AR
W Durham

University
Durham E-Theses

Black holes in the gravity/gauge theory
correspondence

James Paul Gregory

How to cite:

Gregory, James Paul (2002) Black holes in the gravity/gauge theory correspondence. Doctoral thesis,
Durham University.

Use policy

The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or
charge, for personal research or study, educational, or not-for-profit purposes provided that:

e a full bibliographic reference is made to the original source
e a https://etheses.durham.ac.uk/id/eprint/3945/ is made to the metadata record in Durham E-Theses
e the full-text is not changed in any way

The full-text must not be sold in any format or medium without the formal permission of the copyright holders.

Please consult the full Durham E-Theses policy for further details.

Academic Support Office, The Palatine Centre, Durham University, Stockton Road, Durham, DH1 3LE
e-mail: e-theses.admin@durham.ac.uk Tel: +44 0191 334 6107
https://etheses.durham.ac.uk


https://www.durham.ac.uk
https://etheses.durham.ac.uk/id/eprint/3945/
https://libguides.durham.ac.uk/open_research/etheses#s-lib-ctab-15326874-5
https://etheses.durham.ac.uk

Black Holes in the Gravity/Gauge
Theory Correspondence

James Paul Gregory

The copyright of this thesis rests with the author.
No quotation from it should be published without
his prior written consent and information derived

from it should be acknowledged.

A thesis presented for the degree of -
Doctor of Philosophy

E? SEP 2002

Ry

Centre for Particle Theory
Department of Mathematical Sciences
University of Durham
England

June 2002




For Mum €4 Dad

“Bx antiquis et novissimis, optima”

— Motto of Fitzwilliam College, Cambridge.



Black Holes in the Gravity/Gauge
Theory Correspondence

James Paul Gregory

Submitted for the degree of Doctor of Philosophy
June 2002

Abstract

The AdS/CFT correspondence provides a microscopic description of black hole
thermodynamics. In this thesis, I study the relation between the classical physics of
black holes and this microscopic description. I first consider the gauge theory’s holo-
graphic encoding of non-trivial global causal structure, by studying various probes
of the black hole. I study the charged black hole, so that thé thermal scale is
separated from the horizon scale, to demonstrate which relates to the field theory
scale size. I find that, when probing the horizon, both Wilson loops and the duals
of static supergavity probes have a scale size determined by the horizon, but the
field theory scale size is divergent for a time-dependent probe. I also use the bulk
black hole geometry to study the physics of the boundary theory. If we consider a
dynamical boundary, a braneworld cosmology is induced from the bulk. However,
the presence of matter on the brane introduces unconventional quadratic terms in
the FRW equations of this braneworld. I find that bulk black holes induce identi-
cal unconventional terms on a matterless brane, therefore providing an alternative
description of the same cosmology. A new conjecture relating classical and thermo-
dynamic stability of black branes has emerged from the AdS/CFT correspondence.
I make progress in proving this for the case of Schwarzschild black holes in a finite
cavity. I also extend the conjecture to the supergravity backgrounds of the direct
product form Schwarzschild-AdS x Sphere, which are relevant to my study of the
AdS/CFT correspondence.
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Chapter 1

Black Holes in Quantum Gravity

Even if the open windows of science at first make us shiver after the cosy
indoor warmth of traditional humanizing myths, in the end the fresh air

brings vigour, and the great spaces have a splendour of their own.

— Bertrand Russell, What I Believe (1925).

Einstein’s General Theory of Relativity [4] adopted a radical new approach to
the description of the gravitational force — matter or energy warps the fabric of
spacetime itself, and so gravitational attraction is caused by the natural roll of
objects in a curved background. With outstanding precision, macroscopic physics

is intricately modelled by the equation which describes the geometry of spacetime
1
Ry — 5739,“, = —-81GT,,, (1.1)

in which g,, is the metric of the background with Riemann curvature R,,,,. The
class of allowed geometries is restricted by the nature of the source term in the
Einstein equation, T},,, the Energy-Momentum tensor.

In modelling the infinitely many degrees of freedom which form the dynam-
ical gravitational field, the elegance of the Einstein equation becomes apparent.
Of great interest to us will be the “black hole” solutions, first encountered by
Schwarzschild [5]. A black hole is a physically viable solution to (1.1) containing
a singularity at which spacetime curvature becomes infinite. Obeying the Cosmic

Censorship Conjecture, the singularity is cloaked by a one-way surface, the event
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horizon. This is a significant part of the global causal structure of the black hole as
it represents the boundary of the causal past of future null infinity - anything cross-
ing the event horizon cannot escape to infinity, since within it, all timelike geodesics
converge at the singularity. This non-trivial causal structure of black holes provides
a large element of our investigation in this thesis.

Following the identification of the importance of the global structure of black
hole spacetimes, and the development of methods to study it, the understanding
of the differential geometry of black hole solutions has led to a description of their
physics in terms of several basic laws of black hole mechanics [6,7]. Firstly, Hawking
proved that, in a classical process, the area of a black hole’s event horizon cannot
decrease with time [8]. The analogy between this result and the second law of ther-
modynamics was observed by Bekenstein [9,10], when he suggested that we should
identify area with the entropy of a black hole (up to some suitable multipicative
factor). This led him to propose a generalised second law of thermodynamics — that
in any physical process the total entropy of a system, defined by the entropy of
ordinary matter plus black hole entropy, can never decrease. Subsequently, Bardeen
et al [7], constructed three more laws of black hole mechanics (at least for stationary
black holes) based on their classical geometry. These could also be identified with
laws of thermodynamics if the black hole surface gravity, «, was identified as being
analogous to temperature. The analogy between the two sets of laws is summarised -

in table 1.1.

Black Hole Mechanics Thermodynainics

Zeroth Law | Surface gravity, x, is constant | T is constant throughout a body

over the event horizon. in equilibrium.
First Law | dM = g2dA + QydJ + ®5dQ | dE =TdS + work terms
Second Law | 6A >0 0S5 >0

Third Law | Impossible to achieve k = 0 by | Impossible to achieve T' = 0 by

a physical process. a physical process.

Table 1.1: The four laws of black hole mechanics

This analogy appeared striking because the nature of the two sets of laws could
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not be more different — thermodynamics is based on likelihood when one derives
macroscopic results from a large set of microscopic systems, but the laws of black
hole mechanics are rigorous results of differential geometry derived from the global
structure of the spacetime. Considering just the entropy-area relationship, the event
horizon is an artefact of the global causal structure and is not detectable by a local
observer. Why then should this be related to entropy, which we usually think of
as a measure of disorder in a physical system? Despite these conceptual challenges,
a concrete realisation of part of the connection between black hole mechanics and
thermodynamics was found when Hawking considered the quantum effects on these
classical bodies [11].

Quantum Field Theory arose to describe the electromagnetic force (and now
describes the weak and strong nuclear forces too). It is the framework within which
Special Relativity and Quantum Mechanics are successfully unified. One of the
key consequences of the quantum theory, is that it allows for the pair production of
particles from the vacuum. Studying this process in the vicinity of a black hole event
horizon led Hawking to discover that black holes are not truly “black” — they decay
by emitting thermal radiation at a temperature proportional to their surface gravity.
This result allowed Hawking to identify the multiplicative factor in Bekenstein’s
entropy-area relationship by precisely matching the first laws of black hole mechanics
and thermodynamics [12]. The analogy for the zeroth and third laws is also realised
given Hawking’s identification of surface gravity with temperature (see table 1.1).
The desire to understand this analogy has contributed to the development of the
gravity /gauge theory correspondence, but before discussing this, we will comment on
another issue in black hole physics arising from the discovery of Hawking radiation.

Quantum field theory involves only unitary time evolution, but it is not under-
stood how to describe black hole formation and evaporation in a unitary manner.
Following the formation of a black hole, material crossing the event horizon will fall
towards the singularity, but as the black hole decays, it is not known whether the
emitted radiation can carry the vast amounts of information that the black hole has
previously hidden from observation. Even if the information is encoded in correla-

tions among the particles of the Hawking radiation, this would violate the principles
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of causality and locality since the classical view suggested that this information was
held at the singularity. These issues are described as the Information Loss Para-
dozx [13] — a satisfactory resolution to the problem has not been uncovered, but some
of the new ideas developed over the last few years are leading towards a new un-
derstanding of the physics of black holes which may unlock their secrets. What we
require is a radical shift in our understanding of spacetime causal structure!

We have seen that treating particles quantum mechanically in a classical back-
ground has led to useful results in the study of black hole physics, but the problems
associated with these results may indeed arise from the shortcomings of this semi-
classical approach. A quantum theory of gravity is required if we are to achieve
a unified description of fundamental physics. Naive attempts to directly quantise
the gravitational field fail due to non-renormalisability. An entirely new theory of
Quantum Gravity was sought and Superstring Theory [14,15] is emerging as a viable
candidate for such a theory. The basic premise of superstring theory is that vibrat-
ing strings, of length ~ 1073*m, replace point particles as the building blocks of
both fermionic matter and gauge bosons. However, the non-perturbative definition
of string theory also contains higher dimensional objects including the D-branes. In
a low energy limit, these D-branes describe generalisations of black holes in various
dimensions — the black p-branes of supergravity. In Strominger and Véfa’s study of
near-extremal D-branes in the weakly coupled theory, an explicit counting of states
was made for particular black holes constructed from D-branes [16]. Given this
microscopic description of these black holes, they calculated entropy in a statistical
mechanical manner and found it agrees with the Bekenstein-Hawking result. As a
quantum theory of gravity, string theory is thus beginning to provide feasible so-
lutions to why the laws of black hole mechanics resemble laws of thermodynamics
— a microscopic derivation of black hole entropy suggests that these laws of black
holes are thermodynamic laws. Since the laws arise from studying the global struc-
ture of black hole spacetimes, this new interpretation of them may lead to a fuller
understanding of this structure from this new perspective.

Strominger and Vafa’s study considered the coincident D1-D5 brane system,

which has the near horizon geometry AdS; x S3. The entropy was calculated in
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terms of the 1+1 dimensional conformal field theory living on these D-branes. The
agreements between the field theory and gravity provided early indication of a grav-
ity/gauge theory correspondence that would follow. This was to be Maldacena’s
celebrated “AdS/CFT correspondence” [17]. Under the auspices of a unification of
quantum field theory and general relativity into one overlying theory, string theory
has now provided correspondences which have interweaved these two pillars of the-
oretical physics in an unimaginably fruitful way. In particular, we can now begin to
study the problems associated with black holes in quantum gravity from a new van-
tage point — the gravity /gauge theory correspondences are holographic, they match
gravity theories to gauge theories in fewer dimensions. Holographic theories state
that the amount of information contained in a bulk region is limited by the size of
that region’s boundary (we will discuss this further in section 2.3) — this requirement
was inspired by the black hole entropy bound [18,19].

Understanding how gravitational spacetime causal structure is encoded in a
gauge theory is of great interest, and this motivates our study in chapter 3. In partic-
ular we use the AdS/CFT correspondence to study the non-trivial causal structure
of black holes. In the next chapter of this thesis we will give the dual gauge the-
ory description of AdS black hole gravity solutions, which provides the test bed for
our investigation. At this stage, resolving the black hole information paradox is
too great a task, but we undertake a study of the encoding of the black hole event
horizon in the field theory, since this is one of the key features of the black hole’s
non-trivial causal structure. Given that objects in the black hole spacetime must
move on a trajectory which lies within their future lightcone, we should be able to
understand how this restriction arises from the gauge theory. We extend a proposal
of a gauge theory mechanism for this to the case of black holes. We find that this
suggests a connection between the physics of probes of the bulk spacetime and their
dual sources in the gauge theory as the bulk probe nears the event horizon - this
is a possible re-interpretation of UV/IR relations for black hole spacetimes, which
connect the scale size of field theory operators to the radial position of a bulk probe.
We will review how gauge theory operators act as sources for bulk gravitational

fields in section 2.2. We are then able to test this generalised relation by studying a
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variety of probes, both static and time-dependent, of the black hole event horizon.
Some of the probes we study will illustrate how bulk locality may be encoded in the
field theory despite the holographic nature of the correspondence.

One of the appealing features of the gravity/gauge theory correspondence is the
fact that it decribes a purely gravitational theory in terms of a gauge theory alone
and vice versa. However, the gravitational description of a gauge theory coupled to
gravity would also be useful, since it may be able to provide a solely gravitational
description of the cosmology of our universe. Extensions of the gravity/gauge theory
correspondence in this direction have provided what we need to make this a possibil-
ity. They relied on bringing together two of the most well studied concepts in recent
years — the gravity/gauge theory correspondences and braneworlds. The notion of
the braneworld [20-22] is that our universe could be a four-dimensional hypersurface
living in a higher-dimensional spacetime. The bulk physics of the higher-dimensional
spacetime can induce the correct physics on the braneworld to govern the cosmology
of our universe. In so doing, braneworlds can be used to propose viable solutions to
many of the problems of cosmology. We will discuss these concepts in more detail in
section 2.5. For our study, we would like to understand what effect a black hole in
the gravity theory has on the dual braneworld cosmology. It was earlier found that
when matter was placed in the brane universe, the presence of the extra dimensions
induced non-conventional terms in the braneworld cosmology which are not present
in the standard cosmology of a four-dimensional universe [23,24]. In chapter 4, we
will show that these non-conventional terms can be found to arise in a completely
different way — they can be induced by the black hole on a matterless brane universe.
This example illustrates how the black holes can be used to understand their dual
theory, rather than the opposite way which we explore in chapter 3. In this context,
a complete understanding of the global structure of black hole spacetimes could be
used to probe the cosmology of our universe.

One of the remarkable results of studying black holes in the gravity /gauge theory
correspondence is the new relations which have been identified between the classical
dynamical evolution of black brane solutions and their thermodynamics. It has been

proposed that classical black branes are dynamically stable if and only if they are
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locally thermodynamically stable [25,26]. These are new examples of relationships
between the local dynamics of black holes and their thermodynamics. The laws
of black hole mechanics all relate to the global structure of black holes and we
have seen how these are related to thermodynamics. Despite the indication that,
within a quantum theory of gravity, there is a microscopic derivation of the black
hole thermodynamics, the laws which result are global concepts since they refer to
the general macroscopic behaviour of a large number of microscopic systems. It is
therefore surprising that we can now identify correspondences between two notions
of “local” stability at the classical level, but this is indeed what we have following
Gubser and Mitra’s conjecture.

We will discuss the new conjectured correspondence in section 2.6. Whilst this
correspondence between dynamic and thermodynamic stability is only a conjecture,
an excellent argument for its general validity was given in [27]. However, this still
falls short of a rigorous proof — in chapter 5 we will give a more complete argument
connecting classical and thermodynamic stability for the specific case of an un-
charged black hole in a finite cavity. This is a simpler case than that studied in [27],
which allows us to be more rigorous in connecting the two notions of stability. Our
argument will rely on explicitly demonstrating the equivalence of the onset of ther-
modynamic instability with the presence of the Euclidean negative mode associated
with classical instability.

Given that, in the context of black branes, dynamic and thermodynamic stabil-
ity have been identified by this new conjecture, it is natural that we would want to
extend this connection to a wider class of backgrounds of the gravitational theory.
Stability of a gravitational solution indicates that the solution is physically relevant
and thus questions regarding the stability of any background are necessarily asked.
We undertake the task of extending the conjecture in chapter 6, where in particular
we study backgrounds which are the direct products of black holes and spheres.
These are the backgrounds which arise naturally in the construction of the grav-
ity /gauge theory correspondences, hence to understand their stability is certainly a
well-motivated problem. In this situation, by the nature of the gravity/gauge theory

correspondence, an instability of the gravitational background should be interpreted
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as some interesting phenomenon in the dual gauge theory, such as a phase transition.
Dual to the black hole spacetime is the finite temperature field theory in which this
transition is realised.

We conclude this thesis in chapter 7 with a summary of the findings of our
study. Furthermore, we give an outlook on future research directions in this field

which naturally follow on from those which have been discussed.




Chapter 2

Preliminaries

Mathematical discoveries, small or great... are never born of sponta-
neous generation. They always presuppose a soil seeded with preliminary

knowledge and well prepared labour, both conscious and subconscious.

— Jules Henri Poincaré (1854-1912),
in Alan L. Mackay, A Dictionary of Scientific Quotations (1991).

2.1 String theory

In its four decades of history, string theory has developed into a broad arena -of
study for a large field of theoretical physicists. Superstring theories in particular, are
interesting for two reasons: they fix traditional ultraviolet problems associated with
quantum field theories, and they provide candidate normalisable quantum theories
of gravity. An excellent account of the theory, including a historical perspective, is
given in [14]. More modern aspects of the theory are described in detail in [15], and
in the self-contained introduction [28]. In what follows, we will give a brief review
of the basic principles of String theory that will be relevant to this thesis. This will
aid us significantly in understanding the gravity/gauge theory dualities which will

form the basic premise of our study.
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2.1.1 A menagerie of strings

We will study the theory of supersymmetric strings propagating in 10 dimensions.
One can consider both open and closed strings; we will be mostly interested in the
type II closed theories which have 32 supersymmetries. At the perturbative level,
the theory of closed strings is a useful tool since, amongst its oscillations, the closed
string contains a spin two particle - the graviton - and hence closed string theory
is, at least in part, a theory of gravity. Our closed superstrings arise from two
copies of the open string spectrum with left- and right-moving levels of the wave-
like oscillations matched. In these theories we achieve spacetime supersymmetry
by projecting out certain states of the string theory spectrum, but there is a sign
choice in the projections that are undertaken. If the same sign is adopted for the
left- and right-movers we uncover type IIB superstrings, otherwise we have type I1A
superstrings. Furthermore, we must impose boundary conditions on the left- and
right-moving fermionic modes of the closed string. We can restrict them to be pe-
riodic “Ramond” (R) conditions, or antiperiodic “Neveu-Schwarz” (NS) conditions.
These conditions can be applied independently on the left- and right-movers, so
closed string theory contains a variety of fields. Of particular importance to us are
the Ramond-Ramond fields, since the objects which are charged under these fields
are the D-branes. We will shortly see how these are responsible for deriving the
gravity /gauge theory correspondences that we study.

There are also several other fundamental string theories, the type I open string
theory, and the two heterotic string theories. Whilst it was initially thought that
each of these five string theories were independent theories, a web of dualities has
been uncovered which links each of them into an overlying 11-dimensional theory,
M-theory (for a review of these ideas, see [29]). This could be the unified theory
that is sought, and in studying string theory we are uncovering various aspects of

M-theory in differing regimes.
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2.1.2 D-branes

The discovery of the dualities which link the individual string theories sparked a
revolution in our understanding of string theory. It was noticed that to complete
the matching of states in these dualities, string theory requires additional objects
which are charged under the Ramond-Ramond gauge fields. However, these objects
are non-perturbative and hence could never arise in the spectrum of states of the
fundamental string — they are the D-branes! [32-34].

The role of such objects in string theory can be understood by considering the
constraints that must be satisfied by the open string. When the string action is
extremized, one discovers a string worldsheet surface term which is usually set to
zero by the requirement that momentum does not flow off the ends of the string
— this is the traditional Neumann boundary condition. However, this surface term
can also be set to zero in a more unconventional way, by requiring that the string’s
ends be fixed to hyperplanes — these are the Dirichlet boundary conditions, and the
hyperplanes on which the string’s ends are fixed are the D-branes. Imposing these
conditions allows open strings to live in an otherwise closed string theory. A closed
string theory has a symmetry called T-duality which states that string theory on a
compact dimension of radius R, is exactly the same as string theory on a compact
dimension of radius % (of = 12 sets the tension of the string to be T' = 2=). The
matching of states between the T-dual theories is clear for closed strings which wrap
the compact dimension, but open strings only obey this intrinsically stringy duality
if we impose the Dirichlet boundary conditions which restrict their endpoints to lie
on a fixed plane in the compact dimension. T-duality interchanges Neumann and
Dirichlet boundary conditions, realising D-branes of various dimensions. In general,
one speaks of Dp-branes which are (p + 1)-dimensional.

The elegance of non-perturbative string theory is unveiled when we realise that
these D-branes are dynamical solitonic objects in string theory. We can add non-

dynamical degrees of freedom to the endpoints of open strings, Chan-Paton factors,

! An excellent review of D-branes and their applications can be found in [30] and the forthcoming

textbook [31].
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which run from 1 to N, and these introduce a U(N) gauge symmetry into our string
theory. These govern the interactions of open strings, and are not ruled out by the
restrictions of Poincaré invariance of our spacetime, but how do they modify the
D-brane picture? When Chan-Paton factors are taken into consideration strings
can end on any of N coincident D-branes. We therefore find that the open string
spectrum on the worldvolume of our D-branes contains a U(/N) gauge theory. The
precise details of this theory depend on the particular string theory that is being
studied.

2.2 The AdS/CFT correspondence

Maldacena conjectured a correspondence between superstring theory and gauge the-
ory, the AdS/CFT correspondence [17], which provides us with a concrete example
of the holographic encoding of bulk gravity theories in terms of gauge theories. It
identifies the string theory and gauge theory descriptions of D-branes. We have seen
that D-branes are non-perturbative objects upon which open strings can end — the
low energy dynamics of these strings describes the gauge theory. Furthermore, at
low energies there is a dual description of the same physical system: the propagation
of closed strings in the near horizon region of the supergravity metric describing the
D-branes. Since this description realises a theory of gravity, the field theory in the
AdS/CFT correspondence provides us with a non-perturbative theory of quantum
gravity. We can therefore use the correspondence to study the physics of bulk black
holes via their holographic encodings in dual gauge theories. In the remainder of this
section we will review the reasoning which led to Maldacena’s celebrated conjecture.

The starting point is to consider type IIB superstring theory in a 10-dimensional
Minkowski background containing N parallel D3-branes each separated by the vector
7 in the 6 transverse coordinates. The precise definition of Maldacena’s low energy
limit is then to take o/ — 0 and r — 0 (thus making the D-branes coincident)
whilst U = 7/’ is held fixed — this holds fixed the energy of strings which stretch
between the D-branes. There are now two viewpoints from which one can consider

this system and we look at these in turn.
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Firstly, at energies below the string scale, we restrict ourselves to the massless
modes of the string theory spectrum in the D3-brane background — this system is
described perturbatively by open strings ending on the branes and closed strings
propagating in the bulk. Consider first the closed string propagation — the low en-
ergy effective action describing this consists of a sum of the 1IB supergravity action
for the free massless modes, and higher derivative corrections to this action pro-
portional to /Gy ~ gsa"‘?. These corrections vanish when we take Maldacena’s
o/ — 0 low energy limit, thus reducing us to the 10-dimensional supergravity the-
ory. The massless modes of the open string sector describe a gauge theory in the
3 + 1-dimensional Minkowski worldvolume of the branes — from our discussion in
section 2.1.2, we have some evidence that this should be a U(N) gauge theory. In
fact, strings ending on single D-branes describe a U(1) theory; the fact that strings
ending on N coincident D-branes describe an enhanced non-abelian U (V) gauge the-
ory, rather than the naive product of gauge theories, U(1)", is a highly non-trivial
fact [35]. The precise gauge theory which results is N/ = 4 supersymmetric U(N)
gauge theory with coupling constant g2,, = 4wg,. This field theory is known to be
a conformal field theory — its operators obey the superconformal algebra. There are
higher derivative corrections to the action describing strings ending on D-branes,
but these too vanish in Maldacena’s low energy limit. Finally, in the spectrum of
massless modes of the string theory spectrum, one can consider the interaction of
the closed and open string sectors, representing the ability of D-branes to emit and
absorb closed strings. The leading terms in the interaction Lagrangian are found
in [33], and these too are proportional to positive powers of /G and therefore drop
out as ' is taken to zero. From this point of view, we are thus left with 2 decoupled
systems.

Our second point of view arises when we consider the fact that D-branes are
massive objects which thus warp our 10-dimensional supergravity background. In
the case of D3-branes, they also source the Ramond-Ramond self-dual five form
field strength, F5. The supergravity description of N coincident D-branes is thus a
solution of the low energy effective string action

1

1 1
S = e /de\/ﬁ [R— 5(vas)2 - 2~5!F52 : (2.1)
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(We must impose the condition of self-duality of F5 by hand.)

The 3-brane solution is then given by the metric

ds* = H(r)™/*(~dt® +de? + daf + dad) + H(r)"/? (dr? + r2dQ2), (2.2)

Fs = (1+x)dtAdzy Adzy Adzs Ad(H(r) ™), (2.3)
e = g2 (2.4)
where
R4
H(ry=1+ ey and R*!=4rmg,a”N. (2.5)

So our second point of view amounts to considering string theory on this curved
background. The metric of this solution has a horizon at r = 0. In the decou-
pling limit (¢/ — 0 and r — 0 whilst U = r/a’' is held fixed), the string theory
on this background again reduces to two decoupled systems. Firstly, there is the
system representing the spectrum of massless string states propagating in flat 10-
dimensional Minkowski space (i.e. the bulk region, away from r = 0), which once
again is the 10-dimensional free supergravity theory. However, in thé near horizon
region, r — 0, there is an infinite redshift of the spectrum of string states and so
the full spectrum remains. From this point of view, the fact that the two systems
decouple is more intuitive — excitations in the near horizon region cannot climb the
infinite gravitational potential well in the 3-brane solution, and so do not interact
with the states in the asymptotic region. The near horizon region of this geometry

in the decoupling limit reduces to

ds? U? o dU? )
T T —dt? +> da? | + AmgaN 77 + Varg,NdQ2, (2.6)
3 i=1
it = (—dt® + da? + dzj + da3) + R | Rz (2.7)
- R 1 2 3 U2 55 :

where in the second equation, we have rescaled, the ¢t and z; coordinates to absorb a
factor of ’. This is the metric of AdSs x S°, in which both the anti-de Sitter (AdS)
spaces and the sphere have radius of curvature, R. AdSs; and S° are the maximally
symmetric solutions of the 5-dimensional Einstein equations with constant negative
curvature and positive curvature respectively.

We see that, from both points of view, one of our decoupled systems is super-

gravity in a flat 10-dimensional Minkowski spacetime. It therefore seems natural
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to pair off the other decoupled systems since they both describe the same physical
system. What remains is Maldacena’s “AdS/CFT Conjecture”:

“N =4 U(N) Super-Yang Mills theory in 3 + 1 dimensions is dual to type IIB
superstring theory on AdSs x S°.”

We should consider the regimes in which this conjecture will provide us with
useful results, it will also exhibit why we have stated that the two theories are dual.

We first recall the relationships between the various constants in the correspondence

R4
— =d4ng,N = g5 yN = ), (2.8)

“o

where A = g%,,N is the 't Hooft coupling of the gauge theory. This is the effective
coupling which governs large NV Yang Mills theory — it was observed, long before
the advent of the AdS/CFT correspondence, that large N gauge theory at fixed
't Hooft coupling should be described by a string theory [36], and the AdS/CFT
correspondence finally realises this precisely. We thus turn to studying AdS/CFT
in this large N, fixed A limit. In this limit, g; — 0 and we restrict ourselves to tree
level, classical string theory. However, in a curved background, our understanding
of string theory at this level is still very limited and whilst we await further progress
in this area, we can make great use of the AdS/CFT correspondence by taking a
further limit. If we consider the limit of fixed, but large, 't Hooft coupling whilst
fixing the radius of curvature of the sphere and AdS spaces, then we see that this
corresponds to &' — 0 (I, — 0). We are then considering the classical supergravity
limit of our string theory. Furthermore, supergravity calculations on AdSs; x S°
are reliable since the radius of curvature of our spacetimes is large compared to the
string length.

On the opposite side of the correspondence, we understand the perturbative

regime of the Yang Mills theory. However, this regime holds when the effective

coupling of the theory, which is the 't Hooft coupling, is small i.e.
1> )= gy N. (2.9)

It is now clear why the correspondence is so powerful. We understand each side

of the correspondence in different regimes - it is a “duality” - that is, when one of the
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theories is weakly coupled, the dual theory is strongly coupled. Classical supergrav-
ity can teach us about strongly coupled gauge theory. A concrete statement which
one can make via the correspondence is that the large N, strong 't Hooft coupling
limit of the gauge theory is completely described by supergravity, a result which
lies at the heart of the AdS/CFT correspondence. Similarly, perturbative gauge
theory defines quantum string theory — since the latter is our candidate theory of
quantum gravity, our understanding of the gauge theory can help us to study the
problems outlined in chapter 1 from a new perspective. The AdS/CFT correspon-
dence has brought together two fundamental physical theories which were born to
solve completely different problems in physics — gauge theory and gravity!
Maldacena’s conjecture was given a very firm calculational basis in subsequent
works [37,38] which identified the partition function of the string theory with the

partition function of the gauge theory via the relation

<efd4x¢o(f)0(f)> = Zoring [¢(5:’,U)‘¢(:1’:‘,0):¢0(:E’)]. (210)

CFT

This relation is interpreted to mean that the boundary value of each bulk field acts
as a source for each CFT operator (It is partly due to this reason that we often
consider the dual gauge theory to live on the boundary of our bulk spacetime — the
two dual theories are thus often referred to as the bulk and boundary theories). Fur-
thermore, the mass of the field ¢ is related to the scaling dimension of the operator.
From the left hand side of this equation we can calculate CFT correlation func-
tions by taking functional derivatives with respect to ¢, and thus given the string
theory partition function we are able to understand our dual field theory. In the
supergravity limit of the AdS/CFT correspondence, this relation provides us with
greater calculational power, since we can approximate the string partition function
by e Isusra where Isygra is the supergravity action evaluated on the bulk space-
time. Furthermore, we can consistently truncate the 10-dimensional supergravity
theory to a gauged supergravity theory on AdSs alone, realising the correspondence
between a 5-dimensional bulk theory and a 4-dimensional boundary theory. We will
use these aspects of the correspondence in chapter 3.

At this point we should remark that the AdS/CFT correspondence is not re-

stricted to the AdSs/CFT, case — this is just the case which arises from studying
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D3-branes. However, in chapter 6 we will study the 11-dimensional backgrounds
AdSs x S” and AdS; x S* which arise in the near horizon regions of the M-theory
M2-branes and Mb5-branes respectively. We will also consider AdS3 x S* which one
can arrive at by considering the near horizon region in the intersecting D1-D5-brane
geometry. In this case one considers IIB string theory compactified on an appropri-
ate manifold M*, to reduce the theory to 6 dimensions. The dual field theories in
each of these cases are again the low energy brane worldvolume theories.
Furthermore, although our D-brane construction of the correspondence arises at
the exact AdS x S spacetime, Maldacena’s conjecture is not limited to this space-
time. It only requires that the bulk spacetime under consideration is asymptotically
AdS x S as the boundary is approached. More non-trivial bulk spacetimes have
more complicated dual theories. In particular, we can construct field theory duals
to bulk AdS black hole spacetimes and we will demonstrate this in section 2.4. It
was demonstrated in [37] that we should consider the partition function in (2.10) to
sum over bulk spacetimes which satisfy the appropriate boundary conditions. We
expect the partition function to be dominated by the contribution of a particular
background, but this prescription of the correspondence allows for us to understand

field theory phase transitions via the AdS/CFT correspondence.

2.3 UV/IR relations

We have seen in the previous section that a gravity theory in a bulk AdS space
is dual to a field theory in fewer dimensions, in particular, a CFT which can be
considered to live on the boundary of AdS space. As we have already observed, this
is a “holographic” correspondence — the precise nature of holography also requires
that the number of degrees of freedom in the bulk theory be bounded by one per
unit Planck area of the boundary theory [19]. For AdS/CFT, this is hard to realise
as both theories contain an infinite number of degrees of freedom. Nevertheless,
we can understand the holographic bound by regularising both theories. Susskind
and Witten demonstrated [39] that if we consider a cutoff to our AdS space by

considering it to have a finite size boundary, inside the infinite size AdS boundary,
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then this infrared cutoff provides an wultraviolet cutoff to the field theory. This is
known as the UV/IR relation. Furthermore, in these cutoff theories, the number of
degrees of freedom of each theory can be calculated and the holographic bound is
realised exactly.

In the AdS/CFT correspondence, the introduction of a source probe in the bulk
is reflected in a change in one-point functions in the field theory [40-42] (higher-
point functions are also needed to resolve some probes; see e.g. [43,44]). The UV/IR
relation, representing the holographic nature of the correspondence, is then reflected
in a relation between the radial position of the probe and the characteristic scale of
the one-point function in the field theory [39,45]. In the AdSs/CFT, case, this can

be expressed as a distance/distance relationship

—\’g%’MN (2.11)

U

(i.e., a source at radius U in AdSs corresponds to perturbing the field theory in a

o) =

region of size éx)) [45]. Here, U is the radial coordinate in a Poincaré coordinate
system, such that U — oo at the boundary of AdS. Hence (2.11) relates large
distances in spacetime (the IR) to short distances in the field theory (the UV).

In pure AdSs, this relationship follows from the isometry ¢ — Az, U — A~1U
in the bulk. The UV/IR relationship has also been studied for more general metrics
with Poincaré invariance in the directions parallel to the boundary. It is used to
relate non-trivial solutions of this form to renormalization group flows in the dual
field theory (a huge industry now; early works are [46—49]). However, the class
of spacetimes for which the description of bulk position in field theory terms is
understood is still very limited. One of the goals of chapter 3 of this thesis is to
extend the understanding of this relation for the simplest examples of spacetimes

with a non-trivial causal structure.

2.4 AdS/CFT and bulk black holes

We have seen that the AdS/CFT correspondence allows us to consider any bulk
spacetime which is asymptotically AdS and thus we can now use the correspon-

dence to study AdS black holes. We will see in what follows that such black holes
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naturally arise in the correspondence — they correspond to thermal states of the
field theory. These states break both supersymmetry and conformal invariance,
and so the identification of the string theory with the gauge theory becomes more
complicated. However, at the same time, the gravity theory in the bulk black hole
spacetime is far less trivial — the reward for understanding the correspondence in
these spacetimes is thus clear. In the examples we will study, a D-brane construction
of the correspondence is known and we briefly review this here. For the original ex-
ample discussed in section 2.2, we considered a stack of IV coincident D-branes. The
field theory on the worldvolume of these D-branes was dual to the type IIB super-
string theory on the near horizon region of the corresponding supergravity solution
to the low energy effective string action. We generalise this matching of theories in

the next two sections.

2.4.1 Schwarzschild AdS black holes

The D3-branes that we originally considered were extremal branes. That is to
say that they were in their groundstate and the worldvolume theory of the open
strings ending on the stack of branes was at minimum energy, i.e. zero temperature.
We stated that our required supergravity solution was the 3-brane given by equa-
tion (2.2). However, this metric only represents the extremal 3-brane. In general,
the following metric is a solution to the low energy effective action and represents

the near-extremal 3-brane solution

ds?* = H(r)™1/2 (= f(r)dt® + dz? + dzj + dzd) + H(r)Y? (f7Y(r)dr? + r2dQ3) ,
(2.12)
where

fry=1- ﬁ and H(r)=1+ };;. (2.13)

This supergravity solution is interpreted in string theory as representing D-branes
in an excited state in which the worldvolume theory on the D-branes is a finite
temperature U(N) Yang Mills theory. The near horizon geometry of the solution is
given by

dU?

U2

2
ds—ﬁ
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where

ViU)=1- U—ﬁ (2.15)

This is the metric of Schwarzschild-AdSs x Ss, in which the black hole factor in
this cross product is the toroidal black hole with an event horizon at U = Ur,
and temperature T = %. It is thus conjectured that IIB string theory on this
background is dual to the finite temperature gauge theory.

Although we have motivated this duality with a D-brane prescription, Witten’s
prescription for the correspondence suggests that such a duality should hold irrespec-
tive of this motivation. In particular the D-brane construction leads us to consider
toroidal black holes, but the AdS-Schwarzschild solution can also have a spherical or
hyperbolic boundary and these can also be studied in the context of the AdS/CFT

correspondence. The metrics for each of the possible (n + 1)-dimensional AdS black

holes that we’ve discussed are given below for completeness.

9 ,  dr? r?
ds® = —Vi(r)dt* + ) + ﬁdzk,n_l, (2.16)
with
2
m r
V) = k= =5 + 7, (2.17)

where the (n—1)-dimensional metric d%3 , _, is

R%d02_, fork=+1
AT}y = Srlda? fork=0 (2.18)
R*dH?_, fork = -1.

Here, d22_, is the unit metric on S"~!, and dH2_, is the unit metric on the (n—1)-

dimensional hyperbolic space H™.

2.4.2 Reissner-Nordstrom AdS black holes

In much of what follows, charged (Reissner-Nordstrom) Anti-de Sitter black holes
will play a significant role, so we review their main properties here and subsequently

dicuss how these too, fit into the AdS/CFT correspondence.
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The n-dimensional RNAdS black hole is the most general solution of the action

of Einstein-Maxwell gravity

167TG / d"zv/=g (R — 27, — F?), (2.19)

where the cosmological constant, is

An:_(n~-1)(n—2).

Vi (2.20)

The bulk equations of motion which result from this action are given by
Rop — %Rgab = —Angas +2F F)° — %gabFz, (2.21)
8 (VIF®) = 0. (2.22)

These admit the following two parameter family of electrically charged black hole

solutions for the bulk metric

dU?

ds,? = —h(U)dt? 240> ’ 2
s (U) +h(U)+Ud o (2.23)
in which
U? m q*
h(U) = V2 +1- 3 + a6’ (2.24)
and the electromagnetic field strength
1 ¢ 2(n — 3)
F=dA where A= <_EU"'_3 ) dt and k= ﬁ (225)

In this solution, the presence of ¢ introduces the black hole charge for which @ is
an electrostatic potential difference. In this general metric, h(U) has two zeros, the
larger of which, Uy, represents the event horizon of the black hole.

The charge and mass of these black holes can be evaluated by Gauss’ Law and

the generalised ADM formalism [50] respectively, and are found to be

T n

(n - 2)Qn_2m
167G,

(2.26)

The above solution describes spherical black holes, since they have boundary R
x S"~2. However, as seen in the previous section, black holes in AdS space can

also have toroidal (planar) boundaries given by R*"!, and we will also study these
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solutions. They can be found by taking an infinite volume limit of the spherical

black holes. Consider the following scaling by the dimensionless parameter A

n—2
U= AU, t— X771, m—Am, g— Ao, RXOZ, > 771y da?
1=1

(2.27)

Under this rescaling, in the limit A — oo, the RNAdS metric tends to the planar
solution )
dU? U &

ds* = -V (U)d¢? — H 2
s U) +V(U)+R2 2ﬂdazz, (2.28)
where
U? m q*
Vv) = R2  [n-3 + [J2n—6" (2.29)

These black holes have an event horizon at radius, Ur, given by V(Ur) = 0, and

their temperature T is related to the period £ in Euclidean time by

2 2n—5
_ 1 Ar 47;];‘_ Ur . (2.30)
T V'(Ur) (n-10)Ur""*-(n-3)¢R?

B

The black hole will be extremal (T" = 0, and the horizons coincide) at Ur = U,
where U,**™* = (n — 3)R%¢*/(n — 1).

In these solutions for Reissner-Nordstrom black holes, we regain the solutions
for Schwarzschild-AdS black holes by setting the charge parameter, g, equal to. zero.

The AdSs charged black hole solutions are derived from a reduction of a 10-
dimensional solution to the AdSs gauged supergravity theory in five dimensions.
This theory has an SO(6) gauge symmetry associated with the isometries of the
S°. In particular the charge of these black holes arises from introducing equal non-
zero rotation parameters in the U(1)®> maximal abelian subgroup of this SO(6)
R-charge. In the case when these parameters are zero, we previously observed that
the solution arose in the near horizon limit of a 3-brane. However, when the rotation
parameters are non-zero, the 3-brane is spinning in the S°® directions. We view this
as the supergravity solution associated with spinning D3-branes [51]. Following the
construction of the AdS/CFT correspondence, we then understand the dual field
theory to the charged black hole solution to be the field theory on the worldvolume
of these branes. The rotation parameters give a nonvanishing expectation value to

the dual global U(1) current of the gauge theory. In this case, the chemical potential
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of the gauge theory is non-zero since this is conjugate to the non-zero momentum

we have introduced in the S° directions.

2.5 Braneworlds

2.5.1 AdS/CFT and braneworlds

Whilst braneworlds were of importance long before the advent of the AdS/CFT
correspondence [20], the wealth of ideas emerging from these two areas of physics
were not intertwined until after Randall and Sundrum wrote the seminal paper [52],
showing that there could be more than four non-compact dimensions. They proposed
an “alternative to compactification” in which gravity is allowed to propagate in
non-compact extra dimensions, providing these additional dimensions are curved.
It is this curvature which sets the Planck mass, rather than the size of compact
extra dimensions in more conventional braneworld scenarios [53’]. Furthermore, the
curvature of the extra dimensions results in their being a dominant bound state
of the higher-dimensional graviton that is localised to the four dimensions of our
brane universe. With one extra dimension, this Randall Sundrum II (RS2) model
therefore considers a 4-dimensional brane embedded in a 5-dimensional bulk anti-
de Sitter spacetime. The original analysis of the model required that we fine-tune
the tension of the brane, o, in relation to the cosmological constant in the bulk,

As = —6k2, so as to obey the relation

47TG5
3

o =ks. (2.31)

This results in the braneworld having zero cosmological constant and it is referred
to as a critical brane. Considering the linearized gravity in this brane, then allows
the effective gravitational potential to be calculated

2

T

where the four dimensional Newton’s constant is G4 = Gsks. The corrections to

Newton’s Law are only significant at and below the AdS length scale, 1/ks.
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In this model, the brane is considered to separate two Z, symmetric AdS space-
times, but the possibility of reinterpreting the brane as a cutoff on a single AdS space-
time was soon considered by a variety of authors (see [54] and references therein) —
this shows the close relation between this setup and the AdS/CFT correspondence.
In the latter, we consider gravity in the bulk spacetime to be dual to a CFT on the
boundary. However, we have seen in section 2.3 that if we cutoff the bulk spacetime
in the IR then this is dual to a UV cutoff in the field theory. We thus interpret the
physics of a braneworld boundary of AdS spacetime as being governed by a broken
CFT. Furthermore, it is only in the limit of the braneworld being at the boundary
of AdS space, that this field theory decouples from a gravity theory on the brane.
When the braneworld actually cuts off the bulk spacetime, the 5-dimensional grav-
ity theory induces a 4-dimensional gravitational cosmology on the braneworld. In
this sense, the braneworld is a truly dynamical boundary of AdS spacetime and its

evolution can be studied from this point of view.

2.5.2 Braneworld cosmology

The idea of the cosmology of our universe being driven by a gravitational force in
an extra dimension has received much interest, not least because such braneworld
scenarios are well-motivated by string theory [55,56]. Understanding the cosmol-
ogy which arises from these possibilities could provide an interesting test for extra
dimensions and string theory.

Consider a braneworld given by the section (x*,t(7),Z(7)) in the bulk AdSs
space
L

2 _ 2
ds? = —h(Z)dt* + 7

dz? + Z%dQ%, where h(Z)=1+k2Z%.  (2.33)

The brane has a normal vector given by n, = (0, -7, t) and the condition that this

be a unit vector implies
Z‘2

)

Here, an overdot represents the 7 derivative. We wish the induced metric on the

—h(Z)* + = -1 (2.34)

brane, hg, to represent a Friedmann-Robertson-Walker (FRW) universe,

ds? = —dr? + Z%(r) dQ22. (2.35)
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As in the RS2 scenario, we assume Z, symmetry across the brane. However, this
implies that the extrinsic curvature tensor, K,, = hgth(cnd), of the brane is dif-
ferent when calculated from either side. The jump is given by the Israel junction
conditions which imply the relation

K2 1
= — - 2.
Kab 9 (Sab 3Sh'ab) ) ( 36)

in which S,; is the stress-energy tensor on the brane, and x? = 87G5. Assuming our

universe is made from homogeneous and isotropic matter, we have

Sab = (pbrane + pbrane) UqUp + pbranehab- (237)

From the three equations (2.34), (2.36) and (2.37), the conditions representing the
cosmological evolution of the brane in the bulk can be derived

4

Z K
’Z = —k52, - %pbrane (2pbrane + 3pbra,ne) ) (238)
z\’ 1 &
K
(2) = _kg T + %pgrane‘ (2.39)

In order to make braneworld cosmology consistent with nucleosynthesis, it is
necessary to split pprene into energy density due to matter, p, and that due to a

constant tension of the brane, o.

Porane = P+ 0 and  Pprane =p — 0. (240)

The induced Friedmann equation of the brane universe is then

Ay 1 871G, K
H*="—" - — —p? 2.41
3 "ty Pt el (2.41)

where H = Z/Z is the Hubble parameter and A4 and G4 are the 4-dimensional

cosmological constant and Newton’s constant respectively. These are given by

4
Ay =3(0 - k%), Gy=Gso5 where o5= 7r§'50‘ (2.42)

Such relations between the 4-dimensional and 5-dimensional constants are standard
in the brane cosmology literature. The first arose in the RS2 model, where we

saw that o; was fine-tuned to give Ay = 0. However, non-critical braneworlds,
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A4 # 0, are now often studied as recent observations suggest we live in a de Sitter
universe [57,58]. The second relation is a particular case of the more general result,
Gpoy = ’ig—SGnan, which generalises Randall and Sundrum’s original connection
between the Newton’s constants to non-critical branes [52,59-63].

The first three terms of this braneworld Friedmann equation represent the stan-
dard cosmology. However, the p? term represents a high energy correction to the
standard Friedmann equation, the extra dimension is inducing a nonconventional
cosmology on the brane [23,24] — testing the compatibility of this model with cur-
rent observations if of great interest as it probes the feasability of the braneworld
model.

To study a braneworld just in pure AdS space is not embracing the power of dual
theories. As in the AdS/CFT correspondence, we can similarly study asymptotically
AdS spaces and the fact that this replacement can be made without disturbing the
matter content of the braneworld is demonstrated in [54,64]. Therefore, bulk black
holes play their role in the study of braneworld cosmology. Such work was inspired
by Savonije and Verlinde [65,66] who considered a braneworld in a Schwarzschild
AdS background. They demonstrated that the standard cosmology driven by the
energy density/pressure of an (n— 1)-dimensional conformal field theory (CFT), has
a dual description — it can be regarded as being a braneworld cosmology driven by
the bulk black hole. One can similarly study the braneworld in a charged RNAdS
black hole background. The cosmology is then viewed as being driven either by the
charge of the bulk black hole or by the chemical potential of the dual field theory
which acts as stiff matter in the brane universe — this proposal has been widely

studied in [67-73].

2.6 Black hole thermodynamics and geometry

The gravity/gauge theory correspondence represents an exciting possibility for giv-
ing further insight into why black hole mechanics (which arises from the geometrical
gravitational theory) should be related to thermodynamics. In fact, we have already

seen that Maldacena’s correspondence arose following studies of black branes which
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were undertaken for the purpose of explaining black hole entropy [16]. In this sec-
tion, we discuss the more modern developments in the geometry/thermodynamic
connections. As our depth of understanding increases, more conjectures in this field
are now being made and it is a new conjecture between the dynamics of black branes

and their thermodynamics that we study in this thesis.

2.6.1 Euclidean quantum gravity and the negative mode

One of the best ways to get a grasp on the connections between classical general
relativity and black hole thermodynamics is to study the path integral approach to
quantum gravity. Following the construction of a path integral, one then uses this
as a partition function from which thermodynamic quantities can be derived. The
path integral is constructed by integrating over all possible solutions to the Einstein
equations. To make the path integral better behaved, we integrate over Euclidean
metrics.

The Euclidean path integral is given by

7= / Dlgle~"15, (2.43)

where Ig[g] is the Euclidean Einstein-Hilbert action evaluated for an asymptotically
flat (~ S' x R*~!) Riemannian manifold, g. The S' is the compactiﬁed Euclidean
time direction and hasrperiod B =1/T. In the “semi-classical approximation”, the
Euclidean path integral is evaluated by expanding around solutions of the Euclidean
Einstein equations (gravitational instantons), §,,, which are thus extrema of the
action — the metric perturbation, h,,, is considered to be a quantum field on a fixed

classical background with geometry determined by the instanton

Guw = g;w+h;w (244)
= Iglg] = Iglg]+ / d T /Gh Apype b + ... (2.45)

The quadratic part of this action dominates higher order corrections so we can
ignore these in our expansion in h. The contribution to the partition function from
a given instanton, g, goes like Bexp(—1Ig[g]), where B is a functional determinant

which arises from path integrals over the metric perturbations — it includes a factor
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of (det A)‘%. Therefore, if the operator A has negative eigenvalues, there will be
an imaginary part in the partition function and this represents a pathology in the
canonical ensemble for quantum gravity. We refer to an eigenvector with such a
negative eigenvalue as a candidate negative mode. Its presence is an indication
of a thermodynamic instability of the instanton, §, which we then know to be a
saddle point of the action rather than a local minimum. We must however, consider

the physical nature of any candidate negative mode, h,,. If we decompose the

T

perturbation into a transverse tracefree part, h,,,,

a trace and a longitudinal part,
then the trace will have a negative quadratic term, but this is just a sign of the
usual conformal factor problem (see [74] and references therein), and the resulting
imaginary part is cancelled by a corresponding contribution from integrating over
ghosts — it does not correspond to a physical instability {75]. The quadratic term

for the longitudinal part is positive definite. The physical negative modes in pure

T

uv» which involves the

gravity therefore arise only from the quadratic term for A

Euclidean Lichnerowicz operator
Gvpe = —8upGue VsV — 2R, 0. (2.46)
The negative modes are therefore given by the eigenvectors of
Gu ol = Ahl (2.47)

with negative eigenvalues.

2.6.2 Classical instability of a black brane

Black branes are higher-dimensional generalisations of black holes. We can con-
struct the simplest case of a black brane, a 5d black string, by taking the direct
product of a black hole and an extra translationally invariant direction, i.e. 4d-
Schwarzschild x R. The entropy of a length L portion of this string can be written
in terms of the mass of that portion, M, as

Sstring O€ MTZ (2.48)

However, a linear array of 5-dimensional Schwarzschild black holes, inter-spaced

to give the same mass density as the string, M/L, has an entropy Spy o< M3/2,
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Therefore, for large enough L, the black string entropy is less than the entropy of
the array of black holes. Since the entropy of such black objects is proportional to
their horizon area, then the 2nd law of black hole mechanics permits a decay from
the black string to the array of black holes. This is a thermodynamic argument,
but Gregory and Laflamme [76,77] searched for a perturbative instability of a black
string which may be able to realise such a decay. They found that the black string
was unstable to long enough wavelength (hence large L) perturbations 2. Their work
was initially carried out for black branes carrying magnetic charge with respect to
a Neveu-Schwarz n-form field strength, but it has been generalised to a variety of

cases. In particular, for the simple case of uncharged black branes with metric
ds® = g dz*dz” + 6;;dz'd?, (2.49)

where g, is the d-dimensional Lorentzian Schwarzschild metric and 2* are p flat

spatial directions. If we consider a metric perturbation
hu, = exp (iuizi) H,, hu = hij =0, (2.50)

where H,,, is transverse traceless and spherically symmetric, then the equation of
motion implies [76,77]
G’ Hyy = —pi*H,,, (2.51)

where G is now the Lorentzian Lichnerowicz operator for the metric 9uv- The results
of a Gregory-Laflamme analysis of these perturbations indicate that there exists a
critical value of p, u*, such that exponentially growing (unstable) solutions exist if,
and only if, p < p*. For p > p*, solutions are oscillatory in time and hence these are
stable perturbations. Therefore, a time-independent solution of this equation with
non-zero p, represents a threshold unstable mode, separating stable and unstable

perturbations.

*More recent developments [78] have found that the GL perturbative instability may not be
able to realise the decay to an array of black holes — instead a non-uniform black brane [79] may

be the endpoint of such a decay. An excellent review of these ideas can be found in [80]
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2.6.3 The Gubser-Mitra conjecture

We have seen that Gregory and Laflamme discovered a classical instability of black
branes, based on a thought argument inspired by thermodynamic stability. A con-
nection between classical and thermodynamic stability was later conjectured by

Gubser and Mitra [25, 26]:

“A black brane with a non-compact translational symmetry is classically stable if,

and only if, it is locally thermodynamically stable.”

This conjecture was inspired by the AdS/CFT correspondence. They studied
the RNAAS solution in 4 dimensions, which arises in the AdS/CFT correspondence
in a manner analogous to that discussed in section 2.4.2 — RNAdSs. The RNAdS,
spacetime is a solution of N/ = 8 gauged supergravity which is a consistent truncation
of 11d supergravity. Therefore any classical instability of the 4-dimensional space
can be lifted to be a classical instability of the 11-dimensional space RNAdSs x
S7, which is the near horizon region of N coincident rotating M2-branes (for large
N). Therefore, this 4-dimensional black hole spacetime has a field theory dual -
namely, the 2 + 1-dimensional superconformal field theory on its boundary, with
global R-symmetry charges, dual to the rotation parameters of the M2-brane. It
was argued in [25,81] that a thermodynamic instability is expected in this field
theory — the condensation of bosons which carry the relevant global U(1) charges.
Given that the dual field theory exhibits such an instability it is natural to assume
that some fluctuation mode will grow exponentially in time. From the AdS/CFT
correspondence we then infer that there should be some normalisable mode in AdS
which also grows exponentially with time, i.e. the RNAdS spacetime should exhibit
a dynamical instability. Gubser and Mitra varied the charge parameters of the
RNAdJS4 solution and demonstrated that dynamic and thermodynamic instabilities
occur at the same time for this spacetime. They then lifted this to 11 dimensions
to propose their conjecture for black branes.

In subsequent work [27], Reall provided a general argument for the validity of
this conjecture, based on establishing a relationship between the classical Gregory-

Laflamme instability and the FEuclidean negative mode associated with thermody-
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namic instability. We will exhibit this argument when we study the Schwarzschild

black hole in a finite cavity in chapter 5.




Chapter 3

Probing the Causal Structure of
Black Holes

In holographic theories of gravity, such as the AdS/CFT correspondence [17, 37,
38], the true, fundamental causal structure of the gravitational theory is the fixed
background causal structure of a lower dimensional field theory. The dynamical
spacetime description is supposed to emerge from this underlying field theory in
some approximation. Since spacetime has more dimensions than the space the field
theory lives in, the encoding of information about the dynamical spacetime should
be quite subtle. Understanding how the spacetime, especially its causal structure,
are encoded in the field theory is one of the main open questions about these models.
The aim of this chapter is to see to what extent non-trivial causal structures, such
as a black hole horizon, effect the values of simple gauge theory observables.

We undertake this study by considering possible implications of a UV/IR re-
lationship in black hole spacetimes. In the relation (2.11), U — 0 is mapped to
diverging scale size in the field theory. From the spacetime point of view, U = 0
in Poincaré coordinates is an event horizon, and one can think of the divergence
in the scale size as reflecting the one-way nature of the horizon: particles at the
event horizon cannot move to larger U, and an infinite scale excitation can’t re-
turn to smaller scale. As we will review in section 3.1, at least in pure AdS, the
relation (2.11) provides a connection between spacetime and field theory causality

throughout spacetime [82].

32
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We would like to know if this connection between the UV /IR relation and causal-
ity can be generalised. A simple question to ask is whether the horizon of a black
hole is also associated with an infinite scale size in the CFT. We will consider a
variety of probes of black hole spacetimes, and find that the characteristic scale
in the field theory description of time-independent probes is typically finite, even
when they are very close to the horizon. Considering time-dependent probes is more
complicated, but we argue that the scale size diverges at late times, although the
leading behaviour is not directly related to the black hole structure.

The example that we study is a charged black hole in AdS (see section 2.4.2).
Considering charged black holes allows us to have a large separation between the
horizon size and the thermal scale. In an uncharged black hole, the standard relation
(2.11), and some probe calculations, would assign a scale size which is of the order
of the thermal scale when a probe is at the black hole horizon. We would like to
investigate if this connection between the horizon and the thermal scale persists
when there are other scales in the problem, or if we can see some sign of a divergent
scale associated with the horizon. The presence of charge allows us to see which
boundary scales are related to the thermal fluctuations in the gauge theory and
which depend on the scale set by the black hole horizon.

In [51, 83], the thermodynamic properties of charged Reissner-Nordstrom AdS
black holes was investigated. As observed earlier, these black holes can be spherical
or toroidal. From the point of view of thermodynamics, the spherical black holes
are more interesting, but to analyse UV/IR relations, we will focus on the simpler
case of toroidal black holes. It was shown in [51] that these black holes are thermo-
dynamically stable (in both the canonical and the grand canonical ensembles) for
arbitrary values of the mass and charge, so the black hole solutions carry informa-
tion about the CFT in the corresponding ensemble. For most of this work, we will
focus on the case of AdSs, as a generic example for our study.

As we discovered in section 2.4.2, the charged AdSs black holes are derived from
a reduction of a spinning 3-brane metric. If the S° spins faster than the speed of
light, then the Killing vector, £ = g’;, will become spacelike outside the black hole
horizon. This allows for the possibility of superradiant modes of scattered waves
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to carry away the rotational energy of the black brane. The occurence of such a
process indicates the presence of a classical instability of the metric. However, it
was shown in [84] that the spherical black hole solutions in the AdSs x S° context
will not have superradiant modes, as the internal S° rotates at a speed less than the
speed of light everywhere in the spacetime. It is easy to extend this argument to
the toroidal black holes. The charged black hole (2.28) is derived from the reduction

ansatz

3
ds® = gudatdz’ + )
=1

9 2
dp;® + pi® (d¢i + %A,,dx“) ] , (3.1)
where g, is the five-dimensional metric, y; are the direction cosines and ¢; are the
rotation angles on the Ss. Non-zero A; gives the electric potential

V3 g

A = (®(Ur) — ®(U))dt, where ®(U) = EWiA

(3.2)

The norm of the Killing vector field £ = 9/t with respect to our ten dimensional

metric is then

K = —V(U)+-A2

l
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(1—UU;2)+(1 g;)(U +U_)], (3.3)

where U_ is the inner horizon. We see that k? is always negative outside the black
hole horizon. Hence, k is always timelike in this region and thus superradiance
cannot occur for the toroidal black hole.

A useful rewriting of the metric (2.28) is

,_ REdU* U

R s Y
6
f(U)_1—(1+9)UUL4+o[{J6, (3.5)

where we have defined a dimensionless parameter # = ¢>R? /U7, for the uncharged
black hole 8 = 0, while the extremal black hole has # = 2. This rewriting of the
metric is particularly useful for our study, as varying @ allows us to consider the range
of different black holes metrics with a fixed horizon scale. The case § = Ur = 0 is

pure AdSs in Poincaré coordinates, where (2.11) is valid.
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After reviewing the connection between (2.11) and causality in section 3.1, we
move on to consider specific probes in this black hole background. We begin with a
discussion of Wilson loops in section 3.2. We find that the qualitative behaviour of
the loop expectation values is independent of the charge, and the non-trivial physics
associated with the presence of a black hole appears at a scale given by (2.11). That
is, the characteristic scale for these observables is the inverse horizon size, and is
not in general related to the temperature. We then go on to discuss supergravity
probes in section 3.3. We find that the scale of the expectation value for time-
dependent probes diverges at late times, but the expectation value is primarily
determined by the asymptotic metric. We study the small contribution from the
near-horizon region in the BTZ metric, and argue that it is spatially constant. For
static supergravity probes, there is a finite scale size associated with the horizon in
general. The scale size associated with the static propagator diverges like In(T) in
the extremal limit 77 — 0. This behaviour provides the main element of surprise in
this chapter, and it would be very interesting to gain a better understanding of this
logarithmic dependence from the field theory point of view.

In addition to addressing the implications for our understanding of bulk causality,
we will briefly comment on the physical significance of these UV/IR relations from
the field theory point of view, and remark on the relation to previous work [85,
86] which studied the Euclidean rotating brane solutions as models for pure gauge
theories.

We conclude in section 3.4 with a discussion of the difficulties in identifying the
origins of spacetime causal structure in the gauge theory, and some speculations for

future directions.

3.1 UV/IR relations in black hole spacetimes

To begin our investigation of the UV/IR relation in spacetimes with horizons, we
review the connection between the UV/IR relation and causality in pure AdS pro-

posed in [82]. In pure AdS, the condition for a bulk probe to move inside the light
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cone in the radial direction is

U2 ) R? )
—ﬁdt + mdU <0. (3.6)
For a supergravity probe, the UV/IR relation (2.11) implies that (3.6) is equivalent

to!

dé

dt

which is just the statement that the field theory excitation’s size cannot change

faster than the speed of light in the field theory. This thus connects the causality of
AdS to the causality of the space the field theory lives in.

It would be interesting to see if a similar relation could exist for black hole
spacetimes, through a suitable modification of the UV/IR relation (2.11). In a
black hole spacetime, the condition (3.6) is modified to

U2

~ 15 (U)dt* +

IR (3.8)

We could derive a candidate UV /IR relation on the black hole spacetime by assuming
that this spacetime condition is still equivalent to the kinematical condition (3.7).

If we assume a UV/IR relationship of the form dz; = g(U), then (3.7) would imply

au dUu
—| < |—=I. 3.
&< |lam &9
Requiring that this condition is equivalent to (3.8) gives
dg(U) R?
= -, 10
- (310

This can be solved exactly for the black hole spacetimes we are considering, and
the results of this are given below. It should be noted that the behaviour differs
according to whether or not the black hole is extremal. For non-extremal black holes

(6 # 2) we find that

R2 U -+ UT (9 — (1 - 9).’1)3) U+ UT.’L'2
) = 1 1
CC“ 2(2—9)UT [n(U—UT> + T n(U—UTQTQ

(0= (1:51_ 0)3) <2tan-1 (ngl) - ﬂ)] (3.11)

1We are working in units where [, = 1, so from equation (2.8), we have R = (g% ,,N)!/%.
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where z; and z, are the positive and negative roots of z* + z? — 6 = 0 respectively.

For extremal black holes (f = 0) we find that

R [ 6UUp U+ Uy (U
_ - : _ 12
9T = 3507 [U2—U% +7in (U—UT) V2 (“an (\/iUT) Wﬂ (812)

The important feature of these results is how the boundary scale size behaves

for a probe near the black hole horizon. It is clear that in both cases the scale size

becomes infinite as the black hole horizon is approached.

R2
R 1

Thus, a diverging scale size for probes at finite radial position would be a signature
of a horizon, under the assumption that bulk causality arises from a kinematical
restriction in the field theory. This is the main prediction we will investigate in our
discussion of the probes.

In studies of the uncharged black holes [40, 87, 88], it was found that sources
near the black hole horizon produced expectation values with a scale éz ~ 1/T,
where T' is the temperature. Such a connection was found for string worldsheets
dual to gauge theory Wilson loops in [87,88], we will discuss these calculations
in the next section. It was further demonstrated for infalling fundamental strings
wrapped around a compactified spatial dimension of the AdS boundary in [40]. It
was proposed that the physical interpretation of these results is that probes which
fall into the horizon become entangled with the thermal bath in the gauge theory.
This suggests that the presence of finite-temperature Hawking radiation acts as a
barrier to our ability to probe the non-trivial classical causal structure in the region
near the horizon. Although this is a very feasible argument to explain these results,
the connection between the field theory scale size and the thermal scale is not forced
upon us, since in the bulk black hole, there are two non-trivial length scales, one set
by the horizon scale and the other set by the thermal scale. For the uncharged black
hole these scales are the same and one can talk of the horizon scale and the thermal
scale interchangeably. The introduction of charge into the black hole allows us to

separate the horizon scale from the thermal scale. In particular we can consider
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black holes of arbitrarily low temperature, but fixed horizon scale, allowing us to
study, in more depth, whether the field theory scale is governed by the black hole

horizon or the thermal scale.

3.2 Wilson loop calculations

For each operator in the boundary field theory, we expect to be able to find a dual
bulk observable and in [89,90], this was studied for the case of Wilson loop operators

of the Yang Mills theory. The Wilson loop operator is defined by

W(C) = %Trpexp ( }i A> , (3.15)

where C is a closed loop, and the trace is taken over the fundamental representation
of the gauge group. This Wilson loop is associated with the phase factor of the
propagation of a very massive quark.

In order to understand the dual picture, it is necessary to consider how massive
quarks would appear in the D-brane picture of the AdS spacetime. We begin with
the U(N + 1) gauge group of N + 1 coincident D-branes and Higgs this theory to
U(N) x U(1) by giving an appropriate expectation value to the scalars, $. This
is equivalent to separating one of the branes and introducing a fundamental string
of mass  |®|, which stretches from the N coincident branes to the single brane.
This string is the Higgsing W boson and since it transforms in the fundamental
representation of the gauge group we refer to it as the massive quark of the gauge
theory. It is important to note that at energy scales < |3|, the U(N) theory is
decoupled from the U(1), so in the supergravity limit we can study the massive
quarks of the SU(N) SYM theory dual to AdSs x S® by considering strings which
stretch from the boundary (U = oo) of AdS space to the horizon at U = 0. We
consider quarks at the same position on the Ss.

It is natural to propose, via the AdS/CFT correspondence, that the expectation
value of the Wilson loop should be given by

(W(C)) ~ exp(=S5), (3.16)

where S is the action of the string worldsheet which terminates on the path of the
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Wilson loop, C, at the boundary of AdS. We can therefore investigate its leading-
order behaviour by finding the minimal-area surface for the string worldsheet. The
symmetries of the metric (3.4) lead us to consider rectangular Wilson loops with
two long sides, and a separation L between them. The long sides lie either along
the ¢ direction (timelike Wilson loops) or along one of the z* directions (spacelike
Wilson loops). Both of these scenarios have been studied in the Schwarzschild-AdS
bulk, dual to the finite temperature field theory, and we study them each in turn

for the charged AdS bulk below.

3.2.1 Timelike Wilson loops

We wish to consider Wilson loop operators in the boundary theory, where the loop
C forms a rectangle with two long sides extended along the ¢ direction, of length %,
and two sides of length L along one of the z* directions. We consider the limit in
which ty — oco.

Consider first the vacuum case (pure AdS) [89,90]. There are two competing
scenarios for the dual string picture in AdS of this gauge theory Wilson loop —
the preferred one is the one which is energetically favoured. Firstly, we have the
worldsheets of two infinite strings stretching from the AdS boundary to U = 0,
which represents a non-interacting quark and antiquark - if this is the dual picture
one would want to understand, in gauge theory terms, why the interaction of the g
pair does not occur. The second possibility is that the string would loop in the bulk
from the quark to the antiquark, which more naturally realises the interaction of the
qq pair. Since (for large N and large g,,N) the expectation value of the Wilson
loop is given by (3.16), in which S is the Nambu-Goto action for a fundamental
string worldsheet, then the shape of this loop would be the minimal length curve
derived from the minimum-area principle for the worldsheet action. From the gauge
theory we know that in the limit ¢, — oo, the expectation value of the Wilson loop
behaves like (W (C)) ~ exp(—toF), where E = V(L) is the lowest possible energy of
the quark-antiquark configuration. Therefore we can extract this quark-antiquark
potential energy from this configuration, by solving the Euler-Lagrange equations

to minimize S. We must also subtract the infinite mass of the W boson to regularise
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this supergravity calculation — this contribution is equal to the energy of the two
infinite straight strings (We will shortly see the details of this calculation when we
study the equivalent calculation in the charged black hole background). For pure
AdS, the results of this calulation give V o« —(g%,,N)/?/L. The 1/L behaviour is,
in fact, dictated by conformal invariance.

This calculation was extended to the field theory at finite temperature by con-
sidering a string worldsheet in a Schwarzschild-AdS background in [87,88]2. In this
calculation there is an extra subtlety — the subtraction to remove the infinite mass
of the W bosons is not made by subtracting the worldsheet area of strings which
stretch from infinity to U = 0. Instead, the worldsheet of strings stretching from
infinity to the black hole horizon, U = Ur, is subtracted. It has become standard
to adopt this subtraction in black hole spacetimes, and there are several reasons
for this [87]. An early argument comes from D-brane probes of black hole space-
times [92]. In such calculations, a coordinate transformation is required to match
the coordinates of the supergravity solution and the coordinates of the field theory
living on the D-brane. This transformation then indicates that, from the point of
view of the field theory living on the brane, the horizon is the origin. Furthermore,
the Euclidean (Wick rotated) black hole solution only contains the region outside
of the horizon. Brandhuber et al [87] also gave a physical argument for why the
strings must end at the horizon — they burn near the horizon due to the infinite
local Hawking temperature there.

The potential one finds in the Schwarzschild-AdS bulk is illustrated in figure 3.2.
There are two branches to the potential curve, the upper branch (with E > 0) is
unphysical. The lower branch gives the energy of the U-shaped string configuration
hanging into the bulk that we are studying. The shape of the string worldsheet in
this configuration is illustrated in figure 3.1.

From the potential curve, we see that the small-L behaviour is similar to the
Coulomb behaviour we observe for pure AdS, but at a scale set by L ~ 1/T, where

T is the temperature, we encounter V = 0. Since we have subtracted the mass of

2A review of Wilson loops from the string/gauge correspondence can be found in [91], which

includes extensive references.
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Figure 3.1: Profile of the string worldsheet dual to the interacting ¢q pair

the W boson which is equal to the energy of the two string configuration, then in the
situation for which V' > 0 for the single U-shaped string, it is the two string picture
which is energetically favourable. This latter solution would have zero potential
energy. We should therefore only consider the section of the E vs. L curves with
negative energy. Where the curve crosses the axis, the potential becomes constant.
From the point of view of gauge theory, this corresponds to the screening of the
quark charge by the plasma in the field theory which carries the energy of the
thermal state. Therefore the quarks become “free” at a great enough separation.
Our objective is to investigate the quark-antiquark potential obtained from the
string worldsheet in the charged AdS black hole background. We begin with the

metric (3.4), and calculate the string worldsheet area from the Nambu-Goto action

S://.Idxz ;—;/dx\/(amUP-kg—i ) (3.17)

We are working in the static gauge 7 = ¢, 0 = z for the string worldsheet coor-
dinates, where z is the position in the boundary direction along which the quarks

are separated. This action is independent of z, so we can calculate z from the
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Euler-Lagrange equations

oL
L— GZUW = const. (3.18)

The constant in this equation is fixed by imposing that there is a minimum value of

the radial coordinate for the string worldsheet, Uy, at which 8,U = 0. We then find
that 0,U is given by

u? Utf(U)
-1 1
o = T[40 [y ) (319
and so we can calculate the profile of the string to be
R2
T = 5 ay/1— (1+8)a +0a x
v y*dy

. (3.20
Y e g |V L M

We have introduced a dimensionless parameter a = Ur /Uy, and we see that z = 0 at
U = Uy, so the string profile is symmetric about x = 0. Furthermore, the separation
of the quarks is given by L = 22(U = o0). We wish to calculate the energy, which
is naively given by S/ty, where S is the action (3.17) integrated over the range
—L/2 < z < L/2. However, as we've already discussed, this would give an infinite
result due to the contribution from the mass of the W boson. We must therefore
regularise the expression by only integrating up to U = U,e,, and subtracting the
regularised mass of the W boson, Uy,,./(27). Taking our cutoff to infinity, we then

find the solution for the energy

L/2 U
E = lim |— da:\/ 8,U)? (U) — Zmaz
Umaz— 00 —L/2 2w
- & l / U U\/ 0,012 + L f(u) — Ymas
N Uma:I—l*OO ™ Uo ¥ R4 271-
Ur

(3.21)

* [ V- ?)(y* + 0’y - fat) lta
/1 ( V2 = 1)(y* + y? — 6ab) l)dy el

We can only evaluate this integral by numerical methods. If we plot E/Ur against

T

LUr/R?, the only free variable is 6, which specifies the charge on the black hole.
We can study the effect of the charge by varying 8. The results obtained in the

uncharged case have been reproduced here for comparative purposes in figure 3.2.
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The typical behaviour of E vs. L for a charged black hole (plotted here is the case
6 = 1) is given in figure 3.3, and the behaviour for the extremal black hole is given in
figure 3.4. It should be noted that in these plots the parameter « is not plotted over
the complete range, as numerical methods to solve the integral break down when
« is close to 0 or 1. However, the behaviour of the F vs. L plot in the unplotted
regions can be observed from studying L and E separately as functions of . As
a—0,L —0and E - —oco. With « increasing from 0, the F vs. L plot rises
smoothly to the cusp with increasing L and increasing F, at which point both L and
E begin to decrease along the upper branch. This monotonic decreasing behaviour
in L and F continues until a = 1, where both L and E are zero.

We see that the qualitative behaviour of the potential remains the same as in
the uncharged case as the charge of the black hole is increased. The separation
at which screening sets in increases slightly, but the overall scale is still set by the
horizon radius Ur. This is reasonable from the point of view of the field theory, since
we interpret this screening as due to polarization in the plasma in the field theory
which carries the energy density in this state (which corresponds to the black hole
mass from the spacetime point of view). In the charged black hole case, this energy
density goes like Uy, and not like the temperature. Even in the extremal, T — 0
limit, there is still a finite energy density, which is responsible for the screening
behaviour in figure 3.4.

It is interesting to observe that the maximum value of the parameter « for which
E' is negative increases from ~ 0.66 in the uncharged case to 1 in the extremal
charged case. That is, as we increase the charge, the string worldsheet probes deeper
into the interesting region near the horizon before the cross-over to the disconnected
solution. Despite this behaviour, these loops are not a good probe of the bulk
causality. In particular, there is no sign of any special behaviour as 7' — 0. From
the field theory point of view, the qualitative screening behaviour is associated
with the background energy density, and one seems to find qualitatively similar
behaviour independent of the details of the energy distribution. It is also possible
to construct examples which display the same screening behaviour without a black

hole horizon, for example by considering states on the Coulomb branch of the field
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Figure 3.2: Timelike Wilson loop - E vs. L plot for uncharged black hole (8 = 0)
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Figure 3.3: Timelike Wilson loop - E vs. L plot for charged black hole (§ = 1)
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Figure 3.4: Timelike Wilson loop - E vs. L plot for extremal black hole (6 = 2)
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theory [44,93,94]. Thus, while the value of the screening length is dictated by the

horizon radius, Ur, this probe is insensitive to the horizon as a horizon.

3.2.2 Spacelike Wilson loops

We can use similar techniques to study spacelike Wilson loops on the boundary
of the charged black hole. In earlier studies of the uncharged AdS Schwarzschild
black hole, spacelike Wilson loops were considered with the Euclidean black hole
metric in the bulk. For the uncharged black hole, the physics of Wilson loops
in the Lorentzian and Euclidean black holes is the same, as the two are related
by the analytic continuation, ¢ — ¢7. Therefore these studies of spacelike Wilson
loops in the Euclidean solution can be directly translated to statements about the
Lorentzian solution, which is what we must consider in our study of the causal
structure. These spacelike Wilson loops for the finite temperature field theory were
considered in [95,96]. Because of the thermal boundary conditions, the ¢ direction
is compactified on a circle of period # = 1/T in the Euclidean solution. At energies
smaller than the compactification scale, this Euclidean bulk solution is dual to a
pure gauge theory living in the 2 4+ 1 uncompactified directions, as all the other
modes of the original field theory get a mass proportional to the temperature. In
this analysis of the Euclidean solution, one of the spatial directions is interpreted
as the time direction in the 2 + 1 theory; the spacelike Wilson loop with the long
side along this direction is interpreted as giving the quark-antiquark potential in
this gauge theory. The supergravity calculation indicated that it would display an
area-law behaviour for L > f, in agreement with the expectation that this pure
Yang-Mills theory is confining. Unlike the timelike loops, the string worldsheet
always approaches arbitrarily close to the horizon as we increase the separation in
the boundary.

We want to consider spacelike Wilson loops in the Lorentzian charged black hole
metric (3.4). Once we introduce charge, the physics of a real Euclidean solution is
not the same as that of the Lorentzian solution we want to consider. The analytic
continuation from (3.4) to a real Euclidean solution involves continuing both ¢t — &7

and ¢ — iq’. (This is easy to see if we remember that charge comes from rotation in
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the higher-dimensional solution; that is, it is an angular momentum parameter.) The
analytic continuation ¢ — i¢’ in (3.4) drastically changes the physics — for example,
the analytically continued metric no longer has an extremal limit. Thus, while the
results obtained in the Euclidean metric would have an interpretation in terms of a
(24+1)-dimensional gauge theory, as in the uncharged case, the spacelike Wilson loops
in the Lorentzian metric (3.4) we will consider, do not have the same interpretation.
In our solution, ¢ is not analytically continued, and there is no connection between
the behaviour of the Wilson loops in this metric and any (2 + 1)-dimensional theory.
Our motivation for studying the spacelike Wilson loops is thus simply that they are
an interesting probe of the state in the (3 + 1)-dimensional supersymmetric field
theory corresponding to our charged black holes.

The action for the string worldsheet spanning a loop along two spatial dimensions

Y [G.U)2 Ut
S:%/dax 7 T R (3.22)

where Y is the length of the long side of the loop. Repeating the method of calcu-

is

lation of L and E used in the calculations for the timelike Wilson loops, we find

2 2 (o5
I - R a/ ydy , (3.23)
Ur Ji /(g =12 - ) (y* + o?y? — a*f)
UT /00 y5
E = £ —ldy—1+a|(3.24
|l Voo —d ey Y (324

We would like to find the behaviour of the theory at large L. L is increasing as
a function of «, so this requires us to consider the behaviour for a — 1 (i.e., we
consider strings which hang close to the horizon). For any value of the parameter
0, both of the integrals are then dominated by the region y = 1. So for & — 1, the
integrals in L and F become the same and we uncover the same area law as in the
uncharged case:

E=TL, (3.25)

where the tension 7 = %@‘. The F vs. L plot for the extremal black hole is given

in figure 3.5, to illustrate the similarity with the uncharged case (As before, we plot

E/Ur against LUr/R?). The scale at which the linear behaviour sets in is once
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again determined primarily by the horizon radius Ur; the effect of € is just some

multiplicative factor of order unity.

29
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Figure 3.5: Spacelike Wilson loop - E vs. L plot for extremal black hole

These probes see the horizon basically as a boundary, providing a lower bound
on g,izi, and hence enforcing an area law behaviour at large distances. Since they
don’t probe the gy part of the metric, it is not surprising that they’re not good

probes of the causal structure, or particularly sensitive to the temperature.

3.3 Supergravity probes

We now consider the propagators for supergravity probes of the charged black hole
background. These can be used to calculate the expectation value of a field theory
operator that is dual to a source coupled to supergravity fields near the horizon. One
might hope that these supergravity sources will better probe the causal structure,
as unlike the string worldsheets considered above, these sources can have compact
support in the radial direction. However, the fact that the one-point functions are

determined by the asymptotic fields will still complicate the story.
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3.3.1 Retarded propagator

We consider first the retarded propagator, defined as the solution to the wave equa-
tion

0,(v/—99"0,G(z,2")) = 6(z — z') (3.26)
subject to the boundary condition G(z,z') = 0 for ¢t < t'. Here, 2’ is the position
of the source, and z is the position where the measurement is made. It is natural
to assume that sources in the bulk will follow geodesics, and in the charged black
hole spacetimes, this implies that they will fall into the black hole. To study the
effects of such source probes, we must calculate boundary expectation values using
the retarded propagator; to learn about the causal structure, we must respect it.
Unfortunately, explicit calculations are extremely difficult, except in 2 + 1 dimen-
sions, where the black hole is locally AdS. We will remark on the qualitative features
of geodesic probes, assuming the solution has similar properties to the solution in
pure AdS.

The retarded propagator in pure AdS was previously investigated in [97], where
an explicit solution was constructed. In AdS,,,;, the retarded propagator is non-
zero only in the part of the forward light cone that can be reached by a causal
geodesic. In AdS,,, it is non-zero only on the forward light cone. In either case, the
retarded propagator from a point in the bulk to a point on the boundary is non-zero
only where the forward light cone of the point in the bulk intersects the boundary.

The expectation values dual to probes following geodesics in pure AdS were
constructed in [97]. There is an isometry which maps any geodesic in pure AdS to
any other, which acts on the boundary as a conformal transformation. This can be
used to obtain the expectation value dual to a boosted probe. These geodesics start
from large radius in the Poincaré coordinates and fall towards the horizon. As the
boost is increased, the initial position is moved to larger radius, bringing the probe
closer to the boundary. It was found that as the boost is increased, the expectation
value became concentrated in a ‘bubble’ around the light cone of the point where the
source makes its closest approach to the boundary (see [97] for details). An exact
metric describing a lightlike particle falling from a point on the boundary of AdS was

found in [98]. In that case, the dual expectation value was a delta-function along
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the light cone of the point on the boundary that the particle fell from, in agreement
with the general arguments for test particles. Thus, the expectation value spreads
to infinite scale size as the particle falls towards the horizon. (Note that for a time-
dependent probe, we have to wait for an infinitely long time to see this infinite scale
size, which makes this a little inconvenient as a probe of causality.)

Thus, most of the expectation value is along the light cone of the initial point
when the source starts near the boundary. By causality, only the part of the source
trajectory near the boundary can be contributing to this part of the expectation
value; the region where the expectation value is large is outside of the light cone of
all but the initial part of the probe’s trajectory. Thus, in pure AdS, the expectation
value lies mostly in an expanding bubble around the initial point, and is determined
by the part of the source trajectory at large radial distances.

This has several lessons for the black hole spacetimes. In black hole spacetimes,
the metric at large distances is approximately AdS, so we would expect propagation
in this region to be well-approximated by the propagation in pure AdS. Thus, for a
source starting at large radial distance in the black hole geometry, the expectation
value will have a contribution which produces a delta-function along the light cone.
This part will spread out to infinite scale size along the light cone, just as it did
in AdS. In an uncharged black hole background, there are thermal fluctuations
around this average value, so it was argued in [40] that in practice, we will see the
bubble expand until it reaches the thermal scale, where it becomes confused with
the thermal fluctuations. In the charged black hole, we can suppress these thermal
fluctuations, so we should be able to see the bubble expanding to larger and larger
scales, just as in pure AdS.

Although it is tempting to see this as a sign that the horizon is associated with
infinite scale size, we should note that this expansion of the bubble is not connected
with the horizon in the interior; it is determined by the behaviour of the probe far
from the horizon. To see the effects of the non-trivial causal structure, we should
consider the contribution to the expectation value from the region near the horizon.
Because of the non-trivial causal structure, there can be a contribution from the

region near the horizon only at very late times. Furthermore, the discussion in pure
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AdS suggests this contribution will be very small.
If we consider the BTZ black hole in AdS3, we can study the propagator from

the near-horizon region, since the spacetime is locally pure AdS. The metric is [99]

2 _ .2 £2d7‘2
ds? = _( T+)dt2 n
R C Y

where £ (the analogue of R in our higher-dimensional discussion) is the cosmological

+ r2d¢?, (3.27)

length scale. If ¢ ranges over all values, this is a peculiar coordinate system for AdS;.
If ¢ is periodically identified with period 2, this is a black hole with a horizon at
r = r;. A lightlike geodesic starting at the boundary point t = 0, ¢ = 0 is described

by
t'r+

I

The propagator from a point on this trajectory to the boundary at » = oo will be

¢ = 0,7 =, coth (3.28)

non-zero only at the intersection of the light-cone of the point with the boundary
(since the space is locally AdS, we can use the propagator obtained in [97]). For a
point at 7 = r, (1 + €), the light cone meets the boundary at
i~ L (M) . (3.29)
Ty €

As expected, t here goes to infinity as the source approaches the horizon. More
importantly, the point contributes at later times as we increase ¢. We consider
the contribution to the expectation value at some fixed late time from the source
worldline near the horizon. If we take the source sufficiently close to the horizon,
we need only consider the contribution from the source at ¢ = 0, and not that of
the images under the identification at ¢ = *2wn. That is, we can disregard the
compactification of ¢ for this calculation.

The expectation value for a geodesic source in these coordinates with ¢ €
(—00, 00) is [97]

)A

_ (ary
() = (a2 + (1 + a?) sinh®[r, (t + $)/2])2/2(a? + (1 + a?) sinh?[r, (t — $)/2])2/2
(3.30)

for an operator of conformal dimension A, where a is the boost parameter (the
source is lightlike for @ — 0). This expectation value is approximately independent

of ¢ for ¢ € (—m, m) at large t. Thus, the contribution to the expectation value from
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the region near the black hole horizon is ¢-independent, which is as close as we can
come to infinite scale in the present context of a compact spatial direction on the
boundary. We reiterate that this is just the contribution from the region near the
horizon; the main contribution to the expectation value is at £ = +¢ as discussed

in [43], and comes from the part of the worldline near the boundary.

3.3.2 Static propagator

We will next turn to static sources. The advantage of considering static sources
is that since the source is always near the horizon, the expectation value will be
affected by the near-horizon structure. However, the static propagator is indepen-
dent of g4, so this is not guaranteed to produce a result which reflects the causal
structure near the black hole, and in fact the answer we obtain does not have a
straightforward relation to statements about the causality. However, it does appear
to encode information about the near-horizon region in a non-trivial way.

The calculation of the appropriate propagator in the uncharged black hole back-
ground was discussed in [97]. The static propagator for a massless scalar field, such

as the dilaton, is defined as a solution to the equation

8; (v9979;G(z,2")) = \/gud(z — z'). (3.31)

Here z' is the position of the source, while z is the point at which the field is
measured. We take the metric (3.4) and rescale the coordinates by U — Uru,

t — tR?/Ur and z — zR?/Ur. The equation for the static propagator is then

(u” — (1 + 0)u® + 0u) 82G + (5u° — (1 + O)u? - 0) 3,G — w*k’G

_ V- (IR“; O+ sw—w).  (332)

Here we have Fourier transformed the propagator equation with respect to z;, so
Glu, v, k;) = / d*ke* G (u, ', 7). (3.33)

For u < v’ and u > ' the Green’s function is given by the solutions of the homoge-

neous equation

(u” — (1 + 0)u® + Ou) y"(u) + (5u® — (1 + 0)u® — 0) /' (u) — w’k*y(u) = 0. (3.34)
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We must now consider the indicial equations which arise for solutions near the
horizon © = 1 and the boundary v = oco. For u > o/ this is ¢? + 40 = 0, and
the presence of electric charge makes no difference to the boundary behaviour of
the Green’s function. In order for the solution to vanish at infinity, as required, we

therefore have

1
G(u > u', k) = Ayi(u, k) where y; (u, k) ~ U~ oo (3.35)

For the behaviour near v = 1, we have the indicial equation (4—26)(0(6—1)+0) = 0.
So long as 6 # 2 (i.e. for a nonextremal black hole) this is also the same as in the

uncharged case, and regularity at the horizon requires

G(u < v, k) = Bys(u, k) where ya(u, k) ~ 1,u — 1. (3.36)

We will return to the extremal case later in this section. The constants A and
B are calculated by continuity in the Green’s function at © = ' and the correct

discontinuity in its derivative, giving

Yo 1
A = ' , 3.37
W (y1,y2) R7u/\/u® — (1 + 6)u'” + 6 (3.37)

g 1
B = . 3.38
W (y1,92) R7u'/w® — (1 + 6)u? + 6 (3.38)

From (3.34) we can establish that the Wronskian, W (y,¥2) = 11y5 — y2y}, satisfies
the differential equation

dw _ d(w - (1+80u+f)
w w—(1+0u+2

(3.39)

It is therefore given by

w(k)

W(y17y2) = u5 — (1+9)u+ %7

(3.40)

where the constant of integration, w(k), incorporates the k-dependence of (3.34).

As in [97], we observe that a charge in the boundary theory is dual to a string
hanging from the boundary to the horizon — the minimum action configuration is
that of a string extended in the U and ¢ directions only. Such a string sources the
bulk dilaton field, ¢, through the coupling

u?

Vut — (1 +0)u2 +6

1 1
Sint = E/dUdtvgtthU¢ = E/dUdt\/gttguu

6, (3.41)
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where we have expanded the string worldsheet action to linear order in the dilaton
field.

We compute the dilaton field by noting that the position-space propagator may
be written as the Fourier transform of our momentum-space propagator, and the
integrals in this Fourier transform can be expressed as a sum over the poles of
G(u, v, k;).

3 B 2 . -
d(u, T) = i / du / (;W';3e—*k'x N (QI fo)u,2+0G(u, W K). (3.42)

The boundary behaviour of the dilaton field is then found to be

U—co UT4 ad e nT
$(U,2) = 87 R8U*4 vt mprw' (my,)

du'ys (v, my)du'. (3.43)

Here, m,, are the zeros of w(k), which give poles in the propagator. These correspond
to the special values of k£ for which we can construct solutions regular at both the
horizon and infinity. ys(u',m,) are the corresponding solutions of equation (3.34).
Thus, the propagator has an exponential suppression for r > 1/m,,, and these poles
hence provide a maximum length scale for the expectation value dual to sources
anywhere in the bulk. We proceed to determine this maximum scale by finding the
poles m,,.

In the case of the uncharged black hole, this problem of determining the zeros of
the Wronskian physically corresponded to finding the glueball mass spectrum for the
2 + 1 dimensional pure Yang-Mills theory, and was first described in [95], and both
numerical methods and analytic approximations have since been used to calculate
the spectrum [97,100,101]). As was emphasised in the discussion of spacelike Wilson
loops, the Lorentzian metric (3.4) is not directly related to the 2 + 1 field theory
obtained from a Euclidean rotating brane metric. Thus, the zeros, m,, found here
will not be simply related to the glueball mass spectra obtained from studies of the
rotating brane metrics in [85, 86].

We follow the approach of [101] in calculating m,,, as the change of coordinates
employed there makes the interpretation in the extremal limit clear. Returning to

equation (3.34), with the change of variables z = u? (k = ix), we find

8; [(z* — (1 + 0)z + 0)dy] + £*y = 0. (3.44)
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In order to use WKB methods on a second order linear differential equation, it is
necessary to redefine the dependent variable so that it satisfies a differential equation
with no first derivative term. The WKB analysis is greatly simplified with the change

of variables z = 1 + €®. Defining

o= 2L (3.45)

where

f(z) =€ +3e"+(2-9), (3.46)

we obtain a differential equation which is completely analogous to the uncharged

case,
W'+ V() =0, (3.47)
where 9
B I‘G2 N fll fl

The only change in this equation is that f(z) is altered by the 6 term. To perform
the WKB analysis we need to find the points where the potential in this equation
is zero, as these are the turning points of the WKB approximation. In the limits of

large |z|, for 8 # 2, we have

K2 3
1% ~ - z A4
(2) [2_0 2(2_9)]6 for z < 0, (3.49)
V(z) =~ k% *—1forz>0. (3.50)
For « sufficiently large there are thus turning points at z = —oo and z = 2y ~ 2In(x).

The WKB approximation therefore gives

<n+ %) T = /_ZO dz\/V (2). (3.51)

o

To leading order in x, we can approximate the integral

<n+%>7r:/_2fc\/gdz=n/loo\/Z3_(fia)x+05na, (3.52)

where the last equality defines a. The zeros, m,, of the Wronskian are thus approx-

imately given by

My = (n + %) , (3.53)
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where n is a positive integer®.

In the uncharged case a can be evaluated exactly. For the charged case, we
evaluate alpha numerically, and see that as the charge of the black hole is increased,
« increases and thus each m,, decreases. In figure 3.6, we plot the value of the lowest
zero m; as a function of the parameter § determining black hole charge. As§ — 2, o
diverges like In(T") o In(2 — ), where T is the black hole temperature. Since we are
obtaining a divergent answer, we should consider the validity of the approximation

more carefully.

Figure 3.6: The lowest zero of the Wronskian, m,; vs. 8

The divergence found in the WKB approximation in the extremal case can be
explained by considering the potential. For non-extremal black holes the behaviour
of V(z) for z < 0 was as given in (3.49). This is the case for any value of § other
than 2, but for # = 2 it is the next term in f(z) which contributes to V'(z) for z < 0

31t is argued in [97] that the extra zero for n = 0 does not contribute and this claim is sub-

stantiated by comparison to numerical results for calculation of the zeros in the uncharged black

hole
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and we find that the leading behaviour in V(z) is given by

I,”.Q

1
V(z) = 371 for z < 0. (3.54)

We see that the potential now no longer decays exponentially for z <« 0: instead
it becomes constant, and the potential never reaches zero in this region. Therefore
there is no second turning point of the equation and the bound state problem has no
solutions. The shape of the potential is illustrated in figure 3.7. The lower curve is
that for an uncharged black hole, the middle curve illustrates the shape for a generic
charged black hole, whilst the upper curve illustrates the special behaviour in the

extremal case.

Figure 3.7: Plot of the potential, V(2) vs. z

The different nature of the problem in the extremal case was discovered earlier,
when we found for equation (3.34), that the indicial equation for solutions near the
black hole horizon is given by (4 —20)(o(c — 1) +0) = 0. This is true for 8 # 2, but
for & = 2 the dominant terms in the solution near the horizon are those of a lower

exponent and they lead to the indicial equation

120(0c — 1) + 240 — k* = 0. (3.55)
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For solutions to be well behaved near the horizon this requires £ > 0. This is
problematic since the zeros are given by m? = —k?. In fact, in the extremal case,
(3.34) can be solved exactly, enabling us to see how it differs from the non-extremal
case. Making the substitution z = u? reduces the homogeneous equation for § = 2
to

2

(z = 1)2(z + 2)0% + 3(z — 1)(z + )3y — %y — 0, (3.56)

Whereas in both the uncharged case and the nonextremal charged case our homo-
geneous differential equation was linear second order with four regular singularities,
this equation only has three regular singularities, at x = —2, z = 1 and z = co. We
recognise this as the hypergeometric equation and reduce it to the standard form

by the transformation z = 3/(1 — z). Then

2

k
2(1 — 2)0%y — O,y + Y= 0. (3.57)

We will look for solutions of (3.57) satisfying our boundary conditions without re-
stricting the sign of k2, to see if any such solutions exist. We need the solution

to be normalisable, so y ~ u~*

as u — oo; after coordinate transformations this
condition becomes y =~ 2? as z = 0. We also require the solution to be well-behaved
at u = 1, i.e., at z = co. The hypergeometric equation has one solution with the

correct behaviour at z = 0,

3 1
y(z) = 2°F (g+/\,§—)\,3;2), A=gVO+3k220. (3.58)

To examine the behaviour near z = 0o, we use the asymptotic expansion in terms

of hypergeometric functions in 1/z to give

_ TEP(=2x) sy Aap (3 1 1

y(z) = —F(S/Q_A)Q( 1)zt F(2+A, 2+/\,1+2)\,Z)

PETEY yaoagap (3 5 1 1 501
F—(3/—2+—A)2(_1) A F<2 A, 5 A1 —2X z). (3.59)

Since the hypergeometric function as a function of 1/z is asymptotic to 1 at z = oo,
for our function to be well-behaved at z = 0o we require that z does not appear
outside the hypergeometric function with a positive exponent. In the second term
of this expression for y(z) this cannot be achieved, so the gamma function in the

denominator must diverge to set this term to zero. However, this would only happen
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if 3/2+ A = —n for n a non-negative integer, and A is positive. Thus, in the extremal
case there are no solutions of the time-independent wave equation satisfying the
boundary conditions at both the horizon and the boundary. The breakdown in the
WKB analysis near extremality is therefore physical.

In these static propagator calculations, we have found that there is a finite screen-
ing length associated with most of the black hole spacetimes. From the calculations
in the uncharged black hole, where the screening length is the thermal scale, one
might have suspected that this is associated with the thermal fluctuations, which are
concealing a divergence in the true behaviour. However, as we increase the charge,
the screening length grows only logarithmically in the temperature, and soon falls
below the thermal scale. There is thus really some limit on the characteristic scale
for probes near the horizon, and we see no sign of a divergent scale size associated
with the horizon in this calculation. It also would be interesting to understand
the origin of this behaviour in the field theory: since the scale is not simply fixed
by the horizon radius Ur, there may be some interesting physics here. From this
point of view, it should be stressed that 1/m,, only provides an upper bound on the
possible scale size; there may be power-law suppression at a smaller scale that this

calculation is not sensitive to.

3.4 Conclusions

We only found signs of the expected divergence in the scale size of dual expectation
values for probes near the horizon in the discussion of time-dependent probes. The
failure to find such a relationship for Wilson loops is perhaps understandable, since
the extended nature of the worldsheet implies that the part of the worldsheet that
changes as we vary the asymptotic separation is probing a range of radii near the
horizon, and not a specific value. Thus, the Wilson loops do depend non-trivially
on the structure of the metric near the horizon, but don’t really see the horizon as
a horizon. This fact has also been observed recently in [102], where Wilson loops in
spacetimes with naked singularities were studied.

It is more surprising that static supergravity probes produce dual expectation
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values with a finite scale size. From the spacetime point of view, this statement
means that a point charge close to the horizon produces an asymptotic field which
still depends non-trivially on the transverse coordinates z;. This is quite different
from the case of Schwarzschild black holes in flat space, where the field of a charged
particle close to the horizon becomes completely spherically symmetric (see [103]
and references therein). Note that this is not just the usual difference between the
asymptotic behaviours of flat space and AdS: in the Schwarzschild case, the field
measured at some finite radius is becoming spherically symmetric as the source
approaches the horizon. One might expect that we are violating a possible no scalar
hair theorem for these black hole solutions. However, a closer inspection of the
solution for our scalar propagator (equations (3.35)—(3.40)) reveals that this is not
the case. As a scalar point charge is lowered towards the horizon (v’ — 1) then the
field outside of it is determined by (3.35). The constant, A, in this equation tends
to zero in this limit — i.e. although the asymptotic field continues to depend non-
trivially on the transverse coordinates x;, there is an overall factor which reduces
the magnitude of the field to zero when the test particle producing the field hits the
horizon.

The static propagator also exhibits a mysterious logarithmic dependence on the
temperature for small temperatures. It should be noted that this only provides an
upper limit for the behaviour of the scale size of excitations for static probes near the
horizon, and the actual scale could be constant. Nevertheless, it would be interesting
to try to understand this behaviour from the field theory point of view. While no
analogue of this behaviour was seen in the glueball mass calculations in rotating
backgrounds [85,86], this should not cause concern. As previously emphasised, these
calculations address the physically different Euclidean solution obtained by ¢ — i7,
g — iq'. In this Euclidean solution, it is not possible to take the temperature to
zero; in fact, the minimum value of the temperature is achieved when ¢’ = 0.

One interesting example of a ‘static’ source that is not covered by the foregoing
analysis is a D-instanton. To consider a D-instanton, we need to pass to the Eu-
clidean solution, so we cannot really think of it as a probe of the causal structure.

However, the expectation value dual to a D-instanton is sensitive to the presence of
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the horizon in a dramatic way. For non-extremal black holes, the horizon in the Eu-
clidean solution is simply a point where the proper length of the periodic 7 direction
goes to zero. If we place a D-instanton at this point, the translational symmetry in
T is preserved, so the dual expectation value must be 7-independent. That is, for
D-instantons near the horizon, the scale of the dual field theory instanton goes to in-
finity in the 7 direction (and from the above comments on static propagators, in the
7 direction only). This may be a useful test for a horizon in the Euclidean solution,
but it does not help us to understand the causality of the Lorentzian solution.

The key to a more satisfactory representation of the bulk causal structure may
be to develop a relation between the bulk theory and the boundary which does not
require us to propagate effects out to the boundary in spacetime (such issues are
studied in [104-106]). This is difficult to achieve with the present correspondence,
as the relation between spacetime and field theory is phrased in terms of boundary
conditions on the gravity side. It is worth stressing that this problem is distinct
from the problem of studying local physics on scales smaller than the AdS scale;
the black holes here can be as large as one wants. It is clear that resolving this

apparently simple question requires much further study in the field.




Chapter 4

Braneworld Cosmology From Bulk
Black Holes

In this chapter we study the holographic description of braneworld cosmology. This
is undertaken by embedding a braneworld in a bulk AdS black hole spacetime —
all of the details of the cosmology can be captured by the parameters defining
the background spacetime. What will interest us here is a brane embedded in a
background of bulk Reissner-Nordstrom AdS black holes. We choose to study the
RNAGJS background as it exhibits the full generality of many of the results discussed
in earlier studies of braneworld holography. '

In braneworld holography, we normally think of the bulk gravity theory as being
dual to a CFT on the brane itself. However, the CFT has an ultraviolet cut off, so
it is actually a broken CFT [54,107]. In most studies of dual theories on the brane,
the precise nature of the dual theory is unknown. We regard it as an abstract
field theory, some of whose properties we can derive. We should also note that
early studies of branes [52] had fine tuned tensions that ensured the cosmological
constant on the brane vanished (critical branes). If we avoid this fine tuning we
are able to induce a non-zero cosmological constant on the brane [108] (non-critical
branes). In particular, recent observations indicating that our universe has a small
positive cosmological constant [57,58] suggest it is important to consider de Sitter
braneworlds. These inflationary braneworlds are naturally induced by quantum

effects of a field theory on the brane [109-111].
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When the bulk spacetime has a non-vanishing Weyl tensor!, Shiromizu et al [59]
pointed out that the electric part of this tensor appears in the Einstein’s equations on
the brane. This contribution is thought of as being holographic in that it can also be
intrepreted as coming from a dual theory on the brane. By considering a braneworld
observer, we can derive properties of the dual theory and get a better understanding
of the Weyl tensor contribution. However, in all the previous literature, it has been
assumed that the brane is at large radial distance from the centre of AdS space,
i.e. near the boundary. This allows us to assume that the energy density of the
braneworld universe is small, and the true holographic description of an (n — 1)-
dimensional braneworld in an n-dimensional bulk can be understood. However,
these results are all approximations in the sense that for a general brane evolution
it is not necessary for the brane to remain close to the boundary. In this chapter, it
is our objective to undertake a new study of the braneworld in which we calculate
the energy of the braneworld field theory exactly, regardless of the brane’s position
in the bulk. We also allow the brane tension to be arbitrary, thereby including both
critical and non-critical branes.

We find that this exact approach introduces quadratic terms in the Friedmann
Robertson Walker (FRW) equations of the braneworld universe. Remarkably these
turn out to have exactly the same form as the quadratic terms found in the cosmology
of branes embedded in a pure AdS background, when extra matter is placed on
the brane (see section 2.5.2). This suggests a new, enlarged duality that includes
even the nonconventional quadratic terms in the FRW equation. We may regard
the holographic dualities seen earlier for braneworlds as being an approximation of
more general “unconventional” dualities. Furthermore, unlike in section 2.5.2, there
is no ambiguity in splitting the braneworld energy momentum tensor into tension
and additional matter. This is because we do not have any additional matter, only

tension and a bulk Weyl tensor contribution that we have interpreted on the brane.

1This can occur naturally for a hot critical braneworld due to the emission of radiation into the

bulk [64].
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4.1 Equations of motion

We will consider an (n — 1)-dimensional brane of tension ¢ sandwiched in between
two n-dimensional black holes. In order to show the generality of our work we are
allowing the black holes to be charged, although our brane will be uncharged. Since
this means that lines of flux must not converge to or diverge from the brane, we must
have black holes of equal but opposite charge. In this case, the flux lines will pass
through the brane since one black hole will act as a source for the charge whilst the
other acts as a sink. It should be noted that although we do not have Z; symmetry
across the brane for the electromagnetic field, the geometry is Z, symmetric.

We denote our two spacetimes by M* and M~ for the positively and negatively
charged black holes respectively. Their boundaries, 9M™* and M, both coincide

with the brane. Our braneworld scenario is then described by the following action:

1 1
= d" R—2A, — F?) + d"'zvVhK
167Gy, /M++M— e ( ) 87Gn Jorm+rom- ¢
+ 1 d*'zvVhF%n, A, + o d"'zv/h, (4.1)
4’/TGn OM++OM— brane

where g, is the bulk metric and Ay, is the induced metric on the brane. K is the
trace of the extrinsic curvature of the brane, and n, is the unit normal to the brane
pointing from M™ to M~. Notice the presence of the Hawking-Ross term in the
action (4.1) which is necessary for black holes with a fixed charge [112].

The bulk equations of motion which result from this action are given in sec-
tion 2.4.2. There, we saw that they admitted the following 2 parameter family of

electrically charged black hole solutions for the bulk metric

2 2 dZ2 2
dSn = —h(Z)dt + m + Z dQn_Q, (42)
in which
2 72 ¢ q°
WZ)=ka’Z2 +1 - g+ s (4.3)

and the electromagnetic field strength

2(n = 3)
n—2

F=dA where A=< 1 g +<I>)dt and K =

_= 44
K 473 (4.4)

Note that we have relabelled the radial coordinate as Z, and the AdS radius is now

& so that k, is related to the bulk cosmological constant by A, = —3(n—1)(n—2)k7,
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whereas ¢ and ¢ are constants of integration. If g is set to zero in this solution, we
regain the AdS-Schwarzschild solution in which ¢ introduces a black hole mass. The
presence of ¢ introduces black hole charge for which ® is an electrostatic potential
difference. Furthermore, h(Z) has two zeros, the larger of which, Zy, represents the
event horizon of the black hole.

Since charge is a localised quantity, it can be evaluated from a surface integral
on any closed shell wrapping the black hole (Gauss’ Law). In M%* the total charge
is
(n —2)kQy,_2
87r—Gn—q’
where Q,_ is the volume of a unit (n — 2) sphere. As in section 2.4.2, the ADM

Q=+ (4.5)

mass [50] of each black hole is given by

M= (Tl - Q)QH_QC

167G, (46)

Let us now consider the dynamics of our brane embedded in this background of
charged black holes. This argument was outlined for a brane in pure AdS space in
section 2.5.2. We use 7 to parametrise the brane so that it is given by the section
(x#,t(7), Z(7)) of the bulk metric. The Israel equations for the jump in extrinsic
curvature across the brane give the brane’s equations of motion. One might suspect
that the presence of the Hawking-Ross term in the action will affect the form of these
equations. However, since the charge on the black holes is fixed, the flux across the
brane does not vary and the Israel equations take their usual form which we write
here as

2Kab - 2Khab = —SﬂGnahab, (47)

where K, and n, are as given in 2.5.2. This equation is the same as (2.36), but
here the energy-momentum tensor of the brane only contains the brane tension —
our braneworld does not contain the additional matter which we assumed in sec-
tion 2.5.2. Importantly, we again have the condition defined by the fact that n, is

a unit normal (2.34), but now h(Z) is the potential in our black hole metric (4.3).
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The resulting equations of motion for the brane are:

. C q

7Z? = g7 - WZ) =aZ’-1+ ZnTs ~ e (4.8a)
. 1 n—-3\ ¢ q?

_ 27 Tl — _ B 3 S

Z = o2Z 2h(Z) aZ ( 5 )Zn_2+(n 3) 5 (4.8b)
. ons

i = :

h(Z)’ (4.8¢)

where a = 02 — k2 and 0, = %7 This analysis has been presented in more detail,
at least for uncharged black holes, in [113,114].
We shall now examine the cosmology of our braneworld in this background. The

induced metric is an FRW universe given by the following
ds’_, = —dr* + Z(7)?dQp_s. (4.9)

We see that we may interpret Z(7) as corresponding to the scale factor in an expand-
ing/contracting universe and that equations (4.8a) and (4.8b) should be regarded
as giving rise to the Friedmann equations of our braneworld. Indeed, if we de-

fine the Hubble parameter as H = %, we arrive at the following equations for the

cosmological evolution of the brane

1 c q?
2
H° = a- ﬁ + Zn—1 - Zan—4) (410&)
: 1 n—1 c q*

Let us examine these equations in more detail. Equation (4.10a) contains the cos-
mological constant term a. For a = 0 we have a critical wall with vanishing cosmo-
logical constant. For a > 0/a < 0 we have super/subcritical walls that correspond
to asymptotically de Sitter/anti-de Sitter spacetimes. Note that for subcritical and
critical walls, Z has a maximum and minimum value. For supercritical walls, we
have two possibilities: either Z is bounded above and below or it is only bounded
below and may stretch out to infinity.

However, our real interest in equations (4.10a) and (4.10b), lies in understanding
the ¢ and ¢? terms. As discussed in [66,115], we can interpret the contribution
of the ¢ term to the cosmological evolution in two different ways. On the one

hand, the evolution is driven, in part, by the masses of the bulk black holes, as is
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evident in equations (4.10a) and (4.10b). On the other hand, we can ignore the
bulk and describe the evolution as being driven by the energy density and pressure
of radiation in a dual field theory living on the brane. At least for critical walls, it
was showed by Biswas and Mukherji [68] that we could interpret the ¢* terms as
corresponding to stiff matter in the dual theory. These discussions were motivated
by “holography” in the sense that the duality related an n-dimensional bulk theory
to an (n — 1)-dimensional field theory on the brane. In the spirit of AdS/CFT, the
brane was close to the AdS boundary. In the next section we will not make that
assumption. We will nevertheless discover an interesting dual picture, although it

will be “unconventional”, at least in terms of cosmology!

4.2 Energy on the brane

Consider an observer living on the brane. He measures time using the braneworld
coordinate, 7, rather than the bulk time coordinate, t. This of course affects his
measurement of the energy density. In previous literature, the energy on the brane
has been obtained by scaling the energy of the bulk accordingly. For example,
in [115], a detailed calculation using Euclidean gravity techniques yielded a bulk
energy, Epur =~ 2M (%), where M is the ADM mass of the black holes. This was
then scaled using ¢ to give the energy on the brane. In the limit of large Z(7),
e f‘{'z so that a braneworld observer measures the energy to be £ ~ c?,.ﬂz This
analysis enabled us to have the dual picture described in the previous section, even
for non-critical branes.

While the results obtained from these methods are interesting, they are approx-
imations. Indeed, the Euclidean analysis of [115] is only valid in certain limits, im-
posed because we require time translational symmetry to Wick rotate to Euclidean
signature. We should note that the deviation from the expected bulk energy, 2M, is
not so startling as we might originally think. The limits of the analysis impose that
as the brane approaches the AdS boundary, o, — k,,. Therefore, if the brane actu-
ally strikes the AdS boundary, it has to be critical and we recover what we might

have naively expected: the bulk energy is given by the sum of the ADM masses.
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In this chapter, we will bypass all of these approximations and limitations by
ignoring the bulk energy and calculating the energy on the brane directly. We will
use the techniques of [116] to evaluate the gravitational energy using 7 as our chosen
time coordinate. Happily we will not need to Wick rotate to Euclidean signature,
enabling us to exactly calculate the energy density on the brane, even at smaller
values of Z(7).

We begin by focusing on the contribution from the positively charged black hole
spacetime, M™* and its boundary, 9M™. This boundary of course coincides with

the brane. Consider the timelike vector field defined on M
7% = (0,1, Z). (4.11)

This maps the boundary/brane onto itself, and satisfies 7¢V,7 = 1. In principle we
can extend the definition of 7¢ into the bulk, stating only that it approaches the
form given by equation (4.11) as it nears the brane. We now introduce a family
of spacelike surfaces, ¥, labelled by 7 that are always normal to 7¢. This family
provide a slicing of the spacetime, M™* and each slice meets the brane orthogonally.
As usual we decompose 72 into the lapse function and shift vector, 7¢ = Nr® + N9,
where 7% is the unit normal to ¥,. However, when we lie on the brane, 7¢ is the unit
normal to ¥,, because there we have the condition (2.34). Therefore, on OM™, the
lapse function, N = 1 and the shift vector, N* = 0. Before we consider whether or
not we need to subtract off a background energy, let us first state that the relevant

part of the action at this stage of our analysis is the following:

+

1 1
= R - 2A, — F? K
167TGn M+ + 87TGn IM+ + 47TGn M+

Fun®A®. (4.12)
As stated earlier, we do not include any contribution from M~ or M ™, nor do we
include the term involving the brane tension. This is because we want to calculate
the gravitational Hamiltonian, without the extra contribution of a source. The brane

tension has already been included in the analysis as a cosmological constant term,

and it would be wrong to double count.
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Given the slicing ¥, the Hamiltonian that we derive from I is given by

HT = 87rG / NH+ N°H, —2NA,V E*

TN / NO + Nopyn® — 2NA,n E® + 2NF®n, A,,  (4.13)
Yi§

where ‘H and H, are the Hamiltonian and the momentum constraints respectively.
p? is the canonical momentum conjugate to the induced metric on ¥, and E? is the
momentum conjugate to A,. The surface S, is the intersection of ¥, and the brane,
while © is the trace of the extrinsic curvature of S; in X,.

Note that the momentum E® = F% . In particular, £ = 0 and we regard A,
as an ignorable coordinate. We will now evaluate this Hamiltonian for the RNAdS
spacetime described by equations (4.2), (4.3) and (4.4). Each of the constraints

vanish because this is a solution to the equations of motion.
H=H,=V,E*=0. (4.14)

The last constraint is of course Gauss’ Law. When evaluated on the surface S;,
the potential, A = ( p Z(T)" ——— + <I>) t dr. The important thing here is that it only
has components in the 7 direction. This ensures that the last two terms in the
Hamiltonian cancel one another. Since N =1 and N® = 0 on S;, it only remains to

evaluate the extrinsic curvature ©. If g, is the induced metric on S, it is easy to

show that '
h(Z)t
0 = O™ = Kuy® = (n—2) 2L (4.15)
The energy is then evaluated as
1 h(Z)t
E=— —2)—*. 4.16
871G, /S (n-2=7 (4.16)

We will now address the issue of background energy. This is usually necessary to
cancel divergences in the Hamiltonian. In our case, the brane cuts off the spacetime.
If the brane does not stretch to the AdS boundary there will not be any divergences
that need to be cancelled. However it is important to define a zero energy solution.
In this work we will choose pure AdS space. This is because the FRW equations for

a brane embedded in pure AdS space would include all but the holographic terms
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that appear in equations (4.10a) and (4.10b). These are the terms we are trying to
interpret with this analysis.

We will denote the background spacetime by M,. We have chosen this to be
pure AdS space cut off at a surface My whose geometry is the same as our brane.

As is described in [115] this means we have the bulk metric given by

2
dsn? = —haas(2)AT? + —22__ 4 7240, (4.17)
haas(Z)
in which
hAds(Z) = kn2Z2 -+ 1. (4.18)

There is of course no electromagnetic field. The surface M, is described by the
section (x*,T'(7), Z (7)) of the bulk spacetime. In order that this surface has the

same geometry as our brane we impose the condition

: A
. 2 — —
hAdS(Z)T -+ hAds(Z) 1, ‘ (419)

which is analogous to the condition given in equation (2.34).

We now repeat the above evaluation of the Hamiltonian for the background
spacetime. This gives the following value for the background energy

_ 1 _ hAds(Z)T
b= ~grc /S T(n 2) A (4.20)

Making use of equations (4.8a), (4.8¢c) and (4.19) we find that the energy of M™
above the background My is given by

E,=6-& = (;;;i) /ST%[\/Z-Q+h,lds(z)~\/z'2+h(2)]

(n—2)
—_— 21
8nG, (4:21)
where
c q?
Ah = h,(Z) — hAds(Z) = —Zn_3 + Jan—6" (422)

In this relation Ah is negative everywhere outside of the black hole horizon and so
it is clear that E, is positive. We now turn our attention to the contribution to
the energy from M™. Since the derivation of E, saw the cancellation of the last

two terms in the Hamiltonian (4.13), we note that the result is purely geometrical.
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Even though M* and M~ have opposite charge, they have the same geometry and
so F, = E_. We deduce then that the total energy

(n—2) / | , Ah
= = — —= — Op- 2
E=E,+E =G, /s, om0 (4.23)

Since the spatial volume of the braneworld V = | s = Q,_2Z™2 we arrive at the

following expression for the energy density measured by an observer living on the

p———w( T —1), (4.24)

brane

ArG, VA
where we have pulled out a factor of o,. If we insert this expression back into the

first Friedmann equation (4.10a) we find that

2
1  87G,on N (47an> 2. (4.25)

H’=q- —
@ Z2+ n—2p n—2

Although we will leave a more detailed analysis of the pressure, p, until section 4.3,

we can make use of the Conservation of Energy equation
p=—(n-2)H(p+p), (4.26)

to derive the second Friedmann equation

47 Gy,

H= - tnGuonlp+) — (1= (225) plo+p). (420

These are clearly not the standard Friedmann equations of an (n—1)-dimensional
universe with energy density p and pressure p. However, we should not expect them
to be. We have not made any approximations in arriving at these results so it is
possible that we would see non-linear terms. What is exciting is that the quadratic
terms we see here have exactly the same form as the unconventional terms that were
reviewed in section 2.5.2, and originally noticed by Binetruy et al in the study of
brane cosmologies [23,24]. In that case, they arose from extra matter on the brane.
We have no extra matter on the brane here, but by including a bulk black hole, we
get exactly the same type of cosmology. Clearly there is a duality relating these two
pictures.

We also note that in [23,24], the energy momentum tensor on the brane is split

between tension and additional matter in an arbitrary way, equation (2.40). In our
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analysis the tension is the only explicit source of energy momentum on the brane
so there is no split required. With this in mind we are able to interpret each term in
the FRW equations more confidently, in particular, the cosmological constant term.
Furthermore, we have not yet made any assumptions on the form of the braneworld
Newton’s constant.

Finally, we see that for small p and p, we can neglect the p? and pp terms and

recover the standard Friedmann equations for an (n — 1) dimensional universe

1 167!'G -1
H?* = a— — * 2
S A ) Y (4.28)
. 1 87I'Gn_1
H = — - . .
72 -3 (o +p) (4.29)
Here we have taken the (n — 1) dimensional Newton’s Constant to be
Gor= > 3 Gron, (4.30)

as is suggested by [52,59-63]. We see, then, how the dualities noticed in previous
studies of braneworld holography arise as approximations to the duality described

here.

4.3 Thermodynamics on the brane

In [65,66], it was noticed that there was a remarkable relationship between the ther-
modynamics of a field theory on the brane and its gravitational dynamics in the AdS
bulk. One can derive a “Cardy-Verlinde” formula which relates the thermodynamic
variables of the field theory, thus generalising Cardy’s formula for the entropy of a
1 + 1-dimensional CFT [117]. At the point in the brane’s evolution when it crosses
the event horizon of the bulk black hole, this Cardy-Verlinde formula reproduces the
Friedmann equation of the brane universe. Furthermore, the field theory entropy
then realises the holographic Hubble entropy bound of the bulk spacetime. Much
of the work in this area has been based on the assumption that the brane reached
close to the AdS boundary. Our work is not limited by these approximations and

we shall now attempt to generalise those results to this exact setting.
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We shall assume that our dual field theory is in thermodynamic equilibrium. We

would therefore expect it to satisfy the first law of thermodynamics
TdS =dE — &dQ + pdV. (4.31)

Notice the presence of the chemical potential, ®, which is conjugate to the R
charge, @, of the field theory. This is typical of theories that are dual to RNAdS in
the bulk [118], and was discussed in 2.4.2.

In reality, this first law arises from the contributions of both of our black holes,
M+ and M~. Written in terms of the field theory quantities which are derived from
each of these black holes, the first law should actually take the extended form

T,dS, + T_dS_ = dE, + dE_ — 8,dQ, — ®_dQ_ + (ps +p_)dV.  (4.32)

We noted in section 4.1, that M* and M~ have the same geometry. Field theory
quantities that only see this geometry, as opposed to the difference in charge, will
therefore be the same whether they are derived from M™ or M~. We deduce then

that we should derive a single temperature, T, entropy, S, energy, E, and pressure,

p, where
T =T, =1,
S = 2S+ = 2S_,
E = 2E, = 2E_,

p = 2pp = 2p_.

However we need to be more careful in discussing the chemical potential and the
charge because these are aware of the different sign in the charges in M* and M™.

Since the charges are equal and opposite we define

@ = (D.l_ == —(D_,
Q = 2Q+=-2Q-.
Given these relations, we do indeed recover a simplified first law of the form (4.31).

To proceed further we will have to assume that the entropy and charge of our

field theory is given exactly by the entropy and charge of the black holes. Taking
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into account the doubling up from the two black holes we find that

_ QnoZ57? _(n=2)KkQ
Recall that the energy E is given by
(n — 2)O'nQn_2Zn_2
E = Zy—-1]). .34
el (4(2) (434

where we have taken out a factor of o, in equation (4.23) and used the simplifying

notation
Ah

§2) =1~ 555 (4.35)

The remaining thermodynamic variables, p, T' and ®, can now be obtained by

making use of the first law (4.31).

_ oF . 1 (n—1)c B 2(n — 2)q°

p—_<a_v>S’Q = _p+87anan§(Z)[ o= o ] (4.36)
(%Y  _ L Ten

T_(ﬁ)qv T {2)onZ (4.37)
__ (OE B 1 '

q)_(%)s,v N mnf(Z)Z(Z,";3 Z"-3)’ (4.38)

where Tgy = ﬂffl is the temperature of the black holes. Given the value of p that
we have derived above, it is a useful check of the consistency of these results, to
observe that equations (4.27) and (4.10b) are indeed the same. Notice also that the
chemical potential, ®, vanishes at the horizon.

In earlier studies of such braneworlds, the nonlinear terms in p were not taken
into account due to various approximations which were made during the calculations.
It is therefore far from trivial to state that any further results connecting the bulk
spacetime physics and the field theory thermodynamics should continue to hold
in our scenario. We therefore proceed to consider these connections between the
FRW equations and the field theory variables, including all such non-linear terms,
to observe how the connection is affected in their presence.

Our first task is to rewrite the first law of thermodynamics in terms of densities
and we find that

1
Tds =dp — ®dpg — vd (ﬁ) ) (4.39)



4.3. Thermodynamics on the brane 74

where

(n—2)22

y = (p+p - Bpg — Ts). (4.40)

2
and the densities s = TS,— and pg = % This equation defines v which is the variation of
p with respect to the spatial curvature 1/Z2. It therefore represents the geometrical
Casimir part of the energy density. Using the values we have derived for our field

theory thermodynamic variables, we find that

B n—2 Z["I‘3
 87G,0.£(Z) Zn-3

0% (4.41)

We are now ready to present a generalised (local) Cardy-Verlinde formula for the

entropy density, s, in terms of v and the thermodynamic variables

_ 4oy, 4rGup 2 1 Y
o m[(”m) (o300 72) 4
21G 4nG e
__MCn 2 _Tomp
(n—2>an”(”<n—2)an)] '

In the limit of small p, we can ignore the quadratic terms and this reduces to the

formula found in [66-68,119]

dro, 1 8
s = m\/’)’ (P— §‘I)PQ - ﬁ) (4.43)

In [66], it was noticed that, when a critical brane (o, = k) crosses the black hole

horizon, the Hubble parameter is given by H2 = k2. At this instant, the entropy
density can be written as

_ H  (n—-3)H
292Gk, 4G,

s (4.44)

where we have made use of equation (4.30) when o, = k,. Notice that this cor-
responds to the Hubble entropy described in [65]. The key observation is that, at
the horizon, equation (4.43) then reduces to the linear form of the first Friedmann
equation (4.28). Confining ourselves to the case of critical branes, this result gener-
alises to the non-linear case when we evaluate equation (4.42) at the horizon, since
we then recover the exact form of the Friedmann equation (4.25).

For non-critical branes (o,, # k) at the horizon, the connection between entropy

density and the Hubble parameter is not a linear one. We instead find that H? =
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02 = k2 + a, therefore using equation (4.33), the entropy density on non-critical
branes should be rewritten as

VH>—a _(o,\ (n-3)VH*-a
2Gnkn N kn 4Gn—l

S =

(4.45)

where we have once again made use of equation (4.30). Unlike in the critical case,
it is not clear how we should interpret this entropy formula. Nevertheless we note
that when equations (4.43) and (4.42) are evaluated at the horizon they reproduce

the linear (4.28) and non-linear (4.25) Friedmann equations respectively.
We also present the generalised form of the temperature at the horizon crossing
po_ kH (1+M)_1. (4.46)

2ro,VH? —a (n—2)on

Notice that this reduces to the formula quoted in [66] when we ignore quadratic terms
and set o, = k, for the critical brane. Using this generalised form, we see that if
we evaluate equation (4.40) at the horizon, we reproduce the second Friedmann

equation (4.27), even in the exact, non-linear case.

4.4 Conclusions

We have noticed a remarkable new duality for braneworld cosmology that includes
the unconventional terms first spotted in [23,24]. Consider the approach to the cos-
mology of braneworlds discussed in section 2.5.2, where we embedded a brane in pure
AdS space and placed additional matter on it. It was observed that the braneworld
observer sees a different cosmology to what we might expect — the Friedmann equa-
tions include quadratic terms in the energy density and pressure of this additional
matter. In this chapter, we have obtained exactly the same unconventional terms
when one considers a brane embedded in between two black holes, with no extra
matter being placed on the brane. In previous studies of branes in black hole back-
grounds, the cosmological evolution has been described in two different ways. As
above, it may be regarded as being driven by the bulk black hole or by a dual the-
ory living on the brane. However, these results assume that the brane is close to

the AdS boundary. We have used techniques that do not require us to make such
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approximations in our calculations. It seems that the “holographic” dualities of [66]
are approximations to the “unconventional” duality we have noticed.

Another appealing feature of our analysis is that it is free of ambiguities. In [23,
24] it is not clear why the decomposition of the brane energy momentum tensor into
tension and additional matter should be carried out as it is, i.e. as in equation (2.40).
In our approach there is no additional matter, only tension, so there is no ambiguous
split. We find that our exact interpretation of the bulk Weyl tensor suggests that the
FRW equations should indeed take the form given in [23,24]. However, by comparing
our values for p and p we also see that we have a highly non-trivial equation of state.
It only takes a recognisable form as the brane approaches the AdS boundary. This is
expected because by allowing the brane to probe deep into the bulk we are inserting
a significant cutoff in the dual field theory. The approach of [23,24] has the benefit
that it allows for an arbitrary linear equation of state.

Given our exact work, we have also been able to present a generalised Cardy-
Verlinde formula for the field theory on the brane. We should note that we made
various assumptions (e.g. entropy on brane is entropy of bulk) that perhaps require
further justification — our results are as given but it would be worth taking a closer
look at how a braneworld observer should really see entropy in this exact setting.
Nevertheless, we find that just as in [66], the Friedmann equations are reproduced
when we evaluate the relevant thermodynamic formulas at the horizon, including
all non-linear terms. We should note that we do not know how we should interpret
the expression for the entropy (4.45) when there is a cosmological constant induced

on the brane.




Chapter 5

Stability of Schwarzschild in a

Finite Cavity

Gubser and Mitra [25,26] have made a conjecture relating classical and thermody-
namic stability of black branes that considers their dynamical evolution and so goes
beyond the traditional correspondences between black hole mechanics and thermo-

dynamics.

“A black brane with a non-compact translational symmetry is classically stable if,

and only if, it is locally thermodynamically stable.”

Interesting tests of this conjecture are provided by solutions which pass from
(classical or thermodynamic) stability to instability as some parameter is varied

and we will study a simple example of this in this chapter.

5.1 Proving the conjecture

In [27], charged black p-brane solutions were considered, where in some cases the
specific heat becomes positive near extremality, and it was explicitly demonstrated
that for suitable gauge choices, the equations satisfied by the Euclidean negative
mode and the classical Gregory-Laflamme perturbation are equivalent.

In this chapter , we will consider the simpler case of an uncharged black p-brane
in d + p dimensions, constructed by taking a direct product of a d-dimensional
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Schwarzschild black hole and p flat directions. We consider this system in a finite
cavity, so we can vary the specific heat by varying the ratio of the cavity size and
the black hole’s mass. The relation between the classically unstable mode and
the Euclidean negative mode for this solution was already considered in infinite
volume in [27]. We show that the introduction of the cavity walls does not spoil the
equivalence, and furthermore show that the negative mode coincides precisely with
the regime of thermodynamic instability.!

In [120], it was shown that Schwarzschild black holes with negative specific heat
will necessarily have a negative mode. This was extended to the charged black
brane solutions in [27]. Thus, thermodynamic instability in the canonical ensemble
implies the existence of a negative mode. No general proof of the converse exists,
but we have seen in section 2.6.1 that a negative mode suggests there should indeed
be a thermodynamic instability since the definition of the canonical ensemble for
Quantum Gravity breaks down in the presence of such a mode. In what follows, we
will check this explicitly by finding the lowest eigenvalue of (2.47) and showing it is
negative if, and only if, the specific heat is negative.

The key remaining step in relating thermodynamic instability and classical in-
stability is relating the negative mode satisfying (2.47) in the black hole solution
to the unstable mode in the Gregory-Laflamme analysis of the perturbations about
a black brane solution. For the uncharged black branes we are interested in, this
connection is very direct [27]. We observed in section 2.6.2 that the black hole factor
in the Gregory-Laflamme perturbation, H,,, satisfied equation (2.51), and that a
time-independent solution of this equation with non-zero eigenvalue given by pu = p*,
represents a threshold unstable mode, separating stable and unstable perturbations.
But for such time-independent perturbations, H,, is static, and Wick rotating it
just changes the sign of Hy. Furthermore, upon Wick rotation, the Lorentzian Lich-
nerowicz operator éu,/’" becomes the Euclidean Lichnerowicz operator G,,*°. We

therefore see that, on time-independent perturbations, equations (2.47) and (2.51)

1A similar calculation of the negative mode for Euclidean Schwarzschild-anti de Sitter was
carried out in [120]. It was also shown in [121] that for Reissner-Nordstrém black holes in infinite

volume, the negative mode coincides with the regime of thermodynamic instability.
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are equivalent — the eigenvalue for the Euclidean negative mode equation is given by
A = —p*2. Thus the conditions for classical instability and existence of a Euclidean
negative mode give rise to the same equation.

The above argument relies on the fact that the boundary conditions satisfied by
the Euclidean negative mode in the black hole solution and the classical Gregory-
Laflamme instability of the uncharged black brane coincide - in both cases we look
for perturbations which are regular at the horizon and decay at infinity. However,
the introduction of a finite boundary introduces little modification to the argument.
For the case of a black hole in a finite cavity, the appropriate boundary condition
in both the Euclidean negative mode and the classical perturbation is that the
induced metric on the boundary be unchanged. In what follows, we will show that
this Euclidean negative mode (and hence the classical instability) occurs precisely
when the specific heat of the black hole is negative, and hence when the black hole
is thermodynamically unstable (it is trivial to observe that thermodynamic stability
of the black hole and black brane are equivalent, since the specific heats, ¢ = %, of
the brane and the black hole are related by a volume factor which does not affect
their sign). This simple example of the uncharged p-brane therefore allows this
identification between the Euclidean negative mode and negative specific heat to
be made, and so we have a more complete argument demonstrating Gubser and
Mitra’s conjectured equivalence — it is thus a particularly attractive example of

Reall’s general approach to demonstrating why the conjecture should be true.

5.2 Schwarzschild in a finite cavity

Gravitational thermodynamics in a finite cavity was considered by York [122]. He
considered four-dimensional spacetime, with the proper area of the spherical cavity,
A = 4rr}, and the local temperature, T', at the cavity wall fixed. In the Euclidean
solution, these boundary conditions amount to fixing the induced metric on the
boundary. If the product of cavity radius and temperature was sufficiently high,
T > \/27/8, there were two Schwarzschild solutions of mass M;, M, which sat-

isfied the boundary conditions. As 7,7 runs from this minimum value to infinity,
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M /7y runs from 1/3 to 0, and M>/7, runs from 1/3 to 1/2 (thus, in the limit, the
black hole fills the cavity). The stability in the canonical ensemble was analysed by
calculating the specific heat at constant area of the boundary, with the result

Ca=8rM? (1 - %> (% - 1)_l : (5.1)

T Ty

Thus, the smaller black hole, of mass M;, has negative specific heat and is thermo-
dynamically unstable, while the larger black hole, of mass M, has positive specific
heat and is thermodynamically stable.

In considering perturbations, it is more convenient to use the black hole’s mass,
M, and r, as parameters, rather than T and r,, and we will imagine varying 7.
We can consider any 1, > 2M. For 2M < r, < 3M, we have a positive specific
heat, while for r, > 3M, we have a negative specific heat. We therefore expect
to see a negative mode only for r, > 3M. Allen analysed the problem of finding
the negative mode for black holes in a finite cavity prior to York’s study of the
thermodynamics [123]. He found that the negative mode exists if r, g 2.89M. A
resolution of this apparent contradiction was presented by York [122], who observed
that Allen had fixed the coordinate location of the boundary, which, in his choice of
gauge for the perturbation, did not correspond to fixing the area of the boundary.

In the next section, we will discuss the solution of the eigenvalue equation (2.47)
with the induced metric on the boundary fixed. First, however, we will briefly
discuss the straightforward extension of York’s thermodynamic analysis to higher

dimensions. The d-dimensional Schwarzschild black hole is

-1
ds? = (1 - ;"d—g) dt? + (1 - %) dr? + r2dQy_s, (5.2)

where w = 167/[(d — 2)V;_o] and V_, is the volume of the unit $¢-2. Hence, the

relation between the black hole mass, M, and the temperature of the cavity, T}, is

B d—3 wM \
Tb = T(’I‘b) = 47r(wM)1/(d_3) (1 - rg_s) . (53)

The entropy of the black hole is

S = Vi o(wM)E3, (5.4)
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Therefore, we can calculate the specific heat of a black hole in a cavity of radius r,

-1
Ca=T (ST_S)A = 4 M (w M)/ @) (1 = ‘”ﬁ) (d —1wM 1) . (55)

d-3
b T 2

We therefore expect there to be a negative mode in the Euclidean solution only for

d-3 d—1
Ty > T(.UM

5.3 Finding the negative mode

We will now discuss the calculation of the negative mode for a d-dimensional Eu-
clidean Schwarzschild black hole in a finite cavity with the induced metric on the wall
of the cavity fixed. By the foregoing discussion, this also gives a threshold unstable
mode for the uncharged black brane solution. We will first discuss the analysis for

four dimensions in detail and then sketch the extension to higher dimensions.

5.3.1 Four dimensions

We wish to consider perturbations of the four-dimensional Euclidean Schwarzschild

metric,

2M 2
ds? = (1 - T) dr® + & + r2d6? + r?sin? 0d¢>. (5.6)

We are looking for perturbations which are eigenvectors of (2.47) with negative
eigenvalues. This problem was analysed in [75] for the black hole in infinite volume,
and it was found that in an expansion in spherical harmonics, the only part which can
have a negative eigenvalue is the spherically symmetric static mode. In considering

the black hole in a finite box, it will therefore suffice for us to consider a perturbation

h*, = Diag [HO(T)le(T)7 —% (Ho(r) + H(r)) , =5 (Ho(r) + Hl(r))} , (87)

_1

2
where the condition of transversality, V ,h*, = 0, implies
r(r—2M)d 3r—5M

Hy(r) = |-—————— — ———{ Hy(r).

o() [ r—3M dr r—BM] 1(r)

The task of finding the negative mode then reduces to finding negative eigenvalues

of

., 2M\ &  2(r—4AM)(2r-3M) d 8M - — .
[ (1 ) dr? r2(r — 3M) ar " r2(r—3M)] Hr) /\Hl((;.g)

(5.8)

r



5.3. Finding the negative mode - 82

This equation has regular singular points at » = 0, r = 2M and r = 3M and an
irregular singular point at r = 0o, so an explicit solution to it can not be found. As
in previous works, we must therefore use numerical methods to find the eigenvalues.
In the infinite cavity the required boundary conditions for the solution are regularity
at the horizon, r = 2M, and normalisability at infinity. Imposing these conditions
on the solution then yields one negative eigenvalue, A ~ —0.19M ~2 [75].

To search for negative modes in a finite cavity, we need to impose the condition
that the induced metric on the walls of the cavity is fixed. This is complicated by
the fact that the perturbation is generically non-zero in the spherical directions. In
the unperturbed metric the area of a spherical cavity of radius 7 = r, is A = 477y

The perturbed metric is

1+ GHI('I‘)

| om dr?

ds® = (1 - -2T—M) (1 + eHy(r)) dr?

+ 72 [1 — %G(Ho(’l‘) + Hl(r))] dQ?(5.10)

and so after the perturbation the surface r = r, has area
1
A = 4mry? [1 - 56(H0(7°) + Hl(r))] : (5.11)

The change of area could be corrected by allowing the boundary of the cavity 7
to move to 7, after the perturbation, where r; is chosen such that the area of the
cavity wall in the perturbed metric is the same as that in the unperturbed metric at
ry. We will instead give a more careful analysis by making a change of coordinates
to work in a different gauge for the perturbation, in which the area of the cavity
wall at fixed radius is unchanged by the perturbation. The appropriate coordinate

transformation is
1
r—sp: pr=r? [1 — §€(H0(7”) + Hl(r))] : (5.12)

Rewriting the perturbed metric in the new coordinates and keeping only the domi-

nant first order terms of the metric perturbation gives

ds® = (1 - %) (14 eFy(p)) dr + (1 - %) i (1+ eFy(p)) dp® + p*dQ?, (5.13)
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where
_ (2p—3M) Hy(p) + M Hy(p)
Folp) = 2(p— 2M) ,
Fi(p) = (p— 3M) Ho(p) + (30 — TM) Hy(p) + plp — 2M) (Hy'(p) + Hi'(p))

2(p—2M)

Thus the metric perturbation in this gauge is
h*, = Diag [Fo(p), F1(p),0,0]. (5.14)

With this new gauge we see that to hold the surface area fixed when the metric
perturbation is switched on is a trivial task: we simply hold p, fixed.

In section 2.6.1, we saw that physical negative modes are determined by the
eigenvalue equation (2.47), which involves only the transverse traceless part of the
perturbation. An infinitesimal coordinate transformation changes the metric by
Guw —* Guw + €V (., for some vector field £#, and thus only changes the longitudinal
part. That is, although the metric perturbation in our new gauge choice looks more
complicated, the equation we need to solve is unchanged, as the transverse traceless
part is not affected by the gauge transformation. The transverse traceless part of

(5.14) is just (5.7) with r — p, that is,

hTT#, = Diag [Ho(p), Hy(p), —% (Ho(p) + Hi(p)) , —% (Ho(p) + Hl(p))] (5.15)

with the transversality condition

plp—2M) d 3p—-5M
Holp) = |~ FPen Hy(p)- 1
We are thus seeking negative eigenvalues of the equation
2M\ & 2(p—4M)(2p - 3M) d 8M
i C el i — 4+ ————= | Hi(p) = AH
[ ( P ) dp? p2(p—3M) dp ,02(,0—3]\/[)] 1(p) 1(10))

(5.17)
subject to the boundary conditions of regularity at p = 2M and the isothermal
boundary condition at the fixed radial position p = p,. The first boundary condition
is imposed by finding a regular series solution to the differential equation about

p = 2M. There is only one such solution:

o0

H(p) = Zan(p/]\/j - Q)n’ (5.18)

n=0
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where

ap = —(AM?+ 2)a,

1
as; = 6(/\M2 + 2)(2AM2 + 7)(10,
1

a3 = 36(AM2 +5)(2A2M* + 10AM? + 15)ay,
1
ay = %(585 + 520AM? + 168X2M* + 30N> M + 2)* M®)ay.

The isothermal boundary condition fixes the proper length around the S! in the 7

direction, which is given by 1/g,,(ps) A7. It therefore imposes

(1 _ zf‘l) _ (1 _ ZJE) (1+ Foay)

Po Po
= Fo(pb) = 0
M
= Ho(ps) 3M—_2prl (pv)- (5.19)

H, is given in terms of H; by (5.16), so the isothermal boundary condition reduces

to a mixed boundary condition for H,

Hy'(ps)  6p% —20Mpy + 18M?
Hi(ps)  polpo — 2M)(2pp — 3M)

This can be contrasted to the condition derived by Allen by holding r, fixed [123],

=0. (5.20)

Hll(Tb) n 37’b - 5M
Hi(ry)  rp(ry — 2M)

=0, (5.21)

It should be noted that in deriving these conditions we have multiplied through by
p»— 3M in (5.16) [r, — 3M in (5.8)]. This is acceptable so long as p, # 3M, but for
p» = 3M, we need to consider more carefully the true boundary condition (5.19).
The method used in solving the differential equation is to numerically integrate
from p = 2M to p = p, using the form of the solution given by (5.18) as the initial
data. However, the numerical method breaks down at p = 3M due to the singularity
here in the differential equation. To overcome this problem we find a power series
solution about p = 3M and find that the solution is in fact well behaved there.
To evolve our solution through p = 3M, it is therefore necessary to numerically
integrate up to 3M — 9§, for some small §, and use the results of this numerical

integration to fit the power series solution at 3M to the data. This power series can
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then be evaluated at 3M + 6, and the value of H, and its first derivative can be
extracted there to provide new initial conditions for a numerical solution beginning
at 3M + 4, which can then be evolved up to p,.

Unlike at p = 2M, where only one of the series solutions was well behaved, there
are two independent well behaved solutions at p = 3M. One of these is of order 1
whilst the other is O ((p — 3M)3). Since the numerical solution breaks down in a
fairly large region around 3M, we can not approach the singularity with too small
a 0. It is therefore necessary to go to fifth order in the series to maintain accuracy
with a & of order 1073, and so the particular solution to the differential equation
which we require here is a linear combination of both series. We therefore use the
values of H, and H,' at 3M — § to find the coefficients by and ¢, in the general form
for the solution at p = 3M:

Z b + Cn p/M 3) ) (p/M - 3)11’ (522)
n=0
where
4 11
by = -gbo, = _FCOa
4 3 7 3
b = — — 2 = - — 2
7] (3+ /\M )bo, Co <3 10/\M)Co,
40
by = (27 -+ 5/\M2> bo,
by = (@ EAMQ ,\2M4) bo,
81
_ 136 E 2 2374
5 = (81 9/\M 3/\M)b0.

The eigenvalue spectrum is now found by a shooting method. An arbitrary value of
A is input, the solution at p = p, is found and tested to see if it obeys the correct
boundary condition. If it doesn’t, A is adjusted appropriately and the process is
repeated until X is found to the required precision. We have repeated this process
with varying cavity sizes so that the value of the lowest eigenvalue can be plotted
against py.

In figure 5.1, we give the results obtained for the boundary condition (5.21),
demonstrating Allen’s finding that the critical value of the radius is at r, ~ 2.89M.
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In figure 5.2, we give the results for our boundary condition (5.20), showing clearly

the expected result that there is a negative mode only for p, > 3M.

o 2’5 a’s a

Figure 5.1: AM? vs p,/M for the boundary condition (5.21)

o 2’5 3 a’s a

Figure 5.2: AM? vs p,/M for the boundary condition (5.20)

5.3.2 Higher dimensions

We will now briefly discuss the extension of the results above to uncharged p-branes
in d + p dimensions for d > 4. We are interested in studying the negative modes

of the Euclidean black hole geometry (5.2). In d > 4, the spherically symmetric
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transverse tracefree perturbation is

h*, = Diag | Ho(r), Hi(7), —ai—2 (Ho(r) + Hi (7)), ..., —d—i—i (Ho(r) + Hi(r))]
(5.23)

and the transversality condition V,hY = 0 gives

_ 2r(ri=3 — wM) ,
Ho(r) = S 2rd=3 —(d — l)wMHl(T) -

2(d — 1)r?=3 — (d + 1)wM
2rd=3 — (d — 1)wM

The Euclidean negative mode is still given by the eigenvectors of (2.47), which

becomes

wMY ., [2dr??-6 — wMr?=3(3d? — 11d + 18) + d(d — 1)w?*M?] _,
B (1 B rd‘?’) Hy(r) rd=2(2rd-3 — (d — 1)wM) Hy(r)
2d(d — 3)’wM
r2(2rd-3 — (d — 1)wM)

Hy(r) = AH (7).

(5.25)

As in the four-dimensional case, it is convenient to make a coordinate transforma-
tion before applying the boundary conditions at the shell. Here the appropriate

transformation is

r=p: pPP=r|1- e(Ho(r) + Hi(1))] - (5.26)

d—2
The condition that the induced metric on the shell is fixed then implies that the

shell is at some fixed p = p,, and that

d—3 wM
H, +
0(pb) 2(d_2) pg_3_wM

(Ho(ps) + Hi(ps)) = 0. (5.27)
Using the transversality condition (5.24), this becomes a mixed boundary condition
for Hy,

H!(ps) N 2(d — 1)(d — 2)p2* % — 2(d* — d — 2)wMpZ ™3 + (d — 1)%wM?
Hi(py) po(py % — wM)[2(d — 2)py % — (d — 1)wM]

=0.
(5.28)
We analyse this eigenvalue problem using the same numerical methods as previously.
The results are displayed in figure 5.3. In this graph the eigenvalue has been plotted
against the cavity radius in a scaled and shifted radial coordinate, p, given by
p(wM)77 — 1
()= -1

p= (5.29)
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This choice is made so that in all dimensions we see that the black hole horizon is
at p = 0 and the specific heat (5.5) is negative only when g, > 1. It is clear that in
all cases this corresponds exactly to the existence of the negative mode.

14—_

12

Figure 5.3: A(wM )33—3 vs pp for d = 5 (closest to axis) to d = 10 (furthest from axis)

dimensions

5.4 Conclusions

We have demonstrated that an uncharged black brane in a spherical cavity is classi-
cally unstable if, and only if, it is locally thermodynamically unstable. This provides
a particularly simple and elegant example of the general connection between ther-
modynamic and classical instability conjectured in [25,26]. The key element of the
proof was showing that as we vary the volume of the cavity, the classical instability
disappears at precisely the point where the specific heat changes sign. To do this,

we used the observation that the threshold unstable mode for the classical insta-
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bility is the analytic continuation of the Euclidean negative mode [27]. We then
provided the first analysis of the Euclidean negative mode for Schwarzschild in a
finite cavity using the boundary conditions appropriate to the canonical ensemble.
(A similar calculation of the negative mode for the Euclidean Schwarzschild anti-de
Sitter solution was carried out in [120]; unfortunately, it is not straightforward to
construct a corresponding black brane solution in that case. The issue of stability
for a warped black string solution in anti-de Sitter space was considered in [124].)
One might be surprised that the presence of a boundary affects the classical
instability at all; after all, the bulk metric is unchanged, so the initial behaviour
of a perturbation with compact support near the horizon should be unaffected by
the introduction of the boundary. However, in general relativity, the initial data are
subject to constraints, so we are not free to specify an arbitrary initial perturbation
of compact support, and the boundary conditions can influence the allowed possi-
bilities for initial perturbations. It is hence reasonable that the boundary can turn

off the classical instability.



Chapter 6

Extending the Gubser-Mitra

Conjecture

In the last chapter we studied Gubser and Mitra’s conjectured equivalence of classical
and thermodynamic stability of black branes. The key restriction of the conjecture
is that it only applies to branes which have a translationally-invariant direction.
This condition is imposed to exclude black holes from the conjecture - it is well
known that the Schwarzschild black hole is classically stable, yet has negative specific
heat and is therefore locally thermodynamically unstable. Nevertheless, it would be
appealing to be able to extend Gubser and Mitra’s conjecture to other product
spacetimes in which a black hole is crossed with a more general spacetime, other
than the flat directions of the supergravity brane solutions.

A particularly interesting extension in this context is to consider the stability of
black holes crossed with spheres, in particular the Schwarzschild AdS,, x S™ back-
grounds. These backgrounds are solutions to the supergravity action that is derived
from string theory in a low energy limit. Therefore, as we have seen in section 2.4.1
and chapter 3, they play a significant role in the AdAS/CFT correspondence — in this
context, the stability of the supergravity background has consequences in the dual
gauge theory. The need to understand issues of stability of any background upon
which we wish to study the correspondence is thus clear. In this chapter, we match
the two notions of stability for these spacetime by deriving the explicit connection

between the Euclidean negative mode of the black hole (associated with thermody-
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namic instability), and the onset of a dynamical instability of the spacetime. Further
aspects of the proof of this conjecture then follow as in chapter 5.

Similar issues regarding the stability of the Schwarzschild AdSs x S° background
have been independently studied by Hubeny and Rangamani in {125]. However,
unlike in their paper, we will perform an explicit analysis of the perturbations of all
the supergravity fields and demonstrate that it is possible to consider perturbations
of the metric field alone. These considerations are similar to those undertaken by
Gregory and Laflamme where they explicitly demonstrated that perturbations of the

form field were not relevant to their study of the stability of black branes [76,77].

6.1 The equations of motion

When studying the AdS-Schwarzschild black hole, one can consider a variety of
metrics due to the freedom of having a spherical, toroidal or hyperbolic boundary.
The toroidal case arises from the near horizon region of the p-brane metric and
has been studied earlier. It is very similar to our study in chapter 5, since the
translationally-invariant directions in the black hole metric allows the Gubser-Mitra
conjecture to be applied as it stands. Far less attention has been received by the
hyperbolic black holes in the AdS/CFT correspondence. Their properties in this
respect were discussed in [126]; we will not discuss them any further here. In what
follows we restrict our study to the spherical case. The D(= m + n)-dimensional

metric then takes the general form

d 2 ~
d32 = —V(T)dt2 -+ " + T2dﬂgn_2 + R2dﬂn27 (61)
V(r)
where
2
7 T
Vi) =1- -5+ 4. (6.2)

This metric represents an m-dimensional AdS black hole smeared over an n-
sphere. The black hole has an event horizon at r = r, where V(r,) = 0, and mass,

M, related to the parameter, u, and the m-dimensional Newton constant, G,,, by

(m — 2)Vol(S™2)p

M =
167G,

(6.3)
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The AdS and sphere curvatures are related by R = ’;T‘llﬁ

The restriction of our study to spacetimes which arise in string/M-theory allows
the following possibilities for the pair (m,n) : (5,5), (4,7), (7,4) and (3,3). In all
that follows we standardise our use of indices: «, f3,,... represent indices on the
AdS part of the metric whilst a, b, ¢, ... represent indices on the sphere. A, B,C, ...
run over all possible indices. The coordinate x refers to the AdS black hole directions
and y refers to the sphere directions.

These spaces arise from the supergravity action
1
Ip = /dDz\/~g [’R, - 2—p'Fp2] + (Chern-Simons term in D=11), (6.4)

where p = m (electric ansatz) or p = n (magnetic ansatz). The Chern-Simons
term is a topological term and in considering perturbations of our solution it is safe
to ignore this. Self-duality of the 5-form and 3-form field strengths for the cases
(m,n) = (5,5) and (3, 3) respectively must be imposed by hand.

The equations of motion which follow from this action are

1 CrCpr _ _@=1) o
Rap = m (FAcl...Cp-lFB ! _meg"‘B ’ (6.5)

0 = VFAB-Bp1, (6.6)

6.2 Perturbations

In Reall’s study [27] of the equivalence of classical and thermodynamic stability of
black branes, he only considered perturbations of the metric. However, it is not
trivial that setting the field strength perturbations to zero should be a consistent
restriction upon the perturbations of our supergravity solution. We will thus initially

consider the most general perturbation equations and then reconsider this question.
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The perturbations of the fields involved in the problem are

gap = gap+ hap, (6.7)
= §48 = ¢AB _p4B (6.8)
ﬁABl...Bp_l = Fap,.B,., +0F4p,. B, (6.9)
= l?»ABl...B,,_, — FABL.Bp + §FAB-Bp-1 _ héFCBl...Bp_l
_(p . 1)FAC[BQ...BP_1 hgl], (610)
and ﬁA Bl...Bp—l — FABI...Bp_l + (SFABI."BP_l
—(p — 1) FC1B2-Bp-1 p B, (6.11)

Perturbing the equations of motion, (6.5) and (6.6), then results in the following

equations for our perturbations (to first order)

Aphap + (p%l)_' 26F 4 Fpye,..c,., — (P — 1)Fapc,..c,_, Fp© 2 h"F
_#1123 [F?hap +2F - 6Fgap — pFpe,..c, . FE© AP g,up]| =0
(6.12)
and
V 48 FACH-Co1 _ (p— 1)};1AB[02...C,,_1 vAhgl] _ hgvAFBcl...C,,_l
~Va (hg - %hég) FBC-Cp1 — (6.13)

where Ay is the D-dimensional Lichnerowicz operator defined by

Aphap = Ohap+2Racsph®P — Roahg— Roph§—VaVch§—VVchG+V aVghE,
(6.14)
and O = ¢*BV 4 V5.

We would like to simplify the analysis by only considering metric perturbations,
i.e. by setting 6 F' = 0. This simplification is undertaken by Gregory and Laflamme
in their studies of black brane stability [76,77], and by Reall in his outline of a
proof for the Gubser-Mitra conjecture [27]. It was argued in both these cases that
no unstable mode would be present in the perturbation of F', and it is reasonable

to assume that these arguments should extend to the case we are studying here.
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However, Reall only demonstrated that § FF = 0 was consistent in the case of the
magnetic field strength. We see that the perturbation equations, (6.12) and (6.13),
are coupled. Therefore, if we wish to consider setting ' = 0 then we must check
that this does not restrict our metric perturbation to be zero. With 6F = 0 the

perturbation equations reduce to

1
Aphap — ——==Fapc,..c,_,Fae® 2hP?
(p—2)!
(r—1)

C1...Cp11, DE _
(D=2 [F?haB — PFpa...c,_, FE hPPg48] =0, (6.15)

and

(p _ 1)FAB[C2--.CP—1 VAhgll + h‘gVAFBCI“'CP—I

+V4 (hg — %hég) FBC-Cr-1 — g, (6.16)

Now we only wish to consider perturbations of the metric that are restricted to the
AdS black hole factor, i.e. hy, = hg = 0. We also have the freedom to impose
a gauge choice on the metric perturbations and we adopt the transverse-traceless
gauge, Vgh? = 0 and h2 = 0. It will soon become clear that this is a requirement
for our analysis to hold.

We now consider, in turn, each of the three separate ansatze for the field strength

tensor.

6.2.1 Magnetic field strength (Schwarzschild-AdS; x S*)

The magnetic ansatz is one in which the field strength tensor is only non-zero on the
sphere and so we consider p = n in the equations of motion. This solution arises in
D = 11 when we set n = 4, our equations of motion are then the relevant equations
for the magnetic M5-brane of M-theory. We choose to leave the dimensionality
factors arbitrary in what follows since then it can be seen that in each of the three
cases for the field strength that we study, the equations of motion restrict us to the
same general equations for Schwarzschild-AdS,, x S™.

The only non-zero components of the magnetic field strength are

Falman — \/2(D _ 2)(” - 1) %Ealman, (617)

m—1
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where € is the volume form on the n-sphere.

With this field strength ansatz, equation (6.16) reduces to the following equation
c 1
(p — l)eab[cz...cp—x Vahbll + hgvaebcl...cp_l +V, (hg _ 5h63> eber-ep—1
+hbava€bc1...cp_1 + Vahgzebcl“.cp_l = 0. (6.18)

Given that we have imposed localisation of our metric perturbation to the AdS part
of the metric, then the only term in this equation which could possibly be non-zero
is Vh, but this too is zero since we have imposed a TT gauge. Therefore it is

consistent to set 6 F' = 0 when we adopt the magnetic field strength ansatz.

6.2.2 Electric field strength (Schwarzschild-AdS,; x S7)

The electric ansatz is one in which the field strength tensor is only non-zero on the
AdS black hole and so we consider p = m in the equations of motion. This solution
arises in D = 11 when we set m = 4, our equations of motion are then the relevant
equations for the electric M2-brane of M-theory.

The only non-zero components of the electric field strength are
2(D—2)(m—1) 1
Fa m HEai...am .
1..-Om \/ n — 1 Re 1 m (6 19)

where € is the volume form on the Schwarzschild-AdS,,.

As in the previous section we now consider the consistency of setting  F' = 0 by
looking at equation (6.16) with this field stength ansatz. It reduces to the following

equation

1
(p _ 1)eaﬂ[72~-'7p-1 Vahgll + hgvaeﬁw-%-n + Vg, (hg _ §h6§‘> eﬂ"n---vp-l
hgvaeﬂ7""'7p“ + Vahaﬂeﬂ'“”"”"‘ = 0. (6.20)

The final two terms of this equation are zero by the localisation of our metric per-
turbation. Furthermore, our choice of gauge ensures that the third term is also
zero, and the second term is zero since the volume form is covariantly constant.
The only non-trivial part of ensuring that we can set 6F' = 0 in this electric case is
demonstrating that the first term of this equation is zero. However, it can be shown
that

P11y ) o Ve — Y, h, (6.21)
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where 7, is the remaining coordinate which does not appear in 7;...7,_;. It is then
clear that this term is also equal to zero as a result of the gauge choice for our
metric perturbations. Thus even in the electric case, which was not considered
by Reall [27] in his study of charged black branes, we can once again simplify the
perturbative analysis by assuming that unstable perturbations only appear in the

metric perturbations.

6.2.3 Self-dual field strength (Schwarzschild-AdS;;; x S%3)

Equation (6.16) is linear in F'. Therefore, when we consider a self-dual field strength
which is a sum of a magnetic field strength and an electric field strength, we can see
that, if it is possible to set 6/ = 0 in the magnetic and electric cases alone, then
it is also possible to set 6 F' = 0 in the self-dual case. We need to assume that any
field strength perturbation is also self-dual, but this seems a reasonable assumption
as we would want to maintain self-duality even for the perturbed field strength.

The self-dual field strength ansatz is adopted in D = 10, when we set n = 5. Our
equations then become the relevant equations for the D3-brane of type IIB string
theory. Furthermore, we can also adopt this ansatz with n = 3 in D = 6. This arises
for intersecting D1-branes and D5-branes in type IIB string theory compactified on
a 4-dimensional manifold.

The ansatz is that

F, =G, ++G,, (6.22)

where

Gal...an =vD - 2_6011...01,.- (623)
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6.3 The threshold unstable mode and the nega-

tive mode

Substituting any of the above field strengths into the equations of motion results

in (6.6) being satisfied trivially, whilst (6.5) reduces to

m—1
Rap = ——p39as (6.24)
n—1
Ry = ?gab (6.25)
Row = 0 (6.26)

We now know that it is consistent to only consider metric perturbations and

equation (6.12) reduces to the following

2(n — 1)2
Arhas — =" (has ~ higag) = 0 6.27
Lhap (m—l)R2( 8 = hcgap) (6.27)
_ 2
Aphea — 20= 1" (6.28)
(m — 1) R?
2(n—1
Aphgy + % (hab — higap) = 0. (6.29)

As already stated we are only considering perturbations that are localised on
the AdS black hole, i.e. hyy = hgy = 0. It is necessary to check that we can still
solve the metric perturbation equations without this ansatz enforcing only trivial

perturbations of the black hole. The restrictions which arise on h,p are

(6.28) = (Vgh), =0, (6.30)
(6.29) = h%,, —Tghs, =0. (6.31)

Since we are working in the transverse-traceless gauge for our perturbations, Vghf =
0 and hg = 0, then it is clear that these equations are obeyed and it only remains
to find perturbations satisfying equation (6.27) which reduces to

2(n —1)?2
(m — 1)1?52
The term on the right hand side of this equation is introduced by the fact that

ALhaﬁ = ]’Lag. (632)

our black hole is smeared over a sphere and not a planar space. We return to the

importance of this term in this derivation later.
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Since our AdS black hole is smeared over a sphere, we can decompose our per-

turbation into spherical harmonics, Y*(y), in the following manner
hap(3,4) = D Hep(#)Y*(y). (6:33)
k

Using this decomposition of h, we see that we can rewrite this in terms of the

Lichnerowicz operator for the AdS black hole AF.

z 17k k k k_ 2(n=1° 4
(m—1)R?
where the m-dimensional Lichnerowicz operator is
2(n —1)2
ATHyp =0,Hop + 2Ra755H76 + —(n———l~—Ha5. (6.35)
(m—1)R?

Y* is an eigenvector of O, satisfying the equation
)\k
0,Y* = -=Y* (6.36)
R2
where

MW=k(k+n—-1) for k>0, (6.37)

and, given the uniqueness of decomposition into spherical harmonics, the equation
for H is true individually for each k&
(—Ai + 2("—_1)3) HE, = —i—kﬂgﬂ. (6.38)
(m — 1)R? R?

A time-independent solution to this equation is the threshold unstable mode
representing the boundary between unstable and stable modes. The existence of
the threshold unstable mode therefore ensures the presence of a classical instability.
We do not consider the zero mode (kK = 0) to represent a physical threshold un-
stable mode. Therefore the eigenvalues we consider are strictly positive so we can

Ak

rewrite them as 5= px?. Given a threshold unstable mode we can Wick rotate

equation (6.38) to find

2(n —1)*
—ABuel y 7 | HY, =~ HE,. (6.39)
( t (m—1)R? g g
The action of the operator AP is again given by equation (6.35), only now we

implicitly understand that we are in Euclidean signature.
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Prestidge studied the stability of AdS black holes [120] and demonstrated that the
Euclidean negative mode is a solution to equation (2.47) with negative eigenvalue,

say A = —pu.

The fact that we are in asymptotically anti-de Sitter space does
not alter the operator which defines the Euclidean negative modes. We rewrite
equation (2.47) here in a manner which is more easily comparable to the equation

for the classical instability.
_thaﬁ - 2Ra7ﬂ,5h76 = —uzhaﬂ (640)

Using (6.35), it is clear that (6.39) and (6.40) are identical, and hence the Euclidean
negative mode and the threshold unstable mode satisfy the same equation.

In Reall’s proof of the Gubser-Mitra conjecture [27], the connection between the
equations for the Lorentzian threshold unstable mode of the black brane and the Eu-
clidean negative mode of the dimensionally-reduced black hole was more trivial since
the operator governing negative modes, was identical to the Lichnerowicz operator
of the black hole. It is less obvious that we should expect the connection between
the two equations which we demonstrate here. As noted earlier, the smearing of
the black hole over a sphere, instead of a flat space, introduced an extra term on
the right hand side of equation (6.32). This term is evident in the equation (6.39)
which defines the threshold unstable mode and hence the presence of a classical
instability. However, it is also present in the Lichnerowicz operatof (6.35). The
cancellation between the two appearances of this term results in the exact matching
of the equation for a classical instability (6.39), and the equation for the Euclidean

negative mode (6.40).

6.4 Conclusions

In this chapter we have demonstrated the equivalence of classical and thermody-
namic stability of spacetimes of the form, Schwarzschild-AdS,, x S™. This is a
non-trivial extension of the case of branes with translationally invariant worldspace
directions — the Lichnerowicz operator and the Euclidean mode operator in this case
are not identical. The sphere induces an extra term in the Lichnerowicz operator,

which is then cancelled by the extra term which appears in the equation defining
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metric perturbations (6.32). One should note that when the radius of curvature of
the sphere is taken to infinity, this extra term tends to zero as we are returning to
the case of translational invariance described by the Gubser-Mitra conjecture.

The calculations in this chapter thus support a generalisation of the Gubser-
Mitra conjecture to include additional directions with different symmetries rather
than translational invariance. It would be interesting to study further generalisations
of the conjecture, but this work is indication that the connection between classical

and thermodynamic stability of a supergravity background is a general phenomenon.



Chapter 7

Conclusions and Discussion

The history of the living world can be summarised as the elaboration of
ever more perfect eyes within a cosmos in which there is always something

more to be seen.

— Pierre Teilhard de Chardin, The Phenomenon of Man (1959).

We have used the AdS/CFT correspondence in a variety of ways to begin to
investigate the questions regarding black hole physics that were posed at the begin-
ning of this thesis. In this chapter, we will review the findings of our studies, and
discuss prospects for further work in this field.

In chapter 3, we considered how the AdS/CFT correspondence could encode the
non-trivial global causal structure of black hole spacetimes. Our study demonstrated
the difficulties associated with unravelling the holographic encoding of a bulk space-
time — such difficulties are the hallmark of the major conceptual leap which was
required to arrive at the AdS/CFT correspondence. We successfully demonstrated
that UV/IR relations in black hole spacetimes did not follow directly from a causal
propagation argument in the field theory. In fact, the study of bulk probes could
not give a unique generalisation of the UV/IR relation of pure AdS space, since
the field theory scale sizes associated with the probes were dependent on the probe
being studied. We believe that the AdS/CFT correspondence should provide a rep-
resentation of the global causal structure of spacetime in terms of a field theory,

but to unveil the precise nature of this representation requires further investigation.
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The reward for achieving this understanding is undoubtedly exciting — following an
understanding of the structure of spacetime, we could further study the dynamical
evolution of black holes to answer more of the questions associated with black hole
physics.

In chapter 4, our perspective on the correspondence was reversed. We studied
the cosmology of a braneworld induced by a higher dimensional bulk AdS black hole
spacetime. Studying matter filled braneworlds in AdS space led Binetruy et al to
discover an unconventional cosmology on the brane [23,24]. We have discovered
a new way of arriving at this same cosmology without inserting matter onto the
braneworld — all the physics of our brane universe is induced by the bulk black
hole and in this model there is no need for an arbitrary splitting of the source term
into brane tension and matter. This study extends the concept of correspondences
between gravitational theories in bulk spacetimes and boundary theories. Although
the beauty of Maldacena’s decoupling of the gravity and gauge theory modes in
the D-brane construction of the correspondence is lost in this braneworld model,
the fact that the braneworld correspondence can produce realistic cosmologies will
undoubtedly continue to be of great interest.

The four laws of black hole physics, which we reviewed in chapter 1, relate
the global structure of black hole spacetimes to thermodynamics. The AdS/ CFT
correspondence was born out of an effort to give a quantum realisation of this corre-
spondence. In chapters 5 and 6, we studied a new resulting connection between the
classical dynamics of black branes and their thermodynamics, which emerged from
the AdS/CFT correspondence. In chapter 5, we successfully demonstrated that the
onset of dynamic and thermodynamic instabilities do indeed occur at the same time
for black holes in a finite cavity — this is a crucial step in proving Gubser and Mi-
tra’s conjectured equivalence of the two notions of stability for black branes. Their
correspondence was conjectured for branes which have translationally invariant di-
rections, but we extended this conjecture to additional supergravity backgrounds
in chapter 6. This work is substantial support for the idea that thermodynamics
and classical dynamics are connected in a general manner and not just for specific

examples.
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The examples of the use of the AdS/CFT correspondence that we have seen,
demonstrate the powerful potential of further application of gravity/gauge theory
correspondences in the study of black hole physics. Our study of the field theory
encoding of bulk causality leads to further open questions. We found difficulty
in uncovering the field theory representation of the event horizon, because of the
nature of the correspondence — events in the bulk spacetime are only recognised in
the gauge theory following their propagation to the boundary. To propagate from the
event horizon to the boundary takes infinite time and thus probing the horizon and
beyond it requires a new understanding of the holographic encoding. Gauge theory
operators which do not require causal propagation to the boundary are required, but
early studies of these “precursors” {104-106] have not yet revealed the guise of these
operators in the gauge theory. If we could achieve this understanding a study of the
issue of black hole complementarity [127,128] could be undertaken — this proposes
that freely falling observers who cross the horizon observe the same set of degrees
of freedom as external observers who remain outside the horiz.on‘ Precursors would
potentially allow us to realise this principle in the gauge theory.

Our new understanding of the braneworld cosmology induced from bulk AdS
black holes could also have further applications. Verlinde noticed a remarkable con-
nection between the FRW equations of the brane universe and the generalised Cardy
formula for the dual description of the field theory on the brane [65,66]. It was ar-
gued that this relation sheds light on the meaning of the holographic principle in a
cosmological setting [129] — the braneworld field theory incorporates the holographic
entropy bounds in the cosmological evolution of the brane universe. The new re-
lationship we have proposed includes non-linear terms in both the Cardy-Verlinde
formula and the FRW equations. We have demonstrated equivalence of these two
results in this non-linear case, but it would be of great interest to be able to re-
interpret our generalised Cardy-Verlinde formula in terms of holographic entropy
bounds. This would hopefully lead to a greater understanding of holography and
cosmology. The interpretation of the effect of a non-zero braneworld cosmological
constant is still yet to be made in both the linear and non-linear cases.

Gubser and Mitra’s conjectured equivalence of classical and thermodynamic sta-
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bility of black branes answers questions about the dynamical evolution of the branes
— this has been further studied in [78-80]. It is now proposed that the endpoint of
the evolution of a brane exhibiting a classical Gregory-Laflamme instability, is a
non-uniform black brane. The explicit forms of thése solutions are currently un-
known, what we know is that these higher-dimensional analogues to black holes
exhibit a rich‘structure of possibile forms, and it would be interesting to try to
understand this structure. Furthermore, the Gubser-Mitra conjecture again inter-
links the classical and quantum properties of black holes, since in quantum gravity
we believe the thermodynamics to be derived in a traditional statistical mechani-
cal manner. Arising from a quantum theory of gravity, the gravity/gauge theory
correspondence is the new synthesis of these connections between the quantum and
classical physics of black holes, and it clearly provides much hope for developing a

complete understanding of black holes in quantum gravity.
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