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Abstract

Brill-Noether loci of rank 2
vector bundles over an

algebraic curve

Alan Christopher Rayfield

In this thesis the Brill-Noether loci WT of rank 2 stable vector bundles of canonical
determinant over an algebraic curve are studied. We analyse three conjectures on
the nonexistence, dimension and smoothness of W", collectively known as the Brill-
Noether conditions. The local structure of W™ is described by a symmetric Petri
map; assuming that W™ s @, the injectivity of this map ensures the dimension and
smoothness conditions we are aiming for. The nonemptiness of W” is shown by
constructing the appropriate bundles from extensions of line bundles. In a similar
vein the nonexistence conjecture is addressed by showing that certain bundles are
extensions of line bundles that are prohibited on the curve. Finally, subject to an
assumption, the Petri map is shown to be injective for genus < 10; which allows us
to prove that the Brill-Noether conditions hold for genus < 10, improving on the
genus < 7 results of Bertram-Feinberg [4].
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1.1  Brill-Noether theory of line bundles 8

the central features of verifying the conjectures are, first to ascertain that W™ # 0

(since no existence theorem exists at present) and secondly that the Petri map:
p: Sym?’H®(C, E) - H°(C,Sym’E),
is injective for all E € W™ — Wr+1,

Chapter 2 reviews some necessary theory (section 2.1) and then addresses the exis-

tence of W™ and subsequently the nonexistence conjecture.

Chapter 3 deals with the question of injectivity of the Petri map and generalises the
work of Bertram-Feinberg [4]. Chapter 4 contains the study of a technical condition

required in Chapter 3.

Finally Chapter 5 looks at a specific example, the Brill-Noether locus W5 for a genus

9 curve.

1.1 Brill-Noether theory of line bundles

The Brill-Noether problem is the question of what special linear series exist on a
generic algebraic curve. The body of theory answering this question is known as the
Brill-Noether theory. The motivation for studying the Brill-Noether theory of line

bundles is the correspondence between linear series and maps to projective space:

{gis} & {f: C P},
where we use the standard notation that a gj is a linear subseries D C |D| for some

divisor D, where deg(D) = d and dim(D) = r. We recall here that a linear series D
is special if it satisfies the conditions dim(D) = r > 0 and k}(C, D) > 0.

The first natural object to look at is:
G5 = { linear series D | D is a gj}.

Complete linear series are in one to one correspondence with line bundles so we also

look at the Brill-Noether locus:

Wi = {L € Pic?(C) | K°(C,L) > r + 1}.
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The Brill-Noether locus is a determinantal subscheme of Pic?(C) (for the construc-
tion see Arbarello-Cornalba-Griffiths-Harris [1] page 176). The space of linear series
G? can be shown to be the canonical blow-up of W] along the subvariety Wjt!.
Aside from their importance to projective fealisations of curves, G} and W] also

enjoy interesting geometry in themselves (for example see [1] chapter 5).

In the study of the Brill-Noether theory the tool used is the Petri map, whose
importance derives from its description of the Zariski tangent space of W at a

point. Given L € W] — WJ*! the Petri map is the cup product homomorphism:
u:H(C,L)® H(C,KL™) = H°(C,K). (1.1)

Denoting the degree d Jacobian of the curve C by J&, we recall that the cotan-
gent space of J& at a point L is the space of sections of the canonical bundle:
T:J% = H°(C, K). In particular dim(H°(C, K)) = h°(C, K) = g, the genus of the
curve. Furthermore it can also be shown (see Arbarello-Cornalba-Griffiths-Harris
[1] Proposition 4.2 page 189) that im(x)t = T W]. Here the perpendicular space
is defined by the Serre duality pairing H'(C,L) ® H°(C,KL™!) — C. These two

results together give:
dim(T,W}) = im(p)* = dim (T J) — rank(g) = h°(C, K) — rank(u)

= g — rank(p). (1.2)

Noting by the Riemann-Roch formula that h*(C, L) = g—d—1+h°(C, L) = g—d+,
we have the following upper bound on the rank of u:
rank(z) < dim(H%(C, L) ® H*(C,KL™)) = h%(C,L)A°(C,KL™?)

<(r+1)(g—d+r), (1.3)

with equality when g is injective. Equations (1.2) and (1.3) give us a lower bound

on the dimension of the Zariski tangent space:

dim(T,W3) > g— (r+1)(g—d + 7). (1.4)
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To get a good estimate of dim(W]) we would hope that dim(W}) = dim(T,W}),
which occurs if and only W] is smooth at L. Furthermore to have equality in equa-
tion (1.4) we require p to be injective. Assuming both smoothness and injectivity

conditions we obtain:
dim(Wj)=g - (r+1)(d—g+7). (1.5)

This is the “expected” dimension of W] calculated by determinantal means, see [1]

page 181. We now make the following definition.

Definition 1.1.1. For a curve C of genus g and integers r > 0 and d > 0 the

Brill- Noether number 1s:

p(r,d)=g—(r+1)(g—d+r).

The Brill-Noether number is significant in the theory as can be seen from the fol-

lowing classical results in Brill-Noether theory.

Theorem 1.1.2. (1] page 206) Let C' be a smooth curve of genus g. Let d and r be
integers such that d > 1,7 > 0; if p(r,d) > 0 then G} and hence W] are nonempty.
Furthermore, every component of G has dimension at least p(r,d); the same 1s true

for W] providedr > d — g.

Theorem 1.1.3. ([1] page 212) Let C be a smooth curve of genus g. Let r and d
be integers such that d > 1,7 > 0. Assuming that p(r,d) > 0, then G} and hence

W/} are connected.

If C is a generic curve though, we have a strong result about the Petri map which

tells us that W] satisfies all the properties that we would like.

Theorem 1.1.4. ({1] page 215)Let C be a generic curve of genus g, then the Petri
map p 18 injective for all L € W3.

Corollary 1.1.5. If C is a generic curve and p(r,d) < 0 then W] = G = 0.

I
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Proof. Suppose for a contradiction that W] # @, pick a bundle L € W, then
r(L) = R > r. By Theorem 1.1.4 p is injective at L, so equation (1.4) becomes
dim(T WF) = p(R,d) < p(r,d) < 0. Therefore the tangent space is empty at L,

contradicting the existence of L.

To show emptiness of G, note that a linear system D € G gives rise to a bun-
dle L € WF for some R > r. However, p(R,d) < p(r,d) < 0 so by the above
W =0. a

Corollary 1.1.6. If C is a generic curve with p(r,d) > 0 then dim(WJ) = p(r,d)

and W} is smooth away from WL,

Proof. By Theorem 1.1.2, W] is non-empty with dim(WJ) > p(r,d). Pick
L ewW;- W;“, then Theorem 1.1.4 tells us that the map p is injective at L.
By equation (1.4) the dimension of the tangent space is equal to the Brill-Noether

number, which gives:
p(r,d) = dim(TL W) > dim(W]) > p(r,d).

This gives the results dim(W3) = p(r,d) and W} is smooth away from W;*! because

dim(Ty W?) = dim(W}). O

Corollary 1.1.7. If C is a generic curve and p(r,d) > 0 then Gj is smooth of pure

dimension p(r,d).

Proof. Let w € G correspond to an r + 1 dimensional subspace W of H°(C, L)
where L is the line bundle associated with W. We may define the following map by
the cup product:

pw W ® H(C,KL™') - H(C, K).
In an analysis similar to that for u (see [1] page 187) we have dim(TwGj) = p(r,d) +
dim (ker(uw)). Clearly if p is injective then so too is pw. Again by Theorem 1.1.2

dim(TwGY) = dim(Gj) = p(r,d), so G} is smooth and of the correct dimension. [

Corollary 1.1.8. (/1] page 214) If C is a generic curve and p(r,d) > 1 then G}

and W] are irreducible.
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The following theorem of Castelnuovo gives a useful result for generic curves.

Theorem 1.1.9. Suppose that C is a generic curve of genus g. If p(r,d) = 0 then

the number of g3’s is:

- 2!
!
g‘iIzlo (g—d+r+2)!
Before finishing this section on line bundles we remark that the theta divisor:
©:={L e Jg& |K(C, L) # 0},

is identical to the Brill-Noether locus W;_l.

1.2 Background on rank 2 vector bundles

In this section we review some background on rank 2 vector bundles. To start we
recall the definitions of stability and S-equivalence that are required in the con-
struction of the moduli space U(n,d) of rank n, degree d semistable bundles. The
subspace SU(n, L) of semistable rank n bundles with fixed determinant L is intro-
duced. We then focus on SU(2, K), the space we work in for the remainder of the
thesis. Some results on the geometry of SU(2, K) are then stated that will be used

later.

To construct a moduli space of rank n bundles we need to restrict attention to
semistable vector bundles. This notion is defined in terms of the slope of a bundle,
which is given by p(E) := deg(F)/rank(E). Then F is stable (resp. semistable) if
for all proper subbundles F' C F;

#(F) < u(E)(resp. <).

In this thesis bundles will be referred to as unstable if they are not semistable. More

precisely E is unstable if there exists a proper subbundle F' such that p(F) > u(E).

With the above definition a moduli space of stable bundles may be constructed,

which is a quasi-projective variety. The moduli space may be compactified by adding
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in semistable bundles under the following equivalence relation. For E a semistable

bundle we have a sequence of subbundles of the form

0=F,CE, 1C---CE,CEy=E,

such that F,,, Eg';‘ ey % are stable and:
W(Bm) = 1 Emr | B) = -+ = (B[ By) = (Bo). (1)

For each E the set of bundles {E,,, EEL;‘-, e }—Ig‘ll} is unique (up to isomorphism)

although the filtration (1.6) may not be. This result is the analogue of the Jordan-
Holder theorem for vector bundles. We may now define the graded bundle :

gt(E) = Epn ®En_1/En® - ® Ey/Ey,

and finally our S-equivalence relation. If £ and E' are two rank n degree d bundles,

then they are S-equivalent if and only if gr(F) =gr(F').

For a stable vector bundle E the filtration (1.6) above becomes 0 C E since there
are no subbundles F such that u(F) = p(FE). For a stable bundle E, we have
E = gr(F); so two stable bundles E and E’ are S-equivalent if and only if £ & F'.
Hence the moduli space constructed in the following theorem contains all the stable

bundles as single point equivalence classes.

Theorem 1.2.1. There is a normal, irreducible projective variety U(n,d) which
parametrises the set of S-equivalence classes of semistable bundles of rank n and

degree d. The dimension of U(n,d) is n*(g — 1) + 1, where g > 2.

This result was first shown by Mumford; for a proof we refer to Newstead [22]
Theorem 5.8 page 143. From now on we will restrict attention to curves of genus

g23.

By taking the determinants of bundles in the moduli space we obtain the natural

holomorphic map to the Jacobian:

det : U(n,d) - J2.
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We must be careful that the determinant map is well defined over the equivalence
class; this can be seen by noting that for E,F' € U(n,d) we have gr(E) = gr(F)
which implies that det(E) = det(F). We now define

SU(n, L) := det™ (L) C U(n,d),

which is the coarse moduli space of rank n semistable bundles with fixed determinant
L. A coarse moduli space in this case means that for any family ¥ — C x S of
vector bundles of rank n and degree d on C, where the base space S is an algebraic

variety then the map
S 5 U(n,d)

s VICx{a}a

is a morphism of algebraic varieties. The moduli space U(n,d) is, up to a finite étale
covering, the product of SU(n, L) with the Jacobian. Therefore dim(SU(n, L)) =
n*(g-1)+1-g. | |

With the above preamble on rank n vector bundles in place we may consider our
particular case of rank 2 vector bundles. It is worth noting that for all M € Pic(C)
there is an isomorphism SU(2,L) = SU(2, LM?) given by E = E ® M. Conse-
quently there are precisely 2 isomorphism classes: SU(2,0dd) and SU(2, even).

In looking at the even case the most natural determinant to consider is either O or
K. In the remainder of the thesis study is restricted to SU(2, K). Choosing this
determinant means that x(F) = h%(C, E) - h}(C, E) = deg(E) —2(g ~ 1) = 0; which
allows us to canonically define a theta divisor on SU(2, K) without requiring a twist

by a line bundle (see below).

We now make a definition of the theta divisor on SU(2, K), analogous to that on

g—1,
JC :

0, = {E € SU(2,K) | E stable, and h%(C, E) # 0}. (1.7

In fact this turns out to be a Cartier divisor, see Drezet-Narasimhan [7] (the impor-

tant point being that x(E) = 0; in SU(2, O) the condition becomes h®(C, EQL) # 0



1.2 Background on rank 2 vector bundles 15

for some L € J& ).

The determinantal line bundle on SU(2, K) is defined to be £ = O(0,). In fact
Drezet-Narasimhan have shown (7] (Theoreme B)that the Picard group of SU(2, K)
is generated by this line bundle:

Pic(SU(2, K)) = ZL.

The bundle £ gives a map ¢ : SU(2, K) — |L|*. It has been shown by Beauville [2]
(Theoreme 1)that [£]| & |20] 2 P?*~1. This result has subsequently been generalised
to rank n vector bundles by Beauville-Narasimhan-Ramanan [3]; the statement be-

coming |£| £ |n®©|. It has recently been shown by van Geeman-Izadi [9] (Theorem

3) that ¢, embeds SU(2, K) into |20]*.

We now look at the part the Jacobian has to play in the study of SU(2, K). The
Kummer variety is defined to be the quotient K¢ = J971/ ~ where the relation ~
is given by:

L~L &L =Lorll =KL

We may define a map « : K¢ — SU(2,K) where k : L — L@ KL™'. Clearly &
embeds K¢ in SU(2, K).

The image of ¢, restricted to £(K¢) is the image of K¢ in |20 under the linear

system [20|. Thus we have the commutative diagram:

K
Kc—> SU(2,K)

|2@\ | 2

126]*

The image of the Kummer variety K¢ under the map « is the semistable boundary
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of SU(2,K), that is to say the strictly semistable bundles on C. Moreover, the
stable bundles form a smooth open subset of SU(2, K).

1.3 Brill-Noether loci of rank 2 vector bundles

For line bundles there are a number of theorems in section 1.1 which give us a good
understanding of the varieties W] and G} and hence the linear series on the curve.
We now define the Brill-Noether locus of rank 2 vector bundles on a curve by analogy

with the line bundle subvariety W}.

Definition 1.3.1. The Brill-Noether locus of rank 2 vector bundles is defined to be:

W :={E € SU(2,K) | E is stable,h°(C,E) > r + 1}.

WT may be constructed as a determinantal variety in a similar manner to the line
bundle case, see Laszlo [14] section 2. Recalling our definition of the theta divisor
(1.7) on SU(2,K) we see that ©; = WV - the closure of W°. Note the similarity

with the line bundle case where © = W,_,.

We now try to imitate the procedure for line bundles by calculating the expected
dimension of W' using a Petri map (c.f. (1.1)). Let E € W™ — W™*! then the Petri
map is defined by the cup product homomorphism:

po : H(C,E)® H*(C,E*® K) = H°(C,E® E*® K).
Since det(F) = K we have that E* ® K = E. The map then becomes:
o : H*(C,E) ® H*(C,E) - H*(C,E ® E* ® K).

The domain of py is the tensor square and the map itself is given by multiplica-
tion of sections so we can see that uo(A? H°(C, E)) = 0. We therefore factor out
A? H*(C, E) to obtain a Petri map:

p:Sym?*H°(C,E) - H*(C,E ® E* ® K).
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We now give a geometric interpretation of the image. The Zariski tangent space to

U(2,29 - 2) at E is:
Tel(2,2g9 — 2) = H'(C,End(E)) % H*(C,E® E* ® K)*.

However, End(E) = End¢(E) @ O, where Endo(E) denotes the tracefree endo-
morphisms. Therefore H*(C,E ® E* @ K)* = H'(C,Endy(E)) ® H(C,0) =
TeSU(2, K)®TyJE. The bundle E has fixed determinant K so the image of 4 is con-
tained in the cotangent space of SU(2, K) which is H!(C,Endy(E))* = H°(C,K ®
End,)). However, H%(C, K ® Endy(E)) & H°(C,Sym?E), so the Petri map can then

be rewritten in a symmetric form as:
p: Sym*H®(C, E) - H°(C,Sym’E). (1.8)

By the construction of W™ as a variety (see Laszlo [14] Lemme IL5), TgW™ =
(imp)t. Furthermore, the dimension of Sym?H°(C, E) is ("%?), since h%(C,E) =
7 + 1. Suppose that W™ is smooth at F so the dimension of the Zariski tangent

space and the dimension of W™ coincide. Moreover, assume p is injective, forcing

r+2

r2); then combining these facts gives:

the image of 4 to have dimension (
39-3— (T ;- 2) = dim(SU(2, K))—rank(g) = dim(imp)* = dim(TgW") = dim(W").

The number just calculated is the “expected dimension” of W". This motivates the

following definition.

Definition 1.3.2. The Brill-Noether number for vector bundles in SU (2, K) is:
r+2
p(r)=3¢g-3~— ( 9 )

The Brill-Noether number p(r) will be a useful tool in studying Brill-Noether theory
of rank 2 bundles just as the Brill-Noether number p(r, d) for line bundles turned out
to be. Hitherto:the description of the Brill-Noether loci for rank 2 vector bundles
by the Petri map has been analogous to that of the line bundle case. For this reason
Bertram-Feinberg [4] made the following conjectures suggested by the line bundle
case, see Corollary 1.1.5 and Corollary 1.1.6.
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Conjecture 1.3.3. Let C be a generic curve of genus g, then the following properties

of W™ hold:

e Nonezistence : If p(r) < 0 then W' = ; (1.9)
e Dimension : If p(r) > 0 then dim W™ = p(r); (1.10)
® Smoothness : W' is smooth away from W, (1.11)

These will be refered to as the Brill-Noether conditions.

These conjectures seem credible in the light of the following result (for a proof see

Mukai [18]).

Theorem 1.3.4. Let C be an algebraic curve. If W™ # @ and p(r) > 0 then
dim(W") > p(r).

For comparison, consider the result for line bundles (Theorem 1.1.2); although both
hold for all curves an important distinction is the lack of an existence result in the

rank 2 case.

Some work has been done in verifying the Brill-Noether conditions, Bertram-Feinberg

[4] showed the conjectures to hold for g < 7.
It is the aim of this thesis to show that the Brill-Noether conditions hold for g < 10.

To prove (1.10) and (1.11), a general method can be constructed. Firstly the Brill-
Noether locus W' is shown to be nonempty for p(r,d) > 0, which enables us to use
the lower bound established in Theorem 1.3.4. The next step is to show that p is
injective for E € W"— W+l This will be enough to show our two conditions, as
we now explain. By Theorem 1.3.4, if W™ # 0 then dim(W") > p(r). The Petri
map is injective for all E € W™ — W™ 5o p: Sym?’H°(C, E) — H®(C,Sym?E) has
rank equal to dim(Sym?H°(C, F)) = ("}?). Note that dim(SU(2, K)) = 3g — 3 and
recall that (im(p))l = TgW". Combining these facts with the rank of y and the
lower bound on W" gives:

plr) =39 =3 (73 ?) = dimlim(u)*) = din(TeW) 2 dimOV") 2 ).
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Hence dim(W") = p(r) and W" is smooth at E.

In chapter 2 the nonemptiness of W" for p(r) > 0 is considered, the result is the

following.

Proposition 1.3.5. Let C be a generic curve of genus g < 10. If p(r) > 0 then
wr # 0.

In the final section of this chapter the condition (1.9) is addressed, the nonexistence

statement is given by

Proposition 1.3.6. Let C be a generic curve of genus g < 11 org = 13. If p(r) < 0,
then W' = 0.

Most of the thesis is concerned with injectivity of the Petri map and this occupies

the whole of chapters 3 and 4. The conclusion of these sections is our main result.

Theorem 1.3.7. Let C be a generic curve of genus g < 11 and E € SU(2, K) stable
with h°(C, E) < 6. Then the Petri map:

p: Sym?H'(C, E) - H°(C, Sym’E),
18 injective.
Unfortunately we can only prove this result subject to an assumption (Assumption

4.2.1).

However the nonexistence result 1.3.6 tells us that for genus g < 10 the number of
sections never exceeds 6, since p(6) < 0 for g < 10. Therefore Theorem 1.3.7 implies
that conditions 1.10 and 1.11 hold for ¢ < 10. Together with Proposition 1.3.6 we
have proved that the Brill-Noether conditions hold for g < 10.

In the last chapter we study the geometry of the Brill-Noether locus W* for generic

genus 9 curves.



Chapter 2

Existence properties of

Brill-Noether loci

This chapter has as its goal existence properties of the Brill-Noether loci. In the
next section we follow Oxbury-Pauly-Previato [23] in setting up our approach to
studying rank 2 vector bundles in terms of extensions of line bundles. A series
of results is developed that will be required throughout the thesis. The following
section looks at the condition W™ # @, for p(r) > 0 where 3 < g < 10. For genus 8
the structure of the Brill-Noether locus is described more closely. In the final section

the nonexistence condition (1.9) is considered.

2.1 Results on extension spaces

Line bundles may be studied in terms of divisors on the curve; however rank 2
bundles have no such convenient characterisation. In order to construct rank 2
bundles lying in the Brill-Noether loci we study the spaces PExt'(K — D, D) of

extensions

0— O(D)—= E— K(-D)—0, (2.1)

20
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for some divisor D of degree d. We will take D to be effective since £ will have
sections if and only if it is such an extension with D effective. In this thesis we are
concerned with bundles lying in Wr C SU(2, K); in particular they are semistable.
For this reason we only consider PExt'(K - D, D) where d < g — 1, as otherwise
sequence (2.1) would give an unstable extension. If we have equality, then gr(E) =
O(D) & K(—D), so E is S-equivalent to O(D) & K(—D). Conversely gr(E) =
O(D) & K(-D) implies that deg(D) = g — 1. Hence d = g — 1 if and only if F is
S-equivalent to O(D) & K(-D).

We now define the Clifford index (see Green-Lazarfeld [10]) associated to divisors
on the curve C. The Clifford index of a divisor D is Cliff(D) =deg(D) - 2r(D) and
the Clifford index of the curve is Cliff(C) = min{Cliff(D) | r(D),r(K(-D)) > 1}.
Green and Lazarsfeld [10] give an upper bound on the Clifford index:

Cliff(C) < [%J with equality if C is generic. (2.2)

The Clifford index will give us a good way of determining whether certain divisors

exist on a given generic curve.

The space PExt!(K — D, D) parametrises isomorphism classes of nonsplit extensions
of (2.1), so there is rational coarse moduli map ep from the extension space to
the moduli space. By using Serre duality we can say that Ext'(K — D,D)
H'(2D - K) = H°(2K — 2D)*. We then get the sequence of maps:

¢ P3P pExt! (K — D, D) = P20 2, SU(2, K). (2.3)
The structure of PExt'(K — D, D) is now described; in particular those extensions

that give rise to bundles in W™ are identified. If we consider the element e €

PExt!(K — D, D) corresponding to:
0—- O(D)—+E— K(-D)—0,

then by identifying H°(C, K(—D)) and H'(C, D)* using Serre duality the cobound-

ary map of the long exact sequence in cohomology is:

é(e) : H(C, D)* - H'(C, D).
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Moreover é(e)* : H(C,D)* - H'(C, D) is the same map, 6(e). Therefore §(e) is
symmetric, that is an element of Sym?H(C,D). Thus we have a map
§ :Ext'(K — D,D) — Sym?H'(C,D); by abuse of language, we denote also by
4 the induced map § : PExt'(K — D, D) — H;’ker(é) — Sym?’H*(C, D).

The space PSym?H!(C, D) may be stratified by the rank of the symmetric maps. On
the other hand the space may be stratified by the secants of PH'(C, D) embedded
in PSym?H'(C, D) by the Veronese map:

Ver : PH'(C, D) - PSym*H"(C, D) where Ver: n = n®1.

We would hope that the two stratifications coincide, in fact they may be identified

in the following way:
Sec™(VerPH'(C, D) = {a € PSym?H"(C, D) | rank(a) < n}

where n = 1,...,hY(C,D). The map ¢ is the dual of the multiplication map
Sym?H(C, K — D) — H%(C,2K - 2D), so we may construct the following commu-

tative diagram:

c B2 pE(C, D)
|2K—2D)| ‘[ lVer
PExt!'(K - D, D) — Pker(§) —— PSym?*H'(C, D) (2.4)
e,,l
Wp

where Wp is defined to be Wp := ep(PExt!(K — D, D)). We now define subvarieties
of PExt!(K — D, D):

09, = Pker(4),
n = §7(Sec”(VerPH'(D))) U Pker(é) where n = 1,...,9 — d + r(D).

If Q9 is nonempty we have a sequence of cones:

0% cah .-y ®P ¢ PExt! (K - D, D),
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where QY is the vertex.

By considering the long exact sequence in cohomology and the definition of the cones

D, the number of sections of an extension is:
h°(C,E) =g+ 1~ Cliff(D) — n for E € Q) — Q5" (2.5)

For more details on the construction of the above commutative diagram and the

map & we refer to [23] section 3.

By noting the relationship between Cliff(D) and Cliff(C) (see [23]) the following

refinement of equation (2.5) is reached.

Proposition 2.1.1. If[E] is the equivalence class in SU(2,K) of the bundle E then
we have h*(C,E) < g+ 1 — Chff(C).

We now give a lemma that relates the maximal subbundles of an extension with the
secant variety in which it lies. Suppose that E € PExt'(K — D, D) for some D, then

the following is Proposition 2.4 of Lange-Narasimhan [13], tailored to our situation.

Proposition 2.1.2. There is a bijection, given by L = K(—D — D'), between:

1. line bundles L C E, L # O(D), of mazimal degree; and

2. line bundles O(D')of minimal degree such that E € D'.

Here we are using the notation that D' is the span of the divisor D'. This notation

will be used for the rest of the thesis.

2.2 Existence properties of Brill-Noether loci for

3<g<10

In this section we discuss the existence property, that W™ # 0 for p(r) > 0. We
have seen previously that this is an essential consideration when studying the Brill-

Noether conditions, as it allows us to impose a lower bound on the dimension of
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the Brill-Noether loci (see Theorem 1.1.2). In Bertram-Feinberg [4] existence results
are stated for genus 3 < g < 12 although no details are given for g > 7. For genus
3 < g < 6 Oxbury-Pauly-Previato [23] not only show the existence of these Brill-
Noether loci but also give explicit descript{ons of the loci with larger numbers of
sections. These results are obtained using the material paraphrased in section 2.1.
Descriptions of the Brill-Noether loci for genus 7 < g < 9 with maximal p(r) have
been shown by Mukai with an approach using homogeneous spaces. The references

for these genera are [19] for genus 7, [16] and [17] for genus 8 and [19] for genus 9.

We now prove that the W™ are nonempty for p(r) > 0 and 7 < g < 10. Furthermore,
in the genus 8 case we give a description of W5 for nontetragonal curves. In the
following the proofs are given genus by genus and take the approach of [23], drawing

heavily on the results about extension spaces.

To prove that W™ # @ for all r such that p(r) > 0 it is sufficient to show that
W2 =£ 0 where
R := max{r | p(r,d) > 0},

as by our definition of the Brill-Noether locus W° D ... D WE,

(Genus 7

For this genus we study W* because 4 is the maximum value of r for which p(r) is
non-negative. In fact Mukai in [19] proves for a curve C of genus 7 with W} = 0
that W* is a Fano 3-fold of Picard number 1 and genus 7. However, we only require

that W* # 0; we verify this by directly constructing bundles of this sort.

Proposition 2.2.1. For a generic curve C of genus 7 the Brill-Noether locus W*

s nonempty.

Proof. We would like to pick a divisor that has among its extensions a stable bundle
with 5 sections. Consequently we choose D € S°C such that (D) = 1. We know
this can be done because dim(G}) = p(1,5) = 1. Now we construct the commutative

diagram (2.4), which requires that we calculate the dimension of some cohomology
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groups. By Riemann-Roch h'(C,D) = A°(C,D) —d + g — 1 = 3, from which we
deduce dim(Sym®H'(C, D)) = 6. A further use of Riemann-Roch tells us that:

dim(Ext'(K — D, D)) = h°(C,2K — 2D) = deg(2K — 2D) — g+ 1 =38,

Putting this information into the diagram gives:
c KDL pyi(c, D) = P?
2K —2D)| l lVer
P” = PExt!(K — D,D) —— PSym?H!(C,D) & IP*.

From equation (2.5) we know that if E € Q7 —Q7 ! then h°(C, E) = 8—Cliff(D)—n.
In this extension space E has h*(C,E) = 5 if and only if E € Q9. Now we know
that Q% contains extensions with 5 sections, we would like to show that Q% # @
and also that the image of ep : 9}, — SU(2, K) contains stable bundles. From the
diagram we see that dim(ker(d)) > 2 so dim(Q%) > 1.

To show that 29, contains stable extensions we use Lange-Narasimhan Lemma 2.1.2,
The maximal subbundles of E are of the form K(—D — D'), where E € D' for
some effective divisor D'. Therefore the degree of a maximal subbundle of F is
deg(K(-D - D') = 29 — 2 — 5 — deg(D') = 7 — deg(D’'). The divisor D’ is ef-
fective so the highest degree of a subbundle will be 6, which means F is at least
semistable and may be stable. Hence the semistable extensions are points of the the
curve Apk—2p|(C). The semistable extensions with the correct number of sections
will be the intersection points of the curve with Q%. However, the degree of the
projected curve d(Aj2x—2p1)(C) will drop by the number of intersection points of Q9
and Ajpx—2pi(C). Note that A\g_p) is birational because deg(K — D) = 7 and non-
degeneracy of A|x_p| precludes the curve being mapped 7 : 1 onto a line. The com-
mutative diagram then tells us that deg(d(A2x-2p))(C)) = deg(Ver(\x-p(C))) =
2.7, which is the degree of the curve in PExt!(K — D, D). Therefore the curve cannot
meet the vertex of the cone, and all extensions with 5 sections are stable. Hence

Wt is nonempty because W* D W) = ep(02%) # 0. O

Genus 8
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For genus 8 the highest value of r such that p(r) > 0 is 5, in which case p(5) = 0.
This suggests that W® should be a finite set of bundles. In fact Mukai (see [16] and
[17]) has shown that for a generic curve this Brill-Noether locus is a single stable

bundle.

For this particular genus we may broaden our area of interest to nontetragonal curves

rather than assuming genericity.

Proposition 2.2.2. Let C be a nontetragonal curve of genus 8. The Brill-Noether

locus W5 consists of a single bundle; which is stable if and only if W2 = 0.

Proof. To construct a semistable bundle £ with 6 sections we look in extension
spaces of suitable divisors. Choose an effective divisor D, from equation (2.5) we

have:

R°(C,E) = 9 — Cliff(D) — n for E € Q3 — Q3" (2.6)
If E is to have 6 sections we require Cliff(D) < 3. We will consider extensions of
D € S°C where (D) = 1, note that divisors of this form exist because p(1,5) = 0.
To study the extensions of D we use the commutative diagram (2.4). First we
calculate the dimensions of the relevant spaces using the Riemann-Roch formula ;
kY(C,D) = g—d—-1+h"C, D) = 4 and dim(Ext' (K — D, D)) = h°(C,2K —2D) =
deg(2K — 2D) — g + 1 = 11. Plugging this information into our diagram gives:

c EDL - pH\(C,D) P
|2K—20]l lv“ (2.7
P'* & PExt!(K — D, D) —— PSym?H!(C,D) = P®.
By equation (2.6) the extensions which have 6 sections lie in Q% = Pker(d). By

comparing the dimensions of Ext!(K — D, D) and Sym?H*(C, D), from the above
diagram, we have that dim(ker(d)) > 1; the space QY, is non-empty.

We would like to give a more precise dimension count for Q%. If dp is surjective
then Pker(d8) = {E}, for some bundle E. We know that § is surjective if and only if
its dual 6* : Sym*H(C, D) = H®(C,2K - 2D) is injective. However, §* is injective
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if and only if the image of C' under the linear series |[K — D| does not lie in any

quadric in P

Three preliminary results (Lemmas 2.2.3, 2.2.5 and 2.2.4) on the curve are shown
that will enable us to prove in Lemma 2.2.6 that the image of C' cannot lie in a

quadric.

Lemma 2.2.3. Let C be a nontrigonal curve of genus 8, and O(D) € W}. Then C
is birational to its image in PHY(C, D) under f : C gy PH!(C,D) = P3.

Proof. The map f is given by the linear series |K — D|, which has degree 9. Con-
sequently there are 3 possible ways that C' can be mapped into P®: as a 9: 1 cover
of P!, a 3 : 1 cover of a cubic or birationally. The map f is non-degenerate so
C cannot be mapped to a linear subspace - this discounts the first possibility. To
address the second case we note that a curve of degree n in P is a rational normal
curve; so f(C) would be a rational normal cubic curve, causing f(C) to be trigonal.

Assuming that C is nontrigonal means that f must be birational. O

Lemma 2.2.4. Let C' be a nontetragonal genus 8 curve, and f a map given by the
linear system |K — D| for O(D) € W}. Then f(C) is smooth or has singularities of
multipicity 2.

Proof. Suppose that f(C) is singular. If we have a singularity of multiplicity m > 2
then projecting from this point of the curve will give a map C — P? which is
defined by a g2_,.. The non-degeneracy of f implies that the projection is also
non-degenerate. To start with 9 — m > 4 as otherwise C would be hyperelliptic.
Moreover, we cannot have a g2 because the degree-genus formula precludes having
a plane quintic of genus 8:
. < (5—1)2(5-2) e

The only possibility is to have a g2. If f(C) is mapped 3 : 1 onto a conic then the
curve has a trigonal pencil and are finished. Likewise if projection takes f(C) 2 : 1

onto a singular cubic the curve is hyperelliptic because such a cubic has genus 0 (by
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degree-genus formula). On the other hand, if the cubic is smooth, then projection
from a point of the cubic gives a 4 : 1 map from f(C) to P! and the curve has a
tetragonal pencil. Finally, if the g2 gives a birational map we look at the degree-

genus formula again:
_(6-1)(6-2)
- 2

This implies that a genus 8 planar sextic must have at least one singularity of

8 B.

multiplicity 2 (either two nodes or one tacnode). Projecting from a singularity

would gives a g;. This finishes our proof. O

If we limit our interest to generic curves we get a stronger result.

Lemma 2.2.5. Let C be a generic curve of genus 8, and O(D) € W. Then the

image of C under f: C 2 B3 45 0 smooth curve of degree 9.

Proof. Suppose for a contradiction that f(C) has a singularity of multiplicity m say.
Then projecting from the singularity gives a map of the curve into P? which is given
by g2_,.. However, for m > 2 the Brill-Noether number is p(2,9 — m) < 0. This
means that such a linear series cannot exist on a generic curve, and it follows that

J(C) must be smooth. O

Lemma 2.2.6. Suppose C is a nontetragonal curve of genus 8; let f : C — P3 be
given by the linear series |K — D| where O(D) € W{. The image f(C) cannot lie

on a quadric.

Proof. There are four different cases to check, corresponding to the rank of the

quadric.

Assume first that the rank of the quadric is 1 or 2; so C would be mapped to a
double plane or a pair of planes. The curve is connected so it must lie in just one

plane which contradicts the non-degeneracy of f.

By Lemma 2.2.3 f maps C birationally onto a curve of degree 9 and genus 8 in P?;
by abuse of notation C' will denote both C and f(C).
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A quadric of rank 3 is the quadric cone, which we denote by X. Let n be the
projection down the cone onto the base conic. The degree of C is 9, so for such a
projection to occur the curve must pass through the vertex of X an odd number of
times. Assuming that C passes through the vertex 2r + 1 times (here 0 < r < 4)
then the projection 7 will map the curve d : 1 onto the base conic, where d =
3(9—(2r+1)) = 4—7. The linear series on C associated to the map ¢ will be a gJ.

However, we assumed C to be non-tetragonal so we have obtained a contradiction.

We now move on to the case in which the quadric is smooth. A rank 4 quadric in
P? is isomorphic to P! x P1. Now pick Ey and B lines lying in opposite rulings;
together they generate the homology of P! x P!. Then C ~ m;E; + myB where
my + my = deg(C) = 9, so at least one of m, and m, is less than 5. Projection
from the generator with the larger intersection with C is an m; : 1 map to P* where

m; < 5. This contradicts the fact that C' is nontetragonal.

O

We have shown that QY consists of a single extension E; but now we must consider
the stability of this bundle. We show that £ must be semistable by using Lange-
Narasimhan Lemma 2.1.2. A maximal subbundle of E is K(—D—D'), where E € D’
for some effective divisor D'. The highest degree a subbundle can take is therefore
8, which corresponds to E being unstable and lying in Q% N Aex—2p|(C). If this
were the case, then deg(6(Ai2x—20)(C))) = deg(Apx—20)(C)) — 1. However, the
commutativity of our diagram and birationality of A\\x_p; tells us that the degree
of C in PSym’H*(C, D) is deg(Ver(\x-p(C))) = deg(A2x—20(C)). Hence E must

be at least a semistable extension and may be stable.

We have shown that each O(D) € Wy gives rise to a single bundle in W5, or using
our notation W}, = {E}. It is not clear though what the intersection of the two
spaces W and W}, is, for O(D),O(D') € W, It will now be shown that in fact
W3 = W3, for all D € S°C with r(D) = 1. To do this we use a result due to Mukai
[17] Proposition 3.1.
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Lemma 2.2.7. If |D| is basepoint free then for any rank two vector bundle F with

canonical determinant we have:

h'(C, F(-D)) > h*(€, F) — deg(D).

This result will be used by noting that H°(C, E(-D)) = Hom(O(D), E). Choose a
particular D € S°C such that r(D) = 1, then for any E € W° we have:

R’(C,E(=D)) > h°(C,E) — deg(D) =6 — 5 = 1. (2.8)

Hence for all E € W® there is a homomorphism kg : O(D) = L C E, for some line
subbundle L. The subbundle L = O(D’) for a divisor D', where D C D'. Recall
equation (2.6), which stated that if E has 6 sections then Cliff(L) < 3. However, E
is semistable so deg(L) < 7. We can discount the possibility that L € W¢ because
the existence of such a bundle implies that the curve is tetragonal (see proof of

Lemma 2.2.4). We must have either L € W} or L € W2.
This brings us to the point where we consider whether W2 is einpty or not.

Assuming that W? = 0 means that we cannot have any semistable bundles with 6
sections which are not stable. That is to say there is no proper subbundle FF C F

such that u(F') = p(F). For a contradiction suppose that

0 O(Dy) > E— K(—Dy) =0
for Dy € S'C. Noting by Riemann-Roch that h°(C, Dy) = h}(C, Dy), then 6 =
hO(C, E) < h*(C,Dy) + h*(C, Do) = 2h°(C, Dy). This gives us O(D,) € WZ.

The emptiness of W? also tells us that the image of O(D) under hg is O(D) itself,
therefore: |

hg: O(D) < E for all E € W* = W* = W5, (2.9)
We conclude that W* = {E}, a single stable bundle.

Now assume that W? # 0. Let O(D') € W2, then O(D') @ K(—D') is a semistable
bundle with 6 sections. By Mukai’s Lemma 2.2.7, we have that for any of our D
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above a homomorphism hp : O(D) - L ¢ O(D') @ K(-D'). The map hp may
drop rank at points of the curve so deg(L) > deg(D) = 5.

A bundle E € W? is an extension of a bundle in W or W?; so there are only three
possibilities for the bundle L, it is either O(D) itself or one of O(D') and K(-D').
In the first instance, we have that Q% = {O(D’') ® K(—D')} (note that QY is a
single point by Lemma 2.2.6), and so W}, = {O(D') & K(-D')}.

In the second case, both possibilities are equivalent so we assume that L = O(D').
To obtain the result Wp = {O(D') & K(—D')} we show that L is a subbundle of
E, where {E} = W}. The map hp is zero on the fibres over the support of D and

moreover drops rank at two further points so it must be the case that D C D'.

. K-
We now consider the image of the curve under f : C 2 py 1(C,D). The map
f can be seen as the projection of the canonical curve away from the span of D.
The geometric Riemann-Roch formula gives us the following information about the

dimensions of the spans of D and D' in canonical space:

dim(D) = (5-1) - 1=3,
dim(D") = (T~1)-2=4. (2.10)

We know that D C D', so equations (2.10) tell us that on projection away from D
the span of D' is mapped to a point. In particular two points p and ¢ on C C P7
given by p+ ¢ = D' — D are mapped to a point in PH'(D) and the curve possesses
a singularity of multiplicity 2 at f(p) = f(¢). The image of the curve under the
Veronese embedding will also have a singularity of the same multiplicity. However,
the curve in PExt' (K — D, D) is smooth (because deg(2K — 2D) = 18 = 2g+ 2 and
so has sufficiently high degree to be an embedding). Hence for the curve to pick up
a singularity in PS2H'(C, D) the two points p and ¢ in the extension space must
be mapped to one by §. The map § is projection away from the point vertex QJ,,

which therefore must lie on the 2-secant line pg.

We now use Lange-Narasimhan’s result (see Lemma 2.1.2) that maximal subbun-
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dles of E are of the form K(—D — Dy) where E € Do. In our case we know
that E is semistable so in particular K(-D — p),K(—D — q) € E. Therefore
K(-D')=K(-D -p-q) C E. Again we have that W}, = {O(D') ® K(-D")}.

We have shown that for all O(D) € Wi, W} = {O(D') @ K(-D')}, for a single
O(D') € W2. On the other hand the arguments above give us that for all L € W2,
{L® KL™'} = W} for a single D € S*C with r(D) = 1. The bundles E € W5 are
extensions of either O(D) € W{ or L € W2 which have been shown to be of the
form O(D') @ K(—D') in either case. Thus we conclude that if W? # @ then W5

consists of a single semistable bundle. 0O

We can now state an easy corollary.

Corollary 2.2.8. Let C be a generic curve of genus 8, then W° is a single stable
bundle.

Proof. By Propostion 2.2.2 it is enough to show that a generic curve has no g¢Zs.

The Brill-Noether number is p(2,7) = —2 < 0, so for a generic curve W2 =0. 0O

Genus 9

For this genus we study W°. Mukai [19] stated (without proof) that this locus is a
singular quartic threefold. Here we show an existence result; for a fuller description

of W5 see chapter 5.

Proposition 2.2.9. For a generic curve C of genus 9 the Brill-Noether locus W°

s nonemply.

Proof. The Brill-Noether theory of line bundles tells us that there exist D € S®C
such that r(D) = 1, because p(1,6) = 1. The extension space PExt!(K — D, D)
associated to this divisor is now studied in order to find a stable bundle with the

right number of sections. The formula (2.5) when applied in this case gives:

E € Q- Q3" = h(C, E) = 10 - Cliff(D) — n.
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However, Cliff(D) =deg(D) — 2.r(D) = 6 — 2.1 = 4, so we are interested in the
subspace Q% C PExt!(K — D, D).

By Riemann-Roch we calculate h°(C,2K — 2D) = dim(PExt!(K — D, D) and
h'(C, D) and plug these into commutative diagram (2.4) to give us:

c KDL pgi(c, D) 2 P?

|2K—2Dll lv@
P! = PExt'(K — D,D) —— PSym?H'(C,D) = P°.
From looking at the diagram we observe that dim(ker(d)) > 2, therefore
Q% = P forn > 1. In order to show that Q% contains some stable bundles we

require that Ajx_p, is birational.

Lemma 2.2.10. Let C be a generic curve of genus 9 and A : C g PH(C, D) =
P3, where D € S8C with r(D) = 1. The map X is birational.

Proof. The degree of A is deg(K — D) = 2g—2—6 = 10. Hence A can map C into P?
in one of four ways, as a 10 : 1 cover of a line, a 5 : 1 cover of a conic, a 2 : 1 cover of
a quintic or birationally. The first two possibilities constrain the curve A(C) to lie in
a line or plane respectively; which contradicts the nondegeneracy of A. Now consider
the possibility that A maps the curve 2 : 1 onto a quintic Cy. However, the involutive
sheet interchange map associated to the map A : C 2 ¢y isan automorphism of C.
Generic curves of genus at least three have no automorphisms (see Griffiths-Harris

[11] page 276). We conclude that A must be birational. O

The Lange-Narasimhan Lemma 2.1.2 states that the maximal subbundles of the
extension E are of the form K(—D — D') where E € D' for some effective divisor
D'. The degree of a maximal subbundle must therefore be 29 — 2 — 6 — deg(D') =
10 — deg(D’). The highest degree that a subbundle can have is 9, which means that
the extension is unstable and lies on the curve Ag—_2p|(C). If deg(D') = 2 the
extension is semistable and lies on a 2-secant of the the curve. For D' with higher

degree the extensions are stable.
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An unstable extension is a point of the intersection QODn/\pK._zDI(C). On projection
down the cone to PSym?H!(C, D) the degree of the curve drops. However, by our
proof that Ax_p) is birational and the commutativity of the diagram we know that
the degree of the curve in PExt!'(K — D, D)‘ is equal to the degree of the curve in
PSym?H*(C, D). We must have that all extensions in Q% are semistable, some of

which may be stable.

We now show that some of the extensions are stable. For a contradiction suppose
that all E in the vertex (2}, are semistable. This condition holds if and only if
QY C Sec?(C). If every point of the vertex lies on a 2-secant then projecting down
the cone will map the curve 2 : 1 onto a curve in PSym?H*(C, D). However, the map
from PH'(C, D) to PSym?’H*(C, D) is an embedding which means A jx_p| maps C
2 : 1 onto a curve in PH'(C, D). This is a contradiction because \|x—p is birational.
Therefore we must have stable extensions in QY. We conclude that W® # @ since

WE O W3 = €p(Q%) and ep(Q2%) contains stable bundles. O

Genus 10

First we note that 5 is the highest r such that p(r) > 0, so we now show the following

result.

Proposition 2.2.11. For C a generic curve of genus 10 the Brill-Noether locus W°

8 nonempty.

Proof. Choose a divisor D € S7C with r(D) = 1; this is possible because
dim(G%) = p(1,7) = 2. Equation (2.5) gives us that:

Ec Q- Q%! = h%C,E) =11 - Clifi(D) — n = 6 — n.

Hence the vertex Q% contains the extensions with 6 sections. To obtain our exis-

tence result we first construct the commutative diagram (2.4). By Riemann-Roch

h!(C,D) = 4 and dim(Sym?H*(C, D)) = 10, moreover dim(Ext(K — D, D)) =
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h°(C,2K — 2D) = 13, also by Riemann-Roch. We then have the following diagram.

C K2, pH\(C,D) 2 P?

j2K—2D| 1 : lVet
P2 = PExt!(K — D, D) —— PSym®H!(C,D) = P".
We observe that dim(ker(d)) = 13 — rank(6) > 13 — 10 = 3, so dim(Q2}) > 2.
We now show that some of the extensions lying in 1% must be stable. Again by
Lange-Narasimhan 2.1.2 the maximal subbundles of the extension E are of the form
K(-D ~ D') for E € D' for some effective D'. The degree of a maximal subbundle
must therefore be 2g — 2 — 7 — deg(D’') = 11 — deg(D'). If deg(D’) = 1 then the
extension is unstable and lies on the curve. Otherwise the extension is at least

semistable and may be stable.

To show that 0}, contains stable extensions we require that A|k—p) is birational.
This is clear though as deg(K — D) = 11 and we cannot have C being mapped 11 : 1

onto a line as this contradicts the non-degeneracy of Ajx_p.

We can dispense with the unstable extensions by noting that if Q‘bﬂz\p k—2p|(C) # 0
then the degree of the curve will drop when we project to PSym?H*(C, D); this
contradicts the commutativity of our diagram which forces Appx_sp|(C) and the

projected curve to have the same degree.

To show that some of the extensions are stable suppose for a contradiction that all
E € QY are semistable and not stable. We must have Q% C Sec?(C), so projec-
tion down the cone maps Apx—_2p|(C) 2 : 1 onto a curve in PSym?H(C, D). The
embedding Ver : PHY(C, D) — PSym?H*(C, D) forces A\jx_p| to be 2 : 1, which

contradicts birationality.

The image of 2, under the moduli map ep is nonempty and lies in W* C SU(2, K),
so WP # 0. ‘ O
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2.3 Nonexistence properties

In this section we consider the nonexistence Brill-Noether condition (1.9). Recall
this asserts that for a generic curve with p(r) < 0 then W™ = 0. Bertram-Feinberg
[4] prove this result for genus 3 < ¢ < 6 and state it for 7 < ¢ < 9 and g = 11,13.

Our aim is to prove the following proposition.

Proposition 1.3.6 Let C be a generic curve of genus g < 11 or g = 13. If p(r) < 0,
then W™ = 0.

In Proposition 2.3.1 we prove the nonexistence condition for genus 3 < ¢ < 9 and
g = 11,13 by using the Clifford index of the curve. We deal with the genus 10 case
separately in Proposition 2.3.2; the proof of which uses a remark of Mukai [15].

Proposition 2.3.1. Let C be a generic curve of genus 3< g<9 org=11,13. If

p(r) <0 then W™ = 0.

Proof. To prove this result we will use inequality in Proposition 2.1.1:
h’(C,E) < g +1 - CLiff(C).
However, C generic implies Cliff(C) = [£5!] (see equation (2.2)). From now on it
will be necessary to consider whether ¢ is odd or even.
First let us assume that g = 2k + 1. Then inequality (2.2) becomes:

2% +1) -1

h°(0,E)5(2k+1)+1—[( 5 ]=k+2.

Now take the maximum value and substitute into the Brill-Noether number:
1
p(k+1)=3g-3- §(k+2)(k+3)

=3(2k+1)-—3—-§-(k+2)(k+3)
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From this calculation we can see that p(r) will become negative when k£ > 7 (note
that at the other extreme we are not interested in elliptic curves). Therefore, if
k < 6 and W' # 0 (note r < k + 1) then we must have p(r) > p(k + 1) > 0. Hence
generic curves of odd genus g < 13 with p(r) < 0 have W™ = 0.

Now consider the case when g = 2k. Our upper bound on h°(C, E) becomes:

2k -1

h°(c,E)g(2k)+1—[ ]=k+2
Again substituting into the Brill-Noether number gives:

p(k+1)=3g—3—%(k+2)(k+3)

= 3(2K) = 3 — 5 (k+2)(k+3)
71,
- %(4 _k)(k - 3).

This tells us that generic curves of even genus can have p(r) < 0 and line bundles
of the correct Clifford index for genus ¢ = 4 or g > 10. Although on the face of it
this does not seem promising it is possible that these line bundles have degree g — 1
and so give rise to semistable bundles that do not lie in the stable locus W". When
g = 4 we show that this is in fact the case by using Mukai’s Lemma (see (2.2.7)).

This states that for a basepoint free linear system |D| we have
B(C, B(~D)) 2 K(C, E) ~ deg(D).
For g = 4 we are looking at E € W3, so for O(D) € W} we have h°(C, E(-D)) >

4 — 3 = 1. Hence FE is semistable but not stable. Thus verifying the condition that
if C is generic of even genus g < 10 and p(r) < 0, then W™ = 0. O

We now consider the question of nonexistence for genus 10 generic curves. Noting

that the maximal value of r for p(r) > 0is r = 5 it is enough to show that W% = .

Proposition 2.3.2. Let C be a generic curve of genus 10, then We = .
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Proof. For a contradiction suppose that we have a semistable bundle E with
h°(C,E) = 7. We start by choosing a divisor D on C that has generic Clifford
index so that its extension space PExt!(K — D, D) will contain bundles with 7

sections and degree low enough so that we niay use Mukai’s lemma 2.2.7.

Take D € S®C with r(D) = 1; we know that such divisors exist on a generic curve
because p(1,6) = 0 (in fact we may use Castelnuovo’s Theorem 1.1.9 to see that
there are exactly 42 such linear series). We have Cliff(D) = 6 — 2.1 = 4, so by
equation (2.5) for E € Q}, h°(C,E) =g +1 - Cliff(D) = 7.

Now Mukai’s lemma 2.2.7 tells us that:
R’(C,E(-D)) > k°(C,E) — deg(D) = 1.

We know that H°(C, E ® O(-D)) = Hom(O(D), E) so there is a homomorphism
hg : O(D) - L C E. We would like to show that kg is an injection, so that F is

an extension of O(D). We know that L is a subbundle of F so we have a sequence:
0+L—>E—KL!'>0.
A portion of the associated cohomology sequence is:
0— HC,L) —» H*(C,E) » H(C,KL™") > ....
From this we get the inequality:
7=h%C,E) < h°(C,L) + k°(C,KL™"). (2.11)
Now suppose that deg(L) = d, the Riemann-Roch formula tells us:
d—9=hC,L)-h’C,KL™). (2.12)

Now add equations (2.11) and (2.12) to get d—2 < 2h%(C, L), and so 3(d—4) < r(L).
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With this inequality we may look at the Brill-Noether number of L:

oI) < plz(d -9, ) =10~ (L2 B0 -a+ 125

(d - 2)(d - 16)
4
(d* — 18d + 72)

=10+

]

] |

(d—6)(d — 12).

The curve is generic so p(L) > 0, which means that d < 6 or d > 12. However, as E
is a semistable bundle the degree of L is at most 9, we must have d = 6. Therefore
O(D) ELc E, and E is an extension of O(D). This is true for any E € W so

we must have W8 = W$ = ¢pQJ,.

Moreover, by the above E has no subbundles of degree 9, so E must be stable. This

simplifies the result we are trying to prove because W& = WS,

We now construct the commutative diagram (2.4) in order to determine the dimen-
sion of 0%. Now h!}(C,D) = 5, so dim(Sym2H*(C, D)) = 15 and dim(Ext*(K —
D, D)) = h*(2K — 2D) = 15 by Riemann-Roch. Then:

c K-PL pHi(C, D) = P*

|2K—2D|1,\ lVer
P = PExt!(K — D,D) —— PSym’H!(C,D) = P
Recall that Q% is defined to be Pker(d). If J is surjective then the kernel of § is trivial
and so 2%, = @, in which case W® = W}, = ¢p(Q})) = 0. The map J is surjective if
and only if the image of C under C =21 P* does not liein a quadric. In Mukai [15]

the following remark is stated.

Remark 0.8 If C is the generic curve of genus 10, then the image Ciz C Pt

embedded by any g}, is not contained in a quadratic hypersurface.

This concludes the proof. O



Chapter 3

The Petri map

We have already seen in chapter 1 that the injectivity of the Petri map
p: Sym?’H°(C, E) - H°(C,Sym’E),

is central to the conjectures about the Brill-Noether loci. In this chapter we follow
the approach of Bertram-Feinberg [4] to the injectivity question. In section 3.1 an
equivalent geometric condition is given for the Petri map to be injective. In section
3.2 we use this description to give the strategy that will be adopted in proving

injectivity in the following 3 sections.

3.1 Geometric description of injectivity

We start this section by verifying directly that 4 is injective for E with A°(C, E) < 2.
Lemma 3.1.1. Let C be an algebraic curve, and E € SU(2, K) a stable bundle with

h%(C,E) = 1,2. The Petri map p : Sym*H°(C, E) — H°(C, Sym®E) is injective.

Proof. The first case is clear; suppose that H %(C, E) = (s), then Sym*H°(C,E) =

(s ® s). Consequently if 4 were not injective then;
0=p(s®s)=s*=>s5=0

40
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this is a contradiction.
Now look at the case h°(C,E) = 2. Suppose that H°(C,E) = (s;,ss), then
Sym?H?(C,E) = (51 ® 51,51 ® 52,52 ® s2). Assume that u(o) = 0 for some

0=as; ® s+ P85 Qs+ 75 ® s, € Sym*H'(C, E),

where a, 8,7 € C. The homogeneous polynomial u(c) = as? + 85152 + vys2 may be

written as
(asy — bsy)(cs1 — ds2) = acs? — s153(ad + be) + bdss = as? + 5155 + vs3;
for some a,b,c,d € C. This gives us that:
0 = pu(o) = (asy — bsz)(csy — dsy) = (as; — bs,) or (cs1 — ds;) = 0.

Suppose (without loss of generality) as; = bs,, then it must be the case that
a = b = 0 as otherwise {sy1,s2} would be linearly dependent. It follows that

~a=f=+=0and so ¢ = 0; showing p to be injective. O

From now on when considering the injectivity of p at F we will assume that

R(C,E) > 2.

Given a stable bundle E € SU(2, K) we use E to define a map
®p: C = Gr(2,H(C,E)*),

in an equivalent way to line bundles giving maps to projective space. If we identify
the 2-planes in H°(C, E)* with lines in PH°(C, E)* then it transpires that the injec-
tivity of the Petri map u corresponds to the image of the curve under ®£ not lying
in the lines in any quadric ¢ C PH(C, E)* (see Lemma 3.1.4). To define the map
®r we require that every point of the curve is taken to a line in PH°(C, E)*; this
will follow if the bundle E is generically globally generated (see Definition 3.1.2). To
tackle thé outstanding case Lemma 3.1.3 shows that generic curves of genus ¢ < 11

cannot possess bundles which are not globally generically generated.

I
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Definition 3.1.2. The vector bundle E is generically globally generated if the eval-

uation map:
€: H*(C,E) ® O — E given pointwise by ¢, : s — s(p) for allp € C

is surjective for all but a finite number of p € C.

The case of the bundle E € W" not being generically generated is discussed in the

following proposition, which is stated without proof in Bertram-Feinberg [4].

Proposition 3.1.3. Let C be a generic curve of genus g < 11. Then for all stable
E € SU(2,K), E is generically generated.

Proof. Supposing that E is not generically generated then there is a line bundle
L C E such that deg(L) < ¢ — 1 and H°(C,L) = H*(C, E).

We note here that in the case A°(C, E) > 3, we must have a line bundle L with
a relatively large number of sections and low degree. We consequently look at the
Brill-Noether number of a bundle with 3 sections (the minimal number) and degree

g — 2 (the maximal degree):

p(2,9-2)=9g~(38)(g-(9-2)+2)=g-12.

For a generic curve this number will be non-negative. Therefore, if ¢ < 11 the
curve cannot have line bundles of this sort and so F must be generically globally

generated. (]

From now on we can assume that the evaluation map ¢ : H*(C,E)® O — E is
generically surjective. We define divisors on C for which the evaluation map is not

surjective:

D, := {p € C | im(e|,) = C}, (3.1)
D, := {p € C | im(e|,) = 0}. (3.2)
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We now use € to induce a morphism:
®p : C — Gr(2,H°(C, E)*) given by p s H°(C,E(-p))* C H*(C,E)*. (3.3)

The map ®g is well defined for generically élobally generated £ because we know
that dim(H(C, E(—p))*) = 2 foralmost allp € C. For p € D;+D; we are implicitly
taking the limit of spaces H°(C, E(—p;))! for a sequence of points {p;}2, C C —
{D; + D} converging to p. To explain the statement of the following lemma we
introduce the notation that for a quadric ¢ C PH®(C, E)* we define Gr(1,q) to be

the space of projective lines lying in q.

Lemma 3.1.4. Let E € SU(2,K) be a generically generated stable bundle over
a generic curve C. The Petri map at E i3 injective if and only if ®g(C) is not

contained in Gr(1,q) for any quadric q in PH°(C, E)*.

Proof. Let X := PE* and consider the line bundle Og(1) defined on the ruled surface
T =PE*5 C. Then

7.(Og(n)) = Sym™E, (3.4)
moreover R'm,O(n) = 0 for i # 0,1 and for all n (see Hartshorne [12] Exercise 8.4

page 253). For a description of the sections of Sym?E we refer to [12] Exercise 8.1.

Let f : X — Y is a continuous map of topological spaces. Let F be a sheaf on X
and assume that R'f,(F) =0 for all i > 0; then H'(X,F) = H'(Y, f.F).

Taking f =7, X =%,Y =C and F = Ox(1); then
H°(Z,0(n)) % H°(C,Sym™E), (3.5)

since all the higher direct image sheaves are zero. We can now construct a commu-

tative diagram:
Sym’H°(C,E) —£— H°(C,Sym?E)

isol liso (36)

Sym?’H°(Z,0(1)) —<— H(Z,0(2)).
Using the line bundle Ox(1) the ruled surface may be mapped to projective space;
this map is denoted by a: & Q)| PH’(Z,0(1))* = PH(C, E)*. The kernel of the




3.1  Geometric description of injectivity 44

multiplication map v will be those quadrics in PH?(X, O(1))* containing the image

of the ruled surface, a(X).

Suppose that u(¢) = 0 for some ¢ € Sym?’H®(C,E). By suppressing the iso-
morphism Sym?H°(C, E) = Sym?H’(Z, O(1)) we have ¢ € Sym?’H’(Z, 0(1)) and
v(¢) = 0. Which tells us that p(¢) = 0 if and only if the quadric corresponding to
¢ in PH?(Z, O(1))* contains a(X). Consequently 4 is injective if and only if a(Z)

does not lie in any quadric.

The second stage of the argument is to consider the kernel of y in terms of the

Grassmannian Gr(2, H°(C, E)*). Now consider the diagram:
B £, U —i HYC,E)*®Og

,rl l,r (3.7)
c 22, Gr(2,H'(C,E)*)
where U is the tautological bundle and i : U — H°(C, E)* ® O¢ is the inclusion of
U into the trivial bundle on Gr(2, H*(C, E)*) with fibre H’(C, E)*. The map 8 is
defined on the fibres of E* by § : E} > ®g(p)as(p)- The maps = denote projection
down the bundles.

We now find a relationship between a and S. Given any ¢ € ¥ we have
a: o = PHY(Z,0(1)(-0))t. Consider a restricted to the fibre over p € C —
{D; + D,}. From our discussion earlier (see results (3.4) and (3.5)) we have:
im(al,) = {PHY(S, 0(1)(~0))* | o € PE}
> PHY(C, m (O(1)(-0)))*
= PHY(C, B(-p))*
~ PB(E}). (3.8)

In general, for all p € C' we have im(af,) < P(B(E})). At each point p € C —
{D1 + D3} the map S takes the fibre E} to a 2-plane in H°(C, E)* ®¢ |#(y); which
is represented by the line a(Z,) C PH?(C, E)*. We would like to show that:

a(Z,) C g4 & PB(E;) € Gr(1,q4). (3.9)
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By (3.8) we know that the condition holds for p € C — {D; + D,}. Now suppose
p € Di + D, then take a sequence {p;}2, C C — {D; + D»} converging to p. If
a(X,) C g4 then PH(C, E(—p;))t = PB(E},) € Gr(1,q4) so

PA(E;) = P lim H(C, B(~p)* € Gr(1,qy).

The converse is clear because im(a|,) < P(B(E})).

A form on U may be defined by restriction of the quadratic form ¢ on the fibres
H%(C,E). Define ¥g to be this restricion map:

¥y : Sym’H*(C, E) ® Og — H°(G, Sym’U*) ® Og,

where ¥g: > i*odoi.

We can now rephrase injectivity of p in terms of the Grassmannian by our charac-
teristation using the ruled surface X. First we identify ¢, C PH(C, E)* with the
corresponding quadric in PH®(X,O(1))* by using our isomorphism (3.5). Then we

have:

o(X) C g4 < PB(E;) C gy, forallpe C
& VUp(4)(Pe(p) =0, forallpe C
& ®5(C) lies in the zero locus of ¥g(¢). (3.10)

We now determine the zero locus of ¥g(¢). Given a point A € Gr(2, H°(C, E)*),
Ug(4)(A) = 0 if and only if the fibre of U at A embedded in H°(C, E)* lies in the
zero locus of ¢. The fibre of U at A is just A itself so the zero locus of ¥g(¢) is
Gr(1,q4). Using (3.10) we get that:

#(9) =0 & o(E) C g4 & 25(C) C Gr(1,94).

We conclude that p is injective if and only if ®g(C) is not contained in Gr(1, q) for
any quadric gq. : (]
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3.2 Injectivity of the Petri map

The result that we will be working towards in the following three sections, and in

fact the main result of the thesis is the following.

Theorem 1.3.7 Let C be a generic curve of genus g < 11 and E € SU(2, K) stable
where h°(C, E) < 6. Then the Petri map:

p: Sym*H(C,E) —» H°(C, Sym’E),
18 injective.
Our method for proving this theorem is to look at the image of C' under &5 and
show that it cannot lie in Gr(1,q) for any quadric ¢ C PH(C, E)*. We start by

proving the result for smooth quadrics in PH®(C, E)*. The following proposition is

shown in section 3.3.

Proposition 3.2.1. Let C be a generic curve of genus g < 11 and E € SU(2, K)
stable and generically globally generated with 3 < h°(C, E) < 6. Then ®5(C) cannot
lie in a Gr(1,q) for any smooth quadric ¢ € PH*(C, E)*.

Bertram-Feinberg [4] prove this result for h°(C, F) < 5 without genus restriction.
However, their proof is only valid for globally generated bundles and is adapted in
section 3.3 to hold for generically globally generated bundles.

We now deal with the singular quadrics in PH®(C, E)*. For E globally generated
and ¢ a singular quadric Bertram-Feinberg [4] prove that ®5(C) € Gr(1,q) for
h%(C, E) < 4 and remark that the method of proof may be extended to h°(C, E) = 5.

Let g be a quadric such that rank(q) < h%(C, E). We denote the singular locus of
q by ker(q) = P*, where k = h%(C, E) — rank(q) — 1. Using this singular locus we
define a subvariety of Gr(2, H°(C, E)*).

Definition 3.2.2. Denote the vertex variety by

V(g):={l€ G’r(l,.q) [ I N Pker(q) # 0}.
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We consider two different configurations that ®(C) can take if #(C) C Gr(1,q).
We have that either ®g(C) intersects Vg in only a finite number of points or lies

entirely within Vg.

In the first case we prove the following proposition in section 3.4.

Proposition 3.2.3. Let E € SU(2, K) be stable and generically globally generated
with 4 < h%(C, E) < 7. If the image of C under &g : C — Gr(2, H*(C, E)*) lies in
Gr(1,q) for a singular quadric q such that ®5(C) € Vg; then C is nongeneric for
g <11.

Note that in the case h°(C,E) = 3, if ®5(C) C Gr(1,q) for a singular conic ¢ C
PHY(C, E)* then necessarily ®£(C) C Vg. To prove Proposition 3.2.3 we factor out
the singular locus of ¢ and appeal to Proposition 3.3.1; a more general version of

Proposition 3.2.1 shown in section 3.2.1.

In section 3.5 we prove (subject to Assumption 4.2.1) a proposition that deals with

the outsta.ndin-g case that &g(C) C V.

Proposition 3.2.4. Let E € SU(2, K) be stable and generically globally generated
with 3 < h%(C, E) < 6. If the image of C under &g : C — Gr(2, H*(C, E)*) lies in
Gr(1,q) for a singular quadric q such that ®5(C) C Vg; then C is nongeneric for
genus g < 11.

To study this situation we generalise an idea used by Bertram and Feinberg [4] when

they examined rank 3 quadrics in P3.

3.3 The curve ¢5(C) lies in a smooth quadric

In this section we prove Proposition 3.2.1. We follow the method of proof introduced
by Bertram-Feinberg [4]. Let P be the Pliicker embedding of the Grassmannian
Gr(2, H'(C, E)*) in P(A\* H*(C, E)*). Composing with the map ®z from the curve
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to the Grassmannian gives:
p 2
C %8 Gr(2, H'(C, E)*) = P(/\ H(C, E)*). (3.11)

Let U be the tautological bundle on the Grassmannian. The Pliicker embedding is
given by the line bundle det(U*) = A\’ U*, so we have:

(P o ®5)*O(1) = B5P*O(1) = B4 det(U*) = det(d5U*). (3.12)

In [4] the assumption ®5U* = E is used to determine the pullback of the hyperplane
bundle to the curve. However, ®;U* = E if and only if F is globally generated. For

E generically globally generated a different statement is required.

Using the same notation as (3.1) and (3.2) let D; be the divisor of points on C for
which the evaluation map € has rank (2 — 7). The pullback of U* sits in the exact

sheaf sequence:

0z U" 2 E—>F =0 (3.13)

where F is a torsion sheaf supported on
{p eC: lm(flp) ;”_f Cz} = D1 U Dg.

The injective map in sequence (3.13) is given by sending the sheaf of sections of
EU™ to the sheaf of sections of E. From this sequence we deduce the determinant

of ®LU™:
det(®U*) = det(E)(-D) = K(-D), (3.14)

where D is an effective divisor supported on D; U D,.

From equation (3.12) we therefore have:
(Po®g)*O(1) = det(®EU*) = K(-D). (3.15)

Following [4] we assume that ®5(C) C Gr(1, g) and describe det(U*) restricted to
Gr(1,9). The pullback of this bundle imposes conditions on the curve that force it

to be nongeneric.
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In fact we can prove a stronger result than Proposition 3.2.1 by generalising to a

larger class of morphism ® : C = Gr(2,C") such that:
®*H(G,U*) = H°(C,®*U*) = C*, (3.16)

and

0+ U*" > E— F—0, (3.17)

where F is a torsion sheaf. It is clear that the set of morphisms satisfying these
conditions contains ®z. We now state Proposition 3.2.1 generalised to the morphism

.

Proposition 3.3.1. Let C be a generic curve of genus g < 11 and E € SU(2,K)
stable and generically globally generated. Suppose ® : C — Gr(2,C*) is a morphism
satisfying conditions (3.16) and (3.17). For 3 < h < 6 there are no smooth quadrics
q C P71 such that ®(C) C Gr(1,q).

This stronger result will be used to prove Propostion 3.2.3. The proofs of Proposition
3.2.1 for 3 < h%(C, E) < 5 given in [4] hold true for Proposition 3.3.1 although some
slight modification is required in the cases A = 4,5 to take account of generic global

generation.

For the case h = 3 we can relax the condition of genericity and show the result for

all curves.

Lemma 3.3.2. Let C be an algebraic curve and ® : C — Gr(2,C3) a morphism
satisfying conditions 3.16 and 3.17. There is no smooth conic ¢ € P? such that
®(C) c Gr(1,q).

Proof. A smooth quadric g C P? does not contain any lines so Gr(1,q) = @; therefore
®(C) ¢ Gr(1,q). O
The next two lemmas cover the cases h = 4, 5.

Lemma 3.3.3. Let ® : C — Gr(2,C*) be a morphism satisfying conditions (3.16)
and (3.17). If 8(C) C Gr(1,q) for ¢ C P* a smooth quadric then C is nongeneric.




3.3  The curve ®g(C) lies in a smooth quadric 50

Proof. Suppose that ®(C) C Gr(1,q) for a smooth quadric ¢ C P?. The quadric q is
a doubly ruled surface whose lines are given by the disjoint union of two lines, that
is to say Gr(1,q) = P! UP!. The Pliicker image of Gr(1,q) has degree 4, therefore
the image of each line in Gr(1,q) has degrée 2 and so is a conic. The morphism
® maps C to one of the disjoint lines in Gr(1,q) so (P o ®)(C) = Cy, a conic in
Pliicker space. The pullback of the hyperplane bundle on (P o ®)(C) to ®(C) will
be Op:1(2), which gives:

det(®*U*) = (P o ®)*O(1) = *Op (2) = (9*Op (1))*2. (3.18)

Moreover, r(®*Opi (1)) > 1. Otherwise the image of C' under @ is a point so ®(C) C
Gr(2,C3%) and we conclude that ®* H°(G,U*) = C?, which contradicts condition
(3.16).

Taking determinants in (3.17) gives det(®*U*) = K (- D) for some effective divisor
D. Putting L = ®*Op (1), we have from (3.18)

K = L®(D). (3.19)
The Petri map of L now becomes
u: H'(C,L)® H*(C,L(D)) » H(K) (3.20)

and this map cannot be injective since r(L) > 1. In fact, if s, s, are independent
" sections of L and ¢ is a non-zero section of O(D), then pu(s; @ s3t) = p(s, @ s1t).
This contradicts the genericity of C by Theorem 1.1.4. O

Lemma 3.3.4. Let ® : C — Gr(2,C®) be a morphism satisfying conditions (3.16)
and (3.17). If ®(C) C Gr(1,q) for ¢ C P* a smooth quadric then C is nongeneric.

Proof. For a contradiction suppose that ®(C) C Gr(1,q) for a smooth quadric
q C P The lines in q may be identified with P® and the restriction of the Pliicker
map to Gr(1,q) is the Veronese embedding:

2
P:P'EpA\ ) 2P, (3.21)
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We therefore get the expression:
det(®*U*) = (® 0 P)*O(1) = 0*Ops(2) = (®*Ops (1)) %2 (3.22)

Again by our definition of ® we must have r(®*Ops(1)) > 1. We now complete the
proof exactly as for Lemma 3.3.3 . O

Having explained the proofs of Bertram-Feinberg we apply their methods to the case
when h = 6. Unlike the previous cases though, we must restrict the genus of the

curve.

Proposition 3.3.5. Let C be a generic curve of genus g < 11 and ® : C —
Gr(2,C®) a morphism satisfying conditions (3.16) and (3.17). There are no smooth
quadrics g C P° such that ®(C) C Gr(1,q).

We start by describing Gr(1,¢), where ¢ C P® is a smooth quadric - that is to say
the Klein quadric. Recall that the Klein quadric is the image of Gr(2,C*) under
the Plucker embedding. There are two disjoint families of 2-planes in ¢, the first
parametrised by IP* and the second by (P%)*. These are known respectively as the

alpha and beta planes where:

ay, = {lines passing through p},

Br := {lines lying in #}.

We can see that planes in the same family intersect in points or planes, whereas
planes in opposite families either intersect in a line or not at all. Hence a line ! lying
in the quadric is the intersection of an alpha and beta plane;
! = a,,N B, = {lines lying in 7 that pass through p}, for some p € P* and = € (P*)*.

The Grassmannian Gr(1,q) can thus be identified with an incidence variety:

Gr(l,g) s I={(pm):pen}CP x (P (3.23)

l=a,Npr & (p, 7).
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We can illustrate the situation with the following diagram:

p3

f

c 25 1 -Z,5 PpNPTY

-

(P2
where pr, and pry are projections to the first and second factors of I.

We now identify the Picard group of I.

Lemma 3.3.6. Let q be a smooth quadric lying in P°, and I the incidence variety

isomorphic to Gr(1,q) C Gr(1,P®); then:

Pic(I) = Z®Z.

Proof. To find the Picard group of I it is required to find information about the
cohomology of I since Pic(I) = H'(I,O*). The method of proof will be to relate
the cohomology of I with that of P* x (P*)* by using the Lefschetz hyperplane
theorem. Recall that this states that for M an n-dimensional compact manifold and

V C M a smooth hypersurface then the map

HY(M,Q) - HY(V,Q)
induced by the inclusion i < M is an isomorphism for ¢ < n — 2 and injective for
g=n-1.

To start with we must show that I is a hypersurface of P* x (P*)*. Let {v,...,vs}
be a basis for C*. Then P? = P (vy,...,vs3) and (P3)* = P(fy,..., f3) where f;(v;) =
8. Let p=[v] € P® and w = ker(f) € (P®)*; v and f are defined by:

3 3
V= Z A,"U,‘ and f = Z [Ljfj, (324)

=0 =0
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for some A;, p; € C. Then:

peET&0=f(o) =) uf;i(Q_Aw)

=0 =0

& pgAg + -+ pgA3 = 0. (325)

The incidence variety I is the zero locus of the homogenous polynomial (3.25) and

so is a hypersurface of P? x (P?%)*.

By considering the cohomology sequence associated with the exponential sheaf se-

quence

0-Z—->0-0"—=0,

on both I and P? x (P?)* a commutative diagram can be constructed. To ease

congestion on the page let M := P? x (P%)*. We then have:

. —— H\(M,0) —— H\(M,0*) —— H*(M,Z) — H*(M,0) — ...

| I | |
... — H'I,0) —— HYI,0%) —— H*(I,Z) —— H*(I,0) (3?; .

where the vertical maps are restrictions. By the Kiinneth formula H?(P*x (P*)*, Z) =
Z&Z and H*(P? x (P*)*,0) = 0 = H}(P® x (P®)*, O). The Lefschetz hyperplane
theorem tells us that H2(I,Z) & H?*(P® x (P%)*,Z) = Z & Z. The grading of co-
homology into holomorphic and antiholomorphic forms will be preserved by the
isomorphisms given by restriction. Hence H%(I,0) & H?(P® x (P?)*,0) = 0 and
HY(I,0) = HY(P® x (P*)*,0) = 0. Substituting this information into diagram
(3.26) gives us that Pic(I) = HY(I,0*) =Z & Z. O

Lemma 3.3.7. Let U be the tautological bundle on Gr(2,C?). For any smooth
quadric ¢ C P° with I the incidence variety isomorphic to Gr(1,q):

det(Ul;) = O(~1, -1).

Proof. We refer back to (3.23) and subsequent comments for the description of the
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variety I. Further let V 22 C* be the underlying vector space such that:
2
I={(p,m) eP(V) xP(V*):pen} CGr(2, \V). (3.27)

From the result that Pic(I) & Z@®Z (Lemma 3.3.6) we define O(a, b) := pr{Opv)(a)®
pr3O0pv+)(b). Let F, be the fibre over p € P(V) and F; the fibre over 7 € P(V*).
Restricting to the fibres, we get O(a,b)|r, = O, (b) and O(a,b)|F, = Op,(a).

Now det(U*)|; € Pic(I) so det(U*)|r = O(a,b) for some a,b € Z. Moreover,

det(U)]; = O(a, b) & det(U*)|s, = Or,(b) (3.28)

det(U*)|r, = OF,(a)

To determine det(U*)|; we restrict to the fibres F, and F;. Recalling that (p,7) € I

refers to the line intersection of a;, and f,, the fibres may be described as

F, = {lines in a,}

F, = {lines in G,}.

We characterise the fibre F, C G’r(2, A’V). Let z € V be a representative of
p € P(V), that is p € [z]. Then o, = {lines passing through p} = P(V/ (z)).

The embedding i : V/(z) < A’V given by i : y = z A y extends naturally to
Gr(2,V/ (z)) <= Gr(2,A*V). We know that F, = { lines in a,} = Gr(2,V/ (z)),
therefore F, is the image of Gr(2,V/ (z)) = Gr(2, A’V).

Now consider the fibre F, C Gr(2, \>V). Given = € P(V*) there exists A € V*
such that m = ker(A). Then B, = {lines lying in 7} = Gr(2,ker())). Now F, =
{lines in B}, if P is the Pliicker embedding then

© F, 2 Gr(2, P(Gr(2, ker(\)) = Gr(2, /2\ ker()). (3.29)

The inclusion A*(ker(1)) € A?V extends to Gr(2, AZker())) C Gr(2, A’ V). Then
F, = Gr(2, N?ker())) C Gr(2, A2 V).
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Now we move to looking at det(U*)|; by restricting to the fibres. Let U, be the
tautological bundle on Gr(2,V/ (z)) = F,. The bundle U restricts to U, on the fibre
F,. Noting that F, = Gr(1, (V/(z})*) = P((V/(z))*) the tautological sequence on
Gr(2,V/ (z)) is '

0+ U,—=V/(z)® O = Of,(1) = 0. (3.30)

Therefore det(U})|r, = OF,(1).

Let U, be the tautological bundle on Gr(2, A’ ker(})) = F,. The bundle U restricts
to U, on the fibre F,. Knowing that F, = Gr(1, (A’ ker()))*) = P(A? ker(A)*), the
tautological sequence on Gr(2, \®ker(})) is

2
0= Ur = [\ ker()) ® O — Op, (1) - 0. (3.31)

Therefore det(U*)|r, = det(U?) = OF,(1). By equation (3.28) we have
det(U*)|; = 0(1,1) (3.32)

O

Suppose now that ®(C) C Gr(1,q), then Lemma 3.3.7 tells us det(U*|;) = O(1,1).
Defining ¢; := pr; o @ gives:

(P o ®)*O(1) = B*det(U*;) = $*O(1,1) = $*O(1) ® $:0O(1). (3.33)

We have the sequence:

02@U*>E—-F -0, (3.34)

where F is a torsion sheaf. As before we take determinants to obtain, for a suitable

effective divisor D,
K(~D) = det(®*U*) = (P o )*O(1) = ¢70(1) @ $50(1). (3.35)
This gives us an upper bound on the degrees of ¢;O(1) and ¢30(1):

29 - 2 = deg(K) > deg(#10(1)) + deg(¢50(1)). (3.36)

.
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The idea of the following proof is to show that r(¢fO(1)) and r(¢30(1)) are suf-
ficiently large to ensure that either p(¢3O(1) or p(¢50(1)) is negative. In Lemma
3.3.8 it is shown that neither of the ¢; maps C to a line. Subsequently in Lemma
3.3.9 we prove that one of the ¢;(C) does nét lie in a hyperplane, and the proof of
Proposition 3.3.5 is concluded by Lemma 3.3.10.

Lemma 3.3.8. Let C be a generic curve and & : C = Gr(2,C%) a morphism
satisfying conditions (3.16) and (3.17). Let ¢ C IP° be a smooth quadric and ®(C) C
Gr(1,q) = I; then the ¢;(C) cannot lie on a line.

Proof. Assume for a contradiction that ¢; : C — [ & P! (the proof is equivalent
whichever of the ¢; maps C to a line). There are two possibilities, either ¢,(C) is a

point or a line.

In the first case suppose ¢;(C) = p. Then all the projective lines corresponding
to points of ®(C) lie in @, C ¢. That is to say ®(C) C Gr(2,C?); therefore
H®(C,®*U*) C C® which contradicts condition (3.16).

Now consider the possibility { 2 P!. Choose a point (p,7) € ®(C) which corresponds
to those lines in IP? that pass through p and lie in 7. However, p must lie on the line
[, so in particular all the lines given by points of ®(C) meet [. The lines meeting !

constitute a Schubert cycle in Gr(1,P?):
{lines meeting I} = g, (l).

However, o1(l) = TiGr(2,4)NGr(2,4) (see Griffiths-Harris [11] page 757); so o({) is
the cone over a smooth quadric in P?, with vertex I. Therefore ®(C) C Gr(1,0,(1)),
so in particular ®(C) C Gr(2,C®). Consequently H*(C,®*U*) C C° which again
contradicts condition (3.16). O

Lemma 3.3.9.: Let C be a generic curve and ® : C — Gr(2,C®) a morphism
satisfying conditions (3.16) and (3.17). Let g C P be a smooth quadric and &(C) C
Gr(1,q) = I; then one of the ¢;(C) does not lie in a hyperplane.
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Proof. For a contradiction assume that ¢,(C) C H and ¢5(C) C h where H and h
are hyperplanes in P? and (IP?)* respectively. In the proof we will be interchangeably
referring to objects in their ambient space or duals depending on the context. The
constraint that both ¢;(C) and ¢,(C) lie on\hyperpla.nes gives us information about
the degrees of ¢1Op)(1) and ¢50p+)(1). We use the definition that

d; := deg($70pv)(1))
dy := deg($30pv+)(1))-

Consider ¢, : C — H = P2, then the Brill-Noether number of ¢1Op(v(1) is

0<p(2,d1)=9g—-(2+1)(g—d1+2)=3d, - 29 -6

1

Hence for generic curves of genus 8 < g < 11 we have d; > g—1. Similarly d; > g—1

for generic curves in this genus range. However,
$10pw)(1) © 6300+ (1) = K (~D) = det(&*U*), (3.37)
which gives the following inequalities linking the degrees d; and d,
29-2=deg(K)>di+d:>(9g-1)+(g—-1)=>di=dy =g - 1. (3.38)

Consequently, deg(®%U*) = deg(K(—D! — 2D?)) = 2g — 2, which implies D! =
D? = 0. Therefore det(®3U*) = K and E is globally generated.

We now look at the possible configurations of the planes o and Sy in the quadric.
We saw previously that the intersection of aj, and By is either empty or a line. The
aim of the proof is to find a theta characteristic with sufficient sections to imply

that C is non-generic.

Consider the possibility that aj N By is a line. This condition translates in P(V)
to there being a 1 parameter family of lines passing through h and lying in H. We
therefore have h € H C P(V), and in particular o N By = (h, H) € I.
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We now pick a basis for P(V) so that we can study the curves ¢;(C) C H and
$2(C) C h. Let V = (vg,v1,vq,v3) where H = P((vy,v1,v2)) and h = [vg]. Note

that in V* = (v}, v},v5,v3), H = [v3] and h = (v],v},v}).

Given a point (p,m) € ®(C) we consider the projection to P(V). We know that
and a, correspond to lines through h and p; the two alpha planes will intersect in a
point which corresponds to the line joining p and h which we denote by ph C P(V).
Similarly By and B, correspond to the lines lying in hyperplanes H and =, the

intersection of By and B, is a point corresponding to a line H N« C P(V).

During the above discussion we assumed that p # h and m # H, enabling us to
consider lines ph and 7H. We know that for only a finite number of points will
p = h and/or m = H because the image of C may not be mapped to point by either
¢1 or ¢, (see Lemma 3.3.8). We can therefore assign a line to p (as a proxy for ph)
by taking the limit of {p;h}{2, when {p;}2, C ¢;(C) such that p; = p as i — oo.
Similarly a line may be assigned to 7 if 7 = H. In the remainder of the proof we
will assume lines ph and mH exist, as an appropriate limiting line may always be

constructed.

Returning to ph and 7 N H we can see that both these lines in P(V) are the same.
First of all we know that p € m and p € H by assumption. On the other hand
h € m because 1 € h C P(V*), and h € H by the assmption that a; and By
meet in a line. Therefore p,h € m N H, which implies that ph C 7N H and we
conclude that ph = m N H. Translating this result to the quadric in P(A2V) we
have a, Na, = By N Br C ar N By, that is to say that all lines in the ruled surface
defined by ®(C) meet the line a; N Bg.

In order to find a relationship between ¢1Op(v)(1) and ¢30pwv+)(1) we look at the
lines in H passing through & (in P(V)) and relate these to lines in A passing through
H in P(V*). It will be sufficient to find a relationship between the line ph C P(V)
and 7H C P(V*). We know that p = [z] for some T € (vg,v;,v;). We have that
h = [v] and since we are looking at the two plane (vp,z) we can assume that

£ = Mu; + Av;. Previously we noted the equality ph = # N H C P(V), this

-
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dualises to mH = pNh C P(V*). This identification will enable us to use our vector

description of ph. The dual 2-planes to p and h in P(V*) are given by

h= [’Uo] — P(("’ngvv;»

p=[z] — P((v5, \v3 — Apvi, v3)).

Therefore TH = pN h = P((A1v} — v}, v3)) = P((ann(z),v})), where we define
ann(z) := {f € (v},v3) : f(z) = 0}. We therefore have a 1 : 1 correspondence

{ph:p € $:(C)} «— {7H : 7 € $2(C)}
ph = P((u0, 7)) +— P((ann(z),23)) = 7H.
(3.39)

We now look at how we can relate the pullbacks ¢;Opv)(1) and ¢30pwv+)(1) by
using the correspondence above. We do this by parameterising the lines described

in (3.39). Let py : H —» P! be the projection of H away from h. Then
Ph 2 P((vo, v1,02)) - P({v1,2)).
Pulling back Opi(1) to H using py, gives Og(1). Therefore
$10p(v)(1) = $10u(1) = (pa © $1)" O (1). (3.40)
Similarly we take the projection pgy : b —» (P')* of h away from H. Then
pa  P((],93,25)) - P((v],93)) and ¢30pve) (1) = (prr © $2)* Oer)- (1)

Now consider the map g : P({vy,v2)) = P({v},v})), given by g : £ — ann(z).
The map g identifies {lines through A in H} C P(V) and {lines through H in A} C
P(V*). By the correspondence (3.39) we have the following equality of maps

(gopnoprio®) = (pgoprao®). (3.41)
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Look at the pullback of O(1) from P((v}, v3)) to P({v1, v2)) by g. Clearly g*Op1y+ (1)
Op1(1). Therefore (3.41) gives

$10pwv)(1) = (pn 0 pr1 0 @)*Opi (1) = (pn 0 pr1 © 2)*g* Opry« (1)
= (g o pn o pr1 0 B)*O(p1)«(1) = (pa © pra2 © )* Opr)«(1)
= ¢30pv+)(1).

Hence

K = $10pw)(1) ® 6308(v+)(1) = ($10pv)(1))%,
where r(¢1Opv(1)) > 2, which concludes this part of the proof.

We now look at the possibility that the intersection of o and Sy is empty. Trans-
lating this condition to P(V') we have that A ¢ H. For any (p,n) € ®(C), we have
pennH and h € 7. So ph and w N H are distinct lines in P(V) defining distinct
points of the projectivisation of the fibre U, ). In this way we obtain two disjoint
sections of the projective bundle associated to U|g(c) and hence a decomposition
Ulsc) = L1 ® La. So ®*U* is decomposable. Since F is globally generated, we have

E = ®*U*, so E is decomposable, which is a contradiction.

The following lemma completes the proof of Proposition 3.3.5.

Lemma 3.3.10. Let C be a generic curve and ® : C — Gr(2,C®) be a morphism
satisfying conditions (3.16) and (3.17). Suppose ®(C) C Gr(1,q) for some smooth
quadric ¢ C P°; then g > 12.

Proof. By Lemma 3.3.9 we know that one of the ¢; does not map into a hyper-
plane, and from Lemma 3.3.8 that neither of the ¢; map onto a line. Suppose that

¢, : C — P2, then the Brill-Noether number of the linear series giving ¢, is:

p(2,d)=9g—-(3)(9—d+2)=3d—2g - 6. (3.42)
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Given that C is generic tells us that p(2,d) > 0, so we must have

d > (29 +6). (3.43)

|

We know from equation (3.36) that the linear series giving ¢, has degree at most

2g — 2 — d. Moreover it is 3 dimensional so its Brill-Noether number is:
p(3,29-2-d)=g—-(4)(9—- (29 —2—d)+3) =59 — 4d — 20. (3.44)
Again p(3,2¢9 — 2 — d) > 0, which gives us
1
d < 7(59 - 20). (3.45)
Combining equations (3.43) and (3.45) gives the following inequality:

1 1 84

Therefore we must have g > 12.

Now suppose both ¢; and ¢, are non-degenerate. In this case the Brill-Noether

number of the linear series giving ¢, satisfies

0<p(3,d)=g—(4)(g—d+3)=4d-3g - 12

1

We again have equation (3.45) holding for ¢,. Combining with our inequality for ¢,

we get

1
7B +12) <d< %(59 - 20)

=>g2¥=16.

Hence we must have g > 16, which concludes our proof.
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3.4 The curve 95(C) does not lie in the vertex

variety

Proposition 3.2.3 Let E € SU(2,K) be stable and generically globally generated
with 4 < h°(F) < 7. If the image of C under ®g : C — Gr(2,H(C, E)*) lies in
Gr(1,q) for a singular quadric q such that ®g(C) € Vg; then C is nongeneric for
g <11

Proof. Let k + 1 be the dimension of V' C H°(C, E)* where ker(q) = P(V). The
condition that ®g(C) is not contained in the vertex variety means that the 2 plane
corresponding to ® g(z) meets V trivially, for ¢ € C generic. Let m be the projection
from V in H%(C,E)*. Define D' to be those points p of C such that the map
(wo€*|p) : EY — H°(C, E)*/V has rank 1. Similarly let D? be the divisor of points
p € C for which (woe|,) is zero. Recalling the definition of D; and D, as the divisors
where € drops rank (see equations (3.1) and (3.2)), note that D, + D, C D! + D2

By taking the composition of 5 and m we get a morphism:
@ :C 25 Gr(2, H'(C, E)*) = Gr(2, H(C, E)*/V). (3.47)

In a similar manner to our description of ®5 for generically globally generated
E the map ® at p € D' + D? is the limit of ®(p;) as i = oo for a sequence
{p:}2, C C — {D' + D?} converging to p.

The morphism ® will map C into Gr(1,qe) where go := w(g) a smooth quadric in
P(H'(C,E)*/V) = P*!; where h—1 = h%(C, E) — 2 — k. Let U, be the tautological
bundle on Gr(2, H*(C, E)*/V) = Gr(2,Ch).

We now verify that ® meets conditions (3.16) and (3.17). Firstly H°(C,®%U*) =
H®(C, E)*; therefore H*(C,®*Ug) = H°(C, E)*/V, so (3.16) is satisfied. The pull-

back of Uy sits in the following short exact sheaf sequence:
0 ®*'Uy > E - Fy—0, (3.48)

where Fy is a torsion sheaf. Hence & meets condition (3.17).
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We have a morphism & : C — Gr(2, H(C, E)*/V) = Gr(2,C") that satisfies our
conditions and ®(C) C Gr(1,qp) for go C P! a smooth quadric. By Proposition
3.3.1,if h < 6 and genus g < 11 then C is nongeneric. However, h := h°(C, E)-1—k.
Therefore if h%(C, E) < 7 and g < 11 then Cis nongeneric. O

Looking at the proof of Proposition 3.2.3 we notice that we have actually proved a

stronger statement.

Proposition 3.4.1. Let C be an algebraic curve and E € SU(2,K) stable. Sup-
pose that &g : C — Gr(2,H(C,E)*) takes C to Gr(l,q) a singular quadric
q C PHY(C, E)*, where dim(V) = k + 1 such that ®g(C) is not contained in V(q).
If Proposition 3.3.1 holds for h — 1 = h°(C,E) — k — 2 then C is nongeneric in

moduls.

3.5 The curve ®g(C) lies in the vertex variety

In this section we prove the following result subject to Assumption 4.2.1.

Proposition 3.2.4 Let E € SU(2,K) be stable and generically globally generated
with 3 < h°(E) < 6. If the image of C under @ : C — Gr(2,H*(C, E)*) lies in
Gr(1,q) for a singular quadric q such that ®g(C) C Vg, then C is nongeneric for
genus g < 11.

It is assumed that ®g(C) C Vg C Gr(l,q), which is the same as saying that all
the 2-planes represented by points of ®z(C) intersect V C H°(C, E)* nontrivially
where P(V) = ker(g). Let k + 1 = dim(V) = dim(ker(g)) + 1. Our first step is to
impose an upper bound on k that depends on A°(C, E).

Observe that if £ = A°(C,E) — 2 the quadric ¢ is a double hyperplane and for
k = h°(C,E) — 3 the quadric is a pair of hyperplanes. In either case the ruled
surface must lie in a hyperplane H which is the zero locus of a (nonzero) section
s € H°G,U*). Therefore ®%(s)(z) = 0 for all z € C so ®5(s) = 0. However,
H*(G,U*) = &% H®(G,U*) which provides a contradiction. Therefore the bound on
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k is:

0< k< h(C,E)-4. (3.49)
In particular this condition means that Proposition (3.2.4) is proved for 2°(C, E) =
3.

We deal with ®g(C) C Vg for iﬁcreasing values of k. For k£ = 0 we follow
Bertram-Feinberg [4]. Consider the tautological sequence on the Grassmannian
Gr(2,H'(C, E)*):

0-U— H(C,E*®@0 = Q =0, (3.50)
where Q is the quotient bundle. Pick m € H°(C, E) such that () = V. Sequence
(3.50) gives a map of sections I' : H°(C, E)* — H°(Q). Let s, = I'(r) € H'(Q)
and consider its zero locus. Pick A € Gr(2, H*(C, E)*)* then sequence (3.50) tells
us that s.(A) = 0 if and only if 7(A) lies in the image of U in H*(C,E)* ® O at
A. However, 7(A) = m and Uy = A, so # € A. We assume that ®g(C) C Vg so

every 2-plane represented by a point of ®g(C) contains 7, therefore we must have
5(5) = 0.
The pullback of this sequence (3.50) to the curve is
0— ®3U - H'(C,E)*®@ O - Qg = 0, (3.51)
where Qg is defined to be ®%Q. This induces the following maps on sections:
0— H°(C,®4U) = H(C,E)* - H*(C,QE) - ... (3.52)

From the fact ®%(s,) = 0 we must have that # € H°(C, E)* is the image of a section
of ®3U. In particular H°(C, ®%U) # 0.

Since h°(C, ®5U*) = h°(C, E) > 3, ¥4, U* possesses a section with a zero and hence
a line subbundle L with deg(L) > 0. From (3.14) we have det(®5U*) = K(-D) for

some effective divisor D. Hence
0> L— ®pU* - KL '(-D) =0, (3.53)

so dualising gives:

0 K 'L(D) = &3U - Lt 0. (3.54)
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We then have the bound A%(C,®%U) < h°(C,K~'L(D)) + h*(C,L'). However,
RO(C, L) = 0 and A%(C,®5U) # 0 so we must have deg(K~'L(D)) > 0. Hence
deg(KL}(-D)) < 0 which means h’(C,KL™!(-D)) < 1. Substituting this value
into the upper bound A’(C, ®5U*) < hO(C,H'L) + h%(C, KL™'(— D)) obtained from
sequence (3.53) tells us that A°(C,L) > h°(C,®%U*) — 1. However we know that
RO(C,®%U*) = h°(C,E) > 4, therefore A°(C,L) > 3. Let d be the degree of L,

noting that C is a generic curve we have:
1
0<pL) <p2d) =g~ (@) g-d+2) >d2 5(29+6).  (355)

Now consider the homomorphism ®4,U* — F restricted to L; let L - M C E be the
line bundle generated by the image of L. Then we have deg(L) < deg(M) < g - 2.
Hence

—;;(Zg+6) <d<g-2=g2>12.
This concludes our proof that ®g(C) cannot lie in Vg for k£ = 0.

For higher values of k we generalise the approach used above. Recall the tautological
sequence (3.50) and the map T' : H(C, E)* - H%G,Q). If A*"'T is composed
with the multiplication map \**! HY(G, Q) — H*(G, A**' Q); then we obtain:

k+1 k+1

k41 k+1
N\ B C, B " \ B°G,Q) 2% H'(G, \ Q)

T Sp.

If the point 7 € A\**! H(C, E)* is decomposable then it may be viewed as the image

of a k + 1-plane under the Pliicker embedding
k+1

P:Gr(k+1,H°(C,E)*) = /\ H'(C,E)".
The decomposable vectors are therefore the ones we are interested in as we are trying

to find a description of 2-planes meeting the k + 1-plane V' non-trivially.

Lemma 3.5.1. Let w € /\k+1 H'(C,E) be decomposable, then the zero set of s,
represents those planes in H°(C, E)* meeting the k + 1-plane V C H°(C, E)* non-
trivially.
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Proof. Let m be the decomposable vector o1 A +«+ A opy1 € /\’H1 H%(C, E)*, where
o; € H°(C,E)*. Then such a vector represents the k + 1-plane (y,...,0%4;) in
H°(C, E)*. If we define s; := I'(0;) € H°(G, Q) then

k+1
sx(A) = (multo A\ T) (o1 A+ Aors1)(A) = s1(A) A+ A s (A).

Therefore s,(A) = 0 if and and only if {s,(A),...,sx+1(A)} is a linearly dependent
set. Consequently we can find A; € C not all zero such that 2,’-‘:11 Aisi(A) = 0. By
the exactness of sequence (3.50) the preimage of Ef:ll Xisi(A) in HY(C,E)*® O
must come from a point of Uy; thus 35! \oi(A) € A. However, for a section
o € H'(G, H(C, E)* ® O) we have o(A) = 0. Thus 3_5t's; = 351 0y(A) € A,

and consequently AN {a1,...,0141) # 0. O

The pull back of s, lies in H*(C, A*"' Q). Following the proof for k = 0 we con-
struct an exact sequence that H°(C, A**! Qg) sits in. We pull back the tautological
sequence on Gr(2, H*(C, E)*) to get 0 — ®%U — H*(C,E)® O 5 Qg — 0. By

taking the k + 1 th exterior power of y we obtain the surjective map
1 k41 k+1

Ar: NBC,E20 - A Qs

This gives a short exact sequence:

k+1 k+1
0— Biy = \ H'C,E))® 0 = \ Qe - 0, (3.56)

where By, is defined by the sequence.

We now return to ®%(sr). It is assumed that ®5(C) C Vg, so every 2-plane rep-
resented by a point of ®g(C) meets V nontrivially. By Lemma 3.5.1 ®¢(C) lies in

the zero set of s, therefore ®%(s,) = 0.

The exactness of the cohomology sequence:
E+1 k+1

0— H(C,Bryy) =& [\ H(C,E)* - H(C, \ Qe) = ...
associated to (3.56) tells us that H°(C, Biy1) is nonzero. In order to use this fact
we need to determine the kernel bundle By.;. To do this a standard result is now

stated.
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Lemma 3.5.2. Let F, W and W' be vector bundles over a topological space such
that rank(F) = 2 and:
0 FAwIw o

Taking exterior powers gives:
P B
0 B, AWS AW >0

where:

2 p—2 p—1
0 AFo AW BB, 3Fe AW 0.

Recalling that A\Z ®%5U* = det(®4U*) = K(— D), the kernel bundle Byy; defined in
equation (3.56) sits in the following exact sequence:

k—1 k
0 K'(D)® A\ Qe = Beyy = ¥3U® \ Qp — 0. (3.57)

The cohomology sequence immediately gives an upper bound on the number of
sections,

k-1 k
h*(C, Biy1) < BY(C, K71 (D) ® \ Q) + 2°(C, 25U ® \ Qr). (3.58)

In particular if H*(C, K~}(D) ® N\*"' Qg) = H*(C,®%U ® A*Qg) = 0 then our
result is proved. To show that these cohomology groups vanish we use a result of

Narasimhan-Ramanan [20]; Lemma 2.1.

Lemma 3.5.3. Let V and W be vector bundles over a curve C where V 2 W.
Then:

1. if V and W are semistable with u(V) > (W) then H(C,V* @ W) = 0;
2. ifV and W are stable with u(V) > u(W) then H*(C,V*@ W) = 0.
To use this lemma it is required that ®3U* and the exterior powers of Qg satisfy

stability and slope conditions. In Lemma 3.5.5 we prove that ®7U* is stable and

in Proposition 3.5.7 that the exterior powers are semistable. In order to use part
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1 of Lemma 3.5.3 we need u(K(—D)) > p(A*' Q) and u(®%U*) > (A Qg).
We calculate the slopes of /\i Qg in Lemma 3.5.8 and Corollary 3.5.9. When k = 2
it transpires that u(¥5U*) = p(A>Qg). To overcome this problem the following

lemma is required.

Lemma 3.5.4. Let V and W be semistable vector bundles over a curve C, such that

p(V) = p(W). Then:

1. if V is stable then every non-zero f € Hom(V,W) = H°(C,V*® W) is injec-

tive;

2. if W is stable then every non-zero f € Hom(V,W) = H°(C,V* @ W) is

surjective.

Proof. Narasimhan-Ramanan’s lemma is a corollary of Narasimhan-Seshadri [21]

Proposition 4.4. The approach of Narasimhan-Seshadri is followed here.

We know that H(C,V* ® W) = Hom(V,W). Now choose f € Hom(V,W). We
have a factorisation f =10go:
0 — V, — V 25 ¥V, — 0
lg

0 ¢ W, « W Wy «—— 0

where g is of maximal rank; that is to say A" g : A" V2 = A" W, is non-zero; where
n = rank(V,) = rank(W;). Therefore 0 < rank(V;) = rank(W;) < rank(W). The
condition on g implies that deg(W;) > deg(Vs), hence u(W;) > p(V2) because W;
and V; have the same rank. The bundle V is semistable so u(V2) > u(V). Putting
this together with the equality of slopes in the hypotheses gives the inequalities:

p(Wh) 2 u(V2) > p(V) = p(W). (3.59)

However, we are also assuming that W is semistable so u(W;) < (W), this forces
(3.59) to become:
WW3) = u(Vs) = w(V) = (W) (3.60)
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In the first case of the lemma when V stable we will have a contradiction if
(V1) = u(V) and V; is a proper subbundle, so it must be the case that 5: V 5 V5.
The equality u(W1) = pu(V2) gives us that deg(W;) = deg(V2) since the ranks of
these two bundles are the same. The map g : Vo = W, is of maximal rank with

deg(W:) = deg(V2) so g is an isomorphism. Consequently
f=iogon: VIV, 3 W, W,
so f is injective.

In the second case the only way to avoid a contradiction to W being stable is if
i: W, 5 W. Again g must be an isomorphism because deg(W;) = deg(V3); then
f=iogon:V =V, 5 W; 5 W. Hence f is surjective. O

Lemma 3.5.5. Let C be a generic curve of genus g < 11 and E € SU(2, K) stable
and generically globally generated with h°(C, E) > 5; then ®*U* is stable.

Proof. We have the exact sheaf sequence
0>PU* > E— F—0. (3.61)

Suppose that det(®*U*) = K(-D), for some divisor D of degree d. Let L be a
line subbundle of ®*U*. Let L(D,) be the line bundle generated by the image of
L in E, where D, is the divisor of points on which the image vanishes. We impose
stability conditions on ®*U* by relating the degrees of line bundles L ¢ ®*U* and
L(Dy) C E.

Suppose that L is a destabilising line subbundle of ®*U*, so
20—2-d
2
Now g — 1 = p(E) > deg(L(Dyp)) > deg(L). This inequality will have the mildest

deg(L) = u(L) > p(®*U*) = (3.62)

constraint on deg(L) if Dy = 0 which means L(D,) = L. Under this assumption
deg(L) < g—2..
We know that 0 - L — ®*U* —» KL '(-D) — 0 and A°(C,®*U*) = h°(C, E) so

we have:

h°(C, E) = k°(C,®*U*) < B°(C, L) + h°(C, KL (- D)). (3.63)
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We already have an upper bound on deg(L) which will allow us to control A*(C, L)
using Brill-Noether arguments. Now look at deg(K L~!(~D)). From equation (3.62)
we have —d < 2deg(L) — 2g + 2. Therefore:

deg(KL™'(—D)) =29 — 2 — deg(L) — d < deg(L) < g — 2. (3.64)

We now find an upper bound on h°(C, L) and h°(C, KL™}(— D)) by calculating the

relevant Brill-Noether number:
p(r,g—2)=g—(r+1)(g-(9=2)+r) =g-1r-3r—-2. (3.65)

For a generic curve this number is nonnegative, so taking g < 11 tells us that r < 1.

Substituting this value into equation (3.63) gives:
R%(C, E) = h*(C,®*U*) < H°(C,L) + h°(C,KL™Y(D)) < 4, (3.66)

which contradicts our assumption that A°(C, E) > 5. O

The following proposition will be proved in Chapter 4 subject to Assumption 4.2.1 .

Proposition 3.5.6. Let C be a generic curve of genus g < 11. Take E € SU(2, K)
a stable generically globally generated bundle with h°(C,E) > 5. Then Qg is

semistable.

In order to show that /\i Q is semistable we introduce some notation used in Butler
[5]. The Harder-Narasimhan filtration of a vector bundle F' over a curve C is the

unique filtration:

O=FCcCFhC---CF,=F (3.67)

where F;/F;_; is semistable and p;(F') = u(F;/F;_1) is a strictly decreasing function
of i. We define:

B (F) = po(F) = p(F,/Fs-1)
w(F) = m(F) = u(Fy).
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We also have the following equivalent definition:

u=(F) = min{u(@) | F = Q - 0}
pt(F) = max{u(S) |0 - S — F}.

Note that S and @ need not be proper subbundles and quotient bundles. We have
pt(F) > p(F) > p~(F) with equality if and only if F is semistable.

In Butler [5] Lemma 2.5 it is shown that for F' a vector bundle over a curve C that:
uH(A\F) < ip*(F)

w(N\ F) > ip (F).

Now return to our consideration of Ai QEr. We know that Qg is semistable so

pt(QE) = p(QE), therefore:

p*(A\Qp) < int(Qs) = in"(Qr) < u‘(/\ @) (3.68)

In general p* (A’ Qg) > w (N QEk), so equation (3.68) gives us equality and hence
semistability of /\i Qr. We have proved the following result.

Proposition 3.5.7. Let C be a generic curve of genus g < 12 and E € SU(2, K)
stable and generically globally generated with h°(C, E) > 5. Then N’ Qg is semistable.

The corollary to the following lemma computes the slopes of the /\i Qg which we

need if we are to use Lemmas 3.5.3 and 3.5.4.

Lemma 3.5.8. Let V be a rank n vector bundle over a curve C, then:
i n—1
deg(/\ V)= (z B 1)deg(V).

Proof. By the splitting principle, Chern classes calculated for a split bundle are the

n
5=1

same as those of a nonsplit bundle. Suppose that V = @7 _, L,, where ¢1(L,) = a,.
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Then the Chern polynomial of V is:
a(V) =[] + ast).
s=1

Assuming that V is the direct sum of line bundles L, means that we can expand
the exterior powers of V:

i n

/\V= ANDL)= P (L.®---8Ly). (3.69)

s=1 8y <o {8

For vector bundles W; and W,, c;(W; @ W) = ¢(W;).c;(W2) (Witney Product
formula) and ¢;(W; @ W) = rank(W3)c, (W) +rank(W;)c:(W2). We can now deduce
from equation (3.69) that the Chern polynomial of A'V is:

a(AV)= JI (+(es +-+an)).

81 <--<8§

To calculate ¢;(/\’ V) we would like to determine how many times (c; + - - - + )t
occurs in the above sum, as a; +- - -+ a,, = deg(V). However, ¢; (A’ V) is symmetric
in the @, so it will be sufficient to count the appearances of a;. For each a; a further
i — 1 of the o, must be chosen from {aj3,...,0,_1} to complete every summand

containing c;. Hence the first Chern class is: ¢;(A'V) = (7)) deg(V). O

To ease the notation let h° = h%(C, E).
Corollary 3.5.9. Let d = deg(D) where K(—D) = det(®U*); then

1

W\ Qs) = (20 - 2- d).

Proof. By the definition of Qg there is an exact sequence on C:
0— &5U - H(C,E)*®@ O - Qg — 0.
This gives information about determinants:

O = det(H'(C, E)* ® 0) = det(®4U) ® det(Qg) = K~(D) ® det(Qx).
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Therefore det(Qg) = K(—D), which has degree 2g — 2 — d. By Lemma 3.5.8 we
have deg(A'Qr) = (%%)deg(@z) = (X °)(29 — 2 — d). From this we determine

the slope: |
rank(A\’ Q) (h )
(r° - 3)! (R — 2 — i)
=Gz < oz (929
_.29-2-d
R

ad

With the results describing the kernel bundle in place we are now in a position to

complete the proof of Proposition 3.2.4.

Consider the case k = 1, where h°(C, E) = 5,6. From equation (3.58) we have that
h°(C, By) < B°(C,K™(D)) + h°(C, @5V ® Q).

We would like to prove that h°(C, B;) = 0 by showing that the upper bound is zero.

From Lemma 3.5.5 we know that ®3U* is stable and from Proposition 3.5.6 that Qg
is semistable. If u(®%U*) > p(QE) then the hypotheses of Lemma 3.5.3 are satisfied
and h%(C,®%U ® Qg) = 0. By Corollary 3.5.9 the slopes of Qg for h°(C,E) = 5,6
are given by:
4(Qs) = 129-2-d)ifB°(C,E)=5
229 -2~ 4d) if R°(C,E) =6.

However, p(®3U*) = 3(29 — 2 - d).

We now show that A°(C,K~1(D)) = 0. If R%(K~!(D)) > 0 then we would have
deg(K(-D)) < 0. The bundle $3,U* is stable so for any subbundle L:

deg(L) < W(®5U") = 3deg(K (D)) < 0.

Therefore h°(C,®%5U*) = dim(H°(C,0 ® ®3,U*)) = dim(Hom (O, ®45U*)) = 0, a_
contradiction. Hence h°(C, By) = 0, concluding the proof for k = 1.
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For k = 2 our bound 3.49 tells us that h%(C, E) = 6. The situation is more subtle
then for lower k. We are looking at the bound:

2
h'(C,Bs) < h°(C,K™1(D) ® Q5) + h°(C, 23U ® /\ Q).

It is clear from Lemma 3.5.3 that A°(C,K'(D) ® Q) = 0 because
p(K(-D)) = 2g-2-d > (29 - 2 — d) = p(Qg), and both K(-D) and Qg
are semistable. On the other hand, although both ®%U* and A? Qg are semistable
we have u(®%U*) = (29 — 2 — d) = u(A’ Qg), so we cannot use Lemma 3.5.3 to
show that H*(C,®%U ® A2 Qg) = 0. However, the hypotheses of Lemma 3.5.4 are
satisfied telling us that f € Hom(®%U*, A’ Qp) = H°(C, ®5U ® A’ Qx) is injective.

This fact is central to the proof of the following lemma.

Lemma 3.5.10. Let C be a generic curve of genus g < 11 and F € SU(2, K) a sta-
ble generically globally generated vector bundle over C with h°(C,E) = 6. A decom-
posable vector of \* H*(C, E)* is not in the image of H*(C,Bs) C \> H'(C, E)*.

Recall that the decomposable 3-vector 7 € A\® H?(C, E)* represents the 3-plane V;
where P(V) is the singular locus of our quadric g. We showed that the condition
®g(C) C Vg forced  to lie in the image of H%(C, Bs) in A® H*(C, E)*. Therefore
this lemma finishes the proof of Proposition 3.2.4.

Proof. Let j be the injection j : By < A\® H*(C, E)*® O and j' the induced map
on sections §' : H*(C,B;) < A’H°(C,E)*. By Lemma 3.5.2 we have an exact

sequence:

2
05K (D)®Qe BB BesU® \Qs— 0. (3.70)
The cohomology sequence associated with (3.70) is:
2
0 — H(K™(D) ® Qg) —+ H"(C,Bs) 3 H'(C,®5U ® \ Qr) = ...

However H°(C,K~(D) ® Qg) =050 ¥3: H°(C, B;) = H*(C,®%U ® A\’ Qx).
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Suppose for a contradiction that j'(s) = py Aps Aps € A HO(C, E)* for some
s € H°(C, Bs). Also define o := ¥3(s). We know by Lemma 3.5.4 that:

2 2
H(C,o5U ® \ Qr) 2 {f : 85U* —» /\ Qg | f injective},

where the isomorphism is defined on the fibres by the vector space isomorphism:

(d)’;;U ® /\QE) =~ Hom ((@;U*),, (A QE),) .

If the map f € Hom(®%U*, A’ Q) is injective then the restriction to the fibre f,

has rank 2.

We have 0 € H°(C, <I>}*,;U®/\2 QE), s0 0 = f where f: dLU* — /\2 Qg is injective.
To obtain a contradiction we pick a point z € C and study s(z) and o(z), to show

that f. has nonzero kernel.

At = € C we identify (Bs), with a subspace of (/\3 H(C, E)*)_. Since we have that
7'(s) = p1 Apa Aps then s(z) = py Ap; Aps. However, s(z) € (Bs). so A®v(s(z)) = 0,

we therefore have:
3

/\’Y(Pl Ap2Aps) =0 & v(p1) Av(pz) Ay(ps) =0

< {7(p1),7(p2),7v(ps)} is linearly dependent

3
& Y Ay(pi) =0 for (A, Az, As) € C° — {0}

i=1

3
-~ Z/\ipi € ((I)EU)I for (Alv’\27 ’\3) € Ca - {0}

i=1

Let e* € (®%U), such that e* = 32 \;p;. Without loss of generality assume that
A1 # 0, then:

. 3 3
APy Aps= (D Ap) APaAps =Y Api Apy Aps = Mpy Apy Aps.

i=1 i=1
Thus by picking appropriate rescaled vectors (P, = p; and P = ;\1-;p3) we can say

that py Apo Aps =e* AP A Ps.
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We now have a good description of s(z), from which we will be able to deduce
information about o(z) := W¥3(s)(z). To do this we need to describe the map

B; - ®5U @ A\? Qg fibrewise. By Lemma 3.5.2 we have:

2
LU (N2 HY(C,E) @ 0) 22 s3Ue A*Qr

ni| |

By —— B/ \N'®3U®Qp
where I is the isomorphism induced by the diagram. For vectors ¢* € (®%U), and

ve,v3 € H*(C, E) we have:
I : €®[va]A[vs] (1ep”p™ e ®(v2Av3+B2) 2 e AvyAvy - EARAV+A LU RQE.
Therefore

B3:5(z) =e*APaAPs 5 e* AP, AP; 17 e Q[P A[B] =0o(z). (3.71)

Let us now return to f € Hom(®%U*, A’ Qg), the injective map associated to
o € H°(C,®%U ® A’ Qg). Then at the point = we have o(z) = e* @ [Py) A [Ps]
f: € Hom ((®3U*)., % QE):)- The isomorphism is given by:

fz(v) = e*(v)[P2] A [Ps] for all v € (E),.

Consequently im(f;) = ([P)] A[Ps]) € (A’Qg)., so in particular f, has rank 1

which contradicts f being an injection. O



Chapter 4

Stability of a kernel bundie

In this chapter we prove the following proposition subject to an assumption (As-

sumption 4.2.1).

Proposition 3.5.8 Let C' be a generic curve of genus g < 11. Take E € SU(2, K)
a stable generically globally generated bundle with h°(C,E) > 5. Then Qg is

semaistable.

To prove this result in section 4.1 we adapt the work of Butler [5] where he describes

the stability of the kernel bundle Mg of a surjective evaluation map:
0— Mg — HC,E)® O 3 E—0.

Our interest is in Qg which at first sight is the dual of Mg. However, the relationship
is more subtle than this as E is only assumed to be generically globally generated.
In section 4.2 we build on these general results to complete the proof of Proposition

3.5.6.

4.1 Preliminaries

To start we define the bundle Qg. Suppose that F is a generically globally generated

vector bundle of rank r, so the evaluation map H°(C, E)®O — E is surjective for all

77
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but a finite number of points of the curve. Define D to be those points of the curve
for which this map drops rank. From the evaluation map we induce a morphism
¢ : C = Gr(r,H°(C, E)*). On the Grassmannian we have the tautological se-
quence 0 - U = H(C,E)*@ O - Q - 0 w‘;\}hich we then pull back to C with ¢5.
This gives the sequence 0 — ®%U — H*(C,E)*® O = Qg — 0, implicitly defining
the bundle Q.

Now dualise this sequence to define Mg:
0 Mg — HC,E)@ 0 5 &%U* > 0. (4.1)

By the assumption that E is generically globally generated we know that g is the

evaluation map on C — D.

In Butler’s treatment of Mg he assumes that E is globally generated or in other
words that 3 is the evaluation map. In the following lemma we modify Butler’s
Lemma 1.9; to deal with Mg as defined in equation (4.1). Note here that Qg is

semistable if and only if Mg is semistable.

Lemma 4.1.1. Suppose E is a vector bundle over a curve C which is generically
globally generated. Let N be a stable subbundle of Mg with mazimal slope. There
exists a vector bundle F with p(F) < p*(®%U*); and a vector space V C H°(C, F)
such that:

0>N->VO—F 0.

Proof. The vector subspace V is constructed first and then the vector bundle F.
Clearly N — Mg since N is a subbundle of Mg. By our definition
Mg < H°(C,E) ® O; taking the composition we obtain the injective map
N - Mg — H°C,E) ® O. We dualise to get H*(C,E)*® O — M} — N*,
which induces a map on sections j : H°(C, E)* — H°(C, N*). Let V* be defined to
be im(j). |

We now turn to the bundle F'. The map V* @ O — N* is defined by restriction of
H'(C, E)*® O — N* and is therefore surjective. The vector bundle F* is defined

I
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to be the kernel of the map j, and so fits into the exact sequence:
0>F*5V*®@0 = N*—0. (4.2)

By considering the short exact sequences (41) and the dual of (4.2), and noting
that 7* : V. < H°(C, E) (because j : H(C, E)* — V') we form the following useful

commutative diagram:

0 0
0— N — VR0 —5 F —0 (4.3)

| gl [
0 — Mg — HY(C,E)® 0 -2 &4U* — 0
where « is the induced map. Note that § and 8 are both defined to be the evaluation

map away from D.

We now show that a # 0 ; for a contradiction assume the converse. Pick a point

v € V; then:
0=a(é({v} ® 0)) = B(r({r} ® 0)).
However v({v} ® O) = {5} ® O for some s € H°(C, E). Thus

B({s}®0O)=0= s(p)=0forpe C - D.

Consequently s = 0; and so v = 0 because + is injective. This means that V = 0; a

contradiction because N - V ® O.

Now that F and V have been defined we show their properties enumerated in Lemma,
4.1.1. We start by proving that V' C H°(C, F). Consider the bottom line of diagram

(4.3) and take the long exact sequence in cohomology:
0 — H*(C, Mg) - H'(C,E) 3 H'(C,43U") - ..... (4.4)

Suppose that B(s) = 0, then 0 = B(s)(z) = B(s(z)) for all z € C. Away from D the
map B coincides with the evaluation map, so 0 = B(s(z)) = s(z) for all z € C — D.

Therefore s must be zero for all points of the curve so we conclude that ker(B) = 0.
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By sequence (4.4) the kernel of B is just HY(C, Mg); however N is a subbundle of

Mg which means that H°(C,N) — H°(C,Mg) = 0, therefore H*(C,N) = 0. Now

consider the top line of diagram (4.3) and take the cohomology sequence to get:
0— H(N)—>V — HY(F)— ...

However H°(C,N) =0 so V < H%(C, F) as required.

The conditions on the slopes of F' and F are now discussed. Our first observation

is that

vV 4 H(C,a(F)), (4.5)
where A is given by A(v)(z) = (@ 0 §)(v(z)) for v and z points in V and C respec-
tively. To see the injectivity of A consider v € V such that A(v) = 0. Let F be the
sheaf defined by v in the following way:

RO F.
Now restrict attention to a point z € C and use diagram (4.3):
(B o7)(v)(2) = (a0 6)(v)()
= A(v)(z)
= 0.

This holds true for all z € C, therefore v({v) ® O) lies in the image of Mg in
H°(C,E) ® O. However, 0 = H(C,Mg) D H°(C,(v) ® O) 2 C - a contradiction.

To obtain the conditions on the slopes of F' and F the following diagram is con-

structed:
0

!

00— N —o» Veo — F — 0

l A l | (4.6)

0 — Myr) —— H’C,a(F))®@ 0O — a(F) — 0

!

0

I
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We now show that the induced map N — My (r) is injective. The bundle N is
mapped to zero in F, so the image of N in V' @ O will also be zero in a(F) by
commutativity of the right hand square. This means that A(N) must lie in M) C
H’(C,a(F)) ® O), but A is an injection so we must have N < Myr).

We have N C My(r) C Mg; and N has maximal slope in Mg so u(N) > p(Mur)).
The horizontal lines of (4.6) give that:

_ —deg(F)

—deg(a(F))
HN) = rank(V)

and p(Ma(r)) = rank(Mar))

These expressions combined with the inequality between the slopes of N and My r)

gives:
—deg(a(F)) _ _ —deg(F)
k(M) = w(Mo(ry) < p(N) = rank(N)
= deg(F)&:}fkﬂ(laT(;)) < deg(a(F))

= deg(F) < deg(a(F)).
(4.7)

Moreover, it can be seen that deg(F') = deg(a(F)) if and only if N = M, (r). Clearly
rank(F') > rank(a(F)) so by the above condition on degrees:

w(F) < pla(F)) < pt(PEU7).

a

In Proposition 1.4 Butler goes on to compute an upper bound for the slope of
subbundles of Mg. With Butler’s Lemma 1.9 reworked for generically globally
generated bundles the proof of Lemma 1.4 holds for the following result.

Proposition 4.1.2. Let E be a vector bundle over C generically globally generated
by global sectioﬁs, and if sups{p(S) | S proper subbundle of D5U*} < 2g then

supr{p(T) | T proper subbundle of Mg} < —2.
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4.2 'The Stability of Mg

In this section we use the general results from section 4.1 and one additional assump-
tion to show that Mg is semistable. We achieve this by first noting in Corollary 4.2.3
that for curves with W2_, = @ both F and N must be line bundles. By Brill-Noether
considerations F' and N are line bundles for generic curves of genus ¢ < 12. It is
then shown in Proposition 4.2.4 that if we have N a line bundle, H°(C, F*) = 0 and
certain constraints on the linear series on C then Mg is semistable. Noting that Qg

is semistable if and only if Mg is semistable it is then shown that Proposition 3.5.6

is a corollary of Proposition 4.2.4.

We now consider the map a : F' — ®%U* defined in the commutative diagram
(4.3). The map a is non-zero, so a(F') is a subsheaf of ®5,U*. To continue our proof

we make the following assumption.

Assumption 4.2.1. The subsheaf a(F) is a line subbundle of d3U*.

If Mg = N then we have Mg stable and our proof is complete, so from now on we

assume that N is a proper subbundle of Mg.

Knowing that rank(a(F)) = 1 means that Brill-Noether analysis may be used to
find a relationship between the genus of the curve and the ranks of the bundles F
and N. First denote the ranks of F and N by f and n respectively. We note that
n > 1, as the bundle Mg will certainly contain a stable subbundle of maximal rank.
The bundle F' must have rank at least one also, as otherwise N =2 V ® O - the trivial

bundle, with slope zero - and Proposition 4.1.2 states that u(N) < —2. We have;
rank(F’), rank(NV) > 1. (4.8)

Lemma 4.2.2. Let E € SU(2, K) be a stable generically globally generated bundle
with h°(C, E) 2' 5. If rank(F) = f and rank(N) = n then C must have a g where
r>n+f—1andd < g—2. In particular if C is a generic curve with then
rank(F) = f and rank(N) =n then g > (f +n)(f +n +1).
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Proof. To obtain this bound the dimension of V is expressed in terms of f and n.
Since0 = N -5 V®O — F — 0 then dim(V) = n + f. In equation (4.5) it was
shown that V — H®(C,a(F)). Hence r(a(F)) > dim(V) -1 = f+n—1. However,
a(F) C ®5U*, where ®U* is stable by Letﬁma. 3.5.5. Moreover, pu(®3U*) < u(F),
with equality when F is globally generated. Hence deg(a(F)) < g — 2. Therefore
a(F) € W}, wherer > f+n—1andd < g—2. For a generic curve the Brill-Noether

number of a(F') is at least zero; this gives:
0< p(eF)) S p(f+n-1,9-2)=g—(f+n)(f+n+1) =g 2> (f+n)(f+n+1).

O

From this we can deduce the Corollary that will be used in showing M, is semistable.

Corollary 4.2.3. Let E € SU(2, K) be a stable generically globally generated bundle
with h°(C, E) > 5. If the curve C has no g2_, then n = f = 1. Furthermore, any

generic curve of genus g < 12 hasn=f =1.

Proof. We know (by (4.8)) that n, f > 1. If one f or n is greater than 1 then by
Lemma 4.2.2 we must have a gj where 7 > 2 and d < g — 2 - contradicting our
hypotheses. If the curve is generic then again by Lemma 4.2.2, if one of f and n is

greater than 1 then the genus of the curve must be at least (f+n)(f+n+1) > 12. O

We are now in a position to prove our principal result of the section.

Proposition 4.2.4. Let E € SU(2, K) be stable generically globally generated bun-
dle with h*(C,E) > 5. Let N be the mazimal stable subbundle of Mg and F' defined
by

0>N--IVRO3F0,

where V. C H°(C, F). Assume that N is a line bundle and H*(C, F*) = 0, then Mg

is semistable if G, = 0.
3
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Proof. Let v denote the dimension of V. It is the case that v > 2, sincev=n+ f

and as was seen in (4.8) n, f > 1.

We are assuming that N is line bundle, so that we can use Brill-Noether arguments.
However it is necessary to have a positive line bundle so we look at N* because

Theorem 4.1.2 tells us that:
deg(N*) = ~deg(N) = —pu(N) > 2.

We would now like to find a decent lower bound on 7(N*); to do this look at the

sequence:

0 F">V*@0 > N*">0,

and take the associated cohomology sequence:
0—- HC,F*) > V* 5 H'(C,N*) > ...

By the hypothesis that H*(C, F*) = 0 we have V* — H°(C, N*) and thus h°(C, N*) >
v 2> 2. |

If we assume for a contradiction that Mg is not semistable then we must have
p(N) > p(MEg) or equivalently:

deg(N*) = p(N*) < p(M) < ﬁ%)lg
To obtain a bound on deg(N*) in terms of g we look at the highest value that u(MF)
can take when h°(C, E) is varied. This value is p(M}) = [2(g — 1)] which is attained
when h%(C, E) = 5. Consequently the bound will depend on g(mod3). By taking

the largest value - when g = 0(mod3) - we have:

deg(V*) < 24 = 3 (4.9)

O

Proof of Proposition 3.5.6 It will be sufficient to show that the hypotheses of Propo-

sition 4.2.4 are met. With Assumption 4.2.1 and the curve being generic of genus
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g < 11 the Corollary 4.2.3 holds; consequently N and F' are line bundles. Consider

the exact sequence

0 FF V@O0 N*"50,

we know that deg(F*) = —deg(N*) < —2. Hence F* is a line bundle of negative
degree so we must have H°(C, F*) = 0. Now consider a linear series in G,_;, we

3
have:

1,2 =g @)e- 224 =2-a (4.10)

The curve is generic of genus g < 11; so we must have G}, ; = 0.
3




Chapter 5

Brill-Noether locus of genus 9

Curves

In Mukai [19] it was stated without proof that the Brill-Noether locus W of a generic
curve of genus 9 is a singular quartic 3-fold. It is the aim of this chapter to study
some properties of this example. We will be assuming that Wr is an irreducible

variety.

It is first shown that points of W are generically extensions of line bundles O(D) for
D € S*C. A map ¢ : S*C --» WP is then defined by D +» ¢p(Q%). The space S*C
is given a determinantal description which enables us to naturally define a filtration

SiC =Xy D%y D---D0, where
%, = {D € 5C | dim(Q%) = 1}

In section 5.2 we look at the condition X, = 0. Aésuming that £, = 0 we use the
determinantal structure on S*C to take the canonical blowup of £; and obtain a

map & : S1C --» WP.

In section 5.3 the class of ¥, is calculated under the assumption that it has the

“expected” dimension derived from our determinantal description.

The points of S4C for which 5 is undefined are characterised. An expression is then

86
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given that determines the degree of W in terms of the class of the general fibre and

the pull-back of the hyperplane bundle.

5.1 Maps to W3

To describe this Brill-Noether locus we consider the extensions of divisors D that are
mapped to W® C SU(2, K) by the moduli map ep. Supposing that E € PExt!(K —
D, D) for a divisor D, we have equation (2.5):

h(C,E) =g+ 1 - Chfi(D) — n for E € Q% — Q%

However Cliff(D) > Cliff(C) = [2}] = 4 for a generic curve of genus 9 (see (2.2)).
It is required that h°(C,E) = 6 so the above equation gives us that n = 0 and
Cliff( D) = 4. The extensions that we are interested in will therefore be E € Q% C
PExt!(K — D, D) where O(D) € Wy, W} or WZ.

We would like to show that bundles in W5 are generically extensions of D € S*C.

First we consider the extensions of D for O(D) € W2. All such extensions are
S-equivalent to the semistable bundle O(D) & K(-D) € SU(2, K). Moreover, we
have that p(2,8) = 0, so W? is a finite number of points. In fact Castelnuovo’s
Theorem 1.1.9 tells us there are precisely 42 such bundles, which in occur in Serre
dual pairs. Therefore there are only 21 points in W5 that represent extensions of
these divisors. Moreover, by condition 1.11 we know that W? is smooth, so the 21

semistable bundles constitute the singular locus of Mukai’s description.

Now consider extensions of D for O(D) € W¢. We prove that the map:
P : We --» WP where 9 : O(D) — ep(92%) (5.1)

has image which is at most 2 dimensional. Recall from chapter 2 that for D € S¢C
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with 7(D) = 1 we have the following commutative diagram:

C 2L pH\(c,D) =P

[2K -ZDIl . lVer
P! = PExt!(K — D,D) — PSym?*H!(C, D) = P*.
Clearly dim(ker(dp)) > 2, with equality if and only if §p surjective. If dim(ker(dp)) =
2 then Q% = P! and ep(Q}) is at most one dimensional. We know that dim(W{) =1

so if §p were surjective for all D € S®C with r(D) = 1 then dim(y(W})) < 2.

The map &p is surjective if and only if Ajx_p|(C) does not lie in a quadric in P?.
This condition is shown in Lemma 5.1.2, the proof of which requires the following

result on the singularities of A\jx_p)(C).

Lemma 5.1.1. Let C be a generic curve of genus 9 and A : C 'K———I))I P3 , where D €
S8C with (D) = 1. Then A(C) is either smooth or has singularities of multiplicity
2.

Proof. Note to start that A is birational By Lemma 2.2.10. The curve A(C) may be
regarded as the projection of C embedded in canonical space away from the divisor
D. From now on C and its image in canonical space will be identified. If A(C) has
a singularity of multiplicity d then there exists a divisor D’ of degree d lying on C
that is mapped to a point on projection from the divisor D. Thus the intersection
of D and I’ must be a hyperplane in D'. By the geometric Riemann-Roch formula
the span of D is 4 dimensional; this gives an upper bound of 5 on the dimension of
D', which is attained when D C D'. The relationship between the spans of D and

D' leads us to consider D + D'. The geometric Riemann-Roch formula gives:
5=dim(D+D')=(6+d-1)-r(D+D')=>r(D+ D) =d.

The curve C is generic so the Brill-Noether numbers of all divisors on C' must be

non-negative:
0<p(D+D)<p(d,d+6)=9—-(d+1)(9-(d+6)+d) =6 —3d.

We conclude that d < 2, so the curve A(C) may only have double points. O
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The next lemma proves that the image of ¥ is at most 2 dimensional.

Lemma 5.1.2. Suppose C is a curve of genus 9 let X : C — P? be given by the
linear series |K — D| where D € S®C with r(D) = 1. The image A\(C) cannot lie in

a quadric.

Proof. In the proof we follow Lemma 2.2.6. We know by Lemma 2.2.10 that A is

birational so in the following we will abuse notation by taking C' = A(C).

Clearly the curve C cannot be mapped to a rank 1 or 2 quadric as this violates the

nondegeneracy of A.

A quadric of rank 3 is the quadric cone, which we will refer to as X. Consider the
projection m down X onto the base conic. The degree of C is 10 so for the projection
to occur C must pass through the vertex of X an even number of times (and may
not meet the vertex at all). Assuming that C meets the vertex of the cone 2r times

(0 < r < 5) then the projection will map the curve d : 1 onto the base conic where
1
d=§(10—27‘)=5—'rf0r0§7'$5. (5.2)

The linear series on C associated to 7|c will be a g}. However, the curve C is generic

so the Brill-Noether number of this g} must be non-negative:
0<p(l,d)=9—(1+1)(9—d+1)=>d>6.

This contradicts (5.2) so C cannot lie on a rank 3 quadric.

The final case is when the curve maps to a smooth quadric which is isomorphic to
P! x P!. Suppose that the image of the curve is C = [, Ey + l,B. We know that
deg(C) = 10 = I + Iy, therefore one of the I; is less than 6. Projecting from the
larger [; gives a g}, where d < 6; but a generic curve of genus 9 cannot have a linear

series of this kind. This concludes the proof that C' cannot lie on a quadric. d

We know that dim(W?) = 3 and we have shown that at most a 2 dimensional subset

of W¥ comes from extensions of D, for O(D) € W} or O(D) € W2. It must be
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the case that a generic point of W5 is the extension of D € S*C. Consequently we

define the rational map
¢ : S*C --» W5 where ¢ : D — €pQ),. (5.3)

From our discussion above the image of ¢ is 3 dimensional. Our aim is to perform
a series of blow-ups on S*C in order to construct a morphism ® : BI(S*C) — W5,
To do this we need a better understanding of ¢ which requires us to describe the

extension spaces Y, for all D € S*C.

For a divisor D € S*C we construct the commutative diagram (2.4):
c 2L pH\(C,D) = P*
|2K—2D|1 lVer (5.4)
P! = PExt!(K — D,D) —2+ PSymH'(C, D) = PH.

Now % = P* where k = dim(ker(dp))) — 1. Here we introduce some notation:
% = {D € $*C | dim(ker(dp)) > k + 1}. (5.5)

We therefore have a filtration S*C = Xy D E;--- D ,, = 0 for some n. We now
give a determinantal description of these ¥;. Let m;, mo be the projections from

C x S4C to the first and second factors respectively; and A is the universal divisor

on C x S*C. We have that PExt' (K — D, D) = H'(C,2D — K). Consider the map:
6 : R'(m2),O(2A) @ mfK~! — Sym®R}(m,),0(4), (5.6)
where § is defined fibrewise by setting §|p = dp : H'(C,2D - K) — Sym*H'(C, D).

Following the notation of [1] let S*C}(d) be the I-th determinantal variety associated
to 4. Noting from the diagram above that 16 = rank(dp) + dim(ker(dp)) we have:

Tk = {D € $*C | dim(ker((dp)) > k + 1}

= {D € $*C | rank(ép) < 15 — k}
= S*C15-1(9)-
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By considering the commutative diagram (5.4) we can give a geometric description
of rank(dp). We know that rank(dp) = rank(d%), where &% : Sym’H°(C, K - D) —»
H°(C,2K — 2D) is the restriction of quadrics in PH’(C, K — D)* to the curve.
Noting that dim(Sym?>H®(C, K — D) = 15, v;e have rank(é*) = 15 — k if and only if
¢ P H%(C,K — D)* maps C into k quadrics. Then we have:

Tr = S*Cy5_1(8) = {D € S*C | A(C) lies in k independent quadrics} (5.7)

Now look at the subvarieties X3 and X;. Our determinantal description of X, tells

us that:
codim(Z;) = codim(S*Ci5_1(6)) < (16 — (15— k)) (15— (15— k)) = k(k+1). (5.8)

In particular the “expected” dimension of ¥, being —2 suggests that £, = @ ; in
section 5.2 we look at this condition although we are not able to prove it. We assume

from now on that X3 = @. Our filtration simplifies to

S4C=2032130.

The first step in obtaining a morphism from ¢ : S*C --+ W5 will be to blow up I;.
We do this by following [1] page 83. To ease the notation let

£ = R'(m3),0(2A) @ nt K™,
F := RY(m3).O(A).
(5.9)
We take the Grassmannian bundle Gr(1,€£) — S*C. Define U and @ to be the

tautological bundle and quotient bundle on Gr(1,£) respectively, then we have

0—=>U— n*€ — Q — 0. Now define the following map:
§:U e Y pr.

The blow-up S4C is defined to be the subvariety of Gr(1,£) on which & vanishes.
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Then

S4C = {(D,W) | D € S*C, W line in ker(p)}
= {(D,Ep) | D € S$*C,Ep € 0%},

where Ep denotes an extension of O(D). We now define a map from the blow-up

to the Brill-Noether locus:
¢ : S*C --» W5 where ¢ : (D, Ep) ~ ep(Ep), (5.10)

where @ is undefined at (D, Ep) for Ep an unstable extension.

~ To compute in the cohomology ring of S%C we need to know the class of the de-
terminantal subvariety ¥;. From equation (5.8) the expected dimension of ¥; is 2.

Under this assumption the class of ¥; is calculated in section 5.3.

We now identify those points of S4C where :?; is undefined; to do this however we

need the following preliminary result.

Lemma 5.1.3. Let C be a generic curve of genus 9, and D € S*C. The curve C
18 birational to its image under the map A : C gy 7 Y(C,D) =P,

Proof. Suppose that A maps C' n : 1 onto a curve Cy in P* of degree d. Firstly we
note that d must be at least 4; moreover if d = 4 then Cj is a rational normal curve
and consequently C would have a g}. Hence d > 5 as a generic curve of genus 9
may not have a tetragonal pencil. The only remaining possibilities are for Cy to be

a curve of degree 6 or 12.

Suppose for a contradiction that Cy has degree 6. Take a point p on Cj and project
from it to get the map m, : P* = P°. Now consider (m,0}) : C Boc P3; this map
is given by the linear series |K — D —g—r| where A(¢) = A(r) = p. Moreover, because
projection from D maps both ¢ and 7 to p we must have that O(D + ¢+ 1) € W{.
Then we have constructed a map C — PH(C, D+g+r), where O(D+q+r) € W

However, lemma 2.2.10 tells us that such a map is birational which contradicts the
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construction that (m, o A) maps the curve 2 : 1 onto C; C P2. Therefore A must be

birational. ad

Lemma 5.1.4. Let C be a generic curve of genus 9, D € S*C, E € Q%, and denote
the maps by A : C 'K——I))' Ptandl:C 121-(-_—2)DI P, Then:

E is unstable & There exists p,q € C such that E € l(p) + I(q)
(5.11)

In general:

Q% N (I(p) +I(q)) # 8 & A(C) has a double point at A(p) = A(q) (5.12)
& OD+p+4q) e W;. (5.13)

Proof. The result of Lange-Narasimhan Lemma 2.1.2 shows that a maximal subbun-
dle of E is of the form K (—D—D') where E € D'. If we let d be the degree of D' then
the degree of the maximal subbundle is deg(K(-D—-D')) =2g—-2—-4—-d =12—d.
Clearly the extension E will be unstable if and only if d < 3. Now consider the

number of sections of K(—D — D'). The Riemann-Roch formula gives:
R(C,D+ D)~k (C,D+D)=(4+d)—9+1=d -4 (5.14)

We know that 0 - K(—D — D') - E = O(D + D') — 0, by considering the long
exact sequence in cohomology (and noting by Serre duality that A'(C,D + D') =
h%(C,K(—D - D'))) we have the upper bound:

h(C,D + D') + h(C,D + D') > h*(E) = 6. (5.15)

Adding (5.14) and (5.15) we have 2h°(C, D + D') > 2 +d. The condition h°(C, D +
D’) > [#9] is obtained. In the case d = 1 or d = 3 we have O(D + D) lies in
W2 or W2 respectively, both of which contradict the genericity of the curve since
p(1,5),p(2,7) < 0. The only possible case is d = 2, therefore E is unstable if and
only if E € D' where deg(D') = 2. We have shown that statement (5.11) holds.
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Now look at the second statement. Suppose that A(C) has a singularity of multi-
plicity 2. Note by Lemma 5.1.3 that A is birational, so there are 2 points p, ¢ such
that A(p) = A(g). The Veronese image of the curve will have a singularity of the
same multiplicity. However, the map [ : C’—) PExt'(K — D, D) is an embedding
because the divisor 2K — 2D has degree 24. The commutative diagram (5.4) tells us
that the singularity on Ver(A(C)) must be picked up by projecting {(C) away from
Q9. that is to say 0% meets I(p) + I(g). Conversely if 23 lies on a 2-secant then the
resulting singularity on projection must arise from a singularity of multiplicity 2 on
A(C). Therefore 2% meets I(p) + I(g) if and only if A(p) = A(q), proving statement
(5.12).

Finally consider (5.13). View C as embedded in canonical space P, we can then
use the geometric Riemann-Roch formula. Let O(D + p + q) € W}. When adding
the two points p and ¢ to the divisor D we know that neither of them may lie in
the span of D as otherwise a gi is generated which contradicts the genericity of C.
However there is a relationship between the 6 points so it must be the case that
the line p + ¢ meets the span of D in a single point away from p or ¢. When we
project from the divisor D we get the map A : C el g IP*, so we get a double point
A(p) = A(g). Working through the argument backwards shows that if A(p) = A(q)
then O(D+p+4q) € Wy. O

From the above lemma we conclude that ¢ is undefined at (D, Ep) if there exist
p and ¢ in C such that O(D+p+q) € W§ and Ep € p+ ¢. Every member of a
sextic pencil | D'| € W will contain a finite number of divisors D € S*C (generically

(2) = 15), so we expect the unstable locus to be 2 dimensional.

If this subvariety of S%C could be identified it would be natural to blow it up to
form a morphism @ : Bl (.ST“\&) — WE. If we let ng denote the class of the fibre of ®
at a generic E € W? and O(1) the hyperplane bundle on |20|* then the degree of

W5 is calculated in the following 'expression:

deg(WP)ng = (2*0(1))°.
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5.2 The determinantal variety %,

In equation (5.7) it was shown that:

%y = {D € $*C | \(C) lies in 2 independent quadrics}.
Therefore to show that ¥, is empty it is enough to prove that there is no D € SC
such that A(C) lies in two independent quadrics.

Although we are not able to prove this assertion in the following section we de-
rive some constraint conditions on the curve A(C) particularly in Lemma 5.2.1 and

Lemma 5.2.2.

Suppose that A(C) lies in the intersection of quadrics @; and @,. From now on
denote X = ¢, N Q2. Consider the pencil of quadrics spanned by @, and Q,; all
elements of this pencil contain X. Moreover, they all have rank at least 3 since A(C)
does not lie in a hyperplane because A is nondegenerate. Furthermore since A(C) is

nondegenerate of degree 12 then X must be a surface.

Now consider the possibilities for X. Here we state the following result given in
Cossec-Dolgachev [6] Proposition 0.3.3. Let X be a nondegenerate surface of degree
4 in P*. Then X is one of the following surfaces:

1. a projection of a surface of degree 4 in P®;
2. a cone over an elliptic quartic in a hyperplane of P*;

3. an anticanonical Del Pezzo surface of degree 4.

In the first case the pullback of A(C) to P® is a nondegenerate curve of degree 12.

Therefore the map from C to this curve is given by a g3,; however:
p(5,12) =9 — (6)(9 — 12+ 5) < 0; (5.16)

since C'is generic the first possibility cannot arise.
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We now look at the second case, that X is a cone over an elliptic curve in a hyper-
plane of P*. The following lemma describes what a pencil containing X will look

like.

Lemma 5.2.1. Suppose X is contained in a pencil of quadrics, then this pencil is
spanned by rank 4 quadrics. The projection of X away from the vertez is a smooth
elliptic curve contained in a simple pencil of quadrics in P*. The projection of A(C)

maps the curve 3 : 1 onto the quartic curve.

Proof. Let = be the vertex of X. We first show that X cannot be contained in a
rank 5 quadric. Suppose for a contradiction that X C @ for a smooth quadric Q.
Consider the tangent plane to @ at z, which we denote by T,Q. Now T, X C T,Q
(where T, X is the tangent cone). Because X is a cone we have that X C T;.
Therefore we conclude that T,QNQ D T, X NX = X, but T,Q N Q is a quadric

cone in T,Q = P?, which is a contradiction.

Note that there must exist quadrics of rank 4 in the pencil spanned by Q; and Q,,

otherwise the pencil would contain some quadrics of rank 2, which we may not have.

Consider a rank 4 quadric @) containing X, with vertex p. We must have that p and

 coincide as otherwise T, X ¢ T,Q (see above).

We may assume @; and @, have rank 4. Projecting from z gives two smooth

quadrics of rank 4 in P? that intersect in a quartic elliptic curve, which we call Cy.

In order to show that Cy is smooth we look at its virtual genus by viewing it as
a divisor on a rank 4 quadric in P* (for example the projection of @1). A smooth
quadric is isomorphic to P! x P!; all divisors are homologous to my Ey +m,B, where
Ey and B are classes of lines in opposite rulings. The intersection of classes is
given by Fy.Ey = B.B = 0 and Ey.B = 1. The canonical divisor is homologous
to —2Ey — 2B. ‘The virtual genus of Cy ~ m;Ey + myB is given by the following
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formula (see Griffiths-Harris [11] page 471)
1
W(Co) = -Z-(CoCO + KC()) +1

=m1m2—m1—m2+1.

However, m(C)p) is at least 1, the genus of Cy and deg(Cy) = 4 = m; + mz. The
constraint of the above equation implies that we must have Cy ~ 2E, + 2B and

7(Co) = 1, the curve Cy is smooth.

The intersection of the projected quadrics @; and @, is smooth of degree 4. Hence
the projected quadrics intersect transversely and so span a simple pencil of quadrics

containing Cy in P2.

We now consider what the projection of the curve A(C) will look like. The curve is
mapped onto Cj, consequently there is some restriction of the multiplicity of A(C)
at the vertex depending on how many times A(C) is mapped onto Cy. Therefore
(AM(C).z) = 4r for 0 < r < 2, with A(C) being mapped 3 — r : 1 onto Cyp. When
the curve has the lowest intersection multiplicity with the vertex, projection gives
a degree 8 map to P®. The linear series associated to this map is a g3, which has
Brill-Noether number p(3,8) = 9 — (4)(9 — 8 + 3) = —7. Hence a generic curve may
not intersect the vertex of the cone. Therefore projection must map the curve 3 : 1

onto Cy. |

Now consider the third possibility, that A(C) C X, an anticanonical Del Pezzo
surface of degree 4. Let S be a Del Pezzo surface of degree 4, such that X is the image
of the anticanonical map p: S l_—Kil P*. Then S is the blowup of {py,...,ps} C P?,
with exceptional divisors E; and blowing down map 7 : S — P2. A Del Pezzo surface
is known as generic if none of the p; are collinear and none are infinitely close, that
is to say p; € E; for some i # j.

We can describe the anticanonical divisor on S:
5

—Ks =*(3Hp) - Y _E;, (5.17)

=1
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where Hp: is a hyperplane in P2,

Define C to be the proper transform of A(C) in S and Cy = n(C). Let d be the degree
of Cy in IP2. We can put a lower bound on d by noting that A(C) LSRN Cy is
given by a linear series g3. However, by Brill-Noether considerations a generic curve

of genus 9 may only have linear series g2 for d > 8.

We give an expression for the virtual genus 7(Cy) of Cy, noting that ¢(Cp) = ¢(C) >

9(A(C)) =9
9 < (Cy) = %(d —1)(d-2). (5.18)

Let k; := mult, (Cy). In the following Lemma a particular configuration of singu-

larities at the p; is taken to mean an unordered 5-tuple (ki, k3, ks, k4, ks).

Lemma 5.2.2. Let S = P? be a Del Pezzo surface of degree 4 with {py,...ps} the
set of blow up points in P?. Suppose that A(C) C X, the anticanonical image of
S in PY. Then the image of A(C) mapped to P? is constrained to have one of 7

configurations of singularities at the p;.

Proof. We have an expression for the proper transform C

5
5 = W*(dez) - Z k,'E;. (519)
i=1
We can now give the virtual genus of C by using equation (5.18). Following the
blowups and noting that g(C) > 9, we get

° 1

9<n(C)=m(Co) - Y Shi(k: = 1)

i=1

= Ja-1)a-2)- ;ék‘(k‘ ~1). (5.20)

There is an upper bound on k; because projection from p; gives a (d — &;) : 1 map

from Cj onto P1. For a generic curve of genus 9 the pencils have degree at least 6.
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Therefore:
k; <d-—6. (5.21)

The degree of A(C) is used to find an inequality linking d and Z?zl k;. We know
that A(C) C X and deg(A\(C)) = 12, so if H is a hyperplane in P*, then

5

12 = (A(C).H) = (C. - Ks) = (n*(dHp2) — > _ k::).(n*3Hp) — E E;)

i=1

=3d+ () _kE).D_ E). (5.22)

i=1 i=1

Note that

(

— lifi=j

(Ei.E;) = J 1 if p; and p; are infinitely close

L 0 otherwise.

Therefore equation (5.22) gives:

5
D ki=3d-12+) (ki +k;)(E:.E;) > 3d - 12, (5.23)

i=1 i<j
In fact the bound k; < d — 6 from equation (5.21) immediately gives a constraint
on the Del Pezzo surfaces that A(C) may lie in. Suppose that at least two of the p;
(say k4 and ks) are infinitely close then

5
Y ki=3d-12+ Y (ki + k) (Ei.Ej) > 3d - 12+ (ky + ks)

i=1 i<j

3
=Y ki >3d-12

=1

There exists a k; which is at least the average of all the k;; so thereis a k; > d — 4.
However, from equation (5.21) we have that k; < d — 6, a contradiction. Therefore

none of the blow-up points may be infinitely close.
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Hence (E;.E;) = 0 for i # j, so equation (5.23) becomes
5

> ki=3d-12. (5.24)

i=1 -
We now give an upper bound on d. Suppose that the Del Pezzo is generic; then the
p; are in general position and there is a conic E passing through all the p;. This
conic will be a component of Cy if (Co.E) > 2d, but (Co.E) > 30 ki = 3d — 12.
Therefore, if d > 13 then E is a component of Cy. Consequently the proper transform
of E will be a component of C which implies that A(C) is reducible. This is a

contradiction.

If the Del Pezzo is nongeneric then three (or more) of the points p; will be collinear.
Note that we cannot have infinitely close points. If all the p; lie on a line [ then C,

will be reducible if

5
d<(Col)=) ki=3d-12¢d>6.

i=1
However, we already know that d > 8. Suppose now that { meets p; (1 < i < 4) and
assume the most favourable condition that ks = d — 6. Then Z?=1 k; =2d — 6 and
Cy is reducible if

4
d<(Col)=) ki=2d-64d<6.
i=1

As before this condition is always met. If we now assume that [, meets p; (1 < i < 3)

and /, meets py and ps. Then Cy irreducible implies that
d Z (Coll) = kl + kz + k3 and d Z (C()lg) = k4 + k5 V
5
2> k=3d-12

i=1

&d<12.

Therefore, if d > 13 then Cj is reducible and consequently A(C) is reducible. Hence
8<d<12
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We now look at the values of d case by case.

Suppose d = 8, then (5.24) tells us that Z?=1 k; = 3d — 12 = 12, however the upper
bound (5.21) gives k; < 2, which is a contradiction.

When d = 9 we have 3;_, k; = 3d — 12 = 15. From the bound (5.21) that k; < 3
we must have k; = 3. Expressing the k; as an unordered 5-tuple we have k; =

(3,3,3,3,3). The virtual genus of C may be derived from equation (5.20) as

7(C)==(9-1)(9-2) - 5.%3.(3 -1) =13. (5.25)

[SCR

Consider d = 10. In this case Zf':l k; = 18, noting that k; < 4 we have either

ky = (4,4,4,4,2)
ks = (4,4,4,3,3).

We may again deduce the virtual genus of C

(&) = 110-1)10-2) - 4344 —1) - 12.2-1) =1lfork, (26)

2(10-1)(10-2) —3.34(4 - 1) - 2.33.(3-1) =12fork;

For the case d = 11 then E?=1 k; = 21 and k; < 5. An additional restriction on the
possible values of k; is the virtual genus formula (5.20), since the genus of the curve
sets a lower bound on 7(Cp). We then have

4

k-1 < t@-1)d-2)-o9. (5.27)
Z 2 2

i=1

In this case 3o, 2ki(k: — 1) < 36. We therefore have the possibilities

ks = (5,5,5,3,3)

ks = (5,5,4,4,3)

ks = (5,4,4,4,4).
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The different cases give the following

)
9 for kg

7(C) =410 for ks (5.28)
Lll for k.

Finally if d = 12 then k; < 6, however we are severely restricted by genus consider-
ations and (5.27) gives only one possibility, k7 = (5,5,5,5,4). The virtual genus of

C in this case is 9. This concludes our proof. O

Corollary 5.2.3. Let S, X and C satisfy the same properties as Lemma 5.2.2. If
S is nongeneric then the image of A\(C) mapped to P? is further constrained to have

one of 5 configurations of singularities at the p;.

Proof. If S is nongeneric then at least three of the points p; are collinear (recall
that we cannot have points being infinitely close). Consider the k; given above, if
a line passing through three (or more) of the k; has intersection with Cj greé,ter
than d then A(C) would be reducible (see proof of Lemma 5.2.2), disallowing the
configuration k;. We assume that the collinear points have the lowest k; (and there
are only three of them), in the above this equates to taking ks, k4 and ks collinear.
Then configurations ks and k7 will not be allowable. In particular, if S is nongeneric

then Cy cannot have degree 12. O

5.3 The class of };

In this section we assume that dim(X;) = 2, which is the “expected” dimension cal-
culated by our determinantal description. The proof proceeds by using the Porteous
formula to give the class of S; in terms of the Chern classes of R!(7,),0(24)®71K !
and Sym?R!(m;),O(A). These classes are given by a Grothendieck-Riemann-Roch
calculation. However, in this process we need to determine the Chern classes of

Sym’R!(m3),O(A) from R'(m3),O(A). A general result that relates the Chern
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classes of bundles and their symmetric products is used (see Lemma 5.3.2), the

proof of which is given at the end of the section.

We introduce some homology classes on S*C. Let = be the class of the divisor

g+ S3C C S*C and 6 the pull-back of the class of the theta divisor in H%(J§,Z).

Proposition 5.3.1. Assuming that dim(S;) = 2 then the class of £, is:

2222 — 1320 + gﬂz.

Proof. In our determinantal description of ¥; we saw that 3, is the 14-th deter-
minantal variety associated to 4. To calculate the class of ¥; we use the Porteous

formula [1] page 86, which is stated here:

Let ¢ : £ = F be a bundle map where £ and F are bundles over X of ranks n and
m. Then the k-th determinantal variety X(¢) has class:

Cm—k cor Cpyn-2k-1
Ak n-k(c(F — E)) = det : :

Cn—-n+1 .- Crn—k

where ¢; := ¢;(F - £)
From (5.9) recall our definitions of £ and F:

€ = R!(m,),0(24) ® m K
F = Rl(ﬂz)*O(A).

If welet ¢; = c.-(SymZ}' — &) then the class of S; is:

Co C

A1 2(ce(Sym?F — £)) = det a a2 )_2_ cs. 5.29
) 1

Moreover:
¢1(Sym2F - £) = ¢1(SF) — ¢1(€)
c2(Sym®F — €) = co(Sym?F) — ¢; (Sym® F)ey (€) + c1(€)? — ().
(5.30)
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Consequently we need to calculate the first and second Chern classes of Sym?F and

£

To find ¢;(Sym?F) and cp(Sym®F) we calculate ¢;(F) and cy(F) first. We do this
by using the Grothendieck-Riemann-Roch formula which states that if 7 : X = Y
is a proper morphism of varieties and G a coherent sheaf on X, then:

ch(mF).td(Y) = m(ch(G).td(X)). (5.31)

For a discussion of the Grothendieck-Riemann-Roch formula see [1] chapter 8. In
our case we have that X = C x SC, Y = S9C, G a vector bundle and my,m = 7
projections to the first and second factors respectively. Suppressing the pull-backs

of m; and m, the right hand side of (5.31) becomes:
(m2).(td(C).£d(S?C).ch(G)) = td(S*C)(m2).(td(C).ch(G).
The td(S¢C) factors cancel out in (5.31) and defining 7 to be the pull-back of a the
class of a point of C' to C x S?C we obtain:
ch((m2):9) = (m2)x((1 + (1 - g)n).ch(G)). (5-32)
Note that td(C) =1+ (1 — g).

In order to calculate ¢;(F) and cp(F) we set G = O(A). On page 338 of [1] it is
shown that:

class(A) =0 =dnp+v+z, (5.33)

ch(O(A)) = €’ = €* + dne® — ne” + ye®, (5.34)

where vy € H 1(-C', Z) ® H(SC,Z). Combining (5.32) and (5.34) we have:

ch((m):O(A)) = (ma)o(l + (1 — g)m.(1 + dn — 10 + 7))
(m2)a(l +dn— 90+ v+ (1 — g)n)e”

= ((d-g+1)—0)e

= (—4 - 0)é”.

l

(5.35)
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We have now determined (m2))0(A) = (m2).O(A) — RY(73),O(A). To find the Chern
character of F we need to calculate (m3),O(A).

The fibre of (m,),O(A) at D € S*C is isomorphic to H°(C, D), a one dimensional
space since C' has no tetragonal pencils. Consequently the direct image is a line

bundle, moreover by the definition of the universal divisor A we know that
O(A)'{p}xs4c & 0.

This implies that (m3),O(A) = O. Therefore ch((m;),O(A)) = 1; substituting this
value into our expression for (m3)iO(A) gives:
ch(F) = ch(R!(m2).0(A))
= ch((m2).O(A)) — ch((m)0(4))
=14 (4+6)e”.
(5.36)

We may now calculate the Chern classes from the Chern character by using Newton’s

formula (see Fulton [8] page 56):
Pn — C1Pn—1 + CoPn—2 — - + (—1)n—lcn—1pl + (-l)nncn = 07 (537)
where the p; are defined for a bundle W by:

ch(W) = rank(W) + %;-. (5.38)
n=0

To obtain ¢;(F) and c;(F) we need p; and p,; from (5.36) we have:
ch(F) = 5 + (43 + ) + %(43:2 +200) + ...
Thus:

Cl(j:) =p1=41'+0

(F):-p2 _ (42 +0)? — (42? + 220)
2 B 2

1
= 622 + 320 + -2-02.

. Cz(f)ZCI
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It is now a question of calculating ¢; (Sym®F) and c;(Sym?¥). From Lemma (5.3.2)

we have that:

c1(Sym?F) = 6¢,(F)
c2(Sym®F) = 14¢ (F)? + Tea(F). (5.39)

The Chern classes we need are:
c1(Sym®F) = 24z + 66 (5.40)
co(Sym®F) = 14(4z + 6)® + 7(62* + 326 + %02)

35 |
= 2662° + 1336 + 7492. (5.41)

Now we are required to find the first and second Chern classes of £ = R!(7,),0(2A)®
K~!. Again we use Grothendieck-Riemann-Roch; by substituting § = O(24) ®

nfK~1 into equation (5.32) we obtain:

ch((m)0(28) ® 17K ™") = (m2).((1 + (1 — g)n)-ch(O(248) ® ;K ™Y))
= (m2)«((1 + (1 - g)n)-ch(O(24)).ch(niK1)).
(5.42)

We now calculate ch(O(24)) and ch(xfK™1).

We start by looking at 7K ~!; ¢1(K™!) = 2 — 29 so ¢;(n}K™t) = n(2 — 2g). We

know that 77K ~! is a line bundle which tells us that:
ch(ntK™) = 2 K™Y = gn(2-29)
However 72 = 0, so we simplify to:
ch(miK™1) =1+ (2 - 29). (5.43)

Consider the Chern character of O(20). By (5.34) ch(O(24)) = €* where § =
dn + v + = by (5.33). We follow the calculation in [1] pages 338-339. Expanding e’
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and using the relations:
7’ =nr=9"=0 (5.44)
we obtain:

¢ — Q2ldntre)

2,.k—2 k-1

= 22"% + Ez"kd"z:_l +) 2 (’2“) e Z! + Zz”kwk! .

Using the fact that y2 = —2n0 gives:
e? = ¥ + 2dne® — 4nfe®® + 2ve?*
= (1 + 2dn — 490 + 27)e**.
(5.45)
It remains now to substitute our values for ch(mfK~!) (from (5.43)) and ch(O(24))
(from (5.45)) into (5.42):
ch((m2):0(24) ® T K™") = (m2).((1 + (1 = g)).(1 + 2dn ~ 406 + 27).(1 + (2 - 2g)n)e™)
= (m2).((1 + (3 — 3g)n).((1 + 2dn — 496 + 2v))e*
= (m2)+(1 + 2dn — 470 + 2 + 3(1 — g)n)e*
= (2d — 40 + 3(1 — g))e*
= (~16 — 46)e™.
(5.46)
By the definition of m we have:
ch((m2)0(2A) @ iy K ') = ch((m2),O(2A4) @ mfK ™) — ch(R(m2),O(2A) @ 7T K1),

However, the fibre of (2),0(2A) ® 7K' at D € S*C is H*(C,2D - K) = 0,
because 2D — K has negative degree. Therefore the higher direct image vanishes

and we have:
ch(R}(13).0(24) ® T K1) = —ch((m):0(24) ® 12K ™)
= (16 + 46)e*.
(5.47)
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To use Newton’s formula (5.37)we rewrite the Chern character in the following way:

ch(R! (1), 0(28) ® K1) = 16 + (325 + 46) + —;—(64:1:2 +1626) + ...

We now give the required Chern classes:

c1(€) =p1 =32z + 40 (5.48)
ci(E)? —p, _ (32z + 46)% — (642 + 1620)
@l)=—"7%—-= )
= 480z + 12026 + 86°. (5.49)

Having obtained the first and second Chern classes of £ and Sym®F the class of &,
can now be calculated. From equations (5.30), (5.40) and (5.48) we have:

c1(Sym?F — £) = ¢;(Sym®F) — c1(€) = (24z + 60) — (322 +40) = —8z 4+ 20. (5.50)
Furthermore (5.30), (5.41) and (5.49) give:
c2(Sym?F — £) =cz(Sym?) — ¢, (Sym? F)cy (€) + ¢1(€)? — c2(€)
=266z + 13326 + %02 — (24z + 66)(32z + 46)
+ (327 + 46)* — 480z% — 12020 — 86°

=422% - 1920 + -2?102.

The final answer is given by:
class(Z;) = & (Sym?F — &) - ¢,(Sym?F — £)
= (20 - 8z)% — (422% — 1920 + goz)
= 64z? — 3210 + 46° — (422% — 1920 + go“’)
=22z — 1320 + ;02.

(5.51)
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Lemma 5.3.2. If F is a vector bundle of rank r then:

c1(Sym*F) = (r + )¢, (F)

(st ) = £ +2)

5 c1l(F)? + (r +2)ea(F)

Proof. Suppose that F has Chern roots {a;}1<i<r, then the Chern roots of Sym?F

are {a; + @;}1<ij<r- Therefore the Chern polynomial of Sym?F is:

r

[T+ (@ + a5)t) = [J(1 + 20:t). [T (1 + (e + 5)2)

i<y i=1 i<j

This tells us that:

ei(Sym?F) = ) 20i+ Y (o + @) = 2¢,(F) + (r — 1) (F) = (r + V)es(F)

i+1 i<y
and
ca(Sym?F Z4a,aj + Z 20 (0 + o) + Z (a; + aj)(ar + o). (5.52)
i<j 1<i<r,j<k i<j k<l

To count the a;a; for i < j we use the symmetry of the expression and look at a;a;.
In the first sum aja, clearly occurs 4 times, in the second sum it occurs in the form
20y (a2 + ;) or 2a3(ay + ;) - a total of 4(r — 1) times and in the third sum we
can have (a; + o;)(az + ;) where (a; + @2)(@; + a3) cannot happen - (r — 1)> -1

overall. This gives a grand total of: 4 +4(r— 1)+ (r-1)2-1=7r>+2r =7r(r +2).

We now count the o, to do this we look at the number of times a? occurs. There
are no occurences in the first sum, in the second we may have summands of the
form 2a; (a; + ;) - which gives 2(r — 1). Finally in the third sum we need to look
at summands (a; + a;)(a1 + ¢;), since 2 < 4, < r — 1 this amounts to choosing 2

from r — 1 possibilities - (';1). We have a total of:

(r=1)(r-2) _ (r - 1)(r+2)'
2 2

2(r—1) +

Using this information about the summands we have:

c2(Sym®F) = ﬁw Za +r(r+2 Za,aJ (5.53)

1<j



We would like to write c;(Sym?F) in terms of Chern classes of F. Noting that:
(B = (3 = e + 3 2
i+1 i+l i<j

and substituting this into (5.53) gives:

c2(Sym?F) = ﬁ.;néf_ﬂ(cl(F)z _ 2Za;aj) +r(r+2) Zaiaj
(r- 1)(1‘+2) 5
=0 —ua F) + (r +2)§a i
= 200D (my k (r + 2)ca(F).
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