead the amplitude
just decreases to zero, as the process without the final state quark does not exist (we

would have a single quark rather than a quark pair, which would make no sense).
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We only need to consider collinear singularities. The collinear singularities are
of a particular type. It is possible for a final state (anti)quark to become collinear to
an initial state gluon, causing a collinear singularity, but there is no such singularity
if a final state quark and antiquark become collinear to each other. Hence we have
no final state singularities, only initial state.

We have single collinear singularities where either quark 7 or antiquark 8 becomes
collinear to gluon 1 or gluon 2 — a total of 4 different scenarios.

An example of a relevant single collinear process is given schematically in figure
4.1.

Figure 4.1: A single collinear limit of a gluon induced amplitude

This shows that the collinear limit of an 8-particle diagram is the appropriate
7-particle diagram multiplied by a splitting function, which in this case is that of a’
gluon splitting to a quark pair.

We also have double collinear singularities, where the quark and antiquark each
become collinear to an initial state gluon, to form two separate collinear pairs. We
may have quark 7 || gluon 1 and antiquark 8 || gluon 2, or the same but with gluons
exchanged. There is no singularity where both quark and antiquark become collinear
to the same gluon.

A schematic representation of a double collinear singularity, with two splitting
functions, is given in figure 4.2.

To express the singular terms, we need only use the splitting function as in
equation (4.6). If two particles become collinear, we just use it twice. As it is not
possible for the two final state partons to become collinear to the same initial state
parton simultaneously, we can just treat the process as two separate splittings.

These single and double collinear terms will come up in the calculation and as
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Figure 4.2: A double collinear limit of a gluon induced amplitude

collinear counterterms in the subtraction method. They also allow us to perform
checks on our NNLO amplitudes by relating them to the known LO and NLO
amplitudes, making sure that the collinear limits are correct.

Now we proceed to subtract the initial state singularities and to obtain a finite
result for vector boson pair production. We will explain the particular form of the

subtraction method that we are using, and how it is applied to the calculation.

4.2 The subtraction method in practice

Here we will use the subtraction method to remove initial state collinear singularities.
These are not process dependent, so we can discuss a general case before turning to
the specifics of vector boson pair production in section 4.3.

From the factorisation theorem, the general form of a differential cross section is

as discussed before:
doap(ka,ks) = Z/dIEA dzp fo/a(xa) fop(xB) dGab(Taka, zkE) . (4.7)
ab

This relates the partonic calculation to the hadron-level result. It describes a
cross section as a subtracted cross section convoluted with parton density functions.
Here we can make use of the universal nature of QCD. Not only does equation
(4.7) apply to the partons in a hadron (the chance of finding each parton being deter-
mined by the parton distribution function), but the equation can also be rewritten
as the chance of finding a parton within another parton (QCD allows us to make

this formal substitution).
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Here the incoming partons for our hard scattering, a and b, may come via a

splitting function from initial partons ¢ and d.

ddcd(kl, kg) = Z / d:l?l dIBz fa/c(ml)fb/d(l’z) daab($1k1,$gk2) . (48)
ab

Now we will assign the incoming partons ¢ and d the momenta k; and &, respec-
tively, as these will later become our incoming gluons 1 and 2.

We already know the unsubtracted cross sections for our vector boson pair pro-
duction processes. These are just the hard scattering terms that we have already
calculated. When we consider the parton level expression, we find that we also know
the parton distribution functions. The probability of getting a parton from another
parton is simply a splitting function at the appropriate order. To calculate the
subtracted cross section, we need the unsubtracted hard scattering cross sections
and the parton distributions at the correct order in QCD. We shall perform this
calculation both at NLO and at NNLO.

4.2.1 General subtraction terms at NLO

Infrared singularities first occur at NLO, so this is the simplest case in which we can
discuss the subtraction method. The calculation that we want to perform at NNLO
is just an extension of this.

To calculate the subtracted cross section at NLO, we need the NLO unsubtracted
cross section, which we shall assume we know, and a NLLO parton distribution. The
NLO parton distribution is just a delta function (the probability of finding exactly
the same particle with the same energy) plus an Altarelli-Parisi splitting function
as described earlier, with the resulting parton having a fraction z of the energy of
the parton that it originates from.

The expression for the NLO parton distribution is:

foela) = 6081 =) = 52 (Pul0,0) = Kurle) ) + O). (49)

P,.(z,0) is the Altarelli-Parisi splitting function for ¢ = 0 (4 dimensions). From

now on, we will suppress the zero, and use P,.(z). The splitting function depends
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on the types of parton involved, and on the momentum fraction. 1/€ is defined by
1/é=1/e — yg + log4m.

The term K, is dependent on which factorisation scheme is used. We will work in
MS, where K,; = 0. The fact that we have to make a choice indicates that the result
will be dependent on the factorisation scheme. We must consider this dependence
and whether it will affect the overall result. This is especially relevant later, when
we calculate the NNLO g¢g induced vector boson pair production. However, when
we calculate the gg term, we have already made an approximation in selecting only
this one term from all possible NNLO terms. We assume that any effect due to
scheme dependence will be less than the effect resulting from choosing only gg.

Substituting the parton distribution of equation (4.9) into equation (4.8), we

obtain an expression that relates subtracted and unsubtracted cross sections.

doca(ky, ko) Z / dz,dz, [5ac5 ;) — ——Pac(:rl)]

s 1 .
56d6(1 - :Cg) - -a——Pbd(iL’z) dO'ab(Jtlkl, CIZka) . (410)
2mE

On expanding this expression, and retaining terms only up to NLO, we obtain:
doca(ky, ko) = dbca(ky, ka) — —Z/dﬂh ac(®1)dGad(T1 k1, ka)

—7% Z/dmggpbd(xg)dﬁcb(kl,mzkg) + O(ai) . (411)
b

Each term can then be broken up into the sum of its leading order and NLO
parts, calling these do® and do(!) respectively (d6(® and d&® for the subtracted
cross section). This allows us to equate terms order by order in a.

At leading order there are no divergences, and therefore no need for subtraction,
meaning that dé(© is just the same as do(©®.

At NLO, we rearrange equation (4.11), using the fact that d6(® = do(®, to

give an expression for the NLO subtracted cross section in terms of unsubtracted
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quantities.
da’g}i)(kl,kg) = dO' kl,kz +_Z/d$1— ac dO’ (Zlkl,kz)

—; > / dszPbd(:c,O)dacb (ky, zoks) . (4.12)
b

The leading order terms that add to the unsubtracted terms are the collinear
counterterms that are required to obtain a finite result. All that we need at NLO
is these two counterterms. At NNLO it will be more complicated. We must then
add a explicit O(a?) term to equation (4.9) as well as including another order in the

cross section.

4.2.2 General subtraction terms at NNLO

Now that we have discussed the subtraction method at NLO, it is time to turn to
the situation at NNLO, which is the case that we will need when discussing gluon-
gluon induced vector boson pair production. This is just an extension of the NLO
calculation with more complicated expressions, and a greater number of possible
singularities. We will follow the same procedure as in the previous section to give
us the general counterterms for NNLO. In section 4.3 we will translate the general
particles into our incoming gluons and outgoing quarks.

Again we use equation (4.8), substituting in appropriate parton distributions.
However, we now have to add an extra term to the distribution of equation (4.9): we
can no longer ignore terms of O(a?). The new expression for the parton distribution

function in MS is:

oo =01~ 2) - 222 R~ (2)" (1) Qui@) + 0. w1y

P,:(z) is the one-loop Altarelli-Parisi splitting function in 4 dimensions, while

Qac(z) is the next order contribution, including two-loop splitting functions.
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Substituting into equation (4.8):

1 o\ 2 (1)2
dUcd kl,kz Z/dfﬁdﬂ?z 5ac5 1 —331) - __Pac(xl) (%) (E) Qac(501)

O,

[5@(1 ~ ) — %EPM(@) — (—

2
271')2 (%) de(mZ):l dGap(z1kr, Toks) .

(4.14)
Expanding this expression and retaining terms up to O(ca?), we get

doca(ki, k) = doea(ky, k2)

o, 1 a, [1\? A

— Zr— Z/dﬂ?l ('é_‘Pac(xl) + % (E) Qac(l'l)) daad(mlkl, kz)
2 ,

B ;_7: Z/d$2 (%P”d(%) + g_; (é) de($2)> db (K, T2k2)

+ (;—;;22/dm1dm2 (%Pac($1)> <_Pbd( )) dbap(zT1k1, T2ks)
LO@). (415)

We expand the cross sections and compare terms order by order.

dogg = daﬁg) +dold) + dagi) (4.16)
g = 89 +d60) + ds? (4.17)

) _

Once again, at leading order, do,,; d&gg). We will use this equality later.

At O(ay), we have the same result as was found in the previous section:

d6§:11)(k1ak2) = da¢(:¢li)(k1)k2)

Z/dﬂ?l ( ac(T1) )d&g‘;)(zlkl,kz)
e Z/dxz (gpbd(f"2)) o) (ki,22ky) . (4.18)
b

This gives us an expression for the NLO subtracted cross section in terms of the
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NLO unsubtracted cross section plus leading order counterterms.
At O(a?) there are clearly more terms involved. A simple expansion of equa-

tion (4.15) gives:

do® (ky, k) = d&ﬁj’(kl,@)

Z / dwl( (21 )d&.‘zb’(xlkl,kz)
- ﬁ Xb:/dfcz (ngd(:L‘z)) dég)(kl,xzkz)
Qg 2 i
B (%) Z/d$1Qac(x1)da£?i)(x1k1,k2)
ag\2 X
- <2_) Z/dE2de($2)d0£2)(kl,x2k2)

as 1 n
Z/dﬂhdfﬂz( ae 1B1)> (EPbd(@)) dai‘,’,’(wlkl,wzkz)

+ (9(013) . (4.19)

We then use the expressions that we already have for d(® and dé(V and sub-

stitute in to get the whole O(a?) equation with all counterterms given explicitly.

d6® (ky, ky) = dafj)(kl,kz)

Z/dml( (T ) D (z1ky, ko)
o) oo

do' k1,$2k2

2 1 (0)

) Z d.’L‘ld.’Eg Pyc ) sz(mg) dO’zd (.’El.’rgkl, ’Cz)
2 1

Z/dmld:vg ( yd IBl)Gsz(.’Ez)) dO'((:g) (kl,lﬂlxzkz)

Z/dleac(:rl)daad (xlkl,kg)

+
512

e N N

&

(
(

2

+
¥|2

2

|8

+
[\
=)

Z/dﬂU2de(l‘2)dU£g)(k1,$2k2)
b
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+ (g—;)ZZ/dxldxg <%Pac(m1)) (%Pbd(xz)) doﬁ?(mlkl,wzkz)-
” (4.20)

This is the general expression for removing the initial state collinear singularities
from a NNLO quantity by using collinear counterterms. One would expect to be
able to expand the terms explicitly and remove the singularities analytically. It can
be seen that some of the poles are explicit and some are ‘hidden’ inside (N)NLO

cross sections.

4.3 Applying the subtraction method to vector

boson pair production

We now have a general expression for the counterterms required to subtract initial
state collinear singularities from an NNLO cross section: this is equation (4.20).
We now want to apply this to the specific case of vector boson pair production. To
do this, we need to consider only the two initial state gluons and the final quark-
antiquark pair.

For the first half of this section, while establishing the counterterms, the expres-
sions will be appropriate for any vector boson pair production process. In the second
half, the finite terms for a calculation of gg — W Zqq will be calculated, and we will
indicate how to convert the result into W+ or Z~ production.

We need to substitute actual particles for the generic a, b, ¢, d of equation (4.20).
Our initial particles, ¢ and d, are now specified as the two initial state gluons ¢,
and go. These may be substituted for ¢ and d in either order, but for now we will
just call them both g. A o4y term is the NNLO cross section including both gluon
orderings.

The particles a and b are particles which the initial gluons may split into. In
theory, these may be either quarks or gluons. However, we have to remember that
they are also the incoming particles for the vector boson pair production hard scat-
tering process. The incoming particles for LO vector boson pair production can only

be ¢g, in either ordering. For NLO vector boson pair production, we can also have
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gg or g, again in either ordering. These restrictions on the hard scattering process

limit the number of counterterms.
First we substitute gluons for the initial state partons c and d in equation (4.20).

This gives us:

d6 D (ky, ky) = dold)(ky, ks)

Z/dxl ( ag 301 > xlklak2

Z/dﬂvz ( Pyg(z2) > kl,mzkz
Z/d:ﬁld{ﬂz( Pyg( ) sz(mg)) ddgg)(mlxgkl,kg)

+

1
Z / da:ld:t:2< yg(:cl)epzy(mz)) oD (k1, z122k3)

)
)22/dleag(wl)daag)(xlkl,kz)
)
)

¥|&8

+

+
AN TN TN TN

Y& 8

Z/dl‘ngg(ZUz)dUs(’(;)(kl,mgkg)

|2

+
[N
)

Z / dmldmz( ag(xl)) (%Pbg(zg)) do'Q (z1ky, zoks) .

(4.21)

Examining this expression, we find some impossible terms — we cannot have a
leading order vector boson pair production cross section with a gluon in the initial

state. Therefore all terms including dogg) or dof,?,,) can be removed. The remaining

terms are:

A5 (ki k) = dolD(ky, ky)

Z/dml ( ag (El ) dat(l}])(il?lkl,kz)
Qg 1 1)
+ o, > [ dz gP,,g(:zg) dog,’ (k1, z2ks)
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+ (%)QZ / dz,dz, (%Pag(m1)> (%Pbg(m2)> do® (z1k1, 23ks) .
* (4.22)

Now we may substitute g or ¢ for each a or b. This gives us a LO term with
a qq initial state and a NLO term with gg or gg initial state: these terms are all
allowed. The counterterms result from the single and double collinear singularities
as detailed in section 4.1.3, with all splitting functions as required.

With these substituted in all possible ways, we get the expression:
d6®) (k1 k) = do'?) (ky, kn)
1 o 1
+ Zl: dl‘l <Equ(ﬂ31)) dag)(a:lkl, kz) + % /dﬂ)l (Equ(a:l)) dO',(hl])(Ivlkl, kz)
1 M o 1, M
+ % d$2 E.qu(.’llz) dagq (kl,xzkg) + % d:L’z —e_-P-g(.’EQ) dO'gq (kl, Z’gkz)
Qg2 1 1
+ (g) / dz1dz, (qug(a;l)> (qug(xz)) dol (z1k1, zoks)
g\ 2 1 1
+ (%) /da:ld:cg (Equ(xl)) <Equ(z2)) da,(ig)(xlkl,xgkg). (4.23)

These are all the necessary counterterms to produce a finite result. We now have
to substitute in more explicit expressions for the terms themselves, and cancel the
singularities. This is a lengthy procedure, so here we will just give the final result.
This will be a finite expression that can be integrated numerically, and will use LO,
NLO and NNLO cross sections for vector boson pair production.

In calculating these terms we use the same conventions and parameterisation
as Frixione, Kunszt and Signer [84], expressing momenta in terms of energy and
angle variables. The incoming gluons are labelled g, and g;. We shall label the
outgoing quark and antiquark as g; and gg, and the final electroweak decay particles
as particles 3 to 6. Of course, this assumes that we have an 8 particle process, as
in gg -+ WZqq. For W~ or Z~ production, we just have to remove one of particles

3 — 6 and relabel the remaining particles, which is straightforward.
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In the partonic centre of mass frame, incoming gluons 1 and 2 have momenta:

k= ?%ﬁ@ (4.24)
ky = ;Mj;n (4.25)

The outgoing quarks have momenta parameterised as:

s -
k=2 (1, y1-ut eT,y7) (4.26)
‘\/s —
ks = 21268 (1, V1-4 6T,y8) (4.27)

where e7 is a D — 2 dimensional unit vector in transverse momentum space,

y; = cosf; so that —1 < gy; <1, and 0 < § < 1. 395 is the partonic centre of mass
energy.

This parameterisation makes the soft and collinear limits apparent. The soft
limit results from taking the energy variable to zero, {; — 0. The collinear limit
where one of the outgoing quarks becomes collinear to one of the incoming gluons
occurs when the angle variable y becomes the same as that of one of the gluons,
y; — 1.

We then follow a procedure similar to that in [84] to cancel singularities explicitly,
giving us a finite term.

This is the sum of three separately finite pieces.
d6?) = do B9 4 do(inD) 4 dolfne) (4.28)

dofm6) js the term containing the 6 particle LO amplitudes. do®7) contains the
7 particle NLO amplitudes, and do(f®®) contains the 8 particle NNLO amplitudes.

We should note here that only the 4-dimensional matrix elements need to be
used, despite the fact that the subtraction calculation takes place in D = 4 — 2¢
dimensions. We must be careful to make sure that in only using 4-dimensional
matrix elements, we do not lose extra finite pieces that may result from calculating
in D dimensions.

We need to consider both the initial state collinear singularities, which are ab-
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sorbed into the parton distributions, and the final state collinear and soft singular-
ities, which cancel with the singularities from the virtual part.

Our version of the subtraction method deals with the latter situation by dividing
the matrix element into a 4-dimensional part and a 1/e-term. Around the pole we
have a reduced matrix element multiplied by a splitting function, as we explained
earlier in this chapter. The reduced matrix element is subtracted from the full
matrix element, and then added again separately and integrated analytically. There
is a universal finite part associated with each 1/e pole. In this process of subtracting
and the adding on the pole part, any finite part that may be associated with the
pole is also subtracted and added, meaning that we do not miss any terms in just
taking the 4-dimensional part.

Initial state collinear singularities are absorbed into the parton distributions.
When doing this, we only use 4 dimensional splitting functions in, for example,
equations (4.9) and (4.13). We do this because we work in the MS scheme: a
different choice of splitting function would imply the use of a different scheme. As
we already stated in section 4.2.1, our result is scheme dependent, but the scheme
dependence is not important at the level of accuracy of our calculation.

We now give the finite terms explicitly.

The explicit form of dof™®) is given by

2
do®™® = (1-y7)(1 — ) M) (kv ka, {k:}6 kr, ke) ﬁ& & P(yr) P(ys)
d&7 dég dyr dys dpr dpg dP(3_g) - (4.29)

d®3_¢) is the phase-space integration over the vector-boson decay products.

M;Z) is the squared amplitude summed (averaged) over helicities, including the
flux factor 1/(2s15). This is just the MWZ of equation (3.12).

We have also included the distribution P(y;), where i is 7 or 8. This is given by:

1 1 1
’P(yt)zi[(l—yz)éz-lh (1+y1)61:| ) (430)
The distributions (ﬁ)a have been introduced in [84] and are defined for an
7
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arbitrary test function f(y;) through

! Y F) — FEFD8(FY — 1461
< (1 + yi)a, ’f(yi)> B /_1 i 14y, : (4.31)

The two P distributions in equation (4.29) perform the subtraction of single and
double collinear singularities in the 8-particle NNLO amplitudes.

The expression for the 7 particle finite part is somewhat more complicated.

Qg
4o = & (LR~ &) - P - €) (-4

{ng (1 = &)ky, kg, {ki}ae, ks) + Mg? (k1 (1 — &r)ka, {ki}ae, ks) }

s
8(2—1;)3 €s P(ys) dr dés dys dps dP(3—g)

+ 52 (LsPy(l— &) — Ps (1 - &)) (1= 9})

{Mf,? (1 — &)k, ko, {ki}se, k7) + M_f,? (k1, (1 = &g)ka, {ki}se, kr)}
512
8@n) &7 P(yr) dér d€s dyr dip7 dP(3-) - (4.32)
Most of these terms are familiar. M,%) and similar terms are the NLO squared
amplitudes for W Z production as stated in {25]. We also have the P distribution
defined in equation (4.30), which subtracts the single collinear singularity present
in the 7 particle amplitude.
We have also used the functions £; and Lg, which are defined by

81201 5"?
22

s12 is the centre of mass energy. d; is an arbitrary quantity that is present in

2
L7 = log Ly = log 222 Or &s (4.33)

all the finite terms, and cancels when they are summed to give the total finite cross
section. & and &g relate to the energy of ¢7 and gg, and u is the factorisation scale.
We divide the unregularized Altarelli-Parisi splitting function into the 4-dimensional

piece, P, and the piece proportional to €, P.5. Explicitly,

Po1-¢&) = %(1 - 2¢; +2¢7) (4.34)
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Po(1=&) = &&—1). (4.35)

Finally, the 6 parton case is reasonably simple, and only uses quantities that

have already been defined above.

do(®8) = (%)2 (LrPeg(l = &) — Py (1= &) (LaPg(1 — &) — Py (1 — &)

{Mf,? ((1 = &)k1, (1 — Eg)ka, {ki}36))
+ M@ (1 - &)k, (1 = &)ka, {ki}a0)) } dér dés d®s_s).  (4.36)

We then implement all these finite terms in a numerical integration. We already
mentioned the quantity §;, which occurs in all the finite terms, but is cancelled
when the terms are added. This provides a good check on our calculation: it must
be invariant under a change in ;.

As already mentioned, we have the necessary amplitudes for W Z production in
[25] and Appendix B of this thesis. To calculate W+ or Z« production, we use the
appropriate 5, 6 and 7 particle amplitudes from [25] and Appendix B and relabel as
necessary. Otherwise the subtraction process is the same.

These terms are then implemented in a numerical integration over phase space,
using VEGAS [85].

4.4 Treatment of photons in W+~ and Zv produc-
tion

We have already dealt with all the infrared singularities that arise in the case of
g9 — W Zqq. In this case we were only concerned about quarks and gluons and
could totally neglect the electroweak particles and their decay products when it
came to thinking about singularities.

This would still be the case if we were calculating, for example, production of a
WW pair or a ZZ pair. The final state leptons could not become soft, or collinear
to the final state quarks. However, if we have an external photon in the final state,
as in the W+ and Z+v production processes, we have a new scenario. It is possible

for a photon to become collinear to a quark, as a quark may emit a photon: this is
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known as fragmentation. We have to consider new singularities due to the photon
behaviour.

To treat these singularities properly, it would be necessary to add fragmentation
contributions to our photon production. The calculation would be divided in to
direct and fragmentation contributions, with the fragmentation term being a non-
perturbative term. However, the photon fragmentation is not known at this order
(it is not even known at NLO for the process of interest).

To get round this problem it is possible to use an isolation procedure that restricts
the angle of the photon and does not allow it to become collinear to the quark or
antiquark. It also removes the possibility of the photon being ‘faked’ by a quark
jet. The easiest way to isolate the photon is to impose a cone round the photon,
completely excluding all hadrons in this region. However, this complete exclusion
within a cone is not infrared safe, nor is it realistic as far as the detector is concerned.
Therefore the normal way to deal with the photon is to allow a small hadronic energy,
E71 < Eppax, in the vicinity of the photon.

An infrared-safe photon isolation procedure was introduced by Frixione [86].
This also allows only a certain small hadronic energy in the neighbourhood of the
photon, but this energy varies with the distance from the photon. The energy must
be zero at the photon itself, and then grows with the distance from the photon until
it reaches a specified cut-off.

The hadronic momentum deposited in a cone of size Ry around the momentum

of the photon must obey the condition:

1—cosR> , (4.37)

ZpTie(R - Ri,) < pry (m

for all R < Ry. pr; are the hadronic momenta present within the cone, and pp,
is the photon momentum.

The distance, R;, in pseudorapidity n and azimuthal angle ¢ is given by

Riy = \/(m —0y)% + (di — ¢4)?. (4.38)

Then only soft partons can be emitted close to the photon, and we can eliminate

the possibility of troublesome collinear singularities.
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This procedure is the one that we use in calculating the results given in chapter 6.
Frixione’s procedure has been found to produce very similar results to the stan-
dard cone isolation. This is fortunate because, although Frixione’s method is theo-
retically preferable to other cone isolations, it is still not clear whether it is experi-

mentally practical to implement.
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Chapter 5

Results

The helicity amplitudes of chapter 3 and the subtraction method of chapter 4 allow
us to calculate numerical results for gluon-gluon induced vector boson pair produc-
tion at the LHC. In this chapter, we study these results, illustrating them with the
appropriate plots. In particular, we compare the gg induced terms to the ¢¢ and gg
parts. All contributions are calculated using standard cuts, scales, parton distribu-
tions and so on, allowing us to make direct and fair comparisons between different
terms. The relevant helicity amplitudes for the ¢q and qg induced terms are given
in [25], and we have already calculated the helicity amplitudes for gg producﬁion
within this thesis.

We show transverse momentum plots for each production process, separating
the total production into the contributions of the different initial states. We are
particularly interested in the high pr region. This is where one might expect to see
anomalous couplings most easily, so it is an interesting and important region to look
at. It is also where the large size of the NLO term compared with the LO term may
be seen most clearly.

We find that the real gg term in vector boson pair production often gives a small
and negative contribution to the cross section. Even at high pr, the gg term does
not become significant in the overall cross section. This had not been previously
anticipated. We also find the one loop gg induced term in Z+ production to be
smaller than in previous calculations, though it appears that the use of up-to-date
parton distributions is responsible.
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We briefly look at the scale dependence of the transverse momentum results.

In section 5.2, we improve our understanding of the transverse momentum results
by considering at the hard scattering part and the parton distributions separately,
before they are convoluted together.

Having presented our results in the Standard Model initially, in section 5.3 we
go on to look at the possible anomalous terms. We use some sample values of
anomalous couplings to see what effect they are likely to have on production at
the LHC. While one might hope that anomalous couplings would enhance the gg
induced contribution to vector boson pair production, it was actually found that the
effect on ¢q and ¢g induced terms is much more substantial than the effect on the
99 induced term. Thus the gg term is responsible for an even smaller proportion of
the total cross section than before. We were unable to find allowed values for the
anomalous couplings that would provide a substantial increase in the gg contribution
at LHC energies.

As a final investigation, we studied vector boson pair production at a hypothetical
Very Large Hadron Collider or VLHC, imagined to have a centre of mass energy of
200 TeV. This was to see whether a very much higher energy would cause the gg
term to become important. We found that gg contributions were not substantially
enhanced even at this huge energy. In fact, in no circumstances throughout our
different investigations did we find a significant gg term: the gg contribution was
always at the 1% level.

It should be noted that throughout this chapter we shall mostly make use of
results for W Z production, comparing to W+~ and Z+ where appropriate. Generally,
these results are very similar. The choice of WZ to show most features was simply

a matter of convenience for the author.
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5.1 Numerical results: pr distributions

Before we go on to give explicit results for vector boson pair production, we must
set some of the necessary parameters. These will be used throughout this chapter
unless otherwise specified.

The MRST 2001 parton distributions [87] are used throughout, with the one-
loop expression for the coupling constant (a,(Mz) = 0.119). This is used even
for the leading order results. We use the NLO parton distribution functions and
coupling constant. NNLO parton distributions are not fully available yet, and are
not expected to make much change to the results or alter our overall conclusions.

The scales used routinely, where ur is the factorisation scale and ug the renor-

malisation scale, are:

e for WZ production, ur = up = \/%(va + M2Z) + (02 + P2y).

o for Wy production, ur = ugr = /Mg + p7.,.
o for Z7 production, pr = ug = /M3 + p7..

These are chosen to suit both the total cross section and the transverse momentum
distributions.

The masses of the vector bosons used are Mz = 91.187 GeV and My = 80.41
GeV. We do not include electroweak corrections, choosing o and sin?(fy) in the
spirit of the improved Born approximation [88], [89]. For couplings of vector bosons
with the quarks we use a@ = a(Mz) = 1/128 and for the coupling of the photon we
use o = 1/137.

We neglect contributions from external b and ¢ quarks, assuming that these will
be suppressed by the large top mass. The values for the CKM matrix elements that
we use are |Vyq| = |Ves| = 0.975, |Vis| = |Vea| = 0.222.

We do not include branching ratios for the decay of the vector bosons. These
depend on the decay that takes place, and must be added to the final result.

The standard cuts, which we use throughout, are pr > 20 GeV and n < 2.5
for charged leptons, where pr is the transverse momentum of the lepton and 75 is

the rapidity. For photons, we also require that pr > 20 GeV, and use Ry = 1 in
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out, and the terms are already small. Therefore the hadronic contribution of the gg
initial state remains small despite the high gluon density.

We have seen how the smallness of the hard scattering part translates into a very
small contribution when convoluted with parton densities. However, one may ask
whether the smallness of the hard scattering part is due to numerically small matrix
elements or to a large cancellation within the subtraction process.

The answer to this can be found by examining a previous calculation of the
gluon-gluon induced term at NNLO. Baur and Glover [31] calculated the processes
99 — Z272qq, q9 — ZZqg and q@ — Z Zgg, which are all of the same order. Here, the
singularities caused by the final state partons becoming collinear or soft were avoided
by requiring the presence of two well-separated, energetic jets in the final state.
Under these conditions, it was found that the ZZ jj cross section was dominated by
the qg induced term, with the ¢ term contributing about 30% and the gg term at
the level of 5 — 10%.

It seems that the gg induced contribution to vector boson pair production is
essentially small and does not become enhanced by the inclusion of singular regions.
The particular shape of the gg term means that even the large gluon densities at
LHC energies do not produce a significant gg induced contribution to the overall

cross section.
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5.3 Further results: anomalous couplings and VLHC

So far we have considered vector boson pair production at LHC energies and in the
Standard Model, and have compared the terms caused by different initial states. We
found that the gg induced term in vector boson pair production is likely to be small,
and so one would expect good perturbative stability in a Standard Model vector
boson pair production result.

However, we also want to investigate the effects that non-standard couplings may
have on vector boson pair production. We will now determine whether a change in
the couplings has any dramatic effect on the results.

We will also briefly look at the question of a hypothetical VLHC to see whether
gluon-gluon terms could become significant at energies much higher than that of the
LHC, or whether they will always be suppressed.

In Figure 5.11, we plot the transverse momentum distribution for W Z production

at the LHC if anomalous couplings are included. The anomalous couplings are
gl=1, ¢2=113 Kk =12; kZ2=107, N =X1?=0.1 (5.1)

These couplings were defined in section 1.4. They actually deviate from the Standard
Model a little more than the most recently quoted bounds from LEP (equation (1.6)).
We use the form factors as given in equation (1.5) and we take A, the scale of new
physics, to be 2 TeV.

Adding anomalous couplings changes the shape of the pr plot. Figure 5.12
compares the anomalous results plotted in figure 5.11 to the Standard Model results
plotted in figure 5.3. The colours follow our normal convention but each anomalous
term is plotted as a solid line, with the corresponding Standard Model term as a
dotted line.

We see that the ¢q and ¢g parts are enhanced at large pr. In particular, adding
anomalous terms to the ¢g term causes a huge enhancement, and this term dominates
the result, in contrast with the Standard Model case. Neither the ¢g nor the gg term
is significantly increased by the addition of anomalous couplings.

We may also examine the hard scattering cross section as before. From figure 5.13

we see only that the qg is substantially enhanced: it dominates the plot. We can
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Chapter 6
Conclusion and Outlook

In this thesis, we have discussed the production of pairs of vector bosons: specifically
WZ, W~ and Z+ production. We have extended the known results for vector boson
pair production by adding an extra production channel, the gluon-gluon induced
term at NNLO.

We initially explained the motivation for this investigation with reference to pre-
vious results in the literature. It was known that in vector boson pair production it
is common for the NLO terms to be as large or larger than the LO terms, especially
in regions such as the high transverse momentum region. It was therefore desirable
to calculate NNLO results, and it was thought that the gluon-gluon term ought to be
the dominant term in NNLO due to the high gluon density at the LHC. However, it
was found instead that a sign change in the gluon-gluon hard scattering, along with
the small absolute value of the hard scattering result, leads to a small gluon-gluon
induced term. If our assumptions about the small size of other NNLO terms are
correct, this implies a good perturbative stability for vector boson pair production.

We gave explicitly the tree level helicity amplitudes for gg — ViV4q@ in the
Standard Model. These helicity amplitudes can be applied to any vector boson pair
production process, including those not studied here. We added in the appropriate
anomalous coupling terms for WZ, W~ and Z+. All the amplitudes included the
decay of the vector bosons into leptons as applicable. We also showed how to obtain
the gg induced box loop for Standard Model Z+ production from the literature, and

calculated the gg induced triangle diagram with an anomalous triple vertex.
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We differed from previous studies of vector boson pair production in that we
integrated the vector boson pair production process over the whole phase space,
rather than requiring two jets to be seen and cutting out the singular regions. This
allows us to keep more of the events, rather than losing a large number through a jet
veto. We used the subtraction method to cancel singularities analytically. Again,
this is a general process for all vector boson pair production processes, though it
did not include the singularity caused by the photon becoming collinear, which was
treated with Frixione's isolation procedure [86].

The amplitudes were implemented in a Monte Carlo integration using VEGAS.

We presented results under a number of conditions, all of which led to the con-
clusion that the gg induced term of vector boson pair production is small.

We showed pr plots indicating that the gg induced contribution is small and
negative. The size of the gg term was seen to be due to the sign change in the
hard scattering at low §. We also calculated the vector boson pair production with
anomalous couplings caused by new physics. Again we found that the gg term was
unlikely to be significant, and the same was the case even at very high energies (the
hypothetical VLHC).

There are a few obvious extensions to this work that could potentially be carried
out.

The tree level amplitudes for gluon induced vector boson pair production could
also be used in a calculation of WW or ZZ production. This would just require the
calculation of more loop diagrams and is an obvious next step. This would add to
the LO and NLO terms from the literature. We would expect these terms also to
be small, but the unknown contribution of the loop diagrams would suggest that it
would make sense to carry out the calculations explicitly.

A particularly interesting process is the gluon-gluon induced production of two
photons, gg — qg7yy. This is the part of the background to the process g¢g - H —
~7, which at the LHC is the main decay mode of the production of a light Higgs via
gluon fusion. The process of di-photon production was discussed recently by Bern,
Dixon and Schmidt [91]. Here they calculated the appropriate loop diagrams for this
di-photon background to Higgs production, and used the results of our investigation
into WZ and W+ production [55] to infer that the tree level process gg — qgvyy
ought to be small. (They neglected this term in favour of other gluon-gluon induced
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NNLO terms, and some newly calculated terms at the next order.) However, an
explicit calculation of our tree level term for 4y should still be interesting, at least
to ensure that there are no ‘surprises’ in this term.

The next step to take regarding the phase space of vector boson pair produc-
tion may be to calculate the contribution gqg — ViVaqg. This is another NNLO
contribution. The gg induced contribution turned out to be so small that the gg
result, even though suppressed by a power of a,, might be a bigger contribution.
Here the phase space is made more difficult by the possibility of a final state soft
gluon: one must combine singularities, allowing soft and collinear singularities to
occur together.

Further investigations on the gg induced term would just be checks to ensure
that the gg induced contribution to vector boson pair production is always small.
Assuming it is found that this contribution is at the 1% level always, as we have found
in all our investigations, one may not need to conduct many more investigations on
the explicit details of the gg term under all circumstances, as it would be reasonable
to leave it out of realistic predictive calculations.

However, the smallness of the gg term should not in any way be seen as a
disappointment. It allows us to work just to the known NLO level when making
experimental predictions, and be reasonably confident that the QCD corrections are
not large. This stability in the QCD predictions suggests that any deviations from
the expected (NLO) results could be due to new physics effects rather than this gg
induced QCD correction.

We await the LHC results on vector boson pair production with interest.
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Appendix A

Colour ordered Feynman rules

These are the rules used to calculate the kinematic parts of Feynman diagrams
in the helicity method. Note that we use the conventions of Dixon [52] and in
particular that as Tr(T°T®) = §, factors of /2 that we might otherwise expect to
be associated with colour factors now appear in the Feynman rules.

External particles are given by spinors as described in chapter 2, |i4+) and (i £ |.

Propagators and vertices (with all momenta outgoing) are:

7 v .
NAVAV V¥ —z%{/‘y"
k— L'

M< %
V\Mi 75900 (P = Qs + 9pu(a — K)o + g (k — p),)

1GupGur — (g;wgp)\ + gpAgup)
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Appendix B

Helicity amplitudes

B.1 Helicity amplitudes for gg —» W Zqq

Here we present all the helicity amplitudes required for a calculation of gg — W Zqq.
We give the amplitudes with anomalous couplings included. To obtain the
Standard Model result, we would set the anomalous couplings to their Standard
Model values, g7 = kZ? =1 and A\? =0
We need explicit expressions for only 6 amplitudes: the amplitudes for all other
helicity configurations can be obtained by some straightforward relations.

The amplitudes that we require are:

Ap(gof) Bia(gtgd) Awlegs) Bialgtes) Anl(ggs) Bal(gley) (B.1)

where these are the amplitudes with helicities 1 and 2 as given, and other he-
licities I; 7} I I5 g7 @3 . The A amplitudes are those without a triple gauge vertex,
while the B amplitudes contain a triple gauge vertex. Hence only the B amplitudes
contain anomalous couplings.

The helicity amplitudes without a triple gauge vertex are:

(73)
(71)(72) 834556t 347

Alz(gf’g;)

{( (72)(6)(7 + 3)|4)(7|(1 + 2 + 8)|5) + (72)(6](5 + 8)(1 + 2)|7)[34](85]

(82)(12) tses(12)
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+(73)(34] (<6|(3 +4 122312 3(477| (2 + 8)[5)

N (6|5+8|2><7|(3+4)|1>[85]>} (B.2)

56811347

1 { (73)(2|(1 + 8)[5)(61(3 + 7)[4)[81)?
512834556 [82]t347t128
(27)%(31(2 + 7)[1)(6](5 + 8)|4)(85]
(17)t127ts568
(37)[81](85] ((72)(6|(1 +34+74) 2B+ 746l +4+ 7)|1))
[28]u1347 (17) t347
4 (6](5 + 8)[1)[85][37] ((27)(2|(1 +3+7)|4)
L568 (17)
<2|(3+7)|4)(2|(3+4+7)|1)>} (B.3)

ta47

Aa(gfgy) =

-+

An(gter) = — {<28><37>[181<2I(1+8)|5><6|(3+7)|4>

812534856 (18)t347t128

(27)[71][85](3|(2 + 7)[1)(6](5 + 8)]4)
* [72)t127t568
N [85](2(3 + 7)[4)(6](5 + 8)2) ((3|(2 + 7 | BN2IB+4+ 7)|1>>

ts68Ua347 [72] t347
(2|(1 + 8)|5) ((3|(2 + T)1)(6](2 + 3 + 7)|4)
<81>U2347 [27]

\ DG DG Y ) -

These ‘A’ amplitudes are the sums of diagrams where the W and Z are ordered
so that the W is on the same side as the quark, and the Z on the side of the
antiquark. To obtain the amplitudes with the opposite ordering of W and Z, we
need to reverse the lepton pairs {34} +» {56}. As we have I3 #;" but I’} I;”, opposite

helicities, we have to reverse the order of the pair when swapping the pairs.

e To reverse the ordering of the W and Z on the quark line, change {3,4,5,6} in
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the helicity amplitudes to {6,5,4,3}.

The helicity amplitudes with a triple gauge vertex, including anomalous cou
plings, are:

Bia(gyg5) = 1/(2(12)(17)(28)s34556U3456)

{(67)[5](1 + 2 + 8)|7](3|(5 + 6)|4) (97 + &7 + A7)

+(7|(5 + 6)(1 + 2 + 8)|7)(63)[45] (97 + k% + Ji\/‘,—zzuyse)
+ (6](3 + 4)[5) ({73)[4|(1 + 2 + 8)7](247 + \?)
)\Z

~ 3z BIE (TG +6)(1+2+8)I7))

Bi2(9192) = 4s12334156u3456 { tl[jjl;?] (—2(76)(5](1 + 8)[2](3|(5 + 6)|4) (9f + &% + A%)

+ (715 + 6)(1 + 8)|2) — (7I(3 -+ 4)(1 + 8)[2)[45]{63) (g7 + 7 + £U3456)

M3
= 2(6](3 + 4)[5)((37)[4I(1 + 8)[2] (297 + A7)

+_M_%(3|(5 +6)]4)(7|(5 +6)(1 + 8)|2)))

gi;gg ({31(5 + 6)[4)(76) 58] (g7 + K7 + A7)

({7105 + 6)[8) — (71(3 + 4)18))[45]{63) (67 + 7 + jl—>
~ 2(6](3 + 4)15)((37) 48] (207 + A7)
#3316+ Ol4)7I(s +6>|8>>)

* (1(%22127 (2<3|(5 + 6)|4)[1l(2 + 7)|6][85](912 + K%+ /\Z)

+([11(2+ 7)(5 + 6)I8] — [1(2 + 7)(3 + 4)[8])[45](63) (91 + & i

7+ Wuuse)
z
— 2(6(3 4 4)|5)([1](2 + 7)|3][84] (297 + A?)

)\Z

#3706 + O+ 6+ 018D ) | (B.6)
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Buldl ) = Jomsmmar— ey (20106 + 0467 BI(1 + 8)2) (67 + 17 + X7)

Z

M2 ——5U3456)

+ ((71(5 + 6)(1 + 8)|2) — (7|(3 + 4)(1 + 8)[2))[45)(63) (g7 + x” +
— 2(6(3 + 4)[5)((37)[4](1 + 8)|2](2¢7 + A?)

+ 370915 + 75 + )1 +8)2) )

* [27]1(81) (—2(3|(5 + 6)|4)[1](2 + 7)I6][5](1 + 8)[2](g] + K7 + A?)

+([UE+7)(5+6)(1+8)|2] — [1|(2+7)(3+4)(1+8)[2)
[45)(63) (g7 + k% + ]1\4—22113456)
+2(6/(3 + 4)|5>([1|(2i 7)[3)[41(1 + 8)[2](2¢7 + A7)
AA; (3](5+ 6)[4)[1](2 + 7)(5 + 6)(1 + 8)2]))
207

BTty (216 +O)D[LI( + DB + 17 +27)

A4
+ (112 +7)(5+ 6)[8] — [1](2 + 7)(3 + 4)|8])[45)(63) (67 + K% + ];\4—%113456)

+2(61(3 + 512 + TI3I48] (267 + A7)
~ 37 s + Oz + )6+ o) ) | (B7)

We need some relations to transform all the amplitudes into amplitudes for all
other helicity configurations. These relations are the same whether we have an A or

a B amplitude.

o To go from I;TlL to i It we simply swap 5 < 6 in the amplitudes above.
5 b6 5 6

e The operation 1 < 2 exchanges gluons 1 and 2, though the helicities must be
the same, for example A;5(g; g7) to A (gy g5)

To perform the remaining relation, reversing both gluon helicities simultaneously,

we introduce the relation flipy,, where
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flipyy; =3 < 5,4 & 6,7 + 8, (ab) + [ab] (B.8)

e To reverse both gluon helicities, keeping everything else the same, we use

flipyyz. An example:
Ar2(g91 92) = flipw z[A12(91 97 )] (B.9)

Of course, we can also combine these relations as required.

B.2 Helicity amplitudes for gg -+ W~qq

Here we present all the helicity amplitudes required for a calculation of gg — W~q4.
Initially we will state the independent amplitudes needed for a Standard Model cal-
culation. We will explain how to use the amplitudes to obtain all helicity config-
urations. We will then give the additional amplitudes needed for the anomalous
case.
For the Standard Model case, we need 8 independent amplitudes:

A9 9575) Bua(9i977) Anlgfevs) Bualel g775) (B.10)
A9 9:79) Bialgf 9:7) Anl9ig:7) Baulgigz17)

For each helicity configuration, A is the amplitude with the photon on the same
side of the diagram as the antiquark, and B has the photon on the same side as the
quark.

The explicit helicity amplitudes for these are given below.

Fotad) (36) (63)(34)(76) 1
Aeldl %) = G ETy (61) (6550 ( (57) 2t — saa) (0034
— (63)(34))(6/(1 + 2 + 7)|5) — (6] (1 + 2+ 7)|4)(6](3 + 4)15)))
(B.11)
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o) = (36)({6](3 + 4)I5)(61(1 + 2 + 7)[4) + (6](1 + 2 + 7)|5)((63)[34] — [45](56)))

2(27> (21) <61) <65>834 (t345 — 834)
(B.12)

1
(61)(62)[65] 534
( 6) ( (63)[34](6](1 + 2)|7)[76] | (s16 + S26 + 576)(5|(3 + 6)[4)[62]
346( )

[75](12) (72)(12)

27 >[7§]257 ((8](2 4+ 7)[1) (526 + 576)[75] + (6](2 + 5 + 7)[1)[72][76)(27))

2(27)(21<)2(245 o ((36)(61(4 + 5)[3) (36)[46]

+ (s56 — 546)(35)(6](3 + 5)[4) + (56)[45](53)(s16 + 526 + 576))

4+

— 2(63)(61(3 + 5)|4)[61(3 + 4)|5])) (B1
Bu(g} - :
12(91 92 s ) - (61)(62)[65]834
((35)(6|(1 +2+7)[4)(26)  (65)(3](5 + 6)[1)(6](2 + 7)|4)
(21)(27) (27)t156
_ (65)[74] ((6|(1 +2)(4 +7)[3) 4 (65)(3|(4 + 7)|2)[51])
t347 (21) L156
(26)

-+ <56>[45]<53>(316 + 8926 + 576) — (53)356<6l(3 + 5)|4)
+2(36)(6|(3+5)|4)[6|(3+4)|5)) (B.14)

An(gigzvs) = 1/((16)(35)[72]s12534t126t127)
1
(m{(lﬁ) (36)t126((2[(3 + 6)|4)t127
((21(5 + D)1)(3[(5 + T)[1)[72] + (3] (4 + 6)[1)[17]s57)
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+ (36)(57)(2|(1 + 7)|5)[64][71)*t257)
+ (26) 127346 ((36)t126 ((2](5 + 7)[4)(3|(5 + 7)|1)[72]
+ (3|(1 + 6)[4)[17]s57) + (62)(3](2 + 6)|1)(3](5 + 7)|4)[72]t267) }

(334[i5]ts45) ((16)¢63)[71]*(2{(1 + 7)(4 + 5) 3)t126

+ (62)[7|(4 + 5)[3]t127((26)(3(2 + 6)[1)[72] + (36>[17]t126)))
(B.15)

Bia(gigz ) = 1/ ((16)(12)(56)834t126)((26)3(3I(4+7)I5)[74]/t347
1

2[72] [21]t127(834 — t345)
((21(1 + 7)]5)((63)[34] — (65)[54]) + (6](3 + 4)[5)(2|(1 + 7)|4))

+ (26)7[72}t127((31(2 + 6)[1) (2(64)[45][74] + (63)([34][75] + [35][74])

+ [45((36)[74)(41(2 + 6)[1) + 2(75](35)(62)[21] + (63)[75] 5/ (2 + 6)]1)))

+ [71)(36)(26)trastor ((36) ([74][35] + [75](34] + [45](1(4 + 5)[7)) } )
(B.16)

+ (16)(36)[71]*t126

An(gf ;7)) = 17 )(35)[26] 512534t 126t 127)

(5

(27
+
+
+

T irrtan (30 27O (2I(3 + 6)[4)(3[(5 + 7)1 taastrzrtisr
)

(36)(57)(2/(1 + 7)15)[62][64][71]t126t157
(3(2 + 6)1)t127t346((75) (2|(1 + 7)[5) (3|(2 + 6)|4)t126
(71)(2](3 + 6)14)(3[(5 + 7)|1)t126 + (71)(26)(3|(5 + 7)|4)[61]t157))
[54]
(834 — t345)
— (3((4 + B)[7)(17) (26)(3)(2 + 6)[1)[61]t127)) (B.17)

({31(4 + 5)(1 + 7)[1)t126((27)(36)[62][71] — 127 (3](2 + 6)[1))
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Bo (g7 97 77) 1/((17)(35)[26]s1283at126t127)

(66)(3(2 + 6)[1)((3](4 + 7)[1)[65]t126 + (3](4 + 7)|5}[61]t2s6))

(2](1 + 7)[4)t126t347({56)(3](2 + 6)[1)(3[(2 + 6)[5)t127 — (27)(36)[71]¢256)))

(m(ﬂ?)(%‘) [74]t127((36)(2|(5 + 6)]1)(3](4 + 7)|1)[62]¢126
+
+
+

[45)
(s34 — t3a5)
— tin(31(2 + 6)|1)(3](4 + 5)I7)(17)(26) 61)))

We now want to use the amplitudes above to obtain amplitudes for all possible
helicity configurations. We know that the helicities of the leptons and quarks are
fixed as I3,1], g5, 3, but the helicities of gluons and photon can be ‘+’ or ‘-’

We introduce the relation flipy,., where

flipy., = 3 ¢ 4,6 < 7,(ab) > [ad] (B.19)

e To reverse gluon and photon helicities, use flipy.,. This also reverses gluon

ordering and changes A amplitudes to B amplitudes and vice versa.

Examples of the use of flipy,., are:

A2(97 95vF) = flipy,[Bai(gi 95 715 )] (B.20)
Boi(91 957 ) = flipw,[An(gf g 7)) (B.21)

The only other relation that we need is to be able to swap the order of gluon 1
and gluon 2. When we do this by swapping 1 < 2 in the amplitudes, we also swap
the helicity of g, for the helicity of go. Hence 1 <+ 2 on Aj2(g{", 94,77 ) will give us

Axn(gl,g5,77) but 1 & 2 on A2(g{, 95,7:) will result in Ay (97, 95,77 )-

e To reverse the ordering of the gluons, use 1 <» 2. This will also exchange
helicities 1 and 2.

The two relations above are enough to relate all required helicities to those that

are given above.
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(t126(3](4 + 5)(1 + 7)[2) ((27) (36)[62][71] — 2127(3[(2 + 6)[1))

(B.18)



We now need the anomalous terms to add to these amplitudes. Here we just need
four amplitudes, as each combines with both the A amplitude and the B amplitude.

The four independent amplitudes that we need are:
A9l g3 7) Als(alod ) Als(or g2 7) Afi(979275) (B.22)
and explicit helicity amplitudes for these are given below.

[54](6|(1 + 2 + 7)|5) (%(34 ){(6](3 + 5)]4) + Am(36))
gy =
2(27)(12)(16)534(t345 — 534)

(B.23)

e (35)(56) ( 2 (61(1+ 2+ 7)(4+ 5)[3)(34] - ARYEI(1 42+ 7))
12(g1 92 75 ) = 2(27)(12)(16)834(t345 _ 834)

(B.24)

A9 g2 %s) = ([45]/(2(16)[27]s1283at126t127 (taas — 834))
{(26)%[27)[57]t127 (122 (34)[4](3 + 5)(2 + 6)]1] + AxY(3|(2 + 6)1 ))
+ [17]t126 ({16) [17](2|(1 + 7)|5) + (26)[75]t127)
( ]32 (34)[4](3 + 5)16] + Am<36))} (B.25)

AsS(gf g7 78) = ([45)/(2(17)[26]s1253at 126t 127 (E345 — S34))
{@7)(2](1 +7)[5)[62][7 126 (Q—:zv<34><6'<5 L))+ <36>Am)
T tagr(17)(26)[61)[75] — (2](1 + 7)[5)120)

(]\32 (34)[4|(3+5)(2+6)|1] + Ax"(3|(2 + 6)|1))} (B.26)
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These anomalous amplitudes combine with the Standard Model amplitudes to

give a complete amplitude for the helicity configuration.

Aot gid) = AN (g gd ) + Afs(gi g ) (B.27)
By ™™gt g vd) = By (97 95vd) — AfS(ai 93 %) (B.28)

All other helicity configurations can be found using the same relations as were
required for the Standard Model case, but operating on A**°™ and B°*™ rather
than the Standard Model A and B.

B.3 Helicity amplitudes for gg — Z~vqq

Here we present all the helicity amplitudes required for a calculation of gg — Zvyqq.
We already have the necessary amplitudes for the Standard Model case, as they
can be obtained directly from the W+~ amplitudes given in Appendix B.2. |
Here we only need to state the helicity amplitudes for anomalous couplings. We

will always use the couplings

;lehz%ig; ;zf/"z%/:; Ef/'y:—];—é/;; ﬁZh_ﬁ (B.29)

z z z

Though we need amplitudes for every possible helicity configuration of the par-

ticles (gi”, gé”, 13‘3, l—f}", 7?5, qg“, q?’) we can obtain all results from just four explicit
helicity amplitudes:

Z/~v,ac Z/v,ac — Z[v,ac — Z/~,ac -
AL (g g ad) A (g g ) AL (g9 E) A (g e ) (B.30)

A?%9 has an intermediate Z (a ZZvy vertex) while A" has an intermediate
photon (a Z~y vertex).
The necessary amplitudes can be written explicitly (suppressing the helicities of

the quarks and leptons, which are always I3, 1}, ¢z, G ) as:
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AN 08 ) = i A (R — iR 63
— (h3"" — ih{!7)(6](3 + 4)[5)(53)) (B.31)
A G = g —(a(F

Zly _ 12/
T3 an fenyan A — ihs (613 + 5)l4)

+ (hZ/ — ih]7)(45)(65)ts45) (B.32)

A (gt 97 = 4<1£§2534(<%> T (o7 — iRZ) 312 + B)1)

+ (R = ihZ/7) (53)[5(3 + 4) (2 + 6)[1])
+ [7[27]227([75] (62)(s12 + s27) + (12)[71](6](1 + 7)|5))

t126

(AR — ik (36) + (b7 — i) (53)61(3 + 4)[5)))

(B.33)

ALt ) = o (AR DR oz iy
+ (R — ih/7)(53)[5](3 + 4)16])

+ ————[26](117)t126 ((12)[61](6](1 + 7)[5) + (s12 + 526)(2|(1 + 7)[5))

(7 = iH 27 (32 + 6)|1) |

(R — ih§)(53)[51(3 + 4)(2 + 6)1)) ) (B.34)
Once we have these amplitudes, we can obtain all other helicity configurations.

e To reverse helicities of I3 and I, use 3 ¢ 4 in the above amplitudes.

e To reverse helicities of ¢g and G7, use 6 <> 7 in the above amplitudes.
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Reversing the helicities of ¢; and go is a little bit more complicated, as here the
ordering of the gluons matters. By swapping 1 <+ 2 in the amplitudes, we reverse
the ordering of the gluons. If both gluons have the same helicity, then this is just
a simple swap from Ay to Ay or vice versa. However, if the gluons have different

helicities, we go from A;a(g; g5) to A21(g7 ¢5) and from A2(97 gF) to Ax (g g5 )
o To exchange g; (with helicity 1) for go (with helicity 2), use 1 ¢ 2.

These equations give us all helicities with g; ;773" 91 957, g1 95 7= and g7 g7 v,
with either gluon ordering. But we still need to fill in the remaining helicities and to
do this we need a 'flip’ relation. flip,., reverses the helicity of the gluons and photon,

while keeping quarks and leptons unchanged, and also reverses gluon ordering. -

flipy, = 3 ¢ 4,6 ¢+ 7, (ab) & [ab], A7) — —h7) (B.35)

An example:
Anl(gr, 97,7 ) = flipz [A2(gi, 97,73 )] (B.36)

o To reverse all gluon and photon helicities use flip,. This reverses the gluon

ordering, but leaves quark and lepton helicities unchanged.

We may also combine the relations to fill in the remaining gaps.

A12(91_,92_> lg—a 1—4_1 75_3qg_aq—7—) = ﬂip27[A12(gi*—’g;)l3_:l—Ia 7;aqg;q:7+)]lH2,3é—)4,6H7
(B.37)

though of course in this case it helps to combine the relations in advance:

Al?(gl_ag;) l;-a Z_Zﬂs_,qé*,q} ) [A12(g1 y 92 )l3 1l+ 75 aQG yq7 )JIHQ hz/“r Z/W (aby>[ad]

12’

(B.38)

e To reverse all the helicities of an amplitude at once (also reversing the gluon

ordering), use hl/27 — hIZ/27, (ab) ¢ [ab].
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