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Abstract

Let Ok be the ring of integers of a finite extension of Q,, and let h € Qg
be in its value group. This thesis considers the space of locally analytic
~ functions of order h on Ok with values in C,: that is, functions that are
defined on each disc of radius p~" by a convergent power series. A necessary
and sufficient condition for a sequence of polynomials, with coefficient in C,,
to be orthogonal in this space is given, generalising a result of Amice [1].
This condition is used to prove that a particular sequence of polynomials

defined in Schneider Teitelbaum [19] is not orthogonal.
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Introduction

Let p be a prime. For m € Zy, let (2) =LX(X-1)...(X—(m—1)) be the
binomial polynomial of degree m. Mahler [15] proved that every continuous

function f on Z, with values in Q, can be written uniquely in the form

+00 -
f: Zam<;>,

m=0

where (a,, is a null sequence in Q,. Moreover, we have
P s

m€Z>0

||f||oo = max {Iamlp |m € Z;o },

where | |, is the p-adic norm on Q, and || ||e is the supremum norm.
Amice [1] refined this by characterising the Mahler expansions of locally
analytic functions. We say that a function f : Z, — Q, is locally analytic if
everywhere locally it is defined by a convergent power series with coefficients
in Q,; we denote the space of all such functions by LA (Z,, Q,). For h € Zs,,
we say a locally analytic function is of order A if on each disc of radius p~"
it is defined by a convergent power series; we denote the space of all such
functions by LA, (Z,, Qp). We can equip LA}, (Z,, Q,) with anorm || ||pa,.
Amice proved that every locally analytic function f € LA (Z,,Q,) can be

written uniquely in the form

where the sequence (a,,) C Q, is such that there exists 7 € Q, 7 > 0

satisfying p™" |a,|, — 0 as m — +oco. Moreover, if f € LA (Z,,Q,) for

m€Z>0



some h € Z, she proved that

X
am< ) mEZ;O}.
m

This statement is equivalent to the fact that the set of binomial functions
{(X)|m € Z} is orthogonal in LA, (Z,,Q,).

m

[£llza, = max {

LAy

Using this work, Amice and Vélu [2] studied the continuous dual of
LA (Z,,Q,): that is, the space of locally analytic distributions on Z, with
values in Q,. To each locally analytic distribution p they associated the

power series

ae@=>u((X))m

m=0

which is known as the Amice transform of p. The map p — & (p) (T) is
injective, and its image is the space of all power series in Q,, [[T']] that converge
on the maximal ideal of C,. The Amice transform is closely connected to
the group of continuous characters on Z, with values in Q,*. For z € pZ,,

we define the character
Kyt Zy = Qp°
a 5 Zm (a>'

the map z — k, parameterises the group of continuous characters. We see
that x, is, in fact, locally analytic, and u (k,) = & (u) (2). A locally analytic
distribution is said to be a measure if it can be extended to a continuous Q,-
linear map from ¥ (Z,,Q,) into Q,, where ¥ (Z,, Q,) denotes the space of
all continuous functions from Z, into Q,. Using the orthogonality of the set
of binomial functions, Amice and Vélu characterised the Amice transforms
of measures: a locally analytic distribution on Z, with values in Q, is a
measure if and only if its Amice transform is a power series with bounded
coefficients.

The Amice transform can be used to help construct p-adic L-functions

as follows. Let K be a finite field extension of Q,, and denote its ring of

9



integers by Og. Coleman [7] associated a unique power series in O [[17)
to each system of norm compatible units in the tower of fields generated by
the division points of a Lubin Tate formal group over Og. If K = Q, then
the inverse of the Amice transform can be used to obtain a measure on Z,
from this power series. By choosing appropriate systems of norm compatible
units, it is possible to produce measures that interpolate the values of clas-
sical L-functions. This approach was introduced by Coates and Wiles [6],
and developed by various authors. As an example, consider an imaginary
quadratic field F' in which the prime p is split. De Shalit [9] explains how to
use Robert’s elliptic units to construct a measure that interpolates certain
Hecke L-series associated to F'. The assumption that p splits in F' ensures
that the completion of F' at a prime ideal above p is isomorphic to Qp; this
is needed in order to apply the Amice transform, but the other ingredients
in this construction — elliptic units and Coleman power series — work just
as well for inert primes. The p-adic L-function described here was originally
constructed by Manin and Vidik [16] and Katz [10] using different methods.

More recently, Schneider and Teitelbaum [19] extended much of Amice’s
theory to the case of a finite extension K of Q,. Denote the ring of integers of
K by Ok. Afunction f : Og — C, is said to be locally analytic if everywhere
locally it is defined by a convergent power series in C, [[X]]; we denote the
space of all such functions by LA (O, C,). Properly, these should be referred
to as locally K -analytic functions, since it is also possible to define locally
Q,-analytic functions on Ok as functions that are defined locally by power
series in [K : Q,] variables. However, the latter type of function will not be
considered in this thesis, so “locally analytic” will always mean “locally K-
analytic”. Just as in the case of K = Q,, a locally analytic function is said to
be of order & if on each disc of radius p~" it is defined by a convergent power
series; we denote the space of all such functions by LA, (Ok,C,). After
choosing any Lubin Tate formal group ! over D, Schneider and Teitelbaum

defined the sequence of polynomials (P, (X)) C C, [X] by the identity

mEZ;O
+00
Y P (X)Y™ = exp (XN (Y)),
m=0

10



where A (V) is the logarithm of the Lubin Tate formal group [, and ) is its
period: a constant in C,. [ will refer to them as the Schneider Teitelbaum
polynomials. They generalise the binomial polynomials. Schneider and Teit-
elbaum proved that every locally analytic function f € LA (Og,C,) can be

written uniquely in the form

+oo
f: E am]Dl,ma
m=0

mez., C Cp is such that there exists r € Q, 7 > 0
>0
satisfying p™" |a,|, — 0 as m — +o0. To each locally analytic distribution

where the sequence (a,,)

p on Ok with values in C, they associated the power series

(1) (T) =Y (P (X)) T™,

which [ will refer to as the Schneider Teitelbaum transform. The map p +—
2 (i) (T) is injective, and its image is the space of all power series in C,, [T
that converge on the maximal ideal pc, of C,. For each z € pc,, they defined
a locally analytic character x;, : Ox — C,”, and they proved that the
Schneider Teitelbaum transform satisfies u (k1 .) = 9 (1) (2).

Let F' be an imaginary quadratic field in which the prime p is inert.
Schneider and Teitelbaum also explained how to extend De Shalit’s construc-
tion of the p-adic L-function of F to this case, using the Schneider Teitelbaum
transform. The p-adic L-function obtained is essentially the same as the one
studied by Katz [11] and Boxall [3]. However, we know only that this p-adic
L-function is a locally analytic distribution, not that it is a measure. The
problem is that we cannot deduce that a distribution is, in fact, a measure
even if we know that its Schneider Teitelbaum transform is a power series
with bounded coefficients. It would, therefore, be of great interest to charac-
terise the Schneider Teitelbaum transforms of measures, in order to be able
to make this sort of deduction.

This thesis demonstrates a difficulty in pursuing such a program. We
will approach the theory of Schneider and Teitelbaum from the point of view
taken in Amice [1]. The characterisation of the Amice transforms of mea-

sures on Q, depends on the orthogonality of the set of binomial functions.

11



We will give a necessary and sufficient condition for a sequence of polynomials
(Pm(X))mEZ>0 C C, [X] to be orthogonal in LA, (Og, C,), generalising the
work of Amice (see proposition I1.1.13, p. 38). We will then use this condi-
tion to prove that the Schneider Teitelbaum polynomials are not orthogonal
in LA (Dk, C,) (see corollary V.2.5, p. 83). It is, therefore, impossible to
apply the method of Amice to characterise the Schneider Teitelbaum trans-
forms of measures on Dg. It should, perhaps, be emphasised that Schneider
and Teitelbaum made no prediction about the orthogonality of the set of
polynomials that they defined.

Here is an outline of the contents of this thesis. In chapter I we will cover
some background material on locally analytic functions, orthogonality, and
convergent power series. In chapter II the necessary and sufficient condition

for a sequence of polynomials (P, (X)) , in which P,,,(X) has degree m,

mez
to be orthogonal in LA, (O, C,) is proved?oand we will discuss whether such
a sequence forms a Banach basis. In chapter I11 we will recall, with full proofs,
the results of Amice [1] and Amice Vélu [2] on the binomial polynomials. In
particular, we will emphasise the importance of the orthogonality of the set
of binomial functions in their work. After recalling some Lubin Tate theory,
in chapter IV we will define the Schneider Teitelbaum polynomials and state
some of their properties, drawing parallels with the binomial functions. In
chapter V we will prove that the set of Schneider Teitelbaum polynomials is
not orthogonal.

The results of chapters II and V are my own work and, as far as I know,
are original. The results of chapters I, III, and IV are not original; they are

drawn from various sources as indicated in the text.

12



Notation

We will use the following notations throughout this thesis.

We denote the ring of integers by Z, the field of rational numbers by Q,
and the field of real numbers by R. We set Zso := {n € Z|n > 0}, and use
other similar notations. If r € R, we define || to be r rounded down to the
nearest integer, and [r] to be 7 rounded up to the nearest integer. If S is a
finite set, then #5 will denote its cardinality.

If R is any ring, we write R [T'] for the ring of polynomials with coefficients
in R, and R[[T]] for the ring of power series with coefficients in R. For
P(T) € R[T], we write deg (P (T)) for the degree of P(T). We denote the
group of invertible elements of R by R*.

The letter p will always be a fixed odd prime. We denote the ring of
p-adic integers by Z,, its field of fractions by Q,, and the completion of the
algebraic closure of Q, by C,. We denote the valuation ring of C, by Oc,,
and its maximal ideal by pc,. We write ord, : C, — QU {400} for the
additive valuation on C,, normalised such that ord, (p) = 1.

The letter K will always denote a finite field extension of Q, contained
in C,. We denote its valuation ring by O, its maximal ideal by pg, its
residue class field by kj, its ramification index by e,, and its residue class
field degree by fx. We write g4 for the number of elements in the residue
class field of K, so that ¢, = p/%. The symbol 7, will always denote some
prime element of Ok; that is, 7x € Ok such that ord, (mx) = 1/ex. The
symbol [ (X) will always denote a power series in O [[X]] such that [ (X) =
X mod X?Og [[X]] and  (X) = X% mod 7, O [[X]].

The letter L will always denote some complete valued subfield of C,

containing K. We denote its valuation ring by £;,, its maximal ideal by p;,

13



and its residue class field by k,. We have, therefore, the following system of

inclusions:

Q,CKCLCG,

14



Chapter I
Preliminaries

In this chapter we will introduce the background material that will be needed.
It will serve both to fix notations and to provide a firm foundation for the
rest of the thesis.

None of the material in this chapter is original; it draws on various sources

as noted in the text.

I.1 Locally analytic functions

In this section we will define the space of locally analytic functions on Dg
with values in L. These functions will be the principal objects of study
throughout this thesis.

In the main, I have followed the notation of Colmez [8], ch. I, pp. 495-502.

Definition I.1.1 An L-Banach space (F,ordg) is an L-vector space F

equipped with a valuation function
ordg : E — QU {+o0}
that satisfies
i. ordg (e) = 00 <= e =0,

ii. ordg (ae) = ord, (a) + ordg (e) Vae L, e€ FE,

15



iii. ordg (e; + e3) > min {ordg () ,ordg (e2)} Ve, e, € F,
iv. ordg (E) = ord, (L),
and is such that E is complete with respect to the metric induced by ordg.

Remark 1.1.2 It is more usual to work with a norm on FE, defined by
el := proceet®.

role in this thesis, [ have decided to work exclusively with additive valuations.

However, since Newton polygons will play an important

Notation I.1.3 Let X be a subset of Oy. We write 1x : Ox — {0,1} for
the characteristic function of X; thatis, 1y (¢) =1ifa € X and 1x (a) =0
ifad X.

Definition 1.1.4 Let h € Zy; and let n € Zy,. Let Rp/,, C Ok be a
set of representatives of Ox /7" O k. We say that a function f : Dx — L is
locally polynomial, of order h/e, and degree at most n, on O with values

in L if we can write

flay=">" (15+w';(o;< (@) (12:; ag,i (aéﬁy)) Va € Ok,

ﬂERh/eK

for some ag; € L. We write LPE)/’ZL (O, L) for the L-vector space of all such
functions. Note that LPL (Dk, L) is independent of our choice of Ry, .

hlex

Definition I.1.5 Let h € Zy¢. Let R/, C Ok be a set of representatives
of Ox/mmD k. We say that a function f : O — L is locally analytic of

order h/e, on Dy with values in L if we can write

+00 i
f@) = X (1;3%9,(@) (Zag,i(“;f))) Vo € s,

5€Rh/eK

for some ag; € L such that ord, (ag;) — 400 as ¢ — +oo for all B € Ry/e,.
We write LAp/e, (Ok, L) for the L-vector space of all such functions. Note
that LAp/e, (Ok, L) is independent of our choice of Rpjey .

Foralln € Zy( we have LP&?/’:L (O, L) C LApje, (Ok, L), and if by < hy
then we have LAy, /e, (O, L) € LAy, /e, (Ok, L).

16



Definition 1.1.6 Let h € Z3( and let 8 € Og. We define

OrdLAh/eK,B . LA’L/EK (DK7L) —> Q U {+Oo}
f+ min{ord, (f(z))|z € B+ 12 Oc, }

Note that the domain of f is Dk, but we can use the power series expansion
) = ag; | —— Va € B+ 7O
f();ﬁu(wﬁ) B+

to define f(2) for all z € g+ 7 O¢,. For fi = B, mod Ok, we have
ordLAh/EKﬁ1 = ordLAh/eKﬁ?.
Let Rpje, C Ok be a set of representatives for DK/’ZTZDK. We define

OrdLAh/eK : LAh/eK (DK,L) — Q U {+OO}
f 5 min {OrdLAh/eK,ﬂ (f) 'ﬂ i~ Rh/eK }

Note that OrdLAh/eK is independent of our choice of Ry, .

Proposition 1.1.7 Let h € Zyy and let Ryj.,, C Ok be a set of representa-
tives of Ok /mtO. Let f € LApse, (Ok, L) and write

floy=) (15+7r'f<0}< (o) (Z ag,; (%) )) Vo € Ok.

EERh/eK

Then for 8 € Rpje, we have

ordpa,,,, » (f) = min {ord, (ag;) i € Zxo},

and
OrdLAh/eK (f) = min {ordp (ag,i) |ﬁ S Rh/eK, 1 € Z;O }
Proof:
This is an easy consequence of the ‘maximum’ principle (see proposition [.4.8,
p. 24). O

17



Proposition 1.1.8 Let h € Zo and let n € Zy,.
1. We have that (LAh/eK (Og, L), OrdLAh/eK> 15 an L-Banach space.

1. We have that (LPE)/’ZL (Ok, L), OrdLAh/eK) is a finite dimensional L-
Banach space.
Proof:
We must check that OdeAh/eK satisfies the conditions of definition I.1.1, p. 15.
Conditions (i), (ii), and (iii) are obvious. Condition (iv) follows from propo-
sition 1.1.7 above, and so does the fact that LA, (Ok, L) is complete.
O

Remark I.1.9  Let hy, he € Zyo with by < hy. If f € LAp /e, (Ok, L), note
that Ol'dLAhl/eK (f) < OrdLAhg/eK (f). It follows that the natural inclusion
LAp, jex (Ok, L) = LAy, /e, (Ok, L) is continuous.

Definition 1.1.10 We define the L-vector space LA (Og, L) of locally an-
alytic functions on D g with values in L to be

LA (D, L) = | LAnje, (O, L).

hEZ>0
We give LA (Dk, L) the inductive limit topology; that is, X C LA (D, L)
is open if and only if X N LA/, (Ok, L) is open in LAy /e, (Ok, L) for all
he Zzo.

Definition I.1.11 We say that a function f : O — L* is a locally analytic
character on Dy with values in L if f € LA (Dg, L), f(0) =1, and

f(a1 + az) = f(al)f(ag) Val, Qg € DK.
We write Homp s (Og, L*) for the group of all such characters.

For much of this thesis, we will study the properties of polynomials in
L [X], considered as elements of LA/, (Ok, L).

Notation I.1.12 Let P(X) € L[X]. Then P(X) induces a function:
DK — L
a— P(a),

which we will denote simply by P. Clearly P € LAy (D, L).

18



I.2 Locally analytic distributions

In this section we will define the space of locally analytic distributions: the
continuous dual of the space of locally analytic functions. As before, this
section is based on Colmez (8], ch. I, pp. 495-502.

Definition 1.2.1 Let p : LA(Og,L) — L be an L-linear map, and let
h € Zs,. We define

ordia,,,, (#) == inf{ord, (u(f)) — ordra,,, . (f)[f € LAnse, (Ok, L) — {0}}.

We have OrdLAh/eK (1) € RU{zxoo}. Note that if hy, hy € Zsg, hy < hy then
OrdLAhl/eK (,LL) 2 OrdLAh2/aK (,LL)

Proposition 1.2.2 Let u: LA (Ok, L) = L be an L-linear map. Then p s

continuous if and only if ordp,,,, (1) > —o0 for all h € Zy.

Proof:

From the definition of the topology on LA (Dk, L) (see definition I1.1.10,
p. 18), we know that p is continuous if and only if the restriction of u to
LAy/e, (Ok, L) is continuous for all h € Zy,. This reduces the statement
to the well known result regarding the continuity of linear maps on normed

vector spaces. O

Definition 1.2.3 We say that a continuous linear map p : LA (Og, L) —
L is a locally analytic distribution on ODg with values in L. We write
Dra (Ok, L) for the L-vector space of all such distributions.

We give Zpa (Ok, L) the least upper bound topology of the topologies
induced by {OrdLAh/eK |h € Zi3o }; that is, the sets

{N € Zua (Ok, L) }OrdLAh/eK (1) = S} ;

for all h € Z3¢ and all s € R, form a fundamental system of open neighbour-
hoods of zero in Zpa (D, L).

19



Notation 1.2.4 We define R := RU {r~|r € R}. We equip R with the
total ordering < that coincides with the usual ordering on R and is such
that r; <ry <rpforallr,m, € R, ry < 7. If f: R — R is a continuous
function and r € R, we set f(r~) := f(r). We define

n:R — {+1}
r— +1 r € R,

r~— —1 r € R.

Definition 1.2.5 Let n € {£1}. We say that a sequence (a)
n-bounded below if:

heZso CRis

e n=1and {as|h € Z3} is bounded below, or

e 7= —1and a, = +00 as h — +oc.

Definition 1.2.6 Let r € R. We say that u € P (Dg, L) is temperate
of order r if the sequence (hr/eK +ordpa,, (,u))h ) is n(r)-bounded be-
€

>0

low. We write %, (Dg, L) for the L-vector space of all such distributions.
Note that if 7 < 0 then 9, (Ok, L) = {0}, and if r;,7y € R, 7, < 7 then
Dy, Ok, L) C D,,(Ok,L). We say that a distribution p is temperate if
there exists 7 € R such that p € @, (Dk, L); we write Diemp (Dx, L) for the
L-vector space of all such distributions.

1.3 Orthogonality

In this section we will study the notion of orthogonality in L-Banach spaces.
This thesis will study sets of polynomials that are orthogonal in LA (O, L).
None of the work in this section is original; it is based mainly on Schikhof [18],
§50, pp. 145-149.

Definition 1.3.1 Let (F,ordg) be an L-Banach space. Let z,y € E. We
say that z is orthogonal to y, and write z L y, if

ordg (z — ay) < ordg (z) Va € L.

20



Note that L y if and only if y L z (see Schikhof [18], proposition 50.2,
p. 146).
Let D C E. We writexz L. D if z L d for all d € D. Note that if D is an

L-linear subspace of e then this is equivalent to
ordg (z — d) < ordg () Vd € D.
We say that X C E is an orthogonal set if
zo L span; {z € X |z # z0} Vo € X,

where span; Y denotes the L-linear span of a set Y C E. If, in addition, we

have ordg (z) = 0 for all z € X, then we say that X is an orthonormal set.
We say that X is a maximal orthogonal set if it is orthogonal and, for any

orthogonal set X; C E such that X C X;, we have X = X;; we similarly

define a maximal orthonormal set.

Proposition 1.3.2 Let (F,ordg) be an L-Banach space.

i. A set X C F 1is orthogonal if and only if every finite subset of X 1is
orthogonal.

i. A set {zo,...,Tm} C E is orthogonal if and only if

1=0

ordp (Z aimi) = min {ordg (a;z;) | € {0,... ,m}} Vay,... ,a, € L.

Proof:
See Schikhof [18], proposition 50.4, p. 146. O

Definition 1.3.3 Let (E£,ordg) be an L-Banach space, and let X be a
subset of E£. We say that X spans E as an L-Banach space if every element
e € E can be written in the form e = ) _ a,z, where, for every r € Q,
there are only finitely many z € X such that ord, (a,z) < 7. If, in addition,
this expression is unique then we say that X is an L-Banach basis of F. If
X is orthogonal, then we say that it is an orthogonal L-Banach basis of FE,

and similarly if X is orthonormal.

21



Definition 1.3.4 Let h € Z3, let B € Ok, and let i € Z3,. We define:

XB, - DK — L
a_—_) CL/Eﬁ-Fﬂ'QDK
0 a¢ﬁ+7r,’§DK

Note that xz,; € LPLO/’?K (Ok, L) C LAy, (Ok, L).

Proposition 1.3.5 Let h € Zy, let n € Zyy, and let Ry, C Ok be a set

of representatives of Dy [TEOk.

i. The set {Xﬂ)i |ﬁ € Rpjeyrt € Z;o} s an orthonormal L-Banach basis
of LAh/eK (Ok, L).

i. The set {xg, |,6 € Rhjey, 1 € {0,... ,n}} is an orthonormal L-Banach

basis of LP[:/’ZL (Ok, L); in particular, LPE?/’ZL (Dk, L) has dimension

q"(n+ 1) as an L-vector space.

Proof:
Immediate from the definitions and proposition I.1.7, p. 17 (cf. Amice [1],
lemma 6, p. 151). a

I.4 Convergent Power Series

Locally analytic functions are defined locally by convergent power series. In
this section we will consider some of the properties of such power series.

None of the material in this section is original; it is based mainly on
Schikhof [18], §40-42, pp. 117-125.

Definition I.4.1 Let F(T) = .. % a;T* € L[[T]]. We define the order of
convergence rp € RU {£oo} of F(T') to be

rr = inf {r € Q|ir + ord, (a;) = +oc as i — +oo }.

Remark 1.4.2 Note that p~"# is equal to the well known definition of the

radius of convergence of a power series F'(T) € L[[T]].
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Proposition 1.4.3 Let F(T) € L[[T]] be a power series and let rr € RU

{xo0} be its order of convergence. Then:
o [(T) converges on {z € C,lord, (2) > rp}, and
o F(T) diverges on {z € C, lord, (2) <7 }.

Proof:

Follows easily from the definition of rp. 0O

We will frequently need to refer to various discs in C,, so we introduce

the following notation.

Notation I.4.4 Let r € R. Then we define:

p'pc, ={z € Cylord, (2) >},

P Oc, ={2€Cplord, (2) 2 7}.

If 7 € Z then p"pc, = {p"z |z € pc, } and p"Oc, = {p"2 |z € D¢, }, so there
is no clash in our notation.

Definition I.4.5 We say that F'(T) € L[[T]] is a convergent power series

if its order of convergence rp satisfies rp < 4o00.

The following proposition shows that the composition of two convergent

power series is again convergent.

Proposition 1.4.6 Let F(T'),G(T) € L[T]] be two convergent power series
with G(0) = 0; write F o G(T') € L[[T]] for their formal composition. Then
there exists r € R such that r > rg, v > rrog, G (p’Dcp) Cp'fpc,, and

(FoG)(z) = F(G(2)) Vz € p'Oc,.
In particular, F o G(T) € L{[T]] is a convergent power series.

Proof:
See Robert [17], ch. 6, §1.5, theorem, p. 294. O
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Definition 1.4.7 Let r € R. We define the function
ord, : L[[T]] » RU {£o0}
as follows:

e if F'(T') € L[[T]] converges on p"pc, then we set
ord, (F (T)) := inf {ord, (F(2)) |z € p"pc, },
o if F(T) € L[[T]] does not converge on p"pc,, then we set

ord, (F (T)) := —oo0.

Note that if r;,7y € R, r; < ro then ord,, (F (7)) < ord,, (F (T)) for all
F(T) e L{[T]}.

Proposition 1.4.8 (‘maximum’ principle)
Let F(T) =Y. % a;T* € L[[T)), and let r € R.
i. We have

ord, (F (T)) = inf {ir + ord, (a;) | € Z50 }.

ii. In addition, if r € Q and F(T) converges on p"Oc¢,, then

p’

ord, (F (T')) = inf {ord, (F(2)) |z € p'Dc, }.

Proof:

i. If F(T') converges on p"pc, then see Schikhof [18], theorem 42.3(i),
p. 124. If F(T) does not converge on p"pc, then ir + ord, (a;) — —oo

as 1 — 400, as required.

ii. See Schikhof [18], theorem 42.2(i), p. 122. 0

Remark 1.4.9 Proposition 1.4.8 above is an elementary translation of the
well known maximum principle into the language of the additive valuation
ord,. Perhaps it would be better nomenclature to refer to this translation as

the “minimum principle”, but I will not do this.
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Definition 1.4.10 We write L ((T')) C L[[T]] for the ring of all power series
with order of convergence less than or equal to zero; that is, the power series
that converge on pc,.

We give L ((T)) the least upper bound topology of the topologies induced
by {ord, |r € Rs¢}; that is, the sets

{F(T) € L{T)) lord, (F(T)) > s},

for all r € Ry and all s € R, form a fundamental system of open neigh-
bourhoods of zero in L ((T)).

I.5 Newton polygons

In this section we will study the Newton polygon of a power series. This
construction gives us information about the distribution of the zeros of a
power series, a topic that will prove to be very important in this thesis.

None of the material in this section is original; it is based mainly on
Koblitz [12], ch. TV, §3—4, pp. 97-107.

Proposition 1.5.1 Let 7 € R and let F(T) = Y. ¥ a;T" € C,[[T]] be a
power series that converges on p"Oc,. Then the formal derivative F'(T) :=

+00 . i1 r
Yooy 16T also converges on p"Oc,

Proof:

This is clear since ord, (ia;) > ord, (a;) for all i € Z,. O

Definition I.5.2 Let r € R and let F(T") € C,[[T]] — {0} be a power series
that converges on p"Oc,. Let z € p"O¢, such that F(z) = 0. We define the
multiplicity of the zero z of F/(T) to be

max{n€Z>1|F(i)(z) =0 Vie{0,...,n—1}},

where F)(T) denotes the i-th formal derivative of F(T). We say that z is a

simple zero if it has multiplicity equal to one.
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Definition I.5.3 Let r € R and let F(T) € C,[[T]]— {0} be a power series
that is convergent on p"Oc¢,. Then we define Z (r; F'(T')) to be the number

of zeros, counting multiplicities, of F/(T) in p"Oc,.

Definition 1.5.4 (Newton polygon)

Let F(T) = >./% a,T* € C,[[T]] — {0} be a power series. We define the
Newton polygon of F(T) to be the boundary of the sup convex envelope
of the points (¢,ord, (a;)) in the (z,y)-plane; for details, see Robert [17],
ch. 6, §1.6, definition, p. 299. For n € Zs;, we define p(n; F (T)) to be
the slope of the Newton polygon of F(T') between the x co-ordinates n — 1
and n. If a; = 0 for all 4 € {0,... ,n — 1}, then we adopt the convention
that u(n; F (T)) = —oo; if a; = 0 for all {i € Zyo|i > n}, then we set
p(n; F(T)) = +oc.

Proposition 1.5.5 Let F(T') € C,[[T]] — {0}. Then
sup {p (5 F (T)) i € Z1} = =7,

where v is the order of convergence of F(T).

Proof:
This is just a translation of Koblitz [12], ch. IV, §4, lemma 5, p. 101 from
the language of the norm | |, into that of the valuation ord,. 0

Theorem 1.5.6 Let F(T) € C,[[T]] — {0}, and let r € Q such that F(T)

converges on p"Oc,. Then
Z(r; F(T) = #{i € Zpy |p (5 F(T)) < -7}

Proof:

This is an easy consequence of Koblitz {12], ch. IV, §4, pp. 98-107. With-
out loss of generality we may assume that F(0) = 1. Since —r < —rp,
by proposition 1.5.5 above we have N = #{i € Zy1|u(4; F (T)) < —r} is
finite. By ibid., ch. 4, §4, theorem 14, p. 105 (noting that A there cor-
responds to —r here), there exists a polynomial H(T) € C,[T] of degree

N and a power series G(T') € C,[[T]] that converges and is non-zero on
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p"Oc, such that H(T) = F(T')G(T). Moreover, u(i; H(T)) = p (4 F(T))
for all i € {1,...,N}. It follows from ibid., ch. IV, §3, lemma 4, p. 97 that
Z(r; H(T)) = #{i € Zy1 | (1; F (T)) < —r}, which is equal to N by defini-
tion. From H(T) = F(T)G(T) we see that Z (r; H (T')) = Z (r; F (T)), which

completes the proof. O

Definition I1.5.7 Let P(T') € C,[T] be a polynomial, let a € O, and let
r € Q. Then we define Z (o, 7; P (T)) to be the number of zeros, counting
multiplicities, of P(T) in a + p"Oc, .

Remark 1.5.8

i. Note that Z (a,r; P (T)) is equal to the degree of P(T') for all r <« 0,

and Z (o, 7; P(T)) is integer valued and decreasing as a function of

re Q.

ii. For ay, 00 € Ok and k € Z3 such that o; = ay mod Wﬁ.DI(, we have
Z (o, P(T)) =Z(aq,r; P(T)) forallr € Q, r < k/e.

ili. As a function of r € Q, we note that Z (a,r; P(T)) is a finite Z-
linear combination of the unit constant function and the characteristic
functions of half open intervals of the form {r € Qla < r < b}, with
a,b € {—o0}UQ.
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Chapter 11

Orthogonal bases consisting of

polynomials

In this chapter we consider the question: when does a sequence of polynomials
(Pm(X))mezzo C L[X], with deg (P, (X)) = m, form an orthogonal L-
Banach basis of LAy /., (O, L)? In §IL.1 we prove a necessary and sufficient
condition for such a sequence to be an orthogonal set; in §I1.2 we consider
whether it is also a basis.

This generalises, in two different respects, the situation studied in Am-
ice (1], §9, pp. 150-158. Firstly, in our case the coefficient field L is not
necessarily discretely valued. Secondly, Amice has P,,(X) dividing Py,,1(X),
but we make no such assumption. We will need this extra generality in order

to apply our results to the Schneider Teitelbaum polynomials.

II.1 Orthogonal sets

In this section we consider which polynomials P, (X) € L[X] of degree m are
orthogonal to span; {X*|i € {0,...,m —1}} in LAy, (Dk,L). First we
prove a formula that computes ordpa,,, ., (Pn) in terms of the distribution
of the the zeros of P,,(X). Through a series of estimates, we then produce
an upper bound for ordpa,,,,. (P,), where P, (X) is any monic polynomial

of given degree m; and we show that this bound is achieved. It is then
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easy to prove that P, (X) is orthogonal to span; {X;|i € {0,... ,m —1}}in
LAy, (Ok, L) if and only if ordLAh/EK (P,,) achieves this bound.

I have followed the ideas of Amice [1], §9, pp. 150158 closely throughout
this section. The main difference is that, since L need not be discretely
valued, what appears in Amice [1], loc. cit. as finite sums appears here as

integrals.

Proposition I1.1.1 Let P,,(X) € L[X] be a polynomial of degree m with
leading coefficient an,. Let o € Ok and let h € Zsy. Then

hm hfex
ordra,,, . (Pn) = ord, (am) + — — (m—Z(a,r; Pp(X)))dr.

€k —00

Remark I1.1.2 Recall, from remark 1.5.8, p. 27, that Z (o, 7; P, (X)) is a
step function in r, and for all » < 0 we have Z (a,r; P, (X)) = m. Hence

the integral in the proposition above is just a finite sum.

Proof of proposition II.1.1:
By definition 1.1.6, p. 17 we have

OrdLAh/eK,a (Py) = inf {ordp (Pn(2)) Iz € a+ WZDCP }

Write P (X) = am [[J2, (X —u;), withuy, ... ,un € Cp. Forj € {1,...,m},
set s; := ord, (u; — @), and order the u; such that s; < s2 < ... < sp,. Set
k:=m—Z(o,hjex; Pn (X)), so that s; < h/ey if j < k and s; > h/ey if
j = k+ 1. Note that

ordpa,,,, o (Pm) = ord, (am) + inf { Z ord, ((z — u;))

i=1

z € oz+7rf<DCp}.

(1)

If ord, (u; — &) < h/ex, then by the strong triangle inequality we have

ord, (z — u;) = ord, (u; — a) for all z € a + 7% O¢,. Hence

k k
Eordp (z —uj) = Z S; Vz € a+ 1 Oc,. (2)
7=1

=1
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We now consider

inf{ Z ord, (z — u;)

j=k+1

S a-+-w2£)cp}.

Since ord, (z — u;) = hfex forall z € a4+ 72O, and all j € {k+1,... ,m},
this infimum is certainly greater than or equal to i (m — k). We will show
that equality holds. For all j € {k+1,...,m}, we have *5= € O¢,. Since
the residue class field of O, is infinite, we can choose y € D}ép whose residue
class is not equal to the residue class of %{k—a forall j € {k+1,...,m}; that

is,

Let z = a+nly. Then ord, (z — u;) = h/ex forall j € {k+1,... ,m}, and

S0

i ordp(z—u]-):i(m—k).

e
j=k+1 K

Therefore

inf{ E ordp(z—uj)|z€a+7rﬁ,DCp}:i(m—k). (3)
. €k

j=k+1

Combining equations (1), (2) and (3) we have

hm  hk
ordia,, o (Pr) = 01dy (a) + 3 85+ ot = 22 (4)

To complete the proof, we calculate the area hatched below in two different

ways.
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S1 Sy S; Sk h/eK Sk+1 Sm

We have
h/ex k
/ m —Z(a,r; Py, (X))dr:Z(h/eK—sj)
J—kl .
Comparing this with equation 4 gives the result. 0O

In order to apply proposition I1.1.1, we will need to calculate integrals of
the form fféjx m — (r)dr, where v is a step function such that (r) = m
for all 7 < 0. We will start by defining an important example of such a

function, and calculating the associated integral.
Definition I1.1.3 Let m € Z,. We define the step function
Y Q — Z
m r<0
= .
{ |m/qk | (k—1)/ex <7 < k/ek Vk € Zy,

Recall that |m/q% | denotes m/q% rounded down to the nearest integer.
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Remark I1.1.4 Note that 1),, is a finite Z-linear combination of charac-
teristic functions of half open intervals of the form {r € Qla < r < b}, with
a,be {—o0}UQ.

Lemma I1.1.5 Let m € Zy and let h € Zyy. Then

hfex hm 1 s | m
m— Y, (r)dr = — — — — .
/— ¥n (1) €k € ?L:f LJQJ

o0

Proof:
We have

hlex h/ex
/ m—wm(r)dr:/ m — Y (r)dr

o

g

In the following lemma, by using proposition II.1.1 and lemma II.1.5,
we will see how inequality relationships between ¥, (r) and Z («a, r; P, (X))
lead to bounds on OrdLAh/eK,a (Pn). These bounds will eventually give us
our upper bound on ordra,, (Pm), where Pn(X) € L[X] is any monic

polynomial of given degree m.

Lemma II.1.6 Let P,,(X) € L[X] be a polynomial of degree m with leading
coefficient a,,. Let o € O and let h € Zxy.

i If Z (o, 7; P (X)) < U (r) for all v < h/ey, then

1
e

K

E
| 3

OrdLAh/eK,a (Pn) < ord,, (am) +

b
Il
—

. If Z (o, m; Py (X)) 2 % (1) for all v < h/ey, then

i)

M=

1
ordpa,,, o (Pm) 2 ordp (am) + -

K

o
Il
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it If Z (o, 7, Py (X)) < ¥ (r) for all v < h/ey, and there ezist a,b €

Q, a < b < hfex such that Z (o, r; Py (X)) < ¢ (r) for alla < r < b,
then

h

1
OrdLAh/eK,a (Pn) < ord, ( e— E { J
k=1 0

K

Proof:
i. We have
m —Z(a,r; Pp (X)) = m =y, (1) Vr < h/eg,

so, by integrating with respect to r and using lemma II.1.5 above, we
obtain

/_h/eKm_Z(a’r;Pm(X))d _eiz{qu

h
00 €x K b

Substituting this into proposition I1.1.1, p. 29 we have

h / 1
ordLAh/EK“1 (Pn) < ord, (am) + LCO h lmJ>
k=1

€k €k €k QQ

as required.

ii. As for part (i), with the inequality signs reversed.
iii. Note that
hiex Mmoo 1| m
/ m—2Z(a,r; Py (X))dr > — - — {—k‘l
—00 €k €k qK
The proof then follows as in part (i), with inequalities replaced by strict

inequalities. 0

In order to use the lemma above, we will need to prove inequalities of the

form Z (a,7; P (X)) < ¥ () for all r < h/e,. We will use the following
technical lemma to do this.
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Lemma I1.1.7 Let P(X) € L[X], let & € Ok, and let ko € Zyo. Let B €
Zso such that Z (o, ko/ex; P(X)) < B. Then for all h € Z, h > ko, there
exists ay, € Ok such that o, = o mod 7Oy and, for allk € {ko+1,...,h},

we have

B -1
Z(a’h)"";P(X))g\\TkoJ VT>k :

€x

Proof:

We will prove this by induction on h.
For h = kg, the choice ay := « trivially satisfies the required conditions.
Now let h > k¢ + 1. By induction, there exists ap_; € O such that

ap-1 = amod Dy and, for all k € {kg+ 1,... ,h — 1}, we have
B k—1
Z(ah~1,T;P(X)) g le Vr > .
Gk 0 €x

Setm : =7 (ah_l, he—;l;P(X)) . Ifh 2 ky+2, then for £k = h—1 we have
ko < k < h—1, and so:

B h—1)—-1
Z(ah—l,T;P(X)) < \\ h_l_kOJ Vr > #
Gx €x
= m < l B J
T gt
If h=ky+1, then
m< B

- | =)
gk |

Hence in both cases we have proved

< B

We will now find a suitable choice of ay,. Let uy,... ,u,, be the zeros of
P(X) contained in a1 + Wﬁ_chp. Choose B, ..., Bqc € Ok such that

9K
Gp_1 + WZ_IDK = Hﬁl + ﬂ'ZDK.

i=1
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Fori € {1,...,qx}, set m; := #{j e{l,...,m} |uj € ,Bi+7r’,§_1pcp}. Note
that the sets 3; + 7rK 've,, for ¢ € {1,... qx}, are pairwise disjoint and
contained in ap_; + 7 Oc,; hence

9K
E m; <m
i=1

It follows that there exists ip € {1,...,qx} such that m;, < m/qx. Set
ap = Bi,-

We will now prove that «; satisfies the required properties. We have
ap = Bi, = ap_y mod 71Ok, This implies that o) = o mod 7% and,
from remark 1.5.8(ii), p. 27, that Z (o, 7; P (X)) = Z (ap—1,r; P (X)) for all
r < he—;l Hence by the induction hypothesis, for all k € {kg+1,... ,h — 1},

we have

B k—1
Z (7 P (X)) < [ b kJ vrs B L
dx 0 €

In addition, for £ =

Z (o, m; P (X))

mio

NN

m/qx
1 B

h—1-k
qKqK 0

B
“h—ko?

dx
. B
= Z(ay,m; P (X)) < \‘ —

//\

h—1

€x

J Vr >
O

We are now in a position to obtain our upper bound on ordps,,,, (Pn).

Proposition I1.1.8 Let P,,(X) € L[X] be a polynomial of degree m with
leading coefficient a,,. Let h € Zs,. Then

h
1
OrdLAh/eK (Pr) < ord, (am) e_ E [ J
K

K k=1
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Proof:
For any o € Ok, we certainly have Z («, 0; P, (X)) < m. Now, by applying

lemma II.1.7 above with kg := 0 and B := m, we have «;, € O such that,
for all k € {1,...,h}, we have

Z (c,7; P (X)) < [ﬁJ Vr >

k-1
q '

€x

Hence
Z(a,m; Pn (X)) St¥m(r)  Vr < hfeg,

so by lemma II.1.6(i), p. 32 we have

h
1
OrdLAh/eK,ah (Pn) < ord, ( ZZ [ J )

=1

The result now follows from the definition of OrdLAh/eK (see definition 1.1.6,
p. 17). O

Our next task is to prove that this upper bound is achieved. We define
below a set of polynomials that do so.

Definition II.1.9 Let P,(X) € L[X] be a polynomial of degree m and
let h € Zyy. We say that P, (X) is evenly distributed of order A if, for all
a € Ok and all k € {0,...,h}, we have

Z (a, k/ex; Pn (X)) = |m/qt] .

We say that P,(X) is very evenly distributed if it is evenly distributed of
order h for all h € Zxy.

Remark I1.1.10

1. A polynomial P(X) € L[X] is evenly distributed of order 0 if and only
if all the zeros of P(X) lie in Oc,.

ii. If by < hy and P(X) is evenly distributed of order hy, then P(X) is
also evenly distributed of order h;.
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Before we prove that evenly distributed polynomials achieve our upper

bound for ordpy, , (Pn), we will first check that they actually exist.

Proposition I1.1.11 For all m € Zy and all a,, € L, there exists a poly-

nomial of degree m with leading coefficient a,, that is very evenly distributed.

Proof:

We will explicitly define such a polynomial. Write m = > 1 s,q%, with
si € {0,...,qx — 1} for all « € {0,...,n}. For each i € {0,...,n}, let
Rije,c C Ok be aset of representatives of O /7h O g; note that #R;/e, = d.
Set

Si

PX)=an [[|| JI (X-8)

i=0 BER; ¢,

Then P(X) € L[X] has degree m and leading coefficient a,,. Let o € Og
and let k € Z3,. Then

Z (o kfew; P(X)) =Y 5i#{B € Rijeye |0 = B mod nk O }
1=0

> Zsi#{ﬁ € Ryjey |a =4 modwﬁDK}

i=k

n
_ § : i—k
= Siq
i=k
n
_ 1 e
- _k quK

-

- 2]
gkl
Therefore P(X) is very evenly distributed. O

As previously promised, we will now show that evenly distributed poly-

nomials achieve the upper bound for ordpa,,, (Pn)-
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Proposition I1.1.12 Let h € Zyy. Let Pn(X) € L[X] be a polynomial

of degree m with leading coefficient a,, that is evenly distributed of order h.
Then

1

ordia,,,, (Pm) = ordy (am) + -

h
K G

> 1%
— k]
Proof:

Since P,,(X) is evenly distributed of order h, and since, by remark I1.5.8(i),
p. 27, Z{(a,7; Py (X)) is a decreasing function of r; we see, for all &« € Ok
and all k£ € {0,...,h}, that

Z (a,7; Pn (X)) > |m/d ] Vr < kfex;
that is,
Z (a,7; P (X)) = Ym (1) Vr < h/ex.

Hence, by lemma I1.1.6(ii), p. 32, for all @ € Ok, we have

h
1 m
0rdin,. o (Pm) = 0rdy (am) + — > {TJ -

€x jm L
Therefore
ordpa,,, (Py) = inf {OrdLAh/eK,a (Pn)|a € DK}
1 <& | m
> ord, (am) + — Z [—kJ ,
€k —1 x
and by proposition 11.1.8, p. 35 equality must hold. O

We can now give the connection between achieving our upper bound for

ordpa,,,, (Pm) and orthogonality.

Proposition I1.1.13 Let P,,(X) € L[X] be a polynomial of degree m with
leading coefficient an,. Let h € Zso. Then the function Py, s orthogonal to
spany, {X7|j € {0,... ,m —1}} in LAy, (Ok, L) if and only if

h
1 m
OrdLAh/eK (Pm) = ordp (am) -+ 6— Z \‘ J .

ok
K k=1 qK
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Proof:

First assume that P, (X) is orthogonal to span; {X7|j € {0,...,m —1}}in
LApje, (Ok,L). By proposition I1.1.11, p. 37 we can find Ao, Ay,. .., A1 €
L such that Z;":_Ol A X7 + P, (X) is very evenly distributed. Then by propo-
sition I1.1.12 above we have

m—1 h
) 1
OrdLAh/eK (z :A]XJ + Rn(X)) = Ord am 8— E \\ J .

j=0

Now by definition 1.3.1, p. 20 we have

m—1
ordLAh/EK (Z )\ij + Pm(X)> < OrdLAh/eK (Pm) )

Jj=0

hence

1 m
ord, (@) + — Z [_’“J < ordia,, . (Pm)

€k Gy

and by proposition II.1.8, p. 35 equality must hold, as required.
Conversely, assume that ordra,,, (Pn) = ord, (am)+ = o S, [TJ Let,
. %
R(X) € span;, {X?|j €{0,...,m—1}}. By proposition 11.1.8, p. 35 we

have

qk

h
1 m
Oy (P(X) + R(X)) < ord () + = H
k=1
= OrdLAh/s,\» (Pm) :

Hence by definition 1.3.1, p. 20 we have P,,,(X) is orthogonal to the L-linear
span of {X7|j € {0,...,m — 1}}, as required. O

Corollary I1.1.14 Let h € Zs, and let P, (X) € L[X] be a polynomial of
degree m that is evenly distributed of order h. Then P, is orthogonal to
span, {X7 |5 € {0,...,m—1}} in LAy e, (Ok, L).

Proof:
Follows immediately from proposition II.1.12, p 37 and proposition II.1.13

above. O
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We will now prove a partial converse to this corollary. In chapter V we
will prove, for certain values of m € Zg, that the Schneider Teitelbaum
polynomial P,,, (X) € C,[X] is not very evenly distributed. We will then
use this converse to conclude that {P,,, |m € Zs,} is not an orthogonal set
in LAy /e, (Ok, Cp) for certain values of h € Zy.

Proposition I1.1.15 Let hg € Zso, and let m € Zy, such that g di-
vides m. Let P,(X) € L[X] be a polynomial of degree m that is not evenly
distributed of order hy. Then, for all h € Z, h > hy, we have P, is not
orthogonal to spany, {X?|j € {0,... ,m —1}} in LApj., (Ok, L).

Proof:
Let a,, € L be the leading coefficient of P,,(X). By proposition I1.1.13, p. 38

it is enough to prove that

h
1 m
ordra,,,, (Pm) <ordy(am) + — Z [ J .

Tk
€x o1 qy

Hence, by lemma II.1.6(iii), p. 33, it is enough to show that there exists
a € Ok such that Z (a,r; Py, (X)) < 9y, () for all 7 < h/ey, and that there
exist a,b € Q,a < b < h/e, such that Z (o, r; Py (X)) < ¢, (r) for all
a <71 <b Wewill find such an o € O.

The idea of the proof is now quite simple, although the details become
rather intricate. Since P, (X) is not evenly distributed of order hg, there
exists oy € Ok and k; € {0, ..., hg} such that

Z(al,kl/eK;Pm (X)) < ¢m (kl/eK).
Using the geometry of Dg, we can adjust a; to ensure that
Z(a,r; Py (X)) < ¥ (1) Vr € Q, ki/ex <1 < hleg;

we will use lemma I1.1.7, p. 34 for this step. However, we also must be careful
that

Z (a,r; P (X)) < ¥ (1) Vr e Q, r < ky/ex.
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The following paragraph and subsequent claim will deal with this potential
problem; it is here that we will use the hypothesis ¢" divides m.
For a € O, set

aq :=sup{ro € Q|Z (a,7; Pn (X)) = Ym (r) 20 Vr <rp}.

By remark 1.5.8(iii), p. 27 and remark I1.1.4, p. 32, we see that a, € QU
{+0c0} and, if ay < +00, that Z (a, ag; P (X)) — ¥m (aa) = 0. Set

a :=inf {a, |a € Ok }.

Note that aq, < ki/ex, 50 a < hg/ex. Let Rp,/e, be a set of representatives
of Ok /mheD . If B € Ok with ag < hg/ex, then by remark 1.5.8(ii), p. 27
there exists a € Fp,y/¢, such that a, = ag. Hence a = min {aa loz € Rpg/ex }
and so there exists oy € Dk such that a,, = a. We will now consider r < a
and a < r < h/e, separately. The following claim deals with the first of

these two ranges.

Claim:

For all a € g, we have
Z (a, T P, (X)) = wm, (T) Vr € a.

Proof of claim:
Fix any o € Og and any 7 € Q, r < a. Set k := min{i € Zyo|r < i/ex };
note that & < hg. For all 8 € Oy, we have

Z (Ba T P, (X)) Z P (T)
= |m/a;]
= m/qy.

Let Rije,, C Ok be a set of representatives of Dy /mE O with o € Rijey -
The sets 8+ p"Oc,, for 8 € Ry, , are pairwise disjoint, so

m 2 Z Z(ﬂaT;Pm(X))
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Hence equality must hold and Z (8, r; P, (X)) = m/q% for all 8 € Rye,; in
particular, Z (o, 7; Py, (X)) = 1 (r), as required. This concludes the proof
of the claim.

We now turn our attention to the range r € Q, a < r < h/ex. Recall
that there exists oy € Dk such that a,, = a, and that Z (ag, a; Py, (X)) —
Ym (@) > 0. Set ko := min {3 € Zyg |a < i/ex }, and set b := kg/e,. Since
Z (o, 7; Py (X)) is a decreasing function of 7, and 1y, () is constant on the
range 1 € Q, a < r < b, we must have Z (ag,7; Py (X)) < 9, (r) for all
7€ Q,a <7 <b Now, by applying lemma II.1.7, p. 34 with « := «g and
B :=m/q¥, we obtain oy € Dk such that o, = oy mod 70O and, for all
k€ {ko+1,...,h}, we have

Z (an,; P (X)) < [m/Qf(OJ - {mJ w2l

k—k %
9k 0 erc( €x

Note that, by remark 1.5.8(ii), p. 27, we have
Z(an,r; Py (X)) =Z (g, 7; Py (X)) Vr < b

Combining this information with the results of the claim above, we have

shown that oy € Ok satisfies

Z (an,r; P (X))

V/ANAN
=

3

=

which is what we required. O

I1.2 Maximal orthogonal sets and bases

In this section we will prove that a sequence of polynomials (Pm(X))meZ;ov
with deg (P, (X)) = m, that is orthogonal in LA/, (O, L) is in fact a
maximal orthogonal set. We will then note that if L is discretely valued then
every maximal orthogonal set is a basis, but that this is not the case if L is

not discretely valued.
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The proof that such a set of polynomials is maximal orthogonal again fol-
lows the ideas of Amice (1], §9, pp. 150-158. My reference for facts regarding
orthogonality in L-Banach spaces was Rooij [21], ch. 5, pp. 165-202.

Definition I1.2.1 Let (E,ordg) be an L-Banach space. We define O :=
{z € Elordg (z) 2 0} and pg := {z € Elordg (z) > 0}. The residue class
space E of E is defined as E := Og/pg. It naturally has the structure of a
vector space over the residue class field k, of L. For z € g, we denote the
image of z in E by 7.
We denote the residue class spz[ice of LAp/e, (Ok, L) by mh/eK (Ok, L),
0,n]

and that of LP}/" (Dg, L) by LP, ", (D, L).

The relevance of the residue class space of an L-Banach space to this

section is revealed by the following proposition.

Proposition I1.2.2 Let E be an L-Banach space and let X be a subset of
Dg.

i. The set X is orthonormal in E if and only if {T|x € X} C E is k-

linearly independent in E.

. The set X 1s mazimal orthonormal in E if and only if {T|z € X} C E
is a k,-basis of E.

Proof:
See Rooij [21], ch. 5, exercise 5.A, p. 167. D

We have the following elementary results about mh/e,( (Og, L).

Proposition I1.2.3 Let h € Zs,.

i. Let n € Zyy, then LPh/ (Dk, L) has dimension ¢"(n + 1) as a k.-

vector space.

12. We have

Chier 05, L) = | TPyl (Dk, L)

neZyo
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Proof:

i. By proposition .3.5(i), p. 22 we know that
{Xai|a € Ox/mh Ok, i€{0,... ,n}}

forms an orthonormal L-Banach basis of LPE?/’:L (Ok, L); hence, by
proposition I1.2.2(ii) above, its image in ﬁf/g{ (Ok, L) is a k- basis.
Clearly #{Xa,|a € Ok /mhOk, i € {0,...,n}} =¢i(n+1).

ii. Let f € LAy, (Og, L) such that ordLAh/ (f) = 0. We will show that

its image f € LAy, (Ok, L) lies in LPE?/: (Dk, L) for some n € Zs,.

We can write

f = Z QaiXoi

aEDK/ﬂ'?(DK
iEZ20
with aq; € L, ord, (aq,;) — +00 as i — +oo for each a € O /mEO .
Choose n € Zq large enough such that ord, (a,;) > 0 for all ¢ > n
0]

and all & € Ok /T Ok. Then f € LPpe, (Ok, L). -

Recall that in this section we are seeking to prove that an orthonormal
sequence of polynomials (P, (X) € L[X])mezzo’ with deg (P, (X)) = m,
is in fact a maximal orthonormal set. Using propositions 11.2.2 and I1.2.3
above it is possible to reduce this to proving that enough of the images
P, € mh/eK (D, L) lie in each LP,?/Z] (Dg, L); the details of this argument
are given in the proof of proposition I1.2.8. Given a polynomial P, (X)
of degree m, we are interested therefore, in determining a small value of
n € Zyg such that P, € LPh/e (Ok, L). This problem is solved by the next

two propositions.

Definition I1.2.4 Let h € Zy, let f € LAy, (Ok, L), and let o € O.
We define f,) = 1a+7r§”(DKf € LAy, (Ok, L); that is, fq is the locally
analytic function that is equal to f on o+ 72Ok and identically zero outside
this set.
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Proposition I1.2.5 Let h € Z3y. Let P(X) € L[X] be a polynomial such
that OrdLAh/eK (P) = 0. Let a € Ok such that OrdLAh/eK (Pyp) = 0. Then

Pan € IO (Dg, L), where n = 7 (a, hlex; P (X)).

hlex

Proof:
Set m := deg (P (X)). Write

. “ X —a«a
P(A):Zai( 7 ) a; € L.

=0

Since ordya,,,  (Fa,r) = 0, we have min {ord, (a;) |i € {0,... ,m}} = 0. We
must prove that ord, (a;) > 0 for all i € Z, i > Z (a, h/ek; P (X)).
Set

QYY) = Z a;Y*.
i=0

Counting multiplicities, the polynomial P(X) has Z (o, h/ex; P (X)) zeros in
o+ Oy hence we see that, counting multiplicities, the polynomial Q(Y")
has Z (o, h/ex; P (X)) zeros in O¢,. Hence by theorem 1.5.6, p. 26 we have
p(3;Q (Y)) >0 forall i > Z (e, h/ex; P (X)). Therefore ord, (a;) > 0 for all
i > Z(a, h/ex; P (X)), as required. 0

Proposition I1.2.6 Let h € Zy,. Let Pyp(X) € L[X] be a polynomial of
degree m. Let o € Ok such that OrdLAh/eK,a (Pn) = OrdLAh/eK (Pn). Then

Z (a,hfex; Pm (X)) < |m/ql].

Proof:
Set s :=Z (o, h/ex; P (X)). We will prove by induction that

h—1 .
Z<a>6—z;Pm(X)>2q;(S VZE{O,,}L}

The case 7 = 0 is trivial.

We will now prove the induction step; assume that the statement is true

for all i € {0,...,4}. For contradiction, assume that
h—(ig+1 .
2 (@ =R, 00) < gts -1
€x
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Then, by applying lemma I1.1.7, p. 34 with kg = h — (0 + 1) and B =

Z_(iO—H)D

giotls — 1, there exists ap € Ok such that o, = a mod 7 K and, for
K

all k€ Z, h— (ip + 1) < k < h, we have

. @ts—1 [ k-1
Z(Ozh,’l“,Pm(X))< \\W =gqy "s—1 Yr > e .

Hence we have shown that

h—(ig+1
Z(an,7; P (X)) = Z (0, 7; B (X)) —OO<T<%
K
and
h— (2 1 h
Z (an, 73 P (X)) < Z (0,73 Py (X)) ‘__(ZL+_)<T<_'
€k (557
Therefore

h/eK h/eK
/ m—Z(ah,r;Pm(X))dr>/ m — Z (a,r; Py (X)) dr,

o0 — 0

and so by proposition II.1.1, p. 29 we have

OrdLAh/EK,ah (Pm) < OrdLAh/eK'ﬂ (Pm) ;

which is a contradiction to OrdLAh/eK,a (Pn) = OrdLAh/eK (Py). This com-
pletes the induction.

Now for ¢ = h we have shown that Z (,0; P, (X)) > ¢%s, and clearly
m > 7Z (a,0; P, (X)), so m/qk > s, as required. a

Corollary 11.2.7 Let h € Zy,. Let P(X) € L|[X] be a polynomial of degree

— _o.|m/ah
m such that ordra,,, (P)>0. Then P € LPL(}’eLK fale]] (Ok,L).

Proof:

Let Ry, be a set of representatives of O /mhOg, so P = EaeRh/ Pup.
R €K

If ordLAh/EK (Pyp) > 0, then Py, = 0. If OrdLAh/eK (Pap) = 0, then by

proposition 11.2.6 above we have Z (a, h/e,; P (X)) < |m/q"], and then by
_ — m h
proposition I1.2.5, p. 45 we have P, ) € LP,[IO/’QLK fak]] (O, L). a

We can now prove the main result of this section.
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Proposition I1.2.8 Let h € Zyo. Let (Pu(X)),ez,, € L[X] be a se-
quence of polynomials that are orthogonal in LAy e, (Ok, L) and such that

deg (P (X)) = m. Then {Py|m € Zxo} is a mazimal orthogonal set in
LAh/eK (DK, L)

Proof:

For m € Zsy,, set vy, = OI'dLAh/eK (P) and set R, := 7" P,; so we
have ordpa,,, (Rm) =0. We must prove that {Ry, [m € Zyo} is a maximal
orthonormal set in LAy, (Ok,L). By proposition I1.2.2(ii), p. 43 it is
enough to prove that {E lm € Z;o} is a k,-basis of mh/eK (Ok, L).

Let n € Zy,. We Will show that {Rn |m € {0,1,... ,¢t(n+1)—1}}
forms a k,-basis of LPh/e (Ok,L). Ifm € {0,...,q¢%(n + 1) — 1}, then
|m/q"] < n; hence by corollary 11.2.7 above we have R,, € LP}?/ZL (Ok, L).
By proposition I1.2.2(i), p. 43 we see that {Rm |m €{0,...,¢"(n+1) - 1}}

is k;-linearly independent in WE?/:L (Ok, L). By proposition 11.2.3(i), p. 43

we know that LPE?/Z (Dk, L) has dimension ¢ (n + 1) as a k,-vector space;
hence { R, |m € {0,... ,¢t(n+1) — 1} } forms a k,-basis ofﬁf/’i (Ok, L).
Now by proposition 11.2.3(ii), p. 43 it follows that {Eh’n € Z;O} is a

k,-basis of mh/eK (Dk, L), as required. m]

We conclude this section by stating a theorem on the relationship between

maximal orthogonal sets and orthogonal bases.

Theorem 11.2.9 Let F be an infinite dimensional L-Banach space.

. If L s discretely valued, then every mazimal orthogonal set in E is an

orthogonal L-Banach basis.

1. If L is not discretely valued, then there exists a mazimal orthogonal set

m E that is not an L-Banach basis.

Proof:
See Rooij [21], theorem 5.13(«), p. 177 and theorem 5.16(¢), p. 179. O
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Chapter III
Binomial functions

The main purpose of this chapter is to illustrate how the orthogonality of
the binomial functions is essential in characterising the Amice transforms of
measures. In section I111.1 we will prove that the set of binomial functions is
an orthogonal Banach basis of LA (Z,,, L), for all h € Zy,. This fact is used
in section II1.2 to study the dual of LA, (Z,, L) and the Amice transform.

None of the material in this chapter is original. The results are due
to Amice (1] and Amice and Vélu [2]. My presentation also owes much to
Colmez (8], ch. I, pp. 495-502.

III.1 Locally analytic functions on Z,

In this section we recall the definition of the binomial polynomials (T)i) €
Q [X] and, for each h € Zy, prove that they form an orthogonal L-Banach
basis of LA, (Z,, L). The results of this section are due to Amice [1], with

the minor difference that here we do not assume that L is discretely valued.

Definition III.1.1 Let m € Zy,. We define the binomial polynomial

(X) - LT x-ieaix.

m m!
1=0

When we consider (}) as an element of LAg (Z,, L) C LA (Z,, L), we will

call it a binomial function.
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Proposition 1I1.1.2 i. Letm € Zyo. In Q[X4, Xs] we have

m o AN YA
i1,22€Z30
11+19=m

i. Let m € Zyo and let o € Z,. Then ord, ((:1)) > 0.
Proof:
See Schikhof [18], proposition 47.2(iii,v), p. 138. O

In order to allow for the case of L not discretely valued, we will need the

following technical lemma.

Lemma II11.1.3 Let E be a K-Banach space, and let F' be an L-Banach
space such that E C F. Assume that there exists a set {b; |t € Z5q} C E that
18 simultaneously an orthonormal K-Banach basis for E and an orthonormal
L-Banach basis for F'.

Then any orthogonal K-Banach basis for E spans F as an L-Banach

space.

Proof:

Let {¢;|j € Z3o} C E be an orthogonal K-Banach basis for E. Let z € F.
We must show that z can be written as the limit of a series of elements in
the L-linear span of {¢;|j € Zyo}.

Since {b; i € Z3o} is an orthonormal L-Banach basis of F', we can write

+o00
T = Z :Bibia
=0

where (Bi);cz.  C L is such that ord, (8;) — 400 as ¢ — +o0. By orthonor-
mality, we have that ord, (5;) > ordp () for all i € Z,.
Since {c¢; |j € Zo} is an orthogonal K-Banach basis for E, for each i €

Z>, we can write

+00
bi= Y vic),
J=0
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where (7ij);cz  C K is such that ordg (v¢;) — +oo as j — +oo. By
orthogonality, we have ordg (vijc;) = 0 for all (4, 7) € Zxo X Zxo.
We have, therefore,

+
8
+
8

z = Bivijcs.
i

i
=)
<.
Il
=}

Set a;; := Bivijc; € F. For any s € Q, there are only finitely many (7,7) €

Zso x Zg such that ordp (a;;) < s. Hence we have

+00 +0o0 +00 400
E :E :%:E:E aij
i=0 j=0 j=0 i=0

(see, for example, Robert [17], ch. 2, §1.2, corollary, p. 76). Therefore
+o0 +o0
T = Z < 5:'%]) Cj
7=0 \'i=0
and ordr (327 Bivij) ¢;) — +o0 as j — +o0, as required. O

We can now prove the main result of this section.

Theorem II1.1.4 (Amice) The set of binomial functions {(;) Im € Zxo}
forms an orthogonal L-Banach basis of LAy, (Z,, L) for all h € Zso. We have

X "im
OdeA,, (<7n>) = ——OI'dp (m') + kE:1_ [EJ .
Proof:

First we will prove that the polynomial (T‘;) is very evenly distributed, for all
m € Zxo. Let a € Z, and let k € Z3,. We must show that

o () L3

Since Z is dense in Z, we can choose n € Z N (a + p¥Z,). The set of zeros
of (X) is{0,1,...,m 1}, and #(n + p"Z)) N {0,1,...,m — 1} > | 2|, as
required.
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Fix h € Zs,. By corollary 11.1.14, p. 39 we have that the binomial
functions are orthogonal in both LA, (Z,, Q,) and LA, (Z,, L). It follows by
proposition 11.1.13, p. 38 that

et (3)) - o 3]

It remains to prove that the binomial functions span LA, (Z,, L) as an
L-Banach space. By proposition 11.2.8, p. 47 we have that the binomial
functions {(%) [m € Zyo} form a maximal orthogonal set in LAy (Z,, Q,),
so by theorem I11.2.9(i), p. 47 they form an orthogonal Q,-Banach basis of
LA, (Z,,Q,). Now, by proposition 1.3.5, p. 22 the set

{Xa,i ‘Oﬁ € Zp/pth, 1 € Zzo}

is simultaneously an orthonormal Q,-Banach basis of LA (Z,,Q,) and an
orthonormal L-Banach basis of LA, (Z,, L). Hence, by lemma III.1.3 above,
the binomial functions {(T}l) |m € Zso} span LA, (Z,, L) as an L-Banach

space, as required. O

Next we will simplify the expression for ordra, ((})). To do so, we will

need the following useful fact.

Lemma II1.1.5 Let m € Zyo and write m in its base p exzpansion: m =
St s, withs; € Z,0< s; <p—1foralli€{0,...,n}. Then

1 n
ord, (m!) = —1 (m - Z sl) :
i=0

Proof:
See Schikhof [18], lemma 22.5, p. 70. a

Proposition I11.1.6 Let h € Z3q and let m € Z»q. Then

ordpa, ((i)) = —ord, (|m/p"}").
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Proof:
Write m = Y & sip' with s; € Z, 0 < s; < p—1forallie {0,...,n}. If
n < h, thenset s;:=0forallte {n+1,...,h}. We have

IR Y

E
Il
—
«
|
LS

I
[
c
M=
&
’E&
-

.
Il

{l
=
,l_. —
o
h@lﬂ
x
~—
+
i 3
S
=
»
’Bﬂ
>
~—

i=1 \k=1 =h \k=1
1 h—1 n
= p_—— T Zsz (pz — 1) + s; (p’ - pz_h)>
=1 i=h
1 171 n
— p————_l Zsz (p’—l)—Zsi (p’_h—1)>
i=1 i=

where we have used lemma II1.1.5 above to obtain the last equality. The

result now follows by theorem 111.1.4, p. 50. a

Using this formula, we will now give simple upper and lower bounds for
ordpa, ((;}L)) These bounds will allow us to determine which expressions of
the form S a,, (X), with (an,)

m=0 m

LA (Z,, L).

mezs, C L, converge to some element of
Definition II1.1.7 For h € Z3(, we define

1
(p—1)p"

Lemma II1.1.8 Let m € Zyq and let h € Z3y. We have

X
mrpe — 1 < —ordpa, m < mry.
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Proof:

Writen = 3 s;p' with s; € 2,0 < s; < p—1forallie€ {0,...

proposition III.1.6, above, and lemma III.1.5, p. 51, we have

() - (2)

Now we have

1 i—h
Th = —— E ;
mry p— 1 : Sip

A\
>
i)

WV
—
.E’.D

—~

‘68
&

p—t
S

as required. Also

h n
mrpe — 1= (Th+1 Z&ﬂ) —1+7rp Z sip’

N

=

ool

x
< N

(-

o

%ﬁ .
~—

=h+1
n i
1 pz h
= — S;
p i=h+1 p
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If j € Zy; then p/ < p/*! — p, hence %] < p? — 1. Therefore

mrpp; — 1 < ﬁ Z 8; (Pi_h — 1)

as required. O

Proposition I11.1.9 (Amice)
Every locally analytic function f € LA (Z,, L) can be written uniquely in the

form
+00
X
=3 ()
m=0
with (am)mEZZO C L such that there exists 1 € Q5o satisfying ord, (am) —

mr — +00 as m — +oo.

Moreover, if a sequence (a,,)

e am (fr‘l) converges to an element of LA (Z,, L).

C L satisfies this condition, then

TTLEZZQ

Proof:
By theorem III.1.4, p. 50, it is enough to prove that a sequence (a,) C

L satisfies this condition if and only if there exists h € Z, such that

meZxo

ordpa, (am(fl)) — 400 as m — 400.

Assume that there exists r € Qs satisfying ord, (@) — mr — +oo as
m — +o00. Choose h € Zy, sufficiently large that r, < r. By lemma II1.1.8,
p. 52 we have

X
= ordpa, (( ) > —mr,
m
= OrdLAh <am <X)
m

Hence ordpa, (am (f‘n)) — 400 as m — +00, as required.
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Conversely, assume that there exists h € Zs such that ordpa, (am (2 ) =

400 as m — +00. By lemma II1.1.8, p. 52, we have

X
1 — mrpyq 2 ordpa, <( )) :
m

X
= ord, (am) — mrp41 = ordpa, <am (m>) - 1.

Hence ord, (a,,) —mry;1 — 400 as m — +00, so the sequence (am)md%) C

L satisfies the required condition with r := r,4;. O

III.2 The Amice transform

In this section we will use the binomial functions to study the space of locally
analytic distributions on Z, with values in L. For p € Ppa (Z,, L), we recall
the definition of the Amice transform & (1) (T') € L{[T]]. The orthogonality
of the binomial functions will allow us to characterise the Amice transforms
of measures and of temperate distributions. We will also examine the rela-
tionship between locally analytic characters and the Amice transform. The

results in this section are due to Amice and Vélu [2].

Definition III.2.1 Let y € Zpa (Zy, L). We define the Amice transform
& (u) (T) € L|[T]] of i to be the power series

w @ =3 (X))

m=0

Recall, from definition 1.4.10, p. 25, that L ({T')) denotes the ring of all
power series with coefficients in L that have order of convergence less than

or equal to zero.
Proposition II1.2.2 Let 1 € P1a (Zy, L). Then o (u) (T) € L{(T)).

Proof:
For all m € Zs, set ¢y = u((g)) By the definition of the order of

convergence (see definition 1.4.1, p. 22), it is enough to show that mr +
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ord, (¢;,) = 400 as m — +oo for all 7 € Q5. Fix r € Q5. Choose
h € Zy, sufficiently large that 7, < 7. From the definition of ordys, (1) we

have

X
ord, (¢;) > ordpa, (u) + ordpa, ((m)) Vm € Zy.

By lemma III.1.8, p. 52 we have

X
OrdLAh ((m)> = —mry, VYm € Z;o-

Hence
ord, (¢m) = ordpa, () — mry Vm € Zs,,
= mr +ord, (¢,) = ordpa, (u) +m(r —rp) Vm € Zs,.
Therefore mr + ord, (¢,,) — 400 as m — +00, as required. O

Given a power series F\(T) € L ({T)), we will now construct a distribution
pur € Dia (Z,, L) such that & (up) (T) = F(T).

Lemma I11.2.3 Let F(T) = Y% ¢, 7™ € L {(T)). We define
pr:LA(Z,,L) — L

+00
f — § GmCm,
m=0

X) s the unique expression for f given by proposi-

m

where f = 3% am(

tion I11.1.9, p. 54.
Then pp is a well defined element of Dra (Zy, L) and, for all h € Zs,,

we have

ot ) = e oy ) st ( (X)) 2.

Proof:
We first check that the series 2;0:00 amCm converges, so that pr (f) is well
defined. Fix f = > am(;};) € LA(Z,,L). From proposition II1.1.9,

p. 54 there exists r € Q5o such that ord, (a,) — mr — +o0 as m — +oo.
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Since F(T) has order of convergence less than or equal to zero, we have

mr + ord, (¢,,) = +00 as m — +oo. Hence
ord, (amem) = (ord, (am) — mr) + (mr + ord, (¢,)) & +00  asm — +o0.

Therefore 2:10:00 GmCmy CONVeErges, as required.
It is clear that pup is L-linear, so ordpa, (1r) € R U {%o0} is defined for
all h € Zy.

Claim:
Let h € Z;O. Then

X
OrdLAh (/j,F) = inf { Ol‘dp (Cm) — ordLAh ((m)> ‘ m e Zzo}

Proof of claim:

From the definition of ordya,, it is clear that

X
OrdLAh (;LF) g inf { Ordp (Cm) — OrdLAh ((m)) ‘ m &€ Z;g}.

We will prove the opposite inequality. Fix f = :;fo Gm (nxl) € LA, (Z,,L).

From the definition of upr, we have

ord, (up (f)) = min {ord, (amem) Im € Zxo }.

From the orthogonality of the binomial functions, by proposition 1.3.2(ii),
p. 21, we have

X
ordpa, (f) = min {ordLAh (am <m)> ‘ m € Z;o}.

ord, (pr (f)) — ordra, (f) 2
min {ord, (a¢mcm)|m € Zyo} — min { ordpa, (am (2))| m e 220}
> min {ordp (@mCm) — ordpa, (am (7}1)) I m € Z>0}
= min{ord, (cm) — ordpa, ((fi))‘ m € Zxo}.

Hence
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Therefore
. X
ordra, (#r) = inf { ord, (¢,,) — ordpa, ((m)) ‘ m € Z;o},
as required. This concludes the proof of the claim.

[t remains to prove that up is continuous. By proposition 1.2.2, p. 19
it is enough to show that ordpa, (r) > —oo for all h € Zg, and we have
proved that ordp,, (#r) = inf {ord, (¢;n) — ordya, ((fn)) | m € Zso}. For all
m € Zxo, by lemma III.1.8, p. 52 we have

X
—ordya, ((m)) Z mrpe — 1,

X
ord, (¢,) — ordpa, <<m>> > ordy (¢pm) + mrpgpr — 1.

hence

Now ord,, (¢m) + mrpp1 — 400 as m — +00, S0

inf{ordp (em) — ordpa, ((an)) 1 m € Z;o} > —00,

as required. O
This lemma has two important consequences.
Corollary 111.2.4 The Amice transform

o Dia (Zy, L) — L{((T))

w o (1) (T)

1s an L-linear isomorphism.

Proof:

It is clearly L-linear; it is injective by proposition II1.1.9, p. 54; it is surjective
by lemma II1.2.3 above. O
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Corollary II1.2.5 Let u € Ppa(Z,, L) and let h € Zy,. Then

R o (3 R (1) S

Proof:
Follows immediately from lemma II1.2.3 and the injectivity of the Amice

transform. a

Remark I11.2.6 Corollary II1.2.5 allows us to read off information about
the continuity properties of a distribution p € P (Z,, L) from its Amice
transform & (u) (T'); it is the key result that allows us to characterise the Am-
ice transforms of temperate distributions and measures. Notice that the proof
of this corollary depends on the claim made in the proof of lemma II1.2.3, in

which the orthogonality of the binomial functions played an essential role.
Lemma II1.2.7 Let p € Dpp (Z,, L) and let h € Zso. We have

ordy, ,, (& (1) (T)) = 1 < ordpa, (1) < ordy, (#7(p) (T))

Proof:

From lemma III.1.8, p. 52 we have

X
mrpye1 — 1 < —ordpa, m < mry,

S ondy (1 () s 1

< ordy (1 () ~ ordia, ()
< ondy (1 ((2))) +

= inf { ord,, (u((fi)))+m7‘h+1’—1|m€Z>0}
< inf {ord, (1 ((}))) — ordua, (())|m € Zxo}
< inf {ord, (1 (X)) + mru| m € Zso}.

The result now follows from the ‘maximum principle’ (proposition 1.4.8, p. 24)

and from corollary II[.2.5 above. a
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The bounds in lemma II1.2.7 above immediately allow us to prove that

the Amice transform is bi-continuous.
Proposition I11.2.8 The Amice transform

o SEZLA (Zh”<L) — l;<<3h>>
o () (T)

18 an L-linear homeomorphism.

Proof:
By corollary I11.2.4, p. 58, it is enough to show that .o/ is bi-continuous. Re-
call that we have defined fundamental systems of open neighbourhoods of zero
in D4 (Z,, L) and L ((T)), see definition 1.2.3, p. 19 and definition 1.4.10,
p. 25 respectively.

Let 7 € Ryg, let s € R, and set

U:={F(T) € LT)) lord, (F(T)) 2 s},

so U is a general element of the fundamental system of open neighbourhoods
of zero in L ((T')). Choose h € Z, sufficiently large that 7, < r. Then, by

lemma II1.2.7 above, we have
{1 € Dia(Zy,L)ordpa, (1) =2 s} C 2~ HU),

so &/ is continuous.
Conversely, let h € Zs, let s € R, and set

V= {iu’ S @LA (ZP7 L) |OrdLAh (lu’) 2 8},

so V' is a general element of the fundamental system of open neighbourhoods
of zero in Zy5 (Z,, L). Then, by lemma [I1.2.7 again, we have

{F(T) e L{TY) |ord,,,, (F(T)) 2 s+1} C & (V),

Th+1

so &/~ is continuous. O
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In fact, the bounds in lemma 111.2.7 are far stronger than would be nec-
essary just to prove continuity; they also allow us to prove the stronger
statements that follow. Recall the definition of temperate distributions from
definition 1.2.6, p. 20.

Proposition II1.2.9 Let 1 € Pia(Z,,L) and let r € ﬁ;o. Then p is
temperate of order r if and only if the sequence (hr + ord,, (& () (T)))
is n(r)-bounded below.

h€Zyo

Proof:

Assume that p is temperate of order . From definition 1.2.6, p. 20 the se-
quence (hr + ordpa, (u))hEZZO is 77(r)-bounded below. Now by lemma I11.2.7,
p. 59, for all A € Z, we have

ordpa, (¢) < ord,, (& (1) (T)),
<

= hr + ordpa, (1) < hr +ord,, (&(p) (T)).

Hence (hr + ord, (& (1) (1)) ez, is n(r)-bounded below, as required.
Conversely, assume that the sequence (hr + ord,, (& (1) (T)))pez,, is
n(r)-bounded below. By lemma II1.2.7, for all h € Zy4, we have

Ol‘drh“ ('Q{(/J’) (T)) -1< OrdLAh (,U,),
= hr + Ordrh+1 ("Q{(N) (T)) -1<

Hence the sequence (hr + ordpa, (14))ez,, is 1(7)-bounded below. O

Remark II1.2.10 Recall that a distribution p € 24 (Z,, L) is a measure
if it can be extended to a continuous L-linear map u : ¢ (Z,, L) — L, where
€ (Z,, L) denotes the space of all continuous functions on Z, with values in
L. Tt is not hard to see that u is a measure if and only if it is temperate
of order 0 (cf. Colmez [8], remark 1.4.3(ii), p. 499). The following corollary,

therefore, characterises the Amice transforms of measures.

Corollary 111.2.11 Let p € Dy (Zy, L); write o (u) (T) = S % cnT™.
Then p is temperate of order 0 if and only if the sequence (ord, (Cm))m€Z>0
18 bounded below.
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Proof:
By proposition II1.2.9 above, it is enough to show that (ord, (c,))
bounded below if and only if (ord,, (& (1) (T))),ez.,

the ‘maximum’ principle (proposition 1.4.8, p. 24) we have

meZso 19

is bounded below. By

ord,, (& () (T)) = inf {mry, + ord, (cm) |m € Zxo }.

Assume that there exists B € Q such that ord, (¢,,) > B for all m € Z,.
Then, for all h € Z3( and all m € Z,, we have mry, + ord, (¢,,) > B; hence
ord,, (&7 () (T)) = B for all h € Zy,, as required.

Conversely, assume that there exist B € Q such that ord,, (&7 (p) (T)) >
B for all h € Zyq. Then we claim that (ord, (Cm))7neZ>0
B —1. Fix mg € Zyg, and choose hy € Z>, sufficiently large that mgry, < 1.
We have

is bounded below by

B < ordy, (#(1) (T))
= inf {mry, + ord, (c) |m € Zxo }
MoThy + 0rdy (Cmg)

<
< 14 ord, (m,) -
Hence ord,, (¢,,) = B — 1, as claimed. O

We will now turn our attention to the relationship between locally ana-
lytic characters and the Amice transform. We start by associating a locally

analytic character to each element z € p;.
Definition I11.2.12 Let z € py. We define
Ky 14y = L
+00 o
ao Y (m>
m=0
Note that by proposition III.1.2(ii), p. 49 we have ord, ((;)) > 0 for all

m € Zyo and all « € Z,, so the series S % 2™ (%) is convergent and &, ()
is well defined.
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Proposition I111.2.13 Let z € p;,. Then k, € Hompa (Z,, L*).

Proof:
By proposition II1.1.9, p. 54 we see that k, € LA (Z,, L). Clearly «, (0) = L.
Let ay, a9 € Z,. Using proposition 111.1.2(i), p. 49 we have

Ky (0n) K, (Q2) = (:ij;zil (2[11)) (f - <(ZX22>>

120=0

1 1
m=0 i1,i2€250 O 1 2
i1 +ia=m
+00
B m [ o1+ g
= E Z
m
m=0

= Kk, (a1 + ag),

as required. 0

Proposition 111.2.14 Let 1 € Dya (Zy, L) and let z € pr. Then p(k;) =
o (1) (2).

Proof:

By the linearity and continuity of u, we have

p(kz) = p (f z" (2))
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Chapter IV
Schneider Teitelbaum functions

In this chapter we will give the definition of the Schneider Teitelbaum polyno-
mials and state some of their properties, drawing parallels with the binomial
polynomials. This shall be done in section IV.2, after recalling some Lubin
Tate theory in section IV.1.

None of the material in this chapter is original. The results of section IV.1
are taken from various sources as noted in the text; those of section IV.2 are

from Schneider Teitelbaum [19].

IV.1 Lubin Tate formal groups

We will use Lubin Tate formal groups in order to generalise the ideas of the
previous chapter; they are essential for the definition of the Schneider Teit-
elbaum functions. This section summarises the parts of Lubin Tate theory
that will be required in the remainder of this thesis. This class of formal
group was introduced in Lubin Tate [14]. I have taken material from this

paper and several other sources, as noted in the text.

Notation IV.1.1 Let R be any ring and let F,G € R[[X},...,X,]], with
n € Zy;. We will write F' = G moddeg?2 if F' — G is a power series of the

form

) v 7in
E LERD. CLID. 6

Tlyeeeyin EZ;O
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with Qi in = 0 for all {'él,... ,z'nE Z>0|21++Zn < 1}

yeooo

Definition IV.1.2 A power series [ (X) € Ok [[X]] such that:
e [(X)=mxX moddeg2, and
e [(X)=X% modmOk [[X]]

is called a Frobenius power series.

Notation IV.1.3 In the rest of this thesis { (X), or just {, will denote a

Frobenius power series as above.

Proposition IV.1.4 Let [ (X) be a Frobenius power series. Then there ex-
ists a unique power series in O [ X1, Xo]], which we will denote by X:1[+],X>,
such that:

. X1[+): X2 = X + X, moddeg 2,

i (X1[+]:X2) [+ X3 = X [+H](Xe[+]:.X3),
. X[+ Xe = Xo[+] X1,

w. LX) [+ Xe) = LX) [+]d (Xa).

We call X,[+]; Xy the Lubin Tate formal group associated to ().
For all o € O, there exists a unique power series [a], (X) € Ok [[X]]
such that:

v. [a], (X) = aX moddeg?2,
vi. (o], (X)) = [e], (1(X)).
We have | (z) = [n], (X).

Proof:
See Lubin Tate [14], §1, equations (4, 5) and theorem 1, p. 382. m

Proposition IV.1.5 The maps

pr Xpr = pr

(21, 22) ¥ z1[+]122
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and

Ok X pr, = pr

(o, 2) = [a], (2)

equip pr, with the structure of a D -module. We denote this O g-module by

Ay(pr).

Proof:
See Lubin Tate [14], §1, equations (12, 13), p. 383. O

Proposition IV.1.6 Let z € pc,. Then:
i. ord, ([77], (2)) = 400 as n — 400,
i. ord, ([p"], (2)) = +00 as n — +o0.

Proof:
Since {7, (X) = 1 (X) satisfies [7,]; (X) = 7, X moddeg2 and [m,], (X)

X% mod 7, Ok [[X]], we have

ord, ([7x]; (2)) = min {1/e, + ord, (2) , g ord, (2)}.
The result follows. g

Definition IV.1.7 Tor n € Z3(, we define

Al,n/eK = {Z € Al (pCp)‘ [71—2][ (Z) = 0} C Al (pcp) b

We also write

Ay yoo i= U Apnjere C Ay (pcp) .

TLEZZO

Proposition IV.1.8 Letn € Zy, and let v, € Ay n — A u1.
574 1 1%
t. The map

O /meOr — /\t,n/eK
Q> [Q]t (Yn)

is an 1somorphism of Ok -modules. In particular, #A /e, = G-
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1

it. We have ord, (y,) = ppr e g

ii. All the zeros v € Ajpje, of [Ti], (X) are simple.
Proof:
i. See Lubin Tate [14], §1, theorem 2(b), p. 383.

ii. By Lang [13], ch. 8, theorem 2.1(ii), p. 197, the extension K(v,)/K is

totally ramified of degree % — ¢"~!, and the result follows.

iii. We have [77], (X) = X% mod 7O [[X]]. By theorem 1.5.6, p 26, for

any 7 € Qsg, we have
Z (r; [mg], (X)) < g

But by part (i), there are ¢} distinct zeros of [7}], (X) in pc,; hence

they must all be simple zeros. 0

We will now review the logarithm of a Lubin Tate formal group. My main

reference for this material was Lang [13].

Proposition IV.1.9 There ezists a unique power series A (X) € K [[X]]

such that:
e ) (X)= X moddeg?2, and
o N\ (X [+]:X2) = M (X)) + A (X2).

We call X\ (X) the logarithm of the Lubin Tate formal group associated to
1(X).

Proof:
See Lang [13], ch. 8, §6, lemma 1, p. 212. O

Proposition IV.1.10 1. For a € Ok, we have A\ ([a], (X)) = al (X).

i. We have \[(X) € Ok [[X]], where \(X) denotes the formal derivative
of the power series A\ (X).
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1. The logarithm A\ (X) converges on pc,.
w. Let z € pc,. Then z € A4 if and only if X\ (2) = 0.
Proof:
i. See Lang [13], ch. 8, §6, lemma 2, p. 213.
ii. See Lang [13], ch. 8, §6, lemma 3(i), p. 214.
iii. See Lang [13], ch. 8, §6, lemma 3(ii), p. 214.

iv. See Lang [13], ch. 8, §6, lemma 5, p. 217.

Proposition IV.1.11 Write A} (X) = :;o(;’ ¢iX'. Let n € Zsy. Then

ord, (¢;) = —n/ex Vi€ Zso, ¢ <1< gntt

K

and
ord, (cgp) = —n/ex.

Proof:
By Cartier [5], §8, p. 282 there exists a Frobenius power series {'(X) such
that

e X9k

(X) =) —

i=0

Now if [1];(X) € Ok [[X]] is the formal isomorphism from X;[+];X> into
Xi[+]y X (see Lubin Tate [14], §1, equation (5), p. 382), then we have
A (X)) = A ([1]e(X)), and the result follows. O

In the final part of this section, we will study the formal group homo-
morphisms from a Lubin Tate formal group into the multiplicative group.
This study depends on an important result of Tate [20]. T have followed the
presentation of Boxall [4].

Notation IV.1.12 For the remainder of this thesis, we will assume that

K is not equal to Q,.
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Definition IV.1.13 We define
= {1(Y) € D, [[Y]]| 1(0) = 1, ¢t (M [+]iY2) = t(¥1)¢(Y2) } -
Note that 4] is a group under multiplication. The map

Ok x H — H
(a,t(Y)) = t([a], (Y))

equips %] with the structure of an £ g-module.

Proposition 1V.1.14 The O -module 54 is free of rank 1.

Proof:
See Boxall [4], p. 6. O

Definition IV.1.15 Once and for all, we choose an O g-module generator
of 4 and denote it by t! (V). For a € Ok, we set i (V) := ¢/ ([a], (Y)) €
7. We define the constant £, € Oc, to be the coefficient of Y in the power
series t] (V). Note that € is independent, up to an element of Og™, of our

choice of generator t] (V) of 4.

Proposition IV.1.16 Let o, € Ok.
i. We have 2P (Y) =10 (Y) 1P (V) and 10 (V) = 1,
i, We have t2° (Y) = ¢ ([8], (V).

ii. If B € Zy, then we have P (Y) =t (V) , where we define t(Y)? .=
50 -1 ().

Proof:
See Boxall [4], §1, lemma 1(iv), p. 7. a

Definition IV.1.17 Let n € Z3;. We define p, to be the group of n-th
roots of unity; that is, yu, == {z € C, |2" =1}.
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Proposition 1V.1.18 The map
Al,l/eK — Hp
vt ()
s a surjective group homomorphism.

Proof:

From the definition of ¢, this map is clearly a group homomorphism. Let
n € Maje, — {0}, By Boxall [4], §1, fact 2, p. 6 there exists o € Og such
that ¢ (n) is a primitive p-th root of unity. Now, by the definition of ¢} (Y),
we have 1} ([a], () = £ (1), 50 7 £} (7) is surjective. 0

Proposition IV.1.19 Let a € Ok. We have
t2 (V) = exp (e )\ (Y)),

where exp(Y) = S X1

i=0 7
Proof:
Let log(l + X) = Y. (-1)""'X"/i. Note that a7 log (17 (Y)) satisfies

the defining properties of the logarithm of the formal group [ (see proposi-
tion IV.1.9, p. 67), so, by uniqueness, it must be equal to A; (Y'). The result
follows. a

Proposition IV.1.20 We have

1 1
ord, (€;) = — :
p( l> p—1 61\'(qK_1)
Proof:
See Schneider Teitelbaum [19], appendix, theorem (c), p. 33. O

IV.2 Locally analytic functions on Oy

In this section we will give the definition of the Schneider Teitelbaum func-
tions and state some of their properties. All the results in this section are
from Schneider Teitelbaum [19].

We continue to assume that K # Q,.
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Definition IV.2.1 For all m € Z,, we define the polynomials P, (X) €
C, [X] by the identity

D P (X)Y™ =exp (UX N (Y)),

+oo Yi

where exp(Y) = > 77 .

We will call the polynomials P, ,, (X) the Schneider Teitelbaum polynomi-
als or, when we consider them as elements of LA (Og, C,) C LA (Dg, Cp),

the Schneider Teitelbaum functions.
Remark 1V.2.2

i. Note that this definition is slightly different from the one in Schneider
Teitelbaum [19], which does not include the factor ;.

ii. Note that

+00 X
> (m) Y™ = exp (X log(1 + YY),
m=0

where log(1 +Y) = Y7%(-1)""'Y"/i; so the Schneider Teitelbaum

polynomials are a direct generalisation of the binomial polynomials.

Proposition IV.2.3 i. We have Pio(X) =1 and P, (0) = 0 for all
m € Zsy. For all m € Zyg, we have P, (X) is a polynomial of degree

ezactly m, with leading coefficient Q7 /m!.

1. Let o € Og. We have

Z Pl 771 Y 7”‘

1. For allm € Zq and all o € Ok, we have P, () € Oc,.

w. Let m € Zso. Write A (X) = 7% ¢;Y? € K[[X]]. Then the formal
derivative P/, (X) of P (X) satisfies

]Dl,,m(X) - Ql Z Ci-Pl,m—i (X
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Proof:
1. Immediate from the definition.
ii. By definition

+o0
Y Pn (X) Y™ = exp (UX N (V).

m=0

Substituting X := a we obtain

00
Z Py (@) Y™ = exp (a2 A, (V)
m=0

and the result now follows from proposition 1V.1.19, p. 70.
iii. Recall that ¢ (V) € Oc, [[Y]] and use part (ii).

iv. By definition we have

+o0o

3" Pn (X) Y™ = exp (XA (V).

m=0

By differentiating with respect to X we obtain

+00
S P (NOY™ = QA (V) exp (XA (V)
m=0

+0o0 +oo
- (Z ciYZ) (Z P (X) YJ)

i=0

+0o m

=Y (Q, > P (X)) Y™,
m=0 i=1

Now equate coefficients of Y™, -

The following theorem shows how the Schneider Teitelbaum functions
generalise the work of §III.1.
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Theorem IV.2.4 (Schneider Teitelbaum)
Every locally analytic function f € LA(Ok,C,) can be written uniquely in
the form

“+ 00
f = Z CLmIDl,m:
m=0
with (am)mez>0 C C, such that there ezists r € Qsq satisfying ordy (am,) —

mr — +00 as m — +oQ.

Moreover, if a sequence (an)

+00
m=0

C C, satisfies this condition, then

mEZ>0

am P converges to an element of LA (D, Cp).

Proof:

See Schneider Teitelbaum [19], theorem 4.7, p. 26 and proposition 4.5, p. 24.
O

Remark IV.2.5 This is a direct generalisation of proposition III.1.9, p. 54.

We will now consider how the Schneider Teitelbaum functions can be used

to generalise the results of §III.2.

Definition IV.2.6 Let u € Zpa (Ok,C,). We define the Schneider Teit-
elbaum transform 7 (u) (T') € C, [[T]] of u to be the power series

() (T) =Y p(Pim) T™

m=0

Proposition IV.2.7 (Schneider Teitelbaum)

The Schneider Teitelbaum transform

2 Dia (DK, C,) = C, ((T))

po () (1)
is a Cy-linear homeomorphism.
Proof:
See Schneider Teitelbaum [19], comments before lemma 4.6, p. 24. a
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Remark I'V.2.8 Thisis a direct generalisation of proposition II1.2.8, p. 60.

We will conclude this section by considering the relationship between
locally analytic characters and the Schneider Teitelbaum transform. We

start by associating a locally analytic character to each element z € pc,-
Definition IV.2.9 Let z € pc,. We define
Kz O = Cp
a— t) (2)
Proposition IV.2.10 Let z € pc,. Then k;, € Hompa (DK, CPX).

Proof:

By proposition IV.2.3(ii), p. 71 we can write k;, = Y .+ 2™ P, m, 50 by theo-

rem IV.2.4, p. 73 we have k;, € LA (O, C,). Now by proposition [V.1.16(i),

p. 69 we have «;, (0) = 1 and &, (a1 + a2) = Ky, (1) K1, (r2), as required.
O

Proposition IV.2.11 (Schneider Teitelbaum)
Let 1 € Dra (Ok,Cp) and let z € pc,. Then

pke) = (p) (2) -

Proof:
By proposition 1V.2.3(ii), p. 71 we have &;, = Zm 02" P m, s0 by the

linearity and continuity of p we have

+o00
() = 1 (z zma,m)
m=0

= > Z"u(Pn)
= (1) (2).
]

Remark 1V.2.12 This is a direct generalisation of proposition 1I1.2.14,
p. 63.
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Chapter V

Non-orthogonality of the

Schneider Teitelbaum functions

In this chapter we will prove that the set of Schneider Teitelbaum func-
tions {Fjm|m € Zxo} is not orthogonal in LA, (O, Cp) for all b >
max {1, [K : Qp] — ex}. The strategy of the proof is as follows. In §V.1 we
will study the zeros of the power series ¢* (Y) — 1. Using the Newton polygon,
this gives us information about the coefficients of ¢} (Y') — 1, and we know
that the coefficient of Y™ in ¢ (V) is equal to P, («). In §V.2 we will study
the polynomial P, (o + X). We know its leading coefficient, and the work
of §V.1 tells us about its constant coefficient F,,, («). We can, therefore, use
Newton polygons again; this time to derive information about the zeros of
P, (o + X) from our knowledge of its coefficients. In particular, for certain
values of m € Zyg, we can prove that P n (X) is not evenly distributed of
order m. The result then follows from proposition 11.1.15, p. 40.
Throughout this chapter we continue to assume that K # Q,.

V.1 The Newton polygon of ¢ (V) —1

In this section we will determine the Newton polygon of ¢ (Y) — 1. The
following three propositions will: show that all the zeros of 7 (Y') — 1 lie in
Al oo, cOunt #{y € Appse, Jtf (v) —1 =0}, and prove that all these zeros
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are simple. This is enough to give us complete information about the Newton

polygon.

Proposition V.1.1 Leta € Og—{0}, and let z € pc, such that tf* (z)—1 =
0. Then 2z € Aj 4o

Proof:
Let F(Y) = exp(Y) and let G(Y) = afy A, (V). By proposition 1.4.6, p. 23
there exists » € Q such that

(FoG)(x) =F(G(x)) Vz € p'Oc,.

By proposition IV.1.6(ii), p. 66 we can choose n € Z, sufficiently large that
ord, ([p"], (z)) = r. We have

(by proposition IV.1.16, p. 69),

R

(2)) =
FoG([p"],(2) =
= FG (], (2))) =
Now exp(Y) is injective where it converges (see, for example, Schikhof [18],

proposition 44.1, p. 128), so we must have

G(lp"]; () = 0,
= AP (2) = 0,
= p"A(z) = 0 (by proposition IV.1.10(i), p. 67),
= Ai(z) = 0.
The result now follows by proposition IV.1.10(iv), p. 68. i

Proposition V.1.2 Let o € Ok — {0}. Letn € Z, n/ex > ord, (a) and set
i = [n/ex —ord, ()] € Zsg, where [r] denotes r rounded up to the nearest

integer. Then the map

t? ; A[,n/eK — ,up,-

z =t (2)
1 a surjective group homomorphism.
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Proof:
First we check that ¢ (z) € p, for all z € Aj /e, We have
(7% (2) 0,
= [pal, () = 0,
= t; ([p'al, (2)) 1,
= t (z2)” = 1 (by proposition IV.1.16, p. 69).

Hence t}* (2) € pp:, as required.

Since tf* € J7, it is clear that the map is a group homomorphism.

It remains to prove that the map is surjective. Since any primitive
p'-th root of unity generates p,, it is enough to find v € Ay, /e, such that
> (y)” 7& 1. By proposition IV.1.18, p. 70, the map t] : Aj1je, — fp 18
surjective. The map [7271], : Ajnje, — Ai1/es is certainly surjective, so we
can find 1 € Aypse, such that ¢ (7271, (1)) # 1. Set 8 := 7/ ap™.
We have

ord, (8) = ”e"l — (ord, (@) +i — 1)
zg—ord (@) — {%—ord (a )1 +1—i
>0,

so B € Ok. Set v := [B], (71). Now, using proposition IV.1.16, p. 69 again,

we have
O =4 (P e], ()
=t ([p"'ef], (n))
=4 ([7'], (n)
# 1,
as required. a

Corollary V.1.3 Let a € O — {0}.

i. Letn € Zyo, njex < ord, (o). Then
#{Y € Mpnyes It (1) —1=0} = qi.
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i. Let n € Z,njex > ord,(a) and set 1 := [n/ex —ord, (a)] € Zy.
Then

#L7 € Appjere 117 (1) =1 =0} = qi/p".

Proof:

i. For all ¥ € Apyje,, we have t2 () = ¢/ ([a], (7)) = ¢} (0) = 1, and
#Ainjec = qp by proposition IV.1.8(i), p. 66.

ii. By proposition V.1.3 above we have that ¢ : Aj; /e, — ppi 15 a surjec-

tive group homomorphism; hence
#Al,n/ek

#Mp"
= g /D"

#{v € Apjer Itf (1) —1=0} =

O

Proposition V.1.4 Let « € Oy — {0}. Then the power series ty (Y) — 1

has only simple zeros in pc,.

Proof:
Let z € pc, such that ¢ (z) — 1 = 0. We must show that ()’ (z) # 0, where
(t8)" (Y) denotes the formal derivative of & (Y).

As a formal power series we have

W) = exp(afyr(Y)),
= () (V) = asuA(Y)exp () (Y))
= aQA(Y)tr(Y).

Now t (Y) € Og, [[Y]] and, by proposition IV.1.10(ii), p. 67, we have
MN(Y) € Ok [[Y]], so both these power series converge on pc,. It follows
that (¢) (2) = 0 if and only if either Aj(z) = 0 or t2 (z) = 0. But ¢{* (z) =1,
so it is enough to prove that Aj(z) # 0.

By proposition V.1.1, p. 76 we have z € A ;; choose n € Z3 sufficiently
large that [772], () = 0. By proposition IV.1.8(iii), p. 67, we have [77], (z) #
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0. By proposition IV.1.10(i), p. 67 we have

M (el (V) = meA(Y),
= [rily N (3R] (V) = mex(y),
= [mRl (2)N(0) = 7N (2),
= (il (2) = 7).
Hence Aj(z) # 0, as required. D

We summarise our results about the zeros of tf (Y') — 1 in the following

proposition.

Proposition V.1.5 Let a € O — {0}.

i. We have
1
Z(rtf(Y)y—=1)=1 Vr € Q, <r < +oo
(it (V)= 1) QeK(qK—l)
4. Let n € Zyy, nfex < ord, (o). Then
Z(r;t2 (Y) - 1) = ¢ L <r< !
) K T n ~ n n—
(QA+1 QK) €k ((]K Ak 1)

iwi. Let n € Zy,, nfex = ord, (a) and set i := [n/e, —ord, (a)] € Zxy.
Then
N 1 1
Z(r;tf (V)= 1) = g /p'

<r<
ex (a — qp) TS e (g —gv )

Proof:
Let n € Zy,. Let v, € Ay = — A »-1. By proposition IV.1.8(ii), p. 67 we
have ) N

1

€x (QZ - qz_l)'
By proposition V.1.1, p. 76 and proposition V.1.4 above, part (i) now follows

Ordp ('Yn) =

and, for all n € Zs,, we have
Z(ritp (V) =1) = #{v €A ltf (7)) -1=0}
1 < 1 .
e T AT =)

The result now follows by corollary V.1.3, p. 77. O
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Remark V.1.6 It is a simple task to use proposition V.1.5 above to build
the Newton polygon of ¢ (Y) — 1 for any o € O — {0}. Here I will just

extract the information we will need in the following section.

Proposition V.1.7 Let o € Og™. Let n € Zy,, and if K/Q, is totally
ramified assume that n > 2. Seti:= [n/ey|. Then

ord, (B’q?(/pi (a)) < ord, (€).

Proof:

The coefficient of ¥ in ¢ (V) — 1 is a€2;, and ord, (af2;) = ord, (€%). By the-
orem [.5.6, p. 26 and proposition V.1.5 above, the slopes of the Newton poly-
gon u(j;tf (V) —1) < Oforall j € Zs,. It follows that all the vertices of the
Newton polygon of tf (Y) — 1 lie below ord, (£;). By proposition IV.2.3(ii),
p 71 we know that P, jn /i () is the coefficient of Y9%/? in & (Y), and using
proposition V.1.5 again we see that (q,’f./pi, ord, (.Pl’q?(/pi (a))) is a vertex of
the Newton polygon of ¢} (Y) — 1. The result follows. a

V.2 The zeros of P, (a+ X)

In this section, for certain values of m € Z3,, we will prove that the Schneider
Teitelbaum polynomial P gm (X) is not evenly distributed of order m. It
then follows from proposition II.1.15, p. 40 that, for all h € Z, h > m,
the function P, ,n is not orthogonal to spang {X7|j € {0,1,...,¢} —1}}
in LAy /e, (Ok,Cyp).

For a € Ok, we will study the Newton polygon of the polynomial
Py gm (o + X). The valuation of its constant term was studied in §V.1, and
we know that its leading coefficient is Q?}?/q?!. The assumption P gm (X) is
evenly distributed allows us to estimate the slopes of the Newton polygon of
Py gm (o + X), and leads to a contradiction.

In this section we will work exclusively with Schneider Teitelbaum poly-
nomials whose degree is a power of gx. The following proposition obtains
the information we will require about ord, (Pl)q;r(z («)) from the work of the

previous section.
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Proposition V.2.1 Let m € Zy,; such that we can write m = n—[n/ex| [ f«
for somen € Zyy. Let o € Og™. Then

ord, (Pgn () < ord, ().

Proof:
Set 1 := [n/ex], so ¢/p' = g e/ I q™. Hence, by proposition V.1.7,
p. 80, we have ord, (P¢n (@) < ord, (). O

Remark V.2.2 There are infinitely many m € Z, satisfying the condition
of proposition V.2.1, the smallest of which is m = [K : Q,] — e, if K/Q, is
not totally ramified, or m = 1 if K/Q, is totally ramified.

We will now estimate the slopes of the Newton polygon of P (a + X),
where P(X) € C,[X] is an evenly distributed polynomial of degree ¢}.

Proposition V.2.3 Let m € Zy, and let P(X) € C,[X] be a polynomial of

m

degree ¢ that is evenly distributed of order m. Let a € Ok. Then

9%

. qge —1
uPla+ X)) ——.
D onli Py ) er (G = 1)

=1

Proof:
Since P(X) is evenly distributed of order m, from definition I1.1.9, p. 36, for
all k € {0,...,m}, we have

7 (a,k/ex; P (X)) > ¢n*.

Hence, by theorem 1.5.6, p. 26, we have

p(i; Pla+ X)) € —k/ex Vie{l,...,q ).

81



Therefore

Y n@Pe+X)=p(LPa+X)+Y, > pEPla+X))
=1 7=l =g 41
m _ m—j
<——+) (dh—d™) < )
€x st €x

We are now ready to prove the main result of this section.

Proposition V.2.4 Let m € Zy; such that we can writem = n—[n/ex| / fx«
for some n € Zyq. Then the Schneider Teitelbaum polynomial Pygm (X) is

not evenly distributed of order m.

Proof:
Let o € Dk ™. By proposition IV.2.3(i), p. 71, we know that Pjgm (o + X)
has degree exactly m and leading coefficient Qf?/q?!. By considering its

Newton polygon we see that

a5 Qq}?
> (6 Pap (e X)) = ordy | —r | —ordy (Prag (@)

i=1 K

Now, by propositions V.2.1, p. 81 and IV.1.20, p. 70, and by lemma TI1.1.5,
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p. 51, we have

Ok QfF
ord, qfnl — ord, (Pl,qyé (@) > ord, ﬁ — ord, (€)

K K
1 1 g —1
— (¢™ -1 _ _
(QK ) (p—l €k (QI<_1)) p—1
R /Sl
€x (QK - 1)
Therefore
qx% m
> 1 (G5 Prgp (a + X)) > —L,
i1 . ex (g — 1)

so, by proposition V.2.3 above, the polynomial P 4m (X) is not evenly dis-
tributed of order m. O

Corollary V.2.5 For all h € Z, h > max{l, [K:Q,] —ex}, the set of
Schneider Teitelbaum functions { P, |m € Zsq} is not orthogonal in the C,-
Banach space LAy, (Ok,Cyp) -

Proof:

If K/Q, is totally ramified, set n := 2, so [n/e,| = 1. If K/Q, is not totally
ramified, set n := [K : Q,] — (ex — 1), s0 [n/ex] = fx. In both cases, set
m :=n — [n/ex] /fx =n — 1. Note that m = max {1, [K : Q,] —ex}. By
proposition V.2.4 above the polynomial P, 4m (X) is not evenly distributed
of order m. Hence by proposition 11.1.15, p. 40, for all h € Z, h > m,
the function P} g is not orthogonal to spanc {X7|j € {0,...,¢¢ —1}} in
LAh/eK (DK,CP). O

Remark V.2.6 In proposition V.2.4, p. 82 we have shown that there are
infinitely many m € Zy, such that P, (X) is not very evenly distributed.
However, for fixed h € Z, h > max {1, [K : Q,] — ex}, we have only exhibited
finitely many m € Zs, such that P, (X) is not evenly distributed of order
h.

I will conclude this thesis with a small result that is, perhaps, a little

more encouraging than corollary V.2.5.
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Proposition V.2.7 Assume that e, < p— 1. For m € Zs,, the polynomial
Pgp (X) is evenly distributed of order m — 1.

Proof:
Let @ € Ok and let k € {0,... ,m — 1}. We must show that

Z (a,kfex; Pgp (X)) > g "

Choose a set R C Dk of representatives of a+ 75Oy in O /7™ O that
is, such that

o+ =[] B+77Ok.
BER

Note that #R = ¢7»~*. By proposition IV.1.20, p. 70 we have ord, (£;) < p%l,
so we have ord, (§2;) < 1/ex since e, < p—1. Set r:= m/e, — ord, (); we
have r > "cf—;l It follows that the sets 8 + p"Oc,, for 8 € R, are pairwise
disjoint and contained in « + ﬂ’,“(DCp. Hence it is enough to prove that
Z (ﬂ,r;P,‘q;g (X)) > 1forall B € R.

Fix § € R. We will consider the Newton polygon of P gm(8+ X). By
proposition IV.2.3(iii), p. 71 we know that ord, (Pl,q? (5)) > 0. We wish to
estimate ord, (le,qyg (ﬂ)) Write A (Y) = Y. % ¢,;Y* € K[[Y]]. By proposi-
tion IV.2.3(iv), p. 71 we have

9%
Pl,,q?(ﬁ) = Z CiPt,q;—i (ﬁ) .
=1
Hence, by proposition IV.1.11, p. 68, we have ord, (Pl”q?(ﬁ)> = ord, () —
m/ex = —r. It follows that
7 (1; Py gn (B + X)) < ord, (Pl’,q% (ﬁ)) — ord, (Pl,q}g (B))
< -
Hence, by theorem 1.5.6, p. 26, we have Z (5,7"; Brgp (X)) > 1, as required.
O

84



Bibliography

[1]

(2]

8]

Y. Amice. Interpolation p-adique. Bull. Soc. Math. France, 92:117-180,
1964.

Y. Amice and J. Vélu. Distributions p-adiques associées aux séries de
Hecke. In Journées Arithmétiques de Bordeauz (Conf., Univ. Bordeauz,
Bordeauz, 1974), pages 119-131. Astérisque, Nos. 24-25. Soc. Math.
France, Paris, 1975.

J. L. Boxall. A new construction of p-adic L-functions attached to certain

elliptic curves with complex multiplication. Ann. Inst. Fourier (Greno-
ble), 36(4):31-68, 1986.

J. L. Boxall. p-adic interpolation of logarithmic derivatives associated
to certain Lubin-Tate formal groups. Ann. Inst. Fourier (Grenoble),
36(3):1-27, 1986.

P. Cartier. Groupes de Lubin-Tate généralisés. Invent. Math., 35:273—
284, 1976.

J. Coates and A. Wiles. On p-adic L-functions and elliptic units. J.
Austral. Math. Soc. Ser. A, 26(1):1-25, 1978.

R. F. Coleman. Division values in local fields. Invent. Math., 53(2):91—
116, 1979.

P. Colmez. Théorie d’Iwasawa des représentations de de Rham d’un
corps local. Ann. of Math. (2), 148(2):485-571, 1998.

85



[9]

12]

[13]

[14]

[16]

[17]

18]

E. de Shalit. Iwasawa theory of elliptic curves with complex multipli-
cation, volume 3 of Perspectives in Mathematics. Academic Press Inc.,
Boston, MA, 1987.

N. M. Katz. p-adic interpolation of real analytic Eisenstein series. Ann.
of Math. (2), 104(3):459-571, 1976.

N. M. Katz. Formal groups and p-adic interpolation. In Journées
Arithmétiques de Caen (Univ. Caen, Caen, 1976), pages 55-65.
Astérisque No. 41-42. Soc. Math. France, Paris, 1977.

N. Koblitz. p-adic numbers, p-adic analysis, and zeta-functions, vol-
ume 58 of Graduate Texts in Mathematics. Springer-Verlag, New York,

second edition, 1984.

S. Lang. Cyclotomic fields I and II, volume 121 of Graduate Texts in
Mathematics. Springer-Verlag, New York, second edition, 1990.

J. Lubin and J. Tate. Formal complex multiplication in local fields. Ann.
of Math. (2), 81:380-387, 1965.

K. Mahler. An interpolation series for continuous functions of a p-adic
variable. J. Reine Angew. Math., 199:23-34, 1958.

J. I. Manin and M. M. Visik. p-adic Hecke series of imaginary quadratic
fields. Math. USSR-Sb., 24(3):345-371, 1974.

A. M. Robert. A course in p-adic analysis, volume 198 of Graduate
Tezts in Mathematics. Springer-Verlag, New York, 2000.

W. H. Schikhof. Ultrametric calculus, volume 4 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, 1984.

P. Schneider and J. Teitelbaum. p-adic Fourier theory. Doc. Math.,
6:447-481 (electronic), 2001.

J. T. Tate. p-divisible groups. In Proc. Conf. Local Fields (Driebergen,
1966), pages 158-183. Springer, Berlin, 1967.

86



[21] A. C. M. van Rooij. Non-Archimedean functional analysis, volume 51 of
Monographs and Textbooks in Pure and Applied Math. Marcel Dekker
Inc., New York, 1978.

87



