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Abstract

Since the advent of Quantum Field Theory (QFT) in the late 1940’s, perturbation
theory has become one of the most successful means of extracting phenomenologically
useful information from QFT. In the ever-increasing enthusiasm for new phenomeno-
logical predictions, the mechanics of perturbation theory itself have taken a back seat.
It is in this light that this thesis aims to investigate some of the more fundamental

properties of perturbation theory.

In the first part of this thesis, we develop the idea, suggested by C.J.Maxwell, that
at any given order of Feynman diagram calculation for a QCD observable all renormal-
ization group (RG)-predictable terms should be resummed to all-orders. This “com-
plete” RG-improvement (CORGI) serves to separate the perturbation series into infi-
nite subsets of terms which when summed are renormalization scheme (RS)-invariant.
Crucially all ultraviolet logarithms involving the dimensionful parameter, (), on which
the observable depends are resummed, thereby building the correct ()-dependence. We
extend this idea, and show for moments of leptoproduction structure functions that
all dependence on the renormalization and factorization scales disappears provided
that all the ultraviolet logarithms involving the physical energy scale ) are completely

resummed. The approach is closely related to Grunberg’s method of Effective Charges.

In the second part, we perform an all-orders resummation of the QCD Adler D-
function for the vector correlator, in which the portion of perturbative coefficients
containing the leading power of b, the first beta-function coeflicient, is resummed to all-

orders. To avoid a renormalization scale dependence when we match the resummation



to the exactly known next-to-leading order (NLO), and next-NLO (NNLO) results,
we employ the Complete Renormalization Group Improvement (CORGI) approach ,
removing all dependence on the renormalization scale. We can also obtain fixed-order
CORGI results. Including suitable weight-functions we can numerically integrate these
results for the D-function in the complex energy plane to obtain so-called “contour-
improved” results for the ratio R and its tau decay analogue R.. We use the difference
between the all-orders and fixed-order (NNLO) results to estimate the uncertainty in
as(M%) extracted from R, measurements, and find a,(M2) = 0.1204:0.002. We also
estimate the corresponding uncertainty in a(M2) arising from hadronic corrections
by considering the uncertainty in R(s), in the low-energy region, and compare with
other estimates. Analogous resummations are also given for the scalar correlator. As
an adjunct to these studies we show how fixed-order contour-improved results can be
obtained analytically in closed form at the two-loop level in terms of the Lambert

W -function and hypergeometric functions.
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Chapter 1

Framework of QCD

1.1 Strong Interaction Theory

The strong interaction of fundamental particles has been successfully described by a
non-abelian gauge field theory called Quantum Chromodynamics (QCD). Because of
its outstanding property of asymptotic freedom, a perturbative treatment makes sense
for short distance phenomena. At short distances, equivalently high energies, the ef-
fective coupling is small and the theory can be studied using perturbative techniques.
In dealing with high-order effects one immediately [1] finds that the calculated results
crucially depend on the way one renormalizes the divergent integrals appearing in the

calculation. This is called the renormalization-scheme dependence of perturbative pre-

dictions.

In addition to renormalizability, the gauge principle is a powerful technique to reveal
symmetry features of the theory which consequently will interrelate gauge fields (pho-
tons and gluons). QCD together with the Electroweak theory comprise the SU(3)xSU(2)
xU(1) Standard Model of elementary particles. The Standard Model asserts that the
material in the universe is made up of elementary fermions interacting through fields,
of which they are the sources. The particles associated with the interaction fields are
bosons. The elementary fermions of the standard model are of two types: leptons and

quarks. All have spin %, in units of A, and in isolation would be described by the Dirac




1.2. QCD as a non-abelian Gauge theory 2

equation. Leptons interact only through the electromagnetic interactions and the weak
interactions. Quarks interact through the electromagnetic and weak interactions and
also through the strong interaction. The four types of interaction fields are set out in

Table 1.

When we consider the Standard Model, the mass terms of fermion fields cause some
complications. They will break the global gauge invariance of the Standard Model due
to the left and right-handed components that have different gauge quantum numbers,
and at this stage the Higgs field will appear as a consequence of spontaneous symmetry
breaking where its existence is essential as well for renormalizability of the theory. In
the following we treat QCD separately and insert a Dirac mass term, however this will
turn out to be surplus to our needs, and typically we shall take the approximation of

massless quarks.

We shall begin by giving a brief introduction to QCD, considering the Lagrangian
and the origin of each term and the Feynman rules. A detailed discussion of QCD
theory and phenomenology can be found in reference [2-4]. A historical background

to the development of QCD can be found in reference [5].

Table 1: Types of interaction filelds

Interaction field Boson Spin
Gravitational field Gravitons 2
Weak field | W, W=, Z particles 1
Electromagnetic field Photons 1
Strong field Gluons 1

1.2 QCD as a non-abelian Gauge theory

Gauge field theories are a particular kind of field theory based on the gauge principle.
The gauge principle is the requirement that the theory be invariant under local gauge

transformations.
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As a simple application of this principle in Electrodynamics, the electromagnetic
field appears as a consequence of the invariance of the Lagrangian under local gauge
symmetry transformations. The electric charges Q obey the commutative (abelian)
algebra corresponding to the U(1) group. In extending the algebra to a more general
non-commutative (non-Abelian) one, Yang-Mills theory is obtained. In this theory
quarks appear as fundamental particles in QCD and gluons will be the gauge mediat-

ing particles.

The Pauli exclusion principle requires that quarks have an additional degree of
freedom that we call colour. There are three different possible colours (charges) and
for practical purposes these are chosen to be primary colours (red, green and blue).
Therefore the correct symmetry group for the strong interactions must be SU(3). The
quarks are represented by vectors in the three-dimensional colour space and transform
under the fundamental representation of the group. Since the quarks are fermions,
each of these vector components will be a Dirac spinor ¥(z) in Lorentz space. A

transformation in colour space is then given by
U, —V! = Ul(z)T,, (1.1)

where U? is a group element of SU(3). It is straightforward to extend the analysis to a
general numbers of colours, N, by considering the group SU(N,). The transformation

martices U are N,x N, unitary matrices (UUT=1) with |U|=1 which can be written as
U(z) = 7@, (1.2)

where the 7%, a = 1,2,..., N2 — 1, are generators of the Lie algebra and satisfy the
comutation relation

[Ta, Tb] — ifabcTc, (13)
which defines the real and antisymmetric constants %, the structure constants of the
group. The local gauge principle demands that the theory is invariant under the gauge

transformation of Eq.(1.1).
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1.3 Lagrangian of QCD

We begin with a brief description of the QCD Lagrangian and the Feynman rules which
can be derived from it. Just as in Quantum Electrodynamics (QED) the perturbative
calculation of any process requires the use of Feynman rules describing the interactions
of quarks and gluons. The Feynman rules required for a perturbative analysis of QCD,

can be derived from the Lagrangian density which is given by
‘CQCD = Lclassical + Lgauge——fizing + ‘Cgho.st- (14)

The expression for the classical Lagrangian density is
-1 Ny _

Lelassical = -ZFSVFG“" + ;d’;;(i’)’”Du — M) Yr, (1.5)
where the summation on k£ runs over all quark flavours. These terms describe the
interaction of spin-% quarks of mass m and massless spin-1 gluons. The v matrices
satisfy the anticommutation relation {y*,~v"}=2¢*" where g is given by g*’=diag(1,-
1,-1,-1). Fj;, is the field strength tensor derived from the gluon field A,

F,, =0,A, —0,A, + gf“bcAZAf, (1.6)

D, =9, —igT*A}, (1.7)

The indices a, b, c run over the eight colour degree of freedom of the gluon field, fo
are the SU(3) structure constants and T the SU(3) generators. It is the third “non-
abelian” term on the right-hand side of Eq.(1.6) which distinguishes QCD from QED,
giving rise to triplet and quartic gluon self-interactions and ultimately to the property
of asymptotic freedom. We will be concerned with the massless approximation, setting
m = 0 in Eq.(1.5) (in the Standard Model, the mass terms are generated by coupling
to the Higgs field and do not enter directly as in Eq.(1.5), though the effect is the same

as far as QCD is concerned).

The gauge invariance of the Lagrangian where the field A has the freedom of gauge

transformation

a a aoc c 1 a
AL— AL + fUBPAC — 508 (1.8)



1.3. Lagrangian of QCD 5

with the infinitesimal parameters 8%, forces us to eliminate two unphysical degrees of
freedom of the gauge boson by including a gauge fixing term. One way is to put a
constraint on the field A% , and as a covariant constraint we may choose the Lorentz
condition

o*A; = 0. (1.9)
It is well known from classical dynamics that the Lagrange multiplier method is the
most useful in dealing with a constrained system. According to this method we add
the term A(@“AZ)2 to the Lagrangian (1.5) instead of directly imposing the constraint

-1

(1.9) on the field equation. It is customary to write A=3. The parameter « is called

the gauge parameter. The modified Lagrangian reads
-1 a\2
AClclas.«xica.l + %(8”14#) . (110)

The term added is called the gauge-fixing term (Lgguge— fizing)-

There is a further problem connected with the existence of the three gluon and four
gluon self interactions in the Lagrangian (1.10). Performing a perturbative calculation
for the one-loop gauge field contribution to the self-energy part [HZI,’,] for the gauge
field A%, one may show that Hz’,’/ does not satisfy the réquirement of gauge invariance
q“HZ’,’,(q):O [2]. Moreover if one calculates the gluon scattering cross section corre-
sponding to the tree diagrams shown in Fig.1.1 , and applies a polarization sum in the
final state, one fails to o‘btain a correct expression for the cross section satisfying uni-
tarity. The above difficulty is related tohthe fact that we did not properly extract the
physical polarization for the gauge field even with the gauge-fixed Lagrangian (1.10).
Resolving the difficulty involves the introduction of new fictitious fermionic fields which
are called Fadeev-Popov ghosts. The contribution of the Fadeev-Popov ghosts should
be added to every gauge field loop diagram in order to obtain a correct result. To work

in covariant gauge including the ghost term, we add to the Lagrangian
Lghost =T (=0"D® )", (1.11)

where the n® are the ghost fields and the covariant derivatives now include the repre-

sentation of the n* in the adjoint representation (T“)bc:i fo¢. The ghost fields cancel



1.4. Path Integrals-Feynman Rules 6

unphysical degree of freedom which otherwise propagate in covariant gauge.

Fig.1.1: Tree diagrams relevant to
the elastic scattering of

gauge particles

1.4 Path Integrals-Feynman Rules

The Lagrangian which we have proposed for QCD in Eq.(1.5) was derived by extending
classical ideas. To describe the behaviour of particles and fields in the real world we

must quantize the theory. To do this we can use the path integral formalism [6, 7].

We are aiming to describe thé nature of the interaction between particles. The ex-
perimentally measured quantity that yields the most information about the dynamics
of particle interactions is the cross-section for a process in which two particles scatter
off each other. This is related to the scattering amplitude which in turn is closely
related to the Green’s functions of the theory. Using the path integral formalism we

can arrive at a method for relating the Green’s functions to the Lagrangian of the theory

Referring to text book [8] we can write down a vacuum to vacuum transition am-

plitude in the presence of the source J(z),
219) = N [eapli [ (5(9) + [ d'a7(@)$(2)IDs, (1.12)

where the normalization N is chosen such that Z[0] = 1 and D¢ denotes a path integral

over all possible functions and with
S(9) = / dzL (1.13)
the classical action. The Lagrangian (L) generally contains an interaction term

L= Eo + g[,mt(qb) ; (1.14)
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and the final expression for the transition amplitude Z[J] will be,

209) = espliq [ s Lol i1, (1.15)
where '
Zo[J] = ea:p[—_2—2/d4z'/d4xJ(;v')AF(a:' —1)J(z)]. (1.16)

Ap(z' — ) is the Feynman propagator and is defined by

&P i1

= o P (17

Arp(z' — z)

The prescription e—0% displaces the poles at p = +m away from the real axis as
required by causality. The expression (1.15) is uncalculable and it is due to this that
we motivate a perturbative expansion in g.

0J(z1)

)...Lint(_iL)]Zo[J]. (1.18)

9" [ 4 4 )
! /d Z1..d° Ty Lins(—1 0J(zy)

o0
210 =3~

n=0
On the other hand, Z[J] can be obtained originally by taking the continuum limit of
a set of paths between some initial space time point z; and a final one z;, with the
interval divided into n intermediate points. Following this procedure we will arrive at

functional derivatives

s Z[J]

i™ < 0, ¢ = +00|T(1 (1)1 (2)... 41 (€n)][0, = —00 >,
(1.19)

where T denotes the time ordering operator and é;(z;),¢1(z2),... are operators with

eigenvalues ¢;(z1),01(z2),....

The vacuum expectation values of the time ordered products of fields precisely

define the n-particle Green’s function for which we have been searching,
[(z1, T3, ..., &) =< O|T[y(z1) b1 (22)-..1(24)]|0 > . (1.20)

From (1.18) and using (1.19) we can make calculations of the Green’s function at any
order in the perturbation expansion and hence obtain the Feynman rules. The Green

function I' is the sum of all Feynman diagrams. All of the information of the theory is
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contained in the Green functions.

Working in momentum space (i.e d,=—ip*) we can consider the one particle ir-
reducible (1PI) Green’s functions I'"4™F(p) where n4 (ng) is the number of external
gluons (quarks). In practical terms the inverse quark and gluon propagators can be

obtained from the free piece Ly of the QCD Lagrangian. We find for the leading term

in the quark 2-point function
IS (p) = ~iba(f — m) (1.21)

where g=-y,p*. Similarly the gluon propagator is given by

1 DPubv
Az{ab,/w} (p) = (Sabp2—+z-€[_guu + (1 - £)p2li|_ '1:6]. (1‘22)

The ie prescription has been used to ensure causality. Without the gauge fixing term

it is impossible to define the gluon propagator in a covariant gauge.

Higher-order perturbative corrections to tree-level results in QCD, involve Feynman
diagrams containing closed particle loops. These loops translate to give divergent in-
tegrals which can be classified into two types Ultra-violet (UV') divergence (including
high momentum regions of momentum space) and Infra-red (I R) divergences (caused

by the divergent behaviour of the integrand as the loop momenta become small).

The propagators are derived from the terms which are bilinear in the fields. The
necessary propagators for Feynman rules in momentum space are drawn in Fig.1.2.
The other terms (trilinear and quartic in the fields) give us the interaction with the
physical vertices being replaced by the corresponding vertex factors which are drawn as
well in Fig.1.2. The external fermion legs (straight lines) are given by Dirac spinors and

external gluons (spring lines) by the polarization vectors e*(*) Ghosts are represented

by dashed lines.
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a p b
2 5 b 5, _itbtm) PG‘GU‘O‘G‘ 6‘6\ e

PP mTe K g +(1 - )'2-52-):5]
a,u
D
-
2
e b bwpie S 9P -igs 77"
VAR
‘b ¢
a,
S a, é),v
%= abc Ay . ” .
e o/l % S —ig?,[feecf*H (g g*) — g g
q § +( _ ,r)u vA \90 é
é.:\ q g \&S\ feadfebc(gp,ugz\é _ gu)\gué)
S —_ p\ g é A Y
pégé 00\0;\7\- +(7‘ p) g ] éé ‘%;\0\ feabfecd(g,u/\guﬁ _ guég A)
byj ¢ Ve c,()\ ?,6

Fig 1.2: The propagator and vertex factors for the QCD Feynman rules. The flow of

charge is indicated by arrows.

1.5 Regularization and Renormalization

We saw in the previous section that as soon as we attempt to calculate loops in the
perturbation series of the interacting theory, we encounter divergences. We must look
for some way to treat these divergences in order to arrive at a finite result. In this
case we need to regularize the theory and impose on them some prescription (e.g high
momentum cut-off or a modified space time dimension) such that they are finite. The
idea is that at the end of the calculation the divergences will have been absorbed, and
we will be able to take a physical limit. In the simplest method (cut-off) we impose
a large momentum cut-off by hand. This contravenes both translational and gauge

invariance, rendering it useless for gauge theories.
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It is also possible to regulate the integral by discretising space-time and placing it
on a lattice with a spacing which corresponds to the momentum cut-off. This breaks
Lorentz and translational invariance although it is the only method to permit a non-

perturbative treatment.

Another method, dimensional regularization, has the desirable properties of main-
taining Lorentz and gauge invariance and regulating the UV divergences. It treats
the number of dimensions as a parameter (D=4-2¢) and this enables the integral to
become finite by reducing the number, i.e, €>0 and then analytically continuing back

to 4 dimensions, all divergences are isolated by the parameter e.

In order to keep the correct mass dimension of the field in the Lagrangian and a
dimensionless coupling we are forced to put in a mass scale y, and rewrite the gauge

coupling constant g in the following way

wls

g—gut 7, (1.23)

where g is the dimentionless gauge coupling constant and consequently in D = 4 — 2¢
space time dimensions we will have

o d'k i B =%
I emt 7 F e

(1.24)

This amounts to changing the volume element. In practice the pole at € =0 always

appears in the combination:

I'(1+¢)

1 )
- (4m)° = 3 + In(4r) —ve + O(e), (1.25)

where I is the gamma function and yg=0.57721... is the Euler-Mascheroni constant.
There are several equivalent ways to renormalise the theory, two of which are multi-

plicative renormalization (M R) and the method of counterterms. MR ensures that for

every bare (unrenormalized) operator there exists a regulator-dependent multiplicative
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factor Z, the renormalization constant, that makes the operator independent of reg-
ulator when expressed in terms of renormalized quantites. MR involves summing the
infinite series of loop diagrams for some fixed number of external lines. This divergent
sum is then absorbed into a redefinition of the coupling constant and the mass in the
“bare” Lagrangian under the assumption that the bare coupling and mass are unmea-

surable (infinite) quantities.

In QCD we can redefine the fields and parameters by

L a 1 4a a 1.
"j”B — Z¢2‘dl, AF‘B = ZAEA;“ g’ = an;,!."l

g = Z,9, mzﬂ = Zm*, Ep = Z € (1.26)

where B denotes the bare operator. A renormalizable theory will require only a finite
number of Z’s to render it finite to any order. An important property of gauge therories
such as QCD or QED is that the underlying gauge invariance guarantees the renormal-
izability of the theory by reducing the number of renormalization constants required.
Specifically only Z, is required for all quark fields and only one Z4 for both the gauge
parameter and gluon field. The 3-point (YA, A, A, A#), four-point (4,4, A*A¥) and
ghost-gluon interaction (7nA,) involve the same Z,, hence only a single renormalized

coupling is required.

In the second method, counterterms are added directly to the Lagrangian in such
a way as to knock out precisely the divergent diagrams. A renormalizable theory will
require only a finite number of counterterms to render it finite to any order. Moreover
the counterterms are proportional to terms in the original Lagrangian, so adding the
two just gives the multiplicative redefinitions of the coupling and the mass as in the
first method. We note that a theory is termed renormalizable if all UV divergences can
be removed by the introduction of a finite number of renormalization constants. By
substituting for bare terms in the Lagrangian we can generate the appropriate counter

terms. For example the quark term in Lagrangian (1.5) becomes

Yp(iv* Dy = ¥g(in" 0, + igy T A5, )vp = $(iDy






1.6. Renormalization Group method 13

which represents the change of g(u) through the succesive changes of the scales p—p'—u".
According to Eq.(1.30) the above product is equal to Z,(x". ;) which is nothing but
the finite renormalization of g(u) caused by the scale change p—p”. Thus the product
Zy(W" 1) Z, (', ) also belongs to the set Z,(p', u). Morever the inverse of Z,(y', p)

may be defined by
ZyH (' p) = Zy(p i), (1.34)

as is easily seen, and the identity
Zlpy=1, (1.35)

belongs to the set Z,(y', ). Thus this set is a group which is abelian.

In generalization of the above idea, since the Multiplicative Renormalization carries
through to the 1PI Green's functions of the theory , Green’s functions in two different
RS’s (denoted by barred and unbarred quantities) would be related to the bare Green's

function I'g by
L=4ly, TI'=2l%, (1.36)

where Z and Z are products of different wave function renormalization factors. one for
each external leg on the 1PI diagram corresponding to the Green's function. Clearly
the two renormalized Green's functions are related by I=zI", where zz%, since Z and
Z have the same structure of divergence. The z relating different renormalizations of
the bare Green’s function, would then be products of the Z's, which gives rise to the

term Renormalization Group as in the above case,

The strength of this extends beyond perturbation theory, holding as an exact prop-
erty of the theory. This can be expressed analytically in terms of the Renormalization

Group equation (RGE).
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1.7 Renormalization Group equation

The RGE utilizes the independence of the bare 1PI Green's function on the choice of

renormalization scheme,
61“8(1’14#:;}
e T
Iy

Consider a 1PI Green's function with n4, ng external gluon and quark legs with mo-

= 0. (1.37)

mentum ¢;, p; repectively. The relation between the bare and renormalized Green's

function reads
Z4 A Z, T g™ ame ) (g0 pi, €,9) = Tame) (g €(n), g (), p). (1.38)

Applying ;s to the right-hand side of this equation and using the chain rule give us

d
ﬁt@[‘(ru,nﬂ(% pis E(1), g(p), p)

L% _?__ @E afa (mame)lf g o
—(#a”+ 91 g + i Cr,ﬁ“%)l" (¢i.pi: E(p). (), ). (1.39)

Writing Z3}* = e"altZa and Z,*F = e"#'% it is easy to get the following relation for

the renormalized Green’s function
8 (? a (namp)
(ﬂaw(y)a—q_rm,a(y)—nmp(g)ﬂ?(g)gg)l“ AN gy, pi E(p), g(p) i) =0, (1.40)

C f] 3 l’3 "y - s
where 3(g) = ,ugﬂj, valg) = jzﬁ%f‘s Yr(g) = é—;%‘l dg) = ugi. Eq.(1.40) is known

as the Renormalization Group Equation (RGE).

We shall see a very important property due to the renormalization group namely
that of a running coupling in a Green’s function. For simplicity we consider a di-
mensionless Green’s function with n external legs and suppress the dependence on the
gauge parameter, I'™ (p;, (), ). We will now use Eq.(1.39) in this simple case to
derive the way the D"-function transforms under a scaling of momenta. Let us scale

the momenta such that
pi — pie’ . (1.41)
Using dimensional arguments and the fact that '™ is Lorentz invariant we have

™ (ep;, g(u), ) = pu® f(p:uIJ e’ g). (1.42)















Chapter 2

Scheme dependence of perturbative

series

2.1 Review of the Renormalization Scheme

The process of renormalization as described in the previous chapter is not unique.
In subtracting each UV divergence we are at liberty to choose the finite remainder.
providing we remove the infinity in a consistent manner, Consider a generic QCD
observable that can always if necessary, be divided by a constant and raised to a

suitable power, to arrive at a perturbation series of the form
2 v
R(a) = a+ra® +roa® + .rpa™ 4 (2.1)

We shall see that termination of the series at any given order will result in a resid-
ual dependence on the renormalization procedure being picked up. There will be a
dependence on the renormalization scale y (i.e the scale at which the theory is renor-
malized), in addition to the finite subtraction dependence. Together these constitute
what is known as the Renormalization Scheme. Here only the LO (tree-level, leading
order) perturbative coefficient is renormalization scheme invariant. Already. at next-
to-leading order, NLO, one has a renormalization scheme dependence problem. In
higher orders, the subtraction procedure can presumably be chosen to be the same,

but an entirely new arbitrary constant will be introduced at each order.

19
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The dependence on these arbitrary constants is obviously unphysical and since the
all-orders R(a) should not depend on any arbitrary parameters, it is clear that the

renormalization scheme dependence must cancel in an all-orders calculation.

This chapter will discuss the general problem of renormalization scheme (RS) de-

pendence.

2.2 Parametrizing the Renormalization Scheme de-

pendence

In Eq.(2.1) both the coupling and the perturbation series coefficients beyond leading
order are dependent on the renormalization scheme used. The problem of parametriz-
ing RS dependence is simplified by three restrictions [9] :1) The restriction to physical
quantities, 2) The restriction to massless theories ,and 3) The restriction to perturba-

tion theory.

Consider two RS’s as different if they correspond to different definitions of the cou-
plant (@ =2¢), i.e.. different definitions of the finite part of the renormalization constant
Z in the relation ¢ = Zage.. The restriction to perturbation theory is important. It
allows one to assume that anything and everything can be expressed as a power se-
ries in a (in whatever RS). In particular, the coupling @ in some general RS must be

expressible as a power series in the couplant a of some “bare” scheme, i.c.,
a=a(l Jth i i) - (2.2)

It seems uatural to assume that each coefficient v, vy, ... corresponds to a distinct

degree of freedom in the specification of one RS in terms of another.

Before discussing further how to parametrize the scheme dependence. we need to
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where a(7) is defined by integrating up the NLO truncated g-function

d
d—i :—u2(1+c:a). (2.7)
Taking the boundary condition at a(r = () = oo we obtain

o 1 ca(r) \_ 5o
T= a(r) +cln ((l-f—ca('r))) = Fla). (2.8)

where we define the function F for later use, so that a'!)(7)=F"1(7).

To determine the dependence of 1 on 7, we first relate two ry values from different

schemes by substituting Eq.(2.2) into Eq.(2.5) and equating coefficients. to get
=" +un, (2.9)

Similarly we can use Eq.(2.8) to find the difference of two 7’s in different schemes.

I} 0

where O(a) and O(d’) terms reflect contributions beyond NLO in f-function.

e 3
T-—T=—+Cln(
a

Since this should hold for all values of p we can take the p—oc limit and utilizing

asymptotic freedom (a(p = oo) = 0) and get
T—T=1W (2.11)
Eliminating 14 between Eqs.(2.9) and (2.11) gives
T —ri(7T) =7 —11(F) . (2.12)
This implies that
ri(T) =7+ 711(0) , (2.13)
and from there we can identify the RS-invariant combination [9]
po=T—r1(7) . (2.14)

Having discussed how to parameterise different schemes, in the following we briefly

review some important schemes.
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After introducing these different renormalization schemes, we are now in a position
to consider different approaches to the solution of the scheme dependence problem for

QCD observables.

2.4 Various solutions of Scheme dependence prob-
lem

Due to the strong dependence of the QCD coupling on the renormalization scheme.
there have been a number attempts to resolve the ambiguities inherent in fixed order

perturbative calculations.

In NNLO and higher one can show [9,12,13] that for a given value of p; there
exists a choice of 7, ¢y. ..., ¢, such that R has any desired positive value. Since R(a)

in Eq.(2.1) is a function of a single scale, @), we can write p; as

Po=T=— rl(T)Ebln(%_ ; (2.31)

where to maintain dimensionality we have defined an observable but RS-invariant quan-
tity, Ar. Eq.(2.31) specifies precisely how the NLO coefficient depends on the scale.
Reconsidering Ap, we note that it is also possible to relate this observable depen-
dent quantity with the dimensional transmutation parameter Agg that is universal but
renormalization scheme (RS)-dependent. By rearranging Eq.(2.31) and combining it

with Eq.(2.3) we will have
- ¥ RS — ._
Ag = Agsexp (%ﬂl) (2.32)

For any Agg we can choose a sequence of schemes such that R¥=R¥=_=R"=

R'“#?) the experimentally measured value.

Various “solutions” of the scheme dependence problem, i.e. motivation for partic-
ular choices of 7, ¢s..... ¢, have been proposed. In the remaining parts of this section

we shall review a number of these proposals.
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scale argument which correctly labels the NLO renormalization scheme dependence
actually leads to the so-called Effective Charge scheme, 7 = pg that we will introduce

in subsection 2.4.4.

2.4.2 The Principle of Minimum Sensitivity (PMS)

The principle of Minimum Sensitivity (PMS) approach attempts to resolve the renor-
malization scheme dependence problem by exploiting the fundamental notion of renor-
malization group invariance of physical quantities. It was suggested by P.M.Stevenson
[9], that, since the final result of a physical calculation should be independent of ar-
bitrary, unphysical parameters, one should choose such parameters by minimising the
dependence on them of the truncated approximant to the quantity being calculated.
In fact since the exact all-orders result is independent of the renormalization scheme
parameters, one should choose the n**-order approximation to mimic this property
and to be as insensitive as possible to the chosen value of these unphysical parameters.

That is, one arranges

dR™

A(RS) | RS=optimat rs= 0. (2.37)

Mathematically PMS is formulated as a variational principle and we can arrange this

a5

OR™ dR™ dR"

ley== 0. (2.38)

= fa=Sgy - nes “a._
or Ocg ° de;,

The PMS scheme is then specified by 7, &. ..., &,.

To give an example of PMS we consider NLO. This corresponds to minimising the

7 dependence . We solve

OR™ d Bla) O n)
—— = | = a5 | Y =10, 2.
ar ((‘JT la b Oa i J kelt)
This leads to
201 - E. : vy
a‘— —a“(1+ca)(l +2ra) =0, (2.40)

or
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into the dimensionful constant Ag. Customary choices are ¥y = oc and K(z) = 0 so

]
o
I3

n(z) = —bz*(1 + cx). (2.

Inserting this choice for 7(z) and rearranging Eq.(2.59) we find

! o0 : R(Q) o
bln(g) :/ ———éir—) +/ﬂ dr L - - 1 J ! (2.63)

Ag r(Q) (1 + cz (z)  z2(1 4+ crx)

or alternatively

R(Q) &,
FIR@) = bin(12) - | dm[p(;J+I2(1Lm]szn(ﬁ ) -am. (260

where

E(z) = L ( m?’; ) : (2.65)

The integrand in Apy is regular at =0 and in arriving Eq.(2.64) we did not need to re-
fer to perturbation theory except to assume the asymptotic & — 0(Q) — oc) behaviour

n(R(a)) = —bR*(1 + ¢R) thus Eq.(2.64) holds beyond perturbation theory.

Rearranging Eq.(2.64) and assuming AF (Q — oo, R(Q) — (), in which limit
Ap(Q) — 0, one finds that asymptotically for any effective charge R(Q)

dim F(R(Q)) = Ar. (2.66)

Here Ap is an observable-dependent scaling constant with the dimension of energy and
we have defined a universal QCD scaling function

S 1\
Flz)=e - =) (1 + —) . (2.67)
=

The property (2.66) may be termed asymptotic scaling, and indeed it is exactly analo-
gous to asymptotic scaling in lattice gauge theory which may be used to establish how
close to the continuum limit of infinite inverse lattice spacing one is. Given sufficiently
large values of @ this property can evidently serve as a test of QCD but since Ag is not
universal it cannot usefully be applied at fixed values of Q. However if the NLO per-

turbative coefficent r = n(m}(u = @) has been calculated, then Az can be converted
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into a universal scaling constant Az via the exact Celmaster-Gonsalves [18] relation

(see Eq.(2.32))
Are'F) = Agrs . (2.68)

Using the Eq.(2.68) and Eq.(2.66) one finds that, asymptotically, for any effective
charge R(Q))

(gi_x& F(R(Q))e'F) = Agpz (2.69)

This property may be termed universal asymptotic scaling [17] and can be used to test
QCD at fixed Q by looking at the scatter in QF(R(Q))e!#") for various observables.
Using Eq.(2.14) we can write Eq.(2.64) as

F(R(Q)) = bIn( 1) ™ — Apo(@) = m(Q) — Am(@)  (270)
MS

as stressed by [19], Eq.(2.70) holds beyond perturbation theory for the measured ob-
servables 12((Q)) and Apy constructed from measured running of R(Q)) and its derivative
with respect to 2, Eq.(2.48). No reference was made to perturbation theory except to
assume AF that is we can write a non — perturbative closed expression exactly relating

the universal QCD dimensional transmutation parameter Az to physical obsrvables.

In the EC formalism above, the renormalised coupling a only ever appeared in
intermediate steps. This of course, makes the question as to what is special about the
effective charge scheme and why other choices of scale u do not provide equally valid
predictions for R. The key is to identify the way in which the Q-dependence of R(())
arises. In the construction above, it is built automatically by integration of Eq.(2.48)
but how does it arise from the perturbation series in Eq.(2.1)7. For this purpose it will
be more illuminating to consider an alternative formalism, proposed by C.J.Maxwell

termed Complete Renormalization Group I'mprovement.

2.4.5 Complete Renormalization Group Improvement (CORGI)

This formalism treats the renormalization scale, y as completely independent of the

energy scale (). This different perspective turns out to be entirely equivalent to the












2.4, Various solutions of Scheme dependence problem 41

To see how Eq.(2.82) satisfies the Lambert-W function. by exponentiating Eq.(2.81)

we can write it as

I

¥ i}
|

it
=
oo
(W]

;,( cay )“
€%
1+ cay

or
P{“In)(l 4 L) - (_Q)b (2.84)
o c 0 . -

Following simplification we have

b

E(;j-,%}(l " i) = (_Q_) ik (2.85)
cag Ag
and finally
;é
e‘“+c‘«‘?’(1+ L) H 1(9_) . (2.86)
Cdy e AR

If we assume —(1 + ﬁ) = W(z) then Eq.(2.86) is equivalent to W(z)exp(W (z)) =
_Tb —bfe
—é(;%) where z = v—é(ﬁ-%) k

If a NNLO calculation has been completed , then Xy can be determined (as in

Eq.(2.77)), and a further infinite subset of terms are known and can be resummed to

all-orders,

XNaap™ = Xoo® 4+ 3Xoria 4o (2.87)
The renormalization scheme independence of the sum and the multinomial structure
of the coefficients again leads to a resummed result involving ag. By recognising that

the combination of terms proportional to X,, are equivalent to aff™ results in

R(Q) = ag + X0 + Xsah + ... + Xuad ™ + ..., (2.88)

which is simply the perturbation series in the renormalization scheme with ry = o =

Cr= =B = e =0

At the NLO result we see that in evaluating ag, we are really resumming all the

ri-dependence to all orders. This effectively resums all the ln(ﬁ) terms as has tra-

]

ditionally been advocated in renormalization group improvement with the additional
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the sum of all RG-predictable terms for the moment problem at N*LO will be

€ag
1+ eay

dfb
M= A( ) (Lo a2 4 Koot o X (3.26)

with an extremely similar structure to the single scale case in Eq.(3.25). Substituting

for ag in terms of the Lambert W-function using Eq.(2.83) we then obtain

M = A[-W Q)] 1+ Xsad +...)

2(Q) = _1(%) et (3.27)

€

So that moments of structure functions have a @Q-dependence naturally involving a

power of the Lambert W-function.

The result of resumming all RG-predictable terms depends on the chosen parametriza-
tion of RS [29]. By simply translating the parameters to a new set 7y = r; — 7.
¢y = €3 — €3, ... efc., where the barred quantities are constants, one finds correspond-
ing new constants of integration X,,. The result of resumming all RG-predictable terms
with this new parametrization then corresponds to standard fixed-order perturbation
theory in the RS with ry = 7y, €2 = G, ..., or equivalently with 7, = é& == ... = (.
The key point is that r; has a special status since it contains the ultraviolet (UV)
logarithms which build the physical Q-dependence of R(Q) (c.f. Eq.(2.90)). Stan-
dard RG-improvement corresponds to shifting the parameter 1, in which case the
resulting constants of integration X, contain physical UV logarithms which are not all
resummed. Thus r; should be used as the parameter. An exactly similar statement
holds for r; and 7, in the moment problem. We shall identify the UV logarithms and
show how their complete resummation builds the correct physical Q-dependence in the

next section.

We shall refer to the expansions in Eqgs.(3.26) and (3.27) as Complete RG-improved
(CORGI) results. Again for the moment problem the parameters implicitly containing
the UV logarithms do have a special status, whilst the remaining dimensionless param-

eters ¢; and d; can be reparametrized as one pleases. As an example, in the Effective
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Charge approach of Grunberg [12, 13] one chooses ¢, s, . ... G, so that Xy X5 oo Xa
are all zero at N”"LO, corresponding to r; = rp = ... = r, = 0, and this is a priori

equally reasonable. In the moment problem one can correspondingly choose the ¢; and
d; so that at N"LO the X; all vanish and r; = r» = ... = r, = 0. If one further
demands that the integral Z(a) in Eq.(3.8) vanishes order-by-order in a a unique FRS
is selected in which moments have the form

” d/b
= A(l fiﬁ) ; (3.28)

where R is an effective charge which has a perturbation series of the form,
R=a+fa?+ia®+...+Fa" T +.... (3.29)

This is similar to Grunberg's proposal [13] to associate an effective charge with

M so that M = .~’l{a::‘i|'?,)ﬂwj

dependent, but FS-independent. Effectively R can be RG-improved as in the single

. The 7; are built from the ¢;, d;, M and pu, and are RS-

scale case. We have for instance

= bln(p:/f\) — bln(M/A) — 37‘1 +dy/d=1— 3;-\'1((2) " (3.30)

where we have used Eq.(3.23) . Comparing with Eq.(2.14) we see that treating R as
a single scale problem we have po(Q) = gXl(Q]. This further implies that Ay = Ay
and so the corresponding CORGI couplings are identical. The CORGI expansion for
R will be of the form

R = ap + Xaa) + Xaaf + ... . (3.31)

Inserting this result in Eq.(3.28) and re-expanding in ag will reproduce the CORGI

expansion in Eq.(3.26).

3.4 CORGI and Structure Function moments

In the moment problem the analogous UV logarithm is dIn((2/Ay,) introduced in
Eq.(3.23), and analogous to Eq.(2.90) we will have

M Q iy .
dfinM _ @) _8 3.32
ri=d (ln T luAM) ; (3.32)
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Given a NLO calculation of 7y we wish to see how the physical Q-dependence of M(Q)
arises on resumming to all-orders the UV logarithms contained in the RG-predictable
terms from Eqs.(3.24). If we make similar approximations, so that ¢ = 0 and the d;

and ¢; are set to zero, then
M = A(ca(M)* (1 + ria(p) + raa(p)* +...) . (3.33)

We retain the overall factor of ¢#?. The task is then to show that on resumming the
RG-predictable terms in the coefficient function to all-orders the In(M/ A) and In(p/ A)
contained in r; and 7 cancel with those in the couplings a(M) and a(u) to yield the

physical Q-dependence
M(Q)=Acb(1/bIn(Q/Ar)) (1 + O(1/In(Q/Apm))?) . (3.34)

Again, the complete RG-improvement summing over all UV logarithims is forced on

one if g and M are held independent of ().

The algebraic structure of the resummation of RG-predictable terms for the moment
problem is considerably more complicated than the geometric progression of Eq.(2.92)
encountered in the single scale case. With the simplifications ¢ = 0, ¢; = 0. d; = 0 the

first two RG-predictable coefficients from Eqs(3.25) are

| A e B ;
T'p = (5 T ﬁ)?l 1 a?‘l’.’l (335)

® 3% 1n® - b Y

4= i el Pl T 3.36

3 (d2 94 2)3 (d? d)ll el (3.36)

Suitably generalizing the partial derivatives in Eqs.(3.21) one can arrive at a general
form for the RG-predictable terms. For instance by considering the derivatives of

T4.T5,... with respect to r; and r; we will have
2 3 2 3
b 3b Bty e 3b Py St o

=5 (53 “oF T Eg")rl T+ (@ # @)'?'1“?‘1
1 5. 1 Pt .y o
5-atee drta " o)
BB B sos, JBE B s
Ts = (3'2‘ + ? + F]T'ls'f'ld + ('d? = F)ﬁ?ﬁa
b b MY B . B
+(@"E_EJ§‘“E;)TI 7‘1‘*‘@’*’17"1

+(1 5b+35b2_25b3+g‘_)£
24 12d 242 124 44 5

(3.38)
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b b b
1+ 5(31:1&) + 15(3».-3&)2 + 35(373&}3 4 e ]
- §b . 35 256> B oris U o

=i it ae e Ta et @44
other columns will give us Sg, S7. Ss.... . If we denote
S, = ra(l — gﬂ&)_l =2 (3.45)
then for the sum of the second column we obtain
b.r?_, B i b, 2 z?
=1 — =) g8l — =fRa) P = (1 — =) — = (= 1)—, A6
Sa = ( d)20(1 d?‘la) (1 d)2 (@ )5 (3.46)
where z=2.
For S3 we have
B8 1 K. b 3 ¥ 3 1.2
gy = | — — — — ) —a ——=ra) = (— === —)— . AT
=gyl R =ty A}
The term (g—: = g—z + 1) can be factorized as
b 3 1 —b -b 1 1 :
T o )=l =1)la— =), 3.48
S0
%2
Sy=(z—1)(z-3)5 - (3.49)
For S,

oo A RN e By 3 R B
=gt PPN TRt P
—b - 1.,-b 1.2 1 1.2

B oV e = e P S =S, 3.50
(GG + T+ =D a-5T. (650
and for S5 we will have
1 5. ShBA o5 W .t - AP
5= " T T uE nE T 5L

—b =F B =b Vo =f TP

:(T+l)(?+§)(_d.l+§)(7+i)€
1 1 i 2" .
=l A SR Pk T 3.51
(- Da- -3 (351)

Careful examination of the pattern of terms in Eq.(3.39) leads to the general result for

S form > 1,

S = (=1)™ (& = 1)(z — %)(.«c .. TP L o
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Here we referred only to some basic ideas for extracting Ayzg in the CORGI ap-
proach for moments of SF and in order to complete the fitting procedure and get
explicit results for Agzg, further investigations are necessary that will be done as a
new research activity in future work. In the next chapter we turn to a review of the
large-order behaviour of perturbation theory, which will lead to discussion of renor-
malons. These techniques will be used to approximately resum the perturbative series

to all-orders in the CORGI framework.
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Within our discussion, we must clarify how it is that the application of fixed-order
perturbation theory to QED and QCD has had such spectacular success when this
technique appears to ignore an infinite number of unquantifable and divergent higher-
order terms. We will attempt also to turn a knowledge of the large-order behaviour to

our advantage and to use it to make contact with non-perturbative effects.

In this chapter we review the means by which perturbation theory, as applied
to quantum field theory, has been investigated at large orders. and the insights and

interpretation which has been consequently gained.

4.2 QED Vacuum instability and divergence of per-
turbation theory

The mechanism through which divergence of the perturbation series may occur in QED.
was first presented by Dyson [32], where he argued that there is a singularity at the
origin of the coupling constant complex plane, and that as a consequence, power ex-
pansions in the coupling are not analytical in the complex plane and are expected to

diverge.

To find the reason for the divergence of QED perturbation theory. consider a generic

perturbative expansion for a physical quantity f in QED as
i ok
(&) = fo+ hie® + e + .= 3 fule?)", (4.1)
k=0

where e is the electron charge and the coefficients fi, after mass and charge renormal-
ization are finite. Let us assume, for instance, that the series in Eq.(4.1) is an analyfic
function of e? as e—0", then we expect correspondingly that for small values of —¢?,
f(—=¢e?) will also be an analytic function with a convergent power series. Now we try to
make a physical interpretation of f(—e?). It is well-known that in the physical world

(where e* > 0), the interaction between two like charges is repulsive in nature. The
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non-perturbative in character.

In general we can say that a physical observable is determined by its perturbative ex-
pansion plus non-perturbative ef fects. For example, the term e is non-perturbative
and would not contribute to the expansion on the right-hand side of Eq.(4.1)- it is in-
visible in perturbation theory. It is possible for the perturbative expansion to converge
to some well-behaved analytic function and that it is the non-perturbative part of the
function f(e*) that has an essential singularity at the origin. The latter is then wholly

responsible for the singular nature of f(e®), and it is not possible to deduce anything

about the divergence of the perturbative expansion from Dyson’s argument.

Despite the fact that Dyson’s analysis is not rigorous, the general conclusion that
QED perturbative series have zero radius of convergence raises important considera-
tions. We must explain exactly how truncated perturbative series still have meaning
when the series themselves formally diverge for any physical value of the expansion

parameter, and for this reason we need to introduce the concept of asymptotic series.

4.3 Asymptotic Series

In the example explained above, asymptotic series means that the sum on the right
hand side of Eq.(4.1) does not necessairly reproduce f(e?) uniquely but rather it con-
verges asymptotically towards f(e?) for a finite number of terms, after which it begins

to diverge.

To express this more formally let us consider a general function f(g) which is
analytic in the domain D, where D is a subset of the complex plane having the origin

as an accumulation point defined by:

D:larg g|<$8 |gl<p. (4.6)

Perturbation theory is based on expressing f(g) in the form of the power series at the
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way in which the right hand side of Eq.(4.13) can be bounded by €(g) is if A = 0. The
right hand side of Eq.(4.13) reduces to f(g) over the whole domain and the asymptotic

series defines f(g) uniquely.

The lesson we should learn from this is that we must not only investigate whether or
not a perturbative series diverges but also, when it does diverge, if it still determines
the relevant physical quantity uniquely. If we can define divergent series which do
define physical quantities then we would like to find some way of reconstructing our
generic f(g) from its divergent expansion, and now we concentrate on how we might
go about extracting useful information from divergent series. The question which must
be addressed is how we can associate a function with a given asymptotic series. To do

this we use the technique of Borel transformation.

4.4 Borel Summation

Consider the function (4.7) which has a perturbative series expansion
flg) = frg" = oo. (4.14)
k=0
Although the original power expansion f(g) makes no sense, it is possible to define
a new series that has much improved convergence properties [34]. To see this let us

divide each coefficient by k! in order to obtain a more convergent series:

=
=
—
o |

Bf\(z) = ,iﬁ

k _k
‘!l-' -

=

We can then reconstruct f(g) via
1 [ =
fo)=7 [ dee¥ BlE) (4.16)

The function B[f](z) is known as the Borel transform of f(g) and. unlike f(g) itself. it
may have a non-zero radius of convergence (in the z-plane). If B[f](z) exists and f(g)
can be reconstructed through Eq.(4.16) then we say that the series expansion of f(g)

is Borel summable. In general, for any physically interesting quantities, there will be
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Figure 4.1: Leading large-N; contribution at nth order in perturbation theory
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Figure 4.2: A generic two chain diagram

now the expansion of each perturbation coefficient in the leading-Ny expansion. For a
wide range of “quark-initiated” [44] QCD observables, the perturbation coefficient d,

(c.f. Eq.(2.1)) can be written as
dp = AN} + dPUNT T 4 dT NG 4 L+ dUINy - dY (4.32)

The Ny-expansion coefficients, will consist of sums of multinomials in C'y = N and
Cr = (N? —1)/2N, of SU(N) QCD; and d\"~" will have the structure C'y " *C§ so

that each term is of degree n.

The terms in the large Ny-expansion correspond to Feynman diagrams with dif-

ferineg numbers of vacuum polarization loops. In general. when the nth coefficient is
B
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where a = 5‘"-{-;& is the renormalization group (RG) improved coupling. D denotes cor-
rections of the“light-by-light” type which first enter at O(a®) and that are subleading
in Ny. D is given by D = (2% — 2(3)a® + ..., its contribution is numerically small. We
shall ignore this term in our all-orders resummations. Our interest is in the asymptotic
growth of the d,, coefficients in large-orders that can be expanded in terms of Ny as we

explained in the last section.

We assume that each isolated QCD “bubble” will correspond to a factor of

b k% 2 o a2
—— |ln(—=2)+C| = Uy(ke") . (4.42)
2 12
where k%, = —k* is the euclidean virtual momentum carried by the chain and ' is
scheme-dependent. In the MS scheme, C' = —‘g, we shall use the V-scheme, corre-

sponding to the MS scheme with g=exp(32)Q in the above expression so that C' = (.
In next section we deal with the singularities which arise from renormalons relating to

the Adler D-function.

4.7 Renormalon singularities

Following the argument of Parisi [45, 46], we can concentrate on the renormalization
group equation (RGE) (c.f. Bq.(1.40)), satisfied by some generic n-point Green's func-
tion '™ (p;a). He took a simple form for the A function. 3(a) = —ba*. Borel trans-

forming the RGE gives

(—paﬁp — bz + ?L) B[F{“)]('p1 2) =1, (4.43)
which has the solution
P (—bz)
B[I'™](p, z) = r(z)p" (;) : (4.44)

As we have already taken care to point out, the Green's functions of a theory are
interrelated by Schwinger-Dyson equations. As an illustration in considering the ¢*

theory, we can write a schematic form for the Schwinger-Dyson equation connecting
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6 and ™.

d* | t
¥ =1 r'(p, —p,0.0;a) |1 y (4.45)

r®)(0,a) = / R

we then write the Borel transform of this equation as

{f;p P (—hz) ‘
B[F[G)(O,z)] B, /m(;) ) (4.46)

where the factor (ﬁ)(ubz) comes from the expression in Eq.(4.44). The convergence
of the integral in Eq.(4.46) depends crucially on the power of p in the integrand. For
B[I®)(0, z)] this p-dependence will be p=7"%, so for z = 3% the Borel transform will
have a pole. The interdependences of Green's functions through Schwinger-Dyson equa-
tions such as Eq.(4.45) means that poles in the Borel transform of any Green's function
will propagate to all others [37], giving the Borel transform poles at z = 2= — 2 where
[ is a positive integer. These poles which come directly from renormalization are known
as we called them before, as renormalons. Divergences of this kind reflect the ultra-
violet behaviour of the theory and are therefore called ultraviolet (UV) renormalons.
In QED b < 0 and so the UV renormalons lie evenly spaced along the positive real
z-axis. They represent a genuine ambiguity in the reconstruction of a function from its

divergent perturbative expansion.

Parisi [45] showed that the location of UV renormalons is independent of the choice
of  function, although their strengths have a weak dependence on the second -
function coefficient. Most importantly ., he also derived a result which connected each
pole with a local operator in the theory. This was based on the BPH theorem [2] which
states that all UV divergences can be removed by the introduction into the lagrangian

of counterterms of local operators.

The presence of UV renormalon poles in the Borel transform was first established
for QED, a non-asymptotically free theory. The same results carry over to an asymp-
totically free theory but with one crucial difference. In SU(3) QCD with N;<16. for
example, the first coefficient of the f-function is positive (b = (11Cx — 2N;)/6) and
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the UV renormalon poles now lie on the negative real z-axis. Thus these poles do not
present any problem in Borel reconstruction of QCD quantities from their divergent
perturbative expansions. However, one finds that a new set of poles appear on the pos-
itive axis. These are the infrared renormalons and they arise essentially from infrared
divergences of bubble diagrams similar to that in Figure 4.1. In a procedure analogous
to the BPH treatment of UV divergences in QED, Parisi [46] attempted to relate the IR
renormalons to counterterms of non-local operators, a process about whose validity he
himself expressed doubts. Nonetheless, significant progress has been made, notably by
Grunberg [47] and Mueller [48], in relating IR renormalons to non-perturbative effects
at low momenta through the operator product expansion (OPE). The question of how
we deal with poles on the positive real axis is very important. At the very least we
would like to know what degree of ambiguity these poles introduce into perturbative
calculations, since large ambiguities would call into question the value of continuing
the programme of extending fixed-order perturbative calculations of QCD observables.
Less pessimistically, we might hope to obtain further insight into the non-perturbative

regime of QCD.

There is indeed much to be learnt from studying the consequences of using a short-
distance OPE to quantify some of the non-perturbative effects which we believe are
intimately related to the presence of IR renormalons. The OPE, as proposed by Wilson
[49] and implemented by Shifman, Vainshtein and Zakharov [50], enables one to attach
some meaning to the limit in which the separation of two fields in coordinate space

goes to zero. Formally, we write
T(4(2)d(0)]~ L Cilx)0(0) . (4.47)

Here the sum is over a set of local renormalized composite operators O, and the
Cy’s, known as Wilson coefficients, are complex coefficient functions. Applying a short

distance OPE to the Adler D-function D(s) yields the representation
D(s) = D(a) + Go(a) + higher dimensional condensates . (4.48)

where the perturbative part of D(s) (D(a)) has been defined by (4.41). Gy(a) is the
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leading (lowest dimensional) condensate contribution. For example. in QCD this will

be the gluon condensate,

Go(a) = = < 0|GGI0 > (4)Cos(Q/s.a) . (4.49)

4

where Cge(Q/p.a) is the Wilson coefficient for the gluon condensate term in the
OPE. In anticipation of the later calculations we shall assume massless quarks. Now
we expect D(a) and Gy(a) to be separately RG invariant. If we consider a condensate
with dimension 2/ (that is, with scaling behaviour ~ Q%) we can determine the
a-dependence of Gy(a) by requiring that Gg(a) satisfies the renormalization group

equation (see Eq.1.40). Let us take the following form for the QCD B-function

o - dﬂ b 9 4
Bla) = g = ~ba?(1 +ca) (4.50)

then we find the Gy(a) must take the form

2\ ! oY T ‘
Gyla) =C (%) exp —%ﬂ a’(1+0(a)) ~ Q7% , (4.51)
where
g= o _ czy where 2z =2I/b, (4.52)

b
with 7p the one loop anomalous dimension of the corresponding operator. €' is a scale-
independent constant which contains the truly non-perturbative information. Eq.(4.51)
can be re-expressed in the form [47]

sz'l x g—:le
ST e Fmm

This form for Gy(a) has an essential singularity at @ = 0, so that the OPE motivated

(4.53)

expression in Eq.(4.49) is only meaningful when we have a resummation prescription
for f)(a). This will be provided by the Borel transform, in which the IR renormallon
poles will be negotiated by performing the reconstruction integral along a contour dis-

placed above or below the real z-axis.

Let us write f)(a) in its Borel representation

D(a) = fux dze */*B[D(a)](z) . (4.54)
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amplitude of an off-shell vector-isovector quark current (of momentum Q) off an off-
i 2 i
shell gluon (of momentum Kj) evaluated at the one loop level. With k? = %ﬂ it is

given by

(4.65)

Q) N Cp [KE(K),
da(K%)  32m2 Q?

where the IR=UV conformal symmetry [k2 + 7z) is self-evident. This kernel was first

mentioned in [52], and since one needs to include the appropriate colour factors to use

it in QCD, it was recognised in [104] as being of utility in QCD. The function =(z2)

itself is defined as

= & Yo Iny :
S(s) =1 -/1—- ~ >0). 1.66
@=1+5fa-2=Lay, (20 (1.66)

and the integral above can be explicitly calculated

[11

(z)= gz{l*l (g—glnz)z (1+ [Lz('—"’ +Inzln(1-+ )]} . (4.67)

where Lo(x) is the dilogarithm function, defined as

L) =~ [ 13@17‘"%;:;. (4.68)

To obtain the Adler function D(a), one has to take the logarithmic derivative as defined

in Eq.(4.38). As a result, the symmetry of the kernel is spoilt, and one has:

) N Cr L .
IR /1.2y .24 1.2 .2
FIR() = —— Qz{( — kYR + (147
[Lao(—k?) + Ink? In(1 + &%)} . P<1, (4.69)
VY = CE Ty B 4 (14 B D) ~ 1 B
PV = 122@2{+ + (14 B Lol 7) B In(1 4 )
3 iz 1 .2 17
+(Z+§luk )E} 2> (4.70)

This function F(k?) (— 2a(%r) /akﬁ), considered together with the sum over chains,
allows us to obtain an expression for the contribution of renormalons to the Adler
function D(a),

.
Da(@)) =% a(Q’~'/ F(k?) [—-anln(ﬁ.?Q )| di?. (4.71)
0

k=
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This integral is most easily done by expanding F'®UY(k?) in a power series

- ws o« 5 i =
F™(E*) o %kz 2('; ink )k“+é(é — In KA)k8 + O(£Y) . (4.72)

) 13 4+mk? 1L+mmk? 1 2+Ink? 1
Uver2 =6 == 19 20 \ . -
FYY (k*) 6 i 2 7o 4 2[}—;}8 —+ O(,irm) . (4.73)

(the overall numerical factor was disregarded here). Obviously. these power expressions
are only valid in the small-k and large—fc limits. However if the renormalization scale is
i = @, the leading contributions for the integral come indeed from the large logarithmic
enhancements at Kg < ( and Kg > @, and the expressions above can be used in first
approximation. We note with respect to the above expressions that the finiteness of
the Adler function in both the infrared and ultraviolet is assured by the power-like
structure of F(k2). Also, F12(k2) and FUV (k?) each have an infinite numbers of terms
in their power series. We now break the integral (4.71) at k2 = ‘5—-6‘ into two disjoint
parts and perform the two integrations with the expansion (4.72) and (4.73) as the
integrands. We obtain a series which consists of a linear combinations of alternating-

sign and fixed-sign factorial terms [53]:

; N Cr H\**' (3 b & b,
D@ = g 2 Z (“(Q )) { e )"(Q_e~0)- ~ 5lk+ )50 (e
.l A kQ2 o I 5 13 _b k Q2 C ¥ 5 )

where we considered only the two first terms in both Eq.(4.72) and Eq.(4.73). The
Borel transform can be obtained straightforwardly ( we choose the V-scheme at this

point, C' = 0):

3 8 3
HIPlE} & =5z~ [(G-bz) 6 gbu]

1 8 223 1 4 13

2+4bz)2  2+bz| 3|(4+0b2)? 4+bz
In the first line of Eq.(4.75), we have Borel transform singularities on the positive real
axis, which arise from the integration at low momenta, and are henceforth known IR
renormalons; in the second line of Eq.(4.75), we have Borel transform singularities on
the negative real axis, which arise from the integration of high momentum and hence-

forth known as UV renormalons. It is clear that consideration of more terms in the
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power expansions of F'(k?) would lead to more singularities in the Borel transform. and
hence more renormalons. The next ones would be at z = § andz= —J‘-S For the Adler
functions, the series in (4.72) and (4.73) have no end, and an infinite number of 11,

and UV, renormalons exists, located at 2 = _T2 and z; = :l:%(l >3

The fact that there is no IR; renormalon can be traced back to the absence of a
constant term in F7#(k?) and is related to the fact that there is no operator of di-
mension é in the OPE of the Adler function. Furthermore, since .with the notable
exception of IRy, every (IR; and UV,;) renormalon has a structure involving a In A?
and a number, multiplied by a (positive or negative) power of k? (as can be seen in
Eq.(4.72) and Eq.(4.73), respectively), one anticipates a pole + double pole structure
for every generic singularity in the Borel sum of the Adler function. The ambiguties
of IR renormalons, seem to be beyond perturbation theory. As we showed before tt is
possible that these ambigutities will be compensated by the non perturbative power

corrections associated with non-logarithmic UV divergences in coefficient functions.

An exact evaluation of the integral (4.71) is needed to obtain the full singularity
structure in the Borel plane of the Adler function D(a) in large-orders. To do this one

may start by noting that F(k?) can be written as a contour integral [53]

- N Cp 1
2 3k
F(k") = 636222 )dhhz
+00 . a 1+ ar 1. "
/;m exp(irin(k®)) (r2 o ke e ir) dr. (4.76)
If we take the derivative in (4.76) and then do a trivial change of variables, we arrive
at
¥ N CF g P
F(k*) = 3 02 ) P(z (A d, (4.77)

where one has
32 & [k

i 5 4.78)
(&)= 3(1+£)§;(k2_m2)_ (4.78)
Now, if we invert (4.77) for P(z), we obtain
g 1BrR QP o eoiinaney oy _
Pla) =~ (Tp/u F(R) (k) k2. (4.79)
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We see that taking derivatives of P(z) would bring factors of in(k2) to the integration
above, effectively building the same integral as in (4.71). Thus P(z) can be seen as a
generating function for the large-orders coefficients of the Adler function D(a). This

result was obtained for the first time by D.J.Broadhurst [68].

The actual generating function for the coefficients of QCD Gell-Mann-Low function

(MOM scheme S-function) is [68]

32—n dn—2
2 dzn?

vl = P(z) o= , (4.80)

which can be evaluated explicitly in closed form as [68]

wln] n—1 n+4
o2~ (el 2 -
16 —28 s—n—
— > os(1—27%)(1 - 22" )] - (4.81)
%-{-’1>s>0

For the QCD Adler function in the M'S scheme with = Q one has

(~5/9)™ Wi

ml(n — m)! (4.82)

’

n
dil =217 3

m=0
where the group theory factor is Ty = % in the standard fermion representation. The
()™ factor enters since one is converting from the MOM scheme Adler function to
that in MS scheme. Considerable simplification is achieved by using the V-scheme,

the result (4.82) then becomes

dirl = o7l (4.83)

4.8 Leading-b expansion and RS-invariants

Even if the leading-b approximation is believed to work better at large orders, one can
check its utility for the low orders perturbation coefficients for which numerical results
are available. For b, the first two perturbative coefficients, d;, ds are known from the

exact perturbative calculation [59,64,100-102]. We shall assume M'S renormalization
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with renormalization scale y = @ for the present, quoting the results. we have

dy = (‘l—gl + §C3)Nf +CA(% - %Cs} - %CF ;

do = (125 ~ N+ a0 + 226+ SN, +
Cr(e + 56 = 56Ny + Ol — oGy~ 22¢s)
HOACH(~ T — G+ )+ CH ) (1.84)

For later comparisons it will be useful to write these results numerically for SU(N)

QCD

dy = —.115N; + (.655N + '0%) :
24 , 180 :
dy = 086N} + Ny(—1.40N — 7\7] + (2.10N* — .661 — ~7 ) (4.85)

We now wish to demonstrate that the leading term in the b-expansion (Eq.(4.33)),
when expanded in Ny, approximates the Ny-expansion coefficients well, even in rather
low orders.

For dy and dz we have re-expanding the large-b term in powers of Ny,

d\"'b = .345b = —. 115Ny + 634N |
AW = .T766° = .086N? — 948 N;N + 2.61N? . (4.86)

The subleading, N, NyN, and N? coefficients approximate well in sign and magnitucle
the exact expressions in equations (4.85). The leading Ny and N}’ coefficents .of course.

agree exactly.

In fairness it should be noted that, whilst the leading-b term reproduces the sub-
leading coefficents in the Ny-expansion at the ~20% level, there are significant cancel-
lations between large terms and as a result the overall NNLO perturbative coefficients
for D are significantly overestimated by the leading-b term. For Ny = 3 and SU(3)
QCD one has the exact (MS, u = Q) coefficent ds = 6.37. to be compared with the
leading-b term d5? 0% = 0.776b% = 15.7.
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Now to construct RS-invariant resummations the strategy will be to approximate
the RS-invariants p;. in Eq.(2.57) and use Eq.(2.58), to obtain the approximate per-
turbative coefficients in any arbitrary RS. In this way invariance under the full RG
transformations of QCD is guaranteed. For latter convenience we recall from Eq.(2.14)
that pg = 7 — d; is RS-invariant. Therefore we can use d, itself, rather than 7. as was

used in Eq.(2.58), to label the RS. Eq.(2.58) then become

do(dy, c0) = df + edy + (p2 — 2)

SO » 1
dg(dl. Cg, ('-3) = d? =t GCd{ T (3p2 e 2C2)d1 + 5(,03 —= O}

r

(4.87)

The result for d,(d;, e, ..., ¢;) is a polynomial of degree n in d; with coefficients involy-
ing pn. Prn-i..--» ¢ and ca, €3,..., ¢,; such that d,(0, ps. ps. .... p)=0. Given just these

numbers the perturbative coefficients in any RS can be obtained from Eq.(4.87).

The py invariants can be organized as an expansion in b, with

ok = PLku +p§ck—l)bk—1 el +p§cﬂ'} L ﬂihl)b_k . (488]

The pik’ can be obtained to all-orders from the large- Ny result for di.“ in Eq.(4.33). The
b~! term arises from the fact that in a ‘regular’ RS such as minimal subtraction the d;
are polynomials in b of degree k [99], whereas the corresponding f-function coefficients
¢ are polynomials in b of degree k — 1 with additional 5! terms (c.f. the expression
for ¢ = ¢; in Eq.(1.59)). The RS-invariant combination in Eq.(4.88) in principle could
contain arbitrary inverse powers of b, but RG considerations guarantee that only b~

terms remain [99]. Thus bpy is a polynomial of degree k + 1 in b.

As shown in references (42,63, 69] the renormalon singularity structure leads to the
expectation that the leading-b term when expanded in powers of Ny should, asymp-
totically, reproduce the sub-leading coefficients. That is, expressing df)bk in Eq.(4.33)

as

dF = dPNE + dETINE L dETTINE Y (4.89)









Chapter 5

Renormalon-inspired
resummations, Estimating the

uncertainty in os(m?2) and a(M%)

5.1 Leading-bh resummation for Adler-D function

The correlator of two vector currents in the Euclidean region is a fundamental ingredi-
ent in constructing a number of inclusive hadronic QCD observables of great importance
in testing the theory. As we said before, by taking a logarithmic energy derivative of the
correlator function. one can define the so-called Adler D-function, D(s). By analytical
continuation to the Minkowski region this quantity can then be directly related to the
ratio , 2(s), of the total e™ e~ hadronic cross section to the point leptonic cross-section.
and also to the analogous ratio R, of the total hadronic decay width of the 7 lepton
normalized to the leptonic decay width. The analytical continuation can be elegantly
formulated as a contour integration of D(s) together with a weight function around a
circle in the complex energy s-plane [56,57]. Performing this integration numerically
with D(s) approximated at some fixed order of perturbation theory then automatically
resums to all-orders an infinite subset of potentially large analytical continuation terms
involving powers of 7% and beta-fuction coefficients, which arise in the running of the

coupling around the integration contour [58]. These terms are usually truncated in the

01
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A remaining difficulty, first emphasised in [70], is the scale dependence of the
leading-b resummations, if one tries to match them to the known eract NLO and
NNLO perturbative coefficients. This matching ambiguity means that any result may
be obtained by varying the scale . It was pointed out that claims [61.66] that compari-
son of fixed-order and “leading-b" resummed results indicated rather large uncalculated

perturbative corrections for R, were undermined by this matching problem.

In this chapter, we wish to formulate the resummations in a very closely related.
but technically much more straightforward way. Our plan is to perform a leading-b
resummation for the Adler-D function in the CORGI approach (c.f. Chapter 2). As we
shall see this is extremely straightforward to implement and the resulting resummed
result can be written as a sum over exponential integral functions, representing the
contributions of the ultraviolet and infra-red renormalons in the Borel plane. We begin
the next section by reviewing the contour integral representation of R(s) and [, in

terms of D(s), and describe a simple numerical algorithm for evaluating it.

5.2 Contour integral representation of Minkowski
observables

We shall mainly be concerned in this chapter with the two inclusive QCD observables
which we introduced in Section 4.6. The first one was the e"e~ R-ratio, which has a
perturbative part with expansion
R(s) = a(l+ Y raa"), (5.1)
n>0
and the second one, the ratio R, which was defined analogously as a ratio of the total

7 hadronic decay width to its leptonic decay width as in Eq.(4.35). which has the form

= e T =
Ry = N(|Via? + [Vasl) Sew |1 + 1%,“““" e (5.2)

. - - . - - 2 Y
with V4 and V,; CKM mixing matrix elements with |V,4 > + |Vis [* & 1. Since the

energy scale s = m? lies below the threshold for charmed hadron production only
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In order to assess the likely accuracy of the fixed-order perturbative approximation
we can attempt to approximate the at present uncalculated coefficients d;, (i > 2) in
D(s) using the so-called “leading-b”" approximation. In Eq.(4.33) the leading-b term
dP)=d"p" is then used to approximate d,. Since d'F) = (=3)"dI"b" it is known to
all-orders. Using the exact large- Ny result one finds that the explicit all-orders result

for d'¥) in the V-scheme, following equations (4.81) and (4.83) is given by [68]

i 2 (n+1 n+6
di{‘}('v’) = _§”'( J[ 2n =i

i 16
n—+1

Z 5(1 = 2—23)(1 oy 223—?!——'2&!84_1)]&)” . {526)

FH1>s>0
The resulting leading-b resummation

5 a0

D® = a(1 + Y d"a"), (5.27)
k=0

may then be defined as a principal value (PV) regulated Borel Sum.
—~ 28 -
D®(1/a) = PV / dze=**B[DW)(z) . (5.28)
0

Here B[DW)](2), denotes the Borel transform discussed in Chapter 4 which contains

an infinite set of single and double poles at 2 = 2z = %‘! corresponding to infra-red

renormalons . [R;. and an infinite set of ultra-violet renormalons, UV, at 2 = —z.

The structure is

iﬂn J) + Ay ( ) Bu z + B gj)r-: . (5.29)

B[DW)(= :
[ ] =1 J (1 = =3 .i)

The residues at these poles can be computed from the exact all-orders large-Ny result.

The UV and I R renormalon contributions can then be easily expressed in terms of the

exponential integral function,

oo e_t
Bi(z)= -] dt— , (5.30)

T -
where for I R renormalons £ > 0 and one defines F'i(z) by taking the Cauchy principal
value of the integral. As we showed in Eq.(4.26) the use of different regularizations
gives an ambiguity of the same form as a power correction which should be small

for small enough values of the coupling. Our particular choice of the Cauchy principal
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value is simply for convenience. As we discussed in Chapter 4. the absence of a relevant
operator of dimension two in the OPE for the vector correlator is in accord with the
fact that the singularity IR, is not present, and the nearest singularity to the origin in

the Borel plane is in fact UV, which generates the leading asymptotic behaviour [58],

19n+22) / 1\"
J;LJ(V)z%lns(—a) b (5.31)

One can then write the UV renormalon and IR renormalon contributions as infinite
sums over the Ei functions,

5(L S F \

D! }(F)luv = sz{e [B):JEi(_sz)[sz{Aﬂ(j) . ijll(j)) = szl(_j)]

j=1

+(Ao(d) = z41(1))} - (5.32)
and
DE(F)|,p = € F22,B4(2) Ei(F2)
iz-j{e-F%Ei(sz_)[sz(Bom + 2Bu(7)) — 2 B(j)]

—(Bo(j) +2;B1(5))} - (5.33)

Here we have defined F=1/ay, where ay is the coupling in the V-scheme. The

Ap(7). A1(j) are related to the residues of the UV; poles, with [58]

L8 (=TB2 46 +2)
AU(J)'E jQ(j—l—l)z(j-F?)z Ai(g)

Because of the conformal symmetry of the vector correlator (c.f. Section 4.7, Eq.(4.65))

v+l ;
LR g, (5.34)
372 +1)° (7 +2)°

the UV residues are directly related to the IR residues [79] with By(j) = —As(—J)
and By(j)= —A;(—j) for j>2, and By(1) = B;(1) = By(2) = 0, and By(2) = 1 s0 IR,
is absent, as required from the absence of a dimension two condensate in the OPE,
IR, is a single pole and, all the other singularities are double poles. To evaluate the
contour integral in the complex s-plane using this D®)(F) result one needs to modify
the definition of the Ei functions to cope with the fact that their argument involves
1/ay(spe®) which is complex for nonzero #. The appropriate generalization uses the
function Ei(n, z) defined by

e—-f-?.‘
A

Eiln,2) = f " dt (5.35)
1
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[t then follows straightforwardly that the formal resummation in Eq.(5.36) is given by

JDC‘ORG‘I = D(LJ ( G d“‘]“‘ )) X’-’ = Y{L})ac} (5"10}

g
in which the D) term is the all-orders sum with the exact X, replaced by \(LJ.
and the second term corrects for this. One can obtain approximate N°LO and higher
CORGI results by truncating the sum in Eq.(5.36). The X% can be readily caleulated
by using the leading-b relation between the V-scheme and CORGI couplings in (5.39).

One easily finds

k<1
X =Coy | S dE(V ( ) . (5.41)
¢ [Z ) 1+ d”"(L)

where the symbol C,[f(a)] denotes the coefficient of @” in the power series expansion

of f(a). The d'*) (V) can be directly generated using the explicit result in Eq.(5.26).

Using the above results we can now straightforwardly generate all-orders resummed
and fixed-order contour-improved CORGI results for the Minkowski observables 7, and

R. We shall perform some phenomenological studies in the next two sections.

5.4 Resummed versus fixed-order predictions for
R,

The ratio R, defined by Eq.(4.35) has been the subject of a wide-ranging experimental
study by the ALEPH collaboration [80]. If events involving strange quarks are removed
from the data, they find R, = 3.492+0.016. Setting V,,; = 0. and V},; = 0.9754=0.0007.
and estimating the power correction contribution to be dpc = —0.003£0.004 [80]. one
finds from Eq.(5.2) the experimental value R, = 0.203270:010 . The QED contribution
has been neglected. One can then obtain all-orders leading-b resummed and fixed-order
contour-improved CORGI results as described in Sections 2 and 3. We use Ny = 3 and
fix ACL s

The results are shown in Figure 5.1. The solid line is the all-orders resummed result

» all-orders result reproduces the measured central value i, = 0.203.

fixed to the data. and the starred points show the N"LO fixed-order CORGI results.
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Figure 5.1: Fixed-order CORGI results for R, in N*LO perturbation theory (starred points),

compared to the all-orders resummation (solid line) fitted to ALEPH data.

We see that the NNLO (n=2) fixed-order result, which is the highest order exactly
known, is in rather good agreement with the all-orders resummation. The leading-
b approximated N"LO results show an oscillatory trend which becomes explosive for
n > 7, where fixed-order perturbation theory breaks down. The oscillatory behaviour
is exactly what one would anticipate from the alternating-sign factorial growth of the
contribution of the leading UV, renormalon, given by Eq.(5.31). To attempt to es-
timate the uncertainty in o, (m?) extracted from R, measurements we can use the
difference between the resummed and exact NNLO fixed-order CORGI results to es-
timate the possible effects of uncalculated higher order terms. In Figure 5.2 we have
plotted R, versus a,(m?2). The upper solid curve is the all-orders CORGI result. whilst
the lower dashed curve is the NNLO fixed-order CORGI result. We note that the sep-
aration of the curves increases rapidly with increasing R.. so we are fortunate that for
the experimentally measured R.~0.2 the separation of the curves is reasonably small.
Using the ALEPH data we find a,(m?) = 0.3307413 from the all-orders CORGI re-
sult, and ay(m?) = 0.3557)12 from NNLO fixed order CORGI. The corresponding

results which would have been obtained by integrating up the Effective Charge (EC)
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Therefore it is appropriate to use an effective theory in which the e-quark has been

integrated out.

In the following we obtained «,(M3%) by using as starting point a,(m?) and we esti-
mated the residual errors due to the matching conditions and running for the different
approximations used. At low energies, y = m, = 1777.0 0.3 MeV, we know a'? (m?),
from this we can obtain o/ (u$,?) at some matching point g, around i, by using the
renormalization group with n; = 3,then by using Eq.(5.42) with m = m, and ny = 4
we obtain a{*(pf,*). Now we use again the renormalization group with ny = 4 to
obtain ai‘”(uf{hz) at some matching point uf, around 7, and use again Eq.(5.42) with
m = 1y, and ny = 5 to obtain ol®(M3) = ay(M%). The final result will depend on
the precise values used for u$, and pf, and this dependence gives an estimate of the
errors which arise because of the truncation of the perturbative series in the matching
conditions. In addition, matching conditions also depend on the masses of the quarks.
and, although they are very well known, their actual value can effect the final result
for a,(M%). We use always as a reference scale the RG-invariant M S mass for quarks.
and the coeflicients in Eq.(5.43). For the quark masses we take the latest values in
the literature, for the b quark mass 1, (m;) = 4.13 = 0.0066 GeV [87]. For the c-quark
mass we take m.(m.) = 1.31 = 0.06 GeV [88,89)].

In studying the effect of varying the scale at which matching is performed inde-
pendently for the ¢ and b quarks, on the central value of the strong coupling constant
extracted from tau decay, it is found that varying the b-quark threshold scale in the
range p%, = 2 — 20 GeV, four-loop running and three loop matching conditions condi-
tions induce an error of 0.00009 on the strong coupling constant at the Z-boson mass
scale. To study the errors induced in passing the ¢-quark threshold. u}), = my is fixed.
and pf, in the range pf, = 1 —4 GeV is varied. Then an induced error of 0.0001 is
found for four-loop running and three loop matching conditions. Finally using this

0.002

evolution through favour thresholds up to p = Mz, we find a,(M3)=0.120"70; from

the resummed CORGI result, and a,(M3) = 0.12370:3% from the NNLO CORGI re-
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Figure 5.3: As Figure 2 but versus oy (M3).

sult. Thus, we conservatively estimate an uncertainty da,(M3)~0.003. A direct plot

of the resummed and NNLO results for R, versus a,(M3) is given in Figure 5.3.

The invariant mass distribution of the produced hadrons in 7 decay is well-measured

experimentally [80.90]. We define the quantity R.(sp) as

I'(r—v; + hadrons; Spea > So) o dR.(s)
R, (30)= ' = / d , 5.48
(0) ['(7—v,er,) 0 s ds (o)
where %ﬂ denotes the measured inclusive hadronic spectrum.
. A &
R-,—(Sg) = N(|Vud|2]SEw[(2:r e 2.’3:3 + .’L‘q) ~+ ZCFRT(SU) % Opc] . ({—)49)

with z=s,/m?. The perturbative part R,(so) can be computed from Eq.(5.18) with

the choice of weight function
QD) = 2z(1 + ') — 22°(1 + &%) + (1 — ') . (5.50)

It is then straightforward to obtain contour-improved fixed-order and resummed
CORGI results for R.(s). In Figure 5.4 we show the fit of the all-orders leading-b
CORGI resummation (solid line) to the ALEPH data for R.(s) (open circles) [80].
The resummation is fitted to the data at s = m?, where R (m?) = R,. The CORGI
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Figure 5.4: ALEPH data for R, (s) (open circles) compared with leading-b all-orders CORGI

result fitted at s = m? (solid curve).

coupling has a Landau pole at \/s = Ap, as is apparent from Eq.(2.83). Fitting to the
experimental value of R, determines Ap = 0.572 GeV, and so the resummed prediction
is only defined for s > 0.327 GeV2. There is excellent agreement with the data. On
this scale the fixed-order NNLO CORGI result would not be distinguishable from the

all-orders result, and so we have not included it on the plot.

5.5 Estimating the uncertainty in hadronic correc-
tions to «a(M3)

In this section we wish to make use of the difference between the NNLO fixed-order and
resummed CORGI results for R(s) in e'e annihilation to estimate the uncertainty in
a(M2), the QED coupling at the Z pole, which plays a crucial role in constraining the
Standard Model Higgs mass from precision electroweak fits to radiative corrections [91],
We begin, however, by plotting some figures, analogous to Figure 5.1, to indicate the
performance of fixed-order perturbation theory versus the resummed results at various

energies. In Figure 5.5 we show the all-orders CORGI leading-b resummation (solid
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Figure 5.5: Fixed order results (starred points) for R versus different orders of perturbation
theory at /s = m,=1.777 GeV. The solid line shows R for the all-orders contour-improved

resummation.

line) and fixed order results (starred points) for R(s) at /5 = 1.777 GeV, correspond-
ing to m,, so the performance can be directly compared to Figure 5.1. The only
difference in the two calculations is the choice of weight function, Q(6) in Eq.(5.18).
The oscillatory trend due to the leading ultraviolet renormalon is again evident, with

wild oscillations setting in at n > 9 where fixed-order perturbation theory breaks down.

In Figure 5.6 we present a corresponding plot at LEP1 energy /s = Mz. Clearly
at the higher energy the agreement is much improved. With the fixed-order results
exactly tracking the all-orders result for n > 4. Wild oscillations only set in for
n > 30 at this higher energy. Finally, in Figure 5.7 we show a plot of R(s) versus
In(y/s/GeV), in the range 1 < /s < 91 GeV. The solid line corresponds to the all-
orders resummed result and the dashed line to the NNLO fixed-order CORGI result.
We assume a,(M2) = 0.119, and evolve through flavour thresholds using the three-

loop matching condition [82,83]. The QED fine structure constant is extremely well-
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Figure 5.6: As Fig 5, but at /s = Mz

measured with
o '=a(0)”" = 137.03599976(50) . (5.51)

If one wishes to evolve a away from s = 0 to obtain a(s). however. then one needs to

know leptonic and hadronic corrections,
a(s) ™ = (1 — Aciep(5) — Athaa(s) — Aagop(s))a? . (5.52)

Whilst the leptonic corrections are known at three loops and are well-determined [92].
the hadronic corrections for the contribution of the five lightest flavours, which we
have denoted Aaygal(s), is rather poorly determined and has to be reconstructed from
the s-dependence of R(s) using a dispersion relation. The contribution of the heav-
iest flavour Aayep(s) is rather well-determined and can be included separately. The
value of a(M%) is of particular relevance since it limits the precision with which the
unknown Higgs mass My of the Standard Model can be predicted from precision elec-
troweak corrections [91]. Taking s = M% we have [35] Aoye,(M3Z) = 314.98x107 and
Aatﬁp(M%] = —0.76x10™*. For the hadronic contribution we can use the dispersion

relation,

12 -
aM; PV i R(s)
3

4m2 S(S = A’I‘%) .

Afthad(M%) = —
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Figure 5.7: Fixed order (dashed line) and all-orders renormalon resummations (solid line)

for R(s) versus (n(y/s/GeV), over the range 1 < /3 < 91 GeV.

In Ref. [93] new exclusive data from BES-II [95] and Novosibirsk [94] have been used
to extract R(s) in the low energy region. with NNLO fixed order perturbative QCD
used to evaluate it in the ranges 2.8 < /s < 3.74 and 5 < /s < oc. We plan
to approximate R(s) in these latter ranges using the all-orders and NNLO fixed-
order results for R(s), as plotted in Figure 5.7. We shall use the exclusive data
results as in Ref. [93], in the remaining energy ranges. Taking a,(M?) = 0.119
we shall then determine o(M3) from the fixed-order CORGI results, and the all-
orders leading-b resummed results. Since these results are contour-improved they
include a resummation of analytical continuation terms not included in the fixed-
order perturbative results used in [93]. We are interested in establishing if these
terms and the uncalculated higher-order corrections, as estimated by the leading-b
approximation, cause a significant shift in (M%), and whether this has any ramifi-
cations for the constraints on My. In the region 2.8 < /s < 3.74 GeV we obtain
Acpaa(M2) = (9.5424x107%, 9.7075x107%) for the (fixed-order, all-orders) CORGI
results, and in the region 5 < /s < oo we find Aaya(M2) = (170.788x107*.

170.635x107%). The total contribution of the remaining energy regions. using the
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fits to exclusive data of [93] is Aapaa(M3) = (94.124+1.76)x 10~*. We find correspond-
ingly using Eq.(5.52), t:»z(M%]_1 = (128.967 + 0.024, 128.971 £ 01.024). to be compared
with a(M2) ™" = 128.97840.027 quoted in Ref [93]. In [93] there is the perturbative
QCD error over two energy regions 2.8 < /5 < 3.74 and § < /s < oo, coming from
varying m., my, M, within the uncertainties in the [105], and varying the scale a,(cs)
in the range 0.25<c<4, in our treatment we do not have this sort of error. Errors on
the remaining energy regions are experimental errors which are quoted from [93]. We
conclude that the analytical continuation terms and uncalculated higher order pertur-
bative corrections do not cause a significant change in a(M2), and their inclusion does

nothing to modify the conclusions of Ref [93].

5.6 All-orders CORGI resummations for the scalar
correlator

The Higgs decay width to a quark anti-quark pair will be of fundamental phenomeno-

logical importance. In practice the decay to a bb will be the dominant contribution

[(H—bb) = %Mgmg(na‘gmmg) ‘ (5.54)

Here My is the Higgs mass and my(M}F) is the running b-quark mass. R(MF) is a

coefficient. function with a perturbative expansion

(]
N
o
—

R(My) =1+ r5d", (5.5]

n>(
where the coefficients 7y, 75, 73 have been exactly computed [96]. R can be straightfor-
wardly related to the scalar correlator Il;(s). One can define an analogue of the vector

Adler D-function so that

D(s) = L [HS_("”)J : (5.56)
ds s

This may be written in terms of the coefficient function D(s) where

(]
fud]
=1

Dis) = £z (m(s)*D(s) (5.
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and D has the perturbative expansion,

s) =14 dna™ (5.58)

n>0
m?(s)R(s) can be related to m?(—s)D(—s) by analytical continuation from Euclidean

to Minkowski, and one can write a representation of the same form as Eq.(5.18) with
1 ; .
m3(Mg) R(ME) = 5- /_ d9 mi (e ME)D(e MF) (5.59)

To proceed further we can express the running mass in terms of an RG-invariant mass

7y and the mass anomalous dimension +,,(a), defined by
din(m(s)) _ i1
dln(s) — 7m(a’) - ;720’ : (560)
We can then write (c.f Egs.(3.7) and (3.8))

40

2 ~ 27400 b N+ e+ —ne)z + -
= iy () 4[ da (561
my”(s) =i, l+c ep[ b(1+cx)(1+cx + cor? + .. ) (5:61)

The b#* is the standard normalization of the definition of the RG-invariant mass 7.
One can then write a CORGI series for m2(s) D(s) exactly equivalent to that for the

moments of structure functions in Eq.(3.26)

mi(s)D(s) = Thgb%q (%) b (1+ Xaa3(s) + Xzad(s) + ...+ Xnag(s) +...),

(5.62)
where ag(s) denotes the CORGI coupling which is again defined in terms of the Lambert
W-function as in Eq.(2.83), and with the anomalous dimension present one now has
Ap = exp[(%b)—l-(;l‘;iy;)](%) bAm , with d the coefficient d; in the M S factorization and
renormalization scheme with M2 = p? = s (M denoting the factorization scale) [76].
The exactly known CORGI invariants X, and X; follow from Eqgs.(3.24), and allowing
for the different definition of the anomalous dimension one needs to replace d; by 4+; .

Lumping various inessential prefactors together we can define

3Gr
4\/§7r

where I has the contour-improved CORGI representation,

| ag \1w/b ) _3 (L) ~n
r=o [ ds( ) X+ g X PR, (5:64)
m 1+ cay

2 J - n>3

T(H—bb) = Mymdb*e /T | (5.63)
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with @y = ap(e? M%).

In the scalar case one will have coefficients with the structure
dp = dP-UND 4 ANP2 4 dlY (5.65)

and after replacing Ny = (3 — 3b), as before, one arrives at a leading-b term with the
structure d(X)=(—3)"""dl*~1p"~1  with one less power of b. The anomalous dimension
coefficients will have the structure v{¥) = v{™p* but since the anomalous dimension
v¥m(a) does not contain renormalons there is no motivation for making this approxima-
tion, and it is poor in practice, as noted in Ref. [97]. Whilst an all-orders result for

L) does exist [97], we shall follow Ref. [97] and set 4{X) = 0 for n > 0, retaining only
Y- The all-orders result for X2 follow straightforwardly from d{&). From the large-
Ny results of Ref. [97] for the scalar correlator one can obtain an explicit all-orders
expression for d{¥)(V) (in the V-scheme) analogous to Eq.(5.26) in the vector case. For

n even one has,

aw) = -2 (1 l)g(n+ 1)nlpn! (ﬂ n %) (%)n_ln!bn—l

3 onl AL n
1 1\ /1\™1
= d I 1pn—1
(+3)(3) =, (5.66)
whilst for odd n one has,
4 4\ /1\"1 1 1\ /1\*!
0= () - (G ()
(V) ~t3)ls) ~+3)lz) n b (5.67)
As in the vector case one can define a leading-b resummation
o0
DO =1+ S dP(v)a*, (5.68)
k=1

analogous to Eq.(5.27), which may be defined as a regulated Borel sum
o0
DD(1/a) =14 PV / dz e 9 G_(2) + G4 (2)] . (5.69)
0

Here G_(z) and G (z) are the contributions to the Borel transform from UV and IR

renormalons, respectively. One has (in the V-scheme) [97]

_ A& (=
G-(2) = 3,§k2(1 + bz/2k)
Gile)= —s 1 Z 1) (5.70)

(1-02/2)  (1-bz/4) k2 ( 1 — bz/2k)?
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From these expressions one can read off the residues Ag, By (cf. Eq.(5.29)), and one

can then calculate D) (F)|,;,, and DY (F)|,, using Egs.(5.32), (5.33). Finally
D (F) = D(L)(F)IUV + D(L)(F)|IR ) (5.71)

with F'=1/ay. To perform the leading-b6 CORGI resummation in Eq.(5.64) we simply
need to relate ag’ ) and a(()L) as we did in Section 5.3. In the presence of the anomalous
dimension the RS-invariant combination py in Eq.(5.37) is replaced by the factorization

scheme and RS (FRS) invariant combination X7 introduced in Eq.(3.22),

4
X, = 4yln (%) -1 (), (5.72)

where M is the factorization scale. Recalling that we have decided to set 7( ) =0 for

(Z) (L)

i > 0 in our leading-b resummations , we can use Eq.(5.72) to relate ag” and ay,

1 1 b
— + —dP(v 5.73
dB T B T ay V). (5.73)

It then follows that the all-orders formal resummation in Eq.(5.64) is given by

1 T a 470/b 4
r=of d9( “"_) = 2 (1+47°d(“(v>a0)

2mJ - 1+ cay b b
1 b
+D®) (% + @;d@m) + (X2 - X{P)@ + (X - xP)aj) . (5.74)

The logarithm term arises because of the fractional power a*°/?. Relating the V-scheme

and CORGI couplings at the leading-b level one has,

ayo/b 4 4 —40/b
o)™ = o (14 T O(W)a) (5.75)

On expanding using the binomial theorem only the terms linear in <y are leading in b,
the remainder should be discarded. Writing the binomial expansion as exp|[(—47o/ b)inS]
=1 — (4v/b)InS + O(7y?) the result follows. The same subtlety enters in deriving an
analogue of Eq.(5.41) to generate the X&) in terms of d{X)(V) explicitly given by
Eqgs.(5.66), (5.67). One finds

e [Zdw (1+(470/Z)d£“(v>a)k_%l (H%dlm(v)aﬂ

(5.76)
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Figure 5.8: Fixed-order CORGI results for I' (Mg = 115 GeV) in N"LO perturbation

theory (starred points), compared to the all-orders resummation (solid line)

These results can then be used to calculate all-orders and fixed-order CORGI predic-
tions. We give in Figure 5.8 the analogue of Figs.1, 5, 6, for the Higgs decay width (with
pre-factor set to unity) I', we set My = 115 GeV and «a,(M2) = 0.119. The starred
points show the fixed-order CORGI results, and the solid line the all-orders resumma-
tion. As before the agreement of the highest exactly calculated n = 3 fixed-order with
the all-orders result is good. The fixed-order results track the resummed result up to
n = 12, beyond which an oscillatory trend is noticeable. From Eq.(5.70) one can see
that UV, and I R; renormalon singularities are present, and so the leading asymptotics
are not dominated by UV ; as in the vector case. The process of analytical continuation
, however, serves to remove I R; [58,63] and so the leading asymptotics of I" is expected
to be dominated by the leading UV; renormalon, with resulting alternating-sign facto-
rial behaviour. As discussed in Ref. [97] the presence of the leading IR; renormalon
in D suggests that the obvious generalization of the Adler function in Eq.(5.56) may
not be optimal, and an alternative is suggested. For our purposes here we are simply
using D as a tool to compute the physical quantity I', and so this is not a problem.

We should stress that the uncertainty in the prediction of the Higgs width, indicated
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by comparing the fixed-order and all-orders results in Figure 5.8, will be much smaller
than the error with which the width can be experimentally measured, and so our results

will not effect the comparison of theory with experiment.

5.7 Analytic expressions for the CORGI contour
improvement

In this section we wish to point out that we can obtain explicit analytic expressions for
the CORGI fixed-order contour improved results for R(s) in terms of the Lambert W-
function, eliminating the need for numerical Simpson’s rule evaluation. From Eq.(2.83)
we see that we can write the CORGI coupling g = ag(e®s) in terms of the Lambert
W-function as,

-1

= i+ W(AeRD)] (577)

A@)::£<X§>%k,KE::E. (5.78)

e \Ap 2c

Thus after the contour integration the X, _; coeflicient multiplies

where

Au( / dba;" = — d9( L [14 Wi(A(s)e KO ™"

cn
+%Ad

where the appropriate branches of the W-function are to be used in the two regions of

1(A(s)e™0) ", (5.79)

integration. By making the change of variable w = W (A(s)e®%) we can then obtain

the above integrals in the form,

(—1)n/ : dw _ (5.80)

2iKen) w1l +w)"

The w-integral is elementary, and including the limits of integration, and noting that

Wi (A(s)e™E™) = [W_1(A(s)e'E™)]", we obtain the explicit result,

_ Yt WalAls)etT) = 1
An(s) = - Im [1 (1 n W_l(A(s)e“”)> +k§:j1k(1 IR (5.81)
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for n > 2. For n=1 we have A;(s) = (=1/(xKc))Im[lnW_;(A(s)e’X™)]. We finally
obtain the CORGI contour-improved fixed-order results in the form,
R(s) = Ai(s) + > XpApia(s) . (5,82)
k=2
In the scalar correlator case analytic results can also be obtained. The X, coefficient
in the CORGI series for I' in Eq.(5.64) will multiply
: i 4y /b
An(M2) = i/“ d9( Go ) hE

2t = 1+ eag

g =% 0l ~n—40/b
—_l_f do (=1) ¢
Il WA (AR [L+ Wi (AeKATT

(—=1)" =470/t

1 T
— [ de | .
+27r/0 [—W.I(AE{KE)]‘;TOH' [1 4 W_l[AE:’KH]]" (J' 83}

Here A = A(M}). Making the change of variable w = —W (Ae®?) one can then obtain

the above integrals in the form,

(“1)"’ w{_‘l"nl/h)—l )
2?!‘2'11'(:"+4‘m:’5/dw(1 = w)”'] : (5.84)

These integrals may be evaluated in terms of the Hypergeometric function F(a. b;¢: 2)

[98]. Inserting the limits of integration we obtain the explicit result

(1Y PO, .
F (n = 1.—4—:2; 1= 4—;‘3;W_1(Ae”"”))} . (5.85)

We can finally write the CORGI contour-improved result in the form

['=Ag(M}) + Y XeAn(ME) (5.86)

k=2

1 b O s
A(}(ﬂ’ff{) = WITH ,:——(W‘l(AB;KW)) nft -+

W_, (AetKm))t-dm/b Sl
( 1((1-4_7_{) . (5.87)
b
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equivalent at NLO to the Effective Charge approach of Grunberg [12,13] in which
the UV logarithms are also completely resummed in exactly the same way, whilst the
remaining RG-predictable effects are parametrized in a different, but a prior: equally
reasonable way. As we discussed in Chapter 3 it is possible to extend the ideology
of CORGI to the case where two unphysical scales enter. We studied the example of
the arbitrary factorization scale dependence of moments of structure functions in deep-
inelastic leptoproduction. Here an anologous situation holds, where in addition to u
and ¢, renormalization scheme parameters, there will be a set of factorisation scheme
parameters, M and d,. Once again , a resummation of the ultraviolet logarithms re-

sults in the dependence on these unphysical scales disappearing.

We showed that the CORGI formalism was equivalent to directly relating observ-
ables to the dimensional transmutation parameter, which arises as a constant of integra-
tion when the energy dependence imposed by dimensional analysis in integrand. This
integration automatically resums altraviolet logarithms to all-orders, and the renor-
malization scale y cancels and, is seen to be a completely redundant parameter with

no physical significance.

In the other part of the thesis, we focussed on obtaining exact fixed-order, and
leading-b estimated all-orders results for various inclusive QCD Minkowski observables
, Telated to the vector correlator. These could be expressed as a contour integral of
the suitably weighted Euclidean Adler D(—s)-function in the complex energy squared
plane. D(s) is truncated at some fixed-order and the integral performed numerically
as described in Section 5.2. In this way contour-improved predictions are obtained, in
which an infinite subset of known and potentially large analytical continuation terms
are resummed to all-orders. By employing the CORGI approach, as discussed in Sec-
tion 5.3, we could further resum to all-orders the complete set of ultraviolet logarithms
involving s, which build the s-dependence of D(s), avoiding any dependence on an arbi-
trary renormalization scale p. The remaining approximation is the missing higher-order

CORGI invariants X; (¢ > 2), which remain unknown since the perturbative coefficients
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fits to LEP data. We showed that using all-orders and fixed-order contour-improved
CORGI results for R(s) gave results for the hadronic corrections to the QED coupling
a(M2) which did not differ significantly from those obtained using conventional fixed-
order perturbation theory in Ref. [93]. Finally we showed how recent all-orders large-N;
results for the scalar correlator [97] could be used to perform analogous resummations
for the Higgs decay width to a heavy quark pair. We finally noted that the CORGI
contour-improvement for the R-ratio can be written in analytic form in terms of the
Lambert W-function, and for the Higgs width in terms of the Hypergeometric function
and Lambert W-function, thus avoiding the need to use a numerical Simpson’s Rule

evaluation.

There are many possible investigations to be pursued using these methods. In
particular it would be interesting to use the resummed results for B(s) in lower energy
ranges where conventionally inclusive or exclusive data has been used. The scalar
correlator results could also be used to investigate more carefully the uncertainties in

estimates of the strange quark mass using Sum Rule techniques.
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and the anolmalous dimention to fourth order is
v(z) = —dz — d12* — daz® — daz* | (A.4)
and the truncated g function is
B(z) = —bz*(1 + cz + co2® + c32°) | (A.5)
where
YO (z) = —dz, B@(z) = —bz?(1+cz). (A.6)
Consequently the first integral in Eq.(3.5) will appear as
a a 2 3 4
/ ’}’(33) dr — dz + dyz° + dox® + d3z dz (A7)
B 0 bz2(1 + cz + coz? + c323)
Expanding the denominator in Eq.(A.7) yields
(1+ ¢z + cax® + c32%) ™ = [(1 + cz) + (c2® + c32®)) !
= (1+cz)™ = (1 +cz) *(cox® + c32°) + ...
1 coz? caz® . (A.8)

Tlter (I+cz)?  (1+cz)?
here we kept only terms which are linear with repect to c; and ¢3. Other expansion

terms are of order a® and higher, which are not our concern therefore. We then obtain

a 1
d
/ ﬁ b 0 z(1+cz + cox? + c3z3) ¢
1 d2 z
dr + — d
b (1 + cx + cox? + c3z?) bJo (14 cx+ cox? + c32?) !
d 2
+B [0 ad o+ B[ il dz. (A.9)

bJo (14 cx+ coz? + c3ad) Sl bJo (14 cz+ cox? + c3z?)
From Eq.(A.?) and Eq.(A.8) we get

2

/ ——l—dm—c/a i dx—c/a ad dz
B(z) 0 z(1 + cx) 2Jo z(1 + cz)’ *Jo z(1 + cz)’
3

d]_ / 1 a z2 a z
el dr — Y _dr- -
7 | o (1+cz) ‘ 02/0 (1+ cz)® ! 63/0 (1+ cz)? o]

3 4

o gz L
~C| ——dz— /———d
2/0 (14 cz)? T8 (1+ cz)? <)

ds. oz a gt a g5
% de—cy [ —> dz — /——d , A.10
i [/o (1+cz) v 62/0 (14 cz)? TG (1+ cx)® 2] (A.10)
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and from Eq.(A.6)

o0 y(1)(g) dz

o B@(z) d"’:/o mdx (A.11)

Substituting Eq.(A.10) and Eq.(A.11) in Eq.(A.3) and using the obtained results in
Eq.(A.1), after simplification we obtain the following analytical result for M

M :A(ca)g(l+Ca)'Td+%§—£§;+b—i%+%(—f§+2§§—3§§+4§5&)—c3(—2%+3%—4%+5£§;)
a(a®c® — 2 — ca)ds ad di(ca? + 2a)
exp(— -
<P be ) exp( 2bc%(1 + ca) ) exp[cz(bc(l +ca)  bc(1+ ca)
da(—c®a® + 3a®c® + 6ca)  d3(12a + 6¢ca? — 2c%a® + c2a?)

- )] x

ad2

2¢4(1 + ca)b 3ct(1 + ca)b
explc (—d(ca2 +2a) | di(—c®a® + 3a*c® + 6ca)
Pics bc2(1 + ca) 2¢*(1 + ca)b)

da(12a + 6ca? — 2c%a® + c*a?)
B 3ct(1 + ca)b
+d3(60a — 3ca® + 30ca® — 10c%a® + 5c3a?)
12bc3(1 + ca)

N+ 716+ 7108 + 136°) . (A.12)




Appendix B

Structure function moments and

partial derivatives

We can use the expansion form in Eq.(3.10) or the closed analytical form in Eq.(A.12)
to obtain the partial derivaties of M with repect to seven unphysical quentites y, M,
dy, ds, d3, co, c3. In the following we use the closed analytical form to obtain these

partial dereivaties.

To calculate partial derivatives of M with respect to u, and to get the obtained
results for r;,rs and r3 we begin with the chain rule as

OM _ OMOa  OMOr  OMOr,  OMdrs

bt at el hiaid - - 1
ou da 8u+'u8r1 8,u+'u'8r2 ou u@r;; ou’ (B.1)
where
M =< O(M) > (1+ 118 + r96° + 138%) (B.2)
consequently
oM _ OM 0Oa _, On
En %(#a)‘i‘ <0> a(“ag)
or or
2 2 ~3 3
— —— B.3
+<O>a('u8,u)+<0> (uau) (B.3)
From Eq.(B.2)
Qa% = (7"1 + 27‘2& + 37'3&2) <0 > , (B4)
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and we know

oG
uﬁ = B(@) = —ba2(1 + ci + c26® + c38°) . (B.5)
Substituting Eq.(B.4) and Eq.(B.5) into Eq.(B.1) yields

oM _ T+ 27‘2& + 3T3&2
# Op 14 7d + 7262 + 1383
a(uGr) + @ (ug2) + & (u2)

1 + 7’1& + 7'25,2 + 7‘3&3

(=ba®(1 + ¢ + cpd® + c3a%)) (B.6)

+M

equivalently we can consider

M

e T [—(r1 + 272 + 3r3a®)ba?(1 + ca + cpa® + c3a°)

+a(uau)+a(uaﬂ)+a(uau)]> (B.8)

and from there, self-consistency principle (i.e vanishing of O(a), O(a?) and O(a®) terms)

demands

67‘1 87'2 87'3

=0, Ha = 115, ME

,LLE = = 27‘2b + lec . (Bg)

To calculate the partial derivative of M with respect to M and obtain results for partial

derivatives of 71, 73,..., using the chain rule yields

M OM 8<0O> OM Or, OM Ory
Mot =Macos "Moo T Mo, on
OM or
Using Eq.(B.2) we get
oM 0< 0> a(M2L) + a?(M22) + a3 (M22)
oo M)+ M= (M g5f) + " (M55 ,  (Ba1)

1+ra+ 7'2&2 + 7'3&3
on the other hand using the definition of anomalous dimension vo (c.f. Eq.(3.3)), we

have

oM o< O > oM o< O > 1
8<(’)>(M OM )_<O>8<(’)>[(M oM )<(’)>]

= (< O > Cy)yola) = M[—da — dya® — dza® — dga] . (B.12)
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Combining Eq.(B.11) and Eq.(B.12) yields

Mg—:/z\w/l = M[(—da - d1a2 - d2a3 — d3a4)
P a M) + B (M) + 8 (M),
1+7‘1&+7‘26/2+7’3EL3

By substituting the relation of the couplings with the two different scales,
M M
a=a+ batlog— + b%alog® — ,
7 7

we obtain the following results

ory ory M
o1 _ M=% = - —
Ma d, M dl -+ d’f‘1 dblOg " ,
M M M
M — 4y 4+ dyry + drs — dbrylog™ — 2d,b1og™L — dbP1og* L
oM Iz H B

(B.13)

(B.14)

(B.15)

For the partial derivative of M with respect to d; and the related results we have to

compute

oM
ady ’

by using chain rule where

ola.

(1 + ca)®eFeCeBeP (1 + ria + roa® + 3a°) .

M = (ca)

A,B,D)E and G are defined from (A.12) as

-d dy dy dy c,d dy ds ds
= _ZJFECZ_E,E d@*}%‘z”:ﬁ?’c‘f‘*c—s)
+e3(255 - 3b_c11 + 450—"; - 5%)

ad  di(ca® + 2a) N da(—c2a® + 3a%c? + 6ca)
be(l+ca)  be?(1+ ca) 2¢(1 + ca)b
ds(12a + 6ca® — 2c%a® + c*a?)

a 3ct(1+ ca)b ]
—d(ca® +2a) = di(—c*a® + 3a*c® + 6ca)
bc2(1 + ca) c*(1+ ca)b

d2(12a + 6ca® — 2c%a® + cBa?)

(1 + ca)b
d3(60a — 3c*a® + 30ca® — 10c%a® + 5c3a?)
* 12bc5(1 + ca)
ady ,,  a{a’c® —2—ca)ds

b= _b?’G_ 2bc2(1 + ca)

A

BZCQ[

D:C3[

]

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)
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Using the chain rule, the partial derivative of M with repect to d; can be written as

oM _OMOA OMOIB  OMOD OMOr,  OMOry OMOrs

- =y —_— —_— . (B.22
5d, ~ 0A0d, " 0B ody T 0D od, | or ody " Orp 0ds | ory 0d, - )
From the definition of A,B and D we will get
(‘3M 0A 1 202 3C3
= S R 2
5 log(1 + ca)M, 9d. b b + ped (B.23)
OM OB  —cy(ca®+ 2a)
—_— _—n B-24
OB M, dd, bc(1+ca) (B.24)
oM 0D  c3(c®a® — 3a%c® — 6ca)
= = —— == 2
oD M, od; 2 (1 + ca)b (B.25)
substituting Eq.(B.23), Eq.(B.24) and Eq.(B.25) into Eq.(B.22) yields
oM 1 2c 3¢ co(ca® + 2a)
2 — Mllog(1 22 9%y, 2\ Tl
Jd, Mllog(1 + ca) (bc bc3 * bc4) bc2(1 + ca)
c3 (Pa® — 3a%c? — 6ca)  G(5) +a%(52) + 63(3—2‘1‘)] | (B.26)

+_
2 c*(1 + ca)b) 14 r1a + 7282 + 363
Sustituting Eq.(B.14) in Eq.(B.26) and demanding self-consistency principle will result

in
oy -1 O, _c M _m
od;, b’ ad; 26 Yy T
8’)"3 cry 02 M T9 Co 2M
Ts N 8 e r)loge — 24 &2 o2t B.27
9d, ~ 2 3p T (e rlegr = gy —blog (B:27)

For computing the partial derivative of M with repect to d; and the related results in

a similar way we have

oM _OMOA  OMOE  OMOB  OMOD OMOn  OMOr,  0Mors
adz N 814 adz 6E adg 8B 8d2 6D 3d2 67’1 adz 67‘2 8d2 8’1‘3 8d2 ’

(B.28)
A B,D,E are the same as before and we will get
oM —1 3¢y 4cs a co(—ca® + 3a%c? + 6ca)
= — Mlloa(1 R S Tl
dd, Milog(1+ ca)(bc2 i bet bc5) be * 2bct(1 + ca)
(cPa* — 203 + 6¢ca® + 12¢)  a(53) +a*(5%) +a*(Z3)
s 2 T Nody) T8 lody)y (B.29)
c*(1+ ca)b 1+ 7@ + 72a% + r3a3

Form Eq.(B.29) we can obtain the partial derivatives of ry, 7o and 73 with respect to
d, and before that we need to substitute Eq.(B.14) in Eq.(B.29), then we will get

ory Ory -1 Ors c logi Gt (B.30)

ody  Ody 2b° 0dy 3b M 2%




Appendix B. Structure function moments and partial derivatives 131

M

In a similar way for we will have

oM OMOA 8/\/1 oG OMOB OMED  OMOry OMOry  OMIrs

od, ~ OA 9d; " 9G 0ds T 9B 9d; | 0D 0d; | 0r, 0d, | 0rp 0dy | Ors 04y’
(B.31)

and from this

oM 1 4ep | 5czy  a(a’c® =2~ ca)
= M(log(1 + ca)(b 5 s T ﬁ) + 2(1 T ca)

8ds
_ca(c®a® — 2a%¢® 4 6ca® + 12a) te (=3c*a® + 5c%a* — 10a®c + 30c%a + 60a)
3bct(1 + ca) 3 12¢5(1 + ca)b
~3(0r
a(3) + (5 + PG -

1+ma+ r2a2 + r3a’
and substituting a by a yields

67'1 67‘2 (97'3 —1
Ods * 8ds 0 Ods  3b (B.33)

For the derivative of M with respect to ¢, we will get

oM  OMOA LM oM OB L M OM 0Oa +8M oa +3M%+ OM 0Ory
602 A 802 OB 802 da (‘302 Oa Oc; Ory Ocg  0Ory Ocy

oM 8r3

3r3 (9c2 (B.34)

where A and B are the same as before.

Note that in the above we need the dependence of @ and @ on ¢, in the form %—’;"%

and 4 g“ and these dependences can be obtained from the Eq.(2.73) and the similar

relation for a (c.f [9]).
After calculating and substituting the partial derivatives in Eq.(B.34) we will get

6M d 2d1 3d2 4d3 ad
7 — Mllog(1 2 2 oh Ry, 9%
decs Milog(1 + Ca)(bc2 bc3 + bct (S )+ cb(1 + ca)
_di(ca® +12a) | dy(=c*a’® + 3ca® + 60a)
bc2(1 + ca) 2bc3(1 + ca)
(3c*a* — 2c%a® + 6ca’*+12a) d , dc 5, d; 4 3
ds 3¢4(1 + ca)b p Tt T TN
a(5e) + % (532) + @ (52)

1474+ rea2+ 7"3a3

=], (B.35)

which on substituting a by @ (B.14), demanding self-consistency principle, yields

ory Ory, 3d Ors 4d1 dry 5de
o _, 9rz_2¢  Ors B gdn o oec B.
5 " " Be, 2 Do, 3p T Sdlog M T3 T T3 (B.36)
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The same technique will apply for deriving partial derivatives of M with respect to c3

and from there we will get the following results

67‘1 87'2 87’3 5d
= R — = B.37
863 0, 803 0, 863 6b ( )
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